FROM THERMODYNAMICS TO THERMOMETRY
WITH SINGLE-ATOM DEVICES

MARK THOMAS MITCHISON

SEPTEMBER 2016

DEPARTMENT OF PHYSICS

IMPERIAL COLLEGE LONDON

SUPERVISED BY DIETER JAKSCH AND MARTIN B. PLENIO

Submitted in part fulfilment of the requirements for the degree of
Doctor of Philosophy in Physics of Imperial College London






This thesis presents theoretical research on microscopic measuring devices and thermal
machines constructed from single trapped atoms. We study several variants on this theme,
with a particular emphasis on their application to ultracold atom physics.

The first part of the thesis is about quantum refrigerators powered by thermal absorp-
tion rather than by external work. We propose and detail how such a machine may be
practically constructed with a trapped atom placed inside an optical cavity, and employed
to cool the atom close to absolute zero temperature using only collimated sunlight as an
energy source. We then show that quantum absorption refrigerators in the strong-coupling
regime exhibit coherent oscillations, thus enabling one to outperform a typical classical
refrigerator by reaching lower temperatures than the steady state in a finite time using
quantum coherence.

The second part of the thesis studies the use of impurity atoms as probes of ultracold
atomic gases. We discuss two different thermometry methods using impurities which are
sensitive to temperature differences on the order of nanokelvin or less. We characterise
the precision of the proposed thermometers by explicit calculations in the context of both
weakly and strongly interacting atomic Bose gases. Finally, we study impurities immersed
in a cold atomic Fermi gas realising a superfluid. We show that the impurities’ energy
dissipation rate probes the spectrum of density fluctuations in the gas, providing nonde-
structive access to various properties of the superfluid order parameter along the crossover
from a Bardeen-Cooper-Schrieffer (BCS) state to a Bose-Einstein condensate (BEC).
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INTRODUCTION AND OVERVIEW

The quest to transubstantiate matter has enthralled humankind since long before the
dawn of science. This goal has itself transmuted throughout the ages according to the
needs and abilities of its aspirants. Just as the taming of fire empowered ancient peoples
to turn rocks into iron, so the atomic theory of the elements enabled the lucrative science
of chemistry to supersede the naive practice of alchemy. In the modern era, physicists are
on the cusp of achieving what the alchemists could only dream of: forcing one substance
to take on the properties of another. More precisely, the level of control now available over
quantum systems across a multitude of platforms, which range from dilute atomic gases
to superconducting circuits, enables a physical system with the desired characteristics to
be tailor-made by engineering the interactions between its microscopic constituents. This
ability promises to open a new chapter in the history of science, since it would facilitate
the simulation [10-12] of quantum many-body systems important for chemistry [13,14| and
condensed-matter physics [15-23], or indeed full-fledged quantum computation [24, 25].

Such feats of control require experimenters to maximise their information about the sys-
tem wherever possible. In particular, one generally wishes to minimise initial uncertainty
by reliably preparing the system in a low-entropy state. The simplest states to generate
are often those in thermal equilibrium, in which case reducing the entropy corresponds to
cooling the system. Furthermore, if the experiment is to have a useful outcome, the final
state of the system must be interrogated by measuring some observable accurately and
precisely. Effective procedures for both cooling and measurement are therefore important
for the development of quantum simulation technology. This is especially true in the con-
text of ultracold atomic gases, since the most interesting quantum states emerge typically
at temperatures on the nanokelvin scale, and may exhibit strong or very short-ranged in-
teratomic correlations that confound conventional measurement techniques based on light
scattering.

The primary purpose of this thesis is to propose and theoretically investigate new ways
to cool and measure quantum systems, with special emphasis on methods involving the
manipulation of single trapped atoms. A recurring theme of this work is that the nonequi-
librium quantum dynamics of a microscopic system, such as a single atom, may allow one to
surpass the performance of standard techniques involving macroscopic cooling or measur-

ing devices. Of course, both cooling and measurement demand the presence of at least one
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macroscopic body that is sufficiently complex to induce an irreversible evolution. However,
we are mainly interested in situations where one part of the apparatus exhibits manifestly
quantum-mechanical behaviour, while the remainder acts merely as a heat reservoir or a
classical measuring device. Such scenarios are ideally suited to treatment using the theory

of open quantum systems [26-31|, which is employed extensively throughout this work.

Let us now briefly outline the structure of the thesis. We begin in Chapter 1 by intro-
ducing the necessary concepts and techniques from open quantum systems theory which
underlie most of our studies. The remainder of the thesis is split into two nearly inde-
pendent parts, reflecting the manner in which the research reported herein was conducted.
An introduction to the topic in question, together with detailed references to the relevant
literature, can be found at the beginning of each of these parts. However, for the sake of

motivation we provide here an overview of their contents, as follows.

Part I, comprising Chapters 2 and 3, studies the cooling of microscopic systems by
quantum absorption refrigerators (QQARs). These are machines powered by the flow of heat
from a hot reservoir to a colder one, which can cool without needing an external agent to
perform work on the system. This absence of work input lends a certain theoretical elegance
to QARs, especially because one may entirely avoid the controversial question of how to
define work for quantum systems [32-37]. QARs are also practically appealing, due to their
potential for saving energy by harvesting ubiquitous sources of heat or thermal radiation.
These properties have recently made QARs the subject of intense scrutiny [38-50] within
the broader context of research into thermal machines, such as heat engines, operating
at the quantum scale. Historically, this field originated in quantum optics with Scovil
and Shulz-DuBois’ seminal idea to consider the three-level maser as a heat engine [51],
but has since blossomed into a multi-disciplinary program spanning a range of physical
architectures, including mesoscopic thermoelectric devices [52, 53|, trapped ions [54-56],

and photosynthetic reaction centres [57-59].
In this thesis, we are concerned specifically with the application of QARs to the prepa-

ration of low-temperature quantum systems such as ultracold atoms. In Chapter 2, which
is based on Ref. [1], we provide the first explicit design for a QAR that is able to cool
down the motion of a trapped atom using thermal radiation as an energy source. The
system comprises an atom or ion confined inside one or two optical cavities, which could
be realised in state-of-the-art experiments on cavity quantum electrodynamics [60-66]. We
find that, using realistic experimental parameters, sunlight suffices to cool the motion of a
trapped ion almost to absolute zero temperature. The success of our scheme relies on the
enormous difference between vibrational and optical frequencies, in a similar manner to
recent proposals for optomechanical refrigerators [49] and heat engines |67, 68]; however,
we also find that this separation of frequency scales necessitates a laser or similar refer-
ence system to stabilise the refrigerator. Beyond its practical applications, our work also

reveals connections between apparently new concepts from quantum thermodynamics and
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decades-old methods for cooling atoms.

In Chapter 3, which is based on Ref. [2|, we ask whether quantum coherent effects
can improve the operation of QARs. Considering a minimal QAR model consisting of
three qubits, we answer this question in the affirmative. Specifically, we find that coherent
temperature oscillations enable fast cooling of a target qubit, even reaching lower temper-
atures than the steady state in a finite time. This counterintuitive effect constitutes one
of the first examples where quantum coherence provides a speed-up for thermal machines.
Another study [69] published concurrently with Ref. [2] found quantum coherent enhance-
ments for heat engines, while previous research had already shown that coherence could
be used to extract work from a single thermal reservoir [70]. Our own work complements
and extends these findings by considering the transient dynamics of thermal machines,
demonstrating that their short-time evolution can exhibit useful, nonclassical behaviour
that may be obscured when considering only their operation in the steady state.

In Part II, which includes Chapters 4 and 5, we change our focus to measuring proper-
ties of cold atomic gases using a single impurity atom of a different species as a probe. Such
a probe has several advantages, since a trapped impurity is a highly tunable and easily
characterised system, which may be localised to submicron length scales, and which min-
imally perturbs its host gas. These attractive features, in combination with the intrinsic
interest of quantum impurity problems, have motivated a substantial body of theoreti-
cal work [71-94| and a number of experiments [95-111] studying impurities immersed in
ultracold gases.

We focus on simple models involving a trapped, neutral impurity with two relevant
states forming a qubit, which is embedded in an ultracold atomic gas. The impurity couples
to the gas via collisions with its constituent atoms. It is convenient to model the impurity
as an open quantum system, with the gas playing the role of a macroscopic reservoir. By
studying the ensuing incoherent dynamics of the qubit, it is possible to extract information
on its ultracold gas environment. We are especially interested in situations where such an
impurity probe can overcome challenges faced by existing experimental techniques.

For example, the thermometry of ultracold gases is difficult, particularly in strongly
interacting systems. In Chapter 4, we examine two different ways to measure the temper-
ature of ultracold Bose gases using impurity atoms, which were proposed in Refs. [3,4].
The first thermometry technique involves monitoring the energy of an impurity confined
by a double-well potential as it equilibrates with the gas. The second method proceeds by
using an impurity qubit to extract the probability distributions of work performed in two
Hamiltonian quenches [112-114]; these work distributions are related to the temperature
by the Tasaki-Crooks theorem [115,116]. We verify by explicit calculation that, within
their respective domains of applicability, both of our proposed thermometry protocols can
accurately and precisely measure temperatures in the nanokelvin regime, which may be

difficult to access via conventional methods. Interestingly, we find that the second ther-
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mometry method is effective even for strongly interacting systems, thus offering a solution
to the outstanding problem of generic low-temperature thermometry in highly correlated
atomic gases. These results add to a growing theoretical literature on thermometry using
quantum probes |71,72,117-120|, while the first experiments using impurities to infer the
temperature of a cold Bose gas have recently been performed [102].

In Chapter 5, we propose an impurity-based probe of the spectrum of density fluctua-
tions in a superfluid of cold fermionic atoms. Density fluctuations in fermionic superfluids
are of significant interest [121-126] because they yield information on the crossover from
a Bardeen-Cooper-Schrieffer state to a Bose-Einstein condensate [127-129|, which is rele-
vant for understanding strongly correlated fermion systems in condensed-matter [130] and
high-energy [131] physics. We show that measuring the impurity’s energy dissipation rate
gives access to several interesting properties of the superfluid, including the excitation gap
for creating quasiparticle pairs and the damping of collective oscillations of the fermion
condensate. Our work puts forward a novel, nondestructive method for probing the den-
sity excitation spectrum of cold atomic gases, which would complement ongoing efforts to
measure density fluctuations in Fermi superfluids using Bragg spectroscopy [132-137].

Before we plunge into these investigations, note some conventions used throughout our
work. A boldface symbol k denotes a three-dimensional vector with magnitude k, unless
stated otherwise. The Euler constant is denoted by e and the imaginary unit is denoted
by i, e.g. 1 +e™ = 0. The notations [e,e] and {e, e} mean the commutator and the
anticommutator, respectively. We work in units where the reduced Planck constant 7 =1

and the Boltzmann constant kg = 1.



CHAPTER 1

OPEN QUANTUM SYSTEMS THEORY

In this thesis, we adopt an open-systems approach to physics. Here, the system under
study is conceptually divided into two parts: a small subsystem of interest, called the open
system, and a wider environment representing the remaining degrees of freedom. Virtually
any physical problem may be treated within this framework, since we usually want to
predict the observable behaviour of only a small part of the universe, this being especially
true in atomic physics. The theory of open quantum systems is concerned with predicting
the dynamics of the open system, including the most important effects arising due to its
unavoidable interaction with the environment. In this preliminary chapter we introduce
the basic elements of open-systems theory used throughout this thesis.

Formally, the state of an open quantum system lives in one part of a bipartite Hilbert
space H = H4 ® Hp, where Hy and Hp pertain to the open system and environment,
respectively. We use the terms “environment”, “reservoir” and “bath” interchangeably. The
central quantity of interest is the reduced density matrix of the open system p4(t) =
Trp[p(t)], where p(t) is the global state on H at time ¢ and Trp is the trace over Hp.
Assuming that the open system together with its environment are isolated from external

influences, the exact solution for p4(t) given some initial condition p(0) is
pa(t) = Trp [e7 ' p(0)e'] (1.1)

where H is the global Hamiltonian on H. In certain special instances, it may be possible to
solve Eq. (1.1) by brute-force methods such as tensor-network algorithms, as appropriate
for one-dimensional geometries (such an example is discussed in Chapter 4). However, in
the vast majority of cases a direct attack on Eq. (1.1) is doomed to fail, therefore some

approximation scheme is needed.

1.1 The Lindblad equation

One of the most common methods for modelling open systems, used frequently throughout
this thesis, is the master equation. This is an equation of motion for pa, which approxi-

mately accounts for the effect of environmental fluctuations on the open system. In order
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18 Open quantum systems theory

for the resulting evolution to be physically meaningful, we demand that it be completely
positive and trace-preserving (CPTP). In the simplest case, the dynamics is also Marko-
vian, meaning that the time derivative of p4 at time ¢ depends only on p4(t). The most
general Markovian master equation generating a linear, CPTP evolution is the Lindblad
equation [138,139]

ar i[pa, Hs] + ;Vm (meALm ) {LmLmypA} . (1.2)

Here, Hg is a Hamiltonian describing coherent processes, while the Lindblad operators L,,
describe incoherent “jumps” occurring at a rate .

The Lindblad equation may either be postulated on phenomenological grounds, or
derived from first principles. In the latter case, the derivation requires the assumption of
at least two well-separated dynamical time scales, one fast and one slow. A typical scenario
involves a small open system embedded in a many-body environment, which together form
an isolated system that evolves unitarily. The open system evolves over a characteristic
time 74 due to its coupling with the bath. Meanwhile, the environment variables relax to
equilibrium over a correlation time 7g. A Markovian master equation can be derived under
the condition 75 < 74, meaning that the reservoir is approximately memoryless over the
time scales relevant for the open system evolution. Note that, in order for 74 to be slow,
the open system must be coupled weakly to its environment, which justifies an additional
technical, yet essential, assumption that any initial correlations between the system and
the environment can be ignored.

As an example of the above, consider a trapped impurity atom exchanging energy with
a cold gas of a different atomic species, as in Part II of this thesis. In this case, 74 represents
the time scale of energy dissipation from the impurity due to its coupling with the gas.
Importantly, the impurity atom interacts with local degrees of freedom of its environment,
e.g. the density of the gas in the impurity’s immediate surroundings. If the density of
the gas is locally perturbed, it typically returns to equilibrium over a correlation time
Tp ~ £/c, where ( is the length scale of the perturbation and c is the characteristic velocity
of elementary excitations in the gas, e.g. the speed of sound. In the present example, /¢
represents the length scale of the impurity confinement, and thus the Markovian regime
of Tp <« T4 can be achieved by reducing the effective size of the impurity (so long as the
impurity-gas coupling is weak). It is here apparent that Markovianity is related to the small
size of the open system in comparison to its environment. A similar principle underpins
the effectiveness of the Markov approximation in describing small quantum conductors
coupled to macroscopic metal leads, dipole emitters interacting with the electromagnetic
radiation field, and many other examples.

Alternatively, the reservoir itself could be subject to external influences, so that the

global evolution is not unitary. Scenarios of this type are modelled in Chapter 2. In such
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cases, the correlation time 75 is the inverse of a characteristic rate of energy dissipation
from the environment due to its coupling with the outside world. The Markov regime of
Tp < T4 is then obtained when the external damping of the reservoir dominates over its

weak interaction with the open system.

1.2 Derivation of the master equation

The derivation of the Lindblad equation is textbook material, and variations on the stan-
dard theme may be found in, for example, Refs. [26-29|, and many other books. Unfortu-
nately, none of these references provide a sufficiently general treatment to satisfy the needs
of this thesis. We therefore provide our own derivation of the master equation in this
section. This also serves as a starting point for our discussion of open quantum networks

in Section 1.3.

We begin with the equation of motion for the global density operator, written generally

as d
p
& _ rp.
a P

The Liouvillian £ is a superoperator, i.e. a linear map taking one operator on H, such as a

(1.3)

density matrix, to another operator on H. The Liouvillian is assumed to generate a CPTP
evolution. We decompose the Liouvillian as £ = Lo+L1+H ap, where Lo = Ha+Lp. Here,
and throughout this thesis, a calligraphic H denotes the superoperator of commutation with

the corresponding Hamiltonian, e.g.

Hap = i[p, HA]? (1.4)

where H4 describes the largest coherent contribution to the autonomous dynamics of the
open system, and acts only on H 4. The Liouvillian £p contains all coherent and incoherent
contributions acting only on the environment Hilbert space Hpg. In the case where the
evolution of the reservoir is fully coherent and described by a Hamiltonian Hp, we have
Lp="™Hp, ie.

Lpp =ilp, Hp]. (1.5)
The term £ describes all other coherent or incoherent processes acting only on H 4. Finally,

Hap describes the coupling between system and environment according to the interaction

Hamiltonian H4p.

The master equation is derived by treating the terms £1 +H ap as a small perturbation

with respect to L£o. We move to an interaction picture defined by [140]

plt) = e %p(t). (1.6)
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In this picture, the evolution equation reads as

% = L1(t)p(t) + Hap(t)p(t), (1.7)

where Hap(t) = e %0'H gpe’ot, and similarly for £1(t). It is important to note that the
action of superoperators such as Ly is not associative: rather, they are defined to operate

on everything appearing to their right.

We now introduce a projector onto the relevant degrees of freedom:

Pp(t) = Trplp(t)] © ps, (1.8)

where pp is some reference state of the environment. One easily checks that P? = P, as
required for a projection. The orthogonal complement of P is denoted by @ =1 —P. We
assume that the initial quantum state factorises as p(0) = p4(0) ® ppg, so that Qp(0) =0,
which is justified by the weak-coupling assumption. We consider only reference states
which are stationary with respect to Lp, i.e. Lppp = 0. In the case where the evolution of
the environment is purely Hamiltonian, L5 = Hp, this condition implies that the state pp
is diagonal in the energy eigenbasis of Hp, for example a thermal equilibrium state. On the
other hand, if the environment undergoes dissipative dynamics then pp is the asymptotic
steady state. Finally, we assume that Trp[ppHap| = 0, which can always be satisfied
by a suitable redefinition of H4 and H4p. The foregoing assumptions can be formally

summarised as

[£o,P] =0, (1.9)
[£4(t), P] =0, (1.10)
PHap(t)P = 0. (1.11)

Inserting the identity operator 1 = P 4+ Q onto both sides of the evolution equation
(1.7), we obtain

PP (0Pot) + PHABIQA0), 112
dTQtﬁ = L1(t)Qp(t) + QHAB (1) Qp(t) + QHAB(H)PA(t). (1.13)

The solution of Eq. (1.13) is

0plt) = K(t.0)00(0) + | "4t K8 QM (PR, (1.14)
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with the propagator given by

K(t,t") = Texp {/: ds|[L1(s) + QHAB(s)]} : (1.15)

where T denotes the usual time ordering. The first term on the right-hand side (RHS) of
Eq. (1.14) vanishes since Qp(0) = 0. Plugging the remainder of this solution back into
Eq. (1.12), we obtain

dPp N b ) N>~ (4t

g = L@Pat) + | At PHAp(OK(E ) Has()PA(L), (1.16)

0
where we have used Eq. (1.11). This equation gives the exact formal solution for the time
evolution of the open-system density operator. To make progress, we expand the exact
propagator K(¢,t") to lowest (zeroth) order in £1 and H4p, which leads to
dPp

PP = opa) + [ A PR OHA PR (117

Eq. (1.17) is the Nakajima-Zwanzig (NZ) equation. The NZ equation describes the
evolution of the open system in terms of a convolution over its past history encoded in
p(t'), making it difficult to solve. This feature can be removed self-consistently by noting
that the time derivative of Pp is at least first order in small quantities. We can therefore
expand the density operator as Pp(t') = Pp(t) + (¢ — t)dPp/dt + . ... Assuming that the
rest of the integrand in Eq. (1.17) decays sufficiently quickly, we can therefore write, at
the same order of perturbation theory,

dPp 3 t _

L = LiyPa() + /0 ds PHAp(t)Hap(t — 5)Pp(t), (1.18)
where we changed variables to s = ¢ — ¢'. Eq. (1.18) is known as the time-convolutionless
(TCL) master equation. It is also possible to obtain Eq. (1.18) from Eq. (1.17) using a

more formal perturbative argument (see Ref. [26], for example).

The TCL equation can be put into a more transparent form by expanding the interac-

tion Hamiltonian into tensor products of operators

Hpp = ZAm(X)Bm, (1'19)

where A, (By,) acts on Hy (Hp) only. Substituting this expression into Eq. (1.18),
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expanding the commutators and then tracing over the environment, we find

Trp /Ot ds PHap(t)Hap(t — s)Pp(t)

= Z/O ds 1:‘mn(s) [Am(t - S)ﬁA(t)An(t) - Aiz(t)ﬁA(t)Am(t - 5) + h.C., (1'20)

where pa(t) = elatp,(t)e At A, (1) = efat A, e~ Hal and we introduced a matrix of

reservoir correlation functions

pun(s) = Trp [BL(S)Bm(O)pB , (1.21)

with B, (s) = edBSBn, where EE is the adjoint Liouvillian defined by Trg[Lp(P)Q] =
Trp [PETB(Q)] for arbitrary operators P and @ acting on Hp.

The master equation description rests on the assumption that the correlation functions
(1.21) decay rapidly to zero over some time scale 7g. Clearly, this can happen only if the
environment is very large or subject to some external dissipation. In many cases of physical
interest, 7 is far smaller than any other time scale relevant for the open system’s dynamics.
In this case, we can make the Markov approximation by taking the upper s-integration limit
to infinity in Eq. (1.20). Tracing back through the derivation, this corresponds to extending
the time convolution in Eq. (1.16) over the entire past history of the system, thus removing
any memory of the initial time ¢ = 0. This approximation is often lumped together with

the weak-coupling assumption and referred to as the Born-Markov approximation.

In order to write the Born-Markov master equation in a convenient form, we expand

the interaction-picture system operators into eigenoperators of the Hamiltonian as

An(t) =D e ™ An(v), (1.22)

where the summation runs over all values of the Bohr frequencies v of Hy, i.e. the differ-

ences between energy eigenvalues. FExplicitly, the eigenoperators have the form

An(v) = ) (Q4An|Q)|QX], (1.23)

Q' —Q=v

where |Q2) is an eigenstate of H4 with energy 2, and the sum runs over all values of Q and
Q' such that Q' — Q = v. Plugging this expansion into Eq. (1.20) and making the Markov
approximation yields the Redfield dissipator

Z Z I‘mn(u)ei(”,ﬂ’)t [Am(u)ﬁA(t)A;[L(V’) — AL(V/>Am<I/)ﬁA(t):| + h.c. (1.24)

m,n p,v’
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Here we defined the spectral correlation matrix

Lo (V) = / dt V' (t)
0

= 7T (V) + iP /OO do Zn(@). (1.25)

o V—w

where P denotes the principal value and we introduced the spectral function Z,,(v) asso-
ciated with each reservoir correlation function f‘mn(t), the two being related by the Fourier

transform
oo

Lo (t) = / dv e T, (v). (1.26)

—00

The spectral correlation matrix can be further decomposed into two real contributions

Ymn (V) = Tn(v) + 15, (¥), (1.27)
1
T 2i

Smn(¥) = o2 (Cmn (V) = Ty (V) 5 (1.28)

corresponding to dissipation rates and energy shifts, respectively.

The final assumption needed to obtain a Lindblad equation is the rotating-wave approx-
imation (RWA). Here, we assume that the typical differences between the Bohr frequencies
of the open system are much larger than the dissipation rates. More precisely, the RWA
requires that max{|T,,(v)|} < min{|v —/|}. If this condition is satisfied, we can neglect
the fast-oscillating terms with v # /. This approximation is a kind of coarse-graining in
time, in which we effectively average the time evolution over periods much longer than

the open-system relaxation time 74, where 74 is given by the inverse of a typical value of

Y (V) o1 Spn (V).

After making the RWA, we transform back to the Schrodinger picture, thus arriving at
the Lindblad equation

dpa

el i[pa,Ha + Hrs) + Lipa+ Lppa, (1.29)

where we defined the Lamb-shift Hamiltonian

His =Y > Smn()AL () Am(v), (1.30)

m,n v

and the dissipator

Lopa =30 Y ) (An)padhv) = AL AW pa} ). (13)

mm v

The dissipator can be placed in the standard Lindblad form (1.2) by diagonalising the ma-
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trix Ymn(v), such that Yimn(v) = 32, Unp(V)u(v)Uy, (v), where Up,,(v) are the elements
of a unitary matrix, and 7, (v) are the eigenvalues of the matrix v,,,(v). Defining the new
Lindblad operators L,(v) =Y, Unp(v)Am(v), the dissipator takes the diagonal form

Lp = w@)DIL.w)], (1.32)
v
where here, and throughout this thesis, we use the shorthand notation
N
DlLlp=LpL' -3 {L L,p} . (1.33)

An important property of the master equation is that it decouples the evolution of the
populations and the coherences in the eigenbasis of H 4, so long as H 4 has a nondegenerate
spectrum [26]. This has important consequences for the nature of the steady-state solution
Poo satisfying Lpo, = 0, assuming such a steady state exists. If it does exist, po must be
purely population, since the evolution is trace-preserving. In other words, all coherences
in the energy eigenbasis must be damped and eventually die away. If, in addition, the
reservoir reference state is thermal, pg = e P15 /Zp, where f = 1/T is the temperature
and Zg =Tr [e_fBHB] is the partition function, then the rates satisfy the detailed balance
condition Y, (v) = efv Ynm(—v), which implies that the steady state of the master equation

is a thermal equilibrium state, po, = e 974/ Z4 [26].

1.3 Energy transport in open quantum networks

We now apply the abstract formalism developed in the foregoing sections to an example.
We focus on a peculiarly interesting class of open quantum systems: those comprising a
network of interacting components or modules. In particular, we are interested in studying
the flow of excitations through such a network induced by its coupling to multiple baths
at different temperatures or chemical potentials. This scenario is directly relevant for the
studies presented in Part I of this thesis, as well as for another publication which we do
not include here [6]. We also introduce the spectral density, a function which quantifies
the frequency spectrum of the noise induced by the environment, and we discuss its role
in determining the character of the dissipative evolution of the open system.

The problem of excitation transport in quantum networks has seen an explosion of
interest over the last decade, with theoretical studies based on master equations taking a
prominent role. Much of the work in this direction has been fuelled by the development of
tensor network techniques for studying nonequilibrium systems in one dimension [141-143].
Experimental inspiration has been drawn from a broad range of scenarios, including exciton
transfer in biological [144-146| and artificial [6,147] polymers, mesoscopic electronic devices
[148-150], trapped-ion crystals [151], and ultracold atoms in optical lattices [21,23,152,153].
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Moreover, quite fundamental topics such as the emergence of Fourier’s heat diffusion law
from quantum dynamics [154,155], and nonequilibrium quantum integrable systems [156—
162] have been studied within the master equation framework.

Perhaps surprisingly, in light of these advances, there remains no clear consensus on how
to correctly model nonequilibrium quantum networks using master equations. Indeed, this
question has itself been the subject of several recent, partially contradictory studies [163—
167]. In fact, the problem of how to use master equations to describe modular quantum
systems has a relatively long pedigree, dating back at least to the 1970s [168]. In the
following, we discuss different approaches to this problem in the context of a concrete
microscopic model. We certainly do not claim to resolve any of the issues arising in this
setting. Instead, we merely aim to shed some meagre light on a rather subtle problem,

while introducing several key concepts of general relevance for this thesis along the way.

1.3.1 Tight-binding transport model

Let us now specify a concrete microscopic model. The open system under consideration
is a one-dimensional (1D) quantum wire sandwiched between two macroscopic conducting
leads. Electrons flow through the wire, driven by a difference in chemical potential or
temperature between the leads. Studying this scenario elucidates how the transport prop-
erties of mesoscopic conductors depend on the microscopic physics. A similar theory was
used in Ref. 6], building on previous work [149,150,169], in order to model the transport
properties of bulk materials consisting of arrays of weakly coupled 1D chains, including
conjugated polymer arrays [147,170|, Bechgaard and Fabre salts [171-173] and spin-chain
systems [174-176].

We adopt a highly idealised yet tractable description of the system. Specifically,
the quantum wire is modelled as a tight-binding lattice of noninteracting, spin-polarised
fermions with a single relevant band of states. The macroscopic metal leads are also mod-
elled by 1D fermionic tight-binding lattices. Thus, the entire system forms an infinite 1D
fermionic chain. A distinguished number N of sites in the centre of the chain forms the
open system, while the remaining M sites to the left and M sites to the right correspond to
the reservoirs, which may be at different temperatures or chemical potentials. The scenario
is depicted schematically in Fig. 1.1.

The Hamiltonian of the system can be written as H = Hy + Hyo + Ho + Hogr + Hrg,

where He denotes the Hamiltonian of the central N sites

=z

—1
He = eZc}cj —J (c;r»cjurl + c;r-_ch) . (1.34)

j=1 j=1

Here, € is the on-site binding energy and J > 0 is the hopping amplitude. The C}L- are ladder

operators which create a fermion on site j, satisfying {c;, c},} = ¢;;» and {cj, ¢} = 0. We
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Figure 1.1.Schematic of the tight-binding transport model. Green spheres rep-
resent fermions hopping between sites of a 1D lattice. The central N sites of the
system form the open system C. A particle current is driven through the open sys-
tem by its contact with the left (L) and right (R) reservoirs at different temperatures
Ty, r and chemical potentials jif,/R-

diagonalise H¢c by introducing the operators [177]

N .
- 2 . min
Cp = 1/N+1j§_1$1n (N—i—l)cj’ (1.35)

whose mode functions are the discrete analogue of standing waves, and in terms of which

H¢ becomes

N
He =Y Enélén, (1.36)
n=1
with the single-particle dispersion
™
En—e—ZJcos<N+1>. (1.37)

This is the typical sinusoidal dispersion relation of a noninteracting lattice model, with
bandwidth 4.J.

The left and right reservoir Hamiltonians are given by

M-1
Hy =K > (dy jdi g +d) 5 dig) (1.38)
j=1
M-1
Hp ==K Y (dyydngon +dyydng) (1.39)
j=1
where dTL /R,j Creates a fermion on site j of the left (L) or right (R) reservoir, and K > 0 is

the hopping amplitude, assumed to be the same for both reservoirs. The coupling between
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the open system and the environment is described by

Hic = —n (cJ{dLM + dLMcl) , (1.40)

Her=—n (d}}’lCN + C}LVdRJ) , (1.41)

corresponding to hopping of fermions onto and off the chain at each end, with hopping
amplitude 7.

In order to enforce a finite average number of fermions in the two reservoirs, we work
in the grand canonical ensemble. Let pr and 1 (ur and Br) be the chemical potential
and inverse temperature of the left (right) reservoir, respectively. We denote the number

operator for each reservoir by
M
No=Y"d! daj, (1.42)
k=1

for a = L, R. The grand-canonical equilibrium state is thus

;e,,gL(HquLNL) © e~ PrR(HR—1RNR) (1.43)

pPB = Z.2n

with Zy /g the corresponding grand-canonical partition functions.
The reservoir Hamiltonians H;, and Hg can be diagonalised by the unitary transfor-

mation
M

) L
dijrj =\ 377 2o 5@k dr/m ey (1.44)
k=1

where ¢ = 7k/(M + 1) denotes the discrete (dimensionless) wave number. Under this

transformation, the reservoir Hamiltonians become

M
Ho =" wid!, j do, (1.45)
k=1
(1.46)
for a = L, R, where we introduced the dispersion relation
wi, = —2K cos(qx). (1.47)
In the new basis, the interaction Hamiltonians read as
M ~ ~
Hic = Z )\;f <C]£dL7k + d},,kcl> , (1.48)
k=1
M o~ ~
Hcogr = Z Ak (dg,ch + C;rVdRJg) , (149)

k=1
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where we defined the coupling constants A, = (—1)¥\;, with

AL =1 sin(qy). (1.50)

M+1

1.3.2 Spectral density

The scenario described above is a special case of an important and ubiquitous class of open-
systems models, in which each reservoir Hamiltonian (1.45) is quadratic in creation and
annihilation operators, while the corresponding interaction Hamiltonian (1.48) or (1.49)
is linear in these operators. In such cases, the influence of the environment on the open

system is characterised by the spectral density

M
TW) = IMPo(v — wy). (1.51)

k=1

Note that, since the couplings to both reservoirs differ only by a phase, i.e. [Ag| = |\}|, the
spectral density is the same for both environments.

The spectral density determines the reservoir spectral functions (1.21), up to additional
factors depending on chemical potential, temperature, or possibly other thermodynamic
potentials describing the state of the reservoir. For concreteness, let us focus specifically
on the right lead. Its interaction with the open system is given by Eq. (1.49), which takes
the general form! (1.19) with A} = ey, Ag = c}rv, By =5, )\kJRJg and By = BI. The

reservoir spectral functions are thus found to be

In(w)=J W)l - fv)],
Tos(v) = T (W) f(v), (1.52)

where f(v) = (€#~#) + 1)~ is the Fermi-Dirac distribution of fermions in the right lead,
and in this subsection we set S =  and ur = p for brevity. Eq. (1.52) determines the
reservoir correlation functions Ty, (t) via Eq. (1.26). The spectral density must therefore
be a smooth function of frequency in order to obtain irreversible dynamics, otherwise
fmn(t) would oscillate periodically rather than decay in time. Furthermore, basic Fourier
arguments imply that J(v) must vary slowly over a broad range of frequencies. This latter

condition ensures that the decay time scale of fmn(t) is small and thus that the Markov

! Actually, the operators in Eq. (1.49) are composed by the antisymmetric wedge product, as appropriate
for anticommuting fermion operators. Although from a mathematical viewpoint this is drastically different
from the symmetric tensor product appearing in Eq. (1.19), the end result for the master equation turns out
to be the same, in the sense that all other equations from Section 1.2 carry over unchanged. The physical
explanation for this is that the master equation contains no information about correlations between open
system and environment, and thus the antisymmetry under exchange of their respective excitations is
irrelevant. A rigorous justification of these claims using the Jordan-Wigner transformation can be found
in Ref. [29].
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Figure 1.2. Spectral properties of the tight-binding environment model quantified
by (a) the spectral density J(v) and (b) the reservoir correlation function I'(¢), here
shown in the strong-bias limit |u| > 2K at zero temperature [Eq. (1.54)].

approximation is valid.

Clearly, Eq. (1.51) cannot represent a smooth function of frequency for any finite M.
A smooth spectral density is obtained only in the thermodynamic limit M — oo, where
the separation between consecutive wave numbers Aq = qx+1 — g = /(M + 1) tends to
zero. Thus, as M — oo, the summation over ¢; can be approximated by an integral over
the continuous variable ¢ taking values in the Brillouin zone ¢ € [0, 7]. Explicitly, using
Egs. (1.47) and (1.50), we find

21> M
T() = =537 Agsin(@)d(v + 2K cos(qs)

k=1
2772 T 9
— —— [ dgq sin“(q)d(v + 2K cos(q))
T Jo
2 2
-
= Ty1- 2, (1.53)

for —2K < v < 2K, while J(v) = 0 otherwise. Eq. (1.53) describes a semi-ellipse,
whose major axis is the bandwidth 4K, and whose semi-minor axis is the rescaled coupling
strength n?/7 K. This result is attributed to Newns [178], who derived Eq. (1.53) in the
course of a study of impurities on a metal surface. The spectral density is plotted in Fig.

1.2(a).

The reservoir bandwidth 4K sets the characteristic scale of variation of J(v), and thus
determines the decay time 75 of the correlation functions fmn(t). To see this, consider the
simplest case of zero temperature, where f(r) = O(u — v), with ©(z) the Heaviside step

function. Then, if |u| > 2K, either all states in the right lead are occupied, or all of them



30 Open quantum systems theory

are empty. Hence, one of I'11(t) or T'oz(t) vanishes, while the other takes the form

2K

f(t):/ dv e 7 (v)

—2K
B 772J1(2Kt)

1.54
=, (1.54)

where J;(z) denotes a Bessel function®. We plot I'(t) in Fig. 1.2(b) showing that it vanishes
over times much longer than 75 ~ K~!, which sets the coarse-grained time scale of the
Markov approximation. This is rather intuitive, since K governs the rate at which a particle
or a hole injected into the reservoir propagates far enough away from the open system that
the process can be considered irreversible. We refer to K~! as the vacuum correlation
time, since it applies at zero temperature. At finite temperature T, for frequencies within
a band of approximate width 7' centred on u, the spectral functions (1.52) vary over a
scale determined by both T and K. Hence, the nonzero temperature introduces a new
time scale 8 = 1/T, the thermal correlation time, which governs the decay time of thermal
contributions to the reservoir correlation functions.

We now give an explicit relation between the spectral density and the dissipative evo-
lution of the central chain, by deriving a master equation following the steps in Section
1.2. In the notation of that section, the reservoir Hamiltonian is given by Hg = Hy, + Hp,
while the interaction is given by Hap = Hrc + Hor. However, we still have some freedom
in choosing the open-system Hamiltonian H4. We consider two possible choices in the

following.

1.3.3 Nonlocal master equation

The blindingly obvious choice is to set H4 = H¢, in which case £1 = 0. The resulting
master equation describes the injection and absorption of fermions by the external leads
in terms of transitions between the energy eigenstates of Ho. Specifically, the evolution of

the reduced density operator pc(t) describing the central N sites of the chain is given by

N N
dpc . _ . .
F = l[pC7HC + 5HC] + § E Yo (En)D[Cn]pC + § E Vg(En),D[Cjz]pCa (1'55)
a=L,R n=1 a=L,R n=1

where the Lamb-shift Hamiltonian is

N
§Ho =Y 6E,ehén. (1.56)
n=1

2The profusion of J’s here is unfortunate, yet difficult to avoid without violating convention. We offer
a similar excuse for the notation in Chapter 4.
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The energy shifts §F,, and incoherent rates 71{[/ r(Ey) are defined in terms of the spectral
density. The shift in energy of the n'" eigenstate of the chain is given by

0By= > P/Zdy Jv) (1.57)

E,—v’
a=L,R n

while the rates describing the incoherent loss (—) and gain (+) of fermions by the chain

are given by

’Yoj(En) = 27T\7(En)[1 - fa(En)]7 1 58)
V;F(En) = 27T\7(En)foc(En)a (1 59)

where, for « = L, R,
falv) = (eﬁa(”‘“a) - 1)71 : (1.60)

Eq. (1.58) reflects the Pauli exclusion principle, which suppresses the donation of a fermionic
excitation from the chain to the reservoirs if all states with the same energy are already
occupied. On the other hand, (1.59) states the obvious fact that the chain cannot absorb

a fermion at energy F, unless some state of that energy in the reservoir is occupied.

Notice that the Lindblad operators entering Eq. (1.55), which are given explicitly by
Eq. (1.35), are nonlocal, in the sense that they affect every site of the chain simultaneously.
This may appear odd, given that physically each bath couples only to a single site of the
chain. The origin of this feature is the rotating-wave approximation, which averages the
evolution over times much longer than a typical value of |E, — E,,|~!. In fact, this time
scale is on the same order as the duration needed for an excitation to cross from one side
of the chain to the other. This explains why Eq. (1.55) describes the effect of local bath

coupling as a global transformation of the chain, on the coarse-grained time scale of the
RWA.

In order to show this explicitly, we consider the limit of N > 1, and introduce the
lattice constant a such that the physical length of the chain is L = a/N. The dispersion
relation of the chain can be written as F,, = E(p,) = € — 2J cos(ap,,), where p, = mn/L
denotes the wave number. The group velocity describing the propagation of excitations is
then v = OE(p)/0p — 2Ja’*p ~ Ja/N as p — 0. Thus, the time taken for an excitation to
propagate the length of the chain is at most L/v ~ N2/.J. Meanwhile, the RWA averages
over times longer than |E,, — E,,| !, and it is easy to show that indeed max{|E, — E,| "'} ~
N2%/J.

The advantage of the nonlocal master equation is that it correctly describes the relax-
ation to thermal equilibrium when the temperatures and chemical potentials of the two
baths are the same, i.e. 8;/r = 8 and pr/p = p. This is because, as discussed at the end

of Section 1.2, this master equation leads to a steady-state that is diagonal in the energy
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eigenbasis of Ho. Furthermore, the incoherent rates satisfy the detailed balance condi-
tion v (v) = ePa*=Ha)yF (1), This ensures that the steady-state solution of the master

equation is the correct equilibrium state

1
Peq = ?Ce*5<HC*”NC>, (1.61)

where No = > j c;r-cj is the number operator for the chain. This may be proven using the
easily verified results [Hc,0Hc] = 0 and peqCn, = eB(En—n) CnpPeq- 1t is then straightforward
to show by direct substitution of Eq. (1.61) into Eq. (1.55) that Lpeq = 0.

On the other hand, one may be interested in the case where a temperature or chemical
potential imbalance exists between the reservoirs. In this scenario, one expects the sta-
tionary state poo to support a nonzero energy or particle current through the chain. For

example, the particle current through the chain is represented by the operator

1 =i (e 10— elejia). (1.62)

The current operator is thus defined so that the discrete continuity equation representing
conservation of the local particle density n; = c;[-cj is satisfied as an operator identity,
dnj

E—FIJ‘ _Ij—l :0, (163)

where the time derivative is evaluated using the Heisenberg equation of motion generated
by He [179]. Hence one should find that Tr[paol;] # 0 whenever uy, # ug or 8L, # Br.>

In fact, as discovered by the authors of Ref. [163], the nonlocal master equation (1.55)
erroneously predicts that Tr[ps./;] = 0 identically in all cases. This is because the steady
state is guaranteed to be diagonal in the basis of energy eigenvectors |Q2) of Hc. However,

it is straightforward to demonstrate that
QI = 0, (1.64)

and therefore that any statistical mixture of energy eigenstates also yields a null expectation
value for the current. Indeed, one finds using the transformation (1.35) that all diagonal
elements of the current operator (1.62) vanish in the energy eigenbasis of He. It is also
clear that the property (1.64) is satisfied by any other reasonable definition of a current
operator, since the stationary energy eigenstates of any particle-conserving 1D system with

open boundary conditions obviously do not support a current.

3Excluding the singular parameter regime where opposed temperature and chemical potential gradients
lead to a cancellation of the current.
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1.3.4 Local master equation

An alternative approach to deriving a master equation, following Ref. [163| (see also
Ref. [164]), is to assume that the sites of the network are coupled together only weakly.
That is, we assume that J < €, and write the central system Hamiltonian as Ho = H.+H j,
with H. = eN¢ and

N-1
Hy=-J (C;[Cj+1 + C}L-_HCJ') . (1.65)
7j=1

Then we treat Hq4 = H. as the dominant contribution to the open-system autonomous

dynamics, while the inter-site coupling is treated as a perturbation by setting
L1p = ilp, Hy). (1.66)

In this case, the dissipation is described in terms of the local injection and absorption of

fermions at the boundary sites of the chain. Explicitly, the master equation reads as

dpc

“C = ilpe, He +Hel + 3 (1 = fu)Dles) + fuDlel] + (1 = fa)Dlen) + frDlek]) e

(1.67)
where v = 277 (¢), and fr g = fr/r(€), and the Lamb-shift contribution affects only the

first and last site of the chain,

0Ho = de (cJ{cl + C;rVCN) , (1.68)
with -
Se = P/ a IV (1.69)
2K €E— VU

It is customary to neglect the Lamb-shift term, which is assumed to be small.

The local master equation approach turns out to be the most useful for studying steady-
state energy transport, since the nonequilibrium steady state p, can support a current,
i.e. Tr[psol;] # 0. The exact solution for the stationary state of (1.67) is calculated in
Ref. [156]. One finds that the system is a ballistic conductor, meaning that the current is
independent of the length of the chain in the limit of N — oo, keeping the temperatures and
chemical potentials of the leads fixed. This prediction is in agreement with linear-response
theory [180], but holds for arbitrary large differences of temperature or chemical potential.
The local master equation (1.67) has been extended to diverse scenarios including intra-
chain density-density interactions [143,149,157,161|, local dephasing processes [150, 181],
disordered on-site energies [182], and generalisations to multiple chains coupled together

coherently [183] or incoherently [6].

An apparent drawback of the local master equation approach is that, when the reser-
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voirs are at the same temperature and chemical potential, the stationary state is

plOc - TI' [e_B(G—IL)NC] s (170)

which differs from the correct thermal equilibrium state (1.61), in general. Eq. (1.70)
describes a product state with vanishing correlations between the sites of the chain. This
feature could be expected from the derivation of Eq. (1.67), which treats the intersite
coupling J as a perturbative parameter. The stationarity of pjoc can be proved easily along
the same lines as in Section 1.3.3, using the properties v = efty7, CjPloc = eﬁuploccj, and
[Hc, N¢] = 0.

1.3.5 Wide-band approximation

It is rather interesting to note that the local master equation (1.67) can be derived under a
different set of assumptions that we call the wide-band approximation (WBA). This deriva-
tion gives better insight into the character and validity of the local Lindblad formulation
of the problem. Let us return to the general expression for the Redfield dissipator (1.24)

with H4 = Hg, reproduced here for convenience as

SO Do) A (v)pa(H) AL (V) — A;(y’)Am(y)ﬁA(t)] +h.c.. (1.71)

m,n v’

Here v represents a Bohr frequency of the full interacting Hamiltonian of the central system
He. In Section 1.2, the Redfield dissipator was massaged into Lindblad form via the RWA,
which in practice means crossing off terms with v # /. Instead we take a different route

and make the wide-band assumption
Ton(v) = T (V') = T, (1.72)

i.e. the spectral correlation matrix is approximately independent of frequency. More pre-
cisely, the validity of the WBA rests on the condition

' dln (V)
dv

<[

7 (1.73)

where dv corresponds to a typical difference between the Bohr frequencies v. This as-
sumption means that the variation of the spectral correlation matrix over a typical Bohr

frequency v is negligible in comparison to the mean value of 'y, (V) & Ty

Within the WBA the summations over v,/ in Eq. (1.71) are trivially completed with
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Figure 1.3. Spectral functions at low temperature T < |p|. The semi-ellipse shows
the spectral density 7 (v), with the blue shaded region representing the contribution
from (a) occupied states J(v)f(v) or from (b) unoccupied states J(v)[1 — f(v)].
The WBA is valid when the height of the blue shaded region varies slowly across
the frequency range relevant for the open system, shown as a green band of width
4J centred on v = .

the aid of Eq. (1.22). Transforming back to the Schrédinger picture, we find

dpa _, Lo
o - ijp,Ha+ Hrs| + ;’an <AmpAAn §{Anz4m, pat ), (1.74)
where
Hrs =Y SmnAlAp, (1.75)

and we defined the energy shifts and incoherent rates

Yen = Lran + Ty (1.76)
1 _ _
mn — 5. an - F:Lm . 1.
Smn = 57 ( ) (1.77)

Eq. (1.74) can be put into Lindblad form by diagonalising the matrix of rates 7,,,. Note
that the RWA was not necessary to obtain a Lindblad equation in this case.

In the specific scenario of a quantum network where each site couples locally to an
independent bath, one generally finds that T, o 0, and therefore no diagonalisation is
necessary. As a result, the Lindblad operators A,, are simply the operators appearing in
the decomposition of the interaction Hamiltonian (1.19). Thus, a local interaction between
the open system and the reservoirs automatically leads to a local Lindblad equation in the
context of the WBA. Essentially the same idea was introduced in Ref. [184] in the different
context of dissipation from a coupled atom-cavity system.

Now let us examine the validity of this approach in the context of our tight-binding
transport model, with H4 = Hc the Hamiltonian of the central chain. The wide-band

assumption (1.73) can only be satisfied if the spectral function Z(v), and therefore also
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Figure 1.4. Contributions to the spectral correlation matrix at high temperature
T 2 |ul, as in Fig. 1.3. Here the temperature must satisfy 7' > 2J in order for the
WBA to be valid.

both the spectral density J(v) and the distribution functions fr,/r(v), are approximately
constant over the entire spectrum of H¢g, € — 2J < v < € + 2J, in which case we may as
well set v = e.

Referring to Eq. (1.53), the approximation J(v) ~ J(e) is valid if K > J, i.e. the
environment bandwidth must be very large in comparison to the open-system bandwidth.
This is the well-known wide-band limit which is frequently invoked in quantum transport
studies (see, for example, Ref. [185]). Note that this does not imply any condition on the
relative magnitudes of J and e. In fact, € may even be comparable to K, so long as K
remains sufficiently large for the Markov approximation to hold. Validity of the Markov
approximation requires that K > ~, a condition which is consistent with, yet distinct
from, the wide-band assumption.

The Fermi-Dirac functions f7, () can be treated as constant in two different scenarios.
At low temperatures such that 7' < [u[, the distribution functions fr,/r(Ey) only differ
significantly from their zero-temperature values in a thin frequency band of width 7" near
v = i (see Fig. 1.3). Thus, if the Fermi energy p lies far outside the relevant frequency range
[e —2J, e+ 2J], we can treat fr,/r(v) as a constant equal to its value at zero temperature.
In particular, we obtain Eq. (1.67) with fr,p = 0,1. The distribution functions can also
be treated as approximately constant if the temperature is very large, so that T > 2J
(see Fig. 1.4). In this case, we again obtain Eq. (1.67), but where now f; /r may take any

value.

Importantly, when the reservoirs are at equilibrium with each other so that ur, g = p,
Tr)r = T and fr/gr = [, the steady state solution (1.70) is actually equivalent to the
correct equilibrium state (1.61), assuming the WBA is valid. In the low-temperature
regime of strong bias, Eq. (1.70) describes a state where all sites of the chain are occupied
(f =1) or empty (f = 0), which is precisely the form of the true equilibrium state when
|p| > T and |+ T| > 2J, as necessary for the validity of the WBA at low temperatures.
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On the other hand, in the high-temperature regime the WBA requires that 5J — 0, so
that H; can be neglected in the exponent of Eq. (1.61), leading directly to Eq. (1.70).

In summary, the local master equation (1.67) can be justified without resorting to
any assumptions on the smallness of the inter-site coupling J with respect to the on-site
energies € or to the incoherent rates . Instead, we have shown within the framework of the
WBA that the relevant comparison is between J and the bandwidth of the environment,
which in the present model is set by T7, /g, pi /g and K. As a result, the local approach is
shown to be valid only in two temperature regimes. Either the temperature is so low that
the problem is effectively at zero temperature, or the temperature is much larger than any
other energy scale of the open system, and thus effectively infinite. This may explain the
apparent inconsistency of the local Lindblad model with thermodynamic considerations,
such as the vanishing of the heat current [143] or apparent violations of the second law [165]

when the reservoir temperatures differ.

1.4 Concluding remarks

To conclude this chapter, let us summarise the main results and their relevance for the
remainder of this thesis. In Section 1.2 we gave a derivation of the master equation that
is sufficiently general to cover the scenarios studied in this document. Furthermore, we
showed that a certain arbitrariness exists in the derivation of the master equation. We
illustrated this point using the specific example of charge transport through a quantum wire
driven out of equilibrium by a chemical potential or temperature gradient. In particular,
different master equations — with either local or global Lindblad operators — qualitatively
disagree in their predictions for local observables such as currents.

In the following two chapters comprising Part I of this thesis, we will study similar
nonequilibrium energy transport problems using master equations. In these examples, our
choice of master equation will be largely driven by practical considerations. The system
studied in Chapter 2 is not amenable to a global Lindblad description, simply because the
open system’s Hamiltonian is too complex to diagonalise. However, in Chapter 3 we study
a simpler system in which both the local and global dissipation models may be used in
their corresponding domains of validity. On the other hand, in Part II we consider only
localised open systems interacting with a single bath and thus no ambiguity arises when
deriving the master equation.

We have also introduced the spectral density function [J(v), which is important for
describing open quantum systems linearly coupled to a quadratic thermal environment.
We shall find similarly defined spectral density functions to play an essential role in the
majority of subsequent chapters, although an explicit form for J(v) may not be needed
in all cases. However, in Chapter 5 we will discuss a problem in which a spectral density

cannot be defined in general, because the system-environment interaction is not linear. In
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that case, we need to use the more general spectral function Z(v).
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The development of classical thermodynamics in the 19th century underpinned the
Industrial Revolution, and the enormous economic growth and social developments that
ensued. Now, in the 21st century, another great technological revolution beckons, enabled
by our control of quantum systems. In order to understand and optimise the energy
demands of burgeoning quantum technologies, we require a theory that unifies two pillars
of physics: quantum mechanics and thermodynamics. The first part of this thesis details

our original contribution to this new field of quantum thermodynamics.

Most interesting physical processes take place within a thermal environment. Exchang-
ing energy with the thermal background naturally drives systems towards equilibrium, and
this flow of energy can be used to power other processes. For example, a heat engine per-
forms work by capturing some of the heat passing from a hot body into its environment.
More generally, any system out of thermal equilibrium is a resource which can facilitate
an otherwise difficult task. Thermodynamics provides a framework to quantify such re-
sources. In the case of a macroscopic heat engine, the maximum amount of work that
can be extracted is limited by the second law of thermodynamics, which states that the
total entropy must be nondecreasing. This leads in particular to Carnot’s famous universal

bound on efficiency [186].

Quantum thermodynamics is about the value of quantum resources, such as finite-
dimensional Hilbert spaces or highly entangled states, in the context of a ubiquitous ther-
mal environment. One approach to quantum thermodynamics uses the powerful formalism
of resource theories originating from the study of entanglement [187|, which systematically
quantify the value of certain quantum states under a restricted set of transformations. For
example, thermodynamics can be formulated as a resource theory of nonequilibrium states
under energy-conserving unitary transformations [188]. The second law of thermodynamics
can be understood as a statement about the interconvertibility of different nonequilibrium
resources, e.g. high-temperature thermal energy or work. In particular, one resource state
can be transformed into another only if the total free energy decreases, which implies the
Carnot bound for macroscopic heat engines. Applying the resource-theoretic framework
to state transformations on microscopic systems reveals an entire family of constraints in-
cluding and extending the second law [33,188,189], which restrict the efficiency and work
that can be extracted from small heat engines [190]. However, the situation in quantum
thermodynamics is richer still, due to the variety of available resources besides work, such
as entanglement [191,192| and coherence [193-196].

Resource theories reveal general kinematical constraints on thermodynamic transfor-
mations which are independent of the implementation. However, such theoretical insights
can only be put to practical use by a physical device. Thus it is also important to explicitly
study the dynamics of quantum thermal machines. These are nonequilibrium open quan-
tum systems in contact with one or more thermal environments [197,198|, which harness

energy currents to perform a variety of different tasks. Realisations of quantum thermal
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machines have been proposed in diverse contexts, such as cavity optomechanics [49, 67|,
cold atoms [199] and ions [54-56], mesoscopic conductors [52,53,200-202| and even bio-
logical systems [57-59], with applications including work extraction [203], entanglement
generation [204], time keeping [8] and cooling [38,39,205,206], to cite but a few examples

from a vast literature.

In the following, we focus specifically on quantum absorption refrigerators (QARs),
which are cooling machines powered by heat rather than work. Although such devices
have existed since the invention of thermodynamics, they have attracted renewed interest
from quantum physicists [116] for at least two reasons. QARs are attractive to the theorist
because they dispense of the need for externally supplied work, whose precise definition in
a quantum setting is debatable [32-37|. Perhaps more importantly, QARs potentially offer
tremendous practical reductions in energy expenditure. This is because quantum systems
are typically manipulated and cooled using coherent fields, which consume a macroscopic
quantity of power merely in order to influence microscopic degrees of freedom. Conversely,
an absorption chiller may be powered by ubiquitous sources of thermal energy, such as
excess heat generated by another process, or indeed sunlight. In principle, absorption
refrigerators can therefore function at no additional energy cost beyond that required to

build the device in the first place.

In the recent theoretical literature, a number of QAR models have been proposed
and studied [38-46|. In some cases, these models exhibit new, occasionally controversial,
behaviours that are absent from their classical counterparts. For example, quantum cor-
relations have variously been argued to improve cooling [207], or to play no operational
role [208], depending on the model considered. Performance advantages due to nonequilib-
rium [45,47| or spatially correlated [46] states of the heat reservoirs have been discussed.
Moreover, a handful of concrete experimental proposals for QARs have been put for-
ward [48-50], which would constitute proofs of principle if built. However, a practical use
for QARs in quantum technology is still lacking.

This thesis addresses this deficiency by studying how QARs might be used to prepare
cold quantum systems for subsequent quantum science and technology applications. For
example, cooling of atomic motion is an essential precursor to a broad range of experiments
with trapped atoms and ions. Chapter 2 reports our work published in Ref. [1], where we
propose and study a QAR comprising a trapped atom or ion placed inside an optical cavity.
We predict that it is possible with state-of-the-art technology to cool a trapped ion almost
to its motional ground state using a thermal light source such as sunlight. We nonetheless
find that a laser or similar reference system is necessary to stabilise the cavity frequencies.
This work connects the theoretical literature on quantum thermal machines to practical
sideband cooling techniques well known in quantum optics. Our proposal also represents
perhaps the first example of a QAR which could reach cold enough temperatures to be

useful for quantum technologies.
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In Chapter 3 we shift focus onto the transient dynamics of QARs, rather than their
steady-state properties. This chapter is based on our publication [2]. We consider in par-
ticular a simplified QAR model comprising three qubits. Cooling of qubits to low entropy
states is desirable for various quantum information processing tasks which require approxi-
mately pure states as input [24]. Interestingly, we find that coherence in the machine drives
oscillations in the temperature of the target qubit, allowing one to transiently achieve lower
temperatures than the steady state with appropriate timing. This work reveals a new role

for quantum coherence in improving the performance of thermal machines.
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CHAPTER 2

REALISING A QUANTUM ABSORPTION REFRIGERATOR
WITH AN ATOM-CAVITY SYSTEM

In this chapter, we describe the basic theory of the quantum absorption refrigerator, and
introduce an experimental design in the context of cavity quantum electrodynamics (QED).
This reproduces work published in Ref. [1].

Cooling of atomic motion is an essential precursor to a broad range of experiments with
trapped atoms and ions. The development of laser cooling techniques represents a ma-
jor achievement of late 20" century physics, having enabled spectacular advances in our
ability to study and manipulate quantum systems in the laboratory. Quantum absorption
refrigerators (QARs) offer an interesting alternative, since they cool in principle using only
a source of heat, without the need for work supplied by an external field such as a laser.
However, the application of such devices to practical tasks in quantum technology, such as
the refrigeration of trapped atoms, has barely been studied thus far.

In order to fill this gap, we introduce and study a novel design for a QAR in a cavity
optomechanical set-up using trapped atoms [60-63] or ions [64-66]. We identify the neces-
sary ingredients for the construction of such a machine, which include high-finesse optical
cavities whose line width is smaller than the oscillation frequency of the trapped atom,
although neither strong coupling nor high cooperativity are needed. Assuming that the
necessary conditions are met, we show that driving the cavity with incoherent thermal light
leads to significant cooling of the atomic motion. In particular, we predict that sunlight
may be used to cool a trapped ion down to its motional ground state with high fidelity.
Interestingly, we find that a laser is indispensable even in this context, however its role
in our set-up is not to perform work, but rather to provide a stable frequency reference.
Furthermore, the refrigeration cycle in our scheme can be easily understood by direct anal-
ogy with laser sideband cooling. This establishes a direct connection between the abstract
theory of QARs and practical cooling techniques that are well known in atomic physics.

Trapped-ion systems have already proved to be a successful experimental testing ground
for quantum thermodynamics, with the recent proposal and subsequent realisation of a

heat engine using a single ion as the working medium [54-56]. However, it is not yet
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clear how useful work could be extracted from such a device. In contrast, we focus on
cooling, a task that has a clear practical application in quantum state preparation. We also
note that several practical laser cooling schemes for trapped atoms using optical cavities
already exist [209-212|. Our proposal differs from all of these, primarily because the
energy for cooling is provided by a thermal source such as sunlight. Finally, we mention a
closely related recent article [49], describing a QAR comprising a nanomechanical oscillator
interacting with a pair of optical resonators. Our scheme works by a similar mechanism,
but relies on a different interaction Hamiltonian, and is capable of achieving temperatures
lower by many orders of magnitude, even with much less intense thermal light input. We
aim to elucidate the connections between schemes such as that of Ref. [49], conventional

sideband cooling, and other QAR models discussed in the recent theoretical literature.

2.1 Three-body quantum absorption refrigerator

We begin by introducing some fundamental concepts which form the basis for our work in
Part I of this thesis. In particular, we provide a concise, general exposition of the abstract
model of the three-body QAR, which was introduced in Refs. [38,39]. We also take this
opportunity to explain the useful concepts of virtual qubits and virtual temperatures, and
to justify the figures of merit used to characterise refrigerator performance in subsequent

sections.

2.1.1 Description of the model

The three-body quantum absorption refrigerator comprises three subsystems with Hamil-
tonian
H= Y H, (2.1)
j=A,B,C
where the operators H; act nontrivially on subsystem j only. Subsystem A is the body to
be cooled. We assume that it has an equally spaced energy spectrum with level splitting

FEy,ie.

D-1
Hpy=Ear Y nln)n|, (2.2)
n=0

where D is the local Hilbert space dimension (possibly infinite). This general form may
describe a qubit, a spin or a harmonic oscillator. We also assume that Hg and H¢o each

possess at least one pair of eigenstates differing in energy by F;, such that

Ejr+ Eg = FEc. (2.3)
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~

Figure 2.1.llustration of a quantum absorption refrigerator comprising three mu-
tually interacting subsystems, each possessing a transition of energy Ej;, such that
EA+ Ep = E¢. Subsystem B couples to a heat reservoir at temperature 7j, while
the others interact with the environment at room temperature 7).. Red arrows show
the direction of steady-state heat flow through the machine.

The form of Hg and H¢ is otherwise arbitrary. The subsystems are coupled together by
a three-body interaction
V=g <L aLpLl + LLLLLC> : (2.4)

where g is the interaction energy and L; is a lowering operator connecting pairs of Hamil-

tonian eigenstates separated by an energy Ej, i.e.
[H,Lj] = ~E;L, (2.5)

while L;[. is the corresponding raising operator. The condition (2.3) ensures that [H,V] =
0, so that the interaction (2.4) enacts resonant transitions between degenerate energy
eigenstates of H.

Cooling is achieved by coupling subsystem B to a hot thermal bath at temperature
Ty, > T, while subsystems A and C' remain coupled to the environment at temperature
T.. Energy exchange between the subsystems then allows heat to naturally flow from
the hot reservoir to the colder environment. However, due to the specific form of the
interaction (2.4), subsystem C' can only absorb a quantum of energy from the hot body
B by simultaneously absorbing energy from A, thus leading to the cooling of A. The heat
flow through the refrigerator is illustrated in Fig. 2.1.

2.1.2  Virtual qubits and virtual temperatures

The concepts of virtual qubits and virtual temperatures provide a convenient and intuitive
way to analyse autonomous thermal machines [203], i.e. those which operate without ex-

ternal control or timing. A virtual qubit is a pair of states in the composite Hilbert space
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of subsystems B and C' which directly couples to the target subsystem A. By choosing
the parameters of the system appropriately, the virtual qubit can be placed at an effective
virtual temperature which may be lower than T,. The operation of the refrigerator can

then be understood as a simple thermalisation process between A and the virtual qubit.

To make this notion explicit, we observe that the interaction Hamiltonian (2.4) can be
written as

V=g (LALL + LLLU) , (2.6)
where L, = LJ}BLC. Egs. (2.3) and (2.5) together imply that
[H,Ly) = —E4L,. (2.7)

This means that L, is a lowering operator connecting pairs of states differing by an energy
FE 4 in the composite Hilbert space of B and C'. Each of these pairs of states is called a
virtual qubit. The interaction (2.6) then describes resonant energy exchange between the

virtual qubits and A.

When each subsystem is at thermal equilibrium with its respective bath, the popula-

tions of the virtual qubit states are thermally distributed at a virtual temperature

Ec/T, — Eg/T)

T, (2.8)
That is to say, each pair of virtual qubit states is populated in the ratio e Fa/Tv  Ag
long as the parameters of the refrigerator are chosen so that T, < T, subsystem A will
be pushed towards a lower temperature as it equilibrates with the virtual qubits under
the interaction (2.6). This effect is counteracted by the thermalising influence of the
reservoir interacting with A, thus establishing a heat current flowing from the environment
surrounding A into the refrigerator. See Ref. [203] for a more complete discussion of virtual

qubits and temperatures.

To conclude this subsection, we briefly mention that if the assumption that T > T,
is relaxed, one can arrange for T, to take any value by adjusting the bath temperatures
and energy splittings. If T, > T,., then the steady-state temperature of A is increased and
the system operates as a heat pump. On the other hand, if T,, < 0 the machine tries to
induce population inversion in the state of A, which can be thought of as the quantum
analogue of a classical heat engine lifting a weight [203]. In the following, we restrict our
attention to the absorption chiller mode, where Ty > T,.. However, our results could be
applied equally well to the construction and study of autonomous quantum heat pumps

and engines.
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2.1.3 Figures of merit

In order to analyse the performance of a refrigerator, one must choose figures of merit.

The appropriate figure of merit depends on the problem at hand, as we now explain.

Coefficient of performance and cooling power

From one viewpoint, the refrigerator can be seen as a device which extracts heat from the
environment surrounding subsystem A. Thus, the refrigerator performance is characterised
by the stationary heat currents flowing to and from the reservoirs. The cooling power Qa
gives the heat current into the refrigerator from the environment of A, while Q5 gives the
input power corresponding to the heat current flowing in from the hot reservoir. Therefore,

the relevant figure of merit is the coefficient of performance € = Qa / Qp.

Note that this point of view makes sense only if the reservoirs connected to subsystems
A and C are considered as separate entities. If subsystems A and C are in fact connected
to the same environment, the net effect of the machine is simply to dump Qn energy per

unit time from the hot reservoir into this environment.

Assuming that the reservoirs connected to A and C are independent, we can estimate
the coefficient of performance using the equations of motion for the mean local energies of

subsystems A and B,

d(H;)
de

= Q; +igE; <LALBLTC - LELELC> (2.9)

for j = A, B, where the second term on the RHS follows from the Heisenberg equation
generated by the interaction Hamiltonian (2.4). The specific form of the energy current
Qj depends on the dissipation model considered. In the case where the interaction of the
refrigerator qubits with the thermal baths is described by a Hamiltonian interaction Hiy,
the current reads as Q; = i([Hins, Hj]). In the stationary state, the derivatives of the mean

energies vanish, leading to the following simple expression for the coefficient of performance

=5 (2.10)

€

We see that the coefficient of performance grows without limit as F 4 is increased while
holding Ep fixed (assuming that Eq. (2.3) is always satisfied). It is important to note that
our approximate analysis ignores the contribution of the interaction energy to the heat
currents, and is therefore only strictly correct in the weak-coupling limit of vanishingly
small g [208].
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Achievable temperature and cooling time

In the above scenario, one uses a microscopic machine to cool a macroscopic body, namely
the reservoir connected to A. Perhaps a more appropriate application of a quantum refrig-
erator is to cool a microscopic system, namely subsystem A itself. From this viewpoint,
the most important figure of merit is the achievable temperature (or more generally, the
achievable energy and entropy) of subsystem A.

The achievable steady-state temperature can be estimated from the virtual temperature
given by Eq. (2.8). This takes its minimal value when the temperature of the hot bath is
large, from which we find
(2.11)

where we have used Eqgs. (2.3) and (2.10) to rewrite the virtual temperature in terms
of the coefficient of performance e. We find that the virtual temperature is minimised
when € is small. This illustrates that the standard thermodynamic measures of steady-
state refrigerator performance are essentially irrelevant when the task at hand is to cool a
quantum system having a finite energy.

Since the refrigerator is out of equilibrium, the thermodynamic temperature of A may
not be strictly defined. For our purposes, it is sufficient to adopt the mean energy (H )
as a figure of merit, rather than the temperature. This also provides an adequate measure
of entropy, since the von Neumann entropy of a state with mean energy (H4) is upper-
bounded by that of a Gibbs state having the same mean energy. If the cooling is subject to
time constraints, the cooling time (e.g. the time taken for (H4) to reach its lowest value)
is also a measure of performance. However, the cooling time is not a universal figure of
merit since it may depend on the initial conditions.

In this thesis, we adopt the present framework: the objective is to cool subsystem
A, rather than its environment. This viewpoint is particularly appropriate for quantum
technology applications. Here, the motivation for cooling a quantum system is typically
to maximise the efficiency of subsequent control operations by reducing uncertainty over
the initial conditions, i.e. by minimising the entropy of the quantum system. We therefore
neglect traditional efficiency measures such as the coefficient of performance ¢, choosing
rather to focus on the mean energy of the subsystems constituting the refrigerator, in

particular that of the target body A.

2.2 Single-cavity refrigerator

In this section, we introduce an idealised model of a quantum absorption refrigerator com-
prising a trapped atom inside a single optical cavity. In order to simplify the analysis,
several details are disregarded in this section. Nevertheless, this simplified model is suf-

ficient to illustrate the physical principles involved. The present toy model also has the
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Figure 2.2.Schematic of the single cavity set-up. The trap potential minimum
coincides with an electric-field node of a cavity mode with frequency w = ¢ — v.
Dissipation leads to line widths I and & for the electronic transition and the cavity
mode, respectively, while X is the intrinsic heating rate of the atomic motion in the
trap.

advantage of making the connection with laser sideband cooling obvious, while demon-

strating some of the practical limitations which arise in the cavity QED setting.

2.2.1 Description of the model

We consider a single atom or ion of mass M confined in the x direction by a harmonic
potential with oscillation frequency v/2m. The atom is assumed to possess a pair of relevant
internal electronic states |[|) and |1) separated by an energy . The trap is placed inside
an optical cavity whose axis is aligned in the x direction. The minimum of the harmonic
potential is placed at a node of the electric field of a cavity mode with frequency w/27
chosen such that w = e —v. We assume that w ~ ¢ and ¢, w > v, as appropriate for typical
optical and vibrational frequencies. The geometry of the problem is depicted schematically
in Fig. 2.2.

The free Hamiltonian of the system is
Hi =va'a+wb'b+eoto, (2.12)

where the bosonic ladder operators a and b' respectively create motional quanta (phonons)
and light quanta (photons), while ¢~ = [[)(1] = (¢F)! is the atomic lowering operator.
We have assumed that all other electronic states and vibrational or cavity modes are off-
resonant and can be neglected.

The interaction between the atom and the cavity field in the dipole approximation
reads as [213,214]

Vi = gsin {n <a + a]L)} (b+ bT) (™ +0™), (2.13)

where ¢ is the cavity coupling constant and the Lamb-Dicke parameter is defined as n =
w/\/2Mcjv, with ¢y the speed of light in vacuum. The form of the interaction (2.13)
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reflects the symmetry of the problem when the harmonic potential minimum coincides
exactly with an electric field node. The electric field operator then changes sign under
a parity transformation of the atomic centre-of-mass coordinate. This gives rise to a
selection rule allowing only transitions between motional states of opposite parity. Since
the vibrational energy eigenstates have definite parity, the absorption or emission of a

photon must therefore be accompanied by a change in the number of phonons.

We now show that the system realises a QAR and estimate its virtual temperature.
We work in the limit n < 1, which requires that the cavity mode wavelength is much
larger than the characteristic length scale of atomic motion. We can therefore invoke the
Lamb-Dicke approximation (LDA) and expand Eq. (2.13) to first order in 7. We also make
the RWA by discarding counter-rotating terms at optical frequency, leading to

Vi ~ gn <a + aT) (b0+ + b%‘) . (2.14)

Assuming that terms counter-rotating at frequency +2v can also be neglected, we finally
obtain
Vi~ gn (aba+ + aTbTU_) . (2.15)

We therefore find under these assumptions that the system exhibits a three-body inter-
action of the type (2.4). Note that the approximation leading to Eq. (2.15) is valid only
when gn < 2v. Eq. (2.15) also assumes that the line widths of relevant transitions are

much smaller than the trap frequency v, as discussed in detail in Section 2.2.3.

The heat reservoir is provided by coupling thermal light at a high temperature T},
into the cavity resonator. Assuming that the thermal light source is well collimated,
the electronic transition couples only to the ambient radiation field at room temperature
T, < Ty, which leads to spontaneous emission. Meanwhile, the motion of the atom

undergoes intrinsic heating, for example due to fluctuations of the trap potential.

The virtual qubit states in the machine are the pairs {|ng, |),|ns — 1,71)}, where |np)
denotes a Fock state with n; quanta in the cavity mode. The virtual temperature of the

refrigerator is therefore
v

T )T, —w/Ty
Since T, > T, and v < ¢, we find that

Ty (2.16)

(2.17)

553
%
o]

The ratio of frequencies is typically v/e ~ 1078 or less, implying that very low virtual
temperatures are achievable.

The refrigerator operation can be understood by a straightforward analogy with laser

sideband cooling. The optical cavity behaves as a filter which singles out frequencies
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Figure 2.3. Level scheme showing the manifold of electronic and vibrational states
for the single-cavity configuration. Thermal cavity photons resonant with the red
sideband transition are absorbed, then the electronic state is reset by spontaneous
emission, driving the system down the ladder of vibrational states.

close to the red sideband wyeq = € — v. Pumping the cavity with thermal light increases
the number of photons with the correct frequency to drive the red sideband transition.
Spontaneous emission then resets the electronic state, completing the cooling cycle (see
Fig. 2.3). So long as the blue sideband frequency wpe = € + v is far off-resonant, the

absorption of thermal cavity photons drives the motion towards its ground state.

2.2.2 Master equation

In order to study the dynamics of the model, we employ a quantum master equation for

the density operator p of the form

dp

L i i+ Y L (2.18)

j=a,b,o

The superoperators £; are dissipative contributions due to the coupling of each subsystem
to its respective reservoir. The term £, describes motional heating, £; corresponds to the
thermal pumping of the cavity, while £, relates to spontaneous emission.

The motional heating is described by
Lo =M1+ 7, ")Dla] + A\Dl[a'], (2.19)

where 1, = (¥ /T 1)~! is the equilibrium phonon number at room temperature. Since in
a typical trap n, is very large, the dissipator (2.19) describes approximately linear growth
of the phonon number at a constant heating rate \. Pumping of the cavity with thermal
light is described by

Ly, = 2r(1 + i) D[] + 267, D[b1], (2.20)
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where k is the cavity line width and ny = (e“’/ Th 1)~! is the equilibrium photon number at
temperature Tj. For simplicity, we have assumed here that the thermal driving is applied

to both sides of the cavity. Spontaneous emission is described by the Liouvillian

1

L, =T / du II(u) Dl (@) 5=, (2.21)
-1

where II(u) is the angular distribution of emitted photons as a function of u = cos @, with

0 the angle subtended from the z axis by the photon wave vector. Note that we have

neglected the absorption term proportional to 7, = (e¥/7r — 1)~!, which is an excellent

approximation under typical experimental conditions.

2.2.3 Line broadening and other constraints

Unfortunately, the single-cavity refrigerator suffers from several severe practical limitations.
The most important of these is due to line broadening. The picture illustrated in Fig. 2.3,
described by the Hamiltonian (2.15), is valid when the sideband transitions are “sharp”, in
the sense of having a well-defined frequency. However, thermal dissipation implies some
unavoidable energy uncertainty due to the finite lifetime of the states involved. Significant
cooling is only possible in the sideband-resolved regime, where the frequency uncertainty
of the relevant transitions is much less than v. Otherwise, line broadening brings the blue
sideband transition partially onto resonance, leading to heating rather than cooling. In
particular, this means that we must have A, k,I" < v for effective refrigeration.

In order to illustrate the effect of line broadening, we compute the steady-state phonon
occupation n,(00) = Tr[afaps,], where pso is the stationary quantum state satisfying
dpoo/dt = Lpoo = 0, with £ given by the RHS of Eq. (2.18). The problem is simplified
by taking the interaction Hamiltonian (2.14) under the LDA and RWA, and making the
approximation ﬁgl ~ 0, leaving just five free parameters governing the phonon population
dynamics: A, 1, &, np and I'. We compute the stationary state by representing £ as a matrix
and solving the eigenvalue equation Lpo, = 0. The integral in Eq. (2.21) is numerically
approximated by a trapezoidal rule. We take II(u) = 3(1 + u?)/8, as appropriate for a
point dipole aligned perpendicularly to the cavity axis. Sampling a grid of 100 evenly
spaced points in the interval u € [—1,1] is sufficient to obtain convergence. The resulting
Liouvillian matrix has low sparsity and is therefore challenging to diagonalise, which limits
the achievable Hilbert space dimension considerably. We use 21 phonon states and 4 cavity
photon states in total. This is insufficient for a quantitatively accurate calculation, since
we obtain occupation numbers that are appreciable in comparison to the dimension of
truncated phonon Hilbert space. Nevertheless, the results serve as a useful basis to discuss
qualitative trends.

The calculated dependence of n,(c0) on the dissipation rates x and I' is plotted for some
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Figure 2.4. Qualitative dependence of the steady-state phonon occupation n,(co)
on the spontaneous emission rate I' and the cavity decay constant s, with n = 0.05,
g=v,np=10"3 and A = 0.

example parameters in Fig. 2.4. We see that the optimum operating regime is x,[' < v,
as expected. The performance deteriorates rapidly as I' or & is increased above the trap
frequency v. Increasing the spontaneous emission rate has a particularly adverse effect,
because the recoil momentum of emitted photons leads to further motional heating (see
Eq. (2.21)). This is highly problematic, because the spontaneous emission rate in atomic
two-level systems is fixed by Nature and may be on the order of tens or hundreds of

megaherz, much larger than a typical vibrational frequency.

The deleterious effect of line broadening is worsened when the trap potential minimum
is not placed exactly on the electric-field node of the cavity. Outside of the sideband-
resolved regime, we have found that the system is remarkably sensitive to small misalign-
ments of the trapping potential: displacements of a few nanometres away from the cavity
field node lead to an almost complete disappearance of the cooling effect. This can be
understood as follows. Away from the node, cavity photons may be emitted and absorbed
without affecting the vibrational state of the atom. Photon absorption in particular de-
pletes the cavity field and reduces the effective temperature of the hot reservoir. Although
these transitions, which occur at the so-called carrier frequency e, are off-resonant in prin-

ciple, they become important when levels are broadened.

Finally, in order to enforce the resonance condition w = € —v, it is necessary to stabilise
the length of the cavity to prevent frequency drift. This may be achieved, for example, by
continuously driving the cavity with a laser field and using the Pound-Drever-Hall technique
[215]. Importantly, this stabilisation can be performed using other polarisation modes or
different cavity harmonics from those directly relevant for the refrigerator’s operation. Of

course, this use of an external laser field means that the machine is not truly autonomous.



58 Realising a quantum absorption refrigerator with an atom-cavity system

However, the laser does not supply any work used directly for cooling. Rather, its role is

to provide a stable frequency reference.

2.3 Crossed-cavity absorption refrigerator

In this section we describe a detailed model of a quantum absorption refrigerator compris-
ing a trapped atom within a pair of perpendicular optical cavities. The purpose of the
additional cavity is to ameliorate the adverse effects of spontaneous emission. We predict
that such a machine powered by sunlight can cool a trapped ion to near its motional ground

state, and explicitly delineate the parameter regime in which this is possible.

2.3.1 Description of the model

Asin Section 2.2.1, we consider a harmonically trapped atom or ion of mass M, possessing a
pair of electronic states ||) and |1) separated by energy ¢. In this section we explicitly model
the atomic motion in both the x and y directions, although it will shortly be shown that
the y coordinate decouples from the dynamics for our chosen configuration. For simplicity
of presentation, we make the inessential assumption of equal oscillation frequencies in both
the = and y directions, given by v/2m.

The atom is placed inside a pair of optical cavities b and ¢, with axes aligned in the
x and y direction, respectively. These cavities have relevant modes at frequencies wj /27
and w./27. The minimum of the trap potential is placed a distance dj from a node of the
electric field in cavity b, and a distance d. from an antinode of cavity ¢. The geometry of
the problem is indicated in Fig. 2.5.

The free Hamiltonian of the system is

Hy = l/a];;az + l/aLay + wpb'b + weele + eoto, (2.22)

where al (ay) creates motional excitations in the x direction (y direction), b' (cf) creates

photons in the cavity parallel to the z axis (y axis), and o= = |[|)1| = (¢7). The

light-matter interaction Hamiltonian reads as

Vo = gy sin {51, + (ax + al)} (b + bT) (O'_ + O'+)

+ ge cos [5c + 7e (ay + am (c + cT) (0™ +0™), (2.23)

where g; is the coupling constant, n; = w;/y/2M cgu is the Lamb-Dicke parameter, and
d; = djwj/co is the dimensionless misalignment for cavity j = b,c. As before, all other
cavity and vibrational modes and electronic states are assumed be far off-resonant.

Assuming that 7;,0; < 1, we expand Eq. (2.23) to first order in small quantities and
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z

Figure 2.5. Schematic of the crossed-cavity set-up. An atom is trapped close to an
electric-field node of cavity mode b and an antinode of cavity mode ¢. Pumping mode
b with thermal light results in cooling of the atomic motion. A similar configuration
was studied in Ref. [216], in the context of dissipative entanglement generation.

make the RWA, which yields

Vo = gy (am + al) (bcr+ + bTO'_) + gc (ca+ + cTa_)

+ by (ba+ + bTa*) : (2.24)

where gy = gpcosdy . and hy = gpsind,. We see that, to lowest order, the excitation of
phonons in the y direction is suppressed close to the antinode of cavity ¢. The motion in
the y direction is therefore neglected from here on. In order to simplify the notation we
also set a; = a and n, = 7.

We demand that the cavities be tuned to two-photon resonance with the red sideband,
we — wp = v, yet detuned from the carrier by an amount A = w, — &, where € > |A| >
gv,c- Direct excitation of the internal state of the atom, and the associated spontaneous
emission, is thus strongly suppressed. However, due to the resonance condition w, = wp+v,
the cavities can coherently exchange photons, assisted by the creation or destruction of
phonons. In the following subsection, we show that this process is described by an effective

interaction

Vg = k (abcT +af ch> , (2.25)
where k = gyg.n/A. This obviously corresponds to the general form (2.4).

The refrigerator is powered by pumping cavity mode b with hot thermal light at temper-
ature Ty, while cavity mode ¢ couples to the radiation field at room temperature 7;.. The

virtual qubit states for this system are the pairs {|ny, nc),|ny — 1,n. + 1)}. The virtual
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Figure 2.6.Level scheme for the crossed-cavity configuration showing the direct
analogy with Raman sideband cooling. Cooling on the red sideband occurs via
a two-photon transition in which photons are exchanged between the two cavities.
Spontaneous emission from the excited electronic state is suppressed by the detuning

A.

temperature is given by

v v
Ty=————~—1T,, 2.26
Y Wc/Tr _Wb/Th We " ( )
since Ty, > T, and w. > v, and we see again that very low virtual temperatures can be

obtained.

The operation of the refrigerator can be understood by analogy with Raman laser
sideband cooling (see Fig. 2.6). Addressing the red sideband with a two-photon transition
avoids populating the fast-decaying excited electronic state. The line width of the transition
is therefore determined by the cavity decay rates, which in principle may be made much
smaller than the spontaneous emission rate. This makes achieving the sideband-resolved

regime a feasible prospect in this system.

The cavity lengths must be actively stabilised in order to avoid frequency drift away
from the resonance condition w, — wp = v. As described in Section 2.2.3, this stabilisation
can be performed noninvasively using a laser. This makes the double-cavity refrigerator
not truly autonomous. However, we emphasise again that the role of the laser is to provide

a frequency reference, rather than to directly perform work used for cooling.

2.3.2 Master equation

The density operator of the full system, including the electronic degrees of freedom, satisfies

the master equation
dp .
E = l[p, Hy + VQ] + E ,ij, (2.27)

j=a,b,c,o
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where £, and L, are respectively defined by Egs. (2.19) and (2.21). The coupling of cavity

b to the external electromagnetic field is described by
Ly = Ky (2 + ﬁb) D[b] + /ﬁ?bﬁb'D[bT], (2.28)

where &y, is the cavity line width and ny, = (e“’b/ Th — 1) ~is the equilibrium photon number
at temperature T}. Eq. (2.28) represents thermal driving applied to only one side of cavity
b, while the other side couples to the vacuum (which approximates the electric field at

room temperature). Cavity ¢ couples to the environment via the Liouvillian
L. = 2k.D[], (2.29)

where k. is the corresponding line width, and we have neglected the absorption term

proportional to 7, = (e¥e/Tr — 1)~1.

We note that direct excitation of the electronic degrees of freedom is suppressed by
the large detuning |A| > gy, hp. Furthermore, I will typically be the largest dissipative
frequency scale in the system, so that correlations between the electronic degrees of freedom
and the rest of the system decay rapidly on the time scales relevant for the dynamics of
the atomic motion. These assumptions enable us to simplify the model by adiabatically

eliminating the excited electronic state within a Born-Markov approximation.

Specifically, we use the techniques detailed in Chapter 1 to derive a master equation
for the reduced density matrix pup.(t) = Try[p(t)] projected onto the electronic ground
state manifold, where Tr, denotes the trace over the electronic degrees of freedom. In
the notation of Chapter 1, we have Pp = pape @ (| |p|L ), Hg = eoto™, Lg = Hp + Lo,
Hy=Hy— Hp, L1 = L, + Ly + L., and Hyp = V5, with the latter taken in the LDA
and given by Eq. (2.24). We also neglect the atom’s recoil momentum associated with
spontaneous emission of photons, a step which is justified by the following perturbative
argument. We observe from Eq. (2.21) that £, = I'D[o~] + O(nT), assuming that the
spontaneous emission is isotropic, i.e. II(u) = II(—u). Taking just the zeroth-order term
in 1 is justified if n°T is on the same order or smaller than the energy scales entering the
interaction Hamiltonian H4p. In this case, a careful analysis [1] shows that terms of order
n°T" are comparable in magnitude to the higher-order contributions from H4p which are

also neglected.

The resulting master equation is

dpabc

dt = i[pabo; Hope + 5-FIabc + Veff] + 'Csepabc + Z ['jpabm (230)

j=a,b,c
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where, in the limit |A| > T', v, we find

Hgpe = I/CLT(L + WbbTb + chTca (231)
2~2 2 ~2..2 h2 ~2
5Habc = %aTabTb + 79{,77 A+ b bTb + gZCCTC, (232>

Ty an® +32 ) G o hET
Lo = TD[gbnab + gec| + A2 Dla'd] + FD[bL (2.33)

while Veg is given by Eq. (2.25). The generator Lg describes additional dissipative pro-
cesses due to spontaneous emission from the excited state, which are suppressed by a factor
of order T'/A relative to the coherent contributions § Hype and Veg.

We now summarise the approximations underlying Eq. (2.30). The assumption of
negligible population of the excited electronic state is valid so long as the detuning is
sufficiently large, i.e.

Gon;s he, Ge < A (2.34)

We have also neglected the motional recoil due to spontaneous emission. This is justified
when the spontaneous emission is isotropic and the system is deep in the Lamb-Dicke

regime, so that
n°T < Gon, o, G- (2.35)

The Born-Markov assumption requires the memory time of the electronic degrees of free-
dom to be much shorter than the characteristic time scales of the effective evolution, which
implies that

k, Ky, ke, 0B < T, (2.36)

where J E represents any energy shift appearing in 6 H,p.. Finally, in order to put the master
equation (2.30) into Lindblad form, we must perform a rotating-wave approximation, valid
when

k, Ky, ke, OFE < v, (2.37)

which corresponds to the definition of the sideband-resolved regime for this system.

2.3.3 Phonon dynamics

In this subsection, we characterise the performance of the refrigerator in terms of the
steady-state phonon occupation n,(00), focusing specifically on cooling using sunlight as
an energy source. We take representative parameters pertaining to '"'Yb* (listed in Ta-
ble 2.1). This species is a good choice due to its large mass and correspondingly small
photon recoil, in addition to the existence of a closed dipole-allowed cooling transition.
However, one could equally well consider other species of ion or neutral atom.

From here on we set g, = ¢, Ky = K, and dp,. = d for simplicity. We compute
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Figure 2.7.Steady-state phonon occupation of the crossed-cavity absorption re-
frigerator driven by sunlight. Parameters are given in Table 2.1, with (a) fixed
A/27 = 100 MHz and variable g and &, and (b) fixed x/27 = 0.5 MHz and variable
k and A.

ne(00) = Tr[afaps] by solving dpso/dt = Lpss = 0, with £ defined by the RHS of
Eq. (2.30). We use a truncated Hilbert space with 71 phonon states and 4 states per cavity
mode. Such a small Hilbert space dimension for the cavity modes is justified since the
mean number of cavity photons in the steady state is ny(oc0) ~ 1073 and n.(oc0) < 1074
in cavities b and ¢, respectively, for all parameters considered. We have checked that
decreasing the Hilbert space dimension leads to negligible changes in the results.

Our predictions for n,(cc0) are shown in Fig. 2.7. We observe that sunlight at T}, =
5800 K is sufficient to drive the phonon almost to its ground state, so long as the effective
coupling constant k is sufficiently large. In Fig. 2.7(a) we show that, in the regime of
effective cooling, the steady-state phonon occupation is reduced by increasing x for fixed
g. Nevertheless, £ must remain smaller than v for the system to remain in the sideband-
resolved regime (Eq. (2.37)), which represents a key factor limiting the achievable steady-
state phonon occupation. In Fig. 2.7(b) we demonstrate that increasing A for fixed k
can improve performance by suppressing incoherent effects associated with spontaneous
emission.

In the limit of |[A| > I' and k < k, we can give a rough analytical estimate of the

relaxation time. In this regime, we can derive an effective evolution equation for the

T, T, v/2m n e/2m I'/2m A d
5800 K 300 K 5 MHz 0.041 810 THz 20 MHz 10 quanta/s 10 nm

Table 2.1. Table of parameters used in numerical calculations.
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motional degrees of freedom by tracing over the cavity modes. In particular, we project the
cavity modes onto the thermal states pp and p. which are the fixed points of their respective
local dissipators, i.e. they satisfy Lypp = 0 and L.p. = 0. We then derive a master equation
for the motional mode described by the reduced density operator p, = Trpc[pape]- In the
notation of Chapter 1, we have Ppare = pa @ pp ® pe, Ha = vala, Hg = Haype — Hay,
Lp=Hp+ Ly+ L, L1 = Ly, and Hap = Veg. The energy shifts represented by d Hype
lead to higher-order corrections and are neglected. The resulting equation of motion can

be solved to give the phonon population as a function of time
Na(t) = oo + e 7 (ng — Noo) (2.38)

where no, = A/ is the steady-state phonon number, ng = n,(0) is the initial population,

and the relaxation rate is v = k%ny /.

2.3.4 Collective coupling enhancement in many-ion systems

Now we generalise to the scenario where multiple atoms are trapped inside the cavities.
We focus in particular on ion-trap systems, where the Coulomb interaction couples the
motion of the different ions. The normal vibrational modes of the system are thus small
collective oscillations about the mechanical equilibrium. We shall see that if IV ions of the
same species are placed inside the crossed-cavity refrigerator, an N-fold enhancement of

the coupling between photons and phonons can be obtained.

The free Hamiltonian of the system is

N
Hy = va'a + wpb'b + weele + Z 5j0;-ra;. (2.39)
j=1

Here, a' creates a phonon of a normal mode with frequency v/2m, o; is the atomic low-
ering operator for atom j and we have allowed for variations of the electronic transition
frequencies €, due to inhomogeneous magnetic fields, for example. All other modes and
electronic states are assumed to be off-resonant. The interaction Hamiltonian in the LDA
and RWA reads as

hE

Vy = {fib(rj)m (a + “T> (baf + bTUJ'_)

1

<.
Il

_l’_

N}

c(r5) (ca;r + cTaj_) + hy(rj) (bU;-r + bea;)} , (2.40)

where Gy (r;) = gpc(r;) cosdpc(r;), ho(rj) = gp(r;) sindp(r;), with gy .(r;) the cavity cou-
pling constants for the ion with equilibrium position r;, while n; are the Lamb-Dicke pa-

rameters and 0p (r;) = dpo(rj)wpc/co are the dimensionless misalignments, where d(r;)
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(de(r;)) is the distance in the z direction (y direction) between r; and the field node of
cavity b (antinode of cavity c).

We assume again that the cavities are detuned from the electronic transition frequen-
cies, we = € + Aj = wp + v, with €; > |Aj| > gp.(r;). After adiabatically eliminating
the electronic excited states according to the same procedure as in Section 2.3.2, we find

an effective interaction of the form
Ve = keonl (achr + aTch) . (2.41)

In the limit |A;| > T, the collective coupling constant is found to be
N ~
_ N () Ge(r;)n;
kcoll = ; TV (2.42)

We also find independent, additive contributions from each ion in the form of Egs. (2.32)
and (2.33).

The effective collective coupling ko can be either enhanced or suppressed compared to
the single-particle case, depending on the symmetry of the normal mode in question. For
example, let us take N = 2 and assume that g (r1) = Gpc(r2) = Goc and Ay = Ag = A,
For the stretch mode, with 11 = —n, we find that k.on = 0. On the other hand, for the
centre-of-mass mode, with 171 = 19 = 1, we find a two-fold enhancement of the coupling, i.e.
kconl = 2k, where k = gpgcn/A is the single-ion effective coupling. In general, the centre-of-
mass oscillations experience enhanced collective coupling, since for this vibrational mode
1; = 1 is constant.

Note that the rate of heating may also increase with the number of ions. For example,
the heating rate for the centre-of-mass mode increases proportionally to N, assuming

spatially correlated trap potential fluctuations [217]. However, according to the estimate

-2

given by Eq. (2.38), the steady-state phonon occupation and relaxation time scale as k_;.

We therefore expect an N-fold enhancement of the refrigerator’s performance when cooling

the centre-of-mass mode of N ions.

2.4 Conclusion

To summarise, we have analysed the possibility of creating a QAR in the setting of cavity
QED. In particular, we have shown that it is possible to construct a refrigerator which
cools the motion of a trapped atom using sunlight. This would constitute perhaps the
first example of a quantum absorption chiller which can achieve technologically useful
temperatures.

In principle, such a refrigerator powered by sunlight costs nothing to operate in daylight

hours (under clement weather conditions). This is clearly an improvement on power-hungry
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and thermodynamically inefficient cooling lasers. In practice however, we find that the
technical difficulty of stabilising the cavity frequencies makes the use of a laser, or similar
frequency reference system, unavoidable with present technology.

Commercially available laser systems enjoy stability, reliability and flexibility, spanning
a range of optical and ultra-violet frequencies. These properties are unmatched by optical
cavities currently available in cavity QED experiments. Therefore, absorption chillers of the
kind we envisage are unlikely to supersede laser-driven cooling schemes in the near future.
Nevertheless, our results demonstrate that if the intrinsic stability of optical resonators
can be improved, QARs could in principle play a useful role in quantum state preparation.

A more immediately relevant feature of our proposal is that it offers a versatile exper-
imental platform to study the physics of QARs. One advantage of our scheme is that the
frequencies of — and the couplings between — different degrees of freedom are tunable by
means of external control fields, or by modifying the cavity lengths mechanically. We have
also shown that the coupling can be enhanced N-fold when N ions of the same species are
incorporated inside the refrigerator. Note that experiments investigating collective cavity
coupling enhancement in trapped-ion systems have already achieved N ~ 500 [218,219].
In addition, detailed control over the coupling between each ion and a cavity has recently
been demonstrated for N = 5 [220], which is already sufficient to obtain significant en-
hancement.

Another attractive feature of the cavity QED setting is the wide variety of measure-
ments that are available. For example, a different species of ion placed inside the trap
could be used to make nondemolition measurements of steady-state properties, such as
the phonon number [151]. One could also continuously and nondestructively monitor the
state of the cavity fields using appropriately placed photodetectors. This would yield di-
rect information on the rate of energy dissipation into the environment, as well as opening
up a new potential arena for exploring quantum thermodynamics with measurement feed-
back [221,222|. Nonthermal or non-Markovian reservoirs could be engineered by modifying
the spectrum or statistics of the radiation incident on the cavity [223], or by tickling the
ion-trap electrodes with suitably filtered electrical noise [224]. We also note that analogous
set-ups using different kinds of quantum emitters such as superconducting qubits, quantum
dots or diamond color centers may be envisaged.

On a conceptual level, our study provides a number of further insights. We found a
simple and intuitive interpretation of quantum absorption refrigerators in terms of sideband
transitions. The present context of atomic cooling makes the connection between these
two concepts manifest, however this link is in fact completely general. Any three-body
absorption refrigerator can be understood in terms of a red sideband transition, which is
excited by the absorption of quanta from a thermally populated auxiliary system, itself
connected to a hot reservoir. The role of the second, colder reservoir is to then quickly reset

the state of the refrigerator by a transition at the carrier frequency (that is, at frequency
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g), leaving the target system with one less quantum of energy. Thus, sideband transitions
provide an alternative framework for understanding QARs which is complementary to the
standard picture in terms of virtual qubits and temperatures.

We also found that, just as in laser sideband cooling, the existence of blue sideband
transitions limits the thermal dissipation rates and the three-body interaction strength
to be less than the frequency of the target subsystem, i.e. one must be in the sideband-
resolved regime. This constraint is rather general, because blue sideband transitions (or
more generally, off-resonant transitions) exist for any absorption refrigerator governed by
an interaction Hamiltonian composed of a single product of Hermitian operators (rather
than a sum of such products). We thus expect a similar sideband-resolved condition to
generically constrain the achievable power and other relevant thermodynamic quantities
describing these machines.

As we have shown, an absorption refrigerator transferring energy from motional degrees
of freedom to optical photons can achieve remarkably low temperatures in principle. This
results from the huge separation between vibrational and optical frequencies, leading to
extremely small virtual temperatures (see Eq. (2.26)). The same principle underlies other
recent proposals to build thermal machines using cavity optomechanical systems [49,67].
However, this separation of frequency scales also implies an instability of the system to
relatively small fluctuations or drifts of the optical frequencies. This suggests that a prac-
tical operating regime for truly autonomous quantum thermal machines will be such that
the natural frequencies of the constituent subsystems are commensurate with each other.

In the present example, the effects of frequency drift can be overcome by weakly driving
the cavity with a laser. This indicates that the truly essential resource for cooling in
the quantum regime is a stable frequency reference, or equivalently an accurate clock.
Given such a frequency reference, we have shown that chaotic thermal energy suffices to
cool the system almost to its ground state. If one adopts the view that the heat energy
driving the absorption refrigerator is a free resource, the performance of the machine is
then ultimately limited by the efficiency of the frequency reference or clock. In the next
chapter we consider a different example in which accurate timing is a useful resource for
cooling by quantum absorption refrigerators. A natural question thus arises regarding the
fundamental thermodynamic limitations on clocks, accounting for the energy required to
measure the clock [225] and any effect of correlations between the clock and the thermal
machine [226-228|. We are currently investigating this intriguing problem by treating the

clock itself as an autonomous thermal machine, but our results are presented elsewhere [8].
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CHAPTER 3

COHERENCE-ASSISTED SINGLE-SHOT COOLING WITH
QUANTUM ABSORPTION REFRIGERATORS

In this chapter, we study the transient dynamics of quantum absorption refrigerators, show-
ing that quantum oscillations can lead to a speed-up in cooling. This reproduces work pre-

sented in Ref. [2].

Designing thermal machines that can be enhanced by quantum dynamics is a pivotal
challenge in the field of quantum thermodynamics. Previous research into possible quan-
tum advantages for heat engines and refrigerators has focused almost exclusively on their
operation in the steady state. However, in many applications one wishes to reach low
temperatures as rapidly as possible, in which case understanding the short-time behaviour
is essential. In particular, the cooling may be applied only transiently, after which the
cold object is extracted for use. As a somewhat frivolous yet illustrative example, consider
the problem of refrigerating a beverage on a hot day. Maximum enjoyment is obtained
if the beverage can be cooled and then consumed quickly, at a temperature significantly
lower than that of the environment. A more serious example could be the initialisation
of a register of qubits for quantum information processing, where the aim is to produce
states with high purity (low entropy). Fast cooling is advantageous here since it may re-
duce the overall time taken to complete the quantum information protocol. Both of these
situations exemplify what we call single-shot cooling: the one-time application of a refrig-
eration device in order to considerably and rapidly reduce the temperature of the object
in question.

In the following, we study single-shot cooling with a three-qubit quantum absorption
refrigerator (QAR). By considering variations of the basic processes underlying energy
dissipation and transport, we elucidate the role of coherence in the operation of such a
device. Furthermore, we demonstrate that dramatic improvements can be obtained in
both the cooling time and the achievable temperatures by taking advantage of coherent
oscillations that appear in the transient dynamics of the refrigerator. Most importantly, the
presence of coherence in the device allows one to reach lower temperatures than the steady

state. This use of quantum coherence in order to cool below the steady-state temperature
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we refer to as quantum single-shot cooling.

3.1 General scenario

We shall primarily be concerned with generic, qualitative features of the transient evo-
lution of QARs. In order to simplify the presentation and our calculations, we focus on
the most basic QAR model which conforms to the general framework described in Sec-
tion 2.1. Specifically, we consider a QAR comprising three qubits described by standard

7yZ

Pauli operators ¢;°*", with the free Hamiltonian

3
1 Z
i=1

Throughout this chapter, we adopt Fq = 1 as our unit of energy, and thus F ! as the unit
of time. The qubits are coupled together according to the three-body interaction

V = ¢|001) (110| + h.c., (3.2)

where the computational basis states |0), |1) denote the eigenvectors of o*. As usual, we
demand the resonance condition F3 = E; + Eo. The interaction (3.2) then drives resonant
transitions within the transport subspace spanned by the states |[001) and |110).

For clarity, we refer to the qubits indexed by ¢ = 1,2,3 as the target, the source and
the sink, respectively. The target qubit is the system to be cooled. The source qubit
is connected to a hot bath at temperature 75 = T}, while the remaining two qubits are
connected to independent reservoirs at the ambient temperature Ty = T3 = T,. The pair
of states {|01),|10)} of the source and sink qubits comprises the machine’s virtual qubit.
This is associated with the virtual temperature

Eq

L= 5E - Bby (3:3)

where ; = 1/T; denotes the inverse temperature of the reservoir connected to qubit i.
The general set-up that we have in mind is illustrated in Fig. 3.1(a). We assume that
all three qubits are initially in thermal equilibrium with their respective reservoirs. If p4(t)

denotes the reduced state of the refrigerator qubits at time ¢, then the initial state is
—51E o7 /2

3
= — (3.4)
g Tr —BiE; /2}

At t = 0 the interaction (3.2) between the qubits is switched on. The aim is then to
prepare the target qubit in a low-entropy state. (We emphasise that this is quite different
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Figure 3.1.Cartoon illustrating our theoretical set-up. (a) A stream of thermal
qubits passes sequentially through a quantum absorption refrigerator. Each thermal
qubit interacts with the refrigerator for a finite time, and exits the device at a lower
temperature. (b) The thermal reservoirs are modelled by infinite collections of
harmonic oscillators, characterised by an Ohmic spectral density with bandwidth
w. and a dimensionless coupling strength a.

from the usual objective considered by previous authors, namely to maintain the target
qubit at a low temperature.) Once the lowest achievable temperature has been reached at
time tg, our cooling protocol is complete, and the target qubit may be extracted for use,
for example, in quantum information processing. Classically, we usually expect that the
lowest achievable temperature occurs only as ¢ — oco. The existence of a finite optimal
extraction time tg is the essence of the quantum single-shot cooling protocol. If we suppose
now that there exists a large supply of qubits thermalised at the ambient temperature 7T;.,
we can perform the same procedure repeatedly to produce a steady stream of low-entropy

qubits.

3.2 Thermalisation model

In order to quantitatively analyse the refrigerator, we use a standard model of thermal dis-
sipation whereby each qubit is locally coupled to reservoirs consisting of infinite collections
of harmonic oscillators spanning a broad range of frequencies, depicted in Fig. 3.1(b). The

reservoirs are described by the Hamiltonian Hg = Z?:l Hp,, with

Hp, = Zwi,kbzkbz}k» (3.5)
K
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where the bosonic mode operators satisfy canonical commutation relations [b; k, b;. Wl =
dijokk and [b; k, bj k| = 0. The reservoirs are taken to be in a product of thermal equilib-

rium states
e PiHB,

3
PE = ® —z (3.6)
=1
The qubit-bath interaction is given by
3
Hip=Y ot oY (Ai,kbi,k + /\f’kbj’k> , (3.7)
i=1 k

with constants A; x that control the strength of the coupling of qubit 7 to its associated
bath. The spectral density of each bath is defined by

251 — wik). (3.8)

Ji(v) = Z |\ k
k
We choose identical spectral densities for each bath J;(v) = J(v) of the form
J(v) = ave /v, (3.9)

The effect of the baths is therefore characterised by their temperature and two dynamical
parameters: a dimensionless coupling strength « and a frequency cut-off w,. leading to a
bath memory time of order w;!. Markovian dynamics is obtained when w, is much larger
than all other frequency scales and o < 1, so that the dissipation rates are much smaller

than the natural frequencies {E;} of the qubits.

For future reference, we note that Eq. (3.9) is called an Ohmic spectral density because
it is proportional to frequency for small values of v. More generally, spectral densities
which vanish like v as v — 0 are classified according to the value of the exponent s as
Ohmic (s = 1), sub-Ohmic (s < 1) or super-Ohmic (s > 1). For simplicity, we specialise
to the Ohmic case in this chapter. Nevertheless, since we work in the Markovian limit,
many of our main qualitative conclusions hold also for other spectral densities, such as
the super-Ohmic spectral densities found more commonly in quantum optics applications.
Some special features of the dynamics under super-Ohmic dissipation are discussed briefly
at the end of the chapter.

In deriving the master equation, some care must be taken when treating the effect of
the coupling between the qubits on their thermalisation dynamics. We obtain two different

master equations depending on the magnitude of g, as described below.
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3.2.1 Strong-coupling limit

The first master equation is valid in the strong-coupling limit, where g is so large that
the effect of the interaction V' on the dissipative dynamics cannot be neglected. In this
case, thermal dissipation is described in terms of incoherent transitions between energy
eigenstates of the coupled three-qubit Hamiltonian Hg + V. The interaction V splits
the degenerate states spanning the transport subspace into two new eigenstates |+) =
(|110) £1001))/v/2 with energies E3 4 g, while all other eigenstates of Hy+ V are identical
to those of Hy.

The master equation is derived following the procedure in Chapter 1, with Hy = Ho+V,
L1 =0, and Hp given by Eq. (3.5). The result is

dpa
5 =iloa, Ho+V] +Z§V:% lpa; (3.10)

where the Lindblad operators are

Ay (Ey) = |011> (111] 4 |000) (100] ,
Ai(E1+g) = (|010> (+| = |-) (101]),

A(Er —g) =

E\H&\

(|+) (101] + |010) (—|), (3.11)

Ay (E3) = [101) (111] + ]000) (010],
(!100> (+] = [=) (011] ),

(y+> (011 +]100) (—|), (3.12)

As(Ey +g) =

Az(Ey — g) =

Sl-5l-

As(Es) = [100) (101 + |010) (011]

A3+ ) = =(1000) (4] + |- (111)).
A(Bs =) = —=(14) (111] = Jo00) (). (3.13)

while the dissipation rates are given by 7;(v) = 27Z;(v), in terms of the bath spectral

functions

(3.14)
T ([v)ni(|vl) (v <0),

where n;(v) = (%" — 1)~1 is the Bose-Einstein distribution for the bath connected to

Ti(v) = { T +nw)]  (v>0)
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qubit 7. We have neglected the Lamb-shift renormalisation of the energy levels of Hy + V.

This master equation was first derived by Correa et al. [208].

3.2.2 Weak-coupling limit

The second master equation is useful for exploring the weak-coupling limit, when g < 7;(v).
In this case, the canonical rotating-wave approximation is unjustified, because counter-
rotating terms at frequencies of order g are not negligible on the typical time scale of the
incoherent refrigerator evolution. Therefore, a different approximation scheme is needed.
The most direct route to obtain an alternate master equation is to set H4 = Hg and L1p =
i[V, p], leading to a description in terms of local thermal dissipators acting independently

on each qubit. Explicitly, the weak-coupling master equation takes the form

dpa

3 3
3 = ilea, Ho+V]+ > %i(E)Dloy lpa+ > %(—E)Dlofpa, (3.15)
=1

i=1

where o = (of +i0?)/2, the rates v;(v) are defined by Eq. (3.14), and we have again

i
neglected the Lamb-shift terms.

In Ref. [2], in common with much of the literature on open many-body systems, the
local Lindblad equation (3.15) was justified by the self-consistent assumption that g <
~i(£E;) < E;. However, it is interesting to note that the local master equation for the
three-qubit absorption refrigerator can also be derived in situations when g is not smaller
than the incoherent rates, using a hybrid approximation scheme combining the wide-band
approximation and the rotating-wave approximation.

In order to do this, we set Hq4 = Hp + V and return to Eq. (1.71) for the Redfield

dissipator, which in the present case may be written as

3
SN L) I A (w)pat) AL (V) — AT(W) Ai(v)pa(t) | +hec., (3.16)

=1 v,/

with Lindblad operators A;(v) given by Egs. (3.11)—(3.13), while the bath correlation
functions are found from Eq. (1.25) to be
>, Liw)

Li(v) = 7Z;(v) —|—iP/ dw Iy

—0o0

(3.17)

We now assume that ¢ < E;, and that the spectral function Z;(v) varies slowly over
frequencies of order g. This justifies the partial wide-band approximation Z;(E; £+ g) ~
vi(E;), from which it follows that T';(E; + g) ~ T';(E;), and also that I';(—E; £ g) ~
['i(—FE;) by a similar argument. However, we make no assumption about the relative

magnitudes of I';(£E;). Then, assuming that |I';(E;)| < E;, we make a partial rotating-
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wave approximation by crossing off terms in Eq. (3.16) where |/ — v| ~ E; but retaining
counter-rotating terms where |/ — v| ~ ¢g. Under these approximations, Eq. (3.16) splits

into two separate pieces

3
>3 TiE) ! [ Aw)pa AL — AL Ai(v)pa ()]

=1 v, >0

3
£330 TE)E I [A,0)pa) ALW) — AT Aiw)pa®)] +he,  (318)

=1 v,v’'<0

where the first line involves a sum over positive Bohr frequencies v, = E;, E; £+ g, while
the second line includes the corresponding negative frequencies. Finally, we transform back

to the Schrodinger picture and make use of the identity
> Aiv) =o;, (3.19)

whence the local master equation (3.15) is obtained after absorbing the Lamb-shift terms
into Hg.

This alternative derivation is valid so long as T; > ¢g and ¢ < E; < w,, so that the
correlation function (3.17) varies slowly over frequencies of order g, i.e. the condition (1.73)
must be satisfied for Jv ~ g. More precisely, assuming the imaginary part of Eq. (3.17) to

be negligible, we require that

dZ;(v) Ti(+E;)
<dy )V:iEi<<g . (3.20)

This expression can be evaluated using the explicit forms for the spectral function (3.14)

and the spectral density (3.8). For v = E; we obtain

E.
11— BiEini(E)| < ;Z, (3.21)
where we have used the fact that F; < w.. For v = —F; we likewise obtain
E;
11— BiEi[1 + ni(E)]| < - (3.22)

The inequalities (3.21) and (3.22) are always satisfied if E; > g and T; > g.

The foregoing results give rise to some ambiguity, since the conditions (3.21) and (3.22)
are also compatible with the strong-coupling master equation (3.10) if v;(E;) < g. Thus
it is not necessarily clear which master equation is the correct one to use. Here we simply
sidestep this issue by excluding the ambiguous parameter regime from our calculations.

Since the two master equations (3.10) and (3.15) have been shown to predict different
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fundamental limits for the efficiency of quantum absorption refrigerators [208], resolving

the ambiguity nonetheless remains an interesting open problem.

3.3 Short-time dynamics of the refrigerator

We now present our quantitative results, obtained by numerical solution of the equations
of motion. Our first observation is that sufficiently strong coherent coupling between the
qubits drives damped Rabi oscillations of the local qubit populations. However, unlike Rabi
oscillations due to local driving fields, the three-body interaction (3.2) does not induce any
local coherences between the qubit populations. The reduced state of each qubit is diagonal

at all times and may therefore be assigned an effective temperature

5 _E
L) = S b i )

(3.23)

To illustrate this feature of the short-time dynamics, we plot several examples of the
evolution of the target qubit temperature in Fig. 3.2, which demonstrate that the Rabi
oscillations allow the target qubit to reach lower temperatures than the steady state. In
the strong-coupling regime we find damped temperature oscillations with the approximate
period 7 /g [solid line in Fig. 3.2(a)]. Therefore, the optimal quantum single-shot cooling
procedure consists of extracting the target qubit after a time ¢y ~ m/(2¢g). In contrast,
when ¢ is much smaller than the relaxation rate, these oscillations are over-damped so that
no temperature minimum occurs in a finite time [solid line in Fig. 3.2(b)|]. Nevertheless,
we have found that quantum single-shot cooling is possible over a very broad range of
parameters, so long as the coupling g is significantly larger than the relaxation rate.

The physical origin of the temperature oscillations is the exchange of energy between
the refrigerator qubits due to the interaction (3.2). Our second important observation is
that this energy transport is driven by coherence in the transport subspace. This can
be seen straightforwardly by examining the Heisenberg equations of motion for the local
energy expectation values h; = E;(07)/2. The resulting expression for the target qubit is

of the form [cf. Eq. (2.9)]

% = Q1(t) — 2gEImC(t). (3.24)

This equation represents an energy balance between the rate of heat absorbed from the
bath Q1 (t) and the coherent flow of energy into the other qubits, which is proportional to

the imaginary part of the coherence in the transport subspace:
C(t) =Tr[pa(t)|010)(101]]. (3.25)

Egs. (3.24) & (3.25) give a direct link between the presence of coherence and the flow

of energy across the refrigerator. We expect an analogous relationship to hold for any
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Figure 3.2.Effective temperature dynamics of the target qubit, with E; = 1,
Ey,=2,T. =T, =T, =50 and T, = T3 = 100. (a—b) Blue solid lines indicate
the evolution of an initial thermal product state (3.4), red dotted lines depict the
evolution with 1% of the maximum coherence added to the initial state. (a) Strong-
coupling regime. (b) Weak-coupling regime, plotted with the corresponding stochas-
tic model (black dot-dashed line). (c) Short-time effective temperature dynamics
of an ensemble of target qubits, where coherence with some phase noise is added
to the initial state. The magnitude of the initial coherence is 5% of the maximum
and the phase uncertainties are d¢ = 0 (black solid line), §¢ = 7/4 (blue dotted
line) and d¢ = 7 (red dot-dashed line). The temperature minimum in the absence
of phase noise is shown by the green vertical dashed line. The data shown in (c) are
calculated using the strong-coupling master equation with the same parameters as

(a).

quantum refrigerator in which energy transport between distinct subsystems occurs via

coherent Hamiltonian evolution.

3.4 Effect of initial coherence

To further elucidate the fundamental role of coherence in energy transport, we consider
a situation where some coherence in the transport subspace is added to the initial state,
without modifying the thermally distributed populations. In order to ensure the positivity
of the quantum state, the magnitude of this coherence is upper bounded by |C(0)| < Cpax,

where

3

1 BiE;

Comax = [ | 5sech ( 5 > . (3.26)
=1

For the examples in Figs. 3.2(a—b) we have also plotted the dynamics with a very small
amount of initial coherence C(0) = iCpax/100. We find that the amplitude of the temper-
ature oscillations is noticeably enhanced in all three cases. In the weak-coupling example
plotted [red dotted line in Fig. 3.2(b)|, the initial coherence gives the most dramatic ad-
vantage, since now the temperature minimum occurs in finite time. Initial coherence is
actually a necessary ingredient for quantum single-shot cooling in this case and thus should
be considered as an additional nonclassical resource to the free energy of the hot bath.
Note that, according to Eq. (3.24), the phase of C(0) determines the direction of the

initial flow of energy into the qubit. Therefore, it is even possible, for example, to heat the
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qubit by adding initial coherence with the opposite phase, even when the system behaves
as a refrigerator in the steady state. Likewise, one can transiently cool even when the
steady-state behaviour is that of a heat pump. Similar phase effects have recently been
described in Ref. [229|, where the authors show that bath fluctuations can revert the
detailed balance condition in certain open quantum systems, creating a net flux of energy
from the environment into the open system.

Due to the aforementioned sensitivity of the dynamics to the phase of the coherence,
it is important to consider the impact of any phase uncertainty resulting from imperfect
initial state preparation. Specifically, we suppose that the initial coherence is given by
C(0) = irel?, where ¢ is a zero-mean random variable. Assuming that the cooling protocol
is performed repeatedly on multiple qubits, the relevant quantity to consider is the temper-
ature of the ensemble of target qubits. For the rest of this section it should be understood
that the term temperature refers to the property of the ensemble: we do not consider the
temperature fluctuations of individual qubits here.

The introduction of phase noise leads to two effects: an increase of the minimum
temperature, and a shift in the time at which this minimum occurs. In Appendix A we
provide an approximate analytical quantification of the impact of phase noise, assuming
that the phase fluctuations are small and Gaussian. We have also numerically investigated
the case of non-Gaussian phase noise, in particular the case where ¢ is uniformly distributed
in the range ¢ € [—d¢/2,+¢/2]. Some examples of the resulting temperature dynamics
of the target qubit ensemble are plotted in Fig. 3.2(c).

We find that a narrow phase noise distribution leads to a small shift in the minimum
temperature [blue dotted line in Fig. 3.2(c)|. The most deleterious impact is obtained when
the phase noise distribution is very broad, so that the temperature minimum is shifted to
a much later time. Extracting the target qubit at the expected minimum may actually
lead to heating of the target qubit [red dot-dashed line in Fig. 3.2(c)]. On the other hand,
it may be possible to predict the dynamics of the ensemble temperature in advance, e.g.
because the phase noise distribution is known. In this case it is possible to extract the
target qubit at the appropriate time to obtain some temperature advantage, unless this

time is so late that thermal dissipation damps away the coherent oscillations.

3.5 Stochastic absorption refrigerator

In the previous two sections, we presented strong evidence that coherence is a useful
resource that may be harnessed to produce a significant advantage to single-shot cooling.
On the other hand, we can show that coherence is not a necessary ingredient for quantum
absorption refrigerators operating in the steady state. This is because energy transport can
also be described by a stochastic process in which excitations are transferred incoherently

between the qubits. Such a classical description is appropriate in the presence of strong
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dephasing, which in our case comes directly from the thermal baths (see Ref. [69] for an
alternative dephasing model in the context of power refrigerators).

As a concrete example, we derive in Appendix B an effective master equation describing
the asymptotic relaxation of the populations in the computational basis, valid when the
coupling ¢ is much smaller than the dissipation rates. Our analysis follows Ref. [166], where
it was shown that coherent propagation of a quantum particle on a lattice under strong
local dephasing can be approximated by a stochastic hopping process. In our case, the
dephasing occurs due to the coupling to the thermal baths, which destroys the coherences

in the computational basis at a characteristic rate

3
D= 5> bl + (-, (3.27)

where ~;(v) is defined above Eq. (3.14). In the limit where ¢ < I", we can derive a closed
equation of motion for the populations, describing their dynamics over times coarse-grained
on the scale I'"!. This effective master equation describes transport in terms of a simple
rate equation, where population is stochastically transferred between the states |010) and
|101) at a rate 2¢g2/T" [see Eq. (B.15)].

The effective master equation accurately describes the long-time temperature dynamics
of the target qubit on its approach to the steady state, as we show by explicit comparison
with the weak-coupling master equation in Fig. 3.2(b). We see that there is no differ-
ence between the quantum and classical model in terms of the temperatures which can be
achieved in the steady state. This result demonstrates that three-qubit refrigerators are
capable of cooling even when their dynamics is entirely classical. In the transient regime,
on the other hand, the temperature dynamics are qualitatively different in the quantum
and classical cases. Classical refrigeration models described by stochastic rate equations
generically exhibit pure exponential relaxation, precluding the possibility of single-shot
cooling below the steady-state temperature. This lies in stark contrast to the generic
behaviour we have found in strongly coupled quantum absorption refrigerators, i.e. tem-
perature oscillations enabling us to rapidly achieve temperatures lower than the steady

state.

3.6 Comparison with steady-state cooling

Returning now to the fully quantum case, we would like to compare the performance of
quantum single-shot cooling and steady-state refrigeration. Let us define the temperature
advantage AT = Ts, — T1(to) as the difference between the steady-state temperature
T of the target qubit and the quantum single-shot cooling minimum 7} (to). This is

an important figure of merit quantifying the advantage gained from quantum single-shot
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Figure 3.3. (a) Example evolution using the same parameters as Fig. 3.2(a), with
(blue solid line) and without (green dotted line) a switch-off of the interaction at time
to = 7/(2g), illustrating the quantum temperature and time advantages AT and
tq, respectively. The steady-state temperature T4, is shown by the red dashed line.
(b) Trade-off between the fractional temperature advantage and the time advantage
(in units of the relaxation time ~,7!), with the same parameters as (a) apart from
the temperatures. Each line shows the results for a fixed room temperature 7. and
a range of hot bath temperatures T}, € [T, + 1, T, 4+ 200]. The value of tg decreases
as T}, is increased in each case.

cooling compared to steady-state cooling. Once the target qubit is decoupled from the
refrigerator at time tg, its temperature increases as it equilibrates with the environment.
The advantage gained from quantum single-shot cooling lasts only until the temperature
of the target qubit grows larger than the steady-state temperature, which occurs at a time
t1. This motivates us to define the quantum advantage time tg = t; — ¢g, which is another
important quantity characterising the performance of the quantum single-shot refrigerator
compared to its steady-state counterpart. See Fig. 3.3(a) for a graphical depiction of these
quantities.

For simplicity, in this section we work in the strong-coupling limit, where there always
exists some quantum single-shot cooling advantage and the optimal switch-off time is
given approximately by top ~ 7/(2g). In this case, the quantum advantage time ¢g tends to
decrease as either of the bath temperatures T, and T}, is increased. Of course, as the room
temperature is varied, the rate of equilibration of the target qubit with its environment
changes, which in turn affects the value of tg. In order to remove this trivial dependence
on T, we measure the quantum advantage time in units of the relaxation time ~, !, where
Y = [71(E1) + 71(—E1)]/2 is the arithmetic mean of the thermal gain and decay rates
acting on the target qubit in isolation’.

For a given set of fridge energies {E;, g} and a fixed room temperature 7., one would
like to optimise the temperature of the free energy source T} to obtain the largest frac-
tional temperature advantage AT /T, and also the longest possible advantage time tg. We

show in Fig. 3.3(b) that there exists a trade-off between these two quantities, which can-

!Mathematically, . is the spectral gap of the Liouvillian Liarg governing the dynamics of the target
qubit after it is decoupled from the refrigerator. That is, v, is the real part of the eigenvalue(s) of Liarg
with the largest (negative) real part, which determines the asymptotic decay rate towards equilibrium.
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not be simultaneously maximised. This trade-off is reminiscent of the competing goals of
efficiency and power when optimising thermal machines that operate in the steady state.
Interestingly, there exists a “sweet spot” where the fractional temperature advantage is
maximised, while the advantage time remains adequately large. This immediately sug-
gests a favourable operating regime in which the quantum single-shot cooling protocol is
preferable to steady-state cooling. However, in a practical setting the optimum refrigerator
parameters will of course depend on the specific application in question. Finally, it is worth
noting that introducing coherence in the transport subspace into the initial quantum state
further enhances the fractional temperature advantage for a given tg, thus coherence is

also a useful resource in this context.

3.7 Conclusion

In this chapter, we studied the dynamics of three-qubit absorption refrigerators using a
standard model of thermal dissipation. In the strong-coupling regime we encountered
oscillations in the energy of the target qubit, enabling it to reach effective temperatures
below that of the steady state in a finite time. With the right timing, these oscillations
can be exploited in a quantum single-shot cooling protocol to yield a constant stream of
low-entropy qubits, which could be subsequently used for quantum information processing,
for instance. This constitutes another example in which quantum thermal machines may
prove useful for quantum state preparation in the context of quantum technology.
Interestingly, we found that the quantum single-shot cooling effect is dramatically en-
hanced by adding coherence to the initial state. This result provides further evidence
that coherence is a useful resource in quantum thermodynamics, which has lately been
highlighted by a number of other authors. Indeed, it has been shown that coherence can
improve the performance of heat engines driven by external work [69] (this study was
published concurrently with the paper [2] on which this chapter is based). In the resource-
theoretic formulation of quantum thermodynamics, coherence is a resource [230-232] which
is nonincreasing under thermal operations (i.e. energy-conserving unitaries in the presence
of a thermal ancilla) [193,194], and from which work can be extracted [192,195, 233].
Coherence may also play the role of a catalyst, but only for infinite-dimensional quan-
tum systems [234]. More recently, the energy cost of creating coherence was quantified in
Ref. [196], a study which was directly motivated by our findings presented in this chapter.
Experimental implementation of quantum single-shot cooling calls for strong coupling,
so that the rate of coherent energy transport exceeds the rate of thermal dissipation. This
parameter regime is difficult to achieve in many of the experimental realisations of quantum
absorption refrigerators that have been proposed thus far [48-50], including the atom-cavity
implementation discussed in Chapter 2. However, a very recent article has proposed that

quantum single-shot cooling can be realistically demonstrated using present technology
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in a circuit QED platform involving three coupled microwave resonators [235]. In addi-
tion, it has been shown that quantum single-shot cooling is possible in the weak-coupling
limit [236], or in the complete absence of steady-state cooling [237], providing yet more
motivation to experimentally study transient effects in quantum absorption refrigerators.

Precise, accurate timing and the ability to switch the qubit-qubit interaction off and
on are essential prerequisites for quantum single-shot cooling, yet we have not accounted
for the thermodynamic cost of these operations. There exist several interesting options for
future work in this direction. It is possible to envisage a scenario where the switching is
performed by another dynamical system: a quantum clock. One may consider coherent
clocks undergoing Hamiltonian evolution [227,228], or dissipative clocks which are driven
by thermal noise in a similar manner to the quantum absorption refrigerator [8]. In future
work we will study the efficacy and resource cost of quantum single-shot cooling schemes
with a quantum clock included explicitly in the theoretical description, as well as possible
experimental realisations of such schemes.

An alternative possibility in this regard concerns engineering the system in order to
minimise the need for accurate timing. For example, our preliminary calculations us-
ing strongly coupled three-qubit absorption refrigerators under super-Ohmic dissipation
demonstrate that, for certain parameters, a quantum single-shot cooling advantage exists
for almost all times later than some threshold. Such behaviour would greatly reduce the
necessary timing accuracy, but more work is needed in order to check whether this rather
odd behaviour is physically realisable or merely some artefact of the approximations used
to derive the Lindblad equation. Such verification could be performed using advanced
tensor network simulations to model the effect of the environment with numerical exacti-
tude [238,239].

Aside from any practical use, our results help to elucidate the role of quantum effects in
thermodynamics. As we show using the stochastic absorption refrigerator, weakly coupled
three-qubit fridges operating in the steady state are in some sense equivalent to classical
ones, as one can achieve identical steady-state temperatures from a classical stochastic
model. On the other hand, the coherent transport of energy inducing oscillations in the
population of the target qubits constitutes a unique quantum feature. This suggests that
investigating the transient regime of microscopic machines may reveal further advantages
from quantum dynamics to take thermal engines and refrigerators beyond the classically

possible.
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IMPURITY PROBES IN ULTRACOLD
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Ultracold atomic gases are clean, isolated systems whose constituents have well-controlled
interactions with each other. These features make them promising candidates for a variety
of applications, ranging from quantum computation and simulation [15-23] to gravitational
sensing [240-242|. However, the potential of cold-atom systems both for fundamental sci-
ence and for emerging quantum technologies can only be fully unlocked with the ability to
measure their properties with accuracy and precision.

In the search to find new and improved methods to probe ultracold gases, nondestruc-
tive techniques are particularly interesting because a single realisation of the system can be
reused for multiple measurements. One attractive approach in this regard involves monitor-
ing the evolution of an atom of a different species confined within the gas, i.e. an impurity.
Theoretical studies indicate that such probes could yield information on diverse features
of cold atomic gases, including effective dimensionality |71], temperature [72], Hamiltonian
parameters [73] or energy spectra [74], and topological invariants [75], to name just a few
examples. In many cases, impurity-based measurements may be more accurate and precise
than their conventional counterparts, or enable localised probing of the gas on submicron
length scales that are inaccessible using direct optical imaging.

Aside from their metrological applications, impurities immersed in ultracold gases can
be used to investigate basic scientific questions bridging quantum optics and many-body
physics. Proposals in this direction include the study and simulation of problems such as
electron-phonon coupling in condensed-matter |76,77] and biological [78]| systems, super-
fluid flow around an obstacle [79], the Anderson orthogonality catastrophe [80, 81|, non-
Markovian dynamics [82-84|, Unruh radiation [85], and the Gibbons-Hawking effect [86].

Although the majority of the literature in this area is still theoretical, impressive ex-
perimental progress has been made towards the controlled immersion of impurities in cold
atomic gases. In the majority of cases the impurity is realised with a neutral atom [95-106],
but researchers have also experimented with more exotic charged impurities [107-111]. In-
deed, the first impurity-based measurements of the density [108] and the temperature [102]
of a Bose-Einstein condensate have already been performed. Nevertheless, plenty of the-
oretical work remains to be done as experimental capabilities inevitably develop further.
This second part of the thesis describes our contribution to this growing body of research.

Chapter 4, which is based on Refs. [3,4], focuses on measuring the temperature of cold
Bose gases using impurities. We describe two proposals designed to overcome challenges
that existing thermometry techniques face at the lowest temperatures. In a departure from
conventional thermometry methods, we show that tracking the nonequilibrium dynamics
of the probe can lead to significant performance improvements in certain regimes, including
those involving temperatures on the order of nanokelvin. We illustrate the feasibility of
our schemes by explicit calculations for both weakly interacting and strongly interacting
Bose systems that can be realised in cold-atom experiments.

In Chapter 5 we consider probing the spectrum of dynamic density fluctuations in an
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atomic Fermi gas. The latter forms a superfluid manifesting the crossover from a Bardeen-
Cooper-Schrieffer (BCS) condensate of Cooper pairs to a Bose-Einstein condensate (BEC)
of diatomic molecules. We show that coupling an impurity to the Fermi gas gives non-
destructive access to the superfluid’s order parameter and various other properties of its
excitation spectrum, which can be inferred by measuring the impurity’s rate of vibrational
energy loss. Our model may also be of independent interest in the field of open quantum
systems, because dissipation occurs by the emission of phonons which, unusually, may

themselves be strongly damped.



CHAPTER 4

THERMOMETRY OF COLD BOSE GASES USING ATOMIC
IMPURITY QUBITS

In this chapter, we describe two impurity-based methods to measure the temperature of cold

atomic Bose gases in different regimes. The work presented here is based on Refs. [3,4].

Thermometry is one of the basic measurements in the experimental physicist’s toolbox.
In the context of cold atoms, temperature measurements are important in general for
the simulation of condensed-matter systems, and specifically for studying fluctuation ef-
fects [243,244], equilibration [245-247], many-body localisation [248], and various other
applications. However, precisely measuring the low temperatures relevant for ultracold
gases can be a formidable challenge.

The temperature of a dilute atomic gas is conventionally inferred from time-of-flight
imaging [15,249| or by scattering light from the sample in situ [250,251|, methods which
probe the density of atoms in momentum or coordinate space, respectively. Unfortunately,
these are destructive measurement techniques, whose precision is significantly reduced at
temperatures on the order of nanokelvin or less [252], while spatial resolution is restricted
by the fundamental and practical limitations of optical components. Moreover, such tech-
niques are infeasible for the majority of strongly correlated systems, where the Hamiltonian
is unsolvable and thus the temperature dependence of accessible observables cannot be cal-
culated and compared to the measurement outcomes.

In this chapter, we describe two different thermometry methods that avoid these short-
comings by using an impurity qubit as a probe. First, we introduce a technique based
on observing the equilibration of a qubit dissipatively coupled to cold atomic gas. We
study the application of this probe to the thermometry of a weakly confined Bose-Einstein
condensate. Second, we consider an entirely different scheme where the qubit’s mean en-
ergy does not change, but rather its state controls a Hamiltonian quench on the system of
interest. Monitoring the decoherence of the qubit reveals the characteristic function of the
work performed in the quench [112,113], which can ultimately be used to infer the temper-
ature [114] via the Tasaki-Crooks theorem [115,116]. We simulate the application of this

method to a one-dimensional lattice gas of cold bosonic atoms. In all cases, we verify that

87
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our thermometry protocols retain accuracy and precision down to the nanokelvin regime.

Our work can be placed in the context of previous literature on measuring the tem-
perature of cold atomic gases using impurities [71,72]. Since the completion of Refs. [3,4],
thermometry has been experimentally demonstrated using impurities immersed in a cold
Bose gas [102], although using somewhat different methods from the ones proposed here.
Nevertheless, this experiment clearly demonstrates both the motivation and many of the
technical ingredients (see also Refs. [96,97,100,253-255]) required to bring our proposals

to fruition.

4.1 Thermometry by equilibration

In this section we consider thermometry of a Bose-Einstein condensate (BEC) using an im-
purity atom trapped in a double-well potential. The impurity excites and absorbs phononic
quasiparticles in the background gas, thus dissipating energy and eventually reaching ther-
mal equilibrium with the BEC. By measuring the mean energy of the probe one thus
infers the temperature. We also discuss an alternative method based on observing the
nonequilibrium dynamics of the probe, which is appropriate for thermometry under time

constraints.

4.1.1 Description of the system

Our thermometer consists of an impurity atom of species A and mass M, immersed in
a cold atomic gas of bosonic species B and mass m forming a Bose-Einstein condensate.
The impurity is confined by a species-selective, symmetric double-well potential V4(r), as
shown schematically in Fig. 4.1. The potential has minima at positions +L/2 and —L/2.
We work in the limit of slow tunnelling, J < wp, where J is the rate of tunnelling between
the potential minima, and wy is the frequency of small harmonic oscillations close to each
minimum. This is the case when the potential is deep and the barrier separating the
minima is large. Assuming that T" < wq, with T' the temperature of the Bose gas, we may
restrict our attention to the qubit comprising the lowest two motional energy eigenstates
of the impurity. These eigenstates are taken to be the symmetric and antisymmetric
superpositions [1) = (|[+) + |—))/v2 and |0) = (|4+) — |—))/v/2, where |+) are orthogonal
states localised near the potential minima at £L/2. The impurity Hamiltonian can thus
be written

Hy=Jo”. (4.1)

The primary advantage of the double-well system is that the qubit energy splitting 2J
can be comparable to the thermal energy corresponding to nanokelvin. This facilitates
thermometry at ultralow temperatures, as we describe in the following.

The interaction between the impurity and the gas is given in the s-wave pseudopotential
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¢1(r)

L

Figure 4.1. Energy level structure of the thermometer. An impurity atom trapped
by a double-well potential V4(r) has a pair of low-lying energy eigenstates ¢o(r)
and ¢4 (r) corresponding to antisymmetric and symmetric superpositions of localised
states. These comprise a qubit with energy splitting 2.J.

approximation by

Hap=n Y kvl @ [ & 0,(0u0)efe). (4:2)

pv==£

where k = 2ma/m, with a the s-wave scattering length describing A-B collisions and
m = mM/(m + M) the reduced mass, while ¢1(r) = (r|£) are the coordinate wave
functions of the localised impurity states, and o(r) = Uf(r)¥(r) is the local density of the

Bose gas, with ¥(r) the atomic field operator which annihilates a boson at position r.

We suppose that the potential confining the gas varies slowly enough compared to the
length scale L of the impurity that the BEC can be approximated as homogeneous. We
model the dynamics of the gas using the Bogoliubov theory [256], which is valid well below
the BEC transition temperature so that the condensate density is commensurate with the
mean atomic density gg. The elementary excitations of the gas are density waves in the
condensate with wave vector q and frequency wq. These are interpreted in the quantum
theory in terms of quasiparticles carrying momentum q and energy wq, governed by the
Hamiltonian

Hp = wqblbq, (4.3)

q#0

which describes an independent collection of quantum harmonic oscillators, with canonical
ladder operators bq indexed by the quasiparticle momentum. The well-known Bogoliubov
quasiparticle dispersion relation is wq = \/aq(eq—i——?ggo) , where eq = q?/2m is the bare
kinetic energy and g = 4mwas/m is the coupling constant describing collisions between
the bosons, with as the corresponding s-wave scattering length. The dispersion relation
wq smoothly interpolates between the sound-like behaviour wq ~ cq as q — 0, with
c = \/m the speed of sound, and the free-particle result wq ~ ¢q as q — oo. The
transition between the sound-like and particle-like regimes occurs around momenta of order

&1 where € = (87rgoas)*1/2 is the healing length. The healing length is the characteristic
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length scale of the BEC: it corresponds to the distance over which the density of the gas
changes in response to a localised perturbation. The natural energy scale of the gas is
1/(2mé&?) = geo.

We assume that the double-well potential minima are sufficiently far apart that the
localised impurity wave functions have negligible spatial overlap, i.e. ¢4 (r)p_(r) =~ 0. We
can therefore neglect the off-diagonal terms with x4 # v in Eq. (4.2). The density can be

written in the Bogoliubov approximation as

1 iqr —iq-r
g(r)zgo—i—ﬁZ\/Mq (eq bg +e71 b&), (4.4)

q7#0

where V' is a fictitious quantisation volume and My = ppeq/wq. We thus obtain the

interaction Hamiltonian

Hap = 0" @ (Aqba +Agbh) + 1@ (Agba + X504 ) (4.5)
q70 q#0

where we have introduced the coupling constants

da =552 [ e (0P ~o-w)P) (46)
Ny =55 [ e (os @l + o)), (4.7)

The first term of Eq. (4.5) describes changes of the impurity motional state driven by
fluctuations in the density difference between the minima of the double-well potential. The
resulting exchange of energy leads to the emission and absorption of phonons in the BEC.
The second term of Eq. (4.5) describes a displacement of the phonon modes due to the
average impurity density, which has no effect on the impurity dynamics at lowest order. The
situation may be compared with atom-photon interactions in quantum electrodynamics,
where changes of the atomic internal state are associated with the emission and absorption
of electromagnetic quanta. In the present case, the excitations generated in the gas span
a range of momenta q determined by the coupling constants \q and /\il, which in turn are

fixed by the geometry of the impurity system via Eqs. (4.6) and (4.7).

4.1.2 Gaussian approximation for the impurity wave functions

In order to evaluate the coupling constants and the tunnelling energy, we choose a simple,
tractable model for the impurity potential and wave functions. Specifically, we consider

an optical lattice generated by two pairs of counter-propagating laser beams with wave
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vectors £k and +2k lying parallel to L [253-255]. This gives rise to the potential [3]

172
V(r) =V [cos®(2k - t) — 4vcos® (k - T)] exp (—2J-2) , (4.8)

w
where Vj is the lattice depth, v is the relative intensity of the two beams, r, is the
radial coordinate perpendicular to k, and w is the beam width. The distance between the
potential minima arccos(v)/k and the barrier height Vo(1 — v2?) can be varied by tuning
the relative intensity of the beams in the range 0 < v < 1. The localised impurity states

are modelled using the Gaussian ansatz
pi(r) = ¢(r£L/2),  ¢(r) = (nf?) =32 7720 (4.9)

We must have L > ¢ in order to be consistent with our assumption that ¢4 (r)¢_(r) ~
0. This condition also ensures that the impurity wave functions are almost orthogonal,

—L2 /402

since (+|—) = e ~ 0 in this approximation. Using Eq. (4.9), we find the coupling

M, -L
Aq = —iky/ 7(1 sin <q2> e O/ (4.10)
M, -L
Ag = KA/ 7‘1 cos (q2> e T/, (4.11)

We find explicit values for ¢, L and J variationally within the subspace spanned by
the orthonormal states (¢4 (r) £ ¢_(r))/N+, where the ¢ (r) are given by Eq. (4.9) and
Ni = /2(1 + e~L?/4¢) are normalisation factors correcting for the finite overlap between

¢+(r). First, we find the values of ¢ and L that minimise the energy expectation value of

constants to be given by

the antisymmetric ground state. Note that, in general, the value of L thus found does not
exactly coincide with the distance between the minima of the double-well potential. Then,
2.J is estimated as the average difference in energy between the two basis states, using the
variationally determined values for £ and L. We simplify our calculations by assuming that
¢ < L < w, and neglecting terms of order O(¢/w). This is an excellent approximation for
the parameters considered in this work, where ¢ is smaller than one optical wavelength,

while L is on the order of several such wavelengths.

As we show in the following subsection, the detector is sensitive to phonon modes
whose energy coincides with the tunnelling energy J. Choosing realistic parameters for
the impurity potential and the gas [102], we show in Fig. 4.2 that J can be varied over a
spectrum of energies ranging from the picokelvin regime up to several tens of nanokelvin by
controlling the well separation L and width £ of the localised impurity wave functions. As
a result, the detector can be made sensitive to the occupation of phonon modes with very

small energy, thus facilitating precise thermometry at ultralow temperatures. At the same
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Figure 4.2. Tunnelling energy J as a function of the separation L and width ¢ of
impurity states localised in either well, expressed in the natural units of the BEC.
We use a 133Cs impurity trapped by the potential (4.8) with k = 27/(1580 nm),
Vo € [100E,., 3000E,] where E, = k?/2M is the recoil energy, and v € [0, 1]. For the
gas we take £ = 870 nm and goo = 3.7 nK, corresponding to a BEC of 8"Rb atoms
at density go = 1013 em ™3 [102].

time, the characteristic length scales of the probe can be on the order of the healing length,
which itself is typically comparable to an optical wavelength and also to the interatomic
separation in the BEC [257|. Thus, the thermometer can in principle probe a very localised

region within the gas.

4.1.3 Impurity dynamics

The essential property of the impurity system for thermometry is its equilibration with
the thermally occupied phonon modes of the gas. We describe this process by a Lindblad
equation within the Born-Markov and rotating-wave approximations, derived straightfor-
wardly from Eqgs. (4.3), (4.1) and (4.5), following the procedure in Chapter 1 with £; = 0.
We take the phonon modes of the BEC reservoir to be initially in thermal equilibrium, i.e.
pp = e PHB /Z, with § = 1/T the inverse temperature to be measured.

The resulting master equation for the impurity density operator is

VA ilpa, Hal + 77Dl Joa+ 7Dl o, (4.12)

where
T =TI+ n(2])], (4.13)
v =JJ)n(2J), (4.14)

with n(2J) = (€257 —1)~! the Bose-Einstein distribution and the spectral density defined
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as usual by

TW) =" A8 — wa). (4.15)
q

We are primarily interested in the dynamics of the populations of the impurity energy
eigenstates as a function of time. The rates satisfy the detailed balance property v~ /4T =
e2#7 meaning that the impurity populations relax to thermal equilibrium as time passes.
In particular, the solution for (6*(t)) = Tr[pa(t)o?] with initial condition (c*(0)) = (0%)o
is

(0" (1) = e oo + (1 — e ) (0%)ce, (4.16)

where I' = 4" 4+~ sets the overall energy dissipation rate and (0%)o, = — tanh(/3J) is the
asymptotic solution corresponding to the thermal equilibrium distribution.

In order to find explicit values for the incoherent rates, we pass to the thermodynamic
limit via the standard prescription (27)3 YV J d3q and evaluate Eq. (4.15) to obtain

1
dwgq

dq

2 4
K700 4,
J) = 8T2m v

2.2
1 — sinc(g, L)] exp (—g 2qV> : (4.17)

q9=qv

where g, is the magnitude of a wave vector q, such that wq, = v. The soft low-frequency
cut-off for ¢, L < 1 arises physically because density fluctuations at wavelengths much
greater than L are correlated at the two potential minima. High frequencies such that
gf > 1 are exponentially suppressed due to destructive interference between outgoing
propagation modes of the gas atoms. Specifically, summing the amplitudes describing
scattering of atoms from an extended region of linear dimension ¢ leads to near-complete
cancellation for momentum transfer ¢ > £. Note that this last conclusion is strictly true
only within the first Born approximation of scattering theory [258], and is a consequence

of our perturbative derivation of the master equation.

If the impurity is weakly confined so that ¢ > &, then only phonon modes with sound-
like dispersion wq ~ cq contribute to the spectral density. In this case, we obtain the

simpler expression

T (W) = aw; 2 [1 — sinc (:Lﬂ exp <—2:2§> , (4.18)

where we defined the dimensionless coupling a = x%go/(872mf?c?) and the frequencies
wr, = ¢/L and wy = ¢/¢. At low frequencies we find J(v) ~ 1/°, so that this spectral density
is classified as super-Ohmic according to the nomenclature introduced in Chapter 3.
Finally, let us discuss the validity of the approximations underlying the master equation.
The Born-Markov approximation is valid so long as 75, 8 < I'"!, where 75 is the vacuum
correlation time and 8 = 1/T is the thermal correlation time. The vacuum correlation

time can be estimated as the inverse of the high-frequency cut-off entering the spectral
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density (4.17), and therefore ranges from 75 ~ {/c for £ > £, to 75 ~ 2m/l? for £ < &.
The rotating-wave approximation is valid so long as 2J > I'. We have verified that these

inequalities are satisfied in the examples which follow.

4.1.4 Thermometry protocols

We now demonstrate that the impurity qubit may be used to precisely measure the tem-
perature T' of the gas in the nanokelvin regime. We describe two different methods in the

following.

Equilibrium method

The simplest route to thermometry is also the most familiar one, analogous to the standard
procedure for measuring temperatures with a mercury thermometer or similar. Namely,
the impurity is allowed to equilibrate completely with the gas, and then the temperature
is inferred from the impurity’s final energy distribution. According to Eq. (4.16), the
asymptotic population of the impurity ground state, for example, is [1 4+ tanh(8J)]/2.
Thus a measurement of the final ground state population yields the temperature T =
1/p assuming that the tunnelling energy J is known. The latter can be measured via
independent experiments, for example by observing the evolution of the impurity density
starting from a state localised in either the right or left well [255].

An important question is the attainable measurement precision given finite resources,
i.e. how the experimental temperature uncertainty scales with the number of measurements
Neas- In order for this method to be precise we must have 2J ~ T, as used in Ref. [3].
More explicitly, it was shown in Ref. [118] that a qubit with energy splitting 2.J can reach
its optimal thermometry precision when .J tanh(5.J) = 1, corresponding to 8J ~ 1.2. As
illustrated in Fig. 4.2, it is possible to achieve J ~ 1 nK and therefore precisely probe the

nanokelvin regime using this method.

Nonequilibrium method

The equilibrium thermometry method requires waiting for the probe to achieve thermal
equilibrium. However, in some cases the available time may be limited by intrinsic motional
heating or decoherence of the double-well qubit, or by the finite lifetime of the atomic gas
sample. In order to overcome this time constraint, we propose a method of nonequilibrium
thermometry whereby the temperature is inferred from the rate of energy dissipation of
the probe. In particular, thermometry proceeds by comparison of two dissipation rates I'

and I, measured at the unknown temperature 7' and a known reference temperature! 77,

IThe reference temperature 7" may be sufficiently large so that, for example, time-of-flight imaging can
be reliably used to measure it.
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Figure 4.3. Simulated evolution of the impurity excited-state population p;(t) for
the parameters in Table 4.1 at temperatures (a) T = 0.5g0¢ and (b) 77 = 10g0o.
Solid lines show the exact evolution, points show simulated estimators based on
Neas = 5000 measurements.

respectively. The ratio of these rates yields T' from the relation

IV tanh(BJ)

I tanh(8'J)’ (4.19)

where 5 = 1/T" and J is again assumed to be known from independent measurements.
This method of thermometry by measuring nonequilibrium rates of change differs funda-
mentally from conventional thermometry based on observing populations in equilibrium.
As discussed in Ref. [3], the nonequilibrium technique can be expected to achieve good
precision in the range 2J < T and therefore nanokelvin temperatures are also accessible
by this method.

Comparison of methods

In order to benchmark our protocols and check their feasibility, we have calculated the evo-
lution of the thermometer using the parameters listed in Table 4.1. This allows us to verify
that the assumptions underlying the master equation (4.12) are satisfied self-consistently
and to estimate the typical equilibration timescale. We assume that the impurity is ini-

tially prepared in its excited motional state in all cases. The results of our calculation are

L ¢ J K T T Numeas (AT/T)eq  (AT/T)noneq
316 0.60¢ 0.89gop 5.4g 0.5g00 10goy 5000 2.6% 12%

Table 4.1. Table of numerical parameters used in the simulations, and the resulting
precision for each thermometry method. The impurity parameters L, ¢ and J are
obtained using the values given in the caption of Fig. 4.2 with V5 = 500E, and
v = 0.6. The impurity-gas coupling ratio /g corresponds to a 133Cs impurity in a
BEC of 8Rb [102].
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displayed in Fig. 4.3.

We have also simulated the shot noise resulting from a finite number of measurements,
which allows us to estimate the precision of each thermometry method. For the equilibrium
method, we compute an estimator <(fz> - for the final population inversion (0%) in a
simulated experiment with Nj,eas measurements. In each simulated measurement, the
population of the impurity excited state is drawn randomly from a binomial distribution
with success probability p = (1 + (6%)s)/2. An estimator for the temperature 7' = 1/4
is then found using <0:Z>oo = —tanh(BJ). Repeating this procedure many times yields
a sample of values of T, whose standard deviation is our estimate of the temperature
uncertainty AT. For example, using Npeas = 5000 we find a fractional uncertainty of

(AT/T)eq = 2.6% for T' = 0.5g09, where goy ~ nK in a typical experiment.

For the nonequilibrium method, we consider Npe.s measurements taken at various
times, each one simulated as before by drawing populations randomly from a binomial
distribution with p = (1 + (0*(¢)))/2. This procedure is performed at both temperatures
T and 77, leading to estimators I' and I” for the dissipation rates by fitting the results
Eq. (4.16). An estimator for the temperature T is then computed from Eq. (4.19), yielding
AT as the standard deviation of 7' after many repetitions. Using Npeas = 5000 at times
goot = 1,2,...,50 for the evolutions at temperature 7" and 7", we obtain (AT /T )noneq =
12% with the nonequilibrium method.

These results demonstrate that both the equilibrium and nonequilibrium methods are
capable of precise thermometry at nanokelvin temperatures. While the equilibrium method
is more precise and needs fewer measurements, it requires waiting for equilibration to occur
fully. Given typical values of ggy ~ 27 x 100 Hz, in Fig. 4.3(a) we see an equilibration
time on the order of seconds. The equilibrium method is not feasible in situations where
this equilibration time is comparable to or longer than the coherence time of the impurity,
the lifetime of the gas sample, or the inverse heating rate of the impurity motion due to
spontaneous emission or trap potential fluctuations. For example, Ref. [255] reported a
double-well qubit having a coherence time on the order of 10 ms. In this case, it would
be necessary to speed up equilibration by increasing the impurity-gas coupling, e.g. via a
Feshbach resonance [259].

On the other hand, the nonequilibrium method allows for effective thermometry after a
much shorter evolution time, but at the cost of many more measurements and potentially
reduced precision. An additional advantage of the nonequilibrium method is that it probes
regimes of the impurity evolution where both energy eigenstates are appreciably populated.
This is in contrast to the equilibrium method, which may involve measuring very small

populations and thus may be more susceptible to systematic errors.
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4.1.5 Parallel measurements with multiple impurity probes

As we have seen, good measurement precision requires a large number of experimental
repetitions. One attractive route to reducing the number of repeated experiments is to si-
multaneously observe many impurities immersed within a single realisation of the Bose gas.
A measurement of Nj,, impurities provides Ny, independent estimates of the eigenstate
populations, assuming that the impurities remain uncorrelated with each other despite
their mutual interaction with the Bose gas. In the following, we show how to configure the

impurities so that this is indeed the case.

To do this, we extend our master equation to describe the dynamical generation of
correlations between multiple impurities. In particular, we consider Ny, double-well im-
purity probes interacting with a common BEC reservoir. For simplicity, we assume that
all the impurities are identical and aligned parallel to each other, so that the two minima
of the potential confining impurity j are located at the positions x; +L/2. We also assume
that the impurities are sufficiently far apart that they do not overlap directly. The only

interaction between them is then due to their mutual coupling with the Bose gas.

The autonomous Hamiltonian of the impurities is

Nimp
Hy= Y Joj, (4.20)
j=1

where o7 denotes the Pauli operator associated with impurity j. The impurity-gas inter-

action Hamiltonian is

Nimp

Hap=x 3 3 i@ [ @ oule = x))6,(x - x)0(r)

j=1 pr==%

Nimp
Jj=1

J}C ® Z ()\qeiq.x]' b + /\Ze—iq.xj' b:;) +1® Z (/\:qeiq'x]' b + )\g«e—iq-x]- bg)] ’
9 q
(4.21)

where |£;) are the states of impurity j localised near the potential minima of its double-well
potential, while the coupling constants Aq, /\i1 are defined by Eq. (4.6) and given explicitly
by Eq. (4.10). The second line above follows from the Bogoliubov approximation for the
density (4.4) and the assumption that ¢4 (r)¢—_(r) =~ 0.

The master equation describing the evolution of the impurity density matrix pg4 is
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Figure 4.4. Directionality of acoustic dipole radiation emitted by the impurities.
Arranging the impurities in a regular array such that the lattice vector b is perpen-
dicular to the double-well orientation L leads the impurities to decouple completely
from one another.

derived under the same assumptions as in Section 4.1.3. The result is

dpa . ) _
— =ilpa Hal +1) _njlpa,of oy
7k
_ 1 _ _ _ 1 B
+ > vk <0j+pAffk —3{ow UJ*?pA}) +) <0j pao —5{oio; ,pA}> :

j7k J?k

(4.22)

The parameters appearing above can be expressed in terms of the spectral densities
Tik(v) = Z|)\q|2008 (a-rj)o(v —wq), (4.23)
q

where rj;, = x;—x;, denotes the separation between impurities j and k. Note that Eq. (4.23)
reduces to the standard definition (4.15) for j = k. Explicitly, the incoherent rates read as

Vit = 21Tkl + n(2J)], (4.24)
Vi = 20T (20)n(2J), (4.25)

while the coherent interaction strength is

o 2w
Nk = P/() dw 12 wQij(w). (4.26)

We have neglected the bath-induced renormalisation of the local qubit energies, since these

do not affect the population dynamics.

The impurities affect each other in two distinct ways: a direct, coherent interaction
mediated by the exchange of phonons [90], and an indirect, incoherent growth of classical

correlations due to their mutual interaction with the BEC reservoir. Both of these effects
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are strongly dependent on the configuration of the impurities in space. It is possible to
completely suppress the generation of correlations between the probes by placing an array
of double-well impurities separated by a lattice vector b such that b-L =0 and b > L, as
shown in Fig. 4.4. This ultimately stems from the directional dependence of the phonon
radiation emanating from each double-well impurity, which is strongest in the direction
parallel to L, but vanishes in the far-field limit in directions perpendicular to L. This is
entirely analogous to the directionality of the sound emanating from a classical acoustic
dipole [260].

Let us now demonstrate the above claims. Evaluating Eq. (4.23) in the thermodynamic

limit as usual, we find that it depends on the function

1 . q-L

0iu(0) = - [ dsq sin® (95 ) cosa-ny). (127)
S2

where dXq denotes the surface element on the unit sphere in g-space. This function

encapsulates the dependence of Jj,(v) on the impurities” separation rj;. In the far-field

limit 75 > L, we find that

.o (qtie- LY |
Qj1(q) = sin? <J2> sinc(grji), (4.28)

where T'j;, is a unit vector parallel to r;,. Eq. (4.28) describes the distribution of phonon
radiation from each impurity. In particular, if the impurities are arranged so that r;;-L = 0,
as illustrated in Fig. 4.4, the function ®,,(q) vanishes for all j # k. In this case, each
impurity evolves independently according to the master equation (4.12).

It is therefore possible using Niy,p impurities interacting with a single realisation of the
BEC to obtain Njy,, independent measurements of the impurity eigenstate populations.
(See Ref. [3] for a detailed description of how the state preparation and readout could be
achieved in a realistic optical lattice set-up.) Since Niy, ~ 100 is easily achievable, this
leads to a drastic reduction in the number of gas samples needed in order to estimate the

temperature of the preparation.

4.2 Thermometry from work fluctuations

In Section 4.1.4, we saw that focusing on the nonequilibrium dynamics of a probe can
overcome the limitations of conventional thermometry at low temperatures, such as the
need to fine-tune the probe’s characteristic energy or to wait a prohibitively long time for
equilibration. Similar schemes were reported in Refs. [71,72]. However, these approaches
rely on the detailed understanding of the BEC and its excitations afforded by Bogoliubov
theory, which is only valid for weakly interacting Bose gases. A general approach for

thermometry of strongly correlated systems is still missing.
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In this section, we consider an alternative thermometry method based on the nonequi-
librium dynamics of a probe qubit, which is applicable in principle to a cold-atom system
with an arbitrary Hamiltonian. This approach is based on the Tasaki-Crooks relation,
which describes the temperature dependence of the fluctuations of work performed on a
generic quantum system undergoing a Hamiltonian quench. These work fluctuations can
be measured using a probe qubit coupled to the system of interest. Interestingly, there is
no need to match the energy splitting of the qubit to the thermal energy. The only re-
quirement is control over the coupling between the system and the two states of the qubit
thermometer, which is readily achieved by using an atomic impurity as the probe. The
protocol thus realises near-ideal thermometry within its domain of applicability, which cor-
responds to temperatures commensurate with or lower than the characteristic energy scales
of the system. This is precisely the temperature regime of greatest interest for cold-atom

physics, and also a challenging one for conventional equilibration thermometry.

4.2.1 Tasaki-Crooks theorem

The Tasaki-Crooks theorem is a property of the distribution of work performed on a system
during a Hamiltonian quench, which may be described as follows. Consider a system, such

as a cold atomic gas, with the time dependent Hamiltonian
H(Aq(t)) = Ho + A1)V, (4.29)

where Hy is the bare Hamiltonian, V' is a perturbation, and Ag(¢) is an externally controlled
quench parameter for times t € [0, 7]. We assume that at t = 0 the system is in the thermal
equilibrium state ps(Ag(0)), where pg(\) = e PN /Z(\), with Z(\) = Tr[e #TN] the
partition function. The eigenvectors and eigenvalues of the initial Hamiltonian H(Ag(0))
are denoted [Q2,) and €2, respectively. After the quench is finished at time ¢ = 7, we have
a new Hamiltonian H(Aq(7)) with eigenvectors |Q,) and energies €2,,. For our purposes,
the work W is defined as the difference between the outcomes of two projective energy
measurements performed at times ¢ = 0 and ¢t = 7 [32]. The work is therefore a stochastic

variable with probability distribution
1 _ _
Po(W) = =3 e P2 |(Q|Uq| Q) [6(Q — Q1 — W), (4.30)
)= Zhgmy 2° (elaleh)

where Ug = Texp[—i [; dt H(Aq(t))] is the unitary evolution operator describing the
quench.

Now consider a quench Ap(t), with Ap(0) = A; and Ap(7) = Ay, and its time reverse
AB(t) = Ap(7 —t). The corresponding work distributions are denoted Pp(W) and Pg(W)
for the forward (F') and backward (B) quench, respectively. The quotient of these work
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distributions is related to the temperature by the Tasaki-Crooks theorem [115,116]

n [ Pp(W)

PB(_W)] = B(W — AF), (4.31)

where AF = In[Z();)/Z()f)] is the difference in free energy between the thermal states
of H()\;) and H(Af). Knowledge of both forward and backward work distributions thus
gives access to the temperature. The Tasaki-Crooks relation (4.31) holds generically for a
Hamiltonian quench in an isolated system: the actual forms of the Hamiltonian and of the

quench are entirely arbitrary.

4.2.2 Qubit interferometry

A direct measurement of the work distributions requires many projective energy measure-
ments. While this is possible for small systems such as individual trapped ions [261,262],
it becomes totally infeasible for a many-body system such as a cold atomic gas. Instead,
we take a different approach based on coupling an ancillary qubit to the system of inter-
est [112-114].

Consider a probe qubit P with Hamiltonian eigenstates |0) and |1) separated by an
energy A, and a system of interest S with Hamiltonian Hy. The probe couples to the

system via the Hamiltonian
Hi(t) = (no(t) [0XO0[ +m () [1)(1]) @V, (4.32)

where V' is an arbitrary operator acting on the system of interest. The total Hamil-
tonian is thus H(t) = Ho + A|1X1| + H(t). At t = 0, the couplings are given by
n0(0) = 71(0) = Ag(0) and the system is prepared in the state p(0) = [+)}+| ® pz(Ag(0)),
where |+) = (|0) 4 [1))/+v/2. This can be achieved by, for example, allowing the probe to
reach thermal equilibrium with SA > 1 (an easily satisfied condition at low temperature)
and subsequently applying a Hadamard rotation to the qubit. The couplings 7o 1(¢) then
individually trace out the quench path Ag(t) but with a delay u, i.e.

_ )\Q(t) (0§t§7’)
mo() = { Ao(T) (r<t<r+u),
_ ) Aq(0) (0<t<w)
m{t) { Nolt—u)  (u<t<T+u). (433)

The required evolution of the couplings is indicated schematically in Fig. 4.5.
At time t = 7 4 u, the coherence of the probe qubit density matrix pp(t) = Trg[p(t)]
is given by [112,113]
(op(t +u)|0) = se 20 xg (), (4:34)
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Figure 4.5. Evolution of the couplings (4.33) required for the qubit interferometry
protocol. An example for the forward quench is shown.

where we defined
xQ(u) =Tr [UQG_WH(/\Q(O))PB()\Q(O))UggeiUH(AQ(T))} : (4.35)

This is none other than the characteristic function of the work distribution, being related

to Po(W) by Fourier transform

™

Po(W) = Re F /0 ~ du eiuWXQ(u)] . (4.36)

Hence, a measurement of the probe coherence (4.34) for many different values of u yields the
characteristic function up to a known phase, and thus the work probability distribution
after performing the Fourier transform (4.36). Repeating this procedure for both the
forward and backward quenches and reconstructing the corresponding work distributions

yields the temperature from the Tasaki-Crooks theorem (4.31).

Importantly, the universality of the Tasaki-Crooks theorem means that minimal un-
derstanding of the system is needed to implement this protocol. In particular, the system
Hamiltonian Hy may be arbitrarily complex or even unknown. It is in this sense that the
protocol realises near-ideal thermometry. One does require the ability to couple each state
of the probe to the same operator V', with couplings 7;(¢) that can be independently varied
along the same quench Ap(t) with some delay u, as well as reversed in time to give Ag(t).

If these conditions are met, the actual values of V' and A p(t) are immaterial, in principle.

In practice, any thermometer benefits from optimisation, and this protocol is no excep-
tion. In particular, the quench should be chosen so that the fluctuations of the nonequi-
librium work are on the order of the temperature or larger. This ensures that the ratio
of work distributions on the left-hand side of Eq. (4.31) can be accurately and precisely
inferred over a large enough range of values of the work W to extract a good straight-line

fit for 8. Faced with an unknown system, the experimenter may therefore need to make
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Figure 4.6. Schematic of an optical lattice system realising a Bose-Hubbard model
with hopping J and on-site interaction U. An impurity confined to the central
lattice site with a state-dependent density |¢;(r)|* probes the temperature.

some adjustments in order to find an appropriate quench. We emphasise that this opti-
misation can be based purely on observations of the qubit evolution, without resorting to
direct measurements on the system of interest. Nevertheless, it is clearly important to use
a probe qubit whose interaction with the system is highly controllable and well understood

over a range of energies.

In the context of cold atomic gases, a probe qubit comprising an atomic impurity
satisfies these requirements well. In the following, as in Section 4.1, we consider density-
density coupling, which is appropriate for an impurity interacting with a host gas of a
different species. At low temperatures, this interaction is characterised by a small number
of parameters, such as s-wave scattering lengths, which may be accurately measured via
independent experiments and controlled by means of external fields. Furthermore, the
range of interaction energies between the impurity atom and the atomic gas naturally
coincides with the characteristic energies of interaction between the gas atoms themselves.
It is therefore apparent that the nonequilibrium work fluctuations induced by an atomic
impurity are well suited to characterise temperatures that are on the same order or smaller

than the natural energy scales of the cold-atom system.

4.2.3 Application to the Bose-Hubbard model

We now consider the application of the thermometry protocol to a paradigmatic cold-
atom system: a bosonic gas in a one-dimensional optical lattice of N sites realising the
Bose-Hubbard model [263,264], depicted schematically in Fig. 4.6. The Bose-Hubbard

Hamiltonian is

N-1 N U
Hy=~J) (binbm—s-l +b Hbm) +) (2bjnbinbmbm — ubjnbm) : (4.37)

m=1 m=1
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with tunnelling amplitude J, on-site interaction strength U and chemical potential pu.
The ladder operators b, = [ d®r w,(r)¥T(r) create an atom localised on site m, with
corresponding Wannier function wy,(r).

The probe qubit comprises two spin states of an impurity atom confined to a central
lattice site ¢, coupled to the gas by a contact density-density interaction. Neglecting spin-
changing collisions, this takes the form (4.32), with V' = chrbC the local bosonic density
on site ¢ and 1; = k; [ d3r |w.(r)|?|¢;(r)|?, where k; is the collisional coupling to the
background gas and ¢;(r) is the wave function of the impurity in state j = 0,1. The
couplings can be varied using optical or magnetic Feshbach resonances to change xo 1
[96,97]. Alternatively, a state-dependent potential can be used to compress or rarefy the
|2

densities |¢g,1(r)|* or to shift the mean impurity position with respect to the gas [265].

4.2.4 Tensor-network calculation of the characteristic function

In order to compute the work characteristic function for the Bose-Hubbard model, we
have developed a tensor-network algorithm using functions from the open-source TNT
library [9]. We proceed by writing the quantum state as a matrix product operator (MPO)
[141,142| and then performing imaginary- and real-time evolution using the time-evolving
block decimation (TEBD) algorithm [266,267]. This allows us to directly and accurately
solve Eq. (4.35) in a truncated Hilbert space with a finite number of bosons permitted to
occupy each lattice site. In the following, we concisely outline our method; see Ref. [268|
for a detailed pedagogical introduction to tensor-network algorithms.

The state of a quantum lattice system with N sites and local Hilbert space dimension

d can be represented in MPO form

d d
p= 3 > T [AP AR i)l (438)
i1yin=1 j1,in=1

Here, the matrix elements of the density operator are given by the trace over a product of
matrices Al(ilj D of maximum dimension D x D, where the bond dimension D quantifies the
correlations between lattice sites. The states {|i;)} constitute a complete orthonormal basis
for the Hilbert space on lattice site [. The set of matrices Al(iljl) may also be considered
as elements of a single combined tensor A; of dimension D x d x D x d. Together the
tensors A; can represent an arbitrary quantum state, for sufficiently large d and D. In a
bosonic system, however, both the physical dimension d and the bond dimension D must

be truncated, in general, in order to obtain a tractable numerical representation.
The time-evolution operator over a small time step dt is approximated by a product of
two-site gates using a second-order Suzuki-Trotter “staircase” decomposition, see Ref. [269]
for details. The tensor network representing the time evolution of the quantum state is

depicted schematically in Fig. 4.7(a). The TEBD algorithm proceeds by sweeping across
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Figure 4.7. (a) Schematic depicting one part of a tensor network representing the
time evolution of an MPO (red circles) generated by a product of two-site gates
Uii+1 and Vj 41 acting on the MPO from the left and right, respectively. (b) Time
evolution proceeds by contraction of nearest-neighbour pairs of MPO tensors A; A; 1
with two-site gates above and below, resulting in a new tensor ©;;y;. This tensor
is then decomposed into a product of tensors AjA;,; via an SVD. Retaining only
the largest D singular values in the SVD maintains an efficient MPO representation
at each time step.

this tensor network and applying two-site gates sequentially to pairs of nearest-neighbour
tensors A;A;;1 appearing in the MPO representation of the quantum state in Eq. (4.38).
The result is a new tensor ©;;,1 formed by contracting the A tensors with two-site gates
above and below. A singular value decomposition (SVD) is then performed on ©;;41,
resulting in a new pair of tensors AjA4), | [Fig. 4.7(b)]. Only the largest D singular values
at most are retained after the SVD, so that an efficient MPO representation of the quantum
state is maintained at each time step. Repeating this procedure across the entire system

over S small time steps 0t leads to the desired numerical evolution over a time duration
t = S6t.

In order to find the initial thermal state, we use the identity

pa(A) = ﬁe—ﬁ%ﬂﬂe—ﬂ%/?. (4.39)

The right-hand side of this equation can be calculated using the TEBD algorithm as
outlined above, after a Wick rotation to imaginary time t — —i/3/2 and taking the initial
state to be the system-wide identity operator 1. The MPO representation of the identity
operator is given simply by Al(iljl) = 0i,j,-

The characteristic function (4.35) may then be calculated by performing real-time evo-
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lution to find the operator
Xou) = Uge™™Ha0) p5 (3 (0)) U # P, (4.40)

such that xo(u) = tr{Xq(u)}. The unitary Ug = Texp[—i [j dtH(\g(t))] is performed
by discretising the quench path into steps Agr, = Ag(kdt), with k = 1,..., K and 7 = Két.

Discrete time evolution under the TEBD algorithm reproduces the quench unitary, since

1
Ug~ [ e 0w, (4.41)
k=K

for sufficiently small §t.

Despite the efficiency of the tensor-network representation, the calculation of xq(u)
using this method is not without challenges. Our implementation of the algorithm suffers
from a numerical instability that may lead to a failure of the SVD after a certain number
of time steps during the real-time evolution part of the calculation. The instability seems
to be associated with a large imbalance in the magnitudes of matrix elements of successive
tensors in the network, e.g. the elements of the first tensor could be on the order of 10~7
times smaller than those of the second. This disparity appears quite suddenly after a
certain evolution time. Unfortunately, we were not able to completely fix this issue nor to

identify its fundamental origin.

However, we found that stability can be somewhat improved by dividing each matrix
A(”J’) by its matrix norm (the square root of the sum of its elements) after each time step.
The accumulated product of these norms then multiplies expectation values to give the
final result. Nonetheless, the instability limits the number of singular values that can be
kept after each SVD. Specifically, we limit the truncation error — as quantified by the
sum of all discarded singular values — to a maximum of 107¢ per SVD, which in practice
corresponds to keeping about D ~ 50 singular values in the calculations described in the
following section. We also find that fairly fast quenches, i.e. with 7 chosen to be small
compared to the natural time scales of the system, have favourable numerical properties.
This is because the characteristic function x¢(u) decays to zero more rapidly in this case,

allowing us to restrict the numerics to relatively short evolution times.

Note that the Hamiltonian (4.37) conserves the total number of atoms ), blbm, which
is fixed in a typical experiment. However, the imaginary-time evolution (4.39) used to
obtain the thermal state does not permit us to work within a fixed atom-number sector,
since we start from the identity operator on the full Hilbert space. Hence, we must work
in the grand canonical ensemble by introducing a chemical potential p to fix the mean
particle number. Nevertheless, it is possible to use the atom-number conservation law to
greatly improve the efficiency of the calculation by taking advantage of the block structure

of the tensors entering the representation (4.38); see Ref. [268] for details.
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Figure 4.8.(a-b) Work characteristic function calculated from Eq. (4.35) using
a modified TEBD algorithm. The simulation parameters are §J = 1, N = 11,
U=4J, up=—J, Jr = 0.1 and A\p(t) = 2Jsin*(nt/27). (c-d) Figures reproduced
from Ref. [4], showing (c) the corresponding forward and backward work probability
distributions and (d) the estimated probability distributions for the inverse temper-
ature 3 and free energy difference AF', reconstructed from Ngamp = 500 samples
within a time window of width Jupax = 15 with Nyeas = 500 measurements per
sample.

4.2.5 Performance of the thermometry protocol

In order to check the feasibility of our thermometry scheme, we use the tensor-network
method to simulate the evolution of the probe density matrix coherence (4.34) for some
model parameters, shown in Fig. 4.8(a-b). We focus on the regime of moderately strong
interactions, where U 2 J, which is poorly understood in comparison to the superfluid
(J > U) or Mott insulator (U > J) limits. The chemical potential p is chosen to ensure
near-unit filling per site in thermal equilibrium, (bl,b,) > 1. We use a local Hilbert space

dimension of d = 5, corresponding to a maximum number of bosons per site <bjnbm>max =4.

In an experiment, estimating the temperature using the observed coherence involves
two fundamental sources of measurement error. First, only a finite number of discrete
samples of xg(u) can be taken at various times uj; we assume uj; = jUmax/Nsamp, for
J =1,2,... Namp. Upon performing the Fourier transform (4.36), this leads to aliasing
due to the finite spacing between samples and spectral leakage due to the finite time

window umax. Second, each sample is subject to shot noise due to the finite number
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Nmeas of measurements used to estimate it. In Ref. [4], a toolbox of Bayesian inference
techniques was developed which enable the construction of an experimental probability
distribution P(3) for the inverse temperature, while accounting for these error sources. As
shown in Fig. 4.8(d), simulating this procedure using our numerical data indicates that the
temperature can be accurately inferred with an error of a few percent. This remains true

even when 5J ~ 1, where J may be on the order of nanokelvin.

4.3 Conclusion

In summary, we have considered two different schemes for thermometry using impurities
in ultracold gases. We have shown that, in each case, accurate and precise thermometry is
possible in the nanokelvin regime. Furthermore, these methods are inherently nondestruc-
tive and capable of micron-scale spatial resolution.

In the context of weakly interacting Bose gases, we proposed the use of a double-
well qubit to detect the occupation of phonon modes close to the tunnelling energy J.
Once the probe reaches equilibrium, the temperature can be read off from the Boltzmann
distribution of the impurity energy levels. Alternatively, we showed that the temperature
can be extracted by measuring the energy dissipation rate of the probe as it relaxes to
equilibrium. This method overcomes the need to wait for a prohibitively long time for
equilibration, at the expense of making many more measurements.

For strongly interacting systems, we put forward a different approach based on mea-
suring the fluctuations of the work performed on a system driven out of equilibrium by
its coupling to an impurity qubit probe. As a specific example, we studied thermometry
of the Bose-Hubbard model, but this technique may be applied in principle to arbitrary
cold-atom systems, with minimal knowledge required in advance. This advantage comes at
a cost, namely the need for exquisite control over the interaction between the probe qubit
and the cold-atom system, as well as a very large number of measurements. Furthermore,
it must be possible to perform a quench such that the nonequilibrium work fluctuations
are comparable to the thermal energy of the system. We have argued that atomic im-
purity probes can be expected to satisfy the aforementioned requirements quite generally,
and are therefore excellent candidates for generic thermometry of cold atoms at very low

temperatures.



CHAPTER 5

PROBING THE DYNAMIC STRUCTURE FACTOR OF A
NEUTRAL FERMI SUPERFLUID WITH IMPURITIES

In this chapter, we present a proposal to measure the dynamic structure factor of an atomic
Fermi gas with tunable attractive interactions using a trapped impurity atom. This repro-

duces work published in Ref. [5].

Dilute gases of cold fermionic atoms with tunable interactions offer a unique platform
to study the BCS-BEC crossover [127-129]. This fascinating property of Fermi superfluids
is broadly relevant for understanding strongly correlated fermion systems, ranging from
high-T, superconductors [130] to quark-gluon plasmas [131]|. A key observable for probing
the physics of the crossover in ultracold gases is their density fluctuations, which reveal
the spatial correlations between atoms [133,134,270-274|, the spectrum of collective exci-
tations [121-123,275-277| and the appearance of bound pairs [132,278|. However, despite
the considerable effort recently devoted to characterising the spectrum of density fluctua-
tions across the BCS-BEC crossover (for example, Refs. [124-126] and references therein),
a comprehensive picture is still lacking.

Density fluctuations in homogeneous systems are characterised by the dynamic struc-
ture factor S(q,v), which plays a central role in the linear response theory of many-
body systems [279]. In a cold-atom setting, S(q,r) can be measured via Bragg spec-
troscopy [280-282|. This method suffers from several shortcomings, however, including its
destructive nature and the difficulty of performing local measurements [137]. Accessing
small wave vectors q is also challenging, especially in fermionic systems [135], even though
much of the interesting collective behaviour occurs in the low-q regime. As discussed in
Chapter 4 in the context of thermometry, impurity-based measurements can avoid such
drawbacks. It is therefore worthwhile to consider the use of impurities to probe S(q,v)
instead [79].

For this purpose, we study an impurity trapped by an anharmonic potential immersed
in a neutral Fermi superfluid, which could be realised in a state-of-the-art cold-atom set-
up. This constitutes a novel model of an open quantum system coupled dissipatively to an

interacting quantum gas, where the latter supports both bosonic phonons and fermionic
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quasiparticle-quasihole pair excitations. By relating the dissipation rate of the impurity’s
vibrational energy to S(q,v), we show that observing the impurity’s evolution allows one
to measure the superfluid order parameter and probe the coupling between the bosonic and
fermionic excitations. More generally, we put forward a nondestructive method to probe
the dynamic structure factor of a degenerate quantum gas, which is valid for arbitrarily
strong interactions between the gas atoms, and can access a spectrum of length scales
ranging from the typical wavelength of collective modes to much less than the interatomic
distance. In addition, the impurity’s environment behaves as a highly tunable phononic
thermal reservoir whose excitations may themselves be strongly damped, making our model
an unusual open quantum system of fundamental interest in its own right.

Previous research on trapped impurity probes in atomic Fermi gases has focused mainly
on the noninteracting limit [80,81]. In the context of interacting Fermi superfluids, theorists
have investigated the effect on superfluidity of doping by static impurities [283] and the
problem of polaron formation by mobile impurities [284-286]. The influence of interactions
between the background gas atoms on the dynamics of a trapped impurity has previously
only been studied explicitly for Bose-Einstein condensates [83,84]. Our work therefore
extends the theoretical literature on trapped impurity probes to the setting of fermionic
superfluids with tunable interactions. Given the recent surge of experimental progress on
the immersion of impurities in Fermi gases [103-106], the implementation of our proposal

seemingly lies within reach.

5.1 Theoretical model

The system of interest is an impurity atom of species A and mass M, immersed in a cold
atomic gas of fermionic species B with mass m and two relevant (hyperfine) spin states.
The impurity is confined by a species-selective potential that does not affect the fermions.
The trapping potential for the fermions varies slowly on the length scale of the impurity,
so that the gas can be well approximated as homogeneous. Our theoretical models for the

superfluid and the impurity are described separately in the following subsections.

5.1.1 Fermi superfluid

The characteristic length and energy scales for a homogeneous Fermi gas with mean number
density g are fixed by the Fermi wave vector kr = (37200)"/3 and the Fermi energy Ep =
k:% /2m. At low temperatures, the dominant interaction between the fermions corresponds
to collisions between opposite spins in the s-wave channel, described by a scattering length
as that can be tuned to any value via a Feshbach resonance [259]. The properties of
the system vary markedly as a function of the scattering length, ranging from a BCS
condensate of Cooper pairs as 1/krpas — —oo, through the strongly interacting unitary

gas at 1/kras = 0, to a BEC of diatomic molecules as 1/kpas — +o00.
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We use the standard BCS mean-field (saddle-point) approximation to describe the
superfluid [287-289|. Below the condensation temperature T, this theory is accurate in
the BCS or BEC limits, and is expected to give a qualitatively correct interpolation across
the entire crossover [290]. The salient aspects of the model are summarised below; further

details can be found in Appendix C and Refs. [128,289-292|, for example.

The grand-canonical Hamiltonian of the gas is given by

2
o= Y [@rui) (5 - u) wi+o [ Ervimeienmne. 6

2m
s=T1,)

Here, \I/l(r) is the atomic field operator which creates a fermion with internal state s at
position r, p is the chemical potential, and ¢ is the coupling constant of a contact pseu-
dopotential describing interatomic collisions. Below T, the effective attraction between
the fermions leads to the formation of a condensate of Cooper or molecular pairs described

by the superfluid order parameter

Ar) = g(W (r)W(r))

g iq-r
= V Z (§] a <Ck+q/2¢C—k+q/2T>v (52)
k,q

where the angle brackets denote a thermal average. On the second line, the field operators

have been expanded in terms of plane-wave mode functions

W)= 2= Y a, (53)
k

where CLS creates an atom with definite momentum k and internal state s, and V is

a fictitious quantisation volume. The translation invariance of the system dictates that
A(r) = A is spatially constant at equilibrium, meaning that condensation occurs into pair
states with zero centre-of-mass momentum, i.e. q = 0. We use a gauge in which A = A*.

The gas supports two distinct kinds of elementary excitation above the ground state.
The first corresponds to collective oscillations of the superfluid order parameter. This os-
cillatory motion can be decomposed into normal modes of frequency wq and wave vector q,
which are interpreted in the quantum theory as phonons carrying energy wq and momen-
tum q. The phonons have bosonic character since they correspond to the collective motion
of fermion pairs with centre-of-mass momentum q # 0. This kind of excitation has a
discrete spectrum, in the sense that each wave vector ¢ corresponds to a unique frequency
wq. In the limit q — 0, the phonon dispersion relation becomes sound-like, wq — cq,
with ¢ the speed of sound. This manifests the gapless Goldstone mode associated with the
U(1) symmetry that is spontaneously broken in the superfluid ground state. Note that

a gapless collective mode is a unique feature of the cold-atom system, since in charged
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superconductors the Goldstone mode acquires a gap equal to the plasma frequency via the

Anderson-Higgs mechanism [293].

Alternatively, if sufficient energy is supplied to the condensate, a bound pair may be

broken apart. This creates two fermionic quasiparticles! with dispersion relation Ej =

\ /A2 + 512{, where & = ex — i, ex = k%/2m, and p is the chemical potential. Thus, the
minimum energy of such a pair excitation is given by the pair gap ©g = miny ' { Fx + Fi },

60 { 2|A| (1> 0) 54)

2 AZ+ 2 (n<0).

More generally, the energy of a quasiparticle pair carrying centre-of-mass momentum q

l.e.

can take any value above the threshold frequency ©q = ming{Eyx q/2 + Ex_q/2}- Thus,
the spectrum of pair excitations at wave vector q is continuous.

From here on, our analysis is restricted to temperatures well below the pair excitation
gap, T < Oy, so that all quasiparticle modes are unoccupied to an excellent approximation.
In this case, the order parameter and chemical potential are determined by the equations
of state [290]

m 1 1 1
_1 - 5.5
47TCLS \%4 " <26k 2Ek> ’ ( )
1 k
— E j— :
QO V - < Ek> ) (5 6)

which we solve self-consistently to find A and p as a function of 1/kpas. The speed of
sound can be calculated using these equations in conjunction with the thermodynamic
relation [294] mc?/00 = Ou/doo, which was shown in Ref. [123] to yield

9 1 ALy

- 5.7
C T3 A R 1 I (5:7)

where we defined
1 1 1 k2 1 Ex
k k k

The order parameter, chemical potential and sound speed are plotted as a function of
1/kras in Fig. 5.1 for various values in the vicinity of the crossover. In the BCS limit, we
have A < Ep, p ~ Ep, and ¢ ~ vr/v/3, the latter being the well known expression for the
Bogoliubov-Anderson sound speed [293], where vy = kp/m is the Fermi velocity. On the
other hand, in the BEC limit we have A > Ep, with ¢ = \/Tas00/m = \/4mwayop/mp the

'We neglect the possibility of creating a lone quasiparticle by injecting or extracting single atoms into
or from the condensate.
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Figure 5.1.Evolution of the (a) order parameter, (b) chemical potential (solid
line) and molecular binding energy (dotted line), and (c) speed of sound predicted
by BCS theory (solid line) and the limiting case of a molecular BEC (dotted line),
as described in the main text.

Bogoliubov sound speed of a BEC of diatomic molecules with mass my; = 2m, density g, =
00/2 and scattering length a;, = 2a,, while u ~ —1/(2ma?) approximates the molecular
binding energy.

5.1.2 Impurity probe

We consider an impurity atom confined by a strongly anharmonic potential, so that the
lowest two energy levels of its centre-of-mass motion are well separated in energy from the
rest. We can thus restrict our attention to the qubit comprising these states, described by
the Hamiltonian

Hp=wyol o™, (5.9)

where wp/27 is the frequency of small oscillations close to the potential minimum. All
other motional and internal states of the impurity are assumed to be far off-resonant or

otherwise negligible. The level structure is depicted schematically in Fig. 5.2(a).

We suppose that impurity-gas collisions are elastic and independent of spin. This
assumption may hold approximately [101, 103], or as an exact consequence of rotation
symmetry if the impurity is spinless and the host gas comprises species with the same
total hyperfine spin [104,105]. The coupling between the impurity and the gas is modelled
using an s-wave contact pseudopotential, which in the qubit subspace is formally identical
to Eq. (4.2). This can be written in the form

Hap= )Y  |m)n|® < ZAW (5.10)

m,n=0,1 q;éo
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(a) (b)

A

¢o(r)

Figure 5.2. (a) Level scheme of an impurity qubit comprising the lowest two energy
eigenstates ¢g(r) and ¢ (r) of an anharmonic potential, which are well separated in
energy from higher excited states. (b) Scattering of fermions by the impurity may
either impart momentum to bound pairs in the condensate, or break pairs apart.
The former process creates a phonon, the latter creates a pair excitation.

Here, pq signifies the Fourier transform of the fermion density o(r) =), Ul(r)W,(r), ie.

ta= [ dreioro)
=D > Gqsthrarze (5.11)

s=11 k

while the impurity-gas coupling constants are given by

A = / dPr €97, (1) b (1), (5.12)

where ¢,(r) = (r|n), for n = 0,1, are real-valued impurity energy eigenfunctions, and
k = 2ma/m, with a the interspecies s-wave scattering length and m = mM/(m + M) the

reduced mass.

As discussed in the following subsection and shown explicitly in Appendix D, only the
terms in Eq. (5.10) with m # n contribute to the impurity’s incoherent dynamics. We can

thus simplify the interaction Hamiltonian to the form

1 _
HABzVZ</\qa+®gq+)\;o ®QL) , (5.13)
q#0
where \q = )\glo)_ Note that the operators pq (QII) annihilate (create) excitations of

momentum q in the gas, without changing the number of atoms. This leads to a physical
interpretation of Eq. (5.13) in terms of the production and destruction of phonons or
quasiparticle pairs by the impurity, over a range of momenta fixed by the coupling constants

Aq- The relevant scattering processes are illustrated in Fig. 5.2(b).
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5.1.3 Master equation

We now show that the impurity dynamics probes the spectrum of density fluctuations
in the gas. To that end, we derive a Lindblad equation for the reduced density matrix
pa(t) = Trp[p(t)] under the Born-Markov and rotating-wave approximations, following the
derivation of Chapter 1 with £; =0 and H4, Hp and Hap given by Egs. (5.9), (5.1) and
(5.10), respectively. We assume that the gas is initially in a thermal state pp = e #HB /Zp
at temperature 7' = 1/, and absorb the environment-induced renormalisation of the
impurity vibrational frequency into the definition of H 4. Technical details of the master

equation derivation can be found in Appendix D.

The resulting Lindblad equation may be written as

dpa

1 = lpas Hal+ 7" Dlo"lpa+7"Dlo"]pa. (5.14)

The gain and loss rates are given by v+ = 277 (Fwp), where we have introduced the spectral

function of the fermionic environment

) = 3 - al*S(av). (515
q7#0

This is defined in terms of the dynamic structure factor (DSF)

1 [ ;
S(a.v) =5 / dt / dr -aT)e(r 1), (5.16)
where the autocorrelation function of the density fluctuations is
Cr—rx',t—t") = (do(r,t)d0(r', 1)), (5.17)

with do(r,t) = o(r,t) — oo, while o(r,t) = e/ p(r)e~ B! denotes the Heisenberg-picture
evolution generated by Hp. Egs. (5.14)—(5.17) establish a direct connection between the
incoherent dynamics of the impurity and the density fluctuations of the superfluid. Here
we need to use the more general spectral function (5.15) rather than a spectral density,
because the temperature dependence of Z(v) does not generally factorise, as would be the
case for a linear, harmonic environment [cf. Eq. (1.52)]. Note that only the dissipative
couplings \q = )\((110), corresponding to the simplified Hamiltonian (5.13), enter the master
equation through the spectral function (5.15).

The detailed balance condition S(q,v) = e%”S(q, —v) implies that 4~ = efwoyT,
Therefore, the impurity’s energy eigenstate populations relax to equilibrium according
to Eq. (4.16), with overall decay rate I' = v* + v~ and asymptotic population inversion
(0%)00 = —tanh(Swp/2). From here on, we focus primarily on the case where wg > T,

so that the population of the impurity excited state undergoes pure exponential decay
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p1(t) = (1pa(®)|1) = e Vpy(0), with I' = 27Z(wp) to a good approximation. Varying the
trap frequency from one measurement to the next enables reconstruction of I' as a function
of wg over many experimental runs, from which properties of the DSF can be inferred due
to the relation (5.15), as we discuss in detail in subsequent sections.

The measurement signal from each experiment can be increased by simultaneously
observing many impurities immersed within a single realisation of the Fermi gas, so long
as these impurities remain uncorrelated. In Appendix D, we show how to configure the
impurities in space such that their evolution is independent despite their mutual interaction
with the gas. In particular, as in Chapter 4, the impurities should be arranged so that
their separation vector is orthogonal to the direction of the relevant motional excitations of
the impurities. Since the impurities both radiate and absorb density waves anisotropically,
they decouple from one another in such an arrangement (see Fig. 4.4).

We conclude this subsection by briefly reviewing the approximations underlying the
master equation (5.14). Our basic assumption is that the environment vacuum correlation
time 75 is the shortest time scale of the problem (the thermal correlation time is irrelevant
since we assume wy > T'). We can approximate the vacuum correlation time by 75 ~
¢/c, where c is the speed of sound, which estimates the time taken for a spontaneously
emitted phonon to irreversibly propagate away from the impurity’s domain of influence
(see Section 5.2.1). The Born-Markov approximation then requires that I' < ¢/¢, while
the rotating-wave approximation is valid when I' < wg. Both of these inequalities are

satisfied in all the examples which follow.

5.1.4 Form factor in the harmonic approximation

Isotropy of the superfluid implies that S(q,v) is independent of the direction of q. Work-
ing in the thermodynamic limit via the substitution (27)3 dq V [ d3q, we find that
Eq. (5.15) is equivalent to

3
1) = [ G B@)S(av), (5.18)

where we defined the dimensionless form factor

1
®(q) = s 2 1
@) = o [, % ol (5.19)

with d¥q the surface element on the unit sphere in g-space. The form factor encapsulates
the effect of the impurity’s geometry on its dissipative dynamics.

In order to explicitly evaluate the form factor, we choose a simple approximation for
the impurity potential and wave functions enabling us to gain analytical insight into
the problem. Specifically, we assume that the impurity potential is isotropic, and use

the eigenfunctions of the simple harmonic oscillator, with the excited state correspond-



5.2. Properties of the spectral function 117

ing to motion in the z direction (the validity of these approximations is discussed in
the following paragraph). Neglecting a normalisation factor, these wave functions are
dn(r) < Hy(z/0)e /2% where H,(z/{) is the n'® Hermite polynomial as a function of
the z coordinate expressed in units of the natural oscillator length ¢ = \/m. The

form factor in this approximation is given by

®(q) = %e2q2e—f2q2/2. (5.20)

Let us now discuss the validity of the assumptions leading to Eq. (5.20). The harmonic
approximation correctly captures the symmetry of the impurity eigenfunctions for a parity-
invariant potential, yet neglects distortions due to the anharmonicity of the potential.
Quantitative corrections may therefore be necessary for strongly anharmonic potentials.
In addition, the first excited state of an isotropic potential is triply degenerate, apparently
conflicting with the two-level approximation for the impurity. However, the additional de-
generate sublevels can be consistently neglected, because the rate of environment-induced
transitions between the excited sublevels vanishes within the Born-Markov approximation,
due to the super-Ohmic nature of the reservoir. This conclusion remains true even at finite
temperature, so long as T' <« Oq. This point is discussed in more detail in Appendix D.
We emphasise that the assumption of isotropic and harmonic eigenfunctions is inessen-
tial, and that detailed knowledge of the impurity wave functions is not necessary for the

implementation of our proposal.

5.2 Properties of the spectral function

In this section, we discuss the general and qualitative properties of the spectral function.
In order to find Z(v), we first calculate S(q, v) in Appendix C, using a dynamical extension
of BCS theory which takes into account variations of the order parameter induced by local
density perturbations. Incorporating the dynamics of the order parameter is necessary in
order to preserve gauge invariance and to recover the contribution of the collective mode
to the DSF [293,295|. It is easiest to first compute the linear susceptibility x(q, ), whose
imaginary part is related to S(q,v) by the fluctuation-dissipation theorem [279,296]

S(q,v) = mlm [x(q,v +ie)], (5.21)
where € is a positive infinitesimal. Identical results for the susceptibility can be obtained us-
ing various formally different methods, including the collisionless kinetic equation [123] and
related operator equations of motion [125,297], the random-phase approximation [298,299],
and functional integration [126]. Our approach based on the kinetic equation generalises

the calculation of Combescot et al. [123] to finite temperature, and may be of independent
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interest since we use only elementary methods to obtain S(q, v).

5.2.1 Long-wavelength regime

In the limit of very long wavelengths, q — 0, the collective mode dispersion relation is

linear wq = cqg. In this regime, the DSF takes the universal form

00€q

Wq

S(q,v) =

(14 nq)d(v —wq) + ngd (v +wq)] , (5.22)

where ngq = n(wq) = (e’¥a — 1)~! is the Bose-Einstein distribution. This describes the
possibility to absorb or emit a collective mode excitation (phonon) with wave vector q and

frequency wq = cq. Eq. (5.22) exhausts the f-sum and compressibility sum rules [279]

[e.e]
/ dv vS(q,v) = goeq, (5.23)
* . S(q,v) oo
o dv cllli% v 2mc?’ (5:24)

which follow from consistency with particle conservation laws and hydrodynamics, respec-
tively. Therefore, if we consider only wave vectors small enough that the above sum rules
hold, the collective mode is the only relevant excitation at any frequency. In particular,
this is expected to be a good approximation for wave vectors (¢ < 1, where ( = ¢/|A| is
the coherence length [122].

Now, let us consider impurity potentials such that ¢ > (. In this case, the form factor
(5.20) samples only wave vectors in the regime where Eq. (5.22) holds. Thus, the spectral

function takes the general form

JW)L+n)  (v>0)
I(v) = 5.25
v {J<u\>n<|u|> w <) o2
where the spectral density is
TW) = A*6(v — wq), (5.26)
q

and we have defined a rescaled coupling S\q = )\q\/m. Note that Egs. (5.25)
and (5.26) take the form of the spectral function and spectral density for a linear, har-
monic, bosonic environment [cf. Egs. (3.14) and (3.8)]. At this level of approximation, the
fermionic superfluid thus behaves identically to a bosonic reservoir at low frequencies.

The spectral density can be evaluated explicitly to yield

J(v) = aw; "5 exp (— v > , (5.27)

2
2w£
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with the dimensionless coupling strength o = r2gq/(2472me?c®) and the frequency cutoff
we=cfl =715 ! where 75 is the environment correlation time discussed in Section 5.1.3.
For smaller values of ¢, the environment correlation time can be expected to differ from
w[l. However, decreasing ¢ couples the impurity to even higher frequency modes of the
gas. We expect this to result in an even shorter correlation time, and thus we conclude
that 75 < we_l, in general.

Note that Eq. (5.27) has the same super-Ohmic behaviour J (v) ~ v° in the limit v — 0
as the spectral density (4.18) describing an impurity in a BEC. The different prefactors in
each case arise from the differing form factors for a single-well or double-well vibrational
qubit. We also emphasise that Eq. (5.27) retains the same qualitative frequency dependence
across the entire crossover, since altering the interaction strength 1/kpas affects only the

coupling « and the frequency cut-off wy through the changing value of c.

5.2.2 Vicinity of the pair gap

For frequencies in the vicinity of the pairing gap, v ~ Qq, the qualitative behaviour of the
spectral function varies significantly along the crossover. At frequencies below the pairing
gap, v < O, the DSF takes the form

S(q,v) = Mqd(v — wq)- (5.28)

This is similar to Eq. (5.22), but here the spectral weight Mq and the dispersion relation wq
are given by complicated expressions which must be computed numerically, in general (see
Appendix C). We have also neglected the Bose-Einstein factors describing the distribution
of phonons, since by assumption 7" < ©¢ and thus the modes with frequencies wq ~ ©g
are not thermally populated.

From Eq. (5.18), we find the exact, albeit formal, expression
Z(v) = K*®(q,) Mg, Dpn(v), (5.29)

where the wave vector q, is defined by wq, = v and we introduced the phonon density of

states

Dpn(v) = / 2n) (v — wq). (5.30)

The spectral function (5.29) is seen to arise from three factors. The first term x2®(q)
is geometrical in origin, describing how the impurity’s density profile affects the transfer
of momentum to scattered gas atoms. In order to interpret the weight My, we insert a

complete set of energy eigenstates into Eq. (5.16), resulting in the formal Kéallén-Lehmann

S(q,V)—‘l/Zn:KQn

representation

gg)QO>]25(u — ), (5.31)




120 Probing the dynamic structure factor of a neutral Fermi superfluid with impurities
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Figure 5.3. Diagrammatic representation of (a) Beliaev and (b) Landau decay due
to the coupling between phonons (wiggly lines) and fermionic quasiparticles (straight
lines), with time increasing from left to right.

where the sum runs over all eigenstates [€2,) of Hp having energy §2,, above the ground
state |Qg). Comparison of Eqs. (5.28) and (5.31) leads to the heuristic identification
My ~ |(14] QL 1Q0)|%, where |14) represents an excited state occupied by a single phonon
of frequency wq. Thus, Mg quantifies the ease with which a collective excitation can be
created from the ground state by single-particle scattering processes described by the op-
erator QIl. The final factor entering Eq. (5.29) gives the density of single-phonon states

Dpn(v) available to be excited by such a process.

5.2.3 Beliaev and Landau damping

At frequencies above the pairing gap, the DSF cannot be written in a simple form, thus we
give here only a qualitative description. For v > 0y, there is sufficient energy to break apart
pairs within the condensate into two fermionic quasiparticles. As a result, S(q,v) gains
contributions from a continuum of frequencies at each wave vector, due to two effects.
First, direct pair production from the condensate generating excitations carrying total
momentum q is allowed for all frequencies v > O (recall that ©g is the threshold frequency
which lower-bounds the pair continuum). Second, high-frequency phonons with energy
wq > B4 can decay into a pair of fermionic quasiparticles, as shown diagrammatically in
Fig. 5.3(a). This so-called Beliaev damping leads to a finite lifetime 7, for the phonons,
and thus the discrete peak of the collective mode (5.28) is broadened into a Lorentzian of
width T]gell.

We note in passing that a second decay channel for phonons exists at finite temperature
due to the possibility of scattering from thermally excited fermionic quasiparticles, depicted
in Fig. 5.3(b). These so-called Landau processes lead to a finite lifetime for even low-
frequency phonons with wq < Oy, and thus the expressions (5.22) and (5.28) are, strictly
speaking, broadened into Lorentzian peaks even for v < ©y. However, Landau damping is
irrelevant at the low temperatures of interest in this chapter, T' < Oy, since the population

of thermally excited quasiparticle pairs is negligible.
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5.3 Numerical results

We now illustrate our results by explicitly calculating the decay rate of the impurity for
several examples. We choose parameters taken from the experiments reported in Ref. [103].
The DSF is computed using Eq. (5.21) at 7' = 0, with € finite but chosen small enough
to obtain convergence; we have found ¢ = 0.01Ef to be adequate. The decay rate is
then calculated from Eq. (5.18). Note that the impurity confinement length ¢ = 1/v/Mwq
entering the form factor (5.19) also varies as function of wp in our calculations.

Our numerical results are summarised in Figs. 5.4 and 5.5, and discussed in detail in

the following subsections.

5.3.1 Measuring the pair gap

In the BCS limit, with 1/kras large and negative, there is a sharp peak in the decay rate
occuring exactly at wg = Og. This behaviour extends even to the regime of fairly small,
negative 1/kpas, as shown in Fig. 5.4(a) where we plot an example for 1/kpas = —0.5.
The peak at wg = Oq is a consequence of the well-known divergence in the density of
states in the BCS limit. To see this clearly, in Fig. 5.4(b) we plot the dispersion relation of
the collective mode, which reproduces the calculation of Combescot et al. [123]. The plot
shows that wq bends to become almost flat as it approaches and then merges with the pair
continuum. This indicates that Dpy(v) ~ |dwq/ dq|;;:l, increases sharply as v — Og.

On the other hand, at unitarity quite a different behaviour can be observed, as shown
in Fig. 5.4(d). Here, the decay rate is a local minimum at wy = ©g. The collective mode
dispersion wq remains approximately linear almost all the way into the continuum [123], as
plotted in Fig. 5.4(e). This implies that the phonon density of states grows approximately
quadratically Dy (v) ~ 2 as the pair gap is approached. However, the increase of Dy (v) is
counteracted by the behaviour of My shown in Fig. 5.4(f), which decreases as the collective
mode merges into the continuum. For higher frequencies wg > O, the decay rate increases
again sharply due to the contribution of pair excitations, leading to a larger volume of
phase space available for scattering.

In summary, in the BCS and unitary regimes the pair gap ©¢ can be inferred from the
extremal values of the decay rate as a function of the impurity trapping frequency. In each
case, this extremal behaviour can be understood from the manner in which the discrete
spectrum of the collective mode merges with the continuous spectrum of pair excitations.
In the BCS regime, the density of phonon states increases sharply at the pair gap, leading
to a maximum in the impurity decay rate. Conversely, in the unitary regime the decay
rate is minimised at the pair gap due to a decrease in the spectral weight of the collective
mode. This property of the unitary gas can be interpreted as a “stiffness” of the ground
state against excitation by single-particle scattering processes at frequencies comparable

to the pair gap.
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Figure 5.4.Results at T = 0 for (a-c) 1/kpas = —0.5, (d-f) 1/kpas = 0, and
(g-1) 1/kpas = 1.0. (a,d,g) Impurity decay rate I' against vibrational frequency wg
(solid line), and pair gap O (vertical dashed line); (g) the contribution from the
discrete pole of the collective mode (i.e. neglecting Beliaev processes) is shown by
the pink dotted line. (b,e,h) Dispersion relation of the collective mode wq (dashed
line) relative to the threshold frequency ©4 (solid line) lower-bounding the pair
continuum (shaded region). (c,f,i) Spectral weight My of the collective mode (solid
line), the long-wavelength approximation Mg =~ goeq/wq (dotted line), and the
inverse coherence length (! (vertical dashed line). Parameters are M/m = 40/6
and xk = 0.18Er/k3., which describes a “°K impurity in a Li gas at density gy =
2.1 x 10'? ¢cm ™3, corresponding to Er ~ 27 x 13 kHz and kp ~ 27/(160 nm) [103].

Note that the transition between these two qualitatively different behaviours occurs
smoothly as unitarity is approached, as shown in Fig. 5.5(a). As a result, we find an
intermediate regime —0.3 < 1/kpas < —0.1 in which the extremal points of I' do not
coincide with the pair gap. It should be noted that our results are dependent on the BCS
model, which is not expected to accurately describe the Fermi gas near unitarity. This

regime would therefore be particularly interesting to explore experimentally.

5.3.2 Separation of discrete and continuous spectra

In the BEC regime, the decay rate is instead a monotonically increasing function of fre-
quency, as shown in Fig. 5.4(g) for 1/kpas = 1.0. In particular, there are no remarkable

features at the pair gap wg = ©¢. This can be understood from the fact that the collective
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Figure 5.5.(a) Transition between BCS and unitary regimes, showing the decay
rate for 1/kpas = —0.31 (dot-dashed line), —0.24 (dotted line), —0.11 (dashed line),
and 0 (solid line). (b) Transition between unitary and BEC regimes, showing the
decay rate for 1/kpas = 0.02 (dot-dashed line), 0.08 (dotted line), 0.14 (dashed
line), and 0.20 (solid line). (a,b) The pair gap g for each example is shown by the
vertical dashed lines. The parameters are the same as in Fig. 5.4.

mode no longer merges with the pair continuum for 1/kras > 0.16 [123], as shown in
Fig. 5.4(h). Mathematically, this means that the equation wq = Fiq/2 + Ex_q/2 has no
solution. Physically, this describes the impossibility of a phonon decaying into a quasi-
particle pair while conserving energy and momentum. As a result, the broadening of the
phonon mode due to Beliaev damping is essentially negligible.

In order to illustrate this, we have calculated the impurity decay rate assuming that
only a single frequency v = wq contributes to S(q, v) for each value of q, i.e. calculating the
spectral function using Egs. (5.28) and (5.29). The result of this approximation is shown
by the pink dotted line in Fig. 5.4(g), which coincides almost perfectly with the more
accurate calculation taking Beliaev processes into account. Note that this implies that
the direct production of pairs from the static condensate is also negligible. The behaviour
at 1/kpas = 1.0 is therefore already in agreement with the standard picture of a Bose-
FEinstein condensate in which the only significant contribution to the density fluctuations
comes from long-lived excitations of the collective mode [279].

We also calculate some examples from the transition regime 0 < 1/kpas < 0.2, shown in
Fig. 5.5(b). We see that the feature at wy = ©¢ vanishes for rather small values of 1/kras,
as the collective mode separates from the pair continuum. By measuring the frequency
dependence of T' for various values of 1/kpas, it should thus be possible to pinpoint the

separation of discrete and continuous spectra in an experiment.

5.4 Conclusion

We have studied the evolution of a qubit comprising two vibrational energy levels of an
anharmonically confined impurity, interacting with a neutral Fermi superfluid. We have
related the impurity’s spectral function to the dynamic structure factor of the superfluid.

Our results indicate that various features of the superfluid’s energy spectrum along the
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BCS-BEC crossover can be probed using such an impurity. These include the divergence
in the density of BCS quasiparticle states, the energy gap for pair excitations in the BCS
and unitary regimes, and the separation of discrete and continuous excitation spectra as
the BEC limit is approached. At finite temperature, we also expect information on Landau
damping to become available. Furthermore, our set-up represents an interesting testing
ground for more sophisticated theories of the unitary Fermi gas that go beyond the simple
BCS saddle-point approximation used here.

Using experimentally achievable parameters, we predict decay rates on the order of
I' ~ 107*Efr ~ 10 Hz, which are measurable within the typical lifetime of a cold atomic
gas, and could be further increased at higher superfluid densities. The examples we consider
require impurities confined on length scales on the order of £ 2> O.lk:;l ~ 10 nm, which is
straightforwardly achievable using a heavy impurity in an optical dipole trap. The initial
state of the impurity can be prepared using a moving optical lattice potential, while readout
can be achieved by, for example, band mapping combined with time-of-flight imaging [15].
We thus conclude that our proposal represents a feasible alternative to Bragg scattering
that is nondestructive and offers nanometre-scale spatial resolution in principle.

For simplicity, we have considered only two energy levels of the impurity. However, it
is straightforward to generalise our results to describe transitions between multiple vibra-
tional levels. One interesting possibility to consider in this regard is the sympathetic cooling
of harmonically trapped impurities using the Fermi superfluid as a cold reservoir [87-89].
Our results already indicate that the cooling rate could be greatly increased in the BCS
regime by tuning the impurity trapping frequency to equal the pair excitation gap and
thus take advantage of the divergent density of states.

Beyond the possibility of probing properties of the gas itself, our set-up represents an
interesting open quantum system in its own right. An unusual feature of our model is the
possibility of exciting both discrete and continuous quasiparticle modes in the reservoir,
which moreover are coupled together nontrivially. This leads to distinctive features in
the spectral function in the BCS and unitary regimes. In the BCS regime, the peak
at frequencies commensurate with the pair gap is reminiscent of resonances appearing
in the spectral density of vibronic reservoirs coupled to photosynthetic systems, which
are currently the subject of intense research effort in the field of quantum biology [238,
300, 301]. Such peaks are typically associated with non-Markovian effects, although more
sophisticated theoretical techniques would be required to explore this possibility in our
case. Furthermore, at temperatures comparable to the pair gap we expect qualitatively
new features to appear in the spectral function, due either to Landau damping or to the
onset of the normal state as the critical condensation temperature is approached. Both of
these effects could be explored within the present framework.

In summary, a trapped impurity coupled to a neutral Fermi superfluid may constitute

a useful experimental probe of density fluctuations, but also represents a novel platform to
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explore the physics of open quantum systems. The problem thus merits further theoretical

and experimental study.
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CONCLUSION AND OUTLOOK

Reliable, efficient cooling methods and accurate, precise measuring devices are essential
prerequisites for quantum simulation and other scientific applications of cold-atom systems.
Motivated by these needs, we have proposed and studied refrigerators and experimental
probes operating at the single-atom level. We focused in particular on what advantages
may be gained by harnessing the quantum dynamics of microscopic systems driven out of
equilibrium.

In Part I, we studied cooling with quantum absorption refrigerators (QARs). We first
proposed a physical realisation of a QAR using an atom-cavity system in Chapter 2. We
predicted that such a machine can cool the motion of a trapped atom nearly to absolute zero
temperature using sunlight; however, we found that a laser or similar reference was needed
to stabilise the frequencies in practice. In Chapter 3, we discovered the existence of coherent
oscillations in strongly coupled QARs, which may transiently reach lower temperatures
than the steady state. With the right timing, coherence in the machine thus enables one
to surpass the performance of a macroscopic cooling device by reaching the coldest possible
temperature after a short time.

The findings of Part I indicate that an accurate clock, or equivalently a stable frequency
reference, serves as a useful resource in quantum thermodynamics. The major thrust of
our immediate further work will therefore be to quantify the thermodynamic resources
needed to run such a clock, taking its quantum mechanical nature explicitly into account.
Another interesting avenue for future research will be to explore how correlations between
small thermal machines and their environment [302| affect their operation. We also recall
that, as discussed in Chapter 1, some uncertainty remains over precisely how to model the
dynamics of modular open systems such as QARs, even in the strictly Markovian regime.
We continue to investigate this subtle problem, since any new insights in this direction
would constitute valuable progress for the theory of quantum thermal machines.

In Part II, we proposed methods to probe ultracold atomic gases with trapped impu-
rity atoms. Chapter 4 studied two different ways to measure temperature using impurity
qubits. In the first method, thermometry is performed by observing the impurity’s equili-
bration with the background gas. The second technique involves extracting the statistics of
work fluctuations via the decoherence of an impurity as it controls a Hamiltonian quench

on the cold-atom system of interest. In each case, we described how the nonequilibrium
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dynamics of the microscopic probe enabled precise and accurate thermometry in the chal-
lenging nanokelvin temperature regime. These claims were supported by an evaluation
of each method’s performance through explicit calculations for a weakly interacting Bose-
Einstein condensate (BEC) and a strongly interacting Bose-Hubbard lattice, respectively.
In Chapter 5, we considered using an impurity to probe a neutral Fermi superfluid real-
ising the crossover from a Cooper-pair condensate to a molecular BEC. We found that
the impurity’s vibrational relaxation dynamics reveals features of the superfluid’s density
fluctuations encoded in the dynamic structure factor, specifically the pair energy gap and

the contact between the collective and individual pair excitation spectra.

A very interesting subject for future work regards the possibility of using impurities to
probe instantaneous correlations between atoms in a host gas. In fact, this question formed
a major part of our research efforts throughout the doctoral training, but unfortunately
led mostly to negative results that have not been detailed here. Probing instantaneous
correlations, i.e. a correlation function of two operators evaluated at a single time, turns
out to be rather difficult with impurities immersed in weakly confined gases, although this

fact is not immediately obvious.

For example, one might expect that impurities would prove ideal for measuring the
short-range antibunching correlations between atoms in a BEC (predicted in 1957 [303]
but thus far unobserved!) since these appear only over nanometre-scale distances, which
are well below the diffraction limit for optical imaging but certainly comparable to the
characteristic confinement length of a strongly trapped impurity. However, an impurity
confined to smaller length scales couples to phonon modes of the surrounding gas with
higher frequencies. These high-frequency modes typically adjust their state to the presence
of the impurity faster than the probe can perform its measurement, thus obstructing any
attempt to observe instantaneous properties of the gas. This behaviour can already be
expected from the findings of Part II, where we showed that the environment correlation
time is approximately proportional to the impurity confinement length [see Eqs. (4.18)
and (5.27)]. Note that this problem does not appear to arise in lattice systems, probably
because of the band gap in their energy spectrum. Indeed, measurements of instantaneous
density correlations in atomic lattice gases using impurities seem to be a promising future
prospect [304], although time-of-flight imaging of density correlations is already available
in this setting [305].

Nevertheless, we remain undeterred from our investigation of impurity-based methods
to probe short-range correlations in weakly trapped ultracold gases, particularly because
very few alternatives with nanometre spatial resolution are available. One interesting
possibility for future work is to consider an impurity probe that is sensitive to the local
density of atoms in its vicinity. Such a probe could be realised using laser-induced Raman
transitions that couple the continuum of delocalised BEC states to a single localised state

carrying a different spin, the latter being trapped by a spin-dependent potential [73]. Such
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a probe of the local density (atom number), when monitored continuously, is analogous
to a photodetector measuring the local light intensity (photon number). In theory, spatial
antibunching of the atoms would translate into sub-Poissonian atom-counting statistics in
such an experiment, if sufficient temporal resolution could be achieved. However, practical
details regarding the feasibility of this proposal remain to be calculated in future work.
In conclusion, both thermodynamics and thermometry (and indeed other kinds of mea-
surements) with single-atom devices can benefit from the unique features of quantum dy-
namics. In particular, refrigerators and probes whose working substance is a single atom
constitute experimentally realisable and highly interesting open quantum systems. Fur-
thermore, such devices could act as useful enabling technologies for quantum science and
simulation, with a range of applications that is expected to increase as we progress inex-

orably down the path towards controlling the properties of matter at the atomic level.
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APPENDIX A

PHASE SENSITIVITY ANALYSIS FOR QUANTUM
SINGLE-SHOT COOLING

In this appendix, we provide details of the phase sensitivity analysis used in Chapter 3.
Specifically, we consider the effect on quantum single-shot cooling of coherence added to the
initial quantum state with a small amount of phase noise. In order to gain some analytical
insight, we suppose that the dynamics can be treated as approximately unitary over the
time scales of interest. This is a decent approximation in the strong-coupling limit, where
g is much larger than the relaxation rate.

We define the populations a(t) = (001 pa(t)|001) and b(t) = (110] pa(t) [110), and the
coherence C(t) = (110| pa(t) |001), where pa(t) denotes the reduced quantum state of the
refrigerator qubits. We also introduce the convenient parametrisations S = [a(0) 4+ b(0)]/2,
D = [b(0) — a(0)]/2 and C(0) = ire'?, where r > 0 is the magnitude and ¢ is the phase.
The refrigeration condition T, < T}, where T, is the virtual temperature (3.23) and T is
the initial temperature of the target qubit, implies that D > 0.

At short times, the effect of dissipation can be approximately neglected, and the evo-
lution of the populations a(t) and b(t) is analogous to that of a resonantly driven two-level

system. In this approximation, the populations at time t are given by
a(t) = S — D cos(2gt) + r cos(¢) sin(2gt), (A1)
and b(t) = 25 — a(t). The population difference of the target qubit is given by
(01 (t)) = (01(0)) +2[a(0) —a(t)], (A.2)

which is related to the effective temperature by Eq. (3.23). From this we find that the first

temperature minimum occurs at time

tmin(9) = 219 <7T — tan™! {TCC}S)(QS)]) , (A.3)

with the populations at that time given by

a(tmin) = S + /D2 + 12 cos?(¢). (A.4)
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154 Phase sensitivity analysis for quantum single-shot cooling

The amplitude of the population oscillations is therefore maximised by choosing ¢ = 0,
i.e. a purely imaginary initial coherence, as expected from Eq. (3.24). With the choice of
¢ = 0, the optimal time to extract the target qubit is given by topt = tmin(0).

We now suppose that each qubit entering the refrigerator is prepared with a random
phase ¢ of the coherence in the transport subspace, due to experimental noise, for example.
These phase shifts are described by some probability distribution function p(¢). In order
to find the dynamics of the resulting ensemble of target qubits, we average Eq. (A.1) over
the distribution p(¢). This procedure leads to the replacement of cos(¢) in all expressions
by

cos(@) = / " dp(@) cos(4). (A.5)

—Tr

As a simple but broadly relevant example, we assume that phase shift has zero mean
¢ = 0, and that its variance ¢2 is smaller than unity. We also suppose that its cumulants
are rapidly decreasing, so that p(¢) may be approximated by a Gaussian distribution.

Under these assumptions, we obtain
cos(¢) = e #/2, (A.6)

We find from Eq. (A.3) that the minimum temperature of the ensemble occurs at time

1 _1 re*?/2
topt = 2% <7T — tan [ o) , (A.7)

so that tgpt > topy in this approximation. In the following, primed variables indicate

quantities in the presence of noise, while the unprimed variables denote the corresponding

quantities in the absence of noise.

In order to find the shift in the ensemble temperature due to the phase noise, we
consider two distinct scenarios. In the first scenario, we assume that some information
about the phase distribution is known, so that it is possible to predict in advance the
optimal time tgpt to extract the qubit. This information could be obtained by expending
some qubits in order to characterise the noisy preparation by quantum state tomography.
In this case, the phase noise leads to a change in the population difference of the target

qubit given by

Alot) = (o7 (tope)) — (o7 (topt))

= 2v/D2? 412 — 2\/ D2 4 r2e=9*
Y (e A8
= o ) -

L

In the second scenario, we assume that no information about the phase noise distri-
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Figure A.1l.Comparison of exact numerical and approximate analytical results
for the effect of Gaussian zero-mean phase noise characterised by its variance ¢2.
The same parameters are used as in Figure 3.2(a), with 5% of the maximum initial
coherence. (a) Shift in the target qubit temperature when extracted: numerical (blue
solid line) and analytical (red dashed line) results when the phase noise distribution
is not known, numerical (black dot-dashed) and analytical (green dotted line) results
when the phase noise distribution is known. (b) Shift in the time of the temperature
minimum Atope = 4 — topt: numerical (blue solid line) and analytical (red dashed
line) results.

bution is known, so that the experimenter extracts the target qubit at the incorrect time
topt- For example, this scenario applies if only a single qubit is available for cooling, so
that the noisy preparation cannot be characterised in advance. In this case, phase noise

changes the population difference by the amount

A(of) = (o7 (topt))" = (07 (fopt))

272 ( pol

= — l—e_¢/2>. A9

VD? +r? (4.9)

Note that it is also possible to consider the case where only partial information about

the noise distribution is known, in which case we expect A(c7) to lie somewhere between
Eqgs. (A.8) and (A.9).

In any case, assuming that the effect of phase noise is small, we find that the expected

shift in the ensemble temperature to lowest order in A(o7) is

AT; = ==L cosh? < = ) A(o7), (A.10)
1

where T denotes the optimal temperature in the absence of phase noise. This equation
indicates that the effect of phase fluctuations is minimised when T} ~ Ej, while the most
drastic effects occur for very large or very small target temperatures. In particular, the
right-hand side of Eq. (A.10) diverges as T1 — 0, which indicates that even vanishingly
small fluctuations in the initial coherence phase may prevent one from using this coherence

to cool the target qubit to its ground state.
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In Figure A.1(a) we numerically calculate and plot an example of the change in the
final temperature of the target qubit when it is disconnected from the machine, either
with or without sufficient knowledge of the phase noise distribution to predict the optimal
extraction time. We see that in fact it makes little difference to the temperature whether
or not the optimal extraction time is known precisely, since the shift in this time due to
phase noise is rather small (Figure A.1(b)). Our approximate analytical results are also

shown in Figure A.1 for comparison.



APPENDIX B

STOCHASTIC ABSORPTION REFRIGERATOR MODEL

In this appendix, we derive an effective stochastic model of the quantum absorption
refrigerator in the deep weak-coupling limit. Our analysis follows Ref. [166], and rests on
the assumption that the characteristic dephasing rate I' due to the action of the thermal
baths is much larger than the coherent coupling g between the qubits.

Working in the weak-coupling limit, we begin with the master equation (3.15) written
as

42— B.1

and decompose the Liouvillian as £ = Lo+ V, where Vp = i[p, V]. The quantum state can

be expanded in the eigenbasis of L as
palt) = Y Moy, (B:2)
A

where pg\) is a right eigenvector of £ with complex eigenvalue A. Since Re(A) < 0, we see

that only the eigenvalues with the largest real part are relevant as ¢ — oo. In this basis

the master equation reduces to the eigenvalue equation
A A
(Lo+V) 03 = A7, (B.3)

The eigenvalues of Ly are of order I', while the eigenvalues of V are of order ¢g. In the limit
g < I, the effect of ¥V may be incorporated using second-order perturbation theory.
To that end, we introduce a projector P onto the space of populations (diagonal matrix

elements), defined by
7

Pp=7_(nlp|n)|n)nl, (B-4)

n=0
where |n) denotes a computational basis state in binary representation, e.g. |2) = |010). We
also define the orthogonal projector Q@ = 1—"P, which projects onto the space of coherences
(off-diagonal matrix elements). We refer to the spaces of populations and coherences as the

P-space and the O-space, respectively. It is readily verified that the following properties
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hold:
PVP =0, (B.5)

[P, Lo] = [Q, Lo] = 0. (B.6)

Eq. (B.5) states that the interaction V only couples populations to coherences, while
Eq. (B.6) reflects the fact that the local Liouvillian £y does not couple populations and

coherences, i.e. it is block-diagonal.

By introducing the identity 1 = Q+ P into both sides of the eigenvalue equation (B.3),

we obtain
©Pp = LoPpy) + PV, (B.7)
A0 = £o0pYY + Qv ol + Ve, (B.8)

where Egs. (B.5) and (B.6) have been used. We now solve Eq. (B.8) for Qp(AA) and substitute
the result back into Eq. (B.7), finding

AP = LoPplY) + PV (A — QY — L)t vPpY. (B.9)

Since we are looking for eigenvalues A which are small in magnitude, we may neglect the
term A — @V, which is of order g, in comparison to Lg, which is of order I". Hence we

obtain the approximate eigenvalue equation

AP = LaPp!y, (B.10)
where
Lot = Lo — PVLVP. (B.11)

As t — oo, the master equation (B.1) can therefore be approximated in the P-space by

dpa
—_— = . B.12
7 Legpa ( )

Note that Leg is well defined by Eq. (B.11) despite the fact that the unperturbed
Liouvillian possesses a zero eigenvector: the steady-state solution po satisfying Lops = 0.
This is because the unique steady-state solution lies in the P-space, i.e. poo = Ppoo-
Furthermore, one can write VP = QVP by virtue of Eq. (B.5). Therefore, the operator

Ly L acts only in the O-space, where all eigenvalues of £ are nonzero.

In order to calculate Leg explicitly, we note that V annihilates all populations apart
from [001)(001| and [110)110|. The action of Leg can therefore be found from its action
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on these two populations. We also make use of the fact that

L0001)(110] = —T'[001)110],

Lo]110)001| = —T'[110X001], (B.13)

with 5
D= 23 i) + (), (B.11)

=1

where v;(v) is defined above Eq. (3.14). Using these properties, a straightforward calcula-
tion yields the result
2g° 2g° +
Eeﬂ — [«0 + TD[B] + TD[B ], (B15)
where B = |001)(110|. This effective Liouvillian describes transport as a stochastic process,
which transfers population symmetrically between the states |001) and |110) spanning the

transport subspace at a rate 2g%/I.
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APPENDIX C

DYNAMIC STRUCTURE FACTOR IN BCS THEORY

In this appendix, we derive the dynamic structure factor (DSF) for Chapter 5 using
a collisionless kinetic equation. This method has been previously used by a number of
authors in the context of Bardeen-Cooper-Schrieffer (BCS) theory, for example to study
quasiparticle transport [306,307], and the dispersion relations [308-310] and damping rates
[311] of collective modes. We follow in particular the presentation of Refs. [123,310].

C.1 Static BCS framework

We first briefly review the static BCS framework. Starting with the bare Hamiltonian (5.1),
the standard BCS Hamiltonian is obtained by neglecting fluctuations of the pair field
U, (r)¥4(r) around its mean value A(r)/g given by Eq. (5.2). Taking into account the

spatial constancy of A(r) at equilibrium, we find that

Hpcs =Y, Y. SN (C.1)

k \p=1,2

where the fermion operators in the Nambu representation are cx; = cxr and cxo = cT_k o

while [hx]y, are the elements of the matrix

[ & A
hk_(A _€k>, (C.2)

and we have neglected an overall energy shift.

The BCS Hamiltonian is diagonalised by the well-known Bogoliubov-Valatin transfor-

Uk:< i ”“), (C.3)
—Vx Uk

where uf = 1—v = 1/2+ & /2Ex. After diagonalisation, the BCS Hamiltonian describes
free fermionic modes with dispersion relation Fy = /A2 —1—512(. At finite temperature
T =1/, these quasiparticle modes are occupied according to the Fermi-Dirac distribution
fi = (ePFx 4+ 1)71. Self-consistency of the order parameter definition (5.2) leads to the

mation
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bare gap equation tanh(3E/2
an
= Z QEkk/ ). (C.4)
The UV divergence in the gap equation is remedied by expressing the bare coupling con-
stant g in terms of the physical scattering length using the relation [289,312]
m 11 1

=g =y (C.5)
|4 m 25k

drag

resulting in the renormalised gap equation

1 Z < tanh( BEk/z)) (C.6)

Ex

47ra5

The constraint of fixed density leads to the condition

00 = %Z <1 - tanh(,BEk/Q)g;) . (C.7)
k

Egs. (C.6) and (C.7) reduce to Egs. (5.5) and (5.6) in the limit ' < ©p, so that
tanh(8FEx/2) ~ 1.

C.2 Derivation of the susceptibility

In order to account properly for the collective mode, we derive the response of the gas to

a perturbing classical field U (r,t), which couples to the density via the Hamiltonian

0Hpcs(t) = /d3r [5U(r,t)g(r) +5A(r,t)\I/$(r)\III(r) + OA (r, ) U (r)Ts(r)|. (C.8)
Self-consistency requires that we include a contribution dA(r,t) coupled to the pair field

\Ifi(r)\lli(r) in the same way as A(r). This accounts for perturbations of the order param-

eter due to changes in the local density induced by the external field. We now introduce

= /d3r/dt a5 (x, 1),

= / d’r / dt VAT SA(x, t). (C.9)

the Fourier transforms

Each Fourier component of Eq. (C.8) contributes a term of the form

ZCI{—&—q/ZA[(Sh])\MCqu/Zu) (ClO)
kA
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o = ( oo ) | )

with

0A* —6U

where the functional frequency-momentum dependence of §U(q,v) and 0A(q, v) has been

suppressed for simplicity.

The induced change in the density due to the perturbation (C.8) is given in the linear-

response approximation by

)
(ealt) = 3= [ dv e x(an)dU(a.v). (GRE)
which defines the linear dynamical susceptibility or response function x(q,v). The causal
response of the system is determined by x(q,v + i€), where € is a positive infinitesimal,
corresponding to the perturbation (C.8) being adiabatically switched on in the distant past
[279]. The dynamic structure factor is then found from the imaginary part of x(q, v + ie)
using Eq. (5.21).

In order to compute x(q,) we use a kinetic equation for the single-particle reduced
density matrix (RDM) Ryys, with elements

(R = (efycirp)- (C.13)

The equation of motion for Ry is found using the Heisenberg equation generated by
Hpcs + dHpcs and the anticommutation relations {ciy, CIT{’M} = Okk0y,. We may write
Ry = Rﬂékk/ 4+ d Rgks, where d Ry is a small deviation from the equilibrium RDM given

by
1 h(BEx/2
RO — 3 <]1 _ tan(gkk/)hk> _ (C.14)

After linearising the equation of motion and neglecting the transient solutions, we find that
each Fourier component of the perturbation leads to a fluctuating part of the RDM with the
same frequency and wave vector, i.e. § Ry 5k+q7k/e_i”t. Each Fourier component may
therefore be treated separately. Using the parametrisation Rk_q/27k+q/2(t) = §Rye ¥t we

obtain the linearised kinetic equation
T T 0 T T 10
VORy = 5Rkhk+q/2 — hk_q/QéRk + Rk_q/25h —oh Ryt g2 (C.15)
where the superscript T' denotes the matrix transpose in the Nambu spinor space.

It is convenient to first multiply Eq. (C.15) on the left and right by Uy_q/ and U11+q/2

respectively, which diagonalises hy and RIO(. The kinetic equation is then straightforward
to solve for d Ry in terms of dh. After some tedious algebra, we obtain (c.f. Egs. (15) and
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(16) of Ref. [310])

[0Rk(q,v)]11 = m {=6U [(E' + E)(v'v + uv')? 4 v(u/*v? — u2v’2)]
+ 6A [(E' + E)uv(u? — ) + vuv| + A" [(E' + E)v' (u? —v?) — vu'v'] }
+ T -EE_ 2 f/E_)if_ 2 {6U [(E' — E)(u'u — v'v)* + v(uu® — v*v?)]
+ A [(E' — E)uv(u? — v"?) + vuv] + 6A* [(E' — E)u'v'(u® — v*) + vuv] },
(C.16)
[0Rk(q, v)]12 = (E};]J;);_fﬂ {0U (u'v 4+ w') [(E' + E)(u'u — v'v) — v(u'u+v'v)]
+ 20 AUV uv(E' + E) — 6A* [(B' + B)(uu® + v"*v?) — v(uu? — v"*0?)]}
+ (E’fE_)Qf—y? {0U (v —v'v) [(E' — E)(u'v+ w') — v(u'v — w')]
+ 20 AUV uv(E' — E) + 6A* [(E' — E)(uv? + u*'?) — v(uv? — v*v'?)]},
(C.17)

while [§ Rk (q,v)]22 = —[0Rk(q, —v)]7; and [6 Rk (q,v)]21 = [0 Rik(q, V)]s

The order parameter is related via Eq. (5.2) to the RDM, which implies the self-

consistency condition

9
OA = V Z<c—k+Q/2¢Ck+Q/2T>‘ (C].S)
k

The interaction strength g can be eliminated using the bare gap equation (C.4) to yield

tanh(SEy/2) B tanh(BEk/2) . .\
zk: <[5Rk]21 + 2Ekc5A) = zk: ([5Rk]12 + Tm > =0. (C.19)

These relations close the set of equations, which can then be solved for the susceptibility

using Eq. (C.12), which corresponds to

% > 2[0Ri(q, V)11 = x(a,»)6U(q, v). (C.20)
k

In order to present the result compactly, we use a shorthand notation where unprimed
variables carry the subscript k — q/2, while primed variables carry the subscript k + q/2,
e.g. B = Ey_q/2 and E = Eytq/2- The response function then takes the form x(q, v) =
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Xpair (4, ) + Xcoll (Q, ), where the pair contribution reads as

B N (v et e ALLEt S
oy L e S ()
The collective mode contribution is given by
ol = a2 Al A oty e
where we defined
e e e
e = (RN
ian - (U R
N
Ds(q,v) = % zk: { (1 ? Ef+— Efl’))Q(b: ;E’) EE' +EgEgi N
- <{,; f;;sfz:fQ e e

C.3 Dynamic structure factor

In Egs. (C.21)-(C.27) we see two kinds of terms: the Beliaev contributions having poles
at frequencies v = % (FEyiq 2+ Ex_q /2) and the Landau contributions with poles at v =
+(Exiq/2 — Pk—q/2). These describe processes of the type depicted in Figs. 5.3(a) and
(b), respectively. From here on, we specialise to temperatures T < ©g, so that the Fermi
factors in Egs. (C.21)-(C.27) can be set to zero. In particular, this means that all Landau

contributions vanish.

For frequencies v < ©g, the imaginary parts of the Beliaev terms appearing in the
integrals (C.21) and (C.23)—(C.26) are zero. Therefore, the only contribution to the DSF

comes from the pole of Eq. (C.22) corresponding to the collective mode resonance. To see
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this, we write
B(q,v)

= .2
Xcoll(q7 l/) 2 _ Q2(q, V)’ (C 8)
where
A1 4+ V2 A2159 — 202 A1 AsT
B(q,v) = Azt 2123 172 12, (C.29)
12

I111

Qq,v) = 122 (C.30)

I

The dispersion relation of the collective mode is given by the solution of the nonlinear

equation wq = (q,wq). The imaginary part of the susceptibility is found to be
Im [xcon(q, v +i€)] = mMq [6(v + wq) — 6(v — wq)], (C.31)

where the spectral weight is defined as

-1

_ B(q’ Wq) dQ(q7 V)
My = 2u0q 1 W (C.32)
q
Using Eq. (5.21), we finally obtain the DSF
S(q,v) = Mg [(1 +nq)d(v — wq) + nqd(v +wq)] (C.33)

valid for v < ©g, where ng = (e%¥a — 1)~! is the Bose-Einstein distribution. Eq. (C.33)
reduces to Eq. (5.28) in the limit 7' < v.

Note that the DSF at T'= 0 can be derived from Eq. (C.28) in the alternative form
S(q, V) = Cué(q - QV)a (0'34)
where ¢, is the magnitude of a wave vector q, such that wq, = v, while we defined

B(qm’/) !

2v

dQ(q,v)

Cv = dv

(C.35)

q=qv

However, Eq. (C.34) can also be obtained directly from Eq. (C.33) by a simple change of

variables in the delta function, from which it follows that

2
9y
MOIVDPh(V) = 27T2 CV) (036)

where Dy, (v) is the phonon density of states defined in Eq. (5.30). Egs. (C.35) and (C.36)
provide an efficient way to compute the spectral function (5.29) for ¥ < ©g. This method
is used in particular to generate the pink dotted line in Fig. 5.4(g).
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In the limit g — 0 and v — 0, we can find explicit analytical expressions for wq and
Myg. To do so, we need the identity [123]

Z{E+E/EE’+£§/+A2 1 }_ZEJFE/VQ_(k’Q/m)z (C.37)

— | EE' (E+E)?-v* Ef 4= 2BE (E+E)?-v2
This makes it straightforward to check, in the low-frequency and long-wavelength limit,
that I11(q,v) ~ v2Ja/4—q*Jy/12m?, as well as A1(0,0) = Jg, A2(0,0) = J2/2, I12(0,0) =
Je/2, and I52(0,0) = —A%Jy, where J2, Jy and Jg are given in Eq. (5.8). In this approx-
imation, the solution of wq = (q,wq) is found to be simply wq = cg, with ¢ the sound

speed given by Eq. (5.7). The collective mode response function is approximately

AP J3V? + Jiwg

Jo(v? —wd)

(C.38)

Xcoll(qa V) ~

Upon using the relation A%Jy = 3mpy, valid for T < Og [123], we find a DSF of the form
Eq. (C.33) with My = goeq/wq-

At frequencies v > Oy, the imaginary parts of xpair(q, v+i€), (q, v+ie) and B(q, v+ie)
are all nonzero. These contributions are due to the Beliaev terms in the Egs. (C.21) and
(C.23)—(C.27), reflecting the contribution of fermionic pair excitations at frequencies above
the gap. For example, direct pair production from the static condensate is described by

the term

1 .
Spair(q, V) = _;Im [Xpair(q, v+ 16)]

1 ZEE'—§§’+A2
k

7 2FEE

- S(v— E - E), (C.39)

assuming as usual that 7' < ©¢. The imaginary part of Q(q, v + i€) can be interpreted as
the damping rate of collective mode excitations due to Beliaev decay. This broadens the
pole of Eq. (C.22), ultimately leading to contributions to the DSF of Lorentzian-like form.
However, the explicit expression is cumbersome and yields little insight, therefore we do
not quote it here.

Finally, we comment that at higher temperatures T' 2 Oy, the Landau terms in
Egs. (C.21) and (C.23)—(C.27) become significant, leading to further contributions to the
imaginary parts of xpair(q, v + i€), 2(q, v +i€) and B(q, v + ie). These play a similar role
to the Beliaev contributions discussed above, except that they may be appreciable even at

frequencies v < Q.
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APPENDIX D

IMPURITIES IN A NEUTRAL FERMI SUPERFLUID

D.1 Single impurity

In this appendix, we provide technical details of the master equation (and its derivation)
used in Chapter 5. We first consider the problem of a single impurity immersed in a neutral
Fermi superfluid. In particular, we prove the assertion made in the main text that bath-
induced dephasing and transitions between degenerate sublevels can be neglected. We
consider an isotropic potential confining the impurity, therefore each energy level above
the ground state is triply degenerate. Including only the lowest two energy levels, the

autonomous Hamiltonian of the impurity is

Hy= Y wolaXal, (D.1)

a=1,2,3

where |a) describes a motional excitation in the z, direction, with {z1, z2, 23} = {z,y, 2},
while the ground state is denoted |0). All higher motional states are assumed to be off-
resonant. In the following, Latin indices such as a = 1,2,3 enumerate only states in the

excited manifold, while Greek indices such as a = 0,1, 2, 3 refer to all states.

The impurity-gas interaction is given by

3
Hap= ) Aap® Bag, (D.2)
a,B=0
where A,p = |a)(3| and
1 a
Bag = ST pa, (D.3)
q#0
with

Ao _ / Br 69, ()b (x). (D.4)

—r2 /202

The wave functions in the harmonic approximation are given by ¢g(r) o« e and

¢a(r) o zqe /2 where the normalisation factors have been neglected. The coupling
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constants are found to be, for a # b,

A _ ot/
a0 1K _p2,2

A = Nohh oo,

)\((qab) _ *552613'%6_62‘12/47
. 62 2

2 — (1 _ 2‘1 ) o CP/, (D.5)

where {q1,¢2,93} = {4¢z,qy,q:} denote the Cartesian components of q. Our choice of
real-valued wave functions means that )\gB @) — )\gaﬁ ),
We now derive a master equation for the impurity density operator under the same

approximations as in Chapter 5. The result takes the form

dpa . 1
A oy, Ha+ Hisl+ Y. Taparw (Aoz,BPAAL’B’ — Al 5 4as. ﬂA}> . (D6)
a7/3’a/76,

where the Lamb-shift Hamiltonian is

Hrs =) EapAas, (D.7)
a7ﬁ

and we have defined the incoherent rates

Faﬁa’ﬁ/ = 271-1'045(1’5’ ("%304)) (D8)
and energies
© I / ’
Eap = Z P/ dy BB a(y), (D.9)
3 0 wppr —V

with wga = wg — wq the difference in energy between states |«) and [3), i.e.

wo (Oé =0,8 7£ 0)
Wha = § —Wo (6=0,a#0) (D.10)
0 (otherwise),

while the spectral functions are

1 a * o' B’

S (EN)ATS@r) (e = )

Iaﬁalﬁl(y) = q#0 (D.ll)
0 (otherwise).

The inversion symmetry of the Fermi superfluid implies that S(q,v) = S(—q,v). This

leads to an enormous simplification, since most of the 256 functions I,gp(v) can be
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shown to vanish identically. In particular, Z,g. g (v) = 0 if any pair of indices are equal
to each other, while the other pair of indices are not equal to each other. Furthermore,
Zoparp(v) = 0 if all four indices are different. This leaves in total 40 nonzero functions
of the form Z,508(V) = Zgaap(V) or Zaaps(v). However, due to isotropy and the index

permutation symmetry we are actually left with only 5 independent functions: Zgggo(v),
IOOaa(V)a Iaabb(”); IOaOa(V); and Iabab(V)a for a 7é b.

Referring to Eq. (D.9), the aforementioned conditions imply that =, vanishes unless
a = (. Therefore, the Lamb-shift Hamiltonian (D.7) describes a simple energy shift for
each state. Furthermore, each sublevel of the excited state receives an identical shift relative
to the ground state due to rotation symmetry. These energy shifts can be absorbed into

the definition of the trapping frequency wg and shall be ignored from here on.

Regarding the incoherent part of the master equation (D.6), three types of terms can
be distinguished. First we consider dephasing processes, which are governed by terms in
Eq. (D.6) with a = 8 and o/ = /. The corresponding rates of the form T'ynq7q can be
shown to vanish even at finite temperature, assuming that 7' < ©g. To demonstrate this,
we use the fact that, as shown in Appendix C, the dynamic structure structure factor in

the limit ¥ — 0 is given by

00€q

Wq

S(q,v) = (14 ng)d(v —wq) + ngd(v +wq)], (D.12)

valid for T < Oy, where nq = (e’“a — 1)~ is the Bose-Einstein distribution and wq = cq
is the sound-like dispersion relation of long-wavelength phonons. Plugging this into the
definitions (D.8) and (D.11), we obtain, for example,

T 2I (00) 2
LCoooo = gli% v ;P\q |“S(q,v)

KQPO . 3 pv
© 27mcd il—>mo [V coth <2>}

= 0. (D.13)

A similar argument demonstrates that I'ggeq = Faaoo0 = Taary = 0, therefore dephasing

processes do not contribute to the master equation.

The second kind of incoherent process we consider are transitions between the three
states comprising the upper energy level, occurring at a rate Igpqp. It is straightforward to
show that this rate also vanishes, following an analogous argument to the one presented
in Eq. (D.13). In particular, we have that Z,pq(v) ~ % as v — 0. This shows that the
rate of incoherent transitions between these sublevels is negligible, even if an anisotropic
perturbation breaks the degeneracy and a small energy difference v exists between these

states.
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The third kind of dissipative process corresponds to incoherent transitions between
the ground and excited states, occurring at the rates I'gq0q and Igoq0. If we assume that
wo > T, as in Chapter 5, the rates I'4pq0 are vanishingly small, and thus the probability of
a transition from the ground state to one of the excited states is negligible. The state of
the system thus remains within the subspace comprising the ground state and whichever
excited motional state is addressed in the experiment. We conclude that the two-level
approximation is valid, so long as T < wp, ©p. Within the qubit subspace, the master
equation (D.6) is thus equivalent to the equation (5.14) in the main text, with v~ = I'ga0q
and v* =~ 0.

D.2 Multiple impurities

Now we consider the case where N impurities are immersed in the superfluid. In this
section, we consider only two states for each impurity, which will be shown to be a self-
consistent approximation. We assume that the energy splitting of each impurity qubit is

identical, leading to the autonomous Hamiltonian
N
Hy = Z woaj'-"aj_, (D.14)

where a+ = (O'J-_)T =|1;)0,| is the usual raising operator pertaining to impurity j.

We assume that the minimum of the potential confining impurity j is at position x;.
The excited state of qubit j corresponds to motion in the direction parallel to the unit
vector Elj, which may be different for each impurity. The vector aj can be understood
as a kind of dimensionless acoustic dipole moment associated with each impurity. The
interaction between the impurities will be seen to depend on the relative orientation of

these dipole moments and their mutual separation vector.

We write the interaction between the impurities and the Fermi gas as
N 1 A ‘
Hap = Z Z Im;)nj| @ /d3r o) (r — xj)¢>,(f)(r —x;)o(r)
=1 m,n=

N
Z Z |m) TLJ‘@ZA quﬂg (D.15)
j=1m,n=0

q#0

where ¢£{;) (r —x;) denotes the wave function of impurity j in state |m), and the coupling

constants are

(mn) _ 3. iar (i :
A —/i/d r e 970 (r) o) (r). (D.16)

Upon deriving the master equation, the terms in Eq. (D.15) with m = n give rise to three
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contributions: dephasing, yet the rate for this vanishes according to the arguments in
Section D.1; local energy shifts, which can be absorbed into the definition of the impurity
trap frequencies; and a bath-mediated interaction between the qubits of the form 050,
which does not affect the dynamics of populations in the energy eigenbasis. Since we are
interested in the evolution of states that are diagonal in energy, we ignore these terms and

obtain the simplified interaction Hamiltonian

1 iq-x; * —igx; _—
B= VZZ(AQJGM Io] @ 0q + Ag e 0 ®QL)7 (D.17)
J a#0

where \q ; = )\gl’?).

We now derive a master equation describing the impurity density operator p4 under
the same approximations as in Chapter 5. Neglecting the bath-induced renormalisation of
the local qubit energies, and working at temperatures T' < wy, the master equation reads

as

dpa

. . _ _ 1 _
R =il Hal 41 malonaf o1+ ST (07 0a0f = S (ofoy 0} ) (DY

J#k Jk

The couplings appearing above are given in terms of the spectral functions

Z)\CIJ q,k COS q r]k)s(qay)a (D].g)
q750

where rj; = x; — x;, denotes the separation between impurities j and k. Note that Z;;(v)
reduces to our standard definition (5.15) for j = k. The parameters entering the master
equation above are given explicitly by

F]’k = QWIjk(WQ), (D20)

Mk = /OOO ay L) (D.21)

Our goal now is to find a spatial configuration such that Z;,(v) = 0 for j # k, so that
the impurities effectively decouple from one another. Evaluating the spectral functions in

the thermodynamic limit, we use rotation invariance to obtain

3
7u) = [ 5k @u@)S(an). (D.22)

where we defined the dimensionless form factors

1
Qi(q) = ) /52 dXq )\q])\q kcos(q-r), (D.23)
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while d¥q denotes the surface element on the unit sphere in momentum space. Within
the isotropic, harmonic approximation for the impurity wave functions, we have that
&) (r) o< Hpn(d; -v/0)e"/2 where H,y,(z) denotes the m'™ Hermite polynomial. Hence,

the leading-order contribution to Eq. (D.23) as rj;, — oo is
1 _p2.2 . 3 ~ 3 A
P(q) ~ §£2qze q /Zsmc(qrjk) <dj . rjk> <dk . rjk> , (D.24)

where t;, is a unit vector parallel to rj;. This approximation is valid in the limit gr;, > 1,
and since only values ¢ ~ /=1 contribute to Eq. (D.24) significantly, this corresponds to
the far-field condition 73 > £.

Now consider the case where the motion of each impurity is excited in the same direction
aj = d. By arranging the impurities in a regular array with lattice vector b, such that
b-d=0and b > ¢, it follows from Eq. (D.24) that ®;z(g) = 0 for j # k. In such a
configuration, the impurities evolve independently according to the master equation (5.14)
in the main text. Note also that Eq. (D.24) implies that the population of each impurity’s
motional states in directions orthogonal to d are not influenced by the other impurities in

the lattice. Therefore, the two-level approximation is self-consistent.



