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Abstract  

 Shear locking is a major issue emerging in the computational formulation of beam 

and plate finite elements of minimal number of degrees-of-freedom as it leads to artificial 

over-stiffening. In this paper discontinuous Timoshenko beam and Mindlin-Reissner plate 

elements are developed by adopting the Hellinger-Reissner (HR) functional with the 

displacements and through-thickness shear strains as degrees-of-freedom. Heterogeneous 

beams and plates with weak discontinuity are considered and the mixed formulation has been 

combined with the eXtended Finite Element Method (XFEM) thus mixed enrichment 

functions are used. Both the displacement and the shear strain fields are enriched as opposed 

to the traditional XFEM where only the displacement functions are enriched. The enrichment 

type is restricted to extrinsic mesh-based topological local enrichment. The results from the 

proposed formulation correlate well with analytical solution in the case of the beam and in 

the case of the Mindlin-Reissner plate with those of a finite element package (ABAQUS) and 

classical Finite Element Method (FEM) and show higher rates of convergence. In all cases, 

the proposed method captures strain discontinuity accurately. Thus, the proposed method 

provides an accurate and a computationally more efficient way for the formulation of beam 

and plate finite elements of minimal number of degrees of freedom.  

Keywords: Hellinger-Reissner (HR) functional, mixed interpolation of tensorial components 

(MITC), shear locking, Timoshenko beam, Mindlin-Reissner plate, extended finite element 

method (XFEM) 

 

 

 

 

 

                                                           
* To whom correspondence should be addressed: 
Email: milad.toolabi04@imperial.ac.uk 
 

mailto:milad.toolabi04@imperial.ac.uk


2 
 

Nomenclature 

 

Latin lower case 

 

d depth/breadth of the beam [𝐿] 

𝒇𝐵 body force field [𝑀𝐿−2𝑇−2] 
𝒇𝑆𝑓 surface force field [𝑀𝐿−1𝑇−2] 
𝒇𝑆𝑢  reaction force field at the support [𝑀𝐿−1𝑇−2] 
h height of the beam [𝐿] 

𝑞 shear force [𝑀𝐿𝑇−2] 
𝑡𝑟 rise time of pressure [𝑇] 

𝐮 displacement field [𝐿] 

𝒖̂ nodal degrees-of-freedom [𝐿] 

𝐮𝑆𝑓  surface displacement field [𝐿] 

𝒖𝑆𝑢 prescribed displacement field at the support [𝐿] 

𝒖𝑝 prescribed displacement field [𝐿] 

w vertical displacement [𝐿] 

𝑤𝑖 section’s vertical displacement [𝐿] 

𝑥∗ position of the discontinuity [𝐿] 

 

Latin upper case 

  

A section cross sectional area [𝐿2] 

𝐴𝑤𝑖 enriched vertical displacement degrees-of-freedom [𝐿] 

𝐴𝜃𝑖 enriched rotational degrees-of-freedom [𝐿] 

𝐴𝜀̂𝑖 enriched strain degrees-of-freedom [1] 

𝑩𝑺
𝑨𝑺 matrix relating nodal shear strain to the field shear strain [1] 

𝐁𝐬 matrix relating nodal displacement to the field shear strain [1] 

𝐁𝐛 matrix relating nodal displacement to the field strain in x direction [1] 

𝐂 matrix of material constant [𝑀𝐿−1𝑇−2] 
𝑪𝑏 matrix of material constant (bending) [𝑀𝐿−1𝑇−2] 
𝑪𝑠 matrix of material constant (shear) [𝑀𝐿−1𝑇−2] 
𝐸𝑖 section’s Young’s modulus [𝑀𝐿−1𝑇−2] 
𝐺𝑖 section’s shear modulus [𝑀𝐿−1𝑇−2] 
𝐸𝑖 section’s Young’s modulus [𝑀𝐿−1𝑇−2] 
𝐻 Heaviside function [1] 

𝑯 matrix relating nodal displacement to the field displacement [1] 

I second moment of area [𝐿4] 

𝐽 Jacobian [𝐿] 

L length of the beam [𝐿] 

𝑁𝑖 shape function of node i [1] 

𝑄𝑖 section’s shear force [𝑀𝐿𝑇−2] 

S surface area [𝐿2] 

V volume [𝐿3] 

 

Greek lower case 

  

𝛾𝑖𝑥𝑧 section’s shear strain in xz-plane [1] 
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𝛾𝑖𝑦𝑧 section’s shear strain in yz-plane [1] 

𝛾𝑥𝑧
𝐴𝑆 assumed constant shear strain in xz-plane [1] 

𝛾𝑦𝑧
𝐴𝑆 assumed constant shear strain in yz-plane [1] 

𝜸̂ nodal shear strain degree-of-freedom [1] 

𝛆 strain field [1] 

𝜺𝐛 bending strain field [1] 
𝜺𝐬 shear strain field [1] 
𝜀xx strain in the x direction [1] 

𝜀yy strain in the y direction [1] 

θ𝑖 section’s rotation [1] 

θ𝑥𝑖 section’s rotation around y-axis [1] 

θ𝑦𝑖 section’s rotation around x-axis [1] 

ĸ shear correction factor [1] 

𝛌𝜺 Lagrange multiplier field corresponding to strain [𝑀𝐿−1𝑇−2] 
𝛌𝒖 Lagrange multiplier field corresponding to displacement [𝑀𝐿−1𝑇−2] 
𝜈 Poisson’s ratio [1] 

𝝉 stress field [𝑀𝐿−1𝑇−2] 
𝜓 enrichment function [1] 

∆𝜓𝑖 difference between the node i enrichment value and position x  [𝐿] 

  

Greek upper case 

  

∅𝐽 Level set [𝐿] 
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1. Introduction 

Weak discontinuities are encountered in a variety of circumstances; from the necessity of 

adopting bi-materials as a functionality requirement. For instance, in the case of a thermostat 

to optimization of performance when two materials of different mechanical behaviour are tied 

together and from the formation of a layer of oxide on a virgin metallic beam under bending 

to heterogeneous synthetic sports equipment design. As such, there are many applications in 

solid mechanics encompassing weak discontinuities, where efficient computational methods 

are required to deal with the discontinuous nature of the solution, without the need for fine 

finite element discretisation in the vicinity of the discontinuity. The numerical approach used 

to deal with such situations i.e. the displacement-based finite element method, require 

adjustment in order to meet the needs of potential for complex numerical artefacts such as 

overstiff behaviour to emerge as a result of inconsistent kinematic assumptions.  

While in practice, the displacement-based finite element formulation is used most frequently, 

other techniques have also been employed successfully and are, in some cases, more efficient. 

Some very general finite element formulations are obtained by using variational principles 

that can be regarded as extensions of the principle of stationarity of total potential energy. 

These extended variational principles use not only the displacements but also the strains 

and/or stresses as primary variables and lead to what is referred to as mixed finite element 

formulations. A large number of mixed finite element formulations have been proposed, 

including that offered by of Kardestuncer and Norrie [1] and the work of Brezzi and Fortin 

[2]. It has been shown that the Hu-Washizu variational formulation may be regarded as a 

generalisation of the principle of virtual displacements, in which the displacement boundary 

conditions and strain compatibility conditions have been relaxed but then imposed by 

Lagrange multipliers and variations are performed on all unknown displacements, strains, 

stresses, body forces, and surface tractions.  

Mixed finite element discretisation can offer some advantages in certain analyses, compared 

to the standard displacement-based discretisation. There are two areas in which the use of 

mixed elements is much more efficient than the use of pure displacement-based elements. 

These two areas are the analysis of almost incompressible media and the analysis of plate and 

shell structures. Simpler geometries such as beams can also be studied using the mixed 

methods and there are advantages in so doing. 

The work presented concerns the development of a mixed finite element formulation for the 

analysis of discontinuous Timoshenko beam and Mindlin-Reissner plate. The basic 

assumption in the Euler-Bernoulli theory of shallow beams excluding shear deformation is 

that a normal to the midsurface (neutral axis) of the beam remains normal during deformation 

and therefore its angular rotation is equal to the slope of the beam midsurface i.e. the first 

derivative of the lateral displacement field. This kinematic assumption leads to the well-

known beam bending governing differential equation in which the transverse displacement is 

the only variable and requires shape functions that are 𝐶1smooth. Considering now the effect 

of shear deformations, one retains the assumption that a plane section originally normal to the 

neutral axis remains plane, but not necessarily normal to the neutral axis. Adopting this 
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kinematic assumption leads to Timoshenko theory of beams in which the total rotation of the 

plane originally normal to the neutral axis is given by the rotation of the tangent to the neutral 

axis and the shear deformation. While Timoshenko beam theory asymptotically recovers the 

classical theory for thin beams or as the shear rigidity becomes very large and allows the 

utilization of 𝐶0smooth functions in the finite element formulation, it may be accompanied 

by erroneous shear strain energy and very small lateral displacements if field-inconsistent 

finite element formulation is used to solve the governing differential equation. Higher order 

theories as third-order (e.g. [3] and [4]) or zeroth-order shear deformation theories [5] have 

also been discussed in the literature and could coalesce with either of the aforementioned 

theories as limiting cases. In 2D problems plate and shell formulations are extensively used to 

evaluate thin-walled structures such as aircraft fuselage exposed to bending and pressure 

loads. The Mindlin-Reissner plate theory is attractive for the numerical simulation of weak 

and strong discontinuities for several reasons. One major advantage is that Mindlin-Reissner 

theory enables one to include the transverse shear strains through the thickness in the plate 

formulation compared to Kirchhoff theory. 

When analysing a structure or an element using Timoshenko beam or Mindlin-Reissner plate 

theory by the virtue of the assumptions made on the displacement field, the shearing 

deformations cannot be zero everywhere (for thin structures or elements), therefore, 

erroneous shear strain energy (which can be significant compared with the bending energy) is 

included in the analysis. This error results in much smaller displacements than the exact 

values when the beam structure analysed is thin. Hence, in such cases, the finite element 

models are over-stiff. This phenomenon is observed in the two-noded beam element, which 

therefore should not be employed in the analysis of thin beam structures, and the conclusion 

is also applicable to the purely displacement-based low order plate and shell elements. The 

over-stiff behaviour exhibited by thin elements has been referred to as element shear locking. 

Various formulations have been proposed to address the overstiff behaviour exhibited by thin 

beam [6] and plate [7] elements , referred to as shear locking. In this paper an effective beam 

element is obtained using a mixed interpolation of displacements and transverse shear strains 

based on Hellinger-Reissner (HR) functional. The mixed interpolation proposed is an 

application of the more general procedure employed in the formulation of plate bending and 

shell elements and is very reliable in that it does not lock, shows excellent convergence 

behaviour, and does not contain any spurious zero energy modes. In addition, the proposed 

formulation possesses an attractive computational feature.  

In the case of the Timoshenko beam, the stiffness matrices of the elements can be evaluated 

efficiently by simply integrating the displacement-based model with N Gauss integration 

point for the (N+1)-noded element. Using one integration point in the evaluation of the two-

noded element stiffness matrix, the transverse shear strain is assumed to be constant, and the 

contribution from the bending deformation is still evaluated exactly. In the case of the 

Mindlin-Reissner plate, Bathe and Dvorkin [8] introduced a general four-noded nonlinear 

shell element, which was later reduced to a four-noded linear plate bending element for the 

linear elastic analysis of plates. In their work it was shown how the general continuum 

mechanics based shell element formulation [9] can be reduced to an interesting plate bending 
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element. The proposed elements by Bathe and Dvorkin [8] satisfy the isotropy and 

convergence requirements [10] and also as it has been shown in [9] the transverse 

displacement and section rotations have been interpolated with different shape functions than 

the transverse shear strains. The order of shape functions used for interpolating the transverse 

shear strain is less than the order of shape function used for interpolation of transverse 

displacement and section rotations. 

The method proposed in this study captures the discontinuous nature of solution arising from 

jump in material properties using the extended finite element method (XFEM) which falls 

within the framework of the partition of unity method (PUM) [11]. While there is literature 

galore on the study of strong discontinuities using XFEM (e.g. modelling fracture in Mindlin-

Reissner plates [12], cohesive crack growth [13], modelling holes and inclusions [14], 

analysis of a viscoelastic orthotropic cracked body [15], etc.), there are few studies on using 

this method to capture the discontinuity for thin plates or beams that do not exhibit shear 

locking. To mention some recent contributions in this regard, Xu et al. [16] adopted a 6-

noded isoparametric plate element with the extended finite element formulation to capture the 

elasto-plastic behaviour of a plate in small-deformation analyses. The XFEM is used (by 

enriching the displacement field only which is referred to, herein, as the traditional XFEM 

[17]) to capture the behaviour of a plate with a locally non-smooth displacement field, and a 

displacement field with a high gradient. Natarajan et al. [18] studied the effect of local 

defects, viz., cracks and cut-outs on the buckling behaviour of plates with a functionally 

graded material subjected to mechanical and thermal loads. The internal discontinuities, i.e. 

cracks and cut-outs are represented independent of the mesh within the framework of the 

extended finite element method and an enriched shear flexible 4-noded quadrilateral element 

is used for spatial discretisation. Van der Meer [19] proposed a level set model that was used 

in conjunction with XFEM for modelling delamination in composites. Peng [20] considered 

the fracture of shells with continuum-based shell elements using the phantom node version of 

XFEM. Baiz et al. [21] studied the linear buckling problem for isotropic plates using a 

quadrilateral element with smoothed curvatures and the extended finite element method and 

Larsson et al. [22] studied the modelled dynamic fracture in shell structures using XFEM. 

In the present study XFEM is used in conjunction with Mixed Interpolated Tensorial 

Component (MITC) Timoshenko beam and Mindlin-Reissner plate formulations proposed by 

Bathe and Dvorkin [8]. MITC has been successful in dealing with the problem of shear 

locking and has several advantages over displacement-based finite element method. Moysidis 

et al. [23] implemented a hysteretic plate finite element for inelastic, static and dynamic 

analysis where s smooth, 3D hysteretic rate-independent model is utilized generalizing the 

uniaxial Bouc-Wen model. This is expressed in tensorial form, which incorporates the yield 

criterion and a hardening rule. The elastic mixed interpolation of tensorial components with 

elements possessing four nodes (MITC4) is extended by considering, as additional hysteretic 

degrees-of-freedom, the plastic strains at the Gauss integration points of the interface at each 

layer. Plastic strains evolve following Bouc-Wen equations. Jeon et al. [24] developed a 

scheme to enrich the 3-noded triangular MITC shell finite element by interpolation cover 

functions and Ko et al. [25]  proposed a new reliable and efficient 4-noded quadrilateral 

http://scholar.google.co.uk/scholar_url?url=http%3A%2F%2Fsearch.proquest.com%2Fopenview%2Fc876d2ca824fa6939fa346297054c89e%2F1%3Fpq-origsite%3Dgscholar%26cbl%3D18750%26diss%3Dy&hl=en&sa=T&ct=res&cd=5&ei=3AY5WpDVIIS3mAHS1JWYCQ&scisig=AAGBfm1oXOuVNarfAPUQnd3vdgB9ppJ-2g&nossl=1&ws=1670x789
http://scholar.google.co.uk/scholar_url?url=http%3A%2F%2Fsearch.proquest.com%2Fopenview%2Fc876d2ca824fa6939fa346297054c89e%2F1%3Fpq-origsite%3Dgscholar%26cbl%3D18750%26diss%3Dy&hl=en&sa=T&ct=res&cd=5&ei=3AY5WpDVIIS3mAHS1JWYCQ&scisig=AAGBfm1oXOuVNarfAPUQnd3vdgB9ppJ-2g&nossl=1&ws=1670x789
https://scholar.google.co.uk/citations?user=XqbHD8wAAAAJ&hl=en&oi=sra
http://onlinelibrary.wiley.com/doi/10.1002/nme.3086/full
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element, referred to in this study as the 2D-MITC4 element, for two-dimensional plane stress 

and plane strain solutions of solids using the MITC method. 

The proposed method, unlike the conventional XFEM where only the displacement field is 

enriched, also enriches the transverse shear strains. This method is promising, as have been 

its counterparts in dealing with the issue of shear locking. For instance, Xu et al. [26] 

proposed a 6-noded triangular Reissner-Mindlin plate MITC6 element (to mitigate shear 

locking in both the smooth and the locally non-smooth displacement fields) with XFEM 

formulation for yield line analyses where regularized enrichment is employed to reproduce a 

displacement field with a locally high gradient in the vicinity of a yield line in plate 

structures. There has, however, been minimum research conducted on combining the two 

methodologies with enriching both the displacement field and the assumed through-thickness 

strain fields. The proposed method is put to test by solving several benchmark problems and a 

comprehensive study of results encompassing errors and L2-norms is provided. 

This paper is organised as follows: In sections 2 and 3 the weak formulation of the 

discontinuous Timoshenko beam and Mindlin-Reissner plate are introduced, respectively, 

and the governing equations are derived based on the Hellinger-Reissner functional. In 

section 4 the new XFEM-based (MITC) Timoshenko beam and Mindlin-Reissner plate are 

developed. The enriched stiffness matrix is evaluated in section 5. Section 6 deals with the 

use of a numerical technique to evaluate the integrals in the weak formulation. A few case 

studies have been carried out to examine the robustness of the method in section 7. The 

summary of the results with respect to analyses conducted and the conclusions of the study 

are included in section 8. 

 

 

 

 

 

 

 

 

 

 

 

 



8 
 

2. Weak formulation of the Timoshenko beam 

As discussed previously both the displacement and strain fields are variables used to derive 

the governing equations in weak form. To do so, the Hellinger-Reissner functional has been 

adopted in this work,  

𝛱𝐻𝑅(𝒖, 𝜺) = ∫(−
1

2
𝜺𝑻𝑪(𝒙)𝜺 + 𝜺𝑻𝑪(𝒙)𝝏𝜺𝒖 − 𝒖

𝑻𝒇𝐵)𝑑𝑉 −∫  𝒖𝑆𝑓
𝑇

𝒇𝑆𝑓𝑑𝑆 –∫ 𝒇𝑆𝑢
𝑻
(𝒖𝑆𝑢 − 𝒖𝑝)𝑑𝑆 ⏟                        

𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑇𝑒𝑟𝑚𝑠

 
(1) 

With boundary conditions: 

𝒖𝑆𝑢 = 𝒖𝑝     and    𝛿𝒖𝑝 = 0                                                 (2) 

where, 

𝒖 = [
𝑢
𝑤
] = [

−𝑧𝜃
𝑤
]  , 𝜺 = 𝝏𝜺𝒖  ,  𝝉 = 𝑪(𝒙)𝜺   ,   𝝏𝜺𝒖 = [

𝜕𝑢

𝜕𝑥
𝜕𝑢

𝜕𝑧
+
𝜕𝑤

𝜕𝑥

] = [
𝜀𝑥𝑥
𝛾xz
] ,  𝜺 = [

𝜀𝑥𝑥
𝛾𝑥𝑧
𝐴𝑆]                             (3) 

𝜺  is strain tensor field cast in a vector form (including generalised bending strain and 

assumed shear strain), 𝑪(𝒙) is the material constitutive tensor, 𝑉 represents volume, 𝒖 is a 

vector containing the displacement field components, 𝒇 is the force,  𝑆 represents the surface 

and 𝝉 is the stress tensor; the subscripts 𝐵 and 𝑆𝑓 represent body and surface, respectively. 

This will allow for more control over the interpolation of variables, which will be combined 

with the mixed interpolation method. The assumptions made are: 

1. Constant (along the length up to the point of discontinuity) element transverse shear 

strain, 𝛾𝑥𝑧
𝐴𝑆   

2. Linear variation in transverse displacement, w 

3. Linear variation in section rotation, 𝜃 

Upon substitution of the appropriate variables from equation (3) into equation (1), 

𝛱𝐻𝑅 = ∫(
1

2
𝜀𝑥𝑥𝐸(𝑥)𝜀𝑥𝑥 −

1

2
𝛾𝑥𝑧
𝐴𝑆𝜅𝐺(𝑥)𝛾𝑥𝑧

𝐴𝑆 + 𝛾𝑥𝑧
𝐴𝑆𝜅𝐺(𝑥)𝛾𝑥𝑧 − 𝒖

𝐓𝒇B)𝑑𝑉 + Boundary Terms (4) 

where 𝐸(𝑥) represents the Young’s modulus at position 𝑥 , and 𝐺(𝑥) represents the shear 

modulus at the same point, superscript AS denotes the assumed constant value and κ is the 

shear correction factor taken to be 
5

6
, the value which yields correct results for a rectangular 

cross section and is obtained based on the equivalence of shear strain energies. The degrees-

of- freedom are considered to be 𝒖 and 𝛾
𝑥𝑧
𝐴𝑆. Invoking 𝛿𝛱𝐻𝑅 = 0 and excluding the boundary 

terms:  

1. Corresponding to 𝛿𝒖: 

∫(𝛿𝜀𝑥𝑥𝐸(𝑥)𝜀𝑥𝑥 + 𝛿𝛾𝑥𝑧𝜅𝐺(𝑥)𝛾𝑥𝑧
𝐴𝑆)𝑑𝑉 = ∫𝛿𝒖𝐓𝒇B 𝑑𝑉 (5) 

 

2. Corresponding to 𝛿𝛾𝑥𝑧
𝐴𝑆: 
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           ∫ 𝛿𝛾𝑥𝑧
𝐴𝑆𝜅𝐺(𝑥)(𝛾

𝑥𝑧
− 𝛾

𝑥𝑧
𝐴𝑆)𝑑𝑉 = 0                             (6) 

 

3. Weak formulation of the Mindlin-Reissner plate 

Following the same procedures as for the Timoshenko beam, the Hellinger-Reissner 

functional for the Mindlin-Reissner plate formulation can be derived as: 

𝛱𝐻𝑅 =
1

2
∫𝜺𝒃

𝑻𝑪𝒃(𝒙)𝜺𝒃 𝑑𝑉 −
1

2
∫𝜺𝒔

𝑻𝑪𝒔(𝒙)𝜺𝒔 𝑑𝑉 +

                                            ∫ 𝜺𝒔
𝑻𝑪𝒔(𝒙)𝝏𝜺𝒔𝒖 𝑑𝑉 – ∫𝒖

𝐓𝒇B𝑑𝑉−∫  𝒖
𝑆𝑓
𝑇

𝒇𝑆𝑓𝑑𝑆 – ∫ 𝒇𝑆𝑢
𝐓
(𝒖𝑆𝑢 − 𝐮p)𝑑𝑆 ⏟                        

Boundary Terms

                            (7) 

This can be used for beam element formulation.  The assumptions made are: 

1. Constant element transverse shear strains along the edge, 𝛾𝑥𝑧𝑖𝑗
𝐴𝑆  and 𝛾𝑦𝑧𝑖𝑗

𝐴𝑆  

2. Linear variation in transverse displacement, w 

3. Linear variation in section rotations, 𝜃𝑥 and 𝜃𝑦  

where: 

𝝏𝜺𝒔𝒖 = [

∂u

∂z
+
∂w

∂x
∂v

∂z
+
∂w

∂y

] = [
𝛾xz
 𝛾yz

]   , 𝝏𝜺𝒃𝒖 =

[
 
 
 
 

∂u

∂x
∂v

∂y

∂u

∂y
+
∂v

∂x]
 
 
 
 

= [

𝜀xx
𝜀yy
𝛾xy
]  , 𝜺𝒔 = [

 𝛾𝑥𝑧
𝐴𝑆

 𝛾𝑦𝑧
𝐴𝑆]  , 𝜺𝒃 = [

𝜀xx
𝜀yy
𝛾xy
] , 𝐮 = [

𝑢
𝑣
𝑤
] = [

−𝑧𝜃𝑥
−𝑧𝜃𝑦
𝑤

]                              (8) 

Substituting variables above into equation (7), 

𝛱𝐻𝑅 = ∫(𝜀𝑥
𝐸(𝑥)

2(1−𝜈2(𝑥))
𝜀𝑥 + 𝜀𝑥

𝐸(𝑥)𝜈(𝑥)

(1−𝜈2(𝑥))
𝜀𝑦 + 𝜀𝑦

𝐸(𝑥)

2(1−𝜈2(𝑥))
𝜀𝑦 + 𝛾xy

𝐸(𝑥)

4(1+𝜈(𝑥))
𝛾xy −

1

2
𝛾𝑥𝑧
𝐴𝑆κG(x)𝛾𝑥𝑧

𝐴𝑆 −

 
1

2
𝛾𝑦𝑧
𝐴𝑆κG(x)𝛾𝑦𝑧

𝐴𝑆 + 𝛾𝑥𝑧
𝐴𝑆κG(x)𝛾xz + 𝛾𝑦𝑧

𝐴𝑆κG(x)𝛾yz − 𝒖
𝐓𝒇B) 𝑑𝑉 + Boundary Terms                             

(9) 

 

4. XFEM discretisation 

Both FEM and XFEM could be formulated to avert shear locking, however, it is 

computationally less expensive to incorporate both discontinuity jumps and shear locking 

free formulations using XFEM. Besides XFEM would allow for the effect of moving 

interfaces on stress and strain fields without the requirement of re-meshing. The partition of 

unity allows the standard FE approximation to be enriched in the desired domain, and the 

enriched approximation field is as follows: 

 

 

 

 

 

Figure 1. XFEM enrichment implemented in a 1D geometry 

Enriched nodes 

  Standard nodes 

    Enriched element 

Position of discontinuity 
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𝑢𝑖(𝒙) =∑𝑁𝐼(𝒙)𝑈𝐼𝑖
𝐼∈𝑆

+ ∑ 𝑀𝐽(𝒙) (𝜓(𝒙) − 𝜓(𝒙𝑱))𝐴𝐽𝑖
𝐽∈𝑆𝑒𝑛𝑟

 (10) 

Where 𝑆𝑒𝑛𝑟 signifies the domain to be enriched, 𝑀𝐽(𝒙) is the 𝐽𝑡ℎ function of the partition of 

unity, 𝜓(𝒙)  is the enriched or additional function, and 𝐴𝐽𝑖  is the additional unknown 

associated with the 𝑀𝐽(𝒙) for the 𝑖𝑡ℎ component. Figure 1 illustrates the notion of enrichment 

in a beam.  

 

Note that the orders of 𝑁𝐼 and 𝑀𝐽 do not have to be the same. For instance, one may use a 

higher order polynomial for the shape function 𝑁𝐼 and a linear shape function for 𝑀𝐽. The 

advantage of this is one is able to optimise the analysis by imposing different orders of 

functions in different domains. 

It is also important to mention that, in order to track the moving interfaces, the method 

proposed by Osher and Sethian [26] has been used through the definition of the level set. 

Furthermore, all the discontinuities considered, are weak discontinuities i.e. the displacement 

is continuous across the interface but its derivative is not so. Thus, a ramp enrichment will be 

used for all problems representing such a scenario (inclusions, bi-materials, patches, etc.). 

Moës et. al. [27] proposed a new enrichment function which has a better convergence rate 

than the traditional ramp function: 

𝜓(𝒙) =∑𝑁𝐽(𝒙)

𝐽

|𝜑𝐽| − |∑𝑁𝐽(𝒙)𝜑𝐽
𝐽

|                                            (11) 

where 𝑁𝐽(𝒙) is the traditional standard element shape functions and 𝜑𝐽 = 𝜑(𝒙𝑱) is the signed 

distance function. The distance d from point x to the point 𝒙𝜞 on the interface 𝛤 is a scalar 

defined as: 

𝑑 = ‖𝒙𝜞 − 𝒙‖ (12) 

If the outward normal vector n is pointed towards x, the distance is at a minimum and the 

signed distance function is set as 𝜑(𝒙) defined as: 

{
𝜑(𝒙) = +min(𝑑)       𝑖𝑓     𝒙 ∈ 𝛺𝐴
𝜑(𝒙) = −min(𝑑)       𝑖𝑓     𝒙 ∈ 𝛺𝐵

 (13) 

This can be written in a single equation as: 

𝜑(𝒙) = min(|𝒙𝜞 − 𝒙|) 𝑠𝑖𝑔𝑛(𝒏. ( 𝒙𝜞 − 𝒙)) (14) 

Figure 2 represents the schematics of the domain under consideration. 
 

 

Figure 2. Schematic of the decomposition of the domain to two subdomains and the use of a 

level set function 
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The advantage of this enrichment over the ramp function (i.e.𝜓 (𝒙) = |𝜑(𝒙)|) is that it can be 

identified immediately, as the nodal value of the enrichment function is zero. This reduces the 

error produced by the blending elements. 

5. The proposed XFEM formulation 

5.1. Timoshenko beam element 

In this paper the extrinsic enrichment has been adopted. Two types of extrinsic, local 

enrichment functions are used viz. the standard Heaviside step function, 𝐻(𝒙), and the ramp 

functions, 𝜓(𝑥), from equation (11). The nodal degrees-of-freedom for an enriched linear 

Timoshenko beam element are of the form: 

𝒖̂ = [

𝑤𝑖
𝜃𝑖
𝐴𝑤𝑖
𝐴𝜃𝑖

]         and        𝜸̂ = [
𝜀𝑘̂ 
𝐴𝜀̂𝑘

]                                                (15) 

 

Where 𝐴𝑤𝑖  and  𝐴𝜃𝑖 are the extra degrees-of-freedom appeared due to the enrichment of 

elements containing the discontinuity. Also 𝑖 = 1,2  and 𝑘 = 1  for a linear element and      

𝑖 = 1,2,3 and 𝑘 = 1,2 for a quadratic element. Therefore, from the classical finite element 

formulation and for a fully enriched element, the new MITC Timoshenko extended finite 

element (XFEM) beam formulation is introduced as follows: 

𝒖 = [
𝑢
𝑤
] = [

−𝑧𝜃
𝑤
] =

[
 
 
 
 −𝑧∑𝑁𝑖𝜃𝑖

𝑖

− 𝑧∑𝑁𝑖{𝜓(𝑥) − 𝜓(𝑥𝑖)}𝐴𝜃𝑖
𝑖

∑𝑁𝑖𝑤𝑖
𝑖

  +  ∑𝑁𝑖{𝜓(𝑥) − 𝜓(𝑥𝑖)}𝐴𝑤𝑖
𝑖 ]

 
 
 
 

                         (16) 

 

𝛾𝑥𝑧
𝐴𝑆 =∑𝑁𝑘

∗𝜀𝑘̂
𝑘

+∑𝑁𝑘
∗𝐴𝜀̂𝑘

𝑘

𝐻                                                  (17) 

It is important to mention that in the classical XFEM the displacement field is only enriched 

whereas in the proposed method due to governing equations the strain field is also enriched. 

Also, the order of the shape functions, 𝑁𝑖
∗ are one less than the classical shape functions, 

𝑁𝑖. As the result of the proposed method the new MITC Timoshenko XFEM formulation in 

compact form is (with a priori knowledge of the solution included into the XFEM 

formulation): 

𝒖 = 𝑯𝒖̂             ,           𝜸𝒙𝒛
𝑨𝑺 = 𝑩𝑺

𝑨𝑺𝜸̂        , 𝜸𝒙𝒛 = 𝑩𝒔𝒖̂            ,            𝜺𝒙𝒙 = 𝑩𝒃𝒖̂     (18) 

 

Where, 

𝑯 = [
 0       − 𝑧𝑁𝑖        0      − 𝑧𝑁𝑖∆𝜓𝑖  
𝑁𝑖              0         𝑁𝑖∆𝜓𝑖             0         

]      ,    ∆𝜓𝑖 = 𝜓(𝑥)−𝜓(𝑥𝑖)                 (19) 
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Where the enrichment functions have been introduced in section 4. The relation between the 

element nodal degrees-of-freedom and strain can be derived from: 

𝑩𝒃 = [
𝑑𝑯𝟏𝒋

𝑑𝑥
]     ,      𝑩𝒔 = [

𝑑𝑯𝟐𝒋

𝑑𝑥
+
𝑑𝑯𝟏𝒋

𝑑𝑧
]        ,     𝑩𝑺

𝑨𝑺 = [𝑁𝑘
∗      𝑁𝑘

∗𝐻(ξ)]    (20) 

 

5.2. Mindlin-Reissner plate element 

The same procedure can be followed to formulate the proposed Mindlin-Reissner plate 

element. Subsequently, 

𝐮 = [
𝑢
𝑣
𝑤
] = [

−𝑧𝜃𝑥
−𝑧𝜃𝑦
𝑤

] =

[
 
 
 
 
 
 
 
 
 
−𝑧∑𝑁𝑖𝜃𝑥𝑖

4

𝑖=1

− 𝑧∑𝑁𝑗{𝜓(𝑥) − 𝜓(𝑥𝑗)}𝐴𝜃𝑥𝑗

𝑁𝑒𝑛

𝑗=1

−𝑧∑𝑁𝑖𝜃𝑦𝑖

4

𝑖=1

− 𝑧∑𝑁𝑗{𝜓(𝑥) − 𝜓(𝑥𝑗)}𝐴𝜃𝑦𝑗

𝑁𝑒𝑛

𝑗=1

∑𝑁𝑖𝑤𝑖

4

𝑖=1

  + ∑𝑁𝑗{𝜓(𝑥) − 𝜓(𝑥𝑗)}𝐴𝑤𝑗

𝑁𝑒𝑛

𝑗=1 ]
 
 
 
 
 
 
 
 
 

   , 𝒖̂ =

[
 
 
 
 
 
 
𝜃𝑥𝑖
𝜃𝑦𝑖
𝑤𝑖
𝐴𝜃𝑥𝑖
𝐴𝜃𝑦𝑖
𝐴𝑤𝑖 ]

 
 
 
 
 
 

  (21) 

 

𝛾𝑥𝑧
𝐴𝑆 =∑𝑁̂𝑖𝛾𝑥𝑧𝑖

2

𝑖=1

+∑𝑁̂𝑖

2

𝑖=1

H𝐴𝛾̂𝑥𝑧𝑖
      ,    𝛾𝑦𝑧

𝐴𝑆 =∑𝑁̂𝑖
̂ 𝛾𝑦𝑧𝑖

2

𝑖=1

+∑𝑁̂𝑖
̂

2

𝑖=1

H𝐴𝛾̂𝑦𝑧𝑖
                 (22) 

 

𝐴𝑤𝑖  , 𝐴𝜃𝑥𝑖
, 𝐴𝜃𝑦𝑖

and 𝐴𝜀̂ 𝑖 are the extra (enriched) degrees-of-freedom due to the enrichment of 

the elements containing the discontinuity. The new proposed MITC4 mixed enrichment 

Mindlin-Reissner plate formulation using XFEM would be: 

𝒖 = 𝑯𝒖̂       ,          𝜺𝒃 = 𝑩𝒃𝒖̂     ,   𝝏𝜺𝒔𝐮 = 𝐁𝐬𝒖̂      ,        𝜺𝒔 = 𝑩𝑺
𝑨𝑺𝜸̂         (23) 

where: 

𝑯 = [
−𝑧𝑁𝑖
0
0

0
−𝑧𝑁𝑖
0

0
0
𝑁𝑖

|
−𝑧𝑁𝑖∆𝜓𝑖

0
0

0
−𝑧𝑁𝑖∆𝜓𝑖

0

0
0

𝑁𝑖∆𝜓𝑖

]     , ∆𝜓1 = 𝜓(𝑥) − 𝜓(𝑥1)             (24) 

 

Also, the tensors in equation (23) are as follow, 

𝐁𝐛 =

[
 
 
 
 
 
 

𝛛𝐇𝟏𝐣

𝛛𝐱
𝛛𝐇𝟐𝐣

𝛛𝐲
𝛛𝐇𝟏𝐣

𝛛𝐲
+
𝛛𝐇𝟐𝐣

𝛛𝐱 ]
 
 
 
 
 
 

 , 𝐁𝐬 =

[
 
 
 
𝛛𝐇𝟏𝐣

𝛛𝐳
+
𝛛𝐇𝟑𝐣

𝛛𝐱
𝛛𝐇𝟐𝐣

𝛛𝐳
+
𝛛𝐇𝟑𝐣

𝛛𝐲 ]
 
 
 

  ,  𝑩𝑺
𝑨𝑺 = [

𝑁̂1 𝑁̂2 0 0

0 0 𝑁̂̂1 𝑁̂̂2
|
𝑁̂1𝐻 𝑁̂2𝐻 0 0

0 0 𝑁̂̂1𝐻 𝑁̂̂2𝐻
] (25) 
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6. Stiffness matrix evaluation 

The Mindlin-Reissner plate formulation stiffness matrix and force vectors can be evaluated 

through substitution of equation (23) into equations (9), 

[
𝑲𝒖𝒖 𝑲𝒖𝜺
𝑲𝒖𝜺
𝑻 𝑲𝜺𝜺

] [
𝒖̂
𝜸̂
] = [

𝑹𝑩
𝟎
]                                                         (26) 

 

where: 

  

𝑲𝒖𝒖 = ∫𝐁𝐛
𝐓 𝑪𝒃(𝒙)𝐁𝐛𝑑𝑉                 ,              𝑲𝒖𝜺 = ∫𝐁𝐬

𝐓 𝜅𝑪𝒔(𝒙)𝐁𝐬
𝐀𝐒𝑑𝑉            (27) 

 

𝑲𝜺𝜺 = −∫(𝐁𝐬
𝐀𝐒)

𝐓
𝜅𝑪𝒔(𝒙)𝐁𝐬

𝐀𝐒𝑑𝑉             ,              𝑹𝑩 = ∫𝐇
𝐓𝒇B 𝑑𝑉 (28) 

 

To reduce the number of degrees-of-freedom and therefore reduce the computational cost the 

stiffness matrix in equation (26) can be reduced to:  

𝑲𝒖 = 𝑹𝑩       where            𝑲 = 𝑲𝒖𝒖 −𝑲𝒖𝜺𝑲𝜺𝜺
−𝟏𝑲𝒖𝜺

𝑻                                                   (29) 

 

The stiffness matrix and force vector of Timoshenko beam element can be derived by 

substituting, 𝑪𝒃(𝒙) = 𝐸(𝑥) and 𝑪𝒔(𝒙) = 𝐺(𝑥) in equations (27) and (28). 

7. Case studies 

In this section, results of different models are presented, and the results of proposed XFEM 

are compared with the analytical solutions derived and numerical results obtained by 

ABAQUS 6.12/FEM using reduced integration technique to avoid locking. All the results are 

analysed in detail for convergence and accuracy. 

7.1. Problem definition 

Considering the schematic of a cantilever bi-material Timoshenko beam (shown in Figure 3a) 

the analytical solutions (i.e. displacement and through-thickness strain fields) for a 

Timoshenko beam under different loadings are derived (equations (A10)-(A15) in     

Appendix A). The analytical solution for Timoshenko beam is used to demonstrate the 

robustness of the proposed XFEM formulation when compared to the traditional XFEM and 

FEM.  

Furthermore, the model is adopted for derivation of enrichment functions used in XFEM. 

Analogously, a discontinuous plate (shown in Figure 3b) could be studied using the proposed 

method. 
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x

Material A Material B

L

x*

 

(a) 

Material A Material B

 

(b) 

Figure 3.  (a) Schematic of a cantilever bi-material with arbitrarily positioned point of 

discontinuity, (b) Discontinuous Mindlin-Reissner plate. 

 

7.2. Timoshenko beam 

In this section, the discontinuous Timoshenko beam will be considered. 

7.2.1. Simple cantilever beam under uniformly distributed load 

The geometric dimensions are as defined in Figure 3 and the following values are assigned to 

them. The associated material properties are shown in Table 1: 

variable 𝜈𝐴 𝐸𝐴[Kg𝑚−1𝑠−2] 𝐺𝐴[Kg𝑚−1𝑠−2] 𝜈𝐵 𝐸𝐵[Kg𝑚−1𝑠−2] 𝐺𝐵[Kg𝑚−1𝑠−2] 

value 0.3 2x105 𝐸𝐴/2(1+𝜈𝐴) 0.25 2x104 𝐸𝐵/2(1+𝜈𝐵) 

 

Table 1. Material properties 

In this section the static response of a discontinuous Timoshenko beam made of linear 

elements subjected to a uniformly distributed load (UDL) of magnitude 𝑃0 is studied. The 
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results shown in Figures 4-9 (plots left) concern the proposed XFEM formulation and the 

results extracted from the traditional XFEM have been shown in Figures 4-9 (right). 

Figures 4-7 are the results of displacements and shear strains when only 9 elements are used 

along the beam. Figures 4 (left) and 5 (left) show that the proposed XFEM displacements are 

in good correlation with the analytical solution. In addition to that, the proposed XFEM 

captures the jump in strains across the discontinuity more accurate than the traditional XFEM 

where only the displacement field is enriched; this has clearly been shown in Figures 6 and 7. 

Finally Figures 8 and 9 show that the proposed XFEM converges faster to the exact solution 

than the traditional XFEM. 

All the results obtained in this section suggest that the proposed XFEM (where both the 

displacement and shear strain are enriched with mixed enrichment functions) gives a better 

result for displacement and the strain fields and as a consequence of that the method has a 

better rate of convergence when compared with the traditional XFEM where only the 

displacement field is enriched. 

 

Figure 4. Comparison of vertical displacements, w of proposed XFEM (Left) and Traditional 

XFEM (right) vs analytical solution for linear elements under UDL 

 

 

Figure 5. Comparison of section rotation θ of proposed XFEM (Left) and Traditional XFEM 

(right) vs. analytical solution for linear elements under UDL 
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Figure 6. Comparison of shear strain γxz of proposed XFEM (Left) and Traditional XFEM 

(right) vs. analytical solution for linear elements under UDL 

 

Figure 7. Comparison of direct strain εxx in x direction of proposed XFEM (Left) and 

Traditional XFEM (right) vs analytical solution for linear elements under UDL  

 

Figure 8. Rate of convergence of vertical displacement (w) (left) and rotation (θ) (right) of 

traditional XFEM vs proposed XFEM for linear elements under UDL 
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Figure 9. Rate of convergence of shear strain (γxz) (left) and direct strain in x direction (εxx) 

(right) of traditional XFEM vs proposed XFEM for linear elements under UDL 

The authors now look into the convergence of static response for the Timoshenko beam 

subjected to UDL of magnitude 𝑃0  and linearly varying loading of maximum magnitude 

𝑃0 using both linear and quadratic elements. Geometric parameters are, as before, in Figure 3, 

and the material properties are shown in Table 2 as follows: 

𝐿 = 1200 (𝑚𝑚), ℎ = 200(𝑚𝑚), 𝑑 = 100(𝑚𝑚), 𝑥∗ = 600 (𝑚𝑚), 𝑃0 = 1(𝐾𝑔𝑚
−1𝑠−2) 

variable 𝜈𝐴 𝐸𝐴[Kg𝑚−1𝑠−2] 𝐺𝐴[Kg𝑚−1𝑠−2] 𝜈𝐵 𝐸𝐵[Kg𝑚−1𝑠−2] 𝐺𝐵[Kg𝑚−1𝑠−2] 

value 0.25 2x105 𝐸𝐴/2x(1+𝜈𝐴) 0.34 6.83x104 𝐸𝐵/2x(1+𝜈𝐵) 

 

Table 2. Material properties 

The results have been shown in Figures 10 and 11 for UDL and in Figures 12 and 13 for 

linear loading. They illustrate clearly that XFEM formulation converges to the exact solution 

with a higher rate of convergence than the classical FEM.  
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Figure 10. Comparison of convergence of proposed XFEM vs FEM for vertical displacement 

(left) and rotation (right) for linear and quadratic elements under UDL 

 

 

Figure 11. Comparison of convergence of proposed XFEM vs FEM for shear strain (γxz) (left) 

and direct strain in x direction (εxx) (right) for linear and quadratic elements under UDL 
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Figure 12. Comparison of convergence of proposed XFEM vs FEM for vertical displacement 

(w) (left) and rotation (θ) (right) for linear and quadratic elements under linear loading 

 

Figure 13. Comparison of convergence of proposed XFEM vs FEM for shear strain (γxz) (left) 

and strain in x direction (εxx) (right) for linear and quadratic elements under linear loading 

 

7.2.2. Bi-material cantilever beam under pure bending 

In order to obtain further insight into the behaviour of the proposed XFEM element 

formulation as the beam grows thin, a bi-material cantilever beam under pure bending has 

been considered (Figure 14).  
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Figure 14. Schematics of a cantilever beam with 𝑛 equally spaced elements under pure 

bending due to a concentrated tip moment  

 

Figure 15. Solution of cantilever beam problem under pure bending. Normalised tip 

deflection vs. the number of elements used, showing locking of standard elements. In all 

cases linear elements are used. 

Through using the classical principle of virtual work (adopting Timoshenko beam 

formulation), it can be shown that as the beam grows thin the constraint of zero shear 

deformations will be approached. This argument holds for the actual continuous model which 

is governed by the stationarity of the total potential energy in the system. Considering now 

the finite element representation, it is important that the finite element displacement and/or 

shear assumptions admit small shear deformation throughout the domain of the thin beam 

element. If this is not satisfied then an erroneous shear strain energy is included in the 

analysis. This error results in much smaller displacements than the exact values when the 

beam structure analysed is thin. Hence, in such cases, the finite element models are much too 

stiff (element shear locking).  

To demonstrate this phenomenon quantitatively, linear beam elements are used to study the 

robustness of the element formulation in alleviating shear locking for very think structures. 

As a result a cantilever beam has been studied where the thickness of the beam is reduced 

substantially  (𝑡 𝐿⁄ = 0.5, 𝑡 𝐿⁄ = 0.01 and 𝑡 𝐿⁄ = 0.002). The deflection at the free end (i.e. 

tip of the beam) has been used as the reference value to compare different results obtained.  

Material properties, applied moment and the dimensions of the squared cross section of the 

beam are as follows: 

𝑀 
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𝑀 = 1000 (𝑁), 𝐿 = 10 (𝑚), 𝑥∗ = 5 (𝑚), 𝐸1 = 100 (𝐺𝑃𝑎), 𝜈1 = 0.25, 𝐸2 = 85 (𝐺𝑃𝑎), 𝜈2 = 0.3 

The results in Figure 15 (the solutions are normalised with the analytical solution derived for 

the bi-material beam in this paper) demonstrate that when applying classical (displacement- 

based finite element) linear Timoshenko elements for modelling very thin cantilever beams, 

shear locking is observed whereas in the proposed XFEM this problem is alleviated. 

 

7.3. Mindlin-Reissner plate 

In this section the Mindlin-Reissner plate has been considered. First, a fully-clamped 

discontinuous square plate with stationary location of discontinuity under uniform pressure 

has been analysed under static loading. Secondly, a circular fully-clamped plate with moving 

discontinuity subject to a central concentrated load is analysed. As a final example, a 

rectangular plate with radially sweeping discontinuity front has been considered. In all cases 

the results of the proposed XFEM have been compared with ABAQUS/ FEM using the 

reduced integration technique to avoid shear locking.  

7.3.1. Fully-clamped square plate under uniform pressure 

The geometric dimensions and boundaries of the plate under investigation have been shown 

in Figure 16. The following values are assigned to them, and the associated material 

properties are shown in Table 3: 

𝑎 = 1 (𝑚), 𝑏 = 1 (𝑚), ℎ = 0.05 (𝑚), 𝑥∗ = 0.5 (𝑚), 𝑃0 = 1.0x10
4(𝐾𝑔𝑚−1𝑠−2) 

Variable 𝜈1 𝐸1[kg𝑚
−1𝑠−2] 𝐺1[kg𝑚

−1𝑠−2] 𝜈1 𝐸1[kg𝑚
−1𝑠−2] 𝐺1[kg𝑚

−1𝑠−2] 

Value 0.25 2× 105 𝐸1/2× (1+𝜈1) 
 

0.3 2× 104 𝐸1/2× (1+𝜈1) 
 

 

Table 3. Material properties of static fully clamped plate under uniform pressure 

 

 

 

 

 

 

 

 

Figure 16. Schematic of a fully clamped plate with arbitrarily positioned point of 

discontinuity 

Material 1 Material 2 

𝑥∗ 

a 

b 
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In this section the static response of the plate made of linear elements subjected to a uniform 

pressure of magnitude 𝑃0 is considered. The results are shown in Figures below concerning 

the proposed XFEM formulation against the results from ABAQUS/classical Mindlin-

Reissner reduced integration FEM.  

Figures 18-21 are the results of displacements and strain. All of the results are taken along the 

line 𝑦 = 0.5. Figure 17 shows the domain is meshed using standard FEM and XFEM. 

 

Figure 17. Typical standard FE mesh (left) and XFEM mesh (right) 

 

Figure 18. Comparison of vertical displacement (w) (left) and section rotation about y-axis 𝜃𝑥 

(right) of proposed XFEM vs. FEM/ABAQUS using reduced integration technique 
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Figure 19. Comparison of bending strain in x-direction, 𝜀𝑥 (left) and bending strain in y-

direction, 𝜀𝑦 (right) of proposed XFEM vs. FEM/ABAQUS using reduced integration 

technique 

 

Figure 20. Comparison of shear strains 𝛾𝑥𝑦 (left) and 𝛾𝑥𝑧 (right) of proposed XFEM vs. 

FEM/ABAQUS using reduced integration technique 

 

Figure 21. Comparison of shear strain in 𝛾𝑦𝑧 of proposed XFEM vs. FEM/ABAQUS using 

reduced integration technique 
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The results show that our proposed XFEM, (where the displacement field and the shear strain 

fields, 𝛾𝑥𝑧  and 𝛾𝑦𝑧  are enriched) introduced in section 3, is in good correlation with the 

traditional FEM/ABAQUS.  

7.3.2. Fully-clamped circular plate under concentrated force 

As another example, a circular clamped plate subjected to a concentrated load 𝑃 at the plate 

centroid is analysed (Figure 22). The interface is considered to propagate with a constant 

radial velocity, 𝑟̇(𝑡) = 𝐴  with,  𝑟(0) = 0  and  𝑟(𝑡𝑓) = R  ( 0 ≤ 𝑡 ≤ 𝑡𝑓) . The modulus of 

elasticity and Poisson ratio are thus functions of radius at every instant of time. This implies, 

𝑟(𝑡) =
𝑅

𝑡𝑓
𝑡  , 𝐸(𝑟) = {

𝐸1 𝑤ℎ𝑒𝑛  𝑟(𝑡) < 𝑟 < 𝑅
𝐸2 𝑤ℎ𝑒𝑛  0 < 𝑟 < 𝑟(𝑡)

 ,    𝜈(𝑟) = {
𝜈1  𝑤ℎ𝑒𝑛  𝑟(𝑡) < 𝑟 < 𝑅
𝜈2 𝑤ℎ𝑒𝑛  0 < 𝑟 < 𝑟(𝑡)

 (30) 

 

 

Figure 22. Clamped circular plate with thickness, 𝑡 and radius 𝑅, subjected to a concentrated 

load 𝑃 at the plate’s centroid. The interface propagates with a constant radial speed of  

 𝑟̇(𝑡) = 𝐴 

where in equation (30), 𝑟(𝑡) is the distance from the discontinuity front measured from the 

plate centre at time 𝑡 and 𝑟 is the distance of the point at which to obtain deflection measured 

from the centre. The results (deflection at the centroid of the circle) from the proposed XFEM 

have been compared to a combination of analytical and numerical solutions (using a very fine 

mesh). It can be noticed that at times 𝑡 = 0  and 𝑡 = 𝑡𝑓  the plate is homogeneous and as a 

result the analytical deflection for a homogeneous clamped circular plate subjected to 

concentrated force at the centre is given by [28], as follows: 

𝑤(𝑟) =
𝑃𝑅2

16𝜋𝐷
[1 − (

𝑟

𝑅
)
2

+ 2(
𝑟

𝑅
)
2

ln (
𝑟

𝑅
)] (31) 

 

Where 

𝐷 =
𝐸𝑡3

12(1 − 𝜈2)
 (32) 

Note that the analytical solution of a Mindlin–Reissner plate (in equation (31)), exhibits a 

singularity at the location of the point load, thus for comparison in the vicinity of the point of 

singularity the analytical solution is evaluated at 𝑟 = 10−4𝑅. Furthermore, when 0 < 𝑡 < 𝑡𝑓, 

i.e. 0 < 𝑟(𝑡) < 𝑅 , there is no analytical solution in the literature as a result numerical 

solutions using ABAQUS with fine mesh have been used to extract the solution as accurately 

as possible. 

P 

R 

𝑟̇(𝑡) 
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The material properties, applied load and the dimensions of the circular plate are taken as 

follows: 

𝑃 = 1 (𝑁), R = 10 (𝑚), t = 0.02, 𝐸1 = 3 (𝑀𝑃𝑎), 𝜈1 = 0.3, 𝐸2 = 1 (𝑀𝑃𝑎), 𝜈2 = 0.25 

Figure 23 illustrates the results for the deflection at the centre of the plate as the interface 

propagates. The results obtained from the proposed XFEM correlate very well with the 

analytical and the numerical solutions (using a very fine mesh in ABAQUS).  

 

Figure 23. Comparison between the results obtained from the proposed XFEM formulation 

and the analytical and numerical solutions extracted from ABAQUS  

It is important to mention that in the case of interface propagation, XFEM has a major 

advantage over FEM, as in the latter case, the element edges need to coincide with the 

interface of the discontinuity which requires remeshing as the interface propagates. As a 

result, employing FEM when dealing with moving interfaces can be computationally costly, 

whereas when adopting XFEM, the discontinuity can propagate through elements. This has 

been demonstrated in Figure 24. 
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Figure 24. Comparison of FEM and XFEM meshes at different times. Remeshing is required 

at each time step when FEM is adopted whereas in the case of XFEM the mesh is fixed. 
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7.3.3. Fully-clamped rectangular plate with sweeping discontinuity front  

A clamped rectangular (square) plate subjected to a central point load is analysed as shown in 

Figure 25. The interface is a line (𝑦 = 𝑓(𝑥)) passing through a fixed point (the corner of the 

plate) and is considered to propagate with a constant angular velocity, 𝜃̇(𝑡) = 𝑘 with, 𝜃(0) =

0 and 𝜃(𝑡𝑓) = π/2 (0 ≤ 𝑡 ≤ 𝑡𝑓) and sweeping the entire plate. This implies: 

  𝑦(𝑥, 𝑡) = 𝑡𝑎𝑛 (
𝜋𝑡

2𝑡𝑓
)𝑥 , 𝐸(𝑥, 𝑦) = {

𝐸1 𝑤ℎ𝑒𝑛 𝑦 > 𝑓(𝑥)
𝐸2 𝑤ℎ𝑒𝑛 𝑦 < 𝑓(𝑥)

   ,  𝜈(𝑥, 𝑦) = {
𝜈1 𝑤ℎ𝑒𝑛 𝑦 > 𝑓(𝑥)
𝜈2 𝑤ℎ𝑒𝑛 𝑦 < 𝑓(𝑥)

 (33) 

 

As in the previous example, the results (deflection at the centre of the plate) from the 

proposed XFEM have been compared to a combination of analytical and numerical solutions 

(FEM/ABAQUS using a very fine mesh).  

 

Figure 25. Clamped square plate with thickness, 𝑡 and side length 𝑎, subjected to a 

concentrated load 𝑃 at the plate’s centre. The interface propagates with a constant angular 

speed of, 𝜃̇(𝑡) = 𝑘 

The material properties, applied load and the dimensions of the square plate are as follows: 

𝑃 = 100 (𝑁), 𝑎 = 80 (𝑚), t = 0.8, 𝐸1 = 3 (𝑀𝑃𝑎), 𝜈1 = 0.3, 𝐸2 = 1 (𝑀𝑃𝑎), 𝜈2 = 0.3 

Once more, it is noticed that at times 𝑡 = 0 and 𝑡 = 𝑡𝑓  the plate is homogeneous as a result 

of which the analytical solution for this problem can be found in the literature [28], where the 

deflection at the plate centroid is: 

𝑤𝑜 = c
𝑃𝑎2

𝐷
 

 
(34) 

where the coefficient 𝑐 is a function of the dimension ratio, 𝑎 (see [28]) and 𝐷 is the flexural 

rigidity of plate as defined by equation (32). 

 

𝛉̇(𝐭) 

P 

a 

y 

x 
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Figure 26. Comparison of midpoint deflection between the results obtained from the 

proposed XFEM formulation and the analytical, and other numerical solutions extracted from 

ABAQUS for a square plate with radially propagating discontinuous front 

Moreover, when 0 < 𝑡 < 𝑡𝑓, the numerical solution using ABAQUS with a fine mesh has 

been used to evaluate the response as accurately as possible. Figure 26 illustrate the results of 

the deflection at the centre of the plate as the interface propagates. The results obtained from 

the proposed XFEM correlate very well with both the analytical and numerical solutions 

(using a very fine mesh in ABAQUS).  Again, as in the previous example, the advantage of 

adopting XFEM over FEM when dealing with moving interfaces has been demonstrated in 

Figure 27. 
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Figure 27. Comparison between FEM and XFEM meshes for the square plate under 

consideration at different times. Remeshing is required at each time step when FEM is 

adopted whereas in the case of XFEM the mesh is fixed. 

FEM: 

𝜃 = 0 

FEM: 

𝜃 =
𝜋

2
 

XFEM: 

𝜃 =
𝜋

2
 

XFEM: 

𝜃 = 0 

FEM: 

𝜃 =
𝜋

4
 

FEM: 

𝜃 =
3𝜋

8
 

XFEM: 

𝜃 =
3𝜋

8
 

XFEM: 

𝜃 =
𝜋

4
 

FEM: 

𝜃 =
𝜋

8
 

XFEM: 

𝜃 =
𝜋

8
 



30 
 

8. Conclusions 

In this paper the authors have introduced enhanced MITC Timoshenko beam and Mindlin-

Reissner plate elements in conjunction with XFEM that do not lock. In the subsequent 

sections  the conclusions drawn based on the analyses conducted in this paper are discussed 

separately. 

A new shear locking-free mixed interpolation Timoshenko beam element was used to study 

weak discontinuity in beams. Weak discontinuity in beams of all depth-to-length ratio may 

emerge as a result of certain functionality requirement (as in a thermostat), or as a 

consequence of a particular phenomenon (as oxidisation). The formulation was based on the 

Hellinger-Reissner (HR) functional applied to a Timoshenko beam with displacement and 

out-of-plane shear strain degrees-of-freedom (which were later reduced to the displacement 

as the degree-of-freedom). The proposed locking-free XFEM formulation is novel in its 

aspect of adopting enrichment in strain as a degree-of-freedom allowing to capture a jump 

discontinuity in strain. The formulation avoids shear locking for monolithic beams and the 

results were shown promising. In this study heterogeneous beams were considered and the 

mixed formulation was combined with XFEM thus mixed enrichment functions have been 

adopted. The enrichment type is restricted to extrinsic mesh-based topological local 

enrichment. The method was used to analyse a bi-material beam in conjunction with mixed 

formulation-mixed interpolation of tensorial components Timoshenko beam element (MITC). 

The bi-material was analysed under different loadings and with different elements (linear and 

quadratic) for the static loading case. The displacement fields and strain fields results of the 

proposed XFEM have been compared with the classical FEM and conventional XFEM 

(where only the displacement field, and not the strain field, is enriched). The results show that 

the proposed XFEM converges faster to the analytical solution than the other two methods 

and it is in good correlation with the analytical solution and those of the FEM. The proposed 

XFEM method captures the jump in shear strain across the discontinuity with much higher 

accuracy than the standard XFEM. As Figures 10-13 suggest the proposed XFEM with mixed 

enrichment functions (Heaviside and ramp functions) has a better convergence rate for both 

linear and quadratic elements compared to the standard FEM.  

Further examination of the robustness of the proposed method for static problems has been 

undertaken and results compared with the analytical solution and standard FEM which show 

the accuracy of the proposed method. In the standard XFEM one only enriches the 

displacement field and not the shear strain but in the proposed XFEM both the displacement 

degrees of freedom and the shear strain degrees of freedom have been enriched. As a result of 

this, two different enrichment functions have been used. For the displacement field the new 

ramp function that has been proposed by Moës et. al. [27], and has a better rate of the 

convergence than the traditional ramp function specially for blending elements, has been used 

and for the shear strain the Heaviside step enrichment function (this has been shown and 

discussed in section 3) has been used. As a result of introducing the mixed enrichment 

function in our proposed XFEM, the shear strain and its jump across the discontinuity have 

been captured with much higher accuracy when compared with the traditional XFEM where 
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only the displacement field has been enriched. This has been shown in Figures 10-13 where 

the L2-norms are compared.  

The authors have further extended the proposed XFEM method from the Timoshenko beam 

formulation to the Mindlin-Reissner plate formulation to study weak discontinuity in plates. 

The formulation was based on the Hellinger-Reissner (HR) functional applied to a Mindlin-

Reissner plate with displacements and out-of-plane shear strains degrees-of-freedom. One of 

the properties of such formulation is that it avoids shear locking and the results were shown 

promising. In this study a bi-material plate was considered and the mixed formulation was 

combined with XFEM thus mixed enrichment functions have been adopted. The 

displacement and strain field results of the proposed XFEM have been compared with the 

classical FEM/ABAQUS, which shows a good correlation between the two. As a result of 

enriching strains, two different enrichment functions have been used. 
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Appendix A 

The governing equations for a beam under pressure which consists of two different materials 

(Figure 3a) with respect to the Timoshenko beam theory are, 

𝜕

𝜕𝑥
[𝐸(𝑥)𝐼

𝜕𝜃

𝜕𝑥
] + ĸ𝐴𝐺(𝑥) [

𝜕𝑤

𝜕𝑥
− 𝜃] = 0                                    (𝐴1) 

 

𝜕

𝜕𝑥
[ĸ𝐴𝐺(𝑥) (

𝜕𝑤

𝜕𝑥
− 𝜃)] + 𝑞(𝑥) = 0                                    (𝐴2) 

where 𝜃 is the section rotation, 𝑤 is the vertical displacement, 𝐸 is the Young’s modulus, 𝐺 is 

the Shear modulus, ĸ is the shear correction factor, 𝐼 is the second moment of area, 𝑞 is the 

shear force and A is the section area. 

Rearranging (A1) and substituting it into (A2), 

𝜕2

𝜕𝑥2
[𝐸(𝑥)𝐼

𝜕𝜃

𝜕𝑥
] = 𝑞(𝑥)                                           (𝐴3) 

Integrating (A3) twice with respect to 𝑥, 

𝜕𝜃

𝜕𝑥
=
∫(∫ 𝑞(𝑥) 𝑑𝑥)𝑑𝑥

𝐸(𝑥)𝐼
                                            (𝐴4) 

Where, 

𝐸(𝑥) = {
𝐸1                 𝑥 < 𝑥∗

𝐸2                 𝑥 ≥ 𝑥∗
     , 𝑥∗ 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒           (𝐴5) 

Integrating (A4) with respect to 𝑥, 

𝜃(𝑥) = ∫
∫(∫𝑞(𝑥) 𝑑𝑥) 𝑑𝑥

𝐸(𝑥)𝐼
𝑑𝑥                                            (𝐴6) 

Substituting (A6) into (A1) and rearranging, 

𝜕𝑤

𝜕𝑥
= 𝜃 −

𝜕
𝜕𝑥
[𝐸(𝑥)𝐼

𝜕𝜃
𝜕𝑥
]

ĸ𝐴𝐺(𝑥)
                                                  (𝐴7) 

Now integrating (A7) with respect to 𝑥, 

𝑤(𝑥) = ∫[𝜃 −

𝜕
𝜕𝑥
[𝐸(𝑥)𝐼

𝜕𝜃
𝜕𝑥
]

ĸ𝐴𝐺(𝑥)
] 𝑑𝑥                                    (𝐴8) 

Where, 
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𝐺(𝑥) = {
𝐺1                 𝑥 < 𝑥∗

𝐺2                 𝑥 ≥ 𝑥∗
     , 𝑥∗ 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒           (𝐴9) 

In this paper the examples that are considered are as follow, 

1) Cantilever beam under uniformly distributed load (i.e. 𝑞(𝑥) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

2) Cantilever beam under linear loading (i.e. 𝑞(𝑥) = 𝑎𝑥 + 𝑏) 

And the boundary conditions and continuity equations are as follow due to the chosen 

cantilever beam example, 

(1) 𝑤1(0) = 0 

(2) 𝜃1(0) = 0 

(3) 𝑀2(𝐿) = 𝐸2𝐼
𝜕𝜃2

𝜕𝑥
|
𝑥=𝐿

= 0 

(4) 𝑄2𝑥𝑧(𝐿) = ĸ𝐴𝐺2 (
𝜕𝑤2

𝜕𝑥
− 𝜃2)|

𝑥=𝐿
= 0 

(5) 𝜃1(𝑥
∗) = 𝜃2(𝑥

∗) 

(6) 𝑤1(𝑥
∗) = 𝑤2(𝑥

∗) 

(7) 𝑀1(𝑥
∗) = 𝑀2(𝑥

∗) 

(8) 𝑄1𝑥𝑧(𝑥
∗) = 𝑄2𝑥𝑧(𝑥

∗) 

where subscribe 1 denotes the variables related to the section with material 1 property and 

subscribe 2 are the variables related to the section with the second material property. 

Below, is the solution (displacements and through thickness shear strains of beams 1 and 2) 

when the loading in case 1 (Cantilever beam under uniformly distributed load i.e. 𝑞(𝑥) =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) is applied, 

𝜃1(𝑥) =
𝑞

6𝐸1𝐼
𝑥3 −

𝑞𝐿

2𝐸1𝐼
𝑥2 +

𝑞𝐿2

2𝐸1𝐼
𝑥                                                                                          (𝐴10) 

𝜃2(𝑥) = 𝜃1(𝑥
∗) + (𝑥 − 𝑥∗)𝑓(𝑥)                                                                                                   (𝐴11) 

𝑤1(𝑥) =
𝑞

24𝐸1𝐼
𝑥4 −

𝑞𝐿

6𝐸1𝐼
𝑥3 + (

𝑞𝐿2

4𝐸1𝐼
−

𝑞

2ĸ𝐴𝐺1
) 𝑥2 +

𝑞𝐿

ĸ𝐴𝐺1
𝑥                                           (𝐴12) 

𝑤2(𝑥) = 𝑤1(𝑥
∗) + (𝑥 − 𝑥∗)𝑓(𝑥)                                                                                                 (𝐴13) 

𝛾1𝑥𝑧(𝑥) =
−𝑞

ĸ𝐴𝐺1
𝑥 +

𝑞𝐿

ĸ𝐴𝐺1
                                                                                                             (𝐴14) 

𝛾2𝑥𝑧(𝑥) =
−𝑞

ĸ𝐴𝐺2
𝑥 +

𝑞𝐿

ĸ𝐴𝐺2
                                                                                                             (𝐴15) 

Where 𝑥 is the distance from the boundary, 𝑥∗ is the position of the material discontinuity 

and 𝛾𝑖𝑥𝑧 𝑖 = 1,2 is the through thickness shear strain. The same procedures can be followed 

in the case of UDL.   
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