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ABSTRACT

The plasma oscillation theory of Bohm and Pines represents a big 

advance in the theory of electron gases. Its main application has been

to obtain an understanding of correlation phenomena in the conduction

bands of metals, Bohm and lines in their original work dealt only with 

the special case of the free electron gas. The work described in this

thesis is mainly concerned with investigating the way in which their

results are modified when one is dealing with the conduction electrons

of metals.

Two distinct methods
s

main body of the thesis.

of attacking this problem are described in the

One of these uses Bohm and Pines * formal lam

together with the effective mass theory developed by various authors

It is shown that provided certain effects can be neglected this approach 

yields a theory of conduction electrons similar to Bohm and Pines free

electron gas theory, Iftifortunately acme of the effects neglected have

turned out to be Important,

The other method depends upon developing the plasma oscillation

theory In rather a different manner from that used by Bohm and Pines,

This approach recognises the close connection between the plasma

oscillations and the dielectric properties of electron gases. It avoids

some of the awkward features of Bohm and Pines* formalism but has the

disadvantage as originally developed of being a semi-classical theory

rather than a proper quantum mechanical treatment.
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In a series of three papers submitted as subsidiary matter it has

been shown how, starting from first principles, it is possible to

construct a theory of plasma oscillations which is of the same

character as the dielectric theory. This in itself is a complete

theory of plasma oscillations applicable to the conduction electrons

of metals and free from the difficulties of Bohm and Pines* formalism.
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LIST OP SYMBOLS

This list contains CHily symbols used widely throughout the main

body of the thesis. The definitions of other syoibols will be found at

the places at which they are introduced*

The convention that underlining Indicates the vector character of a 

symbol has been used universally; second rank tensor quantities have 

been indicated by a double underlining.

Pourier component of the polarizability tensor
A zl

uk

Pourier component of the electric displacement 

e electronic charge 

e base of Naperian logarithms 

£ total energy of system 

energy of Bloch wave function with wave vector k

as £ but for wave function belonging to n^^ zone

5»k

®uk

Pourier component of the electric field

Pourier component

k

of complex dielectric tensor

Plank’s const an t/2T

H Hamiltonian

Short-range part of the Coulomb interaction Hamiltonian 

k wave vector

k

k s 1/k



^C

ISi

X.

m

m

n

£i

"■s

Si

^04

T

n(r)

p (r) 

f (£»t)

w

cut-off wave vector

wave vector of the electron

Boltzmann’s constant (except on page where

it is extinction coefficient)

mass of an electron

effective mass tensor

density of electrons (except on page where

it is the refractive index)

the occupation nuzDber of the state (k, n) 

the i^^ electronmomentum of

momentum of

co-ordinate

vector

the plasma oscillator with wave vector k

of the plasma oscillator with wave

k

radius of sphere whose volume is equal to the

volume per electron

position vector of i"^ electron

Pourier con5)onent of conductivity tensor
a

absolute tempserature

periodic potential in crystal

periodic part of the Bloch wave function

Wannier function (chapter three)

electric potential (chapter four)

Bloch wave function with wave vector k

Bloch wave function with wave vector k belonging 

to n^^ 23 ne



£0 f re que noy­

co p plasma frequency

frequency of plasma oscillator with wave

vector k



(1)

INTRODDOTION

Within recent years much progress has been made in the understanding 

of the quantum mechanics of systems consisting of large numbers of 

interacting particles. One of the most interesting features of the 

behaviour of such systems is the existence of the so-called collective 

modes of behaviour. These are special modes of motion which depend upon 

co-operative effects involving large numbers of particles and are 

controlled by the interactions between the particles. A typical example 

is a sound wave in a gas.

One of the earliest examples of a treatment of a quantum raechanical 

system in which the role played by the collective motions was recognised 

is Bohm and Pines’ theory of the degenerate free electron gas (Bohm and

Pines 1953» Pines i 953) • Their treatment is based upon a study of the

plasma oscillations which can occur in this system; it enabled them to

calculate various properties of the system such as the energy of the

ground state.

This work of Bohm and Pines is of considerable importance in the

theoretical study of the solid state. In conventional band theory the

correlation effects due to the interactions of the electrons are

neglected and each conduction electron is regarded as moving in the

field of the ion cores and in some sort of average field due to the rest

of the electrons. For many years considerable uncertainty had existed

as to the importance of the correlation effects and the manner in vdiioh

they were to be treated. However, the degenerate electron gas can be
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regarded as a very crude model of the conduction band of a metal, so

that Bohm and Pines’ theory sheds considerable light on this problem.

It is then natural to ask in what way Bohm and Pines* results are

modified when the theory is applied to the conduction electrons of a 

metal i.e. to electrons moving in the periodic field of the ion cores.

The work described in this thesis originated in an investigation of this 

problem.

The earliest attempt to determine the effect upon the plasma

oscillations of a periodic background potential was made by Wolff (1953)

who used a time“dependent self-consistent field method. His main result

was that in the expression for the plasma frequency one should replace the

ordinary electronic mass by an average of the effective masses over the

occupied electronic states. Wolff’s treatment was not a complete theory

starting from first principles as Bohm and Pines* is Part of the work

described in this thesis (chapter three) is an attempt to obtain Wolff’s

result from first principles by generalising Bohm and Pines* theory so as 

to apply to electrons moving in a periodic potential. It was found 

possible to do this making use of the effective mass theory developed by

Slater (1949) and Adams (1952). It was shown that Wolff’s result obtained

provided

and this

the effects of virtual inter-zone transitions could be neglected,

work has since been published (Hubbard 1954-). It was thought.

that the neglect of the inter-zone transitions might be a sourcehowever,

of serious error and an attempt (not described in this thesis) was made to 

generalise the theory to include these effects. However, there were
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diifioulties connected with the convergence of a perturbation series which

arises and this work was abandoned in favour of a different method

described below* Nevertheless, other authors (Adams 1955, Kanazawa 1955,

Pines and Nozieres 1957) have continued to investigate the effect of these

inter-zone transitions using Bohm and Pines formalism with some success*

An entirely different line of attack upon the problem is represented

by the * dielectric* approach to the plasma oscillation theory. This

theory was developed by the author (Hubbard 1955A) and simultaneously

and independently by several others (Mott 1954-, Frohlich and Pelzer 1955)>

and has been described in chapter four of this thesis* This method

depends upon a recognition of the close connection between the theory

of plasma oscillations and the dielectric properties of an electron gas

It has several advantages over Bohm and Pines* treatment* One of these

is that it is as easily applicable to a metal as to a free electron gas.

the only difference being in their dielectric properties. It has the

further advantage of allowing one easily to handle the damping of the

plasma oscillations, a problem which cannot be very adequately treated

using Bohm and Pines* formalism and represents the chief drawback of

their method* Associated with this damping problem in Bohm and Pines*

theory is the necessity to introduce an ill-defined cut-off length which

is automatically avoided in the dielectric treatment*

Although the dielectric theory has these advantages over Bohm and

Pines*, it suffers from a serious disadvantage* Whereas Bohm and Pines*

is a oon^)lete theory starting from first principles, the dielectric
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method has the character of a phendmenological theory. It is therefore

highly desirable to Investigate whether it is possible to develop the

dielectric theory from first principles. Such an investigation is a 
Pour 

natural continuation of the work described in chapter ABB. It has, in

fact, been found possible to do this using a perturbation theory method

and the techniques of field theory. This work has been written up as a

series of three papers (all of which have been accepted for publication

in the Proceedings of the Royal Society) which are submitted as

subsidiary matter in this thesis.

These three papers in themselves represent a self-contained theory.

It is shown in them how, starting from the formally exact solution to

the many-body problem represented by an infinite perturbation series, one

can, by carrying out suitable partial summations in the perturbation

series, obtain a theory which yields all the major results of Bohm and

Pines and yet avoids the dif'ficulties of the damping, the cut-off and the

subsidiary conditions. The physical interpretation of the various

manipulations which are carried out is found to correspond to the ideas

behind the dielectric theory. In the third paper it is shown how the

theory can be formally extended to apply to the case of electrons moving

in a 1 ariodic potential. In a sense this work supercedes the work

described in the main body of the thesis
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CHAPTER OlIBo

CORRELATION EFFECTS IN LSTALS*

The Independent Particle Model,

If one makes certain plausible simplifying assumptions (see, for

example, Seitz, 1940, Chapter VT), one can regard the conduction band

of a metal as a system v/hose Hamiltonian is

H
(1.1)

where aixl £ are the position and raoraenfcura vectors of the i th electron 

of tho band; the first terra of (1*1) represents the kinetic energy of the 

electrons, the second their potential energy in the field u(r) of the 

ion cores, and the last term represents the mutual Coulomb interaction 

energy of the electrons®

In most applications of the theory one is concerned with the ground

state of this system

An irxi port ant problem

and those states close to the ground state in energy*

in the theory of metals is therefore the 

determination of the energies and wave functions of the low energy

stationary states of the Hamiltonian (1.1) •

If it were not for the presence of the last term in (1.1), this

would bo a relatively straight for- zard problem* However, the presence

of this terra makes the problem a many-body problem, and it is from this 

many-body nature of the problem that its main difficulties derive. In
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other branches of quantum mechanics in which the many-body problem is met

with the general approach to its solution has been through the independent

particle model© This model is equivalent physically to the assumption

that the electrons can be regarded, at least approximately, as moving

independently of each other in a potential field which represents a sort

’smoothed out’ interaction with the remaining electrons of the system.

Formally it is represented by the assumption that the wave functions i' of

the stationary states of (1*1) can be approximately represented as a

products of ’independent electron* wave functions, each of which depends

only upon the co-ordinates of one of the electrons.

11.2)

It is easily seen that the wave function (1.2) represents electrons 

moving independently of each other, for the probability that the i th 

electron is at jr is just given by

' > ••• - *-/ » -

y* li' P
which is independent of the £ s of the other electrons.

a.3;

Actually, even in xhe approximation represented by the independent 

particle model, (1.2) it not a satisfactory wave function, for electrons 

are known to obey FPrai-Dirac statistics, and this requires that the wave 

function of a stationary state of the Hamiltonian (1.1) be anti-symmetric 

in the co-ordinates of the different electrons, whereas (1.2) is symmetric^

To remedy this defect the approximate v.rave function (1.2) can be replaced



by th© determinant

(V)

/Tj/*

(1.4)

In the case of this wave function ix is no longer true that the

probability of finding the i th electron at £ is independent of the co­

ordinates of the other electrons. in fact, (1*4) contains certain

correlations between the motions of the different electrons; these

correlations represent the tendency of electrons with the same spin to

keep away fi'om one another as a result of the action of the exclusion 

principle, giving rise to the so-called •P3rTai hole’. These correlations 

should, however, be carefully distinguished from those other correlations 

brought about by the mutual repulsion of 

included in the wave function (1.4), and 

the electrons, which are not

whose troatraenb is the main

concern of the work of this thesis. In future the term correlation

will bo understood to mean these latter correlations rather than those

arising from the exclusion principle.

If one makes the assunption that the wave functions of the

stationary states of (!•!) can be represented in the forms (1<.2) or

(1.3), then the problem of determining these stationary states is

reduced to that of determining the independent particle wave functions

in such a way as to make (la2) or (lo4) as good an approximation
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to the true wave function of the stationary state as possibleo This

is a fairly straightfonvard problem; the wave functions (1.2) or (1.4)

Can be regarded as trial functions subject to variation by variation

of

of

the s, and the best y.. s can then be determined by application 

the variation principle (see, for example, Schiff, 1949, p. 169)

0 < - »*

(1.5)

In the case of the wave function (1.2) it is found that this will

be the best

the Hartree

i-

approximation to the true wave function if the s satisfy 

equations (Hartree, 1928)

-t (7 te^27 f dr' 1 (y)
jdi. hy-y'\ '

(lo6)

and it is found that, in the cases of principal interest (those in which

the stationary state has the multiplicity one). the wave function (1.4)

will be the best approximation to the true wave function

satisfy the Hartree-pock equations (Ibck, 19S0)

(1«V)

It will be seen that (lo6) has the same form as the ordinary

SchrBdinger equation for a single electron moving in a certain (self- 

consistent) field, whilst (1.7) has the same form except for the
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presence of a mor© general 'exchange potential’. Thus in the indopendont

particle model not only do the electrons move independently of one

another, but they also move according to the ordinary SchrOdinger equation.

adding greatly to the ease v/ith which the various phenomena can be

visualised from the point of view of this model.

To siKKiarise, making the assunptions involved in the independent

particle model, the problem of determining the stationary states of (!•!)

is reduced to that of solving the SchitJdinger type equations (1»6) or (1*7)

self-consistently; the actual wave functions could then bo determined in

this approximation by substitution of the solutions of (1*6) or (la7) into

(1©2) or (1©4); the corresponding energies of these wave functions can

then be obtained from

(lo8)
E

It should be noted that, although both the Hartree and the Hartreo-

Fock schemes have been dealt with hero, the Hartree-Fock is the more 

correct theoretically, since it takes into account those correlations in 

the electronic motion brought about by the exclusion principle©

2 Qorrelation Phenomena 

In the previous section

briefly described© In this

the independent particle model has been 

section the extent to which it is successful

in explaining the properties of solids will bo discussed©

At first sight it might seem that, because strong correlations in 

the motions of the electrons must evidently be brought about by the
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Coulomb repulsion, this model vzould be rather unsuccessful. This

expectation is, howovor, by no means borne out by experiment. In fact.

as v/ill bo illustrated belov/, tho situation soecis to be that the

independent pai'ticle model gives a good qualitative accouzifc of the

properties of solids, and it is only v/hon the theory is applied

quantitatively that its short-comings are noticeable.

Ono of the most important deductions which can bo made from the

indopondont particle modal is the Brillouin zone structure of solids.

In (1.1) tho potential U is a periodic function of position because of

tho regular arrangement of tho ion cores in the crystalline lattice.

It is true in most cases that, because of the periodicity of U, the

self-consistent potentials appearing in the Hartree and Hartroe-Fock

equations (1.6) and (1.7) are also periodic with the sama period (the

only exceptions to this rule saera to bo antiferromagnetic substances

in v/hich tho period of tho self-consistont field may be a multiple

of tho period of U). Then equation (1.7) becomes the SchrOdinger

equation of a particle moving in a periodic field. The application

of group theoretic methods nov/ loads to the deduction of the familiar

Bloch form
tk.r

€ Ci (iC) f CC /ytVcodiC,

(2.1)

for the solutions of (1*7), and to tho whole Brillouin zone scheme.

This deduction of tho zone schamo from tho independent particle
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model is by far the greatest success of this model, for this scheme

explains, at least qualitatively, a very wide range of the observed

properties of solids, and its general correctness can be regarded as

well established*

The independent; particle model has not only been successful in

predicting the Brillouin zone structure of solids; the treatment of

the electrons as though they move independently of each other has

gIso lead to qualitatively correct deductions concerning a wide range

of metallic phenomenao For example, in conductivity theory the

electrons are usually treated upon this basis, and the deductions

concerning conduction phenomena in solids made from this theory are

in very fair agreement with experiment in a largo number of cases*

Thus it would seora that the independent particle model gives at least

a qualitatively correct picture of the behaviour of the electrons in

a solid*

It is now natural to ask to what extent the model also gives a

quantitatively correct account of the properties of solids* This

question is much more difficult to answer* The chief Cause of this

uncertainty is the lack of accurate band structure calculations based

upon the Hartree-Ibck equations (1*7); in fact, no complete self­

consistent field calculation has ever been carried out for a solid

Consequently it is very difficult to make anything other than very

rough quanxitative deductions from the theory, and an accurate

comparison of the predictions of the model with experiment is not in
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general possible. Far those reasons, to answer this question one has to

rely upon rather indirect evidence from the atomic case, and upon the

results obtained in the rather special case of the alkali metals, whose

band structures are fairly well known©

In the atomic case one is rather better placed to judge the accuracy

of the Hart roe-Fock scheme, for accurate solutions of the Hartree-Fock

equations are available for a large nunber of different atoms© Using

these solutions it is possible to calculate in the approximation represented

by the independent particle model the cohesive energy of the atom, and

compare this directly with the experimentally measured cohesive energy,

thus obtaining a direct tost of the accuracy of the independent particle

in predicting the ground state energy of the system. The results of this

comparison in the cases of the atoms of Be and C have been discussed by

Seitz (1940); the general conclusion is that the independent particle

model’s predictions of the cohesive energies of these atoms are wrong by

about 0.5 eV. per electron of the atom©

The alkali metals, and in particular sodiim, present a particularly

favourable case for testing the accuracy of the independent particle model

and assessing the iaportanco of correlation effects. The reason for this

is that the band structures of these metals can be said to bo fairly well

known. In fact, there are very good reasons for sv^jposing that these

band structures are fairly accurately given by formulae of the typo

^4
(2 ©2)
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■x*where E^ is the energy of the state ^=^0, and m is an ’effective mass’;

detailed calculations in the cases of Na (Howarth and Jones, 1952) and Li

(Kohn and Hostocker, 1954) confirm this type of band structure© lUrther,

the energy E^ can bo calculated very accurately by the Wigner and Seitz

cellular method, and m* Can be estirnated by Bardeen’s method (Bardeen, 1938)©

The band structure represented by (2 ©2) is a free electron-like band

structure, that is, its I^-dependence is of the same typo as that of a free

electron gas© It might therefore be expected that the correlation

phenomena occurring in a metal v/ith the band structure (2.2) would be

rather similar to those occurring in a free electron gas© It is

therefore of interest to consider the predictions of the Hartree-5bck

schetne concerning the properties of a free electron gas, and to compare

these predictions with the experimentally determined properties of the

alkali motals© This is the subject of the next section©

^3 Correlation phenomena in a JVee Electron Gaso

In this context a ’free electron gas’ will bo taken to mean a system

of electrons moving in a background of positive charge of just such a

density as to render the system as a whole electrically neutral© This

background will have no effect on the details of the motion of the electrons.

but will serve to prevent the system from flying apart under the mutual

repulsions of the electrons; it will also give a contribution

(3ol)
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to the potential energy of each electron, v/here / is the (constant)

potential due to the background of positive charge®

V/ith the definition of a free electron gas just given, the Hamiltonian

of the system will be just (1.1) with U(r) = ejZ = constant® In this

Case the Hartree-Ibck equations (1®?) reduce to

fy-r'l j Ir-r'/ J
(3.2)

It is not difficult to verify that the solutions of the equations

(3.2) are just any sot of free electron wave functions

ik s

(So 3)

multiplied by arhitary spin functions; here is the spin vector of

the i th electron and the spin function; s ; takes the values

i 1 corresponding to the tv/o possible spin directions In factp if one

substitutes (3®3) into (3.2),

c: 'h- 

(3.4)

The second and third terms cancel as a consequence of the assumption

that the background of positive charge is of such a density as to render 

the system electrically neutral. To evaluate the fourth terra on the

left one uses the well known Jburier expansion of l/(£ - t
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2?A A"
-r')

(3.5)

This leads to the result

(3.6)

for this tern, and it is seen that (3.2) is satisfied provided

t

(3.7)

Thus it is possible to obtain an exact solution of the Hartree-j«DCK

equations in the case of a free electron gas and these solutions are

given by (3.3) and (3<»7).

Having obtained these solutions, it is now possible to determine

the properties of a free electron gas as predicted by the Hartree-uock

scheme and to compare these predictions with the observed properties

of the alkali metals.

The first and most important of those properties is the cohesive

energy of the system. As mentioned above, any set of free electron

wave functions (3.3) will give a solution of (3o2;; the case of

principal interest is, however, the case in which these wave functions

are chosen so that the system has the lowest possible energy, and this

choice corresponds to a Ibrmi distribution in which all the states with

k s less than a certain are occupied and all the other states are

unoccupied; it will in future be assumed that this is the Case being
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dealt with unless otherwise indicated.

The cohesive energy of the system can be calculated by substituting

the solutions (3.3) into (1.4), and into ^l.bj. The result is

£
k 'A--^7* 13.8)

where the sums over k and k’ range over the ijermi distribution. The

first term represents the kinetic energy of the electrons and the second

the ’exchange’ energy. The suns

o.

over Jk and k* can be evaluated and give

eCectrah. ts eyiff messed Zx

(3o9)

where r, is the mean inter-electronic distance defined by

J
^3.10;

where n is the electronic density; is related to the k^ of the Ibrrai

by

r.

r
J

(3.11)

To compare the cohesive energy calculated above with the

experimentally determined cohesive energy of Na it is necessary to take

into account the E<, in (2.2) and the fact that in Na the potential U is 

not actually uniform; the first factor gives an additional term nE, in

the cohesive energy, and the second factor gives rise to a*coulomb’ term

in the cohesive energy. V/hen these corrections have been taken into

account it is found that the calculated cohesive energy of Na actually
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differs from the experimentally determined cohesive energy by a 

’correlation’ energy of about .064 Rhyd. per electrono This is a measure 

of tho inaccuracy in the calculation of the cohesive energy on the basis 

of the independent particle model due to the neglect of correlation 

effects. It is seen that this correlation energy is about 1 eV. per 

electron, which is of about tho same order as the corresponding effect in 

the atomic case©

The other properties of a free electron gas which will be investigated 

here are mainly concerned with the actual variation of with _k as given 

by (3o7)© In the case when tho electrons occupy a I^rmi distribution tho 

sum in (3.7) can be evaluated and gives

(S.12)

Several deductions can be made from this result. The most important 

of these is that the Hartree-fbck scheme predicts that, in a free electron

gas,

plot

the density of states vanishes at the Jbrmi surface© In fact, a

of the density of states curve for i^»3.96 B.U. (appropriate to Na)

will be of the form shown in FLg.l©

The vanishing of tho density of states at the Ibrmi surface in the

Hartroe-5bck scheme has a very profound effect upon the predictions of

the theory concerning a number of important properties which depend

critically upon this quantity. Anongst the more important of those

quantities are tho electronic specific heat, the spin paramagnetism

and the conductivity. In fact, it has been shown by '.Tohlfarth (1950)
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Fig. 1< Density of states curve for Na as predicted by the Hartree-5hck

schano (curve (b))* The curve (a) is the corresponding free electron

curve without taking the exchange energy into account. The Jjermi 

surfaces ere at^ and respectively.

topliod by (3.12) leads to a lov/ temperature variation of the electronic 

specific heat according to a T/lo^ law (T is the absolute temperature) ;

the experimentally determined low temperature specific heat actually 

varies linearly witn T. in the same way the predictions of the Hartree-

Kock scheme concerning the paramagnetism and conductivity are not borne 

out by experiment; it must therefore be conclude that the prediction of 

this scheme concerning the density of states at the Psrmi surface is in 

poor agreement with experiment
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Two further predictions of the Hartree-Jbck scheme concerning the

soft X-ray emission spectrum of Na will finally be mentioned© It should

first be noticed from flgo 1 that the bandv/idth of the conduction of Ite

predicted by the Hartree-Fbck scheme is c© 7©5 eV.> this is actually

about three times as large as the bandwidth of the conduction band of Na

aS determined from the X-ray emission spectrtra. Finally, Landsbergs (1949)

found that the use of the Hartree-Jbck sch®ne gave wrong predictions con-

cerning the shape of the ’tail’ of the X-ray emission spectrum of Na© Re

further suggested that this discrepancy would be removed if one arbitarily

replaced the ordinary Coulomb interaction ( '/< ) between the electrons by

a short range screened interaction of the form

T (3.13)

The arbitary assunption of this interaction instead of the usual Coulomb

interaction would also remove the difficulties concerning the density of

statos at the Ibrmi surface; it would not, however, lead to a correct

value for the cohesive energy of metallic Na.

It Can be concluded from the above discussion that, although the

independent particle model usually leads to correct qualitative deductions

concerning the properties of solids, when it is applied quantitatively

it is unsatisfactory, at least in the case of the alkali metals, the only

case in which a satisfactory quantitative test of the theory can be made.
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^4 Previous Calculations of the correlation Energy

In tho proceeding section it has been seen that the predictions of

the independent particle model are often quantitatively incorrect as a

result of the neglect of the correlations in the electronic motions

brought about by the Coulomb interaction of the electrons. One of the

properties of a metal vzhich is incorrectly predicted by the Hartree-Kock

scheme is the cohesive energy, and the difference between tho actual

cohesive energy and the cohesive energy predicted from tho Hartreo"Fock

scheme has come to bo called tho correlation energy. There have been

a ntnber of attanpts to calculate this energy previous to tho plaana

oscillation theory of jt>otei and Pinos with which the work of this thesis

is mainly concerned, and two of them, tho correlation energy calculation

of Mgner (1934, 1938) and that of Macke (1950), will be briefly

described in this section.

There is one case in which the correlation energy can be quite

easily calculated. This is tho case in which tho electronic density 

and the kinetic energy of the electrons are low (if the electrons occupy 

a Fermi distribution a low density implies a low kinetic energy). ±n 

this case tho most stable arrangement of the electrons is, according to

Madelung typo calculations (Madelung, 1909, 1910), a body-centred cubic 

lattice, and tho corresponding energy of tho system is (relative to 

a uniform distribution of negative charge of tho same density)

(4.1)
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per electron. Of this energy, 0.916/r^ per electron is exchange energy

according to (3.9), so that the correlation energy in this case must be

just

O. S''7G

(4.2)

per electron#

In Wigner's calculation this result is combined with a calculation

(to be outlined shortly) of the correlation energy of a high density

system of electrons to give an approximate interpolation formula

o.S’76

S'. I 14.3)

for the correlation energy par electron

In Wigner’s calculation of the correlation energy of a high density

R.k^ef.

electron gas he only considered the correlations between the motions of

the electrons v/ith opposite spins* This is reasonable because the

correlations in the motions of the electrons brought about by the

exclusion principle (the Fermi hole) tend, in any case, to keep electrons

v/ith the same spin apart, so that the effect of the Uoulomb repulsion

in keeping them apart is much reduced, and the greater part of the

correlation energy arises from the correlations in the motions of electrons

v/ith opposite spins.

If all the electronic states are doubly occupied (that is both the

corrosp'onding spin states are occupied), then in the Hartree-Fock
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scheme, in calculating the energy of the system, the wave function (1.4)

Can be replaced by

■■■

(4.4)

where the r s are the co-ordinates of the electrons with one spin and 

.2.1 ®

direction.

the co-ordinates of the electrons with the opposite spin

This wave function already includes (as (1«4) doos) the

correlations betv/een the motions of the electrons brought about by the

exclusion principle, but does not contain the correlations between the

motions of electrons with opposite spins brought about by the Coulomb

interactiono To include these latter correlations, Signer generalised

the Wave function (4.4) to one of the form

'f',-i)

V

(4.5) 
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in v/hich the wave functions of the electrons with one spin depeixi

parametrically upon tho co-ordinates of tho electrons of opposite spin.

The independent electron wave functions and could now be determined 

by the application of the variation principle (1.5). The v/ave functions 

thus obtained could then be substituted into t4«5) and the total energy-

calculated.

osculation,

densities.

energy given

Because of analytic difficulties in carrying through this

V/igner restricted himself to the case of high electronic 

he then constructed the formula ^4.3) so that the correlation 

by it joins aaoothly to this result for high densities and

to (4o2) for low densities©

t&cke (1950) calculated the correlation energy of a free electron gas

directly by treating tho Co ulom b interaction between the electrons as a

perturbation and sunming part of the perturbation series. Tho perturbation

series for the energy of the ground state is just

■/ ...
(4© 6)

where 0 is the ground state (the determinant of free electron wave functions

£

corresponding to a Fermi distribution), n, n*,... are excited states, and

V , is tho matrix elan ent of tho coulomb interaction between tho states

n and n*.

The first term of (4.b) is just tho kinetic energy of the electrons

of the Fermi distrioution in the absence of the interaction. Birect

Calculation of shows that this term just coincides with the exchange 

energy of tho electrons as calculated in ^3. Tho remaining terms in the
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series must, therefore, represent the correlation energy, and the 

leadingtsrni of this Is the second order perturbation tezsu

Unfortunately, howerer, it is fouxid that when this second order term 

is calculated it diverges logarithmically. An impox*tant point which 

emerges from this calculation is that this divergence is actually due

to the possibility of the system making

ground state to excited states in which

virtual transitions from the

one electron is excited to a

state just above the Permi surface, and that the importance of such

transitions arises from the long-range nature of the Coulomb 

interaction.

Since a finite result must evidently be obtained if the

perturbation calculation Is carried to an infinite order,Macke con-

eluded that there must be terms amongst the higher order terms of the

perturbation series which corrected the divergence of the second order

tezwu He then went on to pick out these tenos and to oonbine them with

the second order term to obtain a finite result for the correlation 

energy* which is in good agreement with .?ignor*s formula (4«3)» He 

further showed that the same result could be obtained by assuming that 

the GCulomb interaction is replaced by an interaction of the font
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e___
•r

(4.7)

calculating the energy so far as the second order perturbation terra, and

then using the variational principle to find the best value for k ©

He actually finds that this best value of X is given by

(4.8)

The two most important correlation calculations previous to the

theory of BP have been described above. 7/hilst thore does not seem much

doubt that the results which were obtained are substantially correct,

these calculations do not fulfill all the requirements of useable theory of

correlation phenomenao Jbr, as has been pointed out in ^2, whilst the

independent particle model leads to quantitatively incorrect results, the

general picture of the electronic motion v/hich it presents is found to be

in good agreement with the observed properties of solids. A complete

theory of correlation effects should there fore show why this is so, and

should in fact retain those features of the independent particle model

(such as the zone scheme) which have been found to bo in good agreement

X

with experiment. However, the two calculations which have been described 

above are purely formal calculations of a particular quantity rather 

than theories giving a complete account of the correlation phenomena 

and showing how the independent particle aspects of the motion arise®

The qualitative success of the independent particle model leads one to 

suspect that a theory of the required nature exists; such a theory has, 
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in fact, been developed recently, namely the plasnia oscillation theory 

of Bohm and pines, and this theory is the subject of the remainder of 

the present thesisa
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CHAPTER TWO.

THE 5REE ELECTRON GAS THEORY,

In this chapter, as a preliminary to the description of the work with

v/hich this thesis is mainly concerned, a description of the BP plasma

oscillation theory of tho free electron gas will bo given. The

description vzhich v;ill be given here is mainly concerned with tho quantum

mechanical version of the theory, as presented in BP 1953 and by Pines

(1953), since space does not permit a description of the interesting

classical versions of the theory*

^5 Introduction to the pla^.a Oscillation Theory^

By a plasma is meant here a system which, whilst electrically neutral

as a whole, is made up of positively and negatively charged particles

Jbr example, a system consisting of electrons and positive ions, such as a

motol, is a plasma; it is for this reason that the study of plasmas is of

interest in tho theory of solids*

Because it is made up of charged particles which are free to react to

any electric field acting on them, a plasma exhibits certain characteristic

electrical properties* Two of these are of particular interest* The

first of these is the tendency of a plaama to remain field-free* This

tendency arises from the fact that if some disturbance should generate an

internal field in tho plasma, then the charged particles will tend to move

as a result of tho action of the field on them in such a v/ay as to screen
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out this field (the field polarises the plasina), Because of the 

inertia of the particles

Suppose some disturbance

this screening is not, however, instantaneous< 

in the plasma creates an excess of positive

charge in some region of the plasma; then this charge will attract the

negatively charged particles and repel the positively charged particles;

if the mean free path of the negative particles in the plasma is

sufficiently long, then these particles will accelerate towards the

disturbance and will then overshoot and move away from the disturbance

again, recreating the original excess of positive charge, to which they

will now again be attracted. In this way the initial disturbance will

sot up a sort of oscillation, the negative particles oscillating about

the centre of the disturbance; exactly similar considerations hold for

the positively charged particles. Thus it is possible to set up in a

plasma certain types of oscillation, the so-called plasma oscillations.

The possibility of sustaining such oscillations is the second of the

characteristic properties of a plasma referred to above©

These plasma oscillations were first investigated (classically) by

Tonks and Langnuir (192<l), who found that, in a plaana made up of

particles with mass m and charge e, in which the particle density is 
2 1/2the long wave length oscillations had the frequency (4 7r no /ra) '

Pirther investigations of the classical case by Bohm and Gross (1949)

showed that if these oscillations were resolved into travelling waves

with wave vectors Jk, then the frequency of each wave was related to its

n,

o

wave vector by the dispersion relation
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L.

(5.1)

'.vhera is the mean of the particles of the plasma. These authors 

also discussed the generation and dajnping of the plasna oscillations.

The more recent investigations of these oscillations have been

Carried out by Bohm and Pines (BP 1951, 1952, 1953; Pinos, 1953).

Those investigations have shown that a fairly complete account of the

phenomena brought about in a plasna by the long-range part of the Coulomb

interaction can be given in terms of these oscillations. It is from

this possibility that the importance of the theory of these oscillations

in relation to correlation phenomena in electron gases arises.

These authors have also given a quantum mechanical version of the 

theory, and have use(i this theory to obtain a value for the correlation

energy of a free electron gas and to investigate other correlation

phenomena. It is this theory which forms the starting point for the

v/ork of this thesis, and which will bo described in the remaining 

sections of this chapter.

Before going on to describe this theory in detail, a general picture 

of the behaviour of a plasma in terras of this theory will be given.

According to the theory a plaana exhibits two typos of behaviour 

simultaneously, on the one hand a medium-like behaviour as exemplified 

by the plasma oscillations, and on the other hand a particle-like 

behaviour similar to that of the particles of an ordinary gas. The 
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motion of each particle can, in fact, be regarded as made up of two 

coaponents. One of those components of its motion is exactly similar 

to that of a particlo in a gas of similar particles, all of which 

interact through a weak, screened interaction (the short-range part of 

the Coulomb interaction). Superposed on this component of the motion

is the other, collective component, which consists of snail oscillations

at the plaana frequency. The oscillatory motions of all the electrons

in any region are all in phase with one another and tend to maintain and

reinforce each other through the long-range part of the Coulomb inter­

action. Thus it is to bo expected that the plasma can be represented,

at least approximately, by a system of particles interacting via a

screened interaction together with a sot of oscillators representing

the plaana oscillations; this is, in fact, the description v/hich was

developed by BP, and the details of which are given in the remaining

sections of this chapter®

§6 The Transition to the Collective Description of a Dree Electron Caso

In this and the following sections the free electron gas theory as

developed by Bohm and pines (Bohm and Pines, 1953; Pines, 1953) v/ill

bo described. BP have called the description of a plasma in terns of

its plaana oscillations the collective description of the system, since

those oscillations are a result of the collective behaviour of the

electronso In this section the way in which the transition from the
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ordinary description in teras of a set of particles interacting with

one another via their Coulomb interactions to the collective description

can bo made in the quantum mechanical case will be described©

The system which will be dealt with here is a system consisting of

M electrons moving in a background of positive charge of just such a

density as to render the system as a whole electrically neutral, and

interacting with one another via their Coulomb interactions. The

Hamiltonian of such a system is (see (1.1))

H
(6.1)

Here the Coulomb interaction has been expanded in terms of its Iburier

components according to (3.5). The Iburier component with 0 just

cancels the energy of the electrons due to their interaction with the

positive background charge, and has therefore been omitted from the sum©

To separate the long- and short-range parts of the interaction, the

Fburier series in (6.1) is now split into two parts, one part containing

all the terms with s such that k < k^ , where is some suitable

constant, and the other part containing all the remaining terms. The

first part represents the long-range part of the interaction and the

latter part the short-range part. In making the transition to the

collective description it is only the first part which is transformed

Tt is convenient to include in the term representing the long-range

part of the interaction also a term representing the long-range part

of the Coulomb self-energies of the electrons and to subtract this
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part out in an extra term* V/hen all these changes have been carried

through the Hamiltonian becomes

where

i k<J,c A*
-h

(6.2)

(6.3)

represents the short-range interaction.

In order to represent the plasna oscillations in terms of oscillators

it is necessary to introduce suitable oscillator co-ordinates. In doing

so no new degrees of freedom will be introduced, since at the same time a

set of subsidiary conditions, equal in number to tho number of oscillator

co-ordinates introduced, will also bo introduced© It is convenient to

introduce these oscillator co-ordinates and their conjugate momenta

p^ formally by adding to tho Hamiltonian (6.2) the terms

(6.4)

and imposing the subsidiary conditions

(6.5)

on the wave functions.

A
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The new Hamiltonian is

It follows at once from (6.5) that if f* is any eigenfunction of (6.6) 

satisfying (6.5)> then is also an eigenfunction of (6.3) belonging 

to the Same eigenvalue. Thus it is sufficient, in order to detemino 

the eigenvalues and eigenfunctions of (6.3), to determine those of (6.6) 

v/hich satisfy the condition (6.5).

The next step in the transition to the collective description io 

made by moans of a unitary transformation,

$ is*
0 C 0

(6.7)

where 0 is any operator and S is the function generating the 

s
transformation. In the present case the function S is chosen to be

--,ss (^'J'
(6.8)

The transformed operators may bo conveniently evaluated by means of the

expansion

e * Oe*

One finds, in fact, that the transformed operators are given by

i"- T ■
-1 - )

(6.10a)
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(6.10b)

S e
V

(6ol0c)

Substituting thosQ results into (6.6) and (6o5), the nev/ Hamiltonian

and subsidiary conditions become

H

and

- i S Kkc 2j ■h Hi.f.

(6.11)

o , k

(6.12)

The next, and final, stop in the transition is the application of

the so-called ’random phase approximation* (RPA for short)© To do this

it is first necessary to expand the brackets in the first terra of (6.11)•

V/hen this is done one obtains



H

(35)

27 — 4- yEuiie'
tn

+ szi i (kt/i.). -r- 
I c ~ ~ "

(6©13)

The RPA can now ba applied to the third term of (6.13). In this 

term the sun over i reduces to a sura of the form

t (k-f-k')

( (6.14)

If instead of a sura an integral were present here, the integral would

reduce to 0 unless - 0© But, if is short, corresponding to a 

wave length considerably greater than the inter-particle spacing (r^).

then this sura can to a good approximation be replaced by this integral.

It has thoroforo to be concluded that, unless 0, the aura (6.14)

is aaall compared to the corresponding sura when - 0. The RPA 

consists of neglecting in the third terra of (6.13) those terms in which

This is obviously equivalent to the transition from a

particle-like to a raediura-like description, and is the real crux of the 

theory© That it is in the pro sent case a valid approximation can be 

verified by using perturbation theory to calculate the contribution of 

the neglected terras to the energy; it is found that their contribution 

is indeed negligible©
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When this approximation has been made the Hamiltonian (6.13) reduces

to
27 75? 27 27 i If. - i*i If, ‘

The

(6.15)

various terras of this Hamiltonian have simple interpretations. The

first terra represents the kinetic energy of the electrons, the third is

the Hamiltonian of a set of oscillators with frequency , tho plasna

oscillators, the second terra represents an interaction between the

particles and the oscillators, whose effects are to be studied shortly.

and finally, the last terra represents a screened interaction between the

particloso

Suppose that for the moment the particle-oscillator interaction terra

and H^ are neglected.

function of a stationary

Then the Hamiltonian is soparablo, and the wave

state of the system will bo the product of an

oscillator wave function and a particle wave function. Thus, in this

approximation, the two typos of behaviour, the collective behaviour re­

present od by the oscillators, and the particle-like behaviour represented

by tho particles interacting via the screened interaction, have already

been separated. In fact, tho eigenfunction of (6.14) representing the

oscillators in the ground state (this will be their usual state, since

the quantum is of the order of several electron volts, much greater
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than either kT or the kinetic energy of an electron at the top of the

Ibrmi distribution) and the particles in momentum states jcp ^^,©.0 will

bo, neglecting the short-range interaction and the particle-oscillator

intoraction

^6«16)

This result is only obtained bj’’ making a number of approximations. The

effect of H will be to modify the particle wave function; from L&.cko’s

Calculations and those given later in the present chapter it seems that

this effect can be adequately treated by means of perturbation theory©

A further approximation is the neglect of the subsidiary conditions;

it has, hov/ovor, been shown by BP (1953) that if the wave function (6ol5)

is non-degenerate then it will automatically satisfy these conditions.

This re suit applies particularly to tho important case of the ground

state wave function which is no n-de gone rate© The effects of the RPA

are found by perturbation theory to be negligible. The last

approximation was the neglect of tho particlo-oscillator interaction;

tho effects brought about by the inclusion of this interaction will next

be investigated©

BP studied tho effects brought about by tho particle-oscillator intor­

action by making a further unitary transformation whicn eliminates the explicit
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interaction and replaces it by terras which can easily be interpreted.

The details of this calculation will not be given here since they are

exactly similar to (and are, in fact, a special case of) a calculation

performed in the next chapter. It is sufficient to say that a function

S Can be found having the property

♦
(6.17)

where

Ho
(6.18)

and

Zr
*

(6.19)

and that this function generates the unitary transformation which is 

used*

If nov/ the transformed Haniltonian is calculated by moans of the

expansion (6o9), it is found, using (6.16), that it is given by

C -f- ■■ ■
(6.20)

Thus the interaction 

replaced by other terras.

no longer appears in the Hamiltonian, but is

the leading one being

(6.21)
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This term clearly represents the effects of the interaction H 5 

fortunately its various terns, which can be calculated directly from 

and S, are susceptible to simple interpretations once the RPA has been 

used. It is in fact, found that this term represents three effects:

(i) a change in the oscillator frequency; the new frequency of an 

oscillator with co-ordinate q^ is given by

Ujie -------L

where is the new frequency;

(6.22)

(ii) a change in the particle energy; an additional terra

3>t (6.23)

appears in the Hamiltonian, v/here n* 

unit volume ( =. ) ; this terra

is the number of oscillators per

is clearly equivalent to a change

in effective mass from m to
-I

(iii) a long-range, but screened, velocity-dependent interaction

between the particles of the fo rm

(A -yj )
(6.25)

this interaction is very weak and can often be neglected

The effects described above will be fairly snail provided the parameter
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(6.26)

is small; the smallness of this parameter is also the condition for the

unitary transformation method of eliminating used here to be

successful. it is found in practice that for the cases of principal

interest that k is between 1/16 and 1/20, and this is sufficiently small,

in this case the effects arising from the higher order terras in the

expansion (6.18) are negligible.

Thus after the elimination of the Hamiltonian becomes

// -- A - 7 2 -f- fff.y.'f'
i ' ' II'

which is separable© jfurther, the transformation of the subsidiary

conditions yields for the transformed subsidiary conditions

/V ------- '■------------------- e

which affects only upon the particle co-ordinates.

o
t

(6.28)

Thus a complete

separation of the particle and collective aspects of the system has been
z

achieved (as far as terras of the order )•

'LL- "ThQ Oollective Description.

As a result of a series of unitary transformations and a number of

valid approximations, the problem of determining the eigenvaluos of (6.1)

has been reduced to that of determining the eigenvalues of (6.27) subject

to the subsidiary conditions (6.28). The Hamiltonian (6.27) nov; provides



(41)

the collective description of tho system; in this section the nature of

this description will bo discussed.

The essential feature of the Hamiltonian (Go?.?) is that it is

separable into two parts, one part,

U 
osc.

being the Hamiltonian of the plasma oscillators, and the other part being

tho Hamiltonian

(7.2)

of a system of particles interacting with one another via the interactions

(6.3) and (6.25).

As a result of this separation it is permissible to treat the system

as though it consisted of two systems, one consisting of the oscillators

and the other of the particles. Because xhe quantum of energy tcd of

tho oscillators is very large (-^10 oV.), the system will tend to behave 

so far as a wide range of effects are concerned as though it consisted of 

just tho particle part. Ibr example, if any term is added into (6.1) 

representing some perturbation due to an external electric or magnetic 

field, then when the various unitary transformations have been performed.

and tho RPA applied, there will result additional terms in (6.27), one 

representing tho interaction of tho external field with tho oscillators, 

and one representing its interaction with tho particles. in general the 



(42)

term ropresenting the interaction with the oscillators will have little 

effect, since the energies of the lovzest excited states of the oscillator 

system are so much above the energy of the ground state® Thus the 

system will tend to behave as though it consisted of jusfc the particle 

part® There are, however, some phenomena in which the interaction with 

the oscillators is important, and these phenomena, to bo discussed in^8, 

are of particular interest from the point of view of the present theoiy 

aS confirming the general correctness of the theory and providing direct 

information concerning the actual plasma frequencies®

Since the oscillator system is easily understood, ard 

applications it is the particle system which is important.

in most

the rest of this

section will be devoted to the discussion of this system®

(7.2) represents a system of particles of mass m interacting with one 

The Hamiltonian

another through the interaction , vzhich is very weak and will bo 

neglected, and via the weak, screened interaction H_^^® But this system 

is just the same as that represented by (6®1) except that the Coulomb 

interaction has been replaced by a screened interaction, and the mass has 

boon changed® Since the interaction is novz weak and short-range, it is

to be expected that the

ceeding chapter may novz

since it was seen in S 3

applied to metals arose

independent particle model discussed in the pre- 

bo applied successfully to treat this system.

that most of the difficulties of this model when 

from the long-range part of the interaction®

Thus it is possible to show from the present theory that the independent 

particle model should give a good description of the behaviour of the 
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system provided that in this model the ordinary Coulomb interaction 

between the particles is replaced by a screened interaction. But this 

latter modification is just what was required in order to correct tho 

wrong results obtained in the ordinary theory as a result of the use of 

the Hartree-5bck schamo. Thus the present theory gives a good account 

of the reasons for the success of tho independent particle model, and 

shows how it should be corrected whore it is wrong.

Apart from tho phenomena to be discussed in ^8, there is one 

particular case in which the oscillator system cannot be ignored. This 

is in tho calculation of the correlation energy. It was pointed out in 

§3 that one of the difficulties in arbitarily postulating that tho 

electrons interacted through a screened interaction was that this led to

a wrong value for the cohesive energy. This 

the present theory by taking into account the 

state energy made by the zero-point energy of

difficulty is avoided in

contribution to the ground

the plaana oscillators.

In calculating the ground state energy of the system it is per-

missible to neglect tho subsidiary conditions and also to treat as y.y.

a perturbation. Because of the short-range nature of this 3.x

perturbation calculation will not meet with the difficulties 

encountered by f.Sacke (soe^ 3) in treating the Coulomb interaction as 

a perturbation.

If tho oscillator and particle systems are in their ground states, 

the ground state eigenfunction of (6.27) will be, neglecting ,
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n 
k<ke

(7oS)

v/hsre the k . make up a Ferai distribution< I'he corresponding energy

v/ill be

(7.4)

If now is introduced as a perturbation, the first order

perturbation term is found to be

This is just that

- 27

part of tho exchange energy (3.7) due to the snort­

CZ.5)

range part of the Coulomb interactiono

— i

E 2:I

1 ne

The second order perturbation term will bo tho loading term of tho 

correlation energy due to the short-range interaction. Its calculation 

involves only a slight modification of .v.acke’s calculation (1950) and had 

boon performed

which appearea

of tho Coulomb

by Pines (1954). The result is finite, the divergence 

in Macke’s calculation being duo to the long-range part 

interaction which is no longer present.

Thus the total energy of tho system is given by
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(7.6)

where S io the short-range correlation energy*

Be fore direct calculations of the energy of the system can be made

from this result it is first necessary to choose a Value for k^ © k*= c

v/as a parameter introduced to separate the long- and short-range parts

of the interaction, and its choice will effect the extent to which H

is screened* Au optimum choice of kc can easily be deterr.iined using the

variational principle (1.5); k^ can be regarded as a variational

parameter in the expression (7.6) for the total energy of the system and

can bo determined by the requirement that it make the total energy a

minimum©

Pines (1953) has made detailed numerical calculations of k and 
c

the energy given by (7.6) for electronic densities corresponding to those

occurring in metals, and has obtained good agreement with V/igner’s foniula

(4.3) for the correlation energy and v/ith the experimentally determined

cohesive energies of the alkali metals©

^8 The Small Angle Scattering of Past Slectrons

It was mentioned in the proceeding section that there are certain

phenomena in which the effects due to the oscillator part of the system

are obsorvabloo The most important of these, apart from the calculation

of the correlation energy, is the anall angle, inelastic scattering

of fast electrons in transvorsing a solid*
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It was first observed by Ruthemann (1948) and Lang (1948) that 

if, when a beam of fast electrons is passed through a metal foil, those 

electrons which have undergone very snail angle inelastic scattering 

are collected, then the resulting energy loss spectrum shows definite.

vei'y sharp peaks. The origin of these sharp peaks was difficult to 

understand because the oioly obvious scattering processes would bo expected 

to give rather broad peaks if anything at all.

However, it will now be shown that the theory developed in this

chapter gives a reasonable account of these peaks. They appear in the

present theory as a result of the energy loss of an electron duo to its

interaction with the plasma oscillators. As these oscillators nearly

all have the sajne frequency co , they all give rise to energy losses in

quanta of , thus giving rise to a sharp peak in the energy loss 

spectrum.

A fast electron passing through the electron gas can be represented

by the addition to ^6ol) of terms of the form

“ 7 A<■ (8,1)

where P is the momentum and jR tho position of tho fast electron. V/hen 

tho first unitary transformation (6.7) is performed these terms will bo 

unaffected? after the transformation it is possible to use the sub- 

sldiary conditions (6.12) to transform those teras with k< k^ in (8.1).

V/hen this is done one obtains in (6.27) the additional terms (neglecting
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the second unitary transformation which only gives rise to small 

e ffects)

J-

(8.2)

The last term of (8.2) represents a short-range interaction between

tho fast electron and tho electrons of the gas, and will give rise to

mainly large angle scattering of the fast electron© Tho second term

represents an interaction between tho fast electron and the plasma

oscillators, and it is this term which gives rise to tho small angle

inelastic scattering of the electrons© it will be seen that this terra.

regarded as a perturbation, gives rise to transitions of the system in

which an oscillator is excited from tho ground state to its first

excited state, taking up energy from the fast electron, and in which

the electron is scattered from the state with momentum £ to a state with

momentum p - tile. Since k < k^ , will be aiall compared to P and the

electron will only be scattered through a small angle as stated©

Since the energy of the electron is absorbed in quanta of iioo in such

procossos, there will be a sharp peak in the energy loss spectrum at

this energy, and at multiples of this energy©

Tho mean free path for energy loss by this process can be calculated

directly froxm (8.2) using the usual perturbation theoretic methods.

The result is that the rate of energy loss per unit path length of a

fast electron with velocity v is
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"7 -V

(8.3)

It has been vorified experimentally in a nu-mbor of cases (in particular

Be and Al) that the observed peaks in the energy loss spectra are at about

the energyas predicted above, and the correctness of the result (8o3)

for the mean free path for energy loss by this mechanism has also been

verified in these caseso In other cases, however, much more complicated

energy loss spectra than those predicted by the above theory have been ob­

tained experimentally© The interpretation of these more complex spectra

Y;ill be returned to in Chapter rbur®
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CHAPTER THREE.

THS EFFECTIVE ?:ASS TR3ATL3OT

It has boon seen in the proceeding chapter that Bohm and Pines*

plasiia oscillation treatment gives a good account of correlation

phenomena in a free electron gas© The principal interest in this

treatment from the point of view of the theory of solids lies in its

application to correlation phenomena in the conduction bands of metals*

However, a free electron gaa is only a very idealised model of a con­

duction band. Nevertheless, it soems evident that some treatment

closely analagous to the free electron gas treatment can be given for

the electrons of a conduction band; the construction of such a treat­

ment has been the main aim of the work to bo described in this thesis*

In a metal there are two main additional effects which are not

represented in the free electron gas model. The first of these is the

presence of the periodic potential field. This field has a profound

effect upon the electronic motion in a metal, and can bo expected to

modify such phenomena as the plaana oscillations very considerably

in many cases. The second additional effect is the presence of the

ion cores. It might be expected that these ion cores will bo

polarised by the electric fields associated with the plasma oscillations

and will thereby exert an influence on them*

The attempts to gonoraliso DP’s free electron gas treatment to the
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case of the electrons in a metal have follov/ed two main lines. The

first and earlier of these lines, which has been developed by the present

author (Hubbard, 1954) and others (Adans, 1955; Kanazawa, 1955) makes

use of the so-called ’effective mass equation’. Essentially what is done

is to transform the Hamiltonian (!•!) into the corresponding Hamiltonian

in Adaims* crystal momentum representation (Adams 1952, 195 3 ). In this

representation the HE#niltonian assumes a form very similar to tho

Hamiltonian (6.1) of a free electron gas, and it is possible to proceed 

to tho collective description along lines voiy similar to those off6.

In this chapter a description of the simple version of this theory

developed by the pro sent author will be given.

The second approach to the generalisation of BP's theory has been

through the ’dielectric’ treatments. These treatments arise from the

recognition that BP*s free electron gas treatment is really equivalent in

essentials to treating the long-range part of the electron-electron

interaction as though the gas were a homogeneous dielectric medium

possessing the dielectric properties appropriate to a free electron gas.

When this is recognised it is at once evident that the theory can be

generalised so as to apply to a solid by merely treating the long-range

interaction in tho solid as though the solid were a dielectric medium

with the appropriate dielectric properties. This approach enables one

to give a much more general and complete treatment than is possible

through the effective mass treatments, and will be developed in chapters

four.
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§9 The Transformation to the Crystal LZomentum Representation.

In th© remainder of this chapter a simple version of the effective

mass treatment will be describodo This treatment will only apply to 

the case in which only one of the Brillouin zones is occupied, and even 

then will neglect the sometimes important inter-zone transitions 

(seej/4t)o Nevertheless, the treatment developed here illustrates tho 

main features of the

the theory developed

effective mass treatments, and tho extension of 

here to cover more general cases is very straight­

forward, if somewhat cunborsome.

Tho general problem is that of determining the eigenvalues and 

eigenfunctions of the Hamiltonian (1.1). It will be assumed for the 

purpose of the present treatment that the solutions of the corresponding 

independent particle problem, namely tho solutions of the Hartroe-Ibck 

equations (1«7), are already known.

The first stop in the treatment is to transform the Hamiltonian 

(1.1) to tho corresponding Hamiltonian in the crystal momentum

repro sontation. In making this transformation it is

to transform the short-range part of the interaction®

not very convenient

It is therefore

necessary to separate tho long- and short-range parts of the interact ion

before making the transfomation. This is done in the same way as in

the free electron gas case by expanding the interaction term of (1.1)

in Iburior series according to (3.5). It is now four^ that the tom

tho meanexpansion just cancels with nU, whore U iswith ^^0 in this

strength of the potential field U(r) (the term with ^=0 in the
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Itouriar expansion of U(r)) and n is the electronic density, as a con­

sequence of the electrical neutrality of the system as a vvhole; carrying 

out this cancellation and writing U- (r) = O(r) - U, the Hamiltonian

(1*1) now becomes

(9.1)

where the prime on A means omit the term with k-0 in

To separate the

the swiiaationo

the interaction terra

in the free electron

long- and the short-range parts of

is split into two parts in exactly

case (see 6)< this gives

the

the

interaction,

same way as

2 z

H
where

27 27
(9.3)

is the shoirt-range part of the interaction. It is lioped that it will be

possible as in the free electron case to choose k in such a way that

represents 

perturb at io n.

a weak, short-range interaction which can be treated as a

Hamiltonian, the effects brought about by it being afterwards investigated 

by means of perturbation theoi*y. The Hamiltonian then becomes

H L (9.4) 
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and this is ths Hamiltonian which will be transformed

The present treatment is restricted to the case in which the con­

duction electrons occupy only one Brillouin zone (in the reduced zone 

scheme) and doos not contemplate the possibility of inter-zone transitions

to othor zoneso

present troatniant

V/ith these restrictions it is only necessary in .the

to consider the Bloch wave functions belonging to one

zone; these wave functions will have the form

a? e ■

(9.5)

and will satisfy the SchrOdinger equation

(9.e)

where is the corresponding energyo

If the interaction between the electrons were neglected, then an

eigenfunction of (9«4) would have the form (neglecting also the exclusion 

principle)

I.
(9.7)

where is the spin vector of the i th electron, (k

(k ,s ) are the w ve vectors and spin numbers (s^--il) of the occupied 

states, and the u ( ) s are the spin functionso

{^•7} can be written in another way which is instructive for the

present purpose. To do this it is necessary to introduce the V/annier
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functions (Wannier, ls37)

<pct) = 27
K (9.8)

where the sum runs over tho whole Brillouin zone. These functions have 

tv/o important properties; the first is that any Bloch wave function can 

be expanded in terms of tho /(£ • R) s> where R is a lattice vector, 

according to

/I/"' 27
It

tho second property is that they have tho orthonormality

(9.9)

pro perty

J f>^f>(z -g') oft -f')
(9.10)

Using (9«9), the wave function (9.7) can be written

I ‘ 4-.-,

in the form

... J

V Car^

(9.11)

This expression for the wave function is of interest because it is of

the form

19.12)

with
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e o*,5, -- -*,5z (9.13)

which is just ths wave function of a fres electron gas when the inter 

actions between the electrons are neglectedo This suggests that if 

now is an eigenfunction of (9.4) when the interaction between the 

electrons is taken into account, then when it is expanded according 

to (9.12), the function obtained may resemble the BP wave function

for a free electron gas; this is, in fact, found to bo so.

Lot be any eigenfunction of (9.4) belonging to the energy E,

and suppose that it Can bo expanded in the form

? •

(9.14)

whore i is some as yet unknown function. Tho assumption that it can 

be expanded in this way is the main restriction of the present theory, 

since it Implies that all tho electrons belong to the Brillouin zone 

corresponding to the V’annior function /(r)j and doos not allow tho 

possibility of inter-zone transitions to bo taken into account.

Since satisfies tho equation will satisfy 

some corresponding equation. This equation is quit© easily derived 

using the method given in tho Appendix to Slater’s paper (1949); it

is only necessary to multiply (H - S)^ - 0 by

azid

(T-
— i.

integrate over tho co-ordinates £^.and sum over the spin co-ordinates 

. One thus obtains on carrying out tho spin smmation
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I •)... 7- > J p'h,

X /■ -/fT A
L c

27 27 2^'
k<-ke

XL ...

a
(9.15)

Using the orthonormality properties (9.10)> the last term in square

i 9 >••• )•brackets gives a contribution E

The contribution from the second tom in square brackets is also easily

Calculated. Because this term represents the long-range part of the

interaction it is a ’slowly varying* function in the sense of Slater’s

paper? because it is slowly varying this tom hardly affects the

one hasorthogonality of the Wannier functions in the integration and

(9*16)

Using this and the orthogonality properties (9.1o), the second term in

square brackets of (9.15) gives

k.^
2 ••• “-9

(9.17)

The contribution from the first term in the square brackets of (9.15)

Can bo calculated by the method used in the Appendix to Slater’s papsr

(1949)J the result is

(9.18)



(57)

v/here is given by (9.6)«

Combining all these results, it is seen that satisfies the ’effective

mass’ equation

(9.19)

where small s have been written in place of the £ ; s, and £; has been 

written in place of (h/i) (d/d£ ) j £^-and satisfy the usual commutation 

relations

(9.20)

betwe on canonically conjugate variables#

It

vector;

should bo noticed that is only defined when £ lattice

in this connection tho following remarks concerning tho inter­

pretation of tho operator £ ^ should be noted. It is not at once obvious

what is meant by the application of the differential operator E(£) to a

function which is defined only for discrete values of tho argument £ 

(£ c lattice vector)© The essential point is, however, that is

regarded as a periodie operator in l^-space having the periodicity of the

reciprocal lattice; this is not in contradiction to the definition of

by (9#6) since this only defines E within the first Brillouin zone; 

this definition has, in fact, been continued throughout the whole of k-space 

by tho periodicity requirement. if now E(£) is expanded in Iburier series.

since it is periodit, the expansion will have the fora

(9.21)
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where tho s are lattice vectors.

F(r) of r, then one has from (9.21)

If E(£) is now applied to a function

£(/>-)
F(z

(9.22)

whoro U39 has been made of the result, derived from the Taylor’s theorem

expansion of r(r (^R),

(9.23)

(this result was used to derive (9#18)).

If £ =r lattice vector, then the right hand side of (9.22) only

involves the values

meaningful although

meaning is given to

of r(r) at the points £ lattice vector, and is

F(r) is only defined at such points; thus a definite

K(j)F(r) when £ s lattice vector, the only case of

27

s e.

/- (t )

interest. All the operators involving £ which are used in tho follow­

ing sections are derived from E(£) and are also periodic, and their 

application to f is therefore meaningful. One could, in fact, have 

written all tho work of this and the following sections in terms of 

expansions of the same typo as that appearing on the right hand side of 

(9.22) and dispense with tho operator £ altogether} one would then 

obtain exactly tho same results, but written in a more cwaborsomo 

notation. Thus it may bo concluded that although is defined only 

for discrete values of its arguments, one may work quite safely with 
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the operators £ provided that it is always borne in mind in interpreting 

any result that it has the moaning given by an equation of the typo 

(9.22).

Thus it is seen that if $ is an eigenfunction of the H of (9.4)

belonging to the eigenvalue Sy then the corresponding of (9.14)

satisfies the eigenvalue equation (9«19), the eigenvalue again being S»

Thus the operator
2Te^ t'k • /V.- - y.-) 

e - J-

(9o24)

Can bo regarded as the Hamiltonian in the new re pro se nt at io n®

The Hamiltonian (9»24) boars a close resemblance to the free electron

gas Hamiltonian and one can now proceed to the collective des­

cription along the lines of J 65 it is for this reason that the 

transformation to the crystal momontin representation is useful

There is one further point which has to bo considered© Electrons 

satisfy the exclusion principle and it is therefore required that

bo antisymmetric against the interchange of ai^ pair of electronic 

ordinates )> (£ > cr. )> this imposes on the condition that

it also bo antisymmetric against any similar interchange of co-ordinates 

as is easily seen from (9*14)»

To sunraariso, within the restricted form of the theory developed 

here, it is sufficient, in order to determine the eigenvalues of 

azxl eigenfunctions of (1.1) satisfying the exclusion principle, to 

determine the eigenvalues and eigenfunctions of (9.24) satisfying the 

exclusion principle, when the eigenvalue of (1.1) will be that of
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(9.24) and the eigenfunction of (1*1) will be given in terms of that of 

(9.24) by (9.14).

•^10 The Transition to the Collective Description.

Having now obtained the tiamiltonian (9.24) in a form analagous to 

(6.1), one Can proceed to the collective description along the lines of

6, generalising the theory of ^6 everyv/hero to cover the present case.

If one adds the terras (6.4) to the Hamiltonian (9.24), imposes on

'p the subsidiary conditions (6.5), and makes the unitary transformation

generated by (6.8), then, using ^6.10), one obtains the transformed

Hamiltonian

(10.1)

analagous to (6oll), and the saiae transformed subsidiary conditions 

(6.12) as in the free electron case.

The next step is to aprly the RPA« in order to do this it is 

necessary to expand the first term of (10.1) in powers of q^ . This 

is not straightforward on account of the lack of commutativity of the 

terms in curly brackets. However, the effect of the unitary trans­

formation on E(£) can bo alternatively evaluated using the expansion

(6.9) J when this is done the transformed E(jg) is obtained in the form 

of an expansion in powers of the s since S is linear in the q^ •

The expansion obtained is
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Sf k,k,k<fzc

•4-

(10.2)

where evaluation of the commutators shows that

(10.3a)

’ll kk

v)£(!>,) + .. .X

I

(10.3c)
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and the general law of formation of tho M .(h* £•>©••) can be inferred.

Using (10.2) the transformed Hamiltonian can now be written

H S ef/t;) f
(

(10.4)

The RPA can now be applied to tho terms of (iO.4) involving

M • M •••• Bach of these terms involves a sun over the i s of the 1* J *

type

i

(10o5)

which is of the same form as (6«14). In the case of (6«14) it wsis

deduced that the suns of this fonn with k, Jc* / 0 were negligible

compared to those for which Jk i 009 - 0. In the present case one

no longer rangehas to be a little more careful since the

space but con only take tho values jr .^lattice vector© in the

(6.14) the RPA Was deduced by noticing that tho sura (6«14) was

over

case

to a

all

of

good approximation equal to tho integral

f ‘ )'r. f
J e

if J: was small. in tho present case tho corresponding argxsnont is that
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the sura (10*5) is to a good approximation equal to the siia

z?

if is small* But this sum vanishes unless -t- V -f- ... - K, where K 

is a reciprocal lattice vector. Thus it can be concluded in the present

case that the suns of the form (10»5) for which -a K are 

negligible compared to those for which the equality holds.

In the present treatment since only the electrons occupying one

zone are being dealt with it is almost certain that k^ < ~ K • • where

is the shortest of the reciprocal

If this is so, then in the case of the

lattice vectors apart from K = 0*

terra of tl0«4) involving

- Oo Consequently in the present^2’ i —* ” £ only possible when K

treatment one can again apply the RPA to this term in the same v/ay as in 

the free electron case, concluding that in the sim over Jk and in the 

tenn involving the terns for which + k* 0 are negligible compared 

to those for which the equality holds.

’.Vhen the RPA has been applied the Hamiltonian (10*4) becomes

H

-jZ I’k/’-h i 2

(10.6)



This is the Hamiltonian in the present case analagous to (6.15) in

the free electron case. its various terms have interpretations similar

to those of (6.15)f the first term represents the energy of the particles

including their potential energy in the periodic field; the third term

is the Hamiltonian of a set of oscillators; the second term represents an

interaction between the oscillators and the particles; finally, the

remaining tenns (apart from tne self-energy term;, v;hich have no analogue

in (6.15), represent a weak interaction betv/een the oscillators.

if all but the first, third and last terms of (10.6) are neglected

(all the other terms are expected to bo comparatively small), the

Hamiltonian becomes

H = -
I

This Hamiltonian is separable into a set of independent particle

Hamiltonians and a set of oscillator Hamiltonians. This separability is

not affected by the appearance in tho oscillator Hamiltonians of tne

particle variables £ since, as n does not involve the s, n and £;

and hence H and are simultaneously diagonal.

iho general form of an (antisymmetric; eigenfunction of (10*7) is

(10.8)
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where the s are v/ave vectors, the u^.s are « spin functions, h^is 

tho Hermite polynomial of order n, n^ takes the values o,l,2p•••corres­

ponding to the states of the oscillator with co-ordinate , and where

is given by the dispersion relation

I

(10.9)

That the v/ave function (10.8) subject to ^10.9) is an eigenfunction 

of (10.7) corresponding to the energy

(10.10)

Can easily be verified directlyj that the set of wave functions (10.8) 

exhausts all possible antisyiiimetjric eigenfunctions of (10.7) can be seen 

by noticing that the set (10.8) is a complete set v/ith respect to 

antisymmetric functions of £ . and p^ .

using (10.3a) the dispersion relation (10.9) can be written

/ • f 27 Fr/- (V/.-?/ •/ / ...
* /

(lOoll)

where the average is over the occupied levels.

it is seen that in the present case, in contrast to the free electron 
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case, tho oscillator frequency may depend upon the direction of the

wave vector Jk j the frequencies are, in fact, determined by the average 

over the occupied levels of (rn ) , where ra is the effective mass tensor© 

If this average over is a multiple of the unit tensor, as it will 

be in all crystals with cubic type structures since the multiples of the 

unit tensor are the only tensors with cubic symmetry, then all the

oscillator frequencies given by vlO»llJ will be the same and will be

given by

Aj/ UTfyie'^

ao.i2)

where <f (1/n is the average of 1/m over the occupied states. in

the case of other crystal structures such as the hexagonal structures

m will often bo anisotropic and the oscillators with wave vectors in

different directions will have different frequencies

The above results have been obtained by neglecting tho oscillator'

particle and oscillator-oscillator interaction© Whilst it is expected

that the oscillator-oscillator interaction will be snail enough to be

treated by perturbation theory, this is not so for the oscillator-particle

interaction, and in the next section this latter interaction will be

treated by a further unitary transformation along the lines of the free

electron case©

11 The Treatment of the Particle-Oscillator Interaction©

In this section the effects of the particle-oscillator interaction

term of (10®6) will be investigated by means of a further unitary
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transformation© for the moment the small terras representing the

oscillator-oscillator interaction will bo dropped from the Hamiltonian

since these terras can in any case bo treated at the present stage by

perturbation theory* Then the Hamiltonian H of (10«6) becomes

H Ho Hr

(11.1)

where is the Hamiltonian (10o7) and

(llo2)

The aim will bo, as in the free electron case, to determine a

generator Sofa unitary transformation such that

(11.3)

The transfoxraod Hamiltonian will then be given, using the expansion

(6»9), by

//
(iia)

and the raain effects of H^will bo represented by the term j

it will bo found that the various contributions to this term will have

simple interpretations©

The success of this method depends upon the rapidity of the

convergence of the series in (ll©4)o The rate of convergence of this

series is measured by the smallness of the parameter
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relative to 1. This parameter is exactly analagous to the parameter

(6.26) in the free electron gas case, aixi, in fact, a rough estimate 

shows that provided m > 1 the in the present case will be of the 

same order as in the free electron gas (if anything, somewhat smaller).

Consequently it can be concluded that in the present case 

and the

in

series in (11.4) will be quite rapidly convergent.

order to construct the required S it is convenient to introduce

instead of the oscillator variables and pthe creation and destruction

operators
*

a^ ,a4 defined by
, I-

(11.5)

where is an aS yet undetermined

the commutation

it is easily found from 

relations for q^ and p^ that the a^ s and a^ s satisfy

the commutation re 1 at io ns

Z”7 ‘ J o

The parts of the Hamiltonian and Hj can now be v.’ritten in terras

oi the creation and destruction operatorst

2 £(/>:) S -2

^11.7)
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ai.8)

The required S is now given by

S'- i-h i F(F-:-,k) -I- e
i-^kckc (11.9)

v.’here

That the S given by (11*9) does actually satisfy (11«3) can easily be

verified using the commutation relations (11<6). It remains now to

evaluate the terms in the series in (11«4) to determine the effects of

The leading term of this series is (i/2h) • This terra

can be evaluated directly from the expressions (11«8) and (11.9) for

Hj- and S using the commutation relations (11*6). if the random phase

(11.10)

approximation is used in the result thus obtained, one obtains

.■i

(11.11)
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(ll.ll) gives the leading term of the series in (llo4) Since 

all the other terms of the series are of the order smaller than this 

term and 1/20, these other terms can to a good approximation be

Tho transformed Hamiltonian then becomesneglected

which Can he written using (11*11)

H - payC. f^0Sc. -f-

where

c

(II0I3)

and

aioi4)

and

Hr.^. L ) f~ (f-J k) '~P

ai.15)
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If now 6^^ is chosen to satisfy

*1

then H reduces
OSC.

r o

z
(11.17)

which is just the sum of a set of oscillator Hamiltonians. If further

B’to is defined by

£7fi)t k<Ac^^'

(11.18)

then the Haailtonian (11.12) can be written

/y -- Z * z -2 2^e *■

A"

(11.19)

This Hamiltonian is apart from the term H of

(10.7) except that the oscillator Hamiltonians are

the

now

same form as

written in terms of

the creation and destruction operators. The effects of taking the 

particle-oscillator interaction into account can now bo seen by com'

paring (11.19) with (10.7)© Three effects are observed:

(i) E(p) has been replaced by B’ (e) given by (11.18); since E(l^ 

was defined in terms of the energy surfaces (9.6), this change is 

equivalent to a modification of the energy surfaces;

(ii) A4* has been replaced by the given by the dispersion 

relation (11.16); thus the frequencies of the plasma oscillators are
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inodifiod by the particle-oscillator interaction;

(iii) an additional terra h^^ has appeared in the Hamiltonian;

inspection of this term shov/s that it represents a weak, screened, long-

range, velocity-dependent interaction between the particles. in the

case of a free electron gas BP found that h v/as very weak, and this is

almost certainly the case here; consequently can be quite reason-

ably treated by perturbation theory. if now the oscillator-o scillator

interaction terms of ^10«6) are again included in the Hamiltonian

(actually these terms should first be transformod by the unitary trans-

formation which has just been made, but since these terns are already 

small, and tho effects of the transformation would be zx times stiialler.

these latter effects may be neglected), the Haailtonian becomes

(11.20)

’where

(11.21)

includes all tho small terms which can be treated as perturbations (the 

terms neglected in tho random phase approximation could also bo included 

here for the sake of completeness).

To complete the transformation it remains only to determine tho 

form of tho transformed subsidiary conditions. direct calculation
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with the help of the dispersion relation ^11.16) shows that tho trans­

formed subsidiary conditions are

z ~£

It is seen that, as in tho free electron case, after transforming away

tho particle-oscillator interaction the subsidiary conditions only affect

the particle variables.

The transformation to tho collectivo description has now beon com­

pleted, the system being represented by tho Hamiltonian (ll«2o) together

with tho subsidiary conditions (llo22) Before going on to discuss the

collective description in this case it is convenient to simplify the

expressions (11«16)> (11.19) and (11.15). This may be done by sub-

stituting in those expressions for F from (llolO), for from (lOeSa),

f

and expanding in powers of ; tho results are

--

Me

ai.23)

(11.24)

and

■ (11.25)
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^12 The Collective Description*

The collective description of the system is nov; given by tho

Hajmiltonian (11.20). This Hamiltonian has a very close formal resemblance

to the Hajailtonian (6.27) of the free electron case (except for the

different treatment of Ky, in the present case), and most of the remarks

which were made in W concerning the collective description of a free

electron gas are applicable here. it has again been shown that the

system behaves as though it consisted of two distinct systems, a particle

system and an oscillator system. Again in the majority of phenomena

only the particle part of the system will be concerned, and this part

will behave very much as though the independent particle model were

accurate owing to the removal of the long-range part of tho Coulomb

interaction* The small angle, inelastic scattering of fast electrons

could again be treated along the lines of ^8, and it would now be found

that the electrons lost their energy in quanta of where is

given by the dispersion relation (11*23) or approximately by (IO*!!)*

Thus it is seen that the effect of the periodic field upon the collective

behaviour of the system is to modify the details of tho free electron

results rather than to introduce any important new effects.

Of particular interest is the determination of the energy levels of

the system. In calculating these it is necessary to take into consider-

ation the short-range interaction • The general form of an
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eigenfunction of the Hamiltonian (llt20) will be, neglecting the anall

term H ,

where Jc . etc# have the sene meaning as in (10*8), and the corresponding 

energy, neglecting and > is

£
(12.2)

V^iilst the contribution to the energy of is probably small 

enough to be neglected quite safoly (as is shown by calculating it 

perturbation theoretically and considering plausible band structures

the contribution of H^^can certainly not be neglected# As was 

pointed out at the beginning it is generally possible to treax as 

a perturbation (or by the Hartree-Ibck schano if necessary, see belov/j

Since H was not transformed, to calculate ixs contribution to the 

energy by perturbation theory it is necessary to use the untransfonned 

wave function of (9.14) rather than the of (12«1)« It should 

be noticed that the { in (9.4) is not actually the of (12*1), but

is this latter wave function transformed by the unitary transformation 

generated by S (11.9), i.e. is exp / i • Thus 5 is
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given in tenns of jf' by

where

It

order «

by

then be

"'/f ■ i
(12.4)

has already been seen that the effects introduced by S are of the

1/205 therefore not too great an error is introduced into 

neglecting S and putting U -I. Using (12.1) and (9o8)> $ can

written

U

........ I
.Hit ■ -I

I ■ ■ ■ ■
tl2a5)

whore $ is now regarded as a function of the q s as well as the a;

the subsidiary conditions (11.22) will then imply a similar set of

conditions on $ thus restoring the correct number of degrees of freedom.

The contribution of H^.rto the energy can now be calculated perturba­

tion theorotically. H acts only upon tho particle variables; tho 

first term of tho perturbation series representing its contribution to 

tho energy is

27 / Ay7/<y. A'/J - (‘f !jO]
(12.6) 
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v/hero the sura over i and j runs over the occupied levels and

This is just the ordinary expression according to the independent 

particle model for tho contribution to tho energy of tho Coulomb inter­

action except that this interaction is now replaced by ; the first 

tom represents the classical ’Coulomb’ energy and the second the quantum 

mechanical exchange energy.

The second term in the perturbation series is

27
6/' klS.O)

where

I /i'i) -

I (12.9)

and

//>•>> - //V7
(12.10)

where the sums over i and j run over tho occupied levels and the suns over

i’ and j’ run over the unoccupied levels; E^, Ey etc. are tho energies 

of the levels i, j and are given by E*(£j), E’(£y),..o This term 

represents the leading term of the short-range correlation energy.

It

can

case of

should now be noticed that although in tho free electron case 

usually be quite safely treated as a perturbation except in tho 

very low electronic densities, in the case of a metal this simple



(78)

treatment will often break down© The reason for this is that, vzhereas 

in the

in the

field,

atomic

free electron case the electrons are fairly randomly distributed.

case of a metal, because of the action of the periodic potential 

the electrons will tend to pile up in the neighbourhoods of the 

nuclei, producing a periodic variation in the electronic density

which in turn gives rise to a comparatively strong periodic field;

this field just represents the screening of the nuclei by the piling up

of electrons near them. Since this field is periodic, if iu v/ere ex­

panded in Fourier series, only those components for which reciprocal

lattice vector would appear; but. since k^ < all these components

are contained in , and all the effects of the screening will be

contained in • Because theses.f. effects are comparatively large the

perturbation-theoretic treatment of H^^ raay very well break down; in the S.r.

.. case of the leading term (12.8) of the short-range correlation energy

these effects are represented by the large first term of tl2.8)o

There is, however, a remedy for this difficulty, and this will be

the subject of the next section©

^13 The Hartree^Fock Treatment of the Short-Range Interaction©

The original aim was to determine the eigenvalues and eigenfunctions

of the Hamiltonian (1.1)> and the work of the proceeding sections has

shown that, apart from the difficulty with , the wave function tl2.b)Sr.



^79)

for any given choice of the and s; s represents 

to an eigenfunction of (1.1)© In this section it

a good approximation

will be shown how it is

to construct a wavepossible for any given choice of the jk s and s s

function similar in form to (12o5; but v/hicb avoids tho difficulty with

U •
5.r, f

Suppose that the . s are the solutions of the self-consistenfc

equations

[-£, + f f/,... Cr-r')

(13.1)

for a given choice of the . s £ind s s, whore

(13.2)

The Hamiltonian (1.1) can now be rev/ritten

s£ Hi 2 S e
(13o3)

where
z.

A'-
J (13 o4)

and

^,.r. -2
(13.5)
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in which A is tho operator defined by

and is the short-range analogue of the Dirac exchange operator (DiraCj

1930)*

Let it now be supposed that H* is snail and can be treated as a

perturbation} this v/ill actually be found to be so; it is, in fact.

H^^ which is small rather than H^ • Then H^^ can be dropped from theS.r.

Hamiltonian and its effects investigated afterwards by perturbation theory©

The resulting Hamiltonian can then bo transformed to tho crystal momentum 

representation by expanding^ according to (9*14), except that now

instead of expanding it in terras of the /(r - s defined by

it must be expanded in terms of tho (r - R) s, whore

27 pJ
A / (13.7)

in v/hich tho s are tho solutions of the equations

(13.8)

case i , whore _k is the wave vector of one of the occupied

will coincide with tho solution/^ of tl3©3)} for other k s 

tho v/ill be ’virtual orbitals’*

VAien tho transformation to tho crystal momentum representation is

in the

levels

made in the manner indicated, it is found that tho transformed Hamiltonian

bocomoo instead of (9«24)
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L
113.9)

This has exactly tho same form as (9.24) except that B(£) has been 

replaced by The work of sections 510 and 511 can then proceed

exactly as before except for the replacement of S by everywheroo

Thus the Hamiltonian will be reduced in the collective description to

’ (13.10

where B* and are given by the relations (11.24), (llo23) and

(llo25) with E replaced by E . lUrther, tho wave function } of

(12»5) will now bo replaced by

7

(13.11)

It now only remains to calculate the contribution to the energy of

This will be given by formulae (12.6), (12.8) with H replaced

S’,., 0 Direct calculation now shows that the first terra of tho

perturbation series becomes

_ / S j Oy/^r-r.f^y) - f<j !

(13.12)

which is just the negative of (12.6). In the expression (12.8), the

first (and largo) terra is the contribution to the short-range correlation
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energy of virtual transitions from tho initial state to states in which

one electron is excited, v/hilst the second term arises from virtual

transitions to states in which two electrons are excited® Tho important

point about the replacement of by is that the matrix elements

of H’ from the initial state to excited states in which only one
S.Y.

electron is excited now vanish identically, as can easily be verified

by direct computation® Consequently when tho leading term of the short­

range correlation energy due to is calculated no term analagous to

tho first term of (12.8) appears} thus the large term in (12®8) is

eliminated, and the correlation energy becomes of the same order as in

the free electron case and can be safely treated by perturbation theory

(since evidently tho higher order perturbation terms are reduced in just

the same way as the second isj® The leading term of tho short-range

... correlation energy now becomes

(13.13)

where again given by (12®lo)o What has actually beon done above

is that tho screening of the nucleus by the electrons has been repro-

sonted by the Hartroe-fbck field, thus removing it from and replacing

the latter by which gives rise to just the same sort of correlation

effects as in a free electron gaso

To summarise, what has been shown in this section is as follows®

Ibr any given choice of tho s and s s, tho wave function (ISoll) will
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be, apart from tho stnall perturbation by H’and, an eigenfunction 

of the H of (1.1) provided tho s are the solutions of the Hartree- 

Ibck equations (13.1) with a screened interaction, and that the E s

given by the solutions of tho equations (13©8) are used in calculating

and E**\ The corresponding energy will be to a good approximation

(13.14)

One last point should bo mentioned© This concerns the choice of

Throughout all the above work k has been a parameter, and it

appears implicitly in the expressions (13.14) for the energy. This

parapieter can nov/ be regarded as a variational paraneter, and its best

value will bo tho value which minimises the total energy (13.14). The

determination of ouch a k^ theoretically would be very coaplex> since

k, enters in a complex way through its affect upon the solution of the

equations (13.1) and (13.8) (H^^ depends upon k^).

14 Criticisms of the Effective Lfass Treatmento

In this section the scope of the treatment given in tho previous

sections will bo discussed together v/ith certain criticisms of it

which exist.

(i) Tho neglect of tho inter-zone transitions© in the treatment

given above only the electrons belonging to a single zone have be on

£
t

k .
c
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treated J and only the possibility of virtual intra-zone transitions have

been considered, since the total wave function $ of the system was ex­

panded in terms of a single Uannier function / or which from (9*8) or

(12*7) is equivalent to expanding in terms of the wave functions

of one zone© Hov/ever, it is possible for the electric field

associated with tho plasma oscillations to cause both real and virtual

inter-zone transitions of the electrons analogous to

transitions brought about in the above theory by the

interaction© If the virtual inter-zone transitions

the intra-zone

particle-oscillator

were taken into

account then the details of tho effects (discussed in^ 11) brought about

by the particle-oscillator interaction would be modified, although tho

nature of the effects would not be altered* Treatments along the lines

of the treatment presented in this chapter but including the inter-zone

... transitions have been given by Adams (1955) and Kanazawa (1955) using

either the more refined effective mass theory developed by Adans (1952,

1953) or the second quantisation method* Both these authors concluded

that these effects might bo quite important, although it is difficult to

estimate their magnitude without a definite knowledge of tho band

structures and certain matrix elementse

(ii) The neglect of the core electron polarisation* An additional

but similar effect to the last one is the neglect of the core electron

polarisation* It may be expected that the electric field associated

with the plaana oscillations will not only give rise to transitions of

the conduction electrons but also to transitions of the core electrons



(85)

above the Fbrmi surface; these transitions are again of two kinds, real 

and virtual; the real transitions will be discussed in (iii)® The 

virtual transitions are equivalent to the polarisation of the ion cores by 

the plasma field® This polarisation may be expected to react upon the

plasma oscillations and effect the details of the whole collective

description, without changing the general picture® Another similar

effect is the polarisation of the lattice by the plasma oscillations due

to the snail accelerations of the ion cores produced by the plasma field?

this effect will be very small®

(iii) The neglect of damping of the oscillations® in (i) and (ii) 

above the possibility of electrons making real transitions from the con­

duction band or

that it is only

the ion core levels to states above the Fenni surface has

in such real transitions energy must be conserved, so

possible for an electron to bo elevated to a higher energy 

level as a result of the particle-oscillator interaction if at the sane

time one of the plasma oscillators passes into a state of lower energy®

Thus this possibility only affects oscillators in excited states, and will

then give rise to a damping of the oscillator down to the ground state

Under normal conditions there are only a very snail number of oscillators 

in excited states in a metal since '^^p >>x:T, and this effect will bo 

quite unimportant® In Ruthemann and Izxng typo experiments, hov/ever, 

oscillators will bo excited by the passage of the fast electron and this 

damping will give rise to a certain half-life for an oscillator in the 

excited state which will in turn give rise to a certain broadening of the 
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plaa.ia absorbtion peak. This damping has been discussed from the point 

of vior^/ of the effective mass treatment by Kanazawa (1955).

(iv) Difficulties with the subsidiary conditions. In tho above 

treatment the subsidiary conditions have been practically ignored as they 

were in BP*3 original free electron treatment. uno could again show that 

in tho Caso of a non-degonerate state the subsidiary conditions are 

auto’natically satisfied and rely upon this to demonstrate that the

Calculation of the ground state energy is correct.

so far as a general treatment is concerned, there is

On the other hand,

no satisfactory

treatment, as far as tho author is aware, of solving eigenvalue problans

subject to this soi't of subsidiary condition. The subsidiary conditions

remain one of the av/kward features of BP’S forialism.
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CHAPTER FOUR,

THB DIBLSCTRIC APPROACH^

In the proceeding chapter the method of generalising the BP free

electron gas theory by making use of ■nho crystal momentiii representation

has been described© in this chapter an alternative method of general*

isation will bo described©

It has boon seen in the previous chapters that the mam difficulty

in the treatmonx of xhe electronic interactions arises from tho long-

range nature of the Coulomb interaction. niien the Coulomb interaction

has been roplacoa by a scroonea interaction the Hartree-Ihck scheme be-

comes adequate© Thus, in order to obtain a satisfactory treatment of

the electronic interactions, it is necessary to obtain some proper treat­

ment of the long-range part of the interaction, after which the short-

range part can be treated perturbation-theoretically or by means of the

Hartroe-Ibck scheme© This xroaxment of tho long-range interaction is

just what Bp’s theory and the effective mass generalisation of it provide©

In this chapter, however^ a more direct approach to the problem of troat-

ing tho long-range interaction will be made©

In treating the long-range interaction there is fortunately an

important simplification v/hich ceji be made and upon vhich the successful

treatment of tho long-range interaction by the plaaaa theory rests

This siniplification arises from the fact that. provided the electronic

density is sufficiently high, so far as the long-range interaction is
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concerned the metal or free electron gas can be regarded as a mediumo

FPr if tho distance over which tho long-rango interaction acts is rather

greater than tho intor-olectronic spacing, tho positions of the actual

individual electrons have little effect upon the long-rango field, only

tho average positions of many electrons being important.

Since so far as the long-range interaction is concerned the electrons

constitute to a good approximation a medium, it is reasonable to treat

this interaction according to the ordinary theory of the electromagnetic

field in dielectric media, tho appropriate dielectric properties being

ascribed to tho medium. This is what will be called the dielectric

approach and it is this approach which v/ill be devloped in tho present

chapter. It will be found that when this approach is applied to a free

electron gas it loads to essentially the same results as BP’s theory, and

consequently can bo regarded as a generalisation of this theory. That

it is, in fact, a very wide generalisation of this theory can be seen at

once; for oxainple, affects such as the ion core polarisation can be

taken into account at onco by merely taking into account their influence

upon the dielectric properties of the medium whilst such phenomena as

the damping can be interpreted in terms of the complex part (the

conductivity) of the dielectric constant.

This typo o*f treatment of the long-rango part of tho Coulomb inter-

action is not new but was first developed by Jbrmi (194o) in connection

with that part of the stopping power of materials for fast changed

particles duo xo ’long-range* collisions; its connection with tho plasma
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theory of BP and the correlation problem seems only to have been realised 

recently, (RrOhlich and Pelzer, 1955, Hubbard, 1955) however© Refinements 

of Farmi’s theory have been made by various authors (Halpern and Hall, 

1948, Kraiiers, 1947, A©Bohr, 1948), and the treatment of the small angle.

inelastic scattering of fast electrons given ini 17 is, in fact, only a

ref inemo nt of those theories© *

There is one important difficulty in the developement of this theory©

This is that. although the classical version of tho theory Can be

developed very straightfonvardly, the resulting theory is rather difficult 

to quantise© Only in the very special case of a free electron gas is the 

quantisation easy and in this case the ordinary BP theory is reproduced.

Fbr this reason in tho present chapter only a semi-dassical version of the 

theory will be developed© This version of the theory is sufficient to 

indicate tho main results but a true quantum mechanical theory would, of 

course, bo desirable© 

jl5 The Semi-Classicgl Version of the Dielectric Theory©

In this section the semi-classical version of the theory will be 

developed in detail© in tho remaining sections of this chapter tho theory 

developed here v/ill be applied to obtain certain results*

Since tho dielectric theory is only applicable to the long-range

part of the Coulomb interaction, it is necessary as a first stop to

separate tho long- and short- range parts of the electric field© This

can bo done by tho usual device of expanding the electric field in

Iburior series and separating this series into two parts© The electric

field 3^r,t) is expanded thusr
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k (15.1)

and tho long-range part of it, E is taken to bo

k <-b.c

whore is some suitably chosen paraneter, whilst the ranaindor

(15.3)

is tho short-range part of tho field. ±n the remainder of this chapter 

only tho long-range part ^^^of E will be considered, and the subscript

l.r. will bo dropped, it being understood that only the long-range part is 

being doalx with

Tho long-range field v/ill now bo treated in accordance with tho 

dielectric approach as though the solid were a continuous dielectric 

medium (instead of a collection of point electrons). The dielectric 

properties of such a medium can bo described by a (complex) frequency- 

dependent, ^dependent (see Appendix I) dielectric tensor• This 

tensor relates the Iburier components ^^^of the electric field, given by

•=
(15.4)

to tho corresponding Fburior compononts JJ^of the displacement ^(r^t)

through the equation

hjj ’ kit
llSoS)
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In tho present case it is only tho longitudinal part of tho

oloctric field which is of interest since this represents tho Coulomb

interactions between tho electrons whilst tho transverse part only

represents the weak magnetic interactions which will be neglected

If the transverse part of tho field is neglected then can be 

written and _D ^^can be
A

similarly v/ritten 5! (15.5) then

becomes

(IB.6)

v/hero

uk b ■ f

(15.7)

The theory is nov/ very straightforward. The equation (1506) can

bo used to obtain a siraplo relationship between tho electric fioia in

the metal and tho charge distribution generating it, taking into account

tho fact that tho electric field polarises the metal. This latter

polarisation is just equivalent to the ordiriary correlations in tho

electronic motion, for it represents the movements of the electrons to

screen out the field acting on them, and I'D is just these movements

v/hich aro called the electronic correlations.

in addition to (15.6) it io necessary to use the equation

(15.8)
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relating the displacement to the charge density generating tho

field; it is also convenient to introduce the scalar potential /(r>t)t

- Vp
(15.9)

Oo.^bining th© Iburier transforas of the equations (15.8), (15o9) vzith

(15.5), one can easily obtain tho relation

/O ,

115.10)

relating the scalar potential / to tho charge density generating tho

field.

Ono point should particularly bo noticed hero. This is that tho

charge density in (15.lo) will not bo the charge density corresponding

to the actual distribution of tho electrons; it is what tho charge density

would bo if there wore no correlations i.o. if the medium wore not polarised.

The charge density of tho actual distribution of the electrons is the

charge density in (15.10) together with tho charge distribution corres-

ponding to the polarisation. From this point of view tho electronic

motion has been broken up into two parts. One part represents what tho

motion of the electrons would bo in the absence of the long-range inter-

action, whilst the other part represents the reaction of the electrons to

tho long-range field; tho charge distribution corresponding to the first

part of the motion io tho in (15ol0) v/hilst tho charge distribution

corresponding to the second part of the motion is the charge distribution
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corresponding to the polarisation® The important point about (15.10)

is that it involves only the charge distribution corresponding to the

uncorrolated notion (v.iiich is so much easier to deal witn), the

correlation effects having been taken into account by the use of the

dielectric constant®

(15ol0) suiiraarises the dielectric theory; all the results of the

semi-classical theory can be obtained from it® One consequence of

the equation (15®10) is of particular importanceo Suppose for some

63 ( e vanishes® Then according to (15.10), the corresponding

is iiidoterminato. Thus the equation (ISolO) does not determine

/ uniquely, but all the s such that the corresponding vanishes

are indeterminate. Thus the gonoral solution of (15.10) is of the

form

whore the
6)

>

(15.11)
67 fl 7>ooo are arbitary constants, and ,o.. are the

frequencies at v/hich vanishes. Thus it is seen that the electric

field consists of two parts, one corresponding to the particular solution

of (15.10) and the other to the complementary function® This exactly

parallels the case of the radiation field in vacua; there is in that

caSQ a particular integral representing the nngivaiio. interactions of the

particles and a complementary function representing the photons which

are present® In the present case the particular int<;;ral represents

the residual interactions between the particles (corresponding to the
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H of I>), whilst the complementary function represents longitudinal

oscillations of the electric field. uhen this oscillating field is

resolved into travelling waves, the

into parts which oscillate wixn tne

part wixh wave vector Jc resolves 

frequencies Thus

it IS seen that the dielectric theory leads quite naturally to the con­

cept of longitudinal oscillations in an electron gas and shows xhax the

frequencies of these oscillations are the frequencies at which

It is natural to identify these oscillations in tho case of a free

electron gas with BP’s plasma oscillations, and this identification

will ho confimect in the next section by showing that their frequencies

agree.

Tho possibilixy of longitudinal oscillations which has jusu boon

discussed depends upon tho vanishing of at sone frequency- or

frequencies. In general the real part of (-uk. will Vanish at some

frequencies, hut tho actual complex ^<^4 will not unless tho imaginary

part vanishes at the same frequencies. This is just what is to he

expected in tho classical case for xho imaginary part of represents

tho conductivity which will have a damping offecx upon the oscillationso

Thus according to a classical treatment there will he no sustained

oscillations. However, tho situation is rather different in the

quantum mechanical case providea tho damping is not too sxrong. in

tho quantum mechanical case xho sixuation will he that whilst the

damping is ahlo to damp an oscillator in an excited state down to tho

ground sxqxo, the damping cannot desxroy the zero-point oscillaxionso
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Thus in tho quantum mechanical case it is expected that zero-poiiit 

oscillations will exist at tho frequencies at which the real part of

vanishes, and that if in any way tho oscillators become excited,

then they will be damped down to tho ground state at a rate which is

propox'tional to the imaginary part of fat tho oscillator frequency,

This result gives a simple rule for calculating tho oscillation fre-

quencies in solids; it is only necessary to calculate and dotorraine

tho frequency at which the real part vanishes© A discussion of these

froquoncios upon this basis will be given in the next section©

SJW The Oscillation Frequanclas of Solids.

To bo able to discuss the plasma frequencies in solids it is 

necessary to have a general expression for the dielectric constant ©

Unfortunately, a careful calculation of leads to an expression to 

which it is difficult to give a simple physical interpretation© In 

this section, therefore, in order to render the results more surveyabla.

an approximate expression for ^^>4 will be used©

Tho approximate expression for 6^4 which will bo used has been 
/J

briefly derived in Appendix JS; tho modifications to it which arise in a 

more careful trea'hnont have also been indicated there© 

expressed in the form 

/-^ A" ■*

(16.1)

where and /L4 are the (real) polarisability and conductivity tensors© 
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correspondingly bo written

I ~l- U7i ■+■

(16 O 2)

whore and - • The calculation of Appendix gives

tho expressions
•L

and

for and f rthero

(16o3)

(16.4)

2
t

(16o5)

(16o6)

ar/, where is the total electronic density (core and conduction

electrons), is the Bloch wave function belonging to tho n th zone 

and to reduced wave vector is the corresponding energy and

Ni the corresponding occupation nunber ( - 0, 1, 2). The sins over 

k’ run over the first Brillouin zone and the sins over n ahd n* run 

over all the Brillouin zones including the core electron levels©

These results will first be used to discuss tho free electron

gas Case. A free electron gas can be regarded as a metal with a 

single Brillouin zone which extends throughout the whole of ^space© 
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Substituting tho free electron wave functions into (16.3) gives

+ J" ■ 27

(16o7)

where the subscripts n and n’ have been dropped. Thio oxprQooion is

Qotually exaot in the epeeial oaae of free electpona. The condition

for the plaana frequency is f using the expression (16.7)

for

/

in thia, one obtains after some re-arrangement tho equation

____

\ / if hi.*- (16.8)

for tho oscillation frequency (there is only one for each Jt in

this Case). This expression agrees exactly with BP’s dispersion 

relation (6.22), thus confirming the identification of these oscillations 

with BP’S plasma oscillations. Investigation of tho expression (16.4) 

for the conductivity shows that this will actually vanish at tho plasma 

frequency provided is greater than the Fermi energy© This exact 

vanishing of is only the result of using tho approximate expression

(16.4) for 9 actual damping will> in fact, be quite araallo

Tho application of the forraula<^^"^yto calculate tho oscillation

frequencies of actual solids will now bo considered. It is first con­

venient to transform tho expression (16.3) using a generalisation of tho 

ordinary f-suni ruloj tho result is
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/+

J

'fi k'-K '

■ k'n

k!^ n'f^n (^k'-tk.n'-.k'n -6)’)

Tho sum in tho first tern

over the occupied levels* in the case of nearly free electron-like 
t-ktrd

second^tennsof (16.9) will be small compared 

to the first* if this term is neglected^ then one obtains

metals it is expected that tho

tho expression

ii' k'n -
(16.10)

which agrees with the effective mass treahnent in the first approximation

(lOoll)* If now tho 
t-kird 

the second^termiof (16.9),

given by (16.10) is substituted for in

4

one obtains the next approximation
I k'-nl

k'-K I n I

/ -

>

(16.11)

for •
O-ud t-htrd

The second^ terms of

true) into several parts which have simple interpretations* Those parts

(16.11) can now be split up^(artificially it is

are as followsi
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(i) those terms in which n = n' correspond to a conduction band zone;

these terms are of exactly the same kind as those arising from the particle-

oscillator interaction in the expressions (6.22) 

electron case and the effective mass treatment;

upon the oscillation frequency of the intra-zone 

and (II0I6) in the free

they represent the effect

transitions induced by the

plasma field;

(ii) those terms in which n corresponds to a conduction band zone and 

the n’ to one of the higher zones; these terms represent the effect upon 

the plasma frequency of the inter-zone transitions discussed in (i) of $14;

(iii) those terms in which n corresponds to a core level and n’

corresponds to one of tho higher zones; these terms represent the effect

upon the oscillation frequency of the core polarisation which can be

interpreted in terras 

of 14).

of virtual transitions of the core electrons (see (ii)

Thus it is seen that the expression (16.11) contains all the main

factors affecting the oscillation frequency which were neglected in the 

effective mass treatment. it will not always be possible to use the

approximation procedure (16.lO), (I60II) to solve the equation 

K Ci

4 S 2
(16.12)
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(from (16.9)) for the plasma frequency; nevertheless, it is evident that 

the same interpretations can be given to the various terras of (16.12) as 

were given to the terms of (16.II).

Without discussing specific band structures little more can be said 

concerning the factors affecting the oscillation frequencies apart from 

discussing the effects of replacing the approximate expression (l6,3) by

a more accurate expression; such a discussion is rather difficult, but

an indication of the effects has been given in Appendix B,

There are, however, two alternative methods of obtaining information 

concerning the oscillation frequencies, both experimental. These methods 

will be the subject of the next section.

517. Experimental Methods of Investigating the Dielectric Behaviour

Apart from the theoretical calculations of the preceding section 

.there are at present at least two experimental methods of obtaining direct 

information concerning the dielectric behaviour of a metal. The first

of these methods is by investigation of the optical properties of the

metal and the second is the investigation of the small angle, inelastic

scattering of fast electrons in transversing the metal (see § 8).

Since the theory of the optical spectra of solids is very well-known.

very little will be said concerning it here. It is sufficient to remark

that in many crystal structures (including all crystals with cubic type

synmetries) the dielectric tensor 6^^ of (15*5) is a multiple of the unit 

tensor and is, in fact . In this case the solid will exhibit 

the same dielectric behaviour with respect to both the transverse and
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longitudinal electromagnetic fields. But the dielectric behaviour with

respect to transverse fields governs the optical properties of the solid;

in fact, the polarisability and conductivity at the frequency

are related to the refractive index n and the extinction coefficient

K at the same frequency by

n - K ‘

(17.1)

where k is the wave vector of the optical radiation. Thus direct measure-

ment of n and K over a range of ca will give direct information concern­

ing for certain values of k; it is not expected that either the

polarisability or the conductivity will vary very greatly with k, so that

the measurement of the optical properties will give a good indication of

.the general behaviour of these quantities with Unfortunately the

region of £0 of principal interest in connection with the dielectric

theory ('^£0 5“20 eV) corresponds to the far ultra-violet region of the

spectrum and practically no measurements of the optical properties of

solids in this region have as yet been made. Thus it is only possible

in one ortwo cases to use this method at present. Amongst these cases

is the important case of the alkali metals for which the results of Ives

71 )C U)

and Briggs (1936, 1937) are available; in these cases it is observed 

that the metals become very nearly transparent at what corresponds to the 

free-electron plasma frequency (the optical theory predicts that this 

will occur at the frequency at which the real part of the dielectric 

constant vanishes i.e. at the plasma frequency, provided the damping is
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not too strong); thus it is confirmed that the plasma frequencies of

these metals are at practically the free electron gas frequencies and that

the damping of the oscillations is quite small.

The theory of the small angle, inelastic scattering of electrons and

its connection with the dielectric properties of solids seems to be less

well known and will be developed here in a little more detail.

The problem is to determine the energy loss spectrum and angular dis­

tribution of those electrons which have undergone inelastic scattering

through small angles within a solid. The treatment which will be given

is very similar to the Weizacker-Williams method of treating scattering

problems (Weizacker, 193^, Williams, 1935; see also Heitler 195^, App, 6)

and can be regarded as a refinement of the stopping power treatments of the

authors cited in the introduction to this chapter.

The scattering arises from the interaction of the fast electron with

the electrons of the metal. and since the angle of scattering is small,

the momentum exchange in the scattering process must also be small, and

therefore k must be small; thflts it is the long-range part of the Coulomb

interaction which is responsible

sequently this scattering can be

for the small angle scattering, and con­

quite reasonably treated on the basis of 

the dielectric approach developed in§15«

The presence of the fast electron in the metal will give rise to an

electric field which, when the polarisation of the metal by the field has

been taken into account, will be given in terms of the charge distribution 
‘’y

representing the fast eiectronXl5.10). This field may now be regarded
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as a perturbation acting on the electrons of 

cause the electrons to make real transitions

Fermi surface, and each electron which makes 

the metal; as such it will

to excited states above the

such a transition will absorb

a certain energy and momentum from the fast electron thus giving rise to 

the inelastic scattering. This picture is not contrary to the picture 

developed in^8 of the absorbtion of energy from the fast electron as 

being^to the excitation of plasma oscillations for it could be interpreted 

in the following way: the fast electron excites a plasma oscillation, but 

after a certain time (governed by its half-life due to damping processes) 

this oscillation will be damped down to the ground state by an electron 

absorbing its energy and making a transition to a state above the Fermi 

surface; it is the rate of these latter transitions which will be 

calculated by means of the dielectric theory.

The charge distribution due to a fast electron with velocity y passing

through a solid will be

(17.2)

and the corresponding Pourier transform of will be

(17.3)

where v

(15.10)

s (yjand k^^is the component of k parallel to V. According to 

the corresponding field in the solid will have a scalar potential

whose Pourier components are given by

e S (r
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If the corresponding field

i (u f 1/4,)

•f coif'

(I7.i<-)

i k.y e ~ '
k to

is regarded as a perturbation acting on the metal electrons and the

ordinary time-dependent perturbation theory is applied, it is found that

the component of (17<>5) involving / will only give

electron making the transition acquires

rise to transitions

in which the momentum iik and

, and that the rate of such transitions is proportional

Each

electron suffers a

time an electron makes such a transition the fast 

cor ire spending loss of energy and momentum; thus it 

has to be concluded that the rate at wliich the fast electron makes

transitions in which it loses momentum and energy is proportional

to / I • The constant of propert^ionality is most conveniently cal-

culated by calculating the total rate of energy loss of the field

associated with the comixinent. The total rate of energy loss of the

field is

Z^
k Ue '0^

(17.6).

where the bar indicates the time average, J(r,t) is the current vector

and 3” is iis Fourier transform. It can easily be shown from the
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ordinary theory of dielectrics that

L
(17.7)

QQ that R can be vzritten
<fo

(17.8)

— uk

reality of E, and using the
PO 

27 27 
k Li--^

, using E ■K which follows from the

Pourier transform of (15.9), (l7o8) becomes

/J

,7 I

(17.9)

where the sum over A) of the term involving Just cancels.

Inspection of (17*9) shows that the rate of energy loss of the field

associated with the component is

(17.10)

Thxxs the rate P(k , w ) of transitions in which the fast electron loses

momentum and energy is given by

p

(17.11)

Substituting for / luA from (I7e4) one obtains the formula

P (!i, u) (17.12)
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This result gives a complete account of the energy loss spectrum and

the angular distribution of scattered electrons due to 'long-range’

collisions The angle of scattering is related to k by

9
(I7o13)

where k^ is the component of k perpendicular to y.

V ar ious results can be obtained from (17.12) by integrating over the

variables involved. The probability per unit path length of an electron

being scattered through an angle between and and losing energy

is given by

(17.14)

since » #4, , the scattering is seen to have a very strong maximum

near to ~ 0. The probability of an electron being scattered through an

angle less than and losing energy is (neglecting the small

k-dependence of and since most of the contribution to the integral

)

5?

(17.15)

whilst, putting l^mv, the total rate of energy loss due to ’long- 

range’ collisions is
PO

f k.'*M Va.

(17.16)

per unit path length.
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If these results are now applied to a free electron gas, the
i,) e 4)^

difficulty is met with that both and vanish ovon a- large range

and P according to (l 7.12) becomes indeterminate. This

difficulty can be avoided by formally introducing a very small damping

(there will always be some sources of small damping);proportional to /

then one finds

JS

2

ATi'

2. 2

I - +
(17.17)

where is the oscillation frequency given by (6,22). Calculating
2

the ratio /1 (17.17) and letting one obtains

X

S(u-Ut)
f

L
(17.18)

Putting this result into (17.12} it is seen that a free electron gas 

will absorb energy in quanta of from a fast electron in agreement

with the results obtained in § 8, There is an additional small source 

of energy loss. For a free electron gas, from (l6,14).

k' ' ' ' , X
(17.19)

when this together with the appropriate is put into (17.12) a small 

absorbation of energy from the fast electron at frequencies other than

the plasma frequency is found to occur; this Just corresponds to the 

absorbation represented by the second term of Eqn. 48 of Pines (1955).
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Neglecting this term, the total rate of energy loss of the per unit path of 

a fast electron in a free electron gas is found to be

(17.20)

per unit path length, in agreement with the result of Pines (l953) quoted 

in i 8, and v/ith the (along similar lines to the present)earlier calculation

of Kramers (1947).

Thus it is seen that in the case of a free electron gas the formula

(17.12) leads to the same results as the earlier treatments. Consider now

its application to a real solid. Prom the formulae (l6.3), (16.4), it is

seen that in a real solid it is quite possible for and to vary in 

a quite complicated way with \ consequently, it is quite possible for 

the P given by (l 7.12) to also vary in a complex way, thus giving rise to a 

complicated energy loss spectrum. Unfortunately, in the absence of 

accurate band structure calculations it is not possible to deduce the actual 

energy loss spectra theoretically from (*17.12) in order to make a comparison 

with the experimental results; it does seem frcxn a preliminary

invefltigation of the results obtained by Jull (l955), 

as the non-transition metals of the lower part of the 

concerned, an almost free electron calculation of 

however, that so far

periodic table are

and will when

used in (l7.12) lead to good agreement with the experimental results.

An alternative approach (Prolich and Pelzer, 1955) is to compare

the energy loss spectra with the optical spectra, eliminating and 

between (17.12) and (17.1); here again the lack of the required optical 
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raaasurements does not allow this method to be used in many cases at present
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APIHIDIX A

In this api^endix we describe the calculation of the dielectric

properties of a metal neglecting the Coulomb interaction between the

electrons

Let be the Bloch wave function in the reduced

wave vector k belonging to the n^^ band and let B be

zone scheme with

its energy.

Further let N be the occupation number (= 0,1) of the state in

the ground state of the metal. Suppose now that an electric field

B - is applied to the metal where

(Al)

This field will act on the wave functions

some other wave functions

be shown that

-It ^A'-k

theory it can easily

perturb them into

Using time dependent perturbation

is given by

4
, m'

J
I

(A2)

where
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and

n'
* * Lf ' L 

R n I Au
(A3)

‘nJ e‘"''<^ / 3 J-

(A4)

In obtaining (A2) have made use of the

/ '' ' ‘'l

selection rule that

vanishes unless jg** — and have used (a4) to evalxiate the time integrals.

The perturbation of the charge density, S (> (x,t), due to the 

application of the electric field is given by

ip(z,r} ‘ (-2 /^^,^ [ I'^pn^-’''-’l - 
k'‘H (A5)

If wo now Insert the given by(A2) into (A5) we obtain

J. ^^'''

f •
4^ J

Z k ^LtL > ,> $ ^k'-k fl'" ^A'»>

4 CohxJ,/^^

(a6)
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where we have vnritten

and

SUh)

It will be

zA'.x
^icel ic

<30

J.
J.

2fri
■+ 1

7.
(A8)

seen from (A6) that is of the form

(A9)

P
u

Thus the app].ioation of the field (A1) gives rise to a charge disturbance

which has the same form as apart from a periodic modulation. It is
(X rr

this modulation which gives rise to^the local field correction (see

Appendix B). Here we neglect this correction and form from its

Pourier component » ~'rom (a6) this is given by

r*»'
(A10)

where we have used

(All)

and

(A12)

f ‘^’^1, ^1.

I
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If we substitute for the and functions from and (A8)

and re-arrange we obtain

(AI3)

where we have introduced the abbreviation

(Al 4)

Prom the ordinary theory of dielectrics it can be shoan that

k^

I'm

where Re and Im

(AI3) we have

(Al 5)

mean the real and imaginary parts. Comparing with

1 

k nn (Al 6)i 1
l'i i > L •~ CO

a k'„.' '

(Al 7)

We can tranafarm these results with the help of certain identities.
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The wave function will satisfy a Schrodinger equation of the form

'f'b.yr

(A18)

Prom the ordinary corainutation relations we have

A
TH

, ik-f. "J
"J

-2

Th,

(Al 9)

(A20)

Taking the matrix element of (A19) between the states and

• and using (A18) we have

We can use this result

I

ck.yi 
, e ' ~ R.

to rewrite (A16) and (Al?)

TH
(A21)

(A22)

<^.1. co

(A23)

We can fui'ther notice that tlie term in (A22) involving N
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cancels identically when the sunmation is performed so that we can 

rewrite (A22) as

/ -A
k'-n I k'l-!*k'u 'f

1^

We

(A24).

oan use the result (A2O) to carry out a further transformation of

If we take the matrix element of (A2O) between the wave function

/

and itself we obtain oh

/7 y I J
simplifying and using (A18)

4-

(A25)

from wliioh

where N is the number of electrons.

^k'-h ! I

Combining (k2li-) and (A26) we

k'hh' (J,,, , ,, Il

(A26)

have

?7Te'" 27
'■hl,'

which is equation (16.3) of the text.

7

b L ' L'.^ 'iL < L> ~

^k'h f ^k((k ,),'j fl'^h I ^k'ik

-u'')

(A27)

made aFor small k one can i

(A21) one has for small k

yet another transformsticm of (A24). From
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' ; k'n I k'ik
-»

- J

/ •

(A28)

, since for small k

n'
K

i^om (A28) one has the result

which when combined with (A24) gives
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k'n '

I
k'n I ^k'-f-k,n;k'^ I ^k'ik.n; k'^h

k'n

z^z:

k'-n ‘h'4 ft

I ^k'+k^n'-, kn I

(A51)

reprodxicing equation (16.9) of the text.



(113)

ArrSNBlX B

In the preceding appendix an eooount was given of an approximate

calculation of the dielectric properties of a metal* In tiiis section we

shall comment on the defects of that calculation* There are two

of these* Firstly the electrons were treated as though they were

independent, that is their Coulor b interactions were neglected; secondly.

to obtain equation (AIO) we neglected the periodic modulation of the

electric field in the interior of the metal* Both these effects cont-’ibute

to what is normally referred to as the local field correction*

Let us first discuss the manner in which the results of apijendix A

are modified when the CouloDob interactions of the electrons are taken

* into account, We shall work with the eigenfunctions of the total

Hamiltonian of the system* These will satisfy an eigenvalue of the form

(Bl)

where U(x) periodic potential. The Hamiltonian in (B1) is

invariant against the syratetry operation of adding a lattice vector H to

all the Xj^. It follows at once that each of its eigenfunctions must be of

the form

(B2)

where

X
N (B3)
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a function with the property

(B4)

where K is any lattice vector,

Suppose that the system is in the state represented by the wave 

function k'n perturbed by an electric field derived from the

potential function
* _ iut- - i

(B5)

The perturbing term in the Hamiltonian representing the electric field 

will be

(B6)

If we represent the perturbed wave function by , then it oan be 

shown using time dej^ndent perturbation theory that to the first order in
,i Ir

sn.

~tut' -

Ch
e

- f

(B7)

where

-- S e-
(B8)

and use has been made of the selection z*ule
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( '^k'n' f-k^k’n) = ° k''- (B9)

where K is any reciprocal lattice vector. We have introduced the 

convention that • i'kn since the k in (B2) is deteniiined only

up to an arbitary reciprocal lattice vector by the translational 

properties of • The perturbation of the charge distribution by

the electric field is given by

(BIO)

Substituting from (B?) into (B1O) we obtain after some re-arrangement

' ii 1

"A

(B11)

an equation analagons to We new note using the selection rule (B9)

that

ik.Y. \ / -r

enabling us to rewrite (B11)
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^euf"

X [ 2 e'-

(B13)

Thus the expression we obtain for is again of the fonn (A9). If we

proceed as before and neglect the periodic modulation and only calculate 

the Pourier component find

cii ' '

(BU)

This expression has the same form as (A1O) and we can now go on to derive

results similar to those obtained in appendix A« Thus the outcome is that

even when the Coulomb interactions are taken into account the results have

the same form as those derived in appendix A, the difference being

in the type of matrix element and the energies which appear. Because of

these differences we cannot give quite the same simple Interpretations of 

the various terms arising in the dispersion relation for the plasma 

frequency which wo did in of the thesis. However, if we considered
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how the eigenstates of (Bl) arose from the eigenstates of the same

Hamiltonian without the Coulomb interactions as the Coulomb interaction

were adiabatically switched on we should find that we could give roughly

the same interpretations. We make no further comment here, only noting

that corrections of the type discussed here arise even in the case of a

free electron gas.

We now go on to consider the second feature contributing to the local

field correction, namely the periodic modulation of the electric field in

the interior of the ciystal

Let us suppose that an external field of the form (B5) is

applied to the crystal and that it induces in the interior of the crystal

an electric field whose potential function is and a charge

diaplacement given by Then we siiall have

I I4-

(B15)

Now each Fourier component ^4 

given by (A9), so that

of induces a charge displacement

f- ('A • X

f (J- '(H.’i'i
(B16)

where

(B17)

Substituting this result back into (BI5) <e have the integral equation
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(B18)

for , where

G- (is )
{st'))

Since G depends only on the dil’ference of the time arguments we oan 

obtain a partial solution of (B18) by taking the Pourier transforms of 

all quantities with respect to their time arguments. We then obtain 

from (B18)

(B20)

where

(B21)

with a similar definition for and

-y"! (B22)

To solve the integral equation (B2O) we introduce the eigenfunctions 

of* corresponding homogeneous integral equation; these 

functions satisfy the eq^tion
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where is the eigenvalue corresponding to . It can be

shown that corresponding to each eigenfunction there is en

eigenfunction 2^^; of the associated hcMnogeneous integral equation

belonging to the same eigenvalue tAt. i.e. satisfying

‘ii’ (B24)

and that these functions after suitable normalisation and orthogonalisation

of functions belonging to the same eigenvalue have the orthonormality 

property

(B25)

The kernel of the integral equation (B23) has the symmetry

property

(B26)

where R is any lattice vector. It follows at once that its

eigenvalues form a band structui'e and may be denoted by where k

is a wave vector lying in the first Brillouin zone and n is an integral

subscript which distinguishes the various bands. The corresponding

eigenfunctions will have the Bloch form

(B27)

where is a periodic function of x. Similarly the corresponding

eigenfunction have the form
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uk‘>k. ~

(B28)

vhere T is periodic.

We may now solve (B2O) by expanding in terms of the

5>*

v ,

(B29)

Substituting this expansion into (B20) we can obtain using (B23) and

(B25)

(■>kn ^ukn Pi^kn.
(BJO)

vdiere
C^) 

P a k-n f ft’
(B31)

Equation (BJO) has the immediate solution

(B32)

SO that

{B33)

We new note that if has the fom then

?bk'n
(B34.)

Thus
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where

yx

tk
(B35)

(B36)

and
ck•X

is of the form ' ■" times a periodic function of x. The

Pourier component of is given by

where

P^d) e'"' '
<T eakii

ukyt
(B38)

Since according to the ordinary theory of dielectrics

we have

(B39)

lie see from this result that 6^4 vanishes whenever the right

hand side of (B39) becomes infinite l«e« idienever one of the A 4,4 H

satisfies - I . Thus the plasma resonances are at the frequencies

at which there exist non-trivial X 65 2 satisfying the equation

(BW)

This Is physically sensible because comparing with (B20) we see that thia

I icK
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ia the condition that an internal field can exist in the crystal in the

absence of an external perturbing field.

In general, of course, there will be no frequencies at which the

equation ' will be exactly satisfied. However, we may argue as

in §15 that tho plasma frequencies are those at which the real part of

^ukn is equal to 1 and the imaginary part is small. Then at these

frequencies it will be possible for weakly damped oscillations to exist

in the crystal Thus it is possible even when the periodic modulation

of the field is taken into account to discuss the oscillation frequencies

in terms of the dielectric theory.

It is easily seen that in the case of a free electron gas there is no 

correction of the typo discussed above since there is no possibility of a 

. periodic modulation of the field; this is an old result due to Darwin 

(1934> 1943) • Thus in the case of a free electron gas and free electron 

like metals this type of local field correction will have no effect on the 

oscillation frequencies.
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In this and a succeeding paper it is shown how a theory equivalent to the Bohm & Pines 
collective motion theory of tho electron plasma can he tlerived directly from a jjerturbation 
series which gives in principle an exact solution of tho many-body problem. This result is 
attained by making use of a diagrammatic method of analysi.s of tho perturbation series. By 
a process analogous to tho elimination of photon self-energy parts from the electrodynamic 
iS matrix it is found possible to simplify tho |)erturbation series, introducing a modified interac­
tion botwoon tho particles. A ust'ful integral equation for this modified interaction can bo 
sot up, and it is shown how the energy of tho system can be expres.sed in terms of the modified 
interaction. 'Pho close connexion between this nj)proach and tho dielectric theory of jilasma 
oscillations is indicated.

I. Introduction

Within recent years innch attention has been given in the study of the quantum 
mechanical many-body problem to the collective modes of motion which may be 
present (Bohm & Bines 1953; Tomonaga 1955; Bohr & Mottelson 1953). Two main 
theorie.s of collective motion have been develojied, that of Tomonaga (1955), and 
the superfluous co-ordinate type of theory introduced by Bohm & Pines (1953)- Bi 
the Tomonaga theory a transformation of variables is made in such a way that some 
of the new co-ordinate.s are directly related to the collective modes of motion, whilst 
the remaining new co-ordinates are associated with internal modes of motion. In the 
superfluous co-ordinate treatment certain auxiliary variables are introduced 
together with an equal number of subsidiary conditions to preserve the correct 
number of degree.s of freedom, and a transformation is made in such a way that the 
new auxiliaiy variables are related to the collective motion, whilst the original 
co-ordinates when transformed are related to the internal motion. If the collective 
modes being studied have real physical significance, then it will be found in both 
these methods that the Hamiltonian is, to a good a})i)roximation, sei)arable 
in the new co-ordinates, and a separation of the collective motion is thereby 
obtained.

ddiough these method.s are (piite successful, they have certain unsatisfactory 
features. In the Tomonaga method it i.s generally found that when the Hamiltonian 
has been separated the jiroblem of finding the eigenvalues of the internal motion 
part is very difficult. In the superfluous co-ordinate treatment one does not meet 
with this difficulty but with an ecpiivalent one; this is that it is difficult to find 
eigenfunctions satisfying the subsidiary conditions. In addition, both theories 
suffer from thedifficidty ofnot being able to treat very easily the interaction between 
the collective and internal mode.s of motion, or the intimately related jwoblem of 
the damjiing of the collective motion; where the damping is small this i.s not a very 
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540 J. Hubbard
serious problem, but in certain cases, e.g. the application of the Bohm & Pines 
theory to metals, it may be quite serious. We shall see later that this problem of 
treating the clamping is also intimately connected with the problem of the cut-off in 
the Bohm & Pines theory of the electron plasma (1953).

In the case of the electron plasma an alternative type of theory of a different 
character from those described above has been developed. In this ‘dielectric ’ theory 
(Mott 1954; Frohlich & Pelzer 1955; Hubbard 1955c/, b) one argues along senii- 
classical lines, regarding the electron gas as a dielectric medium. From this point of 
view one thinks of the electrons as interacting with one another like particles in the 
dielectric medium represented by the remaining electrons; their interaction is 
therefore modified and screened. The plasma oscillations are thought of as being the 
polarization waves in the dielectric medium. ''Phis approach has advantages over the 
other two apj/roaches in that it can easily treat the damping problem, and does not 
attempt so complete a separation of the collective and internal modes of motion, the 
one going smoothly over into the other; it suffers from the disadvantages of being 
a phenomenological theory and difficult to cpiantizc satisfactorily.

It is the purpose of this and a succeeding paper (Hubbard 1957) to develop yet 
another approach to the collective motion problem which i.s applicable to the 
electron plasma, and to similar systems, and which we hope combines the advantages 
of the treatments described above and yet i.s free of their disadvantages, ‘fins theory 
i.s based upon an (infinite) perturbation seri(?s which provide.s in principle an exact 
solution to the many-body problem and therefore contains all the physical effects 
including the collective motion. The various contributions to this perturbation 
series can be conveniently analyzed making use of diagrams similar to Feynman 
diagrams ((loldstone 1957)- It in now argued that we may be able to simplify our 
perturbation series by a process exactly analogous to the elimination of photon 
self-energy parts in the analysis of the »S'-mat rix in (piantum electrodynamics (see, 
for example, Dyson 1949).‘Phis is in fact so, and the analysis shows that we need ouly 
retain in our perturbation series terms corresponding to diagram.s free from these 
parts, provided everywhere in the perturbation series we replace the ordinary 
interaction between the particles by a modified interaction.

To establish the connexion between thin apparently formal device for simplifying 
the perturbation series and the collective motion problem let us now consider the 
physical interpretation of what we shall do. dust as in the electrodynamic case, we 
can regard the diagrams used in the analysis of the perturbation series as representing 
the actual physical process which gives ris(; to the corresponding contribution to the 
perturbation series. Interpreting the parts of diagrams analogous to photon self­
energy parts in this way, we can see that they correspond to the modification of the 
ordinary interaction between particles by the polarization of the medium represented 
by the remaining particles; we shall refer to these as polarization parts. 'Phus, the 
elimination of these j/art.s and the replacement of the ordinary interaction by the 
modified interaction in the perturbation serie.s i.s exactly e/piivalent to going over to 
the viewpoint of the dielectric theory described above, so that we may exj>ect our 
theory to be equivalent to the other theories of collective motion. This expectation 
is in fact borne out by detailed calculation.

1 
z

1

1
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The present paper develops the theory iti a general form, and the detailed treat­
ment of the electron plasma is reserved for a succeeding paper. Since the diagram­
matic analysis is used in a different (although equivalent) form to that given by 
Goldstone (1957), it is developed afresh in to 4. In § 5 are discussed certain 
simplifications which arise when one considers the case of a uniform gas; in the 
remainder of the paper it is assumed that we are dealing with this case.

Section 6 proceeds with the main programme; the j)olarization parts are eliminated 
and the modified interaction introduced. In § 7 an integral equation is derived for 
the modified interaction which very greatly simplifies its calculation. Finally, in 
§ 8 it is shown how the energy of the system can be exjiressed exactly in terms of the 
modified interaction. 'This result will enable us to calculate correlation energies 
directly from the modified interaction which in turn can be calculated easily using 
the integral equation.

2. The diaora.m.matic analysis of the perturbation series

We shall consider the problem of determining the energy spectrum and wave 
functions of a gas of Fermi-Dirac particles interacting with one another through an 
instantaneous two-body potential and moving so slowly that relativistic effects can 
be neglected; we include also the case in which the particles move in an external 
potential field. 4'he Hamilton for such a system is

7/= 7/0 + //', (1)

where 770 includes the kinet ic energy of the particles and their potential energy in the 
external field, and W i.s the interaction energy of the particles. 77' will be treated as 
a perturbation.

One way in which we may develop the perturbation series for //' is by making use 
of the adiabatic approximation. We consider the interaction 77' to be slowly 
switched on between t = — 00 and t = (>, and to be slowly switched off between 
t = 0 and t = -t-00; then a system which at t = —00 is in an eigenstate 'F^of Hq will 
between I = —co and I = 0 slowly change into an eigenstate of 77. This result has 
been proved by Gell-Mann Low (1951) in the following form: if'Fq is an eigenstate 
of //q belonging to the energy A’,„ then

= lim - co) 'I’o/f'l’o I .S\(0, — oc) | 4'o) 
a ► -+ 0

is an eigenstate of 77 belonging to the energy

E = E„ + AA’ = A'„ + lint ('I | //'.'?,((», - oo) | 'rol/C'!; | 5.(0, - x) [ 'i;), (3)
a—> + 0

where Sg^{t,t') is the solution of the eipiation

(-’)

satisfying the boundary condition = 1, and

/4(/) = e-*

(4)

(5)



542 4. Hubbard
The parameter a is seen to govern the rate of switching on and off of the interaction; 
the limit a -> + 0 means that the potential is switched on infinitely slowly, the condi­
tion for the exactness of the adiabatic approximation.

We can now obtain a perturbation series for '1’ by solving (4) by iteration. To do 
this we replace (4) by the integral ecpiation

■S’a(')= 1 //,((') .S'JC) ,1/.', (6)

(')

incorporating the boundary condition at t = — oo (in future we shall for brevitv j 
write —yj) as *S'^(0)- Iteration of (d) gives

s,(!) = I J

where P is the chronological ordering operator; this is the perturbation series we 
shall use.

Our interaction Hamilton can be written in the notation of field theory

ir = ^J^{x')>A(x')v(x-x')^(x) ?/i{x)dxdx'- hVy(O), (8)

where r(x — x') is the mutual potential energy of two particles at x and x', X is the 
number of particles in the system, and ^(x), ^'/(x) arc the particle field operators. 
These can be written

(«)

(10)

(

(//(X) = V a4x) z/i,
i

i 
where the u^{x) are the eigenfunctions of the one-particle Hamiltonian,

£^-t-f/(x) udx) =

in which p is the momentum and f7(x) the external potential. Tho operators and 
7/j are creation and destruction operators for the fzarticle in the state i; since our 
particles obey F'ermi-Dirac statistic.s they satisfy the anticommutation relations

LVoVyk = (11)

In (8) spinor indices are suppressed since their inclusion only requires a trivial 
generalization of the theory. The second term in (8) subtracts the self-energies 
of the particles due to the interaction v, since these are included together with 
the mutual interactions of the particles in the first term of (8). (If the potential 
is singular at the origin y(()) 

a suitable limiting procedure.

we can work with Vi^{x) = 
J k<K 

the limit K ->'X) at the end of the calculation.)

is not defined. We can, however, easily introduce 
If wo Courier transform n, w(x) = Jr{k)e“‘’ dk, then 

u(k)e**‘ ’dk, for which defined, and take
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To obtain our perturbation series in a suitable form for computation we now have 

to substitute (8) into (5) and (5) into (7). Before doing this it is convenient to include 
the (constant) second term of (8) in //„ and to symmetrize the first term; H' then 
becomes

Jv(x - x') f^(x') ^(x') Ifix) + ifix) ^(x) if{x') ^(x')] dxdx'. {12)

I Putting (12) into (5) we can easily obtain

Jda:J(l.r'?;^(.r-.r') [^(.r') ^(z) + ?^(x) ^{x'} ^(Z)], (13)

where x stands for (x, () and x' for (x', f),

= v(x —x')(J(/ —f)e““l'l,

and
i i

{

Substituting (13) into (7) we obtain

(15)

■■?.(() =1+5

n-l

(16)

where J dz means the integral over all that part of space-time behind the surface t.

We can conveniently analyze the P product in (16) by making use of Wick’s 
theorem (Wick ip^o). U'his analysis can be simplilied if we notice that we are 
interested only in the operation of \ on the particular eigenstate H'^of We shall, 
henceforth, assume that is a non-degenerate eigenstate of Hq in which certain 
definite states i are occupied. 'Then we can conveniently take the state '1’,, as a 
‘redefined vacuum state’ (Salam 1953) resolve and according to

)/< = + (17)

where
iinocc.

=: V Uf{x))fj (destroys particles), 
t

occ.
^^'*(•*’)= (creates holes),

i

(18)
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Here the terms occupied and unoccupied refer to the state of occupation of th® 
state i in Tg. We then have the result

0r-(a;)T„ = ^-(^)To = 0. (19)

To take advantage of the result (19) we resolve the P product in (16) in such a way 
as to move all the operators i/r+, to the left and all the operators to the
right. This analysis can be performed quite straightforwardly using Wick’s theorem- 
When this analysis has been completed we can reject all terms involving and ,q 

by virtue of (19). Only one special point arises in this analysis. This is that, 
whereas in the case dealt with by Wick all operators with the same time argument 
either commuted or were already arranged as an product, this is not so in the 
present case and one has to allow for contractions between operators with the same 
time argument.

When the analysis has been completed, it is found that the various terms con­
tributing to SJJ,} ^0 (the terms not involving or ^“) can be conveniently classified 
in terms of certain diagrams similar to Feynmann diagrams, there being a contribu­
tion to corresponding to each diagram. We proceed at once to the prescrip'
tion for drawing these diagrams and for calculating the corresponding contribution 
to

The diagrams will be of orders 1,2,..., corresponding to the contributions arising 
from different order terms of (16). The prescription for drawing an nth order 

diagram is as follows:
(i) Mark n points on the diagram and label these ...,a:„; mark a further

n points and label with xj,..., join the pairs of points a\, x\ by ‘ interaction ’ line®* 
(broken lines in the diagrams of this paper).

(ii) Draw directed ‘ particle ’ lines, one entering and one leaving each point; these 
lines may run between points or from a point to itself or from a point to the edge 
the diagram or from the edge of the diagram to a point.

The different nth order diagrams are obtained by drawing in the particle lines m 
all possible w'ays. It will be noted that the particle lines form closed polygons 
open polygonal arcs, so that to every particle line running inwards from the edge of 

the diagram there is one running out connected to it by a chain of particle lines.
The contributions to 8^{t) corresponding to a given diagram is a certain integr^^ 

which can be written down from the following prescription:
(i) For every interaction line x- introduce a factor v(Xi — x\} into the integrant'

(ii) For every particle line running from a point ?/( = some Xi or x\} to the edge o
the diagram introduce a factor ^+(y) into the integrand, and for every particle fi9® 
running from the edge of the diagram to a point y introduce a factor ^+(y) into th® 
integrand. The and are to be arranged so that if corresponds to tfi®
incoming line of one of the open polygonal arcs and ^+(2) to the correspoufii^^ 

outgoing line, then ^+(2) is adjacent to and on the left of v^+(y).
(hi) For every particle line running from a point y to a point 2 (+ y) introdue® 

a factor 8{z,y} into the integrand.
(iv) For every particle line running from a point y to itself introduce a factor p\^’ 

into the integrand.

I
''I

<■'1

1
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(v) Tntegrate with respect to dx^dx2...dxJ^dx{...dx',^ over the region of space- 

bme behind the surface t.
(vi) Multiply the integral by (2i/z.)-”(w!)~V — 1)^^, where p is the number of closed 

particle loops in the diagram.
The quantity p{xb is just the charge density corresponding to Tq, namely

(20)

'vhere

U'hilst the quantity x) is a propagator given by 

unocc, occ.
S(x', x) = e{t' — t) S Ui{x') {x} — €{t — t') ufx'} ufx},

i i

e(0 =1 if Z > 0

= 0 otherwise.

The function S(x,x') is the solution of the equation

(22)

I
(23)

1

^hich reduces to 4—/>(x, x') when t = t', where p{x, x') is the ordinary density matrix 
’Corresponding to the state

occ.
/?(x,x') = S^i(x)Wi(x').

i

As an example of the above prescriptions we give the contribution to 
’Corresponding to tlie diagram shown in figure 1 (a); it is

(2k) J’brida-2da:3da:4da;;d,r2d.'r3d.r4 V^{x^-x[}v^{x2-x2)v^{x2-xs}v^{x^- x'^}

^^(^1) *^(^'4. x[)S{xi X^} S{X2, Xy) S(X3, X2) S{X2, x[)p{X2). (24)

3. The linked-cluster expansion

The linked-cluster expansion was first suggested by Brueckner (1955) and has 
been proved by Goldstone (1957) using the diagrammatic method of analysis of the 

perturbation series. The necessity for this result arises because the ordinary per­
turbation series for the energy, including that derived above, contain terms which 
diverge more strongly than N, the number of particles in the system, as N->cg. 
Such terms can have no physical significance and must cancel out against each 

uther: we should, therefore, be able to eliminate them from the series, which is done 
’u the linked-cluster expansion. This elimination will be carried out easily and 
t>aturally in this section using the diagrammatic analysis.

Before proceeding to develop the linked-cluster expansion it is first convenient to 
classify tho diagrams in a certain way. We shall say that two diagrams belong to the 
®ame class if they have the same basic structure, i.e. if they have the same arrange- 
Uient of vertices, interaction and particle lines and differ only in the labelling of their 
Vertices; for example, the diagrams shown in figures 1 (a) and (6) belong to the same 
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class since they have the same basic structure shown in figure 1 (c). It is seen that 
each class is associated with a certain basic structure.

It can be seen from the prescription of § 2 that if two diagrams G, G' belong to the 
same class their contributions to are integrals which differ only by a permuta­
tion of the variables of integration, and are therefore equal. Thus all the diagrams of 

the same class give an equal contribution, and the contribution of the whole class is 
the contribution of a typical member multiplied by the number of diagrams in the 
class.

PlOURE 1

Let ns consider how many diagrams there are in a given class. Let G be a typi®®^ 

member of a class /’of order n, i.e, a class whose associated structure has n interac­
tion lines. We can obtain all the other members of the class by performing certain 
permutations of the labels x\ of the vertices of G. The permutations of the labels 
which lead to diagrams agreeing with the prescriptions of § 2 are those which leave 
the pairs x,-, x- connected by interaction lines in G still connected by interaction line® 
after the permutation. The only permutations which do this can be built up fro”’ 
the following types of permutation:

(i) simultaneous permutations of the x^ and x\ in the same way;
(ii) the interchange of any pair x^, x\.

The number of distinct permutations which can be built up from these is 2"w!. If fl'® 

application of every one of these permutations to the labels of G led to a diagra”’ 
distinct from G, then this would be the number of diagrams in the class. However, if 
may be that the application of some of these permutations to G leads to diagrai”^ 
which are not topologically distinct from G\ for example, the diagrams shown
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figures 2(a) and (6) which are obtainable from one another by a permutation of 
labels are topologically equivalent and must not be counted separately. Suppose the 

number of permutations which take 0 into diagrams topologically equivalent to 
Itself is (/(U) (this number is a function of the structure F rather than of the par­
ticular diagram); then we can easily show that the number of diagrams in the class 
is in fact 2"?i!/(/(7’)-

•^2 w
X,

(h)

Figure 2

I

If we denote the contribution of a diagram G to S'^(i) by S^(t, G) and the contribu­
tion of the class F to which G belongs by S^{t, F), then we have

We can now develop the linked-cluster expansion. A structure 7’ may or may not 
tall into two or more unconnected parts; in the former case we shall say that it is an 

'unlinked, in the latter case linked. For example, the structure shown in figure 1 (c) is 
linked whilst that shown in figure 2(c) is unlinked. It should be noticed that this 
definition of linked and unlinked diagrams is not quite the same as that used by 
Qoldstone (1957).

An unlinked structure F can be resolved into a set of linked structures; if the 
'nilinked structure F is made up of p^ linked structures 7\, p^ linked structures 
^2 etc., we shall write ,

F = pC ^+P2i.-v....

Let G be a typical diagram with the structure F. Using the prescription of § 2 we can 

Easily prove that

G) = [”1! G,)]". [m^! SAt, G.ty.....

'''here G^--- are typical diagrams with the structures 7\, /^2> •••, w is the order of 
and Wi,n2-- - are the orders of I\, etc. Using (25) we obtain

Initially it can be seen that

fZ(^) =Pi Pf- ••• [17(^\)?* [9'(^ 2)]'’*---.

that I''’2)]"’ •■••
Pl- P2- •••

(26)

(27)

(28)
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where

Let Pj, 7^2, ■ • • be the set of all linked structures; if in (26) we allow Pi,P2,... to run 
over all the values 0,1, 2,..., then we obtain all possible structures. Since is the 
sum of the contributions from all possible structures we have

S.(()= S L ...

= exp {6^(f, 7\)} exp {6'^(i, 72)}...

= exp{6j;^(0},
linked

}>r

$

(29)

(30)

and we have made use of the fact that the various G) commute with each other; 
this is because all the and + operators anticommute (see equation (18)), and 
each S^{t, G} contains an even number of these. Thus we see that can be expressed

in terms of the sum of the contributions from linked diagrams.
Let us now resolve into two parts

Si.«) = -sEW+-s'L(a («*)

*8^(0 containing the contributions from all linked ‘ vacuum ’ diagrams, that is, 
diagrams with no particle hnes running to or from the edge of the diagram, and 

AS£a(0 the contributions from all linked diagrams with external lines; *S^a(0 contains 
no operators and is a c number.

Substituting (31) into (29) and (29) into (2) and dividing out by the c number 
exp {6^£),(0)}, we obtain

T = lim exp {6'Lx(b)}To/(To | exp {>S*i^(0)} 1 T„).
a—>4-0

It will be shown in the next section that >S’2a(^) is continuous as a-> +0 whilst 

*Sal(0 diverges like 1/a; thus, dropping a normalization factor,

T = exp {6'2(0)} T,

>S7(0) = lim 62^(0).
a—►-f'O

We shall see in the next section that the energy shift AA' can bo derived froi^^ 
6'^a(0, be, from a series involving only the linked terms; this series does not contaH' 
terms diverging more strongly than N and so is free from the difficulty mentioned a^ 

the beginning of this section.

I

i

(32)

(33)

where

4. The evaluation of integrals

In this section we perform as an illustration the evaluation of the integral repr^^' 
senting the contribution of a simple diagram to >%{()}. The result obtained is typi®®^ 

of the general case, and we can deduce from it certain properties of the >8^(0, 
furthermore, these results afford a link between the present formalism and that 
Golds tone.

I
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The diagram whose evaluation we shall perform is that shown in figure 3 (a). The 

Corresponding contribution to *S^(0) is according to the prescription of § 2 

dZ2jdXidx2dx;dx^v(Xi-x;)v(X2-x;)e“(W

X >S(X2, Xj, ty) S{x'2, t^-, Xp ti) <2) ^+(Xp tf) iir+{x',, t^}, (34)

^rhere we have already performed the integrations over and tC Because of the 
nature of the function *S’ (equation (21)), it is convenient to divide the integration

k

m

(a)

1
1
1 ;

1
J_____ i1 I

1 1 1 n 11 . " ! k 1 f
1
1

1
1
1

---------1-------
1
1

----y
1
1

1 p 1
m *

i------- —1
—+ r .—

• J

(C

1 P 1

1 1
C}

' j

Figure 3

'^here

ever and ^2 into two parts, one part arising from the region in which and the 
ether from the region in which Substituting for from (21) and for
^toni (18), we have for the first part of tho integral

1 / I \ 2 occ. unocc,
5 ZE - X:)7Z,JX2)7/^(x')dX2dx'

\^n>7 ij kmnp J

X fcn(Xi)w^,(xi)r(Xi-x;)7ii(Xi)7z/x;)dXidxjf dfgf ’ dfi
J J -00 J -00

X exp Ja(<i + ^2) + ^ (hik + - ^77) + Ej) rji rj^

wnocc- I 7; I (np I V I ij) _ _

+ + + E^-E,-

(km I «I np) = jMt(x)«,„(x')»(x -x')M„(x)M„(x')dx(ix'.

1

8

occ.
E 
i}

(35)

(36)

(37)

similar evaluation of the second part of the integral gives

1 oco. unoco. I I I V I ij) _ _

L - E,- E, + (IS, Ve;„-E„ -

"^'he similarity of these results to the terms of the ordinary perturbation series is at 

'^Hce recognizable.
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The two terms (35) and (37) may be represented diagrammatically as in 

figures 3(6), (c); these diagrams are obtained from (a) by arranging and io 
particular orders and labelling the lines rather than the vertices. Figure 3(6) 

represents a process in which two particles in states i and j interact and scatter into 
states n and p, and re-interact and scatter into states m and h-, thus the whole 
process is a scattering of particles out of the states i and j into the states k and m via 
the intermediate state n, p. Similarly, figure 3 {c) represents a process in which two 
particles scatter themselves into states k and m leaving holes in the states n and p 
into which the two particles in states i and j then scatter themselves; thus the final 
state is the same in both cases but the intermediate state is different. It will be seen 
that in each case the expressions (35) and (37) contain in their denominators the 
difference in energy of the final and initial state and the difference in energy of the 
initial and intermediate state.

These results are quite general. Any of the integrals representing contributions to 
>S’^(0) can be evaluated by the above method, and leads to a series of terms of the 
form of (35) which can be interpreted as representing certain physical processes with 
the help of diagrams of the type of figures 3 (6), (c). In each case the denominators of 
the expression will contain the difference in energy of the final and initial state and 

the differences in energy between the initial and intermediate states.
We can now make certain deductions from these results. The first thing to notice 

is that if an expression of the form of (35) arises from a linked diagram, and in view 
of the results of the preceding section we need only consider such diagrams, then 
none of the intermediate states can coincide with the initial state. Since the latter 
has been assumed to be non-degenerate, it follows that the energy of none of the 
intermediate states can coincide with that of the initial state. If, further, the final 

state is different from the initial state, as it is in all the terms contributing to 
then the energy of the final state will be different from that of the initial state. Thus, 
in the case of terms contributing to none of the energy ditferences in the
denominators is zero; it follows at once (see (35)) that each of these terms is con­
tinuous as and that *S*2^(0) is continuous a->-t-0. Thus liniAS’}^(0) as
a ->+0 exists, and may be evaluated putting a = () at the beginning of th® 

calculation.
The situation with *S’^£^(0) is different, however. In the case of terms contributing 

to <(0) the initial and final states coincide (although the intermediate states arc 
different from the initial state), and the corresponding energy difference vanishes 
giving rise to a factor a in the denominator. Thus /S'^£a(0) diverges like 1 /a as a -> + fl*

We should now like to consider the calculation of the energy shift This is 
given by (3). It may, however, be more conveniently calculated using a formula 
giveii by Gell-Mann & Low; it is shown in an appendix that it can be derived froiu 
<S^^(oo), and is given by the following prescription: wi'ite down the sum of 
integrals contributing to {one from each vacuum diagram}; introduce into th^
integrand of each of these integrals a factor \h8{tfj and put a = 0; the resulting 
gives ^E.

In the remainder of this paper we shall devote our attention to the calculation of

^E.

1
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5. The uniform gas case

The theory of the preceding sections was general in the sense that was supposed 
Io include not only the kinetic energy of the particles but also their potential energy 
in an external field. In the remaining sections of this paper we shall for simplicity 
restrict ourselves to the case in which the external field is constant and the particles 
form a uniform gas; it is hoped to deal with the general case later.

In the case of a uniform gas it is convenient to resolve the H' of (8) into two parts. 
Suppose the Fourier transform of v is

p(x) = ^tt(k)e»'-\ 
k

Then we split v into two parts according to

^(x) = S w(k) e”'-* + ?t(0) = p'(x) 4- ?z(0).
fc+O

We can correspondingly write IF in the form

(38)

(39)

(41)

IF = iJdxdx'y/(x')^(x')p'(x-x')yz(x)^(x)dxdx' + |2V2j^(Q^_ .i ^49^

^ud include the last two (constant) terms in 11^. All the above theory then goes 
Ihrough as before except that v is replaced by v' everywhere. The potential v' has the 
Useful property

v'(x —x')dx' = 0.

We can now make an important deduction concerning the perturbation series in 
Ihe case of a uniform gas. This is that in the case of a uniform gas those diagrams which 
^ntain a part which is attached to the rest of the diagram by only a single interaction line 
^ive no contribution SJd} or any derived quantities. To prove this let us consider the 
contribution of a diagram of the type shown in figure 4(a), where the two parts F' 
C-nd F" are connected by only the single interaction line shown. If in the integral 
^opresenting the contribution of this diagram we perform all the integrations except 
Ihose over x and x', we must obtain an expression of the form

|'f(x) v'{x - x') G{x'} dxdx'. (42)

However, since the gas is uniform and has no natural origin of co-ordinates, F and G 
^ust be independent of x and x', so that it reduces to an integral over v'{x — x') 
''"Inch must vanish by virtue of (41). Thus we can omit all diagrams of this type.

In future we shall drop the prime on v', it being always understood that we are 
''"orking with v'.

6. The elimination of polarization parts

As pointed out in tho introduction, the main point of introducing the diagram- 
^atic analysis in the present theory is that it enables us easily to recognize those 
parts of the perturbation series which rejiresent polarization effects. We are now in 

position to investigate this.
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Let us consider the physical interpretation of the subdiagram shown in figure 4 (&)• 

The net effect of this subdiagrani is that the two incoming particles scatter off each 

other, not through the ordinary direct interaction but via a closed particle loop- 
More generally, the subdiagrani shown in figure 4(c), where the circle is meant to 
represent some set of closed particle loops and interaction lines connected to the rest 
of the diagram by only the two interaction lines shown, represents the scattering of 
two particles through some more complicated process which, however, returns all 

the particles involved to their original states. Our hypothesis, which will be borne 
out by further calculation, is that these subdiagrams represent the polarization 
effect referred to in the introduction, and that they can be eliminated from the 

perturbation series by replacing the ordinary interaction by a modified interaction.

(d)
Figure 4

The way in which such subdiagrams can be eliminated from the perturbation 
series is already familiar in quantum electrodynamics, being exactly analogous to 
the elimination of photon self-energy parts (Dyson 1949). Let r be some structure. 
Then it may or may not be that F contains some polarization part, i.e. some con­
nected part without external lines attached to the rest of the structure by only tn'O 
interaction lines; in the former case we shall say that 7'’is (polarization) reducible, n^ 
the latter case that F is irreducible. It is obvious that we can obtain all reducible 
structures by inserting polarization parts in place of interaction lines in irreducible 

structures.
Let us consider as an example the diagram shown in figure 4 (6), regarding this uo^ 

as a complete diagram rather than as a subdiagram of some larger diagram. This 
a reducible diagram contributing to S'jJd}, obtainable from the irreducible diagrft^ 
shown in figure 4 (d) by substituting the polarization part shown in figure 6 (a) for h® 

interaction hne. The contributions to 8^(1} of the diagrams of figures 4(6), (d) are

J da;2v(a;i-a:i)v(a^2-4)

X 8{x[, S{x^, Xy) (4^^

dx[ v(X;^ — x^) ^+(a?i) ^'^(Xi) ^'^(x[). (4^)

I

and



(46)

(47)

^sing (25), where
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It will be seen that (43) is obtainable from (44) (apart from an unimportant change 

1 in the integration variable) by:
J (i) multiplying by 1 !/2!, the ratio of the factorials of the orders of the diagrams; 
) (ii) by replacing v(a; —a;') in (44) by the quantity

^'"hicli is just the contribution to (43) of the interaction and particle lines of the
I Polarization part of figure 6 (a) with the integrations at the vertices performed. This

I'osult is typical; the contribution of a reducible diagram is the same as that of the 
iiorresponding irreducible diagram except that the v’s are replaced by functions of 
Ihe type (45) corresponding to the various polarization parts which have been 
inserted in place of interaction lines, and the whole integral has been multiplied by 
l^lie ratio of the factorials of the orders.

We can enunciate this result more precisely as follows. If G is a reducible diagram 
obtained by substituting the polarization part /«Jbr the interaction line for
*2^2) etc,, of the irreducible diagram G' (introducing the convention that if the fine 

of is left unchanged we say it has been replaced by the polarization part Fq), 
then

;''here n and n' are the orders of G and f?', iS(t, G'; ...) means that
integral for S{t,G'} with the v{Xi — x\} replaced by the functions Wi{x'^,x^,^'g.}, and 

[x', X, F'} is the expression which arises from the polarization part F' in the same 
that (45) arises from the polarization part of figure 6(a), remembering that in 

^he case of the special polarization part this is just v(x — x'}.
Let F5e a reducible structure contributing to i.e. with external lines. Then 
Can be seen that F arises from some unique irreducible structure F'. Consider the 

^otal contribution to oi all the diagrams with structures which reduce to 
given irreducible structure F'. A straightforward counting of diagrams shows now 

^hat this total contribution is given by the expression

s s ■. ■ «(i, e'; w;'.).
9G J n;

^here the sums run over all polarization parts, and

li;(a;>,r)=^lL'«^,L’'), (48)

^here g{F'} is the g factor of the polarization part F', defined to be the number of 
permutations of the internal interaction lines of F' which take it into itself (these 
S' factors are exactly analogous to those of §3), and m is its order, defined to be the 
dumber of internal interaction lines of F' plus one.

Since S{t,G'-, W^{F'g^}, nf(rs\),...) depends linearly upon the 11^(1"^) we can write

(49) 

a;) = I] ll^(a;', a;, F^). (^50)
r '
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Thus, we see that the contribution to of all diagrams reducing to the structure 

r' can be expressed in terms of the contribution of the class P' by replacing v ever} 
where byY^ Since every diagram contributing to is uniquely reducible,
see that can be expressed as a sum over contributions from irreducible
diagrams by replacing v by '/f in all the integrals. Thus Yf plays the part of » 
modified interaction. In order to calculate the perturbed wave function we sna 

be interested in
We have shown above how the perturbation series for the perturbed wave function 

can be contracted by introducing a modified interaction. Let us now consider the 
perturbation series for the energy shift A.2/. This has been expressed as a sum ovei 
vacuum diagrams in §4. We could proceed as above and reduce this to a sum over 
irreducible vacuum diagrams by replacing v everywhere by (since the time 
integrations run up to t = oo in the case of A.E') except for one feature. Whereas every 
diagram contributing to is uniquely reducible, this is not true for vacuum 
diagrams in general. For example, the diagram shown in figure 5 (a) could be reduce 
to either of the diagrams shown in figures 5(6) or (c) by regarding either the ng 

hand or the left hand part as the polarization part.

s 
\ 
\ 
\ 
I 
I 
/ 
/ 

t
/ 

/

(C)

\ 
\»

I
I 

!
/

The fact that the reduction may not be unique can be overcome by demanding 
that every vacuum diagram be reduced in such a way that the point remain in tb® 
irreducible residue; any vacuum reducible diagram can always be reduced in tbis 
way provided that it contains no part which is connected to the rest of the diagr^’^ 
by only a single interaction line, and we have shown in the preceding section th^f 

such diagrams can be omitted. Furthermore, it is necessary to reduce the diagram® 
contributing to in this way, otherwise the factor iA^(q) would appear in som® 

polarization part and spoil the theory.
Taking this point into account, we find by counting diagrams that the tota 

contribution to A.E’ of all diagrams which reduce to a given irreducible structure P 

where G' is a typical diagram with the structure P' and is the order of the polariz^ 
tion part P^. Because of the factor {n' + + ... )-i, we cannot perform the snm
in the simple way we did in (47). However, we notice that if we regard tb® 

interaction v as being linearly proportional to some coupling constant A, tb®® 
^E{G'‘, 11^(7''J, Wa^{PgJ,...) varies as A’^'+”»i+”««+—. Thus we can write (51) as

Jo ) r: r,^
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can now perform the sum as we did in (47) and obtain

’ A—(53)
Jo A 9'(/ )

^i^abling us to express AP as a sum over irreducible diagrams. In this case we replace 
. ^byy^ (which will be written 'P' for short in future); it is this quantity that we 

I ^®gard as the real modified interaction rather than the more general if, since in the 
'j ^^Iculation of all observable quantities, such as AP, if will turn up rather than if. 
\
j 7. An integral equation for F'
, In the preceding section we have introduced the modified interaction and 
I ^^pressed it in terms of an infinite series. In this section we should like to consider
) ®ome of its properties.

V
I

I
I
Ii

X------

------- X

We first notice that in the case of a uniform gas {x', x) is a function of rr — rr' only,
so far as the space co-ordinates are concerned it can only be a function of x — x' 

^®cause of the spatial homogeneity of the system. Also each of the integrals in the 

®6ries for (equation (50) with t = co) is an integral whose time integrations run 
^^oin — cz) to -]-oo and whose integrands are products of factors each of which 
'depends only upon time differences (see e.g. (45)); consequently #'(x',a;) can 
depend only upon t' -t, and is therefore a function of x' — x. It should further be 
Noticed that there is no reason why should vanish when t +1', so that the modi- 
^Gd interaction Y' will not in general be an instantaneous interaction like v but a sort 

retarded interaction.
shall now see how we can set up an integral equation for which will enable 

to express it in terms of a series more rapidly convergent than (50). Let Fbe any 
polarization structure. Then it may or may not be that F consists of two or more 
Parts which are onlj'- connected by single interaction lines. In the first case we shall 

that Pis an improper polarization structure, in the latter case that it is a pro])er 
polarization structure. For example, the polarization structure shown in figure 6 (a) 

a proper structure whilst that shown in figure 6 (6) is an improper one.
Let F be some improper polarization structure. Then F can be uniquely resolved 
shown in figure 6(c) into a proper structure F' and some other polarization 

structure F", proper or improper. Let us introduce as follows the quantity W(x', x, F)
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related to Il^(T') (to be written JV(F) for brevity in future). It will be seen from the 

prescription of the previous section for W(P) that it can be written in the form

(54)

the two v’s being those corresponding to the two outgoing lines of the polarization 
structure, and W containing the contribution from all the internal interaction and 

particle lines with the appropriate integrations performed. For example, in the case 

of the polarization part shown in figure 6(a) (see (45)) W will be

W(x',x) = ■^S(x',x)S(x,x').
in

We can now prove that the contribution of the polarization part resolved as m 
figure 6 (c) can be written

1

(55)
1

r

If we introduce the quantity
W*{x',x, F') = ^v(x'-x") W(x",x,F')dx", (51)

we can write (56) as
W{x', = Jr'} W{x", X, F") dx". (58)

i

Let us now consider the contribution to 'F' of all those improper polarization 
structures which give rise to a given proper structure F' when resolved as in 
figure 6 (c). This is evidently obtained by summing over all structures F" apart from 

on the right-hand side of (58), and is given by

fFF*(a:',a;",r) S W{x",x,F"}dx''
J

(59)

If we add to this the contribution of F' itself to F', which from (54) and (57) 
given by 

(60)

we obtain

fw^*(a:',,<r')[«^(^"-a^')+ S Oda;" = fll’*(a;',a;", F')'^(a;",a;)da;" (d^
J r''+r, J

for the total contribution to 'F of the proper diagram F' and all the improper one® 
which give F' on resolution. To obtain we now have to sum this expression over al 
proper polarization parts F' and add the contribution of the polarization part fo 
which is just v(a; —a;'). Defining

proper
'F'*{x',x)= W{x',x,F'},

r'dpr^

(62)

we have (63)
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j ^^bon of the result (62). The modified interaction between two particles can be
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we have derived an integral equation which gives F' in terms of This is 
rp because the series (G2) is very much more rapidly convergent than (50).

i solution of (63) presents no particular difficulty in the uniform gas because all 
® quantities involved depend upon the differences in their arguments and the 

I Equation may be solved by Fourier transformation.

J ^Ve should like to complete this section with a comment on the physical interpre- 
I of the result (62). The modified interaction between two particles can be

^®§arded as a superposition of their direct interaction and the interaction of each 

') polarization field of the other. These two interactions are represented by the
and second terms on the right-hand side of (62). The polarization produced at 

j point by one of the particles depends, however, not upon the direct field of the 
particle at that point, but upon the modified field; this is represented in (63) by the 
^®pendence of the second term upon F', F*{x', x"} representing the field at x' due to 

I polarization at the point x".

)

I 8. An expression for in terms of V
J . have seen in § G how A^ can be expressed as a sum of terms corresponding to
j ’^1‘educible vacuum diagrams. Our result can be written

) Irreducible
' vacuum f A
; S (64)

) ^here n(G) is the order of G and A^^.(G’) means the contribution of the diagram G to 
E with v replaced everywhere by
*^nppose now that G is some irreducible vacuum diagram. If we break the 

^’Ueraction line the diagram may or may not fall into two separate parts. If it 
f^oes, then it is of the form shown in Figure 4(a), and we have seen in §5 that such 
J^9-grams give no contribution. If it does not, then breaking this interaction line 

to some proper irreducible polarization part F (since G was assumed to be 
Reducible).

It can now be proved that if on breaking the line in the diagram G we obtain 
polarization part F, then

= ^dx^^dx[ihS{G) F'(.Tj - a;i) F) (65)

^here lF„(.r', x, F) is the same as R^(x', x, F) except that v has been replaced every- 
"^here by 'F'.

If we substitute (G5) into (G4), our sum over diagrams reduces to a sum over 
^^‘I’educible polarization structures, each structure being counted a certain number 

times. Counting of diagrams shows that this sum reduces to

proper
1 fdzl f f Irreducible __

= 2J 0 TJ J E).

I^efining the quantity
proper

__  irreducible__  proper __
■r(;c',.T)= 2 ir„(a:>,r)= 2 ir(«',»r),

9{r)

(GG)

(G7)
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(68)

we see that (66) can be written

The quantity is closely related to 'K. We have in fact (57), (62) and (67) 

and is related to by (62); thus (68) is in effect an expression for AJS* in terms 

of y. Using the result (68), we obtain the expression

for the energy of a uniform interacting gas, where the E^ are those of equation (1^)’ 
In the case of a uniform gas the first term of (70) is just the kinetic energy of tb® 
particles in the occupied states together with their potential energy in any constant 

background potential which is present.

9, Summary of results

In this paper the following results have been obtained.
(i) It has been shown how the perturbation series for the many-body problem 

may be expressed as a sum of terms each of which is associated with a certai^^ , 

diagram.
(ii) This has been reduced to a series of terms (linked-cluster expansion) corr® 

spending to linked diagrams.
(iii) A series has been obtained for the energy shift ^E due to the interaction, 

term of which is associated with a certain ‘vacuum ’ diagram.
(iv) In the case of a uniform gas it has been shown that some of the terms of 

series give no contribution and may be omitted.
(v) This series has been reduced to one over irreducible vacuum diagrams, i.e. 

diagrams containing no polarization parts, by introducing a modified interaction ' 
in place of the ordinary interaction v. An infinite series has been given for

(vi) An integral equation has been obtained for in terms of a quantity 
which is given by an infinite series much more rapidly convergent than that for ' '

(vii) Finally, the energy shift and the energy of the whole system have bee’^ 
expressed in terms of the modified interaction ; the latter is calculated from fb® 
integral equation the rapidly convergent series for replaces the original perturb® 

tion series.
In a later paper these results will be applied to calculate the correlation energy 

a free-electron gas, and it will be shown that essentially the same results as those e 
Bohm & Pines (1953) can be obtained by taking only the first term of the series 

and making allowance for certain exchange terms.

The author wishes to express his thanks to Dr J. S. Bell for much helpful advi^® 

and criticism.
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Appendix. The calculation of

I
) •'
I ^E = lim i^aA^ln (Tq I ^^(0, — 00) I Tq),

^here A is the coupling constant of the interaction. Using the same method as 
I ^^11-Mann & Low we can also derive the formula

To < 
^^mely

calculate /^E we start from a formula given by Gell-Mann & Low (1951),

(Al)

AJE' = — lim iZiaA^ln (To ( ^(00,0) | To).
^^+0 oA

'^rthermore, we have

(A 2)

S.(co, -co) = S„(oo,0)S'„(0, - co), (A3)

^’’oni which E~^(co, 0) = S^{0, —co)S^ ^(oo, —00)

Was shown in § 3 that

(A4)

;S„(oo, -00) To = exp{/S2)„(oo)-FxS2a(oo)}To.

S'‘^ince To is non-degenerate and >S„(oo, — co) connects only states with the same 
®hergy in the limit as a -> -P 0, we see that S'j^{co, — 00) -> 0 as a -p 0. From (A 1), 
(A 2), (A 4) and (A 5) we have

(A 5)

'Thus

^E = lim - ifiaA In (¥„ | aS^(O) [exp {aS£^(oo)}]-i ex^) { - ^^(00)} | Tq) 
a-* + 0 CA

= lim - i/iaA [In (To | S^{0) | To) - ® (00)]

= — /S.E + lim iftaA^>S^(oo).
(A 6)

^E = I lim i/iaA^>S(f^(oo). 
a-* + 0 dA (A 7)
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Now tS^ (co) is a sum of terms corresponding to vacuum diagrams. When all the 

integrations in an wtli order diagram except those over ^2, • • have been pe^' 
formed, we shall have an expression of the form

J*dii.., J*di^ akKi ^2j

can split this up into n! terms by making different time orderings. In each of 

these terms we can perform the time integrations in any particular order; let us 
agree to always perform the integration over last. When we have performed all the 
integrations apart from that over in any term we end up with an expression of the 

form
(A 9)

(A8) "

f

■<

f” d^i e-“ I<1 Jf I <1 l-‘®i + 0(1),
J -00

where the factor exp { — a 1| +127^1} arises from the corresponding factor in 
the term exp {— (w — 1) a | ( — ijEZ^^} arises from the performance of the remaining
integrations. Performing the integration in (A9) gives 2J//wa + 0(1). The operation 
A(d/dA) on the contribution to of an nth order term just multiplies it by
Thus the contribution of the term (A 9) to is just

lim ii^an!^^ +0(1)1 = ihM.
(ncc

Let us now compare this result with

(A 10)

(All)

which arises from (A 8) by inserting a factor into the integrand and putting
a = 0. If we evaluate this by splitting it into terms with different time orderings and 

perform the integration over last, we find that the term which corresponds h’ 

(A 9) is when aU the integrations except that over have been performed

f* d<ii^(<i)Me“®^-*^ = ihM, (A 12)
J —00

which agrees with (All), the terms written 0(1) in (A9) disappearing when a = d- 

Thus the insertion of a factor into the integrand of (A 8) and putting a = 0
the same effect as operating with i/iA(d/dA)a and taking the limit as a-> +0. Thus 
we obtain the prescription of § 4.
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IT. The correlation energy of a free-electron gas

By J. Hubbard
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Iho theory developed in a previous paper is applied to calculate the correlation energy of 
froo-olectron gas. The theory involves no cut-off and gives a uniform description of collective 

motion effects in the long-range limit and of jiarticlo motion effects in the short-range limit. 
If is shown that in the lowest order the theory agree.s with Bohm & Pines’s plasma oscillation 
theory in tho long-range limit, but is inadequate in tho short-range limit. The theory is 
*ipproximatoly evaluated to the next order, which is correct in the short-range limit, and is 
applied to calculate the correlation energy at several gas densities; the results are in good 
®^greement with those of Bohm & Pines.

Ill p - • -- - - - - - - --- - - - - . _ -
J the perturbation series for the many-body problem was described, which,

^^‘^cillation theory wJien ajiplied to a free electron gas. In this paper the general 
theory of I is apjflied to a free-electron gas and tins claim in part substantiated.

^^ohin & Pines’s theory has had three principal applications. These are 
O') to the calculation of the correlation energy of a free-electron gas;
(’i) to tlie interjfretation of the energy loss spectra of fast electrons passing through 

metal films;

1. Introduction

previous paper (Hubbard 1957), which will be referred to as I, a method of

'^as stated, would lead to a theory equivalent to Bohm & Pines’s (1953) plasma 
^^‘^cillation theory wlien ajiplied to a free electron gas. In this paper the general 
^)ieory of I is apjflied to a free-electron gas and tins claim in part substantiated.

^^ohin & Pines’s theory has had three principal applications. These are
O') to the calculation of the correlation energy of a free-electron gas;
(’i) to tlie interjfretation of the energy loss spectra of fast electrons passing through 

metal films;
, ('ii) to give a theoretical basis to the ‘ independent particle ’ picture normally used

I ’9 the discussion of metallic jfroperties.

I * die present paper is concerned purely with tlie first application, i.e. the applica-
of the theory developed in I to calculate the correlation energy of a free-electron 

I If is hoped in a later paper to deal with the items (ii) and (hi) above in terms of 
theory developed in I.

I’l §2 of this pa])er the expression given in I for the total energy of the system is 

^nsformed into a form more suitable for calculation and the integral equation 
giving y/' in terms of y"”* is solved. In § 3 is calculated in the lowest order for the 
g’^O’ind state of an electron gas, and in §4 the nature of the results obtained is 
’’^vestigated; it is found that the theory is adequate in the long-range limit but 
J^adequate in the short-range limit. In § 5 it is shown that to make the theory correct 
’*1 the short-range limit one has to carry the calculation of 7^* to the next lowest 
^Bler, and this calcidation is f)erformed a])])roximately. Finally, in §6 the results

'Unnerical computations are quoted and compared with Bohm & Pines’s 
theory.

r 336 ]



337 Collective motions iii terms of many-hody perturbation theory.

2. The calculation of the correlation energy

The system considered is the same as that discussed by Bohm & Pines 
namely an infinite electron gas moving in a uniform background of positnt c 
of such a density as to make the system as a whole electrically neutral. 1 he a 

tonian of this system can be written

1 277’r*^ (1)
I 2tn ic

in which the first term represents the kinetic energy of the electrons and the 
term their mutual Coulomb interactions. The term with k = d in the 
expansion of the Coulomb interaction ha.s been removed because it is 
cancelled out by the potential energy of the electrons in the background of posi 

charge. .
In I it was shown that each eigenstate of the perturbed system 

interaction between the electrons as the ‘jierturbation ’) could lie jg
an eigenstate of the unperturbed system from which it evolves as the intcLi 
slowly switcheil on. The Hamiltonian of the unperturbed system consists r

first term of (1), the eigenfunctions of which are determinant.s of plane 
each eigenstate of the unperturbed system i.s completely specified by sayni„ 
plane waves are present in the determinant, i.e. which plane-wave states are 
If the quantities are defined by

1 if state k is occupied, I

= b if state k is unoccupied, J

then any eigenstate of the unperturbed system is specified by giving its 
numbers Further, each state of the perturbed system can be specified by f 

the occupation numbers in the unperturbed state from which it arises v 
interaction is slowly switched on.

Tn the present paper the correlation energy of that state of the pertni bed sy 
which arises from the ground state of the unperturbed system is calculatei^-^ 
latter state is that in which all the plane-wave states below the Fermi surtac 
occupied and all those above are empty, i.e. the ordinary Fermi gronnd-sba e 

tribution. Whilst it is not ipiite obvious that the state which arises 
from thi.s one is the ground state of the perturbed system, th is is taken to be so j 

moment and we assume that we are calculating the correlat ion energy m 'uv 
state of the perturbed system. Although it is our main purpose in this 1 
calculate this ground-state correlation energy, much of the work of this stc 
the next section up to equation (24) is general and applicable to aoy disti ibn

In I the expression (equation (70))

= V a; - j,vv(0) + + it f <>;' Gu. «(()r-(rr', .r) C(x, x”)
" -jn J Jr,this

for the energy of the state arising from a given unperturbed state was g" 
expression N = V a; i.s the total number of particles in the system (the systen'

k ' ‘ tb^
assumed to be enclosed in a very large box and surface effects arc negke

f to

(3)
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\ are t he energies of the individual particle states of the unperturbed system, ?;(0) 

’s the interaction energy at zero separation and w(0) is the component with k = 0 in 
I die Fourier exjiansion of the interaction. The quantity A is the interaction coupling 

i constant, and anti i"' are the modified interaction and a related quantity discussed 
extensively in J; these latter quantities depend implicitly on the occupation numbers 

(see §3).
In the present application the individual particle states are the plane waves 

e the corresponding energies being given by Thus for a ground-
state Fermi distribution the first term of (2) is (3/5)NEp, where Ep is the Fermi 

Further, in the present case = 0 since the Fourier component with 
= 0 in the interaction term of (I) has been removed, whilst

, C27Te^ dk

I’bis integral diverges, but the divergence is cancelled by a corresponding divergence 

die last term of (3); as was pointed out in I these divergences lead to no difficulty 
®'*ice a suitable limiting procedure can easily be found. Combining these results one 
can write (3) as

''^hicli can be rewritten

(4)

l’27TEe^ dk |

"'•lere is the ordinary exchange energy per particle given by

1 occ- 277-e2 - 0-916 „
, _ _______V _______________ = ---------- RvI I k'-k" |2 r,

‘ ^‘^cl is the radius of a sphere whose volume equals the volume per electron. The 
Serins in the bracket in (5) constitute what is normally defined to be the correlation 

^‘'ici'gy; to calculate this quantity it is necessary to calculate and i''.
I'lie (piantities i", and i'"' are related (see 1) by the equations 

-r (a:', X} = v{x' - a:) + l’'y^*(x', x"} E'{x\ x} da;", 

E'*{x',x} = jE'(x',x")v(x"-x)dx",

"’Here v{x — x} = v(x — x'}S(t-l') and v(x — x'} is the ordinary interaction, the 
^‘^nlonib interaction in the case of an electron gas. The quantity’ can be 

pressed as an infinite series of terms, each term being associated with a proper 
I^^larization part (see J); E' can also be expressed as an infinite series of terms 
^^^rresponding fo polarization parts (projier and improper), but since this series is

(5)

(6)
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much less rapidly convergent than that giving y^'*, is most conveniently calcu­
lated from (6). Since in the (?ase of a uniform gas the (piantities x}, i'^'^tx', x}
and are functions of the differences of thciir arguments only, one can solve
(6) at once by introducing their Fourier transforms;

Cfx^x} = ;^JdkJdwy^'(k,6;)e’‘‘-‘’='-”t-‘"(''-'’

with similar definitions for y^*(k, m) and y^(k, op. When these transforms are intro­
duced into equations (()) and (7) one obtains

•/"(k, op = r(k) + y^*(k, op C(k, op (9)

y^*(k,(M) = r(k)7"(k,w), (10)

where r(k) is the Fourier component of the ordinary potential r(x-x'), given by 
^(1^) = in the case of a (louloinb potential. I’apiation (9) can be solved
immediatelv to ffive

r(k,«)= .

Introducing the Fourier transforms of 'C and y ’ into {rp, carrying out the integra­
tions and dividing by one obtains making us(! of (19) and (II) the expression

_ JA f'^dzlfdk f y^*(k,w) f27n’“ (Ik
- 47,nJ, A Jr2;7)d " I -y-*(k,6,) "J ''*-> 

for the correlation energy per electron, where n i.s the number of electrons per unit 
volume.

If one now writes r*(k, op = d (k, op + i2’(k, op, (13)

where yl(k, w) and Z’(k, oj) are the real and imaginary parts of i' *(k, op, and notices 
that the expression (12) must be real, one obtains

e fl -^(k, w) C27Te^ dk47rnJo A J (277)3j‘^'''[ l _d(k,w)]2 + l’2(k,o>)“J A-' (271)-'’

This is a general expression for the correlation energy. It remains now only to 
calculate A and 27; in the next section this calculation is performed approximately.

3. Tup: modified interaction
Tn T the quantity was defined (equation (B7)) to he the sum over all proper 

polarization diagrams apart from /’„ of certain (piantities IT

proper __
r(.r',x)= V 1W,X). 

r+G
Taking the Fourier transform of this relation, one has

__ proper __
y^(k,w)= lFr(k,od, (15)

__ r+r,
where H ^^(k, bj) is the Fourier transform of x}, the latter in a uniform gas being
a function of the difference of its arguments only. It is hoped that this latter series is '
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rai)idly convergent; it has therefore been a])proximated to by it.s leading term, that 
corresponding to the simplest of all polarization diagrams, shown in figure I (<z). It 
is actually found that this approximation is sufficient to give the effects associated 
with the plasma oscillations to the same accuracy as Bohm & Pines calculated them, 
but that the retention of only this single term leads to significant inaccuracies in the 
calculation of the particle aspects due to the omission of certain exchange terms. 
This latter point and the way in which it can be apjzroximatcly allowed for is dealt 
with in §5 of this paper.

In I the expression (ecpiation (oo)) for the IP corresponding to the polarization 
part shown in figure I (u) was given; it is

W{x'.x) = - (16)

where ^’(a-',^:) is the particle propagator given in I. equation (21). In the case of 
j a free electron gas this becomes

where “ .12m
(18)

Putting (17) into (16), oue obtains

Ifl k k'
OCC. unocc.

k' k*

from which, on Pourier transformation, one luvs

inioec.

k'
I El.' — El..<5(k'-k''-k)<y_[

occ. UIIOCC.

k- k'
k-

(19)

(2(»)
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where 5^ and are the positive and negative fretpiency parts of the d function

given by I p

1 c
, + U(x),

2/71 X ~

(21)

S_{x) =

and means principal value.
It is convenient now to introduce the quantities defined in (2) and re-arrange 

(20) into the form
ir(k,«) = V 1 _ AV. J«Jj

(22)

J o o

k'

(23) ,
■h —-^^k -k) I /f *'+6>|

The expression (23) gives the lowest-order approximation to / (k,od- According 
to (10), one obtains the lowest-order approximation to / '* by multiplying this by 
y(k) = -tTze^/A,--; if one does this, substitutes for the S functions in (23) from (21) and 
(22), and re-arranges, one obtains the expression

/ '*( k, (o) = V AV-------- J--<—
Vi k- I h , tI oj — k. k ------

\ m / AnP

‘ ''-t- _ ,„J (24)

for y^*(k,oj) in the lowest-order ap])roximation. 'Phe real part of this expression 
gives A and the imaginary' part 2’to the present degree of approximation. It will be 
noticed that the real [)art coincides with the polarizability^ of a free electron gas 
calculated in the lowest order (Hubbard 1955) and that 2 differs from the corre­
sponding conductivity in that the sum rather than the difference of the two 8 func­
tions appears.

In the case when the electrons occupy a ground-state Fermi distribution the sums 
in (24) can be evaluated (piite straightforwardly. The results can be conveniently 
expressed in terms of the reduced variables

X = 'j

?/ = 
It i.s found that 2(x, y) (2" and A are functions of h = | k | only since the 
distribution is isotropic) is given for y> 0 by

y>x{x + 2),

x>2 and y < xbx — 2),

(25)

Fermi

= 0 when

= 0 when

= -
2x3

when x>2
or when x < 2 

= — - „ wfien X <
2 x’

and a:(.r-2) <//<a-(x+2), 

and x{2— x) < y < x{x + 2)-,

2 and 0 < y < x{2 - j-) (-^B)

1 -
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whilst r»r-/<il2'isgivcii by -y) = .4 is given for .ill and y by

= --3.r
y-x{x + 2} 
y-x[x-2}\

I ^ + z(x-2)'ij (27)

where i.s the (juaiitit}’

I

t

(-’8)

andis the radius in Bohr units (b.u. = //“///ze“) of a sphere whose volume is equal to 
the volume pen- electron. It will be noticed that to the present degree of approxima­
tion the ga.s density only enters 2" and A a.s a multiplicative constant.

For small x and y^x{x + 2), the expression (27) reduces approximately to

A(.r,,y) = -indir,

where y^, is the reduced plasma frecpiency given by

h(0p h iA7Tne^\^

(29)

(30)

4. The (!EXER.\l x.ature or the results

fo evaluate the correlation energy to the present degree of approximation one 
must now substitute (2G) and (27) into (14) and evaluate the integral. If the reduced 
variables x and y are introduced into (14) and the angular part of the k integration 
performed (2’and .4 depend only upon the length of k), then one obtains

477 ’<lo zt Jo ‘"’"'‘Jo ‘•^[l-^4(.c.//)J2+J

(31)

It i.s useful to investigate the contributions to the integral in (31) arising from 
<Iiflerent parts of t he xy plane; thi.s can be conveniently done with the aid of the 
diagram of the plane given in figure 2. On this diagram the line.s oc and bd whose 
equations are y = .v{x + 2) and // = .r(.r — 2) have been drawn together with that part 
of the line A{x,y) = I lying outside the region cobd for a typical value of namely 

= 1-33 (c/). According to (2t)) A vanishes except in the region between the lines 
oc and obd. 11 might be thought therefore that it i.s only this region of the plane 
which giv(‘s any contribution to t he integral in (31). However, one must be cautious 
because along the line A{x, y}= I the integrand becomes indeterminate.

If the calculation had been carried to a higher degree of apjwoxiination. i.e. in 
fbe calculation of X one had included terms corresponding to more complicated 
polarization parts than that shown in figure I (u), then it would have been found 
that 1’was different from zero every where in the plane. Nevertheless, if it is supposed 
that- the calculation retaining only the first term is a good approximation, then it 
follows that although 2’ doe.s not vanish outside of the region cobd. it is small
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outside this region. One can then sensibly approximate by taking the limit of the 
integrand of (14) as 27->O in the region outside colul. Taking this limit one obtains

Thus the integrand has a 8 function singidarity along the part of the line //) = i 
lying in the region outside cobd.

(32)

P lOUiiE 2. Diagram of tho xy piano; the linos
shown, togothor with that part of tho lino /l(.c, //) = 1 lying outside cobd for r, = 4 (e/).

(33)

for small x one can evaluate the contribution of this singularity to the integral 
by using the approximation (29) for A; one obtains

PtUf dk f® E,. , J 7/2)

1 pdAf dk r® y,.

1 f^dAf dk . 
4nJo rj (277)3

Now oj/.x ex since A = e- is the coupling constant, so t hat the performance of 
the A integration yields a factor 2, giving

H'jlk
7tJ (277):> 2 ■ ’

1 bus, for small z the contribution of the singularity to the correlation energy is just 
what one would ordinarily call the zero-point energy of the plasma oscillations. 
Since 1 — .1 is always the real part of the dielectric constant, whose vanishing gives 
the plasma frecjuency, one may interpret the total contribution of the singularity as 
representing the contribution to the energy of the collect! ve oscillations of the gas.
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I

I

'exch. ’ (35)

344
Having pointed out the existence of a contribution to the integral from the region 

of the plane outside obed and its connexion with the collective motion, we now 
considerasimpler method of evaluatingtheintegral (31). According to the calcula­
tion of §3, 2’ and .4 are linearly proportional to the coupling constant A. Using this 
fact one can immediately perform the A integration in (31) to obtain

where one must always take the branch lying between 0 and tt of the many-valued 
inverse tangent. In those regions where 2* = 0 in the first apj)roximation we take the 
limit a.s 2’ > — U of the integrand; this limit will be 0 in the region in which A < 1 and 
will be 7T in the region in which A > 1. 'Phus, in figure 2 the integrand in (35) will be 
between 0 and n in the region cobd since 2' is non-zero in this region, will be tt in the 
regi(m efo since 2’ = 0 and .4 > 1 in this region, and will be zero in all other parts of 
the plane. There are good reasons for thinking of the contribution from the region 

efo a.s being associated with the collective motion and of the contribution from the 
region cobd as being associated with the particle motion; it will be noticed that the 
contribution from tlie region efo for small x i.s again of the form (34), and that for 
small X this is almost the whole of the contribution.

From (24) one can obtain

A f-'dAf dk f , I pdA f dk f zre-47TZiJo A J (2n-)J‘^ ""wjo A J(27r)\r^F

(36)

since 

and

IS the exchange energy per particle. Thus one can substitute the left-hand side of (36) 
for the last two terms of (35). 1 f the left-hand side is written in terms of the reduced 

variables x and // one obtains

3
47Z^'corr.

A.s a-->oo, X and .4 ->0 like 1 jx^, so that the integrand of (3S) tends to 0 like 1/a:^ 
fl^nd the integral is convergent for large x; thus the divergences in the lirst and 
second terms on the right-hand side of (31) cancel.

We should like to complete this section by commenting on how the theory behaves 
**> the limit.s of small and large x. Going back to equation (35). it ha.s al readv been
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pointed out that the contribution of the first term i.s given for small x by equation (34) 
and represents the zero point of the plasma oscillations. The second term represents 
a subtraction of the self-energies of the electrons, whilst the third term cancels out 
the long-range part of the exchange energy. Thus, in the limit of small x, the results 
agree exactly with those Bohm & Pines obtain in the long-range limit (Pines 1953).

For large x, X and A become small and one can expand the denominator in the 
first term of the integrand of (38) in powers of 2’ and J. If one carries out this 
expansion and performs the various integrations, one obtains an expansion for the 
correlation energy which consists of a subset of the terms of the original perturbation 
series, namely, all those terms which correspond to diagrams of the type shown in 
figure 1(c), consisting of rings of the polarization parts shown in figure 1(a). One 
has, of course, only obtained a subset of the terms of the original perturbation series 
because only the leading term corresponding t(j the polarization part of figure 1 (</) 
was retained in calculating C*.

If one j)erfornis the expansion of the first term of the integrand of (38) described in 
the preceding paragraph, then the two leading terms correspond to the diagrams of 
figures 1 (6) and 3(a). The leading term, corresponding to figure 1(6), is

(39)

which cancels out the second term in the integrand of (38). Thus, in the limit of 
large x the leading term in the correlation energy is that corresponding to the 
diagram of figure 3((z). If one evaluates the contribution of this diagram to the 
correlation energy directly, one obtains the expression

(40)6477- V V V
k V kl<ler I

Ik, t k| Ik. —k|

which is just the direct part (as opposed to the exchange part) of the second-order 
perturbation term (Macke 1950).

5. Allowance for the exciianoe correction

At the end of the previous section it was shown that in the short-range limit (38) 
reduces to the direct part of the second-order perturbation term. 'This is unsatis­
factory because it is known that in this limit half of the direct term i.s cancelled by 
the exchange part of the second-order perturbation, since only correlations between 
electrons with opposite spins are important in this limit. 'Phus the simple theory 
based upon taking into account only the polarizat ion part shown in figure 1 (a) must 
be corrected to obtain a theory which i.s correct in the short-range limit; this 
correction will be discussed in the present section.

I he exchange part of the second-order perturbation term corresponds to the 
diagram shown in figure 3(6). One would automatically include the contribution of 
this diagram if one included in the calculation of C* not only the contribution of the 
polarization part of figure 1(a), but also the contribution of the next simplest
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polarization ])art, that shown in figure 3(c). L'nfortunately, however, the contribu­
tion of this polarization part is very difficult to compute, and one can therefore only 
allow for the exchange correction in an approximate way.

I

'fhe simplest way in which one could allow for the exchange term would be to 
calculate the contribution to the correlation energy from the exchange part of the 
second-order perturbation term, and add this energy to the correlation energy 
calculated from (3S). The exchange part of the second-order perturbation term is 
given by the ex])ression

-Sch. = X X
k k,

|k,-t k| >A>

Bvy (41)
k^ ‘

li't < Iki — kl >kp
(Macke 1950); the magnitude of this energy, which is independent of the gas density, 
has been calculated by Brueckner & Gell-Mann (1957) using a Monte Carlo method 
and is found to be (l-Otfi + 0-092 By jJcr electron. Although this method would be 
simple, it would also be rather inaccurate. This is because, although the ex])ression 
(41) has no divergence for small k\ nevertheless, a large i)art of the contribution to 
the A’sum comes from small A’; however, for small A’ the screening of the interaction 
which is not taken into account in (41) is important. For this reason, simply to add 
the energy 4^^,, would considerably overestimate the importance of the exchange 
correction and lead to too low a value of the correlation energy.

'I’he method used to correct for the exchange effects was to make an approximate 
estimate of the contribution of i '* of the jiolarization ])art shown in figure 3(c) and 
of certain higher-order terms of the same type. 'I'his method has the advantage that 
since it is Y'* itself which is corrected the effect of the screening is automatically 
taken into account. The results obtained using this method are, however, only 
accurate to the extent to which the method of estimating the contribution of the 
diagram 3 (c) is accurate. It is shown in that owing to this cause one overestimates 
the correlation energy by about 9-994 By per electron.

From a study of the terms involved (see Appendix for further discussion) it was 
concluded that the contribution to Y * of the diagram of figure 3(c) together with 
certain higher-order terms could be approximately represented by replacing the 
f '*(k,fj) calculated in §3 by

\ , Y7(k,w)

and Y^^(k, o>) is the Y"'*(k,w) calculated in §3. If the expression (42) for Y'* is 
substituted into (12), then it is found that in (14) one must replace the I'and .1 in the

where /'(k) is the function (43)

(42)
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denominator of the integrand of the first term by Z' and /!', where 2" and are the 

same as 2 and A but are multiplied by a factor

2lc^ + lcy
Although the method of estimating the additional contribution to fioiu Rie 

diagram 3 (c) is rather crude, it has certain physical reasonableness, f or the e e 
of multiplying the 2" and zl in the denominator of (14) by the factor (44) iscquhaleu 

to replacing the factor rtf') = 47Te^lk- which they contain by a factor
4716^ 1 477-e2

2 + Icp
However, the effect of the exchange terms is to reduce the correlation 
between electrons with parallel spins because they are not permitted to apprO‘ 
one another more closely than a distance of the order by the exclusion pin 
This is roughly equivalent to saying that the correlation effects due to the in 
action of electrons with parallel spins at short distances are much reduced. But 

introduction of (45) in place of v{k'} = ^TTe^l/c^ is equivalent to this since 
interactions of an electron are with electrons of opposite spin, and these are cu 

(45) on the short-range side at about the right distance. ,
Further, if one replaces 2 and A by 2' and A' in (12) and expands in 

2' and A' for large x, one now obtains in the short-range limit instead of ( 

short-range part of

<

I

I

y ’ Rv/electron,
k, k.(ki —k2 + k)

kt<ky

E
k,

ki<ky . __
lk,4-kl>fc/. |k,-kl>/i> 

which in the limit of large k is one-half of (40), as it should be. Furthermore, coin^ 
paring (46) with (40), it is seen that the present method estimates the exchange I 

of the second-order perturbation term to be

32 7r2 y -L_____
‘ik^k^ + kj.

(47)1------------ I<v/electi’on, 
k.(ki-k, + k)

E 
It, 

ki<ICF

z

|k, + k|>/cj, |k,-kl>fc;,
which is to be compared with the exact expression (41). Ifone calculates the v

/alueof 

the expression (47) and compares it with the 0-040 Ry per electron of the 
(41) some idea of how good the approximation (42) is can be obtained. 
calculation shows that (47) has the value ()-03G Ry per electron, which is 
smaller than Brueckner and Gell-Mann’s estimate of (41). It can be coneludet 
the approximation (42) underestimates the effect of the exchange term by » 
20 0/

If one replaces Z and M by 1” and yR in (14) then it is found that (38) has 

replaced by / y y ) (48)

whereJ/'andzl'aregivenby (26)and(27)except that they are to be multiphe<l ) 

factor I ^2 (49)
’ “ '2r-Hc2-
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<

6. Numerical results

I he integrals inequations (3S) and (48) have lieen evaluated numerically for values 

corresponding togas densities/'^ = 2,3,4and 5 (in b.u.). making use of the Ferranti 
Mark .1* (^omputer at the Atomic W'eajions Research Establishment, Aldermaston. 
Hie results are quoted in the first and third lines of table 1. In the last line of 
this table the differences between the correlation energies calculated from (38) 
and (48) are quoted. These differences represent the contributions to the correlation 
energy of the exchange effects when screening is taken into account. Comparison of 
these contributions with the value 0-046 fly ])er electron of the expression (41) shows 
the inqiortance of taking the screening into account when correcting for the exchange 
effects. Since in the jireceding section it was shown that the approximation (42) 
Underestimated the exchange effects by about 20%, it is to be expected that the 
estimates of the correlation energy are too big by about 20 % of the energies in the 
last line of table I, i.e. are overestimates by about 0-004 Ry per electron.

Table 1. (.'orrelation energies (ry per electron)
gas ilonsity, r 2-0 .3-0 4-0 .5-0
^corr. calculated from (48) -0-099 -0-086 -0-074 -0-067
^corr. calculato<l by Bohm A: Bines -0-09.3 -0-081 -0-072 -0-066
^eorr. calculated from (.38) -0-121 - 0-104 -0-090 -0-081
<^xehango correction 0-022 0-018 0-016 0-014

It will be seen that the correlation energies calculated from (48) are in good 
agreement with those calculated by Rohm & Fines (Fines 1955), the latter being 
quoted in the second line of table 1.

Not only is it possible to compare the total correlation energies obtained here with 
those obtained by Bohm & Fines, but one can also compare the contributions 

arising from the long- and short-range parts of the interaction and from the inter- 
uiediate region between these. This is possible because one can in the present method, 
as in Bol nn & Fines’s method, determine the contribution to the correlation energy 
arising from a single Fourier component of the Coulomb interaction.

Consider a general interaction whose Fourier expansion is

p(x - x') = V r(k) e'*'- (50)
k

I hen the total correlation energy will be given by (12). However, y^*(k, w) contains 
a fact or p(k); if, therefore, one were to omit a given p(k) from the expansion (50), 
l^hen the corresponding contribution to the k integration in the first term of (12) 

"^onld drop out. Thus the contribution of this Fourier component of the interaction 
the correlation energy through the first term of (12) is

i/i fHlzff, y^*(k,w) dzrnjo zfj' '''l-y^*(k,w)’

'^hnilarly, one can find the contribution of this Fourier component of the interaction 
the second and third terms of (12). In this way it can be shown that the
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contribution of those Fourier components of the interaction whose length is between 
a;Z’/,-and (xH-da') k/.- to the correlation energy is given by

(52)

In figure 4 plotted /(x) has been plotted together with the corresponding (piantity 
in Bohm & Pines’s theory, for a gas density r, = 4. wiis calculated
from the expressions

4/;
' -V 

d-hlbfd
+ — --

2TTe'

(IZ-

k,
ik,-k|

I
k.(k, - ko t k)

for z>/y. (.53)

i

for .r<//;
s

L

47rZ’“ dZ'3277“

tki t k| >A>

which give the contributions to the correlation energy of Pourier components of the 
interaction with lengths between xk,,- and (.r-h dz)Zj,. in P>ohm &. Pines’s theory; the 
notation used on the right-hand sides of these expressions is tluit of Bohm & Pines 
(1953)-

t If.v RF. 4. firaj)h showing tho contributions of various Eouric'r coinponoiits of tho interaction 
to tho correlation onorgy in tho prosont and in Bohm & I’ines’s theory. 1. /(j-): 2. 
long-rango part; .3. (x), short-rango part .

It will be seen that atZ; = /ikp there is a discontinuity in due to the fact that
the two methods of calculation used by Bohm & Pines for the long-and short-range 
parts of the interaction do not agree at the cut-off. On the other hand, the curve 
/(a*) shows no such discontinuity because the treatment given here applies 
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throughout the whole range of k, giving a description of collective motion at one end 
of the range and of particle motion at the other end. It will be noticed that the curve 
I (a;) shows a point of inflexion at k ^5; we have not yet been able to give any sim])le 
explanation of this effect.

t

7. Summary and con('lusions

In the present paper the following results have been obtained:
(i) 4’he correlat ion energy of a free-electron gas ha.s been ex])ressed in terms of 

y (kjCj), the Fourier transform of the modified interaction discussed in I, and the 
integral ecpiation giving / '(L.w) in terms ofY'*(k,w) has been solved.

(ii) 'Phe (plant ity Y '*(k,(L)) has been calculated in the lowest order for the ground 
states of an electron gas.

(iii) It has been shown that in the long-range limit the results obtained in this 
lowest-ordcr calculation agree with Bohm & Pines’s plasma oscillation theory, and 
the singularity which represents the plasma oscillations in the present theory has 
been identified.

(iv) It ha.s been shown that in the short-range limit these lowest-order calcula­
tions are inade{piate because they fail to give the exchange part of the second- 
order perturbation term; failure to allow for this term can lead to significant errors.

(v) An approximate method of correcting the t heory to allow for these exchange 
terms ha.s been suggested and ajiplied to calculate the correlation energy at several 
gas densit ies; the error due to the approximation.s in this calculation is estimated to 
be about 0-0()4 By per electron. 'Phe results have been compared to Bohm & Pines 
and are to be in good agreement with them as regards total correlation energies.

I should like to thank Dr d. Corner and the staff of the Theoretieal Physics 
Division at the Atomic Weapons Research Establishment, Aldermaston for ])er- 
mission to use t he Ferranti Alark I * Computer and for their general assistance in this 
part of t he work.
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Ari’ENDIX

In this appendix the rough intuitive arguments which lie behind the adoption of 
the approximation (42) for are briefly outlined. It is first convenient to introduce 
the idea of exchange conjugate diagrams. Let u.s compare the diagrams shown in 
ligures 5(u) and in each of these diagrams one interaction line and its vertices 
have been shown explicitly; the parts of the diagram not shown explicitlv are 

supposed to be identical. 'Phen the only difference between these diagrams is that 
the outcoming lines from the interaction shown have been crossed over in oneI
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diagram relative to the other. This corrcspoiuLs j)hy.sieally to the fact that the two 
diagrams rc|)rescnt essentially the same |)hysieal process except that in one of them 
the scattering shown is an exchange scattering process. Such diagrams will therefore 
be called exchange conjugates of one another. In general one can obtain exchange 
conjugates of any particular diagram by crossing over the out-coming particle lines 
at any number of interactions.

I f one write.s down the contribution of a diagram to the *S' matri.x of energy shift 
in the form of an integral over the particle momenta attached to the particle lines of 
the diagram, then one can obtain the corresjionding integrals giving the contribu­
tions of its exchange conjugate diagrams by simple substitutions. For if in the 
integral giving the contribution of (I a certain interaction line gives a factor r'(k), 
then the integral representing the contribution of the diagram obtained from G by 
exchange conjugation at this interaction line is the same a.s that giving the contribu­
tion of G except that r(k) must be replaced by r(k ( k, —k.^), where kj and k., are 
the momenta of the incoming particle lines at the interaction line, and one must 
multiply by a factor ( - 2) or ( - .1) to allow for the change in the number of closed 
particle loops which results from exchange conjugation (flu; factor 2 or arises from 
spin summations since on carrying out the spin summation each particle loop yields 
a factor 2).

Kiouuk (>

Consider now the polarization part shown in figure (i(</), consisting of n polariza­
tion parts of the type shown in figure I (u) strung together. If one exchanges 
conjugates at all the interaction lines one obtain.s the polarization part shown in 
figure ()(6) and (n— I) interaction lines crossing the loop; this is a proper jiolarization 
part contributing to Y *. Now according to the preceding paragraph, the integral 
representing the contribution of this polarization part will be the same as that 
representing the contribution of diagram (>(«) except that we must rc'place the r(k) 
corresponding to the interaction lines of the latter by r(k t k, — k.J and must 
multiply by { — If one now makes the essential approximation of replacing 
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the f(k -p k, — ko) by-im'-Kk- + A-’j,-) everywhere, arguing that : k, - k._, | 5: A-,.-and there- 
fort^

11 1 \ > 1 \?'(k-t-k,-ko) = I i^.pk,_kj2~^,2:;72-,=^'

OU the average, then since the eoiit ribiitiou to i (k.ro) of the diagram (>(</) is

where Y 7!‘(k,w) is that corresponding to the diagram I (</) Avhich was calculated in 
§3, the contribution of diagram (»(6)to /'*(k,cd will b('

" ’ - /•\T(k. rM) « 1

jim ........

vs;
;..... one finds t hat the total cont ri but ion of diagram.s of the

where

Summing over 7? = 0, 1,2 
type ()(/>) to /^*(k.07) is

•< jfk.6.) 51 -/(k) / ',T(k.I” = ,
n-O I -/(k) / *(k,rM)

which is the result (42). It will be noticed that the simplest diagram of the type (5 (6) 
is that shown in figure 3(f). which has therefore been included.

rniNTEI) IN (JIIKAT HKITAIN AT THE IINIVEIISITV PRESS, CAMBRIDGE 

(BROOKE CRl’T('IILEY, UNIVERSITY PRINTER)
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rhe description of collective motions in terms of many-body 
I perturbation theory

HI. le extension of the theory to the non-uniform gas

By J. Hubbard

Atomic Energy Research Establishment, Harwell, Didcot, Berkshire

{Communicated, by R. E. Reierls, F.R.B.—Received 3 September 1957)

'I'lio tlioory previously developed and applied to calculate the correlation energy of a free- 
electron gaa is extended in this paper to calculate the energy of an electron gas in a potential 
field. Two new features arise: (i) the introduction of a self-consistent field which is a general­
ization of the ordinary Hartree field; (ii) the occurrence of ‘local field correction’ effects. It 
is shown that t he energy of tho gas can bo expressed in terms of the eigenvalues of a certain 
homogeneous integral equation and a stationary principle for these eigenvalues is given. 
I’lai thoorv is a])pli('d to crystals and an approximate expression for the correlation energy 
of a metal i.s derived neglecting Lorentz-Lorenz corrections effects.

)

1. Introduction

111 two previous papers (Hubbard 1957, 1958), which will be referred to as I and II, 
it was shown how a theory of the electron gas equivalent to Bohm & Pines’s plasma 
oscillation theory (Bohm & Pines 1953) could be derived directly from the per- 
turbation tlieory solution of the many-body problem by making use of a diagrammatic 
iiietliod of analysis of the perturbation series. For simplicity in these papers only 
the case of the free-electron gas, i.e. an electron gas moving in a constant external 
potential, was treated. However, in the main application of the theory, to the 
electronic motion in solids, the electrons move in the jieriodic field of the ion cores. 
It is, therefore, desirable to generalize the theory of papers I and II to this case, 
fills generalization is straightforward and will be carried through in the present 
paper.

The theory of the first part of paper 1 (§§ 1 to 4) did not involve any assumption 
Concerning the spatial uniformity of the gas and can therefore be taken over as it 
stands. In § 5 of I it was shown that if the gas density were assumed to be uniform 
certain diagrams could be neglected. These were diagrams containing some part 
'vhich was connected to the rest of the diagram by only a single interaction line; 

‘‘^’leh diagrams will be said to be //-reducible. In the case of a non-uniform gas these 
^^-rediicible diagrams give a contribution to the energy. However, it will be shown 

the present paper that if a suitable self-consistent field, which is a generalization 
^’I'tbe ordinary Hartree held (Hartree 1928), is introduced tlien these diagrams can 
’^gain be eliminated from consideration. When this is done the theory of paper I 
goes through as before.

Tn this way one is led quite naturally to introduce a Hartree-like field. This is 
"’hat would lie exjiected in the non-uniform case, for the piling up of the electrons 
"I'ound the ion cores leads to additional strong electrostatic fields which are repre- 
’^ented by the Hartree field, ft will be seen that the theory leads to the introduction

L 199 J
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of a Hartree-like rather than a Hartree-Fock field. This is because in the piesen 
theory exchange and correlation effects are treated together and the latter can 
be represented by a self-consistent field of the ordinary type. That sensible resu 
concerning the behaviour of electron gases can only be obtained when exchange 

and correlation effects are treated together is well known.
Tn paper II extensive use was made of the uniformity of the electron gas 

introduce the Fourier transform of the modified interaction and related quantities^, 

and in particular to solve the integral equation for the modified interaction, 
the non-uniform case this is no longer possible, ft will be shown, however, that i 
possible to solve the integral equation in the present case by the introduction 
the eigenfunctions of a certain homogeneous integral equation. It is further 
that the correlation energy can be expressed in terms of the eigenvalues of t us 

latter equation. The necessity to introduce the eigenfunctions of this 
insteafl of the plane waves used in the uniform case is connected with the 
introduce a local field correction in calculating the dielectric properties of crysta 
solids. A stationary principle for the eigenvalues of the integral equation is given

The program described above is carried though in §§ 2, 3 and 4 of this paper. 
§ 2 the way in which the theory of I is modified by the introduction of a 
sistent potential is described, and in §3 it is shown how by the introduction 
suitable self-consistent field the //-reducible diagrams can be eliminated. In 

the solution of the integral equation and the calculation of the energy are descri
In § 5 the special results which are obtained when the electrons move in a 

potential field are discussed, and it is shown how an approximate expression or 
correlation energy may be derived making use of the stationary principle; 

approximation essentially neglects local field correction effects.

2. The introduction of the self-consistent field

At the very outset of the theory developed in f the Hamiltonian of the sys 

was written in the form

where

(1)

(2)

external fi®*^'

(3)
in w hich p,- is the momentum and f/(xj the potential energy in an 
the ith particle and

H' = X v(Xi-x^) 
i+y

I • . 1 fllC
IS the interaction Hamiltonian of the particles. //„ was then treated <is 
perturbed Hamiltonian of the system and //' as the perturbation. .ffere*'*t'

To introduce the self-consistent field one splits up the Hamiltonian // in 
manner from (1). Let the self-consistent field be T(x) and let

F = X F(xJ.

Then one writes instead of (1)

// = ^„ + H' = (/4+P)4.(//'_F)

(4)

(6)
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and now treats Hq = Hq+ V as the unperturbed Hamiltonian and H' = H' — V 
the perturbation.

When this is done the theory developed in 1 goes through as before except for 
the following changes:

(i) In f the ufx.} and which are the solutions of the eigenvalue equation

(6) 

Were introduced. Since the unperturbed Hamiltonian is now Hq instead of Hq one 
introduces in the present case the solutions Wy(x) and E\ of the eigenvalue equation 

(/(x)+ r(x)Jw^(x) = (1)

and the corresponding creation and destruction operators 7'- and 7'. The main 
difference which this makes is that the density Z>(x) and the propagator 
are now given by the equations

(8)

oco.
- -1'} 2 UfCi'} exp {(i/h) E'^d - f)}.

I (9)

(ii) 'fhe perturbation H' when written in the notation of field theory now becomes 

H' = ^Jy/(x') ^'/(x') v{x - x') i/f{x) dxdx' - ^Nv{Q) - T(x) ^(x) dx, (10)

the last term arising from the introduction of the self-consistent field. If one now 
makes a diagrammatic analysis of the perturbation series using the perturbation 
(10) one finds that the additional term in (10) gives rise to a new type of vertex 
on the diagrams. Whereas the first term of (10) gives rise to the interaction lines 
with vertices at each end, the last term of (10) gives rise to single vertices with one 
mconiing particle line and one outgoing particle line; these will be drawn in the 
Way shown in figure 1 («), and will be referrerl to as T-lines. When calculating the 
contribution to the energy or the *S'-matrix of any diagram one introduces into 
I’^he integrand a factor -(1/iA) F(xJ for every F-line whose vertex is labelled x^ 
fiml an integration over x^ = (x, , /, ); the order of a diagram is the sum of the number 
of interaction and I’-Iines in the diagram.
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figure I (6); the contribution

202
An example of a diagram with a F-line is shown in 

to SE of this diagram is given by the expression

fdx- d.rid.rodzoda-3i/id'(/i)p(x-i-x,')?;(a;2-x'2) b(.T;,) !
3'Avi/J - - •

X >S(X2, .T’d »S(a\, 'S(a;2a;i) *S'(-*'3> **’2)

3. The elimination oe //-parts
In this section it will be indicated how by the introduction of a suitable sell 

consistent field it is possible to eliminate from further consideration all those 

diagrams containing what will be called //-parts. It will be assumed that a se 
consistent field has been introduced in the manner described in the preceding sectioib 
and attention will be restricted to vacuum diagrams, i.e. diagrams contributing 

the energy shift SE.

(b)

Eiotike 2

Any part of a diagram which is connected to the rest of the diagram by on y 

single interaction line will be called an //-part; two examples of //-parts arc 
in figures 2(u) and (6). It was shown in 1, §5, that in the case of a niiiforni 
diagrams containing //-parts gave no contribution to the energy; the jiroof depen< 

upon the uniformity of the gas and does not apply in the present case.
If an //-part is of the form shown in figure 2 (c), i.e. can be resolved into a po 

ization part ami some other //-part, then it will be said to be an iinpropci E P‘ 
otherwise it will be called a proper //-part, (dearly every imjiropcr /7-P‘^’’^ 

unifpiely resolved into a proper //-part and some polarization part.
Denoting the integral representing the contribution to SE of a vacuum

G by Aj5/((/) as in I, an //-part F contained in a diagram give.s a factor of the

U'(x„ n = px, - <) I'} (Lt; '''

in the integrand of SE{G) when tho integrations at the vertices of the //-P‘^’*^ 
been performed, where is the point at which the //-part is connected to tbe 

of the diagram. Because the theory contains no preferred origin of time, 

and fl'’{x,r) are independent of t and may be written 
an example, for the //-part shown in figure 2 (a) = p(x) and

H'(x} = Jv(x - x') p(x') dx'.

I

<

J

■> ■ th^ 
An //-part /^ attached to a diagram G at a point gives a factor // (Xf, 

integrand of SE{fr) when the integrations at the vertices of the //-part have

(13)
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carried out, whilst a f'-line attached at the same point would give a factor — T(xJ 
Hl the integrand. This suggests that it might be possible to choose the self-consistent 
Held K(x), which i.s at our disposal, in such a way as to make the subdiagram shown 
Hl figure 3 (n) cancel against the sum of all the subdiagrams of the type shown in 
Hgure 3(6) where E is a proper //-part. In fact, a detailed counting of diagrams, 
described in the appendix, shows that the choice

where the sum i.s over all projier //-parts, makes the total contribution to A// of 
all (I iagranis containing //-parts and I—lines cancel out except for the symmetrical 
diagrams of the ty])e shown in Hgure 3(c) in which E is a proper //-part; their 
contriliution to \E does not cancel exactly and half of it must be subtracted from 
AA’. In (14) n{E} i.s the order of the //-part E, defined to be the number of inter­
action lines contained in /’ajiart from that connecting it to the rest of the diagram, 
whilst f/(/^) is the (/-factor of /^defined to be the number of permutations of the inter­
action lines of /’which leave it topologically unchanged.

Eigtire 3

Thus, by making the choice (14) for the self-consistent held one can eliminate from 
eonsideration all the diagrams containing //-parts excej)t those of the type shown 
hl figure 3(c)- When the contribution to of these latter diagrams has been 
allowed for, only diagrams of the same type as those considered in the free-electron 
gas case, i.e. without //-jiarts, need be considered. It can be shown that the total 
contribut ion to AE of the diagrams of the type shown in figure 3 (c) is

(15)

'Phe calculation of T(x) from (14) is of the nature of a self-consistent calculation 
since the (plant dies //'(x, /’) depend upon the density/>(x) and pro]iagator X(.r',.r) 
which in turn deiiend upon the ?/-(x) and E'^ {sk'e ecpiations (S). (9)), which in turn 
<lepend upon I’(x) through (7). The simplest projier //-])art i.s that shown in 
liguri' 2 (({) whose contribution to r(x) is

(IG)

I'lniH, if all otla'i- //-parts were neglected our self-consistent Held would be the 
•\vinnietrized tlartna* tic'ld, and one may regard t he self-consistent held introduced 
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here as a generalization of the ordinary Hartree held. The contribution of the 
diagram of figure 2 (a) to E^ is given by

-|Jp(x)v(x-x')/>(x')dxdx', (17)

which is just the term which has to be subtracted from the sum of energy parameters 
in an ordinary Hartree calculation when calculating the total energy of the system. 

In the rest of this paper it will be assumed that a suitable self-consistent field has 
been introduced in the manner described in this and the previous section so that 
we need not concern ourselves with diagrams containing //-parts.

4. The solution of the integral equation

When a self-consistent field has been introduced and the //-parts have been 
eliminated, the theory of the introduction of the modified interaction and the 
elimination of the polarization parts goes through as in the free-clectron case except 
that one has the additional contribution of equation (15) to the energy. The expres­
sion for the total energy of the system now becomes

occ. i/< f (lA f fE = — |dxJd.r'(5(t)-r(.r,T')7’%c',.r), (IS)

where y^(a:',x) is again the modified interaction satisfying the integral equation

(19)

(20)

and Y^*(x',.r) can be expressed as sum over proper polarization parts 

y"'*(j-',.r) = X ir(x',.r; F).
r

It should be noticed that one has to use the propagator (9) calculated in terms of 
the self-consistent wave functions in calculating the contributions to / *.

In the free-electron case (see TI) was calculated directly from (20) and / was 
obtained by solving the integral eipiation (19) by Fourier transformation, this being 
possible because in the free-electron case was a function of the difference of its 
arguments only. In the non-uniform case this is no longer so and a different method 
of solving (19) has to be adopted. This method will now be described.

It is convenient to solve not the eipiation (19) but an equivalent equation. If 
(19) is multiplied by Y^ (a:,.r'') and integrated over .r" one obtains the eipiation

F{x’,x) = F'*(x',x)+ F(x'',x)dx\

F{x', x) = x") r {x'’, X) (Lr*

and use has been made of the relation (I, (69))

r*(x', X) = J T[x\ x"} vix" - x) (fr*.

where

(23)
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T he integral appearing in (IS) can at once be exj)ressecl in terms of the function

0 "" '-'J 0
Although the kernel of the integral equation (21) does not depend u])on the 

<lirterence of its whole arguments, it does depend upon the difference of its time 

arguments. One may, therefore, obtain a partial solution by introducing the 
Courier transform with respect to time of /’ and the other quantities

/'’(.r',.r) = * I (Iw l^x', X. m) e''”^' {2ry)
27tJ

'vith a similar definition for xjij). One then has to solve the integral equa­
tions

(2G)

(28)

(29)

l'(x', X, <>)} = / '*(x', X. w) + j y"*(x', x", (o) Fix”, X, (ij) dx",

whilst the right-hand side of (24) can be rewritten

iAf'^dzlf 
(Ifadx/(x, X, oj).

0 A J

'Phe integi'al ecpiation (23) may be solved by the introduction of the eigenvalues 
/q(6>) and eigenfunctions ^>,(x,o;) of the homogeneous integral equation

/q(w) (^fx, (o) = j‘y^*(x, x', (o) (l)^{x\dx'

and also those of th(' associated integral equation

= j /'*(x',x.o>)y,-(x',w)dx'.

It can be shown that if //,(w) is an r-fold degenerate eigenvalue of (28), i.e. an 
eigenvalue of (28) to which there belong r linearly independent eigenfunctions, f hen 

is also an r-lold degenerate eigenvalue of (29). Furthermore, if one denot(‘s 
the eigenfunction.s of (28) belonging to the eigenvalue //,(w) of (28) by ^j^{x,o)), 
where lhe superscript a distinguishes between the various linearly independent 
eigenfunctions belonging to the eigenvalue //;(<'>), and the corresponding eigen- 
fnnct ions of (2!f) belonging to this same eigenvalue by y?(x, (it), then it can be shou n 
(see, for example. Lovitt 1924) that

Jy^(x.o>)^^(x,eA<(x = ’* h' i^j.

»o that by forming suitable linear combinations of the and xl can obtain 
the geiu'ral orthonormality relation

Ja'? (X. 0) X, ) d X =

d’o solve the integral (Mpiation (2(5) one now expands /'’(x'.x.oj) accordimr to

F(x', X. <0) =
iJ afi

(30)

(31)
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If (32) is substituted into (2(5) one can obtain after simple manipulation using the 

orthonormality relations (31) and equation (28) the result

which has the immediate solution

Putting (32) into (27), using the orthonormality relations (31) and substituting 

the solution (34) for the {<>)}, one obtains in place of (27) the expression

Mo A J i l-/b-(<u)

where is the degeneracy of the eigenvalue /q(o)) of (28). Thus, the total energy 
of the system, and hence the correlation energy can be exjiressed in terms of tk^ 

eigenvalues of the integral equation (28).
In the free-particlc case the eigenvalues of (28) are plane waves e*’" ’' the corre­

sponding eigenvalue being 7^*(k, (,))-, jiutting these eigenvalues into reproduces 

equation (12) of II.
There is a well-known stationary principle for the eigenvalues ot the Integra 

equation (28). If f^(x) = and y(x) = then

Mx) y'*(x, x', (I)) (/i^x'} dxdx'
(30)

pV(x)r/Xx)(lx

and the right-hand side of this ecjuation is stationary against small variations 
i;5(x) and y(x). Thus, if f^(x) is an approximation to and y(x) is an appi®^
mation to the corresponding Xi(x,w), then the right-hand side of (3(>) 
approximation to correct to the second order.

1

5. 1 HE APPLTfLVTION OF THE THEORY TO CRYSTALS

fn a crystalline solid the electrons move in a periodic potential field. liecause 
this periodicity the eigenfunctions ?t'(x) of (7) will be of Bloch form froni wine i 

it can be deduced that the propagator S{x',x) of (9) has the property

‘S’(x'-pX,f;x-+-X,Z) = A’(x',r;x,/), 
where X is any lattice vector, from which it can be further deduced that the kernel 

/^*(x', X, (,)) of the integral equation (28) has the same property. It follows at once 
that the eigenfunctions r^(x, (o) also have the Bloch form and that the corresponding 
cigenx allies have a band structure. One mav accordingly label these ei,., 
values where k is a vector lying in the Brillouin zone and n is a subsenp^
which labels the various bands; alternatively one may introduce an ‘extcin e( 

zone scheme and label the eigenvalues One can tlum write result (3.'>) as

I
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'Phe fact that the eigenfunctions of (28) have the Bloch form

f,5(x,ed = e’‘'-Vij(x, w), oj) periodic, (39)

can be readily interpreted physically. An analogous situation occurs in the theory 
of dielectrics. When an external electric field is applied to a crystal the polarization 
produced generates an electric field in the interior of the crystal which has a periodic 
modulation; the average of this field over the modulations is the field normally 
nieasurcd in the crystal. Because this latter average field differs from the actual 
periodic field existing in the crystal, one has to make a correction in calculating the 
dielectric properties of the crystal; this correction constitutes part of what is usually 
known as the local field correction, ft is hoped to show in a further paper that there 
is a close connexion between the present theory and the theory of the dielectric 
properties. Thus, the fact that in the non-uniform crystalline case one is involved 
in solving the integral equation (28) whose solutions are of Bloch form is connected 
with the necessity to introduce the Lorentz-Lorenz correction in calculating the 
dielectric properties of crystals; this correction does not occur in the free-electron 
gas case.

If one neglects the Lorentz-Lorenz correction effects then the eigenfunctions 
f/jk(x,ej) and ^/^(x,^) can be approximated to by plane waves

(40)

If these approximations are substituted into the stationary i)rinciple (36) then one 
obtain.s the approximation

/^k(^) = — k, k. Cl)) (41)

to the eigenvalue //^(w), where k, w) is the Fourier transform of y^*(x', x, w)
with res])ect to x and x'. If the a])proxiniation (41) is substituted into (38) one 
obtains the expression

„ //'*(-k,k,w)
AttJ „ A I — y *( — k, k, 6j)

(42)

which is exactly the same a.s the result obtained in the free-electron case (the first 
term of equation (12) of paper ll)excc})t that the y^*(k,w) of the free-electron case 
is replaced by - k, k, co). Writing

(43)= y'^*( — k, k, oj) = A(k, co) — iA(k, co).

where /l(k,w) is the real part and A(k,w) is the imaginary part of y^*(-k, k,w), 
(42) can be rewritten

// PdAf., , A(k,o>)
St.I„ zVJ’"' " [I + ’

tbrin identical with the free-electron result. Thus, if the local field correction 
oflecta are neglected the results in the non-uniforin case can be written in a form 

^‘xactly sitnilar to the free-electron gas case.

(44)
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Consider now the calculation of the (jiiantities /l(k,6>) and 2’(k,w) in the non- 
uniform case. The iiiiantity i can again be calculated directly from (20)
retaining only the leading term corresponding to the simplest of all polarization 
diagrams, that shown in figure 4.

J

b’lGtIKE 4

'fhe ir corresponding to this polarization part is given as in the free-electrou 
case bv ,

11 (x ,x) = - ( I/iA)<S(3: ,x)S{x,x ), (45)

where S{x',x) i.s now the propagator given by (!)). The calculation of ^-1 (k,o>) and 
2(k, w) from (9), (45) and (43) i.s similar to tin? free-electron ga.s calculation per­
formed in § .‘f of II and yields the results

(4G)

(48)

= - Th'I''I' ^'‘1
where the A’,- are the occupation numlau-.s of the single particle states Ry(x) in the 
unperturbed wave function and

4/i>(k) = j ?z'(x)e“‘-’'?6((x)dx.

It will be seen that a.s in the free-electron (iase the .Ifk.o) agrees with the real part 
of the dielectric constant calculated neglecting the local field correction (Hubbard 
*955)’ 'vhilst the imaginary part again differs in that flu; sum of the two ^-functions 
appears instead of their difference.

( omparing with the analysi.s given in § 4 of 11 it will be seen that in the integral 
(44) one will again obtain a large contribution to the energy from the region of the 
line -I(k, oj) = 1 if y(l<,6j) is small in this region, corresponding to the presence of 
collc(!ti\e motion with a frecpiency given by that at which the real part of the 
<lielectiic constant vanishes. In those cases where 2.’(k,6>) i.s large at the collective 
oscillation frequency it will not be possible clearly to recognize plasma oscillations 
a.s such, but the present theory giv(‘.s an adecpiate account of t he correlation energy 
even in this heavy flamping case.

<). iSu.MMARY OK RESULTS

In the present paper the free-elecfrou gas theory developed in two previous jiapers 
has been extended t<j non-uniform gases, and in particular to electron gases in 
crystalline fields. The following results have been obtained.

(i) In the non-uniforin case certain diagrams containing “//-parts’ which give 
no contribution in the tree-electron gas case have to be taken into consideration. 
It has been shown, however, how they may again be eliminated by the introduction 
of a self-consistent field which is a genei'alization of the ordinary Hartree field.
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(ii) riie solution of the integral eq nation connecting/’^ and i * cannot be obtained 

So simply a.s in the free-electron gas. It has been shown that in the non-uniform 
case it can be solved with the help of the eigenfunctions of a certain homogeneous 
integral etjuation, and that the correlation energy can be expressed in terms of the 
eigenvalues of this ecpiatiun. A stationary ])rinci])lc for these eigenvalues has been 
given. The connexion of this integral equation with the Lorentz-Lorenz correction 

occurring in the theory of dielectrics has been indicated.
(iii) It has been shown that in the case of an electron gas moving in a crystalline 

potential the eigenvalues of the integral etpiation have a band s])cctrum. 1 he 
eigenvalue.s of the integral etpiation have been a])proximately calcidatcd in this 
case neglecting the Lorentz-Lorenz correction and it ha.s been shown that with 
thi.s approximation the theory can be written in a form exactly analogous to the 
free-electron gas theory.
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Appendix

It i.s convenient to divide all vacnnni diagrams into four classes:
(i) class .1 contains all vacuum diagrams wliicli contain no //-part.s or I -lines:

(ii) clas.s // contains all vacuum diagrams of the tyjte shown in figure .5(u).
i.e. which consist of two ])roper //-parts connected 1)V an interaction line:

(iii) class C contains all diagrams of the type shown in figure •»(/>). i.e. which 
consists of a proper //-part joined to a I’-line;

(iv) class D contain.s all other vacuum diagrams; every diagram of this class i.s 
()1 the form shown in figure 0 (c), i.e. consist.s of a ‘core’ rxo which arc attached two 
or more proper 7/-])arts or I'-lines. The eontriltufion.s to AE of the diagrams of 
classc.s li, C and D will be considered in detail.

(’lass /> contains a subelas.s />' which consists of all those diagrams of class /> 
which involve no //-parts but only I’-lines. I f/'is any structure belonging to class/>, 
then by replacing all the proj)er //-parts contained in /'by I -lines one can obtain 
a unitpie structure /’' belonging to clas.s 1)'. All those structures of class I) which 
feduce in thi.s way to a given structure V' of class 1)', together with the structure 

itself form a subclass of class 1) which we will denote by every structure
of clas.s /> belongs to one and only one of these classe.s T{r').

Let r' now be a structure belonging to clas.s I)' and let d' be a diagram with the 
structure /’'and such that in O' the I’-lines are connected to the ])oints .r,. .fo, 
of tr". Suppose now that /’i.s some structure of the elas.s T(r') obtainable from /’' 
i^y replacing the I’-lines joined to the points a-pXo, .....Pp by the ])ro]ier //-part.s 

..., where r^yF^,..., are the set of all proper //-})arts, and we have 
introduced the convention of saying that a I’-line has been replaced by the special
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■ //-part ’ 7 0 if in fact it is iinalteretl in going from the structure /^' to /'. Let G be 
some diagram with structure /’'; then when the integrations at the vertices of the 
proper //-parts of G have been performed is given by the same integral which
gives A/7(fr') except that:

(i) it has been multiplied by a factor (z/)!/z?'., where h ami zz' are the orders of 
the structures rand

Kioure 5

(ii) that every factor — r(x^) in the integrand of has been replaced by
a factor // (x^, 1 where one is to take //'(x, l\y) = — L(x). 'Phis result can be 
written formally

• ^E{G'■, .... /;)), (A I)

where the expression on the right stands for the integral for \E{G') with the 
modifications indicated above. From (A I) it follows that

l''\
i/n - (A2)

here SE{r) denotes the contribution of all those diagrams with the structure /’ * 
(see r, etjuation (2.))). It can he shown that in the case; of diagrams of class f) that

= (A3)
Since the expression on the right-hand side of (A 2) depends linearly upon the 

it follows that (z\ 2) can he written

a^(/') = aa’(/";//(x./’,,)......

and zi = n + ... has been used.
Consider now the total contribution to A/i* of all tin* structures of the class '/'{E'). 

Since all these structures are obtainable by replacing th(‘ L-lines of F' in all possible 
uaj’s by proper //-parts or L-lines, it follows from (A 4) that this total contribution 
is given bv

i:v...;^^A’(/’';//(x„/;)...... (AG) ’

(A 4)

where (A 5)
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(AS)where
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where the sums run over all jiroper 7/-part.s together with the special 77-part 7n. 
Since each of the terms on the right-hand side depends linearly upon the Il{x^, 1 
it follows that the quantity (A 6) can be written

\E{E': Il{x},...Jl{x}Y
proper On(r) 

7/(x) = ^77(x,7’,) = -l’(x)+ j^^ll'(x,r}.

However, the choice (14) for I (x) makes /l(x) vanish and therelore the total con­
tribution of the class 7’(7")- However, the choice (14) for r(x) is independent 
ol the clas.s and therefore makes the total contribution to AA of each of the
classes 7’(/^') vanish and therefore the total contribution of all the diagrams of 
class I).

Consider now the diagrams of class 77. Li't 7" be some structure ol class 77 con­
sisting of two proper 77-parts E' and F" joined by an interaction line, 'fhen it can 
be shown that the contribution to \E of all those diagrams with the structure 7 

given by .,„(r.)+„(r-,

In this case f/(7’) = if I ' C" are different, but if they are the same
f/(7^) = 2[f/(7"')J‘“. It follow.s that the total contribution of all diagrams of class 77 
which is obtained by summing (zX 9) over all proper 77-])arts E' and r” is given by

>’)n(r'}+n(r”) c
//'(x.c)<.(x-x')//'(x',/’’)(ix'<ix-

(A 9)

fr'(x,nv{x-x'}ir{x,i)dxdx
r W )]“J

'//"(x,/") |■(x)(lx-v’“ //"(X,/’) l’(x-x')7/''(x ./ )(lxdx ,
r [<J{1 )]“J

(A 10)

(All)

using (14).
finally, the contribution of all the diagrams of class (' can be shown to be

where the sum run.s overall proper 77-parts E'. Combining (A 10) and (A 11), the 
total contribution to AAof all vacuum diagrams is the sum of that of the diagrams 
of class .1, i.e. those with no 77-parts or r-lines, and the contribution given in 

cipiation (15) which is the sum of (A 10) and (A 11).
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