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ABSTRACT. We study the mass at the origin in the uncorrelated SABR stochastic volatility
model, and derive several tractable expressions, in particular when time becomes small or large.
As an application—in fact the original motivation for this paper—we derive small-strike expansions
for the implied volatility when the maturity becomes short or large. These formulae, by definition
arbitrage free, allow us to quantify the impact of the mass at zero on existing implied volatility
approximations, and in particular how correct/erroneous these approximations become.

1. INTRODUCTION

The stochastic alpha, beta, rho (SABR) model introduced by Hagan, Kumar, Lesniewski and
Woodward in [25, 27] is now a key ingredient—and has become an industry standard-on interest
rates markets [, @, [7, &3]. It is defined by the pair of coupled stochastic differential equations

dX, =YX dw,, Xy =10 >0,
(1.1) ay, =vY,dZ, Yo =u0>0,
d<Za W>t = pdta

where v > 0, p € (—1,1), 8 € (0,1), and W and Z are two correlated Brownian motions on
a filtered probability space (£, F, (F¢)e>0,P). Its popularity arose from a tractable asymptotic
expansion of the implied volatility (derived in [25]), and from its ability to capture the observed
volatility smile; calibration therefore being made easier using the aforementioned expansion. In
today’s low interest rate and high volatility environment, the implied volatility obtained by this
very expansion can however yield a negative density function for the price process X in (),
therefore exhibiting arbitrage.

This problem of negative density in low interest-rate environments has been directly addressed
by Hagan et. al [26], Balland and Tran [[7], and Andreasen and Huge [2], who proposed modifi-
cations of the original SABR model. There exist several refinements to the asymptotic formula
itself: in [BY] Obldj fine tunes the leading order, and Paulot [42] provides a second-order term.
In certain parameter regimes the exact density has been derived for the absolutely continuous
part (on (0,00)) of the distribution of X: in the uncorrelated case p = 0, formulae were obtained
in [B, 29] by applying time-change techniques. The correlated case is much harder, and approxima-
tions have been derived using projection methods in [B, 4], using geometric tools in [4], and using
PDE techniques [B5, &1]. Barring computational costs, availability of the distribution of the SABR
process is equivalent to computing any European prices. This however calls for a computation,
not only on the continuous part of the distribution (on (0,00)), but also of its singular part at
the origin. Absorbing boundary conditions at the origin ensure that the forward rate process X
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is a true martingale, and the singular part can hence accumulate mass, depending on the starting
value of the process, the parameter configuration and the time horizon.

The original asymptotic formula typically loses accuracy for long-dated derivatives, when the
CEV exponent f is close to zero, or when the volatility of volatility v is large. The parameter S
governs the dynamics of the smile, and small values thereof are usually chosen when the asymp-
totic formula fails, namely on markets where the forward rate is close to zero and for long-dated
options [7, 25]. Indeed, it comes as no surprise that the orginal formula—which is an asymptotic
expansion for small values of v2>T-breaks down for large maturities, but it is well known that the
reasons for the inconsistencies of the SABR formula are subtler than that. What we highlight here
is that the mass at zero can be held accountable for the irregularities in this case as well. While
standard numerical methods proved reliable when the process remains strictly positive, comput-
ing the probability mass of the SABR model at the origin is a more delicate issue. Due to the
singularity at the origin, usual regularity assumptions ensuring stability of numerical techniques
(finite differences or Monte Carlo) are violated at this point, and a rigorous error analysis for these
methods is not (yet) available. In addition, producing reference values becomes computationally
intensive for short time scales.

Since much of the popularity of the SABR model is due to the tractability of its asymptotic
formula, one should aim at preserving it while taking into account the mass at zero. The parameter
sets p = 0 or § = 0 are the most tractable, and in fact (as observed in [I3]) the only ones where
certain advantageous regularity properties of the SABR process can be expected. We therefore
concentrate here on the singular part of the distribution for these regimes, that is, we study
the probability P(Xr = 0) and provide tractable formulae and asymptotic approximations. The
relevance of these parameter configurations is emphasized by recent results [5], which suggest a
so-called ‘mixture’ SABR (a combination of the p = 0 and 8 = 0 cases) approach to handle
negative interest rates in an arbitrage-free way. From a modelling perspective, one may question
the relevance of an absorbing boundary condition at zero in a financial context, where negative
rates can actually occur. In fact, from a stochastic analysis perspective, when 8 = 0 there is no
need to impose such a boundary condition. Remarkably however, as pointed out in [5], even in
market conditions where interest rates become negative, the historical evolution of interest rates
suggests that their dynamics follow processes whose probability distribution exhibit a singularity
at the origin”, which makes the computation of the mass at zero rates relevant for these market
scenarios as well.

A further application is a direct approximation of the left wing of the implied volatility smile. In
order to understand the small-strike behaviour of the SABR smile it is essential to determine the
probability mass at the origin: asymptotic approximations of the implied volatility are available,
not only for small and large maturities, but also for extreme strikes. Roger Lee’s celebrated
Moment Formula [83]-subsequently refined by Benaim and Friz [9] and Gulisashvili [Z3]-relates the
behaviour of the implied volatility I (K) for small strike K and maturity T to the behaviour of the
price process X around the origin. De Marco, Hillairet and Jacquier [12], and later Gulisashvili [21],
showed that when the underlying distribution has an atom at zero, the small-strike behaviour of
the implied volatility is solely determined by this mass, irrespective of the distribution of the
process on (0,00). We shall numerically confirm this in the (uncorrelated) SABR model, using
approximations of the probability mass, in agreement with [6].

In Section B we derive explicit formulae for the mass at zero P(X7 = 0) in the SABR model
for finite time as well as for large times in the uncorrelated case. Under this assumption, it is
possible to decompose the distribution into a CEV component and an independent stochastic time
change. Such time change techniques have been applied to the SABR model in the uncorrelated
case in [B, [0, 29] to determine the exact distribution of the absolutely continuous part of the
distribution on (0, 00). Therefore, our formulae complement these by providing the singular part
of the distribution (see [28, 5] for more details about time change techniques in stochastic volatility
models). In Section Z2 and Section P23, we derive asymptotic expansions for the density of time-
changed Brownian motion—inspired by the works of Borodin and Salminen [I0], Gerhold [I8] and

IThat is, rates ‘stick’ to zero for certain periods of time, see [B] for more details.
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Matsumoto and Yor [B7]—which we use to derive the behaviour of the atom at the origin for
short and large times. Finally, in Section B, we use these results to determine the left wing (small
strikes) of the SABR implied volatility. Using the formulae provided in [I2, Z1], we highlight the
fact that some of the widely used expansions exhibit arbitrage in the left wing, and propose a way
to regularise them in this arbitrageable region.

2. MASS AT ZERO IN THE UNCORRELATED SABR MODEL

The price process X in () is a martingale [82, Remark 2]. If we consider X on the state space
[0,00), the origin, which can be attained, has to be absorbing [30, Chapter III, Lemma 3.6]. For
two functions f and g, we shall write f(z) ~ g(z) as z tends to zero whenever 1i1% f(2)/g(z) =1.

z—

2.1. The decomposition formula for the mass. In the case where the correlation coefficient p
is null, the mass at the origin can be computed semi-explicitly. Conditioning on the path of the
volatility process Y, the resulting process X satisfies the CEV stochastic differential equation

dX, =Y, X dw,,
starting from )?0 = x0, where Y is a deterministic time-dependent volatility coefficient, and

represents, for fixed w € (2, a realisation of the paths of ¥'. Consider now the simple CEV
equation dX; = XthWt starting from x(, and set

R )’\(t?(l—ﬁ) - th(l_ﬁ)
= —— d = .
“=a-pr M ST aoap
Then (A;'t = th 92440 Where Z is a Bessel process satisfying the SDE [29, Subsection 1.1]
0 's
1-28 2201=8)
dz; = dt + 2/ Z;|dW, Zy= 20—,
A + 2V Z|dWr, = 1B

By It6’s formula, the process G solves the same SDE, so that Z = é, and therefore X = )?f' P2ds-
0~ s

It follows that X can be obtained from X using the stochastic time change ¢ — fot Y2ds, namely
X = Xfot y24s- Since this time change is independent of X, one can decompose the mass at zero
of the SABR model into that of the CEV component at zero and the density of the time change:

(2.1) P(Xt:0):/OOO]P’()?Tzo)P(/Otdesedr)dr,

where the mass at zero in the CEV model is given by (see [[2] or [&1, Section 6.4.1])

_ 1 2208)
2.2 P(X,=0)=1-T , ,
(2:2) ( ) 2(1-0)" 2r(8 —1)?
with I, the normalised lower incomplete Gamma function: I'(v,z) = T'(v) " [ u*~ e "du.

Remark 2.1. If 8 € [1/2,1) in (D), the origin is naturally absorbing, and the mass at zero is
given by (222). When g € [0,1/2), the solution to (ITT) is not unique, and a boundary condition at
the origin has to be imposed. Should one consider the origin to be reflecting, the transition density
would then become norm preserving, and no mass at the origin would be present. However, it is
easy to see that there is an arbitrage opportunity if the origin is reflecting. Formula (E2) carries
over to the case 8 € [0,1/2) when the origin is assumed to be absorbing, which we shall always
consider from now on. This is of course in line with [80, Chapter III, Lemma 3.6], mentioned
above, which states that the origin has to be absorbing for a non-negative supermartingale.

Since for each s > 0, Y; is lognormally distributed, we can write

t t
(2.3) P ( / Yids e dr) =P ( / exp (21/25*”/2)) ds € d?) :
0 0
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where 7 := % Z( v/, =7Z,— %Z/S; the density of this functional is given by [I0, Formula 1.10.4]

t 1/4
2wz =/ ~\ N 1 3 1 -
(24) P (/(; (&3 s ds S d'l") = ,\3/4 exp < ? W) moy2¢ (4, m d'l",

where the function m is defined as [[1, page 645]:

(2.5)

2
8 3/2p + 3\ndy %)
my(p, z) = ZLp g p)en / ez cosh(u)—juiyy (—u, §,22 sinh(u)2> sinh(2u) sin (m) du,
T/ 2Ty 0 2 Y
and where the Kummer function M reads
o0
(@+1)...(a+k—1)z"
2.6 bx) =1+ .
(26) M(a,b,) kz:: o1 kDR

2.2. Small-time asymptotics. We now study the behaviour of the mass at zero P (X; = 0) as
time becomes small. The main challenge is to provide a short-time asymptotic formula for the
density of the time change process, for which standard expansion techniques are not applicable.
The additive functional arising from the density of an integral of the exponential of Brownian
motion often appears in the pricing of Asian options and is of interest on its own. This density is
notoriously difficult to evaluate in small time, due to a highly oscillating factor connected to the
Hartman-Watson distribution [86, B7] and [22, Section 4.6]. These numerical issues are discussed
in [], and Gerhold [I8] used saddlepoint methods to provide short-time estimates. Because of the
time change and the complexity of the Kummer function appearing in the integrand, small-time
asymptotics of the mass at zero cannot be estimated directly. Instead, we use an inverse Laplace
transform approach, inspired by [I&], to provide small-time asymptotic estimates for the density of
the time change. From (23) and (Z31), we introduce the notation y := 2v%¢, and we shall alternate
between the two notations without ambiguity in order to simplify some of the formulations below.

Remark 2.2. For w := 1/y, the function m has the form m4(-) = ¢» fo e U wf (u)du, for
some ¢, and fr. One might be tempted to use a standard Laplace method to determine the
behaviour of my as w tends to infinity. However, at the saddlepoint u* = 0, attained at the left
boundary of the integration domain, all the derivatives of the function f,—appearing as coefficients
of the expansion—are null, and the method does not apply.

We now formulate one of the main results of the paper, which characterises the small-time
behaviour of the mass at zero in the uncorrelated SABR model. For every r,y > 0, let u, denote
the largest (positive) solution to the equation

(2.7) 20 — 1+ 4duy + 21og(z/2)v/u — Vulog(u) =

with z := %. Clearly, u, depends on 7, but we shall omit this dependence in the notation. Set
log(uy) a 1—2u
(2.8) M, = -
TUoaedd? sud? 8y

The following theorem provides a short-time asymptotic estimate for the density of the integrated
variance process given in (E3) and (E3).

Theorem 2.3. As y (equivalently t) tends to zero, we have (recall that y = 2v°t)

t 3/2.5/4 2
Yo v Y log(uy) 1 dr
P Y2dsedr | ~ -] - —
([ 20w o (- - ) [ o 2) o]
The proof of the theorem relies on the representation (232) of the integrated variance, which has
the crucial, strongly oscillating factor m, in (223). Therefore, the key step in proving Theorem I3
is the derivation of a small-time asymptotic expansion for m,, which we deliver in the following

proposition. The technical part of the proof of this proposition is delegated to the Appendix B
to lighten the flow of the paper.
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Proposition 2.4. Asy (equivalently t) tends to zero, the function m, in (E3) satisfies

My (1, 2) ~ \/EeXPQETMexp [log(;y) <,u— ;) —uyy+\/17y} \/MTy

Remark 2.5. The proof of the proposition uses saddlepoint analysis. The saddlepoint u, is the
solution to (EZ4), but does not admit a closed-form expression; however, as seen in the proof, it is
possible to expand it as y tends to zero to obtain

)= L (S0 D0 (3 [ (1Y) [ 0]

It appears tempting and natural to use the above closed-form expansion directly for the approxima-
tion of (Z3) in (E4), but numerical computations show that this expression is not very precise and
should therefore not be used. On the other hand, the expansion derived in Proposition 4, gives
an accurate approximation of (Z3) for the computation of (24). This underlines the relevance of
Proposition B3 for practical purposes.

With the approximation formula for the integrated variance in Theorem P23 at hand, we are
now in a position to formulate a numerical scheme for the mass at zero in the uncorrelated SABR
model (), based on the decomposition (E). Due to the subtleties caused by the fluctuations
of the function m, for small y discussed in Remark 23, the approximation of the mass at zero
P (X; = 0) as t tends to zero is a delicate task. We construct here a hybrid numerical scheme, based
on Theorem B3, that delivers a better approximation (in terms of speed and accuracy) than any
of its components on their own?. In the following mixing scheme, the expansion of Theorem 23
is combined with a lognormal approximation of the integrated variance I from (E23) at small
values of r € (0,00). In the lognormal scheme we approximate I; =: y3J; ~ y30;, where O, is a
log-normal random variable whose first and second moments match those of J;, for ¢ > 0. In the
following numerical scheme the composition of the approximation methods is parametrised by a
mixing parameter oy > 0, depending on the time horizon ¢ > 0 and on the parameters /3, v and yg
of the (uncorrelated) model, and is optimised with respect to approximation accuracy:

(2.9) P(X;=0)~ / P ()Z'T = O) ((1 — ) f1(r; Yo, v) + arf2(r; Yo, V)) dr,
0
where f1(r;yo,v) denotes the approximation of the density of I; (E23) via Theorem =3

T e e ) R 3

3/2_5/4 2 2
. Yo e vt 1 Y
with g(?") = 270/47% exp <_8> m exp <— 41/(;7") 5 for r c [0, OO),

and where f5(r;yo, V) is the lognormal approximation of I; (E33) given by:

1 (log(z) — p)?
o2 P {_ 202

where 1 and o2 are the parameters of the lognormal proxy ©;. Since E(6;) = exp (u + %2) and
E(©7) = exp (2u+ 20?%), and E(J,) = (e”2t - 1) and E(J?) = = (ea”gt — 6et + 5), then

1504

(2.10)

fa(r;y0,v) = i2f®
(2.11) Yo

with fo(z) = }, z € (0,00),

matching the first two moments of ©; and J; yields

0w [ BUD® and o? = loo [ EUD)
Ht—10g< E(Jf)) d t_1g<]E(Jt)2>.

An additional reason is that for given t as r becomes small, the saddlepoint equation (PZ) can have

2We thank the anonymous referee for making us aware of this improvement.
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Hybrid approximation of the density

— Exact
—— Short Time Approx
— LN Approx

+  Hybrid Mixing Approx

FI1GURE 1. The advantage of mixing these two approximation methods becomes
clear from the graphs in the figure above. While the lognormal approximation
(green line) underestimates the exact density (line labelled Fzact) of the inte-
grated variance I; (E23), the approximation via Theorem 2.3 (red line) slightly
overestimates it. The graphs display approximations of the density for the pa-
rameters (yo,v) = (0.6,1) and 5 = 0.3 at maturity 7' = 0.3. We used the value
a = 0.7 for this approximation.

Comparison of all methods Comparison of all methods

maturity maturity

— Exact --- Smalltime — LNapprox === Hybrid — Exect — Smalltime — LNapprox === Hybrid |

FIGURE 2. The figure illustrates the accuracy of the numerical scheme (279) for
the short-time approximation of the mass at zero and a comparison with other
methods. In the images above, the scheme (E1) is illustrated as the line labelled as
Hybrid scheme, which performs remarkably well on time horisons up to 7' = 0.3.
The images show approximations of the mass with parameters (yo,v) = (0.6, 1)
and (left) 5 = 0.5 up to T'= 0.3 such as (right) 5 =0.3 up to "= 0.5.

bifurcations in the number of solutions, which can lead to instabilities in integration. Switching
to the lognormal approximation of the integrated variance at very small values of r > 0 bypasses
this problem at the cost of a small approximation error. In a second step we also determine the
optimal switching point in the sense of accuracy where we test against a direct quadrature of (271

2.3. Large-time asymptotics. We now concentrate on the large-time behaviour of the mass at
zero in the uncorrelated SABR model. From a practical point of view, this case is less relevant
as data suggests the presence of a leverage effect, usually captured by negative values of the
correlation parameter. However this leverage, to a certain extent, can also be partially generated
with non-trivial values of the parameter 5. From [0, Formula 1.8.4, page 612], the formula

S ~—3/2 1
/2 ~\ T ~
P (/0 exp (21/Z£, / )> ds € dr) = exp (—21/277) dr
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holds, so that the decomposition (ET) together with (233) imply that (recall that 7= %)
Yo
[eS) 2(1-5) 2
: Yo 1 To -3/2 Yo
Py :=limP(X; =0) = 1-T ) - d
oo (X =0) V21 Jo [ (2(1 —B) 2r(B - 1)2>] " KON Ty )

Yo > 1 wﬁ(l_ﬁ) 3/2 y(z)
2.12 —1- r - - % \q
(2.12) o Jo 21-B)2r(B-12)" eXp( 21/%) "

When 8 = 0(= p), the SABR model (ITT) reduces to a Brownian motion on the hyperbolic plane
(up to a deterministic time change), and a simple computation shows that (Z12) simplifies to

2
IP’OO|5:0 =1- p arctan (l%) .

Yo

When 5 # 0, the integral in (Z12) does not have a closed-form expression. Expanding the
exponential factor for small yy, we can however write, for any n € N, the nth-order approximation

(n) - 1 wg(liﬁ) '
e ::/0 e ey VrB/ZFZ k! ( 20t ) v
n 2k+1 ko poo 21-8)
B 2 7L B 1 T —(k+3/2)
;ok!u\/ﬂ( 2u2> /o [1 F<2(1—5>’27“(5—1)2>]r o

I MY N NC VR Nl Gt =)
F(ﬁ)”ﬁxé# L 222077) (14 2k) '

Note in particular that

14

(2.13) pO) — ( —L> yo(lf_ﬂ).

When 7 tends to infinity, the integrand clearly converges to zero fast enough. Using the properties
of Gamma functions in [@, Chapter 6], the asymptotic behaviour

holds as r tends to zero, ensuring that the integral is well defined for all n € N. Theorem E4@

below shows how well (and when) the sequence IP’S,Z) approximates the mass at zero P,. Using
the Taylor formula with Lagrange’s form of the remainder, we obtain

n k n n+1
exp | — v :Z(—l)kl Yo + (=1) +1e_9 s
2v%r — k! \ 2v2r (n+1)! 2v%r ’

for some 6 € (0,y2/(2v?r)). Therefore,
1
B 1 y(g) n+
~ (n4+ 1!\ 2v%r '
For any n > 0, set

y% - Rl y(Q) g
— _ 71 -
eXP{ 21/27,} ;)( ) A (2V2T>
n B
(2.15) - 2yo(1 - ) <y(%(ﬁ - 1)2> I (n +1+ 2—2[3)

so that from (E04), (E13), and the definitions of P, and ]P’gg), it follows that, for any n > 0,

(2.14)

(2.16) PO =3 (1) and ’]P’OO _ P
k=0

S bn+1~
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Theorem 2.6. The following statements hold for the sequence P in (Z1m) -
(i) if y2(B —1)% > V2x§(17ﬁ), or 2B —1)% = uzxg(lfﬁ) and 2 < B < 1, then the se-

quence (Pg.f))nzo diverges, and hence cannot be an approximation to the mass at zero P ;

(i) if 2B —1)2 < 12277 or2(B—1)2 =22 and 0 < B < 2 then
2,.2(1=5)
(2.17)  Po =P 4+ 0 <'n,_1+2—52ﬁ exp (—nlog (%))) , asn tends to infinity.
Yo\P —

Remark 2.7. Remember that zy denotes the initial value of the stock price or interest rate. For
all practical and sensible values of the parameters, condition (ii) in the theorem is always in force.

Proof. From (E1H), Stirling’s formula for the Gamma function yields, as k tends to infinity,
k
1- 2(B—1)2
(2.18) by, ~ fO( b) kT (yg(i(lg) ) :
I (m) Vﬁmo 14 $0

From (ETI8), if the conditions of Theorem E8(i) hold, the general term of the series Y o (—1)*by

does not tend to zero, and the sequence PY diverges. If the conditions of Theorem EA(ii) hold,
then (18) and (PEIR) imply (EI4), which completes the proof of Theorem PA. O

For practical purposes, depending on the conditions for convergence of the sequence (Pg))nzo
in Theorem PH, it may or may not be useful to use directly the integral form (ZI2). For
(yo, v, B,x0) = (0.1,1.0,0.2,0.2) (for which convergence holds), the mass at zero in this case is
P, = 20.833%. Using Theorem B8, we obtain the following tables the table below computes the

error using the sequence (IP’((,Z)):

n=>0 n=1 n =2 n=23 n=4 n=>5
P — P 6.43E-3 341E-4 2.13E-05 143E-06 1.01E-07 7.29E-09
Computation time (in seconds) | 6.8E-05 8.6E-05 1.3E-4 1.9E-4 2.2E-4 2.6E-4

The first table computes the error obtained by using the sequence (IE”((Q))7 while the second one
provides the values of the integral (E12), which were obtained by using the Python scipy toolpack
for quadrature; the integral is truncated at some arbitrary value R > 0.

R=20 R=40 R=60 R=80 R=100 R=120
Absolute error 2.33E-4 1.07E-4 6.77E-05 4.90E-05 3.81E-05 3.11E-05
Computation time (in seconds) | 7.6E-3 7.9E-3  8.9E-3 9.2E-3 9.6E-3 9.9E-3

These results suggest that convergence of the series expansion is extremely fast. In particu-
lar, even the limit (213), with n = 0, yields a very accurate result, which allows for a simple
interpretation of the impact of each parameter of the model on the large-time mass at the origin.

2.3.1. Large-time numerics. We provide some numerics for the large-time mass at zero derived
in (Z12). In particular, we observe the influence of the parameter 5 (Figure B) as well as that of
the starting point xo (Figure B) of the uncorrelated SDE (). As /5 tends to one (from below),
the mass at zero is diminishing, even for arbitrarily small values of xy. Likewise, as the initial
value x( increases, the mass at the origin decreases even for § = 0. We shall further comment on
the importance of the mass at the origin in financial modelling in Section B below.

We include for comparison a sample of values for the mass at zero obtained by Monte Carlo sim-
ulations with M = 1000 and M = 2000 paths, and the corresponding computation times, for
different time horizons T'. The results suggest that the ‘large-time’ regime is already achieved for
maturities equal to 15 years. An explanation for this phenomenon is provided in [I3, Section 4].
As in Section 23 above, we used the parameters (yo, v, 3,29) = (0.1,1.0,0.2,0.2), for which the
exact mass at zero is P, = 20.833%.
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FIGURE 3. Influence of 8 on the large-time mass at zero in the uncorrelated
SABR model with (yo,v) = (0.015,0.6) (left) and (yo,v) = (0.1,1) (right).
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0.4 . ’ )
02l - | 02_. -
oo i st LTINS AL friainnT = 0.0 L L L L
0.00 002 004 0.06 0.08 010 012 0.00 0.05 010 015 020 025

FIGURE 4. Influence of the initial value xy on the large-time mass at zero with
(yo,v) = (0.015,0.6) (left) and (yo,v) = (0.1,1) (right). This gives a numerical
interpretation of ‘feeling the boundary’: as we start the diffusion far enough from
the origin, the mass at zero becomes small.

T=10 T=15 T=20 T=30 T =50 T =100
Monte Carlo mass (M=1000) | 0.1889 0.2020 0.2100 0.2110 0.2050  0.2090
Computation time (in seconds) | 3.222  3.185  3.221 3.179  3.163 3.178

T=10 T=15 T=20 T=30 T=50 T=100
Monte Carlo mass (M=2000) | 0.2100 0.2075 0.2050 0.2100 0.2065 0.2175
Computation time (in seconds) | 6.4437 6.8386 6.4805 7.6308 6.6587  6.372

When comparing our asymptotics with Monte Carlo results, one should keep in mind that, the
numbers in the above table were obtained by an Euler scheme, and it is known [[1] that in the
critical region around zero, Monte Carlo methods are prone to a simulation bias. While Monte
Carlo techniques have the unquestionable advantage that that they can handle the correlated case
and are widely used in quant libraries, precise convergence rates are not (yet) available. Recent
advances have been made in [20, 34] proposing sophisticated and efficient Monte-Carlo simulation
of the SABR model. In the development of new Monte Carlo techniques for the critical regime
around zero, our results can serve as useful benchmarks, independent from the random seed.

3. IMPLIED VOLATILITY AND SMALL-STRIKE EXPANSIONS

The implied volatility is the Black-Scholes volatility parameter that allows to match observed
(or computed) European option prices; it obviously depends on strikes and maturities (see for
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example [I6] for more details). Given a model, the classical route to compute the implied volatil-
ity is (i) to compute the price of the Call (or Put) option, and (ii) to invert the Black-Scholes
formula. Both steps are numerically demanding, and scarcely provide insights on the behaviour
of the implied volatility smile. Another route, which has motivated the use of asymptotic meth-
ods in finance, is to obtain closed-form expansions for the smile (for small/large maturities, or
strikes); however, being asymptotic results, they may lose accuracy when some parameters are not
small/large enough. The ‘classical’ approximation by Hagan et al [27] is such a formula, which has
been used extensively by practitioners, despite exhibiting flaws—namely arbitrage—in some regions.
This anomaly can in principle be fixed if one accounts for the accumulation of mass at zero due
to the Dirichlet boundary condition. Let us recall a few (model-independent) results regarding
small-strike asymptotics of the implied volatility. For any strike K > 0 and maturity 7" > 0, let
us denote by Ir(K) the implied volatility. In the presence of strictly positive mass at zero, the
small-strike tail of the implied volatility satisfies [33]:

. Ir(K) /2
3.1 limsup ——— =4/ =.

3.1) K10 +/|log K| T

This behaviour was recently refined by De Marco, Hillairet and Jacquier [I2], and later by Gulisas-
hvili [20]. Assuming that P(Xr < K) — P(Xr = 0) = O((|log K|7%/?) as K tends to zero, De
Marco, Hillairet and Jacquier [I2, Proposition 3.1] derive the small-strike asymptotic formula

_ [2llogK| N '(mr) (NT'(mr))?+2 (N '(mr)) _3/2
(82) In(K)=1/=—— + T 2 ATs Kl +4|10gK|\/T+O(|10gK| 3 )

where mr := P(Xr = 0) is the mass at the origin, and A the Gaussian cumulative distribution
function (an alternative formulation of (B2) can be found in [21]).

3.1. Numerical illustration of the arbitrage-free tail expansion. In this subsection we
apply results of [TZ] to test our small-strike asymptotic implied volatility formula (82) for the
presence of arbitrage. Following [12], if a mass at the origin is present, the map k — I (e®)\/T/|k|,
has to be bounded by /2 in order to avoid arbitrage. In Figure B, we plot k — Ir(eF)\/T/]k],
the first and second order of (BX) using (1) to compute the mass at zero. We consider two
parameter sets, one for which the mass at zero is small, and another one yielding a large mass at
the origin. The numerics visualise that our formulas (B2) are indeed arbitrage free, with values
well below the /2 threshold. We furthermore include a comparison to the orignal SABR. formula
(here, we implement it including the correction suggested by Obléj [89]). The numerics indicatate
a relationship between size of the mass at the origin and the level of violation of the no-arbitrage
condition. The grapphs visually quantify how ‘wrong’ Hagan’s expansion (using Obldj’s version)
is for small strikes in the presence of a mass at the origin for the parameter set yielding a large
mass at zero, and for the one that yields a small mass. As the mass becomes small, Hagan’s
approximation becomes more accurate. This holds in particular as 8 approaches one, as indicated
in Section 23 above. In the limit as 8 = 1, the mass becomes null.

3.2. Comparison with Antonov-Konikov-Spector [6]. In the uncorrelated case p = 0, Antonov,
Konikov and Spector [G] derived the double integral formula for the price of a Call option:

E(Xr—K), = (XO—K)++¢ {/S+ WG(VQT,SMS + sin(nm) /00 WG(VzT,S)dS} )

1-8 xi-8 .
where n:=1/|2(8 — 1|, ¢ := %, qo := 75, s+ = arcsinh (y%|q:|:%|),

sinh(s)? — sinh(s_)?2 sinh(s)? — sinh(s )2
=2 =2 h .
#(s) arctan \/sinh(s+)2 — sinh(s)? and V() arctan sinh(s)? — sinh(s_ )2

The function G is defined as the integral

G(t,s) := 26?;2(;;/& /:O uy/cosh(u) — cosh(s) exp (_;t) du.
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FIGURE 5. The black line marks the level /2. The parame-
ters are (v,f,p,%0,%,7) = (0.3,0,0,0.35,0.05,10) for the left plot, and

(v, B, p,z0,y0,T) = (0.6,0.6,0,0.08,0.015,10) for the right graph. Obldj’s im-
plied volatility expansion clearly violates this upper bound in both cases. The
large-time mass is equal to 28.3% for the left plot and 3.1% for the right one.

In Figure B, we compare the smile obtained from the Antonov-Konikov-Spector’s formula (comput-
ing the double integral and numerically inverting the Black-Scholes formula) and the closed-form
tail formula (B2) using the large-maturity mass at zero computed from (E12). Following [B], we
consider the following set of parameters: (v, 3, p, zo,y0,T) = (0.8,0.1,0,0.1,0.15,20), for which
the large-maturity mass at zero (E19) is equal to 63%. In the other graphs we vary the value of
the parameters 8 and yo between g = 0.0 and 8 = 0.9 such as yg between yy = 0.15 and yg = 0.7
to achieve different value of the probability mass. We also tested against different time horizons
of the exact formulas, from 7" = 2 to 7' = 20 and the agreement remains robust on these horizons.
We find good agreement between these formulas in all of these cases throughout different values
of the mass as the following graphs illustrate.

4. CONCLUSION

The SABR model is a pillar of mathematical modelling on fixed income desks, but suffers
from some issues in low interest rate environments, where the process can hit the origin with
non-zero probability, creating, in most existing approximations (used by practitioners), arbitrage
opportunities. In this paper, we endeavour to provide accurate estimates for this mass at zero in
order (i) to quantify the error made by existing approximations, and (ii) to suggest an alternative
parameterisation of the implied volatility smile for low strikes, ensuring arbitrage opportunities
do not occur.

APPENDIX A. PROOFS OF SECTION &

A.1. Proof of Proposition 2. Our proof is inspired by [I¥], which is based on an inverse
Laplace transform approach. From [T, Page 645], the Laplace transform of the function m, has
a closed-form representation, namely, whenever y > —3/2 and z > 0,

L(p+ 5+ Vu)
(Ftvan oevst).

where the function 9 is related to the Kummer function M function via the identity

my(u, Z) - ‘Cgl

1
mn,m(m) = gmt1/2 exp (_g) M (m ot 9’ 2m + 17x) '
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FicURE 6. The graph suggests that there is good agreement between the two
formulas despite completely orthogonal approaches: While the Antonov-Konikov-
Spector formulas are computed from the knowledge of the exact densities of the
distribution on the interval X € (0,00), our asymptotic formulas are computed
solely from the probability mass at X = 0. Despite describing complementary
parts of the probability distribution of the underlying price process X in (IT),
the two formulas show perfect agreement in the critical region of small strikes and
good agreement throughout the entire range of strikes.

Therefore, we can write, for some R € R,

e~ % R+ioco F(,Lt—i-l—l-\/a)
pr—y Uy—z
(A1) my(p.2) 2im /R_ioo ¢ (1 +2y/u)

When analysing the conditional density of the integrated exponential Brownian motion, Ger-
hold [I®], as already mentioned, dealt with a similar integral. However, before being able to adapt
his saddlepoint methodology to our case, we first need to deal with the Kummer function M.
Since we wish to determine the behaviour of m, as y (equivalently, t) tends to zero, we need to
understand the limit of the integrand as u tends to infinity. The following asymptotic relations
hold uniformly in v, as v = y/u tends to infinity:

1 1
(22)2HVEM (u tot Vau, 1+ 24/, 22) du.

1
(A.2)  T(1+4v)=V2me vovtl/2 [1+ 0] and M (u + 3 +v,14 20, 22’) ~e*.
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The first one is standard [BR, Section 3.5]. As for the second one, the representation (E8) yields

1 = (22)F
M<2+v+u,1+2v,2z>:]§7k o

where, for k£ > 0,
(B+v+3)-(p+tv+k—13)
(14 2v)(24 2v)--- (k+ 20)
Clearly |vx| < 27% and v, ~ 27% as v tends to infinity, and from [, Formula 13.6.3], we have

Ve =

1 1\’
M(2 +U+,u,1—|—2v,2z) <M< +v,1+ 20, 2z> =T(1+v)e* <2z> I, (2),

where again I, denotes the modified Bessel function of the first kind [T, Page 638], so that,
using (B™) and [IR, Equation 9], we have, uniformly in v,

<T'(1+v)e? (g)_v L(z)=e*(1+0(v)).

Therefore the integrand in (AT) reads, as u tends to infinity,

Lt 5+va) oy e 1
m@z) Y (u+2+\/ﬁ,1+2\/ﬂ,2z>

v2y+v+zzv+%,uu—v—%2—'u

1
M<2+v+,u,1+2v,22)

O(u,y,z) =e"
~e

= exp [vgy +oav+ (,u - % - v) log(v) + z 4+ élog(z)] =: exp (d)y(u) +z+ élog(2)> .

where o :=1+log(z) — log(2) € R, and where the function v, is defined by

1 1 1
(A.3) (1) = uy — Silog(u) + i + 5 (u - ) log(u).
For y > 0 small enough, the saddlepoint equation 9, (u) = 0, or

2p — 1+ 4uy + 2(a — 1)v/u — Vulog(u) = 0,

(namely (224)) admits a solution u, > 0. This saddlepoint equation can be rewritten as
(A) :log(uy) l—a (,u—1/2).

4, /uy 2, /Uy 2uy
Remark A.1. Note that the saddlepoint equation also reads

_ log(uo) p o Ap—2

2V2ug  V2up  dug
where p := log(z/v/2) and ug := 2u,, which is reminiscent of that of [I8]. In fact, the saddlepoint
equation above does not admit a unique solution; in order for the latter to be continuous (as a
function of y), one should take the largest solution.

Following [I®], we deform the integration contour in (B-) around the saddlepoint u, to obtain
—z R+ico R+ico Uy +ico
(a5)  myne) =G [ ey~ / o L2 0y,
21 Jp_iso 2im 27 Ju, —iso

as y tends to zero. Let A denote the real integration variable, so that u = u, + iX. Around the
saddlepoint (A = 0)7 we have the uniform Taylor series expansions:

A2 A3 i\ A2 A3
Vu = /iy +t 5= +0 |+, logu = logu, + ++O( >,
i, 3/2 e Y ou2 3

Vulogu = \/uy, logu, +

(2 4+ log(uy))ix  log(uy)A\? (1 + log(uy))A?
+ O ,
2\/ty 8u3/2 uZ/Q



14 ARCHIL GULISASHVILI, BLANKA HORVATH, AND ANTOINE JACQUIER

so that

log(uy) log(u,) = plog(u,) 2
— - M
5 YRR A4 0

(A@q%w>=%y+¢%(a— ***;ngD]

where the coefficients in front of A cancel out from the saddlepoint equation (E72), and where

log(uy) a 1—2pu
16uy/>  8ud/?  8up

M, =

as defined in Proposition 4. By bootstrapping (see Section BT for details), the expansion

log(y)* { 2loglog(1/y) | log(z?) < 1 )]
A7 Uy = 1— + +o0
(A7) T 4y log(y) log(y) log(y)
holds for the saddlepoint as y tends to zero, and implies
3

y log |log(y)| )}
AS M{Ho( |
(A.8) Y log(y)? log(y)

Since (BH) can be rewritten as

Uy +ih
ﬁ ' ey,
2im uy —ih

my(,LL, Z) ~

1 1 1 h
Nﬁexp wyy + iy (o oguy) | _ log(uy)  plog(uy) / oM gy
o 2 4 2 o

we need to determine an estimate for the last integral on the compact interval [—h, h]. As explained
below—where the tail integrals are taken into account—the choice h := log(y)? /y3/ 2 is in fact the
right one, and it is then easy to show that, as y tends to zero,

h
1
/ e—MyXQd)\ — ﬁl Og(y)| +0 (e—log(y)2y—3/2) ,
—h

4312

which then implies

vz log(uy) log(uy) = plog(uy)] v7llog(y)|
my (p, 2) ~ Z—exp |:uyy + uy (04 i ) 1 + B } y3/2

R
_ vz 1 | log( )I 3(n-4)
— o (5 - ) AL

R 01 o (3 o).

where we used the saddlepoint equation (B=) in the fourth line.

It now remains to prove that one can indeed neglect the tails of the integration domain, where
S(u) = A > h. The analysis of this is similar to that of [IR, Section 3], and we only outline here
the main arguments. First, specify a choice h := log(y)?/y>/? of integration bounds accounting for

the main contribution to the integral fu“+loo exp (¢, (u))du, with v, defined in (Bl) and where

—100

€Xp ( Uyy + \/@)
(A.9)

u, denotes the saddlepoint in (E4). By symmetry, it is clearly sufficient to consider only one side

1/+ o) wy

of the tails, and we shall therefore focus on the positive one f (")dy. The analysis is then

split into studying the inner tail A < A < exp(log(1/t)?/4) and the outer tail A > exp(log(1/t)?/4).
Similarly to [I8, Equation (10)], the estimate

Uy +ico 1 ! i
Uy +ih
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prevails for the outer tail. For any real number B, [I8, Lemma 1] remains valid for the behaviour
of the real part of \/ulog(u) + By/u with respect to |3(u)|, which allows to bound above the
inner tail by the value of the integrand at A = h of —My)\2|>\ B —5 log( )2 multiplied by the

length of the integration path, which is of order e'°&(1/ t)?/ 4: the relatwe error is therefore of order

exp(— 7 log(y)* + o(log(y)?)).
The final part of the error analysis in the expansion (B™) follows from analogous estimates
o [I8, Table 1], and the total (both tails) error resulting from the completion to Gaussian integral

2 > 1 2 2
VeI /ﬂﬁeXp(_fz)dwN Mexp( )
2 y Jhy/2M, 2 y w wzh\/m
The error O(A\3 /uz/ %) from the local expansion (B8) for 1y is of order
(A-10) O (log()*v/y) ,
which is immediate from bootstrapping (BR), (B) for M, and u,, and from the choice of h,

A3 log(uy) 1 log(y)?
<C—— ~ Clog(y)*\/y.
u?/Q ug/2 uy, 32 vy

— oxp (—; log(t)? + 0(10g(t))> .

Hence the total relative error is dominated by the error (BM) from the local expansion if M, is
not expanded, and by the relative error (B8) of M,, if one consider its bootstrapping expansion.

A.1.1. Justification of the expansion for M,. We define
~ log(uy) a
M, = Y
Y 164 3/2 8u’ 3/2°

The term (1 —2p)/(8u2) in the definition (Z8) of M, is of higher order, so that we can work with

the simpler expression M, in the bootstrapping expansion and the error analysis instead of M.
Witha=p+1— %log(Z) and u = u, /2, the approximation of the saddlepoint simplifies to

o = los(wy) o log(uy) p41 log(2) 1 (x/?log(ﬂ) V2(p+1 —log(2))>
1 .

Y6l s 16l s 160l

16u3/2 |u3/2

Thus M, is up to constants of the same form as [, Equation (12)]. By bootstrapping,

e [0 (Pt )]

Indeed, the saddlepoint equation (272)

_ log(2uy) p 4p—2
Y olu,) 2w, A(2u,)
when setting c(u) = (% = % + 7 ) = log ( ) k :=4p — 2 and uy = 2u, becomes

Vo =y~ te(ug), where log(y/ug) = log( (ug) — log(y)). Hence, bootstrapping as in [I¥] yields

1 (log(1/y)  log(c(uo) p | k
y4 NN ﬂ*Wﬁ

() () (S i) ()

2
~ (log (1/y))? 2v2 log(c(u)) p |k 2 log(c(u)) p |k \?
oy [H <log(1/y)> ( V2 Vil 4\/170) " o (1/1))° ( 2 vl 4\F> ] '

Now expanding around log(1/y),

log (c(u)) _ log (og(1/y)) _log(z) , 108 (c(w) — p+ )
V2 V2 2v2 V2log(1/y)
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and using the fact that both

2/2 ko log (C(U) —pt ﬁ) and 2 (log (c(ug)) —p k )2

log(y) | 4Vu V2log(y) log(y)?
are of order o (1/log(y)), we obtain, by collecting terms,

log(y)? (, _ 2log(—log(y)) 2,0+log(2)+0( 1 )

N,y = —I)
Y 2y? log(y) log(y) log(y)

Similarly,

B2 L [logly) | logle(w) p . Kk P —log(y)* [ log(=log(y))  2p+log(2) of L ’
"V TELITVR TR \/§+4\/TJ 22" [1 logly) | Zlogly) (bg(y)ﬂ’

hence uf/2 ~ (log (1/y))* /(8y?2); further,

2log (c(u) —p+ zfﬁ)

log(ug) = —2 (log(y) — log(c (u))) ~ —2log(y) +2log(—log(y)) —log(2) —

log(y) ’
so that, by bootstrapping we also recover the form of [I8, Equation (13)], at & = Ju,:
o = L|V2log(@)  V2(p+1-log(2))| _  y* [ log(—log(y))
Y= — - — = +0O | —=——==].
4| 16u3/? 8us/2 2log(y)? log(y)
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