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Abstract- Effective self-healing schemes enhance the resilience of active distribution networks (ADNs). As a critical part of self-healing, service restoration aims to restore outage areas with minimal un-supplied demands. With the increasing complexity and size of ADNs, distribution system operators (DSOs) face a more complicated service restoration problem. Thus, it is important to obtain optimal service restoration plans and reduce computational complexity. To achieve this goal, a hierarchical service restoration scheme is proposed to obtain service restoration plans based on the alternating direction method of multipliers (ADMM). The optimal service restoration problem is formulated as a mixed-integer linear programming (MILP) model considering the switching sequence, distributed generation (DG) units and controllable loads, and is solved using the ADMM-based algorithm in a hierarchical manner. In the proposed scheme, each zone of the ADN has a local service restoration controller solving its sub-problem with information from a central service restoration controller. The central controller solves a global coordination problem with information from all the zones. Three case studies were conducted with the 44-node test system, modified IEEE 123-node system and Brazil 948-node system. The results show that the proposed hierarchical service restoration can obtain optimal service restoration plans and reduce computational complexity. Moreover, computation time can be reduced substantially by using the proposed hierarchical scheme for large-scale ADNs.
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Nomenclature
Sets and indices:


,	Set of nodes and set of main source nodes

	Set of branches and switches


,	Set of branches and set of switches

	Set of switches connected to the faulted zone

	Set of zones

	Set of restoration steps, i.e., s1, s2, .., smax


	Set of nodes belonging to zone 
	Set of discrete segments 




 	Cardinality of sets, e.g., ,  ,


i, j, z	Nodes i and; zone 

s	Step 
Variables:

	Active and reactive power flow from node i to node j at step s [MW, MVar]

	Fictitious active power flow from node i to node j at step s [MW]

	Active and reactive DG generations at node i at step s [MW, MVar]

	Fictitious active power generation at node i at step s [MW]

	Square current magnitude from node i to node j at step s [kA2]

	Square voltage magnitude at node i at step s [kV2]

	Percentage of load shedding at node i at step s 

	Auxiliary binary variables associated with switching



	Status of the switch between nodes i and j at step s, where = 1 if the switch is closed at step s; otherwise, = 0

	Status of zone z at step s, where xz,s= 1 if the zone is energized at step s; otherwise, xz,s= 0

	Auxiliary variables used to linearize z2.

	Maximum value of variable z
Parameters:

	Cost of generation at node i [m.u./kW]

	Cost of active power losses of the circuit between nodes i and j [m.u./kW]

	Cost of a switching action of the switch between nodes i and j [m.u.]

	Cost of load shedding at node i [m.u./kW]


	Cost of de-energizing zone z: , i  (z) [m.u.]

	The index of the zone to which node i belongs 

	Maximum square current magnitude of the circuit between nodes i and j [kA2]

	The upper bound of fictitious active power flow from node i to node j [MW]

	Maximum active and reactive DG generations at node i [MW, MVar] 

	Active and reactive demands at node i [MW, MVar]

	Fictitious active demand at node i [MW]

	Resistance and reactance of the circuit between nodes i and j 

	Maximum and minimum square voltage magnitude [kV2]

	Initial status of the switch between nodes i and j

	The number of branches 

	Specified thresholds for primal and dual residuals
ρ	The penalty parameter of the ADMM-based algorithm
μ, τ	Parameters for tuning the penalty parameter ρ




Introduction
An essential aspect of reliable operation of active distribution networks (ADNs) is to efficiently cope with emergency events [1]. The rapid development of the distribution automation (DA) and advanced metering infrastructure (AMI) provides ADNs self-healing capability. After a permanent fault occurs, the self-healing scheme detects the fault location, isolates the faulted portion and restores the network with minimum un-supplied demands based on a set of DA devices, algorithms and communication technologies [2]. Self-healing schemes benefit ADNs in both functional and monetary aspects [3]. For the functional benefits, it improves the reliability indexes such as the system average interruption duration index (SAIDI). For the monetary benefits, it ensures continuity of power supply and reduces the cost of un-supplied demands. 
The self-healing scheme should provide effective service restoration plans with limited computational resources [4]. Service restoration plans are obtained using expert systems in [5], [6] and heuristic algorithms in [7], [8]. The multi-agent systems (MASs) are also widely used to solve service restoration problems [9]-[12]. In the MAS, agents communicate and coordinate to obtain restoration plans using heuristic rules. The above approaches use problem-dependent heuristics to search for solutions. Without requiring problem-dependent heuristics, meta-heuristic algorithms were applied in [13] and [14] to solve service restoration problems. By treating the ADN as a graph, graph theory-based approaches [15], [16] were developed to find a radial configuration of the network without violating operational constraints. Most of the above approaches obtain local solutions.
Mathematical programming based approaches [17]-[23] have been proposed to obtain optimal or sub-optimal service restoration plans from the system perspective. Two mixed-integer non-linear programming (MINLP) models were developed in [17] for service restoration based on the branch flow formulation and bus injection formulation, respectively. A two-stage service restoration strategy was proposed in [18], in which the configuration of the network is determined in the first stage and the operating point is adjusted in the second stage. Mixed-integer linear programming (MILP) models of service restoration considering the switching sequence were developed in [19] and [20]. Robust service restoration models were developed in [21] and [22] to deal with uncertainties of renewable energy resources (RESs) and loads. The above approaches can obtain optimal service restoration plans. However, they solve service restoration problems in a centralized manner and have high computational complexity for large-scale ADNs. An alternating direction method of multipliers (ADMM) based distributed service restoration strategy was developed in [23], in which the service restoration problem is solved using multiple agents. However, the switching operation as an important option to perform service restoration is not considered.
To resolve the above issues, an ADMM-based hierarchical service restoration scheme for ADNs is proposed to obtain the optimal service restoration plan in a hierarchical manner. Firstly, the optimal service restoration problem is formulated as a MINLP model considering the switching sequence, distributed generation (DG) units and controllable loads. Then, the MINLP model is transformed into a MILP model by using linearization techniques, which is decomposed and solved using the proposed ADMM-based algorithm in a hierarchical manner.
The contributions of this paper are twofold: 1) propose a MILP model of service restoration for ADNs considering the switching sequence, DG units and controllable loads; 2) develop an ADMM-based hierarchical solution method to obtain optimal service restoration plans and reduce computational complexity. 
The paper is organized as follows: Section II introduces the framework of the proposed hierarchical service restoration scheme. Section III presents the MINLP and MILP models of service restoration for ADNs. Section IV presents the proposed ADMM-based solution method. Case studies are provided in Section V, followed by the conclusions.
Framework of the Proposed Hierarchical service restoration Scheme
In this paper, the service restoration problem is solved using a hierarchical framework shown in Fig. 1. The proposed framework is based on independent local controllers and a central controller with limited information exchanged among them. As shown in Fig. 1, a zone is an interconnected portion of the network separated by switches and has a local controller. Based on the ADMM-based algorithm, each zone controller solves its own sub-problem with local network data and information from the central controller to optimize variables associated with the zone, e.g., the amount of load shedding. The central controller solves a global problem with information collected from each zone to coordinate the status of switches and zones.


Fig. 1.  Framework of the proposed hierarchical service restoration scheme.
Problem Formulation for Optimal Service Restoration 
Optimal Service Restoration Model 
Consider the ADN as a directed graph  = (, ), where  denotes the set of nodes and  denotes the set of branches and switches. In the ADN, every node and branch belong to a unique zone z   that is a portion of the network separated by switches. The optimal service restoration problem for the ADN is formulated as a MINLP model shown in (1)-(16).
Objective function

                                                     (1)
The objective function in (1) minimizes five terms during service restoration: the number of de-energized zones, energy production cost, cost of load shedding, cost of line losses and number of switching operations.
Constraints

                                (2)

                            (3)

                                                                                              (4)

                                   (5)

                                                           (6)

                                                                                 (7)

                                                                           (8)

                                                                                     (9)

                                                                                                 (10)

                                                              (11)

                                                                                                          (12)

                                                                                       (13)

                                                                                                    (14)

                                                     (15)

                                                                                      (16)

                                                                                                         (17)

                                                         (18)

                                                                   (19)
Constraints (2) and (3) represent the active and reactive power balance at each node at each step, respectively. Constraint (4) limits the percentage of load shedding of each node at each step. The voltage drop at each branch at each step is calculated in (5). Constraint (6) ensures that if a switch is closed, voltage magnitudes at both ends of the switch are identical. Current magnitudes of all branches and switches at each step are calculated in (7). Constraint (8) limits voltage magnitudes of all nodes at each step: if a given zone is de-energized, voltage magnitudes of all nodes in the zone are forced to be zero. Constraint (9) limits the square current magnitudes of branches and switches at each step. Constraint (10) limits the maximum active and reactive DG generations at each node at each step. Constraint (11) models the switching action. Constraint (12) ensures at most one switching operation at each step. Constraint (13) represents that connected zones must have the same status. Constraints (14) and (15) ensure a radial topology of the energized portion of the network at each step [24]. Constraints (15)-(17) force energized zones being connected to the main grid by supplying fictitious active demands of each energized zone from substations. Constraint (18) represents that switches not connected to the faulty zone can operate only after the switches connected to the faulty are opened, denoting that the service restoration process starts after the isolation of the faulty zone. The binary decision variables are defined in (19).
Linearization of the MINLP Model
The optimal service restoration problem formulated as a MINLP model is hard to solve. To efficiently obtain service restoration plans, linearization techniques are used to linearize non-linear constraints (7) and (14), which results in a MILP model. 
Linearization of (7)
Firstly, the product of continuous variables  in (7) is approximated in (20) by fixing  as the square nominal value (V nom)2. The approximation error is low because voltage magnitudes are constrained in a small range. Secondly, the square terms in (7) are approximated using the piece-wise linearization technique [18] as shown in (21)-(22).

                                                                                         (20)

                                                                         (21)
where function L(z) is defined as follows,

                                                                                                (22a)

                                                                                               (22b)

                                                                                                        (22c)

                                                                                  (22c)

                                                                             (22d)

                                                                                                          (22e)
Then, the linearization approximation of (7) is obtained as,

                                         (23)
Linearization of (14)
The product of binary variables  in (14) is replaced by a continuous auxiliary variable  as shown in (24).

                                                             (24)
Finally, the MILP model is formulated as (1)-(6), (8)-(13), (15)-(19) and (23)-(24).
ADMM Based Algorithm for the MILP Model
As a distributed optimization technique, the ADMM has been widely used to distribute and solve convex optimization problems. In [25], an ADMM-based algorithm was developed to solve multi-area economic dispatch problems in a fully distributed manner and was compared with two widely used distributed algorithms including the Lagrangian relaxation and auxiliary problem principle. In [26], an ADMM-based distributed residential direct load control strategy was proposed to adjust the residential electricity demand for peak load shaving with privacy information protection. In [27], a distributed reactive power control scheme based on the consensus ADMM was designed for voltage control of the wind farm cluster, which can achieve fair reactive power sharing among wind farms to regulate bus voltages. Although the ADMM is originally used to solve convex problems, recent studies show that it is effective in obtaining high-quality solutions for non-convex problems [28] such as unit commitment problems [29]. In this section, the ADMM-based algorithm is used to distribute and solve the MILP model in a hierarchical fashion and information exchanges in the hierarchical framework are illustrated.
Reformulation of the MILP Model for the ADMM
For node i  at step s  , define sets i,s, i,s and i,s as below,


Variables in i,s, i,s and i,s are associated variables of node i. Since each node belongs to a unique zone, variables with the subscript i are exclusively optimized by the corresponding zone controller . For clarity, the MILP model is presented in a compact form.
The objective function in (1) is separable for each zone and is rewritten as,

                                      (25)
Constraints (2)-(3), (5)-(6) and (16) can be rewritten as,

                                    (26)
where Ai,s and ai,s are the corresponding coefficient matrixes. It is obvious that adjacent nodes (i, j)   are coupled through i,s and j,s in (26), which results in a coupling between adjacent zones  and .
Constraints (4), (8)-(11), (17)-(18), and (23) are separable for each zone and are rewritten as,

                                                         (27)
where Bi,s and bi,s are the corresponding coefficient matrixes.
Constraints (12)-(13), (15)-(16) and (24) can be rewritten as, 

                                                                                   (28)
where C and c are the corresponding coefficient matrixes.




Then, the MILP model is expressed by the compact form in (25)-(28). To use the ADMM to distribute the MILP model, four sets of auxiliary variables (, , , ) and equality constraints are introduced as shown in (29e). By replacing the original variables in (25)-(27) with the auxiliary variables, the MILP model is rewritten as,

                                                                                   (29a)
                                                                s.t. 

                  (29b)

                                        (29c)

                                                                    (29d)

                                                (29e)
Note that, those variables with the subscript of i exclusively belong to node i. Therefore, (29b) and (29c) can be decomposed among each zone. 
ADMM -based Algorithm
Augmented Lagrangian
For brevity, define sets 1, 2 and  as below,


where 1 and 2 are the sets of primal variables and  is the set of dual variables. Then, by adding equality constraint (29e) into the objective function (29a) through the dual variables in , the augmented Lagrangian of the MILP problem is formulated as,


Then, the ADMM-based algorithm is used to solve the augmented Lagrangian in an iterative manner. 
Sub-problem I
Sub-problem I is a quadratic programming (QP) problem given by (27). At the k-th iteration, variables in 1 are optimized and other variables are fixed as the values obtained in the (k-1)-th iteration, i.e., 2k-1 and k-1.

                                          (30)
The objective function in (30) and constraints (29b) and (29c) are separable for each zone. Thus, variables in 1 can be optimized separately in parallel. In sub-problem I, each zone controller solves its sub-problem locally.
Sub-problem II
Sub-problem II is a mixed-integer quadratic programming (MIQP) problem shown in (31). At the k-th iteration, variables in 2 are optimized with obtained 1kand k-1.

                                      (31)
In (31), i,s and xz,s  are coupled in 2, as shown in (29d). Therefore, variables in i,s and xz,s are optimized in a centralized way by the central controller. Note that, variables in i,s are free variables and the associated terms in the objective function are separable for each zone. Therefore, variables in i,s can be optimized separately by local zone controllers. 
Dual variables update and stopping criterion
After solving sub-problems I and II, dual variables are updated using (32) at the k-th iteration. In the ADMM-based algorithm, primal and dual variables are updated iteratively. The iteration process stops till aggregated primal residuals  and dual residuals  are lower than specified thresholds ε1, ε2, as shown in (33) and (34).

                                                            (32)

              (33)

                                                                                    (34)
Penalty parameter tuning
A distributed penalty parameter tuning technique in [30] is used to improve the convergence performance of the proposed ADMM-based algorithm. The penalty parameter ρz for each zone is updated according to primal and dual residuals of each zone, as shown in (35). The penalty parameter is updated in such a fashion in order to balance convergence of primal and dual residuals. As discussed in [30], a larger ρk places a larger penalty on violations of primal feasibility and decrease primal residuals more effectively. In contrast, a smaller ρk produces smaller dual residuals and more accurate solutions.

                                                                                 (35)
Information Exchanges in the Hierarchal Framework
Information exchanges in sub-problem I



In sub-problem I, zone controllers collect 2*, i.e., ,  and , from the central controller and solve local sub-problems in parallel to optimize 1, as shown in Fig. 2a.


Fig. 2a.  Information exchanges in sub-problem I.

Information Exchanges in sub-problem II




In sub-problem II, the central controller solves a global problem and zone controllers solve local sub-problems to optimize 2. As shown in Fig. 2b, to optimize 2, the central controller collects a part of 1*, i.e., ,  and , from zone controllers and zone controllers collect  from the central controller. 
The information exchanges between zone controllers and the central controller are limited because only information of status of zones and boundary nodes is exchanged, which enhances the privacy information protection.



Fig. 2b.  Information exchanges in sub-problem II.
Case Studies
Three case studies were conducted with the 44-node test system, modified IEEE 123-node system and Brazil distribution system to validate the effectiveness of the proposed hierarchical service restoration scheme. Simulations were carried out using the GAMS with the CPLEX solver. In the proposed ADMM-based algorithm, parameters  is 0.1 m.u. (monetary unit)/MW for DG units and 0.2 m.u./MW for main sources,  is 0.1 m.u./MW,  is 5 m.u./MW and  is 0.1 m.u.. The threshold ε1 is set as 0.001 in cases 1 and 2 and 0.01 in case 3, and ε2 is set as 0.01 in all cases. The number of discrete segments || and the maximum number of switching operations smax are set as 30 and 8, respectively. The lower bound of voltage magnitudes is set as 0.95 p.u..
Case1: 44-node test system
The 44-node test system in Fig. 3 consists of three feeders and nine zones with two DG units connected at zone 3 (DG1) and zone 9 (DG2). DG1 and DG2 operate with the unity power factor and their capacities are 100 kW. Closed switches and open switches are represented by black and white colored boxes, respectively. The detailed data of loads and circuits can be found in [18]. Three scenarios were considered to validate the effectiveness of the proposed hierarchical service restoration scheme.


Fig. 3.  Initial topology of the 44-node test system
Scenario 1: with DGs and load shedding 
It is assumed that a permanent fault occurs in zone 1. The results of service restoration are summarized in Table 1. The minimum voltage magnitude during service restoration, switching sequence and objective function values are given. As shown in Table 1, the switches between source node 1 and node 1 and between nodes 4 and 5 are opened to isolate the faulted zone 1 at steps s1 and s2, respectively. Then, the switch between nodes 8 and 22 is closed to resupply outage zones 2 and 3 at step s3. In this scenario, operational constraints are not violated and two DG units operate at their maximum output after service restoration because they have lower energy costs than the main sources. 
Scenario 2: without DG1 but with load shedding
In this scenario, the DG1 is disconnected and the same fault occurs in zone 1. As shown in Table 1, at step s3, outage zones 2 and 3 are supplied by closing the switch between nodes 11 and 25. To ensure that voltage magnitudes are maintained within limits at this step, 23.50 kW and 4.70 kVar loads at node 5, and 23.5 kW and 4.70 kVar loads at node 8 are shed. The switch between nodes 11 and 25 is closed instead of the switch between nodes 8 and 22 at step s3 because of the limited current capacity of the switch between nodes 8 and 22. Since the operation of DG1 is disregarded and more energy must be provided from main source 2 to supply loads in zone 3, closing the switch between nodes 8 and 22 results in congestion and a higher cost of load shedding. Finally, outage zones 2 and 3 are supplied separately by opening the switch between nodes 7 and 9 and closing the switch between nodes 8 and 22. During service restoration, the minimal voltage magnitude is 0.95 p.u. at nodes 5 and 6 at step s3. Compared with scenario 1, scenario 2 requires more switching operations and has a higher total cost. It is obvious that DG units can improve the restoration ability of the ADN.
Scenario 3: with DGs but without load-shedding 
In this scenario, the same fault occurs in zone 1 but load shedding is not allowed. The switching operations are given in Table I. Different from scenario 2, the switch between nodes 7 and 9 is opened firstly to separate outages zones 2 and 3 before restoring them. Then, outage zone 2 is restored at step s4 by closing the switch between nodes 8 and 22 and zone 3 is restored at step s5 by closing the switch between nodes 11 and 25. In this scenario, operational constraints are not violated. Compared with scenario 2, scenario 3 has a higher total cost because zones 2 and 3 can be restored only when zones are restored completely. Therefore, the appropriate load shedding can facilitate service restoration.
Table 1
Results of Service Restoration in Case 1
	Scenarios
	no. 1
	no. 2
	no. 3

	Switching sequence
	s1
	s1-1 ↑1
	s1-1 ↑
	s1-1 ↑

	
	s2
	4-5 ↑
	4-5 ↑
	4-5 ↑

	
	s3
	8-22 ↓1
	11-25 ↓
	7-9 ↑

	
	s4
	-
	7-9 ↑
	8-22 ↓

	
	s5
	-
	8-22 ↓
	11-25 ↓

	Vmin 2
	0.965
	0.950
	0.959

	O.F.3 
	11.799
	13.444
	14.988

	Num.4
	898
	1771
	1117


↑1 and ↓1: Symbols “↑” and “↓” indicate the opening and closure of the switch, respectively; Vmin 2: minimal voltage magnitude [p.u.]; O.F.3: value of objective function [m.u.]; Num.4: number of iterations of the ADMM-based algorithm.
Case 2: IEEE 123-node system
The modified IEEE 123-node system in Fig. 5 is used to further demonstrate the proposed hierarchical service restoration scheme. The system has two feeders and seven zones with three DG units connected at zones 3 (DG1), 5 (DG2) and 7 (DG3). DG units operate with the unity power factor and their capacities are 100 kW, 15 kW and 80 kW, respectively. Detailed parameters of circuits and loads can be found in [31].


Fig. 5.  Initial topology of the modified IEEE 123-node system
In this case study, all possible faulted zones were tested. The results of service restoration are summarized in Table 2. It can be seen that the proposed hierarchical scheme can restore the system while maintaining the faulted zone isolated in all tests. Moreover, the proposed scheme guarantees that operational constraints are not violated and the energized portion of the system has a radial topology at each step.
As shown in Table 2, if the fault occurs in zone 3, zone 4 or zone 7, the service restoration process requires only one switch operation because these zones locate at the end of feeders and the isolation of these zones will not affect healthy zones. When the fault occurs in other zones, i.e., zones 1, 2, 5 and 6, additional switching operations are required to restore outage zones. In addition, the numbers of iterations of the ADMM-based algorithm are listed in Table 2.
Table 2
Results of Service Restoration in Case 2
	
	Faulty zone

	
	1
	2
	3
	4
	5
	6
	7

	sw1
	s1
	s1-149↑
	13-18↑
	18-135↑
	13-152↑
	s2-300↑
	97-197↑
	72-76↑

	
	s2
	13-18↑
	18-135↑
	-
	-
	97-197↑
	72-76↑
	-

	
	s3
	13-152↑
	151-300↓
	-
	-
	54-94↓
	54-94↓
	-

	
	s4
	151-300 ↓
	-
	-
	-
	72-76↑
	-
	-

	
	s5
	39-66 ↓
	-
	-
	-
	60-160↓
	-
	-

	Vmin
	0.971
	0.975
	0.975
	0.975
	0.950
	0.958
	0.975

	Num.
	615
	607
	445
	243
	723
	445
	362


sw1: Switching sequence
Case 3: Brazil 948-node Distribution System
The modified Brazil 948-node distribution system shown in Fig. 6 is used to demonstrate the scalability of the proposed hierarchical scheme. The system consists of 948 nodes, 9 DGs, 85 loads zones and 95 switches. The detailed parameters of transmission lines and loads are available online [32]. The capacity of DGs units in zones 51, 55, 40, 47, 85, 83 is 50 kW and of the capacity of other DGs is 20 kW.
Suppose that a permanent fault occurs in zone 48 at feeder 2. After implementing the proposed ADMM-based algorithm, the hierarchical scheme isolates the faulty zone at the first three restoration steps, i.e., the switch between zones 25 and 48 is opened at s1 to isolate the faulty zone from the upstream substation. The switches between zones 48 and 50 and between zones 48 and 49 are opened at s2 and s3, respectively, to separate the faulty zone from the downstream outage zones 49-55. Then, at step s4, outage zones 49, 51-55 are supplied by closing the switch between zones 32 and 49. Finally, feeder 1 supplies the outage zone 50 by closing the tie-switch between zones 50 and 85 at step s6. The system after reconfiguration has a radial topology with the minimum voltage magnitude of 0.975 p.u. at node 925 in zone 38. Moreover, no load shedding is needed and all DG units use their maximum capacity. In this case, the proposed ADMM-based algorithm needs 1523 iterations to converge.


Fig. 6.  Initial topology of the modified Brazil 948-node distribution system
Sensitivity Analysis to the Penalty Parameter ρ
Case 1 is used to conduct the sensitivity analysis by implementing the proposed ADMM-based algorithm with different penalty parameters between 50 and 400. Table 3 shows the numbers of iterations in three scenarios of case 1 with and without the penalty parameter tuning technique. It can be seen that, within a certain parameter range, the algorithm has better convergence performance as ρ0 increases. However, it may have slow convergence if ρ0 is too large, e.g., ρ0 = 400. Moreover, Table 3 shows that the algorithm with the penalty parameter tuning technique has smaller average numbers of iterations. In most of the scenarios, the convergence process can be accelerated by using the varying penalty parameter. Fig. 4 shows the convergence processes of primal and dual residuals with the penalty parameter tuning technique and  ρ0 = 200, which demonstrates the feasibility and effectiveness of the proposed ADMM-based algorithm.
Table 3
Numbers of Iterations in Three Scenarios in Case 1 without and with the Penalty Parameter Tuning Technique
	Num.
	without ρ tuning technique
	with ρ tuning technique

	ρ0
	scenario 1
	scenario 2
	scenario 3
	average
	scenario 1
	scenario 2
	scenario 3
	average

	50
	1520
	1798
	1187
	1501.7
	1168
	1571
	1552
	1430.3

	100
	1127
	1771
	1208
	1368.7
	1060
	1067
	1325
	1150.7

	200
	806
	1406
	1186
	1132.6
	808
	1165
	1204
	1059.0

	300
	991
	1840
	1334
	1388.3
	1100
	886
	1356
	1114.0

	400
	930
	1947
	1295
	1424.0
	792
	983
	1487
	1087.3





Fig. 7.  Convergence of the ADMM-based algorithm with the penalty tuning technique (ρ0 = 200)
Discussions on Quality of Solutions and Computation Efficiency
Comparisons between solutions obtained with the proposed hierarchical and centralized schemes in case 1 are given in Table 4. The centralized solution is obtained by solving the MILP model in Section II using the CPLEX solver with a maximum optimality gap of 1%. Table 4 lists objective function values and power generation of the two schemes in case 1. It can be seen that power generation in the two schemes are almost the same and the relative error of objective function values is lower than 0.1%, which demonstrates that the proposed hierarchical scheme can reproduce the centralized solution. 
Table 5 summarizes computation complexity of the centralized and hierarchical schemes in case 3. Compared with the centralized scheme, the average number of continuous variables of each controller in each calculation is reduced by 99.4% in the hierarchical scheme. Moreover, zone controllers optimize continuous variables only and the central controller optimizes binary variables only. Therefore, the computational complexity of the service restoration problem is reduced substantially by using the proposed hierarchical scheme. 
The computation time of all cases with the centralized and hierarchical schemes is compared in Table 6. The hierarchical scheme can obtain solutions within 120 s in all cases, which complies with requirements of real applications. As for 44-node and 123-node systems, the centralized scheme needs less computation time than the hierarchical scheme. This is because the centralized algorithm is capable of solving small-scale problems whereas the ADMM-based algorithm needs iterations to obtain solutions. However, for the large-scale Brazil 948-node system, the computation time of the ADMM-based algorithm is 115 s that is 96.15% lower than the one with the centralized algorithm. The centralized algorithm suffers from a heavy computation burden because the computation complexity grows exponentially as the number of binary variables increase. In contrast, the ADMM-based algorithm can decompose the large-scale problem into smaller-scale problems and solve them efficiently.
In summary, the hierarchical scheme can obtain optimal solutions with less computation complexity. Especially for large-scale systems, the computation time decreases substantially by using the hierarchical scheme.
Table 4
The Comparison of Solutions in Two Schemes in Case 1
	Scenario
	Values
	Centralized scheme
	Hierarchical scheme

	no .1
	O.F.
	11.799
	11.799

	
	APSN 21
	0.715
	0.715

	
	APSN 3
	0.612
	0.612

	
	RPSN 22
	0.175
	0.175

	
	RPSN 3
	0.152
	0.152

	no. 2
	O.F.
	13.444
	13.455

	
	APSN 2
	0.820
	0.820

	
	APSN 3
	0.612
	0.612

	
	RPSN 2
	0.180
	0.180

	
	RPSN 3
	0.152
	0.152

	no. 3
	O.F.
	14.988
	14.988

	
	APSN 2
	0.820
	0.820

	
	APSN 3
	0.612
	0.612

	
	RPSN 2
	0.180
	0.180

	
	RPSN 3
	0.152
	0.152


1 APSN i: Active power source at source node i (MW)
2 RPSN i: Reactive power source at source node i (MVar)

Table 5
Comparisons of Computational Complexity between Two Schemes in Case 3
	The number of variables
	Centralized scheme
	Hierarchical scheme

	
	Central controller
	Zone controller
	Central controller

	Continuous variables
	481216
	2860
	0

	Integer variables
	2476
	0
	2476



Table 6
Computation Time of Two Schemes in Three Cases
	Computation time (s)
	44-ndoe system
	123-node system
	real Brazil system

	Scenarios
	no.1
	no.2
	no.3
	no.1
	no.2
	no.3
	no.4
	no.5
	no.6
	no.7
	

	Centralized
	2.3
	5.5
	4.8
	8.9
	9.6
	8.4
	8.9
	11.2
	10.4
	10.2
	2993.3

	Hierarchical
	22.1
	41.9
	54.2
	48.0
	44.9
	29.6
	17.6
	73.8
	34.0
	21.8
	115.1



Conclusions
This paper proposes a hierarchical service restoration scheme for ADNs based on the ADMM. The optimal service restoration problem is formulated as a MINLP model. The MINLP model is transformed into a MILP model using linearization techniques, which is decomposed and solved by the ADMM-based algorithm. Through decomposition, the service restoration problem is solved in a hierarchical framework, in which each zone controller solves its local sub-problem with information from the central controller and the central controller solves a global coordination problem with information from each zone controller. The simulation results demonstrate that the proposed hierarchical service restoration scheme can restore the ADN with a radial topology and guarantee that operation constraints are not violated. Compared with the centralized scheme, the average number of continuous variables of each controller in each calculation is reduced by 99.4% in the hierarchical scheme. Moreover, zone controllers optimize continuous variables only and the central controller optimizes binary variables only. Moreover, the solution obtained with the proposed hierarchical scheme is the same as the one obtained with the centralized scheme. Therefore, the proposed hierarchical scheme can obtain the optimal solutions with less computational complexity. In addition, as for large-scale ADNs, the proposed hierarchical scheme has a less computation burden. For communication architecture, information exchanges in the proposed hierarchical scheme are limited because only variables of boundary nodes and variables associated with the status of zones are exchanged, which enhances the privacy information protection as compared with the centralized scheme.
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