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Abstract

The mutation rates of many species are regulated in response to internal and
external conditions. Studies in several model organisms have shown that muta-
tion rates can be modulated by the organism’s growth rate, particularly through
stress-induced mutagenesis. Here, we investigate the functional consequences of
this coupling. Using a model of asexual evolution on a high-dimensional, single-
peaked fitness landscape, we show that regulating mutation rate through growth
rate provides an efficient st rategy for ra pid ad aptation. Th is me chanism maxi-
mizes growth by balancing mutation and selection pressures. We approximate the
optimal coupling as a biphasic response function that prescribes a low, constant
mutation rate at high growth rates, which gradually increases once growth falls
below a critical threshold. This adaptive strategy depends on two key parame-
ters: mutational gain and critical growth rate, both determined by environmental
conditions. This raises the question of how organisms establish these parameters
in fluctuating environments. We demonstrate that weak selection in well-adapted
populations, combined with long-term phenotypic fluctuations, can generate vari-
ability in these parameters. Such standing variation prepares populations for
rapid evolution following environmental change. Our findings connect this adap-
tive strategy to specific molecular regulatory circuits and provide predictions for
sequential antibiotic treatment regimens.

Keywords: Adaptation; Mutation rate; Fisher’s Geometric Model; Systems Biology;
Evolvability



Introduction

Mutations provide the raw material for evolution, and mutation rates themselves are
often under biological control. In organisms from bacteria like E. coli to eukaryotes
like yeast, mutation rate is not a fixed q uantity b utisrather a p lastic t rait, often
dependent on both environmental and internal signals [1-10].

In E. coli, this mutational plasticity has been studied extensively, particularly in
the context of stress-induced mutagenesis [1, 11-13]. Growth rate appears to be one
of the key determinants of the mutation rate. Bacteria under slow growth conditions,
such as in stationary phase or following antibiotic exposure, often exhibit elevated
mutation rates [14, 15]. Moreover, different e nvironmental s tresses, s uch a s distinct
nutrient limitations, can increase mutation rate [16-18]. If a beneficial mutation allows
an adapted strain to resume faster growth, its mutation rate typically reverts to a
lower baseline level[19]. However, whether the control of mutation rates by growth
rates is itself an adaptation shaped by direct selection, or if it is a by-product of
cellular mechanisms involved in stress responses remains a topic of debate [20].

Focusing on FE. coli, at the molecular level, mutation rates are mediated by sev-
eral growth sensitive pathways which are often interlinked [1, 21-24]. One of the main
pathways, which is up-regulated in a wide variety of growth-limiting environments is
the general stress response pathway [22, 25-27] governed by the alternative sigma fac-
tor RpoS [5, 21, 28]. RpoS activity, which increases during slow growth [29], has been
linked to elevated mutation rates through downregulation of DNA mismatch repair
and upregulation of the error-prone DNA polymerase Pol IV [30-34]. An additional
link between RpoS and growth rate is established through the stringent response
and its alarmone, (p)ppGpp [35]. (p)ppGpp is a key regulator of growth rate control
[36-38], and promotes RpoS accumulation[39-42], further supporting the model of a
growth-dependent regulation of mutation rates.

While the existence of growth-dependent mutation rates is well established exper-
imentally, their functional significance r emains d ebated [ 20]. We h ypothesised that,
given the widespread occurrence of mutational plasticity across diverse organisms
and the variety of pathways that elevate mutation rates, growth-dependent regulation
could represent an optimal strategy for adapting to new environments. Previous the-
oretical work suggested that mutation rates should be high when fitnessislow and
decrease as fitness a pproaches an o ptimum [43-49]. M oreover, m odels incorporating
phenotypic plasticity in mutation rates have shown that variability of responses within
a population plays an important role in ensuring successful adaptation in fluctuating
environments [50-52]. Experimental observations further indicate that hypermutation
typically arises only within a subpopulation [13, 19, 53, 54].

Here, we investigate how the regulation of mutation rates by growth rates can
facilitate adaptation to novel environments. To this end, we develop a mathematical
framework based on Fisher’s Geometric Model (FGM) of adaptation in an asexual
population evolving on a high-dimensional phenotypic landscape [55-57]. This frame-
work allows us to analyse how feedback between growth and mutation rates can
optimize adaptive dynamics. We find that when all individuals share the same growth
rate, the optimal mutation response is biphasic: mutation rates remain low at high
growth rates but increase once growth drops below a critical threshold. This response



depends on two environmentally determined parameters—a critical growth rate and a
mutational gain. When growth rates are heterogeneous, however, the biphasic response
becomes suboptimal at high growth rates, as maintaining low but nonzero mutation
rates can promote further adaptation.

Crucially, we show that an efficient adaptive response is highly sensitive to environ-
mental parameters, which are likely to vary during environmental change. We propose
that organisms can overcome the limitations of the biphasic response by generating
long-term fluctuations in the growth—mutation response parameters. These fluctua-
tions create standing variation in adapted population that can be rapidly exploited
following an environmental shift. Moreover, variability in response parameters can mit-
igate the suboptimality of the biphasic response at high growth rates, thereby enabling
continued adaptation. Our theory provides a quantitative foundation for understand-
ing stress-induced mutagenesis and offers insights into strategies for controlling the
evolution of pathogenic organisms.

Results

Dimensionless Model for Adaptation

We model the evolution of an asexual population of fixed size N. In our framework,
we define an organism’s fitness as its growth rate, . We use a Wright-Fisher model,
where an individual’s probability of reproduction is proportional to its growth rate
(Methods)[58].

To connect phenotype to fitness, we utilise the framework of FGM [55]. An organ-
ism’s phenotype is represented by a vector of 7 quantitative traits, z € R™. In a given
environment, we assume there is a single optimal phenotype, x*, which confers the
maximum possible growth rate, piy.x. The growth rate of an organism with a subop-
timal phenotype = declines according to a Gaussian function of its distance from the
optimum:

() = pe— =S
Here, the ’selection matrix’ S describes how strongly each trait is selected for and
how the traits interact [59]. Mutations cause random displacements in this phenotypic
space, with the number of mutations acquired per generation having mean, p (muta-
tions per generation), and the effect size and direction of mutations determined by a
covariance matrix M.

We approximate mutational effects as uniformly distributed displacements on a
hypersphere (Methods). In this simplified model, an organism’s state can be described
by a single scalar: its dimensionless phenotypic distance, d, from the optimum. The
growth rate function then simplifies to:

1(d) = primaxe” T (1)

In this scaled form, n is the effective number of phenotypic dimensions under selection
(the rank of the matrix S) and is an environmentally dependent quantity in our model.

Similarly, the combined effects of mutation rate and selection strength are captured
by a single dimensionless mutation radius, r. This parameter connects back to the



physical parameters via the key scaling relation:

T =/2Bp. (2)

Here, p is the per generation mutation rate and 3 is a scalar measuring the strength
of selection (derived from the matrix S, Methods). Our analysis proceeds by studying
the evolution of the distance d under the influence of mutations of radius r, providing
general analytical results that can be mapped back to specific biological settings using
these scaling relations.

A Biphasic Mutation Strategy Resolves the Speed-Accuracy
Trade-off

A fixed m utation r ate i mposes a f undamental ¢ onstraint o n a daptation. W hile a
high mutation rate promotes rapid evolution in a poorly-adapted population, it also
increases mutational load by the accumulation of deleterious mutations, preventing
the population from attaining higher fitness. We analysed t his t rade-off by consider-
ing the dynamics of a population in a single-peaked fitness landscape (Methods). We
first estimate t he mutation-selection balance in t his setting, d*, w hich is t he equilib-
rium distance from the optimum, under the assumption of no variance in phenotypic
distance from the peak within the population. In this case, d* is proportional to the

mutation radius r, with the relationship given by d* ~ 53—, where K, y is an
N

environmentally determined constant (with the approximation being valid for large r,
see Methods). This direct relationship illustrates that a fixed-rate strategy cannot be
simultaneously fast and accurate (Figure 1A).

This trade-off can b e r esolved by a p lastic s trategy w here t he m utation r ate is
modulated by the organism’s distance from the optimum, d (See also [60]). In our
model, this distance directly reflects the growth rate, p, providing an internally mea-
surable proxy for the degree of maladaptation. To derive a plastic mutational strategy,
we optimised the expected rate of adaptation at each generation, under the assump-
tion that the population has the same phenotypic distance from the optimum at each
generation. This assumption corresponds to a scenario dominated by hard selective
sweeps [61], where each generation descends from a single successful ancestor. We
found that the optimal strategy under this assumption is biphasic (Methods), that is,
it has two distinct regimes of response.

In this biphasic strategy, when the population is poorly adapted and far from
the optimum (d > 1), the optimal mutation radius, rop¢, scales linearly with this
distance, ropt(d) = K, nd. The term K, y is a dimensionless environmental constant
that quantifies the efficacy of selection. It integrates the effects of the number of traits
under selection (n) and the population size (N), conceptually representing the ease
of adaptation in a given environment (adaptation becomes harder the more traits are
under selection, Methods).

Conversely, when the population is well-adapted (d < 1), the optimal strategy
under our assumption minimises the mutation rate to preserve high fitness, rop(d) ~ 0
(Figure 1A). This regime corresponds to weak selection, where our assumption of
negligible standing variation becomes less reliable. Standing genetic variation emerges



rapidly, as with neutral selection one expects to have, in equilibrium, N(1 — 1/¢)
distinct phenotypes (Figure 2B, Methods).

Adaptation in a population with individuals employing the biphasic strategy typ-
ically progresses rapidly through the d > 1 regime, resulting in an approach to d ~ 1
within a few generations (Figure 1A). Importantly, the strategy is highly sensitive to
the precise gain in the response in the strong selection regime (d >> 1). That is, when
we consider a general response:

d d> dihres
O S 3)
07 dgdthreshv

we find strong sensitivity to t he gain parameter s inthe d > 1 regime (Figure 1B).
However, there is much weaker dependence of the adaptation strategy on the critical
distance dinresnh (Figure 1C), which we examine below. Taken together, these results
demonstrate that biphasic control of mutation rate enables both rapid and accu-
rate adaptation. The optimal biphasic response depends on two environment-specific
quantities, the mutational gain and the threshold distance.

In the weak selection regime (d < 1), standing genetic variation accumulates, and
for such a heterogeneous population a strict step response at d = 1 is no longer optimal
(Figure 1, S1). Under a threshold strategy, phenotypes with d < dgpresh do not mutate,
so once the entire population falls below dipesh, selection is the only force acting on
the population; eventually, the best available phenotype dominates the population
(Figure 2A B). Before this point is reached, however, the population splits into two
subgroups: individuals below the threshold, whose phenotypes are effectively frozen,
and individuals above it, who continue to mutate and may occasionally discover a
phenotype with a higher growth rate than any currently present.

The choice of dinresn therefore involves a compromise. Lowering dipesh brings the
final population closer to the peak (Figure 2A), but the time required for an individual
to mutate to a phenotype below the threshold grows exponentially as dippesn — 0
(Figure 2C). In particular, a purely linear strategy (r(d) = Cd for all d, with no
threshold) will always underperform, since there is zero probability of a mutation
landing exactly at the peak (Figure 1C,F). A non-zero threshold is thus preferable,
though its optimal value need not coincide with d = 1 and will depend on the relative
importance of speed and accuracy in a given setting. We describe one strategy that can
further improve adaptation in this regime in the Methods (Methods, Figure S3), noting
that this strategy would require a population-level coordination between individuals.

Rapid Adaptation to Novel Environments Requires Precise
Tuning of Response Parameters

Since cells can sense their growth rate p but not their distance d, we translated the
biphasic strategy into a biologically implementable form. The mutation rate corre-
sponding to the biphasic strategy, pppn, as a function of growth rate is characterized
by two measurable parameters: a critical growth rate (k) below which mutagenesis is



initiated, and a mutational gain («) that governs the strength of the response. The
resulting control function can be captured by (Methods):

Poph () A alog (MI;&X ) Sk (1), (4)

where S, (1) is a decreasing sigmoidal response function that interpolates between a
minimal value of S, (1) = 0 for g = pimax and a maximal value of S, (1) = 1 at p < k,
with x corresponding to the threshold d = 1 via the scaling x ~ umaxe’%. Similarly,

the mutational gain, corresponding to the strategy having r ~ K,, yd for d > 1, is
2K}

given by a = .

The optimal values of the mutational gain, a, and the critical growth rate, x, are
highly sensitive to the environmental parameters (n, 5, N). We demonstrate this in
Figure 3A,B, where we show how a given scaled optimal response function, given by
Eq. 3, may translate into markedly different optimal growth-response functions given
by Eq. 4 under different e nvironmental c onditions. T herefore, a r egulatory strategy
optimized for one environment is unlikely to be effective in a novel one.

To probe the selective forces acting on these parameters, we simulated a population
with initial heterogeneity in «, adapting to multiple distinct environments, with the
environments being switched over time (Figure 4, non-fluctuating strategy). Here the
environments differ i n t heir s election s trengths, 5. We a ssume t hat t he individuals
are poorly adapted to the new environment at the point of the environmental switch.
This scenario is consistent both with environments that select on different phenotypic
trait combinations (such as in [62, 63]) and with environments that select on the same
traits but have optima at sufficiently separated locations in phenotype space (such as
in [64]).

When the population was introduced to a new environment to which it was poorly
adapted, individuals with mutational gains close to the new optimal one (i.e. close to
2K? /(nf)) adapted significantly faster. Consequently, strong selection rapidly fixed
the 6ptimal strategy, leading to a swift collapse in the population’s variation within
just a few generations.

When both heterogeneity in « and k are considered, we found that selection on the
critical growth rate is much weaker than on the mutational gain, because the biphasic
strategy below the threshold is largely insensitive to the exact critical value (Figure
S2, S4).

We hypothesized that the rapid optimisation of the mutational gain, and thus a col-
lapse in variability of the parameters, would create a vulnerability to subsequent envi-
ronmental shifts. To test this, we subjected the now-adapted, parameter-homogeneous
population to a second environmental change with different p roperties. T he popula-
tion’s previously optimal strategy was now severely mismatched to the new challenge.
As a result, adaptation was impeded, with the mismatched mutational gain leading
to a sluggish evolutionary response (Figure 4). Selection on the response parameters
for the present environment therefore acts at the expense of the variation required for
future challenges.



Phenotypic Fluctuations Facilitate Further Adaptation in the
Weak Selection Regime and Allow Long-Term Evolvability

We identified two key conditions under which the biphasic strategy may fail to promote
adaptation. First, the strong dependence of adaptation on specific response parameters
poses a challenge in fluctuating environments, as parameters t hat are optimal in one
context are unlikely to remain advantageous after subsequent environmental changes.
Second, in the weak selection regime, population variability provides an adaptive
advantage that the strategy does not exploit.

We propose that both limitations of the biphasic response can be effectively
mitigated through multi-generational, non-genetic fluctuationsin r esponse parame-
ters, which we will refer to throughout as phenotypic fluctuations. B iological stress
responses, such as the general stress response, often present non-genetic fluctuations.
As examples in E. coli, sigma factors such as RpoS exhibit fluctuations o ver time
[65, 66], while Ada, a DNA repair enzyme, exhibits stochastic variation from cell to
cell, and thus cells with low Ada protein abundance exhibit higher mutagenesis [67].

The key mechanism that can be utilised by these fluctuationsi st he state-
dependent nature of the selective pressures on the mutational gain, «, and the critical
growth rate, k. For clarity, we focus here on fluctuationsin t he mutational g ain «;
fluctuations in the critical growth rate x can independently aid adaptation, including
in the weak selection regime, and are examined separately in the Supplementary and
Methods (Figure S2, Methods).

As dictated by the biphasic response function (Eq. (4)), selection on these param-
eters is strong only in maladapted, slow-growing populations. Once a population is
well-adapted and growing near its maximum rate, the mutagenic response is sup-
pressed, rendering the precise values of « nearly selectively neutral. This period of
relaxed selection provides a window of opportunity for phenotypic switching (for exam-
ple, via epigenetic modifications o r noisy g ene e xpression) t o r estore heterogeneity
in the control parameters throughout the population without incurring a significant
fitness cost (Figure 4A,B). We also note that fluctuations in x may also improve flex-
ibility in the weak selection regime, helping compensate for the biphasic strategy’s
limitations in that context (Figure S2, Methods).

We demonstrated this by simulating populations in environments that changed
periodically (every 7 = 100 generations, Figure 4A,B,S2). At each environmental
switch, we assume the population is poorly adapted to the new environment. A pop-
ulation capable of phenotypic switching (where individual a values were reset with a
small probability p each generation) consistently outperformed one with fixed, herita-
ble parameters. The simulations confirm t hat d uring p eriods of stability, phenotypic
switching regenerates substantial standing variation in the control parameters at min-
imal fitness c ost. T his variation ist hen r apidly e xploited b y s election f ollowing an
environmental shift, enabling swift re-adaptation. In this way, the population lever-
ages periods of higher growth to accumulate variation that can then be used to adapt
to subsequent environmental shifts.



Discussion

Here, we identify a growth-mutation coupling that resolves the fundamental speed-
accuracy trade-off i n a daptation. T he r esponse w e d erive d epends o n environment-
specific parameters, yet its underlying form reflects ge neral as pects of th e mutation-
selection process. We show that this challenge of environmental specificity ¢ an be
overcome by multi-generational phenotypic fluctuations, which allow a p opulation to
maintain the variation required for rapid adaptation to novel conditions.

Previous theoretical explorations of fitness-dependent mutation have generally con-
sidered either purely discrete shifts in response to stress [46, 60] or strictly gradual
changes [43, 46, 49, 60]. By analysing adaptation within a high-dimensional pheno-
typic landscape, our model unifies t hese c oncepts, r evealing t hat c onditioned on no
variation within the population, optimal control of mutation rate is biphasic with a
switch-like increase at an intermediate growth rate, followed by a graded response
as growth continues to decline. In deriving the biphasic strategy, we did not assume
any specific biological m echanism linking growth and mutation r ates. S uch coupling
could arise either from direct regulatory control of mutagenesis or indirectly from
growth-dependent constraints on repair capacity, such as reduced mismatch repair
under resource limitation.

Our model reveals a unique advantage inherent to growth-dependent regulation.
The selective pressure on the regulatory parameters themselves is state-dependent.
When a population is well-adapted and growing fast, the mutagenic response is
silenced, rendering the precise values of the control parameters nearly selectively
neutral. This creates a "safe harbour” where phenotypic fluctuations can regenerate
variation without a fitness cost. T his feature, which is absent in fi xed mutation rate
strategies, is critical for maintaining long-term evolvability, allowing a population to
prepare for future challenges during times of high growth.

The biphasic strategy rests on two empirically supported principles. First, muta-
tion rates rise as growth rates decline. Second, the coupling factors underlying this
relationship are subject to non-heritable fluctuations.

The first principle is well-established across taxa. In E. coli, the RpoS general stress
response and the (p)ppGpp stringent response provide molecular pathways linking
slow growth to elevated mutagenesis [30-33]. Comparable links exist in eukaryotes,
where the expression of stress-response genes in yeast correlates more strongly with
growth rate than with the particular stressor applied [68], and these pathways are
known to influence m utation r ates [ 2, 6 9]. O ur m odel s uggests t hat by positioning
mutagenesis downstream of such a general growth-rate-sensing system, organisms can
implement a near-optimal adaptive strategy.

This coupling gives the strategy’s two parameters, the mutational gain « and the
critical growth rate k, concrete mechanistic interpretations. A useful decomposition
writes the mutation rate as p = pp(1 — prep), Separating error production from repair.
The dependence of p, on growth rate differs by source. D amage from e xogenous or
metabolic insults accumulates per unit time, so that p, o< 1/u per generation and
a scales naturally with lesion rate. Replication-associated errors, by contrast, occur
per generation, and an increase in « at low growth rates would instead require active
changes in error production or repair. In both cases, x reflects a threshold below which



repair efficiency declines sharply, for example through RpoS-mediated downregulation
of mismatch repair or growth-rate-dependent induction of the SOS response. In the
supplementary we also provide biological interpretations of other model parameters
(Supplementary Table 1).

The second principle, that response parameters fluctuate non-heritably, is consis-
tent with multi-generational variation in RpoS expression [65, 66], stochastic variation
in Ada protein levels [67], and the observation that elevated mutation rates typi-
cally arise in only a subpopulation of cells [53]. These fluctuations a re 1ikely under
long-term selection and may be lost when not needed, consistent with the attenua-
tion of elevated mutation rates in mutator lineages during prolonged adaptation to
a single environment [70]. Our framework is pathway-agnostic and can accommodate
any combination of regulatory circuits satisfying these two principles, including cases
where mutagenesis is a by-product of stress-response machinery rather than a directly
selected trait, though optimal control need not be achieved in that scenario.

Our model highlights the role of variation in driving adaptation under weak selec-
tion (high-growth) conditions, echoing the distinction between hard and soft selective
sweeps [61, 71]. In a hard sweep, a new beneficial m utation arises a nd r apidly fixes,
erasing most linked genetic variation, whereas soft sweeps draw on pre-existing or
recurrent mutations, allowing multiple genetic backgrounds to contribute to adap-
tation. From this perspective, the biphasic strategy can be viewed as tuning the
mutation rate to maximise the likelihood of hard sweeps when selection is strong,
while maintaining variability that supports soft sweeps under weak selection.

Since our derivation of the biphasic response as an optimal mechanism assumed
no variation, it is plausible that organisms could improve their adaptation rates if
they were able to estimate population-level variation in growth rates. Consider, for
example, a mixed population containing slower-growing organisms with d ~ 1 and
faster-growing organisms with d < 1. In such a case, suppressing mutation rates in the
slower-growing organisms would be highly disadvantageous for them, as they would
be rapidly outcompeted by the faster-growing ones. In fact, in the presence of such
variability, these organisms experience much stronger selective pressure than in the
no-variability setting. Consequently, adopting a riskier strategy of higher mutation
rates becomes more beneficial, as it may provide at least some chance of overcoming
the faster-growing competitors (See also Methods).

The proposed model potentially accounts for the observed variation in mutation
rate elevation across environments [16, 17]. Organisms with a biphasic response exhibit
environment-specific b ehaviour b ecause t he key p arameters, t he critical growth rate
and the mutational gain, depend on environmental conditions. For example, when the
critical growth rate is very low, most organisms show little or no increase in mutation
rate, whereas differences in the optimal mutational gain can explain the varying fold
increases observed under different environmental conditions.

The dynamic interplay between the collapse and regeneration of the regulatory
variation has direct implications for clinical strategies aimed at combating micro-
bial evolution and resistance to antibiotics. Our model predicts that after a pathogen
population adapts to a first drug, the variation in its adaptive machinery will be



temporarily depleted. Administering a second, mechanistically distinct antibiotic (dif-
ferent B,n) before this variation has had time to regenerate could be a particularly
effective strategy. By exploiting this transient period of reduced evolvability, it may
be possible to hinder the population’s ability to mount an effective response to the
subsequent treatment.

Methods
Model Details

To simulate evolution in discrete generations, we adopt a Wright-Fisher framework
in which reproductive success is weighted by growth rate. The fitness of an organism
in our model is its Malthusian growth rate, u. This instantaneous rate p (units of
time™!) is linked to the cell division time, where we assume cells have a doubling
time, Ty (units of time). The relationship is given by:

log(2)
Ty

M:

We model a population of fixed size N using a discrete-generation Wright-Fisher
(WF) framework [58]. In each generation, N offspring are sampled with replacement
from the parent generation. The probability p; of selecting parent j is proportional
to its growth rate p1; when adjusted by the average population growth rate:

Hj
Pi==Ny — (5)
legvzl 23

This provides a discrete-generation approximation to selection under continuous
exponential growth. Equivalently, this sampling rule arises from a Gillespie-type algo-
rithm in which the next reproducing organism is chosen with probability proportional
to its growth rate.

We next specify how phenotype determines growth rate, using Fisher’s Geometric
Model (FGM) to capture stabilizing selection toward a single environment-specific
optimum [55]. An organism’s phenotype is a vector z € R™, where 7 is the number of
quantitative traits. In a given environment, we assume that there is a single optimal
phenotype, x*, that maximizes the growth rate to pmax. We further assume that the
growth rate function p(x) is a multivariate Gaussian centred at z*:

J() = fimaxe” 20 Sl
Here, S is a positive semidefinite matrix describing the strength of stabilizing selection
on the traits [59]. S being positive semidefinite means some combination of phenotypic
traits are allowed to be selectively neutral, namely the ones that correspond to the 0
eigenvectors of S.
Mutations cause random displacements in this phenotypic space. A single mutation
M is drawn from a multivariate Gaussian distribution,m ~ N (0, M), where M is the



mutation covariance matrix, which for simplicity we assume to be strictly positive
definite. We assume that the number of mutations an individual accumulates per
generation, H, follows a Poisson distribution, H ~ Poi(p), where p is the mutation
rate per individual per generation. Thus, before selection, daughter-cell phenotypes
will be given by

H
oM =z E mi,
i=1

where ; are i.i.d random variables from A(0, M) distribution.

For analytical tractability, we next perform a series of transformations. We first
rotate and rescale the phenotypic space so that selection acts isotropically and only
on traits that contribute to fitness. We shift the coordinate system to set the optimal
phenotype x* = 0. We then perform a linear transformation on the phenotype space
to factorise the selection effects. This transforms the phenotype x into a new set
of coordinates y € R", where n = rank(S) is the effective dimensionality of the
phenotypic space of the current environment. The growth rate in this new space
depends only on the squared Euclidean distance from the origin:

—51,T 41 2
1Y) = ftmaxe P2Y Y = pmaxe P21V

where  is a scalar capturing the overall selection strength.

Our coordinate transformation consists of the following. As S is positive-semi
definite, we can always decompose it via a Cholesky decomposition, namely S =
BAT A, where A is an upper triangular matrix and A is the maximal eigenvalue of S
(to see that S also corresponds to the selection strength see Methods section below).
Further if rank(A) < 7, then by a relabelling of the coordinates, we can always ensure

A has the following block form:
(A A
A= (5 0): (6

where A; is a n X n upper-triangular matrix, where n = rank(A). Thus by rescaling
the model so that § = A(x — x*), we get that our growth function is now given by

1(F) = Hmax exp(—gﬂTﬂ)

This also gives that the phenotype of the organisms after the next division is given by
H
M =g+ A
i=1

Note then that as A is of the form given by Eq.6, we have that §x = 0,5 = 0 for
k > n and so we take y € R™ to be the vector of the first n components of 7. Thus



making our growth rate be given by

() = s 3D~ 1),

and the phenotype after division being
H
yM=y+d m,
i=1

where m; are now given by m; ~ N (0, AMAT) and A is now n x A, i.e. A has the
following block form: 3

A= (A1 Az). (7)
Note that this transforms the phenotypic space into a coordinate frame where the
basis vectors are linearly independent and orthogonal, which corresponds to the case
of idealised phenotypic traits. Moreover it removes the traits which do not contribute
to the growth rate.

To make the mutational process analytically tractable, we introduce one assump-
tion and one approximation. First, we assume mutations are isotropic in the
transformed space [57], meaning they have no preferred direction. Second, we approx-
imate the stochastic sum of Poisson-distributed mutations by a single mutational step
of a fixed, effective radius, 7, in a uniformly random direction, chosen to preserve the
expected squared displacement. The mutational radius # is related to the underlying
mutation rate p via the expected squared mutational effect size, such that #2 ~ pn.

Utilising once again the Cholesky decomposition, we write M as M = LLT, where
L is lower-triangular. We get then that by setting G = AL, we have

H
=1

where ¢; & N(0,I,). We set

H
Y=Y G,
i=1

as our compound Poisson distribution vector. We have that as (; are radially sym-
metric, so is Y, as the sum of independent radially symmetric random variables is
radially symmetric. Therefore we may write Y = RU, where U ~ Unif(S"~1), §7~1
is the unit hypersphere in R™ and R is the random radial part of Y. Note that

H
R* =Y Gl
i=1

To the authors’ best knowledge there is no known characterisation for the distribution
of R%. As such instead here we derive the expectation and the variance of R2. By the



tower law, we may write
H
E[f(R*)] = E[E[f(| Y GII*)|H]). (8)
i=1

Note that when H is fixed, we have Zfil ¢ ~N(0,HI,) < VHN(0,1,). As the radial
part of a normalised multivariate normal in n dimension follows a x2(n) distribution,
we get from Eq.8 that

E[f(R*)] = E[E[f(Hx*)|H]],
where x2 ~ x2(n). As such we have that the expectation is

E[R?] = E[E[H?|H]] = E[Hn] = pn.
Similarly we have
E[R'] = E[E[H*X*|H]] = E[H?(n® + 2n)] = (p* + p)(n® + 2n).
Therefore the variance is
Var(R?) = (p* + p)(n® + 2n) — p*n® = pn(2p+ n+ 2).

Our two simplifying assumptions then correspond to taking R = 7 to be a constant,
noting that if we match the second order moments we get #2 = pn, and taking G = I,
which is equivalent to mutations being isotropic in the idealised phenotypes. Thus our
mutated phenotype will be given in our setting by y™ = y + #U.

Finally, we rescale distance and mutational radius to absorb 8 and n into a single
dimensionless mutation-selection parameter, yielding the form of the model used in
the main analysis. We define a scaled phenotype z := (1/23/n)y ( Note the close cor-
respondence of this scaling and the classical Fisher x-scale [55]), and the dimensionless
distance as d := ||z||. With this scaling, the growth rate function takes its final form:

N(d) - ,umaxei%d2 .

The mutational process is similarly rescaled. The dimensionless mutational radius r

becomes r = (V 23/n)?. Since 7 = /pn, this leads to the central scaling relation

r=/28p.
The full dynamics are thus captured by the evolution of the dimensionless distance d
under the influence of mutations of dimensionless radius r.
Dynamics of adaptation

Here we provide the mathematical derivation for the the dynamics of adaptation.
Throughout this section, when it is clear from context, we use d(t) and d are used
interchangeably for ease of legibility.



We begin by analysing the evolutionary dynamics for a population with a fixed,
dimensionless mutation radius, r. To proceed with a mathematical analysis we assume
that the population at generation ¢ has no phenotypic variation, namely all individuals
are a distance d(t) =: d , from the optimal phenotype.

The expected squared distance in the next generation, E[d?(¢ + 1)|d(t)], given the
distance in the current generation d(t), is given by:

Eld*(t + D)|d(t)] = d(t)* + r* — 2rd(t) fu.n (d(t),7) 9)

Here, the term r2 represents the dispersive effect of mutations, while the function
fn,n captures the efficacy of selection in directing evolution towards the optimum.
This function depends on the phenotypic dimension n, the population size N, and the
current state (d,r). We analyse this equation in two key limits:

* Strong Selection (d > 1): When the population is far from the optimum, selection
is highly effective. It is also the limit in, in which our monomorphic-population
assumption is most accurate, as each generation after selection will be composed of
phenotypically identical individuals. In this limit, Eq. (9) simplifies to:

E[d?(t + 1)|d(t)] = d*(t) + r? — 2K, yrd(t) (10)

The term K, y is a dimensionless environmental constant that depends on n and
N. It represents the expected progress towards the optimum for a given mutational
step when selection is maximally efficient.

* Weak Selection (d < 1): When the population is near the optimum, selection is
weak. Here, the equation becomes:

E[d*(t +1)|d(t)] = d*(t) + r*(1 — d*(t)) (11)
Since d < 1, the term r2(1 — d?(¢)) is positive for any r > 0, indicating that

mutation tends to push the population away from the optimum in this regime.

To derive Eq. (9) we proceed as follows. Assume that all individuals at generation ¢
start at the same distance to the optimal phenotype, d(t) =: d. We are intrested in the
expected squared distance to the peak of the next generation, namely E[d?(t+1)|d(t)].
By the Tower law we can write it as

E[d*(t + 1)|d(t)] = E[E[d*(t + 1)|dy" (£), .., dN (t)]|d(t)],

where dM = ||zM|], is the distance after mutation of individual i to the peak. By
summing over all the potential mutated candidates for the next generation, we have

B (1 -+ DI(0] = B =
i=1 k=1 k

(@Ol )



and thus we have

v exp(—n(d (1))?
Bt + Dl g lepr <(?<t§§)2)/i;l ot

Now the key is to understand the properties of d™ (). We proceed by noting that
(@)? = 112111 = llz +rUill* = |21 + 7 + 2r(2, Ui) = d® + r® + 2rd(s, Us),

where s is the directional unit vector pointing from z to 0. Plugging this back we get

N (s5,U;) exp(—n(d? + r2 4 2rd(s, U;)) /4) d
/ :

E[d®(t + 1)|d(t)] = d* +1* + 2rdE[Y | Sk exp(—n(d? + 12 + 2rd(s, Ux)) /4)
i=1 2uk=1 XP(TT " T

Cancelling out we get:

N
E[d2(t + 1)[d(t)] = d® + % + 2rdE| Z QX;)( ”Tjé U;g \d
— k‘ 1 exXpl—nr

].

The crucial trick now is to note that U; is a spherically symmetric distribution,
which means that for any unit vectors, z, y we have E[f((z, U;))] = E[f({y, U;))]. Thus
without loss of generality we may take s = e, the first vector of the canonical basis.
Letting u; be the first coordinate of U;, we thus have (s,U;) = u;. Furthermore the
distribution of the first coordinate- of a uniform distribution over the hyper-sphere
can be written as u; = 2B; — 1, where B; is a beta distributed random variable with
B; ~ Beta((n—1)/2,(n—1)/2). As such our formula for the expected distance of the
next generation can be further written as

N
E[d2(t + 1)|d(t)] = d® + 12+ 2rdE] Z Y exp(znrd(2B; = 1)/2)

= D 1exp( nrd(2Bx — 1)/2)

and so simplifying we arrive at

N
E[d(t + 1)|d(#)] = & + 2 — 2rd (1 o[y Z% eXpi)‘(”’"digk) |d]> L 12
i=1 k=1 expl—nr

Note that this is precisely Eq.9, with f,, n given by

N
fan(d(t),r) =1 - 28y Diew(znrd(D5)

i=1 Zivzl eXp(*”Td(t)Bk)].

We look at the weak selection regime first. Namely we assume d(t), r < 1 (Note
that any r > 2d will always take any individual away from the peak and so if we care



only about the optimal r, we may safely assume r = O(d)). We proceed via a Taylor
expansion. Starting from Eq. 12 we get that

N

E[d2(t + 1)|d(t)] = d* + 1% — 2rd (1 —2E[) Z%(l(l_ Wd%:f(?(c(l;)) M) ’
i=1 2uk=1\t — 1T

and therefore

B, — nrap? 1 4B ZNJ By + O(d?
2 7 N k + ( ) .
k=1

E[d?(t+1)|d(t)] = d*+r>—2rd (1 - % iE

Now recall that B; ~ Beta((n—1)/2, (n—1)/2) are identically distributed Beta random
variables. Routine calculations give us that E[B;] = 1/2, E[B?] = (n + 1)/(4n). As
such we get

nrd(n + 1) n nrd(n+ 1) . nrd(N — 1)
4n 4nN 4N

Eld?(t+1)|d(t)] = d®+1r2—2rd {— + O(dz)} .

Expanding and simplifying this yields

E[d?(t 4+ 1)|d(t)] = d* + 1 — r2d? +O(d?).

(N —1)
N
Thus under the assumption of mildly large population size, so that we can take

(N —1)/N = 1, we get that close to the peak, i.e. d(t) < 1, our population progresses

according to Eq. 11.i.e.

E[d®(t + 1)|d(t)] = d*(t) + r* (1 — d*(¢)) .

Next we will consider, how our population adapts in the strong selection regime.
Our starting point is Eq.12. The strong selection regime occurs when d(¢) > 1 and it
is useful to introduce the notion of an order statistic. In brief given our phenotypic
distances di,...,dy we can order them in an ascending order labelled d(y), ..., d(n),
where d(1) < d(2) < ... < d(ny. In this notation it is clear that the individual with the
highest growth rate is a distance d(;) away from the optimal phenotype. Also note
that as our phenotypic space is R™, the probability that two individuals have the same
phenotypic distance to the optimum after mutation is 0 (given n > 1). Note also that
in this regime, the assumption that all the distances at the start of each generation
are the same i.e. di(t) = ... = dy(t) is always valid.

So observe that in Eq. 12 the term inside the expectation, i.e.

exp(—nrd(t)B;)
il exp(—nrd(t)By)’

is in fact the same as the softmax function. We do not need any particular properties of
the softmax, except note that as d(t) — oo, this softmax will behave like the function



selecting the maximal argument of a vector, i.e.

exp(—nrd(t)B;)
E,JCVZI exp(—nrd(t)Bg)

if B; > By, for all k # i. And otherwise

exp(—nrd(t)B;)
> exp(—nrd(t) By)

Note that this is precisely how one expects strong selection to behave, i.e. the
individual with the highest growth rate always gets selected. As such in the strong
selection regime Eq. 12 transforms into

E[d*(t + 1)|d(t)] = d*(t) +r* — 2rd(t) (1 — 2E[B(1)]) .
One can interpret this as follows. Our mutations take us on a random hypersphere
around the current phenotype. 1 — 2B; is the difference the mutation makes in the
direction of the phenotypic optimum (with more positive values getting us closer to
the peak). As such we want to minimise the negative part, i.e. B;. Strong selection
then precisely allows us to pick the individual with the highest value of 1 — 2B;,
and thus the individual closest to the phenotypic optimum. Utilising standard results
about order statistics and integration by parts, we can write the expectation of the

beta variable as

1
n—1 n—1
]E[B(l)}:/ Igc(T 5 Wz,
0

where I.(«, ) is the regularised incomplete beta functions respectively. Note to derive

this we have also utilised the symmetry of our beta random variables, namely B 4
1 — B, as the beta distribution parameters are equal in our setting. Although for
specific values of N = 2 and NV = 3 one can solve this explicitly, while for a general
N we managed to get asymptotic behaviours (See Methods below). As such we set
K, n = 1 —2E[B(;)] and define it to be our environmental constant. Thus we get
Eq.10:

E[d2(t + 1)|d(t)] = d*(t) +r? — 2rdK, N
From these limits, we can quantify the trade-off. The speed of adaptation far from
the peak is found by analysing the average change in distance, Ad. We can use the
approximation E[d(t + 1)] ~ \/d(t)? — 2K, nrd(t) ~ d(t) — K, n7 (See below). Thus,
the speed of progression is proportional to r. The accuracy is determined by the
equilibrium distance (the mutation-selection balance, d*), where the expected change
is zero. From Eq. (10),we get that within the strong-selection approximation,

r
2K, N

0=r%-2K, yrd* = d* =

Since both speed (x r) and inaccuracy (o r) scale with the mutation radius, a fixed-
rate strategy cannot be both fast and accurate.



To calculate the speed of progression when a population is far away from the peak,
d > 1, we proceed as follows. Note

E[d(t + 1) — d(t)|d(t)] = E[\/d?(t + 1)|d(¢)] — d(¢),

and so proceeding as when deriving Eq.10, we get

Eld(t + 1) — d|d] = E| (dM)%l)(t + 1)|d] —d(t) = E[\/(d —7)% +4rdBy)|d] — d.
As such proceeding by Taylor expansion as r/d < 1, we get:

E[d(t+1)—d(t)|d(t)] = d (E[l L g %%W

57 gt g +0(d?)] - 1).

Thus simplifying we have
E[d(t + 1)|d(t)] — d(t) = —r K, nx + O(d™).

Derivation of the Optimal Plastic Strategy

A plastic strategy, ropt(d), can resolve this trade-off. We find it by choosing the value
of r that minimizes E[d?(t + 1)|d(t)] at each distance d(t).

In the strong selection regime (d > 1), we minimize Eq. (10) with respect to r by
taking the derivative and setting it to zero:

% (d* +r* — 2K, yrd) = 2r — 2K, nd =0

Solving for r gives the optimal strategy in this regime:
Topt (d) ~ K, nd

In the weak selection regime (d < 1), We analyse Eq. (11). As noted, for any
r > 0, the expected squared distance increases. To minimize this deleterious effect,
the optimal strategy is to have a minimal mutation rate:

Topt (d) ~0

Together, these results show that the optimal strategy is biphasic: it scales linearly
with maladaptation when far from the optimum and is minimal when close to it. The
transition between these regimes occurs at a critical distance of d ~ 1, as is argued
below.

To understand how the two regimes are matched in the biphasic strategy, we
analysed the general case, i.e our starting point is Eq. 12. Recall that we defined



fa,n(r,d) to be

N
fn,N(d’ 7’) _ <1 B QE[Z Bi eXp(fanBi) )|d}> 7

i=1 Zivzl exp(—nrdBy,

For us any optimal strategy r(d;n, N) will be one that minimises E[d? (¢ + 1)|d(t)].
As such to find it we differentiate Eq.9 to get:

OE[d?(t + 1)|d(t)]
or

= 2r — 2d(t) fu,n (r,d(t)) — 2rd(t)gn,n (1, d(t)),
where

N —nrab; N p—nrab;
9n,N = Ofnn _ 2ndE Yoy Bre ™ _ iz Bie 4Bi)2
T

chvzl e—nT'dBk (Zi\;l e—nT'dBk)2

For notational purpose it will be good to note the following. Namely that
e~"rdBi /5™ e~nmdBr can be seen as a "probability measure”, namely a Boltzmann like
distribution, with different B; being different ”energy states”. We can gain intuition
by defining a "pseudo-expectation”, £, and a ”pseudo-variance”; V, in the natural
way. Namely

N —_aB,
. Biem 2%
E(B;a) = —.217\[1 ! ,
PIPMIE
where B refers to the vector with component i being given by B;, and we define V
similarily. Thus we write,

fa.n(d,r)=1—2E[E(B;nrd)],

and
gn,n = 2ndE [V(B; nrd)].

Therefore we can write our differential equation as

2
w =2r —2d (1 — 2E[E(B, nrd)]) — 4rnd*E [V(B, nrd)] .
"

Thus a minimising r(d; n, N) would satisfy

0=r—d(1—-2E[E(B,nrd)]) — 2rnd*E [V(B,nrd)].

When d = 0, it is clear that the optimal mutation radius is » = 0, so suppose that
d # 0, and consider the scaling inspired by Eq.10, namely w = r/dK,, n. We get

(1 — QE[E(B,nKn)NwdQ)])
Kn,N

0=w-— - 2wnd’E [V(B,nK, ywd®)] .



Rearranging we see that

1 - 2E[E(B, nk,, ywd?
w (1= 2nd’E [V(B,nK, ywd?)]) = €€ K;”N nwd)} (13)

and we see that w = 0 is always a solution to this equation, as £(B, 0) corresponds to
the case of equal weighting, and E[B;] = 1/2. Note also that as d(t) — oo (keeping w
fixed), we get that the right hand side of Eq.13 goes to 1, precisely by the same argu-
ment as when we derived Eq.10, while the left hand side goes to w as V(d*’B,nKw) — 0
as d — oo To see this one can imagine d?B; as the new variables, and note that the
minimal one will be selected with probability one, in the limit of d — oo, as such
the ”variance” of this process will be 0, as it is a constant random variable. As such
we recover w = 1 in the limit d — oo, which is precisely the strong selection optimal
strategy.

Note also that close to the peak Eq.11 tells us that w = 0 is the only solution (One
can also do a Taylor expansion of 13 to discover the same result). As such we expect
there to be some transitional distance dr.., at which point w(d) = 0 for d < dp, and
w > 0 for d > dp,. To find it we expand the function

(1 - 2E[E(B, nk, ywd?)))

h(w) =w — e

— 2wnd?E [V(B,nK, ywd?®)]

around w = 0. We spare the details, noting that the expansion proceeds similarly to
that in the derivation of Eq.11. We get:

B 1 K, nd*w(N-1) 0, N —1 9
hw) =w — Ko or — 2wnd”(t) N + O(w?),
and thus simplifying we have
d’w(N —1
h(w) = w — % +OW?).

Thus once again under the mild assumption on the size of the population so that

(N —1)/N =~ 1, we get:
h(w) = w — d*w + O(w?). (14)

Eq.14 tells us that h(w) = 0 when w = 0, same as Eq. 13. More importantly it
tells us that h(w) ~ 0 when d = 1, and so the linear coefficient of w ch anges sign
near d = 1, suggesting that the positive solution branch emerges at a threshold close
to d = 1. As such we expect dinresn & 1 as after d > 1, one can achieve a balance
between the linear term in w, w(1 — d?) and the higher order terms, O(w?). Moreover
note that in the (d,w) scale that we chose, the transition point dipresn is independent
of any environmental parameters (for mildly large population sizes).

Also note that from this we can see that w as the mazimal solution of Eq.13, is
continuous, as for d < 1 that follows as w is constant. Then after dinresn > 0, we
have that it is the positive root of Eq.13 and so continuity follows from the continuity



of the terms of the equation, and the transition around diresn iS continuous as seen
above as close to the transition point w is close to 0.

Implementation via Growth Rate Sensing

Since cells can measure their own growth rate but not their phenotypic distance from
the optimum, we now re-express the optimal mutational strategy as a function of
growth rate, yielding a biologically implementable control law.

The optimal per-generation mutation rate p, is obtained by substituting rop¢ into
the scaling relation r = 1/28p:

2 2
Poph(d) = TOP;(ﬁd) ~ (K"égd) S(d)

where S(d) is a switch function that is &~ 1 for d > 1 and ~ 0 for d < 1. We use the
relationship between growth rate and distance, u(d) = umaxe_”d2/ 4. to solve for d?:

4 max
d? = ~log <M)
n K

Substituting this into the expression for pypn(d) yields:

poon(i) ~ KMN o (2 ) . (15)

where S, (1) is the switch function expressed in terms of growth rate, that is S, ~ 1
for 4 < k and S, = 0 for p > k.

By grouping the constant terms, we can identify the expressions for the mutational
gain, «, and the critical growth rate, .

* Optimal Mutational Gain («): The constants multiplying the logarithm term
define the optimal mutational gain:

2K
=

! (16)

e Optimal Critical Growth Rate (x): The switch point occurs at the critical
distance d = 1. We find the corresponding growth rate by evaluating p(d = 1):

K=pld=1)= ,Umaxein(l)Q/4 = ,Umaxein/4 (17)

Substituting these definitions yields the final form presented in the main text:

poon(1) ~ alog (“j‘j")sn ).



Timescale in the Model

Our model is expressed in terms of generation number, so here we provide a way to
relate the generational timescale to conventional time (e.g. minutes or hours). Suppose
that within the population there exists a single individual whose growth rate is much
higher than that of all others, i.e. pi, > p; for all i € {1,...,N}\ {m}. In the
corresponding strong-selection limit, the next Wright—Fisher generation is effectively
descended from the individual with the highest growth rate. If each generation contains
N individuals, it will therefore take k£ divisions for this lineage to repopulate the next
generation, where 28 = N (assuming, for simplicity, that N is a power of two). The
corresponding generational timescale is then approximated by

_logN
gen ™ .

Because the remaining individuals also grow, this represents an upper bound on the

generational time,
log N

tgen < ;
& Hm

with equality holding in the strong-selection limit.

Selection in the model

In this section, we present a definition for selection strength 5. Recall that our growth
rate is given by

1 * *
= imas D~ (&= 1) S(x — 7)),
where S is a positive semi-definite matrix.
Consider (without loss of generality) «* = 0, and let z,y be two collinear pheno-

types in R™, so that vz = gy, where v > 1, so that y is further away from the peak.
The probability of selecting phenotype z is then,

1,..T
e 2% Sx 1

(x is selected) o—TaT5z 1 ~1v%aT5z | 1 o-3(P—DaTSe

So if we look at the direction in which selection is maximised, we get

1 1
max P(x is selected) = = )
[Jz]|=1 ( ) 1—i—minHm”:le*%(‘YLl)ITSI 1 4 e~ 2 (v2—1) maxg|=; 2T Sz

as v > 1. As S is positive semi-definite, and thus its eigenvalues are real and
non-negative, this allows us to use the variational characterisation of the maximal
eigenvalue to get,

1 1
max P(x is selected) = = )
llzl|=1 ( ) 1 + minj g =g e~ 2070275 ] 4 =37 D Amax




where Apax is the maximal eigenvalue of S. We thus define the selection strength to
be 8 := Anax, the largest eigenvalue of S. This quantity gives the maximal curvature
of the log-growth landscape and thus sets the strongest scale of stabilizing selection
across phenotypic directions. Note that when g = 0, P(x is selected) = 1/2,in this
pairwise comparison, and as 3 — 00, max||,|=1 P(z is selected) — 1, i.e. along the
direction of the maximal eigenvalue, selection is strong (the individual with the higher
growth rate always gets selected).

Now let us look at the effect of selection on the number of distinct phenotypes in the
population. Let p; be the probability of phenotype i being selected (after mutation).
Then the probability, that a phenotype i disappears is, P(phenotype ¢ disappears) =
(1 — p;)™. Therefore after selection we have

E[# phenotypes] = ZE[phenotype i is still present],

7

and so
E[# phenotypes] = Z(l —(1-p)N)~N - Z e~ NP

K2

where we take the regime of a large population size and p; small.

Behaviour of the Environmental Constant

In this section we examine the environmental constant, K, n, and provide asymptotic
behaviour for it and an intuition as to how it behaves generally. Mathematically we
have an exact formula for K, n, namely

1
Kon=1- 2/ L, (v,v)N dx, (18)
0

where I,(a,b) is the regularised incomplete beta function and we set v := (n —1)/2
for simplicity. K, n is close to 1 for low n, and high N; and close to 0 for high n
and low N. This is precisely in accordance with the fact that K, x is a measure
of the "ease of adaptation”, the lower the phenotypic dimension, the easier it is for
adaptation to occur, and the higher the population size, the more likely it is for a
beneficial adaptation to occur and fixate in a population.

We derive an asymptotic approximation for Eq.18. To do this we turn to extreme
value theory. Firstly recall that

1
/ I(v,v)Ndx = E[B()),
0

where B; o8 Beta(v, ), and the subscript (1) refers to the minimal value over N
random variables. As such we can employ results from extreme value theory, which
concerns the distribution of the maximal and minimal values of independent random
variables.



Now extreme value theory tells us that

B v
v %’V))l/")ﬂ—e—w :

P(By < x(

as N — oo. Recall that as B(;) is a positive random variable, we can calculate its
expectation as

1

By a substitution of z = u(vB(v,v)/N)Y/", we get

1/e vB(v,v
E[B)] = C/ P(Bq) = ﬂ?(%)l/y)dlﬂ
0

where ¢ = (vB(v,v)/N)'/", so assuming N is large, we can approximate the integrand
using extreme value theory as above, to get

1/c 0o
E[B] ~ c/ e ¥dr~ c/ e " dx,
0 0

where in the second approximation once again we utilise a large population size, and
also the fact that most of the mass of the integrand is in the interval (0,1). Now this
integral is just a Gamma function in disguise, as the substitution z = z” reveals, and

we get
c_ 1
E[By] ~ =T'(—
Byl ~==T(),
and so our environmental constant is given by

Kn,Nzlf

2F(i/1/) <VB§\,;, y))”".

This approximation is good for medium values of n and large V. For a more intuitive
form, we may apply Stirling’s approximation to get that K,, 5 behaves approximately
like

1
aN1/v’

Thus for relatively large population sizes (N Z 100), the value of the environmen-
tal constant remains approximately unchanged. Thus we see that K, n is robust to
perturbations in population sizes, which are not exponential in nature. This in turn
allows the strategies we presented above to be robust to most fluctuating colony sizes.

An exact analytical solution can be obtained in the cases of a low population size,
N =2, N = 3, and we have that

Kn,Nz]-_

2B(2v,2v) 3
Kpp = -2 Koy = 2K (n,2
2= B Kne = 3Km2)



where B(a,b) is the beta function. If we denote the integral as

J(v,N) ::/0 L(v,v)N dz, (19)

there are a few properties, that can be deduced about J. Firstly note that as
Ii_.(a,b) =1—1I,(b,a), we have that

J(U,N):/O (1= L(v,1))du.

As such we have the following relations between the Js:

N
J(v,N) = Z(_l)k@) J(v, k). (20)

k=0

The derivation utilises this fact, as if we know the values of J(v, k) when k is even, up
to some N = 2m, we can determine the values of J(v, k) for odd kup to N = 2m + 1.
For the sake of brevity we do not provide the full details of the derivation here.

We also note that for large n by means of a Stirling approximation, we have

L, 3
N A W

Thus for a low population size, the environmental constant decays like 1/y/n.

Fluctuations in the critical growth rate and the anchoring
heuristic

In the main text we only examined phenotypic fluctuations in the mutational gain c.
In this section we examine how fluctuations in k also influence the adaptation process
in fluctuating environments.

Phenotypic fluctuationsin the critical growth rate, x, also aid in adaptation in a
single environment setting (Figure S4), as opposed to phenotypic fluctuations in the
mutational gain, «, only (Figure 4). This suggests that the additional adaptation is
driven by fluctuationsin x. T he reason for t hisisthe following; w hen x fluctuates,
individuals that stochastically receive a higher x continue mutating closer to the peak
than the population average (recall that higher s corresponds to lower threshold
distance), increasing the average « threshold progressively. This allows the population
to continue adapting beyond the point at which a fixed-threshold s trategy would
typically stall, while preserving much of the initial adaptation speed.

This mechanism can be illustrated by ignoring phenotypic fluctuations themselves
and instead considering a deterministic heuristic strategy (in the sense that the param-
eters of the strategy are fixed), which we call the anchoring strategy. Let dpin be



min{dy, ..., dy }, the minimal phenotypic distance to the peak of the most adapted indi-
vidual. Define the anchoring strategy as follows: for an individual with a phenotypic
distance d; its mutational radius r; is given by

ri(di) = Kp ndiH (di; min{dmin, 1}),

where H(z;y) is the Heaviside function with the jump at y, i.e. H(z;y) = 1 for
xz >y and H(z,y) = 0 for z < y. As such whenever all of d; > 1, the anchoring
strategy is equivalent to the biphasic one, but when one of the d; < 1, the strategy
is such that the individual closest to the peak doesn’t mutate (i.e. its phenotype is
anchored), while the rest of the individuals mutate at an optimal rate.

The anchoring strategy systematically exploits population variance: the fittest indi-
vidual in the population acts as an anchor with a zero mutation rate, preserving the
lowest attained phenotypic distance without incurring mutational load. Concurrently,
the remainder of the population maintains r > 0, continuously exploring the pheno-
typic space until a novel variant with a lower distance emerges to replace the anchor.
While the initial mean rate of adaptation is comparable to a standard linear strat-
egy, this anchoring mechanism sustains greater phenotypic variance and allows the
population’s mean distance to converge arbitrarily close to the optimal peak (Figure
S3).

The anchoring strategy is in some sense the “best case outcome” of fluctuations
in the critical growth rate, x, namely the higher growth phenotypes do not exhibit
mutagenesis, and so stay fixed, while t he lower growth phenotypes exhibit mutagen-
esis and so can potentially find a mutation t o improve t heir own growth rate, when
compared to the higher growth phenotypes, thus explaining the further adaptative
potential gained from having phenotypic fluctuationsin k.

Simulation Details

All the simulations were performed in Python utilising the numpy, scipy and
matplotlib packages.

We implemented the model as described in the Model Details section of the Meth-
ods. At the start of the simulations all individuals began with the same phenotype
at a prescribed distance to the optimum, dy. Then to determine the next generation
individuals were mutated (according to the corresponding strategies or lack thereof)
and then selected via the Wright-Fisher procedure as described above. Parameters like
the mutational gain or critical growth rate were modelled as being inherited by the
offspring. W hen p henotypic fl uctuations ar e present in th e si mulations, we sampled
the mutational gains and the critical growth rates from a Uniform distribution over
an interval with the probability of a phenotypic change in these parameters occur-
ring in an individual within a generation being a prescribed probability p. In the
simulations comparing the population with no phenotypic fluctuations and a popula-
tion with fluctuations, b oth p opulations start with variability in t he p opulation (i.e.
a;(0) ~ Unif(0, 1) and if applicable ;(0) ~ Unif(0, 5)).



Figure 3 is generated in the following way. We first select (1,52 values for two
different environments (In the figure 8, = 1,82 = 2). We then calculate the opti-
mal mutational gain in both environments s1, so according to equations presented in
the Methods above. This gives the optimal strategies in both environments, 71,79
respectively.

To generate Figure 3B, we transform the strategies according to Eqgs.(15,16,17).
Note a; = 2s;/n/3. Note that when the environment shifts the mutation rate of the
optimal strategy in the first environment, p;, remains constant, but the mutational
radius changes and we have 71 gnv.2 = vV/282p01.

The shift in 8 between environments effectively scales the mutational radius by
VB2/B1- S0 1 Enve = v/(B2/61)Kn Ndihresh-Note d depends on the growth rate,
maximal growth rate and the number of phenotypic dimensions. As such the threshold
dinresn doesn’t change between environmental shifts.

Furthermore during the environmental shift in Figure 3 we reset the phenotypic
distance to dy (dyp = 2.5 in the Figure).

Data Availability

This study did not generate new experimental data. All simulation data presented in
this work can be reproduced using the code provided in the Code Availability section.

Code Availability
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Figure legends

Figure 1

Simulation of biphasic growth-dependent adaptation strategy. The panel at
the top show the strategy maps used in simulations below, plotting the dimensionless
mutation radius (r) against phenotypic distance (d). (A-C) Performance of various
mutational strategies over 30 generations, starting from a phenotypic distance d = 2.5.
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Bold lines represent the mean of 50 replicate simulations, with the faint area being
+1 standard deviation. The y-axis is on a logarithmic scale to highlight differences
in equilibrium distance. . (A) The estimated optimal biphasic strategy (dark green)
achieves the rapid initial adaptation of high fixed-rate strategies (reds/orange) while
maintaining the low equilibrium mutational load of low fixed-rate strategies (blues).
(B) Compared to strategies with suboptimal slopes (s), (C) Compared to strategies
with different activation threshold dihresn, (D-F) Direct competition between the
strategies shown in the corresponding top panels. Stack plots show the proportion of
each strategy in the population over time. Simulation parameters: N = 10000, n = 5.

Figure 2

Standing genetic variation promotes adaptation for biphasic strategies in
the weak selection regime. (A) For a population employing a biphasic strategy,
once all individuals fall below the threshold, dinyesh, selection is the only force acting
on the population. Each point represents a distinct phenotype, with the vertical posi-
tion giving the distance to the optimum d (y-axis), while the radius of the point it
represents is scaled as r; o< +/N;, where NN; is the number of individuals sharing that
phenotype. (B) The number of distinct phenotypes present in the population over
time for a given threshold strategy. (C) The mean number of generations required
for a phenotype with d < dipresh to first appear, shown for different population sizes.
Simulation parameters: N = 1000 (A,B), n = 5 and populations start with an initial
distance to the peak, dy = 2.5.

Figure 3

A strategy optimized for one environment is mismatched and maladap-
tive following a shift in selection strength (3). (A) Simulation of adaptation
dynamics before and after an environmental shift. In Phase 1 (Generations 0-30), a
population adapts optimally in an environment with selection strength 5 = 1.0 (solid
green line). At generation 30, the environment shifts to one with stronger selection,
B = 2.0. The dashed green line shows the subsequent trajectory of the population,
which continues to use the strategy optimized for the previous environment. This
now-mismatched strategy leads to slow adaptation and a high equilibrium mutational
load. The dashed crimson line serves as a reference, showing the rapid adaptation
that would be achieved by a strategy perfectly optimized for the new § = 2.0 environ-
ment. Shaded areas show +1 standard deviation from the mean and bold lines show
the mean (N = 5000,n = 5). (B) The underlying optimal physical mutation rate (p)
as a function of growth rate (u) for the two environments. The green curve shows
the optimal strategy for the initial, weaker selection environment (8 = 1.0), while
the crimson curve shows the optimal strategy for the stronger selection environment
(8 = 2.0). Both strategies activate at the same critical growth rate, but the required
mutational gain is substantially higher when selection is weaker. The mismatch shown
in (A) occurs because the population continues to operate on the green curve after
the environment has shifted, resulting in a mutation rate that is too high for the new
selective conditions.



Figure 4

Phenotypic fluctuations m aintain s trategic d iversity a nd f acilitate rapid
adaptation to novel environments. This figure compares the evolutionary dynam-
ics of two populations over 300 generations, averaged over 50 independent simulations.
Both populations evolve in a fluctuating e nvironment t hat s hifts at g enerations 100
and 200, with the selection strength changing from 8 = 4.0 (left) to 8 = 0.5 (centre)
to 8 = 2.0 (right). One population experiences ongoing phenotypic fluctuations in its
strategy parameters (blue), while the other does not (orange). (A) The mean popula-
tion adaptation trajectory. The y-axis shows the mean phenotypic distance (d) from
the optimum. The population with fluctuations consistently re-adapts faster following
both environmental shifts. Shaded areas represent one standard deviation across the
50 simulation runs. (B) The evolution of the mutational gain parameter, «. This panel
reveals the mechanistic basis for the difference in a daptability. T he m edian evolved
a for each population is shown as a solid line, with layered shading representing the
interquartile (darker shade) and 95% (lighter shade) ranges of the population’s diver-
sity. The red dashed line indicates the theoretical optimum for each environment. The
population without fluctuations suffers a rapid collapse in its strategic diversity after
adapting to the first environment, leaving it unable to evolve towards the new optima
in subsequent phases. In contrast, the fluctuating population maintains a broad range
of standing variation, which allows selection to act efficiently an d drive th e median
« towards the new optimum after each shift. Simulation parameters: Population size
N = 5000, phenotypic dimensions n = 5, fluctuation probability p = 0.05, and initial
distance dy = 2.5 after each environmental shift. Initially both populations started
with varied mutational gain, with c; ~ Unif(0, 1). In the population with fluctuations,
the mutational gain had a probability p = 0.05 of switching per individual per gen-
eration. If an individual switches its phenotype, the mutational gain was resampled
uniformly from (0, 1) (note 0 < K,, y<1).
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Figure 3: Strategy Mismatch After Shift in Selection Strength ()
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