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Abstract 

 

While railway relies on the knowledge of train position to manage operations, systems currently used 

to locate trains have a limited accuracy, which limits the network capacity. A positioning system 

combining Global Navigation Satellite Systems (GNSS) with additional sensors has the capability to 

provide high accuracy positioning information to support railway operations. However, to reach such 

accuracy, the different sources of error affecting GNSS measurements need to be mitigated. Among 

these error sources, multipath signals are a prime concern as they are particularly challenging to mitigate 

due to their high variability along the train path.  

The aim of this thesis is to mitigate the effect of multipath on GNSS code based single point positioning 

in the railway environment. To achieve this aim, the code multipath error in the railway environment is 

characterised. Measurement weighting techniques traditionally used to mitigate the effect of multipath 

on the positioning solution are investigated and a novel weighting method based on the train heading 

and the satellite position is developed and tested.  

The results show variable levels of performance, with no single method outperforming the rest along 

the entire track dataset analysed. In summary, the elevation and the new heading based methods are 

shown to complement each other, with the latter performing better (34% of the time) where there are 

trackside obstacles. 
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TDoA Time Difference of Arrival 
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Chapter 1  

1 Introduction 

 

Railway operations increasingly rely on the real-time knowledge of train position to manage railway 

traffic on their network. Global Navigation Satellite Systems (GNSS), in combination with additional 

sensors (e.g. inertial sensors) and a spatial database, have the capability to provide the level of position 

accuracy required to support these operations. However, to reach such accuracy, the different error 

sources impacting GNSS measurements need to be mitigated. Prime amongst these errors are the 

multipath signals created by signal reflection on various obstacles that surround the receiver. Such 

errors are particularly challenging to mitigate as they vary along the path of a train’s travel. The work 

presented in this thesis addresses this challenge by mitigating the effect of code multipath on the 

estimated position in the railway environment. 

The first chapter presents a brief background of the research followed by the aim and objectives. It 

highlights the main contributions of this thesis and describes its structure. Finally, a description of the 

data used in the following chapter is provided. 

1.1 Background to the research 

The demand for railway passenger and freight transport is expected to grow in the future. In Europe 

over the next 15 years, an annual increase of 1.5% in passenger traffic and 2.3% in the freight traffic is 

foreseen (European Commission 2010). In order to accommodate this growth, the capacity of the 

European railway network needs to be increased. This could be done building new infrastructures. 

However, a more efficient use of the current network already has the potential to increase capacity in 

both the short and medium terms, while generating the information required to justify the need for new 

infrastructure. To enable the optimisation of the railway traffic flow in real time, the provision of each 

train’s position on the network is required. This knowledge, to be used in future intelligent train control 

systems, allows the traffic controller to run trains based on their braking distances, safely reducing the 

current separation distances imposed by the signalling system design. Intelligent train control systems, 

such the European Railway Traffic Management System (ERTMS), have the potential to increase the 

line capacity by up to 40%  (UNIFE 2012a). Part of this increase can be imputed to the knowledge of 

the train position, however, the attribution of this budget to the different elements of the system is 

complex and still remains to be done.  
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In addition to supporting traffic control, the knowledge of train position on the network can benefit 

numerous railway applications. These range from customer services, such as informing the passengers 

of the estimated arrival time of the train, to automated infrastructure maintenance (see details in section 

2.3.1). Each of these applications has its own set of requirements defined in terms of accuracy, integrity, 

continuity and availability of the position. 

However, current railway positioning systems, such as track circuits, odometers and axle counters, are 

unable to provide the performance required by most of the applications. Moreover, they have a high 

failure rate and are costly to maintain. An alternative positioning system, able to improve accuracy and 

continuity and also to detect and exclude failures (i.e. position errors larger than a defined protection 

level), is then required to support the wide range of railway applications envisaged. 

Among potential alternative systems, GNSS technology has been identified as the core element for a 

novel railway  positioning system, due to its interoperability with existing systems as well as its low 

cost and wide coverage (European Commission et al. 2012). Since 2000, numerous projects have been 

carried out to assess the performance of GNSS-based positioning in the railway domain. Several studies 

have attempted to define the required navigation performance for railway operations (section 2.3.3), 

however, no standard positioning requirements are currently available. Several positioning systems 

using combination of sensors were also developed and tested, with varying performance (section 3.2.3). 

One of the main challenge to the use of GNSS still resides in the environment the trains travel through. 

Numerous obstacles such as cuttings, trackside buildings and tunnels can significantly attenuate or 

block the GNSS signals. These obstacles can also be responsible for signal reflections, named multipath 

signals, causing the signal coming from a satellite to reach the GNSS antenna via two or more paths, 

which in turn create a bias in the positioning solution. In order to improve the performance and maintain 

the continuity of the positioning service in the railway environment, the GNSS receiver has to be 

integrated with additional systems, sensors and spatial databases. Such systems and sensors include 

map matching, inertial sensors, wheel sensors and the positioning using signals of opportunity, such as 

Wi-Fi. 

While acknowledging the need to integrate the GNSS receiver with additional sensors, this thesis 

focuses on improving the performance of the GNSS receiver itself, in the railway environment, with a 

particular focus on code (pseudorange) based positioning. To do so, the different sources of errors that 

affect the code measurements are mitigated. While GNSS modernization and augmentation have 

enabled the mitigation of numerous sources of errors coming from the satellite and the atmosphere, 

multipath remains a significant contributor to the positioning error. This is especially true in the railway 

environment where regular obstacles along (e.g. buildings, cuttings) and above (e.g. bridge) the track 

have the potential to generate a large amount of reflections. 
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Several techniques have been developed to mitigate the effect of code multipath on the position, 

including antenna design, receiver design and measurement processing techniques.  While the two first 

methods require modification of the hardware and software of the receiver, the later techniques can be 

implemented with any type of receivers (providing GNSS raw measurements) and are the focus of this 

thesis. 

One measurement processing method to mitigate the effect of multipath signals on the estimated 

position relies on the weighting of the GNSS measurements. After estimating which measurements are 

more likely to be affected by errors, their contribution to the final positioning solution is constrained 

using weights. The measurement errors are estimated as a function of different parameters, such as the 

satellite elevation angle or its signal strength (i.e. carrier to noise power density ratio). For example, 

low elevation satellites are assumed to be more likely affected by measurement errors due to their larger 

atmospheric residual errors and their increased probability to be affected by multipath. While these 

models are adapted to measurements generated by a static receiver, it is shown in section 4.4 that their 

validity is reduced in the case of a dynamic receiver, mainly due to the high variability of the 

environment, which makes relations between the parameters and the measurement noise less 

predictable. The incorrect determination of the measurement noise can, in turn, decrease the 

performance of the position estimation and reduce GNSS positioning accuracy in the railway domain. 

To date, the only weighting method for code multipath in the railway domain was developed by (Marais 

et al. 2015) and relies on the use of a camera and image processing methods to determine the satellite 

state of reception (i.e. line and non-line sight). No weighting method relying on GNSS alone has yet 

been developed. This is the focus of this thesis. 

1.2 Research aim and objectives 

Given the effect of code multipath on the train position estimation and the limitations of existing 

weighting methods, the aim of this thesis is to develop an improved code multipath mitigation technique 

based on the traditional methods but taking into account the unique features of the railway, in particular, 

the track geometry. To achieve this aim, the following objectives have been defined: 

1. Undertake a critical review of the railway operations and identify the railway applications that 

require the knowledge of the train position, together with their required navigation 

performance. 

 

2. Identify the existing railway positioning systems and techniques, assess their positioning 

performance with respect to the requirements identified in the first objective.  
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3. Review the alternative positioning systems and techniques along with the corresponding 

required navigation performance, and proposed an architecture for a possible railway 

positioning system. 

 

4. Review GNSS error sources and associated mitigation techniques with a focus on code 

multipath mitigation techniques and their validity in the railway environment. 

 

5. Develop a novel weighting technique to mitigate the effect of code multipath signals on the 

estimated position, in the railway environment and implement the new algorithm in positioning 

software to enable testing. 

 

6. Test and validate the developed algorithms using GNSS data collected onboard a train, in order 

to develop a strategy for the implementation of the novel positioning system 

1.3 Structure of the thesis 

This thesis is organised into seven chapters, starting with the introduction. Chapter 2 reviews the 

opportunities and challenges facing the railway industry and explains the role of train positioning to 

support future railway traffic management systems and other location-based railway applications. 

Existing railway positioning requirements are presented at the end of the chapter and a set of 

requirements is selected as the basis for a future railway positioning function, addressing the first 

objective presented in section 1.2 and contributing to the understanding of the railway industry needs 

in terms of positioning.  

Chapter 3 reviews the systems and sensors currently used in the railway industry to determine the train 

position, and their performance in terms of accuracy, integrity, continuity and availability. It also 

reviews alternative positioning systems that could be used to determine train position. Based on the 

requirements defined in chapter 2, a positioning system architecture, based around a GNSS receiver, is 

specified, addressing the second objective defined in section 1.2. The choice is made to focus on the 

GNSS receiver to address the key limitation that is presented by code multipath error in the railway 

environment. 

Chapter 4 reviews the different sources of error that can affect the GNSS receiver and identifies 

multipath as the major contributor to the positioning error in the railway environment. Several multipath 

mitigation techniques are then presented, including weighting-based techniques. This chapter addresses 

the fourth objective and identifies the limitations of existing weighting methods in the railway 

environment. 
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Based on these limitations, chapter 5 develops a novel heading based weighting method, addressing the 

fifth objective. It also introduces the software used to assess the performance of this novel method and 

the different functions implemented in the software to perform the analysis. The results on multipath 

mitigation in the measurements domain are presented as well as the characterization of the multipath 

effect on the code measurements.  

Chapter 6 presents the performance of the different multipath mitigation techniques in the positioning 

domain, addressing the sixth objective and contributing to the validation of the novel method introduced 

in Chapter 5. In this chapter, the effect of code smoothing using carrier phase is presented as well as a 

comparison between the traditional and the novel weighting methods. 

Finally, chapter 7 presents the conclusions of this thesis and discusses developments to improve the 

estimation of code multipath in the railway environment and the weighting of the measurements. 

 

Figure 1.1 – Structure of the thesis 

 

Figure 1.1 represents the overall structure of the thesis and explains how the main contribution of each 

chapter (on the right-hand side) is used as the basis for the following chapter. The left-hand-side of the 
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figure shows the chapter in which the data presented in section 1.5 are used. More details on the use of 

the data are provided in Table 1.2. 

In addition to the work presented in this thesis, a list of presentations and publications relative to this 

research can be found in Appendix III. 

1.4 Datasets 

The following chapters 2 and 3 present a review of the literature regarding positioning in the railway 

industry. This review is supported by preliminary analysis of datasets further used in chapters 4, 5 and 

6. In order to provide the reader with an understanding of the datasets throughout the thesis, the 

following subsection provides a description of their characteristics. Three datasets are used and are 

referred to as ‘the static dataset’, ‘the high-speed line’ and ‘the suburban mainline’. More technical 

details on the positioning systems described in this section can be found in Chapter 3. 

1.4.1 Static dataset 

This first dataset was collected by (Moradi 2014) in Silwood Park on the 9th of May 2012 using a Leica 

GS15 receiver. The receiver was static for approximately eight hours and was installed in a relatively 

open area, but the presence of trees and a sloping terrain below antenna level could cause signal 

reflections.  

These data are used in this thesis to compare GNSS measurements characteristics of a static (i.e. at a 

fixed location) and a dynamic (i.e. in movement) receiver. 

1.4.2 High-speed line 

This second dataset was collected in the scope of the GNSS introduction in the rail sector (GRAIL) 

project (GRAIL 2006b), outlined further in Chapter 3. The GNSS receiver (described in 1.4.2.1) was 

installed onboard a Spanish high-speed train, class 100 AVE (Alta Velocidad Española), operated by 

Renfe (National Network of Spanish Railway) and capable of reaching a speed of 300 km per hour.  

1.4.2.1 Receiver 

The receiver used for this data collection is a Novatel Original Equipment Manufacturers (OEM) dual 

frequency GPS receiver. According to its specification (Novatel 2016a), this receiver can reach a 

horizontal accuracy (RMS) of 1.2 m in single point positioning using dual-frequency (L1 and L2), which 

can be further reduced to 0.4 m if differential GPS is used. The receiver expected time for signal 

reacquisition on L1 is 0.5 second and 1.0 second on L2. 
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The raw data collected by the receiver is stored in Receiver Independent Exchange Format (RINEX) 

format and contains the pseudorange, carrier phase, Doppler frequency and carrier to noise ratio (C/N0) 

values for each satellite on L1 and L2. 

1.4.2.2 Dataset description 

The dataset covers eight different journeys, mainly on the Madrid-Levante high-speed rail line between 

Madrid and Albacete but also between Madrid and Valencia, and between Madrid and Barcelona. These 

different journeys can be visualised on Figure 1.2 and are summarised in Table 1.1. 

 

 
Figure 1.2 - Overlapped train trajectories 

 

Table 1.1 - Train journeys analysed 

Date Origin / Destination Duration (seconds) 

17/11/2011 Madrid ↔ Albacete 23340 

20/11/2011 Madrid ↔ Cuenca 5311 

21/11/2011 Madrid → Valencia → Albacete → Madrid 11541 

29/11/2011 Madrid ↔ Albacete 26578 

30/11/2011 Madrid ↔ Albacete 7498 

04/03/2012 Madrid ↔ Tarancón 4368 

08/03/2012 Madrid ↔ Barcelona 12268 

22/03/2012 Madrid ↔ Ocana 12035 

 

Madrid 

Albacete 

Valencia 

Barcelona 

Tarancón 

Cuenca 
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A pre-selection process was performed on the data to remove long static periods both at the beginning 

and at the end of each journey, as these correspond to train preparation for data collection and do not 

reflect regular train operations. After this selection, a total of 102,939 epochs were analysed, 

corresponding to over 28 hours of data. 

1.4.2.3 Limitations 

Due to the lack of a reference trajectory to perform the comparison in the positioning domain, but given 

the extensive amount of data available, this dataset is used to assess the characteristics of GNSS 

measurements in the railway environment (e.g. satellite visibility, availability of the measurements). 

1.4.3 Suburban mainline 

This dataset was collected by Nottingham Scientific Limited (NSL) within the scope of the T892 project 

entitled “Data and analysis for a cost-effective GPS-based locator with simple augmentations” (RSSB 

2012b). The receiver (described in section 1.4.3.1) was installed onboard a London Midland Class 323 

(323-202) train (maximum operational speed of 90 mph or 145 km per hour) operating in the West 

Midlands, in particular, the suburban areas around Birmingham. 

1.4.3.1 Receiver 

A GPS and Inertial Measurement Unit (IMU) Novatel SPAN-CPT receiver was installed on board the 

train. The SPAN-CPT receiver provides a hybrid GPS and inertial solution that is post-processed to 

generate the reference trajectory. The GPS receiver is dual-frequency and can provide a GPS only 

position. The IMU has six degrees of freedom, which means it measures accelerations and angular rates 

along all three axes. According to its specification (Novatel 2016b), the Novatel SPAN-CPT can reach 

1.2 m horizontal accuracy (RMS) in single point positioning using L1 and L2. The gyroscope bias is 20 

degrees per hour and the accelerometer bias 50 mg, equivalent to approximately 0.5 m/s2. During GNSS 

outages of 10 seconds, the receiver can maintain a horizontal accuracy (RMS) of 1.20 m and a vertical 

accuracy (RMS) of 0.75 m. For an outage of 60 seconds, the horizontal accuracy (RMS) is limited to 7 

m and vertical accuracy (RMS) to 2.60 m.  

A second receiver was installed on board the train, the OEMv1G receiver which acquired data from 

both GPS and Global Navigation Satellite System (GLONASS) on L1. According to its specification 

(Novatel 2011), it can achieve a horizontal accuracy (RMS) of 1.5 m in single point positioning. If 

differential GPS is used, this accuracy can be reduced to 0.4 m. Its expected time of signal reacquisition 

on L1 is 0.5 second. 

The 1553 epochs of raw data collected by both receivers are stored in Receiver Independent Exchange 

Format (RINEX) format. The SPAN-CPT file contains the coarse/acquisition (C/A) code pseudorange 



29 

 

on L1, the P(Y) code pseudorange on L2, the carrier phase on L1 and L2, and Doppler frequency and 

carrier to noise ratio (C/N0) values for each satellite. The OEMv1G file contains similar information, 

but only on L1. 

1.4.3.2 Dataset description 

The journey analysed in this thesis lasted for approximately 25 minutes (1553 epochs) and took place 

between Four Oaks and Birmingham New Street on the 14th of December 2012, as shown in Figure 1.3. 

 
Figure 1.3 – Train trajectory between Four Oaks and Birmingham New Street 

 

 
Figure 1.4 – Train speed as measured by the INS, after filtering and smoothing 
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During its journey, the train stopped at nine stations (indicated by yellow pins on Figure 1.3). It also 

travelled through two tunnels (indicated by red pins), one in Sutton Coldfield with a length of 

approximately 160 meters, and one when entering Birmingham New Street, where the train stopped. 

The train average speed between stops is 12.3 m per seconds (approximately 44 km per hour), with a 

maximum speed of 25 m per second (90 km per hour), as shown in Figure 1.4. 

1.4.3.3 Limitations 

The suburban mainline dataset is used to assess the impact of the code multipath mitigation techniques 

investigated in this thesis on the position. The IMU data is integrated with the dual frequency GPS 

receiver data in order to produce a reference trajectory (see section 6.1.1 for detail). However, the same 

GPS data is used for the analysis as dual frequency measurements are needed to compute the code 

multipath estimate (see section 4.2.1.3). This implies that errors in the GNSS measurements impact the 

analysed data and also have the potential to impact the reference trajectory in a similar manner. The 

assessment of the accuracy of the reference trajectory is discussed in detail in section 6.1.1. 

Additionally, the suburban mainline dataset is relatively short (25 minutes) compared to the typical 

duration of a train journey. This could potentially limit the statistical significance of the results 

presented in this thesis. However, due to the diversity of the environment the train travels through during 

these 25 minutes (e.g. tunnels, along track-side buildings and trees), the results should provide a good 

indication of GNSS positioning performance in the railway domain. 

Table 1.2 – Dataset used in each chapter 

Analysis Static 
dataset 

High-
speed 
rural 

railway 

Suburban 
mainline 
railway 

(SPAN-
CPT) 

Suburban 
mainline 
railway 

(OEMv1G) 

Satellite availability in the railway environment 
(Table 3.7)  ü ü ü 

Duration of GNSS outages (Table 3.8)  ü ü ü 

Carrier to noise ratio function of the satellite 
elevation angle (Section 4.4) ü ü ü  

Code multipath function of the satellite elevation 
and carrier to noise ratio (Section 4.4) ü  ü  

A novel heading based weighting method 
(Chapter 5)   ü  

Characterization of the novel heading-based 
weighting method positioning performance 

(Chapter 6) 
  ü  
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The three datasets are used in different analyses and Table 1.2 summarises which dataset is used for 

each analysis and the sections of this thesis outlining the results. 
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Chapter 2 

2 Railway Operations and Location Based Services 

 

This chapter demonstrates the significant role played by positioning in supporting railway operations. 

It starts by explaining the role of rail transport in Europe and the challenges it faces. The principles of 

railway operations are then reviewed and their limitations identified. Subsequently, future railway 

systems addressing these limitations are presented, with the example of the European Rail Traffic 

Management System (ERTMS). The importance of positioning within these systems is then 

demonstrated, leading to the review of the location-based railway services along with their positioning 

requirements. The main contribution of this chapter is to outline a set of positioning requirements used 

to specify the positioning system architecture in chapter 3. 

2.1 Railway operations and challenges 

2.1.1 Role of railway transport 

A railway is a land-based, guided form of transport which aims to move people and goods while 

minimising the occupation of the tracks, the cost of operations and the impact it has on the environment 

(Fontgalland 1984). Currently, in Europe, railways account for 6% of the passenger market and 

approximately 16% of the inland freight market (European Commission 2011b). In contrast, road 

transport accounts for more than 70% of all passenger and freight traffic. However, railways present 

numerous benefits compared to road transport. Firstly, it is one of the safest forms of transport with a 

risk of fatality seven times lower than that of road transport (Profillidis 2013). Additionally, its 

environmental impact is relatively low. Not only do trains produce less greenhouse gas (GHG) 

emissions (in 2008, only 0.8% of the transport total carbon dioxide (CO2) emission in Europe was due 

to the railway while road transport was responsible for 70.7%, see Figure 2.1), they also consume less 

energy (in 2008 in Europe, railways accounted for 2.5% of the total energy consumption while road 

transport was responsible for 81.3% (European Commission 2011b)). 

Despite its current lower share of the transport demand and the difficulties presented by the planning 

and construction of new railway infrastructure, the benefits of rail transport present an opportunity to 

address some the challenges posed by road transport.  

The objective of the European Commission to significantly reduce GHG emissions to 80% below their 

1990 levels by 2050 (European Commission 2012) and the need to address congestion should lead the 
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rail transport capturing a larger share of the transport demand. In addition to the benefits related to 

emissions and energy consumption, a railway is also space efficient. It has been estimated that a journey 

from home to work by metro consumes ninety times less urban space than the journey by car (European 

Commssion 2004). As cities grow bigger and more crowded, urban space becomes scarce, making space 

efficient transport valuable. These factors have the potential to make railway transport the preferred 

mode of travel. 

 

 

Figure 2.1 - Visualisation of the GHG emissions trends of various transport modes between 1990 and 

2012 (*** Excluding indirect emissions from electricity consumption), from (European Commission 

2011b) 

 

Based on these many benefits, the European Commission predicts an eight times increase in freight 

moved by rail and a twelve times increase in passenger travel by 2050 (European Commission 2011a). 

In short term, travel in passenger kilometres is expected to increase from 19.3 billion in 2013 to 26 

billion in the United Kingdom (UK) in 2030 (UK Parliament 2012). Over the same period, movement 

by freight is also expected to increase from 31 to 50.4 billion of tonnes (Freight Transport Association 

2008).  

However, railway transport faces a significant competition, mainly from the road sector, as shown in 

Figure 2.2. To realise the predicted capture of a larger share of the transport demand, railways need to 

increase the capacity of the current rail networks must be increased and traffic management optimised 

to improve efficiency. The European Commission (2011) states that structural changes are required for 

rail to compete effectively and take a greater share of medium and long distance transport, for both 

passengers and freight. This includes changes to the current infrastructure and the concept of operations. 
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Figure 2.2 - EU-28 performance for freight transport (left) and for passenger transport (right), 

between 1995 and 2013, adapted from (European Commission 2011b) 

 

Similar trends in rail passenger and freight demands are observed outside of Europe. The railway supply 

market is forecast to increase by 2.7% between 2013 and 2019, with the highest growth expected in 

Latin America, Asia and the Pacific (UNIFE 2015), making the optimisation of the network capacity 

usage a global challenge.  

The following section presents the concept of railway operations and identifies the current limitations 

to be addressed to tackle the expected growth in traffic. 

2.1.2 Railway operations 

Railways differ from other modes of transport as the train wheels are guided on rails, implying that the 

train cannot change its course if there is any danger. Additionally, due to the adhesion of steel wheel on 

steel rail, braking cannot be immediate and relatively long distances are required for the train to stop, 

e.g. a train travelling at 160 km per hour needs approximately 1400 m to stop (Schon et al. 2013). A 

warning is, therefore, required to allow the train driver to stop before meeting any obstacle, and this is 

the main role of the control and signalling systems.  

For a train to move safely, several conditions have to be fulfilled: the route ahead should be free, the 

points (i.e. moveable rails that enable trains to cross from one track to another) at junctions should be 

set correctly and the route should be protected against other train movements (Schon et al. 2013). These 

conditions cannot be checked by the train driver who has a very limited awareness of the traffic around 

him. Instead, a control centre, responsible for a portion of the railway network, ensures that these 

conditions are met for each train that travels through its regulated part of the network. The control centre 

aims to minimise the number of necessary stops while maximising the train business speed, i.e. “the 
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ratio between the distance that separates the two ends of a business trip and the average time needed to 

achieve it, taking into account all stops” (Schon et al. 2013).  

In the control centre, the first task of the signalman is to determine the position of each train on the 

network and to preserve sufficient separation between trains to avoid a collision. For this purpose, the 

railway network is divided into sections of track, called blocks, with only one train allowed in a block 

at any one time. Signals are used to prevent entry by other trains into an occupied block.  From the 

control centre, the signalman sets the train route by selecting the required blocks on the signalling layout 

display. In modern control rooms, a computer is used which displays the data and the network layout 

on a screen. By selecting the different blocks, signals and points along the route are set to allow for train 

movement, with points in their required positions and no conflicting routes set or in use (RSSB 2003). 

Signals are used to visually give an instruction to the driver, in particular, the permission to proceed, 

also called movement authority. Traditional signals can display three aspects. Green means that the line 

is clear and that the train can proceed normally at the speed limit. Yellow indicates to the driver to start 

braking and prepare to stop at the next signal. Finally red, also called danger, indicates that the train 

should stop. The distance between the yellow and the red signal is computed on the basis of the braking 

distance and an additional safety margin. On railway lines with higher speed limits, two yellow signals 

can be used: a double yellow gives an early warning, followed by a single yellow, warning that the next 

signal is at danger. 

While signals give the driver the permission to proceed, a system is needed to confirm to the signalman 

whether the track ahead is free or occupied. This is the role of the detection systems, installed on the 

track between a pair of consecutive signals. These systems detect whether a train enters or exits a block 

and send the information to the control centre, which displays it on the signalling layout display. Such 

systems are designed to be fail-safe and if a fault occurs, send an indication that the block is occupied 

and thus, prevent any subsequent train from entering. Certain detection systems are directly linked to 

the signals and change their aspect without requiring any action from the signalman. These automatic 

signals are commonly used on portions of lines with no junction. Others signals are controlled by the 

signalman while setting the route. Further details on detection systems are given in section 3.1.1.  

The signalling system plays a key role in providing for the “safe routeing, spacing and control of trains” 

(RSSB, 2003, p10). To ensure the safety of operations and to prevent signals and points from being set 

in error, an interlocking system is used. The interlocking system controls the setting and releasing of 

signals and points to prevent conflicting movements and unsafe conditions. For instance, it makes it 

impossible for the signalman to turn a signal to proceed if the route ahead has not been proven safe. 

Interlocking aims to make railway operations clearer and more logical and ensures that movement 

authority is only given when it is safe to do so and points are set and locked correctly. It also guarantees 

movement authority can be withdrawn and route locking is only released when it is safe to do so (RSSB 
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2003). First implemented in 1843 using hard-wired circuitry (ALSTOM Signaling Inc. 2004), the 

interlocking function is now performed using digital logic implemented by software.  

While interlocking ensures that no unsafe condition arises from the signalling and control systems, it 

neither prevents the driver from over-speeding nor from failing to follow the instructions displayed by 

the signals. To prevent these events, train warning and protection systems have been developed.  

Automatic warning systems (AWS) use visual and audio warnings to inform the driver of the aspect of 

the signal being approached. The device uses magnetic inductors installed on the track ahead of the 

signal. As the train travels over the device, a warning is generated in-cab. The driver is given two 

seconds to cancel the warning otherwise, the emergency brakes are applied. However, the driver can 

cancel the warning and still fail to stop. This is the reason why the train protection and warning system 

(TPWS) was developed. The TPWS automatically applies the brakes if the train passes the track 

mounted sensors at a speed higher than required. 

Figure 2.3 shows the interactions between the different elements of the railway systems. 

 

Figure 2.3 - Railway operational architecture 
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In summary, in the control centre, signallers and controllers monitor train position, set routes and 

resolve route conflicts by means of movement authorisations. Signalling and control systems use track 

equipment to provide the control centre with train location and display movement authorisations to train 

drivers through trackside and/or in-cab signals. Finally, the communication systems enable information 

exchange between the control centre, the signalling system, the track and the train.  

Signalling and train control are vital functions for the safety of railways. They prevent collisions when 

trains are travelling on the same track and permit the safe movement of trains as they cross from one 

track to another. However, these functions currently have some serious limitations, as discussed below. 

 

2.1.3 Limitations and challenges 

The UK railway Technical Strategy Advisory Group (TSAG) has identified four main challenges, 

commonly referred to as the 4Cs, and that are seen as the main drivers of change. These challenges are 

to increase the network capacity and customer satisfaction, and to reduce the levels of carbon emissions 

and the cost of operation and maintenance while maintaining the safety of operations (TSLG 2012). To 

address these challenges, the current limitations of railway operations should be addressed. 

Firstly, the capacity of the railway network, i.e. the number of trains that can be incorporated in a 

timetable without conflict and while complying with the regulatory requirements (TSLG 2012), is 

limited. This is due to the use of blocks that can be several kilometres long. Following the current 

regulation, and to ensure the safety of operations, only one train is allowed in a block, even if it might 

be safe for two trains to travel through this block at the same time (i.e. separation distance longer than 

the safe braking distance).  

Secondly, the cost of operating and maintaining the current railway infrastructure is very high. The net 

operating cost of the railway network in the UK in 2015 was approximately £1.5 billion and the 

maintenance cost £1.3 billion, representing 40% of Network Rail (owner and infrastructure manager) 

expenditure (National Audit Office 2015). These figures exclude renewal and enhancement costs. These 

high costs are partly due to the extensive amount of trackside equipment used, such as signals and track 

sensors, and are reflected in the fare paid by customers. In addition to being costly, these systems also 

experience high failure rates resulting in disruptions and in turn, poor customer satisfaction.  

In summary, the limited network capacity, high operating and maintenance costs, and high failure rates 

of the system are limitations that must be overcome for the railway to become competitive in terms of 

price, safety and quality of service. The following section shows how future railway systems address 

these limitations. 
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2.2  Future railway systems 

2.2.1 Addressing the current limitations  

Given the challenges outlined in the previous section, the first limitation to be addressed is the network 

capacity. The capacity can be increased by building new tracks or by lengthening trains and platforms. 

However, a more efficient use of the existing infrastructures can already offer extra train paths, at a 

lower cost and without much disruption (Glover 2013). An optimal use of the network will also generate 

the information required to justify the need for new infrastructure.  

To optimise the existing capacity, train traffic management needs to be improved. This can be done by 

the implementation of intelligent traffic management systems (TSLG 2012) using real-time positioning 

of trains to enforce moving blocks. Unlike the static blocks discussed in the previous section, moving 

blocks are dynamic and follow the train motion. They include the train from rear to front, its braking 

distance and a safety margin. Figure 2.4 and Figure 2.5 illustrate the difference between the current 

signalling block principle and the novel moving block principle. 

 

Figure 2.4 - Signalling block principle, adapted from (Kyriakidis 2013) 

 

 

Figure 2.5 - Moving block principle 

 

The train continuously monitors its position and reports it to the control centre. The signalman can then 

follow in real time the movement of each train on the network and deliver movement authorities to each 

of them directly via an in-cab display. Therefore, trackside equipment such as signals and detection 

sensors are not required.  
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Moving blocks will enable trains to operate closer to each other and reduce the number of times they 

have to stop, making a more efficient use of the railway network and thus increasing the capacity of 

each line. In addition, by moving the detection and signalling functions from the track to the train, the 

number of trackside equipment can be considerably reduced. The removal of such equipment will 

enable the cost of their operation and maintenance to be reduced. In summary, intelligent real-time 

traffic management systems have the potential to deliver higher capacity (TSLG 2012), at a reduced 

cost. 

One intelligent real-time traffic management system is the European rail traffic management system 

(ERTMS).  Initially developed for use in Europe, 38 countries around the world are currently running 

or contracted to be equipped with ERTMS (UNIFE 2012b), including China, Australia, India, Brazil 

and Russia. ERTMS architecture, operational principles and benefits are described in detail in the 

following section. 

2.2.2 The example of ERTMS 

The European Rail Traffic Management System, ERTMS, is a European initiative to create a single 

standard for train control, command, signalling and communication systems. It is designed to address 

the increasing demand for cross-border traffic within Europe by establishing a standardised traffic 

management system. In the UK, Network Rail plans to progressively equip its network with ERTMS 

over the next thirty years (Glover 2013). 

ERTMS is composed of a suite of systems including control centres, onboard systems, trackside systems 

and communications. These systems are traditionally divided into four categories (RSSB 2010): 

• The train control component, European Train Control System (ETCS). This provides the train 

with a movement authority (i.e. the maximum distance it can travel), the speed profile of the 

track and other track information. 

• The communication system, Global System for Mobile Communications - Railway (GSM-R). 

This is a radio system which provides voice and data communication between the track and the 

train. It is based on the standard GSM using frequencies specifically reserved for rail 

applications. 

• The European Traffic Management Layer (ETML), to optimise the use of the railway layout 

by reducing scheduling conflicts. 

• A set of rules, the European Operational Rules (EOR), to standardise railway operations over 

Europe. 

The ETCS supervises the train so that it does not go past the movement authority or exceed the 

maximum allowable speed. It is composed of two sub-systems: the onboard equipment and the trackside 
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equipment.  These systems can be deployed in different configurations to provide several levels of 

operation as presented in Table 2.1. 

 

Table 2.1 - ETCS levels of operations 

ETCS 
level Operations 

Level 0 

This level covers the operations of trains equipped with ETCS onboard equipment 

operated on tracks not fitted with the ETCS trackside equipment. It provides supervision 

of the trains’ speed against the maximum permitted speed. 

Level 1 

Level 1 is based on track-to-train communications and is used in combination with the 

existing signalling system. The movement authority is transmitted to the train through a 

eurobalise (a transponder mounted on the track which can communicate with a train 

passing over it), while the train position is provided by on-track equipment, as shown in 

Figure 2.6. 

Level 2 

In level 2, a radio block centre is introduced at the traffic management centre (Figure 2.7). 

Electronic messages are sent to and received from the onboard train equipment via GSM-

R. The continuous communications between the train and the radio block centre via GSM-

R enable the transmission of the movement authority directly to the driver. The signal 

aspect is displayed in-cab and hence, the system can work with or without lineside signals. 

Level 3 

Level 3 provides a continuous update of the train’s location and movement authority. It 

uses positioning data from the train rather than from the track equipment and relies on the 

moving block principle to enforce train separation. Therefore, signals and track detection 

systems are not required. The train location is continuously estimated onboard using 

sensors such as the odometer and information sent from the eurobalises. The train position 

is then sent to the control centre via GSM-R, as illustrated in Figure 2.8. 

 

These different levels enable a smooth transition to the ERTMS, with the possibility of the gradual 

installation of systems rather than a single upgrade of the entire network.  

ERTMS operates as follows (RSSB 2010). Similar to current control systems, the signaller sets the 

route and the interlocking function ensures that there is no conflict. A movement authority is then 

delivered to the onboard equipment. It contains the maximum distance the train is allowed to travel, the 

speed limit and the gradient of the line. Using this information, the onboard system computes a speed 

profile that the driver should not exceed and presents it on the in-cab display. If the driver attempts to 
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exceed the distance or the speed permitted, the ETCS intervenes to either slow down or stop the train. 

Information is provided to the onboard systems through balises and a GSM-R data radio link. The train 

also uses GSM-R to send information back to the trackside, such as its position and status. 

 

Figure 2.6- ETCS level 1 architecture, adapted from (Bloomfield 2006)  

 

Figure 2.7 - ETCS level 2 architecture, adapted from(Bloomfield 2006)  

 

 

Figure 2.8 - ETCS level 3 architecture, adapted from (Bloomfield 2006)  



42 

 

The ERTMS operating principles present numerous benefits when compared to the current operations 

(European Commission 2016). In addition to increasing capacity and safety and reducing operation 

costs and malfunctions, ERTMS will enhance interoperability at the European level. By allowing traffic 

to flow seamlessly between borders, the movement of larger volumes of passenger and freight between 

countries will be enabled. Bringing the different national railway operators together will strengthen the 

market position of European railway globally and make the sector more competitive. Cross-border 

interoperability will, for instance, be the main enhancer to the development of the core European freight 

network Trans-European Transport Networks (TEN-T) envisioned by the European Commission 

(European Comission 2011), enabling railway transport to capture a larger portion of the in-land freight 

traffic. 

2.2.3 Positioning within ERTMS 

To address the railway traffic growth and to capture a larger share of transport demand, railway systems 

need to be upgraded. Flexible, intelligent traffic management systems combined with in-cab signalling 

have the potential to increase the capacity of the network while maintaining the safety of operations.  

However, the implementation of such intelligent traffic management system will only be possible if the 

position of each train on the network is accurately determined. In fact, ERTMS level 3 requires that the 

train continuously estimates its position and velocity, and provides them to the control centre in order 

to optimise operations. Furthermore, the computation of the moving block length also requires the 

knowledge of the train position. It is, therefore, apparent that the determination of the train’s position 

with sufficient accuracy, integrity, continuity and availability levels is critical for enhancing future 

railway traffic management systems. Furthermore, numerous other railway applications could benefit 

from the knowledge of the train position, as discussed in the following section. 

2.3 The role of Positioning, Navigation and Timing in the railway domain  

Despite trains being guided by rails and thus having very restricted dynamics, the knowledge of a train’s 

position is critical to the safe and efficient operations of a railway. As explained in section 2.2.3, train 

control and management rely extensively on this knowledge and furthermore such positioning 

information can enhance applications in addition to train control and management. 

2.3.1 Location-based railway applications and services 

A study conducted by Rail Safety and Standards Board (RSSB) (RSSB 2012a), based on previous 

literature (GRAIL 2006a; APOLO 1999; GNSS Rail User Forum 2000), identified 54 different railway 

applications or services that rely, to a different extent, on the knowledge of the train’s position.  
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The complete list of these applications is presented in Table 2.2, organised in five categories, reflecting 

the principal beneficiaries:  

- signalling and control applications, which enable rail traffic to flow safely and efficiently 

- operation applications, which manage the use of the route, the rolling stock and crews in the most 

efficient way 

- customer applications, which provide information to passengers or freight users 

- engineering applications, which benefit the engineering teams within the train companies 

- infrastructure applications, which deliver services of interest to monitor and maintain the railway 

infrastructure 

 

These applications were identified through consultations with different UK railway stakeholders such 

as Network Rail (the network manager), infrastructure managers, train operating companies and rolling 

stock companies. For a complete description of each application, see (Dumville & Hutchinson 2012). 

Location-based railway applications range from the safety critical for signalling and control to the 

liability critical for cargo monitoring, and non-safety critical for passenger information systems. The 

safety critical applications are described as having the potential to directly or indirectly cause harm to 

humans, destroy the system, damage property external to the system or damage the environment (NASA 

2004). Such a safety critical application is automatic train protection (ATP) that requires the monitoring 

of both the train’s speed and distance to the end of the movement authority to prevent the driver from 

over speeding or passing signals at danger. For this purpose, the ATP function requires the train position 

and location of the end of movement authority. 

In the case of moving blocks, the location of the end of movement authority depends on the location 

and speed of the preceding train. Thus, an estimate of each train’s position on the network with sufficient 

accuracy, integrity, continuity and availability is required to ensure the safety of operations. 

Liability critical applications are those that can generate legal or economic consequences. For example, 

the monitoring of cargo enables freight users to determine the time of arrival of goods at a depot. This 

time of arrival can then be used to plan subsequent services such as loading cargo on other vehicles. 

The knowledge of the cargo location can help optimise these tasks and thus limit the economic impact 

delays can create. In certain cases, when the goods carried by rail freight can cause a threat to the society 

or damage the environment (e.g. toxic or corrosive chemicals), cargo monitoring is considered safety-

critical.  
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Finally, non-safety critical applications are those that do not present any economic, legal or safety 

implications, such as passenger information systems. These systems include indicator boards at the 

station but also on-train display and pre-trip information. The accurate, safe, continuous and available 

knowledge of the train position can provide more up-to-date and reliable information than at present, 

thus providing improved support to customers travel plans. 

Not only will the enhancement of the current railway positioning function support existing location-

based applications, it will also encourage the development of new applications. Figure 2.9 shows 

existing location-based railway services as well as concepts that can be supported by the knowledge of 

the train position. 

 

Figure 2.9 - Maturity of different location-based railway services, from (Marais 2014) 

 

For instance, it will support the implementation of automatic train operation (ATO), a well-established 

function in urban transport. Used by London Underground on the Central, Northern, Jubilee and 

Victoria lines, this system is still to be used on any European main railway lines. ATO systems in mass 

transit include several elements such as an ATP system, a built-on ATO package for automatic driving, 

a traffic management system and a robust telecommunication network. Most ATO systems implement 

Communication-Based Train Control (CBTC) which continuously estimate the positions of the 

different trains and communicate their status to the trackside equipment (Pascoe & Eichorn 2009). 

Sensors such as odometers, accelerometers or GPS receivers are used to estimate the train position. The 

implementation of ATO on mainlines is more complex than for mass transits due to the mixed railway 

traffic (trains with different speeds), the complexity of the networks (numerous tracks and junctions) 
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and to the different types of trains. However, a Memorandum of Understanding (MoU) was signed in 

2012 for ATO to be included in the ERTMS documentation (European Commission et al. 2012). As 

defined by (RSSB 2012b), while using the ATO, the driver will still be present in the cab to monitor 

the system and mitigate risks in case of an emergency. However, if the system is proved to be reliable 

enough, it could support the implementation of fully driverless trains. 

Many rail applications can benefit from the knowledge of the train’s position. However, in order to 

adequately design the positioning function and to ensure the safety of operations, the positioning 

requirements of each application need to be understood and defined.  

2.3.2 Positioning requirements 

Requirements are necessary conditions the positioning system and application should fulfil. At the 

application level, they describe operational needs such as determining the track the train is on, its 

mileage and its direction of travel. These operational requirements are then used to compute the 

positioning requirements, describing the level of performance the positioning system should achieve in 

order to support the application. No standard method is currently available to translate the operational 

requirements into positioning requirements. However, the ongoing Satellite Positioning Performance 

Assessment for Road Transport (SaPPART) project (SaPPART 2015) attempts to define such a method 

for intelligent traffic systems (ITS) and mobility services. 

To illustrate further the difference between operational and positioning requirements, the example of 

virtual balise generation is taken. Virtual balises aim to replace their track-mounted counterparts which 

are both expensive and required in a large number to support ERTMS (on average two balises per 

kilometre (Gurnik & Trégl 2005)).Virtual balises use the train position together with a database 

containing the location of the virtual balises. When the train position corresponds to a location stored 

in the database, a message, similar to the one sent by a track-mounted balise, is sent to the onboard 

systems. 

The virtual balise operational requirements can be defined in terms of missed detection, e.g. the train 

travels ‘above’ a virtual balise but no message is sent to the onboard systems, or false detection, e.g. 

the train is detected on the wrong track. These probabilities of missed and false detections can then be 

used to determine the required level of accuracy, integrity, continuity and availability the positioning 

system should provide. A positioning system that can achieve the positioning requirements is then 

specified. During operations, this system provides the virtual balise application with the train position, 

velocity, time and quality indicators, as illustrated in Figure 2.10. The application then uses these values 

to determine operational quantities, such as the position of the train on the track. Thus, requirements 

are defined from the application level to the positioning level, in contrast to operations. 
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In this thesis, the requirements are defined for the positioning function. Originally defined by the 

International Civil Aviation Organization (ICAO) to support civil aviation operations, the navigation 

requirements in terms of accuracy, integrity, continuity and availability are commonly used for any 

positioning application (ICAO 2006).  

 

Figure 2.10 – Architecture of virtual balises generation to support ERTMS, adapted from (SaPPART 

2015) 

 

Accuracy measures the quality of the position. The position error is the difference between the position 

estimated by the system and the actual position. For an estimated position at a specific location, the 

probability that this error is within the accuracy requirement should be at least 95 percent (ICAO 2006). 

If required by the railway operational needs, a different percentage could be selected to define the 

accuracy of the train position. 

Integrity is a measure of the trust that can be placed in the correctness of the information supplied by 

the total system, in this case, the navigation system. It includes the ability of the system to provide a 

timely and valid warning to the user when the system must not be used for the intended operation. 

Integrity quantifies the concept of safety (ICAO 2006) and integrity requirements are defined using 

three parameters:  

• The alert limit which represents the largest position error that may occur without being 

detected. 

• The integrity risk which represents the probability that an error exceeds the alert limit without 

the user being informed within the time to alert.  



48 

 

• The time to alert which is the maximum allowable elapsed time from the onset of a positioning 

failure until the equipment announces the alert. 

The continuity of service of a system is the ability of the total system to perform its function without 

unscheduled interruption during the intended operation (ICAO 2006). More specifically, it is the 

probability that performance will be maintained (i.e. navigation solution within the alert limits) for the 

duration of an operation assuming the system was available at the beginning of that operation and was 

predicted to operate throughout. Continuity risk is the probability that a system that is available at the 

start of an operation, is interrupted during the intended period of operation.  

The availability of a navigation system is an indication of the ability of the system to provide usable 

service within the specified coverage area. It is defined by the percentage of time the system is to be 

used for navigation, during which reliable navigation information is presented to the user (ICAO 2006). 

This means that the accuracy requirements are met, integrity alert limits are protected and continuity 

provided.  

These definitions are commonly used to define the navigation performance required to support any 

positioning application. 

2.3.3 Existing railway positioning requirements 

Several studies have attempted to define the required navigation performance for railway operations 

(GRAIL 2006a; APOLO 1999; GNSS Rail User Forum 2000; GAARDIAN 2009; RSSB 2012b). 

According to these studies, unlike aviation, railway operations cannot be divided into phases. Instead, 

requirements are defined for each of the applications identified in the previous section.  

It is important to note that none of these requirements is currently recognised as standard and that they 

only provide recommended values. The most complete set of requirements is presented by the RSSB 

(RSSB 2012b) and on the basis of discussions with the different railway stakeholders (infrastructure 

operator and managers, train operating companies and rolling stock companies). The definition of these 

requirements is based on the characterization of each location-based railway application in terms of its 

purpose, operational principles and reliance on positioning information. A subset of these requirements 

in presented in Table 2.3. 

RSSB (2012) defines the traditional requirements of accuracy, integrity, availability and continuity 

(except for the missing integrity risk), but in addition, introduces the following: 

• the coverage, which is the geographical area where the application operates; 

• the mission time, which is the expected duration of the operation; 

• the time accuracy, which is computed on the basis of the position accuracy and the distance 

travelled; 
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• the speed accuracy, which is similar to the position accuracy and is expressed at 95%; 

• the direction accuracy which corresponds to the heading accuracy and is also expressed at 95%; 

• the tolerable start-up time which defines the time required to initiate the application (similar to 

the time to first fix TTFF); 

• the number of tolerable failures which is similar to the mean time between failures  (MTBF). 

 

Table 2.3 – Railway application positioning requirements, adapted from (RSSB 2012b) 
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Signalling and control applications 
Automatic 
Train 
Protection 

known 
routes 

0.01 2 2 5.0 5 2 3600 94 99 1 1 

On-train 
ERTMS 
interface 

known 
routes 

0.01 2 2 5.0 5 2 3600 94 99 1 1 

Train 
integrity 

known 
routes 

0.01 2 5 5.0 5 10 3600 94 99 5 1 

Operation applications 
Traffic 
Management 
& Regulation 

sub-
networ
k 

0.1 17 5 22.5 42 25 3600 68 99 30 6 

Driverless 
Train 

known 
routes 

0.01 2 2 5.0 4 10 3600 88 99 5 2 

Door 
operations 

known 
stations 

0.1 1 2 5.0 3 25 120 99 99 5 6 

Customer applications 
Customer 
information 
system 

GB 
networ
k 

0.1 33 5 22.5 83 25 3600 68 99 30 6 

Passenger 
broadband 

GB 
networ
k 

0.1 6 5 5.0 14 25 3600 28 99 5 20 

Engineering applications 
On-train 
monitoring 
recorder 

GB 
networ
k 

0.1 14 5 5.0 35 25 3600 28 99 5 20 

On-train 
automation 

GB 
networ
k 

0.1 6 5 5.0 14 25 3600 68 99 5 6 

Infrastructure applications 
Digital route 
map creation 

GB 
networ
k 

1 0.3 na 1.0 0.8     1  

Structural 
monitoring 

known 
routes 

1 0.02 na na 0.1     1  
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A closer examination of the requirements in Table 2.3 shows that infrastructure related applications 

(digital route map creation, structural monitoring and automated infrastructure maintenance) present 

the most stringent requirements in terms of the accuracy and integrity alert limit. However, no time to 

alert and continuity or availability risk are stated. Among the other applications, automatic train 

protection is one of the most stringent in terms of accuracy, integrity, availability and continuity. A 

positioning accuracy of 2 m is required with a time to alert of 2 s. Compared with the 16 m horizontal 

accuracy and 6 sec time to alert required in aviation for a category I approach (ICAO, 2006), these 

values will be challenging to achieve. However, the continuity risk remains lower than that defined for 

a category I approach (1-1x10-6 in any 15 sec) due to the fact that trains can be stopped in the case of a 

failure of the system. 

Infrastructure related applications may require a dedicated positioning system delivering a high level of 

accuracy but need to be time-independent, as no time to alert or continuity risk are requested. Regarding 

the other requirements, a positioning system able to fulfil the automatic train protection requirements 

can also be used by a wide range of other applications. 

Most studies offer comparable values for these requirements. A study conducted by (Filip & Rispoli 

2014a) also defines the value of the integrity risk at 10-9 per hour. This value comes from the tolerable 

hazard rate of 10-9 dangerous undetected failures per hour with which new train control systems have 

to comply. Even if this risk is derived from a solid theoretical basis, such a stringent requirement has 

limited practical use as it will be difficult to achieve in real-life scenarios. In comparison, the current 

integrity risk defined in aviation for all phases of flight (excluding the approach) is 10-7 per hour, while 

the environment in which aircraft navigate in makes positioning easier (no obstacles). However, it might 

be possible to redistribute the integrity risk across the components of the train control system, reducing 

the part allocated to the positioning function. The distributions of the railway risk between the different 

functions, including the positioning function, is currently being investigated by the satellite positioning 

working group with the Next Generation Train Control (NGTC) project (NGTC 2016). The project 

findings should be available by the end of 2016. 

The aim of this thesis is to develop a positioning system that can support the widest range of 

applications. For that purpose, the most stringent requirements found in the literature are selected and 

summarised in Table 2.4 and Table 2.5. Infrastructure application requirements are however excluded 

as their needs are mainly in terms of accuracy (see Table 2.3), and relate more to surveying applications 

than to navigation. 

Table 2.4 – Selected railway positioning requirements 

Coverage Position 
accuracy 

Integrity 
risk 

Integrity alert 
limit 

Integrity 
TTA 

Mission 
Time Continuity Availability 

known 
routes 1.0 m 10-9/h 3.0  m 2 s 3600 s 10-6 99.99% 
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Table 2.5 – Additional positioning requirements defined in (RSSB 2012b) 

Time accuracy 
(s) Speed accuracy (m/s) Direction accuracy (deg) Tolerable 

start-up time 
Number of tolerable 
outages per day 

0.01 2 1.0 1 1 

 

Railway requirements are particularly stringent and require the use of precise positioning techniques 

and integrated positioning solutions to ensure the required levels of accuracy, integrity, continuity and 

availability are achieved.  

2.4 Conclusions 

The growing demand for transportation together with the need to capture a larger share of this demand 

in Europe requires railways to evolve and implement intelligent traffic management systems to increase 

their capacity and efficiency. Such systems require the knowledge of each train’s position on the 

network with the required levels of accuracy, integrity, continuity and availability, and cannot be 

delivered by current railway systems, as seen in 2.1.3.   

While supporting traffic management, a dedicated train positioning platform has the potential to support 

the large range of additional location-based services presented in Table 2.2. To prevent the development 

of ad hoc solutions for each location-based service, a holistic approach must be followed in designing 

the novel positioning platform. While at present, no positioning standards have been produced, several 

studies identified the numerous railway applications that can benefit from a dedicated positioning 

function as well as their associated requirements. Based on these studies, a set of requirements reflecting 

the most stringent values is selected with the purpose of developing a system that can address the widest 

range of railway location-based applications. The following chapter reviews the existing positioning 

technologies and solutions used both in the railway and in other domains and assesses their ability to 

address the selected requirements.   

  



52 

 

Chapter 3 

3 Current and Future Positioning Systems to 

Support Railway Operations 

 

This chapter reviews the existing railway systems used to determine the position of the train and 

compares their performance to the requirements defined in chapter 2. Alternative positioning sensors, 

including terrestrial and satellite-based sensors, are then presented along with their performance. The 

existing positioning systems tested for railway applications are subsequently reviewed. Finally, sensors 

are selected based on the railway positioning requirements and previously reviewed sensors and existing 

solutions. The main contribution of this chapter is the definition of a possible architecture for a railway 

dedicated positioning system.  

3.1 Positioning systems and their performance 

This section reviews the positioning technologies currently relevant to the railway industry including 

terrestrial and satellite-based systems. The review covers the principles of operation, performance and 

limitations. 

3.1.1 Railway positioning systems 

This first subsection reviews the positioning systems and sensors used in the railway industry. 

Currently, train position is provided by track-mounted equipment such as track circuits and axle 

counters which detect the presence of a train within a block and set the signal accordingly (e.g. signal 

set at danger if a train is detected). The velocity of the train is estimated using either an odometer or a 

Doppler radar onboard. 

3.1.1.1 Track circuits 

The track circuit, invented in 1872, detects the presence of a train electrically by the passage of a weak 

current through a section of two running rails, insulated from adjoining sections (Glover 2013). As seen 

in Figure 3.1, it consists of a power supply on one side of the block, connected to both rails, and of a 

track relay connected to both rails on the other side of the block.  
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Figure 3.1 – Track circuit principle, the orange arrows represent the current intensity, adapted from 
(Schon et al. 2013) 

 

The power supply sends a current through one of the rails, which circulates to the track relay and back 

to the power supply through the second rail. If a train enters the section, its metallic axles create a short 

circuit, meaning that only a very small portion of the current reaches the track relay. Thus, by using a 

voltage detection threshold at the track relay, the presence of a train in the section is detected, providing 

an indication of the train location as explained in section 2.1.2 (Schon et al. 2013). 

Track circuits present several advantages. They are, by design, fail-safe. Any failure or break in the 

circuit leads to a low voltage at the track relay, indicating that the block is occupied and preventing the 

entry of any train to the block. They can also detect the absence of a train as well as its presence, 

providing permanent detection.  Broken rails can also be detected, as a cracked rail does not conduct 

current as efficiently. Finally, the current sent by the power supply can be modulated and used for track-

to-train transmission (Schon et al. 2013).  

However, track circuits are sensitive to the rail-wheel contact. The presence of rust or leaves on the rail 

reduces its conductivity. This partly explains why these systems are prone to failures, especially in wet 

areas (Hall 2005), leading to the development of axle counters to compensate for the weakness. 

3.1.1.2 Axle counter 

Axle counters simply count the number of axles that enters a section of track and deduct the number 

that leaves. If the result of this operation is zero, the block is free. Junction boxes are used to store the 

counts at each end of the section. The counts are then sent to a central unit which performs the 

calculation and sends the result to the interlocking system, as shown in Figure 3.2. 

Power supply Track relay 

Power supply Track relay 

Train axle 

High voltage = 
no train 

Low voltage = 
train present 
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Figure 3.2 – Axle counter principle, adapted from (Schon et al. 2013) 

 

Axle counters are not limited in length and can be installed on several tens of kilometres of track, as 

opposed to track circuits which can only reach 1500 to 2000 meters (Schon et al. 2013). Furthermore, 

they are insensitive to the rail-wheel contact and can be used in wet areas or with metallic sleepers (i.e. 

elements that support the rails). They are also less expensive than track circuits. 

However, they also present several drawbacks. Firstly, problems can arise at low speeds and if the train 

axle stops directly above the detectors. Also, they are reset to zero after a fault such as a power failure 

(Schon et al. 2013). This implies that after such a fault, a visual inspection is required to ensure that the 

block is free. Finally, unlike track circuits, they do not detect broken rails and cannot be used for track-

to-train transmission.  

Given their strengths and weaknesses, track circuits and axle counters are usually used in combination. 

Track circuits are still used as the main means of detection but are replaced by axle counters in wet 

areas such as tunnels. 

Both track circuits and axle counters offer a coarse estimation of the train location by indicating its 

presence in a block. However, they do not offer the possibility to continuously monitor the train 

movement, as planned in the ETCS level 3. For this purpose, balises have been introduced. 

3.1.1.3 Balise 

As explained in section 2.2.2, the future ERTMS plans to phase out track circuits and axle counters and 

to instead (or in complement with) use balises. A balise is a transponder mounted on the track, which 

is energised by the train passing above it. Once energised, it transmits an electronic message (telegram) 

to the train containing data such as the balise location. A group of balises can be used to help the train 

Junction box 

Junction box Junction box
 

Central unit 

Pair of 
detectors 

To the interlocking 
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determine its direction of travel. The train must be equipped with a balise reader which can energise the 

balise and receive the telegram (RSSB 2010).  

As described in (UNISIG 2012), the balise is required to deliver its location with an accuracy that is a 

function of the train speed. Below 40 km per hour, the location accuracy should be within ±0.20 m, 

with a confidence interval of 0.998. For speeds of between 40 to 500 km per hour, the accuracy should 

be ± (1.1 x10-3.velocity + 0.15) m, as illustrated in Figure 3.3. 

 

Figure 3.3 – Error in position of the balise centre, adapted from (UNISIG 2012) 

 

Balises provide positioning information when a train travels above it. This means their operational 

requirements have to be stringent since should the information provided be either incorrect or missing, 

the system has to wait until the next balise to get a new fixed location. Balises are required to operate 

with a tolerable hazard rate of 10-9 per hour. However, with a continuous positioning system, it might 

be possible to relax this requirement due to the increased positioning availability.  

Balises are one of the main elements of the ETCS architecture. They are relatively expensive to install 

and the fact that low-density lines with little revenue may be unable to afford them has initiated the 

search for alternative solutions (Rousseau et al. 2004; Barbu & Marais 2014). However, it is worth 

noting that balises are not exclusively used for positioning as they can also send additional information 

to the train such as the track description (e.g. track gradient, maximum allowable speed). Should an 

alternative system be used to determine the train position, this additional information will still need to 

be provided, for example by using a communication link. 

3.1.1.4 Odometer	

An odometer is a sensor installed on a train wheel that measures the number of full rotations performed 

by this wheel as well as their frequency (i.e. the number of rotations per unit of time). Using both this 

information and the known radius of the wheel, the distance travelled and the speed of the train can be 

estimated.  

Maximum error in 
balise location (m) 

Speed (km/h) 
0.20 

0.70 

40 500 
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However, odometers have a limited accuracy as sliding and skidding of the wheels can cause an over-

reading or under-reading of the distance travelled. Moreover, measurements deteriorate with the wear 

of the wheels. Odometers used in the railway industry are required to provide an accuracy (95%) of ± 

5 m ± 5% of the distance travelled from the last reference point (GRAIL 2008), for instance since the 

last balise. Odometers are also required to meet a speed accuracy requirement of ±2 km per hour for 

speed lower than 30 km per hour, that then increases linearly up to +/- 12 km per hour at 500 km per 

hour (ERTMS Users Group 1998). These requirements are defined so that the speed error is bound, 

ensuring the correct estimation of the train velocity. Finally, several odometers can be used to provide 

redundancy and ensure the integrity of the measurements. 

3.1.1.5 Doppler radar 

Doppler radar is an alternative sensor to determine the train speed. It is mounted under the train to 

provide independent speed and distance measurements. It uses pulses of electromagnetic waves 

transmitted by a directional antenna. When these waves meet an object, some of the pulses are reflected 

back to the sensor which can then determine a range. The velocity of an object can be estimated by 

applying the Doppler principle (APOLO 1999).  

Nevertheless, such devices are expensive and the signal is disturbed by bad weather conditions, for 

example by snow. Doppler radars are required to have a performance equivalent to that of the odometer, 

i.e. an accuracy (95%) of ± 5 m ± 5% of the distance travelled since the last reference point. 

3.1.1.6 Eddy current sensors 

A speed estimation technique based on Eddy current sensors is currently under development, based on 

research by (Geistler 2002). This technique uses two sensors mounted on the train and separated by a 

known distance. As these sensors travel above the same elements of the track (e.g. sleeper or point), 

they generate an electromagnetic wave and record the reflected wave. As they travel above similar 

elements, the two sensors record similar signals, with a time offset due to the separation distance. By 

estimating this time offset and knowing the distance between the two sensors, the train speed can be 

estimated. Additionally, these sensors can be used to detect track elements such as junctions, which 

create a recognisable signature on the recorded signal.  This information can then be used in 

combination with a topographic database of railway junctions to perform map matching. 

However, these sensors are still under development and are yet to be commercially viable for railway 

applications. Compared to odometers, eddy current sensors offer the advantage of using non-contact 

measurement methods and are not affected by the wheel behaviour (i.e. in the case of sliding of 

skidding). They also come at a lower cost than Doppler radars. However, more testing is required to 

assess their positioning performance. 
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In summary, several sensors and systems, both track-mounted and onboard the train, are currently 

used to estimate train position. However, most systems were not originally designed for positioning and 

thus their capabilities are limited (see  

Table 3.1). Track circuits and axle counters only provide a coarse estimation of the train position by 

indicating its presence in a block that can be several kilometres long. Balises provide accurate (sub-

metre level) but discontinuous positioning information. And while odometers and Doppler radars are 

able to continuously estimate the train velocity and position along the track, their current performance, 

however, cannot fulfil the accuracy requirement of 1 m identified in section 2.3.3. 

 

Table 3.1 - Performance of railway positioning systems 

Technology Performance 

Track circuits and 
axle counters Depend on the length of the block, up to several tens of metres 

Balise Only provide a position when the train is above the balise (discrete positioning system) 

Odometer, Doppler 
radar 

Provide an accuracy of +/-5m +/- 5% of the distance travelled from the last reference 
point (i.e. balise) 

 

To achieve the positioning requirements in Table 2.4, research has been directed towards alternative 

positioning methods, including the satellite-based and terrestrial systems discussed below. 

3.1.2 Satellite-based positioning systems 

3.1.2.1 Global navigation satellite systems 

Satellite-based navigation systems offer an attractive alternative solution to the current railway 

positioning systems reviewed in section 3.1.1, as they provide autonomous and continuous (in some 

environments) positioning service with a global coverage. Furthermore, they offer a solution for the 

railway system that is independent of track-side equipment and interoperable across borders. 

The satellite-based positioning market has witnessed rapid growth in the last decade mainly due to the 

reduction in both size and cost of the receivers. Satellite positioning makes use of the global navigation 

satellite systems (GNSS). Currently, only the United Stated GPS and the Russian GLONASS are fully 

operational. The European Union is developing its own system, Galileo, that is planned to be completed 

by 2020 (Blanchard 2012) and the Chinese system, Beidou, should also be fully operational by 2020 

(Ding & Yang 2012). 

A GNSS receiver is able to estimate its position autonomously, in a stand-alone mode. However, its 

estimation is affected by numerous error sources such as the receiver and satellite clock biases, the 
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ionospheric and tropospheric delays (due to the fact that the signal is travelling through the atmosphere), 

multipath due to the receiver surrounding environment and receiver noise (Kaplan & Hegarty 2006). 

The expected accuracy of GPS standalone positioning is 9 m horizontally and 15 m vertically (95%) 

(Scot 2014) using pseudorange measurements. Pseudorange measurements are one of the two types of 

observables provided by GNSS. The pseudoranges of each satellite are obtained by multiplying the time 

taken for each signal to reach the receiver by the speed of light. While this measurement is robust, 

different error sources limit its accuracy to about one metre. 

However, signals are transmitted by satellites on several frequencies. For example, GPS currently uses 

three frequencies named L1 (1575.42 MHz), L2 (1227.60 MHz) and L5 (1176.45 MHz). By using 

measurements on several frequencies, it is possible to mitigate some errors, such as the ionospheric 

delay and to increase the accuracy to 6 m horizontally and 10 m vertically (95%) (Scot 2014). This 

improvement may, however, be insufficient for many applications. Additional techniques, known as 

GNSS augmentations, have been developed to enhance the accuracy, integrity, continuity and 

availability of GNSS positioning. 

 

3.1.2.2 GNSS augmentation systems 

GNSS augmentation systems use differential GNSS (DGNSS) and supplement the receiver with 

additional ranging signals, differential corrections and integrity alerts (Groves, 2013). DGNSS 

differences measurements to remove spatially and temporally correlated errors such as atmospheric 

errors, satellite orbit error and satellite clock offset. The use of additional receivers at known fixed 

locations enables corrections to be computed and sent to the user via a data link (Kaplan & Hegarty 

2006). Augmentation systems also monitor the integrity of the signals sent by the satellites and deliver 

an integrity message to the user on whether or not a satellite should be used. Depending on their 

coverage, DGNSS can be classified into local area and wide area DGNSS.  

Two types of GNSS augmentation systems exist, the Satellite Based Augmentation Systems (SBAS) 

and the Ground Based Augmentation Systems (GBAS). Both systems are certified (or in the process of 

being certified) for use in guiding aircraft during certain flight phases, including approach for SBAS 

and approach, landing, departure and surface operations for GBAS (USA Department of Defense 

2008b).  

SBAS apply the wide area GNSS concept and offer services over a country or small continent. Existing 

SBAS includes the American WAAS, covering North and a part of Central America and EGNOS 

covering Europe. These systems use a network of reference stations to compute corrections that are then 

broadcast to the user via geostationary satellites (Kaplan & Hegarty 2006). The purpose of SBAS is to 

increase the accuracy, integrity and availability of GNSS. Whilst they were primarily designed to 
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support aviation, railway operations can also benefit from EGNOS services (European GNSS Agency 

2012). 

GBAS applies the local area DGNSS concept and offers service over a small area such as an airport, as 

shown in Figure 3.4. It broadcasts correction information to users via ground stations and provides a 

higher accuracy than SBAS. GBAS has been approved by the Federal Aviation Administration (FAA) 

for CAT I precision approach operations, which means it can reach an accuracy of 16 m horizontally 

while ensuring an integrity risk of 1-2x10-7 per approach and a time to alert of 6 seconds. It is however 

expected to reach an accuracy of 3.6 m horizontally with an integrity risk of 1-1x10-9 per 15 sec and a 

time to alert of 1 to 2 seconds (Eurocontrol 2013). 

 

 

Figure 3.4 - GBAS principle, adapted from (Julien 2011) 

 

 

The idea of an augmentation network dedicated to railway operations, known as EGNOS-R, has been 

investigated by Filip & Rispoli (2014b). Such a system would use the existing EGNOS service as well 

as additional reference stations installed along the railway tracks in order to provide corrections to the 

onboard GNSS unit and attempt to reach the tolerable hazard risk of 10-9 per hour. The need for 

additional trackside installations will, however, need to be precisely quantified as one objective of the 

future railway systems discussed in section 2.2.1 is to reduce the amount of trackside equipment. 

Despite ensuring a certain level of integrity and mitigating some error sources, the use of GNSS 

combined with SBAS and GBAS cannot achieve the one-metre accuracy required to support railway 

operations (see Table 2.4) and higher accuracy positioning techniques have to be used. 
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3.1.2.3 High accuracy GNSS-based positioning 

High accuracy positioning with GNSS is achieved with carrier phase measurements, the second GNSS 

observable. The carrier phase corresponds to the accumulated phase offset between the receiver and the 

satellite signal. Whilst it can provide centimetre level accuracy, the initial number of integer cycles in 

the carrier phase measurement, called integer ambiguities, has to be determined. Carrier phase 

measurement is more precise than the pseudorange but is ambiguous and less robust. Indeed in high 

dynamics applications, cycle slips occur which should be detected and recovered to maintain the correct 

ambiguity solution. 

There are two main positioning methods using carrier phase measurements: Real Time Kinematic 

(RTK) and Precise Point Positioning (PPP). 

RTK requires at least two receivers to estimate the differenced carrier phase ambiguity. One receiver, 

the base station, is located at an accurately surveyed location. Another receiver in the vicinity of the 

base station (10 to 20 km), the rover, can then receive information broadcast by the base (code and 

carrier measurements) via a real-time communication channel. The proximity of the receivers enables 

a number of spatially and temporally correlated errors to be either cancelled or mitigated by differencing 

the base and rover measurements. A convergence time of a few seconds is then required to fix the 

integer ambiguities. Once the ambiguities have been correctly fixed, RTK can achieve accuracy 

performance in the range of a few centimetres (Sanz Subirana et al. 2013). 

Precise Point Positioning is performed using a single receiver with a single or dual-frequency. Satellite 

clock, orbit and bias corrections are provided via a data link. Single frequency PPP uses ionospheric 

maps to compute the ionospheric delay correction. Decimetre level accuracy can be achieved, though 

this requires a long convergence time. Dual-frequency PPP uses a combination of measurements on 

both frequencies to cancel the first order ionospheric delay. Centimetre level accuracy can then be 

achieved in real time. However, a long initialization time (about 20 minutes) is required each time the 

system starts in order to estimate the integer ambiguities. A significant time may also be required for 

re-convergence (Jokinen 2014). 

The performance of the different GNSS systems and techniques are presented in Table 3.2 and Figure 

3.5 

As discussed above, the use of augmented GNSS effectively removes a number of error sources and 

can result in improved accuracies at the metre level. Using carrier phase measurements can further 

improve accuracies to the decimetre or centimetre levels. 

However, GNSS-based positioning remains sensitive to the loss of the signal between the receiver and 

the satellite due to obstruction and radio frequency interference. Therefore, it alone cannot offer a 
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continuous positioning service that fulfils the stringent requirements of the railway. Hence, the use of 

additional sensors is required. 

 

Table 3.2- Positioning performance of GNSS, adapted from (Scot 2014) 

  Open Services Safety of 
Life High Precision 

  Galileo 
GPS 

single-
frequency 

GPS 

dual-
frequency 

EGNOS OS 
(observed) 

EGNOS 
SoL RTK PPP 

A
cc

ur
ac

y 
(9

5%
) Horizontal 4 m 9 m 6 m 

3 m 

(1 m) 
3 m ~ 1 cm ~10 cm 

Vertical 8 m 15 m 10 m 
4 m 

(1.5 m) 
4 m ~ 1 cm ~10 cm 

Time 30 ns 40 ns 40 ns 
13 ns 

(13 ns) 
13 ns - - 

Availability 99.5% 99% 99% 99% (99%) 99% local 95% 

Integrity Yes* Yes** Yes** No Yes No No 

(*) available with Galileo Public Regulated Service (PRS), (**) as defined in USA Department of 

Defense (2008, p11) 

 
Figure 3.5- Accuracy of GNSS positioning techniques, adapted from (Julien 2011) 
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3.1.3 Terrestrial sensors 

Integrated systems (i.e. composed of several sensors) are commonly used in aviation and road transport. 

They usually involve inertial sensors and map matching algorithms. New systems employing signals of 

opportunity and image matching are also being developed. The following section reviews these 

navigation techniques. 

3.1.3.1 Inertial sensors 

Inertial sensors comprise of both accelerometers and gyroscopes. Accelerometers sense a vehicle’s 

rectilinear motion while gyroscopes sense the rotational motion (i.e. the vehicle angular rotation rate) 

without using an external reference. Inertial measurement units (IMU) are commonly used to obtain a 

three-dimensional navigation solution. They are composed of three accelerometers and three 

gyroscopes that enable the movements of a vehicle along all three axes to be measured. Since train 

movement is restricted by the rails, a simpler inertial system than IMU might be used to determine the 

train position (RSSB 2012a). Inertial sensors present the advantages of being autonomous, non-

radiating and insensitive to external perturbations. However, they are expensive and subject to an 

accumulation of errors leading to a position drift (Groves 2013). The performance of the IMU depends 

on its grade and cost, as shown in  

Table 3.3. 

 

Table 3.3- Inertial navigation systems grade, performance and cost, from (Groves 2013) 

Inertial Navigation System Position drift Cost 

High accuracy system 0.1 NM/hr = 185m/hr >$1 million 

Medium accuracy system 1 NM/hr = 1.85 km/hr $5 000 to $100 000 

Low accuracy system 10 NM/hr = 18.5 km/hr <$10 

 

Inertial sensors have been extensively used in combination with GNSS receivers as they provide 

complimentary performance. The GNSS position can be used to align and calibrate the IMU, while the 

IMU can provide a solution when GNSS measurements are unavailable. 

3.1.3.2 Digital maps 

Digital maps are used to perform map-matching, that is to determine the location of the train on the rail 

network. A map-matching algorithm compares the position solution from the navigation system with a 

rail tracks database and supplies a correction if the navigation solution drifts off the track (Groves 2013). 

Different types of correction exist. The solution can simply be perpendicularly projected on the track 
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or the estimation can take into account the heading and speed information of the vehicle (Quddus et al. 

2005). Map matching requires a digital, accurate and up-to-date map of the network. Some of the 

weaknesses of map matching include incorrect identification of the right track, especially when the 

network is dense, for example, at a station with many parallel tracks.  

Map-matching is required to put the positioning information in context. For instance, the signalman 

cannot directly use the latitude and longitude of the train. The track mileage (i.e. the position of the train 

along the track) is required and can be estimated by matching the train position to a digital map of the 

network. Map-matching can also be used as a positioning aid, for instance, to determine the heading of 

the train based on its position and the track map. 

Three-dimensional maps can also be used to improve the accuracy of conventional positioning 

techniques in dense urban areas. These maps containing information about the position, size and shape 

of buildings can be used to predict whether signals are blocked or reflected. Non-line-of-sight (NLOS) 

signals, i.e. only received via reflections, can then be excluded from the positioning estimation process 

(Groves et al. 2012), leading to a reduction of 69.2% on average of the cross-street positioning error 

(Wang et al. 2013). This technique is of particular interest for railway applications as it can help 

determine on which track the train is travelling on in urban areas. 

3.1.3.3 Signals of Opportunity 

Although designed for other purposes, signals of opportunity (SOOP) can be used for positioning. 

Examples include radio, television broadcasts and Wi-Fi (Groves 2013). Measurements can be taken 

based on: Time of Arrival (ToA), Time Difference of Arrival (TDoA), Angle of Arrival (AoA) and 

Received Signal Strength (RSS) (Moghtadaiee et al. 2011). Transmitters situated at known locations 

broadcast information regarding their identity and the transmission time, which can be used to compute 

the user position. The RSS can also be used to perform location fingerprinting in which a database of 

parameters dependent on location (generated in a training phase) is used to estimate the user position. 

Examples of accuracies achieved by different SOOP system are shown in Table 3.4. 

Signals of opportunity are useful in urban and indoor environments where a GNSS-based position is 

more difficult to compute. However, as the signals are not originally designed for positioning, they may 

not contain the transmitter location. In that case, an up-to-date database with sufficient resolution is 

required. 

A positioning system that combines GNSS and GSM-R, the railway dedicated radio signals (see section 

2.2.2) has been investigated by (Faragher 2011). It relies on the GSM-R signals used by the train driver 

to communicate with the control centre via radio. These signals are available on the entire rail network, 

including in tunnels. The times of arrival of the signals are used to determine the speed of the train and 

a dead-reckoning algorithm is used to estimate the position. The main challenge is to determine the 
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offset between the GSM-R signals as the masts are not synchronised. However, these masts are usually 

installed so that the areas they cover are overlapping, enabling the offset to be estimated. In the future, 

GSM-R will be replaced by LTE (Long Term Evolution), which is expected to further improve 

communication-based positioning for railways. 

 

Table 3.4 - Signal of Opportunity positioning accuracy, adapted from (Groves 2013) 

System Accuracy (95%) 

Analog broadcast (e.g. Amplitude Modulation (AM)) about 2% of the wavelength (60 
m for a frequency of 100 kHz) 

Digital broadcast (e.g. Rosum Television Positioning System) 5 to 20 m 

Wireless Local Area Network (also known as Wi-Fi or IEEE 
802.11) 1 to 5 m 

Ultra Wide Band Positioning up to 50 cm 

 

3.1.3.4 Vision-based positioning 

Image matching techniques require a camera acquiring images that can then be used in different ways. 

They can be compared with a database in order to determine the camera's viewpoint (i.e. its location), 

or they can be used to identify individual features. However, both these techniques require a large 

database. The images can also be used to perform a 'visual odometry' by comparing successive images 

(Groves 2013). However, it is difficult in this case to differentiate linear and rotational movements and 

additional sensors may be needed to calibrate the system.Cameras can also be used to improve GNSS-

based positioning performance by characterising the environment through which the vehicle is 

travelling. In (Marais et al. 2012), cameras are installed on the vehicle roof, covering a large field of 

view (180 degrees). The images obtained by these cameras are then processed to characterise regions 

of “sky” and “non-sky”. This information is then used along with the satellites elevation and azimuth 

angles to exclude non-line-of-sight (NLOS) satellites, which reach the receiver only after reflections. 

This method enhances conventional positioning accuracy. Sánchez et al. (2016) showed that a 

combination of GNSS, IMU and fisheye camera in an urban environment improves the position 

accuracy from 10.60 m (95%) for a GNSS/IMU solution only, to 6.93 m (95%) with the camera. 

However, vision based positioning techniques are affected by weather conditions and it can be difficult 

to make the difference between “sky” and “non-sky” regions if the luminosity is too high or too low, or 

if it is raining. Also, frequent maintenance is required to clean the lens. 

3.1.3.5 Conclusion 
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Numerous positioning sensors and systems, with different positioning performance, are currently 

available. They can be used in combination to achieve even higher levels of performance. However, the 

choice of sensors should be optimised as a function of the positioning application requirements in terms 

of accuracy, integrity, continuity and availability. 

It can, however, be noticed that satellite-based navigation systems offer an attractive solution to support 

railway operations, as they provide an autonomous and continuous positioning service with a global 

coverage. Furthermore, they offer a solution that is both independent of track-side equipment and inter-

operable across borders. Finally, their cost is relatively low and they are easy to install (i.e. they do not 

require to retrofit the train cab). In light of these advantages, a Memorandum of Understanding (MoU) 

was signed by the European Commission, the European Railway Agency (ERA) and the European Rail 

Sector Associations (UNIFE) in April 2012, recognising that Global “Navigation Satellite System 

(GNSS) can play a major role in the rail sector, both for fleet management and rail safety (signalling 

and train control)” (European Commission et al. 2012). This MoU places GNSS as a core element of 

the future railway positioning system, and the rest of this thesis focuses on the development of a GNSS-

based railway position solution. 

The following section presents research projects which have investigated such solutions. It reviews the 

applications targeted by these projects as well as the sensors selected and the positioning performance 

reached.  

 

3.2 GNSS-based systems in the railway industry 

The railway industry has realised the benefits of GNSS-based navigation systems and several studies 

have been carried out in Europe to investigate the performance of a GNSS-based positioning system in 

the railway environment. 

As a result of a comprehensive literature review, this section presents the different GNSS-based railway 

projects in Europe. It identifies the different applications targeted by these projects as well as their aim 

and the positioning solutions they investigated. 

While this literature review focuses on projects carried out in Europe, other countries such as China and 

the USA are adopting intelligent train traffic management systems similar to ERTMS and using GNSS 

(Marais et al. 2017). ERTMS itself is being adopted worldwide, in countries such as Saudi Arabia, 

South Korea, Australia and India. However, all these projects face the same challenge relative to the 

standardisation of the use of GNSS in the railway domain, as illustrated in the following section, on the 

case of Europe. 
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3.2.1 Applications targeted by European Union projects 

Research in the field of GNSS positioning applied to railway operations started in 1999 with the project 

Advanced Positioning Locator (APOLO). This project reviewed the different railway applications that 

could benefit from an enhanced positioning function and was the first to acknowledge the fact that each 

application needed its own set of positioning requirements (APOLO 1999). Subsequent projects built 

on the foundations laid down by the APOLO project, most of them focusing on a dedicated application, 

as can be seen in Table 3.5.  

Numerous GNSS-related railway projects have investigated the potential of satellite navigation to 

support railway operations.  A large number of projects (LOCOPROL 2005; Urech 2002; GaLoROI 

2012; Barbu & Marais 2014) aimed to develop a GNSS-based alternative positioning system to support 

traffic management and control on low-density lines. Such a system will have a lower cost than standard 

ERTMS equipment (e.g. balise) while delivering an equivalent level of performance. 

Other projects (InteGRail 2010; European Space Agency 2005; Albanese & Marradi 2005; GSA 2005; 

Senesi 2016) focused on safety-critical applications and on the use of EGNOS safety-of-life features to 

perform train positioning. Some projects also investigated ways GNSS can be used to support ERTMS, 

for example by enhancing the odometer performance (GRAIL 2006b) or by implementing virtual 

balises (NGTC 2016). Virtual balises aim to replace physical balises in order to reduce the installation 

cost of ERTMS. As mentioned in section 2.3.2, such a system compares the train position against a 

database containing the location of the virtual balises. A message similar to the one sent by the balise 

is delivered to the onboard system when the train comes across the location of the virtual balise. 

Many of these projects investigated the certification aspect required to support the adoption of GNSS 

in the railway domain. Indeed, any alternative positioning system will have to demonstrate its ability to 

fulfil railway reliability, availability, maintainability and safety (RAMS) requirements prior to their 

installation on a train. A link between the railway RAMS requirements and the positioning Required 

Navigation Performance (RNP) has been derived by (Beugin et al. 2010).  

Despite the large number of projects carried out since 1999, the efforts made to introduce GNSS into 

the railway domain have not been consolidated. Most of the projects focus on one application,  (e.g. 

train control for low-density line, enhanced odometry), leading to the development of ad hoc positioning 

platforms, fulfilling the needs of only specific services.  While this approach develops a better 

understanding of GNSS performance in specific cases, it restricts its possible overall benefits.  

However, the RSSB took an interesting approach by characterising the railway environment for GNSS-

based positioning (RSSB 2007) and by testing the performance of different receivers in such an 

environment (RSSB 2012a). This global approach enables a better understanding of the challenges 

posed by railway and the development of a positioning solution able to holistically support location 

based railway services. This approach is followed in this thesis. 
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Table 3.5 - GNSS-based European railway projects 

Project Period Aim 

APOLO 

Advanced Positioning Locator  
1999-
2001 

Define and test a GNSS-based prototype for train 
position 

LOCOPROL 

Low-cost satellite-based train 
location system for signalling and 

train protection for low-density 
traffic railway lines  

2001-
2004 

Develop a GNSS-based train protection, control 
and command system, with a focus on low-density 

traffic railway lines 

GADEROS 

Galileo Demonstrator Railway 
Operational System  

2001-
2004 

Demonstrate the use of GNSS safety-of-life 
features for defining a satellite-based system to 

perform train location for safe railway applications 
on low traffic lines and that can be integrated into 

ERTMS/ETCS. 

INTEGRAIL 

Intelligent Integration of Railway 
Systems 

2001-
2004 

Use of EGNOS signal in safety-critical railway 
traffic management and control, focusing on 

secondary or rural lines 

ECORAIL 

EGNOS Controlled Railway 
Equipment  

2001-
2005 

Use of GNSS in safety critical railway application 
(level crossing demonstration) 

RUNE 

Railway User Navigation 
2001-
2006 

Demonstrate the use of GNSS integrity and safety 
of life service (EGNOS) to perform train location 

for safety critical applications 

LOCOLOC 

Locomotive Location 
2002-
2004 

Develop and demonstrate a complete, very low 
cost, fail-safe train navigation and integrity system 

based on GNSS, focusing on speed and 
acceleration, as well as a service centre to 

complement LOCOPROL 

GEORAIL 

Railway geodesy 
2004-
2008 

Develop a geodetic framework with the use of a 
Coordinate-based continuous Numerical Track 

Description  

GIRASOLE 

Galileo Integrated Receiver for 
Advanced Safety of Life Equipment  

2005-
2007 

Develop a receiver dedicated to rail applications 
using Galileo and EGNOS Safety of Life services 

AIL 

GNSS introduction in the RAIL 
sector 

2005-
2008 

Support the introduction of GNSS in the rail 
market with an emphasis on ERTMS/ETCS and 

especially on enhanced odometry, absolute 
positioning, cold movement detection and train 

awakening, and train integrity 

T740 

Global navigation satellite systems 
data coverage analysis for railway 

operations 

2004-
2007 

Characterise the railway environment and define 
the contribution required from inertial sensors 
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T510 

Obtaining data to assess the 
dependability of GNSS information 

and accuracy of odometry 

2006-
2009 

Understand of the dependability of GNSS-derived 
position and speed for automatic train protection 

on low density and rural lines 

IRISS 

Intelligent Railway via Integrated 
Satellite Services 

2009-
2012 

Use satellite navigation services and communications to 
improve train operating companies operations 

GRAIL2 

GNSS-based enhanced odometry for 
railway 

2010-
2013 

Develop and validate a GNSS-based enhanced odometry 
for ETCS application in high-speed railway lines 

T892 

Data analysis for cost-effective GPS-
locator with simple augmentations 

2011-
2013 

Test a number of GNSS receivers and augmentations to 
assess the capacity to fulfil railway positioning 

requirements 

GALOROI 

Galileo Localization for Railway 
Operation Innovation 

2012-
2014 

Develop a certifiable safety relevant satellite-based 
onboard train location unit to be used on low traffic 

density railway lines 

SATLOC 

Satellite-based operation and 
management of local low traffic lines 

2012-
2014 

Develop and demonstrate GNSS safety (EGNOS and 
Galileo) in live rail application for train control, speed 

supervision, traffic control and management of low 
traffic lines 

EATS 

ETCS Advanced Testing and Smart 
Train Positioning System 

2012-
2016 

Provide a model of the complete onboard ERTMS 
system behaviour and propose a novel positioning 

system based on GNSS to enable the migration from 
ETCS level 2 to level 3 

NGTC Next Generation Train Control 2013-
2016 

Standardisation of the virtual balise concept, with the 
requirement of backwards compatibility with ETCS 

level 3 

3INSAT 

Train Integrated Safety Satellite System 
2014-
2016 

Develop and validate a new satellite-based platform to 
be integrated into an ERTMS system by providing a 

SIL4 compliant positioning solution through the 
association of different GNSS receivers, onboard 
sensors, augmentations and integrity monitoring 

networks and independent onboard integrity monitoring 
capability. 

ERSAT 

ERTMS on Satellite – Enabling 
Application Validation 

2015-
2017 

Verify the suitability of EGNSS (Galileo and EGNOS) 
as the enabler of cost-efficient and economically 

sustainable ERTMS signalling solutions for safety 
railway applications 

 

3.2.2 Sensors used 

This section reviews the positioning sensors selected in the different projects presented in the previous 

sub-section. These sensors include multi-frequency, multi-constellation GNSS receivers, satellite 

augmentations, odometer, inertial sensors, balise, digital maps and Doppler radar. Table 3.6 summarises 

the findings of the literature review.  
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Table 3.6 - Positioning sensors used in GNSS-based European railway projects 
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ECORAIL ü    ü ü   ü 

RUNE ü    ü ü  ü ü 

GRAIL ü ü  ü ü ü  ü ü 

T510 ü ü    ü  ü  

IRISS ü ü ü  ü   ü  

GRAIL2 ü ü   ü ü ü ü ü 

T892 ü ü ü   ü  ü  

GALOROI ü   ü ü    ü 

SATLOC ü ü  ü ü ü   ü 

3INSAT ü  ü ü ü ü  ü ü 

 

The majority of projects use dual-frequency GPS receivers, sometimes in combination with GLONASS, 

as the use of an additional constellation can increase satellite availability in areas with poor visibility. 

Some projects have also assessed the impact of the future Galileo system (Barbu & Marais 2014) 

through simulations. The European augmentation system EGNOS is used in most projects to provide 

corrections and integrity information to the receiver.  

Most systems use the odometer due to its availability onboard trains to measure their speed. The 

odometer data can easily be integrated into the positioning solution. When available, Doppler radar 

measurements are used also. Inertial sensors, traditionally used in combination with GNSS in road 

transport and aviation, are also extensively used in these projects.  

Maps are recognised as an important element and are used in most projects. The GEORAIL project 

(GEORAIL 2008), presented in the previous subsection, was entirely dedicated to the development of 

a geodetic framework for the creation of maps that could subsequently be used to perform map 

matching.  

 While most projects present the sensors used to compute the position of the train, the majority fail to 

explain how the measurements are combined. Additionally, not all the positioning performance 

information is available. 
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3.2.3 Performances 

This subsection presents the performance of the GNSS-based railway positioning systems developed 

by the previously presented projects (see Table 3.5). In addition, some preliminary results are presented 

related to the data that is used in chapter 1. 

Despite the large number of projects that are investigating the use of GNSS to support railway 

applications, the performance of the systems they develop is often unavailable. The results found are 

presented below. First, results regarding satellite visibility are presented as this has a direct impact on 

the position availability since a minimum of four satellites is required to estimate the receiver position 

(if the position is solved in three dimensions). Table 3.7 presents the satellite visibility measured by the 

LOCOPROL project (LOCOPROL 2005) and the T510 project (RSSB 2007). The two last rows of the 

table, high-speed train and mainline train, present the results of a preliminary analysis performed using 

two datasets. The first dataset was collected during for the GRAIL project onboard a high-speed train, 

in Spain, travelling mostly through rural areas. The second dataset was collected for the T892 project 

onboard a mainline train travelling in the suburban area of Birmingham. A more detailed description of 

these datasets is provided in section 1.4. The results presented in this section are used to build a better 

understanding of GNSS-based positioning system performance in the railway environment.  

It can be seen from Table 3.7 that in all scenarios, four and more satellites were visible at least 85% of 

the time, with a reduction to 75% if integrity is required (six satellites and more). The use of a second 

constellation (GPS and GLONASS) appears to have limited impact on the satellite visibility, though it 

slightly improves the availability of the solution if integrity is required (visibility of 6% higher when 

using GLONASS). The grade of the GPS receiver also appears to have a limited effect on the satellite 

visibility.  

Table 3.8 represents the duration of GNSS outages as assessed by the T510 project (RSSB 2007) and 

as estimated using the two datasets previously described. It should be noticed that in the case of the 

high-speed train dataset, over 28 hours of data were analysed, while in the case of the mainline train, 

only a 25-minute-long dataset was available for analysis and thus the results may not be representative. 

The dataset used in the T510 project is quite similar to the mainline train as it was also collected on 

mainline trains travelling in the UK. Both datasets show that a large majority of the GPS outages have 

a duration shorter than five seconds. An average outage duration of two seconds was derived from the 

T510 analysis which is most likely related to the presence of obstacles such as overhead bridges or 

trackside buildings. The 4% of outages longer than three minutes can be caused by either long tunnel 

or covered stations. Interestingly, outages shorter than five seconds only represent 63% of all outages 

in the case of the high-speed train, which means that on average outages are longer for the high-speed 

train than from the mainline train. However, 90% of the outages are shorter than ten seconds. This 

difference in outage duration can be due to longer obstructions (e.g. tunnels) or to the receiver high 
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dynamics that makes it harder for signals to be re-acquired after an outage. Finally, from the mainline 

analysis, the professional grade receiver appears to re-acquire signals faster than the medium/high-grade 

receiver and the use of GLONASS slightly reduce the duration of the outages. 

In terms of positioning accuracy, Table 3.9 summarises the findings of the different research projects 

APOLO, T510 and T892. The integrated GPS, odometer and gyroscope positioning platform, tested 

onboard trains in both the Czech Republic and Spain by the APOLO project, achieved an accuracy of 

4.8 m (95%), without using EGNOS corrections. Using EGNOS corrections, the accuracy was 

improved to 1 m (95 %) (Barbu 2001). However, such a level of accuracy was not achieved by the T510 

project using a high-grade GPS receiver with a six degrees of freedom INS. It is possible that the 

performance of the APOLO positioning solution was obtained under good satellite visibility conditions, 

and without long periods of signal outages, limiting the drift of the gyroscope. The T892 project shows 

that a single frequency high sensitivity GPS receiver presented an accuracy of 3 to 5 m (95%) in the 

railway environment.  

 

Table 3.7 – Satellite visibility 

Project Environment Constellation Visibility ≥ 4 Visibility ≥ 6 Average 

LOCOPROL  Good areas * GPS and 
GLONASS 98% 95% - 

Bad areas * GPS and 
GLONASS 96% 80% - 

T510  

 

Urban areas GPS 85% 75% - 

Rural areas GPS >95% >95% - 

High-speed train Rural areas GPS 85% 82% 7 

Mainline train 

 

Suburban 
areas 

Professional 
grade GPS 91% 84% 7 

Suburban 
areas 

Medium/high 
grade GPS 90% 84% 7 

Suburban 
areas 

Medium/high 
grade GPS and 

GLONASS 
91% 90% 12 

(*) as defined in (LOCOPROL 2005) 
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Table 3.8 – Duration of GNSS outages 

Project Environment Constellation > 3 min < 5 sec Average 

T510  

 

Urban areas GPS - 85% - 

Rural areas GPS 4% 98% 2 sec 

High-speed train Rural areas GPS 0.01% 63% 6 sec 

Mainline train 

 

Suburban areas Professional 
grade GPS 0% 83% 6 sec 

Suburban areas Medium/high 
grade GPS 0% 74% 7 sec 

Suburban areas 
Medium/high 

grade GPS and 
GLONASS 

0% 78% 6 sec 

 

Table 3.9 - Accuracy of GNSS-based positioning systems in the railway environment  

Project System Accuracy (95%) 

APOLO  
GPS (L1), odometer, gyroscope 4.8 m 

GPS(L1), EGNOS, odometer, gyroscope 1 m  

T510 

High-grade GPS, gyroscopes (3 axes), accelerometer (3 
axes) ~ 1 to 2 m 

Low grade (high sensitivity) GPS, single axis gyroscope, 
odometer, direction of travel 

~ 2 to 8 m*  

 

T892  GPS L1 high sensitivity 3 to 5 m 

(*) if outages < 5 sec, for longer GPS outages errors up to 30 m were observed 

 

While giving an indication of the performance of different positioning systems, these results also 

highlight that further research is required to quantify the performance of different sensors in the diverse 

railway environment. 

In conclusion, 16 years of research have paved the way to the development of a certifiable GNSS-based 

positioning system to support railway operations.  However, a piecemeal approach has been followed 

with each project focusing on a specific application and developing its own positioning system. The 

European GNSS Agency (GSA) is now coordinating efforts with European Railway Agency (ERA) 

and has developed a roadmap, shown in Figure 3.6, describing how different projects will lead to the 

development of a certifiable positioning system by 2020.  
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Figure 3.6 - E-GNSS enabled railway signalling – from vision to action, (European GNSS Agency 

2016) 

3.3 Selection of sensors 

Based on the previously reviewed positioning sensors and solutions investigated by research projects, 

this section discusses a possible architecture for a railway positioning system. Firstly, the positioning 
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drivers, including the positioning requirements and operational environment constraints, specific to 

railway applications are reviewed. The second part assesses the capacity of the different positioning 

sensors to achieve the required performance. Finally, as these sensors will be used in combination, 

integration techniques are reviewed in terms of their benefits and disadvantages. In concluding this 

chapter, a potential architecture for railway positioning is presented. 

 

3.3.1 Positioning drivers 

In addition to fulfilling the stringent positioning requirements defined in section 2.3.3, the novel 

positioning system should be adapted to the railway environment and its operations. 

The railway environment poses a challenge due to numerous obstacles that may occur along the track. 

Cuttings, trees, overhead power lines, bridges and gantries are some of the many elements that can limit 

satellite visibility and reflect the signals sent by the satellites. Station canopies and tunnels can even 

completely block signals. From 2000 to 2007, the RSSB collected GNSS data along strategic railway 

lines to assess the GNSS coverage over UK railway lines (RSSB 2007). While most of the UK can see 

around seven satellites, it was estimated that approximately 10.5% of the network (in stretches of over 

150 m) either has poor coverage or GPS outage. It was also estimated that 4% of the network, 

corresponding to 722 km of track, is covered by tunnels, with most tunnels being less than 150 m in 

length (RSSB 2007). 

Such an obstructed environment makes the use of satellite navigation challenging. However, the guided 

nature of railway transport can help to reduce the dimensionality of the positioning problem. In fact, if 

an accurate and up to date digital map of the railway network is available, only one item of information 

is required, the position of the train along the track, sometimes called mileage or curvilinear abscissa 

(Neri et al. 2012). The three-dimensional problem of determining the train latitude, longitude and height 

can then be reduced to one dimension. In turn, fewer measurements are needed, hence two satellites are 

sufficient in order to estimate the train position and any additional measurements can still be used to 

check the reliability of the computed position. The digital data map also enables the conversion of the 

one dimension curvilinear abscissa back to the three dimension position. 

Another interesting aspect of railway operations is the low dynamics of the train. Indeed, due to the 

steel to steel contact, trains accelerate and decelerate over a long period of time. Intercity train 

commonly have an acceleration of between 0.4 and 0.6 m/s2 and a deceleration of 0.4 to 0.5 m/s2 

(Profillidis 2013). In comparison, a passenger car typically accelerates at 1.5 m/s2 and decelerates at 2 

m/s2. Additionally, trains change directions in a very smooth way, as the railway tracks consist of 

straight sections and curve of large radius connected to each other by a series of variable radius 

transition curves (Profillidis 2013). On the UK rail network, 97% of the curves have a radius of larger 
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than 500 m (Profillidis, 2013, p302). This low dynamics and seamless change in the train direction can 

be used to average the values and smooth the positioning solution, or even to detect outliers. 

In summary, the railway environment is challenging to satellite navigation due to the obstructed 

environment a train has to travel through. However, the guided nature of railway transport, as well as 

its low dynamics, might be exploited to develop novel positioning techniques, requiring fewer 

measurements and relying more heavily on the position prediction.  

 

3.3.2 Performance 

Based on the sensors reviewed in section 3.1 and the performance of the systems presented in section 

3.2.3, the following subsection analyses the capacity of each sensor to fulfil the positioning 

requirements defined in the previous chapter (section 2.3.3). Table 3.10 summarises this comparison.  

Table 3.10 demonstrates that one system alone cannot fulfil the railway operations positioning 

requirements. An accuracy of 1 m (95%) can be achieved using RTK techniques. However, it may 

require the development of a dedicated augmentation network, as suggested by (Filip & Rispoli 2014b). 

Although EGNOS can be used to provide some integrity information, it cannot provide the levels 

required by the railway applications and additional integrity monitoring functions are needed at the 

receiver level. 

Satellite-based positioning is limited by satellite visibility and is unable to provide a continuous 

positioning service over the required coverage area. While inertial sensors can be used to aid the 

continuity of the positioning service, the INS grade needs to be sufficient to maintain the positioning 

accuracy in areas with no satellite visibility, such as tunnels. Consider a train travelling at 45 km per 

hour through a 150 m long tunnel. To maintain the 1 m accuracy requirement, the INS drift should be 

less than 300 m per hour, which corresponds to a medium/high-grade system (see  

Table 3.3).  

Signals of opportunity offer an alternative positioning solution in urban areas. They can achieve an 

accuracy of 1 m or below (see Table 3.4) but have very limited integrity information, requiring the use 

of additional sensors to ensure the safety of operations. 

Track circuits and axle counters do not provide the required level of positioning granularity and thus 

present a limited interest in the development of a novel positioning system. The onboard odometer, 

despite its limited accuracy, meets the railway safety requirements (safety integrity level (SIL)). 

Similarly, the balise offers discontinuous positioning information but with the required level of accuracy 

and integrity. Due to their certified performance, the integration of balise and odometer readings into 

the novel positioning system might be of interest.  
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Table 3.10 - Positioning performances and railway requirements 
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In conclusion, the railway positioning requirements can only be achieved by using a combination of 

sensors. This sensor combination can follow two main schemes that are presented in the following sub-

section. 

 

3.3.3 Multi-sensors integration techniques 

Integrating multiple sensors into one positioning system can be done following two main schemes, 

either loose or tight integration. 

In loose integration, each sensor operates independently and produces its own positioning solution. The 

solutions are then blended to form the final solution that extracts the desirable attributes of each solution 

and suppress those that are undesirable. A feedback loop can be implemented to correct some 

measurements and to ensure filter convergence (Gebre-Egziabher 2007). Figure 3.7 illustrates a 

GPS/INS loose integration. 

Loose integration can be implemented with any navigation equipment. However, measurements are 

available only when signals are both sufficient in number and of appropriate strength to generate a 

position solution (Groves 2013). 

In tight integration, presented in Figure 3.8, basic measurements such as pseudoranges, accelerations 

and angular rates are blended to obtain a single solution. This approach has a greater computational 

requirement but enables gains in solution availability. Indeed, tightly coupled integration is able to 

incorporate terrestrial radio navigation measurements so when there are insufficient GNSS signals, a 

position solution can still be computed (Gebre-Egziabher 2007). 

Tight integration can provide a feedback to the GNSS receiver to help the tracking loop and avoid loss 

of lock in a highly dynamic environment. The feedback loop can also be used to narrow the tracking 

loop, reducing the noise and making the system more robust to interference. Despite a gain in 

robustness, tight integration leads to an increased computational complexity compared to the loose 

integration scheme. Also, an error in the INS can affect the blended solution, which in turn can 

deteriorate the GNSS receiver performance through the feedback loop. 

One major concern regarding the novel positioning system is the monitoring of the integrity of the 

solution. The sensors have to be combined with each other in such a way to enable efficient control of 

the integrity of the navigation system in its entirety. This means that the failure modes of each sensor 

have to be understood and also that the integration should be such that the impact of a single or 

combined failures can be assessed. Depending on the integration scheme, integrity monitoring is 

performed in the positioning domain or in the ranging domain.  
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Another interesting principle, context detection, is presented in (Groves et al. 2013). The idea is to 

design a context adaptive or cognitive positioning system, able to detect the environment it operates in 

(via camera and features recognition for instance) and to reconfigure its algorithms. This means that 

different solutions can be selected and combined on the basis of the environment detected. This 

technique can benefit railway applications as trains travel both through rural and dense urban areas. 

Context detection and adaptive algorithms are further discussed in section 5.1.3. 

 

 
Figure 3.7 - GPS/INS loose integration, adapted from (Gebre-Egziabher 2007). 

 

 
Figure 3.8 - GPS/INS Tight integration, adapted from (Gebre-Egziabher 2007). 
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3.3.4 Railway positioning system physical architecture 

 

Figure 3.9 – Physical architecture of a novel GNSS-based positioning system to support railway 

location-based services. 

Based on the characteristics of each sensor reviewed in section 3.1 and the combination of sensors 

currently used in the railway industry (section 3.2), three candidate physical architectures are discussed 

below. 

One possible architecture consists in combining the GNSS receiver with signals of opportunity and 

three-dimension (3D) map matching techniques. In the case of GNSS signals outage, signals of 

opportunity such as Wi-Fi could be used to estimate the train position. The location of additional access 

points, for example in tunnels, will have to be determined in order to maintain the position accuracy. 

The 3D map matching will support the position estimate in urban areas and could help determine the 

track the train travels on as explained in section 3.1.3.2. The map could also be used as a positioning 

aid and provide the information of the train heading (based on the track location) to the positioning 

function. This system has the advantage of being independent of the train systems. However, it may not 

achieve the required level of integrity. 

A second possible architecture consists in combining the previous sensors (GNSS, SOOP and 3D map 

matching) with the train odometer and balise reader. The use of additional sensors that are moreover 

certified for railway operations can bring a significant integrity gain. Balise readings can be used to 
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recalibrate the sensors and the positioning error while the odometer can be used to perform a consistency 

check. 

Finally, the third possible architecture consists of combining all the previously mentioned sensors, as 

illustrated in Figure 3.9. Such a positioning system will benefit from the redundancy of the 

measurements. However, in order to ensure the integrity of the positioning solution, the failure mode 

of each sensor and of their combinations need to be characterised, thus a large number of sensors might 

significantly increase the system complexity. 

Further research is required to investigate the positioning performance of these three candidate 

architectures. While acknowledging the need for a multi-sensor positioning system, this research 

concentrates on the GNSS receiver and investigates techniques to improve its positioning performance 

in the railway environment. The following chapter reviews the different error sources that can affect the 

performance of the GNSS receiver, focusing on the effect of multipath created by reflections of the 

signals on surrounding obstacles. Chapter 5 then characterises the impact of the railway environment 

on the GNSS signals and chapter 6 assesses the performance of different multipath mitigation 

techniques. 
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Chapter 4  

4 GNSS Errors and Multipath Mitigation 

 

As seen in chapter 3, GNSS has the ability to provide low-cost, global coverage, high accuracy 

positioning to support railway operations. However, GNSS is affected by several sources of errors that 

should be mitigated in order to improve the positioning system performance. This chapter reviews both 

the different error sources that affect GNSS signals and the existing mitigation techniques that can be 

used to reduce or remove their effect on the positioning solution. Code multipath errors, due to signal 

reflections on obstacles surrounding the receiver, are identified as a significant contributor to the 

positioning error in the railway domain and are reviewed in more detail in section 4.2. A particular 

interest is given to the use of weighting techniques to limit the effect of multipath affected measurement 

on the final positioning solution. Existing weighting techniques are reviewed in section 4.3 and their 

limitations are identified. These limitations are further discussed in section 4.4, where a preliminary 

analysis of the train GNSS data is performed. 

4.1 Error sources and mitigation techniques 

This first section presents the GNSS measurements used to estimate the user position and reviews the 

different sources of error that can affect these measurements and the existing mitigation techniques used 

to reduce or remove their effect. Finally, the impact of these errors on the positioning solution estimation 

is reviewed. 

4.1.1 GNSS measurements  

4.1.1.1 Code pseudorange 

The basic GNSS observable is the transit time of the signal from the satellite to the receiver. This time 

is defined as the difference between the reception time as determined by the user receiver and the 

transmission time at the satellite as marked on the signal (Misra & Enge 2010). The measured apparent 

range R, called the pseudorange, can be determined by multiplying the transit time by the speed of light. 

𝑅(𝑡) = 𝑐 𝑡' 𝑡 − 𝑡) 𝑡 − 𝜏  (4.1) 

Where tu(t) is the arrival time measured by the receiver clock and ts(t-τ) is the corresponding emission 

time at the satellite, τ being the transit time. 
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Accounting for the clock biases, the atmospheric delays and the measurement error, the measured 

pseudorange can be rewritten as: 

𝑅 = 𝜌 + 𝑐 𝛿𝑡' 𝑡 − 𝛿𝑡) 𝑡 − 𝜏 + 𝐼/ + 𝑇𝑟/ + 𝜀(𝑡)	 (4.2) 

Where τ is the transit time, δtu is the receiver clock bias, δts is the satellite clock bias, IR and TrR are 

delays associated with the propagation of the signal through the ionosphere and troposphere 

respectively and ε represents the modelling errors and measurements errors.  

The geometric range ρ between the receiver and the ith satellite can be expressed as: 

𝜌4 = 𝑥4 − 𝑥' 6 + 𝑦4 − 𝑦' 6 + 𝑧4 − 𝑧' 6 (4.3) 

Where (xi, yi, zi) is the three-dimensional position of the satellite, (xu, yu, zu) is the position of the user 

receiver. 

The receiver only provides the user with the pseudorange R, which is a biased (i.e. affected by 

systematic errors) and noisy (i.e. affected by random errors) measurement of the true geometric range 

ρ required to compute the position. The accuracy of the position estimated using the pseudoranges 

depends therefore on the ability to compensate for, or if possible to eliminate, the bias and errors. 

4.1.1.2 Carrier phase measurement 

The carrier phase measurement is the difference of phases between the receiver-generated carrier signal 

and the carrier received from the satellite and is measured in units of cycles. As the pseudorange 

measurement, it can be used to estimate the geometric range between the user and the satellite. While 

the carrier phase can be measured with higher precision than the code measurement, it is, however, 

ambiguous. Indeed, the difference between the phases is composed of a number of whole cycles and a 

fractional cycle. While the fractional cycle can be measured precisely, no information is provided on 

the number of whole cycles, also called integer ambiguity, which makes the carrier phase measurement 

ambiguous, as illustrated in Figure 4.1. 

 

Figure 4.1 – Carrier phase measurement, adapted from (GIS Resources 2013) 
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The carrier phase measurement can be written: 

𝜙 𝑡 = 𝜙' 𝑡 − 𝜙) 𝑡 − 𝜏 + 𝑁; + Δ𝑁 (4.4) 

Where ϕu is the phase of the receiver generated signal, ϕs is the phase of the satellite signal at the time 

of emission, τ is the transit time and N0 is the initial integer ambiguity (unknown) and ΔN is the integer 

ambiguity measured by the receiver. 

Accounting for the clock biases, the atmospheric delays and measurement error, the carrier phase 

measurement can be rewritten in a similar way to equation (4.2) as: 

𝛷 = 𝜆𝜙 = 𝜌 + 𝑐 𝛿𝑡' − 𝛿𝑡) + 𝐼? + 𝑇𝑟? + 𝜆𝑁 + 𝜖 (4.5) 

Where Φ is the carrier phase measurement in metres, ϕ is the carrier phase in cycles, λ is the wavelength 

of the signal, Iϕ and Trϕ are the delays associated with the propagation of the signal through the 

ionosphere and the troposphere, N is the integer ambiguity and ϵ represents the remaining errors. 

In conclusion, two GNSS observables are available: the pseudorange measurement code that is noisy 

with a metre level accuracy and the carrier phase measurement that is very accurate (centimetre level 

accuracy) but ambiguous due to integer ambiguity. 

4.1.2 Error sources and models 

Both the code pseudorange and carrier phase measurements are affected by errors, traditionally grouped 

into three categories depending on their source: 

- Satellite errors, which are due to errors in the parameter broadcast by the satellites in the 

navigation message 

- Propagation medium errors, due to the effect of the atmosphere and environment on the signal 

propagation 

- Receiver errors, which are due to the receiver clock and hardware 

Additional errors such as site displacement created by solid Earth tide and ocean loading can also affect 

the measurements. However, their effect on the code measurement is relatively small compared to 

previously mentioned error sources (a few centimetres), and their effect is neglected in this thesis. 

4.1.2.1 Satellite errors 

Satellite errors include both clock and ephemeris errors. While both the ephemeris and clock parameters 

are computed by the control segment and broadcast by the satellites in the navigation message, their 

estimation and prediction are affected by errors.  The magnitude of the error grows with the age of data 

(AoD), which corresponds to the time since the last data upload from the ground to the satellites. The 

control segment continuously monitors the clock and ephemeris errors and if they exceed a threshold a 
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contingency upload can be scheduled (Misra & Enge 2010). The range equivalent ephemeris error has 

a typical value of 3 m, while the clock error accounts for 0.5 to 1 m (Hegarty 2013). 

4.1.2.2 Propagation medium errors 

Depending on the satellite elevation angle, GNSS signals travel between 19000 and 26000 km to reach 

the receiver. During most of their travel, such signals propagate through a vacuum. However, at a height 

of 1000 km, the signals enter the atmosphere whose electrical content changes both the velocity and the 

transit time of the signals, thereby affecting the pseudorange and carrier phase measurements. 

The ionosphere extends between 50 km and 1000 km above the earth. The electrical content of the 

ionosphere affects the speed of the signal, causing the code pseudorange to be delayed and the carrier 

phase to be advanced. As the ionosphere is a dispersive medium, this delay is a function of the signal 

frequency. 

The pseudorange ionospheric delay is such that 

𝐼𝑅 =
40.3	𝑇𝐸𝐶

𝑓2
 (4.6) 

Where f is the signal frequency and TEC is the total electron content, which corresponds to the number 

of electrons in the path of the signals. The TEC is expressed in multiples of TEC units (TECU), defined 

such as TECU = 1016 electrons per m2. 

The ionospheric delays on the pseudorange and carrier phase are equal in magnitude but of opposite 

signs. 

𝐼𝑅 = −𝐼𝜙 =
40.3	𝑇𝐸𝐶

𝑓2
 

(4.7) 

The ionospheric error varies with the time of the day and the seasons. Ionospheric delays on L1 range 

from 3 to 30 m at the zenith, and can be three times larger along oblique paths. Ionospheric delays on 

L2 are 1.6 times larger than the ones on L1 (Hegarty 2013). 

After travelling through the ionosphere, the signal reaches the troposphere at a height of 50 km. In 

contrast to the ionosphere, the troposphere is non-dispersive and thus the tropospheric delay is the same 

for every frequency and the measurements experience the same delay. 

𝑇𝑟I = 𝑇𝑟? (4.8) 

The tropospheric error is approximately 2.5 m at the zenith and at sea level. There are two notable 

features of this error: it is smaller at higher altitudes and it is five times larger for satellites at an elevation 

angle of 10 degrees compare to a satellite at the zenith.  
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The propagation medium error also includes interference and multipath. The former are due to signals 

in a frequency band adjacent to GNSS signals and/or with a higher power, making the acquisition of 

signals erroneous or impossible. Interference can be either involuntary or voluntary and is a growing 

threat to GNSS. Concerns over individual privacy have driven the increased use of portable civilian 

jammers, also called “Personal Privacy Devices”, used to prevent vehicle and people from being tracked 

(Pullen & Gao 2012). Such devices can have serious consequences on GNSS-based services. For 

instance, a portable jammer used onboard a truck was responsible for the loss of service of the GBAS 

station at Newark Airport, which had the potential to affect flight operations. Recent research has 

focussed on ways to detect interference and mitigate its effects (Pattinson et al. 2016). 

Multipath refers to the phenomenon of a signal reaching an antenna via two or more paths (Misra & 

Enge 2010) due to reflections from nearby structures or from the ground, as illustrated in Figure 4.2.  

 

Figure 4.2 - Description of the multipath effect 

 

Multipath affects both the pseudorange and carrier phase measurements but with a different magnitude. 

In theory, it can reach a value of 1.5 times the wavelength, representing 450 m for the pseudorange 

multipath. However, in practise values of up to 150 m have been observed. The carrier phase multipath 

is two orders of magnitude smaller, with a maximum value equal to a quarter of a wavelength. On L1, 

this corresponds to less than 5 cm. Further details on multipath are given in section 4.2. 

4.1.2.3 Receiver errors  

The receiver errors include the receiver clock error, the hardware delay and the receiver noise. The 

clock used in the user receiver is usually low cost and unstable, which means it is not synchronised with 
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either the satellite clock or the GNSS time. The difference between the receiver clock and the GNSS 

time needs to be estimated in order to compute the user’s position. 

The hardware delay is due to the different elements of the receiver, such as the antenna, filters, 

processing unit, that delay the signal. However, this delay only affects the receiver positioning accuracy 

by a few millimetres (Hegarty 2013).  

The receiver noise covers the noise introduced by the different elements of the receiver such as the 

antenna, amplifiers and cables. For most receivers, the noise induced error is limited to the decimetre 

level for the pseudorange measurement and to the millimetre level for the carrier phase (Misra & Enge 

2010). 

 

4.1.3 Error mitigation 

In order to improve positioning accuracy, several techniques have been developed to either eliminate 

or mitigate the effects of the different errors on GNSS measurement. They are reviewed in this section. 

4.1.3.1 Satellite errors mitigation 

The navigation message broadcast by the satellite contains orbit parameters and satellite clock error 

correction model parameters. However, higher quality ephemeris and clock products are available 

online from the International GPS Service (IGS). Different types of products are available depending 

on the application needs, such as final ephemerides with an accuracy of 2.5 cm for post-processing or 

ultra-rapid ephemerides with an accuracy of 5 cm for real-time applications (International GPS Service 

2009).  

4.1.3.2 Propagation error mitigation 

Ionospheric delay is one of the main sources of measurement error, which can reach up to 90 metres for 

satellites at low elevation. In order to mitigate this error, a model based on an empirical approach is 

used by the single frequency user, named the Klobuchar model (Sanz Subirana et al. 2013). GNSS 

satellites broadcast the parameters of this model, which enables the ionospheric error to be reduced by 

about 50%.  

If dual frequency measurements are available, they can be combined to form an ionospheric-free 

observable. Indeed, using equation (4.6), it can be seen that the ionospheric delays on L1 and L2 are 

such that: 

𝑓1
2𝐼1 − 𝑓2

2𝐼2 = 0 (4.9) 

where I1 and I2 are the ionospheric delays on L1 and L2 respectively. 
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By combining the measurements on L1 and L2 as follows, the ionosphere-free pseudorange and carrier 

phase measurements can be obtained.  

𝑅K =
𝑓L6𝑅L − 𝑓66𝑅6
𝑓L6 − 𝑓66

 
(4.10) 

 

𝛷K =
𝑓L6𝛷L − 𝑓66𝛷6
𝑓L6 − 𝑓66

 (4.11) 

By replacing (4.2) and (4.5) in (4.10) and (4.11), it can be seen that the ionosphere delay is cancelled 

out. 

𝑅𝐶 = 𝜌 + 𝑐 𝛿𝑡𝑟c𝑣 − 𝛿𝑡𝑠𝑎𝑡 + 𝑇𝑟 + 𝜀𝐶 (4.12) 

Φ𝐶 = 𝜌 + 𝑐 𝛿𝑡𝑟𝑐𝑣 − 𝛿𝑡𝑠𝑎𝑡 − 𝑇𝑟 + 𝐵𝐶 + 𝜖𝐶 (4.13) 

where BC is given by 

𝐵K = 𝜆S 𝑁L +
𝜆T
𝜆6

𝑁T  (4.14) 

and 

λV =
c

fL − f6
	,					𝜆S =

𝑐
𝑓L + 𝑓6

					𝑎𝑛𝑑						𝑁T = 𝑁L − 𝑁6 

 

The first order ionospheric error, which accounts for 99% of the total ionospheric error, can be removed 

by this ionosphere-free combination. However, this combination magnifies the measurement noise. 

The tropospheric delay does not depend on the signal frequency and thus it cannot be removed by a 

combination of dual-frequency measurements. Instead, models and mapping functions are used. Two 

groups of models are used as alternatives: geodetic models (e.g. Saastamoinen model, Hopfield model) 

and navigation models (e.g. University of New Brunswick (UNB) model). Geodetic models are more 

accurate but more complex as they require surface meteorological data such as the air pressure, 

temperature and water vapour pressure. These values are then used to estimate the two components of 

the tropospheric delay: the hydrostatic component and the wet component (Saastamoinen 1972). These 

two delays are then projected in the direction of the satellite using a mapping function (Niell 1996). 

While navigation models are less accurate than geodetic models, they do not require meteorological 

data. Instead they use look-up tables containing the annual mean and amplitude for temperature, 

pressure and water vapour pressure, as a function of the receiver’s latitude and height (Leandro et al. 

2006). Geodetic models can reduce the tropospheric delay to 3 cm, while navigation models can achieve 

an accuracy between 6 and 20 cm (Mendes & Langley 1999). 

Multipath and interference can be mitigated through antenna design, receiver design or measurement 

processing techniques. These techniques are reviewed in further details in section 4.2.2. Despite the 
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existing mitigation techniques, multipath remains a highly unpredictable source of errors, especially for 

dynamic users (i.e. moving receiver), where the environment around the antenna is constantly changing. 

 

4.1.3.3 Receiver error mitigation 

As the clock error needs to be estimated in order to compute the user position, a fourth measurement is 

required to perform position estimation. The receiver noise and hardware delay can be limited by design 

and usually they do not exceed 0.5 m for the code measurement and 2 mm for the phase measurement 

(Misra & Enge 2010). 

 

4.1.3.4 Differential GNSS 

In addition to the mitigation techniques presented above, differential GNSS can also be used to reduce 

the error in the measurements. The principal of differential GNSS is explained in 3.1.2.2, the technique 

uses a receiver at a known fixed location to compute corrections that are subsequently sent to the user 

receiver. 

Given the satellite ephemeris and the known location of the reference station, the geometric distance ρr
i 

between the reference station and the ith satellite can be computed according to equation (4.3). 

𝜌[4 = 𝑥4 − 𝑥[ 6 + 𝑦4 − 𝑦[ 6 + 𝑧4 − 𝑧[ 6 (4.15) 

The pseudorange measurement at the reference station can also be written as: 

𝑅𝑟𝑖 = 𝜌𝑟
𝑖 + 𝑐 𝛿𝑡𝑟 − 𝑐𝛿𝑡𝑖 + 𝐼𝑟 + 𝑇𝑟𝑟 + 𝑀𝑟 + 𝜀r (4.16) 

By differencing the computed geometric range ρr
i with the pseudorange measurement Rr

i, the 

pseudorange code correction can be computed, as given by equation (4.17). 

Δ𝑅[4 = 𝜌[4 − 𝑅[4 = −𝑐 𝛿𝑡[ − 𝛿𝑡4 − 𝐼[ − 𝑇𝑟[ − 𝑀[ − 𝜀[ (4.17) 

This correction is then broadcast to the user receiver where it is added to the user receiver pseudorange 

Ru
i for the same ith satellite. 

𝑅𝑢𝑖 + Δ𝑅𝑟𝑖 = 𝜌𝑢
𝑖 + 𝑐 𝛿𝑡𝑢 − 𝛿𝑡𝑖 + 𝐼𝑢 + 𝑇𝑟𝑢 + 𝑀𝑢 + 𝜀𝑢 − 𝑐 𝛿𝑡𝑟 − 𝛿𝑡𝑖 − 𝐼𝑟 − 𝑇𝑟𝑟 − 𝑀𝑟 − 𝜀𝑟 (4.18) 

The satellite clock error δti is cancelled out by the correction. Unless local atmospheric disturbances are 

present, the atmospheric errors are highly correlated over short distances (a few tens of kilometres). 

Thus, the ionospheric and tropospheric delays at the reference station and at the user receiver can be 

considered equal. However, non-correlated errors, such as the noise and multipath, are added up.  
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The corrected pseudorange at the user receiver can then be rewritten as: 

𝑅𝑢,𝑐𝑜𝑟𝑟𝑖 = 𝜌𝑢
𝑖 + 𝑐𝛿𝑡𝑢𝑚 + 𝜀𝑢𝑚 (4.19) 

where δtum is the difference in user and reference station clock offset δtu-δtm. δtm may be estimated at 

the reference station and removed from the pseudorange corrections (Hegarty 2013). εum contain the 

residual errors, including the uncorrelated multipath and noise errors. 

A summary of the performance of the differential GNSS corrections and of the mitigation techniques 

reviewed in the previous subsection is presented in Table 4.1. 

 

Table 4.1 - A summary of the errors in GPS measurements (estimated based on a 10 km baseline and 

a signal latency of 10 sec), adapted from (Misra & Enge 2010) 

Source Potential error size Error mitigation and residual error 

Satellite clock 
model 

Clock modelling error: 2 m (RMS) IGS Correction: product dependent 

DGPS: 0 m 

Satellite 
ephemeris 
prediction 

Component of the ephemeris 
prediction error along the line of 

sight: 2 m (RMS) 

IGS Correction: product dependent 

DGPS: 0.1 m 

Ionospheric delay Delay in zenith direction = 2-10 m 
depending on user latitude, time of 

the day and solar activity 

Delay for a satellite at lower elevation 
angle can be up to three times larger 

Single frequency receiver using 
broadcast model (Klobuchar): 1-5 m 

Dual-frequency receiver: 1m (RMS) 

DGPS: 0.2 m (RMS) 

Tropospheric 
delay 

Delay on zenith direction at sea level 
= 2.3-2.5 m, lower at higher altitudes 

Delay for a satellite at lower elevation 
can be up to 10 times larger 

Models based on average 
meteorological conditions: 0.1-1 m 

DGPS: 0.2 m (RMS) plus altitude 
effect 

Multipath In an open-sky environment 

Code: 0.5-1 m   

Carrier: 0.5-1 cm 

Uncorrelated between antennas 

Mitigation through antenna design 
and sitting, receiver design, and 

carrier-smoothing of code 
measurements 

Receiver noise Code: 0.25-0.5 m (RMS) 

Carrier phase: 1-2 mm (RMS) 

Uncorrelated between receivers 

Mitigation through receiver design 

 

In summary, most GNSS errors can be mitigated either by combining measurements or by using 

additional information such as models and corrections. However, errors highly dependent on the 

receiver’s direct surrounding, such as interference and multipath, pose a greater challenge. The 

following section reviews the impact of the different error on the position estimation process. 
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4.1.4 Position estimation and positioning error 

4.1.4.1 Least squares estimation 

The pseudorange and carrier phase measurements produced by the user receiver can subsequently be 

used to estimate its position. To simplify the notation, only the pseudorange code measurements are 

considered in the following example. The pseudorange measurement from the ith satellite Ri is composed 

of the geometric range ρi between the receiver and the satellite, and of an error term εi, including the 

errors reviewed in section 4.1.2 

𝑅𝑖 = 𝜌𝑖 + 𝜀𝑖 (4.20) 

In order to determine the three-dimensional position of the user (xu, yu, zu) and the time offset between 

the receiver and the GNSS time tu, a minimum of four pseudoranges is required.  

After linearization of the equations (see Appendix I) around the user position and time (i.e. estimation 

of the receiver position and time from an initial known position), the equations can be written in a matrix 

version. 

Δ𝜌 = 𝐻	Δ𝑥 + 𝜀 (4.21) 

with  

Δ𝜌 =

Δ𝜌L
Δ𝜌6
⋮

Δ𝜌S

	,			𝐻 =

𝑎dL 𝑎eL 𝑎fL 1
𝑎d6 𝑎e6 𝑎f6 1
⋮
𝑎dS

⋮
𝑎eS

⋮
𝑎fS

⋮
1

,			Δ𝑥 =

Δ𝑥'
Δ𝑦'
Δ𝑧'
−cΔ𝑡'

	𝑎𝑛𝑑	ε =

εL
ε6
⋮
εh

 

where N is the number of visible satellites, Δρ is a vector containing the terms of the linearized 

mathematical model, H is the design matrix, Δx contains the parameters that are being estimated, ε is 

the vector of residuals i.e. the amount by which the observations differed the model and ai = (axi, ayi, 

azi) are unit vectors pointing from the linearization point to the location of the ith satellite. 

Traditional least squares estimation assumes that the measurement noise ε is a white Gaussian noise 

such that: 

E ε = 0			𝑎𝑛𝑑				𝐶𝑜𝑣 𝜀 = 𝜎I6𝐼S (4.22) 

This implies that measurements are uncorrelated from epoch to epoch and that they are equally noisy.  

The least square solution to the user position and time error Δx is expressed as follows: 

Δ𝑥 = 𝐻k𝐻 lL𝐻kΔ𝜌 (4.23) 

Details about the least square estimation can be found in Appendix II. 

Assuming that each pseudorange is independent and has a standard deviation σρ, the covariance of the 

user position error can be computed as: 
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𝑐𝑜𝑣 Δ𝑥 = 𝜎I6 𝐻k𝐻 lL (4.24) 

Equation (4.24) indicates that the positioning solution is affected by two factors: the error in the 

measurements through the term σρ2 and the geometry of the satellite, through the matrix H. 

4.1.4.2 Kalman filter 

The receiver position can also be estimated using an iterative algorithm, the Kalman filter (KF). This 

filter estimates the position at the time n+1 combining the measurements available at time n+1 and the 

prediction of the position based on the estimate at time n. 

The Kalman filter model assumes that the state of a system xn evolves according to: 

𝑥mnL = 𝐹m𝑥m + 𝐺m𝑢m + 𝑤m (4.25) 

 

where 

• xn is the state vector containing the terms of interest of the system 

• un is the command vector, containing any control inputs 

• Fn is the state transition matrix which applies the effect of each state at time n on the state at time 

n+1 

• Gn is the command matrix, which applies the effect of each control input on the state vector 

• wn is the process noise vector. The process noise is assumed to be drawn from a zero mean 

multivariate normal distribution with a covariance given by the matrix Qn 

The measurements are also modelled as: 

𝑦m = 𝐻m𝑥m + 𝑣m (4.26) 

where 

• yn is the vector of measurements 

• Hn is the transformation matrix that maps the state vector parameters into the measurement domain 

• vn is the measurement noise vector containing the noise for each observation in the measurement 

vector. The measurement noise is also assumed to be zero mean Gaussian white noise with a 

covariance matrix Rn. 

The estimator used in the Kalman filter is the minimum mean squared error, defined as: 

𝑥mnL|mnL = 𝐸 𝑥mnL 𝑦;, … , 𝑦mnL  (4.27) 

At each epoch, the covariance matrix of the estimation error Σn+1|n+1 is computed: 
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ΣmnL|mnL = 𝐶𝑜𝑣 𝑥mnL 𝑦;, … , 𝑦_𝑛)	 (4.28) 

 

The Kalman filter consists of a set of equations which enables to compute at each epoch 𝑥mnL|mnL and 

Σn+1|n+1.	

The first equation expresses the a priori value of the state vector, as a function of the previous estimate: 

𝑥mnL|m = 𝐹m𝑥m|m + 𝐺m𝑢m (4.29) 

𝑥mnL|m is the best prediction of the state vector xn+1, knowing the measurement (y0, … , yn). 

In a similar way, the a priori covariance is computed: 

ΣmnL|m = 𝐹mΣm|m𝐹mk + 𝑄m (4.30) 

A vector representing the a priori measurement error, the innovation vector 𝐼mnL|m is computed as: 

𝐼mnL|m = 𝑦mnL − 𝐻mnL𝑥mnL|m (4.31) 

The innovation can be used to control the quality of the Kalman filter, for instance by performing 

hypothesis testing on its mean value. 

The covariance of the innovation vector can be computed as: 

𝑉mnL|m = 𝐻mnLΣmnL|m𝐻mnLk + 𝑅mnL (4.32) 

The Kalman gain is then computed as: 

𝐾mnL = ΣmnL|m𝐻mnLk 𝐻mnLΣmnL|m𝐻mnLk + 𝑅mnL
lL

 (4.33) 

The a posteriori estimate of the state vector and its covariance are then computed: 

𝑥mnL|mnL = 𝑥mnL|m + 𝐾mnL[𝑦mnL − 𝐻mnL𝑥mnL|m] (4.34) 

ΣmnL|mnL = ΣmnL|m − 𝐾mnL𝐻mnLΣmnL|m (4.35) 

The residuals, representing the a posteriori error can be computed: 

𝑅𝑒𝑠mnL|mnL = 𝑦mnL − 𝐻mnL𝑥mnL|mnL (4.36) 

The covariance of the residuals is: 

ΡmnL|mnL = 𝐻mnLΣmnL|mnL𝐻mnLk + 𝑅mnL (4.37) 

 

Figure 4.3 summarises the principle of the Kalman filter and shows how the measurements and the 

predictions are combined. 
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Figure 4.3 - Kalman filter data flow, adapted from (Groves 2013) 

 

To use the Kalman filter, the system model given in equation (4.24) and the measurement model given 

in equation (4.25) have to be linear. If at least one of these models is non-linear, the extended Kalman 

filter (EKF) is used. It consists in the linearization of the models using partial derivatives evaluated at 

the estimated values of the state vector. The linearization is only used to compute the gain in equation 

(4.26). The estimated states are propagated using the nonlinear model and the predicted measurements 

are calculated using the nonlinear measurement model. 

The difference between the least squares estimation presented in section 4.1.4.1 and the Kalman filter 

lies in the determination of the a priori information used in the estimation process. Least squares 

estimation relies on the previous estimate (Δx in equation (4.23) represents the position variation 

between the previous estimate and the current estimated position).  In the Kalman filter, the a priori 

information is determined from the previous estimate and from the assumed system model (i.e. the 

knowledge of how the position changes with time). If the model is correct, the Kalman filter provides 

a more accurate solution. However, if it is incorrect, the filter still tries to fit results to the assumed 

model, providing a biased estimate of the position. Thus the Kalman filter should only be used when 

the system model can be correctly determined.  

4.1.4.3 Neural networks 

Traditional estimation techniques presented in sections 4.1.4.1 and 4.1.4.2 use iterative methods and 

linearization to attempt to solve the pseudorange equations. This linearization introduces a small error 

as the higher order terms are neglected. As opposed to the least square estimation or Kalman filtering, 

neural networks can be used to estimate the receiver position without linearization. Neural networks do 
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not require detailed knowledge of the sensors, such as the stochastic models of sensor random errors 

and a priori covariance information. They learn the relationship between the inputs and their respective 

errors during the training process and is able to account for non-linear errors. 

Neural networks mimic the way the brain processes data and learn. As illustrated in Figure 4.4, they are 

composed of at least three main layers: the input layer, the hidden layer(s) and the output layer. 

 

Figure 4.4 – A two-layer neural network 

 

Each layer is composed of nodes, called neurones, between which the computation load is distributed. 

The interconnections between the nodes are given weight and, the higher the weight, the stronger the 

connection between the two neurones. These weights form the memory of the network and their values 

are set during a training phase. During this phase, the error between the neural network output and the 

known desired output is used to update the network weight. To ensure the generalisation of the neural 

network solution the training data set should be diverse and contain a large variety of scenario. In the 

case of navigation for example, data collected in diverse environment (e.g. open sky, urban canyon) 

should be used. The training data is processed several times until the error between the output and the 

expected solution reached a user set threshold or after a given number of epochs. The complexity of the 

neural network depends on the number of neurones needed. The larger this number, the greater the 

ability to predict the errors but the higher the computation complexity and the longer the training time.  

Neural networks have been used in navigation to estimate the user position using GPS only (Chansarkar 

2000) or using a combination of GPS and INS (Chiang & Chang 2010), enabling the development of  

an integrated low cost MEMS (micro-electromechanical sensor) and GPS system, 80% more accurate 

on average (RMS error) than classical integration schemes. Neural networks have also been 

implemented to mitigate the effect of multipath at both the receiver level and the observable level 

(Vigneau et al. 2006), leading to a reduction of the code tracking error by 50% and of the carrier tracking 

error by 40%. At the observable level, the pseudorange measurement error was reduced by up to 40%. 
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Neural networks present several advantages over traditional methods such as the least square estimation 

or Kalman filtering. For instance, they do not require statistical models of the sensors and they can 

implicitly detect non-linear relationships between variables (Tu 1996). However, they remain “black 

boxes” and cannot explicitly identify causal relationship. This makes it difficult to quantify the level of 

confidence of the solution and to perform integrity monitoring. The design of the neural network is also 

challenging as an insufficient number of nodes may cause the network to fail to converge, while too 

many nodes may lead to overfitting and poor predictive performance (Tu 1996).  

Given these limitations and as GNSS measurement models are well established, neural networks are 

not further investigated in this thesis and the traditional least square estimation is used to compute the 

receiver position. 

 

4.1.4.4 Satellite geometry 

The matrix D is defined such that D = (HTH)-1 to reflect the geometry of the visible satellites. It is used 

to compute the dilution of precision (DOP) parameters, quantifying the repartition of the satellites. 

𝐷 = 𝐻k𝐻 lL ≡

𝐷LL 𝐷L6 𝐷L� 𝐷L�
𝐷6L 𝐷66 𝐷6� 𝐷6�
𝐷�L
𝐷�L

𝐷�6
𝐷�6

𝐷��
𝐷��

𝐷��
𝐷��

	 (4.38) 

The most general parameter is the geometric dilution of precision (GDOP), which represents the 

amplification of the standard deviation of the measurement errors due to the satellite geometry, as seen 

in equation (4.38). 

𝐺𝐷𝑂𝑃 = 	 𝐷LL + 𝐷66 + 𝐷�� + 𝐷�� (4.39) 

Several dilutions of precision parameters are commonly used as outlined in equations (4.40): the 

position dilution of precision (PDOP), the horizontal dilution of precision (HDOP), the vertical dilution 

of precision (VDOP) and the time dilution of precision (TDOP). 

𝑃𝐷𝑂𝑃 = 	 𝐷LL + 𝐷66 + 𝐷�� 

(4.40) 
𝐻𝐷𝑂𝑃 = 	 𝐷LL + 𝐷66 

𝑉𝐷𝑂𝑃 = 	 𝐷�� 

𝑇𝐷𝑂𝑃 = 	 𝐷��/𝑐 

As shown in Figure 4.5, the relative position of the satellites can affect the position solution error. The 

dotted lines in Figure 4.5 represent the ranging measurement error bounds and the shaded areas are the 

associated position solution error bounds. Despite the ranging measurement error bounds being equal 

in both cases, the difference in satellite geometry leads to different error areas for the positioning 
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solution, and thus to different DOP values.  Satellites that are close together produce high DOP values, 

typically over 5 while satellites that are further apart produce lower values of DOP, typically below 2. 

  

 

Figure 4.5- Relative geometry and dilution of precision: geometry with a low DOP (left), geometry 
with the high DOP (right), adapted from (Kouwenhoven 2011) 

 

4.1.4.5 User equivalent range error 

According to equation (4.24), the positioning error is affected not only by the satellite geometry but 

also by the pseudorange error σρ. As seen in subsection 4.1.2, different elements contribute to the 

pseudorange error. The user equivalent range error (UERE) was developed to characterise the impact 

of each error source on the position accuracy and as such it represents the average range error standard 

deviation associated with each error source. Typical values of UERE can be found in Table 4.2. 

Table 4.2 - Typical User Equivalent Range Error budget for single frequency GNSS, dual frequency 

GNSS and differential GNSS at one sigma, adapted from (Hegarty 2013; Misra & Enge 2010) 

Error source Single Frequency Dual frequency Differential GNSS 

Ephemeris  0.8 m 0.8 m 0.1 m 

Satellite clock 1.0 m 1.0 m 0.0 m 

Ionosphere 7.0 m 0.1 m 0.2 m 

Troposphere 0.2 m 0.2 m 0.2 m 

Multipath 0.3 m 0.3 m 0.3 m 

Receiver noise 0.1 m 0.1 m 0.1 m 

Total 7.1 m 1.3 m 0.4 m 

 

Based on equation (4.24), the positioning error can finally be estimated as the product of the UERE by 

the dilution of precision. For example, when using a single frequency receiver in a stand-alone mode, 
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if a VDOP of 1.7 and an HDOP of 1.0 are considered, then the expected error for the vertical position 

error at one sigma is 12.2 m and the horizontal position error is 7.4 m. 

4.1.5 Conclusion 

As seen in this section, the accuracy of the position estimated by using GNSS signals depends both on 

the satellites’ geometry and on the different error sources that can affect the signals. In both these 

aspects, the railway environment poses considerable challenges. The large number of obstacles along 

the track (e.g. buildings, trees or bridges) limits satellite visibility, which can lead to poor satellite 

geometry. These obstacles also reflect GNSS signals, creating multipath that increases the measurement 

noise and decreases position accuracy, integrity, continuity and availability. In order to improve 

positioning performance in the railway domain, this thesis focuses on the mitigation of the multipath 

effect. 

 

4.2 Multipath error and mitigation 

GNSS modernization and augmentation have enabled the mitigation of numerous sources of error, 

leaving multipath as a significant contributor to the positioning error. This section discusses multipath 

and its effects, and the different mitigation techniques available, focusing on weighting methods. 

4.2.1 Multipath model 

Multipath signals are created by the reflection of satellite signals on objects surrounding the signal 

trajectory. Reflected multipath signals are divided into two groups: specular multipath and diffuse 

multipath. Specular multipath signals arise from reflections on large smooth surfaces and these 

reflections follow Descartes’ laws. Diffuse multipath signals are created by reflections on scarred 

surface creating scattered signals that usually have a lower power than specular multipath. Although 

perfect specular reflections are rare in real life, most of the multipath analysis is based on this model 

(Moradi 2014). However, it has been shown, in practice, that such an assumption could be used to 

develop accurate propagation prediction models and improve positioning accuracy, for example in 

dense urban environment (Gowdayyanadoddi et al. 2015). 

4.2.1.1 Geometric description 

In terms of geometry, a single specular multipath can be presented in two dimensions as illustrated in 

Figure 4.6. 
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Figure 4.6 – Geometry of a single specular multipath, adapted from (Stolagiewicz 2009) 

In this case, the extra distance travelled by the reflected signal can be computed as: 

𝛿𝑑 = 2	𝑑	cos	(𝑎) (4.41) 

The equivalent phase shift in radians is given by: 

𝜃 =
2𝜋𝛿�
𝜆

 (4.42) 

where λ is the wavelength of the signal. 

Using a phasor diagram, the total carrier phase multipath can be expressed as (Axelrad et al. 1996): 

Φ𝑚 = tan−1
𝛼 sin θ

1 + 𝛼 cos 𝜃
 (4.43) 

Where α is the damping factor, i.e. the ratio between the amplitude of the reflected signal and the 

amplitude of the direct signal and θ is the phase shift as computed in equation (4.42). 

These parameters can be estimated for static receivers using the repeatability of the GNSS constellation, 

as the satellite-receiver geometry repeats itself on an approximately daily basis. However, if the fixed 

geometry (static receiver) or the repeatability (observation over several days) cannot be exploited, as is 

the case for railway operations, then the estimation of the multipath parameters becomes considerably 

more difficult (Bisnath & Langley 2001). 

4.2.1.2 Multipath impact of the GNSS receiver 

The direct GNSS signal s(t) can be represented as a complex envelope of the transmitted signal x(t). 

𝑠 𝑡 = 𝛼;	𝑥 𝑡 − 𝜏; 𝑒l�?�𝑒�6��� �l��  (4.44) 

where τ0 is the signal propagation time between the receiver and the satellite, fc is the carrier frequency, 

α0 is the received amplitude of the signal and ϕ0 is the received carrier phase. 

d 

a 

a 
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Direct path 
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If a signal is reflected by obstacles before reaching the antenna, N copies of s(t) with different 

propagation times, carrier phases and amplitude are superimposed on the direct signal. The signal at the 

antenna can be represented by: 

r t = α;𝑒l�?�𝑥 𝑡 − 𝜏; 𝑒l�6����� + 𝛼m𝑒l�?�𝑥 𝑡 − 𝜏m 𝑒�6����
S

m�L

 (4.45) 

where αn the received amplitudes of the multipath, τn the propagation delay of the multipath, ϕn the 

received carrier phases and fn the received frequencies. Due to the satellite’s motion, the parameters in 

equation (4.45) vary as a function of time.  

The incoming signal at the receiver antenna is a combination of the direct signal and the multipath. In 

order to retrieve the information contained in the GNSS navigation message (e.g. time, ephemeris), the 

receiver needs to synchronise with the incoming signal. To do so, this signal is correlated with locally 

generated signal replicas. These replicas are offset by a certain value, defined in chips (similar to bits). 

The output of the correlation is then used to estimate the synchronisation error. 

The combination of the direct signal and the multipath creates a distortion in the correlation function. 

If multipath is present, the correlation function becomes the sum of the direct signal correlation function 

and the reflected signal correlation function (see Figure 4.7). If the direct signal and the reflected signals 

are in phase, the interference is constructive and generates a positive ranging error. If the signals are 

out of phase, the interference is destructive and the ranging error generated is negative. 

 

Figure 4.7 - Correlation functions of a signal subject to constructive interference (orange) and 

destructive interference (red), the direct signal being represented in blue and the reflected signal is 

green, from (P. Groves 2013) 
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If the multipath delay is large, for instance, more than a chip, the peak of the correlation function is not 

distorted and has little impact on the performance (Kaplan & Hegarty 2006).  However, multipath 

signals created by nearby objects have short delays and distort the correlation function, introducing 

error in the pseudorange and carrier phase measurements. 

The maximum pseudorange code measurement error that can be created by a multipath is half of a 

ranging code chip. This represents 150 meters for the GPS C/A code. The maximum carrier phase 

tracking error due to multipath is a quarter of a wavelength, which is approximately 5 cm on L1. This 

thesis focuses on mitigating the effect of code multipath for a dynamic receiver and the following sub-

section presents a measurement combination that can be used to estimate the code multipath error. 

4.2.1.3 Code multipath estimation 

Braasch (1994) observed that a linear combination of the GNSS observables, the code minus carrier, 

can be used to produce a biased estimate of the pseudorange multipath. To form this novel observable, 

equations (4.2) and (4.5) are first rewritten to include the contribution of multipath errors  

𝑅𝑖 = 𝜌 + 𝑐 𝛿𝑡𝑢 − 𝛿𝑡𝑠 + 𝐼𝑖 + 𝑇𝑟 + 𝑀𝑖 + 𝜀𝑖	 (4.46) 

𝛷𝑖 = 𝜌 + 𝑐 𝛿𝑡𝑢 − 𝛿𝑡𝑠 − 𝐼𝑖 + 𝑇𝑟 + 𝜆𝑖𝑁𝑖 + 𝑚𝑖 + 𝜖𝑖 (4.47) 

where the index i indicates the frequency, M is the code multipath error and m is the carrier multipath 

error. 

The code minus carrier combination MP can then be formed as: 

𝑀𝑃4 = 𝑅4 − Φ4 (4.48) 

Substituting equations (4.46) and (4.47), the code minus carrier observable on L1 can be written as: 

𝑅1 − Φ1 = 2	𝐼1 − 𝜆1𝑁1 + 𝑀1 − 𝑚1 + 𝜀1 − 𝜖1 (4.49) 

The effect of the geometry (i.e. the range), the receiver and satellite clock errors and the tropospheric 

error are cancelled out in this differencing. As the carrier phase multipath and the carrier noise are 

approximately two orders of magnitude smaller than the code multipath and noise, their effect can be 

neglected. The code minus carrier observable can be rewritten as: 

𝑅1 − Φ1 = 2	𝐼1 + 𝑀1 + 𝜀1 + 𝑏1 (4.50) 

where b1 is the bias due to the unknown integer ambiguity. This bias b1 can be removed by averaging 

the code minus carrier observable. However, if the receiver is static, the averaging time has to be long 

enough to allow for low-frequency variations of the multipath. For a dynamic receiver, multipath 

estimates are more likely to have a Gaussian white noise characteristic, due to the constant change of 

the receiver environment, and the averaging process can be used to remove the bias created by the 

integer ambiguity (Stolagiewicz 2009). The novel code pseudorange observable can be written as: 
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𝑀𝑃L = 𝑅L − ΦL − 𝑚𝑒𝑎𝑛 𝑅L − ΦL  (4.51) 

It can be seen in equation (4.50) that the ionospheric delay impact on the code minus carrier observable 

is twice as large as on the code or carrier measurement. Thus, to get an accurate estimate of the code 

multipath, the ionospheric delay needs to be estimated. 

This can be done by either using models (see section 4.1.3) or dual-frequency measurements as the 

ionospheric delay can be estimated by differencing the carrier phase measurements at both frequencies: 

Φ1 − Φ2 = −𝐼1 + 𝐼2 + 𝑏′ + 𝑚′ + 𝜖′ (4.52) 

Where b’ is the bias due to the integer ambiguities, m’ is the differenced carrier multipath and ϵ’ is the 

noise.  

The ionospheric delays difference can be rewritten using equation (4.9) 

𝐼6 − 𝐼L =
𝑓L6

𝑓66
𝐼L − 𝐼L =

𝑓L6 − 𝑓66

𝑓66
𝐼L (4.53) 

This difference of carrier phase can then be used to remove the ionospheric delay I1 from the code minus 

carrier observable.  

𝑀𝑃L = 𝑅L − ΦL −
2𝑓66

𝑓L6 − 𝑓66
ΦL − Φ6  (4.54) 

𝑀𝑃L = 𝑀L + 𝑏′L + 𝜀′L (4.55) 

The observable can then be averaged to remove the bias due to the integer ambiguities. 

A similar estimate can be computed to estimate the code multipath on L2. 

𝑀𝑃6 = 𝑅6 − Φ6 −
2𝑓L6

𝑓L6 − 𝑓66
ΦL − Φ6  (4.56) 

 

The code minus carrier observation is then used to estimate the multipath error on the pseudorange 

measurement. This indicator is used in chapter 5, where multipath signals are characterised in the 

railway environment (section 5.2.2.3).  

4.2.2 Multipath mitigation 

Different approaches have been developed to mitigate the effect of multipath on the position estimation 

process, including antenna-based techniques, signal processing techniques and measurement processing 

techniques. This section reviews these techniques and is based on (Moradi 2014). 

4.2.2.1 Antenna-based techniques 
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Antenna based multipath mitigation techniques use specifically designed antennas that limit the 

reception of multipath signals. 

The direct signals transmitted by the satellite have a right-hand circular polarisation (RHCP). However, 

reflections change the polarisation of the signal so that multipath signals have a left-hand circular 

polarisation (LHCP) or mixed RHCP-LHCP. Highly sensitive RHCP antennas are designed to associate 

a higher gain to RHCP signals and thus limit the reception of LHCP reflected signals. However, the 

antenna still receives some LHCP signals and is ineffective for signals arriving with low elevation 

angles. 

Choke ring antennae, made of concentric rings, are designed to remove the antenna gain at low elevation 

angles. However, such antennae suppress multipath and direct signals alike, and as they are large and 

heavy, it may be impractical to install them on the train roof. 

An antenna array can also be used to mitigate multipath. Composed of multiple antennae, the array can 

be configured to achieve a gain in a specific direction and suppress signals coming from other directions. 

The use of multiple antennas means that the array is quite large and additional processing is required to 

control the gain pattern. 

In summary, antennas can be used to limit the reception of multipath though their effect is limited, 

particularly at low elevation angles, and their large size can be impractical. 

4.2.2.2 Signal processing techniques 

Receiver based multipath mitigation techniques make the tracking and acquisition stages of the receiver 

more robust to signals affected by multipath, for instance by narrowing the correlator. As seen in Figure 

4.8, the narrower the correlator, the smaller the pseudorange error. 

 

Figure 4.8 - Code multipath error envelope for different spacing of the correlator d, from (Misra & 

Enge, 2011, p423) 
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Multipath can also be estimated using a multipath estimation delay lock loop (MEDLL). However, these 

techniques cannot mitigate the short delay multipath errors which are the main source of multipath error. 

 

4.2.2.3 Measurement processing techniques 

Post receiver based multipath mitigation techniques use measurements, satellite and signal information 

to limit the impact of multipath on the position estimation process. This can be undertaken through the 

smoothing of measurements as well as their weighting. 

Weighting methods associate different weights to different measurements, enabling higher quality 

measurements to contribute more to the final solution than measurements corrupted by multipath. The 

quality of the measurements can be assessed on the basis of different criteria such as the satellite 

elevation or the carrier to noise power density ratio. Weighting methods are reviewed in detail in section 

4.3.  

Smoothing techniques are based on the fact that carrier phase measurements are less sensitive to 

multipath signals than code measurements. As explained in section 4.2.1.2, the carrier phase multipath 

error is limited to a quarter of the wavelength, while the code multipath error can reach several tens of 

meters. Carrier-smoothing filters, also known as Hatch filters, use the more precise carrier phase 

measurements to reduce the noise and multipath in the code measurements (Sanz Subirana et al. 2013). 

Considering the code and phase measurements for one satellite at epoch k, the smoothed code 𝑅 can be 

computed as: 

𝑅 𝑘 =
1
𝑛
𝑅 𝑘 +

𝑛 − 1
𝑛

𝑅 𝑘 − 1 + Φ 𝑠, 𝑘 − Φ 𝑘 − 1  (4.57) 

Where n = k as long as k < N, and n = N when k ≥ N. The constant N relates to the bandwidth of the 

filter, larger values of N giving more smoothing. 

The subtraction of consecutive carrier phase measurements can be rewritten as: 

Φ 𝑘 − Φ 𝑘 − 1 = Δ𝜌 + Δ𝑇𝑟 + Δ𝐼 + 𝜖� ≅ Δ𝜌 + 𝜖′ (4.58) 

Where Δρ is the range variation between epoch k-1 and epoch k, and ΔTr and ΔI are the tropospheric 

and ionospheric error variations. 

The residuals of temporally correlated errors such as the atmospheric delays (ΔI and ΔTr) can be 

neglected. As long as no cycle slip occurs, integer ambiguity is cancelled out by the differencing. This 

implies that the filter has to be reinitialised every time a cycle slip is detected. The phase variation can 

then be used to estimate the pseudorange variation and to compute the smoothed code measurement.   
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The transient duration (i.e. the time preceding the filter steady state) is approximately 2N. The noise 

variance at the output of the filter is given by (Lo Presti & Visintin 2015) as: 

𝜎𝑅
2 =

𝜎𝑅2

2𝑁 − 1
+ 𝜎𝜙2  (4.59) 

Where σR is the variance of the code noise and σϕ is the variance of the carrier noise. 

Therefore, as the value of N increases, the output noise variance decreases but the duration of the 

transient increases. A compromise must be found on the choice of N and Lo Presti & Visintin (2015) 

suggest that the selection of N is such that: 

𝑁 =
𝜎/6

2	𝜎?6
 (4.60) 

This value leads to a noise variance at the output of the filter equal to 2σϕ2 while the transient duration 

is kept reasonably short. 

Compared to antenna-based and signal-processing techniques, multipath mitigation using 

measurements processing does not require any additional hardware or modification to the receiver. This 

thesis focuses on measurement processing methods, particularly on measurement weighting techniques, 

which are presented in detail in the following section.  

4.3 Weighting methods 

GNSS-based positioning estimates the values of unknown parameters (the position and time offset of 

the receiver) based on measurements. In order to optimise the estimation process, the desired 

information has to be extracted from the measurements in an optimal way (Tiberius 1999).  This can be 

done by the use of the least squares principle introduced in section 4.1.4.1. To apply this principle, both 

the measurement equations and their noise model must be specified. The measurement equations are 

specified as in equation (4.21), after correcting for the different deterministic error sources presented in 

section 4.1.3. 

Measurement noise is mathematically formalised as a stochastic quantity represented by its covariance 

matrix. This matrix describes both the precision and the correlation of the measurements. For the least-

square estimation to be optimal, the covariance matrix should contain the actual variance of each 

measurement, but these values are unknown a priori. Traditional least squares estimation assumes that 

measurements are equally noisy, assigning the same constant value to each measurement noise variance 

(equation (4.22)) and that the noise is uncorrelated between measurements. Weighting methods model 

the stochastic properties of each measurement in order to define a more realistic model for the noise 

covariance matrix and improve the accuracy of the position estimated.  
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4.3.1 Weighted least squares estimate 

This section presents the weighted least squares estimation principle and relates the weights used in the 

weighting methods to the measurement noise. Consider the model presented in equation (4.21). 

Δ𝜌 = 𝐻Δ𝑥 + ε (4.61) 

where ε is the error vector. 

The weighted least square estimation assumes that ε is normally distributed but with a non-constant 

covariance matrix, i.e. 

𝐸 𝜀 = 0 (4.62) 

𝐶𝑜𝑣 𝜀 =

𝜎L6 0 … 0
0 𝜎66 ⋱ ⋮
⋮
0

⋱
…

⋱
0

0
𝜎S6

 (4.63) 

where N is the number of measurements and σi
2 is the noise variance of the ith measurement. 

A weight wi defined as the reciprocal of the standard error squared is assigned to each observation, 

forming the weight matrix W: 

𝑊 =

1/𝜎L6 0 … 0
0 1/𝜎66 ⋱ ⋮
⋮
0

⋱
…

⋱
0

0
1/𝜎S6

=

wL 0 … 0
0 w6 ⋱ ⋮
⋮
0

⋱
…

⋱
0

0
wh

 

(4.64) 

The weights are defined so that the larger the noise variance, the lower the weight and thereby adjust 

the contribution of each measurement to the final solution based on their noise level. 

The weighted least square estimation leads to the following values of the parameter vector and residuals 

(see Appendix II): 

Δ𝑥 = 𝐻𝑇𝑊𝐻 −1𝐻𝑇𝑊	Δ𝜌 (4.65) 

ε = 𝐻Δ𝑥 − Δ𝜌	 (4.66) 

The a-posteriori covariance matrix of the parameters and residuals are also computed to assess the 

precision of the estimated position: 

𝐶𝑜𝑣 Δ𝑥 = 𝐻k𝑊𝐻 lL (4.67) 

𝐶𝑜𝑣 ε = W−1 − 𝐻 H£WH
−1
HT	 (4.68) 

The precision of the weighted least squared (WLS) estimation process can be assessed by examining 

the residuals. It is expected that high precision observations (i.e. a small value σi) will have small 

residuals and vice versa.  To verify that it is the case, the unit variance σ0
2 is computed: 
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σ;6 =
εk𝑊ε
𝑁 − 𝑀

 
(4.69) 

Where N is the number of observation and M the number of parameters being estimated. (N-M) is called 

the degrees of freedom.  

The unit variance should be such that 𝐸 𝜎;6 = 1. Therefore, if the unit variance estimated a-posteriori 

σ;6 is significantly different from unity, the variance of the observations are on average underestimated 

by a factor σ;6 [Cross 1994] and a new weight matrix W’ is defined. 

W� =
1
σ;6
𝑊 

(4.70) 

This new formulation of the weight matrix changes neither the value of the estimated parameters nor 

the residuals (equations (4.65) and (4.66)), but the covariance matrices are now given by equations 

(4.71) and (4.72). 

𝐶𝑜𝑣 Δ𝑥 = σ0
2 𝐻𝑇𝑊𝐻 −1 (4.71) 

𝐶𝑜𝑣 ε = σ0
2 	W−1 − 𝐻 H£WH

−1
HT  (4.72) 

 

Testing the proximity of 𝜎;6 to unity only provides a factor by which the a priori covariance matrix is 

on average incorrect. This implies that the weight matrix can be wrong by a constant factor and that the 

precision of the position estimate is only related to the relative weighting between observations. Also, 

a covariance matrix that is incorrect by a certain factor does not impact the estimated parameters and 

residuals (see equations (4.65) and (4.66)) but rather impacts their covariance (see equations (4.67) and 

(4.68)), making the statistic 𝜎;6 important in assessing the quality of the estimation. 

To test if 𝜎;6 is significantly different from unity, a ratio test is set up as follows. 

𝐻;:						𝜎;6 = 1
𝐻L:						𝜎;6 ≠ 1

 

The statistic F is computed such as: 

𝑖𝑓	σ;6 > 1,				𝐹 = σ;6		𝑎𝑛𝑑	𝜈L = 𝑁 − 𝑀,			𝜈6 = ∞

𝑖𝑓		σ;6 < 1,			𝐹 =
1
σ;6
,			𝑎𝑛𝑑	𝜈L = ∞, 𝜈6 = 𝑁 − 𝑀 (4.73) 

The statistic follows a F-distribution with ν1 and ν2 degrees of freedom. A level of significance is 

selected i.e. the probability that the null hypothesis is rejected while it is true, and a F-distribution table 

is used to determine the percentile for the corresponding values of ν1 and ν2. The computed F value is 

then compared to the table percentile.  
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If 𝐹 is smaller than the table percentile, the null hypothesis 𝐻; is accepted and the a priori weight matrix 

is assumed correct. The covariance matrices are computed according to equations (4.67) and (4.68). 

If 𝐹 is larger than the table percentile, the null hypothesis 𝐻; is rejected i.e. 𝜎;6 is significantly different 

from unity, meaning that the a priori weight matrix needs to be corrected by a factor 1/𝜎;6 .  The 

covariance matrices are computed using equations (4.71) and (4.72).  

As seen in this section, it is necessary to specify the a priori covariance matrix of the observations in 

order to determine the weights used to compute the least square estimates of the parameters and the 

residuals. As the observation covariance is unknown a priori, the choice of its value remains quite 

subjective. However, several techniques have been developed to estimate the observation covariance 

matrix and their review is presented in the following section. 

4.3.2 Computation of the weights 

As seen in equation (4.64), the weights are inversely proportional to the variance of the measurement 

error and thus reflect information on this measurement. A measurement with a small error variance is 

given a large weight, as it contains relatively more information than such a measurement with a large 

error variance.  

The variance of each measurement σi
2 is unknown a priori. However, several analytical and empirical 

models have been developed to estimate its value. These models express the noise variance as a function 

of the satellite elevation angle with respect to the receiver antenna, the carrier to noise power density 

ratio C/N0 or the multipath error estimate.  

The computation of the variance of each measurement requires two things: a mapping function that 

defines the relative value of the variance as a function of the quality indicator (e.g. the satellite elevation 

angle) and a nominal value of the standard deviation of the error. Traditionally, the nominal error 

standard deviation is defined for a satellite at the zenith and determined to have a value of between 20 

to 30 cm for the pseudorange and between 1 and 3 mm for the carrier phase (Elsobeiey & El-Rabbany 

2010; Weiser & Brunner 2000). A review of existing mapping functions is presented below. 

4.3.2.1 Elevation based weighting techniques 

Elevation based weighting techniques assume that satellites with higher elevation angle (i.e. closer to 

the zenith) are less affected by errors, and thus should have a higher contribution to the final positioning 

solution. This assumption is based on the fact that signals coming from satellites around the zenith are 

less likely to encounter obstacles and, are also less affected by the atmosphere as their signal travels 

through a shorter layer of the atmosphere, as illustrated in Figure 4.9. 
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Figure 4.9 - The effect of satellite elevation on the atmospheric error 

 

 

Conventional elevation based weights assume that the error standard deviation is proportional to the 

sine value of the elevation, as defined by (Hartinger & Brunner 1999): 

𝜎4 =
𝜎;

sin 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛
	 (4.74) 

where σ0 represents the nominal standard deviation of the measurements.  

The issue with expression (4.74) is that small values of the elevation angle lead to excessively large 

standard deviation. In order to limit the value of the standard deviation, a cut-off angle can be used, 

e.g., all satellites with an elevation angle below 10° can be discarded from the positioning solution. 

Another technique, based on the obliquity factor as computed by Black & Eisner (1984), can be used 

to estimate the variance of the measurement error as a function of the elevation. This technique removes 

the need to use a cut-off angle as constant values are added to the formula, limiting the divergence of 

the weight values for low elevation angles. 

𝜎4 = 𝜎; ∗
1.001

0.002001 + sin 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛4 6
 (4.75) 

This formula is used not only to model the effect of the satellite elevation on the tropospheric error 

(Black & Eisner 1984) but also to weight measurements. 

 

The pseudorange error standard deviations have also been estimated using stochastic models based on 

empirical observations. Elsobeiey & El-Rabbany (2010) determined that the best fit model for the 
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pseudorange error standard deviation based on satellite elevation is an exponential decay function such 

as equation (4.76): 

𝜎I® 	= 𝐴 + 𝐵	𝑒lK∗°±°²³�4´m®  (4.76) 

where A, B and C are constant whose values depend on the observable and on the frequency. 

Different values of the coefficients were determined for the different GPS observables, they are 

summarised in Table 4.3. 

 

Table 4.3 – Values of the coefficient in the stochastic elevation model developed by Elsobeiey & El-
Rabbany (2010) 

Measurement A B C 

C1 or P1 0.1773 0.9232 0.0945 

P2 0.1983 0.7220 0.1183 

C2 0.2188 1.4488 0.1655 

 

Figure 4.10 represents the standard deviation of the code measurement error as a function of the satellite 

elevation for the different methods described in (4.74), (4.75), and (4.76).  As an example, a cut-off 

angle of 5° was used for the elevation model.  

As expected, for the three weighting methods analysed the noise standard deviation increases as the 

elevation angle decreases.  However, the rate of increase is different for each method, especially for 

angles below 50°. While the standard deviations are comparable for high elevations (>50°), a steep 

increase is observed for the elevation method and the Black and Eisner method for angle below 50°. 

These two methods assign very similar standard deviation values but the elevation method excludes 

satellites with an elevation lower than the cut-off angle. The stochastic elevation models consistently 

provide lower standard deviation values than both the elevation and Black and Eisner methods.  This 

effect is even more pronounced for angles below 50°.  

However, the noise standard deviation associated with each measurement in the stochastic elevation 

model is different from the values observed by (Al-Fanek et al. 2007), shown in Figure 4.11. According 

to these observations, the C/A code at L1 (C1) is expected to have a smaller standard deviation than the 

codeless pseudorange L2P (P2). The L2C code (C2) is expected to present a smaller standard deviation 

than C1 as it uses longer codes that present better autocorrelation and cross-correlation properties and 

thus should present better acquisition performance, especially for lower elevation angles. 
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Figure 4.10 – Code measurement error standard deviation as a function of the satellite elevation, for 

σρ0= 0.20 m  

 

Figure 4.11 - Code noise standard deviation as a function of elevation angle, from (Al-Fanek et al. 

2007) 

In the stochastic elevation model formulated by Elsobeiey & El-Rabbany (2010), the P2 code 

consistently presents a lower noise standard deviation than both the C1 and C2 codes. The C2 code is 

assigned a lower standard deviation than the C1 code, except for elevation below 8°, while it is expected 
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that the C2 code correlation properties would improve the noise level at low elevation. Additional 

analysis of C1, C2, P1 and P2 signals are required to determine which model is more representative of 

the actual noise behaviour.  

Both the elevation and the stochastic elevation weighting methods presented in this section are tested 

in Chapter 6, and their performance in terms of the positioning accuracy is assessed. 

4.3.2.2 C/N0 based weighting techniques 

Weighting techniques based on C/N0 relate the carrier to noise power density ratio to the quality of the 

signal. The C/N0 should provide a better reflection of the quality of the actual signal than the elevation 

as it is directly related to the signal received. It is computed at the receiver tracking stage as the ratio of 

the received signal power to the noise power and is commonly expressed in decibels. In the absence of 

interference, the C/N0 is expected to have a value higher than 45 dB-Hz (Groves 2013). The C/N0 is 

actually a measure of the carrier power, not of the code itself. However, as the code is carried by the 

carrier (i.e. the carrier wave is modulated to convey the code), it is assumed that the C/N0 can also be 

related to the power of the code measurement. 

For the C/N0 based weighting techniques, signals with a higher C/N0 values are supposed to be of 

higher quality (i.e. signal level significantly higher than noise level) than those with smaller C/N0 

values.  In comparison to elevation-based weighting techniques, C/N0 weighting allows the use of 

noisier data from satellites with very low elevation angles, that in turn improves the satellite geometry 

and thus increase the attainable accuracy. However, the weights need to be correctly assigned so that 

noisy measurements are sufficiently weighted down. The sigma-ε model, proposed by (Hartinger & 

Brunner 1999) and described in equation (4.77), has been shown to achieve a good balance between 

down-weighting the noisy data and improving the satellite geometry: 

𝜎4 = 𝜎; 𝐶 ∗ 10l
K/S;µ
L; 	 

(4.77) 

where C is a constant whose value was estimated using empirical data at 1.6.104 (Hartinger & Brunner 

1999) and is sometimes fixed at 105 (POINT n.d.). 

Weiser & Brunner (2000) used empirical data to determine the carrier phase error standard deviation as 

a function of the signal to noise ratio in the extended sigma-ε model, presented in equation (4.78). 

𝜎¶® = 𝑉 + 𝐶 ∗ 10l
K/S;µ
L;  (4.78) 

Where the constants C and V were estimated to be for L1, C = 0.244 and V = 0, and for L2, C = 0.77.10-

3 and V = 0.88.10-6.  
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Figure 4.12 – Phase error standard deviation as a function of the carrier to noise power density ratio 

(C/N0) 

 

Figure 4.12 represents the standard deviation of the carrier phase error as a function of the signal C/N0 

for the sigma-ε model described by equation (4.77) and its modified version described by equation 

(4.78). As expected the noise standard deviation increases when the C/N0 decreases and therefore, 

signals with a smaller C/N0 value are assigned a larger noise variance. The modified sigma-ε model for 

the phase on L1 is comparable to the sigma-ε model with a nominal carrier phase standard deviation of 

3 mm. However, in the case of the modified sigma-ε model for the phase on L2, the variation is of the 

order of 10-7 for a C/N0 varying from 50 dBHz to 30dBHz. Thus, this model assigns a significantly 

larger standard deviation to the phase measurements on L2, almost independently of the C/N0 value.  

The performance of both the sigma-ε and the modified sigma-ε methods on the estimated position are 

tested in chapter 6.  

4.3.2.3 Multipath based weighting 

The elevation and C/N0 may not provide a good indication of the measurement quality (i.e. noise 

variance) in an environment with multipath. Instead, the code multipath observable proposed in 

equation (4.54) can be used to estimate the variance of the multipath error for each satellite (Bisnath & 

Langley 2001). However, no formal formulation of a multipath based noise variance is offered by 
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Bisnath & Langley (2001). A possible formulation of the multipath based weight is further discussed in 

section 5.2.2.4. 

4.3.2.4 Elevation and C/N0 based weighting techniques 

Some weighting techniques have combined several quality indicators such as the C/N0 and the satellite 

elevation angle. Marais et al. (2015) proposed to weight the measurements according to equation (4.79): 

𝜎4 = 𝑘 ∗
10l

K/S;
L;

sin 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛
 

(4.79) 

Where k is a constant which was fixed to k = 2 after testing (Marais et al. 2015). 

 

 

Figure 4.13 - Error variance as a function of the carrier to noise power density ratio (C/N0) and the 

satellite elevation 

Figure 4.13 represents the measurement noise variance as a function of the satellite elevation for 

different values of C/N0, as defined in equation (4.79) (Marais et al. 2015). As expected, the variance 

decreases with the elevation angle and the lower the C/N0, the steeper the decrease. This model 

combines information from both the satellite elevation and the signal C/N0 and enables measurements 

from low elevation satellites but with a sufficient C/N0 to contribute more to the position estimation 

than measurements from higher elevation satellites but with a lower C/N0 value. For example, a satellite 



114 

 

with a 20° elevation and a C/N0 equal to 40 dBHz is assigned a smaller standard deviation than a 

satellite with a 40° elevation but a C/N0 of 30 dBHz.  

Also, this combined model produces standard deviation values ranging from 0.006 m to 3.6 m but does 

not clearly differentiate between the code and the carrier phase standard deviation. Thus, the code 

standard deviation may be underestimated while the carrier standard deviation is overestimated.  

 

4.3.3 Limitations 

To achieve reliable positioning results, a realistic noise variance model has to be specified, which 

requires a good understanding of the quality of the measurements. The methods presented above rely 

on several assumptions and their limitations are discussed below. 

The elevation based weighting has been proved to be a very approximate model (Bisnath & Langley 

2001). The use of a cut-off angle in the traditional elevation based weighting method reduces the number 

of available satellite. Moreover, by giving more weights to satellites above the receiver, the geometric 

diversity of measurements (i.e. DOP) is reduced, and as seen in equation (4.24), this decreases the 

positioning accuracy. Also, the assumption that high elevation satellites are less likely to be affected by 

errors may not be valid in areas with high buildings where satellites with a high elevation may be subject 

to multipath. 

Using static data, Satirapod & Wang (2000) proved that C/N0 values reflect a more realistic trend than 

the elevation. However, C/N0 values are approximate and sensitive to the antenna and the receiver 

characteristics. Different receivers and antennae produce different values of C/N0 under the same 

conditions (Satirapod & Wang 2000). This can be an issue when performing differential positioning 

though it is a good indication of the relative signal strengths between different satellites tracked by the 

same receiver (Collins & Stewart 1999). 

Finally, the multipath observable provides a good indicator of the presence of multipath if all other 

sources of errors, such as ionospheric and tropospheric errors have already been mitigated.  

In summary, each quality indicator has its limitations and they should be taken into account when 

designing the weight matrix.  

4.4 Analysis 

In order to assess the correctness of the relationships presented in section 4.3.2 between the satellite 

elevation angle, C/N0 and code multipath and noise, a preliminary analysis is carried out. The three 
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datasets presented in section 1.4 are used to test these relationships under different conditions (i.e. static, 

dynamic and high-speed dynamic). 

4.4.1 Static case 

First, a dataset collected by a static receiver is analysed, see section 1.4.1 for further details. The receiver 

was static for approximately eight hours and installed in a relatively open area, but the presence of trees 

and a sloping terrain below antenna level can cause signal reflections, especially for signals coming 

from satellites with a low elevation angle. 

Figure 4.14 represents the value of C/N0 as a function of the satellite elevation angle. The mean and 

the standard deviation of the C/N0 values were computed for 5° beams.  

 

Figure 4.14- Carrier to noise power density ratio as a function of the satellite elevation 

 

The dependence of the C/N0 on the satellite elevation can clearly be observed. For an elevation angle 

above 50°, the C/N0 is almost constant and equal to 50 dBHz. The standard deviation for high elevation 

angles is relatively small but its value increases as the elevation angles become smaller. Thus, the 

elevation-based weighting methods and the C/N0 based methods may lead to comparable results for 

high elevation satellites. However, for low elevation satellites, the C/N0 values present a larger 

variability. For example, for an elevation angle of 15°, the C/N0 can have values ranging from 
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approximately 30 to 47 dBHz. This variability may be due to the fact that signals coming from low 

elevation satellites are more prone to be reflected by the ground or by surrounding obstacles.  

Thus, elevation based weighting is representative of the signal to noise ratio for elevation angles larger 

than 20°, in the case the receiver is static. However, it is not representative of the signal to noise ratio 

variability for low elevation angles. The use of a cut-off angle can limit this effect but, as discussed 

previously, it also reduces the satellite geometry diversity. 

Figure 4.15 represents the code noise and multipath on L1 as a function of the satellite elevation angle. 

The code multipath appears to decrease as the satellite elevation increases. For elevation angles above 

30°, the code multipath estimate is smaller than 0.2 m and the standard deviation of the multipath is 

relatively small. For angles below 30°, the code multipath has a high variability and reaches values of 

up to 0.6 m. As observed in Figure 4.14, the satellite elevation is representative of the code multipath 

error for elevation angles above 30°. However, the relationship between the code multipath and the 

elevation is limited for angles below 30° due to the large multipath variability. 

Figure 4.16 represents the code noise and multipath on L1 as a function of the C/N0. The relation 

between both can clearly be seen: the code multipath and noise mean and standard deviation increase 

as the C/N0 value decreases. Thus it appears that the C/N0 provides an indication of the level of code 

multipath in the case the receiver is static. 

 

 

Figure 4.15 – C/A code noise and multipath on L1 as a function of the satellite elevation angle 
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Figure 4.16 – C/A code noise and multipath on L1 as a function of the C/N0 

 

4.4.2 High-speed train 

The dataset analysed in the case of the high-speed train contained approximately 38,000 epochs, 

corresponding to over ten hours of data. It was collected on board a train travelling mostly through rural 

areas, with very few obstacles on each side of the track. A detailed description of this dataset can be 

found in section 1.4.2. 

Figure 4.17 represents the carrier to noise ratio as a function of the satellite elevation angle. As for the 

static case, the C/N0 values tend to decrease with the elevation. However, the C/N0 presents a large 

variability, especially for angles below 35°, with C/N0 values between approximately 27 and 50 dBHz. 

Thus, in the dynamic case, the satellite elevation is not always representative of the signal to noise ratio, 

especially at a low elevation angle. However, it provides a good indication of the signal strength. Further 

analysis is required to assess the impact of both elevation-based and C/N0 based weighting in the case 

of a dynamic scenario. Such an analysis is presented in chapter 6. 

Figure 4.18 represents the value of the code multipath estimate as a function of the satellite elevation. 

The mean value of the code multipath estimate remains relatively constant for all angles between 5° 

and 90°, with a value of approximately 0.4 m. However, the code multipath variability increases as the 

elevation angle decreases (i.e. the standard deviation becomes larger as the angle decreases). The trend 

modelled by the formulas in section 4.3.2.1 (elevation based weighting) as an exponential decay term 
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is not observed in Figure 4.18. Thus, the traditional elevation-based weighting techniques will 

systematically assign lower weights to measurements coming from low elevation satellites, even though 

these satellites may actually be affected by a small error. This could potentially limit the accuracy of 

the position but will, however, prevent large multipath errors (as observed below 40°) from reducing 

the positioning accuracy. 

Figure 4.19 represents the value of the code multipath estimate as a function of the C/N0. According to 

the mean value and standard deviation, the code multipath estimate increases as the C/N0 decreases. 

However, high values of C/N0 are also associated with large code multipath estimates (e.g. 7 m code 

multipath for a C/N0 of 45 dBHz), limiting the correlation between the C/N0 value and the code 

multipath. 

In conclusion, the relationships assumed by the weighting models presented in section 4.3 appear to be 

relatively correct in terms of trends: the code multipath decreases as the elevation angle increases and 

as the C/N0 decreases. However, in the railway environment, the code multipath estimate is more 

variable, limiting the applicability of the previously mentioned models.  

 

 

Figure 4.17- Carrier to noise power density ratio as function of the satellite elevation 
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Figure 4.18 - C/A code multipath estimate on L1 as a function of the satellite elevation angle 

 

 
Figure 4.19 - C/A code multipath estimate on L1 function of the carrier to noise power density ratio 
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4.4.3 Mainline railway 

The third dataset analysed in this chapter was collected on board a mainline train in the suburban area 

of Birmingham (see description in section 1.4.3). Unlike the high-speed train, which travels mainly 

through rural areas, the mainline train faces many obstacles are present along the track including trees, 

buildings and overhead bridges. The duration of the dataset is 25 minutes and, as illustrated in Figure 

4.20, does not cover all elevation angles. 

 

 

Figure 4.20- Skyplot representing the satellite elevation and azimuth angles. 

 

 

Figure 4.21 represents the carrier to noise ratio value for the different satellites as a function of their 

elevation angle. As for the previous cases, the C/N0 appears to decrease with the elevation angle. 

However, the effect is less pronounced with an average ranging from approximately from 43 to 47 

dBHz. Also, the C/N0 standard deviation is larger, which can be related to the greater variability of the 

environment through which the train travels. The outliers observed on high elevation satellites can be 

related to overhead obstacles. For example, the C/N0 values of 34.6 dBHz for satellite 1 and of 37.11 

dBHz for satellite 11 correspond to the epoch 476986, during which the train is travelling below a 

pedestrian bridge as can be seen in Figure 4.23. The signals from the overhead satellites are still 

received, but the carrier to noise ratio is relatively low compared to the satellite elevation. 
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Figure 4.21- Carrier to noise power density ratio as a function of the satellite elevation 
 

 

 

 

Figure 4.22- C/A code multipath estimate as a function of the satellite elevation 
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Figure 4.23 – Train position at epoch 476986, (Google Earth 2012) 

 

The C/A code multipath and noise on L1 was estimated for each satellite by computing the multipath 

estimate defined in equation (4.54) and by averaging its value. Figure 4.22 and Figure 4.25 represent 

the C/A code multipath and noise on L1 as a function of the satellite elevation and of the C/N0 values. 

For angles above 40°, the code multipath and noise appear to slightly decrease as the satellite elevation 

increases. However, angles below 30° seem to produce smaller code multipath, which may be related 

to the limited amount of data available for low elevation satellites. In any case, the code multipath and 

noise variation as a function of the elevation presents quite a large variability and the elevation-based 

weighting models presented in section 4.3.2.1 are unable to represent such cases. They are, however, 

representative of the general trend of the noise to increase as the elevation decreases. 

Figure 4.24 represents the code multipath and noise of satellites at different elevation angles, compared 

with the variation in elevation. For the high elevation satellite, the code noise appears to decrease as the 

elevation increases. For the medium and low elevation satellites, the correlation between the elevation 

changes and the code multipath and noise level is less visible. 

Finally, Figure 4.25 represents the code noise and multipath on L1 as a function of the C/N0. The code 

multipath and noise slightly increases as the C/N0 decreases but the correlation between the C/N0 and 

the code noise seems to be limited. The C/N0 based weighting methods presented in section 4.3.2.2 

may then have a limited impact on the estimation of the position.  

 

476986 
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Figure 4.24 – C/A code noise and multipath on L1 and satellite elevation as a function of time for (1) 
a high elevation satellite PRN 32, (2) a medium elevation satellite PRN 20 and (3) a low elevation 

satellite PRN 28. 
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Figure 4.25- C/A code multipath estimate as a function of the carrier to noise power density ratio 

 

In conclusion, the satellite elevation angle and C/N0 value appear to be correlated in static cases, 

especially for elevation angles above 30°. In dynamic cases, the C/N0 trend to decrease with the satellite 

elevation can still be observed but presents a higher variability. Thus, the models presented in section 

4.3.2 may not perform as well with a dynamic dataset than with a static dataset. However, they are 

representative of the general trends observed in the data and should improve to some extent the 

positioning accuracy. 

4.5 Conclusion 

This chapter has reviewed the main sources of error affecting GNSS signals. The deterministic nature 

of some errors, as well as their spatial and temporal correlations, can be exploited to mitigate or remove 

the effect they have on the measurements. However, due to their high variability in dynamic contexts, 

the effect of multipath cannot easily be removed and multipath has been identified as a significant 

contributor to the positioning error in the railway environment, where numerous trackside obstacles can 

reflect the GNSS signals. A description of the multipath effect on the GNSS measurements and of 

existing mitigation techniques was given in section 4.2. Among these mitigation techniques, this thesis 

focuses on weighting techniques that do not require any additional hardware or software modification. 

Existing weighting techniques have been reviewed and their limitations identified in section 4.3. A 

preliminary analysis carried out in section 4.4 demonstrated that the relationships assumed by the 
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weighting techniques between the satellite elevation angle, C/N0 and code multipath and noise are valid 

for a static receiver. However, the C/N0 and code multipath and noise present a larger variability in the 

case of a dynamic receiver, making any relation between these quantities approximate or even wrong 

for low elevation satellites or low C/N0 values. Based on the limitations of existing weighting methods, 

an enhanced method developed to weight the measurement in the context of railway operations is 

presented in the following chapter along with the modifications to the software made to better mitigate 

the effect of multipath by weighting.  
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Chapter 5 

5 A Novel Heading based Weighting Method 

 

Based on the limitations of existing weighting methods reviewed in the previous chapter, this chapter 

presents a novel weighting method based on the train heading (i.e. the angle between the North and the 

direction of travel), which addresses the challenges posed by multipath in the railway domain. Section 

5.1 presents this method, which introduces the orthogonal distance in order to quantify the alignment 

of a satellite with the train track. In section 5.1.2, measurement weights are defined based on this 

distance and a possible parameterisation of the novel method, enabling an adaptive weight calculation, 

is presented in section 5.1.3.  

Section 5.2 presents the software used to implement this weighting technique. Different functions added 

to the software in order to perform the analysis are presented, including the detection of cycle slips 

(section 5.2.1), the estimation of the code multipath (section 5.2.2) and the computation of the carrier-

smoothed code using the Hatch filter (section 5.2.3). Cycle slip detection is required to both estimate 

the code multipath and smooth the code. The estimation of the code multipath is performed to 

characterise the measurement error associated with multipath signals in the railway environment. This 

error is used to weight the measurements as discussed in section 5.2.2.4. Finally, the Hatch filter is 

added to compare its performance to the weighting methods, in terms of multipath mitigation. 

 The aim of this chapter is to quantify the effect of these different methods on the GNSS measurements, 

before assessing their impact on the positioning solution in chapter 6. 

 

5.1 Novel weighting method 

As seen in chapter 4, the relationships between the code multipath and the satellite elevation angles and 

signal C/N0 values, are more approximate for a dynamic receiver in the railway environment, than they 

are for a static receiver. The weighting method presented in this section is based on the development of 

a new indicator incorporating the satellite elevation, C/N0 and the multipath estimate, as well as the 

geometry of the railway. 

This indicator is introduced in section 5.1.1, the associated weights are defined in 5.1.2 and a possible 

parameterisation of the model is discussed in section 5.1.3. 



127 

 

5.1.1 Orthogonal distance 

As discussed in section 3.3.1, railway tracks are composed of straight sections connected by curves with 

a large radius. This implies that the areas ahead and behind a train are more likely to be free of obstacles 

and that satellites situated along the track are more likely to be visible and less affected by multipath 

than satellites across the track, in the case where no overhead obstacle is present. A new measurement, 

named the orthogonal distance, is introduced to quantify the satellite alignment with the train track. It 

corresponds to the orthogonal projection of the satellite position onto the train direction as shown in 

Figure 5.1. The satellite azimuth is represented by the angle made by the North and the satellite (SV). 

The satellite elevation is proportional to the distance from the centre of the graph to the satellite. If the 

satellite is at the centre of the graph, it is at the zenith and the elevation angle is equal to 90°. If the 

satellite is on the edge of the graph, its elevation is equal to 0°. Due to the guided nature of the railway, 

the track direction is equal to the train’s heading. 

 

Figure 5.1 - Definition of the orthogonal distance between the satellite and the train heading, as 

viewed on a skyplot. 

The orthogonal distance d is a function of the satellite elevation and azimuth angles, and of the train 

heading. It is computed using equation (5.1).  

𝑑 = 1 −
2
π
∗ 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛 ∗ sin	(ℎ𝑒𝑎𝑑𝑖𝑛𝑔 − 𝑎𝑧𝑖𝑚𝑢𝑡ℎ)  (5.1) 

The value of the orthogonal distance d ranges between zero and one and is dimensionless. Figure 5.2 

shows the value of the orthogonal distance for different satellite elevation and azimuth angles, assuming 

the train heading is equal to 45°. 

N 

d 
 

SV 

azimuth 

heading 
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Figure 5.2 - Orthogonal distance as a function of the satellite azimuth and elevation angles for a 

heading of 45°. 

 

 

Figure 5.3 – Carrier to noise power density ratio as a function of the orthogonal distance 
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Figure 5.2 shows that for satellites with an azimuth angle equal to the heading (modulo 180°), the 

distance d is equal to zero, regardless of the satellite elevation angle. This distance d decreases as the 

difference between the train heading and the satellite azimuth increases. 

Figure 5.3 shows the C/N0 value as a function of the orthogonal distance. Overall, the C/N0 tends to 

decrease as the orthogonal distance increases. This means that satellites aligned with the track tend to 

have higher C/N0 values than satellites that are further from the track. However, certain satellites 

produce low values of C/N0, regardless of the distance. These values of C/N0 are generated when the 

train is static, e.g. satellite 3 provides C/N0 values between 30 and 40 dBHz (for an orthogonal distance 

of approximately 0.45) when the train stops at Wylde Green Station. As illustrated in Figure 5.4, the 

receiver has a good visibility in the satellite direction and is thus able to acquire its signal. The 

orthogonal distance associated with satellite 3 is also relatively low (d = 0.43) as the satellite azimuth 

angle (156°) is close to the train direction. However, this satellite has an elevation of 3°, which explains 

its low C/N0 values. Thus the orthogonal distance may not be representative on low elevation satellites 

aligned with the track. 

 

 

Figure 5.4 – Position of the train at Wylde Green Station (orange pin) with the azimuth of satellite 3, 
(Google Earth 2012) 

 

 

Figure 5.5 represents the code multipath estimate function of the satellite orthogonal distance. The code 

multipath value and its variance appear to increase with the orthogonal distance. However, the limited 

amount of data available results in a qualitative rather than quantitative observation, especially for 

orthogonal distances greater than 0.8. 

N 

PRN 3 

azimuth 
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Figure 5.5 – C/A code multipath estimate as a function of the satellite orthogonal distance 

 

 

5.1.2 Definition of weights 

The orthogonal distance d is used to weight the measurements and to do this, it is assumed that satellites 

closer to the track (i.e. with a small value of d) are less likely to be affected by multipath. These satellites 

should then be assigned a lower noise variance. An initial variance definition is: 

𝜎4 = 𝜎; ∗ (𝐴 + 𝐵 ∗ 𝑑) (5.2) 

The constants are selected such that the standard deviation is comparable to the traditional weighting 

methods, specifically the Black and Eisner method, which has values ranging from approximately 1´σ0 

to 22´σ0 (see equation (4.75)). Thus, A is chosen to equal 1 and B to equal 21. 

 

This formulation of the variance is compared to the weighting methods, previously reviewed, based on 

the satellite elevation angle: the Black and Eisner method and the stochastic elevation method (see 

section 4.3).  
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Figure 5.6 - Measurement noise variance as a function of the satellite elevation angle for different 
weighting methods 

 

 

Figure 5.7 - Measurement noise variance based on the squared orthogonal distance exponential decay 
term as a function of the satellite elevation and azimuth, for a heading of 45°, as viewed on a skyplot 

(right) and as view in 3D (left). 
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As seen in Figure 5.6, compared to the Eisner & Black and the stochastic elevation methods, the novel 

method defined by equation (5.2) consistently assigns a larger variance to the measurements, both for 

satellites at low and high elevation angle. Alternatively, an exponential decay term can be used, as in 

(Elsobeiey & El-Rabbany 2010) in the stochastic elevation model (equation (4.76)). 

𝜎4 = 𝜎; 1 + 𝐴 ∗ 𝑒º∗�  (5.3) 

For the variance to be similar to the stochastic model, A is fixed at 0.001 and B at 8.5. For a variance 

similar to the Eisner & Black model, A is fixed to 0.00004 and B to 13. As can be seen in Figure 5.6, 

this formulation assigns a noise variance more closely related to the traditional methods and the 

distribution of the noise variance as a function of the satellite azimuth and elevation in the case where 

A is equal to 0.00004 and B to 13 is presented in Figure 5.7. 

In Figure 5.7, the effect of the distance d on the variance can clearly be seen. The variance increases for 

satellites further from the track heading (i.e. large values of d) while it remains constant for satellites 

close to the track. The effect is particularly pronounced for values of d above 0.8. 

However, satellites along the track but with a low elevation angle are assigned the same noise variance 

as satellites directly above the train. Yet, these satellites are more likely to be affected by multipath or 

by larger residual atmospheric errors than the satellites with a high elevation angle. In order to increase 

the noise variance assigned to these satellites, an additional term based on the Eisner and Black method 

is used. This term assigns the noise variance solely based on the satellite elevation angle, as seen in 

Figure 5.8. 

The new formulation of the measurement noise variance is given by equation (5.4).  

𝜎4 = 𝜎;
1
𝐶
∗ 1 + 𝐴 ∗ 𝑒º∗� + 1 −

1
𝐶

∗
1.001

0.002001 + sin 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛 6
 (5.4) 

By adjusting the value of the coefficient C, the novel variance distribution can either depend solely on 

the satellite elevation angle (for a large value of C) or on the orthogonal distance d (for a small value of 

C), as illustrated in Figure 5.9. By combining the effect of both the satellite elevation angle and the 

orthogonal distance, the novel weighting method can increase the noise variance assigned to satellites 

with a low elevation angle, and further increase this value for satellites that are also further from the 

track. For example in Figure 5.9, for C equal to 10 (bottom-right), the variance depends solely on the 

satellite elevation. When C is equal to 1 (top-left), the variance depends only on the orthogonal distance 

and satellites aligned with the track are assigned low variance regardless of their elevation angle. 

Finally, for C equal to 2 and 3 (respectively top-right and bottom-left), the variance distribution takes 

into account both the satellite elevation and the orthogonal distance. Satellites with low elevation angles 

are assigned larger variance, and this value is further increased if the satellite is far from the track (i.e. 

large orthogonal distance). 
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Figure 5.8 - Measurement noise variance based on the Eisner and Black method as a function of the 
satellite elevation and azimuth, as view in 3D. 

 

 

 

Figure 5.9 - Measurement noise variance of the novel weighting method as a function of the satellite 
elevation and azimuth, as view in 3D for: (top-left) C =1, (top-right) C = 2, (bottom left) C = 3 and 

(bottom-right) C = 10. 
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5.1.3 An adaptive model 

It has been seen in the previous section that the values of the parameters A, B and C defined in equations 

(5.3) and (5.4) influence the noise standard deviation assigned to a measurement coming from a satellite 

at a particular elevation and azimuth. These parameters can be linked to signal quality indicators such 

as the signal to noise power density ratio (C/N0) or the pseudorange multipath estimate, as outlined 

below. In this manner, the noise standard deviation model can be adapted to different railway 

environments, as explained in section 3.3.3. 

First, the parameter A, which can be related to the noise standard deviation decrease rate as a function 

of the orthogonal distance, is expressed as a function of the C/N0 in a similar way to (Hartinger & 

Brunner 1999). 

𝐴 = 	𝑘 ∗ 10l
K/S;
L;  (5.5) 

The measurement noise standard deviation for the novel heading based weighting method is represented 

in Figure 5.10 for different values of C/N0, leading to different values of the parameter A through 

equation (5.5). In this figure, the angle between the track and the satellite azimuth is assumed to be 

equal to 90°.The parameter k is fixed to 1/18 in order to generate standard deviation values comparable 

to the traditional methods such as the Black and Eisner model. The parameter A is such that the higher 

the C/N0, the smaller is the noise standard deviation. The reciprocal is also true, the lower the C/N0, 

the higher the noise standard deviation. Figure 5.10 compares the novel technique to the Eisner and 

Black method. For orthogonal distances below 0.6, the new model assigns an approximately constant 

variance equals to 1. The variance then increases with the orthogonal distance, and the higher the C/N0, 

the steeper the increase. In comparison, the Black and Eisner model continuously increases the noise 

standard deviation as a function of the elevation. In the new model, C/N0 values below 35 dBHz are 

assigned larger variances than with the Eisner and Black model. Higher values of C/N0 produce lower 

variances than the Eisner and Black model. The influence of the parameter A on the measurement noise 

variance distribution is further shown in Figure 5.12. 

The parameter C adjusts the respective contribution of the elevation only based weighting and the novel 

heading based weighting methods, according to equation (5.4). This parameter is linked to the 

pseudorange multipath in equation (5.6). The logarithmic function is selected as it provides relatively 

large values for small multipath estimates and decreases at a slow rate when the multipath estimate 

increases. Therefore the elevation based weighting will be predominant when multipath estimate is 

small, and the contribution of the satellites of the side of the track will decrease as the multipath estimate 

increases. 

𝐶 = 1.7 − log 𝑚𝑢𝑙𝑡𝑖𝑝𝑎𝑡ℎ4  (5.6) 

where the code multipath estimate multipathi is computed according to equation (4.54). 
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The value taken by C for multipath estimates between 0.001 m and 1.8 m is represented in Figure 5.11. 

The multipath values are generated based on the code multipath distribution defined in section 5.2.2.3. 

 

Figure 5.10 - Measurement noise variance for the novel heading based weighting method and the 
Eisner & Black method, for different values of C/N0 

 

 

Figure 5.11- Value of parameter D as a function of the pseudorange multipath estimate 
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If the multipath estimate is less than 0.7 m, the parameter C is greater than 2, implying that the noise 

variance value is driven mainly by the satellite elevation. Thus, in an environment with low multipath 

signals, the measurements are weighted as a function of the satellite elevation. Conversely, for a 

multipath estimate greater than 0.7 m, the value of C is less than 2 with a noise variance driven mainly 

by the satellite orthogonal distance. This implies that in the presence of multipath, satellites further from 

the track are assigned larger noise variance. This relies on the assumption that multipath signals are 

most likely created by trackside obstacles, and therefore weighting down measurements coming from 

satellites on the side of the track may improve the positioning accuracy. 

Figure 5.12 represents the influence of both the C/N0 and the multipath estimate on the measurement 

noise variance assigned by the novel heading based weighting techniques as a function of the satellite 

azimuth and elevation angles. 

 

Figure 5.12- Measurement noise variance assigned the heading weighting method as a function of the 
satellite elevation and azimuth, as view in 3D for (C/N0, multipath estimate) = top-left (45 dBHz, 

0.01m), bottom-left (35 dBHz, 0.01m), top-middle (45dBHz, 0.1m), bottom-middle (35dBHz, 0.1m), 
top-right (45dBHz,1m), bottom right (35dBhz, 1m) 

In the best-case scenario, where the C/N0 is high and the multipath estimate is low, the measurements 

are weighted on the basis of the satellite elevation. The same applies if the multipath estimate remains 

low while the C/N0 is low. However, satellites further from the track are assigned smaller weights (i.e. 

larger noise variance). If the C/N0 is high but the multipath estimate is low, satellites further from the 

track are weighted down while satellites close to the track are assigned a low noise variance. These two 

last cases are, however, unlikely to happen as the presence of multipath is likely to affect the value of 
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the C/N0. Finally, if the C/N0 is low and the multipath estimate is high, satellites further from the track 

are weighted down, however, as discussed in section 5.1.2, the value associated with the noise variance 

might then be too large.  

The novel heading weighting technique combines traditional measurement quality indicators such as 

the elevation angle, the multipath estimate and the C/N0, with an additional indicator, the orthogonal 

distance, which reflect the geometry of the railway environment. The technique is made adaptive by 

parameterising the contribution of each indicator to the final solution. 

The effect of this novel weighting technique and of its parameterisation on the positioning solution is 

discussed in Chapter 6. 

5.1.4 Heading determination 

The computation of the novel weights required the knowledge of the train heading and three methods 

by which it can be measured at presented below. One method by which the heading can be determined 

is by the use of map-matching techniques, as explained in section 3.1.3.2, which compare the estimated 

train position to a track map. The track alignment with respect to the North at the estimated position 

can then be extracted from the map and used as an estimate of the heading. 

The heading can also be determined using inertial sensors, as seen in section 3.1.3.1. As the train body 

is approximately parallel to the track, a single z-axis gyroscope, measuring the train rotation about the 

vertical axis, directly provides a measure of the heading. However, the sensor can be affected by slopes 

or banks on the track that generate an error. When the vehicle is stationary, the heading can be assumed 

constant in order to prevent degradation.  

Finally, the train heading can be estimated on the basis of the train velocity solution, as given by the 

GNSS-receiver, using equation (5.7): 

ℎ𝑒𝑎𝑑𝑖𝑛𝑔 = 𝑎𝑟𝑐𝑡𝑎𝑛6
𝑣¿
𝑣S

 (5.7) 

where arctan2 is the four-quadrant arctangent function, vE is the East velocity and vN is the North 

velocity.  

The GNSS velocity can be estimated by differencing consecutive positions or using the Doppler shift 

measured in the carrier tracking loop of the receiver. This Doppler shift corresponds to the change in 

the apparent frequency of the signal received, due to the relative motion between the receiver and the 

satellite. Given the satellite velocity, the Doppler shift can be used to determine the receiver velocity 

(Misra & Enge 2010). While the former method only has an accuracy of a few meter per seconds, the 

Doppler measurements enable to estimate the velocity with an accuracy of a few centimetres per second. 

The uncertainty associated with the heading is then given by: 
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𝜎À°³�4mÁ =
𝑣¿6𝜎S6 + 𝑣S6𝜎¿6

𝑣S6 + 𝑣¿6
 (5.8) 

where σN and σE are the North and East velocity uncertainties (Groves 2013).   

Thus, the accuracy of the GNSS-based heading estimate is a function of the train velocity, and the lower 

the velocity, the larger the error. Due to the noisiness of the velocity-derived heading at low speed, the 

GNSS-based heading determination should not be used at low speed, for example below 2 m per second 

(Groves et al. 2009). In such cases, the heading can be assumed constant. However, such assumption 

can introduce errors, especially if a train is travelling in a curve at a very low speed (e.g. below 1 m per 

second).  

Figure 5.13 represents the train heading as measured by the INS on board the mainline suburban train 

(in red) together with the heading estimated on the basis of GNSS measurements (in blue). Both the 

INS-based and GNSS-based estimates were smoothed at low velocity, i.e. for speeds below 1 m per 

second, the heading was assumed equal to its previous value. As the GNSS receiver starts from a static 

position without an initial heading, it gives a heading equal to zero for the first 165 epochs (not 

represented in the figure), producing a large error.  If these first epochs are not taken into account, the 

root mean square error between the INS-based and GNSS-based heading is equal to 4°. However, GPS 

outliers can generate an error of more than 50°, as seen at epoch 300.  This error is due to the presence 

of a tunnel and a cutting, shown in Figure 5.14. As the train exits the tunnel, the GNSS-based position 

estimates are biased, possibly due to the signal reflections on the cutting walls. Thus the heading 

estimated from these positions is very different from the actual train heading. 

 

 

 

Figure 5.13 – Comparison of the train heading measured by the INS (after smoothing) with the 
GNSS-based heading estimate. 
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The GNSS-based heading estimation is thus vulnerable to GNSS outliers. However, given the guided 

nature of railway, it is expected that any change in the train heading will be relatively smooth, and then 

previous values could be used to smooth the data. The difference in consecutive heading values can 

also be used to detect outliers. 

 
Figure 5.14 – Mainline suburban train trajectory at epoch 300 (indicated by the white arrow), as the 

train exits the Sutton Coldfield tunnel (indicated in red), (Google Earth 2012). 

 

Due to the limited availability of GNSS measurements, for example in tunnels, the heading value should 

be estimated from a heading sensor (e.g. a gyroscope) if available. If such sensor is unavailable, the 

GNSS-based estimate still provides a good indication of the heading but it might be affected by some 

large errors. 

In all three cases, the heading estimate is only used to compute the orthogonal distance, which is then 

used to weight the measurement. Thus, a heading estimation error only has a limited impact on the final 

positioning solution, as shown in equations (5.11) and (5.12). For example, a heading error of 5° creates 

a maximum orthogonal distance error of 0.09 (if the satellite elevation is equal to 0° and the heading is 

equal to the azimuth). In turn, this orthogonal error can create an error in the standard deviation estimate 

of approximately 2σ0, corresponding to 40 cm for the code measurement and 6 mm for the carrier phase. 

Thus, an error on the heading estimation only has a limited impact on the final positioning solution. 

𝑑 + Δ𝑑 = 1 −
2
𝜋
∗ 𝑒𝑙 ∗ sin ℎ + Δℎ − 𝑎𝑧 ≅ 𝑑 + 1 −

2
𝜋
∗ 𝑒𝑙 ∗ cos ℎ − 𝑎𝑧 ∗ sin	(Δℎ) (5.9) 

𝜎4 + Δ𝜎4 = 𝜎; 1 + 𝐴	𝑒º �nÂ� ≅ 	𝜎4 + 𝜎; ∗ 2.222 ∗ 𝐴	𝑒º� (5.10) 
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5.2 POINT Software 

In order to test the novel heading-based weighting method presented in section 5.1 and the different 

multipath mitigation techniques presented in section 4.2.2.3, the POINT software was used. This 

software was developed as part of the innovation Navigation using new GNSS signals with hybridised 

technologies (iNsight) project (iNsight 2011). It uses C++ language and runs in Microsoft Windows 

(Jokinen 2014). 

A simplified architecture of the POINT software is presented in Figure 5.15.  

 

Figure 5.15 – Architecture of the POINT software, adapted from (Jokinen 2014) 

 

Raw GNSS data in RINEX format are processed by the RINEXReceiver module. The GNSSReceiver 

module then applies the relevant corrections to this data and computes the relevant measurement 

combinations such as the ionosphere-free combination. The noise standard deviation is assigned to each 

measurement based on its type (pseudorange or carrier phase), its frequency, the nominal noise standard 

deviation defined by the user and the model used for weighting. The least squares solution is also 

computed. 
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The corrected measurements and their assigned noise standard deviations are then forwarded to the 

POINTKalman module which estimates the position using an extended Kalman filter, implemented in 

the Kalman module. POINT has the capability to perform RTK and PPP positioning (section 3.1.2.3), 

in which cases the measurements are differenced before being sent to the POINTKalman module. 

Measurements differencing can be done between satellites in the BSDSensor or between satellites 

between receivers (double differencing) in the DoubleDiffSensor. For RTK and PPP, the carrier phase 

ambiguity resolution and validation are performed in the LAMBDA and CRAIM modules (Jokinen 

2014).  

The main contribution of this thesis to the POINT software is the implementation of the novel heading-

based weighting method (section 5.1). In addition, several functions were implemented to compare the 

performance of this method with existing multipath mitigation techniques, including the weighted least 

square algorithm (section 4.3.1), cycle slip detection, heading computation, carrier-smoothed code 

(section 4.2.2.3), multipath estimation (section 4.2.1.3) and existing weighting techniques (section 4.3). 

As explained in Figure 5.16, these functions are required to compute the positioning solution. 

 

 

Figure 5.16 – Position estimation flowchart 

 

The implementation of some these functions is discussed in the following sections. 
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5.2.1 Cycle slip detection 

Cycle slips are caused by the receiver loss of lock when tracking the signal, which in turn creates 

discontinuities in the phase measurements. As discussed in sections 5.2.2 and 5.2.3, these 

discontinuities affect the position estimation process and must be detected. 

Cycle slips can be seen in the carrier phase measurement as jumps proportional to the signal wavelength. 

However, as the range between the satellite and the receiver can change up to hundreds of metres in 

one second, cycle slips are hard to detect directly on the carrier phase (Sanz Subirana et al. 2013), as 

can be seen in Figure 5.17 and Figure 5.18. Instead, the geometry-free phase measurement is formed 

by differencing the carrier phase measurements on L1 and L2, as seen in  equation (5.13). 

𝛷Ã = 𝛷L − 𝛷6 (5.11) 

This difference removes the geometry (i.e. range), the clock error and the tropospheric delay, providing 

a precise test signal, where cycle slip can be detected. 

The cycle slip detection process is implemented by computing the difference in time of consecutive 

geometry-free phase measurements. The nth order differences can be used to amplify the jump. 

However, this process also increases the noise and thus the probability of false detection. For this thesis, 

the 2nd order difference, shown in equation(5.12), was selected based on its increased probability to 

detect consecutive cycle slips (Sanz Subirana et al. 2013). 

𝐷 𝑘 = 𝛷Ã 𝑘 − 𝛷Ã 𝑘 − 1 − ΦÄ k − 1 − ΦÄ k − 2  (5.12) 

A threshold has to be set to decide if cycle slip occurred. After analysing the 2nd order difference value 

for each satellite in the dataset, this threshold was set to four centimetres and therefore, if the second 

order difference is greater than this value, a cycle slip is detected. 

Figure 5.17 and Figure 5.18 represent the effect of cycle slips on the carrier phase measurement on L1, 

the geometry-free carrier phase (equation (5.11)), the 1st and 2nd order geometry-free carrier differences 

(equation (5.12)), respectively for high elevation satellite (PRN32) and a low elevation satellite 

(PRN17).  As previously discussed, the rapid change in range makes cycle slips difficult to detect 

directly on the carrier phase but they appear clearly on the geometry-free observable. Finally, comparing 

the differencing value to a threshold, cycle slips can be detected. 

As expected, the low elevation satellite is affected by more cycle slips than the high elevation satellite. 

Indeed, cycle slips occur more frequently when the signal is weak (i.e. low C/N0), as for low elevation 

satellites. 

The performance of the cycle slip detection is assessed by visual inspection of the measurements and 

appears to detect cycle slips visible on the measurements. Residual cycle slips may still be present but 

they are relatively small and have a limited impact on the Hatch filter and the multipath estimate. 
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Figure 5.17 – Cycle slip effect on (1) the carrier phase measurement, (2) the geometry-free carrier, (3) 
1st order and (4) 2nd order geometry-free carrier differences, for a high elevation satellite. 

 

 

Figure 5.18 - Cycle slip effect on (1) the carrier phase measurement, (2) the geometry-free carrier, (3) 
1st order and (4) 2nd order geometry-free carrier differences, for a low elevation satellite. 
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5.2.2 Multipath estimation 

The multipath estimate is used in the novel algorithm to weight measurements (equation (5.6)), thus a 

real time estimate is required. It has been seen in section 4.2.1.3 that the C/A code multipath on L1 can 

be computed as: 

𝑀𝑃L = 𝑅L − ΦL −
2𝑓66

𝑓L6 − 𝑓66
ΦL − Φ6  (5.13) 

Similarly, the P(Y) code multipath on L2 can be estimated as: 

𝑀𝑃6 = 𝑅6 − Φ6 −
2𝑓L6

𝑓L6 − 𝑓66
ΦL − Φ6  (5.14) 

Figure 5.19 represents the C/A code multipath estimates on L1 and the P(Y) code multipath estimate 

on L2, as defined in equations (5.13) and (5.14). As discussed in section 4.2.1.3, the multipath estimate 

is affected by an offset due to the unknown number of integer ambiguity contained in the estimate. The 

effect of cycle slips on the carrier phase measurements can also clearly be seen as they create jumps in 

the estimate. Thus, cycle slips need to be detected and the multipath estimate needs to be averaged 

between cycle slips in order to assess the actual multipath and noise estimate. 

 

Figure 5.19 – L1 C/A code and L2 P(Y) code multipath estimates before averaging for PRN32 

 

5.2.2.1 Multipath estimate average 
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To average the multipath estimate in real time, two types of moving average can be used: the simple 

moving average and the cumulative moving average. These are considered in turns below. 

 The simple moving average consists of averaging the measurements over a fixed number of epochs M, 

sometimes called a window, as seen in equation (5.15): 

𝑀𝑃L(n) =
𝑀𝑃L n + 𝑀𝑃L 𝑛 − 1 + ⋯+𝑀𝑃L(𝑛 − 𝑀 − 1 )

M
 (5.15) 

The cumulative moving average computes the average at the current epoch based on all the previous 

values: 

𝑀𝑃L(n) =
𝑀𝑃L 1 + 𝑀𝑃L 2 + ⋯+𝑀𝑃L(𝑛)

n
 (5.16) 

In both cases, the average has to be reset every time measurements are unavailable (e.g. no satellite 

visibility) and when a cycle slip occurs. 

Figure 5.20 compares the effect of different moving averages on the code multipath estimate. The values 

obtained using simple moving averages with windows of 5, 10, 30 and 60 seconds are compared to the 

value obtained using a cumulative moving average and to the actual mean value of the estimate. The 

data was selected free of cycle slips, between epochs 590 to 820 in Figure 5.19 and the mean value was 

computed based on the whole sample. The moving average using a fixed window only produces an 

average value once it has sufficient data to do so.  

Figure 5.21 represents the error between the multipath averaged using the actual mean value and the 

multipath averaged using the different moving averages. 

Figure 5.21 shows that as the averaging window size increases, the error decreases. Averaging using 

short windows (5 or 10 seconds) produces large errors. In fact, such averages are following the high-

frequency variations of the multipath estimate due to the noise and multipath. By subtracting these 

average values to the multipath estimate, the variation of the multipath will be smoothed. As the 

multipath estimate is used in this thesis to quantify the level of noise and multipath, the use of such 

small windows will be counterproductive. 

Longer window sizes (30 and 60 seconds) produce a smaller error than short windows, once they have 

enough data to compute the averaged value.  Also, they follow the low-frequency variations of the 

multipath estimate that can be observed on a static receiver and thus mitigate this effect.  

The cumulative average produces the smallest error and tends to the real value of the multipath estimate 

(i.e. error equals to zero) and conserves both the high and low-frequency variations observed on the 

multipath estimate. 
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Figure 5.22 represents the multipath estimate affected by a cycle slip. The mean value of the multipath 

was computed before and after the cycle slip, but it was assumed that the cycle slip was undetected and 

thus the averages were not reset. 

 

Figure 5.20 - Comparison of the code multipath mean value with the values of the moving averages 
for different averaging windows and for the cumulative moving average 

 

 
 

Figure 5.21 – Error between the actual averaged multipath value and the estimated averaged multipath 
using moving averages 
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Figure 5.22 - Comparison of the code multipath mean value with the values of the moving averages 
for different averaging windows and for the cumulative moving average, in the presence of a cycle 

slip. 

 

 

Figure 5.23 - Error between the actual averaged multipath value and the estimated averaged multipath 
using moving averages, in the presence of a cycle slip 
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It can be seen in Figure 5.22 that the moving averages using a fixed window recover faster from the 

missed cycle slip than the cumulative average. The shorter the window, the faster the average converges. 

This can be explained by the fact that the moving averages only use a limited amount of data and thus, 

after the duration of the window size, none of the data biased by the cycle slip is used to compute the 

average. In the case of the cumulative average, all the previous data are used and the cycle slip creates 

a large bias, which decreases slowly compared to the other moving averages.  

Figure 5.23 represents the error in the averaged multipath. The effect of the cycle slip can clearly be 

seen as it creates a jump, corresponding to an error of approximately four metres. The shorter the 

window size, the faster is the decrease of the error. However, in the case of the cumulative average, the 

error decreases at a low rate.   

 

In conclusion, moving averages using a fixed window size produces more accurate averages as the 

window size increases. However, as the average needs to be reset every time data is missing or when a 

cycle slip occurs, the window size is limited.  Figure 5.24 was obtained by computing the duration of 

uninterrupted data (i.e. consecutive epochs with measurements from more than three satellites). It can 

be seen that less than 20% of the data is uninterrupted for 100 seconds, and thus using a moving average 

with a window size of 100 seconds may not provide a significant gain compared to a shorter window 

size. 

 

Figure 5.24 – Duration of uninterrupted data  

 

The cumulative average has a higher availability than the moving average and can deliver an estimate 

over both short and long durations. However, it is very sensitive to cycle slips. Due to its greater 

availability and its capacity to preserve the variations of the multipath estimate, the cumulative average 
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was implemented in the POINT software requiring the reliable detection of cycle slips as discussed in 

section 5.2.1. 

Figure 5.25 represents the multipath estimates on L1 and L2 (shown on Figure 5.19) after averaging. 

When the averaging was unavailable (i.e. right after cycle slip) or measurements were not available, the 

multipath estimate was set equal to zero. 

 

Figure 5.25 - L1 C/A code and L2 P(Y) code multipath estimates after averaging for PRN32 

 

Figure 5.26 – Train speed 

 

The code multipath and errors in Figure 5.25 can be correlated to the train speed in Figure 5.26. The 

code multipath and error tend to be higher when the train is static. In fact, while the train is moving, 
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only the stochastic part of the multipath error is visible. However, when the train stops, the deterministic 

part of the multipath error, which changes at low frequency, is visible.  

Figure 5.25 and Figure 5.26 also imply that the locations of the stops are prone to signal reflections. 

This effect is illustrated in Figure 5.27 and Figure 5.28. The train journey starts from Four Oaks station 

from which the train departs at epoch 180. As seen in Figure 5.27, the large station canopy may reflect 

the GNSS signals and create the code multipath seen in Figure 5.25. Around epoch 950, the train stops 

at Sutton Coldfield station. As illustrated in Figure 5.28, this station is surrounded by trees and banks 

on each side of the track. It also has an overhead pedestrian bridge. These obstacles can be responsible 

for the code multipath seen in Figure 5.25 as the GNSS signals may be reflected on the banks or on the 

bridge before reaching the antenna. 

 

  

Figure 5.27 – 3D view and picture of Four Oaks station, from (Google Earth 2012) and (Optimist on 
the run 2008) 

 

  
Figure 5.28 – 3D view of Gravelly Hill station from (Google Earth 2012) and (Optimist on the run 

2007) 
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5.2.2.2 Availability of the code multipath estimate 

As discussed in the previous section, the code multipath estimate availability is affected by gaps in the 

data and cycle slips. As seen in equation (5.15), the code measurement and the carrier measurements 

on both L1 and L2 frequencies are required to compute the code multipath estimate. Thus if 

measurements on L2 are unavailable, the estimate cannot be computed and the multipath average has 

to be reset. The presence of cycle slips also required the average to be reset. To compute a new value 

of the average, at least two data points are needed, reducing further the estimate availability. 

 Table 5.1 presents the percentage of time that the code multipath estimates are available per satellite 

for the mainline train dataset. This percentage is equal to the number of epochs the estimate is computed 

divided by the number of epochs the code measurement on L1 is available. The availability of 

measurements on L2 is also presented and it corresponds to the number of epoch measurements on L2 

are available over the number of epochs measurements on L1 are available. 

 

Table 5.1 – Code multipath estimate availability per satellite 

Satellite PRN Code multipath L2 availability Elevation Orthogonal 
distance 

1 93% 98% 77° - 88°  0.01 – 0.13 

3 67% 86% 1.6° - 7°  0.38 – 0.46 

 11 92% 98% 68° - 80°  0.07 – 0.19 

14 75% 95% 28° - 32°  0.49 – 0.56  

17 75% 94% 15° - 24°  0.58 – 0.63 

19 77% 93% 22° - 33°  0.29 – 0.37  

20 89% 97% 40° - 51°  0.28 – 0.38 

22 47% 80% 4° - 12°  0.69 – 0.76  

23 60% 83% 2° - 3°  0.06 – 0.09 

28 77% 96% 26° - 30°  0.65 – 0.71 

32 92% 98% 67° - 78°  0 – 0.04 

 

Despite a slightly lower availability for low elevation satellites, L2 measurements are available over 

80% of the time when L1 is available. Thus, cycle slips and gaps in the data are the main factors 

affecting the code multipath availability, especially for low elevation satellites. The estimate availability 

is higher for high elevation satellites (PRN 1, 11 and 32) than for low elevation satellites (PRN 3, 22, 

23). It reaches as low as 47% for satellite 22 which has an elevation angle between 4° and 12° and is 

additionally far from the track (i.e. large orthogonal distance). 
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Thus, due to its limited availability, the multipath estimate may not be a good quality indicator for low 

elevation satellites and the measurements from such satellites should be weighted down based on their 

elevation, as discussed in section 5.1.2. 

 

5.2.2.3 Characterization of multipath 

In order to characterise the code multipath, the estimates computed for each satellite of the suburban 

mainline dataset are aggregated and their distributions analysed. The level of multipath, computed as 

the Root Mean Square Error (RMSE), is of 0.45 m for the C/A code on L1 and 0.68 m for the P(Y) code 

on L2.  

Figure 5.29 represents the Probability Density Function (PDF) of the code multipath estimate on L1 

and Figure 5.30, the probability density function of the estimate on L2. Both estimates appear to have 

normal-like distribution.  

 

Figure 5.29 and Figure 5.30 show that a t-location-scale model better represents the code multipath 

estimate than the normal distribution. The t-location-scale distribution, also called Student’s t-

distribution (probability distribution given in equation (5.17)), is symmetric and bell-shaped like the 

normal distribution but has heavier tails, meaning it is more prone to outliers (i.e. multipath with large 

values are more likely to occur).  

𝑓(𝑡) =
Γ 𝜈 + 1

2
𝜈𝜋Γ 𝜈

2
1 +

𝑥 − 𝜇
𝜎

6

𝜈

lÊnL6

 (5.17) 

where Γ(.) is the gamma function, µ is the location parameter, σ is the scale parameter and ν is the shape 

parameter.  

The code multipath estimate large values, due to reflections especially when the receiver is static, are 

therefore better represented by the t-location-scale distribution. This distribution is described by three 

parameters: the degree of freedom, the location parameter and the scale parameter. However, in order 

to compromise between the goodness-of-fit of the model and its complexity, the normal distribution is 

selected to represent the multipath. The normal distribution is described using only two parameters, its 

mean µ and standard deviation σ. Figure 5.31 represents the code multipath estimate on the L1 

distribution and is used to assess the goodness of fit of the normal distribution. 
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Figure 5.29 – C/A code multipath estimate on L1 probability density function 

 

Figure 5.30 – P(Y) code multipath estimate on L2 probability density function  
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The Q-Q plot, in the top-right corner, is used to compare both the empirical data to the theoretical 

distribution. If the two distributions are identical, the Q-Q plot is expected to follow the line y = x. It 

can be seen that this is true for multipath estimate between ± 0.5 m. However, larger multipath estimates 

differ from the straight line y = x, which implies that the empirical data has heavier tails than the normal 

distributions and that these tails are not represented by the normal distributions. However, multipath 

estimates larger than 0.5 m in absolute value represent less than 10% of the dataset, and it is assumed 

that the normal distribution is a good representation of the multipath estimate. 

The Cumulative Distribution Functions (CDF) of both the model and the data are represented on the 

bottom-left corner of the figure. These distributions are very similar, showing that the normal 

distribution is an appropriate model for the multipath estimate. The P-P plot, in the bottom-right corner, 

compares the two cumulative distribution functions. It can be seen that the data passes through the point 

(0.5, 0.5), which implies that both distributions have the same mean value. 

Normal distributions are then fitted to multipath estimate for each satellite in order to validate the 

hypothesis that the multipath estimate follows a normal distribution. The means and standard deviations 

of these distributions are presented in Table 5.2. The root-mean-squared error (RMSE) between the 

empirical data and theoretical cumulative distribution is given as an indication of the model goodness 

of fit. 

 

Figure 5.31 – Characterization of the normal distribution fit to the code multipath estimate on L1 for 
all satellites 
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Table 5.2 – Mean value µ and standard deviation σ of the normal distribution used to represent the 
code multipath estimate distribution per satellite and for all satellites 

Observable MP1 MP2 

Satellite RMSE µ  σ  GOF RMSE µ  σ  GOF 

All 0.446 0.028 0.444 0.052 0.685 0.040 0.684 0.059 

1 0.334 -0.042 0.331 0.010 0.580 0.179 0.552 0.041 

3 0.621 0.145 0.605 0.040 1.285 -0.114 1.283 0.135 

11 0.284 -0.035 0.281 0.026 0.586 0.026 0.585 0.0411 

14 0.408 0.003 0.408 0.060 0.833 0.054 0.832 0.081 

17 0.690 0.196 0.662 0.107 0.776 0.135 0.764 0.107 

19 0.436 0.036 0.435 0.038 0.488 0.062 0.485 0.041 

20 0.510 0.059 0.507 0.036 0.665 -0.103 0.658 0.044 

22 0.325 0.004 0.326 0.025 0.565 0.011 0.566 0.018 

23 0.318 -0.080 0.309 0.053 0.785 0.070 0.786 0.050 

28 0.515 0.147 0.493 0.067 0.791 0.080 0.787 0.058 

32 0.360 -0.070 0.353 0.053 0.563 -0.036 0.562 0.044 

 

It can be seen that, on average, the mean value obtained is close to 0 and the standard deviation varies 

between approximately 0.3 and 0.7 for the C/A code on L1, and 0.5 and 1.3 for the P(Y) code on L2. 

Based on the cumulative density functions RMSE, the normal distribution appears to be a good 

representation of the code multipath estimate for most satellites. The goodness of fit is lower for satellite 

17 which is related to the presence of large multipath estimates experienced while the train is waiting 

to depart from Four Oaks. These estimates may be caused by the station roof (see Figure 5.27) located 

between satellite 17 and the antenna. 

In conclusion, based on the results presented in Table 5.2 for all the satellites, the L1 C/A code and L2 

P(Y) code multipath estimates are assumed to follow normal distributions with the following 

parameters: 

𝑀𝑃1	~	𝑁(0, 0.45) (5.18) 

𝑀𝑃2	~	𝑁(0,0.68) (5.19) 

These definitions of the code multipath estimate are then used to weight the measurements in the novel 

heading-based method, as explained in section 5.1.3. 

5.2.2.4 Multipath based weighting 

Based on the previously determined code multipath distribution, the multipath weighting method 

mentioned in section 4.3.2.3 is further refined. It is proposed to weight the measurements based on the 
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code multipath estimate using an exponential term as done in the stochastic elevation model developed 

by (Elsobeiey & El-Rabbany 2010) in equation (4.76). 

𝜎4 = 𝜎; 1 + 𝐴 ∗ 𝑒º∗ Ï'±�4Ð³�À®  (5.20) 

The values of the constants A and B are selected to generate σi comparable to the other weighting 

methods presented in section 4.3.2, i.e. ranging from approximately 1´σ0 and 22´σ0. It is decided to 

assign a standard deviation equal to 22´σ0 to code multipath equals to 2 m. This choice is made on the 

basis that the probability to have a code multipath estimate larger than 2 m is 0.45% (from the code 

multipath cumulative distribution), representing extreme cases. A standard deviation of 2´σ0 is assigned 

to code multipath equals to 0.5 m, as it was observed that multipath estimates over 0.5 m do not follow 

a normal distribution. These assumptions lead to A being equal to 0.36 and B equal to 2.03. The 

associated weights are presented in Figure 5.32. 

 

Figure 5.32 - Measurement error standard deviation as a function of the code multipath estimate 

The impact of this new multipath-based weighting model on the estimated position is assessed in 

chapter 6. 

5.2.3 Hatch filter 

The hatch filter, presented in section 4.2.2.3, was added in the GNSSReceiver file. This filter is used to 

smooth the code measurements using the accurate but ambiguous carrier measurements. The hatch filter 

was implemented according to equation (5.21) with the possibility of adjusting the filter time constant 

N.  

𝑅 𝑘 =
1
𝑛
𝑅 𝑘 +

𝑛 − 1
𝑛

𝑅 𝑘 − 1 + Φ 𝑠, 𝑘 − Φ 𝑘 − 1  (5.21) 

Where n = k as long as k < N, and n = N when k ≥ N. The constant N relates to the bandwidth of the 

filter, larger values of N giving more smoothing. 
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In order to compute the carrier smoothed code 𝑅, the current code and carrier phase measurements are 

required as well as the previous carrier phase measurement and carrier smoothed code. Also, as 

discussed in section 4.2.2.3, cycle slips need to be detected, otherwise the difference between the phase 

measurements is equal to the range variation plus an integer number of cycle.  

5.2.3.1 Filter time constant 

As stated in section 4.2.2.3, as the value of N increases, the output noise variance decreases but the 

duration of the transient increases. The carrier-smoothed code is computed for time constants ranging 

from 5 seconds to 100 seconds. In order to assess the effect of the smoothing, the code minus carrier 

observable is then computed using the carrier-smoothed code. This difference removes the range and 

mitigates the clock error and the tropospheric delay, leaving the code multipath and the ionospheric 

delay. Figure 5.33 and Figure 5.34 represent the code minus carrier observable for different values of 

the filter time constant, respectively for a static receiver and a dynamic receiver. 

 

Figure 5.33 – Carrier-smoothed code minus carrier observable, for different value of the Hatch filter 
time constant, when the receiver is static 

 

Figure 5.34 – Carrier-smoothed code minus carrier observable, for different value of the Hatch filter 
time constant, when the receiver is dynamic 
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Time constants of 30 seconds and longer have a significant effect on the code measurements when the 

receiver is static. However, when the receiver is moving, their effect is limited, as illustrated in Figure 

5.34. The values produced by the time constants equal to 30 seconds, 60 seconds and 100 seconds 

overlap, which means that the filter was reset before the index k in equation (5.21) reached the time 

constant.  This effect can be related to the frequency of data gaps illustrated in Figure 5.24, as only 50% 

of the data are uninterrupted for more than 30 seconds (without accounting for cycle slips). As the filter 

reset does not influence the smoothed code estimate, a large time constant is chosen as it reduces the 

measurement noise especially when the receiver is static. 

The carrier-smoothed code is then used to estimate the code multipath, as defined in equation (5.13). 

Figure 5.35 represents the code multipath estimate distributions for different Hatch filter time constants 

and the fitted normal distribution with its associated mean and standard deviation.  

 

Figure 5.35 – C/A code multipath estimate on L1 distribution for different values of the Hatch filter 
time constant 

 

The mean values remain relatively small and close to zero in all five cases. However, as the time 

constant increases, the multipath estimate standard deviation significantly decreases. A time constant 

of 5 seconds already reduces the standard deviation by 18%. Extended the time constant to 60 seconds 

reduces the standard deviation by an additional 32%. These values are however lower than the 

theoretical gain predicted by (Lo Presti & Visintin 2015) in equation (4.59), as seen in Table 5.3, which 
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can be explained by the fact that the filter has to be frequently reset due to gaps in the data and cycle 

slips.  

Table 5.3 – Effect of the Hatch filter time constant on the code multipath estimate standard deviation 

Hatch filter time 
constant 

Standard 
deviation 

Standard deviation 
gain 

Theoretical 
standard deviation 

Theoretical gain 

5 0.364 18% 0.151 66% 

10 0.332 25% 0.105 76% 

30 0.268 40% 0.061 86% 

60 0.221 50% 0.044 90% 

100 0.194 56% 0.035 92% 

 

5.2.3.2 Availability 

In order to compute the carrier-smoothed code, the code measurement, the previous code measurement, 

the carrier phase and the previous carrier phase values are required. These values are available as long 

as there are no gaps in the data and no cycle slips are detected. The availability of the carrier-smoothed 

code was computed for each satellite and it represents the number of epochs the smoothed code is 

computed over the number of epochs where the C/A code measurement on L1 is available. 

Table 5.4 – Carrier-smoothed code availability per satellite 

Satellite PRN Carrier smoothed code Elevation Orthogonal distance 

1 94% 77° - 88°  0.01 – 0.13 

3 70% 1.6° - 7°  0.38 – 0.46 

 11 93% 68° - 80°  0.07 – 0.19 

14 79% 28° - 32°  0.49 – 0.56  

17 78% 15° - 24°  0.58 – 0.63 

19 79% 22° - 33°  0.29 – 0.37  

20 90% 40° - 51°  0.28 – 0.38 

22 51% 4° - 12°  0.69 – 0.76  

23 61% 2° - 3°  0.06 – 0.09 

28 82% 26° - 30°  0.65 – 0.71 

32 93% 67° - 78°  0 – 0.04 

 

The carrier-smoothed code availability decreases with the satellite elevation and the orthogonal 

distance. As seen previously in section 0, this effect is related to low elevation satellites being more 

prone to data gaps and cycle slips due to their higher likelihood of attenuation or blockage by obstacles.  
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In conclusion, the carrier-smoothed code may reduce the noise on the measurements coming from high 

elevation satellites but its effect is limited on low elevation satellites. The effect of low elevation 

measurements on the positioning solution can, however, be limited using weighting techniques. The 

combination of the carrier-smoothed code with the different weighting techniques presented in sections 

4.3 and 5.1 is reviewed in chapter 6. 

5.3 Summary 

In this chapter, a novel weighting method based on the geometry of railway tracks was developed. It 

assumes that satellites aligned with the track are less likely to be affected by noise and multipath than 

satellites perpendicular to the tracks, due to the presence of trackside obstacles, such as buildings and 

trees. This new model was parameterised using the carrier to noise ratio and the multipath estimate, 

making the method adaptive to its environment.  

Additional functions implemented in the POINT software in order to assess the positioning performance 

of the novel weighting method were presented. The importance of cycle slips detection was highlighted. 

Code multipath was characterised as having a normal distribution with a mean of zero and a standard 

deviation of 0.45 m and 0.68 m for L1 C/A code and for L2 P(Y) code respectively. The challenge 

posed by averaging the multipath estimate in real time was discussed and a cumulative moving average 

was chosen. Finally, the effect of the carrier smoothed code on the multipath estimate was assessed and 

proved to significantly reduce the code multipath standard deviation. 

While this chapter focused on the measurement domain by characterising the code multipath error and 

the effect of the Hatch filter on this error, the following chapter evaluates the impact of multipath 

mitigation techniques on the position itself. 
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Chapter 6 

6 Characterization of the Novel Heading-based 

Weighting Method Positioning Performance 

 

Following the characterization of the effect of multipath on the code measurements (Chapter 5) and the 

review of the different techniques that can be used to reduce its impact on the positioning solution 

(Chapter 4), this chapter firstly quantifies the improvement of positioning accuracy from the current 

code multipath mitigation techniques. These techniques include the use of the carrier-smoothed code 

along with weighting techniques based on the satellite elevation angle, C/N0 value or multipath 

estimate. Secondly, this chapter characterises the performance of the novel heading-based weighting 

method developed in section 5.1 and compares to the current methods. 

The results presented in this chapter are based on the suburban mainline dataset. The accuracy statistics 

are based on a reference trajectory generated as explained in section 6.1.1. Furthermore, this section 

presents the positioning solution obtained with the traditional least squares (i.e. non-weighted). Section 

6.2 presents and discusses the results from the application of carrier-based smoothing. The 

performances of the elevation-based and C/N0 based weighting methods, as well as the multipath–based 

weighting,  are discussed in section 6.3. Finally, section 6.4 presents the positioning performance of the 

novel heading based weighting method. 

6.1 Preliminary analysis 

6.1.1 Reference trajectory 

A reference trajectory is required to compare the estimated position with the actual position of the train. 

In order to compute this reference trajectory, raw dual-frequency GNSS measurements are combined 

with the INS data collected by the Novatel SPAN receiver (section 1.4.3.1) using Inertial Explorer 

software (Novatel 2014). This software integrates data from INS sensors with a GNSS post-processed 

solution, using either a loose coupled or tightly coupled processing. 

The GNSS measurements are processed in differential mode (section 3.1.2.3) using measurements from 

an Ordnance Survey Net reference station in Lichfield. The distance between the station and the receiver 
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varies from approximately 15 km at Four Oaks to 27 km at Birmingham New Street. The integration 

was performed in the measurement domain (tight coupling) in order to ensure a maximum performance 

in terms of availability. Figure 6.1 shows the estimated standard deviations ranging from 3 cm up to 50 

cm, reflecting the uncertainty of the positioning solution. 

The higher values of the standard deviation in Figure 6.1 (e.g. around time 476950) can be correlated 

to epochs with low or no satellite visibility in Figure 6.2. During these periods, the position is estimated 

only using the INS, and the standard deviation increases with the time due to the sensor drift error, as 

explained in section 3.1.3.1. The positioning solution is then smoothed by Inertial Explorer using both 

forward (i.e. sequential order) and reverse filter, which explains the bell-shaped peaks seen in Figure 

6.1. 

 

Figure 6.1 – Tightly coupled positioning solution standard deviation as estimated by Inertial Explorer 

 

 

Figure 6.2 – Number of visible satellites as a function of the epoch 
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The results presented in this chapter are based on the comparison of positioning solutions obtained using 

single point, dual frequency GPS positioning, which are expected to have an accuracy ranging from 3 

and 5 m in good geometry (section 3.1.2). Thus, based on the standard deviations in Figure 6.1, the 

reference trajectory obtained by the tight integration of the GNSS and INS measurements is assumed 

accurate enough to quantify the positioning accuracy from the different weighting methods. 

6.1.2 Positioning solution 

6.1.2.1 Error mitigation 

As explained in section 4.1, GNSS measurements are affected by different error sources which need to 

be mitigated in order to limit their impact on the positioning solution. Table 6.1 summarises how the 

different error sources were mitigated in the subsequent analysis. 

Table 6.1 – Error sources mitigation 

Error source Mitigation technique 

Ionosphere If dual frequency measurements are available, the ionospheric-free 
combination is used (equation (4.10)). 

Otherwise, the Klobuchar model (section 4.1.3.2) is used to estimate the 
ionospheric delay. 

Troposphere The troposphere delay is computed using EGNOS tropospheric correction 
model (Penna et al. 2016) 

Satellite clock The satellite clock error is obtained from the navigation message 

Receiver clock The receiver clock error is estimated in the least squares algorithm 

 

6.1.2.2 Least squares positioning solution 

To analyse the effect of the weighting methods, a non-weighted solution is computed first using the 

traditional least squares algorithm presented in section 4.1.4.1.  

Figure 6.3 represents the Northing, Easting and Up positioning errors of the non-weighted solution. 

These errors reach values as high as 60 m, due mainly to poor satellite geometry. As shown in equation 

(4.24), the positioning solution accuracy depends on both the measurement errors and the satellite 

geometry, represented by the dilution of precision (DOP). The position (PDOP), horizontal (HDOP) 

and vertical (VDOP) values of the DOP are presented in Figure 6.4. They reach values as high as 40 m 

and are highly correlated to the number of visible satellite shown in Figure 6.5. In summary, a weak 

geometry leads to a high DOP value and in turn, to a large positioning error. 
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Figure 6.3 – Traditional least square solution North, East and Up positioning errors 

 

 

Figure 6.4 – Position (PDOP), Horizontal (HDOP) and Vertical (VDOP) dilution of precision values 

 

 

Figure 6.5 – Satellite visibility 

 



165 

 

As seen in Figure 6.5, the number of visible satellites along the track varies significantly. The large 

values of DOPs are related to epochs where only 4 or 5 satellites are visible (e.g. around epoch 200 or 

700). The limited visibility is due to the presence of obstacles on the track, such as cuttings or overhead 

bridges, as shown in Figure 6.6, Figure 6.7 and Figure 6.8. 

 

Figure 6.6 – Presence of a cutting between epoch 214 and 242, from (Google Earth 2012) 

 

 

Figure 6.7 – Pedestrian bridge above the track at epoch 412, from (Google Earth 2012) 

 

 

Figure 6.8 – Large highway bridge at epoch 841, from (Google Earth 2012) 

 

Epoch 242 
Epoch 214 

Epoch 412 

Epoch 841 
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6.1.2.3 Characterization of the positioning error 

In order to characterise the positioning error, its distribution is presented in Figure 6.9.  For a better 

visibility of the results, the graph was truncated for errors larger than 20 m, which are caused by poor 

satellite visibility and only represent 2.4% of the data. The cumulative distribution function shows that 

50% of the errors are smaller than 3.6 m and 95th percentile is equal to 11.9 m. The root mean square 

error of the position estimated with the traditional least squares is equal to 7.45 m over the entire track. 

These values are relatively large compared to the 3 to 5 m accuracy (95%) reported by (RSSB 2012a). 

This is related to the poor satellite visibility and high values of DOP which biased the positioning error, 

as 7.6% of the data has a PDOP larger than 3.  

 

Figure 6.9 – Positioning error probability density function, cumulative distribution function and 95th 
percentile 

 

In order to analyse the positioning performance independently of the effect of the satellite geometry, a 

subset of the data was selected, corresponding to epochs with a limited change in the DOP values (i.e. 

DOP values below 5). The characteristic of the positioning error over these epochs is presented in Figure 

6.10. The cumulative distribution function shows that 50% of the errors are smaller than 3.1 m, the 95th 

percentile is equal to 5.8 m and RMS error is equal to 3.6 m. These values reflect the expected 

positioning performance reported by (RSSB 2012a) and show the high impact of the satellite geometry 

has on this specific dataset. 
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Figure 6.10 - Positioning error probability density function (blue), cumulative distribution function 
(yellow) and 95th percentile (red) over sections of track with a good satellite visibility 

 

The non-weighted least squares solution presented in this section is used as the baseline to compare the 

performance of the code multipath mitigation techniques presented in the following sections. 

6.2 Carrier-smoothed code 

In order to test the effect of the Hatch filter on the positioning solution, the code measurements were 

smoothed using the carrier phase measurements before being used in the least squares algorithm. The 

positioning errors associated with different values of the Hatch filter constant are presented in Figure 

6.11. It can be seen in this figure that the Hatch filter does not remove or smooth the large error as they 

are related to the satellite geometry. 

 

Figure 6.11 – Positioning error for different values of the Hatch filter time constant 
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Figure 6.12 shows the positioning error for the different value of the time constant between epoch 290 

and 670. In the majority of cases, the use of the carrier smoothed code reduces the positioning error. 

The longer the hatch filter constant, the larger the reduction. For example, at epoch 320, the positioning 

error is reduced from 13 m for the least squares estimation without code smoothing, to 11 m for a 5 

seconds smoother and to 10 m for time constants of 10 seconds and longer.  

 

Figure 6.12 - Positioning error for different values of the Hatch filter time constant, between epoch 
290 and 670 

 

However, the use of the carrier-smoothed code also introduces some larger errors, such as from epochs 

353 and 600, represented in red in Figure 6.12. In these cases, the smoothed code generates a positioning 

error larger than the non-smoothed code. These epochs correspond to cases when the train is moving 

from a relatively obstructed area to an open sky, as represented in Figure 6.13. When the train departs 

the station at epoch 353, the code measurements can be affected by a multipath error due to the presence 

of the station roof (in white on Figure 6.13). These measurements are then used to compute the 

consecutive smoothed code as shown in equation (5.21). The duration of the effect of this biased first 

measurement on the position error depends on the time constant N used in the Hatch filter. Therefore, 

this first code measurement is only used to smooth the N consecutive measurements, thus the smaller 

the value N, the fewer measurements are affected. At epoch 374, the carrier-smoothed code with a time 

constant of 100 sec is still generating an error 1 m larger than the non-smoothed code. Thus, a large 

time constant may not bring as much gain as expected and should be chosen carefully in order to 

minimise the positioning error. 

From Figure 6.14, it can be seen that the use of the Hatch filter on average reduces the number of epochs 

with a positioning error larger than 5 meters but has a limited effect on errors smaller 2 m. 

In order to analyse performance in detail, each filter time constant, the RMS error, 95th percentile and 

average positioning error reduction brought by the used of the carrier-smoothed code was computed. 

The results are shown in Table 6.2 and Table 6.3. 
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Figure 6.13 – Train trajectory between epoch 353 and 374, from (Google Earth 2012) 

 

The effect of the smoothed code on the distribution of the positioning error is shown in Figure 6.14 for 

different values of the filter time constant. 

 

 

Figure 6.14 – Positioning error distribution with and without carrier-smoothed code, for different 
values of the filter time constant 

 

 

Table 6.2 – Characterization of the Hatch filter time constant on the positioning error over the entire 
track 

Filter time constant No 
filter 

5 sec 10 sec 30 sec 60 sec 100 sec 

Positioning error (RMS) 7.45 m 7.32 m 7.27 m 7.27 m 7.27 m 7.27 m 

95% percentile positioning error 11.88 
m 

11.41 
m 

11.19 
m 

11.35 
m 

11.35 
m 

11.37 m 

Average positioning error reduction 0.0 m 0.15 m 0.20 m 0.19 m 0.19 m 0.18 m 

 

Epoch 353 
Epoch 374 

Direction of travel 
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Table 6.3 - Characterization of the Hatch filter time constant on the positioning error for over part of 
the track with a good satellite visibility (DOP<5) 

Filter time constant No 
filter 

5 sec 10 sec 30 sec 60 sec 100 sec 

Positioning error (RMS) 3.62 m 3.46 m 3.41 m 3.40 m 3.43 m 3.45 m 

95% percentile positioning error 5.78 m 5.48 m 5.31 m 5.36 m 5.56 m 5.59 m 

Average positioning error reduction 0.0 m 0.10 m 0.14 m 0.16 m 0.13 m 0.12 m 

 

In summary, the error reduction is relatively small compared to the positioning error. It should be noted 

also that a time constant of 30 seconds or higher has less impact on the positioning error, potentially 

due to the effect of biased code measurements described in previously. Thus a filter time constant equal 

to 10 seconds appears to provide the highest benefit, in position accuracy. 

In order to analyse in detail the benefits of using the carrier-smoothed code in the railway environment, 

Figure 6.15 represent the observable (i.e. code or smooth-code with a different time constant) generating 

the smallest positioning error at each point on the train’s trajectory. This enables to determine if the 

carrier-smoothed is particularly adapted to certain environments. 

 

Figure 6.15 – Hatch filter time constant producing the minimum positioning error as a function of the 
train position. 
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The carrier-smoothed code seems to be particularly beneficial in the area indicated by an arrow, which 

corresponds to a straight section of track between Chester Road and Erdington stations, with trees on 

each side, as illustrated in Figure 6.16. This implies that the Hatch filter has the potential to improve 

the positioning solution in an area with limited visibility on the side of the track. 

 

 

Figure 6.16 – Train trajectory between Chester Road and Erdington station, from (Google Earth 2012) 

 

In conclusion, the use of carrier smoothed code provides a reduction of the positioning error. However, 

this improvement is marginal compared to the amplitude of the error. This limited improvement of the 

positioning solution can be related to the rapidly changing satellite visibility, which causes the filter to 

frequently reset and thus limiting its performance. Furthermore, the presence of multipath at the 

initialization of the filter could create a positioning bias. Hence, the longer the filter time constant, the 

larger the impact of this bias on the positioning solution is. Nevertheless, the use of the carrier-smoothed 

code in open areas demonstrates potential in enhancing the position accuracy. 

6.3 Existing weighting techniques 

In order to analyse the effect of the weighting methods reviewed in section 4.3.2, the positioning 

solution is estimated using the weighted least squares algorithm described in section 4.3.1. The 

following section describes the effect of the elevation-based, stochastic elevation-based, C/N0-based 

and multipath-based weighting methods on the positioning solution, and compares the relative 

performance of these methods. 

Table 6.4 and Table 6.5 compare the average positioning performance of each of the four methods over 

the entire track and for selected sections of track with good satellite visibility (DOP<5), respectively.  

In terms of average performance over the entire track, the sigma-ε method provides the largest 

improvement, with a reduction of the RMS error by 9.4%. The elevation and stochastic elevation 

Chester Road 

Erdington 
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methods only marginally improve the position accuracy (3.5% and 2.7% respectively). On average, the 

multipath-based weighting increases the positioning error by 3%. 

 

Table 6.4 - Characterization of the impact of the different weighting methods on the positioning error 
over the entire track 

Weighting method No 
weight 

Elevation Stochastic 
elevation 

Sigma-ε Multipath 

Positioning error (RMS) 7.45 m 7.19 m 7.25 m 6.75 m 7.66 m 

95% percentile positioning error 11.9 m 12.07 m 11.56 m 10.50 m 11.61 m 

Average positioning error reduction 
(with respect to the non-weighted 

solution) 
0.0 m 0.31 m 0.20 m 0.43 m -0.08 m 

 

Table 6.5 - Characterization of the impact of the different weighting methods on the positioning error 
over selected sections of track with a good satellite visibility (DOP<5) 

Weighting method No 
weight 

Elevation Stochastic 
elevation 

Sigma-ε Multipath 

Positioning error (RMS) 3.61 m 3.29 m 3.44 m 3.41 m 3.63 m 

95% percentile positioning error 5.78 m 5.56 m 5.79 m 5.47 m 5.90 m 

Average positioning error reduction 
(with respect to the non-weighted 

solution) 
0.0 m 0.31 m 0.14 m 0.18 m -0.01 m 

 

However, in sections of track with a good satellite visibility (DOP<5), the elevation-based method 

outperforms the other methods and reduces the positioning error by 8.7%. The stochastic elevation and 

sigma-ε methods respectively provide an improvement of 4.7% and 5.5%, whereas the multipath 

method slightly increases the positioning error (by 0.5%).  

In summary, except for the multipath-based method, the weighting techniques have comparable 

performance. Furthermore, the sigma-ε method demonstrates better performance in low satellite 

visibility environment while the elevation method appears to provide higher accuracy in areas with 

sufficient satellite visibility (DOP<5). This indicates that different methods might be more suitable for 

different environments. 

Therefore, it is important to compare each method on an epoch by epoch basis, along the entire 

trajectory. Figure 6.17 represents the weighting method generating the smallest positioning error at each 

point on the train’s trajectory, thus enabling to determine if a single method could consistently enhance 

positioning accuracy or if changes in the environment require the use of different methods. It can be 

seen clearly from Figure 6.17 that not a single method outperforms the others over the entire track. The 
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percentage of epochs each weighting method produces the smallest positioning error is presented in 

Table 6.6. The elevation method provides the most accurate position in 43% of cases, followed by the 

multipath method for 23% of cases. The sigma-ε method produces the highest accuracy in 19.5% of the 

cases, corresponding to epochs where the train is stopped at stations. 

While on average the multipath method increases the positioning error (see Table 6.4 and Table 6.5), 

on an epoch by epoch basis it provides the best accuracy in 23% of the total epochs considered. One of 

the main areas where the multipath-based weighting outperforms the other methods is represented by a 

green arrow in Figure 6.17 and corresponds to the straight portion of track between Chester Road and 

Erdington station represented in Figure 6.16. Thus the multipath-based weighting appears to improve 

positioning accuracy when the visibility on the side on the track is limited. 

 

Table 6.6 - Percentage of epochs each weighting method produces the smallest positioning error 

Time constant No weight Elevation Stochastic elevation Sigma-ε  Multipath 

Percentage 9.3% 43% 5.2% 19.5% 23% 

 

 

Figure 6.17 – Weighting method producing the minimum positioning error as a function of the train 
position. 
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From the results in this section, it can be observed that the correct combination of the elevation-based 

weighting, the C/N0 weighting (i.e. sigma-ε model) and the multipath-based weighting could potentially 

improve the positioning solution accuracy. 

 

6.4 Novel heading based weighting 

This section presents the positioning performances of the novel heading-based weighting method 

introduced in section 5.1. Initially, the measurements are weighted based on the orthogonal distance 

formulated in section 5.1.1. Then, the measurements are weighted using the heading and elevation based 

weights defined in section 5.1.2. Finally, the adaptive formulation of the model offered in section 5.1.3 

is tested. 

6.4.1 Orthogonal distance-based weighting method 

Firstly, the measurements are weighted based on the satellite alignment with the track, represented by 

the orthogonal distance d presented in section 5.1.1. In that case, the weights are defined as: 

𝜎4 = 𝜎; 1 + 𝐴 ∗ 𝑒º∗�  (6.1) 

Where A is fixed to 0.00004 and B to 13. 

The effect of the elevation is captured in the determination of the distance d and the orthogonal-based 

weighting formulation can be assimilated to the elevation-based weighting method reduced to one along 

the train heading. 

Table 6.7 and Table 6.8 compare the average positioning performance of the orthogonal distance 

weighting method to the positioning performance of the current weighting methods analysed in section 

6.3. The orthogonal distance weighting method reduces the average positioning error (RMS) of the non-

weighted solution by less than 1% over the entire track and even increases by 1% the positioning error 

(RMS) in sections of track with a good satellite visibility (DOP<5).  

However, as discussed in section 6.2, the average positioning performance over the entire track does 

not reflect the effect of the weights on the solution and the specific conditions in which this method 

may improve the positioning accuracy. To analyse the performance of this novel weighting method 

epoch by epoch, its positioning error is compared to the other weighting methods position error epoch 

by epoch. The percentage of epochs the novel method presents a smaller position error than the current 

methods is presented in Table 6.9. 
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Table 6.7 - Characterization of the different weighting methods impact on the positioning error over 
the entire track 

Weighting method No 
weight 

Distance 
only Elevation Stochastic 

elevation 
Sigma-
ε Multipath 

Positioning error (RMS) 7.45 m 7.39 m 7.19 m 7.25 m 6.75 m 7.66 m 

95% percentile positioning 
error 11.9 m 11.97 m 12.07 m 11.56 m 10.50 

m 11.61 m 

Average positioning error 
reduction (with respect to the 

non-weighted solution) 
0.0 m 0.03 m 0.31 m 0.20 m 0.43 m -0.08 m 

 

Table 6.8 - Characterization of the different weighting methods impact on the positioning error over 
selected sections of track with a good satellite visibility (DOP<5) 

Weighting method No 
weight 

Distance 
only Elevation Stochastic 

elevation 
Sigma-
ε Multipath 

Positioning error (RMS) 3.61 m 3.64 m 3.29 m 3.44 m 3.41 m 3.63 m 

95% percentile positioning 
error 5.78 m 6.20 m 5.56 m 5.79 m 5.47 m 5.90 m 

Average positioning error 
reduction (with respect to the 

non-weighted solution) 
0.0 m 0.01 m 0.31 m 0.14 m 0.18 m -0.01 m 

 

Table 6.9 – Comparison of the orthogonal distance-based weighting method with the current 
weighting methods 

Weighting method No weight Elevation Stochastic 
elevation Sigma-ε Multipath 

Percentage of epoch with an 
smaller positioning error 54% 33% 36% 38% 51% 

Average positioning error 
reduction (with respect to each 

weighting method) 
0.03 m 0.07 m 0.01 m 0.10 m 0.02 m 

 

 The orthogonal distance provides a more accurate positioning solution than the elevation method in 

33% of cases. These cases are represented in green in Figure 6.18 and can be related to locations with 

side-track obstacles such as buildings at stations or trees along the line. 

The distance-based weighting method also provides a more accurate positioning solution than the 

sigma-ε model in 38% of cases, represented in green in Figure 6.19. Most of these cases are similar to 

the ones identified in Figure 6.18. Furthermore, the distance based method performs best at the end of 
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the trajectory, when the train travels through a suburban area with industrial buildings on one the side 

of the track. 

 

Figure 6.18 – Weighting method providing the smallest positioning error at each epoch, between the 
elevation method (blue) and the orthogonal distance (green) 

 

 

Figure 6.19 - Weighting method providing the smallest positioning error at each epoch, between the 
sigma-ε method (blue) and the orthogonal distance (green) 
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In summary, the orthogonal distance-based weighting method does on average degrade the positioning 

accuracy (Table 6.7 and Table 6.8). However, it has the potential to provide a more accurate solution 

than current weighting methods in the presence of obstacles such as trees or buildings, on the side of 

the track. 

 

6.4.2 Heading based weighting method 

As discussed in section 5.1.2, the weighting of the GNSS measurements on the basis of the orthogonal 

distance is limited as satellites located above the track and with a low elevation angle are assigned a 

high weight despite their likeliness to be affected by larger atmospheric residual errors. To counter this 

effect, an alternative weight definition was introduced in section 5.1.2, such as: 

𝜎4 = 𝜎;
1
𝐶
∗ 1 + 𝐴 ∗ 𝑒º∗� + 1 −

1
𝐶

∗
1.001

0.002001 + sin 𝑒𝑙𝑒𝑣𝑎𝑡𝑖𝑜𝑛 6
 (6.2) 

 

Where A is fixed to 0.00004, B to 13 and C is an adjustable parameter. 

As seen in Figure 5.9, the parameter C is used to adjust the contribution of satellites along the tracks as 

a function of their elevation. 

Table 6.10 and Table 6.11 compare the average positioning performance of the heading based weighting 

method for different values of the parameter C. As the value of C increases, the RMS positioning error 

decreases. The heading based method provides average positioning performance comparable to the 

current methods presented in Table 6.7 and Table 6.8. For values of C equal to 5 or 10, the performance 

is similar to the elevation based method, which can be related to the heading method similarity to the 

elevation method for high values of C, as seen in Figure 5.9. Based on these tables, the optimal value 

for C over the entire track is 2.0 as it minimises the 95th percentile error while reducing the RMS 

positioning error. Over sections of tracks with a good satellite visibility (DOP<5), a value of C equal to 

10 reduces both the RMS positioning error and the 95th percentile error. This implies that is these cases, 

elevation-based weighting performs better than the heading based method. 

As demonstrated in section 6.2, the average positioning performance does not entirely reflect the effect 

of the weights in the positioning solution, as each method may perform better at specific locations along 

the track. To analyse the positioning performance of the heading method relative to the current methods, 

the percentage of epoch the heading weight provides a more accurate solution is presented in Table 

6.12. 

 



178 

 

Table 6.10 - Characterization of the impact of the different weighting methods on the positioning 
error over the entire track 

Weighting method No weight C=1 C=1.5 C=2.0 C=3.0 C=5.0 C=10.0 

Positioning error 
(RMS) 7.45 m 7.39 m 7.23 m 7.21 m 7.19 m 7.19 m 7.19 m 

95% percentile 
positioning error 11.9 m 11.97 

m 11.47 m 11.24 
m 

11.49 
m 

11.53 
m 

11.86 
m 

Average positioning 
error reduction (with 
respect to the non-
weighted solution) 

0.0 m 0.03 m 0.22 m 0.25 m 0.27 m 0.29 m 0.30 m 

 

Table 6.11 - Characterization of the impact of the different weighting methods on the positioning 
error over selected sections of track with a good satellite visibility (DOP<5) 

Weighting method No weight C=1 C=1.5 C=2.0 C=3.0 C=5.0 C=10.0 

Positioning error 
(RMS) 3.61 m 3.64 m 3.45 m 3.40 m 3.36 m 3.33 m 3.31 m 

95% percentile 
positioning error 5.78 m 6.20 m 5.88 m 5.74 m 5.67 m 5.53 m 5.52 m 

Average positioning 
error reduction (with 
respect to the non-
weighted solution) 

0.0 m 0.01 m 0.15 m 0.20 m 0.21 m 0.27 m 0.29 m 

 

Table 6.12 - Comparison of the heading based weighting method with the current weighting methods 

Percentage of epochs with a 
smaller positioning error No weight Elevation Stochastic 

elevation Sigma-ε Multipath 

C =1.0 53.7% 33.1% 35.7% 38.0% 51.5% 

C = 1.5 64.2% 37.3% 52.2% 47.1% 58.0% 

C = 2.0 63.6% 38.0% 61.9% 50.8% 59.5% 

C = 3.0 63.9% 38.2% 61.7% 53.5% 60.7% 

C = 5.0 63.5% 39.1% 61.2% 53.7% 60.3% 

C = 10.0 63.6% 39.9% 60.6% 53.8% 60.7% 

 

As seen from Table 6.12, the heading based weighting methods provide a more accurate positioning 

solution than the current weighting methods in a large number of cases. For example, the heading based 

solution is more accurate than the sigma-ε model in 47% of cases for C equal to 1.5, represented in 

green in Figure 6.20.  
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Figure 6.20 - Weighting method providing the smallest positioning error at each epoch, between the 
sigma-ε method (blue) and the heading based method (green) 

 

The heading based weighting method also provides a more accurate solution than the elevation based 

weighting in 37% of cases for C equal to 1.5, as represented in Figure 6.21. 

 

Figure 6.21 - Weighting method providing the smallest positioning error at each epoch, between the 
elevation method (blue) and the heading based method (green) 
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In summary, the heading based weighting method positioning accuracy is similar to the current 

weighting methods. However, it outperforms the stochastic-elevation, sigma-ε and multipath methods 

over 53% of the time when the comparison is performed on an epoch by epoch basis.  It also produces 

a more accurate position than the elevation-based method in approximately 40% of cases. 

 

6.4.3 Adaptive weighting method 

Finally, the positioning performance of the adaptive weighting model presented in section 5.1.3 is 

analysed. Table 6.13 and Table 6.14 compare the average positioning performance of the adaptive 

model to the current weighting methods. Over the entire track, the adaptive model reduces the RMS 

positioning error by 4%, to a level comparable to the elevation weighting method. This reduction is 

relatively less important for epochs with a good satellite visibility (DOP<5), which implies that the 

adaptive model reduces some of the errors associated with poor geometry. 

Table 6.13 - Characterization of the impact of the different weighting methods on the positioning 
error over the entire track 

Weighting method No 
weight Heading Elevation Stochastic 

elevation 
Sigma-
ε Multipath 

Positioning error (RMS) 7.45 m 7.18 m 7.19 m 7.25 m 6.75 m 7.66 m 

95% percentile positioning 
error 11.9 m 11.59 m 12.07 m 11.56 m 10.50 

m 11.61 m 

Average positioning error 
reduction (with respect to the 

non-weighted solution) 
0.0 m 0.26 m 0.31 m 0.20 m 0.43 m -0.08 m 

 

Table 6.14 – Characterization of the impact of the different weighting methods on the positioning 
error over selected sections of track with a good satellite visibility (DOP<5) 

Weighting method No 
weight Heading Elevation Stochastic 

elevation 
Sigma-
ε Multipath 

Positioning error (RMS) 3.61 m 3.39 m 3.29 m 3.44 m 3.41 m 3.63 m 

95% percentile positioning 
error 5.78 m 5.67 m 5.56 m 5.79 m 5.47 m 5.90 m 

Average positioning error 
reduction (with respect to the 

non-weighted solution) 
0.0 m 0.21 m 0.31 m 0.14 m 0.18 m -0.01 m 

 

To further assess the performance of the adaptive weighting model, the percentage of epoch this method 

produces a positioning error smaller than the current methods is presented in Table 6.15. 
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Table 6.15 - Comparison of the adaptive based weighting method with the current weighting methods 

Weighting method No weight Elevation Stochastic 
elevation Sigma-ε Multipath 

Percentage of epoch with an 
smaller positioning error 62.4% 34.0% 58.5% 51.6% 59.0% 

Average positioning error 
reduction -0.01 m 0.03 m -0.02 m 0.06 m -0.02 m 

 

The adaptive weighting method provides a significant improvement over the stochastic elevation, the 

sigma-ε and multipath weighting methods as it provides a more accurate positioning estimate in more 

than 50% of cases. Furthermore, the adaptive weighting method provides a more accurate solution than 

the elevation based method in 34% of cases, as shown in Figure 6.23. 

In conclusion, the adaptive weighting model developed in this thesis present positioning performance 

comparable on average to the current elevation-based and sigma-ε methods. By analysing the 

positioning error epoch by epoch, this adaptive method appears to mitigate the positioning error in 

places where trackside obstacles such as buildings, trees or cuttings are present. 

 

 

Figure 6.22 - Weighting method providing the smallest positioning error at each epoch, between the 
elevation method (blue) and the adaptive method (green) 
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Figure 6.23 - Weighting method providing the smallest positioning error at each epoch, between the 
sigma-ε method (blue) and the adaptive method (green) 

 

6.5 Conclusion 

In this chapter, the performance of the different multipath mitigation techniques (presented in chapters 

4 and 5) has been reviewed in the railway environment. This enabled to demonstrate that no single 

method consistently outperforms all the others, probably due to the variability of the railway 

environment. 

Nevertheless, the elevation method consistently outperformed the other methods, especially in cases of 

good satellite visibility (DOP>5). On the contrary, the novel multipath and heading-based adaptive 

methods demonstrated potential in enhancing positioning accuracy in cases of low satellite visibility. 

Therefore, it is apparent from the result that a careful combination of the elevation and heading based 

methods has the potential to mitigate code multipath in the railway environment. The practical 

application of these methods will require that a relevant parameter such as the DOP is used to select 

when to use each approach. Further work is required to fully characterise the performance of the 

methods based on an extensive representative dataset.  
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Chapter 7  

7 Conclusions and Recommendations 

 

This final chapter presents the main findings of the research carried out in this thesis on code multipath 

mitigation in the railway environment in section 7.1, with reference to the research objectives set in 

section 1.2.  Section 7.2 proposes a set of recommendations and suggestions for further research. 

7.1 Conclusions 

The aim of this thesis was to improve GNSS-based positioning in the railway domain by developing a 

novel code multipath mitigation technique based on the current measurement weighting methods, but 

taking into account the unique features of the railway, in particular, the track geometry. To achieve this 

aim, six objectives were defined in section 1.2. The findings related to each objective are discussed in 

turn in the following section. 

 

1. Critical review of the railway operations and identification of location-based railway services 

A critical review of the railway operations was carried out in chapter 2, leading to the identification of 

a large number of railway location-based services, together with their required navigation performance. 

A set of requirements reflecting the most stringent values found in the literature was selected with the 

purpose of developing a positioning system that can address the widest range of railway location-based 

applications. 

 

2&3. Review of current positioning systems and specification of an architecture for a railway 

positioning system 

The review of railway positioning systems has shown that existing systems cannot fulfil the 

requirements identified in objective 1, leading to the review of alternative positioning systems and 

techniques. GNSS was identified as an attractive solution due to its provision of an autonomous 

positioning service with a global coverage. However, GNSS-based positioning is sensitive to the loss 

of signals and must be combined with additional sensors to offer the required continuity of services. 

Several alternative sensors were identified as having the capability to complement GNSS in the railway 

environment, including inertial sensors, signals of opportunity, map matching and also traditional 
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railway systems such as the odometer and balise. Three positioning system architectures with GNSS as 

the core were discussed as having the potential to meet the required navigation performance. 

 

4. Review of GNSS error sources and associated mitigation techniques 

With GNSS at the core of the positioning system and following a detailed review of the code 

measurement error sources, code multipath is identified as the main contributor to the GNSS positioning 

error due to its variability in dynamic contexts. Existing multipath mitigation techniques were reviewed 

with a focus on weighting techniques that do not require any additional hardware or software 

modification.  

Using data, it was demonstrated that the relationships assumed by the weighting techniques between 

the satellite elevation angle, C/N0 and code multipath and noise are valid for a static receiver, but that 

they are very approximate and sometimes wrong in the case of a dynamic receiver, and thus have the 

potential to decrease the positioning accuracy in some instances. 

 

5. Development of an improved weighting technique to mitigate the effect of code multipath in the 

railway environment 

Accounting for the limitations of the current techniques, a method was developed to weight the 

measurements in the context of railway operations. This method assumes that satellites aligned with the 

track are less likely to be affected by noise and multipath than satellites perpendicular to the tracks, due 

to the presence of trackside obstacles, such as buildings and trees. A novel quality indicator, the 

orthogonal distance, is introduced to quantify the satellite alignment with the train track. This is an 

enhanced combination of the measurements quality indicators such as the satellite elevation angle, the 

carrier to noise ratio and the code multipath estimate. 

 

6. Testing and validation of the developed improved weighting technique 

The effect of the heading-based method on the position accuracy was compared to current weighting 

methods. In over 50% of the cases analysed, the heading-based method provides a more accurate 

solution than the stochastic elevation, sigma-ε and multipath weighting methods.  It also provides a 

more accurate solution than the elevation-based method in 34% of cases. The heading-based method 

performs best in locations with weak satellite geometry, such as in the presence of trees or trackside 

buildings. From the results of the analysis, it can be observed that a correct combination of the elevation 

and the heading-based methods has the potential to mitigate the effect of code multipath and thus to 

improve the positioning solution accuracy in the railway environment. 
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7.2 Recommendations for future works 

The research presented in this thesis has shown the limitations of current weighting methods in 

dynamic contexts, demonstrating that not a single method could consistently enhance the positioning 

accuracy. The heading-based algorithm developed in this thesis accounts for the scenario where 

trackside obstacles are present, and with a careful dynamic adjustment, could also function as an 

elevation-based weighting where appropriate (e.g. open sky environment). Therefore further exhaustive 

analysis and validation using a more representative dataset are required to fully characterise the 

heading-based method performance.  

As stated previously, each weighting method appears to improve the positioning accuracy in 

specific scenarios, making the case for the implementation of an adaptive weighting method. Further 

work is then required to relate parameters such as the DOP, SNR values or multipath estimates to 

specific environments. Such parameters could then be used to detect typical scenario (e.g. urban canyon, 

trackside trees) and to dynamically apply the optimal weighting technique, leading to the smallest 

positioning error. Such work will require the access to a larger dataset, covering a large variety of 

railway environments. 

In addition to the developed heading-based weighting method, a formulation for a multipath-based 

weighting method was offered in section 5.2.2.4. This methods has shown promising results, as for the 

dataset analysed, it provides the best accuracy for 23% of the epochs (section 6.3). However, the 

formulation of the multipath-based weight is purely theoretical, as it is defined to be consistent with 

existing weighting models (section 5.2.2.4). This model could then be further refined, for example by 

comparing observed pseudoranges with their correct values (using the reference solution). This is also 

applicable to the determination of the coefficients in the heading-based model (section 5.1.2). 

Additionally, the distribution of the code multipath error in the railway domain was derived for the 

dataset used in this thesis. While these results give an indication of the level of code multipath error and 

of its variation with the environment, a larger amount of data should be analysed to fully characterise 

the code multipath error in the railway domain. Such analysis could be exploited to compute the code 

multipath error bound, which could be then used for developing integrity monitoring solutions. It is also 

important to notice that the influence of the GNSS receiver on the multipath estimates should be further 

investigated. As explained in section 4.2.2.2, several techniques can be used at the receiver level to 

mitigate the effect of multipath signals. It is thus expected that different receivers will produce different 

level of multipath error in the measurement domain. 

While the heading-based weighting method seems adapted to the railway environment where the 

track design favours the satellite visibility along the train heading, the performance of this novel method 
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for road vehicles in an urban environment could be investigated. Indeed, a car travelling in an urban 

canyon may benefit from using satellites along the axis of the street. 

Finally, at a higher level, and as summarised by (Marais et al. 2017), several issues need to be 

addressed to support the introduction of GNSS-based positioning systems in the railway domain. First, 

standard positioning requirements are needed in order to drive the design of the GNSS-based 

positioning function. Such requirements will help to standardisation and certification of GNSS-based 

positioning solutions for railway operations. Additionally, GNSS errors in the railway environment 

need to be better modelled. This include the multipath error previously mentioned, but also other error 

sources such as atmospheric errors. These models are required to develop integrity monitoring 

principles and ensure that the GNSS-based positioning system is resilient to order and can be used to 

support safety-critical railway applications.  
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Appendix I – Linearization of the pseudorange 

equations 

 

The geometric range between the receiver and the ith satellite can be expressed as: 

𝜌4 = 𝑥4 − 𝑥' 6 + 𝑦4 − 𝑦' 6 + 𝑧4 − 𝑧' 6 + 𝑐. 𝑡' (I.1) 

𝜌4 = 𝑓(𝑥', 𝑦e, 𝑧', 𝑡') (I.2) 

Where (xi, yi, zi) is the three dimensional position of the satellite, (xu, yu, zu) is the position of the user 

receiver and tu is the time offset between the receiver and the satellite. 

As seen in expression (I.1), the relation between the range and the user position is non-linear. In order 

to estimate the user position, this expression is linearized with respect to the approximate position of 

the receiver.  

Considering the user approximate position and receiver clock offset (𝑥', 𝑦', 𝑧', 𝑡'), the approximate 

pseudorange can be computed as: 

𝜌4 = 𝑥4 − 𝑥' 6 + 𝑦4 − 𝑦' 6 + 𝑧4 − 𝑧' 6 + 𝑐. 𝑡' (I.3) 

𝜌4 = 𝑓(𝑥', 𝑦', 𝑧', 𝑡') (I.4) 

An offset (Δxu, Δyu, Δzu) between the true receiver position and the approximated one can be defined 

such as: 

𝑥' = 𝑥' + Δ𝑥' (I.5) 

𝑦' = 𝑦' + Δ𝑦' (I.6) 

𝑧' = 𝑧' + Δ𝑧' (I.7) 

𝑡' = 𝑡' + Δ𝑡' (I.8) 

Therefore: 

𝑓 𝑥', 𝑦e, 𝑧', 𝑡' = 𝑓(𝑥' + Δ𝑥', 𝑦' + Δ𝑦', 𝑧' + Δ𝑧', 𝑡' + Δ𝑡') (I.9) 

This function can be expanded about the approximate position and receiver clock offset using a Taylor 

series truncated after the first order partial derivatives. 
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𝑓 𝑥' + Δ𝑥', 𝑦' + Δ𝑦', 𝑧' + Δ𝑧', 𝑡' + Δ𝑡'

= 𝑓 𝑥', 𝑦', 𝑧', 𝑡' +
𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'

𝜕𝑥'
Δ𝑥' +

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑦'

Δ𝑦'

+
𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'

𝜕𝑧'
Δ𝑧' +

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑡'

Δ𝑡' 

(I.10) 

Replacing f by its expression in equation (I.1), the partial derivative terms can be computed as: 

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑥'

= −
𝑥4 − 𝑥'
𝑟4

 (I.11) 

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑦'

= −
𝑦4 − 𝑦'
𝑟4

 (I.12) 

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑧'

= −
𝑧4 − 𝑧'
𝑟4

 (I.13) 

𝜕𝑓 𝑥', 𝑦', 𝑧', 𝑡'
𝜕𝑡'

= 𝑐 (I.14) 

where: 

𝑟4 = 𝑥4 − 𝑥' 6 + 𝑦4 − 𝑦' 6 + 𝑧4 − 𝑧' 6 (I.15) 

By replacing equations (I.11), (I.12), (I.13) and (I.14) in (I.10), the pseudorange ρi can be computed as: 

𝜌4 = 𝜌4 −
𝑥4 − 𝑥'
𝑟4

Δ𝑥' −
𝑦4 − 𝑦'
𝑟4

Δ𝑦' −
𝑧4 − 𝑧'
𝑟4

Δ𝑧' + 𝑐Δ𝑡' (I.16) 

The equation can be rearranged by introducing the following new variables: 

Δ𝜌4 = 𝜌4 − 𝜌4 (I.17) 

𝑎d4 = −
𝑥4 − 𝑥'
𝑟4

 (I.18) 

𝑎e4 = −
𝑦4 − 𝑦'
𝑟4

 (I.19) 

𝑎f4 = −
𝑧4 − 𝑧'
𝑟4

 (I.20) 

The vector 𝑎4 = 𝑎d4, 𝑎e4, 𝑎f4  represents the direction cosines of the unit vector pointing for the 

approximate user position to the ith satellite.  

The equation (I.16) can be rewritten: 



197 

 

Δ𝜌4 = 𝑎d4Δ𝑥' + 𝑎e4Δ𝑦' + 𝑎f4Δ𝑧' − 𝑐Δ𝑡' (I.21) 

If the receiver acquire ranges from n satellites, the following set of equations are available: 

Δ𝜌L = 𝑎dLΔ𝑥' + 𝑎eLΔ𝑦' + 𝑎fLΔ𝑧' − 𝑐Δ𝑡' 

(I.22) 
Δ𝜌6 = 𝑎d6Δ𝑥' + 𝑎e6Δ𝑦' + 𝑎f6Δ𝑧' − 𝑐Δ𝑡' 

⋮ 

Δ𝜌m = 𝑎dmΔ𝑥' + 𝑎emΔ𝑦' + 𝑎fmΔ𝑧' − 𝑐Δ𝑡' 

These equations can be written in matrices: 

Δρ =

Δ𝜌L
Δ𝜌6
⋮

Δ𝜌m

	,			𝐻 =

𝑎dL 𝑎eL 𝑎fL 1
𝑎d6 𝑎e6 𝑎f6 1
⋮
𝑎dS

⋮
𝑎eS

⋮
𝑎fS

⋮
1

		and		Δ𝑥 =

Δ𝑥'
Δ𝑦'
Δ𝑧'
−cΔ𝑡'

 

Leading finally to: 

Δ𝜌 = 𝐻	Δ𝑥 (I.23) 

 

  



198 

 

Appendix II – Least squares estimation 

 

After linearization of the pseudorange equations (see Appendix I) around the user position and time 

(i.e. estimation of the receiver position and time from an initial known position), the equations can be 

written in a matrix version: 

Δ𝜌 = 𝐻	Δ𝑥 + 𝜀	 (II.1) 

where Δρ is a vector containing the terms of the linearized mathematical model, H is the design matrix, 

Δx contains the parameters that are being estimated, and ε represents the measurement noise. 

The measurement noise ε is assumed to be Gaussian multivariate, such that: 

𝐸 𝜀 = 0					𝑎𝑛𝑑			𝑐𝑜𝑣 𝜀 =

𝜎L6 0 … 0
0 𝜎66 ⋱ ⋮
⋮
0

⋱
…

⋱
0

0
𝜎S6

= 	𝑊lL (II.2) 

where W is the inverse of the covariance matrix of the measurements 

The least square position estimate Δ𝑥 is defined as the one which minimises the quadratic form of the 

residuals, subject to the constraints defined by equation (II.1). 

Δ𝑥 = min
Âd

𝜀k𝑊𝜀 (II.3) 

An objective function J can then be defined as: 

𝐽 𝛥𝑥 =
1
2
𝜀k𝑊𝜀 = Δ𝜌 − 𝐻Δ𝑥 k𝑊(Δ𝜌 − 𝐻Δ𝑥)	 (II.4) 

The derivative with respect to Δx is 

𝜕𝐽 𝛥𝑥
𝜕𝛥𝑥

	= −2𝐻k𝑊𝛥𝜌 + 2𝐻k𝑊𝐻Δ𝑥 
(II.5) 

When the columns of H are linearly independent, the second order derivative ∂2J/∂Δx∂ΔxT = XTWX is 

positive definite. Therefore the function J has a minimum. The least squares estimate for Δx, noted 𝛥𝑥, 

is found by setting ∂J/∂Δx = 0. 

Δ𝑥 = 		 𝐻k𝑊𝐻 lL𝐻k𝑊𝛥𝜌 (II.6) 

The estimate for Δρ, termed 𝛥𝜌 is: 

Δ𝜌 = 		𝐻Δ𝑥 = 𝐻 𝐻k𝑊𝐻 lL𝐻k𝑊𝛥𝜌 = 𝑀Δ𝜌 (II.7) 

where 𝑀 = 𝐻 𝐻k𝑊𝐻 lL𝐻k𝑊 

Using equation (II.7), the vector of least squares residual 𝜀 is computed as: 
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𝜀 = 		Δ𝜌 − Δ𝜌 = Δ𝜌 − 𝑀Δ𝜌 = (𝐼 − 𝑀)Δ𝜌 (II.8) 

The covariance matrices of the estimates 𝛥𝑥, 𝛥𝜌 and 𝜀 are then computed as: 

𝐶𝑜𝑣 Δ𝑥 = 		 𝜎6 𝐻k𝐻 lL (II.9) 

𝐶𝑜𝑣 Δ𝜌 = 		 𝜎6𝑀 (II.10) 

𝐶𝑜𝑣 ε = 		 𝜎6(𝐼 − 𝑀) (II.11) 
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