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ABSTRACT: 1 

DEM was used to simulate constant volume (undrained) triaxial compression tests for coarse 2 

particles (sand) mixed with non-plastic fines. The fines content (fc) of the mixtures tested was 3 

kept equal to 0, 0.05, 0.10 or 0.20. Accordingly, the critical state and micromechanical 4 

responses of these mixtures were evaluated. A focus on the influence of fc on sand behaviour 5 

was captured when fc<fthre, where fthre represents a threshold fines content, which corresponds 6 

to a transition between a fines-in-sand soil matrix to a sand-in-fines soil matrix. DEM was 7 

utilised to assess the micromechanical participation of fine particles within the sand skeleton 8 

(matrix). Such evaluations led to assessing the performance of the equivalent granular void 9 

ratio (e*), the equivalent granular state parameter (\*), and ultimately their inherent parameter 10 

b, which represents the proportion of fines actively participating in the sand skeleton structure. 11 

It was observed that through capturing the stress partition of contact types within granular 12 

mixtures, a reasonable approximation of the active proportion of contacts within the sand 13 

matrix could be obtained leading to a DEM interpretation of the b parameter. The study 14 

therefore evaluated the concept and applicability of the equivalent state theory for sand-fines 15 

mixtures.  16 

Key words: Discrete element method, undrained behaviour, critical state theory, equivalent 17 

state theory. 18 
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1 INTRODUCTION 19 

The critical state (CS) data points obtained from a series of triaxial tests conducted on specimens 20 

of a sandy soil is mathematically defined by dpc=dq=d'u=dHv=0. Such data points form a unique 21 

critical state line (CSL) in pc-q and e-log pc spaces; where pc, q, 'u, Hv and e denote the mean 22 

effective normal stress, deviatoric stress, pore water pressure change, volumetric strain, and void 23 

ratio, respectively. The CSL in e-log pc space is the anchoring concept of Critical State Soil 24 

Mechanics (CSSM) framework, as it may be used as a reference line to predict soil behaviour. 25 

Soil with a state (i.e. e and pc) above the CSL exhibits contractive behaviour, whilst states below 26 

the CSL exhibit dilative behaviour. Been and Jefferies (1985) presented, the state parameter (\), 27 

to quantify such relative location by the difference between the current e and the e on the CSL at 28 

the same pc. Accordingly, a condition of \>0, corresponds to contractive behaviour whilst \<0 29 

corresponds to dilative behaviour. Many researchers found correlations between \ and 30 

characteristic features of soil behaviour such as instability behaviour (Huang et al. 2014; Nguyen 31 

et al. 2017; Perez et al. 2016; Yang 2002), excess pore water pressure  (Qadimi and Coop 2007; 32 

Zhang et al. 2018), phase transformation and characteristic states (Murthy et al. 2007; Nguyen et 33 

al. 2018), and cyclic shear behaviour (Qadimi and Coop 2007). Subsequently, \ has been 34 

encapsulated within state-dependent constitutive models (Jefferies 1993; Manzari and Dafalias 35 

1997). 36 

The CSSM framework has been validated and is well understood for clean sands and clays. 37 

However, many granular soils are mixtures of sands and fines (particle sizes smaller than 0.063 or 38 

0.075mm, according to (BS 5930) or (ASTM D2487-17), respectively), where sands may contain 39 

varying amounts of non-plastic fines (Cubrinovski et al. 2010; Rahman and Sitharam 2019). The 40 

application of CSSM framework for sand mixed with non-plastic fines is challenging as the CSL 41 

moves downwards in e-log pc space with the increase in fines content, fc (i.e. mass of fines over 42 
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the total mass of soil solids) up to a threshold fines content, fthre which represents a fines content, 43 

corresponding to a transition between a fines-in-sand soil matrix to a sand-in-fines soil matrix  44 

(Thevanayagam et al. 2002). The influence of fc may still be evaluated under CSSM framework, 45 

provided that the CSL and the corresponding \ specific to the fc under consideration is used. Thus, 46 

although it may be necessary to obtain the CSLs for each fc, it is a laborious task which offers 47 

significant practical and theoretical challenges (Rahman et al. 2014). Therefore, attempts have 48 

been made that consider the clean sand behaviour as a reference and then capture the effect of fc 49 

by- (1) developing empirical relations (e.g. multiplying factors) for each fc  relative to the 50 

behaviour of the host sand (Kenney 1977); (2) correcting e to an equivalent void ratio (e*) on the 51 

assumption that only a fraction of fines participate to the force skeleton structure of sand-fines 52 

mixtures (Rahman et al. 2008; Thevanayagam et al. 2002); (3) evaluating the performance of \ 53 

for different granular mixtures (Yang et al. 2018). While approach 1 and 3 require predefined CS 54 

data and CSLs, respectively, to define reduction factors and \, the e* in approach 2 requires an 55 

estimation of a fraction of active fc via b parameter (discussed later), which may be obtained using 56 

empirical/semi-empirical equation/s of soil grading properties (Mohammadi and Qadimi 2015; Ni 57 

et al. 2004; Rahman et al. 2008), making the approach independent of predefined soil test 58 

data/CSLs. CSLs for sand with fc<fthre, may coalesce to a single equivalent granular critical state 59 

line (EG-CSL) in e*-log pc space. The EG-CSL unifies many CSSM frameworks for sand-fines 60 

mixtures to a single CSSM framework, given that fc<fthre. Similarly to the definition of \, an 61 

equivalent granular state parameter (\*) can be obtained by replacing e with e* yielding a unique 62 

CSL in the EG-CSL framework (Rahman and Lo 2007). Importantly, it has been shown that \* 63 

also correlates with characteristic features of sand-fines mixtures such as the undrained instability 64 

stress ratio, KIS (Rahman and Lo 2012), phase transformation and other characteristic states of 65 

cyclic shear behaviour (Baki et al. 2014; Rahman et al. 2014). Further, by use of \*, equivalent 66 
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state dependent constitutive models which predict the behaviour of sand-fines mixtures have been 67 

developed (Lashkari 2014; Rahman et al. 2014). The use of e* within CSSM will be referred to as 68 

equivalent state theory (EST), hereafter. Although EST has been used for correlating key 69 

characteristics of soil behaviour with \* and developing a single constitutive model for fc<fthre, as 70 

CSSM has been used for sands/clays, a criticism is that the micromechanical interpretation of non-71 

active/active fc in force skeleton structure is hypothetical and its physical basis is not well 72 

understood (Carrera et al. 2011; Yang et al. 2015). Therefore, a brief evolution of EST and 73 

corresponding assumptions that needed micromechanical evaluation are presented below.  74 

It is worth mentioning that the early conceptual development of e* came from efforts on 75 

determining the non-active clay content in granular phase structure (Mitchell 1976). Shen et al. 76 

(1977), Kenney (1977) and Troncoso and Verdugo (1985) who used natural sand-fines mixtures 77 

and tailings, respectively, reported no fines participated in the skeleton structure, i.e. granular 78 

material strength remained the same with addition of fines, but their e reduces. Following Mitchell 79 

(1976), Kuerbis et al. (1988) treated fines as voids to obtain the skeleton void ratio, esk, i.e. esk 80 

represents the force skeleton structure of the sand matrix which does not require the b parameter. 81 

Later, Kuerbis et al. (1988) and others found consistent characteristic behaviour with esk for sand-82 

fines mixtures at low fc (Chu and Leong 2002; Georgiannou et al. 1990). Although a different 83 

expression of esk was proposed by these researchers, esk can be simply written as 𝑒𝑠𝑘 = (𝑒 +84 

𝑓𝑐)/(1 − 𝑓𝑐) when fine and coarse particles share an identical specific gravity. However, it was 85 

reported that the quality of correlations between characteristic behaviour with esk were reduced for 86 

higher fc (Zlatovic and Ishihara 1995). Pitman et al. (1994) presented scanning electron microscope 87 

(SEM) imagery showing that some portion of fines comes in between sand particles at fc=0.20. 88 

The assumption that all fines are non-active (i.e., void) in esk calculations was therefore shown to 89 
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be incorrect at least for higher fc. Therefore, the fraction of fc that contributes to the force structure 90 

was considered, and e* was proposed (Thevanayagam et al. 2002): 91 

𝑒∗ =
𝑒 + (1 − 𝑏)𝑓𝑐

1 − (1 − 𝑏)𝑓𝑐
                                                                                                                                     (1) 92 

where b represents the fraction of fc that contribute to the force structure. As mentioned earlier, 93 

there are two micromechanical assumptions in Eq. 1 for e*– (1) with the addition of fc, there is a 94 

fraction of non-contributing fc in force skeleton structure (for the same e) which reduces the 95 

characteristic strengths; (2) a fraction of fc contributes to force skeleton structure at higher fc and 96 

b may represent the fraction of fc that contributes to the force skeleton structure i.e. to deviatoric 97 

stress, q. These assumptions are often challenged, criticised and require further evaluation.  98 

Evaluating these assumptions i.e. active/non-active fc and quantifying b throughout the 99 

duration of loading via experimental means (e.g. SEM, CT scan) may be particularly challenging, 100 

expensive and may not be generally applicable for all sand-fines mixtures. However, discrete 101 

element method (DEM) has the capability of generating a numerical assembly of particles with a 102 

desired grain size distribution whilst allowing an in-depth understanding of the micromechanics 103 

of individual particles or an entire assembly, which is suitable to evaluate the above assumption.  104 

Although many DEM studies evaluated the CS behaviour of clean sand (Huang et al. 2014; Kuhn 105 

2016; Nguyen et al. 2017; Nguyen et al. 2018; Yan and Dong 2011; Zhao and Guo 2013), very 106 

few studies have evaluated the CS behaviour of sand-fine mixtures (Ng et al. 2016; Zhou et al. 107 

2018). One of the reasons for such few studies may be due to huge computational demand required 108 

when fines are modelled in DEM. However, there are few studies reporting simulations with sand-109 

fines mixtures (Ng et al. 2016; Yin et al. 2014; Zhou et al. 2018; Zhou et al. 2016). Using DEM, 110 

Zhou et al. (2018) showed that there is a downwards shift of the CSL in e-log pc space, for fc<fthre, 111 

which is consistent with earlier experimental research showing the same trend (Murthy et al. 2007; 112 
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Zlatovic and Ishihara 1995). Studying binary mixtures of ellipsoids, Ng et al. (2016) observed e 113 

at CS as a function of fc. However, both CS studies of sand-fines mixtures were not studied under 114 

an equivalent state framework, and therefore the concept of e* within CSSM framework has not 115 

been evaluated. Although not operating within CSSM framework, using 2D DEM, Dai et al. 116 

(2015) analysed the influence of fc in the sand matrix and whilst suggesting findings may relate to 117 

e* and particularly b, a clear linkage between the two was not attempted and therefore there were 118 

no clear advances to EST. Shire et al. (2016) evaluated the influence of a stress reduction factor, 119 

D (Skempton and Brogan 1994) on the original definition of e* (i.e. where b is ignored) and 120 

observations suggested that the stress participation of fines could be related to the 121 

activity/inactivity of fines. However, there was no clear scope to provide physical basis to a b 122 

parameter. Through 1D compression simulations in DEM, Minh and Cheng (2014) suggested a 123 

unique normal compression line (NCL) could be achieved using e*, if b is considered to be the 124 

ratio between the volume of “involved” fine particles to the total volume of fine particles. 125 

However, their study did not evaluate CS behaviour. In fact, many DEM studies which examine 126 

sand-fines behaviour, have done so using many different variations of e (Ng et al. 2016; Rahman 127 

et al. 2017; Yin et al. 2014; Zhou et al. 2018), which further highlights the degree of uncertainty 128 

in best quantifying the density index for sand-fines mixtures.  129 

Therefore, DEM is used to simulate undrained triaxial compression tests whereby the effect 130 

of non-plastic fines on the behaviour of granular material, their characteristic features and CS 131 

response are all evaluated. The assumption of EST is also evaluated, allowing for the physical 132 

basis of b to be further examined. The micromechanical perspective of DEM allows for particulate 133 

aspects of soil behaviour such as contact density, soil fabric and contribution to force skeleton to 134 

be evaluated. Fundamental behaviour sand with non-plastic fines is further characterised and 135 

explained through such an approach.  136 
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2 DISCRETE ELEMENT METHOD (DEM) 137 

DEM employs a force-displacement law in conjunction with Newton’s second law to capture the 138 

motion and interactions between neighbouring particles at small time increments (Cundall and 139 

Strack 1979). Inter-particle contact forces are computed using a contact model which exhibits the 140 

overall mechanical behaviour of a granular assembly. In this study, a rolling resistance linear 141 

contact model (RRLCM) was deployed for inclusion of the rolling resistance mechanism (Fig. 1) 142 

to the conventional linear contact model. Therefore, a rolling resistance coefficient (Pr), in addition 143 

to an inter-particle friction coefficient (P), was installed at each contact. Following Gong and Liu 144 

(2017), Pr=0.3 was adopted for both sand and fines. The Young’s modulus (E) and Poisson’s ratio 145 

(Q) which describe deformability of particles were represented in the contact model by the 146 

effective modulus (E*), and ratio between normal and tangential contact stiffness (k*). The normal 147 

stiffness (kn), tangential stiffness (ks) and rolling stiffness (kr) were a function of E* and k* as 148 

presented below. 149 

𝑘𝑛 =
𝐴𝐸∗

𝐿
 ; 𝑘𝑠 =

𝑘𝑛

𝑘∗  ; 𝑘𝑟 = 𝑘𝑠𝑅̅2                                                                                                             (2) 150 

where A is equivalent contact area, L is length of contact, and 𝑅̅ is the effective radius between 151 

contacting pieces (Iwashita and Oda 1998). Equation (2) ensured that the contact stiffness were 152 

particle size dependent via A and L (Yan and Dong 2011). A summary of input parameters is 153 

presented in Table 1. 154 

2.1 Sample preparation technique 155 

The DEM software, PFC3D, was used to undertake conventional, isotropically compressed 156 

constant volume (undrained) triaxial simulations for clean sand (fc=0) and sand mixed with non-157 

plastic fines (fc=0.05, 0.10 and 0.20). Fig. 2a-d illustrate the various assemblies of sand-fines 158 

mixtures used in this study. The particle size distribution (PSD) of coarse material was identical 159 
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to Sydney sand (Rahman et al. 2014), and is referred hereafter as sand. The coefficient of 160 

uniformity (Cu=D60/D10) and the median particle size (D50) of sand are 1.26 and 0.279mm 161 

respectively. Non-plastic fine particles were monodisperse spheres with a diameter (d) of 162 

0.035mm, and are referred hereafter as fines. Fines were selected on two considerations- 1) to 163 

reduce the required number of particles in the assembly, i.e. reduce computational expenses and, 164 

2) to form a “fines-in-sand” matrix where the effective diameter ratio of sand and fines (F=D10/d) 165 

is large enough so that fines may be trapped or moveable within the densest possible packing of 166 

sand particle. Simple geometric calculation suggests that F should be t 6.5 to satisfy the above 167 

conditions (Lade et al. 1998). Following many researchers, D10 was considered as the 168 

representative sand size (Ni et al. 2004; Rahman and Lo 2008). Therefore, F=6.5 (=0.230/0.035) 169 

was maintained in this study. The particle size distribution curves for sand and fines used in this 170 

study are shown in Fig. 3. The range of void ratio after consolidation (e0) for specimens with each 171 

fc as per Fig. 4 illustrates the wide range of densities that were considered in simulation. Fig. 4 172 

suggests that emax and emin were reduced with the addition of fines, given that fc<fthre. The trend is 173 

qualitatively consistent with the emax and emin of clean Sydney sand (Bobei et al. 2009) and Cambria 174 

sand-fine mixtures (Lade et al. 1998) which can be explained by fines increasingly occupying void 175 

spaces with the rise in fc (Cubrinovski and Ishihara 2002; Lade et al. 1998). The Cambria sand-176 

fine mixture also consisted of rounded sand particles and non-plastic fines, and therefore the 177 

similar qualitative relationship illustrated in Fig. 4 is encouraging for DEM simulations.  178 

DEM samples were prepared via a staged isotropic compression, where particles were 179 

initially generated within a box defined by six frictionless-rigid walls and then gradually 180 

compressed until a small isotropic stress (equal to approximately one-tenth of the isotropic 181 

consolidation stress (Ng et al. 2016)) was developed on each of the walls. Throughout this process, 182 

a P value (termed Psp) between 0 and 1 was assigned to achieve a desired density; a large Psp 183 
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achieved a loose assembly whilst a small Psp achieved a dense assembly. Then, P was reset to 0.50 184 

and the triaxial simulation commenced. Isotropic compression was achieved via a servo-control 185 

mechanism applied to each wall, which ensured a constant and isotropic boundary stress, whilst 186 

volume-changing compression occurred. Constant volume (CV) shearing was achieved via strain 187 

control of the top and bottom walls (i.e. acting as loading platens), whilst remaining walls were 188 

controlled respectively to ensure no volumetric change. A summary of the simulations is shown 189 

in Table 2. 190 

2.2 Numerical stability of simulations 191 

Rigid boundaries may inflict uncharacteristically large friction angles in small assemblies and 192 

therefore the accuracy and consistency of the results may depend on the specimen size (Huang et 193 

al. 2014; Zhao and Guo 2013; Zhou et al. 2017). The specimen size (or number of particles, N) 194 

should be large enough to minimize the influence of the end-restraint conditions. Therefore, two 195 

sand specimens with fc=0.10, T307 and T310, were prepared at similar initial states of pc0=94kPa 196 

and e0=0.547r0.002, but different N of 129266 and 144506, respectively, to evaluate the influence 197 

of N. Here, subscript “0” corresponds to the post-consolidation reading. The influence of N on CV 198 

behaviour in q-Hq and q-pc spaces was negligible (given the large discrepancy in computational 199 

demand) as presented in Fig. 5. This suggested a representative volume can be achieved with N of 200 

129266 for sand with fc=0.10. A slight discrepancy in Fig. 5, may be explained by the difference 201 

in e0. Note, achieving a desirable e0 in DEM simulations is challenging (Nguyen et al. 2017). 202 

In DEM the chosen shear strain rate should achieve static equilibrium (Sitharam et al. 203 

2009), near quasi-static condition (Nguyen et al. 2017) and consistent CS behaviour (Andrade et 204 

al. 2012). Thus, the influence of strain rate was also assessed for sand with fc=0.10 in Fig. 5. T307 205 

had a strain rate of H=0.001s-1, which was 2.5 times smaller than that used in T308 (H=0.0004s-1). 206 

The negligible discrepancy in their behaviour in q-Hq and q-pc spaces, intuitively, suggested that H 207 
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of 0.001s-1 was suitable to achieve numerical stability of sand with fc=0.10. Identical processes 208 

were used to find suitable N and H for other granular mixtures. 209 

The unbalanced force ratio (UFR), which is defined as the ratio of average unbalanced 210 

forces acting over all bodies to the average contact force acting over all bodies, provides a 211 

measurement of the state of equilibrium within the system. A state of quasi-static equilibrium has 212 

been deemed to be achieved when UFR<10-2 (Ng 2006). Conservatively, in this study, quasi-static 213 

conditions were assumed when UFR<10-4
. 214 

3 RESULTS OF CONSTANT VOLUME TRIAXIAL SIMULATION 215 

The major and minor principal stresses were computed based on the stress tensor equation as 216 

suggested by Christoffersen et al. (1981):  217 

V𝑖𝑗
c =

1
𝑉

∑ 𝑓𝑖
𝑐

𝑐𝜖𝑁𝑐

𝑙𝑗𝑐                                                                                                                                          (3) 218 

here, V𝑖𝑗
c  is the effective stress tensor, V is the assembly volume, Nc is the total number of contacts, 219 

𝑓𝑖
𝑐 is the ith component contact force at contact c and 𝑙𝑗𝑐 is the jth branch vector connecting the 220 

centres of two contacting particles at contact c. Some DEM studies computed stress quantities 221 

considering the contact forces acting upon the rigid boundaries (Gu et al. 2014). However, the 222 

stress tensor which considers only internal contact forces was utilised in this study to reduce the 223 

likelihood of rigid boundaries expressing artificial behaviour (Fu and Dafalias 2011; Marketos and 224 

Bolton 2010). 225 

3.1 Influence of e on CV behaviour of sand-fines mixtures 226 

The influence of e0 on the CV behaviour of sand with fc=0.10 was observed for three samples 227 

prepared at pc0=94kPa (Fig. 6). Three different behaviours were observed depending on e0. T307 228 

with e0 of 0.545 exhibited non-flow (NF) behaviour i.e. strain hardening occurred until the CS in 229 
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q-Hq and q-pc spaces (Fig. 6a-b) and thus can be classified as dense sand. T312 had the largest e0 230 

of 0.746 and exhibited flow (F) liquefaction behaviour i.e. an initial small strain hardening to a 231 

peak deviatoric stress (qpeak) and then strain softened until reaching a low CS stress. This behaviour 232 

is also known as static liquefaction. T309 with e0 of 0.711 can be classified as intermediately dense 233 

and exhibited limited flow (LF) behaviour, i.e. after initial strain hardening to a qpeak, it exhibited 234 

mild strain softening (almost unnoticeable in this case) followed by phase transformation and 235 

subsequent strain hardening towards CS. For both T309 and T312, strain softening, i.e. d𝑞 d𝜀𝑞⁄ <236 

0 is a form of undrained instability which is triggered at the onset of flow liquefaction (Murthy et 237 

al. 2007), and quantified by the instability stress ratio KIS=(q/pc)peak (Fig. 6b). KIS  can be used to 238 

explain the triggering of static/cyclic liquefaction (Baki et al. 2012; Rahman et al. 2014). For both 239 

NF and LF i.e. T307 and T309, the effective stress paths (ESP) in q-pc space initially moved 240 

leftward signifying initial contractive tendencies and then moved rightward (showing dilative 241 

tendencies). The change from contractive to dilative tendencies can be identified by d'ue=0 in 242 

'ue-Hq space as shown in Fig. 6c (Sukumaran et al. 1996). This change is coined by the term phase 243 

transformation (PT) state. In the constant volume (CV) simulation, the real 'u that would develop 244 

in a truly undrained test was approximated to be the difference in pc between drained and constant 245 

volume loading paths (Sitharam et al. 2008). The manuscript refers to this quantity as the 246 

equivalent change in pore water pressure, 'ue=pcD�pcCV where subscripts “D” and “CV” denote 247 

drained and constant volume loading paths. The stress ratio at PT (KPT) is another characteristic 248 

feature used in bounding surface model to capture the evolution from contractive to dilative 249 

behaviour (Manzari and Dafalias 1997). The micromechanics for both KIS and KPT have been 250 

studied for granular materials (sands) in DEM (Huang et al. 2014; Rahman et al. 2018) and added 251 

significant value for fabric dependent constitutive modelling (Gao et al. 2014). However, the 252 
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observed KIS and KPT for sand-fines mixtures in this study via DEM is new and its micromechanics 253 

is further discussed within CSSM framework in later section.  254 

T307 failed to reach a condition of 'ue=0 and therefore strictly did not reach a CS. In this 255 

case, an extrapolation method was used to obtain the CS (Carrera et al. 2011; Nguyen et al. 2017; 256 

Rahman and Lo 2014). When called upon, the changing rate of equivalent pore water pressure, 257 

G('ue)/GHq was plotted with stress ratio, K. The value of KCS=M was estimated through 258 

extrapolating G('ue)/GHq to 0 (i.e. CS). Then,  pc at CS was estimated in K-pc space by extrapolating 259 

K to M, as discussed in Rahman and Lo (2014). In this study, most of the simulations reached CS 260 

at the end of CV shearing, however few simulations failed to reach clear CSs, warranting the 261 

extrapolation technique. 262 

3.2 Influence of fc on CV behaviour of sand-fines mixtures at similar e0  263 

Fig. 7 presents the CV responses of three samples (T10, T311 and RT321) with similar e0 and pc0 264 

but with varying fc of 0, 0.05 and 0.10 in q-Hq, q-pc, 'ue-Hq and CN-Hq spaces. All samples exhibited 265 

NF behaviour, however a significant reduction in strain hardening was observed with increasing 266 

fc (Fig. 7a). This is in line with the common experimental supposition that fines-in-sand soil 267 

matrixes form a meta-stable fabric where some fc is active in the sand skeleton, causing higher 268 

compressibility and lower q and pc (Yamamuro and Lade 1998). Another interesting observation 269 

was even though q and pc decreased with fc, the slope of CSL (M) in q-pc space is not affected 270 

significantly (Fig. 7b). This is further investigated in subsequent sections. The increase in 271 

compressibility with fc was also supported by the generation of 'ue with fc (Fig. 7c). 272 

The coordination number (CN=2C/N) proposed by Rothenburg and Bathurst (1989) is a 273 

micromechanical entity which measures the contact density of granular assemblies; where C 274 

represents the total number of contacts and N represents the total number of particles. 275 
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Alternatively, Thornton (2000) proposed a mechanical coordination number (Zm=(2C-N1)/(N-N0-276 

N1)); where N1 and N0 denote the number of particles which contain one and zero contacts, 277 

respectively. Particles which contain less than one contact are considered mechanically inactive 278 

and thus, Zm provides a measure of mechanical contacts (contacts contributing to the stable state 279 

of stress) per particle. Fig. 7d shows the evolution of CN and Zm with shearing. Despite shearing 280 

commencing at similar initial states (i.e. similar e0, pc0) for T10, RT321 & T311, the CN values 281 

significantly decreased with the addition of fc, suggesting a large fraction of fc floated within the 282 

sand matrix and did not contribute to force skeleton structure. Ng et al. (2016) also reported a large 283 

amount of fines to be floating within the void of granular mixtures for similar fine contents.  284 

 For clean sand (T10), the observed Zm path followed a similar trend to the CN path, 285 

although Zm was slightly larger in magnitude. Nguyen et al. (2018) reported similar findings in the 286 

case of drained behaviour of clean sand. For sand-fine mixtures (RT321 & T311), the Zm path is 287 

considerably higher than their CN counterparts. This may be explained by the large number of 288 

fines introduced to the mixtures which contain less than one contact, in turn giving rise to Zm. In 289 

agreement, the DEM study of Dai et al. (2015), found fine particles to be less active within the 290 

force skeleton structure as they are easily confined within void spaces.  291 

3.3 Influence of fc on contact force network 292 

The contact force network, which represents the direction of contact forces and their magnitudes 293 

at CS, are presented in Fig. 8 for the three simulations previously shown in Fig. 7. The diagrams 294 

show all contact forces within the assembly at CS, and each contact is represented by a coloured 295 

column, where the contacts colour and thickness provide a measure of the contact force magnitude. 296 

The strong force contacts, defined by the contact forces which are closely aligned with the axis of 297 

compression i.e. Vaxial>Vradial (Radjai et al. 1998), promote enhanced interlocking and shear 298 

resistance capabilities at CS. Alternatively, strong contacts may be quantified as a contact which 299 
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inherits a force larger than the average force (Radjai et al. 1998) experienced in the assembly, at 300 

any given stage during shearing. Based on this definition, the proportion of particles in strong 301 

force contacts was considerably larger for clean sand than sand-fines mixtures. Table 3 depicts the 302 

proportion of fine and sand particles involved in strong contacts at CS for the three mixtures. For 303 

example, the proportion of fines active in an assembly was calculated as the number of fines 304 

particles with contact forces larger than the average contact force at CS over the total amount of 305 

fines. For T10, 39% of particles were involved in a strong contact at CS. For both RT321 and 306 

T311, only 5% of all particles were involved in a strong contact at CS. For the same two mixtures, 307 

92% and 93% of sand particles were involved in a strong contact, respectively, highlighting that a 308 

large fraction of fines did not contribute to force skeleton structure. Hence, a large concentration 309 

of the deviatoric stress component is via involvement of sand particles. Both these findings and 310 

those in Fig. 7 support the assumption of EST that only a fraction of fines participate to the force 311 

skeleton structure of sand-fines mixtures. 312 

3.4 Contribution of fines to deviatoric stress, q 313 

The contribution of fines to the force skeleton structure, e.g. deviatoric stress, can be evaluated by 314 

decomposing the stress tensor into three additive variants respective of their contact type as 315 

follows: 316 

V𝑖𝑗
′ =  V𝑖𝑗

′𝑆−𝑆 + V𝑖𝑗
′𝑆−𝐹 + V𝑖𝑗

′𝐹−𝐹                                                                                                                   (4)  317 

where V′𝑖𝑗
𝑆−𝑆,  V𝑖𝑗

′𝑆−𝐹 and V𝑖𝑗
′𝐹−𝐹 denote the stress tensor computed based only on the sand-to-sand, 318 

sand-to-fines and fines-to-fines contacts, respectively. Therefore, contact types and their 319 

corresponding contribution to the deviatoric stress can be identified to assess their contribution to 320 

force skeleton structure. Fig. 9a and Fig. 9b illustrate the contribution of each contact type to the 321 

deviatoric stress in q-Hq space, for specimens T303 and T307 which had fc of 0.05 and 0.10, 322 

respectively. T303 and T307 had similar initial states of (e0=0.567, pc0=94kPa) and (e0=0.545, 323 
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pc0=94kPa) respectively. Despite the slight discrepancy of e0 (increased density), the reduction of 324 

strength with increasing fc was observed again. Evidently, sand-to-sand contacts made up nearly 325 

all of the deviatoric stress for both specimens and therefore, the deviatoric stress generated from 326 

fines-to-fines contacts (qf-f) and sand-to-fines contacts (qs-f) was small. For T303 and T307, sand-327 

to-sand contacts were responsible for 97.8% and 94.9% of the total deviatoric stress at CS, 328 

respectively. The slight reduction of sand-to-sand participation can be explained by the increase 329 

in fc.  Fine particles provided little structural value to the sand matrix and were rarely involved in 330 

force skeleton structure (less than 6% contribution to CS deviatoric stress in both instances). 331 

However, it is worth noting that the deviation between q and qs-s is due to the partition of qs-f with 332 

increasing fc, suggesting a fraction of fc were involved in the force skeleton structure. Although 333 

RT315 (Fig. 9c) had a lower e0 of 0.428 for fc=0.20, it exhibited a similar trend i.e. additional fines 334 

increased participation to q, although behaviour of the sand matrix was largely dominated by sand-335 

to-sand contacts. 87% of the total CS deviatoric stress for RT315 was generated via sand-to-sand 336 

contacts, thus fines approximately contributed to 13% of the deviatoric stress at CS. 337 

The ESPs for each contact type for T303 (with fc=0.05) and RT315 (with fc=0.20) are 338 

presented in Fig. 10a and Fig. 10b respectively. The qs-f, qf-f, pcs-f and pcf-f at the beginning of CV 339 

shearing for T303 were almost zero, however, qs-f and pcs-f evolved to small finite values at CS 340 

(29kPa and 21kPa, respectively) whilst qf-f and pcf-f remained infinitesimal. This suggests that 341 

some sand-to-fines contacts contributed to force skeleton structure for fc=0.05. However, fines-to-342 

fines contact contribution was negligible. Again, the qs-f, pcs-f, qf-f, and pcf-f at the beginning of CV 343 

shearing for RT315 were almost zero, however, at CS they evolved to values of 120kPa, 117kPa, 344 

11kPa and 34kPa, respectively. Thus, sand-to-fines contacts manifested larger contribution than 345 

fines-to-fines contacts. Comparing T303 to RT315 suggests that the contribution of fines to the 346 

force skeleton structure via sand-to-fines contacts increased with increasing fc. As the contribution 347 
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of fines-to-fines contacts is negligible, the contribution of fines to the force structure may be 348 

approximated by sand-to-fines contacts.  349 

The CN was also decomposed into components based on each contact type: 350 

𝐶𝑁𝑠−𝑠 = 2𝐶𝑠−𝑠
𝑁𝑠

  ; 𝐶𝑁𝑠−𝑓 = 2𝐶𝑠−𝑓

𝑁
  ; 𝐶𝑁𝑓−𝑓 = 2𝐶𝑓−𝑓

𝑁𝑓
                                                                                 (5) 351 

where Ns and Nf denote the number of sand and fine particles, respectively. Cs-s, Cs-f and Cf-f 352 

represent the average amount of sand-to-sand, sand-to-fines and fines-to-fines contacts per 353 

particle, respectively. The CN-Hq and Zm-Hq paths for different contact types for T303 and T307 354 

are presented in Fig 11a and Fig. 11b, respectively. Interestingly, T303 (inheriting a larger dilative 355 

tendency than T307 as per Fig. 9) yielded a lower CN (CN=0.57 at CS) than T307 (CN=0.92 at 356 

CS). Therefore, the classical CN does not provide an accurate contact density index to reflect the 357 

dilative tendencies of sand-fines mixtures. However, CNs-s seemingly better reflects the 358 

macroscopic dilative tendencies. Two conclusions to be drawn from these observations are: 1) a 359 

proportion of fine particles are likely to be involved in contact which may provide small structural 360 

value, and 2) sand-to-sand contacts largely govern dilative tendencies of sand-fines mixtures, 361 

when fcd0.20. Interestingly, the Zm and CNs-s paths closely approximate each other for both sand-362 

fine mixtures. The observation supports both above conclusions. That is, sand-to-sand contacts 363 

form a large majority of the mechanical contacts formulated in each granular mixture (i.e. Zm|CNs-364 

s), whilst sand-to-fine contacts are likely to form the residual mechanical contacts. 365 

3.5 Critical State Behaviour of sand-fines mixtures 366 

The CS data points for all simulations are presented in q-pc space as shown in Fig. 12. The slope 367 

of the CSL (i.e. M) changed slightly for each mixture, within the range 1.09dMd1.25. Although 368 

the relationship of M with fc was relatively random. When the clean sand M-line (M=1.15) was 369 

assumed over 0d fcd0.20, an R2=0.995 was obtained. Rahman et al. (2014) presented a unified 370 
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state-dependent constitutive modelling framework for sand-fine mixtures over a range of fc, 371 

through the assumption that M was independent of fc. The observations per Fig. 12 suggest such 372 

an assumption to somewhat reflect realistic behaviour of sand-fine mixtures.  373 

Alike the assumption, some experimental observations regarding sand mixed with low-plasticity 374 

fines have observed M may be independent of fc (Bouckovalas et al. 2003; Huang et al. 2004; 375 

Rahman et al. 2014; Rahman et al. 2011; Zlatovic and Ishihara 1995). Although unspecified in 376 

majority of these studies, the work of Rahman et al. (2014) used a fine mixture which contained 377 

round and smooth fines (Majura silt) (Rahman 2009). On the other hand, studies have observed 378 

that M increases with fc (Carraro et al. 2009; Murthy et al. 2007; Ni et al. 2004; Papadopoulou and 379 

Tika 2008). From these studies, Carraro et al. (2009) and Murthy et al. (2007) specified the shape 380 

of fine particles to be very angular, which potentially caused an increased in M as fc increased. 381 

The behavior of M with fc could therefore be a relationship which is influenced by fine shape, 382 

relative to sand shape. 383 

The CS data points for each granular mixture are plotted in the e-log pc space as shown in 384 

Fig. 13a. These CS points yielded non-linear CSLs for sand with each fc, which shifted downwards 385 

with increasing fc. These CSLs can be represented by the following power function (Li et al. 1999): 386 

𝑒𝑐𝑠 =  𝑒𝑙𝑖𝑚 − O(𝑝′𝑐𝑠 𝑝𝑎⁄ )[                                                                                                                          (6) 387 

where O of 0.027 and [ of 0.90 for all fc suggesting CSL parallelism. 𝑒𝑙𝑖𝑚values were 0.875, 0.820, 388 

0.750 and 0.630 for fc of 0, 0.05, 0.10 and 0.20, respectively. The findings coincide with 389 

experimental observations (Rahman and Lo 2014; Rahman et al. 2011; Thevanayagam et al. 390 

1997).  391 

 To evaluate the EST, the e in Fig. 13a was converted to e* using equation (1). The b 392 

parameter was estimated using the semi-empirical equation presented in the appendix (Eq. A1). 393 

The values of b were 0.08, 0.15 and 0.30 for fc of 0.05, 0.10 and 0.20, respectively. This approach 394 
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has been used in many other studies (Baki et al. 2014; Rahman and Lo 2012; Rahman and Lo 395 

2014) and has been evaluated with new emerging datasets by independent researchers with general 396 

acceptability being observed for poorly graded sand and fines mixture (Lashkari 2014; 397 

Mohammadi and Qadimi 2015). Alternatively, the b parameter can be estimated by the 398 

contribution of contact types to q, as explored in subsequent sections. In e*-log pc space (Fig. 13b) 399 

all CS data points coalesce with the original CSL of clean sand. Note, e=e* for clean sand, 400 

therefore the EG-CSL is same as the CSL for clean sand. Therefore, the e* may unify four CS 401 

datasets for sand with four fc to a single equivalent state framework. It was observed that CS data 402 

points for 𝑝′𝑐𝑠 > 100𝑘𝑃𝑎 coalesce well on the EG-CSL. However, despite minor scatter for 403 

𝑝′𝑐𝑠 < 100𝑘𝑃𝑎, the EG-CSL has a coefficient of determination, R2=0.969.  404 

When the CS data points are plotted in esk-log pc space a family of CSLs form, i.e. no EG-405 

CSL, with a higher deviation for a higher fc, is observed (Fig. 13c). For low fc (i.e. fc=0.05) CS 406 

data points relatively align with those of clean sand and a CSL irrespective of fc within this range 407 

could be assumed. Although, as fc increases and fines become active in the force skeleton the CS 408 

data points deviate from the clean sand CSL (e.g. fc=0.20). The definition of esk may be valid for 409 

low fc, although as observed in Fig. 8-10, the role of fines in the skeleton structure increases at 410 

larger fc. Therefore, esk which neglects the mechanical role of fines may not be an applicable 411 

density index, especially at the larger end of fc<fthre. Along with this limitation of esk, obtaining \sk 412 

for each granular mixture is challenging as no unified CSL irrespective of fc is developed. Thus, 413 

\* is used in subsequent sections as a state index for granular mixtures. 414 

3.6 DEM interpretation of b parameter 415 

The active fine particles that contribute to the sand-skeleton structure, i.e. the original definition 416 

of b, could be captured in DEM through evaluating the contribution of fine particles to q i.e. qf-f 417 
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and qs-f with respect to the contribution of sands to q i.e. qs-s. Thus, a DEM version of the b 418 

parameter can be approximated as: 419 

𝑏′ =
𝑞𝑠𝑓(𝑐𝑠) + 𝑞𝑓𝑓(𝑐𝑠)

𝑞𝑠𝑠(𝑐𝑠)
 ;    where 0 < 𝑏′ < 1                                                                                       (10) 420 

where bc denotes an alternative measure of b parameter. Eq. 10 satisfies the mathematical 421 

requirement of b i.e. bc=0 when 𝑞𝑠𝑓(𝑐𝑠) + 𝑞𝑓𝑓(𝑐𝑠) = 0 for fc=0, bc=1 when 𝑞𝑠𝑓(𝑐𝑠) + 𝑞𝑓𝑓(𝑐𝑠) =422 

𝑞𝑠𝑠(𝑐𝑠) for fc=1.0 and is only valid for when fc<fthre. However, the bc obtained in this approach was 423 

not constant for F and fc, but they varied with e and pc i.e. each simulation had a slightly different 424 

bc. Therefore, the range of bc values were 0.02 to 0.05, 0.05 to 0.16 and 0.13 to 0.37 for fc of 0.05, 425 

0.10 and 0.20, respectively. The semi-empirical value of b, as discussed earlier, was slightly higher 426 

than bc for fc of 0.05, however both b and bc were comparable for higher fc of 0.10 and 0.20. To 427 

evaluate EST with bc, bc was substituted for b in Eq. 1 and a DEM-versioned e* (e*DEM) was 428 

developed. In Fig. 14, e*DEM of each test is projected with the existing EG-CSL (by semi-empirical 429 

approach). e*DEM data points are shown to skew slightly from e* data points (compare with Fig. 430 

13b). Overall, the e*DEM and e* data points showed similar agreement with the EG-CSL. 431 

Specifically, an R2=0.969 was yielded when e* was projected with the EG-CSL (Fig.  13b) and 432 

when e*DEM was used instead, an R2=0.953 results (Fig. 14). The experimental Sydney sand data 433 

was also added in Fig. 14. There is slight difference between CSLs by DEM and experiment. 434 

However, the trend of the data, particularly the curvature of the CSL, is similar.  Although these 435 

DEM simulations, with a RRLCM and monodisperse fines, did not intend to match Sydney sand 436 

data, the observed behavioural trend were similar.   437 

3.7 Micromechanics at CS for sand-fines mixtures 438 

Previous studies reported that CN at CS also forms a unique relation in CN-log pc space (Gu et al. 439 

2014; Nguyen et al. 2017). However, for sand with fc, CN-pc relations were non-unique (Fig. 15a). 440 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 19 

For fc=0.05, the CN-pc relation shifted downward, further indicating that a large fraction of fc 441 

floated in the void spaces of the matrix. However, the CN-pc relation shifted upwards slowly with 442 

increasing fc (0.05d fc d0.20), indicating a gradual increase of the fraction of fc that are contact-443 

involved. This is analogous to the active fraction of fc for higher fc. Therefore, the CN for sand-to-444 

sand and sand-to-fines (CNss+sf) as a measure of skeleton structural contact density are presented 445 

in CNss+sf-pc space as shown in Fig. 15b. A single correlation with R2= 0.976 was obtained. In Zm-446 

pc space (R2=0.810) (Fig. 15c) a similar trend followed, thus Zm|CNss+sf. Although, CNss+sf slightly 447 

better reflected the stress state at CS for the entire family of granular mixtures. Herein, CNss+sf will 448 

be the contact density index used as it seemingly best reflects the macro-mechanical behaviour of 449 

all granular mixtures. 450 

3.8 \ and \* for sand-fines mixtures and their characteristic behaviour 451 

The CSL for each fc in Fig. 13a and corresponding e0 and pc0 for each test can be used to define 452 

the post-consolidation state parameter, \0. In this case, four CSSM datasets have to be developed 453 

for four different fc to evaluate relations between characteristic behaviour i.e. PT state, and the 454 

undrained instability state with \. Alternatively, the EG-CSL in conjunction with e*0 and pc0 can 455 

be used to define \*0. The advantage of \*0 is that it only requires EG-CSL which is 456 

mathematically equivalent to CSL for clean sand or can be derived from a CSL for a fc , but may 457 

applicable for other fc (when fc<fthre) (Rahman and Lo 2008). In this case, four CSSM datasets are 458 

unified into a single EST dataset, which has to be evaluated for the relations between characteristic 459 

behaviour and \*0.  Note, the numerical value of \ and \* are not equal but very close, and their 460 

relation can be presented via the following function: 461 

\
\ ∗

= 1 − (1 − 𝑏)𝑓𝑐                                                                                                                             (7) 462 
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3.8.1 Relation between PT with \ and \* for sand-fines mixtures 463 

The PT state can be approximated as the point where dilatancy (d) becomes zero. Setting d=0 in 464 

the dilatancy equation of the SANISAND constitutive model as detailed in Li and Dafalias (2000): 465 

𝑑 = 0 = dH𝑣
𝑝/dH𝑞

𝑝 = 𝑑0/𝑀[𝑀𝑒𝑥𝑝(𝑚\) − K], one can achieve KPT=(q/pc)PT=M exp (-m\). The 466 

KPT and \0 data points in Fig. 16a shows a good R2 (=0.880), which can be approximated by a 467 

similar exponential function as embedded in the SANISAND model. To evaluate the EST, the \*0 468 

was plotted with KPT in Fig. 16b. In KPT-\*0 space an R2=0.867 is yielded when the data is 469 

represented by the same function as in Fig. 16a. Similar correlations were therefore observed for 470 

both \0 and \*0 with KPT within the range of 0dfcd0.20.  471 

To further evaluate the sand-fines interaction, the CNss+sf at KPT (CNss+sf(PT)) as a measure 472 

of skeleton structural contacts are presented in CNss+sf(PT)-\0 space as shown in Fig. 16c. Although 473 

some scatter, the relation exhibits explainable behaviour i.e. a dilative sample has negative \0 and 474 

therefore at KPT a higher CNss+sf was achieved. In CNss+sf(PT)-\*0 space (Fig. 16d), the trend is very 475 

much similar to what is observed in Fig 16c, further suggesting the appropriateness of \*0 as a 476 

state index for sand-fines mixtures. 477 

Yoshimine and Ishihara (1998) proposed an entity called the flow potential, uF= 1 – pcPT/pc0 478 

which characterises the generation of 'u at PT. The relationship between uF and \0, and uF and 479 

\*0 are depicted in Fig. 17a and Fig. 17b, respectively. Despite some scatter, uF showed a single 480 

trend with \*0, irrespective of fc. This finding also highlights the encouraging performance of \*0 481 

in predicting characteristic features. Similar performance of \0 and \*0, was again observed for 482 

the studied fc range. 483 
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3.8.2 Relation between KIS and \* for sand-fines mixtures 484 

Many researchers suggested that KIS exhibits good correlation with \ (Rabbi et al. 2019; Yang 485 

2002) and has also been implemented in constitutive models (Imam et al. 2002). Rahman and Lo 486 

(2012) presented very good correlations in KIS-\*0 space for sand-fines mixtures (up to fc=0.30). 487 

The relation could be mathematically described by the following equation: 488 

K𝐼𝑆 = 𝐴 + exp(−𝐵\ ∗)                                                                                                                          (8) 489 

where A and B are fitting parameters. The KIS and \*0 data from this study along with experimental 490 

data for Sydney sand-fines mixtures are presented in KIS-\*0 space in Fig. 18a. DEM data showed 491 

a relationship in KIS-\*0 space irrespective of fc; where A=0.910 and B=-5.19. Interestingly, the 492 

DEM simulation and experimental Sydney sand data yielded a similar trend in Fig. 18a. KIS also 493 

formed a unique relationship with \0, irrespective of fc (Fig 18b), although a \0<0 value was 494 

observed. However, this DEM study intended to capture only the qualitative behaviour of sand 495 

with fines and investigate the link between micro- and macro- mechanical behaviour. To match 496 

the experimental data quantitatively, alternative approaches or techniques should be considered. 497 

The performance of CNss+sf at KIS (CNss+sf(IS)) as a measure of skeleton structure are presented in 498 

CNss+sf(IS)-\*0 and CNss+sf-\0 spaces as shown in Fig. 18c&d. In both cases, a single correlation 499 

irrespective of fc was obtained.   500 

4 CONCLUSIONS 501 

A series of constant volume (CV) triaxial compression DEM simulations were undertaken on 502 

sand-fines mixtures (fc=0; 0.05; 0.10; 0.20) in PFC3D. The influence of e0, fc and contact type 503 

partition on sand-fines mixtures were evaluated from a macro-mechanical and micro-mechanical 504 

standpoint. The CS and equivalent state behaviour of the mixtures were also evaluated by means 505 

of the CSL, EG-CSL as well as \ and \* which both could be correlated with characteristic 506 
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features of CV behaviour. Notably, the performance and validity of e* and its semi-empirical 507 

constituent, b, were also assessed. The key findings of the paper are listed hereafter: 508 

i. Similar to experimental observations, when fc remained unchanged, e0 was shown to 509 

influence CV behaviour of sand-fines mixtures. In q-Hq, q-pc and 'u-Hq spaces, it was 510 

observed a larger e0 corresponded to a more contractive response than that of a smaller e0. 511 

ii. In undrained shearing where e0 is identical but fc is increased, the CS (or overall) strength 512 

reduced. The observation aligned with the experimental supposition that for fines-in-sand 513 

soil matrixes, a meta-stable structure is formed where fines slip in between sand particles, 514 

exhibiting higher compressibility and lower q and pc. It was also observed that when fines 515 

are added to a clean sand there was a considerable reduction in CN. The finding supports 516 

the key assumption of the EST, which indicates a proportion of fines are inactive in the 517 

matrix. 518 

iii. The average contact force at CS for three granular mixtures with varying fc values were 519 

computed. This information along with the force chain networks of the mixtures at CS, led 520 

to the observation that the formation of strong contacts reduces with the addition of fines. 521 

When fc=0.00, 39% of all particles were involved in strong contacts. However, for a similar 522 

initial state, when fc=0.05 and fc=0.10 only 5% of all particles were involved in strong 523 

contacts. The large reduction in particles involving in strong contacts suggests interlocking 524 

capabilities and force skeleton efficiency are compromised with the addition of fc.  525 

iv. Sand-sand contacts were observed to have a dominating contribution (>87% of total q) to 526 

the soil strength (or q) for 0dfcd0.20. Negligible contribution of fines-fines contacts to q 527 

was observed, although some sand-fines contribution was present, which increased 528 

throughout CV shearing. Therefore, a proportion of fines could be deemed active in the 529 

force transmitting structure. At larger fc, the participation of fines to q increased, supporting 530 
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the concept of e*. On the other hand, the supposition that esk may not provide an equivalent 531 

density index at larger fc (within fc<fthre) advances. 532 

v. The CN, CNss+sf and Zm was analysed for granular mixtures. Unlike for clean sand, CN did 533 

not represent the dilative tendencies of granular mixtures, which could be explained by 534 

fines floating in void spaces. Although, CNss+sf|Zm suggesting that mechanical contacts in 535 

granular mixtures are comprised of mainly sand-sand and sand-fine contacts, when fc<fthre. 536 

Although reportedly Zm captures the dilative tendencies of clean sands well, this study 537 

reported CNss+sf better reflects a mechanical coordination number (i.e. stress state at CS), 538 

where fines are included.  539 

vi. The EST was evaluated for sand-fines mixtures from a numerical perspective. Many 540 

experimental observations aligned with our numerical findings. As fines are added to the 541 

soil a downward shift in the CSL was observed in e-log pc space. In e*- log pc space an 542 

EG-CSL was formed irrespective of fc. \* formed encouraging correlation with 543 

characteristic features of CV behaviour, i.e. KPT, uF and KIS. The elegancy of the EST was 544 

therefore showcased for DEM granular material within the range of 0dfcd0.20, e.g. \ could 545 

be replaced with \* in state-dependent constitutive modelling applications.  546 

vii. Acknowledging the original definition of b and its semi-empirical nature, a new 547 

interpretation of b was developed using stress partitions of contact types. It was observed 548 

that e*DEM | e* and therefore a unique EG-CSL was achieved with the new interpretation 549 

of b. The finding helps to advance the physical understanding of b and EST. 550 

Although the study presents valuable DEM findings relating to the behaviour of granular 551 

mixtures, the application of findings to natural granular mixtures should be carefully considered. 552 

Natural granular material which generally possess coarser and finer fractions have micro-structural 553 

characteristics that may not align with DEM spheres. This study partially incorporated particle 554 
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shape by using rolling resistance model whilst also considering a large enough specimen to 555 

minimize the influence of the rigid boundary. However, the results for natural granular material 556 

may diverge from the ones produced by this study. 557 
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APPENDIX 778 

Equivalent granular void ratio, e* 779 

Rahman and Lo (2008),  by re-analysing the experimental data of McGeary (1961) on binary 780 

packing studies and nine different sand-fines mixture from around the world, concluded that b 781 

entering Eq.(1) is a function of both fc and  F=Ds/df,  where Ds is the characteristic size of sand 782 

and df is the characteristic size of fines. Furthermore, the functional relationship, b = F(fc, F), has 783 

to possess a number of mathematical attributes (Rahman et al. 2008). To simulate the required 784 

attributes, Rahman and Lo (2008)  proposed a semi-empirical equation expressed as below.  785 

       (A1) 786 

where r =F-1= particle size ratio, df/Ds and k = 1 - r0.25. Since sand and fines are generally not 787 

single-size materials, Ds/df was generalized to Ds,10/df,50 based on the argument in Ni et al. (2004), 788 

where the subscripts denote fractile passing.  fthre can be obtained from the experimental data, 789 

where available, as outlined in Rahman et al. (2009). However, as an initial approximation, fthre 790 

can be taken as 0.30, but it may be determined more reliably using the following equation 791 

developed by Rahman et al. (2009).     792 

        (A2) 793 

The parameters D and E are determined by curve fitting to eight databases for F in the range of 2 794 

to 42, and this gave D = 0.50 and E = 0.13.  795 
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Notations 797 
'u:  excess pore water pressure 798 
H:  strain rate 799 
Hq:  deviatoric strain  800 
Hv:  volumetric strain 801 
KIS:  stress ratio at instability state 802 
KPT:  stress ratio at phase transformation 803 
O:  slope of CSL in e-log pc space 804 
P:  inter-particle friction coefficient 805 
Pr:  rolling resistance coefficient 806 
[:  CSL fitting parameter in e-log pc space 807 
V1:  maximum principal stress 808 
V3:  minor principal stress 809 
\:  state parameter 810 
\0:  state parameter at the beginning of shearing 811 
\*:  equivalent granular state parameter 812 
\*0:  equivalent granular state parameter at the beginning of shearing 813 
F:  particle size ratio between sand and fine particles 814 
Zavg:  average angular velocity 815 
b:  active proportion of fines in force transmitting skeleton 816 
bc:  active proportion of fines in force transmitting skeleton (obtained via DEM) 817 
C:  total number of contacts 818 
CN:  coordination number 819 
CNf-f:  coordination number for fine-fine contacts 820 
CNs-f:  coordination number for sand-fine contacts 821 
CNs-s:  coordination number for sand-sand contacts 822 
e:  void ratio 823 
e0:  post-consolidation void ratio  824 
e*:  equivalent granular void ratio 825 
e*0:  post-consolidation equivalent granular void ratio  826 
e*DEM:  equivalent granular void ratio (obtained via bc & DEM) 827 
elim:  CSL fitting parameter in e-log pc space 828 
fc:  fine content 829 
fthre:  threshold fine content 830 
M:  slope of CSL in q-pc space 831 
m:  flow rule fitting parameter 832 
N:  total number of particles 833 
pc:  mean effective confining stress 834 
pc0:  post-consolidation mean effective confining stress 835 
pcPT:  mean effective confining stress at phase transformation 836 
pcf-f:  mean effective confining stress for fine-fine contacts 837 
pcs-f:  mean effective confining stress for sand-fine contacts 838 
pcs-s:  mean effective confining stress for sand-sand contacts 839 
q:  deviatoric stress 840 
qpeak:  deviatoric stress at instability state 841 
qf-f:  deviatoric stress for fine-fine contacts 842 
qs-f:  deviatoric stress for sand-fine contacts 843 
qs-s:  deviatoric stress for sand-sand contacts 844 
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uF:  flow potential 845 

List of tables 846 

Table 1. Summary of input parameters used in study. 847 

Parameter Value 

Particle density (Ug) 2650kg/m3 

Effective Young’s modulus (E*) 50MPa 

Ratio between normal and tangential contact stiffness, (k*) 1 

Inter-particle sliding friction coefficient (P) 0.5 

Rolling friction coefficient (Pr) 0.3 

Wall friction coefficient  0 

Wall stiffness  1u1010 kN/m 

Damping constant 0.7 

Table 2. Summary of undrained triaxial tests used in study. 848 
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Test µsp fc N Ns Nf H (1/s) p'0 

(kPa) 
e0 e* esk Flow 

type 

b b�c 

T1 0.90 0 10506 10506 - 0.001 96 0.867 0.867 0.867 F 0 0 

T2 0.01 0 10506 10506 - 0.001 96 0.597 0.597 0.597 NF 0 0 

T3 0.50 0 10506 10506 - 0.001 96 0.838 0.838 0.838 LF 0 0 

T4 0.10 0 10506 10506 - 0.001 96 0.667 0.667 0.667 NF 0 0 

T5 0.20 0 10506 10506 - 0.001 96 0.726 0.726 0.726 NF 0 0 

T6 0.54 0 10506 10506 - 0.001 96 0.852 0.852 0.852 F 0 0 

T7 0.34 0 10506 10506 - 0.001 96 0.796 0.796 0.796 NF 0 0 

T10 0.12 0 10506 10506 - 0.001 96 0.675 0.675 0.675 NF 0 0 

T11 0.00 0 10506 10506 - 0.001 333 0.547 0.547 0.547 NF 0 0 

T12 0.20 0 10506 10506 - 0.001 96 0.726 0.726 0.726 NF 0 0 

T13 0.70 0 10506 10506 - 0.001 96 0.875 0.875 0.875 F 0 0 

T14 0.34 0 10506 10506 - 0.001 96 0.796 0.796 0.796 NF 0 0 

T15 0.95 0 10506 10506 - 0.001 500 0.746 0.746 0.746 NF 0 0 

T16 0.60 0 10506 10506 - 0.001 500 0.742 0.742 0.742 NF 0 0 

T17 0.44 0 10506 10506 - 0.001 500 0.722 0.722 0.722 NF 0 0 

T18 0.01 0 10506 10506 - 0.001 96 0.597 0.597 0.597 NF 0 0 

T-RR4 0.01 0 10506 10506 - 0.001 96 0.599 0.599 0.599 NF 0 0 

T-RR5 0.70 0 10506 10506 - 0.001 96 0.874 0.874 0.874 F 0 0 

T-RR26 0.01 0 10506 10506 - 0.001 100 0.599 0.599 0.599 NF 0 0 

T-RR54 0.55 0 10506 10506 - 0.001 76 0.853 0.853 0.853 F 0 0 

T-RR55 0.65 0 10506 10506 - 0.001 100 0.859 0.859 0.859 LF 0 0 

T300 0.10 0.05 66020 2649 63371 0.001 94 0.626 0.705 0.712 NF 0.072 0.023 

T301 0.35 0.05 66020 2649 63371 0.001 94 0.765 0.851 0.858 T 0.072 0.029 

T303 0.70 0.05 66020 2649 63371 0.001 94 0.567 0.643 0.649 NF 0.072 0.022 

T304 0.45 0.05 66020 2649 63371 0.001 94 0.812 0.900 0.907 F 0.072 0.033 

T306 0.50 0.05 66020 2649 63371 0.001 94 0.817 0.905 0.913 F 0.072 0.032 

T319 0.20 0.05 66020 2649 63371 0.001 350 0.732 0.816 0.823 T 0.072 0.024 

T320 0.30 0.05 66020 2649 63371 0.001 500 0.655 0.736 0.742 NF 0.072 0.021 

RT321 0.20 0.05 66020 2649 63371 0.001 100 0.685 0.767 0.773 NF 0.072 0.022 

T307 0.10 0.10 129266 2524 126742 0.001 94 0.545 0.688 0.717 NF 0.151 0.051 

T308 0.10 0.10 129266 2524 126742 0.0004 94 0.546 0.689 0.718 NF 0.151 0.095 

T309 0.40 0.10 129266 2524 126742 0.001 94 0.711 0.870 0.901 LF 0.151 0.068 

T310 0.50 0.10 144506 2809 141697 0.001 94 0.549 0.693 0.721 NF 0.151 0.150 
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*Note: T behaviour denotes a transitional behaviour between NF & LF or F & LF 849 

Table 3. Participation of fine and sand particles to strong contact force network. 850 

Parameter fc Proportion of fine 
particles in strong contact at 

CS 

Proportion of sand 
particles in strong contact at 

CS 

Proportion of 
particles in strong contact at 

CS 

T10 0.00 - 0.39 0.39 

RT321 0.05 0.01 0.92 0.05 

T311 0.10 0.03 0.93 0.05 

 851 

T311 0.30 0.10 129266 2524 126742 0.001 94 0.677 0.8217 0.863 NF 0.151 0.075 

T312 0.50 0.10 129266 2524 126742 0.001 94 0.746 0.908 0.940 F 0.151 0.051 

RT313 0.50 0.10 129266 2524 126742 0.001 330 0.665 0.820 0.850 T 0.151 0.064 

RT314 0.10 0.10 129266 2524 126742 0.001 330 0.510 0.650 0.678 NF 0.151 0.051 

RT322 0.40 0.10 129266 2524 126742 0.001 500 0.602 0.751 0.780 NF 0.151 0.064 

RT323 0.10 0.10 129266 2524 126742 0.001 500 0.486 0.624 0.651 NF 0.151 0.052 

T315 0.10 0.20 255726 2241 253485 0.001 340 0.399 0.628 0.749 NF 0.296 0.122 

T316 0.50 0.20 255726 2241 253485 0.001 96 0.620 0.886 1.025 F 0.296 0.297 

T317 0.30 0.20 255726 2241 253485 0.001 100 0.635 0.903 1.044 F 0.296 0.199 

RT318 0.30 0.20 255726 2241 253485 0.001 350 0.550 0.804 0.938 F 0.296 0.364 

RT315 0.10 0.20 255726 2241 253485 0.001 100 0.428 0.662 0.785 NF 0.296 0.129 
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q-Hq and (b) q-pc spaces.

Fig. 6. Effect of e on sand with fc=0.10 behaviour in (a) q-Hq, (b) q-pc and (c) 'ue-Hq spaces.
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Fig. 4. Range of fine contents 
and void ratios considered in study.
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Fig. 8. Influence of the addition of fines on the force skeleton structure: (a) T10, fc=0.00; 
(b) RT321, fc=0.05; (c) T311, fc=0.10.

Fig. 7. Influence of fc on undrained behaviour in (a) q-Hq, (b) q-pc (c) 'ue-Hq and (d) CN/Zm-Hq spaces. 
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Fig. 9. The mechanical participation of each contact type in q-Hq space for; (a) fc=0.05; (b) 
fc=0.10; (c) fc=0.20.

Fig. 10. The mechanical participation of each contact type in q-pc space for; (a) T303, 
fc=0.05; (b) RT315, fc=0.20.
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Fig. 11. Evolution of contact density for different contact types: (a) T303, fc=0.05; (b) 
T307, fc=0.10.

Fig. 12. CSL in q-pc space.

Fig. 13. CSL in for studied granular mixtures in (a) e-log pc, (b) e*-log pc and (c) esk-
log pc spaces. 
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Fig. 14. The EG-CSL with e*DEM data points.

Fig. 15. The relation between coordination number and critical state stress in (a) CN-pccs, 
(b) CNss+sf-pccs(c) Zm-pccs spaces.
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Fig. 16. The performance of \ & \* capturing characteristic features at PT in (a) KPT-\0, (b) 
KPT-\*0, (c) CNss+sf(PT)-\0 and (d) CNss+sf(PT)-\*0 spaces.

Fig. 17. The performance of \ & \* capturing the flow potential of granular mixtures in (a) 
uF-\0 and (b) uF-\*0 spaces.
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Fig. 18. The performance of \ & \* capturing undrained instability behaviour in (a) KIS-
\*0, (b) KIS-\0, (c) CNss+sf(IS)-\*0 and (d) CNss+sf(IS)-\0 spaces.
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