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ABSTRACT

Rough volatility models have brought a breeze of fresh air into financial modelling, which historically has been
mostly tied to Markovian models. Alas, this novelty comes with a number of challenges and questions that require
new techniques to be answered. The present thesis first explores the numerical implementation of rough volatility
models, both to provide convergence results and to ensure a competitive implementation. Our findings conclude
that fractional calculus and Holder spaces provide the right framework to set the theoretical grounds of numerical
schemes related to rough volatility models and fractional diffusions in general. In addition, we explore the use of
deep learning methods to leverage the speed of numerical schemes and provide state-of-the-art calibration techniques
that make rough volatility models as simple and efficient to implement as the Black-Scholes formula. The second
part of the thesis explores the theoretical properties of rough volatility models regarding volatility products such
as VIX and realized variance options. We explore short-time asymptotics using two different techniques: Malliavin
Calculus and Large Deviations Principle. Remarkably, we find that both approaches complement each other and
provide a very accurate description of the short-time implied volatility smile. Building upon these short-time
asymptotics, we further provide approximation formulas for the at-the-money implied volatility and its skew.
Finally, in the third part of the thesis we cross the bridge between the physical P and risk-neutral Q measures. We
provide sufficient conditions for such change of measure to be well defined and explore the numerical estimation of

the market risk premium process in rough volatility models.

iii



To my parents.

iv



ACKNOWLEDGEMENTS

I am deeply indebted to my supervisors Antoine Jacquier and Blanka Horvath, who not only have guided me
throughout this 4 year academic path, but have introduced me to an amazing network of researchers and allowed
me to pursue my own projects, ideas and industry internships. I really hope this to be just the beginning of a long

lasting collaboration (and friendship!).

A number of thanks is also due to my co-authors: Mehdi, Christian, and Benjamin you get my ”deepest” gratitude.
David and specially Elisa for introducing me to Malliavin calculus and hosting me in Barcelona, I am profoundly
grateful. T would like to also thank Claude; words probably can’t describe the inspiration and eagerness to share
knowledge I have received in every single visit to Paris. I am also grateful to Ismail, Jacopo and Pierre at Zeliade

for hearing me out every time I visited.

A special mention goes here to Henry and Chloe who are both more than co-authors to me. We have shared almost
all the PhD with its ups and downs, and the moto ”Let’s go rough vol” will probably stick around for a while...

There are many important people in my academic path that led me towards Quantitative Finance and to pursue
a PhD. In particular, I would like to thank Professor Thaleia Zariphopoulou for introducing me in the first place
to mathematical finance and always believing on my capacities no matter my academic background and to Milica
Cudina at UT.

My colleagues at Natixis, Sylvain and Luc also deserve a special mention for many hours of fruitful discussions and
willingness to test many new modelling approaches. I am also grateful to Adil for giving me the opportunity to

join the team in the first place.

Perhaps, one of the key factors in the development of my PhD has been the ability to attend several conferences
and meet an amazing network or researchers in mathematical finance. I will specially have good memories of the
Oberwolfach conference and Jim Gatheral’s birthday conference for which I am grateful to Jim for hosting me in
Baruch and the EPSRC for supporting my stay. My office colleague Ryan also deserves a mention here; we have

definitely shared quite a few hours of discussions and brainstorming.

I am specially thankful to my parents for their unconditional support and kindness. They educated me this way and
always encouraged me to pursue my curiosity. Without them it would have been impossible for me to accomplish

many academic achievements and be able to continue this path.

Finally and most importantly, I would like to thank my wife, Andrea. We both have fought together our downs
during our PhD and enjoyed each others successes. Thank you for bringing the best out of me and for being there
whenever I needed you. You always encouraged and supported me to start the PhD journey in the first place and

that’s a decision I shall never regret!



LI1ST OF FIGURES

CHAPTER 2. FUNCTIONAL CENTRAL LIMIT THEOREMS FOR ROUGH VOLATILITY

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

fractional Binomial trees . . . . . . . . . . e e e e e e e e e e e e e e

Rough Bergomi Call options price convergence using Cholesky method with & = 0.04,v = 2.3,p =
—0.9,8) = 1,7 = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the
difference between subsequent approximations, where n represents the time grid size. For n = 252
the previous discretisation is n = 126. . . . . . . . . . . e e e

Rough Bergomi Call options price convergence using Cholesky method with & = 0.04,v = 2.3,p =
—0.9,Sy = 1,T = 1 with 2 - 10 simulations and antithetic variates. Absolute error represents the
difference between subsequent approximations, where n represents the time grid size. For n = 252
the previous discretisation is m = 126. . . . . . . . . . . e e e e

Rough Bergomi Call options price convergence using rDonsker method with moment-matching and
& =004, =23,p= 09,5 =1,T = 1 with 2-10° simulations and antithetic variates. Absolute
error represents the difference between subsequent approximations, where n represents the time grid

size. For n = 252 the previous discretisation isn =126. . . . . . . . . . .. ... oL

Rough Bergomi Call options price convergence using rDonsker method with left point Euler and
& =0.04,vr=23,p=—-0.9,5 = 1,T = 1 with 2-10° simulations and antithetic variates. Absolute
error represents the difference between subsequent approximations, where n represents the time grid

size. For n = 252 the previous discretisation isn =126. . . . . . . . . . ... ... ..

Rough Bergomi Call options price comparison with H = 0.01,&, = 0.04,v = 2.3,p = —0.9,5y =
1,T = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . ... ... ... L oL

Rough Bergomi Call options price comparison with H = 0.05,&, = 0.04,v = 2.3,p = —0.9,5y =
1,7 = 1 with 2 - 10% simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . . .. ... Lo

Rough Bergomi Call options price comparison with H = 0.10,&, = 0.04,v = 2.3,p = —0.9,5y =
1,7 = 1 with 2 - 10% simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . . . ... ...

Rough Bergomi Call options price comparison with H = 0.2,§, = 0.04,v = 2.3,p = —0.9,5y =
1,7 = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . ... oo oL

Rough Bergomi Call options price comparison with H = 0.3,§ = 0.04,v = 2.3,p = —0.9,5 =
1,7 = 1 with 2-10% simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . . . .. ...

Rough Bergomi Call options price comparison with H = 0.4,§, = 0.04,v = 2.3,p = —0.9,5, =
1,T = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in

price between different simulation schemes. . . . . . . . ... ... L Lo

Computational time benchmark using Hybrid scheme, rDonsker and Markovian (forward Euler) for

different grid sizes m. . . . . . . . . L. e

vi



2.13

2.14

2.15

2.16

2.17

Rough Bergomi trees for different values of H, (v, p,&) = (1,—1,0.04) with 5 time steps. . . .. .. 34
rough Bergomi trees for different values of H, (v, p,&) = (1,1,0.04) with 5 time steps. . . . . . . .. 35
rough Bergomi trees for different values of H, (v, p,&) = (1, —1,0.04) with 24 time steps. . . . . . . 36

Error analysis for the rDonsker moment-match tree for different values of H, (v, p, &) = (1,—1,0.04)
with 24 time steps. . . . .« . . . . 36

American and European Put prices in the rough Bergomi model for different values of H and
(v,p,&0) = (1,—1,0.04) with 26 time steps. . . . . . . . . .. 37

CHAPTER 3. DEEP LEARNING VOLATILITY: A DEEP NEURAL NETWORK APPROACH TO
PRICING AND CALIBRATION IN (ROUGH) VOLATILITY MODELS

3.1

3.2

3.3
3.4
3.5
3.6
3.7

3.8

3.9

3.10
3.11

3.12

In detail neuron behaviour . . . . . . . . .. e e e e e e 50

Our neural network architecture with 4 hidden layers and 30 neurons on each hidden layer, with the

model parameters of the respective model on the input layer and with the 8 x 11 implied volatility

grid on the output layer. . . . . . . . . . 51
Monte-Carlo rough Bergomi errors . . . . . . . . . .. L e 53
Monte-Carlo 1 Factor Bergomi errors . . . . . . . . . . . . . L e 54
Neural Network performance rough Bergomi model . . . . . . . .. ... ... .. .. ... 55
Neural Network performance 2 Factor Bergomi model . . . . . . .. .. .. ... ... .. ...... 55
Average calibrations times for all models using a range of optimizers. . . . . . . . .. ... ... ... 56

Cumulative Distribution Function (CDF) of Rough Bergomi parameter relative errors (left) and

RMSE (right) after Levengerg-Marquardt calibration across test set random parameter combinations. 57

Cumulative Distribution Function (CDF) of 1 Factor Bergomi parameter relative errors (left) and

RMSE (right) after Levengerg-Marquardt calibration across test set random parameter combinations. 57

Historical parameters in the rough Bergomi model fitted to SPX . . . . .. ... .. ... ... ... 59
Neural network historical calibration RMSE on SPX . . . . . . .. ... ... ... ... ....... 59
Down-and-Out and Down-and-In error analysis . . . . . . . . .. .. ... . ... 60

CHAPTER 4. NOT SO PARTICULAR ABOUT CALIBRATION: SMILE PROBLEM RESOLVED

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

Graphical description of the forward in time LSV calibration algorithm. . . . . . ... ... ... .. 63
SX5E (3-Sept-2019) Implied volatility surface and Rough Bergomi LSV fit with » =380% . . . . . . 68
SX5E (3-Sept-2019) Implied volatility surface and Rough Bergomi LSV fit with » = 800% . . . . . . 68
Computational times of the method. . . . . . . . . . . . . .. ... ... 70
RSME as a function of number of simulations. . . . . . ... ... o Lo 70
SX5E (3-Sept-2019) Implied volatility surface LSV fit with Rough Bergomi and Vasicek . . . . . . . 71
SX5E (3-Sept-2019) Implied volatility surface LSV fit with 2FBergomi and Vasicek . . . . . . . . .. 73
Nikkei (11-Sept-2018) Implied volatility surface LSV fit with 2FBergomi and Vasicek . . . . . . . . . 74
SPX (09-Jun-2011) Implied volatility surface LSV fit with 2FBergomi and Vasicek . . . ... .. .. 75

vii



CHAPTER 5. ON VIX FUTURES IN THE ROUGH BERGOMI MODEL

5.1 Bounds vs. Monte Carlo (Truncated Cholesky) in all three scenarios. . . . . . . ... ... ... ... 80

5.2 Monte-Carlo benchmarking for all three methods with 10® simulations and the corresponding 95%

confidence level standard deviations . . . . . . . . . . .. 83

5.3 Monte-Carlo standard deviations and computational time ratios for a fixed maturity (T" = 2 years)

for all methods using efficient parallel computing. . . . . . . . . . .. .. .. ... .. 83
5.4 Log-normal approximations vs. Monte Carlo (Truncated Cholesky) in all three scenarios. . . . . .. 86
5.5 Log-normal approximation vs. Monte Carlo (Truncated Cholesky) with 10° simulations . . . .. .. 86
5.6 VIX Futures prices following Approximation 5.3.15 and Approximation 5.3.16. . . . . . ... .. .. 87
5.7 Comparison of the variance following Approximation 5.3.15 (02) and Approximation 5.3.16 (52). . . 87
5.8 eSSVI calibration results on 4/12/2015 using traded SPX options. . . . . .. . ... ... ... ... 90
5.9 VIX Futures calibration on 4/12/2015. Optimal parameters: (H,v) = (0.09237,1.004). . . . . . . . . 90
5.10 VIX Futures calibration on 22/2/2016. Optimal parameters: (H,v) = (0.10093,1.00282). . . .. .. 91
5.11 VIX Futures calibration on 4/1/2016. Optimal parameters: (H,v) = (0.0509,1.2937). . .. ... .. 91
5.12 Calibration of SPX smiles on 4/12/2015. Calibrated parameters: (v, p) = (1.19,-0.999). . . . . . .. 93

CHAPTER 6. ON SMILE PROPERTIES OF VOLATILITY PRODUCTS

6.1 VIX options implied volatilities on 08/04/2016. Solid lines represent the VIX future prices corre-

sponding to each maturity. Source: OptionMetrics. . . . . . . . . . . . . ... 101
6.2 VIX ATMI Short time limit in an exponential TBSS with v =2 . . .. . ... ... ... ... ... 103
6.3 VIX ATMI in a Generalized rough volatility model with v =2 . . . . ... ... ... .. ... ... 104
6.4 VIX ATMI in a Mixed Generalized rough volatility model with (§,v,n) = (1/2,2,1). . . . . . .. .. 104
6.5 Generalized rough volatility model ATMI skew on VIX options with v =75 ... ... ... ... .. 105
6.6 Generalized rough volatility model ATMI skew with v =25 . . . . . . .. ... . ... ... ... 106
6.7 Mixed generalized rough volatility model ATMI skew with (§,v,7) = (1/2,3,1) . .. ... ... ... 106
6.8 VIX options implied volatilities on 28/01/2015. Calibrated parameters . . . . . . . .. ... ... .. 107
6.9 VIX options implied volatilities on05/02/2015. Calibrated parameters . . . . .. ... ... ... .. 108
6.10 Realized variance ATMI for S&P 500 on February 27, 2018 (from OTC market quotes obtained

through different brokers). . . . . . . . . L 108
6.11 Realized variance option ATMI with v =2 . . . . . . . . . .. ... 110
6.12 Realized variance option ATMI with 6 =05, v =2andn=1 ... ... ... ... ... .. ..... 110
6.13 ATMI skew short time limit for RV options in a rough Bergomi model with v =2. . . . ... .. .. 111

6.14 ATMI skew short time limit for RV options in a mixed rough Bergomi model with (4, v,7) = (1/2,2,1).111

CHAPTER 7. ASYMPTOTICS FOR VOLATILITY DERIVATIVES IN MULTI-FACTOR ROUGH
VOLATILITY MODELS

viii



7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

Implied volatility smiles for Call options on VIX for small maturities, close to the money. Data

provided by OptionMetrics. . . . . .« . . L e 114
Comparison of Monte Carlo vs LDP estimates. . . . . . . . . .. ... ... .. ... .. ....... 122
Rate function AV for different values of cv. . . . . . o v v i 122

Comparison of Chapter 6 at-the-money implied volatility asymptotics and LDP based implied volatil-
ities for different values of «, in the rough Bergomi model, with n =1.5and V5 =0.04. . . . . . . .. 123

Comparison of LDP based implied volatilities for different values of (v1, v2,v1,72) in the mixed rough

Bergomi process (7.6) such that yivq + qove = 2, witha=-04. . . ... ... ... .. ..... 123

Rate function and corresponding implied volatilities for the model (7.18), with («, v, 1) = (—0.4,0.75,0.75).

Rate function and corresponding implied volatilities for the model (7.19) with («, v, 1) = (—0.4, 1.0, 3.0).125

Implied volatilities and superimposed linear smiles for the model (7.19), with (o, v, ) = (—0.4,1.0,3.0).125

CHAPTER 8. RISK PREMIUM, NON-MARKOVIANITY AND ROUGH VOLATILITY; A MEASURE
CHANGE POINT OF VIEW

8.1 Variance Swap volatility daily quotes on SX5E . . . . . . ..o oo 138
8.2 Forward variances extracted from variance swap quotes on SX5E . . . . . .. ..o 138
8.3 Annualised daily realized volatility on SX5E . . . . . . . . .. 139
8.4 BEstimated H and o on SXBE . . . . . ... 139
8.5 Daily correlation estimate on SX5E returns and realized volatility. . . . . . ... ... ... ... .. 140
8.6 Daily risk premium dynamics on SX5E; dashed lines represent the mean value of each process with
the corresponding color. . . . . . . . 141
8.7 Daily 1-day ahead forecasts vs. actual 1 month Variance Swap prices on SX5E . . . . .. .. .. .. 142
8.8 Daily 1-day ahead forecasts vs. actual 3 month Variance Swap prices on SX5E . . . . . ... .. .. 143
8.9 Daily 1-day ahead forecasts vs. actual 6 month Variance Swap prices on SX5E . . . . . ... .. .. 143
APPENDIX A.
B.1 Out of sample relative errors per parameter calibration . . . . . . . . . ... ... 0. 150
B.2 Stars represent the out of sample RMSE via neural network (NN) in the one-step approach and
brute force Monte Carlo (MC). Dashed black line represents the identity function. . . . ... .. .. 151
B.3 Stars represent the out of sample RMSE via neural network (NN) using the two-step approach and
brute force Monte Carlo (MC). Dashed black line represents the identity function. . . . ... .. .. 151
APPENDIX E.
E.1 Volatility Swap Monte Carlo price estimates (straight lines) and LDP based approximation (stars)
for n = 1.5 and V = 0.04; for Monte Carlo we use 200, 000 simulations and At = ﬁ ......... 165
E.2 Absolute difference of subsequent approximating polynomials |AY Ly - AV o 172

ix



E.3 Absolute error of the rate function. We consider the truncated basis approach against the standard

polynomial basis with n = 1.5, V) = 0.04 and different valuesof cv. . . . . . . . . .. .. .. ... ..



L1ST OF TABLES

CHAPTER 1. INTRODUCTION
CHAPTER 2. FUNCTIONAL CENTRAL LIMIT THEOREMS FOR ROUGH VOLATILITY

CHAPTER 3. DEEP LEARNING VOLATILITY: A DEEP NEURAL NETWORK APPROACH TO
PRICING AND CALIBRATION IN (ROUGH) VOLATILITY MODELS

3.1 Comparison of Gradient vs. Gradient-free methods. . . . . . . . . . ... ... ... ... ...... 42

3.2 Computational time of pricing map (entire implied volatility surface) and gradients via Neural
Network approximation and Monte Carlo (MC). If the forward variance curve is a constant value,

then the speed-up is even more pronounced . . . . . . .. . ... L L s 53

xi



CONTENTS

CHAPTER 1. INTRODUCTION 1
1.1 Markovian models and Quantitative Finance . . . . . . . . . . . . ... ... ... .. ... ..., 1
1.1.1 Markovian models and option pricing . . . . . . . .. . ... oo 2

1.1.2 The Markovian assumption in question . . . . . .. .. ... ... . 3

1.2 Rough volatility: a new breed of non-Markovian models . . . . . . ... ... ... ... ....... 3

1.3 Thesis Overview . . . . . . . . . . e 5
CHAPTER 2. FUNCTIONAL CENTRAL LIMIT THEOREMS FOR ROUGH VOLATILITY 7
2.1 Imtroduction . . . . . . . . L 7

2.2 Weak convergence of rough volatility models . . . . . . . .. ... Lo 8
2.2.1 Holder spaces and fractional operators . . . . . . . . ... L oL oL L 8

2.22 Examples . . . . ... e 10

2.2.3 The approximation scheme . . . . . . . . . . ... 11

2.3 Functional Central limit theorems for a family of Holder continuous processes . . . . . . . . ... .. 11
2.3.1 Weak convergence of Brownian motion in Hélder spaces . . . . . .. ... ... ... ... 11

2.3.2  Weak convergence of It diffusions in Hélder spaces . . . . . ... ... ... ... .... 13

2.3.3 Invariance principle for rough processes . . . . . .. ... o oL 14

2.3.4 Extending the weak convergence to the Skorokhod space and discussion of Conjecture 2.2.11 16

2.4 Applications . . . . . .o e 17
2.4.1 Weak convergence of the Hybrid scheme . . . . . . . ... ... .. 0oL 17
2.4.2 Application to fractional binomial trees . . . . . . . .. ... Lo 18
2.4.3 Monte-Carlo . . . . . . . L e 18
2.4.4 Numerical example: Rough Bergomi model . . . . . . ... .. ... . ... ... 21
2.4.5 Speed benchmark against Markovian stochastic volatility models . . . . . . .. ... ... 31
2.4.6 Implementation guidelines and conclusion . . . . . . ... ... Lo 32
2.4.7 Bushy trees and binomial markets . . . . .. ... oL oL oL 32
2.4.8 American options in rough volatility models . . . . . . . . ... oL 33
2.5 SUMMATY . . . . oo e e e 35

CHAPTER 3. DEEP LEARNING VOLATILITY: A DEEP NEURAL NETWORK APPROACH TO
PRICING AND CALIBRATION IN (ROUGH) VOLATILITY MODELS 38

xii



3.1 Imtroduction . . . . . . . . L e
3.2 Model calibration . . . . . . . .
3.2.1 The numerical optimisation . . . . . . . . . .. L oL
3.2.2 A showcase of (rough) Stochastic Volatility models . . . . . . . ... ... ... ... ...
3.3 Deep calibration . . . . . . .. L
3.3.1 One-step approach: Deep calibration by the inverse map . . . . . . . .. .. .. ... ...
3.3.2 Two-step approach: Learning the implied volatility map of models . . . . . . .. ... ..
3.3.3 Some relevant properties of deep neural networks as functional approximators . . . . . . .
3.3.4 Network architecture and training . . . . . . . ... ... oo
3.4 Numerical experiments . . . . . . . . . . L
3.4.1 Numerical accuracy and speed of the price approximation for vanillas . . . . . ... ...
3.4.2 Calibration speed and accuracy for implied volatility surfaces . . . . . . .. .. ... ...
3.4.3 Numerical experiments with barrier options in the rough Bergomi model . . . . . . . . ..

3.5 SUMMATY . . . . . e e e e

CHAPTER 4. NOT SO PARTICULAR ABOUT CALIBRATION: SMILE PROBLEM RESOLVED

4.1 Imtroduction . . . . . . . . . L
4.2 LSV framework and mathematical setting . . . . . . . . .. ... L L o
4.3 The calibration of the leverage function in a nutshell . . . . . . . .. ... .. 0oL
4.3.1 The original particle method . . . . .. . .. . . o
4.3.2 Limitations of kernel regression: Bias, Variance and Convergence . . . . . . . . .. .. ..
4.4 Theexact formula . . . . . . . . . L
4.4.1 Further exploiting the discrete nature of numerical algorithms: lognormal SV case
4.5 The new LSV calibration algorithm . . . . . . . . . ... .
4.6 Overture to local correlation and basket smiles . . . . . . . . .. .. .. 0oL
4.7 Numerical tests with hybrid models . . . . . . . . . .. . o
4.7.1 Vasicek and rough local stochastic volatility . . . . . . .. .. ... ... ... ... ...
4.7.2 Vasicek and local 2F Bergomi . . . . . . . .. Lo

4.8 SUMIMATY . . . o v vttt e et e e e e e e e e e

CHAPTER 5. ON VIX FUTURES IN THE ROUGH BERGOMI MODEL

5.1 Imtroduction . . . . . . . . L e
5.2 Rough volatility and the rough Bergomi model . . . . . . .. ... .. o oL
5.3 Rough Bergomi and VIX . . . . . . . . . e

5.3.1 VIX Futures in the rough Bergomi model. . . . . . . . ... ... ... L.

xiii

61

61

61

62

63

64

64

65

66

69

69

69

70

72

76



5.3.2  Upper and lower bounds for VIX Futures . . . . . . ... ... .. ... ... ....... 79

5.3.3 Numerical implementation of VIX process . . . . . . . . . . . . . ... ... .. ... 80

5.3.4 The VIX process and log-normal approximations . . . . . . . .. ... ... ... ..... 83

5.3.5  VIX Futures calibration in rBergormi . . . . . .. . ... ... 0oL 87

5.4 From VIX Futures to SPX options . . . . . . . . . . . . . 91
5.4.1 Pricing in the rough Bergomi model . . . . . . .. ... ... o oL 91

5.4.2 Calibration of SPX options via VIX Futures. . . . . . . . ... ... ... .. .. ..... 92

5.4.3 Results . . . . . e 92

5.5 SUmMMArY . . . . oo e e e e 93
CHAPTER 6. ON SMILE PROPERTIES OF VOLATILITY PRODUCTS 94
6.1 Introduction . . . . . . . . . L 94
6.2 Malliavin calculus . . . . . . . oL 95
6.3 Transforming variance options into options on the spot process of a stochastic volatility model . . . 96
6.4 Implied volatility for variance options . . . . . . . . . . . . ... 97
6.4.1 The ATMI short-time limit . . . . . . . . . . . ... ... .. 97

6.4.2 The short-time limit of the ATM implied volatility skew . . . . . ... .. ... ... ... 99

6.4.3 The sign of the VIX skew in some popular models . . . . . .. ... .. ... ... .... 100

6.5 VIX options . . . . . . e 101
6.5.1 ATMI of VIX options . . . . . . . . . o i 101

6.5.2 ATMI skew of VIX options . . . . . . . . . . . . . e 104

6.5.3 MGRV fit to empirical VIX options data . . . . . . . . . .. ... ... 107

6.6 Realized variance options . . . . . . . . . . ... 108
6.6.1 ATMI on realized variance options . . . . . . . . . . . . ... 108

6.6.2 ATMI skew for realized variance options . . . . . . . . . . .. ... ... ... ... 110

6.7 SUMIMATY . . . . . o ot e e e e e e 112

CHAPTER 7. ASYMPTOTICS FOR VOLATILITY DERIVATIVES IN MULTI-FACTOR ROUGH

VOLATILITY MODELS 113
7.1 Imtroduction . . . . . . . . L e 113

7.2 A showcase of rough volatility models . . . . . . . . .. 115

7.3 Small-time results for options on integrated variance . . . . . . ... L. oL oL oL 116
7.3.1 Small-time results for the rough Bergomi model . . . . . ... ... ... .. .. ..... 117

7.3.2  Small-time results for the mixed rough Bergomi model . . . . . . . .. ... ... ... .. 118

7.3.3 Small-time results for the multi-factor rough Bergomi model . . . . . ... ... ... .. 120

Xiv



7.4 Numerical results . . . . . . . . . e e e e e e e e e 121

7.4.1 RV smiles for rough Bergomi . . . . . . . ... ... ... .. 121
7.4.2 RV smiles for mixed rough Bergomi . . . . .. ... ... oo 121
7.4.3 RV smiles for mixed multi-factor rough Bergomi . . . . .. ... ... ... ... ... 124
7.5 Optionson VIX . . . 000 e 125
7.6 SUMMATY . . . . . o e e e e e e e 127

CHAPTER 8. RISK PREMIUM, NON-MARKOVIANITY AND ROUGH VOLATILITY; A MEA-

SURE CHANGE POINT OF VIEW 129
8.1 Imtroduction . . . . . . . . . L e 129

8.2 Rough volatility models and change of measure . . . . . . . . . ... ... L 130
8.2.1 Characterisation of rough volatility models via Generalised Fractional Operators . . . . . 133

8.3 Modelling the risk premium process: A practical approach . . . . . ... ... ... L. 134
8.3.1 Risk premiums driven by It6 diffusion . . . . . . .. ... .o Lo 135

8.3.2 Gaussian risk premiums . . . . ..o 135

8.3.3 A risk premium driven by a CIR process. . . . . . . . . . ... oo 136

8.4 Roughly extracting the Risk Premium from the Market . . . . . . . ... ... ... ... ...... 136
8.4.1 Numerical experiment with the rough Bergomi model I: estimating the risk premium . . . 137

8.4.2 Numerical experiment with the rough Bergomi model II: forecasting Variance Swaps . . . 141

8.5 SUMMMATY . . . . . o o ot e e e 143
APPENDIX A. 145
A.1 Discrete convolution . . . . . . . . ... 145
A.2 Riemann-Liouville operators . . . . . . . . . . . .. 146
A.3 Additional Proofs . . . . . .. 148
A.3.1 Proof of Proposition 2.2.5 . . . . . . . .. 148
APPENDIX B. 149
B.1 A numerical experiment with the inverse map . . . . . .. ... ... oo 149
APPENDIX C. 152
C.1 Proof . . . . e e 152
APPENDIX D. 153
D.1 Proofs of Theorems 6.4.4 and 6.4.6 . . . . . . . . . . . . . e 153

XV



D.1.1 Proof of Theorem 6.4.4 . . . . . . . . . . . e 154

D.1.2 Proof of Theorem 6.4.6 . . . . . . . . . . . 155

D.2 Proof of Proposition 6.5.4 . . . . . . . . . 156
D.3 Computations of the ATMI skew sign in the Heston model . . . . . ... ... ... ... ...... 159
D.4 Proof of Proposition 6.6.6 . . . . . . . . . . .. 160
APPENDIX E. 163
E.1 Approximating the density of realised variance in the mixed rough Bergomi model . . . . . . . . .. 163
E.2 Proof of Main Results . . . . . . . . . . 166
E.2.1 Proof of Theorem 7.3.3 . . . . . . . . . e 166

E.2.2 Proof of Corollary 7.3.7 . . . . . . . . . e 166

E.2.3 Proof of Theorem 7.3.10 . . . . . . . . . . . 167

E.2.4 Proof of Theorem 7.3.14 . . . . . . . . . . 168

E.2.5 Proof of Proposition 7.5.2 . . . . . . . .. 169

E.2.6 Proof of Theorem 7.5.6 . . . . . . . . . . e 169

E.3 Numerical recipes . . . . . . . o . o e e 170
E.3.1 Convergence Analysis of the numerical scheme . . . . . . .. ... ... ... ....... 171

E.3.2 A tailor-made polynomial basis for rough volatility . . . . . .. ... ... ... ... ... 172

E.3.3 Multi-Factor case . . . . . . . . . e 173

E.4 Exponential Equivalence and Contraction Principle . . . . . . . . ... ... ... L. 174
E.5 Proof of Voop(di(x)) = xd(da(x)) . .« o o o o 174
APPENDIX F. 176
F.1 Proof of Proposition 8.3.6 . . . . . . . . . . . . . e 176

Xvi



INTRODUCTION

Quantitative analytics and financial modelling in particular, have experienced a number of groundbreaking tech-
nological advances over the last decade; arguably, the most disruptive one being the ability to store and efficiently
ingest large amounts of financial data. This fact, has created a number of novel challenges, but most impor-
tantly has created the data-centric vs. model-driven debate on classical problems, such as option pricing or risk
management.

Historically, quantitative research in finance has been model-driven starting from the Black-Scholes [BS73] option
pricing model in 1973. It is well known that market implied volatilities used to be flat (in line with the Black-Scholes
constant volatility assumption) until 1987. After the 1987 crash, traders realised that markets had a significant
skew with extreme downward risk, which naturally led to the so-called implied volatility smile or skew, markedly
deviating from the Black-Scholes model. This new behaviour in turn, led researchers to seek alternative modelling
choices that would reproduce such behaviour and shifted the premise of research into explainability of market
phenomena through intuitive, yet realistic models.

In contrast, most of the data-centric approaches based on Machine Learning and Artificial Intelligence advocate
against the use of fixed mathematical models and offer flexibility to solve classical problems at the cost of inter-
pretability and intuition. Data-centric approaches take the advantage of directly interacting with the market data
and are (generally speaking) model agnostic, whilst being consistent with the market behaviour as it evolves in

time.

Within this dichotomy, reconciling the best of each approach and constructing relevant and realistic models is of
crucial importance. The aim of the present work, is to analyse a new breed of financial models termed rough
volatility models and explore their properties along with their non-Markovian nature, which gives them the ability
to influence future behaviour based on the past. In a field where the Markovian property is the norm, rough

volatility models bring a number of exciting features and challenge the robustness of classical (Markovian) models.

1.1 MARKOVIAN MODELS AND QUANTITATIVE FINANCE

The Markov property [Mar54] is a fundamental property in classical stochastic analysis. In plain words, the Markov
property implies that the future behaviour of a process only depends on the current state, and is also informally
known as the memoryless property. Mathematically, given a probability space (2, F,P) and an F adapted process
X, we say that X satisfies the (weak) Markov property if



E[f(Xt) | ]:s] = ]E[f(Xt) | U(Xs)]
forallt >s>0and f:S — R bounded and measurable.

Mathematically speaking, the Markov property is convenient as it allows to compress all the past information
of a process into a single state, without the loss of any information. On top of that, most of the well known
stochastic analysis results (such as Feynman-Kac formula or It6’s lemma) naturally apply to Markovian models.
This in turn, historically led the financial modelling framework to concentrate in the Markovian family of processes.

1.1.1 Markovian models and option pricing

The pricing of financial derivatives products is the quintessential problem in Quantitative Finance. It all started
with the Black-Scholes model [BS73], who postulated the following model on a given probability space (2, F,P)
for the logarithm of the stock process:

1
dX; = pdt — 502dt +odW;, Xo=log(Sy) eR,0>0,ueR (1.1)

where W is a P-Brownian motion. Black and Scholes [BS73] further showed that in a economy with risk-free rate,

r € R the fair price of a financial security with payoff F(Xr) is given by:
EQ [e*TTF()?T)} : (1.2)

where L
dX; = rdt — §a2dt +odW;, Xo =log(So) € R, (1.3)

where W is a Q-Brownian motion and Q is termed as the Risk Neutral measure. The probability measures P and
Q are related through the Girsanov [Gir60] change of measure and is further discussed in Chapter 8. As previously
discussed, the constant volatility o assumption turned out to be too strong after the 1987 crisis and this led to
the so-called Stochastic Volatility (SV) models, which in view of the pricing formula (1.2) were directly presented
in the Risk Neutral measure Q, rather than the Physical measure P. The following general form of SV model is

usually found in the literature:

1
X, = rydt — SVidt + VVidWy, X =log(So) € R, (1.4)

d‘/t = a(Sta V;fyt)dt =+ 6(St7‘/tat)dzt
d[W, 2), = pdt, pe[-1,1],

where W and Z are Q-Brownian motions and for some functions «(-) and S(-) such that the above Stochastic
Differential Equation (SDE) is well defined. Examples of such models in the literature are bast, arguably a subset
of the most popular ones being Hull and White [HWS87], Stein and Stein [SS91], Heston [Hes93], Dupire [Dup94],
Ball and Roma [BR94] and Bergomi [Ber16]. The SABR model [Hag+02] also deserves a mention here, even though
it falls into a slightly more general setting. The reasons for the popularity of such models and setting (1.4) are
(at least) twofold: Inmediate PDE representations through Feynman-Kac type of arguments and simple Monte
Carlo simulation frameworks. The former one performs fast calibrations to market data through PDE solvers
and the later one allows to price any security, even path dependent ones, using simple simulations. In addition,
a bast literature in asymptotic and expansion methods have grown in the past decades in order to approximate
derivative prices and further speed up calibration tasks. Examples of such methods can be found in [Hag+02;
MN11; Deu+14; Gat+12; Fukllb; Fuklla] and references therein. A further extension to (1.4) whilst mantaining
the Markov property is the addition of Levy-jump processes (see [Tan03]), however the same two premises apply:

fast calibration and simple simulation.



1.1.2 The Markovian assumption in question

In the previous section we have discovered the benefits and convenience of a Markovian framework in financial
modelling. A legimitimate question, however, is whether this setting accurately represents the behaviour of markets
or not. Among several stylised facts for financial markets (see [MFE15] or [Con01] for an excellent summary), it is
well known that volatility exhibits persistence or memory. The seminal works by Engle [Eng82; Eng01] are clear
examples of the autoregressive features of the volatility in financial markets, modelled in a discrete time setting
under the physical measure P by
a
Vo= BiVi_,+e, qENBLER
k=1

where ¢; is an iid white noise process and {¢;};=1,... » is a given time partition for n € N. In this simple setting,
it is clear that the process V does not satisfy the Markov condition. Perhaps surprisingly, for the past decades
this feature has clearly been outweighed by the analytical tractability of Markovian models when considering a
derivatives pricing model. Therefore, a natural approach is to explore models beyond the Markovian family with

the goal of reproducing additional stylised facts of financial markets.

1.2 ROUGH VOLATILITY: A NEW BREED OF NON-MARKOVIAN MODELS

In the previous section we have made clear that the Markovian assumption is too restrictive in order to reproduce
the behaviour of markets in all its complexity. Nonetheless, it has not been trivial to find a non-Markovian exten-
sion of (1.4). Perhaps, the most natural path to extend a (continuous-time) Markovian model to a non-Markovian

counterpart is to start from the basic driving process, i.e. the Brownian motion.

The first notion of fractional Brownian motion or Wiener Helix (as was first named) is due to Kolmogorov in
1940 [Kol40] from a functional analytic point of view. Nevertheless, the modern notion of fractional Brownian
motion (fBm) and its stochastic integral representation were first introduced by Mandelbrot and Van Ness [MV68]
as a natural extension of the classical Brownian motion.

Definition 1.2.1. A fractional Brownian motion (WtH ) with Hurst index H € (0,1) is a continuous Gaussian

process such that W = 0 and covariance structure,

t>0

EWHAWH] =

! (tZH + 52H _ |t _ S‘QH) )

N | =

Definition 1.2.2 (Mandelbrot-Van Ness representation). A fractional Brownian motion (WtH ) >0 With Hurst

index H € (0,1) such that W} = 0 admits the following stochastic integral representation:

_ 00 . 2 —1/2
O = \/r(;li(/?;/)i(;j)zm - </0 UHS)HT - ] ds+ 22) ’

['(-) is the gamma function, (W}),.p a standard two-sided Brownian motion.

From the integral representaion of the fractional Brownian motion in Definition 1.2.1 it is obvious that the process

is non-Markovian (except for H = 1). The first attempt to fit a fBm into (1.4) is due to Comte and Renault in

1996 [CR96], who considered an extension of the Heston model driven by a fBm with H € (1,1) motivated by
autoregressive models of Engle type [Eng82; Eng01]. Remarkably, Comte and Renault considered the fBm at the

3



level of the instantaneous variance process V, but kept a standard Brownian motion as the driver for the stock
process which prevents arbitrage. It was later proved by Rogers [Rog97] that if the stock process in (1.4) is driven

by an fBm with H # %, it leads to arbitrage as the stock is not a semimartingale.

Alos, Leén and Vives in 2007 [ALVO07] discovered that in order to reproduce the empirical power law decay of

1
)
process. Interestingly, in [ALVO07] was also proven that not even Levy-jump Markovian processes generate such

the at-the-money implied volatility skew a fractional Brownian motion with H € (0, 5) was needed in the volatility
power law as was conjectured at the time. 4 years later, Fukasawa [Fuk11b] found similar asymptotic results sup-
porting the need of a fBm with H € (0, %) in the volatility process. We note that both approaches found evidence

under the Q measure. Later on, Gatheral, Jaisson and Rosenbaum [GJR18] found empirical evidence under the

1
' 2
in [GJR18] to refer to a model with volatility driven by a fBm with H € (0, %) In particular, they introduced the
so-called Rough Fractional Stochastic Volatility (RFSV) model, a lognormal type of SV model:

P measure supporting the use of a fBm with H € (0,5). The concept of "rough volatility” was also introduced

1
AXT = pedt — 5 Vedt + VVedWF, (1.5)

1 —1 1
VE=Vyexp (VCH/ {(t—s)f : —(—S)f é} dZE), v>0H¢ <0,2)
R

dWE ZF), = pdt, pe (—1,1).

This model, was later extended to the Q measure in Bayer, Friz and Gatheral [BFG16] supported by previous
findings in [ALVO07; Fuk11b] and led to the so-called rough Bergomi model:

1
dx2 = r,dt — 5 Vidt + VVedW2, (1.6)

t . 1
V2 = &(t) exp <1/CH/ (t — $)H2dZ;Q) . v>0,He <0’ 2)

0
dW®, 2%, = pdt, pe(-1,1).

The series of papers [ALV07; Fukllb; GJR18; BFG16] perhaps brought more questions than answers to a field
where the Markovian assumption is customary. Fundamental questions, such as the martingale property of the
stock process in the rough Bergomi model have only recently been answered (see Gassiat [Gas19]) and the efficient
implementation and asymptotic analysis of such models has opened the door to new methodologies that move away
from the classical Feynman-Kac or It6 arguments that simply do not work for fBm as it is not a semimartingale. The
seed of [ALV07; Fukl1lb; GJR18; BFG16] has flourished into a vast literature in many different directions [Bay-+19b;
Bay+19a; BLP16; ER19; FZ17; FTW19; Gue+18; Gull8; HJL19; JPS18; NR18] to name a few, and the interested

reader is referred to Rough volatility network for an exhaustive bibliographical archive.

The interplay between non-Markovianity and market microstructure

We have argued that the fact that market dynamics inherently exhibit a non-Markovian structure is a well stablished
fact. One could question, whether such behaviour is also observed in the market at a microscopic level. Recently,
several self-exciting processes of Hawkes [Haw71] type have been proposed to model the Limit Order Book (LOB)
yielding very realistic dynamics and market fits (see [Bac+13; MP18b; MP18c|]. Remarkably, the series of papers
[JR16; ER19; TR19] have proven that such self-exciting processes converge to fractional diffusions, where the
driving fBm is found to be H € (0, %) This in turn, provides an additional argument under the P measure to
favour rough volatility models over their Markovian counterpart.


https://sites.google.com/site/roughvol/home/risks-1

1.3 THESIS OVERVIEW

The aim of the present thesis is to analyse rough volatility models of type (1.5)-(1.6) and explore their full potential
to solve some classical problems in derivatives pricing. The reader should keep in mind that all results presented
also apply to Markovian models, as setting the value H = % allows us to recover the Markovian property.

The first part of the thesis tackles the issue of numerically implementing rough volatility models. Concretely,
Chapters 2, 3 and 4 aim at making rough volatility models competitive in practice; in Chapter 2 we explore effi-
cient Monte-Carlo methods and prove some weak convergence (although the convergence to the log-stock process
still remains a conjecture in this work), whereas in Chapter 3 we apply deep learning methods to efficiently per-
form the calibration task. These results combined, ensure a sound numerical framework in which rough volatility
models do not impose additional complexity when compared to Markovian models. To conclude, in Chapter 4
we explore a novel numerical scheme to calibrate Local Stochastic Volatility (LSV) models that applies to all SV
models (including the rough volatility family) and substantially improves the reliability and performance compared
to state-of-the-art methods in the field.

The second part of the thesis focuses on volatility derivatives such as VIX futures, VIX options and Realized
Variance options. In Chapter 5 we characterise the dynamics of VIX in the rough Bergomi model and explore
whether such model is able to jointly fit S&P 500 options and VIX futures. Following, in Chapters 6 and 7 we
explore short-time asymptotics of volatility products in rough volatility models and their multi-factor extensions.
On the one hand, in Chapter 6 we follow a Malliavin calculus approach, whereas on the other hand, in Chapter 7
we follow of Large Deviations Principle (LDP) viewpoint. Interestingly, we find that both approached combined
yield some fascinating results.

The third and last part of the thesis addresses the foundations of the change of measure between the physical
measure [P and risk-neutral measure Q for rough volatility models. In Chapter 8 we investigate sufficient conditions
for the change of measure to be well defined and present a first attempt to numerically estimate the risk premium
process.

The following table summarises the stage of the preprints/publications that this thesis builds upon.
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Functional Central Limit Theorems for Rough Volatility

2.1 INTRODUCTION

As discussed in the introduction, rough volatility models have led to theoretical and practical challenges to under-
stand and implement them. One of the main issues, at least from a practical point of view, is on the numerical
side: absence of Markovianity rules out PDE-based schemes, and simulation is the only possibility. However, clas-
sical simulation methods for fractional Brownian motion (based on Cholesky decomposition or circulant matrices)
are notoriously slow, and faster techniques are needed. The state of the art, so far, is the recent hybrid scheme
developed by Bennedsen, Pakkanen and Lunde [BLP17], and its turbocharged version [MP18a]. We rise here to
this challenge, and propose an alternative tree-based approach, mathematically rooted in an extension of Donsker’s

theorem to rough volatility.

Donsker [Don51] (and later Lamperti [Lam62b]) proved a functional central limit for Brownian motion, thereby
providing a theoretical justification of its random walk approximation. Many extensions have been studied in the
literature, and we refer the interested reader to [Dud99] for an overview. In the fractional case, Sottinen [Sot01]
and Nieminen [Nie04] constructed—following Donsker’s ideas of using iid sequences of random variables— an approx-
imating sequence converging to the fractional Brownian motion, with Hurst parameter H > 1/2. In order to deal
with the non-Markovian behaviour of fractional Brownian motion, Tagqu [Taq75] considered sequences of non-iid
random variables, again with the restriction H > 1/2. Unfortunately, neither methodologies seem to carry over to
the ‘rough’ case H < 1/2, mainly because of the topologies involved. The recent development of rough paths the-
ory [FV10; Lyo98] provided an appropriate framework to extend Donsker’s results to processes with sample paths
of Holder regularity strictly smaller than 1/2. For H € (1/3,1/2), Bardina, Nourdin, Rovira and Tindel [Bar+10]
used rough paths to show that functional central limit theorems (in the spirit of Donsker) apply. This in particular
suggests that the natural topology at work for rough fractional Brownian motion is the topology induced by the
Holder norm of the sample paths. Indeed, switching the topology from the Skorokhod one used by Donsker to
the (stronger) Holder topology is the right setting for rough central limit theorems, as we outline in this Chapter.
Recent results [BP12; Parl7; Parl4] provide convergence for (geometric) fractional Brownian motions with general
H € (0,1) using Wick calculus, assuming that the approximating sequences are Bernoulli random variables. We
conjecture 2.2.11 this to an universal functional central limit theorem, involving general (discrete or continuous)

random variables as approximating sequences, only requiring finiteness of moments.

We consider a general class of continuous processes with any Holder regularity, including fractional Brownian mo-
tion with H € (0,1), truncated Brownian semi-stationary processes, Gaussian Volterra processes, as well as rough

volatility models recently proposed in the financial literature. The fundamental novelty here is an approximating



sequence capable of simultaneously keeping track of the approximated rough volatility process (fractional Brow-
nian motion, Brownian semistationary process, or any continuous path functional thereof) and of the underlying
Brownian motion. This is crucial in order to take into account the correlation of the two processes, the so-called
leverage effect in financial modelling. While approximations of two-dimensional (correlated) semimartingales are
well understood in the standard case, the rough case is so far an open problem. Our analysis easily generalises
beyond Brownian drivers to more general semimartingales, emphasising that the subtle, yet essential, difficulties
lie in the passage from the semimartingale setup to the rough case. This is the first Monte-Carlo method available
in the literature, specifically tailored to two-dimensional rough systems, based on an approximating sequence for
which we conjecture a Donsker-Lamperti-type functional central limit theorem (FCLT). This conjecture further
provides a pathwise justification of the hybrid scheme by Bennedsen, Lunde and Pakkanen [BLP17], and to develop
tree-based schemes, opening the doors to pricing early-exercise options such as American options. In Section 2.2,
we present the class of models we are considering and state our main results and conjectures that are left for
future research. The proof of the main conjecture is developed in Section 2.3 in several steps.In spite of the full
convergence being conjectured in this thesis, several steps are formally proven. We reserve Section 2.4 to applica-
tions of the main conjecture, namely weak convergence of the hybrid scheme, binomial trees as well as numerical
examples. We present simple numerical recipes, providing a pedestrian alternative to the advanced hybrid schemes
in [BLP17; MP18a], and develop a simple Monte-Carlo with low implementation complexity, for which we provide
comparison charts against [BLP17] in terms of accuracy and against [MP18a] in terms of speed. Reminders on

Riemann-Liouville operators and additional technical proofs are postponed to the appendix.

Notations: On the interval I := [0, 1], Cr(I) and C§(I) denote the spaces of real-valued continuous and o-Holder
continuous functions on I with Holder regularity o € (0,1); Cg% (I) := {f : T — RT such that all derivatives of f
exist and are continuous onl}, Cg(I) := {f : I — R such that f’ exists and is continuous on I} and C, (I) := {f :
I — R* such that f’ exists and is continuous on I}. All definitions imply bounded first order derivatives on I. We
use C, 6’, C ,C1,C5,C, C as strictly positive real constants which may change from line to line, the exact values of
which do not matter.

2.2 WEAK CONVERGENCE OF ROUGH VOLATILITY MODELS

Donsker’s invariance principle [Don51] (also termed ‘functional central limit theorem’) ensures the weak convergence
of an approximating sequence to a Brownian motion in the Skorokhod space. As opposed to the central limit
theorem, Donsker’s theorem is a pathwise statement which ensures that convergence takes place for all times. This
result is particularly important for Monte-Carlo methods, which aim to approximate pathwise functionals of a
given process (essential requirement in order to price path-dependent financial securities for example). We prove
here a version of Donsker’s result, not only in the Skorokhod topology, but also in the stronger Hélder topology,

for a general class of continuous stochastic processes.

2.2.1 Holder spaces and fractional operators
For 8 € (0, 1], the S-Holder space Cﬂg (I), with the norm

1915 = 1f1s -+ 1flloe = sup ™+ ma

.S

t#s
is a non-separable Banach space [Kry96, Chapter 3]. Following the spirit of Riemann-Liouville fractional operators
recalled in Appendix A.2; we introduce the class of Generalised Fractional Operators (GFO). For A € (0,1) we

introduce the family of intervals
A —
{m }Ae(o,l) ={(=A1 - A)}AG(OJ) ’
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R} = RN (0,1), R := R N (—1,0), and the space L := {u > u*L(u): L € C (I) and L'(u) < 0}, for any
a € R

Definition 2.2.1. For any A € (0,1) and a € R, the GFO associated to g € L is defined on C3(I) as

! d
(f(s) = J(O) ot — 9)ds. fa€(0,1-X),
(G 1)() = 4 N

a/o (f(s) — f(0)g(t — s)ds, if a € (—=A,0).

(2.1)

We shall further use the notation G(t) := fot g(u)du, for any t € I. Of particular interest in mathematical finance

are the following kernels and operators:

Riemann-Liouville:  g(u) = u®, for o € (—1,1);
Gamma fractional:  g(u) = u®ef®, for o € (-1,1),8 < 0; (2.2)
Power-law: g(u) =u*(1+u)f~*, forac(-1,1),8< —1.

Remark 2.2.2. We note that the following equivalent representation (Lemma 13.1 in Samko, Kilbas and Marichev [SKM+-93]
for details) holds for a € (=), 0)

(GN)@) == (f(t) = f(0) g(t) — /O (f(t) = f(s)g'(t — s)ds

The following theorem generalises the classical mapping properties of Riemann-Liouville fractional operators first
proved by Hardy and Littlewood [HL28], and will be of fundamental importance in the rest of our analysis.

Proposition 2.2.3. For any A € (0,1) and a € R, the operator G* : Ca(I) — Ca () is continuous.
Proof. The proof directly follows from Friz and Hairer [FH20, Theorem 14.17]. O
We develop here an approximation scheme for the following system, generalising the concept of rough volatility

introduced in [ALV07; Fukllb; GJR18] in the context of mathematical finance, where the process X represents

the dynamics of the logarithm of a stock price process:

1
dX, = —indt ++v/WdBy, Xo=0, (2.3)
Vi =@(9°Y) (1),
with o € (=3, 3), and Y the (strong) solution to the stochastic differential equation
dY; = b(Yy)dt + a(Y;)dWy, Yy € Dy, (2.4)

where Dy denotes the state space of the process Y, usually R or Ry. The two Brownian motions B and W,
defined on a common filtered probability space (2, F, (F¢)ter, P), are correlated by the parameter p € [—1, 1], and
@ : CY(I) — C'*(I). This in particular, implies that whenever Y is in C*(I) then V is in C***(I) and non-negative.
It remains to formulate the precise definition for G*Y (Proposition 2.2.5) to fully specify the system (2.3) and
clarify the existence of solutions.

Assumption 2.2.4. There exist Cp, C, > 0 such that, for all z,y € Dy,

b()] < Cp(1+[z])  and  fa(z)] < Ca(l + [z]).

Existence of solutions to (2.4) along with Assumption 2.2.4 need to be checked on a case by case basis beyond
standard Lipschitz and linear growth conditions (we provide a showcase of models in Examples 2.2.6-2.2.9 below
satisfying existence and pathwise uniqueness conditions). General conditions for stochastic invariance can be
found in [ADO03; BJ02; DF07] for diffusions, and in [JLP19] for affine Volterra processes. Not only is the solution
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to (2.4) continuous, but (3 — ¢)-Hélder continuous for any € € (0, 1) as a consequence of the Kolmogorov-Centsov

theorem [Cen56]. Existence and precise meaning of G®Y is delicate, and is treated below.

2.2.2 Examples

Before constructing our approximation scheme, let us discuss a few examples of processes within our framework. As
a first useful application, these generalised fractional operators render a (continuous) mapping between a standard

Brownian motion and its fractional counterpart:

Proposition 2.2.5. For any o € R'/2, the equality (G*W fo (t — 8)dWs holds almost surely for t € L.

We refer to Appendix A.3.1 for the proof. Modulo a constant multiplicative factor Cy, the (left) fractional Riemann-
Liouville operator (Appendix A.2) is identical to the GFO in (2.2), so that the Riemann-Liouville (or Type-1I)
fractional Brownian motion can be written as C,G*W. Furthermore, Proposition 2.2.3 yields that the Riemann-
Liouville operator is continuous from Cp / (D) to Cﬂé/ >T() for a € RY/2. Each kernel in (2.2) gives rise to processes

proposed in turbulence modelling and in mathematical finance by Barndorff-Nielsen and Schmiegel [BS07].

Example 2.2.6. The rough Bergomi model introduced by Bayer, Friz and Gatheral [BFG16] reads

V, = &(1)€ <2uCH /O . s)“dws> ,

with Vo, v, &(-) > 0, a € /2 and £(+) is the Wick stochastic exponential. This corresponds exactly to (2.3) with
g(u) =u*, Y =W and

D(p)(t) := &o(t) exp (UChp(t)) exp {—2V2C?q/o (t— S)QO‘ds} .

Example 2.2.7. A truncated Brownian semistationary (#8SS) process is defined as fot g(t — s)o(s)dWs, for t € 1,
where o is (F)ter-predictable with locally bounded trajectories and finite second moments, and g : I\ {0} — I is
Borel measurable and square integrable. If o € Cg(I), this class falls within the GFO framework.

Example 2.2.8. Bennedsen, Lunde and Pakkanen [BLP16] considered adding a Gamma kernel to the volatility

process, which yields the Truncated Brownian semi-stationary (Bergomi-type) model:

t
Vi =& )€ (QI/CH/ (t— S)aeﬁ(ts)dWS> ’

0

with 8> 0, a € /2. This corresponds to (2.3) with Y = W, Gamma fractional kernel g(u) = u®e=?* in (2.2),

D(p)(t) := &o(t) exp uCHp(t)) exp {—2V2012q/0 (t— S)Q“e_QB(t_s)ds} .

Example 2.2.9. The rough Heston model introduced by Guennoun, Jacquier, Roome and Shi [Gue+18] reads

t
Y, =Y0+/ k(6 — Ydt+/§\/ ~dW.,
f
v, =n+/(t—s)adYs,
0

with Yg,#,€,0 > 0, 260 > €2 and n > 0, o € R'/2. This corresponds exactly to (2.3) with g(u) = u®, ®(p)(t) :=
1+ ¢(t), and the coefficients of (2.4) read b(y) = x(6 —y) and a(y) = &,/y. This model is markedly different from
the rough Heston introduced by El Euch and Rosenbaum [ER19] (for which the characteristic function is known

in semi-closed form). Unfortunately, this second version is out of the scope of our invariance principle.
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2.2.3 The approximation scheme

We now move on to the core of the project, namely an approximation scheme for the system (2.3). The basic
ingredient to construct approximating sequences is a family of iid random variables, which satisfies the following

assumption:

Assumption 2.2.10. The family (&;);>1 forms an iid sequence of centered random variables with finite moments
of all orders and E[¢7] = o2 > 0.

Following Donsker [Don51] and Lamperti [Lam62b], we first define, for any w € Q, n > 1, ¢ € I, the approximating
sequence for the driving Brownian motion B as

[nt] Lnt]
By (t) == IZ&C &) 41- (2.5)

As will be explained later, a similar construction holds to approximate the process Y:

'Vl(t) _E; ( n )+T ( n ) 0_\/>Z +O'7\/ﬁa< n )CLntj+l7 ( 6)
where Y,(0) = Yy, ¥ := Y, (t;) and Ty, == {ty = £}_0.. Here {f}mtlJ and {C}}Ztﬂ satisfy Assumption 2.2.10,
with appropriate correlation structure between the pairs {(Q,gl)}“’” that will be made precise later. We shall
always use (&;) to denote the sequence generating B and ((;) the one generating W. Consequently, we deduce an

approximating scheme (up to the interpolating term which decays to zero by Chebychev’s inequality) for X as

|nt] |nt]

X (t) ;:—%Z@(gay tk+7zx/ (GoV) (). (2.7)

k=1

All the approximations above, should be understood pathwise, but we omit the w dependence in the notations
for clarity. The following result, discussed in Section 2.3.4, conjectures convergence of the approximating se-
quence (X,)n>1. As usual in weak convergence analysis [Bil68], convergence is stated in the Skorokhod space

(Dr(D), | - ||p) of real-valued cadlag processes equipped with the Skorokhod topology.

Conjecture 2.2.11. The sequence (X,,),>1 converges weakly to X in (Dr(I), | - |p).

In principle, extensions to the case where Y is a d-dimensional diffusion should not impose additional work given
that X is a 2-dimensional system itself. Although the result is not proven in this work, we do present a number
of auxiliary results which we believe are necessary to prove the conjecture in a future work: we start with the
convergence of the approximation (Y;,) in some Hoélder space, which we translate, first into convergence of the
stochastic integral in (2.3), then, by continuity of the mapping ®, into convergence of the sequence (®(G*Y,)).

All these ingredients are detailed in Section 2.3 below. Once this is achieved, we discuss a potential approach to
proving conjecture 2.2.11 which is left for future research.

2.3 FUNCTIONAL CENTRAL LIMIT THEOREMS FOR A FAMILY OF HOLDER
CONTINUOUS PROCESSES

2.3.1 Weak convergence of Brownian motion in Holder spaces

Donsker’s classical convergence result was proven under the Skorokhod topology. We concentrate here on conver-

gence in the Holder topology, due to Lamperti [Lam62a]. The standard convergence result for Brownian motion
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can be stated as follows:

Theorem 2.3.1. For \ < 1, the sequence (B,) in (2.5) converges weakly to a Brownian motion in (C3(I), || - [|5)-

The proof relies on finite-dimensional convergence and tightness of the approximating sequence. Not surprisingly,
the tightness criterion [Bil68] in the Skorokhod space Dg(I) and in a Holder space setting are different. In fact, the
tightness criterion in Holder space is strictly related to Kolmogorov-éentsov’s continuity [Cen56]. Note in passing,
that the approximating sequence (2.5) is piecewise differentiable in time for each n > 1 even though its limit is
obviously not. The proof of Theorem 2.3.1 follows from Theorem 2.3.3 under Assumption 2.2.10.

Theorem 2.3.2 (Sufficient conditions for weak convergence in Holder spaces (Rackauskas-Suquet [RS04])). Let
Z € C3() and (Zn)n>1 an approzimating sequence in the sense that for any sequence () in 1, (Z,(Tk))r converges
in distribution to (Z(1))k as n tends to infinity. If

E[|Zn(t) = Zn(s)]"] < Clt — s['*7 (2.8)

holds for alln > 1, t,s € I, and some C,~,3 > 0. Then (Z,),>1 converges weakly to Z in CK(I) for p < % <A

The proof of this theorem relies on results of Rackauskas and Suquet [RS04], who prove the convergence in the
Holder space Cg(I) endowed with the norm || £]|$ := |f|x + | £(0)], for all functions that satisfy

t) —
iy U0
010 0<t—s<s (L —38)7
t,sel
From here the proof of Theorem 2.3.2 is a straightforward consequence, since (C3(I), || - [|3) is a separable closed

subspace of (C(I), |- [lx) (see [Ham00; RS04] for details), and one can then use the simple tightness criterion
introduced above to conclude the proof of Theorem 2.3.2. Moreover, as the identity map from C(I) into C3(I) is
continuous, weak convergence in the former implies weak convergence in the latter. To conclude our review of weak
convergence in Holder spaces, the following theorem, due to Rackauskas and Suquet [RS04] provides necessary and

sufficient conditions ensuring convergence in Holder space:

Theorem 2.3.3. [Rackauskas-Suquet [RS04]] For any X € (0, 3), the sequence (By)n>1 in (2.5) converges weakly
to a Brownian motion in Cq(I) if and only if E[¢1] = 0 and }#m tﬁIP’(|fl| >1t)=0.

Assumption 2.2.10 ensures the conditions in Theorem 2.3.3. The following statement allows us to apply Theo-
rem 2.3.2 on I and extend the Hélder convergence result via linear interpolation to a continuous sequence.

Theorem 2.3.4. Let Z € Cﬁ(]l) and (Zp)n>1 an approximation sequence such that finite dimensional convergence
holds. Moreover, if
E (| Za(ti) = Zn(t)]"] < Clts — 57, (2.9)

for any t;,t; € T, and some B,v,C > 0, then the linear interpolating sequence

2= () - (o (22) - ()

converges weakly to Z in Ci(I) for p < 2 <\

qu

Proof. For any t,s € I, we can write, letting Z¥ := Z,,(t;,) and 7: = Zn(ty),
_ _ gl
B 170000~ Za(o] = |24 + (e L) (240551 71) — 240 —(us— pns) (41 — 2]
< 3771E |:’Z7[Lntj . ZTLLnsj v +

((Lntj Ln5J>1+B N (nt — |nt])Y N (ns — Lnﬂ)”) < Ot — 5)1+8,

nl+s nl+B

(nt — Lot )" | Zyei+1 = zlr)|

+ (ns — |ns))? \zywm _ zlns]

]
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where we used (2.9) and the fact that % <2(t—s),nt—|nt] <1fort>0and
left to prove the case E > (t — s). There are two possible scenarios here:

< (t — s). Finally, it is

1
n

e if [nt| = |ns], then

170~ 2= o (-2 < G2l -,

o if [nt| # |ns|, then either |nt| +1 = [ns] or [nt] = |ns| + 1. Without loss of generality consider the second
case. Then

E ([Z0(t) ~ Za(s)|"] = B [|Za() - 2 + 2 - Zo()|'] < 2B [|Z0) - 2] + |2~ Zu9)]]
< (b= +E[|(lnt) —ns) (24 - 271)]]).

and the result follows as before since ¢ — “:l—” <|t—s| and |s — L"—nt” <|t—s|

2.3.2 Weak convergence of Ito diffusions in Holder spaces

The first important step in our analysis is to extend Donsker-Lamperti’s weak convergence from Brownian motion
to the Itd diffusion Y in (2.4).

Theorem 2.3.5. The sequence (Yy,)n>1 in (2.6) converges weakly to'Y in (2.4) in (CR(I), [ - [|5) for all A < 1.

Proof. Finite-dimensional convergence is a classical result by Kushner [Kus74], so only tightness needs to be

checked. In particular, using Theorem 2.3.4 we need only consider the partition 7,. Thus, we get
j p

> %b (Y1 + ﬁa (Y ¢

E (Y] - Y] —E

k=i+1
r j 1 2pT7 j 1 2p
2p—1 + k—1 L k—1
<2 E k:;l"b(yn ) +E ;;l;l"\/ﬁa( 1) G
i j 27 j p
<ol || S L) [ rowE|| Y 4 @i ) ]
k=i+1 k=i+1

2p

< 22;)71 {(j—nlz)j]'ﬂ i E |:|b(Y7{qf1)|2P:| + (] —nzzpflc(p)Eo[-;p] i E {(a (Y:l))QP}}
k=it1 k=i+1

Szzp-lU—i)”‘l{ 3 (ong [(1+ |YE-1))2] +0(p)CWE[(1+IYf‘1)2pD}

npbP
k=i+1

2p 2p i— p—1 J
< max (CEP,C(p)Cafil ]>22P(’ np) {(j—¢)+ S (E [Yf”I)Q”])}

k=i+1

2p 2p . pfl
< max (CE”,C’(p)O“;EQLl]> 2%P exp ( Z 227” =9 ) (t; — ;)P

k=i+1

C2PE[¢

< max (CE”, Clr)——; ]> 2% exp (2%) (t; — t:)? := €(p)(t; — 1),

where we have used the discrete version of the BDG inequality [BS15, Theorem 6.3] in the martingale term
hmit1 of a (Y= 1) Cx with C(p) := 6P (p—1)P~1. We note that if we define the discrete time martingale process

(@49)y = >0y aﬁ a (V=) Gyp for w € {1,...,j — i}, we have that |(z%7);_;| < {rlnax ) |(x%9),| and the
ueql,..,7—1
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BDG inequality clearly also applies to \xﬂ ;|- Then, we have used independence of (;, with respect to Y1 and the
linear growth of b(-) and a(-). Next, we used Holder inequality and in the last step the discrete version of Gronwall’s
lemma [Cla87]. We note that E[Cip ] is bounded by Assumption 2.2.10 and the constant €(p) only depends on p,
but not on n. Consequently, the tightness criterion (2.8) holds for p > 1 with v =2p and § =p — 1. O

2.3.3 Invariance principle for rough processes

We have set the ground to extend our results to processes that are not necessarily (1/2 — ¢)-Holder continuous,
Markovian nor semimartingales. More precisely, we are interested in a-Holder continuous paths with a € (0, 1), such
as Riemann-Liouville fractional Brownian motion or some tBSS processes. A key tool is the Continuous Mapping
Theorem, first proved by Mann and Wald [MW43], which establishes the preservation of weak convergence under

continuous operators.

Theorem 2.3.6 (Continuous Mapping Theorem). Let (X, ] - ||x) and (Y, ||-|ly) be two normed spaces and assume
that g : X — Y is a continuous operator. If the sequence of random variables (Z,)n>1 converges weakly to Z in
(X, - llx), then (9(Zn))n>1 also converges weakly to g(Z) in (Y, ] - |ly)-

Many authors have exploited the combination of Theorems 2.3.1 and 2.3.6 to prove weak convergence [Pol84,
Chapter IV]. This path avoids the lengthy computations of tightness and finite-dimensional convergence in classical
proofs [Bil68]. In fact, Hamadouche [HamO00] already realised that Riemann-Liouville fractional operators are
continuous, hence Theorem 2.3.6 holds under mapping by Holder continuous functions. In contrast, the novelty
here is to consider the family of GFO applied to Brownian motion together with the extension of Brownian motion
to Ito6 diffusions. In fact, minimal changes to the proof of Proposition 2.2.5 yield the following:

t
Corollary 2.3.7. If Y solves (2.4), then (GY)(t) = / g(t — s)dY, almost surely for all t € T and « € R,

0
The analogue of Theorem 2.3.5 for G*Y follows by continuous mapping along with the fact that G is a continuous
operator from (CR(I), | - ||») to (C§+O‘(]I), [ - [a+a) for all A € (0,1) and o € R,

Theorem 2.3.8 (Generalised rough Donsker). For (Y,,) in (2.6), Y its weak limit in (C3(I), | - [[x) for A < 3,
[nt] 4 '
(GY,) (t) = Z n[Gt—tio1) =Gt —t;)] (Yy =Y ) +nG (t—tpm) (Yn(t) — YHWJ) , tel,  (2.10)

i=1

converges weakly to G*Y in (CH%H‘(]I), [+ lasr) for any a € R .

Proof. Recall that the sequence (2.6) is piecewise differentiable in time. For « € i)‘ii, integration by parts [Wei74,
Section 2.4] (where Y, is piecewise differentiable) yields, for n > 1 and ¢t € I,

(GYn) (1)

'y —s s)ds = t —den(S)s
/0 (¢ =V, (s)ds = [ glt =5 =2 a
L]

t
Z / g(t — s)a Yl 1) Clds—kn/ g(t —s)a (YnL”tJ) Clnt)+1ds
tio tLnt)

Lnt]

Z/ g(t —s)b Yi_l) ds—&—n/t g(t —s)b (Ynmtj)ds
tnt)

Lnt]
— Z Gt —tio1) — Gt — )] (Y=Y + nG(t — tpny) (Yn(t) - Y}"”) ,
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since G(0) = g(0) = 0. When « € R*, similar steps imply

(GoYn)(t) = %/O/Q(f —8)Y,(s)ds = %/0 G(t—s) dizls(S)dS
L]

= nlG( —tim) = Gl = )] (V) = Yi7) 4 nG(t = tiny) (Yalt) = Y1)

when L"Tﬂ =t, G(0) = 0, and the expression is well defined. O

Notice here, that the mean value theorem implies

nt)
(@) (1) =Yg () (Vi = Vi) 49 (o n) (Yal®) - ¥). (2.11)

where tf € [t — t;,t — ¢;—1] and teye1 € [0, — t|,,¢)] and we use that G(0) = 0. This expression is closer to
the usual left-point forward Euler approximation. For numerical purposes, (2.11) is much more efficient, since the
integral G required in (2.10) is not necessarily available in closed form. Nevertheless, not any arbitrary choice of
t7 gives the desired convergence from the above argument. We shall present a suitable candidate for optimal ¢} in

Section 2.4.3, which guarantees weak convergence in Holder sense.

As could be expected, the Hurst parameter influences the speed of convergence of the scheme. We leave a formal
proof to further study, but the following argument provides some intuition about the correct normalising factor:
For o € R, since g € L, the approximation (2.11) reads, for any n > 1,

(GY,) (t;) = nl%a > (b — (k= 1) Lt; —ty—n) (V,F=YF ) Vo, fori=0,...,n.
k=1

Here, (nt; — (k —1))® < ¢® is bounded for any n > 1, so that the normalisation factor is of order n=*~1/2. When

o € R} we rewrite (2.11) as

1 i
(G7Yn) (t:) = —= > (t: = tee) Lt —tee1) (Y =Y ) v, fori=0,...,n,
k=1

—1/2_ This intuition

in which case, (t; — tx—1)" < t* is bounded for n > 1, and the normalisation factor is of order n
is consistent with the result by Neuenkirch and Shalaiko [NS16], who found the strong rate of convergence of the
Euler scheme to be of order O(n~H) for H < i for fractional Ornstein-Uhlenbeck. So far, our results hold for
a-Holder continuous functions; however, for practical purposes, it is often necessary to constrain the volatility
process (Vi)ier to remain strictly positive at all times. The stochastic integral G*Y need not be so in general.
However, a simple transformation of the dynamics (e.g. exponential transformation from normal to lognormal
dynamics) can easily overcome this fact. The remaining question is whether the a-Hélder continuity is preserved

after this composition.

Proposition 2.3.9. Let (Y,,),>1 be the approzimating sequence (2.6) in C3(I) for X < 1/2. Then (® (G“Y,))
converges weakly to ® (GY) in (CD%J“\(I[), |+ [lata) for all a € R .

Proof. Drabek [Dra75] found necessary and sufficient conditions ensuring that Holder continuity is preserved under
composition (so-called Nemyckij operators), and proved that fo g is continuous from (C(I), || - [|x) to (CR(L || - [[x)
if and only if f € Ci. The proposition then follows by applying continuous mapping to Theorem 2.3.8 along with
Drébek’s continuity property. The diagram below summarises the steps with A < 1/2. The double arrows show

weak convergence, and we indicate next to them the topology in which it takes place.
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2.3.4 Extending the weak convergence to the Skorokhod space and discussion of
Conjecture 2.2.11

The Skorokhod space of cadlag processes equipped with the Skorokhod topology has been widely used to prove
weak convergence [Bil68]. The Skorokhod space of real-valued cadlag processes equipped with the Skorokhod norm,
which we denote (Dr(I), | - ||p), markedly simplifies when we only consider continuous processes (as is the case of
our framework with Hélder continuous processes). Billingsley [Bil68, Chapter 3 Section 12] proved that the identity
(Dr(D) NCr@), || - lp) = (Cr(@), ] - llo) always holds. This seemingly simple statement allows us to reduce proofs
of weak convergence of continuous processes in the Skorokhod topology to that in the supremum norm, usually

much simpler. We start with the following straightforward observation:

Lemma 2.3.10. For any A € (0,1), the identity map is continuous from (Cx(I), | - [[x) to (Dr(@), || ).

Proof. Since the identity map is linear, it suffices to check that it is bounded. For this observe that || f|lx =
| fIx +supier [ F @) = |fIx + [ flloc > || flloo, Where |f|x > 0, which concludes the proof since the Skorokhod norm

in the space of continuous functions is equivalent to the supremum norm. O

Applying the Continuous Mapping Theorem twice, first with the Generalised fractional operator (Theorem 2.3.8),
then with the identity map, yields the following result directly:

Theorem 2.3.11. The sequence (®(G*Yy,)) converges weakly to ® (G*Y) in (Dr(I), || - ||p) for any o € RY/2.

The final step in the proof of our main conjecture would be to extend weak convergence to the log-stock price. For
this, the following result on weak convergence of stochastic integrals X o Y := f X~dY due to Jakubowski, Memin
and Pages [JMP89], and later generalised to SDEs by Kurtz and Protter [KP91] is potentially a building block.

Theorem 2.3.12 (Kurtz and Protter [KP91]). Let (By)n>1 be as in (2.5), N a cadlag process on I, and (Ny,)n>1
an approzimating sequence such that (N, By,) converges weakly in (Dgz (1), || - [|p) to (N, B). Then, there exists a

filtration H under which B is an H-continuous martingale and (N,,, By, N,, ® Bn)n21 converges weakly to (N, B, Ne
B).

Discussion of Conjecture 2.2.11. We first note that, for a € R, the first term on the right-hand side of (2.7)
converges weakly to —3 fOT ® (G*Y) (s)ds by the Continuous Mapping Theorem, as the integral is a continuous
operator from (Dgr(I), || - ||p) to itself. In order to prove the convergence of the second term in (2.7), we would like to
apply [KP91, Theorem 2.2]. However, even if all conditions are satisfied, we face the issue that [ \/® (G*Y,,) (s)dB,,
causes an Ito-Stratonovich issue if we apply the definition of the stochastic integral to the (linearly interpolating)

approximating sequences directly. We believe that this could be overcome by introducing (X, e, Y,) (¢;) =
Lnt;]
Z Xn(t:) (Yn(tit1) — Yu(t:)), which avoids the issue by using the left-point construction of the Ité integral.
=0

However, adapting [KP91, Theorem 2.2] to the operator e,, emains a topic for future work and is not formally

proven here. O
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2.4  APPLICATIONS

2.4.1 'Weak convergence of the Hybrid scheme

The Hybrid scheme (and its turbocharged version [MP18a]) introduced by Bennedsen, Lunde and Pakkanen [BLP17]
is the current state-of-the-art to simulate t8SS processes. However, only convergence in mean-square-error was
proved, but not weak convergence, which would justify the use of the scheme for path-dependent options. Unless
otherwise stated, we shall denote by T, := {tx = %}kzo,wn the uniform grid on I. We show that the Holder
convergence also holds for the case kK = 1:

Proposition 2.4.1. The Hybrid scheme sequence (§“W,L) fort €1, defined as

G o) = (oo, (L) aeew, (L)) (1 o eyt Lon)y (G, (L2 ) ey, (B2)),

n n
(2.12)
where . .
HW,(t;) == 7/ ng(t; — s)dsg; +/ g(t; —s)dWs, i=1,...,n, k>1. (2.13)
OVt;_1 OVt; 1

with HEW,,(to) := 0 and &; := ‘/I;—l dWs ~ N(0,1/n), converges to G*W in (C§+1/2, Il - ||a+1/2) for o € R'/? and
Kk =1.

Proof. We know that G*W,, converges to G*W in (C§+1/27 [ - ||a+1/2) for a € RY/2. Thus all we need, is to

a+1/2
R 7H '

prove that HoW converges to 0 in (C lat1 /2) for o € M|'/2. Finite dimensional convergence to 0 follows

trivially. Consequently, in order to prove convergence we need to show that the approximating sequence is tight or

equivalently by Theorem 2.3.4
E [IMOWa(ts) = HOWa(t) ] < Ot — )20
for p > 1 and some constant C' > 0. We note that for all 4 > 1,

t; t; t; tq

n(t; — s)o‘ds/o (t; —s)%ds

Viti—1

(t; — s)**ds + 2L(0)? /

Vti—1 OVt;_1

E [HOW,(t:)?] < % (L(O) /OW_ n(t; —s)ads> +L(0)2/0

1 2a+1 1 2a+1 1 1 2a+1 1 1 2a+1
< 2 - = _ < _
<o () () mm () ) <o)

where we use the fact that L(-) is non increasing. Without loss of generality assume ¢; < t; and take k = 1. We

have

1 2a+1
E |[[H W, (t;) - Hawn(tj)ﬂ <E[HW,(t:)?] + E[HW,(t;)?] < C (n> < Oty — t;)*

Thus, by standard moment properties of Gaussian random variables [BLM13, Theorem 2.1] we obtain
B [[HW, (1) — HOWa(t)] < Gt - 7.
which gives the desired result.

O

We further note that Proposition 2.13 along with Conjecture 2.2.11 ensures the weak convergence of the log-stock

price for the Hybrid scheme as well.
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2.4.2 Application to fractional binomial trees

We consider a binomial setting for the Riemann-Liouville fractional Brownian motion G7~Y2W with g(u) =
uWH-12 H e (0,1), for which Theorem 2.3.8 provides a weakly converging sequence. On the partition 7, with
a Bernoulli sequence {¢;}I; satisfying P(¢; = 1) = P(¢; = —1) = % for all i (justified by Conjecture 2.2.11), the
approximating sequence reads

(GH2W,) () = \Lﬁ Z (ti — tei) 2 ¢ fori=0,...,n.
n
k=1

Figure 2.1 shows a fractional binomial tree structure for H = 0.75 and H = 0.1. Despite being symmetric, such trees
cannot be recombining due to the (non-Markovian) path-dependent nature of the process. It might be possible, in
principle, to modify the tree at each step to make it recombining, following the procedure developed in [ADS14]
for Markovian stochastic volatility models. It is not so straightforward though, and requires a dedicated thorough
analysis which we leave for future research.

Fractional binomial tree with H=0.75 Fractional binomial tree with H=0.1

t t

Figure 2.1: Binomial tree for the Riemann-Liouville fractional Brownian motion with n = 5 discretisation points
for H = 0.75 (left) and H = 0.1 (right).

2.4.3 Monte-Carlo

Conjecture 2.2.11 touches upon the theoretical foundations of Monte-Carlo methods (in particular for path-
dependent options) for rough volatility models. In this section we give a general and easy-to-understand recipe to
implement the class of rough volatility models (2.3). For the numerical recipe to be as general as possible, we shall
consider the general time partition 7 := {t; = L}, , on [0,T] with T > 0.

Algorithm 2.4.2 (Simulation of rough volatility models).

2. simulate M paths of Y;, via!

7

. T < . T . , ,
Yi(t) =~ > bV (tk-1)) + NG > a(Yi(te-1))Gr, i=1,...,nandj=1,...,M,
k=1 k=1

and also compute
AYI(t;) =Y (t;) = YI(ti_1), i=1,...,nandj=1,..., M,

n

1Here, Y,{ (t;) denotes the j-th path Y; evaluated at the time point ¢;, which is different from the notation er in the theoretical
framework above, but should not create any confusion.
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3. Simulate M paths of the fractional driving process ((G*Y,)(t))ier using

(g"‘Yn)j (tl) = Zg(ti—k—i-l)AYy{ (tk) = Z g(tk)AYTg (ti—k+1); 1= 1, ... and ] = 1, ey M.
k=1 k=1

The complexity of this step is in general of order O(n?) (see Appendix A.1 for details). However, this
step is easily implemented using discrete convolution with complexity O(nlogn) (see Algorithm A.1.4 in Ap-
,,,,, nand AYJ = (AY7(t))i=1
for j =1,..., M, we can write (G*Y,,)7(T) = \/%(Q*AYT{L for j =1,..., M, where % represents the discrete

convolution operator.

pendix A.1 for details in the implementation). With the vectors g := (g(¢;))i=1

.....

4. Use the forward Euler scheme to simulate the log-stock process, for alli=1,...,n,7=1,..., M, as

XI(t;) = X (t;—1) — %%@ (GYn) (tio1) + \/z ® (G, (ti-1)&5,:-

Remark 2.4.3.

e When Y = W, we may skip step (2) and replace AY,J(¢;) by /T /n(; ; on step (3).

e Step (3) may be replaced by the Hybrid scheme algorithm [BLP17] only when Y = W.

Antithetic variates in Algorithm 2.4.2 are easy to implement as it suffices to consider the uncorrelated random
vectors ¢ = ((51,Gj2,---5Gn) and & = (&1,&2,...,&n), for j = 1,..., M. Then (p&; + p¢;.&;), (p&; —
7G5, &5), (—p& — p¢;, —§&;) and (—p&; + p¢;, —&;), for j = 1,..., M, constitute the antithetic variates, which
significantly improves the performance of the Algorithm 2.4.2 by reducing memory requirements, reducing variance
and accelerating execution by exploiting symmetry of the antithetic random variables.

Enhancing performance

A standard practice in Monte-Carlo simulation is to match moments of the approximating sequence with the target
process. In particular, when the process is Gaussian, matching first and second moments suffices. We only illustrate
this approximation for Brownian motion: the left-point approximation (2.11) (with ¥ = W) may be modified to

match moments as

(GOW)(t) ~ % St G,  fori=0,...n, (2.14)
k=1

where ¢}, is chosen optimally. Since the kernel g(-) is deterministic, there is no confusion with the Stratonovich

stochastic integral, and the resulting approximation will always converge to the It6 integral. The first two moments
of G*W read

E((GW) (1) =0 and  V((GoW) (1) = / o(t - 5)%ds.

The first moment of the approximating sequence (2.14) is always zero, and the second moment reads

V(J\l/ﬁ;gmt)ck) = o)

Equating the theoretical and approximating quantities we obtain %g(t}é)zds = ::71 g(t—s)?ds for k=1,...,n, so

that the optimal evaluation point can be computed as

tr
g(ty) = \/n/ g(t — s)%ds, forany k=1,...,n. (2.15)
te—1

With the optimal evaluation point the scheme is still a convolution so that Algorithm A.1.4 in Appendix A.1 can

still be used for faster computations. In the Riemann-Liouville fractional Brownian motion case, g(u) = u'! -1/2)
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and the optimal point can be computed in closed form as

1/(2H-1)
th = (2% [(t — ) — (= tk)zHD ., foreachk=1,...,n.

Proposition 2.4.4. The moment matching sequence (_C';O‘Wn) defined as

GOW,(t) := GoW, (V:J> + (nt — |nt)) (QaWn (WH) —Gw, (M)) tel (2.16)

t
n n

where

7 th
GOW,(t;) == Z \/n/ g(t; — 8)?ds&g. (2.17)
k=1 te—1

with &, a centered sub-Gaussian random variable with E[(&)?] = 1, meaning that there ezist constants C > 0 and

v > 0 such that for all z > 0, P(|&] > ) < Ce™*". Then, convergence to G*W holds in (C§+1/2, |- Ha+1/2) for
a € RY2,

Proof. Finite dimensional convergence follows trivially from the central limit theorem as the target process is a zero
mean Gaussian process, thus convergence of the covariance matrix ensures finite dimensional convergence. Conse-
quently, in order to prove convergence we need to show that the approximating sequence is tight or equivalently
by Theorem 2.3.4

E UGA“W,L(U) §“Wn(tj)‘2p} < Ot — 1)t
for p > 1 and some constant C' > 0. We have
52.=F [(Gawn(ti) -~ GaWn(tj))Z] =E [(éaWn(mﬂ +E [(gawn(tj))z} —9E [cjawn(ti)gawn(tj)] _

‘We note

B |(¢"Walt) | = Z W [ ate- s>2d8>2 = [ ot~ 95 =5 [1g°w ey

and by Cauchy-Schwarz we also have

tiNt;

B [6W, (606 W, (1)) = 3 \/ | atti=sras [ g —spasz [ gltmslglt—s)ds = EGUW()GW(L).
k=1 te—1 te—1

We then obtain,
G2 <E [|Q’O‘W(ti) - gaW(tj)F] .

Finally, using the fact that §“Wn(ti) - gaW(tj) is a linear combination of sub-Gaussian random variables, which
is again sub-Gaussian. We may apply a Gaussian moment inequality [BLM13, Theorem 2.1] based on the variance
estimate &2 we have, to obtain

d

~ ~ 2
GWa(ti) — GOW(t5)

} <E [ (1) — GoW(t)[*] < C(ti — 1,)%+7.

Reducing variance

As Bayer, Friz and Gatheral [BFG16] and Bennedsen, Lunde and Pakkanen [BLP17] pointed out, a major draw-
back in simulating rough volatility models is the very high variance of the estimators, so that a large number
of simulations are needed to produce a decent price estimate. Nevertheless, the rDonsker scheme admits a very
simple conditional expectation technique which reduces both memory requirements and variance while also ad-

mitting antithetic variates. This approach is best suited for calibrating European type options. We consider
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FB =0(Bs:s<t)and F}V = o(W; : s < t) the natural filtrations generated by the Brownian motions B and W.
In particular the conditional variance process V;|F}V is deterministic. As discussed by Romano and Touzi [RT97],
and recently adapted to the rBergomi case by McCrickerd and Pakkanen [MP18a], we can decompose the stock

price process as

X =5<p/0t de) <\/1— / V& (GoY) ( dwi> = Xl X

and notice that
X |(FV ANFB)y~ N (Xt —(1- p2)/0 d (G™Y) (s)ds, (1 — p2)/0 ®(GY) (s)ds) .

Thus exp(X:) becomes log-normal and the Black-Scholes closed-form formulae are valid here (European, Barrier
options, maximum,...). The advantage of this approach is that the orthogonal Brownian motion W= is completely
unnecessary for the simulation, hence the generation of random numbers is reduced to a half, yielding proportional
memory saving. Not only this, but also this simple trick reduces the variance of the Monte-Carlo estimate, hence
fewer simulations are needed to obtain the same precision. We present a simple algorithm to implement the

rDonsker with conditional expectation and assuming that ¥ = W.

Algorithm 2.4.5 (Simulation of rough volatility models with Brownian drivers). Consider the equidistant grid T.

1. Draw a random matrix {(;;};—1,...,ar/2 With unit variance, and create antithetic variates {—Cji};=1,....a/2;
i=1,...,n i=1,...,n

2. Create a correlated matrix {;;} as above;

3. Simulate M paths of the fractional driving process G*W using discrete convolution (see Algorithm A.1.4 in

Appendix A.1 for details in the implementation):

g wym =Ty j=1

T n—1
. T
and store in memory (1 — p2)/ (GW) (s)ds = (1 — p°)— Z =: %7 for each j = 1,..., M;
0 n k=0
4. use the forward Euler scheme to simulate the log-stock process, for each i =1,...,n,j=1,..., M, as

) . 2T /—
Xj(ti):Xj(z 1)*%g@(ga 1 1 er\/» ga z 1 C]'L)

5. Finally, we have X7(T) ~ N(X}, — ¥/, %7) for j = 1,..., M; we may compute any option using the Black-
Scholes formula. For instance a Call option with strike K would be given by C7(K) = exp(X3)N(d}) —
KN (dj) for j =1,..., M, where df := 7= (X} — log(K) + $%7) and d} = d] — V57, Thus, the output of
the model would be C(K) = L S0, CV(K).

The algorithm is easily adapted to the case of general diffusions Y as drivers of the volatility (see Algorithm 2.4.2
step (2)). Algorithm 2.4.2 is obviously faster than 2.4.5, especially when using control variates. Nevertheless, with
the same number of paths, Algorithm 2.4.5 remarkably reduces the Monte-Carlo variance, meaning in turn that

fewer simulations are needed, making it very competitive for calibration.

2.4.4 Numerical example: Rough Bergomi model

Figures 2.2-2.5 perform a numerical analysis of the Monte Carlo convergence as a function of n. It is observed
that the lower H is, the larger n needs to be to achieve convergence. However, we also observe that for Cholesky,
rDonsker (naive and moment match) and Hybrid schemes and H > 0.1, with N = 252 we already achieve a

precision of O(10~%), which is equivalent to a basis point in financial terms. For H < 0.1 n larger than 252 might
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be required, if precision is required beyond O(10~%). We also observe in 2.5 that the naive rDonsker approximation
converges extremely slow for small H. Additionally, Figures 2.6-2.11 measure the price estimations compared to
the Cholesky method which is taken as benchmark. We observe that the Hybrid scheme tends to be closer to the
Cholesky benchmark specially for H < 0.1. In the range where H > 0.1 for both the Hybrid scheme and rDonsker
moment-match we observe an error less than O(10~%) for n > 252. It is noteworthy mentioning that the naive
rDonsker scheme has substantially worse convergence (at least an order of magnitude) than the other methods.
We note that the black lines in all figures represent the 99% Monte Carlo standard deviations, hence errors below

that threshold should be interpreted as noise.

Rough Bergomi call prices convergence in Cholesky
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Figure 2.2: Rough Bergomi Call options price convergence using Cholesky method with { = 0.04,v = 2.3,p =
—0.9,8) = 1,T = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the difference
between subsequent approximations, where n represents the time grid size. For n = 252 the previous discretisation
is n = 126.
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Rough Bergomi call prices convergence in Hybrid
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Figure 2.3: Rough Bergomi Call options price convergence using Cholesky method with & = 0.04,v = 2.3,p =

—0.9, 8, =

1,7 = 1 with 2 - 10° simulations and antithetic variates. Absolute error represents the difference

between subsequent approximations, where n represents the time grid size. For n = 252 the previous discretisation

is n = 126.
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Rough Bergomi call prices convergence in rDonsker moment-match
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Figure 2.4: Rough Bergomi Call options price convergence using rDonsker method with moment-matching and

€ = 0.04,v = 2.3,p = —0.9,5 =

1,7 = 1 with 2 - 10% simulations and antithetic variates. Absolute error

represents the difference between subsequent approximations, where n represents the time grid size. For n = 252

the previous discretisation is n = 126.
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Rough Bergomi call prices convergence in rDonsker naive
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Figure 2.5: Rough Bergomi Call options price convergence using rDonsker method with left

£ = 0.04,v = 2.3,p = —0.9, 5,

point Euler and

1,7 = 1 with 2 - 10% simulations and antithetic variates. Absolute error

represents the difference between subsequent approximations, where n represents the time grid size. For n = 252

the previous discretisation is n = 126.
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Price estimate error for H=0.01 with respect to Cholesky
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Figure 2.6: Rough Bergomi Call options price comparison with H = 0.01,&, = 0.04,v =2.3,p=-0.9,5,=1,T =1

with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.
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Price estimate error for H=0.05 with respect to Cholesky
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Figure 2.7: Rough Bergomi Call options price comparison with H = 0.05,&; = 0.04,v =2.3,p=-0.9,5,=1,T =1

with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.
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Price estimate error for H=0.1 with respect to Cholesky
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Figure 2.8: Rough Bergomi Call options price comparison with H = 0.10,&, = 0.04,v =2.3,p = —-0.9,5,=1,T =1
with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.
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Price estimate error for H=0.2 with respect to Cholesky
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Figure 2.9: Rough Bergomi Call options price comparison with H = 0.2,&, = 0.04,v =2.3,p=-0.9,5,=1,T =1

with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.
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Price estimate error for H=0.3 with respect to Cholesky

n=252 n=504

Absolute error

-1.0 -0.5 0.0 0.5

1.0
log-moneyness
g
53
Q
5
©
I
Qo
<
-1.0 -0.5 0.0 0.5 1.0
log-moneyness
5
5}
]
=3
©°
I
g 1078 4
-1.0 -0.5 0.0 1.0

log-moneyness

Absolute error Absolute error

Absolute error

-1.0 -0.5 0.0 0.5

1.0
log-moneyness
n=1512
_______ TN
7 \\\\
\ 7 \,
1076 4 v /’ 2
Yy
10*8 4
-1.0 -0.5 0.0 1.0
-1.0 -0.5 0.0 0.5 1.0

log-moneyness

reference 99% MC std
rDonsker moment-match
Hybrid

rDonsker naive

Figure 2.10: Rough Bergomi Call options price comparison with H = 0.3,&; = 0.04,v =2.3,p = -0.9,5,=1,T =1

with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.
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Price estimate error for H=0.4 with respect to Cholesky
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Figure 2.11: Rough Bergomi Call options price comparison with H = 0.4,&, = 0.04,v =2.3,p = -0.9,5,=1,T =1
with 2 - 10° simulations and antithetic variates. Absolute error represents the difference in price between different

simulation schemes.

2.4.5 Speed benchmark against Markovian stochastic volatility models

In this section we benchmark the speed of the rDonsker scheme against the Hybrid scheme and a classical Markovian
stochastic volatility model using 10° simulations and averaging the speeds over 10 trials. For the former we simulate
the rBergomi model [BFG16], whereas for the latter we use the classical Bergomi [Ber05] model using a forward Euler
scheme in both volatility and stock price. All three schemes are implemented in Cython to make the comparison fair,
and to obtain speeds comparable to C++. Figure 2.12 shows that rDonsker is about twice slower than the Markovian
case whereas the Hybrid scheme is approximately 2.5 times slower, which is expected from the complexities of both
schemes. However, it is remarkable that the O(nlogn) complexity of the FFT stays almost constant with the grid
size n and the computational time grows almost linearly as in the Markovian case. We presume that this is the
case since n < 10000 is relatively small. Figure 2.12 also shows that rough volatility models can be implemented

very efficiently and are not particularly slower than classical stochastic volatility models.

Computational time ratios 5Computational time ratios Markovian case

3.5

30l B Hybrid/Markovian ||
' B rDonsker/Markovian

nauuv
Ratio

0
n=300 n=600 n=900 n=1200 n=1500 n =300 n=600 n=900 n=1200 n=1500

Figure 2.12: Computational time benchmark using Hybrid scheme, rDonsker and Markovian (forward Euler) for
different grid sizes n.

31



2.4.6 Implementation guidelines and conclusion

The numerical analysis above suggests some guidelines to implement rough volatility models driven by tBSS

processes of the form GH~1/2Y | for some Ité diffusion Y:

H>01 H €[0.05,0.1] H <0.05

rDonsker | choice depends on error sensitivity | Hybrid scheme

Regarding empirical estimates, Gatheral, Jaisson and Rosenbaum [GJR18] suggest that H = 0.15. Bennedsen,
Lunde and Pakkanen [BLP16] give an exhaustive analysis of more than 2000 equities for which H € [0.05,0.2]. On
the pricing side, Bayer, Friz and Gatheral [BFG16] and Jacquier, Martini and Muguruza [JMM18] (see Chapter 5)
found that calibration routines yield H € [0.05,0.10]. Finally, Livieri, Mouti, Pallavicini and Rosenbaum [Liv+18]
found evidence in options data that H = 0.3. Despite the diverse ranges found so far, there is a common agreement
that H < 1/2.

Remark 2.4.6. The rough Heston model presented by Guennoun, Jacquier, Roome and Shi [Gue+18] is out
of the scope of the Hybrid scheme. Moreover, any process of the form G*Y, for some It6 diffusion Y under
Assumptions 2.2.4 is, in general, out of the scope of the Hybrid scheme. This only leaves the choice of using the

rDonsker scheme, for which reasonable accuracy is obtained at least for Holder regularities greater than 0.05.

2.4.7 Bushy trees and binomial markets

Binomial trees have attracted a lot of attention from both academics and practitioners, as their apparent simplicity
provides easy intuition about the dynamics of a given asset. Not only this, but they are by construction arbitrage
free and allow to price path-dependent options, together with their hedging strategy. In particular, early exercise
options, in particular Bermudan or American options, are usually priced using trees, as opposed to Monte-Carlo
methods. The convergence stated in Conjecture 2.2.11 opens the door to the theoretical foundations to construct
fractional binomial trees (note that Bernoulli random variables satisfy the conditions of the theorem). Figure 2.1
already showed binomial trees for fractional Brownian motion, but we ultimately need trees describing the dynamics

of the stock price.

A binary market

We use Conjecture 2.2.11 with the independent sequences {(;}™;, {¢;-}7; such that P(¢; = 1) = P(¢F = 1) =
P =1)=P(t=-1)= % for all 2. We further define, on 7T, for any i = 1,...,n,

T
Bn(ti) =1/ — les
n(ti) =\~ > (oG + 76
k=1
Yt = LS bt + /LS o e
n\li —g n kfl) + gza< n( kfl))Ckv
k=1 k=1
the approximating sequences to B and Y in (2.3). The approximation for X is then given by
1T & . T < .
Xo(ts) = Xn(tica) = 5= > (G7Ya) (1) + 1) — > V(GYa) (1) (i + Gk ) -
k=1 k=1

In order to construct the tree we have to consider all possible permutations of the random vectors {¢;} and {¢;}.
Since each random variable only takes two values, this adds up to 4™ possible combinations, hence the ‘bushy tree’
terminology. When p € {—1,1}, the magnitude is reduced to 2™.
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2.4.8 American options in rough volatility models

There is so far no available scheme for American options (or any early-exercise options for that matter) under rough
volatility models, but the fractional trees constructed above provide a framework to do so. In the Black-Scholes
model, American options can be priced using binomial trees by backward induction. American options and their
pricing via simulation methods have been extensively studied in the literature (see for example Rogers [Rog03] or
Longstaff and Schwartz [LS01]), however their application to non-Markovian models has not been studied nor is
transparent from the implementation point of view. A key ingredient is the Snell envelope [Sne52] and the following

representation by El Karoui [El 81] (I denotes the set of stopping times with values in I):

Definition 2.4.7. Let (X;):er be an (F;):er adapted process, and 7 € T. The Snell envelope J of X is defined as
J(X)(t) == esssup_E(X,|F) for all t € L.

In plain words, the Snell envelope of X is the smallest supermartingale that dominates it. Strictly speaking, it is
necessary for X, to be uniformly integrable for any 7 € I. Following [Kar88], an American option is nothing else

than the smallest supermartingale dominating its European counterpart:

Definition 2.4.8. Let Cf(k,T) and Pf¢(k,T) denote European Call and Put prices at time ¢, with log-strike k and
maturity 7. Then the American counterparts, C¢*(k,T) and P#(k,T), are given by

Cik,T)=J(Ck,T)E)  and  PHET) = J(P(k,T))(D).

Preservation of weak convergence under the Snell envelope map is due to Mulinacci and Pratelli [MP98], who
proved that convergence takes place in the Skorokhod topology only if the Snell envelope is continuous. In our
setting, the scheme for American options would be justified by the following result which builds upon Conjecture
2.2.11

Conjecture 2.4.9. For V in (2.3), if e* is a true martingale then (7 (e*"))
the Skorokhod topology (Dg(I), || - ||p)-

< XN ;
>1 converges weakly to J (eX) in

Proof. Since the sequence (X,,),>1 converges weakly to X in (Dr(I), || - ||p) by Conjecture 2.2.11, for X in (2.3),
the result follows using the Continuous Mapping Theorem if we can show that J is continuous. El Karoui proved
in [El 81, Chapter 2.14] that the Snell envelope of an optional process, uniformly integrable for all stopping times
TE f, is continuous. To prove the proposition, we therefore only need to check uniform integrability of the stock
price eX. As I is a finite time horizon, Doob’s optimal stopping theorem for martingales gives et = E[e*t|F;] for

all t € I, thus eX on I is uniformly integrable and the result follows. O

Mulinacci and Pratelli [MP98] also gave explicit conditions for weak convergence to be preserved in the Markovian
case. It is trivial to see that the pricing of American options in the rough tree scheme coincides with the classical

backward induction procedure. We consider continuously compounded interest rate r and dividend yield d.

Algorithm 2.4.10 (American options in rough volatility models). On the equidistant grid T,

1. construct the binomial tree using the explicit construction in Section 2.4.7 and obtain {Sg e =1, 4an;

2. the backward recursion for the American with exercise value h(-) is given by hy, := h(S;, ) and

hy, = eld=")/nE (ﬁtm |]-"ti) Vh(Sy,), fori=N-—1,...,0,

where E(-|F;,) = 1 (ﬁf+ +hfT 4+ bt —l—?f*) and hi* represents the outcome ({;, (i) = (£1,+1) for

i1 it1 it1 tit1
the driving binomials, following the construction in Section 2.4.7.

3. finally, ho is the price of the American option at inception of the contract.

The main computational cost of the scheme is the construction of the tree in Step 1. Once the tree is constructed,

computing American prices for different options is a fast routine.
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Numerical example: rough Bergomi model

The rough Bergomi model satisfies the martingale property in Theorem 2.4.9 (b) for p < 0 (see Gassiat [Gasl19]).
We construct a rough volatility tree for the rough Bergomi model [BFG16] and check the accuracy of the scheme.
Figures 2.13 and 2.14 show the fractional trees for different values of H and for p € {—1,1}. Both pictures show
a markedly different behaviour, but as a common property we observe that as H tends to 1/2, the tree structure

somehow becomes simpler.

Fractional rBergomi tree with H=0.1 Fractional rBergomi tree with H=0.2
1.2 : : : : 1.2

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

t 4

Fractional rBergomi tree with H=0.3

Fractional rBergomi tree with H=0.4

Figure 2.13: Rough Bergomi trees for different values of H, (v, p,&) = (1,—1,0.04) with 5 time steps.

European options

Figure 2.15 displays volatility smiles obtained using the tree scheme. Even though the time steps are not sufficient
for small H, the fit remarkably improves when H > 0.15, and always remains inside the 95% confidence interval
with respect to the Hybrid scheme. Moreover, the moment-matching approach from Section 2.4.3 shows a superior
accuracy when H < 0.1, but is not sufficiently accurate. In Figure 2.16 a detailed error analysis corroborates these
observations: the relative error is smaller than 3% for H > 0.15.

American options

In the context of American options, there is no benchmark to compare our result. However, the accurate results
found in the previous section (at least for H > 0.15) justify the use of trees to price American options. Figure 2.17
shows the output of American and European Put prices with interest rates equal to » = 5%. Interestingly, the
rougher the process (the smaller the H), the larger the difference between in-the-money European and American
options.
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Fractional rBergomi tree with H=0.1 Fractional rBergomi tree with H=0.2

15

t t

Fractional rBergomi tree with H=0.3 Fractional rBergomi tree with H=0.4
T T 18 T T
1.6 1
141 R
S 12f 1
1.0 R
0.8
L L L L 0.6 L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t 4

Figure 2.14: rough Bergomi trees for different values of H, (v, p, &) = (1,1,0.04) with 5 time steps.

2.5 SUMMARY

In this Chapter, we have formally proven weak convergence of fractional diffusions, which represent the instan-
taneous variance or volatility in stochastic volatility models. In spite of this, the conjecture of weak convergence
results of the log-stock process by means of Euler schemes applied to rough stochastic volatility models remains
a topic for future work. Furthermore, we have formally extended the definition of Riemann-Liouville fractional
operators to a family of generalised fractional operators, which allow us to transform It6 diffusions into fractional
difussions. We have also presented several numerical algorithms to improve the performance of Monte-Carlo simu-
lations and explored the use of fractional binomial trees to price American options under rough volatility. Notably,
we find that the computational cost of simulating non-Markovian models is roughly two times slower than their
Markovian counterparts by means of efficient FFT transforms. This findings, make clear that the computational
cost of rough models is much smaller than initially though in [BFG16], and advocate in favour of their use in

production environments.
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Figure 2.15: rough Bergomi trees for different values
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Figure 2.17: American and European Put prices in the rough Bergomi model for different values of H and (v, p, &) =
(1,—1,0.04) with 26 time steps.
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DEEP LEARNING VOLATILITY:
A DEEP NEURAL NETWORK APPROACH TO PRICING
AND CALIBRATION IN (ROUGH) VOLATILITY MODELS

3.1 INTRODUCTION

We note that the outcome of this chapter is a unified version of the pre-prints of [HMT21] and [BS18] that were
later published as [Bay+19c] and [HMT21]. The reason to unify was that both original papers developed in parallel
tacked the same issue from a different angle. A unified framework merging the two approached provided a stronger

case.

Approximation methods for option prices came in all shapes and forms in the past decades and they have been
extensively studied in the literature and well-understood by risk managers. Clearly, the applicability of any given
option pricing method (Fourier pricing, PDE methods, asymptotic methods, Monte Carlo, ...etc.) depends on the
regularity properties of the particular stochastic model at hand. Therefore, tractability of stochastic models has
been one of the most decisive qualities in determining their popularity. In fact it is often a more important quality
than the modelling accuracy itself: It was the (almost instantaneous) SABR asymptotic formula [Hag+02] that
helped SABR become the benchmark model in fixed income desks, and similarly the convenience of Fourier pricing
is largely responsible for the popularity of the Heston model, despite the well-known hiccups of these models. Need-
less to say that it is the very same reason (the concise Black Scholes formula) that still makes the Black-Scholes
model attractive for calculations even after many generations of more realistic and more accurate stochastic market
models have been developed. On the other end of the spectrum are rough volatility models, for which (despite a
plethora of modelling advantages, see [BFG16; ER18; GJR18] to name a few) the necessity to rely on relatively
slow Monte Carlo based pricing methods creates a major bottleneck in calibration, which has proven to be a main
limiting factor with respect to industrial applications. This dichotomy can become a headache in situations when
we have to weigh up the objectives of accurate pricing vs. fast calibration against one another in the choice of our
pricing model. In this work we explore the possibilities provided by the availability of an algorithm that —for a
choice of model parameters— directly outputs the corresponding vanilla option prices (as the Black-Scholes formula

does) for a large range of maturities and strikes of a given model.

In fact, the idea of mapping model parameters to shapes of the implied volatility surface directly is not new. The
stochastic volatility inspired SSVI, eSSVI surfaces (see [GJ14; HM19]) do just that: A given set of parameters is
translated directly to different shapes of (arbitrage-free) implied volatility surfaces, bypassing the step of specifying
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any stochastic dynamics for the underlying asset. For stochastic models that admit asymptotic expansions, such
direct mappings from model parameters to (approximations of) the implied volatility surface in certain asymptotic
regimes can be obtained (one example is the famous SABR formula). Such asymptotic formulae are typically
limited to certain asymptotic regimes along the surface by their very nature. Complementary to asymptotic ex-
pansions we explore here a direct (approximative) mapping from different parameter combinations of stochastic
models to different shapes of implied volatility surface for intermediate regimes. It’s appeal is that it combines
the advantages of direct parametric volatility surfaces (of the SSVI family) with the possibility to link volatility
surfaces to the stochastic dynamics of the underlying asset.

In this Chapter we apply deep neural networks (merely) as powerful high-dimensional functional approximators
to approximate the multidimensional pricing functionals from model parameters to option prices. The advantage
of doing so via deep neural networks over standard (fixed-basis) functional approximations is that deep neural
networks are agnostic to the approximation basis [GBC16]. A particular achievement in this work is to identify
a network that is able to handle model families where the forward variance curve is taken as an input. The ar-
chitecture is then robustly applicable to several simpler stochastic models consistently without modification. The
advantage of this approach lies in moving the (often time-consuming) numerical approximation of the pricing func-
tional into an off-line preprocessing step, and the on-line calibration part can then be performed considerably faster.
This preprocessing amounts to storing the approximative direct pricing functional in form of the network weights
after a supervised training procedure: Using available numerical approximations of option prices as ground truth
(in a stochastic model of our choice), we train a neural network to learn an accurate approximation of the pricing
functional. After training, the network outputs—for any choice of model parameters—the corresponding implied
volatilities within milliseconds for a large range of maturities and strikes along the whole surface. Furthermore, we
show that this procedure generalises well for unseen parameter combinations: the accuracy of price approximation
of our neural network pricing functional on out-of-sample data is within the same range as the accuracy of the
original numerical approximation used for training. The accuracy of this direct pricing map is demonstrated in our

numerical experiments.

The work we present here is very much in the spirit of the pioneering work of Avellaneda, Carelli and Stella
[ACS99]. Bearing in mind that deep neural network solutions are often challenged by concerns of generalisation
and “black-box-solutions”, our goal is to limit the application of neural networks to parts of the calibration process
that we can control and validate. As a first step, we identify the parts of the calibration process that are mainly

responsible for the prevailing calibration bottlenecks, which we will replace by a deep neural network.

In this context, we distinguish two kinds of approaches. The first, pioneered by Hernandez [Herl7], seeks to
learn the mapping from implied volatility surfaces to model parameters (inverse problem) directly. In [Herl7],
Hernandez proposes to use a neural network to learn the complete calibration routine taking market data as inputs
and returning calibrated model parameters, and calibrates the popular short rate model of Hull and White [HW90]
to market data in numerical experiments (In Section 3.3.1 we describe this approach in more detail). In the rest of
this Chapter, we will refer to it as the one-step approach. In a second strand of research neural networks have been
applied not directly to calibration problems, but simply to obtain an approximated representation of derivative
valuations, i.e. of option pricing maps: For example Hutchinson, Lo and Poggio [HLP94] such as Culkin and Das
[CD17] applied neural networks to learn the Black-Scholes formula and McGhee demonstrates in [McG18] a neural
networks representation of the lognormal SABR model. For a detailed survey on different use cases of Neural
Networks in the hedging and pricing literature we refer to [RW20]. In this Chapter we explore the advantages of
shaping this second strand of research into a building block of a single two-step approach.

The two-step approach, which we highlight here, first approximates the pricing map, by a neural network (Step
(1)) before calibrating the model, via traditional calibration algorithms, to market data (Step (ii)). Thereby we
optimally leverage the capability of neural networks to approximate functions which are only implicitly available
through input-output pairs {(z;, #(z;))}X,, by training a fully-connected neural network on specifically tailored,
synthetically generated training data to learn an approximative representation of the pricing functional. Details of

this approach and its benefits are further explained in Section 3.3.
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One of the striking advantages of this two step approach is that it speeds up the (on-line part of the) calibra-
tion to the realm of just a few milliseconds. There have been several recent contributions on neural network
calibrations of stochastic models [Bay+19c; Bue+19; Her17; Konl8; De +18]. Clearly, even once one settled for
the two step approach, much depends on the finesse of the particular network design with respect to the performance
of these networks as shown in [Bay+19¢|. With the appropriate design, even non-Markovian models such as Rough
Volatility can be calibrated in a reasonable time. Several of the first contributions using the two-step approach
focus on a particular model or variants thereof [FG18; McG18]. Typically if a network architecture works for a
more challenging class of of models (say higher dimensional or non-Markovian), it also works for simpler ones. One
contribution of this work is to achieve a fast and accurate calibration of the rough Bergomi model of [BFG16] with
a general forward variance curve (piecewise approximated by constant functions), which contains tWo particular
difficulties: Capturing the forward variance curve as an input, which inherently poses a high-dimensionality on the
problem, and the non-Markovianity coming from the rough volatility. The good performance of (the same) network
architecture then also carries over to simpler models containing a forward variance curve but which do not exhibit
the non-Markovianity (this is demonstrated on the the one-factor classical Bergomi model) and to classical models
such as SABR and Heston. To demonstrate this, we first perform calibration experiments on simulated data and
show calibration accuracy in controlled experiments. The examples of the Heston model, the one-factor Bergomi
model and the rough Bergomi model (with a full forward variance curve) are included as demonstration examples
in the Github repository GitHub: NN-StochVol-Calibrations. Though the speedup in calibration time can provide
a considerable advantage also in the case of classical models, we consider the most pronounced breakthrough of this
calibration speedup for the rough Bergomi model with full forward variance curve, where previously calibration
bottlenecks have put constraints on its applicability in industry practice. Therefore in the last part of the Chapter
we concentrate the presentation of our numerical experiments on this model. To showcase the speed and prowess
of the approach we calibrate the rough Bergomi model to historical data and display the evolution of parameters

on a dataset consisting of 10 years of SPX data.

The Chapter is organised as follows: In Sections 3.2 and 3.3 we present a neural network perspective on model
calibration and recall stochastic models that are considered in later sections. In this section we also formalise
our objectives about the accuracy and speed of neural network approximation of pricing functionals and the basic
ideas of our training. Section 3.3.3 recalls some background on neural networks as functional approximators and
some aspects of neural network training that influenced the setup of our network architecture and training design.
In Section 3.3.4 we describe the network architecture and training of the price approximation network such as
the calibration methods we consider. In Section 3.4 we present numerical experiments of price approximations of

vanilla and some exotic options, calibration to synthetic data and to historical data.

The algorithm alongside with the presented numerical experiments and examples are provided on GitHub: NN-
StochVol-Calibrations, where a code demo of our results can be downloaded. There, in addition to the models
presented in the present text we also provide further examples of standard stochastic models (in particular the
Heston model) where this approach is demonstrated to work well. The application can be carried over to other

classical models analogously.

3.2 MODEL CALIBRATION

Calibration describes the procedure of tuning model parameters to fit a model surface to an empirical implied
volatility surface obtained by transforming liquid European option market prices to Black-Scholes implied volatil-
ities. A mathematically convenient approach consists of minimizing the weighted squared differences between

market and model implied volatlities of NV € N plain vanilla European options.

Suppose that a model is parametrized by a set of parameters 0, i.e., by 6 € ©. Furthermore, we consider options
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parametrized by a parameter ( € Z. E.g., for put and call options we generally have ¢ = (T, k), the option’s
maturity and log-moneyness. There might be further parameters which are needed to compute prices but can be
observed on the market and, hence, do not need to be calibrated. For instance, the spot price of the underlying,
the interest rate, or the forward variance curve in Bergomi-type models (see [Ber16]) falls under this type. For this

quick overview, we ignore this category. We introduce the pricing map

(6,¢) = P(6,0),

the price of an option with parameters ¢ in the model with parameters . We are also given market prices PMXT(()
for options parametrized by ¢ for a (finite) subset ( € Z’ C Z of all possible option parameters. Calibration now
identifies a model parameter § which minimizes a chosen distance § between model prices (P(0, ¢)) cez and market
prices (PMKT(C))

cezn 1€

g — argming ((p(e, Oeezr s (PMET(Q)) <€Z,) . (3.1)

Remark 3.2.1. Financial practice often prefers to work with implied volatilities rather than option prices, and
we will also do so in the numerical parts of this Chapter. For the purpose of this introduction, any mentioning of

a price may be, mutatis mutandis, replaced by the corresponding implied volatility.

3.2.1 The numerical optimisation

The most usual choice of a distance function ¢ is a suitably weighted least squares function, i.e.,

f = argmin Z we (P(9,¢) — PMKT(C))Q. (3.2)

0co cez

Here, the weights w, can be chosen in order to reflect importance of an option at ¢ and the reliability of the market
observation P(¢). For instance, a reasonable choice might be the inverse of the bid-ask spread (see [Conl10] for a

motivation), which puts low weight on prices of illiquid options.

As long as the number of model parameters is smaller than the number |Z’| of calibration instruments, the calibra-
tion problem is an example of an overdetermined non-linear least squares problem, where a closed-form solution
hardly ever exists. Hence, numerical routines are necessary to succesfully solve (3.1) and (3.2) in particular; we

outline two possible approaches:

Gradient-based optimisers

In general, for financial models the pricing map P is assumed to be smooth (at least C! differentiable) with respect
to all its input parameters 6. In such setting, a standard necessary first order condition for optimality in (3.1) is
that

V76 ((P(0,))cezr (PM™7(0)) ) =0, (3.3)

provided that the objective function is smooth. Then, a natural update rule is to move along the gradient via

Gradient Descent i.e.

0i+1 = 97 - )\vea ((P(oa C))CeZ’ ’ (PMKT(C»CeZ/) ’ A> 0. (34)

A common feature of gradient based optimization methods building on (3.4) is the use of the gradient

v ((P(H,C))CGZ, , (PMKT(C))CGZ,), hence its correct and precise computation is crucial for subsequent suc-
cess. Examples of such algorithms, are Levenberg-Marquardt [Lev44; Mar63], Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm [NWO06], L-BFGS-B [Zhu+97] and SLSQP [Kra88]. The main advantage of the aforementioned
methods is the quick convergence towards condition (3.3). However, (3.3) only gives necessary and not sufficient

conditions for optimality, hence special care must be taken with non-convex problems.
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Remark 3.2.2. The appeal to use neural networks to approximate the pricing function is that they provide

closed-form expressions for gradients along with their theoretical guarantee of convergence (see Theorem 3.3.7).

Gradient-free optimisers

Gradient-free optimization algorithms are gaining popularity due to the increasing number of high dimensional non-
linear, non-differentiable and/or non-convex problems flourishing in many scientific fields such as biology, physics
or engineering. As the name suggests, gradient-free algorithms make no C'! assumption on the objective function.
Perhaps, the most well known example is the Simplex based Nelder-Mead [NMG65] algorithm. However, there are
many other methods such as COBYLA [Pow94] or Differential Evolution [SP97] and we refer the reader to [RS13]
for an excellent review on gradient-free methods. The main advantage of these methods is the ability to find global
solutions in (3.1) regardless of the objective function. In contrast, the main drawback is a higher computational

cost compared to gradient methods.

To conclude, we summarise the advantages of each approach in Table 3.1.

Gradient-based Gradient-free
Convergence Speed Very Fast Slow
Global Solution Depends on problem Always
S th activati
HHoo . activation Yes to apply Theorem 3.3.7 No
function needed
A t dient
ccu.ra e.gra ien Yes No
approximation needed

Table 3.1: Comparison of Gradient vs. Gradient-free methods.

3.2.2 A showcase of (rough) Stochastic Volatility models

We would like to emphasize that our methodology can in principle be applied to any (classical or rough) volatility
model. From the classical Black Scholes or Heston models to the rough Bergomi model of [BFG16], also to large
class of rough volatility models (see Chapter 2 for a general setup). In fact the methodology is not limited to
stochastic models, also parametric models of implied volatility could be used for generating training samples of
abstract models, but we have not pursued this direction further. For completeness, we showcase some models for
which numerical results are provided in the present text (for a few more examples we refer the interested reader to
GitHub: NN-StochVol-Calibrations).

The Rough Bergomi model

In the abstract model framework, the rough Bergomi model is represented by M"Bergomi(@rBergomi) ith param-
eters 0 = (&, v, p, H) € ©"B¢r9°mi On a given filtered probability space (2, F, (F¢)i>0,P) the model corresponds
to the following system

1
d t:_g‘/}dt-l-\/»td t, fort>0, Xo=0,
X VidW (3.5)

Vi = &(H)E (\/2HV/ (t — s)H_l/QdZS> , fort>0, Vo=uv9>0

t
0
where H € (0,1) denotes the Hurst parameter, v > 0, £() the stochastic exponential [Dol70], and &(-) > 0
denotes the initial forward variance curve (see [Berl6, Section 6]), and W and Z are correlated standard Brownian
motions with correlation parameter p € [—1,1]. To fit the model parameters into our abstract model framework
@rBergomi — R™ for some n € N, the initial forward variance curve £(-) > 0 is approximated by a piecewise

constant function in our numerical experiments in Sections 3.4.1, and 3.4.2.
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The Bergomi model

In the general n-factor Bergomi model, the volatility is expressed as

nooet
Vi = & ()€ (m Z/ exp (—/-@i(t — s)dWé)) fort >0, Vy=wy >0, (3.6)
i=170
where 11,...,m, > 0 and (W', ..., WW") is an n-dimensional correlated Brownian motion, £(-) the stochastic

exponential [Dol70], and &y(-) > 0 denotes the initial forward variance curve, see [Berl6, Section 6] for details. In
this work we consider the Bergomi model for n = 1,2 in Section 3.4. Henceforth, M1FBergomi(¢, 3 n p) represents

the 1 Factor Bergomi model, corresponding to the following dynamics:

1
dX, = —§tht +V/VidW, fort>0, Xg=0
t (3.7)
Vi =& (t)E (77/ exp(—p(t — s))dZS> fort >0, Vy=1vy>0,
0

where v > 0, and W and Z are correlated standard Brownian motions with correlation parameter p € [—1,1]. To
fit the model parameters into our abstract model framework ©'F'Bergomi  R” for some n € N, the initial forward
variance curve &y(+) > 0 is approximated in our numerical experiments by a piecewise constant function in Sections
3.4.1, and 3.4.2.

3.3 DEEP CALIBRATION

In the following sections we elaborate on the objectives and advantages of this two step calibration approach
and present examples of neural network architectures, precise numerical recipes and training procedures to apply
the two step calibration approach to a family of stochastic volatility models. We also present some numerical

experiments and report the learning errors compared to chosen parameters of the synthetic data.

There are several advantages of separating the tasks of pricing and calibration. Above all, the most appealing
reason is that it allows us to build upon the knowledge we have gained about the models in the past decades,
which is of crucial importance from a risk management perspective. By its very design, (i) deep learning the price
approximation combined with (ii) deterministic calibration does not cause more headache to risk managers and
regulators than the corresponding stochastic models do. Designing the training as described above demonstrates
how deep learning techniques can successfully extend the toolbox of financial engineering, without imposing the

need for substantial changes in our risk management libraries.

3.3.1 One-step approach: Deep calibration by the inverse map

A more and more popular approach in quantitative finance (and many other fields of engineering) is to develop
purely data-driven frameworks, without relying on formal models. This approach leaves the meaning of calibrated
network parameters unexplained, not to mention the ambiguity about the choice of the number of network param-
eters and network design. This can cause major challenges towards today’s regulatory requirements. In addition,
issues of generalizability — how can one price exotic options in a network trained with vanilla option data, to give
a simple example — are difficult to analyse, and traditional paradigms of finance — such as no arbitrage — are hard
to guarantee in the absence of a model. This modeling approach is probably dominant in high frequency trading.

We refer to reference [JL19] for one example of such a modeling approach for option pricing.

A second, more model based approach was proposed in the pioneering work of Hernandez [Her17], followed by several

other authors such as Stone [Sto20], Dimitroff, Roder and Fries [DRF18] and many others. A main characteristic
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of the neural network proposed by [Her17] is that option price approximation and parameter calibration are done
in one step within the same network. Indeed, the idea is to directly learn the whole calibration problem, i.e., to
learn the model parameters as a function of the market prices (typically parametrized as implied volatilities). In

the formulation of Section 3.2, this means that we learn the mapping
1 (P(O)) ey — 0-
More precisely, [Her17] trains a deep neural network based on labelled data (z;,v;), i =1,..., N, with

Ty = (P(O)gez;

for day ¢; (in the past) and the corresponding labels
Yi = eia

obtained from calibrating the model to the market data y; using traditional calibration routines. The number of

labelled data points NN is, of course, limited to the amount of (reliable) historical market price data available.

In spite of the promising results by Hernandez [Her17] the main drawback of this approach, as Hernandez observes,
is the lack of control on the function II~!. Furthermore, from a risk management perspective one has no guarantee
how well the learned mapping of II~! will solve the calibration problem when exposed to unseen data. In fact, this
is the behaviour observed in Hernandez [Her17], since the out of sample performance tends to differ from the in
sample one, suggesting a not fully satisfactory generalisation of the learned map. We recover the same behaviour

of the inverse map in our own experiments, which we included in Appendix B.

3.3.2 Two-step approach: Learning the implied volatility map of models

The two step approach is somewhere mid-way between a sole reliance on traditional pricing methods (Monte Carlo,
finite elements, finite differences, Fourier methods, asymptotic methods etc.) and the direct approach described
above that calibrate directly to the price data. Here, one separates the calibration procedure as described in
Section 3.2 (i) We first learn (approximate) the pricing map by a neural network that maps parameters of a
stochastic model to prices or implied volatilities. In other words, we set up and train (off-line) a neural network
to learn the pricing map P. In a second step (ii) we calibrate (on-line) the model — as approximated by the
neural network trained in step (i) — to market data using a standard calibration routine. To formalise the two step
approach, for an option parametrized by ¢ and a model M with parameters § € © we write ]3(0, ¢) = P(0,Q) for
the approximation P of the true pricing map P based on a neural network. Then, in the second step, for a properly

chosen distance function § (and a properly chosen optimization algorithm) we calibrate the model by computing

0€O

§ = argmin ((ﬁ(e, g))cez/ : (P(C))CEZ,> . (3.8)

In principle, this method is not unlike traditional calibration routines, as the true option price has to be numerically
approximated for all but the most simple models. This particular approximation method tends to be orders of
magnitudes faster compared to other numerical approximation methods for all tested models. In particular, note
that the (slow) training stage of the neural network itself only has to be done once. We will come back to

comparisons of actual computational times in the numerical section of this Chapter.

At this stage, we note that the deep calibration routine is not yet specified in any details: apart from purely
numerical details such as the choice of the architecture of the neural networks, the loss functions and optimization
algorithms of both the training of the neural networks in stage (i) and the actual calibration in stage (ii), one
particularly important choice is whether the neural network learns implied volatilities of individual options or rather
a full implied volatility surface. Before discussing these details, let us already highlight some of the differences to
the one-step approach of [Her17]. In principle, the one-step approach is orders of magnitude faster by construction,

however we will demonstrate in Section 3.4 that the two-step approach calibrates within milliseconds making the
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speed difference irrelevant in practice. Moreover, we see the main benefit of the two-step approach in the increased

stability, which is influenced by two key differences:

e As the neural network is only responsible for option pricing in the model, synthetic data has to be used for
training. Hence, we can easily increase the number of training data, and the training data are completely

unpolluted from market imperfections.

e The two-step approach induces a natural decomposition of the overall calibration error into a pricing error
(from the neural network) and a model misfit to the market data. Hence, the performance of the neural
network itself is generally independent of changing market regimes — which might, of course, change the

suitability of the model under consideration.

These points, in particular, imply that frequent re-training of the neural network is not needed in the two-step

approach.

The two step approach: Pointwise training and implicit and grid-based training

The underlying principle of the two-step approach appears in one way or another in a number of related contri-
butions De Spiegeleer, Madan, Reyners and Schoutens [De +18] and McGhee [McG18]. In fact, the early works
of Hutchinson, Lo and Poggio [HLP94] and the more recent work of Culkin and Das [CD17]-where Deep Neural
Networks are applied to learn the Black-Scholes formula—can be recognised as Step (i) of the two-step approach in
a Black-Scholes context. Also Ferguson and Green [FG18] examine Step (i) of the two-step approach in [FG18] for
basket options in a lognormal context and observe that the network even has a smoothing effect and increased ac-
curacy in comparison to the underlying Monte Carlo prices. In this section, we examine its advantages and present
an analysis of the objective function with the goal to enhance learning performance. Within this framework, the
pointwise approach has the ability to asses the quality of P using Monte Carlo or PDE methods, and indeed it is

superior in terms of robustness.

Pointwise learning

Step (i): Learn the map ﬁ(G,T, k) = oMO)(T k) - that is in equation (3.8) above we have ¢ = (T, k). In the case of
vanilla options (¢ = (T, k)) one can rephrase this learning objective as an implied volatility problem: In the
implied volatility problem the more informative implied volatility map 5M(9)(T, k) is learned, rather than
call- or put option prices ]S(G,T, k). We denote the artificial neural network by F (w; 0,¢) as a function of
the weights w of the neural network, the model parameters 6 and the option parameters . The optimisation

problem to solve is the following:

Ntrain
@ := argmin Z i (F(w; 0;, Ty, ki) — ™M (05, Ty, ki) (3.9)
weR™ i—1

where n; € Ry is a weight vector.

Step (ii): Solve the classical model calibration problem for the market quotes {oNa<T (k;, )},
0. . (. MKT 2
f := argmin E B (F(w;0;,T;, ki) —opg” (kj, T;))*.
0ce
j=1

for some user specified weights ; € R+, where now the (numerical approximation of the) option price ﬁ(@, T, k)
resp. implied volatility ™) (T, k) is replaced by the DNN approximation ﬁ((&;@,T, k) obtained in Step (i).
We note here that F(@;6;, T}, k;) being a Neural Network, all gradients with respect to (6, T, k) are available in
closed-form and are fast to evaluate.
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The critical part is, of course, the first step, as the second one merely corresponds to classical calibration against
liquid options. For the first step, key issues are the choice of training data and the architecture of the neural

network. Regarding the training data, the general idea is as follows:

1. Choose realistic “prior” distributions for both model parameters 6 and option parameters ¢ (= (7, k) in the
above notation). The point is that many theoretically possible parameters are very unlikely to ever occur in
real markets, for both model and option parameters. Hence, it is wasteful to spend resources to learn the
pricing map for, say, maturities in the range of hundreds of years. The simplest choice is to simply impose
uniform distributions on truncated parameter ranges, but nothing prevents more “informed” possibilities, for
instance taking into account historical distributions of estimated model parameter values or observed option

parameter values.

2. Simulate model and option parameters according to the distribution chosen before and compute the corre-
sponding option price or implied volatility, which serves as label for the respective parameter vector. The
computation can be done for any available numerical method, for instance Monte Carlo simulation. As an
aside, this mechanism can, of course, be used to produce training, testing and validation data in the sense of

the machine learning literature.

Remark 3.3.1. Note that the above mentioned “informed” parameter distributions could also be encoded as

weights into the loss function for the training of the neural network.

Remark 3.3.2. Instead of simulation of parameter values, we could also consider deterministic grids in the
parameter space. In very high dimensional parameter spaces this probably becomes unfeasible due to the curse of
dimensionality, but in the current context this approach may very well improve training of the neural network. We

leave a comparison to future work.

Implicit & grid-based learning

We take this idea further and design an implicit form of the pricing map that is based on storing the implied volatility
surface as an image given by a grid of “pixels”. This image-based representation has a formative contribution in
the performance of the network we present in Section 3.4. Let us denote by A := {kivTj}?;LTﬂ a fixed grid of
strikes and maturities, then we propose the following two step approach:

Step (i): Learn the map F(w,6) = {e™M@)/(T;, kj)}iz, 'j—) via neural network where the input is a parameter combi-
nation 6 € © of the stochastic model M(f) and the output is a n x m grid on the implied volatility surface
{aMON(T;, kj)}iz, 'j—, where n,m € N are chosen appropriately (see Section 3.3.4) on a predefined fixed grid
of maturities and strikes. F takes values in RY where L = strikes x maturities = nm. The optimisation

problem in the image-based implicit learning approach is:

reduced
Nrrain L

a;:argrﬂgin S T ni(Fw, 0;); — M0, T, ky)), (3.10)
weR™ L1 =1

where Nyain = r}i‘i}‘rfed x L and n; € Ry is a weight vector.

Step (ii): Solve the minimisation problem

L
= argminz ﬁj(ﬁ(@, 0); — oNET(T;, k)2,
beo ‘=

for some user specified weights 3; € R5o. We note here that F (@, 0) being a Neural Network, all gradients

with respect to € are available in closed-form and are fast to evaluate.

The data generation stage for the image-based approach works as in the point-wise approach, except that the

option parameters ¢ = (T, k) are, fixed and are no longer part of the learning algorithms — except implicitly in
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the output/labels of the neural network. This is why they appear in the general objective function of pointwise
learning (3.9) but no longer appear in the objective function (3.10) of the grid-based learning above. In practice,

we choose a grid A of size 8 x 11.

Clearly, the neural network does depend on the grid A of option parameters . Hence, we need to interpolate
between gridpoints in order to be able to calibrate (in the calibration Step (ii)) also to such options, whose
maturity and strike do not exactly lie on the grid A. This indirect dependence of the trained network on A is

alluded to by the name “implicit learning”.

The role of the objective function: Pointwise training versus implicit and grid-based training

Comparing the pointwise approach (characterised by the general objective function (3.9)) and the image-based ap-
proach (characterised by the objective function (3.10)), we find that both of them can be advantageous in certain
situations. We highlight the connection between the two below, and elaborate on some of the respective advantages

of each approach.

Equation (3.10) can be brought to the form of (3.9) equation by inserting (into (3.9)) the specification values
0 =0, with

1=01,...,07 :91,9/L+1 =0s,...,
and recalling that L = strikes x maturities and Nyain = ﬁgﬁfed x L. Hence, the pointwise approach is more

general than the image-based one.

With this in mind we make the general note, many of the various advantages and disadvantages of both approaches
can, in principle, be mitigated by careful choice of the data generation mechanism (of the training and validation

datasets) and the loss function in the training.

e The biggest difference, between pointwise and image based implicit learning procedures is that image based
implicit learning requires an outside (implicit) interpolation between the learned implied volatilities in order to
compute the implied volatility of an option with an arbitrary strike or maturity, not aligned with the grid. At
face value, this is of course an advantage of the pointwise (explicit) approach, where the interpolation is rather
performed by the deep neural network. On the other hand, we note that the function (7', k) — o™(0; T, k)

(for fixed model parameters ) is usually a very well understood smooth function.

e Indeed, this very same structure induces a reduction of variance in the training data for the image-based
approach as compared to the pointwise approach. Formally speaking, in the image based approach only the
model parameters are sampled, while the strike and maturities of the underlying instruments are deterministic.
As a side note, keep in mind that we should always compare the two approaches based on a fixed number

Nryain of total training data.

e It is also easier to take into account the structure of real financial data into the data generation for the
pointwise approach by adjusting the (random) sampling distribution on the surface accordingly. Clearly, not
all options are equally important for the purpose of calibration, but we would like to concentrate on liquid
options. It is easy to adjust the sampling distribution for strikes and maturities in the pointwise approach
to take into account historical numbers of liquidity. In the grid-based approach, this can to some extent
be taken into account by the choice of the weight vector 7; € Rso in (3.10), or more accurately taken into
account by using non-uniform, non-tensorized, or bespoke quasirandom sampling grids, with higher density
of points in regions with higher liquidity.

e The image-based approach may be seen as an efficient dimension-reduction technique as compared to the
pointwise one. Of course, the price we pay is that we only learn the values of the implied volatilities on a fix
grid A of option parameters. In this example, this price is, however, worth paying since the regularity of the
volatility surface is well understood. This implies that we know very well the number and location of grid

points required to get good fits globally in terms of the chosen interpolation.
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In the particular calibration example presented in Section 3.4 below, the image-based approach performed somewhat
better than the pointwise approach, which indicates that the variance and dimension reduction features may be

more important than the other aspects in the above comparison.

Remark 3.3.3. In principle, the two-step approach is also amenable to other numerical interpolation methods.

For instance, we could also use Chebyshev interpolation to approximate model implied volatilities such as [GKS19].

Remark 3.3.4. In line with Remark 3.3.3, we note that the image-based approach (in conjunction with the outside
interpolation) is a hybrid between a pure DNN approximation such as the point-wise approach and a standard
polynomial interpolation method, such as Chebyshev approximation, see [GKS19] for example. Of course, other,
more specialized interpolation methods on the implied volatility surface are also possible, for instance using the
SVI volatility parameterization, see for example [Itk15].

Reasons for the choice of grid-based implicit training as the bespoke approach

In Bayer, Horvath, Muguruza, Stemper and Tomas [Bay-+19¢| we provide a more detailed numerical analysis of the
pointwise vs. grid-based implicit approach. However, we summarise here the reasons why the later shows superior

numerical performance:

e The first advantage of implicit training is that it efficiently exploits the structure of the data. Updates in
neighbouring volatility points ¢,_; and o, can be incorporated in the learning process. If the output is
a full grid this effect is further enhanced. Updates of the network on each gridpoint also imply additional
information for updates of the network on neighbouring gridpoints. One can say that we regard the implied

volatility surface as an image with a given number of pixels.

e By evaluating the objective function on a larger set of (grid) points, injectivity of the mapping can be more
easily guaranteed than in the pointwise training: Two distinct parameter combinations are less likely to yield

the same value across a set of gridpoints, then if evaluated only on a single point.

e We do not limit ourselves to one specific grid on the implied volatility surface and we can easily add and
evaluate additional maturities and strikes to the same set of Monte-Carlo generated paths. Note in particular
that in this training design we can refine the grid on the implied volatility surface without increasing the
number of training samples needed and without significantly increasing the computational time for training,

as the portfolio of vanilla options on the same underlying grows with different strikes and maturities.

e In Appendix B we demonstrate that the out-of-sample generalisation is successfully achieved.

Some exotic payoffs

Our framework extends to all exotic products such as: Digital barriers, no-touch (or double no-touch) barrier,

cliquets or autocallables.

We present some numerical experiments in Section 3.4.3, to demonstrate the pricing of digital barrier options.
More precisely, in Section 3.4.3 we consider down-and-in such as down-and-out digital barrier options, the main

building blocks of many Autocallable products. For a barrier level B < Sy and maturity 7' the payoff is given by:

PDownfandfln(B’ T) —E []I'{TBST}] (311)
P)Downfa’ndfOut(B7 T) =FE [I{TBET}] (312)

where 75 = irtlf {S; = B}. In this setting, we may easily generate a grid for barrier levels and maturities ABarrier .=

{Bi,T;};2, ;= that we can fit in the objective function specified in (3.10).
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3.3.3 Some relevant properties of deep neural networks as functional approximators

Deep feed forward! neural networks are the most basic deep neural networks, originally designed to approximate
some function F*, which is not available in closed form but only through sample pairs of given input data x and
output data y = F*(x). In a nutshell, a feed forward network defines a mapping y = F(z,w) and the training
determines (calibrates) the optimal values of network parameters @ that result in the best function approximation?
F*(-) = F(-,w) of the unknown function F*(-) for the given pairs of input and output data (x,y), cf. [GBCI6,
Chapter 6].

To formalise this, we introduce some notation and recall some basic definitions and principles of function approxi-

mation via (feedforward) neural networks:

Definition 3.3.5 (Neural network). Let L € N and the tuple (Ny,No---,Nz) € NI denote the number of
layers (depth) and the number of nodes (neurons) on each layer respectively. Furthermore, we introduce the affine

functions

w: RY RV for1<I<L—1

T Al+lx+bl+l (313)

acting between layers for some A1 € RNi+1XNi The vector o't € RN+t denotes the bias term and each entry
Al(:rjl) denotes the weight connecting node i € N, of layer | with node j € N;4; of layer [ + 1. For the the collection
of affine functions of the form (3.13) on each layer we fix the notation w = (w?,...,w%). We call the tuple w the
network weights for any such collection of affine functions. Then a Neural Network F(w,-) : RNo — RNz is defined

as the composition:
F:=Fpo---0oF} (3.14)

where each component is of the form F; := o; o W!. The function o; : R — R is referred to as the activation
function. It is typically nonlinear and applied component wise on the outputs of the affine function W'. The first
and last layers, F; and Fp, are the input and output layers. Layers in between, F5--- F_1, are called hidden

layers.

The following central result of Hornik justifies the use of neural networks as approximators for multivariate functions

and their derivatives.

Theorem 3.3.6 (Universal approximation theorem (Hornik, Stinchcombe and White [HSW89])). Let NNg, 4
be the set of neural networks with activation function o : R — R, input dimension dy € N and output dimension

dy € N. Then, if o is continuous and non-constant, NN, | is dense in LP(u) for all finite measures pu.

There is a rapidly growing literature on approximation results with neural networks, see [Hor91; HSW89; Mha93;

SCC18] and the references therein. Among these we would like to single out one particular result:

Theorem 3.3.7 (Universal approximation theorem for derivatives (Hornik, Stinchcombe and White [HSW90])).
Let F* € C" and F : R — R and ./\/'./\/'2071 be the set of single-layer neural networks with activation function
o : R — R, input dimension dy € N and output dimension 1. Then, if the (non-constant) activation function is
o € C"(R), then /\f./\/gm1 arbitrarily approximates f and all its derivatives up to order n.

Remark 3.3.8. Theorem 3.3.7 highlights that the smoothness properties of the activation function are of signif-
icant importance in the approximation of derivatives of the target function F*. In particular, to guarantee the
convergence of [-th order derivatives of the target function, we choose an activation function o € C*(R). Note that

the ReLu activation function , 0 gery(7) = ()T is not in C'(R) for any I > 0, while oz, (7) = a(e® — 1) is smooth.

IThe network is called feed forward if there are no feedback connections in which outputs of the model are fed back into itself.
2In our case y is a 8 X 11-point grid on the implied volatility surface and z are model parameters 6 € ©, for details see Section 3.3.
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Figure 3.1: In detail neuron behaviour

The following Theorem provides theoretical bounds for the above rule of thumb and establishes a connection

between the number of nodes in a network and the number of training samples needed to train it.

Theorem 3.3.9 (Estimation bounds for Neural Networks (Barron [Bar94])). Let NN, 4, be the set of single-

layer neural networks with Sigmoid activation function o(x) = ﬁ, input dimension dy € N and output dimension
dy € N. Then:
R C? d
E|F* - F|3<0 <f> +0 (”0 logN>
n N

where n is the number of nodes, N 1is the training set size and Cp~ is the first absolut moment of the Fourier

magnitude distribution of F™*.

Remark 3.3.10. Barron’s [Bar94] insightful result gives a rather explicit decomposition of the error in terms of

bias (model complexity) and variance:

2
e 0 (C%) represents the model complexity, i.e. the larger n (number of nodes) the smaller the error

e O (ano log N) represents the variance, i.e. a large n must be compensated with a large training set N in

order to avoid overfitting.

Finally, we motivate the use of multi layer networks and the choice of network depth. Even though a single layer
might theoretically suffice to arbitrarily approximate any continuous function,in practice the use of multiple layers
dramatically improves the approximation capacities of network. We informally recall the following Theorem due
to Eldan and Shamir [ES15] and refer the reader to the original paper for details.

Theorem 3.3.11 (Power of depth of Neural Networks (Eldan and Shamir [ES15])). There exists a simple (ap-
prozimately radial) function on RY, expressible by a small 3-layer feedforward neural networks, which cannot be
approrimated by any 2-layer network, to more than a certain constant accuracy, unless its width is exponential in

the dimension.

Remark 3.3.12. In spite of the specific framework by Eldan and Shamir [ES15] being restrictive, it provides a
theoretical justification to the power of “deep” neural networks (multiple layers) against “shallower” networks (i.e.
few layers) as in [McG18] with a larger number of neurons. On the other hand, multiple findings indicate [Bay+19c;
IS15] that adding hidden layers beyond 4 hidden layers does not significantly improve network performance.

3.3.4 Network architecture and training

Network architecture of the implied volatility map approximation

Here we motivate our choice of network architecture for the following numerical experiments which were inspired

by the analysis in the previous sections. Our network architecture is summarised in the graph 3.2 below.
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1. A fully connected feed forward neural network with 4 hidden layers (due to Theorem 3.3.11) and 30 nodes

on each layers (see Figure 3.2 for a detailed representation)
2. Input dimension = n, number of model parameters

3. Output dimension = 11 strikesx 8 maturities for this experiment, but this choice of grid can be enriched or
modified.

4. The four inner layers have 30 nodes each, which adding the corresponding biases results on a number
(n+1)x30+4x(1+30)x30+(30+ 1) x 88 = 30n + 6478

of network parameters to calibrate (see Section 3.3.3 for details).

5. Motivated by Theorem 3.3.7 we choose the Elu o g, (x) = a(e” — 1) activation function for the network and

linear activation orneqr = (2) in the output layer.
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Figure 3.2: Our neural network architecture with 4 hidden layers and 30 neurons on each hidden layer, with the
model parameters of the respective model on the input layer and with the 8 x 11 implied volatility grid on the

output layer.

Training of the approximation network

We follow the common features of optimization techniques and choose mini-batches, as described in Goodfellow,
Bengio and Courville [GBC16]. Typical batch size values range from around 10 to 100. In our case we started with
small batch sizes and increased the batch size until training performance consistently reached a plateau. Finally,
we chose batch sizes of 32, as performance is similar for batch sizes above this level, and larger batch sizes increase

computation time by computing a larger number of gradients at a time.

In our training design, we use a number of regularisation techniques to speed up convergence of the training, to

avoid overfitting and improve the network performance.

1) Early stopping: We choose the number of epochs as 200 and stop updating network parameters if the er-

ror has not improved in the test set for 25 steps.
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2) Normalisation of model parameters: Usually, model parameters are restricted to a given domain ie. 6 €

[Omin, Omaz]. Then, we perform the following normalisation transform:

29 - (emaz + gmzn)

emaw - emin

e[-1,1].

3) Normalisation of implied volatilities: The normalisation of implied volatilities is a more delicate matter, since
ops(T,k,0m4") € [0,00), for each T and k. Therefore, we choose to normalise the surface subtracting the sample

empirical mean and dividing by the sample standard deviation.

3.4 NUMERICAL EXPERIMENTS

In our numerical experiments we demonstrate that the accuracy of the approximation network indeed remains
within the accuracy of the Monte Carlo error bounds and proclaimed in the introductory sections’ objectives.
For this we first compute the benchmark Monte Carlo errors in Figures 3.3-3.4 and compare this with the neural
network approximation errors in Figures 3.5 and 3.6. For this separation into steps (i) and (ii) to be computationally
meaningful, the neural network approximation has to be a reasonably accurate approximation of the true pricing
functionals and each functional evaluation (i.e. evaluation an option price for a given price and maturity) should
have a considerable speed-up in comparison to the original numerical method. In this section we demonstrate that

our network achieves both of these goals.

3.4.1 Numerical accuracy and speed of the price approximation for vanillas

One crucial difference that sets apart this work from direct neural network approaches, as pioneered by Hernandez
[Her17], is the separation of (i) the implied volatility approximation function, mapping from parameters of the
stochastic volatility model to the implied volatility surface-thereby bypassing the need for expensive Monte-Carlo
simulations—and (ii) the calibration procedure, which (after this separation) becomes a simple deterministic op-
timisation problem. As outlined in Section 3.3.2 our aim for the Step (i) in the two-step training approach is to
achieve a considerable speedup per functional evaluation of option prices while maintaining the numerical accuracy

of the original pricer:

1. Approximation accuracy: here we compare the error of the approximation network to the error of Monte
Carlo evaluations (defined as the 95% sample confidence interval®). We compute Monte Carlo prices with
60,000 paths as reference at the nodes where we compute the implied volatility grid using Algorithm 2.4.5.
In Figures 3.3 and 3.4 the approximation accuracy of the Monte Carlo method for the full implied volatility
surface is computed using pointwise relative error with respect to the 95% Monte Carlo confidence interval.
Figures 3.5 and 3.6 demonstrate that the same approximation accuracy for the neural network is achieved as
for the Monte Carlo approximation (i.e. within a few basis points). For reference, the spread on options is
around 0.2% in implied volatility terms for the most liquid and those below a year. This translates into 1%

relative error for a implied volatility of 20%.

2. Approximation speed: Table 3.2 shows the CPU computation time per functional evaluation of a full surface
under two different models; rBergomi 3.5 and 1 Factor Bergomi 3.7 (for a reminder see Section 3.4.1 for
details).

3We note that confidence intervals are symmetric in price space, however this is not the case in implied volatility space as the
corresponding mapping is nonlinear. Therefore, we consider the error as the maximum length of the 95% confidence interval in implied
volatility space as a conservative approach.
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3. For clarity we emphasize that the cost of generating a single training sample is 0.3 seconds in the case of 1F

Bergomi and 0.5 seconds in the case of rBergomi. Therefore, the complete training sample generation takes

400 minutes and 670 minutes respectively.

4. In light of Chapter 2, the choice of n plays a big role in the convergence of the discrete-time process to the

continuous-time one. In this case however, n = 252 is fixed by the user (and could take any value), thus

we focus on the discrete-time process (which we aim to price via neural networks), not the continuous-time

counterpart. Also, if the size of n is increased the time it takes to generate training samples would increase

linearly with respect to the n = 252 baseline in light of Figure 2.12.

forward variance

MC Prici MC Prici
rlcmgf ch?g NN Pricing | NN Gradient Speed up
1F Bergomi rBergomi
Full Surface | Full Surface NN vs. MC
Full Surface | Full Surface
Pi i tant
1CCOWIRE COSEANL | 300 000 s | 500,000 s | 30.9 us 113 ps 9,000 — 16,000

Table 3.2: Computational time of pricing map (entire implied volatility surface) and gradients via Neural Network

approximation and Monte Carlo (MC). If the forward variance curve is a constant value, then the speed-up is even

more pronounced

MC Error Analysis rough Bergomi with Piecewise Constant Term Structure
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Figure 3.3: As benchmark we recall average relative errors of Monte Carlo prices computed across 80,000 random

parameter combinations of the Rough Bergomi model. Relative errors are given in terms of Average-Standard

Deviation-Maximum (Left-Middle-Right) on implied volatility surfaces in the Rough Bergomi model, computed

using 95% confidence intervals.

53



MC Error Analysis 1 Factor Bergomi with Piecewise Constant Term Structure
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Figure 3.4: As benchmark we recall average relative errors of Monte Carlo prices computed across 80,000 random

parameter combinations of the 1 Factor Bergomi model. Relative errors are given in terms of Average-Standard

Deviation-Maximum (Left-Middle-Right) on implied volatility surfaces in the 1 Factor Bergomi model, computed

using 95% confidence intervals.

Neural network price approximation in (rough) Bergomi models with piecewise constant forward

variance curve

We consider a piecewise constant forward variance curve &y(t) = 2?71 Eilgt,  <t<t;y Where tp =0 <11 < ... < iy,

and {t;}; = 1,..,n are the option maturity dates (n = 8 in our case). This is the modelling approach suggested by

Bergomi [Berl6]. We will consider again the rough Bergomi 3.5 and 1 Factor Bergomi models 3.7

e Normalized parameters as input and normalised implied volatilities as output

e 4 hidden layers with 30 neurons and Elu activation function

e Output layer with Linear activation function
e Total number of parameters: 6808

e Train Set: 68,000 and Test Set: 12,000

e Rough Bergomi sample:(&y, v, p, H) € U[0.01,0.16]% x ¢[0.5,4.0] x U[—0.95, —0.1] x U[0.025,0.5]

e 1 Factor Bergomi sample: (&g, v, p, B) € U[0.01,0.16]% x U[0.5,4.0] x U[—0.95, —0.1] x U]0, 10]

e strikes={0.5,0.6,0.7,0.8,0.9,1,1.1,1.2,1.3,1.4,1.5}

e maturities={0.1,0.3,0.6,0.9,1.2,1.5,1.8,2.0}

e Training data samples of Input-Output pares are computed using Algorithm 2.4.5 with 60,000 sample paths

and the spot martingale condition i.e. E[S;] = Sp, t > 0 as control variate.
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Figure 3.5: We compare surface relative errors of the neural network approximator against the Monte Carlo
benchmark across all training data (68,000 random parameter combinations)in the rough Bergomi model. Relative

errors are given in terms of Average-Standard Deviation-Maximum (Left-Middle-Right).
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Figure 3.6: We compare surface relative errors of the neural network approximator against the Monte Carlo bench-
mark across all training data (68,000 random parameter combinations)in the 1 Factor Bergomi model. Relative

errors are given in terms of Average-Standard Deviation-Maximum (Left-Middle-Right).

Figures 3.5 and 3.6 show that the average (across all parameter combinations) relative error between neural net-
work and Monte Carlo approximations is far less than 0.5% consistently (left image in Figures 3.5 and 3.6) with a
standard deviation of less than 1% (middle image in Figures 3.5 and 3.6). The maximum relative error goes as far
as 256%. We conclude that the methodology generalises adequately to the case of non-constant forward variances,

by showing the same error behaviour.

3.4.2 Calibration speed and accuracy for implied volatility surfaces

Figure 3.7 reports average calibration times on test set for different parameter combinations on each of the models
analysed. We conclude that gradient-based optimizers outperform (in terms of speed) gradient-free ones. Moreover,
in Figure 3.7 one observes that computational times in gradient-free methods are heavily affected by the dimension
of the parameter space, i.e. flat forward variances are much quicker to calibrate than piecewise constant ones. We
find that Lavenberg-Marquardt is the most balanced optimizer in terms of speed/convergence and we choose to
perform further experiments with this optimizer. The reader is encouraged to keep in mind that a wide range of

optimizers is available for the calibration and the optimal selection of one is left for future research.
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Average calibration time with different optimisers
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Figure 3.7: Average calibrations times for all models using a range of optimizers.

In order to assess the accuracy, we report the calibrated model parameters 0 compared to the synthetically generated
data with the set of parameters 6 that was chosen for the generation of our synthetic data. We measure the accuracy
of the calibration via parameter relative error i.e.
5 _ 107
|0

as well as the root mean square error (RMSE) with respect to the original surface i.e.

-~

RMSE(f) = S (F(B)i; — oMET (T3, k)2
i=1 j=1

K2

Therefore, on one hand a measure of good calibration is a small RMSE. On the other hand, a measure of parameter

sensitivity on a given model is the combined result of RMSE and parameter relative error.

A calibration experiment with simulated data in (rough) Bergomi models with piecewise constant

forward variances

We consider the rough Bergomi model (3.5) and the Bergomi model (3.7) with a piecewise constant term-structure
of forward variances. Figures 3.8 and 3.9 show that the 99% quantile of the RMSE is below 1% and shows that
the Neural Network approach generalises properly to the piecewise constant forward variance. Again, we find that
the largest relative errors per parameter are concentrated around 0, consequence of using the relative error as
measure. This suggests a successful generalisation to general forward variances, which to our knowledge has not

been addressed before by means of neural networks or machine learning techniques.
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Figure 3.8: Cumulative Distribution Function (CDF) of Rough Bergomi parameter relative errors (left) and RMSE

(right) after Levengerg-Marquardt calibration across test set random parameter combinations.
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Figure 3.9: Cumulative Distribution Function (CDF) of 1 Factor Bergomi parameter relative errors (left) and

RMSE (right) after Levengerg-Marquardt calibration across test set random parameter combinations.

Calibration in the rough Bergomi model with historical data

As previously mentioned, the natural use of neural network approximators is the model calibration to historical
data. We discussed that as along as the approximation is accurate, the calibration task should be performed within
the given tolerance. Furthermore, one should expect such tolerance to be aligned with the neural network accuracy
obtained in both training and test sets.

In this section we will perform a historical calibration using the neural network approximation and compare it
with that of the brute force monte carlo calibration. Precisely we seek to solve the following optimisation problem
for the rough Bergomi model

=

5 9

argmin SN (F(0)i; — o (T3 k)2

rBergomic@rBergomi 4 -
¢ €O =1 j=1

rBergomi ._
0 g =

where grBergomi — (¢, ¢, €364, 65, v, p, H) and ©7Ber9omi = [0.01,0.25]° x [0.5,4] x [—~1,0] x [0.025,0.5]. As for
the time grid we choose

1
(T17T27T3aT47T5) = E X (173a659712)

and for the strike grid

ki =085+ (i—1) x 0.05 fori=1,..,9.

Remark 3.4.1. We emphasize that ©75¢79om" = [0.01,0.25]° x [0.5,4] x [—1,0] x [0.025,0.5], i.e. the parameter
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space in constrained to a bounded set that coincides with the training set. This prevents the optimisation algorithm
from using the neural network in a extrapolation domain (commonly referred as out of sample environment) and

makes the procedure consistent.

We consider SPX market smiles between 01/01/2010 and 18/03/2019 on the pre-specified time and strike grid.
Figure 3.10 shows the historical evolution of rough Bergomi parameters calibrated to SPX using the neural network
price. In particular we note that H < % as previously discussed in many academic papers [ALV07; BFG16;
Bay+19b; Bay+19a; BLP17; ER19; Fuk11b; GJR18; HJL19; JPS18], moreover we may confirm that under Q, H €
[0.1,0.15] as found in Gatheral, Jaisson and Rosenbaum [GJR18] under P. Figure 3.11, benchmarks the NN optimal
fit using Levenberg-Marquardt and Differential Evolution against a brute force MC calibration via Levenberg-
Marquardt. Again, we find that the discrepancy between both is below 0.2% most of the time and conclude that
the Differential Evolution algorithm does outperform the Levenberg-Marquardt. This in turn, suggests that the
neural network might not be precise enough on first order derivatives. This observation, is left as an open question
for further research. Perhaps surprisingly, we sometimes obtain a better fit using the neural network than the MC
pricing itself. This could be caused by the fact that gradients in the neural network are exact, whereas when using

MC brute force calibration we resort to finite differences to approximate gradients.
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Figure 3.10: Historical Evolution of parameters in the rough Bergomi model with a piecewise constant forward

variance term structure calibrated on SPX
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Figure 3.11: The image above compares historical RMSE obtained by the neural network best fit via Levenberg-
Marquardt (dashed orange line) and Differential Evolution (dotted purple line) against the brute force MC calibra-
tion (green line) via Levenberg-Marquardt. Picture below shows the difference against MC brute force calibration.

3.4.3 Numerical experiments with barrier options in the rough Bergomi model

In this section we show that our methodology can be easily extended to exotic options. To do so we test our image-

based approach on digital barrier options. We follow the same architecture and experimental design described in
Section 3.4.1 for the rough Bergomi model. As described in Section 3.3.2 we adapt the objective function to the
payoffs given in (3.11) and (3.12) and replace the strike grid by a barrier level grid. Figure 3.12 confirm the accuracy

of the neural network approximation with average absolute errors of less than 10bps with standard deviation of

10bps.
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Neural network approximator performance on Down-and-Out barrier options
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Figure 3.12: Picute above: Down-and-Out neural network absolute error analysis on test set. Picture below:

Down-and-In neural network absolute error analysis on test set

3.5 SUMMARY

Throughout this Chapter we have explored the use of deep learning methods to approximate model-based derivatives
pricing functions. In particular, we have shown how to apply neural networks to learn the implied volatility
generated by a (rough) stochastic volatility model and also explored some exotic payoffs. This powerfull framework,
allowed us to perform calibration tasks within milliseconds whilst remaining within admissible error bounds in an
out-of-sample environment applied to SPX. The novelty of our approach lies into mapping the pricing function
into a grid (rather than a single point), and exploiting the structure of such grid to improve the performance of
neural networks as functional approximators. This in turn, allowed us to make the use of (virtually) any stochastic

volatility model as simple (and fast) as the Black-Scholes formula.
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NOT SO PARTICULAR ABOUT CALIBRATION:
SMILE PROBLEM RESOLVED

4.1 INTRODUCTION

The calibration of local-stochastic volatility (LSV) models is a fundamental problem in financial modelling. In the
case of low dimensional Markovian models, efficient PDE methods are already available to compute the leverage
function (see Lipton [Lip02]). For more complex Markovian models, (e.g. multi factor or hybrid models) PDE
methods fall into the so-called curse of dimensionality, making their use more complex and slow. The most trans-
parent and effective solution to this LSV calibration problem in high dimensional models has been the particle
method developed by Guyon and Henry-Labordere [GH12]. It is worth noting, however, that this method requires
the prespecification of a kernel function and bandwidth parameter, which can be unnerving in an automatised

production environment.

In this Chapter we present an algorithm that follows the principle of the particle method, without relying on
non-parametric methods to obtain the leverage function. Perhaps surprisingly, we are able to obtain a closed-form
expressions (under standard discrete time structure assumptions on the leverage function) that allow us to calibrate
the leverage function, and apply to all Stochastic Volatility (SV) models. We further extend the results to an Euler

scheme setting to obtain a calibration algorithm.

4.2 LSV FRAMEWORK AND MATHEMATICAL SETTING

An LSV model under the risk-neutral measure Q is given by

ds.

?t = ’I"tdt + )\(St, t)\/ Wth (41)
t

where A : R x Ry — R, is the so-called leverage function. W here, is a unidimensional Brownian motion and

the processes V' and r are assumed to be adapted to the natural filtration generated by a d-dimensional Brownian

motion Z, where d € N. In addition, we assume the tuple (Wy, Z;) to have the following correlation structure:
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1 T
¥ — (p sz) c R(d-&-l)x(d-&-l), Y, e Rdxd, pwz € RIx1L
wZz Z

The processes are defined on a given probability space (2, (Gi)i>0, Q) with G; being the natural filtration generated
by the aforementioned Brownians. Let us further denote by F}V and F7Z the filtrations generated by W and
Z respectively, such that G; = FV v FZ holds. Throughout this chapter, we shall work with the discrete-time
counterpart of (4.1) given by,

1
IOg(Sti) = log(Sti—l) + (_2‘/;51'1 + rtil) At; + )‘(Stifuti*l) ‘/ti—lAWti’ (42)

where At; = t; — t;—1 and AW, = W, — W, _,, for ¢ = 1,...,n, a suitable time partition {0 = ¢o,¢1,...,t, = T}

and a fixed time-horizon T > 0.

Remark 4.2.1. Dividends are neglected for sake of simplicity, but it is straightforward to consider them as in
Guyon and Henry-Labordere [GH12].

4.3 THE CALIBRATION OF THE LEVERAGE FUNCTION IN A NUTSHELL

The probabilistic condition in (4.1) for the leverage function to be calibrated to market smiles is given by (see
Balland [Bal05])

2 EQ [D(t) (re — 7¢) Is, > k1]

1 02C
2 K IR

EQ[D(t)Vt|St = K]
t

M) EaDm)s, = K]

= UDup(Kv t) ’ (43)

where D(t) = e~ Jo 745 ZCB(t) = EQ[D(t)], 7, = —28ZCBW)  Noge that % = 7. We define 0 py, (K, t)

to be the local volatility (Dupire [Dup94]) associated with the observed market i.e.

oC oC =

T + KWTT
12020
2K 0K?2

O pup(K,T)? =

The SDE presented in (4.1) paired with A(:,-) given by (4.3), transforms into a McKean SDE. The existence and
uniqueness of such SDE is a very intricate mathematical problem (see [JZ20]) and falls outside the scope of this

work. All numerical algorithms known to solve the calibration task rely on the following standard assumption:
Assumption 4.3.1. The leverage function has the following structure:
7(t)
Az, t) = Z Ji (@) Lty by, T(E) = argnﬁllin{t <t}
i=1 Je

for functions f; : Ry — Ry.
Under Assumption 4.3.1 and system (4.2) the time domain is discretised and the following algorithm is constructed:
LSV Calibration Algorithm

1. Fix a time partition {txc =0, ...,t, = T} and space partition {Ko = Kmnin, -, Kmm = Kmaz }-

o pup(Kj, to)

2. Initialize A(Kj,t9) = v
0

, j=0,..,m.
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Corrector t;

Corrector t; Predictor t;_1~ —_ " ...
Predictor to /—\ ______ /\ /\

Figure 4.1: Graphical description of the forward in time LSV calibration algorithm. The ¢ distribution of the Spot
is by convention a Dirac function, hence the arrow representation. The algorithm predicts the distribution of Sy,
implied by the model (blue density) at time ¢;_1 for time ¢; with A(-,¢;) = 1 and corrects accordingly to match the
0 pup market implied distribution of S, (green density).

3. Fori=1..n:
For j =0,....m

Step 1. Predictor:

e Calculate EQ | D [ T ’)]I‘{Sti>Kj}:|
. [ (tz)‘/t |St = ]
e Obtain L
EQ[D(t;)|St, = K]

Step 2. Corrector:

B [D(t) (v~ ri) Vs, >xn |\ B0[D()IS:, = K

3K 55 ER[D(t:) Vi, K5

O)\Q(Kj,ti) = O'Dup(Kj,ti)Q —

As noted above, the procedure sequentially updates the leverage function A, the critical step being the correct
QDL —K.
computation of ]E]E[()P[gzzgt‘gfti}ﬁ]] at time ¢;_, meaning that we can compute A(,¢;) at the previous time step ¢;_1
i Pkt

and create a forward in time procedure. Figure 4.1 is a graphical description of the iterative procedure (forward
in time) of the calibration algorithm.

4.3.1 The original particle method

In order to compute conditional expectations, Guyon and Henry-Labordére [GH12] propose a Monte Carlo based
estimation via non-parametric Nadaraya-Watson kernel regression, more precisely if we denote by S’Z_ and 1_/,5“ the
u-th particle obtained in a Monte Carlo simulation with M particles, then the estimator is given by:

EC[D(t:)Vi,|Se, = K;] _ B[V, D(t:)d(Sh, — K))] _ umi
EC[D(t:)IS, = K;] — EC[D(t:)5(S — K;)]

where K}, (+) is a suitable kernel function with bandwidth parameter A > 0. In the original article, a rule of thumb
is given for the choice of h and the choice of a quartic kernel is recommended. In our numerical tests in Section

4.7, we follow these guidelines for implementing the particle method as benchmark.
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4.3.2 Limitations of kernel regression: Bias, Variance and Convergence

It is well known, that non-parametric kernel regression methods suffer from a bias of order O(h?) (see Hirdle
and Bowman [HB88]). Most importantly, the variance of the estimator is of order O ((Mh)™'). The need for a

prespecified parameter h of such critical importance for the correct performance of the method, poses an inherent

risk and makes it inclined to potential instabilities.

4.4 THE EXACT FORMULA

In order to obtain the closed-form formula for EY[D()|S, =K]
on the classical result by Romano and Touzi [RT97).

Theorem 4.4.1. Given model (4.2) and Assumption 4.3.1 we have

3

log Sti\ft‘:‘il \Y .7-"5 ~N (ui, (1- ﬁZ)Uz) ,

where

1
pi = log Sti—l + rti71Ati + Wi71)‘(5’ti71’ti—1)AWt‘J - 5‘/75F1)‘(Str571’ti—1)2Ati

02'2 = ‘/;«i—l)\(sti—l7ti71)2Ati? ﬁQ = PYVE/ZE;PWZ, thl = PTV{/ZE;Zt

Proof. First we see that,

log S¢, ‘Ftiwi1 V‘thi ~ i+ V1= p? ‘/;ifl)\(sti—l’tifl)AXti

WDOViSi=K] 0 Ve first obtain the following result, which is based

where X is a Brownian motion independent of ftiwil \% ]-"tZ We remark that A(Sy,_,,t;—1) is G, ,-measurable
under Assumption 4.3.1. Note also that p; € 7V vV FZ and (1 - p?)/Vi,_, A(Si,_,, ti—1)AX,, has a deterministic

integrand under conditioning, which by properties of the It6 integral is a centred Gaussian with variance (1 — p?)o?

and the result follows.

The next corollary gives the exact formula that we proclaimed.

Corollary 4.4.2. Given model (4.1) and Assumption 4.3.1 we have

2
0;

—3(di(K))?
EQ lD(ti)Wi 62]

EQ[D(t;)|S;, = K]

~—

di(K) =

SO0

2
i

EQ [D(ti)

g

Proof. We note that

E2[D(t,)Vi, EQ[5(S,, — K)]

Sti :K] =

where 6(-) represents the Dirac function at 0. Using the Tower property we further get

E® | D(t:) Vi, B (S,, — K)IFY, v F]

EC[D(t:)Vs,

Sti = K] =
EQ [EQ[5(S,, — K)IFY, v 7]
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where we have used that V,, D(¢;) € ]—'f . Next, we invoke Theorem 4.4.1, which gives the conditional probability

density function ¢(-) of S:
1 e~ 3 (di(@))?
o) = -
T £ 2mo;
The result can be now directly derived by using the conditional density along with the Dirac function and the same
procedure for E2[D(t;)|S;, = K]. O

In a Monte Carlo setting we may use Corollary 4.4.2 with the Euler discretisation of the processes involved to

obtain the estimator:

EC[D(t:)Vi Sy, = K] B9V, D()I(S, —K)) _ i " V@ L6
EAD()IS, = K] BOD@OS, —K)] M @y (10
X_le( N COE

where u represents the u-th particle.

Remark 4.4.3. Note that expression (4.6) allows for unbiased Monte Carlo computation of the conditional ex-

pectations of the FEuler scheme, without the use of external hyperparameters.

Remark 4.4.4. We note that for any pair of random variables X and Y we have,
Var(Y) = E(Var(Y | X)) + Var(E(Y | X)).

Thus, one also has
Var(E(Y | X)) < Var(Y).

Hence, the use of conditional expectations in Corollary 4.4.2, theoretically guarantees a variance reduction both
for EQ[V,, D(t;)0(S;, — K)] and EQ[D(;)8(S;, — K)).

4.4.1 Further exploiting the discrete nature of numerical algorithms: lognormal SV
case

The results developed in Corollary 4.4.2 allow to obtain a closed-form expression for virtually any SV model. In
spite of the universality of the result, there is a (mild) memory cost of storing . /Vti_l)\(Sti_l,ti,l)Athj. In this
section, we show how to remove this dependence. For simplicity, in this section we assume that the joint distribution

of the logarithm of instantaneous variance and W in (4.1) follows a multivariate normal distribution,
log(V,) ~ N (&, vi). (4.7)

Hence, the conditional distribution is also given by a lognormal random variable:

<log(Vti) gti_1> Y (( & ) 7 < Vi PW)) : (4.8)

Wi, 1Ge, Wi_1 Uity —tica 1y —tiz1

where for simplicity we consider a constant correlation parameter p € (—1,1). Furthermore, we consider the

processes V' and r to be piecewise constant, i.e.

7(t) 7(t)
V;t = Z ‘/ti71]l{t€[ti71,ti)}7 Ty = Zrti—l]l{te[ti—l,ti)}? T(t) = argn&in{t < t]} (49)
i=1 i=1 7€
Note that (4.9) is the usual time discretisation needed to perform numerical (forward Euler) simulation or PDE

pricing; it therefore does not pose additional constraints.
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Proposition 4.4.5. Under Assumption 4.3.1 and model (4.2) with V and r given by (4.7)-(4.9) we have,

exp{ €t sord s (73 —108(K))*+ (s —low(K)) - (1-)710:)° }

EQ | D(t;) 3
Q _ — i
E2[Vi, D(t:)|Sy, = K] _ S 7 (4.10)
EQ[D(t;)|S;, = K] e~ 2(di(K))
EQ | D(t;)

9

where

~ 1
Hi = log Stq‘,—l + Tti,—lAti - 5‘/ti71)‘(stz717ti—1)2Ati
5 Ni —log(K
dl(K) = Mig;)? p = COTT(Wti - Wti—l’log(w'i)|gti—l)'

0;

Proof. As in the previous result, by definition we have

E? [D(t:)BY[V;,0(S1. — K)[Gr, ]
EQ [EQ[6(Sy, — K)|Gr,_,]]

EC[D(t:)Vs,

Sy, = K| =

Using (4.8) and (4.9), we note that in the numerator we have a bivariate Gaussian distribution with the variables:

log(Stz> gti—l NN /21' 0'22 P 0'2-251'
IOg(Vti)‘gtq:f1 fz 7 1% 0'12;1 Vi '

Computing the conditional expectation in the numerator yields,

exp {& + oz (s — log(K)? + (p(7is — log(K) — (1 = p*)ners)*}
27(1 — p?)o? ’

K3

EQ[V}I(S(SL - K)‘gtifl] =

and the result readily follows by simplifying terms and proceeding similarly with EQ[D(#;)|S;, = K]. O

Remark 4.4.6. Even though we only considered lognormal SV models in Proposition 4.4.5, it should be possible to
derive analytic expressions with other dynamics as long as the conditional expectations are available in closed-form.

This computations, in principle, needs to be done in a case by case basis.

4.5 THE NEW LSV CALIBRATION ALGORITHM

1. Fix a time partition {to =0, ...,t, = T} and space partition {Ko = Knin, --os Kin = Kpmaz }-

opup(Kj, to)

2. Initialize A\(K,to) = Vv )
0

7=0,...m.

3. Fort=1..n:
For j=0,....m

Step 1. Predictor:
e Diffuse particles from ¢;_; to ¢; according to (4.1) and compute ftiil VVUA(St, u)dWiu
EQ[D(tl)Vtz ‘St'i - Kj]

e Use formula (4.6) to obtain
(46) EAD(1)[5%, = K]

Step 2. Corrector:

B [ D) (s~ ) s, sx00] | BQID()IS, = K]
1K 20 ER[D(t:) Vi, |5t = K]
e Extrapolate flat outside [Knin, Kmaz] and lay a cubic spline in between.

N\ (Kj,t;) = | opup(Kj,t:)* —
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Remark 4.5.1. If V is lognormal one can replace (4.6) by (4.10).

Computational considerations:

In principle, the summands in expressions (4.4) and (4.6) need to be computed for all M particles. One can consider
sorting particles according to spot value with cost O(M log M) as in Guyon and Henry-Labordere [GH12], set lower
and upper thresholds 0 < L < U and consider a modified kernel Kj,(z) = Kn(7)lzeir,v)y- Then, one is able to

easily disregard particles in the sorted array.

We must note that ultimately, the savings in computational time will depend on the Monte Carlo sample size
and the efficiency of the sorting procedure. If one wishes to mimic the same technique for (4.6), it is preferable to

sort particles according to <= to set a threshold. Whether sorting particles or not, the computational complexity
(o

of our algorithm will be Virtulally the same as the original particle method as one can see from expressions (4.4)
and (4.6) and Figure 4.4.

Additionally, it is preferable to use the alternative representation (see Appendix C.1)

E® | D(t;) (re, — 1) s, > k,3 | = B2 [D(t:) (re, — 7) ®(—di(K;))] (4.11)
= —E®[D(t;) (re, — 1) D(di(K;))] - (4.12)

where ®(-) is the standard Gaussian cdf. This alternative representations guarantee a variance reduction by the
law of total variance. Furthermore, if one uses the sorting technique, for low strikes 1y i, >K;} will be one with
high likelihood and particles cannot be disregarded. Therefore, we can use expression (4.11) for K > Sy and (4.12)
for K < Sy to disregard particles and keep the computational cost controlled. We further emphasise that when

extrapolating, if K — 0 or K — oo the expectations above converge to zero.

Remark 4.5.2. An alternative approach is also presented for (4.11) in [GH12] via Malliavin representation tech-

niques.

Theoretical considerations:

Precise conditions on system (4.1)-(4.3) for a solution to exists still remains an open question. In [CMR19; GH12] it
is reported that for large values of volatility of volatility the algorithm fails to converge. We tested this phenomena,
but seems that the domain of convergence of our algorithm is superior to that of the particle method; in Figure
4.2 the kernel regression suggests that a fit is not possible a posteriori and one could incorrectly conclude that a
solution does not exist for values of v > 380%, hence the boundary of convergence the numerical scheme would be
v < 380%. On the contrary, our method clearly shows that a solution exists for ¥ = 380%, hence improves the
convergence boundary. Whether such behaviour in the kernel regression is caused by the choice of an inadequate
bandwidth parameter h remains unclear, though raises the issue of instability in the original method. Further tests
with higher level of volatility of volatility showed that both our algorithm and the original particle method fail (see
Figure 4.3) to match the market smiles. The precise theoretical identification of an upper bound in volatility of

volatility remains unanswered.
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SX5E surface fit on 03/09/2019
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Figure 4.2: SX5E (3-Sept-2019) Implied volatility surface. Rough Bergomi parameters: H = 0.2, pyz =
—80%, 8 = 0.5, v = 380%. Vasicek parameters: x = 1, o = 0.5%, pwy = 0%, 70 = 1.5%, pzy = 0%. The
conditional and exact distribution methods are given by equations (4.6) and (4.10) respectively. G-HL Particle
method is described in (4.4).
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Figure 4.3: SX5E (3-Sept-2019) Implied volatility surface. Rough Bergomi parameters: H = 0.2, pyz =
—80%, 8 = 0.5, v = 800%. Vasicek parameters: x = 1, o = 0.5%, pwy = 0%, 70 = 1.5%, pzy = 0%. The
conditional and exact distribution methods are given by equations (4.6) and (4.10) respectively. G-HL Particle
method is described in (4.4).
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4.6 OVERTURE TO LOCAL CORRELATION AND BASKET SMILES

So far, we have only considered the mono-underlying case, but there is no reason why our method cannot be
extended to a multi-asset environment. Let us consider an index I; = Y 1_, wpSF with p € N, where

dr, Z Wi SEN(SE 1) \/V}E

=t = p,dt + dwr
LT = I, t

d—Sf—rdt N (SE O VEAWE, k=1

Sk t + ( t ) t t =1,..,D
t

AW, Wi, o = pij (I, t)dt, k=1,...p

The condition for the index (or basket) to be calibrated to market smiles is given by (see Guyon [Guy14]):

S 1 SPONGEOVIESINGL O K] B (D0 - W Ns]
2 2w KPEAD()[L; = K| ~ 7Pl IKEG
(4.13)

At this stage an assumption on the particular structure of p;;(-,-) is typically made, both to ensure computational
feasibility and positive definiteness of the correlation matrix. Nevertheless, for the purpose of numerically solving
(4.13), the problem is equivalent to being able to compute

QDN (SE 1)/ VESIN (8], )\ V! S |T = K

5,7 =1,..,p.
EQ[D(t”It:K] ) Z7j ) )p

Both Corollary 4.4.2 and Proposition 4.4.5 can be easily adapted to this setting; one needs to find the appropriate
filtration G{ to make the tuple (log S} ,logS?)|G] | jointly normal. Therefore, similar closed-form and exact
expressions can be obtained after some tedious (but not difficult) calculations.

4.7 NUMERICAL TESTS WITH HYBRID MODELS

4.7.1 Vasicek and rough local stochastic volatility

We first consider a rough volatility model, similar to the one introduced by Bayer, Friz and Gatheral [BFG16]
topped with the Vasicek stochastic interest rate model. It is well known (see Alods, Leén and Vives [ALV07])
that such models reproduce a power law decay on the short time ATM skew. However, to control the long term
behaviour we also add a mean-reversion parameter . It is worth noting that non-Markovian dynamics imply that
past behaviour of the volatility process influences the future behaviour.

d
% — rdt + \(Se, )/ VAW,
t
&€ (u\/ / s)H=1/2=Blt= s>dz), B,v>0, He(0,1/2)
dry = (rg — kry)dt + 0dY;, 19 €R
d[Wu Z]t = pWZdt7 d[w Y]t = pWYdf7 d[Za Y]t = PZYdt~

where £(z) = exp(z—1Var(z)). Due to its non-Markovian nature, there is no forward Kolmogorov equation known
for the transition density. Hence PDE methods are out of the picture and one can only resort to simulation based
methods (see Algorithm 2.4.5 for details on simulation). In Figure 4.6 we report the LSV calibration results with
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Figure 4.4: computational times relative to the G-HL particle method with 100 Monte Carlo paths, meaning that
this represents the unit in the time scale.he conditional and exact distribution methods are given by equations (4.6)
and (4.10) respectively. G-HL Particle method is described in (4.4).
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Figure 4.5: RMSE as a function of the number of Monte Carlo paths and the magnituded O(M~1/2) is also given
as benchmark. The conditional and exact distribution methods are given by equations (4.6) and (4.10) respectively.
G-HL Particle method is described in (4.4).

50.000 Monte Carlo paths and ﬁ time step. We observe that the proposed algorithm (both with the conditional
approach and distribution approach) converges appropriately and performs at the level of the particle method
[GH12]. For all tested maturities, we obtain an accuracy of a few basis points for reasonable strikes. In Figure
4.5 we further report computational times and RMSE as a function of Monte Carlo Paths. We do not observe a
significant computational time difference between (4.6) and (4.10); The RMSE, however seems to be lower with
methods (4.6) and (4.10) than (4.4), when the number of particles is greater than 10%.

4.7.2 Vasicek and local 2F Bergomi

To test our method in a higher dimensional setting, we consider the two Factor Bergomi [Ber08] model with
stochastic interest rates given by a Vasicek interest rate model. While Bergomi’s model is a popular equity model
due to its flexibility to fit dynamical properties of the smile, it is driven by a 4 dimensional Brownian, which poses
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Figure 4.6: SX5E (3-Sept-2019) Implied volatility surface. Rough Bergomi parameters: H = 0.2, pyz =
—80%, B = 0.5, v = 200%. Vasicek parameters: x = 1, o = 0.5%, pwy = 0%, ro = 1.5%, pzy = 0%. The
conditional and exact distribution methods are given by equations (4.6) and (4.10) respectively. G-HL Particle
method is described in (4.4) and Original Smile is the pure SV smile generated when A(:,-) =1
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a remarkable challenge on a PDE framework.

s
?t = rydt + (S, t)\/VedW,
t

t t
Vi = &(4)E <Va9 <(1 — 9)/ e x(=9)qx, + 0/ e"”""(ts)dYs>> . kx,Ky,v >0, 0¢€](0,1]
0 0

dry = (ro — kry)dt + 0dZ;, 19 €R

In Figures 4.7, 4.8 and 4.9 we report the results with 50.000 Monte Carlo paths and %2 time step. The results
show again that our algorithm performs as good as the particle method and converges successfully, with accuracies

of few basis points for relevant strikes as before. Furthermore, we observe a better accuracy for OTM strikes.

4.8 SUMMARY

In this Chapter we have presented a new Monte Carlo estimation formula to calibrate the leverage function to any
stochastic volatility model. Building upon the particle method developed by Guyon and Henry-Labordeére [GH12],
we obtained a closed-form calibration procedure that does not depend on any external parameter fine-tuning nor
incurs any additional computational cost. Our experiments show that the accuracy of the method is superior to
that of the original particle method and improves the convergence boundary in volatility of volatility. Overall,
this new approach allows for an easier, safer and more robust implementation in an automatised production level

environment.
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Figure 4.7: SX5E (3-Sept-2019) Implied volatility surface. 2F Bergomi parameters:
pwx = —10%, pwy = —80%, pxy = 30%, v = 400%, pwz = pxz = pyz = 0%.
k=1, 0 = 0.5%, ro = 1.5%. The conditional and exact distribution methods are given by equations (4.6) and
(4.10) respectively. G-HL Particle method is described in (4.4) and Original Smile is the pure SV smile generated

SX5E surface fit on 03/09/2019
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Nikkei surface fit on 11/09/2018
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Figure 4.8: Nikkei (11-Sept-2018) Implied volatility surface. 2F Bergomi parameters: kx = 0.9, ky = 10, § = 80%,
pwx = —10%, pwy = —80%, pxy = 30%, v = 450%, pwz = pxz = pyz = 0%. Vasicek parameters:
k=1, 0 = 0.5%, ro = 1.5%. The conditional and exact distribution methods are given by equations (4.6) and
(4.10) respectively. G-HL Particle method is described in (4.4) and Original Smile is the pure SV smile generated

when A(-,-) = 1.
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SPX surface fit on 09/06/2011
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Figure 4.9: SPX (09-Jun-2011) Implied volatility surface. 2F Bergomi parameters: kx = 0.9, ky = 10, § = 80%,
rwx = —10%, pwy = —80%, pxy = 50%, v = 450%, pwz = pxz = pyz = 0%. Vasicek parameters:
k=1 0 =0.5%, ro = 1.5%. The conditional and exact distribution methods are given by equations (4.6) and
(4.10) respectively. G-HL Particle method is described in (4.4) and Original Smile is the pure SV smile generated
when A(-,-) = 1.
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ON VIX FUTURES IN THE ROUGH BERGOMI MODEL

5.1 INTRODUCTION

Volatility, though not directly observed nor traded, is a fundamental object on financial markets, and has been the
centre of attention of decades of theoretical and practical research, both to estimate it and to use it for trading
purposes. The former goal has usually been carried out under the historical measure (P) while the latter, through
the introduction of volatility derivatives (VIX and related family), has been evolving under the pricing measure Q.
One of the key issues in Equity markets is, not only to fit the (SPX) implied volatility smile, but to do so jointly
with a calibration of the VIX (Futures and ideally options). Gatheral’s [Gat08] double mean reverting process is the
leading (Markovian) continuous model in this direction, while models with jumps have been proposed abundantly
by Carr and Madan [CM14] and Kokholm and Stisen [KS15]. This issue was briefly tackled by Bayer, Friz and
Gatheral [BFG16] for a particular rough model (rough Bergomi), and we aim here at providing a deeper analysis
of VIX dynamics under this rough model and at implementing pricing schemes for VIX Futures and options. Our
main contribution is a precise link between the forward variance curve ({7 (-))r>o and the initial forward variance
curve &(+) in the rough Bergomi model. This in turn, allows us not only to provide simulation methods for the
VIX, but also to refine the log-normal approximation of [BFG16] for VIX Futures, matching exactly the first two
moments. Finally, we develop an efficient algorithm for VIX Futures calibration, upon which we build a joint
calibration method with the SPX. As opposed to the Cholesky approach in [BFG16], we adapt the hybrid-scheme
by Bennedsen, Lunde and Pakkanen [BLP17] with better complexity O(nlogn) . Assuming the universality of
the Hurst parameter H across VIX and SPX allows us to compute efficiently prices recursively with complexity
O(n). In passing, we also investigate the joint consistency of VIX and SPX in the market. The organisation of the
Chapter follows accordingly: we first introduce the rough Bergomi model and its main properties (Section 5.2),
before presenting its pricing power for VIX Futures (Section 5.3), and finally develop the joint calibration algorithm

in Section 5.4.

5.2 ROUGH VOLATILITY AND THE ROUGH BERGOMI MODEL

Comte and Renault [CR96] were the first to propose a stochastic volatility model in which the instantaneous
volatility is driven by a fractional Brownian motion, with a Hurst index restricted to (1/2,1). Originally introduced
by Alos, Leén and Vives [ALV07] and Fukasawa [Fuk11b], and recently promoted further by Gatheral, Jaisson and
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Rosenbaum [GJR18], stochastic volatility models with Hurst index smaller than 1/2 are able to produce extremely
good fits to observed volatility data under the physical measure P. These models form the so-called Rough
Fractional Stochastic Volatility (RFSV) family that is understood as a natural extension of classical Markovian
stochastic volatility models. Our work focuses on the pricing measure Q and we assume through this Chapter that
the model presented by Gatheral, Jaisson and Rosenbaum [GJR18] under P is a reasonable model. Finally, and
most importantly, we follow the recent paper by Bayer, Friz and Gatheral [BFG16], in order to extend the RFSV
model to pricing schemes under the measure Q. More precisely, Bayer, Friz and Gatheral [BFG16] proposed the
following model for the log stock price process X :=log(5):

1
dX, = - Vidt+ VVidW,, Xo=0 (5.1)
Vi =&(EQRVCHYY), Vo >0,

with v, () > 0, £(+) is the stochastic exponential’ and C := ,/%7 where, for notational convenience
(throughout the Chapter), we use the symbols Hy := H + % All the processes are defined on a given filtered
probability space (€, F, (Ft)t>0,Q) supporting the two standard Brownian motions W and Z (see below). The
initial forward variance curve is observed at inception, and we therefore assume without loss of generality that it

is Fp-measurable. The process V, defined as

v, ;:/O (t —w)-dz,, (5.2)

is a centred Gaussian process with covariance structure

1 H_
E(WV V) = SQH/ <t - u) (1 —u)H-du, for any s,t € [0,1].
0 S

We shall also introduce, for any 0 < t; <ty < ¢, the notation

ta
it :=/ (t—w)-dZ,, (5.3)

t1

and write V}? = V}O’“] whenever the lower bound of the integral is null. Note in particular that VL = Vr. The two
standard Brownian motions W and Z are correlated with correlation parameter p € (—1,1). Here, £7(¢) denotes
the forward variance observed at time 7' for a maturity equal to t. More precisely, if 0%(¢) denotes the fair strike

of a variance swap observed at time 7" and maturing at ¢, then

70 = =7 [ &r(wan

or equivalently &r(t) = % ((t —T)o%(t)). For any fixed ¢ > 0, the process (£5(t))s<¢, is a martingale, i.e.

E[¢s(t)|Fu] = €u(t), for all u < s < t. Furthermore, VT is a centred Gaussian process with variance

tQH _ (t _ T)QH

V) = ——

fort > T, (5.4)

and covariance structure

E (VIVT) = /OT [t — w)(s — w)] - du = (S_HZ)H {tH+F (_tt) (- T)HE (T - t) } (5.5)

s — s—t

for any t < s, where we introduce the function F : R_ — R as

F(u) =2k (—H_7H+,1+H+,U), (56)

IFor a continuous semimartingale Y starting from zero, the Doléans-Dade stochastic exponential [Dol70] is defined as £(Y): :=
exp(Y; — %[Y, Yo,t). Here, Y = V is a zero-mean Gaussian process, with infinite quadratic variation, and this definition does not make

sense. However, the Wick exponential £(Y)¢ := exp(Y; — %E(Yf)) does, and we conveniently keep this notation without further details,
following [BFG16, Remark 1.1].
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and o F) is the hypergeometric function [ASR88, Chapter 15].

5.3 ROUGH BERGOMI AND VIX

Bayer, Friz and Gatheral [BFG16] briefly discuss the lack of consistency of the rough Bergomi model with observed
VIX options data, leading to an incorrect term structure of the VIX. In this section, we investigate in detail the
dynamics of the VIX, and propose a log-normal approximation. Additionally, we investigate the viability of the

model in terms of VIX Futures and options, and compare it to the approximation in [BFG16].

5.3.1 VIX Futures in the rough Bergomi model.

From now on, we fix a given maturity 7" > 0, and define the VIX at time T via the continuous-time monitoring

1 T+A
VIXZ :=E Z/ d(Xs, Xs)ds| Fr |

T
where A is equal to 30 days. The risk-neutral formula for the VIX future U with maturity 7" is then given by

T+A T+A
Vr =K (VIX7|F) = / A(X,, X)|Fr)ds| Fo | =E / s)ds|Fo | . (5.7)

Note that, when T' > 0, £7(s) is a market input which is not Fo-measurable, and is hence difficult to interpret only

formula

knowing Fy. We shall make repeated use of the following random variable defined for any ¢ > T', by
nr(t) = exp (2vCyV/). (5.8)

Proposition 5.3.1. The VIX dynamics are given by

T+A 1/2 2 1/2
VIXp — {i / €0 (B (t) exp ( I(;H [(t—T)%H — t?H]> dt} .

T

Proof. Using Fubini’s theorem and the instantaneous variance representation in (5.1), we can write

1 T+A 1 T+A
VIXG = ¢ / E (ValFr)ds = 5 / E[&0 (1€ (0Cav)) | Fr i
T T

202 t2H )

1 T+A
-5 / E [go(t)nT(t) exp <2ucht[T’“ - ‘IT] dt,
T

with Vt[T’t] defined in (5.3). Since nr(t) € Fr and &y(t) € Fo, this expression simplifies to

, 1 [TA 'l 2CHt2H
VIX =X SoWnr(E | exp | 2vCHV; — || Fr| dt.
T

The proposition follows since Vt[T’t] is centred Gaussian, 1ndependent of Fp, with variance given in (5.4), and

E (exp {QyC’HVt[T’t]H ]:T) =E (exp {QVCHVt[T’t] }) = exp (" %7 (t— T)QH) . O

The main challenge for simulation is 57 (t). However, since the latter is independent of £y(+), robustness of simulation

schemes for the VIX will not be affected by the qualitative properties of the initial variance curve &;. Since

78



E (Vi|Fr) = &r(t) by (5.7), the equality

E (VH.T'.T) = fo(t)nT(t) exp <V2£(;’12{ [(t _ T)QH i t2H]> '

yields that the following representation for the forward variance curve &7 in the rough Bergomi model:

en(t) = &(tnr(t) exp (§H [t — 1) — t?H]) . foranyt>T. (5.9)

Bayer, Friz and Gatheral [BFG16] did not derive such a representation, and their approach for pricing VIX deriva-
tives relies on an approximation which avoids the computations developed in this section. The identity (5.9) allows

for a better understanding of the process {7, and for an innovative approach to price VIX derivatives.

5.3.2 Upper and lower bounds for VIX Futures

Theorem 5.3.2. The following bounds hold for VIX Futures:

1 T+A

202 1 [THA 1/2
< ﬁexp < 4HH [(t . T)2H _ t2H]> dt <Yrp < {A/ {0(s)ds} . (5.10)

T T

Proof. The conditional Jensen’s inequality gives

T+A T+A
Y =E (VIXp|Fo) = \/ / s)ds| Fo | < E(A/ &r(s)ds ]—'0>.

Furthermore, since £; is Fg-adapted, Fubini’s theorem along with the martingale property of £ yield the upper

bound YUy = E (VIXr|Fy) < \/ AL T+A (s)ds. To obtain a lower bound we use the representation in (5.9),
and Cauchy-Schwarz’s inequality, and Fubml s theorem, so that

T A
Ur = E (VIXy|Fp) = \/ / ’ tnr( )exp< [3 [(t —T)2H — tQH]) dt| Fo
1 A 1%1 2H 2H
>E | X i Wexp( [(t —T)* —¢ ])dt}'o
T+A 1/2 2
= % i V& (HE (\/nT(t)) exp ( 22 [(t—T)*" — t”ﬂ) dt

22

_ i/TTM Vo (t) exp (sz% (27— (t - T)QH]> exp (VQZH [(t—T)*H — tQH]> dt

T+A 1/2 2
3 Vae (S (a- - ) ar

since n7(t)/? is log-normal (Proposition 5.3.1), so that E(/n7(t)) = exp (” Cii [£2H — (¢t — T)2HD. O

We perform a numerical experiment to check the tightness of the bounds obtained in Proposition 5.3.2). For this

analysis we consider three qualitative scenarios for the initial forward variance curve:
Scenario 1: &(t) = 0.234%  Scenario 2: & (t) = 0.234%(1 + 1), Scenario 3: &(t) = 0.234%V/1+t.  (5.11)

Figures 5.1 suggest that the lower bound given in Proposition 5.3.2) is surprisingly tight for very different shapes

of £. This can be explained with the following argument: consider a simplified and deterministic version of the
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Figure 5.1: Bounds vs. Monte Carlo (Truncated Cholesky) in all three scenarios.

VIX futures price in Proposition 5.3.1), denoted by

T+A 2
2 roa= s S+ Y o

for some strictly positive (deterministic) function f € C?(R). We further introduce

O(T) == Y V)t =/ f( + ST) +0O(A?),
Ay \/7
which is the corresponding lower bound by Cauchy-Schwarz’s (or Jensen’s) inequality, so that
Ty  f(T)?
72—z = a2 ({5 _ A?). 12
o - vy = a2 (L0 - FE o (5.12)

Hence, we observe that for small A, as it is the case in VIX futures, the lower bound is very close from the original

value which explains (at least for the deterministic case) the behaviour observed in Figure 5.1.

Remark 5.3.3. Recall that f(t) = 1/&o(t) exp (”z?f [(t—T)2H — t2H]> > 0 has a financial interpretation and
cannot be arbitrarily small. Therefore, the term f}((?;) in (5.12) does not explode. The use of the lower bound

as a proxy for the price allows one, in principle, to invert the price and calibrate £, consistent with the VIX as a

functional of H, v and the current term structure of VIX Futures. This approach is left for future research.

5.3.3 Numerical implementation of VIX process
In this section, we investigate different simulation schemes for the VIX in the rough Bergomi model.
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Hybrid scheme and forward Euler approach

In order to simulate the process (VI )ie(r,7+4] it is important to notice from (5.3) that the kernel has a singularity
only for VX, hence we may overcome this by simulating the process using the hybrid scheme from [BLP17]. Then,
we may easily extract Z and simulate (VI);e(r,744) using the forward Euler scheme with complexity O(n). A
forward Euler scheme is chosen in this case due to the fact that the kernel in (5.3) no longer has a singularity
for t € (T, T + A] and this method is faster than the hybrid scheme. Once (V]);ei7,744) is simulated, numerical
integration routines may be used to simulate the VIX process using the expression in Proposition 5.3.1. It must be
pointed out that this approach is computationally expensive and memory consuming since it involves to simulate
the Volterra process using the hybrid scheme with complexity of O(nlogn) and additionally, each VI by forward

Euler. The simulation algorithm can be summarised as follows:
Algorithm 5.3.4 (VIX simulation in the rough Bergomi model). Fix a grid 7 = {¢;}i=o0,... n, and £ > 1.
1. Simulate the Volterra process (V¢)¢ejo,7] using the hybrid scheme [BLP17], yielding a sample of the random
variable VI = Vrp;

2. extract the path of the Brownian motion Z driving the Volterra process.

Z,

i

7,

i

=7y ,+nt= (V) = V(tii1)), fori=1,... K,
=Zy,  +Zi-a, for i > k;

3. fixagrid T = {7;},-0

version V7 defined via the following forward Euler scheme:

~ on [T, T+ A] and approximate the continuous-time process VT by the discrete-time

.....

1’;T VT d ﬁT - Zti B Zti—l
= an = E —_—
A (7j —tiza)~H-

Tj
i=1

forj=1,...,N;

4. compute the VIX process via numerical integration, for example using a composite trapezoidal rule:

1/2
N—-1 2 2
1 Qr .. +Qr .
VIXr~ 9\ R > 5 S (g — ) ;
=0

where Q... i= &o(ry) exp (20Cu V1 ) exp (7 (= T2 = 721)).

Remark 5.3.5. Step 4 may obviously be replaced by any available numerical integration routine, but one must

then carefully choose the partition in Step 3.

Remark 5.3.6. In order to analyse the convergence of the scheme, consider equidistant grids 7 and ¥ with
increment sizes hy and hg respectively. In the first three steps the Hybrid and forward Euler schemes yield an
error of order O(h7), hence we have VI' = VT + O(h7). In addition, the trapezoidal rule [Atk89, Chapter 5] in

step 4 yields an error of order O(h%). Therefore the total error of convergence is of order O(hr).

Truncated Cholesky approach

Alternatively, one could use the more expensive, yet exact, Cholesky decomposition to simulate VT on [T, T + A]
since its covariance structure is known from (5.5). However, computational complexity aside, with the same grid T
as in Algorithm 5.3.4, numerical experiments suggest that the determinant of the covariance matrix is equal to
zero when using more than np = 8 discretisation points. Hence, although valid in theory, the Cholesky approach is
not feasible numerically. Strictly, speaking the Cholesky decomposition does not compute the determinant of the
matrix, but it’s stability is related to such quantity. This fact implies that there exists strong linear dependence.
In fact, for any ¢ > 0, the strict inequality corr(VE, Vi, ) < corr(VE, VL ) holds for all T < t; < t2, as well as
the following:
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Proposition 5.3.7. The limit hﬁ)l corr (V;T,Vtaa) =1 holds for any t € [T, T + Al.
Proof. This follows readily from the continuity in L2 of the map ¢ — 7

T
E {(Vg_s - VtT)z} = / [(t+ e —u)f- — (t —u)7-]2du
0
T
= / [(t+e—u?- —2[t+e—u(t—w" +(t—u]du
0
By monotone convergence, the sum of the first two terms converges to the third one, and the result follows. O

In light of Proposition 5.3.7, we model exactly the dependence structure on the first 8 grid points ¢1,...,ts, then
truncate the Cholesky decomposition and compute the correlations p; := corr(V3;+i, th;+i+1 ),fori=0,...,n—9 to
approximate the process by adequately rescaling and correlating each pair of subsequent grid points. In contrast
to the hybrid 4 forward Euler scheme, the computational complexity is much lower, since the Cholesky method is

truncated with only 8 components. The VIX simulation algorithm therefore reads as follows:

Algorithm 5.3.8 (VIX simulation (truncated Cholesky)). Fix a grid ¥ = {7;},;=1,.. ~ on [T, T + A],

(i) compute the covariance matrix of (Vz; )j=1,....s using (5.5) and simulate the process using the Cholesky method;

(ii) generate {VTTJ }j=1,...~ by correlating and rescaling using (5.5):

VI =, /v(VT) oWy Ve Vs + /1= pVE_ VEPRN () |, forj=9,....N;
T Tj V(VT ) P Ti—1° T ’ ) J yeecydVy

Tj—1

(iii) compute the VIX via numerical integration as in Algorithm 5.3.4(4).

Singular Value Decomposition approach

As the numerical considerations in the previous section indicated, all Gaussian simulation schemes based on the
computation of the determinant (including Cholesky) are not feasible to simulate the process VT'. This is due to the

fact that the driving Brownian motion in the stochastic integral representation of (VtT ) is always the same

0<t<T
for all . In addition, since V7 and its increments are non-stationary, many ‘exact’ methods (such as circulant

embedding, Fourier methods or wavelets) are not applicable. This however can be bypassed by using a Singular

Value Decomposition (SVD) in order to compute the square root of the covariance matrix.

Algorithm 5.3.9 (VIX simulation using SVD). Fix a grid ¥ = {r;},=1,. ~ on [T,T + A],

.....

(i) compute the covariance matrix of (VTT]_)]':L_“’N using (5.5);

(ii) perform the SVD decomposition of the covariance matrix obtaining UAU*, where U is a unitary matrix and

A = diag(\q, ...., Aw) a diagonal matrix of positive singular values;

(iii) draw a sample of a standard Gaussian Z ~ N (0, Iy) and generate
V' ~UNPUZ,

where A'/2 = diag(v/ A1, ..., VAN);
(iv) compute the VIX by numerical integration as in Algorithm 5.3.4(4).
Remark 5.3.10. The complexity of the SVD decomposition [GL96, Algorithm 8.6.2] is O(N3).

Remark 5.3.11. Recall that the simulation of VT using SVD is exact, since U being unitary implies UAY/2U*Z ~
N(0,C) where C = UAY2U*UAY?U* = UAU*. However, the numerical integration in step 4 produces an overall
error of order O(hZ) where hg = 1<Ijn<a]$](71(7j+1 - 7j) .
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Numerical experiment

We compute the price of VIX Futures using the simulation algorithm introduced in the previous section. We set
the same parameters as in [BFG16] and [BLP17]:

CuV2H

o = 0.2352, H =0.07, v=19""" ~1.2287, K=2. 5.13
2

We perform 10° simulations for all three methods, with 300 equidistant points for 7 and, in the case of the
HS+FE, 500 equidistant points for €. Figure 5.2 suggests that all methods agree qualitatively and converge to a
similar output. Figure 5.2 also indicates that the Monte-Carlo standard deviation increases in 7" for all schemes.
Figure 5.3 shows that a large number of simulations is needed in all cases to obtain reliable output. On the other
hand, Figure 5.3 shows that the HS+FE method is much slower than the other two methods. Also, the truncated
Cholesky method is 2.5 times faster than the SVD, which is consistent with the computational complexities discussed
in the previous section. In light of this analysis, all three methods seem to approximate the prices similarly well.
The computational time, however, is still too slow for reasonable calibration, and we shall only use the truncated

Cholesky approach as a benchmark for the approximations in the next sections.
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Figure 5.2: Monte-Carlo benchmarking for all three methods with 10° simulations and the corresponding 95%
confidence level standard deviations
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Figure 5.3: Monte-Carlo standard deviations and computational time ratios for a fixed maturity (7" = 2 years) for
all methods using efficient parallel computing.

5.3.4 The VIX process and log-normal approximations

We now investigate approximate methods to price VIX futures and options. We define the Fp-measurable random
variable AVIXZ, = IT+A ¢r(t)dt. In [BFG16], Bayer, Friz and Gatheral assumed that log(AVIXZ) follows a
Gaussian distribution, and computed directly its first and second moments, which hence fully characterise the
distribution of AVIXZ. However, since the sum of log-normal random variables is not (in general) log-normal,

the fact that &7 is log-normal does not imply that AVIX% is. In a different context (geometric Brownian motion
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and Asian options), Dufresne [Duf04] proved that, under certain conditions, an integral of log-normal variables
asymptotically converges to a log-normal. This approximation has been widely used for many applications [Duf04],
and Dufresne’s result motivates Bayer-Friz-Gatheral’s assumption. We provide here exact formulae for the mean

and variance of this distribution, and compare them numerically to those by Bayer-Friz-Gatheral.

Proposition 5.3.12. The following holds:

02 := V(log(AVIX%)) = —2log E(AVIX%) + log E ((AVIX%)?),

0.2

= E(log(AVIX3)) = log E(AVIX3) —

Furthermore, E(AVIX%) = fT+A§ (t)dt and

E [(AVIX7)?] = /[T . Eo(u)&o(t) exp { Y I?H [(u—T)*" + (t - T)*H — T —2H] } Ot dudt. (5.14)

where @u,t is equal to zero if u =t and otherwise equal to Oyt unt, where

2H 2H | 42H 2H H_
oo Jutt = (u =T 42— (- T) (u—1t) H, -t N\ . (Tt
Oy = 2v°Cyg { Vi +2 T, t+F pr— (t—T)"+F > .

Remark 5.3.13. Since all the integrals in the proposition are computed over compact intervals, they are finite
as long as & is well behaved on [T,T + A]. Assuming this is indeed the case is not restrictive in practice as &y

represents the initial forward variance curve; note in particular that continuity of & is sufficient.

Remark 5.3.14. The reason why ©,; is defined that way is for numerical purposes. Indeed, when u < t, O, is
not well defined since F(x) only makes sense when x < 1 (details on the radius of convergence of hypergeometric
functions can be found in [ASR88]|[Page 556]), even though the integral representation (5.14) is still well defined.
However, most numerical packages implement hypergeometric functions via series expansions. The trick from ©,, ¢

to ©,,; allows us to bypass this issue.

Proof of Proposition 5.3.12. The expectation follows directly from the tower property and Fubini’s theorem. For
the second moment, we use the decomposition

T+A T+A T+A T+A
E ((AVIX2)?) = < [ et )dtdu> [ B e da

where in the last step we use that {p(s) is Fp-measurable in order to apply Fubini. Using the representation

obtained in (5.9), we get

2012

E (§1(u)ér(t)) = &o(u)éo(t) exp { z gH (=T = 4 (t = T)*" — 7] } E (e”nt), (5.15)

where the random variable -
s = 20C / [(w— )+ (t— )] dZ,
0

is Gaussian with zero expectation and variance

V(ﬁw,ﬁ):wc,%,(“ il Clll e il Uil ) +2/0 (u—s)H(t—s)Hds>

2H
e Tt () (P20}

Then,

2

B (6o (u)er() = €o(wolt)exp (2 (= TP+ (¢ = TP — ¥ = 2) Jexp (52 )
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and the second moment follows from the immediate computation

T+A T+A
E ((AVIX7)?) / / E (67 (u)ér (1)) dud:

T+A T+A VQCQ L
= / / &o(u)éo(t) exp { HH [(u —T)2H 4 (t — 1) — 20— tQH] } ez ut)qudt,
T

after defining ©, ¢+ := exp (%V(ﬁmt)). O

In order to provide closed-form expressions for VIX Futures and options, we consider the following approximation:

Approximation 5.3.15. log(AVIX?) is approximately Gaussian with mean p and o2.

In fact, this is almost the same as in [BFG16]; however, they did not compute the variance exactly as in Proposi-
tion 5.3.12, and instead considered the lognormal approximation

Approximation 5.3.16 (Bayer-Friz-Gatheral). log(AVIX%) is approximately Gaussian with mean /i and vari-
ance 62 given by

41/202 T 9 T+A 5.2
~2 H H H -
:m/o (T —s+A)T+ — (T —s)"+]" ds and ,uzlog/T §o(t)dt—7.
Lemma 5.3.17. A VIX future is worth
1 [T+A o2
/ &o(t)dtexp ( 3 ) , under Approximation 5.3.15,
T+A

/ t)dt exp ( ) , under Approzimation 5.3.16.

Proof. Since AY2VIXy a exp (%), the price of a VIX future directly reads
po o’
E (VIX7|F) = A~V2E (Al/QVIXT) = A2 exp (2 + 8) :

and the second case follows analogously. O

As opposed to the simulation schemes, the log-normal approximation does depend on the qualitative properties of
the initial forward variance curve &(-). Hence, different curves should be analysed to check the robustness of the
method. We now exploit Approximation 5.3.15 to obtain a closed-form Black-Scholes type formulae for European
options on the VIX.

Lemma 5.3.18. For 0 <t < T, let Ur(t) := E(VIXp|F;) denote the price at time t of a VIX future maturing
at T. Then, under Approximation 5.5.15, a Furopean Call option on a VIX future maturing at T is worth

T+A
€Y = B((0r(T) - K)+ 7o) = a2 [

T

fo(t)dtexp (—O;> (I)(dl) — K(I)(dQ),

T+A

where K := [log(K2A) —log [ o(t)dt+o2/2)/o, di = fKJr o and dy := —K, with 62 as in Proposition 5.3.12

Proof. Under Approximation 5.3.15, the lemma follows directly from the following trivial computations:

/:)O(ﬁ(z— 7) dz — K®(dy).

K

2

E(Vr(T) - K), = /: [Afl/z exp (g n %’Z) . KL_ é(2)dz = % exp (g n 0;3)

O
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Numerical tests of the log-normal approximation on VIX Futures

We perform a numerical analysis of the approximation by pricing VIX Futures using the parameters in (5.13). We
consider 10® simulations and the three qualitative scenarios introduced in (5.11) for the forward variance curve.

Figures 5.4 suggest that the approximation is accurate being the difference of order 1073 or less. The oscillating
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Figure 5.4: Log-normal approximations vs. Monte Carlo (Truncated Cholesky) in all three scenarios.

nature of the difference is also a good sign since it is probably caused by the Monte Carlo error and does not show
any monotonicity. Furthermore, the method shows to be robust for different type of curves £y(-). Moreover, the
log-normal approximation seems to converge to the true mean, avoiding the oscillations of the Truncated Cholesky
method. Therefore, we may conclude that the log-normal approximation produces a good output, with desired
smoothness properties. On the other hand, we also analyse European VIX Call options repeating the previous

parameters and considering the flat forward variance curve from Scenario 1. Figure 5.5 shows that the log-normal

VIX call options ATM Absolute difference
0.18, 0.0025
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0.17| --- Monte-Carlo (Cholesky)
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Figure 5.5: Log-normal approximation vs. Monte Carlo (Truncated Cholesky) with 10° simulations

approximation is accurate for at-the-money options. Nevertheless, the difference increases with maturity, and hence

one must be careful when using this approximation to price options with long maturities. However, in practice, on
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Equity markets, liquid maturities are only up to two years.

Numerical tests

We benchmark Bayer-Friz-Gatheral’s approximation against ours with the parameters in (5.13). Figures 5.6 and 5.7
suggest that both are similar. In particular, we observe that the variance deviates as maturity increases. Never-
theless, for practical purposes, both approximations agree over a four-year horizon, long enough to cover available
Futures data. Many functional forms of £y(t) were also tested giving similar results as the ones shown in Figures 5.6
and 5.7. We conclude that the approximation by Bayer, Friz and Gatheral is accurate enough for practical purposes
and yields and reduces significantly the computational costs since the computation of G2 involves a single integral
while our approximation requires a double integral (for ¢2). In particular, in order to generate Figure 5.6 our

approximation was 40 times slower than Bayer, Friz and Gatheral’s.

Log-normal benchmarking
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Figure 5.6: VIX Futures prices following Approximation 5.3.15 and Approximation 5.3.16.
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Figure 5.7: Comparison of the variance following Approximation 5.3.15 (0%) and Approximation 5.3.16 (52).

5.3.5 VIX Futures calibration in rBergormi

In light of the promising results obtained in the previous sections, we create a calibration algorithm based on the
log-normal approximation by Bayer, Friz and Gatheral [BFG16]. Even if our approximation seems to be more
accurate the computational cost is much larger and the difference between both approaches has been shown to be
very small. Moreover, the approach by Bayer, Friz and Gatheral allows to compute the gradient of the objective

function in a semi-explicit form, which in terms of optimisation and calibration is extremely useful.

Objective function

To calibrate the model to VIX Futures, we first define the objective function

N
L3, H) =Y (B, — Fi)%, (5.16)

i=1
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which we minimise over (v, H). Here (§;)i=1,... n are the observed Futures prices on the time grid Ty < ... < Ty,

.....

B, = A2 /[T ¢ () dt exp (—%) and

T,
2 WPCH (T4 A) I AR T A e oy T
0-. = - o N
P T HIA 1+ 2H, B AV

which is the closed-form expression of the variance in Approximation 5.3.16. The gradient of the objective function
is an important source of information in many optimisation algorithms. To compute it, we differentiate the objective

function in (5.16) with respect to v and H and apply the chain rule:

oLs 1< 952 1 & Y
5 H) =~ ;(mn —8)Vr, 5t = ;wn ~ §)Vr,57,
where ) , - )
do;  8vCy H _ HN\2 4. 20;
8VA2H3/0 ((Tl S+A) (TZ S) ) ds = v
oLs 1< 952
On the other hand, —— (v, H) = == Y (Vr, — §:)Vr, 57+, with
oH 1< oH
062 4R%CHH, —812Cy ([T
62 == aHAz—;_[_?;_ 2 H/O ((Ti—s+A)H+_(Ti—S)H+)2ds
81/202 T: 1
* fHH/ (T — s+ 8)T5 — (T, = )| [(T = s+ A)™ log(T; — 5+ A) — (T4 — 5)™* log(T; — 5)] ds
+Jo
(K —2)
=g
8v2Cy [T H H H H
A2 [(Ti—s—&—A) t—(T; —9) +] [(Ti—s—&—A) tlog(T; — s+ A)— (T; — s) +10g(Ti—s)]ds,
T Jo
where

oC}  2h(2—Hy)
0H T(H)T(1-2H.)

{1+ - Hy) —w(Hy) - (1 —2H )| H

and Ky = %{1 +HY(2—-Hy)—H@W(H;)+¢(1—-2H_)) }, where v is the digamma function.

Obtaining the initial forward variance curve

The initial forward variance curve plays a crucial role in both the Bergomi [Ber05] and the rough Bergomi mod-
els [BFG16], since it is a market input. In particular it depends on the current term structure of variance swaps.
Even if variance swaps are not traded in standard exchange markets, they are actively traded over-the-counter
(OTC). This in turn means that there is no observable data and we must establish a valuation method for variance
swaps. The celebrated static replication formula by Carr and Madan [CMO1], applicable here since the underlying
process is a continuous semimartingale, allows us to price any variance swap. Nevertheless, out-of-money Call
and Put option prices are needed for all possible strikes. Since this information is not available in practice, one
can either adopt a model-free valuation formula or directly propose a parameterisation for the implied volatility
surface. The first approach involves a discretisation of the static replication formula, which is how the VIX index
is computed by the Chicago Board Options Exchange. It is not easy, however, to extend this computation for
large maturities (VIX is a 30-day ahead index), where liquidity of options may play a major role. On the other
hand, the second approach allows to calibrate a model using available data and additionally allows to interpolate
/ extrapolate available option data to all strikes and maturities. We follow here the latter approach, and consider
a parametric form for the total implied variance. Gatheral and Jacquier [GJ14] originally proposed such a param-
eterisation (called SSVI), and studied absence of arbitrage and calibration to S&P options data. We use here the
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eSSVI parameterisation [HM19] for the implied volatility surface, a refinement of SSVI parametrisation, relaxing

the constant correlation assumption:

ops(t, k)t = w(t, k) = % {1 + p(01)(01)k + \/(w(Ht)k +p(00)° +1 - p(ﬂt)Q} , (5.17)

for all log-(forward) moneyness k € R, where (6;);>0 is the observed at-the-money variance curve, and where the
shape function takes the form () = n=*(1 + §)*~1. For the correlation parameter p(-) we restrict it to the
following functional form:

p(0) = (A—Ce B 1 C, for (A,C) € (-1,1)%,B >0, (5.18)

ensuring that [p(-)| < 1. We shall indistinctly refer to the total implied variance by o34(-)t or w(-), where ops(+)
represents the implied volatility. Gatheral and Jacquier [GJ14] found (sufficient and almost necessary) conditions
on the parameters p, ¢(-), n and A preventing arbitrage. In the eSSVI formulation, the correlation has a term
structure (5.18), and care must be taken in order to preclude arbitrage. Concretely, following [HM19], the

restriction
006 (p(0)) + p(0)y| < 7, (5.19)

where v := 9y(0¢(0))/¢(0), is a necessary condition to preclude calendar spread arbitrage. To prevent butterfly
arbitrage, exactly as in the SSVI parameterisation, it is sufficient [GJ14, Theorem 4.2] to check that the inequality
0:0%(0,)(1 + |p(6;)]) < 4 holds for all maturity ¢. In this parameterisation, variance swaps can be computed in
closed form, as proved in [HM19], based on earlier works by Gatheral [Gat06] and Fukasawa [Fukl1b; Fuk12]:

Proposition 5.3.19. The fair strike (in total variance) of a variance swap in the eSSVI model reads

St 62 + 2at(Ct + Ht)
t)%t = —2Elog [ =% | = +—~ - 2
0 o (5) T —
where x; 1= i[l — p(0:)%10:0(6;), and
Or0(0
ar =1+ tch( J (,O(Gt) - %) J by = 0:p(0:) [xt — p(0:)], ¢t = 0rp(0r) X1

Recalling the relation between variance swaps and the forward variance curve, we have

() = 1 (193(0)) = oB(0) + 1-5.530)

Remark 5.3.20. In order to interpolate/extrapolate the eSSVI, it is necessary to also interpolate/extrapolate 6,
for all t. However, 6, is only observed on a discrete set of maturity dates, and consequently, cubic splines are used
to interpolate/extrapolate all other maturities.

Calibration algorithm and numerical results

We first calibrate the eSSVI parameterisation (5.17) on the SPX implied volatility surface on the 4th of December
2015. Figure 5.8 shows the fit for the shortest, medium and longest maturities available in the data set. For short
maturities the eSSVI is not able to fully capture the volatility smile, however as maturity increases the fit improves

remarkably. For VIX Futures, the calibration algorithm reads as follows:

Algorithm 5.3.21 (VIX Futures calibration algorithm in the rough Bergomi model).

(i) Calibrate eSSVI to available SPX option data;
(ii) compute the variance swap term structure (oo(t)?);>0 using Proposition 5.3.19;

c . . ) . ) ol (t+e)—od (t—e) . _ Q).
(iii) extract the initial forward variance curve, §o(-) via §o(t) ~ o3 (t) + ~>——5>——t (with ¢ = 1E — 8);
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Figure 5.8: eSSVI calibration results on 4/12/2015 using traded SPX options.

(iv) minimise (over v, H) the objective function in (5.16).

Figures 5.9-5.11 suggest that the model fits very well the observed VIX Futures term structure for different dates.
Moreover, we notice that both the model and the observed data are qualitatively equal in terms of convex-
ity /concavity. In the rough Bergomi model this information is obtained from option prices through &y, which
suggests a correspondence in the market between VIX futures and SPX options. However, we also observe that
in all three cases the error is greater for short maturities, mimicking the calibration limits of eSSVI for short

maturities, as detailed in Section 5.3.5.
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Figure 5.9: VIX Futures calibration on 4/12/2015. Optimal parameters: (H,v) = (0.09237,1.004).

Remark 5.3.22. The reader should recall the importance of the initial forward variance curve (§(t)),~ in the
VIX Futures process, since (Uy);>0 depends on the whole path of & up to time ¢. Therefore, even if 5_0 is only
misspecified for short maturities (as is the case of the eSSVI), this affects the whole term structure of the VIX
process (for details we refer the reader to Section 5.3). Therefore, an improved £y estimation would not only

increase the accuracy of the model for short maturities, but also for the whole term structure.

Remark 5.3.23. Our calibration involves two different data sets, SPX options and VIX Futures: the Vanilla
quotes are extracted from the CBOE delayed option quotes page? and the VIX Futures from the CBOE VIX

2CBOE delayed option quotes: http://www.cboe.com/delayedquote/quotetable.aspx
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Figure 5.10: VIX Futures calibration on 22/2/2016. Optimal parameters: (H,v) = (0.10093,1.00282).
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Figure 5.11: VIX Futures calibration on 4/1/2016. Optimal parameters: (H,v) = (0.0509, 1.2937).

futures historical data page®. We perform an aggregation of the different Future quotes, since they are quoted
on a Future per Future basis, and check the consistency between the two data sets by comparing the left end

extrapolation of the Futures curve with the theoretical VIX computed from option prices.

5.4 FromMm VIX FUTURES TO SPX OPTIONS

In this final chapter we assess whether the Hurst parameter H obtained through the VIX Futures calibration
algorithm is consistent with SPX options. For this purpose, we calibrate the rough Bergomi model to SPX option
data by fixing the parameter H and letting the algorithm calibrate v and p. One of the main reasons to fix H
is that the numerical simulation remarkably reduces its complexity from O(nlogn) to O(n), since the O(nlogn)
complexity of the Volterra is computed only once and reused afterwards. Therefore, by fixing H the pricing scheme

is much faster when several valuations are performed, as is the case of a calibration algorithm.

5.4.1 Pricing in the rough Bergomi model

We present a pricing scheme, where the Volterra process V is simulated using a hybrid scheme, while a standard

Euler scheme generates the paths of the stock process:

Algorithm 5.4.1 (Simulation of the rough Bergomi model). Consider the grid 7 := {t;}i=0,... n,, and fix k > 1.

(i) Simulate the Volterra process V on the grid T using the hybrid scheme;

(ii) simulate the variance process as V; = £ (t)€(2vCgVy), for t € T;

3CBOE VIX futures historical data: http://cfe.cboe.com/data/historicaldata.aspx
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(i) extract the path of the Brownian motion Z driving V:

Zy,

i

Z,

i

=Z_, +nf- (V(t;) = V(tii1)), fori=1,... K,
=2+ Zia, for i > k;

compute {Z1+}77" where Z;- AN (0,1/n7) is an independent standard Gaussian sample;
(iv) correlate the two Brownian motions via Wy, — Wy, |, = pZi—1 + /1 — p27i{1,

(v) simulate Sy, = exp(Xy,) using a forward Euler scheme:

1
XtiJrl :thii‘/ﬁ(t“"litl){i» ‘/tz (Wt *Wt,;); fOI"L':O,...7TLT*1;

it+1

(vi) compute the expectation by averaging the payoff over all terminal values of each path.

5.4.2 Calibration of SPX options via VIX Futures

We first follow the calibration algorithm 5.3.21 to obtain H and &y, and we then aim at minimising, over (v, p),
the objective function

L N
=> > (Cr, —C)? (5.20)
j=11i=1
where Cr, ; is the Call price given by the rough Bergomi model, computed using the scheme introduced in Sec-
tion 5.4.1, with maturity T; and strike K(). On the other hand, (CObS) j is the set observed Call prices in the
time grid T} < ... < Ty and strike grid K < ... < KX In order to optimise the calibration algorithm, we first
compute the Volterra process V , which will then be used in a forward Euler simulation at each calibration step:

Algorithm 5.4.2 (Calibration algorithm for SPX options via VIX Futures).

(i) Calibrate H and &y using the VIX Futures;

(ii) compute M paths of the Volterra process, {V("}M | and extract the Brownian motions {Z"}M | driving

each process. Also, compute independent Brownian motions {Z L(u }M ;
(iii) evaluate the Call prices in each calibration step:
v = g)E (zycht(“)) : w=1,...,M,
W = pz 4\ /1 p2ztW), u=1,...,M,

St(i)A = St(u) +St(U)\/vng)(Wt(i)A _Wtu))v u=1,...,M;

(iv) compute the Call price for each available maturity {71,...,Tx} and set of strikes { K1), ... K}

M
Z K(J 4+, fori=1,...,Nandj=1,...,L;

(v) minimise over (v, p) the objective function £L%(v, p) in (5.20).

Remark 5.4.3. Item (v) in the algorithm above may change the optimal values for v, which was initially calibrated
n (i) from the VIX Futures. Backtesting however shows that the calibration in (i) is not really affected by this.

5.4.3 Results

We calibrate the model on December 4, 2015, fixing H = 0.09237 obtained previously through VIX, and plot the fit

in Figure 5.12. The model is not fully consistent for short maturities, which may follow from the inability of & to

92



fully capture the smiles for these maturities, but the fit greatly improves with maturity. Interestingly, we observe
a 20% difference between the parameter v obtained through VIX calibration and the one obtained through SPX.
This suggests that the volatility of volatility in the SPX market is 20% higher when compared to VIX, revealing
potential data inconsistencies (arbitrage?). Nevertheless, we emphasise the importance of an accurate & curve to
improve the fit to SPX and to provide an efficient joint calibration. Note in passing that the calibration drives the

correlation parameter to the lower bound of its admissible values.

S&P 500 data at maturity 2015-12-11 S&P 500 data at maturity 2015-12-31
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Figure 5.12: Calibration of SPX smiles on 4/12/2015. Calibrated parameters: (v, p) = (1.19,—0.999).

5.5 SUMMARY

Following the path set by Bayer, Friz and Gatheral [BFG16], we developed here a relatively fast algorithm to cali-
brate VIX Futures, consistently with the SPX smile, in the rough Bergomi model. To do so, we have characterised
the dynamics of the VIX process under the rough Bergomi model. The clear strength of this model is that only
a few parameters are needed, making the (re)calibration robust and stable. From a trader’s point of view, we
highlight some potential market discrepancy between the VIX and the SPX, and leave a refined analysis thereof
for future research.
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On Smile properties of volatility products

6.1 INTRODUCTION

The raison d’étre of any financial model is to reproduce some behavior or dynamic that is observed in the market.
For instance, in the case of vanilla options, this conundrum is translated into fitting the market implied volatility
surface. To this end, several extensions of the Black-Scholes model have been proposed. A popular approach is to
allow the volatility to be a stochastic process itself. It is well known that classical stochastic volatility (SV) models,
where the instantaneous volatility follows a diffusion process, can explain some important properties of the implied
volatility, such as its variation with respect to the strike price, described graphically as the smile or skew (see for
example [RT96] or [Lee05]). A more difficult problem is to reproduce the observed term structure (dependence on
the time to maturity) of the implied volatility. In particular, a popular rule of thumb (see [Lee05]) approximates
the skew slope decay rate as T’%, a property that is not satisfied for most of the classical SV models.

There have been several attempts in the literature to describe this phenomenon. Some works in the literature focus
on the introduction of more volatility factors (as in the two-factor Bergomi model) that allow for two scales of
mean-reversion and lead to a power-like behavior over a suciently wide range of maturities (see [Ber09]). Another
approach has been introduced in [Fou+04], where the authors propose a model with time-varying coefficients,
that depend on the option maturity dates. Then, the proposed calibration method is simply to fit the empirical
implied volatility surface to a straight line in a composite variable (the so-called log-moneyness-to-effective-time
to-maturity). In [ALV07], the authors described the short-time behavior of the implied volatility in terms of the
Malliavin derivative of the volatility process and proved that volatility models driven by a fractional Brownian
motion (fBm) with Hurst parameter H < 1/2 (dubbed in [GJR18] as 'rough volatility models’) can reproduce a
skew slope decay rate of TH=2 for H € (0, %)

Our main objective in this Chapter is to study the at-the-money implied (ATMI) short-time level and skew of
realized variance (RV) options and VIX options. VIX options and futures are becoming increasingly popular both
in the industry and academic research (see [CM14] and [HJT20] for instance). There have been many attempts to
find a model that reproduces at the same time the VIX and the underlying index (the S&P 500) implied volatility
surfaces (see [BB14; CM14; FS18; DeM18; Guy20b; Gat08; KS15; PS14], and the references therein). Recent

research focuses on the asymptotic expansion of VIX option prices and implied volatilities, as in [BNP19].

Our analysis is based on the fact that, given a volatility derivative of the form f(A), where A is a Fp- measurable

random variable, we can write A = My, where M is the forward price defined as M; = E;[A], where E;[A] denotes
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the conditional expectation E;[A] = E[A|F;]. This method is very classical in math finance, for instance when
working with stochastic rates. Notice that the martingale M satisfies, under some conditions, that dM; = ¢; M;dW4,
for some stochastic process ¢ depending on time to maturity 7. That is, the problem reduces to study European
options where the underlying is given by a stochastic volatility model, where the corresponding volatility ¢ depends
on T'. Our analysis can be applied to the case of rough volatility models, and our main results can be summarized
as follows:

e We prove that the ATMI level and skew are of the order O((T)2~2) for RV options and of the order O(1)
for VIX options, where H denotes the Hurst parameter of the volatility process.

e We construct an easy-to-apply criterion to test, given a volatility model, if the corresponding short time VIX
skew is positive, as observed in real market data.

As an application of the above criterion, we prove that the short-time VIX skew can be positive or negative for the
Heston model, being negative for reasonable values for the mean reversion rate. On the other hand, it is zero for
the SABR, while it becomes positive with a ”mixing lognormal” solution. This coincides with previous studies (see
for example [BB14]) and [Ber08]), and, up to our knowledge, it gives the first analytical proof of these properties
in the literature.

6.2 MALLIAVIN CALCULUS

We assume that the reader is familiar with the elementary notions of Malliavin calculus, as given for instance in
Nualart [Nua06]. Consider a Brownian motion W defined on a probability space (2, F,P). For all p > 1, the set
Dy” will denote the domain of the derivative operator D with respect to the Brownian Motion W in LP(£2). It
is well-known that, for all p > 1, ]D)i{,p is a dense subset of LP(§2) and that D is a closed and unbounded operator
from LP(Q) into LP(Q; L?([0,T])). We will also consider the iterated derivatives D™, for n > 1, whose domains will
be denoted by Dj;P. We will also make use of the notation L™ = D (L?([0,77)).

Consider now a process X given by the equation
L
dX; = ¢ dWy — §¢tdt, (6.1)

where ¢; is a positive and square integrable process adapted to the filtration generated by W. We will make use
of the following anticipating It6’s formula (see for example [Alo06]).

Proposition 6.2.1. Consider the model (6.1) where ¢ € LY? and define the process Y as Y; := ftT ¢2ds. Let
F:[0,7] x R? = R be a function in CH2([0,T] x R?) such that there exists a positive constant C' such that, for all
t €1[0,T], F and its partial derivatives evaluated in (t, Xt,Y:) are bounded by C. Then it follows that

t
F(t,X,.Y) = F(0,Xo,Yy)+ / 0,F (s, X,, Y.)ds
0
1/t )
. 81:F(57X5a}/8)¢5d8
2 0
t
+ / 0. F (s, X,, Yo)\/2dW,
0
t t
_/ ayF(s,Xs,Ys)a;ﬁder/ 02, F (s, X, Y.)O,ds
0 0
1 t
+§/ ang(S,Xs,YsWEdS, (62)
0

where ©4 1= (fsT DY ¢2dr)és.
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6.3 'TRANSFORMING VARIANCE OPTIONS INTO OPTIONS ON THE SPOT
PROCESS OF A STOCHASTIC VOLATILITY MODEL

We study options with maturity T (expressed in years), defined by a payoff of European type
(A - K)+7

where A is a positive and square-integrable random variable defined on a risk neutral probability space (€2, F,P).
Notice that, in incomplete markets, this risk neutral probability is not unique. The approach that we will follow
here is the same used in [Fou404], where it is assumed that the market selects a unique equivalent martingale
measure under which derivative contracts are priced. We assume that A is .FQW -adapted, where F" denotes the
sigma-algebra generated by a Brownian motion W. Then, the price of this option at a moment 0 < ¢ < T is given
by

Poi=e "TUE, [(A- K),],

where E; denotes the expectation with respect to F; and r is the interest rate, that we assume to be constant.

Now, consider the martingale process M := E;[A], t € [0,T]. By the martingale representation theorem (see, for

instance, Karatzas and Shreve [KS97], theorem 3.4.15), there exists a F}/V-adapted process m” such that

t
ME =E[M]] +/ mIdW. (6.3)
0
Then, M admits the following dynamics:
t
MmF :E[MtTH—/ ps M AWy, (6.4)
0
where -
my
= —=. 6.5

Remark 6.3.1. Note here that in (6.4) the stochastic volatility ¢; also depends on the time to maturity 7.

Example 6.3.2 (VIX options). Consider as underlying the random variable VIXr given by

T+A
/ Vids
T

where V', the instantaneous variance process (the square of the volatility process), is positive and adapted to

1
VIXr = | AxEr , (6.6)

the filtration generated by a Brownian motion W, and where (T,T + A) denotes a 30-days interval. We define
MtT’VIX :=Er[VIXr]. Then, if VIXr € D%,{,z, the Clark-Ocone formula and Proposition 1.2.8 in [Nua06] give us
that

TVIX 1 1 A
’ = —FE;,|———E D Vy)d
t 2AtVIXTT/T (DeVs)ds
1 1 T+A
- —F,|—— D,V,)ds| . .
TN VIXT/T (DiVe)ds (6.7)
Then, using Equality (6.5) we identify the maturity dependent stochastic volatility as
vIx 1 1 T+A
= E D,Vy,)d .
! 2AMTVIX VIXT/T (DiVa)ds (65)
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Example 6.3.3 (Realized variance options). Consider the case
1 T
RVp = ~ / Vids, (6.9)
T Jo

where V' is the variance process as in Example 6.3.2 and we define MtT BV~ R, [RVr]. Then, the Clark-Ocone
formula gives us that (6.3) holds with

T I
mi Y = T/t E[D,V,]ds.

Therefore,
rv _ 1S EddDVids

; TRV (6.10)
T M,

6.4 IMPLIED VOLATILITY FOR VARIANCE OPTIONS

Our purpose in this section is to develop the tools to study the short-time behavior of the at-the-money implied
volatility (ATMI) for call options on some underlying A. In the following sections, we will apply these results to

the particular case of VIX options and RV options.

Let us define the implied volatility as the quantity I (k) such that
P, = BS(t,In(E;[A]), k, I (k)),

where BS(t,z,k, o) denotes the classical Black-Sholes price for a European call on a forward price with time to

maturity 7' — ¢, log-forward price x, log-strike price k = In(K) and volatility o. That is,
BS(t,z,k,0) = e T TV N(dy(k,0)) — e*N(d_(k,0))],

where N denotes the cumulative probability function of the standard normal law and

z—k o
—_—+ /T —¢.
oVT —t 2

For sake of simplicity we will denote I7(t) := IT(In(EA])) the corresponding ATMI. Notice that Ir(t) =
BS~L(t,In(E[A]), In(E;[A]), P,). In the sequel we will write BS~1(¢,u) = BS™1(t, In(E[A]), In(E;[A]), u).

dy (ko) =

Definition 6.4.1 (ATMI skew). The ATMI skew is defined as

Sr(t) = o1/ (k)

Ok |jzin(ei(a))

6.4.1 The ATMI short-time limit

Now our first objective is to study the short-time behavior of the implied volatility level of variance options.

Towards this end, we will need the following technical integrability conditions.

(H1) AcL?? forallp>1

(H2) # € L*(Q), for all p > 1.
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(H3) (H1) and (H2) hold and the terms

b

T 1
E ———0.d
/0 BT 5 %
2
ﬁ]E ;0/0 </S DS¢TdT> ds

are well defined and tend to zero as T" — 0, where u; := 4/ ﬁ ftT ¢2ds, with ¢ defined as in (6.5) and
O, := ¢, [ Dyg2dr.

and

(H4) There exists v € (—1,0] such that the term

T
1 T
L E $2ds
T§+’Y 0

has a finite limit as 7" — 0.

Remark 6.4.2. In the case of VIX options or RV options, the above hypotheses are satisfied by most of the
classical stochastic volatility models. For example, in the Heston model, the bounds proved in [AE08] for the
CIR model and its Malliavin derivatives imply that (H1)-(H3) hold. On the other hand, assume for example that
Vi = f(Ys), where f is a positive real function, and Y is an It6 diffusion process of the form

dY, = a(Yy)dt + b(Y;)dW,

for some real functions a,b. Then, under some adequate integrability conditions for f,a and b, v is a process in
22 and the processes Dv and D?v have finite moments of all orders, from where it follows easily that (H1)-(H4)
hold with v = 0 both for VIX options and for RV options.

In the fractional volatility case, one of the most popular choices is to assume the variance process to be of the form

1
Vi = Voexp (thH — 21/2t2H> ,
where WH = fg(t — s)H=2dW, (see for example [BFG16]). In this case, v € L22 and D,V; = vV,(t — s)H 2.
Then, it is easy to see that (H1)-(H4) hold, with v = 0 in the case of the VIX, and v = H — 3 in the case of RV

options (see the examples in Sections 5 and 6 for further details).

Remark 6.4.3. Notice that (H1) implies that the process M is also in LY? for all p > 1, and DyM/ = E,[D,A]
(see Proposition 1.2.8 in Nualart (2005)). Moreover, from Clark-Ocone formula we get that m] = E;[D;A], which
allows us to see that m] € L2 and Dym] = E;[DsD;A] for all s < t. This, jointly with (H2), gives us that ¢ is
also in LYP for all p > 1, and

TagT T T
DT MT — mT D, M;

Deon = (172
Ei[D. DiAJE:[A] — Eo[D, AJE[D, A]
- ([T |

The following result, the proof of which is postponed to Section A.1, is a direct consequence of the arguments in
the proof of Theorems 3 and 8 in [AS19].

Theorem 6.4.4. Assume that hypotheses (H1), (H2) and (H3) hold. Then

T 1 [T
i 2
hmO Iy —E /0 @2ds 0.

This result gives us, if (H4) holds, the following corollary.
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Corollary 6.4.5. Assume a random variable A such that hypotheses (H1), (H2), (H3) and (H4) hold. Then

1 T
lim 7771 = lim ——F / $2ds
T—0 T—0 Tzt 0

6.4.2 The short-time limit of the ATM implied volatility skew
Our main goal in this section is to study the short-time limit of the ATM implied volatility skew. In particular,

we will characterize the class of stochastic volatility processes that reproduce a positive VIX skew, as observed in

real market data. We will need the following technical hypotheses.

(H1’) Acl3? forallp>1

(H5) The terms

E

/O (w1 - ) ( / ' @rdr> 0.ds

-

and

1
—E
VT

/0 T((us>2(T — )7 ( / ' Ds@rdr> ¢sds]

tend to zero as T' — 0.

(H6) There exists A € (—3,0] such that the term

i I ( s ¢SDS¢3du) ds

udT?+A
has a finite limit as 7' — 0.

Theorem 6.4.6. Consider a random variable A such that Hypotheses (H1’), (H2), (H3), (H5) and (HG6) hold.
Then

I (U eupsian) as
2 %IE}JE ud T2+

Jim T72S7(0) (6.11)
Remark 6.4.7. The VIX skew is observed to be positive in real market data. It is not easy to establish a priori
if a stochastic volatility model will reproduce this phenomenon. It is well known (see for example [FS18], [GIP17],
[DeM18] or [Guy20b]) that some classical models exhibit a negative VIX skew (as the Heston) of a flat VIX skew
(as the SABR). Notice that D,¢? = 2¢;Ds¢;. Then the above theorem gives us that the sign of the short-time
skew is positive if

lim E[(Ds¢; — u(s,t))’] =0

s,t, T—0

for some positive process u € L%([0, T]? x Q) and for some p > 1. By (6.5), this condition holds if

lim E [((DsmtT)MtT —mTD,MT) - ﬁ(s,t))q} —0, (6.12)

s,t,T—0

for some positive process @ € L2([0,T]? x ) and some ¢ > 1. Notice that (6.12) gives us a tool to identify those

stochastic volatility models that can reproduce a short-time positive skew, as we will see in the next section.
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6.4.3 The sign of the VIX skew in some popular models

The VIX skew is observed to be positive in real market data. It is not easy to establish a priori if a stochastic
volatility model will reproduce this phenomenon. It is well known numerically (see for example [FS18], [GIP17],
[DeM18] or [Guy20b]) that some classical models exhibit a negative VIX skew (as the Heston) of a flat VIX skew
(as the SABR). We note that Remark 6.4.7 gives us a tool to identify those stochastic volatility models that can
reproduce a short-time positive skew. Consequently, we make use of Remark 6.4.7 to formally show the sign of the

VIX skew in some popular models.

Example 6.4.8 (The VIX skew in the SABR model). Consider the SABR model given by V = o2, where
dO't = ao’tth,

for some positive constant a. Then v € L?2 and D,V; = 2aV;, DD, V; = 4a2V;, for all r, s < t. This implies that
(H6) holds with A = 0 and

. rvix  Ver2 —1J1
lim M e~ — i

t, 70 VA ’
(6a2A - 1)V0 VearA — 1vVo

. TVIX __ _
i Ds My T T ViIXgaA VA

TVIX 1 1 A
Dsmt ’ = EEt mET /T (DsDtVr)dT
1 1 T+A T+A
- —E; | ———F=E DV,.)dr| E D,V,)d .
AN A(VIXT)3T/T (DeV)dr T/T (DVr)dr
(6.13)
From here, we conclude that
im DomTVIX _ 102V, A 1 B 1 4042‘/02(6"‘2A —1)2
sl WIXoA o AVIXZA? o
_ 20yVpVe'A =1 ayThve*s —1
B VA VA
avVover?d — 1
= (6.14)
in LP(Q), for all p > 1, from where we deduce that
2
lim DT VIX pfTVIX TVIX p g TVIX _ VVoVer s —1 Ve — 1T Ve’ — 1V
im Dgym, ; — my <M = - =0
T—0 VA avA VA
(6.15)

This, jointly with (6.8) and Remark 6.4.3, gives us that the (lognormal) SABR model generates a short-time flat
VIX skew.

Example 6.4.9 (The sign of the VIX skew in the Heston model). For the Heston model, we have that
dVy = k(0 — V3)dt + v/ VidWy,

for some positive constants k,§ and v. We know (see the proof of Proposition 4.2 in[AE08]) that if 2k > 312, the
process V'V € 2. Moreover, (H6) holds with A = 0 and Dwv is positive, which implies that ¢ is positive. Assume,
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for the sake of simplicity, that Vj = 6. Then we have

2
. T,VIX yT.VIX _ _TVIX TVIX Vv (1 —exp(—rA)) . 2(1 — exp(—rA))
%1510 Dym; M, m; DM, = f(A) = A 1 A ,

in L?(2). The computation of the limit is given in Appendix D.3. Under reasonable market conditions for the
reversion level x, we have that f(A) is negative. This, jointly with Remark 6.4.3, implies that the limit in the
right-hand side of (6.11) is negative. Nevertheless, for big values of the mean reversion rate , (6.16) can be positive.
This result fits [KS15] [6, Table VI, Figure 7] where a positive VIX skew in the Heston model is reported even for
reasonable values of the mean reversion rate if the Feller condition is not satisfied.

6.5 VIX OPTIONS

This section is devoted to applying the results in Section 4 to the study of the ATMI level and skew of VIX options.
First of all, let us illustrate the typical behaviour of these quantities in the market. Figure 6.1 shows the behaviour
of the VIX implied volatility. We observe that the skew is clearly positive, but also decreasing as a function of time
to maturity, since smiles tend to flatten.

VIX options implied volatility surface on 08/04/2016
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Figure 6.1: VIX options implied volatilities on 08/04/2016. Solid lines represent the VIX future prices corresponding
to each maturity. Source: OptionMetrics.

The results in this section study the ATMI level and skew for models based on Gaussian processes of the form
Y, = fot (t—s)" ~3 g(t — s)dW,, where H denotes the Hurst parameter, and g is a bounded deterministic function.
These models are very flexible in the modeling of the volatility process (see for example [BLP17] and [BS07]).

6.5.1 ATMI of VIX options

Our aim in this subsection is to study the short-time limit of the ATMI of VIX options. Our main result is the
following proposition, that proves that, for volatilities based on a Brownian stationary process this ATMI is O(1)
as T'— 0.

Proposition 6.5.1. Consider the process VIXrp given by (6.6), with V = f(Y'), where f is a positive and bounded
function in C?, and Y; = fot(t — )72 g(t — 5)dW,, where H € (0, 1] and g € C} . Then it follows that

"Y,
Jim 7F7(0) = 5 h 00w, (6.16)
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where P(A) := fOA w2 g(u)du.

Proof. The proof of this proposition is decomposed into two steps.

Step 1 Let us see that hypotheses (H1)-(H4) hold with v = 0. (H2) follows from the fact that f is bounded. On
the other hand, as D,V; = f/(Y;)(t — )7~ 2g(t — s) and D, D,V; = f'(V})(t — s)H-2g(t — s)(t —r)H~2g(t — 1), a

direct calculation gives us (H1). Moreover, as

Nl

T+A T+A
/ (Da(Vi))du = / F (V) — )" Hg(s — u)ds

T T

and

T+A T+A . )
/ (D, Dy(Vy,))du = / FY)(u—s) " 2g(u—s)(u—7r)""2g(u—r)ds
T T

we can easily check that

TVIX

vix _ My

t = L, T.VIX
MEY

t

and
26DV VML 20,mEVIX DM

(IR Q)

D,¢2 =

are bounded in LP([0,T]; ) and LP([0,7]%; Q). Then, (H3) and (H4) hold with v = 0. Step 2 As (H1)-(H4) are
satisfied, Corollary 6.4.5 gives us that

1 T
O TVIX () — 1 VIX)2
gy Ir 7= (0) = Jimny T%]E /O (917)%ds

1 T 1 1 T+A 2
i E D d
T—0 TE /0 2AM5T7V[X s VIXT L" ( S(VU))du S

f/(}/O) /A H-—L
= u’' " 2g(u)du
2AMYV XV IXy \ o 9(u)

_ ') !
_2A(Vlg(o)2 </0 o g(u)du>

_. (%)
o 2A(VI§(O)2¢(A)'

Il
=
.

O

The hypotheses in the previous proposition have been chosen for the sake of simplicity, but this result can be

adapted to other models with adequate integrability conditions, as we can see in the following example.

Example 6.5.2 (Mixed generalized rough volatility models (MGRV)). We consider the following instantaneous

variance dynamics:

Vi = Vo (55 (u\/ﬁgt) +(1-0)¢ (n\/ﬁgt)) C v>0,7>0

where B; is a truncated Brownian semistationary process ( 7BSS ) of the form

t
Bi= [ exp (-8t - o) (t- 9" AW, 520
0

(see for example [BLP17]) and £ denotes the Wick stochastic exponential in the sense of [BFG16]. It is then easy
to see that

DV, = Vi (5u5(u\/ﬁ5’u) +(1- 5)775(77@3“)
XV2H (t — $)7~1/2 exp(—B(u — 5)) (6.17)
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for all s < u. This class of models (that we will denote by MGRV) covers most of the lognormal models considered
in the literature (SABR [Hag+02], (rough) Bergomi [Ber05; BFG16], etc.) Straightforward computations give us
that the model MGRV satisfies hypotheses (H1’)-(H6) both for VI Xt options and for RV options, with v = 0 and
v = H — 1, respectively. Applying Proposition 6.5.1 we get that, in this case,

. T VIX
lim I°
T—0

— A 1
_ (6v+ (1= 8)n)vV2H </0 wH—2 exp(—ﬂu)du>

2A

_ (ov+(1 Q—Afs)ﬁ)\/ﬁﬂfmérlow <H+ ;,BA) 7 (6.18)

where T'j (1 + a, ) = foz t~%e~tdt is the lower incomplete Gamma function.

In Figure 6.2 we present numerical approximations with § = 1 that support this theoretical short time limit result.
In order to produce the Monte Carlo estimate, Algorithm 5.3.9 in Chapter 5 and 7 = 10~* was used.

VIX options ATMI limitv= 2.0

2009, 1 *  MCeshmate §=0.0
= Theoretical imit 8=0.0
180% | * MC estimate ,8-=10
= Theaoretical imit 8=1.0
. * MCestimate g=2.0
160% 1 = Theoretical imit g=2.0
Eu‘] MC estimate B=3.0
ci::m 140% - Theoretical imit 8 =3.0
120%
100% 1

0.0 0.1 0.2 0.3 0.4 0.5
H

Figure 6.2: VIX ATMI Short time limit in an exponential TBSS with v = 2

Remark 6.5.3 (A semi closed-form formula for the ATMI level of VIX). We consider the following short-time
approximation inspired by (6.16):

2
IY) T T+A N
IT,VIX,@LOI / / u—s)H " 2g(u—s)du | ds 6.19

0 Vo2ATz \|Jo \Jr ( ST ) (019

In Figures 6.3 and 6.4 we use formula (6.19) with a MGRV model. As previously mentioned we observe that formula
(6.19) indeed performs very well, specially in the case 6 = 1 even for relatively large maturities. In practice, one
may use approximation (6.19) to control the ATMI level of VIX in our model. Moreover, in most cases (SABR,

exponential OU, exponential fBm, etc.) (6.19) admits a closed-form formula without any numerical integration.
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VIX options ATMIv=2.0
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Figure 6.3: VIX ATMI in a Generalized rough volatility model with v = 2

VIX options ATMI y=0.5,v=2.0,n=1.0
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Figure 6.4: VIX ATMI in a Mixed Generalized rough volatility model with (d,v,7n) = (1/2,2,1)

6.5.2 ATMI skew of VIX options

The following result proves that the ATMI VIX skew slope if of the order O(1) as time to maturity tends to zero.

Proposition 6.5.4. Consider an instantaneous variance model of the form
Vi =Vof(Y2)

where Yy = fot(t — s)H=12 exp(—B(t — 5))dW, for some H < 1 and some B > 0, and where f is a positive and
bounded function in C2. Then, the ATMI skew for VIX options is given by:

lim SVIX(O) _ l G(HaAa/B) f,/(YO) _ J(HaAaﬂ) f/(KJ)
T=0 " 2 \ J(H,A,B) f'(Yo) A (MPTTYVIX, )
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where

(28)72HT,,(2H,2BA)  if B> 0

G(H, A, B) = A2H
Vi if B=0
BHY2T,,(H +1/2,8A)  if B>0
J(H, A, B) = AH+1/2 .
= iFB=0
H+1/2 o
Proof. The proof is postponed to Appendix D.2 to ease the flow of the Section. O

Again, this result can be adapted to the case of MGRV models, as we can see in the following example.

Example 6.5.5 (Mixed generalized rough volatility model). Consider the MGRV model, then we have that the
ATMI skew for VIX options is given by

lim Sy (0) = (6v+ (1= 6)n) J(H, A, B) A

T—0 2

V2H ( (002 + (1= &)%) G(H, A, B) (v + (1—8)n) J(H, A, ﬁ)) .

Figure 6.5 shows the accuracy of the asymptotic limit with a Monte Carlo benchmark of 7= 10~* and § = 1. The
derivative was approximated using a central difference scheme. Notice that in the case H = % and 8 = 30 the limit

skew is positive, consistent with the results in [Guy20a].

VIX options ATMI skew limit v=7.5

102_\
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== Theoretical limit 8 =30
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H

Figure 6.5: Generalized rough volatility model ATMI skew on VIX options with v = 7.5

Example 6.5.6 (The VIX skew in lognormal models). Based on Figure 6.5 one may conclude that for small values
of H and for big values of 8 one can achieve large skews, in line with the results in [Guy20a]. We show in Figure 6.6
that, when 8 = 0, the skew decays almost immediately. This behavior is consistent with the fact that lognormal
models generate flat smiles, hence the skew should be zero. On the contrary, Figure 6.7 shows the effect of mixing
lognormals (again with § = 0), which produces a much higher level of skew. This result is consistent with [DeM18]
and [Guy20a], where the double exponential parametrization is studied in the framework of Gaussian processes
with a power-law kernel. In particular we notice that in the mixed SABR case (H = 1/2 and 8 = 0), the skew is
given by

1 (((51/2 +(1- (5)772)

Jim =3 Gy - 5)77)) . (6.20)

We clearly have that (6.20) is non-zero unless § € {0, 1} or v = 7. Moreover, in Figure 6.7 the skew is approximately

constant at this level for maturities up to 4 months.
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Remark 6.5.7. In order to obtain the short-time approximating formulas we are inspired by the computations in

Appendix D.2, which yield the following expression before taking the limit:

Sp1X(0)
=~ \/ﬁ
ﬁ\/foT K2(T, A, u)du
(002 + (1= 8)n?) [ K(T,A,s) [T K(T,Au)I(A, T, s,u)duds
X
v+ (1-19)n)

(6v+ (1= 38)n) fy KX(T,A,s) [T KX(T,A, u)duds>
- .

where K(-) and I(-) are defined in Appendix D.2. We observe that the approximation performs very well for
maturities smaller than 6 months and could be useful to control the ATMI skew level of VIX in a given model.

VIX options ATMI skew v= 2.5
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Figure 6.6: Generalized rough volatility model ATMI skew with v = 2.5

VIX options ATMI skew y=0.5,v=3.0,n=1.0
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Figure 6.7: Mixed generalized rough volatility model ATMI skew with (d,v,1) = (1/2,3,1)
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6.5.3 MGRY fit to empirical VIX options data

In this section we show how the MGRV model is able to generate the appropriate skew by calibrating the model
to market smiles. To do so, we consider the model

Vi = &(1) (55 (u\/ﬁﬁt) F(1-8)E (nﬁ&)) L v>0,7>0

where &o(t) = Z?:l Lr,_, <t§Ti}£i7 where {T;}i=1,..n, n € N are the available VIX futures dates with Tj = 0 and
&; is chosen such that

VIXpHET = X / E[V.|Fr,]
T;

holds, where VI X%I KT is the VIX future price corresponding to the maturity 7;. The calibration is performed
using Algorithm 5.3.9 with 50.000 Monte Carlo paths.

Figures 6.8 and 6.9 show how the MGRV model is able to reproduce the positive VIX skew as proven in the
previous section. We emphasize here that the aim of this chapter is not to show that the MGRV model is the best
model to perform the VIX calibration task, as one can see in the shortest maturities in Figures 6.8 and 6.9. It is
however, an example of a model for which we have obtained precise asymptotics and understood the behaviour of

ATMI VIX options, without resorting to numerical schemes in the first place.

VIX options maturity T=0.06

VIX options maturity T=0.14

VIX options maturity T=0.21
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Figure 6.8: VIX options implied volatilities on 28/01/2015. Calibrated parameters (0,v,n, H,3) =

(0.45,0.66, 3.31, 0.08, 0.02)
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Figure 6.9: VIX options implied volatilities on 05/02/2015. Calibrated parameters (d,v,n, H,3) =
(0.42,0.40, 2.96, 0.10,0.01)

6.6 REALIZED VARIANCE OPTIONS

This section is devoted to the study of the ATMI short-time level and skew of RV options. Figure 6.10 shows a
empirical term structure of the ATMI, which is usually close to a power law.

Empirical ATMI in realized variance options

* ATMI Realized variance options
| Power law fit
400% 1 #
300% ofM(t)=103.68- t 5
Eu *
<::°m
200% X
° *
*
*
100% X
*
*
* — _— N
0 1 2 3 4 5

Figure 6.10: Realized variance ATMI for S&P 500 on February 27, 2018 (from OTC market quotes obtained
through different brokers).

6.6.1 ATMI on realized variance options

In this section we study the short-time limit of the ATMI of RV options, whose behaviour differs from the ATMI
of VIX options. Our main result is the following proposition.

Proposition 6.6.1. Consider the process v = f(Y), where f is a positive and bounded function in C%, and
Y = f(f(t —s)H=2g(t — 5)dW,, where H € (0, 1] and g € C} . Then we have that the short-time limit of the ATMI
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for RV options is given by

1—H RV - f/(YO)Q(O)
%gnT 177 (0) = (H+%)mM8' (6.21)

Proof. We may directly apply Corollary 6.4.5 since (H1)-(H4) hold with v = H — % Thus,

lim 7215V (0)

T—0
1 T
B N RV \2
e A (¢5)%ds

S

2
_ [(%)g(0) 1 O ol
= MO qllinﬂ) T1+HE ; i (u—s)"2du| ds

~ ['M)g(0) . 1 4 2H +1
s pag AT |, T

1 T 1 T ’
,11_‘1310 T1+HE /O W‘/b ES(DS(VU))dU ds

_ J'(Yo)g(0)
©(H+ HveH 1My (622)
O

Remark 6.6.2. We emphasize that (6.22) implies that, for short maturities the ATMI is of order O(TH~2), which

is consistent with real market data on equity markets as shown in Figure 6.10.

We can adapt this result to the case of MGRV models, as we can see in the following example:

Example 6.6.3 (Mixed generalized Rough volatility). We consider again the MGRV model. Applying Corollary
6.4.5 we obtain the following short-time ATMI limit:

lim T1/2 HIRV( )
T—0

(ov + (1 — 0)n)V2H

T—0 TH'H

x lim /OT </Texp( Bu— s)) (u— s)H~ 1/2du>2ds

(6v+ (1 —8)n)V2H 2H
(H+ 3)V2H +2

Example 6.6.4 (A semi closed-form formula for the ATMI level of RV options). Once again, we consider a short-
time approximation of the ATMI level, inspired by the short-time limit given in Corollary 6.22. More precisely, we

consider the following approximation:

RV f/(YO) ! Tu—sH*% u— s)du 2 s
I (0) ~ /(/( Y= g( )d) d (6.23)

VoTH+L

In Figure 6.11 we present the numerical results for the approximation for different values of H and g in a MGRV
model with 6 = 1. We observe a very sharp fit to the Monte Carlo estimates obtained using (2.11). Similar results

are obtained in the case § # 1 (see Figure 6.12).

Remark 6.6.5. In light of the accuracy of the approximating scheme given in (6.23), this can be used in practice
to both control the ATMI level in a model and calibrate the parameters H and (. In particular, when § = 0 this

reduces to a power-law fit of order H — % as previously shown in Example 6.6.3.
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Realized Variance ATMI, v=2.0
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Figure 6.11: Realized variance option ATMI with v = 2
Integrated Variance ATMI, 6 =0.5,v=2.0,n=1.0
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Figure 6.12: Realized variance option ATMI with 6 = 0.5,y =2 and n =1

6.6.2 ATMI skew for realized variance options
Proposition 6.6.6. Consider an instantaneous variance model of the form
Vi=Vof(Y2)

where Y; = fot(t —s)H=2g(t — s)dW,, with H € (0, 1l and g € C}, and f is a positive and bounded function in C?,
and Then, the ATMI skew for RV options is given by

. L—HGRV F"(Yo)Z(H)(2H +2)*/*(H +1/2) (%)
lim 727987+ (0) = - - )
T30 f'(Yo) Vo(2H +1)/(2H + 2)
Proof. The proof and definition of Z(H) are postponed to Appendix D to ease the flow of the Section. O
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Example 6.6.7 (Mixed Rough Bergomi). We consider the Mixed rough Bergomi model as a subclass of MGRV

models with instantaneous variance given by:

Vi=W (55 <V\/ﬁWtH) +(1=0)& (U\/ﬁWtH)> )

where WH := fot (t—s)"=1/2dW,. Applying Proposition 6.6.6 we have that the ATMI skew for RV options is given
by

lim 72~ 7SEV (0)

T—0
_ o2 + (1= d)? / v+ (-4
- x/ﬁ( T () T(H)(2H +2)*/?(H +1/2) (2H+1)\/W) .

Figures 6.13 and 6.14 illustrate the accuracy of the asymptotic formula for different values of H.
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Figure 6.13: ATMI skew short time limit for RV options in a rough Bergomi model with v = 2.
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Figure 6.14: ATMI skew short time limit for RV options in a mixed rough Bergomi model with (6, v,n) = (1/2,2,1).
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6.7 SUMMARY

In this Chapter we have characterised the short-time at-the-money asymptotics of options written on arbitrary
payoffs, such as VIX and Realized Variance. In particular, we have found precise conditions for a model to produce
a strictly positive skew on VIX options and formally proven the conjectures that 1) lognormal models have no
skew 2) the Heston model produces a negative skew. Furthermore, we have discovered that for rough volatility
models the short-time VIX skew tends to a constant value, whereas in realized variance options it explodes at
a rate TV/2=H_ Our theoretical results are found to be constructive, in the sense that they allow to construct

approximation formulas that perform, in general, very accurately for maturities T < 1/2.
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ASYMPTOTICS FOR VOLATILITY DERIVATIVES IN
MULTI-FACTOR ROUGH VOLATILITY MODELS

7.1 INTRODUCTION

Following the works by Alos, Leén and Vives [ALV07], Gatheral, Jaisson, and Rosenbaum [GJR18] and Bayer, Friz
and Gatheral [BFG16], rough volatility is becoming a new breed in financial modelling by generalising Bergomi’s
‘second generation’ stochastic volatility models to a non-Markovian setting. The most basic form of (lognormal)
rough volatility model is the so-called rough Bergomi model introduced in [BFG16]. Gassiat [Gas19] recently proved
that such a model (under certain correlation regimes) generates true martingales for the spot process. The lack of
Markovianity imposes numerous fundamental theoretical questions and practical challenges in order to make rough
volatility usable in an industrial environment. On the theoretical side, Jacquier, Pakkanen, and Stone [JPS18]
prove a large deviations principle for a rescaled version of the log stock price process. In this same direction, Bayer,
Friz, Gulisashvili, Horvath and Stemper [Bay+19a], Forde and Zhang [FZ17], Horvath, Jacquier and Lacombe
[HJL19] and most recently Friz, Gassiat and Pigato [FGP18] (to name a few) prove large deviations principles for
a wide range of rough volatility models. On the practical side, competitive simulation methods are developed in
Chapter 2 along with previous results by Bennedsen, Lunde and Pakkanen [BLP17] and McCrickerd and Pakkanen
[MP18a]. Moreover, recent developments by Stone [Sto20] and Horvath, Muguruza and Tomas [HMT21] allow the
use of neural networks for calibration; their calibration schemes are considerably faster and more accurate than
existing methods for rough volatility models.

Crucially, the lack of a pricing PDE imposes a fundamental constraint on the comprehension and interpretation
of rough volatility models driven, by Volterra-like Gaussian processes. The only current exception in the rough
volatility literature is the rough Heston model, developed by El Euch and Rosenbaum [ER18; ER19], which allows
a better understanding through the fractional PDE derived in [ER19]. Nevertheless, in this work our attention is
turned to the class of models for which such a pricing PDE is unknown, and hence further theoretical results are

required.

Perhaps, options on volatility itself are the most natural object to first analyse within the class of rough volatility
models. In this direction, Jacquier, Martini, and Muguruza [JMM18] provide algorithms for pricing VIX options
and futures. Horvath, Jacquier and Tankov [HJT20] further study VIX smiles in the presence of stochastic volatility
of volatility combined with rough volatility. Nevertheless, the precise effect of model parameters (with particular
interest in the Hurst parameter effect) on implied volatility smiles for VIX (or volatility derivatives in general) has
been studied in Chapter 6.
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The main focus of the Chapter is to derive the small-time behaviour of the realised variance process of the rough
Bergomi model, as well as related but more complicated multi-factor rough volatility models, together with the
small-time behaviour of options on realised variance. These results, which are interesting from a theoretical
perspective, have practical applicability to the quantitative finance industry as they allow practitioners to better
understand the Realised Variance smile, as well as the effect of correlation on the smile’s linearity (or possibly
convexity). To the best of our knowledge, this is the first work to study the small-time behaviour of options on
realised variance. An additional major contribution of the present work is the numerical scheme used to compute
the implied volatility smiles, using an accurate approximation of the rate function from a large deviations principle.
In general rate functions are highly non-trivial to compute; our method is simple, intuitive, and accurate. The

numerical methods are publicly available on GitHub: LDP-VolOptions.

Volatility options are becoming increasingly popular in the financial industry. For instance, VIX options’ liquidity
has consistently increased since its creation by the Chicago Board of Exchange (CBOE). One of the main popularity
drivers is that volatility tends to be negatively correlated with the underlying dynamics, making it desirable for
portfolio diversification. Due to the appealing nature of volatility options, their modelling has attracted the

attention of many academics such as Carr, Geman, Madan and Yor [Car+05], Carr and Lee [CL09] to name a few.

—3 fot V.ds + fot VV,dBs, Xo = 0, where B is standard Brownian
motion, we denote the quadratic variation of X at time ¢t by (X);. Then, the core object to analyse in this setting

(;/OTd<X>S—K>+,

which in turn defines the risk neutral density of the realised variance. In this work, we analyse the short time

For a log stock price process X defined as X; =

is the realised variance option with payoff

(7.1)

behaviour of the implied volatility given by (7.1) for a number of (rough) stochastic volatility models by means of
large deviation techniques. We specifically focus on the construction of correlated factors and their effect on the
distribution of the realised variance. We find the results of this Chapter consistent with that Chapter 6, which
also help us characterise in close-form the implied volatility around the money. Moreover, we also obtain some
asymptotic results for VIX options.

While implied volatilities for options on equities are typically convex functions of log-moneyness, giving them
their “smile” moniker, implied volatility smiles for options on realised variance tend to be linear. Options on
integrated variance are OTC products, and so their implied volatility smiles are not publicly available. VIX smiles
are, however, and provide a good proxy for integrated variance smiles; see Figure 7.1 below for evidence of their

linearity. The data also indicates both a power-law term structure ATM and its skew.

VIX options implied volatility smiles on 12/04/2016

VIX options implied volatility smiles on 15/04/2016
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Figure 7.1:
provided by OptionMetrics.
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In spite of most of the literature agreeing on the fact that more than a single factor is needed to model volatility
(see Bergomi’s [Berl6] two-factor model, Avellaneda and Papanicolaou [AP19] or Horvath, Jacquier and Tankov
[HJT20] for instance), there is no in-depth analysis on how to construct these (correlated) factors, nor the effect
of correlation on the price of volatility derivatives and their corresponding implied volatility smiles. Our aim is
to understand multi-factor models and analyse the effect of factors in implied volatility smiles. This work, to the
best of our knowledge is the first to address such questions, which are of great interest to practitioners in the
quantitative finance industry; it is also the first to provide a rigorous mathematical analysis of the small-time

behaviour of options on integrated variance in rough volatility models.

The structure of the Chapter is as follows. Section 7.2 introduces the models, the rough Bergomi model and two
closely related processes, whose small-time realised variance behaviour we study; the main results are given in
Section 7.3. Section 7.4 is dedicated to numerical examples of the results attained in Section 7.3. In Section 7.5 we
introduce a general variance process, which includes the rough Bergomi model for a specific choice of kernel, and
briefly investigate the small-noise behaviour of VIX options in this general setting. Motivated by the numerical
examples in Section 7.4, we propose a simple and very feasible approximation for the density of the realised
variance for the mixed rough Bergomi model (see (7.6)) in Appendix E.1. The proofs of the main results are given

in Appendix E.2; the details of the numerics are given in Appendix E.3.

Notations: Let R := [0, +00) and R% := (0, +00). For some index set 7 C R, the notation L?(7) denotes the
space of real-valued square integrable functions on 7, and C(7,R%) the space of R%valued continuous functions

on 7. & denotes the Wick stochastic exponential.

7.2 A SHOWCASE OF ROUGH VOLATILITY MODELS

In this section we introduce the models that will be considered in the forthcoming computations. We shall always

work on a given filtered probability space (€2, (F;):>0,P). For notational convenience, we introduce

t
Zy = / Ko (s, t)dWs, forany t € T, (7.2)
0

where a € (—2,0), W a standard Brownian motion, and where the kernel K, : Ry x R, — R, reads
3 + + +

Ko(s,t) :=nvV2a+ 1(t — s)°, forall 0 <s <t (7.3)

for some strictly positive constant 7. Note that, for any ¢ > 0, the map s — K,(s,t) belongs to L?(T), so that the

stochastic integral (7.2) is well defined. We also define an analogous multi-dimensional version of (7.2) by

t t
Zy = </ Ka(s,t)dWsl,...,/ Ka(s,t)dWSm) = (2., 2"), for any t € T, (7.4)
0 0
where W', ...,WW™ are independent Brownian motions.

Model 7.2.1 (Rough Bergomi). The rough Bergomi model, where X is the log stock price process and V is the

instantaneous variance process, is then defined (see [BFG16]) as

1 t t
X, =—§/ v;ds+/ VVidB,, Xy =0,
0 0

2
‘/t = % exp (Zt — 7’I2t2a+1> s vy > 0,

(7.5)

where the Brownian motion B is defined as B := pW + /1 — p2W+ for p € [~1,1] and some standard Brownian
motion W+ independent of W.
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Remark 7.2.2. The process logV has a modification whose sample paths are almost surely locally ~-Hdolder
continuous, for all v € (O,a + %) [JPS18, Proposition 2.2]. For rough volatility models involving a fractional
Brownian motion, the sample path regularity of the log volatility process is referred to in terms of the Hurst
parameter H; recall that the fractional Brownian motion has sample paths that are y-Holder continuous for any
v € (0, H) [Bia+08, Theorem 1.6.1]. By identification, therefore, we have that o = H — 1/2.

Model 7.2.3 (Mixed rough Bergomi). The mized rough Bergomi model is given in terms of log stock price process
X and instantaneous variance process V) as

1 i t L
X =-3 / VOds+ [ \JvOaB,  Xo=0,
0 0 5

Vt(mu) = VoS, i exp (%Zt _ %it2a+1> ’ 0o > 0
where v := (71, ..., ¥n) € [0,1]" such that > v =1 and v := (v1,...,vn) € R, such that 0 < 11 < ... < vy,

The above modification of the rough Bergomi model, inspired by Bergomi [Ber(08], allows a bigger slope (hence
bigger skew) on the implied volatility of variance/volatility options to be created, whilst maintaining a tractable
instantaneous variance form. This will be made precise in Section 7.4.2.

Model 7.2.4 (Mixed multi-factor rough Bergomi). The mized rough Bergomi model is given in terms of log stock

price process X and instantaneous variance process VOV gs

1t ! v
X =3 / VO ds + / YVOrEaB, X =0,
0 ) 0

(v,v,%) n ¢ (77)
VO S il (% LiZ) Vo >0,

where v 1= (Y1, ..., Yn) € [0,1]™ such that >, v; = 1. The vector v* = (Vi,...,v},) € R™ satisfies 0 < v} < ... <V},

foralli € {1,...,n}. In addition, L; € R™*™ is a lower triangular matriz such that L;LT =: %, is a positive definite

matriz for all i € {1,...,n}, denoting the covariance matrix.

For all results involving models (7.5), (7.6), and (7.7) we fix T = [0, 1]; minor adjustments to the proofs yield

analogous results for more general 7. We additionally define 8 :=2a + 1 € (0,1) for notational convenience.

Remark 7.2.5. In models (7.5)-(7.7) we have considered a flat or constant initial forward variance curve V; > 0.
However, our framework can be easily extended to functional forms Vy(+) : T — R, via the Contraction Principle,

see Appendix E.4, as long as the mapping is continuous.

Remark 7.2.6. The reader may already have realised that the mixed multi-factor rough Bergomi defined in (7.7)
is indeed general enough to cover both (7.5) and (7.6). However, we provide our theoretical results in an orderly
fashion starting from (7.5) and finishing with (7.7), which we find the most natural way to increase the complexity
of the model.

7.3 SMALL-TIME RESULTS FOR OPTIONS ON INTEGRATED VARIANCE

We start our theoretical analysis by considering options on realised variance, which we also refer to as integrated
variance and RV interchangeably. We recall that volatility is not directly observable, nor a tradeable asset. Options
on realised variance, however, exist and are traded as OTC products. Below are two examples of the payoff structure
of such products:

)RV (V)(T) — K)*, (i) (\/RV(V)(T) — K)*, where T, K > 0. (7.8)

where we define the following C(7") operator

RV(F)(): frs / fls)ds,  RV()(0) = £(0), (7.9)
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and v represents the instantaneous variance in a given stochastic volatility model. Note that RV (V)(0) = Vj.

Remark 7.3.1. As shown by Neuberger [Neu94], we may rewrite the variance swap in terms of the log contract

1 T
- V.d
T/O 5

where E[-] is taken under the risk-neutral measure and S = exp(X) is a risk-neutral martingale (assuming interest

as

E[RV (V)(T)] = E

=E {—QJ;T] (7.10)

rates and dividends to be null). Therefore, the risk neutral pricing of RV (V)(T') or options on it is fully justified
by (7.10).

7.3.1 Small-time results for the rough Bergomi model

Proposition 7.3.2. The set A5 := { [ Ku(s,-)f(s)ds : f € L*(T)} defines the reproducing kernel Hilbert space
for Z with inner product ([ Ko(s,) fi(s)ds, [, Ka(s, ") f2(s)ds) ra = (f1, f2) L2(T)-

Proof. See [JPS18, Theorem 3.1]. O

Before stating Theorem 7.3.3, we define the following function AZ : C(T) — Ry as AZ?(x) := 3[|x[|%, ., and if
x ¢ A#Ke then A% (x) = +oo.

Theorem 7.3.3. The variance process (Vz)eso satisfies a large deviations principle on C(T) as € tends to zero,
with speed e=” and rate function AV (x) :== AZ (log (Vio)), where AV (Vy) =0 and x € C(T).

Proof. To ease the flow of the Chapter the proof is postponed to Appendix E.2.1. O

Corollary 7.3.4. The integrated variance process (RV(V')(t)),c+ satisfies a large deviations principle on R as
t tends to zero, with speed t=° and rate function AV defined as AV (y) := inf {AV(x):y=RV(x)(1)}, where
AV (V) = 0.

Proof. As proved in Theorem 7.3.3, the process (V.).~¢ satisfies a pathwise large deviations principle on C(7) as

/Ot 8V (s)ds

where M = sup,c [0V (t)|, which is finite as 8V € C(T). Clearly M tends to zero as 6" tend to zero, and hence
the operator RV is continuous with respect to the sup norm on C(7). Therefore we can apply the Contraction

¢ tends to zero. For small perturbations §¥ € C(T), we have

|RV(V +6")(t) — RV(6¥)(t)|| , <sup < M,

1
teT t

Principle (see Appendix E.4), and consequently the integrated variance process RV (V.) satisfies a large deviations
principle on C(7) as € tends to zero. Clearly RV (V.)(t) = RV (V)(et), for all t € T, and so setting ¢ = 1 and
mapping ¢ to t then yields the result. By definition, AV (y) := inf {AV(x):y=RV(x)(1)}. If we choose x = Vj
then clearly Vo = RV (x)(1), and AV (x) = 0. Since A" is a norm, it is a non-negative function and therefore
AV (Vy) = 0. This concludes the proof. O

Remark 7.3.5. Corollary 7.3.4 can be applied to a large number of existing results on large deviations for (rough)
variance processes to get a large deviations result for the integrated (rough) variance process; for example Forde
and Zhang [FZ17] and Horvath, Jacquier, and Lacombe [HJL19].

Corollary 7.3.6. The rate function AV is continuous.

Proof. Indeed, as a rate function, AV is lower semi-continuous. Moreover, as AV is continuous, one can use similar

arguments to [FZ17, Corollary 4.6], and deduce that AV s upper semi-continuous, and hence is continuous. O
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Before stating results on the small-time behaviour of options on integrated variance, we state that the integrated
variance process RV (V) satisfies a large deviations principle on R as t tends to zero, with speed ¢t # and rate function

AV (e'). Then, the small-time behaviour of such options can be obtained as an application of Corollary 7.3.4.

Corollary 7.3.7. For log moneyness k := log W %0, the following equality holds true for Call options on
integrated variance

lim 1 log {(RV(V)(t) - ek)+] = —1(k), (7.11)
where T is defined as as 1(z) := inf,~, AV (e¥) for x> 0, I(x) := inf,, AV (e¥) for x < 0.

Similarly, for log moneyness k := log m #£0,

lim ¢ 1og E | (v RV(V)(@) — ) | = ~T(k 7.12
im1*log B | (VRV(V)(1) ") | = ~1(h). (7.12)
where T is defined analogously as I(x) := inf,~, AV (e*) for > 0 and I(z) := inf,., AV (¢%¥) for z < 0.

Proof. The proof is postponed to Appendix E.2.2. O

As with Call options on stock price processes, we can define and study the implied volatility of such options. In
the case of (7.8)(i) we define the implied volatility (7', k) to be the solution to

E[(RV (V)(T) — €*)*] = Cps(RV(V)(0), k, T, 6(T, k)), (7.13)

where C'gg denotes the Call price in the Black-Scholes model. Using Corollary 7.3.7, we deduce the small-time
behaviour of the implied volatility &, as defined in (7.13).

Corollary 7.3.8. The small-time asymptotic behaviour of the implied volatility is given by the following limit, for
a log moneyness k # 0:

k2
21(k)"

o 1-B 2 A2y
lgfglt 6t k) =: 6°(k)

Proof. The log integrated variance process log RV (V) satisfies a large deviations principle with speed t~# and rate
function AV (e'), which is continuous. Therefore, it follows that

1%1 t?log P(RV (V)(t) > *) = —1(k).

In the Black Scholes model, i.e. a geometric Brownian motion with Sy = RV (V)(0) with constant volatility &, we

have the following small-time implied volatility behaviour:

k2
lim €%t log P >efy= 2
tlwf tlogP(RV (v)(t) > €%) 5
We then apply [GL14, Corollary 7.1], identifying & = 6(k,t), to conclude. O

Remark 7.3.9. Notice that the level of implied volatility in Corollary 7.3.8 has a power law behaviour as a
function of time to maturity. This power law is of order vV#f—1, which is consistent with the at-the-money RV

tH*l/Q

implied volatility results in Chapter 6, where the order is found to be using Malliavin Calculus techniques.

Recall that 8 = 2a+ 1, and o = H — 1/2 by Remark 7.2.2.

7.3.2 Small-time results for the mixed rough Bergomi model

Minor adjustments to Theorem 7.3.3 give the following small-time result for the mixed variance process V()
introduced in Model (7.6); the proof is given in Appendix E.2.3.

118



Theorem 7.3.10. The mized variance process (VE('Y’V))DO satisfies a large deviations principle on C(T) with speed

=8 and rate function

A (x) = inffAZ ( Ly - () = l e y()
(9 = ATl 1) = 15 D20,

satisfying AV (V) = 0.
By Remark 7.3.5, we immediately get the following result for the small-time behaviour of the integrated mixed

variance process RV (V).

Corollary 7.3.11. The integrated mized variance process (RV (V(W)) (t))teT satisfies a large deviations principle
on R* as t tends to zero, with speed t=° and rate function AV (y) = inf {AOM)(x):y = RV(x)(1)}, where
A (V) = 0.

To get the small-time implied volatility result, analogous to Corollary 7.3.8, we need the following Lemma, which

is used in place of (E.3). The remainder of the proof then follows identically.

Lemma 7.3.12. For allt €T and g > 1 we have

E [(RV (V(w,u)> (t))q} < vina—1 exp ((y*)2 (¢ - %) t2a+1> ’

ta—1 21?2

where v* = max{v, ..., v }.

Proof. First we note that by Hoélder’s inequality (3 i, z;)9 < n9=t>""  (z;)9, for x; > 0. Since, 7; < 1 for

i=1,...,n, we obtain

q n t 2 a n 2
() a Vo g1 Wi,  QYi 2041 Vo 4-1 Vi 9 N 2041
E {(RV (V v ) (t)) } < " n ;/0 E [exp ( , Zs 2n28 ds < 7tq71nq ;exp o7 (¢*—q)t .

Choosing v* = max{vy, ..., v, } the result directly follows.
O

Corollary 7.3.13. For log moneyness k := log m % 0, the following equality holds true for Call options

on integrated variance in the mized rough Bergomi model:
k +
lim ¢ log [(RV(V(%”))(t) e ) ] — _1I(k), (7.14)
where 1 is defined as 1(z) := inf,~, A (e¥) for x>0, I(z) := inf, <, AP (e¥) for z < 0.

Similarly, for log moneyness k := log m #0,

+
%tﬁ logE ( RV (V) (t) — ek) 1 = —I(k), (7.15)
where 1 is defined analogously as 1(z) := infys, A (€?Y) for x> 0 and I(z) := infy<, A (€?Y) for z < 0.

Proof. Follows directly from Lemma 7.3.12 and proof of Corollary 7.3.7. O

The small-time implied volatility behaviour for the mixed rough Bergomi model is then given by Corollary 7.3.8,

where the function I is defined in terms of the rate function A("*), as in Corollary 7.3.13, in this case.
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7.3.3 Small-time results for the multi-factor rough Bergomi model

The asymptotic behaviour of the multi-factor rough Bergomi model (7.7) for the variance process is given in
Theorem 7.3.14 below; note that A™ is the rate function associated to the reproducing kernel Hilbert space of the
measure induced by Z on C(T,R™), denoted #%,.The proof is given in Appendix E.2.4.

Theorem 7.3.14. The sequence of processes (VE(.%”’E)> satisfies a large deviations principle on C(T) with speed
e>0

=P and rate function
AOPE) (y) = inf {Am(x) (X E M,y =V i% exp (Z:; . Lix(l)) } ,
i=1
satisfying A2 (V) = 0.
As with the mixed variance process, Remark 7.3.5 gives us the following small-time result for RV(V(W”E)) straight
off the bat.

Corollary 7.3.15. The integrated variance process (RV (V('V””E)) (t))teT in the multi-factor Bergomi model sat-

isfies a large deviations principle on RY as t tends to zero, with speed t=8 and rate function
AOD) (y) .= inf {AWvE)(x) Ly = RV(X)(1)} :
where A2 (V) = 0.

We now establish the small-time behaviour for Call options on realised variance in Corollary 7.3.17, by adapting
the proof of Corollary 7.3.7 as in the previous subsection. To do so we use Lemma 7.3.16 in place of (E.3). Then
we attain the small-time implied volatility behaviour for the multi-factor rough Bergomi model in Corollary 7.3.8,
where the function I is given by Corollary 7.3.17.

Lemma 7.3.16. For allt € T and g > 1 we have

5 KRV (V(W”E)) (t))q} < vind! exp ((1/*22 (@ - a) t2a+1> ’

ta—1

where v* = max{vy,...,Vn}

Proof. First we note that by Hélder’s inequality (31, ;)¢ < n?= '3  (z;)9, for x; > 0. Since, 7; < 1 for
i=1,...,n, we obtain

q n t i q q n 2
E {(RV (V(%V’Z)) (t))q} < ‘tffganl ;/0 E {5 (V 'LiZs> } ds < ;J/—Elanl ;exp <2Vi2 (¢ —q) t%‘“) .

n n

Choosing v* = max{vy, ..., v, } the result directly follows. O

Corollary 7.3.17. For log moneyness k := log m # 0, the following equality holds true for Call options

on integrated variance in the multi-factor rough Bergomi model:
+
lim ¢” log [(RV(V(W’E))(t) - ck> ] — _1(k), (7.16)

where 1 is defined as 1(x) := infys, A3 (e¥) for x> 0, I(z) := inf, <, A0 (e¥) for x < 0.

Similarly, for log moneyness k := log m #0,

lim t? log R
10

< RV (VD)) (¢) —ek)+] = —1(k), (7.17)
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where T is defined analogously as 1(x) := infys, A7) (e2) for x > 0 and I(z) := inf, <, A" (e?Y) for z < 0.

Proof. Follows directly from Lemma 7.3.16 and the proof of Corollary 7.3.7. O

7.4 NUMERICAL RESULTS

In this section we present numerical results for each of the three models given in Section 7.2. We also analyse the
effect of each parameters in the implied volatility smile. Numerical experiments and codes are provided on GitHub:
LDP-VolOptions .

7.4.1 RV smiles for rough Bergomi

We begin with numerical results for the rough Bergomi model (7.5) using Corollary 7.3.8. For the detailed numerical
method we refer the reader to Appendix E.3. In Figure 7.3, we represent the rate function given in Corollary 7.3.4,
which is the fundamental object to compute numerically. In particular, we notice that AV is convex; a rigorous

mathematical proof of this statement is left for future research.

More interestingly, in Figure 7.2 we provide a comparison of Corollary 7.3.8 with respect to a benchmark generated
by Monte Carlo simulations, and see all smiles to follow a linear trend. In particular, we notice that Corollary
7.3.8 provides a surprisingly accurate estimate, even for relatively large maturities. As a further numerical check,
in Figure 7.4 we compare recent results with the close-form at-the-money asymptotics given in Chapter 6 and once

again find the correct convergence, suggesting a consistent numerical framework.

7.4.2 RV smiles for mixed rough Bergomi

We now consider the mixed rough Bergomi model (7.6) in a simplified form given by V; = Vi (E(v1Z:) + 12€(v2Zy)).
In Figure 7.5, we observe that a constraint of the type v1v1 + v2v2 = 2 in the mixed variance process (7.6) allows
us to fix the at-the-money implied volatility at a given level, whilst generating different slopes for different values
of (v1,v2,71,72); as in Figure 7.2, we see that the smiles generated follow a linear trend. This is again consistent
with the results found in Chapter 6.
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Figure 7.4: Comparison of Chapter 6 at-the-money implied volatility asymptotics and LDP based implied volatilities
for different values of «, in the rough Bergomi model, with n = 1.5 and Vy = 0.04.
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Figure 7.5: Comparison of LDP based implied volatilities for different values of (v1,v2,71,72) in the mixed rough
Bergomi process (7.6) such that vivq1 + av2 = 2, with a = —0.4.
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Remark 7.4.1. At this point it is important to note that the mixed rough Bergomi model 7.6 allows both the
at-the-money implied volatility and its skew to be controlled through (,r), whilst in the rough Bergomi model
(7.5) there is not enough freedom to arbitrarily fit both quantities. Remarkably, we observe a linear pattern in
Figures 7.2-7.5 for around the money strikes. In Appendix E.1 we provide an approximation scheme for the realised
variance density based on the assumption of linear smiles.

7.4.3 RV smiles for mixed multi-factor rough Bergomi

We conclude our analysis by introducing the correlation effect in the implied volatility smiles, by considering
the mixed multi-factor rough Bergomi model (7.7). We shall consider the following two simplified models for
instantaneous variance

vie (v [e-srawin (o [ rawo imF [ orant). (7.18)
v, = % (5 (z//ot(t - s)adws) L e (n (p/ot(t —§)dIW, + \/ﬁ/ot(t - s)adwj») , (7.19)

where W and W+ are independent standard Brownian motions and v,n > 0.

On one hand, Figure 7.6 shows the implied volatility smiles corresponding to (7.18). We conclude that adding up
correlated factors inside the exponential does not change the behaviour of implied volatility smiles, and they still
have a linear form around the money. Moreover, in this context Chapter the results in Chapter 6 still hold and
we provide the asymptotic benchmark in Figure 7.6 to support our numerical scheme. On the other hand, Figure
7.7 shows the implied volatility smiles corresponding to (7.19), which are evidently non-linear around the money
in the negatively correlated cases. Consequently, we can see that having a sum of exponentials, each one driven by
a different (fractional) Brownian motion does indeed affect the behaviour of the convexity in the implied volatility
around the money. We further superimpose a linear trend on top of the smiles in Figure 7.8 to clearly show the
effect of correlation in the convexity of the smiles.

AY--B(y) o(y)
*  Asymptotic by AGM

— p=100
4 e — o080
— p=040
3 60% — p=000
p=-040
’ 50% p=-0.80

40% 1

1
\ 30%
0 e -
-06 04 02 00 0.2 0.4 06 04 02 00 0.2 0.4
¥= Log-moneyness ¥= Log-moneyness

Figure 7.6: Rate function and corresponding implied volatilities for the model (7.18), with (a,v,n) =
(—0.4,0.75,0.75).
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Remark 7.4.2. Despite the empirical evidence given in Figure 7.1, the commitment to linear smiles from a mod-
elling perspective is strong. The simplified mixed multi-factor rough Bergomi model (7.19), however, is sufficiently
flexible to generate both linear (p > 0) and nonlinear (p < 0) smiles.

A2 (y) o(y)
B - p=090
100% — =060
5 ///////// — p=030
4 0% — p=000
p=-0.30
3 p=-0.60
60% p=-0.90
2
40%
1
0 K—— — 20%
06 0.4 02 0.0 0.2 0.4 0.6 04 02 0.0 02 0.4
¥ = Log-moneyness y = Log-moneyness

Figure 7.7: Rate function and corresponding implied volatilities for the model (7.19) with (o, v,n) = (—0.4, 1.0, 3.0).
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A0% linear approx. p =-0.30
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20% p=-0.90
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—0.6 0.4 0.2 0.0 0.2 0.4
y = Log-moneyness

Figure 7.8: Implied volatilities and superimposed linear smiles for the model (7.19), with («, v, n) = (—0.4,1.0, 3.0).

7.5 OPTIONS ON VIX

Although options on realised variance are the most natural core modelling object for stochastic volatility models,
in practice the most popular variance derivative is the VIX. In this section we therefore turn our attention to the
VIX and VIX options and study their asymptotic behaviour. For this section, we fix 7 := [0,T]. Let us now
consider the following general model (V;):>¢ for instantaneous variance:

vi= e ([ atesam.). (7.20)
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Then, the VIX process is given by

1 T+A
VIXr =15 / E[V;|Fr]dt.
T

We introduce the following stochastic process (V577T)te[¢p,;p4r a], for notational convenience, as

T
veT .= / g(t, s)dWs, (7.21)
0

and assume that the mapping s + g(t, s) is in L?[0,T] for all ¢+ € [T, T + A] such that the stochastic integral in
(7.21) is well-defined.

Proposition 7.5.1. The VIX dynamics in model (7.20), where the volatility of volatility is denoted by v, are given
by
1 A V2
VIX7,, = Z/ §o(t) exp (VVtg’T - QE[(Vtg’T)2]> dt.
T

Proof. Follows directly from [JMM18, Proposition 3.1]. O

We now define the following L?[0, T] operator Z9T : L?[0,T] — C[T,T + A], and space 97T as

T
Tf() ¢:/O g(,8)f(s)ds, A9 = {197} : f € L*[0, T]}, (7.22)

where the space 797 is equipped with the following inner product (297 f1, Z9T f5) ;po.v := (f1, f2,)12[0,7]- Note
that the function g must be such that the operator Z9T' is injective so that that inner product (-,-) szg.7 on 9T
is well-defined.

Proposition 7.5.2. Assume that there exists h € L2[0,T] such that [, |h(s)|ds < +oo for some e > 0 and
g(t,-) = h(t—") for anyt € [T,T+A]. Then, the space 97 is the reproducing kernel Hilbert space for the process

(Vtg’T)te[T,T+A] .

Proof. See Appendix E.2.5. O

Theorem 7.5.3. For any v > 0, the sequence of stochastic processes (57/2V9’T)5>0 satisfies a large deviations
principle on C[T, T + A] with speed e~ and rate function AV, defined as

1 .
§||X||3fg=T7 if x € 9T,

A (x) = (7.23)

400, otherwise.

Proof. Direct application of the generalised Schilder’s Theorem [DS89, Theorem 3.4.12]. O

Remark 7.5.4. We now introduce a Borel subset of C[T', T+A], defined as A := {g € C[T, T+A] : g(z) > 1 for all x €
R}. Then, by a simple application of Theorem 7.5.3 and using that the rate function AV is continuous on A, we

can obtain then obtain the following tail behaviour of the process V97

1
. v g7T s \4
161&)16 logP (Vt > 67/2> = guelgA (9), (7.24)

for any v >0 and t € [T,T + A|.

Remark 7.5.5. Let us again fix the kernel g as the rough Bergomi kernel and denote the corresponding reproducing
kernel Hilbert space by 77 and the corresponding process V97 as VT*T If x € 777 it follows that there
exists f € L?[0,T] such that x(t) = fOT n2a + 1(t — s)® f(s)ds for all t € [T, T + A]. Clearly, it follows that
x € AT for any a > 0, as f € L?[0,T] implies that %f =: f, € L?[0,T]. We can compute the norm of x in
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each of these spaces to arrive at the following isometry:

15 pener = [ falZaoy = /f2 = e (7.25)

We may now amalgamate (7.23), (7.24), and (7.25) to arrive at the following statement, which tells us how the
large strike behaviour scales with the vol-of-vol parameter 7 in the rough Bergomi model:

1/a

1 1

. o an,o, T 1 o n,a,T

161?015 log P (V > 57/2) = 151?015 log ( (V > 57/2) ) (7.26)

Indeed, (7.26) tells us precisely how increasing the vol-of-vol parameter n multiplicatively by a factor a in the rough
Bergomi model increases the probability that the associated process V97T will exceed a certain level.

Before stating the main theorem of this section, we first define the following rescaled process:
~ eY [t
Vtg’T’E — Ew/2‘/;{q,T7 Vtg’T’E — Vtg,T,e _ 7/ g2(t,u)du +e1/2, (7.27)
0

for e € [0,1], ¢t € [T, T + A]. We also define the following C ([T, T + A] x [0, 1]) operators ¢1.¢,, @2, which map to
C([T,T + A] x [0,1]) and C]0, 1] respectively, as

T+A
(P16 0)s.5) = G exp(f(5.0). ()@ =5 [ glse)d (7.28)

Note that in the definition of 1 ¢, in (7.28) we assume &y to be a continuous, single valued, and strictly positive

function on [T, T + A]. This then implies that for every s € [T, T + A], the map € — (p1.¢,f)(s,¢) is a bijection

(s,¢)
&o(s)

and hence has an inverse, denoted by 901—,%0’ which is defined as (4,01_’%() f)(s,e) :=log (

Theorem 7.5.6. For any v > 0, the sequence of rescaled VIX processes ( VIXT ev/2)ee0,1] Satisfies a pathwise
large deviations principle on C|0,1] with speed e~ and rate function

et o () 0= o

Proof. See Appendix E.2.6. O

Remark 7.5.7. Using Theorem 7.5.6, we can deduce the small-noise, large strike behaviour of VIX options.
Indeed, for the Borel subset A of C[T, T + A]] introduced in Remark 7.5.4 we have that

v/2
Y S o€ _ VIX
15%15 log P (VIXTW/Q >e ) ;221\ (9),

for any v > 0.

7.6 SUMMARY

In this Chapter we have characterised, for the first time, the small-time behaviour of options on integrated variance
in rough volatility models, using large deviations theory. Our approach has a solid theoretical basis, with very
convincing corresponding numerics, which agree with observed market phenomenon and the theoretical results
attained in Chapter 6. Both the theoretical and the numerical results hold for each of the three rough volatility
models presented, whose complexity increases. Any of the three, with our corresponding results, would be suitable
for practical use; the user would simply chose the level of complexity needed to satisfy their individual needs. Note

also that the theoretical results are widely applicable, and one could very easily adapt results presented in this
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work to other models where the volatility process also satisfies a large deviations principle, and whose rate function

can be computed easily and accurately.

Perhaps surprisingly, we have discovered that lognormal models such as rough Bergomi [BFG16], 2 Factor Bergomi
[Ber08; Ber16] and mixed versions thereof, generate linear smiles around the money for options on realised variance
in log-space. This is, at the very least, a property to be taken into account when modelling volatility derivatives
and, to our knowledge, has never been addressed or commented on in previous works. Whether such an assumption
is realistic or not, we have in addition provided an explicit way to construct a model that generates non-linear
smiles should this be required or desired.

We have also proved a pathwise large deviations principle for rescaled VIX processes, in a fairly general setting
with minimal assumptions on the kernel of the stochastic integral used to define the instantaneous variance; these
results are then used to establish the small-noise, large strike asymptotic behaviour of the VIX. The current set
up does not allow us to deduce the small-time VIX behaviour from the pathwise large deviations principle, but
this would be a very interesting area for future research. Our numerical scheme would most likely give a good
approximation for the rate function and corresponding small-time VIX smiles.
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RISK PREMIUM AND ROUGH VOLATILITY;
A MEASURE CHANGE POINT OF VIEW

8.1 INTRODUCTION

Recently, rough volatility models have attracted the attention of many academics as well as practitioners. In
1996, Comte and Renault [CR9I6] pioneered a stochastic volatility model whose increment were not independent
neither Markovian. This is very much in line with the stylised fact that volatility has long-memory or long-range
dependence (see Cont [Con01] for an excellent review in stylised facts). In fact, historically most of the Risk-
Management computations such as Value at Risk and Expected Shortfall are based on methodologies involving
GARCH [Eng82; Eng01] or related models (see [MFE15] for a complete monograph on the topic), which clearly
induce non-Markovian dynamics. This in turn, implies that both the market participants and regulators are well
aware of the fact that volatility has non-Markovian properties.

In spite of this empirical evidence, until Comte and Renault’s [CR96] model, no continuous-time model had the
non-Markovian property in the volatility process. In fact, the most famous pricing models that we covered in
Chapter 1 share the common property of Markovianity, hence the current state of the processes involved suffices
to charachterise future behaviour. One could, perhaps, argue that pricing and risk management are not neces-
sarily related and that certain properties could not be preserved. In spite of this fact, the risk neutral valuation
establishes a very clear bridge between the empirical or physical measure (were risk management happens) and the
pricing measure through the Girsanov transform [Gir60]. This approach was recently started by Gatheral, Jaisson
and Rosenbaum [GJR18] and completed by Bayer, Friz and Gatheral [BFG16], showing that the bridge between

measures does not break the non-Markovianity of the volatility process.

In the present Chapter, we focus on the missing piece of the equity puzzle: the risk-premium. For an in-depth
review of the topic we recommend excellent handook [R MO08]. The risk-premium, in our context, is understood as
the additional premium that market participants are willing to pay for securities that are not perfectly replicable
(in an incomplete market setting) and is subject to participants’s risk-aversion. Several attempts have been made in
the past to estimate the empirical risk-premium from the market implied prices; starting from the Arrow-Debreu
model [AD54; Rie88], Black-Litterman model [BL91], many variation arounds the Capital Asset Pricing Model
(CAPM) such as [Cam+18], or more recently through the Ross Recovery Theorem [Ros15]. Albeit relevant, all

these approaches rely on discrete-time models. In the continuous-time literature, the equity premium puzzle has
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been approached by many authors, to name a few; [Aas93] takes a diffusion model with jumps, [Guo98] with the
Heston model (originally for FX),[FLC14] with stochastic volatility and [XWL10] from an agent based model and
equilibrium point of view. In this work, we shall focus on continuous-time stochastic volatility models in the spirit
of the approach taken by Carr and Wu [CWO08] and other related works, as in [BV13] and [GV16] (and references
therein). We shall further ivestigate the impact of the risk-premium in Q volatility forecasting, which was studiend

in Chernov [Che07] in a discrete-time setting.

This last chapter is organised as follows: First, we focus on the particular bridge between the Physical P and
Pricing Q measures in general rough stochastic volatility models. We present sufficient conditions for such bridge
to be well defined and to obtain a true martingale process under the risk-neutral measure. We further exam-
ine different approaches to model the risk premium process and finally we develop a procedure to estimate the

risk-premium process under some specific assumptions, which in turn allows us to Q forecast volatility.

8.2 ROUGH VOLATILITY MODELS AND CHANGE OF MEASURE

In light of the promising empirical results presented by both Gatheral, Jaisson and Rosenbaum [GJR18] and
Bennedsen, Lunde and Pakkanen [BLP16] when considering fractional processes driving volatility, we present the
natural extension of the model to pricing schemes. In this section we aim at characterising the dynamics of such
models under equivalent martingale measures Q ~ P. Then, due to the fundamental theorem of asset pricing
[BP91; DS94] the market will be free of arbitrage opportunities by construction. As recently shown in [GJRIS;
BLP16] , empirical studies suggest that volatility under P is driven by the following dynamics:

ds

St = medt 4+ VAW,
t
Vi =4t Yh), (8.1)

t

Y, :/ k(t,s)dZ"
—00

starting from Sy > 0, where ZF and WT are respectively one and two-sided standard Brownian motions defined on
a given filtered probability space (2, F,P), and ¢ : RxR — R := (0, 00). We note that F should be understood as
the filtration generated by the increments of the Brownian motions to avoid predictability issues in the origin. On
the positive half-line, Z¥ and WF are correlated with correlation p, and we introduce the parameter p := /1 — p2.
We consider here a fixed time horizon T' > 0, and denote T := [0,T]. The choice of kernel k(-,-) must be done
such that the stochastic integral ffoo k(t,s)dZ% is a well-defined Gaussian process for each t € T. The following

examples are common choices of such kernels:

Example 8.2.1.

(i) The Mandelbrot and Van Ness’ [MV68] representation of the fBM corresponds to the kernel
Blt,s) = Cr {(t= 9774 = (=)} M icy ], (8.2)

for H € (0,1), with Cy := %

(ii) The Gamma kernel, common in the BSS literature pioneered by Barndorff-Nielsen and Schmiegel [BS07], is
given by
k(t,s) = (t— )7~ 2eP=9) with H € (0,1),8 > 0. (8.3)

The following core result establishes sufficient conditions for a measure change to be well defined. We consider the

following set of assumptions:
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Assumption 8.2.2.

(i) ¢ is continuous and bounded on T x (—o0, a] for each a > 0;
(i) E[(V;)7!] < oo for t € T;

(iii) p and r are (F3)ter-measurable and P-bounded;

t —_ ~
(iv) inf p/ k(t, S)Mds > 0, P,-almost surely for all n € N, where
teT 0 ¢(5’ 5/;)

d@n ) Ts — Hs P / P L) 3
— =& ( dWg + [ ~.dW» , Tp:=inf{t >0, Y; = —n}, 8.4
wl, =] A 0 {t0,¥i=—n) (8.4

and 7 is a (F;)rer-measurable with M., > 0 such that || < M, P-almost surely and IP,,-almost surely, for all
ne€NandteT.

(v) p<0;

In order to state the main result, define the Radon-Nikodym derivative, for each ¢ € T,

dQ Ty — '
pr.— s — Hs 1P LAWEL '
=, 5(/0 o dWs+/07dWs )t, (8.5)

where WF+ is a standard Brownian motion independent of W¥, such that Z} = pW[ + pW}+ for t € T, for any
~v €T, the set of all processes satisfying Assumption 8.2.2 (iv) Here, £ is the Déleans-Dade stochastic exponential.

This set in fact represents, in view of (8.5) the space of all possible market prices of risk. We first note the following

result:

t —
Proposition 8.2.3. The process X; ::/ Ts — Bs

¢
dwr +/ vsdWE L is a local martingale on T.
o VVs ‘ 0 )

Proof. Boundedness of «y gives that fot vsdWEF is a local martingale. For fot %de , we note that the integrand

is Fs measurable and locally bounded with respect to the sequence of stopping times 7,, defined in (8.4), we further

have E [“;,7“)2} < oo for all t € T. This in turn, gives that X is a local martingale. O

Proposition 8.2.3 justifies the use of a Ddleans-Dade stochastic exponential in the definition of DY. Furthermore,

we obtain the following result:

Theorem 8.2.4. Under Assumption 8.2.2, for any v € I', the following hold:

(I) The Radon-Nikodym derivative process DY in (8.5) is a true martingale.

(II) Under the (arbitrage-free) equivalent risk-neutral martingale measure Q, we have

% = rdt + /V,dWR, Sy >0,
t t t
V, =4 <t/ k(t,s)dzj?+/ k:(t,s))\sds),
0

where X\ is the market price of volatility risk defined by

Hs —Ts

\/‘73 _p787

and where W is a standard Brownian motion and Z9 two-sided standard Brownian motion under Q defined

As = p

as

t
b — ZM/ Aeds  ift >0
W .= WE”+/ Bs —Tsqs,  and  2z2:={"""J ft2 (8.7)

o VvV z° it <0
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(III) The process S is a true martingale under the risk-neutral measure Q on T.

Proof. We may first rewrite Z] = pWF +pWFL for t € T, where WF* is a standard Brownian motion independent
of WF. 1In order to satisfy the no-arbitrage conditions, the change of measure for W¥ is constrained by the
martingale restriction on the discounted spot dynamics. On the contrary, the second Brownian motion ZF gives
freedom to the model and makes the market incomplete by the free choice of the process 7. Consequently, the
change of measure from P to Q and the corresponding Radon-Nikodym derivative directly follow from Girsanov’s
Theorem [Gir60] via (8.5), provided that D] € L' and D" is a true martingale. It is easy to check that D] € L!
by Proposition 8.2.3 and, being a non-negative local martingale, it is a supermartingale, and a true martingale
on T if and only if E[D}] = 1. We closely follow [Gas19] with some modifications. Define the stopping time
Tp = inf{t > 0, Y; = —n}. For any s € T, the function f(z) := —==£= is bounded on [—¢, c0) for any ¢ > 0

¥ (s,2)
since r, p and + are bounded, and (s, -) bounded away from zero. Then, we have

=E [Drrr, ] = E[Pilirary] +E [P 1, <my] (8:8)
The first term in (8.8) converges to E[D7]] as n tends to infinity, yielding

—E[D}]=lLmE D) 1 .
[D7] = lim E [D7 1r, <1)]
Next, Girsanov’s theorem implies E I:Dzn]l‘{TnST}] = @R(Tn < T), where I@n is defined such that

tAT, r.o—
s

7“5(15
o VU Y)

is a P,-Brownian motion. Then, under P,,, the process Y becomes

Wi =Wy -

R tATh s — U
V=0 [ bl s
SR b(s,Ys)

¢
where V)" := / k(t,s)dZY and

— 00

tATh
Ts — ,Ufs — .
~ zr — p—— —psds ift>0
zr=2" Jo V(s Ys)
A ift <0

where Z" is a P,-Brownian motion. Furthermore,

< = i " — < -
P, <%I>1£Yt n> P, (tlg(f]{Yt +/O pk(t,s) .Y —pysds p < —n
t
<P, (me + mf{ / k(t,s) ds} + inf {—p/ ’ysds} < —n)
t>0 ) t>0 0
S@n (%EEY —I—mf{ / k(t,s) )ds}g—n—l—pTMn,>7

so that, by Assumption 8.2.2 (iv) and boundedness of |y;| < M, we obtain

P, (ian} < —n) <P (mf Y < —n+pT'M, ) (8.9)
t>0 >0

Inequality (8.9) in turn implies ]IADn(Tn <T)< I?Dn(?n <T), for 7, := inf{t > 0, }/}t" = —n + pT'M,}. Finally, we
obtain

lim P, (1, < T) < lim Py (7, < T) = lim P ( inf Y; < —n+pT M, )
ntoo ntoo ntoo te[0,T]
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d ~
and it follows that £ is indeed a true martingale and note that liTm P, = Q. More precisely, the relation (8.7)

holds between the P and @Q Brownian motions. The result then readily follows by direct application of the change
of measure theorem.

We now prove that S is a true martingale if p < 0. Consider the stopping time ¢,, := inf{t > 0, fioo k(t,s)dZ2 = n}.
For any ¢ € I, the function g(z) := ¢ (t, x+ fot k(t, s))\sds) is bounded Q-almost surely on (—oo,a] by Assump-
tion 8.2.2 (iii) and boundedness of v, so that

So = E%[St.,) = B9[St 7)) + EXSTh (750,
The first term converges to E2[S7] as n tends to infinity, hence

So - EQ[ST] = l%rm EQ[ST]L{T>L”}].
Girsanov’s Theorem further gives EQ [Stlrs,, 3] = SOIE’H(T > i), where P,, is such that
__ tALy
W =w2 —/ Vids
0

is a P,-Brownian motion. Note that for ¢ < 1, Y; = Y; + pfioo k(t,s)Vids, where V; = f(f k(t,s)dZ? and
VAR Zé@ — pfot k(t, s)Vsds is also a P,,-Brownian motion. We conclude that, if p < 0 then }A/f >Y; and

lim Py (1 <T) < lim P, (5, <T) = lim P( sup Y; <n) =0,
ntoo ntoo ntoo te[0,T]

where 7,, := inf{t > 0, ¥; = n}, and hence S is a true martingale. O

Discussion

Consider the constant case vs = v and g = ps > ry = r for v, u, 7 € R, with p < 0, which directly satisfies all
conditions in Theorem 8.2.4. In this scenario, a sufficient condition for the change of measure to be well defined
is that the physical drift must be larger than the risk-free rate. In financial terms, this means that a (risky) stock
must provide a larger return than a (risk-free) bond. In the classical Black-Scholes approach, this condition is
not necessary at all as any payoff can be exactly replicated. However, we see that as soon as the market becomes
incomplete, some structure needs to be imposed to the physical and risk-free drifts. The precise characterisation

of this structure to obtain sufficient and necessary conditions is left as further research.

8.2.1 Characterisation of rough volatility models via Generalised Fractional Opera-
tors

It is natural to represent rough volatility models in terms of fractional operators. In this section we recall the
Generalised Fractional Operators (GFO) and a representation result for rough volatility models in terms of GFO.
We quickly recall the GFO introduced in Definition 2.2.1:

Definition 8.2.5. For any 3 € (0,1), a € (—3,1 — ) and h € C}(R) such that h'(-) < 0, the GFO associated to
the kernel g(z) := x®h(z) applied to f € C#(R) is defined as

[ - o)t —s)ds, itac@1-p)
@GN =13 "4 (8.10)
G | U - 1)t - s tae 50,

Remark 8.2.6. We may also use the shorthand notation (Gf)(u,t) := E[(G*f)(t)|Fu.] to ease forthcoming
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computations.

Corollary 8.2.7 (GFO representation of rough volatility). Assume that

o k(t,s)lis>0y = (t — ) f(t — s) where a € (—3,0) ,f € C} and f'(-) < 0;

e )\ e CP for some B € (0,1];

Then, the system (8.6) can be rewritten as

ds;
S 0
Vi =w(t, / k(t,s>dz9+<kH—%Z@><t>+<ch+%A><t>),

redt 4/ VAW,

where k* and K% are the GFO associated with the kernels k(t —s) := (t—s)*f(t—s) and K(t —s) := fot kE(u—s)du
respectively. Moreover, KH+z )\ € CA+H+3

Proof. The fact that
t
/ k(t — 5)dZ2 = (kH—%ZQ) (t)
0

is straightforward by the properties of GFO in Corollary 2.3.7. Furthermore,

/0lt k(t — s)Asds = /Ot %K(t, $)Asds = (]CH-*-%/\) (t).

The fact that KH+2 X € CAHH+2 follows from the mapping properties of GFO (see Proposition 2.2.3).

Remark 8.2.8. Note that a sufficient condition for A € C? is that the processes r, u and ~ are continuous.

Discussion

Taking into account that empirical studies suggest H ~ 0.1, i.e. v € C(R,), then Corollary 8.2.7 suggests that A
itself should belong to the class of rough processes i.e. its Holder regularity should be smaller than % Despite this,
we still have that for any H > 0, K t3) e C2Hts, meaning that the risk premium has sample paths with Holder
regularity greater than %7 regardless of the value of H.

8.3 MODELLING THE RISK PREMIUM PROCESS: A PRACTICAL APPROACH

In practice, the process A is directly modelled, without resorting to a change of measure starting from . In this
section we will consider different modelling choices for the risk premium A and analyse some properties. In spite
of the formal derivation of Theorem 8.2.4, numerical and even philosophical treatment of the integral fjoo e ds is
rather intricate. To overcome this issue, Bayer, Friz and Gatheral [BFG16] elegantly came up with the forward
variance form of rough volatility following the spirit of Bergomi [Berl6] in the case where 1 (t,z) = e”*. We shall
restrict ourselves to this functional form for the reminder of the section.

Proposition 8.3.1 (Exponential rough volatility in forward variance form). Consider (8.6) with (t,z) = e"*,

where & (t) = E[Vi|Fo] is a strictly positive continuous function, and v > 0. Then, the risk-neutral dynamics in
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forward variance form are given by

ds
?t = rdt +/ Ve dWZ,
t

Vi =&o(t)exp (1/ ((ka%ZQ)(t) + (ICHJF%)\)(t))) ' (8.11)

The function &, here has a precise financial meaning; it is in fact characterised as &y(t) = E[V;|Fp], and thus
represents the forward variance observed at time 0 for a future time ¢. In the remaining of this section, the

process X? will denote a Q-Brownian motion possibly correlated with W< and Z9.

8.3.1 Risk premiums driven by It6 diffusion

GFO’s give a natural framework to model risk premium processes driven by diffusions. The following statement
shows the details of such construction.

Proposition 8.3.2. Consider a risk premium process of the form A = K*YQ ¢ cots with o € (—%,O) and
dv;2 = b(t, V,2)dt + o (t, V)X,
where b(-), o(-) satisfy linear-growth conditions and a weak solution exists. Then KHtot2yQ e cHtetl gpg

Vi = &) exp {v ((K1-1/229) (1) + (kv Q1)) }. (8.12)

Proof. The proof directly follows from mapping [HJM17, Proposition 1.2] properties of GFO. O

Remark 8.3.3. The GFO representation of the instantaneous variance directly links the processes with their
numerical implementation described in Chapter 2, which in the Gaussian case also extends to the Hybrid scheme
by Bennedsen, Lunde and Pakkanen [BLP16]. In addition, using integration by parts, we obtain

(KH+G+%Y@) (t) = /t K(t — s)dY Q.

Hence, one can easily simulate the process using rDonsker scheme 2.11. Also, notice that K(-) is a nonsingular

kernel making simulation straightforward.

8.3.2 Gaussian risk premiums

The most natural choice is to consider A to be a Gaussian process. At least in Equity markets, this might not
be a good choice since this implies (see Chapters 6 and 7) that the VIX smile and the Realized Variance option
smile are almost flat. However, for other markets or options without volatility of volatility risk, a Gaussian A is a
perfectly acceptable choice. The following proposition follows from Corollary 8.2.7 and properties of GFO:

1

—35,0), consider a risk premium process of the form \ = KeXQ e cots. Then

Proposition 8.3.4. For any « € (
KH+et3XQ ¢ cHtotl gng

Vi = (1) exp {1/ [(kH*WZ@) (t) + (ICH+“+%X@) (t)} } : (8.13)
furthermore, we obtain

B[VilF] = o) exp {v [ (K171/229) (s5,6) + (K743 x2) (5,1)] }

X exp {;ﬁ (/St k(t,s)%ds + /St K(t,s)%ds + p/: k(t,s)K(t, S)ds> } :

Remark 8.3.5. Regarding applications of this model for the VIX, since the instantaneous variance is still log-

Normal, the results in Chapter 5 and numerical methods therein still apply with minimal changes.
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8.3.3 A risk premium driven by a CIR process

A second natural choice is to consider the Cox-Ingersoll-Ross [CIR85] (CIR) process

dv2 = k(6 — Y@)ds + a\/Y@ dxg,

with «,6,0 > 0, such that 2k0 > 2. As tempting as this approach might seem, it is not trivial at all to compute
the basic quantity E[V;] here, as the following proposition, proved in Appendix F.1, shows.
Proposition 8.3.6. Assume that Z¢ and XQ are independent and consider a risk premium process of the form

A =K2YQ e Ccots. Then, for any u < t,

2 gt
E[V}|Fu] = &(t) exp {y [(kH_%ZQ) (u,t) + (/CH+Q+%YQ) (u, t)} } exp (V / k(t — s)2ds> e YO ) —AwT)
2 Ju
where C satisfies the Riccati equation
o2
vk(T,t) — 0;C(t,T) + C(t, T)0 + 702(@ T) =0,
with boundary condition C(T,T) =0, and A(t,T) = —kb6 ftT C(u, T)du with boundary condition A(T,T) = 0.

Already in the uncorrelated case the computation of E[V}] becomes very costly, having to solve a PDE for each
time t. In the correlated case there is no hope to obtain any semi-analytic result since one would need to compute

cross terms and there is no It tool available in that case.

8.4 ROUGHLY EXTRACTING THE RISK PREMIUM FROM THE MARKET

In this section we consider the risk premium process A to be deterministic, with the aim of obtaining a formula
that links P and Q market observables. The following theorem shows how to infer the risk premium of the market

using forecasts under the physical measure and Variance Swap prices in the pricing measure.

Theorem 8.4.1. Consider the rough volatility model (8.1) under P. If ¢(t,x) = €"®, us = rs for all s > 0 and
(As)ser, € L?(R) is deterministic, then

Vp/st k(t, u)\,du = log (m) = log (EP%/(;?}'SO . (8.14)

Proof. In a market where A is deterministic, filtrations under P and Q agree, and we refer to the common natural
filtration as F. If u = r almost surely, the Radon-Nikodym derivative (8.5) in Theorem 8.2.4 reads

DY =& (/ ydef’i> ,
0

where 75 = —pAg, and the inverse Radon-Nikodym derivative is given by

1 :
v . — —_ QL
aQ” .= S = 5< /o vsdWy ) .

Then, the conditional change of measure formula yields

E° [V, Q} |7y

E" = .
V= e A

(8.15)
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On the one hand, E2[Q}|F,] = & (— fo 'yudW;QJ-)S, by the properties of the stochastic exponential and Gaussian
moment generating functions. On the other hand, since Z2 = ZF — fot Asds for t € T, then

t t t 1t
EQ [V;Q}|F,] = E@ [exp (V (/ k(t,s)dZ2 + ﬁ/ Ask(t, s)ds)) exp (—/ Y dW — 5/ 'yfds) ‘ ]-'S} )
—o0 0 0 0

(8.16)
is just the conditional MGF of a Gaussian random variable. Applying It6’s isometry we obtain

t t
y/ k(t, s)dZ?—/ VAW Fy ~ N (1, 02)
0

— 00

with
s s t t t
wi= 1// k(t,u)dZﬁ?—/ Y dW It and o? = 1/2/ kQ(t,u)dqu/ ’YZdU*QI/ﬁ/ E(t, u)y,du.
0 s

—0o0 S S

where we have used Z2 = pW2 + W2 for t € T. Therefore,

t t
E? [V,Q] | F,] = exp {Vp/ E(t, s)\gds + p + % (02 - / 73d5> } :
0 0

or

t
EQ [V, Q7 | Fs] = EQ[Q] | Fs] ER[V;| Fs] exp (—l/p / k(t,u))\udu>
by using the decomposition of o as the sum of three terms. Finally, going back to (8.15) we obtain
t
EF[V;| Fs] = EQ[V;| Fs] exp (—Vp/ k(t,u))\udu> )

and the result follows. O

8.4.1 Numerical experiment with the rough Bergomi model I: estimating the risk

premium

In this section we will work with the RFSV(P)-rough Bergomi model(Q):

ds
d?st = pdt +\/V, dW?, . ?: = redt + Ve AW, s
t ’ an 1 1 ’
Vi =Voexp(vzfh), Vi =&@exp (v (K520 + (KFFINW))

where Z is a the Mandelbrot and Van Ness’ [MV68] defined in Example 8.2.1 (i). Under the assumption that
A is deterministic, Theorem 8.4.1 gives an explicit procedure to compute the risk-premium process. In practice
however, we are only able to observe variance swap quotes in discrete times, hence it is natural to consider A a

piecewise constant function as:

Assumption 8.4.2. The deterministic process A admits the following piecewise constant representation on the
time partition {0 =Ty < T1,...,< T, =T} forn e N :

At) == Z)\il{te[Ti—lyTi)}7 AMi€Rfori=1,.,n. (8.18)
i=1
Similarly the forward variance £, admits the following piecewise constant representation

ECQ[V;|Fo] = &o(t) = Zgil{te[TMm}, &G EeERfori=1,..n. (8.19)

i=1
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where
o VTZCZ—IL - VTi71E—1

gi = T, —T,, ’

and Vr := EQ [% fOT Vsds} denotes a variance swap quote from the market.

Our objective in this experiment is to estimate {A1, ..., A, }. Our dataset consists of daily Eurostoxx variance swap
quotes for maturities {1M, 3M, 6M, 1Y, 2Y} (Figures 8.1 and 8.2). Figure 8.3 on the other hand, shows the daily
realized volatility obtained from Oxford-Man institute data.

Historial Variance Swap Quotes on SX5E

I

— 1M
— 3M

50 | — 6M |
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Figure 8.1: Variance Swap volatility daily quotes on SX5E

Forward Variances extracted from SX5E
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Figure 8.2: Forward variances extracted from variance swap quotes on SX5E
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Historial daily realized variance on SX5E
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Figure 8.3: Annualised daily realized volatility on SX5E

In order to apply formula (8.14) we need the following ingredients:

(1) Parameters H,v,p

(2) EF[V|Fo]

(3) E9[Vi|Fo]

So far we have obtained (3) from Variance Swap market quotes. Next step is to estimate (1) using historical
time-series. Gatheral, Jaisson and Rosenbaum [GJR18], explain how to estimate H and 7 from daily volatility

data as the one shown in Figure 8.3, hence we follow their approach using a 100 day rolling window (see Figure

8.4 to see the estimated values) and refer the reader to the original paper for details.

Historical estimation of H and v on SX5E
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Figure 8.4: Estimated H and 7 on SX5E

In order to estimate the correlation parameter we use the formula

1
Corr(ZH — ZH, / dW,) =

- 8.20
s H+ 3 (8.20)
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which allows us to estimate the correlation with the proxy

ﬁ + %/\ <log(5tz) B log(Sti—l)
\ Ut; 1

Figure 8.5 below displays the historical estimates using a estimation window of 100 days.

alOg(Uti) - 1Og<vtz‘1>> :

Historial Spot/Vol correlation on SX5E
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Figure 8.5: Daily correlation estimate on SX5E returns and realized volatility.

In order to forecast volatility and obtain (2) we proceed as in Gatheral, Jaisson and Rosenbaum [GJR18] and use

the forecasting formula for the fractional Brownian motion due to Nuzman and Poor [NP0O]:

Hr) . (7 ZHds CuyA*H
ZH |F ~N<C°S(AH+2/ s _ ) 8.21
walf m oo (t—s+A)t—s)TE 2H (821

Finally, we orderly estimate \; for each ¢ = 1,...,n using Theorem 8.4.1 and the piecewise constant assump-

tion (8.18), as
S 1 &(T)
2N /T Hb =y o (Eﬂ’wm) |

Figure 8.6 shows the historical evolution of the risk premium process. In view of Figure 8.6 the process A clearly

seems to follow stochastic dynamics rather than deterministic ones. We leave this direction (the estimation of

stochastic risk-premium processes), however, as a line of future research.
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SX5E Risk Premium dynamics
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Figure 8.6: Daily risk premium dynamics on SX5E; dashed lines represent the mean value of each process with the

corresponding color.

Remark 8.4.3. We would like to emphasize that it is beyond the scope of this Chapter to asses the best method
to estimate ingredients (1), (2) and (3). However, we stress the importance of being able to use Theorem 8.4.1
and believe that this empirical work gives a first step towards this end. Several results in the estimation of rough
volatility can be found in [CV12; FTW19; MOP20], however the case H € (0, %) still remains a challenge, specially

for the estimation of the correlation parameter.

8.4.2 Numerical experiment with the rough Bergomi model II: forecasting Variance
Swaps

I this section we apply the previously estimated risk-premium process to forecast the price of Variance Swaps 1-day
ahead. This same experiment was performend in Bayer, Friz and Gatheral [BFG16], where the authors assumed
that EF[V;|Fs] = EQ[V4|F,] for all 0 < s < t and applied Nuzman and Poor’s [NP00] formula (8.21). In this section

we shall drop such assumption, however under deterministic A we still get a formula similar to (8.21):

Proposition 8.4.4 (Volatility forecasting under Q). Consider the rough volatility model (8.1) under P. If ¥ (t,x) =

e, s =15 for all s 2 0 and (As)yer, € L?(R) is deterministic, then

t
EQ[V;|F.] = EP [Vi|Fa] exp (,BVCH / K, u))\udu> , (8.22)
for0<s<t.

Proof. Using the change of measure result in Theorem 8.2.4, the conditional change of measure formula yields

EP [V; D] | F]
EQ[V,|F,] = —prt s, 8.23
Then, we proceed as in the proof of Theorem 8.2.4 using properties of Gaussian MGF to obtain the result. O

Using Proposition 8.4.4, we immediately obtain a forecast formula for Variance Swaps.

Corollary 8.4.5 (Variance Swap forecasting under Q). Under model 8.17 and assuming ps = rs for all s > 0 and
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(As)ser, € L3(R) is deterministic, we have

1 T+A 1 T+A t
—/ Vidt| = —/ EF [V;] exp <p1/CH/ k(t,s))\uds> dt.
T Ja T Ja 0

EQ

Remark 8.4.6. In practice, we use the following discrete-time approximation to obtain the Variance Swap forecast:

— Vidt
T /A t

[nT)

1 . Aty i
~ m ; E [VA+%} exp (puC’H/O k (A + ﬁ’8> )\uds> ,

EQ

where n = 252, which corresponds to a time-step of %

Fundamentally, Proposition 8.4.4 gives us that the risk-premium adds an extra term to the drift of the volatility
process under QQ that needs to be accounted for. We present our numerical experiments in Figures 8.7-8.9, where
we have applied Corollary 8.4.5 to (8.17) using the risk-premium we obtained in Section subsec: experimentl.
The main contribution here is that we do not observe the overnight effect that was mentioned in Bayer, Friz and
Gatheral [BFG16] as our prediction errors oscillate around the origin. In fact, we believe that the discrepancy
attributed to the overnight effect in [BFG16] is most likely coming from the risk-premium drift term obtained in
(8.22). To conclude, we note that Figures 8.7-8.9 show remarkable agreement, with a superior forecasting power on
short-term Variance Swap prediction. We believe that this open the door to an exciting line of research for rough
volatility models in which P and Q dynamics can be exploited to obtain meaningful forecasts under both measures.

Forecast vs. Actual 1 Month Variance Swap Quotes for SX5E
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Figure 8.7: Daily 1-day ahead forecasts vs. actual 1 month Variance Swap prices on SX5E
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In this Chapter we have analysed the change of measure under rough volatility models.
conditions on the P for the Radon-Nikodym derivative to be well defined, as well as to yield a true martingale stock

Forecast vs. Actual 3 Month Variance Swap Quotes for SX5E
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Figure 8.8: Daily 1-day ahead forecasts vs. actual 3 month Variance Swap prices on SX5E

Forecast vs. Actual 6 Month Variance Swap Quotes for SX5E
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Figure 8.9: Daily 1-day ahead forecasts vs. actual 6 month Variance Swap prices on SX5E

8.5 SUMMARY

process under the risk-neutral measure Q. We have considered several stochastic constructions of the risk premium
process and finally, under the assumption of deterministic risk premium, we have developed a novel estimation
method. Furthermore, we have applied the estimated risk-premium process to forecast 1-day ahead Variance Swap
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quoted and found agreement between forecasted values and actual market quotes.
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A.1 DISCRETE CONVOLUTION

Definition A.1.1. For a,b € R", the discrete convolution operator * : R™ x R™ — R™ is defined as

(axb); := Zambiﬂm 1=0,...,n—1.
m=0

When simulating G*W on the uniform partition 7, the scheme reads

(GOW) (t;) = Zg(ti — 1)k = Zg(tk)Cj,kfiJrlv fori=1,...,n,
k=1 =1

which has the form of the discrete convolution in Definition A.1.1. Rewritten in matrix form,

g(ta)  g(ty) -+ 0 :1
: : 0 K
g(tn) g(ta_1) -+ g(t1) Cn

it is clear that this operator yields a complexity of order O(n?), which can be improved drastically.

Definition A.1.2. The Discrete Fourier Transform (DFT) of a sequence ¢ := (¢, €1, ...,¢p—1) € C™ is given by

n—1 3
~ 2imik
Fel :—X%ckexp( 1;” ) for j=0,. . n—1,

k=

and the Inverse DFT of ¢ is given by

f(e)[k] == n Z Cj exp

1 <2i7rjk
j=0

>, fork=0,...,n—1.

In general, both transforms require a computational effort of order O(n?), but the Fast Fourier Transform (FFT)
algorithm by Cooley and Tukey [CT65] exploits the symmetry and periodicity of complex exponentials of the DFT
and reduces the complexity of both transforms to O(nlogn).

o~

Theorem A.1.3. For a,b € R™, the identity (axb) = f (f(a) . (b)) holds, with e the pointwise multiplication.
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This in particular implies that the complexity of the discrete convolution is reduced to O(nlogn) by FFT.

Algorithm A.1.4 (FFT Discrete convolution for B). On the equidistant grid T,

1. draw a random matrix {Cj,i}j_ LM such that V(¢;;) =1,

.....

2. define the vectors g := (g(t;))i=1,...,n and {5 := (¢j,i)i=1,...n, for j =1,..., M;

o~ o~

3. using FFT, compute ¢; := f(g) - f(¢;), for j =1,...,M;

4. simulate M paths of (G“W) using FFT, as (G“W)J( \ff (pj) for j=1,.

In Step 2 we may replace the evaluation points g by any optimal evaluation point {g (¢J)}"_; as in (2.15). Many
packages offer a direct implementation of the discrete convolution such as numpy.convolve in Python. The user
then only needs to pass the arguments g and §;, and Steps 3 and 4 are computed automatically (using efficient
FFT techniques) by the function. Although the FFT step is the heaviest computation on the simulation of rough
volatility models, the actual time grid 7 is not specially large (n < 1000). Hence, the fastest FFT for very large n
is not essential, as the implementation is run on smaller time grids. In this aspect we find that numpy.convolve

is a very competitive implementation.

A.2 RIEMANN-LIOUVILLE OPERATORS

We review here fractional operators and their mapping properties. We follow closely the excellent monograph
by Samko, Kilbas and Marichev [SKM+93], as well as some classical results by Hardy and Littlewood [HL28§].
However, we introduce a modification in their definition, so that the condition f(0) = 0 is not necessary as opposed
to the original definition in Hardy and Littlewood [HL28]

Riemann-Liouville fractional operators

Definition A.2.1. For any A € (0,1), o € $R* the left Riemann-Liouville fractional operator is defined on C*(I) as

"f(s) -

(1)) : (t_sm 1’ d [t
(a I””)“ S L €t - Fos, o ae (<10

for a € (0,1 —\),
(A1)
Theorem A.2.2. For any f € CMNI), with A € (0,1) and o € R the identity

(I f)(E) = (),

holds for all t € 1, for some ¢ € C*T(1) satisfying | ()| < Ct** on 1 for some C > 0.

Proof. We first consider o > 0, then may easily represent

100 = s [ 0 D= v

A
Since f € C*(I), we obtain | (¢)] < |J(t|)‘) / i _1;)1_& du, and hence

NCRPY P

OIS G et as D!
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which proves the estimate for [¢)|. Next, we prove that 1 € C**(I). For this, introduce ¢(t) := f(t) — f(0) and
consider t,t + h € T with h > 0,

w(tJrh)—?/’(t):p(la) (/_th(uil;?a /(bt_u )

( +a)[(t+h) _t ( u+h1a U)
t
Fa (/ [(u+h)" ][¢(t—u)—¢(t)]du)::J1+J2+J3.
0
We first consider Jy. If h > t, then
|J1| < F(|f: ) M (t+ h)Y —t°] < Ch e,

On the other hand, when 0 < h < ¢, since (1 +u)® — 1 < au for u > 0, then

|f|)\ t)\-HX

Al < L(1+a)

h «
(1 + t) - 1‘ < ChtMte—l < oprte,

For Jy, since f € C*(I), we can write

[f1x Ju* Aa
1< 405 [ e <

Finally,

t t/h
|J5] < 1|_‘J(C|A) / uMu®™t — (u+ h)* du = I{Lj)h)‘+°‘/0 uMu*t = (u+ 1)) du.

Hence, if ¢ < h, then |J5| < Ch T, Likewise, if t > h and A+« < 1, then |J3| < Ch M since

a—1
et i 102)

Thus v satisfies the (A + a)-Hélder condition and belongs to C*T<(I). Next, we prove the case o < 0, for this we
use Lemma 13.1 in Samko, Kilbas and Marichev [SKM+93], which gives us

< Cu®™2.

1 d [ 1 (f®)-f0) LI — f(s)
IO( = —_ — @ — = = .
(A.2)
Using (1.16) in [SKM+93] and A-Hélder property of f directly gives that ¢; € CA (). Likewise, a similar
argument to o > 0 gives that ¢, € C*T(I), hence we conclude the assertion.

O
Corollary A.2.3. For any A € (0,1) and a € R*, I® is a continuous operator from C*(I) to C*T<(I).
Proof. 1t is clear that I is a linear operator. Using the estimate in Theorem A.2.2 we have
17 Fllaex < 1llatra < CLlIFIAIO M ata < ClE,
since |f|x < || f]la. Therefore I is also bounded and hence continuous. O
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A.3 ADDITIONAL PROOFS

A.3.1 Proof of Proposition 2.2.5

Since the paths of Brownian motion are 1/2-Ho6lder continuous, existence (and continuity) of G*W is guaranteed
for all @ € RY/2. When a € iﬁi_/ 2, the kernel is smooth and square integrable, so that Itd’s product rule yields
(since g(0) = 0)
t t
(G W)(t) = / —g(t —s)(W(s) —W(0))ds = g(t)(W(0) — W(0)) — g(0) (W(t) — W(0)) + / g(t — s)dWs,
t
:/0 g(t — s)dW,

and the claim holds. For a € 9%1_/ 2, and any € > 0, introduce the operator
t—e
@) 0= [ gt -9)(f(s) - fO)ds,  foralltel
0
which satisfies & lim. o (GLF*f) (t) = (G'+*f) (t) pointwise. Now, for any ¢ € I, almost surely,
t—e d
(G=TW) (8) = g(e) (W(t — ) = W(0)) — g(t) (W(0) — W (0)) + —9(t —s)W(s)ds
o dt
t—e
= g(e)W(0) + /0 g(t — s)dWs. (A.3)

Then, as € tends to zero, the right-hand side of (A.3) tends to fot g(t — s)dWy, and furthermore, the convergence

is uniform. On the other hand, the equalities

(G5 W) (1) = (657 W)(0) =lim [(GFW)(0) = (G W)(O)] =Timn | (igy&w) e

t t s
_ (4 ita — _
= /O 181%1 (dsge W) (s)ds = /0 (/o g(s u)qu> ds,

hold since convergence is uniform on compacts, and the fundamental theorem of calculus concludes the proof.
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B.1 A NUMERICAL EXPERIMENT WITH THE INVERSE MAP

To motivate the main drawbacks of the inverse map approach of Section 3.3.1, we calibrate rough Bergomi model

with it, i.e., we consider the simple map

I (SR = (G0, 9,0, H)
where Z%Bsergomi € R™™ is a rBergomi implied volatility surface and (&y,7, p, H) the optimal solution to the
corresponding calibration problem.

Remark B.1.1. For simplicity we consider the strikes and maturities to be fixed for all implied volatility surfaces.
Inverse Map Architecture

e 1 convolutional layer with 16 filters and 3 x 3 sliding window

e MaxPooling layer with 2 x 2 sliding window

e 50 Neuron Feedforward Layer with Elu activation function

e Qutput layer with linear activation function

e Total number of parameters: 10.014

e Train Set: 34.000 and Test Set: 6.000

o (&,v,p,H) € U[0.01,0.16] x U[0.3,4.0] x U[—0.95, —0.1] x U[0.025,0.5]
e strikes={0.5,0.6,0.7,0.8,0.9,1,1.1,1.2,1.3,1.4, 1.5}

e maturities={0.1,0.3,0.6,0.9,1.2,1.5,1.8,2.0}

e Implied volatilities computed using Algorithm 3.5 in Horvath, Jacquier and Muguruza [HIM17] with 60.000
sample paths and the spot martingale condition i.e. E[S;] = Sy, t > 0 as control variate.
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Figure B.1: Out of sample relative errors per parameter calibration

Figure B.1 shows that, indeed it is possible to approximate the inverse map and very sharply calibrate model
parameters with a relatively small network. Convolutional networks make sense in this context, since a implied
volatility surface has many features both in the strike and maturity direction that can be extracted, similar to
image recognition problems. Notice also that the biggest error come from parameter configurations where the
Monte Carlo input is more delicate i.e. very small H or very small volatility. Hence, the shape of the errors is

intuitively natural and expected beforehand.

Black-Box function and “real” out of sample performance

Let us now consider “real” out of sample data, in the sense that it has not been generated by the rough Bergomi

model itself. We generate implied volatility surfaces using the 2 factor Bergomi given by

1 o

Vi = & ()€ <,, ((1 —0) /Ot exp(—kx (t — 5))dZ, + o/ot exp(—ry (t — s))dYs)>

where W, Y and Z are correlated standard Brownian motions. We feed smiles from this model into our neural
network to obtain the corresponding optimal rough Bergomi parameters. We then compare these values with a
direct Monte Carlo calibration via Levenberg-Marquardt [Lev44; Mar63] algorithm. Figure B.2 shows that the
neural network does not generalize properly out of sample and concludes that the brute force MC method clearly
beats the Inverse map approach. The results by Hernandez [Her17] also support this conclusion, since his out of
sample performance (based on different historical period) is reasonably worse than the in-sample one. However,
we must emphasize that when the neural network is exposed to familiar situations i.e. surfaces close to the ones
generated by the rBergomi model it may work better than the MC approach (see points below the dashed red line
in Figure B.2). This is likely due to delicate parameter configurations i.e. very low variance, where MC suffers to

obtain accurate estimates whereas the network does not struggle that much.
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Figure B.2: Stars represent the out of sample RMSE via neural network (NN) in the one-step approach and brute
force Monte Carlo (MC). Dashed black line represents the identity function.

The one-step approach does not generalise the problem to all possible settings, since by design is not possible
to train I1-! on all possible (arbitrage-free) market scenarios. Moreover, there is a lack of understanding in the
highly non-trivial function II"!, hence from a risk-managing perspective is more difficult to justify the use of this
inverse approach than of the direct approach. On the contrary, Figure B.3 reproduces the same experiment with

the two-step approach. As expected, by construction the two-step approach solves the calibration problem for any
market condition.

RMSE
40.0% 1 '
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¥ 30.0% p
4?—; NN Average: 4.83% /4,,1
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() ”,,,
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Figure B.3: Stars represent the out of sample RMSE via neural network (NN) using the two-step approach and
brute force Monte Carlo (MC). Dashed black line represents the identity function.
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C.1 Proor

We have
E® [D(t) (re, = 70) s, s,y | = B2 [Dt) (e, — 7) B [Ugs, ey |7, v FE] |
Now, we use Theorem 4.4.1 to obtain that Si|}'ZV_ LV }"5 is lognormal and obtain

E® [D(t:) (ro, = 7 Ugs, 10,y | = B2 [D(t:) (re, = 70) D(—di(K;))]

Additionally, we note

0=E%[D(t:) (ry, — 1) = E® {D(ti) (re, — ft)]l{stij}} +E? {D(h) (re, = T) Ls, <K;y | -

Thus,

E® [D(t) (e, =) Vs, > 19| = ~E [D(8) (re, = 70) Ys,, <,y | = ~E2 [D(E:) (e, — 72) (i ()]
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D.1 PROOFS OF THEOREMS 6.4.4 AND 6.4.6

This section is devoted to the proof of Theorems 6.4.4 and 6.4.6. Towards this end we need the following auxiliary
result, which is an adaptation of Theorem 4.2 in [ALV07] to the context of our problem.

Theorem D.1.1. Assume that hypotheses (H1), (H2) and (H3) hold. Then we have that the at-the-money option
price Py = E¢[(Ar — Ei[A])4] is given by

/0 Z%(S,ln(MT(S)),ln(Et[A]LuS)G)SdS 7 (D.1)

P, = B, [BS (0, In(Ey[A]), k, us)] + %Et

where G = (0%, — 0,)BS.

Proof. This proof is based on the same arguments as in the proof of Theorem 4.2 in [ALV07], noting that in our case,
the stochastic volatility depends on 7. Denote by BS the function such that BS(t, x,k,0/T —t):= BS (t,z,k,0).

Then we have that
T
P, = e "TYE, [ES (T, In(A), In(E,[A]), / ¢gds)] .
t

Then, applying Theorem 6.2.1,using the relationship between B.S and BS and taking expectations we obtain that

T
BS (T,ln(A),ln(]Et[A]), / ¢§ds>}

E; [BS (¢, In(E;[A]), In(E[A]), ur)]

Pt = eir(Tit)]Et

+ E; / EBs(us)BS(s,ln(ES[A]),ln(A),us)dsl
T 92
+ E [ t gxgi(s,ln(ES[A]),ln(IEt[A]),us)Qu\/lTis@sds] , (D.2)

where Lpgs(us) denotes the Black-Scholes operator

Lps(us) = (; (8§I — al.) + 05 — r~> Ug.
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Now the result follows from the fact that Lpg(us)BS(s, Xs,k,us) = 0 and taking into account that 88%5 =
usy/T — sG. Notice that by (H3) and the fact that

oG CEN(dy (ko) (o dy (ko)
g STk ) = —r— <1am>’

Ox
the integral term in (D.2) is well defined. O

D.1.1 Proof of Theorem 6.4.4
This proof builds upon the arguments in Theorems 3 and 8 in [AS19]. By definition, the ATMI is given by

Ig = BS™(0,In(E[A]),In(E[A]), P))
= BS10,In(E[A]), In(E[A]),T'7),

where

0, = E(BS(0,In(E[A]), k,up))

[ OT aﬁ(s,ln(MST ), In(E[A])), us)@st} )

1
-E
+ ox

2

Now, Theorem D.1.1 allows us to write

1§ =E[BS™(0,60)]

/T 1y 9G
| (BST!Y (n(E[A)), 6,) 5 (5 In(E. [A]), In(E[A]), u.)©,ds | (D.3)

E
+ ox

where (BS™!)’ denotes the first derivative of BS™! with respect to §. Now, as

1

—1\/ _
(BS™h) (k,65) = Ny (kST

and
oG e*N'(d+ (k,0)) < dy (K, a)>
g k — 1_
Ox (s, k,0) oVT — s oVT —s)’

it is easy to see that (H3) implies that the second term in (D.3) tends to zero. For the first term, we can write

BS™1(0,60))
= (BS™'(0,E(BS (0,In(E[A]), In(E[A]), uo))
= E[BS™'(0,BS (0, In(E[A]), In(E[A]), up))]
E [BS™(0,E[BS (0,In(E[A]), In(E[A]), uo))]]
— BS7Y(0,BS (0,In(E[A]), In(E[A]), u0))

Notice that the first term in the right hand side of the above equation is equal to ug. For the last two terms we

can write

T
BS (0,In(E[A]), In(E[A]), uo)) = BS (0,In(E[A]), In(E[A]), uo)) +/O UsdW, (D.4)
where, by the Clark-Ocone formula,

Us = Es[Ds (BS(0,In(E[A]), In(E[A]), uo)))]
fST Dyp?ds
2\/TUO

Es | AN'(d (In(E[A]), uo)) (D.5)
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Define A, = E, [BS (0,1n(E[A]), In(E[A]), ug))]. Then, classical Itd’s formula and (D.4) give us that

E [BS~(0,E[BS (0, In(E[A]), In(E[A])
BS~(0, BS (0,In(E[A]), In(E[A]), ug))
E [BS~!(In(E[A]), Ag) — BS™' (In(E[A]), Ar)]

7“0)])]

—%]E /O (BS™Y)" (In(E[A]), A,.) Udr| . (D.6)

This, jointly with (D.5), (H3) and the fact that

BS_l(Xm A'r‘)
4 (exp(X;)N'(dy (Xo, BS—1(Xo, A,))))?

(BS™1)" (Xo,Ar) =

)

allows us to prove that the last term in (D.6) tends to zero. Now the proof is complete.

D.1.2 Proof of Theorem 6.4.6

This proof follows the same principles as those given in Proposition 5.1 and Proposition 6.2 in [ALV07] and Theorem
4.5 in [AL17]. Taking partial derivatives with respect to k on the expression Py = BS (0,In(E[A]), k, I{ (k)) we

obtain

% _ %(071H(E[A]),k,fg<k>))
+%(o, In(E[A]), k, 1§ (k)))

17

S (k). (D.7)

On the other hand, from (D.3) we deduce that

T
%:Et fa;f(O,ln(E(A)),k,uo)}—HE /0 %(S,IH(ES[A])),k‘7uS>®SdS , (D.8)

where 109G
F(s,x,k,0):= 5%(8’m’k’0)'
After some algebra (see [ALVO0T]) it is easy to see that

B | T (O CELA, I(B1A). o) — 7 ELA), mCELA). 1)

1
= -E
2

/0 F(s,ln(ES[A])),ln(E[A])ms)@sds],

This, jointly with (D.7) and (D.8) implies that

E [ T L(s, In(E4[A])), In(E[A]), us)esds}

955 (0, In(E[A]), n(E[A]), I7)

o1y
ok

(In(E[A]) =
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/0 L(S,IH(ES[A]))7IH(E[A]),us)@sds‘|

T
L(O,ln(]E[A]),ln(E[A]),uo)/0 @Sds]

N %E VOT ($ _ (,f;) L(s, In(E4[A]), In(E[A]), us) (/T @rdfr> 0,ds

T T
/0 g—i(s,ln(Es[A])),ln(E[A]),us) (/S Ds@rdr> ¢sds

Now, a simple calculation gives us that there exists a positive constant C' such that

o 92 ° x
(25~ 0z ) s I(E.LAD), m(E{AD 0 < O3 ()T =) 7F, (D.11)
oL - i
o5 (5 (Es[A])), In(E[A]), us) < O ((us)*(T =) 2, (D.12)
k=3
Moreover,
Aex —7(u°)2T>
1 P( 5 1 1
L(0,In(E[A]), In(E[A == ——1. D.13
(O IBLAD, nB{AD), uo) = 5 — e [ ] 0.13)
Then, (D.27), (D.12), (D.26) together with (D.9), (D.10) and the fact that
OBS Aexp (=2 ) VT
a9 (0,(17,1’70') =
Oo Vor
allow us to complete the proof.
D.2 PROOF OF PROPOSITION 6.5.4
Using Remark 6.4.3 we get
T T T
Dyo? = 2¢,(Dsms,) _ 2¢ymy DM, (D.14)

M (Mp)*

for s < u < T. We recall the reader that in the context of VIX options we have

1 T+A
D,V.)ds| .
VIXT/T (DiVs)ds

VIX _ 1
BV AL

t

and we have the limiting behavior for 0 <t < T

lim E [ VIX] = lim (%) /T+A(T - t)H_l/2 exp(—B(r —t))dr
TS50 - 150 MOVIXoAVTIX, Jr P
. f'(Y)
=: lim K(T,A,t
-0 MPVIX2AVIX, ( )
= FO0 s ap).

MOVIXoAVIX,
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On one hand we have,

E DM =m?. (D.15)

Hence, we may rewrite (D.14) under unconditional expectation as

On the other hand,

I
S

T

T T T
E [Ds(bq%] -F |:2¢u(Dsmu)Mu 2¢umu Os

_ D.16
T T (D.16)

(J7 Du(Du(V))dr) VIXr — Ds(VIXr) [ (Du(V,))dr

Jr " DADu(V)dr [T (D(Ve))dr [y T (Du(Vy))dr

(VIX7)?

E,

J£ 2 DDy (Vi))dr  mTmT

2AVIXy AN2A(VIX7)?

u

:]Eu

2AVIXy VIXt

|

Therefore we further develop (D.16) into

E [D,¢7]

=E

=E

[ THA D (Do (Vi ))dr  mTmT
2¢U]Eu |: = - VIXT]

2AVIX T
T B T
M} M

[6u (J7 7 Du(Du(V,)r)

1 1
) To R | — 4 ——
AMIVIX7 Putiy Pallu [Mg + VIXT}

= A(T,s,u) + B(T, s,u). (D.17)

Taking limits for the expression B(T, s, u) as in Theorem 6.4.6 up to the normalizing terms and using the definition
of ¢ along with (D.17) we obtain

T T
= VIX
%11)110 TQ]E /0 o) </5 B(T, s, u)du) ds]
T T VIX, T,VIX
— 4y dV X mT:
— %11)110 ﬁ]E /0 ¢¥IX (/ 1OVIX du) dS]
L s 0
T VIX\2 T
_ —4(¢s ") VIX T,VIX
- %lﬁloﬁ]E L MTVIX (/ oy XmIV X du | ds
= 1] —4(f'(Y0))? g VIX\2 g 2
T e (M(}”X(O)2AVIXT)2/ () / AT, A, u)du | ds
T=0 T | (Mg V1X2AV1XT
At 1

(MO TX2AVIX )4 2

(J(H, A, B))*
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where in the last step we use T' > u > s > 0 along with continuity of K(-). Finally, using the ATMI result that
gives

li — lim E 1 T(¢VIX)2d _ MJ(H A, B)
oo T AN |\ T S, | Taavixzt VT
we get
T T
L i 2 E Jo 0 (17 BT s, ydu) ds im0V A D.18
2150 T2 ud _Tlino_ﬂm (H,4,5) (D-18)
On the other hand, we proceed similarly with A(T,s,u). First we have
T+A
[ B[ D]
50 | 2A VIX;
" (Yo) /M Ho1y2
= —_— - - 2 - -
SAVIX, Jr ((r—=u)(r—2)) exp(—B(2r —u — s))dr
f"(Yo)
= lim I(T, A,
SAVIXg A [T Ay su).
Moreover, due to the fact that s < u < T, we have
T+A
i E | L [z ™ D:(Du Ve = S0 i ap)
T—0 2A VIXt 2AVIX, T

Carrying similar computations, as with B(T, s, u), we obtain

/OT . ( LTA<T,S,u>du) ds]

A
- m e | [ o, /T%(Iﬂ DDA
0 s

1
Hm, 5B

T30 T2 AMTVIXy

— mT%T / pY1X </ oYX (T, A u s)du) ds]

Y R I T
e R ( [ K mrena s>du> as
- - Aj;féf;);j;g&) AT (I(H, A, §)PG(H, A, B)

were in the last step we use continuity of I(-) and K(-) and the fact 0 < s < u < T. Finally, recalling the ATMI
result for u3 we get

_ G(HaAaﬂ) fu(YO)
2J(H, A, B) f'(Yo)

D.1
. (D.19)

ToVIX ([T AT, s, u)du) d
1E[f0¢> (S AT, 5, w)du) as

Then the result follows directly using Theorem 6.4.6 along with expressions ((D.19)) and ((D.18)).
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D.3 COMPUTATIONS OF THE ATMI SKEW SIGN IN THE HESTON MODEL

We note that Er[V,] = 0 4+ (Vr — 0) exp(—k(r — T)). This implies that, for all t < T

—E
ALT /T Vedr

_E, We b (Ve — 9)% /TT+A exp(—k(r — T))dr]

\/9 b (Vp — )L XPERA) e’;pA(kA)]

\/0+ (Vo — 9)1 — exp(k:A)]

MBI =R,

-,

E
- N

in L2(Q), as T — 0. We know (see [AE(08]) that v € D2, Then, for all s <t <T

1 T+A
— D,V.dr
AA‘ sVr

1

DMV = By | E
t “lovixy T

Now, notice that

v = vgexp (—kr) + 0 /OT exp (—k(r —u))du + v /OT exp (—k(r — u))y/v,dWu,

which allows us to write
‘s
S

DV, = vexp(—k(r — S))\/vs—i- V/ exp (—k(r — u))Dsy/v, dWu.

Then we get

v(1 — exp(—kA))

TVIX
D¢ M; — TN

in LP(Q), for all p > 1, as T'— 0. On the other hand, (6.7) allows us to write

TVIX 1 1 A
Dgm;> = oAl WET [/T (DsD,V,.)dr
1 1 T+A T+A
— EEt WET /T (D¢ V,)dr (ET /T (D V. )dr
=T+ T5.

Let us first study the term T;. It is easy to deduce from (D.22) that, for s <t <r

DDV, = vexp(—k(r —t))Ds\/V;
+V/ exp (—k(r — u)) Dy Ds /v, dWu.
t

Lemma 5.3 in [AE08] gives us that, as s,t — 0, Ds\/V; — & in LP(2), for all p > 1. This implies that

v2(1 — exp(—kA))

T, —
! 4kAVT,
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Finally, we can write

V(1 exp(A))?
Ty — LU —expla)” D.27
2T T T AL Y, (D-27)

Then (D.23), (D.26) and (D.27) give us that
DymIVIX yTVIX _ [ TVIX D AT VIX

v2(1 — exp(—kA)) B v2(1 — exp(—kA))?

4kA 4k2 A2
~ (u(l - exp(—k’A))2
2kA
B v2(1 — exp(—kA)) B 2y2(1 —exp(—kA))?
4kA 4k2 A2
v2(1 — exp(—kA)) 2(1 — exp(—kA))
- A <1 - = > (D.28)

as T — 0 in LP(Q), for all p > 1.

D.4 PROOF OF PROPOSITION 6.6.6

Using Remark 6.4.3 we get

s 20u(Dsml)MT  2¢,mID,MT

sB2 = QLT — (1) = A(T, s,u) + B(T, s,u)

First we will develop B(T,s,u). On one hand we have
E[D M) =m?. (D.29)

S

Taking limits for the expression in Theorem 6.4.6 up to the normalizing terms and using the definition of ¢V
along with (D.29) we obtain

[ T T
lim E / oy ( / B(T7s,u)du> ds]
T50 0 s
[ ,T T RV, T,RV
. _2¢u¢s mu’
= %1_>mOE /0 ®s (/s MRV du) ds]

. W —2¢? T RV TRV

_ —2(f'(Yo))? g RV 2 g U N\2HA+1
= e |, @) ( JE +du> ds]
o —2(f"(Y0))* TRV 2 2m42
= jm (MOTVV2(H +1/2)2(2H + 2)T2 2" /0 (87 )T = o) ds]
—  im —2(f'(¥o))* A+

70 (MOPVVA(H +1/2)4(2H + 2)(4H + 4)T*4
_ —2(f'(Yo))* A

1 VATH + 1/2) (2H + 2)(4H + 4)
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Finally, using the ATMI result that gives

lim ug = lim E 1 /T(¢RV)2d8 _ |f'(Yo)] TH-1/2,
T—0 T—0 T Jo S (H+1/2)\/mvo
we get
T T
U |10 (e BT s wdn)ds] o S OOCH+ 2Py
2750 ud - T50 Vo(2H + 1)(2H + 2)(4H + 4)
= —f'(Yo) TH+3/2

lim
70 Vy(2H +1)\/(2H + 2)
On the other hand, we proceed similarly with A(T,s,u). First we have

1

Demy ™ = / "B, DL (Du(V)Jdr = - / 'E. (D) = w1 ar

77/ F ) ((r —u)(r — 8))H=Y2dr = I(T, u, ).

Notice here that

1 T — W )VH+1/2(y — \H-1/2 T -
%iLnOJE[I(Tw,S)}:ff"(YO)( . H+(1u/2 : F(Ss)

where F(-) = oFy (1/2— H,H +1/2,H + 3/2,-) denotes the Gaussian hypergeometric function. Carrying similar

computations, as with B(T, s, u), we obtain

! RV ! S, u)du S
| e (/ A(T,,)d>d]

T Ry T 2¢RV(D’ITL )MTRVdu
/O¢s (/S (MIEV)2 )dsl
2 T w7 av w, s)du | ds

/O¢> </¢ i, )d)d]
—2f'(Yo)

= lim ———FE
lim / RV/ (T, u,8)(T —u HA1/2qyd s
-0 (MO™VV2(H 4 1/2)T ¢ )

T—0 MORV
-7 {7 (o)) s)H+1/2 u, $)(T — u)" T 2duds
- %HO(MORV)3(H+1/2)2T2/ (T =)™ / I(T,u,s)(T —w)"*?dud

=2 (V)R (Y0)
50 (MYRV)3 (H +1/2)2T
T T (T_u)2H+1(u_S)H—1/2 T —u
></0 (T—S)HH/Q/S TESYE F(s—u>dUd8

() (V) I(H)
R S 7

lim E
T—0

= lim E
T—0

where we define Z(H) as the finite limit

T T (p_ ,\2H+1(,, _ \H—-1/2 _
Z(H) = lim 2° : i .

T—0 T4H+3

(D.30)
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We may compute this limit is closed-form using the series representation (see Abramowitz and Stegun [ASRSS] for

details)
P (T - u) _ ,;) (1/5{_4?/”2(?5;/2) (Z:;L) ; if f__;‘ <1

S (= B (= P

n=0

Consequently we have,

/ST(T _ )2y g H-12p (T_“> du

= 3 (1/2 ) = 2H+14n —1/2-n
S GRS [ e g

N n 1/2 - n H+1/2 T . B »
+;( 1) (/(H+3)/2(+n)n!/ )ﬁ+T(T7u)2H+1+ (u— 5)H-1/2nqy
= (T - 8)3H+3/2<i (1/2—H), 1 —22H-2=n

 (H+3/2), 2H+2+n

L (1/2 = H)(H +1/2) F(n, 1) — 271277 F(n,1/2)
*Z H+3/2+n)n! H+i2-n )

—. (T _ s)3H+3/QC(H)
where F(n,z) = oFy(—n—2H —1,H +1/2 —n, H + 3/2 — n, z). Finally, we get

C(H)
(H+1/2)(4H +3)°

I(H) =

We notice that in practice, Z(H) can be also easily approximated using numerical integration packages and ex-
pression (D.30) for small T, instead of the series representation. Finally, recalling the ATMI result for uj we
get

T T
[ e (AT s ) ds] ) 0 203201 + 1/20T00) s
im = lim .
750 u 70 f'(Yo)

N =

To conclude the proof we make use of Theorem 6.4.6 and obtain

r T T
_ 1 Jo (68V [ Ds(¢FV)?du) ds
%ILHOS?V<0>=§%IL%E s e )
RV T, du)d RV T, du ) ds
e[ O A o )
2 T—0 ug ug
— fim f"(Yo)Z(H)(2H +2)*2(H +1/2) ['(Y) pH-1/2
T-0 ' (Yo) Vo(2H +1)\/(2H + 2) '

162



E.1 APPROXIMATING THE DENSITY OF REALISED VARIANCE IN THE MIXED
ROUGH BERGOMI MODEL

In light of the numerical results shown in Section 7.4 (see Figures 7.2-7.6) we identify a clear linear trend in the
implied volatility smiles generated by both the rough Bergomi and mixed rough Bergomi models. Therefore, it is

natural to postulate the following conjecture/approximation of log-linear smiles.

Assumption E.1.1. The implied volatility of realised variance options in the mixed rough Bergomi (7.6) model

is linear in log-moneyness, and takes the following form:

6(K,T) = (Tﬂ (a(a,%”) + b(a, v, v) log (RV(IX(/)(O))>)+

where
V2a + 1300 vivi
a(a,y,v) = ,
(a+1)v2a + 3
"2 "o vy
b 1,v) = VIa T T [ == 70 (20 + 3)/2 (a1 1) — — 2=l 1 ,
dic1 Vi (20 + 2)y/(2a + 3)
with A .
S e 1oz (ot ) Fn) <2 1 2)
. O(oz+2)n 2a+3+n = (e +2+n)n! a+l—-n
(@) = (o +1)(4a + 5)
n—1
such that F(n,z) = o2F1(—n—20—2,a+1—n,a+2—n,z) and (), = H (z+1) represents the rising Pochhammer
=0
factorial.

Remark E.1.2. The values of the constants a(«,~,r) and b(«,~,v) in Assumption E.1.1, which give the level
and slope of the implied volatility respectively, are given in [AGM18, Example 24 and Example 27] respectively;
we generalise to n factors. These results are given in terms of the Hurst parameter H; to avoid any confusion we
will continue with our use of . Recall that, by Remark 7.2.2, « = H — 1/2.

Proposition E.1.3. Under Assumption E.1.1 , the density of RV (V))(T) is given by

Ody ()
ox

by (@, T) = —d(da(z)) (a(a,'y, VT2, (2) + 1) L 2>0
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where dy(x) = W +16(2, T)WT, do(z) = di(z) — 6(x, T)VT for x> 0 and ¢(-) is the standard Gaussian

probability density function.

Proof. Let us denote
C(K,T) := E[(RV(VOY(T) — K)*].

The well-known Breeden-Litzenberger formula [BL78] tells us that

0?C(z,T)

= Yrv(K,T).
02 K

Under Assumption E.1.1, we have that
C(K,T)=BSV,6(K,T),K,T)

where BS(Vy, 0, K,T) = Vo®(d;) — K®(ds) is the Black-Scholes Call pricing formula with ® the standard Gaussian
cumulative distribution function. Then, differentiating C' with respect to the strike gives

b =) TG0 @) TR (k)
where
Odi(x)  —6(x,T) +log(x/Vo)a(a, v, )T  1a(a,,v)T*/?
Ox B x6(x, T)2T 2 x
_ _b(aa v V)Ta 1 GJ(O[, v V)TaJrl/Q
N xfr(:c,T)Q\/T 2 T
and

ddy(x) _ ddi(z)  ala,7, v)Tot1/?
or Oz x '
Using the well known identity Voo (di(z)) = x¢(da(x)), proved in Appendix E.5, we further simplify

a(a,y,v)To+1/2

e = voolan(r) (ST ) a0

0K

Differentiating again we obtain,

a(a, vy, v)TT1/? x T
VYry (K, T) = —V0¢(d1(K))% (dl(K)adgi ) i + Il() - ¢(dz(K))ad§i ) i
Then, by using Voo (di(z)) = zd(d2(x)), we find that
_ alo ~. p)T+1/2 r dd, () i Oda ()
o (K.1) = ~ola(5)) (a2 (@ 250 4 ) 22D ),

which we further simplify to

ddy(x
Vv (.T) = (o (KD 2B ()72, (1) 11).
or |,._x
and the result then follows. Note that the density ¥ gy (-, T) is indeed continuous for all 7' > 0. O

Remark E.1.4. Note that Proposition E.1.3 gives the density of RV (V())(T) in closed-form. In addition,
Proposition E.1.3 can be easily used to get the density of the Arithmetic Asian option under the Black-Scholes
model. This would correspond to the case @ = 0 and v = ¢ > 0 as the Black-Scholes constant volatility.
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Remark E.1.5. Assuming the density ¢¥ry exists, we have the following volatility swap price:

Ef\/RV (VOw))(T)] = / " Eny (e, T)d.

In Figure E.1, we provide numerical results for the volatility swap approximation, which performs best for short
maturities, due to the nature of the approximation being motivated by small-time smile behaviour. Interestingly,
it captures rather accurately the short time decay of the Volatility Swap price for maturities less than 3 months;

for larger maturities the absolute error does not exceed 20 basis points.

Volatility Swap prices

20.00%

19.50%

19.00%

18.50%

18.00%

17.50%

17.00%

16.50%
0.0 0.2 0.4 0.6 0.8 10

Time

Figure E.1: Volatility Swap Monte Carlo price estimates (straight lines) and LDP based approximation (stars) for
n = 1.5 and Vj = 0.04; for Monte Carlo we use 200,000 simulations and At = Tloar
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E.2 PROOF OF MAIN RESULTS

E.2.1 Proof of Theorem 7.3.3

Proof. For t € T, e > 0, we first define the rescaled processes

ze =527, L 7.,

. (E.1)
Ve = Vhexp (Zf - 2(575)’3> )

where 8 :=2a+1 € (0,1). From Schilder’s Theorem [DS89, Theorem 3.4.12 | and Proposition 7.3.2, we have that

the sequence of processes (Z¢).-¢ satisfies a large deviations principle on C(7) with speed e~# and rate function

AZ. We now prove that the two sequences of stochastic processes Z¢ and Z¢ : = Z° — g(@)ﬂ are exponentially
1/8
equivalent [DZ10, Definition 4.2.10]. For each § > 0 and ¢ € T, there exists e, : = (2 > 0 such that
t\n

" 2
sup | ZF — Z¢| = sup | = (et)?| < &
teT teT 2

for all 0 < e < e,. Therefore, for all § > 0, limsup, ;" log P(|| Z¢ — Z%||0e > 8) = —00, and the two processes are
indeed exponentially equivalent. Then, using [DZ10, Theorem 4.2.13], the sequence of stochastic processes (Z es0
also satisfies a large deviations principle on C(7), with speed e# and rate function A%. Moreover, for all ¢, , we
have that ViF =V exp(Zt6 ), where the bijective transformation x +— Vjexp(x) is clearly continuous with respect
to the sup norm metric. Therefore we can apply the Contraction Principle [DZ10, Theorem 4.2.1], which is stated
in Appendix E.4, concluding that the sequence of processes (V). satisfies a large deviations principle on C(T)

with speed ¢=# and rate function AZ (1og (%)) Here we have used that, for each € > 0, t € 7 and x € C(T),

Vio) Since, for all t € T and
e >0, V£ and v, are equal in law, we obtain that the processes (Vf)ie7 and (V)17 are also equal in law, which
concludes the theorem. Notice also that AV (V) = AZ(0) = [|0[|%,«, =0. O

the inverse mapping of the bijection transformation x — Vjexp(z) is given by log (

E.2.2 Proof of Corollary 7.3.7

Proof. The proof of Equation (7.11) is similar to the proof of [FZ17, Corollary 4.9], and we shall prove the lower
and upper bound separately, which turn out to be equal. Firstly, as the rate function AV is continuous on C (T),
we have that, for all £ > 0,

1%1 t?log P(log[RV (V)(t)] > k) = —1(k),

as an application of Corollary 7.3.4.
(1) The proof of the lower bound is exactly the same as presented in [FZ17, Appendix C] and will be omitted
here; we arrive at liminfy ot logE [(RV (V)(t) — e*) ] > —1(k).

(2) We establish the upper bound:
We first apply Holder’s inequality:

E[(RV (V)(t) — )]

E [(RV(V)(t) = ) Yry vy zery] »
[((rvonm - )"

E PRV (V)(t) > ) ™/,
E[(RV(V)(£)"]/“P(RV(V)(t) > ¢*)

IN

1-1/q

IN
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which holds for all ¢ > 1. Thus

tPlog E[(RV (V)(t) — e®)]* < tjlogE [(RV(V)(£)7] + t° (1 - ;) logP (RV(V)(t) > ). (E.2)

We further obtain the following inequality by applying Jensen’s inequality and the fact that all moments
exist for (RV(V)(¢))?

e v [ /U vg R/ U
E 9 < — E q <70 I 2a+1 < 0 B 2a+1
(RV(V)(1))] < tq/o og)ds < 10 /O exp<( LAy >s )ds <Y exp(( Lo )t )
(E.3]

Therefore,

th 8 2
lim lim sup — log E [(RV (V) (¢))?] < lim lim sup — (q logVp — (g — 1) logt + (q(q - 1)nt2“+1>> =0.
gt 110 ¢ gt 110 ¢ 2

Hence, taking ¢ T co and ¢ | 0 on both sides of (E.2), we obtain by Corollary 7.3.4

lim sup t° log E[(RV (V)(t) — e*)]* < —1(k),
tl0

which concludes the proof.

The proof of Equation (7.12) follows the same steps, after proving that the process \/RV (V) satisfies a large
deviations principle on R, . Indeed, as the function x — 22 is a continuous bijection on R, , we have that the
square root of the integrated variance process /RV (V') satisfies a large deviations principle on R, as ¢ tends to
zero, with speed t=# and rate function AV ((-)?), using [DZ10, Theorem 4.2.4]. O

E.2.3 Proof of Theorem 7.3.10

Proof. For brevity we set n = 2, but for larger n, identical arguments can be applied. From Schilder’s Theorem
[DS89, Theorem 3.4.12 | and Proposition 7.3.2, we have that the sequence of processes (Z¢).s¢ satisfies a large
deviations principle on C(7) with speed e # and rate function A?. Define the operator f : C(T) — C((T),R?)
by f(x) := (4x, “2x), which is clearly continuous with respect to the sup-norm || - [[oc on C(T, R?). Applying the
Contraction Principle then yields that the sequence of two-dimensional processes ((%Z e, ”—;Z €))e>0 satisfies a large
deviations principle on C(7,RR?) as € tends to zero with speed £~# and rate function

< . Z . z, 1M V2

Ay, z) :=inf{A?(x) : f(x) = (y,2)} = inf{A (V—ly) =
Identical arguments to the proof of Theorem 7.3.3 give that the sequences of processes ((%Z‘E , ”—;ZE))QO and

2
(527 = “(e)”, =z - ”72(5-)ﬂ))5>0 are exponentially equivalent, thus satisfy the same large deviations principle,

with the same rate function and the same speed.

We now define the operator g7 : C(T,R?) — C(T) as ¢g7(x,y) = Vo(ye* + (1 — v)e¥). For small perturbations
0%,0Y € C(T) we have that

sup g7 (x + 3%,y + ) — g7 (x,y)| < Vo (S“p [ye<® (2" — 1)| + sup (1 — )’ (¥ ®) — 1>I) :
teT teT teT

Clearly the right hand side tends to zero as 6%, tends to zero; thus the operator ¢ is continuous with respect
to the sup-norm || - || on C(7). Applying the Contraction Principle then yields that the sequence of processes
(vET)) g = (VO (7 exp(”ﬁ—lZ8 - V—Qf(e)ﬁ) +(1-7) exp(%Z6 - "—5(5)5)» » satisfies a large deviations princi-
ple on C(T) as ¢ tends to zero, with speed e~# and rate function )

x o inf{A(y, ) s x = g7(y,2)} = f{A([y) s x = 07(3, 7)) = AT () x = Toloe! + (1= 7)en”)}.
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Since, for alle >0 and t € T, V, (") and vt(s’v’y) are equal, the theorem follows immediately. Identical arguments
to the proof of Theorem 7.3.3 then yield that A7(Vp) = 0. O

E.2.4 Proof of Theorem 7.3.14

Proof. We begin by introducing a rescaling of (7.7) for € > 0, so that the system becomes

Vt(%wEs . V(’WE) Vo Z% < LZ€> (E.4)

with the rescaled process Z; defined as

t
ZE =2, = (/ Ko (s, t)dW}, / Ka(s,t)dWsm).
0

The m-dimensional sequence of processes (¢7/22¢).¢ satisfies a large deviations principle on C(7,R™) as € goes
to zero with speed e~ and rate function A™ defined by A™(x) := 3 ||x||ifm for x € 2, and +oo otherwise. Then,
Aoy, is the reproducing kernel Hilbert space of the measure induced by Z on C(7,R™), defined as

Ay, = {(gl,~-~ ,g™) € C(T,R™) : g'(t) :/0 Ko (s,t)f'(s)ds, f* € L*(T) for all i € {1m}}

Then, using an extension of the proof of [HJL19, Theorem 3.6], for ¢ = 1,--- ,n, the sequence of m-dimensional
processes (L;Z7),., satisfies a large deviations principle on C(7,R™), as € tends to zero with rate function y
inf {A™(x) : x € H#,,y = Lix} and speed £~#, where L; is the lower triangular matrix introduced in Model (7.7).

Consequently, for i = 1,--- ,n each (one-dimensional) sequence of processes (”7 . LiZF> also satisfies a large de-
e>0

viations principle as € tends to zero, with speed e ~# and rate function Ay, (y) := inf {Am (X):x € A,y = % . Lix}.
Each sequence of processes (% -LiZ_E) and (% -L; 28— %ViEiui(e-)B) are exponentially equivalent for
e>0 e>0

i=1,---,n; therefore they satisfy the same large deviations principle with the same speed e # and the same rate

function Ay, .

We now define the operator g7 : C(T,R™) — C(T) as

() = ng o (250

with x := (x1,- -+ ,%,). For small perturbations &',---,§" € C(T) with § := (¢,--- ,6"), we have that

n 'L i

suplg” (x+ 8)(t) — ¢"(x) ()] = sup |Vo 3 7 exp(*- 7 - (x (t)+5(t)))—exp(%-><(t))

teT teT

i=1
< sup V6] Y [expl(2 - x(0)exp(3(6) 1)
teT P n
The right-hand side tends to zero as §',---,6™ tends to zero; thus the operator ¢” is continuous with respect to

the sup-norm ||-||, on C(7). Using that y v Be) = g”(”% ‘LiZ° — v (e-)P)(t) for each e > 0 and t € T,
we can apply the Contraction Principle (see Appendix E.4), yielding that the sequence of processes (V(V»>))_o
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satisfies a large deviations principle on C(7) as ¢ tends to zero, with speed £ =% and rate function
y = inf < Ay (x) 1y = V})Z'yiexp <77 -X)
i=1
n I/i
= inf {Am(x) XE€EHmy=W Z’Yi exp <77 'LiX> } .

=1

As with the previous two models we have that, for alle > 0and ¢t € T, Vt(v’u’z’a) and VE(J’V"E) are equal in law and

so the result follows directly. O

E.2.5 Proof of Proposition 7.5.2

Proof. The proof of Proposition 7.5.2, which is similar to the proofs given in [JPS18], is made up of three parts.
The first part is to prove that (%Q’T, (-, ->‘%09,T) is a separable Hilbert space. Clearly Z97 is surjective on 797,
Now take fi, fo € L?[0,T] such that Z9T f; = 79T f,. For any t € [T, T + A] it follows that fOTg(t,s)[fl(s) -
f2(s)]ds = 0; applying the Titchmarsh convolution theorem then implies that f; = f; almost everywhere and
so 79T : L2[0,T] — 97 is a bijection. Z97T is a linear operator, and therefore (-,-) 007 is indeed an inner
product; hence (97T, (-, ) yar) is a real inner product space. Since L2[0,T] is a complete (Hilbert) space, for
every sequence of functions {f, }nen € L2[0,T], there exists a function f € L2[0,T] such that {f, }nen converges
to f € L?[0,T]; note also that {Ig*Tfn}neN converges to Ig’TJ?in 97T Assume for a contradiction that there
exists f € L?[0,T] such that f # fand {Z97 £, }nen converges to Z9°T f in 9T, then, since Z97 is a bijection,
the triangle inequality yields

R TS It o
which converges to zero as n tends to infinity. Therefore f = f, Z9Tf € #97T and 97T is complete, hence a
real Hilbert space. Since L2[0, 7] is separable with countable orthonormal basis {#, }nen, then {Z9T ¢, } ey is an
orthonormal basis for #9°T, which is then separable.
The second part of the proof is to show that there exists a dense embedding ¢ : 5#9T — C[T,T + A]. Since there
exists h € L?[0,T] such that [ [h(s)|ds for all € > 0 and g(t,-) = h(t — ) for any t € [T, T + A], we can apply by
[Che08, Lemma 2.1], which tells us that 97T is dense in C[T,T + A] and so we choose the embedding to be the
inclusion map.
Finally we must prove that every f* € C[T,T + A]*, where f* is defined in [JPS18, Definition 3.1], is Gaussian
on C[T,T + A], with variance ||t*f*|| so.7+, where ¢* is the dual of «. Take f* € C[T,T + A]*, then by the fact
that (C[T, T + A],H%T, u) is a RKHS triplet by similar arguments to [FZ17, Lemma 3.1], we obtain using [JPS18,
Remark 3.6] that ¢* admits an isometric embedding 7* such that

18 1 oo = 1| s2einrsary = / (f*)2du = VAR(*).
C[T,T+A]

where p is the Gaussian measure induced by the process fOT g(-,8)ds on (C[T,T + Al, B(C[T,T + A])). O

E.2.6 Proof of Theorem 7.5.6

Proof. First we recall V&' .= ygTe % Oth (t,u)du + 7/2. We begin the proof by showing that the sequence

of processes (V97T’E)56[071] and (‘79*T75)€€[0,1] are exponentially equivalent [DZ10, Definition 4.2.10]. As g(t,-) €
. 2 el T

L?[0,T) for all t € [T, T+ A, for each § > 0 there exists £, > 0 such that SUPse |7, 744 g1/? _ = [ g, u)du‘ <.

Therefore, for the C[T,T + A] norm | - || we have that for all e, > ¢ >0,
> 6) =0.

> 5) =P sup
o0 te[T,T+A]
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Therefore lim sup. €’ logP <HV9’T’5 —yoTe

> 5) = —00, and so the two sequences of processes (Vg’TVE)EE[OJ]
o0

and (VQ’T’E)EE[OJ] are exponentially equivalent; applying [DZ10, Theorem 4.2.13] then yields that (\797T’5)56[071]
satisfies a large deviations principle on C[T,T + A] with speed e~7 and rate function A"

We now prove that the operators ¢ ¢, and ¢ are continuous with respect to the C([T,T + A] x [0, 1]) and C[0, 1]
I - llo norms respectively. The proofs are very simple, and are included for completeness. First let us take a small
perturbation 67 € C([T,T + A] x [0, 1]):

o160 (f +6) — pre(F)]l. = sup ‘go(s)ef(s,s) (eaf(s,a> _ 1)‘
e€[0,1]
se[T, T+A]

< sup  e(s)| sup  [efCD] sup [T 1),
€€10,1] e€[0,1] €€0,1]
sE[T, T+A] SET, T+A] sE[T, T+A]

Since & is continuous on [T,7T + A] and f is continuous on [T, T + A] x [0, 1], they are both bounded. Clearly

e9’(52) — 1 tends to zero as 6/ tends to zero and hence the operator ©1,¢, is continuous. Now take a small
perturbation 67 € C([T, T + A] x [0, 1]):

[o2(f +67) = a(f)]|, = sup <M,

1 [T+A
K/ 6/ (s,e)ds

T

where M := sup.¢ q 8/ (s, ). Clearly M tends to zero as §/ tends to zero, thus the operator ¢s is also continuous.

For every s € [T,T + A] we have the following: by an application of the Contraction Principle [DZ10, Theorem
4.2.1] and using the fact that € — (1, f)(s,€) is a bijection for all f € C[T,T + A] it follows that the sequence

of stochastic processes ( ©1,¢ ‘7857 Te) (s,¢) o] satisfies a large deviations principle on C[0, 1] as € tends to zero
e€l0,1

with speed €77 and rate function

AV (y) = A ((proy) M (s,) = A (1og (yg( ‘)>>> |

A second application of the Contraction Principle then yields that the sequence of stochastic processes

((e2(er6V2™))())

€€[0,1]
satisfies a large deviations principle on C[0, 1] with speed £~ and rate function AVX(x) = infscir ria) {AV ((cpl@y)_l (s, )) :

x(+) = (p2v)(+)}. By definition, the sequence of processes ( (@2(@1750‘799’71’6))(5)) - is almost surely equal to
ec|0,1

the rescaled VIX processes (eEW/rZVIXT’Ew/z)se[OJ] and hence the satisfies the same large deviations principle.

E.3 NUMERICAL RECIPES

We first consider the simple rough Bergomi (7.5) model for sake of simplicity and further develop the mixed multi-
factor rough Bergomi (7.7) model in Appendix E.3.3 (which also includes (7.6)). Therefore, we tackle the numerical
computation of the rate function

AV (y) := inf {AV(X) cy=RV(x)(1)}.

This problem, in turn, is equivalent to the following optimisation:

W=t Iy = (oo ([ Kot ) ). (E5)
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A natural approach is to consider a class of functions that is dense in L2[0,1]. The Stone-Weierstrass theorem
states that any continuous function on a closed interval can be uniformly approximated by a polynomial function.

Consequently, we consider a polynomial basis,

f(”)(s) = i a;s’

=0

such that {f(™},,cr is dense in L2[0,1] as n tends to 4+o0c. Problem (E.5) may then be approximated via

A =t L0y =1 (e ([ Koo i ) ) o),

acRn+1

where a = (aq, ..., a,). In order to obtain the solution, first the constraint y = RV (exp (fo K, (u, -)f(”)(u)du)) (1)

needs to be satisfied. To accomplish this, we consider anchoring one of the coefficients in f (") guch that

a; = argmin { (y _ RV (exp ( /O Koa(u,) f(”)(u)du>) (1)>2} (E.6)

and the constraint will be satisfied for all combinations of the vector a* = (ag, ..., @;—1,a}, Git1, ..., an). Numerically,

(E.6) is easily solved using a few iterations of the Newton-Raphson algorithm. Then we may easily solve

1
inf ZI£)))2
,.inf {2|f |

which will converge to the original problem (E.5) as n — 4o00. The polynomial basis is particularly convenient

since we have that

' » ! "L aso I G R (i F 1, —ani 2,1
RV (exp (/ K, (u, -)f(”)(u)du>) (1) = / exp (T]\/ZOH- 12 s 2 1(?:1’ @i+21) ds, (E.7)
0 0 i=0 !
where o F7 denotes the Gaussian hypergeometric function. In particular one may store the values {oFy (i + 1, —a, i + 2,1))}7
in the computer memory and reuse them through different iterations. In addition, the outer integral in (E.7) is

efficiently computed using Gauss-Legendre quadrature i.e.

. R m n ; ll a+1+14 F (i L ’. 2’
RV((/O Ka<u,~>f<">(u)du>><1)z;;exp<w2a+1;“ (20 + 7)) nt Lo ”>wk,

where {pg, wi} 7, are m-th order Legendre points and weights respectively.

E.3.1 Convergence Analysis of the numerical scheme

In Figure E.2 we report the absolute differences [AY (y)— AY (y)], for which we observe that the distance decreases
as we increase n, the degree of the approximating polynomial. We must enphasize that both numerical routines
performing the minimisation steps have a default tolerance of 1078, hence we cannot expect to obtain higher
accuracies than the tolerance and that is why Figure E.2 becomes noisy once this acuracy is obtained. We note

that in Figure E.2 we observe a fast convergence, and with just n = 5 we usually obtain accuracy of 107°.
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Figure E.2: Absolute difference of subsequent approximating polynomials |AY () — AV (y)

E.3.2 A tailor-made polynomial basis for rough volatility
We may improve the computation time of the previous approach by considering a tailor-made polynomial basis.
In particular, recall the following relation

/s K (U S)deu, = ua+1+k2F1(k +1,—ak+ 2)
0 (6% b k + 1 b

then, for k = —a — 1 we obtain

s Fi(—a,—a,1—a,l
/ Ko (u,s)u™* tdu = 2Fi(—a, —o, @ ),
0

-«
which in turn is a constant that does not depend on the upper integral bound s.
Proposition E.3.1. Consider the basis 9(")(3) =csTo L4 Z?:o a;s', where ¢ € R. Then, for c = c¢* with

—a y

¢t = log . ; ; )
v 200 + 12F1(—C!, —a,1 — q, ].) fol exp (77 200 + 1(2?:0 a;stit 2F;_(:£i-17—0471+271)) ds

™ (s) solves (E.6).

Proof. We have that

n2a+1
—a

RV (/O Ko(u, ~)g(”)(u)du> (1) = exp ( o (—a—a,1 —a, 1))

1 n
X / exp (m/2a +1 Z
0 i=0

a¢8a+1+i 2F1 (Z+ 1,—0&,i+2,1) ds
1+1

172



and the proof trivially follows by solving y = RV (fo Ko(u,-)g™ (u)du) (1). O

Remark E.3.2. Notice that Proposition E.3.1 gives a semi-closed form solution to (E.6). Then, we only need to

1
inf Li1aln) 2: _
(a0»~~~»1172)€Rn+1 {2|g [[F:c=c

in order to recover a solution for (E.5).

solve

Remark E.3.3. Notice that u=*~1 ¢ L?[0, 1], however v~ 1,5y € L?[0,1] for all € > 0. Moreover,

oFi(—a,—a,1 —a,1) e %% oFi(—a, —a, 1 — 0, %)

— —Q

/ Ko (s,u)u 1{u>€}du =
2F1(—Oé, —Q, 11—«

- 1 o),

—Q

hence for ¢ sufficiently small the error is bounded as long as a # 0. In our applications we find that this method
behaves nicely for a € (—0.5, —0.05]. In Figure E.3 we provide precise errors and we observe that the convergence
is better for small « (which is rather surprising behaviour, as the converse is true of other approximation schemes
when the volatility trajectories become more rough) as well as strikes around the money. Moreover, the truncated
basis approach constitutes a 30-fold speed improvement in our numerical tests. As benchmark we consider the
standard numerical algorithm introduced in (E.6), with accuracy measured by absolute error.

Absolute error of truncated basis

10®

10

10

Absolute error

10

10

1077

20 -15 -10 05 00 05 10
Log-moneyness

Figure E.3: Absolute error of the rate function. We consider the truncated basis approach against the standard
polynomial basis with n = 1.5, V; = 0.04 and different values of a.

E.3.3 Multi-Factor case

The correlated mixed multi-factor rough Bergomi (7.7) model requires a slightly more complex setting. By Corollary

7.3.15 the rate function that we aim at is given by following multidimensional optimisation problem:

AC®)(y) o= : ZHLIIQ y =RV Z%eXP Zifte Ju ) (U (E8)
(f1ye- 7fn GL [0,1]

where ffo = ( fo K, (u,-) fo )du) The approach to solve this problem is similar to that of
(E.5). Nevertheless, in order to solve (E8) we Shall use a multi-dimensional polynomial basis

(S (5), e fP(s)) = (Z Z)
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such that each fi(p)(s) for i € {1,...,n} is dense as p tends to +oco in L?[0, 1] by Stone-Weierstrass Theorem. Then
we may equivalently solve

inf {;Z 1FPN2 vy = RV (Z ~i €Xp (i] : zifFKwW) u> (1)} , (E.9)

1 1 ) 1)n
(ao,...,a,p,.u,a[’jl,‘..,aZ)ER(P+ ) =1 o

where j(Kap) = Ko (u,- FP) (y Uy oery [ Ko (u, - An u)du ). en as p tends to +oo, (E.9) will converge to the
here {50 ?) = (fo K (u, ) /7 (W, o, fy Ka(u, ) fi7 (u)du ). Th d (E.9) wil h

original problem (E.8). In order to numerically accelerate the optimisation problem in (E.9), we anchor coefficients

(ag, ....,aR) to satisfy the constraint y = RV (-)(1) (same way we did in the one dimensional case), that is
m , 2
I/Z
a* = inf y— RV ~; €Xp < . ZifK“> u | (1)
(@gs---sag ) ER™ ( <; " .

where a* = (a}*, ..., a8*) and one may use (E.7) and Gauss-Legendre quadrature to efficiently compute RV (-)(1).
Then, the constraint will always be satisfied by construction and instead we may solve

J
inf = @25 E.10
(aé*,a%...,a;}),...,ag‘*,a’f,...,a;})ER(erl)n {2 z:zl Hf H } ( )

E.4 EXPONENTIAL EQUIVALENCE AND CONTRACTION PRINCIPLE

Definition E.4.1. On a metric space (Y, d), two Y-valued sequences (X¢)_. , and (X %) are called exponentially
equivalent (with speed h.) if there exist probability spaces (€2, Be,P:)eso such that for any € > 0, P€ is the joint
law of (XE,XE), e > 0 and, for each § > 0, the set {w : ()Z'E,X‘f) € 1"5} is B.-measurable, and

lim sup h, log P (T's) = —o0,
el0

where T's := {(9,y) : d(g,y) > d} C Y x V.

Theorem E.4.2. Let X and Y be topological spaces and f: X — Y a continuous function. Consider a good rate
function I : X — [0,00]. For each y € Y, define I'(y) := inf{I(x) : x € X,y = f(x)}. Then, if I controls the LDP
associated with a family of probability measures {u:} on X, the I' controls the LDP associated with the family of
probability measures {u- o f~1} on'Y and I' is a good rate function on Y.

E.5 PROOF OF Vpp(dy(x)) = 2(do(x))

In order to prove Vyo(di(x)) = x¢(d2(x)), we will prove the following equivalent result

(d1(2))” — (da())? = 21log (V) .

Proof. Recall that ¢(-) is the standard Gaussian probability density function. Using that for > 0, di(z) =
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log(Wo)=log(@) | 152 T)\/T and do(z) = dy(z) — 6(x, T)V/T, we obtain
&(x, T)NT 2 ’

2
(d(2))* = (da(x))” = (d (2))” — (dl(x) - &(x,T)ﬁ) ,
= 2d,(2)6(z, T)VT — T6*(x, T),

=2 {log(VO) — log(z) + ;&Q(x,T)T] —T6%(x,T),

Vo
= 2log (m) .
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F.1 PROOF OF PROPOSITION 8.3.6

Proof. To simplify the notations in the proof, we introduce the quantities Hy := H + % and HY :=H+a+ % By

independence of the driving Brownian motions we have, for any u < ¢,
E[ViIF.] = &o(t) exp {v (K- 29) (u,t) + (K75Y) (u,6)) } E [exp (v (k7 2%) (t) = (- 2°) (u,1))]

x E {exp (y ((icHiY@) (t) — (/cHiy@) (u,t)m :

where the first expected value is the MGF of a Gaussian random variable, hence

E [exp (v (- 29) (¢) — (K- 29) (u, )] —exp( / k(t. 5)d )

We are now interested in computing the second expectation

E [exp {V ((/cHiY@) (t) — (/cHiY@) (u,t)) H ,

(/cHiy@) (t) — (/CHiY@) (u,t) = / t k(t, s)YQds.

u

where

This is, in spirit, a similar problem to computing a Bond price in the CIR model. To do so, we define

exp (1/ /T k(T,s)YSQdS> t] )

where ¢ < T. We note that B(-,T) is a semimartingale as T is fixed, therefore applying Feynman-Kac’s formula

B(t,T)=E

we obtain

(l/rk(T t)+ 0 + k(0 — )0, + r@rr> B(r,t,T) = 0.

where B(r,t,T) is such that B(Y;%,#,T) is a solution to the MGF. With an ansatz of the type B(r,t,T) =
exp [-rC(t,T) — A(t,T)], we have, at the point (r,t,T),

B = —(ro,C(t,T) + 0, A(t,T))B, o.B=—C(t,T)B, 0B =C(t,T)’B,
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and the PDE becomes, with r = Y;@7
2
[uy;@k(T, t) — (Y@atc +OA+ K (9 - Y;@) C) + 02021@@} B=0,
which further simplifies to
o2
<Vk(T, t)— 0,C — kC + 202> Y2B — (k0C + 8, A)B = 0.
The second term cancels when A(t,T) = —kf ftT C(u, T)dt, and it suffices to solve the Riccati equation

2
vk(T,t) — ,C(t,T) — kC(t, T) + %02(15, T) =0,

with boundary conditions A(T,T) = C(T,T) = 0.
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