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A B S T R A C T

A novel analytical framework for the inclusion of active damaging processes in a structural stability analysis is
presented. The framework considers quasi-static deformation processes and is formulated in terms of a discrete
coordinate approach, employing an extended total potential energy functional, where the current damage state
is expressed in terms of geometric configuration and applied loading. Within the current framework, an efficient
analysis of structures prone to buckling instability and material damage is enabled particularly where damage
initiates once structural instability has been triggered. Composite panels with multiple damage mechanisms
(e.g. delaminations, matrix cracks) are studied to showcase its application.
1. Introduction

The failure of structures is characterized by a more or less sudden
loss in load carrying capability. This concept applies to both material
and structural failure. In the former, changes in the material (e.g. dam-
ge and/or plastic accumulation or fracture) trigger instability while
n the latter the geometry is, or becomes, unsuitable that results in
tructural instability (buckling).

The loss of structural stability in a mechanical system can constitute
catastrophic failure scenario. This type of failure is strongly related to

lender structures, which can be found in a vast variety of applications
rincipally in the transportation and construction industries. The expo-
ition presented herein focuses on such structures for which buckling
nstability must be accounted when evaluating the structural behaviour.

Nevertheless, material damage may also influence global structural
tability. This is of particular interest for structures made from com-
osite materials, e.g. multi-layered fibre reinforced polymer laminates
hat are vulnerable to various damage mechanisms, for instance matrix
racking and delamination growth; however, this also applies to more
raditional construction materials (e.g. structural steel) where plastic
eformations and/or micro-cracking may occur during post-buckling
eformation.

Well-established general theories of structural stability consider
lastic systems and may be regarded as a reasonably mature sub-
ect (Thompson and Hunt, 1973; Bažant and Cedolin, 2010; Koiter,
945). Stability of deformation states are conveniently evaluated by
nalysing the total potential energy of the system. The change in
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5, 10587 Berlin, Germany.

E-mail address: anton.koellner@tu-berlin.de (A. Köllner).

total potential energy with respect to small perturbations is studied
by means of variational calculus. This applies to both the discrete
coordinate approach (Thompson and Hunt, 1973) and the continuous
description (Koiter, 1945). To date, structural stability theories that
consider the effect of damage and its growth are practically non-
existent. This constitutes a significant gap within structural stability
analysis techniques and the presented work aims for this to be filled.

In solid mechanics, conditions for the (in)stability of time-
independent elastic–plastic (inelastic) media (Hill, 1958, 1962; Petryk,
1991) are derived based on variational (extremum) principles. The
solution of the underlying general boundary value problem, in terms of
velocity fields, where time is not necessarily understood to be natural
time, assigns a stationary value to a functional comprising a consti-
tutive potential and loading associated potentials expressed in terms
of rates of (nominal) surface tractions and rates of body forces (Hill,
1958). A fundamental quasi-static deformation process is stable when-
ever the solution is also a minimizer of the functional (Petryk, 1991,
2005). In the context of fracture, deformation paths and their stability
are determined by defining the total energy comprising an elastic part
and a dissipative part associated with, for instance, crack propaga-
tion (Del Piero, 2013; Francfort and Marigo, 1998). The deformation
path is obtained by a variational principle perturbing the configuration
and the damage state, where an equilibrium configuration makes the
governing functional to be non-negative alongside compliance with the
second law of thermodynamics (as part of the Kuhn–Tucker conditions
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for variational problems with unilateral constraints), i.e. healing is
not permitted (Maugin, 1999). The concept can also be extended to
cohesive (ductile) fracturing processes (Del Piero, 2013).

In contrast with the current work, in which focus is placed on defor-
mation processes where structural instability is deemed to occur before
inelastic deformation is caused (see below for characteristic application
examples), the aforementioned studies focused on the stability of solids
undergoing inelastic deformation. This is of particular relevance for
problems where inelasticity is present before structural instability oc-
curs, e.g. plastic buckling (Hutchinson, 1974; Tvergaard, 1983; Petryk
and Thermann, 1992), or inelastic deformation is the source of insta-
bility (material instability), e.g. necking, shear bands (Bigoni, 2000;
Bordignon et al., 2015) and unstable crack propagation (Bourdin et al.,
2008; Sumi et al., 1985).

In order to enable an efficient description of inelastic deformation,
a work potential theory (Schapery, 1987, 1990), also referred to as
Schapery theory, has been presented which employs the assumption
of path independence during damaging processes (at least in a limited
sense). It is demonstrated that for stable processes, a work-like potential
can be derived so that deformations exhibiting a change in structure
(e.g. damage and/or plasticity) can be described by generalized dis-
placements only. Although the work does not attempt to provide a
general description of damage as in Del Piero (2013) and Francfort
and Marigo (1998), it does provide an efficient method to describe
deformations exhibiting stable damage propagation.

In the context of structural stability, a formalism that is capable
of considering inelastic deformation once buckling instability has oc-
curred appears to be missing. The increasing use of composite materials
in lightweight (slender) structures and challenges regarding improved
sustainability, i.e. in the present context this means utilizing the full
potential of engineering structures, highlights the need for such a
formalism. For instance, damage tolerant design is a requirement in the
aircraft industry (Nettles and Douglas, 2000; European Union Aviation
Safety Agency (EASA), 2019; Köllner et al., 2021), which demands
the consideration of damage within the design process. Hence, struc-
tures vulnerable to buckling instability must be analysed considering
inelastic deformation and its effect on the load-carrying capacity. Stan-
dard tests evaluating the strength of damaged composite structures
are termed ‘compression-after-impact’ or ‘tension-after-impact’ loading
scenarios (Tan et al., 2016; Sun and Hallett, 2018; Liu et al., 2017).
Various damage mechanisms such as delaminations, matrix cracks
and fibre breakage may affect the global stability of such compos-
ite panels (Köllner et al., 2020; Köllner and Völlmecke, 2018; Calvo
et al., 2022; Wang et al., 2020; Juhász and Szekrényes, 2015, 2017),
which also applies to sandwich panels (Wadee and Blackmore, 2001;
Wadee, 2002). Furthermore, regarding structural members in civil en-
gineering applications, ultimate strength predictions, as used in design
codes, may involve plastic deformation and micro-cracking during the
post-buckling response (Abambres et al., 2014; Gardner, 2008, 2019;
Gonçalves and Camotim, 2012; Bai et al., 2021).

The current framework enables an efficient stability analysis of such
structures, i.e. slender engineering structures prone to buckling insta-
bility and material damage. Therefore, a discrete coordinate approach
is employed, so that semi-analytical models of structural members
subjected to compressive loading can be developed. As a consequence,
the instability behaviour of such mechanical systems can be system-
atically and efficiently explored, thus allowing a better understanding
of the mechanical responses. As aforementioned, problems exhibiting
buckling instability during inelastic deformation (e.g. plastic buckling)
re not within the scope of the current work. The analytical framework
mploys an extended total potential energy functional comprising re-
ersible and dissipative energy contributions, where with the aid of the
oncept described in Schapery (1990), the damage state – whenever
nelastic deformation is present – is expressed in terms of the cur-
ent structural configuration and the applied loading. Thus, the novel
2

Fig. 1. Euler strut; generalized coordinate 𝑞1 – amplitude of buckling displacement,
load parameter 𝜆1 – end-shortening, damage parameter 𝜉1 – delamination length/area.

framework enables the consideration of inactive and active damage
mechanisms within a structural stability analysis.

In the subsequent exposition, the underlying theoretical concept
is described in Section 2. The analytical framework is provided in
Section 3. In Section 4, the theory is applied to the problem of a
composite plate strip with multiple damage mechanisms. Capabilities
and limitations of the novel framework are discussed in Section 5 with
conclusions being drawn in Section 6.

2. Underlying concept

The present framework considers mechanical systems that can be
described by sets of generalized coordinates 𝑞𝑖 (𝑖 = {1, 2,… , 𝐼}), loading
parameters 𝜆𝑚 (𝑚 = {1, 2,… ,𝑀}) and damage parameters 𝜉𝑘 (𝑘 =
{1, 2,… , 𝐾}). The parameters are exemplarily visualized by means of
a standard Euler strut in Fig. 1. For the simple example shown, the
geometric configuration is represented by the amplitude (generalized
coordinate 𝑞1), the load parameter is, in effect, defined by the applied
end-shortening, while the damage parameter could be a delamination
length/area or a micro crack density. In general, damage parameters
may be geometric representations of defects and damage such as (mi-
cro) crack densities and delamination areas, physical quantities such
as strain measures (e.g. plastic strain) or even dissipative energies
associated with respective damage mechanisms.

With the aid of characteristic deformation processes shown in Fig. 2,
a relationship between damage propagation and stability is established
next. In Figs. 2(a) and 2(b), the well-known double cantilever beam
(DCB) test and the corresponding force (𝑃 ) versus displacement (𝑢)
behaviour are illustrated respectively. The initial delamination length
is denoted by 𝜉. The mechanical response comprises two parts. First,
the beam deforms elastically (black line in Fig. 2(b)), thus there is no
change in structure, i.e. no delamination growth (𝜉̇ = 0), with the en-
ergy release rate (ERR) being smaller than its respective critical thresh-
old (𝐺 < 𝐺c). At the deformation state denoted by (𝑢0, 𝑃 0), the ERR
reaches the critical ERR (𝐺 = 𝐺c) and delamination growth is initiated.
It should be noted that under force-controlled loading (dead loading),
the beam would fail under unstable delamination growth at (𝑢0, 𝑃 0).
However, in a displacement-controlled configuration (rigid loading),
the red path in Fig. 2(b) highlights the actual deformation path under
quasi-static loading, where the delamination grows from one load step
to another (𝜉̇ > 0) and equality between the ERR and its critical
threshold holds throughout the deformation path (𝐺 = 𝐺c). Hence,
under displacement-controlled loading stable delamination growth is
present, i.e. for a constant state of loading delamination growth stops.

Stable damage propagation under displacement-controlled loading
can also be observed for matrix crack growth in composite laminates,
where Figs. 2(c) and 2(d) illustrate a buckled strut with matrix cracks
and the associated damage growth behaviour respectively. The ma-
trix cracks are defined in the form of a matrix crack density 𝐷mc
(cf. Köllner et al., 2020; Kashtalyan and Soutis, 2000) and Fig. 2(d)
shows the behaviour of the ERR for matrix crack growth against the
matrix crack density (𝜉 = 𝐷mc) for increasing levels of load input
(applied displacement/end-shortening 𝜆 = ), i.e. 𝜆I < 𝜆II < 𝜆III. The
monotonically falling ERR with increasing crack density for a constant

state of loading underlines the behaviour described for the DCB test,
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Fig. 2. Characteristic deformation processes; (a)–(b) DCB test and its force 𝑃 vs. displacement 𝑢 behaviour; (c)–(d) Matrix crack growth during buckling (bending deformation)
and its corresponding behaviour of the ERR 𝐺norm

mc vs. matrix crack density 𝐷mc for increasing load input 𝜆; (e)–(f) Delamination buckling and its corresponding behaviour of the
RR 𝐺norm

del vs. delamination length 𝐿 for increasing load input 𝜆; stable regions highlighted whenever d𝐺∕d𝜉
|
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|𝜆
< 0. (For interpretation of the references to colour in this figure

egend, the reader is referred to the web version of this article.)
ource: (c)–(f) adapted from Köllner et al. (2020)
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here damage propagation stops under constant loading characterizing
table damage growth behaviour, thus d𝐺∕d𝜉|𝜆 < 0. As a consequence, in
he loading process (displacement-controlled), throughout matrix crack
rowth, the equality 𝐺 = 𝐺c holds, which indicates a stable damaging
rocess such that the loading (during damage growth) follows the
orizontal line represented by 𝐺norm

mc = 𝐺∕𝐺c = 1 in Fig. 2(d).
The same analysis can be applied to the well-known problem of de-

amination buckling (cf. Köllner et al., 2020; Köllner, 2021) visualized
n Fig. 2(e), where the damage parameter is the delamination length
𝜉 = 𝐿). Fig. 2(f) shows the behaviour of the ERR for delamination
rowth against the delamination length for increasing levels of load
nput with 𝜆I < 𝜆II < 𝜆III < 𝜆IV (𝜆 = ). As for matrix crack growth,

region of stable delamination growth can be identified in Fig. 2(f),
here d𝐺∕d𝜉| < 0 and growth is governed by the equality 𝐺 = 𝐺 ,
3

|

|𝜆 c a
f. 𝐺norm
del = 1 in Fig. 2(f). Note that a monotonically falling ERR

llustrates that for a constant state of loading delamination growth stops
nd further loading may be applied. A comprehensive analysis of the
amage growth behaviour in composite laminates undergoing buckling
eformation can be found in Köllner et al. (2020).

In conclusion, it has been shown that for quasi-static deformation
rocesses exhibiting stable damage growth equality holds between the
hysical quantity available to produce a change in structure (e.g. the
RR) and its corresponding required measure (e.g. the critical ERR). In
he context of thermomechanics (Maugin, 1999), this can be referred to
s the thermodynamic forces 𝑓𝑘 (available to generate damage) being
qual to the forces required to generate damage 𝑔𝑘, thus 𝑓𝑘 = 𝑔𝑘.

The concept of stable damaging processes can be employed within
structural stability formalism where, with the aid of the equality
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𝑓𝑘 = 𝑔𝑘, a new governing functional, referred to presently as the ‘‘ex-
tended’’ total potential energy, can be derived that governs the defor-
mation of a mechanical system and its stability. This is described in
detail in the next section.

3. Analytical framework

The current framework employs a discrete coordinate approach in
the spirit of the methodology devised by Thompson and Hunt (1973),
so that mechanical systems are described by sets of generalized coordi-
nates 𝑞𝑖 and loading parameters 𝜆𝑚. Presently, damage is represented
by a set of damage parameters 𝜉𝑘 such that the total potential en-
ergy is given by 𝛱 = 𝛱(𝑞𝑖, 𝜆𝑚, 𝜉𝑘) for a constant state in damage
(i.e. 𝜉𝑘 = const.). The total energy of a mechanical system undergoing
quasi-static deformation (𝐸) is given by

𝐸 = 𝛱 +𝛷 (1)

where 𝛷 is the dissipative energy associated with 𝐾 damage pro-
cesses. In the context of the exposition, it is expedient to assume
that the dissipative energy depends on the damage parameters only,
even though this is not strictly necessary. The thermodynamic forces
available to produce a change in structure (e.g. from damage) are given
by (cf. Maugin, 1999):

𝑓𝑘 = − 𝜕𝛱
𝜕𝜉𝑘

(2)

nd their respective critical thresholds (forces required to generate
amage) are

𝑘 = 𝜕𝛷
𝜕𝜉𝑘

. (3)

Employing the necessary condition for stable damage growth, thus

𝑓𝑘(𝑞𝑖, 𝜆𝑚, 𝜉𝑘) = 𝑔𝑘(𝜉𝑘) (4)

provides 𝑘 equations from which relationships for the damage param-
eters, in terms of 𝜉𝑘 = 𝜉𝑘(𝑞𝑖, 𝜆𝑚), may be derived if a unique solution is
assumed to exist. This assumption holds whenever buckling instability
occurs within the elastic range (as considered in the current exposition)
and stable damage propagation is present. Closed form expressions may
exist for simple application problems (e.g. see Schapery, 1987); how-
ever, in general, obtaining expressions for 𝜉𝑘 requires approximation
methods, for instance employing a Taylor series expansion (cf. Köllner
and Völlmecke, 2017a), thus:

𝜉𝑘 = 𝜉0𝑘 +
𝜕𝜉𝑘
𝜕𝑞𝑖

|

|

|

|

|

𝑞0𝑖
𝜆0𝑚

(𝑞𝑖 − 𝑞0𝑖 ) +
𝜕𝜉𝑘
𝜕𝜆𝑚

|

|

|

|

|

𝑞0𝑖
𝜆0𝑚

(𝜆𝑚 − 𝜆0𝑚)

+ 1
2

𝜕2𝜉𝑘
𝜕𝑞𝑖𝜕𝑞𝑗

|

|

|

|

|

𝑞0𝑖
𝜆0𝑚

(𝑞𝑖 − 𝑞0𝑖 )(𝑞𝑗 − 𝑞0𝑗 )

+ 1
2

𝜕2𝜉𝑘
𝜕𝜆𝑚𝜕𝜆𝑛

|

|

|

|

|

𝑞0𝑖
𝜆0𝑚

(𝜆𝑚 − 𝜆0𝑚)(𝜆𝑛 − 𝜆0𝑛) +
𝜕2𝜉𝑘

𝜕𝑞𝑖𝜕𝜆𝑚

|

|

|

|

|

𝑞0𝑖
𝜆0𝑚

(𝑞𝑖 − 𝑞0𝑖 )(𝜆𝑚 − 𝜆0𝑚)

+ (3),

(5)

here partial derivatives of the damage parameters are obtained by
mplicit differentiation of 𝑘[𝑞𝑖, 𝜆𝑚, 𝜉𝑘(𝑞𝑖, 𝜆𝑚)] = 𝑓𝑘 − 𝑔𝑘 = 0 and
uantities denoted by (∙)0 refer to the current configuration of geometry
nd loading. As shown in Section 4, a linear approximation of the
amage parameters is sufficient in the proposed solution algorithm.

With expressions obtained for the damage parameters 𝜉𝑘, a novel
nergy functional referred to as extended total potential energy 𝛱∗ can
e derived in which the damage parameters are replaced in the total
nergy expression (cf. Eq. (1)), thus
∗ = 𝛱∗[𝑞 , 𝜆 , 𝜉 (𝑞 , 𝜆 )] = 𝛱[𝑞 , 𝜆 , 𝜉 (𝑞 , 𝜆 )] +𝛷[𝜉 (𝑞 , 𝜆 )]. (6)
4

𝑖 𝑚 𝑘 𝑖 𝑚 𝑖 𝑚 𝑘 𝑖 𝑚 𝑘 𝑖 𝑚
y replacing the damage parameters, the underlying variational prob-
em in both the configuration and damage state (both would need to
e perturbed), cf. (Del Piero, 2013), is transformed into a variational
rinciple of the configuration only. As a consequence, the mechanical
ystem is in equilibrium, whenever the first variation of the extended
otal potential energy vanishes, i.e.:

𝛱∗ = 𝜕𝛱∗

𝜕𝑞𝑖
𝛿𝑞𝑖 = 0 ⟹

𝜕𝛱∗

𝜕𝑞𝑖
= 0. (7)

Evaluating the first derivatives of the extended total potential energy
results in the following:

𝜕𝛱∗

𝜕𝑞𝑖
= 0 = 𝜕𝛱

𝜕𝑞𝑖
⏟⏟⏟

=0

+
(

𝜕𝛱
𝜕𝜉𝑘

+ 𝜕𝛷
𝜕𝜉𝑘

)

𝜕𝜉𝑘
𝜕𝑞𝑖

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=0

, (8)

where the first term on the right hand side in Eq. (8) is the equilibrium
condition and the second term, which can be rewritten as
(

−𝑓𝑘 + 𝑔𝑘
) 𝜕𝜉𝑘
𝜕𝑞𝑖

= 0, (9)

is one of the characteristic conditions governing the damage growth
behaviour. It should be noted that in the context of the current expo-
sition, 𝜕𝜉𝑘∕𝜕𝑞𝑖 refers to the change in damage from one configuration to
another. Enforcing the second law of thermodynamics, i.e. healing not
being permitted, results in the following condition:
𝜕𝜉𝑘
𝜕𝑞𝑖

⩾ 0, (10)

which constitutes the second condition governing the damage growth
behaviour. Thus, Eq. (9) states that either −𝑓𝑘 + 𝑔𝑘 = 0, which is the
necessary condition for stable damage growth, or 𝜕𝜉𝑘∕𝜕𝑞𝑖 = 0, which
requires that −𝑓𝑘 + 𝑔𝑘 > 0, and consequently introduces the third
condition for damage growth, thus

−𝑓𝑘 + 𝑔𝑘 ⩾ 0. (11)

Eq. (11) is considered in the framework by defining each damage
parameter in the form of piecewise functions, thus:

𝜉𝑘(𝑞𝑖, 𝜆𝑚) =

{

𝜉0𝑘 if − 𝑓𝑘 + 𝑔𝑘 > 0,

𝐹𝑘(𝑞𝑖, 𝜆𝑚) if − 𝑓𝑘 + 𝑔𝑘 = 0,
(12)

here functions 𝐹𝑘 are either the closed form expressions obtained
rom Eq. (4) or the approximation as outlined in Eq. (5). It should
e noted that 𝜉0𝑘 in Eq. (12) comprises initial measures of the damage
arameters (that may also be zero) or constant measures during a
eformation process, i.e. when a damage parameter changes from being
ctive (growing) to passive (no growth).

Thus, with the extended total potential energy in conjunction with
he second law of thermodynamics, alongside a piecewise definition of
he damage parameters, the variational principle produces the equilib-
ium equations (Eq. (7)) and the three conditions required to describe
amage growth behaviour (Eqs. (9)–(11)). In the context of the present
ork, Eqs. (9)–(11) relate to the well-known Kuhn–Tucker conditions

or variational problems with (unilateral) constraints.
The stability of an equilibrium state obtained with Eq. (7) can be

valuated by studying higher order variations of the extended total
otential energy. Subsequently, the second variation of the extended
otal potential energy (𝛱∗) is evaluated, giving:

𝜕2𝛱∗

𝜕𝑞𝑖𝜕𝑞𝑗
= 𝜕2𝛱

𝜕𝑞𝑖𝜕𝑞𝑗
⏟⏟⏟
≶ 0 or=0

+
(

−𝑓𝑘 + 𝑔𝑘
) 𝜕2𝜉𝑘
𝜕𝑞𝑖𝜕𝑞𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐴)

+
(

−
𝜕𝑓𝑘
𝜕𝜉𝑙

+
𝜕𝑔𝑘
𝜕𝜉𝑙

)

𝜕𝜉𝑘
𝜕𝑞𝑖

𝜕𝜉𝑙
𝜕𝑞𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐵)

, (13)

where relationships in Eqs. (2) and (3) have been substituted. As indi-
cated in Eq. (13), the first term is well-known from the elastic stability
formalism (cf. Thompson and Hunt, 1973), where positive-definiteness
describes stable equilibrium (with zero identifying a bifurcating state
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requiring the analysis of higher order variations to evaluate its sta-
bility). The term denoted by (A) in Eq. (13) is always zero since
during damage growth equality holds between 𝑓𝑘 and 𝑔𝑘 and whenever
−𝑓𝑘+𝑔𝑘 > 0, the damage parameters remain unchanged, i.e. the second
derivatives of the damage parameters are also zero. The final term
in Eq. (13), denoted by (B), requires further evaluation. Recall that
the first derivative of the damage parameters are always non-negative
(cf. Eq. (10)). Thus, three possibilities exist in (B):

(I) : no damage growth (𝜕𝜉𝑘∕𝜕𝑞𝑖 = 0) gives zero,
(II): during growth with (−𝜕𝑓𝑘∕𝜕𝜉𝑙 + 𝜕𝑔𝑘∕𝜕𝜉𝑙) ⩾ 0, where a strict in-

equality describes stable damage propagation and refers to the
damage parameter changing from active to passive (i.e. growth
stops for a constant state of loading) making (B) positive, and the
equality indicates a change in stability of the damage mechanisms
(cf. points of zero slope in Fig. 2(f)) making (B) zero with stability
then being determined only by the first term in Eq. (13),

III): during growth with (−𝜕𝑓𝑘∕𝜕𝜉𝑙 + 𝜕𝑔𝑘∕𝜕𝜉𝑙) < 0 makes (B) negative and
indicates instability due to unstable damage propagation.

Thus, with the aid of Eq. (13), the stability of equilibrium states can be
evaluated, where instability caused by geometry becoming unsuitable
(the first term in Eq. (13)) and by unstable damage propagation (the
final term in Eq. (13)) can be identified.

Considering the discrete coordinate approach employed, Fig. 3
presents a flowchart for a solution algorithm to determine equilibrium
states and evaluate their stability with the present theory. First, for
a given mechanical system, the extended total potential energy 𝛱∗ is
determined, which includes the derivation of the damage parameters,
as outlined in Eqs. (4) and (5). For 𝑆 load steps, the algorithm works as
follows. At first, for the current configuration {𝑞𝑠𝑖 , 𝜆

𝑠
𝑚, 𝜉

𝑠
𝑘}, the condition

−𝑓𝑘 + 𝑔𝑘 is evaluated, assigning the current value to the damage
parameters if the condition produces a positive output (i.e. no damage
growth; 𝜉𝑘(𝑞𝑖, 𝜆𝑚) = 𝜉𝑠𝑘) or the functions 𝐹𝑘(𝑞𝑖, 𝜆𝑚) if the condition
produces zero (i.e. damage growth; 𝜉𝑘(𝑞𝑖, 𝜆𝑚) = 𝐹𝑘(𝑞𝑖, 𝜆𝑚)). Note that
a zero output would only be obtained if closed-form expressions for
the equilibrium path and for the damage parameters could be de-
termined. In a numerical solution scheme employing approximations
of the damage parameters (cf. Eq. (5)), as performed in Section 4, a
minor numerical error is introduced such that instead of a zero output,
marginally negative numbers are obtained, which in fact does not
violate the formalism.

In the next step, for the subsequent load step, where 𝛥𝑠
𝑚 defines

the step size for each loading parameter, the equilibrium equations
𝜕𝛱∗∕𝜕𝑞𝑖 = 0 are solved under the constraint that the change in dam-
age parameters must be non-negative. The stability of the determined
equilibrium state {𝑞𝑠+1𝑖 , 𝜆𝑠+1𝑚 , 𝜉𝑠+1𝑘 } can then be evaluated with the aid
of higher order variations (second order partial derivatives of 𝛱∗ are
shown in Fig. 3 and described in Eq. (13)). The routine is then repeated
for 𝑆 load steps as necessary.

4. Application example — composite plate strip with damage

In order to demonstrate the application of the present framework, a
one-dimensional model of a carbon fibre reinforced polymer composite
panel with multiple types of damage is considered. The problem re-
lates to the common damage type in laminates subject to low-velocity
impact scenarios, referred to as barely visible impact damage (BVID);
BVID exhibits complex damage morphology comprising multiple de-
laminations and matrix cracked layers (Baluch et al., 2019; Tuo et al.,
2019) and must be considered in the design of aircraft/aerospace
structures (European Union Aviation Safety Agency (EASA), 2019).
Thus, the mechanical behaviour of such structures under in-plane
compressive loading is of particular relevance to the aircraft/aerospace
industry (Baker and Murray, 2016). It should be stressed that the ap-
plication example mainly serves to outline a practical implementation
using the new theory. The model does not attempt to capture the
5

Fig. 3. Solution algorithm flowchart.

complete structural response of composite panels with BVID. Note that
(semi-)analytical modelling approaches have, to date, been restricted
to assuming stationary damage (Hunt et al., 2004; Köllner et al., 2020;
Suemasu, 2016; Sun et al., 2020), the exception being the preliminary
work of the authors (Köllner and Völlmecke, 2017a, 2018). Despite em-
ploying simplifications such as a one-dimensional problem formulation,
the model may, however, be regarded as an initial step towards a semi-
analytical description of the compressive response of composite panels
with BVID.

4.1. Problem description

Fig. 4 shows the geometric model of a plate strip with two delami-
nations and matrix cracked layers. The plate strip of length 𝐿tot has 28
layers and a [(0∕90)s]7 cross-ply stacking sequence. The delaminations
ave the length 𝐿1 and 𝐿2, respectively, and their depth is defined

by parameters 𝑎1 and 𝑎2. Matrix cracks are assumed to be evenly
distributed in the area of the delaminations with a matrix crack density
𝐷mc that describes the ratio of the ply thickness to half the distance
between two matrix cracks (cf. Kashtalyan and Soutis, 2000). Loading
is considered in the form of applied compressive strain 𝜀0.

The model formulation employs the Equivalent Constrained Model,
as described in Köllner et al. (2020) and Kashtalyan and Soutis (2000),
to determine the in-plane (𝐴11), coupling (𝐵11) and bending (𝐷11)
stiffness depending on the matrix crack density 𝐷mc, thus 𝐴11(𝐷mc),
𝐵11(𝐷mc), 𝐷11(𝐷mc). Effective stiffness measures, 𝐴eff

11 (𝐷mc), 𝐵eff
11 (𝐷mc),

𝐷eff
11 (𝐷mc), considering coupling effects are determined as outlined

in Köllner et al. (2020). The derivation of the stiffness parameters

in terms of the matrix crack density is summarized in Appendix A.
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Fig. 4. Geometric model of a plate strip with two delaminations and matrix cracked layers.
Fig. 5. Sketch of the buckled configuration of the plate strip; two delaminations (𝜉1 , 𝜉2) and two matrix cracked layers (𝜉3 , 𝜉4) are depicted.
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An additional example demonstrating that the Equivalent Constrained
Model can be used to model matrix crack growth adequately for the
given problem is provided in Appendix B.

In-plane and out-of-plane displacements, 𝑢(𝑥) and 𝑤(𝑥) respectively,
are approximated by trigonometric series for each part of the plate
strip, which are highlighted by circled numbers in Fig. 5. Fig. 5 shows
a buckled configuration of the plate strip alongside exemplarily visu-
alizing four damage parameters (𝜉1, 𝜉2, 𝜉3, 𝜉4). In the subsequent text,
superscript numbers in brackets refer to the respective part of the plate
strip, e.g. (∙)(1) describes a quantity of part 1⃝. Assuming a symmetric
buckling response, the out-of-plane displacements of each part are
approximated by the buckling expression of the respective Euler case
(clamped boundaries at both sides), with the origin of coordinate
system being in the middle of the plate strip:

𝑤(5) = 𝑞5 cos2
(

𝜋𝑥
𝐿tot

)

,

(4) = 𝑤(5) + 𝑞4 cos2
(

𝜋𝑥
𝐿1

)

, 𝑤(3) = 𝑤(4) + 𝑞3 cos2
(

𝜋𝑥
𝐿2

)

,

𝑤(2) = 𝑤(4) + 𝑞2 cos2
(

𝜋𝑥
𝐿2

)

, 𝑤(1) = 𝑤(5) + 𝑞1 cos2
(

𝜋𝑥
𝐿1

)

,

(14)

whereas the in-plane displacements are given by:

𝑢(5) = 𝜀0𝑥 +
𝑁 (5)
∑

𝑛=1
𝑞(5)𝑛 sin

(

2𝑛𝜋𝑥
𝐿tot

)

,

𝑢(4) = 𝑢(5) +
𝑁 (4)
∑

𝑛=1
𝑞(4)𝑛 sin

(

2𝑛𝜋𝑥
𝐿1

)

+ 𝑧4𝜙1
2𝑥
𝐿1

⏟⏞⏟⏞⏟
𝑢rot4

,

(3) =
(

𝑢(4) − 𝑢rot4
)

+
𝑁 (3)
∑

𝑛=1
𝑞(3)𝑛 sin

(

2𝑛𝜋𝑥
𝐿2

)

+ 𝑧3𝜙2
2𝑥
𝐿2

, (15)

𝑢(2) =
(

𝑢(4) − 𝑢rot4
)

+
𝑁 (2)
∑

𝑞(2)𝑛 sin
(

2𝑛𝜋𝑥
)

+ 𝑧2𝜙2
2𝑥 ,
6

𝑛=1 𝐿2 𝐿2
𝑢(1) = 𝑢(5) +
𝑁 (1)
∑

𝑛=1
𝑞(1)𝑛 sin

(

2𝑛𝜋𝑥
𝐿1

)

+ 𝑧1𝜙1
2𝑥
𝐿1

.

In Eq. (15), the parameters 𝑧1, 𝑧2, 𝑧3, 𝑧4 are the offsets between the
neutral axis of each part and the parent laminate (part 5⃝), and the
rotations of the cross-sections (𝜙1, 𝜙2) are obtained by 𝜙1 = −𝜕𝑤(5)∕𝜕𝑥 at
= 𝐿1∕2 and 𝜙2 = −𝜕𝑤(4)∕𝜕𝑥 at 𝑥 = 𝐿2∕2.

With the displacements provided in Eqs. (14) and (15), the axial
strain (𝜀𝑥𝑥) for each part is obtained, thus:

𝜀(𝑛)𝑥𝑥 = 𝜀(𝑛)𝑥𝑥,0 + 𝑧𝜅(𝑛)
𝑥𝑥 = 𝜕𝑢(𝑛)

𝜕𝑥
+ 1

2

(

𝜕𝑤(𝑛)

𝜕𝑥

)2
+ 𝑧

(

− 𝜕2𝑤(𝑛)

𝜕𝑥2

)

, (16)

where 𝜀(𝑛)𝑥𝑥,0 and 𝜅(𝑛)
𝑥𝑥 are the membrane strain and curvature of the 𝑛th

part of the plate strip respectively. Note that von Kármán nonlinear
strains (second term on the right hand side in Eq. (16)) are considered
in order to model nonlinear buckling responses. With Eq. (16), the
strain energy (𝑊s) of the plate strip can be determined by
𝑊s =

∑5
𝑛=1 𝑊

(𝑛)
s , with:

𝑊 (𝑛)
s = 1

2
𝑏∫𝑥

[

𝐴eff (𝑛)
11

(

𝜀(𝑛)𝑥𝑥,0

)2
+ 2𝐵eff (𝑛)

11 𝜀(𝑛)𝑥𝑥,0𝜅
(𝑛)
𝑥𝑥 +𝐷eff (𝑛)

11
(

𝜅(𝑛)
𝑥𝑥
)2
]

d𝑥.

(17)

ote that in the displacement-controlled configuration, the total po-
ential energy is the strain energy, i.e. 𝛱 = 𝑊s. The application
xample also requires the consideration of contact between sublam-
nates (parts 1⃝, 2⃝ and 3⃝, as defined in Fig. 5) which may occur
uring (post-)buckling. Therefore, the constraint conditions (𝑤(2) −
(3)) ≥ 0 and (𝑤(3) − 𝑤(1)) ≥ 0 are employed by augmenting the

train energy by terms 𝑞p1
[

(𝑞2 − 𝑞3) −
(

𝑐p1
)2
]

and 𝑞p2
[

(𝑞3 − 𝑞1) −
(

𝑐p2
)2
]

,
here 𝑞p𝑝 are Lagrange multipliers representing contact forces and 𝑐p𝑝
re offset parameters describing the out-of-plane distance between the
ublaminates, which are strictly positive. This represents frictionless
ard contact conditions, cf. Köllner (2021).

The remaining quantities required for the solution
lgorithm (cf. Fig. 3) are the thermodynamic forces 𝑓 , the dissipative
𝑘
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Table 1
Dimensions and material parameters of the plate strip;
material parameters have been taken from Köllner et al.
(2021).
Dimensions Material parameters

𝐿tot 200 mm 𝐸11 128 GPa
𝑏 10 mm 𝐸22 10.3 GPa
ℎ 0.196 mm 𝐺12 6 GPa
𝐺I

c 0.268 N/mm 𝜈12 0.3

energies associated with the damage mechanisms and the thresholds 𝑔𝑘
or producing a change in the structure. For the example provided in
ig. 5, where 𝐾 = 4, the thermodynamic forces are:

1 = 𝐺del
1 = −1

𝑏
𝜕𝑊s
𝜕𝐿1

, 𝑓2 = 𝐺del
2 = −1

𝑏
𝜕𝑊s
𝜕𝐿2

,

3 = 𝐺mc
1 = − 1

𝑏𝐿1

𝜕𝑊s
𝜕𝐷mc,1

, 𝑓4 = 𝐺mc
2 = − 1

𝑏𝐿1

𝜕𝑊s
𝜕𝐷mc,2

,
(18)

and the associated dissipative energies (in the context of linear elastic
fracture mechanics) are

𝛷1 = 𝐺del
c 𝑏

(

𝐿1 − 𝐿0
1
)

, 𝛷2 = 𝐺del
c 𝑏

(

𝐿2 − 𝐿0
2
)

,

𝛷3 = 𝐺mc
c 𝑏𝐿1

(

𝐷mc,1 −𝐷0
mc,1

)

, 𝛷4 = 𝐺mc
c 𝑏𝐿1

(

𝐷mc,2 −𝐷0
mc,2

)

,
(19)

resulting in the thresholds 𝑔𝑘 (cf. Eq. (3)) being 𝐺del
c for the delam-

inations and 𝐺mc
c for the matrix cracked layers. Note that quantities

denoted by (∙)0 refer to initial measures that may also be zero.
Employing the solution algorithm as outlined in Fig. 3, linear ap-

proximations of the damage parameters are considered (cf. Eq. (5))
making use of Eq. (4) as discussed in Section 3. Linear approximations
are acceptable for sufficiently small step sizes during inelastic defor-
mation. With Eqs. (17)–(19) alongside the determined expressions for
each damage parameter, the solution algorithm can be implemented,
where the extended total potential energy (for the problem visualized
in Fig. 5) is given by

𝛱∗ [𝑞𝑖, 𝜀0, 𝜉𝑘(𝑞𝑖, 𝜀0)
]

= 𝑊s
[

𝑞𝑖, 𝜀0, 𝜉𝑘(𝑞𝑖, 𝜀0)
]

+𝛷
[

𝜉𝑘(𝑞𝑖, 𝜀0)
]

+𝑊p(𝑞𝑖, 𝑞
p
𝑝 , 𝑐

p
𝑝 ).

(20)

In Eq. (20), 𝜉𝑘 = {𝐿1(𝑞𝑖, 𝜀0), 𝐿2(𝑞𝑖, 𝜀0), 𝐷mc,1(𝑞𝑖, 𝜀0), 𝐷mc,2(𝑞𝑖, 𝜀0)}, 𝛷 =
𝛷1 + 𝛷2 + 𝛷3 + 𝛷4 and 𝑊p is the augmented energy enforcing the
contact condition for 𝑝 contact points. As defined in Eq. (12), it may
be noted that all damage parameters are expressed in the form of
piecewise functions. All calculations were performed in the software
package Mathematica (Wolfram Research, Inc., 2020).

4.2. Results

A cross-ply laminate comprising 28 layers with the stacking se-
quence [(0∕90)s]7 is studied (the thickness of a layer is denoted by
ℎ). The material parameters and dimensions of the plate strip are pro-
vided in Table 1. For the approximation of the in-plane displacements,
cf. Eq. (15), the semi-analytical model employs 24 generalized coordi-
nates with 𝑁 (5) = 𝑁 (2) = 𝑁 (1) = 6 and 𝑁 (3) = 𝑁 (4) = 3, which was found
to be sufficient for the configurations studied. Through approximating
the out-of-plane displacements as described in Eq. (14), the model
comprises only 29 generalized coordinates.

In the current work, two cases of damaged composite plate strips are
studied as exemplars to showcase the capabilities of the novel analytical
framework. First, the structural response of a plate strip with two
delaminations is considered (case 1). This case demonstrates that non-
linear buckling responses in the presence of a single material damaging
process can be modelled with the framework. The locations of the two
delaminations are close to the top and bottom surface respectively with
𝑎1 = 1∕28 and 𝑎2 = 3∕28 (cf. Fig. 4). The initial delamination lengths are
7

𝐿1 = 39mm and 𝐿2 = 35mm, respectively. The results are compared
to predictions obtained by finite element (FE) simulations performed
in the commercial finite element package ABAQUS (Abaqus, 2019).
The FE model is described in detail in Köllner et al. (2020) and uses
conventional shell elements (S4R) and employs the virtual crack closure
technique (VCCT), cf. Krueger (2004). In the semi-analytical and FE
model, a mode I fracture criterion is implemented, which is deemed to
provide robust conservative, i.e. lower bound, predictions due to the
one-dimensional description of the problem (direction of growth being
predetermined). The critical energy release rate (ERR) is provided in
Table 1 (𝐺I

c).
For case 1, Fig. 6 shows the structural response in terms of load 𝑃

versus midpoint deflection 𝑤mid (Fig. 6(a)), i.e. out-of-plane displace-
ment at the midpoint of part 1⃝ (lower sublaminate) and part 2⃝ (upper
sublaminate), see Fig. 5, alongside load 𝑃 versus end-shortening 
(Fig. 6(b)).

The structural response obtained by the model (solid black line in
Fig. 6) is in excellent agreement with the finite element analysis (FEA,
dashed blue line). The nonlinear buckling response within the elastic
range, the predictions of the onset of delamination growth (denoted
by the symbol ‘‘□’’ in Fig. 6), and the nonlinear buckling response
during delamination propagation obtained from the semi-analytical
model and the FE simulation practically coincide. The buckling be-
haviour is characterized by an initial local buckling response of the
thinner lower sublaminate (part 1⃝) shown in Fig. 6(a). As applied
loading is increased, the thicker sublaminate (part 2⃝) also undergoes
local buckling that closes smoothly once global buckling occurs where
the parent laminate and the middle part of the plate strip (part 3⃝)
deflect in the same direction as the thicker sublaminate (see symbol
‘‘∙’’ in Fig. 6). As global buckling progresses, the deflection of the
thinner sublaminate shifts to the opposite direction; however, the plate
strip remains in an opening mode buckling response (cf. Köllner and
Völlmecke, 2017b), which is also often referred to as a mixed mode
buckling response (cf. Hunt et al., 2004; Calvo et al., 2022).

Delamination growth of the lower delamination with length 𝐿1 is
generated once global buckling of the plate strip has occurred, which
is illustrated in Fig. 6(b) by the decreasing compressive stiffness of
the plate strip just prior to reaching the deformation state highlighted
by the symbol ‘‘□’’. As can be seen in Fig. 6(a), the increase in
delamination length alters the buckling response such that the upper
and lower sublaminate deflect in opposite directions during global
buckling despite the parent laminate pulling the lower sublaminate into
the opposite direction before delamination growth. This response is also
verified by the accompanying FE simulation.

Analysing Fig. 6(b), it is noteworthy that the deformation state
associated with the initiation of delamination growth (‘‘□’’ in Fig. 6(b))
constitutes a limit point where further deformation is associated with
lower magnitudes of compressive forces, i.e. the plate strip cannot
withstand the respective compressive force. Thus, in a load-controlled
configuration (dead loading), despite undergoing stable deformations
within the elastic range, structural instability occurs at the onset of de-
lamination growth, where the system would snap dynamically onto an-
other equilibrium configuration associated with the applied load input
or would fail catastrophically. In Fig. 6(b), the plate strip would reach a
stable equilibrium state at an end-shortening of approximately 0.9 mm.
In contrast, under displacement-controlled loading, the nonlinear buck-
ling response, shown in Fig. 6, is stable even during delamination
growth.

Fig. 7 illustrates the delamination propagation of the lower de-
lamination, where the delamination length 𝐿1 is provided against the
applied strain 𝜀0. Additionally, a FE simulation using continuum shell
elements (SC8R) is performed, which provides a more precise descrip-
tion of the delamination growth behaviour but requires significantly
more computational cost. As can be seen in Fig. 7, all models are
in good agreement, where the model using SC8R elements predicts
approximately 5% less delamination growth at the maximum applied

compressive strain.
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Fig. 6. Nonlinear buckling response – case 1 (two delaminations: 𝑎1 = 1∕28 and 𝑎2 = 3∕28 with 𝐿1 = 39mm and 𝐿2 = 35mm; no pre-existing matrix cracks); (a) Load 𝑃 vs midpoint
deflections 𝑤mid of lower sublaminate (part 1 of the plate strip) and upper sublaminate (part 2); (b) Load 𝑃 vs end-shortening  .
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Fig. 7. Delamination growth behaviour in terms of delamination length (𝐿1) against
applied compressive strain (𝜀0).

The second case studied serves to provide an example for multiple
active damage mechanisms and also constitutes an approach towards
a more comprehensive representation of damage in a composite plate
strip (case 2). Different initial delamination lengths of 𝐿1 = 98mm and
𝐿2 = 78mm are considered while keeping the delamination depth 𝑎1
and 𝑎2 unchanged. In addition, all (90◦)2 layers are assumed to exhibit
matrix cracks in the form of a matrix crack density 𝐷mc (cf. Kashtalyan
and Soutis, 2000), where exemplarily for all cracked layers 𝐷mc is set
to 0.1.1 However, matrix crack densities may also be chosen distinctly
and to some extent arbitrarily for each layer. With the matrix cracked
layers, the problem formulation considers nine damage mechanisms
(two delaminations and seven matrix crack densities).

1 As shown in Köllner et al. (2020), a matrix crack density of 𝐷mc = 0.1
arely affects the stiffness of carbon fibre reinforced unidirectional layers.
owever, since the application example does not consider the onset of matrix
rack formation, introducing matrix cracks enables the evaluation of whether
atrix crack growth is caused during nonlinear buckling of the plate strip.
ote that no initial matrix cracks are considered in the accompanying FE

imulation; however, Hashin’s failure criterion (Hashin, 1980) is employed to
8

valuate whether matrix failure would occur.
For case 2, Fig. 8 shows the structural response in terms of load 𝑃
ersus midpoint deflection 𝑤mid (Fig. 8(a)), i.e. out-of-plane displace-
ent at the midpoint of part 1⃝ and part 2⃝, see Fig. 5, alongside load
versus end-shortening  (Fig. 8(b)).
In Fig. 8, results of the current semi-analytical model are shown

n black solid lines while blue dashed lines are used for the FEA.
s in case 1, nonlinear buckling responses before and during damage
rowth are in very good agreement between the semi-analytical model
nd the FE simulation. Note that the configuration studied in Fig. 8
auses a different buckling response and has different damage growth
haracteristics compared to the case presented in Fig. 6. Owing to the
arger initial delaminations, the lower (thinner) sublaminate (part 1⃝)
nd the upper (thicker) sublaminate (part 2⃝) undergo more substantial
ocal buckling responses (see negative and positive midpoint deflection,
espectively in Fig. 8(a)) with the middle part (part 3⃝, cf. Fig. 5)
nly undergoing minor out-of-plane deformations due to the shift in
eutral axis of the plate strip (cf. Simitses et al., 1985). With the onset
f global buckling, the middle part (midpoint deflection not shown
n Fig. 8(a)) abruptly undergoes buckling deformation where it rather
uddenly gets into contact with the thicker lower sublaminate causing

further increase in the buckling resistance of the plate strip. This
ffect is visualized in Fig. 8(b), where the load versus end-shortening
ehaviour shows a significant loss in compressive stiffness before con-
act, denoted by the symbol ‘‘∙’’ in Fig. 8, and a subsequent increase in
ost-buckling stiffness before showing the characteristic weakly stable
onlinear response of a plate strip.

Regarding the structural response during damage growth, Fig. 8
lso shows distinct behaviour in comparison with the case studied in
ig. 6. Growth of the lower delamination (𝐿1), indicated by the symbol

‘□’’ in Fig. 8, is initiated without the characteristic drop in load as
hown in Fig. 6 and grows stably at first, even if the system would be
nder load-control. Subsequently, the structure fails abruptly once the
econd delamination (𝐿2) starts growing at symbol ‘‘⋄’’ in Fig. 8. At
his deformation state, the system loses its stability owing to unstable
elamination propagation, where failure is indicated by the vertical
ashed line. This response including the initiation of unstable delam-
nation growth is also verified by the FE simulations, where failure is
ssociated with a very slightly smaller load and larger end-shortening.

Note that matrix crack growth is not triggered throughout the defor-
ation process until the initiation of failure at ‘‘⋄’’. This is depicted in

ig. 9 showing the behaviour of the ERR, 𝐺, for each damage parameter
gainst applied strain 𝜀0, where, for illustration purposes, ERRs for
atrix crack growth are only shown for the four layers exhibiting the

argest measures.
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Fig. 8. Nonlinear buckling response – case 2 (two delaminations: 𝑎1 = 1∕28 and 𝑎2 = 3∕28 with 𝐿1 = 98mm and 𝐿2 = 78mm; all (90◦)2 layers with pre-existing matrix cracks
𝐷mc = 0.1); (a) Load 𝑃 vs midpoint deflections 𝑤mid of lower sublaminate (part 1 of the plate strip) and upper sublaminate (part 2); (b) Load 𝑃 vs end-shortening  .
Fig. 9. Energy release rates against applied compressive strain (𝜀0) for both
delaminations (𝐺L) and matrix cracks (𝐺mc) in four layers.

The initiation of growth of delamination 𝐿1 occurs when 𝐺L1
reaches 𝐺c. Subsequently, the equality between 𝐺L1 and 𝐺c holds
describing stable damage propagation until delamination 𝐿2 starts to
grow; ERRs for matrix crack growth are significantly smaller than for
delamination growth except for the most outward layer (cf. Köllner
et al., 2020), which reaches approximately 90% of the threshold 𝐺c.

5. Discussion

The objective of the current work has been the development of an
analytical framework such that slender structures undergoing buckling
instability which may lead to material damage and its propagation can
be efficiently analysed. The framework is embedded into the discrete
coordinate approach, as for instance, described by Thompson and Hunt
(1973) and considers quasi-static deformation processes, where the
novelty of the present work is the extension to deformation processes
involving damage and other inelastic effects. Damage is represented
by a set of damage parameters, which may also be referred to as
internal variables/parameters (Maugin, 1999). The inherent complexity
of problems involving buckling instability and material damage is made
accessible for (semi-)analytical modelling approaches by exploiting the
concept of stable damage growth, where equality holds between ther-
modynamic forces (damage/crack driving forces) and corresponding
9

thresholds. As a consequence, expressions for damage parameters in
terms of the configuration (generalized coordinates) and applied load-
ing can be obtained (at least in an approximative manner), such that
damage parameters do not explicitly enter the variational statement.
This is different in comparison with variational descriptions of fracture
(cf. Del Piero, 2013; Bourdin et al., 2008), where both the geometric
and damage configuration are perturbed yielding the equilibrium and
damage growth conditions. However, in the context of the current
work, all three characteristic conditions for describing damage growth
(cf. Eq. (9)–(11)) can also be obtained by the proposed formalism. This
is achieved by the variational principle employing the extended total
potential energy alongside enforcing the second law of thermodynamics
and defining all damage parameters as piecewise functions. Owing to
the a priori determination of the expressions for the damage parameters,
the solution derived from the variational principle can be very effi-
ciently obtained. This allows a systematic analysis of problems in which
structures undergo buckling instability and are vulnerable to material
damage.

Assuming explicitly stable damaging processes in the derivation of
the framework does not inhibit detecting unstable equilibrium con-
figurations. Instability is characterized by the governing functional,
i.e. the extended total potential energy, exhibiting a (local) maxi-
mum. In contrast, equilibrium paths passing through unstable configu-
rations will not be provided by the framework. However, considering
displacement-controlled configurations, instability then constitutes it-
self in a load–displacement curve by a snap-back response, where
unstable equilibrium states are associated with smaller applied strains.
Such deformation characteristics may be incorporated a posteriori in
the framework by either incorporating an arc-length method to trace
the equilibrium path, for instance as described in Shen et al. (2021,b)
for physical experiments, or an algorithm that finds possible solutions
corresponding to the same load input without violating the second law
of thermodynamics.

In the matter of evaluating the stability of quasi-static deforma-
tion processes involving inelastic deformation, distinctions between the
stability of equilibrium configurations and quasi-static processes apply
(cf. Petryk, 1991). Evaluating the stability of the deformation process
rather than equilibrium states is relevant whenever the system under-
goes path-dependent deformations. In the context of the current work,
implementing the assumption of stable damaging processes implies the
introduction of path-independence during damage growth, where the
transition from active to passive damaging processes (damage growth
to no growth) and vice versa is captured by the three conditions gov-
erning damage growth (cf. Eqs. (9)–(11)). As outlined in Section 3 by
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means of analysing the second order variations of the extended total
potential energy, the stability of an equilibrium state can be evaluated
with the aid of the extended total potential energy where conditions
for instability related to geometry and damage can be formulated.

The application of the novel analytical framework has been demon-
strated by studying the problem of a composite panel with multiple de-
laminations and matrix cracked layers loaded under in-plane compres-
sion. Structural responses of the plate strip including nonlinear buckling
behaviour within the elastic range and during damaging processes have
been successfully determined. The responses obtained have been veri-
fied by comparison with FE analyses. Various structural (in-)stability
phenomena associated with damaging processes have been observed
such as stable post-buckling responses during growth, limit point be-
haviour at the onset of delamination growth, where the plate strip
restores to a stable equilibrium configuration at larger deformations,
and instability associated with unstable delamination propagation that
causes catastrophic failure. The capability of the framework to con-
sider the interplay of multiple damage mechanisms has also been
demonstrated.

It should also be stressed that the semi-analytical model does not
necessarily have the objective to provide in-depth information about
specific damage mechanisms, i.e. the approximated displacement field
does not as yet offer the capability to consider localizations in the
stress/strain field as it occurs around cracks. However, the small num-
ber of generalized coordinates, alongside the energy criteria employed,
enable a general analysis of the nonlinear structural instability be-
haviour of damaged composite plate strips and have produced excel-
lent agreement with FE analyses regarding the effect of delamination
growth on the overall structural stability.

Thus, apart from providing a blueprint for the application of the
analytical framework, the model presented may also be regarded as
an initial step towards efficient modelling approaches for the problem
of composite panels exhibiting barely visible impact damage loaded
under in-plane compression, which is of particular interest to the
aircraft industry, where the aforementioned shortcomings would need
to be addressed. The required steps towards a more comprehensive
description are to extend the model to embedded delaminations (with
a 2D problem description, cf. Köllner, 2021) and incorporate further
amage types, such as fibre breakage as well as geometric imperfections
n the form of indentations (Falcó et al., 2022; Lin et al., 2020). It
hould also be noted that the benefit of describing such systems effi-
iently may diminish with the increasing requirement of having many
eneralized coordinates owing to the geometric complexity and for
odelling damage mechanisms in greater detail. However, pathways

o transfer the analytical formalism into a finite element framework
cf. Pineda and Waas, 2013) appear to be feasible and will be explored

next.

6. Concluding remarks

A novel analytical framework for a structural stability analysis of
mechanical systems vulnerable to buckling instability and material
damage has been presented. The work addresses the need for efficient
analysis tools in current engineering practice where, owing to modern
materials (composite materials/structures) and the pursuit of more
sustainable engineering solutions, the design of engineering structures
requires either the explicit consideration of damage (e.g. damage tol-
erant design) and/or the full exploitation of structural strength. As a
consequence, structures prone to buckling instability must inevitably
also consider material damage and plasticity. However, modelling such
deformation processes normally relies solely on high-fidelity numerical
approaches that often turn out to be unfeasible for design practice
regarding associated computational costs (e.g. for determining the com-
pressive strength of composite structures with BVID). On the other
10

hand, where simpler materials and structures still enable efficient
designs (e.g. steel structural members in civil engineering applica-
tions), design recommendations are often based largely on empiricism
that may impede the full understanding and hence utilization of the
structural load carrying capacity.

In order to resolve this issue, the current work has presented a
framework where the concept of stable damage growth is incorporated
within a structural stability analysis formalism. The framework allows
efficient (semi-)analytical models to be developed that employ a so-
called extended total potential energy in which damage parameters
are expressed in terms of the structural configuration and applied
loading. The derived variational principle employing the extended total
potential energy in conjunction with the second law of thermodynamics
and a piecewise definition of damage parameters provides the equilib-
rium conditions alongside the required conditions to describe damage
growth. Higher order variations of the extended total potential energy
determine the stability of equilibrium states.

In its current form, the framework considers mechanical systems
that are described by sets of generalized coordinates, loading pa-
rameters and damage parameters, undergoing quasi-static deformation
processes. The application of the framework has been demonstrated by
studying the compressive response of composite panels with multiple
delaminations and matrix cracked layers. Nonlinear buckling responses
have been obtained for characteristic configurations causing distinct
structural instability phenomena associated with delamination growth
providing the foundation for a general structural stability analysis of
damaged composite panels. Further characteristic application examples
range from composite panels with BVID to structural members used in
civil engineering construction.
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Appendix A. Equivalent constrained model

The derivation of the reduced in-plane stiffness matrix due to matrix
cracks by employing the Equivalent Constrained Model is briefly sum-
marized and follows information provided in Köllner et al. (2020). A
detailed derivation can be found in Kashtalyan and Soutis (2000, 2016)
and Zhang et al. (1992).

Considering a cross-ply laminate that exhibits matrix cracks in a
90◦ layer, as used in Section 4.1, the actual cracked layer can be
replaced by an equivalent homogeneous layer possessing degraded stiff-

ness properties. The reduced in-plane stiffness matrix of the equivalent
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Fig. B.1. Geometric model of a (0∕90)2s laminate subjected to a uniform bending
moment 𝑀 .

homogeneous layer [𝑄̄(90)] (in the local coordinate system of the 90◦

ayer) is expressed as follows:

𝑄̄(90)] = [𝑄̂(90)] −

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑄̂(90)
12

)2

𝑄̂(90)
22

𝛬(90)
22 𝑄̂(90)

12 𝛬(90)
22 0

𝑄̂(90)
12 𝛬(90)

22 𝑄̂(90)
22 𝛬(90)

22 0
0 0 𝑄̂(90)

66 𝛬(90)
66

⎤

⎥

⎥

⎥

⎥

⎦

, (A.1)

where [𝑄̂(90)] is the in-plane stiffness matrix of the undamaged layer
and 𝛬(90)

22 and 𝛬(90)
66 are ‘In-situ Damage Effective Functions’, see Zhang

et al. (1992).
The In-situ Damage Effective Functions (𝛬(90)

22 , 𝛬(90)
66 ) are explicit

functions of the relative transverse crack density 𝐷mc, defined as the
thickness of the layer divided by half the distance in between two
matrix cracks, and can be obtained in closed form thus:

𝛬(90)
22 =

1 − 𝐷mc
𝛽(90)1

tanh
(

𝛽(90)1
𝐷mc

)

1 + 𝛼(90)1
𝐷mc
𝛽(90)1

tanh
(

𝛽(90)1
𝐷mc

)
and

(90)
66 =

1 − 𝐷mc
𝛽(90)2

tanh
(

𝛽(90)2
𝐷mc

)

1 + 𝛼(90)2
𝐷mc
𝛽(90)2

tanh
(

𝛽(90)2
𝐷mc

)
,

(A.2)

where the constants 𝛽(90)1 , 𝛽(90)2 , 𝛼(90)1 and 𝛼(90)2 are provided in Köllner
t al. (2020) and Kashtalyan and Soutis (2000) and depend solely on
he compliances of the undamaged 0◦ and 90◦ layers respectively, in-
lane stiffnesses of the undamaged 90◦ layer, shear lag parameters and
layer thickness ratio.

The reduced stiffness matrix provided in Eq. (A.1) is employed
n the current model to determine in-plane, coupling and bending
tiffnesses of the plate strip and the sublaminates, respectively, as
utlined in Section 4.1.

ppendix B. Cross-ply laminate under flexure – matrix crack growt

In order to demonstrate the modelling of progressive matrix crack
rowth using the Equivalent Constraint Model in the context of the
pplication example provided in Section 4, the problem of a cross-ply
aminate under pure bending is exemplarily considered. The prob-
em description follows Smith and Ogin (2000), where an eight layer
0∕90)2s laminate is studied in a four point bending test. The corre-
ponding geometric model for the cross-ply laminate subjected to a
ending moment 𝑀 is shown in Fig. B.1.

Matrix crack growth for the most outward 90◦ layer (on the side
ubjected to tension) is studied, which is highlighted in grey in Fig. B.1,
here the corresponding matrix crack density is denoted by 𝐷mc.
he problem is described by means of a single degree of freedom
DOF) which is the rotation of the cross-section where the bending
oment is applied. The corresponding generalized coordinate 𝑞 is

isualized in Fig. B.1. If deemed necessary, more generalized coordi-
ates may, of course, be employed which also applies to considering
ut-of-plane shear deformation as well as residual (thermal) strains
11

as done in Smith and Ogin, 2000). However, presently the focus is
Table B.1
Dimensions and material parameters of the cross-ply
laminate; taken from Smith and Ogin (2000).
Dimensions Material parameters

𝐿 77 mm 𝐸11 37 GPa
𝑏 20 mm 𝐸22 9.5 GPa
ℎ 0.5 mm 𝐺12 4 GPa
𝐺mc

c 0.246 N/mm 𝜈12 0.28

Fig. B.2. Matrix crack density against axial strain in the 90◦ layer.

solely on demonstrating that modelling matrix crack growth using the
Equivalent Constrained Model is feasible for the problem studied within
the current work.

The extended total potential energy of the system is given by

𝛱∗ = 1
2
𝑏𝐷11 ∫𝐿

(

𝜅𝑥𝑥
)2 d𝑥 + 𝐺mc

c 𝑏𝐿
[

𝐷mc(𝑞,𝑀) −𝐷0
mc
]

− 2𝑀𝑞, (B.1)

where the bending stiffness 𝐷11 depends on the matrix crack density
𝐷mc which is expressed in the form of 𝐷mc(𝑞,𝑀) using the analytical
framework provided in Section 3. The bending stiffness 𝐷11 is cal-
ulated employing the Equivalent Constrained Model expressing the
n-plane reduced stiffness matrix of the most outward 90◦ layer (cf.
ig. B.1) by Eq. (A.1) while making use of Eq. (A.2).

Note that the damage parameter 𝐷mc is expressed as a piecewise
unction, as shown in Eq. (12). In Eq. (B.1), linearized curvatures
re considered (𝜅𝑥𝑥 ≈ −𝜕2𝑤∕𝜕𝑥2), with the length and the width of the

laminate being denoted as 𝐿 and 𝑏 respectively. The out-of-plane
displacement is approximated by 𝑤 = 𝑞𝑥(𝐿 − 𝑥)∕𝐿. The critical energy
release rate is denoted by 𝐺mc

c . The dimensions and material parameters
of the laminate are taken from Smith and Ogin (2000) and are provided
in Table B.1.

By employing the solution algorithm outlined in Section 3, the
deformation behaviour of the laminate under bending can be obtained
considering possible matrix crack growth. With the Equivalent Con-
strained Model implemented, a negligibly small initial matrix crack
density 𝐷0

mc must be assumed to be present in the respective layer to
avoid numerical singularities (see Eq. (A.2)). In the subsequent analysis,
this measure is set to 0.01. The results obtained by the simple 1-
DOF model are compared against experimental findings documented
in Smith and Ogin (2000). In Fig. B.2, the behaviour of the matrix crack
density against the axial strain in the respective 90◦ layer is visualized.
Note that to obtain the measure of crack density used in Smith and
Ogin (2000), the crack density 𝐷mc = ℎ(90)∕𝑠 needs to be multiplied by
1∕2ℎ(90).

Matrix crack growth is initiated at a strain of approximately 0.58%.

A significant increase in crack density (high rate of crack growth) can
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be observed following crack growth initiation. In between crack den-
sities of 0.3–0.4 mm−1, the rate of crack growth slows which appears
to proceed for increasing strains. The predictions of the 1-DOF model
are in good agreement with experimental findings for crack densities of
up to 0.4 mm−1, where subsequently the deviations between model and
experimental observations increase; however, the qualitative behaviour
of a decreasing rate of crack growth is also shown in the experiments.
Predictions for higher crack densities may of course be improved
by considering out-of-plane shear deformations in conjunction with
employing more DOFs.

In summary, with the aid of the simple 1-DOF model in conjunction
with comparisons to experimental findings, it has been shown that
matrix crack growth (whenever initiated) can be adequately mod-
elled using the Equivalent Constrained Model in the context of the
application example provided in Section 4.
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