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FINAL STATE INTERACTIONS.




1.

ABSTRACT

The influence of final state interactions ameng pairs of perticles
on the cross section of production processes is analysed field theoretically.
The solution which is obtained is exact when not more than one of the final
state scattering amplitudes is large, and correctly reduces to Watson's

theorem when all but one of these amplitudes are neglected.
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INTRODUCTION

- The last ten years have seen a big increase in the numbher of particle
accelerators and the energy scales at which they can operate. Much data about
production processes has accumulated as a result of these modern developments
end it is quite evident now that the forces between pairs of particles in the
final state can greatly influence the cross sections. The first paper
dealing with this subject was written by Watson in 1952 who estimated the
effect of a strong short range attractive force between one particular pair
of particles near the threshold of production. His result is easily
understood from the point of view that it is essentially a one-channel
process go the phase of the amplitude is simply that of the interacting
pair. Until recently all the applications were confined to problems where
it was known (or assumed) that the imteraction betwsien a final pair
predominated.

The purpose of this dissertation has been to generalise Watson's
theorem to the interaction of more than one pair of final particles,
irrespective of whether it is attractive or repulsive, strong or weak.
Although we have set up the equations for such a system we have only
been able to solve them in perturbative fashion. At low energies and up

to first order in final state scattering the solution is of the type

id
e sin O
M = M(production) [ 1+ 2 { ¢ + iq } —— }
pairs of q

final particles
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q is the relative momontum between o final pair who scattor wlth the phase
and c (:5 1 for strong interactions) is a measure of how important are off-
gshell in relation to the on-shell processes. The expression will correctly
describe the situation if not more then one of the final state interactions
is large, but nevertheless constitutes 2 generalisation of the theorem since
the other interactions are not omitted altogether. If the variation of the
production part of the amplitude is neglected and one of the interactions is

id
.e———sui;n—s— ’ While

retained we have Wetson's theorem M « (c + q cot &)
in the limit of small scattering M —> M (production) as we might expect.

The firsv Section comprises the potential theoretic aspeet of the
problem and although much simpler than the latter sections because it is
non—covariant;spin is neglected etec., embodies the mein result. To begin
with, total potentials between sets of particles are introduced and we obtain
a series decomposition of the net scattering among all the particles in terms
of separate total scatterings, according to a simple scheme which is closely
related to the Fadeev equations. The specialisation to final state
interactions follows readily. Section 2, which consists of the covariant
field theory, is important in showing up the deficiencies of potential theory
due to particle creation and annihilation, and in seeing whet diagrams have
bzen neglocted and must be separately evaluated. The final state scattering
contribution is recalculated covariantly with spin properly included and the
most gencral expression is obtained in terms of helicity amplitudes. The form
of the rosult is essentially the same as above including the presence of a

factor ¢ to desecribe the virtual processes. The reflexion of these final
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state interactions on the Dalitz plot and the effect of competing resonances
are then deduced from our solutions We include a short review of recent
werk on the subject based on unitarity and dispersion relations without
which the thesis would be incomplete and especially the equivalence between
formal scattering theory and axiomatic theory as shown by Jackson, The
generalisation of the dispersion relations to all final pair channels which
has been proposed by Peierls and Tarski in their model of final state
interactions is compared with cur perturbaztion solution,

With a view to deriving information about ®—-x scattering we apply
the field thecretric solution to the problem of ¥ meson decay into three
pions. The result az-ab1=.1, where ap is the s-wave =-T scattering
length in the isospin state T, compares very favourably with dispersion
theory. However, the disagreement of this conclusion with other sources,
about 7R forces such as the ABC experiment,shows that the situation
in t~decay is much more complicated than appears at first sight and is not

a good means of deducing the pion~pion interaction.
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CHAPTER I

Potential theory of final state interactions.

te Scattering of free particles.

We begin by giving a brief description of the formalism and notation
which we shall adopt in the subsequent work.

The eigenstates of the free Hamiltonian Ho will be written as { ¥ >
and those of the total Hamiltonian H as l y>, corresponding to in and out-
states. The Lippmann-Schwinger equa‘tiOn(z)t;en gives the construction of
W >, from l\ygwhen these have the same energy (this effectively implies
an e;ergy renormaligation)s

| 1

lys, = |¥> + lim  ———— V¥, (1)

- E= 0 E-Hoa-ie -

where ¥ = H = HO is the interaction. If V is given at the outset then
the problem is essentially determined. The description in' and but! is clear
when we take the cocordinate representative of the equation and take the
limit |z l-. oo v Then <.£_| ¥ >_has incoming spherical waves and
outgoing plane waves.

We can rewrite (1) more conveniently in the form 3

1
[y = (14 ———7) |¥> (2)

E-Htie

The scattering amplitude from a given initial state i to a final

state specified by £ is given by <f |1 >p =X f I S I i>» = SfL » Since
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1 1
1>=li>+{ - }vli>
- Ei—H+is Ei—H—lE
1 1
Sfi = f.fll?. +g - - : }sf |V|1>
{E,~E_+if E,~E_~ie
i°f it
Co Sy = 0. -2mid(B-B) <t lv|i> (3)
Putting S ~ 1 + 27t'16(Ei~Ef) R , (4)
<El R|is= —€|V]is= ~<t |v]1i> (5)
- +
and =R = V+V (E~H+ i) V where E= B, =B

We make use of the identity
(B - H+ie)” = (B-H +is Y+ (BeBeie) TV (BE tie) T

to derive the relation V (E-Heig) | = -R (E—Ho+is)"1. Defining the free
causal propagator A = (E—Ho+i'&)_1 all the foregoing can be conveniently

summarised as

R=RAWV-V.so V=RN-R (6)
This last formula will form the basis of all our work as it gives R in
terms of V and vice versa, up to any given order, the order of any
expression being defined as the number of times in which A appears. The
series expansion of R in terms of V (which is a real operator, of
course) demonstrates the unitarity of the S-matrix,

R - ®Y

(VVATVVATY AV 4..) - (VHVAY + VAVAW L)

v (at-a) v+ (vatvaTv - vavaw) + ...
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(v + VEV + vaT vatveLL) T-A) (VO VAV + VAVAY + L)

il

gt (A" -A)R = 2xi RTS (B-H_)R

i.e. the relation R = RAV =~ V, alone, ensures a unitary theory, providing
V is real and A is the Green's function, (EPHo+is)—1.
Vle note that because of overazll three-momentum conservation the
N 3.3 (o
element Rfi will include the factor (2w)° & (Eﬁ E&)

o Spy = 0+ i(en)e ) My, (1)

Hence the transition probability per unit volume and per unit time is

Wy = (2n)* 64(kf—ki) by | ? (8)

2 Scattering of bound state particles.

Equation (6) which is simply the potential theory analogue of the
Bethe-Salpeter equation, is not immediately applicable to problems which
involve bound state systems such as deuteron;?J)Therefore we shall derive
equations which are very similar in structure to (6) and which will
cover these cases as well. PFirstly we introduce the binding potentislv
and denote states which involvc the deuteron with the subseript L. Thus

plane wave states which contain the deuteron are writtenlﬂ*b) and scattering

states i it are denoted by |1[fb>+ ie.

() [¥b>= E|yb> and

(Ho+v+V)|¢b>t= E l‘“’: .
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Let V now stand for the potential between any other particles and the

deuteron. As before,

i
vos = (14— ) [y
¢ + E-H ~v-Viie e >

1 1
iy 5y = JHp> + ( ——— -

Ei—HO-VhV+ig E-HO—V—V—is

) v oi>

The amplitude for & process in which the final state still contains the

deuteron viz.the “slrastic amplitude" is

1 1
<f |i>, = <f i sudfy | ( - v 1
S e T ST Ty 2% o . b>
E.1 Ef+1s Ei Ef ie
= 6, - 2m&E-E) <f |V [1>
= 8, +2mYE~E)< f| R, 14> (9)
Thus - R = V+V(E-H —vVaie )y~ v (10)

On the other hand the amplitude for a process where the final state

consists of the disintegrated deuteron ie.an "inelastic amplitude" is
LElip =<f |iy> - 2ni o(B;-B) < £ V| 1>

- 2m 6(B-E) < £| R |ip> (11)
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-1 .
Therefore - Rinel =,V+(V+v)(E—HO—V-v+bE) v {12) /
The integral equations (6),(10) and (12) cover all physical problems

of interest.

3s. Decompogition of the scattering element,

In potential theory it is usual to regard the potential V as the
basic quantity from which all elsc is tobe determined. The same is true
of field theory where the interaction lagrangian is something which is
given at the outs=t., One then determines R exactly through the integral
equation, or if that s not feasible, then by means of a perturbation
expansion. However, one might equ=2lly well choose R as the starting point,
which, after all, is the gquantity which is measured physically, and evaluate
V from ite. This is the point of viecw that we take and whick is closely
linked with modern S-matrix theory. This potential V is the total of all
interactions and necegsarily describes all the processes in nature; however
certain parts of it are sufficient to describe the scattering between a
chosen set of particles (at least in potential theory) and the remainder
represents all other processes. In this section we will express the total
R matrix in terms of the R matrix operating between this particuler set of
particles and the R matrix which sriscs from the remainder of V,

We have when

Suppose that we make the decomposition V = VO + V10
V1 =0
-1
R= R, = VAV (B-H-V +re )" V (13a)
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[

when VO Oy

=1
-R, = v1+V1(E—HO-V1+Je) v, (13b)

but in general, of course,

~R

i

— - KR & o — — 3 ~1

R (vo+v1)A \JO+V1)(E H -V v1+1s) (vo+v1) (13¢)
Our intention is to express the full scattering R in terms of the two
indepenfent scatterings R~ and R, and this we can do via (6) up to any

chosen order. Firstly, we expand ~R = V+V A\ V+.. , put VO+V,I and then

substitute -V= Rr+RdﬁRo+"’ -V =R1+R1A R1, +o0 Let R(n) represent the

1

expansion up to n'th order,

ouze R —y- vaAV - vAVAY
=-(vo+v1) - (v°+ v1)A(vO+v1) - (vo+v1)£\ (vo+v1)A(vO+v1)
= RO+ ROARO + R&ROA R0 + R

+R1AR1+R1AR AR

1 1 1

- (Ro+ RAR + R, + R, AR1)A(RO +RAR R, + R1AR1)
+ (RO+R1) A (RO+R1) A(RO+R1)
= Ro+R1 - ROAR1 - R1ARO + ROA R1 ARO + R1A ROA R1
and it is clear that in general an R1 must follow an Rb’ and vice versa.

The very same procedure can be applied to the deuteron scattering

problems to isolate the effect of the binding interaction :

Rgi) ~V = VAV = VA (VWA V

i

Cee

R+ RM + MBAR -~ (R+ RAR)A(R+RAR)+RA(R+r)A R

R+ RAr AR



=V =(Viv) AV = (Viy) A(VHy) AV

R + RAR + RRAR - (R+RAR +r+rar)A R+(R+r) A (R+T)A R

R~rdR+ RATAR

It is evident what the generalscrics is like upon examination., The

diagrams below summarise the situation.

08 @ - -G -G @ - ©-O-6)08

o

@= (E) ¥ @b\? _I:D * @"G}“fﬁ‘*% + e
b @ O + O-D-@- O~~~

FIG. 1.

As yet we have not specified VO or V1 in any way, apart from stating

that they are complementary to one another. In the particular case when the

chosen set consists of 3 particles, '1','2' and '3' say, we can further

decompose V1 .

Vy= Vi, +Vpy# Vo + V00 ‘ (14).

The statement is made precise by defining Vij to be the total potential

acting hetween partcles i and J, so that V the remainder can he

1237

regarded as a 'threc particle interaction's. (The recently discovered

particle can be regarded as a resonance of a 3=pion interaction).
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Properly speaking, the Vij should be multiplied by the projection over ij
particle states i.e. should be replaced by iEj Vij ij > <ij|
Neglecting V123 for the moment and applying the O=1 mecthod with two

particle scatterings, we obtain the diagrams of Fig.2. Vere we to include

V123, we should have to add the diagrams of Fig. 2b.

——y . " .

v L
- ’ . i )\_j: L4 l/\ e
7 i‘k>\-“--k k/O:

~

o
Ly K
u;d'c
FIG, 2a.

14

— ) : ¥
\ “foﬂ\-:-"w//‘ ‘ N N ) {
A Lk j\.- )-a-\ W K " \../\ k i
yihne

FIG.' 2b,

Where there is no evidence for a 3~particle interaction, it is usual

to neglect R123 and to attribute all the dynamical effects purely to the

two particle collision operators Rij’

For completeness sake we mention that the series contained in Figures 1

and 2 can bo obtained from the following equations by iterations

= R 4+ B f
R = RO + R1 where (

|

J

o
o]
“m—/
]
—
j=v}
o]
SR
+
e
o
o':U
e
o>
o s by
Beg |
O
it e
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R = R where ( R )
el _

I
PN
Le j=v]
e

+
T
Le Q
o j=o
N

>
——
Hy R
e

i

i

. R + RArAR,
in in

In particular, the matrix equation for the three particle problem is

(15)

nothing more than the Fadeev equation

R = Q23+R31+R where ; 23\ { R23 K 0 R23 R23 RZB\
; R b oz by A R
CR3 T B TR 0 Ry &31]
Lo ’; ; | _
VBl ARl R, R, o B,/

As an illustration of all these techniques we consider elastic and
inelastic electron~deuteron scattering., v will be the p-n potential which
binds them inte the deuteron, and V will be the clectron-nucleon potential.
V itself is the sum of two partsg Vn the e~n potential and Vp the e~p
potential.

Thus R=R+R +R AR +RAR + o
n ) n-p P~ n

Since v 1is a strong interaction while V is electromagnetic in origin,
V1¥T%7 v § therefore up to second order in e.m interacticns RN’ it is

a very simple matter to derive the dicgrams of Fig. 3 by straight forward
application of the itoration equ ticns contained in Fig.?.

[; Such diagrams have been obtaincd hy Ferreira('e) for the problem of

K-meson - deuteron scattering but his derivation is considerably more tedious
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FIG, 3a

e E e -«F\r e
o) }"‘\._
e =l {
d N a M ¥
< roacleon
thabag € ~ € *“TN ‘ N
1\{ e e S
& e . Nf
Ni / T {N ™
B < )—"““ TN >
n N ] d N =
& ‘f'f}:\a» ]
T t\/ N\, ‘F/ N T
k E“...-’. -
a N ™
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4. Final State Interactions.

We are now in a position to attack the main problem which is to
isolate the effect on the total scattering amplitude of the interactions
among the final particles that are emitted in a particular process. Ve
will designate the initialparticles by 4,B,.. and the final ones by
12,3 « The total pctential V will act among all these particles, and we
may imagine it to be a form factor multiplied by operators which annihilate
the initial configuration and create the final particles. We define the
decoriposition into VO and V1 by defining V1 to be the total potential
which acts between the final particlcs only, so that the remainder Vo can
be regarded as the production potential. To be definite let us take the
initial set of particles to be different from the final set, so we need
only consider the part of VO which annihiletes A,B,.. and creates 1,2;3,..
V1 destroys and recreates 1,2,3,.. Because we are working in terms of
potential theory these conditions apply to the R, so the only tcrms that
contribute to the total R are RO+R1 ARO. Now

<f | (R A)R|is = £ |V o> A (15)

wherel1b1>* is the in-or out-state in absence of Vo, while k‘fo>+ is
for V, = o, Equaticn (15) is just the term which Watson uses aninit
represents scattering from an in-state of ne final state interaction to
out-state of no primary interzction.

The first non-trivial situatiocon in which it might be possiblc to

detect the effect of V1 is a final state consisting of three particles
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when V1 can be broken up into specific pairs of potentials; if these pairs
interact differently in any way, these differences must show up kinematicall
The effect of V123 will be apparent in the variation of the cross section
as a function of the total cnergy of 1,2 and 33 we shall mostly neglect it
when analysing the differential cross-section for a given incident encrgy,
attributing all the fine structure to forces between pairs of particles.
Before proceeding with an actual calculation of the final state scattering
diagrams we will present the original argument given by Watsonplé.

To begin with, it is assumed that the force between a final pair (say 12)

is strong and attractive; so if we introduce a complete set of configuration

states of that particular pair in equation (15),

\ 3 i
eef 372y, <fy| 2 <zip| Vol 152,

Further, if the production amplitude <r12{VO ]io> is very short range
*
it will be practically independent of the relative motion of 1 and 2 and is

very well approximated by MO(Q) = < gl VO| 1g>+ s SO M,JMO(Q)M1(2)

15 .
.. M . MO(Q) .?_gﬂli_ .

q
Indeed the result is guite obvious if considered in the light of unitaritys
the process is governed essentially by one final state channel and hence

must possess the phase of the final state scattering.



5 Evaluation of the lowest order scattering.

(2¢)

Unlike Watson who is only interested in the strong attraction
limit of 1 and 2, we carry on with the summed up perturbation theory as
given in the previocus secticns and proceed to estimate the effcct of the
final state scattering with particles 1,2 and 3 on an equal footing.

The decomposition represented by Figure 2a when combined with the

fact that R = RO+R1A Ro leads to the diagrams below up to first order

in final state scattcrings

2
{

. ’_\‘/"1 ‘/

ir
e
/T
-
;éf‘«

Z

TG4,

Typically we shall have to cvaluate <« 123 R12A Ro AB> ,

Introducing a complete set of intecrmediate states of particles 1 and 2,

we find
3' [ 1y ¢4
p DS s <l [ & [ %]
(2793 om',  2H) SrEe B-(B,+B{+E]) +ic

(16)
In this form of theory, each particle lics on its mass shell and threc—

momentum but not energy is conserved in intermediate processes.
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As usual, we express our rcsults in terms of the total and relative
momenta

' =kj+k, , 2¢' =k -k (17)

Evaluating in the barycentric frame of 1 and 2 where p = o, we obtain

¢ 3
_ 1 S M12(.9.s.9.')M0(Q.1 5E3}ki) d-q'
3 ™ TS t
(2x) E,+E,~B}-Ei+ie 4B;E}
1 ( M‘IZ(w’-Q-;(ds.‘?.') Mo(w'g_q‘,}_c33§i) 2qt:1w'dji'
(473"

4

W ~wt+ie L3
(18)

wherc W is the cnergy of 1 and 2 in this frame (w' in the intermediate
state) and ¢ denotes the oricntation (8,¢) of q with respect to a fixed
axis.

At this point we make a partial wave decomposition to bring out the
angular dependence., For simplicity we éhall assume 1 and 2 to be spinless
so that orbital momentum is conserved - the characteristics of final
state intcraction should emerge irrespective of spin complications. The
amplitude M12 will be independent of the orbital component m because
of its invariance under rotations of (12)s however M, willdpend on m
because the final state of three particles need not be invariant under the

separate rotaticns of (12) 3
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¥*
. 2 1 1
Myo(8:8')= 5, (22+1) Dmo(i)Dmo(ﬁ')Mml (19a)
1 l*
— Z -2— “ N
M (8") 12 (21+1) Dmo(_@_ ) Mg (19b)

The orthogonality reclation of the rotation matrices,

47
¥1 *1t
faep  (9) D, (2) = & 4 6491
o mo m'o (21+1) mm 11
simplifies equation (18) to
1 . Pl
¥ = (4702 m (21+1) D (9) L (20a)
where
- fM, o (0, DM L (ko sk. ) 20'd
_2igX . e Yofe 121777 olm 3773
Y © By op (o)l (o segskes )= 4 y ,,
w ~w W

(20v)

The first term is just the physical contribution (or the abscrptive past,
from the point of view of unitarity) and the second term, which presents
us with the real problem represents the virtual contribution.

Because the off-shell elements are determined in some way by the

en-shell elements, we write the virtual papt for sach partial wove as

X, 2( w,w)mo(@' )/M1 2(w,w)mo(w) | 2q'd o

1 T
P 0 () | ' '
~ w - W. w

and the numerator of the integrand is now dimensionless. If we suppose
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that the off—shell elements bocome amaller the more unphysical becomes
the intermedizte scattering, then the numerator will act like a cut~off
function. Because we do not know how rapidly or in what manner it cuts
off, unless the potentials are given, we may regard this ratio as unity
up to antﬁc after which it is zoro, This sort of point interaction

(16)

model has been adopted in the pasts see ref: ’for example. Moking a

subtraction at the threshold of production,

L)

[ 2iq g o ~m, = m 2q'dw’ )
T b, () | e b o+ P2 |
w “(uf—m1—m2)(uf—uﬂ o "
“e
- 2q'd o
with ¢ = gi (
T w'@u'—m1~m2) (21)

In gencral, ¢ is a complicated function of w .« Thus

200 = HoP-mm. )~ ann? (22)
1 2 172
Providing neither m, nor m, vanishes we can approximate the factor
2q
as follows ¢
w 2
4 1 1
At low energiles W= m.+m. + (._ b et )
172 o ., m,,

and at high energics w= 29 . A function which has both these

characteristics is

1

2q ! w -m ~m 2

w icu—m1—m2+ (172)”
16m1m2

This expression does not deviate very much from the exact form providing
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the ratio of the masses is not too large. In any case this is

unimportant since the use of the mcdel is itself an approximation to the

truth.

The integrations are casily carried out now and we obtain

1

w+ 29

(009 00 |25 - (242)
I, =~ M ww) Mo, (w + e, + — log § 24a
1m 121 In - Im © w- 2q i<
! -1 16m,mp( @, omy-my)
with olm':e — cosh [‘1 + 3 .} (24b)
T (m1+n12)
In the low cnergy limit,
@) 1 @ | e T |
I, = M w,W) Mo W "e, + =—— + 0 (———)
Im 12 1m L 1m w . 2 |

Therefore for the case where 1 and 2 interact, and ncar the threshold

of their production, we have all in all.

2iq } My oy (0, 0)

i v
p (21+1)2Dio*(§_)1~£0 (w) 1+ (olm+
1,m ' 1m L w 16 =

[ ST

1t

M

i ;" o] - ]

= 2 ()Y (0 (w)i+ (1o 2EY) O ging !

1l,m me —'"¢ : 1

’ Im . 2q -
(25a)

i, .
e “legin " 2q
-—————-—(?l ( — cot61+clm" (25b)

1
- ) Bn1%0 o s



( 2q ) 21 22,

1 1+a.c —
- 3 Tl ¥ 1 im %
l,m(21+1) Do (8) Molm(“’) : be 10 2q,21+1 (25¢)
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A w

where we have defined the relativistic scattering length (dimensionless)

as
21+1
[ 2q \ 1
V-_— } cot &, = — {26)

Q

w 1 a,l

The physical significance of equation (25) is gquite clear, therc
is interference between the unity of the production amplitude, and the
final state scattering,; the paramcter ¢  which describes the model can
be regarded as the amount of final state interaction that takes place and
occurs in the enhancement factor (c + é; cotéi), Since we are presuming
no knowledge about the potential, there is no very firm theoretical
basis from which we can determine ¢, Nevertheless when the final state
scattering is astrong interaction ie is usual to invoke an energy cut-off
of the order of 1 nucleon mass and then ¢ x 1. At any rate, 1t
should certainly be posgsible to determine ¢ from accurate low enecrgy
experiments when the production mechanism is known.

Ve note a few characteristics of expression (25) when we retain

the S-waves only. If we adopt a length parametrisation,
(1 +ca)

w

Mop = M () (27)

£

whereas i1f the final particles resoncte at an energy u% like a spin zero
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23

pseudo particle with lifetime T

24 2 2
w
) w T
wz"wz
0
—_— %
o.c B . = U.) I‘
Mo, Mo(m) ; 0 : (28)
w T 2q
L % _ =
w,T )

Let us sec the implications of (27) and (28) graphically, always

agssuming that Mb is independent of w so that we are attributing all the
structurc of the amplitude to the interaction of a particular pair of
final particles. Becausc we are only rcgarding that channel as the domin-
ating part, we shall be repeating Watson's results tc a very large

oxtent. Notice that the enhancement in (27) is pronounced only when a
is large in magnitude, and that when a = -~c¢ there is a degtructive effect,
so one cannot then neglect the influence of other channels.

o ;r\G’

_\l\-.“.\rgf‘ (G /f

...... -
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6. Overlapping final state scatterings.

In scparating out the total structure due to final state scatterings
then,we must take an infinite string of perturbation diagrams into accountg
those represented in Figurc 4, the double scattering diagrams such as shown
in Figure 7 and so on. In practice we only retain the lowest order
scatterings, and we can put forward the following heuristic argument to
Justify this approximztions suppose that all three final particles attract
one anothers then a pair of particles will scatter cne another most for low

relative momenta (and certain momenta

A ) where they resonate) causing the other

particle to move with a high relative
_/ momentum in the oppesite dircection to the

poair (if resonance effects of the pair

NT
\
w——y
»t

\; /

k-~k
P
' e
”3 -

which may cause the third particle to move
slowlyare nct appreciable); subsequent

Yo
f 1\

j scattering of this odd particle with onec
H . r \1 of the particles of the pair will be small
and unlikely. A similar sort of argument
PTG, T will a.ply if all the particles repel one
T another,; but if some attract and others
repel it breaks down. At any ratc the retention of the lowest scattoring

diagrams will certainly be correct if we know that only the forces between

one pair are significant, or if the masgnitude of final state interactions
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is smpall enough to justify a perturbative caleculation. This would correspond

t0 having small scattering lengths.

Quite apart from these considerations, there is the question of how
correct is the use of the potential theory itself., The V are supposed to
represent all the exchange effects between the particles in Question
although they do not allow for particle creation or annihilation. At high
énergies when many-particle states become increasingly important we can be
sure that tho model deviates more and more from the’ truth, and to the
same extent as the peripheral model. (This is because the basic unit of

<E |V|E>

the itcration <E'|A Vv |El> = decreascs in importance so

E'- E
that the first Born approximant - R = V + VAV is taken into account).

Fortunately, equation (25) has been derived for near threshold energics and
many particle structure will be quite insignificant.
A straightforward generalisation of (25) to all three lowest order

scatterings with spinless particles is

_ 203 FEi% o o o13% 5]
¥ = Mo + ijk 1 ,,m;,(211j+1)gDm.. oci)Mol..m: (“ﬁj)ll > }
perms T4 U +J 1 - %j
i61. .
e M sinalij (29)

If the energies are so low that just the S-waves need be retained,

léij

M=M(w 4 1+ 3 [1+545%5 o
{ 13k - 2q1 !
- 4

sin@ij (30)

[G—"
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and if the S-wave scattering is parametrised by a length,

e 8, (e, + 2id. fwes) 3

M = Mo(“’ij) {1 . 5 id i 13/%4 3
oo 1 = 2ia. 4. /s
1371 1]

(31)

-

As we have already stated, the result (31) will be particularly accurate
if not more than one length is large in order that multiscattering effceccts
in the final state be negligible.

(29),,

Anisovitch, &nselm and Gribov ave analysed the Feynman diagrams
of f.s,i and their associated singularitices to calculate the influence on
the total amplitude. Ve are able tc recover their rcsults by assuming, like
they doc, that a and aq are small so that an expansion of (31) in powers
of & is possible 3
2
12 M ) E1 + 3 aijcij}D + 213 %ﬁlﬂ +0 (—3} ] (32)
1j

There is an exact one to one correspondence with their conclusions when we

identify £ = M [1+ 3ac] as the throshold amplitude.

The question arisecs as to whether one may extend equation (30) to
apply even when all the f.s.i amplitudes are large., The first notion that

springs to mind is the multiplicctive form,

TV 2 eiéi,j sind
1 . ..
1s£=lxzi(<x>..)ﬂi}——i‘1 cotS.. + .. 2 (33)
oV 1] L ij ij
Wi s 2q..ﬁw..
ij 13713
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which certainly reduccs to {30) for small .a. Tt is easy to convince oneself
however that (33) gives an incorrect description of f.s.i since it pre-
supposes that each of the final channcls is completely independent -

of course this is not true as cach of the channels are coupled through the
integral equations of Fadeev('S). In any case it is a simple matter to

verify that the second order terms in an aij expansicn of (33) do not agree

with the second order contributicng of Gri%yov et al(zﬂ).



CHAPTER II. 28.

FIELD THEORY OF FINAL STATE INTERACTIONS.

1.Pole Terms in Production Processes.

Most of the considerations of the previous section preclude the
possibility of particle crcation or annihilation and assume that the
production mechanism can be separated from the final state interaction. This
last concept is very badly defined as soon as we begin to think in terms of
field theory. For instance we may visualise picn production in nucleon-
nucleon collisions as proceeding peripherally through the exchange of a
pion. (See Figure 8).

(6)

In this Chew~Low mechanism s one of
the vertices consists of N® - NR
scattering, say through the N*, go that /
the production amplitude itself involves N P OAT N
forces between the final particles
(1 and 2).v Production can be followed ‘
by rescattering of the pion from the
other nucleon (2 and 3), or else by the ‘
two nucleons (1 and 3). Can we allow for

FIGURE 8.
subsequent scattering of 1 and 2, although
this accounts for the main reaction? It is not directly obvious how we
have to proceed.

Another point worth mentioning is that previously R arose from V

by a succegsion of two-body interactionss in field theory onc can imagine
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some very trivial situations in which this may not be true e.g., 7N scattering
proceeding though a nucleon pole. Since this pole is not one of momentum
transfer, the diagram camnot be zssociated with a potential unless the

nucleon is itself regarded as the bound state of a pion and nucleon.

2 Connected and Irreducible Diagroms.

We wish to reformulate the theory in such o manner that it boils down
to potential theory on condition that the pair intermediate states predominate.
The way we shall carry out this reformulation will be to extract the one- and
two~particle intermediate states in cach of the final state channels in an
obvious graphical manner along the lines of Symanzik(QG), and then to
approximate the two~particle irrcducible production vrocesses by a Chew-Low
mechanism(6 ). In order to achieve this end we must introduce a few basic

conceptse.

A diagram is 'disconnected! if it

consists of at least two completely Y >
separated parts as shown in Figure 9; w*——-__i:::ﬁ:::::j
In the language of axiomatic theory "
this would mcan that energy-~momentum K

is conserved in at least two parts.

i.e. that the amplitufe will contein FIG., 9.

at least two 8 function factors of four-momentum. Evidently a diagram will
be named'connectod if such a factorisation cannot be performed. Assuming

that neither A nor B can decay into some part of the final configuration,
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then it is clear that we were previously vonsidering tho comnoected diagram
for the reaction A+B — 1 + 2 + 3.

A disgram is said to be '‘n-particle reducible'! if it can be split into
two disconnected parts by drawing a linc (through its intermediate part)
which cuts not more than n internal lines., If this cannot be donc for
any transversal, then the disgream is called 'n-particle irreducible!s The
conceﬁt has significance in connexion with the singularities of the amplitude
in a particular channel and becausec of this, is intimately'related with the
dispersion theory approach.

Reducible graphs can always be broken up to irreducible parts. With the
convention that all lines which we draw are to be regarded as complete
propagators (i.e. as containing all rediative corroctions) and all bubbles
as being amputated (i.c. of having the above singularitics removed), then we
have the fundamental reduction formula('4) for an n~perticle irreducible

diagram in one particular channel s

connecked diseonnectyd

W ¥ n+ + n+i
|/

tmeg Hries

i1

haY ntt n+i n nt+t n

FIGURE 10,
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This formula is trivially obvious Zooked at from a graphical point of view.
For a diagram to be n~particle irreducible, we must cut at least (n+1)
internal lines to discomnect it. On the r.h.s. of Fig., 10 we have seporated
out the diagrams that need at least (n+2) lines to be cut for discomnexion,
and those that do notj the latter can themselves be written as the sum of
two parts, each part of which is (m+1) particle irreducible, comnected by
(n+1) complete propagators to an n particle irreducible diagram (connected
and disconnected).

Let us illustrate the reduction procedure by two simple examples in
a self-explanatory diagrammatic way.
(1) Self Energy

We are investigating theo radiative corrections to the propagator, thereby

examining the 1 particle irreducible part of _(:1 | 1:2* .

¢ - PO
B P+ G- G-

If these diagrams arise from the interaction Lagrangians 4‘+ ¢ ’ 474

then the only possible 3 particle irreducible diagrams are /}\ and )(

o)
80 the equation becomes the Dyson equation for renormalised pion-nucleon



interactions,
~<D = -ﬂ} + *Cd)- + —«E{W‘
i 2 } 2 |

(ii) Vertex Part

Again in an obvious notation,

DU o

and in a q>3 Lagrangian theory, we arrive at the Bethe-Salpeter equation:

Qe - < - P

3s Two-Channel Irreducibility.

What we have discussed above is limited to only one particular channel,
and needs to be generalised if we are to use it in comnexion with final state
interactions among at least three particles. It is not very hard to

extend the analysis, as it happens, if wo remcmber to impose the irreducibili
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properties in each channel at every stage of the reduction.s We show how
this is done dizgrammatically with reference to the four point function in two
of the three possible channels and then generalise the foregoing to all three
channels.r Let us remark once =azain that all‘bubbles‘drawn are amputated,

and are of the form

s1though not explicitly indicated.

bt

Neglecting the s-channel for the moment and pulling out the pole terms in

in the s~chamel

the t=-channel,

D

1 particle irreducibility in the s—-channel will be satisfied by having

FIGURE 11,
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Ve now proceed to decompose further the last diagram on the r.h,s. of

Figure 11 s

B> QI G
=

But,

=

and if we have to maintain 2 particle irreducibility in the g=chamnel of

/
s there are two possible ways in which this can be dones
N~
2
!

As examples of Feynman diagrams which fall inte these categorics we

may draw

] .
g‘z 2 p—
~ ~ ‘
i 1
and )
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FIGURE 12,

A more symmetric form can be attained by carrying on with a few more

reductions 3

IR - e
- T ] et

e AN

| \ )
/
2 2 2
= +
- i |
AN
L}
and
\ A
2 2
= +
EEEQ;' ?g%g;: ;E§§;§
{ \ v

Collecting terms, the 2~channel decomposition has lead to the equation
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- e L ke K
B K e Y

FIGURE 13.

which if given in terms of an integral equations, would correspond to the
Mandelstam representation with dispersion relations in s and t only.
We shall state, without proof, the generalisation of Figure 16 to all

3 simultaneous chammels, which is certainly plausible,
Vit
N
O‘-
- ;Q-Q/ + /é] « + > 4
s S
\ t.yck(
@ rmi
Pof' \
s, b, u. + > i 4+ P {
3 1Y
L3 4 |

/

+ . 1 particle
{rreducibte in S, & u

]

FIGURE 14.



4. Decompogition into final state interactions.

The expansion that we have cerried out for the four.point function

requires only a slight modification for the purpose of separating out the

final state interactions, since we are interesied in just the 23, 31 and 12

channel contributions s

©

N . /.t
A t T L _ ¢ /O/
EQ SIS ,+ D\é{
eyclic N
) - z
+%’ +
2 ~ 2
fan ik k Fan LK >
N \
- » 2partacle
+ —d{l trpr:du’\cd:le "
5 i k 1_]k,Kl
PIGURE 15,

To establish the correspondence with potential theory one simply discards

all the three point functions that cannot give risc to potentials in any of

the final state channels, so

z_parh‘ite
irpeduibie
in '\jl ]k,k-c .

FIGURE 16,
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The last term can be regarded as Mo while the first term might be further
decomposed into & string of final state scatterings associated with M11§Mo.
We repeat once more that, of course, there are countless examples where one
is uncertain how to apply potential theory. This uncertainty now disappears
because the technique contained in Figure 15 properly takes into account
pole terms and other typcs of singularities. Naturally, as soon as we wish
to carry out a detailed calculation, wec are obliged to make the approximation
of neglecting certain singularities as compared with others. Confining
ourselves to the threshold of production region it is reasonsble to neglect
all 3 particle intermcdiate states and therefore to throw away all diagrems
which are two particle irreducible or mores but before doing so blindly, it
is absolutely essential to retain certain classes of diagrams containing
particle exchanges which would have been lost in the process. Thus the
diagram below is two particle irreducible in every final state channel and

may be of fundamental importance. Ouxr

A ///’& approximation will then be completely
defined if we keep only those terms of the

two particle irreducible diagrams which are

%///£:1*-k given by a Chew~Low mechanism as in Figure 17.

FIGURE 17.
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On the basis of this approximation, the diagrams of Figure 15 reduce to

A__.._ /l A
,QZ 7
8 3 L8
Lk
eyelhic

t

A
+ B:C

Y f&;
DRI

ik digtinet
diagiame

FIGURE 18,

X

Clearly, what intermediate states are possible depends upon the
problem under consideration. In the 1light of this let us reexamine inelastic
electron-deuteron scattering.up to first order in e.m interactioni remember
that now the deuteron is to be regarded as a particle with a field of its
own. A straightforward application of the decomposition of Figure 18 and
proper care in the counting, (which we have not exercised throughout ),
together with the fact that e~m processes must involve the exchange of photons

lends to

e € eN ® e ~"€

FIGURE (3¢
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If according to the impulse

approximation, then the

it

potential theory diagrams

are exactly reproduced.

5. Covariant Calculation of Final State Interaction.

The contributions to the five point function as given in Figure 18,
which we have obtained systematically by considering the final state
chammels, are of several typeS: firstly there are the Chew-Low graphs
of Figures 19, the Born terms of Figure 20, the vertex graphs of Figure 21

and finally what we call the "final state interactions" graphs of Figure 22.

-z -
A . t
JUuDv— J A .
3
, W
) k &

FIGURE 19. FPIGURE 20. FPIGURE 21. FIGURE 22.

The amplitudes of the first two are trivially easy to write, but Figure 21
produces much more complicated singularities in the s-variables and, indeed,
b
these may well be complex ( ). (Although these singularities can be
a7

located in principle and the contributions evaluated even when anomalous

thresholds arise, a complete discussion of these questions is quite beyond
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the scope of the present work). Lastly there arc the diagrams of Figure 22
where our intorest lics and we shall attempt to calculate these in a manner
that is very reminescent of the non-covariant treatment, but which is
complicated by the spin details.

Unlike potential theory, we shall have 2-particle intermediate states
which nced not be the same ag the final ones, and for that reason we
attach the distinguishing labels n and m to them. Let fi represent
the free field solution of particle i. The amputated matrix element will
contain complete propagators, but in so far as we have been neglecting
3~particle intermediate states,; it is in order to approximate the

propagators by the frec parts.

4. 44
gy ey ?c}b(pn,pm)

4 2_2 .\ 2. 2
(2m)"  J (pl-m +ie )(po-n +ie)

) 4(Pn*Pm'P1"Pe) (36a)

+ _+ + '
where‘}(Xpn,pm) = £, M(12,pnpm) £y M (3pnpm,AB) £, £y (36Db)
The M are the separate interaction elements and their unphysicality is
expressed by the labels P, and P denoting that the particles do not lie on
their mass shells. These M may have vector indices 'and may indeed be

matrices with factors gp;+m), .. sbsorbed.
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To treat the problem more symmctrically we introduce the total and

relative momentum vectors s p = pn+;pm and 2q = N S

atq M () py=p;
o.o M= =i S ! > =
(29t (o) *nrisfir-o)®-uls ic] (37a)

which diverges logarithmically if J{‘is just constent, but is probably
not so in actual fact. Xeeping the & -function of the propagators, we should
have a physical process ( or the absorptive part of the amplitude, in the

language of dispersion theory) with

4
d'q -
: . 2 . 2_ 2
2i (), =~ 1 g o M.(0)-2mis, |(bp+a)®n I 276, |(Fp-q) -mmq

(38)

Note that only the proper root of the § functions has been rctained because
of the causal method of integration. The integral ( 38) is cvaluated in
Appendix 2, and Appendix 1 explains the notation employed ‘chroughout this

dissertation. Quoting the answer,

d4
(M)abs = %S ( 702 M(Q) L(zp'i’Q) -~m '6+L——p-q) - ]
L (PP - dnn_ 2" _
. Py } M 8 p (m +m )} (39a)
16 7 p°
— Na e
\M/(m 20 ) (39b)

where \M’ﬁ
Jd 4=
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is the average value of physical scattering in the intermediate statc.
We now come to the problem of evaluating the complete integral (37a)

which apart from an averaging over angles also comprises an integration

over off-mass shell elements. Ve expect the result to be determined in

some way by the mass—-shell elements and for that reason we write (37a)

y ﬁgu atq M(en) /3R,
. = =L —— =
£ (et [(Bp+a)® -n+ic |[(Ap-a) Pnl +ic] (37)

and now we are integrating over a dimensiocnless quantity.J((pn,pm)é;L’is a
measure of the extent to which the off-shell elements compare with the on-
shell ones, and is of course unknown, We might expect the ratio to

become smaller the more unphysical becomes the intermediate scattering.

We sghall chéose this ratio to be unity up to a cut-off q2 = -1\2, in which
range the M's can be regarded as two renormalised coupling constants for the

primary and secondary interactions., This procedure parallels the one which

we carried out in the non-covariant theory. Thus we will be computing

(M) = JaT () with
real 4
d'q 1

2y . ]
I(p°) = 1§(2ﬂ)4 (qz—m§+ie)[§:a-2_mm2+ ic ]

(o] T o
= =i .
(2% J o qu-mi)(1—x)+{(p-q)2-mi} x] 2 4
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The denominator in (40) is (q;-px)2 - a.2(x) where

2(3‘2) = P2 2. (p +m2 -m )x+ m2 .

The logarithmic divergence permits a shift in origin through px 3

d4q 1

1
‘.’ I 2 = _i x L ] e,
") S o T T (Z - 2

2
o da
q =-ji, 2% . dx
d“q 1 72 dx
= -1 4 . ) > + 4 >
(29* " (¢Pnd) (2r) 28
1 A g ! aa? dx‘]
= T 2 log -1 + b'd °
16 = m J o dx a ‘
n -

Notice that, as before, we integrate the divergent part up to a cut-off A ,
but the convergent part up to infinity. The error which is introduced thereb

is negligible for large p « Now

XM da2 dx J” (p2+m2— 2):{ - 2u1121
X . = dx | 2 + dx
Jo dx a2 d o 2 2 (p +m 2 2)x+m2
m2
ralonl 5, (%) el ap- 23
= 2+ 5 log + 7 log mD
P \ m 4Bp A+B~
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(me-n?)
whoro A =% (1+ —2 ) ang 3% - — (p
D 4p ’_

2 2
4mn mm .

2)2
The answer is easily symmetrised in m and m by rewriting this last
results with m and m interchanged. Halving the sum of these

expressions, we arrive at

1 2 m - m m C p =-m -m +C
2 n m
I(p°)= -, log + 1+ - 2n log 2 V4 2log 55 o
167 mm P m D P -m - -
(41a)

" 2¢.2 L4
with © (P ’mn,m )_.. p +I'lm4 2m2p2 2m2m2_2m2p2

- {mm © (41b)

At the threshold of production of n and m, p (m +1n )2 and C=0, so

1 2 m -0 /
I (mn+mm2) = —, {log A + 1+ =SB g ®n (42)
167 m m m +m m
nm m n m
and in terms of it the final result reads
- o 2 2
V) (m =m ) c p=m-=m“+C
M= ———1{16 7:2(M +m 2)+ -?n——i.; { —(m +m )}log 5 log T%—%
1672 P (mn+mm) \ n P pomms m_c'
ixC
= (43)
P

The imaginary part which we had disregarded in calculating I has been

explicitly included and derives from the branch cut associated with the
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logarithmic term, by attaching a small imaginary part to each mass according
to Feynman's prescription. DNotice the great similarity betwcen (24) and
(43), which becomes even more striking when we specialise to final state

gscattering ¢ n=1 and m=23 Since p2= w2 and ¢ = 24 s

2 2 2 .

v 5 m, = 2q o~ =m_+2q 5 | 21 q‘]
= —&'2' mo (mg+m,”) + %——{w2-(m1+m2)2}+——' log ; g

167 0w (m,+m,) w FmPmmi=2q w J
1 72 1 72 :

(44a)

2 m,~m m
where x ¢ (m1+mg) = log P— &1+ g 1og/ ! ) (44b)
m,m, m+m, \\mz )

In order to carry out a partial wave analysis of \F&vve must make a brief
diversion into the question of constructing helicity states, and the

properties which they possess.

6e Helicity decomposition.

The basic one perticle-states are normalised in the usual way so that
<p'e'n] poens= (200%6%(pp') 28 65, . Eauivalently, the 1 particle

3
projection operator is 2 jl_g sk > i% < _Es')\l .
S5k (27)32E

In the frame of zero total momentum of two particles, the two-particle

helicity states ( 8) are defined through

. L
_ (2:1+1)q! 2(’ 3% d
wo Jjms 5152,7\17\2> = JD \ (_g)l_g_s-!')\,* —3527\2>
m

Q
4T W ) 4%
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or|g s, 5 A A, > = 2 K‘m >(23+1\§DJ (S)iwoam 55,850 Ay (462)

where g is a vector of magnitude q, oriented at zn argle §,

In (45) and (46), A= A=, and the zero vector within the helicity state

shows that the definition is true in the barycentric frame. This state

can be regarded as a onc particle state of mass ¢y, spin j and spin

component m. By applying a Lorentz transformation (18) on this pseudo.

particle we can construct a general two particle state of total momentum

P and whose 4=~vector square is wz. This transformation brings in the
potation angles of the particle

I momenta as referred to the untransformed

momenta, and thse angles are shown in

Pigure 23, O represents the original

frame and O' is the new frame.

FIGURE 23.

*
84 *

IE J mg 84 MSN > = 2 D')\p. (81 7\2‘1 (6 )lw oJjmg S4NqSoh, >

P1,P2 11

1 * *

y { (23+1)a ?2 s [ ag 54 S5

or |ps;ims s, A, S, A,> =

(s )92“ (9)D (g)

1™ o
2"2 47cm u192J4ﬂ ,\n

‘Q_ 317\.1 i 4 327\2 > (47)

showing the construction from the original states.
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The normalisation propertics can now be conveniently written, becauso

. = ] 3 b 3 s (P1+P2"P)
4 47w 2B, (27w 2E2(27O
<p'jm'; SIS 27\' |p3m, 84N Soho>

44 2 2
= (20)"5 (p-p') 6, " Be 41 O 278 {p“=p*“)
35 Ot 81 Os8h iy ' Sore

(48)
It is now straightforward tc construct a three particle helicity

state by coupling the|w:im > to | _2383}\3> as given by (45) and (46).

In the overall baryceusvic frame for & total energy W,

l (JOE Jm; 517\1 sz?\,z ; - .P. 837\.3 >

/47:»*1\%7 1 g ‘
JZ‘M! . (2J+1) DMA(e) IWQIM; 3m;s17\1527\2s37\3 > (493)

N

where A = m - 7\.3 and O denotes the orientation of p relative to some
particular axis. The above is easily generalised to any number of
perticles, but the notation becomes too cumberscme if we have to label
the states completely. For the seme of simplicity we write ij >
for a plane wave state and I (ij) > for a helicity state coupled as in
(45)s At the same time it is best to label the angular momenta and

energies by 1ij suffices as the order in which the particles are



coupled is then self evident. Io
become 1
2
/i mw
t2= 3 fr—
didh2 \ 42
4w '
1
(12)3> = 3 —123
Ji23™e3 42,3
s0
47tw
|123>= ; 123
")
12,812
By oo B
J .
123 J
Dm ' ' (-‘?-12 3) Dm12p
123M2,3 ? 12842

The angles involved in (50)
are indicated in Figure 24,
and the factor ei TS2 arises
from the helicity convention
of Wick. The reccupling
coefficients < ((12)3) [ ((13)2) >
have been given by Wick,(18)

but will not be used in the

forthcoming work.

(23,3 0B0123 | ((12)3) >

e

7((1)12

(—1 2) 1 I('S

L9.

this notation, (46s) and (49a)

)2D 1?

(46b)
oMo

(3,0) [(12) >

M123M2, 3 (450)

i
2

wjp

1
. WaY] .
(23, ,471)%(23;5#1)

U2

*
S *

3, (00,2, (9] (1223)>

(50)

¢ fixed axis

FIGURE 24,



Te  Relotivistic partial weve znalysis.

We now return to equations (44) und (35) to corry cut an angular

momentum arvalysls and obltain couwplete correspondence with (2 Remember
A

that‘)4Jls a physical avercce over angles and must coatain a sum over
intermcdiate spins. Now in the shorthand notation,

;

4r
<12 IM121 1121 5 = 233_12'm . <12|M12|(‘1|21)>(_01_

i ) (2312+1) D, \12(

442
drw, F 3y %
2 2 5
3 M| AB s (23,5+1)% Dm 27\12( 10)
L P 442
both statements being trus in the barycentric frame of 1 and 2
!
. 4% 4o
e M= 3 S <z | 1etscret3 | K |48 >
7\.197\2 4 7
/
5 2 42 \ 4wy g 1.

. —— | ! 101 ] ——t s 1
agnof o < 12 [(1r2t)s<(112") 31 | AB> =, (23,51)%(23,,+1)
dy2 Byp .

i, m 12 /

12 T12 D, < (912)3 (_:_}_12)

oMo 2Nz
Arwqo

Zagtng' < 12M,](1r2) < (123 ] | aBs

q
12
Jp™u



3/2 51.

{47 i, ¥
12 L _ Mo
2,00 | (23, +1)° 0 ¢
M (\ e, 12 PSP

J12%2 (51)

(2,0) < (12)[m ] (1721)>{112*)3[u_|4B>

At low energics up to 0 (q) one can approximate (44) by

;& - 2iq
M ) c + . Together with the production amplitude,
16X fer ©
z (12)
i, ¥ 12 M | AB
M = jzm (“4’;{%) (?j-;2+1)%Di127\ (-19.12) < 3l ol >
W12 R !
12712 12 1212 + ; ,(12)'M '(123>
) oy 12
L112)3 e |4BY C*rlﬂ‘}
© wvl-
or in greater detail,
;‘ .
2 312* .

12™12

L , 3
(23,5+1)% D (315000 531,

4
Mo 3 (’“2 ()| 43>

. L

Ji2Mo q BioNo
4 ¢ 12

NN

2.4
+ 12

C. N

Jq oM J . l

, , 1982 w12 12 R

y {6 MMy Onng ¥ <hh i, (0,405 >j
4210/

(52)

We have chosen to label the parameter ¢ with angular momentum as there is

no reason to advocate the same cut—-off for every partial wave,



52.

Final state scattering among spinless particles is then only a special

case of (52) with A, =X, = 0. Also jqp is Just the orbital momentum 212,

1
5
Ay 1 %
. = 2 2 - 3 12 N
e M= p 2 (2335+1)% D © 7(24,) <oy om0 3] | 4B >
P 15 12
2:Q .
CH L2 )elémsinq2
w
.{1 L A2 12
2015 /ooy
(53)

where we havce used unituzity to put M = 2elésin6. Actually the general

equation (52) can always ve written in the form (53) if M is diagonalised
by clever manipulation of the symmetry properties of helicity states(s).
We can go one stage further with (53) and bring out the angular

dependence § to give the completely reduced element: <((12)3)IM01AB>

12,3

which may then be written linearly in terms of <((13)2)|Mo| AB>. (The latter

is the natural way of coupling if we refer to Figure 22)., In order to

couple 3 to (12)>We must first go to the overall barycentric frame by

applying a suitable Lorentz transformation‘i along the direction of motion

of 3 with respect to the rest frame of (12). In equation (51) notice that
. ' . . . - ¢ . ¢ 7 .

the intermediate projection P |312m12 11}2><J12m127H12| will

J12M2

MAo

not bring in rotation angles of the intermediate particles. Thus, invariance
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of the S(or M) matrix under Lorentz transformations means that

< (12)3] MO|AB >

i

<(12) B,ISL~1 i £lap >

1]

<(12)3 IMO] AB> D (61) D(ez) in the total rest frame

<12]m, | (112)<(1r2

= az|f Ll (1121)>«(112") 3|u £]as >

= < 12 Ju_[(1127) >car2* )31 |AB>in the total freme.

The final result, after coupling the remaining particles, is

1
2
. /
ixs, f4 "W AW
= 3 72 . AB = B, {8ny)
=39 \ ) I— Z (ZJAB+1)(2312+1)Dm12p12(612,5) 2,3
J123%123 Yo/ Y2,3 UB
Hybo
J S J
B 1 12 12YAB
21'.q_12
C. ————
dynt, s+ W J
12742 12 19%42
.{61}110\;2% + NPT | ((»12)|v1v§§
40y / 0y

(54)
Ve have used the total rotational inveriance of M to put JAB 3123,
m

B m123 and transilational invrriance, or energy-momentum conservation,

to put w123 = wAB' k12’3 = m12 —7\3 and the angles are 21l measured with
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respect to a given axis. If the axis is chosen to be along the direction

Jda
of relative motion of A and B, equation (54) simplifics because DmAB7h (0)
AB AB

Omyphp:

the vox axis,

Morecver choosing the dircction of wotion of 3 +to define
up” ( ) ‘13 ( Y. T lat bet
D 9 =d 9 . he relation between
TapMp 3 12937 Eyphp 3 7123

the Wick variables 9§ and the relativistic invariant s

120 40,3 Wor Up

variables is given in the gppendix as well as a short discussion about three-

particle phase space and of Dalitz plots.

8. Simultanecous Interaesionse.

| In writing the ampiitude in equation (52) and (54), the pole terms and
vertex graphs nave been omitited altogether and the final state interactions
involving 23 and 32 have been assumed negligible. The first two omissions
can be remedied by separately calculating the contributions., On the other
hand, the forces between 23 and 31 do complicate the siutation because of
the different production amplitudes associated with their graphs. However,
the results of Chapter I will necessarily be recovered if the two body
scatterings are the only significant amplitudes, and we need only look
back to equation (29) modificd by spin details as given in (54) to deduce the
solution up to lowest order in final state scattering. In fact the main
results of this chapter has been to confirm covariantly the results of
Chapter I and to indicate what extra contributicns to the amplitude by
particle creation and annihilation, must be explicitly included.

One final gencralisation must be mentioned. This has to do with

problems in which one pair channel predominates in the sense that the only
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significant amplitudes are
A + B—> (Pair of particles) + 3

In particular if we consider the two processes

A+B —» 1+2+3 andM+n+ 3,

we can still apply (52) by combining these amplitudes in the form of a
two component vector and with the understanding that the final state
interaction, as specified by cotd, takes the form of a 2 x 2 symmetric
matrix ie Watson's theorem acquires a matrix character. Nauenberg(EB)has
proceeded in just such a manner for the production of Zlnear the Y*

thresholds besides S e includes XN intermediate states so cot 0=

l/COt & (B —>31) , cot & (I »EN )

\ cotd (KN —?-ZH)’ cotd (RN — KN)

*
which he next parametrises by the resonance point and width of the Y .
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CHAPTER III

DISPERSION THECRY OF FINAL STATE INTERACTIONS

1. Generalised Uniterity.

The work contained in the previous chapter being field theoretical,
it naturally led to the appearance of off-shell matrix elements
although these were later approximately related to on-shell élements
via the point interaction model. By contrast, if we approach the
subject from the dispersion theoretic angle, all we have to do is to
locate the singularities of the relevant diagrams, evaluate the
discontinuities across them and then to obtain the actual amplitude
by a Hilbert transformation. The whole point of the dispersion
relations is that these discontinuities are always on~shell amplitude
and no models need be invoked for the purpose of computation. Actually
the problem is vastly more complicated (17) and is associated with
the question as to where all the dominating singularities lie,
what discontinuities they possess. In the following we entirely
simplify the situation by picking out of all this complexity only the
cut originating from the final state interactions of pairs of

particles,
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Loolting back at (37&), then if we assume thatjq(q) possesses 'distant’
singularities we have an oridinary Feynman integral for the self-energy of

(9,10)

a particle carrying momentum p. A Landau~Cutkosky analysis reveals
that, regarded as a fuwiction of the complox invariant p2,'the diagram has
a branch point at p2 = 4m2 and a branch cut along the real axis (by choice)
i)abs’

given by expressions (38) and (39). Accordingly one can postulate the

running to infinity. The discontinuity across this cut is 2i(Mf

dispersion relation,

o . 12y, 12
2 g 2 1 S
u(»°) = N ap = = ——— (55)
m +m )2 ’2_ 2_1 ﬂ(m +m )2 f2_ 2"i€
) P Y € N Y IY

which may now be explicitly calculated. We can expect equation (55) to
be correct near pzzx(mn+mm)2 and probably up to the threshold of production
of another particle, and providing other singularities, such as the complex

(11)

type discowered by Landshoff and Tremain y, lie well away from the
physical region. DNote that the amplitude Mo is not the physical amplitude,
but just the 'production part! = this circumstance should be compared with

axiomatic theory when the functions which occur are the full physical

amplitudes.,
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Wishing to establish the comnexicn bLutween (55) and our provicus

results on final state scattering we carry out a similar sort of

approximation. With p° = o ,
! = 4 - Y
1 ) 2q' a wl 2 -
o s M(UJ): 16(}—\.'2( f ) w, ng-wz-ismw)
m, +m,,
Rad ¢ !
1 4q dw -,
- > ; Mw)  (57)
16 & (1, +m. ) W +w We-w-1ig
172

which should be compared with equation (18). The slight difference in
the integrands would disappear if we consider the antiparticle diagram in
addition to the particle diagram contribution (18). In (21) the point
v » 3 - i ‘
interaction model impliedM(w,w) =M{w,w) up to = W, s where w was the
7

esternal and Wthe intermediate energy; since there is no reason for not

’ i i i
putting,}&(w,w) =}t(w,uﬁ s apart from w being an integration variable,
this would implyM(W,w) =M(of,w) i.e. that the physical elcments are

constant up to a cut-off.

M () IS 40 MO /ML) ,

Writing M (W) = 5 dw.
16 m,+m, w4 w=-w + ie
uf
\AQ,(QQ r 4q' dw
this model gives M (w) = —_— nﬁ+m ;o i (58)
16 % 12 w+ w w-w+ ig

or precisely the same thing as before,
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In spite of the obvious ocomparison with the provious work, (57) provides
us in principle with a more powerful method of caloulation, as tho integral
can be explicitly evaluated ii\;i @ is known. For instance, let us
suppose that the production amplitude is structureless -nd that final

state scattering is pure S-wave, so that

id .

- g e  sin O ga

M(w) = . e—
20 /o 1 - 2iaq

Strictly speaking we should rcplace M{« by ReM{«), because it has been

assumecd to have no complex singularities. The f.s.i. amplitude becomes

1V 2ing . Y dw aa |
-’, M(U.)) E ] +0)m +m w'+w 7 \/ 55 Y : (59)
1678 w 17 w - VY i+a (__f{) |
(D/

2q

which tells us that ( C) =0 (—15) ie that the cut—off encrgy becomes
{ WeC

larger as the final state scattering becomes smaller, This means that the

principal part of the integral and therefore the parameter ¢ should be

somewhat insensitive to the amount of final scattering.

2. Axiomstic TheoTy.

In this sub-section we shall transcribe Jacksonls work(gs) into our
own notation and will compare it with what has gone before., At the ocutset
we will only lct one pair of particles, 1 and 2 say, interact strongly
in the final state., By the Lehmann, Symanzik and Zimmerman reduction

procedure, one may cast the amplitude in the form
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<123 4B >, f;' < 12|50 ]o> £,2,

I

<123| u |aB>

1

if3+§d4x f;(x) <1 ]s(x) .j2(x), J+(o)]|o> £ f

(60)

Here J(o) is ar =ffective current consisting of retarded commutators,
which may itself bLe derived by reduction, and which depends on external

. . . . . . . 2 .
invariants, while 31 is the current of particle 1, viz ([}+m2)¢2(x)= JZ(X)
if particle 1 has integral spin. The neglect of an equal times commutator

will be discusscd later.

Im- <123|u 4B > = & f;f d4xf2+(x)< 1|EZ(x), J’+(o)] |o> £,5p
=1f +2fd4 'X< |‘()ln>< (o) | 0> )z, 2
= 5 3 > X C 1.32 x). n o)io Wfp

=< [ 7o) |m<n fiy(x)] ©

~
Translational invariance of Heiscnberg ficlds represconted by

@(x) _ e+:‘LP.X Q)(o) O-iP.x (61)

allows the space-time integration to be carried out. Hence

-,

Im <123|M|AB> (275)‘*f+f+ 5, {c1 Ijz(o)}axn;r*(o)[o>c4(p1+p2—pn) L
- < 1]3%(0)] n><n[:}2(0)10>54r (pn+p2)J

(62)
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The second sum in (62) vanishes because the matrix elements can only
be <1 lJ(o){§><§[ Jz(o)[ 0> and.<§|j2(oﬂ 0oy— 0 . In the remaining sum,

*
if pole terms do not exist,
. at 4pm
Im M (123,4B) = 3 3/ _‘m ‘o
n,m (2,“)2

p d
= 54(p,+p~p.-p )<l 3 (o) n ><a 7 (0)]o>
12 *n "m 2

5,(p.%-m ) 6, (o %m?)  (63)

1o
\K‘J.en n = 1, m= 29

1
. 2 2y, 2 2
I (123,28) = ~— J ato <1]5,(0) | q,2<a,,]37(0) |os0(pra™n]) 8(a"n))
5 7=

which is the same as (28) apart from< q12|J+(o)lo> being the physical

amplitude M and not the production amplitude MO.

a 4845
Hence Im M (123,AB) = S
8w 47

it (1'2% 12) u (12’ 3,AB) (64)

This is nothing more than a familiar restatement of the unitarity
condition on the transition amplitude in the particular form used by Jacob

et al. FExpanding in partial waves, and proceeding as in (51)

1 *
4w \*® 1 J PRI *
- 2 (220 onVE < ¥ D N>
Im M (123,AB) = io 3 ( - ) (25+1) Dmm(im) N Ao [ v
[ t
N <gm N % 3lulas >

Because there is a dispersion relation in just the energy2 invariant and

no other, by assumption,

Im<jm A%, 3 |ufaz> = 3 7\1%\2'{<7‘;K;|1‘"p(°) h17\2>*< m %y 3 ks > (65)
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Watson's theorem now follows trivially if a proper diagonalisation of
the final state amplitude is carried out so Mj(uﬂ = 2eigjad>sin 536»)3

for Im M'j having to be real means that the partial amplitude Mj has the
phase factor ei%§ ie che phase of the amplitude is simply the phase of

the final state scattering.,

AN
3, Omnes Seluiion, the /D mothod ond the equivalence with Formal
Scattering Tasory.

In writing - dispersion relation for each partial wave MJm, we will
lump all the effects from olher intermediate states into a real function
CJm, which moreover will contain the equal time commutator term that was

previously dropped in equation (60), Thus,

Jm
. : 1 Im MY (s') ds!
e (s) = ¢ (s)+ — S L
K H % ! - g - ig (66a)
Jm _ i 2 J* Jm
where Im M 0 () = 3 0 {Nbuﬂ ,(s) M W (s)} (66b)

The label p is to denote the base set of two particle helicity states
which diagonalises the 3 matrix elements of the pair. In order not to
cause any confusion with the 5 particle amplitude we put a suffix 1 +o
the final state scattering amplitude,

The essential features of the solution will remain even when we
specialise to the S-wave interaction of spinless particles.

1 Im M{s') ds'
u(s) = C(s) + —/

¥*
s ImM(s) = 31, (83, %(s) (67)
s'=g-ig



63.

Jacob, Mahoux and Omnes(24) have investigeted this problem, with the
subsequent intention of applying the solution toc ®® dinteractions in the
ABC experiment(so). Since Im M (s) = e-lé(s) sin (s).M(s), the Omnés-
Mushkelishvili(7) solution is
3 |
g(s) C(s') emﬁ(S )siné(s') ds*

M(s) = C(s) + - S (68a)
- g(s') (s'~s-ig)

o1 8(s!) as'
where g(s) = exp | S (68b)

b s' = 5 =~ ig

If the many particic intermediate states cause C(s) to be a slowly varying

function, the solution is well represented by

M(s) = C(s) g(s) " (69)

(25)

which is the solution adopted by Jackson
A few words about the relation to the N/D method:
(53)

Chew and Mandelstam write the solution M(s) on the ratio of two
functions, the numerator N(s) having only the lefthand cut (none in the
case of (67)) and the denominator D(s) having only the righthand cut.
Clearly D(s) is just [p(s) g(s):y -1,

The equivalence between the dispersive expression (69) and the field
theoretical or Watson expression (25b) is obvious once we realise that the

phases of each are thesame along the self same cut so the analytic function

that describes them must be unique.
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(23)

We reproduce Jackson and Kane's paper which demonstrates this
equivalence explicitly for pion~pion final state interactions. Putting

2 P - . .
q = VY in pion muss units we have,

oD

| | ) "y 5() ay’
dispersively, MD( v) = MD<°) e"!{,}t o (vl-v-iS) (70a)

v +1 i5(v)
and field-theoreiically , K (V) = \f—— e sind (v) (70b)
; N

-yt Im K (V) E"‘“’
NO‘V Im E}IW_(V) i = — ____‘__u_f____2_ = - 14
R L1 (v)\ v+ 1

Vow

s e et

Since the function J has two cuts, a.L.H, one running from - <o

s oI
to -1 with a discontinuity 2 Y s and a R.H. one from ¢ to 29
AR

with the discontinuity 21‘)—_{_21- »s therefore the function

1
F (V)= + i ‘ 4 =\P:cot &, is analytic except for a branch
Mw(v) v+ 1 V41

cut from - O0t0 ~1,

Application of Cauchy's theorem yields the dispersion relation,

. av !
F(y) F(?)= v j - v y /

T (v %y ) vi- 1

PRSREE

2 .
.'.J v cotd = Flo) + — ‘/——-v—— log W,{v-&-’]) (71)
v + 1 TNV o+

I

which is simply the Chew-Mandelstam effective range formula obtained as
an approximation to thier N/D method solution by replacing N by a constant
i.e. from (70a), This establishes the comexion between (70a) and (70b).

(Jackson has also shown the equivalence for the Schrodinger and Dirac
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equations).
. 3 : _(50)
In the reaction prd -» He’ + q+ m, Abashian Booth and Crowe

observed an enhancement of the Crceos scetion when the pions were in a total
isospin state 0 at low reiative momenta. ALB.C.(SO) and Truong(51) assumed
that this effect was caused by strong S-wave wn scattering in the final
state and by application of the non-relativistic Watson enhancement formula
obtained a besgt tit with a scattering length of about 2 pion wavelengtha.

(24)

The data has since been reanalysed by Jacob, Mahoux and Omnes by a
sophisticated calculation (based on the dispersion relation (70a)), who
reduce this value to about 1,5, corresponding to a pion-pion coupling
constant of A = ~ 0.2, What this means essentially, is that an a =1.5
in the relativistic formula (70b) can fit the experiment quite well,

This value moreover agrees with the work of Hamilton et a1(54’55) on NTv

scattering.

4o Dispergion Relations for overlapping interactions.

We have seen that final state interaction of just one pair of
particles is defined by the dispersion relation (66). Difficulties
immediately arise if we try to extend (66) as it stands to other
interactions, because J and m are the angular momenta of a special
pair of final particles., It is necessary to retrace our steps and

rewrite the dispersion relation as
1 1
¢12(s ) ds

1
(s, ,) = Clsyp) + —/ , )
7 S lond 312"’18

(72a)
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q dase !

¢12 (s) = 5 S ; M:z (s39', other s) (72b)
W x

— 12 sin 612f M(s ’S1A’S3A) (72¢)

if we retain the s~wave part of the interaction for an analysis near the
production threshold.

We follow the model of Peierls and Tarski(27) to postulate the
dispersion representation for siwultaneous final pair scatteringsand
later show its formal equivalence with the perturbation series obtained
in the previous two chapters. Because it is assumed that the majority
of the structure comes f.s.i. , we will neglect the dependence of the total
amplitude on the momentum transfers, which means that we are picking

out the jAB= 0 partial wave in effect. Thus we assume

¢ (s') ds!
M (si.) = C(Si') + 3 1,12
J 3 423 cyelic * s' - s i (73a)
perms
. de
. - 16 .
with ¢12(s) = e 92 sing ./' ; ; M[512,523(cos612),s31(cos@125,

(73v)
The virtue of this Peierls-Tarski model is that it allows ¢ij to be

explicitly written out; referring to the appendix,

2 2 2 2 2 2 2
28,3 8,5 2512(m1+m3)+(s12+m1-m2)( -8, o~ 3)+C(s B9s12,m3)C(s12,m1,m2)cosﬁ12

_ 2 2 I N 2 2 2
2523512— 2s12(m2+m3)+(s12-+m1 m2)(SAB 840 m3) C(sAB,s1g,m3)C(s12,m1,m2)cos812
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where Cz(x,y,z) = x2+y2+z2—2xy—2xz—2yz.

L -

) S alsyymspy) M {s120%03 S31]

(74a)

- i .
¢ (s ) = e 612 sin 612, s12
12¥712 5

2C(s ,m3)C(s

AB? 512 12’m

1
. - (2 2 2
with limits Pi (SAB’S12) ;(m1 mz)'i _E;é C(SAB’S12’m3) C(s12,m1,m ) (74b)

If one does not confine oneself tc S-wave final state interaction, then
the generalisation of equation (74) is

L

. d_ t — 1
Frolor) = o L2y
L, 327 C(sypy 5459m5)

M_* ( rs 4 )M(
19881098 3755398 378,53/ M8 598533834

(15)

This construction has the advantage of giving a very dear picture when
referred to the Dalitz plot (see Appendix)
For if we construct a set of three
Cartesian systems centred at

the symmetrical point

| 2
8127823%531= ® o= 3 (shpt +m+m3)

by defining

V™ 5578 0 Ky = STy

/ . . 2 ;2
yiTyimie 167 C (s 5,475y my)

FIGURE 25,
the model can be compactly written as
3 ! ¢ * / iy /s
dx, dy. M, (7. 3%, 9%, ) M(ysXy8,5)
¥(x,y) = C(x,y) + 3 —=— R 4
=1

i
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3 ' ! ~ig(ye) . /

or C(x,y)+ =z ‘17f I T 17810 6(ry) u(y. s Y (76)
__1 nN I_ -i - C ( + ¥ o 2) i’ i’ .AB
= ¥i~Y5T1e SpAR? S 0™y

if s-wave forces predominate., In subtracted form,

v e—ié(yil) sin & (y)) W(y! % g8, 2)
iy i 1’747 AB dv’rh’

. 2 / e i
1 % ¢ (SAB’80+yZ{L’mi ) yi/(yi_yi_le')

M(Xsz) = M(O’O) +

nbMo -

i

summarises the dispersion relation model for s—-wave f.s.i.

Peierls ani Tarski carried on from equation (73) by assuming that
particles 2 and 3 were identical and did not interact together. They
were then able to solve the integral equations in the static limit mf - oo

and obtained

M(sij) = % a(s,)elsgms, ) + & 8 (s);) alsyys y)=als;)als, ) (1M

with g(s) defined by(68b). The above can be regarded as a lowest order
perturbation solutien in -;—1 s but nevertheless does show that M = (enhance~

ment in one channel)x(reﬂection of enhancement in the other channel).

5. The Interaction Solution

The dispersion relation (73) which defines the model was first

obtained by Khuri and Treiman( 33)

in connexion with KX meson decay into
three pions, and we later study that particular problem. There they

could more or less justify the use of (73) by examining the axiomatics
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of the retarded products which involwved +ho three pionic fields and the

weak Lagrangian causing the decay. The detailed axiomatics of the five
point function are much too complicated, and one must have recourse to
the sort of argument proposed by Jackson.

However, one way in which we can render the model plausible is
to ghow that the iteration solution is formally similar to the perturbation
gseries given in Section 2; In order to do this we consider the
unsubtracted representation (73) and keep on substituting the dispersion

relation for the %otal amplitude on the r.h.s. 4 0

W, ds! i, .M; ds'ds"
W (s ) Clsyg) [0+ 5 fotee—— 4 ppLd +aes
L. s'~sij~is (s'—sij—ia)(s"~sik-i8)

The comnexion becomes transparent if we collect all terms such as
(12) + (12)(12) + (12)(12)(12) +.. and write the sum of these integrals

-~ / ¥,y /
as M1:?(s) = M12(s) +S M12(s) M12 (S) ds

s' - s

which is essentially the dispersion relation of the Bethe-Salpeter

!

equation_M1 is the full and M1 the 1 particle irreducible owplitude.

2 2
Then
*
u '’ as’ M.’.M.’k ds' ds"
M(Si.)NC(si,) 11 + Zf—-}-L—-— + 33 S 1ij 1 + ..
! ! s'-s, . different (st=s..)(s'=s,.)
1 ij ik

scatterings

or ¥ ~ M (production) |1 + single scattering + double scattering +..{]

on making the correct identification.
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Having established the relation with the field theoretical series,
it follows that if we obtain an approximate solution of the dispersion
equation by keeping up to the first iteration, we will be doing nothing
more nor less than czlculating up to first order in final state
scattering in the field theoretical context, since the validity of both
solutions depends on the assumption that not more than one pair

amplitude is large.

6. Final State Intoractions and tho Dalitz Plot.

We recall the fact that the population of events within the Dalitsz
plot is proportional to the square of the invariant matrix element.
The ax<s is sﬁch a description are a pair of energies or what amounts
to the same thing, a pair of final state s~variables, such as illustrated
in Figure 25. We must be very cautious before drawing any conclusions
as to the nature of f.s.i. when we examine the density of points within
the boundary. For let us suppose that in the first instance that \M [2
appears to be constant; now it is easy to imagine a Chew-Low production
mechanism, which on its own will give rise to some structure, followed
by a strong final state interaction (see Figure 22) which happens to
remove that particular energy biase

Certainly if one has good reasons to suppose that the production
does not give rise to asymmetries and that it is effectively a point
interaction, then one can make more definite predictions. A pole term

of the form g(s12—}12)”1 will be apparent when u is close to the



71,

threshold (m1+m2)2 and shows ilgolf in an enhancement towards smaller
values of 840 = but this is not easy to separate from a rescatiering
graph (with a scattering length approximation) which gives the same type
of enhancement, unless g and 3 are accurately known, There are
numerous cases however, in which we know that pole terms are absent eg
"R 5 K Y¥Y;e.0 scatterings The rest of the discussion in this section

is confined to such problems and (29) can be adequately used at low

energies.
' elq e i%iné
Typically we need to consider the term (c + = )

2q/ w

and it is clear from this expression that an analysis of the Dalitz plot
must be carried out in terms of the q 5 and not Sy 3 variables. (This
important point has been put forward by Sawyer and Wali(34) with
reference to mrinteractions in t-decay). Depending on whether the

interaction is or is not resonant the term can assume the two forms

2iq 2iq
C+ — C+ —
F=-—-———2—T€~ and G = ——m— (78)

2 2 .
1 0 T 2iq

a w (L)OIi w

Now the relative momentum qij of a given pair ij can be related to
the kinetic energy Tk of the remaining particle k, from the kinematics

(see the appendix). For a total available energy = m1+m2+m3+Q,

Si5 = (w-mk)z - 20l
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. 2 R — e , .
~ (m1+mj) +2(mi.mj) Q-2 (.al+m:]+mK)fI‘K al low energies

1
. 24 . 1 - A 15 (Bu.m.)® .
L DU o= A (s, wfnz—nv2.)2—4m?m? } — m, +m_ ) Q~(m,+m_+m )T
3 a1 i b 2 1 i e
W, . Big oM J 4 g (m.+1.) J J
i] 1]
29. . 1 8m.m. Q
.. . —q&'a—' P k (1‘-1;1{).§ where P li = = (798.)
3
. . (m,+m.)
1] i J

and tk igs the K. ®., of particle k in units of the maximum value of

2 2
(m.+m.)Q We = =W
—d e « Similarly, because ws 2 is linear in tk’ I
(mi+mj+mk) J ® ol j
—EL—775——— with tk(o) corresponding to the energy of k when 1ij
Yk/2

resowate; and Yy being the effective width.

It is interesting to discover the influence on the Dalitz plot of
simultaneous s-wave resonances between particles 1 and 2, and 1 and 3,
For that purpose, we shall need the variations of Re G and Im G as
functions of tk’Yk and tk(o). These are shown below for a resonance
which occurs in the physical regione
The gross features of the
simultaneous interactions will

remain even under the

approximations cij::,1 and,

of course, when the structure =11

of the production mechanism is necglected. FIGURE 26,



Then (30) raducss to M &) + g(tz) + G(tj) and 3+ i clear bhaot in
a graph of t2 Vs t3 the points will mainly cluster along the lines
t2=t2(0) and t3= tB(O), which fact is extremely well known,
However, some finer effects can be

perceived if along some part of ? tl

these cluster lines, Im G(t3)
has opposite sitn to Im G(tg),
as may well hepren. One then
notices a certain variation in

density along these lines ie

the resonance in one channel

interferes with that in the FIGURE 27.
other channel. This is to be compared with the Rierls-Tarski conclusion

(77) which also gives a modulating effect of one resonance on the other.

Te snomalous Thresholds in Production ProéessiSe

Throughout most of the preceding work it was assumed that the two
particle cutSof each final state channel ran from the normal threshold to
infinity. We will conclude this chapter with a brief discussion of some
diagrams that do not mect this requirement; thus, for certain masses of
intermediate states singularities below the two particle cuts can arise
in the same way as the aﬁomalous thresholds of the third order vertex
(12) (22)

function.

This fact was pointed out by Sawyer with reference
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to ® penduction iu A -N colligiong as & pogsible complicating
feature in so far as the anomalous threshold contribution leads to a
logarithmic singularity at threshold. Recently, it has been shown by
Anisovitch et a1(29) that this singularity is exactly cancelled by the
contribution arising from the normal two particle cut, so it is still
perfectly feasible to expand in powers of the final state relative
momentas.

To elaborale on this consider Figure 28. The anomalous threshnld

(12)

cut in s,. is ohtained in the normal way

12 by placing each of the

internal partieles on the mass shell. Referring to the dual diagram
(which is a plane fi gurc, if the sum
of the Feynman auxiliary variablcs is
to vanish at each vertex), the
anomalous branch point is

at cosy= cos (akp) if

sin (o#B) < o (plysical sheet)
2 2
ie at ™15

2m,m

m,+m _=m

2 2
1 7¢

[USIRAV)

2m,m 2m,.m
1T¢

2 2 2 2
C (SAB’mZ’mC) c (512’m19m2)
2 ° FIGURE 28

4m1m2mc
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2 o (mpmy) 5, 5
So when s, (m1+m2) my = S (m1+m3-mc),
oy
2 2 2 2 2y .
Sio o nlemls (mprmy, m3) (spgrmpm ™) 4 [(S 2 ?) 2 2]42
anom 47702 2 p) AB T e 2le
2mc 2mc

22 2 2 2}%
[A'm‘lmc (m3 g

which is a complex singularity in the physical region sAB>(m2+mc)2.

cemple x In a Cauchy integral the contour of
Sia plane
o.nurrkloug integration has to pass round this complex
Lk ]
norrnal
‘.(ﬁlﬁﬂ??_)z ‘;fw:wk singularity which marks the "anomalousg cut"
/I[ - before following the normal branch cut, and
/
J, the representation will be
tZanom
(mf”“z)z dise M (s')ds ¢ disc M (s")ds!
M = S =3¢ Yunom' S /¢S + SC M ormal'®
s' - s 2 st-s
s, ,anom (m1+m2)

Disc Manom(s) ig itself the discontinuity of the absorptive part and
according to the Landau-Cutkosky mles(g’w) is evaluated by placing

every internal line on the mass shell. (Equivalently disc M

becomes
normal

complex when analytically continued past (m1+m2)2). It gives rise to

a logarithmic singularity which precisely cancels the one arising rrom

(12)

the normal branch integral owing to disc Mn ? disc Man as

orma O«

2 . .
s >(m1+m2) + Because Sawyer assumed incorrectly that disc M . > O

his conclusions as regards the diagram with 1=2=A=R,B:ce3=N,are invalid.
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CHAPTER IV

+
PION-PION INTERACTIONS IN K DECAY

1. Ixperimental Situction

Until it was realised that parity need not be conserved in weak
processes, the decay of the K meson into two pions (9§ mode) and into
three pions (T mode) remained a mystery. It is custonary now to imvole
CP or T invariance as the constraint which governs weak interactions,
and this appears to be quite adequate so far in its explanation of
experimental facts. A great deal of literature is to be found on the
subject of the nou~leptonic decay of the K meson; a good summary of the
situation up to 1957 is contained in the review article of Gell-Mann and
Rosenfeld(31), where it is shown that all the evidence in‘t“i decay points
to a totally symmetric T=1 isotopic state of the 37X(3O), which we shall
take as the starting point of our analysis.

There are in reality two

+ + Y
— modes, T SK——'?Ni-i-ﬂi +ﬁ+

T

'

' s & —9r%+r° 4t

©o

which we differentiate according to

custom by a prime index. Owing to

the fact that there are overwhelmingly
more T than T/ events (f})) we will
evidently be dealing more with the former process in attempting to

ded'ce the W ~7 interaction. In the appendix is shown the Fabri-Dalitz



77
plot of the three pion kinetic energies (% in units of their meximum) und &
discussion is given thera. . Again we follow common practice in
attaching the suffix 3 to the unlike pion., The latest experimental
evidence(45) shows that thje is an increasing function of t3 with
a slope of about 50%, and all other structure is simply not present from

the statistical point of view.

2. Isotopics ond Minomotids,

Barton and Kacger(44) stress that the assumption of the symmetric

T=1 final state is much weaker than making use of the AT = % rule, which

indeed may not always hold, only if we wish to correlate the Ki to the Kg
experiments doeg the AT= % rule come into its own. The notation of Khuri

(33)

and Treiman will be adopted because it is so neat and compact, We

affix the isovector components a,B,Y to pions 1,2 and 3 respectivelys because
we may imagine the decay to be parity conserving with the K-veson as an

isovector with T =+1 , we also give it a labe]F). Then we can expand the

3.._

matrix element in the form

M gy (50375397540 A(Se3’331’312)5po@ey+3(323’s31’312)5pe%+c(323’s31’s12)

SoySag
(80)

Bose~Einstein statistics means that under the typical interchange,
2 € 3, B 437, M should remain invariant. Therefore we have the
gymmetries

A (52355313512) = B(S3135239S12) = C(S12,S315523) etCece (81)
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e may projeoct cut the T and </ amplitudae by giving the agporowvriate

values to a,By, Y . For instance,

o o + + 1 . .
Y = T A = 5 7 >
Mt, < T K R iM lI/’ > £<7c3,7t3,7t1+1 2IM‘K1+1K2

1| o -
2 [M1331 My gqp + Mpyyy * M2332] = ¢

Hence we have

M‘v(s23,s31,s12) = A(8239831,S12) + B(323,s31,s12) (82a)

MT;(823,S31,S12) = C(s23,s31,s12) (82v)
which means that a knowledge of M ., is all that is neededa.

M't(sz3,s31,s12) = Eq;(s12,s31,s23) + M;{(sz3,s12,s31) (82¢)

In the above we have used the three relativistic inveriants to
describe the kinematics, and these are linearly related to the kinetic
energies according to S44 = (m—-u)2 - 2oMy,. m 1is the mess of the ¥ and
we glve all pions the same p mass since we are attempting to explain
just the gross features. The relative momentum of a particular pair of

piong is related to the kinetic energy of the other pion through

2 _ e a2 (e a2 - =
z T (1-t) (83)
2 2
T = (m=p) 4 a~ 50 MeV is the maximum energy.

om
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As it happens, the Q value of the recction & 75 MeV, sc¢ in units of the

le

maximum, % +t2+t3~
The factor zqij/h&j recurs in the work and because qij is never large,

we may put Qaj =240 80

2 2 . = 2 —

*(1-t,) (84)

with {32 ~ 0.64.

3. Caleulotion of the Matriz Mlomcnis.

The simplest way that we can set about the problem is to attribute
all structure in the spectrum to interactions among the pions in the final
state. That is to say, the production gives no preference in energy to

any pion ie we are visualising the effective interaction Lagrangian

£

]

g (Q%ﬂgﬂ) (gﬁ,.gﬁ) where g is a weak coupling constant.

]

g(é e +O +5 ‘SaB) (852)

M
opafy By %8 % TOpy

(53)

Of course, the pion-pion scattering is given by

( (o)_ (2))6 1(M(1)+M(2)) 1(M(2) (1))6

Mg B'yaB ~ '6' 01 6% a

(85v)
where M(o) and M(g) are even in cos$ while M(1)is odd in cos$ - this

follows from crossing symmetry. M (T) is for an isospin state T,



80,
The evaluation of final state scattering was accomplished in
Section 2 and 3. The details of isogpin are now important and typically
we must consider the final state scattering between 1 and 2 with

abgsorptive part,

;
f’bf’x.&(m) B a%ﬁ.fiffw Moer gy (0 01g919) Mg prap( @22 912)
LI ) RPN OO NN O IO N
il 3 o T3 oy B
(M(O)-M(z)) &6 Oy
+ 3 @ Mm)(@ 8 +og0. * ORg)  f
L:%( w23l N s 50 +%GLGBY+%Y6&B) |

dQ
- 5 o) /o 2(2) (2)
= gf— e [{ (w 29«912) M (w 2,812)}6B6W+M 12’912)Lpa BY ﬁm,

which means that only the s~wave scattering contributes. This is not in the
least bit surprising and might have been deduced immediately because the

production amplitude is completely symmetric between the pion§ « On making

the usual partial wave decomposition,

.« (0) . {0) (2)
— 8 id i
de 051(12) —-—7212[{-% 12 sinégg)- % e s;fxgz) Bép.y.-ile:@lzs:m g)
12
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chBYUZ) G[Q F(O) 3 12 }éaﬁs F 2)6 6W+(?)96Yag (872)

where iG(T) (w. )
(1) e ¥ sin é(T)(w. ) 2iq. .
Fij 13 { —_—td 4+ < (87b)
2a; g/ 5 > 1
Ziqi .
o (e + —gm— )
= - (87c)
24. .
| - te i
wij
if a length parametrisation is a good way of describing#T scattering.

A =

<
{

From

M

Adding all the diagrams up to first order in final state scatterings,

e [1035) - 5 o) oo o

(2) , 5glo) _ 2 H(2) (2)
g L‘*FB 3 3 3 P37 F

g E*ng)‘*Fg?) +%FSC2>)__23_ (2)]

equations (82),
og ["1 + Fsg) L (5F(°) + F(ﬁ) + g (5Fé§) + Féi) ):} (88a)

g [1 + Féi) + Fgf) + 2 ng) -—% 5(2) (88b)

We should add that ¢ is in reality a function of 2q/ w, and teaking
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.

the view that it is constant at low energies goes hand in hand with the

length parametrisation or any other that is adopted (eg a resonance formula

(36))¢

as used by Mitra
If we use (83) then,
. L
aT(c + 1p(1~tk)2) 1+ age

“’ij) = 4 = 1 =1  (874)
1= dan o (15, )% 1=iag o (1=, )"

The deviation from a constant being small, we shall expand about

the symmetrical point t1=t2=t3;: %,

F(t)-F(3) | 2
|uce) | 2 = frem(e o bur@f | v —— (89)
1+ B(%)
\ 1-;- ac 14+ ac 32p2<t"%x1+ac)
ButReQLFt)-F%)lg 55 I
-4 p(‘l-—t) 1+5ap (1+% 5a%)

ap(;"’;)%(‘ia-ac)v ) 1/:—1 ap(1+ac) - (1+ac)\/_2—.: a{3-t)
o (

end Im {F(t) -F(%-—)} =

1+a 1=t) 1+%-p2a

1
because near t=% (and only near there), (1—t)2:'-l~ (é ~-t),

/5 2
In the denominator of (89) we can replace F(%) by its real part without

undue error because it constitutes the major part. Hence
u(t) |2 a%%(t-)  ttac |2 % &% (31)°
1 232 * 53
M%) | (1+—p'1) 1+ac } 1+ & P%a

1+ a(t-%) (90a)

)



2a2p2 1+ ac

where a = . (90b)
(1+% Fa?)? 1+ Zac

Therefore, in detail, and normalising to 1 at the symmetric point for T’

decay, the Taylor expansion gives

2
Ll = a1 e oo (2 oot 5 op)(t,h) + (2 Qo-%QZ)(t1~%)]
=411+ -‘15—5 (0,2—0,0)(2’03-1)] (91a)
2

.*_
=
S
u

2
1 ay(t,m8) + ay(t8) + (3 ag- So)) (4573)

= 142 (ara,) (284-1) (91v)

2(1+arC) o3 o°
with (‘I+43- ca, + % cao) 4, = (1+;T6T2 :g)pz (91¢c)

The branching ratio T 30 /t’-'r 37 is 4 and the ratio of the slopes is
(35)

1 1 =2, Both these results are consistent with the T = % rule, but

do not imply it. The a factors which appear in (91) loock something like

the Khuri-Treiman factors at first glance, but on closer inspection they

differ appreciably and most cspecially in the power of the scattering length

4. Comparigson vwith Experiment,

The latest experiments tell us that the difference ay=0, is

approximately 1.2, and this statement can be converted into one which
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involveg the scattering length as soon as ¢ is given. Now a nucleon
mass cut~off gives ¢ = 1,25 so allowing it a 1little lat tude, we shall

let it vary between 1 and 1.5. The solutions to

2 2
(1+a20)a2 (1+ aoc)ao 3 r 4 5
2 2v2 222 S i e
(14525 ) (1+da D) 5pc L
20 o
will be plotted in the range [aT§$1 T H Al
Referring to Figure 29 where they ‘;__:—“?5-/: '
are graphed, we notice that when v//
7
. =
a2,€ O there is a strong -
destructive effect in the first LS e =0
=1 - %o
order scattering andlin that =
region, the second order effects %
should make themselves felt. ”E,:__«_~
R e
Therefore the solutions in the T.H
Tegion aZé O are not consistent FIGURE 29.

with the approximations. With a2) 0 we can crudely write ay - a = 0(1)

which compares very favourably with the first order iteration solution

of the dispersion equations: an -~ aoz‘0.9, obtained by Khuri and Treiman;

on the whole, it inspires us with confidence in our treatment of final

state interactions. Another pleasing aspeet is the way in which Thomas

(32)

and Holladay's solution drops outs It is marked T.H. in Figure 29;

at thatpoint a2£‘-51 and ao'f'-’ - 0.2y sO YAt scatter with a = 1 while
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(A scattor with a- 0y which is procigzely the assumption they
make.,
a -ao$i1 is really rather obvious, as the ¢nhancement takes place

2
when the ¥ & stick bogethert (32 38)

¢ this can happen if ® + attracts
® % much morc so than it does ®  or else if'ﬂ+ does not interact with7f+
but repels % « The trouble with this conclusion is that it is in
disagrecement with practically cevery source about WK forces and especially
the ABC experiment where a value %324.5 is suggested = thercefore the T=2
interaction would have 40 be even more attractive and thisis extremely
unlikely, to say the least! This contradiction has been well summarised

(43)

in a recent paper by Smith, Prowse and Stork.

5. lodeig Ffor ilcson Toony

We are obliged tc zonclude that the original model on which the

whole calculation was bascd, is fundamentally wrong. Barton and Kacser(44)
who incidentally give an excellent account of the dispersion theory, suggest
that the production Lagrangian (which comprises nucleon-antinucleon 1oops,)
containg derivative coupling :

&y >
I o= e@eg,) (3,8 + 5 §0.0) (@3, 8)
They go on to show that, gz/g1 being an unknown parameter, the first

bit of information about &y comes from the quadratic dependence of the
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watrisx alemont on Lo Fiven wiltlh 000 owoubo 24 o impoceihlo bu syy

anything in this respect!

=

.;1

=
~
3

FIGURE 30,

On the other hand, Riazzuddin & Fayyazuddin<39) and Beg and
DeCelles(41) consider specific P-wave models for the decay (see Figure 30).
Beg and De Celles vrove that the £ contribution predominates over the K#,
and then break up the model further in the manner of Figure 31 to
calculate the magnitude of the linear coefficient with remarkable
agreement. This type of model is very much in fashion now and has been

applied by several people(46-52) to the problem of KO and Tl decays.

FIGURE 31.
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CALCULATION OF THE NATURAL CONSTANTS IN PSEUDO-SCALAR MESON THEORY.




87.

ABSTRACT.

By expressing Feynman diagrams as dispersion integrals with a
finite cut~off we calculate to lowest order the renormalisation constante
Z1922,Z3 and Z4 of pseudoscalar meson theory, that is, with the

interaction Lagrangian,

:g @ﬁbqfd s+ s h ¢4 H

By setting each of these Z equal to zero we obtain the approximate
solutions g2/4 = 0 (50), h/16= = 0(0.5) , u/m = 0.5 for uncharged
mesons, and g2/4 ® = 0 (20) , n/16 = = 0(0.05), u/m & 0.5 for charged
mesons, (when p/m=0,15, g2/47c*:'.1.3, h/16 ®=0.04 ) with a cut-off of

about 2% nucleon masses in each case.
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INTRODUCTION

One of the outstanding problems of modern times has been the
question of what distinguishes an elementary from a composite particle,
At last it appears to be resolving itself, and the answer seems to be
that since every particle is as elementary as every other in practice,
it is pointless to contemplate the question. This notion was put
forward by Feynman as an "impotence principle", and finds its expression
in two contexts ¢ thus in S~matrix theory the forces which act
between sets of particles can give rise to poles in the amplitudes
whose positions are identified as the masses of the ensuing bound

(13,19) (10)

states 5 in field theory it has been suggested by Salam s

Weinberg(13) and others(56’57’59’61) #hat the same indistinguishability
criterion is realised by the vanishing of the wave function and vertex
function renormalisation constants, making the Lagrangian of the theory

(64) .,

"null" in some sense. More recently Rockmore s demonstrated the
equivalence of the two approaches in the lowest order of a perturbation
expansion.

Therefore, the setting of each Z equal to zero will provide
equations for the coupling constonts and masses of particles and
presumably if all particles and their associated quantum numbers are
introduced, we should only obtain the actual physical solutions. As

an interesting exercise we may suppose that all the particles in

nature are fermions and pseudoscalar bosons which interaect via the
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conventional Yukawa coupling g:i&ysdrd . and we obtain the set of
three equations Z1,2,3 (g;%) = 0., It is well-known, of course, that all
these renormalisation constants diverge in perturbation theory, but if we

(62)

s . .o N ~ . .
include a finite cut-off /\ , we mzy well be able to solve

—

Z
1’2’39 (g 9m 3

21>

(In order not to make the calculation too arbitrary, we choose the same A
for each constant).

Naturally, every Z is an infinite series in powers of g2 and the
simplest thing we can do is to terminate it at g2, although we have no
justification for doing this other than the curious fact that this
procedure almost always leads to sensible answers — this is somctimes
explained on the basis of the nearest singularities being the most
important. At any rate the fact that reasonable answers do ensue
justifies the method a postericry Next there is the problem of how one
must introduce the cut-off in a more or less unique fashion, Thus we
cannot proceed in the standard manncr by separating out the divergent
from the finite part because such techniques rely entirely on A being
go large that various theorems on shifting the origin of integration(5)
can be used. Rather, we express the Feynman dizgrams through a dispersion

(3,10)

representation by the Landau -Cutkosky prescription and in this way,
/\ appears only in the final integration over masses — the dispersion

integrals will be nothing more nor less than the Lehmann spectral
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. (4) .2 . .
represcntation'‘evaluated to lowcst order in g . Even with the
question of A settled, there remains the difficulty of whether to
.ot . an R -
calculate 2, through the representalion in vhe mbm. of the
forwion ov boson. e have sgelected the latter with both fenaions on i
mass shell because it is the more symmetrical, and estimzte the correcticn
to Z, if the asymmetric representation were adopted.
1
» . lt‘{.
Next we consider the cffect of the meson-meson scattering terms b
which are requisite for a proper renormalisation. Regarding these
contributions as small perturbations (which we know them to be; in praciice
because h is small) we estimate them up to first order in h, In addition
to Z1 5,37 we have another renormalisation constant, Z4, at our disposal.
s&§

If we make it vanish too (as this again makes the Lagrangiean null) we will

be provided with an extra equation, and all in all,

Z (g, n,E 2y =0
1,29334 &s 17m 9m) = e

In attempting to obtain the solutions of the above equations, wo
observe that Z2 and Z3 are independent of h (at least in so far as first
order effects are concerned)., Hence we have computed g2 axﬁ.A/h numericall
in terms of u/ﬁ for the range 0.001 5.“/%1 % 1. These results are
inscrted into Z4=O to obtain h as a function of u/h. From this we
calculate Z1 (actually the rough renge of values it may cover) in terms
of u/ﬁ, and where it is zero we have a solution. We find that p/ﬁ must

exceed about 0.3 for this to happen and g2/4n increases very rapidly from

40 to 100 (p/m & 0.6) to infinity. Therefore we estimate the solution to



/4 x  =0{(50), nfm = 0.5, A6 = 0(0.5), A/m 2.3

aithongl the situation is not very clear cul,

Finally we introduce the ordinery charge properties of piong aand
nucleons viz, we specifically assume that the boson is an isoveoctor and

the fermion an isospinor which are coupled through

2

\) :

e
14

% .oy + nif

[

£
V 2
The only modifications that arise arc various numerical factors maltiplyive

g and h., Proceeding in the same way as in the neutral case, we have here

a much more clecar cut situation and the solutions become

g2/0 % = 0(20), h/16 5 = 0(0,05), p/m £0.,5 and A/m = 0(3).
Tn fact whon p/m = 0.15 ,  g°/4w =13 &

Thus if we believe that a theory in which every particle is equally
elementary is charactorised by the vanishing of its renormalisation
constants, it follows that a charged version of pseudoscalar meson theory
is favoured (since a solution is decidedly easier to come by) and the
comparison with the currently accepted values g2/4n'x15 and A (Chow-
Mandelstam constant(52))= —h/167c21—0.2 is embarassing! In fact one
mist criticize the results as being tco good in view of the naturc of the
assumptions and approximations that have been applied to obtain them,
especially as a similar calculation for quantum electrodynamics lcads to

e o~
i = 0.8,
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CHAPTER T.

DISPERSTON REPRESENTATION OF THE RENORMALT3IATION CONSTANTS.

RN ppreT
B CE Sk a0 it

The field theory of neubtrai pseudoscalar mesons interacting wiih
fermions is specified by the Lagrangian
. ., A 2 2\m o T s e )
=L (p-m -+ 50 —n)8 tig ki oy +°h 1a
@ (p) 3O(ﬁ O)ﬂfo 2 O(p p'o) o Bbogo‘?5‘yo¢ot Ogon ( oy
The o suffices correspond to unrenormalised quantitiesy the rencmmalise’

gquantities (which have no suffices) are then defined by the substitutions,

y=2 oy, d =29, n =wou, uie-ad
o 2 v Yo 37 ? 7% ? Yo
-1 ~1/2 -2
o = Z 24 = .
8y Z1 5 Z3 Zs hO Z4Z3 h

L (0) = W) (550
+ (2,71) U () ¥ -2,0n +5(2,-1)9(0P-u%)g-32,00 00

+ Zgvgld - z4h¢4. (1b)
(3)

In the method of renormalisation as given by Matthews and Salam
one works with the renormalised quantities from the very beginning. Thus

from (1b) we have the vertex factors Z1g, Z4h and the propagators

1 1
Alk) = , S = e
) 2 (k%% ) ’ 2, (- cn)

The constants Zz,ﬁn and 5u2 are chosen in conjunction with the four

primitively divergent diagrams (meson and fermion propagators, vertex fn.



Do
meson-meson scattering) in such a way that 211 infinities are exactly
removed. Thus wilth all radiative correciione included, the complote
functions are

1

o .
A (k) = -

23(k2'-u2+ uey + ﬁ(kz)

s'(p) = !
Z, (Bm+ m)+ Z*(p)

g T(ps2') = Z,g+ g AlpsD')

Iﬂll({(1§<21c3k4) = Z4h + hN (k1k2k3k4) (2)
where, H*} Eee sAand N  signify the respective corrections to the
meson. 2~pt function, (quadratically divergent), fermion 2~pt function
(linearly div.) 3-pt function(logarithmically div.), meson 4-pt function
(log. div). Making two substractions in ﬁ? and 2* (at the particle mass),
one subtraction in A_(all particles on mass shell) and one subtraction ir

N (at the symmetrical point with all mesons on thc mess shell), and

choosing the subtraction constants as follows, we have the Dyson equations(

57 (p)

i

~en, + (1-2,)(F-m)+($-n)° T 3()

* *
1) 2 - 8072 + (1-2) (%) + (Pmi®)® m(x)

(3a)

- 22 2_ 2 2 2
A (pypik)= (1-2, )+ (-0 ) (2 p)I)+ (070 M (05 00k)+(p "07)Ap (s 1K)

Nk ) = (1-3,) + 24(k2~u2)N k)+ 3 (s~ W (k)
T 4 ioq 1 fiit 12,33, 31 13 3 fsij T
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26 o2 1
e" . Zré{n =z e z‘, (m) 3 Z = _— et et I y
4 2 . =1
o f
[y 2 *p 2 . "’ . . ‘
43 onT = -1 ), ZE - 1- i k2=u£
: - Vo e 242 42
/—v] =1 = plamp), G = N (gr«‘ R ) 37}

so, by choice,
s'(p) = [(#Fn) {1 +(fn) 1} () ]
800 = [0 {1+ (PP e}

. 2 ; :
T (p,psk) = 1+ (KP=uPly (0,07 6)0(p7 0" g (0y0 )+ (2 50 W g ()0

it

2 2
J = — .
Wl =1+ 2 (I N oy v 3 (o, AP, (k) (30)
i 12,23,31 Y i3 T
®* %
If there are no corrections, then of course 3 ,II , A and N all vanish
s0 Zi = 1y m2 = ”2 = o0 and the perturbation calculation starts from here

by expansion in powers of g2 and ho.

2., Bogon Sclf Encrgy

Up to order f4 where f stands for g or h we would need to consider

the graphs in the figure below

Up to first order in g2 and subsequently to first order in h, the first and



third diagrams rewain of which the thiwvd is just a constant which

cannot offect 4 Thus we need only ~ompite vhe single term in Yigure 1

3¢
whizh ds
.2 'S RS
oy 6 Gy () | F
RS = g JATp et N
{2m | p“m ,H_(p-mk) ~-m” | > - Pt
K
gl ok (2= kont) FIGURE 1.
o sesemcee———— he) ‘
(2%)4 [pz—m2][{p—k)2~m2] aouooucaoce.occoo.n-ona-(/l.}

The singularity in II* arisesfrom the denominator and is obtained by a
pinch of the contour of :‘Lntegration(12). ie the branch point occurs at
k°=4m° when ]_32=m2 and (p—k)2=m2. Across the normal branch cut the
discontinuity is obtained by the replacements (p2—m2)_1 — —27ciqr(p2-m2) c
(k=p)2-n" —> ~27i 6, (op2-i2) according bo the Cutkosky rule’ 10)

2
1 g

. ¥, 2
o"e = Inll (k%) =(2703

S dpk g pP-n2) 9(p)s(FpPmt) & (k-p)atp

2 1
g %
- 5 (P=an?) § xh-2PP}” (5)
i

The evaluation of such 4-dimensional integrals is shown in Appendix 2.
Writing down the usual dispersion relation with a cut-off 1\2,
*
A2 im T (x2)ax?

S 55 and using (3b) and (5),
K™=~k ™—ig

1
g



1
o g? A K(K ~4rﬂ2)2 o
7, 008 = = —5 S, Ta— dx (6)
om " 4m K™ -~ p”
gl". A 2 K(K -l )‘é‘ )
A e B st K (7)
- 8at ~ 4m (X5 )

Equation (7) will stay unchanged even when the gzh diagram is added,

although (6) is altered, of course.

3 Fermion gelf energy.

A

Up to order = there are thoe graphs

~ > < “\\[\\*“

and we can discard all but the first diagram for our purposc.

2
~-ig K+m)
- — S 4k i 5 kb FIGURE 2.

5 (p) = S d
, (2704 Qk m2J[P K) 2 2] e
]:_<\~e~/”
= ma(pD)+ £ B(HD)  eerennns (8)

From equation (3b)

6.2, = -n (32 }3(?) | .eeeenn.(90)

i

7

Ly =1 - 2m2[:A'(m2)+B'(m2)] - B(mz)...(9b)

i

and we can therefore determine dm and Z from the integral representatio
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A
&{p ) =t

By the Cutkosky prescription,

- Tin A(pz)
i

>’

97.

v p (p) ng ae
o “—'\"é;,\_"j T Wen) 2T
"'-'rﬁ! 7 (vfg ~ig? bek 4%

4p2k - D (27r)4 [L "Ilé}ir}’—p) M_Z&

e S (62~ ) 3(k) 6 pmkP-p2) 8 (pr)a

)3
2
- g ~ 2 '. 1o
= 5 5 J' (p '-mz"u - 4m K } [_J (mp.) (1e)
16 Xp
1 g2
— mB(%) = — , Sreps (k22 8(k) K p-ko-p2) 9 (p-ic)aTk
= (2m)~p
2 -
g . o o o \2 o
= =gy (P %) {(0®%nP=0%) -an } 9[1’ N J i)
321D
Hence from (9),
2 . 2
n a2 Infi(%°) + im B (K) a2
om Zy = = = f
T ()2 K°-n®
2 ~ 2 2 212 2 5 2
g m {(Kmp) 4mp} i 5
= - > 7 [ =5 ak-  (12)
2 (mep) Ke~m~
%_
; A2 {(K )2-4m pz}\ - 2K )] @2 (13)
Z, =1 - 1 - 1
5 3%2 ; K4 (K2-i2)2
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Of course these results are precisely thoce obtained by Lehmann from a
perturtntion ezpzrsion of the spectrel. vepregentation for the propagator.

Equatiouns (12) and (13) do not need any vorrecilon up to first order in h.

4o Vertex Function

Here the relevant diagrams up to f5 are

VYN YV Y

33 mﬁ g g 9% g5 9ok

[ I

and just the first two will be the ones to calculate. Now the most
symmetrical way of obtaining a dispersion relation for the vertex function
is to investigate the analytic behaviour in the momentum square of the
boson with both fermions put on their mass shells. Alternatively, we cou
make one boson and one fermion real, but besides being unsymmetrical, we
expect the same rcsult for Z1 at large A\ as in the symmetrical treatment
(Z is essentially unique at ©o0 cut-of fs)s Ve must mention that our A
mey not turn out large, so the result for Z1 is certainly ambiguious .

— this ambiguity would be true in any treatment of the vertex part.

The loop contribution of Figurc 3 is

i . i ,.
& g (a) =(Z{i- jahe Aciaalss A p"‘\ /)P

[p k) -m2]k2 uz‘][p—k) -

|
}
FIGURE 3.
i
\
\
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.2 2
ig“u(P')yu(p) k
e 3 vulp) T ()= 5 7% :
5 ’ (2n)? [(prx)2 Q_Hh - (p- &
. 1;:; k2d4k .
or I (q7) = (14)

27()4 [(p &)2-— f]Lk uj{p k) —-m_J

The integral (14) has a normal branch cut starting at q 4m and the

discontinuity across it is

2 2

. K
L 11 (6?) - ——= 7 dhee(Pep)o(p'k)o(kp). 5=, (s “2p.k)
T (27 k"-p

Referring to the appendix,

2 o) .
- g x . dt $
L mT(P) = i - - slg"-4n?)
s (2w al-q? 2V A4 PR
& ( 2 ) [ q“-4m ]
= q - m =u log i
16 'Jt2 ~4m qz} suz
2
Ko=4m™p” ) 2
g2 A -4m -u lo ( 2 7 ax
ooz, = =100 =
S 16"2 o . (K2 2) (K2 2)%3—
4m - B ~ 4m (16a)

As stated already, we obtain a different ZJl for finite /\ when we
. . . 2 . 2 2 (2 2
write the representation in p°~ with ¢~ = p~ and p'"= m . In that case

we obtain an integral with a threshold at p2 = (m~+-1~z)2 which will give
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» 2 2 T T, - iv -t 7

Z1¥ 1 even when A = 4m . We have caleulated the absorptive part ¢
of the form factui and i% is not particularly enlightening to wock out 7,
)

in terms of it tecause it iu extremcly conplicated. Instead we will

eatiman. s rcoughly =g followz =
2

g A2
Vie know that as & S, 2, ~»——_ log —5 and that as

1 ; 2 2

167X )

A > (m+u)2 » 2, 1 . Therefore since
2 2 -
2, =1+ +
1 167 2 5 K2-—-(m+u)2 5 Kz—(n&u)z
(m+u) 4m

we will assume (16) for the integral ahove 4m2. We are left with the

correction 2

o 4 2
& : v (&%)ax? & 2n
5 R ~ — log (’ s because
16T KS = (mp) 167% m+ p
5
(mp)
2
log ( — ) has the right features at ¢ and correctly vgnishes ab

threshold. Hence we crulely obtain as the asymmetiric renormalisation

constant, 5 5

, g F 2m
2, = 2, + —, log (m ) (16D}
167 1

Expression (16) needs to be corrected even up to first order in h,

by the graph of Figure 4. However as this correction is supposed to be

p e k{ PI small we will Jjust attempt to estimate
i '\:" T it in a rough and ready manner.
/
%

FIGURE 4.
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) 2 e | aha’cr . A(e")(Fm) g (kem)ulp)
u{p' gyl (g uln) = - S po - T TR
75 @R (DT ) o) it i

n ovd~r to evaluate I'y we aultiply the exzprescions on each side by

a(p)ys u(p') and sum over spins.

~g h§d4kd4k'Trﬂlf m)ys (- m)(zf+m)¥5(ﬁ+m)]
(239 (Pn®) -0 fe-p) 47 [ (1) P50

-gzh d4kd 'k [.2q (k. k-m )+m (kwk\.qfk.qk-p—k ple
o (R-0?) (=) f(1c-p) 20 Jkk—k’ﬁfmp’—k’ﬁ—u

In accordance with our object, we retain the leading term in the numerator

e[ (¢) ($rm) 5 ($rm)] =

i

2., 2
or =% q°I'(q%)

and use the gtandard Feynman precedure of introducing the cut-off by

rotating the contours of integraticn to le along the imaginary casec.

&“h ko' atkahe’

2ya S
r e (20° * wherd ()2

for large k and k'

&%n 124 (X% )k 2a (K1 2)KK!
= (if)2rs ith k° = K7
~ 8 . 17 ’4' p > ) il
(27) KK (K + K*F)
2
2 EE e A (1)

where we have put the lower limit at 9u2 immediately, by analogy with the
lower limit in the dispersion representation and by the same DHeasoning

as (16b). We must remember to add (17) to (16) in the event where we do n
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neglect meson meson scattering altogetier.

5 Moson~tegon leatborin s

. 3 ; . . .
U o 7 we bive the set of Alcgrames

4 ~- VAN
v x > L < XA ¥
/S o 7N soS L o- N /- - - ~ VAR S ' -
W 2.2 W3 L,5
h'g

'nd only the first two come into the reckoning according to our

approximation. In the computation of 2

4

we will put all the mesons on

the mass shell.

The first dicgrem (Fiz.5) is of the

self energy typc and has the matrix .\K/ -~ *,/
ol -2 ~ 70N
element 5z p2 , -~ X
P-9
(-5 1 )
e f g FIGURE 5
(2m* [T 2-0)%+7] >
h2
.'. :,]-KIH]N(S) = —7;)-3’[.d4q®(q2_“2)‘3(Q) 6Kp_q)2_u2—‘8(p_q)=ﬁ
, (47)°
2 '
WA w2 s
0'. N(S) = —-———2f {1 - o
(47 2 st sle-g~ig /
44
2 .
2 A 271 )
h 4@—’- dS' h A 2
! (%“2> =~ 2% ) } vl p log —5— (19)
(4m° 4 s' ) ost- g (47 4p



and of course this must be muitinlied ™y 2 Lecause of the 51 oand ‘u
shannels,

Feob we must consider TMga.b.
We wuass rewzmber thas the

internal meson propagator is

X /
renormalised ie doubly subtracted. \ YT - //
> N *
s S0
, 2 242 2\2_%* -1 <o/ o 5,
¢ @ A(q):[g_ ~H +(q. ~H ) Hf(qﬂ s %
#*
As the correction is —ﬂf(q), Thus,
i
- =T (2) TIGURE 6
W(s) = ——-—-Zfd a 55 (20)
(2m) (p=q)° -
1
. £ ANk (K%-4m°)Rar®
But from (5)3 Hf((l) = __'_2' f ( 5 0.0, > D .
= o (K7-n%) q“-ie )
4m
2
2.2 " 2
=g 7 +K ~4m
o . j: Im N(S)— 3 —'2—'% r}lzK% R dKZG(s--(;HK)d}
‘ (Z'K) 81 4m (K -l )
A2 A2 1
h2 g2 5 K 4m E { s~ —-}':’2) ~40 K }
o.c N(S)-:'—"z—_‘z fdslf dK 22 . dSl
2_ \ s
(4m)° 8x (2mn)? 4m? (K2-°) s' (s'-s-ig) (21
21}
2 2
~h g A2 2
N(%uz) A — oe =5 log —5 log AN 0 (22)
(4m° 8= 4m (omep)

and there are altogether 5 more such terms as (22).



10,
For the sake of reference we add 2t the Chew-Mandelstam cons‘i:an'i;(BJ"
is related tv our h by - h/16'x = A, since it is the negative of the

saavtericg anplitude at the gyrmetrical point.

6 Summory of Resulvs and Isogyin liodificoticns,

It is convenient to introduce the avbreviation a,—-g2/87£2, B=h/167<.2
y o= pz/mz, Z = /\2/m2, in terms of which the equations for the renormali-

gsation congtants read

1
S (x*-4x)7 ax .
e | S (23
Y4 (x-y)
1
0 2 -{(x—1-y)2—4y} 2 v (1)
Z2 = 1 - = : 5 1 ——-————-—'—-—2 dx (24)
4 2 X (=-1)
(1+/y)
g xdty \
5 X~ 4y log (-——y—j 2
Z1 > 1 + g S > - dx ~ aBlog(f——) (254}
4 (x"=4x)%(x-y) Gy
4
Z ’—:Z1 g log (25b)

(1+/5)°

Z 14

Z ~1 = 3B log (—--———) - ap log(2 log(—-————-—-—> (26}

Notice that we have inscrted the same cut—off in every integral to make
all Zi dependent on the 4 variables «,8, ¥ysz. There is no compelling
reason for this and we have only done so on grounds of simplicity, besides

which it would otherwise be impossible to make any further progress.
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In order that the model be ag realistic as nossible we inscut the
normal isospin properties of fermions wnd busong i.¢. we specificaliy
assume thab the isovector hoson end isogpulnor formion are coupled throusl.

the Lugraigiar wﬁ"; ‘- § 4 ki (", & )2 :

Y2
The modifications that result thereby are simply various factors and

they are easily cobtainced as follows s

(1) Pion self encrgy

In zddition to (4) we have the extra factor

TT{‘(I‘ QTS]=5 CO-G,_}Q:. — f\;-“
\/2—‘ \/-2.— e s 5

(ii) Nuclecn self enersy

a3 a — = a~ s —

VA K

hSH

(iii) N N vertex
This acquires an extra label - 2 Fans

the pion in ex r. !

Now -8 r s __Lr ok

i B /T o

s bt u
The pion-pion scattering correction requires < t‘ -
T T T N /u
the computation of Mrs‘bu S i U $ V%
V2 V2 /2 T
1

e 5
=B (Ursg‘bu * §'t 8su * §u Ss‘b)tstt Y /2/-2—; Z/—é er

e v B —>» -5B as well.
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(iv) ® R SCATTERING

A
N -~ -

The matsix ¢lement has 4 pion suffices now P i
9 ,a Ty - — >
w
1) P ~ -
u e hE o + 50 § .o & -8 %
l”Lras\aw Sywawh b (Srsgv"v ¥ .Tvvgsw ! ‘é*w sv) (SVW ui i vu vt v e

Together with the 't' and 'u' channels, M.M = ’l‘lh2 (65+ o6&+ &5)

e o 3 B "-"? 116.

If the intermediate pion lines are

2
corrected to lowest order in g, then ¥ N — v S
° LT
- v 4
because a —> o from (1) and a & /N PN
Y
factor turns up in the pion propagator, 4 W

3B —> 11 B still,

Therefore iscbaric spin causcs equations (23),(24)9(25) and (26)

to change to L

1 \gz (x2 - 4x)
4 (xy)®

it

),

7. =

3 ax

& { a0 e
2 1———53 = 1 " (x—-1)2, o

| 2
(1+/y)

[\
it

w
I'd

~ b
L

(23)

(24)
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S—
.Z — — 1 -
X #4 y log P

o | : ) 5 z )
Z =1 "'4’ 3 - e 0K e 5 cx,BlOg(;;‘) (2-_13

(1+/5)?

2 2 2
1 - 118 log ( ) ~ 22af log H log 226G
4 4y i (2+/5)°

r

N
il

The computation of the natural constants o,f ond y is given in the next

section.



CHAPTER IT, +08-

CALCULATION OF @ NATURAL_COUSTANTS,

1 Method of Soluiion.

Let ug recapitulate the way in which the renormalisatioa scnstant.s
have been calculated: firstly, it has been assumed that a calculation
to lowest order in g2 and h 1is a goocd approximation to the truthj
moreover we have adopted the same cut-off in each of the divergent
integrals, a procedure which is open to criticism. However, that
the solutions do come out with the correct order of magnitude justifies
thege approximations in a manncr of speaking.

Bearing these agsumptions in mind, we attempt to solve the set of
four equations Zi=o from (23) - (26), first for ncutral and then
for charged meson field theories. The integrands are somewhat
complicated and we have therefore evaluafted all integrals numerically
for the range 0.001,§y$1, witich is the one of practical interest, In

the first instance we notice that 2, and Z, are indepcendent of B, so we

2 3
determine. a and z in terms of ¥y through ZzzZ3= 0, Inserting
these values into Z4=o will enable us to evaluate the rough value of $

and we may thereby estimate the magnitude Z1 to Za of the vertex

function renormalisation constant., By sceing where the latter vanishes

we will have arrived at the rcquired solutions.
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2. Mumerical Computotion »f the Integrbls.

Yhile it is certainly possible ¢ derive closed expressions for
the integrals in (23) end (24), they will be wuch too long ant
impraculoal when sil dis €sld aud aone, 1t is much simpier to evaluaie
them, as well as (25), numerically, and this we carry out for the
range 0,001 4y¥<1. We have to consider the three integrals

2 P
z (x"4x)?dx

I, (ys2) = S - (27)
4
12(y 2) = S z {(x—1—y)2_¢y}'% {'1 y(x&1).. (26)
b | A
(1+/57)° e | (=12 |
=44y
z ¥-4~y log \ ——/
I ( 92) = - S dx (29)
™ g 4 (X2-4X)2 (x=3)

and compute them numcrically up to z = 25, Jhksse are given in the

tables below and have also been graphed for ¢ orvenience.

TABLE 1.
; . — —_—
z 0.01 0.05 0.1 0.3 1
5 0.05 0.44 0.04 C.03 0,02
6 0.136 0.130 0.118 0.094 0,063
8 04314 0.307 0.284 0.241 0.179
10 0.472 0.465 0.436 0.382 0,295
15 0.797 0.790 0,761 2677 0560
20 1.057 1.049 1,021 2.930 0.805
25 11,262 1,255 1.226 1 D135 | 1,010




TABIE 2,
h I f 0.005 0,01 l 0.05 ? 0.1 0.3 1 3
N . ;-. - §
A | 0.597 0.582 | 0,477 | 0.350 | 0.159 | © 1
i LT 0L ps6 Foous9s ; 0.510 | 0,287 é 0.035§
6 0,029 0.905 0.74% 0,650 | 0.408 | 0.039;
8 1.170 1.153 0.983 0.888 | 0.625 } 0,245
110 1.374 14357 1.178 1.080 | 0.807 | 0,385
15 1.744 1,727 14543 1.443 | 1.160 | 0,728
20 2.007 1,990 1.806 1.703 1.418 | 0.958§
25 2.222 2,205 2.021 1.918 | 1.623 1'148i
TABLE 3.

;\\\3;\ 0.05 0.1 0.3 1

5 0.065 0.067 0.07 0.10

6 0.161 | 0.165 0,22 0.243

8 0.351 0.357 0.425 0.497

10 0.519 0.526 0.60 04709

15 0.849 0.864 0.945 1.104

20 1.104 1,116 1.205 1.389

25 1.304 1,316 1.410 1,611




3.

Solutions of the Equations.

(1) Neutrs) mesons.

‘e dependence of o and z on y frum ZP:ZQ: o0 oT 4ID=I2, 1
z -

4 i 5 ol \ S S S | s B - ot Y
tebulated as well as By, (vbbalned from Z,=0} and Z1(y)o Yhose

g\

quantities have also becn plotted in graphs 1,2,3, and 4.

y= | 0.005 0.01 0.05 | 0.1 0.3 .
o = 0.268 0.257 0.198 | 0.160 | 0.055] o
g2 /a7= | 23.4 24.4 3.7 | 39.3 | 91 o
z = 7.1 7 6.4 5.9 4.8 4
B= 0.040 0.046 | 0.065| 0,108 | 0.2401 0
bien | 0.126 0.145 0.204 | 0,340 1 0.765 | o
1 - | 0.67 0.65 0,53 | 0,06 | —0.95] =
7] = 3,00 3.03 E 3.06 | 2,68 | 3.10 >

Therefore Z1 vanishes when y'}.OUI. At the same time g2/4‘ﬁ‘ shows
a very sharp and physically unreasonable increase over this range,
and we deduce that if a solution exists, it must be g2/4ﬂ'= 0(50),

h/, e = 00.5), u/m = 0(0.3) with (A/m)°s2.3 .




(ii) Charged Mesons.

Z2=23=o implies -% IS: 12 now. We proceed just like in (1) and

4

plot gz/AT!, h/16N’ Zy Z1xy) VeTSUS ¥ »

y = 0,005 0.01 0.05 | 0.1 0.3 1 E
o= | 0.515 0.508 | 0.408' 0.310] 0.120| © ;
2 4= | 12,2 12,4 15,4 | 20,2 | 52.4 | oo
7= 10.0 9.9 8.6 7.5 5¢3 4
B = 0.010 0.011 | 0.015} 0.021f 0.062| oo |
Lii6e | 0.031 0.035 | 0.051F 0.066] 0.195| o° E
z, = | 0.51 0.52 0.50 | 0.47 | © ?
Zy = {-0.09 0,08 | =0.10 [ =0.2 | -1 b 7

By inspection of z1,g2/4re 0(20), h/16ﬁ_= 0(0.05),u/m X 0.5
with A/m = 0(3), and this solution is decidedly more clear—cut than
in the previous case bhecause g2/4ﬁ‘is finite and has a comparatively

small variation over this range of u.

i Generalisatiorn and Conclusionsga.

In contrast to the neutral theory, the solution of the charged
theory is straightforward to obtain, and therefore it appears that Z=0

favours the normal #-N isospin properties. In fact the magnitude of
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the calculated Yukawa coupling constant at the physical mass u/m T 0,15,
is g2/4,—. =13, which is altogebher too satisfactoryl (Actually
A==nh /16TT =-0 (0.05) docs not compare too favourably with the
carrent value of -0.2). Ve have not tried Ho answer the question as to
whethor the solutions to second orderin g2 and h — the equations Zi=C
become biquadratic in these variables - are maintained, since the
calculation is several degrees more difficult than the one given in
this dissertation. Also, we have avoided all reference to the
deuteron, ‘0 and () meson resonances for the same reason.

With the apparent success of lowest order perturbation theory as
applied to the AN system, we might attempt to do the same for another
self contained theory, quantum electrodynamics., The photon mass is
of course assumed to be zero and gauge invariance leaves us with only

two renormalisation constants Z,Zand Z.. To lowecst order in 92 and

3
for very large cut—offs N s, these are the well-known expressions(S),
200
e - 2
Z3—-1 log z + 3 (30)
11 - 1 dx
ZZ= - -—-[1052+ —_—— 4
o X (31)

where o = 62/8172’ Z = /'\l'z/m2 , and m is the electron mass. Discarding
. . ine Z . 6

the infrared divergence and setting 2=Z3=o we arrive at z=O(1O )

and 92/417 ~ 0.8 which is out by a long way! In this light we must

view the meson theory rcsults as rather accidental.
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APPENDIX I

NOTATION AND KTHNEMATICS.

UNITS AND NORMALISATION

We follow common practice and adopt the natural syetes of uaive
whereby H = ¢ = 1., The loss of two dimensional units which allows all
guantities to be oxpressed in terms of a length L or inverse mass, is
offset by the simplicity of the ensuing formulae., Because action is
dimensionless, the Lagrangian space time density has the dimemions

Ei;] = L-4. From the construction,

M - (2,034 + a2g%) +¥ (@-n) ¥+ eto.
it follws that the dimensionalities of boson and fermion fields are
] -c", ] 132

whence we may deduce the dimensicnalities of coupling constants for

various interactions s

(1) X =¢¢° [£] -

-
(i) L= apVyd , el = 1°
(1i1)df = e¢5u¢°¢“, ] = 1°
(iv) L= cdviy [¢] = 1?
(v) £= gt h] = 1°

As to the question of notation we maintain 'up' and 'down' indices

with the metric g, - / 1_1 N 5 u=0,1,2,3.
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o - v, v . .- = ¢ - a.
Thus a.b = apb = d“b yg“ aobo a2, a.ob Qe

Our ‘b"p matrices satisfy g‘.f 0’ ‘}_,-'},Ail-.—. 2{3““)

and the Dirac equation reads (i“(“?su - T‘l_\,ﬂf’(:&) = 0, where

b= o . iR B 3 0
o N = \ b ) } ’b / _a ] B_’ j <
P xp X, X, X, Ty

The other eleven linearly independent matrices (apart from unity) are
S SN IE I S, B
¥ 5 ‘\‘o\i‘lIQY:}) pnT 2 w"‘y J us5”* p75

We shall not have occasion to use any particular representation, and by

Schur's lemma we have the similarity transformations,

. ~1 + 5
71-1 = AyuA ;s A=A

s —1 +

j = - B B = "B A =. C Bl
Yu PYu ?

- * -
v ooyt , e }
i B

Then the adjoint and charge conjugate spinors are defined as

Y=g, ° - Y - -B_1‘;f' .

Next we consider matrix invariants and traces. We define yf = p“‘;“,

g0 the Fourier transform of the free Dirac equation is (xf—m)u(g) = O,
(Fm) v(p) = o.
u ard v are the +ve and -ve energy solutions. Because pg—-m2=o,

u, will be taken to be the ‘st and 2nd Columns of (ptm) and V,_ will

be taken to be the 2rd and 4th columns of (xf—m).
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Thus 7\ = VT T 2m, and
u = m V.Vv.= =) e
Fu,dy = (), 3ve,e (6w
By straightforward application of the defining relation, we have

L M YVJ 4‘11\)

T I -
a [Yu YvaYoJ =4 (E’uvgpo Sup8yvs T Bug gvp)

with traces of an odd no of +y-matrices vanishing.

— _ ) . . t K
’I‘.r LY5 YuYy Yp Y% ] = euvpo' , the completely antisymmetric 'unit

tensor.

Tr [Y5 Y Yv] = 0, by the group property of the ( r matrices.

Finally we shall carry out Fourier transformations in such a way

that all the 27 factors are associated with momenta. The result is that
dz"'p
we are always concerned with factors such as —— and 273 © (pg-mz).

(2r)*

Y
The normalisation of states in defined through the completeness relation
of free particle (in~or-out) states,

d4
e 3 feny—  258(0) e(po~n?) <ps |
s\ (2704

4 4,
+ 2 S| psasp's"A> v lP 279(p) & pP=u”) 278 () & pP-m° )< psh,pt N
, , —_— - _ :
sh € (2m)? (2m)* i

it !
ie <ps\| ps N > 2E (27()3 3(p—-p)<5 o O *
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This may be achieyed by the LSZ redtiets on formula Q“ﬂ‘e autbomotical 1y

<« .
c:(p) = lim iJ‘d3x¢+(x)2% o TPeX l o > for boson ficlds,
o+
+ lim 3. -ip.x .
Bt (p) = ) S axw(x) ¥, u\p) e |o> for fermions,
X—? + oo
o
+ . —i X . .
bKi <E) = 1im S d%gvA_(g) e TP Yow(x) l o> for antifermions,
X = T oo
o

6)ip.x ~ip.x

if <o|¢(>:)lg> ,<o|¢(x)|27\>=u)§p)e

THE PROCESS ¢ A+B % 1+2

Although the kinematics and phase space for the four-point function
are exceedingly well-known, we shall discuss it briefly for the purpose
of elucidating the notation that will be used later in the five-point
function. We shall not direct all our arrows inwards, for the simple

RA reason that when we afterwards investigate
Pl final state effects we will be working
asymmetrically anyhow.

Pa Pa
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The three Mandelgtam invariants are

2
Spp = Sqp = (24 + 2p)

. . RY: 2.2 2 2
Syq = Spp = (2 = 2y) and  sptBy+sy, = Wy b Dp Wyt .

§,, = 8,2 = (D, = p,)°
A2 1B A 2

In the channel A+B ~» 1+2, and in the ¢, of. m frame,

2 2
Sppt™®y s SAB+
= = ’- o2 |/ C(s m2 2)
Py DDA A I TN: By AB2"A° "B
2 '/SAB 2 \/SAB

SAB+m -1’]11 \
Pp =7 » oy P T T Tdyefs 2q12‘/§1:B=C(SAB’m1’m )

where C is defined in (41b). /@?}

. - e
The scattering angle can be A/ B
given in terms of 8)q OT 8,3 2z

S1A"QA]23"%§2+2‘-‘~1 2%p008% 5t 7 ABK 2)'(“‘3"“23 °
where we let EAB point along
the z-axis and make 445 lie in
the x¢Z plane.
Now, in a helicity decompsotion after the manner of Jacob and Wick,

we encounter the kinematic variables W

A B and 9

12 themselves, We shall



119.

call CAAB ard 912 the Wieck yorisblaa. The Felatien wlith the invariants

is extremely simple,
s, +a 2+q_ (m +m —m2)2
14 %8 T 27 4J mB

’ c05612 = e

AB T VS;p
299,93

. e e g . 2 2
Finally because the relativistic flux is ZC(SAB’mA’mB) , the

differential cross scetion will be

3.3
1 d-p.d P,
2
aq = g 41 | (ep%s" (py~Pypy —Pp)
26(syps A’mB) (2 974E, B,
2 2 2
_ — 5 'Ml = . 55 d(cos&12)
24
do Bt
or = " °
2 2
ds 167 C (sAB,mA,mE)

KINEMATIC VARTABLES FOR THE PROCESS 2z A+B-»1 4+ 2 + 3

Taking the scalar product of

each four-momentumw with b P
A

PyTPptPy = Pyt Pp by Pa

Pz

P1 .PA+P2.PA+P3.PA=m§+PA.PB
Py +PptPo-Py p3'PB“PA‘PB+mB
m2+p1~P2+P3°P1=P1OPA+P1°PB
P1‘P2+m2+p2°P3”P2 *PyePy

p3.p1+p2.p3+m3=p3.pA+p3pB .
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Addition of all five equations would be equivalent to squaring the

original congervation law,

2.2 2
AB—mA+rqB +2pA.gB— m +m +m3+2p1.p2+2p2.p3+2p3.p1

2 2
= s12+s23-+s31 ~m, =M, m3 ’

which is equivalent to the subsidiary equation for the Mandelstam
invariants. As the Sij are not sufficient to describe the amplitude

(5 independent invariants are needed), we add four equations and subtract

the remaining one. Thus, m:B i—m2—m2 m§~2(p1.p2+p2.p3+p3.p1 p1 pKL) ﬁfh

which gives us directly one subsidiary equation for 6 invariants.

It is essential in any dispersion representation to know what
invariants to seloct. Obviously py.py (~ incident energy) is a
significant variziie in final state interactions, and keeping it fixed
means fixing (p1gp2+p2 p3 + p3.p1) and (P1‘PA+p2'PA+P3’PA) o Thercfore
we may choose as our five invariants for final state interaction of 1 and

2 or 1 and 3,

8,5 (pA+pB)2,s12=(p1+p2)2,s13=(p1+p3)?s1A=(p1-pA)2,S3A=(p3—pA)2-
The first three correspond to energies, while the last two represent
momentum transfers.

In the helicity specification which is most natural to describe the
final state interaction between 1 and 2, the: five Wick variables that
enter into the description are(gAB, the total energy in the overall b.c

frame, 0)12 the total energy of 1 and 2, in their own ¢ of n frame, tho
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angle 4, between the relative motion of 1 and 2, and the direction of

12
motion of 3, and 912 3 the angle between the motion of (12) and of A,
9
Here we have chosen Un to lie along the z—axis and 92, 3 to lie in the
= =icy

x0z plane,

We now detevaine the connexion
between the Wick variableslﬂ12,“ZB
912,;2!12,&12’3 and the relativistic
invariants S12’SAB’S13’SBA’S1A'
Pirstly we notice that

2 2y

2qij/éij = C(Sij9mi’mj’ arnd

2
i
I

lk)s

by “the method of construclion of

2% 5 K "/SAB=C(SAB’ 5340t

states as stated in sectiom 2 ,

algo that three angles which
appear naturally in the total

c of m systen are those between
the directions of motion of

palrs as showin in the diagram.
2 2 2
08 2945 3053 4C08P=Ay3 4tdy, 37dy p

gives cosf uniquely in terms of

237 Sy and 8400

Clearly s

s

cw? w?
1= Wy and s;p=bip

however, to determine Syqr Ve must
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go o the 6 of w. fram: o 1 and Z When p., = (tqu_\) 8ay .
3

*3

iB =( +p2+p3) +m +2€3
3% 2 “{Q 2"" m e ()
p L0, < : :
L an 1 3 and oy} = A8
3 oL 33 w 12,3
12 12
ot
. 2_2 2 w22y, AB
ote sy (oyrpy) ety —— (@ 12“”“ ) 5492 T T %9912, 30040
L W 12
12 12
s - 209
=_1_,~&‘/_'_b,c_"__c ?.,______ 0 ___AB
R e P o Slnf-ng) (0,5 3)+ d15%12,3%9%% 5

12 12

For later vse we deduce

oW

ok (02 w2 2 SUAB

Spq7 & (Wyp U oF *‘”2”“3)’“ (m -mp) (W AB 3) q4,0%92,3098% 5
2, 0o

In order to bring in 912 3 we congider in the total b.c frame,

2 2

(N2 (w 4 u) (@, 5+ ) ,
sy= (pyp,) "= 3 A 3 . - 20,50, , 40089,

» ” 28%12,3%9%92, 3

LB 4B
= —1—((0 2w 2+m2+mr"‘)+ 2)+ -—1—--(m2— 2)( ) -2 cose ‘
AN S R S S ow 2 g/ Wy 5713/ =20 335 5 2,3

AB

Pinally we come to the most complicated relation containing ¢12(s23 being

knovm),
2, 2 2 2 2
< _(P - )2—m2+m2-2 ((.L)AB+m1~SQ3) ( AB A ) N 2q2 .
- —J , L
147 VPR Ty, " " 371 Up

AB 4B
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Rut with refarence o the chieen o~ordinate syetem, the component of 4oy
along the z-avis is su~h that

(c:osBcos\‘}1 2, yrsinBsing, 2, 30054?1 2)

T 993,1°%p T %23,1%B

*.oe,,= 5 (s Zimgim )+ 1 (s -, )( )

o SpT B \Spy gty Ryt TS 53 A™"B
AB

- 2q23’ 1qAB( cospcosd, 2, 3+s1nBs1ne1 2,398 @1 2)

and the rh.s, will itself involve w12 and cosem, by substitution of So3

and cos3.

THABE-PARTICLE PHASH SPACE,

Bo 43

3 4

le aen uate B D, 4°p, & (p,+p,*p,~D,~0g)

We arxa to evaluate =1 2 3 1 25 374 B; dein ordw
2E, 2F, 2E, (2x)

to obtain the differential cross section, This can easily be done in
terms of the Wick variables by integrating over the phase space of 1 and

2 in the (12) frame

~ 3
ey gty 4%
Ry
(2r) 4w, , 2B,
1

q.,4
- 124124 3 dE3 dQ. dgﬁz 3
(21)? Buw,,

The result may be expressed in terms of the relativistic invariants

as was done for the four point function ¢
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( -
d \3129813’33#‘?1&_ o 2%8%10942,3 00 qn a29-- a
o N AB" , 43%12,3°%03,43
a <L3’ op012,cose12’3ﬁ_“) W5
51n6s1n812,331n¢q
169,20 2q2 q
_ 1B AB%2,3%23,1 %2 . . :
= s1nBs1n$1293s1n P
12
2 2
i ful 5y s, 48, (dsy,ds, a9 5
..dO’:-————-——————dX:()59.
dq, W 2R)7.2 3 3 . . .
ARAR qﬁB{JAB q12,3q2391s1nﬁs1nﬁ12§s1n o

Irtegrating over ¢ . and rewriting,
1243

49 ]
G (Mx 8,08, 13dS3A
A = )A- %
(Am 3 2 2 2 2 o . .
C (sAbymA,mB)C(sAB,m3,s12)C(sAB,m1,523)s1n8s1n912’3s1n§12
ig the final result, with (3,9 andd: . obtainable in complicated fashion

12,3 12

in terms of the same invariants.

In the above way, the phase space differentials consist of five
angles and one energy; an alternative method is to have twe energies and
3 angles, which is extremely relevant to the following discussion on
Dalitz plots. We carry out an integration over Py say in total b.ce. frame

which leaves us with

3 3
d’p, d°p 8(E+E B -4 1) dp{péd‘pzj
X 222 23 A% T % .
X oE, 2F B, ( 2r)? 8 E,E.B.(2%)° S(E+E+3 AB)

1 2 3 17273
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1

> 21”2
whar ggp gpa) %m %Jp 2] + 2|g422lcos 9+ m3}

¥.. may now carry out the integration over the last § function since
W.4%
d(pos Gj = S22 s and the fibhal phase space element is

Loty
a%x ‘

A= —--—_ dE,dB,d.d¢ , which means that if energies of particles 1

and 2 are observed experimentally with complete disregard of angles

(ie integration over311 aniib) and events are graphed with coordinates E

.1
and EZ.’ the ponulation of cvsots is proportional to the modulus square
of whr wabeix elemcws., This laiisr Tact explains the inherent advantage

of surh Dalivz pictg over all other mothods of mapping: out the phase space.

DALLTY PLOMS,

e .l 9 i e

Congider the c of m frame of the three particles 1,2,3 having a total
zvailable energy W, . .= E1+E2+E3 and d4y+a5*q3 = O Let us eliminate
ihe momentum of particle 3,

/2
Ei—mi: Eg—m§+Ef—m$+ E[KEg—mg)(Ef—mfﬂ C where c = cosé.

Putting Ei= mi+Ti and W= m, +m +m3+ Q ; we can specialise to two cases :

(i) Non-relativistic limit (T.«m.)

Q,m3-(m1T2+m211) - (m o+ ) (T +T2) = 2¢ \/m1m2T1T2

Putting (m1*m2+2m3)y = 2(m2+m3)'1‘2+2(m1+m3)‘l‘1
(m1+m2+2m3)x = 2(m2+m3)T ~2(m +m3)‘l‘1



126.

we obtain the equation A -~ By = c/yz-i‘z where

1y
<V .

L o .(E;:m‘_s)ﬁn_z:%?]( Sy e %<m1+m3><m2+m3> N
.

v

m,m

(m1+m +2m3) m,m 185

2 172

ie (32-02)y2+02x2-2ABy+A2=o s0 the locus is a function of o° only.

In particular for c=o, 2(m2+m3)T2

.T\

A 2Qm3 m1+m.2+2m3

m1+m2+2m3

q
while for c%o, we have the ellipse s

. AB _ /

2
x*  (-=y)
B™-c

p e =1

2_2
B -c 222

¢ 7 =2

’2'_ (Yﬂ'4‘ m 3’ ‘l:
M+my+ 2mg
The properties of the ellipse are

?
summarised in the diagram.

’ and T2 the

figure will remain elliptical

Transforming to T

h
but contracted and expanded T;
along each axis, and retains

its features. Now,

and T_ = 3

m1 +m3 m2+m3

T =
1

(ii) Relativistic limit (Ti§>mi)

-

2
Here Q -2Q(T1+T2)— 2(0—1)T1T2
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With ¥ = T,+T, and X < T-T,,

2

QP-2YQ=3(1-¢) (¥°-1°)

(S17y

ie the locus is a function of

¢ now, When c=1, X = =

c=0, (T-2Q)°~%%=2°

c==1,(X~-Y+Q) (X+Y-Q)=0

These high energy curves are exact only when T, and T2 arc both large.

1

The behaviour when T1 is small, say, is given by

2c/3mT1 e T, = q(Q—2T2).

The figure shows the manner of
distortion of the Dalitz plot as the

available energy increases.

The form in which we have pursued this topic is decidedly non-
covariant, but now we shall reexpress the results in terms of the

relativistic invariants.

2 2 2 2
84 = (pA+pB—pk) =W -2B w+m = @b-mk) -2 T, .
or m?+m?+2E.E.-2q..q. .
T Tt Ay M T

As we have already seeny the boundary of the Dalitz plot is obtained when

all three final particles are moving along the same line, ie by putting

various cos$ = + 1. Hence the boundary is given by

i.2q1q2 = 2E1E2 + m§+mg—s12

O Dve2 2y (oL 2 2 2
or 4(E1—m1)(E ~m ) _(2b1E2+m1+m2 312)
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By substituting for E1 and E2, 853 and 331 regpectively, and carrying

out a great deal of tedious algebraic simplication, we get
2

7 032 T +ms, - mgm

22 2 2]
1903 o834t M38 572 2mm = am,m,

2
923%31%12 37

+ m2m2s +m2m2s + m2m2s - 2m2m2m2
273723 7371731 172712 1723 °
as our final symmetrical result for the Dalitz plot.
The subsidiary condition,
2,2 2

Syot8o3¥8y= §yp t Wy, + Wy

means that a triangular
coordinate system (with a
triangle of increasing height
as W increases) may be used.

The Dalitz plot will lie within

- 2
the boundary sijyf(mi+mj) .

.
and must shrink to nothing as #

531

Q"",OQ
The Fabri~-Dalitz plot is derived when all three final masses are

equal, m say. In the non-relativistic limit, A=Q;B=2 and x = T_-T

2 71
Yy = T2+ T « The boundary equation,
1
2 2Q 2
3x (y-—)
P S A

“ /3 q 2q
becomes unit cirele under the transformation x » —— x,yuag (y+-——- )
3



It is contained within the
equilateral triangle of ht.Q
corresponding to the coordim tes
(T1 ,T29T3). The statistical
distribution of events within
the pleot measures the transition
probability, and this
circumstance has been used in
the investigaticn of the decays

K= 3" ,n-> 3n , etCa.

The relativistic analogue is 812823831

relabivichig cerrection

= (ue-m

2)2m2

129,



APPENDIX 2.

ON THE EVALUATION OF CERTAIN 4-DIMENSIONAL INTEGRALS.

SELF-ENERGY DIAGRAM.
3(2%)= §a%a 6 (a®n2)8(a) 8[(p-0)%-uZ] s (v-a)

We evaluate this integral in the frame
where p 1is time-like. With the
convention that in general

Jkpk,) and yicz

p= (p30,0,0) and

k = (ko,k

= (gcoshX; q sinhX sin%cos<¢,
q sinh’X sing sind, g sinhXcos$)

SO

1304

J(p2)=5 d(q2)s1nth(coshX)d(cos&)d# 8(q -mz)%(p +q -mg—qucoshX)S(p-qcos
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[N.B. Choosing p timelike corresponds to the b.c. frame of 1 and 2
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identify I(p°) =T q, A0, o

VERTEX INTEGRALS.

(m,)
(my)

. P
3(¢®)= Y a%q (P-u?)9(a)$ [(p-a)%~n2 |2 (p-a) ~ Y7

D@8 o] O
£ (2, 702 b v P
> P e ()

with p2=mg and p? = mi .

We evaluate in the frame where p = o and where P, and Py lies in the

0=3 plane, Defining p2 s and (p1—-q)2 = t, we have ?p1op2 = S—mz—-m2 s

172

2 2 2 2
2;@.131 = s+m1--m2 9 2p.p2 = s+m2-m1s

Since p = (/s 3 o0, 0, 0)

2 2 2 21/

o - ( s+ mo-m, o x(s—m —m) ~4mim
- 9 H H

1 /s 25

2 2 2 2 2

s+m2 ] {(sm1m)4m1 2}

Py = T 8§ 0y 0y =

2/s 2fs

Se JI(s) =qu2dq2 sinh’Xd (cosh)) d (coss) f(s,t)

-S(q2"mg)g( s-m -2m /s_éosh')os s—m +m -—2m2\/s—c_oshm



o ; 2__2y2
) ™ m2 0{(3—1111-11'12) 4m1m} l: (m +m, )J g d COSS) f(S t)
o \/g__ 2m2‘fsw

> 2 (S“n? 2) v o B¢ 2,2 %
But t = m + m. - m.cosh X + -f sL(s-—m ) 4m }Slm%ﬁﬁ
s

1 2 \/S_ 2

2 242 2
(m1—m2) (S m? m) 411’113
= — + (coss~1)

R (2-s2)7/s
2 [(omnon)oanlal ) g o 2(a,%)

2, 2
—S+2(m1+m2)

It

S J(s)

Q

g (s—4m2) t {
. dt — -3
2{52—4m2 s} 2 g

(Yo J(s)

i

oy

o s s ~
Am =~s
e

T 9 s-—4m2§ [ 5 5 ( S-4m2+p2) J
= . g - 4m - U log ——
2V 32~4m23 .



133.

REFERENCES.
General.
1. P, Dyson P.R. 75, 1736 (1949).

2. B. Lippmant& J. Schwinge.. P.R. 79, 469 (4950).
3. P.T. Matthews & A.Salam. P.R. 94, 185, (1954).
4., H. Lehmann. N.C. 11, 342 (1954).

5. J.M. Jauch & R. Rohrlich., The Theory of Photons and Eloctron.
(sddison-Yiesley Publishing Co.,Cambridge,Mass, 1959

6. G.F. Chew & F.E. Low P.R. 113, 1640 (1958).
7. R, Omnes, N.C. 8, 316 (1958).

8. M. Jacob & B.C, Wick. Ann. of Phys. T, 404 (1959).
9., L.D. Landau, N.P. ig,_, 181 (1959).

10, R.E. Cutkosky. J. Math . Phys. 1, 429 (1960)

11. Landshoff & S,B. Treiman N.C. 19, 1249 (1961)

12. J.C. Polkinghorne. "Dispersion Relations" (Interscience publishcrs
incs 1961).

13. G.F, Chew. )

14. X. Symanzik. "Lectures on High~encrgy Physics'.(Hercegovni,1961).
15, F. Fadeev. J.E. T. P. 39, 1459 (1961).

16. E. Perreira. Ann, of Phys. 16, 235 (1961).

17. L.F. Cook & J. Tarski, J. Math. Phys. 3, 1 (1962)

18, G.C, Wick Amn. of Phys. 18, 65 (1962).

19. P. Zachariasen & C. Zemach P.R. 128, 849 (1962).



18k,

Theory of Final State Interactions.

20, K.M. Watson P.R. 88, 1163 (1952)
21. M. Gell-Mann & M.L. Goldberger, P.R. 91, 398 (1953)
22, R.F. Sawyer, P.R.L. T, 213, (1981).
23, J.C. Jackson & G.L. Kane N.C. 23, 444, (1962).
24, M. Jacob, G. Mahoux & R. Omnes N.C. 23, 838 (1962).
25, J.C. Jackson N.C. 25, 1038 (1962).
26. R. Delbourgo N.P. 38, 281 (1962).
27. R.E. Peicrls & J. Tarski P.R. 129, 981 (1963).
28. K.M. Nausnberg N.C. 27, 1168 (1963).
29, V.N. Gribov N.P. 5, 633 (1958)
A.A. Anselm & V.N. Gribov J.E.T.P., 36, 1890 (1959).
J.E.T.P. 37, 501 (1959).
I.T. Dylatov J.E.T.P. 37, 1330 (1959)
V.N. Gribov J.E.T.P. 41, 122, (1961),
V.V. Anisovitch, A.A. Anselm & V.N. Gribov J.E.T.P. 42, 224, (1962)
N.P. 38, 132, (1962).

J.B.T.P. 643 (1963).

T and Y} Decays.

30. R. Dalitz. Phil. Mag. 44, 1068 (1953).
31, M. Gell-Mamn & A. Rosenfeld, Ann., Rev. of Nuc. Science Vol. T (1957)°
32. B.S. Thomas & W.G. Holladay P.R. 115, 1329 (1959).

33. N.N. Khuri & S.B. Treiman P.R. 119, 1115, (1960).



34.
35.
36.
37
38.
39.
40,
41.
42.
43.

454

46,
47,
48.
49
504
514
52.

135
R.F. Sawyer & K.C. Wali. P.R. 119, 1429 (1960).

S. Weinberg P.R. L. 4, 87,585, (Erratum){1960).

AoN. Mitra N.P. 18, 502 (1960).

G. Barton & C. Kacser W.C, 21, 593 & 958 (1961).

E. Loman, S. Morris, E., Irwin Jr. & T. Truong. Ann. of Phys. 1 5359, 1
Riazuddin & Fayyazuddin P.R. L. 7, 464 (1961).

J. Wolf & W. Zoellner J.E.T.P. 41, 835 (1961).

M.A. Beg & P.C. DeCelles. P.R.L. 5y 46 (1962).

G. Barton & C. Kacser P.R.L. 8, 226, 353 (Erratum) (1962).

L.T. Smith, D.J. Prowse & L. Stork P.L. 2, 204 (1962).

G. Barton & C. Kacser . Clarendon Laboratory Report Nos 95/62.

S. McKenna, S. Natali, li. O'Connell, J. Tietge, N.C. Varshneya
N.C. 10, 763 (1958)

J.K. Boggild, K.H. Hauser, J.E. Hooper, M.,Scharff & P. Aditya
N.C. 19, 621, (1961).

M. Ferro-Luzzi, D.H. Miller, J.J. Murray, A.H. Rosenfeld &
R.D. Trippo

N.C., 22, 1087, (1961).
G. Barton & S.P. Rosen P.R.L. 8, 414, (1962).
M. Beg. P.R.L. 9, 67 (1962),
K.C. Wali P.R.L. 9, 120 (1962).
D. Berley, D. Colley and J. Schultz P.R.L. 10, 114 (1963).
Riazzuddin & Fayyazuddin P.R. 129, 2337 (1963).
G, Barton, C. Kacser & S.P. Rosen P.R. 130, 783 (1963).

C. Kacser P.R. 130, 355 (1963).



136.

T ~TN Interactions and the A.B.%. Experiment.

50, Abashian, Booth & Crowe P.R.L. 5, 258 (1961).

51, T. Truong. P.R.L. 6, 308 (1961) See also (23) & (24).

52. B.k. Desal P.R.L. G, 497 (1961).
53, G.P. Chew & S.Mandelstam P.R. 119, 467, (1960).
» " & H.,P. Boyes P.R. 119 , 478 (1960).
54« J. Hamilton, P. Menotti, G.C. Oades & L.L.J. Vick P.R. 128,1881, (1962

55. T.D. Spearman 129, 1847 (1963).

Compsoite particles and bound states.

56. J. Houard & B. Jouvet N.C. 18, 466 (1960).

5T. M.J. Vaughn, R. Aaron & R.D. amado P.R. 124, 1258 (1961).
58, L.S. Liu. P.R. 125, 761, (1962).

59+ Re Acharya N.C. 24, 870 (1962).

60. A. Salam W.C. 25, 224, (1962),

61. J.S. Dowker. N.C. 25, 1135, (1962)

62, R. Delbourgo N.C. 27, 1431, (1963).

63. S. Weinberg, P.R. 30, 776 (1963).

64. R.M. Rockmore. Brandeis University Preprint. (1963).



137,

I

-1

0

0.6..

041

024







T\I}(:},‘Z)

*6eh

57




1404

S| CRAPH |
9 /4 ”

 Weul ral
FESOn

o, / t’hc—c\'}

Cha f“g 54 d
meson
kv Eor'\y

V- “.
AR C.,QS Ot 9.3

()
[+

eV



141,

Tz = N/ m
jRAPH 2.
10 - R
q 1
g Charged

7 neuwfral

e N
: \\
; \>

.
4 - - e ——

oGy 0-03 (+h3 ] 03




142¢

Awfier ==X
Oy

v

03

G2

charge

/

&
-

o -

Cal - r‘ 0‘3 U
C’("o‘ T c-C3 oy
s AL



143,

71

A
A
i
GRA PH
4

TR

g
{
603
o't
; /
va

/)]
/AT
Lt
— z‘{f““"‘j?d)

7' (<
i '{uhﬁ.r(‘fﬂ)

=¥



K. I’.e,-(rézyw&? . P> /?63,

l SB | Nuclear Physics 38 (1962) 281—299; © Noyth-Holland Publishing Co., Amsterdam

Not to be reproduced by photoprint or microfilm without written permission from the publisher

FINAL STATE SCATTERING

R. DELBOURGO
Imperial College, London

Received 14 May 1962

Abstract: Increasing evidence in recent experiments suggests the importance of interactions among
the final particles in various production processes. The final state interactions may or may not
be strong, and will in general take place among all the pairs. Watson’s theorem has therefore
been generalized by perturbation theory based on ‘total potentials’ to deal with such situations.
A parameter ¢ ~ 1 is found in this way, which characterises the ‘amount’ of final state scattering
and which theoretically is a measure of the importance of the virtual processes in relation to the
physical process. The result is applied to K% decay and two classes of solutions are found on the
assumption of S-wave production of the pions: (i) g, ~ 1.5, @y &~ —0.5 and (ii) a,~ 0, g, ~
—0.5, where the a are scattering lengths in the isospin states T= 0 and 7= 2.

1. Introduction

Watson ') has given an expression for the effect of final state interactions on re-
action cross-sections, basing his argument on the assumption that the final state
force is strong in relation to the production process and takes place attractively
between only one particular pair of particles. Then, since it is effectively a one-
channel process, unitarity gives the matrix element to be

My, oc €° sin 5/q )]

at low energies, where ¢ is the S-wave phase shift for the scattering between the pair,
and g is their relative momentum. However, eq. (1) is inadequate when the attraction
is not so pronounced, or even if the interaction is repulsive. Moreover, it is not im-
mediately obvious how to apply this formula to more than one interacting pair.

In this paper we start with the non-covariant form of perturbation theory, and by
introducing ‘total potentials’ among sets of particles, we obtain a series decomposi-
tion of the net scattering among all the particles in terms of separate total scatterings.
(The method is also suitable for the description of reactions involving an initial bound
state particle.) In this way, it becomes an easy matter to decompose diagrams in any
manner one pleases, and it is hoped that the technique for doing so will prove gener-
ally useful.

We then specialise to the case of final state scattering, neglecting the antiparticle
diagrams, and derive an expression for the matrix element of a production process
which includes the interaction among two spinless particles in the final state. This

281
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expression exhibits the general features we would expect at low energies:

id -
ce” sin 5:' , @)
q

where ¢ & 1 and is a measure of how important are the virtual processes in relation
to the real process. For instance, if the final state scattering is large, and the variation
of M (production) is neglected, eq. (2) just reduces to eq. (1). On the other hand, in
the limit of small scattering M;; = M (production) as we expect.

In the next section we calculate covariantly the effect of final state interaction —
this would correspond to the inclusion of the antiparticle diagrams in the non-
covariant theory — and derive the most general expression in terms of helicity
amplitudes. The form is essentially the same as eq. (2) including the presence of a
factor c.

Finally, we consider the simple example of K* meson decay and assume the ob-
served spectrum to be due solely to the S-wave final state scattering among the pions,
evaluated to lowest order. Characterising this scattering by a length a; in the isospin
state T, we find that it is possible to obtain a good agreement with experiment with
three sets of solutions:

M;; = M(production) l:l+

(i) a~ L7405  a,~ —0.7F0.5,

(ii) a, ~ 0+0.1, a, ~ —0.3F0.1 or —0.740.1.
Set (i) means a strong 7" —x* attraction with almost no n* —z~ interaction °~11),
while set (ii) means verysmall n* — ™ interaction and moderate n* —n ™ repulsion” 8).

2. Non-Covariant Theory

It is well-known that the Lippmann-Schwinger formalism ?) for the description
of scattering states yields for the S-matrix element between the free states f and 1

Sfi = 5fi—27ti5(Ei—Ef)R“ = 5fi—i(27t)454(kf—ki)Mﬁ s (3)
IRl = Vi) = LLEV]iy ., )
where |i/>, denotes scattering eigenstates of the total Hamiltonian H(+ denotes

an in-state while — denotes an out-state) and V' = H— H,, is the total interaction.
It follows from the Lippmann-Schwinger equation 2) that

R=V+RAV ot V= R—RAV, (5)

where A = (E—Hgy+ig)™! is the free causal propagator. In fact (5) will form the
basis of all our work as it gives R in terms of ¥ and vice versa, up to any given order,
the order of an expression being defined as the number of times in which A appeats.
Suppose that it is possible to make the decomposition V = Vo+V,. We have

when ¥V, =0,
R=Ry =Vo+Vo(E—Hy—Vy+ie) 1V, (6a)
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when V, = 0,
R = Rl = V1+V1(E‘—H0_V1 +i8)—1V1, (6b)

but, in general, of course,
R = (Vo+ V) +(Vo+ VINE—Hy—Vo—Vi+ie) (Vo + V). (6¢)

We wish to express the full scattering R in terms of the two independent free
scatterings R, and R,, and this we can do via (5) up to any chosen order. Firstly,
we write R = V+VAV+ ..., put V= V,+¥; and then substitute Vy = Ry—
RoARy+ ...,V = R,—RAR; + . ... For example up to second order,

R = Ry+Ry+R,ARy+ RoAR,+RyAR; AR+ Ry AR, AR, )

and it is clear that in general and R; must follow an R, and vice versa. This is shown
diagrammatically in fig. 1(a).

In order to allow our scheme to cover as many examples as possible, we must
include the possibility of our initial and final states involving a bound state particle
such as a deuteron *#). Let v be the binding potential, and take |{,> to represent
plane wave states involving the deuteron, and |, ; to bein- and out-states involving it.
We then get for an ‘elastic’ process in which the initial and final states both contain
the deuteron,

Sii = Lflip)+ = i —2ind(E; — E{fp|Railips (8a)
R, = V+V(E—Ho—v—V+ig)~'V. (8b)

The ‘inelastic’ amplitude for a process in which the final state contains the disin-
tegrated deuteron is given by

S = —flig)s = 8 —2ind(E; — EKf I Riparlivs (9a)
Ripa = V+(V+0)E—Ho—V—v+ic)'V. (9b)

We express R,; and R, in terms of R and r (corresponding to separate interactions
of ¥ and v respectively) by the same method as before, and obtain the series of dia-
grams in figs. 1(b), (c).

® 000 00 OOV OO0 -

(a)

® - O® - G-OGO® -

(0)

«}

@ 00 OO GO

Fig. 1. Decomposition of total scattering in terms of separate net scatterings.

olelo
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1
(a) 2 =
3

ik
{cyclic)
1
(b) 2 4
3
hik
(eyclic)

Fig. 2. Decomposition of 3-particle scattering into separate total scatterings among the 3 particles.

(@)

e e
N =
N

d

()

N

Fig. 3. Decomposition of electron-deuteron scattering into a series of electron-nucleon and nucleon-
nucleon scatterings.
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Finally, we complete the discussion of the decomposition technique by considering
simultaneous interactions among pairs of particles. For simplicity we take the case
of 3 particles and suppose that

V= V12+ V23+ V31+ V123. (10)

The statement is made precise by saying that V;; is the net interaction acting
between particles i and j only, so that ¥,,, the remainder, can be regarded as a
‘3-particle interaction’. Neglecting ¥,,; for the moment, and applying the 0-1
method with two-particle scatterings, we obtain the diagrams of fig. 2(a). Were we
to include ¥,,;, we should have to add the diagrams of fig. 2(b) to those of 2(a).

We illustrate all these methods at once by considering elastic and inelastic electron-
deuteron scattering: v will be the p-n binding potential and ¥, and V,, are the electron-
neutron and electron-proton potentials respectively. Since v is strong and ¥y is electro-
magnetic, ¥y & 13+ v, so that up to second order in electromagnetic interactions,
we derive the diagrams of figs. 3(a) and 3(b). In those figures the symbol ¥ denotes
a sum over all the different permutations of the two possible nucleon states n and p.
In particular we note that the inelastic process is essentially just a final scattering of
the emergent particles. (These diagrams have been obtained by Ferreira #), but this
method is rather more tedious).

3. Final State Interactions

We designate the inital particles by A, B, ... and the final ones by 1, 2, 3,.. ..
The total interaction ¥ must be capabie of annihilating the initial configuration and
creating the final configuration., We make the decomposition of ¥V into ¥, and ¥y
precise by requiring that ¥, be the total interaction that acts only between the final
particles, so that the remainder ¥, can be regarded as the production potential.
To be definite, let us take the initial set of particles to be different from the final
set, so that we must allow only for the part of ¥, which annihilates A, B, ... and

creates 1, 2, 3, ..., while ¥, annihilates 1, 2, 3, . .. and recreates 1, 2, 3, . ... These
conditions apply by and large to the R, so that the only terms that contribute are
Ry+ R 4R,.
Now
A1+ R AR > = 11V oliod+ (11)

where [, is the in- or out- state in absence of ¥, while |ifo) 4 is for ¥; = 0. Eq. (11)
is just the term which Watson uses and it represents scattering from an in-state of
no final state interaction to an out-state of no primary interaction.

The first non-trivial situation in which it might be possible to detect the effect of
V1, is a final state consisting of three particles, when ¥, can be broken up into specific
pairs of potentials; if these pairs interact differently in any way, these differences
must show up kinematically. The potential ¥,,; will be neglected because we are
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only interested in fine structure at a given incident energy, whereas we can expect its
effects to become evident only in measurements of the cross-section as a function
of the total energy of the system. Therefore, to first order in final state scattering the
decomposition (10) leads to the fig. 4 diagrams.

1 1 2 3
. 1
! / i i
= +
3 3 1 2
3 3 1 2

Fig. 4. Final state scattering among 3 particles evaluated to lowest order.

Unlike Watson !), who proceeds essentially to use unitarity and considers only the
last diagram because he is only interested in the strong attraction limit of 1 and 2,
we carry on with this summed-up perturbation theory and proceed to estimate the
effect of the final state scatterings.

Typically, we shall have to evaluate {123|R;,4R,|AB). Introducing a complete
set of intermediate states of particles 1 and 2, we find

1 d ki d’k) 53K Ckyka|M ok k3 D<Ky k3 ka|Mo|AB)
3 O (ky+ky—ky—k;) F— .
(2n) 2E' 2E, E—(E;+E{ +E})+ie (12)

fi =

In this form of theory each particle lies on the mass shell and three-momentum but
not energy is conserved in intermediate processes. As usual, we express our results in
terms of the total and relative momenta

P=k+ky, 29 =k—k. (13)
Evaluating in the barycentric frame of 1 and 2, where p = 0, we obtain
1 [Mi(a; 4)Mo(g}, ka3 ki) d°q’
(2n)’) E,+E,—E;—E,+ic 4E\E)
1 [(My(0,0;0,0)My(0, 0, k33 k) 2q'dw’'dQ’
(4n)° w—o' +is '

Mfi =

. (14)

where o is the energy of 1 and 2 in this frame (&’ in the intermediate state) and @
denotes the orientation (8, ¢) of g with respect to a fixed axis.

At this point we make a partial wave decomposition to bring out the angular
dependences. For simplicity we take 1 and 2 to be spinless so that orbital momentum
is conserved. The amplitude M,, will be independent of the orbital component m
because of its invariance under rotations of (12); however, M, will depend on m
because the final state of three particles need not be invariant under the separate
rotations of (12):

My5(0,0) = Z (21+1)D (B)D o(0)M 121, (15a)
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Mo(0) = % (1+1)*D}o(0") Moy (15b)

Hence (14) simplifies to

(4i)z 1,2 (21 +1)*Dyy(0);» (16a)

fi =

where

M (0, @ )Mo (@', k3; ;) 29'de’

!

w—o' +ie ")
The real problem arises as to how to evaluate I. Because the off-shell clements are
determined in some way by the on-shell elements, we write for each partial wave

YMo()/M 5 (0, 0)My(w) 29'de’

= Mo, o)My(a) [ 1222 (160)

w—o' +ie
and the numerator of the integrand is now dimensionless. If we suppose that the off-
shell elements become smaller the more unphysical becomes the intermediate scatter-
ing, then the numerator will act like a cut-off function, Because we do not know
how rapidly or in what manner it cuts off, we may regard this ratio as unity up to w,
after which it is zero. This sort of point interaction model has already been adopted,
more or less; see ref. #) for example.

The d-function just gives us the physical contribution. Making a subtraction at
threshold, w = m, +m,, for the principal integral, we get

. _ _ Id I3
[ = —M (0, 0)Mo(w) [22 t7c+P @-mi—m: 2400 } , (17a)
® (@' —m;—my)(0' —w)
with
cx ¥ f __2gde’ (17b)
o'(0' —my—m,)
The integrals can be evaluated to a good approximation and we obtain
I = —M (0, w)My(w) [—— +me+ — 24 log (a)+2q):| , (18a)
w w w—2q
with
¢ ~ L cosh™ [1+ 16'"1’”2(%_”131_'"2)} . (18b)
n (my+m,)

In the limit of low energies I —» —neM;,(w, w)M(w) and we believe this answer
to be very good as it should be independent of the shape of cut-off then. Therefore,
all in all, in the low energy limit for the case when 1 and 2 interact

id; .2
=Y (21+1)*D%%(6) |:1+c,,,, 6—25;?0—5’] ) (19)
Lm
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The physical significance of (19) is quite clear: there is interference between the
unity of the production amplitude and the final state scattering. The quantity ¢ can
be regarded as the amount of final state scattering that takes place.

The method of derivation of (19) is in fact independent of the strength of the scatter-
ing and of whether it is attractive or repulsive. Moreover it will give the correct
answer in both the weak and strong interaction limits as remarked in the introduction.
The only parameter that occurs is ¢, and this is easily estimated to be about 1 by in-
voking a cut off @, of the order of the nucleon mass for the case of strong processes,
when one of the particles is a pion.

Retaining only the S-waves and characterising those by a scattering length a, we get

M(®) = Mo(o) [1 + —C“—} . (20)
1—ia(2q/w
If we suppose that the spectrum shape is governed mainly by the final state scattering
at these low energies so that M, can be taken to be structureless,
(1+ca)’ +a*(2g/o)’
1+a*Q2qjw)®

[M(0)]* oc (21)
Figs. 5(a) and 5(b) show the spectrum shapes for @ > 0 and a < 0 respectively, and
in principle it should be possible to find @ and ¢ from accurate low energy experi-
ments.

Im1® [#)*

(@) (b

increasing a

large |af

a=0 or a=m-2

Fig. 5. The square of the amplitude |M |2 as a function of the energy of the interacting particles in their
barycentric frame, (a) for an attractive final state interaction, and (b) for a repulsive final state inter-
action.
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4. Covariant Calculation

We now proceed to calculate covariantly the effect of final state scattering and we
shall arivc at essentially the same result as (19). Carrying out this covariant calculation
will be the same as including the antiparticle diagrams in the non-covariant theory.
Let n and m in fig. 6 designate the two intermediate particles when we separate out

Fig. 6. Final state interaction between 12 and nm.

the potential between 12 nm and the remainder. As yet we do not choose them to be
1 and 2 in order that our result be applicable to Zn intermediate states in An final
state interactions, say. Replacing the operator A of the non-covariant theory by
the two propagators (p>—m?+ie)”! we obtain covariantly

[ d*py d*pm i.#(p2, pt)
—t 472 2, 2 2, .
(2n)* (2n)* (pZ —m} +ie)(ph—mp + ie)

My =

(2n)*3* (Pt Pm—D1—D2), (222)

where
M(pZ, pE) = fIAM(12, PEPE)FIMo(3PEp%, AB)fufs- (22b)

The quantity f; is the free field solution of particle i (having given quantum indices)
and the M will be matrices with attached vector indices, in general. Their unphysi-
cality in m and n is expressed by the labels p? and p?. Such factors as (y - p+m), ...
have been absorbed into the M.
To treat the problem symmetrically, use

P=PatPm> 24 = Pa—Pm- (23)
We find

4 2 2

M“ . d q '//l(pn s pm)k1=kr (24a)

~ ) ) [Gp+ @) —mE + il (p—qP—mitic]

Retaining the § functions from the denominators in (24) we should have a physical
process with

(Mfi)physical = —lf

(j:)lz M (m2, m2)S[(3p+q)* —m216[(kp—q)* — m2].

The integral is easily evaluated through the use of 4-dimensional polar co-ordinates:

if(p*—m2—m2) —mimi]* (dQ,.
(Mfi)ph)’sical = [4(p 167'£p2) ] f 4n '///('ni’ 7nx2n)a (25)
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which, of course, just corresponds to an integration over intermediate scattering
angles. To denote this average value we put

T = f w2, m2). (26)
4n
The problem of evaluating the actual element (24) is tackled in much the same
spirit as in the non-covariant theory. Apart from an integration over intermediate
angles, M,;; involves an integration over off-mass-shell elements. We expect the result
to be determined in some way by the mass-shell elements and for that reason, we write
4 2 2 y7i
My = il [ 24 AP Pl = idI(p").  (24b)
(2n)* [Ap+4q)* —m2 +ig][(3p—q)* —m2% +i€]
Again, we are integrating over a dimensionless quantity. The ratio .#(p2, p2)/.#
is a measure of the extent to which the unphysical compare with the physical elements
and is unknown in general. We may expect it to decrease the more unreal becomes
the intermediate scattering and we adopt the point interaction model whereby this
ratio is unity up to a cut-off g = A. In this range, the M can be regarded as renor-
malised coupling constants for the primary and secondary interactions.
We calculate I(p?) in (24b) in the normal way by introducing Feynman variables
and express the answer in terms of the threshold value I{(m,+mg)?):

. 2 2

— —(m,+m,,) m
I 2 =] mn+mm2 + l [mn My D (mn m 10 ( n)
(v =1 ) 1672 Lm,+mp, P’ & my,

2 02 a2
+ % log (p Ma = My C)] , (27a)

2p pPP—mi-mi+C
where
H(ma+my)?) = — [Iog 14 I og (ﬁ)} . (27b)
16n My, m, my+m, n
C? = (PP —mE—ml)—4m2m?. (27¢)

Naturally I(p?) is symmetrical in m and n.

For the special case of final state scattering n = 1 and m = 2. In the barycentric
frame of 1 and 2 let e, , be their total energy, and g, , their relative momentum. Since
C = 2[(py"p,)*—mim3* = 2¢,,0,,, we have

i [”H_mz wia—(my +my)* log (ﬁl_)

2 2
6n” Lmy+m, w7, m,

I(w},) = I((my +my)*)+ 1

T gglog (a’%z—mi—mg—z%zwlzﬂ , (28a)

Wy2 W}, —mi—m3+2q,, 04,
where
. 2 _
I((my+m,)") = ! 5 [Iog 4 1+ 2T M 60 (T—I>:| . (28b)
167 Ny my my+m, my
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Therefore near threshold, where we expect our result to be generally valid, egs.
(24b) and (28a) give

Mo i(my +ms ) [ 532 A, ) @)

In order to make the comparison with the non-covariant theory more obvious
it is necessary to give a helicity description to the element. Referring to Jacob and
Wick %) and to Wick ©), we can construct from the free states of two particles with
given spins and helicities a superposition of states of total angular momentum
according to

dnw, N\ E, .. . )
[P15141, P2sads) = Z (—12) (2112 + 1)%D»]n‘f;alz(m2)|012w12112m12 s 514152420,
Ji2mya dy2 (303.)

where A,, = A;—A4,, while j,, and m,, label the total angular momentum and its
third component, and #,, denotes the orientation of g, with respect to the z-axis.
More shortly we write
dnwy,\* . ;
12> = % (HE22) (a5 )02, 001012) (300)

J1ami2 d12

Note that eqgs. (30) are only true in the barycentric frame of 1 and 2.
The helicity states for 3 particles may be constructed similarly by coupling 3 with
(12); see ref. ). We have

_ 3 3
123y = ¥ e (‘“‘L) (‘““"J) (2125 + D)} + 1

Ji23mias d12 d12,3
Jiamy2 . . . S
Hz x D']nllzzs, 3112,3(012, 3)D,]"1122mz(01 Z)Diluu(e 1)D122M2(02)I((12)3)>’ (31)

where py; = py—p, and Ay, 5 = myy— 1.
The rotation angles are shown in the accompanying fig. 7. The quantities ;5,3
and w,,, represent the relative momentum and total energy of 3 and (12) in their

> Z-axis

Fig. 7. Rotation angles for 3-particle states.
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barycentric frame, (12) being regarded as a particle having mass w;,. The recoupling
coefficients <((12))31((13)2)) have been given by Wick ®). Using the above construction,
we obtain in an obvious notation

M(md ) = 3 K12[M 125123 M|ABY

A1A2

I~ 1LY 47-[0) N - Y} 1
T 2)IMLI(U2))<(12)3 M AB) ( : 12)' 12+ D3+ 1)
:’,lszz 12
J1amig2
At D'J"llzzllz(OIZ)DrJnél 12 2)D'Jrl 112)- 12 ,12)’ (32)

having used the rotational invariance of the M, , element. We are now in a position
to integrate over 0],. The properties of the rotation matrices lead to

4rm,

7-y <(12)iM1z|(1’2’)><(1’2’)3IMoIAB>(

J1amia
Y
142

) Q41000 (01,).  (33)

q12

On the other hand, for the simple production amplitude, we have

Mo = Y (2 +1)1D2 (0,5) (4’“"”) (123 M, |ABY. (34)

J1amiz di12

Hence we obtain in the low energy limit of final state scattering between only 1 and 2

My= Y [1— Ciramsz <(12)|M12|(1’2’)>] (1'2)31M,|ABY

12121'2122 4q,,/0,,
4rw,,\ .. P
X (—'1—2) (2112"‘1)%1)#122112(012)9 (352)
qi12
where
2
o = - [IOg Aamiz g4 M2=M 0 (ml)] : (36)
T mym, m2+m1 m,

Completing the helicity description of (35a) and writing the details in full,

tog
Mg = ), [1_ ML CAydq| M (w12)|"1"z>]( 6012(2 12+1)) _la);_n
jxvzlr:rzu 4q,,/m iz QABQI 23
JHipz
JaBMap
X (ZJAB—'_ l)e_msanlzzlu(OIZ)Dm llz 3(012 3)DV1H1(01)DV2;12(02)DJAB7 (oAB)

ABTAB

Btz dy |MJ‘“mm12(COAB)|/1AAB>s (35b)

which is the final expression. We have used the translational and rotational invariance
of the whole M, element to put w,,3 = Wag and jag = ji123 and mup = My53. By
appropriate use of the symmetry properties of helicity states (see Jacob and Wick * )),
it is possible to diagonalise the elements and therefore to express them in the form
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—2¢* sin 6 through unitarity, the & belonging to various symmctry assignments.
Note that if A is of the order of the nucleon mass and one of the particles is a pion,
¢ = 1 as before.

As the most trivial example, we write (35a) for the case when 1 and 2 are spinless.
Because 1, = 1, = 1] = 45 = 0 and j,, is just the relative orbital momentum /,,,
we have in that case

i . k2
Mfi — Z (2112_,‘_1)%1);:’2;0(012) |:1+01,2,,.ue 12 I 5112:| (47“012) <(12)3|MélzmlllAB>,
Tiamiz 2g;,/wy, q12 (37)

which compares exactly with (19).

We conclude this section with various remarks about the application of (19) or
(35) to experiments. Once the production amplitude and the final state scattering
amplitudes are known it becomes a matter of estimating c;,, in some way and pro-
ceeding with the calculation, the constant ¢ = 1 if we accept anucleon mass cut-off, but
on the other hand there are certain processes®) where ¢;, can be expected to be small
because the final state scattering is almost real. In practice we shall only retain the
lowest order in each final state scattering channel and we may justify this for attractive
interactions as follows: a pair of particles will scatter one another most for low rela-
tive momenta, causing the other particle to move with a high relative momentum in
the opposite direction to the pair; subsequent scattering of this odd particle with one
of the particles of the pair will be small and unlikely. A similar sort of argument
will apply if all the particles repel one another, but, if some attract and some repel
the argument does not hold. A more rigorous justification for retaining the lowest
order scatterings can probably only be given by dispersion relations. [This might
apply for instance (see fig. 8) to the final state interaction between the pion from the

Diffractjon N
N scattering

N »
‘ { N‘Real'm
virtualsr kY

Fig. 8. An example of quasi-real final state scattering.

cloud of a nucleon (produced by a diffraction scattered nucleon) and the nucleon
itself, as shown in the diagram. This was pointed out to me by Dr. M. Islam.]
5. K* Meson Decay

As an illustration of the previous work we try one of the simplest possible problems,
K* meson decay, in the hope of obtaining information about n-n scattering. This
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example has been approached heretofore in a variety of ways '~ !!), and roughly
speaking, these have led to two different sets of conclusions: (i) that 7 = 2 is strongly
attractive and T' = O slightly repulsive, or (ii) that T = 2 is slightly repulsive and T =
0 much more so. We have obtained both sets of solutions by our method. Of particular
interest to us is the analysis of Thomas and Holladay °) who assume that a pair of
7t mesons attract in S-waves with a scattering length of about 1 pion Compton wave-
length, and that = and n~ interact very weakly. Watson’s theorem then gives
|M,)>oc a2/(1+a2q*). However, no account has been taken of the production am-
plitude, and as absence of n*-n~ force implies some repulsion in 7' = 0, it is not
directly obvious how to apply Watson’s analysis to 7’ decay, say.

Following the notation of Khuri and Treiman 7), let 1 and 2 stand for the like pions,
and 3 for the odd pion. The isovector labels are taken as o, § and y respectively, and
p for the K* meson because the latter acts effectively as a particle of isospin 1 under
the |AT| = 4 rule. We split the total potential into a z-z part and the remainder, so
that to first order, we shall just have the diagrams of fig. 4, where the initial particle
is the K meson.

A typical term which we shall have to calculate is illustrated in fig. 9. By eqgs. (29)

Fig. 9. A typical first order scattering in K*-meson decay.

and (28b) it will have the matrix element
4n

1 A ’ ’
Mgy = > - 3 (1 +2log —)fMOpa'B'y(wlz s 012)M 1apap(@12 12)
«p  lom i

= Z - —c‘fMOpa'p'y(wu ) 0'12)M1a‘[3’a[3(w12 ,012) diu - (3%)
«.p l6m 4
Here ¢ = (142 log(A/u))/m, where u is the pion mass. Estimating it on the basis
of a cut-off A when a nucleon is capable of being produced in the barycentric frame
of the two pions, A ~ 4.3 u, therefore ¢ ~ 1.25 (of course this is not physically
possible by angular momentum conservation, but it will do for our rough purpose).
The simplest thing we can do is take the M, production amplitudes to be structure-
less, I.e.

MOpan = g(épaéﬁv +5p13 57a+5p75a13)’ (39)

where g is some weak coupling constant., Actually, itis a simple matter to accomo-
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date some structure by replacing g5,,5,, by g+¢'(4g23/w33)Y;,(0,5) and similarly for
0,50, and 0,,0,,. As this will only complicate matters, we shall adhere to (39). As
for n-7 scattering, it is well known that 1)

M yaprag = (MO = M@)3,5, 8,5+ 3(MP + MD)5,, 855+ 3(M P — MD)5,15 3, (40)
where M‘T is the scattering element for isospin 7. Combining (39) with (40) and
sumniling over isovector labels, (38) reduces to
¢ (dQ] , ,
Mgy = 1g6 f 12 (s, 5aﬂ{%M(°)(co12 ’ 012)—%M(2)(C°12: 012)}
+{5pa5ﬂy+5pﬁaay}M(2)(w12 H ’12)]' (41)

A partial wave decomposition of each isospin amplitude leads to

gy = _ 9cy2 (3,805 5601 gin 59 (e, ) — 2@ gin 52 (g, ,)}
12
+ {5pa 5ﬂv+ 5pﬁ 5ay}ew(2)(wll) sin 5(2)(w12)]a (42)

where 57 is the S-wave phase shift for isospin 7. No other wave can remain because
of the complete symmetry of the production amplitude. If we characterise the scatter-
ing by a length approximation over the small range of momenta of the pions, we have

Mpaﬂy = gc[apy 5ap{%f(0)(w12)"%f(z)(wu)} + {5pa53y+5pp 5ya}f(2)(w12)]’ (433)

M

with

Mep. ) = —-ﬂ— "
f (wu) 1_iaT(2q1j/wij) ’ ( )

ay being the scattering length,
Adding the four diagrams we can write the full amplitude in the form

M ppy = A0, 05,4 B6,56,,+C5,,0,4, (44)
A = g[1+c{3 Ow2s) =5/ w23) + f P ws1)+ S P 012)}]s (453)
B = g[1+c{f P (023)+ 3V @31) =3/ P @31)+ fP012)}]; (45b)
C = g[1+c{fP(wz3)+ [ PN ws 1)+ 5/ w12) =5 PN w12)}]. (45¢)

In terms of 4, B and C we have

M,= A+B
= 2g [1+c {5f(0)(w23);‘f(2)(w23) n 5f(0)(a’31)6‘|‘f(2((w31) +f(2((w12)}] , (46a)
M.=C= 9[1+C{f(z)(wza)+f(2)(w31)+%f(0)(0312)_%f(z)(wlz)}]a (46b)

showing to what extent the elements are influenced by the two isospin scatterings.
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Let m be the mass of the K* meson and 7;, be the kinetic energy of pion k. The
kinematics then give

4g}, = 2m(T-T,) = 2mT(1—1t,), 47)

where T is the maximum pion energy. In units of T, t,+£,+1; ~ 3. Because g,
is never large, we shall put o;; ~ 2p in f(w;;). We find
4i; , mT
w24t

(1-t) = p*(1 1), (48)

where p? = 0.64, and

a a
f @) ~ T — = ; : (49)
! l—iarq,lp  1—iagp(1—1)*

The spectrum is most easily shown in fig. 10, the Fabri-Dalitz plot, and the latest

Fig. 10. The Fabri-Dalitz plot for 7 and t’ decays. The subscript 3 stands for the unlike pion.

experimental evidence ') indicates that |M,|? is anearly linear function of 5, rising
withaslope of about 509, and is apparentlyindependent of x. Before proceeding with a
detailed calculation, we can crudely ascertain the expected solutions with the help
of figs. 5(a) and 5(b), if we neglect some interference terms upon squaring (46a).
These are: (i) @, ~ 2 to give a rise of |M,|?> with t; ( a small negative a, will then
ensure that most of the variation along ¢, and ¢, is removed), (ii) a, & 0, so that the
rise along 15 occurs through the repulsive effect along #; and ¢, with ao =~ —0.5.

For the purposes of calculation we chose ¢ = 1.25 and then varied a, and a,,
in such a manmer that | M,|? showed a slope of about 50 %, in ¢, and negligible variation
(< 5%) along the x axis. Not unreasonably, we restricted our scattering lengths to
have magnitudes < 2 pion wavelengths. It was found that

i) a, = 1.74+0.5, a, = 0.7%0.5,
(ii) a; % 04+0.1, ao= —0.3F0.1 or —0.710.1.
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The two sets of solution in (ii) come about because there are two repulsive scattering
lengths that give the same |M|?, as we may see in fig. 5(b).

The answers are probably correct to within 0.2, allowing ¢ a small latitude, and are
plotted in fig. 11 for convenience. Graphs are drawn in fig. 12 in order to show the
4%

2

2

Fig. 11. The relationship between allowed values of the S-wave scattering lengths.

o]

0.2 04 06 08 10

Fig. 12. The predicted spectrum for T decay. The curves (a), (b) and (c) represent the three sets of
solutions given by the values (50). The solid line shows the best straight line fit. The abscissa gives the
kinetic energy of the st~ meson in units of the maximum.

fits with the data on |M,|* of ref. 13), while fig. 13 shows the predicted spectrum for
1’ decay. The parameter ¢ was fixed at 1.25 and the curves are for the following pairs
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of values:

05

(o]

R. DELBOURGO

(a) az = 1.7, ao = "‘0.7,
(b) a, =0, a, = —0.38,
(c) a, =0, ay = —0.66.
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Fig. 13. The predicted spectrum for 7’ decay. The curves (a), (b) and (c) represent the three sets of
solutions given by the values (50). The abscissa gives the kinetic energy of the z* meson in units of

the maximum.

There are thus two distinct regions in which it is possible to obtain good agreement
with experiment. The region A has more or less been proposed by the group of
people >~ 1) working in terms of potentials, while the region C corresponds to the
dispersion-theory group 7 8), As it is, both regions are compatible with the experiment
and it will need some other evidence to allow us to decide which region is the correct
one. The attractive a, that we propose is somewhat larger than the Thomas and
Holladay ®) prediction because the production part of the amplitude has not been
overlooked. As a final remark, we note that the region C will compare with the Khuri
and Treiman solution 7) and will correspond to a pion-pion coupling constant of
A = 0.1 (ref. '2)).



FINAL STATE SCATTERING 299

I am indebted to Dr. T. W. B. Kibble for advice and discussions and to Professors
P. T. Matthews and A. Salam for suggesting this problem. A maintenance grant
from D.S.LR. is gratefully acknowledged.
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_ Calculation of the Yukawa Coupling Constant.
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(rieevuto il 17 Ottobre 1962)

Summary - - By expressing Feynman digrams as ispersion integrals with
a finite cut-off, we caleulate to lowest order tlie renormalization constants
Zys Zyy %y, for a Yukawa coupling. By setting ecach Z equal to zero we
obtain the approximate solutions ¢%/4==0 (30) and p/m < 0.2 with a
cut-off of about 3 nucleon masses.

1. — Introduection.

On the basis that each particle in nature is to be 1'égarded as a bound
state of all other existing particles, Sarax (}) has proposed that the three
constants 8m, 3u* and Z, all vanish. (Here m is the fermion mass and g is
the boson mass.) IFor instance if all the particles in nature were either fer-
mions or pseudoscalar bosons interacting via the Yukawa coupling gpy;yp then

M Zy (g, my p) =0
@) Sm (g, m, u) = 0
(3) Su(g, my u) = 0

SarAd (1) has further pointed out that in order to satisfy egs. (2) and (3) it
is sufficient to put Z,= 0 and 7Z,= 0, '

(") The research reported in this doenment has been sponsored in part by Air
Torce Office of Scimtific Research, OAR, throngh the European Office, Aerospace
Research, United States Air TForce. :

(1) A. Sarav: Nuowvo Cimenio, 25, 224 (1962).
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It is well known, of course, that all these constants diverge, but if we carry
out a perturbation caleulation with the inelusion of a finite cut-off /A, we may
well be able to solve Z,(g, m, u, A) = 0, ete.

The question remains as to how one must introduce this cut-off in a more
or less unique fashion. Thus, we cannot proceed in the standard manner (?)
by separating out the divergent from the finite part, because such methods
rely entirely on the faect that A is very large, so that various theorems on
shifting the origin of integration, can be established. Instead we shall express
the Feynman diagrams through a dispersion representation by the CUTKOSKY
prescription (), and, in this way, the cut-oll appears only in the final inte-
gration over masses. In fact the dispersion integrals will just be equivalent
to the LEHMANN spectral representation () in lowest order. The advantage
of this procedure is that a caleulation of even the fourth order diagrams is
not too difficult, and in particular the self energy diagrams which contain
overlapping divergences.

Having calculated the Z to lowest order in perturbation theory, we find
that (1 —Z;)>2(1 —Z;) so that it is impossible for all three Z’s to vanish
simultaneously. IHowever, we do solve the pairs of equations: (i) Z, = Z,=0
and (it) Z,= Z,==0, for g?/4x and A2/m? in terms of u2/m?. By comparing
magnitudes (sce Section 5 for discussion of this point) we arrive at the estimates
¢4 = 0 (30), pfm <0.2, A/m=0(3).

Finally we take our fermion to be an isospinor, and our boson to be an
isovector; in this case we have Z,>1 and it is only possible to solve (ii).
Morcover the arguments used in obtaining the previous solutions are 1o
longer applicable, s0 one can no longer reach any conclusion. However, dis-
regarding the difficulty due to the nonvanishing of Z;, and choosing u/m <0.1,
we still have ¢*/dm ~ 25 and A/m ~~ 3. '

2. — Boson self mass.

Figure 1la gives the loop contribution as

e —pek—me)
[ — well(p— 1P me]

: sy 9 (4
(4) (k) = (275)4[(1 P

We relate this to the constants in question by the expansion

(5) TT(1?) = — du* + (Z;1 — 1) (k*— p®) + H,(_]fz) (B2 — u?)?,

(2) J. M. Javru-and R. Romruicii: The Theory of Photons and Electrons (Cam-
bridge, Mass.. 1955).

(®) R. E. Curkosky: Journ. Math. Phys., 1, 429- (1960).

M) H. Lenvaxx: Nuovo Cimento, 11, 342 (1954).
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50
(6) dpr = — [ (p®)
and

k2
U zt =1+ P,

=
. : ?
8]&2 U RP=pt

or, what we use instead,

(7Y Zy=1-—-0"(p?) .

J K
B —— = —— -

k \)—/ k P - J Jo) M
A
19
o) ) c)
g, 1. — «a) Self mass of boson; ) self mass of fermion; e¢) vertex part.

The integral (4) has a normal threshold singularity (*) at k*= 4m? and
across the normal branch cut, the Cutkosky preseription () gives

(8) 1lm Iy = - »g»—-;—j~1])~7;(5([)2— mYO(p) ok — 2p-k)O(k— p)dip =
71 (27)*

!lli_

e

(k2 — dm2) {k*— 4m2k2} .

Writing down the usual dispersion relation with a cut-off A2,

Az
_— 1 Im IT(K?) -
®) H = 2 f ey L
anm®
and using (6) and (7)
A \
gt I — dmp)E
(10) Suz = — s | I Kz,
4m?
A
, , & K2 —4meyr
11 Zy=1— 7. AR [
(11) ol e L
am?

(5) See for instance, R. J. EDEXN: Lectures on the use of "Perturbation Melhods in
Dispersion Theory, technical report no. 211 (University of Maryland, 1961).
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3. — Fermion self mass.
In Fig. 1, the loop contribution is

Y hk—m

[7» — ][ ]‘ — p)? V—I;l;;] == m/A(pz) =+ V"I’B(Pz) .

(12) S =-— (;:’I j(h

But, according to the usual identification,

(13) 2(p)=3dm-+(Z'—1)(y-p—m)+ 3 (p)(y-p — m)?,
' 1

50

(14) Sm = (P)|,.po = mLA(m2) - B(m?)]

and

(15) gt g o P2 )]

M OPu | ypanm

or equivalently

) 20 33 (1) et y -
= /R N . 2 A =19 A (m2 B(; — L),
(15") Zy=1 P ey 1 m2 A (m?) -+ B'(m )| — L{a?)

We can therefore determine dm and Z, from the integral representations
of 4 and B:

P 1000 Y L |
Ap?) =~ dm (@) J (k2 — m2][(k— p)? -‘uZ]
o Trly-p2 ()] ’i.t/* J p-k .
B = =L A 14
*) 4p? p2(2 [I&— ml][ b — p)E— u’] ¢
(16) Tltlm Ap?) = — ,(,h-’/:)’ [)(/L —m? )0(/»‘)(3(7;:-’~2p'k +me—u2)0(p—kydik =

=—g¢{( pr—mt— pr)— dm2 ¥ [pr— (m + p)*]/16m2 p?

(17) i Im B(p?) =
k14

= (zyf)‘p f pO(k:— m2)O(R)d(p2— 2p -k + m?— p2)0(p — k) d*k =

= g2 (p* + m*— p2) {(p* — m* — p)2~— dm* 2 2O [p* — (m + p)*]/32m2p* .
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Henee,
A2
: 2 1
(18) dm = m [ Im A(I( ) + Bfli({’l) dK:
T K — m?
(m-i—u)2 )
A { }*
g [ {0 e ) — A v ] e
E 3727l2 I(; +‘ e me dK y
(ntp)® .
Az
e . , . .
(19) 7, — 1__1 I 2m® Im A(K*) + (K- + m?) Im B(K )dI’ B
T (K2 — m?)
(m4p)?
Az .
_r [ {2 — ’”“—VM 1) — dm2 2} 1_M2({fi+ m)| e
322 (K2 — m?)

(n +[4)2

4, — Vertex part.

The most symmetrical way of obtaining a dispersion relation for the vertex
function is to investigate the analytic behaviour in the momentum square
of the boson, with both nucleons put on their mass shells. Alternatively we
could make one boson and one fermion real, but besides being unsymmetrical
we expect the same result for Z, at large cut-ofts, as in the symmetrical treat-
ment. We must mention that our A may not turn out large, so the result
for Z, is certainly ambiguouns. This ambiguity is true in any treatment of the
vertex part. '

The loop contribution of Fig. 1e¢ is

. iy° [v-(p'—k)— m]ys[y-(p— k)— m]
Ng?) = — 2 | @3k ——t sy AP T B T T
glsle®) (2n)4f (p'— k)2 m*][7°—u][p~l 2—me2]’
S0
‘ Iy igrup s w®) [, ke
(0w @) ue) =", fd E L by el (e Ty — ke ]

-

The standard definition is (Z7'— 1)y, = Iy (u?), or instead
(21) Z=1—T; (@)y3"

The integral (20) has a normal branch cut starting at ¢2 = 4m?, and the discon-

1185



6 : R. DELBOURGO [1486]

tinuity across it is given by

o = o
+ 'L . 1

(22) ~ Tm (vd su) =

" “/°“ {a lt— 2p - k) O(k*— 2p" k) O(p' — k) O(k — p) ;~~/ Ak =

ot — w

. 2 — A e g2
_ gruysu euv)r llzf dm?— u? log (q '?Z,,,,! M)} :
162 {g* — 4m2 g2} . ;“

A2
) g° K2 — 4m?>— p? 10;, [(2— 4m? -+ u?)/u?]
2 cody=1— dK:
3) L=l j K(K2— p2) (K — dm2}} K
am?

5. — Calculation of the costants.

We sununarize the results contained in egs. (10), (11), '(18), (19) and (23)
by introducing the abbreviations, '

2

= K?/m*, Yy = u/m?, Z = A*m?, and o= g*[8x*.

. N . f(xz—eta;)f
2 — 2] 2
(107) I och P dx ,
1
, : ?(w2—4w)i‘
11’ La=—1— -
(117) 3 C(j (— y)? de,
4
. o am (rﬁ1~y —41/}‘1' Y.
(18") S = = J e 1+ 1 du .
(141902
i — 1—y)i—dyjt Y@+ 1)
19’ Ay b o — :
(199 =1 4 s ,1 (— 1) ’
(1+yy)2
x—4—ylog[(z— 4+ ¥)/y]
23’ Z o=1—=|" " d
@) ' f @—y)a*— du)? !

4

As expected, the integrands in (10’) and (18') are always positive within
the ranges of integration and we caunot have 3m = 3u2= 0. However, it
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-1

is entirely feasible for the Z to vanish. Examination of the integrands in (11')
and (23’) shows that

(24) (1—2Z)>2(1—2,),

the equality sign holding in the limit ¥ — 0. Equation (24) means that it is
impossible for Z, and Z; to vanish simultancously, but we can still hope to
solve the pairs of equations (i) Z, = Z,=0 and (ii) Z; = Z, = 0, numerically,
for « and # terms of y. These solutions are plotted in Fig. 2 and 3 for the range
0.001 <y<1. When % <0.01, Z,~—1 in (i) and Z, ~ } in (ii).

r Y
OL)————--——'i— ————— t ST R
10 10 10 1
Iig. 2. — ¢*/4x as a function of y= Tig. 3. — 2=A%m?* as a function of
= /L2/111“ (i) £ =Z,=10; (i) for ye=gtfm?: (i) for Z,==Z,-=0; (ii) for
73 Z_ 0. Zy==Zy=0
The fact that it is impossible to obtain exact solutions to Z, = Z,=Z; =0

is perhaps not surprising, in the sense that a fixed cut-off f01 all three con-
stants is probably too stringent. The existence of a cut-off corresponds to
some nonloeality, and its value is always quoted to an order of magnitude.
This suggests that we only compare the solutions of (i) with those of (ii),
and in doing so, it is most important that the g* solutions (rather than =z,
which as we have stated, is a loose quantity) be close to one another. As
another justification of this approach, we must add that the calculation of
the Z, being done to lowest order only, must.be subject to higher order cor-
rections; therefore the solutions from the lowest order diagrams are only
expected to be correct up to an order of magnitude.

As an artificial criterion, which is open to criticism, we have required the
ratio of the g*> solutions to be within § and 2. TFigure 2 then shows that
9 <0.05, and in this range ¢*/4m = 0 (30) and 2= 0(10), z.e. u/m <02 and
Ajm = 0 (3). Surprisingly these values are very close to the meson-nucleon
physical constants, although our model is unrealistic so far, as no account
has been taken of isospin.
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If we include the normal isospin properties into a new coupling gPy,7- OV,
the net effect is to leave « unchanged in Z; and to replace it by $« in Z,
and — le« in Z,. Immediately we fall into difficulties because Z,>1. The new
solutions to Z,= Z,= 0 are graphed in Fig. 4 and 5 and are much the same

y
1001 10
50 5+
) Yy
‘ . ! Ly
o 16" o' 1 S0 10 10" 1
Fig. 4. — ¢*/4= as a function of y= Fig. 5. — z=/A%*m?* as a function of
=p*fm?* for Zy= Z,=0, isospin beig y=p2/m? lor Zy, = Z,= 0, isospin being

ineluded. ineluded

as before. However, the fact that 7; >1 might lead us to coneclude that at
least another bound-state particle exists in nature, if we are to believe the
approximate validity of lowest order perturbation theory and the truth of
the theory (1).

I am indebted to Professor A. Sivam for proposing this problem, and
numerous suggestions in connection with it; T also wish to thank Mwv. J.
STRATHDEE for many helpful comments.

RIASSUNTO ()

Egprimendo i diagrammi di Feynman come integrali di dispersione con un taglio
finito, si calcolano, nell’ordine pili basso, le costanti di rinormalizzazione Z,, Z,, Z,,
per un accoppiamento di Yukawa. Ponendo ciascuna Z uguale a zero, si ottengono
le soluzioni approssimate ¢%/4zx = 0 (30) ed w/ms50.2 con un taglio di circa 3 masse
nucleoniche.

(*) Tradvzione a cura della Redazione.
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