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ABSTRACT

Given a theory o f computation such as Scott and Strachey's, and Wittgenstein's analysis of 

grammar and meaning, we investigate the consequences o f using them when defining 

natural languages to be utilized in communication with computers. This view assumes that 

the mathematical study o f language is divided into syntax, the study o f the form, and into 

semantics, the study o f the use. It also assumes that a well known notation and 

methodology is essential for successful engineering and, consequently, Denotational 

Semantics, DS, has been chosen for the mathematical framework.

We introduce versions o f Montague Semantics, MS, and Barwise and Perry's Situation 

Semantics, B&PS, with computational characterizations given in the framework of DS, so 

we can compare these two mathematical approaches to semantics o f natural language. We 

show how Montague's compositional treatment o f intentionality should be simplified, by 

showing that the cap-cup operators are counter-intuitive and unnecessary in his definitions 

of English, and showing how to eliminate the meaning postulates. The main advantage is 

that when translating Montague English we will never need higher order quantification. We 

also propose a functional definition o f meaning for B&PS. This treatment is shown to suffer 

in general from omniscience, one o f the main problems which B&PS was supposed to 

solve. We discuss Hintikka's original criticism of Possible-Worlds Semantics and modal 

logics in the treatment o f attitudes, and we find it wanting from a computational standing.

The simplifications to MS and the presentation o f B&PS are examples o f how DS can be 

used to construct computational grammars for natural language. We believe that the main 

difference between the two approaches is the choice o f the domain o f meanings for 

sentences, intensional booleans in MS and situation constraints in B&PS. We argue that the 

choice for this domain is methodological and justified depending on application, determined 

by the context o f the natural language communication. We stress the importance o f the 

knowledge acquisition process in definitions o f grammars, and we believe that more 

research should be undertaken on relating this model of grammar with automatic models of 

learning such as the ones given by connectionism. As a guiding principle we only accept 

grammars defined with functions which are representable and leamable by computers as 

connectionist machines.
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Valeu a pena? Tudo vale a pena 
Se a alma nSo 6 pequena.
Quem quer passar al6m do Bojador 
Tem que passar al6m da dor.
Deus ao mar o perigo e o abismo deu, 
Mas oele 6 que espelhou o C6u.

Was it worth while? It is worth while, all,
If the soul is not small.
Whoever means to sail beyond the Cape 
Must double sorrow — no escape.
Peril and abyss has God to the sea given 
And yet made it the mirror of heaven.

Fernando Pessoa, Mensagem

O bin6mio de Newton € t&o belo como a V6nus de Milo.
O que h£ 6 pouca gente para dar por isso.

Newton's Binomial Theory is as beautiful as the Venus of Milo. 
The fact is, precious people care.

Alvaro de Campos, Poesias



You, who wish to know, do you know you are? I know it. Whence are you? I 
know not Do you feel yourself single or multiple? I know not. Do you feel 
yourself moved? I know not. Do you know that you think? I do.

St Augustine, Soliloquia
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L is t  o f  A b b r e v ia t io n s
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THESIS OVERVIEW

Chapter 1 is an account o f the philosophical analysis o f meaning for natural 

language and of its mathematical counterparts. The main purpose of this chapter is 

to place Montague and Barwise & Perry’s treatments o f English in this century’s 

philosophical and mathematical developments. The second purpose is to justify the 

choice of a computational approach and treatment, and o f mathematical frameworks 

which have intuitive computationally treatable and tractable properties. We argue 

that the treatments o f Montague and Barwise & Perry follow the ideas of early 

Wittgenstein or late Russell on the philosophical and mathematical analysis of 

language. We think that they take an absolute approach to the classification of 

syntactic objects. For instance, Montague semantics is mainly a treatment of 

declarative sentences and situation semantics is mainly a treatment of indicative 

sentences. Furthermore, we think that due to philosophical motivations their 

analysis of natural language does not give a fundamental importance to constructive 

or computational properties. They are both motivated by classical principles 

originating from Tarski in Montague semantics and from Hintikka in situation 

semantics. We argue that Scott and Strachey's Denotational Semantics, as a 

methodology and a mathematical theory of computation with explicit notational 

conventions, provides what we need for the constructive definitions of language 

uses. We want to stress the computational aspects of Scott’s domain theory not its 

ability to model information. We also believe in using Wittgenstein's use instead of 

meaning when speaking of natural language. Meaning has infinitistic connotations 

while use has finitistic or computational ones. The reduction of meaning to use 

requires grammar to be defined as syntax and semantics, with traditional pragmatics 

being a part of the latter. We also argue that mathematical discussions of human 

cognitive processes, such as learning information, must be related to constructive 

models for those human cognitive processes. Connectionist theories provide, we 

believe, the best examples for such models.
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Thesis Overview

Chapter 2 is a review and introduction to the main features of PTQ on which the 

discussion of the following chapters will be based. It is also a summary of the 

notational conventions that will be used and of possible computational definitions 

for logical constants and quantification. We start by introducing a version of 

Montague’s treatment using denotational semantics with an intensional logic 

embedded on a typed ^-calculus. This version employs a similar framework to the 

one used by Turner in his treatment of nominalization, but with an improved 

notation, where meaning functions have proper names. We examine its 

computational characteristics, the definition o f sentence and of its meaning, the 

definitions of contexts o f use and the treatment of intentionality. We discuss the use 

of the cap-cup operators and criticize Gallin’s observations. By proposing a correct 

description, in terms of functional operators, we explain some of their problems and 

expose their non intuitive usages. As a side result we believe that our description 

makes it easier to read PTQ, in particular to understand the use o f the meaning 

postulates. We also show why those operators are unnecessary in the intensional 

treatment o f English, and point out some of the necessary steps to simplify it in 

order to have a semantic analysis with better known and more tractable 

computational properties. We show that parts o f the expressive power of IL are 

never used. This observation for instance lead us into asking again whether the 

minimal formal system necessary to classify Montague's English in PTQ is a higher 

order logic with its computationally intractable properties. This question will be 

negatively answered in the following chapter. We also discuss the computational 

treatment o f determiners when interpreted as logical quantifiers over primitive 

domains.

Chapter 3 introduces the simplification to PTQ suggested in chapter 2 of not using 

the cap-cup operators. It is then shown that those operators are unnecessary in that 

treatment of English. We prove that the resulting semantics is isomorphic to the one 

presented in chapter 2. This brings the whole semantics closer to a simple Modal or 

Temporal Logic, for which direct theorem proving starts to emerge. This logic is 

embedded in a constructively typed X-calculus system and has only quantification 

over domains of primitively given entities and indices. We defend the view that

17



Thesis Overview

meaning postulates, which introduce higher-order quantification in PTQ, are 

unnecessary and that they should to be avoided. In order to show how to eliminate 

the postulates, we define two approximations to English using computable 

grammars. The second approximation captures the intensional aspects of PTQ 

satisfying the requirements o f the postulates. We believe the notion of 

computational grammar to be important because for instance it satisfies principles of 

economy when defining the meaning of the lexicon.

Chapter 4 starts with a presentation of a simplified version o f situation semantics 

inspired by Barwise & Perry's Situations and Attitudes. We again use Denotational 

Semantics and typed ^-calculus. Basically we introduce primitive objects and define 

semantic domains on which syntactically defined objects such as sentences and 

utterances are to be interpreted. We provide a compositional definition for AUASS, 

the natural language defined in one of the appendices of Situations and Attitudes. 

We then extend the definition of this language to take account o f attitude and 

perception sentences which embed sentences. This allows us to compare this 

presentation of Situation Semantics with Montague Semantics and is mainly an 

attempt to understand Barwise's claim that no logical omniscience is observable in 

the former. We believe that the responsibility for that is not possible worlds 

semantics, as Barwise originally stated by referring Hintikka's work. We show that 

in general omniscience is present in situation semantics, but as in the definition of 

strong equivalence between statements no quantification is made on the 

interpretation, it is possible to avoid it in particular cases. We discuss the role of 

omniscience by using the formalization of perception sentences, which we believe is 

more objective than discussions on using propositional attitudes. In this respect we 

discuss Hintikka's views on formalization and we argue that his platonistic view on 

the formalization of propositional attitudes has been an obstacle for an objective 

logic of attitudes and perception.

Chapter 5 is a summary o f the main technical and methodological conclusions 

which we believe to be original in this work. For instance we believe that our 

observation on Montague's operators is the first correct one, and together with our 

criticism o f constraints on interpretations, provides the most elegant and

18



Thesis Overview

computationally tractable definition of PTQ. If it is accepted that our formalization of 

situation semantics is acceptable, then our proof of it having its own omniscience, 

contributes to accepting a constructive analysis o f natural language, very unlike the 

one defended by Hintikka. Our analysis provides new constructive views on 

grammar o f natural language and new reasons to reject Hintikka's philosophical 

criticism of Wittgenstein. We believe the logic behind the construction of 

computable grammars, as approximations to natural language, has a direct relation 

with Popper's logic o f scientific discovery. This chapter also indicates some of the 

areas which we would like to see clarified and we would like to investigate further. 

If we accept that to formalize a language and its meaning, we must know its use, it 

is obvious that in order to computationally process natural language we must 

formalize the possible contexts of use and formalize the possible uses of syntactic 

expressions. For real applications, this requires studies in the direction of more 

complex syntactic expressions other than sentences, and in the direction o f uses of 

syntactic expressions other than declarative or indicative. Formal systems, such as 

logics, provide us with certainty and reproducibility on deduction and reasoning 

from formal information. Connectionist theories provide us with a computational 

model for induction, but yielding only a probability, not certainty. We believe that 

the links between Formal System Theory and Connectionist Theory should be 

further investigated, particularly by studying how they approach the analysis and 

synthesis of natural languages.

19



How should we explain to someone what a game is? I imagine that we 
should describe games to him, and we might add: "This and similar things 
are called 'g a m e s 'A n d  do we know any more about it ourselves? Is it only 
other people whom we cannot tell exactly what a game is? — But this is 
not ignorance. We do not know the boundaries because none have been 
drawn. To repeat, we can draw a boundary — for a special purpose. Does it 
take that to make the concept usable? Not at all! (Except for that special 
purpose) No more than it took the definition: 1 pace = 75 cm. to make the 
measure of length 'one pace' usable. And if you want to say "But still, 
before that it wasn’t an exact measure", then I reply: very well, it was an 
inexact one. — Though you still owe me a definition of exactness.

Wittgenstein[1953], §69, pp. 33e

C h a p t e r  1 

I n t r o d u c t io n

i .i  OVERVIEW

In this thesis we use written Natural Language, to be more specific some type or 

dialect of written English. In this chapter we provide a very brief summary of the 

main attempts to provide Natural Language with a formal logical and mathematical 

analysis. Our main interest in doing so is to expose some of the philosophical and 

mathematical ideas on which Montague Semantics and Situation Semantics have 

developed. This chapter can also be seen as a short foundational discussion on the 

possibility and advantages of a formal analysis o f natural language, particularly 

when we desire such analysis to be computationally treatable and tractable.



Chapter 1 Introduction

We start with a simple overview of the philosophy o f meaning, mainly the 

positivistic view, and we discuss some basic notions such as compositionality and 

grammaticality. In a second part we briefly discuss the role o f formality and of 

different types of formal systems, and of their computational properties. We argue 

about our use o f Denotational Semantics as a functional theory and metalanguage. 

We end with a short reference to current application-oriented work on 

Computational Linguistics, and very briefly indicate some relations with this work.

1.2 PHILOSOPHY OF MEANING FOR NATURAL LANGUAGE 

Natural and Artificial Languages

The distinction which is often made between natural languages and artificial 

languages is we believe somehow inappropriate. We use the word 'artificial' for 

computer languages and mathematical logic languages because they have been 

constructed to enable us to be precise or exact in a mathematical sense of the word. 

However natural languages have been invented by men and in that respect are un­

natural or artificial. They have also been used successfully to express and 

communicate information across time and space. For instance, our present 

knowledge of the early Egyptian civilization is due to Champollion's interpretation 

of natural language forms expressed in hieroglyphs. As Karl Popper has argued, 

knowledge growth is closely associated with the use of natural languages l. Our 

claim that natural languages are as artificial as formal languages is equivalent to 

saying that in both exactness and ambiguity are variable and dependent on their use. 

We believe that this conclusion is supported for instance by the thesis explicit in the 

works of Richard Montague. Intuitively Ludwig Wittgenstein’s observation in the 

citation above is criticizing the general idea that natural language is not exact or 

precise.

1 Popper[1972], chapter 3, distinguishes four functions in human language, the expressive, 
communicative, descriptive and argumentative functions, of which the first two are shared with animal 
languages. We could say that all functions have been used across time and space.
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Chapter 1 Introduction

Nevertheless, most o f the mathematicians and analytical philosophers of this 

century, starting with Frege and through Tarski, have recognized a fundamental 

difference between artificial and natural languages, the latter being impossibly 

incoherent or having inherent ontological deficiencies. The solution could rest on 

developing new artificial languages free of all the problems with natural languages. 

However this view is being continuously challenged.

Montague's Thesis

The first to express the thesis and to give objective evidence that there is no 

important theoretical difference between natural languages and artificial formal 

languages was Richard Montague in the early 1970's (see for instance 

Thomason[1974]). Montague's Thesis, as we will call it, assumes that Linguistics 

and in particular the study o f meaning should be regarded as a branch of 

Mathematics. Following Frege and Tarski, Montague adopted a classical referential 

theory for meaning which maintains that any meaningful expression refers to some 

mathematical object2. More recently, Barwise and Perry[1983] claim more evidence 

in support of Montague's thesis while building on what is claimed to be an 

improved ontology for meaning. This improved theory is based on the 

philosophical ideas o f Wittgenstein[1921], Russell[1918] and Austin[1950]. 

Barwise and Cooper[1981], pp. 204, are explicit in attributing to Montague the 

revolutionary idea [...] that natural language is not impossibly incoherent, as his 

teacher Tarski had led us to believe. Before that Popper[1960], pp. 223, had already 

made a more general remark concerning Tarski's theory, which can be interpreted 

as pointing in the same direction: The view that his [Tarski's] theory is applicable 

only to formalized languages is, I  think, mistaken. It is applicable to any consistent 

and even to a *natural' language [...].

We think that Montague's Thesis is essential to justify the study of natural language 

using the methods and tools available in computer science. In particular we believe

2 Alston[I967] provides an excellent introduction to traditional theories of meaning, which can be 
grouped into three types, Referential, Ideational and Stimulus-response and how they relate with more 
modem views. Meaning and use, Rules and regularities, Word use and Synonymy are discussed.
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that the methodology known by the name of Denotational Semantics offers the most 

natural framework for the computational characterization of Montague's work and 

of natural language. It provides a constructive understanding for the classical 

notions o f sets and functions used by Montague. It offers a mathematical theory 

closely related with recursion theory to deal with infinitary objects through the use 

of finite approximations, and it offers a well known notational system.

Wittgenstein's Meaning as Use

Our understanding of meaning for natural language will be based on ideas put 

forward by Wittgenstein in his 'Philosophical Investigations' [1953]. There 

discussions of meaning are replaced by discussions of use: Look at the sentence as 

an instrument, and at its sense as its employment (§421, pp. 126e). We will accept 

Wittgenstein's statement in the sense that it is more useful in computational 

linguistics to be concerned with characterizations o f use than o f meaning. It seems 

to be more useful to use the word use than the word meaning for studying linguistic 

objects. Use has flnitistic and operational connotations, while meaning has 

infinitisdc and static ones. We stress that our understanding of use should not be 

confused with that of useful.

An important observation of Wittgenstein's PI is that the understanding o f the use 

of words depends on the understanding o f a language-game (see 1.2.1 and 1.3.4 

below). Wittgenstein's ideas on language-games have been extremely fruitful. For 

instance Game Theoretical Semantics, as proposed by Hintikka[1976], results from 

a direct criticism of the ideas in PI. However we believe that Hintikka’s rejection of 

Wittgenstein's finitistic attitude towards language-games, which according to him is 

defended in PI, is not acceptable from a computational point of view. Hintikka’s 

rejection is not acceptable because we want to model human cognitive processes 

using computational implementations which have finite basis. Hintikka seems to 

disagree that the possible uses of language, language-games, have to be learnt a 

priori. The consequence of this for a mathematical approach is that it is necessary to 

start with language-games, or contexts of use, fully circumscribed and at least 

partially and finitely defined. We can use mathematical languages and techniques to
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characterize possible uses or applications of words and languages in order to define 

its use relative to the application. But we have to provide a finite starting point on 

which to build. For instance, a formal system which models elements of some kind, 

must have a finite set o f axioms and rules of inference which will provide a 

characterization for a possibly infinite number of elements. Similarly, a parallel 

computer network, 'neural', finitely captures the ability to recognize an infinite 

number of elements.

Connectionism and Learning

The connectionist theory can be regarded as an attempt to provide a model for 

cognitive human processes, for instance to explain how people learn and then 

answer questions based on what was learnt (Gera[1988]). A connectionist system 

goes through learning and answering phases. The two phases could be identified 

with function definition and function evaluation. The informative content of the 

function in such systems is also changing with each learning phase and it can be 

expected to change from states of less information to states o f more information. If 

we do not consider probabilistic systems, such function can always be described as 

a finite state machine. We believe that it should be possible to compare the theory of 

connectionist systems with the theory of formal systems when applied to processing 

language. A fundamental observation in this respect is that in a connectionist 

paradigm the answer to some question, or the computation o f an associated 

function, takes always a finite amount of time, even if the answer corresponds to a 

state o f insufficient information. We will accept that an individual's understanding 

of the use o f natural language can be identified with such a finite, although large, 

function which suffers incremental changes, as for instance we propose to do in 

chapter three, section 3.5. The present study, using formal presentations of natural 

language with a theory of computable functions as partial objects, such as domain 

theory, can be seen as an initial contribution for the comparison.
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1.2.1 Positivistic Views on Meaning

The reduction o f Linguistics to a branch of Mathematics implicit in Montague's 

Thesis can be seen as a natural development of attitudes towards philosophy and 

language initiated in the beginning of this century after Russell's recognition of 

Frege's work on logic.

Logical Positivism

The rational ideas of logical atomism and the Vienna Circle's positivism proposed a 

shift from metaphysical excesses in philosophy to a study centred around the 

mathematical analysis of ordinary language. The works of Wittgenstein[1921] and 

Russell[1918, 1924, 1950] provide the basic arguments on this influential view. 

Philosophy should be concerned not with morals, but with the language o f morals; 

not with science but with the language o f  science (Devitt and Sterelny[1987]). 

Furthermore as Russell[1950], pp. 367 explains, What is distinctive is attention to 

mathematics and logic, and emphasis upon linguistic aspects o f traditional 

philosophical problems. Boole[1854] but mostly Frege's [1879] 'Begriffsschrift' 

provided the foundation for much of this view when devising their logical calculus 

from the study of ordinary language. However, Frege and the logical positivists 

regarded the use of natural language as fundamentally inadequate in achieving the 

goal o f precision. A logical or mathematical language had to be developed to 

eliminate the ambiguities inherent in the use of natural language. This was the 

objective of W hitehead and Russell's 'Principia Mathematica' [1910] with the 

known consequences shown by Godel[1931] 3. This originated a reappraisal of 

formalistic attempts on mathematics.

3 Popper[1945], in note 8 to chapter 24 of Vol. 2, provides an interesting view on uncritical logical 
positivism in particular of Wittgenstein’s Tractatus’, by equating examples of that theory with the 
paradox of the Liar and indirectly to Godel’s proofs. For instance in pp. 355, on Wittgenstein's 
proposition that The totality of true propositions is . . the totality of natural science.': Since this 
proposition does not belong to natural science (but, rather, to a meta-science, i.e. a theory that speaks 
about science) it follows that it asserts its own untruth [...].
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Use rather than Meaning

In 'Philosophical Investigations' Wittgenstein[1953] regards this doctrine as too 

dogmatic and as Manno[1969] writes, he sets the magna carta of analytical or 

ordinary language philosophy. Wittgenstein proposes that there is not just one 

logical form in natural language but multiple dimensions in which to characterize its 

use:

It is not our aim to refine or complete the system of rules for the use of our words in 
unheard-of-ways.

For the clarity that we are aiming at is indeed complete clarity. But this simply 
means that the philosophical problems should completely disappear.

The real discovery is the one that makes me capable of stopping doing philosophy 
when I want to. — The one that gives philosophy peace, so that it is no longer tormented 
by questions that bring itself in question. — Instead, we now demonstrate a method, by 
examples; and the series of examples can be broken off. Problems are solved (difficulties 
eliminated), not a single problem.

There is not a philosophical method, though there are indeed methods, like different 
therapies.

Wittgenstein[1953], §133, pp. 51e

Under this view, it only makes sense to reduce philosophy to the study of language 

or of its grammar: our investigation  [...] is a grammatical one (§90). Its 

consequences, as Kenny[1973] (pp. 205) summarizes, are that words like doubt, 

knowledge and certainty are to be characterized through rules o f use in language- 

games. The collection of rules would be the grammar of a language-game, which 

needs to be learnt, and outside which they are meaningless. As the classical 

referential study of meaning for language was so deeply concerned with relations 

with metaphysical objects or relations with reality, only characterizations of use 

would be valid in avoiding the infinite trap of a relational theory of meaningwhich 

always creates a new language to explain the old, as Manno[1969] on Analytic 

Philosophy tells u s .

Hintikka and Malmgrenfs Criticisms

Hintikka[1976], pp. 22, criticizes Wittgenstein's finitistic position on understanding 

language-games and calls it a ultra-constructivistic doctrine. According to
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Hintikka's interpretation, language-games are a link between language and reality, 

and should be characterized as games in the precise sense o f mathematical game 

theory. However he argues that we must adopt a realistic (Platonistic) attitude 

[which is] deeply antithetical to Wittgenstein's holism. We believe that this position 

is at the heart of the attitude Hintikka[1975] takes on logically possible worlds. It 

ultimately leads Barwise[1981] to reject the modal logician's approach to model- 

theoretic semantics.

In a different perspective, Malmgren[1971] criticizes Wittgenstein's replacement of 

the ordinary conception of truth by correct use on the grounds that there is no 

regular empirical connection between word and object which would explain a 

judgement on correct use. Hintikka[1976] criticizes ostensive definitions of names 

as logical Adamism, and also elucidation, a similar process for language-games on 

the same anti-finitistic grounds. As pragmatics, the study of the use, is not regarded 

by Hintikka an empirical science, a psychological explanation is not easily accepted 

as a working hypothesis for what correct use is.

Psychology and Connectionism

The interpretation of experiments in the psychology o f learning has shown that 

children can only learn to recognize and use words if  these words are part of 

routines in which they act as participants. A routine is a sequence of physical and 

linguistic actions performed several times in an environment where the children is 

present (as Gonsalves[1988]). If we identify these routines with language-games, 

then what Wittgenstein says on understanding a word-rule as being derived from 

understanding a language-game seems to be perfectly acceptable, but not just as a 

mathematical explanation.

The extrapolation o f the recent work on learning and understanding in the 

connectionist model, based on Rumelhart and McClelland's [1986] proofs of its 

generality, could provide the foundations for a finitistic approach to meaning such 

as the one W ittgenstein proposes. It provides the regular empirical connection 

missing in Malmgren and basically works by accepting ostensive definitions,
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ostensive or as learning from examples. The strong limitations found by Minsky 

and Papert[1969] in simple perceptrons do not exist in the more recent complex 

connectionist systems. These may enable Wittgenstein's elucidation, or ostensive 

definition o f language-games, to take place. Learning or ostensive definitions in 

these systems could also be seen as a form of induction on a finite number of 

examples. This would provide for Russell's ontology what he calls the sensical 
basis of logic. Induction would complement deduction (see Russell[1946], 

pp. 209). The importance o f induction is clearly defended by Popper[1953] 

although definitely not as a basic principle of logic which is complementary of 

deduction.

1.2.2 Compositionality of Meaning

The mathematical referential theory o f meaning for natural language starts when 

Frege[1892] gives an interpretation o f classical linguistic objects in terms of 

concepts such as functions and arguments. Frege's analysis is oriented by a version 

of the principle of compositionality according to which the meaning of a given 

expression is a function of the meanings o f its constituents and of the way they are 

composed. This principle is used for instance to reject a naive theory of reference 

because o f intensional or oblique phenomena in language (see Frege[1892] or 

Alston[1967]). In order to conserve compositionality Frege decided that the 

meaning of an expression needs to be relativized to the context in which it occurs, 

the context of use. This relative value is usually named the sense or intension of the 

expression to distinguish it from its absolute value or extension in some particular 

context. For a declarative sentence Frege concluded that extension was to be 

identified with a truth value4. As more recently Wilfrid Hodges clearly proposes,

The truth-value of a sentence in a situation is determined by the phrase-marker [syntactic 
structure] (underlying if need be) of the sentence together with the intensions of its 
constituent phrases; the truth-value can be calculated, at least in principle, by working 
out the intensions of the short constituent phrases first, then the longer ones in terms of 
the shorter ones, and so on up the phrase-marker, until the intension of the whole is

4 We will argue that this identification works as a definition for a declarative sentence, in so far as we 
classify a sentence as being declaratively used when we can judge it with a boolean value. See on section
1.3.4 Types and Types o f Sentences for further discussion.
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reached; the intension of the whole sentence, immediately tells us the truth-value in a 
given situation.

Hodges[I977], pp. 250

There are many reasons for accepting this principle and although it seems counter 

intuitive to some authors, see for instance Popper[1974], pp. 22, no reasonable 

procedure has ever been suggested to replace i t  There has been a long discussion 

about the most correct and usable form of this principle, exposed for instance by 

Partee[1982]. However introspection seems to confirm that compositionality is 

present in the cognitive process o f understanding a sentence (Hodges[1977], 

pp. 251). Compositionality is also essential for a question o f computational 

economy in the choice for the representations o f linguistic objects and the associated 

characterizations of meaning or use, and it is a form of the scientific principle that in 

order to know an object we need to know its parts.

Possible Worlds, Indices and Contexts of Use

Beginning in the late 60's, Richard Montague introduces tools from mathematical 

logic to give the most precise and successful form to Frege's proposal. For instance 

in 'U niversal Gram m ar' M ontague[ 1970c] preserves com positionality by 

introducing a pair of primitive sets J and/, so called respectively contexts of use and 

possible-worlds, with respect to which the meaning of expressions is valued. 

However he is aware of some of the problems in doing so:

It is a slight oversimplification to call the members of I possible worlds. In connection 
with tensed languages, for instance, it is convenient to take I as the set of all ordered pairs 
consisting of a possible world and a moment of time, and J as the set of all complexes of 
remaining features of possible contexts of use."

Montague[1970c], pp. 228

The last option is taken in his The Proper Treatment o f Quantification in Ordinary 

English' [1970d], for short PTQ. Gallin[1975] in his introduction, refers to other 

possible definitions for indices, where each element can be thought of as a sequence 

(t, p, w, s , ...) where t is the time, p is the spatial position, w the world, s is the 

speaker and the remaining coordinates specify, in general, various other aspects of 

the context of use. Lewis[1986], §1.4, argues that this separation of coordinates is
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bounded for any practical purpose, and this is the same conclusion Barwise and 

Perry[1983], pp. 127, came to, when characterizing utterances. The choice of 

coordinates seems still to depend on the use of language. Lewis[1986] discusses the 

acceptability o f using possible worlds as contexts o f use from philosophical and 

technical points of view, and defends their use based on what he calls modal 
realism.

Once we have a definition o f the contexts of use and knowledge of the relative 

values of simple expressions in the language for every context of use, the meaning 

of any expression is constructed following given compositional rules.

Situations and Contexts of Use

Situation Semantics, as in Barwise[1981] or Barwise and Perry’s [1983] 

'Situations and Attitudes', for short S&A,  rejects a mathematical theory o f meaning 

based on contexts o f use defined with possible worlds. The methodological reasons 

are based in Austin and Russell's logical positivism and on technical reasons, such 

as logical omniscience, which are discussed for instance in Hintikka[1975]. As 

Barwise expresses,

[...] The "possible-worlds" approach suffers from several well-known defects (logical 
omniscience, for example) and seems to some of us to rest on dubious metaphysical and 
epistemological assumptions.^..]
This paper only hints at the technical details of situation semantics. It is rather the story 
of my own transition from looking at model theory for natural language in the tradition of 
Frege, Tarski, Davidson and Montague to a model theory more in accord with the ideas of 
Austin and (late) Russell, a theory in which sentences describe types of situations in the 
world, with truth an important but derivative notion.

Barwise[1981], pp. 369-372

For illustration, Situation Semantics defines the meaning of an indicative sentence 

as a constraint between situations 5. Its semantic treatment is based on a non well 

founded set theory based on Aczel's H ypersets6. Perry [1987] argues that Situations

5 About indicative sentences see on section 1.3.4 Types and Types o f Sentences.
6 For an introduction to Hyperset Theory and its role in Situation Semantics see for instance Barwise and 
Etchemendy[1987] and Barwise[1984]. The original theory follows from Aczel's [1980] 'Frege Structures 
and the Notions of Proposition, Truth and Set'.
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are better suited than possible worlds for a mathematical analysis o f meaning. 

Situation Semantics claims to solve some problems with the acceptability of natural 

language inference by adopting a new approach to model-theoretic semantics. As 

we will see in chapter four, we will be claiming that it achieves those results by 

accepting a compositional definition o f meaning, but rejecting a compositional 

definition of boolean meaning and therefore the standard definition of logical 

equivalence. In general the problem of omniscience is still present. Landman[1986] 

presents an alternative view of Situation Semantics and again claims to solve some 

puzzles in natural inference on perception which remained to be solved in S&A. 

Landman's account instead of using a theory of hypersets uses a form of the more 

familiar domain theory to model the partiality of situations and information. In this 

respect it is a step which makes possible our computable characterization of 

Situation Semantics. We believe however that omniscience is also present in 

Landman's account of Situation Semantics.

1.2.3 The Study of Language and the Definition of Grammar

The word grammar has various uses. In the framework o f computational 

linguistics, some grammarians speak of grammar as embracing rules not only for 

syntax but for phonological, lexical, semantic and pragmatic specification as well. 

This view has permeated through to more classical grammarians:

[...] Words must be combined into larger units, and grammar encompasses the complex 
set of rules specifying such combination. Meaning relations in the language system are 
the business of semantics, the study of meaning, and semantics therefore has relevance 
equally within lexicology and within grammar. Finally, the meaning of linguistic 
expressions when uttered in particular types of situation is dealt with in pragmatics, 
which is concerned with the communicative force of linguistic utterances.

Quirk et al[1985], pp. 12

Morris[1938] who is the source for Montague's definitions, divides the study of 

language, in syntax, semantics and pragmatics, and defines a language L as 

L = Lsem+ Lp . As Montague's summarizes,

Syntax is concerned solely with relations between linguistic expressions; semantics with 
relations between expressions and the objects to which they refer; and pragmatics with

31



Chapter 1 Introduction

relations among expressions, the objects to which they refer and the users or contexts of 
use of the expressions.

Montague[1968], pp. 95

The basic aim of semantics is to characterize the notions of a true sentence (under a given 
interpretation) and of entailment, while that of syntax is to characterize the various 
syntactical categories, especially the set of declarative sentences. It is to be expected, 
then, that the aim of syntax could be realized in many different ways, only some of which 
would provide a suitable basis for semantics. [...] I fail to see any great interest in syntax 
except as a preliminary to semantics.

Montague[1970c], pp. 223

This divisions are basically also shared by Hintikka,

Syntax is the study of language (and its logic) without reference to its representative 
function, while this function is studied in semantics. Pragmatics is defined as the study of 
the use of language.

Hintikka[1976], pp. 18

We believe that grammar should be divided only into two parts, syntax and 

semantics with the following 'definition': Grammar = Syntax + Semantics.

Syntax is the study o f the forms.

Semantics is the study of the uses.

Under this view, syntax corresponds roughly to the previous ones, but semantics is 

seen as either what Montague adopts in Universal Grammar', or a combination of 

his early semantic plus pragmatic notions. We believe that this view on semantics 

corresponds to more than a linguistic change, as it reflects current views on 

semantics, meaning and use. Wittgenstein's definitions of meaning as use, and for 

instance Barwise's [1981] comment that the basic aim o f semantics is not just to 

characterize the notions of a true sentence and of entailment, but to characterize the 

uses of expressions o f the language, support this view. A syntactically acceptable 

expression of natural language should be semantically characterized with the 

mathematical tools we know in order to achieve precision in its use. If we are solely 

interested in the use of declarative sentences, see section 1.3.4, we are interested for 

instance on how to precisely derive its boolean valuation.

32



Chapter 1 Introduction

W e could also argue that this choice corresponds to the distinction in Quirk et al 

[1985], pp. 55, between form and function in grammar. We should also note that 

once we start using formal systems to characterize a grammar, syntax and 

semantics, the distinction between form and use is more of a regulative principle 

and of method. As we shall see in section 1.3.1 on Formal Reduction of Semantics, 
even semantics will have to be formalized, and indirectly will also need to be a 

study of the form. Transformational views on grammar in our view are untenable 

exactly because even taking an open minded view7, the possibility that direct studies 

on forms and syntactic structures can characterize the use of natural language seem 

remote.

1.3 MATHEMATICS AND COMPUTATION FOR NATURAL LANGUAGE

The mathematical formalization of logic and language initiated by Boole[1854] and 

Frege[1879] culminated in Whitehead and Russell's Principia Mathematica’ [1910] 

and in the philosophies of logical atomism and logical positivism originating from 

Wittgenstein's Tractatus' [1921]. As van Heijenoort[1967] observes, Mathematical 

Logic comes into a new period with Brouwer's intuitionistic insights into the 

foundations of mathematics and with the influences of Godel's constructive results 

and methods upon Hilbert's program. Mathematical Logic and the development of 

the theory o f recursive functions with methods originating from Godel, provided 

the theoretical basis for the studies o f computation (see Cutland[1980]). 

Church's[1936] definition o f a formal system called the ^.-Calculus, a form of 

notation to express and evaluate functions, Strachey's use o f it (see Milne and 

Strachey[1976]) to study programming languages and Scott's[1976] constructive 

models used in its interpretation based on ordinary recursion theory provide one of 

the most satisfactory and intuitively valid theories o f computability.

7 See Montague's [1970c] opening note on Transformational views on grammar, for the more strict 
judgement.
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W e will briefly discuss the methodological importance of formality and formal 

systems as a means o f achieving precision and relative certainty. We give a brief 

definition o f our understanding of Denotational Semantics, and o f the possibilities 

of the X-Calculus. We discuss the complexity o f a computational analysis of natural 

language by analysing implementations of the syntactic and semantic functions. We 

compare the formalistic paradigm of language definition with the problem of 

learning a language. We end this section by discussing current lines of research on 

grammatical formalization, i.e. on computational linguistics.

1.3.1 Formality and Formal Systems

The importance of formality has been recognized as a means of achieving precision 

and relative certainty and therefore having a vital role to play in the definition of 

computational uses of natural language. We use the expression 'relative certainty' 

because of Lakatos's [1976] analysis of the mathematical method, and because we 

regard formality an essential property o f that method. Formality can therefore be 

used to strengthen the mathematical method against ambiguity.

We believe that a mathematical theory of computation when used in the study of 

natural language should provide an explanation o f how a machine, which only has a 

basic ability to distinguish different/o/m? can still be able to use a language in some 

intuitively meaningful way. The explanation, should not only be precise but also 

intuitive. The intuitive mathematical abstraction for such machine is for instance 

given by Turing's automata theory. As we have referred, connectionist theory 

(Rumelhart and McClelland[1986]) also has strong intuitive appeal, particularly as a 

computational model of human learning. Although connectionist theory can be 

stated using automata theory, in our following use of the words formal system we 

will be thinking of theories directly comparable with Turing's, such as discussed in 

Cutland[1980].

A formal system is defined, for example, by providing a finite number of basic 

expressions and of transformation rules. We say that all the basic expressions and 

all the expressions derived by application o f the transform ation rules are
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expressions o f that formal system. According to M artin-Lofs[1983], to be 

completely formal means precisely that there must be no semantic conditions 

involved in its definition. The step we take of providing the definitions should bring 

along all the certainty available. It should also codify what we call the meaning or 

the logic o f the system that is being formalized. A formal system handles in the end 

only syntactic objects, that is what 'formal' means.

If a formal system attempts to reproduce the way we think we would call it a formal 

logic, its basic expressions are called axioms and its transformation rules are called 

logical inference rules. As we know, there are formal systems for classical logic, 

intuitionistic logic and for other logics, each having different properties.

Formal Reduction of Semantics

Our previous definition of syntax and semantics, in section 1.2.3, was to some 

extent influenced by M artin-Lofs [1983] views on formality, logic and on syntax 

and semantics. Objects, such as expressions, formulas and sentences, defined by 

rules on form, are syntactic objects. Objects, such as propositions and utterances, 

defined on syntactic objects, but not directly with rules on form, are semantic 

objects. The rules that determine the values for the semantic objects are rules that 

take into account the contexts o f use. It is obvious that to achieve a correct 

computational use, we must accept that in principle formality can be restored, by 

convenient formalization of the contexts of use, with rules on the form of the latter. 

We will call this the principle of formal reduction of semantics8.

Formal Grammar

We can think that in PTQ Montague defines a formal system which we will call M- 

NL using a formal gram m ar9. Montague's definition formally captures or reduces

8 We believe that the discussion between Barwise and Fodor on 'languages of thought', following the 
introduction of situation semantics, is a consequence of different views on how far can we take the formal 
reduction for the human cognitive thinking process (see for instance Barwise[1986] and Fodor[1986]).
9 An adaptation of Lakatos' dialogues could be made on Montague grammar in PTQ. Under this view one 
would say that it is Gallin[1975] who 'really' provides a formal system for Montague's English. Its non- 
tensed translation is formalized with axioms and inference rules.
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for instance semantic notions of time and modality; therefore the formal logic is 

called temporal and modal. He also uses a typed ^-Calculus and so it formally 

reduces the semantic notions of classes, arguments and functions proposed by 

Frege[1892]. Although the formal semantic rules are only presented in English, and 

defined over syntactically presented objects such as expressions and contexts of 

use, they can and have been formally reduced, for instance by Gallin[1975]. Any 

computational implementation of PTQ makes such a reduction.

Denotational Semantics

We understand Denotational Semantics to be a methodology. In this respect it is

more than a particular style of notation and of a mathematical theory of computation.
>

The notation is based on the X-Calculus and has been widely used in the 

characterization o f programming languages since Strachey started using it in the 

early 1960's. The mathematical theory of computation known as Domain Theory 

was introduced by Scott[1976] as a foundation for the X-Calculus formal system. It 

constructed models for that formal system using sets o f integers.

Having repeatedly and outspokenly condemned the X-Calculus as a formal system without 
clear mathematical foundation, it was up to me to provide some alternative. [...] The 
present paper evolved particularly from the project of making the connections with 
ordinary recursion theory easier to comprehend, since a satisfactory theory of 
computability and programming language semantics had to face this problem.

Scott [1976], pp. 575-576

Stoy[1977], Schmidt[1986] and Gordon[1979], the latter at a more elementary 

level, made a large contribution to the diffusion of Strachey and Scott's methods 

among the computer science community. The fact that its style of notation and its 

use of the mathematical theory is so well known in computer science is the reason, 

we believe, that it can be used also as a medium to express unambiguously 

definitions for the uses o f natural language. Lack of a constructive mathematical 

foundation would compromise the scientific choice and lack of diffusion would 

jeopardize its logic engineering use which ultimately has to test such choice10.

10 This statement was included in order to satisfy Kuhn's[1962] engineering requirement, under which 
theories must be well known to be usable.
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Another advantage of Denotational Semantics is that through the use of recursion 

theory it is possible to give an elegant and clear treatment for a number of paradoxes 

in natural language. As Visser[1988] has shown, the liar paradox and a whole 

group of similar ones can be modeled using fix-point semantics in a very intuitive 

way.

1.3.2 The Typed X-Calculus and Scott's Theory of Computation

Denotational Semantics can in general be used to characterize extensions to the pure 

X-Calculus, as was shown by Scott[1976]. However we will be interested only in 

the X-Calculus constructively typed in the sense o f Scott[1981]. It provides 

expressive power to 'program' any computable function, or in the terminology of 

recursion theory, any partial recursive function. Scott claims that if  we are careful in 

the use of constants and types we can guarantee that any expression, a X-term, 

defines a computable function.

The major consequence of what we have done concerns the typed A.-Calculus. Any 
expression involving only effectively given types and, perhaps, some computable 
constants using only the X, ! -notation [ ! x. x = fix ( Xx. x ) ] defines a computable 
function of its free variables. And such functions applied to computable arguments give 
computable values. And such functions have computable least fixed points. Etc., etc. In a 
definite sense then we have in the "metalanguage", as people say, a quite precise and fully 
mathematical programming language for defining computable operators. [...] And when 
we combine the usual type-definition facility together with domain equations, we have an 
especially powerful language.

Scott[1981], pp. 121

Through the use of the fix operator Scott is able to define in his typed X-Calculus 

the least number operator, the p-scheme (pp. 84) and so the system can define any 

computable function. A standard result from recursion theory shows that when a 

function is defined solely in terms of decidable predicates or total computable 

functions the use of the p-scheme can result in the definition o f a non-total function 

(see Cutland[1980], pp. 45); therefore in general the execution of a typed X-Calculus 

program in Scott's sense may not terminate for some argument. We need in general 

to have an independent proof whether or not a X-term expresses a total function, 

which computation will eventually halt.
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Simply Typed X-Calculus

There is another use of the name 'typed A-Calculus' usually called the simply typed 

A-Calculus and originally defined by Church[1941] from RusselTs[1908] ramified 

theory of types (see Fortune et a/[1984] for a recent definition). This system does 

not use a fix operator and the representable functions form a proper subset of the 

elementary functions (pp. 163). It is claimed that normalization for this calculus is 

provable in Peano Arithmetic. Assuming that all primitive functions are total, and 

with computation seen as normalization or reduction, any simply typed A-Calculus 

program will terminate. Fortune et al[ 1984] also presents the second-order typed \- 
Calculus or polymorphic ^-Calculus. It is a generalization o f the simply typed 

Calculus, obtained by adding a type abstraction mechanism to the simple types. The 

representable functions are a subset of the computable functions called the e0- 

recursive functions. Proof of normalization is discussed but it is not provable in 

Peano Arithmetic nor in augmented second-order Peano Arithmetic (pp. 179). 

However we will not be using this system by itself, but with a constructive 

semantics as introduced by Scott[1976].

Constructively Typed X-Calculus

The typed A-Calculus, with Scott's [1981] constructions, is the system we will be 

using to characterize Montague's English and Situation Semantics' English with 

computable denotations. We want for the metalanguage a computable notation, 

other than a high-order logic. The mathematical and computational properties of 

such logics are unattractive since for instance they constrain theorem provers to be 

inefficient. As will be shown, we think that Montague’s English is not necessarily 

classifiable through a high-order logic. If, as we argue, meaning postulates are to be 

dropped and their effect replaced by syntactical and semantical rules, every 

translatable expression of English should be equivalent to an expression of a typed 

A-Calculus language with only computable constants. If we want our syntactic and 

semantic analysis to provide terminating implementations, we just need to choose 

the appropriate basic constants, and the appropriate syntactic and semantic 

composition rules.

38



Chapter 1 Introduction

For instance, in Montague's PTQ meaning postulates are the direct source o f high- 

order problems, since we are not making the distinction between intensional and 

extensional verbs at the syntactic or semantic stage of analysis, and since at that late 

stage we need to quantify over properties. In this case, we think that the distinction 

between intensional and extensional verbs should be explicit in the syntactic or 

semantic definitions, as we propose in chapter three, and so we would avoid the 

introduction of unnecessary complexities, such as meaning postulates. In general 

we believe that in an effective computational study of natural language, we can and 

should avoid the use o f for instance high-order logics and functions which 

computation may not terminate, through the choice and use of correct definitions n . 

We will discuss the motivation for this in the next paragraph.

1.3.3 Complexity in a Formal Analysis

The computational analysis of natural language can be discussed in terms of the 

complexity of its grammar, the syntactic and semantic systems being defined. There 

is a difference between a formal analysis of language which has real computational 

applications in view and one which has n o t Montague's analysis although formal 

has been criticized as being computationally unattractive, because its Intensional 

Language is a higher order logic. Computational implementations of higher order 

theorem provers are inefficient and ill-understood (Tumer[1988a])

As we proposed, the definition o f a formal grammar for natural language can be 

divided in two closely related parts. W e have to provide a definition for a formal 

system which characterizes the form of the language, its formal syntax, and for a 

form al system  which characterizes the use, the form al semantics. Each 

implementation may have different properties concerning computational complexity 

and efficiency.

11 We accept that in a non effectively computational study of natural language we may accept more 
complex analysis, with various benefits. In this case we can still use the same typed A.-Calculus as it has 
all the expressive power we need to program any computable function, including non effectively 
computable functions with non-terminating programs.
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The Formal Syntax

In PTQ Montague defined a syntax for a dialect o f natural language with 17 rules, 

which used 15 syntactic functions 12, two o f which indexed on the integers (see 

Thomason [1974], pps. 7,23). An alternative and more intuitive definition for 

syntactic formal systems would be one in which we have only one mode of 

combination, concatenation, but more rules. We could then choose the formal 

representation to reflect the type of the syntactic part of the grammar in Chomsky's 

hierarchy (see for instance Harrison[1978]). By restricting the representations, we 

could restrict the syntax to be for example context-free, and by using parser 

generators we could generate efficient parsers directly from the definition o f the 

syntax 13.

The Formal Semantics

In PTQ Montague defined the semantics as an interpretation function. For instance, 

when given an expression of the category sentence and an index, or context of use, 

the interpretation would evaluate to a boolean value. To be computable this function 

has to be definable as a program in some programming language. Montague has 

chosen to translate English into an interpreted intermediate language, called 

Intensional Logic, in which computations could be regarded both as in theorem 

proving and as in function evaluation. There are different choices o f how to provide 

the formal semantics for Montague's English, through variations on the intermediate 

language and on the interpretation of the latter. For instance Tumer[1983a] can 

essentially be seen as using Scott's Lambda Calculus to give an interpretation to the 

intermediate language and therefore express a formal semantics for Montague's 

English. In the same way ours chapters 2 and 3 provide interpretations for 

M ontague's English with alterations over the intermediate language and its

12 Also called modes of combination or structural operations.
13 See Pitt[1989] for an l r  deterministic context-free presentation for p t q 's  syntactic formal system. The 
argument whether natural language is or is not context free depends on our understanding of what are 
'intuitively acceptable expressions' and depends on our formal reduction being directed towards the 
syntactic or the semantic formal system. It is a moot point that we can have a formal syntax that over­
generates, so it accepts every string. In Cunha and Pitt[1989] we discuss the possibility and advantages 
of restricting the syntax to a context-free form. There we propose such a syntax for Shieber's [1985] 
example, which provides evidence against his claim against the context-freeness of natural language.
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interpretation, in order to make explicit the computational characteristics o f his 

treatment and in order to make it more tractable.

Formal and Connectionist Systems

It is not in the scope of this thesis to compare formal systems with Connectionist 

Systems. But we think it is important to notice the different approaches followed to 

capture information. Suppose someone A knows a language, as a collection of 

strings, and A is going to tell us what he knows about that language.

As A is a formalist he has decided to provide me with a Post production system to 

define the language. As an illustration we will use the MIU formal system presented 

in Hofstadter[1979], pp. 33. This system utilizes only three letters, M, I and U. It 

has one basic expression MI and four transformation rules:

1. If you possess a string whose last letter is /, you can add a U at the

end.

2. If you possess Mx, you can add Mxx to your collection.

3. If III occurs in one of the strings in your collection you can make a

new string with U in place of III .

4. If UU occurs inside one of the strings you can drop i t

The collection of strings is the MIU language. It is possible to prove that the string 

MU is not in the language, but such proofs are not possible in general for an 

arbitrary string. Given any string, there should be a procedure to decide if it is or if 

it is not in the language. If it is known, for instance by A, that some string is in the 

language, we can find a derivation for it. O f course this does not tell me how in 

particular A knows that. Probably A has derived it himself, or knows more about 

the system than we were told above. But if A has given me a string which he knows 

that it is not in the system, we might never finish in the process to find its 

derivation.

If we were not happy with this state of affairs, we could try to use a connectionist 

system. We would only accept that A provides examples of strings in the language,
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and strings not in the language in the training or learning phase. After having gone 

through a sufficient number of examples, the system should have induced some rule 

to be able to decide always in a finite amount o f time whether any given string was 

or was not in the language. We could also allow the training of explicit cases of 'not 

known'. For simplicity we also regard the system as deterministic. This means that 

the function it computes, after the training or learning stage is finished, does not 

change with time, and can therefore be represented as a decidable formal system.

There are two important points we believe should be noticed. The first is that in the 

connectionist case we are never sure that the results are correct, as they depend on 

whether the learning and induction process was sufficiently complete. The second 

one, which is an open question, is whether the human processing capacity is better 

simulated by variations of the first formal system or of the second. One of the 

implications of accepting the second model, is that any question produces an answer 

in a finite time, even if that answer has to be something like the 'not known' case.

The Computational Meaning of Quantification

The logical and computational study of quantifiers has been closely related to the 

logical study o f the infinite, and o f the problems of scientific induction and 

generalization 14. Russell[1946], pp. 647, thinks of induction as an independent 

logical principle, without which generalization in natural science is impossible. To 

generalize corresponds to use the principle of induction on a finite number of 

observed examples o f some phenomena that is under study. Linguistic expressions 

which describe the results of scientific induction contain at least one determiner, 

usually a universal quantifier.

The Greeks in general attached more importance to deduction as a source of knowledge 
than modem philosophers do. In this respect, Aristotle was less at fault than Plato; he 
repeatedly admitted the importance of induction, and he devoted considerable attention to 
the question: how do we know the first premisses from which deduction must start? 
Nevertheless, he, like other Greeks, gave undue prominence to deduction in his theory of 
knowledge. We shall agree that Mr Smith (say) is mortal, and we may, loosely, say that

14 This is not to be confused with mathematical induction, for instance on integers. Scientific induction 
is present for instance when a universal law is proposed as an attempt to explain some natural 
phenomena.
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we know this because we know that all men are mortal. But what we really know is not 'all 
men are mortal'; we know rather something like 'all men born more than one hundred and 
fifty years ago are mortal, and so are almost all men born more than one hundred years 
ago’. This is our reason for thinking that Mr Smith will die. But this argument is an 
induction not a deduction. It has less cogency than a deduction, and yields only a 
probability, not certainty; but on the other hand it gives new knowledge, which deduction 
does not.

Russell[1946], pp. 209

In the Tractatus', Wittgenstein tried to account for quantifiers by taking universally 

quantified statements as long conjunctions and existentially quantified statements as 

long disjunctions. In order to do this however Wittgenstein would need to introduce 

an axiom of finitude, what was in contradiction with Russell's necessity of an 

axiom of infinity to get number theory off the ground. As Kenny [1973] refers to, 

pps. 92,116, Wittgenstein was never satisfied with this account, except when the 

conjunctions or disjunctions were clearly finite. Statements about all numbers could 

not be treated as conjunctions of statements about each of the numbers.

Karl Popper has extensively criticized Russell's views on induction (see for 

instance in Popper[1953], particularly sections IV to X). The criticism of induction 

as a logical principle, and as a consequence that scientific universal statements 

cannot in general be logically deduced, and a parallel criticism of the unscientific 

character o f existential statements (see for instance in Popper[1935], section 15), 

have proved to be an interesting proposal. In chapter two we will provide a 

computable definition for universal and existential quantifier operators, which are 

monotonic and continuous. Our definition resulted from attempts to find Plotkin's 

[1981], pp. 15, maximal quantifier in a computable space of functions. Our 

quantifier intuitively shares the properties we associate with the use of 

generalization sentences. We believe that our definition is consistent with Popper's 

views on such sentences.

Generalized and Binary Quantifiers

Barwise and Cooper[1981] have drawn attention to the fact that there is a much 

larger number of quantifiers other than the universal and existential quantifiers
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introduced by Frege. They also argue that the syntactic structure o f quantified 

sentences in predicate calculus is very much different from the syntactic structure of 

quantified sentences in natural language. Barwise and Cooper's work on 

generalized quantifiers claims that many determiners of natural language cannot be 

modeled naturally with the quantifiers of first order logic. Their observations seem 

to bring again into logical discussions of natural language Aristotle's views on 

logic, particularly its 'Syllogistics' (see for instance Lear[1980]). Westerstahl[1988] 

covers much of the current state o f research on this area. We think it is particularly 

promising for computational analysis o f language Westerstahl's theory of binary 

quantifiers.

1.3.4 Computational Linguistics

Symbolic processing of natural language applies in its most general form to a 

syntactic object called tex t Text can be formalized as an ordered collection of 

characters from a finite set. Characters form words, sentences, documents. 

Documents are of different types, as are words and sentences.

[...] Two terms are employed for the interconnection of grammar and the uses of grammar 
TEXT LINGUISTICS and discourse analysis. All types of organization (but notably 
lexicology and grammar) enter into the structure of texts, which constitute spoken and 
written discourse.

Quirk et al[1985], pp. 12

In the formal processing of natural language we often assume that any kind of 

communication can be reduced to some form o f tex t W e will also assume that 

contexts of use can be formalized as text, in order to be amenable to formal 

processing.

The linguistic analysis o f natural language produces knowledge. It creates 

grammars which attempt to characterize the correct forms and uses of languages. In 

part, this process takes place through the introduction of technical languages in 

order to classify the linguistic objects and derive rules. The definition of a stable 

dictionary, although partial and incomplete, is essential in establishing the rules of 

grammar. Its definitions provide the basic vocabulary, basic primitive classifications
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and a basic set o f informal equality relations on use. Although most of the 

definitions are ambiguous, i.e., there are multiple definitions for the same words, 

the disambiguation is usually decidable given the context of use. In a computational 

implementation this ambiguity should always be decidable, if  we accept the 

principle of formal reduction referred to previously.

Types and Types of Sentences

Linguistics accepts that natural language is essentially typed. The need for regularity 

demands that to happen. It is basically the same reason that Scott[1976] refers to for 

the definition of data types in programming languages,

What then is a data type ? Answer a type of data. That is to say, a collection of data that 
have been grouped together for reasons of similarity of structure or perhaps mere 
convenience. Thus the collection may very well be a mixed bag, but more often than not 
canons of taste or demands of simplicity dictate an adherence to regularity. [...].

Scott[1976], pp. 539

This is not a claim that natural language is equivalent to a typed formal system, but 

could be used to indicate so. As the choices o f categories, or types, in traditional 

grammar result from comprehensive studies, we would think that they represent 

effective classifications, at least for our use. The adherence to regularities is 

consistent with mechanisms to deal with ambiguity. For instance the division of 

words into classes of verbs and nouns is dictated by simplicity, but there are rules 

which also allow a word form classified as a verb to be converted and classified as a 

noun. Quirk et al [1985], for instance group these rules under the name of 

conversion rules (pp. 1520). The mathematical method applied to linguistics 

attempts to make explicit these regularities and the choices of categories.

One of the working hypothesis in this thesis is that Montague and Barwise are just 

formalizing different uses of language using different types of sentences: declarative 

sentences and indicative sentences (see further discussion and examples on chapter 

three, section 3.5.2). A sentence in a declarative use, and in a given context, has the 

same type of meaning that Barwise attributes to statements of indicative sentences. 

In general our hypothesis extends to other types of sentences such as interrogative.
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In general we believe this is the kind of typing in Wittgenstein's famous list of 

different kinds of language-games,

But how many kinds of sentence are there? Say assertion, question, and 
command? — There are countless kinds: countless different kinds of use of what we call 
"symbols", "words”, "sentences". And this multiplicity is not something fixed, given 
once and for all; but new types of language, new language-games, as we may say, came 
into existence, and others become obsolete and get forgotten. (We can get a rough picture 
of this from the changes in mathematics.)

Here the term "language-game" is meant to bring into prominence the fact that the 
speaking of language is part of an activity, or of a form of life.

Review the multiplicity of language-games in the following examples, and in 
others:

Giving orders, and obeying them —
Describing the appearance of an object, or giving its measurements —
Constructing an object from a description (a drawing) —

[».]
Solving a problem in practical arithmetic —
Translating from one language into another —
Asking, thanking, cursing, greeting, praying.

— It is interesting to compare the multiplicity of the tools in the language and of the 
ways they are used, the multiplicity of kinds of word and sentence, with what logicians 
have said about the structure of language. (Including the author of the Tractatus Logico- 
Philosophicus.)

Wittgenstein[1953], §23, pp. l l e

This view o f language would allow us to conclude that the different formal 

definitions of meaning for sentences between Frege and Montague on one side and 

Barwise and Perry on the other, are just different perceptions of their uses. Frege 

and M ontague's meaning object o f a boolean intension would be seen as 

formalizing the meaning of a declarative sentence used in a language-game which 

requires a judgement using 'yes' or 'no'. Barwise and Perry's meaning o f referred 

situations would be seen as formalizing the meaning of a sentence used in a 

language-game which consists o f describing possible referred situations. However 

we believe that this is not the kind of argument that would be accepted by 

Montague, Barwise or Perry, whose inspiration for natural language semantics 

comes in many respects from logical positivism. From a methodological point of 

view, we would argue that the choice for meaning and its formalization are two 

independent problems. We are not claiming however that they are not related, in the
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same way as an indicative sentence has an associated boolean value, when used 

declaratively.

Traditional and Formal Linguistics

We will call informal or traditional, linguistic systems which explicitly use in their 

constructions mathematical methods. Quirk et al[1985], Halliday[1961] are 

examples of traditional grammars of English that fall under under this classification. 

We will call them formal if mathematical methods play an explicit role in their 

construction. If mathematical is identified with computational we would say that 

computational linguistic theories on grammar differ from the traditional ones 

because they are interested in grammars that can be used both by people and by 

machines. However, we may not always accept that mathematical theories of 

grammar are usable by both. For completeness, we will very briefly refer to some 

research paradigms in computational linguistics. Pitt[1989] provides an excellent 

review of the developments in the field of computational linguistics, and o f the state 

of the art in parsing and generation.

Transformational grammar, originating from Chomsky[1957] and Chomsky[1965] 

provides a formal theory of grammar. Very generally, it uses a syntactical paradigm 

based on a formal theory of languages and automata theory. As far as we are 

concerned, it fails to recognize the importance of semantics and mathematical logic 

by concentrating in the syntactic definition of the set of declarative sentences of the 

language. W inograd[1983], particularly chapter four, provides an interesting 

overview of the computational paradigm in transformational grammar.

Systemic grammar originating from Halliday[1961] is a special presentation of 

traditional grammar. It was formalized and used in Winograd[1972] to implement 

SHRLDU, perhaps the first successful natural language processing system. Although 

not originally designed for computing applications, systemic grammar can be 

characterized with mathematical methods. Functional-unification grammars, 

Kay [1985], and logical treatments of feature graphs, Rounds and Kasper[1986],
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can be seen as formal treatments for systemic grammars. Halliday and Martin[1981] 

present more recent developments of the original paradigm.

Functional-unification grammars can also been seen as a consequence of 

investigations in logic, automated theorem proving and parsing-generation. For 

instance the work on logical grammars and parsing initiated by Colmerauer[1976] 

and Pereira and Warren[1978] has its foundations in the study of logic and theorem 

proving.

1.4 CONCLUSION

We believe that Montague Semantics and Situation Semantics are the two most 

successful formal paradigms for natural language analysis. They have strong 

philosophical and mathematical foundations, and accept that most of the traditional 

work on linguistics can be usefully formalized. However we believe that those 

systems should be both simplified and given clear computable presentations. We 

propose to use the methods and notations of Denotational Semantics.

We believe that recent developments in philosophy o f mathematics and science, 

which can be called constructivist, demand a greater preoccupation with the 

implementability of formal theories, or proofs o f such possibility. They also require 

discussions on how they relate to human cognitive processes, such as for instance 

whether it is possible for such formal systems to be learnt. Because Denotational 

Semantics provides a computable theory of functions and because functions can be 

discussed on terms of leamability we believe it offers a suitable framework for the 

analysis of natural language.
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To most logicians (like the first author) trained in model-theoretic 
semantics, natural language was an anathema, impossibly vague and 
incoherent. To us, the revolutionary idea in Montague’s paper PTQ (and 
earlier papers) is the claim that natural language is not impossibly 
incoherent, as his teacher Tarski had led us to believe, but that large 
portions of its semantics can be treated by combining known tools from 
logic, tools like functions of finite type, the X-calculus, generalized 
quantifiers, tense and modal logic, and all the rest

Montague had a certain job that he wanted to do and used whatever 
tools he had at hand to do i t  If the product he built looks a bit like a Rube 
Goldberg machine, well, at least it works pretty welL

Barwise and Cooper[1981], pp. 204

C h a p t e r  2

C o m p u t a b l e  N o t a t io n s  a n d  D e n o t a t io n s  f o r  M o n t a g u e 's p t q

2.1 I n t r o d u c t io n

In T he Proper Treatment of Quantification in Ordinary English', usually shortened 

as PTQ, Montague[1970d] defines a certain fragment of a certain dialect of English. 

He provides for that fragment o f English a formal syntax and semantics, using 

mathematical tools developed by Tarski, and supporting Popper's [1960] writings 

which claimed that Tarski's theories were applicable not only to formalized 

languages but as well to natural languages.

M ontague's fragm ent o f Natural Language, which we will call M-NL, is a 

syntactically typed language, whose categories are the ones we could find in a
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traditional grammar of English such as Quirk et a/[1985]. In order to define the 

interpretation of M-NL Montague introduces an intensional language IL, gives its 

semantics in a space SP of o f functions over truth-values, entities and indices, and 

the interpretation of M-NL is induced by translation into the intermediate language:

/ u
M-NL ---------—----- > IL —---------- :---- > y

translation interpretation

In the presentation of M-NL o f this chapter we are mainly interested in highlighting 

its computational properties. As was proposed in chapter one we will be using to 

achieve that objective the treatment of Denotational Semantics. In this chapter, with 

a few limitations, and in the next chapter we will show how the intuitions in PTQ 
can be captured using only computable functions defined over effectively given 

domains of partial objects, with the advantages referred to in the previous chapter:

M-NLj_
t

----------------->
translation IL±

u
------------- >
interpretation

Our presentation has been greatly influenced by the presentations o f Gallin[1975], 

Dowty et a/[1981], Tumer[1983a] and Jowsey[1986]. The use we make of the 

functional notation is new in Montague semantics, particularly in the form of the 

definitions for the semantic functions which make explicit the name of the functions 

and of the arguments. Making those names explicit at notation level is, we believe, a 

great advantage in the discussions of meaning, intentionality and computability In 

the use of Dana Scott's Domain Theory for semantics our treatment follows directly 

from Tumer[ 1983a, 1983b]. We believe it is more important to use Scott’s theory 

as a theory of computation in the definition of grammars for natural language, and 

not mainly to use it to show the existence of non-trivial solutions for denotations of

1 The word intension was introduced by Carnap[1946] in logical terminology and has been widely used in 
formal treatments of intentionality. In Philosophy intentionality is involved when dealing with the 
objects of knowledge, belief and necessity, as opposed to immediate sense objects involved in using the 
physical senses; see for instance Malmgren[1971]. As Hodges[1977] says Alas fo r  the infelicities o f 
logical terminology. In general remarks we will be using the word intentionality, but we will use in the 
logical tradition intension and intensional verbs (as opposed to extension and extensional verbs).
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other linguistic phenomena in a Montagovian ontology, as Turner does with the 

objective of providing a treatment for nominalization.

We start in the following section 2.2 with an introduction to the notation and 

primitives which will be used in our computational study of natural language. This 

notation has to be understood in the Scott-Strachey style o f Denotational 

Semantics 2. Section 2.3 introduces the definition of English in PTQ  using this 

notation and theory. We will comment on Montague's definition o f grammar, the 

meaning of natural language expressions, the treatment of intentionality and the 

definition o f contexts of use. This presentation will be a first step towards a 

simplified treatment with clear computational presentation. The definition for the 

semantics o f IL follows from Tumer[1983a] by using Scott[1981] improved 

notation. In section 2.4 we discuss the definition and use of the intensional operators 

and provide evidence which shows that they should be avoided. We also discuss 

whether we need intensional operators in the treatment o f intentionality in natural 

language, and of intensional verbs in particular.

2.2  N o t a t io n , Pr im it iv e s  a n d  C o m p u t a b l e  C o n s t a n t s

Most of the notation which we will use is standard and should cause no problems 

for the reader. Notation for semantics will be that standardly used in Denotational 

Semantics. As we regard functions and arguments as having equal status we will 

tend to write ab instead of a(b). We will use different types o f parenthesis to 

facilitate reading. We will tend to use square brackets on arguments when using 

functions with objects in syntactic domains. The notation g[a<-v] denotes a function 

like g, except that variable v in the domain of g is assigned the value a. Application 

associates to the left, so we write abc instead of (ab)c. Arrow associates to the 

right, and so we write a ->b ->c instead of a (b -> c). Sum, product and arrow 

have the usual precedences, so we write a *b -+ c instead of (a x b) -* c and

2 Although the name Denotational Semantics can be used to refer to any mathematical semantics, say as 
oposed to axiomatic (Hoare) semantics or operational semantics, in Computer Science it is usually used 
to refer to a particular type of mathematical semantics developed by Strachey and Scott to formalize 
programming languages. See for instance Stoy[1973], Milne and Strachey[1976] or Scott[1981].
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a + b ->c  instead of (a +b) -> c. In our definitions we shall use = for definitional 

equality. The symbol = stands for isomorphic equality between domains.

2.2.1 Domains and Computability

The primitive domains we will be using are complete partially ordered sets having a 

a least element, or CPO's. Usually they are just Montague sets to which a least 

element 1  has been added. W e just impose that for all the elements of the set are 

incomparable by the ordering relation E, and that each elem ent* is better defined 

than ±, and we write 1 E x. For a primitive set X we denote the new domain by X±, 
or if there is no confusion just by X. The operation described is usually named 

lifting. We will do exactly as in Tumer[ 1983a] for all o f Montague's primitive sets. 

This type o f domains is important because it has the properties which must be 

respected in order to model effective computability. On this subject see for instance 

chapter one o f Plotkin[1981] or Scott[1981].

Together with our domains we introduce a few operations that will be used to 

construct other domains and which preserve the properties of effective presentation. 

Using such domains, the effective computability of functions can be proved based 

on the acceptance of a few theses, equivalent to Church's thesis. For instance, a 

function to be effectively computable must be defined on a CPO, and must be 

proved to be monotonic and continuous on that domain. For example the functions 

cond and and are part of the structure of the boolean domain, that we will define in 

the next section, and are proved to be computable in Scott[1981], pp. 57. However, 

the mathematical properties of monotonicity and continuity are particularly helpful to 

prove computability of functions with arguments o f non finite size, such as 

functions on functions over infinite domains. This is the case for instance of the 

semantic interpretation functions in this thesis.

2.2.2 The Boolean Domain

There are different ways to model declarative sentences in Logic. In order to do so 

Montague used the set of truth values. As we want to model the computability of
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such semantics we will use instead a domain of booleans as defined by Scott[1981], 

or Tumer[1983a]. Intuitively the total elements are Montague's true and false, and 

the undefined element is a truth-value gap which corresponds to a state of 

information for which we do not want to judge an declarative sentence either as 

being true or false. This presentation is the one which corresponds to accepting a 

complete symmetry between truth and falsity, as for instance was formally 

introduced by Boole[1854]. As we will see in the semantics of quantified 

declarative sentences, there are other presentations for the same elements of the 

boolean set, which correspond to rejecting their symmetry.

Definition 22.1 The domain £8 of booleans d has two total elements /  a n d a n d  

a partial element or just ±. Its structure satisfies the complete partial ordering

J .E /  a n d J .E /

\ /
1

2.2.3 Constructions on Domains

In the definitions of domains we will be using the following constructions where if 

A and B are effectively given domains the defined domain is also effectively given. 

The page numbers refer to the definitions in Scott[1981].

A + B disjoint sum pp. 47

finite sum (n>0) pp. 47

A x B product pp. 33

n nAn finite product (n>0) PP- 45
A -> B function space pp. 38

The condition we require on primitive domains to be effectively given has been 

taken from Scott[1981]. Intuitively we will only accept as primitive domains the 

ones which have at most a countable infinity of finite elements, and for this finite 

elements we must know how they are ‘related to’ each other (pp. 113).
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When it is obviously provable that a presentation o f domains can be indexed by 

integers and there is a finite number of such domains, we will use subscripts other 

than n. This is the case for instance in definition 2.3.1.4.

2.2.4 Computable Elements

In our definitions we will be using some predefined constants as computable 

elements. If A, B and C are any effectively given domains, the functions curry and 

cond with the following types are computable. The page numbers refer again to the 

full definitions in Scott[1981].

curry (AxB ->C) ->(A->B ->C) pp.42
cond 38 xA xA —> A pp. 49

Intuitively for instance, cond(t, x, y)=x, condfex, y)=y and cond(±&, x, y)=J-A . 

Logical Connectives

In our definitions we will also be using the usual truth-functional connectives. 

Given that there are many choices for the computational implementation of the 

connectives, we would need in general to use disambiguation techniques. We could 

for instance think o f them defined on the boolean domain as the standard strict 

functions. However, following Tumerf 1983b] we will use Kleene's strong three­

valued connectives. The connectives andt not and implies have the following 

definitions, and or, xor, and equival can be derived in the standard way for 

instance from the first two.

and 4 / 1 not impl ies 4 1
4 '  / 4 / 4 4 / 1

/ /  /  / / 4 / 4 4 4
1 ±  /  j . 1 1 1 4 1 1

Equality

As we will see in the definition 2.3.4. l o f the semantic function on IL we need to use 

a function equal defined in general on every type of domain o f denotations of
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expressions. However, given any translation of English into IL we could show that 

we will only need to have this relation defined on elements of the domain of entities. 

If this is a flat domain we do not have problems to prove its computability. Such 

function is necessary to formalize Turner's [1983a] relation is the same element as for 

which the proof of computability was not given. In general we would need to check 

exactly how such function is used in Montague's treatment of English, as it uses 

equality between expressions of categories which require as denotation a function 

on intension of entities. For instance, the translation o f 'the a uses equality on 

variables of IL of type s->e. However, as in our treatment o f the following chapter 

will not need more than equality defined in a flat domain, we will not discuss this 

matter further. In fact the same happens with Tumer[1983a] as he uses Bennett's3 

simplification to PTQ.

Quantification

We will also need to use operators and functions corresponding to the quantifiers 

which we will name exists and foraU. There have been a number o f problems in 

the attempt to define quantifiers and in answering questions on their computability. 

Plotkin[1981], chapter one, pp. 15, indicates a property that existential quantifiers 

should have and as a problem asks the reader to find the maximal computable 

quantifier. Unfortunately no answer is provided. G iven that the work of 

Tumer[ 1983a, 1983b] has concentrated on the problem of computability for the 

universal quantifier, we will discuss it here and we will assume that there is a 

similar treatment for the existential quantifier.

Turner's [1983b] initial definition for the universal quantifier, which we will name 

here as forall, is basically the following one, where ¥̂]_ is the flat domain (CPO) of 

integers and -> &] is the domain of partially computable boolean functions on 

integers:

forall: [^V-> £8] ->£8 4

3 For Bennett's simplification see for instance Dowty etal[ 1981], pps. 188 & ffs.
4 For simplicity, and if there is no ambiguity, we will avoid the subscript.
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t  if  f(n) = S for all elements n of 

forall f  = < ^  if f(n) for some element n of

„ ± o therw ise.

If <fn> is an co-sequence of the fo rm /0 E/y E ... E/n E ... in ], it admits

a least upper bound. We write for the least upper bound of such sequence (J f n . In 

order to prove that the quantifier operator, as defined, satisfies monotonicity and 

continuity Turner has to show that,

Given the structure o f the boolean domain, i.e. that it is finite with two total 

elements, proving (Tl) is equivalent to proving both (T2) and (T3),

Turner proves (T2) and (T3). The most critical step is in the proof of (T2) on the left- 

to-right implication: first observe that forall ( ij fn) = * iff for each d in ({Jfn) 
(d) =/.  By the structure o f 3 8  there must be some n such that for each m>n it is the 

case that fm(d)=S. But th e n /mfd j=  /  for each d in  8̂3. In particular for d=_L, 

fm(±)= t .  But because o f the continuity oifm this guarantees that forall (fm)= t  
for each m£n. Hence IJforall ( f j  = /.

As Turner observes, because the predicates or functions/on w/^are continuous and 

therefore monotonic, forall(f) is true if and only i f / i s  a function which holds on 

the undefined element of 8̂3. But this rather trivializes the idea o f quantification. 

(Tumer[1984b], pp. 31). This happens for instance in the case where the function 

has the form f=Xn. t  of a constant predicate.

Intuitively we should expect that forall(fn) =^  for any sequence which for some d, 

fn(d)= / -  Following the diagram below, we should only expect that forall(fn) = /

forall ( i j  f n) = (J forall ( f j (Tl)

forall ( (yjfn) = 8 iff (J forall (fn) = *

forall ( ijfn ) = /  iff (J forall (fn) = / (T3)

(T2)
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for an infinite total sequence, in the case where for each d,fn(d)= / .  Intuitively 

again, we would not expect for any partial sequence fn that foralltfj would be true.

n 1 0  1 2  3 ... forall(fn
/  /  /  /  /  / 4

/« 1 /  /  /  /  1 1

f, 1 i  t  1  /  1 1
fo 1 1 1 1  1  1 1

But, as we will see, quantification presented in this intuitive way suffers from a 

major problem. We know as well that showing continuity can also be done by 

proving monotonicity,

foratt ({JfJ  3  Uforall (f„)

and then to prove continuity, we just need to show, 

forall ((JfJ  E (Jforall ( f j

It may seem that the example in the diagram above violates continuity. However we 

should observe that the (o-sequence shown does not correspond to a continuous 

element in [ ̂ ¥'-> S3] . I f  it did, and using Turner's argument, for some finite n, we 

should have t h a t w h e n  it is the case that for each d,fn(d)= / .  In other 

words, a sequence which only has all elements /  in the infinite limit cannot be 

computably presented.

Turner's attempt to define a computable quantifier based on restricting the definition 

on the undefined element becomes rather difficult as it involves the use and 

restrictions on £«,, the lim it of the constructions which form a solution of the 

domain equation E=S3+[E—>E] . The value of a quantifier forall(p) where p is now 

of type , is defined according to the value o f p(d) for d 's in - (J En and

therefore depends on an integer parameter n for each predicate. Although this latter 

dependency is said by Turner to be intuitively acceptable and expected, it seems that 

the argument has been found wanting.
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There are good intuitive reasons for supporting the computability of quantifiers. 

Given any finite approximation f n , we usually make the assertion that fora llffj is 

true based on an effective computation on that partial information. We can in fact 

define a universal operator which satisfies this notion of assertibility. However, we 

will need to change the structure of the boolean set and the definition of the 

universal operator as follows.

Definition 22.3.1 The domain of refutable booleans 4 has one total e lem ent^  

and a partial element t . Its structure satisfies the complete partial ordering The 

upperscript u stands for universal, as this domain is introduced for the treatment of 

universal statements. We will avoid superscripts when context is not ambiguous5.

Definition 2.2.32 The following operator is called a refutable universal quantifier 

fora ll: [^V—>

if f(n) = /  for some element n of ̂ Y'.

t u otherwise.

Using this definition we can prove monotonicity and continuity. To prove 

monotonicity we need to show that

i f / / - / /  then forall (fj) £ forall (fj) .

This much is obvious as an increase in the definition of f n can only be achieved 

either by having for some d the value off n+i (d) changing from undefined into true 

or false. In the later, forall (fn+1) b e c a m e s , in the former it does not change 

value.

5 We could have used another domain with an undefined element below 4. That option might be necessary 
to treat universally quantified sentences for which no truth value would be an appropriate value, such as 
syntactically unacceptable ones. However, for a semantic treatment involving the notion of refutation it 
seems that the domain above is sufficient.
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To prove continuity and given the structure of 38* , we need to show that, 

forall ((JfJ = / u iff (J forall (f„) = /*

But, because 38* is finite the equality on the right of the equivalence holds iff for 

some n,forall(fJ=/?u . Given the definition of forall, the previous equality holds 

iff for some d in ^ " a n d  for some n,fn(d)=/f. And this iff (ijfn) (&)=/- But again 

from the definition o f forall this happens when forall ((J f j  = / * .

W e believe that there are good reasons to accept this definition o f universal 

quantification as well as many questions to answer. Let us observe the following 

examples El and E2, covered by this definition.

El  ± 0 1 2 3 . . .  forall(fn) 
1 4  4 4 It 4 \ 4*

f t 1 / 4 4 / 1

f 14 4 14 1
f 0 1 1 1 1 1 1

4U

4U
4*

E2 1 0  1 2  3 ... forallffj
1 4 4 4 /  4 r

f, 1 4 4 4 /  I r

f , 1 4  4 1  1  1 4*
fo 1 1 1 1  1  1

W e believe that this characterization for the universal quantifier corresponds to 

having a refutability theory of meaning in the lines defended by Popper, (see for 

instance Popper[1960]). Under this view any universal statement which has not 

been falsified in any finite approximation can be computed as being true. In this 

respect, we need truth to be less defined than falsity, as the former can always be 

assumed if no information is available6. Some of the questions which will need to 

be answered are related with the semantics of embedded quantifiers, for instance 

what happens when giving the semantics o f quantified relative clauses of

6 We propose to discuss this matter in a forthcoming paper. We believe this is the proper treatment we 
need for quantified scientific sentences. For instance in Newton’s theory of gravitation, universal 
statements were made and these were generally assumed to be true because, if we accept Popper's claim, 
under the known collection of facts they cannot be falsified. The treatment of existential quantifiers 
should be done in a similar way to the one proposed here, with the role of the elements true and false of 
the boolean domain inverted. The falsity of an existential statement for which there is no 
exemplification known can, and according to Popper should, always be assumed at least in a scientific 
environment.
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propositional attitudes. We will not take further this discussion, except to assume 

that the boolean domain which is to be used throughout this work will need 

possibly to be defined together with other semantic disambiguation processes, such 

as for instance the choice of the meaning of a connective, say, between a strong and 

a weak meaning.

2.3 A  S E M A N T IC A L L Y  C L E A R  V E R S IO N  O F PTQ

In this section we take a critical view of PTQ's semantics of English and propose for 

it a new and improved representation. In order to have a self-contained section, we 

will reexpress its definitions of syntax with minor changes. This presentation will 

be a step towards a simplified semantical treatment with clear computational 

presentation, which will follow in chapter three. As we said, the definition for the 

semantics of IL is based on Tumer[ 1983a] using Scott[1981] notation. The main 

improvements corresponds to make explicit references to function names through 

out, for instance for the interpretation function of IL and for the translation functions 

on categories and expressions of English. As will be discussed on section 2.4 this is 

a major im provem ent By using the quantifiers defined previously and making 

explicit use of an equality function, we improve on Turner's presentation, which 

goes towards our objective of obtaining a fully computational treatment

2.3.1 Montague's Syntax of English

The definition and presentation o f the syntactic system for PTQ1 s English is 

basically equal to the one in Montague's original paper. Although syntax is not our 

main concern here, we note that as the basis for a computational definition of 

grammar, and to allow for instance efficient parser generation and efficient parsing, 

Montague's English syntax should be defined and presented as in Pitt[1989]. At the 

end of this section we give a very simple example of how it could have been done. 

Pitt's form of definition, based on L/?-grammars, provides for the automatic 

construction of an efficient parser generator from the definition.
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Syntactic Categories

Definition 2.3.1.1 The set CAT of syntactic categories of Montague’s Natural 

language, M-NL, is defined as follows:

1. Basic categories e and t are syntactic categories.

2. If  a and b are syntactic categories so is (a->b) and (a = > b ).

Definition 2.3.12 The following names will be used for the syntactic categories:

t
IV

or declarative sentences or just sentences.
or Intransitive Verb phrases, is to be the category of (e->t).

T or Terms, (IV->t).
TV or Transitive Verb phrases, (T->TV).

1AV or TV-modifying Adverbs, (IV->IV).

CN or Common Noun phrases. (e=>t).
SN or Sentence-modifying Adverbs, (t->t).
IAVP or AV-making Prepositions, (T->IAV).

SV or Sentence taking Verb phrases, (t->N).
IVV or IV-taking Verb phrases, (iv=>rv).

Basic Expressions

Definition 2.3.13 The sets Ba of basic expressions ba of category a are given:

Bjy = {run, walk, talk, rise, change}.
Bt = {John, Mary, Bill, ninety, helt he2, he3, 
btv -  (find, lose, eat, love, date, be, seek, conceive}.
Biav = {rapidly, slowly, voluntarily, allegedly}.
Bcn = (man, woman, park, fish, pen, unicorn, price, temperature}. 
b s n  ~ (necessarily}.
B ja v p  = {in, about}.
Bsv = {believe that, assert that}.
Bjw = {try to, wish to}.
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The sets of basic expressions of other categories are empty. A  basic expression b is 

a member of B = 5  ̂ Ba .

Phrases

Definition 2.3.14 The sets Pa of phrases p a of category a are introduced by the 

rules:

Basic rules:

1. For all categories a, any member of Ba is in Pa .

2. If  a eP CN then Fq( cc), Fj(a), F2(a) eP T , where:

F0(a) = every a,

F j(a) = the a,

F2(a) = a a  or F2(a)=an a,

according as the first word in a  takes a or an.

3. If aeP CN and peP t then F3n(a,p)ePCN, where:

F3n( a,P)= a  such that P',

and p' comes from p  by replacing each occurrence of hen or himn 

by he, she, it or him, h er, it respectively, according as the first 

Bcn in p  is of masculine, feminine or neuter gender.

Rules offimctional application:

4. If  a eP T and pePw then F4(a,p)ePt , where 

F4(a>P) = a F  y
and p ’ is the result of replacing the first verb in p by its third 

person singular present.

5. If aeP jy  and peP T then F ^ a ^ e P jy  , where

F5(a,P) = a p , if p does not have the formhen or 

Fs(a,hen)= a himn .

6. If  aeP IAVP andj9ePr then F ^ a ^ e P y ^  .

7. If  aeP sv and peP t then F6(a,p)ePjy , where 

Fd(cc,P) = a  p  .

8. If  a eP T]V and pePjy then F6(a,p)ePN .
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9. If aePSN and f5ePt then F6(a,P)ePt .

10. If aePIAV and PePN then, F7(a^)ePjy , where 

F7(a,P) a.

Rules o f conjunction and disjunction:

11. If  4>, y/ePt then F8(<p,y)ePt and F9(<p,y)ePt , where

Ftfhyr) = Qandyr,
Fg(<P,v) = $or V •

12. If (j>, yrePjy then F8(<f>,\ir)ePlv and Fgfhy/iePjy .
13. If <p, y/ePT then Fg(<p,y/)ePT.

Rules o f quantification:

14. If aePT and <pePt then Fj0n(a,<p)ePt , where either 1 or 2:

1. a does not have the form hek, and Fi0 n(a,$) comes from ^ b y  

replacing the first occurrence of hen or himn by a, and all other 

occurrences o f  hen or himn by he, she, it or him, her, it 
respectively, according as the first BCN or BT in <p is o f masculine, 

feminine or neuter gender.

2. a-hek, and Fj0tn(a,<p) comes from <j>by replacing all occurrences 

of hen or himn by hek or himk respectively.

15. If  aePT and £ePcs then F10n(a,QePCN .

16. If  aePT and SeP# then F 10 n(a,8)eP^ .

Rules o f tense and sign:

17. If aePT and SePp, then

Fjj(a,8)f F 12(01,8), Fjj(a,8), F 24(01,8), F^(a,8)ePt , where:

Fjj(a,8) = a ff, and S'is the result of replacing the first verb in 5 by its 

negative third person singular present;

F22(01,8) = a 8”, and 5" is the result o f replacing the first verb in 8 by its 

third person singular future;
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F13(a,8) = a  S'", and 8"' is the result o f replacing the first verb in 8 by 

its negative third person singular future;

F14(a,8) = a  S"", and 5"" is the result of replacing the first verb in 5 by 

its third person singular perfect;

F15(a,8) = a 8"", and 8"" is the result of replacing the first verb in 8 by 

its negative third person singular perfect

A meaningful or well-formed expression p  of M-NL is a member o f P = la  Pa . 

Example fro m  LR -G ram m ars

Specification languages for grammars have been used to define Montague’s English 

Syntax. With such language we would for instance rewrite rules 7 and 11 on which 

the syntactic operations correspond to concatenation, e.g. operations F6 and F8 , as 

follows:

7. (F6) ivphrase ::=  svphrase sent

11. (F8) sent ::=  sent and sent

In the work o f Pitt[1989], A ttribute-translation Grammar, a form alism  for 

grammars based on this kind o f notation, is used to define an extension to 

M ontague's fragment of English. Attribute-translation Grammar does not use 

syncategorematic definitions, but rather extends the definition o f the lexicon to 

include for instance the words corresponding to the logical connectives.

Although forms of syntactic expression are not in our main concern, we will make 

use of this simplified and more effective type of notation in chapter 3, section 3.5, 

when introducing and discussing computational grammars.

2 .3 .2  M on tague 's  Syntax o f In tensional Logic IL 

T y p e s

Definition 2.3.2.1 The set T of types of Montague's Intensional Logic, /L, is 

defined as follows:
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1. Basic categories e and / are types.

2. If  a and are types so is (a->P).

3. If  a is a type so is (s->a) .

S y m b o ls

Definition 2.3.22 We will define nine different kind of symbols in the alphabet of

the language:

l. Connectives: A V

2. Quantifiers: 3

3. Modal operators: 0 □

4. Temporal operators: F P

5. Cap cup operators: * V

6. Punctuation marks: • ( )
7. Abstractor. A

8. Constants Ca of type a : 1 c a2 Ca 3 . . .  Ca i

The set of all constants C of IL is C = Ear
9. Variables Va of type a: K i h a 2 h a 3  . . .  h a -t

The set of all variables h of IL is V = 2^ Va.

While in PTQ there is no requirement on the denumerability of constants, we impose 

such condition, as does Tumer[1983a].

E x p re ss io n s

Definition 2.3.23 The set Ea of well-formed expressions of type a  in the 

language 7L, is defined by the rules:

1. Every constant Ca ; and every variable ha ,■ is in Ea .

2. If  e(p->a) is of type (P~>a) and ep is of type p , 

then (ep ) is in Ea .

3. If  a can be analysed as (p—>p) then Xhp. ep is in Ea .

4. If  a  is /, et , etl and et2 are any expressions of type t, enl and e ^  are 

any expressions of the same type i t, then the following are in Ea-
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S!H ~  et
0et Det
F et Pe,
3ha . et Vha .e,

etl A  et2 etl v  e t2

etl et2 etl <->et2

5. If a  can be analysed as (s->p) then ~ep is in Ea .

6. If is of type (s—>a) then is in Ea .

The set of all expressions e of IL is E = 2^  Ea .

2.3.3 Domain Spaces and Elements for /L's Semantics

In order to present the semantics of IL we will be using a space of domains. As said 

in section 2.2.1, we will be using Montague's primitive sets extended with an 

undefined elem ent Such domains can be seen as complete partial ordered sets with 

a least element, and are usually named cpo’s. The basic elements in each o f 

Montague's set will not be comparable between themselves and the undefined 

element will be less defined than any of them. The functions to be introduced are 

now partial and we believe they will capture the natural intuitions. See for instance 

Tumer[1983a] for this choice of domains and functions.

Entities and Contexts of Use

Definition 2.3.3.1 The domain £fof entities <?. It must be given. An entity can be

seen as the most primitive reference we can have.

Definition 2.3.32 The domain S  of contexts o f use or indices i. We will define 

each index as a pair of one world «*, and one time referent f. So S  will be a domain 

built from given W * and S '  domains, S  = W 'x S '  where W ' and ^ a r e  given.

In the original PTQ Montague does not give a Kripke style semantics for IL. For the 

sake of generality we will assume the existence o f an accessibility function, and
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define the interpretation o f the modal and temporal symbols of our language using 

Kripke's standard method, in particular, following Fitting's [1983] definitions. 

Given r\ which is the accessibility function between world referents and V which 

is the lower or equal than relation between time referents, we define the appropriate 

functions on indices or contexts of use.

Definition 2.3.33 If indices and c2 have the form {w-ly and (a>2, f2) , then given 

a partial accessibility relation on worlds, r': W'x and a partial ordering

relation on time, V:  ̂we define the partial ordering relations r  and / as:

r, / :  J ^ x

r(*i, *2) = c°nd( r’(u>lt a>2)> •

= °ond( V(/t, 4; ,  * ,/) .

Montague9s Modal and Temporal Logics

IL is a modal logic, but Montague's formalization of modality and tense was in 

many ways naive, as Kuhn[1988] points o u t However he had the merit of making 

plausible the use of modal and tense logic in the formalization English. There is no 

doubt that we can use English in some idiomatic way, which happens to be 

consistent with the English M ontague defined. There are many other uses of 

English for which the modal characterization is better achieved with other 

constraints on the semantic primitive domains and relations. Modal characterizations 

o f English usage can be associated with a great variety o f modal logics, for 

instance, S5, S4, B, K4 as Gallin[1975] proposes. Characterizations of the use of 

tense in English can also made in many different ways, see for instance 

Kuhn[1988]. Gabbay[1985] uses a discrete branching presentation of the temporal 

part of the model and Allen[1984] uses ordering on time intervals.

Meaning in Montague

In natural language every expression could be seen as referring unambiguously to 

some primitive object, usually called its extension. As we have seen this notion of 

meaning is not enough for compositionality to hold in a theory of meaning. With
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different uses expressions have different objects as extensions. This enlarged notion 

of meaning is usually called the sense or intension of an expression. In Montague’s 

P TQ  meaning is reduced to take into account the time and world in which the 

expression is used. In the formalization of these notions we will use domain spaces 

instead of sets, to have a computable framework for Montague’s denotations.

Definition 2.33.4 The domains of possib le  denotations of type a  are 

constructed as follows.

1. If a = e , = &

2. If a = t , J ta = $8
3. For all a such that a=(p->fi) ,

4. For all a  such that a=(s->p) , <Jta =

The domain of all possible denotations «*is = 2^ *Jta .

Definition 2.3.35 The domains 5?a of senses of type a  are defined as:

The domain of all senses > is 58 = 2^ 5fa .

Definition 23.3.6 For each type a , g a is a variable-assignment function defined 

over the syntactic domain of variables Va. The function g  is the element of the 

domain 5^which ‘sums’ 7 all g a ,

ga  •' ^a=  Va—* ^ a , g :  <f r = V

Definition 2.33.7 For each type a ,fa is the given constant-interpretation function 

defined over domain Ca. The function f  is the element of the domain ^  which 

sums all /„ ,

/«•' % x= c a ~ * ^ a ’ /•' <̂ ’= C —>5?

7 The precise construction of g  from g a involves the selection of the elements of the disjoint sum 
domains V  and *Jt. See Stoy[1977] pps. 92-94.
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2 .3 .4  A Domain Semantics of IL 

Semantic Interpretation

Definition 2.3.4.1 The semantic interpretation function ua , which gives the value 

in domain SPa of an expression ea of Ea , given g  of 5T

Ua .* Ea   ̂ 5̂ —> —¥

or

ua •* Ea

is defined recursively for each type a, following the syntactic definition 2.3.2.2 of 

language IL:

1. If ea e  Ca then ual[ea]Jg i  = f al e al  i  

If g Vqj then a o J l g  * — g  oĉ -̂  a-H

2. If e($->a)(e$ is in Ea then,

*' = u(g->ai^e(fi->afiS ‘ (u f i e  f i g  i)

3. If  a  is and Xvp. ep is in Ea then,

ua[[Xvp. epHg i=  h/p. up[[ep]]g[e/<_ vJ i

4. If  a  is t , et , etl and et2 are in Ea , and are any expressions of

the same type 7r then,

u j [ e ni = e ja l g i  = cond ( unl e nll g i  equal u ^ e ^ U g  £ / )  

et]}g i  = cond ( ua[ e tHg i  equival / > * , / )

ualO  etU g i = cond ( exists i \  r( i, *) and u a[[etJ]g f ,  f )

uJL u etUg i  = cond (fo ra ll i \  r( i, *) im plies u a[[et]]g *, t ,^ )

u J iF  etUg * = cond ( exists i \  l( i, i )  an d  u a[ e t]]g

uJJP etUg i  = cond ( exists # l( #*, i) an d  uaEet]jg *, f, /? )

ua[ 3  va. e j g  t  = cond ( exists efa. ua[ e t]}gf v] i, I , / )  

ua[ V v a. etUg i  = cond ( fo ra ll c/a. u al e tJg{ ^  vJ *, / , / )  

ual[eti a  et2Ug* = cond ( ua[ e t lU g i and ual e t2l g i ,  I , / )  

ua[ e tl V et2JJg i  = cond ( u al e t l l g  i  or ua[[et2]Jg *, / , / )
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uai e tl -> e t2lg *  = cond ( ual e t l l g  i  im plies u al e t2l g *, t , / )  

ual e t] <-> et2l g  i  = cond ( ua[ e t l l g  t  equival u al e t2lg * , £ / )

5. If a  is (s->p) and ~ep is in Ea then, 

ua[~eplg *  = X j .  u pl e  pl g f .

6. If ve(s_>a) is in Ea then,

Ua l  € (s-> a) * =  U (s->a) fl-e (s->a) * * •

The function u is the element which sums all u#

u: E-> 
or

u: £ - >  T-> Sf

Although originally independent, the material above is similar to Tumer[ 1983a] 

except that the interpretation u is named, and the interpretation of expressions with 

the cap operator is explicitiy given. The critical analysis of PTQ  which resulted in 

expressions 5 and 6 above, can be found in section 2.4.1.

Turner’s Principle on Interpretations

As we have said one of the objectives of Tumer[1983a] was to define a version of 

Montague's English for which it could be proved that the interpretation function 

was computable, or more precisely, continuous in each of its arguments. The proof 

is given by Turner for the basic cases as we referred to in section 2.2. As we 

discussed in chapter one computability is a basic point and its acceptance can be 

even used to justify the principle o f compositionality. Thus together with the 

principle of compositionality and the principle of formal reduction for semantics, we 

should require the interpretation function to be proved continuous, because we want 

it to be effectively computable.

Semantic Extension and Intension

As a side result of the above treatment we make Montague's notions of extension 

and intension explicit
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Definition 2.3.42 The extension of an expression e at*, ext: [E  x J ' is

defined as:

ext(e, £) = uKeJJgi.

Definition 2.3.43 The intension of an expression e, int: E—>5 ,̂ is defined as:

int(e) = X*. uZelgi 7

It follows from definitions 2.3.4.2 and 2.3.4.3 that the functions int and ext are 

related by the expression,

int- curry (ext) .

Thus the definitions we are proposing for intension and extension can be regarded 

as two different ways of expressing the interpretation o f an expression. We should 

say that the extensional meaning of an expression given a context computes a value, 

its extension in that context W e should also say that the intensional meaning of an 

expression is a functional object on contexts of use.

Logical Equivalence and Meaning Postulates

Logical equivalence between sentences is a difficult subject in PTQ. According to 

Montague, a logically possible interpretation is any interpretation u which is logical,

i.e., it ‘respects’ the meaning of the logical constants such as and, or and necessity, 

and which is possible, i.e., ‘respects’ a set o f expressions, usually called the 

meaning postulates, in the sense that it makes them true in all contexts of use.

Definition 2.3.43 Given a set of expressions mpy the meaning postulates of /L, a 

logically possible interpretation is any interpretation which makes all those 

expressions true in all indices *,

logicallyjpossible u = cond( forall p, £ . ul[mp]I £ = £, £, ^  )

7 We must note that regarding the use of the 77 reduction rule we should accept the axiom of 
extensionality, see Barendregt[1981], to be able to reduce int(e) to u[e]}g. This relates to Montague's 
requirement that in general the intension of an expression e , int(e) , is the same as u He Jig.
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As Montague says logical truth, logical consequence and logical equivalence are to 

be characterized accordingly.

The difficulty we mentioned with logical equivalence is that the meaning postulates 

are supposed to cover all the distinctions of words or phrases o f  English which 

were not directly made in the syntactic or in the semantic definitions. If we exclude 

the postulates, there is no difference between intensional and extensional verbs. It 

may seem rather contrived to use meaning postulates to define the use of words, 

which should be clearly and uniformly made in the definition o f the language, in its 

grammar. As well synonymy between words or phrases o f English is defined by 

including in the set of meaning postulates expressions which will guarantee their 

equivalent use.

Perhaps the most noticeable problem, for a computational treatment, is that 

quantification on variables ranging over predicates is introduced in PTQ's treatment 

of English exclusively through the meaning postulates. It is simple to check that 

there are no such expressions introduced in the translation of English into IL.

The restriction on interpretations of Montague's meaning postulates is equivalent to 

restricting the meaning of the constants of the intermediate language. For instance 

meaning postulate 1, 3xe . n[xe= cj, is equivalent to imposing a constraint on the 

constant-interpretation function, 2.3.3.7, for constants o f type e in IL. It constrains 

that function to have a constant value on all indices (if necessarily, □, is interpreted 

as true in all indices). This meaning postulate is required so that proper nouns will 

be ‘logically determinate’, i.e. have extensions invariant with respect to indices, 

possible worlds and moments of time. The proof is straightforward. We require that 

uf[3xe .U[xe=cJ]]g i  should be true in all indices *, and so we have using e as a 

general variable to decompose the expression,

u[3xe. eUg i  
u ln e lg u ^ x]i  
ulx=clg[</f_xj i ‘ 
ulclg[Jf_x]i'

= cond ( exists e/e. u lL elg^xj i, t,
= cond (forall *. r( i ,  *) implies uEe]]g[(/^ xj *,
= cond ( uKxJjg[e/+_x] i' equal u![c]]g[(/i_x] *, A /)
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u[xJg(</<_ x, i' = g u i - j M  = </e 

Therefore,

ulx=clg[tj<_ x]* = cond ( e/e equal ffcJJ * , t,

If r  is always true, r( £, *) = £ , we require that for all indices £ there is an entity e/ 
such that f i d  £ is equal to i t  This is the same as saying t h a t / f c j  is a constant 

function on indices, or that proper nouns are logically determinate. The other 

direction o f the argum ent is also valid. If  f[[c]I is a constant function, 

3xe. n[xe= c j  is true everywhere.

To accept the other expressions as meaning postulates is equivalent to placing 

similar constraints on the constant-interpretation of the other constants o f IL. We 

will see some of the constraints in chapter three, section 3.2.3 on Meaning 
Postulates. This analysis raises the question of where is the best place to have the 

restrictions which we will try to answer in the last section o f chapter 3. If we have 

the intuition that proper nouns have extensions invariant with respect to indices,

i.e., that the constant-interpretation is constant on indices, should we restrict the 

interpretation directly or introduce an expression which we declare true? The same 

comment applies to extensional versus intensional verbs. We learn to classify verbs 

into extensional and intensional, and to distinguish their interpretation and use. Our 

recognition of that difference can be associated with the recognition of their different 

forms. The verb 'love' is an extensional verb, the verbs 'seek' and 'believe' are 

intensional. In most of the contexts, of course.

2 .3 .5  T he Sem antics o f M-NL th ro u g h  T ransla tion  in to  IL 

Translation on Syntactic Categories

In the following we basically reexpress the translation function described by 

Montague in a more natural prefix form.

Definition 235.1 The function from syntactic categories o f English to types of 

language IL,til: CAT-> JlL is defined as follows:
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1. x(e) = e
2. t (t) = t

3. t (a->b) = ( s-> t (a )) t (b) and

r  (a=>b) = ( s-> r ( a ) ) (b) , for all categories a and b.

Translation on Phrases

Definition 2.352 The following translation rules from the domain of well-formed 

phrases P of M-NL to the domain of well-formed expressions E o f language /L, 

define function tIL, tIL: P E. We will be using the following names in this 

definition,

j is Ce 1 > X is h ( s ^ e ) l > P is h(s-* t) 1 >
m is Ce 2  » y is t
b is Ce 3  » P is h (s—> ((s—> e)—> t)) 1 >
n is 4 » x n is h(s ^  g) 2n * Z is h(s-> ((s-> ((s-> e)—> t))->  t)) 1 •

Basic Rules:

1.1. For all n:

t{hen}  — XP. P(xn) — heJLn = hr ^ n G •

1.2. For every other basic expression ba of Af-JVL, t{ba} is a given constant 

CT(a) of IL. For simplification of use, if  bexp is the identifier used as ba, 

then bexp is to be the identifier used for the translation in 7L, 

t{bexp} = bexp; e.g., the following constants have the form shown:

t{b e }  = X Z . X x . Z (X y . ~x= ~y) = b e ^ ~  Ct (tv)6 €  C T (TV) ,

t{ n e c e s s a r i ly }  = X p . □  ~p = necessarily% ~  CT(SA) 1 €  C T(SA) >

$ ** II £ = JohnlL = (t) 1 €  C T(T) ,

t{M a ry }  = Xp . vP ( ^ m ) = M aryji =  CX(T)2 G C ? (T) ,

t{ B il l}  = X p . vP C b ) -  BiUm = Ct (t)3 €  C r(T) ,

t{ n in e ty }  = X P . ~P( ~n) = n in ety^ = (T)4 €  C T(T) .

2. If aePCN then,

tfevery a) = Xp . Vx . ( t{a}(x)->vP(x) ) ,
t{the a} = Xp . 3y. (Vx. ( t{a](x)<^>x=y )a  vP(y) ) ,
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t{F2(a)} = Xp . 3 x . ( t{a}(x)A ~P(x) ) .
3. If aePCN and pePt then,

tlF3tn(aM = Axn. ( t{a}(xn)At{p} ) .

Rules o f functional application:

4. If aePT and pePp, then,

t{F4(a,p.)} =t{a)Ct{p}) .
5. If aePjy and pePT then,

t{F5(a,p)} =t{a)Ct{p}) .
6. If aePIAVp and pePT then,

t{F4(a,p)} =t (aJCUPJ) .
7. If aePgv and pePt then,

t{F6(a,p)} =t{a)CUP}) .
8. If aePTIV and pePN then,

t{F6(a,p)} =t (a) CUP)) .
9. If aePSN and pePt then,

«F6(a,p)} =t {a} CUP}) .
10. If aePlAV and pePN then,

t{F7(a,p)} = t{a}C t{p}).

Rules o f conjunction and disjunction:

11. If 0, y/ePt then,

t{^and y/} = t{$ Uw) » 

t{4> or y/} = t{$ }v  Uv) •

12. If 0, yrePjy then,

l{<Pand yr} = Ax. }(x)At{ yr}(x)) ,

t{0 or yr} = Ax. (t{<t>}(x)v t{y/}(x)) .
13. If 0, yrePT then,

‘{<P or V} = XP.(t{<t>}(P)V t{V}(P)) .

Rules o f quantification:

14. If aePT and <pePt then,
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UF 10,n(aM  =* {o}(Xxn. tfti)  •
15. If a e P T and ^ePCN then,

t{F i 0J  a,Q} = Xy. t{a}(X xn. t{Q (y)) .

16. If a e P T and 5 g P n  then,

UFjoJ ccM  « Xy. t{a}(X xn. t{S}(y)) .

Rules of tense and sign:

17. If a e P T and 8 e P ^  then,

t{Fn (a,8)} = ^ ( t{a }C t{8 } ) )  , 

t{F12(a ,8 )}=  F (t{a }C t{8 }))  , 

tfF 13(a ,8)} = ^ F (t{a )C t{8 }))  , 

t{F14(a,8)} = P ( t{a }C t{8 }))  , 

t{F15(a,8)j = ^ P (t{a }C t{8 } ))  .

Extension and Intension o f  Phrases

The definitions o f intension and extension for the intensional language can be 

extended for expressions of natural language in the obvious way:

Definition 2.353 The extension of a well-formed expression exp of M-NL for a 

given context of use *, extension: is defined as,

extension(exp, i) = ul[t{exp} ]Jg i .

Definition 2.35.4 The intension  of a well-formed expression exp of M-NL, 

intension: P —>Ŝ , is defined as:

intension(exp) = X * . u l[ t{ex p )Ig i.

Definition 2.355 The m eaning of a well-formed expression exp of M-NL is 

identified with the intension function defined before,

meaning = intension
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2.4 INTENTIONALITY IN PTQ

There are two formalizations for intentionality 8 in PTQ. There is the intension, 

interpretation, of an expression £, and the intension, concept ~C> o f an expression £. 

W e argue that the latter is counter intuitive, and it only survived in PTQ because 

Montague used two distinct functional notations.

In this section we summarize Montague's definitions for intensional and extensional 

interpretations, and for the cap cup operators. The use of these operators creates 

counter-intuitive results as shown by Dowty et al[1983]. W e claim that Gallin's 

[1975] observations, referred to in Dowty, are not correct, and that their use is 

puzzling and their definitions are generally counter-intuitive. We then follow the 

semantical treatment o f compound expressions involving oblique or intensional 

contexts from their English definition, through their translation into IL and 

interpretation. We conclude that Montague's formalization o f English, with correct 

compositional intentionality, was achieved through a difficult use of the cap cup 

operators and in spite of a counter intuitive definition.

2 .4 .1  M o n tag u e 's  D efin itions

Montague accepted Frege's functional analysis o f natural language. In order to 

provide a correct formalization it was necessary to define formally Frege’s notion of 

intentionality. In order to do this Montague introduced a language for which the 

principle of compositionality of extensions holds (see Gallin[1975]) and he defined 

for expressions of this language both an extensional and intensional semantics. 

Then he provided a translation (syntax to syntax) from English phrases into 

expressions of this language, so securing indirectly an intensional and extensional 

interpretation for English. In its intermediate language he had introduced two 

operators ~ and v, usually referred to as the intensional operators. Intuitively, the 

intensional operator was used in the translation of compound expressions when 

oblique contexts might require intensional meanings and the extensional operator if 

the translation of compound expressions did not require intensional meanings. We 

---------------------------------------- *
8 See footnote 1 of this chapter.

77



Chapter 2 Computable Notations and Denotations for Montague's ptq

will reproduce here the notation used by Montague and some of its definitions. We 

will argue that Montague used an intermediate language with excessive expressive 

power by introducing the intensional operators. Dowty’s example shows that its full 

use is counterintuitive. Gallin shows that Montague's translations of natural 

language phrases only covers a subset of expressions of IL.

In the following section we show how Montague's double notation contributed to 

keep the double formalization of intentionality unnoticed. It is remarkable how 

Montague managed to reconcile the semantic definitions of intension and extension 

with the definitions of the cap cup operators and the definition of the translation 

from English, in such a way that the counterintuitive results to be found in pure IL 

never have to be used. W e will definitions M.1-M.4 to refer to Montague's original 

definitions.

Extensional and Intensional Meaning for Expressions in IL

Definition M.l The extension o f an expression exp with respect to U 
(interpretation), i (world-time index) and g (variable-assignment), is denoted by 

expU>8»i. This extension is defined recursively and compositionally on the 

expressions of the intensional language.

Definition M.2 The intension o f an exp with respect to U and g, is denoted by 

expu>8 and is defined as the function h with the domain o f indices i such that 

h(i) = exp̂ >8>i\

expU’8 = h such that 
h(i) = expU>8’i

or

expU>8 = Xi. expU>8>*

The following equality holds by definition: 

expU’8>i = expU>8 (i)
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Intensional Operator

Definition M 3  The extension of the intensional operator, [  ~exp]u >8>i, is defined 

as the function h with the domain of indices i such that h(i) = expU>8>K This form of 

the definition is ambiguous because i is used in three different places. But everyone 

agreed that it was obvious which was the scope intended:

[ ,'exp]U’8>i = h such that 
h(i) = expU>8>*

or

[ ~exp]U>8>i = Xj. expU’SJ

We notice the similarity of this definition for extensional meaning of the intensional 

operator with the definition of intensional meaning in M.2. Its intension under the 

obvious interpretation using M.2 is,

[''exp]U>8 = Xi. [ ''exp]U>8>i = Xi. Xj. expU>8J

Extensional Operator

Definition M.4 The extension o f the extensional operator, [ ''exp]u>8>i, is

defined as,

[ ''exp]U’8>i = expU’8>*(i)

The intensional meaning under the obvious interpretation is,

[ ''expjU’S = Xi. expU>8>*(i)

This cannot be further reduced as the tj reduction rule cannot in general be applied if 

i is a free variable,

[ ''exp]̂ >8 &expU>8>i

What we have done in section 2.3 was to identify the interpretation U with u, the 

world-time index i with * and the variable-assignment g with g and made use of a 

functional notation to define the interpretation function. Then the intensional and
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extensional meaning functions are defined for expressions of IL using the 
interpretation function.

2.4.2 Using the Intensional Operators 

D o w ty 's  E x a m p le

Returning to our notational system, we will present an example where the 

definitions of intension, extension and the interpretation of the intensional operators 

have been found to create an intuitively problematic result, the failure in the 

equivalence between the interpretations of k and where k denotes a constant of
Montague's IL. It is also counter intuitive that the intension of ~k is not the 
extension of k.

We will calculate as in Dowty et a/[1981] the meaning of a constant k of type s ->e  

and of the related expressions vk: e, ~k: s ->(s -* e), '"'k: s e and '"'k: s -> e. We 

will use §5 and §6 of definition 2.3.4.1 for the meaning of the intensional operators. 
The interpretation u is constructed on a finite set of entities % = {a, b, c, d}, and a 
finite set of points of reference {1,2,3,4). Let/, the interpretation function for 

constants of the language, be given with the value for k  as shown below in a 

convenient graphic representation:

f l k l

* 1 a
2 a1 3 a

- 4 a
- 1 a

2 b2 3 c
4 d
1 c
2 b

3 3 d
4 a
1 c
2 d

4 3 a
— 4 b -

1 A “
2 B
3 C
4 D .
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Meaning o f  k. The intension of the constant expression k is f [ k ]J , as shown 
above.

int[[k]} = f l k l

Meaning o f  "k. The intension of the expression vk is:

int([''k]l = X i.U l[vk]] g £ = X £. u Ik]} g i i  = X i. f lk jj i i

intl^k]}

1 a
2 b
3 d
4 b .

Conclusion 2.4.2.1 ~  ( V i .  ext (Ik]], £) = in t I^k]])

Meaning of ~k. The intension of the expression 1k is:

intl^k]] = X i .u l ' ' k l g i  = X i.X /. u I k ] $ /  = X i . f l k j

in t l^ k l

" 1 A '

1 2 B
3 C

.  4 D .
" 1 A ‘

2 B2 3 C
. 4 D -
’ 1 A '

3
2 B
3 C

. 4 D .
’ 1 A "

2 B
4 3 C

— . 4 D . —

Conclusion 2.4.2.2 V i .  ext (I~k]}, £) = in t Ik]]
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Meaning o f  ~ ~k.

in t l '" 'k ]

Conclusion 24.2.3 

Meaning o f  '"'k. 

in t T'"'k J

Conclusion 2.4.24

The intension of the expression * "k is:

mm 1 a mm
2 b1 3 d

. 4 b
1 a
2 b2 3 d
4 b
1 a
2 b

3 3 d
- 4 b

1 a
2 b

4 3 d
— _ 4 b -

int l ^ k j  int £k]J

The intension of the expression '"'k is:

■ l A

2 8  
3 C

. 4  D .

int\L'"'kl = int ik jj

D o w ty ’s C o n c lu sio n

Dowty e t al does not explain why the equivalence does not hold. However it is 
observed that there are two reasons to ignore the failure of the equivalence between 

* ~k and k. The first one is that in interpreting English, constants of type s -> a  are 
never used. The second reason is that expressions of the form ~ "a will never arise 
in translating English.

G a llin 's  O bserva tion  C ritic ized

Gallin[1975] suggested that ~ works as a kind of hidden functional abstractor on 

indices. Although indices do not appear in 7L, " acts as if it takes an expression a  

and forms from it another expression denoting a function on indices which gives as
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value for any index the extension o f a at that index. Taking into account Dowty's 

example, the previous proposition exposes a view of the " operator which is 

extremely confusing. The result o f using it on an expression a just takes whatever 

the object denoted by a is (the intension of a) and constructs a constant function on 

indices. The operator ~ should be seen just as a constant function constructor. On 

the other hand Gallin says that v acts as a kind of hidden ‘functional application’ 

operation on indices; it takes the function denoted by a and ‘applies’ it to whatever 

index "a is being evaluated a t  We also think that this is an extremely confusing 

view of that operator's use. W hat it does, except in the general case where a 
denotes a constant function on indices, is to destroy the information contained on 

the function of type £8 by creating a completely new function of type J
—> £8 . If all expressions are ‘protected’ by the ~ operator there is no danger of 

using the operator. This is the explanation for the fact that '"'a is always equivalent 

to a. It also explains why the other equivalence is not valid except when a  denotes a 

constant function on indices, not just a constant of IL. It is straightforward to prove 

that if  p denotes a constant function on indices, e.g. p = "a, or that for all indices 

u ip ii  is a constant, then the other equivalence always holds, "p =p. As we will 

see in the following, it is not so strange that these operators are so puzzling when 

used in the treatment of intentionality.

2.4.3 The Double Formalization of Intentionality in PTQ 

Failure of Compositionality in NL

Montague recognized that the naive composition of extensions fails to capture the 

intensional aspects present in natural language. In general if  Fn is a syntactic 

function or structural operation and a, p and y are natural language phrases, the 

second equality does not hold in general, because there is no such function Sn :

< *= F n (P>r)

* ext(a) = Sn(ext(p), ext(y))

For example if the syntactic operation Fn corresponds to simple concatenation or F6 
in PTQ, and Sn corresponds to functional application we would write,
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a::=py
* ext(a) = ext(p){ext(y)}

The classical examples involve replacement of coextensional phrases in compound 

expressions involving necessity, 'Necessarily the morning star is the evening star', 

and compound expressions involving time, in a context where Jones is a US 

senator, 'colleague of Jones' is coextensional with US senator' but we do not have 

that 'former colleague of Jones' means the same as 'former US senator’.

Compositionality in IL

According to Gallin[1975], Frege did not abandon the functionality principle for 

extensions, but rather held that the extension o f an expression depends on the 

syntactic context in which it occurs. In principle one could eliminate the difficulties 

by introducing, for each expression £, a new expression called the concept of £, 

whose extension is the intension of £. For this language then we would have that,

a = Fn (P, y)
ext(a) = Sn(ext(~P), ext(~y))

Montague's IL is such a language. In Montague's notation we would write,

a=fn (P . y)

a V’g j = sn(''P u’gj, y  V,g,i) or 

a U’g j = s„( p u’g, y u’g )

For rule 4 in the definition of IL in PTQ we would write,

a ::=P(y )

a U,g,i = p U>g>i( y U,g,i)

However this notation does not clearly expose the proposal, which Gallin attributes 

to Carnap, that the extension of an expression is really a function on two variables, 

the expression and the state of affairs or context of use. For closed expressions, 

which contain no free variables, we should write in our notation:

ext(a, i ) = Sn( ext(P, i ), ext(y i ) )
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and for rules 4,9 and 10, 

a::=P(y)
ext(a,i) = ext(p, i ) { ext(y,i)} 

a::= y
ext( a, i) = Xj. ex t( y,j) 

a::= y
ext( a, i) = ext(y, i ) (i)

We must stress that these definitions are for expressions o f IL. This is supposed to 

be an extensional language, i.e. such that the extension of any expression at any 

index is either given or compositionally evaluated. This compositionality tells us 

that each expression o f the language has one object standing for meaning. As the 

equations above show the use of the cap operator corresponds to constructing a 

constant function on indices which value is itself a function, Xj. ext(y,j ) , the 

meaning of y. So this operator just constructs a constant function on indices. If we 

could formalize 'information' we certainly would say that it does not create 

information. The extensional operator on the other hand would clearly be 

destroying information, except for the case where /m ean t a constant function on 

indices. This can be seen as a starting point to give an intuitive explanation for 

Dowty's example. If k was a constant function, not just a constant of IL which is 

not interpreted as a constant function, the equivalences would hold. As it is in 7L, to 

take the extension of an IL constant corresponds to losing information on the 

meaning o f that constant. But as Dowty et al also show, that never happens in 

M ontague Semantics. Before showing why, we observe that Dowty's result is 

telling us that Montague is not using all the expressive power of IL.

Translation from NL into IL

After defining IL, Montague translates English phrases into IL expressions using a 

translation function t. The meaning of English is then defined as,

meaning a i = ext (t (a), i) 
or
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meaning a = Xi. ext (t(a), i)
In particular for all compound expressions in which the oblique contexts could arise 

Montague made his system to look like,

a ::= p (y )

t (a)  = t(P)(rt(y))

meaning a i = ext (t (a), i)
= ext(t(p) (~t (y) ), i)
= ext(t(p), i){ext(~t(y)), i)}
= ext(t (P) , i ) {  Xj. ext(t (y) ,j  )} 

meaning a = Xi. ext(t (P) , i ) {  Xj. ext(t (y) , j  )}

Compositionality Restored in NL

The last equations became easier to write if we use intension, int, instead of 
extension extf where as we have seen in section 2.3.4, (int (e)) i = ext (e,i) :

meaning a = Xi. ({int (t (P)) i } { Xj. int(t(y))j} )
= Xi. {int(t (P)) i) {int (t (y))}

It is easy to show, by taking a 'curried' variant of the right hand side, that this 

corresponds through an isomorphic operation to restoring compositionality of 
intensions for natural language: Assume both,

meaning a :S->E  and int(t(y)): Y  ; then,
int(t (p) )  : E )  ; but as we also have that,

= *?->(

Therefore we should be able to conclude that the meaning of a , meaning ay is 
isomorphic to the meaning of Xi. int_cur(t(p)){int (t(y)) } i . With meanings seen as 

intensions 'curried* in the way above if necessary, we would conclude that,

meaning a = meaning p {meaning y)
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At this stage we believe that Montague could have achieved this result directly if he 

had started by using the following definitions,

a lL = f n  (PlL I 7 a .)

aIL V,g = sn ( p,L V,g, yIL U,g )
or,

a lL : : =  Az, (YtL )

int(a  ̂, i )  = int(P,L ) { int(ŷ  )}  
t (a) = t<p)(t(y))

and with,

meaning a = int(t(p )) {int(t(y)) }

A  very similar thing happens with the treatment of necessity but at a 

syncategorematic level. At this stage we are almost tempted to think that Montague 
in fact did not really use the cap-cup operators for his semantics of English. If he 
had written clause 4 in the definition of the interpretation of IL using only one type 
of notation, he surely would have realized that that definition together with his 
definition of the translation would be achieving the equivalent of composing 

intensions directly in English or in IL. In chapter three we will prove that we can 

avoid the use the operators while we still have for any English expression the same 
meaning induced in PTQ by the use of IL.

2 .4 .4  Excessive Expressiveness of I L

The observations in Dowty et a/[1981] which were used to justify the use of the 

cap-cup operators are equivalent to say that IL has a subset of expressions which is 
not required to formalize Montague's English. In the following chapter we will 
show that we do not need the cap-cup operators to achieve the same interpretation 

for Montague's English. This result may as well seem puzzling, given that we are 

used to think that intensional verbs need the cap-cup operators ‘expressive power’ 

to be formalized. We could have shown, but that would involve a rather long proof, 

that the meaning postulates involving the distinction between intensional and 

extensional verbs are just constraining the constant interpretation of those verbs to
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be extensional on the subject or object argum ent Th is same constraint can be 

w ritten  using a norm al extensional log ic w ithout the operators, d irectly  on the 

defin ition  o f the function. W e  w ill not fo llo w  this as w e w ill be proposing a new  

approach by the end o f the next chapter.

Dow ty's result also rem inds us that it is not sufficient to show that IL is a high-order 

logic to show that M ontague's English is equivalent to a high order logic. IL can be 

a high-order logic and s till we m ay be using in  translating E nglish only its firs t- 

order subset. T o  show that M ontague’s English is equivalent to a logic where we 

quantify on predicates w e w ould need to show that in  its translation w e are using 

that possibility o f IL , and exactly w here are expressions o f IL being introduced  

which are not first-order.

2 .5  C o n c l u s io n s

T h e use o f denotational semantics brings in to  M ontague semantics an u n ified  

notational description. Th is helps in  exposing the counter-intuitive use o f the cap- 

cup operators, and provides insights on how  they are used in  the m eaning  

postulates. W e observe as w ell that m eaning postulates introduce in  PTQ high-order 

quantification. W e conclude that those operators have undesirable properties and 

that their use in  the form alization  o f in tentionality  seems unnecessary. The m ain  

conclusion o f this chapter is that we should use neither the cap-cup operators nor 

m eaning postulates.

Denotational semantics also provides the required com positional and com putational 

basis to express a semantics o f natural language on which M ontague's treatment can 

be expressed. Its m ethodology requires that the presentation o f the interpretation be 

proved to be effectively computable.
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By method is to be understood the manner in which a certain object is to be 
thoroughly known. It must be derived from the nature of the science itself, 
and accordingly being a necessary order of thought determined thereby, it 
cannot be altered. Treatment signifies only the manner of communicating 
one's thoughts to others, in order to make a doctrine intelligible.

In Logic I do not ask what the understanding knows, and how much it can 
know, or how far  its knowledge reaches; for that would be self cognition in 
respect of its material use, and therefore belongs to metaphysics. In Logic, 
the question is only: How will the understanding know itself ?

Kant[1800], pp. 10 & 4

Chapter 3

A Sim plified T reatment of Mo ntag ue’s En g lish

3 .1  introduction

Following our previous observations, the first part of this chapter will introduce a 

simplified semantical treatment of Montague's English. This results mainly from 

eliminating from the intensional language the cap-cup operators. We will show that 
their use in the intensional logic is unnecessary in having a compositional semantics 

for English isomorphic to the one in PTQ. The type structure of the intermediate 

language and its denotations and the translation functions are much simplified. The 
simplification we will propose brings the intermediate logical notation closer to a 

simply typed Modal and Temporal Logic. Although we still allow higher order 

quantification, it will not be used in translating English. The advantage of using 

such logics is obvious as they provide languages ‘closer’ to natural language and
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their computational characterization is simplified. For instance, theorem proving is 

better understood and tractablel , which does not happen with high-order logics.

The definition of M-NL in the previous chapter uses basically the same intensional 
logic as PTQ. As we have seen we can visualize the definition of M-NL with the 

following diagram.

M-NL±
t

----------------->
translation

IL±
u

------------------ >
interpretation s i

The simplification we will introduce in sections 3.2 through 3.4 to Montague's 
definition concerns mainly the intermediate language. We will define an intensional 
language, without the cap-cup operators, language L , and with a simplified 
translation tL and interpretation uL we will similarly provide a characterization for 
M-NL:

t
M-NL± — ------r—

translation

U
------------------ >
interpretation

We will then show that with the given translation and interpretation functions, tL and 

uL, for any expression exp of M-NL we will have an isomorphic semantics:

3  s  &
ULl t L{ exp }U  =  U lL[  t^l exp}]J

1 For recent engineering of theorem provers for modal and temporal logics see de la Quintana[1988J.
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In the last part of this chapter, section 3.5, we will briefly discuss a possible theory 
for learning, implementing and extending computable grammars for natural 

language. We do this by imposing computational restrictions on Montague's 
program, such as restrictions resulting from accepting only computable syntax and 

semantics, definable with effectively computable functions. One of the conclusions 
of imposing such restrictions is that meaning postulates not only can be avoided but 
should be so, therefore eliminating high-order quantification. In that section we also 
defend the claim that Turner's [1983a] proposal of using domain theory as an 

underlying mathematical framework should be more explored in natural language 
analysis. We believe that its precise computational approach to partiality of 
information offers a constructive framework where we can discuss problems of 
leamability and information growth as proposed by Popper.

3 .2  THE SIMPLIFIED INTENSIONAL LANGUAGE

We introduce the language L which will replace IL in the intermediate representation 

for M-NL. Unlike /I , it does not have in its syntax the cup-cap operators. 
Syntactically, it is the language of a Modal and Temporal Logic, with constants of 

different types and the simply typed operations of lambda abstraction and 

application. We first introduce its alphabet and syntax. The basic or primitive 

domains required for its interpretation are the same as the ones for IL. We will then 

define the domains of denotations and the interpretation function. With this semantic 

function we define the notions of intension and extension as different forms of the 

same object, the interpretation. We cannot express the meaning postulates in this 

intermediate language. We observe that this is intuitively valid. We show that 

postulates are used by Montague as a parallel device to help in the definition of the 
interpretation, as constraint on the meaning of the constants of the language. Those 

constraints should be explicit in the definition of the constants.
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3.2.1 Syntax of the Intensional Language L 

T y p e s

Definition 32.1.1 The set T  of types of Intensional Logic L is defined as follows:

1. Basic categories e and t  are types.
2. If a and p  are types so is (a->P) .

S y m b o ls

Definition 3.2.12 We will define eight different kind of symbols in the alphabet of 

the language:

1. Connectives: A V

2. Quantifiers: 3 V
3. M odal operators: 0 □

4. Tem poral operators: F P

5. Punctuation marks: • ( )

6. Abstractor X
7. Constants C a  o f type a : c a l c a2 C a 3 . . .  C a i

The set o f a ll constants C o f L is C  =  2 ^  Ca .

8. Variables Va o f type a : K i ha2 h a 3 . . .  h a  i

The set of all variables h of L is V = T.a Va .

E x p r e s s io n s

Definition 3.2.13 The set Ea  of well-formed expressions of typea in the language 

L is defined by the rules:

1. Every constant Ca t- and every variable ha ; is in Ea .

2. If e(p->a) is of type (P~>a) and ep is of type P , 

then e(p-Hx) (ep) is in Ea .

3. If a can be analysed as (p->p) then Xhp . ep is in Ea .
4. If a  is f, et , etl and et2 are any expressions of type /, enl and e ^  

are any expressions of the same type n , then the following are in Ea-
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II ~  et

0 e , U et

F e , P e t

3 h a . e, Vha .e ,

etl A ei2 e„  v  e,2

etl et2 e„ <-> el2

ill expressions e of L is E = 2^ Ea

3.2 .2  Semantics for Language L

Up to this point we have only defined syntactic objects, the well formed strings of 
symbols or expressions. To satisfy Frege's requirement, we have to guarantee that 
every expression we introduce will have secured a referent If we are given the 

primitive referents for our constants, and if we accept the principle of 
compositionality, then every syntactic rule, as in definition 3.2.1.3, will define 

expressions whose referents can be constructed from the referents of its 
constituents. The definition of this construction has the form of a semantic rule. 
This corresponds to Frege's requirement that A log ica lly  p erfec t language 

(Begrijfsschrift) should satisfy the conditions, that every expression grammatically 

w ell constructed [...] out o f  signs already introduced shall in fa c t designate an 

object, and that no new sign shall be introduced [...] without being secured a 

reference ([1892], pp. 70).

In Natural Language every phrase may be seen as referring to some object, e.g., an 

entity, unambiguously. However, as we have seen this is not enough for 

compositionality to hold in a theory of meaning. With different usages expressions 

can have different objects as referents. This enlarged notion of meaning is usually 

called the intension or sense of an expression. It can take into account the place, 
time and world, or situation, in which the expression is used. If we let the meaning 

or denotation of an expression became this sense, instead of a primitive object, we 

can have a compositional theory of meaning.
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For our formalized language this tells us that each expression should denote a 

function from contexts of use to primitive objects, for example entities. So if If is 

the domain of primitive possible objects referred to by an expression in L of type e, 

then we should define its denotation as a function from possible contexts of use J  

to £f. Below we introduce the domains and functions required to construct the 

semantics forL.

M e a n in g s

Definition 3.22.1 The domains 2 t a of p o ss ib le  den o ta tion s  of type a are 

constructed as follows,

1. If a  = e , S&a = %

2 . I f  a  =  t , 3 a  =  ^ - * 3 8

3. For all a  such that a=(p->(5) , 3 a = 3 p —> S&p

and the domain of all possible denotations m  is: £ 8  = 2  ̂ S5a .

Definition 3.2.22 Each domain of referred objects, &a , is defined implicitly as a 
solution to the domain equation:

Ga with ffe = & and -  $ 8 ,

and the domain of all objects a is: &  = 2  ̂ &a .

If a  is e or /, the domain is explicitly identified. But for complex types it is not 
so. For example is a solution to the equation,

^ ( e - >  t) =  & (e-> t)

e.g: ( ^ =  <?(<,_+1)

Proposition 32.2.3 For each type a  the expression Oa =  JC ^a) is a solution of the 

equation in definition 3.2.2.2, with defined as in 2.3.3.4, and where z: is

defined as follows (compare with the function defined in 2.3.5.1):
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1. t (e) = e

2. T (t) = t
3. t(a -> p) = ( s->  x (a ) ) x(p) and

The proof of this proposition is similar to the proof of proposition 3.4.1, which will 

be presented and proved in section 3.4. We just need to observe that rL can be 
regarded as taking an expression describing a category of English and producing the 
same expression but this time being the expression which describes a type of 
intermediate language L. Then the translation function t just defined is nothing but 
t/l . Then proposition 3.4.1 tells us that for any category c of English, or type c  of L, 

3% (C) =  & e * or from the definition that = • So, from definition
3.2.2.2, we conclude that .

In PTQ Montague defines the object sets explicitly, because of his introduction in IL  

of the cap-cup operators which try to capture in the syntax of the intermediate 
language the notions of extension and intension. But then the translation function on 
categories of English will have to be defined accordingly to give the correct type in 

IL for an object denotation.

Definition 3.2.24 For each type a , g a is a variable-assignment function defined 

over the domain . The function g  is the element of the domain 5^which sums all 

Sa 2>

Sa ' g -m

Definition 3.2.25 For each type cr,/a is the given constant-interpretation function 

/defined over domain Ca.The function/is the element of the domain ^  which 

sums all/a,

f a  •' %  ~ Ca & a » f : <̂ >= C  ^

2 See footnote 6 on chapter two.
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S em an tic  In terpre ta tion

Definition 3.22.6 The semantic interpretation function ua, which gives the value 

in domain S8a of an expression ea of Ea, given g  of 5T

ua : ¥r—>S&a ]

is defined recursively for each type a, following the syntactic definition 3.2.1.3, of 

language L:

1. If eg s  Eqi then a^He^JIg —fa^c^U  

If ea e  Va then uaTea]Jg = g a[[ea]}

2. If €(p-xx)(ep) is in Ea then,
j)Jg = u(p->a)ILe(p_ta)]lg (UpEepJlg)

3. If a  is and Avp. ep is in Ea then,
u alXvp. epl g  = Ac/p. upl e pl g {(t<_ v]

4. If a is t , et , etl and et2 are in Ea , and en l , e ^  are any expressions of 
the same type n then,

ua[ e nl = e ia lS *  = cond ( u nl e nl Jig # equal u j e ^ j j g  *, t , f )  

u aj[^  etl g  i  = cond ( u a{[et]Ig i  e q u iv a l/ , t,/ )

ua lO  e j g  i  
u j[n  e j g i  

uaEF e j g  i  
u J T  e j g  i

= cond ( exists i  

= cond ( fo ra ll i  

= cond ( exists i  

= cond ( exists *

r( *y *) a n d  u a ( [ e j g i \  t , / )  

r( i, i') im p lie s  u a l e j g i ,  t , / )  

l (* ,* )  a n d  u a{[et]]g c, t , / )  

l(*>*) a n d  u a l e j g i ,  t , / )

ual 3  va. e j g  * = cond ( exists </a. u a[ e j g f ^  v] c, t , f )  

u a ^ va- eJ g * =  cond (fo ra ll e/a . u aK e J g [c/<_ vJt, t , / )

ual e ti a  et7J g i  = cond ( ual e tl]jg * and ual e t2l g i ,  t , / )  

u a[ e ti  v  et2J g  * = cond ( u a[ e t l ]Jg i  or u al e t2l g  i, t , / )  

ual e tl et2l g  * = cond ( u al e t l l g i  im plies ua([et2]}g it A / )  

uafLeti  <-> et2]lg * = cond ( u al e t l l g i  equival ual e t2l g i ,  l / )

The function u is the element which sums all ua ,
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u :  E - +  &

or

if: E —> J  -> <7

3.2.3 About the Semantic Function

O ne o f the m otivations to w rite  the defin ition  o f the sem antic function using the 

functions c o n d , a n d , o r, im p l ie s , e q u iv a l , e x is ts , f o r a l l  and e q u a l  was to stress 

that the on ly sem antic functions w e can 'program ' are the com putable ones. 

H ow ever, once this requirem ent is c lear w e can accept a m ore usual notation fo r 

w riting the definitions, and so as an abbreviation w e w ould w rite , fo r instance,

u [ □ et]}g i  = V i \  r( * , *) -> u i e j g  i

S e m a n t ic  E x t e n s i o n  a n d  In t e n s i o n

In fo rm a lly , the m eaning o f an expression given w ithout its context o f use is a 

function fro m  a ll possible contexts to the possible m eanings in  use. U sually  we 

refer to the first m eaning as the intension o f an expression, and to the second as the 

extension o f an expression in  a particular co n text A sking fo r the extension o f an 

expression w ithout g iving a context is the same as asking fo r its intension. As we 

have seen in  chapter tw o , the sem antic function  u  a llo w s fo r an elegant 

form alization o f the concepts o f intension and extension.

Definition 3.2.3.1 The intension o f an expression e, int: E—> SI, is defined as:

int(e) = u[[e]]g.

Definition 3.2.32 The extension o f an expression e on context i, ext: [Ex^P j—x ? ,  

is defined as:

ext(e, i) = uEe]]g *.

Therefore the extension o f e on i  is the same as the intension o f e evaluated at i

ext(e, i) = int(e) i
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I t  fo llow s fro m  the defin itions that the functions int and ext are related by the 

equation,

int= curry (ext) .

M e a n i n g  P o s t u la t e s

As we have shown in  section 2.3.4 on Logical Equivalence and Meaning Postulates^ 

accepting the firs t meaning postulate o f P T Q  is equivalent to constrain the constant- 

in terpretation  function on constants o f IL o f type e, such as j 9 to be constant on 

indices. W e  have also claim ed that the other postulates are equivalent to constraints 

on the constant-interpretation  function fo r the other constants o f IL. W hen we 

replace IL w e are unable to express the restrictions d irectly in  the new interm ediate  

intensional language w hich translates M-NL English.

As we have seen in  2.4.2, w e should th ink o f the cap-cup operators in the fo llow ing  

w ay. The cap operator constructs a constant function on indices, and the cup 

operator ‘destroys’ a function except in  the case o f applying it  to a variable x , in  

which case it ‘means’ the variable assignment itself,

u([yj! g  = X i .u T fl g  and w e can prove that V i .  uEJJJg i= u i f l  g . 

uT ''xJS g  =  gixH  and w e can prove that V  *. u l  "x j g  j= g[x  1  *.

I t  is clear to us, from  w hat we have seen in  2.4.2, that the operators are used in  the 

m eaning postulates o f IL to ta lk  about functions, constant functions, or about 

elem ents o f the semantic dom ains. In  this new intensional language w e cannot 

speak about constant functions or constant meanings, so w e w ill need to express the 

postulates directly as our intuitions indicate, directly as a constraint on the constant- 

interpretation. W e w ill be using the extensional language w hich allows us to speak 

about indices, the language o f our semantic domains.

W e  say that this is closer to our intuitions because it  corresponds to translating  

directly our English description (and M ontague's description) o f what is, le t us say, 

a proper noun or a common noun. W e claim  that M ontague's m eaning postulates
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can only be understood after m astering the use o f the cap-cup operators to speak 

about interpretation functions. W e  w ill describe w hat w e have ju s t said using as 

exam ples m eaning postulates 1 ,2  and 3 in  P T Q . For the others a sim ilar, but rather 

lengthy proof can be given o f what w e have just said. W e  do not th ink however that 

m eaning postulates are the correct w ay to go about res tric tin g  possible  

interpretations. W e  w ill come back to this in  the last section, 3.5, o f this chapter, 

where w e explain our view  and propose how to live  w ithout them.

E x a m p l e s  

Meaning Postulate 1 

3ue.U[ue=cJ
The Truth of 1 guarantees that proper nouns will be 'logically* determinate according to 
the interpretations under consideration, that is, will have extensions invariant with 
respect to possible worlds and moments of time.

Montague[1970d] (ptq)

O ur constraint corresponds to an alm ost d irect translation o f  M ontague's English  

sentence, saying that f[[cj] is a constant function on indices,

3  u. \f  i. f i d  i  = u> a,: <lf

Meaning Postulate 2

Vxs )c.U[horse'(x)—> 3ue. x  = ~u]
In view of 2 'ordinary' common nouns (for example horse) will denote sets of constant 
individual concepts (for example the set of constant functions on worlds and moments of 
time having horses as their values; from an intuitive viewpoint, this is no different from 
the set of horses). It would be unacceptable to impose this condition on such 
‘extraordinary’ common nouns as price and tem perature.

Montague[1970d] (ptq)

O ur constraint says that if  f{[c  I  sop is true on indices i, fo r ind iv id u al concepts as 

then those individual concepts are constant functions on indices

Vos. i. [f[[horse']} set 3 u . aŝ  = e* ] as: %
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Meaning Postulate 3

Vxs_^. D[walk'(x)<-> vm ( vx )]
The truth of 3 is the natural requirement of extensionality for intransitive verbs.

Montague[1970d] (ptq)

W e would say that,

3 t r v .V c c . \ / i .  [ f [ w a l k ' ] ]  s e £  <-+ * * * ( & * ) ]  m l  *3 3

The other m eaning postulates correspond basically to express the constraints on /  

using the cap-cup operators, w ith  box m eaning truth in  a ll indices. Once we 

understand how  the operators are used, basically, to speak about functions and in  

particular constant functions, the constraints on the interpretations (on the constant- 

interpretation) can be re-phrased using IL and m eaning postulates, but not before 

th a t I t  is also clearer that w e would need a lo t more meaning postulates to constraint 

/ f o r  a ‘possible interpretation’ . W e  w ould need to restrict the interpretations not 

only to im pose ‘eq u a lity ’ o r synonym y but also ‘in eq u a lity ’ or antonym y. W e  

w ould need fo r instance to guarantee that the interpretations o f fish is not the same 

as o f woman, and o f man is not as o f horse.

S u r v i v i n g  w i t h o u t  M e a n i n g  P o s t u la t e s

Some o f the m eaning postulates can be avoided if , as D o w ty [1979 ] points out, we 

use a direct com plex translation from  M-NL into IL (pp. 197). H ow ever w e do not 

th in k  that to e lim in ate  some m eaning postulates w ill be enough. W e  could ask 

ourselves w hat happens i f  w e decide to change the use o f necessarily from  true in  

any w orld to true in  accessible worlds. Should w e assert as m eaning postulates the 

same expressions M ontague used, or m aintain the restrictions on the constant- 

interpretation function? There is also an interesting observation to be made that there 

is no sentence o f M ontague's English w hich translates into any m eaning postulate. 

I f  English is a form al language, and i f  M ontague G ram m ar is to be a general theory 

o f language w e cannot accept meaning postulates which cannot be stated in English. 

O therw ise the program  is also te llin g  us that there are truths w hich cannot be 

expressed in any language.
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The last rem ark forces us to reject the possibility o f using m eaning postulates to 

constrain possible interpretations, as it leads into a contradiction in  the objectives o f 

M ontague Gram m ar. The w ay out o f the problem  accepts both com positionality and 

the fo rm al reduction o f semantics. A n d  w e s till believe, as M ontague d id , that 

syntax should ju s t be a prelude to sem antics. The m ain d ifference w e see, fo r  

instance in  a form al characterization o f semantics, is that a defin ition  w hich tries to 

m odel our understanding o f m eaning should take into account a ll the inform ation  

about meaning that is known, and that such inform ation must be made exp lic it in the 

semantic definitions. W e hope to m ake this last sentence more clear in  section 3.5 o f 

this chapter.

In tu itive ly , w e w ant to say that i f  w e have learnt that there is a difference between 

say ‘extraord inary ’ and ‘o rd inary’ com m on nouns o r between intensional and 

extensional verbs, that c lassification not on ly can but m ust be e x p lic it in  m y 

syntactic or semantic rules. Once the distinction is made, the semantic interpretation 

can be d irectly  constructed to take account o f the difference in  use. Once again the 

m ain d istinction w e see between syntax and semantics is that the form er is not 

context o f use sensitive w h ile  the la tte r is, how ever this being an unprecise 

distinction.

3.3 The Sim plified Translatio n

The translation function from  M-NL in to  language L is very s im ilar to the one in  

PTQ. The translation is between syntactic domains preserving the type structure, i.e . 

objects o f the some category are translated into objects o f the same type. W e rem ark 

that language L has no type constructor s, and no cap-cup operators. So our 

defin ition  o f the translation on categories is much s im plified . The translation on 

phrases o f M-NL deals basically w ith  providing constants o f L as translations fo r the 

lexicon (except fo r pronouns), o f translating determ iners using expressions w ith  

first-order quantifiers, and respecting the type structure w ith  functional application.
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After the definition we give some examples comparing how a phrase of M-NL is 

translated into IL and how it is translated into L.

T ransla tion  on S yn tactic  C a tegories

Definition 33.1 The function from syntactic categories of M-NL English to types 

of language L, xL: CAT-> JL is defined as follows:

1. x(e) = e

2. x(t) = t

3. 'i(a->b) = x(a) -> x(b) and
x(a=>b) = r(a) -> x(b), for all categories a and b.

T ranslation  on P h rases

Definition 33.2 The following translation rules from the domain of well-formed 
phrases P of M-NL to the domain of well-formed expressions E of language I, 
define function tL,

tL: P - > E .

We will be using the following names in this definition,

j is Ce i , X is P is h t i  >
m is Ce2 • y is he3 >
b is Ce 3 * P is h(e-> t) 1 >
n is Ce4 » *n is 2n * Z is h((e-* t)->  t) 1

Basic Rules:

1.1. For all n:

t(hen)  = XP.P(xn ) = h eLn e  v r(r) ■

1.2. For every other basic expression ba of M-NL, t{b a}  is a given constant 

CT(a) ° f  L‘ For simplification of use, if bexp is the identifier used as ba, 

then bexp  is to be the identifier used for the translation in L, 
t{bexp}=bexp; e.g., the following constants have the form shown:
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t(be} = X z . Xx. Z(Xy. x=y) - beL -  5 e  ^ t(tv) *
t{necessarily} = Xp. Op = necessarilyL = C^SA) j e  X̂fSA) >
tfjoh n } = XP. P(j) =  JohnL =Ci(T)i e  Cj(T) ,

t(M ary) = Xp . P(m) = MaryL = 2 e  CT(T) »
t{B ill} -  Xp . p (b ) =  BillL = C ^ T) 3 e  CT(T) >
t{  ninety} = XP.P(n) = ninetyL = C ^ t)4 e  C^T).

2. If a e P CN then,
tfevery a} = Xp . Vx . ( t{a }(x )—>P(x) ) ,

t{the a} = Xp . By. (V x . ( t{a}(x)<->x=y )AP(y) ) ,

‘(F2<a)} = AP. 3 x . ( t{a}(x)A P (x) ) .

3. If a e P CN and (3ePt then,
t{F 3J a ,P ) }  = Xxn. ( t{a }(x n)A t{p j ) .

Rules o f  functional application:

4. If a e P T and PePN then,
t{F 4(a ,p)} = t { a } ( t { p } )  .

5. If a eP jy  and p e P T then,
t{F s (a ,p)} = t { a } ( t { p } )  .

6. If a eP JAVP and P eP T then,

t{F 4(a,p)} = t { a } ( t { p } )  .

7. If aePgy a n d p eP t then,

t{F 6(a ,p)} = t {a }( t{p } )  .

8. If a e P TIV and PePN then,
t{F 6(a,P)} = t { a } ( t { p }) .

9. If aePsN and p e P t then,
t{F 6(<*,p)} - t  {a }( t{p } )  .

10. If a eP IAV and p eP N then,
t{F 7(a,p)} = t {a} ( t(p j)  .

Rules o f  conjunction and disjunction:

11. If 0, yt€Pt then,
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t{$an&  y ) = t{4> } a  t { y }  , 

t{$  or y }  = t{< t> }v t{y ]  .
12. If 0, yrePjy then,

t { 0 and y}  = Ax. (t{<t> }(x )A t{y }(x )) , 

t { 0 or y )  = Ax. ( t{0 } (x) v  t{y }(x ))  .

13. If 0, y e P T then,
t{<p or y }  = AP. (t{<f>}(P)v t{y}(P ))  .

Rules o f  quantification:

14. If a e P j  and <pePt then,

t{F10,n(aM  = t  ( a)(AXfr •
15. If a e P T and £ePCN then,

‘ (Fl 0.n(a ’O} = Ay. t(a }(X x n. t{Q (y ))  .

16. If a e P T and 8eP N then,

t { F i o J a >5)} = f a  t{a }(X x n. t{S }(y )) .

Rules o f  tense and sign:

17. If aeP-r  and SeP ^  then,
t{F u (a,S)} = ~ ~ (t{a }(t{8 })) , 

t{F 12(a,S)} = F ( t{a } ( l{8 } ) )  , 

t{F 13(a,8)} = ~ ~F (t{a}(t{8})) , 

t{F 14(a,S)} = P ( t(a } ( t{8 } ) )  , 
t{F 15(a,8)} = ^ P ( t{a } ( t{8 } ) )  .

Informally, the difference between the translation tL, that we define here, and the 

translation function hu in chapter two, results from two syntactic operations in the 
presentation. All cap-cup operators are deleted, and all variables suffer the type 
change that results from not having in the language the type constructor s  which 

corresponds to indices.

Example 3.3.3 Translation of the M-NL expression of category sentence, John 

walks, into 1L and L:
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IilU ° hn) -JohiijL —XP. P( j )  , P S  (s—> ((s—> e)—> t)) anc  ̂ J e ^IL e

t j j o h n  walks}

t{John} (t{w alks)) -JohnL(walkL )

XP. P(j)(walkL ) 

walkL (j) .

Example 33.4 We can observe how the induced interpretation reduction 
process works out for a simple expression of category Term  such as John, with IL 

and L:

tIL{John)=XP. P( j )  , P s  VJLa, a = s —> ((s—> b) —> t)

uB {John} ] g  i  

u IXp . ] )  ] g *

X uv. u r p a ) ] g { ^ P]*

X m,. IlUpJIgf M <_P] i  ( u [ ] ] g [ „ < -P jt)

Xm,. uILpUgf „ < -P] **(Xi. uSj]Jg[„<_[>]*)

X m. g[ P] I p ]  i  (X i . f l j ]  i)

X 17V. 17V iffH j]) , 17V S   ̂((*-P—̂  ̂£$)

tJJohn} =XP. P(j) , P €  VLp , f i = e - > t

ul[t{John} ] g  i

ulX P . P(j) I g i

Xct. u[P(j) ] g [t/ ^ P] v

tIL{walk} =walkIL, walkILe C IL((s_>e)_>t)

tiL{John walks}

t{John}(''t{walks})=JohnIL( ~walklL ) 

XP. > ( ] ) ( ''*>alkIL )

'"'walkIL ( 7 )  

walk!L ( yj .

tL{John}=JohnL =XP. P(j) , 

tL{walk} =walkL ,

P e VL(*->t) & n d j e C Le 

walkL s C L(e_>t)
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u K p lg f j^ p j  ( u S j I g / ^ p j )  i

J t - r )  C P-7 ( f f i jH )  *

X c£. cfifEjU) *, d  e = {'-¥— — $’SI)

I s  th e  In te n s io n a l T ra n sla tio n  o f  E n g lish  H ig h -O rd e r  ?

There is an interesting observation to be made at this stage. With this function 

English phrases are translated using only first order quantifiers on variables of type 

entity. Although the intensional language L  in principle allows expressions with 

quantification over variables of any type, the translations of M-NL  phrases do not 
use such expressions. The same thing happens in PTQ with the translations. But 
there, as we have seen, meaning postulates use that ‘facility’ of expression.

3.4 Isomorphic sem antics for Eng lish

In the presentation of chapter two an expression of M-NL  is translated into an 

expression of JL which is then inteipreted with a defined semantic function. The 
interpretation of an expression of any syntactic category is characterized by its 
intension or by its extension in a given context In this section we show that the 

domains of denotations of /L-translations or L-translations, of phrases in the same 
category, are isomorphic. Moreover, if our constant and variable interpretation 

functions are correctly constructed there is an isomorphism between the 
interpretation of any phrase, using the intensional languages IL or L.

ULl [ t L{  exp}]] = UILl t J  exp}]]
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Proposition 3.4.1 For any category c of IL, the domain defined in 2.3.3.5 of 

intensions or senses ^ r [L(c) ° f expressions of type c, is isomorphic to the domain 
defined in 3.2.2.1 of denotations &xL(c) of expressions of the same type c:

where c: CAT as defined in 2.3.1.1, til( c) :  J lL as defined in 2.3.5.1 and tl ( c) :  Tl as 
defined in 3.2.1. The proof is based on induction over the translation on syntactical 

categories.

We will reproduce here a summary of some definitions from the previous chapter 

which are involved in the proof.

(Definition 235.1) The function from syntactic categories of English to types of

language IL, t1l: CAT-> is defined as follows:

1. T(e) = e

2. i(t) = t

3. a->b) = ( s-> t(a) ) —> T(b) and
i(a=>b) = ( s-* r(a) ) —> r(b) , for all categories a and b.

(Definition 23.3.4) The domains xJia of possible denotations  of type a  are

constructed as:

1. If a  = e , sJCa = %

2. If a  = t , J i a = 3 S

3. For all a  such that a=(p->{3) , sJta  = —hJCp

4. For all a  such that a=(s->fi) , *Jla = J

(Definition 23.35) The domains of senses of type a  are defined as:

(Definition 23.4.1) The semantic interpretation function uILa, which gives the 

value in domain of an expression e[La of EILa, given g  of 2£,
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is defined recursively for each type a  of language IL [...].

Proposition 3.4.2 According to definitions 2.3.5.1 and 3.3.1, the expressions of M- 
NL of category c will be translated into the following type of expressions in the 

intermediate languages IL andL:

3. if c  =* ( a ->b) ore *  (a  ->b), e lL ^ cy  (s—>T(a))—>T(b) eLt(c) ' x(a)—yz(b)

where E lL a is the domain of well-formed expressions of type a in IL , and E h a is 
the domain of well-formed expressions of L. The proposition follows from the 
definitions.

In order to prove that v5̂ and J^are isomorphic, we show that for an arbitrary well- 
formed expression expc of category c in M-NL, * and </ belong to isomorphic 

domains, where:

We have two main cases:

Case 1: c is a basic category either e or t . In these cases it follows from the 

definitions 2.3.3.4,2.3.3.5 and 3.2.2.1 that • This is *he
basic case.

Case 2: c is not a basic category and has either of the forms (a ->b) or (a =>b). This 

is the induction step.

1. if c =* e ,

2. if c  = / ,

e iLT(c): ^ n e  

e H T(c): EIL t

eL 1ic ):  e

eLT(c): £ L t

s — u hJ expg} JlgjL and s is in
= uLl  tL{e x p j l g L and c£ is in 2 fx(c)

^ r ( c )  =  (b) )

=  (  ( ^ - > y J C X{a) ) ) —> y j l^ (b )  )

=  ( ( ^ —>yJ£x (a )) x  (b))
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=  (a))  (b) )

= ^x(a)~^^x(b)

-^r(c) = ~^x(a)~* ~^t(b) *

If a and b are basic categories e or t ,  given case 1 we conclude that 5% ^  and 3 fX(c) 

are isomorphic domains. If a and b are still not basic categories we use again the 

induction step. Therefore:

^ il(c> ~ ^ xd c)

Proposition 3.4.3 If * is the sense of the induced interpretation of an expression 
expc of category c, after translation tIL into IL under interpretation u and variable- 
assignment g y

* = uil& il (expo } JJgjL

and if </is the denotation of the translation tL of the same expc into L,

e /=  ULEtL{expJ]}gL

then for any expc , * is isomorphic to </,

and therefore,

— c£ i

u J t , L (e x p c J lg ^ i s  UL[ t L( e x p j  l g L i  .

The following definitions, 3.4.4 to 3.4.6, can be used to support the proof of the 

previous proposition, and would be used in its formal proof, which is outlined latter 

on. If, as we have proved, the domains of denotations are isomorphic, we know 

that there is a one to one correspondence between elements. The functions below 

are used to make explicit that isomorphism.

Definition 3.4.4 Any variable hnn and constant Cnn of IL is replaced in L by a 

variable hpn and constant Cpn such that, p=k(n), where,
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k :  7 /l

1. k ( e )  =  e

2. k ( t )  =  t

3. for all types s-> a, k (s-> a)

4. for all types a->ft, and a  not s , k (a ->  fi)

e.g. k (s-> ((s-> e)-> t ) ) = k ((s-> e)-> t))

= k (s-> e) -> k (()

- k ( e ) - * k ( t )

-  e —> t

Definition 3.45 The variable-assignment gL can be defined from gIL in 2.3.3.6,

gdh(n)n l -  Sa.lh Jtn$

e g- g J P j  = S i J pJ , where PL is h(,_ , t) y and P is hs_, t)_, t) t .

Definition 3.4.6 The function,/^ can be defined from ^ in 2.3.3.7,

flX^h (it) n-H ~ f lL ^ it  r J

e.g. f J j J  . where jL is CL̂  a n d i s  Ctt<i.

To show that* and </are different forms of the same object we will do as follows. 
We have constructed translation tL to be like (tL> except that all intensional operators 
are deleted and all variables and constants are replaced as was just defined. With 
this observation, and the way in which/andg have been defined, proposition 3.4.3 

is, we believe, quite obvious. In order to be more formal we should give a proof 
using mathematical induction on categories for every translation and interpretation 

rule. Given the number of such rules the proof is very long. We would conclude 

therefore that,

UlL&iL {exP c }h lL *  = UL ^ d eXP d  J&L * •

=  k  ( a )

=  k ( a ) - > k ( P )  .
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Example 3.4.7 The induced interpretation of expression John  of M-NL in 
example 3.3.4 via IL or L is the same. If we ha.vefLHjL]J = f ILl[jILl] = &e:

3.5 Computable Grammars without Meaning Postulates

After having shown how we can have a simplified treatment of PTQ, defined in a 

compositional and computational manner, we would also like to proceed in the 
direction of a even more simple and more flexible treatment By flexible we mean 
that alterations should be incorporated in the treatment with minimal changes. 
Intuitively we should just need to add new definitions to our grammar in order to 

extend the ‘amount’ of natural language under formal treatment

The main objective and importance of this section is to show how to treat a fragment 
of intensional English without using meaning postulates at all, as we have been 

proposing, and therefore to provide interpretations for Montague's intensional 

English using only first order quantification. This can be seen as another 

simplification to Montague's system, and also to the system proposed in the 

previous sections. Having the characterization of words defined in different parts of 

the system is a violation of basic principles. Principles of economy and logical 
engineering would require a uniquely localized definition.

The second objective is to illustrate some basic characteristics of a general method 
for constructing grammars, which we believe corresponds to the flexible human 

learning process. Because of its flexibility, this method has merits on its own,

uLl t L{John} HgL £

= M .c A fJ iJ jl)  £

=  Xc/.eJ oe £

but itv is in ^ i a = —>£&)

and t /  is in = (%.̂ ^  so,

i l l



Chapter 3 A Simplified Treatment of Montague's English

which as we will propose in chapter five should be further investigated. However it 

also justifies the elimination of Montague's meaning postulates, as it introduces the 

definition of a word's meaning in just one place. We could have eliminated the 

postulates from Montague's system directly, but we believe that such procedure 

although justifiable from basic principles, would still need a cognitive explanation. 

We believe that the method we exemplify, being cognitively plausible justifies not 
only the elimination of the postulates but also indicates the correct place for a formal 
definition of the meaning of words.

In order to achieve these objectives we will define a computable grammar for a 

subset of extensional English and then extend it to a grammar for intensional 
English. Unlike PTQ, we will avoid the use of an intermediate language and 
translation by defining a direct semantic interpretation. Although the notation for the 

semantic system follows closely the one used throughout this thesis, we hope the 
reader will forgive us for simplifying the presentation of the syntactic system in the 
lines already mentioned in section 3.2.1 on Example from  LR-G ram m ars and 
following Pitt[1989]. We believe that this new simplified notation is amply justified 
as for instance we can present a syntactic definition, as is 2.3.1.4, in a much more 
concentrated form. And a direct interpretation eliminates a translation definition like
2.3.5.2. As we will define two versions of English, we believe the simplification 

and compactation is essential. We have not used the notation for syntax throughout 
for the simple reason that this thesis is more concerned with the semantic system 

and assumes that the reader is familiar with Montague Grammar.

O v e r v i e w

We start by discussing the principles on which Montague's framework is based, 

and the properties required in the syntax and semantics of a computable theory of 

grammar. We then introduce a very simplified version of English, which we will 

call approximation zero or °Englisht with an extensional semantics. Then we will 
introduce an improved version of English, approximation one or E nglish , with an 

intensional semantics. We show and we claim without proof that in this version of 

English, Montague's Meaning Postulates are unnecessary mainly due to our simple
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and uniquely localized definition for the meaning of the words in the lexicon. This 
definition satisfies the natural requirements motivating Montague's Meaning 

Postulates. Therefore we will take a further step to conclude that quantification in 

our semantic language should only be first-order.

3.5.1 Some Basic Characteristics of Montague's Framework 

C o m p o s it io n a li ty , L o g ic  a n d  P o s tu la te s

Two of the principles underlying Montague’s treatment of natural language are the 

principle of compositionality and the principle that formal logic can be used to 
provide the characterizations of meaning. Although they are used together, it is very 

important to recognize that they are different principles. Different combinations of 

those principles can be accepted or rejected with, if nothing else, basic pragmatic 

reasons. For instance, some theories of understanding and characterization of 

natural language may accept some form of compositionality but would reject formal 

logic, for instance connectionist theories. Some schools would only accept some 

systems of formal logic, for instance first order logic in PROLOG logic 

programming. Some schools seem to reject explicit compositionality while still 
accepting different forms of formal logic. It is common understanding that 
Montague accepted both compositionality and high-order logic. In general, we 
believe that the use of high-order logics in the treatment of natural language is not 

intuitively correct as pointed out in chapter one.

In PTQ Montague translates English into a subset of Intensional Logic expressions. 

He then defines the compositional meaning of that logic, given an interpretation. In 
fact this compositional definition is the definition of that interpretation. As we 

pointed out, it seems to be less correct to quantify on the interpretation as a whole in 

the definition of logical equivalence (see definition 2.3.4.S, and section 3.2.3 on 
M eaning Postu lates). We can however quantify on the free variables in the 
definition of that interpretation. In PTQ those free variables are for instance the 

meanings of words given by the constant interpretation function on constants of the 

logic. As we have shown before for some meaning postulates, they can be seen to
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define, as constraints, the primitive meanings of words. Therefore from a 

methodological stand they should not be introduced at a later stage, but rather where 

words are defined. Then, if there are no free variables left in the definition of the 

interpretation, we cannot quantify it. As we will see in chapter four, we believe 

Situation Semantics has taken this correct approach in the definition of strong 

equivalence.

L im ite d  C h a n g e a b ility

One of the major problems with Montague semantics has to do with changeability. 
Given its structure of types, whenever we want to account for new phenomena in 
natural language, it is most likely that most or all of the previous assigned types to 
expressions will have to be changed, as Gabbay[1988] pointed out. One possible 
semantic solution which we can think of as an evolution still in Montague's 
framework was proposed by Partee[1988]. Partee proposes mechanisms for type 

shifting and discusses some of the problems involved in finding natural solutions 

for type shifting, which could be used to characterize formally the flexibility and 
versatility of natural language. In our example of constructing intensional English 

we use a mechanism similar to Partee's type-shifting.

In general, we would like to have a method of defining a formal grammar for 

natural language, its syntax and semantics, which could be improved just by adding 

new definitions to the current ones. We believe that it is possible to do this in a 

framework which is still related to Montague's. As our second objective, this 
general method is illustrated by improving the definition of extensional English to 

arrive at intensional English.

3.5.2 Properties Required for a Computable Grammar

In this section we indicate some of the properties a computable syntax and 

semantics for natural language should have. As we have said we divide grammar
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into syntax and semantics, and we would require both to be represented as 
programs which terminate, or as effectivelly computable functions3.

C o m p u ta b le  S y n ta x

According to Montague[1970c], the importance of syntax is due to its role as a 

preliminary to semantics. If we accept the proposed division between syntax and 

semantics coming from the difference between the study of the forms and of the 

uses of languages, syntax studies whatever is not dependent on contexts of uses. 
We would say that for the context of use in which our formalization is being built, 

syntactic definitions deal with context insensitive objects, ‘forms’ (see chpater one). 
This is not a discussion on whether syntax is context-free or not, as in Chomsky's 
hierarchy of grammars.

Computer Science has developed many different formalisms to define formal 
languages. The construction of computable natural language approximations should 

use the most interesting of those formalisms. For instance, we can take advantage 
of the expressive power of attribute-value grammars and the existence of efficient 
parser generators for such formalisms. Moreover by restricting the syntax to the 

subset of context-free grammars known as L R , we can guarantee parsing strings in 
linear time and memory space, i.e. proportional only to the length of the string (for 
unambiguous grammars). The use of such restriction also guarantees termination, 
which, as we have seen, should be a property proved for implementations of 
grammars. Attribute-value grammar formalisms, parser generation and 
computational efficiency are discussed in Pitt[1989]4.

3 This identification of grammar with computable functions for syntax and semantics explains our name 
'computable grammar1.
4 As we have seen our definition for syntax only allows it to be context insensitive. If we identify the 
expressions ‘context insensitive’ and ‘context-free’, we seem to be saying that natural language 
syntactic descriptions should be context-free. This is not the appropriate place for such discussion, 
however we just notice its admissibility due to the fact that the valid strings of any language can be 
described using an over generating context-free grammar. Cunha and Pitt[1989] take this discussion 
further.
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C o m p u ta b le  S e m a n tic s

From basic principles we will accept that semantic functions which characterize the 
use of natural language should be restricted to computable ones. As we are using 

denotational semantics we will require that the functions used in the definitions 
should be provably monotonic and continuous. We could argue from basic 
principles that any real interpretation function should be proved to terminate on any 
argument (see chapter one, section 1.3.3 on Form al and Connectionist System s).

I f  w e accept the im portance o f syntax, a form al semantics fo r natural language has 

to do the job  o f characterizing contexts o f use and the uses o f the syntactic form s. 

T o  be form al it  has to provide both a form al defin ition  fo r contexts o f use and fo r 

the semantic function. This requires a form al language w ere contexts o f use are 

e x p lic it This is the case, fo r exam ple, o f the constructively typed language w e have 

been using to define the semantics o f the intensional language L.

W e  believe that under this view  o f syntax and semantics m any o f the arguments on 

m eaning became circular o r non-problem s. F o r instance the argum ent on whether 

the semantics o f a declarative sentence is a tru th -value. F o r us, sen ten ce  is a 

syntactic question applying to strings o f characters, declarative  is a question o f use, 

a sem antic question. A  declarative sentence is thus one w hich is used to a ffirm  or 

deny and w hich can be judged as being true o r false. So, ‘ the semantics o f a 

d eclarative  sentence is a tru th -va lu e ’ w ou ld  be an analytic  proposition, i.e . 

containing its ow n truth. I t  w ould not be o f any use to ask i f  w e can syntactically  

characterize the declarative sentences o f natural language. T o  be declarative is not a 

d irect question o f fo rm , but o f use, a sem antical question. In  a com putational 

environm ent and given a context o f use, w e should be able to say, or com pute, 

whether a declarative sentence is true, false or perhaps that w e do not known.

The difference between the semantic types of declarative and indicative sentences 
we referred to in chapter one, section 1.3.4 on T ypes and Types o f  Sentences is, we 

claim, just one example of sentence typing. If we want to be precise, the form of the 

sentence does not give me a definite answer to whether a sentence is interrogative,
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im perative or declarative, unless I  m ake an exp lic it form al convention beforehand. 

Such classifications m ust in  general be given by the use o f the sentence. As  

W inograd observes,

The syntactic form of an utterance is not correlated in a one-to-one way with its use as a 
speech act. The sentence You're going with him? if said with a rising intonation pattern, 
is a question, even though its form is declarative. The sentence What was /  goruia do? is 
used most often not as a question (as its form would indicate), but as a rhetorical question 
— a statement conveying my feeling that I had no alternative to the action I chose.

Winograd[1983], pp. 295

Although w e claim  that the meanings o f say a declarative sentence and an indicative  

sentence are d ifferen t w e are not claim ing that they are unrelated. The separation 

in to  the tw o types o f use is made in  order to re flec t and m ake precise d ifferen t 

aspects o f the overall possible uses o f the sentence.

W e  believe this discussion on types o f sentences is justified  here, because below we 

w ill have to m ake a choice on types fo r sentences and other expressions.

3.5.3 Computable Grammars to Approximate English

In  this section we w ill define tw o approxim ations fo r a gram m ar o f English. W e  

begin by defining an extensional approxim ation o f English and then by extending it  

to an approxim ation to intensional English. This im proved aproxim ation is defined  

by adding syntactic and sem antic rules to the extensional approxim ation, and 

solving type equations. In  both cases sentences w ill be used declaratively, lik e  in  

M ontague's approxim ation to English, and therefore the type equations w ill have as 

constraint that the m eaning o f a sentence is o f type boolean, fo r the extensional 

case, and o f type intensions on booleans fo r the intensional case.

Instead o f using m eaning postulates after defining the intensional interpretation, the 

d efin itio n  o f m eanings fo r the lex icon  o f the intensional approxim ation w ill 

guarantee that th e  n a t u r a l  re q u ire m e n ts  behind M ontague's postulates are satisfied. 

W e w ill c la im  this w ithout proof, as it  seems to us much sim pler than to prove that 

Montague's meaning postulates do correspond to those requirements.
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The initial approximation, we will call °English, is an extensional English defined 

with a context free syntax and a compositionally defined interpretation 5. In our 

notation all elements, in the syntax or semantics, used in formalizing this version of 
English will be preceded by the superscript 0. As we will see, the equations for the 

compositional interpretation define a set of type equations with free variables, which 

we can identify with the usual extensional solution, when for instance declarative 

sentences denote boolean values.

The last approximation, which we will call E n glish , is an intensional English 

defined by adding three syntactic rules and the corresponding semantic definitions, 
and by solving the type equations for an intensional semantics, where for instance 

sentences denote boolean functions on indices. The meaning of a word in this 
approximation is based on its meaning in °English. We claim that by doing this in 

the form shown satisfies the natural requirements for the meaning postulates.

A b o u t the N ota tion

The notation for the semantic system is similar to the one in the rest of this thesis, 
but for instance we will use simple brackets '(’ and ' /  instead of T' and 'T. 

However, as we said in the beginning of this section, we wil use a simplified and 
compact notation for the syntax. Basically we describe the syntax using standard 
notations of denotational semantics. For instance, while in Montague's system the 
set of expressions of some category x is written Px, here we will just write X, say, 
instead of P ^ t we will just write Det> and instead of writing as in definition 2.3.1.4, 
where for instance determiners are introduced as syncategorematic elements:

[...]

2. If a e P CN then F0(a), F j(a), F2(a) e P T , where:

F0(a) = every a,

F j(a ) = the a,

F2(a) = a a  [...],

5 If to the syntactic rules corresponds a program, they correspond as well to a function on strings. The 
function which 'corresponds' to the context free syntax will be the basis on which the interpretation is 
compositionally defined.
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we will write for the definition of determiners, rule 1 below, and for rule 2 above, 

rule 6 below, where the underscore corresponds to concatenation with a blank 

character:

1. °Det every /  the j  a .

[...]

6. °N p ::= °Det J C n  

A p p r o x i m a t i o n  ° E n g l i s h

To introduce the first approximation to English, we define the language's alphabet 
with the set °C har and the syntactic categories with the set °C atg. Then we 
informally define a set of phrase markers, which we call °PhrMk6.

°Char = {_ ,a ,b ,c ,d ,e ,f ,g ,h ,iJ ,k ,l,m ,n ,o ,p ,q ,r ,s ,t,u ,v ,x ,y ,w ,z }

°Catg = {det, verb, pn, cn, pron, np, vp, sent}

°Strg ::= °Char / °Char °Strg

For instance, the set °Strg just defined has as elements a, the, JohnJovesjnary and 
fgtyfyg. We will only define informally the set of phrase markers °PhrMk as being 

the set of possible parse trees defined by the context-free syntax and based on the 
sets °Strg and °Catg. For instance, (((a,det),(man,cn)),np), ((walks,verb),vp), and 

(a,det) are elements of the set of phrase markers. The category on the top of the tree 

names the pharse marker, and so the previous examples are respectively a np, a vp 

and a det phrase marker.

S y n t a c t i c  R u l e s

1. °Det ::= every /  the /

a

6 The syntactic rules can be seen as defining a syntactic function, °f, which for instance has as arguments 
elements of the strings of the language and returns elements of the set of phrase markers. We could use 
this syntactic function as the support for the isomorphism between syntax and semantics.
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2. °Verb walk 1 believe /

love l seek •

3. °Pn john / mary •

4. °Cn man 1 woman /

unicorn •

5. °Pron he / she •

6. °Np °Pn 1 °Pron /

°Det_°Cn •

7. °Vp °Verb / °Verb J N p •

8. °Sent °Np J V p

As we have accepted compositionality, there must be a one to one correspondence 
between syntactic and semantic rules in the interpretation we will define below. The 
interpretation function °u has as arguments phrase markers and values in some 
domain of values °Values. If the phrase marker corresponds to a sentence, then the 
value of the interpretation of that phrase marker is a boolean.

°u : °PhrMk °Values 

S em an tic  R u les

The interpretation of the lexicon is given in the first 5 rules. We can read the vertical 
bar as or. For instance: rule 1 says that the meaning of a det phrase marker is either 

given by the meaning of a, of every and of the; rule 6 says that the meaning of a np 

phrase marker is given either by the meaning of a pn  or a pron  phrase marker or by 

the composition of the meaning of its constituent phrase markers in the indicated 

way.

1. °u(0Det) .̂ = °u(a) / °u(every)

°u(the)

°u( walk)

/

2. °u(°Verb) .*= / °u(believe) /
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°u(love) /  °u(seek) •

3. °u(0Pn) .*= °u(john) /  °u(mary) •

4. °u(°Cn) °u(man) /  °u(woman) /

°u( unicorn) •

5 . °u(0Pron) °u(he) /  °u(she) •

6. °u(°Np) ."= °u(0Pn) /  °u(0Pron) /

°u(0Det) (°u(°Cn)) •

7. °u(°Vp) ^ °u(°Verb) /  Xx. °u(°Verb) (x, °u(°Np)) •

8. °u(0Sent) ."= °u(°Vp) (°u(°Np)) 9

The definitions seem to be the obvious ones. As a first approximation we have 

choosen for the composition functions in rules 6, 7 and 8, the ones which will 

provide an initial approximation to a functional use o f  English w ithout 

quantification.

S e m a n tic  E q u a tio n s

This choice o f composition introduced above defines a system of equations for the 

use-values o f the expressions. If D catg is the domain o f values for the meaning of 

catg phrase markers, and D strg is the domain of values for the meaning of strings, 

we will require, for instance for semantic rule 1, the equation:

eql- D d e t ~  D a +  ^ ev e ry  ^ th e  •

It is not difficult to verify that the following equations, on domain variables ^  
and X ,  provides a solution for the grammar above7.

eql. °u(0Det): oD(kf &

eq2. °u(0Verb): °Dverb =$?-> X +  X

7 It would be interesting to investigate how to use automatic processes to find a solution. For instance 
could polymorphic type checking, used in some programming languages, see for instance Damas[1984], 
be used here? Given an arbitrary untyped grammar of the language, such as the previous one, we would 
like to generate automatically the type equations and solve them for each type of semantics.

121



Chapter 3 A Simplified Treatment of Montague's English

eq3. °u(0Pn): °Dpn

eq4. °u(°Cn): °D mcn - 3 t
eq5. °u(0Pron): °Dpron

eq6. °u(°Np): °Drip

eq7. °u(°Vp): °D vp = % -* x
eq8. °u(°Sent): sent = x

To have an extensional English, we just need to think of X as the domain 3 8  of 

booleans. The domain SF is usually referred to as the domain if  o f entities or 

individuals. The form of domains D vcr& and Dvp reflects the treatment of the use of 

intransitive and transitive verbs. Domain Dcn is usually associated with if  38. In 

extensional English, we adopt therefore the following solution:

= % %  =  % -> 3 8  X  = 3 8

E x a m p le s

We will write for instance °u(john), but more precisely we should write between 

the brackets the phrase marker associated with john instead o f John. The meaning

for the lexicon is given.

°u(john) = °john &
°u(mary) = °mary is
°u( walk) = °walk

°u(love) = ° lo v e

°u( seek) = °seek

°u( believe) = °believe

°u(man) = °man

°u( woman) =°woman

°u( unicorn) = °unicom %-4SB
°u(a) =°a (% -> & )

°u(john_walk)= °walk(°john) 

°u(johnJove_mary)= °love(°john,°mary) 

°u(joh n_seek_mary) = °seek(°john,°mary)
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°u(john_seek_a_unicorn)= 0seek(°john,0a(°unicorn)) 

°u(joh n_belie ve_mary) = °believe(0johnt°mary)

Comments

W e could have made explicit in the syntactic definitions the difference between 

transitive and intransitive verbs. What we have done is equivalent as it is assumed 

that some verbs will have use-values o f type Dsent and others o f type

x  3 ?  —> D sent •

To classify a full version of first-order English we would need to add different 

semantic composition functions instead o f the ones used in rules 7 and 8, for 

example as Montague so successfully did, and solve a new system of equations to 

find the correct denotations. We believe we would not need to change the other 

definitions. As Montague has shown, the process o f reducing natural language 

using formal logic is not trivial and needs to be defined. Using a more complex set 

of semantic composition functions and assuming the use o f full first order logic, we 

should be able to get a better i-aproximation to first-order extensional English. For 

the expression john_seek_a_unicom we should write with an extensional reading,

iu(john_seek_a_unicorn) = V x . (°unicorn(x) A °seek(°johnjc) ) .

Approximation English

In the following approximation to English, called English, we will account for 

intensional phenomena of the same kind covered by Montague in PTQ. We claim 

that our definition for *u is ‘logically possible’ satisfying the motivations for 

Montague's meaning postulates 1-7. Proper nouns are ‘logically determinate’ 

(postulate 1), all our common nouns are ‘ordinary’ (postulate 2), and intensionality 

and extensionality with respect to subject or object position is respected depending 

on the type of the verb (postulates 3-7). We will assume th a t1 English is exactly as 

°English except for the following rules which are added to the previous ones.
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E x tra  S y n ta c tic  R u le s

7. >Vp

8. iSent

9. *Adj

E x tra  S e m a n tic  R u le s

7. 1u(lVp) :» [ ...] /

8. 1u(1Sent) :* [ ...] /

9. tuf’A d j)  := [...]/

lVerb JSent . 

!Adj JSent 

necessarily

Xx. ^ V e r b )  (x, Ju(JSent)) 

!u(JAdj ) (lu(lSent))

Ju( necessarily)

E x tra  S e m a n tic  E q u a tio n s

Using both sets o f rules, the previous ones and the ones o f extensional English, we 

propose the following solution, which can be used to characterize intensional

aspects of English.

eql. ’D i a = (J*-*

eq2. 'D ve,b

eq3. 'Dpn

eq4. ‘D m

‘D pron

eq6. ‘D v = s - > %

eq7. ‘D vp

eq8.
eq9. ‘D ^ j =  (S -+ $ 8  )-> (* ¥ -+ 3 8 )

W e need to provide the meaning of intensional words in this new approximation. 

But instead o f defining all o f them, we should use as much as possible the 

meanings already used in the extensional approximation. We will also need to 

redefine some of the meanings o f extensional words when they are used in 

intensional positions, for which it is required a type different from the initially 

defined. In order to do the later we were influenced by Partee's [1988] type-shifting 

functors, which were proposed to solve a different problem. In our particular case
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we will only have to construct new objects which denote intensional constant 

functions on the meaning of the initial. This constant functor is intuitively natural, 

as it does not provide more ‘information’8. In order to do what we have just 

described informally, we provide new meanings for some words we want to treat

intensionally:

!u( seek) = Iseek

lu(believe) = 1 believe < 8" x  ( J L >  & ) )  e g )

Ju(unicom) = 1 unicorn

Ju(a) = 1a

*u( necessarily)  =  1 necessarily

W henever the words defined in English are to be used in the intensional 

approximation we define, using what we call a constant functor:

lu(john) = X i. °u(john)

ternary) = X i. °u(mary)

]u( walk) =  X i. °u(walk)

!u(love) = X i. °u(love)

1u(man) = X i. °u(man)

1u(woman) -  X i. °u( woman)

C o m m e n t on M ea n in g  P o s tu la te s

Given our analysis in section 3.2.3 on Meaning Postulates, the choice of domains in 

equations eql-eq9 above, and of this constant functor will result in the meaning 

postulates being unnecessary. In this intensional treatment we already have that 

proper nouns are ‘logically determinate’, as its denotations are constant with respect 

to context of use, common nouns are ‘ordinary’ as they denote constant individual 

concepts on contexts of use, and intransitive verbs are ‘extensional’ by definition in 

eq2. It also happens that all verbs are by definition extensional with respect to

8 We use the word 'natural' in Partee's [1988] sense: if we are asked which is the ‘real’ number which best 
corresponds to an integer, the answer is: the ‘integer’ itself; the naturalness of converting reals into 
integers is much less intuitive, as Partee points out, except when the ‘real* numbers correspond to 
integers.
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subject position and extensional verbs are extensional with respect to object position 

as well, as we take their initial approximation which meaning is given in eq2.

Moreover, we have for this Intensional English that the meaning o f words is 

defined in this unique place. As we have seen in the beginning o f this section, the 

use of Meaning Postulates in Montague’s systems corresponds to an undesirable 

double placed definition.

Examples

One of the objectives of constructing E nglish  was to provide an example that it is 

possible to avoid Montague's meaning postulates in a compositional semantics. We 

will now provide some examples o f how to derive the meaning of the extensional 

and intensional sentences for the two approximations to English . Usually we 

should prefer the better approximation. W henever this cannot be used, elements 

from version one can be used. For instance given its type, 'seek cannot be applied 

to 'John, so we use °john instead.

u (jo h n je e k jijtn ic o rn )  can be:

1 u(john_seek_ajunicorn) = 1 seek(°John,1 a(' unicorn)) or

°u (jo h n jeek jijin ico rn ) = °seek(0john,0a(0imicom)) (as before) 9

u(joh n j o  ve jn a ry)

Ju(johnJovejnary)=  

°u(johnJo vejnary)=

can be:

1lo v e (° jo h n ,1m a ry )

° lo v e (° jo h n ,°m a ry )

or

(as before)

u (jo h n je e k jn a ry )

lu(joh n jeek jn ary)=  

°u(johnjeekjnary)=

can be:

1 seek (° jo h n , l m a ry) 

°seek (° jo h n , °m ary)

or

(as before)

9 If in p t q  we regard the star in the notation 5* as a functor, it converts an object of some intensional 
type into an extensional relation. For a verb which is extensional such as love or fin d  there is no 
problem, as the high-order object is used as a type-shifted version of its extensional use. But for a verb 
like seek its use corresponds to a loss in the information content which characterizes the intensional 
meaning function of the translated constant.
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u ( n e c e s s a r i l y J o h n  J o v e  j n a r y )  can be:

l u (n e c e s s a r i ly J o h n  J o v e  j n a r y ) = 1 n e c e s s a r ily fH o v e ^ jo h n ^ m a r y ) )  but

° u ( n e c e s s a r i l y J o h n  J o v e  j n a r y )  is undefined

u ( m a r y j b e l i e v e  J o h n  J o v e  j n a r y )  can be:

!u (  m a r y jb e l i e v e J o h n  J o v e  j n a r y )  =  l b e l ie v e (0m a r y ,l lo v e (° jo h n }l m a ry ) )  

° u ( m a r y j b e l i e v e J o h n  J o v e  j n a r y )  is undefined

We do not attempt to define extraordinary common nouns such as te m p e ra tu re  and 

p r ic e y although we believe it would be perfectly possible to do so in this same way, 

so common nouns only denote constant individual concepts on contexts of use.

As we have said before, this compositional treatment of intentionality for English is, 

if  nothing else, an illustration of how we think English grammar should be 

presented without the technical device of meaning postulates. We think that 

although being a simple example, it tells us that intentionality and quantification in 

P T Q  could be treated compositionally in the same way, without meaning postulates. 

Doing that, we would observe that PTQ !s English was compositionally translated 

into a formal system, a logic, where there is no quantification on variables other 

than of primitive type.

3.6 Conclusion

The main conclusion of this chapter is that Montague's treatment of English can be 

simplified without any loss of clarity or explanatory power by dropping the cap-cup 

operators from the intermediate language, and removing the meaning postulates as 

the last section illustrated. The most important result o f this simplification is that 

higher order quantification would be removed from Montague's treatment of 

English.

We make no claim for the alternative approach to computable grammar introduced in 

section 3.5, because it clearly requires more work, as we will refer to in chapter
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five. As we have said in the introduction, its main immediate objective was of 

showing how to eliminate the meaning postulates. Mediately important, it also 

shows how to be flexible in defining better aproximations for natural language.

128



It seems paradoxical to us that we should make such a medley, mixing 
physical states and states of consciousness up together in a single  report: 
"He suffered great torments and tossed about restlessly". It is quite usual; so 
why do we find it paradoxical? Because we want to say that the sentence 
deals with both tangibles and intangibles at once.— But does it worry you 
if I say: "These three struts give the building stability"? Are three and 
stability tangible? — Look at the sentence as an instrument, and at its 
sense as its employment

Wittgenstein[1953], §421, pp. 126e

What I suggest is that it is always undesirable to  make an effort to increase 

precision fo r  its own sake — especially linguistic precision  — since this 

usually leads to loss o f  clarity [...], one should never try to  be more precise  

than the problem  situation demands.

Popper[1974], pp. 24

Chapter 4

Towards Computable Denotations for Situation Sem antics

4 .1  Introduction

Situation semantics was developed to become a viable alternative to a propositional 

possib le-w orlds sem antics fo r natural language, such as M ontague's. 

Barwise[1981] expresses the view that possible-worlds semantics rests on dubious 

metaphysical and epistemological grounds, and refers to logical omniscience as a 

major defect which forces him to develop situation semantics. This semantics is to 

be regarded as a new model-theoretic approach to the analysis of natural language. 

In particular, Barwise uses a puzzle of logical equivalence involving perception
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verbs to show that in the propositional possible-worlds account we cannot get the 

right logical laws for perception, as well as for belief, doubt and knowledge, 

because of logical omniscience. The conclusion is that possible-worlds semantics 

offers an unacceptable framework for a mathematical semantics of natural language.

Objectives

According to Bull and Segerberg[1984] 'possible-worlds semantics is the 

dominating kind of model-theoretic semantics, perhaps even, if we take advantage 

of the vagueness of this term and stretch it a little, the only kind' (pp. 3). We believe 

that it should be possible to capture the model-theoretic analysis o f language 

undertaken by situation semantics without rejecting possible-worlds semantics and 

Montague's general framework. The first reason for that is because we share 

Barwise's views on the role of semantics in the study of natural language:

Model-theoretic Semantics is an attempt to use mathematics as a vantage point from 
which to focus on the most fascinating aspect of the magic prism, namely, how it is 
possible that sounds and marks can sometimes mean something. Surely we will never 
completely solve the mystery of man's capacity for symbol mongering, but the study of 
semantics can systematize our implicit understanding of human language and make clear 
where some of the mysteries lie.

Barwise[1981], pp. 369-372

In the second place, we believe that studying language's meaning with the notions 

o f possible worlds, which comes at least from Leibniz, has proved to be very 

fruitful. Finally we wish to proceed because Montague's framework offers a 

powerful, and perhaps unique general point o f reference for linguistics and both 

theoretical and computational logic. We would hope to use Barwise and Perry's 

useful results, particularly on the logics of perception, without having to make a 

m ajor departure say from  modal logic theory and from the M ontagovian 

compositional approach to the semantics of natural language.

One of the major problems in using the results of situation semantics is that it still 

suffers from one kind of omniscience. In fact non-normal or non-standard modal 

treatments of propositional attitudes, see for instance Konolige[1986] particularly
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chapter six, seem unsatisfactory because o f their complexity (Dieu[1989]). We 

believe that to solve this problem we need to be more realistic in the construction of 

possible semantic interpretations, and in the definition o f  boolean valued 

interpretations. This realistic position is in contrast with Hintikka’s [1975] idealistic 

formal views on propositional attitudes, which has been a major influence in the 

formalization of such sentences. The basic objective of the last section of this 

chapter will be to define the basic properties which possible real interpretations for 

propositional attitudes and perception should satisfy.

Our interpretation and presentation o f situation semantics has much to owe to 

Landman's [1986] formal interpretation of situation theory using partial objects. 

However we are more interested in our formalization on the computability of the 

interpretation, and that is why partial objects, mainly functions are important to us.

As I have stated before, in my opinion the reason why partial objects are interesting in 
semantics is, that you can take extensions of them into account, and — most importantly 
— that you can recognize patterns in these extensions, and constraints on these patterns.
On an 'ecological' theory of meaning, organisms pick up meaning, or information by 
getting attuned to patterns.

Landman[1983], pp. 14

In many respects, the work of Muskens[1988] claiming that it is possible to extend 

M ontague’s P T Q  using Landman's analysis to cover the results of situation 

sem antics, supports our objective o f  keeping w ithin M ontague's general 

framework. The first part of our work of formalization differs from both of these 

mainly because we use a theory of partiality as a theory o f finite representation, with 

a view of providing computable characterizations for the necessary domains and 

functions *. The problem of omniscience is not an object of explicit concern either 

for Landman or Muskens.

Overview

This chapter provides a denotational treatment of natural language mainly inspired in

1 For instance, our domains satisfy Plotkin's [1981] computability requirement, by not having a top 
element.
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the one outlined by Barwise & Perry's [1983] 'Situations and Attitudes', or just 

S&A. Our treatment has been influenced by Landman[1986], Cooper[1987] and 

Moennich and Bealer[1988], We then show that Barwise[1981] and Hintikka's 

[1975] criticism of possible-worlds semantics applies to situation semantics in 

respect of omniscience of the latter. The chapter finishes with some observations on 

the characteristics required by a formal treatment o f perception sentences. We 

believe that some of these characteristics are common to the formal logic of 

propositional attitudes.

We introduce a denotational or computational treatment of natural language based on 

situation semantics. W e will use a formal system, called SSL, which can be 

regarded as an alternative formal presentation of the theory of situations in S&A. 

Instead of defining a general system, we concentrate on formalizing the one 

required to construct the semantics of Determiner-Free Aliass, a language similar to 

the one defined in appendix to chapter six of S&A, which we call DFA-NL. A very 

Montagovian approach is taken to achieve this objective. We provide a syntactic 

definition for the language (section 4.2), we introduce the required theory o f 

situations SSL (section 4.3), and we use it to express a compositional semantics for 

the language (section 4.4):

u
DFA-NL — -----—:---- > SSLinterpretation

For instance, if  aePs , i.e., a  is a sentence of the language, then,

uEaJJ: SIT —> SIT $8 

uHall ue: £8

where SIT is the domain of situations, u is the situation where the sentence is 

uttered, and e is the situation being referred to by the utterance of the sentence. In 

order to characterize situation semantics, we think o f S&A*s notations as 

abbreviations for typed lambda calculus functional expressions, and constructively 

interpreted using the definitions of chapter two.
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In the last section (4.5) and once the semantics of DFA-NL has been formalized using 

our version o f situation semantics, we extend the language and the system in order 

to cover attitude and perception sentences which involve sentence embedding. We 

compare it with possible-worlds semantics, and we conclude that while situation 

semantics is immune from boolean logical omniscience it can still suffer in general 

from omniscience. We then chose to investigate the importance of omniscience in a 

formalization using sentences involving perception verbs. We believe that the study 

of knowledge and belief has been less objectively conducted than it should be 

expected in a formal study, due to confusions between the real use of those words 

and a perfect ideal use. Perception offers us a much more objective area to work 

with. We offer a tentative formalization for perception, and we outline some 

properties a real interpretation for perception, and we believe for propositional 

attitudes, should satisfy.

4.2 B a r w is e  & P e r r y ' s E n g l is h

This definition of the syntactic system for Determiner-Free Aliass or DFA-NL 

follows closely the presentation in S&A. However, our style is very close to that 

used for M-NL in chapter 2. We do this to enable a more direct comparison between 

the semantics of DFA-NL and the semantics of M-NL as in chapter 3. The grammar 

of DFA-NL presented in S&A is originally better structured, as the rules are already 

presented as to be codified by an LR-grammar 2. We give a set of syntactic 

categories and basic expressions for each syntactic category. Classically the basic 

expressions constitute the lexicon of the language, although, as we will see, in S&A 

there are basic expressions which are not in the lexicon. The non-basic expressions 

of the language, phrases and sentences, are then defined recursively.

Definition 42.1 The set CAT of syntactic categories of Barwise & Perry's 

Formal English, DFA-NL, is defined as follows:

1. Basic syntactic categories is the set { V, IN, W, E, E1, E2, NAM}.

2 See Example from LR-Grammars, section 2.3.1.
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2. Syntactic categories is the set CAT = {RS, IT, TM, LRP, PP, NP, Sj.

Definition 422  The following names will be used for the syntactic categories 

defined before:

V  or variables.

IN or present tense markers.

W  or past tense markers.

E or indeterminates.

IB1 or unary relation symbols.

IB2 or binary relation symbols.

NAM or names.

RS or relation symbols.

IT or individual terms.

TM or tense markers.

LRP or located relation phrases.

PP or property phrases (common nouns and verb phrases)

NP or noun phrases.

S or sentences.

Definition 42.3 The sets Ba of basic expressions ba of category a are given. 

For instance the set Bv is the set of basic expressions o f the syntactic category of 

variables.

Bv = {h l f h 2, h 3, ...}.

Bn = {nl t n2, n 3, ...}.

Bw = {wj,  w2, w3,

Bj = {sbj, obj, loc, bol} .

BRl = {running, walking, barking , r1, s1, ...}.

BjP = {eating , touching , biting , r2, s2, ...}.
Bnam = (John, Mary, Bill, J a c k ie ,...}.

B rs = B r?  •

Bit = W  + Bsam+ By  •

Btm = Bn+ Bw .
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The sets of basic expressions of other categories are empty. A  basic expression b is 

a member o f B = ' Z a Ba .

The elements in the sets BRS, 2?  ̂and Bm  are called by Barwise & Perry the lexicon 

of the language DFA-NL.

Definition 42.4 The sets Pa of phrases pa of category a are introduced by the 

rules:

Basic rule:

1. For all syntactic categories a, any member of Ba is in Pa .

Sentence rules:

2.1. If  aeP NP and pePPP then F2(afp)ePs , where

Fi(a,P) = ( a P )  •

2.2. If0, \ff€Ps then F2(<P,y/)ePs , where

F2(4>*v) -  (4><*nd yr) .

2.3. If  4>,y/ePs then F3(<p,y/)ePs , where

=  (<t>or\i/) .

Property phrase rules:

3.1. If aePuip then F4(a)ePPP , where

F4(a) = (a )  .

3.2. If aePuip and fl g Pnp then Fj(a,P)ePPP .

3.3. If  aeP pp and p eP PP then F2(a,p)ePPP .

Noun phrase rules:

4.1. If aePjj. then F4(a)ePNP .

4.2. If  aePNP and PiePv then F5(a,pi)ePPP , where

Fs(a>Pi) = (<*i) •
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Located relation phrase rule:

5. If aeP RS and J3 eP m  then F ^ a ^ e P ^  and F ^ a ^ j e P ^ p , where 

F6(a,P) = (ap) ,

Fy(a,f}) = (notap) .

A meaningful or well-formed expression p of DFA-NL is a member of P = Pa .

For instance the following is a sentence, an element of Ps , o f the language DFA-NL.

(Jackie bitingWj Mary ) and (h j walkingWj )

It corresponds to a more natural language like J a c k ie  w a s  b it in g  M a r y  a n d  she w as  

w a lk in g , with w j  being a past tense marker and h j  a variable standing for she.

4 .3  A FORMAL SYSTEM FOR SITUATION SEMANTICS: S S L

There are two possible ways we can use the mathematical theory outlined in S&A. 

As we have seen, we think of the mathematical language of Situation Semantics as 

that of a formal system. However, in the form in which it was originaly presented 

we do not find obvious its relation to computability. For instance, the relations 

between Scott's typed lambda system and recursion theory or computability theory 

are well known, through the use o f Domain Theory as in Scott[1981]. In the 

previous chapters we used it to define the intermediate logic systems. If Situation 

Semantics' relation to recursion theory was as clear to us as that of lambda calculus, 

we could use it to express the interpretation o f DFA-NL. Other works, such as 

Landman[1986] or Muskens[1988] can be seen as working towards this objective, 

although not as explicitly. W hat we propose to do in this section is to regard 

Situation Semantics’ notation as an abbreviation for typed lambda calculus 

expressions. We could as well have chosen to define a set o f expressions for 

Situation Semantics, introduce its syntax, and then provide an interpretation for that 

syntactic language. The former method was preferred as it keeps this presentation 

simple to follow, once the abbreviations are understood.
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The present system, called SSL for situation semantics language, is a simple but 

non-trivial presentation of the basic theory of situation semantics as we understand 

it. We start by introducing the primitive and non-primitive semantic domains 

together with basic given interpretation functions. At the same time we also 

introduce some of the abbreviations with their use. We provide some of the 

definitions necessary to characterize the expressions of DFA-NL, which will be done 

in section 4.4.3, and also to describe the semantics of attitudes, in section 4.5.1. In 

order to do this some of the definitions have been simplified or not explicitly given. 

For instance we will not define Event-types and Roles, as they were defined in 

S&A. On the other hand we bring some elements into proper domains, such as 

constraints which are introduced as objects which will allow for descriptions of 

situations which can themselves describe specific constraints between situations.

4.3.1 Primitive Domains

Definition 4.3.1.1 The domain POL of polarities i is defined as,

POL = {no, yes} .

Definition 4.3.12 The domain of entities or individuals o. For later comparison 

we identify it with the domain of entities defined in chapter 2.

e.g: % = {John, Mary, John's leg , ...}

Definition 4.3.13 The domain i f  of locations /. 

i f = ^ ® x  3 ^  where,

3*  is the domain of spatial locations.

^ i s  the domain of temporal locations. It is identified with the one in 2.3.3.2.

As in section 2.3.3 the domain of temporal locations is defined together with partial 

ordering relations. S&A uses the following ordering relations, intuitively given as 

elements of domain i f  x if-*  38 . Using an infix notation we would write:

/  < /  : /  wholly temporally precedes /  *
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/  ° /  ' : /  temporally overlaps /  '

/  @ /  spatially overlaps /  ’

We will name /ut or universal location, the effectively given location which for any 

other location S:/u° /  and Su@/.

Definition 4.3.14 The domain M  o f relations ♦ . This domain is a primitive in 

S & A .

M  = 2n & n  where,

M0 is the domain of situational states.
Mj is the domain o f properties.
M2 is the domain of binary relations.

Mi is the domain of i-ary relations.

Having domains of relational elements as primitives is one of the characteristics of 

the semantical approach of Property Theory as can be seen for instance in Moennich 

and Bealer[1988] and Tumer[1988a]. In order to relate a relation with objects we 

need a function, to provide its value i.e., which objects stand in that relation. This 

function must be given, and we define its type later in 4.3.2.S.

4.3.2 Non Primitive Basic Domains

The non primitive basic domains are the domains of Objects, Facts and Situations. 

An object can be seen as an entity such as N atassia  K inski or M a rg a re t T hatcher; a fact is 

a simple description of an aspect of the real or imaginary world, such as the fact that 

N a ta ss ia  K in sk i is M a rg a re t T h a tch er; a situation is a partial collection of facts, which 

can be a view of some world, either possible or not. The notion o f regarding the 

world as collections of facts goes back at least to Wittgenstein and is to be found for 

instance in Russell[1918].

Definition 4.3.2.1 The domain of objects. Any element of is in this domain, 

but there are other elements which can be counted as objects. For the moment we
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will use the variable 8?  for that domain.

fyn  = n nf y  (e.g.: -  f y  x f y )  where,

The domain 3?  will be defined in 4.3.2.13 as a constraint on situations3. This choice 

for the definition of objects will allow a situation to express that a simple relation on 

entities holds or not at some location and also to express that a situation also 

involves a complex constraint on situations at a certain location. We hope this will 
became clearer later on.

Definition 4 3 2 2  The domain ̂  of constituent sequences is defined as,

^  = 2̂ , ^  (n>0) where,

^ o - ^ o

We can regard constituent sequences as unpolarized facts about the world, like for 
instance G reen  sn ow  or John loves M ary.

S i tu a t io n s

A situation is intuitively a set of polarized and located facts about the world. For 
instance, a situation could be in our universe the fact G reen snow  polarized positively 

together with in some location in Kent the fact John lo ves  M a ry  polarized positively. 
Obviously, depending on the valuation function we are using, a situation may have 

different properties, for instance, it may not be actual. Formally we define situations 
as follows.

Definition 4 3 2 3  The domain of situations e is defined as J*OL 

SIT =  (  H f x & x P O L )  2  P O L .

3 As w e may notice, w e are introducing a set o f recursive dom ain equations: later on, in the definition o f 
a lf a domain based on will be used. Domain theory guarantees the existence o f non-trivial solutions 
and we believe that Peter Aczel's theory o f hypersets offers an equivalent mathem atical framework for the 
solution o f this kind o f equations (see for instance Barwise and Etchmendy[1987]).
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N o ta tio n  a n d  A b b re v ia tio n s

We will refer now to a type of notation used in the following presentation of 
situation semantics and how it can be seen as an abbreviation of typed lambda 

expressions. Basically, we abbreviate a boolean function by its characteristic set 
When a computational description is required we should transform this 
representation into a typed lambda expression. We will then use the infix operators 
+ and - for addition and subtraction of characteristic sets in the obvious way and 
without presenting here their formal definition. These operations will be used to 

define operations on the semantic features in section 4.4.3.I.

In the following examples the first type of notation is the one introduced in chapter 

two, the second corresponds to the characteristic set of a total boolean function, and 

the third is the notation used in S&A.

Example A

1. e = Ax. cond(x=(l, (r2, o0, Oj), yes), f ,
cond(x=(l, (s2, o0, Oj), yes), / , / ) )

2. e = { (  l, (r2, o 0, Oj), yes ), ( l, (s2, o 0, Oj), yes) }

3. e : =  atl: r2, o 0, O j ; y e s

s2> °o> ° i  i  yes

Example B

1. e = Ax. cond(x=(l, cIf yes), t ,

cond(x=(l, c2, no), / , / ) )

2. e = { (  l, c j, yes ), ( l, c2, no) }

3. e:=  a tl: Cj ;yes

c2; no

In the cases where the notation 2 or 3 is ambiguous, we should use notation 1.
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P r o p e r tie s  o f  S itu a tio n s

In order to define the notion of a structure o f  situations, the notion in situation 

semantics equivalent to the classic model-theoretic structure, several concepts are 

required. Given that the relation domains are formed of primitive elements, as we 
said before, we need to be able to compute the values that relations have for objects 
in locations. For this we must assume a given valuation function. This function is 

necessary to computationally analyse situations and is the basis to compute the 
properties or classification of situations as being actual, factual or coherent. These 
classifications are necessary for instance to define in 4.4.3.5 the boolean meaning of 

a statement in a given situation, for a given structure of situations.

Definition 4.3.25 The valuation function v a /n: ( J%n x  x  Jzf) is given for 

all the located facts.

Definition 4.32.6 The function in : SIT x (  S fx^ xP O L ) -+S8  is defined as, 

in(e, s) = cond( e(s) = /, /, f? )

For instance in(e, ( l, (s2, o0, of), yes) ) = /  . This function just explicitly tells us if 

a certain polarized and located fact is present in a situation.

Definition 4.32.7 The function actual : SIT - > &  is defined as,

actual (e) = cond( v a t  {rn, on, l ) e q u iv a l  in(e, (l, (rn, o f ,  yes)) a n d  

v a /(r n, on, l ) = / e q u iv a l  in(e, (l, (rn, o„), no)), £ / ) .

Definition 4.32.8 The function fa c tu a l: SIT £ 8  is defined as,

factual (e) = con d( in(e, (l, (rn, o j ,  yes)) im p lie s  v a /( r n, on, l ) a n d

in(e, (l, (rn, of), no)) im p lie s  v a /( r n, on, l )=  / ,  £ / ) .

Definition 4.32.9 The function coherent : SIT -> is defined as,
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coherent (e) = cond( in(e, (l, (rn, o^, yes)) x o r  in(e, (l, (rn, o j ,  no)) a n d

in(e, (l, (same, o, o'), yes)) im p lie s  o=o', t , j f )  a n d  

in(e, (l, (same, o, o), no))

D isc o u rse  S itu a tio n s  a n d  C o n n e c tio n s

Discourse Situations and Connections are special types of situations. We will not 
define them here but we assume that given a situation it is possible to determine 
whether it falls in one of these two types. This classification depends on the 
structure of the situation, i.e. basically on which relations are in the facts of the 
situation. Associated with these domains there is a set of functions which analyse 
the situation, for instance the temporal location of some of its facts, and are 
indicated below. Discourse situations and connections play an important role in the 

definition of the interpretation of the language.

Definition 4.32.10 The domain of discourse situations Dsrr is a domain of elements 
d: SIT -> £ 8  which satisfy the conditions of being a discourse situation as in pp. 55 

of S&A.

E.g, d:= atld: speaking, Joe;yes
addressing, Joe, Jonny; yes
saying, Joe, Jackie is biting M olly; yes

The functions speaker : DSJT - » and loc : Dsrr -» Jzf are given. The function 

speaker identifies that role in the discourse situation, for instance speaker(d) is 

Joe. The function loc identifies the location of the discourse, loc(d) is ld .

Definition 4.32.11 The domain of co n n ec tio n s  Cm  is a domain of elements 

c: SIT S8 which satisfy the conditions of being a referring situation as in 
pp. 124 of S&A.

E.g, c:= atlj: speaking, Joe; yes
addressing, Joe, Jonny; yes 
saying, Joe, Jackie ; yes
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referring to, Joe, Jackie, Jackie; yes

The following functions are given, loc: Csrr x Bm  -> entity: CSJT x B v - > &  

and extens: Csrr x Csir -> & $ . Given a connection and a tense marker consistent 
with it, for instance if they are both past, the function loc identifies the location of 
the situation, otherwise it is undefined. Given a variable, a pronoun, the function 
entity provides an individual as its reference. The function extens is true when the 
second connection is contained in the first, i.e., it is its extension.

C o n s tra in ts  a n d  S tru c tu re s  o f  S itu a tio n s

The following definitions are required to formalize the notions of meaning of 
sentences, utterances and statements using situation semantics. The word constraint 

has different uses, as is explained at footnote 3 on chapter 6 of S&A. If we see a 
constraint as a relation between situations, we will write definition 4.3.2.12. A 

constraint is then a computable element of that domain which corresponds to some 

computable expression or program. If we want to use situation semantics to actually 
write constraints, and constraints are to be situations definable like 
e:=  a t l: involves, e',e" ; yes  , then situations e ' and e ” should also be viewed 

as objects in domain (fy. Our choice however is to have the definition of a constraint 

so we can write situations such as e:=  a t l: involves, c; yes  , where involves is a 

given unary relation and c is a constraint. Or better, the representation of a 

constraint, which can be a rather ’long* object For us the important thing is that 

constraints are objects as in 4.3.2.12. Typed lambda expressions can be written to 

'program' constraints and they can be used in the descriptions of situations, which 

could then also be called constraints. This proposal is to be seen at slight variation 
from Barwise & Perry's.

Definition 4.3.2.12 The domain of constraints is defined as,

CO = SIT x SIT -> $ 8  .

Definition 4.32.13 The domain ^introduced in 4.3.2.3 is now defined as being 
isomorphic to C O .
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8 ?  =  c o .

Definition 432.14 The domain of co llec tio n s o f  s itu a tio n s  is defined as 

CSslT = SIT -> SS

E.g.: CS =  { ~ , { e , { ( l , y , i ) , ( l , ( r , a ) , l ) } , e " , . . . } , . . . }

We will just reproduce Barwise & Perry's definition for what is a structure of 
situations. This definition will be used when defining the boolean meaning of a 

statement We should be able to translate it into our formalism. For our purpose 
however, it is only necessary that it is defined in some intuitively correct way, and 

in this respect we completely rely on S&A.

Definition 4.32.15 The domain of structures o f  situations SSIT is a domain of 

elements m: SIT -> $ 8  which satisfy the conditions:

1. There is a non empty m0 such that m0 c  m.

2. Every e e  m0 is coherent.
3. If e e  m0 and e ' c  e  then e' e  m.

4. If m' C m  then it exists e e  m0 such that for every e ' e  m \

e ' is a p a r t o fe .

5. If c  is any factual constraint in m then m respects c.

This concludes our presentation of the domains, functions and notation which we 
will require as defined to construct the meaning or interpretation of DFA-NL. An 

implementation of this system would of course need all the functions and domains 

we have assumed to be represented in some computable form.

4 .4  T h e  I n t e r p r e t a t io n  o f  d f a - n l  w it h  s s l

After defining the syntax of the language DFA-NL and a theory of situations with 

enough primitives, we can now construct the interpretation that corresponds to our 

mathematical understanding of our use of that language.
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DFA-NL
u

------------------ >
interpretation

SSL

The interpretation function is defined to provide a compositional semantics for the 

language. For instance if aeP s , i.e., if a is a sentence of the language,

ulLaU: SIT —> SIT 58 

u[a]J u e : 58

where SIT is the domain of situations, u is the situation where the sentence is 
uttered, and e is the situation being referred to by the utterance of the sentence. An 
and utterance of an indicative sentence is called a statement and the interpretation u 
is then used to define the notions of weak and strong equivalence between 
statements and of boolean meaning of a statement

4.4.1 Interpretation of Lexicon

Definition 4.4.1.1 The lexical interpretation function/is defined over the elements 
of the basic domains which constitute the lexicon of DFA-NL.

/ :  ( BRl —> M i ) + ( B^2 -> M 2 ) + ( Bnam ->& ) .

4.4.2 Semantic Features and Settings

In order to take account of semantic issues such as anaphora, tense and the subject 

and direct object functions, situation semantics introduces a set of semantic features 
for each expression of the language. For instance Scat is going to provide 

indeterminates sbj, obj, loc and bol which will store relevant information 

respectively on subject, direct object, location and semantic boolean value possibly 

associated with an expression of DFA-NL. In order to formalize this mechanism we 

will define a function setting as a function on each expression of DFA-NL. For each 

expression and depending on which set of indeterminates are relevant (this set 
depends on the syntactic category of the expression), a set of semantic values is 

given to the expression.
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Definition 4,42.1 The following semantic feature  functions are defined on the 

elements of P with the following types:

1. Scat: P -> B j -> &

2. Var: P -> By 3 8

3. Tense : P  -*  B r s &

4. A F : P ->By -> 3 8

E.g., Scat (a) = {sbj, loc.bol} .

The semantic feature  functions will be given for all expressions in BRS, Bn , Bm , 
in the basic rule of definition 4.4.3.1.

Definition 4.422 The function setting a  is defined on the elements of P. Given an 

element p  of P:

S e tt  = P -> Jzf-f 3 8

E.g., avouching)

sb j John 
o b j m ary 
loc  /

_ b o l 4

The function extern : Sett xSett -» 3 8  is defined in the obvious way, if the second 

setting is included in the first, then extens will be true.

4.4.3 Semantics of DFA-NL 

C o m p o s it io n a l I n te r p r e ta tio n

The following definition is based on the definition of the meaning of Determiner- 

Free Aliass as is given in pp. 299 of S&A. It only uses functions defined or referred 

to previously 4.

Definition 4.4.3.1 The semantic interpretation function u is defined on the elements

4 The presentation o f this language should be seen as falling into the com putational paradigm  which was 
presented in chapter 3, section 3.5.
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of P following the syntactic definition 4.2.4 of language DFA-NL,

ZJ .* P —> D ĵt —̂ Cjyy —̂ Sett —> S/T —> ^  

uEpJJ dc c e : 38

Basic rule:

1.1.1. If aePRi :

Scat (a) = {sbj, loc, bolj 
Var (a) = {)
Tense (a) = {}
AF (a) = { }

u[a1 dc ce  = in(e, (fKaH, c[a]](sbj), c[a]J(bol)) )

1.1.2. If aePjf :
Scat (a) = {sbj, obj, loc, bol}
Var(a) = {}
Tense (a) = { }
AF(a) = { }

u{[al dc ce  = in(e, (f([a]I, c[[all(sbj), c[aU(obj), c[a](bol)) )

1.2 . I f a e P n  :

Scat (a) = {sbj} .

Tense (a) = {}
AF (a) = {}

1.2.1. If ae{I) :

Var(a) = { }
ufLal dc  ce = cond(cl[a]l(sbj) = speaker(d),

1.2.2. lfaePNAM:
Var (a) = {}

uj[a]j dc ce -  cond(a[[a]](sbj) =f[a]J, f , / ).
1.2.3. If aePv :

Var (a) = {a}
u[[a]J dc ce = cond(c[a]J(sbj) = entity(c, a),
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1.3. If a e P m :
Scat (a) = {loc}
Var(a) = {}
Tense (a) = {a}
AF (a) = {}

1.3.1. If a e P N :
u[[a]I d c  <re = cond( /  = loc(c, a) and /  °loc(d), f, jf).

where /  =• c[a]](loc)
1.3.2. If a e P w :

u[[a]} dc ae = cond(/  = loc(c, a) and / <  loc(d),
where /  = cEa]](loc)

Sentence rules:

2.1. If a eP NP and p eP PP then p=Fl(a,P)ePs , and,

Scat (p) ={ }
Var (p) -  Var (a) + ( Var (P)-AF(a) ) 5 

Tense (p) = Tense (a) + Tense (P)
AF (p) -  AF (a) + AF (P)

uIpU dc  ae  =• cond(exists a. extens(o,c) and uKal dc' a'e and
u lp l  dc'a 'e  ).

2.2. If 4>, y/ePs then p=F2(<l>,y/)ePs , and,
Scat (p) =Scat (a) + Scat (p)
Var (p) = Var (a) + ( Var(P) - AF (a) )
Tense (p) = Tense (a) + Tense (p)
AF (p) = AF (a)-h AF (p)

uEpJj dc ae -  cond(existsc' . extens(c,c') and u[a]J dc' ae and
ul[pj} dc' a e  ,£>/).

5 See in section 4.3.2 on Notation and Abbreviations the definition of operators + and - .
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2.3. If 0, y e P s then p = F 3(<p,\f/)ePs , and,
Scat (p) =Scat (a) + Scat (p)
Var (p) = Var (a) + ( Var (p) -AF(a) )
Tense (p) = Tense (a) + Tense (p)
AF (p) = AF (a) + AF (P)

u lp l  d c  Ge = cond(exists c ' . extens(c,c') and uTaH dc' ae or
uTpH d  c* g  e , ).

Property phrase rules:

3.1. I fa e P ^  th e n p -F 4(a )eP Pp , and,
Scat (p) =Scat (a)
Var (p) = Var (a)
Tense (p) = Tense (a)
AF (p) = AF (a)

uTpH dc ae = cond(Scat (a) = {sbj}, ufLal dc a e , ±).

3.2. If aeP^p and pePNP then p=F1(a,p)ePpp and,

Scat (p) ={sbj}
Var(p) = Var(P)
Tense (p) = Tense (P)
AF (p) = AF (P)

uTpH dc  Ge = cond(obje Scat(a) and exists a', a". extens(o,o) and
uTa]} dc g  e anduTpH dc g" e and 

o'Tal (sbj) = g " TpH (obj)y ).

3.3. If aePpP and p eP PP then p=F 2(a ,p)eP pp and,
Scat (p) ={sbj}
Var(p) = Var(a) + (Var(P)-AF(a) )
Tense (p) = Tense (P)
AF(p) = AF(ot) + AF(P)

uTpH dc Ge = cond( exists c\ extens(c,c[) and uTaH dc' Ge and
ufLpH dc' Ge , £>/ ).
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Noun phrase rules:

4.1. IfaeP^ thQnp=F4(a )eP NP and

Scat (p) =Scat (a)

Var (p) = Var (a)

Tense (p) -  Tense (a)

AF (p) = AF (a) 

u l p l  d c  a e  = u l a l  d c  a e

4.2. If a eP NP m d fiie P y  then p=F 5(a,P)ePpp , and,
Scat (p) =Scat (a)

V ar(p) = Var (a)

Tense (p) = Tense (a)

AF (p) = AF (a) + Pi

u l p l  d c  a e  = c o n d ( u la l  d  c a e  an d  entity(c, p ) = al[a]I(sbj), t,/?). 

Located relation phrase rule:

5. If clePrs and p e P m  then p= F 6(a ,p)eP LRP and q=F 7(a ,p )eP LRP, and 

Scat (p) = Scat (q) = Scat (a) - {loc,bol}

Var(p) = V ar(q) = {  }

Tense (p) = Tense (q) = Tense (a)

AF (p) = AF (q) = {  }

u l p l  d c a e  = cond(exists a, a'. extens(a ,a) and a la l(b o l)  = f
a n d  u l a l d c ’a ’e a n d  u l p l d c ’a ’e ,  f ,^ ) .  

u l q l  d  c a e  = cond(exists a ’, a'. extens(a,af) a n d  a la l(b o l)  =^

a n d  u l a l  d  c'a’e a n d  u l p l  d  c'a’e , t ,^ ) .

We can simplify the meaning function for sentences, elements of Ps , as foliows:

u : P̂  # D§rr —̂ ^sit —̂ SIT —> 

u l p l  d e e :

This is justified because settings are not free in the definition of sentence meaning.
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W e can further simplify the meaning function for sentences, had we not 

distinguished the domains o f Discourse situations and Connections. If the 

restrictions were built directly into the definition of meaning we could have defined 

u as follows, where u is the uttering situation , which provides the information o f a 

discourse situation and a connection:

u : Ps -> SIT-> SIT-> &  

u E p U u e :

Intuitively this is justified because a situation can contain a discourse situation and a 

connection. If it does not the interpretation would be undefined.

As we can see the domain SIT -> SIT -> 38 is the domain o f constraints, the same 

that was defined in 4.3.2.12. This is the reason why in situation semantics the 

meaning of a sentence is said to be a constraint on an utterance o f  a  sentence.

Definition 4.43.4 Two sentences a  and are semantically equivalent if they have 

the same interpretation for any uttering and referred situation, i.e. if and only if 

ul[a]} u e  = u f fp l u e.

Weak and Strong Equivalence

The notions of equivalence are defined in S & A  only for statements. The reasons for 

this will be explained later. Intuitively a statement is the utterance of a sentence. The 

interpretation o f a statement in S & A  is the collection of the referred situations by the 

sentence in the uttering situation. Given the interpretation of the language, the 

interpretation o f a statement is determined. Strong equivalence is then defined 

between statements, not sentences. We make the observation that it does not use a 

quantification over possible interpretations, as the notion o f logically equivalent 

sentences in P T Q . The interpretation works very much like a given constant which 

determines the meaning of the expressions in the language.

Definition 4.4.32 The dom ain o f s ta te m e n ts  <2> = (p,d, c)  is defined as 

ST AT = P§ x  D  Sjj x  C  Xu .
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Definition 4 .4 .3 3  The interpretation u of a statem ent 0  = (p,d,c) is defined as 
follows using the semantic interpretation u of definition 4.4.3.1. We use the same 
letter for both functions, but the type of argument makes clear which one we are 
using.

U : S T A T  -» S I T  -> $ 8

u M  e = u([p]J d e e

Definition 4.43.4 Two statements <2>and •Fare strongly equivalent if they have the 

same interpretation. By definition we write 0 =  iff uf[0]I = u [ w ]}.

In order to define a notion of weak equivalence, S & A  defines the boolean meaning 

of a statement. This definition uses a structure of situations. According to Barwise 

& Perry this substitutes the traditional definition of a model-theoretic structure.

Definition 4 .4 .3 5  The boolean  value b  of a statement 0  given a structure o f  

situations m is defined as,

b  .’ S T A T  —̂ S SJT —̂

b I 0 U  m = cond(exists e. m(e) -  /  an d  u l[0 ]le  = S an d  actual(e)

Definition 4.43.6 Two statements 0  and ¥/are weakly equivalent if they are true in 

the same structures of situations. By definition, we will write 0  <-> W if f  

b [ [ 0 j j  m = b M m  .

The definition of boolean value (boolean meaning) as we can see, is not 
syntactically compositional, in the sense that it does not depend on the boolean 

value of the immediate constituents of the sentence, part of the statement. 
Intuitively, the utterance of an indicative sentence, a statement, is true in some 
model m (structure of situations) when we can find in that model a referred situation 
e which satisfies the constraint the statement imposes (u l[0]}e) and e  is judged to be 

actual. This definition uses a verificationist theory of meaning for boolean value. In 

some situations an alternative definition based on a falsifiability theory might be
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better suited.

4.5 About Omniscience and Perception  

C o m p o s it io n a l S e m a n tic s

The treatments of natural language we have been using, inspired by Montague and 

in Barwise & Perry, share the property that the meaning of expressions is 

mathematically defined with a compositional semantics. However the different 

concepts of what meaning is, are reflected on the form of the semantical objects. 

Montague takes the Tarskian view that the basic cum o f semantics is to characterize 

the notion o f  a true sentence and o f entailment while for Barwise & Perry, as we 

have seen, the aim is to characterize constraints on utterances o f  sentences6.

O m n is c ie n c e

In Montague Semantics, MS, the concept of logical equivalence is defined between 

sentences. As Hintikka[1975] has originally shown, its extension to propositional 

attitudes, like belief or knowledge, and the acceptance of inference rules or logical 

equivalences introducing new information indirectly brings logical omniscience into 

the semantical treatment In Barwise and Perry semantics, or just B & P S, semantic 

equivalence concepts are defined directly only for statements, the utterances of 

sentences. Because the boolean value of statements is not compositionally defined, 

as we will show, no logical omniscience as such (logical as boolean) is ever 

observed. However, given that both treatments respect semantic compositionality, 

and because both treatments allow syntactic embedding of sentences, we would 

expect that in general both would suffer from some form or another of omniscience. 

As we will see, it may or may not be present in a particular formalization of B & P S, 

depending on the properties of the semantic interpretation function. If it is not 

explicitly excluded, or if we do not prove it omniscience free, we cannot be certain.

6 If we accept the discussion of section 3.5.2, chapter 3, on Computable Semantics, the basic aim of 
semantics depends on the type of sentence being analysed. Montague Semantics' basic aim is to 
characterize declarative sentences, while situation semantics' is to characterize indicative sentences.
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Since H intikka’s paper there have been several other attempts to deal with 

omniscience, in particular the kind originating from the propositional attitudes of 

belief and knowledge. Rantala[1982], Levesque[1984], Fagin and Halpem[1985], 

Konolige[1986] and Vardi[1986] have introduced several formal systems based on 

non-normal modal logics 7 with partial success. As was pointed out by Dieu[1989], 

in all of these approaches the attempt to avoid omniscience has resulted in having 

the syntactic and semantic levels so mixed that it is usually difficult to find their 

correct balance to provide an intuitively acceptable formalization. But possibly 

worst, as Dieu claims, is that they still suffer from omniscience at the reasoning 

level. Having discovered again potential omniscience in the approach of Situation 

Semantics, we believe that we need a more fundamental discussion on the causes of 

omniscience. On this respect we think that Barwise[1981] should have taken further 

his doubts on logical equivalence8. After reading Hintikka[1975] we also believe 

that more than ever the notions of formality and logic must be well understood if we 

want to make computational sense out of the discussions on omniscience.

For sentences involving perception, as we will see in section 4.5.3, we need formal 

logics of the kind used for instance for belief, i.e., of the non-normal kind referred 
to above. As we have seen, even if for propositional attitudes it was possible to live 

with omniscience, that is completely unacceptable for perception. This is the main 

reason why we mainly use perception sentences to discuss omniscience, and 

Barwise and Hintikka’s views on the subject

O v e r v i e w

In this section we extend B&PS to take account o f propositional attitudes and 

sentences involving perception and we claim that it is not in general free of 

omniscience, one of the main problems it was supposed to solve and which was 

claimed to be its main technical advantage over possible-world semantics. 

However, in some way which we will make precise, B&PS is much better prepared

7 For non-normal modal logics see Hughes and Cresswell [1968], for instance the modal systems s i, s2 
and s3, which do not have the rule of necessitation.
8 [...] After all, logical equivalence is logical equivalence, isn’t it ? But is it 7  (Barwise[1981], pp. 388).
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to face i t  This, we believe, results first from its decision to use equivalence defined 

on statements and not on sentences, as Barwise[1981] asserted, but mainly from the 

decision o f not quantifying on the mathematically defined interpretation of the 

language. This interpretation should be regarded as a given, non-quantifiable 

constant If we want our treatment to be completely free o f omniscience we would 

need to prove a strong condition on the interpretation function o f the language, 

which is equivalent to a global restriction on inference rules to non-informative 

ones.

We then analyse Barwise's [1981] puzzle of logical equivalence. This puzzle of 

perception was the example Barwise used to reject possible-worlds semantics and a 

modal logic treatment of propositional attitudes and perception. We conclude that a 

semantics for perception can use a notion of possible worlds, by providing an 

example, and that Hintikka’s decision to use the name of impossible worlds was 

misleading. W e propose some basic characteristics that a formalization of perception 

should have. Given these basic characteristics, we investigate Hintikka's [1975] 

arguments, and we mainly conclude that the rejection of possible-worlds semantics 

and modal logic is not technically justifiable for a logic of perception. We trace that 

rejection to a philosophical decision by Hintikka of not accepting a positivistic 

analysis of what formality is all about Our technical conclusions on omniscience in 

situation semantics increase our belief that we require exactly that criticized 

positivistic analysis, for treatments o f perception and also for propositional 

attitudes.

4.5.1 Formal Semantics, Synonymy and Omniscience

Intuitively, sentences in a natural language can have the same meaning or can be 

used in the same way, even when the constituent words are different or ordered 

differently. This happens for instance when we change a word for a synonym 9 in a

9 Synonym . 1. Strictly, a word having the same sense as another (in the same language); but more 
usu., either of any two or more words (in the same language) having the same general sense, but 
possessing each of them meanings which are not shared by the other or others, or having different 
shades of meaning appropriate to different contexts 2. By extension: A name or expression which 
involves or implies a meaning properly or literally expressed by some other [...]. The Shorter o e d  on
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sentence. We also hope that syntactically different sentences can be used to express 

the same idea, because they have the same meaning. We also expect that different 

expressions can be used together consistently or without contradictions. When 

providing a formal semantics for a language it is expected that notions of 
equivalence are defined to formalize those intuitive relations. Equivalence notions 
are also used as the basis to provide formal inference mechanisms. As Barwise and 
Perry say, with the right semantics, the inferences take care o f  themselves (S&A, 

pp. 183). In MS two sentences can have the same extension and have therefore the 

same extensional meaning or truth value, for a given context of use or index and 
logical interpretation. They can as well have the same meaning in any context of use 
and under a fixed logical interpretation. Finally they can be logically equivalent, if 
under any logically possible interpretation10 and in any context of use they have the 
same extensional meaning. This is the definition for logically equivalent sentences 
used in PTQ and also used by Gallin[1975] to provide an axiomatization for a 
version of IL. In B&PS two sentences have the same meaning if their interpretation 
builds the same constraint on situations. But in B&PS there are other definitions that 
correspond to equality of meaning, that of statements, and which are supposed to 
model inference as being situated. Two statements are weakly equivalent, given a 

structure of situations, if they have the same boolean value and two statements are 
strongly equivalent if they have the same interpretation (4.4.3.4). A statement is 
defined as a sentence together with its context of use called the uttering situation.

C o m p o s itio n a lity  a n d  S e m a n tic  O m n isc ie n c e

The language DFA-NL which we defined in the previous sections of this chapter

Historical Principles, Third Edition 1944, Vol II, © OUP 1973, (1986 reprint), pp.1279 - 2672. 
Formally, the notion of strict synonymity is treated as equality of meaning; for instance as logical 
equivalence for sentences. The notion of non-strict synonymity seems to be captured for instance in 
s& a 's notion of strong equivalence for statements, utterances o f sentences. We believe it could be 
extended to utterances of words. In this case we would require that the interpretation of synonyms must be 
somehow different with different contexts, apart from words which are, or are imposed to be, strict 
synonyms. The interpretation u of the language for two different words is equal, exactly when (iff) they 
strictly are synonyms (when those two words have always the same meaning). If I allow strict 
synonymity between expressions in my formalization then, as we will see, I will have to accept all the 
consequences of that decision. In s& a  the notion of synonymy is never explicitly referred to.
10 An inteipretation is logical if it respects an accepted constant meaning for the logical symbols.
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does not treat attitude or perception sentences. In order to do so we would have to 

extend its syntax and semantics. We assume that this is possible. We also observe 

that situation semantics is guided by compositionality as in pp. 130 of S&A. We also 

note that attitude and perception sentences, either epistemically active or neutral, 

embed other sentences. Epistemically neutral reports embed sentences, just as other 
attitudes do (S&A, pp 180).

If we accept that sentences embed other sentences, our syntactic definition of the 

language will include a rule of the following form, where the domain Ps is the 

domain of syntactically defined sentences of the language, and Px corresponds to 

some sentence taking syntactic category:

If aePx and pePs then y= Fx(a,ft) ePs , where 

Fja,P) = ap  .

If we accept compositionality of meaning, whatever the meaning objects may be, 

our semantic definition will include a rule of the following form, where u is the 

interpretation function being defined and Sx is the semantic composition function.

ul[y]J -  Sx( u[aH,u{[p]J) .

It is clear that if in our semantic definition of u we have two sentences pj and /% for 

which ulEPjJI = UEP2U we will have semantic om nisciencell. So we conclude that 

any such compositional treatment with sentence embedding in general is bound to 

suffer from omniscience. The same argument is valid for syntactic expressions 

other than sentence. It may seem that the argument could be rejected on the grounds 

that equality between functions cannot be decided in general. This argument applies 

to both MS and B&PS, but it is obvious that we are not after the general case as the 

existence of some rule for which we can prove the equality is sufficient to show 

omniscience.

11 In fact we need in general a less strong property on u , for example that uEPj]l implies 11^ 2 ! ,  
where the type of implies depends on the type of the interpretation.
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E x a m p le  w ith  S e n te n c e s

The syntactic system of MS defines a category of expressions called sentences. The 

treatment o f propositional attitude and perception verbs is included when we allow a 

syntactic rule which combines a sentence as the object of such verb. Let us call this 

rule syntactic rule nl and let Fnl be the syntactic function that composes a Term- 

Perception Verb phrase, an element of PTPV, such as John believes that, with a 

sentence:

SENT2 j  — John believes that Natassia was kissing Peter 

SENTi = Natassia was kissing Peter

Syntactic Rule nl:
If aePjpy and p e P s then Fnl (a ,p )e P s , where 

Fn l (a,P) = a p  .

SEN Tii = Fnl (John believes th a t, SENT j )

Given that MS defines a compositional logical interpretation u, the interpretation of 

SENT1 1  could be as follows, where is the semantic function corresponding to 

the syntactic rule nl,

Semantic Rule nl:

u l y l  = Snj ( ulal, u l p l )

U l[SENTjj]J = S nl (U[[John believes thatJ, U ILSENTjU)

A  similar thing happens in B&PS for the syntactic and semantic definition for such 

expressions. The difference has to do with the types of the interpretation functions,

MS : uEsent]] = 3 8

B&PS : u{[sent]l = SIT -> SIT -> 38

In MS, if we replace Natassia was kissing Peter by another logically equivalent 

sentence SENT2, i.e., one which has the same truth value in any index, John has to
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believe SENT2 also. In B&PS, if we replace Natassia was kissing Peter by another 

semantically equivalent sentence like SENT2, i.e., one that constrains situations in 

the same way, John also has to believe SENT2. Because the com positional 

interpretations are defined in different ways, the sentences which in each case have 

to be believed are different, but unless we restrict the interpretations, the 

omniscience is present

E x a m p le  w ith  S ta te m e n ts

This second example is an attempt to clarify what happens when we use statements 
instead of sentences. S&A claims that inference is based on statements, the utterance 

of indicative sentences (pp. 139 and followings of S&A). We will see how this 

affects omniscience.

As we have seen the boolean value o f a statement is not defined compositionally. 

Therefore inferences arising from boolean equality or weak equivalence do not fall 

under the previous discussion, and so we may say that there is no logical 

omniscience if logical is identified with boolean. Strong equivalence however is 

compositionally defined, and therefore it seems to fall under the same conclusion.

Let us analyse the previous example, with u j j  being a situation which characterizes 

the utterance of SENTj j .

SENT 1 1  = John believes that Natassia was kissing Peter 

SENTj = Natassia was kissing Peter

STATj j = (John believes that Natassia was kissing Peter , Uj j )

In the grammar we will have as before,

SENTj j = Fnj (John believes tha t, SENTj )

U KSENTj j U = S nj (u [ jo h n  believes that]], U  ([SENTjH)

And the interpretation of this statement is,

U ESTATj j ]} =  u lSENTj j l  U j  j
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Now suppose we have also

SENT2  = Natassia was kissing Peter and John was walking or

John was not walking

This sentence in MS is logically equivalent to Natassia was kissing Peter, The 

question we ask in B&PS is what is the interpretation o f the statement which results 

from uttering in the same situation the sentence SENT1 2 , i.e., STAT12 •

SENTj2 = John believes that SENT2  

ST AT! 2 = ( SENT2 , Uj ml )

u [SENTj j JJ = S f j  (u([John believes that]!, utSENTjU )

If  lSENTI 2l  = S nl (u ljo h n  believes that]], u[SENT2]])

If  {[STAT! j]} = If ILSENTj ! I  Uj j

= Snj (Upjohn believes that]], u ESENTj ]]) Uj j

If  ([STAT121  = If  lSENT12J  Uj j

= S nj (U [John believes that]], u([SENT2 ]]) Uj j

So if we want to avoid two statements being strongly equivalent we need to prove 

that for our definition of the interpretation u[SENTj J  and uKSENT2]i are different 

functions in general, i.e., are different constraints on situations in order for the 

meaning o f the embedding sentence to be able to be also different. In this case 

ufLSENTj]] should be different from u[SENT2]] . The main conclusion is very 

simple: if we want to avoid omniscience in general, we must not quantify if, exactly 

as Barwise does, in the definition of equivalence. In the limit where our system 

involves attitudes, perception and other more explicitly syntactical sentence taking 

phrases, we need to be sure that for any two syntactically different sentences there 

will be a different semantic value. We hope this will became clear in the last section.

4.5 .2  B arw ise 's  Puzzle o f Logical E quivalence

Barwise[1981] makes use of a puzzle as an example of the deficiencies with
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possible worlds semantics. This puzzle raises questions about the technical use of 

worlds in the semantics of classical modal logic when formalizing the language of 

perception. The problems that Barwise finds leads him into Situation Semantics. As 

we believe in the general approach of compositional semantics and model-theory for 

modal logic as being particularly intuitive, we think that it should be able to explain 

Barwise's solutions and incorporate them. We start by summarizing the puzzle and 

the conclusions. Then we investigate the expressive power of the formal language 

used, first as a classical logic with extensional boolean meanings and second with 

intensional meanings on worlds. Finally we discuss the notion of logical 

equivalence and whether the puzzle creates a good case against the use of possible 

world semantics.

T h e  P u zz le  o f  'S e e in g '

Can a man's death be attributed to a breakdown in the laws of modal logic? Brown is 
accused of murdering his mortal enemy Fred Smith. At Brown's trial, Smith's wife, Mary, 
testifies as follows: "Brown and I happened to enter the room at the same time, by 
different doors. Fred, facing my door, saw me enter. I saw Brown enter, but Fred did not see 
Brown enter.” Brown who is pleading self-defence, needs to refute the claim that Fred did 
not see him enter the room. So he calls in an expert witness, a famous modal logician K 
who "proves" that, by the very laws of logic, the situation could not possibly be as Mary 
Smith described! How?

Barwise[1981], pp 381

The solution given by the expert witness uses the following translations into a 

formal logic:

m: Mary Smith 

f :  Fred Smith

b: Brown

F(x): x  entering by the door more or less in front o f Fred

B(x): x  entering by the other door

The testimony of Mary would then be formalized as:

(1) m saw B(b)

(2) fsa w  F(m)
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(3) -  (fsaw B(b))

It is assumed that the following principles (A) to (E) are accepted for a logic of 

perception.

(A) if a sees <f> then <f>

(B) if (f> then ~ ( f  sees (̂f>)

(C) i f f  sees (<f>ory/) then / sees (p or f  sees \ff

(D) if f  sees (<f>and yf) then /  sees <j> and f  sees yf

According to Barwise the modal logician must also accept the following principle

(E), for 0 and yr logically equivalent.

(E) if  f  sees p then f  sees yf 

It is also accepted that

(4) F(m) is logically equivalent to (F(m) andB(b)) or (F(m) and ~ B(b) ) 12

Then the expert witness is able to deduce from Mary’s testimony that fsaw B(b) 
and therefore arrived at a contradiction, that fsaw B(b) and ~ (fsaw B(b)). From 

(1) and (A) deduce B(b). From B(b) and (B) deduce ~ (fsaw ^ B(b)). Whence, 

from (4), (C) and (D) we derive fsaw B(b), which contradicts Mary's testimony.

The conclusion Barwise takes is that the old problem o f  logical omniscience is 

responsible for the puzzle. According to Barwise, the modal logician is committed 

to the claim that if you know, believe or see <p, you must also know, believe or see 

any y/ logically equivalent to 0. Barwise cannot accept this view, particularly for 

perception verbs, and he takes from here his rejection of possible-worlds semantics 

and modal logic in the treatment o f attitudes and perception. As we have said 

Hintikka[1975] provides technical support and mainly the philosophical support for

12 We could reject this particular equivalence, as arising from strict implication. The use of some system 
which avoids the so-called "paradoxes of strict implication" could stop this particular equivalence (see 
for instance in Hughes and Cresswell [1968] system e ). However, the argument rests on any logical 
equivalence, and any formal system should provide some equivalences.
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Barwise's decision.

Before discussing Hintikka's analysis, we will look at the problem of choosing a 

logic to solve the problem. We investigate whether a formal logic has enough 

expressive power, i.e., whether its semantics is sufficiently fine-grained to 

represent the problem as we understand i t 13. In other words, we investigate which 

type of meanings satisfy compositionality in an intuitively acceptable way. We then 

provide some basic principles for a functional or compositional formal treatment of 

visual perception inspired in Hintikka's modal treatment of knowledge and belief 

and in particular for Barwise & Perry's 'primary sees that perception reports' 

(pp. 193 of S&A). As it happens with modal logics, what we can expect to be 

formally derived depends on the choice o f axioms and inference rules. The analysis 

in S&A is very rich on this subject by providing what we believe are essentially 

axioms for different formal (modal and logical) treatments o f attitudes and 

perception (pp. 195 of S&A).

L o g ic  a n d  th e  C h o ice  o f  F o rm a l L o g ic

We might be tempted to say that the overall meaning of a sentence such as Robert 

sees that something is happening, does depend not on the meaning of that something is 

happening but on the external facts around Robert, or in other words that sees is not 

at all compositional. However, we need to have computational agents which are 

going to use a potentially infinity number o f surface forms involving perception 

verbs. This forces us to find some compositional mode of representation and 

suitable meaning objects, if for nothing else than a question of economy.

We believe that an expert's treatment of the problem must start by deciding which 

logic to use. The logic used by Barwise is truth-functional classical logic, and so 

sentences have boolean meanings, i.e., true or false. It is trivial to show that with 

an extensional semantics we cannot model the following four sentences of natural 

language, because seeing is not intuitively truth-functional.

13 See Dieu[1989] and Levesque[1984] for a discussion on fine and coarse-grained semantics.
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si: Robert sees Charles kissing Natassia 

s2: Robert sees Charles not kissing Natassia 

s3: Robert does not see Charles kissing Natassia

s4: Robert does not see Charles not kissing Natassia

They would be formalized as follows, where j  stands for Robert and p  for Charles 

Kissing Natassia:

si: j  sees p  j :  Robert

s2: j  sees ~~ p  p : Charles Kissing Natassia

s3: ~ (j sees p )

s4: ~  (j sees ^ p )

With an extensional semantics, with p  taking only a true or a false value this is 

obviously not enough. We can provide a perfectly possible case where s3 and s4 are 

both true.

However, as Hintikka[1967] initially showed for attitudes, if  we use with this 

formal language an intensional semantics on contexts o f use, we could provide 

interpretations of sees which would increase the language's expressive power and 

allow a compositional semantics to be defined. In this case, sees would not be 

applied to an object with boolean meaning. This is consistent with our intuitions, as 

we do not see truth values. Still using the previous example, we could have the 

following four perfectly possible and different worlds, or contexts of use.

wl. Charles is Kissing Natassia.

John is not there so he does not see i t  

w2. Charles and Natassia are at home and not kissing.

John is not there so he does not see i t  

w3. Charles is Kissing Natassia.

John is there so he can see it and he sees i t  

w4. Charles and Natassia are at home and not kissing.

John is there so he can see it and he sees i t
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The interpretation o f the six sentences could be for example as follows for each 

world.

P 'V. p si s2 s3 s4

wl. t f f f t t

w2. f t f f t t

w3. t f t f f t

w4. t f f t t f

With such worlds, we could define an intensional semantics with the meanings of p 
and j  sees as functions on intensions of booleans as follows.

If {[pH : 

u l p l  =

If Ej sees]! 

if  Ej sees]

W $8 for example,

w i  t "
w2 f
w3 t
w4 t .

W ->( W ->3B) for example,

’ wl A ‘
w2 B
w3 C

_ w4 D _

where, for economy of space we only show A as an example:

A =

" wl t "
w2 t

tw3 t
.  w4 t .

’ wl t '
w2 f

fw3 t
_ w4 t .

'  wl f '
w2 t

fw3 f
_ w4 f .

wl f “
w2 f

tw3 f
— _ w4 f - —
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Then we would have that,

u Esl 1  = uUj sees1  (li Kp]} )
wl f 
w2 f 
w3 t
w4 f .

u E s2 l = u S j  seesU (u IL^pU )

wl f 
w2 f 
w3 f
w4 t .

The first conclusion we take is that once we provide a formal representation for 

worlds as for instance contexts of use, the formal language seems to be able to be 

used with a compositional intensional interpretation. Obviously, we do not claim 

that one example is sufficient, but it seems to us that a normal world based 

semantics is just offering a sufficient fine-grained structure for perception. The 

practical question we are not yet answering is what are these normal worlds. If we 

accept that perception needs an intuitively natural and normal notion of world or 

context o f use for its semantics, it seems to us completely unnatural to bring over 

Hintikka's [1975] suggestions on propositional attitudes o f using impossible 

possible worlds. It may be that it is just a question of words, but we believe that it 

is more than that

4.5.3 On a Formal Logic for Perception 

O b je c t i v e s

The objective of this section is not as the title might suggest to develop a logic of 

perception but to discuss the properties of such formalization, to enable the 

discussion of the following section on omniscience. Our main objective is to expose 

some problems with Hintikka's treatment o f knowledge and belief, o f sentences 

involving the phrases knows that and believes that, through the study of the less 

epistemically connotated perception sentences involving the phrase sees that. For a 

question of simplification of notation we will use the following abbreviations:

Kap  for a knows that p

Bap  for a believes that p

166



Chapter 4 Towards Computable Denotations for Situation Semantics

Sap  fo r a sees that p

Other Propositional Words and Phrases

O ne o f the characteristics o f these phrases Ka , Ba and also o f a phrase lik e  It is 

necessary that is that they are not truth functional on the proposition fo llo w in g  

them. W e w ill call such phrases propositional phrases. W e list in  some partial order 

o f decreasing ’logical pow er’, sentences w ith  propositional phrases.

It is necessary thatp It is necessary that 1-hi =2. It is necessary that
7536,429+8,897,698-16,434,127.

a knows that p  Natassia knows that the morning star is the
evening star.

a believes that p  Natassia believes that the morning star is the
evening star.

a sees that p Charles sees that Robert is kissing Natassia.

It is obvious that p  It is obvious that 1+1-2. It is obvious that
7J36,429+8,897,698-16,434J27.

Hintikkafs Treatment of Propositional Attitudes

G iven  the success o f K rip ke's  possible w orlds sem antics fo r m odal logics 

involving the form alization o f necessity and possibility, H in tikka  decided to take the 

same approach into the propositional attitudes. H in tikka [1967 ] fo r instance, uses 

fo r th e ir treatm ent operators interpreted w ith  an intensional sem antics. For the 

knowledge operator he introduces an accessibility relation on epistem ically possible 

worlds, the e p is te m ic  a -a lte r n a t iv e  r e la t io n , to define the interpretation:

ul[Kap]}w i f f  V  w \ epist_alt(a, w, w') —> uEplhv’ .

In  principle this w ill allow  the operator Ka to be intensionally truth-functional. G iven  

that we w ant such semantics fo r Sa we may think o f doing the same thing. W e could
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ju s tify  this step on a basic id en tifica tio n  o f seeing w ith  knowing. F o r instance 

M a rtin -L o f[1 9 8 3 ] makes detailed  observations on how  often w e use I  see that 

instead o f saying I  know that. This is basically the m ain ju s tifica tio n  w e have to  

w rite  the fo llo w in g  form ula, where vis_alt can be read, paraphrasing H in tik ka , as 

the visual a-altematives relation:

u l s ap l w  i f f  V w '. vis_alt(a, w, w') —> ulLplw ' .

W e believe it  is much easier to discuss perception than know ledge. I t  m ay be 

sim pler to ask the question whether this later defin ition makes any sense, and then 

relate the conclusions to H intikka's form alization o f know ledge. As w e have seen 

omniscience is definitely not acceptable in  a logic o f perception.

Axiomatization

The m ain technical problem  w ith the definition above is that it  is equivalent to accept 

a form  o f the ru le  o f necessitation. W e  th ink o f a form al system, fo r instance as in  

Hughes and C resw ell[1968], presented by a set o f axioms A X  and rules o f inference 

R I  where the turnstile h expresses form al inference. Then, w ith  a log ical notion o f 

valid ity  as truth in  a ll possible-worlds, w e w ould have that i f  w e deduce p  w e need 

to deduce Sap  as w ell. I f  hp means Vw. uKpJhv=t then from  the defin ition  above 

w e also m ust have that Vw. u[[SapUw=t or VSap,  fo r short that the fo llo w in g  

inference ru le, sim ilar in  form  to necessitation, is inescapable: p  hSap.

I t  is at this point that w e w ill start diverging from  H in tikka  and in  some respect from  

B arw ise. W e  do not take this as a fa ilure  o f possible worlds semantics, neither o f 

m odal logic, but a problem  w ith  the understanding o f fo rm ality , logic and valid ity . 

W e know  that m odal logic is able to cope w ith  this situation. I t  is w e ll know n that 

we can have m odal form al systems fo r w hich the rule o f necessitation is not valid , 

fo r instance the m odal systems SJt S2 and S3 described by H ughes and 

C resw ell[1968]. They also present a K ripkian  style semantics fo r S2 and S3, but fa il 

to fin d  a satisfactory semantics fo r SI. M o re  recently, D ieu [1989 ] review s a few  

form al systems fo r b e lie f fo r w hich satisfactory inference mechanisms can be bu ilt 

but s till having  unsatisfactory sem antics, and w h ich  w e p a rticu la rly  fin d
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counterintuitive by the use o f notions o f non-norm al or impossible possible worlds.

The m ain form al difference between such systems and a logic fo r perception would  

rest on the choice o f axiom s and rules o f inference. I f  w e take a propositional 

version o f B arw ise and Perry fo rm alizatio n  o f v isual perception 14, w e w ould  

require the follow ing axioms together w ith  the norm al propositional calculus:

A l. Sap ->p
A2. Sa~»p - >  ~  Sap
A3, p  - >  ~  Sa^p
A4. Sa (p a n d  q) - »  Sap  a n d  Sa q
A5. Sa (p o r q) -> Sap o r  Sa q

A nd fo r instance we do not want any o f the fo llow ing rules and axioms:

~ P ^ Sap

~ p->q V Sap —> Saq
( Sap a n d  Sa(p-> q) )-> Saq

W e are not assuming this to be a com plete presentation fo r the form al logic o f 

s e e in g  but w e believe it  shows that such is quite feasible. I t  is obvious that this 

system w ould not bring about any puzzling results fo r the example o f section 4.5.2.

Semantics

I t  is not possible to provide a semantics fo r perception before discussing in general 

the problem  o f m eaning and va lid ity  fo r propositional phrases, in  particu lar fo r 

perception sentences. H o w ever before such discussion in  the next section, we 

believe that w e need to fo llo w  our intuitions o f w hat is that w e s e e . W e th ink that 

w e need in  the m odel a set o f agents Ag who can see, and fo r each agent the 

equivalent o f a visual 'inform ation system' which models the states o f its visual 

input. A  boolean interpretation fo r sentences involving seeing w ould then be given  

by an agent dependent function that w ould have as argument the inform ation system

14 Primary Sa perception reports.
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and the proposition fo r w hich the question o f being seen was asked. One o f the 

characteristics o f those functions is that they must be strictly com putable, i.e ., its 

im plem entation m ust be a program  w hich term inates. I f  w e are interested in  

declarative sentences Sa p 15, that function needs to have a three value result domain, 

respectively fo r the cases when the visual database contains p , contains ^ p ,  and the 

case where it  contains neither nor p .

4 .5 .4  O n  F o rm a l In fe re n c e  an d  In te rp re ta tio n  fo r  P ercep tio n  

F o r m a l  R e p r e s e n t a t io n s  a n d  M e a n i n g

H odges[1977] presents the fo llo w in g  exam ple to ju s tify  the necessity o f an 

a lte rn a tiv e  to  in tensions, as the m eaning objects w h ich  w o u ld  satisfy  

compositionality:

For example the two following sentences are necessary truths, and hence they have the 
same intension:

1+ 1* 2 .

7,536,429+8,897,698-16,434,127. C44-*)
Nevertheless one of the following sentences is true and the other is false:

It is obvious that 1+1*2.
It is obvious that 7,536,429+8,897,698*16,434,127. f44*)

We see at once that some other feature of the sentences (44.2) besides their intension must 
be weaving an influence.

Hodges[1977], pp. 252

The form alization o f mathematics, fo r instance integer arithm etic, is concerned w ith  

creating a form al system fo r the autom atic, or objective, process o f problem  solving 

in  in teger arithm etic. W e  w ould  assume that typographical or psychological 

characteristics are excluded from  such fo rm aliza tio n , fo r instance questions 

invo lving  the font w e use to express the arithm etic operators and w hether they are 

known to the readers. W e believe therefore that it  is not satisfactory to conclude that 

the exam ple above is a good reason to replace intensions.

15 See the distinction made between for instance declarative and indicative sentences in section 3.5.2, 
chapter 3.
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The real problem  is that the m athem atical and logical form alization we start w ith is 

an objective form alization fo r mathematics, and the notion o f logical equivalence is 

objectively  fo rm alized  in  such w ay that it  is acceptable as corresponding to our 

intuitions o f mathematical equivalence.

H intikka's extensions to knowledge and b e lie f o f the form alization o f m athem atical 

o r lo g ica l necessity has, w e believe, the same fundam ental problem  Hodges is 

facing above, which in  the end does not elim inate omniscience. W e  believe that this 

becames very clear in  H in tikka [1975 ]. There w e find  tw o uses o f logic. The firs t 

one has to do w ith  the definitions o f truth-functional classical log ical symbols in  

fo rm al languages, such as m athem atical equality  and boolean connectives and 

objective necessity. G iven  a language w ith  boolean interpretable prim itives, truth 

functional logical connectives and expressions made out o f them, such as first order 

logic, the semantics is given using an interpretation, which is log ical i f  the standard 

truth functional boolean, logical and objective operations are respected. W e have 

defined the concepts o f equivalent sentences and the concept o f log ically  equivalent 

sentences. The firs t concept is relative to s o m e  logical interpretation, the second to 

a n y  log ical interpretation. W hen the logic is extended w ith  m odal operators and 

tem poral operators, w hich are not tru th -fu n ctio n al, notions o f intensions on 

logically-possible or objective w orld and tim e, accessibility and ordering have to be 

introduced to preserve truth fu n ctio n ality  and to achieve a proper notion o f 

equivalence and logical equivalenceI6. The theorems o f such logics depend on the 

fo rm a l axiom atization  and inference rules used, w hich defines the lo g ica lly  

equivalent sentences.

The extension o f form alization to other non truth functional operators, such as the 

ones necessary to form alize  our use o f verbs lik e  b e l ie v e  or s e e  requires a proper 

fo rm alization  process, w hich is in tu itive ly  va lid  a  p r i o r i .  Such form al deductive 

systems w ould  need to square w ith  our in tu itiv e  judgem ents o f w hat can be 

absolutely taken as b e l ie v in g - ly  or s e e in g -ly  e q u iv a le n t  and never the opposite. The

16 For instance we would not dream of rejecting intensions when extending the formal semantics of 
necessity to an objective formal semantics of time.
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semantics o f such fo rm alization  w ould be restricted to possible believing-ly o r 

seeing-ly interpretations. A nd here comes the second sense o f log ic in  H intikka's  

w ork, his b e lie f that the use o f logically equivalence must incorporate believing-ly 

or seeing-ly equivalences. C arrying this process fo r a ll non truth functional words 

in  the language would provide a notion o f absolute logical equivalence.

H in tikka  wants an in tu itively  valid  form alization o f knowledge and b e lie f but at the 

same tim e he wants to keep the form al fram ew ork o f objective or m athem atical 

logic, in which the fo llow ing inference rules are accepted:

p - * q  \rKap - * K aq 

p - > q  \-Bap - > B aq

H is  m ain reason to keep these rules is attributed exp lic itly  to his rejection o f the 

positivistic doctrine o f  the non-informative (tautological) character o f  logical truths. 

W e believe that this is exactly M a rtin -L d fs  [1983 ] c la im  on fo rm a lity , and in  

particular on knowledge.

There is absolutely no question of a judgement being evident in itself, independently of us 
and of our cognitive activity. That would be just as absurd as to speak of a judgement as 
being known, not by somebody, you or me, but in itself. To be evident is to be evident 1q 
somebody, as inevitably as to be known is to be known fex somebody.

The notion of formal proof [...] has been arrived at by formalistically interpreting what 
you mean by an immediate inference, by forgeUing about the difference between a 
judgement and a proposition, and, finally, by interpreting the notion of proposition 
formalistically, that is by replacing it by the notion of formula.

Martin-Lof[1983], pp. 21, 30

H o w ever, such a 'positiv is tic  doctrine’ o f fo rm a lity  does not stop us from  

fo rm a liz in g  know ledge, b e lie f perception and other propositional aspects o f 

language. Its  fo rm al semantics ju s t needs to be in tu itive ly  valid , in  the sense fo r 

instance that it  takes in to  account, i f  necessary, the correct leve l o f fo r instance 

typographical or psychological characteristics. B ut it  is obvious that the necessary 

consideration o f typographical characteristics, fo r instance in  sentences like  There 

are five e's on this sentence or in  Quine's sentences w ith  quotations, requires that
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the intensional interpretation should have in those cases an explicit typographical or 

‘syntactical’ semantics 17. Moreover, and referring back to section 4.5.1, we 

conclude that in general for a real semantic interpretation (as u) we must always be 

able to totally distinguish between syntactically or typographically different 

sentences. The great advantage o f Situation Semantics on the subject of 

omniscience, as we have said, is that we may be able for some language, and if we 

want, make sure that there is no strict synonymity, while being able to have local or 

situated reasoning, based on local notions of equivalence.

[...] Thus deductive inference is, like truth, objective, and even absolute. Objectivity does 
not mean, of course, that we can always ascertain whether or not a given statement is true.
Nor can we always ascertain whether a given inference is valid. If we agree to use the term 
“true" only in the objective sense, then there are many statements which we can prove to 
be true; yet we cannot have a general criterion o f truth. If we had such criterion, we would 
be omniscient, at least potentially, which we are not. According to the work of Gddel and 
Tarski, we cannot even have a general criterion of truth for arithmetical statements, 
although we can of course describe infinite sets of arithmetical statements which are true.
In the same way, we may agree to use the term “valid inference" in the objective sense, in 
which case we can prove of many inferences that they are valid (that is, they unfailingly 
transmit truth); yet we have no general criterion of validity—not even if we confine 
ourselves to purely arithmetical statements.

Popper[1974], pp. 143

4 .6  C o n c l u s io n s

W e have defined the syntax and semantics fo r the language D e t e r m in e r -F r e e  A lia s s  

o f Barw ise &  Perry using a com positional defin ition in  the same style o f M ontague 

semantics. The interpretation o f a sentence is defined as a constraint on situations 

and required to be com putationally expressed. A  situation is a fin ite  collection o f 

facts about the w orld . The notion o f statem ent, the utterance o f an indicative  

sentence, is defined as a pair o f an uttering situation and a sentence. The notion o f 

equality o f m eaning fo r statements is m odeled o r form alized w ith  the concept o f 

strong equivalence between statements. W e  showed that in  general such semantics

17 We would like to make it clear that we are not proposing a system were we would end up with no 
capability to find equivalences between expressions of different syntactic form. We are just claiming that 
at the global level, of a real or total or complete interpretation we must take into account that there are 
no two objects with different forms which are totally equal, or referring back to footnote 9, that really 
there are no strict synonyms.
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can suffer fro m  the problem  o f om niscience. H ow ever, i f  w e restrict ourselves to 

rea l and com putable interpretations, w here w e avo id  strict synonym ity and 

quantification o f the interpretation on the defin ition  o f equivalence, w e m ay avoid  

th at problem . W e  believe that this solution could be used both fo r situation  

semantics and fo r possible-worlds semantics, or a lternatively that this w ould be 

used as a distinguishing characteristic fo r the form er semantics. W e also commented 

on H intikka's form al semantics fo r propositional attitudes, and w e noticed that his 

attem pt to m ake the use o f know ledge m athem atically objective, alw ays creates 

omniscience.
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The Greeks in general attached more importance to deduction as a source of 
knowledge than modern philosophers do. In this respect, Aristotle was 
less at fault than Plato; he repeatedly admitted the importance of induction, 
and he devoted considerable attention to the question: how do we know the 
first premisses from which deduction must start? [...] [An induction] has 
less cogency than a deduction, and yields only a probability, not certainty; 
but on the other hand it gives new knowledge, which deduction does not. 
All the important inferences outside logic and pure mathematics are 
inductive, not deductive; the only exceptions are law and theology, each of 
which derives its first principles from an unquestionable text, viz. the 
statute books or the scriptures.

Russell[1946], pp. 209

'How do we jump from an observation statement to a good theory?’ [...] the 
answer is: by jumping first to any theory and then testing it, to find 
whether it is good or not; i.e. by repeatedly applying the critical method, 
eliminating many bad theories, and inventing many new ones. Not 
everybody is able to do this; but there is no other way.

Popper[1953], pp. 55

C h a p t e r  5 

C o n c l u s io n s

U sing the fram ew ork o f denotational semantics w e have m odeled tw o o f the m ajor 

paradigms o f mathem atical study o f natural language. This offers a com putationally 

m eaningful analysis o f natural language, w hich w e believe is required i f  we want to  

have a constructive fram ew ork w here d iffe ren t sem antical approaches can be 

compared.

W e  have shown how the com putational m ethodology o f denotational semantics 

forced us to s im p lify  the defin itions o f m eaning in  M ontague semantics and
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Situation Semantics. This constructive methodology, w hich is a characteristic o f the 

m ain schools o f analytic philosophy, requires a study based on the fin ite  properties 

o f objects and therefore o f language meaning. I t  is also consistent w ith  the scientific 

m ethod in  cognitive studies w hich demands a study o f language based on the 

principle that human cognitive capacity needs a fin ite  basis.

5.1  ON FORMAL ANALYSIS OF NATURAL LANGUAGE 

Montague*s Operators and the Postulates

O ur constructive study forces an understanding o f the cap-cup operators in  terms o f 

its functional or computational properties. This understanding allows a re-evaluation 

o f their ro le and imposes a sim plification in  the treatm ent o f PTQ, achieved through 

their elim ination and alteration o f the type structure and translation functions. O ur 

in terpretation  o f the operators forces the m eaning postulates to be fo rm ally  

expressed in very direct relation w ith  their natural English m otivation. H ow ever, we 

also conclude that the s im p lificatio n  can be extended by not using m eaning  

postulates at a ll. A  direct advantage o f their e lim ination is that in  the treatm ent we 

avoid using higher order quantification. A lthough there are fundam ental reasons, 

such as econom y, discussed in  chapter three, and realism , m ain ly discussed in  

chapter four, which m ake the decision o f quantification on logical interpretations to 

be looked at suspiciously, avoiding higher order quantification is com putationally  

advisable. M oreover com puting w ith  higher order quantification  is not usually  

acceptable fo r m odeling human cognitive processes.

Computability of Grammar

In  chapter three we propose the notion o f com putable grammars to define natural 

language approxim ations, based on com putational restrictions to the theory o f 

M ontague's UG. Such grammars define a syntactic and semantic approxim ation, as 

tw o com putable functions which capture our intuitions o f a certain form  and usage 

o f natural language. W e  have used such notion o f gram m ar to define tw o form al 

approxim ations to M ontague’s intensional English , satisfying the requirem ents
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w h ich  m o tiva ted  his m eaning postulates. H o w e ve r, u n lik e  M ontague's  

fo rm a liza tio n , our fo rm a l approxim ation w ould  not to require h igher-order 

quantification. The defin ition  in  chapter fo u r o f AUASS again falls  into the category 

o f such computable grammars, although w e have chosen to present it  in  Montague's 

style o f notation.

Propositional Attitudes, Perception and Formal Inference

In  chapter four we have shown that S ituation Semantics suffers in  general from  

om niscience, w hen ALIASS is extended to  cover propositional attitudes. O ur 

positivistic analysis o f attitudes and perception makes us believe that w e can use 

form al m odal logics and possible worlds semantics in their form al logical treatm ent 

H ow ever w e have to reject H in tikka's v iew  w hich admits inference rules deriving  

new  propositional inform ation. This is equivalent to constrain a com positional 

semantics to real interpretations, w hich cannot be quantified and which we have to 

guarantee to be omniscient free.

Language Use instead of Meaning and Grammar

W e used arguments m ainly based on M ontague and W ittgenstein to propose that the 

study o f N a tu ra l Language o r o f G ram m ar can be d iv id ed  in to  Syntax and 

Sem antics. Syntax as the study o f the form s, and semantics as the study o f their 

uses. W e  believe that the w ord ‘use’ should replace ‘m eaning’ because it  has 

fin itis tic  rather than in fin itis tic  connotations. Th is conclusion is based also on 

H in tik k a 's  [1 9 7 6 ] analysis o f W ittgenstein 's  PI theory o f use and his non- 

positiv is tic  v iew  on the fin itism  o f the later. This d iv is io n  is used to define  

computable aproximations to a ‘complete’ grammar o f natural language.

W ith  this understanding o f Gram m ar, w e are supporting the v iew  that everything  

that affects language is part o f the study o f gram m ar. Accepting the view  o f analytic 

philosophy, that a ll problem s are in some w ay problem s o f language, gram m ar 

inevitably w ill have to face any problem  which can be expressed using language.
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5 .2  SUMMARY OF RESULTS

O ur c ritica l analysis o f treatments o f natural language has produced some hitherto 

unperceived facts. Am ongst these are the role o f the cap cup operators in  Montague 

sem antics, and its relation w ith  the higher order quantification introduced by the 

m eaning postulates. I t  has also uncovered the possibility o f omniscience in  Situation 

Semantics, and helped in  defining a strategy to avoid it.

The overall use o f the functional notation in  the form al treatment o f natural language 

has proved to be extrem ely h elp fu l. I t  a llow ed  a c la rific a tio n  on the double 

form alization used by Montague in his compositional treatment o f intentionality. For 

this c la rifica tio n  it  has also contributed the e x p lic it nam ing o f interpretation  

functions, instead o f the use o f square parentheses on their arguments. W e  believe  

that it was the overall notational clarity which led us into the elim ination o f the cap- 

cup operators and also to the elim ination o f m eaning postulates and w ith  them  the 

higher order quantification from  the form al treatm ent o f natural language proposed 

by M ontague.

The com positional presentation o f Situation Semantics' analysis o f natural language 

and the observation o f the conditions in which it  suffers from  omniscience are, we 

believe new . O ur critica l analysis o f the treatm ent o f propositional attitudes brings 

us to the conclusion that we need realistic  interpretations, m ain ly  com putable 

functions w hich cannot be quan tified , fo r m odelling  natural language in  an 

in tu itively acceptable way.

W e  believe that our d e fin itio n  and use o f a un ifo rm  functional description o f 

com putational gram m ar, to m odel approxim ations to natural language, can be used 

to bring into the form al logical analysis o f natural language new alternative ways o f 

discussing and explaining language leam ability. Using such models, w e believe that 

any logical form al approxim ation, to be cognitively acceptable, should always be 

com putationally  characterized as a gram m ar o r a program  w hich  term inates. 

Therefore our semantic interpretation functions, fo r instance, should be guaranteed 

to term inate by proving that such happens.
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5 .3  RECOMMENDATIONS FOR FURTHER STUDY 

Deduction, Induction and Quantification

The v iew  that lo g ical inferences can be not only deductive but also inductive, as 

pointed out by Russell in  the citation above, was justified  by the acceptance o f an 

independent logical princip le o f induction, w hich would solve Hum e's problem  o f 

induction. This v iew  has been extensively critic ized  by Popper, see fo r instance 

P oper[1953], on the basis that scientific induction does not fo llo w  from  log ical 

necessity, and should not be referred to as a form  o f inference. A  scientific thesis, a 

universal law , is a ‘bold* conjecture, w hich can only be proved to be false, and 

never be inferred. As w e have seen, our form alization o f quantification is an attempt 

to fo rm ally  reduce this analysis by using a dom ain w ith a truth value less defined  

than a false value. Th is treatm ent needs m ore investigation, fo r instance, w ith  

respect to the basic boolean functions and to  the com positional semantics o f 

propositional attitudes. W e  should ask fo r instance w hen are w e using such 

dom ains, and m ore precisely w hat happens w ith  the semantics o f em bedded  

sentences.

A nother o f the questions posed by such dom ains concerns the form  o f the logic  

being u tilized , w hich m ight be answered possibly by using the methods proposed in  

Abram sky's [1987a] 'D om ain Theory in  Logical Form '. One tria l answer in  need o f 

ju s tifica tio n  is that that logic could be the one o f the systems o f non-m onotonic 

reasoning. W hether the form al derivations o f non-m onotonic reasoning systems are 

inferences fo llow ing  from  logical necessity, or have the same cogency o f Russell's 

inductions, is also a question w hich we th ink needs to be understood, under the 

lig h t o f Popper's claim s on induction. In  our theory o f com putable approxim ations 

to grammars o f natural language, each new  approxim ation is very much a ‘bold’ 

conjecture about gram m ar. One open question is w hether non-m onotonic logic  

could be used to get new  approxim ations, or w hether the process is outside the 

application o f such systems. The main problem  can be stated as how far is the logic 

o f non-m onotonic systems, the logic o f scientific discovery.
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Logical Grammatic Approximations and Connectionism

One o f the m ethodological advantages o f our treatment o f computable grammars, as 

fin ite  approxim ations, is that it  requires the use o f e ffec tive  com putational 

procedures, and effective  support tools. F o r instance w hen w ritin g  a syntactic 

defin ition  we should be using a form alism  w hich makes the generation o f effic ient 

parsers sim ple and autom atic. A lthough this treatm ent needs a much im proved  

presentation, in  particular w e w ould lik e  to investigate how  to solve autom atically  

the type equations arising from  the system o f equations o f semantic definitions.

W e  w ould also lik e  to investigate the gram m atic fo rm alization  o f propositional 

attitudes and perception at the same tim e as investigating how  those form s o f 

language are treated by connectionist m achines. F o r instance, by asking the 

question o f w hat do we need to do to m odel attitude and perception verbs w ith  a 

connectionist m achine, w e m ight learn how to w rite a gram m atic approxim ation fo r 

expressions o f propositional and perception attitudes. Th is  m ethod m ay as w ell 

c larify  some o f the questions which are open on the semantics o f non-norm al modal 

logics w e referred to in chapter four.

Applications to other Syntactic and Semantic Objects

As in computer programs there are expressions such as declarations and commands 

w hich are com bined to form  larger syntactic expressions and semantic functions, in  

natural language sentences such as declarative or interrogative are combined in texts 

to form  larger syntactic groups such as paragraphs and chapters, w ith  roles varying  

fro m  in troductions and context d e fin itio n  to exp lanations, exam ples and 

conclusions. W e  a ll have learnt, m ore or less in fo rm ally , how  to organize our 

writings and how to analyse our readings at this higher level. W e  believe that form al 

processing o f texts, other than sentences requires the developm ent o f form al 

gram m ars, fo r instance com putable ones, fo r syntactic and sem antic objects o f 

which sentences, in declarative, interrogative, indicative and im perative use are just 

a few  building blocks.
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