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PART I 

FINAL STATE INTEPiliCTIONS. 



1. 

ABSTRACT 

The influence of final state interactions among pairs of particles 

on the cross section of production processes is analysed field theoretically. 

The solution which is obtained is exact when not more than one of the final 

state scattering amplitudes is large, and correctly reduces to Watsonts 

theorem when all but one of these amplitudes are neglected. 
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INTRODUCTION 

The last ten years have seen a big increase in the number of particle 

accelerators and the energy scales at which they can operate. Much data about 

production processes has accumulated as a result of these modern developments 

and it is quite evident now that the forces between pairs of particles in the 

final state can greatly influence the cross sections. The first paper 

dealing with this subject was written by Watson in 1952 who estimated the 

effect of a strong short range attractive force between one particular pair 

of particles near the threshold of production. His result is easily 

understood from the point of view that it is essentially a one—channel 

process so the phase of the amplitude is simply that of the interacting 

pair. Until recently all the applications were confined to problems where 

it was known (or assumed) that the interaction betwJen a final pair 

predominated. 

The purpose of this dissertation has been to generalise Watson's 

theorem to the interaction of more than one pair of final particles, 

irrespective of whether it is attractive or repulsive, strong or weak. 

Although we have set up the equations for such a system we have only 

been able to solve them in perturbative fashion. At low energies and up 

to first order in final state scattering the solution is of the type 

ei6  si.n 6 
II= M(production) [ 1 + 	2 	6 + iq 

pairs of 
final particles 
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q is the relative momentum between a final pair who ooatter with the phase 

and c ( 1 for strong interactions) is a measure of how important are off-

shell in relation to the on-shell processes. The expression will correctly 

describe the situation if not more than one of the final state interactions 

is large, but nevertheless constitutes a generalisation of the theorem since 

the other interactions are not omitted altogether. If the variation of the 

production part of the amplitude is neglected and one of the interactions is 
i6 s.g.14 

retained we have Watson's theorem M a, (c 	
e 	5 

q cot 6) 	, while 

in the limit of small scattering M 	M (production) as we might expect. 

The firs-s section comprises the potential theoretic aspect of the 

problem and although much simpler than the latter sections because it is 

non-covariant spin is neglected etc., embodies the main result. To begin 

with, total potentials between sets of particles are introduced and we obtain 

a series decomposition of the net scattering among all the particles in terms 

of separate total scatterings, according to a simple scheme which is closely 

related to the Fadeev equations. The specialisation to final state 

interactions follows readily. Section 2, which consists of the covariant 

field theory, is important in showing up the deficiencies of potential theory 

due to particle creation and annihilation, and in seeing what diagrams have 

ben neglected and must be separately evaluated. The final state scattering 

contribution is recalculated covariantly with spin properly included and the 

most general expression is obtained in terms of helicity amplitudes. The form 

of the. result is essentially the same as above including the presence of a 

factor c to describe the virtual processes. The reflexion of these final 
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state interactions on the Dalitz plot and the effect of competing resonances 

are then deduced from our solution. We include a short review of recent 

work on the subject based on unitarity and dispersion relations without 

which the thesis would bo incomplete and especially the equivalence between 

formal scattering theory and axiomatic theory as shown by Jackson. The 

generalisation of the dispersion relations to all final pair channels which 

has been proposed by Peierls and Tarski in their model of final state 

interactions is compared with cur perturbation solution. 

With a view to deriving information about 	scattering we apply 

the field theoretic solution to the problem of kt meson decay into three 

pions. The result a2-a0 !:t 1, where al  is the s-wave 7G-7C scattering 

length in the isospin state T, compares very favourably with dispersion 

theory. However, the disagreement of this conclusion with other sources, 

about 9Ucforces such as the ABC experiment,shows that the situation 

in T-decay is much more complicated than appears at first sight and is not 

a good means of deducing the pion-pion interaction. 



CHAPTER I 

Potential theory of final state interpctions.  

1. 	Scattering of free particles.  

We begin by giving a brief description of the formalism and notation 

which we shall adopt in the subsequent work. 

The eigenstates of the free Hamiltonian Ho will be written as I1! > 

and those of the total Hamiltonian H as I + corresponding to in and out- 

states. 
 

The Lippmann-Schwinger oquation(2)then gives the construction of 

Ilt>1.  from 'If,: when thz)se have the same energy (this effectively implies 

an energy renoinalleation): 

1 
kv>  lira 

O 

 

vIIV>+ 	 (1) 
E-H

o
tie 

where V = H - H
o is the interaction. If V is given at the outset then 

the problem is essentially determined. The description Intand butt is clear 

when we take the coordinate representative of the equation and take the 

limit 	0. 0 Then <.z1 * > has incoming spherical waves and 

outgoing plane waves. 

We can rewrite (1) more conveniently in the form s 

1 
14r>+ = (I 

E-
ie 

 

v) 	 (2) 

 

The scattering amplitude from a given initial state i to a final 

state specified by f is given by <f I  >4.  EE <fISli> EE Sa  . Since 
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1. 
i > 	I i > 

E
1

-H+is 	1 

11.• V I i> 

1 	1 
S . 	< f I > +  	<f IV I > 

Ei-Ef+i$ 	E. -Ef  -is 1 

• • . 	Sfi =fi - 2'ti ö (E. -Ef  ) < f IV I i > 

Putting S 	1 + 21c ia(Ei-Ef) R 9 

<f I R li>= -<fI V li>. -< f IV i> 

and - R = V + (E H + is)-1  V where E = E. = Ef. 

(3)  

(4)  

(5)  

We make use of the identity 

N 
(E 	H +10-1 	(E-Ho+is)-1  + (E-H+ie)-1  V (E-Ho+is)-1  

N 	N 
to derive the relation V (E-H+is)-1  -R (Ep-H +ie)-1  . Defining the free 

N causal propagator A = (E-Ho+iS)
-1  all the foregoing can be conveniently 

summarised as 

R = RAV - V . so V = 	R 
	(6) 

This last formula will form the basis of all our work as it gives R in 

terms of V and vice versa, up to any given order, the order of any 

expression being defined as the number of times in which A. appears. The 

series expansion of R in terms of V (which is a real operator, of 

course) demonstrates the unitarity of the S-matrix. 

R 	le = (V+VA+V+VeVtV +..) (V+VAV + VAVS+ ..) 

= v (e-A) v + (VeVeV VAVAV) + 
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(V + 	+ Ve VeV+..) (p+-A) (V +VAV + VNAV + 4.) 

+ . 
= R 	+ -i)R = 27: i R4-15 (E-H0)R 

i.e. the relation R = RpV - V, alone, ensures a unitary theory, providing 

V is real and p is the Green's function, (E-Hole)-1. 

We note that because of overall three-momentum conservation the 

f element R
fi will include the factor (27Q0 6

3  kK.- K ) 
f 

.• 	Sfi = fi + i(2 7c)46 4(kf-k) fi 
	 (7) 

Hence the transition probability per unit volume and per unit time is 

= (27)4 64(krk.) t 11A 	2 
fi (8) 

2. 	Scattering of bound state particles.  

Equation (6) which is simply the potential theory analogue of the 

Bethe-Salpeter equation, is not immediately applicable to problems which 

involve bound state systems such as deuterons. 	we shall derive 

equations which are very similar in structure to (6) and which will 

cover these cases as well. Firstly we introduce the binding potentialv 

and denote states which involve the deuteron with the subscript t. Thus 

plane wave states which contain the deuteron are written 11%) and scattering 

states ci it are denoted by 10>,
Z 
 ie. 

(Ho+v) 	>= E lub > and 

(Ho+ v +V)1111 b > = E 
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Let V now stand for the potential between any other particles and the 

deuteron. As before, 

1 
= (1+ 	 V) 	b > 

E-Ho-v-V+ie 

1 	 1 

lib >+ 	1 lb >  
 ) 	V I i

b
> 

E.
1 
 -H
0 	

E-Ho-v-V-i6 

The amplitude fora process in which the final state still contains the 

deuteron viz.the :Mastic amplitude" is 

< fb ib >  + 	fb ib  ?+(fb 1 ( 

 

	 1 VI ib  
E.-E e 

f E.-E +ie f 

fi 
	2i1[t(Ei-Ef) 

fi 
+ 2iite(Ei-Ef )< 

Thus - B. = V+V(E-H 	)-11/ 
a 

fh I V  I 	> 

fb I Roil ib > 
	

(9) 

(io) 

On the other hand the amplitude for a process where the final state 

consists of the disintegrated deuteron ie. an "inelastic amplitude" is 

f. 	ib> = < f I  i.b> - 	o(E.-Ef  )<fl VI ib> 
+ - 

27d. O(Ei-Ef ) < f I Rin I ib  > 



9. 
Therefore - Rinel = V+(V+v)(E-Ho-V-v+ LO IV 	 (12) 	-7  

The integral equations (6),(10) and (12) cover all physical problems 

of interest. 

3. 	Decomposition of the scattering element.  

In potential theory it is usual to regard the potential V as the 

basic quantity from which all else is tobe determined. The same is true 

of field theory where the interaction Lagrangian is something which is 

given at the out, One then determines R exactly through the integral 

equation, or if thaE is not feasible, then by means of a perturbation 

expansion. However, one might equally well choose R as the starting point, 

which, after all, is the quantity which is measured physically, and evaluate 

V from it. This is the point of view that we take and which is closely 

linked with modern S-matrix theory. This potential V is the total of all 

interactions and necessarily describes all the processes in nature; however 

certain parts of it are sufficient to describe the scattering between a 

chosen set of particles (at least in potential theory) and the remainder 

represents all other processes. In this section we will express the total 

R matrix in terms of the R matrix operating between this particular set of 

particles and the R matrix which arises from the remainder of V. 

Suppose that we make the decomposition V = Vo  + Vi. We have when 

V
1 

0 

- R = -R = V +V
o  (E-Ho  -V o+te )-1  Vo 	 (13a) o  



when Vo = 0, 
	 10. 

-R = -R1  = V1i.V
1(B-Ho  -V

1
+i6) -1  V1 	 (13b) 

but in general, of course, 

-R 	(V0+1/1)+ (-170+V1)(E-H0-110-171+ )^1(vo+vi ) 	 (13c) 

Ou, intention is co express the full scattering R in terms of the two 

indepeneent scatterings Ro  and R1 
and this we can do via (6) up to any 

chosen order. Firstly, we expand -R = V+VVS14-.. , put Vo+V1 and then 

substitute -V= R o  +R  o  ARo  +es, '"AT1=R1+R1P R1, +.. Let R(n)  represent the 

expansion up to n'til order. 

e.g. R(2). -V- VAV VAVAV 

=-(Vo+Vi ) - (v0+ 111)A(Vo+V1 ) 	(1/0+111 )A(Vo+V1 ),600+1/1) 

=Ro+RoARo 	A +RRoARo  + R1 +R1 AR1+R1AR1 AR1 

- (R0+ Rb Ro  + R1  + R1  ARi ) A (Ro  + RoA Ro  +R1  + R1 A R1) 

+ (Ro+Ri ) A (Ro+Ri  ) A(R0+111) 

= Ro+R1  - RoAR1  RIAR0  + RoA R1  Q Ro  + R1 A RoQ R1  

and it is clear that in general an R1  must follow an Ro, and vice versa. 

The very same procedure can be applied to the deuteron scattering 

problems to isolate the effect of the binding interaction : 

e.g. 	R(2) = -V - VAV VP\ 01+10A IT 

= R + RCR + MBAR (R+ MR)A(R+RAR)+RA(R+r) A R 

= 	+ RAT AR 





iTA 
'1"'c 

FIG. 2a.  

t. 	r,, 

12. 

Properly speaking, the 'V.. 1J 
 should be multiplied by the projection over ij 

particle states i.e. should be replaced by j5 Vij  I ij > <ii 

Neglecting V123  for the moment and applying the 0-1 method with two 

particle scatterings, we obtain the diagrams of Fig.2. ??ere we to include 

V123, 
we should have to add the diagrams of Fig. 2b. 

\--,•0 

ilk 

FIG.' 2b.  

"31 1' 

      

Where there is no evidence for a 3-particle interaction, it is usual 

to neglect R123  and to attribute all the dynamical effects purely to the 

two particle collision operators R. , 
3 

For completeness sake we mention that the series contained in Figures 1 

and 2 can bo obtained from the following equations by iterations 

R = R
o 	where o 	(H.0\ 	o Ro\ fio\ 

l + 
I 

	

R
1 	

=
\R

1  i
k R

1 	' .R 1  ' 



Rel 	where R1 
1 + 

10 R  r 	0 

1.3. 

R. 	R + RArAR. 
in 	in 

In particular, the matrix equation for the three particle problem is 

nothing more than the Fadeev equation(16)  

R23+R31+R12  where IR 
I 

23 

R31 
I 

R12/ 

(! R
23 	

0 R23  R23\ 

= 	R
31 1 	

R
31 
0 	R

31 

)
‘1̀ 12* 	 R̀12 R12 0 

1,s an illustration of all these techniques we consider elastic and 

inelastic electron-deuteron scattering. v will bo the p-n potential which 

binds them into the dcuteron, and V will be the electron-nucleon potential. 

V itself is the sum of two parts: V
n the o-n potential and V the e-p 

potential. 

Thus R=R
n 

R
P 

+ R
np +RAR P n 

0 • 

Since v  is a strong interaction while V is electromagnetic in origin, 

137 
	

; therefore up to second order in e.m interactions EL it is 

a very simple matter to derive the diagrams of Fig. 3 by straight forward 

application of the iteration equtions contained in Fig.1. 

tl
Such diagrams have been obtained by Ferreira06) for the problem of 

K-meson - deuteron scattering but his derivation is considerably more tedious 
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a 

FIG. 3a 

VOA Ct.c!, C.00 

f 	 

N  

FIG. 3b 

14. 
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4. 	Final State Interactions.  

We are now in a position to attack the main problem which is to 

isolate the effect on the total scattering amplitude of the interactions 

among the final particles that are emitted in a particular process. We 

will designate the initialparticles by A,B,.. and the final ones by 

1,2,3 . The total potential V will act among all these particles, and we 

may imagine it to be a form factor multiplied by operators which annihilate 

the initial configuration and create the final particles. We define the 

decomposition into Vo  and V1  by defining V1  to be the total potential 

which acts between the final particles only, so that the remainder Vo can 

be regarded as the production potential. To be definite let us take the 

initial set of particles to be different from the final set, so we need 

only consider the part of Vo  which annihilates A,B,.. and creates 1,2,3,.. • 

V
1 destroys and recreates 19 29 39.. Because we are working in terms of 

potential theory these conditions apply to the R, so the only terms that 

contribute to the total R are Ro1-Ft1o.  Now 

<f I (1+R1  A) 	i> = < f1 I Vol to> 
	(15) 

wherel*
1 >* is the in-or out-state in absence of Vo 

while I *o> is 

for V
1 	o. Equation (15) is just the term which Watson uses and it 

represents scattering from an in-state of no final state interaction to 

out-state of no primary interaction. 

The first non-trivial situation in which it might be possible to 

detect the effect of V
1 is a final state consisting of three particles 
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when V
1 

can be broken up into specific pairs of potentials; if these pairs 

interact differently in any way, these differences must show up kinematicall 

The effect of V
123 

will be apparent in the variation of the cross section 

as a function of the total energy of 1,2 and 3; we shall mostly neglect it 

when analysing the differential cross—section for a given incident energy, 

attributing all the fine structure to forces between pairs of particles. 

Before proceeding with an actual calculation of the final state scattering 

diagrams we will present the original argument given by Watson(
2S) 

 . 

To begin with, it is assumed that the force between a final pair (say 12) 

is strong and attractive, so if we introduce a complete set of configuration 

states of that particular pair in equation (15), 

" 	d
3 

 712 <f1 I 1:12>  < 1:12 Vo I to >+ 

Farther, if the production amplitude 
C1'12 1/70o > is 

 very short range 

it will be practically independent of the relative motion of 1 and 2 and is 

very well approximated by Mo(o) = < olVo l 

• • M 
fo)  e i6 	u si ng  

o\-1  

10 ty so 
 m 

	o  (0)1,11 — (0) 

Indeed the result is quite obvious if considered in the 1ieht of unitarily: 

the process is governed essentially by one final state channel and hence 

must possess the phase of the final state scattering. 
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5. 	Evaluation of the lowest order scattering.  

Unlike Watson(lc)who is only interested in the strong attraction 

limit of 1 and 2, we carry on with the summed up perturbation theory as 

given in the previous sections and proceed to estimate the effect of the 

final state scattering with particles 1,2 and 3 on an equal footing. 

The decomposition represented by Figure 2a when combined with the 

fact that R = Ro+R1 L\ Ro leads to the diagrams below up to first order 

in final state scatterings 

• —L0.;% 	3 "t 

FIG.4.  

Typically we shall have to evaluate <1231 R12A Rol AR>. 

Introducing a complete set of intermediate states of particles 1 and 2, 

we find 

M 
1 	d3k' s 

(2703  2Eti  

< 	I 	
I11.1 1 ><:1Z11S2k3 I MolAB  > 1-d112i  o (k +k -k'-k') - 

1 -2 -1 -2 2E' 	 E-(E3 
1  

+e
2+E') +ia 

d3k' 
—2 

(16) 

In this form of theory, each particle lies on its mass shell and three-

momentum but not energy is conserved in intermediate processes. 
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As usual, we express our results in terms of the total and relative 

momenta 

P'  = 	-1-C2 Y  22'  = 	k2 
	

(17) 

Evaluating in the barycentric frame of 1 and 2 where p = o, we obtain 

1 '12 M (9.91t )M0(93,ki) I  

(27)3  3 	E12 
+E -El

12-Ei+is 

d3q' 

4E'E' 1 2 

1 	1512((0900,0') M0(w'91'9.1S39ISi) 	2ceda" ii 

(47)3 
	

w -CO 1 -1-iE 

(18) 

where co is the energy of 1 and 2 in this frame (w' in the intermediate 

state) and ,& denotes the orientation (9,') of a  with respect to a fixed 

axis. 

At this point we make a partial wave decomposition to bring out the 

angular dependence. For simplicity we shall assume 1 and 2 to be spinless 

so that orbital momentum is conserved - the characteristics of final 

state interaction should emerge irrespective of spin complications. The 

amplitude M
12 will be independent of the orbital component m because 

	

of its invariance under rotations of (12); however 	willd:Tend on isa 

because the final state of three particles need not be invariant under the 

separate rotations cf (12) 



f  m12(4,0)m0(w')/ 	w,wytd 0  
o' mi2(w/u00(4  w - w 

2q' d (13 
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M12(8,,9') 00, )=. 	(21+1) 1
*
. .....1 ..., M  	DmoOpmaLl M 

	

12 --- 	1,m 	) -121  
* 

. 
Mo 	

.-- 1 , ,. 

	

(IT) 	1 ,m = 	2  (21+1)-  Dm00') llolm 

The orthogonality relation of the rotation matrices, 

7z 
d2D*1  (0) D*1'  (o) - 	

4 
	 a 	11' mo — 	mio — 	mm'  
(21+1) 

simplifies equation (18) to 

1 \ --1- 	1 */ 
M -  	(21+1)2  D 0) I 

(4,02 1,m 	mo 	lm 

where 

(20a) 

ill 	(w,u0IL 	(cd,k ;lc.) 
	2q'd 

 co' 
I
1
.7 LL12L m 	(0),Qm (co,k .k. - \ 121 	

olm 	3  
121 	olm 

	

w _ fit 	r  

(201)) 

The first term is just the physical contribution (or the absorptive past, 

from the point of view of unitarity) and the second term, which presents 

us with the real problem represents the virtual contribution. 

Because the off-shell elements are determined in some way by the 

on-shell elements, we write the virtual cart for each partial wave as 

and the numerator of the integrand is now dimensionless. If we suppose 



2q 	
W 	ml -m2 

w-m1-m+ (m1
+1112) 

1 2 
(23) 

20. 

that the off-shell elements bocomo smaller the more unphysical becomes 

the intermediate scattering, then tho numerator will act like a cut-off 

function. Because we do not know how rapidly or in what manner it cuts 

off, unless the potentials are given, we may regard this ratio as unity 

up to an tric  after which it is zero. This sort of point interaction 

model has been adopted in the past see ref0)for example. Making a 

subtraction at the threshold of production, 

ri4 

21q 7c  
M1 2 (co to) Mo co) L 	 + 7tc e c4  w  - m1 - m2 	2q1c.lcd 

'( 	-m1  -m2) ( co' -co) 

 

 

- 40  
with c = — 

7t 

2q1 c7tcti 

coqcot-m1 -m2 ) 

In general, q is a complicated function of co. Thus 

2qw = 	w  1 21 
	2 2 
	

(22) 

Providing neither m
1 

nor m2 
vanishes we can approximate the factor 

2q 
as follows s 2 w 	 q 
At low energies 	w = m

1
+m2 + 	( 1 	1. + _.. 	) 

2 
m
1 	

m
2 

and at high energies w= 2q . A function which has both these 

characteristics is 

16m1
m2 

This expression does not deviate very much from the exact form providing 
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the ratio of the masses is not too large. In any case this is 

unimportant since the use of the model is itself an approximation to the 

truth. 

The integrations are easily carried out now and we obtain 

   

t, 	 2q 	w+ 2q 
+ 'it 

lm+ - log I 	 
w 	 o.) 	 2q, 

 

Ilm 1 
w, w) Moira(w) (24a) 

 

with c lm 

1 
cosh

1 + 
1 6m1m2( 

°C lm—m1 —m2)   1 
1 

(m1+122)3  

( 24b) 
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Therefore for the case where 1 and 2 interact, and near the threshold 

of their production, we have all in all. 

	

2d.q 	M
121

(colw 
vk *1 N 	/ 	t 2 (21+1)-D 0)M: ) 11+ kc1m+ — j mo o 0.0 

19 m 	lm 	w 	16 lc 

21+1)19 	
ci  

* (0)M 	(w)1 1+ (i + 	 ) ei(51 sin61  
1,m 	mo 	lm

L 	2q 
(25a)  

a 1*/ \ 	
el6lsinc5l  r  2q 

Z 
m  (21+1)-D  mok— O)E 	(w)  	cot 1

+c
lm
1 

1, 2q/w — w 
(25b)  



1  1 * 
ll Z  m  (21+1)2  D mo  (0) M 	(w) . 

- olm 

21 	22. 2q 
1+a 1

c 	----) 
lm w  

,A , 2q\  )21+1 	(25c) 

A 00  

where we have defined the relativistic scattering length (dimensionless) 

as 

2q 

w 
	cot 6

1 
- 

The physical significance of equation (25) is quite clear, there 

is interference between the unity of the production amplitude, and the 

final state scattering; the parameter c which describes the model can 

be regarded as the amount of final state interaction that takes place and 
2q 

occurs in the enhancement factor (c + — cot o ), Since we are presuming 

no knowlek:e about the potential, there is no very firm theoretical 

basis from which we can determine c. Nevertheless when the final state 

scattering is a strong interaction it is usual to invoke an energy cut-off 

of the order of 1 nucleon mass and then c 1. At any rate, it 

should certainly be possible to determine c from accurate low energy 

experiments when the production mechanism is known. 

We note a few characteristics of expression (25) when we retain 

the S-waves only. If we adopt a length parametrisation, 

Mfi = Mo(u) 

	(1 +ca) 
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whereas if the final particles resonate at an energy (% like a spin zero 

21+1 
1 

(26) 
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Let us see the implications of (27) and (28) graphically, always 

assuming that Mo  is independent of w so that we are attributing all the 

structure of the amplitude to the interaction of a particular pair of 

final particles. Because we are only regarding that channel as the domin-

ating part, we shall be repeating Watson's results to a very large 

extent. Notice that the enhancement in (27) is pronounced only when a 

is large in magnitude, and that when a = -c there is a destructive effect, 

so one cannot then neglect the influence of other channels. 
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FIG. 6  
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6. Overlapping final state scatterings.  

In separating out the total structure due to final state scatterings 

then
f 
 we must take an infinite string of perturbation diagrams into account; 

those represented in Figure 4, the double scattering diagrams such as shown 

in Figure 7 and so on. In practice we only retain the lowest order 

scatterings, and we can put forward the following heuristic argument to 

justify this approximations suppose that all three final particles attract 

one another; then a pair of particles will scatter one another most for low 

relative momenta (and certain momenta 

8 	where they resonate) causing the other 

particle to move with a high relative 

A 	'  

"---.'' momentum in the opposite direction to the 
\*.. 	-"I'  * 7*- .̂k 

 3 	
pair (if resonance effects of the pair 

1 \  

which may cause the third particle to move 

slowlyare not appreciable); subsequent 

scattering of this odd particle with one 

t 
of the particles of the pair will be small 

and unlikely. A similar sort of argument 

will a_:-ply if all the particles repel one 

another, but if some attract and others 

repel it breaks down. At any rate the retention of the lowest scattering 

diagrams will certainly be correct if we know that only the forces between 

one pair are significant, or if the magnitude of final state interactions 

FIG.7  
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is small enough to justify a perturbativo calculation. This would correspond 

to having small scattering lengths. 

Quite apart from these considerations, there is the question of how 

correct is the use of the potential theory itself. The V are supposed to 

represent all the exchange effects between the particles in question 

although they do not allow for particle creation or annihilation. At high 

energies when many-particle states become increasingly important we can be 

sure that the model deviates more and more from the'truth, and to the 

same extent as the peripheral model. (This is because the basic unit of 

the iteration <Ei 1p V 1E> 	< E IV E  > 	decreases in importance so 

E'- E 
that the first Born appa?oximant - R = V VAV is taken into account). 

Fortunately, equation (25) has been derived for near threshold energies and 

many particle structure will be quite insignificant. 

A straightforward generalisation of (25) to all three lowest order 

scatterings with spinless particles is 

* 
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If the energies are so low that just the S-waves need be retained, 
• • 
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and if the S-wave scattering is parametrised by a length, 

26. 

M = m 0 13 

a.. (0.. + 2iq. .A,. .) 
13  13 	13  2.3  

1 - 	 3 3 	ij 2in1  . .q.1 	. 

I 
(31) 

As we have already stated, the result (31) will be particularly accurate 

if not more than one length is large in order that multiscattering effects 

in the final state be negligible. 

Anisovitch, Anselm and Gribov(29)have analysed the Feynman diagrams 

of 	and their associated singularities to calculate the influence on 

the total amplitude. We are able to recover their results by assuming, like 

they do, that a and aq are small so that an expansion of (31) in powers 

of 	d is possible s 

M 	1110(wii) 11 + 2 	+ 2i z (32) 

There is an exact one to one correspondence with their conclusions when we 

identify fo  = Mo  11 + 2 ac 	as the threshold amplitude. 

The question arises as to whether one may extend equation (30) to 

apply even when all the f.s.i amplitudes are large. The first notion that 

springs to mind is the multiplicative form, 

M = Mo(wi j) f 
 I 201i 	

cot sib    + c. 
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which certainly reduces to (30) for small a. Tt is easy to convince oneself 

however that (33) gives an incorrect description of f.s.i since it pre-

supposes that each of the final channels is completely independent - 

of course this is not true as each of the channels are coupled through the 

integral equations of Fadeev(ss) In any case it is a simple matter to 

verify that the second order terms in an a..lj  expansion of (33) do not agree 

with the second order contributions of Griov et al(21) 



CHAPTER II. 
	 28. 

FIELD THEORY OF FINAL STATE INTERACTIONS.  

1.Pole Terms in Production Processes. 

Most of the considerations of the previous section preclude the 

possibility of particle creation or annihilation and assume that the 

production mechanism can be separated from the final state interaction. This 

last concept is very badly defined as soon as we begin to think in terms of 

field theory. For instance we may visualise pion production in nucleon-

nucleon collisions as proceeding peripherally through the exchange of a 

pion. (See Figure 8). 

In this Chew-Low mechanism(6) 9 one of 

the vertices consists of Nr- NN 

scattering, say through the N 9 so that 

the production amplitude itself involves 

forces between the final particles 

(1 and 2). Production can be followed 

by rescattering of the pion from the 

other nucleon (2 and 3), or else by the 
(~►) 

two nucleons (1 and 3). Can we allow for 

subsequent scattering of 1 and 2, although 

this accounts for the main reaction? It is not 

have to proceed. 

Another point worth mentioning is that previously 

(31 

(6) 

R arose from V 

FIGURE 8.  

directly obvious how we 

by a succession of two-body interactions; in field theory one can imagine 



FIG. 9.  
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some very trivial situations in which this may not be true e.g. /TN scattering 

proceeding though a nucleon pole. Since this pole is not one of momentum 

transfer, the diagram cannot be associated with a potential unless the 

nucleon is itself regarded as the bound state of a pion and nucleon. 

2. Connected and Irreducible Diagrams.  

We wish to reformulate the theory in such a manner that it boils down 

to potential theory on condition that the pair intermediate states predominate. 

The way we shall carry out this reformulation will be to extract the one- and 

two-particle intermediate states in each of the final state channels in an 

obvious graphical manner along the lines of Symanzik(4), and then to 

approximate the two-particle irreducible production processes by a Chew-Low 

mechanism( 6). In order to achieve this end we must introduce a few basic 

concepts. 

A diagram is 'disconnected' if it 

consists of at least two completely 

separated parts as shown in Figure 9. 

In the language of axiomatic theory 

this would moan that energy-momentum 

is conserved in at least two parts. 

i.e. that the amplit&e will contain 

at least two S function factors of four-momentum. Evidently a diagram will 

be named connected if such a factorisation cannot be performed. Assuming 

that neither A nor B can decay into some part of the final configuration, 



3Ct. 

then it is clear that we wore previously considering tho connected diagram 

for the reaction A+B 	1 	2 + 3. 
A diagram is said to be 'n-particle reducible' if it can be split into 

two disconnected parts by drawing a line (through its intermediate part) 

which cuts not more than n internal lines. If this cannot be done for 

any transversal, then the diagram is called 'n-particle irreducible'. The 

concept has significance in connexion with the singularities of the amplitude 

in a particular channel and because of this, is intimately related with the 

dispersion theory approach. 

Reducible graphs can always be broken up to irreducible parts. With the 

convention that all lines which we draw are to be regarded as complete 

propagators (i.e. as containing all radiative corrections) and all bubbles 

as being amputated (i.e. of having the above singularities removed), then we 

have the fundamental reduction formula(%) for an n-particle irreducible 

diagram in one particular channel : 

  

Connected  disconntctgd  

  

h t 

FIGURE 10.  
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This formula is trivially obvious rooked at from a graphical point of view. 

For a diagram to be n-particle irreducible, we must cut at least (n+1) 

internal lines to disconnect it. On the r.h.s. of Fig. 10 we have separated 

out the diagrams that need at least (n+2) lines to be cut for disconnexion, 

and those that do not; the latter can themselves be written as the sum of 

two parts, each part of which is (n+1) particle irreducible, connected by 

(n+1) complete propagators to an n particle irreducible diagram (connected 

and disconnected). 

Let us illustrate the reduction procedure by two simple examples in 

a self-explanatory diagrammatic way. 

(i) Self Energy.  

We are investigating the radiative corrections to the propagator, thereby 

examining the 1 particle irreducible part of ..<11 1 1)+ 

If these diagrams arise from the interaction Lagrangians 4, 4, 	, 44 

then the only possible 3 particle irreducible diagrams are /k and X 
0) 

so the equation becomes the Dyson equation for renormalised pion nucleon 



interactions, 

32. 

2 t 

(ii) Vertex Part  

Again in an obvious notation, 

and in a 43 3 Lagrangian theory, we arrive at the Bethe-Salpeter equation: 

:25 

3, Two-Channel Irreducibility.  

What we have discussed above is limited to only one particular channel, 

and needs to be generalised if we are to use it in connexion with final state 

interactions among at least three particles. It is not very hard to 

extend the analysis, as it happens, if we remember to impose the irreducibili 



although not explicitly indicated. 

4,t 

in the s-channel 

33. 

properties in each channel at every stage of the reduction. We show how 

this is done diagrammatically with reference to the four point function in two 

of the three possible channels and then generalise the foregoing to all three 

channels. Let us remark once again that all'bubbles drawn are amputated, 

and are of the form 

Neglecting the s-channel for the moment and pulling out the pole terms in 

the t -channel, 

1 particle irreducibility in the s -channel will be satisfied by having 

  

  

  

I 

 

FIGURE 11.  
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We now proceed to decompose further the last diagram on the r.h.s. of 

Figure 11 : 

But )  

2 

and if we have to maintain 2 particle irreducibility in the s-channel of 

) there are two possible ways in which this can be done: 

and 

As examples of Feynman diagrams which fall into these categories we 

and 



Thus, 
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+ A
2 	 2 1 

FIGURE 12. 

A more symmetric form can be attained by carrying on with a few more 

reductions 

N, 

2 

I 

and. 

Collecting terms, the 2-channel decomposition has lead to the equation 
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FIGURE 13.  

which if given in terms of an integral equations, would correspond to the 

Mandelstam representation with dispersion relations in s and t only. 

We shall state, without proof, the generalisation of Figure 16 to all 

3 simultaneous channels, which is certainly plausible, 

t '0- 
-1-  )3 	+ 

particle 
Ore:lac ilste 

FIGURE 14. 
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6 

4. Decomposition into final state interactions.  

The expansion that we have carried out for the four-point function 

requires only a slight modification for the purpose of separating out the 

final state interactions, since we are interes'uod in just the 239  31 and 12 

channel contribu-bions 

To establish the correspondence with potential theory one simply discards 

all the three point functions that cannot give rise to potentials in any of 

the final state channels, so 

4 
9 1. 
2. pal-hate 
trreetm.c,Aie 

k  

FIGURE 16.  
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The last term can be regarded as H

o 
while the first term might be further 

decomposed into a string of final state scatterings associated with M1 Aldo 

We repeat once more that, of course, there are countless examples where one 

is uncertain how to apply potential theory. This uncertainty now disappears 

because the technique contained in Figure 15 properly takes into account 

pole terms and other typos of singularities. Naturally, as soon as we wish 

to carry out a detailed calculation, we are obliged to make the approximation 

of neglecting certain singularities as compared with others. Confining 

ourselves to the threshold of production region it is reasonable to neglect 

all 3 particle intermediate states and therefore to throw away all diagrams 

which are two particle irreducible or more9 but before doing so blindly, it 

is absolutely essential to retain certain classes of diagrams containing 

particle exchanges which would have been lost in the process. Thus the 

diagram below is two particle irreducible in every final state channel and 

may be of fundamental importance. Our 

approximation will then be completely 

defined if we keep only those terms of the 

two particle irreducible diagrams which are 

given by a Chew-Low mechanism as in Figure 17. 

FIGURE 17. 
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FIGURE 18. 
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39. 
On the basis of this approximation, the diagrams of Figure 15 reduce to 

Clearly, what intermediate states are possible depends upon the 

problem under consideration. In the light of this let us reexamine inelastic 

electron-deuteron scattering up to first order in e.m interaction; remember 

that now the deuteron is to be regarded as a particle with a field of its 

own. A straightforward application of the decomposition of Figure 18 and 

proper care in the counting, (which we have not exercised throughout), 

together with the fact that e-m processes must involve the exchange of photons 

lb/Ids to 

e e 
e 

N  Ti+ 
N 	.--1--(: ;( 4  41 	N et, 

FIGURE (3c)  
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1  

d 
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according to the impulse 

approximation, then the 

potential theory diagrams 

are exactly reproduced. 

5, Covariant Calculation of Final State Interaction.  

The contributions to the five point function as given in Figure 18, 

which we have obtained systematically by considering the final state 

channels, are of several typeS firstly there are the Chew-Low graphs 

of Figures 19, the Born terms of Figure 20, the vertex graphs of Figure 21 

and finally what we call the "final state interactions" graphs of Figure 22. 

2 

4 

k 

FIGURE 19. 	FIGURE 20. FIGURE 21.  

 

FIGURE 22.  

   

The amplitudes of the first two are trivially easy to write, but Figure 21 

produces much more complicated singularities in the s-variables and, indeed, 

these may well be complex 01 ) (Although those singularities can be 

(r7) 
located in principle and the contributions evaluated even when anomalous 

thresholds arise, a complete discussion of these questions is quite beyond 



• • • M = 	
d4P d4P 	dq,(1)119Pm) n m  

/ 2 2 	\/ 2 2 	\ 
‘2K/ n-mn+lEAP -m +le) m m 

the scope of the present work). .Lastly there are the diagrams  of Figure 22 

where our interest lies and we shall attempt to calculate these in a manner 

that is very reminescent of the non-covariant treatment, but which is 

complicated by the spin details. 

Unlike potential theory, we shall have 2-particle intermediate' states 

which need not be the same as the final ones, and for that reason we 

attach the distinguishing labels n and m to them. Let fi  represent 

the free field solution of particle i. The amputated matrix element will 

contain complete propagators, but in so far as we have been neglecting 

3-particle intermediate states, it is in order to approximate the 

propagators by the free parts. 

6 4(Pn+pm-p1-p2) 	(36a) 

where jt(pn9pm) 
+ 

f+
1
f
2 

M(129 pn  p m 3 
) e M (3pnpm9AB) fAfB 

(36b) 

The M are the separate interaction elements and their unphysicality is 

expressed by the labels pn  and pm, denoting that the particles do not lie on 

their mass shells. These M may have vector indices'and may indeed be 

matrices with factors (i +m), .. absorbed. en   
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To treat the problem more symmetrically we introduce the total and 

relative momentum vectors 	p = p 
n 
 +pm  and 2q = pn-pm. 

• 
• • M =-i 

4 d q 

(2704  

J6t(q) pi=Pf  

  

   

/ n  Jur 4./ m  

 

(37a) 

     

which diverges logarithmically ifAis just constant, but is probably 

not so in actual fact. Ifeeping the 6 -function of the propagators, we should 

have a physical process ( or the absorptive part of the amplitude, in the 

language of dispersion theory) with 

(38) 

Note that only the proper root of the 6 functions has been retained because 

of the causal method of integration. The integral (38) is evaluated in 

Appendix 2, and Appendix 1 explains the notation employed throughout this 

dissertation. Quoting the answer, 
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is the average value of physical scattering in the intermediate state. 

We now come to the problem of evaluating the complete integral (37a) 

which apart from an averaging over angles also comprises an integration 

over off-mass shell elements. We expect the result to be determined in 

some way by the mass-shell elements and for that reason we write (37a) 

as 

jvt,(Pn,Pm) 

 

 

[ap+02  -- m 
n J  (37b) 

and now we are integrating over a dimensionless quantity.jt(pn,pm 	is a 

measure of the extent to which the off-shell elements compare with the on-

shell ones, and is of course unknown. We might expect the ratio to 

become smaller the more unphysical becomes the intermediate scattering. 

We shall choose this ratio to be unity up to a cut-off q2  = -112, in which 

range the M's can be regarded as two renormalised coupling constants for the 

primary and secondary interactions. This procedure parallels the one which 

we carried out in the non-covariant theory. Thus we will be computing 

(Mfi) = 40ZI (p2) with 
real 

I(p2) - i 
(2704 	(e-m2-1-is)1:17)=Z:11min2+ i€:1 

d4q 
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44. 
The denominator in (40) is (q-px)2 - a2  (x) where 

a2(x) = p2x2- (p2+m2-m2)x + mn
2  . n m 

The logarithmic divergence permits a shift in origin through px 

1(p2) 
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Notice that, as before, we integrate the divergent part up to a cut-off A , 

but the convergent part up to infinity. The error which is introduced thereb 

is negligible for large A . Now 
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( m n 

!m1211) 	 1 
where A = (1+ 

2 	) 	and B2 	
4p4 
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The answer is easily symmotrised in mn  and mm by rewriting this last 

results with mn and mm interchanged. Halving the sum of these 

expressions, we arrive at 

1 
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At the threshold of production of n and 2 
m, p  fr4 (m+mm)

2 and C=O, so 

and in terms of it the final result reads 
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p 

The imaginary part which we had disregarded in calculating I has been 

explicitly included and derives from the branch cut associated with the 
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logarithmic term, by attaching a small imaginary part to each mass according 

to Feynman's prescription. Notice the great similarity between (24) and 

(43), which becomes even more striking when we specialise to final state 

scattering : n=1 and m=29 Since p
2 w2 and c = 2q 

[re 
167(' 

(44a) 

In order to carry out a partial wave analysis of \pLwe must make a brief 

diversion into the question of constructing helicity states, and the 

properties which they possess. 

6. 	Helicity decomposition.  

The basic one particle-states are normalised in the usual way so that 

< P's"201 / s70,= (270363CE-20.2E 843,s  . Equivalently, the 1 particle 
-W 

13

3  
po 	

71 
projection operator is Z 	h s T. > 	.------.1  < 	.12:3 X i 	. six r, 

(2117)J2E 

In the frame of zero total momentum of two particles, the two-particle 

helicity states ( 8) are defined through 
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(46a) 

where a  is a vector of magnitude q, oriented at an ;Fr,91e 0, 

In (45) and (46), 1k.= Al-?? and the zero vector within the helicity state 

shows that the definition is true in the barycentric frame. This state 

can be regarded as a one particle state of mass w, spin j and spin 

component m. By applying a Lorentz transformation 
(18)  on this pseudo. 

particle we can construct a general two particle state of total momentum 

.2 and whose 4-vector square is (1)2. This transformation brings in the 

 

rotation angles of the particle 

momenta as referred to the untransformed 

momenta, and thse angles are shown in 

Figure 23. 0 represents the original 

frame and 0' is the new frame. 

 

FIGURE 23.  
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Snowing the construction from the original states. 
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The normalisation properties can now be conveniently written, because 

d 
	3 
d 	d322 

/- 	 • 	• 	.6 	1 2 (ID+1D -17)) 
4 7C: 	4'7C CO 	kc 2E1(273 	2E2(27)3 

< p'jm'; slx.lisx 	1 p j m; s1Xs2)2> 

0 4 = (270'6 j 	ornm,; s, Ss 40 6 	,!E ,2A::(P2—P'2) 
1 	22 /4'1 A212 

(48) 

It is now straightforward to construct a three particle helicity 

state by couplig the 10) jm > to 1 .23s3X3> as given by (45) and (46). 

In the overall barycentrio frame for a total energy W, 

I w 	jm;  s171 
	— 	s37,3  > 

(47c \V- 
. 	2 	---- 	(2J+1)1-'  D(e) VI0J11; 

nit 	Q ) 
im;Y1s2X2s3X3 > 	(49a) 

where A = m - 7\ and 0 denotes the orientation of relative to some 

particular axis. The above is easily generalised to any number of 

particles, but the notation becomes too cumbersome if we have to label 

the states completely. For the same of simplicity we write lij > 

for a plane wave state and 1 (ij) > for a helicity state coupled as in 

(45). At the same time it is best to label the angular momenta and 

energies by ij suffices as the order in which the particles are 
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so 
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149,„ 

	

coupled is then self uviden2c, 	t],is nota±ion, (46a) and (49a) 

become 

	

(2:7C(1)12-i.  	1 1 2 > = 	2 	(2j12+1)2Dm
12 	

—12 ) (12) >  12 '12 
12m12 	c112 	

(46b) 

47ca)123 	Ni)123 
1(12)3> = 	Z . 	k2j123-, 1.1)-1)m 

j 	

7s,.  • 1(02)3) 	(49b) 
123'12,3 

123m123 (112,3 

1 X123 	
s 

D 	( 

—123' m2
) D

j12
p 
 (0 

12) 
ei7 w2 D 	(0 )D 2  (0 )1((12)3)> \ m1231Al2,3 	12 	7'1P1 1 72112 

(50) 

The angles involved in (50) 

are indicated in Figure 24, 

and the factor el  s2arises 

from the helicity convention 

of Wick. The reccupling 

coefficients <((12)3)1((13)2) > 

have been given by Wick,(18)  

but will not be used in the 

forthcoming work. 
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7. 	Relativistic part] al wave annlysis 

We now return to equations (44) and (39) to carry cut an angular 

momentum analysis and obtaill complete corresponenc with (25). Remember 
.••••••• 

that 	is a physical average over angles ad mist contain a sum over 

intermediate spins. Now in the shorthand notation, 

1 
2 	.1 

3 
• 

(4 	/ 	\2 	/ <12 
11112 1  1'2'>= 	t  <1211/

2
1(1 1 2 % 

477. 2 	k2j
12
+1) D 	

' 12) 12 ml 2 	(112 	
m12 '12ko 12  

<123 1M0  1 AB > = 
47u42 2 * 

< (12)31 M 1 AB>  	(2j12
+1)2 

Dm12 
12 X12\-121  

12 	q12 

both statements being truo in the barycentric frame of 1 and 2 

(12  12 r 
• • jr* 	2X1 9X2 .1  4 77. 

< 12 11512
1 l'2 1 ><1 1 21 3 1 Mo I .AB > 

= 2XA2/  

12 m12 

'12 m1/2 

ds-2 

	

	 4'xco12 / 12  < 	121M
121(1'2 1 )><(1t2t)31Mol

AB> 	2j1  ,÷1r(2j" +1) 
47c (112 	

e 	12 

D
m 

4n 

w
1
i 

( l12)1 m
4c 

  

(212)  
12 2 	12-12 

_ 2 I 
— 	X1 X2 < 121 11121(1'2')><(1'2031110

1 AB> 47U°12 

(112 



wfx, avx2" 

q 2i 12 
0)12 

4(11242 
1.X2 d12 

12 
( c°12)1)

i
.X  2 • 

C. 
J1 2ral 2 

3/2 	
51. 

147 ,17 	1 j,2* 
2 	 IM121 (1'2')><(1'2')3IM 
W17\2 	\ 	(112  / 	(2j12+1) 7' 1- 	( 	) ii11212 — 12 	

0 IAB> 

J 1211112 	 (51) 

At low energies up to 0 (q) one can approximate (44) by 

2iq 
M 	— 	c + 	Together with the production amplitude, 
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M= 
j12m12 

( 4'92)  

q12 

2< (12)3 I Mo l AB > 

(2j12+1)1 Dm 12 	12) 
 

12 	w12  
A.'4X.<2(12)1 11121(1' 0  

411 2  

<(1'21 )31M01A13.>tc'tkii 

or in greater detail, 

M= 
J12m12 

1 2 

(2 J124.1  

D

11112* 

 

1212 
(012)47\2 ,3Imo 12m12(w12)IAB > 

(52) 

We have chosen to label the parameter c with angular momentum as there is 

no reason to advocate the same cut-off for every partial wave. 
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Final state scattering among spinless particles is then only a special 

case of (52) with Xi  = X2  = 0. Also i12 is just the orbital momentum R12, "  

M= 2 m 
12 12 

1 
2 

LI/CW1 2 	f 
 

1/4 2j
12
+1)2  

9.12 

12 iet, 
31110IAB> 

m12o `=-121<w121112m12' 

C 	
2
a.q 12  \ 

1+ N12m12 	w12  . 1[ 

29.12 /w12 

where we have used uni±aI:ity to put M= 2ei6  sin& Actually the general 

equation (52) can always be written in the form (53) if M is diagonalised 

by clever manipulation of the symmetry properties of helicity states(8). 

We can go one stage further with (53) and bring out the angular 

dependence 8123  to give the completely reduced element <(,(12)3)1M01AB> 

which may then be written linearly in terms of <t(13)2)11101 AB>. (The latter 

is the natural way of coupling if we refer to Figure 22). In order to 

couple 3 to (12) we must first go to the overall barycentric frame by 

applying a suitable Lorentz transformation along the direction of motion 

of 3 with respect to the rest frame of (12). In equation (51) notice that 

the intermediate projection 
	

1 i12m12 X-11 X12 >412m12 XIX2 I will 
12m12 

X1 X 2 

not bring in rotation angles of the intermediate particles. Thus, invariance 
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of the S(or M) matrix under Lorentz transformations means that 

< (12)31 Mo  I AB > = 
, 

<(12) 31Z., 	m 1AB > 0 

= <(12)3 I MolAB> D (01) D( 2
) in the total rest frame 

<121 M12 1 (1 '2).><(1 1 2')31M0 110 >:= <12I.41m121(1 , 2, )><(1 , 2 , )311101.1AB > 

= < 12 1/.. 10'2 ') ><(1 '2' )3IYIAB>in the total frame. 

The final result, after coupling the remaining particles, is 
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)12
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1 Vi 4c1 12 / w12 

(54) 

We have used the total rotational invariance of Mo  to put j -AB j123/ 

mAB=  m123 and translational invariance, or energy-momentum conservation, 

to 
putO123 .ct:'AB' X1213 = m12 -7\-3 and the angles are all measured with 
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respect to a given axis. If the axis is chosen to be along the direction 

of relative motion of A and B, equation (54) simplifies because D
jAB1  (0) Dm 

BIB 

mAil\AB.   
Moreover choosing the direction of uotion of 3 to define 

6   
AB  

drjoA137‘. 	°12,3). 
the lox axis, D 	(212,3) = 	

The relation between 
mA0'129 3 	-AB 12,3 

the Wick variables e12' 
(412,3'u)2' 

uAB 
and the relativistic invariant s 

variables is given in the appendix as well as a short discussion about three—

particle phase space and of Dalitz plots. 

8. 	Simultaneous Interactions. 

In writing the amps tude in equation (52) and (54), the pole terms and 

vertex graphs nave been oiritted altogether and the final state interactions 

involving 23 and 32 have been assumed negligible. The first two omissions 

can be remedied by separately calculating the contributions. On the other 

handy the forces between 23 and 31 do complicate the siutation because of 

the different production amplitudes associated with their graphs. However, 

the results of Chapter I will necessarily be recovered if the two body 

scatterings are the only significant amplitudes, and we need only look 

back to equation (29) modified by spin details as given in (54) to deduce the 

solution up to lowest order in final state scattering. In fact the main 

results of this chapter has been to confirm covariantly the results of 

Chapter I and to indicate what extra contributions to the amplitude by 

particle creation and annihilation, must be explicitly included. 

One final generalisation must be mentioned. This has to do with 

problems in which one pair channel predominates in the sense that the only 
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significant amplitudes are 

A + 	(Pair of particles) + 3 

In particular if we consider the two processes 

A + B 	1 + 2 4. 3 and M + n + 3 , 

we can still apply (52) by combining these amplitudes in the form of a 

two component voctor and with the understanding that the final state 

interaction, as specified by coto, takes the form of a 2 x 2 symmetric 

matrix ie Watson's theorem acquires a matrix character. Nauenberg(28)has 

proceeded in just such a manner for the production of Minear the Y 

threshold; besides 21I he includes RN intermediate states so cot 

(cot o(211 —*Ill) cot (5 (ZI ,IpRN ) 

cotO (RN coto (RN -7, TCN) 

which he next parametrises by the resonance point and width of the Y 
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CHAPTER III 

DISPERSION THEORY OF FINAL STATE INTERACTIONS 

1. Generalised Unitarity. 

The work contained in the previous chapter being field theoretical, 

it naturally led to the appearance of off-shell matrix elements 

although these were later approximately related to on-shell elements 

via the point interaction model. By contrast, if we approach the 

subject from the dispersion theoretic angle, all we have to do is to 

locate the singularities of the relevant diagrams, evaluate the 

discontinuities across them and then to obtain the actual amplitude 

by a Hilbert transformation. The whole point of the dispersion 

relations is that these discontinuities are always on-shell amplitude 

and no models need be invoked for the purpose of computation. Actually 

the problem is vastly more complicated (17)  and is associated with 

the question as to where all the dominating singularities lie, 

what discontinuities they possess. 	In the following we entirely 

simplify the situation by picking out of all this complexity only the 

cut originating from the final state interactions of pairs of 

particles. 



Im TJI~p'2) 

(m +m )2  n m 
	p 	-is i2 2 -p 

abs(p'2)dp/2 
(55) M(p2) = dp i2~ 

 

~( n+ m)2 pr2-p2-iE 

57. 

Looking back at (37a), then if we assume that,(q) possesses 'distant' 

singularities w have an oridinary Feynman integral for the self-enemy of 

a particle tarn; ing momentum p. A Landau-Cutkosky analysis (~'10)reveZls 

that, regarded as a function of the compl x invariant p2, the diagram has 

a branch point at p2 = 4m2 acid a branch cut along the real axis (by choice) 

running to infinity. The discontinuity across this cut is 2i(Mfi)abs, 

given by expressions (33) and (39). Accordingly one can postulate the 

dispersion relation, 

which may now be explicitly calculated. Ire can expect equation (55) to 

be correct near p2 (mri mm)2 and probably up to the threshold of production 

of another particle, and providing other singularities, such as the complex 

type discovered by Landshoff and Tremain(11), lie well away from the 

physical region. Note that the amplitude Mo is not the physical amplitude, 

but just the 'production part' - this circumstance should be compared with 

axiomatic theory when the functions which occur are the full physical 

amplitudes. 
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I 	 41-(co) (57) 
(m1+m2) 

1 

- 	16 7c2  CO + CO 	W-W-is 

this model gives ti(w) 
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58. 
Wishing to establish the connexicn 1Jetween (55) and our provious 

results on final state scattering we carry out a similar sort of 

approximation. With p2 w2 9 

(M ) 
fi 	abs _ 
	m -m 	( co) 

	

1 2 
	 (56) 

1 
	

2q. 	d wl 2 

   

2 (w)   i2  co w w 
0 4 

16  2 w. 
(ml+m2)-  

which should be compared with equation (18). The slight difference in 

the integrands would disappear if we consider the antiparticle diagram in 

addition to the particle diagram contribution (18). In (21) the point 

interaction model impliedA(w9 w) --A(w,w) up tow. O, where w was the 

external and cothe intermediate energy; since there is no reason for not 

putting,frt(co 9w) 44,(w,c0) , apart from w being an integration variable, 

this would imply403M =j4,(wilwI) i.e. that the physical elements are 

constant up to a cut-off. 
J.C) 	,1 	,N1,( w) / 

vAotr( 0  

Writing M (W) . 	
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s
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- W + is 

ml m2 

or precisely the some thing as before. 
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217cq 	4g. 	dw 	ga  

(59) 

we 
larger as the final state scattering becomes smaller. This means that the 

principal part of the integral and therefore the parameter c should be 

somewhat insensitive to the amount of final scattering. 

2q_ 
	. o --) ie that the cut-off energy becomes 

( 	

1 (  

59. 

In spite of the obvious oompnriec,n with ±ho provious work, (57) provides 

us in principle with a more powerful method of calculation, as the intespal 

can be explicitly evaluated ifX 	is known. For instance, let us 

suppose that the production amplitude is structureless -nd that final 

state scattering is pure S-wave, so that 

i6 g e 	sin 6 	ga 
•PA-(w) - 	 

2q /co 	1 - 2iaq  

Strictly speaking we should replacej404 by Re 4(W), bedause it has been 

assumed to have no complex singularities. The f.s.i. amplitude becomes 

2. 	Axiori7,tic Thoo57y, 

In this sub-section we shall transcribe Jackson s work(25)  into our 

which tells us that 

own notation and will compare it with what has gone before. At the outset 

we will only let one pair of particles, 1 and 2 say, interact strongly 

in the final state. By the Lehmann, Symanzik and Zimmerman reduction 

procedure, one may cast the amplitude in the form 
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< 1231 AB > ▪ = 	f3  ▪ < 	12 1J+(o) 1 o > fAfB 

<1231 M 1AB> = if3+1d4x f+2(x) < 1 1(x) [j2(x), J+(o)11o> fAfB  

(60) 

Here J(e) is an:affective current consisting of retarded commutators, 

which may itself be derived by reduction, and which depends on external 

invariants, while ji  Is the current of particle 1, viz (04-4)V2(x)-- j2(x) 
if particle 1 has integral spin. The neglect of an equal times commutator 

will be discussed later. 

Im-<1231M1AB > = 2 f3fd4xf2+(x)< 42(x), J+(ollo> fAfB  

ip
2
.x 

2 e3f4-2 	fd4x o 	<1(x),In?<nl,f'.(o) I o> fAfB rt. 

I J+( 0) I n><n1j2(x)1 

Translational invariance of Heisenberg fields represented by 

c2(x) = e+iP.x 9(o) e-iP.x 
	

(61) 

allows the space-time integration to be carried out. Hence 

Im <123IMIAB> =  (27)4ee 2 3 2 ( 4><n,Iff(0) I 04(Pi+PrPn) 
n 

11e(0)1 n><nli2(01c>61r (Pn+P2)/ 

(62) 
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The second sum in (62) vanishes because the matrix elements can only 

be <1 1J(o)lfxi71 J2(o)i o> and < I j2(°)1 >. 0 . In the remaining sum, 

if pole terms do not exist, 

Im M (123,AB) = 
2 f 

d4pnd4pm 
n,m 	(21)2 64(P1+P2-I)n-1)m)<1  I 2(0)1 n 

><n IJ  (o)lo> 

'+ 	'n 2
..m  2) 

b+ 
  

f 
`'
_
m  2

-11.
1n  2
) 	(63)  

n 1  

\ ': yen n = 1, m= 2, 

p+,12,..m2)6( 2_m2)  
Im M (123,AB) = ---- 	d4q.  <1 h (0)1 q ..><q le(o)10>6( 2 	1'2 	12 	11  `cl. "m2) Im 

which is the same as (28) apart from< q121J+(o)lo> being the physical 

amplitude M and not the production amplitude Mo. 

Hence Im M (123,AB) 	
oy 	 d 

X12 	e (1'2', 12) M (1121 3,AB) 	(64) 
8zw 	4 

This is nothing more than a familiar restatement of the unitarity 

condition on the transition amplitude in the particular form used by Jacob 

et al. Expanding in partial waves, and proceeding as in (51) 

Im M (123,AB) 

* 
( 	 7C CO  ) 	1_ J 

< 	X2 11°6)1 7\1 
M 	

4 
.9 	2 	(2j+1 )Dra.Ca12) 

2 	 < Jm X.11 7\2  31111AB > 

Because there is a dispersion relation in just the energy
2  invariant and 

no other, by assumption, 

Im <jm A.1  h2 3 WAB> 	z 12 	(0) ki?-2>*< jm 	.1\- 3 I kB 
742/ 	 (65) 
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Watson's theorem now follows trivially if a proper diagonalisation of 

the final state amplitude is carried out so M3(w) = 2ei jMsin 8 (w); 

for Im Mj  having to be real means that the partial amplitude Mj  has the 

6° phase factor e1  J' ie -Ghe phase of the amplitude is simply the phase of 

the final state scattering. 

3. 	Omnes Solut_on the N/D method and the equivalence with Formal  
Scattering Theory. 

In writing dispersion relation for each partial wave Mom, we will 

lump all the effects from other intermediate states into a real function 

Cjm  which moreover will contain the equal time commutator term that was 

previously dropped in equation (60). Thus, 

Im Mjm  (s') ds' 
jm  (s) = Cjm  (s) 	— 

	

s' - s 	is 	(66a) 

where Im Mjm  (s) = 	2  •{M j  *' (s) Mjm  (s)} 	(66b) 
4 	PIZ/ 	12,   

The label p is to denote the base set of two particle helicity states 

which diagonalises the S matrix elements of the pair. In order not to 

cause any confusion with the 5 particle amplitude we put a suffix 	to 

the final state scattering amplitude. 

The essential features of the solution will remain even when we 

specialise to the S-wave interaction of spinless particles. 

1 	Im M(s') ds' 
M(s) = C(s)   9  Im 11( S ) = 	M1*( s;, 	) 	(67) 

s'"'"S"-le 
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Jacob, Mahoux and Omnes(24) have investigated this problem, with the 

subsequent intention of applying the solution to Tx interactions in the 

ABC experiment(5°). Since Im M (s) = e-is(s) sin (s).M(s), the Omnes- 

Mushkelishvili(7)  solution is 

g(s) 	C(s1 ) ei45(st)sin6(st) ds' 
M(s) = C(s) 

	

	 (68a) 
g(s') (s'-s-is) 

1 	S(s0 ds' 1 
where g(s) = exp 	 (68h)  

s 	S — 

If the many particle intermediate states cause C(s) to be a slowly varying 

function, the solution is well represented by 

M(s) = C(s) g(s) 	 (69) 

which is the solution adopted by Jackson
(25) 

A few words about the relation to the 0 method: 

Chew and Mandelstam(53)write the solution M(s) on the ratio of two 

functions, the numerator N(s) having only the lefthand cut (none in the 

case of (67)) and the denominator D(s) having only the righthand cut. 

Clearly D(s) is just [C(s) g(s)j -1  

The equivalence between the dispersive expression (69) and the field 

theoretical or Watson expression (25b) is obvious once we realise that the 

phases of each are thesame along the self same cut so the analytic function 

that describes them must be unique. 



v 	1 
to -1 with a discontinuity and a R.H. one from o to 

VI-1 
with the discontinuity 2,11). 	 ., therefore the function 

64. 
We reproduce Jackson and Kane's paper(23) which demonstrates this 

equivalence explicitly for pion-pion final state interactions. Putting 

q2 = V in pion mass units we have, 

dispersively, MD(v) = MD(o) el4 v 

and field-theoretically , Mw(v) =  

00 

6 (VI) dV i  

o 	/ v - 	(70a) 

eio(v)  sinO (v) 	(70b) 

Im M (V) f  
Now Im 1M (v) 	= 2 

'(,1)1 

Since the function CO has two cuts, a.L.H. one running from - 

1 
I` (v) - 	 +i I 	v  - 

M (v) 	v+1 w 
cut from -00to -1. 

cot 6, is analytic except for a branch 

Application of Cauchy's theorem yields the dispersion relation, 

Po 

F(v) 	F(o) =  
(v I+ v )  V I — 1 

dv i  

   

2 

    

. 	v 
• • 

v + 1 

     

cots = F(o) + 

 

	 log VT); tr17-1 (71) 

  

+ 1 

   

which is simply the Chew-Mandelstam effective range formula obtained as 

an approximation to thier 00 method solution by replacing N by a constant 

i.e. from (70a). This establishes the connexion between (70a) and (70b). 

(Jackson has also shown the equivalence for the SchrOdinger and Dirac 
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equations). 

In the reaction pFd -111e-  .4-c+ n, Abashian Booth and Crowe(50) 

observed an enhancoment of tr. 41.1.-coo co+lon when the pions were in a total 

isospin state 0 at low relative momenta. A.B.C.(50) and Truong(51) assumed 

that this effect was caused by strong S-wave 7uc scattering in the final 

state and by application of the non-relativistic Watson enhanc74:ntivf:rmula 

obtained a best tit with a scattering length of about 2 pion wavelengtho. 

The data has since been reanalysed by Jacob, Mahoux and Omnes

( 

 

sophisticated cal(Julation (based on the dispersion relation (70a)), who 

reduce this value to about 1.5, corresponding to a pion-pion coupling 

constant of 7\.= - 0.2. What this means essentially)  is that an a =1.5 

in the relativistic formula (70b) can fit the experiment quite well. 

This value moreover agrees with the work of Hamilton et al(54'55)  on N7T 

scattering. 

4. 	Disporpion Relations fox ov.oxlapping interactions..  

We have seen that final state interaction of just one pair of 

particles is defined by the dispersion relation (66). Difficulties 

immediately arise if we try to extend (66) as it stands to other 

interactions, because 	and m are the angular momenta of a special 

pair of final particles. It is necessary to retrace our steps and 

rewrite the dispersion relation as 

m(s12)  = C(s12) 
1 	V.12(sI ) ds' 

st 	s12-1  
(72a) 
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M
1
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2 
(s;0', other s) 
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e-1612 sin 612 

	
12  M(sij's1A's3A)  

4•2t 

012 (s) - 

66. 

(72b)  

(72c)  

  

d 	' 

   

87cw 	47c 

if we retain the s-wave part of the interaction for an analysis near the 

production threshold. 

We follow the model of Peierls and Tarski(27)  to postulate the 

dispersiOn representation for sjiAultaneous final pair scatterin8sand 

later show its formal equivalence with the perturbation series obtained 

in the previous two chapters. Because it is assumed that the majority 

of the structure comes f.s.i. , we will neglect the dependence of the total 

amplitude on the momentum transfers, which means that we are picking 

out the j./37 0 partial wave in effect. Thus we assume 

+ 	E 	1 I  9(12(s') ds' 

123 cyclic 7c 
perms 

with 91 • (s) = e X612 sin 12 M Fs12, 523(  '12)  s.31(  L._ 4 7t 

(73b) 

The virtue of this Peierls-Tarski model is that it allows V..ij  to be 

explicitly written out; referring to the appendix, 

2s 	s = 2s (m2  2)+(s +m-m)(s s m)+C(s 	s m)C(s m m)cos0 
13 12 	12' 1 m3 	12 1 2 	AB 12 3 	AB' 12' 3 	12' 1' 2 	12 

/ 2 2\ is 4.m2_m2 s  _s  2ms 	m2 m2)coso12 
2s
23
s
12 	

.,) = 2s12km2+m+k 12 1 2)/`
( 
 AB 12 

w
3 s129m3 	12' 1' 2 

M (sid = c(sid 
s' s

12
-le 
	

(73a) 
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where C2(x,y,z) = x2+y
2+z2 -2xy-2xz -2yz. 

L - 
e i612 sin 612. s12  

9(12(812)  =  	f 	d(s13-s2_) M 
3 	(!12's23'83-11 

2C(s.....,s 	m ) (s 
AB, -129 23'C' 124'm2)  L+ 

(74a) 

1 ( 	\ 
- s with limits L+ (sAB's12) 	1 2 50112 -m

2 
 I 	--;2  C(8AB's12'm) C(s12,m,m2) (74b) 

If one does not confine oneself to S-wave final state interaction, then 

the generalisation of equation (74) is 

L 

9I12(s12)  = 	
(s13 	S23)  

327z 

-s I M(s12's232s31 4
2(s129s13-s239s13 23)  

(75) 

This construction has the advantage of giving a very dear picture when 

referred to the Dalitz plot (see Appendix) 

For if we construct a set of three 

Cartesian systems centred at 

the symmetrical point 

2)  
812=s23=s31E so-  7 

( 
`SAB'm1"112'1213/ 

by defining 

yk= sii-so  2)(k  ski-sij 
FIGURE 25.  

the model can be compactly written as 

M(x,y) = C(x,y) + i=1 y.-y.-16 
	167z2 C(sAB' o s +y.,m.) 

	

3 dxt. dy! 	
* 

	

1 1 	
M j (yi;xi,4) d(A 	) x, sA2 

\ 
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or C(xly)-1- j_ 	dr xidy.i 	ji6(4)Sill A (lr ) 	/ 
7L 	0 	

l 	2  

	

 	M(y. xi' 
s
AB 
) (76) 

i=1 	Y.-Y.-lc 	C (s 	s +y m ) 
I a. 	AB' o 	i 

if s-wave forces predominate. In subtracted form, 

M(x,y) = M(o,o) + 

3 
yi 

e i(5(4)  sin 6 (y ) 

 

m(4949sAB)  dyidxi  

    

1=1 

 

2 
C (sAB' o a 	' +y. m. ) 1 1 

 

y.1(Y.
/  

1-y.-±E) 

summarises the dispersion relation model for s-wave f.s.i. 

Peierls an0 Tarski carried on from equation (73) by assuming that 

particles 2 and 3 were identical and did not interact together, They 

were then able to solve the integral equations in the static limit m
2 	0. 
1 

and obtained 

m(sid = 2 g(s12)g(sAB-s12) 	g (s13) g(ssas13)zg(s12)g(s13) 
	

(77) 

with g(s) defined by(68b). The above can be regarded as a lowest order 

perturbation solution in 
1  - , but nevertheless does show that M ... (enhance-

ment in one channel)(reflection of enhancement in the other channel). 

5. 	The Interaction Solution 

The dispersion relation (73) which defines the model was first 

obtained by Khuri and Treiman(33) in connexion with K- meson decay into 

three pions, and we later study that particular problem. There they 

could more or less justify the use of (73) by examining the axiomatics 
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of the retarded products which iiivolv,3,d tho three pionio fields and the 

weak Lagrangian causing the decay. The detailed axiomatics of the five 

point function are much too complicated, and one must have recourse to 

the sort of argument proposed by Jackson. 

However, one way in which we can render the model plausible is 

to show that the iteration solution is formally similar to the perturbation 

series given in Section 2. In order to do this we consider the 

unsubtracted representation (73) and keep on substituting the dispersion 

relation for the total amplitude on the r.h.s. 	so 

is . . ds' 	M. jJA. . ds'ds" 
M 	1 + 	

z2j.  i ij  +••1 

13  L_ 

	

	(s ' -sib — —is) s '—sib-is ij 	sik 

The connexion becomes transparent if we collect all terms such as 

(12) + (12)(12) + (12)(12)(12)*..and write the sum of these integrals 

s M112*(s) ds/ 
as 1112( s) = M

12 
 (s) + 	1112()  

s 

which is essentially the dispersion relation of the Bethe-Salpeter 

equation. M12  is the full and M12 
 the 1 particle irreducible .implitude. 

Then 

  

/ 	/ * 
ds' 	M. 11. 	ds' ds" 

+ 	 J 	2 2 	ij ik  

  

M(sii )naC(sii  

 

+ 0 0 

 

	

s -s.. 	different 	(s1-s. .)(s1- 

	

ij 	sik)  
scatterings 

 

   

[or M f...0 M (production) 1 + single scattering + double scattering +,.j 

on making the correct identification. 
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Having established the relation with the field theoretical series, 

it follows that if we obtain an approximate solution of the dispersion 

equation by keeping up to the first iteration, we will be doing nothing 

more nor less than calculating up to first order in final state 

scattering in the field theoretical context, since the validity of both 

solutions depends on the assumption that not more than one pair 

amplitude is large. 

6. 	Final State Interactions and tho Dalitz Plot.  

We recall the fact that the population of events within the Dalitz 

plot is propoional to the square 

The axcs is w]ch a description are 

to the same thing, a pair of final 

of the invariant matrix element. 

a pair of energies or what amounts 

state s-variables, such as illustrated 

in Figure 25. We must be very cautious before drawing any conclusions 

as to the nature of f.s.i. when we examine the density of points within 

the boundary. For let us suppose that in the first instance that 
Il i 2 

appears to be constant; now it is easy to imagine a Chew-Low production 

mechanism, which on its own will give rise to some structure, followed 

by a strong final state interaction (see Figure 22) which happens to 

remove that particular energy bias. 

Certainly if one has good reasons to suppose that the production 

does not give rise to asymmetries and that it is effectively a point 

interaction, then one can make more definite predictions. A pole term 

2.-1 
of the form g(s

12
-p ) will be apparent when g is close to the 
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. threshold (m1 

 +m) and shows 1.1;01.f in an enhancement towards smaller 

values of s12 
- but this is not easy to separate from a rescattering 

graph (with a scattering length approximation) which gives the same type 

of enhancement, unless g and 	are accurately known. There are 

numerous cases however, in which we know that pole terms are absent 

7C Y, •o• scattering. The rest of the discussion in this section 

is confined to such problems and (29) can be adequately used at low 

energies. 

	

2iq 	e  i  sin 6 
Typically we need to consider the term (c + — ) 	 

2q/ w 

and it is clear from this expression that an analysis of the Dalitz plot 

must be carried out in terms of the a. and not s.. variables. (This -13 	3.3 

important point has been put forward by Sawyer and Wali(34) with 

reference to =interactions in w-decay). Depending on whether the 

interaction is or is not resonant the term can assume the two forms 

21q. 	 2iq 
c+ — 	c+ 

F- 	2i q 
w 	and G= 	2 2 

w  

1 - 	 co -c6 2iq 

a 	w 	wor 	w 

Nowtherelativemomentumqij
_of a given pair ij can be related to 
- 

the kinetic energy Tk  of the remaining particle k, from the kinematics 

(see the appendix). For a total available energy = m1
+mfm

3
+Q
' 

sij  = (mk)
2 
- 2UTlic  

g 

(78) 
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%2 	/ (m1  +mj  ) +2km.+m.) Q - 2 m +mj  -1-rr

K 
 )Tk  at low energies 

. 2.. 	 (8ra.m.)2  
• . 	,13 	(s.  112_11,2 2_, IZIri2 -1 	

1 	[I. oij 	 1 	ji 	4  a. -; 	
)T 

j 	 j . . 
a.0 (m 	 j 

2q. 	1 	8m.m. Q 2 • where p k  - 	
1 

(M

j  • ▪ • —2-'1 	

j 

- 	a p k  ( i —tk) 

.+M)3  
1j  

(79a) 

and tk is the K.H, of particle k in units of the maximum value of 

(mii-mj)Q 	
. Similarly, because w..2  is linear in tk' 	.:: lj 	

w orij 

co • • - co 1j 	o  
2 	2 

with t
k
(o) 

corresponding to the energy of k when ij 

rESopate, and yk  being the effective width. 

It is interesting to discover the influence on the Dalitz plot of 

simultaneous s-wave resonances between particles 1 and 29  and 1 and 3. 

For that purpose, we shall need the variations of Re G and Im G as 

functions of t
k'  yk  and tk

(0) 
These are shown below for a resonance 

which occurs in the physical region. 

The gross features of the 

simultaneous interactions will 

remain even under the 

approximations c
ij  . .7z 1 and, 

of course, when the structure 

of the production mechanism is neglected. FIGURE 26.  

  

(mil-mj+mk) 

tk -  tk (°) 

'r k/2 



FIGURE 27. 
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Then (30) 	to M e t G(+2) G(t3) and 	clear that in 

a graph of t2 
 vs t

3 
the points will mainly cluster along the lines 

t
2
=t
2
(°)  and t

3
= t3

(°), which fact is extremely well known.. 

However, some finer effects can be 

perceived if along some part of 

these cluster lines, Im G(t
3
) 

has opposite FT to Im G(t2), 

as may well happen. One then 

notices a certain variation in 

density along these lines ie 

the resonance in one channel 

interferes with that in the 

other channel. This is to be compared with the literls-Tarski conclusion 

(77) which also gives a modulating effect of one resonance on the other. 

7. 	.anomalous Thresholds in 2roCluction Pi.o6essS. 

Throughout most of the preceding work it was assumed that the two 

particle cuts of each final state channel ran from the normal threshold to 

infinity. We will conclude this chapter with a brief discussion of some 

diagrams that do not meet this requirement; thus, for certain masses of 

intermediate states singularities below the two particle cuts can arise 

in the same way as the anomalous thresholds of the third order vertex 

function.(12) This fact was pointed out by Sawyer( 22)  with reference 
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to lz  prnauotion 4u A-N co1li9A4ns Q5 a po9gible complicating 

feature in so far as the anomalous threshold contribution leads to a 

logarithmic singularity at threshold. Recently, it has been shown by 

Anisovitch et al(29)  that this singularity is exactly cancelled by th© 

contribution arising from the normal two particle cut, so it is still 

perfectly feasible to expand in powers of the final state relative 

momenta. 

To elaborate on this consider Figure 28. The anomalous throghnla 

cut in s
12 

is Obtained in the normal way
(12) by placing each of the 

internal particles on the mass shell. Referring to the dual diagram 

(which is a plane fi Bwe, if the sum 

of the Feynma auxiliary variables is 

to vanish at each vertex), the 

anomalous branch point is 

at cosi= cos (a4) if 

sin (a+13)< o (pLysical sheet) 
2 2 

ie at m1+m2-s  12  

2m1m2 

2 m2+
1 mc

2 
 m3  m22 +mc

2  
sAB 

• 
2m1m 	2m

2
m
c 

2 2. - 
u 
 /s 

C (sAB911129mc)  12
9m2  19m2 2) 

4m1m2mc
2 

eittat 
d ka9rct Iv) 

FIGURE 28 
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So when 

s12 anom 

sAB 

2 	2 
m1+m2+  

(m1"2)2"--3 

im24.212 
` 	1 	c 

2 2mc  

(m1--tn2 	+ ) fm2 m2_m2N  
` 1 3 c/' m1  

_m2_m  2,  
3/` AB 2 c ) 

r(sAB-14- m)2-414mc2i2  2 L.` 2mc  

12-1 c (m3 	c 

\ 
which is a complex singularity in the physical region sAB,>(m c)

2 
 . 

complex 	In a Cauchy integral the contour of 
0(.k'Ne 

integration has to pass round this complex cinortA400u; 
iuk v% umrrolti 1/4

"A 1+ `1).2. ',,wwca cut 

	

	singularity which marks the "anomalous cut" 

before following the normal branch cut, and 

the representation will be 

- 
(m1r2)2  disc Manom(si)ds' disc Mnoimal(sr)dsi M 

3 s, 	s s12
anom 	

(m1"2)2 

Disc M
anom(s) is itself the discontinuity of the absorptive part and 

according to the Landau-Cutkosky rules(910) is evaluated by placing 

every internal line on the mass shell. (Equivalently disc Mhormalbecomes 

\\ complex when analytically continued past (m
1+m2)

2). It gives rise to 

a logarithmic singularity which precisely cancels the one arising rrom 

the normal branch integral(12) owing to disc Mnormal 
disc  Manom. as 

\ s -,>(mi+m2)2 Because Sawyer assumed incorrectly that disc Mnormal 	
0 

his conclusions as regards the diagram with 1..2...A.IT,B..c..3.Nl are invalid. 
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CHAPTER IV  

PION-PION INTERACTIONS IN K DECAY  

1. 	xporimental SitunetiOn 

Until it was realised that parity need not be conserved in weak 

processes9  the decay of the K meson into two pions (6 mode) and into 

three pions (t" mode) remained a mystery. It is custoaagy now to invola. 

CP or T invariance as the constraint which governs weak interactions, 

and this appears to be quite adequate so far in its explanation of 

experimental facts. A great deal of literature is to be found on the 

subject of the noci-leptonic decay of the K mesons a good summary of the 

situation up to 1:)57 is contained in the review article of Gell-Mann and 

Rosenfeld
(31) where it is shown that all the evidence int- decay points 

to a totally symmetric T=1 isotopic state of the 37N
(3o) which we shall 

take as the starting point of our analysis. 

There are in reality two 

'C.- modes, t s 	+ - 	IN
+ 

K-
+  + 	+ IT- 

which we differentiate according to 

custom by a prime index. Owing to 

the fact that there are overwhelmingly 

45) more 17 than t 	( a  events - we will 

evidently be dealing more with the former process in attempting to 

ded'ce the A-  -7% interaction. In the appendix is shown the Fabri-Dalitz 



plot of the three pion kinetic energies (t in units of their maximum) ancia.. 

discussion is given ther. 	. Again we follow common practice in 

attaching the suffix 3 to the unlike pion. The latest experimental 
1 

evidence(45) shows that IM 12  is an increasing function of t3 with 

a slope of about 50%, and all other structure is simply not present from 

the statistical point of view. 

2. Isotopics  

Barton and Kacser(44) stress that the assumption of the symmetric 

T=1 final state is much weaker than making use of the6T = rule, which 

indeed may not always hold; only if we wish to correlate the K- to the K
o 
2 

experiments does the AT= z  rule come into its own. The notation of Khuri 

and Treiman(33) will be adopted because it is so neat and compact. We 

affix the isovector components ay 131/ to pions 1,2 and 3 respectively; because 

we may imagine the decay to be parity conserving with the K-vieson as an 

isovector with T3  =+1 ' 
we also give it a labe3p. Then we can expand the 

matrix element in the form 

.p,1  B(s2_,s_ 
M  0,13.1(s239831/s12)= A(s23031 /$12)5pa6

7 	3 31°12 )oppfeC(s23,s31,s12) 

opy6a0  

(8o) 

Bose-Einstein statistics means that under the typical interchange, 

2 .E-1. 3, p 4-4y, M should remain invariant. Therefore we have the 

symmetries 

A (23/-s319-s12) 	ji s23°12)  C(s12°31 ,s
2.3) etc... 	(81) 

= 	= 
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We may projoc* 	magi "ti  amDltiA4anc by giving +hp 

valuos to 0,437 Y  . For instance, 

+ I 
Mc' 	< 7C

0 
 IC

0 
 7C 	M IK+ > i-<7C 

3' 3' 
7L
1 	2

'MIK1
-FiK

2
> 

apnrov ,latp 

1 
2 	 C [M1331 — 1211332 + M2331 + M23323 	= 

Hence we have 

= A(s23,s31,s/2) 	B(s23,s31,s12) 
23's31's12)  

11.1=(s239s31/812) 	= C(s239s319s12)  

which means that a knowledge of M I, is all that is needed. 

M(s239s31/s12) 	= 17- /s12's.),1's23) 	"1" 	1111(s23's12's31)  

(82a)  

(82b)  

(82c)  

In the above we have used the three relativistic invariants to 

describe the kinematics, and these are linearly related to the kinetic 

ellergiesaccording tosij =(m-A)
2 - 2MTle m is the mass of the kt and 

we give all pions the same A mass since we are attempting to explain 

just the gross features. The relative momentum of a particular pair of 

pions is related to the kinetic energy of the other pion through 

= 	. 	44
2 

= ( -m02  4clia2 	10 	41
2 
-2mTk  2m (T-Tk) 

T - 

2m T (1-tA) 
(m_1.02 - 42 

"Ir 	50 MeV is the maximum energy. 

(83) 

  

2m 
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As it happens, the Q value of the reaction ,'4"75 MeV, so in units of the 

maximum, t +t +t 1 2 3-  2 • 
The factor 2qii/ulii  recurs in the work and because 

we may put wij 	2p so 

2 / 	2 , 	/ 	/ 2 _ 	2/ MT 0 tk)/211 = r ki-t) 

with p 2  t 0.64. 

3. 	Calcul7.tion of tho Matrix Momonts.  

The simplest way that we can set about the problem is to attribute 

all structure in the spectrum to interactions among the pions in the final 

state. That is to say, the production gives no preference in energy to 

any pion iewe are visualising the effective interaction Lagrangian 

= g 	d  ) Qt d  where g is a weak coupling constant. ,‘ 

14
ova01 = g6 	+ 6 pa 	Py 	pi3 	+ 6PY 

6 
(IP
) (85a)  

Of course, the pion-pion scattering is given by (53) 

m  1.(o) 11(2) _3.( 	act,  pi ap+2 (1/(1)
+m
(2))60,1(15 oto4.(14(2).41(1))(5at pool°,  

(85b)  

where M
(0) 

and M
(2) are even in cos8 while M(1)is odd in cos8 - this 

follows from crossing symmetry. M (T)  is for an isospin state T. 

is never large, 

(84) 
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The evaluation of final state scattering was accomplished in 

Section 2 and 3. The details of isospin are now important and typically 

we must consider the final state scattering between 1 and 2 with 

absorptive part, 

st(„01(12) 	d2-12 1.   

cOP' 	4 9t 
/ 

MPal WI(co  12 12) 
M 
 1alWaS(c°12°12) 

rOmt 	 •••••• 

3 	 / aR 
(m(0)_m(2)\6 	l 3‘  im(0)..m(2)m (5 

+ PY  

d S2 s 	12 

4i 

(m(o)_11(2))  
aR PY 

i (m(2)+m(1))(opaap +vy 	
(5PAP) 

+ .01 (m(2)...m(1))(6 PP ?a 
	'a 

6 	
A 

+6  6 
PY A 

+6 
 Y a 

6 P) 

d4 j. 12 

47C f-23 M(c))(W129.&1/2)-  2314(2)(w12°12 
6 

 a(3
6 py+M(2)(w 	

12 
6 +6 6 

tPa PY PP), 

which means that only the s-wave scattering contributes. This is not in the 

least bit surprising and might have been deduced immediately because the 

production amplitude is completely symmetric between the pions On making 

the usual partial wave decomposition, 

.„ (0) 	 .(2) 

A (12) g. 
ea131 	

871412 	"12 sin' 12  
t3e 	sln'12 3 e  - 	el 

2 	12(0) 
n6 	+e sin • ;512 . 

2 
q12 

[..,,p6„_
I 
 6  6 

Pp Ya, (86) 
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co..ij  

M = 2g 

81. 

?(2)h  
u 	

7)Jr A 	 i] 0 .  
Mpaoy(12)'240F) 	

4. 	(87a) 
' 3

F 

12 jo,05py 12 L
a  A
paupy

+ 	o 
 ya 

where 	
6(T) 

a. 	(co..) 

(r)e  
	sin 

F.. 
 

2q. ./(A). . ij ij 

(87c) 

(T)
(wid 2iqii  

CO 13. . 

 

(87b) 

 

   

if a length parametrisation is a good way of describing-nil-scattering. 

Adding all the diagrams up to first order in final state scatterings, 

A = g 

B == g 

[1 

L 

.i. .2 F(o)2 F(2) 	F(2) 	F(2) 
3 23 	3 23 	31 	12 

• F
3 	3 
) ▪ 2 F

31
) - 

3 F31) 
4. F12(2] 

2  

C 
4. F(2) 4 F(2) 4.  2 p(0) ... 2 F(2) 

23 	31 	3 12 3 12 

  

From equations (82), 

F(2) 	1 (cF(o) 4. F(1 .1.  1 
12 	g " 31 	31 	g (5F23) 4. F)  23 

(2) • F(2) 	2 F(0) - 2 F(2)1 • F
23 	31 	3 12 	3 	12 

(88a)  

(88b)  

We should add that c is in reality a function of 24(1/0), and taking 
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the view that it is constant at low energies goes hand in hand with the 

length parametrisation or any other that is adopted (eg a resonance formula 

as used by Mitra(36)). 

If we use (83) then, 

(T) 
F 	(co. .) A 

e r(c + ip(1—tk)2) 	 4Tc  
- 	1 1 (87d) 

1 	ja2  p (1^tk )2 	 p (1""tk)2  

The deviation from a constant being small, we shall expand about 

the symmetrical point t =t =t 	J 
1 2 3 2 ° 

1
M(t) 1 2 	ii+F(42. 0-1Fa-12  . 1+ 	m  

1 + 
F(t)-F(i) 

But Re F(t) 
ac 	1+ ac 

2 2/ 	\ 	1 2 2 - 'Ha p k I -t ) 	1+-za p 

2 2/ iv a p kt ---011+ac) 

(1+2rja,2)2  

and Im 1.F(t) -F()1 

1 	 i 	
1 

ar0
apf.,+aci 

-t)2▪ (1+ac) 	(1+ac)1,;i: ap(i-t) 

1,..a2 p2(1_t) 	1  2 2 	p2a2) 

i 
because near t=i (and only near there), (1-t)2;;;:- 	(i -t). 

YG 

In the denominator of (89) we can replace F(i) by its real part without 

undue error because it constitutes the major part. Hence 

M( t) 	2  

M(i) 

a2p2(t_i)  

 

1+ac 

12 

a2p2 (
2 
t)2 

    

( 	p2a2 ) 2 

 

1+ac 1+ p2a2 

1 + a(t-i) 
	

(90a) 

2 
(89) 
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where a - 
2a
2  p2 

 

1 + ac 
(90b) 

   

(114r,Fa2)2 

 

1+ lac 

Therefore, in detail, and normalising to 1 at the symmetric point for 

decay, the Taylor expansion gives 

,2 
M 	= 4 [j 

1 
a2(t3-D+ (i 	g a2)(t2 2) 

(i a'o-ga2)(t1-2)] 

= 4 [1 + 	(a
2 
 -a
o  )(2t3  -1)] 12  

(91a) 

2 

	

Mr•I = 	1 	a2(t1-2) 	a2(t24) 	(i ao-  3a2)(t3-)  

	

= 	1 + i (ao-a2) (2t3-1) 	 (91b) 

2 2 
/ 	4 	+ 2 , ) 	

2(1+aTC) aT p2 
with L1+- ca - 	 (91c) 3 	2 	3 a"ol aT (14  aT2 

i 
2)2 

The branching ratio 7.7.'371 	3-ir is 4 and the ratio of the slopes is 
(3S) 

1 : -2. Both these results are consistent with the T = 2 rule, but 

do not imply it, The a factors which appear in (91) look something like 

the Khuri-Treiman factors at first glance, but on closer inspection they 

differ appreciably and most especially in the power of the scattering length 

4. 	Comparison with Experiment,  

The latest experiments tell us that the difference a2-ao  is 

approximately 1.2, and this statement can be converted into one which 
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involves the scattering length as soon as c is given. Now a nucleon 

mass cut-off gives c ";:t 1.25 so allowing it a little lat tude, we shall 

let it vary between 1 and 1.5. The solutions to 

(1+a2  
c)a2 	(1+ a o  c)ao2 
	r 3 	A 

I 1 + 	Ca +2 ca 
(144 c)2 	(14a01)  2)2 5p20 L 3 23 ° 

will be plotted in the range laT l 

Referring to Figure 29 where they 

are graphed, we notice that when 

a
2 	

0 there is a strong 
r%- 

destructive effect in the first 

order scattering and l in that 

region, the second order effects 

should make themselves felt. 

Therefore the solutions in the 

region a2,4 0 are not consistent 

 

FIGURE 29. 

   

with the approximations. With a2> 0 we can crudely write a2  - a
o = 0(1) 

which compares very favourably with the first order iteration solution 

of the dispersion equations: a
2 - aor4t0.9, obtained by nuri and Treiman; 

on the whole, it inspires us with confidence in our treatment of final 

state interactions. Another pleasing aspect is the way in which Thomas 

and Holladay's solution(32)  drops out. It is marked T.H. in Figure 29; 

at thatpoint a2,'z'1 and aolz - 0.2, so I +TO.  scatter with a = 1 while 
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Goatt3r wii11 a- o, w?lic11. is proci,c1e1y the assumption they 

make. 

a
2
-ao

c:',1 is really rather obvious, as the enhancement takes place 

when the W
+
W
+ 

'stkck together' 
(32 - 38)s this can happen if W attracts 

7T 	much more so than it does Ti or else if 7‘74.  does not interact with);
+ 

but repels A.-. The trouble with this conclusion is that it is in 

disagreement with practically every source about 1T forces and especially 

the ABC experiment where a value a
o
1::1.5 is suggested—therefore the T=2 

interaction would have to be even more attractive and thiSis extremely 

unlikely, to say the least! This contradiction has been well summarised 

in a recent paper by Smith, Browse and Stork.(43) 

5. 	Lodols; for Hosbh Doctiz.  

We are obliged to .;oEtcludo that the original model on which the 

whole calculation was based, is fundamentally wrong. Barton and Kacser(44) 

who incidentally give an excellent account of the dispersion theory, suggest 

that the production Lagrangian (which comprises nucleon-antinucleon loops,) 

contains derivative coupling : 

= gA-4) (&.C) g2(  Y-k:3129117)  q1.11 µ 

They go on to show that, g2/g1  being an unknown parameter, the first 

bit of information about 	comes from the quadratic dependence of the 
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WaLri= ,-,1 0morlt 	t- 
	!WC ov-otabo 	is impvc,041-0.3,  by .44,y.  

anything in this respect: 

FIGURE 30.  

On the other handy Riazzuddin & Fayyazuddin(39)  and Beg and 

DeCelles(41) consider specific P-wave models for the decay (see Figure 30). 

Beg and De Celles prove that the e  contribution predominates over the K 9  

and then break up the model further in the manner of Figure 31 to 

calculate the magnitude of the linear coefficient with remarkable 

agreement. This type of model is very much in fashion now and has been 

applied by several people(46-52) to the problem of Ko  and 1 decays. 

W  

FIGURE 31.  



PART II  

CALCULATION OF THE NATURAL CONSTANTS IN PSEUDO-SCALAR MESON THEORY. 
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ABSTRACT. 

By expressing Feynman diagrams as dispersion integrals with a 

finite cut-off we calculate to lowest order the renormalisation constants 

Z1,Z2,Z3 and Z4 
of pseudoscalar meson theory, that is, with the 

interaction Lagrangian, 

g jy5vc 
	

h 04  : 

By setting each of these Z equal to zero we obtain the approximate 

solutions g
2/4  ;It= 0 (50), h/16 9t = 0(0.5) , phil 0.5 for uncharged 

mesons, and g2/4  7E = 0 (20) , h/16 7t = 0(0.05), µ/m 4, 0.5 for charged 

mesons, (when p/MX0.15, g2/47cf--.1 3, h/16 7ez-0.04 ) with a cut -off of 

about 22 nucleon masses in each case. 
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INTRODUCTION 

One of the outstanding problems of modern times has been the 

question of what distinguishes an elementary from a composite particle, 

At last it appears to be resolving itself, and the answer seems to be 

that since every particle is as elementary as every other in practice 

it is pointless to contemplate the question. This notion was put 

forward by Feynman as an "impotence principle", and finds its expression 

in two contexts s thus in S—matrix theory the forces which act 

between sets of particles can give rise to poles in the amplitudes 

whose positions are identified as the masses of the ensuing bound 

states (13'19); in field theory it has been suggested by Salam(10), 

Weinberg(13)  and others
(56,57,59,61) that the same indistinguishability 

criterion is realised by the vanishing of the wave function and vertex 

function renormalisation constants, making the Lagrangian of the theory 

"null" in some sense. More recently Rockmore (64)  has demonstrated the 

equivalence of the two approaches in the lowest order of a perturbation 

expansion. 

Therefore, the setting of each Z equal to zero will provide 

equations for the coupling constants and masses of particles and 

presumably if all particles and their associated quantum numbers are 

introduced, we should only obtain the actual physical solutions. As 

an interesting exercise we may suppose that all the particles in 

nature are fermions and pseudoscalar bosons which interact via the 



conventional Yukawa coupling g: lry5 	and we obtain the set of 

three equations Z
1,293 

(g) 	0. It is well-known, of course, that all 

these renormalisation constants diverge in perturbation theory, but if we 

include a finite cut-off A, we may well be able to solve
(62) 

Z 

1  9 2 9 39 (g 9E  9 	) 
M M 

(In order not to make the calculation too arbitrary, we choose the same A 

for each constant). 

Naturally, every Z is an infinite series in powers of g
2 and the 

simplest thing we can do is to terminate it at g
2, although we have no 

justification for doing this other than the curious fact that this 

procedure almost always leads to sensible answers - this is sometimes 

explained on the basis of the nearest singularities being the most 

important. At any rate the fact that reasonable answers do ensue 

justifies the method a posterio-i. Next there is the problem of how one 

must introduce the cut-off in a more or less unique fashion, Thus we 

cannot proceed in the standard manner by separating out the divergent 

from the finite part because such techniques rely entirely on A being 

so large that various theorems on shifting the origin of integration(5)  

can be used. Rather, we express the Feynman diagrams through a dispersion 

representation by the Landau-Cutkosky prescription(9'10) and in this way, 

appears only in the final integration over masses - the dispersion 

integrals will be nothing more nor less than the Lehmann spectral 
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representation(4)evaluated to lowest order in g2. Even with the 

question of A settled, there remains the difficulty of whether to 

calculate 2i, through the -JelpresentaLion in the 	of the 

femiun or boson, Ue havo selected the 7.a'utor with both fereilons on '611,. 

mass shell because it is the more symmetrical, and estimate the correctio:i 

to Z
1 
if the asymmetric representation were adopted. 

Next we consider the effect of the meson-meson scattering terms )2' 

which are requisite for a proper renormalisation. Regarding these 

contributions as small perturbations (which we know them to be, in practise 

because h is small) we estimate them up to first order 	h. In addition 

to 
Z1,2939 

 we have another renormalisation constant, Z, at our disposal, 

If we make it vanish too (as this again makes the Lagrangien null) we will 

be provided with an extra equation, and all in all, 

1\ N 
(g" m4 'm 

h -) = O. 
2172,3,4  

In attempting to obtain the solutions of the above equations, we 

observe that Z2 and Z3 
are independent of h (at least in so far as first 

order effects are concerned). Hence we have computed g
2 and iqm numericail 

in terms of 4/M for the range 0.001 4 11/M 	1. These results are 

inserted into Z
4
=0 to obtain h as a function of µ/M. From this we 

calculate Z1 
(actually the rough range of values it may cover) in terms 

of p/M, and where it is zero we have a solution. We find that p/M must 

exceed about 0.3 for this to happen and g2/47c increases very rapidly from 

40 to 100 (µ/m-1,-." 0.6) to infinity. Therefore we estimate the solution to 



g2/4  7C 
	= 0(50), A/m ';:t 0.5, h/16 	= 0(0.5)2 /N/in 	2-3 

91— 
be 

although the situation is not very clear- (vit 

Finally we introduce the ordinary charge properties of pions and 

nucleons viz. we specifically assume that the boson is an isovector and 

the fermion an isospinor which are coupled through 

g 

 

 

The only modifications that arise are various numerical factors multiplyin& 

g and h. Proceeding in the same way as in the neutral case, we have hero 

a much more clear cut situation and the solutions become 

g
2
/4  = 0(20), h/16 = 0(0.05), p/m 0.5 and A/m = 0(3). 

In fact when p/m:= 0.15 	g
2/41; ~ 13 

Thus if we believe that a theory in which every particle is equally 

elementary is characterised by the vanishing of its renormalisation 

constants, it follows that a charged version of pseudoscalar meson theory 

is favoured (since a solution is decidedly easier to come by) and the 

comparison with the currently accepted values g2/4ir X15 and 7\. (Chow—

MAndelstam constant(52))= —h/16cz —0.2 is embarassing.
1  In fact one 

must criticize the results as being too good in view of the nature of the 

assumptions and approximations that have been applied to obtain them, 

especially as a similar calculation for quantum electrodynamics leads to 

e2 Z. 0.8. 
4,K 
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CHAPTER ,I 

DISPERSION :REPRESENTATION OF T7E RENORMALTION CONSTANTS. 

. 	, 
••••...1-1... • 

The field theory of neutral pseudoscalar mesons interacting wi:6h 

fermions is specified by the Lagrangian 

/ 2 2% 
(P) =: 	) lif % 	-P 	- -Fog "1; 1* 	

4. h p 

	

0 0 	0 	0 0' 	005.0 0 	0 0 

The o suffices correspond to unrenormalised quantities; the renormaliseC 

quantities (which have no suffices) are then defined by the substitutions, 

1 	1 

= 	*9 	= zV , Mo = 111-6111 , P
2
=1-1,2-CIA

2 

g
o 
- Z

1
Z21 Z-31/2g'

ho  = z4z3  -2h. 

* .01, (P) =.II(/-m)*:+mp2-g2)pf 

+ 	(z2  -1) iii(11-m)lv-z2sin +(z3-1)V(p2-122 )9/4--z3(5[12v0 

+ Z g tql1r9f +Z4 	 (lb) 

In the method of renormalisation as given by Matthews and Salam(3) 

one works with the renormalised quantities from the very beginning. Thus 

from (lb) we have the vortex factors Z1g, Z4 
 h and the propagators 

	

1 	 1 
A(k) -  	, S(p) - 

z2 (i-m) / 2 2 	2% Z
3
kk 	+ p ) 

The constants Z
21

6lia and 642  are chosen in conjunction with the four 

primitively divergent diagrams (meson and fermion propagators, vertex fo. 
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meson-meson scattering) in such a way that all infinities are exactly 

removed, Thus 1-,f.Th all radiative correoions iroludcd, the complete,  

functions are 

(k; 
Z
3
(k2-ti 2 	z + 	t)  i(j)  

S'(p) = 	
1  

Z
2 
 (/-m+ m)+ 2*(p) 

g r(p9 PI ) = Zig + g A(P9P1) 

hil(k1k2k3k4) = Z4h + hN (k1k2k3k4) 	 (2) 

* 
where, II

* 
 ,2 	,Hand N signify the respective corrections to the 

meson. 2-pt function, (quadratically divergent), fermion 2-pt function 

(linearly div.) 3-pt function(logarithmically div.), meson 4-pt function 

(log. div). Making two substractions in E and 2 (at the particle mass) 

one subtraction in A (all particles on mass shell) and one subtraction 

N (at the symmetrical point with all mesons on the mass shell), and 

choosing the subtraction constants as follows, we have the Dyson equations( 

*(P) 	-611Z2  + ( 1-Z2) 	 f(p)  

n*(k) 	sp.2z3  + (1-Z3 
)(k2-122) 	(k2-112)2 11;(k) 

)4- 0.c2-112)Afk(P9P!k)+(r.2—m2)Afp(P,P',k)+(P'2m2)Afpl(P7P TA) A (P91*()17  (1—Z1  ( 

	

, 2 2. 	/ 	2. 
12,3,31ksii711 ) N's (kr) 

N(kr) 7",  (1-Z4) + 2 Lki-t )Nia(kr)+ 
i=1 	 ij 

(3a) 



• 

91, 

	

82 	1 .,, 	,-- . 	Z2 can= --2 (m) , 	Z
2 

= 	, 	I i , 

	

Eri) 	P='11 

K 	.)t 2 Z
3 
op'',  = - TT 	Z

3 
 = 1 - an __ 	j 	k -1,1 2 2 

a2 

I1 . 1 -11(m,1,1,), Z4 
- 	_ N (3r.  ,2  ,,;(2  4 )  / 3, )3 - 	(3b) 

so, by choice, 

S'(p) = P-m) 1 +(i-m) II; (P)11-1  

(k2-112)11  f*(k)ci  Ai (k) 	[k2-µ2) 11 + -1 

r (pa. 9k) = 1+ (k2--12)Afk(p,pt ,k)+(p2-m2)A(paik)+(ipt 2-m2k fpiklf; 

N (kr) = 1 + 	(4-112) Nf ki(k ) + 	2 	(s. .412)Nfs. . (k ) 	(3c) 

	

r 	12,23,31 1°  - 	r 

* * 
If there are no corrections, then of course 2 I n 	A and N all vanish 

so Z. = 19 m
2 = p2 = o and the perturbation calculation starts from here 

by expansion in powers of g2 and h. 

2. 	3cs-on Self Energy 

Up to order f4 where f stands for g or h we would need to consider 

the graphs in the figure below 

- 	- 	- 4- - 	 _ 
2 	2 114 g2h 	g

4 	g4  
0 

Up to first order in g2  and subsequently to first order in h, the first and 



95 ,  

third diagrams rorlain of which th.J 	just a constant which_ 

cannot affeol. 	Thus we need only .:temp, 	-6he single term in 7,..i.gure 1 

is 

2 -ig 

	

	
• 

J•d4p Tx  Y-5(\4'
4-1 miT5(144-m) 

(27)4 	[p2-4P- k) \ 22J -m  

FIGURE 1.  

(27)4 	Cr2-m2Nr_k)2_m2]  
	 (4) 

The singularity in 11 arisosfrom the denominator and is obtained by a 

pinch of the contour of integration(12). io the branch point occurs at 

k2=4m2 when p2=m2 and (p-k)
2 
 =m
2  . Across the normal branch cut the x  

discontinuity is obtained by the replacements (p2-m2)-1  --> -27i6  

(k_p)2_m2 	
-27d.6 (k-p2-m2) according to the Cutkosky rule(10)  

0 .  • 

2 
__2\I0(p)6(0:p2 m2)  - 1 imrr(k2) _ 	 4p.kp2_m 

C 	
( 2 7T) -5 	

a 0 (k-p)d4p 

 

 

2 
	 0 (k2-4m2)  f 0_420} 

81, 2 	\ 

 

(5) 

The evaluation of such 4-dimensional integrals is shown in Appendix 

Writing down the usual dispersion relation with a cut-off A2, 

. 2 -1g 
d4p 	  4 (p2-p.k-m2) 

E*(k2) = 1 
7C 

A2  
.1 
4m2  

m rr(K2)alc2  
and using (3b) and (5), 

K2-k2 -ie 



K(K2-4m2 )1  
dK2 

FIGURE 2. 
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(6)  

(7)  

2 	A 

Z3 
6/12 	- 	.1 

8 	4m2 

A 2 K(K2-44 

•T: 	

,2 c, 
8 - 	4m2 	

(x2_r,2)2 

Equation (7) will stay unchanged even when the g
2h diagram is added, 

although (6) is altered, of course. 

3. 	Fermion self energy.  

Up to order f4 there are thL, graphs 

4r. 	 , 02 	 0 	 ‘12112  

and we can discard all but the first diagram for our purpose. 

-ig2 

E(P) = -4 d
4- 	 

- 2 2 	N2 21 
(21r) 	-k -m 	 P-k) -11  

mA(P2)F / B(P2) 
	...... (8) 

From equation (31)) 

on1Z2  = -m [A(m2)+B(m2)'] 	........(9a) 

Z2  = 1 - 2m2(1Aqm2)+T(m2)] 	B(m2)...(9b) 

and we can therefore determine Om and Z2 
from the integral representatio 



Sk.po(k2-m2)0(k) (,)( p  _k2 _112)8( p  _k )d4k  
(2i)3p2 

Im B(p2 ) - 
2 

g 

g2 A 2 
Z2 = 1 

32 gt 2 f 

(K2-m2, 22)2-4m2p 2 

K-4  

1 
-0 

[11 

2(K 2+m 2 )  — 
2 dK (13) 

   

(K2-m2 )2 

  

   

(m÷11 )
2 

and. B 
E (/ p) * \ 	ig2 	 4 s   

fk,...11:21 k,p)2_,a23 

ct. qc 
J 

p (27r) 

By the Cutkosky prescription, 

2 
Im A (p2) 	---g so  (k2-1112wk)(50-k2_112wp,_,k )d4k  

.7Z 	 (2r)3 

2 
E -  ( ,,2-m2-112)2 	12  4m221 

‘-v  2 2 	
EP2-(111+11 

16 7c p 

97. 

\ 

2 

32 7c 2p4 

Hence from (9), 

2 	2 	2 	2 2 2 \ 2 	2 2',  
P 	) 1p -M 	) ".4M 11  [P -011+11  1 ) 

ImA(7_2 ) 	im B (K2 ) dK2  o m Z2 = 	11-1  

(n1+11  )2 	K2-m2 

2 	_1- 
A 

	

g2ill 	 t(K2_m2_0.2)2_4m2p2} 2  
1
12 

, 	\ 
f 

[1  + 	
dK2  02) 

. 	‘ 

	

32 Tc2 	km+A)2 	 K4 	 le_m2-.1 
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Of course theBe results are p.cecisely th080 obtained by Lehmann from a 

perturl !I,tim: exp(-lr...3i on of the spectrp,lcHp((~8~ntation for the propagator'. 

EqiJ~tioJ.lS (12) am:'!. (13) do not need any uor:.cuc·i.,ion up to first order in h..: 

4. VeTt??C }i'unctfc5n 

Here the relevant diagrams up to f5 are 

and just the first two will be the ones to calculate. Now the most 

symmetrical way of obtnining a dispersion relation for the vertox functim. 

is to investignte the analytic behaviour in the momentum square of the 

boson with both fermions put on their mass shells. Alternatively, we co·\.' 

make one boson and one fermion roal, but besides being unsymmetrical, we 

expect the same rssult for Z1 at large A as in the symmetrical treatment 

(Z1 is essentially unique at 00 cut-offs). VIe must mention that our J\ 

may not turn out large, so the result for Z1 is certainly ambiguious 
.I 

--- this ambiguity would be true in any treatment of the vertex part. 

K 
of Figure 3 is 

,Y S (J1-}L+m) Ys (J1-¥+m)y s 
~P t-k)2_mik2-f1 ~gP_k)2 -m~ P~~ 

A ,'f, 
FIGURE 3. 
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.* • u(pt) y5u(p) r (q2)- 
2 t,113')y5ukPi f d4k 

 

k
2 

21(p_Q? 

 

(2,04  

 

. 2 	k2d4k 
or 	I ;C) = - 

(2,)4 	[(p ,  -k) 2-Ark2- j 	b11 -k) 2-,21 
(14) 

The integral (14) has a normal branch cut starting at q
2= 4m

2 and the 

discontinuity across it is 

2 	 , 2 
" 	 4 b 	_ f 2 

-1- Im r (q2) - 	 f d4kekk -2p.k)0(p'-k)0(k-p). 	A11, 22 1 1 v kn. 	p.K/  
7C 	 (2 103 	 k2  -p2  

Referring to the appendix, 
2 " 	dt 

1-- 	r (q2) -  	 f 	 ge_4m2) 
(2703 4111 

2_q2 2 V 4-4m q 2 4 	t-g2 
q  

g 	0  kg
2 -
4m
2.  

cl.2-4m
2
il
2 2 	f 	

) 

16 7c
2 ' t. c1.4_4m2g.21. -'2 p _

or m2 2 p log 	 
fµ2 

 

2 
K2-4m2+µ22 

2 

= 	
g 

c A 

2 	

K2-4m2-p.2log- 
t-1  
( 

2 
1 + 	  

	

16n. 	
4m
2 	K  (K2- 112) (K2 - 4m2yi 

Z = 1 - 11(112) 

-15 

(16a) 

dK2 

As stated already, we obtain a different ZI  for finite A when we 

write the representation in p2 with q2 = 11 
2 and p'2= m2. In that case 

we obtain an integral with a threshold at p2 = (m+p.2  ) which will give 



Z1 / 1 1 

100 
2 2 even when A 4m • 	Wo Lava oalculaed the absorptive part 

of the form factol and it is not partie)AlarTy enlightening to work out ZI  

in terns of it because it is extremely coilapifLoated. Instead we will 

(..1time it roughly s follows 
2 
g 	A2 

We know that as A -4 au 9  Zl -7-2  log -7 and that as 
i67t 	m 

A -5' (m4-4)2  1  z1 -9 1 . Therefore since 

	

2 	4m
2 

g 
z 	4. 	 

16rir 2 

(1+02  11   

((K2) dl? 

 

Y(K2) dK2 

   

K2-(m+p)2  
4m2  

K2_ (m11.02 

we will assume (16) for the integral above 4m2. We are left with the 

correction 2 
2 	„ 4m 	, 2. 2 	2 	

2 
g 	 kIC-)dx- 	2m g 

161-2 
	, 	log ( --) , because 

K2 - (m_11 )2 	16-ft`' 	m + p 

(m+11)2  

log (-;767) 	has the right features at 670  and correctly vanishes at 

threshold. Hence we cliAlely obtain as the asymmetric renormalisation 

constant, 
g
2 	2 

Z
1 	

Z
1 
+ - 

1671- 2 
log 	

2m) 
( 1 6b:? 

Expression (16) needs to be corrected even up to first order in h, 

by the graph of Figure 4. However as this correction is supposed to be 

2 

P 
 
k k' IY 
) 

kr, 

FIGURE 4.  

small we will just attempt to estimate 

it in a rough and ready manner. 



g2h 
• r (1.2)z 	8  

(270 	k4k'4(k-)2  

k.k' d4kd4ki  
for large k and k' 

g2h 

(2 	• 
48  

i7C 2 ) f 	1  2 

K4K" (K2  + K'2) 

_K2d(K2 )K,2d(Ki 2),a, 

101.  

11(P') 
g3h d4kd4k' U(p')(1Z-m)1,(k-m)u(p) (e)u(p)

(k2--1.112 	2  (k2 -.n.2)rsk-p. 2- (2 8 	) 1 3E(k-k4)-,li71!-4)  

In o-rd to evaluat 	I, we adtiply the exp:ves:2ions on each side by 

u(p)1p5  u(p') and sum over spins. 

TrCyr(q2)(Hoy5(ii-m_l 

(2.2r  (c12)  

-g2h(44kd4k'Tri-y-m)'0.-m)(i+01,5(10] 

(2,2)1 (k2-m2)(1e-m2fk-p)2-42-Lk-k)2-pW.:Ip 

-g2h dkA [7142(k.ki-m2)+m2(k-k).q+kl.qk-p-k.pk 

(2w)8f (k2-m2) (k2-m2) k_021Ek_421 2_
11  

In accordance with our object, we retain the leading term in the numerator 

and use the standard Feynman precedure of introducing the cut-off by 

rotating the contours of integration to i,e along the imaginary case. 

A2  
log 

8W2.167r2 	9 112 

where we have put the lower limit at 9p2  immediately, by analogy with the 

lower limit in the dispersion representation and by the same seasoning 

as (16b). We must remember to add (17) to (16) in the event where we do n 

g2h 
(17) 



h
2 	A2 

0122) 
4 ds' h2 

N 	= 	
1  (4702 	4122. s' 4p  s - - 2 3 (4iv)2  

(19) log 
41
22 

1020 

neglect meson meson scattering altogotLex, 

11..Json-T.Lon  

Up 6c1 f' 	thu sc:b nf 

',C • — I „ / 	 / Si --` / 	\ 	 / 

h 9 	 3 

nd only the first two come into the reckoning according to our 

approximation. In the computation of z4  we will put all the mesons on 

the mass shell. 

The first diagram (Fig.5) is of the 

self energy typo and has the matrix 
• r2 

element 

x 

-ih2 	1 
N(s)= 	 fd4q._ 	2  

(a5)4 	Lq -1.19(1) -c1)2  

h2 

. • 	ImN(s) = • 
'7C 

 
(2 	

(4/1)2 
.a(s--4t 

FIGURE 5 

(18) 
2 

h2 	A 

.6. N(s) = 	9 

	

( 4 -KY- 	2  
4 

114 42 

s' 

ds' 
SO 

S' -s -is 



ana of course this must be muitinlied isj Lecause of the 't' and lu' 

channels. 

Next; we /mast ,:onsider Fig.6. 

We iflubt 	tha'6 the 

internal meson propagator is 

/ renormalised ie doubly subtracted. 
'• -' 4. "s• 

0 .=  [9.2_42+( ci.2_112 rf3efq -1 
\ 

„* . 
fs the correction is -ftf(q). Thus, 

-ih2 	nf (c1) 
N(s) = 	---Jrd4q 

(2)4 	
(p_02 _122 

g2 	A 2 
But from (5)9  14(q) - 

8 2  2 4m  

 

FIGURE 6 

  

     

(20) 

K (K2- 4m2)2dK2  

    

(K2-42 )2(e_e_ic  

  

h2g2 	
2 

A 

2s 	J 

"tk-7-7 
. . 

1 
1m N(s)-  	

7t f(s_.
'''
2..K2)2_4 K  ,. 	 dK2 (s-b+K) 

	

(27C)38-1C2 4m2 	
2_112)2 

.6. 

• • 

N(s) - 

N(4112 ) 
3 

	

2 	2 

h2 	g2 	4 	A 
K(K2  - 412 )i--11 

2...K2)2_4112elii 

ds' 2 	f dsf  f 	dK2 
2 	2 2 	. 

	

(47)2 	89t 	(2m+02 4m2 	(K--µ ) 

	

h2 	2  
A 2 	A2 

s' 	(sr _ s-iE) 
(21)  

(22)  log 	log 
(47c)

2° 
8  gc 2 	

4m2  (m+12)2  

and there are altogether 5 more such terms as (22). 



4 a Z
11 + log

2   (1+6)2  
(25b) 

1014. 

For the sake of reference we add t:riat the Chew-Mandelstam constant 

is related te our h by- 
h/161 	

X, since i is the negative of the 

scaUterig amplitude at the symmetrical polnt. 

6. 	Summary ,ff Results and Isos;in Eodificntions,  

. Ii; is convenient to introduce the abbreviation a.--g2/ _2 p=11/16TF 

y  = 1.1 2/ra21 z A2An21  in terms of which the equations for the renormali-

sation constants read s 

Z
2

= 1 

Z3 = 1 -a 
(x2-4x).  dx 

c 
 ' 4 	(x-Y)2  

, 

r z 	 2  

4 (14167)2 x2  

 

(23) 

y (x+1)  

(X'1)2  

 

dx 	(24) 

 

(x-447 
x - 4-y log 	 

Z
z 

1 
a 

1 + 2 
J4 	(x2-4x)2(x-y) 

z 
dx aplog( 

4y 
(25H) 

• 
) 

Z4 .t.'" 1 - 3p log 	
z 	

aP log (7 )log 	 
z 

4Y ) 	 (2+67)2  
( 2  

Notice that we have inserted the same cut-off in every integral to make 

all Z. dependent on the 4 variables ct,P, y,z. There is no compelling 

reason for this and we have only done so on grounds of simplicity, besides 

which it would otherwise be impossible to make any further progress. 
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In order that the model bo as realistic as 7)ossible we insert the 

normal isospin properties of fermions and boson: i.e, we specifically 

assume t!,:,t the isovectoz- hosol and isosu:_nor *ermion are couplmd throurzL 

the Lagl-aligAan 
	

h'; 
	

)2  

The modifications that result thereby are simply various factors and 

they are easily obtained as follows : 

(i) Pion self energy  

In addition to (4) we have the extra factor 

. TT 	17S 

- 
6 

T 	
rs • . a a . 

V2 	V]  

(ii) Nucleon self 

a -4,  a 

energy  

3 a, 

(iii) N N vertex 
S 

This acquires an extra label - 

the pion in ex r. 

Now 
V2  

rr • 	 1 -a. 	• 	• 	1/ 4)., 

2/-.  

S E tA 
The Pion-pion scattering correction requires 

the computation of Y
rstu 
tst 	u

-
VG (2 	VT 

	5 V/ • 

= h (<:,+ 	6 + 	r 	/2/2-- 
5 

rs to rt su ru st s t u 
2,1/ 

. . p 	-5(3. as well. 
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( v ) 	SCATTERING 

 

v 	u 
/* \  

,>, --....  
9,' 	

.. _ _- 	---,'. 
Nirsi 

The mat 	element has 4 pion suf} 	now 

b. c-  (8 S 	S 	5 	)(8 S , • 	 g +8 
rsvw -Vivat 	rS VW 	.7I'YV gor 	PW SV' VW U 	VU wt 	vr.; wu' 

h2 (7&
rs
Stu + 2 	S + 2 S ) 

rt su 	rust 

Together with the 't' and 'u' channels, M.M = 11h2  (W4. 88;4,  &46) 

.°. 3 p 	113. 

If the intermediate pion lines are 

corrected to lowest order in g2 then 

because a, 	a from (1) and a 4) 

factor turns up in the pion propagator, 

30 	11 p still. 

Therefore isobaric spin 

to change to 
z 

Z3  . 1 - a 
S 

 
4 

3a 	•-z  

causes equations 

/ _4x)2  
dx 

(23),(24),(25) 	and 

y(x+1) 

(26) 

dx 

(23)  

(24)  

(x-Y)2  

-3T )2-4Y1 

8 x2  2 (x-1 ) 
2 

(1+6) 

'4 ._.--V 	/ ix 
V 	A 

/ 	

Si 
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- 4 + Y 

Z 
cz  x - 4 - y log 	x  

*-1 4 	(x2-4:(x-3r) 

 

3 IC , 2 apn,i og(---) 
9Y 

(25s 

a 	4 
zZ 	log 	 1 	1 	4 - 	rm2 k1-4 y) / 

Z 	= 1 - iv log() 	22a(3 lob( )  log 	 
r- 2 

4Y . 	4 	(24.1ty) 
(26) 

The computation of the natural constants a2 P and y is given in the next 

section. 
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CALCULATION OF  THE NATURAL CONSTANTS. 

1 	Itrict1y4 of Soluion, 

Let us recapiu.lat the way in which 	lenormalisation ,Ionstantl 

have been calculated; firstly, it has been assumed that a calculation 

to lowest order in g2  and h is a good approximation to the truth; 

moreover we have adopted the same cut-off in each of the divergent 

integrals, a procedure which is open to criticism. However, that 

the solutions do come out with the correct order of magnitude rustifies 

these approximations in a manner of speaking. 

Bearing those assumptions in mind, we attempt to solve the set of 

four equations Zi=o from (23) - (26), first for neutral and then 

for charged meson field theories. The integrands are somewhat 

complicated -and we have therefore evaluated all integrals numerically 

for the range 0.001 -$-1, which is the one of practical interest. In 

the first instance we notice that Z
2 
 and Z

3 
are independent of P, so VIC 

determine, a and z in terms of y through Z
2
*Z
3
= o. Inserting 

these values into Z
4
=0 will enable us to evaluate the rough value of 3 

and we may thereby estimate the magnitude Z
1 
to Z'

1 
 of the vertex 

function renoruialisation constant. By seeing where the latter vanishes 

we will have arrived at the required solutions. 



2. 	Numerical ComputtThn TP the TirGec:IItie, 

Wail° it is certainly possible to derive closed expressions for 

the integrals in (23) and (21), th6y ;:ill be much too long ant 

A. .dhen all is c-  did dud done, it is .,41.1,AL oimpler to evaTua 

them, as well as (25), numerically, arZ, this we carry out for the 

range 0.001 4y'-.<1 . We have to consider the three integrals 

z (x2-4x)kx 
ft 	

( 	
(27) 

4 	
x-y)2 

 

12(y,z) 
s  z 

(14„/02  

t(x-1-y)2-4y) 

2 x 

F J(x+1 
1 	 (28) ) (x-W- 

1
3  (y,z) 

11(y,z) = 

z 

4 

x-4.4.37 
x -4-y log 

(x2-4x)i  (x-j) 
dx 	(29) 

and compute them numerically up to z .-- 25. Thpse are given in the 

tables below and have also been graphed for corvenience. 

TABLE 1.  

y 
z 0.01 0.05 0.1 	0.3 1 

5 0.05 0.44 0.04 	0.03 0.02 

6 0.136 0.130 0.118 0.094 0.063 

8 0.314 0.307 0.284 l  0.241 0.179 

10 0.472 0.465 0.436 0.382 0.295 

15 0.797 0.790 0.761 D.677 0.560 

20 1.057 1.049 1.021 ).930 0.805 

25 	' 1.262 	i 1.255 1.226 D .135 1.010 



0„31 1 0,.05 	0.1 	0.3 [1 
1., 
1 

Y r 0.009 

0.597 0.582 	0,4 1 	o.350 0.159 	° 
077,1 0,?.56 	0.595 	(L510 ().287 	J.015, 

0.029 0.905 0.741 0.650 0.408 0.0993 

1.17o 1.153 0.983 0.888 0.625 o.2451 

1.374 1.351 1.178 1.080 0.807 0.3851  

1.744 1.727 1.543 1.443 1.160 0.7281 

2007 1.990 1.806 1.703 1.418 0.95? 

2.222 2.205 2.021 1.918 	1.623 1.1481 

110, 
TABLE 2 

TABLF, 3.  

z 0.05 0.1 0.3 1 

5 0.065 0.067 0.07 0.10 
6 0.161 0.165 0.22 0.243 
8 0.351 0.357 0.425 0497 
10 0.519 0.526 0.60 0.709 
15 0.849 0.861 0.945 1.104 
20 1.104 1.116 1.205 1.389 
25 1.304 1.316 1.410 1.611 



1 

3. Solutions of the Equations. 

(i) Neuti:1 mesons. 

ThedeliendenceolfaandzonyfromZ2- = o or 413rI2, 

tbulated al well as 13(y,,  (uttainod from Z4 	and 7,1  (y). - 

quantities have also been plotted in graphs 19 2,39  and 4. 

, 
1 

' 0.005 0.01 0.05 0.1 0.3 1 

L

y= 

1= 0.268 0.257 I 	0.198 0.160 0.065 0 

8.2/4.77=  23.4  24.4 	1 31.7 39.3 97 00 

z = 7.17 1 6.4 5.9 4.8 4 

R= 
4 
0.040 0.046 	: 1 0.065 0.108 0.240 

h/16ii- 0.126 0.145 0.204 0.340 0.765 00 

Z1 = 0.67 0.65 0.53 0.06 -0.95 ? 

ZT
1 
	= 	3.00 3.03 ' 3.06 2,68 3.10 7 

Therefore Z1 vanishes when y:10.1. At the same time g
2/411-  shows 

a very sharp and physically unreasonable increase over this range, 

and we deduce that if a solution exists, it must be g2/47. 0(50)9  

h/107.. 0(0.5), 	. 0(0.3) with ( h/m)2A:'2.3 . 
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(ii) Charged Mesons.  

Z2=2,3=o implies 8 7  13- 12  now, We proceed just like in (1) and 

plot s-2/4-r; h/16w  z, Z1(y) versus 3' . 

y = 0.005 0.01 0,05 0.1 0.3 

= 0.515 0.508 1 il 
0.408k0.310 0.120 0 

g 	Ti= 12.2 12.4 15.4 20.2 52.4 

= 10.0 9.9 8.6 7.5 5.3 4 

0.010 0.011 0.015)0.021 0.062 cap 
; 

16; 0.031 0.035 0.051 	0.066 0.195 - 

Z
1 
 = 0.51  0.52 0.50 0.47 0  ? 

z,1 	. -0.09 -0.08 -0.10 -0.2 -1.1 ? 

By inspection of Z1,g2/4r= 0(20), h/16-rt 
= 0(0.05),µ/M 	0,5 

with Alm = 0(3), and this solution is decidedly more clear-cut than 

in the previous case because g2/4W is finite and has a comparatively 

small variation over this range of 11. 

4. 	Coneralisationiland Conclusions.- 

In contrast to the neutral theory, the solution of the charged 

theory is straightforward to obtain, and therefore it appears that2=o 

favours the normaliT-N isospin properties. In fact the magnitude of 
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the calculated Yukawa coupling constant at the physical mass p/M Z 0,159  

i / s g2  /4.7.13, which is altogether too satisfactory: (Actually 

- h /1611-  =-0 (0.05) does not compare too favourably with the 

e,ari.ent value of -0.2), 1.',,,J have not tried to answer the question as to 

whether the solutions to second orderin g
2 and h - the equations Zi=0 

become biqu-i9ratic in these variables - are maintained, since the 

calculation is several degrees more difficult than the one given in 

this dissertation. Also, we have avoided all reference to the 

deuteron, it) and(..) meson resonances for the same reason. 

With the apparent success of lowest order perturbation theory as 

applied to thelTN system, we might attempt to do the same for another 

self contained theory, quantum electrodynamics. The photon mass is 

of course assumed to be zero and gauge invariance leaves us with only 

two renormalisation constants Z2and Z
3. To lowest order in e2 and 

for very large cut-offS A , these are the well-known expressions(5), 

2a 
Z
3 
= 1 	[log z + .5.j 6 	 (30) 

3 
a 	11 	:1 dx] 

Z
2 
= 1 - 	['log z + --- - 4 

2 	2 	o 	x..,1 	(31) 

where Q = e
2/ 2

' 
 z = A2/m2  , and m is the electron mass. Discarding 87  

/ 	\ the infrared divergence and setting 22.3=0 we arrive at z=0k106) 

and e2/4w = 0.8 which is out by a long way: In this light we must 

view the meson theory results as rather accidental. 



APPENDIX I  

NOTATION AND KINEMATICS. 

UNITS AND NORMALISATION 

We follow common practice and adopt the natural systocil of u.dis 

whereby h = c = 1. The loss of two dimensional units which allows al] 

quantities to be expressed in terms of a length L or inverse mass, is 

offset by the simplicity of the ensuing formulae. Because action is 

dimensionless, the Lagrangian space time density has the dimendons 

C4-1 = L-4. From the construction, 

= 	+ m2.42 	\ 

	

y ) 	ki•g—raP,V4 etc. 

it folIws that the dimensionalities of boson and fermion fields are 

ui1 . L-1 	. L-3/2  

whence we may deduce the dimensionalities of coupling constants for 

various interactions : 

(i) = 	E fj = L 1  

(ii) tt= dc144 9 	[g] = Lo  

ePpreoc, 9 	[0] = L°  

(iv) *i:co* 	[a] = L2 

(v) of= h04 	L°  

As to the question of notation we maintain 'up' and 'down' indices 

with the metric 
111, 	1-1 	

O  
—1 	µ = 0,1,2,3. 

—1 
0 	—1 



Thus a.b = a bP  = a b 
g Y 

= a b 	a. a. = a bo 	a.b 
o o 	o  

	

Our y matrices satisfy 	
11 
	1,-= 2g 

and the Dirac equation reads (il
4

)* m(x) = 0, where 

1) 
x 	b70 xi 	

i3x
2 	

Ox3 

The other eleven linearly independent matrices (apart from unity) are 

1 5 	):1 	243 ) (r1-07- 0 125 1:1  I 	45 	
‘.1 
1295  .  

We shall not have occasion to use any particular representation, and by 

Schur's lemma we have the similarity transformations, 

g
+ 

= A/4A-1 	, 
A
+ 

= A 

^, 	-1 
..1 11 	

= -BytIB 	, B = -B 
$ 

 

A c+B. 

"1 	* 	"1 
= "CY C 	C = C 

112  

Then the adjoint and charge conjugate spinors are defined as 

t+A 4 
* 

= 	 = 

Next we consider matrix invariants and traces. We define / = 

so the Fourier transform of the free Dirac equation is (i-m)u(p) = 0, 

(4m) v(p) = o. 

u and .v are the +ve and -ve energy solutions. Because p2-m
2=o, 

la+  will be taken to be the 1st and 2nd Columns of (p+m) and 	will 

be taken to be the 3rd and 4th columns of (11-m). 
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By straightfor'Vvard application of tJ18' defining relation 51 we have 

Ir,-, L Yfl yvJ = 4g~l V 

Tr [ ] = 4 (g g - g g - g g ) Yll Yv Yp Ya Il v- po -Ilp va J Il a v p 

with traces of an odd. no of y-matrices vanishing. 

T,r [Y5 YIlYv Yp Ya ] 

tensor. 

= E , the completely antisymmetric ' unit 
Ilvpa 

Tr: [Y5 Y Il Y
v
] = 0, by the group property of the l'f' matrices. 

Finally we shall carry out Fourier transformations in such a way 

that all the 2'ff factors are associated vii th momenta. The result is that 
d t;·f;i 

we are always concernod with factors such as -4 and 211 S (p2_m
2
). 

( 2f\) 

The normalisation of states in defined through the completeness relation 

of free particle (in-or-out) states, 

2 2 
2~(p) o(p -m ) <ps A. I 

+ 

I I I J 

ie < l:s A E.,s A. > 
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This ma:,* 1),e Achi ey4 lr the t97- Ptilikati 	.ferictua 9to-keat41-4m3/ 414-4-00114 

c(p) 

4-* 
= 	lim if d340-(x)Z0  

4 	
e 

x - o + 
o > for boson fields, 

a+ 	 -ip.x o> for fermions, 
•X+ (R) = 

lim 	d3x Tif(x) y u (p) e Yo 
x 	+ .0 

0 

- b 	lim 	A.  u2 d3Iv) e ip. yo-qx) I o > for antifermions, 

if 	< ° I V (x) I 
p> = eip.x < o I 	(x) I p X> = u(p) e-iP°x  

THE PROCESS : A+B = 1+2 

Although the kinematj.Gs and phase space for the four-point function 

are exceedingly well-known, we shall discuss it briefly for the purpose 

of elucidating the notation that will be used later in the five-point 

function. We shall not direct all our arrows inwards, for the simple 

reason that when we afterwards investigate 

final state effects we will be working 

asymmetrically anyhow. 



p1 

2 	2 
8AB+1111-m2 

( 2 	73.  
q1 2 	9P2 2q _J2 

2 AB ( 

..„ 	2 
8AB'm22 -m1 

=C(sAB4914)  

118. 
Thy tlrove Mnnael$tam invariants are 

sAB = 812 = (PA PB)2  

2 
9A1 = s2B = (PA - P1)2 	and sAB+sA1+sA2  = 2 + mB  + m1 + m2 . 

8A2 = s1B = (PA - P2)2  

In the channel A+B -0 1+2, and in the c. of. m frame, 

 

.„ 2 	2 	2 	2 

	

8ABrmA -mB 	sABtmB —mA 

 

PA = 	 2:9  PB 	 
2 %rs--- 	

2V 
AB  

 

 

  

where C is defined in (41b). 

The scattering angle can be 

given in terms of sA1 or sA2: 

- , 

2 
2 2 

s1A= (1AB i1P0q12 qABcos012+ -is- iM.2A.4)(ml-mfl2 - ' AB 
where we let 1AB  point along 

the z-axis and make 212  lie in 

the xoz plane. 

Now, in a helicity decompsotion after the manner of Jacob and Wick, 

we encounter the kinematic variables AB  and 012 themselves. Vie shall 



call CAB  nra 012  1;1:e W1c)c. ImeAshlns. 

is extremely simple, 

w  AB = V SAB , c°3812 

s +q 2 2  
1A AB +q12 4' AB 

119.. 

Th* l 1 at9 wiAil the invariants 

1 11112.i.Am2_ 
niB m2li 
2_ )2 

` 	2  

dca-  - 	 
2C( sABIrasi2,4) (2 IT)44E1E2  

M12 ( 2 ir)4 o 4 ( ...prpt  

d3p1d3p2  

2q12cIAB 

2 2. , Finally because the relativistic flux is 2C(sAB,mA,mB) The 

differential cross section will be 

1 	q,, d 2 12  

	

2 2. 	1 ml
2 

	

2C(sAB,m4,mB) 	16 lf 2 -12 

2 2 
1°2 	C (sAB'm1'm2) 

 

• 2 2) 
32  "xsAB C  s̀ABTA'mB' 

d(cos812) 

do 	'MC 

2 2 • 167c C2(sABImAlmB) 

KINEMATIC VARIABLES FOR THE PROCESS : A+B-41 + 2 + 3  

Taking the scalar product of 

each four-momentum with 

P1+1324.P3 = PA PB 

P1•PA+132•PA+P3•PA=mA'PA.PB 

P1°13B+132.PB+P3•PB PA.PB+mB 

m1
2  
+131 432+133.P1=P14A+P1.PB 

p s 	+mp D - D 1ip 2  22+  2.-3 --29-DA+-D  2.-n  B 

P3.P1+132'133+m3=P3.PA+PPB • 

or 
ds1A 

I3A 

08 

Pt 

03 



120. 
Addition of all five equations would be equivalent to squaring the 

original conservation law, 

	

2 	24.  24.  2.,.o  

	

sAB=mA-mB 	ml'm2'1113' P̀1.P2+213241)3+2133.P1 

2 2 2 
= s12+s234.831 m1-m2-m3 

which is equivalent to the subsidiary equation for the Mandelstam 

invaxiants.Asthes13 
 are not sufficient to describe the amplitude 

(5 independent invariants are needed), we add four equations and subtract 

2 2 2 2 2 f  
mB-mA ml m2-m3=2°1 432+1)2.133+133.P1-131.1IT-P113.d 

which gives us directly one subsidiary equation for 6 invariants. 

It is essential in any dispersion representation to know what 

invariant: to select, Obviously pA.pB 	incident energy) is a 

significant variable in final state interactions, and keeping it fixed 

means fixing (p1 ,p2+p2  p3  + p3.p1) and (p1.pA+p2.pA+p3.pA) . Therefore 

we may choose as our five invariants for final state interaction of 1 and 

2 or 1 and 3, 

sAB= (PA+PB)2's12=(1)14132)2' s13 (p1+1)3)s1A=(131-PA)2's3A=(P3-PA)2.  

The first three correspond to energies, while the last two represent 

momentum transfers. 

In the helicity specification which is most natural to describe the 

final state interaction between 1 and 2, the:five Wick variables that 

enter into the description aret a, the total energy in the overall b.c 

frame, 0 12  the total energy of 1 and 2, in their own o of m frame, the 

the remaining one. Thus, 
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angle 
X12 

 between the relative motion of 1 and 2, and the direction of 

motion of 3, 
and12,3 

the angle between the motion of (12) and of A. 

Here we have chosen qAB  to lie along the z-axis and a12 3 to lie in the 
,-=  

xoz plane. 

We now dete7.1Tiine the connexion 

between the Wick variablest4 
12' AB 

.a
12'0'12'

0
12,3 

and the relativistic 

invariants s
12'

s
AB'

s
13'

s3A's1A.  

Firstly we notice that 

2 2 2q. 	= C(s. .gm.9 m.) and 
lj 	1j. 	j' 

)--- 	2 2qii,k ,/sAB=C(sAB,s7;j,m), 

by the method of construction of 

states as stated in section0_ 

also that three angles which 

appear naturally in the total 

c of m system are those between 

the directions of motion of 

pairs as showin in the diagram. 

2 .,. 	2 	2 
eg.  2q129

3q23, icosp=a -23,1.(112,3-1.31,2 

gives cosP uniquely in terms of 	tix3,1  

s23, 531  and s12. 

2   Clearly s_.l_= e '12 and sAB   
= ÀB 

however, to determine s
13 

we must 
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° 	2 	2 - 
1113 

2L12 
a and 

	G.) AB 

... s13- + )2.„,m2i_m24. 
1 	. 1 '3 

1 

2  1 

2 2+  2 	2% In 	2 	) AB 12 1 2 

1_2 2)(0 
2"'m2 --7 -2smi -m2 'AB3)1-  

12 

26) AB 

U.)12 
2G° 

q12q1293cos 12 

122. 
P'n t0 	of mjralw,! 	anti 	W,Ai?fl p3  r 	3) ea3r • 

6) 	2=(,0 	\2_c0 24.m3 
 

2 2  
AB 	 1 '2 '3' - 12' +  ""3L/12 

ci12,3 

2tA 	(Q2 +ra2_m2 \((..)  2_w 2_ 2)4_ 	 B .  
2' 12 1 21 ' AB 12 m3' 	

1j12 2 
"-12-119 loo 

12$  

For later use we deduce 

1  (i,6  
AB 12 1 2 3' 

1.__(m22)4,0  2 2)  
2c.) 2 2_m 11\  AB -m3/ 

12 

210  AB 

6)12 

q
12

q
1213

cos0
12
.  

In order to bring in 0-123 we consider in the total b.c frame, , 
 

24.m2_(,) 2 	ko  2+  2 2\  
AB 3 12/\ 

	
` AB mA-mBi  

2L)  AB 

1 0(0.112_ 6.13:3.1.m23.1.mA2+923)+ 	2   (mA2_,n
-B

2 \ 
1  (-1 22-m23) -2 qABqi 2, 3c os 01 29 3 

2 AB 

Finally we come to the most complicated relation containing ec> 1 2(  323 being 

known), 
(6)  24.m2_s  ) o4  24.m2_ 2\  

s 	=(p  _p )2=m24.m2 2  ` AB +m1  -s23 ) 	AB A mBI  

1A1A 	1A 
2W  AB AB 	 .AB 

2°12391.1.41AB 

s3A= 
(1)3 -pA)g=m23+4,.. 

24) AB 
- 2c1ABql 2, 3cos0,,„ 
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and the l·~hos., wjll -Ltself involve W12 and cos-&12' by substitution of s23 

to obtain the diffei.'ontial cross section. This can easily be done in 

terms of the Wick variables by integrating over the phase space of 1 and 

2 in the (12) frame g 

5;)/ 1 
d /".= 

(2A)5 

1 
= 

The result may be expressed in terms of the relativistic invariants 

as was done for the four point function & 



ds ds ds ds d40 
12 13 3A tA 12,3 

3 3 
0 0 8129 

 q 	sinPsina sin4) 
-AB AB 	 3 239 1 	12,3 	12 

a5)(_ 	 
(270-i.2.1  

I m LI 2  

1214., 
d 	(1;-,,s13,s313,31A)

,a 	

2 L0  2c,.)AB  . ABq  12q,  •i2,3 	0  

d (E . 	
12

oos 	9 	12,39  c0s04)12 	12 	
-

) W
gABg1213.2 2391(1AB 

3,   

14  202 2-  	, 
-AB AB(1121.3'23,1'12  sin(3sin&1293si412  

61)
12 

sinPsin9
12,3sin4 

Intogl-atin ,  avert
123

nd rewriting, 
, 

 

d - 
'1\if\ 

  

s _ds ds ds ds 
	12  13 3A 1.A  

  

     

( 40..)4 

    

 

2 	2 03(s 	m2, 2)C(sAB,m_9s 	m
l'  s 
	sinPsin0 

Ali, A 	j 12)C(8AB'' 	23) 	12,3
sin'

12 

is the final result, with 8812,3 	 2 
andd) obtainable in complicated fashion 

,  

in terms of the same invariants. 

In the above way, the phase space differentials consist of five 

angles and one energy9 an alternative method is to have two energies and 

3 angles, which is extremely relevant to the following discussion on 

Dalitz plots. We carry out an integration over p3  say in total b.c. frame 

which leaves us with 

djpi  d3E2  5(E1+ E2-EfilB) d3121 102d1p) 
d5  X. 	 +E -Ld ) 

2E1 	2E2 	2E
3 
( 2705 	8 E

1E2E3(2705 	
1 2 3 AB 
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2 	21 	 2 	1 0 	

2 2  r„.1 1-.0 ) +NCH = 	+Ip21 -+ 214cos 0 + m 1  
, 	

3 

W may now c.arry out the integration over the last S function since 

d (cos 9  and the final phase space element is 

21)12:21 

5- d 	dE dE 	, which means that if energies of particles 1 
8 (205 	1 2 1 

and 2 are observed experimentally with complete disregard of angles 

(ie integration over 
4l  an) and events are graphed with coordinates E1 

and Ea 	 of c-Tents is prucartional to the modulus square .  

of 	matr.x. elekvAlt 	later fact (7-plains the inherent advantage 

of [..10J1 	plcs c';;&,• a-11. other methods of mapping' out tho phase space. 

DALITZ PLOr)!S. 

Consider the c,of m. frame of the three particles 1,2,3 having a total 

available energy (.4.). ..W. E
1
+E
2
+E
3 

and q 
+q2.3  o. Let us eliminate 

the momentum of particle 3, 

E2-m2= E2-m+E2-m2+ 2[E2-m2)(E2-m2] C where c = cos0. 3 3 2 211 	2 2 11 

Putting E.= m.+T. ands = m
1
+m
2
+m
3
+ Q , we can specialise to two cases 

(i) Non-relativistic limit (11 mi) 

Qm3-(m1T2+m2T1) - (m1+m2+m3) (T1+T2) = 2c kimi m2TiT2  

Putting (m1+m2+2m3)y = 2(m2+m3)T2+2(m1+m3)T1  

(m11-17124-2m3)*  = 2(m2+m3)T2-2(m1+m3)T1 



2(m2+m3)T2  

m
1
+m
2
+2m

3 

(vfl i* rn )-"17 
rno-int-i• 2.m3 

1* 
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./2 we obtain the equation A -- 04r2...P. where 

2Qm3 	(n11"3 Xn  2"3] A=  an,1 
( Mi  +m2+2m,) 

m1m2 

%/2  

Vm l+m3)(1112"3)  > 

1111 m2 

ie (B2-c2)y2+c2x2- 2ABy+A2=o so the locus is a function of c2 only. 

In particular for c=o, 

A 2Qm
3 

Y  B- 

while for c/o, we have the ellipse 
AB 

	

x
2 	(y-

22 
)2 

B -c  
A2 + AC 	= 1  

B2-c2 B2-c2 

The properties of the ellipse are 

summarised in the diagram. 

Transforming to T
1 
and T

2 
the 

figure will remain elliptical 

but contracted and expanded 

along each axis, and retains 

its features. Now, 

	

t 1 	2 

Qm
3 	t" 	

Qm
3 - and = 

m +m 
1 3 	m2-1-m3 

(ii) Relativistic limit  (T.Ii.m.) 

m
1
+m
2
+2m

3 

/ Here Q2  -2Q,(T
1
+T
2
). 2(c-1)T1T2 
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With Y = T
1
+T
2 and X . T2-T1,  

Q -2YQ.1(1 -c)(X2  -Y2) 
a 

ie the locus is a function of 

_ c now,When 	x - 2 

c=o,(Y-2Q)2-X2=2Q2  

c=-1,(X-Y+Q)(X+Y-Q)=o 

These high energy curves are exact only when T1 and T2 
are both large. 

The behaviour when T1 is small, say, is given by 

1 T2  = q(Q-2T2). 

The figure shows the manner of 

distortion of the Dalitz plot as the 

available energy increases. 

The form in which we have pursued this topic is decidedly non-

covariant, but now we shall reexpress the results in terms of the 

relativistic invariants. 

= (PA+PB-Pki 2 = Lul
2 	

Lk) + 
2 

= 	
2 ) -2 (.4 

2 
j.3 

or m.2  +m.+2E.E.-2q..q. . 1 j 1 	- 

As we have already seen, the boundary of the Dalitz plot is obtained when 

all three final particles are moving along the same line, ie by putting 

various cose = + 1. Hence the boundary is given by 

+ 2q1q2 	2E1  E
2  + m2+1  '2- 2 	m2 s12 

or 	4(E2-m2)(E2-m22) =(2E1  E2 
 +m2+
1 '-s12 )

2 
1 1 2 	m2 
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By substituting for El  and E2, s23  and 831  respectively, and carrying 

out a great deal of tedious algebraic simplication, we get 

[ms 4.1112s i.ms  _2m2 2_2  2 2 0  2 21 
s23s31s12'' 	123 2 3131   2 	2m3 m3m1-̀ m1m2 

, 2 2 2 + m2m2s +m2m2s + m1m9s12 em1m2
m3 . 2 	23 3 1 31    

as our final symmetrical result for the Dalitz plot. 

The subsidiary condition, 

2 
s124-s2P31- sAB ' 

„. 
m21'

4. m
2
2 	

m3 

means that a triangular 

coordinate system (with a 

triangle of increasing height 

as W increases) may be used. 

The Dalitz plot will lie within 

x the boundary sij  'O 	j m.+m-)2  . 

and must shrink to nothing as 

Q 	o. 

The Fabri-Dalitz plot is derived when all three final masses are 

equal, m say. In the non-relativistic limit, A.Q,B=2 and x = T2
-T

1' 

. The boundary equation, 
2Q 

3x
2 	(y 	)2 

	 + q 	3  
Q
2 

Q 	2Q 
becomes unit circle under the transformation x 4). 	x 	(y+ 	) 

3 

y T
2
+ T

1 

Q
2 
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It is contained within the 

equilateral triangle of ht.Q 

corresponding to the coordinates 

(T
l' T2' 

T
3 	- 
). The statistical 

distribution of events within 

the plot measures the transition 

probability, and this 

circumstance has been used in 

the investigation of the decays 

K-4 3'i 	311. 9 	etc.. 

The relativistic analogue is s12s23s31 
= (w2—m2)2m2 



P

2 2 2 

( 

m1 m2 - 1 	8 c
p2 Jni 

1 
 +m 

 2'  
)21 

. 
r m1 -=. 
p 2pmi  
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APPENDIX 2.  

ON THE EVALUATION OF CERTAIN 4-DIMENSIONAL INTEGRALS.  

SELF-ENERGY DIAGRAM.  

1 J(p2)= Sd4c1  6(q-2-m1 )°(c1)8EP-c1)2  -m2
2 	

(1°_q) 
 

We evaluate this integral in the frame 

where p is time-like. With the 

convention that in general 

k = (ko9k19k2'k3)  and 

p= (p3o9 o9 o) and 

q = (qcoshX5 q sinh)( sin8co4, 

q sinh)Csin0 sin4 9  q sinhXcos.a) 

SO 

j(p2)7111.2.. a(q2)sinhXd(coshX)d(cos6)d+. s(q2_4)vp21.q2-m22-2pqcoshX)8(p-qcos 

2 	c, 	2-2m = 21m S sinhXd (coshX) okp2  +m1-m21pcosODO(p-m 	)) 
1 	

1cosh  

7. 	8  D2_ (m 1 +in2' )2 	
'2
] 	

1 - 2' 	1 
2....Am2m2 2 1'  

2p2 

eg 	_C> - 
2 . !2 

has J(p2) = ;11_ 4m  1/2 /r. 2 2 
zt,  -T-  r 	

k -4m ) 
P J 

'\ 11' 1/ 	\ 	\ 	2 
has JUD2  1= -20Lp

2 -(aill)ltu02-m2-122  )-4m
2 
 } 

2p 



I , s_. -2, 
2 1 

_ A9- m1 m
1 

1  \ 	1 	 2 i  

2irs— 

( S + m2
2  - 

ml2  
P2 2ers- 

9 o, 0  
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[N.B. Choosing p timelike corresponds to the b.c. frame of 1 and 2 

and in terms of the total energy 6)12 
identify 3"(p2) = g12/°12 

VERTEX INTEGRALS.  

d4ci (9 .2_14)e(q)sicp_02_,fif 

f (P
2 
 P1-(1

2) 
 

with -o2  =m22  and p12  = m1 . 

and relative mtm. g12 we may 

We evaluate in the frame where p = o and where p1  and p2  lies in the 
\ 2 	 2 2 0-3 plane. Defining p2  = s and (p1-q) = t, we have 2p1 .p2  = S-rn1-m2  

2 2p.p1  = s+m2i-m22 	2p.p2  = s+m2- i2  . 

Since 

0, 0, 

= ( yrs; a, o, o) 

s+ m2  -m2 
P1 	

2 
1 2  

cs , 	2 2\2 	2 2 	) 
"O s-m1-m2) -4m1m2.1  

J(s) = r q22 sinhV (coshlt) d (cos0 f(s7 t) 

.S(q2-14 	2m2rsCo sh;0 ( s-m2i  +m22-2m2A7osh A/ s-m2+m22- k 	1 
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m 'AI 
2m
2 
VT' 

m2 
2 

s_m2_m2)2_4m2m2 
1 	1 2 

2m
2i
/7 

+1 

d (cos9) f(s9 t) 

—1 

But t = m2 1. m
2 

1 	2 

Y-2 
\2 	2 2 

s_ m2i—m
22) —4m

1
m
2
isinAt 

\ (s+m2_m2 
1 2'

mo 
m
2
cosh)C + 

V; 

J(s) • • 

(4_m22)2/s  

dt f(s9t) 

—5+2(4+4) 

2 t(s—ra1_m22)2_4m2
1 
m22y2  

t 

t—p.2 
Tr 0 (S-4M2) 

dt 

4m
2
—s 

eg. J(s) — 
2{s2-4m2sr1  

2log s 4m 
 S-4m

2 
 +4
2 

 

2 

Tr 'a(s-4m2 )  

2 A  2 s 
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(m2
—m
2 2 (s_m2_m22_

'
,1 	2 
m21m2 1 	2 \ 	1 	2' 

2s 
(cos0 —1) 
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FINAL STATE SCATTERING 

R. DELBOURGO 
Imperial College, London 

Received 14 May 1962 

Abstract: Increasing evidence in recent experiments suggests the importance of interactions among 
the final particles in various production processes. The final state interactions may or may not 
be strong, and will in general take place among all the pairs. Watson's theorem has therefore 
been generalized by perturbation theory based on 'total potentials' to deal with such situations. 
A parameter c 	1 is found in this way, which characterises the 'amount' of final state scattering 
and which theoretically is a measure of the importance of the virtual processes in relation to the 
physical process. The result is applied to K± decay and two classes of solutions are found on the 
assumption of S-wave production of the pions: (i) a2 	1.5, a, 	—0.5 and (ii) a2  P.-, 0, ao  czt: 
—0.5, where the a are scattering lengths in the isospin states T = 0 and T = 2. 

1. Introduction 

Watson 1) has g:ven an expression for the effect of final state interactions on re-
action cross-sections, basing his argument on the assumption that the final state 
force is strong in relation to the production process and takes place attractively 
between only one particular pair of particles. Then, since it is effectively a one-
channel process, unitarity gives the matrix element to be 

CC ei°  sin 6Iq 	 (1) 

at low energies, where 6 is the S-wave phase shift for the scattering between the pair, 
and q is their relative momentum. However, eq. (1) is inadequate when the attraction 
is not so pronounced, or even if the interaction is repulsive. Moreover, it is not im-
mediately obvious how to apply this formula to more than one interacting pair. 

In this paper we start with the non-covariant form of perturbation theory, and by 
introducing 'total potentials' among sets of particles, we obtain a series decomposi-
tion of the net scattering among all the particles in terms of separate total scatterings. 
(The method is also suitable for the description of reactions involving an initial bound 
state particle.) In this way, it becomes an easy matter to decompose diagrams in any 
manner one pleases, and it is hoped that the technique for doing so will prove gener-
ally useful. 

We then specialise to the case of final state scattering, neglecting the antiparticle 
diagrams, and derive an expression for the matrix element of a production process 
which includes the interaction among two spinless particles in the final state. This 
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expression exhibits the general features we would expect at low energies: 

	

Mfi = M(production) [1+ cei3  sin (51 	 (2) 

where c 	1 and is a measure of how important are the virtual processes in relation 
to the real process. For instance, if the final state scattering is large, and the variation 
of M (production) is neglected, eq. (2) just reduces to eq. (1). On the other hand, in 
the limit of small scattering Mfi = M (production) as we expect. 

In the next section we calculate covariantly the effect of final state interaction —
this would correspond to the inclusion of the antiparticle diagrams in the non-
covariant theory — and derive the most general expression in terms of helicity 
amplitudes. The form is essentially the same as eq. (2) including the presence of a 
factor c. 

Finally, we consider the simple example of K±  meson decay and assume the ob-
served spectrum to be due solely to the S-wave final state scattering among the pions, 
evaluated to lowest order. Characterising this scattering by a length aT  in the isospin 
state T, we find that it is possible to obtain a good agreement with experiment with 
three sets of solutions: 

(i) a2 	1.7+ 0.5, 	c/o 	— 0.7-T 0.5, 

(ii) a2 	0±0.1, 	 0.1 or —0.7±0.1. 

Set (i) means a strong n+  - 7Z +  attraction with almost no 7C+-7c -  interaction 9-11), 
while set (ii) means very small TE - n+  interaction and moderate it — it - repulsion 7' 8). 

2. Non-Covariant Theory 

It is well-known that the Lippmann-Schwinger formalism 2) for the description 
of scattering states yields for the S-matrix element between the free states f and i 

S f1  = 6 f;-27ri6(E1 —EOR f;  = 6 f;—i(270464(kr —k ;)M f1 , 	(3) 

<f iRii> = -<f IVIi> = <f 1110 -F, 	 (4) 

where 10+  denotes scattering eigenstates of the total Hamiltonian H(+ denotes 
an in-state while — denotes an out-state) and V = H-110  is the total interaction. 
It follows from the Lippmann-Schwinger equation 2) that 

	

R = V+RJV or V = R—RAV, 	 (5) 
where A = (E—Ho+is)-1  is the free causal propagator. In fact (5) will form the 
basis of all our work as it gives R in terms of V and vice versa, up to any given order, 
the order of an expression being defined as the number of times in which A appears. 

Suppose that it is possible to make the decomposition V = V, + VI. We have 
when V1  = 0, 

R = R o  = Vo+Vo(E— Ho —Vo+ is)-1  Vo, 	 (6a) 
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when Vo  = 0, 

	

R = R1  = V 1 + V i(E-110— Vi+ic)-1171, 	 (6b) 

but, in general, of course, 

R = (Vo+V1 )+(Vo+V1 )(E—H0 —V0 —V1 +k)-1(Vo+V1 ). 	(6c) 

We wish to express the full scattering R in terms of the two independent free 
scatterings Ro  and R1, and this we can do via (5) up to any chosen order. Firstly, 
we write R = V+ Vz1V+ ..., put V = Vo  + V1  and then substitute Vo  = Ro  — 
R 	+ 	= R1 	+ . ... For example up to second order, 

R = Ro+Ri+ RidRo+RodRi+Ro z1Ri ziRo+Ri ARO ARi 	(7 ) 

and it is clear that in general and R1  must follow an Ro, and vice versa. This is shown 
diagrammatically in fig. 1(a). 

In order to allow our scheme to cover as many examples as possible, we must 
include the possibility of our initial and final states involving a bound state particle 
such as a deuteron 3' 4). Let v be the binding potential, and take 1th> to represent 
plane wave states involving the deuteron, and 11/0 ±  to be in- and out-states involving it. 
We then get for an 'elastic' process in which the initial and final states both contain 
the deuteron, 

Sfl = <fbl ib> = (5f —.2i176(E1 
	 (8a) 

Ref = V + V(E — Ho  — v— V + 1  V. 	 (8b) 

The 'inelastic' amplitude for a process in which the final state contains the disin-
tegrated deuteron is given by 

Sig = _ <f lib> = Sfi  — 2i7r5(Ei  — Ef)<f IR;  l ne il. b, 	 (9a) 

Rind =- 

	

V+(V+v)(E-1-10 —V—v+is)-1V. 	 (9b) 

We express Rd  and R1ne1 in terms of R and r (corresponding to separate interactions 
of V and v respectively) by the same method as before, and obtain the series of dia-
grams in figs. 1(b), (c). 

= 	+ 0 

= 

00 00 

0 0 0  

000  000 

00 

000 

 

0 0 0 0 0 

  

0 0 0 0 
Fig. 1. Decomposition of total scattering in terms of separate net scatterings. 
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i,j,k 
(cyclic) 

Fig. 2. Decomposition of 3-particle scattering into separate total scatterings among the 3 particles. 

(b)  

    

    

  

N N 

Fig. 3. Decomposition of electron-deuteron scattering into a series of electron-nucleon and nucleon-
nucleon scatterings. 
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Finally, we complete the discussion of the decomposition technique by considering 
simultaneous interactions among pairs of particles. For simplicity we take the case 
of 3 particles and suppose that 

V  = V12+ V23+ V31+ V123* 
	 (10) 

The statement is made precise by saying that Vu  is the net interaction acting 
between particles i and j only, so that V123, the remainder, can be regarded as a 
`3-particle interaction'. Neglecting V123 for the moment, and applying the 0-1 
method with two-particle scatterings, we obtain the diagrams of fig. 2(a). Were we 
to include V1 23, we should have to add the diagrams of fig. 2(b) to those of 2(a). 

We illustrate all these methods at once by considering elastic and inelastic electron-
deuteron scattering: v will be the p-n binding potential and Vn  and V, are the electron-
neutron and electron-proton potentials respectively. Since v is strong and VN is electro- 
magnetic, VN Rt1 1  1 	7 V, so that up to second order in electromagnetic interactions, 
we derive the diagrams of figs. 3(a) and 3(b). In those figures the symbol E denotes 
a sum over all the different permutations of the two possible nucleon states n and p. 
In particular we note that the inelastic process is essentially just a final scattering of 
the emergent particles. (These diagrams have been obtained by Ferreira 4), but this 
method is rather more tedious). 

3. Final State Interactions 

We designate the inital particles by A, B, 	. and the final ones by 1, 2, 3, . . 
The total interaction V must be capable of annihilating the initial configuration and 
creating the final configuration. We make the decomposition of V into Vo  and V1  
precise by requiring that V1  be the total interaction that acts only between the final 
particles, so that the remainder Vo  can be regarded as the production potential. 
To be definite, let us take the initial set of particles to be different from the final 
set, so that we must allow only for the part of Vo  which annihilates A, B, . . . and 
creates 1, 2, 3, .. ., while V1  annihilates 1, 2, 3, . . . and recreates 1, 2, 3, . . .. These 
conditions apply by and large to the R, so that the only terms that contribute are 
Rc,+RiolRo. 

Now 

01{1+R1d}Roli> = -0'11 volio>+, 
	 (11) 

where I t//,> ±  is the in- or out- state in absence of Vo, while I'0) ± is for V1  = 0. Eq. (11) 
is just the term which Watson uses and it represents scattering from an in-state of 
no final state interaction to an out-state of no primary interaction. 

The first non-trivial situation in which it might be possible to detect the effect of 
V1 , is a final state consisting of three particles, when V1  can be broken up into specific 
pairs of potentials; if these pairs interact differently in any way, these differences 
must show up kinematically. The potential V123 will be neglected because we are 
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only interested in fine structure at a given incident energy, whereas we can expect its 
effects to become evident only in measurements of the cross-section as a function 
of the total energy of the system. Therefore, to first order in final state scattering the 
decomposition (10) leads to the fig. 4 diagrams. 

2 = 	 2 + 

3 
3 

Fig. 4. Final state scattering among 3 particles evaluated to lowest order. 

Unlike Watson 1), who proceeds essentially to use unitarity and considers only the 
last diagram because he is only interested in the strong attraction limit of 1 and 2, 
we carry on with this summed-up perturbation theory and proceed to estimate the 
effect of the final state scatterings. 

Typically, we shall have to evaluate <1231R12 z1Ro1AB>. Introducing a complete 
set of intermediate states of particles 1 and 2, we find 

Mr`  = 1 id314 d31e2 63(k,1 +k,2 _41  k2) 	 2 <k1  k 1.1141  2  Ik' k'2><k'1 	3 0 k' k IM IAB> 1 	2  

(27)3 i 2E1 2E2 	 E — (E3  + + E2 ) + ic 	(12) 

In this form of theory each particle lies on the mass shell and three-momentum but 
not energy is conserved in intermediate processes. As usual, we express our results in 
terms of the total and relative momenta 

Evaluating 

1 

p' = 	 2q' = K—V2  . 

in the barycentric frame of 1 and 2, where p = 0, we obtain 

f M12(q ; q')M0(q'l , k 3 ; ki ) 	d3  q' 

(13)  

(14)  

Mf - (2n)3 J E, +Ey - 

1  

— E2  + is 4E1 E2  

f m12(0), 0; 	Isr)mo(co', 0', k 3  ; k 1 ) 2q'dco'dC2' 
(4x)3  J — 	+ ie 

where co is the energy of 1 and 2 in this frame (co' in the intermediate state) and 0 
denotes the orientation (0, 0) of q with respect to a fixed axis. 

At this point we make a partial wave decomposition to bring out the angular 
dependences. For simplicity we take 1 and 2 to be spinless so that orbital momentum 
is conserved. The amplitude M12 will be independent of the orbital component m 
because of its invariance under rotations of (12); however, Mo  will depend on m 
because the final state of three particles need not be invariant under the separate 
rotations of (12): 

M12(0, 0') = E (21+ 1)D;:,(0)/Ymo(o)m, , 	 (15a) 
1, m 
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mo(0') = E (21+ 1)4D1(19')moim 
I, in 

Hence (14) simplifies to 

Mf, 	
1

E  (2/ +1P-D:0(0)/,,,, , 
(4702 1,. 

where 

_ f M12[(0)'co')Moini(cd, k3 ; ki) 2q'do; 71„ i
co -co' + ic 	co' 

The real problem arises as to how to evaluate I. Because the off-shell elements are 
determined in some way by the on-shell elements, we write for each partial wave 

	

I = Mi2.(0), co)Maco)i.M12(w,  fd)M0(01)0412(0),  co)Mo(w)  	(16c) 
co-co'+ic 	 co' 

and the numerator of the integrand is now dimensionless. If we suppose that the off-
shell elements become smaller the more unphysical becomes the intermediate scatter-
ing, then the numerator will act like a cut-off function. Because we do not know 
how rapidly or in what manner it cuts off, we may regard this ratio as unity up to (pc  
after which it is zero. This sort of point interaction model has already been adopted, 
more or less; see ref. 4) for example. 

The 6-function just gives us the physical contribution. Making a subtraction at 
threshold, co = mi +m,, for the principal integral, we get 

I = -M12(0), co)Mo(w) 	+ nc+P  
F2 iq 	 - m1 - m2 	2q'dw' 

co 	 f (w' — co) co' 
	(17a) 

with 
2q'tho' 	 (17b) 

c 	J a (0; - m m 2) 
The integrals can be evaluated to a good approximation and we obtain 

I 	-/1/12(co, co)Mo(co) [2 iq -- +n 	
2q  c+ — log (co+2q  )1 

co 	co - 2q 
	 (18a) 

with 
16mi  m2(coe - m i  -m2)1  c 	-1 cosh-1  [1 + 
	 (18b) • 

(ml  +131 2) 

In the limit of low energies / 	- 	(co, co)Mo (a)) and we believe this answer 
to be very good as it should be independent of the shape of cut-off then. Therefore, 
all in all, in the low energy limit for the case when 1 and 2 interact 

Mfi = E (2/ + 0-1-D„,1(0) 	+ c,„, e[ °` sin 6] 	 (19) 
2q/w 

287 

(15b) 

(16a)  

(16b)  
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The physical significance of (19) is quite clear: there is interference between the 
unity of the production amplitude and the final state scattering. The quantity c can 
be regarded as the amount of final state scattering that takes place. 

The method of derivation of (19) is in fact independent of the strength of the scatter-
ing and of whether it is attractive or repulsive. Moreover it will give the correct 
answer in both the weak and strong interaction limits as remarked in the introduction. 
The only parameter that occurs is c, and this is easily estimated to be about 1 by in-
voking a cut off we  of the order of the nucleon mass for the case of strong processes, 
when one of the particles is a pion. 

Retaining only the S-waves and characterising those by a scattering length a, we get 

M(w) = M o(w)[1+ 	ca  
1— ia(2q1coj 

If we suppose that the spectrum shape is governed mainly by the final state scattering 
at these low energies so that M0  can be taken to be structureless, 

i m(0))1 2 oc  (1 + ca)2  a2(200)2  

1 + a2(2q/w)2  

Figs. 5(a) and 5(b) show the spectrum shapes for a > 0 and a < 0 respectively, and 
in principle it should be possible to find a and c from accurate low energy experi-
ments. 

Fig. 5. The square of the amplitude 1M12  as a function of the energy of the interacting particles in their 
barycentric frame, (a) for an attractive final state interaction, and (b) for a repulsive final state inter- 

action. 

(20)  

(21)  
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4. Covariant Calculation 

We now proceed to calculate covariantly the effect of final state scattering and we 
shall arivc at essentially the same result as (19). Carrying out this covariant calculation 
will be the same as including the antiparticle diagrams in the non-covariant theory. 
Let n and m in fig. 6 designate the two intermediate particles when we separate out 

Fig. 6. Final state interaction between 12 and nm. 

the potential between 12 nm and the remainder. As yet we do not choose them to be 
1 and 2 in order that our result be applicable to E7E intermediate states in Arc final 
state interactions, say. Replacing the operator LI of the non-covariant theory by 
the two propagators (p2  — m2 + ) — 1  we obtain covariantly 

if  d4p„ d4Pm 	LA(/). P.,) 

where 
J(P,,2', p.2 ) = EfImi(12, p,21p.2  )f3W0(3pn2  p.2  , AB)fAA • 	(22b) 

The quantity fi  is the free field solution of particle i (having given quantum indices) 
and the M will be matrices with attached vector indices, in general. Their unphysi-
cality in m and n is expressed by the labels p2,1  and pm. Such factors as (y • p+m), . . . 
have been absorbed into the M. 

To treat the problem symmetrically, use 

P = Pn+Pm, 	2q = P.—  Pr. • 
We find 

Mf i = 	
(27)4  [(lip+ q)2 —m+iE][(+p—q)2 —m,2,1 + ig] • 
d4q 	-411(13 , PDk = kf 

Retaining the S functions from the denominators in (24) we should have a physical 
process with 

(Mti)physicai = — 	(472 
; 	d4 

 0
q ,A(rn.2, 117.2 )(5[0.p+ 02_ mflomp_ 02_ mm].. 

The integral is easily evaluated through the use of 4-dimensional polar co-ordinates: 
mn2 

mm)  
)2 	mn2 mif.2 	nn 

 n 	mt.2 ), 	(25) 
167rp2 	 4n 

( 270464(P.+ P.—  Pi —P2), (22a) (2704 (2704 (p.2 — mn2 iexprn2 mm 

(23) 

(24a) 

(Mf i)physical 
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which, of course, just corresponds to an integration over intermediate scattering 
angles. To denote this average value we put 

= ds'2„In  
47c 

The problem of evaluating the actual element (24) is tackled in much the same 
spirit as in the non-covariant theory. Apart from an integration over intermediate 
angles, M11 involves an integration over off-mass-shell elements. We expect the result 
to be determined in some way by the mass-shell elements and for that reason, we write 

mfi  = i 	d4q 	 (gi,pDyi  (24b) (27)4 [(IT + 0 2 mn2 is][ap  q)2 
mm 

 z + 
= i4/(p 2). 

Again, we are integrating over a dimensionless quantity. The ratio ae(p„2, pm )/ 
is a measure of the extent to which the unphysical compare with the physical elements 
and is unknown in general. We may expect it to decrease the more unreal becomes 
the intermediate scattering and we adopt the point interaction model whereby this 
ratio is unity up to a cut-off q = A. In this range, the M can be regarded as renor-
malised coupling constants for the primary and secondary interactions. 

We calculate 1(p2 ) in (24b) in the normal way by introducing Feynman variables 
and express the answer in terms of the threshold value /((m„ +m„,)2): 

I(p2 ) = 

where 

n .1+ m.)2 ) 
n, 	

Mn 

?rim 
n2 	

k 
t
"'nm ".tn/2   log 

c 

(27a)  

(27b)  

(27c)  

I(( 	± 16:r2 

+ mm)2) = 

[Mn 

mn+ () Min 	

2 	
mm 

C_ mn2 _ mm2 _ ( 

+ 	log 2p2 	p2 	mn2 _ mm2 + 

A2 	mm 	Inn log +1 

c)1 

, /((mn  
167E 2  

c2 = (p2 

[log 	+ 	 (—m.)1 
rnm  mn 	mm + mn 	mm 

mn2 _ mm) )_ 4rrin2 mm2 . 

Naturally I(p2 ) is symmetrical in m and n. 
For the special case of final state scattering n = 1 and m = 2. In the barycentric 

frame of 1 and 2 let co12  be their total energy, and q12  their relative momentum. Since 
C = 2[(p2  •p2)2 —mmDi.  = 2q 12 12, we have 

4(42) = /((mi  + 	+ m2)2) [MI — M2 W212 — (MI ± M2)2  log 

(28a)  

167E 2  MCFM2 
(---Im  ) ,..., 2 

‘-'12 	 M2 
„.. 

2 — 	2w12 
1112  log (012  

012 	(42  — 	— m; + 2q 12 -12 

where 
A2  

/((M1 + M2)2) m2  — m1  [lcg 	+1+ 	log . (28b)  = 
16

i 
 n2 

(ill)] 
mi m2 	m2+mi 	m2 

(26) 



!Pis 	P2 s211-2> = 	4n".2) 
 (2i12 1)+D4z.  1122,112,( °12,.)1  °12°12/12 M12 9 si  2, s2 ,12>, 

i12m12 t q12 	 (30a) 
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Therefore near threshold, where we expect our result to be generally valid, eqs. 
(24b) and (28a) give 

M1 il((in + m2)2)f d4Q12  
art(m2i 	m22).  (29) 

In order to make the comparison with the non-covariant theory more obvious 
it is necessary to give a helicity description to the element. Referring to Jacob and 
Wick 5 ) and to Wick 6 ), we can construct from the free states of two particles with 
given spins and helicities a superposition of states of total angular momentum 
according to 

where /112  = 21 —.12, while j12  and m12  label the total angular momentum and its 
third component, and 012  denotes the orientation of q12  with respect to the z-axis. 
More shortly we write 

47c(012)(2ii2+.0-1-D-1,,ii22)42(0 112> = 
Jun," q12 	

12)1(12)>. 

Note that eqs. (30) are only true in the barycentric frame of 1 and 2. 
The helicity states for 3 particles may be constructed similarly by coupling 3 

(12); see ref. 6). We have 

1123> = E e-in" rEc°12)1(4nc°123)1(2/123+1A2ii2+1)+  
j123M123 	 q12 	q12, 3 
J12m12 
PIP2 

(30b) 

with 

X W'2 3112,3(012, 3112, 3(01 2, 3)1)411122/112(012)Ds44.01)1)122112(92)1((12)3)>, (31) 

where p12 = 121 —P2 and .1 12, 12 3 = M12 —113. 
The rotation angles are shown in the accompanying fig. 7. The quantities q12, 3 

and Co123  represent the relative momentum and total energy of 3 and (12) in their 

z- axis 

Fig. 7. Rotation angles for 3-particle states. 
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barycentric frame, (12) being regarded as a particle having mass w12. The recoupling 
coefficients <((12))31((13)2)> have been given by Wick 6). Using the above construction, 
we obtain in an obvious notation 

„f (iil, m22) =y,o2imi2m0/2,30401AB> 

= E <(12)1/14121(1'2')> 	'2')3INfolAB) (47m012)  4(2112 + 1)(2./12 + 1)1  
312m12 	 R12 
112771 12 

A'1,3/2 	
X D „,j1,22:1„(012)13111i1122 ,V 12(012)Dinr'`i2:):12(B'1 2)) (32) 

having used the rotational invariance of the M12 element. We are now in a position 
to integrate over 012. The properties of the rotation matrices lead to 

= E <(12)iM121(1:2')><(1'2')31MBIAB> (47tc°12) (2j12+1)+D".1,22A,2(012). 	(33) 
.1127.12 	 q12 z012•2 

On the other hand, for the simple production amplitude, we have 

MOH = E (2h2+1)V422.a,2(012) 
Lircoil 2

<(12)31MOIAB>. 	(34) 
J12.12 	 q12 

Hence we obtain in the low energy limit of final state scattering between only 1 and 2 

Mel = E 
ii2mt2 

where 

Chvni2 <(12)1M121(1'2')>1 

x 

log 
A Jivni2 +1+ 

<(1'2')3IMB IAB> 

(4nc°12)'(2j12+1)+DI:122A.„(012),  (35a) 

(36) 

1 	4q12/W12 

c.iivni2 = - 
n  

1 

R12 

m2 -111 	in 1  log 
mtm2 	m2+m1 	in2  

(-1 

Completing the helicity description of (35a) and writing the detals in full, 

Mri = 	[1. c•12M12  
<A1A21M-112(a)12)1V1 V2d (47EW12  (2112 + 1)) + 

47rWAli  

41.712/C°12 	 \ (112 	 qAB 	23 
V1V2 
111112 

JABmAB 

x (2JAB+  i)e  's2Di.112:Ai2(012)Dkla, '2.3(012, 3)D 	O p.:22/120 2)D4ZAABB2AB(eA13) 

011 231MiABi1 2m12(WAB)I2A A•13> (35b) 

which is the final expression. We have used the translational and rotational invariance 
of the whole M, element to put 0)123  = a.)AB  and jAB = 1123 and mAB  = m123. By 
appropriate use of the symmetry properties of helicity states (see Jacob and Wick 5 )), 

it is possible to diagonalise the elements and therefore to express them in the form 



Diffraction 
scattering N 

Virtual n 
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—2ela  sin 5 through unitarity, the 5 belonging to various symmetry assignments. 
Note that if A is of the order of the nucleon mass and one of the particles is a pion, 
c P.,- 1 as before. 

As the most trivial example, we write (35a) for the case when 1 and 2 are spinless. 
Because 21  = 22  = 	= 212  = 0 and j12  is just the 	relative orbital momentum 112, 
we have in that case 

Ufi = E (2112 + Wg.:;:0(012) ±cii2m12e112 sin (51,21  (4nc°12)
+< (12)31M1012m12IAB 

112m12 	 4q12/ W12 	\ q12 	 (37) 
which compares exactly with (19). 

We conclude this section with various remarks about the application of (19) or 
(35) to experiments. Once the production amplitude and the final state scattering 
amplitudes are known it becomes a matter of estimating cim  in some way and pro-
ceeding with the calculation, the constant c i 1 if we accept a nucleon mass cut-off, but 
on the other hand there are certain processes8) where cin, can be expected to be small 
because the final state scattering is almost real. In practice we shall only retain the 
lowest order in each final state scattering channel and we may justify this for attractive 
interactions as follows: a pair of particles will scatter one another most for low rela-
tive momenta, causing the other particle to move with a high relative momentum in 
the opposite direction to the pair; subsequent scattering of this odd particle with one 
of the particles of the pair will be small and unlikely. A similar sort of argument 
will apply if all the particles repel one another, but, if some attract and some repel 
the argument does not hold. A more rigorous justification for retaining the lowest 
order scatterings can probably only be given by dispersion relations. [This might 
apply for instance (see fig. 8) to the final state interaction between the pion from the 

Fig. 8. An example of quasi-real final state scattering. 

cloud of a nucleon (produced by a diffraction scattered nucleon) and the nucleon 
itself, as shown in the diagram. This was pointed out to me by Dr. M. Islam.] 

5. K1  Meson Decay 

As an illustration of the previous work we try one of the simplest possible problems, 
Kt  meson decay, in the hope of obtaining information about n-it scattering. This 
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example has been approached heretofore in a variety of ways 7-11), and roughly 
speaking, these have led to two different sets of conclusions: (i) that T = 2 is strongly 
attractive and T = 0 slightly repulsive, or (ii) that T = 2 is slightly repulsive and T = 
0 much more so. We have obtained both sets of solutions by our method. Of particular 
interest to us is the analysis of Thomas and Holladay 9) who assume that a pair of 
7I+ mesons attract in S-waves with a scattering length of about 1 pion Compton wave-
length, and that rt+  and 2t interact very weakly. Watson's theorem then gives 
'Me oc a2/(1 + ak2 ). However, no account has been taken of the production am-
plitude, and as absence of n+-n-  force implies some repulsion in T = 0, it is not 
directly obvious how to apply Watson's analysis to z' decay, say. 

Following the notation of Khuri and Treiman 7), let 1 and 2 stand for the like pions, 
and 3 for the odd pion. The isovector labels are taken as a, /3 and y respectively, and 
p for the K±  meson because the latter acts effectively as a particle of isospin 1 under 
the I ATI = 2 rule. We split the total potential into a 7I-7E part and the remainder, so 
that to first order, we shall just have the diagrams of fig. 4, where the initial particle 
is the K meson. 

A typical term which we shall have to calculate is illustrated in fig. 9. By eqs. (29) 

Fig. 9. A typical first order scattering in K±-meson decay. 

and (28b) it will have the matrix element 

MPech = 	16n2 (
1+2 log A) f 

lvi 	
dC1'12 E cer 	

OpaVy(C°12 012)M la'fl'all(C°12 v12)
\ 	 

4ir 

dg212  

a
E' 	17r - 	MOpaTY(C°1 2 , ti12)M1603'4#°12 v12) 

4n 
• p  

Here c = (1 +2 log(Al tt))1n, where pi is the pion mass. Estimating it on the basis 
of a cut-off A when a nucleon is capable of being produced in the barycentric frame 
of the two pions, A 	4.3 pc, therefore c 	1.25 (of course this is not physically 
possible by angular momentum conservation, but it will do for our rough purpose). 

The simplest thing we can do is take the MO  production amplitudes to be structure-
less, i.e. 

Mopafly = g(6 pct6 fir+ 6  PP 670E +  PY 6  all)' 
	 (39) 

where g is some weak coupling constant. Actually, it is a simple matter to accomo- 

(38) 
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date some structure by replacing 96,86 py  by g +g/(4q223/043 )Y1„,(023 ) and similarly for 
(5,1,5),„ and 5„,50. As this will only complicate matters, we shall adhere to (39). As 
for 7E-7z scattering, it is well known that 12) 
miawo  = i(mccn _ m(2))6e0, ± .104(2) ± m(1))(5.,,,  op,fi  ± 104(2) 01))6" 	, (40) 

where M(T)  is the scattering element for isospin T. Combining (39) with (40) and 
summing over isovector labels, (38) reduces to 

gc  	 
Mpor 	16x 4n Ppy6o{40°)( 0)12 O12) —  402)(c012 012)} 

+ (6 p„.5 py+ p  5 ay} M(2)  (a)  12 5 O'12)]. (41) 

A partial wave decomposition of each isospin amplitude leads to 

M 	= gcw12 
 CS 
	{ em(°)(`')12)  sin 3(°)(co )-46(2)( 0̀12)  sin 5( 2)(0)12)} POY 	 LYPY cti3 	 12 	3 

2812 
(2"12) 	(2)(CD12)1 (42) + {6,„(5 py+S pp6„ ylei6 	sin 6 

where 5(T)  is the S-wave phase shift for isospin T. No other wave can remain because 
of the complete symmetry of the production amplitude. If we characterise the scatter-
ing by a length approximation over the small range of momenta of the pions, we have 

Mpatfiy = gc[ 3 py64{3f (13)(0)1 2) —if (2)(W12)} 	{6 pa6 p7+6 pp6 ya}f (2)(c012)] ,  

with 

(43a)  

f (r)(0),J)  _ (43b)  
1— taT(2guico1J ) 

aT  being the scattering length. 	• 
Adding the four diagrams we can write the full amplitude in the form 

Mpoy  = 	 p„6 fly+ B6 pp6,+ C6 py6„ p  , (44) 

A = g[1. + cg-f (°)(co23 )— -if (2)023) + f (2)(c031)+ f (2)((012)}], (45a) 

B = gEl + c{f (2)(c023)+ 	(°)(w31)-14(2)(c°31)+ f (2)( 0)12)}] ,  (45b) 

C = gE1+c{f (2)( 023) + f (2)(0)31)+4-f"(a)12)-1f(2)(c012)}1 (45c) 

In terms of A, B and C we have 

M, = A+ 

= 2g 

B 

[1+ c 
rovi23)±f (2)(c023) 	5f (o)( 0)31 )+p2v031 ) +f(2((c012

)
] } 

(46a)  , 
6 	 6 

= C = gEl + c{f(2)(co23)+f(2)(0)30+11(°)(0)12)—if(2)(c012)}], (46b)  

showing to what extent the elements are influenced by the two isospin scatterings. 
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Let m be the mass of the K±  meson and 7'i, be the kinetic energy of pion k. The 
kinematics then give 

2m(T— 	2mT (1 — tk ), 	 (47) 

where T is the maximum pion energy. In units of T, t1 + t2  + t3 i.  Because q, 
is never large, we shall put coin  2y in f(cou ). We find 

4
z 

q2' 	 — m (1-10 p2(1-4), 	 (48) 
o.) ; 	2y2  

where p2  rz,, 0.64, and 

f (T)(coii)  

  

a T 

 

(49) 
1— iarquIP 	1— iaTP(1 — tk) ' • 

The spectrum is most easily shown in fig. 10, the Fabri-Dalitz plot, and the latest 

Fig. 10. The Fabri-Dalitz plot fora and x' decays. The subscript 3 stands for the unlike pion. 

experimental evidence 13) indicates that IM,I2  is a nearly linear function of t3, rising 
with a slope of about 50%, and is apparently independent of x. Before proceeding with a 
detailed calculation, we can crudely ascertain the expected solutions with the help 
of figs. 5(a) and 5(b), if we neglect some interference terms upon squaring (46a). 
These are: (i) a2 	2 to give a rise of IM,I 2  with 13  ( a small negative ao  will then 
ensure that most of the variation along t1  and 12  is removed), (ii) a2 	0, so that the 
rise along t3  occurs through the repulsive effect along t, and 12  with ac, 	—0.5. 

For the purposes of calculation we chose c = 1.25 and then varied a2  and ao, 
in such a manner that I M,12  showed a slope of about 50 % in t3  and negligible variation 
(S 5 %) along the x axis. Not unreasonably, we restricted our scattering lengths to 
have magnitudes < 2 pion wavelengths. It was found that 

(i) a2  x 1.7±0.5, 	at, 	0.7-T 0.5, 

(ii) a2  p..-5 0+0.1, 	ao  ;z1 —0.3-T0.1 	or —0.7+0.1. 
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The two sets of solution in (ii) come about because there are two repulsive scattering 
lengths that give the same 1M12, as we may see in fig. 5(b). 

The answers are probably correct to within 0.2, allowing c a small latitude, and are 
plotted in fig. 11 for convenience. Graphs are drawn in fig. 12 in order to show the 

Fig. 11. The relationship between allowed values of the S-wave scattering lengths. 

Cr  

1.5 

(b) 

0.5 

0 
0.2 	 0.4 	 0.6 	 0.8 	 1.0 

Fig. 12. The predicted spectrum for T decay. The curves (a), (b) and (c) represent the three sets of 
solutions given by the values (50). The solid line shows the best straight line fit. The abscissa gives the 

kinetic energy of the vr--  meson in units of the maximum. 

fits with the data on 1M,12  of ref. 13), while fig. 13 shows the predicted spectrum for 
r'  decay. The parameter c was fixed at 1.25 and the curves are for the following pairs 



1.5 

05. 

at,  

(a) 
(c) (b)  

0 
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of values: 
(a)  a2  = 1.7, (20  = — 0.7, 

(b)  a2  = 0, a0  = —0.38, (50) 

(c)  a2  = 0, ao  = —0.66. 

02 	 04 	 0.6 	 0.8 	 1.0 

Fig. 13. The predicted spectrum for t' decay. The curves (a), (b) and (c) represent the three sets of 
solutions given by the values (50). The abscissa gives the kinetic energy of the a+ meson in units of 

the maximum. 

There are thus two distinct regions in which it is possible to obtain good agreement 
with experiment. The region A has more or less been proposed by the group of 
people 9-11) working in terms of potentials, while the region C corresponds to the 
dispersion-theory group 7'8). As it is, both regions are compatible with the experiment 
and it will need some other evidence to allow us to decide which region is the correct 
one. The attractive a2  that we propose is somewhat larger than the Thomas and 
Holladay 9) prediction because the production part of the amplitude has not been 
overlooked. As a final remark, we note that the region C will compare with the Khuri 
and Treiman solution 7) and will correspond to a pion-pion coupling constant of 
A 	0.1. (ref. 12)). 
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I am indebted to Dr. T. W. B. Kibble for advice and discussions and to Professors 
P. T. Matthews and A. Salam for suggesting this problem. A maintenance grant 
from D.S.I.R. is gratefully acknowledged. 
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Calculation of the Yukawa Coupling Constant. 
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Summary - -- - By expressing Feynman digrams as dispersion integrals With 
a finite cut-off, we calculate to lowest order the renormalization constants 
Z„ Z,, Z3 , for a Yukawa coupling. By setting each Z equal to zero we 
obtain the approximate solutions g2/47=0 (30) and taint < 0.2 with a 
out-off of about 3 nucleon masses. 

1. — Introduction. 

On the basis that each particle in nature is to be regarded as a bound 
state of all other existing particles, SALAM (1) has proposed that the three 
constants 8na, 	and and Z1  all vanish. (Here m is the fermion mass and it is 
the boson mass.) For instance if all the particles in nature were either fer-
inions or pseudoscalar bosons interacting via the Yukawa coupling giTh.,,,Iptp then 

(1) Z1 (g, m, a) = 0  

(2) • 	 m (g, m, ,e,t) = 0 

(3) ay2 (g, m, ,u) = 0 

SALAM (') has further pointed out that in order to satisfy eqs. (2) and (3) it 
is sufficient to put Z. = 0 and Z3  = 0. 

(') The research reported in this document has been sponsored in part by Air 
Force Office of Scimtffic Research, OAR, through the European Office, Aerospace 
Research, United States Air Force. 

(1 ) A. SALAM : Nuovo Cimento, 25, 224 (1962). 
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It is well known, of course, that all these constants diverge, but if we carry 
out a perturbation calculation with the inclusion of a finite cut-off A, we may 
well be able to solve Z1(g, m, ,a, A) ---- 0, etc. 

The question remains as to how one must introduce this cut-off in a more 
or less unique .  fashion. Thus, we cannot proceed in the standard manner (') 
by separating out the divergent from the finite part, because such methods 
rely entirely on the fact that A is very large, so that various theorems on 
shifting the origin of integration, can be established. Instead we shall express 
the Feynman diagrams through a dispersion representation by the CUTKOSKY 
prescription ( a ), andi  in this way, the cut-off appears only in the final inte-
gration over masses. In fact the dispersion integrals will just be equivalent 
to the LEHMANN spectral representation ( 4 ) in lowest order. The advantage 
of this procedure is that a calculation of even the fourth order diagrams is 
not too difficult, and in particular the self energy diagrams which contain 
overlapping divergences. 

Having calculated the Z to lowest order in perturbation theory, we find 
that (1 — Z,) >2(1 — Z1 ) so that it is impossible for all three Z's to vanish 
simultaneously. However, we do solve the pairs of equations: (i) Z, = Z2 = 0 
and (ii) Z3  = Z2 = 0, for g2/4.7 and /12/m 2  in terms of ju'int". By comparing 
magnitudes (see Section 5 for discussion of this point) we arrive at the estimates 
g2/47r = 0 (30), ,i/in <0.2, Aim = 0 (3). 

Finally we take our fermion to be an isospinor, and our boson to be an 
isovector; in this case we have Z1  > 1 and it is only possible to solve (ii). 
Moreover the arguments used in obtaining the previous solutions are no 
longer applicable, so one can no longer reach any conclusion. However, dis-
regarding the difficulty due to the nonvanishing of Z1 , and choosing ,a/in <0.1, 
we still have g2/4.7 25 and Alm 3. 

2. — Boson self mass. 

Figure la gives the loop contribution as 

4(p2— p •k — m2) 
(4)  Mk') = — (2.70 , 	(PP .in-71[(7) 	k)2  — m2] 

We relate this to the constants in question by the expansion 

(5)  r[(4,2 )  cg31__ (h2  — te) 	H f(k2)(70 2_ p2)2 

(2) J. M. JAueu -  and R. OHRLICH : The Theory of Photons and Electrons (Cam-
bridge, Mass.. 1955). 

(3) R. E. CUTKOSKY: Journ. _Math. Phys., 1, 429. (19(0). 
(4) H. LEH M ANN : Nuovo Cimento, 11, 342 (1954). 
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so 

(6) 3102  = — H (,(12 ) 

and 

(7)  

or, what we use instead, 

(71) 

amk2): =1 
k =0 2  

Z, 	1 — 1P(p2 ) . 

 

p PVPr  

7 
e) a) b) 

 

Fig. 1. — a) Self mass of boson; b) self mass of fermion; a) vertex part. 

The integral (4) has a normal threshold singularity (3 ) at 101  = 4m2  and 
across the normal branch cut, the Cutkosky prescription (3 ) gives 

(8)  2
1 . 1 
	

g 

2 
- M 	(k2 	

(2 
= 	 -lp • k (p2 — m2)0 (p) o (102 — 2p. k) 	— p) dip = 

.112 0(k2 	4m2) {k4 	702} 
870 

Writing down the usual dispersion relation with a cut-off 112 ,  

(9)  
Im H(K 2 ) dK2  

172 	102 

and using (6) and (7) 

(10) _ 	K(K' — 4m3  

	

8,T2 	 - - - d K2 , 
fL 

4m 2  

A2  

	

g2 	K (K2 4m2 

	

8,7 2 	 (K2 it 2 

(5 ) See for instance, R. J. EDEN: Lectures on the use of 'Perturbation Methods in 
Dispersion Theory, technical report no. 211 (University of Maryland, 1961). 
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3. — Fermion self mass. 

In Fig. lb, the loop contribution is 

(1-2)1(10=(2,04.d4 ku,.2_ 	][(7_pr Ito 	in,A(P 2 ) 	y • pB(p2) y• 10 	m 

But, according to the usual identification, 

(13) 	(p) = am + ( z.T1- -1)(y.p — m) + (p)(y-p — m)', f  

SO 

(11) 	 am = (p) 	= m[A (m2 ) -I- B (m2 )] 

and 

' (.15) 	 Z,T1  = 	P p 	_(p)  I 
m hpµ  

or equivalently 

(15`) 	Z2  = 1— P 	(I)) 	= 1— 2m2 [A'(m2) + B' (m, )] m 

We can therefore determine am and Z2  from the integral representations 
of A and B : 

Tr [I (p)] 	 1  A(p2) 	4m, ____ (2:7)  
4 	(71 2  — M2] [(10 	p)2 le] d4h 

Tr [y • p 	(p)] 	2g. 	 P • k B (p2) = 
41)2 	 p2 ( 2:7 )4  j [k 2  — m2 ] [(k — 

L (16) — 	A(p2 ) = 	fO(k 2 —rn.2 )0(k)6 
1

(p2 -2p • k +m,2  —1.12 )0(p — k) k = (2:7)3   
— 	{(p2 — no y2 )2 4m2y2}k0 [p2 	+ /42]/16,2 p2 

(17) 1 Im B(p2 ) = 

(2 
92
92 	

k • p o(k 2  — m2 ) 0 (k) b(p2 — 2p • k ± m2  — it2 ) 0 (p — (14k = 

g 2 (p2 + m2 	bt  2) {(p2 _ m2 _ it2 )2 _ 4m7142}10 [p2 (m 11)2]/327E2  p4 
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Hence, 
AT 

rrt 
( 18) 	= 	lin A (If') + 	B(K') dk:2  , = 

.77 	 K2 nt2 

01-1-(1)2  

A 2  
g 	{(K2  m2 tt2) 4 m2 it2p 

1 -{- 1611  
327r2 J 	 K] 	 K2_ nt2 

-Fp)2  

(19) 	Z2 = 1 — 	2)10 IM A(K2 )  (K= m2 ) 	B(K 2 ) dK2  
(K 2  — m 2 ) 

d 2 

On-F.1W 

A2  
11 2 	r {(K2  — m 2  — /2 2 ) 2 — 4»t 2 p2}',.  

= 1 
32:72 	 K4 

  

1 ' 	  

(K2 ± tn2) 

(K2 .nt2) 
dK2  . 

   

4. - Vertex part. 

The most symmetrical way of obtaining a dispersion relation for the vertex 
function is to investigate the analytic behaviour in the momentum square 
of the boson, with both nucleons put on their mass shells. Alternatively we 
could make one boson and one fermion real, but besides being unsymmetrical 
we expect the same result for Z1  at large cut-offs, as in the symmetrical treat-
ment. We must mention that our A may not turn out large, so the result 
for Z1  is certainly ambiguous. This ambiguity is true in any treatment of the 
vertex part. 

The loop contribution of Fig. lc is 

0'50.2) = •• f
c1410 

 [Y' (p'—  — 	Di • ( p — 	in] 
(2701 	(p' 	k)2 	m2] [k2 	itt  2] [(p 	102 	m2] 

SO 

ig2 ii(P`)Y5u(P)f 	 k2  4  (20) u(p')11(q2 )1c(p) = 	 d/, 
[(p, 70)2 p121  k2 jupp 	k 2 	in21 

The standard definition is (Zi-' —1)y5  = 1,5  (0), or instead 

(21) Z1= 1  — /15 (1,2 )7/T1  • 

The integral (20) has a normal branch cut starting at q2  = 4m2, and the discon- 
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tinuity across it is given by 

(22) —
1 

 1m (ti.r,u) = 

k2 
(k ,  — 2p • 	(k2  — 2p' • k) 0 (p' — k) 0 (k p) d'k = 

(27)3 	 k2 

g' iiy 51t, (q2  — 4m2) 	 4.1.10 
2 	

tt2)1 

fq4
0 
 4m2 q2}1  bi2 4)W 	2 h " 	p' ( 

1.67E2   

Az 

(23) Z 1 	 
g 2 	K 2  — 4M 2 	log [(K2— 4m2  ,u2)/p2] 

	 d/C2  =_ .•. , 
16:72  j 	K(K.2 — itt2) {K2— 4M2 }1  

470 

5. — Calculation of the costants. 

We summarize the results contained in eqs. (10), (11), (18), (19) and (23) 
by introducing the abbreviations, 

x = 1( 2 /m2 , 	y = y2Im2 
	

Z = A2/m2 , 	and 	= g2/87(2 

Jn (x

2 — 4x) dx  

x-y 
4 

Z3 
(.2— 4x)i 
	 dx 

(x — :1) 2  
4 

	

—1— g)2-4J}   11 	Y  
x2 	 X 1 

(1-1-117),  

— 	
{(x — 1 — y)2 — 4y}1 	y (x + 1) 	

Z2 	
1 

 	1. 	dx , 
4 j 	X 2 	 (X 	1)2  

(1+1'77) 2  

rx — 4 -- y log [(x 4 Y)/Y ] dx  (23') 	 = 1 	
2 j

, 	 
(x — y)(x2 — 4x)1  

4 

As expected, the integrands in (10') and (18') are always positive within 
the ranges of. integration and we cannot have . 4m = sp2 = 0. However, it 

(10')  

(11')  

(18')  

(19')  

am ( 
4 

etitt2 = 	(km2 

dx 



A 
0 2 

2 00 47- 

100 

10' 
0 	 

10-2  10 

(if)  
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is entirely feasible for the Z to vanish. Examination of the integrands in (11') 
and (23') shows that 

(24) 	 (1. — Z3) 2(1— Z1) / 

the equality sign holding in the limit y —›- 0. Equation (24) means that it is 
impossible for Z1  and Z3  to vanish simultaneously, but we can still hope to 
solve the pairs of equations (i) Z1  = Z2  = 0 and (ii) Z3  = Z, = 0, numerically, 
for a and z terms of y. These solutions are plotted in Fig. 2 and 3 for the range 
0.001 c y <1. When y <0.01, Z3  ti —1 in (i) and Z1  -1 in (ii). 

	

Fig. 2. — g2 /47 as a function of y = 	Fig. 3: — z=712/m 2  as a function of 

	

p2/m2 : (i) for Z1 = Z2= 0; (ii) for 	y =/(2/10 : (i) for Z1 — 	0 ; (ii) for 
Z, — Z2  O. 0. 

The fact that it is impossible to obtain exact solutions to Z1 = Z2  = Z3  = 0 
is perhaps not surprising, in the sense that a fixed cut-off for all three con-
stants is probably too stringent. The existence of a cut-off corresponds to 
some nonlocality, and its value is always quoted to an order of magnitude. 
This suggests that we only compare the solutions of (i) with those of (ii), 
and in doing so, it is most important that the fp solutions (rather than z., 
which as we have stated, is a loose quantity) be close to one another. As 
another justification of this approach, we must add that the calculation of 
the Z, being done to lowest order only, must. be  subject to higher order cor-
rections; therefore the solutions from the lowest order diagrams are only 
expected to be correct.  up.  to an order of magnitude. 

As an artificial criterion, which is open to criticism, we have required the 
ratio of the g2  solutions to be within -?: and 2. Figure 2 then shows that 
y <0.05, and in this range g2 /4r = 0 (30) and z = 0 (10), i.e. Film <0.2 and 
Alm= 0 (3). Surprisingly these values are very close to the meson-nucleon 
physical constants, although our model is unrealistic so far, as no account 
has been taken of isospin. 
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If we include the normal isospin properties into a new coupling ffify,T • OW, 
the net effect is to leave a unchanged in Z2  and to replace it by x in Z 2  
and — z a in Z1. Immediately we fall into difficulties because Z1>1.. The new 
solutions to Z 2  = Z a= 0 are graphed in Fig. 4 and 5 and are much the same 

y 

0 , _ 2 
10 	1 0 	 1 

Fig. 4. — g2/47 as a function of y = 	Fig. 5. — z=A 2Int 2  as a function of 
—R 2/m 2  for Z3  = Z2 = 0, isospin beig 	y=112/m 2  for Z3  = Z2= 0, isospin being 

included. 	 included 

as before. However, the fact that Z1  > 1 might lead us to conclude that at 
least another bound-state particle exists in nature, if we are to believe the 
approximate validity of lowest order perturbation theory and the truth of 
the theory (1). 

* * * 

I am indebted to Professor A. SAIAM for proposing this problem, and 
numerous suggestions in connection with it; I also wish to thank Mr. J. 
STRATHDEE for many helpful comments. 

RIASSUNTO 

Esprimendo i diagrammi di Feynman come integrali di dispersione con un taglio 
finito, si calcolano, nell'ordine pia basso, le costanti di rinormalizzazione Z1, Z2 , Z3, 
per un accoppiamento di Yukawa. Ponendo ciascuna Z uguale a zero, si ottengono 
le soluzioni approssimate g 2/4:1 = 0 (30) ed pint0.2 con un taglio di circa 3 masse 
nueleoniche. 

(*) readuzione a extra della 1?edazione. 
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