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ABSTRACT

The plasma oscillation theory of Bohm and Pines represents a big
advance in the theory of electron gases, Its main application has been
to obtain an understanding of correlation phenomena in the conduction
bands of metels, Bohm and Pines in their original work dealt only with
the special case of the free electron gas, The work described in this
thesis is mainly concerned with investigating the way in which their
results are modified when one is dealing with the conduction electrons
of metals,

Two distinct methods of attacking this problem are described in the
main body of the thesis, One of these uses Bohm and Pines' formalism
together with the effective mass theory developed by various authors,

It is shown that provided certain effects can be neglected this approach
yields a theory of conduction electrons similar to Bohm and Pines free
electron gas theory, Unfortunately some of the effects neglected have
turned out to be important,

The other method depends upon developing the plasma oscillation
theory in rather a different manner from that used by Bohm and Pines,
This approach recognises the close connection between the plasma
oscillations and the dielectric properties of electron gases, It avoids
some of the awkward features of Bohm and Pines' formalism but has the
disadvantage as originally developed of being a semi-classical theory

rather than a proper guantum mechanical treatment,
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In a series of three papers submitted as subsidiary matter it has
been shown how, starting from first prineciples, it is possible to
construct a theory of plasma oscillations which is of the same
character as the dielectric theory, This in itself is a complete
theory of plasma oscillations applicable to the conduction electrons

of metals and free from the difficulties of Bohm and Pines' formalism,
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LIST OF SYMBOLS

This 1list contains only symbols used widely throughout the main
body of the thesis, The definitions of other symbols will be found at
the places at which they are introduced,

The convention that underlining indicates the vector character of a
symbol has been used universally; second rank tensor 7uantities have

been indicated by a double underlining,

X ok Fourier component of the polarizability tensor

A -

X gk = .k'gu_l.’.‘

Fourier component of the electric displacement

= ok
D Wkt 1‘.°2 uk

€ electronic charge

e base of Naperian logarithms

E total energy of system

By energy of Bloch wave function with wave vector k
E]:n as E but for wave function belonging to nth zone
E“k Fourier component of the electric field

Bk ,i-"'g wk

£ :é Fourier component of complex dielectric tensor

A A

éUé = é'éu!"

{ # -

gl Plank's constant/2x

H Hemiltonian

ey Short-range part of the Coulomb interaction Hamiltonian
k wave vector

k = k[



(x)

cut-of'f wave vector

wave vector of the i'? electron

Boltzmann's constant (except on page ¢/ where
it is extinction coefficient)

mass of an electron

effective mass tensor

density of electrons (except on page /©’/ where
it is the refractive index)

the occupation number of the state (k, n)

momentum of the i'P electron

momentum of the plasma oscillator with wave vector k

co-ordinate of the plasma oscillator with wave
vector k

radius of sphere whose volume is equal to the
volume per electron

position vector of ith electron

Fourier component of conductivity tensor

o A

absolute tempserature

periodic potential in crystal

periodic part of the Bloch wave function
Wannier function (chapter three)
electric potential (chapter four)

Bloch wave function with wave vector k

Bloch wave function with wave vector k belonging

to nth mne



(x/)

frequency
plasma frequency

frequency of plasma oscillator with wave

vector k
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INTRODUCTION

Within recent years much progress has been made in the understanding
of the quantum mechanics of systems consisting of large numbers of
interacting particles, One of the most interesting features of the
behaviour of such systems is the existence of the so-called collective
modes of behaviour, These are special modes of motion which depend upon
co~operative effects involving large numbers of particles and are
controlled by the interactions between the particles, A typical example
is a sound wave in a gas,

One of the earliest examples of a treatment of a quantum mechanical
system in which the role played by the collective motions was recognised
is Bohm and Pines' theory of the degenerate free electron gas (Bohm and
Pines 1953, Pines 1953), Their treatment is based upon a study of the
plasma oscillations which cen occur in this system; it enabled them to
calculate various properties of the system such as the energy of the
ground state.

This work of Bohm and Pines is of considerable importance in the
theoretical study of the solid state, In conventional band theory the
correlation effects due to the interactions of the electrons are
neglected and each conduction electron is regarded as moving in the
field of the ion cores and in some sort of average field due to the rest
of the electrons, For many years considerable uncertainty had existed
as to the importance of the correlation effects and the manner in which

they were to be treated, However, the degenerate electron gas can be
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regarded as a very crude model of the conduction band of a metal, so
that Bohm and Pines' theory sheds considerable light on this problem.

It is then natural to ask in what way Bohm and Pines' results are
modified when the theory is applied to the conduction electrons of a
metal i.e., to electrons moving in the periodic field of the ion cores,
The work described in this thesis originated in an investigation of this
problem,

The earliest attempt to determine the effect upon the plasma
oscillations of a periodic background potential was made by Wolff (1953)
who used a time-dependent self-consistent field method, His main result
was that in the expression for the plasma frequency one should replace the
ordinary electronic mass by an everage of the effective masses over the
occupied electronic states, Wolff's treatment was not a complete theory
starting from first principles as Bohm and Pines' is, Part of the work
described in this thesis (chapter three) is an attempt to obtain Wolff's
result from first principles by generalising Bohm and Pines' theory so as
to apply to electrons moving in a periodic potential., It was found
possible to do this making use of the effective mass theory developed by
Slater (1949) and Adams (1952), it was shown that Wolff's result obtained
provided the effects of virtual inter-zone transitions could be neglected,
and this work has since been published (Hubbard 1954)., It was thought,
however, that the neglect of the inter-zone transitions might be a source
of serious error and an attempt (not described in this thesis) was made to

generalise the theory to include these effects. However, there were
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dif'ficulties connected with the convergence of a perturbation series which
arises and this work was abandoned in favour of a diff'erent method
described below, Nevertheless, other authors (Adams 1955, Kanazawa 1955,
Pines and Nozieres 1957) have continued to investigate the effect of these
inter~zone transitions using Bohm and Pines formalism with some success,

An entirely different line of attack upon the problem is represented
by the 'dielectric' approach to the plasma osecillation theory. This
theory was developed by the author (Hubbard 19554) end simultaneously
and independently by several others (Mott 1954, Frohlich and Pelzer 1955),
and has been described in chapter four of this thesis, This method
depends upon a recognition of the close connection between the theory
of plasma oscillations and the dielectric properties of an electron gas,
It has several advantages over Bohm and Pines' treatment, One of these
is that it is as easily applicable to a metal as to a free electron gas,
the only difference being in their dielectric properties, It has the
further advantage of allowing one easily to handle the damping of the
plasma oscillations, a problem which cannot be very adequately treated
using Bohm and Pines' formalism and represents the chief drawback of
their method, Associated with this damping problem in Bohm and Pines’
theory is the necessity to introduce an ill-defined cut~off length which
is automatically avoided in the dielectric treatment,

Although the dielectric theory has these advantages over Bohm and
Pines', it suffers from a serious disadvantage, Whereas Bohm and Pines’

is a complete theory starting from first principles, the dielectric
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method has the character of a phendmenological theory, It is therefore
highly desirable to investigate whether it is possible to develop the
dielectric theory from first principles, Such an investigation is a
natural continuation of the work described in chapter :;;;. It has, in
fact, been found possible to do this using a perturbation theory method
and the techniques of field theory., This work has been written up as a
series of three papers (all of which have been accepted for publication
in the Proceedings of the Royal Society) which sre submitted as
subsidiary matter in this thesis,

These three papers in themselves represent a self-contained theory.
It is showmn in them how, starting from the formally exact solution to
the many-body problem represented by an infinite perturbation series, one
can, by carrying out suitable partial summations in the perturbation
series, obtain a theory which yields all the major results of Bohm and
Pines and yet avoids the difficulties of the damping, the cut-off and the
subsidiary conditions, The physical interpretation of the various
manipulations which are carried out is found to correspond to the ideas
behind the dielectric theory, In the third paper it is shown how the
theory can be formally extended to apply to the case of electrons moving

in a periodic potential, In a sense this work supercedes the work

described in the main body of the thesis,
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CORRELATION EFFECTS IN IETALS.

$1 The Independent Particle liodels

If one makes certain plausible simplifying assumptions (see, for
example, Seitz, 1940, Chapter VI), one can regard the conduction band

of a metal as a system whose Hamiltonian is

= 2 Ji e’

s L [ it Uezs) | +1,—§ [z-%] (1.1)
where r . and p .are the position and momermtum vectors of the i th electron
of the banﬂ; the first term of (1.1) represents the kinetic energy of the
electrons, the second their potemtial energy in the field U(r) of the
ion cores, and the last term represents the mutual Coulomb interaction
energy of the electronse

In most applications of the theory one is concerned with the ground
state of this system and those states close to the ground state in energye
An important problem in the theory of metals is therefore the
determination of the energies and wave functions of the low energy
stationary states of the Haniltonian (1.1).

If it were not for the presence of the last term in (1.1), this
would be a relatively straightforvard problems However, the presence

of this term makes the problem a many=body problemy, gnd it is from this

many=body nature of the problem that its main difficulties derivees In
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other branches of quantum mechanics in which the many-body problem is met
with the general approach to its solution has been through the independent
particle modele This model is equivalent physically to the assumption
that the electrons can be regarded, at least spproximately, as moving
independentiy of each other in a potential field which represents a sort
tanoothed out * interaction with the remaining electrons of the systema
Formally it is represented by the assumption that the wave functions ¥ of
the stationary states of (1.1) can be approximately represented as a
products of ‘independent electron' wave functions, each of which depends
only upon the co~ordinates of one of the electronse

Yo (57 oo Zn)) & (G182 A2 oo SE(ER)

(1e2)

It is easily seen that the wave function (1e2) represents electrons

moving independently of each other, for the probability that the i th

electron is at r is just given by

/E("" —llt—-—‘lfl) . )/ }k(!)/l
2 (F et [ 1) dy \1e3)

which is independent of the r 8 of the other electrons.

Actually, even in the approximation represented by the independent
particle model, (1.R) it not a satisfactory wave function, for electrons
are known to obey Fermi=Dirac statistics, and this requires that the wave
function of a stetionary state of the Hamiltonian (1l.1) be anti=-symmetric
in the co-ordinates of the differemt electrons, whereas (1l.2) is symmetrice

To remedy this defect the approximate wave function (1.2) can be replaced
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by the determinant

) (AR oo o VD)
( 5/’, (!t) SLz ('Z'.) 50D V’,‘(z’,)
}L/ (Z)I) %,_(!n) i e SL”(_”")

(104)

In the case of this wave function it is no longer true that the
probahility of finding the i th electron at r is independent of the co-
ordinates of the other electronse 1In fact, (le4) contains certain
correlations between the motions of the differemt electronsy these
correletions represent the tendency of electrons with the same spin to
keep awey from one another as a result of the action of the exclusion
principle, giving rise to the so-called *Fermi hole's  These correlations
should, however, be carefully distinguished from those other correlations
brought about by the mutual repulsion of the electirons, which are not
included in the wave function (le4), and whose treatmemt is the main
concern of the work of this thesiss In future the term correlation
will be understood to mean these latter correlations rather than those
arising from the exclusion principlee

If one makes the assunption that the wave functions of the
stationary states of (1l.1) can be represented in the forms (1.2) or
(1.3), then the problem of determining these stationary states is
reduced to that of detemiining the independent particle wave functions

% in such a way as to make (Le2) or (1o4) as good an approximation
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to the true wave functiom of the stationary state as possible. This
is a fairly straightforward problem; the wave functions (1e2) or (1.4)
can be regarded es trial functions subject to variation by variation
of the ¥ s, and the best ¥. 8 can then be determined by application
of the variation principle (see, for example, Schiff, 1949, pe 169)
o- §[FTHE dody ... ot
(1.5)
In the case of the wave function (le2) it is found that this will
be the best approximation to the true wave functiion if the 7% 8 satisfy

the Hartree equations (Hartree, 1928)

[-Z \7+u+cZ[ de' [ () = iy,

Yl (Vi ’ (106)
and it is found that, in the cases of principal interest (those in which
the stationary state has the multiplicity one), the wave function (1l.4)
will be the best approximation to the true wave function when the e
satisfy the Hartree=Fock eguations (Fock, 1930)

[—f;/i +U+eZ/ ‘,(f]*,z/

’Y-—'f/l

(17)
It will be seen that (1.6) has the same form as the ordinary
Schrdinger equation for a single electron moving in a certain (self-

consistent) field, whilst (1.7) has the same form except for the
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presence of a more general 'exchange potential's Thus in the independent
particle model mot only do the electrons move independently of one
another, but they also move according to the ordinary Schrdinger equation,
adding greatly to the ease with which the various phenomena can be
visualised from the point of view of this modele
To sumnarise, making the assunptions involved in the independent
particle model, the problen of determining the stationary states of (1l.1)
is reduced to that of solving the Schrfdinger type equations (1e6) or (1.7)
gelf-consistently; the actual wave functions could then be determmined in
this approximation by substitution of the solutions of (1.6) or (1.7) into
(1s2) or (1.4)3 the corresponding energies of these wave functions can
then be obtained from
E - ff* HY oy dy, .. oy,
(1.8)
It should be noted that, although both the Hartree and the Hartree-
Fock schemes have been dealt with here, the Hartree-Fock is the more
corroect theoretically, since it tekes into account those correlations in

the electronic motion brought about by the exclusion principles

?2 Correlation Phenomena.

In the previous section the independent particle model has been
briefly describeds In this section the extent to which it is successful
in explaining the properties of solids will be discussed.

At first sight it might seem that, because strong correlations in

the motions of the electrons must evidemtly be brought about by the
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Coulomb repulsion, this model would be rather unsuccessful.s This
expoectation is, however, by no means borne out by experiment. In fact,
as will be illustrated below, the situation seeans to be that the
independent particle model gives a good qualitative account of the
properties of solids, and it is only when the theory is applied
quantitatively that its short-comings are noticeable,

One of the most important deductions which can be made from the
independent particle model is the Brillouin zone structure of solidse
In (ls1) the potemtial U is a periodic function of position because of
the regular arrangement of the ion cores in the crystalline lattices
It is true in most cases that, because of the periodicity of U, the
self-consistent potentials appearing in the Hartree and Hartree-Fock
equations (1e6) and (1e7) are also periodic with the seme period (the
only exceptions to this rule seem to be antiferromagnetic substances
in which the period of the self=-consistent field may be a multiple
of the period of U). Then equation (1.7) becomes the Schr8dinger
equation of a particle moving in a periodic fields The application
of group theoretic methods now leads to the deduction of the familiar
Bloch form

[ﬁu/

}&k S @ T T D) Lo beyioditc)

(2.1)
for the solutions of (1.7), and to the whole Brillouin zone schemes

This deduction of the zone scheme from the independent particle
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model is by far the greatest success of this model, for this scheme
explains, at least qualitatively, a very wide range of the observed
properties of solids, and its general correctness can be regarded as
well establishede

The independent particle model has not only been successful in
predicting the Brillouin zone structure of solidsy the treatment of
the electrons as though they move independently of each other has
¢180 lead to qualitatively correct deductions concerning a wide range
of metallic phenomenae TFor examnple, in conductivity theory the
electrons are usually treated upon this basis, and the deductions
concerning conduction phenomena in solids made from this theory are
in very fair agreement with experiment in a large number of casess
Thus it would seem that the independent particle model gives at least
a qualitatively correct picture of the behaviour of the electrons in
a solide

It is now natural to ask to whet extent the model also gives a
quantitatively correct account of the properties of solidse This
question is much more difficult to answere The chief cause of this
uncertainty is the lack of accurate band structure calculations based
upon the Hartree=Rck equations (1l.7)3 in fact, no complete self=-
consistent field calculation has ever been carried out for a solide
Consequently it is very difficult to make enything other than very

rough quantitataive deductions from the theory, and an accurate

comparison of the predictions of the model with experiment is not in
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general possibles TFor these reasons, to answer this question one has to
rely upon rather indirect evidence from the atomic case, and upon the
results obtained in the rather special case of the alkali metals, whose
band structures are fairly well knowne
In the atomic case one is rather better placed to judge the accuracy
of the Hartree-Fock scheme, for accurate solutioqs of the Hartree-Fock
equations are available for a large number of differemt atoms. Using
these solutions it is possible to calculate in the approximation represented
by the independent particle model the cohesive energy of the atom, and
compare this directly with the experimentally measured cohesive energy,
thus obtaining a direct test of the accuracy of the independent particle
in predicting the ground state energy of the systeme The results of this
coﬁparison in the cases of the gtoms of Be and C have been discussed by
Seitz (1940); the general conclusion is that the independent particle
model's predictions of the cohesive energies of these atoms are wrong by
about 0«5 Ve per electron of the atome
The alkali metals, and in particular sodium, present a particularly
favourable case for testing the accuracy of the imdependent particle model
and assessing the importance of correlation effectss The reason for this
is that the band structures of these metals can be said to be fairly well
known. In fact, there are very good reasons for supposing that these
band structures are fairly accurately given by formulae of the type
2
Epl At

R 2

(262)



(13)

where E, is the energy of the state k =0, and m” is an 'effective mass';
detailed calculations in the cases of Ne (Howarth and Jones, 1952) and Li
(Kohn and Rostocker, 1954) confirm this type of band structure. Further,
the energy E, can be calculated very accurately by the Wigner and Seitz
cellular method, and m™ can be estimated by Bardeen's method (Bardesn, 1938).

The band structure represented by (2.2) is a free electron-like band
structure, that is, its k~dependence is of the same type as that of a free
electron gase It might therefore be expected that the correlation
phenomena occurring in a metal with the band structure (2.2) would be
rather similar to those occurring in a free electron gase. It is
therefore of interest to consider the predictions of the Hartree~Mck
schene concerning the properties of a fres electron gas, and to compare
these predictions with the experimentally determined properties of the

alkali motalse This is the subject of the next sectione

$3 Correlation Phenomena in a Free Eleciron Gase

In this context a 'free electron gas' will be taken to mean a system
of electrons moving in a background of positive charge of just such a
density as to render the system as a whole electrically neutrale This
background will have no effect on the details of the motion of the electrons,
but will serve to prevent the system from flying apart under the mutual
repulsions of the electronss it will also give a contribution

ep

(301)
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to the potential energy of each electron, where g is the (constant)
potential due to the background of positive chargee
With the definition of a free electron gas just given, the Hamiltonian
of the system will be just (1.1) with U(r) = ef = constante In this

case the Hartree-Fock equations (1.7) reduce to

¥ g
[*\7+€¢-H¥Xf’w')/dv]¢ eZ’ZJ (f')‘p(f) '¢/. = E; ¥
[z -x'I |7-7 (342)

It is not difficult to verify that the solutions of the equations

(3+2) are just any set of free electron wave functions
¥ = céﬁﬁl’ U (27)
(303)
multiplied by arbitary spin functions; here o, is the spin vector of
the 1 th electron and u,;(g}) the spin function; s ,takes the values

+ 1 corresponding to the two possible spin directionse In facty; if one

substitutes (3¢3) into (3.2), then one obtains

‘ ibi-k)2 ik ik
[ﬁ +e¢+£’/f"”’ """’7—2:-’5,_5./6 RIS [
s,
J

|7=dl [7 -7l
(344)

The second and third tems cancel as a consequence of the assunption

that the background of positive charge is of such a density as to render
the system electrically neutrale To evaluate the fourth term on the

left one uses the well known Fourier expansion of 1/|r = r'|



T (kl-x
’ = Z ;‘1 e
A

& =21 (345)
This leads to the result
S | k- E;
[ ; (3.6)
for this term, and it is seen that (3.2) is satisfied provided
Eoil= ;ﬁé: - X fffiféix
7 ) (347)

Thus it is possible to obtain an exact solution of the Hartree=itock
equations in the case of a free electron gas and these solutions are
given by (343) and (3a7)e

Heving obtained these solutions, it is now possible to determine
the properties of a free electron gas as predicted by the Hartree=-iock
scheme and to compare these predictions with the observed properties
of the alkali metalse

The first and most important of these properties is the cohesive
energy of the system. As mentioned above, eny set of free electron
wave functions (3e3) will give a solution of (302)3 <the case of
principal interest is, however, the case in which these wave functions
are chosen so that the system has the lowest possible energy, and this
choice corresponds to a Fermi distribution in which all the states with
k 8 less than a certain k  are occupied and all the other states are

unoccupied; it will in future be assumed that this is the case being
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dealt with unless otherwise indicatede
The cohesive energy of the system can be calculated by substituting
the solutions (3.3) into (le4), and (le4) into (led)e <The result is

E o & 2m 2

k b;.”'l /é-.ﬁ, ‘308)

where the sums over k and k' range over the rermi distributione The
first term represents the kinetic energy of the electrons and the second

the 'exchange' energy. The sums over k and k' can be evalusted and give

0_’{_& EA]J /bey eleclyon ;]C Ysiots e\f/afessc-'a/ cn BU.,

(309)
where r. is the mean inter=electronic distance defined by
p— 3 o ..L
(3610)

where n is the electronic density; r, is related to the k, of the Fermi

by

(3011)

To compare the cohesive energy calculated above with the
experimentally determined cohesive energy of Na it is necessary to take
into account the E, in (242) and the fact that in Na the potential U is
not actuelly uniform; the first factor gives an additional term nE, in
the cohesive energy, and the second factor gives rise to a'Coulomb’ term
in the cohesive energye. When these corrections have been taken into

account it is found that the calculated cohesive energy of Na actually
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differs from the experimentally determined cohesive energy by a
‘correlation? enorgy of sbout 064 Rhyde per eleciron. This is a measure
of the inaccuracy in the calculation of the cohesive energy on the basis
of the independent particle model due to the neglect of correlation
effectse It is seen that this correlation energy is about 1 eV. per
electron, which is of about the same order as the corresponding effect in
the atomic casoo

The other properties of a free electron gas which will be investigated
here are mainly concerned with the actual variation of E, with k as given
by (307)o In the case when the electrons occupy a Fermi distribution the

sum in (3.7) can be evaluated and gives

£, - HE_ch[ 1. khy [kt ]

- »~

(3012)

Several deductions can be made from this rosulte The most important
of these is that the Hartree-Fck scheme predicts that, in a free clectron
gasy the donsity of states vanishes at the Fermi surfacee In fact, a
plot of the density of states curve for r, =3+96 B.Us (appropriate to Na)
will be of the form shown in Figele

The vanishing of the density of states at the Fermi surface in the
Hartree=Mck scheme has a very profound effect upon the prodictions of
the theory concerning a number of important properties which depend
critically upon this quantitye Amongst the more important of these
quantities are the electronic specific heat, the spin peramagnetism

and the conductivitye In fact, it has been shown by Wohlfarth (1950)
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N(£)

()

fne-rj, (eV)
Flge 1o Density of states curve for Na as predicted by the Hartree-Fock

scheme (curve (b))e The curve (a) is the corresponding free electron
curve without taking the exchange energy into accounte The Kem1

surfaces are at,{ and ;’ respectively.

implied by (3e412) leads to a low temperature variation of the electronic
specific heat according to a T/logl law (T is the absolute temperature);
the experimentally determined low temperature specific heat actually
varies linearly with Te In the same way the predictions of the Hartree~
Fock scheme concerning the paramagnetism and conductivity are not borne
out by experiment; it must therefore be conclude that the prediction of

this scheme concerning the density of states at the Fermi surface is in

poor agreement with experimente
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Two further predictions of the Hartree-Fock scheme concerning the
soft X=ray emission spectrum of Na will finally be mentionedo It should
first be noticed from Fige 1 that the bandwidth of the conduction of Na
predicted by the Hartree~Fock scheme is co 7e5 oVe3 this is actually
about three times as large as the bandwidth of the conduction band of Na
as detormined from the X-ray emission spectrume Finally, landsberge (1949)
found that the use of the Hartree=Fck scheme gave wrong predictions con=
corning the shape of the 'tail! of the X-ray emission spectrua of Nae He
further suggested that this discrepancy would be removed if one arbitarily
replaced the ordinary Coulomb interaction (!/r ) between the eloectrons by
a short range screened interaction of the form

AR

—

5 (3413)

The arbitary assunption of this interaction instead of the usual Coulomb
interaction would also remove the difficulties concerning the density of
gtatos at the Fermi surface; it would mot, however, lead to a correct
value for the cohesive energy of metallic Nae

It can be concluded from the above discussion that, although the
independont particle model usually leads to correct qualitative deductions
concerning the properties of solids, when it is applied quantitatively
it is unsatisfactory, at least in the case of the alkali metals, the only

case in which a satisfactory quantitative test of the theory can be mades
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$4  Previous Calculations of the Correletion Energye

In the preceeding section it has been seen that the predictions of
the independent particle model are often quantitatively incorrect as a
result of the neglect of the correlations in the electronic motions
brought about by the Coulomb interaction of the electronse One of the
properties of a metal which is incorrectly predicted by the Hartree=~rock
scheme is the cohesive energy, end the difference between the actual
cohesive energy and the cohesive energy predicted from the Hartree~Fock
scheme has come to be called the correlation energy. 'There have been
a nunber of attempts to calculate this energy previous to the plasma
ogcillation theory of pohm and Pines with which the work of this thesis
is mainly concerned, and two of them, the correlation energy calculation
of Wigner (1934, 1938) and that of macke (1950), will be briefly
described in this sectione

There is one case in which the correlation energy can be quite
easily calculatedos ‘rhis is the case in which the electronic density
and the kinetic energy of the electrons are low (if the electrons occupy
a Fermi distribution a low density implies a low kinetic energy)e in
this case the most stable arrangement of the electrons is, according to
Madelung type calculations (Madelung, 1909, 1910), a body=-centred cubic
lattice, and the corresponding energy of the system is (relative to

a uniform distribution of negative charge of the same density)

dedis [N
s (401)



(21)
per electron. Of this energy, 0.916/&3 per electron is exchange energy
according to (3.9), so that the correlation energy in this case must be

just

576
~ BT

6

(4.2)
per electrone
In Wigner's calculation this result is combined with a calculation
(to be outlined shortly) of the correlation energy of a high density

system of electrons to give an approximgte interpolation formula

0.§76 R/t_ya/,

Yg+ 8/ (403)

for the correlation energy per electron.

In Vigner's calculation of the correlation energy of a high density
electron gas he only considered the correlations between the motions of
the electrons with opposite spinse This is reasonable because the
correlations in the motions of the electrons brought about by the
exclusion principle (the Fermi hole) tend, in any case, to keep electrons
with the same spin apart, so that the effect of the Coulomb repulsion
in keeping them apart is much reduced, and the greater part of the
correlation energy arises from the correlations in the motions of electrons
with opposite spinse

If all the electronic states are doubly occupied (that is both the

corresponiing spin states are occupied), then in the Hartree-Fock
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scheme, in calculating the energy of the system, the wave function (1l.4)

can be replaced by
(Lr) i) o @) || ) Bl L e G
Viln) &, (1) . () || H(a) B - Y (5D

(444)
where the r ; 8 are the co~ordinates of the electrons with one spin and
the 8, 8 are the co-ordinates of the elecirons with the opposite spin
directions This wave function already includes (as (Lle.4) does) the
correlations between the motions of the electiroms brought about by the
exclusion principle, but does not contain the correlations between the
motions of electrons with opposite spins brought about by the Coulomb
interactions To include these laiter correlations, Wigner generalised

the wave function (4.4) to one of the form

Vs, 85 Sw )l (255, sp) g (=)L (s)
H’(z,;f,,s,,.-éq)---%/L(_K;§,,---Sg) V(SRR s (1)

/ 4 ,. ' .
WOty ;850 50 ) oy 555 8) | | elsy) . o (sy)

(445)
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in which the wave functions of the electrons with one spin depend
parametrically upon the co-ordinates of the electrons of opposite spine
The independent electron wave functions ¢ and ¥ could now be determined
by the applicaﬁion of the variation principle (1.5)s The wave functions
thus obtained could then be substituted into (405) and the total energy
calculatede Because of analytic difficulties in carrying through this
calculation, Wigner restricted himself to the case of high electronic
densitiese He then constructed the formula (443) so that the correlation
energy given by it joins smoothly to this result for high densities and
to (402) for low densitiese

Macke (1950) calculated the correlation energy of a free electron gas
directly by treating the Coulomb interaction between the electrons as a
perturbation and suming part of the perturbation seriese The perturbation

series for the energy of the ground state is just

/
Foo gy Bl e G
n Eombn  nn (E-EEE) (406)

where 0 is the ground state (the determinant of free electron wave functions
corresponding to a Fermi distribution), n, n'ye.. are excited states, and
V,, is the matrix element of the Coulomb interaction between the states
n and n'e

The first term of (4.6) is just the kinetic energy of the electrons
of the Fermi distribution in the absence of the interaction. wirect
calculation of V, shows that tvhis term just coincides with the exchange

energy of the electrons as calculated in $3. The remaining tems in the
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series must, therefore, represent the correlation emergy, and the
leadingterm of this is the second order perturbation temm,
Unfortunately, however, it is found that when this second order term
is caloulated it diverges logarithmically. An important point which
emerges from this caloulation is that this divergence is actually due
to the possibility of the system making virtusl transitions from the
ground state to excited states in which one electron is excited to a
state just above the Fermi surface, and that the importance of such
transitions arises from the long-range mature of the Coulomb
interaction,

Since a finite result must evidently be obtained if the
perturbation calculation is carried to an infinite order,Macke con-
cluded that there must be terms amongst the higher order terms of the
perturbation series which corrected the divergence of the second order
term, He then went on to plck out these terms and to combine them with
the second order term to obtain a finite result for the correlation
energy which is in good agreement with Wigner's formula (4.3). He
further showed that the same result could be obtained by assuming that
the Coulomd interaction is replaced by an interaction of the form
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X7

(447)
calculating the energy so far as the second order perturbation termy and
then using the variational principle to find the best value for x o

He actually finds that this best value of x 1is given by

___,.-————;
X = _!_.\/5:/{%0
Ts Y [ 2m

The two most importamt correlation calculations previous to the

(448)

theory of BP have been described aboves TWhilst thore does not seem much
doubt that the results which were obtained are substantially correct,
these calculations do not fulfill all the requirements of useable theory of
correlation phenomena. Jor, as has been pointed out in¢$2, whilst the
independent particle model leads to quantitatively incorrect results, the
general picture of the electronic motion which it presents is found to be
in good agreement with the observed properties of solidse A complete
theory of correlation effects should therefore show why this is so, and
should in fact retain those features of the independent particle model
(such as the zone scheme) which have been found to be in good agreememt
with experiments However, the two calculations which have been described
above are purely formal calculations of a particular quantity rather

than theories giving a complete account of the correlation phenomena

and showing how the independent particle aspects of the motion arise,

The qualitative success of the independent particle model leads one to

suspect that a theory of the required nmature exists; such a theory has,
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in fact, heen developed recently, namely the plasma oscillation theory
of Bohm and Pines, and this theory is the subject of the remainder of

the present thesise
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CHAPTER TVO.

THE FREE ELECTRON GAS THEORY.

In this chapter, as a preliminary to the description of the work with
which this thesis is mainly concerned, a description of the BP plasma
oscillation theory of the free electron gas will be givens. The
description which will be given here is mainly concerned with the quantum
mechanical version of the theory, as presented in BP 1953 and by Pines
(1953), since space does not pemit a description of the interesting

classical versions of the theorye

$5 Introduction to the Plasna Oscillation Theory.

By e plasme is meant here a system which, whilst electrically neutral
as a whole, is made up of positively and negatively charged particles.
For exanple, o system consisting of electrons and positive ions, such as a
metal, is a plasmag it is for this reason that the study of plasmas is of
interest in the theory of solidse

Because it is made up of charged particles which are free to react to
any electric field acting on them, a plasna exhibits certain characteristic
electrical propertiese Two of these are of particular interests The
first of these is the tendency of a plasma to remain field-free. This
tendency arises from the fact that if some disturbance should generate an
internal field in the plasma, then the charged particles will tend to move

as a result of the action of the field on them in such a way as to screen
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out this field (the field polarises the plasma)e Because of the
inertia of the particles this screening is not, however, instantaneous.
Suppcse some disturbance in the plasma creates an excess of positive
charge in some region of the plasma; then this charge will attiract the
negatively charged particles and repel the positively charged particles;
if the mean free path of the negative particles in the plasma is
sufficiently long, then these particles will accelerate towards the
disturbance and will then overshoot and move away from the disturbance
again, recreating the original excess of positive charge, to which they
will now again be attractede 1In this way the initial disturbance will
set up a sort of oscillation, the negative particles oscillating about
the centre of the disturbance; exactly similar considerations hold for
the positively charged particles, Thus it is possible to set up in a
plasma certain types of oscillation, the so-called plasma oscillationse
The possibility of sustaining such oscillations is the second of the
charactaristic properties of a plasma referred to aboveo

These plasma oscillations were first investigated (classically) by
Tonks and Langmuir (192%), who found that, in a plasna made up of
particles with mass m and charge e, in whitch the particle density is n,
the long wave length oscillations had the frequency (47r’nez/h)1/% S
Further investigations of the classical case by Bohm and Gross (1949)
showed that if these oscillations were resolved into travelling waves
with wave voctors X, then the frequency of each wave was related to its

wave vactor by the dispersion relation
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whera V2 is the mean V? of the particles of the plasmae These authors
also discussed the generation and demping of the plasma oscillationse

The more recent investigations of these oscillations have been
carried out by Bohm and Pines (BP 1951, 1952, 19533 Pines, 1953).
These investigations have shown that a fairly complete account of the
phenomena brought about in a plasma by the long-range part of the Coulomb
interaction can be given in temms of these oscillationse It is from
this possibility that the importance of the theory of these oscillations
in relation to correlation phenomens in electiron gases arisesa

These authors have also given a quantum mechanical version of the
theory, and have used this theory to obtain a value for the correlation
energy of a free electron gas and to investigate other correlation
phenomena, It is this theory which forms thg starting point for the
work of this thesis, and which will be described in the remgining
soctions of this chapters

Before going on to describe this theory in detail, a gemeral picture
of the behaviour of a plasma in terms of this theory will be givene
According to the theory a plasma exhibits two types of behaviour
simultaneously, on the one hand a medium-like behaviour as exemplified
by the plasma oscillations, and on the other hand a particle~like

behaviour similar to that of the particles of an ordinary gase The
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motion of each particle can, in fact, be regarded as made up of two
coiponentse One of these components of its motion is exactly similar
to that of a particle in a gas of similer particles, all of which
interact through a weak, screened interaction (the short-range part of
the Coulomb interaction)es Superposed on this componemt of the motion
is the other, collective component, which consists of small oscillations
at the plesna frequencys The oscillatory motions of all the electrons
in any region are gll in phase with one another and tend to maintain and
reinforce each other through the long-range part of the Coulomb inter=
actions Thus it is to be expected that the plasma can be represented,
at loast approximately, by a system of particles interacting via a
screened interaction together with a set of oscillators representing
the plasma oscillations3 this is, in fact, the description which was
developed by BP, and the details of which are given in the remgining

gections of this chaptere

§6 The Transition to the Collective Description of a Free Electron Gaso

In this and the following sections the free electron gas theory as
developed by Bohm and Pines (Bohm and Pines, 19533 Pines, 1953) will
be describede BP have called the description of a plasma in tems of
its plasmna oscillations the collective description of the system, since
these oscillations are a result of the collective behaviour of the

electronse In this section the way in which the transition from the
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ordinary description in terms of a set of particles interacting with
one another via their Coulomb interactions to the collective description
can be made in the quantum mechanical case will be describeds

The system which will be dealt with here is a system consisting of
N electrons moving in a background of positive charge of just such a
density as to render the system as a whole electrically neutral, and
interacting with one another via their Coulomb interactionse The
Hemiltonian of such a system is (see (1.1))

B B R AT
T B CETTR R (6.1)

Here the Coulomb interaction has been expanded in terms of its Fourier
components according to (3.5)e The Fourier componemt with k=0 just
cencels the energy of the elecirons due to their interaction with the
positive background charge, and has therefore been omitted from the sume

To separate the long~ and short-range parts of the interaction, the
Pourier series in (6e1) is now split into two parts, one part containing
all the termms with k s such that k<k, 4 where k_ is some suitable
constant, and the other part containing all the remsining termss The
first part represemts the long-range part of the interaction and the
latter part the short-range parte 1In making the transition to the
collective description it is only the first part which is transformede
It is convenient to include in the term representing the long-range
part of the interaction also a term represeniing the long-range part

of the Coulomb self=energies of the electrons and to subtract this
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part out in an extra term. Vhen 2ll these changes have been carried

through the Hamiltonian becomes

- L
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I/ /l<‘c 'é- h<he A

(6e2)

whoere
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reprosents the short-range interactions

In order to represent the plasna oscillations in terms of oscillators
it is necesgsary to introduce suitable oscillagtor co-ordinates. 1In doing
so no new degrees of freedom will be introduced, since at the same time a
gset of subsidiary conditions, equal in number to the number of oscillator
co=ordinates introduced, will also be introducedes It is convenient %o
introduce these oscillator co-ordinates g, and their conjugate momenta
p, formally by adding to the Hemiltonian (6.2) the tems
w2 ok
(644)

and imposing the subsidiary conditions

/6,,}_; @ sl
(645)

on the wave functionse



(33)

The new Hamiltonian is

) Z’ {{ +erz”e hxZ) s zfme{_/bk/é)+//,.

Z, k. ﬁ
L k< k<Rc (6e 6)

Tt follows at once from (6.5) thet if ¥ is any eigenfunction of (6e6)
satisfying (6+5), then “F is also an eigenfunciion of (6e3) belonging
to the sane eigenvaluee Thus it is sufficient, in order to determmine
the eigenvalues and eigenfunctions of (643), to determine those of (646)
which satisfy the condition (6e5)e

The next step in the transition to the collective description is

mede by means of a unitary transformation,
s 2.5
0 - @ W o @

(647)
where 0 is any operator and S is the function generating the
transformations In the present case the function S is chosen to be

Shi e ST, <' c:) 9 € ‘k-x
1 k<A (68)
The transformed operators may be conveniently evaluated by means of the
oxpansion ;
5 e o3 [os]+2(E)(Los] ]+,

(669)

n

One finds, in fact, that the transformed operators are given by

-1 . )

2L e i ?k. =) ?k
(5. 108.)
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Substituting these results into (6.6) and (605), the new Hamiltonian

and subsidiary conditions bacome
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The next, and final, step in the transifion is the application of
the so-called 'random phase approximation' (RPA for short)e To do this
it is first necessary to expand the brackets in the first term of (6e11)e

When this is done one obtains
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The RPA can now ba applied to the third term of (6.13)s In this
term the sum over i reduces to a sum of the form
((ktR) 7,
2 €
: (6414)
If instegd of a sum an integral were presemt here, the integral would
reduce to 0 unless k+k'=0o But, if k is short, corresponding to a
wave longth considerably greater than the inter=particle spacing (r;),
then this sum can to a good epproximation be replaced by this integrals
It has therefore %o be concluded that, unless k+k'= 0, the sun (6414)
is anall compared to the corresponding sum when k+ k*- 0s The RPA
consists of neglecting in the third term of (6.13) those tems in which
kKt # 0o This is obviously equivalent to the transition from a
particle=like to a medium-like description, and is the real crux of the
theoryo That it is in the prosent case a valid approximation can be
verified by using perturbation theory to calculate the contribution of
the neglected torms to the energy; it is found that their contribution

is indeed negligibleo



(36)

when this approximation has been made the Hamiltonian (6.13) reduces

to
= Z’ﬁ o g DR _Z-//?,"ilﬁ)/o,qe'l!"
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The various terms of this Hamiltonian have simple interpretationss The
first torm represents the kinetic energy of the elsctrons, the third is
the Hamiltonian of a set of oscillators with frequency &, , the plasma
oscillators, the second term represents an interaction between the
particles and the oscillators, whose effects are to be studied shortly,
and finally, the last term represemts a screened interaction between the
particlese

Suppose that for the moment the particle~oscillator interaction term
and Hiv.are neglectede Then the Hamiltonian is separable, and the wave
function of a stationary state of the system will be the product of an
oscillator wave function and a particle wave functions Thus, in this
approximation, the two types of behaviour, the collective behaviour re-
presented by the oscillators, and the particle=like behaviour represented
by the particles interacting via the screened interaction, have already
been separatede 1In fact, the eigenfunction of (6.14) representing the
oscillators in the ground state (this will be their usual state, since

the quantum ﬁ&% is of the order of soveral electron wvolts, much greater
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than either xT or the kinetic energy of an electron at the top of the
Fermi distribution) and the perticles in momentum states k , K soeo will

bey, neglecting the short-range interaction and the particle~oscillator

interaction e{é,._r, ''''' o "!,y-—”z
7 0%/2
? = C’fff— L= f
2fﬂp :
k‘ﬁc kT é 7, (
BT Ay (6416)

This result is only obtained by making a number of approximationse ‘The
effect of stnwill be to modify the particle wave function; from liacke's
calculations and those given later in the present chapter it seams that
this effect can be adequately treated by means of perturbation theorye
A further approximation is the neglect of the subsidiary conditions;
it has, however, been shown by BP (1953) that if the wave function (6015)
is non-degenergte then it will automatically satisfy these conditionse
This result applies particularly to the important case of the ground
stete wave function which is non-degenerate. The effects of the RPA
are found by perturbation theory to be negligiblee The last
approxination was the neglect of the particle-oscillator inmteractions
the effects brought about by the inclusion of this interaction will next
be investigatede

PP studied the effects brought about by the particle-oscillator inter-

action by meking a further unitary transformation which eliminates the explicit
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interaction and replaces it by terms which can easily be interpretede
The details of this calculation will not be given here since they are
exactly similar to (and are, in fact, a special case of) a calculation
performed in the next chaptere It is sufficient to say that a funciion

S can be found having the property

' 2 [i,8) = =l

(6417)
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and that this function generates the unitary transformation which is
usede

If now the transformed Hamiltonian is calculated by means of the
oxpansion (609), it is found, using (6416), that it is given by

H - /7’,,—2’/;3[/7’ (Sl
(6420)
Thus the interaction le no longer appears in the Hamiltonian, but is
replaced by other terms, the leading one being

e VH/BES
27 L%, /

(6421)
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This torm clearly represents the effects of the interaction HI 5
fortunately its various temms, which can be calculated directly from H,
and S, are susceptible to simple interpretations once the RPA has been
ugsede It is in fact, found that this term represents three effectss
(1) a change in the oscillator frequency; the new frequency of an

oscillator with co-ordinate q, is given by

~
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where ¢ is the new frequency;

(1i) a change in the particle energy; an additional term
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appears in the Hamiltonian, where n' is the number of oscillators per
2

unit volume ( - éc{/éﬂ ); this term is clearly equivalent to a change

in effective mass from m to
-/
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(1i1) a long=range, but screened, velocity=-dependent interaction

(6424)

betwoen the particles of the form
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this intorasction is very weak and can ofien be neglecteds

The effocts described above will be fairly saall provided the parameter
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is small; the smallness of this parameter is also the condition for the
unitary transformation method of eliminating H, used here to be
successfule It is found in practice that for the cases of principal
interest that x is between 1/16 and 1/20, and this is sufficiently smalls
In this case the effects arising from the higher order terms in the
oxpension (6.18) are negligibles

Thus after the elimination of H, the Hamiltonian becomes

H = ‘ij; "27 //’/A ﬂd/sz? ) Z me + Hsy T
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which is separable.  turther, the transformation of the subsidiary
conditions yields for the transformed subsidiary conditions

k.7,
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which affects only upon the particle co~ordinatese Thus a complete
separation of the particle and collective aspects of the system has been

achieved (as far as tems of the order xz').

§'7 The Collective Descriptiones

As a result of a series of unitary transformations and a nunber of
velid approximations, the problem of determining the eigenvalues of (6.1)
has boen reduced to that of determining the eigenvalues of (6427) subject

to the subsidiary conditions (6428)e The Hamiltonian (6427) now provides
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the collective descrirtion of the system; in this section the nature of
thig description will be discussede
The essentigl feature of the Hamiltonian (6.27) is that it is
separable into two parts, one part,

il ‘212 (fﬂﬁ-é+wkl?k7./<)~2 272e7
h<he A

L<h,

(741)
being the Hemiltonian of the plesma oscillators, and the other part being

the Hamiltonian

H,

o = LS ke ¥ iy

— 2m 2
< (742)

of a system of particles interacting with one another via the interactions
B (643) and Hfﬁ_(G.ZS).

As a result of this separation it is permissible to treat the system
as though it consisted of two systems, one consisting of the oscillators
and the other of the particlesa. Because the quantum of energy hwot
the oscillators is very large (~10 eV.), the system will tend to behave
80 far as a wide range of effects are concerned as though it consisted of
just the particle parte Ior example, if any term is added into (6e1)
representing some perturbation due to an external electric or magnetic
field, then when the various unitary transformations have been perfommed,
and the RPA applied, there will result additional terms in (6427), one
representing the interaction of the external field with the oscillators,

and one represemting its interaction with the particlese 1n general the
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term ropresenting the interaction with the oscillators will have little
effect, since the energies of the lowest excited states of the oscillator
gystem are so much above the energy of the ground statee Thus the
system will tend to behave as though it consisted of just the particle
parte There are, however, some phenomena in which the interaction with
the oscillators is importamt, and these phenomena, to be discussed in.§8,
are of particular interest from the poimt of view of the present theory
as confirming the general correctness of the theory and providing direct
infomation concerning the actual plasma freguenciese

Since the oscillator system is easily understood, and in most
applications it is the particle system which is importamty the rest of this
gsection will be devoted to the discussion of this systeme The Hamiltonian
(7e2) rovrosents a system of particles of mass maeinteracting with one
another through the interaction H,__/,., which is very weak and will be
neglectod, and via the weak, screened interaction H ,e But this system
is just the same as that represented by (6s1) except that the Coulomb
interaction has been replaced by a screened interaction, and the mass has
been changede Since the intoeraction is mow wegk and short-range, it is
to be expected that the independenmt particle model discussed in the pre=
ceeding chapter may mow be applied successfully to treat this system,
since it was seen in $ 3 that most of the difficulties of this model when
appliod to metals arose from the long-range part of the interactione
Thus it is possible to show from the presemt theory that the independemt

particle model should give a good description of the behaviour of the
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system provided that in this model the ordinary Coulomb interaction
between the particles is replaced by a screened interactions But this
latter modification is just what was required in order to correct the
vrong results obtained in the ordinary theory as a result of the use of
the Hartree-Fock scheme. Thus the present theory gives a good account
of the reasons for the success of the independent particle model, and
shows how it shéuld be corrected where it is wronge

Apart from the phenomena to be discussed in$8, there is one
particular case in which the oscillator system camnot be ignoreds This
is in the calculation of the correlation energye. It was pointed out in
$3 that one of the difficulties in arbitarily postulating that the
electrons interac:ed through a screened interaction was that this led to
a wrong value for the cohesive energyes This difficuliy is avoided in
the present theory by taking into account the contribution to the ground
state enargy made by the zero~-point energy of the plasna oscillatorse

In calculating the ground state energy of the system it is per=
missible to neglect the subsidiary conditions =nd also to treat H,, as
a perturbations Because of the short-renge nature of H;, this
perturbation calculation will not meet with the difficulties
encountered by lacke (seed 3) in treating the Coulomb intersction as
a perturbations

If the oscillator and particle systems are in their ground states,

the ground state eigenfunction of (6427) will be, neglecting H_, ,
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where the_gi meke up a Fermi distributions The corresponding energy

will be
2, 2
Eoe Zie g i e
i me A< h 2 k‘
3 (7e4)
If now H, 1s introduced as & perturbation, the first order
perturbation term is found to be
27e”
] —_'41 E
(";‘J' /é‘ —%/ (7eD)

(k-4 > ke
This is just that part of the exchange energy (3.7) due to vhe sinort-

range part of the Coulomb interaction,

The second order perturbation term will be the leading term of the
correlation energy due to the short-range interaction. Its calculation
involves only a slight modification of iacke's calculation (1950) and hagd
boen performed by Pines (1954)s The result is finite, the divergence
which appeared in sacke's calculation being due to the long-range part
of the Coulomb interaction which is no longer present.

Thus the total energy of the system is given by
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27e* (s.7.)
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(5.7)
where £,  ° is the short-renge correlation energy.

Before direct celculations of the energy of the system can be made
from this result it is first necessary to choose a value for k_ o k_
was a paremeter introduced to separate the long= and short-range parts
of the interaction, and its choice will effect the extemt to which He
ig screened, An optimum choice of k. can easily be determined using the
variational principle (1e5); k. can be regarded as a variational
parameter in the expression (7.6) for the total energy of the system and
can be determined by the recuirement that it make the total energy a
mininume

Pines (1953) has made detailed mumericel calculations of k and
the energy given by (7.6) for electronic densities corresponding to those
occurring in metals, and has obtained good agreement with Wigner's formule

(443) for the correlation energy and with the experimentally determined

cohesive energies of the alkali metalse

$8 The Small Angle Scattering of Fast Electrons.

It was mentioned in the preceeding section that there are certain
phenomene in which the effects due to the oscillator pert of the system
are observable. The most important of these, apart from the calculation
of the correlation energy, is the small angle, inelastic scattering

of fast electrons in transversing a solid,
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It was first observed by Ruthemann (1948) and Lang (1948) that
ify when a beam of fast electrons is passed through a metal foil, those
electrons which have undergone very small angle inelastic scattering
are collected, then the resulting energy loss spectrum shows definite,
very sharp peakse The origin of these sharp peaks was difficult to
understend beczuse the only obvious scattering processes would be expected
to give rather broad pegks if anything at all.

However, it will now be shown that the theory developed in this
chapter gives a reasonable account of these peakse They aprear in the
present theory as a result of the encrgy loss of an electron due to its
interaction with the plasma oscillatorss As these oscillators nearly
all have the same frequency « , they all give rise o energy losses in
quenta of #®w s thus giving rise to a sharp peek in the energy loss
gpectrume

A fast electron passing through the electron gas can be represented

by the addition to (6o1) of terms of the form

4 ? 2 ‘:_A'/—’"__@
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where P is the momentum and R the position of the fast slectrons When
the first unitary transformation (6.7) is perfomed these terms will be
unaffected; after the transformegtion it i1s possible to use the sub=

sidiery condigions (6e12) to transform those terms with k< k. in (8s1)e

When this is done one obtains in (6.27) the additionsl terms (neglecting
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the second unitary transformation which only gives rise to small

effects)
12 5 !
,_Cé-/( T gé-{z‘._ﬂ
Lo g (et g s
e k<k ik’ﬁcﬁ (842)

The last tem of (842) represents a shorti-range interaction betwsen
the fast electron and the electrons of the gas, and will give rise to
mainly large angle scatiering of the fast electrons The second term
represents an interaction between the fast electron and the plasma
oscilletors, and it is this term which gives rise to the small angle
inelastic scattering of the electronse 1t will be seen that this term,
regarded as a perturbation, gives rise to transitions of the gystem in
which an oscillator is excited from the ground state to its first
excited state, taking up energy #% from the fast electron, and in which
the electron is scattered from the state with momentum P to a state with
momentum P = fke Since k<k, , hk will be sugll compared to P and the
electron will only be scattered through a small angle as statede
Since the energy of the electron is absorbed in quanta of #w in such
processes, there will be a sharp peak in the emergy loss spectrum at
this energy, end at multiples of this energye.

The mean free path for energy loss by this process can be calculated
directly from (8e2) using the usual perturbation theoretic methodsa
The result is that the rate of energy loss per unit path length of a

fast electron with velocity v is
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(8e3)
It has been verified experimentally in a nuuzber of cases (in particuler

Be and Al) that the observed peaks in the energy loss spectra are at about
the energy #w as predicted above, and the correctness of the result (8.3)
for the mean free path for energy loss by this mechanism has also been
verified in these cases, In other cases, however, much more complicated
energy loss spectra than those predicted by the above theory have been ob-
teined experhnenfallyo The interpretation of these more complex specira

will be returned to in Chgpter Iure
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CHAPTER THREE.

THE EFFECTIVE MASS TREATLENT.

It has been seen in the preceeding chapter that Bohm and Pines!
plasma oscillation treaitment gives a good account of correlation
phenomena in a free electron gase The principal interest in this
treatment from the point of view of the theory of solids lies in its
application to correlation phenomena in the conduction bands of metalse
However, a free electron gas is only a very idealised model of a con-
duction bande Nevertheless, it scemus svidemt that some treatment
closely analagous to the free electron gas tregtment can be given for
the electrons of a conduction band; the construction of such a treat-
ment has been the main aim of the work to be described in this thesisas

In a metal there are two main additional effects which are not
represonted in the free electron gas models The first of these is the
presence of the periodic potential fielde This field has a profound
effect upon the electronic motion in a metal, and can be expscted to
modify such phenomena as the plasma oscillations very considerably
in many cases. The second additionagl effect is the presence of the
ion corese. It night be expected that these ion cores will be
polarised by the electric fields associated with the plasma oscillations
and will thereby exert an influence on thems

The attempts to generalise BP's free electron gas treatment to the
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cage of the elsctrons in a metal have followed two main liness The
first and earlier of these lines, which has besen developed by the present
author (Hubbard, 1954) and others (Adams, 1955; Kanazawa, 1955) makes
uge of the so~called 'effective mass equation's Essentially what is done
is to transform the Hamiltonian (1l.1l) into the corresponding Hamiltonian
in Adams' crystal momentum representation (Adams 1952, 1953 )s In this
ropresentation the Hamiltonian assumes a form very similar to the
Hemiltonian (6e1) of a free elactron gas, =nd it is possible to procead
to the collective description along lines very similar to those of § 60
In this chapter a description of the simple version of this theory
developaed by the presenmt author will be given.

The second approach to the generalisation of BP's theory has been
through the 'dielectric' treatmentss These treatments arise from the
recognition that BP's free electron gas treatment is really equivalent in
essentials to treating the long-range part of the electron-electiron
interaction as though the gas were a homogeneous dielectric medium
possessing the dielectric properties appropriate to a free electron gase
When this is recognised it is at once evident that the theory can be
generalised so as to apply to a solid by merely treating the long-range
interaction in the solid as though the solid were a dielectric medium
with the appropriate dielectric properties. This approach enables one
to give a much more general and complete treatment than is possible

through the effective mass treatments, and will be developed in chapters

Tony, R e T
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89 The Transformation to the Crystal lomentum Representationa

In the remainder of this chapter a simple version of the effective
mass trogtment will be described. This tregitment will only apply to
the case in which only one of the Brillouin zones is occupied, and even
then will neglect the sometimes important inter=zone transitions
(see§l¢ Yo Nevertheless, the treatment developed here illustrates the
main feagtures of the effective mass treatments, and the extension of
the theory developed here to cover more general cases is very siraight-
forward, if somewhat cumbersomes

The general problem is that of determining the eigenvalues and
eigenfunctions of the Haniltonian (1.1)s It will be assumed for the
purpose of the present treatment that the solutions of the corresponding
independent particle problem, namely the solutions of the Hartree=Fck
equations (le7), are already knowne

The first step in the treatment is to transform the Hamiltonian
(1.1) to the corresponding Hamiltonian in the crystal momentum
roprosentations In making this transformation it is not very convenient
to transform the short=range part of the interactions Tt is thereifore
necessary to separate the long~ and short-range parts of the interaction
before making the transformatione This is done in the same way as in
the free electron gas case by expanding the interaction term of (1.1)
in FPourier series according to (3¢5)e It is mow found that the term
with k=0 in this expansion just cancels with nU, where U is the mean

strength of the potential field U(r) (the term with k=0 in the
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Fourier expansion of U(r)) and n is the electronic density, as a con-
sequence of the electrical neutrality of the system as a whole; carrying
out this cancellation and writing U'(r) = U(x) = U, the Hamiltonian

(1+1) now becomes

2 ,k-w- ;
o S 0l & BF T
:’ 207 c:f_/ (9 1)

:
where the prime on ), means omit the term with k -0 in the swmation.

k
To separate the long= and the short-range parts of the interaction,
the interaction term is split into two parts in exactly the seme way as

in the free olectron case (see 6)g this ai%as

B2 )] o 27 AL E T,y
2r ¢ 5o
lats (942)
whore
L A (0757
e N s
i (#) kote A
(943)

is the short-range part of the interactions It is hoped that it will be
possible as in the free electron case to choose k _in such g way that
Hir.repreaenta a weak, short-range interaction which can be treated as a
perturbations If this is so, this term may be dropped from the
Haniltonian, the effects brought about by it being afterwards investigated

by means of perturbation theorys The Hamiltonian then becomes

14 Z[ﬁlf u/(:r;)] r 5 ‘7" e )
5 2m /;e A<A, (9.4)



and this is the Hamiltonian which will be transformed.

The present treatment is restricted to the case in which the con-
duction electrons occupy only one Brillouin zone (in the reduced zone
scheme) and does not comtemplate the possibility of imter-zone transitions
to other zonese Vith these restriciions it is only necessary in.the
present troatment to consider the Bloch wave functions Y& belonging to one

zonej these wave functions will have the form

;A..‘Z
Zn (62 2 A% Up (x)
(945)
and will satisfy {the SchrBdinger equation
2 /
Holp,2) % = [L+0 D]t - £68)¢,
(96)

where E@ik) is the corresponding energye
If the interaction between the electrons were neglected, then an

eigenfunction of (9+4) would have the form (neglecting also the exclusion

principle)

g

b (x,) ug, (5,) ¥p,(2.) Us (2,) oo S5 (32) Us (o.,)

(947)
where & is the spin vector of the i th electron, (k ,s,), (EL’Sz)"°°
(E",sﬁ) are the wave vectors and spin numbers (s =%1) of the occupied
states, and the us;( o; ) s are the spin functions.

(947) can be written in another way which is instructive for the

present purpose. To do this it is nocessary to introduce the Wannier



functions (Wammier, 1v37)

CEDR VIR )
& (9e8)
where the sum runs over the whole Brillouin zonee. These functions have

two important properties; the first is that any Bloch wave function can

be expanded in terms of the ¢ (r = R) 8, where R is e lattice vector,

according to

=
3
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the second property is that they have the orthornormelity property

J e RIpl Dl < stz £)
(9410)

Using (9.9), the wave functiom (947) can be writtem in the form
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This expression for the wave functicn ji is of interest because it is of

the form
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with



(55)

B ol 6 oc 4 A )
f - e S“;s/ SKI,‘L S g“s'\ (9013)

actions between the electirons are neglectede This suggests that if
now Jb is an eigenfunction of (9e4) when the interaction between the
electrons is taken into account, then when it is expanded according
to (9.12), the function ¥ obtained may resemble the BP wave function
for a free electron gas; +this is, in fact, found to be so.

let 25 be any eigenfunction of (%9.4) belonging to the energy E,
and suppose that it can be expanded in the form
P =5 5 FR,R ) plr-R). pLe) 4 E) L &)

L4 xcldey Cher=its (9.14)
where ¥ is some as yet unknown functions The assumption that it can
be expanded in this way is the main restriction of the present theory,
since it implies that all the electrons belong to the Brillouin zone
corresponding to the Wannier function ﬂ(g), and does not allow the
possibility of inter-zone transitions to be taken into accounte

Since @ satisfies the equation HP = E&, will satisfy
some corresponding equations This equation is quite easily derived
using the method given in the Appendix to Slater's paper (1949); it
is only necessary to multiply (H= E)& = 0 by

‘ *

P*(Z, '_,R/)).-.. P"/rk“_ka) u:’/_o;)---‘ u‘ul /g:)

and integrate over the co-ordinates r .and sum over the spin co-ordinates

g, o+ One thus obtains on carrying out the spin sumation
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Using the orthomormality properties (9.10), the last temm in square
brackets gives a contribution E ¥ (R'pR!jeee B' 3 = 5 oo/ yees ®u )e
The contribution from the second term in square brackets is also easily
calculatede Because this term represents the long-range part of the
interaction it is a 'slowly varying' function in the sense of Slater's
paper; because it is slowly varying this term hardly affects the
orthogonality of the Wannier functions in the integration and one has
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Using this and the orthogonality properties (9.10), the second term in

square brackets of (9.15) gives

27et ik -(RIK) ’ e, )
S (9.17)

The contribution from the first term in the square brackets of (9.15)
can be calculated by the method used in the Appendix to Slater's paper
(1949)3 +the result is
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(9418)
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where E(4 k) is given by (9.6).
Combining all these results, it is seen that ¥ satisfies the ‘effective

mags' equation
[ Bl ¢ 37 o a2
(9419)
where small r .8 have been written in place of the R :8y and p ; has been
written in place of (W/i)(d/dr .); p,and r ;satisfy the usual commutation
relations
[/-’"13}'7 & :?'_ S/J
(9020)
between canonically conjugate variables,

It should be noticed that ¥ (r.) is only defined when r . -lattice
vector; in this comnection the following remarks concerning the inter-
pretation of the operator p . should be noteds 1t is not at once obvious
what i3 moamt by the application of the differential operator E(p) to a
function which is defined only for discrete values of the argument r
(r = lattice vector)o The essential poinmt is, however, that E(Hk) is
regarded as a periodie operator in k=space having the periodicity of the
reciprocal lattice; this is not in contradiction to the definition of
E(ik) by (9+6) since this only defines E within the first Brillouin zone;
this definition has, in fact, been conmtinued throughout the whole of k=space
by the periodicity requirement. Lf mow E(p) is expanded in Fourier series,
since it is periodie, the expansion will have the form

E(r) - %755 expf L8 L[

(9421)
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where the R & are lattice vectorse 1f E(p) is mow applied to a function

F(r) of r, then one has from (9421)

E(p) F(x)
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(9622)
where uge has heen made of the result, derived from the Taylor's theorem
expansion of F(r rR),
expfx - Ffre) = Firex)
(9.23)
(this rasult was used to derive (9.18)).

If r = lattice vector, then the right hand side of (9422) only
involves the values of F(r) at the poimts r - lattice vector, and is
meaningful although F(r) is only defined at such poimts; thus a definite
meaning 1s given to E(p) F(r) when r - lattice vector, the only case of
interests All the operators involving p which are used in the follow-
ing sections are derived from E(p) and are also periodie, and their
application to ¥ 4is therefore meaningfule One could, in fact, have
written all the work of this and the following sections in terms of
oxpansions of the same type as that appearing on the right hand side of
(9¢22) and dispense with the operator p altogether; one would then
obtain exactly the same results, but written in a more cumbersome
notations Thus it may be concluded that although ¥ is defined only

for discrete values of its arguments, one may work quite safely with
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the operators p provided that it is always borne in mind in interpreting
any result that it has the meaning given by an equation of the type
(9¢22) o
Thus it is seen that if @ is an eigenfunction of the H of (9.4)
belonging to the eigenvalue E, them the corresponding ¥ of (9¢14)
satisfies the eigenvalue equation (9.19), the eigenvalue again being Ee

Thus the operator

278" ik (vi-y))
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can boe rogarded as the Hamiltonian in the new representation.

The Hamiltonian (9.24) bears a close resemblance to the free electron
gas Hamiltonian (6.1), and one can now proceed to the collective des-
eription along the lines of§ 63 it is for this reason that the
transformation to the crystal momentum representation is useful.

There is one further poinmt which has to be considered, Electrons
satisfy the exclusion principle and it is therefore required that
be antisymmetric against the interchange of any pair of electronic
ordinates (e o)y (_x;’-, o )3 this imposes on ¥ the condition that
it also be antisymmetric against any similar interchange of co-ordinates
as 19 easily seen from (9e14)e

To summarise, within the restricted form of the theory developed
here, it is sufficient, in order to determine the eigenvalues of
and eigenfunctions of (141) satisfying the exclusion principle, to
determine the eigenvalues and eigenfunctions of (9¢24) satisfying the

exclusion principle, when the eigenvalue of (141) will be that of
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(9424) and the eigenfunction of (1.1) will be given in terms of that of

(9¢24) by (9.14).

$10 The Tranmsition to the Collective Descriptions

Having now obtained the Hamiltonian (9¢24) in a form analegous to
(6el)s one can proceed to the collective description along the lines of
$6, genoralising the theory of §6 everywhere to cover the present case.

If one adds the terms (644) to the Hamiltonian (9.24), imposes on

¥ the subsidiary conditions (6.5), and makes the unitary transformetion
generated by (608), then, using (6010), one obtains the transformed
Hamiltonian ’
: 27 ne

I P I R TR A
; (10.1)
englagous to (6011), and the same transformed subsidiary conditions
(6412) a8 in the free electron casee

The next step is to aprly the RPA. In order to do this it is
necessary to expand the first term of (10.1) in powers of q, « <rhis
is not straightforward on account of the lack of commutativity of the
terms in curly bracketse However, the effect of the unitary trans-
formation on E(g) can be alternatively evaluated using the expansicn
(6e9); when this is done the trensformed E(p) is obtained in the form

of an expansion in powers of the q, s since S is linear in the q, «

The expansion obtained is
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where evegluation of the commutators shows that
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and the general law of formation of the If (ps ks k"se-e) can be inferreds

Using (10e2) the transformed Hamiltonian can nmow be written
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The RPA can now be applied to the terms of (10e4) involving

My Mgace Each of these terms involves a sum over the i s of the

type
c(hth*.. DT

e
(1045)
which is of the same form as (6.14)e In the cese of (6.14) it was
deduced that the sums of this form with k + k' 7 eee # O were negligible
compared to those for which k # k'+ ooe = Oe In the present case one
has to be a little more careful since the r .s no longer range over all
space but can only take the values g_.,:lattice vectore in the case of

(6+14) the RPA was deduced by nmoticing that the sum (6.14) was to a

good approximation equal to the integral
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if k was smalle 1In the present case the corresponding ergument is that
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the sum (10e5) is to a good approximation equal to the sum
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if k is smalle But this sum vanishes unless k + k' # ee0o = K, whore K
is a reciprocal lattice vectors Thus it can be concluded in the present
case that the suns of the form (10e5) for which k + k' + oes # K are
negligible compared to those for which the equality holdse

In the present trsatment since only the electrons occupying one
zone are being dealt with it is almost certain that k_ < K . , where
K,., 18 the shortest of the reciprocal lattice vectors apart from K - Oe
If this is s0, then in the case of the term of (10.4) involving
Mp kK + k*- K is only possible when K - 0o Consequently in the present
treatment one can again apply the RPA to this term in the same way as in
the free electron case, concluding that in the sum over k and k' in the
texrm involving M, the tems for which k + k' # 0 are negligible compared
to those for which the equality holdse

When the RPA has boen applied the Hamilionian (10+4) becomes

H = Z’ E//-‘,) + ‘/Z';; /éZ; M, /ﬁ_‘) é}?&(.a(!'!i

SN Lpi T 27et ffz{,é.';é.—é)?ﬁf.,g

o /t’(éc ’.,é(‘c

3
+ (417(2) Z7 Z /Z?/;‘; é/iél,_/.(’—k'—él) 7676’7("'4, L

3/ 1,'/,‘2‘/ K

(1006)
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This is the Hamiltonien in the present case analagous to (6e415) in
the free electron casesa 1ts various terms have interpretaetioms similer
to those of (6415)s the first temm represents the energy of the particles
including their potential energy in the periedic field; the third term
is the Hamiltoniagn of & set of oscillatorss the second term represents en
interaction between the oscillators and the particles; finally, the
remaining tems (apart from the self-energy term), which have no analogue
in (6415}, represemt e weak interaction between the oscillatorse

1f 21l but the first, third and last terms of (10.6) are neglected
(a1l the other terms are expected to be comparatively small), the

Hamiltonien becomes

S ) ST o/t O 2mnet
g = ZEf)= a2 Spps +aune’ 200 ik £)f 2 21
‘ . (1047)

This Hamiltonian is separable into a set of independent particle
Hemiltonians and a set of oscillator Hamiltonianse This separability is
not affected by the appearance in the oscillgtor namiltonians of the
particle variables p . since, as H does not involve the r s, i and p;
and hence H and M, (p;3ks~k) are simulteneously diagonals

‘the general form of an (antisymmetric) eigenfunction of (10e7) is

Ak, Ky,
N ) . e
1A
T 1A%
f = ]Z An,‘//bh)e A
k<ke
".—:']:1 -' Y.
e Uelry il Rl ds, @)

(1048)
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where the k. s are N wave vectors, the u;.8 are N spin functions, h,k is
the Hermite polynomial of order n, n, takes the values 0yl42;eeecOrres=
ponding to the states of the oscillator with co-ordinate q, , and where

& is given by the dispersion relation

w = unet ST M, (ih; k- &)
: (1049)
That the wave function (10.8) subject to (10.9) is an eigenfunction
of (10e7) corresponding to the energy
F oL embhi)+ 5 [ tolnri)- 2
: St (10.10)

cen 9ssily be verified directlys that the set of wave functions (10a8)
exhausts all possible antisymmetrie eigenfunctions of (10e7) can be ceen
by noticing thet the set (10.8) is & complete set with respect to
_antisymmetric functions of r .and p, o

using (10e3e) the dispersion relation (1009) can be written

"

t . 4ze' 7 [ F(4hotth) ¢ E(hAL) - 250h) f

Y .
& P

ret k- § T PrE(E]E 4

A

4rnel k- (/h"‘)"/;y.f F...

—

"

(10011)

where the average 18 over the occupied levelso

1t is seen that in the present case, 1n contrast to the free electron



\66)

case, the cscillator frequency @e may depend upon the direction of the
wave vector k 3 the frequencies are, in fact, determined by the average
over the occupied levels of (gf)-l, where m™ is the effective mass tensor.
If this average over @)"1 is a multiple of the unit tensor, as it will
be in all crystals with cubic type structures since the multiples of the
unit tensor are the only tensors with cubic symmetry, then all the
oscillator frequencies gaven by (10e.ll) will be the same and will be
given by

W = 4Fne’ { (;,"«))

(10.12)
where <'(1/h‘);> is the average of l/h‘fover the occupied states. in
the case of other crystal structures such as the hexagonal structures
m will often be anisotropic and the oscillators with wave vectors in
different directions will have different frequencies.

The above resulte have been obtained by neglecting the oscilliator=
particle and oscillator-oscillator interactions 'Whilst it is expected
that the oscillator-oscillator interaction will be snall enough to be
treated by perturbation theory, this i1s not so for the oscillator=particle
interaction, and in the next section this latter interaction will be
treated by a further unitary transformation along the lines of the free

electron casee

$11 The treatment of the Particle-0scilletor Interactione

In this section the effects of the particle=oscilliaztor ainteraction

term of (10.6) will be investigated by means of a further unitary
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transformatione  For the moment the small terms representing the
oscillator=oscillator interaction will be dropped from the Hgmiltonian
since these terms can in any case be treated at the present stage by

perturbation theorye ‘rhen the Hamiltonian H of (10e6) becomes

Wl b T Hr
(11.1)
where H_ is the Hamiltonian (1007) and
sl R e e
,L/I = \///ﬂe:_g M, (F5 A ?"
S (1102)

The gim will be, as in the free electron case, to determine a
generator S of a unitary transformation such that
;7.‘[//075'7 e ﬁ./f
(11.3)
The transformed Hamiltonian will then be given, using the expansion
(6+9) , by 2
H > Ko+ Z’(é)h[”f'fl it
1 (1144)
and the main effects of H will be represented by the term Zﬁ /19,27 $
it will be found that the various contributions to this term will have
gimple interpretationse
'he success of this method depends upon the rapidity of the
convergence of the series in (1le4)o The rate of convergence of this

series is measured by the smallness of the parameter
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o (e 7 ),;,

relative to le This parameter is exactly analagous to the parameter

® (6e26) in the free electron gas case, and, in fact, a rough estimate
shows that provided m’ > 1 the X in the present case will be of the
same order pg in the free electron gas (if anything, somewhat smaller).
Consequently it can be concluded that in the presemt case « ~ ;/20,
and the series in (1ls4 ) will be quite rapidly convergent.

in order to construct the required S it is convenient to introduce

instead of the oscillator variables 9y and pk.tne creation and destruction

*
operators a, 28y defined by

L /‘é x* *
1 ¥ - ke
= A4 Q, *a.-
o o(£) (el ) ) poe () ek teR)
& (1105)
where a&f is an as yet undetermined frequency. It is easily found from
_ the comnutation relations for q, amd p, that the a, 5 and ay s satisfy
the commutation relations
; X k7l = /
[QA,Q/,'] = [qﬁ Iqﬁ’] = (@ [q/l/q,('/’ Sﬁé
(1146)
The parts of the Hamiltonian H, and H; can now be written in temms

of the creation and destruction operatorss

Y - Z[[/ﬁ) o ffﬁ//quzfa'ﬁ*a,L) - 57 27:15’2
: 5 T = 7

E
7 Z //t /wﬁ z’w/._ll) [Q& Q/ff Q[‘C?A - 4,94 04‘4_1[ )

/

A<f, \40‘ ’

(11.7)
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H - Jme* ), (—« )fﬁ[/oué}alzel- UL "ézfa‘e /‘iff’uk)/

/ESAS (1148)
The required S is now given by
; 7L ck.r; s
&= —ZfI.Z,_’ (j:)[ﬁ(ﬂf,'é)le—d’fe —-Qk F/P‘/é)f
¢, heke \ 2 (1169)
where
Shs M, (2, k)

FUBL = T

(11.10)

Thet the S given by (11le9) does actually satisfy (1le3) can easily be
verified using the commutation relations (1le6)s It remains now to
evalugte the termms in the series in (1le4) to determine the effects of
H_ o The leading term of this series is (i/2h) [H;35/« This term
can be eveluated directly from the expressiomns (1l.8) and (11l49) for

H, and S using the commutation relations (1le6)e if the randow phase

approximation is used in the result thus obtained, one obteins

L] = Jme S (X [ M, (p: vk &) Flporkbok) = M, (po, £) F(E2 8
2% G/l /la)

*

~Varer } /] —-)f M, (2 k) f//;f,ct,{, /) ¢ k(7i-2)
‘ﬁ‘f’ kche

By -
S TE D) Flryvtb) |

- omn L { )[ﬂ//’,,[}F//b”_){- H, (potthh ) F(p, fz‘lé)/

€ h<he

(11.11)
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(11411) gives the leading term of the series in (11l.4) Since
all the other temms of the series sre of the order « smaller than this
term and « ~ 1/20, these other terms can to a good aprroximation be
neglecteds The transformed Hamiltonian then becomes H, + (i/%)['H’,,S],

which can be written using (11411)

s

parC. 17 HOSC. 7 //7'/’

(11.12)
vhere

/yfuf(', = ‘[, “;//z‘-)

R e f,/[ 1, (ot k k) LA K) + (s ) FL7AD ]
(3 ‘/c aa}"-

(11613)
and
e & 27y (et ) = 0 Hea”
A<k 2 k(,{‘_ 4 =
+ (8 LA e ime [ Fueeotb ) Fpoess ) s b4 )]
i (o= afo‘ = GG — afa_’:)
(11,14)
and
by = ~iner S 1 é_j_;) [#, (riok )iy +34,4) Lk lriy)
ks

/'f/.f <k
= R k) Fla1th 8)]
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If now aé is chosen to satisfy

’y 4};‘ + J4re* Z7 fﬂ,//’l.‘fﬁ_ﬁ,é}/‘ﬂ?,‘{t&é/ == /Y’&'/é)[//“'f)é/]

[()‘ =
(11416)
then B reducesg Co
0s¢C.
Vs 7 ,27 [ 4
o, = B aots i) =&
S < /(‘Ic
Keke (11.17)

which is just the sun of a set of oscillator Hamiltonianse If further

E'(p) is defined by

/ S = 57 E )] etk k) FlR th ) - M) FlEk)
E1r) = £ ~vire Z(Z )] 1 )
(11.18

then the Hamiltonian (11e12) can be written

7 ’ ¥ @el
o A K g}g (@9 1a %) -7 = + Hrp

197 A<he
T (11.19)

This Hamiltonian is apart from the term HﬁPOf the same form as
‘(10.7) excopt that the oscillator Hamiltonians are now written in temms of

the creation and destruction operatorse The effects of taking the
particle~oscillator interaction H, into account can now be seen by com=
paring (11419) with (10e7)o Three effects are observeds

(1) E(p) has been replaced by E'(p) given by (11.18); since E(hk)
was defined in terms of the energy surfaces (9.6), this change is
equivalent to a modification of the energy surfaces;

(11) aa' has been replaced by the a{ given by the dispersion

reletion (11e16); thus the frequencies of the plasme oscillators are
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modified by the particle=oscillator interactions

(1ii) an additional term ny+’has appeared in the Hamiltonian;
ingpection of this term shows that it represents a weak, screened, long-
range, velocity-dependent interaction between the particles. in the
cgse of a free electron gas BP found that H was very weak, and this is
almost certainly the case herej; consequently H,, can be quite reason-
ably treated by perturbation theorye 1f now the oscillator-oscillator
interaction terms of (l0e6) are again included in the Hamiltonian
(actually these terms should first be transformed by the unitary trans-
formation which has just been made, but since these teras are already
gngll, and the effects of the transformation would be &« times smaller,

these latter effects may be neglected), the Hamiltonian becomes

H = Zf///’) 53 53 ,’;"‘_’k (a,'q['fq,fqﬁ) = 2 :7;’5’{21 + e
¢ hA A <ke
d (11420)
where

(arer )" 5 (i kA EAA) UG hehsr -
o gy S22 A A7

[ 4 ALK [<Ac
(11.21)

includes all the small terms which can be treated as perturbations (the
terms neglected in the random phase approximation could also be included
here for the sake of completeness)e.

To complete the transformation it remains only to determine the

form of the transforied subsidiary conditionse Direct calculation
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with the help of the dispersion relation (11416) shows that the trans-

formed subsidiary conditions are
/ P s

C R [ Ep:) -Elpe44)] i (11422)

It is seomn that, as in the fres electron case, after transforming away
the particle-oscillator interaction the subsidiary conditions only affect
the particle variabless

The transformation to the collective description has now been coun-
pleted, the system being represented by the Hamiltonian (11420) together
with the subsidiary conditions (1lo22). Before going on to discuss the
collective description in this case it is convenient to simplify the
exprossions (11el6), (11el9) and (11e15)e This may be done by sub-
stituting in these expressions for F from (11.10), for m, from (10e3a),

_and expanding in powers of o« 3 the results are

2 3
Ao off - LE [ Epertk)-E(RI[ ¥ ..

Lyl

3 (11423)
Lipeth) - L)
E®) = o) - 7' % ”’f-,’,l 2R
273 %4 & B
and
el Al el z'.é-‘r,- .
W @ 2 2 e [k -VEQD)J[ & v£tk)] € et Pl

. AN
Clep (5, (11425)
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$12 The Collective Descripticne

The collective description of the system is now given by the
Hamiltonian (11e20)e This Hamiltonian has a very close formal resemblance
to the Hamiltonian (6427) of the free electron case (except for the
different treatment of H., in the present case), and uost of the remarks
which were made in $ 7 concerning the collective description of a free
electron gas are applicable heres 1t has again been shown that the
system behaves gs though it consisted of two distinct systems, a particle
system and an oscillator systeme Again in the majority of phenomena
only the particle part of the system will be concerned, and this part
will behave very much as though the independent particle model were
accurate owing to the removal of the long-range part of the Coulomb
interactions The small angle, inelastic scattering of fast electrons
could agein be treated along the lines of §8, and it would now be found
that the electrons lost their energy in quanta of #“x where wx is
given by the dispersion relation (11e23) or apprroximetely by (10¢11)e
Thus it is seen that the effect of the periodic field upcen the collective
behaviour of the system is to modify the details of the free electron
results rgther than to introduce any important new effectse

0f particular interest is the determination of the energy levels of
the systeme In calculating these it is necessary to take into consider=

ation the short-range interaction H_ The general form of an
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eigenfunction of the Hamiltonian (11420) will be, neglecting the small

term H
p?
k., ‘R, 7,
Chniic e S el /5 )
///.,/L
TS
2 o L /‘,,4 () e 7%
k<R,
"_kr!n/ "A .2,
e U’l{gh/) 0 - 2 % - e =2 ”0;”,(_‘&/)
(12.1)

where -}Ez etce have the same meaning as in (10e8), and the corresponding

energy, neglecting H jand H,, is

4 / 2 z
E = Z’ E ,/tfk[) i E f fw/‘ (7Ik f ;) - __Z._’.:_g f
¢ Refe (12.2)

whilst the contribution to the energy of H, is probably small
enough to be neglected quite safely (as is shown by calculating it
perturbation theoretically and considering plausible band structures
E(P.))' the contribution of H can certainly not be neglecteds As was
pointed out at the beginning it is generally possible to treat H_ , as
a perturbation (or by the Hartree-Fck scheme if necessary, sece below)e
Since H  wes not transformed, to calculate its contribution to the
energy by perturbation theory it is necessary to use the untransformed
wave function ,@ of (9+14) rather than the ¥ of (12.1). It should
be noticed that the ¥ in (944) is not actuslly the ¥ of (12,1), but
is this latter wave function transformed by the unitary transformation

generated by S (11e9), i.0s is exp{ i (1/h)S}7 e Thus é is
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given in temms of G by

P = 00 2 UER,Byicttn) @lr-£) ... pl1,~-£,) 4a(c)... Ut (@)
54)'"!)\/ oy By \12'3)

where
- 25
U = extf-;
(1244)
It has already been seen that the effects introduced by S are of the
order « v 1/20; therefore not too great an error is introduced into
® by neglocting S and putting U =1, Using (12.1) and (9.8), & can

then be written

B o) e) . G, 0, @)
2Ry
jé = ]Z /!,%[f‘,)€
kike
b)) - - G, ),
(12.5)

where QS is now regarded as a function of the q, s as well as the r.  s;

the subsidiery conditions (11022) will then imply a similar set of

conditions on ? thus restoring the corrcct number of degrees of freedom.
The contribution of H,,to the energy can now be celculated perturba-

tion theoreticallye Hﬂf'acts only upon the particle variables; the

first term of the perturbation series representing its contribution to

the energy is

. (1246)
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where the sum over i and j runs over the occupied levels and

s,

* r Rt >’ 77! > v/ v /
(i) Hsr I60) = S5, Ss,'s(ffﬂ;f—)’&/-/‘é-fﬁ 70y 20 e (2) dr dy
\1207)

This is just the ordinary expression according to the independent
particle model for the contribution to the energy of the Coulomb inter=
action except that this interaction is now rerlaced by B the first
tem represemts the classical 'Coulomb' energy and the second the quantum
mechanicel exchange energye

The second term in the perturbation series is

PR

S (o T (12.8)
where
Hie = 7§ Gkl len 1i%) - (k%5 Jki)
At (1249)
and
o (if 1 Koy 1757) = (i) Hov [£777)

(12410)
where the sums over i and j run over the occupied levels and the sums over
i' and j* run over the unoccupied levels; E,, Ej etco are the energies
of the levels i, j and are given by E'(p;), E'(gj),..o This term
represents the leading term of the short-range correlation energye.

It should now be noticed that although in the free electron case
H__ can usually be quite safely treated as a perturbstion except in the

case of very low electronic densities, in the case of a metal this simple
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treatmemt will often breek downo The reason for this is that, wheress
in the free electron case the electrons are fairly randomly distributed,
in the case of a metal, because of the action of the periodic potential
field, the electrons will temd to pile up in the neighbourhoods of the
atomic nuclei, producing a pericdic verigtion in the electronic density
which in turn gives rise to a comparatively strong periodic field;

this field just represents the screening of the nuclei by the piling up
of electrons near thems, Since this field is periodicy if it were ex-
panded in Fourier series, only those components for which k- reciprocal
lattice vector would appear; but, since k_< K_., 2ll these components
are contained in H,, , and all the effects of the screening will be
contained in H,,6 e Because these effects are comparatively large the
perturbation=theoretic treatment of H  may very well bresk down; in the
.case of the leading term (12.8) of the short-range correlation energy
these effects are represented by the large first term of (12.8),

There is, howevery e remedy for this difficulty, and this will be

the subject of the next sectione

$§13 The Hartree=Fock Treatment of the Short=Range Interactione

The original aim was to determine the eigenvaluss and eigenfunctions
of the Haniltoniaen (l.1), and the work of the preceeding sections has

shown thet, apart from the difficulty with H the wave function (12¢b)



(79)
for any given choice of the 52.and 8, 8 represents e good epproximation
to an eigenfunction of (lel)o In this sectiom it will be shown how it is
possible for any given choice of the -1-‘-1'8 and 8 -8 to construct a wave

function similar in form to (125) but which avoids the difficulty with

H o

5.7.
Suppose that the 5&;_ 8 are the solutions of the self-consistent

equations

ﬁg**ﬂﬁ+f/%m&ﬁ0M@mMé]@h)

: JZ’ [ GO b oo2D GLtDdr ptr) = £7G8) 4,)
, ,

(13.1)
for a given choice of the k . s and s ; s, where
‘ f_k;'f . e
;//[L‘. (62) 5 3 "‘5; (x) sy pW&o k
(1342)
The Hamiltonian (lel) can now be rewritten
21 H: 27et | ik-lr-2; ’
/7/ = & 2 + Zﬂ ’k—: (< —7L //A’Y.
() aske (1363}
where
= ’ vl '
V. = )fl + 27//4, (Z;—~!)/$/’/¢J.(r)/a(_r—f Alx) + ()
L m e . o
4 (1304)

lom = b = B [ B, oD%~ F g
L/J ¢ (1305)
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in which A is the operator defined by
Aee)ute) = & &y tidto@) [ G O b o2 ) V00T
g (1346)

end is the short-range analogue of the Dirac exchange operator (Dirac,
1930)e

Iet it now be supposed that BY , 1is sngll and cen be treated as a
perturbation; this will actually be found to be so; it is, in fact,
Bt which is small rather than Hy, o Then H}m can be dropped from the
Hamiltonian and its effects investigated afterwards by perturbetion theorye
The resulting Hamiltonian can then be transformed to the crystal momentum
representation by expandingf according to (9e14), except that now
instead of expanding it in tems of the g(r = R) s defined by (Ye8)

it must be expanded in terms of the ¢'(r = R) s, where

P = G )

4
5 (1347)
in which the % ' 8 are the solutions of the equations
T 2 . Zhl3) £ Vel /
| £ s vty e 5 [Hotes)] g )l4 can [l - €)%
< : W (1308)
in the case X - _15,. s where k .is the wave vector of one of the occupied

levels 4  will coincide with the solution }2.61‘ (1343)3 for other k s
/
the }i vwill be *'virtual orbitals'e

when the transformation to the crystal momentum representation is

mgde in the mammer indicated, it is found that the transformed Hamiltonian

becones instead of (9e24)
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- D) + B2 A2 By
R (1349)
This has oxactly the same form as (9424) except that E(p) has been
replaced by EHF(R). The work of sections §10 and §$11 can then procseed
exactly as before except for the replacement of £ by E”/ everywhere.
Thus the Hamiltonian will be reduced in the collective description to
g oo 5 E" ) + T [E (aa'cqln) -2 ¢ 4

g (¥o 2 4 (13410
where B' " , .0, and H' are given by the relations (11.24), (11.23) and
(11625) with E replaced by E”e  Further, the wave function £ of

(1245) will now be replaced by

7, ) (@, e ! X
Il ple %-‘ﬂ /_);)a‘” )
-2’57/1«5
? 5 ‘ﬁ- 4” [/,_)?
Ak, 4
; /
V/lz/(rﬂ}u:,@'y) AN R 5";/2’,)0;,/5)

(13611)
It now only remains to calculate the contribution to the energy of
H's.r. e This will be given by formulae (12.6), (12.8) with H_, replaced
by BY , o Direct calculation now shows that the first term of the
perturbation series becomes

Z’/({///"{rr/:/)‘ /’///%f(f/j
4 (13.12)
which is just the negative of (1246)s In the expression (12.8), the

first (and large) term is the contribution to the short-range correlation
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energy of virtual transitions from the initial state to states in which
one electron is excited, whilst the second term arises from virtusl
transitions to states in which two electrons are excitede The important
point about the replacement of H,, by H' 18 that the matrix elements
of H'  from the initial state to excited states in which only one
electron is excited now vanish identically, as can easily be verified
by direct computationo Consequently when the leading term of the shorte—
range correlation energy due to H'  is calculated no termm analagous to
the first term of (128) appearss thus the large term in (12.8) is
elimineted, and the correlation energy becomes of the same order as in
the free electron case and can be safely treated by perturbetion theory
(since evidently the higher order perturbation terms are reduced in just
the seme way as the second is)e The leading term of the short-range
correlation energy now becoues
2
5 | Hyijel

Sy Eote - Eo -4y (13+13)

where H‘;‘,/;}a again given by (12410)c What has actually been done above
is thet the screening of the nucleus by the electrons has been repre=~
sented by the Hartree~Fock field, thus removing it from H_, and replacing

the latter by H' ., which gives rise to just the same sort of correlation

..

effecte as in a free electron gase

To summerise, what has been shown in this section is as followse

For any given choice of the k .8 and 8 s, the wave function (13,11) will
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be, apart from the suall perturbation by H! and-H_ , an eigenfunction
of the H of (1.1) provided the ??j are the solutions of the Hartree=
Fock equations (13.1) with a screened interaction, and that the E” s

given by the solutions of the eguations (1308) ars used in calculating

dly and EYiCei i mhe corresponding energy will be to a good approximetion

E b .Z/[/HF(ﬁﬁ‘.) T Z fﬁ‘aﬁ("l.,*f)- QT”_:—"?Zf *<H’/>

k<he / 2
s ]
; 3 g Ity
..5’27{ (l:/.//‘/_‘,/_ /¢j) = /t_} /HJ.I,/JC)] *27, ) £
o S hy 4*57'&" J
(13.14)

One last point should be mentionede This concerns the choice of
k o Throughout all the above work k has been a parameter, and it
appears implicitly in the expressions (13+14) for the energys This
perameter can now be regarded as a variational parameter, and its best
value will be the value which minimises the total energy (13.14)e The
determination of such a k., theoretically would be very complex, since

k, enters in a complex way through its affect upon the sclution of the

equations (13.1) and (1348) (H,_, depends upon k_)e

$ 14 Criticisms of the Effective lass Treatmento

In this section the scope of the treatment given in the previous
sections will be discussed together with certain criticisms of it

which existe

(1) The neglect of the inter-zone transitions, 1n the treatment

given above only the electrons belonging to a single zone have been
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treated, and only the possibility of virtual intra=-zone transitions have
been considered, since the total wave function § of the system was ex-
panded in terms of a single Wammier function g or g', which from (98) or
(1347) is equivalent to expanding @ in terms of the wave functions
% of one zonee However, it is possible for the electric field
associgted with the plesma oscillations to cause both real and virtual
inter~zone transitions of the electrons analagous to the intra-zone
transitions brought about in the above theory by the particle-oscillator
interactions If the virtual inter-zone transitions were taken into
account then the details of the effects (discussed in$ 11) brought about
by the particle-cscilletor interaction would be modified, =although the
neture of the effects would not be altereds Treatments along the lines
of the treatment presented in this chapter but including the inter~zone
transitions have been given by Adams (1955) and Kanazawa (1955) using
either the more refined effective mass theory developed by Adams (1952,
1953) or the second quamtisation methode Both these suthors concluded
that these effects might be quite importamt, although it is difficult to
estimate their magnitude without a definite knowledge of the band
structures and certain matrix elementss
(i1) The neglect of the core electron polarisations An additional
but similar effect to the last one is the neglect of the core electron
polarisations 1t may be expected that the electric field associated
with the plasma oscillations will not only give rise to transitions of

the conduction electrons but also to transitions of the core electrons
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above the Femi surface; these transitions are again of two kinds, real
and virtual; the real transitions will be discussed in (iii)e The
virtual transitions are equivalemt to the polarisation of the ion cores by
the plasma fielde This polarisation may be expected to react upon the
plasma oscillations and effect the details of the whole collective
description, without changing the general pictures Another similar
effect is the polarisation of the lattice by the plasma oscillations due
to the small accelerations of the ion cores produced by the plasma fields
thig effect will be very smalle

(11i) The neglect of danping of the oscillationse 1In (i) and (ii)
above the possibility of electrons mgking real transitions from the con=
duction band or the ion core levels to states above the Fermi surface has
been montionede 1in such real transitions energy must be conserved, so
that it is only possible for an electron to be elevated to a higher energy
level as a result of the particle=-oscillator imteraction if at the same
time one of the plasma oscillators passes into a state of lower energye
Thus this possibility only affects oscillators in excited states, and will
then give rise to a damping of the oscillator down to the ground states
Under nomal conditions there are only a very small number of oscillators
in excited states in a metal since #4p >>xT, and this effect will be
quite unimportants In Ruthemamm and Lang type experiments, however,
oscillators will be excited by the passage of the fast electron and this
danping will give rise to a certain half-life for an oscillator in the

excited state which will in turn give rise to a certain broadening of the
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plasna absorbtion peake This damping has besn discussed from the point
of view of the effective mass treatment by Kanazawa (1955).

(iv) Difficulties with the subsidiary conditions. In the above
treatment the subsidiary conditions have been practically igmored as they
were in BP's original free elesctron treatments One could again show that
in the case of a non-degenerate state the subsidiary conditions are
automatically satisfied and rely upon this to demonstrate that the
calculation of the ground state energy is correcte On the other hand,
g0 far as a general tregtment is concerned, there is no satisfactory
treatment, as far as the author is aware, of solving eigenvalue problems
subject to this sort of subsidiary conditione The subsidiary comnditions

renain one of the awkward features of BP's formalisme.
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CHAPTER FOURe

THE DIELECTRIC APPROACH.

In the preceeding chapter the method of generalising the BP free
electron gas theory by making use of the crystal momentum represenmtation
has been describede In this chapter an alternative method of generalw
isation will be describede

It has been seen in the previous chapters that the main difficulty
in the treatmemt of the electronic interactions arises from the long-
range nature of the Coulomb interactions 'hen the Coulomb interaction
has been replaced by a screened interaction the Hartree-Fock scheme be=
comes adequateo Thus, in order to obtain a satisfactory treatment of
the electronic interactions, it 1s necessary to obtain some proper tregt=
-~ment of the long=range part of the interaction, after which the short-
range part can be treated perturbation=theoretically or by means of the
Hartree-Fock schemeo This treatvment of the long-range interaction is
just what BP's theory and the effective mass generalisation of it provide.
In this chapter, however, a more direct approach to the problem of treat=
ing tho long-range interaction will be madeo

1n treating the long-range interaction there is fortumately an
important simplification which cen be nede and vpon which the successful
treatment of the long-range interaction by the plaama theory restse
This simplificetion arises from the fact that, provided the electronic

density is sufficiently high, so far as the long-renge interaction is
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concerned the metal or free eleciron gas can be regarded as a mediume
For if the distance over which the long-range interaction acts is rather
greater than the imter-electronic spacing, the positions of the actual
individual electrons have little effect upon the long-range field, only
the average positions of many electrons being importante

Since so far as the long-range interaction is concerned the electrons
constitute to a good approximation a medium, it is reasonable to treat
this interaction according to the ordinary theory of the electromagnetic
field in dielectric media, the appropriate dielectric properties being
ascribed to the mediume This is what will be called the dielectric
approach and it is this approach which will be devloped in the presemnt
chapters It will be found that when this approach is applied to a free
electron gas it leads to essentially the same results as BP's theory, and
_consequently can be regarded as a generalisation of this theoryo That
it is, in fact, a very wide generalisation of this theory can be seen at
once; for example, effects such as the ion core polarisation can be
taken into account at once by merely taking into accoumt their influence
upon the dielectric properties of the medium whilst such phenomena as
the damping can be interpreted in tems of the complex part (the
conductivity) of the dielectric constants

This type of treatmemt of the long-range part of the Couloub inter—
action is not new but was first developed by Fermi (1940) in commection
with that part of the stopping power of materials for fast changed

particles due to 'long=-range' collisions; its comnection with the plasma
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theory of BP and the correlation problem seems only to have been realised
recently, (FrBhlich and Pelzer, 1955, Hubbard, 1955) however. Refinements
of Formit's theory have been made by various authors (Halpern and Hall,
1948, Kramers, 1947, AoBohr, 1948), and the trsatment of the snall angle,
inelastic scattering of fast electrons given in$17 is, in fact, only a
refinement of these theories, i

There is one important difficulty in the developement of this theorye
This is that, although the classical version of the theory can be
developed very straightforwardly, the resulting theory is rather difficult
to quantises Only in the very special case of a free electron gas is the
quantisation easy and in this case the ordinary BP theory is reproducede
For this reason in the present chapter only a semi=classical version of the
theory will be developedo This version of the theory is sufficient to
indicate the main results but a true quantum mechanical theory would, of

'course, be desirableo

$15 The Semi-Classical Version of the Dielectric Theory.

In this section the semi-classical version of the theory will be
developed in detaile 1n the remaining sections of this chapter the theory
developed here will be applied to obtain certain results,

Since the dielectric theory is only applicable to the long-range
part of the Coulomb interaction, it is necessary as a first step to
separate the long= and short= range paris of the slectric fielde This
can be done by the usual device of expanding the electric field in
Fourier series and separating this series into two partse The electric

field E(ryt) is expanded thust
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whore kc is some suitably chosen parametery whilst the remsinder
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is the short-range part of the fielde 1n the remainder of this chapter
only the long-range part -E-'I.,'.Of E will be considered, and the subscript
lere will be dropped, it being understood that only the long-range part is
being dealt withe

The long~-range field will now be treated in accordance with the
_dielectric approach as though the solid were a continuous dielectric
medium (instead of a collection of point electrons)e The dielsctric
properties of such g medium can be described by a (complex) frequency-
dependext, k-dependemt (see Appendixal) dielectric tensor €, e This

tensor relates the Fourier components E, of the electiric field, given by
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to the corresponding Fourier componemts D . of the displacement D(zyt)

through the equation
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In the presemt case it 1s only the longitudingl part of the
electric field which is of interest since this represemts the Coulomb
interactions between the electrons whilst the transverse part only
represents the weak magnetic interactions which will be neglectede.
1f the transverse part of the field is neglected then _ﬁ_‘._wk can be
written :‘l_c. E,gand D, .can be similarly written 1‘. D,e3 (1505) then
becomas

éwﬁ E‘,‘ = Pﬂl
(1646)

where
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The theory is now very straightforwarde The equation (15.6) can
be used to obtain a simple relationship between the electric field in
the metal and the charge distribution generating it, taking into account
the fact that the electric field polarises the metales This latter
polarisation is just equivalent to the ordinary correlations in the
electronic motiony for it represemts the movements of the electrons to
screen out the field acting on themy, and iv is just these movements
which are called the electronic correlationses

in addition to (1546) it is necessary to use the equation

doD - anp
(1548)
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relating the displacement to the charge density e (r,t) generating the
fields it is elso convenient to introduce the scalar potential g(r,t)s
=\ e e
(1549)
Combining the Fourier transforms of the equations (1548), (1509) with
(1545), one can easily obtain the relation
€wk Pwkb %’I\ (k
(15410)

relating the scalar potential g to the charge density @ generating the
fielde

One point should particularly be noticed herees This is that the
charge density  in (15,10) will mot be the charge density corresponding
to the actual distribution of the electrons; it is what the charge demsity
would be if there were no correlations ieee if the medium were not polarisede
The charge density of the actual distribution of the electrons is the
charge density in (15.,10) together with the charge distribution corres-
ponding to the polarisations  Trom this point of view the electronic
motion has been broken up into two partses One part represents what the
motion of the electrons would be in the absence of the long-range inter—
actiony whilst the other part represents the reaction of the electrons to
the long-range field; +the charge distribution corresponding to the first
part of the motion is the @ in (15,10) whilst the charge distribution

correspondang o the second part of the motion is the charge distribution
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corresponding to the polarisations The important point about (15.10)
is that it involves only the charge distribution corresponding to the
uncorrelated motion (which is so much easier to deal with), the
correlation effects having been taken into account by the use of the
dielectric constant.

(15010) suumarises the dielectric theory; all the results of the
semi=-classical theory can be obtained from ite One consequence of
the equation (15410) is of particular importance. Suppose for some
w ( = &) €ue vanisheso ‘hen according to (15.10), the corresponding
ﬂuk is indeterminates Thus the equation (15.,10) does not determine
ﬂ uniquely, but all the p;i 8 such that the corresponding &, vanishes
are indeterminates. Thus the gonoral solution of (15.10) is of the

form

G (17 G) ¢
G & Lk » A8 - RSl Y e
e (15411)

() () it (] (z)
where the A, 5 Ay yooo are arbitary constantsy; and 4 4 @) geee are the
frequencies at which €, vanishese Thus it is seen that the electric
field consists of two parts, one corresponding to the particular solution
of (15.10) and the other to the complementary functions ‘this exactly
parallels the case of the radiation field in vacua; +there is in that
case a particular integral representing the #esweiie interactions of the
particles and a complementary function representing the photons which
are presemte In the present case the particular iniegrel represents

the residual interactions between the particles (corresponding to the
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H of BP), whilst the complementary function represemts longitudinal
oscillations of the electric fieldo When this oscillating field is
resolved into travelling waves, the part with wave vecior k resolves
into parts which oscillate witn the frequencies a{? ’ ufJ sece Thus
it 1s seen that the dielectric theory leads quite naturally to the con=
cept of longitudinal oscillations in an electron gas and shows that the
frequencies of these oscillations are the freguencies at which &y, = Oo
It is natural to identify these oscillations in the case of a free
elsctron gas with BP'S plasma oscillations, and this adentification
will be confimed in the next section by showing that their frequencies
agreee

The possibility of longitudinal oscillations which has jusi been
discussed depends upon the vanishing of e,;, at some frequency- or
frequenciess In general the real part of €u4x will vanish gt some
frequenciesy but the actual complex ¢, will not unless the imaginary
pert vanishes at the same frequenciese This is just what is to be
expected in the classical case for the imaginary part of ¢, represents
the conductivity which will have a damping effect upon the oscillationse
Thus according to a classical trecatment there will be mo susteined
oscillationse However, the situation is rather differemt in the
quantum mechanical cese provided the damping is not too stronge in
the quantum mechanicali case the situation will be that whilst the
danping is able to demp an oscillator in an excited state down to the

ground state, the daaping camot destroy the zero=poimt oscillationse
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Thus in the quantum mechanical case it is expected that zero=-point
oscillations will exist at the frequencies at which the real part of
€.x vanishesy and that if in any way the oscillators become excited,
then they will be damped down to the ground state at a rate which is
proportional to the imaginary part of €., at the oscillator frequency.
This result gives a simple rule for calculating the oscillation fre-
quencies in solids; it is only necessary io calculate &,, and determine
the frequency at which the real part vanishese A discussion of these

frequencies upon this basis will be given in the next section.

§16 The Oscillation Frequencies of Solids,

To be able to discuss the plasma frequencies in solids it is
necessary to have a general expression for the dielectric constant °
Unfortunately, a careful calculation of c.. leads to an expression to
~ which it is difficult to give a simple physical interpretations 1In
this section, therefore, in order to render the results more surveyable,
an approximate expression for €. will be usede

The approximate expression for &, which will be used has been
briefly derived in Appendix ;; the modifications to it which arise in a

more caroful treatment have alse been indicated theree € .can be

oxpressed in the form

-~ o
éa)A R S T e S0

(16.1)

where %, amd 2,4 are the (real) polerisability and conductivity tensorse
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€.k« Can correspondingly be written
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(1662)
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where o = R ¥, -k and %=5'§u4'f o The calculation of Aprendix R gives

the expressions
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for & 4 and d, 4 where
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and where /' is the total electronic density (core and conduction
electrons), %n 1is the Bloch wave function belonging to the n th zone
and to reduced vwave vector k, Eg is the corresponding energy and
N,,, the corresponding occupation number (- 0y 1y £)s The suns over
k' run over the first Brillouin zone and the suas over n ghd n' run
over all the Brillouin zones including the core electron levelse
These rosults will first be used to discuss the free electron

gas cases A free electron gas cen be regerded as a metal with a

single Brillouin zone which extends throughout the whole of k=spaceo
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Substituting the fres olectron wave functions into (16.3) gives
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where the subscripts n and n' have been dropped. This—-expression—ie

-

The condition

for the plasma frequency &4 is % = -7 3 using the expression (1647)

for «,, in this, one obtains after some re-arrangement the equation

y ress STl M et
LT 2 A ) e
A" (wf k) =22 (1648)

for the oscillation frequency wi (there is only one 4% for each k in
this case)s This expression agrees exactly with BP's dispersion
relation (6e22), thus confiming the identification of these oscillations
~ with BP's plasma oscillationse Investigation of the expression (1644)
for the conductivity shows that this will gctually vanish at the plasms
froquency provided Az is greater than the Fermi energyo This exact
vanishing of 0, is only the result of using the approximate expression
(1604) for o, o but the actual damping will, in fact, be quite smalle
The application of the formulaw :-~to calculate the oscillation
frequencies of actual solids will mow be considerede It is first con=
voniemt to transform the expression (1643) using a generalisation of the

ordinary f=sum rule; the result is
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The sum in the first term is just /' times the average of ke (1/m")eE

over the occupied levelse 1n the case of nearly free electron-like
and third
metals it is expected that the sacond[bemsof (1649) will be small compared

to the firste 1f this term is neglected, then one obtains the expression

A /L*ka Nis (k-9)(E-7) Ex
n
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which agrees with the effective mass treatment in the first approximation

(10011) e If now the w; given by (16.10) ie substituted for w, in
and Fhird
the second‘temsof (1669)y one obtains the next approximation
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for w; e
and third
The aecondAtemsof (16411) can now be split up, (artificially it is
true) into several parts which have simple interpretationse These parts

are as followst
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(i) those terms in which n = n' correspond to a conduction band zone;
these terms are of exactly the same kind as those arising from the particle-
oscillator interaction in the expressions (6e22) and (11,16) in the free
electron case and the effective mass treatment; they represent the effect
upon the oscillation frequency of the intra-zone transitions induced by the
plasma field;

(11) those terms in which n corresponds to a conduction band zone and
the n' to one of the higher zones; these terms represent the effecti upon
the plesma frequency of the inter-zone transitions discussed in (1) of 514;

(1i1) those terms in which n corresponds to a core level and n'
corresponds to one of the higher zones; these terms represent the effect
upon the oscillation frequency of the core polarisation which can be
interpreted in terms of virtual transitions of the core electrons (see (ii)
of § 14).

Thus it is seen that the expression (16.11) contains all the main
factors affecting the oscillation frequency which were neglected in the
effective mass treatment. 1t will not always be possible to use the

approximation procedure (16.10), (16.11) to solve the equation
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(from (16.9)) for the plasma frequency; nevertheless, it is evident that
the same interpretations can be given to the various terms of (16.12) as
were given to the terms of (16,11),

Without discussing specific band structures little more can be said
concerning the factors affecting the oscillation frequencies apart from
discussing the effects of replacing the approximate expression (16.3) by
a more accurate expression; such a discussion is rather difficult, but
an indication of the effects has been given in Appendix B,

There are, however, two alternative methods of obtaining information
concerning the oscillation frequencies, both experimental, These methods
will be the subject of the next section,

§17. Experimental Methods of Investigating the Dielectric Behaviour

Apart from the theoretical calculations of the preceding section
.there are at present at least two experimental methods of obtaining direct
information concerning the dielectric behaviour of a metal, The first
of these methods is by investigation of the optical properties of the
metal and the second is the investigation of the small angle, inelastic
scattering of fast electrons in transversing the metal (see $ 8).

Since the theory of the optical spectra of solids is very well-known,
very little will be said concerning it here, It is sufficient to remark
that in many crystal structures (including all orystals with cubic type
symmetries) the dielectric tensor €, = of (15.5) is a multiple of the unit
tensor and is, in fact €, Z . In this case the solid will exhibit

-

the same dielectric behaviouwr with respect to both the transverse and
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longitudinal electromagnetic fields, But the dielectric behaviour with
respect to transverse fields governs the optical properties of the solid;
in fact, the polarisability and conductivity e»e at the frequency

are related to the refractive index n and the extinction coefficient

X at the same frequency by

nt-ct = 1 AT

nx w = 170’,(,! (17.1)

where k is the wave vector of the optical radiation, Thus direct measure-
ment of n and X over a range of & will give direct information concern-
ing end €, for certain values of k; it is not expected that either the
polarisability or the conductivity will vary very greatly with k, so that
the measurement of the optical properties will give a good indication of
the general behaviour of these quantities with . Unfortunately the
region of w of principal interest in connection with the dielectric
theory (%w ~ 5-20 eV) corresponds to the far ultra-violet region of the
spectrum and practically no measurements of the optical properties of
solids in this region have as yet been made, Thus it is only possible

in one ortwo cases to use this method at present, Amongst these cases

is the important case of the alkali metals for which the results of Ives
and Briggs (1936, 1937) are available; in these cases it is observed

that the metals become very nearly transparent at what corresponds to the

free-electron plasma frequency (the optical theory predicts that this
will occur at the frequency at which the real part of the dielectric

constant vanishes i,e, at the plasma frequency, provided the damping is
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not too strong); thus it is confirmed that the plasma frequencies of
these metals are at practically the free electron gas frequencies and that
the damping of the oscillations is quite small,

The theory of the small angle, inelastic scattering .of electrons and
its connection with the dielectric properties of solids seems to be less
well known and will be developed here in a little more detail,

The problem is to determine the energy loss spectrum and angular dis-
tribution of those electrons which have undergone inelastic scattering
through small angles within a solid, The treatment which will be given
is very similar to the Weizacker-iilliams method of treating scattering
problems (Weizacker, 1934, Williams, 1935; see also Heitler 1954, App, 6)
and can be regarded as a refinement of the stopping power treatments of the
authors cited in the introduction to this chapter,

The scattering arises from the interaction of the fast electron with
the electrons of the metal, and since the angle of scattering is small,
the momentum exchange #ik in the scattering process must also be small, and
therefore k must be small; thlls it is the long-range part of the Coulomb
interaction which is responsible for the small angle scattering, and con-
sequently this scattering can be quite reasonably treated on the basis of
the dielectric approach developed in§15.

The presence of the fast eleetron in the metal will give rise to an
electric field which, when the polarisation of the metal by the field has
been taken into account, will be given in terms of the charge distribution

representing the fast electronA(15.1O). This field may now be regarded
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as a perturbation acting on the electrons of the metal; as such it will
cause the electrons to make real transitions to excited states above the
Fermi surface, and each electron which makes such a transition will absarb
a certain energy and momentum from the fast electron thus giving rise to
the inelastic scattering, This picture is not contrary to the picture
developed ind8 of the absorbtion of energy from the fast electron as
bein:Z:; the excitation of plasma oscillations for it could be interpreted
in the following way: the fast electron excites a plasma oscillation, but
after a certain time (governed by its half-life due to damping processes)
this oscillation will be damped down to the ground state by an electron
absorbing its energy and making a transition to a state above the Fermi
surface; it is the rate of these latter transitions which will be
calculated by means of the dielectric theory.

The charge distribution due to a fast electron with velocity v passing

through a solid will be

e @) = eSir-yt)
(17.2)
and the ocorresponding Fourier transform of @ will be
Pok = e S(wthkv)
(17.3)

where v = {z’and k"is the component of k parallel to V. According to
(15.10) the corresponding field in the solid will have a scalar potential

whose Fourier components are given by
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Pwé = k% J(u-fvﬁ,.) (17.4)

[A]
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If the corresponding field

pE) ° & o :

s 17.5)
is regarded as a perturbation acting on the metal electrons and the
ordinary time-dependent perturbation theory is applied, it is found that
the component of (17.5) involving ﬂ&kwill only give rise to transitions
in which the electron making the transition acquires momentum ik and
energy hw , and that the rate of such transitions is proportional
toﬁﬁ wéfl . Each time an electron makes such a transition the fast
electron suffers a corresponding loss of energy and momentum; thus it
‘has to be concluded that the rate at which the fast electron makes
transitions in which it loses momentum fik and energy ## is proportional
to /¢u![’. The constant of proportionality is most conveniently cal-
culated by calculating the total rate of energy loss of the field

associated with the ﬂ;kcomponent. The total rate of energy loss of the

field is
R G / T(r,c)- E(r,e) dy
% Z,A—):, I,_,‘ ,-E-w—_/_t
" Le -0 e

(17.6)
where the bar indicates the time average, g(g,t) is the current vector

and ;'kis its Fourier transform. It can easily be shown from the
W



(105)

ordinary theory of dielectrics that

Iué z (“wgué "‘-_-raé)'éulz_
Qi)
so that R can be written
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Putting B . = k Eu[z , using E _, , = - B, which follows from the

reality of E, and using the Fourier transform of (15.9), (17.8) becomes
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where the sum over w of the term involving & ,; just cancels,

Inspection of (17.9) shows that the rate of energy loss of the field
associated with the compoment ;SM is
7 2
(17.10)
Thus the rate Pk , w ) of transitions in which the fest electron loses

momentum fik and energy %« is given by

k3

P(é';t") = 'Zkla‘z}“' I?,..!I
He (17.11)

Substituting for 4 wgi from (17.4) one obtains the formula

327e® Tuk 5 (u+vk,) (17.12)
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This result gives a complete account of the energy loss spectrum and
the angular distribution of scattered electrons due to 'long-range'
collisions, The angle of scattering is related to k by

f - fé_‘/'m"
(17.13)

where k; is the component of k perpendicular to v.

Various results cen be obtained from (17.12) by integrating over the
variables involved, The probability per unit path length of an electron
being scattered through an angle between § anda &t4¢ ana losing energy

hw is given by

.27’&...614;[ Plh )k, = 8o’ Gop  OdL8
v (ar) ﬁhJU /€., I
il g +(». )

since mv2 > #w , the scattering is seen to have & very strong maximum

(17.14)

near to & = 0, The probability of an electron being scattered through an
angle less than o and losing energy ho is (neglecting the small
k-dependence of €, and Ok since most of the contribution to the integral

comes from one region of k )

e kd
sy - 2 e )
? 5 _—_,_ e fiw
Fov™h 674()" hovt [eo (17.15)

whilst, putting & - h‘l:c/mv, the total rate of energy loss due to 'long-

range' collisions is

s [ % gy kGl
bt Lo ale (/e )* (17.16)

per unit path length,
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If these results are now applied to a free electron gas, the
at w= 4
difficulty is met with that both 0,4 and € ,vanish exer—e—imrge—renge
of and P according to (17.12) becomes indeterminate, This
difficulty can be avoided by formally introducing a very small damping

proportional to Y (there will always be some sources of small damping);

then one finds

2
@, Y
Tt el o
ARSI EY] W near 6)1_
Py 7
2 é)l 2
/61‘,&/ 7 la= ,__:f- + l

i 0yt &

(@707

where W, is the oscillation frequency given by (6.,22)., Calculating

2
the ratio 0;! /léwg,l from (17.17) and letting y»+0, one obtains

. o 2
L om __“_’—li i ‘_‘)_Lj S{w——a)l) ©w mear Wy
y>+o ’%gr ¢ 3 4 = (47:18)

Putting this result into (17,12) if is seen that a free electron ges
will absorb energy in quanta of ’FA)& from a fast electron in agreement
with the results obtained in §8. There is an additional small source

of energy loss, For a free electron gas, from (16,14),

z 7 ’
",‘ - ff—:—) %7/\/!’(/"/‘2{'_!) 5;;_’.6{!*{.‘)'{"f

(17.19)
when this together with the appropriate €, is put into (17.12) a small

absorbation of energy from the fast electron at frequencies other than
the plasma freguency is found to occur; this just corresponds to the

absorbation represented by the second term of Eqn. 48 of Pines (1953).
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Neglecting this term, the total rate of energy loss of the per unit path of

a fast electron in a free electron gas is found to be

Qa0
& myV

2A7ime he My

mV‘ th

(17.20)
per unit path length, in agreement with the result of Pines (1953) quoted
in § 8, and with the earlier caloulation (along similar lines to the present)
of Kramers (1947).

Thus it is seen that in the case of a free electron gas the formula
(17.12) leads to the same results as the earlier treatments, Consider now
its application to a real solid, From the formulae (16.3), (16.4), it is
seen that in a real solid it is quite possible for ¢y and €, to vary in
a quite complicated way with & ; consequently, it is quite possible for
the P given by (17.12) to also vary in a complex way, thus giving rise to a
complicated energy loss spectrum, Unfortunately, in the absence of
accurate band structure calculations it is not possible to deduce the actual
energy loss spectra theoretically from (17.12) in order to make a comparison
with the experimental results; it does seem from a preliminary
investigation of the results obtained by Jull (1955), however, that se far
as the non-transition metals of the lower part of the periodic table are
concerned, an almost free electron calculation of O, and €, will when

used in (17.12) lead to good agreement with the experimental results.,

An alternative approach (Frolich and Pelzer, 1955) is to compare
the energy loss spectra with the optical spectra, eliminating “ox and €,

between (17.12) and (17.1); here again the lack of the required optical
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neasurements does not allow this method to be used in many cases at present.
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APFENDIX A

In this appendix we describe the calculation of the dielectric
properties of a metdl neglecting the Coulomb interaction between the
electrons,

Let {,, be the Bloch wave function in the reduced zone scheme with
wave vector k belonging to the nth band and let E!m be its energy.
Purther let N ,, be the occupation number (= @,1) of the state ¥, in
the ground state of' the metal, Suppose now that an electric field

E(x,t) = = Vp is applied to the metal where

ch.x +cwt ¥ h.x-lot

P(E,t‘) s pl«)é 14 a7 ¢”é e
(A1)

 This field will act on the wave functions ¥, (x,t) end perturb them into
L
some other wave functions ¥, (x,t). Using time dependent perturbation
/
theory it can easily be shown that %r,, is given by

-r; Eur
14 k
SZ/‘,,‘ Q‘;“’) = sﬂr,‘ e A

where
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M / i ¢ x  ithtk)x
G ‘ " (< s& ” d.’.‘
ks kn f &n _" (AB)
and

/ 2 cul P

= s A = £/2 — L &/
S_(u) P [‘” € i + 5 «)
(A4)

In obtaining (A2) we have made use of the selection rule that
* t.é.f
/ ¢_@”n' e !‘,,' 0/!

k7= k'tk
vanishes unless k"—wt&! and have used (A4) to evaluate the time integrals,

The perturbation of the charge density, § ¢ (x,t), due to the

application of the electric field is given by

Sp (x,t) = N, e 0,00 - /s@/,,(r,r}/f

"’ < (45)

If we now insert the ¥,  given by(A2) into (45) we obtain

i lﬂe wt &
Sf(f'r) F T Pvﬂ & Z [/ NL+k ,.)V/g sLA’f/n » Lfk Lk { f f‘fff"" [_-f_“-f a))z
nn' *

17’_’8 -.'u(' ¥ / o El’x
+:‘_ Pué Z N/ (1-N, "/)ﬁ,"% Mﬁ’—ly';é’» J_f !'!.; - —w[

/ ’
~k, % rat ol ods ]

é)‘l i
4  Complex cauju’af'c

oﬁ._;_n #cut

n

17re
f’aﬂ

‘I
yn %

/f
B [ 2 N“"‘(/ Nh% ")a Lyuh ' Ng’/é,.',-p'n . ; [!'fllm”[_l’n_}w}

= 1%
2 N (/A/A ) !"_A Al ) [é'—éﬁ”[_‘"’w}]

Al - B A, % k'

+ (om//ex t‘tmjujare
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where we have written

% =i e il 0y Upr periodcc
k‘k / Ah ’
; i (47)
and
* )
GES (CO =R () By s e e R S)
27 ) 27 u 2
(48)
It will be seen from (A6) that 8@ is of the form
kXAl * _ckx —fwf]
810 = [%,l Ca +fwé e kgé (-,—‘) ) /(Id_‘ ﬁe)’:‘oifc g
(49)

Thus the application of the field (A1) gives rise to a charge disturbance
which has the same form as ¢ :p;x;:: ‘f;rom a periodic modulation, It is
this modulation which gives rise to;the local field correction (see
~ Appendix B), Here we neglect this correction and form from &c its

Pourier component § foy ¢ From (A6) this is given by

2 / 3 BTy e
5/om{- % '12'.—::?0! [,“%;,N!'u//’/\{&/f_‘,u')lﬂ gé’,,’l.ﬁ.lts‘-[ é("'; 'h-»‘lﬂf

/ : EL‘L‘;"'—EZA' f]
= A@&/LJ%:&c)/*QL,~ﬂ£?} 5 f =~

é”cn’
(A10)
where we have used
* ol
M = ORI
LS ‘ A / flk
e (a11)
and
Kk
M i /
_[‘(’"ié" H‘), A.I'hl

i (a12)
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If we substitute for the §. and §, functions from (AL) and (A8)

and re-arrange we obtain

S{owé /pué 3 ;6’127 Aég' //—/V_‘,fé’,,l) l M;%,n'j-_ﬁ_'w Il

—‘/,'"r

2 Og ke ,w's b 'n
X[— RY%,n ;A o — 7
wz wi + 7 g(a)bqa)"likl" —-U) ‘ﬁJ(u_k’ié'wI;_l"h fw)]
.‘.é,*’:"')é!n 8

(A13)
where we have introduced the abbreviation
W . Ej‘u’ = Qn
é.ln'; kn =
# (A14)
From the ordinary theory of dielectrics it can be shown that
AT S("ué
Iy D Re CS(*%
A fu;_(
fg oA - LT 7, SPuk
cqei ey b

where Re and Im mean the real and imaginary parts, Comparing with

(A13) we have

1

/
sret 57 i (1= Vet My s | Okt 1

I+ 4me S A
wk # A kmn' ol 2 (A16)
Kekon' k'n — @
AT e ’ ;
ier o GO N (s D 0T S
w i ik '

X [6 ((‘)é.'fé.,n';_ﬁ'u = (d) - 8(‘*{5.‘“1;.‘1" +u)] (A17)

We can transform these results with the help of certain identities,
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The wave function hn will satisfy a Schrodinger equation of the form

Wy = [ E+00] Y = g,
¥ (418)
From the ordinary commutation relations we have
JA.K ko ckx
B ei il ek ()
: e (419)
[[//)e‘é‘t_] e—{'él(] = - i
4 »e
(A20)

Taking the matrix element of (A19) between the states {; ~and ¢, ./

. and using (A18) we have

’ 4 x c'_é._g = = k
F ke 7 ne ﬂ-(__-('-(*_é }L/ 4’5 = ,_M, “ql
Opgosin lohnihi m/pé“é'" £ (p+14) ¥is e
We can use this result to rewrite (A16) and (417)
]1
: Nt (1-Neteh) [ Miith,m'; &
[ 4TS =R ;gf T4 ko ( é*n~)/ k'¢k,m'; A
e 155 ?
Bt Dpnponts ki (Dpetarhe - @7
(A22)
b une’ ) 2
oy » A5 Ny (1 Noa) | Myt a5 ]
MW" k!
(A23)

K [ 8 (utgmpan-w) = 8 @i +“)]

We can further notice that the term in (A22) involving N . N,

fr
e AT
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cancels identically when the summation is performed so that we can

revrite (A22) as

1
[+ g_;r_e‘g /Vg'n /Myq-,u',-g;&/

Am® kg

(e Tgeits = : , t
w!’“é,u’;[;& /Dl"f‘—":";'él" ) ) (AZ&.)

We can use the result (A20) to carry out a further transformation of

(A24), If we take the matrix element of (A20) between the wave function

¥:, ~and itself we obtain oh simplifying and using (418)

j e LA Wegaipnd 1 Mg s [7
Ak n /‘)g.’{ﬁ,,.ll_éé. AJ—‘,_‘_‘I",;.‘/,1 (A25)
from which ’
Nty | Mers w4 /
o= 2f /\/&/11 = 24 D A Ikt
k' E i ko’ wf'*!,n',-!l'n (AZG)

where N is the number of electrons, Combining (A24) and (A26) we have

2
/+47/—°(M = /- E_”gt M+ EE’ZI N!’u/Hélfé,x’lé’ul / o
g Amt ot o Do = i £
knn (A oﬁgt,’l;!lh A W
2 ?
e M A Y AT
e Fmt é'm.'

&)1(4)!,(“,",;"," —4)1)
(a27)
which is equation (16,3) of the text,
For small k one cen made a yet another transformation of (A24). From

(A21) one has for small k



(116)

(3 = Z ~1
IMB’+@,n.é’u/ Dk n; k' + /ML'~/z,n;k’"l Dhih s ke
= Z’_Z.z[ /M/ z 1
k* .k/*_/;é,n,_/_i"n/ [‘)k’+,4 w; ke t /Mé’.—ﬁ,-n,/zl’h/ &)é/__ n‘!’,,]
SR T
v L B = G = 20
1 1

(428)

. 8ince for small k

/ ¥
Kehn s K /“w,n Gy G s

(a29)
From (A28) one has the result

o2 Z, Nﬁ‘n[ .___/Mbl{é..'_____._""é,"/ e /Né"lt,n;é'n/ 7
kin s ) J

: f 57 Ny (Eo)lkv) g v
ko

(A30)

h'th,n ;b Ué e ki

which when combined with (A24) gives
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(e R = T, _/34~V)/§~V)E‘/ +
#’w’ —A;’ k'n AN miacaie

2
2t f.”,e.zf /Vll'h /Mlt’*é.";él”/w!'fé,n:!/"

!
2 )
@' (g a0 — 6

A’ g

pre 57 59 Nan (M es |

2 ’
Hm An w¥n

D / / 2 =
k'th ,n'; k% (w!;’f_t,njﬂh -“’)

(A31)

reproducing equation (16,9) of the text,
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ATTENDIX B

In the preceding appendix an account was given of an approximate
calculation of the dielectric properties of e metal, In this section we
shall comment on the defects of that calculation., There are two
of these. Firstly the electrons were treated as though they were
independent, thaet is their Couloub interactions were neglected; secondly,
to obtain equation (A10) we neglected the periodic modulation of the
electric field in the interior of the metal, Both these effects cont:ibute
to what is normelly referred to as the local field correction,

Let us first discuss the manner in which the results of appendix A
are modified when the Coulomb interactions of the electrons are taken
- into sccount, We shall work with the eigenfunctions of the total

Hamiltonian of the system, These will satisfy en eigenvalue of the form

[ Z'—/- ﬁ‘L + Z—’U(él) +Z '_‘_" ¢ (’ ’x\) ) = /= f
P 2m ¢ ..f/ X--—X ,

(B1)
where U(x) is the periodic potential., The Hemiltonian in (B1) is
invariant ageinst the symmetry operation of adding a lattice vector R to
all the x;. It follows at once that each of its eigenfunctions must be of

the form

(B2)

where

(B3)
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and @k o 18 a function with the property

'@é” (_X"/'!, b+£1"')'§b’+£) = één (fnf\-)““ ..)SA/)

where R 4is any lattice vector,

¢

(B4)

Suppose that the system is in the state represented by the wave
function ¥ k% @and is perturbed by an electric field derived from the

potential function

cwt +ckhox * -lwl - kX
£ TES -+ e
@ (x,t) Pk € Pk (85)

The perturbing term in the Hamiltonian representing the electric field
will be
it gy chix B oo "!'—x;{
= P e Z’e e ek P‘ (s Ze'
Gl o~ c (36)
_ If we represent the perturbed wave function by f’y (e) s then it can be

shown using time dependent perturbation theory that to the first order in

et £I ~
{ % A
%&/’L(“) = -2?/,. &
-t G b Gi=2
ey TR By B )0 ]
n

)

‘ l_[[
i) ot ”rz,"f/k—kx (t—h. /“f;.)g f____,*_.é."uof

(87)

= Z e’ koxs
k :
, ; (88)

and use has been made of the selection rule
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7 /
(Fin e Ga) = 0 ustess p7- hth'tK (39)

where K 1is any reciprocal lattice vector, We have introduced the
convention that ¥,, ., = ¥, since the k in (B2) is deternined only
up to an arbitary reciprocal lattice vector by the translational

properties of N kn + The perturbation of the charge distribution by

the electric field is given by
$p(x,e) = é’f (iﬁ;/*) /9/_*))@;,/*)) = (Fa f/‘)*_zt’ﬂ)}) (810)

Substituting from (B7) into (B10) we obtain after some re-arrangement

8("(’_‘,6) = %ﬂf Pu_l_ etuf
<[ Z G PO ) Firg w24 J-fcg-'f”-—*”’;,—[‘*”'—w/’

5 ,%, (}'z!’n /‘9[-’()1;_&%,,'}/&%,,'/4 fé'x) §+ f—[—l‘;—é’—::é“*“’f]

+ COm/(eK Co;y'ujafe : :
B11

an equation analagous to (A6), We now note using the selection rule (B9)
that

Lo i) = F o8 (. pel]

enabling us to rewrite (B11)



X[Z PR (iz',, #_ )}—@ftn/diﬁa}‘f f,_—ffl—-—-:"-w/

= Z (4 £ (iz_/,;1 kK }éiﬁn)(j}i_l,u'ﬁ ZN» ) 5+;£3"-k"'—[é‘" -mf]
*

7.

+ Comﬁ/?l co':jh]af e (
313)

Thus the expression we obtain for & is again of the form (49). If we
proceed as before and neglect the periodic modulation and only calculate
the Fourier component & Pk » Ve £ind

6/‘4’0_4 = zﬂef‘ Z[/(lzi# ~/o£flﬂ)/ . ; 44 ,;.—[M‘ —w]

" Gy 0 "'/5;5—“— zm/] (B14)

This expression has the same form as (A10) and we can now go on to derive
results similar to those obtained in appendix A, Thus the outcome is that
even when the Coulomb interactions are taken into account the results have
the same form as those derived in appendix A, the difference being

in the type of matrix element and the energies which appear, Because of
these differences we cannot give quite the same simple interpretations of
the various terms arising in the dispersion relation for the plasma

frequency which we did in 816 of the thesis, However, if we considered
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how the eigenstates iz.h:,,‘ of (Bl) esrose from the eigenstates of the same
Hamiltonian without the Coulomb interactions as the Coulomb interaction

were adiabatically switched on we should find that we could give roughly
the same interpretations, We make no further comment here, only noting

that corrections of the type discussed here arise even in the case of a

free electron gas,

We now go on to consider the second feature contributing to the local
field correction, namely the periodic modulation of the electric field in
the interior of the crystal.

Let us suppose that an external field ?@Q‘,") of the form (B5) is
applied to the crystal and that it induces in the interior of the crystal
an electric field whose potential function is ¢(5,¢') and a charge

~ displacement given by § /0()5,1’). Then we shall have
Solx't) dx/
ptec) = PO 4 [

xx’

(315)
Now each Fourier component ¢, of ¢ induces a charge displacement

given by (A9), so that

§plx,t) = 2; 2ok Shega Ky (x)
T 4 Z
/ ¢ /(L‘,Xlit’(") P(Ifc') a/I’al{‘/
(B16)
where
colt-¢) ¢ k-(x-x")
G s, t0) = 2 € Kus (%)
o4 (B17)

Substituting this result back into (B15) we have the integral equation
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' re ) dxolt!
(xt) = @ree) + [ (x5 6" pleje’)d
G § / (B18)

for /@(z,r) , Where
/ 6 (xxit,e’) dx”
ik (B19)

G/g,—x/;f',('y

Since G depends only on the difference of the time arguments we can
obtain a partial solution of (B18) by taking the Fourier transforms of

all quantities with respect to their time arguments, We then obtain

from (B18)

Puts) = PP0) 4 [bule¥)p, )

(B20)
where
Gaisr)—  pOye) = [p )™ do
(B21)
(e)
with a similar definition for @, and
(b (e) Dl ”
6’0(2‘.,2‘,) Z’/ }(g (x")dx
|x -x*) (B22)

To solve the integral equation (B20) we introduce the eigenfunctions
X, (x) of the corresponding homogeneous integral equation; these

functions satisfy the equation

/
v ) < i [Eaex ), 60
(B23)
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where 7\‘.,; is the eigenvalue corresponding to X W « It can be
shown that corresponding to each eigenfunction X,; there is en
eigenfunction 2,,; of the associated homogeneous integral equation
belonging to the same eigenvalue A,; i.e, satisfying
Zald) e N 2 G5 Fre@D) b

W

(B24)

and that these functions af'ter suiteble normalisation and orthogonalisation
of functions belonging to the same eigenvalue have the orthonormality
property
/ i (%) x“,‘/ B3)cds 5.0
i (B25)
The kernel G, of the integral equation (B23) has the symmetry

property
Go(x+R, x4k) = Go(x,x)
(B26)
where R is any lattice vector, It follows at once that its
eigenvalues form a band structure and may be denoted by A wk» Where k

is a wave vector lying in the first Brillouin zone and n is an integral
subscript which distinguishes the various bands, The corresponding
eigenfunctions will have the Bloch form
xbh . eu_i.! th ()
(B27)
where X ok is a periodic function of x., Similarly the corresponding

eigenfunction Y., ~will have the form



(B28)
where T ok is periodie,

We may now solve (B20) by expanding @, in terms of the X,p, :

PN = }7 Pirs ey (B29)

Substituting this expansion into (B20) we can obtain using (B23) and

(B25)

@)
¢olm 5 W»LG 7e /\u[m %34
(B30)
where
@) @)
Pb,ﬁn 7 f?w [5) Zz.)é,; (.’5)/5
(B31)
Equation (B30) has the immediate solution
¢[c)
¢uﬁu = -——Jﬁ—:}_’ (332)
i li=A 4
s0 that Sl
¢(e)
Q) = A& KL sy )
A A e (B33)
Ce) u_é!
We now note that if ¢, has the form e then
(e) / chox - h'x T 7
; I Ry o (x)dx = 0  axless AL4
(el ok st (834)

Thus
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Nl Y Mok
@) = D a3 B = 0 (835)
i 0 /- /‘A:k-n
where
Fokn = [ Togn (x)2x
(B36)
l..ﬁ' 0
and @ 45 of the form ¢~ times a periodic function of x., The

Fourier component ¢ k of ¢ 1is given by

@) Hokn faé
= o/ = o Z = £X
.@oé i / (x)e g Pot n = 2 yka (337)

where

' 3 (838)

" Since according to the ordinary theory of dielectrics Pug /@fz /g“ ’

we have

L = Z’ /u"éh f‘)!h
€ "
ok /- A‘,é,‘ (359)

We see from this result that €4 vanishes whenever the right
hand side of (B39) becomes infinite i,e. whenever one of the A .4»
satisfies A, = / . Thus the plasma resonances are at the frequencies
at which there exist non-trivial X (x) satisfying the equation

Wlt3) e /é“, (x,%) X(x) dx’ i)

This is physically sensible because comparing with (B20) we see that this
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in,tha condition that an internal field can exist in the crystal in the
absence of an external perturbing field,

In general, of course, there will be no frequencies at which the
equation Autw = ! will be exactly satisfied, However, we may argue as
in 815 that the plasma frequencies are those at which the real part of

Awpn 18 equal to 1 and the imaginary part is small, Then at these
frequencies it will be possible for weakly damped oscillations 4o exist
in the crystal, Thus it is possible even when the periodiec modulation
of the field is taken into account to discuss the oscillation frequencies
in terms of the dielectric theory.,

It is easily seen that in the case of a free electron gas there is no
correction of the type discussed above since there is no possibility of a
.periodic modulation of the field; this is an old result due to Darwin
(1934,1943), Thus in the case of a free electron gas and free electron
like metals this type of local field correction will have no effect on the

oscillation frequencies,
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In this and a succeeding paper it is shown how a theory equivalent to the Bohm & Pines
collective motion theory of the electron plasma can be derived directly from a perturbation
series which gives in principle an exact solution of the many-body problem. This result is
attained by making use of a diagrammatic method of analysis of the perturbation series. By
a process analogous to the elimination of photon self-energy parts from the electrodynamic
S matrix it is found possible to simplify the perturbation series, introducing a modified interac-
tion between the particles. A useful integral equation for this modified interaction can be
set up, and it is shown how the energy of the system can be expressed in terms of the modified
interaction. The close connexion between this approach and the dielectric theory of plasma

oscillations is indicated.

1. INTRODUCTION

Within recent years much attention has been given in the study of the quantum
mechanical many-body problem to the collective modes of motion which may be
present (Bohm & Pines 1953; Tomonaga 1955: Bohr & Mottelson 1953). Two main
theories of collective motion have been developed, that of Tomonaga (1955), and
the superfluous co-ordinate type of theory introduced by Bohm & Pines (1953). In
the Tomonaga theory a transformation of variables is made in such a way that some
of the new co-ordinates are directly related to the collective modes of motion, whilst
the remaining new co-ordinates are associated with internal modes of motion. In the
superfluous co-ordinate treatment certain auxiliary variables are introduced
together with an equal number of subsidiary conditions to preserve the correct
number of degrees of freedom, and a transformation is made in such a way that the
new auxiliary variables are related to the collective motion, whilst the original
co-ordinates when transformed are related to the internal motion. If the collective
modes being studied have real physical significance, then it will be found in both
these methods that the Hamiltonian is, to a good approximation, separable
in the new co-ordinates, and a separation of the collective motion is thereby
obtained.

Though these methods are quite successful, they have certain unsatisfactory
features. In the Tomonaga method it is generally found that when the Hamiltonian
has been separated the problem of finding the eigenvalues of the internal motion
part is very difficult. In the superfluous co-ordinate treatment one does not meet
with this difficulty but with an equivalent one; this is that it is difficult to find
eigenfunctions satisfying the subsidiary conditions. In addition, both theories
suffer from the difficulty of not being able to treat very easily the interaction between
the collective and internal modes of motion, or the intimately related problem of
the damping of the collective motion; where the damping is small this is not a very

[ 539 ]
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serious problem, but in certain cases, e.g. the application of the Bohm & Pines
theory to metals, it may be quite serious. We shall see later that this problem of
treating the damping is also intimately connected with the problem of the cut-off in
the Bohm & Pines theory of the electron plasma (1953).

In the case of the electron plasma an alternative type of theory of a different |
character from those described above has been developed. In this ‘dielectric’ theory
(Mott 1954: Frohlich & Pelzer 1955; Hubbard 19554, b) one argues along semi-
classical lines, regarding the electron gas as a dielectric medium. From this point of ]
view one thinks of the electrons as interacting with one another like particles in the |
dielectric medium represented by the remaining electrons; their interaction is
therefore modified and screened. The plasma oscillations are thought of as being the ‘]
polarization waves in the dielectric medium. This approach has advantages over the
other two approaches in that it can easily treat the damping problem, and does not |
attempt so complete a separation of the collective and internal modes of motion, the
one going smoothly over into the other; it suffers from the disadvantages of being
a phenomenological theory and difficult to quantize satisfactorily.

It is the purpose of this and a succeeding paper (Hubbard 1957) to develop yet
another approach to the collective motion problem which is applicable to the
electron plasma, and to similar systems, and which we hope combines the advantages |
of the treatments described above and yet is free of their disadvantages. This theory |
is based upon an (infinite) perturbation series which provides in principle an exact
solution to the many-body problem and therefore contains all the physical effects
including the collective motion. The various contributions to this perturbation
series can be conveniently analyzed making use of diagrams similar to Feynman
diagrams (Goldstone 1957). It is now argued that we may be able to simplify our
perturbation series by a process exactly analogous to the elimination of photon
self-energy parts in the analysis of the S-matrix in quantum electrodynamics (see
for example, Dyson 1949). Thisisin fact so, and the analysis shows that weneed only
retain in our perturbation series terms corresponding to diagrams free from these
parts, provided everywhere in the perturbation series we replace the ordinary |
interaction between the particles by a modified interaction. |

To establish the connexion between this apparently formal device for simplifying
the perturbation series and the collective motion problem let us now consider the
physical interpretation of what we shall do. Just as in the electrodynamic case, we

ran regard the diagrams used in the analysis of the perturbation series asrepresenting
the actual physical process which gives rise to the corresponding contribution to the
perturbation series. Interpreting the parts of diagrams analogous to photon self- |
energy parts in this way, we can see that they correspond to the modification of the
ordinary interaction between particles by the polarization of the medium represented

by the remaining particles; we shall refer to these as polarization parts. Thus, the
elimination of these parts and the replacement of the ordinary interaction by the
modified interaction in the perturbation series is exactly equivalent to going over to

the viewpoint of the dielectric theory described above, so that we may expect our
theory to be equivalent to the other theories of collective motion. This expectation

is in fact borne out by detailed calculation.,
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The present, paper develops the theory in a general form, and the detailed treat-
ment of the electron plasma is reserved for a succeeding paper. Since the diagram-
matic analysis is used in a different (although equivalent) form to that given by
Goldstone (1957), it is developed afresh in §§2 to 4. In § 5 are discussed certain
simplifications which arise when one considers the case of a uniform gas: in the
remainder of the paper it is assumed that we are dealing with this case.

Section 6 proceeds with the main programme; the polarization parts are eliminated
and the modified interaction introduced. In § 7 an integral equation is derived for
the modified interaction which very greatly simplifies its calculation. Finally, in
§ 8itis shown how the energy of the system can be expressed exactly in terms of the
modified interaction. This result will enable us to calculate correlation energies
directly from the modified interaction which in turn can be calculated easily using
the integral equation.

2. THE DIAGRAMMATIC ANALYSIS OF THE PERTURBATION SERIES

We shall consider the problem of determining the energy spectrum and wave
functions of a gas of Fermi-Dirac particles interacting with one another through an
instantaneous two-body potential and moving so slowly that relativistic effects can
be neglected; we include also the case in which the particles move in an external
potential field. The Hamilton for such a system is

H = H,+H', (1)

where H,includes the kinetic energy of the particles and their potential energy in the
external field, and /' is the interaction energy of the particles. /' will be treated as
a perturbation.

One way in which we may develop the perturbation series for /1" is by making use
of the adiabatic approximation. We consider the interaction H’ to be slowly

switched on between ¢t = —oo and ¢ = 0, and to be slowly switched off between
t =0and ¢ = +c0; then a system which at t = — o0 is in an eigenstate 'y of H, will
between ¢ = —oo and { = 0 slowly change into an eigenstate of /1. This result has

been proved by Gell-Mann & Low (1951) in the following form: if '’ is an eigenstate
of Hy belonging to the energy £, then

¥ = lim 8,(0, —0) o/ (1o | Sa(0, —00) [ ¥o) (2)

a—>+0
is an eigenstate of H belonging to the energy

E = Ey+ AE = Ey+ lim (¥, | H'S,(0, —0) | ¥o)/(F,s
0

a—>+

8,00, —0) [ W), (3)
where S,(¢,t’) is the solution of the equation
ih(% S,(t, ') = Hy(t) Syt 1), (4)

satisfying the boundary condition S,(#',t) = 1, and

Ild(l) = MM H, []" a~(WNH, g—alt] (5)
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The parameter « is seen to govern the rate of switching on and off of the interaction ;
the limit « — + 0 means that the potential is switched on infinitely slowly, the condi-
tion for the exactness of the adiabatic approximation.

We can now obtain a perturbation series for 'I' by solving (4) by iteration. To do
this we replace (4) by the integral equation

1 [t
S, () = 1+- H (") S, (") dt’, 5
O =g [ e s (6)
incorporating the boundary condition at t = —oo (in future we shall for brevity

write S, (f, —0) as S,(t)). Iteration of (6) gives

@ 1\n rt 1y T
St =1+ 3 (m’” (u,f (1¢2...J dt, H(t,) Hy(ty) ... H(t,)

n=1 od -

o0

o | 1\t t t
=14+ 3 = (lﬁ) f (l[lf (ltg...J de, PLH(t)) H(ty) ... H(t,)], (7)
n=17: —® - -

where P is the chronological ordering operator; this is the perturbation series we
shall use.
Our interaction Hamilton can be written in the notation of field theory

=

~

|
Hf= :’J' (X") r(x") o(x — X') (x) i (x) dxdx”— FNv(0), (8)

where »(x —X’) is the mutual potential energy of two particles at x and X", N is the
number of particles in the system, and /(x), /(x) are the particle field operators.
These can be written

Yr(x) = Xuy(x)7;,
i
: i (9
V(%) = X (x) w} :
i
where the u;(x) are the eigenfunctions of the one-particle Hamiltonian,
p* '
[2m+ U(x)j w;(X) =, u(x), (10)

in which p is the momentum and U/(x) the external potential. The operators 7; and
5; are creation and destruction operators for the particle in the state i; since our
particles obey Fermi-Dirac statistics they satisfy the anticommutation relations

Do 0i)e = Wo Wl = 0, o 75)s = 04y (11)

[n (8) spinor indices are suppressed since their inclusion only requires a trivial
generalization of the theory. The second term in (8) subtracts the self-energies
of the particles due to the interaction », since these are included together with
the mutual interactions of the particles in the first term of (8). (If the potential
is singular at the origin »(0) is not defined. We can, however, easily introduce

a suitable limiting procedure. If we Fourier transform », »(x) = Jv(k)(‘“‘" dk, then

we can work with vg(x) = [ (k) e™-xdk, for which v (0) is defined, and take
Jr<k

the limit A <0 at the end of the calculation.)
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To obtain our perturbation series in a suitable form for computation we now have
to substitute (8) into (5) and (5) into (7). Before doing thisit is convenient to include
the (constant) second term of (8) in /{1, and to symmetrize the first term; ' then
becomes

1

H“={PW”XNUHW¢@W$HHHM+WWHHMVHV%Wﬂde5 (12)

Putting (12) into (5) we can easily obtain
H,(t) = ﬁ“ﬁ“"'—llv()yvvﬁunﬂm+$unmnﬁukuﬂ,(vn

where x stands for (x,?) and 2" for (x',t'),

va(x—a') = v(x—X')8(t—t') e==!*], (14)
and Y(x) = Y(x,1) = Su(@)n; = Duy(x)e W Eq,
Y(@) = Siuy(@)7;. (25)

Substituting (13) into (7) we obtain

© ] n )
S (t) = ; ln'(hﬁ) J <hl (lz,. f da f dxi d.r,,
xy)v :

1( e
x P (xy) 9(-!‘{)','/(~f1)9"(-rl)+l/(r1) s(x )T(J'i)l/f(f{),---
e ) Yr(an) Y (@,) Yr(e,) + Y (,) Yr@,) () ()], (16)

t
Wheref dx means the integral over all that part of space-time behind the surface t.

We can conveniently analyze the P product in (16) by making use of Wick’s
theorem (Wick 1950). This analysis can be simplified if we notice that we are
interested only in the operation of S, on the particular eigenstate \W°j of H,. We shall,
henceforth, assume that ‘I, is a non-degenerate eigenstate of /1) in which certain
definite states ¢ are occupied. Then we can conveniently take the state I'; as a
‘redefined vacuum state’ (Salam 1953) and resolve i and ¢/ according to

U=yt+y, 71]/:1]/*41]'/ (17)
unocce. ¢
where vo(x) = Y wux)y, (destroys particles),
i
oce. 5
Yi(x) = X wuix)y; (creates holes),
i
oce.
o(x) = Y u(x)y,; (destroys holes),
i
- unoce. .
Ut(e) = Y u(x)7, (creates particles). (18)
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Here the terms occupied and unoccupied refer to the state of occupation of the
state 7 in ;. We then have the result

(@) ¥y = I (x) ¥y = 0. (19)

To take advantage of the result (19) we resolve the P product in (16) in such a way
as to move all the operators i+, i+ to the left and all the operators i, /~ to the
right. This analysis can be performed quite straightforwardly using Wick’s theoremn
When this analysis has been completed we can reject all terms involving 1/~ and /.
/= by virtue of (19). Only one special point arises in this analysis. This is that,
whereas in the case dealt with by Wick all operators with the same time argumeﬂt
either commuted or were already arranged as an S product, this is not so in the
present case and one has to allow for contractions between operators with the sameé
time argument.

When the analysis has been completed, it is found that the various terms con
tributing to S, () 1, (the terms not involving 1~ or /) can be conveniently classified
in terms of certain diagrams similar to Feynmann diagrams, there being a contribt”
tion to S,(#) y, corresponding to each diagram. We proceed at once to the prescrip®
tion for drawing these diagrams and for calculating the corresponding contribution
to Sa(t).

The diagrams will be of orders 1, 2, ..., corresponding to the contributions arising
from different order terms of (16). The prescription for drawing an nth order
diagram is as follows:

(i) Mark » points on the diagram and label these a,,,...,2,; mark a further
n points and label with f, ..., join the pairs of points a;, #} by ‘interaction’ line
(broken lines in the diagrams of this paper).

(ii) Draw directed ‘particle’ lines, one entering and one leaving each point; thes®
lines may run between points or from a point to itself or from a point to the edge of
the diagram or from the edge of the diagram to a point. :

The different nth order diagrams are obtained by drawing in the particle lines 1"
all possible ways. It will be noted that the particle lines form closed polygons and
open polygonal ares, so that to every particle line running inwards from the edge ©
the diagram there is one running out connected to it by a chain of particle lines

The contributions to S,(¢) corresponding to a given diagram is a certain integr®
which can be written down from the following prescription:

(i) For every interaction line z,z} introduce a factor v(x; — ;) into the integl'and'

(ii) For every particle line running from a point 7( = some a; or ;) to the edgé g
the diagram introduce a factor y/*(y) into the integrand, and for every particle lin®
running from the edge of the diagram to a point y introduce a factor y*(y) into the
integrand. The i+ and + are to be arranged so that if 1/ (y) corresponds to ?]10
incoming line of one of the open polygonal arcs and *(z) to the correspondlr‘g
outgoing line, then 1/ *(z) is adjacent to and on the left of 1 +(y).

(iii) For every particle line running from a point y to a point z ($y) introduc®
a factor S(z,y) into the integrand. )

(iv) For every particle line running from a point y to itself introduce a factor Pl
into the integrand,
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(v) Integrate with respect to da,dw,...dx, d]...d>; over the region of space-
time behind the surface .

(vi) Multiply the integral by (2i%)~"(n!)~1(—1)?, where p is the number of closed
Particle loops in the diagram.

The quantity p(x) is just the charge density corresponding to ¥';, namely

oce.

Whilst the quantity S(a’, @) is a propagator given by

unoce. occe.
) = et =) 3 @) (@) —e(t—t) X ue) wfa), (1)
i i
Where ety=1 if ¢t>0

= 0 otherwise.
The function S(x, 2') is the solution of the equation

2
[iﬁ%+ ;;—:,iV? - U(x)] Sz, a") = o(x—x")6(t—1'), (22)
Which reduces to § — p(x, x’)when ¢ = ¢, where p(x, X’) is the ordinary density matrix

orresponding to the state "y
oce.

p(x,X) = X u,(X) (X). (23)

1

As an example of the above prescriptions we give the contribution to S,(t)
Corresponding to the diagram shown in figure 1(a); it is

41\ 2i7
X Yrt(ay) Yr(eey) Yt (ag) Yt (@) Sy, a5) S(wg, 25) S(wg, ;) S(ag, 25) Sy, 27) p(as). (24)

l 1 < ’ ’ ’ ’ ’ ’ ’
= ( ) fd:vl dz,dagda, day dogdagday v, (2, — 27) v, (T — 25) v, (25 — 25) v, (2, - 23)

3. THE LINKED-CLUSTER EXPANSION

The linked-cluster expansion was first suggested by Brueckner (1955) and has
been proved by Goldstone (1957) using the diagrammatic method of analysis of the
Perturbation series. The necessity for this result arises because the ordinary per-
turbation series for the energy, including that derived above, contain terms which
divergc more strongly than N, the number of particles in the system, as N - co.
Such terms can have no physical significance and must cancel out against each
Other: we should, therefore, be able to eliminate them from the series, which is done

* In the linked-cluster expansion. This elimination will be carried out easily and

Naturally in this section using the diagrammatic analysis.

Before proceeding to develop the linked-cluster expansion it is first convenient to
classify the diagrams in a certain way. We shall say that two diagrams belong to the
Same class if they have the same basic structure, i.e. if they have the same arrange-
Ment of vertices, interaction and particle lines and differ only in the labelling of their
Vertices; for example, the diagrams shown in figures 1 (z) and () belong to the same
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class since they have the same basic structure shown in figure 1(c). Tt is seen that
each class is associated with a certain basic structure.

It can be seen from the prescription of § 2 that if two diagrams &, G’ belong to the
same class their contributions to S,(t) are integrals which differ only by a permuta-

tion of the variables of integration, and are therefore equal. Thus all the diagrams of

the same class give an equal contribution, and the contribution of the whole class 8
the contribution of a typical member multiplied by the number of diagrams in the
class.

(b) (c)

FrGure 1

Let us consider how many diagrams there are in a given class. Let (7 be a t,y[’ic‘ql
member of a class /" of order n, i.e. a class whose associated structure has n intera¢
tion lines. We can obtain all the other members of the class by performing certail
permutations of the labels x;, z; of the vertices of (. The permutations of the Jabels
which lead to diagrams agreeing with the prescriptions of § 2 are those which leav®
the pairs z;, 2} connected by interaction lines in (¢ still connected by interaction line
after the permutation. The only permutations which do this can be built up fro™
the following types of permutation:

(i) simultaneous permutations of the x; and 2} in the same way;

(i) the interchange of any pair z;, ;.
The number of distinct permutations which can be built up from these is 272!, If th
application of every one of these permutations to the labels of @ led to a diug!‘ﬂ"'ll
distinct from (, then this would be the number of diagrams in the class. However; it
may be that the application of some of these permutations to ¢ leads to diagram®
which are not topologically distinct from ; for example, the diagrams shown in
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figures 2(a) and (b) which are obtainable from one another by a permutation of
labels are topologically equivalent and must not be counted separately. Suppose the
humber of permutations which take ¢ into diagrams topologically equivalent to
itself is ¢(1") (this number is a function of the structure I" rather than of the par-
ticular diagram); then we can easily show that the number of diagrams in the class
is in fact 2n!/g(1")

0 00 »(o

FIGURE 2

If we denote the contribution of a diagram G to S, (¢) by S, (¢, ) and the contribu-
tion of the class I"to which & belongs by S, (¢, I'), then we have

2np !
g(I')™

We can now develop the linked-cluster expansion. A structure /" may or may not
fall into two or more unconnected parts; in the former case we shall say that it is an
Unlinked, in the latter case linked. For example, the structure shown in figure 1(c) is
linked whilst that shown in figure 2 (c) is unlinked. It should be noticed that this

S (D)= =8.(t,R). (25)

| definition of linked and unlinked diagrams is not quite the same as that used by

80 that S, 1) =

Goldstone (1957).

An unlinked structure /' can be resolved into a set of linked structures; if the
Unlinked structure I"is made up of p, linked structures 17, p, linked structures
Ly ete., we shall writ

et 5 S ['=p, I+ p L5+
Let ¢/ be a typical diagram with the structure /". Using the prescription of § 2 we can
fasily prove that

S,(t, G) = - [n1 S, (t, Gq)]Pr [ny! S,(t, Gy)]Pe .

Where (+,, @, ... are typical diagrams with the structures I}, I',, ..., n is the order of
I and Ny, Ny ... are the orders of I}, Iy, ete. Using (25) we obtain

1 1 . p o | Al .l
Sa(t, 1) = === [9(17) Sy(8 1)1 [g(1) So(E, 19)]Pe ... (26)
g(I')
Finally it can be seen that
g(I") = i et (gL [g(15)]72 .. (27)

1

pipal o USelts TP (6, T (28)
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Let I}, I',, ... be the set of all linked structures; if in (26) we allow p,, p,, ... to run
over all the values 0, 1, 2, ..., then we obtain all possible structures. Since S, (t) is the
sum of the contributions from all possible structures we have

¢} [eo) 1

Si(t)I= DD , Sy, 1) 1P [S, (8, Ls)]Pe ...
a( ) ]).2;0 p}—:O Pﬂpz’ e [ a( I)J [ ( 2)_]
= exp {S,(¢, I'})}exp {S, (¢, I',)}...
= exp {SL.(1)}; (29)
linked
where Sp.(t) = ] 3 SHGID) (30)
=

and we have made use of the fact that the various S, (¢, ¢) commute with each other:
this is because all the 1+ and i+ operators anticommute (see equation (18)), and
each S, (¢, ) contains an even number of these. Thus we see that S, () can be expresse
in terms of S;,, the sum of the contributions from linked diagrams.

Let us now resolve S;,(¢) into two parts

Spa(t) = SEL0) +SLa(8), (31)

SP.(¢) containing the contributions from all linked ‘vacuum’ diagrams, that is,
diagrams with no particle lines running to or from the edge of the diagram, and
7.o(t) the contributions from all linked diagrams with external lines; S, (¢) contains
no operators and is a ¢ number.
Substituting (31) into (29) and (29) into (2) and dividing out by the ¢ number
exp {S1%(0)}, we obtain

W= lim exp {87,(0)} Wo/ (Y | exp {S74(0)} | V). (32)
a->+0

It will be shown in the next section that S7,(f) is continuous as a > +0 whilst
S (t) diverges like 1/c; thus, dropping a normalization factor,

V' = exp {S7(0)} V', (33)
where S7,(0) = lim S7,(0).
a—>+0

We shall see in the next section that the energy shift AZ can be derived fro™
S®. (1), i.e. from a series involving only the linked terms; this series does not contai®
terms diverging more strongly than N and so is free from the difficulty mentioned ab
the beginning of this section.

4. THE EVALUATION OF INTEGRALS

In this section we perform as an illustration the evaluation of the integral repre”
senting the contribution of a simple diagram to S,(0). The result obtained is typic?
of the general case, and we can deduce from it certain properties of the S, (0, @)
furthermore, these results afford a link between the present formalism and that ©
Goldstone.

f

{
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The diagram whose evaluation we shall perform is that shown in figure 3 (). The
Corresponding contribution to S,(0) is according to the prescription of § 2

! 18va/0 2 ’ ’ ’ ’
5 (gziﬁ) f“ dtlfm dtzfdxldxzolxldx2 V(X — X1) (X, — X3) exllth)
X AS(X 2 t"; ‘\13 ) ‘S(x2’ {Zy Xp t ) lt//-*—(xza tz) lf/[+(x19 tl) _1,7/-+(Xé, t2) ll/[‘-(xi’ tl)a (34)

Where we have already performed the integrations over ¢; and t,. Because of the
Nature of the function S (equation (21)), it is convenient to divide the integration

'tz tl tl t'v
! 1 T
k i | [} 1 ! t
_‘__1' Ib-—-ﬂ——- I = :
| n | f5ih 1
|~ | T 1
| I | 1
! ! [ |
_—— +
| P | o IL 1
o o (e
1 1 H 1 J
(b) (c)

F1cure 3

Over ¢, and t, into two parts, one part arising from the region in which ¢, > ¢, and the
Other from the region in which ¢, < ¢,. Substituting for S from (21) and for y/+, i+,
from (18), we have for the first part of the integral

1 ] \2 ocec. unoce. i s ; 3 2
b (‘)”) E L 7‘/\-(x2)“m(x2)”(x2"xz)’”n(xz) “p(x‘.’)dxildx‘.!
“\al/)  ij kmnp

0 ty
x fan(xl)‘n,,(x;)v(xl—xi)m(x»u,-(x;)dxldx;f [t

i g i : S
XOXI){ (t +t) ]( +]1/m E}L—]j’p)tz_*'f(En"}‘E}l_hi_Ej)tl}ﬂkﬁi"?m”j

] oce. unoce. (kem | ) [ np (np l ) l i7) :
! 2l ¢ : 35
82 o2 (Bt By, — B, B+ 2ike) (B, + B, — B,— B, +thar) 174l (39)
Where (km | v|np) = fz’ik(x)um(x’)v(x —X')u, (X)u,(x")dx dx’. (36)
A'similar evaluation of the second part of the integral gives
1 oce. unoce. : 7 (km ' vJ jlp) (?lp | V| ’L]) s (37)
gi;ilm km (Ek'*'»Em_Ei_]gj'{'_ziﬁa) (Ek+ Em—‘E E +ifia ) h 73 ]m ls:

The similarity of these results to the terms of the ordinary perturbation series is at
Ohce recognizable.
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The two terms (35) and (37) may be represented diagrammatically as in
figures 3(b), (c); these diagrams are obtained from () by arranging ¢, and t, it
particular orders and labelling the lines rather than the vertices. Figure 3(b)
represents a process in which two particles in states ¢ and j interact and scatter into
states » and p, and re-interact and scatter into states m and k; thus the whole
process is a scattering of particles out of the states i and j into the states k and m via
the intermediate state n, p. Similarly, figure 3 (¢) represents a process in which two0
particles scatter themselves into states k& and m leaving holes in the states n and P
into which the two particles in states ¢ and j then scatter themselves; thus the final
state is the same in both cases but the intermediate state is different. It will be seelt
that in each case the expressions (35) and (37) contain in their denominators the
difference in energy of the final and initial state and the difference in energy of the
initial and intermediate state.

These results are quite general. Any of the integrals representing contributions t0
S,(0) can be evaluated by the above method, and leads to a series of terms of the
form of (35) which can be interpreted as representing certain physical processes with
the help of diagrams of the type of figures 3 (b), (¢). In each case the denominators of
the expression will contain the difference in energy of the final and initial state and
the differences in energy between the initial and intermediate states.

We can now make certain deductions from these results. The first thing to notice
is that if an expression of the form of (35) arises from a linked diagram, and in vieW
of the results of the preceding section we need only consider such diagrams, then
none of the intermediate states can coincide with the initial state. Since the latter
has been assumed to be non-degenerate, it follows that the energy of none of the
intermediate states can coincide with that of the initial state. If, further, the final
state is different from the initial state, as it is in all the terms contributing to S'M(O)’
then the energy of the final state will be different from that of the initial state. Thus;
in the case of terms contributing to 57,(0), none of the energy differences in the
denominators is zero; it follows at once (see (35)) that each of these terms is con”
tinuous as a—> 40, and that S7,(0) is continuous a-> +0. Thus limS7,(0) 88
a—> +0 exists, and may be evaluated putting @ = 0 at the beginning of the
calculation.

The situation with S,(0) is different, however. In the case of terms contributing
to SP,(0) the initial and final states coincide (although the intermediate states ar®
different from the initial state), and the corresponding energy difference vanishes
giving rise to a factor a in the denominator. Thus S©,(0) diverges like 1/« as o> + -

We should now like to consider the calculation of the energy shift AK. This i
given by (3). It may, however, be more conveniently calculated using a formuld
given by Gell-Mann & Low; it is shown in an appendix that it can be derived from
SP,(c0), and is given by the following prescription: write down the sum of all
integrals contributing to S, (c0) (one from each vacuum diagram); introduce into the
integrand of each of these integrals a factor ihid(t,) and put o = 0; the resulting sum
gives AE.

In the remainder of this paper we shall devote our attention to the calculation of
AE.
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5. THE UNIFORM GAS CASE

The theory of the preceding sections was general in the sense that #/, was supposed
to include not only the kinetic energy of the particles but also their potential energy
n an external field. In the remaining sections of this paper we shall for simplicity
restrict ourselves to the case in which the external field is constant and the particles
form a uniform gas; it is hoped to deal with the general case later.

In the case of a uniform gas it is convenient to resolve the H’ of (8) into two parts.
Suppose the Fourier transform of v is

v(x) = Y u(k)ex-x (38)
K

Then we split » into two parts according to
v(x) = 3 u(k) e X4 u(0) = v'(x) 4+ u(0). (39)
k+0

We can correspondingly write H’ in the form
H' = éfdxdx’yT/(x’) (X)) (X — X) P (x) Pr(x)dxdx’ + L N2u(0) — LNv(0) (40)

and include the last two (constant) terms in /. All the above theory then goes
through as before except that v is replaced by v everywhere. The potential ' has the

Useful property
fv’(x—— X)) dxe=10: (41)

We can now make an important deduction concerning the perturbation series in
the case of a uniform gas. Thisis that in the case of a uniform gas those diagrams which
Contain a part which is attached to the rest of the diagram by only a single interaction line
9ive no contribution S,(t) or any derived quantities. To prove this let us consider the
Contribution of a diagram of the type shown in figure 4 (a), where the two parts 1"
and /™ are connected by only the single interaction line shown. If in the integral
fepresenting the contribution of this diagram we perform all the integrations except

those over x and x’, we must obtain an expression of the form
f]"(x) v'(x —xX)G(x)dxdx’. (42)

However, since the gas is uniform and has no natural origin of co-ordinates, /" and &
Must be independent of x and X', so that it reduces to an integral over v'(x —x")
Which must vanish by virtue of (41). Thus we can omit all diagrams of this type.

In future we shall drop the prime on »’, it being always understood that we are
Working with v".

6. THE ELIMINATION OF POLARIZATION PARTS

As pointed out in the introduction, the main point of introducing the diagram-
Matic analysis in the present theory is that it enables us easily to recognize those
Parts of the perturbation series which represent polarization effects. We are now in
& position to investigate this.
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Let us consider the physical interpretation of the subdiagram shown in figure 4 (b)-
The net effect of this subdiagram is that the two incoming particles scatter off each
other, not through the ordinary direct interaction but via a closed particle loop-
More generally, the subdiagram shown in figure 4 (c), where the circle is meant to
represent some set of closed particle loops and interaction lines connected to the rest
of the diagram by only the two interaction lines shown, represents the scattering ©
two particles through some more complicated process which, however, returns all
the particles involved to their original states. Our hypothesis, which will be born®
out by further calculation, is that these subdiagrams represent the polarization
effect referred to in the introduction, and that they can be eliminated from the
perturbation series by replacing the ordinary interaction by a modified interaction-

(a) (v)
(c) (d)
F1GUure 4

The way in which such subdiagrams can be eliminated from the perturbatio®
series is already familiar in quantum electrodynamics, being exactly analogous o
the elimination of photon self-energy parts (Dyson 1949). Let I"be some structur®
Then it may or may not be that I" contains some polarization part, i.e. some cO"
nected part without external lines attached to the rest of the structure by only t“"o
interaction lines; in the former case we shall say that I'is (polarization) reducible,
the latter case that I"is irreducible. It is obvious that we can obtain all reducibl®
structures by inserting polarization parts in place of interaction lines in irreducibl®
structures.

Let us consider as an example the diagram shown in figure 4 (b), regarding this HO‘.V
as a complete diagram rather than as a subdiagram of some larger diagram. This 1°
a reducible diagram contributing to S7(t), obtainable from the irreducible diagra™
shown in figure 4 (d) by substituting the polarization part shown in figure 6 (@) for ité
interaction line. The contributions to S%(t) of the diagrams of figures 4 (b), (d) are

1 2t ¢ t t
Q(ﬁ) J dxlf dxif day | dayo(e, —ai) v(w, —ap)
X () Yt () P () () S, aeg) Sy, ) (49)

1/1 t ¢ el L
i 1! (m)f dxlf darf v(@y —a) PrH () Yr(ey) Y () Yran). ()
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It will be seen that (43) is obtainable from (44) (apart from an unimportant change

. I the integration variable) by:

(i) multiplying by 1!/2!, the ratio of the factorials of the orders of the diagrams;
(ii) by replacing v(z — ') in (44) by the quantity

t t
%ﬁf d:cf da’ v(x;, — ) v(e; —2') S(x,2) S(z', x) (45)

Which ig just the contribution to (43) of the interaction and particle lines of the
Polarization part of figure 6 (¢) with the integrations at the vertices performed. This
Tesult is typical; the contribution of a reducible diagram is the same as that of the
%rresponding irreducible diagram except that the v’s are replaced by functions of
Fhe type (45) corresponding to the various polarization parts which have been
Wserted in place of interaction lines, and the whole integral has been multiplied by
the ratio of the factorials of the orders.

We can enunciate this result more precisely as follows. If (is a reducible diagram
Obtained by substituting the polarization part I'; for the interaction line z, 2y, I'; for
%y, ete., of the irreducible diagram (' (introducing the convention that if the line
%i%; of (' is left unchanged we say it has been replaced by the polarization part I';),

then E
S0, 6) = =5 8(t 65 W (L), Wi Ty, ), (46)
n!
}Vhere n and n’ are the orders of G and ¢, S(t, '; W/ (I5), W/(I,,), ...) means that
Wtegral for §(t, @) with the v(z; —}) replaced by the functions W/ (2, a;, I %)» and
W:'(x', x, I"") is the expression which arises from the polarization part " in the same

- Way that (45) arises from the polarization part of figure 6 (a), remembering that in

© case of the special polarization part I'; this is just v(z —a’).

_ Let I'be a reducible structure contributing to S7(¢), i.e. with external lines. Then
1t can be seen that 1" arises from some unique irreducible structure 7. Consider the
total contribution to S%(¢) of all the diagrams with structures which reduce to
Agiven irreducible structure 1”. A straightforward counting of diagrams shows now
that this total contribution is given by the expression

WA S, G W), W

m‘%’.:%: (’ ’ t( sl)’ t( 32)7“')3 (4-7)

Where the sums run over all polarization parts, and
v
W@, 1) = i) Wi (@', @, I"), (48)

Where g(/") is the g factor of the polarization part /7, defined to be the number of
Permutations of the internal interaction lines of 1" which take it into itself (these
9 factors are exactly analogous to those of §3), and m is its order, defined to be the
Number of internal interaction lines of I" plus one.

Since S(t,@"; W(I,), W(Iy,),...) depends linearly upon the W(I) we can write

47) g
\47) as S (49)
u8ing (25)7 where %(x'7x) =3 %‘l W{(w’, Z, F.;) (50)
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Thus, we see that the contribution to S, (t) of all diagrams reducing to the structure
I can be expressed in terms of the contribution of the class I” by replacing v every”
where by 7. Since every diagram contributing to S, (f) is uniquely reducible,.‘"e
see that S, (f) can be expressed as a sum over contributions from irreducible
diagrams by replacing v by ¥/ in all the integrals. Thus ¥] plays the part of &
modified interaction. In order to calculate the perturbed wave function we shall
be interested in ;. ;

We have shown above how the perturbation series for the perturbed wave function
can be contracted by introducing a modified interaction. Let us now consider th‘?
perturbation series for the energy shift AZ. This has been expressed as a sum over
vacuum diagrams in §4. We could proceed as above and reduce this to a sum o'ver
irreducible vacuum diagrams by replacing v everywhere by 7, (since the tim®
integrations run up to ¢ = oo in the case of AE) except for one feature. Whereas every
diagram contributing to S7(¢) is uniquely reducible, this is not true for vacuu®
diagrams in general. For example, the diagram shown in figure 5 (@) could be I‘ed‘f‘ze
to either of the diagrams shown in figures 5 (b) or (c) by regarding either the righ
hand or the left hand part as the polarization part.

\\\\\ — S
e gy N
\ XN
\\ 8
\ \
| \
| 1
/ A
o / ’
————— // -7
e ‘/
(a) (b) ()
Ficure 5

The fact that the reduction may not be unique can be overcome by demanding
that every vacuum diagram be reduced in such a way that the point x, remain in th,e
irreducible residue; any vacuum reducible diagram can always be reduced in this
way provided that it contains no part which is connected to the rest of the diagra
by only a single interaction line, and we have shown in the preceding section that
such diagrams can be omitted. Furthermore, it is necessary to reduce the diagrams
contributing to A¥ in this way, otherwise the factor i%d(¢;) would appear in som®
polarization part and spoil the theory.

Taking this point into account, we find by counting diagrams that the to%
contribution to AE of all diagrams which reduce to a given irreducible structure I

otal

nmili n'
QTIT')_% gimn’—knsl—knsz—#

AB(G'; W (%), Woo(T), --), (51)
where (' is a typical diagram with the structure I and n, is the order of the polarizd”
tion part I}. Because of the factor (n’+n, +n, +...)", we cannot perform the sum
in the simple way we did in (47). However, we notice that if we regard the
interaction v as being linearly proportional to some coupling constant A, the”
AE(G'; W (I), Wo(Iy,), ...) varies as A"+nstnst- Thus we can write (51) as

AdA 2™ n' 2)

S S PR AT AW (T e (T L) (5
o XG5 B AR @ Wl Wall) )
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; We can now perform the sum as we did in (47) and obtain

|

) AdA2np’)
' W/ AB(Q; Y%, Vo ---)s 5
‘ f() A 9(111) ( © ) (03)
i enab]ing us to express AZ as asum overirreducible diagrams. In this case we replace
( vby 7% (which will be written %~ for short in future); it is this quantity #,, that we
vt 'gard as the real modified interaction rather than the more general 7}, since in the

| ] Cleulation of all observable quantities, such as A, 7, will turn up rather than 7.

7. AN INTEGRAL EQUATION FOR ¥~

)

'}, In the preceding section we have introduced the modified interaction and
®Xpressed it in terms of an infinite series. In this section we should like to consider
]

0me of its properties.

, (b)

’ FIGURE 6

We first notice that in the case of a uniform gas 7”(2’, z) is a function of z — 2’ only.
‘or 50 far as the space co-ordinates are concerned it can only be a function of x — x’
Ccause of the spatial homogeneity of the system. Also each of the integrals in the

Serieg for ¥~ (equation (50) with ¢ = c0) is an integral whose time integrations run
from o to +oo and whose integrands are products of factors each of which
depends only upon time differences (see e.g. (45)); consequently ¥ (z’,x) can
depend only upon ¢’ —t, and is therefore a function of 2’ —a. Tt should further be
Noticed that there is no reason why 7" should vanish when t4#’, so that the modi-
fied interaction 7 will not in general be an instantaneous interaction like » but a sort
Of retarded interaction.

We shall now see how we can set up an integral equation for 7~ which will enable
U8 to express it in terms of a series more rapidly convergent than (50). Let I"be any
Polarization structure. Then it may or may not be that I” consists of two or more
Darts which are only connected by single interaction lines. In the first case we shall
Say that I'is an improper polarization structure, in the latter case that it is a proper
_I)Olarizntion structure. For example, the polarization structure shown in figure 6 (a)
'S & proper structure whilst that shown in figure 6 (b) is an improper one.

Let 1" be some improper polarization structure. Then I can be uniquely resolved
a8 shown in figure 6(c) into a proper structure /” and some other polarization
Structure 1", proper or improper. Let us introduce as follows the quantity W (', z, I')
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related to W, (I) (to be written W (I') for brevity in future). It will be seen from the
prescription of the previous section for W(I") that it can be written in the form

W', x,I) =fv(x’—x’) W(x", ", [ ov(@" —z)dz" da", (64

the two »’s being those corresponding to the two outgoing lines of the polarizaﬁlon
structure, and W containing the contribution from all the internal interaction a1
particle lines with the appropriate integrations performed. For example, in the casé
of the polarization part shown in figure 6 (a) (see (45)) W will be

W', x) = i%S(x’, ) Sz, a'). (69)

We can now prove that the contribution of the polarization part resolved &
figure 6 (c) can be written

W' e, T) = f 0" =) W (g, g, I7) 003 —2g) T (05, g, ) 022y — ) lary Ay dig 420

(56)
If we introduce the quantity
W*(a',z, ") = fv(x’ —x") W(x",x, ") dz", (67)
we can write (56) as
W', e, I') = f WH(x', ", I") W(a", , I") da". (58)
ation

Let us now consider the contribution to ¥~ of all those improper polarizé
structures which give rise to a given proper structure I” when resolved a8 in
figure 6 (¢). This is evidently obtained by summing over all structures I apart frot
I, on the right-hand side of (58), and is given by

J\W*(xl’ x”, ]“II) E W(x/l’ x, ]’Yll) (lx” (59)
"Iy

If we add to this the contribution of I" itself to ¥~, which from (54) and (57) 2
given by

JW* 2", I'")v(a" — ) de, (60)
we obtain
fW"‘ 4 NwE@E"—2")+ X W' e, I")]dx" = fW*(x’,x", "y (2", x) da” (6])
I+,

for the total contribution to ¥~ of the proper diagram [ and all the improper ones
which give I on resolution. To obtain ¥~ we now have to sum this expression over
proper polarization parts I and add the contribution of the polarization part

which is just »(x —2’). Defining
proper 60)
VHa,x)= Y W, I), (6

I'&T,

}
\

f

sil’l

we have v (x',x) = v(2' —x)+JV*(x’,x”) Y (x”, x) da”, (63) '
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1’ Thug we have derived an integral equation which gives ¥~ in terms of ¥"*, This is
¢ esira because the series (62) is very much more rapidly convergent than (50).
| the solution of (63) presents no particular difficulty in the uniform gas because all
) the Quantities involved depend upon the differences in their arguments and the

)
§

] “quation may be solved by Fourier transformation.

We should like to complete this section with a comment on the physical interpre-
| tation of the result (62). The modified interaction between two particles can be
{ "garded as a superposition of their direct interaction and the interaction of each
| With the polarization field of the other. These two interactions are represented by the

8t and second terms on the right-hand side of (62). The polarization produced at

My point by one of the particles depends, however, not upon the direct field of the
] Particle at, that point, but upon the modified field; this is represented in (63) by the
, dependence of the second term upon 77, ¥ *(a’, ") representing the field at 2’ due to

| the polarization at the point 2",

8. AN EXPRESSION FOR AJ IN TERMS OF V

J , We have seen in §6 how A can be expressed as a sum of terms corresponding to
] educible vacuum diagrams. Our result can be written

’ irreducible

vacuum /\d/\
AE="3 f @) AB(G), (64)
G 0

j Where n((¥) is the order of (/ and AZ,(G') means the contribution of the diagram ¢ to
& with » replaced everywhere by 7.
. Suppose now that ¢ is some irreducible vacuum diagram. If we break the
Wteraction line @, ], the diagram may or may not fall into two separate parts. If it
Yes, then it is of the form shown in Figure 4 (a), and we have seen in §5 that such
diagrmus give no contribution. If it does not, then breaking this interaction line
fads to some proper irreducible polarization part ' (since G was assumed to be
recducible).
It can now be proved that if on breaking the line ;2] in the diagram ¢ we obtain

the polarization part I, then
) 'ik : i / g(r’
AE,(G) =fd:vlf(1xllfta(tl) V(2 — 1) W(y,21, I) 7_17(677)7!“2);'(05’ (65)

Where W (', 2, I') is the same as W (2', 2, I') except that » has been replaced every-
Where by ¥

. If we substitute (65) into (64), our sum over diagrams reduces to a sum over
Ureducible polarization structures, each structure being counted a certain number
Of times. Counting of diagrams shows that this sum reduces to

proper
1 fAdA 45 2 irreducible ___
AE = 5| — |day|dayifid(t,) ¥ (e, —25) ¥ W(xla,I). (66)
2 0 A rer, 1620 |

Deﬁuing the quantity
proper
Ll irreducible =, I"‘OBL‘I" = 4
¥ (wh2) =W (w2 1) =SV W (! 2 1), (67)

I'+r, I'4r,
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we see that (66) can be written
Al = f :Sl/\i\ f i f Az, 58 (2) V(e a2) V(& ). (68)
The quantity ¥ is closely related to . We have in fact (57), (62) and (67)
VK @) = f V(") v(a" — ) da, (69) °

and ¥ is related to ¥* by (62); thus (68) isin effect an expression for A in term
of 7. Using the result (68), we obtain the expression

oce. 1 A .
E=7Y Ei—%Nv(O)+~%N2u(O)+%b f ‘1):\- fdxlfdx;a(tl)V(xl,x;)nf(xi,xl) (70)
i (1}

for the energy of a uniform interacting gas, where the I, are those of equation (10)
In the case of a uniform gas the first term of (70) is just the kinetic energy of the
particles in the occupied states together with their potential energy in any constan
background potential which is present.

9. SUMMARY OF RESULTS

In this paper the following results have been obtained.

(i) It has been shown how the perturbation series for the many-body problefrl
may be expressed as a sum of terms each of which is associated with a certal?
diagram.

(ii) This has been reduced to a series of terms (linked-cluster expansion) corre”
sponding to linked diagrams.

(ili) A series has been obtained for the energy shift A% due to the interaction, each
term of which is associated with a certain ‘vacuum’ diagram.

(iv) In the case of a uniform gas it has been shown that some of the terms of
series give no contribution and may be omitted.

(v) Thisseries has been reduced to one overirreducible vacuum diagrams, i.e.
diagrams containing no polarization parts, by introducing a modified interactio :
in place of the ordinary interaction ». An infinite series has been given for 7.

(vi) An integral equation has been obtained for ¥~ in terms of a quantity
which is given by an infinite series much more rapidly convergent than that for 7 *

(vii) Finally, the energy shift and the energy of the whole system have beel
expressed in terms of the modified interaction 7”; the latter is calculated from the
integral equation the rapidly convergent series for 7"* replaces the original perturba’
tion series.

In a later paper these results will be applied to calculate the correlation energy of
a free-electron gas, and it will be shown that essentially the same results as those
Bohm & Pines (1953) can be obtained by taking only the first term of the series for
#7* and making allowance for certain exchange terms.

this

over
%

The author wishes to express his thanks to Dr J. S. Bell for much helpful advi¢®
and criticism,
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ArPENDIX. THE CALCULATION OF AK

| To calculate AE we start from a formula given by Gell-Mann & Low (1951),

i namely
| AE = lim ﬂia/\—]n (W | 8,(0, —0) | ¥y), (A1)
‘ a—>+0 oA

Where 2 is the coupling constant of the interaction. Using the same method as

i ell-Mann & Low we can also derive the formula

AE = — lim 1ﬁa/1ﬁln (Wo| Sz 1(c0,0) | ¥y). (A2)
F a—>+0
Urthermore, we have
8,(00, —00) = §,(c0, 0) S,(0, —0), (A3)
from which S71(00,0) = 8,(0, —00) 8500, —00) (Ad)

It wag shown in §3 that

8,(00, —00) Wy = exp {SP(00) +87,(00)} ¥, (A5)
Since W o is non-degenerate and S,(co, —c0) connects only states with the same
®hergy in the limit as c— + 0, we see that S7,(c0, —0)—>0 as & + 0. From (A1),
(A2), (A4) and (A 5) we have

AE = lim —ifiaA —~ 8 n (W | 8,(0) [exp {S7,(c0)}] texp {—SPu(0)} | )

a=>+0 /\
— lim 1iza/\—— [In (¥, | S,(0) | W) = SL,(c0)]
a=>+0
= —AK+ lim ificA —~ S(O)
Jim a3 50, ). (a0
Thus AE =} lim 1]L0¢A—~S‘°’ ), (00). (AT)

a—>+0
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Now 89, (c0) is a sum of terms corresponding to vacuum diagrams. When all the
integrations in an nth order diagram except those over #,1,, ..., 1, have been per-
formed, we shall have an expression of the form

fdt1 ...fdtn (A Th (A8)

We can split this up into n! terms by making different time orderings. In each of
these terms we can perform the time integrations in any particular order; let U8
agree to always perform the integration over ¢, last. When we have performed all the
integrations apart from that over ¢, in any term we end up with an expression of the

form 2
f dt, e~ It 1H1B JJ g-n—Dalt I-1EL (1), (A9)

where the factor exp {—« | ¢, | +iEt,} arises from the corresponding factor in Us %nd
the term exp{—(n—1)a|t,| —iE¢,} arises from the performance of the rem&infng
integrations. Performing the integration in (A 9) gives 2M [nec +O(1). The operatio?
A(d/dA) on the contribution to 8@, (c0) of an nth order term just multiplies it by 7
Thus the contribution of the term (A 9) to A¥ is just

lim Lifian {% + 0(1)} — M. (A10)

a—>+0

Let us now compare this result with

f et f " Q0,808 Uylbyy by ons ), (A1)

which arises from (A 8) by inserting a factor i%d(¢,) into the integrand and putting
o = 0. If we evaluate this by splitting it into terms with different time orderings 2
perform the integration over #, last, we find that the term which corresponds £
(A 9) is when all the integrations except that over ¢, have been performed

f " dt,if8(t,) M elBu-1E4 — i, (A12)
which agrees with (A11), the terms written O(1) in (A 9) disappearing when & = 0-
Thus the insertion of a factor i%d(t,) into the integrand of (A 8) and putting o = 0 ha5
the same effect as operating with i%iA(d/dA)a and taking the limit as a.— + 0. Thu®
we obtain the prescription of §4.
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The description of collective motions in terms of many-body
) perturbation theory

IT. The correlation energy of a free-electron gas

By J. HuBBARD

Atomic Energy Research Establishment, Harwell, Didcot, Berkshire
(Communicated by R. E. Peierls, F.R.S.— Received 16 July 1957)

The theory developed in a previous paper is applied to calculate the correlation energy of
afree-clectron gas. The theory involves no cut-off and gives a uniform description of collective
motion offects in the long-range limit and of particle motion effects in the short-range limit.
It is shown that in the lowest order the theory agrees with Bohm & Pines’s plasma oscillation
theory in the long-range limit, but is inadequate in the short-range limit. The theory is
j] approximately evaluated to the next order, which is correct in the short-range limit, and is
applied to calculate the correlation energy at several gas densities; the results are in good

agreement with those of Bohm & Pines.

i
1. INTRODUCTION

Iny previous paper (Hubbard 1957), which will be referred to as I, a method of
| WMalyzing the perturbation series for the many-body problem was described, which,
It was stated, would lead to a theory equivalent to Bohm & Pines’s (1953) plasma
9cillation theory when applied to a free electron gas. In this paper the general
ory of I is applied to a free-electron gas and this claim in part substantiated.
Bohm & Pines’s theory has had three principal applications. These are
(i) to the calculation of the correlation energy of a free-electron gas;
(i) tothein terpretation of the energy loss spectra of fast electrons passing through

hin meggl films;
(iii) to give a theoretical basis to the ‘independent particle’ picture normally used

M the discussion of metallic properties.
3 The present paper is concerned purely with the first application, i.e. the applica-
bon of he theory developed in I to calculate the correlation energy of a free-electron
8as. It jg hoped in a later paper to deal with the items (ii) and (iii) above in terms of

t ;
he theory developed in 1.
In §2 of this paper the expression given in I for the total energy of the system is

tfﬂnsfornmd into a form more suitable for calculation and the integral equation
8Ving ¥ in terms of ¥ * is solved. In §3 7 *is calculated in the lowest order for the
gP01111(l state of an electron gas, and in §4 the nature of the results obtained is
}I‘Vestig;mtcd; it is found that the theory is adequate in the long-range limit but
,ln&dCQHate in the short-range limit. In §5itisshown that to make the theory correct
N the short-mnge limit one has to carry the calculation of ¥"* to the next lowest
Order, and this calculation is performed approximately. Finally, in §6 the results
of umerical computations are quoted and compared with Bohm & Pines’s
€ory,
[ 336 ]
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2. THE CALCULATION OF THE CORRELATION ENERGY

: i : & Pines (1 '3)v
The svstem considered is the same as that discussed by Bohm & Pine ([%rgo
e : . i - gtive charg
namely an infinite electron gas moving in a uniform background of positive e
5 . 3 iy m s | al =

of such a density as to make the system as a whole electrically neutral. The Hé

tonian of this system can be written

s ome? . . _ (1)
Hi=SYe=snet> b tyeac et il
i 2m i4j ko KP
cond

. . > . . . . oL e se
in which the first term represents the kinetic energy of the electrons and th

' . i i : . Fourier
term their mutual Coulomb interactions. The term with k =0 m the v
is exactly

expansion of the Coulomb interaction has been removed because it itive
s

; ; : e f pc
cancelled out by the potential energy of the electrons in the hackground of |
charge.

g o the
egarding th

In [ it was shown that each eigenstate of the perturbed system (r | with

. . : . accoclatec
interaction between the electrons as the ‘perturbation’) could be associd g
: - : hardd . ne the interaction X
an eigenstate of the unperturbed system from which it evolves as the inter: { the
: . . : 5 S .onsists 0
slowly switched on. The Hamiltonian of the unperturbed system CoIE

Thus,
el . : . . Sl . o Jaig , waves. ] ;
first term of (1), the cigenfunctions of which are determinants of plane wa ich
1g v

i : ; o d by sayit
sach eigenstate of the unperturbed system is completely specified by say pit‘d'

. . . . _ tateqareoccu
plane wavesare presentin the determinant, i.e. which plane-wave states are
[f the quantities Ny are defined by

. . . D]
Ny =1 ifstate k is occupied, } (2)
Ny =0 if state k is unoccupied, -
atio
b 1 pos c e gooupat]

then any eigenstate of the unperturbed system is S])(‘(fl'l(ﬁ(l by giving its ocou] iving

‘ 3 5 v s -0t W g (=)
numbers N,. Further, each state of the perturbed system can be spec g \] Pn the

. ‘S = . G 11 18eS he

the occupation numbers in the unperturbed state from which it arises W
interaction is slowly switched on.

m

In the present paper the correlation energy of that state of the ]""‘“”‘h(‘d S{Sfj‘che
which arises from the eground state of the unperturbed system is vnl(rul:ttE‘( are
latter state is that in which all the plane-wave states below the Fermi surfac dis-
occupied and all those above are empty, i.e. the ordinary Fermi ;_[r()llll(l-stﬂt(‘ﬂll\r
tribution. Whilst it is not quite obvious that the state which arises n(liulmt.l(r(th‘e
from this oneis the ground state of the perturbed system, this is taken to beso f(-))un(
moment and we assume that we are calculating t hl(- correlation energy in _t'h() é’“m_
state of the perturbed system. Although it is our main purpose in this ])fl«}:‘ iz
calculate this ground-state correlation energy, much of the work of this S.(,C“(‘))n Ne
the next section up to equation (24) is general and applicable to any distribu®™

In T the expression (equation (70))

v v X in A Sl A !
i }E‘\k e—3Nv(0) + L N2u(0) + !‘,)]J‘ d\/‘ [(137 [(Ll:’(?(’)’/ (@', 7)Y (2% )
0Py e

(3)

&

In ghis

for the energy of the state arising from a given unperturbed state was aive jgno"
A T y : . : : ygystem
expression N = 3] Nyis the total number of particles in the system (the sy Bl
k

t('(l) thc
. " wrjee :
assumed to be enclosed in a very large box and surface effects are n¢ gle
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By are the energies of the individual particle states of the unperturbed system, (0)
is the interaction ener. oy at zero separation and «(0) is the component with k = 0in
the Fourier expansion of the interaction. The quantity A is the interaction coupling
tonstant, and ¥~ and ¥ are the modified interaction and a related quantity discussed
extensively in I; these latter quantities depend implicitly on the occupation numbers
N (see §3).

Tn tho present application the individual particle states are the plane waves

¥, the corresponding energies being given by Ey = #2k*/2m. Thus for a ground-

State Fermi distribution the first term of (2) is (3/5) NE,, where E is the Fermi
in the present case u(0) = 0 since the Fourier component with

eik.

“hergy. Further,
K = 0in the interaction term of (1) has been removed, whilst

2me? dk
Al f B (2n)

This j mtegral diverges, but the divergence is cancelled by a corresponding divergence
in the last term of (3); as was pointed out in I these divergences lead to no difficulty
Since g suitable limiting procedure can e: asily be found. Combining these results one

Can write (3) as

B = 3NE,— {_‘{m\'p? dk‘ 111 d/\fdxfd?lé\(f V¥ (2. 2') Y (2, ), (4)
5 g 2 (277).

o

Which can be rewritten

o 2
F = 3NEy+ Neggon, + :]f fo (j{‘ fdxfdx’(?(l)"/”(m, zf) ¥ (2l )

_J“:”ﬂ"_z il e ], (5)

12 (2”)3 4 exch.f

Where o 5 : 3 o 3
here €exen. 18 the ordinary exchange energy per particle given by
1 oce-  27e? — 0916 R
€ = — = T 1Y
] exch. N4 l kK —Kk” ’2 7

Nd 7 is the radius of a sphere whose volume equals the volume per electron. The
t“ms in the bracket in (5) constitute what is nor mally defined to be the correlation
fhergy: to caleulate this quantity it is necessary to calculate ¥ and 7.

The quantities ¥, ¥"* and ¥ are related (see I) by the equations

V(' x) = v(x' —x)+ (7”*(x',x")“//'(x",x)dx”, (6)

o

Y ¥ x) ’ V(2 x")v(x" —z)da”, (7)

o

Where v(@—a') = v(x—x') (1 —t') and »(X —x') is the ordinary interaction, the

C‘)lllomh interaction in the case of an electron gas. The quantity ¥ * can be
®Xpressed as an infinite series of terms, each term being associated with a proper

Polarization part (see I); ¥~ can also be expressed as an infinite series of terms

(’m'l'esponding to polarization parts (proper and improper). but since this series is
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much less rapidly convergent than that giving #7*, 77 is most conveniently calcu-
lated from (6). Since in the case of a uniform gas the quantities ¥" (2, x), ¥ *(2’, x)
and 77(2", ) are functions of the differences of their arcuments only. one can solve
(6) at once by introducing their Fourier transforms:

Vi(zh ) = o J(lkJ(lm ¥ (K, w) elk- & —DHeE-) (8)

with similar definitions for ¥™*(k, w) and 7(k, w). When these transforms are intro-
duced into equations (6) and (7) one obtains

V' (k,w) = v(k) + ¥ ¥k, 0) ¥ (K, ) (9)
and Y*(k,0) = v(k) ¥(k, ), (10)

where »(K) is the Fourier component of the ordinary potential »(x —x"), given by
v(K) = 4me?/k? in the case of a Coulomb potential. Kquation (9) can be solved
immediately to give

v(k)

(k) = =K. ) (11)

Introducing the Fourier transforms of ¥ and ¥ into (5), carrying out the integra-
tions and dividing by IV, one obtains making use of (10) and (11) the expression

4 T ih [AdA [ dk 1 1/4*(1(,(/)) " 2me? (]k S (l-))
 corr, = ), ,/\ | (2”)3 Ao I _’f/"*(k.m) ‘. J:2 (2”)3 ‘exch. 2

for the correlation energy per electron, where 7 is the number of electrons per unit
volume.

If one now writes ¥k, w) = Ak, 0)+iX(k, o), (13)

where A(Kk, w) and X(k, o) are the real and i imaginary parts of ¥ *(k, »), and notices
that the expression (12) must be real, one obtains

ELale rd/\[ dk ‘-l -2k, w) 2me? dk ok
dmn AJ (2my) e [1-A(k, )2+ 2%k, 0) | k (27) QOXOh:

This is a general O\pr(wsmn for the correlation energy. It remains now only to
calculate 4 and X} in the next section this calculation is performed approximately,

6(‘0!‘[‘

(14)

Tugr MODIFIED INTERACTION

In T the quantity ¥~ was defined (equation (67)) to be the sum over all proper
polarization diagrams apart from I’ o of certain quantities IV

—, X proper _
Ve, z)= 3 Wp(x,z).

4T,
Faking the Fourier transform of this relation, one has
proper

Vko)= Y Wrk,o), (15)

r+r,
where W,(k,w) is the Fouriertransform of Wp(x', z), the latter in a uniform gas being
a function of the difference of its arguments only. It is hoped that this latter series is
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rapidly convergent; it has therefore been approximated to by its leading term, that
corresponding to the simplest of all polarization diagrams, shown in figure 1 (a). It
is actually found that this approximation is sufficient to give the effects associated
with the plasma oscillations to the same accuracy as Bohm & Pines calculated them,
but that the retention of only this single term leads to significant inaccuracies in the
calculation of the particle aspects due to the omission of certain exchange terms.
This latter point and the way in which it can be approximately allowed for is dealt

with in §5 of this paper.

(a) () (c)

FiGuRre 1

In I the expression (equation (55)) for the W corresponding to the polarization

part shown in figure 1 (a) was given: it is

W' z) =— : S, x) S(x, 2'), (16)

ih
where S(z’, x) is the particle propagator given in I, equation (21). In the case of

a free electron gas this becomes

unocc. ’ , i ke ]
S, x) =¢e(t'—t) ¥ explik.(xX'—X)— = K (t'—1)
k l h I
oce. I , i - ; l <
—e(t—t') X explik.(x —x)—’: lk(t—l)’, (17)
K
h2k? ’
where By = L (18)
Putting (17) into (16), one obtains
- 151 unoce. oce. ’ " ) , 1 1 4 ,
W —z) = =|e(t'—=t) 3 3 expli(k’—K").(X'—X)— = (Ep— Ey) (¢ —t)}
in| Y Kk | fi

oce. unocce. oy -
+et—t) X X <‘xv{i(k’—k”).(X’—X)—',—'l(Ek'—Ek.)(t’-t)}I. (19)
Kk k¥ |

from which, on Fourier transformation, one has

3 97 [unoce. oce. ! A E P E .
Wk, w) = ./7[ 3% ok -k —k)a,,{ e +(u}

oce. unoce. ‘Ek' - Ek. ‘] s (:-)-“)

+ Y XY §k'-k"-k)d, +w
X Kk |2 [
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where 6, and &_ are the positive and negative frequency parts of the ¢ function

givcn by 1 P
O (x) = — Do + ._‘33(;1:), (21)
o (: e Ly 1) ) 29
(@)= 5+, (22)

and P means principal value.
is convenient now to introduce the quantities N defined in (2) and re-arrange
t1s d 4
(20) into the form

— 277 [ " B .— B
ltugw):ih{%Aku~ﬂnwga {“ 2 k+4%
BN
SN N ) B o ; ekl 23)
K l J

The expression (23) gives the lowest-order approximation to 7 (k, w). According
to (10), one obtains the lowest-order approximation to ¥™* by multiplying this by

v(K) = 4me?/k*; if one does this, substitutes for the ¢ functions in (23) from (21) and
(22), and re-arranges, one obtains the expression
dre? P
VK, w) = 3Ny —
m / bRk
LT @—‘kk)— L
m 4m*
. 4m?e? e Be | o B B
—1 SN =N, LY. LSt | I +w 24
Wk K Ne 1) _’sl / “[ *’l / | (24)

for ¥ *(K,w) in the lowest-order approximation. The real part of this expression
gives A and the imaginary part X' to the present degree of approximation. It will be
noticed that the real part coincides with the polarizability of a free electron gas
calculated in the lowest order (Hubbard 19535) and that X differs from the corre-
sponding conductivity in that the sum rather than the difference of the two 8 fune-
tions appears.

In the case when the electrons occupy a ground-state Fermi distribution the sums
in (24) can be evaluated quite straightforwardly. The results can be conveniently
expressed in terms of the reduced variables

s } (25)
Y = /1(:)//'],,,’

[t is found that X(x,y) (X and 4 are functions of & — | k| only since the Fermi
distribution is isotropic) is given for > 0 by

T

|

3

2(x,y)

Il

0 when y>a(x+2),

=0 when 2>2 and y<uaz(@-—2),

ST L) soAY
= 2x3[l—4‘(:v#$)]

when z>2 and xz(x—2)<y<z(r+2),

>

~

or when <2 and a(2—-z)<y<z(x+2);

m & :
5 gl/ when 2<2 and O<y<a(2-2x) (26)
P
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whilst for y < 0 X'is given by X(x, —y) = 2(x,y). Aisgiven for all x and y by

dr o Ly N3 |y—=z(x+2)
A(w,y) = e [‘L+ 2{1 —4(‘):—.1,) }ln}]/—.z'(.v—ﬂ)j

1 Ly V. [y ta+2)| -
;]—"(;:+.L/) ‘]ll}y+.l_(‘l,_L);J; (31)

: : 2k
where £ is the quantity £ =" 71/ iy = 0:337, (28)
= s

and ris the radius in Bohr units (B.U. = 42/me?) of a sphere whose volume is equal to
the volume per electron. It will be noticed that to the present degree of approxima-
tion the gas density only enters X' and 4 as a multiplicative constant.

For small @ and y > a(x + 2), the expression (27) reduces approximately to

4‘1(‘15,‘?/) = __!/i)"!/‘l’ (29)

liwp & (4mne?\}
, = - = == 30
Y Ep, Ep ( m ) (30)

where y,, is the reduced plasma frequency given by

4. THE GENERAL NATURE OF THE RESULTS

r . ~ . .

Lo evaluate the correlation energy to the present degree of approximation one
must now substitute (26) and (27) into (14) and evaluate the integral. If the reduced
variables a and y are introduced into (14) and the angular part of the k integration
performed (X and A depend only upon the length of k), then one obtains

" 3 i FAdA [ | "“" | -2 (a,y) [27e2 dk
Eeorr, = — Ep a2de | dy A — | =5 == — €oxol.-
T o Ao Jo In ~ A, y)P+2%2,y) ) K (22 T

(31)

It is useful to investigate the contributions to the integral in (31) arising from
different parts of the axy plane; this can be conveniently done with the aid of the
diagram of the plane given in figure 2. On this diagram the lines oc and bd whose
equations are y = x(x + 2) and y = x(x — 2) have been drawn together with that part
of the line A(x,y) = 1 lying outside the region cobd for a typical value of £, namely
= 1:33 (¢f). According to (26) X vanishes except in the region between the lines
oc and obd. It might be thought therefore that it is only this region of the plane
Which gives any contribution to the integral in (31). However, one must be cautious
because along the line A(x,y)= 1 the integrand becomes indeterminate.

[f the calculation had been carried to a higher degree of approximation. i.e. in
the calculation of 2 one had included terms corresponding to more complicated
polarization parts than that shown in figure 1 (a), then it would have been found
that X' was different from zero everywhere in the plane. Nevertheless. ifit is supposed
that the calculation retaining only the first term is a good approximation, then it
follows that although X does not vanish outside of the region cobd. it is small
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outside this region. One can then sensibly approximate by taking the limit of the

integrand of (14) as >0 in the region outside cobd. Taking this limit one obtaing
_y

lim =71 —A]. 32

T A I | (32)

Thus the integrand has a ¢ function singularity along the part of the line A (x, y) = |
lying in the region outside cobd.

I')r

[0 2}

0 —

/‘ A ————

1 N R x 1
Diagram of the @y plane; the lines y = x(x+ 2) and y = x(z—2) (oc and bd) are
shown, together with that part of the line A (x, y) = 1 lying outside cobd for r, = 4 (ef ).

Ficure 2.

For small  one can evaluate the contribution of this singularity to the integral
by using the approximation (29) for 4 one obtains

N h (1/\ dk 1/2,
amn ), J f , (lJﬂa{l—'7/I}
dA( dk ks
47J f»,,); dy 1«,,,.-’5 [0(y —yp) +0(y+yp)

S (e dA dk’ Ay
merlkon (2m) 1wy . (33)

Now wpocecc A since A = e? is the coupling constant, so that the performance of
the A integration yields a factor 2, giving

L[ dk o, ;
n.[(:hr)3 2 5 \88)

lhus, for small z the contribution of the singularity to the correlation energy is just
what one would ordinarily call the zero-point energy of the plasma oscillations.
Since 1 — A is always the real part of the dielectric constant, whose vanishing gives
the plasma frequency, one may interpret the total contribution of the singularity as
representing the contribution to the energy of the collective oscillations of the gas.
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Having pointed out the existence of a contribution to the integral from the region
of the plane outside obed and its connexion with the collective motion, we now
consider a simplor method of evaluating the integral (31). According to the calcula-
tion of §3, X' and A are linearly proportional to the coupling constant A. Using this
fact one can lmmodiutcly perform the A integration in (31) to obtain

~ N

I P L = 2@,y) (27 dk
Ccorr. = 1 zl,JO ;r-(].r‘ dy tan—!

Jo 1 —A(x,y) | k2 (2m) ~ Cexeh. {35}

where one must always take the branch lying between 0 and 7 of the many-valued
inverse tangent. In those regions where X' = 0in the first approximation we take the
limit as 2'> — 0 of the integrand; this limit will be 0 in the region in which 4 < 1 and
will be 77 in the region in which 4 > 1. Thus, in figure 2 the integrand in (35) will be
between 0 and 7 in the region cobd since X is non-zero in this region, will be 77 in the
region efo since ' = 0 and A > 1 in this region, and will be zero in all other parts of
the plane. There are good reasons for thinking of the contribution from the region
efo as being associated with the collective motion and of the contribution from the
region cobd as being associated with the particle motion; it will be noticed that the
contribution from the region efo for small x is again of the form (34), and that for
small & this is almost the whole of the contribution.
From (24) one can obtain

h (AdA[ dk b [ dA ‘ dk ﬂff
—‘17r7i_,0 /\J (27)3 Jdm SRR (2m "
R ; Byix— By A Ek'»k'—Ek'_._ )J
X ‘\'k.a"\k’(l — Ny k)[‘s( J - (u) ‘ ()( ) " (,)’

902
' dk 27e S
n Kk’

(’77)“ 7]';'.72
FOme2
Il [ lndd SRUPTERE (36)
k‘.: (2”)3 exch.
since V Ne=n
1 dk 2me?
anl —- | — - N/ 37
: nf(:!rr)3 [ %‘ e Ve 37)

isthe exchange energy per particle. Thus one can substitute the left-hand side of (36)
for the last two terms of (35). If the left-hand side is written in terms of the reduced
variables x and y one obtains
3 [00 ® 2, y)

6w =——Hn| 22dz| dy{tan-l : —2(x,y)}. 38

corr. 4” Jl'~ 0 0 J l '—A(.T. J/) ( ./) ( )

As x-»00, Yand 4 >0 like 1/23, so that the integrand of (38) tends to 0 like 1/a*

and the integral is convergent for large x; thus the divergences in the first and
second terms on the right-hand side of (31) cancel.

We should like to complete this section by commenting on how the theor v behaves

in the limits of small and large x. Going back to equation (35), it has already been
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pointed out that the contribution of the first term is given for small x by equation (34)
and represents the zero point of the plasma oscillations. The second term represents
o subtraction of the self-energies of the electrons, whilst the third term cancels out
the long-range part of the exchange energy. Thus, in the limit of small x, the resultg
agree exactly with those Bohm & Pines obtain in the long-range limit (Pines 1953).

For large z, X and 4 become small and one can expand the denominator in the
first term of the integrand of (38) in powers of X and A. If one carries out thig
expansion and performs the various integrations, one obtains an expansion for the
correlation energy which consists of a subset of the terms of the original perturbation
series, namely, all those terms which correspond to diagrams of the type shown in
figure 1(c), consisting of rings of the polarization parts shown in figure 1(a). One
has, of course, only obtained a subset of the terms of the original perturbation series
because only the leading term corresponding to the polarization part of figure 1 (a)
was retained in calculating ¥,

[f one performs the expansion of the first term of the integrand of (38) described in
the preceding paragraph, then the two leading terms correspond to the diagrams of
figures 1(b) and 3 (a). The leading term, corresponding to figure 1(b), is

o

2 r 15 Az (3
——Hp| 2?dx| dy2(x,y), 39
am 1) Jo / )

which cancels out the second term in the integrand of (38). Thus, in the limit of

large @ the leading term in the correlation energy is that corresponding to the

diagram of figure 3(a). If one evaluates the contribution of this diagram to the
correlation energy directly, one obtains the expression

1
b4y . ¥ S '
k X0 k<kp ekp K.(k;j—Kky+ k)
|kt k| >kp |ky—k|>kp

Ry/electron, (40)

which is just the direct part (as opposed to the exchange part) of the second-order
perturbation term (Macke 1950).

5. ALLOWANCE FOR THE EXCHANGE CORRECTION

At the end of the previous section it was shown that in the short-range limit (38)
reduces to the direct part of the second-order perturbation term. This is unsatis-
factory because it is known that in this limit half of the direct term is cancelled by
the exchange part of the second-order perturbation, since only correlations between
electrons with opposite spins are important in this limit. Thus the simple theory
based upon taking into account only the polarization part shown in figure 1 (@) must
be corrected to obtain a theory which is correct in the short-range limit; this
correction will be discussed in the present section.

The exchange part of the second-order perturbation term corresponds to the
diagram shown in figure 3 (b). One would automatically include the contribution of
this diagram if one included in the calculation of ¥ * not only the contribution of the
polarization part of figure 1(a), but also the contribution of the next simplest
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polarization part, that shown in figure 3 (c). Unfortunately, however, the contribu-
tion of this polarization part is very difficult to compute. and one can therefore only
allow for the exchange correction in an approximate way.

(b) (c)

FIiGure 3

The simplest way in which one could allow for the exchange term would be to
calculate the contribution to the correlation energy from the exchange part of the
second-order perturbation term, and add this energy to the correlation energy
saleulated from (38). The exchange part of the second-order perturbation term is

given by the expression

| | 1
(‘) = 32 2‘\_: ‘\_: ‘\_: 7o 9 l{ ¢ 41
Cexch. 1 < k k. k2 (k+kl~k2)'k.(k1_k24‘k) 2 (1)

,<lrp ka<kp
|k, +k|>kp ki—Kk|[>kp

(Macke 1950); the magnitude of this energy, which is independent of the gas density,
has been calculated by Brueckner & Gell-Mann (1957) using a Monte Carlo method
and is found to be 0-:046 + 0-002 Ry per electron. Although this method would be
simple, it would also be rather inaccurate. This is because, although the expression
(41) has no divergence for small £, nevertheless, a large part of the contribution to
the & sum comes from small £; however, for small £ the screening of the interaction
which is not taken into account in (41) is important. For this reason. simply to add
the energy €2, would considerably overestimate the importance of the exchange
correction and lead to too low a value of the correlation energy.

The method used to correct for the exchange effects was to make an approximate
estimate of the contribution of ¥ * of the polarization part shown in figure 3 (¢) and
of certain higher-order terms of the same type. This method has the advantage that
since it is ¥ * itself which is corrected the effect of the screening is automatically
taken into account. The results obtained using this method are, however, only
accurate to the extent to which the method of estimating the contribution of the
diagram 3 (¢) is accurate. Ttisshownin §6 that owing to this cause one overestimates
the correlation energy by about 0-004 Ry per electron.

From a study of the terms involved (see Appendix for further discussion) it was
concluded that the contribution to ¥ * of the diagram of figure 3 (¢) together with
certain higher-order terms could be approximately represented by replacing the
V7¥(k, ) calculated in §3 by

3 7 ¥ (ko)
% ) e 4¢
Yk 0) = [T AR VK, @)’ 52
where f(k) is the functi k—‘“ .
iere f(K) is the function f(k) = SEE (43)

and ¥7¥(k, w) is the ¥ *(k, w) calculated in §3. If the expression (42) for ¥7* is

o,
substituted into (12), then it is found thatin (14) one must replace the Y and A in the
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denominator of the integrand of the first term by X" and A’, where 2” and A’ are the
same as 2 and 4 but are multiplied by a factor
1092 (44)
T ET R
Although the method of estimating the additional contribution to 7 * from tll(;
diagram 3 (c) is rather crude, it has a certain physical reasonableness. For the eftec

. . . L equlve nt
of multiplying the X' and 4 in the denominator of (14) by the factor (44)1s equiy e
to replacing the factor v(k) = 4me?/k* which they contain by a factor
4mer 1 4e? (45)

B2k .
However, the effect of the exchange terms is to reduce the correlation Cff(?"flbl
between electrons with parallel spins because they are not permitted to :lP.Pl""“lL
one another more closely than a distance of the order r, by the exclusion })”“‘Cli))::
This is roughly equivalent to saying that the correlation effects due to the 1 :hc
action of electrons with parallel spins at short distances are much reduced. Bu’i‘ i
introduction of (45) in place of v(k) = dme2/l? is equivalent to this since hal {fin
interactions of an electron are with electrons of opposite spin, and these are cut 0
(45) on the short-range side at about the right distance. ) S ISBE
Further, if one replaces X and 4 by 2" and A’ in (12) and expands in If"“ Lr‘the
27 and A’ for large x, one now obtains in the short-range limit instead of (40)
short-range part of
ot st Vg 1 : : 1
o };/?{[‘E/ﬁu/f 2 TR )
ky<kp ky<kp
ey k| > Fee [key— k| > ep

£ . S i I - 5 , com-
which in the limit of large % is one-half of (40), as it should be. Furthermore,

Ry /electron, (46)

. v . . . s {C ¢ > )art
paring (46) with (40), it is seen that the present method estimates the exchange ]
of the second-order perturbation term to be
B2 —mm—e N » L Ry /electron, (47)
¥ K2k +k1,' k, ks k.(kl—k2+k)
ky<kp ka<lkp

Il +ki >kp [ky—k| >y of
which s to be compared with the exact expression (41). If one calculates the \'ﬂfl‘“j(m
the expression (47) and compares it with the 0-046 Ry per electron of the e‘\'l"'eb:wt‘
(41) some idea of how good the approximation (42) is can be obtained. : 1“" t(llt‘f
calculation shows that (47) has the value 0-036 Ry per electron, which 18 ll“that
smaller than Brueckner and Gell-Mann’s estimate of (41). It can be concludec S
the approximation (42) underestimates the effect of the exchange term by aP

20 0/{) o to be

If one replaces X and 4 by 2" and A’ in (14) then it is found that (38) has

replaced by 3

0 0 2" 2‘" ‘] (48)
S IpR (e [ 2t smle
= i ,,Jn v (lin dy l);'t AT |

: 7 a
v . A 1 1(‘(1 b\ i
where 2”and A" are given by (26) and (27) except that they are to be multipl

factor | a2 (49)
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6. NUMERICAL RESULTS

The integrals in equations (38) and (48) have heen evaluated numerically for values
of{ corresponding to gas densities rg = 2,3, 4and 5 (in B.U.), making use of the Ferranti
Mark I* Computer at the Atomic Weapons Research Establishment, Aldermaston.
The results are quoted in the first and third lines of table 1. In the last line of
this table the differences between the correlation energies calculated from (38)
and (48) are quoted. These differences represent the contributions to the correlation
energy of the exchange effects when screening is taken into account. Comparison of
these contributions with the value 0-046 Ry per electron of the expression (41) shows
the importance of taking the screening into account when correcting for the exchange
effects. Since in the preceding section it was shown that the approximation (42)
underestimated the exchange effects by about 20 9. it is to be expected that the
estimates of the correlation energy are too big by about 20 95 of the energies in the
last line of table 1, i.e. are overestimates by about 0-004 Ry per electron.

TaBLE 1. CORRELATION ENERGIES (RY PER ELECTRON)

gas density, » 2-0 3-0 4-0 50

€eorr, calculated from (48) —0-099 —0-086 —0-074 —0-067
€corr. calculated by Bohm & Pines  —0:093 —0-081 —0:072 —0-066
€eorr, calculated from (38) —0-121 —0-104 —0-090 —0-081
¢xchange correction 0-022 0-018 0-016 0-014

[t will be seen that the correlation energies calculated from (48) are in good
agreement with those calculated by Bohm & Pines (Pines 1955). the latter being
quoted in the second line of table I.

Not only is it possible to compare the total correlation energies obtained here with
those obtained by Bohm & Pines, but one can also compare the contributions
arising from the long- and short-range parts of the interaction and from the inter-
mediate region between these. This is possible because one can in the present method,
a5 in Bohm & Pines’s method, determine the contribution to the correlation energy
arising from a single Fourier component of the Coulomb interaction.

Consider a general interaction whose Fourier expansion is

v(x—X') = J (k) elk &=X), (50)

K
Then the total correlation energy will be given by (12). However, ¥*(k. w) contains
A factor v(k); if, therefore, one were to omit a given »(k) from the expansion (50),
then the corresponding contribution to the k integration in the first term of (12)
Would drop out. Thus the contribution of this Fourier component of the interaction

to the correlation energy through the first term of (12) is

i’ ["‘(M{ Y H(K, w) (51)
[ 8]

e dw = 5
477?1. 0 A y 1—-¥ ~k(k (l))
3 . > » . 3 . 5 . ~ . »
s\lmllnrly, one can find the contribution of this Fourier component of the interaction
to the second and third terms of (12). In this way it can be shown that the
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contribution of those Fourier components of the interaction whose length is between
vk and (x+dx) k- to the correlation energy is given by

~

3 1)) /(l)rll~—3 ) i 1 “‘t e f".z"(lz 59
el (x)de = o |G ¢ 2lxtde. 5¢
4m F 4 "Jo "/l.‘," o ar] A J )

In figure 4 plotted /(x) has been plotted together with the corresponding quantity
in Bohm & Pines’s theory, /,;,.(x), for a gas density r, = 4. I,(x) was calculated
from the expressions

3 kil el | k2 o NN \| 4mk2dk
0 () dri=| ===ty et p 4 ik S pé 4 . .
4 Dplagit)Ca ’ 3nT2m k? 3! 2% | e 2nmwd 77" 8miwy, Il (2m)3
0-916[4 L& 1 (k)%
—=1lA - — - ke for a</;
+ 9 [3 4 e lﬁ(/xt,,) J(l/ o1 </
gaintins oy DY ) l for x>/ (53
= = : s D
ST MR AT L & k.(k,—k,+k) )

ki<kp  kn<kp
Ik, +k|>kp |ke—k|>kp

which give the contributions to the correlation energy of Fourier components of the
interaction with lengths between xk,, and (x +da)k, in Bohm & Pines’s theory; the
notation used on the richt-hand sides of these expressions is that of Bohm & Pines

(1953).

0 f
—
2
-05 / pd
1
-10 o //
3
-15
: 05 10 15 2:0
= "'/I"r

F1GUure 4. Graph showing the contributions of various Fourier components of the interaction
to the correlation energy in the present and in Bohm & Pines’s theory. 1, I(x): 2, I ,(x),
long-range part: 3, Iyp (x), short-range part.

[t will be seen that at k = [k there is a discontinuity in /,,.(x) due to the fact that
the two methods of caleulation used by Bohm & Pines for the long- and short-range
parts of the interaction do not agree at the cut-off. On the other hand, the curve
I(x) shows no such discontinuity because the treatment given here applies
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throughout the whole range of &, giving a description of collective motion at one end
of the range and of particle motion at the other end. It will be noticed that the curve
I(x) shows a point of inflexion at £ x £,.: we have not yet been able to give any simple

explanation of this effect.

7. SUMMARY AND CONCLUSIONS

In the present paper the following results have been obtained:

(i) The correlation energy of a free-electron gas has been expressed in terms of
77(k, w), the Fourier transform of the modified interaction discussed in I, and the
integral equation giving 7 (K, w) in terms of ¥ *(k, w) has been solved.

(ii) The quantity ¥ *(k, w) has been calculated in the lowest order for the ground
state of an electron gas.

(iii) It has been shown that in the long-range limit the results obtained in this
lowest-order calculation agree with Bohm & Pines’s plasma oscillation theory, and
the singularity which represents the plasma oscillations in the present theory has
been identified.

(iv) It has been shown that in the short-range limit these lowest-order calcula-
tions are inadequate because they fail to give the exchange part of the second-
order perturbation term; failure to allow for this term can lead to significant errors.

(v) Anapproximate method of correcting the theory to allow for these exchange
terms has been suggested and applied to calculate the correlation energy at several
gas densities; the error due to the approximations in this calculation is estimated to
be about 0-:004 Ry per electron. The results have been compared to Bohm & Pines
and are to be in good agreement with them as regards total correlation energies.

I should like to thank Dr J. Corner and the staft of the Theoretical Physics
Division at the Atomic Weapons Research Establishment, Aldermaston for per-
mission to use the Ferranti Mark I* Computer and for their general assistance in this
part of the work.
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APPENDIX

In this appendix the rough intuitive arguments which lie behind the adoption of
the approximation (42) for ¥ * are briefly outlined. It is first convenient to introduce
the idea of exchange conjugate diagrams. Let us compare the diagrams shown in
figures 5 (a) and 5 (b); in each of these diagrams one interaction line and its vertices
have been shown explicitly; the parts of the diagram not shown explicitly are
Supposed to be identical. Then the only difference between these diagrams is that
the outcoming lines from the interaction shown have been crossed over in one
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diagram relative to the other. This corresponds physically to the fact that the two
diagrams represent essentially the same physical process except that in one of them
111(-,;(-;1tt(-1'i113_r shown is an exchange scattering process. Such diagrams will therefore
be called exchange conjugates of one another. In general one can obtain exchange
conjugates of any particular diagram by crossing over the outcoming particle lines
at any number of interactions.

Ficure 5

If one writes down the contribution of a diagram ¢/ to the S matrix of energy shift
in the form of an integral over the particle momenta attached to the particle lines of
the diagram, then one can obtain the corresponding integrals giving the contribu-
tions of its exchange conjugate diagrams by simple substitutions. For if in the
integral giving the contribution of ( a certain interaction line gives a factor »(k),
then the integral representing the contribution of the diagram obtained from ' by
exchange conjugation at this interaction line is the same as that giving the contribu-
tion of & except that »(k) must be replaced by v(k + k, — k,), where k; and k, are
the momenta of the incoming particle lines at the interaction line, and one must
multiply by a factor (—2) or (- 1) to allow for the change in the number of closed
particle loops which results from exchange conjugation (the factor 2 or § arises from

Spin summations since on carrying out the spin summation each particle loop yields
a factor 2)

o0l lo- -

(a) (b)

Ficure 6

e

Consider now the polarization part shown in figure 6 («), consisting of n polariza-
tion parts of the type shown in figure 1(a) strung together. If one exchanges
conjugates at all the interaction lines one obtains the polarization part shown in
figure 6 (b) and (n — 1) interaction lines crossing the loop; this is a proper polarization
part contributing to ¥ *, Now according to the preceding paragraph, the integral
representing the contribution of this polarization part will be the same as that
representing the contribution of diagram 6 (a) except that we must replace the » (k)
corresponding to the interaction lines of the latter by »(k+k,-Kk,) and must
multiply by (—1)"-1. If one now makes the essential approximation of replacing
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the v(k + k, — k,) by 47e2/(k* + k%) everywhere, arguing that | k, — K, | x &, and there-
fore
dme? 4me?

vlk+ki—ke) = gk
Ky 2

on the average, then since the contribution to 7 (k. w) of the diagram 6 («) is
[V 5 (k. w)]",

where 7 ¥(k, w) is that corresponding to the diagram 1 («) which was calculated in

§3, the contribution of diagram 6 (b) to ¥ *(k, w) will be

C1e'(k) - Lo iy o
Vikow)| — [1.((k)) 14 (T(k-(u)J = {i“(k-w)| —f(k)¥ Ji‘)
12/ (k | I ,
where 5 r((k)) ey /~7 J(K).

Summing overn = 0, 1, 2. ..., one finds that the total contribution of diagrams of the
type 6(b) to 7 *(k.w) is
2 : /5K, )
VEK, w) Y [—f(K)Y F(Kk, 0] = i )
$ko) S (=f00Y So) = | FAEE

n=
which is the result (42). It will be noticed that the simplest diagram of the type 6 (b)
is that shown in figure 3(c), which has therefore been included.
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[he description of collective motions in terms of many-body
perturbation theory

[II. The extension of the theory to the non-uniform gas

By J. HUBBARD

Atomic Energy Research Establishment, Harwell, Didcot, Berkshire
(Communicated by R. K. Peierls, I'R.S.—Received 3 September 1957)

The theory previously developed and applied to calculate the correlation energy of a free-
electron gas is extended in this paper to calculate the energy of an electron gas in a potential
field. Two new features arise: (i) the introduction of a self-consistent field which is a general-
ization of the ordinary Hartree field; (ii) the occurrence of ‘local field correction” effects. It
is shown that the energy of the gas can be expressed in terms of the eigenvalues of a certain
homogenecous integral equation and a stationary principle for these eigenvalues is given.
The theory is applied to erystals and an approximate expression for the correlation energy
of a metal is derived neglecting Lorentz—Lorenz corrections effects.

1. INTRODUCTION

In two previous papers (Hubbard 1957, 1958), which will be referred to as I and TT,
it was shown how a theory of the electron gas equivalent to Bohm & Pines’s plasma
oscillation theory (Bohm & Pines 1953) could be derived directly from the per-
turbation theory solution of the many-body problem by making use ofa diagrammatic
method of analysis of the perturbation series. For simplicity in these papers only
the case of the free-electron gas, i.e. an electron gas moving in a constant external
Potential, was treated. However, in the main application of the theory, to the
electronic motion in solids, the electrons move in the periodic field of the ion cores.
It is, therefore, desirable to generalize the theory of papers I and IT to this case.
Thig generalization is straightforward and will be carried through in the present
paper.

The theory of the first part of paper I (§§1 to 4) did not involve any assumption
concerning the spatial uniformity of the gas and can therefore be taken over as it
stands. In §5 of I it was shown that if the gas density were assumed to be uniform
certain diagrams could be neglected. These were diagrams containing some part
which was connected to the rest of the diagram by only a single interaction line;
Such diagrams will be said to be //-reducible. In the case of a non-uniform gas these
H-reducible diagrams give a contribution to the energy. However, it will be shown
in the present paper that if a suitable self-consistent field, which is a generalization
of the ordinary Hartree field (Hartree 1928). is introduced then these diagrams can
again be eliminated from consideration. When this is done the theory of paper I
goes through as before.

In this way one is led quite naturally to introduce a Hartree-like field. This is
What would be expected in the non-uniform case, for the piling up of the electrons
around the ion cores leads to additional strong electrostatic fields which are repre-
Sented by the Hartree field. It will be seen that the theory leads to the introduction

[ 199 ]
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of a Hartree-like rather than a Hartree—Fock field. This is because in the p g
theory exchange and correlation effects are treated together and the latter czum(;‘
be represented by a self-consistent field of the ordinary type. That sensible results
concerning the behaviour of electron gases can only be obtained when exchange
and correlation effects are treated together is well known.

In paper II extensive use was made of the uniformity of the electron g?s‘ to
introduce the Fourier transform of the modified interaction and related qua.ntltK;S,
and in particular to solve the integral equation for the modified interaction- I
the non-uniform case this is no longer possible. It will be shown, however, t}u}t it 1?
possible to solve the integral equation in the present case by the introduction ©
the eigenfunctions of a certain homogeneous integral equation. 1t is further sho\’t"11
that the correlation energy can be expressed in terms of the eigenvalues of t.lns
latter equation. The necessity to introduce the eigenfunctions of this equation
instead of the plane waves used in the uniform case is connected with the need. =
introduce a local field correction in calculating the dielectric properties of CI‘ySt.“Hme
solids. A stationary principle for the eigenvalues of the integral equation is givel

The program described above is carried though in §§ 2, 3 and 4 of this paper- :
§ 2 the way in which the theory of I is modified by the introduction of a Sf’lf'c(;,na
sistent potential is described, and in §3 it is shown how by the introduction © 4
suitable self-consistent field the H-reducible diagrams can be eliminated. 1.n §1
the solution of the integral equation and the calculation of the energy are descrl.bg('(;

[n § 5 the special results which are obtained when the electrons movein 2 Perloﬂie
potential field are discussed, and it is shown how an approximate expression for

resent

1.

In

: . ; + inle: the
correlation energy may be derived making use of the stationary P”“mple’
approximation essentially neglects local field correction effects.
2. THE INTRODUCTION OF THE SELF-CONSISTENT FIELD
) -t - e system
At the very outset of the theory developed in I the Hamiltonian of the sy
was written in the form (1
H=H+H,
2 ()
where Hy=32_
=2s—+XU(x;
0 Et om %4 ( 1)7 (
AT £ ‘ nal field ©
in which p; is the momentum and U(x;) the potential energy in an external fi
the ith particle and / t
H = 2 (X —X,)
i+

o 4 : i 3 / : e the un-
is the interaction Hamiltonian of the particles. /1, was then treated as t

perturbed Hamiltonian of the system and /" as the perturbation.

rarent
iy . g : ; : ; .o differ®
l'o introduce the self-consistent field one splits up the Hamiltonian Hinad

manner from (1). Let the self-consistent field be V(x) and let )
(4
Vi= 2{' Vi(x,).
Then one writes instead of (1)
fijants. ()
H=Hy+H = (Hy+V)+(H' -V)
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and now treats H, = H,+ V as the unperturbed Hamiltonian and ' = H' — V as

the perturbation.
When this is done the theory developed in I goes through as before except for

the following changes:
(i) In T the u;(x) and £,, which are the solutions of the eigenvalue equation

[P?/2m + U(X)]w;(X) = E;uy(x), (6)

were introduced. Since the unperturbed Hamiltonian is now H, instead of H, one
introduces in the present case the solutions uy(x) and &} of the eigenvalue equation

[p*/2m + U(x)+ V(x)] uy(x) = Bjui(x) (7)

. . . — ’ 2
and the corresponding creation and destruction operators 7; and 7;- The main
. . > . . o
difference which this makes is that the density p(x) and the propagator S(a’, z)

are now given by the equations

p(x) = 3 |uylx) |2, (8)

1

unoce.

S, x) =et'—t) ¥ wy(x")ui(x)exp{(i/k)Eyt—t')}

oce.
—6(t—1') S uy(x') wi(x) exp {(i/ ) Bi(t —1')}. (9)

Z; o m

— — —.V O P _‘r
Z3
2] i z)
(@) (b)
FiGgure 1

(ii) The perturbation /" when written in the notation of field theory now becomes

B = éﬁf(x') Y(X') o(x — X') (X)) r(x) dxdx’ — $Nv(0) _fﬁ(x) V(x) ¥ (x) dx, (10)
the last term arising from the introduction of the self-consistent field. If one now
makes a diagrammatic analysis of the perturbation series using the perturbation
(10) one finds that the additional term in (10) gives rise to a new type of vertex
on the diagrams. Whereas the first term of (10) gives rise to the interaction lines
With vertices at each end, the last term of (10) gives rise to single vertices with one
imcoming particle line and one outgoing particle line; these will be drawn in the
Way shown in figure 1 (a), and will be referred to as V-lines. When calculating the
contribution to the energy or the S-matrix of any diagram one introduces into
the integrand a factor — (1/ik) V(x;) for every V-line whose vertex is labelled x;
and an integration over x; = (X;,¢;); the order of a diagram is the sum of the number

of interaction and V-lines in the diagram.
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An example of a diagram with a V-line is shown in figure 1 (b); the contributiol
to A of this diagram is given by the expression

1

\3
‘if(it}‘) [(l.r'l(l;r;(lafg(la";d:v3iﬁ,v>‘(tl)v(:z:l — 1) v, — X3) V(X3)

\ o/

X S, @) S(2y, ) S(yx7) S (X5, ¥3) S(@y, T3)- (1)

3. THE ELIMINATION OF f-PARTS
In this section it will be indicated how by the introduction of a suitable self-
consistent field it is possible to eliminate from further consideration all tyll()sg
diagrams containing what will be called H-parts. It will be assumed that & ﬁelf'
consistent field has been introduced in the manner described in the preceding gection,
and attention will be restricted to vacuum diagrams, i.e. diagrams contributing to
the energy shift AE.

€29 (b) ()

Fraure 2

Any part of a diagram which is connected to the rest of the diagram by only &
single interaction line will be called an H-part; two examples of H-parts are shown
in figures 2 (a) and (b). It was shown in I, §5, that in the case of a uniform gas
diagrams containing /-parts gave no contribution to the energy; the l"“’”f‘h‘l“"”ded
upon the uniformity of the gas and does not apply in the present case.

[f an H-part is of the form shown in figure 2 ((f)., i . can be resolved into & pol;n‘-
ization part and some other H-part, then it will be said to be an improper H-part;
otherwise it will be called a proper H-part. Clearly every improper H-part can be
uniquely resolved into a proper H-part and some polarization part.

Denoting the integral representing the contribution to A of a vacuum (ling‘mm
(7 by AE(G') as in I, an H-part I" contained in a diagram gives a factor of the form

t

H'(x;, I') = f?)(:vi —at) H" (), I') da}
in the integrand of AE((/) when the integrations at the vertices of the [1-part ot
been performed, where «; is the point at which the H-part is connected to the ;
of the diagram. Because the theory contains no preferred origin of time, ll'(‘l’* "
and H"(x, I') are independent of ¢ and may be written /’(x, ") and H'(x. 1)
an example, for the H-part shown in figure 2 (a) H"(x) = p(X) and

rest
1

0

3
H'(x) = fv(x—x')p(x')dx’. 43)

: ; 1 in the
An H-part I"attached to a diagram ¢ at a point x; gives a factor H'(x,, 1)1

P e . IVl . . 2 4 e be(\ll
integrand of AE((7) when the integrations at the vertices of the H -part have
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carried out, whilst a V-line attached at the same point would give a factor — V(x;)
in the integrand. This suggests that it might be possible to choose the self-consistent
field V(x), which is at our disposal, in such a way as to make the subdiagram shown
in figure 3 (a) cancel against the sum of all the subdiagrams of the type shown in
figure 3 (b) where 17is a proper /-part. In fact, a detailed counting of diagrams,
described in the appendix, shows that the choice
an(l’)
Vix)= 3= —H'x,I), (14)
rg(l’)
where the sum is over all proper /-parts, makes the total contribution to AE of
all diagrams containing H-parts and V-lines cancel out except for the symmetrical
diagrams of the type shown in figure 3 (c) in which /" is a proper H-part; their
contribution to A% does not cancel exactly and half of it must be subtracted from
AE. In (14) n(I) is the order of the H-part I', defined to be the number of inter-
action lines contained in /" apart from that connecting it to the rest of the diagram,
whilst ¢(17) is the g-factor of /" defined to be the number of permutations of the inter-
action lines of /" which leave it topologically unchanged.

(D)

(@)

FIGURE 3

Thus, by making the choice (14) for the self-consistent field one can eliminate from
consideration all the diagrams containing H-parts except those of the type shown
in figure 3(¢). When the contribution to AE of these latter diagrams has been
allowed for, only diagrams of the same type as those considered in the free-electron
gas case, i.e. without //-parts, need be considered. It can be shown that the total
contribution to A% of the diagrams of the type shown in figure 3 (¢) is

22::(1')—1 .
:1“ (D H'(x. Mo(x—x")H"(x". ") dxdx’. (15)

«

.
By =

The calculation of V(x) from (14) is of the nature of a self-consistent calculation
since the quantities 77'(x, ") depend upon the density p(x) and propagator S(a’, x)
which in turn depend upon the uj(x) and E; (see equations (8). (9)), which in turn
depend upon V(x) through (7). The simplest proper /{-part is that shown in
figure 2 («) whose contribution to J(x) is

v(x —X) p(x")dx’". (16)
Thus, if all other /-parts were neglected our self-consistent field would be the
symmetrized Hartree field, and one may regard the self-consistent field introduced
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here as a generalization of the ordinary Hartree field. The contribution of the
diagram of figure 2 (a) to £y is given by
1 [ i ; =
—5 |p(X) v(x —X') p(x’) dx dx’, (17)
which is just the term which has to be subtracted from the sum of energy parameters
in an ordinary Hartree calculation when caleulating the total energy of the system.
In the rest of this paper it will be assumed that a suitable self-consistent field has
been introduced in the manner described in this and the previous section so that
we need not concern ourselves with diagrams containing /-parts.

4. THE SOLUTION OF THE INTEGRAL EQUATION

When a self-consistent field has been introduced and the H-parts have been
eliminated, the theory of the introduction of the modified interaction and the
elimination of the polarization parts goes through as in the free-electron case except
that one has the additional contribution of equation (15) to the energy. The expres-
sion for the total energy of the system now becomes

oce. 1 i [AdA i o ey :
E=3YE;—iNv(0)+E,+ il (l.I:J(I.r o)V (a, ") ¥ (x', @), (18)
0/

i

where ¥"(2', ) is again the modified interaction satisfying the integral equation
¥ (2, x) = v(x' —x) +J‘“/”*(:r'. ")V (2", x) da” (19)

(" ’ . .
and ¥7*(2', x) can be expressed as sum over proper polarization parts

V¥, x) =3 W(a,x; I). (20)
r

It should be noticed that one has to use the propagator (9) calculated in terms of
the self-consistent wave functions in calculating the contributions to 7 .

In the free-electron case (see IT) ¥7* was calculated directly from (20) and ¥~ was
obtained by solving the integral equation (19) by Fourier transformation, this being
possible because in the free-electron case ¥™* was a function of the difference of its
arguments only. In the non-uniform case this is no longer so and a different method
of solving (19) has to be adopted. This method will now be described.

[t is convenient to solve not the equation (19) but an equivalent equation. If
(19) is multiplied by ¥"(2,2") and integrated over " one obtains the equation

F(z!,2) = ¥ (', x) + [“/'"*(;I",;I"') F(a", x)da”, (21)

o

where F(z',x) = [1”(.’1",2:”) 7 (2", ) da” (22

and use has been made of the relation (I, (69))

VR x) = J (' a"yv(a” —x)da”. 23)
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The Integral appearing in (18) can at once be expressed in terms of the function #

il "Ad/y

i "f*d/\ y
Y

dx "d.r' o)V (x,2') ¥ (x', x) ,‘(1.1‘ ot) F(x, x). (24)

2Jo A, 2
Although the kernel of the integral equation (21) does not depend upon the

difference of its whole arguments, it does depend upon the difference of its time

arguments. One may, therefore, obtain a partial solution by introducing the

" * - » . - oi o

Fourier transform with respect to time of /" and the other quantities

Bz, 2) = : ‘(im F(x', x,w) el (25)

2

&

with a similar definition for 7 *(x’,X,w). One then has to solve the integral equa-

tions .
F(x',x,0) = ¥ *(x/, X, ) +J YR (x, X", w) F(X", X, w)dXx", (26)

whilst the right-hand side of (24) can be rewritten

i ""(l/\

- Jd(udxﬁ’(x.x,(u). (27

) A
The integral equation (23) may be solved by the introduction of the eigenvalues

Mti(w) and eigenfunctions ¢,(x, w) of the homogeneous integral equation
M) Pi(X, w) = ff (X, X, w) di(X L w)dX (28)

and also those of the associated integral equation

o) vi(X,m) = ‘ Y E(X, X, w) v (X, @) dx.

o/

(29)

It can be shown that if y;(w) is an r-fold degenerate eigenvalue of (28). i.e. an
cigenvalue of (28) to which there belong r linearly independent eigenfunctions, then
fty(w) is also an r-fold degenerate eigenvalue of (29). Furthermore, if one denotes
the eigenfunctions of (28) belonging to the eigenvalue y;(w) of (28) by ¢i(x.w),
where the superseript « distinguishes between the various linearly independent
eigenfunctions belonging to the eigenvalue p;(w), and the corresponding eigen-
functions of (29) belonging to this same eigenvalue by y#(x. ). then it can be shown
(see, for example, Lovitt 1924) that

v

j,\'f(x.m)(,")',‘.'(x.m)(lx ==(() af =k, (30)

so that by forming suitable linear combinations of the ¢7 and yi one can obtain
the general orthonormality relation
- o ] 5 hE «
[:\',1(\ m)(l)/f(k,(:))(lk = :?,-]-6‘1,,. (31)

To solve the integral equation (26) one now expands F(x'. X, w) according to

F(xX' x,0) = ¥ ¥ FH(0) p1(x", ) Xj(X, w). (32)
i,jaf
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If (32) is substituted into (26) one can obtain after simple manipulation usmg the
orthonormality relations (31) and equation (28) the result

' 33
F3i(w) = p() 8,835+ 1) F3 (). B8/
which has the immediate solution

L(w) o (34)
8 () = i A
fr (@) 1 —/Ii((/))’ 0

Putting (32) into (27), using the orthonormality relations (31) and substituting
the solution (34) for the ##/(w), one obtains in place of (27) the expression

.y ;x QA
ifi [ da do S hi(w) je,(w) (35)
47T‘ 0 A T‘ 1 '—/l'-((l))
i : . " 0Q T \ al energy
where A;(w) is the degeneracy of the eigenvalue y,(w) of (28). Thus, the total ¢ ; til,
Ve : srms O (&
of the system, and hence the correlation energy can be expressed in terms
eigenvalues of the integral equation (28).
5 : : : 3 USRS Y 5 » corre-
In the free-particle case the eigenvalues of (28) are plane waves e the i)
. . . A i s . a5\ reproduces
sponding eigenvalue being 7"*(k, m); putting these eigenvalues into (35) repro
equation (12) of II. ~
: By & e : . ralues of the integra
Chere is a well-known stationary principle for the eigenvalues
equation (28). If ¢(x) = ¢,(x,w) and x(x) = y;(X, w), then

(36)

[,\'(x)"/”*(x,x’,m)(/)(x’)dxdx’
Hi(w) = it
fx(X)(/)(X)dx

: . St Aot : g 1 variations 1
and the right-hand side of this equation is stationary against small varl it

= R : d ; ;) is an approx-
$(x) and y(x). Thus, if ¢(x) is an approximation to ¢;(x, ) and y(x) is an l! l on
s ¢ : . (36) g1ves ¢
mation to the corresponding y;(x,), then the right-hand side of (36) &
approximation to s,(w) correct to the second order.

5. THE APPLICATION OF THE THEORY TO CRYSTALS ;
Toroatil; . 5 fjgs v scause 0
In a crystalline solid the electrons move in a periodic potential field. Beca hich
Gl A T : s ; i ) oot rds whic
this periodicity the eigenfunctions uy(x) of (7) will be of Bloch form from
1t can be deduced that the propagator S(x’, x) of (9) has the property
y (37)
SX'+X, 85 x+ X, ) =S(x, ¢ x, 1),
: . o - he '(*]‘llCl
where X is any lattice vector, from which it can be further deduced that the k e
, > . . . .« at onc
V¥(X, X, ) of the integral equation (28) has the same property. It follows at ling
; : - : respondils
that the eigenfunctions ¢(x, w) also have the Bloch form and that the corre NPOL. X
\ - - : 4 \ge ergent”
cigenvalues /,(w) have a band structure. One may accordingly label thw(} 1ot
, a 5 L . . o . ‘o n subscr
values sy (w) where k is a vector lying in the Brillouin zone and n is a 81 e
: . S ’ g W fextend
which labels the various bands; alternatively one may introduce an ‘ext

. i an) as
zone scheme’ and label the eigenvalues s (). One can then write result (35) ¢

i fAdA S Ji(w) (35)
4”\]‘0 ) dw dk v S
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The fact that the eigenfunctions of (28) have the Bloch form
H(X, 0) = e®Xr (X, m), T(X,w)periodic, (39)

can be readily interpreted physically. An analogous situation occurs in the theory
of dielectrics. When an external electric field is applied to a crystal the polarization
produced generates an electric field in the interior of the erystal which has a periodic
modulation; the average of this field over the modulations is the field normally
measured in the crystal. Because this latter average field differs from the actual
periodic field existing in the crystal, one has to make a correction in calculating the
dielectric properties of the crystal; this correction constitutes part of what is usually
known as the local field correction. Tt is hoped to show in a further paper that there
is a close connexion between the present theory and the theory of the dielectric
properties. Thus, the fact that in the non-uniform crystalline case one is involved
in solving the integral equation (28) whose solutions are of Bloch form is connected
with the necessity to introduce the Lorentz—Lorenz correction in calculating the
diclectric properties of crystals; this correction does not occur in the free-electron
gas case.

[f one neglects the Lorentz—Lorenz correction effects then the eigenfunctions
Or(X, w) and 1/ (X, ) can be approximated to by plane waves

(X, W) elEE, (X, w) e kT, (40)

If these approximations are substituted into the stationary principle (36) then one
obtains the approximation
I(w) = 7=k, K, 0) (41)

to the eigenvalue s (w), where ¥ #(k’, k, w) is the Fourier transform of 7 *(x', X, w)
with respect to x and x’. If the approximation (41) is substituted into (38) one
obtains the expression

i [AdA ' * -k, Kk, o

ol { L dwdk ,,(q( ) : (42)

4], A 1 -7 % -k, k,w)
which is exactly the same as the result obtained in the free-electron case (the first
term of equation (12) of paper I1) except that the ¥*(k, w) of the free-electron case
is replaced by 7"*( -k, k, w). Writing

fe(w) = V*(=k, kK, 0) = Ak, 0) +12(k, 0), (43)

Where A(k,w) is the real part and X(k, w) is the imaginary part of 7*(—k, Kk, w),

(42) can be rewritten

o [AdA 2k, w)
S — % 1 ~o ’ 44’
4,7‘[“ A f‘““]“ [1-AK, )]+ 2%k, ) (44)

a form identical with the free-electron result. Thus, if the local field correction
effects are neolected the results in the non-uniform case can be written in a form

EXactly similar to the free-electron gas case.
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Consider now the calculation of the quantities A(k, w) and X(k, w) in the non-
uniform case. The quantity 7 *(a’,a) can again be calculated directly from (20)
retaining only the leading term corresponding to the simplest of all polarization

diagrams, that shown in figure 4.

Freure 4
The I corresponding to this polarization part is given as in the free-electron
case by =ty TR ) : !
; W', x) = —(1/ik) S’ x) S(x, x'), (45)

where S(2’, z) is now the propagator given by (9). The calculation of A(K, w) and
propag g ]
2(k,w) from (9), (45) and (43) is similar to the free-electron gas caleulation per-

formed in § 3 of IT and yields the results

/1 (k, lv)) = Sn(:: E A\i Jll}(k) 1- (jﬁj 4'bl) ;

RS fwt— (E— L) \25)

: Smie? E:—F; Bi— 1%
2k,w) =— S N.(1—N. ey (o)l s o :l_\”_ i~y =
(k,w) e = Ni(1—=N;) | My(k) | ’Jlu BRI [ } ()lu oy ik (47)

where the .V, are the occupation numbers of the single particle states uj(x) in the

unperturbed wave function and

.

M(k) = J wy(X) e Xuy(x) dx. (48)

[t will be seen that as in the free-electron case the A(K. w) agrees with the real part
of the dielectric constant caleulated neglecting the local field correction (Hubbard
1955), whilst the imaginary part again differs in that the sum of the two d-functions
appears instead of their difference.

Comparing with the analysis given in §4 of 11 it will be seen that in the integral
(44) one will again obtain a large contribution to the energy from the region of the
line A(k,w) = 1 if X(k,w) is small in this region, corresponding to the presence of
collective motion with a frequency given by that at which the real part of the
dielectric constant vanishes. In those cases where Y(k, w) is large at the collective
oscillation frequency it will not be possible clearly to recognize plasma oscillations
as such, but the present theory gives an adequate account of the correlation energy
even in this heavy damping case. i

6. SUMMARY OF RESULTS

In the present paper the free-electron gas theory developed in two previous papers
has been extended to non-uniform gases, and in particular to electron gases in
crystalline fields. The following results have been obtained.

(1) In the non-uniform case certain diagrams containing *//-parts’ which give
no contribution in the free-electron gas case have to be taken into consideration.
[t has been shown, however, how they may again be eliminated by the introduction
of a self-consistent field which is a generalization of the ordinary Hartree field.
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(ii) Thesolutionof theintegral equation conneeting ¥ “and ¥ * cannot be obtained
8o simply as in the free-electron gas. Tt has been shown that in the non-uniform
case it can be solved with the help of the eigenfunctions of a certain homogeneous
integral equation, and that the correlation energy can be expressed in terms of the
eigenvalues of this equation. A stationary principle for these eigenvalues has been
given. The connexion of this integral equation with the Lorentz-Lorenz correction
Occurring in the theory of dielectries has been indicated.

(iii) It has been shown that in the case of an electron gas moving in a crystalline
Potential the eigenvalues of the integral equation have a band spectrum. The
eigenvalues of the integral equation have been approximately calculated in this
case neglecting the Lorentz—Lorenz correction and it has been shown that with
this approximation the theory can be written in a form exactly analogous to the
frec-clectron gas theory.
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APPENDIX

It is convenient to divide all vacuum diagrams into four classes:

(i) class A contains all vacuum diagrams which contain no H-parts or V-lines:

(ii) class B contains all vacuum diagrams of the type shown in figure 5 (a).
i.e. which consist of two proper H-parts connected by an interaction line:

(iii) class €' contains all diagrams of the type shown in figure 5 (b). i.e. which
consists of a proper H-part joined to a V-line:

(iv) class D contains all other vacuum diagrams; every diagram of this class is
of the form shown in figure 5 (¢),i.e. consists of a ‘core’ I to which are attached two
or more proper H-parts or V-lines. The contributions to AZ of the diagrams of
classes B, C"and D will be considered in detail.

Class D contains a subelass 1’ which consists of all those diagrams of class )
which involve no I/-parts but only V-lines. If I'is any structure belonging to class I8
then by replacing all the proper H-parts contained in 7" by V-lines one can obtain
a unique structure /" belonging to class ', All those structures of class 1) which
reduce in this way to a given structure 1" of class 1), together with the structure
I itself form a subclass of class ) which we will denote by 7'(1”): every structure
of class D belongs to one and only one of these classes 7'(1").

Let 1" now be a structure belonging to class )" and let ' be a diagram with the
Structure /" and such that in G’ the V-lines are connected to the points x;, xy, ..., 2,
of (. Suppose now that I"is some structure of the class 7'(/") obtainable from I
by replacing the V-lines joined to the points @, ..... r, by the proper H-parts
r,, Iy,...I, where I', Iy, ..., are the set of all proper H-parts, and we have
introduced the convention of saying that a V-line has been replaced by the special
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“H-part’ 1) if in fact it 1s unaltered in going from the structure /7 to /. Let G be
some diagram with structure /7; then when the integrations at the vertices of the
proper H-parts of (¢ have been performed AZ((/) is given by the same integral which
gives AK((}') except that:

(i) it has been multiplied by a factor (n’)!/n!, where n and »n” are the orders of

the structures /" and 77:

FiGUure 5

(i) that every factor — V(x,) in the integrand of AZ((') has been replaced by
a factor H'(x,, I';)), where one is to take H'(x, I';) = — V(x). This result can be
written formally
n'!

n!

AB(G) = — AB(G'; H'(xy, T), ..., H'(x,, T, ), (A1)

D ip
where the expression on the right stands for the integral for AE(G') with the
modifications indicated above. From (A1) it follows that

AE(T) = r/(.ll'() )AE(I :II’(x./,-I),.A..II’(x.I,/')), (A2)
where AE(I') denotes the contribution of all those diagrams with the structure /°
(see I, equation (25)). It can be shown that in the case of diagrams of class D that

g(') = g(I")g(I' ) gy, .., 9(I;). (A3)

g
Since the expression on the right-hand side of (A 2) depends linearly upon the
’ v . ~
H'(x,. I';,) it follows that (A 2) can be written

AE(I') = AB(I"; H(x, I'y), ..., H(x,, ")), (A4)
where Hx,TI) = 2"“,")11’(:(. l') (AH)
) ?
and n = n’ + n(l ) +n(l)+ ... has been used.

‘ Consider now the total contribution to AE of all the structures of the class Tr").
Since all these structures are obtainable by replacing the V-lines of I in all possible
ways by proper H-parts or V-lines, it follows from (A 4) that this total contribution
is given by S .S AR Hix,, T L ;

YV R SVAT (T3 B lelE JE ) (A 6)

n ip
r‘n r‘l ,‘P
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Where the sums run over all proper H-parts together with the special H-part I,
2] . )
Since each of the terms on the right-hand side depends linearly upon the H(x,, 1 ia)‘
1t follows that the quantity (A 6) can be written

AE(I; H(x), ..., H(X)). (A7)
proper Qn(l')
where Hx)=YHX ) =-VX)+ X g}(j‘) H'(x,I). (A8)
I'; I

However, the choice (14) for V(x) makes H(x) vanish and therefore the total con-
tribution of the class 7(I”). However, the choice (14) for V(x) is independent
of the class 7'(1") and therefore makes the total contribution to AE of each of the
classes 7'(1"") vanish and therefore the total contribution of all the diagrams of
class /).

Consider now the diagrams of class B. Let I be some structure of class B con-
sisting of two proper H-parts 1" and I'” joined by an interaction line. Then it can
be shown that the contribution to AE of all those diagrams with the structure I’
is given by

20l +n(I')
H"(x, I')v(x—x') H"(x', I")dx'dx”. AY
sy | H P ) (A9)
In thiq case ()(I‘) = g(I")g(I"") if I'" and I are different, but if they are the same
g(I'y = 2[g(I"")]%. Tt follows that the total contribution of all diagrams of class B

whl(,h is obtained by summing (A 9) over all proper [-parts [ and I is given by

< -)n(l")ou(l")
sih e ] Nl r AT AT ” ’ w ’ "
RRTIA )”(,.,,)fﬁ (x, IMw(x —x")H"(x', ")dx"dx

n-1p
e ’ H"(x, ) v(x—x")H"(x', I')dxdx’

anl) )”(’) 1 1 ’
=Y == |'H'(x,I") i'(x)(lx-—.\.. 'HN (x, ) V(x—x')H"(x', ') dxdx’,

gy, r
(A 10)

using (14).
Finally, the contribution of all the diagrams of class (' can be shown to be

)u(l )
- H"(x, ") V(x)dx, (A11)
("),
where the sum runs over all proper H-parts 1. ( ‘ombining (A 10) and (A 11), the
total contribution to A of all vacuum diagrams is the sum of that of the diagrams
of class A, i.e. those with no H-parts or V-lines, and the contribution given in

equation (15) which is the sum of (A 10) and (A 11).
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