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ABSTRACT

In the first chapter, we give the doknilis of bLus LS Tormilatinn
of fiald theory, including the reduction of s~matrix elements to time
ordered functions and,; for some restricted region in momentum space,
to ordinary retarded function. The second chapter starts with
(Burgoyne's) definition of generalised retardcd operators R, and their
propertics which have been proved by Araki, Burgoyne and Ruelle,
Reduction formulae are then proved for them i.e. expressions are
obtained for the commutators of an arbitrary generalised retarded
operator with in- and out-fields. These formulae lead, in a natural
way, to a special subclass of gen.ralised retarded functions whose
analyticity and support propertics are studied in some detail. We also
prove that they are identical with the set of Steinmann retarded
operators introduced in reference (8) as well as with Burgoyne's
special subclass defined in the appendix of his thesis. In the
end, we obtain a gencrating functicnal for this particular subclass of
retarded operators. In the third chapter, we prove that the matrix

element

<p1,p2,ouo,pm Out /"'pm+1,"'Pm+2,.009"Pn 11’17

. : s . S
can be rcduced, for arbitrary p, to a linear combination of r} , the

B

retarded functions belonging to the above subclass. An explicit

expression for this lincar combination is obtained for p{ica and
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is found to bhe identical with *+he exransion cf T, in terms of rﬁ.
This expansion is itself obtained in the fourtkh chapter, which alse

contains the proof of linear independence of r

5
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CHAPTER I

LSZ FORIMULATION OF FIELD THEORY

1. Introduction

During the past few years, considerable amount of work has been
done on the axiomatic approach to quantum field theories. The motivation
of this approach has been the fact that although a large number of
interesting results; which agree fairly well with experiments, cah be
obtained by conventional methods, i.e. by using the Lagrangian formulation,
the perturbation theory with renormalization, and dispersion techniques,
it has not been possible to give a satisfactory answer to the question;
whether mathematically rigourous solutions of rehormalized field equations
exist ih any theory. In other words, one is not sure if the very basis
of the above techniques is correct., One therefore tries to analyse the
structure of field theories by setting up a self-consistent scheme which
starts from certain fundamental axioms based oh well established physical
principles. Fortunately it is found that a fairly small number of axioms
lead to a remarkably large amount of interesting and important results.

At present, there exists two important formulations of the axiomatic
approache The first one, essentially due to Wightman1, starts with
certain general principles, the so-called Wightman axioms, such as the
postulates’of quantum physics, relativistic invariance etc. and studies

the properties of the vacuum expectation values (v.e.v.) of products of
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(Heisenberg) field operators which follow from these axioms. These

v.e.v's are called the Wightman Functions. The second formulation,

which is due to Lehmann, Symanzik and Zimmermannz’3 and is called LSZ
formulation, starts with the same axioms, but studies the properties

of v.e.ve. of time ordered and retarded products of (Heisenberg) field
operntor instead of those of Wightman Functions. It then goes on to make

a further assumption, the Asymptotic Condition3 and this enables one %o
give a particle interpretation of the theory, to define the S-matrix and

to connect the S-matrix elements to the time ordered and for some restricted
regions in momentum space, to the retarded functions,

When the theory is analysed in terms of these funetions, it is
found that some of the axioms, such as relativistic invariance and locality
ete. lead to linear relations on them, while some others such as positive
definiteness for Wightman functions and unitarity for retarded functions
lead to non-linear relations. This breaking up of the theory into linear
and non-~linear parts is an important feature of axiomatic approach and is
in distinet contrast with the conventional approach where any theory of
interaction necessarily hos non-linear field equations and is therefore
wholly non-linear.

The object of this disseration is to extend the LEZ formulation by
reducing the S-matrix elements in terms of retarded functions for every

point in momentum space, In other words, we obtain an expression for

/ — - — s
< Pq3Pps ceey P out / Pred? “Ppgo? o0 “Py 1n>
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which is essentially the Fourier transform of a retarded function even
when both m and n-m are >2. As we do not have more than two
particles in physical processes, (a case which has already been treated
by LSZ), it may seem pointless to consider matrix elements having more
than two particles in both the initial and final states. The answer to
this objection lies in the way one approaches the whole prcblem.  Here
our aim is not to explain some particular reaction between particles,
but to formulate a theory which, we hope, contains a complete description
of all the reactions. In order to give a full account of this theory,
to have a clear understanding of its structure and to get maximum amount of
information out of it, we must evidently study all its aspects, i.e, we
must study cven those reactions and processes which, though not physically
possible, are however, contained in it.  Further, even though the collision
processes occurring in nature have at most two particles in the initial
state, their behaviour depends on the properties of processes in which
this restriction is not present., This follows from the fact that
unitarity of S-matrix leads to many particles intermediate states, so
that we get cquations relating the matrix element of the original
(Physical) process with those of processes which have many particles in
the (intermediate) initial and final states. Clearly, for a satisfactory
analysis of these equations, it is essential to know as much as possible
about the gemeral matrix element. The importance of this fact has been

recognized for a long time, and some work has already been done in this
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direction. In perturbation theory, for example, Nambu24 and Nakanishi25
have obtained expressions for the matrix elements corresponding to

general Feynman diagrams having any number of incoming and outgoing
particles, and the latter author has also discussed some of their
analytie properties. Again, in axiomatie theory, Polkinghorng has

given an expression for the amplitude of the process: one nucleon + n1
mesons -3  one hucleon + n, mesons, and has derived dispersion relations
for it.

For the actual process of reduction, we use the generalized
retarded functions, which have been defined by Araki4, Burgoyne5,
Polkinghorne6 and RuelleT, and are natural generalizations‘of the
ordinary retarded function of LSZ, In spite of the fact that LSZ have
already reduced the general matrix element in terms of time ordered
functions, our reduction is desirable, because the analytic behaviour of

retarded functions is much better than that of time ordered functions. The

reason is simple. The Fourier transform

A
- Ira(P1a Dos eeey Pn)

of each of the generalized retarded functions is the boundary value of

*

én analytic function

H:(S_.l, 832’ ecwy S\n), S'i E pi + i qi

as the imaginary part of 8 -3 0 i.e. q_g(q1, oy +ees qn) -3 0
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in a certain fixed manner. On the other hand, the Fourier transform

.
Y (s Py eees )

of the time ordecred function is the boundary value of the same analytic
function H as the imaginary part of S ——» O in a way which depends
on p, the scal part of s i.e. 'gf(p) is a different boundary value of
H for different points p. Clearly, it is much easier, mathematically,
to deal with a function which is the same boundary value for different
values of its argument than one which is not.  Another point in this
connection is that the restrictions imposed by the causality condition
take a very nice form for retarded functioné, nomely, we get some
retardedness (i.e. support) propertics of these functions, whercrs this
is not so in the case of the time ordered functions. Finally, we remark
that an analysis of retarded functions is, in fact, nothing but an indirect
way of analysing the time ordered functions.

In this chapter, we give the details of LSZ formulation, including
the reduction formulae for time ordered and retarded functions and the
exprossions of the S-matrix elemepnts in terms of these functioné. The
next chapter starts with the (Burgoyne's) definition5 of generalized
retarded operators R@, and their properties, which have been proved by
Arakid, Burgoyne5 and Ruelle7. Reduction formulae are then proved for
them, i.e. expressions are obtained for the commutators of an arbitrary

generalized retarded operator with in- and out-ficlds.  These formulae lead,
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in a natural way, to a special subclass of retarded functions, whose
analyticity and aupport properties are studied in some detail., A
generating functional is also obtained for them. In the end, we

prove that they are identical with the set of Steinmann retarded
operators introduced in the ref.8, as well as with Burgoyne's special
subclass defined in the appendix of “his Thesis5. In the third chapter,
we prove that the matrix element

.
<P19 Pos eee Dp out /"' Pusd? ~ Ppyqr oo N

can be reduced, for arbitrary p, to a linear combination of =r_'s, the

B
retarded functions belonging to the above subclass. An explicit expression
for this linear combination is obtained for p & oa and is found to be
identical with the expansion of rcnin terms of ﬂ3' This expansion

is itself obtained in the fourth chapter, which also contains the proof

of linear independence of rB.

2e Axioms of the LSZ formulation of field theory

For simplicity, we consider only a self interacting neutral
scalar field @ (x) of mass m, without any bound states, but the
whole formulation cah be easily carried over to the cases when we have
more than one field, or when we have a general tensor field instead of
a neutral scalar one. Let us start by listing the axiom of the theory:
(1) The usual postulates of quantum mechanics are valid, i.e.

states of any system are represented by rays in a (separable) Hilbert spacejh‘,
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with positive definite metric, and observable by self-adjoint operators
in 34: A ray is a set of vectors of i?#” which differ only by a
multiplicative constant., We represent it by a normalized vector of the
set. We adopt the Heisenberg picture,; so that a ray represcnts the same
state for all times.

(2) The correspondence of the rays of g?%'to physical states
leads to a unitary representation of the inhomogeneous Lorentz Group
(without reflections) by operators in é&ﬁf, i.e. to every inhomogeneous
proper Lorentz transformation (a,A ) corresponds a unitary operator

U(a, A) such that

U(a1, Ay) U(az,l\z) = Ulay + Aya

9

o1 Mydy)
According to Wigner”, this representation is a direct sum of a number of

irreducible ones, each of which is characterized by two numbers, the mass
1 3

m and the spin s =0, 2, 13 2 4 ses + The restriction to scalar
states means that we consider only the case in which the mass spectrum
consists of the vacuum, a discrete point m which corresponds to s = Q,
and a continuum starting from 2 m. Clearly, for a physically meaningful
theory, m must be Teal and non-hegative.

(3) The (Heisenberg) field is dofined as follows. To every
point x of space time, corresponds a tempered distribution valued linear

operator © (x) in 3. This means that the operators

L{i&x f(x) o (x) + ufﬁx1 dx, f(x1, xz) ¢ (=) Q(R@) F oeee

+thx1 dx, oee dx, f(x1, Xy eve s xn) o(x4) <9(x2) s (xn)
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are (unbounded) self-adjoint operators 1n3’t’ Here f(x1, Ty vee xn)
are real test functions of 4-vectors Xy belonging to the class,/ﬁ;,
i.e. functions which are infinitely many times differentiable in all
variables and vanish at infinity stronger than any power of / XiL/.
(4) The field ¢ (x) is covariant under inhomogeneous proper
Lorentz transformations
Ua, &) ©¢(x) U‘1(a,A) = 0(Ax+a) .
(5) It follows from (3) that the translation operator
U(a, 1) is unitary so that it is of the form"
U(ay; 1) = exp i P.a
where the gencrators P  are self-adjoint operators, with the properties

that

o(x+a) = eiPa o (x) o 1P

) o ]
é—x— G (x) = 1LPP" cp(x)“g.

We interpret them as the energy-momentum operators, and require the
energy-momentum spectrum of the states to be rcasonable.  This latter
statement means that there is a unique state ﬂ%, the vacuum, in jﬁﬁg
which is simultaneous eigenvector of P corresponding to zero eigenvalues
(and is invariant under all the proper Lorentz transformations) i.e. its
energy-momentum is zero, and that the energy-momentum of any other state

oféqﬂis either timelike or lightlike, with its energy greater than zero.

We use the metric X.§y =2 § = X.J¥
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(6) The field ¢(x) is local, i.e.

&P(X), <P(y)}= 0 for (x-y?<o0.
This expresscs the principle that physical effects cannot travel faster
than light, so that a measurement at x cannot have any effect on one
at x' if x - x' is spacelike.
(7) Asymptotic condition. Let f£(x) be a normalizable

solution of Klein Gordon equation of mass ms

K, #(x) = (CL+ ) £(x) = 0
_ 2> o &
q = ox 2 = 3 2 - 3 2 B'X 2 4
0 X X5 3

and let us define

.
of(x) = 1fazom o, &)

=1 [z fow g:—o (x) - {;z-; o} #F=]

for any operator O(x ). Then the 1limits>
Li T
L (2 #=) ¥) = (2, &, ¥,
x° —y -
Lim f £
(o ) 1) = (2, 0u," ¥)

z° -5 4+ ©
exist, ¢ and YV Deing any states of l(’ in the domain of operators.

Further, (Pin(x) and (Pout(x) are free fields of mass m, i.c.
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{(p (%), (P (x -j= {%uﬁ;(x)’ (pou‘t(x’).} = 3 A(x«:{l) :

(CL+5) g0 = (D + ) g (0 = 0
yhore
A (x) ) ko™ 502 - D) 5(°)
( nis

and are irreducible, i.c. the states

¢ 3 7 9in (&) % %n (%) ®in (£5) Yy s wee s
out out out

4n (E4) oy (Fp) eer gy (B) X
out out out
span the whole of Hilbert space .}{i/

The first six of these are the usual Wightman axioms. The
seventh one, i.e. the zsymptotic condition, essentially says that in
infinite past and infinite future, the field ¢(x) behaves like a free
field. These free fields represent the incoming and outgoing particles,
so that we have the particle interpretation of the theory as mentioned
in the introduction. It must be noted in this connection that Haag10
and Ruelle11 have shown that a part of the asymptotic condition, viz.
the existenoe of in- and out-fields follows from the previous axioms
provided only that we modify (5) by assuming.the existence of a discrete
mass state of mass m, which is isolated in the mass spectrum,  However,

the irreducibility of these fields is an independent axiom and does not
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follow from others. As the in- and out-fields are both irreducible,
they are related by a unitary operator

+

-1
o .(x) = 8 @in(x) S, SsT =1,

out
This defines the S-matrix of the theory.

The current is defined by

Ko@) = (Foen) o (x) =3,
and this implies
0@ = q @ +fa' agx-x) i(x)
? ot (X +fdx' 4 (x - x) i(x).

The coefficient of © in(x) and, (Pout(x) on RHS is in general a constant
which may or may not be equal to one, but we can always arrange it to he
one by a suitable redefinition of the field ¢ (x) (by taking the new field
to be a constant multiple of the old one).

From cpin(x) and (pou’c(x) we can construct complete sets of
incoming and outgoing states in the usual manper. Let ifa(x)B be a
complete sct of c—number solutions of Klein Gordon equation of mass m, so

that
. 9 pd 6
lfd LS (x) axo %% (=) = ab

"M

£ £5 () = 1 A (x-x)

- &

where A+(x) = —
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Then any self-adjoint operator A(x) can bo expanded in terms of fa(x):

Ax) = g: ‘%a(x) A% (x) + fax(x) 22" (xoiﬂ

with the coefficients Aa(xo) given by
A (xo) = i \fd x A(x) 20 fa(x)
When A(x) = Pin (x), the operators o ?n (xo) are independent of
out % Out
time, so that we write them just as @in . They satisfy the
out

commutation relations

)
Q-

a b*
[q)in 4 %n { ab ?

out out

a b 7 a¥* b¥

Pin ? Pin [@in P
{;out out:)

out out
and create incoming and outgoing particles in state fa, sc that the

I

complete set of states consists of

. _ aq¥* ap¥ an*
:(8.1, a2, ey an in = (pin q)in so0 (piII /O>
. out
out out out

n=0, 1’ 2’30-:

where /0P 2 ¥ _ .
We assumc that
/ainy = [aoutD> .
This expresses the fact that one particle states are stable. The in- and

out-states are connected by the S-matrix

/ a.], a2, soey an in> = 8/31’ 3.2, ecey an OL‘L'D
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so that
{b out/a ind" = L bout /8 /a out >
ice 8, = (bout/a iny .
Here a and b represent set of indices B4y Bpy eeey 3y and b1, b2,..., bm.
If {—fa(x)% is taken to be the plane waves, we shall take the
normalization

1 eipx 2 2

f (x) =
p (2n)3/2

It follows from the asymptotic condition that the operator which
transforms the in~ and out-fields under Lorentz transformations is the

same as that for @ (x) i.e.

Uay8) oy, (1) UT(a,H = @y (bxea) .

out out

In particular, the energy-momentum operator is also the same so that we have

iPa ~iPa
¢, (x+a) = e P, (x)e ,
out out
Q - 3
ox u in (z) i {PU-’ ® in (x)} .
out out ’
3, Reduction of S-matrix elements

As stated in the introduction, the asymptotic condition may be
used to express the S-matrix elements in terms of v.e.v, of certain

products of field operators, A useful quantity in this connection is the
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time ordered product (the T—product) which is defined as

T(x1, Xy eeey Xn)

1

Z:G(x. °ox, No(x, -x ) .0z -x 9
TN 2 2 3 -1 'n

2 e ? 1) (1)

forn=1, 2’ 3, LRI )

® (xi1) o(x;

1 for n= 0.

Here 7 is the permutation k —~—» ’1k and the summation extendsover the
set of 2ll the permutation of
(1, 25 3y veey n)
Its vacuum expectation value
tj(x1,x2, cees xn) = <o / T(x1,x2, cees xn) / 07
is called the time ordered function (CT function). It is easily scen that

T(X1,X2, ese gy Xn> = ¢ (X'.L,') (P(X._Lz) so e @(Xln)

where (i1, 1oy eesy in) is such a permutation of (1,2,...,3) that
o. 0 ) 0 0
X, 7 X, » x. s X, > x. .
1 2 3 7 ? Tn-1 n
As in (1) we have multiplied a distribution (the product of field operators)
with a discontinuous function(the product of 6-~functions) the definition
is not well defined in the sense that ambiguities appear at the points
X, =X. o
PR
We now prove that the time ordered :roducts satisfy the following
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. 2
reduction formula
a¥*

in @

*
T(X1,X2, soey xn) ¢ 2[113 T(x17 Xos oy xn)
= -lfdz fa(Z) KZ T(X1, X29 LR NN ] Xn, Z) » . (2)

Let ¥ and _Pbe arbitrary normalizable states of ¥, Then using the

*
asymptotic condition and the definition of @ (zo), we get

- *
W ( _}l;{ s [ST(X19 ng 900y Xn) ’ ® ?.n]('e' )
- ' *
. Lim (v, [?T(xwng ceey Xn)’ e (zo) ]9)
z —-—% -

. Lim 'l
=-i 00 f dz ( _\{;,%T(xvxz, cooy xn) o (z) - ¢(z) ST(X1, X5

—
veesy Xn)) ©9) o fa(z)

Z

I

_3 ZoL;lj ) oode (¥, [ST(x,l,xz, veey Xn) ¢ (z) - CPin(z) S

)
T(x1,x2, vees xn)]i)ﬁzo fa(z)

- ¢
-3 Lim fdg (¢, LST(X1,X2, cevy X z) - S ? ot ()

z° =3 - o
é ra
T(X19X29 ceey Xn)]g)szo fa(z)

In the last stepy; we have used

o ’
(Pin(z) BoF S?out\z)

and the fact that as 2° —3 = 00, 2° ¢ xio for all i and so ¢(z) can
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be taken inside the T-product. Now writing
- OL““ jdz ( ) = fdz&o( ) - OL”” fd_z_(
we get

(}l{ 3 [ST(X-ls Xy ecey Xn) 3 (P?nJ A )

=1 fdz 520 [( Yy {ST(X1’ XZ’ toay Xny Z) - S(Pou-t (Z) T

(X155 eooy xn)3 ® )é_go fa(z)J- i oLim fdg_ (¥,

Z -3 + 00

{ST(X1,X2, ceey X z) - S (pout(z) T(X‘I’XZ’ .o xn) } o )

T, 2,0 (3)

2

The two terms in the seccond integral vanish, as we have

Lim
o S @, (z) T(x1, Xy weey Xn)
z -3 +

Lim
= Zo _.) + S(P(Z) T(X1’X2’ evo g Xl_’])

Lim o] )
2225 + oo S’I‘(x1, Ty seey Ep z) as z B . X; .

Carrying out the indicated differentiation, we sce that the first term

of the first integral is
ifdz( -l!'] ’ {ST(X1,3€2, o0 0y an) 6 i fa(Z) - B
Z z%
£ (2) 3 2)

2
S (ST (x1x2,.., X z) )
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. 2 2 2
= 1fdz(_}{!, {ST (xg9 Xps woey X z) (v -n") fa(z) -ézo

L

(sT (x1,x2, ey X5 z) ) fa(z)} 2) as Kz fa(z) =0

- ifdz (2 {fa(z) (520 - '\7_§-+ m2) ST (x1,x27, veey Xn,Z)} 2

Z

- ifdz (¥, s fa(z) K, T(x1,x2 cery X z) @)

where integration by parts over spatial variables has been carried out.

Similarly, the second term of the first integral in (3) is
1fdz (v, s fa(z) X, (gut(z) T(x1, Xy eoey xn) 9 )

and this vanishes as @ out (z) satisfies the Klein Gordon equation.

Hence (3) takes the form

n¥ *
(v, {ST (x1, Xy eees xn) @in - Q?n ST(XJL,XQ, cees xn)J 9)

= - ijdz (¥,s fa(z) X, ‘I‘(x1, Xps eees X z) Q)

a% a¥* .
or (VY , {T(xv Xpy sees Xn) (p;n - © out T(X.],xz, veoy Xn);; _P)

-

=—i.fddly,%'@)KzﬂxPxe.”,%ﬁz)ﬂ )

* *
as S % g= ¢*

v ; ate Ao
in ot Ae ¥ and 9@ are arbitary states of %}’C,

this equation shows that (2) is true.

An alternative form of (2) is obtained as follows. Write it as
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a%

. H 1 ' 1
EST(X‘I’ Xpy ey xn) q)in}': - ifdz (z) K,, ST (x1, Xpgee 3 Xps? ) |

The corresponding commutator with (Pi’n can be evaluated in the same way

and is given by

a . ! X !
EST(XVXZ’”’XH)’ (pinz= + sz £, () K, ST(x1,x2, ceey Xy Z )
Multiply now the first equation by fax(z ), the second one by f_h(z),

add them and sum over a so0 2s to get
[S'I‘(x,],xz,...,xn), g{cp?_‘:fax(z) + q’in fa(z)a} = - ifdz’
ig:fa(z') fax(z) - %: fax(z') fa(z)j K, ST (ZysXy voes xn,z')
or [ST(X1,x2,...,xn) , 'cpin(z)j
= fdz' EX‘-(Z’ -2) = A (-2 4+ z)] K\ ST(x45%p5 ey X9 zt!)
As

(2t = z) = Ozt +2) = A(z' =2) + 2A7(2' - 2) = Alz' - 2),
this gives

[S’I‘(x,],xz,..., xn), q)in(z)] = fdz!A (zt - z) K, S'I‘(}:,l,xz,...,xn,zl)

| (4)

Next we come to the reduction2 of the matrix element
LpysPpreees By 008 /=B gs = Bppy eees By 0D (5)

. At . . .
in terms of « —functions. The energy-momentum conservation requires

Dy + Do+ eee v D 4+ D = o .
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We assume that none of the partial sums

Py .

+p12+...+pi, i <n
J

1
vanish. Here (11, gy eees ij) are any J of the indices (1,2544.,5n).
In conventional theory, this assumption corresponds to considering only
the connected Feynman diagrams.

The reduction requires the result

(pvp/ k1,k2,...,knv>=0 if p%ki, i=1’230-|’ n
(6)

Vv = in or out,

which can be seen to be truc as follows. We have

ko #
N T N D A A A Ky eeesly VP

i

kg * '
@51 q‘)vp/ k‘?, k39 cey knv ) + 6 (P - k1) /k29 k3’ ¢cc gy knv >

k% :
0,1 @vp/kz,kB, ooy KV

fl

*
by using the commutation relation for <P€ and @\F1 and the fact that

p # k, so that ® (p-k4) = 0. Repeating the process (n-1) times, we get
Joq* ko ¥ k¥
B/ Kpskys weey by vV P @l 0,2 ... o, ¢,/ 0 = 0

as 0,7 /0) = 0.
Calling the matrix element (5) asX, we see that it can be

written as

D, ¥ )
L= <P17P23 *cey Py out / (Pin Pn / = Ppyqr T Ppyprcces ‘Pn_11n>
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Now (2) with n = O gives

=P, ¥ -p, ¥ -i.-p X
o ° - (pn—~ifd_xne TR e (k)
in out n
80 that
ipnxn
X = - ij:bal e Kxn<:p1,p2, sesy D oOUE / qun) /—pm+1,—pm+2,
.-p *
. n /
te0r T Fped 1n> * PP cees PpOUb / Pout “Pnst1? Ppypr v
~Pp_1 :m)

fAccording to our assumption

p.+p ;4 0] i=1’ 2’ so 0y m’

i n
so that (6) implies that the second term vanishes, i.e.

*

ip x P
. nn n~1
Xe=-t Jadxn ° Kxn <<,’P1’P2""’pm out / o (=) @ /—pm+1’_Pm+2’
L ) "‘pn_g in)

2 i(pnxn+ pn—1xn-1) .
= (-i) fdxn_,ldxn e K_K 1(1)1,132,..., p, out /T

*n *n
iy Xy
(Xn—~1’xn) / “Put1? “Ppyps 00t “Ppo in> - ifdxn ¢ Xy <p1’p2’
) n
=P
sees Pp out / qloutn-1 % (Xn) / Pt —pm+2, R M S id:;

'. 2 i(pn-1xn-1+ pnxn) .
= (~i) fdxn-’l dxn e Kxn_1 Kxn <p1,p2,..., R out /

. -
T(Xn—1> ?n> / P19 Ppgps cces “Ppo A /

as the second term again vanishes. Proceeding in this way, we get
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n
.\ - NI

m el Tm2 n
4{:p1,p2 -+ey D oUt / T(Xm+1xm+2"'°’ xn) /0 j>~.
Next, using
? qut T (FpsXpseeesxy) = Txpsipy <oy 3,) @'y
= - i.Jsz fax(z) K, T(x1,x2,..,, X z) (2a)

which is obtained in the same way as (2), m times, X can be completely

reduced to

X = <p1’ p2 LR ] pm OU_'t / hand m+1, hand pm+29 *eoy —pn7
n
= (-i)" dxy dx, e.. dx, exp(i%»vpi}ci) Kx1 K kx KO0/ T(xq9Fproeey
x ) / C):>
(7)

This is the required expression of the mafrix element (5) in terms
¥ ~functions.
In addition to the reduction formulé (2) for the T-product, 197>
have derived a similar one for retarded product of field operators (R-product)

also. This product is defined by
R(X;X1 ,Xzy vecy Xn)

- Fo-xg) e () - x) w0t - [F [@(x), )],

1 1

... , ¢(x ):] for n = 1,2,3, ... (8)

@(x) for n = .
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where ¥ is the permutation k -» i, and the summation extends over

k
the set of all the permutations of

(152935 eevy n)
Its vee.v,

I‘(X; X1,X2, “sey Xn) = (O / R (X; X.]Xz, te0 g Xn) / o>

is called the retarded function (r —function). It is evident from the
definition (8) that R( and hence also r ) vanishes if any of the xio is

greater than =°. The advanced produce is similarly defined by

A(X;X1 9 eeey :X:n)

%’G(xz - %, ) 8 (xg =X, ) ees G(x;l- XO)CC...@(X),(P (Xii)] .

n n-1 n=1 n-2

]

(P(xiz) ] cee ], ¢ (xin)} s, Torn=1,2,35.e0. ©)

¢(x) for n=20,

It

a(xngxz, cens xn) = <O/A(x; Xy5 Xpy oo xn) /0.

. . o . o) .
and vanishes if any of x; is legs than x . The reduction formulae

3

for these products™ are

a¥
[R~(x§'x1,x2, eo0oy Xn) ’ (p ill }

= "'i JGZ fa(Z) KZ R(Xi X.1gx2, eoey Xn,Z) 9 (10)

a%
E(X;J@P ZX'Z, seey xn) y @ outl

= - ifdz fa(z) K, A(xs Xys¥ps oo xnz) . (11)



*
They can be proved as follows., Using the definition of cp?n and

asymptotic condition, we get

a¥ i
(R (X;X_.I,XQ,...,Xn), (&n]

. 1 &>

=i U fdz [R(xgx sXneeesX )y © (z)] 3 f (z)

o 1372 n o “a
z° -3 - @ z

in the sense of weak convergence. Now it is easily seen that

Lim Lim
2° —y - o R(X3Xy9%pp00e9X yB) = 0 S Oo[R(x,x_l,XQ,...,xn), @(z)j

For, as z° < x(i), i=1,2,.. ,n, a factor Q(Xi — z) can always be supplied
on the RHS, while all the terms appearing in the expansion of +the LHS,
other than that written on the RHS, have a factor 6(z - xi) for some . i
and so vanish. Thus

(*
{:R(x $XypXpyeeeX, ) s o =

5,

«
= =i oM _ oofdz R(xs EIPE SPPPRFE I z) B o f (z)

z° -2
Lm
= fdzo {R(xx1,x,..,,x) 3 f(Z)]—l 20 _: + o
fdz R(x;x,],xz,...,xn z) c‘jzo fa(z)

I

’v?
ifdz BZO [R(x;x1,x2,...,xn, z) dzo fa(Z)}

the second term being zero due to the fact that as 2° >+ 00, x° <z° and

so the R-product vanishes. Now cerrying out the indicated differentiation,
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substituting

(‘?E? - m2) fa(z)' for Bzi fa(z)

and integrating by parts over the spatial variables, we get

a%
{R(X;X,‘,XZ,.“,XH) ’ (Pin]

2
. -2 2

which is the required formula (10), (11) can be proved in an exactly

similar manner. The Hermitian conjugates of (10) and (11) are

- a
[(P in °? R(X§X1 RSTRRE ’Xn)]

] »*
=~i‘}pdz fa(z) K, R(xgx1,x2...,xn,z) , (10a)
f a 1
L?out ’ A(x;x1,x2...,xn)]
*
= -1 erz fa(z) K, A(x;x1,x2,...,xn,z) (11a)

These are obtained by using the Hermiticity property of R- and A~ products

. [R(X§X15X29- oo an)} ¥

{A(x;x1,x2,...,xn)J %

which can be easily verified.

n
(‘-1) R(X;X1,X2,...,Xn) [

It

n
(-1) A(X§X1 sxgs'--axn) ’
* 1
If (10) is multiplied by £, (z ) and added to (10a) multiplied
1
by -fa(z ) and the equation so obtained summed over a, the result is

[R<x§x1 1Xo90es ,Xn) ’ (Pin(-"-') }

1 \
= fdz A (Z jad Z) KZ' R(X§X1,X2,.o-’xn?z ) (12)



similarly, (11) leads to

[A(x;x1,x2,..,xn) . (pout(z)ji
= v{hzl A (z'— ) Ko A(x;x1,x2,...,xn,z!) (13)
1SZ> have shown that the reduction formulae (10) and (10z2)
and the assumption of unigueness of one particle states can be used to
express the matrix clement (5) in terms of r-functions, in the particular
case when m = 2, For in this case, we have

X=<p1,p2 out / “PBS "P49 socyg ~ Pn 1n>

Py
<p2 in /CP out / - Pys = Pgy eees =Py in as /p2 out>= / D, in>

I

It

ipgxy . |
_1fdxle KX1 <p2 1n/ (p(X1)/-p3,-p4, seey = Dy 1n>
Py
+ <P2/<pin/—P3s"‘P4! "'S-Pn1n> .
The second term vanishes as

Dy # pys 1= 334 eeuy ne

Hence, using (10) we get

Pax
X

]'_3;)1}121 .
- 1fd-x1 e KX <P2 1n/ (P(X1) in /" Pga=Pgs eecy ~Py 1n>

il

2 HpyXy+ py¥y) . .
(-1) fdx1dx3 e KX1KX3 <P 1n/ R(x1gx3)’-p4,-p5,...,-—pn 1n>
the additional term being again zero, as ~P3 % Poe Repeated application

of this process leads to

)n—‘!

. 1 e

173 n
<p, in / R(x1; Xy9Kgs +oes xn) /o> .
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Writing now /p2 irF) in terms of in-field and using (10a) we finally

n
get . 5
I

. A1 . .
X = (-i) fdx1dx2 oo dx @ KX1KX2... KXn <o/ R(x1,x2,x3,.,.,xn)/o>
Clearly, using (11) and (11a), we can similarly express (5) in
terms of a-functions when m = n - 2. However, it has been pointed out
by L823 and Polkinghorne12 that the above formulae are not sufficient to
reduce (5) when 2 <m (n - 2. This is essentially due to the fact

that we need expressions for the commutators

[R(x;x1,x2,...,xn) , '(poutj and \-_A(x;x1,x2.,.,xn), (pin}

similar to those for

0%} ‘ a¥ =
[R(X;X,],XQ,...,Xn) F (Pin] and A(x§x19x2,""xn)’ [pou-tJ

given by (10) and (11). We shall sce later that these expressions involve
generalized retarded operators and so, we devote the next chapter to the

study of these operators.



- 27 -

CHAPTER _TI

GENERALIZED RETARDED OPERATORS

1. Definition
The definition of these operators is closely connected with the
geometrical properties of certain spaces, and so we start by describing

them. First of all, consider the (n-1) dimensional space Q° of

o . 3 ) )

q = (q_-]’q_Q!""qn)
with

5

)

=14y = 0.
The 271 - distinct hyperplanes

»qu = 0, where

J = = subset of {1,2,3,4.05 n)
o b )
and 45" = Ty
divide it into a set of convex polyhedral cones, say C‘ZI s each radiating
from origin. It is clear that each cone CoCL determines uniquely
) 0 ) ) .
whether qg } 0 or =-aqj » O when g e C , and that there is at
least one J, say J'y such that q;: has different signs in Coc1 and C%

for a ;é B. Thus there is a2 one to one correspondence between the

cones C° and a consistent choice of sign of qu for all J.
a
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Consider next the space Q of 4-vectors

0 = (5055 ooy )
with

n

2

i=1

qi = 0

We define the convex cones Cg in this space by the condition that
q€ Ca,if

(1) a5 € V+ for all J such that qJO >0 for q° € C& y
(1) aj & V- for all J such that qJ°<o for q° e Cg .
In other words, g SCGJ if 45 € V+ for all J, and the subscript of V,

for each J, is such that qo € Co,? .

5

Corresponding to each of these cones 91’ Burgoyne” now defines

a generalized retarded operator by

Raﬁx1,x2, ...,xn)

=};_i Ot (ig9iy) 0% (ipsdy) wov 08 (4 4i) W(ighipye..,iy) (1)
where
(1) 7 is the permutation k —» i and

W(i1,12,...,in) = q)(xi1) ?’(xiz) ees @ (xin) .

(i)  The summation extends over the set of all the permutations of
(152,35, o2y n)

(1ii) The choice of sign in

o (i,, i, .) =0 | + (x - x )]
k? Ml { N
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is plus of A eV+ when qse Caand minus if Uy € V., when q e:CCL s .K
being the set
K : (11,12,..., ik) .
(iv) The overall sign of each term in the summation is plus
or minus according as the term contains an even or an odd number of
©-minus functions.
These rules define each Ry uniquely. We denote its vacuum expectation

value by

<O/RG (x.],x,z, coes xn) /0> = ro((x1,x2, ceny xn) .

4

Araki’™ and Burgoyn95 have proved the following properties of T3

(i) It is Lorentz invariant i.e.
I‘“ (AX1+ a,.A. X2+ a, nlo,.A. Xn'+' a) = rm (X1,X2, esey xn)

That it is a distribution has not yet been proved in general. The
difficulty arises due to the fact that a product of Wightman distribution
13

and @-functions is, in general, not unigue. Steinmann has proved
that in 2 dimensional space time it is a distribution. For 4 dimensional
space time, the proof ié probably complicated, but may well go through.
By Y » We mean any one of the possible definitions,

(11) It vanishes outside the cone EEJ (in x°-space) which is
conjugate of the cone COOL (in q%~space) i.e. is the set of all x such

that

) 0 o o ) 0
Ey Qq v E Gy +oess + X qy :> 0
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for every qo € Cix' According to the Schwartz Theorem14 the Fourier
transform
n

~

r(l(P1:P29 *soy Pn> ? %1 by = 0
is therefore, the boundary value, as gq --» 0, of a function

- o

% <S19 82, LR sn)’ &1.... ‘sv'i=09 Si;pi+iqi

which is analytic for p arbitrary and ¢ such that

g, = O
o) o) o) J
e =(e5 0, asC . -
... C C
(iii) If C, C,, C_ ~nd C.are ) a
ol ¥ & A
four cones around Some corher '

I =
of type A (sce figure) CY Ca
then
r<1" rB + rY— Ty = C

identically, fthese are called Steinmann relations.
(iv)  If the cone C, and Cpg have a face q; = O between them,

but are otherwise identical then

—~~ PR

Ta (9179230'-1 Fn) = B (91392, cecy Pn)

. . 2 2
for all (p1, Pps eeey pn) satisfying Py <: my e

These four properties characterize the r—funcfions completely
in the sense that starting from them, we can go backwards and deduce the
original axioms of Lorentz covariance, locality and spectrum in terms of

Wightman functions. This follows from an inversion theorem proved by
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and Steinmann .

It can be shown16 that the ordinary retarded and advanced products

Araki4, Burgoyne

of LSZ are the generalized retarded operatorscorresponding to the cones
- ‘ +
R(XO;X1,X2, ®0ey Xn) ——> CO ] A(XO;X1,X2’ ooy Xn) '—">' CO
+
where Co—' are determined by

c 3 Q49 Qo eeey qnsv__
C H q1g q29 soey qn & V+
For, we have

n

=2 0 (0’j1) Q(j1,j2) - Q(jn_.],jn) {‘Eu [Oyj'.«‘} s j2] ’ ---19 Jn:}

in an obvious notation. By expanding the multiple commutator, this can

R(XO;X1,X2, veey X )

be written as

R(xogx1,x2,...,xn) = % S?L W(io,i1,..,, in)

Tned

where 66 - are C-number functions, To evaluate the coefficient of

X = W(iogi1’ °eeoy ik_1909 lk+19 L] in)
where ik = 0, we find all the commutators

fe e Pids 01]s <35
which leads to X in the sense that in their expansion, there is a term
+ Xor-X. Let a and b be two positive integers such that

0L b agk-1 and let

i = j 3 i = @ .
a 1a b 1.b
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If 1, > lb’ we can write Y as

={[ Eo, 31], 32} , 3, 31b], '3, 31;5...], jn‘l .

Now, when we write the commutator

\:{ [o, 31], J, 3lb_1} , ;;1;5]
[[...[o, 31], 7 jlb_1] i, - jlb{:[...[o, 3]p -] jlb_ﬂ

it is the negative term (i.e. the second term) which can lead to X, as in

X, 31 = ib appears on the left of zero. Similarly in the expression

[[ L(Jl { EO’ 311’ ]’ 31 1‘1)’ Jy; +1]’ ]’ I ]’ 31]
SR N (SO0 T IO TP W% P Y
g LG N T G R ENy RO W, B B |

it is again the negative term which can lead to X. However, it does not

do so, as jl = ib appears on the right of jl =1, 1in it, and on the left
b a

©of :'La in X. This shows that if Y is to lead to X, we must have
o211 210 o> 1, (2a)
where = 31 s b= 0,1,2y o0oy k~1.

Similarly, con31der1ng the indices on the right of zero in X, we can show

that if Y 4is to lead to X, we must also have

Lo & Lp& oo &1 (2Db)
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where i, = jlt, t = k+ 1, k+ 2, eouy N Further; if (2a,b)
are satisfied, Y does lead to a term X.. Por if we expand Y, starting
from the innermost commutator and going outwards and take the positive
term or the negative term in jt commutator according as jt is on the
right or the left side of zero in X, we get X with a coefficient (---1)k
corresponding to the k negative terms. Thus X apears in the expansion
of those and only those commutators Y which satisfy (2a,b). Its

coefficient in the expansion of R(x;x1,x?, cees Xn) is therefore

- k . .. . .
E@ﬁ = (-0F X 8(0,3) 8(3gsdp) eer O(3,_qs dp)
where the sum is over all the sets

(312309 =ves 3y)

which satisfy (2a,b). We now show that it is equal to

B_= (-1) g_(10,11) 0__(11,12)... 9_(11{_1,0) 9+(°’11<+1) ...e+(1n_1,1n).
Let
° ° r d b h that
Xi :; Xi or some a an suc a
a b
0€La< v £k (2c)

a ¢ bmeans that 1< 1. for all the sets
. a b

(31,323 veey jn)
satisfy (2a) so that every term in the expression for@n. has jl on the
right of jlb and hence vanishes, as we have Xgl > XSl . Thuz EE%F
vanishes when (2C) is satisfied. Similarly, using (Zb)bwe can show that
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it again vanishes if

X, <x? for some a and b such that
*a b

kS a £ b <L n, (24)
As (%, @) are the only points where B ¥ is zero, we see that T
is zZero whenever B.','. isy and so, it is sufficient to prove that
&ﬁ = B 7 only when B,T is different from zero. This last result
follows from the fact that at any point when B _ £ 0 (and hence = (—1)k),

we have

X N x. > ...> x >...'>:x:? X.
° 7 lpy k q+> lk—q-> lk+61++17

S 5+> xlk >"'>Xik-;5">”'

-5 2
and at such points, all the terms of Bﬂare zero except the one which

corresponds to

= s Jo = Tegr Topr g™ M-t 00 Jos oo =ty
)

1 ¥ 1
dn + - =1 +.49 os0y Jat, a=~ = 1 + 4] _a=1,_g5= 49
Oy +1+61 k+61 +1 62 +('3_I k+62 624.61 +<'j1 61 |
esey j <+ 6"’ = i -6__ 3 eseese
%7+% k=5
* + -
'6i = noh negative integers, with = ? = n-k, Séi = k,

and this one is equal to (—1)5 1= (-1)1::
Wi‘ch&f =B w 9 the expression for R becomes
R(xo;x1’x29"',xn) =z Z( 1) O (1 ’11) g ( 1,i ) see g (ln 1, o)

Q+(O,ik+1) O+(i i ) W(io,i1, ey L g0 Oy L gy enny in) .
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Also, as the definition of Co_ gives

ay€V_y q+q, & V,_ wheng 5300-

J being any subset of (1,2,3, ve.y n),
we see that the series on the RHS is identical with the definition (1)
of the generalized retarded operator corresponding to the cone Co—. The
identity of the advanced product and the operator corresponding to Co+
cah be similarly proved

We note that these operators have the following Hermiticity
properties
RZ(X19X2"'” ﬁﬁ =(_”n—1 RéXPX2’°°"Xn)' (3)
For,we can write
*
Ra,<x1’ Xy eeey xn) .

= (Z_ On O Oﬂ(12,13) LI OGW(iZ’i3) e ae Od—. n_(in__l, in) W(i1,12’-00,in))
" 2 2 n~1
where O, is (+) or (-) according as g, isin V_orV_for g & G, 3
J J + - L]
being the subset
T (11, 1oy eeey ij)

and N1

v
y = 8]
Of = 52% i’
As @(x) is Hermitian (i.e. @ (f) is Hermitian if f£(x) is real) this
gives
*
R (xogx1,x2, ceey Xn)

- ,§0W001 (iy51,) Oozw(iz,iz) ver 8 1Tgin_1,in) Wiy 1 qseesipniy)



—¥

= 30,0 (i1 4) © wlip qoiy o) ee 9617((:11,‘12)
v
n-1 n-2

Wl oL gy oo s dpy i) [0 = - o]

n-1 n-1 ..
- GO g e L ) e 0
T n-1

",' (ig,i1) V"lr(in,in_.],ccc,i,l) .

9

Clearly, q; e Vg w implies a3 avc-),.j 7 s Jn Dbeing the eomplement
o j R

J
of Jn‘ in

(152435 4ee, 1)
i.e. the set
(ln’ SNPPRRPRY 1,00 1j+1)'

Also
n—1
(~1) Sqg

Hence the above expression is just equal to

n-1
(_1) R (X1’x2’050’ Xn)

and this proves equation (3).

5

Further, we give the following result of Burgoyne” for future

ol ~
reference. If Japnd denote the Fourier Transforms of the time

ordered and generalized retarded functions, then

— o
g (P1’P2y rteey Pn) = TQ(P1,P2, teoy Pn)

for e C.
or p '
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2. Reduction Formulae

We now prove reduction formulae for generalized retarded
operators similar to the formulae (10) and (11) for ordinary ones,

consider first the commutation
a¥%
{? (x1,x2, ceey xn) » P :I

*
Using the definition of ¢ ?n and the asymptotic condition, we seec

that it is equal to
2N
Lim . . <
20 I 1fd.g_ [R (x1,x2, ..,,xn) y P (z)] 32 ofa(z)

in the sense of weak convergence. Let us assume that there exists an

(n+1) point generalized retarded operator

%1— (x1,x sy oeevs Xy z)

such that

L1m L1m .
o2 R (eggseensx,), 0 (2) ] - 00 Bom (51, pre0+1%,02)
(4)
In the following section (3) we give a method which explicitly determines

R _ when R is given. In the meantime, using (4), we get

o%
[Ra(x.l’xz’Oon,xn) 9 Cpin ]

. o
Lim

oy - —1fdz R (x1,x2, veesEy, ,z) 6 o £, (z)

ifdz Bzo {R@ (x1,x,.,.,x ,Z) 5‘ f(z)}

fi

I
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as it is shown later that

Lim
ZO ___) + @ RGI_(X1 3X290003Xn‘. Z) = 0 (5)

Using now the fact that fa(z) satisfies the Klein Gordom equation, and
performing integration by parts over the spatial variables, we get the

required formula for the commutator as

M
{:Q’(x1,x2,...,xn) , ?’?n ]

= -1 J‘dz fa(z) K, Raf (x1,x2, veny X z) (6)

where R _ is obtained from R according to (4).
a ¢7
Using a similar mcthod, we can show that

*
[Ra(X."XQa soey Xn) 5?311;}.
= - i fdz fa(z) K, Rdl_(x1,x2, vees xn,z) (7

where R  is the generaliged retarded operator such that

Lim v .
z° e OQ{R(L(X'] Loy seey Xn)’ (P(Z)] = —’Z'o Lim mRQa+(x1 ,Xzyo.oanZ)
(8)

3. Determination of R

ed
o}
Let us suppose that

Ra(x‘pxgv KRR Xn)
is a given generalized retarded operator, i.e. we know whether 4y is in
V+ or V_ for all subsets J of the set

(152435000 n) .
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We define a cone C _ of (n+1) points, by the conditions

g
. , i v s
(i) Qe V+ in Ca_ for all J such that q; e V. in C
(i1) qre V_in C _ for all J such that q; e V_ in gl (9)
a
(iii) a,,4 eV_ and hence q; + ay + «en +q BV inC _ .

o8

If J is such that q;eV_ in % , then according to (ii), qye V_ in

C also so that Qg * o5 € V_in C _ . If, on the other hand, it

o @
is such that q; eV, in Ca’ then gy sV_ in C_and hence, by (ii) again,

¥ e V_ in Car also, so that Ay + Q.4 © V+ in Caf . Thus the above

conditions determine whether Qp + Dy is in V+ or in V_ for each J,

ises (9) defines the cone C _ uniquely and completely.
a

We now show that the operator
R (X13%55 eeoy X )
i 1272 n
corresponding to the cone C _, satisfies equation (4). From the

a
definition of generalized retarded operators, we have

o Lim R (x,,x X 3 X )
Ry 2 - @ - PT2? Tt Tt Tt
Lim -

= o

%H—}—mWm1igihﬂ%)gi“V%L”giuNi

n+1)

o1 . .
‘ﬂ(l1,125-ov ln91n+1)

. n
Lim ; . . . .
= _o _ )3 £ +© (14,1,) 6 & (12,13).., 8+ (11,r1+1)
) W(i1,i2,.e., 1,041, 11+1,..,,in)

(10)

Consider now the product
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o x (i,,1,)e 1(12,13) [@ £(iy,n+1) 6 i(n+1,il+1)] e (i 51) .
(11)

The subseript of each of the ©-functions is given by the rule (iii) in

o

X -» - oo, the

the definition (1) of retarded operators. As
product of the two ©-functions in the square brackets, and hence the
product (11) itself, is zero unless the subscript of the first 6-function

is (#) and that of the second is (-). This will be true only when

q-LSV _

Q. : .
+7 L+ g €V inC
n+1 o

Whel‘e L = (i19i2’av', il)

On the other hand, the conditions (9) defining C show that this is
o4 a
* not true for 1 £ 1 &£ n-1. Honce in the - gummation over 1 in (10),
the only terms which can be different from zero are the ones corresponding

tol =0and 1l =n. Inthel = 0 case, (11) becomes
6_ (n+1., 1) 0,(1451,) +.e Qi (1,_p 1)

= =0, (i,,i,) 0 (1,,i,) .ee O . A
E A A £ (G i)

. . . - o
as q .48 V_in CoT and O (n+1,,11) = 1 in the limit x4, - - oo.
The minus sign appears because the left-hand side has one 8-function
more than the right-hand side. Thus the term in (10) corresponding to

1 =201is

Lim

2 o oo" b2 Oi(i1‘,12) Qi(iz,i3) Oi(in_1,in)?’(xn+1)

W(i,],iz,..., in)
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- Lim
1™

L]

- oo P (Xn+1) Rc‘(x-l’xgy b xn) b (123)

as for any subset J of
(192435 «eey n) ’
isin V. or inV in C
+ - o=
Similarly, when 1 = n, (11) becomes

according as it is in V+ or inV in C .,
- a

gi(i1,12) gi (12,13) ces 9+(in, n+1)

a8 Qy + dp + eee + @ gV _in c@_ and Q+(in,n+1) = 1 in the limit

0

Epi -5 - . This time no minus sign appears as the left-hand side and

the right-hand side have the same number of 6-minus functions. The term

of (10) resulting from 1 = n is therefore equal to

Lim s s s . . . . s .
Xrol+1 ﬁ - OOZi 01(11,12) gi(12’13) 0o e g-t(ln—1,1n) W(l1’12’o.091n)p (Xn+1)

Lim
= XZ+1 > - oo Rm(x1,x2,...,xn)@ (xn+1) (12b)

Combining (12a,b), we get

(o] Lim he) R _(X1,X29-..,Xngxn 1)
e a +

Lim I
= X;+1—-9- - mE' (p(xn+1) Ro‘(X.‘,Xz,..a 9Xn) + Ra(X.,,XZ,...,Xn) (p (Xn+1)J

which shows that R _ defined by (9) satisfies (4).
a
In an exactly similar manner, we can show that the operator R
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satisfying (8) is the generalized retarded operator corresponding o tn.

cone Ccf defined by the conditions

. . + .
(1) q; eV, in O for all J such that qze V_ in Ca g
(ii) q.g V in C T for all J such that g. ¢ V in C ) (13)
Je T~ a T~ Q@ )
. +
(ii1) Q + ap + eee +q e V_and hence q 4 eV in ¢ )
Let us now verify equ~tion (5). We have
Lim
o R _ (xy9X5 eesy x )
e > fo 1772 n
_ Lir o . . s . s
=2 iy 2%+ o, (1q51,) o, (12,13) ves 7(11,n + 1) O+(n + 1,
ne1 =0 5 x x x
11+1) cee
gi(in_1, 1n) W(igpdpseney 1qn + 1, i;+1, ceoy in) (14)

Consider the product (11). As xg+1 -> + o0, the product of the two

O-functions in the square brackets is different from zero only when

9, & V_ and 9. + 4 € V+

N+
where L = (11,12, cess in) .

This is impossible for 1 < 1L&n - 1, as q. and qt.+ 4,1 BTe either

both in V_ or both in V_in C__. When 1 = 0and 1 =n, (11) is non-zero
- o«

5 7 i C i S
only if Uy & V+ and. Qg+ 9y + eee Q) € V_ respectively, and thi
is again not the case, as 4.1 © V_in C _. Hence all the ferms in

a
gummation over 1 wvonish in (14) so that (5) is automatically satisfied.

To illustrate the results already obtained, let us evaluate the
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commutators
a¥

| . a¥
[Ro(xo,x1,x2,...,xn),@ in ]and {RO(XO’X1’X2"“’XD) . @outl
where Ro is the ordinary retarded product of LSZ, As proved earlier,

the cone CO is defined by

a; eV_ s T4 nul set

Qt+ars V. s T4 (1,2,3 vouyon)

where J is any subset of (1,2,3, ess, n)e Hence if

a*
»[3o(xo,x1,x2, ceos xn) '@ in ]

. 3
= - 1M

) (15)

Ro— (xo,x1,x2,... XX

where M is defined as the integral operator

Mia faxi £(x) K, (16)

1

If

the cone C - will be defined, according to (9), by

Uaqr 45 & Vo s J £ null set

Ay + Q5 9 Gy + qp + Qy BV

i.e. by
are V_, I# null sct
q, +ay eV, , I £ (1,253,000, 0, n + 1)

where I is any subset of (1,2,35.0., Ny, 0+ 1). This shows that RO~
is the ordinary retarded product, so that (15) is identical with (1,10)

as it should be.
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Similarly, if

a¥ 1
[Ro(xo,x1, seey xn) y © out}

=<t Mi+1 Ryt (goXys Xoy eney *n? Xn+1) ?
the cone CO+ will be defined by

s Gy + Q.18 V_ T # null set

Qe L+t eV, s TF (1,23, .oy n)

+
i.es by

age V_ I# nil set or (n + 1)

Qppqr Qo +tare V, T £ (1,2,00.,n) and (1,2,3,...,0,0 + 1).
This shows that for n2 2, C+ is the cone Q;H4.17 which is defined by

Conij g1y U F Qpggs Qo g cees Ayt Qg e Vo

and to which corresponds the generalized retarded operator

. RGP#T (X 9EyrBps eeey X xn+1) .

For n = 1, CO+ ig identical with the cone

+
3 £
¢ 1 s % V+

to which corresponds the advanced function
A, (xo, Xy xz).

Thus we have

a¥ . a
[Ro(xo’x‘l) v Vo) == My Ay(xpx,x;)
R ( ax
[,o ForEqaXpseeey hn) » @ out

= -1 ML+1 Rqui(xo’x1’x2’°"’ Xn’xn+1) for n > 2. (17)
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4. Analyticity and Support Properties

In this section, we study some of the properties of the retarded
operators of the type %Li defined by (9)and (13). Let us start by
introducing some new notations. If ¢ is an arbitrary n-point cone,
we can obtain from it two (n + 1)-point cones ¢ and G which

n+1 n+1
are defined by

. . e s . &
Can+1 qy SVi. in qin+1 according as it is in Vi'ln Cah, U V+
g £+1 t q5e Vi in %‘£+1 according as it is in Yi in Cah, 4.q & v_

J = any proper subset of (1,2,...,1).
We shall denote these cones by
5 p!
C Lo+ (n+1) { and C{O-:r19 -(n+ 1) }
respectively. If ql is itself obtained from an (n-1)-point cone

n
i.e. we have

c o = Cy ah-1’ + 1n }
n
where the prefix (+) means either (+) or (-) and C, is an (b-1)-point
n-1
cone, we shall write )
C = C{a s + i,+(n+1)}
a — —
n+1 n—1 n
If we continue this process of expressing Cq, in terms of Cq then
n+1 i

either (i) it will terminate at a stage J>1 i.e. we will have

C, = C {aj, i.ij+19 ceey £ 1, + (n + 1) }
where each of the prefixes is either (+) or (-) and C, isa
J
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j~point cone such that it can not be obtained from

any of the (j-1) point cones. As an example, Co may

J
1.
be the 5-point cone C ij °f reference (17) which can not

be obtained from any of the Y4-point coness

or (ii) It will go down to j = 1. In this case, we will have
B L. . . s
¢, = ¢ 2l 2ip 2y ey b, (n+1) .
n+1

Clearly, the prefix of the first and second index must be
different. We also note that all the cones up to the 4-point
case can be expressed in this form .

Thus we see that an arbitrary n-point cone %L either has the form

n
Ce, = C{ii1,i12,ii3, ..,,9-_+_in} (18)
where
(11,12,..., in)
ig a permutation of
(152435 evoy n)
or the form
C“n = C icxa, £hgqr eeer 21y } (181)

where the j-point cone %J can not be obtained from any of the (j-1)-point
cones.
We shall write

%u (x1,x2, ceos xn)

X £l ”.,j—_ln}

|
29}

"

£
+

%n(ﬁgﬁ,.“,xg = r{ %,iiyqyn.,iln}
T (P1!P2"'°7P) = 5{as+i_- g eovy 1

n
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where C . is the cone (19').
n
Clearly, the cones C & defined by (9) and (13) ~re given by

o« = { —(n+1)} + =C{0,,+(n+1)}

so that the reduction formulae (6) and (7) can be written as

. a¥ SR}

[R“(xwxz,...,xn), © in.]= -1 M R{O«, - (n + 1) } (19a)
a .

[R (X1,X2’ ooa,X Y CPOU.t_Iz - i J.uln 1 R{@, + L’l + 1) } (19b)

Using the relation (3), we sce that the Hermitian conjugate of these

formulae -are

) .
E’ in 7 R«(vaz'“’xn)} =- 11 R oy - (ne 1)} ’ (19¢)
o . 'a*
[‘Pout’ Ro‘(x“xz,..., xn)] S W R{CL, + (0 + 1)} , (19(1)
where Tedi J\dx. r ¥ (x) ¥
1 1 a 1 Xi

In the next chapter, (19a-d) are used for reduction of S-matrix elements.

In general, an n-point cone has a basis of more than (n-1) elments
i.es it can be completely defined only by more than (n-1) conditions of the
form

ay 8V+ for gq 8()CL

I

|

& subsct of (1524356005 1) &
Thus, for example, the 5~point cone C{j_, referred to above, has a bsis

of 6 clements, namely
4. + Q5 Q; + 4 s Qs + 4
i 1 i m i n e V (20)

Q¥ 9qr 25 * Oy 95t 9y

(i,3,1,myn) = a permutation of (1,2,3,4,5).
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However, cones of the type (18) have a bsis of just (n-1) elements.

This follows from the result that a basis of (18) is

a.

i + 9, ©V,_ if the profix of i is (+)

1
(21)

eV_ if the prefix of i, is (<)

N N e e N

1 = 2’3’4, LICRU ) n

L = set of all the indices it’ t 71, having

their prefixes different from that of il.
which we now prove, Let
J = (k1,k2, cooy kj)
be any subset of
(142435 seey )
Clearly, we may assume that i1 is not contained in J, for if it were,
we could take J and rename it as J. Let k, be the index of J which

is on the left of the rest of k's in (18), so that (21) :implies

(V. if the prefix of k_ is (+)

+ a
ql, + q.A &
“a ( V_ if the prefix of ke, is (~)

A Dbeing the set of all the indices of J whose prefix is different from
that of k . Now if B is the complement of the subset (ka,A) in J, the

prefix of any index of B 1is the same as that of ka, and so we get

(V+ if the prefix of k is (+)
Q. +qy *+ ape (
a (V_ if the prefix of k, is (-) .



- 49 -

As
Qe * Y +tag =4y
it followsathat the conditions (21) determine uniquely whether dy is in
V+ or V_ for every subset J of
(152435 oesy n)
i.o. (21) form a basis of (18).
As an example, we see that the basis of
R{+1, =2, =3, +4, -5} = R14’5(x1,x2,x3,x4,x5)
is
Gt e V. Y+ eV
Gty e L i eV

5

which is identical with the one given by Burgoyne~”.
The question now arises: Is the above basis of (18) vnique?

The answer is in affirmative and follows form the fact that if any n-point

cone Ca, has a basis, it is unique. To prove this result, we proceed

as follows., Let

B: q Qr 9 ooy Qr 9 E V
J1 J2 Jm +

be a basis of 91' This implies that any other basis has just m elements

and that any partial sum 4, can be expended in the form

4, = Oy qJ1 +Q, qu + oo am qu if ay, & V+ in Cwm

'-'(0&1 QJ1 + 4, qu + eae +CLm qu if a, eV_in Ca

where all the&t's y #p +ue numbers, Now suppose that
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Then

q' = 14 Q + (e} + 00 +q q

31 1 J1 2 J2 m g
where at least one ay £0, 1i=2,3 ..., my a8 otherwise gy would

1
become a multiple of 45 which is not the case.
1
nQr2=ar =y = (1 =ay) a5~ @, Q5 Yoy Qg + eee +a 5 )
J1 Iy 73 1 7, 2 J2 3 J3 m Jm

As 4y are linearly independent, this is the unique expansion of 95 2
i 1
in terms of a5 » Hence we get a contradiction, as 452 is to be of the
i 1

form

q312 = ﬁ’ qJ1+(52 q_J + ees +Bm qu

2
where B 's are all to be +ve and at least one £, £0, 2§ igm

This shows that 4y can not be equal to the sum of two partial sums each
1
of which is in V+ when q € %}. Clearly the same will be true for all

the elements
q_J., i = 1’2,3,000’ m
i
of the basis B.

Now let
13
B 8 Qryy Qyy 9 v0e9 Qry e V
Ji J2 Jm +

be any basis of C, other than B, and let qg, be expanded as
1

— ! 1 1 1 )

gy =4 Y ved Y teeetep 9 oo oag > O
1 ond !

Then all the € 's nust be zero except%:%ur@1, ag otherwise qJ' will be

1
equal to the sum of two partial sums each of which is in V+. This will

lead to
1 _

q = q .
Iy Iy
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Similarly, each of the other A5y will be just equal to one of the
i

Gy i,e., B! is identical with B. This proves that there is only one

i

distinct basis of C .,

We now explicitly determine the support of
r{i iy £ 1p :_l-_i3, seey £ 1 }
In fact, we show that this function vanishes, if any of the following (n-1)
set of conditions (corresponding to the (n-1) values 243445000, n of 1)

is satisfied

0 0 .
X, = Xy € 0 if a eV, (22a)
1 il 1
for all m ¢ 1 and such that q. gV_
m
and
0 o o
Xi]_ - X '} 0 if qi]_ e V_
n (22v)
for all m<&«1l and such that 9 € V+ .
o -

The proof depends on t'e following simple lemmas

LEMMAs- If (x1, Tpy eeey xn) is such that every term in the expansion of

Ra‘(x1,x2, ceey X.)

n
vanishes identically, then the same is true for cvery term of
R(o,, + (h+ 1), +(n+2).0e, in'} (23)

no matter what values Xpet? Fpap? v0r Ty have.

For a general term of

R{a, + (n + 1) }
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is
+ gi(i1,12) Qi(12,13) . [qi(ij,n+1) Oi(n+1,ij+1)] cos gi (in_1,in)

W (11,12, eeey iy ¥ty i

3 j+‘19 socyg in) (2461)

Consider first the case j # 0, n. As q,y Q; + @ _,4s L = any proper subset
f i W

Nl
of
(1’2,3, ooy n)

- are both in V+ or both in V_ in
C{a,+(n+1)}
accofding as q; € V_or V_in G, the product of o-functions in (24a)
is identical with that in the term
+ O+(i1,i2) G+(i2,i3) coey G+(ij,ij+1) coo Q+(in_1,in) W(i1,12, ..,;n)
- - - - (241)
in the expansion of ROz except for the fact that the two ©-functions in th

square bracket in (24a) are replaced by Q+(ij,i } in (24b). Also, as

J+1
Ays 95 + Ud where

J= (11,12, cony ij) y
arc again both in V+ or in V_ in

C{CL, + (n + 1)}
according as a5 is in V+ or in V_ in Gy, the subscript of all the three
® ~functions is the same and sos in (24a) we may insert a Qi<ij’ ij+1)
with the same subscript as that in (24b). The product of ©-functions in

(24a) will now include that in (24b), so that, as the latter vanishes by
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hypothesis, so also will do the former. This results in the vanishing
of the term (24a) itself. For j = 0, n, it is easily verified that the
product of O-functions in (24a) already includes that in (24b) so that
(24a) again vanishes. This proves the lemma for
R4a , +(n+ 1) } .

The case when the prefix of (n + 1) is (=) can be dealt with in an
exactly the same way, and a repeated application of these two results
shows that the lemma is true for the operators (23) as well,

Clearly, due to this lemma, it is sufficient to prove that every
term of

vanishes when (22a,b) are satisfied for 1 = n., Consider first the

function
r{j-_ gy £dny seey 1 4y +in} (25)
a general term in its expansion is
j-_Qi(k1,k2) Qi(k29k3) Gi(kj,in) Qi(in,ij) Qi(kn_2, kn_1)
o/ L S P S TIRITT I L Iy o> (26)

where
(k1, Koy soes k_'n__1) = a permutation of (1,415, +oey in‘_)’ .

Now if

Q. +Q, + seo +tq +a. £V
k1 Le kj 1n +

there will exist a smallest integer t » J such that

Y

1+ Qe+ oo T a4 +q + soo o+ qktg V_ .
o .

J n J+1
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Clearly, this impliecs 9 & V_. The term (26) will contain the factor
t

0+ (i ,k 1) 0+ (k

n%ss ko o) eee 0% (kg 4y k)

j+1? T2
and hence will be zero if

o 0
Xi - xk' <: 0.
n t

On the other hand, if
qk1 + qk2 + ees + qkj + qin e V_
there will exist a largest integer t <€ j, such that

q, + q, + ese + Q SV
k1 k, kt-1 +
and hence G € V . The lerm (26) will now coatain the factor
t

0n (kys ky q) 8 _(ky qoky n) oo G_(kj_1,kj) 9_(kj,ln)
and will therefore again be zero if
o (o}
n ]
Thus every term in the expansion of (25) vanishes if (22a) with 1 = n is
satisfied. To see that all m <: 1 are to be included in (22a), we note

that the term

+ 9_(k1,in) oiﬂin,kg) gi(kz,k3) veo gi(kn_g,kn_1) %

0/ Wliyy i ykprkys veey Ky oo o ) /Oy

for anyk:1 such that q € V_y vanishes only when
1

o) o
X, = X < 0.
n 1

Similarly, we can show that

T {'i 11, izg ®oey _‘t in_1, had ln}

1+



vanishes if
0 0
o= Fy >0
for all m< n and such that 4 € V+, as reaquired according to (22b).
m
Let us make the following remark. It follows from (22b) with

1l = 2 that

I‘{.-l- 11,""123_‘}_"1391‘.14, ooo’iin}= O

(27a)
for xg-xz <0
1 2

so that, as this fuuction is Lorentz invariant, it also vanishes for

T ]
For if there were a point where xi1 - xig > Obut x, - ﬁ
we could find a Lorentz transformation which takes thls p01nt to one
with xz1— xge <_ 0 and so the function vanishes at such points.

Similarly we have
r{-i1,+12,ii3,ii4, ...,_-_{»_in} =0 (27b)

whenever X, ~%, £ V .
S - R

Now it is shown in Chapter IV that the function
I'd’—“:r{i i19i12, “.’i.'il—1’ +llill+1, lco,iln}
can be expanded in the form
r = a hy
et > B B

5

where ﬁ3 are oonstanto und CB are cones of the type

C s C {+1 1’ikT +ky u,,+k_1}
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which have the same profix of any index as in Qm’

(k1,k2,k37 suey k )

-1

being a permutation of
(11,12, NP SURTIE SUTIRTRY: in) .

It is easily seen that cach of these cones ﬁa must be such that k1

is on the left of il in gx' For if one of them had a k1 which is on

the right of 3’.1, the corresponding r-—function, and hence also ZaB )’*B,

will not be zero when (22a) are satisfied, while r(lis, so that we get

a contradiction. Hence it follows from the above remark that each r

B

vanishes when
Xy =Xy ¢ V+
1 m

for some m € 1 and such that qinl e V_in Ca

and so
= a f

T b B
vanishes when

x'. - X4 £ V+

1 m
for a1l m ¢ 1 such that q; ¢ V_ in C ,
lm - a

Similar result can be easily obtained for the case when the prefix of i1

is (-), and so we conclude that the function

r{iiwiiy-“’i%}

vanishes when any one of the following (n-1) sets of conditions is satisfied

i 1 +
for all m < 1 and such that Qg e V_
m

x, ~% £V, ifq e V
m (28a)



and
i Ty £ i e - (28p)
for all m € 1 and such that a; 8V+ .
Clearly, the support implied by (28) is much Zmaller than that implied
by (22).
Next, let C (lbe any conc with a basis of (n~1) elements, and

let this basis be

Qr 9 Qp 9 s2es 4y e V.5 dp 5 Ay 5 e0ey Q V.
7 I e ™ ey D Tt ®

subsets of (1,243, «eey n)s

it

I I2, .ﬂ" I

1? il

Then, as we can write
QEq + Gy Fp + Ay Xy + ewe Q) X

= q X -+ q + ees q L q X - q - e0e - q X -
1, %4 12;‘2 Ika et et T Kes2 I_,n

1 n-

where Xi are linear combination of terms of the form
Xu hd Xv 9 u, VvV = 1,2, [N ] n’
the conjugate cone 5&1 is defined by
Thus ra, whose support is contained in gf s vanishes if
o] 0z c
X,° L0or X,° €0oreoor X, & O
and therefore, due to Lorentz invariance also if

L £ V+ or )‘(;‘z IéV_*_ Or ses O Xn-1 £ V+

l.€, if x ‘é T . If we now consider the Fourier Transform
a .
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n
5(1(51,32,s3, ceey sn), s =0p+ iq, ;: s; =0

we see that it is analytic (due to Schwarz Theorem14) in the tube

31 t p arbitrary, q ¢ Ca '
and hence also in the extended tube
. ,
.- {J A T ,L(C) = Complex Lorentz Group
o Q
AeL(C) 18
by the Theorem of Hall and Wightman .
It may be noted that although the analyticity in the tube g},
!
and hence also in the extended tube ’& s can not, in general, be proved
when the cone qa has a basis of more than (n-1) elements, yet this can

be explicitly done in the case of the 5-~point function rij corresponding

to the cone 035' defined by (20). For using the Steinmann relations |

r., = T.. + r!. -1, = 0
3. 139}{ ij,1 1]y

- 1! -1} 0

). . T, .
1.} 13_91? ij,1 1jsm

+

1l

a permutation of (1,2,3,4,5),

(iydsky1ym) =
we got
- - . '
Py T Tage * a1t agm T 2y (29)

Also, we have (using (28))
rij,k= T {L+ 1y, = 1,=my4Jjy=k } = 0
if
(g ~ =) gV or (x -x) £ V_
or C(Xj - %) AV, and (Xj - %) £ V+)]

or [(Xk - xj) 4 V_and (xk - xi) P V+)]



and

ry; - r{+L—k,—L—m,+j}=0
if
(xk - Xi) EV_  or (xl - xi) £ V_ or (xm - %) EV_

or ij_ xm) £V, and (xj - xl)/é v, oand (xj - %) £ V_J s
so that

r!'., = 0O
1‘-]:

if
(xp - Xr) and any one of (xp - xr), (xp - xt)

and (xq - xr) are not in V_ .

1]

Hero (p,a) = a permutation of (i,J)
(rys,t) = a permutation of (k,1l,m).

This shows that rij is different from zero only if

(xp - Xr) eV, (xp -~ xs) e v, ,
(30)
(xq - xr) ev, and (xq - Xt) eV,
for every permutation (p,q) of (i,3) and (r,s,t) of (k,1,m).
Now we can write
Xyq + Fpdy + Eyly + ¥y0y + ¥y = (xP - xr) (ﬂ% +:Dg) - (xp+ X, = Ty xs)

(agt ag+ ap) + (x = =) (agr ag) + (xp+ %y = x- %) (g + ap)

and

(xp— xr), (xp+ Xy = Fg - Xs) = (xp— xs) + (xq - xt), (xq - Xt)’
(xS LEAEE A xr) = (xp - Xs) + (xq - xr) ,
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are all in v+ when conditions (30) arc satisficd, while

(q_P +ag)s = (g  +a  + ap) = (qp +ay)s (ag + ag)s (o + ayp)

_

are all in V+ when q i’,CiJ. « We therefore have

X4Qq + XpQy + Xgly + Xy0p + }csq5 > 0

. "

-whenever X is such that ri'j ig different from zero and q is in Cij ,
and so the Fourier Transform ;ﬂ is analytic in the ‘tube

T s p, arbitrary, q e C:h— .

The analyticity in the extended tube now follows from the theorem of

Hall and Wightman which can be applied in this case also, even though the

tube T differs from the tube ,7/“4 of the theorem due to the fact that

-
the cone Cyo has a basis of 6 elements. This can be verified by looking
(re

at the Burgmann's proof of the theorem which remains unchanged, even if
the tube ﬂf;{n_,l is replaccd by a tube of the form

p, arbitrary, qe C(x
and C_has a besis of more then (n-1) elcments.

5e Connection with Steinmann's Retarded Operators

Steinmann15 hes introduced certain retarded operators
(z. T = X, ceo TX. )
q) i i, $ 13$ $ i
and has studied some of their properties. Here § means oither tord,

15

and these latter arrows are defined as follows “:
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Let H (X1,x2,_..,.,xn) be an operator of the form

H(X1,X2, ey Xn> = Z«ﬁ-‘ fﬁ(x1,x2,ott’xn) ¢ (Xi1)(p (XiE) so e (p(xin)
where the summation extends over the set of all the permutations
¢ o=p 1.
w J =» 3’
and fy are arbitrary € -number functions, Steinmann defines

H(x1,x2,..., X, T Xm-?) = H(x,],xg, ovey xn) "?‘p(xnﬂ)

) 0 —
- :J% Q(Xj - Xn+1) H(X‘I’X?’ tec xj pgpt? 0o Xn) (312)

H(x1,x2, ceey T\l xn+1) = H(xyy%yy eeey xn) \L?(xnﬂ)

n
[o) _ D, e r——t
= 32;;1 CESIPA |- (COPE PRI PPRRIRY %) (31p)

where X. X
her i “Tn+l

means that in the definition of H, ¢ (Xj) is replaced

by the commutator
Loty o Gy
We now prove that the set of all the Steinmann's operators
{P(xi,$ x; i ces lxl )
2 n
is identical with the set of retarded operators of the form

R{_‘t 11,1'.5.2, ""iin}'

Clearly, the identity will bs established, if we can show that

Ry, (Firipr eees ) To(x,,) = R{apy - (s} (322)

R (x1,x2, coos xn) Jo. (Xn+1“ = - R{an, + (n+ 1) } (32b)
n .
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where Qx is an arbitrary n-point cone, Now, we have
n

Rah(x1’:x2’ seoy Xn)/P(P (Xn+1)

- =
= & 8 (jyn+1) R (x1,x2, ey Xy Xpga eeey xn)

n
= I JE o(i ,n+1) o “91_ (1,515) €, S it (1, si ) e 9 (1 i) @ (5 )
9 ‘k n-1

0 (xiz) ceeq (x i ) [o (= ) y QO (n+1)]¢ (xin) u-fp'(xin)

where O " is (+) or (-) according as q. is in V, or in V_for q €C_ ,
J Jﬁ + - o,
Jn' being the subset
(L4sdpy ooy ij)

and

Expanding the commutation, we sec that it is equal to

}:’_cﬂn_ 0(11,n+1) G%(i1,3‘.2) 2 7{(12,13) eo,,t (in__1,in) Win + 1

1 2 n-1
gy 35y eeey i ) + }_;,325 o, 07c(11,:12) %ﬂ ('12,'13) Ooq?(ij,ij“)
J
[@ (1j,n+1) - 0(1.+1,n+1)} o o (1j+1’1j+2) gx (1n_1,1n) W(11,12,...,
j+1 n-1
J,n+1, 1 qreeey i ) +£0,R 9071((11,:1 ) 0 (12,13) ...,0%_ (in_1,in)
2 n-1

Q(in9n+1) W(i1’iz".., in,n+1) Y
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Using now the identities

o . a — o - '7[ . Py
‘907‘]‘ (139134_1)6’ (1j5n+1) e(lj+1’n+1a_ Oj 903‘(13-’1'1"‘1)903{ (n+1$1j+1)

which can be verified by explicitly considering the two casescgg = (+)

and o? = (=) we get

R (x1,x seensX yﬁp +1

= (oot 5)90x (4,304 (3p013)eeedpr ( (5 105 W11,

n~1

dpyeenyiy )+££(O’IEO,K) 96T (11,1 ) %% (12,‘13),..SG§_1(13_1,13)%73

) 'SGJ (n+1913+1)‘9 T~ (1J+1913+1)'°'\9ogc_1 (in_-]’ln)w(i19129"'7139

(i.
Jenr+1 J+1

n+1,1 +15¢cc,l )+20

p 31 )9

3 s s s
T qﬂ(11912>%ﬂ2(12913)-00 '3071.;1-1( n— 1

(in,n+1) w(i.1,i ...,in,n+1).

2

It 1s easy to see that the last expression is just the expansion

of the operator

R {' - (n+1) }

so that we obtain equation (32a). The second part, equation (32b), can
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be proved in an exactly similar manner,

Let us now make the following two remarks.

[
i) The set of Steinmann's G-operators (1)), which are defined

by

G (x XAge0e9X ) =(P(x. X. eo s 13{. )t(‘} (:X:. X, seo X, )
11722 1 3.2'r i) 1u+1¢ 1U+1$ I i

include not only
) (xi,t x.121«... ;;xin) ER(_-!; i1, + i2, veey * in'_}

but also other generalised retarded operators corresponding to cones.:
having a basis of just (n-1) elements, Thus, for example, in the 5-point
17)

- .
' «© &
case, r1,23, where 019 is the cone (

23

015,32 = (1p*ay) »(au*ay)y(ag*g,)y (aghay) €Y,

is not of the form

R{i i-j’i 12’ i 139 .'_*'_ i4$

i+

5}
but is one of theG -operators
r%2’3 = =0 (x,| 1‘x3) To (x51r'X2Tx4)“

However, it is not clear whether the set of the G-operators contains

all the generalised retarded operators which correspond to cones having a
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basis of just (n-1) elements

(ii) In reference (15) Steinmann states that all in G~operators
to cones having a basis of (n-1) elements, but he does not give
explicit expression for these elements. Similarly, he does not
give the suppose of these operators, although he proves that it

characterized by conditiong of the form

x; = xje V+, or / and X9 Xj,B V; y e0o

We have given these two expressiocns for the speclal case of the
0] (xi 1% Leee Oy )
1 2 n

by (21) and (28).

correspond

any
explicitly

is

operators

Next we consider Burgoyne's (20)"specia1 subclass" of generalised

retarded operatorsr 4+ ° These correspond to cones Gxei_which are defined

as follows 3

(1) Choose any permutation me k. i, of (253545 00e3n)0

(ii) Choose any¢ ¢ B, where E is the set of all the possible

ways of partitioning a sequence (iz’i3"°”in)'

(1ii) For a fixed e, let ij belong to mj-;-E partition, counting from

the left. Define
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(iv) qgelp+ if

+1

qeV, for all subsets J of (243y400yn) with i,

1
1
—_

.

qeV_ for all subsets J of (253y400yn) with i

Here
a = min{k, :i.KEJ} .
Cﬁ@' ig defined similarly, except that the signs of V
are reversed i.e., if Tt is a retarded operator, T, is corresponding
advanced operators
Although, in this definition, the index "1" has been distinguished,
this is purely for convenience i.e., we could have distinguished any other

index, say i, and this would have lead to a different, but similar,

subclass., Now if e dis the partition

e:(i ’i uoo,i )9(i ,i r--\w‘;')“'(i ,i ,oo.i )’ t =n
e R R R R A NI L

it is easily seen from (iv) that

1.
. . N . N . 1
R ')Ee+ = R{+1,‘-129"13, c-o,"lt%9+lt1+19+1t1+2, .°°’+1t2’ ooo,("'1) tliqg("“)

. 1.
1 y ¢ewy (-1) 1 }
t1_1+2 tl
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o o ' , 1-1,
R,Ke" = R{__1 ’+12’+13’ '.‘9+1t19_1t1+1_lt1+2, ooo’ltzy o-o’(-1) 1t1_1+17

1-1,
"o-,(_1) 1 }o
t1_1+2 tl

(_1)1-11

Burgoyne (20) has shown that the set of operators Rﬂ:ei s which in our

notation is the set

R{i 1,112’ii3’ Olo,iin} )

forms a complete set of linearly independent retarded operators. This means
that an arbitrary gencralised retarded operator can be expressed as a linear
combination of operators of this set. Clearly, the same holds for any other
set, obtained by replacing "1" by some other index. In Chapter (iv), we

gave a direct proof of linear independence of this set and use a simple
modification of this proof to obtain an expliclt expression for the expansion
coefficient a, s

B *

o % za,6 RB RBs the above set,

6. Generating Functionals.

A convenient tool for the study of formal aspects of the theory of
retarded operators is the use of generating functionals., These functionals

were introduced by Schwinger (21) and have been extensively studied by"LSZ(Z)
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and Symanzik (22). It must be emphasised however, that, in general they
do not exist in any other than a formal sense.

The functionals

T (3) =1 exp <ifdx (=)o (x))

s .
= 1
211:0 - fdx,ldxz...dan(x1)J(x2)...J(xn)‘l‘(x1,x2,...,xn)

J(x) being a real c~number function, generates the time ordered products
in the sense that

n
¢}

T (x1,x2,...,x ) = (~i)" j(J)
n 6J(x1)5(J(x2)..6J(xn)

The Hermitian conjugate

THI) =T exp (-ifax I(x) o (x))
similarly generates the anti~time ordered products. It can be verified
that

HT@) <THTH (5) =1

ives T (J) is unitary.

A functional differentiation w.r.t.J(x) gives

_ 5 5 . |
X—{)J(X) (J) = 570 T exp (1fdy Iy (v))
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-1 7 (plx) exp (1 fayalyle (1))

oo X
=iTmufwwmmmwmmq°wmmm>

X

(o] . OO

ies  J o1 "]':cp (X)TXO (33a)
0 - oo

Here we have used the notation

y! y!
o} o} oa .
T ew G aawe, T @ = T(7)
Yo Yo -
Clearly,
t 1 t 1
Yo + yc'J ‘Vc') o+ Yo Yo Yo
j T =1 =j :T and j ,j/ = 7
" "
Yo v, Yo < Y, Yo g Yo
yl
If we replace ’f (J) vy 7770 in the LES of (33a) we will get
yO
6 yl ‘ y‘ X
—— J % =t e (e deloi= )T e (0T ° (330)
63(x) Ty, x, Yo

The & andJQ functionals (22> are defined by

R, =777, 21707
ﬁx == T TH 2077
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and are related by
€ -7A7 4 TR+

Using (33), we get

5 6 + T X
. = = m——— -ig .ig’ g
@x,y 83(y) IZX & 3(y) qu{X) -

i

6 ‘ Xo * < xo |
83 (y) [T- o ) :r-w]

+ X + X x +
19 (x—y)[-jioq) DT Cox)T°+T 0

yo L = -— OO

o () 7?:]

Here we have used the result

6 ot Xot
——— j - = x—V) -17 (Y)T

I(y) -

which followg from
X + X
,j o} g’ o

Hence we get

@o,y = 19(x~y) ['jia Y)j 7 % x)j +3' (p (x)

-0 = oo

°.]

070
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il
.
=)

(=) (KR, + é’xﬁd

1

i.e. (22')ﬂx’y 19(x-y)[ K, £ ] (34a)

Similarly, we can show that \(22)

Ay = 30 oM ] (340)

Now, let H be an expression of the form

H(X1,X2,.cn,xn) =§£ (X1,X2,ono,xn)ki1£i2 oooﬁi

where ﬂm Eﬂx s 1s the permutation g ¢ k= :‘Lk s and fﬂ are  e-number
m

functions, Then

i, 1

e H(xypEp %) EE k% een) e RE, )
IS

6J(Xn+1 6J(xn+1) 172 n
n P
_ A 3 . . .
:L}:i:c £ (X'I’XQ""’Xn) j=18(1j,n+1)ﬂifi2...ﬂ?ij-1[ﬂlj ’£n+1] o ...@in

= 1‘%’:{}: S(ij,n+1)§'c(x1,x2,...,xn)ﬁifiz...@jngﬁij,ﬁn_*_:}ﬂijﬂ...ﬁin

i H(x1,x2,...,xn) ?&nﬂ (35a)
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in the notation of equation (31); Similarly, if H' is of the form
s ~ ) A. A, A.
H (£1,X2,.oa,xn) -—2%1;{(3;1,}{2,...,}{11) 11 12 sev 1n ’
we will have

H'(x1,x2,...,xn)= iH'(x,l,xz,...,x )‘toqn-!-‘l (35b)

5J(xn+1)

We sre now in a pogition to give the generating functional for the

operators

Infact, we first show that
: (e n- on— O3~ e
@ {+11, 12,03 13, A 4 vess 0 ln}“ (=1) Gné ,...(5 (52&11
(36)

o a- . . - Y - (_sy8—1 550 nson-1 3 &t
@ {11,+12,0313,0414,.g.,GnJ_n} = (-1) o O aees é?, 62‘ﬁi1

n
Here each ofol is either (+) or (=), O = I ( _01)’
1=2

B{ii1’+igs'°"iin} =£{§*-i1’ii2""’i in} ox‘,{ﬁ%_ iy9tinseeest in}

according as g is (+) or (=), @ and M being the functionals obtained

from

R{i 19 + 12,...,_-!-_ ln}
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by repls-cing ¢ (Xl) by£1 andvgl respectively, and the O ® are defined

by
gl 5 X if 0,4 =04
X = + . (o ~
1 o )] 72T if 6, = ()0, =(+)

("’)3 = ( )

i

g g it o,

Consider first the equation (36a), Suppose that it is true for n=m, so
that, if 0 = (=), we have
. - . s _ (osym=d - Om=1 503 -

As the LHS is a functional of the type H of (35a), we get

AN m—1
(<1)"06 7y 6m85 ) ser8y 252 6'2

m>~ m=1

gJ(x ) {+11’_12’ Oylyeeees Opy Ti-1? _lm}
i

m+ 1

-1° 68{*11’ “lp 3 Oglggeces Oy im—-1"im}T£im+

-i

i

U

Q{"’ i,l,-ig, %i 50:090 1 m_1’ Im "im+1} (376‘)
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Also

.\ + - Om-1 g3y _~
("'1) . "06m+1 (Sm 6111"1 9.0063 62 @i1

j’£€'11’ l GlB,QQQ, 0_1 im__,‘; "'im}g’.,'

m+1

= =i

GJ(X

= i ﬁ +l ] i ,ci yecey O - i_ ] “'i }
6J(x 1 277373 m-1 “m~1 il
m+1

using LAiS Tﬁi a’+
1A iy =iy OlgyenesGyy 41 -im,}J,‘*Aim1
=A{i1, ~ipy Ogigseees0 g 8 4y =i, +im+1} (37b)
Similarly, if o = (+), we can prove that
m - om=1

m o~ + Om—1 a3
()08, o &n ) 0y 6203

= ﬁ{"l,‘, 129 31350009 0m—1im—1’ +im, "'im+1} (370)

and
m + + aC0=1 O3, = .
(-)P- 08" ot o L6367 R,

m+1 m m~1

:-..'Aé i1,_i2, 3 139Q009 m_1im_19+im,+im+1} (37d)
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BEquations (37a~d) show that if }(36a) is true for n=m, it will also
be true from n=m+1, Hence, as it is true for n=2 according to (34a),
it follows by induction that it is true for every n. (36b) can be proved
by an exactly similar method.

Now using the fact that

ﬂx‘ ='/€x

) 7 (x)
J{x)=0

il

{ J(x)=o

we see that (36) gives

' g o
C . .y - (osyn=1 o n On=1 3 =, }
R {+11,-129¢313,090,%1n} = ("'1) 061’1 61’1"'1 vo o 63 62 :l.1 J=0

(38)
4 O, O,._ ay . ,
R {-i1,+i2903i3,00090'nin}= ("'i)n 1061'1 n 61,1?11 XK 6336 2A11 tJ-So

These are the required expressions for

R{i dpg by £ iy, eeny in}

in terms of generating functionals, In the special case 63 =(-), 3¢lgn,

we get
n~1
R {+'1 -1 =1 ci =i Y= (m1)R > A
? 9 geccy -l =
L e 3 -1 n} &T(X ) J(X. )noiéJ(X. ) L
i i i
n n-1 2 Tfo

for the ordinary retarded products i.e, for these products (38) reduces to
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the woll known LSZ generating functional.
It should be noted that the generalised retarded operators defined
in this chapter are quite different from those of Symanzik defined in

reference (23). These latter are obtained from the generating functional
ﬁ" z iz i3
50 2 3% @inTe-i

with two c~number source functions J(x) and J(x), according to the

formula
R (X.szy °°°sxm35’1sy25 "'9yn)
mn

i 0 )ﬂ('J‘,J)

63(x1)63(x2) 00 83(x )03(y,) Qly,) ... Wy

“J=3=o

Similarly, they are also different from the operators introduced by

Polkinghorne in ref (2 ) and obtainable from the generating function (24)

+
T T @nTHE

although, they are identical with the ones defined by him in (6). But

unfortunately, he discards them by saying that they are too complicated.
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CHAPTER I1T

REDUCTION OF S-MATRIX ELEMENTS

1o Introduction and the Main Theorem.

In the last chapter we proved certain reduction formulae
(equations 2,19a-d) for the generalised retarded operator, i.e. we
obtained expressions for their commutators with in~ and out-fields
similar to those for time ordered and ordinary retarded product given

by LSZ. We will now use tliem to reduce the S—matrix elements

<p1,p2;ooa,pm Ou.-t/ _%+19"Pnﬂ_2,oaog—l)n in> (1)

in terms of retarded functions. Now it has heen shown by Burgoyne; in

his Thesis (5), that if

acl ~
T (pysppreeesn,) and T (DysDpseeesb)

are the Fourier transform of the time ordered function and the
generalised retarded function corresponding to the cone C@, respectively,
then the two are equal for pe Ca' Also we have seen in the first

chapter that by using (1.2) we can reduce (1) to

n
P
(_i)n dx19dx ooadxn elé_; 11 K K

K .
2 Xy Xyees X, O} T (X1,X2,..o,Xn) jo>
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Hence, if we are able to carry out the reduction of (1) in terms generalised

retarded functions, we expect that if pf;COL s we must have

<p1,p2 cssy pm Out/ "'pm+1 $ "‘Pm+2,o=-9"Pn in> (2)

n

= (~i)" fax, 4 d 121:pixi KK ook (x,,% x, )
= 1 X1 X20-c Xn e P ) o ra 19 2,.--, n

x1x2 ~n
Wie shall see in the fcllowing that this is indeed the case.

B

Pirst of all, we give the following lemma

LEMMA s =
P P P
1 2 n .
0] (p ) (p /IC,K ,ooa,K in = 0
out out out 172 m >
and
Py L Pn
¢ N ¢ r =
in in e in /I 1’K2’ ‘na,Km out > o]
if P1 + P2 +ooa+pn - K1"'K2 - esa0 ™ Km? v__and % ¢]

These are generalisations of

P
o /Kout>=o if p=KAV_ andfo
in

which one should expect to he true as these are no states which have
their energy-momentum 4~vector outside the future light cone.

The proof runs as follows
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If P is the energy momentui: operator, we have

iPx D, Py P

n
e ® ® ) fK,3Kpeooy K in
out out out e o >
n iPx
= (-) L fdy1dy2---dyn e ¢ (v) oy «-00(y)
20 .o 3 2

o . e .
¥, g eee %y, exp (i = piyi) /T{1,K2,...,Km in%

“> &
_ (D . 3 0 o
= (-i)" Lin fdy1dy2-o-dynfp (yy+)o(y #x) e 0 (y4x) %5, Py, oon
«
30 n m
Y, ©xp (1 ?piyi) exp (i }‘i:KiX) /K‘I’KZ"”’Km :Ln>.

Changing the variables of integration from Yy to y; - X we see that

this becomes
& & 5
(-1)" Lim/é;sqdy?o-dyn o(vdo (vy) e (y,) ay;) ng nyl
Vi =
ot}

f n
exp (i 1piyi) exp (—1z1'pix) exp (i S{. Kix) /K sKyyeaesK 1n>.

n m
. . Gey - H K)o p Pn K K in
- o 90 ’ 9 O..,
(pout (pout (Pout e m \7'
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/Mﬁﬁaﬂéiﬁémihe varisbles 7 integration from vy to y; = X we see that this
becomes
GE; oéz; o o /
AN )
(-1)7 Li fdy1d.v2mdyncp (ro (rp)eee ) 93y Iyp oo ®yp
O’) :
y oo i
1 i
|
/

n n m
exp (ifpiyi) exp (=i Zpix) exp (iiKix) /K,‘,K2,.o.,Km in
1 1 1

out out out

n m !
-ix (&p, - A2K) p, D P
i i 1 2 n - .
e ® P aee @ /K1’k2,.,.,Km 1n:> .

-

This shows that

b b j
1 2 n .
(P (p 2000 Cp /K1,K2900c, Km 1n>
out out

igs an eigenstate of P corresponding to the eigenvalue

- (T - ).

1

As the energy-momentum 4-vector of every eigenstate of P 1is either
zero or lies in the forwsrd light cone we have
P P D
1 2 n . .
CP (P onocp /1(19:[\.29 e ey Km 1n> = 0
out out out

ir %pi-‘EKi);zf V. and £ o .
1 1
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The second part of the lemma can be proved in an exactly similar

manner. Clearly, the Hermitian conjugates of these two results are

p¥ X p*
. 1 2 n
(:K1,K2, soo Kﬁ in / [0) 0] ) l = 0
out out out
p¥ PX p¥
: 1 2 L
<K1,K2,.ot, Km Ou.t/(p (p -no(p l = 0
in in in

if (‘51,:: p; - 2? K;) AV and # oo

If Ca is a cone of the type

CG» s C _'!:_ i1, _'_l‘_ izguoogi il’l}

o ordel ¢, '-;v_: ey in
and we perform the reduction of (1) with ptCa, then it is not difficult
to see that all the reductions can be carried out with the help of this

lemmas and that the final result is Jjust T, iece. (2) is satisfied.

Tor example, let us congider the 5~point matrix element
8¢ =(®yspy Oub /¥p3,—p4,-p5 in >

when

p e 03912 = ¢4+, -3,+2,-4,-5}

P1’ pg, p1+p4, p2+p43 P1+P55 P2+ ps 8V+

9339431)5’ p1+P3$ p2+p3 e V_
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We have
Py

85 =<p2 out/e out /~p3s~p4s~p5 in >

_p*
~i M, <p2 out /¢ (x )CPln /p4, ~Ps in>

(-1)2M1M3<p20ut/ﬁ6-1,-3}/—p4,-p5 in}"i M1<p2 out /(pinan
@ (x,)/=py5-p5 in)
p.* _ ip.x,
where M. = Mil = n7P - j'dx'b e 7t Kx

and we have used (2.19a). The second term vanishes according to the

lemma, as

- P3 by € V+

and so we get

[¢2]
L]

5 (-1)% u 3 <o /(p R(H, -3} /-p,5=p5 10

ou

i

(-1)> M Py {o/R [+1,3,2 }[ -py»=Ps inY+(-1)% 1, M,

(o / R{+1, —3}9 F2 /'-p4, ~Ps in) using (2.194d)
out

(-1)° Wi Lo /AL, -3, +2}<p /~p5 n

according to the lemma, as 1)2+p4 p,_ eV+
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(-1) MMM, (o /R {+1, -3, +2, —4} Q. /o)

[

L}

(_i)S M1M2M3M4M5 <O/R{+1s -3 +29""4s"'5} /O>

as requred., Clearly no complications arise when n) 5e

If, L.owever,'COL is of the form

Ca s C {O“j’ + 1j+1’i1j+2"°”i1n}

where CQ cannot be obtained from any of the (j—1)— point cones, it is
J
clear that a direct application of the above method cannot lead to the

reduction of (1) with p 800,’ to T To get some idea as to what really

happens in such cases, let us congider
SS =<p1,p2 out /—p39_p49"p5 in >
when p is in one of those 5-point cones which cannot be obtained from
any of the 4~point cones, say p €C'- , so that
12,3
p19p2$p1+p39p1+p49p1+P55p2+p4’p2+p5 & V+
P39Dys P53 Pyt Py eV_

Ve have

S, = ~ill, (v, out /g(x;) /-py=py=p5 in)
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" -p.¥* s .
iM, (pgout /(p(x1) q)in1 /~P49~Ps, in

il

i}

(”3)2M1M3 <p2 out /R {+1, —3} /~p49"D5 in) as —p3’P26V+

(—i)3M1M3M4 <oy out R {41, ~3,-4}/-ps in) +(~1)? WM, ¢ D, out /

-.'p4*
o) R{+1, -3} /--p5 in>

in

n

(—i)4M1MzM3M4 (o/R{#1,-3,-4,42Y /-pg iry+ (-1)3 Ml (o, out /

- # -p ¥ =p ¥
P4 P4P

5
[»} .
¢ . - -3 M M { @ -
i B3 5}/o>+( 1) WMo, out /% in R (+1, 3}/0)
The last term vanishes according to the lemma as
—p4_p5-p2 g V+
and so we get

= (i) o _ SRV S
5 = (1) M MMM M <o/R{+1, 3,4y +2, 5}/0) (1) I, MM 1
{opout /R{H1,-3,-45 5% /0) +(—i)3M1M3M5<‘p20ut /R1,-3,-5}/-p, iny

= (“i)5M1M2M3M4M5 <0/R{+1 9‘39‘4+29'5}/0> - <0/R{+1 s~39=4s=5,
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+ 2}/0) +<0/R {+1,"‘39"‘59+29'4 }-/o)]

= (=1)? - \
= (-1)7 WM M Lo/Ryp 5 = Ryp + Ryp 0 /03
in Burgoynes notation (17). Now we have Steinmann relation

' - =
T3 7 Ry T Pag1 T fgm T

which gives

R'
12,3 = Ryo5t Ry g~ By

gso that we finally get

{Pp®y Oub /-y, =By, =P iy = (-1)° MMM, )

1~
when p & 012’3‘

The two important points to be noted about this reduction are

i) The matrix element can be completely reduced, and the result

of reduction is a linear combination of functions of the type

rf+ 1.+ 3 ooy + i
{__ 13__ 12, . ’_15} .

ii) This linear combination is just equal to the correct retarded

- function ! , as required by (2).
12,3
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It is found that these two statements are true in general i.e.
for the matrix element (1) when P is in any cone Co,'i The first one
follows from the theorem given below, while the second one is proved

in the next section.

THEOREM: The matrix element
" - - - .
<p1,p2,ooc,pm ouv /pm+1, Pm+2, IR X} pn ln> (1)

when peCa, an arbitrary n~point cone, can be completely reduced

to a linear combination of retarded function of the form

r{_-t ik iy ey in} .

PROOF's Let us assume that the first (k-j) reductions in (1)
can be carried out i.e. (1) can be expressed as a linear combination

of terms of the form

X = II M(i,],izgnoo’ij /R{_'t ij+1,iij+2g'oe,i ilé}/ik+1,il.{-'.+2,.‘.’ in>
(3)

where the product is over suitable M-operators, and we have used the

notation .

" P s DP- ’oon,p . out /R + 1. ,ii. ,ooo’i i /"'P. 3 P, goeses™D i
4 11 i, ij é— JE17="3+2 1»;} Lept Lo in.

= {ipigye. -’ij/R{i TapqaElgppseeeatiy }/il':.ﬂ’ Yapreees in> “w
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Purther, let

"'(P- ‘*‘p? +oon+p? ) P? 4 P? +aoo+p? I (5)
et 2 1n> 1T 5 :

Then there will exist a smallest integer 1 such that the sum of 1 of
the energies

‘Po Po
’ ; gecoy Tl 9

* e+ 2 et

is greater than the RHS of (5). Without any loss of generality we may

take them to be

0 o o p
- p:l ,—Pi 9'“'9—pi ( )
“k+1 k+2 k+1
* %
Consider first then case 1=1. We have (writing ¢ Py = ® )
in in
¥
k1

X = IIM(11,i2,.o.,ij/R{j-_ in,i ij+2,.“,_-t ik} q;in /1k+2,ik+3,..,,1n>

= IIM<:11 sipses .,ij/R {iij+1,iij+2, ces ,iik,—ik+1}/ik+2, NPVRTY ,irDﬁ»I:tm

i
L. . kt1 L. . . . . .
<119125-u9 13/ .RDin R{i 1j+1’iij+2"'°’i 1k} /1k+2’1k+3"°°’1n>

The second term vanishes according to the lemma as

o] o] o]
i 3P+ Dy
k+1

o]
P i i, T TPy

2 J
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and so X is equal to a matrix element in which (k-j+1) reductions
have been carried out.

For the case 1=2, we have
i *
i1
X = n M<11,12yoooglj /R{'_"_ 1j+19i1j+2sooo,ilk}<pin /1k+2,1k+3,'0-,1n>

= II M(i,‘,iz’ooo,ij/R{i ij+1i'_ij+2,o-c’ijkg—ik+1}/ik+ggik+3’oao;in>’!" n M

i, ¥
. . K+ . e .
Ligsiprensiy/ % BRI qotdgipseees £ 11:} /lk+2’lk+3"“’1n)

= II L[(l1,ig,onogij/ﬁ{i 13."'191 ij_’_e,cop,i j_k9,.ik+1}/ik+29ik+3,ooo’in>+ I

e

i ,i coa,i./(p
( 1772 S

R{i IPTLAE MIPYRPLVL AL N Y e P erq? * oyt
i b
¢

.[T]\l‘(i1,12, oou,ij/(pi R i ij+1,iij+25 ooo,iik} /il{+.3,ik+49 lot’in>

n in
The last term again vanishes according to the lemma, as now we have

¢

o o) o) o
=P "'P. P, + P. 2 e v e + P.
i1 1k+2> 1t 3
i *
Hence commuting © k+1  back in the second term, we get
in

X=1II M(i1,12,.°.,ij“R{iij+1,i Liyprerat ik,-ik+1}/ik+2,1k+3,...,1n>
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+ II M<i1,12,.”,1j/R{_-_|-_ ipptisioreeeot ]k,~1k+2}/1k+1,lk+3,.-.,ln>

S Uiy ety /R G 0k 1y et el o f /ik+3’ik+4"°"5
én:>

ises X 1is equal to a sum of terms in each of which, either (k-j+1)

or more reductions have been carried out. Similarly, for general l{n-k

it is not difficult to see that X is equal to the matrix elements
between suitable states (clearly, the outstate is (11,i2,...,ij) for every

term while the in~state contain lk+1+1’ lk+1+2,...,1n and possibly some

other indices) of

[R{i ij+1ﬁiij+2909'9ijk9_jk+1}+ R{'_l'. ij+1,iij+2,.oa,ii}£’—ik+2 + oot R

{Egeppthgipreent ik’_j'k+1}]_[R{i L T T

{Eh5pqtdgipr e esth=iy, -l yte ARfEE S ot oy st mha

1-1 ; ; i, —i i ’
TR S & BN

The case when the inequality (5) is reversed can be similarly
treated by commiting the outstates (using 2.19d) instead of the in-states.
Thus we can always express X as a linear combination of terms in each of

vhich either (k-j+1) or more reductions have been carried out, and hence
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the same will also be true for the matrix element (1). This shows that
if (k-j) reductions can be carried out in (1), the (k=j+1)th reduction
can also be carried out,

Now we can perform the first roductions, as (1) can always be put

in the form

-i M1<:pz,p3,..,,pm out /b(x1)/me+1,~pm+2,...,—pn in:>

by using
» P P ip,x
1 1 . 1. 11
® =9 - 1pr(x1)5<p‘ -3.‘[‘dx1 e K cp(:c1).
out in in 1

Hence, the proof of the theorem follows by induction.

Ze Result of Reduction.

The above theorem shows that a complete reduction of (1) can always
be carried out; so that the only thing that remains to be proved is that
the result of this reduction is just equal to the correct retarded function
as required by (2). First of all, let us introduce some new notations.

Let f) be the set of all the sets of the type
{:: 1# iny £ igecet in} ’
the prefix of each index being either (+) or (-). Here,

(12,13,..,,in)
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is a permutation of

(2,3,.“.,n).
Also let D and D' be the subsets afafy congigting of all the elements
which have the prefix of "{" as (+) or (~) respectively. Then according

to the above theorem, we have

Sa, ==uﬂz,géép'bﬁ r5

where Sa is the matrix element (1) with p&:Ca,Ta's are constants and
M . (-1)" uu

If we start our reduction from the p1~state, then ag it is an out-state,

20e. n-’In

every term in the final result will have the prefix of "1" as (+) i.e. we
will have

bﬁ'_' o for BgD' ,

and so we have only to find bB for B €D, We shall obtain its value when

€, is the cone, {k even)

B

————

ot cnm——— " : i
CBS C +19"2,"3,-0.,"'R2+1, +R2+2 9+R2+39oco,+R3,+R3+1"'R3+2,"R3+3 9

eveg ™ Rk"1+2, - Rk__;':égunv,"Rle“‘RZ:"_ } 9 ng n-1 (8)

as for any other B¢D, we have just to replace

(253545 400e;n)
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by some permutation

(~(2),%(3)500.,%(n)).

Consider now the set

+2, R

nmqt3s eeey R Rm+1).

m=-1

m
Let:)q_ be the set of all the subsets H_ of Gm which are such that

n
i p, + E P; & V_  for paCa.
1=Rm+ .

n .
:H+ is similarly defined. Clearlu,fﬁ]? and}lf together contain all the

subsets of Gm i.e, any subset of Gm is either in:ﬁ? or"]':iﬂ_a o« Also let

i)
He ,f=1, 2, --o’ﬂe

m
be all the subsets of Gm of e elements which are inw_ .
Next, let us make the following remark about the process of

reduction. If we have a watrix element of the type

<P1’P2"”’Pi out /R{'“}/—pi+1’_pi+2’"“’-pj in> ,

we can always perform the next reduction, which will be of the out-state

or the in-gstate, and so will lead to the next index in R{...}with prefix .

(+) or (=), according as

p1+p2+p3+u.+pj8 V+ or V_ for peca respectively.
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Suppose now that at some stage in reduction offia, we have a term

(m even)

II M (e. OUt /R{+1,-2,-3,.M,—32+1,+R T2, 4R 43, wuey +RFT

2 3
- R3+2 . -R3+3,.oo, _Rm_2+1g + Rm_2+2 [ + Rm_2+3’ osog + Rm_1+1}/oon lr>

ST UCew out R{U, + B_F1}/0us ind> (9)

It will lead to a term
n M<oa out /R{Um’+Rm_1+1y —Rm-1+2’ _Rm_1+3,.na’_R:m;Rm+1,+g} /ooo in>
(10)

with some coefficient. Let us try to find this coefficient. It will be

diffarent from zero only if

=
o]

) 8 i
R +o P& V. and i7R_F2 p, &V, inCy , (11)

for otherwise the prefix of the index after Rm— +1 cannot be (—) and

1
that of the one after Rm+1 cannot be (+)., We can therefore take (10) to
be true. DBecause of the first of these,; we can write the in-states in

(9) as in-fields and commute all of them with R so as to get (similarly to

(7))the matrix elements, between suitable states, of

e g e e amad p—————— Sotmag——
[R {0 B 71, R_r2} o {0+ R ¥, R " +3f+ . emfy, 4R

m=1 +1,

1

- Bt )-(r{u, R #1s ~R w2, R #3per{U+R 3, R re,
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“Rm_1+4}+oeo+R{Um," + Rm_1+1, "'Rm, - Rm+1}J +|o-+("‘1) [R{Um ’

+Rm-.1+1 9 "Rm_1

+29 -

m-1+3’ toeg -Rm, —Rm+1}]+ [ acme other terms

i ——— B .
R {Um, + R+, —t1,—t2,..a,-—-t} such that there is at least

one t which is not in Gm]’ (12)

Here T Rm - Rm_1, 2gm6k, R1§;o .

The terms in the last square brackets are not interesting as they cannot
lead to (10). Due to the secord of the conditions (11), the ncxt
reduction in the last but onc square bracket of (12) will be that of an
out-state i.e. the prefix of the next index in which will be (+) so that
it leads to (10). Thus we may say that corresponding to the subset

Ge 31111 of r = eclemenbs (that GE 3‘? follosqrs from the first of (11),
there is a term (10) with coefficient (_1)Tm‘

m
Ang subsets
rmf1

f

m
HI‘ -_1 ] f = 1, 2, 3,‘00, ‘Nr _1
m

m
of Gm of.(rm—1) elements are inﬁ;T R inJV? -1 terms of the first square
brackets in (12) the next reduction can be r;erfonr:med by commuting the
in-fields with the retarded commutator. For example, if we consider the

subset

(11,129 .oc,lrm—1)8 ylf

where (11,12,...,1r ) >a permutation of (Rm_

+2,..°,Rmf1) then the term
m

1
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II M., out /R{Um,+Rm_1+1, -er‘}/... in

can be reduced so as to give the matrix element of

(R{, 1 L I 117;+R{Um +B__ 1, A St A

+1, -lrm, -lrm-1}] "[R{Um,"l' Rm_""l'1 [ "]T;nl,"'l,',“lz% + eee + R{
———n rm—2 —
Ups +Rpq*1s " o "]in{.-g"']rmq}]“ e+ (1) [R {Um’+Rm—1+1’

“1 515 lypeeesml. —1}]# [some other(unninteresting)termsj (13)
r T’
0

Due to the second part of (11), the next reduction in the last but one
square brackets will again be that of‘ an out-state and so it will
again lead to (10).

If the rest of the terms in the first square brackets of (12),

the next reduction will be that of an out-state, so that they can not lead
m f

to (10). Thus corresponding to each of 'thej{r -1 subsets Hr -1 of
m m

G of (rm-1) elements, which are inH{", there is a term (10) with a

r
coefficient (-1) ™2 j.e. those subsets lead to & coefficient
m
Y -1 i *NI‘ o r -2
. »rt ¢l m m
~1) - , (-1)
( "/vi;,,,, L. 2:’;:1
of (10).
m
Next, as thc.‘yr - subsets
m
£ m
HI' ~2 ] f = 192,3900.,}{; -
m
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2

the second square brackets of (12) in which the reduction of the in-fields

of G of (rm-2) elements are inﬁ? , there will be justN rrn _, terms in
m

can be carried, and each of these will lead to one term (10) with coefficient

r ~2
=" .
f,rm~2
Further, let dr -1 be the number of the subsets
m

' m
Hf _1 ? f' = 1 2 3,.».,Nrm-1

which contain Hﬁ Then in the expression (13) corresponding to each

£y, -2 m? £t

of these dr -1 subsets Hr Y there will be a term in the first square
m m

brackets, containing the two indices of Gm which are not in Hf .

rm&2
Then as ‘i _25 ﬂ?_l ; the reduction of in-fields can be carried out in this
term, and ?his will lead to (10) with a coefficient (- 1) i . Clearly, if
two Hf are included in some Hf -1?
brwckets of (13) corresponding tomthls Hf

1’
m
vill be distinct. Thus the total

the two terms in the first square
in which the in-ficld reduction

can be performed due to the two Hf ot ¥

number of terms in the first square brackets ofsﬁ{ expressions (13),

-1
Tm

which lead to (10), will be

-2 f;, r —-2

As before, the rest of the terms (in the first square brackets of various

expressions (13)) cannot lead to (10). Thus in all, corresponding to the

m
ﬁ{rhf2 subsets Hf - there is a coefficient

4



m
- m T - fyr =2
m ﬂr -2 m3 “m
(~1) + m (-1) d
T -2 > T ~1
m o m

T ~3 for -2 .
+ (=) " a. 0 J

T -
m

of (10).

m
Similarly, we can show that corresvending to the..}‘{rm—S subsets Hi -3

m
of Gm of (rm—3) elements, which are :'LthIIz1 s there is a coefficient

3 T ~2 r ~3 far -3 r =4 fyr =3
P o [(—1)m +(-D" e B s (=)™ a " :}

o rm-‘l rm~2

of (10), and so on, so that in general, the J\(? - subset Hﬁ - lead to
m m

a coefficient

m .
‘Nr - rm-2 rm-3 T Rt rm—-4 f T I‘m~u—1f,rm—-
);"_3;; [(-—1) + (-1) a, ;5 o+ (=17 a5 4. (-1) a. o
= m m m
Here drm__v s UpV, upo ; is the number of the subscts

f! m
H — ’ f| = 192’3,0'5’N -
Ta VvV Ta Vv

ood L‘v..@i- sontain Hf
I'm"‘u .
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As the terms (10) obtained above are the only ones which we can get

from (9), it follows that (9) leads to (10) with a coefficient

m
r -1 Nr -u  u
r -1 m r =y-1 f,r -u
m m m .
(-1) M= = = ) ®r v (14)
f,I’ -t
where d_
r % 1 ' £t L r .
m ~ =~ m=1
I',I' lnd ¥}
, m s .
Let us now evaluate the numbers drm*'? y UDy . As the u p:!L g 1 /&fﬁ :

but iEGm y are In V_ in Co,’ we can choose any (v-u) of these and the

union of these (v~u) indices and Hi _y ¥ill be in¥" i.e. it will be one of
£ a

Hr - As there are uCu_vEuq) ways of éhoosing'v-u out of m indices,
m . '
there will be qu subsets Hi -y which contain Hi —y ? and clearly, these
m m

will be the only ones which do this. Thus we have

f,r ~u
m

= 9
TV v
u r ~y-1 fyr ~u r u v—-1
m
n 2 (=) Qoo =D (1) e
=1 m v = 1 v

it
—
1
-
~
=]

u=-1 a rm u 4 u

ST (-1) Y% = (=) S (-1) U ~(-1) o]

=0 v =0 v u
r +u-1

T [o + (_1)u+1j 3 (_1) m .

"
—
1
-
N

Hence (14) becomes
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rmj1 I‘m'-1 J%}m_u rmfu+1 o I‘m--1 Iﬁfu+1 m
-1 "+ 2 s (-1) -0 " o+ &= ) N,
F=1 ’

m
where uh( = 1
r =
m

Mo (s29)

The case when m 1is odd gives an identical result, except for the fact

1t

that.ﬁ(em is this time the number of subsets of Gm of e elements which
. m
ae1nﬂ+ .

Consider now the matrix element Sa' I+ can be written as

-.F Y Aad - boad 1
1h1 <:p2,p3,...,pmout/<p(z1) / Priq? Do e * s P, 1n:>
and this will lead to a term

R, +1 —
(-1) M, M. out /R {+1,-2,~3,..,, ~R2+1}/... in

waich itself leads to

R +1

<empartiiua D e e a—
(-1) 2 N7y TG .. out /R{+1,—2,~3,...,-—R2+1, *R 342, +R k3,000,

+ R3+1}/... in"y
and so on, so that ultimately, we have the term

et

n .
12‘73. o:’lk (-—i)n II1 Mi <O /R{i‘19”29—39 o eo,‘R2+1 ,+R +2, +R2+3’ 2cey
1=

2
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+R3+1 , -R4+2, -R4+3, o ,-Rk_1+2, -Bk_.]"‘3, L 9"Rks"Bk+1 }IO>

="22773 ,...ij( T where Cﬁ is the cone (8).

Thus
= 112’.?3 00071{
for the cone (8), and clearly, the same will be true when k is odd.

As mentioned earlier, its value for any other Pe¢D can be obtained from

this by replacing (2,3,4y...,n) by some permutation

(i1,i3...,in).

Thus we have

MZ
s, M ped e Tp

where bﬁ are determined as follows, Let B be the set

ﬁ :{+1,"i25—i3, oo.,"iR +1 ’+iR
2

y+i geeeyti 9"" 9
27 R, +3 Ryt ?R3+2

. k-1, lf—'l
—1R3+3’-aay(—1) lBk—1+29( 1) R.k 1+3,..'y( 1)1{ 1.

RI»:” }
and

G E(. ’ i ’I..,i ,i
nEtn w2 eyt ) (15)

Then = 2’73 cos 71:
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I‘n-

=~ m
m

(1) ® N,

1
where Yﬁl =
Uu=0 m
Ju’m . T - .
and e is the number of subsets of Gm of e elements which are in

m m . . .
H _ or93+ according as m is even or odd respectively.

Now, it is shown in the next chapter that

=
5 "%

where bB is given by (15) is Jjust equal to.ra, Hence we get

S =Lﬁ(r
a [}
which proves (2) for an arbitrary n-point cone C e

Until now we have considered only the case when all the partial
sums pJ's are timelike, W%e have seen that in the reduction already
carried out, a matrix element of the itype

p P D.
1 2 ! .
Y /R {}..}@ [0} oo @ / pj+1, pj+2,.,., pjl 1n:>
out out out

vanishes when

™M
e}

P

m
=

i=1

But the lemma, proved in the first section, states that it will also vanish
1

when 3 Py is spacelike, so that the same process of reduction can be
1
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carried out in this case also. Thus if a matrix element can be reduced to
a retarded function when v 8Cq', it can also be reduced (to the same
retarded furiction) when p is such that; for each J, Py is either in V+
according as q; ¢V, for q &C_, or is spacelike, This shows that (1)
can be reduced to (;eneralisef’.) re.tarded functions for every point of
momentum space.

It should be noted that in our calculations, we have not used the

assumption of stability of one particle states:

/p in> = /p out>.

A consequence of this assumption is that on the mass shell, we have

Mm_1<o/h{a1+ (n+1)}/ c> =M <o / R{a1—(n+1)}' o> (16)

where Ra. is an arbitrary n-point generalised retarded operator, This

follows from

<:° / Ra(x1yx2a---:xn)/bn+10u€>=<:b/3a (X13X?s--9xh)/?ié> .
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CHAPTER IV.

LINEAR IMDEPENDENICE AND EXPANSION

T Linear Independence of Rﬁ,ﬁsaﬁﬁ.

As mentioned earlier in the second chapter, Burgoyne has stated

in his thesis (3) that the set of operators
R{i 1y + 12’ x 139“-, * ingr y (9
(12,13,...,in) = a permutation of (2,3,...,n).

the prefix of each index being either (+) or (~), forms a complete set

of linearly independent operators i.e. an arbitrary n-point retarded
operator can be expressed as a linear combination of operators of the type
(1). (n—1) other sets obtained by distinguishing one of 2,3, 45ese,n~14n0,
instead of "1" (as is done in (1)) are zgain complete and lineerly
independent.

In the following we give a direct and straight forward proof of linear
independence of the set (1), and, in the next two sections, a slight
modification of the same is used to obtain an explicit expression for the
expansion of an arbitrary generalised retarded operator. This iz done
by evaluating the coefficient of any given operator of the type (1) in
terms of ccnditions defining this operator and the one which is being
expanded.

To prove the linear independence of the set (1) we have to show that
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if a relation

b -
58§) aBRB = 0 (2)

holds for every x, a, being c—numbers independent of x, then

g

a, = o for all B .

B

If we now take x  such that
? Xz fOI‘ i = 293949.0.,11 (3)

we get

RB = 0 for B g DY,

so that (2) becomes

5 aR, = o (2a)
gD PP

Expanding RB in terms of W.-products, we get

2 2t a9, (1152509, (1585)00n0 (1101 ) W4 ,05,00008) = o
peD - U= = z

or % 3 + a9 (1,,1,)9 (i,51,)eee8, /. DN s s Ly L
* peD B 122 e 207 i(ln_1,ln) w(11,12,...,1n)' = 0

where the suffix of the 9$-functions and the overall sign of each term

clearly depends on B. As this equation is true for all ¥ (satisfying (3))

including the points where each xi is timelike with respect to every other
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X;, the coefficient of W(i,‘,iz, ...,in) must vanish (since, in this case,

we may assume that the W-functions are linearly independent) i.e. we must

g;epi aBai(i1,iZ)8i('12,i3)...ei(in_,l,in) = 0

with the suffix of e(ij’ijﬂ) zs (+) or (~) according as qy is in V,_ or
in V_ inCB, J being the set (i‘l’iz""’ij)' Clearly, this represents
a set of n! equations, one corresponding to each of the n! permutations

® of (1,253,404sn). However, in the following, we need only those (n-1)!

of these equations which correspond to i1=1, i.e. the equations

as 4y e V+ in Cﬁ when [&D. Now let the point =x  be such that

o o o o o (o]
X, - X. e V. ,x -X. eV gecesX, =X, &V .
i 1 1 o i a.
n n-1 i n—~1 n-2 i 3 2 i
n n~-1 3
o o]
X, - x1 eV_
2

where for each j, 0. is either (+) or (~) and V_?_ are defined by
j —

0 o . o o o o
> € ! < .
% € V+ if X7 0 % v_ if %, o)
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Then in every term of (4) which corresponds to a B such that in the

cone G_, we have

B

4 t*t 9y
n n~

j = Qy 19 2, scoy n“'39 n"2, Oi == ("),
2
the product to 9-functiocmsis +1 and the overall sign is the same
(either (+) or (~1), while in the rest of the terms, this product vanishes.
Hence we get

/« N
!
\ - s . P
zafh Jpstdgsecesti, p= 0 (6)

-4

where a%}ﬂ,-jz,iJB,...,ijn % stands for aB when B =%%1, -jz,iJB,...,ijA}

and where the summation extends over all the sets

{+ 1y=dps & Jyreeest dy 71,
in which the set of conditions (5) is satisfied. Clearly corresponding
to each permutation (i2’i3"°’in) of (253,44.4n) there will be M2 sets
of conditions of the type (5), and these will lead to 2n-2 equetions like
eq. (6).

Now, corresponding to each sct of conditions (5), we can construct
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a unique cone, namely the cone
s + _. . i Gc i ® o0 0. i
€ 3‘1’ oy G T3 O Ay ] ln§

We shall call them (i.e. the set of conditions) the principal conditions
of this cone. Similarly, (5) for any particular value of j will be called

the principal condition of this cone corresponding to the index in—j'

Cordder now the cone (n even)

i~

c {f1,—2,+3,~4,+5,~6,..,, + n=1,-n ?- (7

Its principal conditions are

! for j even
Yrdpaq T oeee T Yy ©
Vv for j odd

j = 0,1,2,..-,1'1"3,1'1—2.

These conditions do not, in general, define a cone Ga uniquely i.c.
there are many cones satisfying them. However, it can be shown that if they
are to be of the form CB’ B¢D, then (7) is the only cone in which they are

satisfied, PFor this, we need the following property of CB. If
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then for k > 2,

g, + q.

1y 3y J P

+qj2 + eeotdq. g V oorV_ inC
T

according as the prefix of i is {(+) or () in B, provided that all
the indices j1,j2,...,jr are on the right of ik in it. In particulasr,

q; isinV_or inV_ in C_ according as the prefix of iy is (+) or (=)

B
in B.

Let © ¥ be any cone, witlye D, which satisfies the p.c. (principal
conditions) of (7)., A4s q, eV_, we must have -n in Y. From the p.c.
corresponding to n  and n-1, we got ULy 8V+ so that the prefix of n-1
must be (+) in 4 . Also +(n-1) must be on the left of -n, for if it were
on the ¥ight, we would get qn+qn_1g V_  which contradicts the p.c.
corresponding to n-1. Again, the p.c. corresponding to n-1 and n-2 give
4, €V_ so that n-2 has a prefix (-) in 4 and must lie on the left of
+ (n—1), as otherwise the p.c, corresponding to n-2 will he contradicted.
Proceeding in this way, we see that there is just one cone C‘YwithJYSD
which satisfies the p.c. of (7), namely (7) itself.

Now as p.c. of (7) are just a set of conditions like (5), the

corresponding equation (6) will be

a{‘*'.iy "'2’ +3, "'4, sscy + n"'19 -1

?: R

Similarly, we can show that, for odd n

a%'*-‘], -2, +3’ —45 cevy n—1, + n‘§= O
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If instead of (7), we start from

C,ZH, ~i, +i3,-i4,....,.,(»1)n"2 n—1,(-1)n~1n§‘ (72)

we will get

e »
. . . n-2 n=-1
a{’*"l, "'12g+13,"'14,guc,("1) n”],(""]) n

§= o (8)

Next, let us consider the cone (lkeven)

—————

C{+1,"2,"3, 0 -,"'R2+1, +R

——— —

+25 + R2+3,...,+'R3+1, ~Ro+ 2, = Ry+3,

o T——— e i

so0eg ™ %-_1"“29 —Rk,‘-1+3’ e n -,'—Rks"Rk+1 jg'f ,Rk E n_1 (9)

and try to find all the cones C’Y s e D which satisfy i®s p.c.

As Q.= ¢ ¢ V_ we will have -n = - 1{+1 in « The rest of the
RK+1

indices

Bk’ Rl:“" . Rl:_g, s3s2g R'-}C_']’*'Z

must be on the right of - §;;?, for if some of them were on the left,; then
either the prefixes of all of these latter are (-), in which casc they can
be brought on the right, or else, at least one of them has a prefix (+)

so that p.c. of (9) corresponding to this index is contradicted. However,
once on the right of —3k+1, these indices can he in any order and can have

eny profix without contradicting any of p.c. of (9). We express this by
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writing

Y =

N

s"n,’[ck(iRk!iRig"I gane 9iRk,_1+2) E

where * ;. indicates that any permutation of the indices appearing in
the small brackets ie permissible. The p.c. of (9) corresponding to
Bk‘»1+2 and Rk_1+1 give qu..1+1 & V,_ so that Rk.-—1+1 has a prefix (+)
and lies on the left of -n in « , as otherwise, the p.c., of (9)
corresponding to Ii.,__1+1 will be contradicted. On the other hand, the

indices

%,-1’92:—1'1, q’c.‘.-1'2""’1§;:~2+3’ %:—2+2

can be anywhere on the right of Rk..1+1’ can have any prefixes and can
be in any order i.ec. we have

e — -
s o oty M (iR; T L PRRRYL S +2) R
-t 1 ’ﬂk 1 1 =1 2 >

¥y (iz"k,!i%-?:;a corst R 42 )}

where the arrow in (e..) indicates that any index in this bracket
can be anywhere even on the right of -n i.e. it is not necessarily between
+Ii{_1+1 and -n. Proceeding in this way, we see that every cone CV y ye D

in which p.c. of (9) are satisfied can be written as
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ch C%1,—R2+1,7t2(iR2tR2-1, .,.,i2)~_;,R3+1, q (iR3,iR3-1,

e p———————"
v.—.-————-

...,i.R +2) ,'00,+ +1,7C (+ VRS 1, ooogi_ o +2) 5
2 - % -1 1r~1 I% 1 %ﬁ 2 -

e ea——
=N, ﬂk (i %:’ :{: %—"1,0.09_‘4‘_ %;_14‘2) é" .
)

As the p.c. of (9) arc a set of conditions like (5), the corresponding

equation (6) will be

C.—1 . N

)] a[+1,—32+1,7c2(132,iﬁ‘2':1,..,,12) yeoegt I}C__,lﬁ,?t (+ &

rem—

- oo .f [ ~J . ""“"‘"‘“". -
bt RIM TyoeoptRR ._2+2)__>, %.ﬂ, gli(+Bk’iIL-k Tgee ,_4;1}1{._1+2 )}
(10)

where the summation extends only over the disbincet terms. It can be

rewritten as

Z -E 3%1, -R +1,’K (iR ,i§—:1goaa’i‘.2) ,+R +1, T 2 =
T, 1 2 ot ="21="2 = 3 2f

where T2 denotes all the indices which have not been explicitly written and

¥ denotes the summation over all the distinet terms obtained while keeping

T
fixed the prefixes, the permutation ®

o and the position relative to + R3+1

of the indices

Re, R 2"'1 ’ R2-2, soey 3’ »2&
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The rest of the summation is contained in‘f,‘. Clearly, this will itself

o
terms obtained by varying the permutation and prefixes of these indices

consist of ' andz-" s Where 27;' ig the summation over all the distinct
2 2

3+‘| o

and ‘2" , over those obtained by varying their positions relative to R
2

Thus we have

t 3] { ———— ————
$ o . . =
TE,Z'-"zz"z a +1, R2+1, (ijﬂg,-‘taRi_‘g.le’iJz) +R3+1,T2 } [0}
2 5

where

”2 (R29R2'13"°’3a2) = <3R2’JR2—-1’"'933’32)'

Writing the summations " explicitly, we get
2

! e . . —
; f‘?rz a.% 1 9 _R2+1 ] i JR . iJR2—1 9 essog i339 —32,+R3+1 L] TZ}
2 .

2

: S ( _' . . s s = . :
+ T ”2 a 1"*’1, R2+1 ] i JRZQiJRZ_-l § 800 QiJnQ 33’+ R3+1 b (’_*’_32)_;'1’2}

- 1 o aa . . s . R - e . . 7
+ }T_ ZWZ a{j‘“ R2+1’ iJRg y T JR2_19 T 353 J49+R3 19(_‘*;327_‘2’_33)_}

1 o e -
+ z i_ a{"‘l, _R +‘], +R +1, (+j ,+j ,.oo’+j ) ) T } = O
T, ® 2 3 273 R, s 2
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T rl 22 Ry + 3 s+ I4p7™d
R A agﬂ’ TRytly £ g s Hdp qrreorT Jpepr e
2 T2

2 =1
+ R3+1, (_-4_-’32,1-_33,...,;&-_31)%, T2} = 0 (11)
Similarly, corrcesponding to the cone
' 3 . - “‘— . - - ——— ‘—_“
C{4‘1,"1“19"11\*2,0oo,—le,_R2+1,+125+l39 ...,+1T,+R2+2’+R2+35 ey
(12)

+ Rotty  ~Ryt2, weey R +2, ooy e

there will be an cquation
t

o<
T S
2 2

30 % |

dere, the permﬁtations Wé are such that none of the indices

<
o

" e
3%1 5~R2+1 9 (i'JR 91332__1 g0 ’iJI"f"I )-?94' R3+ ‘ 3 (i329i339 LA ]

= (o]

12,i3’..0,ir

is taken to any of

1r+1’lr+2"°°’iR2
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Writing ;-' explicitly , we get

J
A

<
4
ﬁ% 7f2

p———

2§ty Ry s3g okl pres ot int B

M

—
1l

r
(i‘..j stJqseeest] ) y T ?I= o (13)
2°—3 l__} 2‘

There will be one such equation corresponding to each of the
ways of choosing the r~1 indices (i2’i3"°°’ir) from the 32—1 indices

(2,3,...,32). Summing all thesé equations, we get

ol
- ; . . C
2. 2 Opmq 8q*Ts Rgthy 2l s 2 dg _qrecnatiiggr Ty
7, 4 2 2
2 "2 1l=r
+ Bybty (tdpstdpeenst 37) 5 Ty } -0 (14)

where this time,'ﬂ% is an arbitrary permutation of

(2,3,...,R2).
This is because, for any such permutation
(j29339"°sz2)

of these indices, the term

S———

42'+1, -Rz+1 + 3R2’+3“2 oqr oo sty prmdy gt Ryt (+32,+33,...,+31 3 T, T

appears in all the eguations (13) which correspond to those cones (12)
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which are such that the set

(igpggesesi) Colinedasnesdy)s
2773 r 2793 1

1-1 1~1

and there are r~1 such cones, one corresponding to each of the -1

ways of choosing (r-1) indices

(12,13,...,ir)
out of the (1~1) indices

(Gpsdgsesesdy)e

Clearly, (11) ig the equation (14) with r=1., If we multiply (14)

ty (—1)1:-1 and sum over r from - -1 to R, we get

R R
;:- C\v—é— PN (""1) CI“‘1 a +19"R2+1’ iJRZ,.uG’iJl+29_Jl+19

N

.

+ R, (+3,s+3 yooertis) s T = 0
3 3 5

et

S (-1)1'_1 1-1¢ a.gﬂ,—R +1, +J, 3 gaeogt o
. i R RIS T I LR e P

1
or ¥ s
Ty 775

M

~3p4q2* Byt (i;2|i33,...,ijl)_€?, TZ(}_= o

by interchanging the summation over 1 and 11y
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t e

or : E :\_ & +1, -R2+1’ _‘thggi,JRz_,’, seny ij3, —32’ <+ R3+1, TQAS

+
=
™M
™M
NN
M-
0
K
v

pd
- aj+1,-R +19 ij ] i j WEALRS]
et -1 < 2 R2 R,~-1

which finally gives

' e ) . R 7
% c"}?’z a{:"‘]’ -R2+1, iJR 7 _t JR _1,"!9i339_329+33+1’ Tz‘,ﬂ= o (15)
2 2 2 3
1 =1 1—1C
as s (=1 r-1 =0 for 24&14R, .

=1
Now we rewrite it as

B
i

r /- s 3 3 3
a)_‘+1, -R2+1, _'t JR ,:"_JRZ_17oon,iJ3,—J2,+R3+1,773(1'_R3,1R3“'1goo-’

I~
o
T, 7° L 2

+ R2+2) y = R +1 ,T3\~(= 0

—_ 4

. -— | 1)
The summation 3= can again be broken up into three parts 4, ,2 ... and2,
Ts Ty Ty S

as was done before, so as to get

s sy — . o T
T 7R3 a%“ "R2+1’-t"32""’iJz’"Jz’“"G”’(i3R3’i3113‘1 ’
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an’ij 9ij ) ,""I‘i’:T’ T?-‘-‘- o}
R2+3 R2+2__; 4 3(

<

R

— ! 3 - ! ( R et
or 2 PR 2 aytly =Rotlytin s +dn _aseesstdys—InsFRoH1,
%3 3 =14k, 72 5 2 fy? = Ry 30203

-

T

gk 3R3~1"‘°’15‘1+2-’+31+1’"R4+1’(1332+2’i3'n2+2"“’ijl) ’ T3§= °

o
where ¢ is the permutation

3

. ; <
‘f-’ggm = iy, R#2% mg Ry

Thus starting from the cone (9) we arrive at equation (15) so that

if we start from the cone

o _— —
C +1, "'2, "'3’ ooy "1+R29+1S+1,+ls+2,ooo,+1R3,+R3+1’—1R2+2,-1R2+3’.ao,
-igs “Ryt2, .uy R, +R42, eon, ~Tp+1 7‘ (17)

where

i s 1 gesegd
R2+2 R2+3 S

are any given g~ (R2+1) of the indices

R2+2, R2+3, ao ey R3,
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and carry out the whole process, we will got

oo 1 P . . . . — A
ST-E— ' 2.- a—r ag+1 . _R2+1 ’iJRzgiJRZ_,] g0 ,133"‘329+R3+1 9 (i‘_JR ,+

3y 37 3
J yessst] ) g = R+19 (_“_‘_j s J geceytd ) s T 1 = 0
R, , st1) 0 7R R+27 R 43 ), T3y
R
TSIT, S o, R
or 1 & aytly =Rot1,% Jo obdn _aseecstia=dns Ry 1,10, o
37T gT Tos lL, 2 R2 R2 1 3 v22') R3

jR3_1!"'Pijl+29+31+1,~R4+1 (i3R2+2$iJR2+39'°“3131) ] T3 {Z—= 0

v

(18)

Here, the permutation

S |
o2 i = Ig s Rf25mgﬁ

3 jal 3

ig such that it does not take any of

iRz+2 J i32+3"“’is—1’is

to any of

S LRI AR 1R3-1’ R,

3

There will be one such equation corresponding to each of the

r,~1
3¢
s-R,~1 (ry =Ry - Rz)
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ways of choosing (s~(32+1) indices

12+R2 ? TopR 1t gm0 g

3
out of the (r3-1) indices

R2+23 R2+3’CQQ’R "'1, R

3 37

Summing them up, we get (just like equation (14))

R
EZ 5’:: ﬁ 1"‘(R2+1)C Re) a‘\’.,-i-1,—R2+ ’in ’in _1"“9133,_
T. "3 "2 1=s S rl 2 2

3

329‘}'33'*‘1 ’ in39in3_1 gese ’ijld-29+31+1 s “124'*'1 1 (ij32+27i332+33 cee ’i‘]l)__g;.’T3}=

~.

(19)
vfs being any permutation of (R2+2, RZ+3"'°’R3)'
. . . ~{Q.+1
Clearly, (16) is again equation (19) with s=R_+1. Mulbiplying by (=1)° ( 2

2

and summing over g from R2+1 to R3, we got

S

3 ‘%3 (_1)s—-(R2+1) 1-(Ry+1),

P
(7

M

el A
w

it
9]

1, =Rt Tyt
s=(R*1) a{ﬂ’"‘z 1’—JR2’ =

S 1

2+
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. it
J j‘__7 17"“9"'31_,.29 +ol+1’ R4+1 (i

5

J _avennatios—dos R 41, 3
R21 3 2 3 R3 j

———

JR +2’+JR +3’ so0ey +Jl ’ T3 }

Interchanging the 1 and s summationsg and writingdown the torm

= R +1 explicitly, we get

corresponding to 1 o
Z 7- 2’”. (+1’ hand §;1, +JR +JR ],‘.e,+33, 32,+R3+1 +JR 3+JR 13.0.
T, 7 <7 X 23 3 Ry
) R
. . = b - 3 1 s~(R+1)
Bpayt dnge YT BT 32,2, 5 S CO N
3 3 2 1= +2 g=R +1
2 2
l"(32+1) -~ .
¢ . . . -
Cs-—(R +1) a~ +1, -R2+1, FIp s Flp Lqsecest Jq dost R3+iy_‘_"_3R s +
2 i 2 2 3
Jn _4seeest]d s+ s—R +19(ij> e td 9'”’_"_',3) s T = o
R3 1 1+27 Y141 4 L2+L Rz+3 , 1 — 3?
or T < </ alit, ~Tat,+i o+ +3s=dns tRFT54]
&n s 5. 9 2 ’-—JR el 90”9__339 323 3 ’--']R SOERRRS
m L 2 TR -1 3
+ +3 R4+1, T. L = o (20)
= JdR+3 TR #2? T4 T3 Y
2 2 J
as we have
s=(R+1) 1 = (R +1)
- (-1) 2 2 7 - 0o for R+2 < 1<R, .
pX Se(R+1) 27 ~=3
g = R2+1 2
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If we now respeat the process of obtaining (15) from (10) and (20)

from (15), k=2 times, we will get

< 7 A————vr “rmm——

S aitly ~Rotly #in skdn _asecestiasmise Rty £in sEIn _sseees
T i 2 R2 R2 1 3 2 3 R3 R3 1
ij ] +j ] -R+1,ou.,‘- .+1,_tj 9ij - ,‘.l,ij R }:0
R2+3 R2+2 4 Rk Rk Rk 1 Rk—1+2

Here $ ' sums all the distinct terms obtained by varying the prefixes
77/
and the permutation of indices; the permutation 777 of

(2’3,4,-"91'1)

being such that

W(Ru+2$Ru+39°°°!Ru+1) = (JR +29jR +39°"!jR >
u 4 ut

7;’(Ru+1) = R +1 (22)
for u = 2,3’490o-,k.0
Had we started from the cone (k even)

+3 ?

C{+1’-i' g—i',ooo,i' 9+i‘
27 73 P2+1 R 3

+i‘ ,0-0,"'1‘ ,"'i‘ g "‘i‘
2+2 R2+3 R3+1 R3+2 R

\

cens —iﬁk_1+2, —iék_1+3,...,-i§1i,-—i%;+1} (23)

o
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instead of (9), we would have reached (21), with the only difference

that this time would have had i!

RQ+1 instead of Ru+1, and

’ . 3 o > . .' .' coe .'
Mg 4prdp 4greeerdp 4q) = (3'p 4prih ypreenrif o)
u u u u w u

T f 3t - .
(3 44) = lig 4y (24)
u u
If we now consider (21) corresponding to the cone (23); we pee

that one of the following two alternatives will hold

i) r 2R - B, _, <2 foru-=2,3...,k so that there is no

\H

sumnation i.e. there is only one 'a' on the LHS, namely

that of (23), and it is therefore equal to zero,

ii) There is at least one r, 72, so that the LHS has more than
one terms. One of these is clearly the 'a' of (23) while
the rest of them are a's corresponding to cones having
theirz—value greater than that of (23). Here }2 ~value of
a cone CB,eg,iD is defined as the nuuber of changes in the

prefixes of indices in B.

This shows that 'a' of a cone with a given ? ~-value vanishes if
those of the cones with greater}f-—value vanish. For the cone either

falls in the case (i) and hence its 'a' iz zero, or else it falls in the
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case (ii) so that its 'a' is equal to a linear combination of a's
of cones with greater 7 ~yalue, each of which is equal to zero., Now,
the maximum value of 7 is (n-1) which is for the cones of the type
(7a) and their 'a' is zero according to (8). Hence the 'a. of any
cone with "z;-value (n~2) also vanishes and so on, so that it follows by
induction that 'a' of any cone of the type (23) is zeroa

The case when k is odd i.e. when we have the cone

»‘/l

C:+1,"‘i',_i.,cco,"'i' \ $+i' ,+i' ,ll‘.,+il ,“i' ,"‘.' gseey
AR A Ryt17" Ry#27T R +3 RyH17 T Ry+2 1:{23+3
+ it g il yeeestil 4 it 4

T R T (25)

instead of (23), can be treated in an exactly the same way and its 'a'
proved equal to zero. Now as every B&D is either of the form (23)

or the form (25) it follows that

a. = o for B%< D

p

Further, going back to (2), we see that if we reverse the inequalities
(3), we will get

<

gepr %M T ©

instead of (2a). Proceeding now as before, we can show that

aﬁ= o for B%D!'



This proves that

and hence also that

P

Ry , B %

form a linearly independent set of generalised retarded operators.

2 Expansion in terms of R., [{.gi}

Ye now come to the problem of determining the coefficient of

RB, PR

in the expansion of an arbitrary operator Ru l.e. we want to find aB

where

- 2
Ra Big)aﬁ :RB (26)

Let us assume that q &V, in C,e Then for x satisfying (3), we

have

Ve will find 2 corresponding to the cone (9). Let D, Dbe the sub-set

of D such that the prefix of each index in Da is the same as that in Ca’
and let ia be the complement of Da in D, Consider first the case when (9)
is in D_. Proceeding as before, we get equation (11) with the only
difference that the RHS is +1 or zero according as the p.c. of (9) are

or are not satisfied in Ca'
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Now there are two possibilities.

i)  All the p.c., of (9) whick correspond to R3+1 and the indices

represented by TZ’ are satisfied in Ga'

ii) There is at least one of them which is not satisfied in Cpe

Consider the first case. Starting from the cone (12) we reach
equation (13) with RHS as +1 or zero according as the pe.c. of {12) corres-
ponding to

2’3’4, oa.’Rz,R2+1
are or are not satisfied in C . This leads to equation (14) with RHS
as Ni instead of zero, wherec Ni is the number of cones of the type (12)

with »r and T2 fixed but

(12,13,...,ir)
varying, whose p.c. corresponding to the above indices are satisfied in
CQ. It should be noted that this number Ni is quite independent of the
pogition and prefixes of the indices coming on the right of R2+2 in (12)
so long as its p.c. corresponding to R2+2 is gatisfied in Ca' Summing
(14) over r from 1 to R, after multiplying it by (-1)r"1, we get (15)

2

with BHS as )/' o where
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and the same will be true of (16).
In the second case, we get (13) with RHS zero for every choice

of
as there is always at least one p.c. of (12) which is not satisfied in
Ca' This leads to equation (14) and then to equation (15) and (16)

with RHS zero. Thus we reach (15) and (16) with RHS as’z2 or zero

according as the p.c. of (9) corresponding to
R2+ 2 I{2+3’ eoocay Ii{-, Rk-'l'1 :, n
are or are not satisfied in Ca'
There are again two possibilities

i) A1l the p.c. of (9) correspomding to R4+1 and the indices

represented by 'I‘3 are satisfied in Cq.

ii) There is at least one of them which is not satisfied in CQ.

In the first case, corresponding to the cone (17) there will be
equation (18) with RHS ?2 or zero, according as the p.c. of (17)

corresponding to

Ry*2, RytdyeeeyRyy Byt 1

are or are not satisfied in C_. This gives equation (19) with RHS7§N§
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where NBS is the number of cones of the type (17) with T, and s fixed,

but

1R2+2, :LR2+3’ aoo,ls_,‘, lS

Varying, whose p.c. corresponding to the above indices are satisfied in
Ca' Clearly, Ng is independent of the permutation and prefixes of

indices on the right of R+2 and left of Ry+1 in (17), so long as its p.c.
corresponding - to R3+2 is satisfied in Ca' Sunmming (19) over s from
Ry+1, to R, affer miltiplying it by (—1)3'(R2+1) we reach (20) with

RHS as VZ ;‘(g where

_qys=(R+1) a3
(-1) 0 T

i
H

) R
U} - g:é
-~

=R_+
s R2 1

In the second case, however we get (18) with RHS zero correspond ing
to (17) with any choice of the indices
iR2+2’ iR2+3”°"is g
as there is always at least one p.c. of (17) which is not satisfied in Ca'
This leads to (19) and then to (20) with RHS as zero. Thus we have (20),
again with the RHS as¥)2)?3 as zero according as the p.c. of (9) corres—

ponding to
R3+2, R3+3, veny 3&’ Rk+1

are or are not satisfied in Ca'



Proceeding in this way, we ultimately reach equation (21) with RHS
as {éQB P q;, where

R

To- 5 0

u= m__1+1

u—(Rm_1+1) o
u

=y

and Nﬁ is the number of cones of the type

S

C +19 ‘29‘33'-n9—R +13 +R +2’+R + 37.903(_1)m_2R +19(-1)m—1i
¢ 2 2 m=1

-2 ut+1’

m—

-1, m-1, m,
(—1)m lu+1!"‘$(_1) lR ’(—1) Rm%19(_1) lR +2 (-1)mi
m m—1" "7 R

+9..o’
m—1 3

m. iy .
(-1 ) 1u, (""1 )n]Rm+2’ (-1 )mRm+3, o o,+}1k_1"'1 9"“R1c_1+2’ ece ’—PE’-RH;"JI
obtaired by varying the permutation

lRm) of (R _+2, R _,+3, «00y R )

(1 +277R 43777 m

m=1 L

while keeping wu fixed between Rh— +1 and Rm, when the prefixes of Rm+2

1

and the indices on its right are such that the p.c. corresponding to

them are satisfied in CQ,

whose P.c. corresponding to the indices

Rm_1+2, Rm_1+3, L) D,Rm’Rm+1
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are satisfied in C.° As mentioned earlier for N; and Ns, it is clear

that N ig also independent of the permutation and prefixes of indices

on the right of Rm+2 and on the left of Rm__1

. . s o . u .
correspeonding to Rm+2 ig satigfied in Ca' Hence Nm can also be defined
4.

+1, =0 long as the p.c.

as the number of distinct cones of the type

m— 2 -1, -1 n=1"
f9(~1) R _ +1, (=071 L s (DT o eegy (1) R+1,

v
m. m. . m S
R +2,('—1) 1R +351009(-1) 1119((‘1) Rm+2, Tm‘; (27)
m~1 m=1

(-1)"
obtained by varying the permutation

(i i yeeegin JOFf (R ,+2y R .+3, 4oey R )
R o+2 B33 R m~1 m~1 m

while keeping fixed Sm,Tm and u, with Tm gsuch that the p.c. corresponding

to R +2 is satisfied in C ,
m a

whose p.c. corresponding to the indices

Rm__1+2y Rm_1+3’ seo ,Rm, Rm+1

are satisfied in Ca'

Next we come to the (case when (9) is in ﬁa’ so that there is at lcast
one index whose prefix in it is different from that in Ca° Ve can take
this index to be Rm+1 for some m 2<m&K, for if it were nct, we

could shift it to the right and bring it there. The p.c. corresponding to
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i

R +1, 1 s 1 gevey
m R _4+2° "R _,*+3 u

of any cone (27) cannot all be satisfied in Ca simultaneously. For either
the p.c. corresponding to at least one of

Ro_42, R_+3 °°* hu

is not satisfied in Ca’ or elsse, those corresponding to all of them are,
but thenthe one corresponding to Rn+1 is not satisfied as it has different
indices in (23) and in 2&' To ses the validity of this last statemcnt, we

note that when
X m
2_, 4 + ,%5:' - §7= (~1)

qu+1 £V in Ca (as it is in V—crin (27)) gives

u
PR 41+ 2o G TR t 2 L EVy G
0 b i
t=R__+2 tET

while the p.c., corresponding R +1 of (27) states that this last pertial sum

is in V . This shows that I = o for all u so that 7 =0 and hence
-0 m yn}

also'2273 "°7n1 i.e. we get (21) witl RHES as zero.



- 131 -

Now, two cases arise 3

i)  Each of the numbors rz,r3,...93§£22 go that there is no
summation (21) and we have 'a' of (9) equal to zero.

ii) There is at least one rt:>2, so that there are more than

one terms in (21). We can therefore express 'a' of (9) as a
linear combination of some a‘;s where the 7’-va1ue of each of
the Y"S is greater than that of (9), and for everyy , there
is at least one index (namely Rmf1) whose prefix in it differs

from that in Ca iee.,. 's are all in 5@

IY'

Had we started from (23) instead of (9) (of course with (23) in 5@),
we would have obtained the same results for 'a' of (23) as also in the case
k odd. In other words, these results are true for Y, Wherenyo is an
arbitrary element of ﬁa’ Thus ar  can be different from zero only when it
falls in the gecond case, but then each of the aY'S of (ii), being an
element of 5@, is itself equal to a linear combination of some aris
where'y-"S are again in 5@ and have still higher:7 ~values., Continuing
this process, we see that ultimately, a will be equal to a linear
combination of a's of cones which are inoﬁa and which fall in the oase (i)
aboves As these a's vanishy the same will also be true for aro « Thus
we have proved that aYO= o for every Yo € 5@'

Returning back to the case when (9) is in D s we have (21) with RHS
as’7273 N ﬁéw 1f there is no summation on the LHS, we have just the 'a?

of (9) equal t0572?3 ...7&. Ify on the other hand, there is a summation,



- 132 -

the LHS will be equal to ‘a' of (9) plus a linear combination of some a s
where for each +, there 1s at least one index whose prefix in it is
different from that in (9) and hence also from that in C, These y's

are therefore in 5@ so that all the ac's vanish (as proved ahove)

and the LHS reduces to just the 'a' of (9). This shows that

a of (9) = 2313 o .Zk .

The same result clearly holds when k is odd, and also in the case when (9)

is replaced by (23), though this time with the difference that in (27)

IR 422 TR 43700 IR 0 IR o4y
m—-1 T~ 1 m n

is a permutation of

. . g s
'p o gorl'n 43, veesllp ol g0 with dp = dp L+
m—1 m~1 m m m

and not of

Rm_1+2, Rm_1+3, es o yl(m’Rm+1 °

+
It is noy/ Gifficult to prove that ag 18 zoro when B is in D', For

let X be such that

X? (X. i=‘2, 3, seuvy n
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Then R = o (as q, €V, in ca) as well as ag = © for PeD, so that (26)

becomes
e %% < ©

and this leads to a, = o for $eD% as was seen in proving the linear

B

independence of the set

R, pe ?D. Thus we have

6,

aﬁ=¥2?3 ...’11{ for GSDCL

(282)
ag = 0 for B% 50; and SeD'
Till now we had assumed that a4y SV; for q SC@' However, the same
method can be used to show that when 9,8 V_ for qua, aB for e 3)
are given by
= = / .ao“ : o !
24 '22723 _ 7: for pe D)
(28b)

o for B 85'@ and Be D .

0
w

n
3. Tvaluation of (m

Yo will now evaluate 7/

in terms of conditions defining Co,'

Consider first the case when m is even, so that (27) can be vritten
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as -~

————— /

C S +R 1+1, —1u+1’_lu+2";"_iRm’ —I%T1’+1Rm_1+2 ’

+ip  pgreeestly ,+R +2,T ﬁa “(29)

m 1

where
(lR +2° TR 4320000 iR )
m~1 =1 m
is a permutation of

(Rm_1+2, R_#35 eeey Rm).

Let Gm,“ﬂ?; ’ Hg andﬁ(z be as defined in the second section of the
chapter 3. Also let

f

1
I, , = 1,2,...,)\(:1

be those of Hz which do not contain Rm+1 and

I'f ’ f = 1,2,-00,\/'(41[1
e e

which do contain it. Clearly

131 mn
J&(m = N + f(z

e ¢} &) .

Now, if the set G_ is not ingé ™, N is gero for all u, so that
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and hence alsc the product ?2‘73 ...’?3C will be zero. For, if Gmiff‘f ,
every subset of Gm is also in}ﬂ T s 80 that, for any choice of
okt Tur2? ot tg 0
ol
the p.c. of (29) corresponding to R+1 is not satisfied in C_ i.e. Nﬁ = 0.

As this case is not interesting, we take G to be in5?T .

Corresponding tothe set Gm’ let us consider the cone

e — - T {
Cz?m, + Rm?1+1, -Rm+1, +Rm_1+2, +Rm—1+3,..°’+Rm’+Rﬁ+2, Tm }0

whoge p.c. corresponding to Rmf1 is satisfied in Ca' Those corresponding

to the elements of the set

(R

*25 R

m_1+2, scoy Rm—1,Rm)

' A
are or are not satisfied in Cq, according as this set is not or is in# —

i.e. according as

I
Af is o or 1.
T -
m
Thus, we have
t
Nﬁm =1 or o according as 0Nfrz—1 = 0o or la

As (Ver is just 1, we may write
\ T
m

u 2m n
L A -‘p(;m—1

m m
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2m
Again, ccrresponding to each of theéhr -1 subsets I}f_1
m m
say
(t b yaoest )
Rt R _,+3 R R +1
we consider the cone
C %'Sm, + Rm_1+1, ~tg s -Rm+1,+ tR +2’+tR +3"°”+tR—»1’+Rm+2’ 'I'm ‘
‘ ™ m-1 =1 m

The p.c. of all these cone which correspond to tR and Rm+1 s are
m

1m
satisfied in COL y but i11§€; -2 of these, those corresponding fto at
m

least one of

(b yprty  yyoeeestp y)
m~1 m=—"1 m

: ‘ 1m £ n

are not satisfiled, dus to the fact that\f(; - subsets Ie are in){: .
1 m

To see that each of these J(rm_q subgets does in fact contradict a p.c.

of the cone corresponding to one of I'i ~q9 Ve Jjust note that if
m

(t , & yeooyt )
R 20 R _.+3 R -1

is one of If
r-—

09 then
m

t ) T ’
R4+ R _+3

eiey by _yy R
m

will be one of I%f_1 and the former will contradict at least onec p.c.
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of the conc corresponding to the latter. Thus the number of cones

1

of the type (29) with u R __1is

e _ penm N “In .
Rm-1 ‘A/ rm- 1 \/U

r ~2
m
{ 2m
Proceeding in this way, we can show that, in gemsral, the T ~u
'E 1m £
subsets Irm—-u and Nrm_u_1subsets Irm-u— 4 lead to

3

T
m

2m Im )
(T, - votnmlE
-1 I‘m“u‘"‘

ccnes of the type (29) whose p.c. corresponding to the elements of the

set Gm are satisfied in COb i.e.

=
=
{
==
N
=
1
-
=]

R ~u T ~u r ~u~1
m

Hence we get

u=R__,+1 4
m—~1
r =1
n r —u~1i
- > () %
u=o0 m
_ _f_m—1 rm—u--‘l me ~1m
> (=1) UNo o N oaey )
u=0 m m
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This can be rear-anged as

r —~1
m
. r =u~1 2m 1m
—— m ¢ ”
TZm = 2 (=1) ‘K‘rm—-u ~)"’)\(‘rm--u--% )
u=0
where 1
d‘{r = 9
m
A S L (30)
oTe /m TS (~1) ‘qur —y
u=o0 v i

The case when m is odd can be treated in an exactly the same
way, and will give the result (30) with the difference that)gf is inter-
< ) . £ f _
changed w1th)¢%f i.e. Ie and Ie are the subsets of Gm of e elements

which are in}i/? s and sq&/i is the numbcr of subsets of Gm of u

. . Y
elements which are 1n¢éf; .

Similarly, if we consider (29) with

(1 poip  430veerip)
m—1 m—1 m
as a permutation of

4
(ig
m—

s 1 sereyit )y
1+2 Rm—1+3 Rm

we will reach equation (3¢) for the 7‘3 of the cones (23) and (25)

provided that Gm is now replaced by the set



R 427 il'i +3""”il'2 ’ il'i +1)' (31)
-1 m—1 m m

Thus, we may summarise the results of the last two sections as follows.
We have shown that when an arbitrary generalised retarded operator Ra is

expanded in the form (26), then the expension coefficicnts a are

g
given by (28 a,b) while’?m, for the cones (23) and (25), is itself given
by (307, Wherelﬂ{ﬁ is the number of gubsets of the sst Géﬁ defined by

. . L m . .
(31), of u elements which are 1n_ﬁF_ or}(-~+ according as m is even

or odd.,
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