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The purpose of this paper is to provide a detailed analysis of the use of multiple
generalized Morse wavelets for polarization analysis of multi-component recordings
where phase relationships between components of the signal can be transient. Spe-
cial attention will be given to the case of three components. The use of complex and
analytic wavelets enables detection of coherent motion with elliptical polarization
because of sensitivity to phase shifts among components. We adopt a singular value
decomposition approach. The principal polarization is given by the first eigenvec-
tor of the multiple wavelet multivariate scalogram at scale a and time b. Having
described in detail a deterministic signal plus random noise model for the recorded
data, we show that for (a, b) in a domain Ω, we can approximate the phase between
components of the original multi-component signal via the estimated phase of the
components of the first right-singular vector; detailed results on the accuracy of the
approximation are given. The exact form of the domain Ω, which depends on the
transient nature of the phase relationship, is described.

Keywords: multi-component signals; multiple wavelets; non-stationary time
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1. Introduction

Polarization analysis aids in identifying and analysing waves present in multi-
component signals. Recently interest has focussed on using complex-valued wavelet
methods in polarization studies. In a solid-earth geophysical context Lilly and Park
(1995) introduced the idea of studying elliptical polarization (where there is a phase
lag between components) by forming multiple complex-valued wavelets from con-
tiguous odd and even real-valued Slepian wavelets, leading to multiple wavelet time-
varying polarization analysis for seismic records. Various aspects of their methodol-
ogy have been used in practice (e.g., Bear and Pavlis 1997; Zanandrea et al. 2000).
In a solar physics context, Lucek and Balogh (1998) used a single Morlet wavelet (a
well-known complex-valued wavelet) to look for polarized waves in the interplan-
etary magnetic field observed by the Ulysses satellite upstream of a shock in the
interplanetary medium.

The use of multiple orthogonal wavelets, instead of a single wavelet, enables use
of an averaging scheme over the orthogonal wavelets to reduce variance. Such an
approach has proven very advantageous in the field of spectrum analysis of station-
ary stochastic or noisy signals where Thomson (1982) proposed the use of multiple
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orthogonal data tapers, each giving rise to a different spectrum estimate; these spec-
trum estimates are then averaged, and the resulting estimate is more interpretable
due to the reduced variance. For estimation of the scalogram (modulus-squared
of continuous wavelet transform) of stochastic or noisy non-stationary signals, the
same approach can be used — several orthogonal wavelets may be used to create a
set of different scalograms, which are averaged together to produce a low variance
scalogram estimate. Such scalograms will be the key ingredient in wavelet-based
polarization analysis.

The orthogonality of the above multiple functions follows because they arise as
the eigenfunctions of a localisation operator. All localisation operators are associ-
ated with a domain D in the time-frequency plane ((t, f) ∈ R

2) over which we are
trying to maximally concentrate the signal.

A classical set of multiple orthogonal functions, the prolate spheroidal wave
functions, are the eigenfunctions associated with the operator which truncates a
signal in time, and then in frequency, the domain in time-frequency space being a
rectangle centred at time-zero frequency-zero. In discrete time the resulting orthog-
onal sequences are often known as Slepian sequences and arise from maximizing the
energy of a finite-length discrete-time signal in a frequency band |f | ≤ fw. Lilly
and Park (1995) looked at the problem of maximizing the energy of a finite-length
discrete-time signal in a frequency band |f − fc| ≤ fw about ±fc. This is similar
to the constraint leading to Slepian sequences, except importantly, the frequency
band is centred on ±fc rather than zero. Let us denote the resulting kth eigenvector
(ordered by corresponding eigenvalue) by ψk(fc). Lilly and Park (1995) ingeniously
constructed artificial complex-valued Slepian pseudo-wavelets from these real eigen-
vectors using

ψ̃
(S)
k (fc) = 1√

2 [ψ2k(fc) + iψ2k+1(fc)], (1.1)

as the order-k complex Slepian pseudo-wavelet for k = 0, 1, 2 etc. up to some well-
defined limit. These multiple complex pseudo-wavelets may be used for wavelet
analysis at frequency fc. Note they are defined discretely and may be applied using
a discrete convolution as set out in Lilly and Park (1995).

To treat time and frequency simultaneously Daubechies (1988) and Daubechies
and Paul (1988) introduced new localisation operators which can be used in the
time-frequency plane. They provided solutions for two special cases: when the do-
main consists of an ellipse the resulting orthogonal eigenfunctions are scaled versions
of the Hermite functions, and when the domain consists of a ‘Morse region’ (defined
later in equation (2.1)) the orthogonal eigenfunctions obtained are known as the
complex-valued generalized Morse wavelets (further developed in detail in Olhede
and Walden (2002a)).

Instead of using the multiple complex Slepian pseudo-wavelets for polarization
analysis, we use here the multiple generalized complex Morse wavelets. In §2 we give
the important properties of these wavelets. In §3 we discuss the construction of the
multiple wavelet multivariate scalogram Ŝ at scale a and time b. Its eigenvalues and
eigenvectors are examined in §4; the eigenvector corresponding to the largest eigen-
value provides the polarization vector. A model for the observed multi-component
data in terms of a deterministic signal of general form plus isotropic noise is given
detailed consideration in §5. The accuracy of estimation of polarization phase from
polarization vector components is treated in §6. Importantly, it is shown that for
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(a, b) in a fully described domain Ω, we can approximate the transient phase between
components of the original multi-component signal via the estimated polarization
phase. The superiority of the Morse wavelets over the Slepian pseudo-wavelets for
phase determination is also demonstrated. Detailed technical results are set out in
the Appendices, including a careful treatment of approximation orders.

2. The generalized Morse wavelets

In this section we briefly summarize relevant results given in Olhede and Walden
(2002a), and also provide some additional information where appropriate.

(a) Domain for Morse concentration operator

For the Morse wavelets we start with a concentration operator PDC,β,γ
, depen-

dent on three parameters C, β and γ. The domain D ≡ DC,β,γ of the time-frequency
plane over which the operator PDC,β,γ

can be characterised is given by

DC,β,γ =

{
(t, f) ∈ R

2 :
(

t

C2

)2 (
C1

|2πf |

)2γ−2

+
(

C1

|2πf |

)2γ

+ 1 ≤ 2C

(
C1

|2πf |

)γ
}

,

(2.1)

where C1 = 2−
1
γ Γ(r + 1

γ )
/
Γ (r) , C2 = βγ−12

1
γ Γ(r − 1

γ )
/
Γ (r) , Γ(·) denotes the

Gamma function and r = (2β + 1)/γ. The region DC,β,γ consists of two parts
symmetrically placed about the f = 0 line. The area of the domain, |DC,β,γ |, is
given explicitly in Olhede and Walden (2002a).

The energy concentration corresponding to the kth-order generalized Morse
eigenfunction is given by the square of the kth eigenvalue of the concentration
operator; it depends on the area, |DC,β,γ |, of the domain in the time-frequency
plane. A key finding in Olhede and Walden (2002a) is that if γ > 1 high energy
concentrations can be obtained, exceeding that of the Hermite eigenfunctions, which
are themselves considered to have good time-frequency concentration (e.g., Vakman
1967; Çakrak and Loughlin 2001). An example of this good time-frequency concen-
tration is shown in figure 1. The left panel of figure 1 shows the eigenvalues of the
operator for orders k = 0, . . . , 4 and areas |DC,β,γ |, of 100 (dashed) and 250 (solid)
with β = 8, γ = 3 and C determined by the stated area; the corresponding domains
DC,β,γ of the operators for the two cases are shown in the right panel.

For f > 0 the minimum, f
, and maximum, f�, frequency bounds of DC,β,γ

must occur at t = 0 and are given by

f


f�

}
= C1

/{
2π[C ±√

(C2 − 1)]
1
γ

}
.

To find the minimum, t
, and maximum, t�, time bounds of DC,β,γ we differentiate
the domain boundary function specified by (2.1) with respect to frequency and
setting to zero gives the positive frequency

f∗ =
1
π

2
1
γ −1C1

(
C (2 − γ) +

√
4 (γ − 1) + C2 (γ − 2)2

)− 1
γ

,
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Figure 1. Left: Morse operator eigenvalues of orders k = 0, . . . , 4 for β = 8, γ = 3 for areas
100 (dashed) and 250 (solid). Right: Matching domains of the operators in the two cases.
For the larger domain the dotted horizontal lines show the (positive) frequency extrema
f� and f� while the vertical dotted lines show the time extrema t� and t�.

which may be substituted in (2.1) to give

t

t�

}
= ∓C2

(
C1

2πf∗

)1−γ
√

2C

(
C1

2πf∗

)γ

−
(

C1

2πf∗

)2γ

− 1.

The frequency and time extremes are illustrated in figure 1.

(b) The generalized Morse wavelets

The kth eigenvalue of the concentration operator has multiplicity two with as-
sociated Hermitian eigenfunctions ψ+

k;β,γ(t), an analytic wavelet, and ψ−
k;β,γ(t), an

anti-analytic wavelet, both of norm unity. By analytic we mean that the imaginary
part of ψ+

k;β,γ(t) is the Hilbert transform of the real part; ψ−
k;β,γ(t) is the complex

conjugate of ψ+
k;β,γ(t). (Details on computation of ψ+

k;β,γ(t) may be found in Ol-
hede and Walden 2002a). The Fourier transforms of these functions, Ψ+

k;β,γ(f) and
Ψ−

k;β,γ(f), are real-valued on the positive and negative frequency axes, respectively,
and zero elsewhere. They are given by (Daubechies and Paul 1988, p. 679):

Ψ+
k;β,γ(f) =

√
2Ak;β,γ(2πf)βe−(2πf)γ

Lc
k(2[2πf ]γ), (2.2)

for f > 0, and zero otherwise, and

Ψ−
k;β,γ(f) =

√
2Ak;β,γ(2π|f |)βe−(2π|f |)γ

Lc
k(2[2π|f |]γ),

for f < 0, and zero otherwise. Here c = r−1 and Ak;β,γ =
√

[πγ2rΓ(k + 1)/Γ(k + r)] ,
and Lc

k(·) denotes the generalized Laguerre polynomial:

Lc
k(x) =

k∑
m=0

(−1)m Γ(k + c + 1)
Γ(c + m + 1)Γ(k − m + 1)

xm

m!
.
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Figure 2. Left: Even (solid) and odd (dashed) generalized Morse wavelets for β = 8, γ = 3,
for k = 0 (top) to k = 4 (bottom). The dotted lines mark the time extrema t� and t� for
the domain with area 250 as seen in figure 1. Right: Corresponding frequency functions
Ψ+

k;β,γ(f). The dotted lines mark the frequency extrema f� and f� for the domain with
area 250 as seen in figure 1.

The kth-order complex and analytic generalized Morse wavelet (eigenfunction) can
be written in terms of two real Morse wavelets, one even, ψ

(e)
k;β,γ(t), and one odd,

ψ
(o)
k;β,γ(t),

ψ+
k;β,γ(t) = 1√

2
[ψ(e)

k;β,γ(t) + iψ
(o)
k;β,γ(t)]. (2.3)

The even and odd wavelets are shown for k = 0, . . . , 4 in the left panel of figure 2
for β = 8, γ = 3; their corresponding Fourier transforms Ψ+

k;β,γ(f) are shown in the
right panel. Figure 1 indicated that for β = 8, γ = 3 the first five generalized Morse
eigenfunctions are almost perfectly concentrated within the domain of area 250 (the
squared eigenvalues are almost exactly one). Hence the corresponding time extrema
t
 and t� and frequency extrema f
 and f� marked on figure 1 ought to provide
relevant bounds for all five Morse eigenfunctions; the dotted lines in figure 2 show
these extrema, and indeed they provide simultaneous bounds for all the first five
eigenfunctions (with f� seeming extremely conservative).
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6 S. Olhede and A.T. Walden

3. Multiple wavelet multivariate scalogram

(a) Vector-valued CWT

Let X(t) = [X1(t), . . . , Xp(t)]T denote the real p-vector-valued continuous-time
time series consisting of a deterministic signal, x(t), plus random noise, η(t). Using
the kth order generalized Morse analytic wavelet ψ+

k (t), (shorthand for ψ+
k;β,γ(t)

for some choice of β and γ), we can define the column vector WC
k (a, b;X, ψ+) to

be the vector-valued version of the continuous wavelet transform (CWT):

WC
k (a, b;X, ψ+) = a−1/2

∫ ∞

−∞
X(t) ψ−

k

(
t − b

a

)
dt, (3.1)

for 0 < a ≤ ∞,−∞ ≤ b ≤ ∞, where ψ−
k (·) is the complex conjugate of ψ+

k (·).
Now WC

k (a, b;X, ψ+) = a1/2 [X ∗ ψ′
k(b)] , where ∗ denotes convolution and ψ′

k(t) =
ψ−

k

(
− t

a

)
/a. The Fourier transform of ψ′

k(t) is

1
a

∫ ∞

−∞
ψ−

k

(
− t

a

)
e−i2πftdt = [Ψ+

k (af)]∗ = Ψ+
k (af), (3.2)

since Ψ+
k (f) is real-valued. So the Fourier transform of the bracketed convolution

is given by X(f)Ψ+
k (af), where X(f) is the vector Fourier transform of X(t), and

Ψ+
k (f) is the Fourier transform of ψ+

k (t). We can write WC
k (a, b;X, ψ+) in terms

of the inverse Fourier transform

WC
k (a, b;X, ψ+) = a1/2

∫ ∞

−∞
X(f)Ψ+

k (af)ei2πfbdf. (3.3)

(b) CWT via inverse DFT

Suppose we sample the series with a fine enough sample interval ∆t to avoid
aliasing, (i.e., X(f) = 0 for |f | > 1/[2∆t]) and use the shorthand Xt ≡ X(t∆t), t =
0, . . . , N − 1 and let a = a0∆t > 0 and b = b0∆t. Take N to be even. Then since
Ψ+

k (f) = 0 for f < 0, (3.3) can be discretized as

WC
k (a, b;X, ψ+) = a1/2

∫ 1
2∆t

0

X(f)Ψ+
k (af)ei2πfbdf

≈ a1/2

N∆t

N ′−1∑
l=0

X( l
N∆t )Ψ

+
k

(
al

N∆t

)
ei2πlb/(N∆t),

where N ′ = N/2. But X( l
N∆t ) ≈ Xl = ∆t

∑N−1
t=0 Xte

−i2πtl/N , l = 0, . . . , N −1, the
discrete Fourier transform (DFT) of {Xt}, so we obtain a discretized form of the
CWT which can be written in either of two equivalent forms:

Wk(a, b;X, ψ+) =
(a0)1/2

N(∆t)1/2

N ′−1∑
l=0

XlΨ+
k

(
a0

l
N

)
ei2πlb0/N (3.4)

=
(a0)1/2

N(∆t)1/2

N−1∑
l=0

XlΨ+
k,l(a0)ei2πlb0/N , (3.5)
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Figure 3. Scalograms for the signal x(t) = ψ
(e)
0;8,3(t). Left: Using the zeroth-order Morse

wavelet, i.e., |W0(a, b; x)|2. Right: Using the first-order Morse wavelet, i.e., |W1(a, b; x)|2.
The wavelet parameters used were β = 8, γ = 3.

where

Ψ+
k,l(a0) =

{
Ψ+

k

(
a0

l
N

)
, for l = 0, . . . , (N/2) − 1;

0, for l = (N/2), . . . , N − 1.
(3.6)

The discrete form Wk(a, b;X, ψ+) in (3.5) is an efficient formula for computation
as it is a multiple of the inverse DFT of {XlΨ+

k,l (a0) , l = 0, . . . , N − 1.} and can
be calculated using the inverse fast Fourier transform. The form Wk(a, b;X, ψ+) in
(3.4) is somewhat more convenient for theoretical considerations. Hereafter, where
use of the analytic wavelet ψ+

k is clearly understood, we shall use the briefer form
Wk(a, b;X).

(c) Scalograms and energy concentration

Having now defined the CWT, we can at this point examine how the Morse
wavelets concentrate signal in time and scale. Here we only use the scalar version of
the CWT (p = 1) and consider analysis of the deterministic noise-free real-valued
signal x(t) = ψ

(e)
0;8,3(t), i.e., the even part of the zeroth-order Morse wavelet — see

(2.3). Figure 3 shows the scalograms |W0(a, b;x)|2 and |W1(a, b;x)|2, (using Morse
wavelets with β = 8, γ = 3) illustrating the energy concentration of the signal for
the wavelets of orders zero and one. Because of the necessary orthogonality of the
wavelets (eigenfunctions), there is for the first-order scalogram a ‘hole’ at the point
where the zeroth-order scalogram shows highest energy concentration; the higher
order also leads to more dissipated energy concentration. An analogous pattern
extends to higher orders.
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8 S. Olhede and A.T. Walden

(d) Multiple wavelet scalogram

Using the vector {Xt} we can define a multiple wavelet (time-varying) scalogram
estimate as the p × p matrix

Ŝ(a, b;X) =
1
K

K−1∑
k=0

Wk(a, b;X)WH
k (a, b;X), (3.7)

where H represents the Hermitian transpose.
In order to look at polarization as a function of time via parameter b, and scale

via parameter a we need to look for energy concentration in linear combinations of
the CWTs of the vector components of the signal. As in Park et al (1987) and Lilly
and Park (1995) we do this using the singular value decomposition method.

4. Multiple wavelet polarization

(a) Singular value decomposition

Suppose we define the K × p matrix

M(a, b;X) = K−1/2


WH

0 (a, b;X)
WH

1 (a, b;X)
...

WH
K−1(a, b;X)

 , (4.1)

so that the lth column of M(a, b;X) contains the (conjugated) multiple wavelet
transforms of the lth series. This matrix has rank rM ≤ min(K, p). Actually, since
we have a noisy system, we expect rM = min(K, p). Additionally, in what follows,
we take min(K, p) = p so that rM = p.

For notational simplicity let us here drop explicit dependence on (a, b;X). The
singular value decomposition of M gives M = UΞVH . (e.g., Strang 1988, p. 443).
The columns {ul} of the K × K unitary matrix U are eigenvectors of MMH , the
columns {vl} of the p × p unitary matrix V are eigenvectors of MHM, and the
rM = p singular values {ξl} on the diagonal of the diagonal K × p matrix Ξ given
by

Ξ =


ξ1

. . .
ξp

0K−p×p


are the square roots of the nonzero eigenvalues of both MMH and MHM. In other
words,

Mvj = ξjuj and MHui = ξivi

MHMvj = ξ2
j vj , j = 1, . . . , p and MMHui = ξ2

i ui, i = 1, . . . , K. (4.2)

With the singular values ranked in decreasing order of magnitude we have ξi =
ξj , i = j, i ≤ rM and ξi = 0, i > rM and ξj = 0, j > rM.
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Then Ŝ(a, b;X) in (3.7) can be written in the matrix form Ŝ = MHM. The
rotation of M by V gives, (with rM = p), MV = UΞ = [ξ1u1, . . . , ξpup] . If
ξ1 >> ξ2, . . . , ξp nearly all the energy is explained by motion along a single el-
ement of the rotated basis set, and the components of v1, (often called the first
right-singular vector of M), are direction cosines of this motion (relative to the
components of the acquisition instruments). So the polarization vector is the eigen-
vector v1 corresponding to the largest singular value ξ1 (Park et al, 1987) and gives
the direction of motion at scale/time (a, b) which contains the largest fraction of
energy.

Now from (4.2) {ξ2
l , l = 1, . . . , p}, and {vl, l = 1, . . . , p} are the eigenvalues

and eigenvectors of MHM and since the trace of a square matrix is the sum of
its eigenvalues we get

∑p
l=1(Ŝ)ll =

∑p
l=1 ξ2

l , a sort of “preservation of energy”
condition. Lilly and Park (1995) concentrate attention on the normalised singular
values ξ̄l = ξl/

√∑p
k=1 ξ2

k so that ξ̄2
l gives the proportion of energy explained by

the polarization direction vl.

(b) Complex wavelets and phase of polarization components

If real wavelets were to be used in the above development then the principal
polarization v1 would be real-valued and represent only rectilinear motion. In order
to detect coherent motion with elliptical polarization, complex-valued wavelets are
required, in order to have sensitivity to phase shifts among components. As we
have noted, Lilly and Park (1995) introduced the approximately analytic multiple
Slepian pseudo-wavelets, while here we concentrate on the exactly analytic multiple
Morse wavelets; these classes are compared in section 6(c).

Now

MHM = (VΞUH)(UΞVH) = VΞ IrΞVH = VΞ2VH =
p∑

l=1

ξ2
l vlvH

l ,

so if ξ1 is the dominant singular value, MHM ≈ ξ2
1v1vH

1 , and

(MHM)lm =
1
K

K−1∑
k=0

(Wk)l(WH
k )m ≈ ξ2

1(v1)l(vH
1 )m.

Putting ẑ = v1 to emphasize the stochastic nature of this vector through X, and
writing the lth element (Wk)l of Wk as Wk;l, and similarly for ẑ, and re-introducing
the dependence on (a, b;X) for clarity, we obtain∑

k Wk;l(a, b;X)WH
k;m(a, b;X)

[
∑

k |Wk;l(a, b;X)|2
∑

k |Wk;m(a, b;X)|2]1/2
≈ ẑl(a, b)ẑH

m(a, b)
|ẑl(a, b)||ẑH

m(a, b)| = eiµ̂lm(a,b),

(4.3)

where µ̂lm(a, b) is the phase difference between components l and m of ẑ(a, b).

5. The statistical structure using Morse wavelets

(a) Basics

Let Xt = xt + ηt, where {xt} is a deterministic signal and {ηt} is a real-valued
p-component multivariate Gaussian white noise with mean vector E{ηt} = µ and
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10 S. Olhede and A.T. Walden

covariance matrix cov{ηt,ηu} = σ2
ηIpδt,u/∆t, where E{·} denotes expectation, Ip

denotes a p-dimensional identity matrix, δt,u denotes the Kronecker delta func-
tion; this covariance matrix implies that all three components have the same noise
variance (isotropic) and the noise is uncorrelated between components.

We now give the resulting statistical structure of the Wk(a, b;η). A result made
use of is that

N−1∑
t=0

e±i2πtk/N =

{
N if k = mN for integer m;
0, otherwise.

(5.1)

(b) Mean

Using (3.4) the vector mean of the CWT of the noise {ηt} is given by

E{Wk(a, b;η)} = E

a1/2

N

N ′−1∑
l=0

(
N−1∑
t=0

ηte
−i2πtl/N

)
Ψ+

k

(
a0

l
N

)
ei2πlb0/N


=

a1/2

N
µ

N ′−1∑
l=0

Nδl,0Ψ+
k

(
a0

l
N

)
ei2πlb0/N = µa1/2Ψ+

k (0) = µa1/2
∫ ∞
−∞ ψ+

k (t)dt = 0,

since the wavelets are designed to integrate to zero. Hence the (vector) mean of the
CWT of the noise is always zero, whatever is E{ηt} = µ.

(c) Covariance

Now, since E{Wk(a, b;η)} = 0, it follows that cov{Wj(a, b;η),Wk(a, b;η)} =
E{Wj(a, b;η)WH

k (a, b;η)}. It is shown in (A 1) of Appendix A that

E{Wj(a, b;η)WH
k (a, b;η)} =

a0σ
2
ηIp

N

N ′−1∑
l=0

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

l
N

)
.

Approximation of this sum by an integral gives

E{Wj(a, b;η)WH
k (a, b;η)} ≈

a0σ
2
ηIp

N

∫ N ′

0

Ψ+
j

(
a0

ν
N

)
Ψ+

k

(
a0

ν
N

)
dν

= σ2
ηIp

∫ a
2∆t

0

Ψ+
j (f)Ψ+

k (f)df = σ2
ηIpδj,k,

as long as a/(2∆t) exceeds f ′, the frequency such that Ψ+
K−1(f) ≈ 0 for f > f ′ (the

‘cut-off’ frequency of each wavelet in the frequency domain increases with order k
— see Figure 2 where we could take f ′ considerably less than the conservative
bound f�).

Hence, since E{Wk(a, b;η)} = 0, we have that (up to the discrete/continuous
approximation error), cov{Wj(a, b;η),Wk(a, b;η)} = σ2

ηIpδj,k.
In deriving the full suite of properties of these complex random variables, it is

also important to evaluate E{Wj(a, b;η)WT
k (a, b;η)}. This is sometimes called the

relation matrix and is needed in Appendix B. It is shown in (A 2) of Appendix A
that E{Wj(a, b;η)WT

k (a, b;η)} = 0 for all j, k, which characterizes second-order
circularity. The proof makes use of the fact that the Morse wavelets are supported
on positive frequencies only.
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(d) Real and imaginary parts

Since Ψ+(·) is real,

�{Wk(a, b;η)} =
a1/2

N

N ′−1∑
l=0

N−1∑
t=0

ηtΨ
+
k

(
a0

l
N

)
cos

[
2πl(b0−t)

N

]
,

with the imaginary part defined analogously. Now E{Wk(a, b;η)} = 0, so the real
and imaginary parts both have mean zero. The covariance of the real and imaginary
parts then reduces to E{�{Wj(a, b;η)}�{WT

k (a, b;η)}} which takes the form

a0σ
2
ηIp

N2

N ′−1∑
l=0

N ′−1∑
m=0

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

) N−1∑
t=0

cos
[

2πl(b0−t)
N

]
sin

[
2πm(b0−t)

N

]

+
aµµT

N2

N ′−1∑
l=0

N ′−1∑
m=0

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

) N−1∑
t=0

cos
[

2πl(b0−t)
N

] N−1∑
u=0

sin
[

2πm(b0−u)
N

]
= 0,

because the sum of cosine/sine products is just a phase-shifted version of a well-
known zero identity, while the sum of cosines equals N cos(2πlb0/N)δl,0 and the
sum of sines equals N sin(2πmb0/N)δm,0 = 0. Since the real and imaginary parts
are uncorrelated and multivariate Gaussian, they are independent. The fact that
E{Wj(a, b;η)WT

j (a, b;η)} = 0 implies that for each component (which we know
has mean zero) the variance of the real part minus the variance of the imaginary part
equals zero. Hence, the real and imaginary parts of the lth component Wk;l(a, b;η)
have the same semi-variance, σ2

η/2.

(e) Distributional structure

Let us here denote Wk(a, b;η) by simply Wk to further reduce notation. Then
the pK vector-valued random variable

W̃ =

 W0

...
WK−1

 d= NC
pK(0pK , σ2

ηIpK), (5.2)

where
d= denotes ‘equal in distribution,’ 0n denotes an n-vector of zeros, and

NC
n (µ,Σ) denotes an n vector-valued complex multivariate Gaussian with mean µ

and covariance matrix Σ. W̃ satisfies (e.g., Brillinger 1981, p. 89) E{W̃} = 0pK ,

E{(W̃ − E{W̃})(W̃ − E{W̃})
H
} = E{W̃W̃H} = σ2

ηIpK and (5.3)

E{(W̃ − E{W̃})(W̃ − E{W̃})
T
} = E{W̃W̃T } = 0pK , (5.4)

results which were shown in (b) and (c). This distribution follows since the {ηt}
are jointly Gaussian and thus the linear combinations �{W0}, �{W0}, �{W1},
�{W1}, . . . ,�{WK−1} and �{WK−1} are jointly Gaussian and, additionally us-
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12 S. Olhede and A.T. Walden

ing (d) above, 
�{W0}
�{W0}

...
�{WK−1}
�{WK−1


d= N2pK

(
02pK , 1

2σ2
ηI2pK

)
, (5.5)

where Nn(µ,Σ) denotes an n vector-valued real multivariate Gaussian distribution

with mean µ and covariance matrix Σ; then (5.5) defines W̃
d=NC

pK(0pK , σ2
ηIpK)

(Brillinger 1981, p. 89), as stated.
Note that the {Wk;l, k = 0, . . . , K − 1; l = 1, . . . , p}, the components of W̃ are

independent. Also, of course �{W̃} and �{W̃} are independent.

6. The phase of polarization components

(a) Phase uncertainty

From (4.3) we know that

µ̂lm(a, b) = tan−1

(�{ẑl(a, b)ẑH
m(a, b)}

�{ẑl(a, b)ẑH
m(a, b)}

)
. (6.1)

Dropping explicit dependence on (a, b;X) temporarily, let

ẑl = zl + δzl and ẑm = zm + δzm, l �= m ∈ {1, . . . , p},

where zl = E{ẑl} and zm = E{ẑm}. Equivalently, E{δzl} = 0 = E{δzm}. In terms
of real and complex components, let

ẑl = u1 + i u2 and ẑm = u3 + i u4

zl = c1 + i c2 and zm = c3 + i c4

δzl = δu1 + i δu2 and δzm = δu3 + i δu4. (6.2)

Hence,

µ̂lm = tan−1

(�{ẑlẑ
H
m}

�{ẑlẑH
m}

)
= tan−1

(
u2u3 − u1u4

u1u3 + u2u4

)
.

First-order truncation of a Taylor series expansion (assuming ||δz|| < 1) gives µ̂lm =
µlm + δµlm where

µlm = µ̂lm|c1,... ,c4
and δµlm =

4∑
j=1

δuj
∂µ̂lm

∂uj

∣∣∣∣∣∣
c1,... ,c4

.

Now
∂ tan−1

(

{w}

{w}

)
∂u

=

(
�{w} ∂

∂u�{w} − �{w} ∂
∂u�{w}

)
�2{w} + �2{w} .
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But since �2{w} + �2{w} = |w|2, we obtain the real-valued quantity

δµlm =
|zm|2�{zH

l δzl} − |z2
l |2�{zH

mδzm}
|zlzm|2 = �

{
zH
l δzl

|zl|2
− zH

mδzm

|zm|2
}

.

Since E{δzl} = 0 = E{δzm} we have that E{δµlm} = 0, and so var {δµlm} =
E{δµ2

lm}.
With a1, b1, a2, b2 real-valued constants, we can write

Z =
{

zH
l δzl

|zl|2
− zH

mδzm

|zm|2
}

= (a1 + ib1)δzl − (a2 + ib2)δzm.

Let us look at the variance of the real and imaginary parts of Z. We note firstly
that E{δz} = 0. From (6.2), let δzl = δu1 +i δu2 and δzm = δu3 +i δu4. Then from
(B 15) of Appendix B, by putting l = m = 1, we have, to O(σ3

η), E{δzδzT } = 0,
which implies that E{δzlδzm} = 0 for all l, m ∈ {1, . . . , p}, and consequently,
considering the cases l �= m and l = m,

E{δu1δu3} = E{δu2δu4};E{δu2δu3} = −E{δu1δu4};E{δu2
1} = E{δu2

2}
E{δu2

3} = E{δu2
4}, and E{δu1δu2} = E{δu3δu4} = 0.

Using these expectation equivalences we readily find that var{�{Z}} = var{�{Z}}.
Hence,

var {δµlm} = 1
2E

{
�2

{
zH
l δzl

|zl|2
− zH

mδzm

|zm|2
}

+ �2

{
zH
l δzl

|zl|2
− zH

mδzm

|zm|2
} }

= 1
2E

{(
zH
l δzl

|zl|2
− zH

mδzm

|zm|2
) (

zlδz
H
l

|zl|2
− zmδzH

m

|zm|2
) }

= 1
2E

{
|δzl|2
|zl|2

+
|δzm|2
|zm|2 − 2�{zlz

H
mδzmδzH

l }
|zl|2|zm|2

}

= 1
2

{
Vll

|zl|2
+

Vmm

|zm|2 − 2�{zlz
H
mVml}

|zl|2|zm|2

}
, (6.3)

where
Vml = E{δzmδzH

l } = (cov{δz, δz})ml = (cov{δv1, δv1})ml.

For three-component data (p = 3) this takes the form (see (B 14), Appendix B)

Vml = σ2
η

1
K

(
(ζ2 + ζ1)
(ζ2 − ζ1)2

ν2ν
H
2 +

(ζ3 + ζ1)
(ζ3 − ζ1)2

ν3ν
H
3

)
ml

+ O(σ3
η),

where ζ1, ζ2 and ζ3 are the eigenvalues, in decreasing magnitude, of the noise-free
scalogram S(0) = 1

K

∑K−1
k=0 Wk(x)WH

k (x), and ν2 and ν3 are the corresponding
second and third eigenvectors.

The expression (6.3) represents a modified form of equation (A4) of Park et al
(1987); the latter contains denominator terms affected by observational error.
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14 S. Olhede and A.T. Walden

Since here the first eigenvector relates to ‘signal’ and the latter two to ‘noise’
and λ1 >> λ2, λ3 with λ2, λ3 ≈ 0, we have from (B 27) of Appendix B that an
estimator for the covariance is given by

V̂ml = (ĉov{δv1, δv1})ml ≈
(

λ2 + λ3

2(K − 1)λ1
[v2vH

2 + v3vH
3 ]

)
ml

, (6.4)

where λ1, λ2 and λ3 are the eigenvalues of the noisy scalogram Ŝ = MHM =
1
K

∑K−1
k=0 Wk(X)WH

k (X), in decreasing magnitude, and v2 and v3 are the corre-
sponding second and third eigenvectors.

From (6.3) we thus obtain an estimator for var {δµlm(a, b)} given by

v̂ar {δµlm(a, b)} = 1
2

{
V̂ll

|ẑl|2
+

V̂mm

|ẑm|2 − 2�{ẑlẑ
H
m V̂ml}

|ẑl|2|ẑm|2

}
,

where V̂ml is given by (6.4), and ẑl = (v1)l, the lth component of the principal
polarization vector.

(b) Relationship of polarization phase to time series phase

Any signal can be written as a sum of an analytic and an anti-analytic signal
(e.g., Poletti, 1997). Let x(t) be a real-valued scalar deterministic signal, zero out-
side the possibly infinite interval [t0, t1]. We consider it as a component of x(t).
Then we can write x(t) as:

x(t) = 1
2 [x(t) + iH{x(t)}] + 1

2 [x(t) − iH{x(t)}] = 1
2x+(t) + 1

2x−(t), (6.5)

where x+(t) = x(t) + iH{x(t)} is the analytic signal, and x−(t) the anti-analytic
signal. If we let F{·} denote the Fourier transform, so that X(f) = F{x(t)}, then
correspondence in the frequency domain is given by

X(f) = X(f)
2 [1 + sgn(f)] + X(f)

2 [1 − sgn(f)] (6.6)

where sgn(f) = 1 if f > 0; 0 if f = 0, and −1, if f < 0. The analytic and anti-
analytic signals are complex-conjugates of each other. With x±(t) = R(t)e±iϕ(t),
where R(t) and ϕ(t) are time-varying amplitude and phase functions,

F{x±(t)} = X(f)
2 [1 ± sgn(f)] = X±(f), say. (6.7)

Further, x(t) = 1
2 [R(t)eiϕ(t)+R(t)e−iϕ(t)] = R(t) cos[ϕ(t)]. Then from the definition

of the continuous wavelet transform (3.1)

WC(a, b;x, ψ+) = a−1/2
∞∫

−∞
R(t) cos[ϕ(t)]ψ− (

t−b
a

)
dt

= a−1/2
∞∫

−∞
1
2R(t)eiϕ(t)ψ− (

t−b
a

)
dt (6.8)

+a−1/2
∞∫

−∞
1
2R(t)e−iϕ(t)ψ− (

t−b
a

)
dt. (6.9)
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Figure 4. Grey area shows total domain Ω comprising all scale-time points (a, b), a > 0,
at which the phase can be recovered; it comprises subdomains Ω1, . . . , Ω4.

But from (3.3), (6.6) and (6.7),

F{WC(a, b;x, ψ+)}= a1/2X(f)Ψ+(af) = a1/2[X+(f) + X−(f)]Ψ+(af)
= a1/2X+(f)Ψ+(af),

since x−(t) is anti-analytic. Hence, using (6.7) inverse Fourier transformation gives

WC(a, b;x, ψ+) = a1/2
∞∫

−∞
X+(f)Ψ+(af)ei2πbfdf

= a1/2
∫∞∫
−∞

1
2R(t)eiϕ(t)Ψ+(af)ei2π(b−t)fdf dt.

Then, using (3.2), WC(a, b;x, ψ+) = a−1/2
∞∫

−∞
1
2R(t)eiϕ(t)ψ− (

t−b
a

)
dt, so that a

comparison with (6.8) and (6.9) reveals that

a−1/2
∞∫

−∞
1
2R(t)e−iϕ(t)ψ− (

t−b
a

)
dt = 0. (6.10)

Now assume that ψ−(t) = 0 for all t outside [tmin, tmax]; note that tmin < 0 and
tmax > 0; with reference to Fig. 2 we could take tmin ≈ t
 and tmax ≈ t�. Then, for
a > 0, the compact support of ψ−(t) combined with a translation by b and scaling
by a, means that ψ−([t − b]/a) = 0 for all t outside [b + a tmin, b + a tmax].

Suppose we let

y(t) =

{
R0(t) cos[ϕ(t) + θ], if t0 ≤ t ≤ t1;
0, otherwise,

(6.11)

where R0(t) = hR(t) for some real positive constant h, i.e., y(t) is a phase-shifted
version of rescaled x(t). Moreover, since this phase relationship holds only for t0 ≤
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16 S. Olhede and A.T. Walden

t ≤ t1, it equates to a transient phase relationship. Then

WC(a, b; y, ψ+) = 1
a1/2

∞∫
−∞

y(t)ψ− (
t−b
a

)
dt = h

a1/2

tU∫
tL

R(t) cos[ϕ(t) + θ]ψ− (
t−b
a

)
dt,

where tL = max{t0, b + a tmin} and tU = min{t1, b + a tmax}, (reflecting the finite
supports of y(t) and ψ−([t − b]/a)). So

WC(a, b; y, ψ+) = heiθ

2a1/2

tU∫
tL

R(t)eiϕ(t)ψ− (
t−b
a

)
dt + he−iθ

2a1/2

tU∫
tL

R(t)e−iϕ(t)ψ− (
t−b
a

)
dt.

But from (6.10), the second integral is in fact zero, so that

WC(a, b; y, ψ+) = heiθ

2a1/2

tU∫
tL

R(t)eiϕ(t)ψ− (
t−b
a

)
dt = heiθ

2a1/2

∞∫
−∞

R(t)eiϕ(t)ψ− (
t−b
a

)
dt

= heiθ WC(a, b;x, ψ+).

So WC(a, b; y, ψ+) ∝ eiθ WC(a, b;x, ψ+) for Ω = {(a, b), a > 0 : tL < tU}, i.e., a
Morse wavelet can retrieve a phase shift θ.

So if we let xm(t) = x(t) and xl(t) = y(t), be two components of a three-
component deterministic signal x, then, using the kth order generalized Morse
wavelet ψ+

k (t) we get Wk;l(a, b) ∝ eiθ Wk;m(a, b), for (a, b) in Ω, (ignoring any error
in moving from the continuous wavelet transform WC to its discretized form, W ).
Note that if several phase shifted components were present in the signal then due
to the linearity of the wavelet transform we would recover the phase shift at that
component which had large magnitude at the relevant (a, b) point we were looking
at. We then find, ∑

k Wk;l(a, b;x)WH
k;m(a, b;x)

[
∑

k |Wk;l(a, b;x)|2
∑

k |Wk;m(a, b;x)|2]1/2
= eiθlm , (6.12)

for (a, b) in Ω. With reference to section 5(a) note that since E{δµlm} = 0, and
var {δµlm} ∝ σ2

η, it follows that when σ2
η = 0, we have µ̂lm = µlm, and since in

this case X = x, we have also (via a comparison of (4.3) and (6.12)) µ̂lm = θlm;
hence µlm = θlm, as expected. Thus µ̂lm = θlm + δµlm, for (a, b) in Ω, i.e., we
can approximate the phase θlm via µ̂lm (up to integer multiples of 2π), with the
accuracy of the approximation depending on the noise level, manifested through
δµlm.

The domain Ω will consist of four subdomains:

Ω1 = {(a, b), a > 0 : b + atmin ≥ t0 and b + atmax ≤ t1}
Ω2 = {(a, b), a > 0 : b + atmin ≤ t0 and b + atmax ≥ t0

and b + atmax ≤ t1}
Ω3 = {(a, b), a > 0 : b + atmin ≥ t0 and b + atmin ≤ t1

and b + atmax ≥ t1}
Ω4 = {(a, b), a > 0 : b + atmin ≤ t0 and b + atmax ≥ t1}.

These subdomains are illustrated in figure 4 for a finite interval of the time axis; Ω
is given by the total grey area which is of the form of a wedge which widens with
increasing scale a > 0.
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Figure 5. Left column: Phase estimates (of π/2) for the first four Morse wavelets. Middle
column: Phase estimates for the first four Slepian pseudo-wavelets. Right column: Modulus
squared of the Fourier transform of the Slepian pseudo-wavelets illustrating non-analyticity
(frequency support not purely on positive frequencies).

(c) Morse wavelets versus Slepian pseudo-wavelets

At this point we can usefully compare the performance of Morse wavelets and
Slepian pseudo-wavelets for phase-recovery. We consider the case of two sinusoids
xt and yt localised at f = 0.07 and shifted from one another by π/2. Hence we wish
to estimate the phase shift of π/2. For illustration purposes we compare the first
four wavelets of each class.

For the Slepian pseudo-wavelets ψ̃
(S)
k (fc), k = 0, . . . , 3 defined in (1.1) we fol-

lowed an example in Lilly and Park (1995) using 100 point wavelets with fc = 0.07
and fw = 0.035. The resulting wavelet transform of xt using the kth pseudo-wavelet
is here denoted Wk(fc, t;x, ψ̃(S)). For k = 0, . . . , 3 the phase shift was estimated as

θ̂
(S)
k (t) = tan−1

{
�

[
Wk(fc, t; y, ψ̃(S))
Wk(fc, t;x, ψ̃(S))

] /
�

[
Wk(fc, t; y, ψ̃(S))
Wk(fc, t;x, ψ̃(S))

]}
.

For the Morse wavelets we used ψ+
k;β,γ(t), k = 0, . . . , 3 with β = 8, γ = 3. We

make the usual identification (e.g., Mallat, 1998, p. 82) between scale and frequency,
a = f

(k)
0 /f where f

(k)
0 is the reference frequency for the kth-order wavelet. A

complex exponential e2iπf1t, f1 > 0, has Wigner distribution δ(f − f1), and kth-
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18 S. Olhede and A.T. Walden

order Morse scalogram |a|[Ψ+
k;β,γ(af1)]2. The Wigner distribution has its maximum

at frequency f1 and the scalogram will have its maximum at a scale a = f
(k)
0 /f1.

So f
(k)
0 should be chosen to maximise (f (k)

0 /f1)[Ψ+
k;β,γ(f (k)

0 )]2, i.e., we choose

f
(k)
0 : f

(k)
0 maximises f

[
Ψ+

k;β,γ(f)
]2

.

With β = 8, γ = 3 we obtain f
(0)
0 = 0.2252, f

(1)
0 = 0.2737, f

(2)
0 = 0.3060 and f

(3)
0 =

0.3319. Hence we evaluated the multiple wavelet transform at scale ak = f
(k)
0 /0.07.

For k = 0, . . . , 3 the phase shift was estimated via

θ̂k(b) = tan−1

{
�

[
Wk(ak, b; y, ψ+)
Wk(ak, b;x, ψ+)

]/
�

[
Wk(ak, b; y, ψ+)
Wk(ak, b;x, ψ+)

]}
.

Figure 5 shows in the left column the phase estimates (of π/2) for the first four
Morse wavelets. The middle column shows the phase estimates for the first four
Slepian pseudo-wavelets — the 0th and 2nd-order Slepian pseudo-wavelets do a rea-
sonable job of phase estimation, but show clear oscillatory behaviour; the 1st and
3rd order wavelets produce wildly oscillating results. In all cases the Morse wavelets
perform better. The Morse wavelets are exactly analytic, while the Slepian pseudo-
wavelets are only approximately analytic. The modulus squared of the Fourier trans-
form of the Slepian pseudo-wavelets is shown in the right column of figure 5. The
negative frequency contributions result from the wavelets being only approximately
analytic and are clearly very costly in terms of the phase estimation performance.

7. Summary

We have demonstrated that multiple generalized Morse wavelets have the necessary
properties for the extraction of transient phase information from multiple compo-
nent recordings. The exact analyticity of these wavelets gives them an advantage
over the approximately analytic Slepian pseudo-wavelets. A detailed statistical anal-
ysis framework has been provided, including a careful study of approximation errors.
Examples of the highly successful application of the methodology presented here
to one synthetic and two real 3-component recordings are given in Part II of this
paper (Olhede and Walden 2002b).

Sofia Olhede is Beit Scientific Research Fellow, recipient of an EPSRC (UK)
grant, and beneficiary of the Helge Ax:son Johnsons Stiftelse. The authors would
like to thank the referees for helpful comments leading to an improved exposition.
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Appendix A.

(a) Wavelet transform joint expectations

Here we compute E{Wj(a, b;η)WH
k (a, b;η)}; this is given by

a

N2
E


N ′−1∑
l=0

(
N−1∑
t=0

ηte
−i2πtl/N

)
Ψ+

j

(
a0

l
N

)
ei2πlb0/N×

N ′−1∑
m=0

(
N−1∑
u=0

ηH
u ei2πum/N

)
Ψ+

k

(
a0

m
N

)
e−i2πmb0/N

 .

So, denoting this expectation more simply by E{WjWH
k }, we get

E{WjWH
k } =

a

N2

N ′−1∑
l=0

N ′−1∑
m=0

N−1∑
t=0

N−1∑
u=0

E{ηtη
H
u }e−i2π(tl−um)/N ×

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

)
e−i2π(m−l)b0/N

=
a

N2

N ′−1∑
l=0

N ′−1∑
m=0

N−1∑
t=0

N−1∑
u=0

[
σ2

ηIpδt,u

∆t
+ µµH

]
e−i2π(tl−um)/N ×

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

)
e−i2π(m−l)b0/N ,

i.e.,

E{WjWH
k } =

a

N2

N ′−1∑
l=0

N ′−1∑
m=0

{
σ2

ηIp

∆t

[
N−1∑
t=0

ei2πt(m−l)/N

]
+ µµH

[
N−1∑
t=0

e−i2πtl/N

N−1∑
u=0

ei2πum/N

]}
Ψ+

j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

)
e−i2π(m−l)b0/N .

Then, using (5.1),

E{WjWH
k } =

a

N2

N ′−1∑
l=0

N ′−1∑
m=0

{
Nσ2

ηIpδl,m

∆t
+ µµHN2δl,0δm,0

}
×

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

)
e−i2π(m−l)b0/N

=
a0σ

2
ηIp

N

N ′−1∑
l=0

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
a0

l
N

)
, (A 1)

since Ψ+
j (0) = Ψ+

k (0) = 0. We also compute E{Wj(a, b;η, ψ+)WT
k (a, b;η, ψ+)}.

Denoting this expectation more simply by E{WjWT
k },

E{WjWT
k } =

a

N2

N ′−1∑
l=0

N ′−1∑
m=0

{
σ2

ηIp

∆t

[
N−1∑
t=0

e−i2πt(m+l)/N

]
+ µµT

[
N−1∑
t=0

e−i2πtl/N

N−1∑
u=0

e−i2πum/N

]}
Ψ+

j

(
a0

l
N

)
Ψ+

k

(
a0

m
N

)
ei2π(m+l)b0/N .
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Then, letting n = −m,

E{WjWT
k } =

a

N2

N ′−1∑
l=0

0∑
n=1−N ′

σ2
ηIp

∆t

[
N−1∑
t=0

e−i2πt(l−n)/N

]
×

Ψ+
j

(
a0

l
N

)
Ψ+

k

(
−a0

n
N

)
e−i2π(n−l)b0/N + aµµT Ψ+

j (0)Ψ+
k (0)

=
a0σ

2
ηIp

N

N ′−1∑
l=0

0∑
n=1−N ′

δl,nΨ+
j

(
a0

l
N

)
Ψ+

k

(
−a0

n
N

)
e−i2π(n−l)b0/N

=
a0σ

2
ηIp

N
Ψ+

j (0)Ψ+
k (0) = 0. (A 2)

Appendix B.

(a) Second Order Properties of the Eigenvectors

Here we derive cov{δvl, δvm}, where δvl = vl − νl, the difference between the
eigenvector of the noisy matrix Ŝ(X) and the eigenvector of the noise-free version
of this matrix, S(0), say. Our approach broadly follows that of Park and Chave
(1984), which in turn draws on Backus et al (1981); we hope our formulation is
clear without skimping on important details.

Now Xt = xt + ηt = xt + σηεt, say. Then Wk(X) = Wk(x) + σηW(ε) and

Ŝ(X) =
1
K

K−1∑
k=0

Wk(X)WH
k (X) = S(0) + σηS(1) + σ2

ηS
(2), (B 1)

where

S(0) =
1
K

K−1∑
k=0

Wk(x)WH
k (x); S(1) =

1
K

K−1∑
k=0

[
Wk(x)WH

k (ε) + Wk(ε)WH
k (x)

]
and S(2) =

1
K

K−1∑
k=0

Wk(ε)WH
k (ε).

The matrices Ŝ(X),S(0),S(1) and S(2) are each complex Hermitian and hence have
linear elementary divisors so that there exist p eigenvectors (with corresponding
real eigenvalues) spanning C

p, (Wilkinson 1965, pp. 26, 42). Further, the Hermitian
property guarantees that the eigenvalues and eigenvectors of these matrices may be
expanded in convergent power series (Kato, 1966, pp. 120–1).

Let {ξ2
l } and {vl} be the lth eigenvalue and unstandarized eigenvector of Ŝ(X).

Putting λl = ξ2
l we have

Ŝ(X)vl = λlvl, l = 1, . . . , p. (B 2)

We are really interested in the eigenvectors of S(0), (involving the error-free data),

S(0)νl = ζlνl, (B 3)
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say. Let us expand the eigenvector vl in a convergent power series:

vl =
∞∑

k=0

σk
ηv

(k)
l , (B 4)

where v(0)
l = νl, the corresponding eigenvector of S(0). We shall take νl to be a

unit-norm eigenvector, so that 〈νl,νl〉 = 1. Then for the eigenvector vl,

〈vl,vl〉 = 〈
∞∑

j=0

σj
ηv

(j)
l ,

∞∑
k=0

σk
ηv

(k)
l 〉 =

∞∑
j=0

∞∑
k=0

σj+k
η 〈v(j)

l ,v(k)
l 〉

= 〈νl,νl〉 + 2ση�{〈νl,v
(1)
l 〉} + O(σ2

η),

so if we wish 〈vl,vl〉 = 1+O(σ2
η), then we must have �{〈νl,v

(1)
l 〉} = �{νH

l v(1)
l } =

0. A sufficient condition for this is that the two vectors are orthogonal,

〈νl,v
(1)
l 〉 = 0. (B 5)

We can also expand the eigenvalues λl in convergent power series,

λl =
∞∑

k=0

σk
ηλ

(k)
l , (B 6)

where λ
(0)
l = ζl, the corresponding eigenvalue of S(0). We do not consider the

possibility that noise has changed the order of the eigenvalues. As pointed out
in Park and Chave (1984, p. 687) this is likely to be a problem only where the
difference between two eigenvalues of S(0) is comparable to the noise variance.

Then (B 1), (B 2), (B 4) and (B 6) give

(
S(0) + σηS(1) + σ2

ηS
(2)

) ∞∑
k=0

σk
ηv

(k)
l =

∞∑
m=0

∞∑
n=0

σm+n
η λ

(m)
l v(n)

l . (B 7)

Equating O(1) terms gives (B 3). Equating O(ση) terms gives

S(0)v(1)
l + S(1)νl = ζlv

(1)
l + λ

(1)
l νl, (B 8)

i.e., (S(0) − ζlIp)v
(1)
l = (λ(1)

l Ip − S(1))νl. (B 9)

Let us assume that ζl ≥ 0 is a non-degenerate eigenvalue, i.e., there is not more
than one corresponding eigenvector. Since S(0) has a complete orthonormal basis for
C

p of eigenvectors {νk, k = 1, . . . , p}, S(0) =
∑p

k=1 ζkνkνH
k and Ip =

∑p
k=1 νkνH

k .
Hence,

(S(0) − ζlIp) =
∑
j �=l

(ζj − ζl)νjν
H
j

and (S(0) − ζlIp)+ =
∑
k �=l

(ζk − ζl)−1νkνH
k ,
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the expression for the generalized inverse holding since ζl is assumed non-degenerate
so that ζk �= ζl for any k �= l. Thus,

(S(0) − ζlIp)+(S(0) − ζlIp) =
∑
k �=l

∑
j �=l

(ζj − ζl)
(ζk − ζl)

νkνH
k νjν

H
j

=
∑
k �=l

∑
j �=l

(ζj − ζl)
(ζk − ζl)

νkδk,jν
H
j =

∑
k �=l

νkνH
k = Ip − νlν

H
l .

So multiplying (B 9) by (S(0) − ζlIp)+ we get,

(Ip − νlν
H
l )v(1)

l = (S(0) − ζlIp)+(λ(1)
l Ip − S(1))νl

⇒ v(1)
l = νlν

H
l v(1)

l + λ
(1)
l (S(0) − ζlIp)+νl − (S(0) − ζlIp)+S(1)νl.

But (S(0) − ζlIp)+νl =
∑

k �=l(ζk − ζl)νkνH
k νl =

∑
k �=l(ζk − ζl)νkδk,l = 0p, so

v(1)
l = νl〈νl,v

(1)
l 〉 − (S(0) − ζlIp)+S(1)νl. (B 10)

Recalling (B 5), we obtain the unique solution

v(1)
l =

1
K

∑
j �=l

K−1∑
k=0

(ζl − ζj)−1νj{νH
j

[
Wk(x)WH

k (ε) + Wk(ε)WH
k (x)

]
νl}, (B 11)

where we point out that everything inside the curly bracket is scalar in form.
From (B 4), vl = νl + σηv

(1)
l + O(σ2

η), so to first order in ση we have that

E{vl} = νl + σηE{v(1)
l } = νl, since E{WH

k (ε)} = E{Wk(ε)} = 0. If we define
δvl = vl − νl = σηv

(1)
l + O(σ2

η), then E{δvl} = 0p + O(σ2
η) and cov{δvl, δvm} =

E{δvlδvH
m} + O(σ4

η). But E{δvlδvH
m} = σ2

ηE{v(1)
l v(1)H

l } + O(σ3
η), so that from

(B 11),

cov{δvl, δvm} =
σ2

η

K2

∑
r �=l

K−1∑
k=0

∑
s �=m

K−1∑
n=0

(ζl − ζr)−1(ζm − ζs)−1 ×

νrν
H
r

{
E{Wk(x)WH

k (ε)νlν
H
mWn(ε)WH

n (x)} +

E{Wk(x)WH
k (ε)νlν

H
mWn(x)WH

n (ε)} +
E{Wk(ε)WH

k (x)νlν
H
mWn(ε)WH

n (x)} +

E{Wk(ε)WH
k (x)νlν

H
mWn(x)WH

n (ε)}
}

νsν
H
s + O(σ3

η). (B 12)

Now, due to (5.4),

E{WH
k (ε)νlWH

n (ε)νs} = νT
l E∗{Wk(ε)WT

n (ε)}νs = 0, and
E{νH

r Wk(ε)νH
mWn(ε)} = νH

r E{Wk(ε)WT
n (ε)}ν∗

m = 0,

so that the second and third expectations in (B 12) are both zero. By way of con-
trast, using (5.3), with ∗ denoting complex conjugation,

E{WH
k (ε)νlν

H
mWn(ε)} = νT

l E∗{Wk(ε)WH
n (ε)}ν∗

m = νT
l Ipδk,nν∗

m = δk,nδl,m,

E{νH
r Wk(ε)WH

n (ε)νs} = νH
r E{Wk(ε)WH

n (ε)}νs = νH
r Ipδk,nνs = δk,nδr,s.
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Thus,

cov{δvl, δvm} =
σ2

η

K2

∑
r �=l

K−1∑
k=0

∑
s �=m

K−1∑
n=0

(ζl − ζr)−1(ζm − ζs)−1 ×

νr

{
δk,nδl,mνH

r Wk(x)WH
n (x)νs + δk,nδr,sν

H
mWn(x)WH

k (x)νl

}
νH

s + O(σ3
η).(B 13)

Then,

σ2
η

K2

∑
r �=l

K−1∑
k=0

∑
s �=m

K−1∑
n=0

(ζl − ζr)−1(ζm − ζs)−1νrδk,nδl,mνH
r Wk(x)WH

n (x)νsν
H
s

=
σ2

η

K

∑
r �=l

∑
s �=m

(ζl − ζr)−1(ζm − ζs)−1νrδl,mνH
r S(0)νsν

H
s

=
σ2

η

K

∑
r �=l

∑
s �=m

(ζl − ζr)−1(ζm − ζs)−1νrδl,mνH
r ζsνsν

H
s

=
σ2

η

K

∑
r �=l

∑
s �=m

(ζl − ζr)−1(ζm − ζs)−1ζsδl,mδr,sνrν
H
s

=
δl,mσ2

η

K

∑
r �=l

(ζl − ζr)−1(ζm − ζr)−1ζrνrν
H
r .

In a similar way we find that,

σ2
η

K2

∑
r �=l

K−1∑
k=0

∑
s �=m

K−1∑
n=0

(ζl − ζr)−1(ζm − ζs)−1νrδk,nδr,sν
H
mWn(x)WH

k (x)νlν
H
s

=
δl,mσ2

η

K

∑
r �=l

(ζl − ζr)−1(ζm − ζr)−1ζlνrν
H
r ,

so that cov{δvl, δvm} = σ2
η

δl,m

K

∑
r �=l

(ζr+ζl)
(ζr−ζl)2

νrν
H
r + O(σ3

η).

Now cov{δvl, δv∗
m} = E{δvlδvT

m}+O(σ4
η) and E{δvlδvT

m} = σ2
ηE{v(1)

l v(1)T
l }+

O(σ3
η). We find cov{δvl, δv∗

m} = −σ2
η

(1−δl,m)
K

(ζm+ζl)
(ζm−ζl)2

νmνT
l +O(σ3

η), where we have
used similar methods to those above.

Let vl = cvl, where vl has Euclidean norm unity, and c is a constant. Then vl

has norm of 1/c. But 〈vl,vl〉 = 1 + O(σ2
η), so 1/c =

√
[1 + O(σ2

η)]. Hence,

cov{δvl, δvm} = c2 cov{δvl, δvm}

= [1 + O(σ2
η)]

σ2
η

δl,m

K

∑
r �=l

(ζr + ζl)
(ζr − ζl)2

νrν
H
r + O(σ3

η)


= σ2

η

δl,m

K

∑
r �=l

(ζr + ζl)
(ζr − ζl)2

νrν
H
r + O(σ3

η). (B 14)

Similarly we obtain

cov{δvl, δv∗
m} = −σ2

η

(1 − δl,m)
K

(ζm + ζl)
(ζm − ζl)2

νmνT
l + O(σ3

η). (B 15)
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We note that (B 15) gives a zero covariance between δvl and δv∗
m when l = m.

The first terms on the right of (B 14) and (B 15) agree with Park and Chave (1984,
eqns. (2.18) and (2.19)), although their results arose in a quite different context.

(b) Zero Eigenvalues and Estimation of Noise Variance

Here we derive an estimate of σ2
η using the idea that some of the small but non-

zero eigenvalues of the noisy matrix Ŝ(X) correspond to identically zero eigenvalues
of the noise-free matrix S(0). Our approach is based on that of Backus et al (1981,
pp. 422–6). We again aim for a clear but precise formulation. (Some steps differ
completely in methodology.) The first term on the right of (B 26) agrees with the
result in Backus et al (1981, p. 427).

Although we expect all the eigenvalues {λl = ξ2
l , l = 1, . . . , p} of Ŝ(X) = MHM

to be non-zero because of the noise, the eigenvalues {ζl, l = 1, . . . , p} of the noise-
free matrix S(0) need not all be non-zero. With the eigenvalues ranked in descending
order of magnitude, suppose ζp−q+1, . . . , ζp = 0, i.e., the last q eigenvalues are
identically zero. Let l ∈ {p − q + 1, . . . , p}. Then from (B 8)

S(0)v(1)
l = (λ(1)

l Ip − S(1))νl. (B 16)

Now, S(0) =
∑p−q

k=1 ζkνkνH
k and we can define a projection operator which projects

vectors to the linear subspace consisting of all eigenvectors of S(0) with zero eigen-
value, P(0) =

∑p
j=p−q+1 νjν

H
j , for which

S(0)P(0) = P(0)S(0) =
p−q∑
k=1

ζkνkνH
k

p∑
j=p−q+1

νjν
H
j =

p−q∑
k=1

p∑
j=p−q+1

ζkνkνH
k νjν

H
j = 0p×p,

due to the orthonormality of the {νk}. Multiplying (B 16) by P(0) we then see that

P(0)(λ(1)
l Ip − S(1))νl = 0p. (B 17)

Also

P(0)νl =
p∑

j=p−q+1

νjν
H
j νl =

p∑
j=p−q+1

νjδj,l = νl. (B 18)

Further we have that

P(0)S(1)νl =
1
K

p∑
j=p−q+1

νjν
H
j

K−1∑
k=0

[
Wk(x)WH

k (ε) + Wk(ε)WH
k (x)

]
νl

=
1
K

p∑
j=p−q+1

K−1∑
k=0

νj

[
νH

j Wk(x)
]
WH

k (ε)νl

+
1
K

p∑
j=p−q+1

K−1∑
k=0

νjν
H
j Wk(ε)

[
WH

k (x)νl

]
= 0p, (B 19)
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since the terms in square brackets are zero. To see this note that

0 = tr{0p×p} = tr{P(0)S(0)} = tr


p∑

j=p−q+1

νjν
H
j

1
K

K−1∑
k=0

Wk(x)WH
k (x)


=

1
K

p∑
j=p−q+1

K−1∑
k=0

tr{νj〈νj ,Wk(x)〉WH
k (x)}

=
1
K

p∑
j=p−q+1

K−1∑
k=0

〈νj ,Wk(x)〉 tr{〈Wk(x),νj〉}

=
1
K

p∑
j=p−q+1

K−1∑
k=0

|〈Wk(x),νj〉|2

⇒ WH
k (x)νj = 0, k ∈ {0, . . . , K − 1}, j ∈ {p − q + 1, . . . , p}. (B 20)

Then from (B 17), (B 18) and (B 19) we get

λ
(1)
l P(0)νl = λ

(1)
l νl = P(0)S(1)νl = 0p, (B 21)

so that λ
(1)
l νH

l νl = λ
(1)
l = 0 for all l ∈ {p − q + 1, . . . , p}. Then, for these values of

l, equating terms of O(σ2
η) in (B 7) gives,

S(0)v(2)
l + S(1)v(1)

l + S(2)νl = λ
(2)
l νl

⇒ P(0)S(0)v(2)
l + P(0)S(1)v(1)

l + P(0)S(2)νl = P(0)λ
(2)
l νl = λ

(2)
l νl

i.e., P(0)S(1)v(1)
l + P(0)S(2)νl = λ

(2)
l νl, (B 22)

since P(0)S(0) = 0p×p and P(0)νl = νl. Using analogous arguments to those used
in deriving (B 10), for the current case of degenerate zero-valued eigenvalues gives
v(1)

l =
∑p

j=p−q+1 νj〈νj ,v
(1)
l 〉− (S(0))+S(1)νl, where (S(0))+ =

∑p−q
m=1 ζ−1

m νmνH
m, so

that, from (B 21),

P(0)S(1)v(1)
l = P(0)S(1)

 p∑
j=p−q+1

νj〈νj ,v
(1)
l 〉 − (S(0))+S(1)νl


= 0p − P(0)S(1)(S(0))+S(1)νl,

so (B 22) becomes the eigenequation P(0)
[
S(2) − S(1)(S(0))+S(1)

]
νl = λ

(2)
l νl, and

since P(0)νl = νl we get P(0)
[
S(2) − S(1)(S(0))+S(1)

]
P(0)νl = λ

(2)
l νl, which, with

S̃(2) ≡ P(0)
[
S(2) − S(1)(S(0))+S(1)

]
P(0) gives

S̃(2)νl = λ
(2)
l νl, l ∈ {p − q + 1, . . . , p}. (B 23)
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But S̃(2)−P(0)S(2)P(0) = −P(0)S(1)(S(0))+S(1)P(0) and this last expression equals

− 1
K2

p∑
j,n=p−q+1

K−1∑
i,k=0

p−q∑
m=1

νnνH
n

[
Wi(x)WH

i (ε) + Wi(ε)WH
i (x)

]
×

ζ−1
m νmνH

m

[
Wk(x)WH

k (ε) + Wk(ε)WH
k (x)

]
νjν

H
j

= − 1
K2

∑
j,n,i,k,m

νnνH
n Wi(ε)WH

i (x)ζ−1
m νmνH

mWk(x)WH
k (ε)νjν

H
j ,

= − 1
ζmK2

∑
j,n,i,k,m

νnνH
j 〈νn,Wi(ε)〉〈Wi(x),νm〉〈νm,Wk(x)〉〈Wk(ε),νj〉,

other terms being zero due to the result (B 20). Now

P(0)S(2)P(0) =
1
K

p∑
j,n=p−q+1

K−1∑
k=0

νnνH
n Wk(ε)WH

k (ε)νjν
H
j

=
1
K

∑
j,n,k

νnνH
j 〈νn,Wk(ε)〉〈Wk(ε),νj〉

=
1
K

p∑
j,n=p−q+1

K−1∑
i,k=0

νnνH
j 〈νn,Wi(ε)〉〈Wk(ε),νj〉δi,k.

We can thus express S̃(2) as

S̃(2) =
1
K

p∑
j,n=p−q+1

νnνH
j

K−1∑
i,k=0

〈νn,Wi(ε)〉〈Wk(ε),νj〉 ×{
δi,k − 1

ζmK

p−q∑
m=1

〈Wi(x),νm〉〈νm,Wk(x)〉
}

.

(agreeing with Backus, Park and Garbasz 1981, eqn. (27b)).
If we define the (p− q)×K matrix G by (G)m,k = [1/

√
(ζmK)]〈νm,Wk(x)〉 =

Gmk, say, for m = 1, . . . , p − q and k = 0, . . . , K − 1, then it is easy to show it is
unitary:

(GGH)ij =
K−1∑
k=0

GikGH
jk =

1
K
√

(ζiζj)

K−1∑
k=0

〈νi,Wk(x)〉〈νj ,Wk(x)〉H

=
1

K
√

(ζiζj)
νH

i

K−1∑
k=0

Wk(x)WH
k (x)νj

=
1√

(ζiζj)
νH

i S(0)νj =
√

(ζj/ζi)νH
i νj = δi,j .

We can do a singular value decomposition of G as G = AΘCH , where A is a
(p− q)× (p− q) unitary matrix, C is a K ×K unitary matrix, and Θ is a diagonal
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(p − q) × K matrix of singular values,

Θ =

θ1

. . . 0(p−q)×(K−p+q)

θp−q

 .

Then since both G and C are unitary, GGH = Ip−q = AΘCH CΘH AH =
AΘ ΘH AH ⇒ Θ ΘH = Ip−q, so that the singular values θi all have absolute
value unity; this must also hold because θ1, . . . , θp−q are the square roots of the
eigenvalues of GGH which is unitary, and every eigenvalue of a unitary matrix has
absolute value unity (Strang 1988, p. 298). Then

GHG = CΘH AH AΘCH = CΘH ΘCH

= C
[

Ip−q 0(p−q)×(K−p+q)

0(K−p+q)×(p−q) 0(K−p+q)×(K−p+q)

]
CH .

where (GHG)ij =
p−q∑
m=1

GH
miGmj =

1
Kζm

p−q∑
m=1

〈Wi(x),νm〉〈νm,Wj(x)〉.

So,

S̃(2) =
1
K

p∑
j,n=p−q+1

νnνH
j

K−1∑
i,k=0

〈νn,Wi(ε)〉〈Wk(ε),νj〉 ×{
δi,k −

(
C

[
Ip−q 0(p−q)×(K−p+q)

0(K−p+q)×(p−q) 0(K−p+q)×(K−p+q)

]
CH

)
ik

}

=
1
K

p∑
j,n=p−q+1

νnνH
j

K−1∑
i,k=0

〈νn,Wi(ε)〉〈Wk(ε),νj〉 ×{(
C

[
0(p−q)×(p−q) 0(p−q)×(K−p+q)

0(K−p+q)×(p−q) I(K−p+q)

]
CH

)
ik

}

=
1
K

p∑
j,n=p−q+1

νnνH
j

K−1∑
i,k=0

〈νn,Wi(ε)〉〈Wk(ε),νj〉
K−1∑

r=p−q

circ
H
kr,

since the term in the curly bracket is
∑K−1

r,s=p−q cirδr,sc
H
ks =

∑K−1
r=p−q circ

H
kr. Now

define

Fij = 〈νi,Wj(ε)〉 ; yij =
K−1∑
k=0

Fikckj and qi =
p∑

j=p−q+1

νjyji.
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Then

S̃(2) =
1
K

p∑
j,n=p−q+1

νnνH
j

K−1∑
i,k=0

FniF
H
jk

K−1∑
r=p−q

circ
H
kr

=
1
K

K−1∑
r=p−q

p∑
j,n=p−q+1

νnνH
j

K−1∑
i=0

Fnicir

K−1∑
k=0

FH
jkcH

kr

=
1
K

K−1∑
r=p−q

p∑
n=p−q+1

νnynr

p∑
j=p−q+1

νH
j yH

jr =
1
K

K−1∑
r=p−q

qrqH
r .

The statistical properties of S̃(2) thus depend on those of the {qr}, which can be
gleaned after the following intermediate steps.

E{Fij} = νH
i E{Wj(ε)} = 0; E{FijFmn} = νH

i E{Wj(ε)WT
n (ε)}ν∗

m = 0,

E{FijF
H
mn} = νH

i E{Wj(ε)WH
n (ε)}νm = νH

i Ipδj,nνm = δj,nδi,m,

and

E{yij} =
K−1∑
k=0

E{Fik}ckj = 0; E{yijymn} =
K−1∑
k,l=0

E{FikFml}ckjcln = 0, (B 24)

E{yijy
H
mn} =

K−1∑
k,l=0

E{FikFH
ml}ckjc

H
ln = δi,m

K−1∑
k,l=0

δk,lckjc
H
ln = δi,mδj,n, (B 25)

since C is unitary. It then follows that E{qr} =
∑p

j=p−q+1 νjE{yjr} = 0p, and

E{qrqH
s } =

p∑
j,l=p−q+1

νjν
H
l E{yjry

H
ls } =

p∑
j,l=p−q+1

νjν
H
l δj,lδr,s = δr,s

p∑
l=p−q+1

νlν
H
l = P(0)δr,s.

Let V be the p× p unitary matrix with columns νl. Then S̃(2) and VH S̃(2)V are
similar and so have the same eigenvalues. But

VH S̃(2)V =
1
K

K−1∑
r=p−q

VHqrqH
r V =

1
K

K−1∑
r=p−q

q̃rq̃H
r ,

where

q̃r = VHqr =

νH
1
...

νH
p

qr =
p∑

j=p−q+1

νH
1
...

νH
p

νjyjr =
p∑

j=p−q+1

ejyjr,

and ej is the p× 1 vector with unity in the jth position and zeros elsewhere. Then

VH S̃(2)V =
1
K

K−1∑
r=p−q

p∑
j=p−q+1

ejyjr

p∑
l=p−q+1

eH
l yH

lr =
p∑

j,l=p−q+1

ejeH
l

1
K

K−1∑
r=p−q

yjry
H
lr ,
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so that

(VH S̃(2)V)mn =

{
1
K

∑K−1
r=p−q ymry

H
nr, for p − q + 1 ≤ m, n ≤ p;

0, otherwise.

But since from (B 23), S̃(2)νl = λ
(2)
l νl, l ∈ {p − q + 1, . . . , p}, we also know that

(VH S̃(2)V)mn =

{
λ

(2)
n νH

mνn, for p − q + 1 ≤ m, n ≤ p;
0, otherwise.

So

tr{S̃(2)} = tr{VH S̃(2)V} =
1
K

p∑
n=p−q+1

K−1∑
r=p−q

|ynr|2 =
p∑

n=p−q+1

λ(2)
n .

Now (B 24) and (B 25) imply

E
{
�{yij}�{ymn}

}
= E

{
�{yij}�{ymn}

}
= 1

2�{δi,mδj,n} = 1
2δi,mδj,n and

E
{
�{yij}�{ymn}

}
= −E

{
�{ymn}�{yij}

}
= − 1

2�{δi,mδj,n} = 0, for all i, j, m, n.

Thus

1
K

p∑
n=p−q+1

K−1∑
r=p−q

|ynr|2 =
1
K

p∑
n=p−q+1

K−1∑
r=p−q

[
�2{ynr} + �2{ynr}

]
,

where E{ynr} = 0, E{|ynr|2} = var{ynr} = 1, and var{�{ynr}} = var{�{ynr}} =
1/2 and the �{ynr} and �{ynr} terms in the double sum are all independent (they
are uncorrelated and multivariate Gaussian). It then follows that Λ ≡

∑p
n=p−q+1 λ

(2)
n

will be distributed as 1
2K χ2

2q(K−p+q), where χ2
m is the chi-squared random variable

with m degrees of freedom. The random variable D = σ2
ηΛ has a probability density

fD(d|σ2
η) ∝ (1/d)

(
2Kd/σ2

η

)q(K−p+q)
exp(−Kd/σ2

η), d ≥ 0,

which is maximised at σ̂2
η = Kd/[q(K − p + q)]. But λl = ζl + σηλ

(1)
l + σ2

ηλ
(2)
l +

O(σ3
η) = σ2

ηλ
(2)
l + O(σ3

η), for l ∈ {p− q + 1, . . . , p}, since ζl and λ
(1)
l are both zero.

Thus d = σ2
η

∑p
n=p−q+1 λ

(2)
n =

∑p
n=p−q+1 λn + O(σ3

η), giving

σ̂2
η =

K

q(K − p + q)

p∑
n=p−q+1

λn + O(σ3
η). (B 26)

(c) Covariance Estimation

From (B 14) and (B 26) we have, to O(σ3
η), that

cov{δvl, δvm} = σ2
η

δl,m

K

∑
r �=l

(ζr + ζl)
(ζr − ζl)2

νrν
H
r and σ̂2

η =
K

q(K − p + q)

p∑
n=p−q+1

λn.
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An estimate of cov{δvl, δvm} thus follows by replacing the true variance σ2
η by the

estimate σ̂2
η and the eigenvalues ζl and eigenvectors νl of the noise-free matrix by

the eigenvalues λl and eigenvectors vl of the noisy matrix. Thus we get,

ĉov{δvl, δvm} =
δl,m

q(K − p + q)

p∑
n=p−q+1

λn

∑
r �=l

(λr + λl)
(λr − λl)2

vrvH
r .

For example, let l = m = 1 and p = 3 and q = 2; then the first eigenvector
only represents ‘signal’ and the latter two represent ‘noise’ and λ1 >> λ2, λ3 with
λ2, λ3 ≈ 0, then since (λ2 +λ1)/(λ2−λ1)2 ≈ 1/λ1 and (λ3 +λ1)/(λ3−λ1)2 ≈ 1/λ1,

ĉov{δv1, δv1} ≈ λ2 + λ3

2(K − 1)λ1
[v2vH

2 + v3vH
3 ]. (B 27)
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