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The stern heart softens, all its pride unlearning,

A shudder passes through me, and I weep.

All that I have stands off from me afar,

And all I lost is real, my guiding-star.

Goethe
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Methods of predicting the major characteristics of viscous-inviscid

interactions at supersonic and hypersonic speeds are examined, particular

emphasis being placed on the integral method of Klineberg.

The method of Klineberg is extended to allow the study of viscous

interaction phenomena over a continuous range of wall cooling ratio. By

suitably normalizing the required profile quantities the dependence on

Wall cooling ratio is removed, thus considerably simplifying the method

and allowing flows with variable wall cooling ratio to be studied.

An extensive theoretical evaluation of the method is made, thus

establishing the validity of the integral approach. It is further shown

that the properties associated with the stability of the governing differ­

ential equations are mathematical properties of the analytic model and

should not be associated with any physical characteristics of the boundary

layer.

Comparisons show that the method of Klineberg provides a good descrip­

tion of the major features of viscous interaction phenomena and is superior

to other existing methods. The general agreement with experiment is good

for a wide class of body shapes in both supersonic and hypersonic flow.

A parametric study is carried out, thus isolating the significant para-

meters of viscous-inviscid interactions.

A further extension of the method to include three dimensional boundary

layers with zero transverse pressure gradient is also developed, and appli-

cations to general three dimensional flows arc indicated. Normal pressure

gradient effects arc discussed, and methods of allowing for nose bluntness

are described.
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NOTATION
tmrzzn -nm:

a

A

A

A

A,-A
1 '8

A*

b

b

B

C

C -C
0 "6

speed of sound; also Klinebcrg velocity profile parameter

quantity defined in equation (112); also typical profile
quont:i. ty

matrix defined in equation (AlS)

quantity defined in equation (113)

functions defined in equation (26)

functions defined in equation (97)

y_ (y - 1)similarity parameter~-~-~-- F
2

enthalpy profile parameter - in [~j
n=O

coefficients of asymptotic expansions [equations (39) & (41)]

similarity variable b

b - b
B

funclions defined in equations (A9)& (All)

P,
a P
00 CO

functions defined in equation (25)

constant in viscosity relationship [~ ]/[ ~ J
•

coefficients of polynomial functions; also functions
defined in equation (A3)

7.

b ,b ,
0 1
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,/.3
CFz skin friction coef ficicnt (transverse plane) [µ :;J wf l:,p

00
u:)

CF skin friction coefficient

C
H heat transfer coefficient (k~TJ /P u (h - h )

oY oo oo o o
w e w

D determinant of governing set of differential equations
[equation (24) ], also function defined in equation (AB)

D -D
l 4

E

functions defined
(A16) & (A17).

l
J ~ dY

6? s
i O W

l

in equation (A3); also as in equations

E E- ,G

f function defined in equation (19); also function related
to stream function [equation (100)]

f function defined in equation (96)

F

F

l + m
H e (1 9,1)+ +me

1 + m
H C

(l s.i)+ +m w
C

g transverse velocity ratio: plane flow ( 1 - ~

w
axjsynmctric flow nr

w

G 15z I[Ee
i o

h static enthalpy; also funcUon defined .in equation (19)

h
0 total enthalpy

h [unction <lcfincd in equation (111)

u



H,H,,H
6'1'11'

coufficicntu of asymptotic expansions [equations
(39) & (41)]
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H ,H
Cl et.l

B

H

fl , II
0 1

I

J

k

k
C

k 2

K

similarity variable H

H - H
B

functions defined in equations (A9) & (All)

6f1
0 *9i

thermal conductivity; also constant·aefined in equation (31).

leading edge drag coefficient

w
sw

quantity defined in equation (114)

also constant in Stollery-Hankey relationship J==KH

3y - 1
Y - l

constant

1 + m
00

L

rn

characteristic length

yr-1g
2

"3,,,m, ,,
2"11"12"21 cocff.id..ents of asymptotic expansions [ equation ( 41) ]

rn

M

M

ratio of mass entrained by boundary layer to that displaced

Mach number

M
similarity variable

M



n

N -N
1 4

N -N
1 4

p

p

exponent [equation (98)]

functions defined in equation (24)

functions defined in equation (Al4)

static pressure

10.

PP4PP" coefficients of asymptotic expansions [equation (39)]• a Cl.

p

(P - P.)B
(1 + 0.25S.)w

p

Pr

Q

Q

r w

fun ct.ton de fined in equation ( 121)

Prandtl number

function de.fined in equation (19); also function defined
in equation (111)

local body radius

R dY

R functi.on defined in cquat.i..on (111)

R
e
X

a
Cl)

M X
\) 0

OG

cl
('Q s*M

\) C
CG

Reynolds numbers



similarity variable

R
gr
.i

3
M C
00

or

Re 6t
i

FM 3c
00

11.

3

s

t

s/9.;.:) ..:J

w [h
totul enthalpy function ~

h
0e

leading edge thickness

l [ h
0 ltr 1l', -­

h
0e t.r

T
(rJ)U/U c:::Q.99

f O U Sig-an
o e w

also static temperature

.l
6*i

*L
J
0

u s
-- dYu s •
0 W

u,v,w

u,v

w

... *'I''" - k W
l

longitudinal, normal and transverse velocity components

Stcwartson-Illingworth transformed veloci.ty components

w* 1
st
i

x,y,z

-x
X,Y

z

curvi .U.near co-ordi.nates, long1 tudinal, normal and transverse
( see Figure la)

x/x
0

Stew·artson-Illingworth transformed co-ordinates; also cartesian
co-ordinates (sea Figure la)

*L
f ~ dY
o e

.['J

lnlu;ue•0.99 ]-l
(1 - U/UJ<ln ; also local surface slope

' 0

(see Figure la)
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a. -cc
l 3 functions defined in equation (AB)

B Cohen-Reshotko pressure gradient parameter, I
n + 1

8,-B
l 3 functions defined in equation (A8)

y ratio of specific heats

6

functions defined in equation (AB)

(02/u_=0.99
boundary layer thickness J e dy

0

boundary layer displacement thickness

( o i ) U/U =O . 9 9
transformed boundary layer thickness f e dY

0

J [1 -
0

transformed boundary layer displacement thickness

_e_t_:_J dy
p u J
e e g

i
f
0

6
0

X
0

1
(R /C) 1
e
X
0

°"3"a coefficients of asymptotic expansions [equations (39),

( 40) & ('11) ]

R
8* 8* o*I] i ialso % or ?¢(y - 1) 2 v'e 0 M
co 00 0

perturbation parameter

smalJ positive number

function drfined in equation (A6)

l;
0 function defined in equation (A9)

n Cohen-Reshotko similarity variable

0 e local streamline inclination at edge of boundary layer



e
i

o*
1

0

6
i

J
0
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K

characteristic exponents (equat.ion Al5)

viscosity coefficient

p

llkinematic viscosity p

gas density

also Prandtl Meyer function

0
(0/0_=0.99
f e 2ans
0 W

also function defined in equation (All)

l -T
0 5

X

G)

coefficients of polynomial functions

shock wave angle

hypersonic viscous interaction parameter
✓R

e
X

stream function

2w e
zµ51
l ucj tr

angular velocity of body

B

e

HL

Blasius values

local flow outside boundary layer (external)

corner of flat plate-wedge (hinge line)



i

k,j

le

r

R

s

s

SI

TE

tr

W

WI

0

1,2

transformed, incompressible; also incipient separation
condition

summation coefficients

leading edge

ramp, flap, wedge

reattachment point

shock wave, outer edge of entropy layer

separation point

strong interaction

trailing edge

values determined with respect to co-ordinate frame moving
in the z direction with velocity we

wall (surface)

weak interaction

beginning of interaction, reference

upstream, downstream of 'jump', shock wave

freestream conditions upstream of interaction

conditions far downstream of interaction

1.4.

A parameter (or co-ordinate) used as subscript represents partial differ­
entiation with respect to the parameter (or co-ordinate).

otherNotation
partial differentiation with respect to n,H

partial differentiation with respect to b

perturbation quantities
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With the advent of high altitude supersonic and hypersonic flight

the analysis of laminar viscous interaction phenomena has become of

considerable practical importance. Thus it is essential not only to

seek a greater understanding of the structure of viscous-inviscid inter­

actions, but also to develop workable methods capable of accurately pre­

dicting the overall characteristics of the interaction.

At high Mach numbers, the development of the viscous layer can sig­

nificantly modify the external flow field. The usual methods of boundary

layer analysis, where viscous effects are considered as a perturbation on

an already existing flow, are therefore inapplicable. However, the vis­

cous interaction can be described by employing the boundary layer equations

together with a "coupling" equation relating the development of the inner

Viscous flow to the outer inviscid flow. The governing partial differen­

tial equations can then be solved using finite difference techniques or

can be expressed in integral form and solved as ordinary differential

equations.

Successful finite difference methods include those of Reyhner &

Flu'gge-Lotz (1966), Baum (1967) and Smith (1972), the latter two being

restricted to attached flow. These methods provide the most accurate

and general solution to the governing differential equations as no assump­

tions are involved in describing the boundary layer profiles. However,

integral methods have usually been preferred because of their relative

simplicity.

Two of the most successful integral methods are those of Lees and

Reeves (1964) and Nielsen, Lynes and Goodwin (1965). Nielsen employs a

family of velocity and enthalpy profiles to provide the required relations
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between profile quantities and solves the first four moments of the momen­

tum equation and the first moment of the energy equation. The method has

been extended to include two dimensional plane and axisymmetric flows with

heat transfer (Nielsen 1967, 1969, 1970).

Lees and Reeves use the Cohen-Reshotko similarity solutions (1956a)

to provide the required relations between boundary layer quantities and

solve the integral. equations of momentum and moment of momentum together

With a coupling equation based on the integral form of the continuity

equation. By incorporating the energy equation Bolden (1965, 1967, 1968)

and Klineberg (1968) extended the method to include non-adiabatic iso­

thermal wall conditions. Later, Holden (1969) attempted to include the

effects of normal pressure gradient, but the underlying theory can be

shown to be invalid. The axi symmetric case was also considered (Horton

1970) , and by including the effects of spin, Leblanc, Horton and Ginoux

(1971) further extended the method to throe dimensional adiabatic flows.

Some interesting problems arose during the development of these

methods. It was found that the governing differential equations could

exhibit either stable (often termed "supercritical") or unstable

( " subcritical") behaviour depending on the condition of the boundary

layer. This aspect of the problem was investigated by a number of authors

(Crocco 1955, Garvine 1968, Weinbaum and Garvine 1969, Shamroth 1969,

Stollery and Hankey 1970a, Georgeff 1971) although the physical signifi­

cance of such behaviour was not adequately resolved. However, by com­

Par.tng a number of methods based on the Lees-Reeves and Holden-Klineberg

formulations, the author (1972a) was able to show that the stability of

the governing differential equations was related to the formulation of the

problem and not to any physical characteristics of the boundary layer. In

tlne same report the necessity of incorpora ting the energy equation to des-
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cribe non-adiabatic flows was demonstrated and the integral formulation

put on firmer ground by showing that the choice of governing differential

equations or profile quantity relationships was not critical.

The comparisons of Murphy (1969) showed that both the Klineberg and

Nielsen methods provide a good description of the major characteristics

of Viscous interaction phenomena at low Mach numbers. Both methods are

computationally quite efficient, but a great disadvantage of the Klineberg

method is that the relations between the boundary layer profile quantities

are dependent on the wall cooling ratio. Additional similarity solutions

must therefore be calculated at each value of wall cooling ratio in order

to provide the required polynomial functions used to describe these rela­

tions.

It was shown (Georgeff 1972b) , however, that this dependence on wall

cooling ratio can be removed by suitably normalizing the profile quantities.

The advantages thus derived are considerable. The onerous task of re­

calculating the polynomial functions at each required value of wall cooling

ratio is thereby avoided and non-isothermal surfaces can be included without

difficulty.

In the same paper it was also shown that the normalized governing

differential equations become similar in form to those of a three dimen­

sional boundary layer provided that the flow gradients in the transverse

Plane are negligible. This enabled a further extension of the Klineberg

method to include three dimensional. flows with heat transfer.

This thesis describes the author's investigations and subsequent

extension of the Lees-Reeves and Klineberg methods to three dimensional

flows with arbitrary wall olin ratiocl av«dI we COOu.Ing au.v. The theory has been generalized

since the earlier reports appeared and some further theoretical considera-

tions are advanced. A number of previously unpublished experimental com-

parisons are also included.
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ANALYSIS=-=--= -- ---...

APPROACH

18.

The basic approach is as follows. In order to make the viscous inter­

action problem amenable to analysis, the flow field is divided into two

regions: a viscous inner layer and an inviscid external flow (Figure lb).

The development of the external flow is related to the growth of the vis­

cous layer by demanding compatibility at the boundary between the two

regions. This provides the so-called 'coupling equation'.

The physical model of the external flow can be quite complex despite

the assumption that viscous effects are negligible. Incident and reflected

shock and expansion waves, together with other non-isentropic effects,

considerably complicate the flow pattern. However, in general it is possi­

ble to provide a relatively simple model to enable the main effects of the

interaction to be accommodated.

The behaviour of the inner viscous layer is determined by the Navier­

Stokes equations. However, in general these prove difficult to solve. It

is therefore assumed that the behaviour of the inner viscous layer is pri­

marily governed by the first order terms in the Navier-Stokes equations

ana consequently the boundary layer equations can be used.

The boundary conditions must also be spec.ified. However, unlike boun­

day layer problems with prescribed pressure gradient, viscous interaction

Problems arc not well posed initial value problems. Through the mechanism

of viscou • ired in the plir ati the • ssc us interaction conta nea in the coup.t.ng equation, rne vi ·cous

layer is sensitive to downstream conditions. Hence both upstream and down­

stsuream boundary conditions must be specified.

In order to solve the governing differential equations, some form of

"marching" du adoptedprocedure is adoptea. Consequently it is not possible to deter-

mine the correct solution trajectory a priori and the upstream boundary
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conditions must be arbitrarily perturbed until the appropriate down-

stream boundary conditions are satisfied. It is assumed that the solution

thus obtained is unique.

2.2 GOVERNING EQUATIONS

The governing equations for a steady two-dimensional compressible

laminar boundary layer are (Schlichting 1955)

Continuity: a
( Pu)

a
(pv) 0ax + 5 -

Momentum:
~ a [ ~12.J~u au

PU -+ pv ay = - + - µ clyox ~x ~y

8£ == 0~y

Energy:

(1)

(2)

~h ~h
0 0

Pu 5, + ev 5¢ (3)

(All symbols arc defined under 'Notation'.)

Assuming

(i) The gas is calorically perfect

(ii) Pr = l

(.iii) h = constant
0e

(iv) 1 •= c 2 where C is a constant of the Cha.pman-RuJcSJ.n type,
• T

and applying the Stewar ts ow-I 1 U.ngworth transformation

ax

Y =

( 4)

the foll ' a•• • • .owing i. ntegrnl forms of the boundary layer equations ca.n be derive

(Klineberg 1968) :
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Momcnturn:

dR.n6~
IJ 1.

dx
d!f+ -·- +dx ( 2IJ + 1 + S E)w

dinMe
dx

M
00

BC M
e

p

6TR
1. e *

9I
(5)

Moment of Momentum:

dino·i~ dQ,nM
. dJ * e

J -~ + a; + ( 3J + 2Sw'r ) dx
M

Rc:o
= BC - o*RMe i ecS*

j_

(6)

Energy:

dong** , ul•.
'I' a* " den,,
---+--+·rdx dx dx

M
BC° _g__ -M *e o R

i 8*i

dtnS
* wT ax (7)

Where

B i:::::: --

" P"

" *R = - Moe v oo io* coi

and the transformed profile quantities are:

u
a

00
-uae

l
I dY
0

L
i::::: f ~-(1 - ,Y._I dYu u Jo e e

e. *.1 03
H ::::, J -st cS *i j_,

<\
L..[.Y._) 2

R t..:: 241 J dY
~YIU

0 0

Q -·· -·8 * Ht,. j_
Y=0

l
t'\
J u s dYc::: -·- _,.____.,__

4I u s
0 e w

'of -· T-
9, u:j dY0%* = J ~ [1 -

J.
0 e U"

e

1 4
V avz z: -- Jst u

1 0 e
(8)

* He-p :t:::: oi
e Y=0

' Sas1 JE - o* si 0 w



21.

It is important to note that the enthalpy profile quantities differ

from those of KJincbcrg (1968) in that they are normalized with respect

to the wall cooling ratio S . Interestingly enough, this is the originalw

form as used by Leef> and Reeves (1964) and also by Holden (1965).

The development of the outer inviscid flow can be related to the

boundary layer growth by integrating the continuity equation across the

boundary J ayer. This gives as the Coupling equation:

do* dR,n (p u )e e- - ( o - 6*) - tan(0 -- a ) (9)dx dx e w

0
where 6 = f dy

0

6
[1* f puj6 = - Idy

p u
0 e .

Ot is the local surface slopew

and e is the streamline inclination at the edgee

of the boundary layer.

Transforming to Stewartson-Illingworth co-ordinates the coupling

equation becomes

F
dgno*

x
dB l + m dE l [ 1 + 2me J dlnM8+ - + c S - + --- m F' + 2H - z]adx rn w dx 1 + m e m x

e e e

[ zj dR,np
-·· F+- c

m dx

I3(1 + m)e
m (1 + m,)e "0

tan(O e
8*i

- Ci, )
w l + me

me

fnSw

(10)
1 + m

where F = H + S(1 + SE)
m we

m 2-1"?
2
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and the local stalic pressure, p
8

, and streamline inclination at the

edge of the boundary layer, 0 , are related to the local Mach number, M ,e e

by means of tho model used to describe the outer inviscid flow (see

Section 3).

The present coupling equation is more general than that of Klineberg,

Where the relationship between local pressure and Mach number gradients

applies only for is entropic external flow.

In order to solve equations (5), (6), (7) and (10) the form of depen­

dence of the profile quantities H, J, etc., on each other must be known.

It is therefore assumed that the relations established for certain exact

Solutions are universal and hence valid for all flows. One then obtains

a determinate set of ordinary differential equations in M , 8~, and thee J.

parameters describing these universal relations.

2 • 3 CHOICE OF UNIVERSAL RELATIONS

As with the met.hod of Klineberg, the Cohen-Reshotko similarity

Solutions (1956a) are employed to provide the required universal relations

between profile quantities. Two parameters are used to describe these

relations, one representing the velocity profile and the other the total

enthalpy profile. 'I'he velocity profile parameter is taken to be the pro­

file quantity 'H' [see equation (8) ] and the total enthalpy profile para-

meter, normalized with respect to S"r is taken to be

l1~n (Sw
(11)

where n is the similarity variable of Cohen and Reshotko.

u
Arbitrarily taking the edge of the boundary layer (n,) at - = 0.99,e u

e
all the profile quantities appearing in the governing differential equations

can be expressed as functions of these two parameters at any particular value
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of S . The determination of the funct.i.ons that depend on both thew

velocity and enthalpy profiles can be simplified by using the integrals

ex (H) mt: [ !· 99( l -8-'
n .99

a (b) J s
(12)z7 dns

0 w

1,99
U S dT (H,b) zE f 66

0 e w

such that

Q b
a (H)

E = a(H)o (b)

k
'I' = a(H)T(H,b)

(13)

It is important .i..n determining the function T(H,b) that each velocity

Profile is multiplied point by point by all the total enthalpy profiles.

In th.is way a complete uncoup.Ung of the enthalpy and velocity profiJ.es

is achieved.

Now as shown by Gautier and Gin.aux (1971) the enthalpy profile funct­

ions of Klincbcrg arc strongly dependent on the wall cooling ratio S.w

However, as shown in Figures (2) and (3) the normalized forms adopted herein

are quite independent of Similarly, the velocity profile functions are,

*Note that the function o(b) is defined differently by Klineberg and by
Gautier and Ginoux. Klineberg employs two functions to represent o(b) ,
one for b 2 0.25 and one for b S 0.25. Gautier and Ginoux also employ
two functions for a(b), one for separated flow and one for attached flow.
As separation usually occurs near b=0.25, the difference in definitions
is not significant. In the present formulation a single function for a (b)
is used.
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with the exception of P(H), also independent of S (Figures 4-8). Thew

function P(H) shows a significant dependence on S , particularly in thew

separation region. However, the effect of Pon the solution is small in

this region as those terms containing Pare small in comparison with the

other. terms appearing in the governing differential equations. Hence the

solution of variables * and b should bein terms the M e I H not greatly

affected by assuming that P, as a function of H, is also independent of

Sw, The skin friction coefficient, which is directly proportional to P,

might be considerably in error in the separation region, but in this

region accurate prediction of skin friction would not be expected in any

case. On the other hand, it 1s a siinplt~ matter to al.low for the depen­

dence of P(H) on S . For example, the similarity solutions are morew

accurately represented if, in the governing differential equations, Pis

expressed as

P(H,S)w (14)

where P,(H) and P" are taken to be independent of S,, the subscript B

denoting Blasius values. P, is plotted as a function of Hin Figure 8.

It is important to note that the distributions of U/U and S/S aree w

independent of S,, for the zero pressure gradient similarity solutions.

Hence for the Blasius solution, the relations between the normalized

Profile quantities must be exactly independent of S .w

The advantage of using the integral quantity 'H' as a parameter

instead of the quantity 'a' as in Klineberg's report is two--fold. Firstly,

the S, independence of the profile functions is more accurate when these

arc expressed in terms of H. Secondly, .i.t .i.s not necessary to use differ­

ent polynomial functions in the attached and separated flow regions as,

Unlike 'a' , the quantity H remains single valued. This implies a signifi-
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cant improvemcnL in computational efficiency.

The profile parameters FI and b as determined from the similarity

solutions lie in the range

0 < HS 0.45

O< bs 0.55

+(- .05)

+(- .05)

the uppor l.i..m.1. ts showing a small dependence on Sw (as indicated)*. This

range is adequate for solving most viscous interaction problems, but in

strong favourable pressure gradients (expansions) the upper limits can

be exceeded. In this region a new set of universal relations must be

chosen. These could be obtained from any known family of solutions to

the boundary layer equations, but the simplest procedure is to retain

the similarity representation and extrapolate the similarity profile

functions beyond the upper limits. Of course, the extrapolated profile

functions do not correspond to any similarity solutions.

All the profile quantities appearing in this report are calculated

Using the data of Klineberg at S =- 0.8. These quantities are thenw

expressed as polynomial functions of the parameters Hand busing a

least-squares curve fit. The coefficients of these curve fits are given

in Appendix l. In general it would be preferable to determine the profile

functions at some intermedi.ate value of S_. or alternatively, to take somew

mean over a number of wal 1 cool.i. ng ratios. Furthermore, more accurate

representations could probably be obtained by re-evaluating the profile

quantities directly from the Cohen-Reshotko similarity solutions rather

than via the (approximate) polynomial expressions of Klineberg.

A

Klineberg (1968) allows the parameters to exceed these values, and
calculates profile quantities for which the pressure gradient parameter,
8, is greater than two. Such solutions, however, do not correspond to
real values of, the velocity component U (viz. U = C,x', g = _).
Klineberg also suggests that no upper limit is encountered n + l
in non-adiabatic flow. The expansion corner comparisons of Section 9 do
not support this view.



26.

2.4 FINAL F'ORM OF THE GOVERNING DIFFERENTIAL EQUATIONS

'l'he governing equations ( 5) , ( 6) , ( 7) and (10) can be written in

terms of the two profile parnmcters H and b ac• •.::, .

d0no* dH dnM M pl e 00
H + - + (2H + 1 + SE) = BCdx dx w dx M 8*Re 1 gr

i

a8no} dJ dH d0nM M RJ 2S T *) e 00
+ -- + (JJ + = BCdx dH dx w ax M 6*Re

1 °g*
J.

d0ns* * * d0nM M

*
1 aT dH ~T db

*
e 00 Q+ - -+ + -z BC

dx an dx ~b dx dx M o*Re i e
6fJ.

asns, ~F dH 3F db
dQ,nM M hF e 00+ --+ --+ f z BCdx ~H dx ~b dx dx M 8*Re 1 gr

J.

(16}

(15)

(17}

(18}

Where

Q

=

[
1 + me) G dE
mw abe
o*R
iegn M dens

i e * w-----'['
BC M. dx

(19)Q -

and

f

h

lo= E°}(6]5m."•5 i,°.
R

~.'=-~.c.. co i [tan (0Q,_-_9'._w.) ~l S E d,Q,nSw]
4, m_ c 1 +m, B w dx

C

The dependent variables are M , oj-A·, H and b.
€ .

This leads to the final fonn of the governing differential equations

suitable for numerical computation:
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(20)

( 21)

dB BC
M

[

NJ(Mc' 6 i' H,
b)]00

dx
= - ( 2 2)

a*R M D(M , H, b)i e o* e e
1

[

N4(Me, *
b)]db BC M 0 i_ I H,

00

dx = - ( 23)
&*R M D(M , H, b)
1 co* e e

1

Where

D(M , H, b) = 53
a*

"3
~ F

e ob a;

N, 0µ 8 * H, b) "3
arr* ~ F= ,

~ bi.' 3b

N,0,, 6 i' H, b) B
arr* ~F

= % ab ( 24)
- C 5 ob

,0µ 6f, H, b) = 5, £'r~ - B ~F
ab 8 clb

, 6* H, b) c::: 9;f + g + Pg
clF

P3hi' ~ H
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nnd
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2h", :::::i A
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3 MODEL FOR THE OUTER INVISCID FLOW

29.

It is necessary to choose a model for the outer inviscid flow in

Order to fully specify the coupling relationship (equation (10)).

Accurate modelling is important because the development of the inner

viscous layer is strongly dependent on the behaviour of the outer inviscid

flow.

3.l SUPERSONIC FLOWS

The typical flow pattern produced by the interaction of a viscous

*layer with a supersonic stream is shown schematically in Figure 9a. The

flow field can be conveniently divided into four regions:

(1) the region close to the nose, or strong interaction region

(y>> 1)

(2) the region over the remainder of the flat plate, or weak inter-

action region ( < l)

(3) the region in the neighbourhood of the disturbance (e.g. corner

or impinging shock)

(4) the region far downstream of the disturbance.

3.1.1 STREAMLINES OF THE FLOW

For hypersonic flow it is not difficult to show that very little

mass entrainment occurs and that consequently the edge of the boundary layer

approximates to a streamline of the inviscid flow field.

The ratio of the mass entrained by the boundary layer to that displaced

is given by

m (27)

-----------------------------------------
*For a blunt leading edge, many of the details of the following description
are inapplicable (Lees 1957, Cheng 1961). However, the general considera­
tions are still relevant (Lees 1956b).
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In Stewartson-Illingworth co-ordinates

.P% *°, (r + Z).%e
(28}• 6* (_F)

a_p i e
e e

so that

m z
m Fe

(29)

The profile quantities Zand Fare of the same order and hence for

r__:__!_ M 2 ]
2 >> .e

m - O

The integral form of the continuity equation (equation {9)) then

gives

as*
dx

tan (0 )e (30)

Which implies that the displacement surface (or outer edge of the boundary

layer) is a streamline.

Note that in the strong interaction region the entrainment term is
dgnpu

significant as e e is large and M is small.
dx e

The typical streamline pattern resulting from the displacement effect

of the boundary layer is represented schematically in Figure 10. Lees

(1956b) has shown that the streaml.i.ne crossing the boundary layer edge at

"" passes throuqh the shock at Re
21x0

(R )113. Hence even in the weake
*j

interaction region the streamline crossing the boundary layer has passed

through the leading edge shock very close to the nose.
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INVISCID FLOW CONSIDERATIONS

It is instructive to examine the inviscid flow shown schematically

in Figure 9b. The nose of the body is a circular arc of initial slope

jg and is followed by a parallel section and ramp. The shock wave

Pattern is similar to that developed in the shock wave boundary layer

interaction (Figure 9a) , and the surface of the body can be considered

to represent a typical streamline of the viscous interaction where the

nose semi angle a le corresponds to the shock deflection angle 0 2 (see

Figure 10). As for the viscous interaction problem, the flow is divided

into four regions.

The surface pressure and Mach number distributions for freestream

Mach number M_ = l0 and various nose semi-angles ,_ as determined by the

method of characteristics are shown in Figure 11. The distributions are

Plotted against surface slope over the circular arc and against stream­

Wise distance, x/L, over the remainder of the body. Solutions were not

obtained beyond the corner (ramp hinge-line).

The results obtained using the tangent wedge rule, the Prandtl-Meyer

rule based on freestream conditions and shock expansion theory are in­

cluded for comparison. Shock expansion theory neglects the effect of

reflected waves and thus assumes isentropic (Prandtl-Meyer) flow behind

the leading edge shock.

In region lit is seen that shock expansion theory provides a very

good description of the flow. For moderate a , the tangent wedge rule
le

Provides a good description of the pressure distribution but considerably

overpredicts the Mach number downstream of the leading edge. The flow is

Poorly described by the Prandtl Meyer rule based on freestream reference

conditions.

Over the parallel section of the body (region 2) both the tangent
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Wedge rule and the Prandtl Meyer rule based on freestream reference

conditions overestimate the Mach number and underestimate the pressure

ratio. As the waves reflected from the shock and entropy gradient are

weak, the flow is quite well described by shock expansion theory for

some distance downstream of the nose.

In region 3 the upstream entropy gradient is such that the re­

flected waves have little effect on the pressure distribution for a

considerable distance along the ramp, and shock expansion theory provides

a good description of the flow (Bird 1963). Whether the static pressure

in this region is above or below that given by the tangent wedge rule

depends on the magnitude of the entropy gradient and the distance of the

corner from the nose. If the pressure immediately upstream of the corner

has returned to its free stream value then the pressure downstream of the

corner will be lower than that predicted by the tangent wedge rule. Other­

Wise the pressure downstream of the corner will tend to be above the tan­

gent wedge value. The effect of the entropy gradient in any case is to

cause the pressure to rise along the ramp.

The reflected waves produced by the interaction of the leading edge

Shock wave with that generated at the corner impinge on the body far down­

stream (region 4). These reflected waves take the form of expansions

(Bird, 1963) and produce a rapid decrease in pressure back towards the

Value which would occur on a surface of the same slope exposed directly

to the freestream. Hence shock expansion theory is no longer adequate

and the tangent wedge rule provides a better description of the flow.

It can be concluded that shock expansion theory provides the best

description of the flow along the body until the reflected waves from

major shock wave interactions reach the surface. Thereafter the tangent

wedge rule is to be preferred. The Prandtl Meyer rule based on freestream
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reference conditions is not good, except for very weak (almost isentropic)

shocks.

In hypcrsoni.c flow, the same considerations apply to the Newtonian

and Newton-Busemann pressure laws as to the tangent wedge rule. However

they are less accurate than the tangent wedge rule and in any computational

method arc of no advantage.

3.1.3 APPLICATION TO VISCOUS-INVISCID INTERACTIONS

The results of the inviscid investigation can now be employed to

determine the most suitable model for the outer flow in the viscous inter­

action problem.

In the strong interaction region (region 1), shock expansion theory

provides the most accurate description of the outer inviscid flow. How­

ever, the entropy of each streamline crossing the boundary layer must be

known and it is therefore necessary to determine the shape of the leading

edge shock wave.

For a flat plate Stewartson (1955a,b) found that in the vicinity of

the leading edge the shock shape Yg(x) could be expressed as

y (x)s ko* (x) ko "
3
/
4

0
(31)

where k = 1.69 for Y = l.4

and 6 is determined by series expansion in powers of (1/5
0

(see Section 4.2.1).

The corresponding shock wave angle is given by

~ (x)
d

z: a *%

3 Ck63$/3 -1/3
(32)z Y%4 0

A mass f 1 ow balance enables the streamline crossing the boundary

layer to be located at the shock. Referring to fig. 10, it is readily
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shown that

Which gives

= [o u(o - 6*))
e e2j

( 33)

and

(34)

cl> (x )
0

3 (k O ) 4 /3 [o * Me : 3
4 "o' i M" J*j

( 35)

Provided no further i.nteractions occur, equation (35) together with

the oblique shock relations determines the entropy of the streamline

crossing the boundary layer at tho station x1.

The flow properties required to completely specify the coupling

relationship (equation (10)) are then readily determined. Assuming

Prandtl ndMeyer expansion between the shock and the boun ary layer

[
l + m2]y /y-1
1 + m P2

e
( 36)

0 e
z

Where the conditions immed:i.a tely downstream of the shock (subscript 2)

are given by equation (35) and the oblique shock relations.
dp

eThe pressure gradient is given byax

Where aM,
dx

2
ax =

Y8, dM

(1 + m) dx

YMe (37)

( 38)
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and

z: [
dQ.noi* ·t- d£nMc ]¢- ± dZ dH

3 dx dx z dH dx I
Equations (15) - (18) and (35) - (38) thus provide a determinate

* *set of equations in the dependent variables M , 6,, H and b.e 1

In the moderately weak interaction region ( = o(1)) shock expansion

theory again provides the most accurate description of the flow. As the

streamlines crossing the boundary layer pass through the leading edge

shock wave very close to the nose the approach adopted for the strong

interaction region is still applicable.

Far downstream of the leading edge (5 << 1) a more simple description

of the flow is provided by the Prandtl Meyer rule. In this region the

boundary layer edge closely approximates a streamline and the Prandtl

Meyer rule accurately describes the flow. However, it is difficult to

decide on suitable reference conditions. If freestream reference con­

ditions are used then the local static pressure will be lower and the

Mach number higher than that actually realized. An examination of a num­

ber of viscous interaction problems may lead to a consistent procedure for

determining the (average) entropy along the boundary layer edge and hence

to more suitable reference conditions.

Finding a suitable model for the outer inviscid flow presents a

difficult problem when shock waves interact with the boundary layer

(region 3). The complex flow field produced by the reflected pressure

waves and by the entropy variation across streamlines passing through

different portions of the shock system cannot be readily included in the

* Klineberg (1968) has suggested a similar approach to allow
gradients resulting from the curved leading edge shock wave.
Klineberg employs an iterative procedure that is unnecessary
formulation.

for entropy
However,

in the present
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analysis. However, the results of the inviscid investigation again

suggest that shock expansion theory is the best method to employ. Some

expression for the entropy change due to the compression (shock) waves

Produced at the surface must be given. For supersonic flows without

strong shock waves the following simple flow model of Lees and Reeves

(1964) appears to be adequate.

Lees and Reeves postulate that the flow over a flat plate-wedge

(Figure 12a) is equivalent to the flow over a flat plate subjected to an

impinging shock wave provided that

(i) Freestream conditions upstream of the disturbance are

identical.

(ii) R=
e
X
corner

R
e
*gnock

(iii)
[
Pc:o-1~Total pressure ratio i-
Pa

is identical.

They then model only the latter case as shown in Figure 12b. The

incident shock wave is considered to impinge on the boundary layer at a

Point. Because the laminar boundary layer cannot support a sudden rise

in pressure, the incident shock wave is reflected as an expansion

at this point and the static pressure ratio remains continuous. rrhe

velocity and total enthalpy profiles and the transformed displacement

thickness arc also assumed to remain continuous at this point. The local

Mach number downstream of the interaction can then be calculated from the

static pressure at impingement and from the entropy change across the

incident shock wave, neglecting boundary layer displacement thickness

effects (cf. Gautier and Ginoux 1971). All the dependent variables

immediately downstream of the shock are therefore known in terms of those

immediately upstream.
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However, at higher Mach numbers and for strong shock waves the

equivalence between the two flows is no longer a valid assumption, and

a better. model needs to be found.

Far downstream, where the reflected waves from the interacting

shock wave system have reached the boundary layer (region 4), the

tangent wedge rule better describes the flow than the other methods.

For hypersonic flows, the Newtonian or Newton-Busemann pressure laws

can also be employed to describe the outer inviscid flow (e.g. Cheng 1961,

Stollery 197Ob). However they are less accurate than the tangent wedge

rule and offer no computational advantage.

The behaviour of the outer flow can be determined more accurately

Using the method of characteristics (e.g. McConnell 1971). Although this

is not a difficult problem in itself, it involves a considerable increase

in computational effort and is not recommended except when other approaches

Prove unsatisfactory.

3.2 SUBSONIC FLOWS

In subsonic flow the streamline inclination at the edge of the boun­

dary layer depends on the solution to the entire flow field. Hence an

iterative procedure, whereby successive approximations to the entire flow

field were made, would have to be employed. In many problems small dis­

turbance theory could be used to describe the outer inviscid flow, thus

avoiding the complexity of solving for the entire flow field at each

iteration (e.g. Green 1966).
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3.3 FLOW MODEL ADOPTED

All the comparisons made in this thesis employ a model based on

shock expansion theory. Except where shock waves interact with the

boundary layer, the outer inviscid flow is assumed to be isentropic

and hence the local static pressure and streamline inclination at the

edge of the boundary layer can be related to the local Mach number through

the Prandtl Meyer relationship. Reference conditions are taken to be

those behind the leading edge shock wave neglecting the displacement

effects of the boundary layer. Hence for the flat plate at zero inci­

dence freestream conditions arc used. It is clear from the preceding

discussion that such a model is valid only in the very weak interaction

region, but for the sake of convenience and to avoid solving the more com­

plex equations allowing for the curvature of the leading edge shock (i.e.

equations 35-38) this simple model is used throughout. An exception is

made in the strong interaction region, where the tangent wedge rule is

employed. Entropy changes in other regions of shock wave interaction are

allowed for using the model of Lees and Reeves.
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4.1 STABILITY OF TIE GOVERNING DIEPERENTIAL EQUATIONS

Although the stability of the governing differential equations is

discussed in detail in Section 7.l, it is introduced here in order to

enable the methods of solution described in this section to be fully

understood.

In viscous interaction problems the solutions to the governing differ­

ential equations usually exhibit a singular dependence on the initial con­

ditions. If some parameter in the initial conditions is varied by an

arbitrarily small amount, each resulting solution ultimately diverges

from the other and in general only one particular value of this parameter

Will provide a satisfactory solution. This unstable behaviour of the

governing differential equations (often termed 'subcritical' behaviour)

implies that the boundary layer can generate its own pressure gradient

and a finite pressure change can be produced by means of a small pertur­

bation to the solution for undisturbed flow. Conversely, it is possible

for the governing differential equations to be stable ('supercritical')

and not to exhibit a singular dependence on the initial conditions. In

this case the boundary layer cannot generate its own pressure gradient

and in order to initiate compressive interactions a discontinuous 'jump'

in profile quantities must be allowed.

Another consequence of this singular behaviour is the necessity to

impose some downstream constraint (boundary condition) on the solution.

This is supplied by demanding that the solution approaches a physically

realistic solution downstream of the corner. Satisfaction of this down-

streeam constraint may require that the solution pass through the Crocco-

Lees critical point (Crocco and Lees 1952) , a singularity associated
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with the vanishing of the determinant, D [equation (24)], of the

governing set of equations. At this point the numerators N, r..N"

must also vanish. At the critical point a change in stability of the

governing differential equations occurs (see Appendix 3). This implies

that the locus of critical. points (the 'critical boundary') will separ­

ate regions exhibiting unstable behaviour from those exhibiting stable

behaviour, thus determining whether or not a 'jump' is required to

initiate .interaction.

At hypersonic speeds, the critical boundary is independent of

Mach number, and is plotted in H - b space in Figure 13 for a range

of wall cooling ratios. It is seen that the critical boundary is

strongly dependent on the wall cooling ratio: the flat plate weak

interaction solution is stable for S = -1.0 to S = -0.4, but: atw w

smaller values of S is unstable. This is in agreement with the resultsw

obtained by Gautier and Ginoux (1971) using the exact Cohen-Reshotko

similarity solutions evaluated at discrete values of S •w

4.2 UPSTREAM BOUNDARY CONDITIONS

The upstream boundary conditions are approximated by the undis-

turbed flat plate flow solution. For all sharp nosed bodies the flow

field can be divided into two regions, representing the limiting cases

of strong (y >> 1) and weak (j < 1) interaction. Asymptotic expansions

for the flow variables can be obtained in both these limits, and the

Solution to the entire flat plate flow found, if necessary, by integra­

tion of the governing differential equations in the intermediate region

using these asymptotic solutions as boundary conditions.



41.

4.2.1 STRONG INTERACTION REGIME

In this region the flow variables can be expressed as asymptotic

expansions in large X.

It i.s assumed that

y - 1 M2 L:. 1 2
>> 1. -M >> 12 0o 2 e

as
and w

a::: o.
dx

A simple model describing the outer inviscid flow in the· strong

interaction region must be adopted. It is clear from Section 3 that

an accurate description of the flow in this region would have to be

based on shock expansion theory (see Stewartson 1955a,b). However, as

Only a fair approximation to the upstream boundary conditions is required

in most viscous interaction problems, it is far simpler to adopt the

less accurate tangent wedge or Prandtl Meyer rules based on freestream

reference conditions.

Klinebcrg uses the tangent wedge rule to describe pressure and the

Prandtlnet Meyer rule to describe Mach number.

then take the form:

The asymptotic expansions

t I p K P; + K
+ ... ]Elim

Pa1
: Pg +

X

R ]
2

+ ••• ]
es%

[
o K 5-5.5i 0 5 1/2] Ia= + ---- +3 0 - 1/2 -

MC JS1 X X

H K H + nK? (39)
a 1 a.l.

H + --1/2 + + ...
0

X X

b K bi + b g?

b - Ct ·- + al-+ + ...
0 54/2 X
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nnd a.1 is the angle of incidence of the flat plate.

It is to be noted that the effect of the entropy gradient and

vorticity at the edge of the boundary layer result in correction terms

of order [}i"2j n where n = o[~ (see Lees 1956b) . However, this ef feet
(X)

Will be largely offset by rarefied gas effects which become important

for K >
2 - 0.15.

M.
Substituting into the governing differential equations (15) - (18)

it is possible to obtain the coefficients of the expansions. These

"
cooling ratio

?
-) have not
X

As the analytic relationship between the coefficients and

coefficients are plotted in Figure l4 as functions of wall

The second order incidence terms (i.e. those of order

been included.

Sw is quite complex, the coefficients are determined for a range of S
w

and then expressed as polynomial functions in S using a least squaresw

curve fit. The coefficients for Y = 1.4 are tabulated in Appendix 1.

All required boundary layer functions can readily be obtained from these

expressions.

Alternatively, the tangent wedge rule can be used to describe both

the pressure and Mach number. The tangent wedge rule provides a better

estimate of Mach number than the Prandtl Meyer rule but the relation

between Mach number gradient and pressure gradient is not so well

described.

The resulting expansions are similar in form to those given above

except that

o [ 1 + ~ K - + '\ + ()a 1K2 + • • • l
o -1/2

X X
(40)

The coefficients of the expansions can be found as before.
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4.2.2 WEAK INTERACTION REGIME

In this regime the flow variables can be expressed as asymptotic

expansions in small X.

It is nssumcd that

dSw
dx

= O

and the Prandtl Meyer rule is used to describe the outer inviscid flow.

Letting

(AL
1 -2

= + m4X + 1X + ...

[

R ]°gr 6

"
0

(1 + 45 + ... ) ( 41)c::::

X

"wt = H + Hi4X +0

at
z b + b X + ...

0 1

and substituting into equations (15) - (18) it is possible to obtain the

coefficients of the expansions. Note that as the solution must tend to

the Blasius solution in the limit X O, the leading terms o_, H and b
0 0 0

must be independent of wall cooling ratio Sw
*(see Section 2.3). The

dependence of the remaining terms on S, is relati.vely simple and can be

Obtained directly from the governing equations. Hence it is not necessary

to curve fi ·~ ffi • i l i t • ••• t the coet, cients as in the strong interaction regime.

Values of the coefficients for Y = 1.4 are given in Appendix 1.

* The leading terms obtained by Gautier and Ginoux and also by Klineberg
Show some dependence on wall cooling ratio. This can only derive from
numerical errors during computation.

The
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Note that for an inclined flat plate the reference conditions in

the strong interaction regime are the freestream conditions, whereas

those in the weak interaction regime are the inviscid flow conditions

immediately behind the lending edge shock.

4.2.3 ENTIRE FLAT PLATE SOLUTION

Having obtained the asymptotic solutions for flat plate flow it is

Possible to determine the entire flat plate solution by integrating the

governing differential equations in the intermediate region using these

asymptotic solutions as boundary conditions.

If the flat plate solution is unstable, integration in the downstream

direction proves difficult, as each integral path diverges rapidly from

the required solution. It is therefore more convenient to integrate up­

stream, using the weak interaction asymptotic expansion to provide the

required initial conditions," However, an infinite number of integral

paths corresponding to different upstream boundary conditions approach

the weak interaction solution in the limit x + 0. It is therefore

necessary to iterate through the range of neighbouring solutions until

the integral path which joins the strong interaction solution is found.

The neighbouring solutions in the vicinity of the weak interaction solution

can be determined using an analysis similar to that of Ko and Kubota (1968).

Solutions can then be determined by selecting initial conditions for inte­

gration in the upstream direction such that

k
This procedure may also be adopted when investigating accelerating

flows. In many such cases the integral paths depart too rapidly from the
required solution for numerical suppression to be successful.
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M :::: M + AMe e e
WI

R ::::

[H Je * e *
61 oi WI

H zt:

'wt + MI

b z: "«t + Ab

Where, as shown in Appendix 2 I

IR ] [6::Jeo *4 i
AH zz: , 4

(y - 1y M.9 wt

IR ] [6~J4 e8f
Ab = "4I

(yY- 1)2 MC JwI

(42)

(43)

a < <
an where, for -0.3 - S - 0,w

Note that as the weak interaction solution is an asymptotic expansion

in vunishingly small X, it is not possible to integrate in the physical

Plane, and the governing differential equations must be transformed and

integrated in phase space. The solution can be located in physical space

after matching to the strong interaction solution (see Klineberg 1968).

If the flat: plate soluti.on is stable, the strong interaction asymptotic

expansions provide suitable initial conditions (at say 5 = 10) and the

governing differential equations can be in tegra t.ed downstream without

difficulty.

The hypersonic flat plate flow solutions and the corresponding asymp­

totic expansions arc shown in Figures 15-17 for various values of wall

cooling ratio, s .
w
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4.3 DEPARTURE CONDITIONS

The flat plate solution described above represents the solution up­

stream of the disturbance. Consideration must now be given to the manner

in Which the required solution departs from the solution for undisturbed

flow.

As the departure paths form a family of solutions an iterative pro­

cedure must be used to determine the soluti.on applicable to the given

downstream boundary conditions.

4• 3 • 1 UNS'J'ABLE GOVERNING OIFFEREN'rIAL EQUATIONS

In regions where the governing differential equations are unstable,

a small perturbation to the solution representing undisturbed flow will

Produce departure paths tending towards either separated or expanding flow.

These departure paths form a single parameter family of solutions, and

hence the perturbati.ons to the undisturbed solution must also be expressed

in terms of a single parameter. This can be accomplished by local lineari­

zation of the governing differential equations in the manner of Ko (1968).

The following form for the perturbations is obtained (Appendix 3):

M ·- M (1 + 7,ee e
0

et * (1 A S)z:
1 -i 8
0 (44)

H - H + A.€
0 6

b i:::l b - B €
0 2

Where*
e 8, Ag a and B5 are as defined in equations (25) and (26).

------------------------------------------
k

Cf. the expressions obtained in the reports by Klineberg and by Gautier
and Giir inoux where the perturbations to the parameters 'a' and 'b' are
correct.
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As the perturbation parameter e must be small for the local

linearization to remain accurate, the beginning of the interaction x
0

must be iterated at a fixed value of E(~lo-3) until approximately

the correct departure pa th .is determined. 'rhe parameter £ can then be

varied until the exact solution is found.

4• 3 • 2 STABLE GOVERNING DIFFERENTIAL EQUATIONS

In regimes where the governing differential equations are stable,

it is not possible to produce departure paths by means of small perturba­

tions to the solution for und:i.sturbed flow. It is therefore assumed that

the velocity and enthalpy profiles undergo very large changes in a very

Short distance, thus invalidating the boundary layer assumptions. Kline­

berg, following Crocco (1955), allows a discontinuous change in flow

quantities in this region. The relationships between the flow variables

Upstream and downstream of this discontinuity, or 'jwnp', are obtained

by assuming that the external flow experiences an oblique shock wave at

the jump location and by satisfying the conservation laws of mass, momen­

tum, moment of momentum, and energy in the li.mit as the control volume

approaches zero. AJthough the moment of momentum is not a conservative

quantity, in the integral formulation it provides a suitable approximation

for the jump condH:.ions. The resulting set of equations is

[

Hl H l l
[
P2 J2

+ 2,)m F + 5 - 1/[n_ F -e
2

2 m F m F 2j °3 °°1u e. 2 YM2 e
2 1

p u

[ l
Pe ue l [ I\ ]7 2

- 1,) p \ 2 1 "% 0 ( 45)1 - + + =2 m P
e."% } "a e

1
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Where the subscripts 1 and 2 denote quantities upstream and downstream of

the jump, respectively.

The pressure and density ratios can be detennined f:rom i..:he change in

Mach number M by means of the obU.que shock relations, and hence thee

equations can be iteratively solved for M , H
2

and b
2

given upstream
2

conditions.

Beh.ind the jump the governing differential equations are unstable

and the integral paths depart towards separation. These departure paths,

Which i.nclude the jump, form a one parameter family of solutions and

hence the beginning of interaction (jump location) x can be iterated upon
0

until the t lati i f acorrcc •• so. u _ .on s :oun ..

4.4
P9WNSTREAM BOUNDARY CONDITIONS

In the problems under consideration, the downstream boundary condition

can be of two types.. If the wedge, or ramp, is very (i.nfinitely) long,

the required downstream boundary condition is that the flat plate (Blasius)

solution be approacl1cd. This requires that N}, N, and N} vanish simultan­

eously, but D, N, * o. Convenrnly ,· .i.f the wcdg-e if short, the flow will

accelerrate around the trailing edge. For a sharp trailing edge a good

Pproximation is to require that a.t this poi.nt M
00

+ 00 and H, representative

of the 'fullness' of the velod.ty profi1c, becomes la.rge. This requires
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that at the trailing edge D = O while N,, l5, N,, N, * 0 (Ko 1969).

4.5 INTEGRATION PROCEDURE

Initial. conditions are determined as described in sections 4.2 and

4.3 and integration commenced in the downstream direction. Because the

Parameter II is used in preference to the parameter 'a' it is not necessary

to reduce the step size or to transform from the independent variable 'x'

to 'a' in the separation and reattachment regions (cf. Gautier and

Ginoux 1971). At any discontinuity (e.g, shock impingement point or

sharp corner) the change in flow conditions is determined according to

the particular flow model adopted and integration then continued in a

straightforward manner until the end of the interaction. The beginning

of interaction x and/or the parameter c are iterated upon until the
0

downstream boundary conditions Gection 4.4) are satisfied.

In order to limit the number of iterations on x and € new initial
0

conditions are determined further downstream by linearly interpolating

between neighbouring divergent trajectories at a point where the differ­

ence in values is relatively small. This procedure is repeated at

successive locations until the complete downstream solution is obtained.

If the Crocco Lees critical point is encountered during integration,

an extrapolation procedure is adopted to allow the solution to pass

through this singularity.

Using a fourth order Runga Kutta method to integrate the governing

equations 20 - 40 seconds computing time on a CDC 6600 computer is required

to accurately solve most viscous interaction problems (of the order 3 sec-

Or*nds per iteration).

--·---------------------------------------
*For a full description of the computer program, prospective users are
referred to the report by Georgeff (1972c).
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5.1 CHOICE OF PROFILE QUANTITY 'P'

The profile function P(II) was found to be the only function that

showed a significant dependence on wall cooling ratio, S . As discussedw

in Section 2.3, this dependence can be taken into account by expressing

P as a linear function of the modified profile quantity P, and S,. It

is useful to consider the importance of this modification.

In Figures 18 and 19 the results obtained using the modified function

P(H,Sw) as given by equation (l4) and the unmodified function P(H) eval­

uated at S = -0.8 are compared with the theoretical results of Klinebergw

and the experimental data of Lewis (1968) at S = O. AS far as compari­w

son With experiment is concerned, the results suggest that it is not

necessary to express pas a function of S . However, in order to retainw

good agreement with the 'exact' theoretical results it is preferable to

use the modified function P(H,S..) , and this is done in all the compari­w

sons of this report.

5.2 COMPARISONS WITH THE UNMODIFIED KLINEBERG METHOD

Gautier and Ginoux (1971) have studied the effects of wall cooling

Upon the characteristics of a laminar boundary layer-shock wave inter­

action using the method of Klineberg. They calculated additional 'similar

Solutions' of the boundary layer equations at discrete values of wall

cooling ratio, S , in order to provide the required set of polynomialw

functions describing the relations between profile quantities. No approx-

lmations were made regarding the dependence of these functions on S,, andw
the method of Klineberg was faithfully followed. An excellent test of the

modification proposed herein is therefore provided by comparison with the

theoretical results of Gautier and Ginoux.
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The experimental conditions used are those of Lewis (1968) (see

Table 2) , except that other values of wall cooling ratio are also

considered. In Figures 20-22 the distributions of pressure ratio,

Skin friction coefficient and heat transfer coefficient obtained from

the proposed modification are compared with the results of Gautier and

Ginoux at values of wall cooling ratio in the range -0.8 ~ S
w

<- O.

The results of Klineberg at wall cooling ratio Sw -0.8 are also

included. As the profile quantities used in the proposed modification

Were all evaluated from Klineberg's data, both theories agree exactly

at this value of wall cooling ratio. However, the solution obtained

by Gautier and Ginoux does not coincide with that of Klineberg. This

probably derives from different approximations to the polynomial funct­

ions relating profile quantities, slightly different shock conditions

(Gautier and Ginoux take the stream-line inclination into account in

determining the stagnation pressure drop across the shock) , and numerical

errors. The difference is of course not large, and from a practical

Point of view is negligible, hut it serves to indicate the degree of

acceptable error. The results of Klineberg for the adiabatic case

(sw 0) lie midway between those obtained using the proposed extension

and those of Gautier and Ginoux. For the sake of clarity they are not

included in the figures.

Comparing the results of the proposed modification with those of

G -autier and Ginoux, it is seen that they are in very good agreement,

although a small discrepancy is observed in the distributions of heat

transfer coefficient, C". However, the distributions of heat transfer
H

coefficient obtained by Gautier and Ginoux and by Klineberg also disagree,

which suggests that the discrepancy does not derive from the assumption

of S, independence. Furthermore, if these distributions are normalized
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With respect to the heat transfer coefficient at the beginning of

interaction (" ), the discrepancy is considerably reduced (see Figure
0

26).

The effects of surface cooling upon the characteristic features of

the interaction are indicated in Figures 23-26. The agreement with the

results of Gautier and Ginoux is excellent.
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6. COMPARISON OF METHODS BASED ON THE KLINEBERG FORMULATION
t121

The main purpose behind the following comparison of methods based

on the Klineberg formulation is to provide an understanding of the

Underlying theory. The comparison also allows an evaluation of the

relative merits of the various approaches.

The methods used for this comparison include the earlier formulation

of the method by Lees and Reeves (1964) and the proposed modifications

of Stollery and Hankey (1970a) and of the author" (Georgeff 1972a).

G. l DESCRIPTION OF THE METHODS

The methods arc briefly described below. All use the same model

of the flow and essentially the same approach, differing only in the

set of governing equations employed, the assumed relations between pro­

file quantities, and the number of parameters left free.

6, l. 1 LEES- REEVES METHOD

The method of Lees and Reeves is similar to the method of Klineberg

except that the enthalpy profile is considered to be a function of the

velocity profile. The energy integral equation is therefore not required.

Using the Cohen-Reshotko similarity solutions to provide the required uni­

versal relations, all the profile quantities are expressed as functions of

the profile parameter H. The governing set of equations becomes

* TIe modification referred to here is not the author's extension
Of the Klineberg method to flows with arbitrary wall cooling ratio.
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Momentum.:

*deno} dn
H --- + -- + (2H + 1 + S E)dx dx w
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Thus equations (48) - (50) provide a determinate set of equations for the

three unknowns o], H and M".
e

G •• l. 2 STOLLERY-HANKEY MODIFICATION "a"

Stollcry and Hankey ( 1970a) modi fied the method of Lees and Reeves by

replacing the exact relation between the profile quantities J and Has

determined from the Cohen-Reshotko similari ty soluti.ons by a li.near approxi­

mation, viz.

J c::: KH . (51.)

The governing equations ('18} - (50) remain unchanged, although they can be

simplified.

6. l. 3 ST9LLRy -ury motricnTToN"h",

The same modif i cu t:lon can be made to the method of Klineberg. The

governing equations (15) - (18) remain unchanged.

GEORGEFF MODIFICATION "a"

The author's proposed modification (Georgeff 1972a) to the method of

Lees and placin the of in tiReeves involves replacing the moment. o • momentum .. ntegral equa.t .. on
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(49) by the momentum equation at the wall, which in Stewartson

Illingworth co-ordinates in

dtnM M
IC

BC
00

z
dx M 6TRe i °gr

i

(52)

Where
I = ( 1 + S )

w [~J
As before, the required universal relations arc provided by the

Cohen-Reshotko similarity solutions, and all the profile quantities

(including I) arc expressed as functions of the profile parameter H.

The governing equations (48), (52) and (50) again provide a determinate

set in the c*n e three unknowns u
1

, Hand M .e

This method is closely related to the methods of Cohen and Reshotko

(1956b) , Bray, Gadd and Woodger (1960) and Curle (1961) although many of

the simplifying as surnptions employed in these ear lier methods are dropped

(see Table 1) .

GEORGEFF MODIFICATION "E"

The same modification is made to the method of Klineberg. The moment

of momentum integral equation (16) is replaced by the momentwn equation

at the wall (52), thus providing a determinate set of equations (i.e.

equ.at.ion~, (15), (S2), (17), (10)) in the four unknowns 6, H, b, and M .e

The methods in which tho velocity and enthalpy profiles are coupled

Will. be referred to as "coupled-profile" methods, and the other methods

as " uncoupled-profile II methods. A summary of the methods described is

given in Table l.
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G. 2 EQUIVALENCE OF THE MODIFICATIONS

It is constructive to consider more closely the relationship between

the Stollery-Hankey modification and the modi fi. cation proposed by the

author.

In deriving lhc Cohon-Rcshotko similarity solutions we have

dH dJ
dx dx

0

and under these conditions the momentum integral equation (5) together

With the moment of momentum integral equation (6) yields

dRnMe M
()I)

BC Me

1
dx

. (PJ - HR)
ta s5 2s2mJ( - H + """)- "v

( 53)

The momentum equation at the wa.11 (52) is unaltered. As the similarity

solutions are exact, both equations (52) and (53) must be satisfied, and

therefore

I Cl! to7 - n + si -26may •w w
(54)

Now consider the general case, where

H
dx. 34 o dJ

dx
r- 0 .

Under the modific.:ation proposed by Stollery and Hankey, viz. J = KH,

equations (15) nnd (16) (or equations (48) and (49)) yield

d0nM
C

M

dx
c-::: BC , 68e e 6ti

0o l (PJ ·- HR)
{J(l - H +SE) - 25 TH} •w w

( 55)

Furthermore, as it is assumed that the Cohen-Reshotko similarity solutions

provide relations that are universal, the equality (54) must still hold

provided the profile parameters H and b remain coupled. Hence equation (55)
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is equivalent to equation (52), the right hand side of the equality

(54) being negligibly affected by the linear approximation to J employed

in deriving equation (55). The governing equations of the Stollery-

Hankey modification "a" and the author's modification "a" are therefore

equivalent. When the profile parameters H and bare uncoupled, the

equality (54) does not hold. However, it remains a good approximation,

and the governing equations of both modifications "p" are therefore

essentially equivalent. It follows that there will be very little differ­

ence between the solutions obtained with the Stollery-Hankey modification

and those obtained with the author's modification.

Noto that mathematically it is very difficult to justify the use of

a linear approximation to J. The approximation is not as good as was

supposed by Stollery and Bankey, as the terms neglected in the lineariza­

tion, al though small, are of the same order as the other terms appearing

in tho governing differential equations. Furthermore, it is extremely

difficult to determine the effect that these terms have on the solution.

Of course, it is possible to arbitrarily choose the linear relationship

between J and H to be universal, but such an arbitrary choice is not very

satisfactory.

6.3 ~~ CRI'I'ICAL BOUNDARY

At hypersonic speeds the critical boundary associated with each of

the methods described is independent of Mach number, and is plotted in

Phase space in Figure 27 for S =-0.8. For the Lees-Reeves method, inw

which the enthalpy and velocity profiles are coupled, the critical point

occurs at H = 0.439 and is represented as a point in phase space. No

critical point appears in the modifications "a" of Stollery and Hankey and
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of the author.~ The sopuration point and the flat plate viscous inter­

action solution for hypersonic flow and S = -0.8 are also indicated inw
Figure 27.

The sensitivity of the position of the critical boundary to changes

in tho profile quantities is also shown by comparison of the essentially

identical methods of Klineberg (1968) and Holden (1965). Holden's use of

Slightly different profile quantity relations (due to a different order

of curve fit) shifts the critical boundary to the right, so that it lies

between the weak interaction solution and the strong interaction solution.

Hence using Holden's formulation the flat plate weak interaction solution

is unstable whereas using Klineberg's it is stable.

It is important to point out that the appearance of a critical boun­

dary involves no mathematical inconsistency, and computationally is no

disadvantage (see Section 7). However, by removing the critical boundary

all of solution space is made unstable and thus the necessity to initiate

interaction by means of a "jump" is avoided. As no discontinuous change

in flow quantities is observed in the real flow, the removal of the critical

boundary may provide better agreement with experiment.

6.4 COMPUTATIONAL CONSIDERATIONS

In terms of user convenience the methods described are virtually indis-

tinguishable. The method of Klineberg has a small advantage in that the

governing differential equations are stable for cold wall flat plate flow

so that tho viscous interaction solutions used for providing the initial

- ·---------------------------------------
; Contrary to the opinion held by Stollery and Hankey, the critical boun­
ay is not completely removed by the linear approximation to Jin themet.h-.
ods where the profile parameters b and H are uncoupled.
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conditions arc more easily obtained. Furthermore, the solution far

downstream of the corner is more easily determined. Although the

modification of Stollery and Hankey and of the author do not encounter

a critical point in a compressive interaction, the governing differen­

tial equations can become quite unstable as the downstream flat plate

Solution is approached due to the proximity of the critical boundary

(Figure 27). Neighbouring trajectories rapidly di verge from each other

and integration in this region is therefore very difficult,* However,

using the method of Klineberg, a simple extrapolation procedure readily

enables one to pass through the critical point; thereafter the governing

differential equations are stable and integration proceeds smoothly.

The relations between the profile quantities H, J, etc. must be

generated externally and curve fitted, which requires a considerable

amount of computation, especially when the profile parameters Hand b

are uncoupled. However, once these relations have been established all

the methods are computationally quite efficient.

6.5 COMPARISON OF THE METHODS

The methods are compared on the basis of their ability to predict

the behaviour of the boundary layer over a flat plate wedge (compression

corner). As discussed in section 10 , the significant parameters of the

* In order to continue the integration in the downstream direction, new
initial conditions arc determined by linearly interpolating between neigh­
bouring divergent trajectories at a point where the difference in values
1s relatively small (Section 4.5). If this difference in values is not
kept small (in some cases very small) it is possible to converge onto a
~Calistic but erroneous solution. However, in all the cases considered
Y the author, it proved impossible to reach the downstream flat plate

solution from this erroneous solution. This may explain the difficulty
experienced by Holden (1967) in integrating completely to the end of the
interaction.
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interaction are s and Ma . The ef feet of S is mainly one ofL' "w "tw'1w

scaling, and hence an adequate assessment of the methods is provided by

comparing them at two values of x L, one moderate and the other large,

under cold waJ.l conditions. The dependence of the solutions on the

body geometry parameter M", 1s accounted for by taking three different

Wedcge angles at each value of X .
L

The data of Bloy (1972) at x, " 2.45 and the data of Holden (1968)

at X L = 19.8 provide the most suitable experimental data for the compari-

sons. AS only a relative measure of the methods is required, a detailed

discussion of the experimental comparisons is left to Section 9.

The methods have been used as purely predictive methods and all

solutions were obtained for S =-0.8. As Holden's data was obtained at
w

"" -0.95 an error in scaling is to be expected.*

In Figures (28-33) the described methods are compared with the experi­

mental data. The method of Cheng (1961) is also included as it can be con­

sidered a simplification of the Lees-Reeves method (see Section 8.1). The

method is modified to incorporate the same outer flow model as used in the

other methods. In general, the "uncoupled profile" (Klineberg type)

methods better describe the interaction than the "coupled profile"

{Lees-Ree e)~ \ eves type methods. The pressure ratio upstream of the corner

is Well described by all methods, but downstream of the corner the

uncoupled profile methods are more accurate. The distributions of sk.in

friction coefficient and heat transfer coefficient are far better pre­

dicted by the uncoupled profile methods. All the methods provide a good

------~·-----------------------------------
At the time these comparisons were made the extension of the Klineberg

methodb • to flows with wall cooling ratio other than S =-0.8 had not
" developed. Later comparisons using the correct"value of S, are

given in Secti 9. wsection
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description of the displacement thickness. The method of Cheng is

clearly inadequate for describing flows with significant upstream

influence.

It is clear that the modifications to the two basic methods make

little difference to the solutions obtained. As discussed in section

6-2 it is found that the modifications of Stollery and Hankey and of

the author to the method of Lees and Reeves give virtually identical

Solutions. Note that the Crocco-Lees critical point is only encountered

With the method of Klineberg, as is indicated in the Figures.
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Using the results of the preceding comparisons, it ts possible to

examine in detail the underlying theory of the Kl.ineberg method.

7.1 STABILITY OF THE GOVERNING DIFFERJ~NTIAL EQUl\TIONS

7.1.1 BEHAVIOUR OF 'rfJE GOVEH.NING DIFF'EREN'rIAL EQUA'I'IONS

As viscous interaction problems often show some upstream influence,

it is to be expected that tho solution will depend on both upstream and

downstream boundary conditions. At first sight it is difficult to see

how the solut.i.on could depend on downstream boundary conditions as the

governing equations of the .inner and outer flow are respectively parabolic

and hyperbolic and do not admit the upstream propagation of disturbances.

However, Garvine (1968) has shown that through the mechanism of viscous

int
+ ueraction contained in the coupling equation, the governing set of

equations are neither parabolic nor hyperboU.c but "quasi-elliptic", i.e.

they reduce to an integropartial differential equation having an "elliptic"

character. The upstream propagation of disturbances is hence possible and

the viscous layer is sensitive to the downstream boundary conditions.

Neither the neglected second order terms in the Navier Stokes equations

{cf. Baum 1968) nor the reversed flow in the separation region are responsi­

ble for th:Ls upstream influence, but it does depend on the subsonic nature

of the inner part of the boundary layer. (cf. Stewartson 1969). Physi-

cally, a eye le is set up whereby the growth of the boundary layer produces

a main stream pressure gradient which promotes further growth of the boun­

dary layer (Lighthill 1953).

If the equations are to be solved using a marching procedure, then the

sensitivity of the boundary layer to upstream influence manifests itself

j_n the instab:i.~.ity of the governing differential equations to downstream
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integration, i.e. if some parameter in the initial conditions is varied

by an arbitrarily small amount each resulting solution ultimately

diverges from the other. Hence any given upstream boundary conditions

Will a] J ow an in finite number of possible solutions, but in general only

one will satisfy the downstream boundary conditions. The requirement

that the solution satisfies both upstream and downstream boundary con­

ditions therefore determines the correct: solution trajectory.

This behaviour is exhibited by the governing differential equations

Whether expressed in partial differential form or in integral form.

However, under certain conditions the governing differential equations

may become stable. In this case the solution is insensitive to down-

stream boundary conditions and there can be no upstream influence. The

necessity to impose a jump to initiate compressive interaction and the

appearance of the Crocco-Lees critical point result directly from this

change in st ab i lity.

7 • 1. 2 ):'IIYS] CAL SIGN JFICANCE OF CUANGE S IN STABILITY

Weinbnum and Carvine (1969) demonstrated that the stability

of the governing differential equations was related to the Mach number

Profile within the viscous layer. The "throat" station, or critical

point, was found to occur where the viscous layer changed, in somemean

sense, from subsonic to supersonic with a cor-responcling change in the

stability of the governing differential equations. However, the analysis

Was 1 • .- , . . 1
.. i nnted to [rec shear layers and normal pressure gradients, wlnc. 1

could well influence the behaviour of the solution, were neglected.

The most rigorous analysis of boundary layer flows that satisfy

a zero-slj be :.::
·ero-slip boundary condition has been given by Stewartson (1969). The

boundary layer was divided into a viscous inner layer and an outer in-

viscid 1: :.. .:,:·- cluded
··cia ayer in which normal pressure gradients were includea. It was
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found that an cigcnso) uL:i on departing towards separation existed

under all r·1 1· • cl b I • 1 ·t·o h...... ow conditions, anc no ehaviour analogous a c ange

in stability was observed. !Jenee, although it may be possible to

attribute some phys.i.ca] significance to changes in stability in free

shear layers (see also Ba d De' 1967), this does notsee als¢ Baum and Jen1son I . _ appear

to be the case in boundary layer flows.

The results of the preceding comparisons enforce this view.

It was shown that the stability is strongly dependent on the choice

of the govcrn:ing differential cqunt:ions and on the assumed relations

between profile quantities, whereas the solutions obtained are

relatively insensitive to the formulation. Similarly, the position

of the critica] boundary in the H - b plane was found to depend strongly

on thef¢.the 2dne formulation o.f the problem, yet the solutions t .at encou:ntere

the Crocco-Lees critical point were essentially the same as those that

did not encounter th;- '- ula"it: ns singu. m:1 .y. Furthermore, it was shown that

the llnposition of a jump does not significantly affect the solution except

in the vicinity of the jump. These results imply that the distinction

between stable and unstable states is not a physical characteristic of

the boundary layer but, on the contrary, is a result of the formulation

0 f the problem.

It thus appears that, in boundary layer flows, efforts to

ascribe ph ' al ' if; abili ill-fc ded
+< ripe physical significance to changes in stability are 1±I-founde

(sec also Stollcry and llankey 1970, Gcorgc:f.f 1971). Hence the analogy

between stable - unstable (or "supercritical-subcritical") states of

the boundary layer and supersonic-subsonic flows (Crocco 1955) must be

considered weak, at least from a physical standpoint. Procedures adopted

for:(e "; ""
vi passing from the stable t o the unst ab le st at e. e. . g . j ump to

Separ ..1t:i.on (Crocco 1955, Holden ] 965) "jump" based on the conservation
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laws (Klineberg 1968) or subjection to a strong negative pressure

gradient (Reyhner and Flugge-Lotz 1966)) are, in the light of the

above, purely expedients and also lack physical significance. Further­

more, the constraints imposed at the Crocco-Lees critical point and

the velocity profile critical point (see Georgeff 1971) are mathematical

in nature and cannot be considered physically unrealistic (Cf Murphy

1969 and Shamroth 1969). Even in viscous wake flows, where the analysis

of Weinbaum and Garvine is perhaps valid, care must be taken in as­

cribing physical significance to the stability of the governing equations

of any approximate method.

7.1.3 METHODS OF SOLUTION

The choice between approaches exhibiting differences in type

(stability) depends on the problem and its application. Computational

effi • • • • •ciency is enhanced by using stable governing differential equations,

wh'.
llle accurate modelling of upstream influence requires unstable governing

differential equations.

Considering methods based on the Klineberg formulation, the

Preceding comparisons indicate that the solutions obtained are relatively

insensitive to the initial stability of the governing differential

equations. For these methods differences in stability have only a local

effect, and all provide a good description of the overall properties of

Viscous interaction phenomena.
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7.2 "UNHOOKING" OF' '.I'IIE VELOCI'J'Y PROFILE Pl\.AAMETER

The momentum cqua.tion at the wall (equation (52)) can be expressed

in terms of tho Cohen Reshotko pressure gradient parameter , ~, as

dtnM M Be co 1
::,.a BC (56)dx M S*R 2e i eg% a

i

As a is bound, the local pressure gradient cannot vanish unless B

vanishes.

Now Lees and Reeves (1964) poi.nted out that the velocity profiles

measured in the pressure plateau region do not correspond with either of

those given by the (8 o) similarit -olu"iy the zero pressure gradient (I = O) similarity solutions

(i.e. the Blasius solution and Stewartson's limiting reversed flow solu­

tion). Hence .i.n this region satisfaction of the momentum equation at

the Wall d i l 'en es the possibility of the local pressure gradient reaching

zero.

Lees and Reeves, and similarly Klineberg, overcame this difficulty by

satisfying the moment of momentum integral equation instead of the momentum

equation at the wall, so that the local pressure gradient could equal zero

without requiring that ~ equals zero. Using this approach it is possible

to tattain a pressure plateau with realistic velocity profiles. The velocity

profil
rile parameter is no longer explicitly related to the local pressure

gradient i.e. it i.s "unhooked" from the local pres sure gradient.*
----- ., _
*k Ar u
"«S"_'eucte" re1atsostp is taken to mean that, given all the local

atllramctcrs, i.e. M, 6j*, H (and b), the relationship is defined. Hence
th C . • .

v
1

ouqh the local pressure gradient is not in general defined by the

le ocity profile parameter alone, it can be calculated knowing the other
OCa] z-.t parameters i.e. M and o, (and b). Note also that it is inaccurates,"y that the pressure gradient parameter (6) is "unhooked" from the
fy profile parameter (1) , as strictly speaking B is not defined for

-similar flows.
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Conversely, the modifications of Stollery and Hankey and of the author

caannot exhibit a pressure plateau, as the velocity profile parameter is

explicitly related to the local pressure gradient through equation (56).

However, vid
e1, provided that R is large, it is possible to almost reach a

8*
Pressure platcuu. Furthcr~ore, due to the approximate nature of these

methods, it is unlikely that any, significant features of the flow will

be lost by leaving the velocity profile parameter "hooked" to the local

Pressure gradient.

This is clearly shown in the preceding comparisons, where the modi­

fications of Stollery and Hankey and of the author provide as good agree-

ment with experiment in the pressure plateau region as do the methods of

Lees and Re nd Klineb.~ :,eeves an· of Kl ineberg.

action occurs at a moderate or small value of X, the modifications give

better agreement upstream of the corner because no "jump" is required to

initiate interaction.

In fact, where the beginning of inter-

7.3 VALIDITY OF THE INTEGRAL APPROACH

The comparisons of section 6 show that it is necessary to uncouple

th
e enthalpy and velocity profile parameters and thus to ffinploy the energy

integral equation in order to accurately describe non-adiabatic viscous

interactiodiff•• c on phenomena. Otherwise the choice of governing iifferential

equations or set of relations between profile quantities is not critical.

This
·+• puts the Klineberg method on firmer ground, as conclusive support

for thne choice of integral equations and profile functions is not necessary.

The results also suggest that the partial differential equations are

Well described using integral methods that incorporate the energy equation.

This
conclusion is supported by the results of Murphy (1969) where the

Solutions obtained from methods based on the full partial differential
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equations and integral methods, utilizing either a family of velocity

and enthalpy profiles or a set of universal profile relationships, were

shown to be in good agreement with one another. However, none of the

methods compared allowed for normal pressure gradients, and in some cases

thes
ese may have a significant effect on the solution (see section ll.l).

It is to be noted that many of the early objections raised by

Brown (1969) and Stewartson (1969) to the Klineberg method do not arise

in the present formulation. The 'anomalous' behaviour observed at

separation using the profile parameter 'a' is not observed when the profile

parameter 'H' is employed. Computation, far from being complex, is

relatively simple and is not substantially more difficult for non-adiabatic

flows. F·urthermore, any douuts about the dropping of the momentum equation

at the wall arc allayed by the excellent agreement between the solutions

obtained using the method of Klineberg and those obtained using the

author's modification. The method is "irrational" in Van Dyke's sense

(1964) in that it is not exact in any known limit. However, this is not

to deny the utility of such an approach.
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In this section a number of other successful methods for treating

Viscous interaction problems will briefly be described.

All employ basically the same approach (see Section 2.1), and the

model used to describe the outer inviscid flow is not restricted to any

Particular method. However, the boundary layer equations are approximated

or solved differently in each case.

B. l METHOD OF CHENG

The method of Cheng (1961) and the later modifications of Sullivan

(1969) and Stollcry (1970b) are in essence simplifications of the Klineberg

method. In order to show this clearly, the final form of the governing

equations will be derived from the set of integral equations (15) - (18),

rather than di.rcctly from the boundary layer equations. The latter approach

is described by Lees (1956a).

The method of Cheng makes use of the following a.ddi tional assumptions:

(i)

(ii)

(iii)

Y- l.,_ << 1
Y + l

1-2"?>>2 00

Local flat plate similarity i.e. changes in the boundary layer

veloci. ty and enthalpy profiles can be neglected, these pro­

files bci.ng adequately described by the classical Blasius

solution.

In general, pressure changes are taken into account only insofar as

local prpressure

and inco.+ incompressible (Stewartson-Illingworth) co-ordinates, but this is not

an addiditional restriction - rather, provided pressure gradients are not

affects the transformation between physical co-ordinates



large, it derives from the other asswnptions.

The above set of assumptions give

d RnM
d FlC <<

dx dx

0nM
d [i<:jf C F-

dx dx

dH
0 H µ- :::t C:

dx

Where the subscript B denotes Blasius values, and hence the integral

equations (15) and (18) reduce to

70.

(57)

*dine
i.

dx

B(l + m)e
m (1 + m )e oo

tan(0 - a)e w {58)

* ,agno} M
100

:::::: BC
dx M o*Re i e of

( 59)

Integrating equation ( 59) yields

%o*
[

2[iiL x/L ½.t C f (60)-=L R
°6 0

On transforming to physical co-ordinates

c y - 1 2
M8"

F *T (61)
2

so that equation (58) reduces to

k
do
dx

= tan0 - a.e w
(62)

and equation

M
(IO L

(60) becomes

[1__:._l~.
6°

Jy + J.. ) 2 [!:'~.!:.j ½ [
x/L p 4%or, f e

··- d
. 'y + l ½ 2 H P.(R /C) 0 ( 63)e

L



71.

Using the Cohen-Reshotko zero pressure gradient similarity solutions to

Provide the required Blasius values, equation (63} may be written as

6 1
[0.664 +

rr ] [
x/L p 1°M Y 1. 73 ~'v-}_ J ~ d::::::

XL00 L Y + 1 T P"0 0

'Where

s
00

XL, :

(R /c/2

°i

(64)

Equations (62) and (64) represent the final form of the governing

equations.

The assumption of a Blasius velocity profile prevents application

of the method to separated flows, and the stability of the governing

differential equations implies that problems exhibiting upstream influence

cannot be treated. However, as a large range of viscous interaction

Phenomena show negligible upstream influence, the method is still very

useful.

As a result of the stability of the equations, the method of Cheng

is considerably more efficient in computation than the Klineberg method.

8 . .2
!NTEGRAL APPROl\CHES USING PROFILE FAMILIES

The most successful use of such an approach to viscous interaction

Phenomena has been made by Nielsen, Kuhn and Goodwin (1970). As in the

Klineberg method normal pressure gradients are neglected. The· integral

equations employed are the first four moments of the momentum equation

and tlne first moment of the energy equation. "These equations are trans-

form a
ed into "Dorodnitsyn co-ordinates" and a quartic representation of

the s}ear and enthalpy profiles is used. The coupling equation is pro-

Vided by arelating the pressure gradient to the growth of the boun ary



72.

layer displacement thickness. At high Mach numbers the displacement

thickness approximates a streamline of the flow and hence the coupling

equation becomes virtually identical to that employed in the Klineberg

formulation.

Because of the greater number of governing equations, the method

ts less efficient computationally than the method of Klineberg.

8.3 FINITE DIFFERENCE METHODS

A number of successful finite difference methods exist, including

t
hose of Reyhner and Flt'gge-Lotz (1966) , Baum (1967) and Smith (1972).

These methods approximate the partial differential equations by differ­

ence equations and employ some impli. cit scheme for marching downstream.

The coupling equations used are as in the Klineberg or Nielsen methods.

Of these methods, the only one capable of treating separated flows

ts that of Reyhner and FlUgge-Lotz. However, in order to obtain a

Solution it was found necessary to make certain non-physically realistic

assum tisumptions in regions of reversed flow. Normal pressure gradient effects

are
neglected except in the method of Baum.

Another finite difference method has been proposed by Wornom and

Werle (1972), who allow for some of the effects of normal pressure

grad.tent. However, the use of the tangent wedge rule to describe the

outer inviscid flow is not good (see Section 3) and some aspects of their

numerical '
Cd work seem inaccurate.

Computationally, these methods are far less efficient than the inte­

gral approaches.
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9.l
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£91PART.8ON WTTH EPEITMENT

LIMITA'I'JONS OF 'rHE METHOD

The main limitations on the Klineberg method are as follows:

(i) *The flow must be laminar. Transition can be detected using

the criteria of Ginoux (1968), where it was shown that the extent of

Upstream influence increases with increasing unit Reynolds number for

laminar flow but decreases for transitional flow.

(ii) The flow must be either two dimensional or such that trans­

verse flow gradients are negligible. Two dimensionality is difficult

to verify, but in general if tho aspect ratio is large and little span­

Wise variation in the boundary layer properties is observed, two dimen­

sional flow can be assumed.

(iii) Normal pressure gradients within the boundary layer should

not be excessively large. As discussed in Section 11.1 the assumption

P- o s~y is not valid in most viscous interaction problems, but this does

not appear to prevent good agreement with experiment from being obtained.

Henc e unless normal pressure gradients are excessively large, the Kline-

berg method probably remains viable.

occur when

Large normal pressure gradients

(a) the height of the separation bubble is large with

respect to separation length

(b) the separation region itself is large

(c) large wall curvatures arc experienced

(d) the flow is hypersonic.

----·----------------------------
* The method has been extended to turbulent flows using a turbulent eddy
viscosity model ( Alber and Lees 1968). A better yet considerably differ­
ent approach is developed by Reeves (1971) using a two layer model. Theextc.s_S9rnal pressure, gradient is prescribed and a coupling equation is used
o relate the growth of the inner (wall) layer to the development of the

Outer wake layer.



74.

Some additional limitations result from the particular model used

in the following comparisons to describe the outer inviscid flow. They

are as follows

(i.) The shocks produced by or incident upon the boundary layer

must not be too ts rang. Otherwise the resulting large entropy gradients

and the complex interacting shock wave pattern invalidate the outer flow

model.

(ii) The reflected waves from major shock wave interactions must

not impinge on the model, at least in the vicinity of reattachment.

9.2 CEOICE OF EXPERIMENTAL DATA

The choice of experimental. data was limited only by the requirements

of two-dimensionality and laminar flow. As a check on the method, some

earlier comparisons (see Lees 1964 and Klineberg 1968) were repeated.

These comparisons are not included herein as the results agree with those

Previously published.

9.3
~E.''l1I-l0D OF COMPARISON

For the cases considered sufficient data is available to provide a

Unique solution to the analytic problem. Hence the method was used in a

Purely predictive capacity and no matching procedure was involved.*

The experimental conditions for the cases considered are given in

Table 2.

---------------------------------------
k
M Note that a number of authors use some form of matching procedure.
e~rphy D.969) considor.ed that the data available was not known accurately
Prough to provide a fair assessment of the methods, and hence adopted the
G-ocoaure of fitting the predicted pressure distribution to the data.
autiers(1965)at5and Ginoux (1971), in comparisons with the data of Needham . ,
a the separation points. These procedures, however, do not provide

adequate test of tho methods as predictive theories.
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9.4 RESULTS AND DISCUSSION

9 • 4 • 1 SHARP FLAT PLATE AT ZERO INCIDENCE

The method of Klineberg is compared with various experimental data

in Figures 34 and 35. In order to correlate the data obtained at

different free stream conditions and wall cooling ratios the results are

expressed in the similarity form of Cheng (196l) (see Section 10).

The theoretical solution was obtained in the hypersonic limit at

°," -0.8. It ls to be noted that the similarity scalings do not com­

pletely remove tho dependence of the solution on the reference conditions.

For fixed AX, a decrease in Mach number causes a slight increase in

Pressure ratio, although the strong interaction asymptotic limit is

unchanged. The effect of wall cooling ratio is small.

In the strong interaction region (AX> 1) the theory tends to over-

predict the tipressure ratio. The discrepancy partly derives from inaccurate

modelling of the outer inviscid flow, both in deriving the strong inter­

acti
on asymptotic expansions and in obtaining the entire flat plate

solution (see Sections 3 and 4.2.1). Low density effects, which become

important in the experimental regime (--1\- 'v 0.1), also contribute to

M.the dis agreement between theory and experiment. The tendency for the

Pressure data at fixed freestream conditions to "flatten off" as Xis

increased is indicative of low density effects.

In the moderately weak interaction region (A5 < 1) the pressure ratio

is quite well predicted by theory. This is to be expected as the outer

inviscid flow model is quite accurate in this region and non-continuum

effects
-us are absent. The scatter of the experimental data partly derives

from the difficulty in measuring the very low pressures experienced in this

region.
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In all regions the heat transfer coefficient is quite accurately

predicted.

Also included for comparison are the results obtained using the

flat plate similarity methods of Cheng (1961) and Sullivan (1969) and

the finite difference method of Smith (1972). The similarity scaling

completely removes the dependence on reference conditions in the Cheng

and Sullivan methods, but some dependence is to be expected for the

method of Smith. The results of Smith were obtained at l = 12.2 and

, " -0.78.

All theories are in general agreement with each other. The lower

Mach number considered by Smith is partly responsible for the small

disagreement between his results and those obtained using the method of

Klineberg. The method of Cheng provides a better estimate of the pressure

ratio i.n the strong interaction region, but farther downstream is signifi-

cantly inferior to the other methods.

9.4.2 FLAT PLATE - WEDGE (COMPRESSION CORNER)

The data of Bloy (1972) at M = 12.2 and S = -0.78 provides distri-
0oW

butions of heat transfer coefficient and pressure ratio at three different

Wedge angles. An estimate of the boundary layer displacement thickness

Was obtained from the schlieren photographs by measuring the distance

from the wall to the point of maximum density gradient within the boundary

In Figures 36-44 the theoretical results are compared with the

experimental data.

The general agreement between theory and experiment is good. Although

the boundary layer characteristics exhibit a slight 'lag' in response to

the disturbance .•, alu of heat tr sfrpar e generated at the corner, the maximum values of ea iranster

coefficient ilnd pressure ratio are accurately predicted. The incipient

separation angle, observed by Blay to be 9°, is also well predicted.

layer.
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The data of Holden (1968) was obtained at M ,::: 19.8 and s z: -0.95.
00 w

At the larger wedge angles the leading edge shock interacts with the

shock wave generated at the corner, and the reflected expansion waves

impinge on the wedge downstream of the reattachment point. The expansion

waves result in a rapid decrease in pressure ratio towards the inviscid

Value (see Section 3), and hence in this region the flow model adopted

would not be expected to provide good agreement with experiment. As at

the lar+argest wedge angle the point of impingement of the reflected waves

is almost coincident with the reattachment. point, the disturbance could

feed into the separation region and affect the flow properties well up­

stream of t hi: .s poi.nt.

In Figures 45-53 the theoretical results are compared with the experi­

mental data. The approximate beginning of the region of impingement of

th
e reflected expansion waves as determined from the schlieren photographs

appearing in Holden's published report is also indicated in the Figures.

The
general agreement with experiment is quite good, especially when one

consid·aers that the entire interaction takes place in the strong interaction

regi
on and that the freest.ream Ma.ch number is very high. The pressure ratio

is Wel.J. predicted up to the region of impingement of the reflected expansion

Tho heat transfer coefficient is also well described, although the

maximum value tends to be mnde edic ed<a. ur s.. Qt e Un .erprc .cte . At the largest wedge angle the

agre
ement appears to be better, but the relatively low experimental values

Probabl
c Y result from the interacting expansion waves. The skin friction

coeffici•• cient is in poor agreement at the larger wedge angles. However, the

maximum22°value is well predicted and the incipient separation angle of -

ds in-o
good agreement with Holden's estimate of 21.6 . At the largest wedge

angle th
he extent of upstream influence and the length of the separation

kegior
n are con sider ably 1..mdcrprcdi.c t cd.
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Note that in obtaining tho theoretical solution at the smallest

Wedge angle, it was not possible to lntroduce a "jump" to initiate

interaction.

The disagreement between theory and experiment, especially at the

largest wedge angle, .results primari..ly from an inadequate model of the

outer j.. nviscid f·.·lo•-,. A l i 1 h l d • th t h 1• -- "" t igh Mac num::>ers an WJ. • s rang s oc<. waves

it is not valid to pl ,., h k t ith • 1 t... o rep .ace the corner shoc sys ·em w . an equ.1 va en·

impinging shock system. The Lees-Reeves model should still provide a

reasonable description of the overall interaction, which explains the

relatively good agreement with experiment downstream of the corner.

However, the model does not take account of the shock produced at separa­

tion, whiwh..ch provides a mechanism for promoting further separation and

increasing the pressure ratio upstream of the corner. Furthermore, the

effect of the large entropy gradients experienced in the strong inter­

action region could well be an important factor.

The data of Johnson (1968, 1970) at M = 7.6 ands = -o.52 is
00 W

ConsequentJ.y no upstream influence is predicted.

compared with the in Fia 54 and 55.w heory Ln F gures ~ ~ The lowest unit Reynolds

umber and wedge angle were chosen for compa.rison in order that the

effects of trans.ttiou be absent. As the trailing edge flap is very short,

the
downstream conditions relative to finite length wedges have been

employed in determining the theoretical solution (i.e. M - o at the
00

trailing edge) .

The pressure ratio distributi i 11 de ribed, but the heat. ,., . s tr»un10n .s we. tescre , • -

transfer
coefficient is considerably underpredicted downstream of the

Corner,
Also the separation length is not weil predicted. However,

Johnso , .
n's estimate of separation length based on oil flow measurements

does
• not seem particularly atpartcuiariy accurate. As unit Reynolds number increases

the
separation length measured by Johnson decreases, which is not i.n agree-
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ment with other theoretical and experimental results for laminar flow,

e.g. Klineberg (1968) and Needham (1965).

The data of Ball and Korkcgi (1968) at M = 12.3 and S = -0.44
coW

represents the only data available for an inclined flat plate followed

by a Wedge, and is compared with theory in Figure 56. As with Johnson's

model, the flap is small in length, and the downstream boundary conditions

relative· to finite length wedges have been employed in determining the

theoretical ol.... so .ut.ton.

The large overprediction of pressure ratio throughout the interaction

is difficult to explain.

Lewis at S. = O and S = -0.8 (e.g. Figure 18) and the data of Johnson atw w
sw -0.52 (Figure 54) show relatively good agreement with theory. The

Poor agreement with the data of Ball and Korkegi therefore appears attri-

butable to the different nfic aticonfigurations.

Place Well into the weak interaction regime where the effect of configura­

tion is not expected to be important. Perhaps some of the discrepancy

results from the reference conditions taken over the wedge, which were

based on inviscid flow considerations. The effect of the viscous layer

near the leading edge is to increase the shock wave angle, which would

result in a reduction of i 1 ti t tl d J e (seea pressure rat: o re at.ve o ne wec ge va .u -

Section 3).

Other comparisons have been made at wall cooling ratios S = 0 andw
s
w c:::. -o.s (e.g. Lees 1964, Holden 1965, 1967, 1968, Klineberg 1968,

Gd.noux 1968, Murphy 1969, Gautier 1971) and in most cases the agreement

with
experiment is good. The only notable exceptions are the comparisons

'With the data of Needham (1965). Although acceptable results can be

obtained using some form of matching of theoretical and experimental

results (e.g. Muphy 1969, Gar tie 1971), whe edpurely as a predictiveurpny , Gautier "9. , when usec pure as uec e

At similar values of X and ~a the data ofL w

However, the interaction takes
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method the method of Klineberg is in poor agreement with experiment.

Separation length is considerably overpredicted and the pressure and

heat transfer distributions, although qualitatively similar, bear no

quantitative resemblance to the experimental data. The disagreement

arises because the experiments of Needham were conducted in an expanding

conical nozzle so that the flow was not two-dimensional.

9.4.3 CURVED COMPRESSION SURFACES

In Figures 57-59 comparisons are made with the data of Mohammadian

(1970) for flow over a concave cubic surface. The general agreement

between the theory of Klineberg and experiment is adequate over the

forward part of the surface. Far downstream the compressive disturbances

coalesce to form an imbedded shock, and the resulting reflected waves

cause the pressure to drop rapidly back towards the inviscid value.

As the flow model adopted does not allow for these reflected waves, the

Pressure ratio in this region is considerably overpredicted. However,

the underprediction of heat transfer coefficient cannot be readily

explained by deficiencies in the outer flow model. The physical displace­

ment thickness agrees well with the estimate determined from the schlieren

Photographs (as in Section 9.4.2) , and the flow remains attached through­

out the interaction.

The considerations advanced in Section 3 indicate that in this case

neither the Prandtl Meyer rule nor the tangent wedge rule can adequately

describe the flow property relationships at the edge of the boundary layer.

A considerable improvement in the theoretical predictions should be

obtainable using a characteristics solution in the outer inviscid region,

although the effect on the distribution of heat transfer coefficient is

difficult to assess.
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The finite difference method of Smith and the flat-plate similarity

method of Sullivan arc also included for comparison. The results of

Smith were obtained at a lower unit Reynolds number (R_ = 0.083/in)
°1

than in experiment, and mass entrainment at the edge of the boundary

layer was not considered in deriving the coupling equation. The effect

of both these 'errors' is to improve the agreement with experiment by

between one and four percent. Allowing for this small correction, the

solutions obtained by the method of Smith and by the method of Klineberg

are almost identical, which suggests that the discrepancy between theory

and experiment does not result from the integral approximation to the

boundary layer equations.

The method of Sullivan gives rather poor agreement with experiment,

especially in the distribution of heat transfer coefficient which is not

even qualitatively correct.

As the developing boundary layer considerably modifies the effective

body shape the inviscid pressure distribution as determined by the Prandtl

Meyer rule is not in good agreement with experiment.

Other comparisons have been made for adiabatic flow over curved com-

pression corners {Ko 1969). Excellent agreement between theory and

experiment is observed. In these cases no embedded shocks occur and

hence the Prandtl Meyer rule provides a good description of the outer

inviscid fl0w throughout the interaction.

9 4.4 INCLINED FLAT PLATE - EXPANSION CORNER

The data of Bloy (1972) obtained on a wedge followed by a sharp

expansion corner is compared with theory in Figures 60-66. In obtaining

the theoretical solution it was found that the sudden expansion at the

corner resulted in the profile parameters H and b exceeding the range of

validity of the polynomial functions given in Appendix 1. Following
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the procedure described in Section 2.3, very simple and approximate

linear extrapolations of the profile functions were made and the profile

Parameters allowed to exceed the original polynomial limits. 'The solution

Was found to be quite insensitive to the order of approximation made.

The general agreement with experiment is good. Upstream of the

corner the pressure ratio tends to be underpredicted by a constant amount.

This could result from a slightly larger inclination angle on the flat

Plate than that measured or from the displacement effect of toe boundary

layer at the leading edge (see Section 3). The heat transfer coefficient

is well predicted upstream of the corner, except at the largest inclina­

tion angle. This discrepancy may also result from an inaccurate outer

flow model, but see Section 9.4.5. Downstream of the corner the agreement

With experiment is very good. No upstream influence is predicted as the

governing differential equations are stable. This agrees well with experi­

ment, where the extent of upstream influence is seen to be small.

Note that the physical displacement thickness as determined by the

method of Klineberg drops at the corner and then begins to rise again.

This anomalous behaviour arises because in this case the physical displace-

*ment thickness, 6 , is determined by differencing two relatively large

expressions, (H + l) and (0.8E). Hence any small. errors in H or b lead

to a relatively large error in o*, The inaccuracies of the extrapolation

Procedure serve to further increase the error. The solution is still valid,

*however, as o is not a dependent variable of the governing differential

equations,

Also included for comparison are the results obtained using the

method of Sullivan. At the largest wedge angle the oblique shock relations

together with the Prandtl Meyer rule are employed in order to provide a

more realistic model of tho outer flow than that given by the tangent wedge
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rule. Although the distribution of heat transfer coefficient is well

Predicted, the pressure ratio distribution is in poor agreement with

experiment. This is to be expected as the boundary layer profiles are

considerably different from the flat plate values and very large pressure

gradients are experienced.

0
For the l0 expansion corner, the heat transfer distribution

obtained with the finite difference method of Sells (1966) using the experi-

mentally determined pressure distribution is also shown. The good agree­

ment with the method of Klincberg indicates that the integral method

accurately models the full partial differential equations.

9.4.5 CURVED EXPANSION SURFACES

In Figures 67 and 68 comparisons are made with the data of Mohammadian

(1970) for flow over a convex surface. The agreement between theory and

experiment is reasonable.
0

Over the forward section of the model (18

Wedge) the heat transfer data is considerably above that predicted by

theory, yet under identical freestream conditions, the data for the 2

Wedge (see Figure 65) is considerably below theory. This would suggest

that in one case at least, errors in the experimental determination of

the heat transfer coefficient are responsible for the disagreement with

theory.

The method of Sullivan is also included for comparison. In this case

the theory is unmodified and the tangent wedge rule is used to describe

the outer inviscid flow. This explains the high pressure ratio over the

forward section of the model compared with that predicted by the modified

Sullivan method over the 20° «edge (Figure 64). Considering that the

Pressure and heat transfer data are artificially high upstream of the

expansion corner, the agreement with cxper.:i.mcnt is only fair.
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It is noteworthy that the inviscid pressure distribution given by

shock expansion theory (i.e. oblique shock with Prandtl Meyer expansion)

agrees better with the experimental data than either the Klineberg or

Sullivan theories. Hence in this case, the usual methods of boundary

layer analysis, where the pressure gradient is prescribed, could success­

fully be employed.

A number of other comparisons have been made (Victoria and Kubota

1970) for adiabatic flow over sharp and curved expansion corners. The

agreement with experiment is very good. For adiabatic flow the governing

differential equations are unstable and hence some upstream influence is

Predicted. The extent of upstream influence also agrees well with experi­

ment.

9.4.6 OTHER COMPARISONS

The Klineberg method has been compared with experiment for axisymme­

tric adiabatic flows (Horton 1970, Leblanc 1971). Good agreement with

experiment was obtained for both stationary and spinning bodies.

9.5 OTHER METHODS

The integral method of Nielsen has been compared with experiment for

a large number of plane and axisymmetric adiabatic and non-adiabatic flows

(Nielsen 1965, 1967, 1969, 1970, Murphy 1969). In general the pressure

distributions are well predicted. However, the heat transfer rate is

underpredicted and shows unrealistic minima at separation and downstream

Of the corner. The Nielsen method has also been compared with the methods

of Lees-Reeves and Klineberg (Murphy 1969). The predicted skin friction

coefficient and pressure distributions are virtually identical. Unfortun­

ately no comparisons of the heat transfer coefficient were made, but in

view of the anomalies encountered with the Nielsen method, the method of
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Klineberg can be assumed superior.

The finite difference of Reyhner and Fllgge-Lotz shows good agree­

ment with experiment (Reyhner and FlUgge-Lotz 1966, Murphy 1969). The

comparisons of Murphy show that the predicted skin friction coefficient

and pressure distributions are almost identical to those obtained using

the Lees-Reeves or Klineberg methods.

The finite difference method of Baum (1967) has been compared with

experiment for both sharp and rounded backward facing steps (Baum 1968).

The pressure distributions agree well with experiment up to the point of

separation (or sharp corner).

The finite difference method of. Wornom and Werle (1972) has been com­

pared with the experimental data of Mohammadian (1970) for the concave

Cubic mode 1. Al though the pressure distribution is quite well predicted,

the physical displacement thickness is not in good agreement with experiment.

Furthermore, the solution indicates that separation occurs which was not

observed experimentally. Heat transfer distributions were not given. It

is difficult to evaluate tho method on this single comparison, but the

vague numerical procedures adopted and the lack of experimental agreement

cast serious doubts on the validity of the method.

An integral method developed by Rose (1969) has been compared with

the data of Needham (1965). The method requires that the extent of upstream

influence be known. Having thus matched the data, good agreement with experi­

ment is obtained. Although Rose chooses to call the theory a two layer model,

it is very different from either the Lighthill (1953) or Stewartson (1969)

two-layer models. In effect it simply provides an ostensibly more accurate

model for the outer inviscid flow field for use with either the Klineberg

method or any of the methods described in Section 8.
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9.6 GENERAL COMMENTS

Although the general agreement with experiment is surprisingly good,

it is worthwhile considering whether any significant improvements to the

method of Klineberg can be made. The integral approach appears adequate

for describing the major characteristics of viscous interaction phenomena.

The excellent agreement between all methods, using both finite difference

and integral approaches, suggests that in the viscous flow region the

partial differential equations are well described using integral methods.

Much of the disagreement between theory and experiment is attributable

to the model of the outer inviscid flow. The considerations advanced in

Section 3 suggest that the main cause of error is in the expression for the

entropy at the edge of the boundary layer. For example, some allowance

must be made for the entropy gradient. produced by the leading edge shock

wave. The effect of reflected waves is in general small, so that given the

entropy at the outer edge of the boundary layer, the Prandtl Meyer rule

Should provide a good description of the outer inviscid flow. The tangent

Wedge rule is in general less accurate. In some interactions, the reflected

waves resulting from strong shock interactions must be taken into account.

In these situations it may be necessary to resort to the more complex char­

acteristics method to describe the outer inviscid flow. Considering shock

Wave-boundary layer interactions, it is quite clear from schlieren photo­

graphs and theoretical considerations that the Lees-Reeves model is inade­

quate for strong shock waves and high freestream Mach numbers. The shock

formation at separation and the resulting entropy changes must be more

accurately modelled.

Although in most hypersonic viscous layers large normal pressure

gradients exist (see Section 11.1), the good agreement of the predicted

pressure distributions with experiment suggests that their effect is small.



87.

Similarly, the related supersonic nature of the outer part of the viscous

layer appears to have little effect on the solution obtained. However,

the application of a comprehensive finite difference method to, for

example, the concave cubic surface of Mohammadian (1970) would be of

great benefit in establishing the importance of normal pressure gradients.

It is unlikely that the assumed linear viscosity law or unit Prandtl

number would significantly affect the solution. This view is supported

by the good agreement between the results of Smith at Pr = 0.7 and· those

obtained using the Klineberg method at Pr = 1.O.
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l0 PARAMETRIC STUDIES

10.l PARAMETRIC FORM OF THE GOVERNING EQUATIONS

The results of parametric studies describe the dependence of the

boundary layer characteristics on free stream flow conditions and body

geometry. A theoretical study allows for an accurate parametric des­

cription, as, in contrast to the experimental situation, it is very simple

to vary one parameter while keeping all others fixed.

It is first necessary to determine theoretically the important para­

meters of the interaction. This allows the similarity variables to be

extracted and avoids the needless repetition of results.

Assuming hypersonic flow,

the governing differential equations can be expressed in terms of the

Parameters X, s,.,, and M tan (0 - a ) provided the dependent variables
.. oo e w

are defined as

M
M
e-- M
oo R
8
i

Re
8*].

H

b

H

b

M 3c
00

(65)

«
A.s the upstream boundary condi.t.i.ons (initial values) depend only· on

X and S_, then integration of the governing differential equations mustw

yield
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M :::::: M (x sw' M tan(0 - 9,oo e

R :::::: R (x sw' M tan(S - 9,2e °s+ oo e8*i i
(66)

H ·- H(X, sw' M tan(8 - a ) )
co e w

b = b(X sw' M tan(0 - ex ) )
0o e w

Now if the body slope is not large, i.e.

a << 1w

then

M tan(8 - a) ~Me - Ma
oo e w oo e oo w

(67)

f (M) - M a
00 w

Where the function f depends on the model used to describe the outer

inviscid flow.

Hence the similarity variables can be expressed as functions of the

freestream parameters x and S and the body geometry parameter Ma .
w co w

In the physical plane the similarity variables become

M Pge
M

or
00 P"

3 and M
3c (68)*. , o H

R 8*2 M
00

or
M % X

00

The functional dependence of the similarity variables on X, Sw and

1'\,/\ can be determined for geometrically similar bodies by using the

Klineberg method and varying each parameter in turn.
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10.1.1 DEPENDENCE ONS AND Y

Although the dependence of the solution on wall cooling ratio Sw

cannot be completely removed, the following approach provides an

approximate scaling.

In most viscous interactions, the profile quantity F remains approxi­

mately constant. Then assuming that the pressure gradient is not large,

the governing differential equations can be expressed in terms of the

Parameters Fi and Ma provided the dependent variable R is redefined as•s°s
R
e *+1

,:::i

FM 3c
00

The dependence on the specific heat ratio y cannot be eliminated from

the governing differential equations. However, making certain simplifying

assumptions the dependence on Y for either the Prandtl Meyer or tangent

Wedge inviscid pressure laws gives the similarity parameters

a* X and M a
0o w

(70)
k - y(y - brwhere A - 2

The similarity variables in the physical plane are then

(69)

and M *c a*
oo H (71)

or

*M o
--~­

x

Note that for interactions in the vicinity of the Blasius solution

Tw
F y ( + 2.6 "

0
(72)
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so that

{El
This scaling agrees in form with those of Chapman (1957), Curle

( 7 3)

(1961), Cheng (1961), Stewartson (1969) and Stollery (1970b). However,

in most viscous interaction problems the pressure gradients experienced

are large enough to invalidate the above derivation of S dependence.w

Without a more rigorous investigation of the effects of wall cooling it

is therefore inadvisable to combine, in the form of a single similarity

Parameter, the parameters y and S .
w

10.1.3 INCIPIENT SEPARATION

It follows from the above that the incipient separation condition

(subscript i) for geometrically similar bodies must be of the form

£G, s,,)w (7 4)

10.2 THEORETICAL AND EXPERIMENTAL COMPARISONS

10. 2 .1 EVALUATION OF SIMILARITY REPRESENTATION

The similarity form of the governing differential equations derived

in the preceding sections can be examined by comparing solutions at fixed

values of X Sw and Ma while allowing M and R
co w oo e

L
to vary. Such a compari-

son for the flat plate-wedge at S =-0.8 is shown in Figures 69-71. At thew

hinge line X = 1.0 and the ramp angle (a ) is such that M a = 1.745. Forr 00 r

hypersonic flow the solutions in terms of the similarity variables show

litt le dependence on M (or R) , thus confi.rming the similarity represen-
co e

L
tation. At lower Mach numbers (e.g. M 5) the similarity scaling is not

so accurate, overestima ting the effect of a reduction in Mach number.

In Figure 72, the incipient separation condition for S = -0.8 at threew
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different values of XL is shown as a function of M" (or R ) . Except
°L

at low Mach numbers, it can be seen tha.t incipient separation is a

function only of the similarity parameters X and M_a, (and S,) •
00 W W

10.2.2 FUNCTIONAL DEPENDENCE ON X+ M_aL' -<lO w

The determination of the funct.ional dependence of the similarity

variables on the similarity parameters x1 and Ma has not been attempted.
• 00 w

However for the flat plate-wedge model consideration of unit Reynolds

number· and wedge angle effects indicate that the non-dimensionalized

Se i h l>..x i j d •paration length - increases as Xi is reduce or as M a is increased.*,• w
As the freestream Mach number constitutes part of the freestream

similarity parameter X, and the geometrical similarity parameter M

it is difficult to determine the effect of varying M" from similarity

rules. Riethmuller (1970) has made a study of Mach number effects and

finds for the flat plate wedge conf.i.guration that reducing the Mach number

increases the separation length.

10.2.3 s DEPENDENCEw

A detailed investigation of the effect of wall cooling ratio in

viscous interactions has not been attempted. However, some of the pre-

ceding comparisons provide an indication of the dependence of the major

characteristics of viscous interactions on S.

The flat plate flow solutions are given in Figures 34 and 35. As

discussed in Section 9.4.l, the results are virtually independent of Sw

When expressed in the similarity form of Cheng (1961).

In Figures 23-26 the effect of wall cooling on the characteristics

of a shock wave-boundary layer interaction is presented. (See also Gautier

and Ginoux 1971). The results were obtained at X. = 0.57 and M_a = 1.08Lo r

corresponding to the experimental conditions of Lewis (1968). The variation
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with S of the characteristic lengths of the interaction and the maximumw

values of heat transfer and skin friction coefficient, normalized with

respect to their values at the beginning of interaction, agrees favourably

with the similarity scaling derived in section 10.2.l. The effect of Sw

on the characteristics of the pressure distribution is negligible if

pressures arc referred to the pressure at the beginning of the interaction.

10.2.4 INCIPIENT SEPARATION

Incipient separation conditions for the flat plate-wedge at

- 1/2
- -0.8 are shown in Figure 73, where (M", is plotted against X,

The results obtained using the method of Klineberg are seen to be in

good agreement with the experimental data. Over much of the range

- 1/2
considered (M0,), varies almost linearly with Xi, , in agreement with

00 r i

the approximate theory of Needham (1965). At large wedge angle or low

to moderate Mach number the similarity principle begins to break down,

separation occuring at a lower Mex than expected (see Figure 72).
oo r
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ll EXTENSIONS OF THE KLINEBERG METHOD~-···--

l1.1 NORMAL PRESSURE GRADIENT EFFECTS

In the derivation of the governing set of equations it was assumed

that pressure gradients normal to the surface were negligible. However,

this is not a valid assumption in many viscous interaction problems.

Significant normal pressure gradients are produced when the separation

region becomes large or where large wall curvatures are experienced. The

form of the boundary layer equations that includes these "second order"

effects has been derived by.Maslen (1963). Large normal pressure gradients

also occur as a result of the supersonic nature of the flow. At hypersonic

speeds a considerable part of the boundary layer is supersonic and in this

region pressure waves tend to be propagated along Mach lines (Myring and

Young 1967, Baum 1967, Stewartson 1969). Hence not only is the pressure

gradient normal to the surface very large, but the domain of dependence

does not admit of the immediate propagation of disturbances across the

boundary lay er .

An attempt to modify the Klineberg method to include the effects of

normal pressure gradient has been made by Bolden (1969). However, the

Underlying theory can be shown to be invalid. A number of important

second order terms, necessary for a full description of wall curvature

effects, are neglected in the governing differential equations and the

method allows immediate propagation of disturbances across the boundary

layer. Furthermore, dubious numerical procedures are employed and a number

of profile quantities (e.g. P5, F3a Ar Pgr Pg and P43) and functions

(most P, (a)) arc inconsistently defined.
l

Although the effects of surface curvature could readily be incorporated

into an integral method, it is diff.i..cult to see how the supersonic nature

of the outer part of tho boundary layer could be correctly represented.
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The very good agreement of the basic Klineberg method with experiment

suggests, however, that this latter effect may not be too important.

This may derive from the fact that the major change in the profile para­

meters occurs near the wall so that the outer supersonic region has little

effect on the solution. Alternatively, the boundary layer equations and

functional relationships could approximate those based on a non-orthogonal

co-ordinate system where they axis is taken along isobars. Myring and

Young (1967) derived a "Mach line" form of the momentum integral equation

Which would seem to support this view, but the derivation lacks rigour.

In order to accurately model the boundary layer it may be necessary

to resort to finite difference methods. Unfortunately no finite differ­

ence method has been developed which adequately takes into account all the

major effects of normal pressure gradient. Baum (1967) includes the super­

sonic effect in the normal component of the momentum equation, but it is

not clear whether the choice of differencing quotients and step sizes

Preserve the domain of dependence as determined by the governing differen­

tial equations. Also, wall curvature effects are not correctly represented

as important second order terms in the governing equations have been neg­

lected. Wornom and Werle (1972) correctly allow for curvature but neglect

to include the terms that would account for the supersonic nature of the

outer part of the boundary layer.

Another approach is to divide the boundary layer into an inner (mainly

subsonic) viscous region where normal pressure gradients are negligible

and an outer region where viscous effects are negligible (see Stewartson

1969). Integral methods could still be employed to describe the behaviour

of the inner layer and the outer portion could perhaps be described by

a modified characteristics method. The propagation of disturbances within

the boundary layer would thus be accurately modelled.
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11.2 BLUNTNESS EFFECTS

The basic Klineberg method is capable of describing the effects of

nose bluntness. The outer inviscid flow could be described using the

method of characteristics on a suitably refined grid with strong blast

wave theory providing the required initial conditions. However, the

complexity of such an approach can be avoided by employing either shock

expansion theory or the simple model of Cheng (1961) to provide an

estimate of bluntness effects.

The shock expansion approach described in Section 3.3 can be simpli­

fied for the blunt leading edge. In this case most of the streamlines

crossing the boundary layer pass through a near normal leading edge

h "' ~ 0shock. Hence the shock angle 90, and the equations describing the

outer inviscid flow (i.e. 35-38) can be considerably simplified. How­

ever, such an approach is unlikely to be valid far downstream of the

strong interaction region, as the large entropy gradients generated

near the nose will significantly effect the solution.

The model of Cheng (1961) effectively defines the shape of the

leading edge shock and, after making certain assumptions, provides a

very simple formulation. The flow field is divided into three regions:

an inner viscous layer, an entropy layer, and an outer shock layer (see

Figure 74). Assuming that the pressure, p , and streamwise velocity, u ,e e

are approximately constant across the entropy layer, then it can be shown

that

(7 5)

where Y" and Y" denote the outer edges of the entropy and boundary

layers respectively,
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k is the leading edge (nose) drag coefficient
C

and t is the leading edge thickness.

Differentiating, equation (75) yields

e - e ::.:t
s e

2
a&np. P" "%

)-1kt fe

2 e" dx 2 P" (76)

so that the coupling equation (equation (10)) becomes

F d£n6: + dH + 1 + me S _dE + 1 [m F + 2H -· 1 + 2me z] dinMe
dx dx m w dx 1 + m e m dxe e e

Z+
me

y

2

M
co 36*i dinp e

dx

B(l + m)e tan (0 s
8*i

- Ct )w

1 + rn
S g

m w
e

dfoSw
dx (77)

where 0_, the streamline inclination at the outer edge of the entropy
5

layer, is related to the pressure, p (or Mach number, M) by somee e

suitable pressure law (e.g. tangent wedge rule). Otherwise, the govern-

ing equations remain unchanged.

The strong interaction asymptotic expansion coefficients for the

blunt flat plate can be determined by expressing the flow variables as

expansions in lilrge x and substituting into the governing differential

equations. Using these strong interaction asymptotic expansions as up­

stream boundary condit.ions, the governing equat.ions (15)-(17}, (77) can

be solved as before. The increase in computational effort is negligible.

Note that the entropy distribution over the entire flow field can

significantly affect the flow properties in other interaction regions

(see section 3) .
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11.3 THREE DIMENSIONAL BOUNDARY LAYERS

The method described in this report can readily be extended to

the study of three dimensional adiabatic or non-adiabatic boundary

layers. Although the three dimensional flow is assumed to be such

that all derivatives with respect to the transverse co-ordinate z

vanish (i.e. flow over an infinite yawed wing or axisymmetric flow),

the method allows prediction of the major effects in general three

dimensional viscous interaction problems.

11.3. 1 GOVERNING EQUATIONS FOR THREE DIMENSIONAL PLANE FLOW

The governing equations for a steady, plane three dimensional com-

pressible laminar boundary layer with transverse velocity component

w =w(x,y) are the same as those for a two dimensional boundary layer

[i.e. equations (1)-(3)] with an aditional equation expressing con-

servation of transverse momentum (Schlichting 1955), viz.

~w
pu ax +

~v
pv ay 1 055 1¥ 65 (78)

Derivatives with respect to z are taken to be zero.

At the edge of the boundary layer (y- •) equation (78) requires

that

w = W = constante co

Applying the Stewartson-Illingworth transformation these equations

become (Crabtree 1954, Chu 1954)

Continuity: 5 + 0 (79)

Longitudinal Momentum:

UU, + vU, (80)
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Transverse Momentum:

(81)

Energy:

where

.°ys (82)

a
00u - y = - u.y ae

V - - *
(h)

0

s tr 1,c::: -
(h )
0
C tr

we
2 (h )

% tr

constant

(83)

and where the subscript 'tr' denotes values determined with respect to

a co-ordinate frame moving in the z direction with velocity we

i.e. 0a?er C h +
2 2u + (w - w ) ••e

2

The boundary cond:i.. tJ.ons a.re

U(X,O) I:".: V(X,O) a:::: 0

w(X,O) c::::: 0

141,," (U) c:::, U (X)e

1in,",, (w) c:::: w
+)oo 0

= Sw

0

(84)

S(X,O)

1in,, "(s)+)-ox
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For S constant, equations (79)(82) can be put in the formw

0,(0,,(1 + s,5 - «*)
C C , W

+ \) u
00 yy

(79)

(85)

Ug, + Vgx vY (86)

where

Us + Vs c:::: v sX y (XI yy (87)

8
s
sw

(88)

g(X,O) = s(X,O) c:::: 1

The boundary conditions for 'g' and 's I are

(89)
lim,,,,(g)

Yoo

As the same cquatlons (86 and 87) and boundary conditions (89) apply

to both 'g' and 's', a part.i.cular solution for 'g' is

g 'Cl s (90)

Then nquation (85) reduces to

{ 2 }uu + VU = U (U ) x. 1. + s (s -- k s ) + v UX e e w l ro YY

Where

C)

sw

By integrating across the boundary layer the following integral

forms can be obtained:

(91)



101.

Longitudinal Momentum:

k
atno} dH

d0nM M p
SE) e 00

H + - + (2II + 1 + :::::::, BCdx dx w dx M 6'!'-Re l. °gr
i

Longitudinal Moment of Momentum:

le
dtno} dJ

.0nM M R2s ii*y e 00

J + -- + (3J + :::::::, BC
dx dx w dx M S*Re i3%

l.

( 92)

(93)

Energy :

Coupling:

*d9,n6 i * 0nM M* dT * e 00 QT + -- + T ·-· BC
dx dx dx M 6*Re i e

6tl.

(94)

k

dtn6 i.
F--­

dx [
dH

+ - +dx

1 + m - )

" ale

dtnM
f e

dx

B (1 + m ) tan (0 . -a )e e w
k

m (1 + m )6,e oo 1.

(95)

Where the profile quantities H,J, etc. a.re as defined by equations (8)

and

E ,:::: E - k1G

1 + m
F H

e
(1 s,5)-- + +m we

1 1 + 2m z] -[ F +
M dp

f
[
rn "i + 2£-I

e z ) e e
(96)c::: ---- - ---1 + m e m % Pg dMe e e

p *
ki* = - k W1

l o IG ir.:::: ·- J dY8*i 0

1 6 u -k Jw z: --8* ui 0 e

As g = s the transverse velocity profile quantities are equivalent

to the corresponding total enthalpy profile quantities.

Following the procedure used for two dimensional flows (Section 2.3),

it is assumed that the relations between the profile quantities are the
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same as those established for the corresponding similarity solutions.

All the profile quantities nppcar.lng in tho governing differential

equations can then be expressed as functions of the vcloci ty profile

parameter H and the enthalpy profile parameter b at any particular

value of s and w.w

'I'ho final form of the governing di.f.forential equat.ions is as for

two dimensional flows [i.e. equations (20)-(23)] with

* replaced by 2 c:.::: 2H + 1 + S Ew

2g by A, c::; 3J + 2S T * (97)
.:> w

F,
~rF ~P by ~r F
ii F --

<lb ~H' ~b

and f by f

It is important to remember that S is defined with respect to aw

co-ordinate frnmc moving in tho z direction with velocity w [see
e

equation (03)].

l.l. 3.2 RELATIONS BETWEEN PROFILE QUANTITIES

Now lhc equations for self-similar flow can be obtained (Cohen and

Reshotko 1956o)by letting

l}
e

and taking as a similarity variable

• U ·i 1/2
[
n + 1 o

y 2 V X
00

Equations (79), (85) -- (87) then reduce to

(98)

(99)

£' + f[" +

+

0 (100)

(101)

g s
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where

f' cl f" an" u
ue

and the pressure gradient parameter ~

The boundary conditions are

f (O) = £'(0) c::: 0

s(0) = l

2n
:::

n + 1

£' (°) = l

s() = O ) (102)

These equations can be solved for a range of 8, °, and k, (or w),

and the profile quant:ltics H, J, etc. det:enn.ined as for the two dimen-

sional case (see Klincbcrg, 1968). *The profile quantities G and W are

*determined in the same manner as the related quanti.ties E and r , Le.

the quantities arc expressed in the form

G = a (H) K (b)

kw C Ct(II)W(H,b)

where n .99

«IK(b) c:: J
0

, 99 1W(l1,b) J u
i:::.l u

0 e

) {103)

(104)

'I'he prof.1.lc quant.J.ty W(H,b) is determined by multiplying each similar

velocity profi.lc by the square of each total enthalpy profile point by

point.

Now for K, " O (o = 0), it has been shown that the profile functions

*...1(1!), 'l"'(li,b), etc. arc virtually independent of S Similarly, Leblanc,

* As discussed in Section 2.3, the profile quantity P does show some depen­
dence on S , bnt the effect on the solution is not found to be significant
(section s"i).
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Horton and Ginoux (1971) have indicated that for K, " h (°.=2),

these functions are .tndcpcndcnt of sw (or w) • The reason for this

independence is that a change in S or w has a similar effect as aw

related change in the pressure gradient parameter, ~, which, although

affecting all the profiles, does not affect the relations between pro­

file quantities. It is therefore probable that the prof.Uc functions

arc independent of (and @) for all values of Kr provided S, (and )

arc of order unity or lass. Making this assumption, the functions

established for two dimensional boundary layers with heat transfer are

applicable to three dimensional boundary layers with transverse velocity

component.

In summary: For constant wall cooling ratio S , a small modificationw

to the governing differential equations for two dimensional boundary layers

With heat transfer allows throe dimensional boundary layers with heat

transfer and transverse velocity component to be considered. Furthermore,

the relations between profile quantities established from the Cohen­

Reshotko similarity solutions for two dimensional flow with heat transfer

provide all those required for investigating three dimensional flows.

11,. 3.3 GOVERNING EQUATIONS FOR AXISYMMETRIC FLOW WITH SPIN

The results of the preceding section can be readily generalized to

include axisymmetric flow (Chu 1954). It is assumed that

6 << rw

and the following quantities arc redefined:

w wg mm .....,__,.. z.m t:

w S2rw w
(105)2ww

CU 111::t

2h
0e

where r is the local radius of the body and 9 is the angular velocityw
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of the body.

Note that for axisymmctrlc flow

(h ) ± h
0 tr 0

and in the special case a *et0% 0

For * constant, i. e.

1 dS 1 du 2 drw w---- ·- t: ---s dx w dx r dxw w

then

g c:::: S

g ·- w = 0

(106)

and the integral form of the governing differential equations in Stewartson­

Illingworth co-ordinates becomes

Axial Momentum:

*de.no}
H--­

dx
dH+ -- +dx

0,nM M
(2H + 1 + SE) e 00 p

-- BCw dx M 8*Re i °gr
J.

[ H +
S . (1 + m ) ~ dQ,nr
w e k G w

(107)
m 1 d.xe

Axial Moment of Momentum:

*
dgno} dJ

0,nM
y e

J +- + (JJ + 2S T) dx - BC
dx dx w

M
oo R

M_ 6*R
e 1 °g*

j_

2S (1 + rn) ]"". dQ.nrw
dx

(108)

Energy:

k
T

»kr
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M
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BC - 3T
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e i g*
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(109)
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Coupling:
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Equations (107)-(110) can be solved as in the case of three dimen­

sional plane flow. The profile functions are unchanged as they are

obtained from the similarity solutions with dr /dx = O. As before, thew

transverse velocity profile quantities are equivalent to the corresponding

total enthalpy profile quantities. The final form of the governing differ­

ential equations is as for two di1llensional flows [i.e. equations (20-23)]

with

* replaced by 2 z: 2H + 1 + S Ew

*g by 2g zm 3J + 2s 1*w

F ~F ~F by F '
3r 5i

I aH' ~b ~ H' ~ b

f by f

*°[

[H 9 k1Gl

8% M dRnr
p by i e

+ s wp z: p -
BC M w dx

00 (111)
*Ro3'e

•I 1 d0nroi M
+ m J *]R e

4°
w

by R t:::, R -
BC M " dx

*•13
e * M gnr61 e * wQ by Q - Q - - ('I, )

DC M dx
00

6*µ
i e * dgnr

h h + 3a w
by h ::::,

c M","% dx

A different relation between the streamline inclination at the edge

of the boundary layer, 0 , and pressure, Pg is required as the Prandtl.e
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Meyer rule is not valid in the axisymmetric case. A suitable pressure

law is derived by Horton (1970), using the second order shock expansion

method of Syvertson and Dennis (1957).

1
For the adiabatic case h " f and these equations reduce to those

*of Leblanc, Horton and Ginoux (1971) although i.n a simpler form.

Although Leblanc et al. have noted the similarity between the equations

of transverse velocity and total enthalpy, they do not seem to have

developed this nor to have used the enthalpy profiles to provide the

required transverse velocity profile quantities. In fact, they con­

trast the two cases, and state that for the case of heat transfer it is

necessary to calculate the profile functions for each value of wall

cooling ratio s .w

11.3.4 PROCEDURE FOR THE CASE OE VARIABLE

When X, is not constant the governing differential equations for

the transverse velocity component and the total enthalpy can no longer

be expressed in identical form and

9 % s

The transverse moment of momentum equation must therefore be employed and

an additional term must be included in the energy and coupling equations

(see Section 2.2). The profile functions remain unchanged as they are

obtained from the similarity solutions for S_ /dx = 0. However, anw

additional parameter (analogous to that chosen to represent the total

enthalpy profile) is required to represent the transverse velocity profile.

* Equation (22) in Leblanc (1971) is incorrect. The last term should read

(I-I + rw

drw
dx
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Note that in all cases (two dimensional flow with heat transfer,

three dimensional plane and axi symmetric flow) the leading terms in

the weak interaction expansion coefficients (see Section 4.2.2) are the

same. This is because the normal.ized velocity and enthalpy profiles

for the limiting solution (i.e. Blasius solution with S = O} are

(exactly) independent of S and u. Furthermore, in all cases thew

analysis of the neighbouring solutions at infinity (Appendix 2) is

applicable.

11.3. 5 AN APPROXIMATE ANALOGY BE"l'WEEN HEA'r rrRANSF'ER AND TRANSVERSE
VELOCITY

It would be useful to obtain a simple relationship expressing the

characteristics of a three dimensional boundary layer with transverse

Velocity in terms of those of an analogous two dimensional boundary

layer with heat transfer.

Consider the transformed governing differential equations for a

three dimensional boundary layer assuming S and ware constant (andw

for axisymmetric flow, r large) , i. e. equations (79), (86), (87) andw

(91). The only term containing a measure of the transverse velocity

component is

2
A = s-k,°

If w is small this term can be approximated by

where

".99

J
0

z

",99
f s dn
0

(112)

(113)

(14)
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or, assuming a linear relationship between s and n

2
, = 1 5452

In replacing the expression A by the approximation A in equation

(91) the governing differential equations become identical to those

for a two dimensional boundary layer with wall cooling ratio S.y'

Hence a three dimensional boundary layer with wall cooling ratio Sw

and transverse velocity parameter w is equivalent, in terms of the

d *ependent variables M"r °,, H and b, to a two dimensional boundary

layer with wall cooling ratio (S,,) = s[i - {], The properties
weq w 3 s •

w
of the transverse flow can be readily determined from the corresponding

properties of the total enthalpy distribution.

The effect of such gross approximations on the solution is difficult

to determine, but it is probable that the analogy is at least qualitat­

ively correct. Theoretical 'experiments' could be performed to check

the validity of the analogy and to provide a. more accurate expression

Two applications of the analogy will be considered.

(i) Axisymmetric adiabatic flow.

For adiabatic flow

S = 2ww

and hence for r large the flow should be equivalent to a two­w

dimensional. flow with wall cooling ratio

(S )w eq

Rotation is seen to have the same effect as heating the wall (except,

of course, that there is no heat transfer to the flow). A plausible

physical explanation ls that the transverse shear stresses generate the

additional heat that in the two dimensional case would result from heating
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the wall.

The properties of the flow over the spinning axi-symmetric body

can then be readily determined from studies of two dimensional flows.

For example, rotation would be expected to increase the length of

separation (see Figures 20-26). In the transverse plane, skin friction

is given by

[1

rn w) 1/2 p a Q00 e e, ::::::, 2 •6so08o4±go44644448 (81404000@Dou#taoot

+ m P." a (R /C)z 00 00 e
6i

Which, as expected, increases with spin.

The results of Leblanc (1971) do not agree with the above predictions,

indicating that separation length decreases as ( is increased. The dis-

agreement may result from centrifugal effects which, at the value of rw

considered, are significant.

(ii) Infinite swept wing

It is more convenient in this case to relate the flow properties to

freestream conditions in a co-ordinate frame fixed with respect to the

body. However, the solution to the governing equations must still be

obtained in the plane normal to the leading edge. The Mach number in

this plane is defined as M and the angle of sweep is taken to be A.n

Then for given free stream conditions and wall temperature

m
200

) z tan A1 + m
00

and s ...
[

·rw _ 1) (1 + w) + 20w T
0

Making use of the two dimensional analogy and considering hypersonic

flow

[
rl' ]

=I "w, 1l se A
T
0

4 2+ tan A3



111.

The effect of sweep is therefore to increase S in the equivalentw

two dimensional flow. This effect becomes less pronounced as the wall

is cooled, and is negligible for the cold wall with moderate sweep.

The other similarity parameters (see Section l0) also depend on

sweep. For fixed freestream conditions and body shape

x v u" (cos A3?n

and M a cos An w

The major effects of sweep, at least for the cold wall, are seen to

result from the change in velocity component normal to the leading edge

rather than from the cross flow.

Consider, for example, the cold wall case. Incipient separation is

given by (Section 10.2.4)

(M a 1 x 1/2
n w

from which it follows that, for given freestream conditions,

1/4
(e")4 ° (cos A)"

w I

Similarly it is readily shown that the length of separation increases

The effect of the cross flow in increasing (S) shouldw eq

further increase the characteristic lengths of the interaction.

The effect of sweep on other flow properties is more difficult to

determine without a greater knowledge of the dependence of the similarity

variables on Mach number. However, the limited results available suggest

that heat transfer coefficient decreases with sweep approximately as

(cos A) while the tot.al skin friction coefficient remains relatively

constant.

The analysis. also highlights the inadequacies of strip theory. In

inviscid flow Ma is the only similarity parameter and is the same whether

With sweep.
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evaluated normal to the leading edge or parallel to the freestream.

However, in viscous flow the parameter X also appears, and this cannot

be identical in both planes. For example, using simple strip theory in

planes parallel to the freestream the incipient separation condition is

given by

-3/4(a_) (cos A)
w' i

In this case such an approach is clearly unsuitable.

11.3.4 GENERAL THREE DIMENSIONAL BOUNDARY LAYERS

The analysis of flows over infinite swept wings or axisymmetric

bodies can be extended to more general three dimensional problems using

approximate methods.

The simplest approach is provided by "strip theory", where the

flow in particular planes is considered independent of the flow in

adjacent planes and transverse flow gradients are neglected. However,

the above analysis of flow over an infinite swept wing indicates that

the results obtained are strongly dependent on the plane in which the

"strips" are taken. It appears that the most appropriate choice is

that plane normal to the plane in which pressure gradients are a minimum.

Hence for flows that approximate the infinite swept wing condition the

A
strips should be taken normal to the leading edge. On the other hand,

* The equivalence between the flow over a swept wing and axisymmetric
flow given by Leblanc (1971) is erroneous. The plane of equivalence
for the swept wing is normal to the leading edge and not, as shown in
Figure 1 of their report, parallel to the flow.
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for highly swept deltas in hypersonic flow the root area flow is

dominant and it is more appropriate to take strips parallel to the

centre line. Such an approach has been applied to general three dimen-

sional flows by Mirels and Lewellen (1967) and Boger and Aiello (1970),

using modified Cheng theory to describe the boundary layer.

The so-called "axisymmetric analogy" may also be used for general

three' dimensional flows. (Eichelbrenner and Ou~art 1955, Bradshaw 1971).

Any chordwise section of the body is treated as an infinite swept wing

and the spanwise convergence of the stream is allowed for by the
r

"equivalent" axisymmetric terms involving " .

The possibility of significant changes in the flow pattern in three

dimensional configurations should not be overlooked. Hence for the

delta wing the windward side is well described by two dimensional strip

theory, but on the leeward side vortex sheets form above the surface and

invalidate a two dimensional approach (e.g. Whitehead 1970).

l1.4 FUTURE INVESTIGATIONS

In its present form the method of Klineberg provides a good des-

cription of the major features of viscous interaction phenomena, and

is superior to other existing methods. Further development of the

method is therefore recommended, with emphasis on the following areas:

(i) Improvement of the model used to describe the outer inviscid

flow. The results of such an investigation should be generally applicable

to other methods of viscous layer analysis.

(ii) Analytical study of normal pressure gradient effects and the

related supersonic nature of the outer part of the viscous layer.

Accurately formulated finite difference methods offer a most suitable

means of determining the importance of these effects. Two layer models



could also be investigated.

(iii) Application of the method as formulated herein to three

dimensional flows. Such an investigation should prove valuable in

relating the two dimensional results to more general flows. It would

also be interesting to compare the predictions of the two dimensional

analogy with experiment.

114.
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12. CONCLUSIONS

The integral method of Klineberg has been extended to allow the

study of viscous interaction phenomena over a continuous range of wall

cooling ratio. Suitable normalization of the boundary layer profile

quantities obviates the need to recalculate complex polynomial functions

at each value of wall cooling ratio. Furthermore, flows with variable

wall cooling ratio can be considered.

An extensive theoretical evaluation of the method has been made,

thus establishing the validity of the integral approach. It has been

shown that it is necessary to "uncouple" the velocity and enthalpy pro­

file parameters and thus to employ the energy integral equation in order

to accurately describe non-adiabatic viscous interactions. Otherwise the

choice of governing differential equations or profile quantities is not

critical. It has also been shown that the properties associated with

the stability of the governing differential equations (i.e. "subcritical"

and "supercritical" behaviour, the necessity to initiate compressive

interaction by means of a "jump", and the appearance of the Crocco-Lees

critical point during integration) are mathematical properties of the

analytic model and should not be associated with any physical character­

istics of the boundary layer.

Comparisons made over a wide class of body shapes show that in general

the agreement with experiment is good. Contrary to the conclusions reached

by earlier investigators, the comparisons indicate that flows up to quite

high Mach numbers are well described by the present Klineberg method. In

some regions, however, the agreement with experiment is found to be poor.

Consideration of the outer inviscid flow suggests that these discrepancies

result primarily from inadequacies in the simple model used to describe

the flow properties at the edge of the boundary layer. It has been indi-
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cated how improvements to the existing models can be made.

The comparisons also suggest that the method of Klineberg is

superior to other methods in predicting the major characteristics of

viscous interaction phenomena. Agreement with experiment is signifi­

cantly better than obtained with the more simple integral methods of

Cheng, Sullivan and Stollery, and the method does not show the

anomalies in heat transfer rate obtained using the integral method of

Nielsen. Existing finite difference methods do not provide significantly

better agreement with experiment than the method of Klineberg, and com­

putationally are far less efficient.

A rigorous parametric study has been carried out, thus isolating

the significant parameters of viscous interactions. The validity of the

analysis is shown by both theoretical and experimental comparisons for

incipient and fully separated flows.

The similarity between the governing differential equations of a

two dimensional boundary layer with heat transfer and those of a three

dimensional boundary layer with zero transverse pressure gradient has

also been investigated. Consequently, an extension of the Klineberg

method to three dimensional plane and axisymmetric flows has been developed.

The three dimensional flows are not limited, as in previous reports, to

the adiabatic wall case, but the wall cooling ratio must either be con-

stant or, in the case of axially symmetric flow, vary as the square of

local body radius. A very simple analogy between two dimensional flows

With heat transfer and three dimensional flows has also been derived.

Applications to general three dimensional flows have been indicated.

Normal pressure gradient effects have been discussed, and it is

suggested that the large normal pressure gradients experienced in hyper­

sonic flow may not be of importance in determining the major character­

dstics of the interaction. Methods of allowing for nose bluntness have

also been described.
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APPENDIX 1: TABLES OF COEFFICIENTS
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1. FUNCTJONAL RET.J\TTONS BETWEEN INTEGRAL PROFILE QUANTITIES

Velocity Profile Dependent Quantities

The velocity profile quantities can be expressed as polynomial

functions of. the parameter H,

A(H)

i.e .

k=6
yq,u*
l k=0

where A is the profile quantity considered. The coefficients Ck are

given in Table Al.

1,2 Total Enthalpy Pro.file Dependent Quantities

The total enthalpy profile quantities can be expressed as polynomial

functions of the parameter b, i.e.

A(b)
k=5

l k=0

~here A is the profile quantity considered. The coefficients Ck are

given in Table Al.

1,3 Quantities Depending on Both Velocity and Total Enthalpy Profiles

The profile quantity T can be expressed as a polynomial function

of the two parameters H and b, 1.e,

T(H,b)
k=5

l k=0 1, (6)1'k

where The coefficients C·J are given in Table Al.

~Tau and
expression for

clT can be found by direct differentiation of the polynomial~ b
'l.'(H,b).

Range of Validity---
The polynomial coefficients given in Table Al are valid in the range

0.10 s H <0,45

0.05 s b <0.55
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2. ASYMPTOTIC EXPANSIONS FOR UNDISTURBED FLA'I' PLATE FLOW

2.1 Strong Interaction Regime

The coefficients of the asymptotic expansions equation (39)] are

functions of the wall cooling ratio S" and can be represented by the

polynomial function

k=3
sc.s'l k w

k=o

Where A is the coefficient considered and the summation coefficients

µ ere

A C I e% %0

P, 0.50798 0.35000 -0.01797 -

P; 1. 48735 -1.81771 -3.12003 -5.00773

Pg 1. 53165 -0.01548 1.19978 -
6 1. 18196 0.25693 -0.28668 -
0

1 0.93945 -0.73468 -1. 16796 -1. 94352

6 0.94776 0.03070 0.53276 -
O

H 0.42436 0.01941 -0.01193 -
0

" -0.05441 0.03756 0.03545 - *
H -0.02983 o. 01064 0.02345 -

Qt

b 0. 54051 0.00686 -0.05675 -
0

2 -0.09425 0.23683 o. 20710 - *
b -0.03955 0.09946 0 .11161 -

Ct.

The polynomial coefficients given above are valid in the range

-1 s s i0.
w

* The coefficients for I,r ~, are more accurate than those given in
Georgeff (1972b).
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2.2 Weak Interaction Regime

The coeffid.cnts of the asymptotic expansions [equation (41)]

are given by

131.

- (y-1) (l+m
00
)

4M /42-1
CO 00

l+m00

m
00

ml + [ moo
l+m

00

1 ] 2,
00

01 = (011 - *51

" = 511

1 51"1

l_y-1 m
Cl 2Where I 00

&= Ifb = My -1 l+m 2 00
00

'I'he coefficients are all of the form

A(S)w C + C S
0 1 w

Where A is the coefficient considered and the summa.tion coefficients

A C 50

mll 0.66208 0.0

12 l. 72403 1. 72675

m21 1.61275 0.0

6 1. 72403 0.0
0

5 2.12506 1.37934

H 0.38404 0.0
0

"µ. -0. 27132 -0.22554

b 0.47441 0.0
0

bll 0.03587 0.15416

The coefficients O Qy are valid for a11 ,



APPENDIX 7.: SOLUTION AT DOWNSTREAM INFINITY

132.

In order to integrate in the upstream direction away from the Blasius

Point :it :is necessary to examine the behaviour of the neighbouring

solutions. The foll.owing analysis follows closely the work of Ko and

Kubota (19GB). J\llhough tile hypersonic approximation (M" ) has been

used wherever applicable, the analysis can be performed without this

approximation, the bchnviour of the solution remaining qualitatively

unchanged. •

The following form of the governing differential equations can be

obtained:

where

and

dM 1- M C1+ DYM 5
- - --
do 6 Cu + DI M 6

d!J l Cp + Do M 5
-

dcS 8 Cu + D M 84µ

db 1 C3 + Da M6
==

d6 6 Ca, +D, M 6

4
Reg*

c5
1

:::: --
( y-1) 2 MC

00

M 1
Me
M.

H lI. - iy

b :::: b - bn

(Al)

(A2)

(A3)
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and where Lhe superscripts "'" and "·" represent partial differentiation

writh respecL to ll and b, respectively.

For M, ll, and b to be bounded as 6 approaches infinity

(Blasius puint) the following_ relations must hold

an.ct FnPB 1
HB 8

In order to investigate the neighbouring solutions iet

} ,(A4)

. (AS)

Mo
CC») µ

(D2>µ
(A6)

wrhere r;; « 1.

Thus a linearized approximation for equations (Al) is obtained:

d r;
84H Yb- + 0jg + +aa

dH 7 B/f Y,b
---

do 6 6 6

db a3 G 84i Ygb

d6 8 6 8

(C2)]_ 1

(D2) B 8

0 (A7)

0

where
0\) (D2)B B

Cl..
]_ D

' '(0p,(225 (D.) (C2)
f3. i B - 13
1 D

(Ci\/D2)B -- (l)j_) B (C2) B (AS)
y i = D

1 :::: 1,3

and D
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The leading terms 1n the solution for large 6 are

(C2)13 1. K 8°l: c::: % +
(D2) B o

H Ho
Cc2>y 1. ll 1 K 8° (A9)= +
(D?> g cS

b bo
(C?)y 1 b\Ks= +
(Dz)µ o

where 5or 4,, bg, H1, b1 and a are functions of 3 8: and Y·]_ 1
(i ::::: 1, 3) and K is a constant.

The first terms of these expressions correspond to the higher order terms

in the weak interaction expansion.

The following relationships between neighbouring solutions must
therefore hold

H - HWI
M - Mwr

b -- bw1
(AlO)

'where the subscript WI denotes weak interaction values and

0Y9 - 0'.2 y 1
H1 =

3Y2 - 82Y l + oyl

95£ - 63 - al CJ

b =
65Ye - 5,Y1 + ayl

O' =

(All)

+ +,8v,- 4,r,11]3 2 2 1

Note that for adiabatic flow the expression for a reduces to

1'l •1:ls docs not agree with the result of Ko and Kubota viz.:
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Solutions in the relaxation surface can therefore be determined by

Selecting initinl values for integration in the upstream direction such

that

+

Ra,* =
{Rc0>:J; l WI

H = HWI + .6H

b bwr -~- lib

where

[
Re0~]4

[
~Mc].6H = -

(-1)2 • M!C i WI H1 Moo

L\b
Lt

[
Re6t]

bi [
6Me]

- (y-1) 2
M!C WI Moo

(Al2)

(Al3)

Note that in the range • -0.3 ~ Sw ~ 0.0

Tbese approximate values arc probably adequate for the purpose of

numerical upstream integration.
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APPENDIX 3

STABILITY OF THE G0VERNING_EQUATIONS

The stability of the governing differential equations can be deter­

mined by examining the stability in the. linear first approximation (local

l. in earizat i on ) .

Let Ling
-
X

6

M
Me- M
00

X
0

the • d. ff • 1 • bedgoverning 1 .. ·crent1a equations can e transposec to give

dM
,

)= -
dx D )

)

N
)

ao 2 )
dxk D )

) (A. 14), )
clH )
di D )

)

N )
db 4 )
dx D )

where N,, N,, N,, N, and D are functions of the parameters M, 5, H and b.

Following the approach given in Sansone (1964), the stability of the system

can be determined by examining the characteristic exponents, A, of the linear

reduced system corresponding to the set of equations (A.14).

These arc given by the solution of the characteristic equation

det / A- X 1 / 0 (A. 15)
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is evaluated at the point x and where the subscripts represent partial
differentiation . 0

The vectors associated with the roots of the characteristic

equation (A.15) provide the relationships between the perturbations
y6 •,
' 0, H, and b to the quantities M, o, H and b respectively.

In general the solution of equation (A. 15) is quite complex.
However, bv y considering the order of magnitude of the elements of the
determierminan t A in the various flow regimes equation (A.15) may be simplified.

1.
THE WEAK INTERACTION REGIME

(i) Method of Lees and Reeves

An examination of the orders or magnitude of the terms involved

gives

(f\]D M



Where

(:1] M
4BM 4 (A.16)

(y-1)26xo D l

and
Dl , dF A/ 4"-+ -

clll

Al = 211 + 1 + s Ew

43 H dJ J-
dll

*5 = 3J + 2S TA-
w, A' - 4,1

A Al
dJ

*58 dll

In this region M is positive and hence the governing differential

equations are unstable. The vector associated with the characteristic

toot Al gives

138.

(cf. Ko and Kubota 1968).

(ii) Mc th od of Klineberg

(A. 17)

Where 4 B N A3 c)T'"---
D ab
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and

D

a Tic
"g =+ (4, - 4g)T*au

In this region M is negative and hence the governing differential

equations are stable. A ".iump" is therefore required and it is not
A A

necessary to determine the relationship between the perturbations M, 6,
,"\

H and b.

(iii) Stollery - Hankey Modification 'a' and George££ Modification 'a'

(A. 18)

Where

0

4B"g

(y-1) 26" Xo Dl

B
(@y? (~L
are both of the same sign and hence the roots

). ]_ an d A2 are re a 1. The po s it ive ro o t in di cat es th at the e q uat i ons are

ns tab le provided the perturbations are consistent with the development of
the b d ........ ,.,.._oundary layer in a pressure field, i.e. M and H must be of the same
Sign.

A A A

M 6 H= =
€ 94g *¢

The relationship hctwecn the perturbations is
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where e is a snw11. positive number*.

(iv) SLoJ]cry-llrmkey Modific;:1tion 'b' and Georgeff Modification 'b'

± (A. 19)

where 4 B

B
(8y?

As before, (:J]M and (:
1L are both of the same sign and hence the

toots '
di and A are real. The equations are unstable provided the

relatilonship between the perturbations is

A ~T*A A A bM c5 JI ~b
-- -- --
E:

*% A
i%

~T*%
A8)T*]6 - +(A -clll 3

Where-e c is a small positive number.

The largest characteristic root and the resulting stability in various
flo% regimes is indicated in tne following Table. If the largest root is
neg .

ative, and there exists another root of the same order, this is also
indicated.

:----It • -ls not necessary to determine E exactly. As a numerical procedure is

Used to integrate the governing differential equations the. positive root

wi_ 11 do min a tc.
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2 • THE CRITI Ci.\L BOUNDARY

The Crocco-Lees critical point is defined as that point where the

denominator D vanishes.

In order to obtain a bounded solution it is necessary that the

numerators, N,, N,, N, and N vanish simultaneously at this point.

Consider the case where the characteristic roots are given by

(A. 20)

Differentiating equation (A.20) by parts gives

ILtD dM O

As all terms are evaluated for the zero solution the value of the
bracketed • • • • • 1 h h hetec expression will remain approximate .y t e same as we pass t roug
the Cr • ld'de drocco-Lees critical point, and providec

N, N dD1 'f 0 D 0--- at z

a D aM

vi11 not undergo a change of sign. Hence the stability of the governing
di f fe • • •+ierential equations depends on the sign of D in the vicinity of the

Crocco-Lees critical point, and on passing through the critical point, the

governing differential equations will change from being stable to being

Vnstable, or vice versa. As cted, be 1a in this regiona as expected, A] becomes very arge n 11. e .

The same considerations apply to the other important case



3. METllOD OF CHENG

In the physical plane the governing differential equations can be

transposed to give

d6 M 0 )
oo e

)crx Xo )
)

(A. 21))

5 [y-~]2[F2Pl
1

_ M 8 )
:::: - .12. ~~ )dx 2 H B 62 6 X )

0 )

143.

where
6

and
p

-J,o
M2 6
00 0

%
P.

The characteristic roots arc given by

+[(y-J) 2 l(f2pl XO
2 H B _ 6p

00 •

cl e M?-
e~-

e 00

e p
j 3 .2%

0 (A.22)

For all physically realistic solutions the characteristic roots

are negative. Hence the governing differential equations are stable

in al] f ·1 . ••· ... ow regimes.
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FIG. 9 SCHf::.M/\TIC REPRl.-SENTATION OF SHOCK WAVE INTERACTION.
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Symbols

Modified Klineberg

Gautier ( 1971 )

X/L

1· 2

1-0

0-8

0·6 -

0-2l-

L sep/L

0 ·2 6 T/T% 8 1 ·0

FIG. 23 Cl IARACTER IST!C LENGTHS - THEORETICAL COMPARISONS.



Modified Klineberg

3·41 Symbols Gautier

3·0

2-6
p
Po

2-2 -

1·8 -

---0

1·4I

1 ·0.___ --J- _..... ...__ _.._ _._

0 0·2 0 6 1/T, 08 1 • 0

FIG. 24 CHARACTERISTIC PRESSURES - THEORETICAL COMPARISONS



2·0
Symbots

Modified Klineberg

Gaut ier ( 19 71 )

1-5

1· 0

0·5

0
rmin/ cO. F,

CCC,)

-0·5 -

-1 ·0 .._ f.___ ___, L- __.__ _.

O 0·2 0·G Tw/To 0·8 1·0

FIG. 25 MAXIMUM AND MINIMUM SKIN FRICTION

COEFFIClEI\ITS - THEORETICAL COMPARISONS.



3·4 Symbols

Modified KI ineberg

Gautier (1971 )

2·0

1-6

1·2 -

0·8 -

0 02 0·4 0 6 T/T, 0-8 1 • 0

FIG. 26 MAXIMUM AND MINIMUM HEAT TRANSFER

COEFFICIENTS - THEORETICAL COMPARISONS.
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