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ABSTRACT 

- In the first chapter, we give the 0. -!1!),11. 	fermillntinn 

of field theory, including the reduction of s-matrix elements to time 

ordered functions and, for some restricted region in momentum space, 

to ordinary retarded function. The second chapter starts with 

(Burgoyne's) definition of generalised retarded operators Ro, and their 

properties which have been proved by Araki, Burgoyne and Ruelle. 

Reduction formulae are then proved for them i.e. expressions are 

obtained for the commutators of an arbitrary generalised retarded 

operator with in- and out-fields. These formulae lead, in a natural 

way, to a special subclass of genralised retarded functions whose 

analyticity and support properties are studied in some detail. We also 

prove that they are identical with the set of Steinmann retarded 

operators introduced in reference (8) as well as with Burgoyne's 

special subclass defined in the appendix of his thesis. In the 

end, we obtain a generating functional for this particular subclass of 

retarded operators. In the third chapter, we prove that the matrix 

element 

CP 1,p2,...,pm  out /-prnil,-pm+2,...,-pn  in7 

can be reduced, for arbitrary p, to a linear combination of I, the 

retarded functions belonging to the above subclass. An explicit 

expression for this linear combination is obtained for pECa.  and 



is found to be identical witch t!Tle exransion of ra  in terms of ro. 

This expansion is itself obtained in the fourth chapter, which also 

contains the proof of linear independence of 1.0. 



CHAPTER  I 

LSZ FORMATION OF FIELD THEORY 

1. 	Introduction 

During the past few years, considerable amount of work has been 

done on the axiomatic approach to quantum field theories. The motivation 

of this approach has been the fact that although a large number of 

interesting results, which agree fairly well with experiments, can be 

obtained by conventional methods, i.e. by using the Lagrangian formulation, 

the perturbation theory with renormalization, and dispersion techniques, 

it has not been possible to give a satisfactory answer to the question 

whether mathematically rigourous solutions of renormalized field equations 

exist in any theory. 	In other words, one is not sure if the very basis 

of the above techniques is correct. One therefore tries to analyse the 

structure of field theories by setting up a self-consistent scheme which 

starts from certain fundamental axioms based on well established physical 

principles. Fortunately it is found that a fairly small number of axioms 

lead to a remarkably large amount of interesting and important results. 

At present, there exists two important formulations of the axiomatic 

approach. The first one, essentially due to Wightman1 starts with 

certain general principles, the so-called Wightman axioms, such as the 

postulates of quantum physics, relativistic invariance etc. and studies 

the properties of the vacuum expectation values (v.e.v.) of products of 
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(Heisenberg) field operators which follow from these axioms. These 

v.e.v's are called the Wightman Functions. The second formulation, 

which is due to Lehmann, Symanzik and Zimmermann
2 3 

and is called LSZ 

formulation, starts with the same axioms, but studies the properties 

of v.e.v. of time ordered and retarded products of (Heisenberg) field 

operator instead of those of Wightman Functions. It then goes on to make 

a further assumption, the Asymptotic Condition3  and this enables one to 

give a particle interpretation of the theory, to define the S-matrix and 

to connect the S-matrix elements to the time ordered and for some restricted 

regions in momentum space, to the retarded functions. 

When the theory is analysed in terms of these functions, it is 

found that some of the axioms, such as relativistic invariance and locality 

etc. lead to linear relations on there, while some others such as positive 

definiteness for Wightman functions and unitarity for retarded functions 

lead to non-linear relations. This breaking up of the theory into linear 

and non-linear parts is an important feature of axiomatic approach and is 

in distinct contrast with the conventional approach where any theory of 

interaction necessarily has non-linear field equations and is therefore 

wholly non-linear. 

The object of this disseration is to extend the LSZ formulation by 

reducing the S-matrix elements in terms of retarded functions for every 

point in momentum space. In other words, we obtain an expression for 

<PVP29 *.*, Pm  out / Pmof -Pm+29 	-Pn  in> 



which is essentially the Fourier transform of a retarded function even 

when both m and n—m are >2. As we do not have more than two 

particles in physical processes, (a case which has already been treated 

by LSZ), it may seem pointless to consider matrix elements having more 

than two particles in both the initial and final states. The answer to 

this objection lies in the way one approaches the whole problem. Here 

our aim is not to explain some particular reaction between particles, 

but to formulate a theory which, we hope, contains a complete description 

of all the reactions. 	In order to give a full account of this theory, 

to have a clear understanding of its structure and to get maximum amount of 

information out of it, we must evidently study all its aspects, i.e. we 

must study even those reactions and processes which, though not physically 

possible, are however, contained in it. 	Further, even though the collision 

processes occurring in nature have at most two particles in the initial 

state, their behaviour depends on the properties of processes in which 

this restriction is not present. 	This follows from the fact that 

unitarity of S—matrix leads to many particles intermediate states, so 

that we get equations relating the matrix element of the original 

(Physical) process with those of processes which have many particles in 

the (intermediate) initial and final states, Clearly, for a satisfactory 

analysis of these equations, it is essential to know as much as possible 

about the general matrix element. The importance of this fact has been 

recognized for a long time, and some work has already been done in this 
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direction. In perturbation theory, for example, Nambu24 and Nakanishi
25 

have obtained expressions for the matrix elements corresponding to 

general Feynman diagrams having any number of incoming and outgoing 

particles, and the latter author has also discussed some of their 

analytic properties. Again, in axiomatic theory, Polkinghorne6  has 

given an expression for the amplitude of the process: one nucleon + n1 

mesons 	one nucleon + n2 mesons, and has derived dispersion relations 

for it. 

For the actual process of reduction, we use the generalized 

retarded functions, which have been defined by Araki4, Burgoyne5, 

Polkinghorne
6 

and Ruelle7 and are natural generalizations of the 

ordinary retarded function of LSZ. In spite of the fact that LSZ have 

already reduced the general matrix element in terms of time ordered 

functions, our reduction is desirable, because the analytic behaviour of 

retarded functions is much better than that of time ordered functions. The 

reason is simple. The Fourier transform 

ti 

ra(1319 P2, "., Pn) 

of each of the generalized retarded functions is the boundary value of 

an analytic function 

E3J2' • o • 	 S 	E pi  + i qi  

as the imaginary part of s 	0 i.e. 

	

q 	(qi q2, • • • qn) 
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in a certain fixed manner. On the other hand, the Fourier transform 

(.\.7 (pig P2 	pn) 

of the time ordered function is the boundary value of the same analytic 

function H as the imaginary part of s 	0 in a way which depends 

on p, the seal part of s i.e. Q' (p) is a different boundary value of 

H for different points p. 	Clearly, it is much easier, mathematically, 

to deal with a function which is the same boundary value for different 

values of its argument than one which is not. Another point in this 

connection is that the restrictions imposed by the causality condition 

take a very nice form for retarded functions, namely, we get some 

retardedness (i.e. support) properties of these functions, whereas this 

is not so in the case of the time ordered functions. Finally, we remark 

that an analysis of retarded functions is, in fact, nothing but an indirect 

way of analysing the time ordered functions. 

In this chapter, we give the details of LSZ formulation, including 

the reduction formulae for time ordered and retarded functions and the 

expressions of the S-matrix elements in terms of these functions. The 

next chapter starts with the (Burgoyne's) definition5  of generalized 

retarded operators Re and their properties, which have been proved by 

Araki4  9  Burgoyne5 and Ruelle7. Reduction formulae are then proved for 

them, i.e. expressions are obtained for the commutators of an arbitrary 

generalized retarded operator with in- and out-fields. 	These formulae lead, 
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in a natural way, to a special subclass of retarded functions, whose 

analyticity and aupport properties are studied in some detail. A 

generating functional is also obtained for them. 	In the end, we 

prove that they are identical with the set of Steinmann retarded 

operators introduced in the ref.8, as well as with Burgoynels special 

subclass defined in the appendix of .his Thesis5. 	In the third chapter, 

we prove that the matrix element 

<P1' P2' ... pm  out / — pm11  — p 1 , 	— p
n 
 in 

can be reduced, for arbitrary p, to a linear combination of ro's, the 

retarded functions belonging to the above subclass. An explicit expression 

for this linear combination is obtained for p 8 oa  and is found to be 

identical with the expansion of ra in terms of rp. This expansion 

is itself obtained in the fourth chapter, which also contains the proof 

of linear independence of rp. 

2. 	Axioms of the LSZ formulation of field theory  

For simplicity, we consider only a self interacting neutral 

scalar field 9 (x) of mass ml  without any bound states, but the 

whole formulation can be easily carried over to the cases when we have 

more than one field, or when we have a general tensor field instead of 

a neutral scalar one. Let us start by listing the axiom of the theory: 

(1) 	The usual postulates of quantum mechanics are valid, i.e. 

states of any system are represented by rays in a (separable) Hilbert space -74', 



with positive definite metric, and observable by self—adjoint operators 

in A. A ray is a set of vectors of which differ only by a 

multiplicative constant. We represent it by a normalized vector of the 

set. We adopt the Heisenberg picture, so that a ray represents the same 

state for all times. 

(2) The correspondence of the rays of 	to physical states 

leads to a unitary representation of the inhomogeneous Lorentz Group 

(without reflections) by operators in 
	

i•e• to every inhomogeneous 

proper Lorentz transformation (a,A) corresponds a unitary operator 

U(a, A) such that 

U(a1, A1) 	U(a2, A2) = 	U(a1 	A1  a2, 11. 1  A2) • 

According to Wigner9, this representation is a direct sum of a number of 

irreducible ones, each of which is characterized by two numbers, the mass 
1 	3 

m and the spin s = 0, 2, 1, 2 	The restriction to scalar 

states means that we consider only the case in which the mass spectrum 

consists of the vacuum, a discrete point m which corresponds to s = 0, 

and a continuum starting from 2 m. Clearly, for a physically meaningful 

theory, m must be real and non—negative. 

(3) The (Heisenberg) field is defined as follows. To every 

point x of space time, corresponds a tempered distribution valued linear 

operator 9 (x) in lPr'• This means that the operators 

fax f(x) 4  (x) + L dx1  dx2  f(x1, x2) 9 (xi) 9(x2) 

+j  axi  dx2 	axn  f(xl, x2, 	9 xn) 9(x1 ) 9 (x2) ...p (xn) 



are (unbounded) self—adjoint operators inkr. Here f(x1, x2,xn) 

are real test functions of 4—vectors x. belonging to the class Ag 

i.e. functions which are infinitely many times differentiable in all 

variablesandvanishatinfinitYstrongerthananypmerof/x./. 

(4) The field 9 (x) is covariant under inhomogeneous proper 

Lorentz transformations 

	

U(a, A) 9 (x) U-1 (a, A ) = 	c (Ax + a) 

(5) It follows from (3) that the translation operator 

U(a, 1) is unitary so that it is of the form 

U(a, 1) = exp i P.a 

where the generators P are self—adjoint operators, with the properties 

that 

9 (X 4. a) = eiPa  9 (x) e—iPa  

6 
6x 

cf (x) = i 	1-1" 	c) (x) 

We interpret them as the energy—momentum operators, and require the 

energy—momentum spectrum of the states to be reasonable. 	This latter 

statement means that there is a unique state 20, the vacuum, in 1-41 

which is simultaneous eigenvector of P corresponding to zero eigenvalues 

(and is invariant under all the proper Lorentz transformations) i.e. its 

energy—momentum is zero, and that the energy—momentum of any other state 

of (is either timelike or lightlike, with its energy greater than zero. 

We use the metric x.y =y o o 
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(6) The field 9(x) is local, i.e. 

[P (x), T(Y)11 = 0 for (x y)2  < 0 . 
This expresses the principle that physical effects cannot travel faster 

than light, so that a measurement at x cannot have any effect on one 

at x if x x is spacelike. 

(7) Asymptotic condition. Let f(x) be a normalizable 

solution of Klein Gordon equation of mass m: 

Kx f(x) = (C +m2) f(x) = 0  

62 a 
ax o2 	\Ic 

1 
 2 lc 2 
	3 2 	2 

° 	wc 

and let us define 

0f  (x) = id x 0(x) .6? o f(x) x 
 

A 	 r) 
i‘F x 10(x) 	fx(x) — 

1.7b7c— 0(x)  axo 
for any operator 0(x ). Then the limits3 

Lim 

xo 	— OD 
(m, (f(x0) 	f ) = ((P 

	

aLim 	( (Pt 9f (x0) 	) = ( 	Toutf  

	

xo -4 	co 

exist, 9 and * being any states of c4' in the domain of operators. 

Further, (Pin(x)  and out  (x) are free fields of mass m, i.e. 
o 
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[(P. (x), (Pin (
r 
 ) 1 = 	)ou (x) Out(x ) 

(C-I+m2).(x) = x 	m2) p out(N) = 

'ore 

	

A (10:-twjdkelkx 
	6 (k2 m2)  e  (k0) 

and are irreducible, i.e. the states 

9 	Tin (f) 
	

din (fl)  Pin 	(f2)  -to 9 • • • y 

out 
	

out 	out 

9.n 	IT in 	(f2)  • ° • 	(Pin (fn)  
out 	out 	out 

span the whole of Hilbert space V-. 

The first six of these are the usual Wightman axioms. The 

seventh one, i.e. the asymptotic condition, essentially says that in 

infinite past and infinite future, the field (2(x) behaves like a free 

field. These free fields represent the incoming and outgoing particles, 

so that we have the particle interpretation of the theory as mentioned 

	

in the introduction. 	It must be noted in this connection that Haag
10 

and Ruelle
11 have shown that a part of the asymptotic condition, viz. 

the existence of in- and out-fields follows from the previous axioms 

provided only that we modify (5) by assuming the existence of a discrete 

mass state of mass m9  which is isolated in the mass spectrum. However, 

the irreducibility of these fields is an independent axiom and does not 



11 - 

follow from others. As the in- and out-fields are both irreducible, 

they are related by a unitary operator 

out 
(x) = S-1 Tin (x) S, 

	SS . 1. 

This defines the S-matrix of the theory. 

The current is defined by 

K. (P(x) x  + m2) T (x) = J(x) 

and this implies 

(I) 	= 	Tin  (x) +tidxt R(x x) J(x 1)  

(I) out(x)  + fax 	41.(x - x') gx
7
). 

The coefficient of cpin(x) and Tout(x)  on RHS is in general a constant 

which may or may not be equal to. one, but we can always arrange it to be 

one by a suitable redefinition of the field p (x) (by taking the new field 

to be a constant multiple of the old one). 

From Tin(x) andPout(x)  we can construct complete sets of 

incoming and outgoing states in the usual manner. Let tfa(x) 3 be a 

complete set of c-number solutions of Klein Gordon equation of mass m, so 

that ti 
x fa (x) 0)o fbx(x) ab x  

1:- fa
(x) fax  (xl) 	(x 	x ) 

where ,.+(x) = raKe-LY= 	S(1? - m2) ,(1,0) 
(2w)3/2 J 



( a1, a2, • • • , inN, 	al*  a2* 	an* / 

out / 	out out 	out 
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Then any self-adjoint operator A(x) can bo expanded in terms of fa(x): 

A(x) . 4: 1fa(x)  La (x0) + fax(x) Aa*  (x0) . 

with, the coefficients A
a(xo) given by 

Aa*(xo) = i jrd x A(x) 0x0  fa  (x) 

When A(x) = pin  (x), the operators cp in (x0
) are independent of 

out a
n 
*out time,sothatwewritethemjustas (Pi.. 	

They satisfy the 

commutation relations 

a 	b* 

[?in  out 	out 

out 

dab 

a 

[Pin  
out 

b 
[f)  (pin 	(  

out 	out 

b* 
cp 
out 

0 

and create incoming and outgoing particles in state fa, so that the 

complete set of states consists of 

n = 0, 1, 2, 3 

where / 0> 	0  

We assume that 

/ 	/ a out) 

This expresses the fact that one particle states are stable. The in- and 

out-states are connected by the S-matrix 

/ a 1' a29  ".9 an  in 
	

= 
	S / al, a2, ..., an  out'3> 
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so that 

<b out/a in> = 4: b out / S / a out> 

	

i.e.Sba = 	0 out / a in 
Here a and b represent set of indices a1, a2, •••9 an and b1,  b2,.. • 9 

	

If (!a(x) 	is taken to be the plane waves, we shall take the 

normalization 

	

f 	
1 (x) = 	P

2 
= m

2 

(217) 3/2 e

ipx 

It follows from the asymptotic condition that the operator which 

transforms the in- and out-fields under Lorentz transformations is the 

same as that for (p (x) i.e. 

U(a,A) Tin  (x) U 1(a,b) 	in 
	Ax a) 

out 
	

out 

In particular, the energy-momentum operator is also the same so that we have 

T in (x + a) 
	iPa 	

in (x) e
-iPa 

	

out 
	out 

	

Cbc 	in (x) = i {Pii,cp in  (x) 	• 

out 	out 

3. 	Reduction of S-matrix elements  

As stated in the introduction, the asymptotic condition may be 

used to express the S-matrix elements in terms of v.e.v. of certain 

products of field operators. A useful quantity in this connection is the 
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time ordered product (the T-product) which is defined as 

T(xil  x2, 	xn) 

Q( - x. ) 0 (x. 	- x. ) ...Q(x.° 	x. 0\ 
F 	-"1 	12 	12 	13 	1n-1 	

in / 

T(x. 
1
) T(xi ) 	T (2'i n) 
	

(1) 

for n = 1, 2, 3, 

= 1 for n = O. 

Here Tr is the permutation k 	ik and the summation extends over the 

set of all the permutation of 

(1, 2, 3, ..0, n) • 

Its vacuum expectation value 

(xl' x2' ..., xn) 	/ T(x1,x2, 	xn) / o) 

is called the time ordered function (:T function). 	It is easily seen that 

T(X/IX21 ..., xn) = 	cp (xi) 	(1)(xi) o., 	CP(Xi) 
1 	2 	n 

 

where (i1, i2, .4., in) 	is such a permutation of (1,2,...,3) that 

o. 	o x. 	;rx. 	X. 	"4 	• • ) 	 x. 
2 	1

3 1 	 n-1 	1n 
 

As in (1) we have multiplied a distribution (the product of field operators) 

with a discontinuous function(the product of 0-functions) the definition 

is not well defined in the sense that ambiguities appear at the points 

x. 	x. . 
Ji 	J2 

We now prove that the time ordered :?roducts satisfy the following 



i 0  Lim 
z —At  —co dz ( j,tT(xl'x2' • 0 

••og X )1 

xn) T (z) — T(z) 

) 	o fa (z)  

ST(x1, x2' 

— 15 — 

reduction formula2 

T(xx 29 
a* 	a* • •., xn)  cp • in 	g out T(xl, x2, 	xn) 

	

= —i6rdz fa(z) Kz  T(x1, x2' ""  xn, z) 
	

(2) 

	

Let 'V and Ibe arbitrary normalizable states of 	Then using the 

asymptotic condition and the definition of (Pa*(zo)  , we get 

* 9 [ST(x19 x2' ..°' xn) 

Lim 
( 

zo ---— co 

[ST(xl ,x2, • • Xn), Ta*(Z0) T1 	) 

= 	
0

Lim 	
jilaZ ( * , 	[T(X1gX2g poop xn) T (z) 	Tin(z) S 

z 	— oo 

T(X19X2g "" xn).Wz 
fa  (z) 

Lim 

zo —4 — co 
faz  ( .11.9 Xn9  z) 	S 9  out (z)  

T(x x 1' 	2' 	xn ]g 	f a  (z) zo 
 

In the last step, we have used 

n (z) 	J = S  Tout( z)  

• 1 

	

and the fact that as z°  --4 oo, z°  (;x.
o 	( for all i and so 	) can ,z, 
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be taken inside the T-product. Now writing 

- Lim fdz ( 	) o 	= jrdz a 0( 
z 	- oc, 	z 

Lim 

z -) 
fd.z 

+ 00 

we get 
a* 

( I 9  IST(X19  X2, 0e• y X ) 9 	.2 n 	
T in 	) 

. i jrdz (13 o r( 2.., /sT(xl' I. 	
x2, .0.9  xn1  z) - 3  Tout (z) T z  

(xx2'  ..., X11)1 
e- 

s2 )
z° 
 f 
a
(z)J- Lim fdz( t 

ST(X19,X29 	x
n 
z) 	SX ) n 	) Tout(z) T(x19x2, 

L a
zo  fa(z) 
	

(3) 

The two: terms in the second integral vanish, as we have 

Lim 

zo 	
S out  (z) T(x19  x2' 	xn) -4 .1- 

co 

Lim = 	z0 -) + op S T (z) T(xi ,x2, 	x
LI
) 

Lim 
z°  -) + oo ST(x1'  x2' ..., xn' z) 	as z° > x. 

Carrying out the indicated differentiation, we see that the first term 

of the first integral is 

i dz( lb, 	IST(xl,x2, ..., x z) 
Jr 	

2 e o fa(z) - e 0  (ST (xix2,.., z 	z- 
	x, z)  ) 

fa(z) 3 ,r) ) 
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= 	* 	(ST (x1, x2, ope, 	z) ( 72  - m2) fa(z) - A 2  uzo 

(ST (x1,x2, 	xn, z) ) fa(z) 	as Kz fa(z) = 0 

. 
" = - ifidz ( 215 { (z) (62

° 	

7;72 .4.  m2) ST (xx2 	" xn'z)I 9 ) 
z 

ijrdz ( V, s fa(z) Kz T(x1'9'%2 	'' xn,z) P ) 

where integration by parts over spatial variables has been carried out. 

Similarly, the second term of the first integral in (3) is 

ijdz ( 42:„ S fa(z) Kz 	out(z)  T(xl„ x2, 	
xn) T ) 

and this vanishes as 0 	(z) satisfies the Klein Gordon equation. Tout

Hence (3) takes the form 

( 	(ST (xi, x2, 9  xn) T 	- Ta  ST(x a*   
in 	in ••• 9  xr1)..] 

•J dz ( 	, S fa(z) Kz T(x x2' '"' xn' z) 2) 

or ( IL , .T(xl, x2, ..., xn) 	1 in - (1) out T(x19x2' '"' xn) 	0) m a* 	a* 

= -  i ‘i dz( 2 , fa (z) Kz T(xl' x2 ...' xn9 z)  (4)  ) 

as S 	0 - S - Ta*  . As if  and 9 are arbitary states of P).'t: 9  m* 
in 	out 	— 	_ 

this equation shows that (2) is true. 

An alternative form of (2) is obtained as follows. Write it as 
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a 6T(x1, x2, 	xn  ) Pin — ifdz (z ) Kz' e  1 ST (x1, xvoo 
1, 

9 X1,19 ) 

The corresponding commutator with 

and is given by 

(a 
. in can be evaluated in the same way 

(xx2... x11),  Tin x 
 

fa ;z9 Kz' ST(xx2' 41.00' xn' z') 

Multiply now the first equation by fax(z ), the second one by f_1(z), 

add them and sum over a so as to get 

geP Vnefax(z) 	Pain fa(z)3.1 = I  azi  

E
fa(zT) fax(z) - f fax(z1) fa(z) 	KZ;  ST (x1,x2  •••9  XD9Z1) 

or (ST(x1,x21...,xn) , vin(z):I 

= urdz,  P(z1  - z) - A+(-z' + z),1 Kz' ST(x1,x2, ..., xn, z,) 

I s 

6/.(z1 - z) 	A+(-z' + z) = g.(zt - z) + A 	z) = gzi - z), 

this gives 

CST(x x2'"°' xn' Tin ) 	(z) 	= jrdzIA (z' - z) Kz' ST(x1,x2,...lxn'z,) 

(4) 

Next we come to the reduction2 of the matrix element 

41019P29..., Pm  out / - Pm+1 9 	Pm+2, 	Pn 	in 
	

(5) 

in terms of .1-functions. The energy-momentum conservation requires 

PI P2 	Pn-1 	= 0 • 
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We assume that none of the partial sums 

p. + p. +  + p. 	, 	j .41.! n 11 	12 	. 

vanish. 	Here (ii, i2, 	ij) are any of the indices (1,2,...0). 

In conventional theory, this assumption corresponds to considering only 

the connected Feynman diagrams. 

The reduction requires the result 

(P v P/ki ,k2,...,tcri v> .0 	if p / 
	

= 1,2,..., n 

(6) 
v m in or out, 

which can be seen to be true as follows. We have 

(P v P 	k1, k2, •• • 9  kn  V >= cps (4 * 	IC2 9  k3  • • • 9  kn  v q?' 

= 	ki *  m p/2  k.  k 	. . 	kn 	+ 6  (p — ) / k2  k- , 	kn > v 	v 	 9 39 	 3  ..., 

= 	(Pvki*  911 / k29 k3, Ode, kn  V > 

by using the commutation relation for (4 and (Ps, 	and the fact that 

p / ki  so that 6  (p—k1) = 0. Repeating the process (n-1) times, we get 

TP,t) 	k1 3  1C2 9  • • 0 9  kn  v ki* 
Tv 

k2* 
v 	000 o kn* cpPv  / 0> = 0 

as TvP / 0) = 0. 

Calling the matrix element (5) as X, we see that it can be 

written as 

/ X = 	pm out / T Pn in 	/ — p  +1' — P  29-9 —P m+ 	n— 
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New (2) with n = 0 gives 
_p  * 	-P a 

in 	out 

so that 

-i.-pnxn  
f- dx e K

xn 
(n)  

X . - i
11 
ax eiPnxn 
n 

"" 	Pn -1 

Kx <P1'1)2' 

+ P19P29  

.0., pm  out / cP(xn) /-Pm4.1' -Pm+2' 

/ 	-P  * 
pm011t / (Pout / -Pm+19-Tm+29 .•., 

-1311-1 in> 

According to our assumption 

pi  + n 	= 1, 2, 

so that (6) implies that the second term vanishes, i.e. 

J

,y, 
X = - i 	ax e

ip
x...

r  

x 

n 	
. Kx 	

* 
-Pn_i 

T  /-Pm+P-Pm+2' n 	
P1/1)2,--7 Pm  out / T

(xn) 

-Pn -2 in.> 

i(p (_i)2fdx ax e ta  xn+ 
K K 

n-1 n 	x 	Pm 
n xn-1 

out /T 

x > f- d (xn-l'xn)  / -Pm+15 -Pm+2' *"' -Pn -2 in 	e
iPnInKx ‹..P19P2' 

-P11-1 p
out 

	( ) / pm  out / (10 / -P1114-1Y 	.../ -Pn-2 5-1 > 

• ( • ) 
i(p 	p x ) 

jrdx
n-1 

dx
n 
e n-Ix  n-1+  n n 

K
x 	

/p 
n-1 n 

T(x 	) x ) / -pm+1' -151 - 
n-1 ,n 	m+2' "" -Pn-2 in 1'  

9P29"*9 pm  out 

as the second term again vanishes. Proceeding in this way, we get 
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X . (--d)n-inidxm
+1 m±2 1-71 Pix  1 ) K 	KX 	Kx m+2 

pm  out / T(xmoxm+2,..., xn) / 0 	. 

Next, using 

(1) aout T(x1,x2,...,xn)T(x1'x2' ..., xn)  T in 

fax(z) Kz T(x x 	z) 	(2a) 2'"°' n' 

which is obtained in the same way as (2), m times, Zcan be completely 

reduced to 

X 	p2 	pm  out / pm+1, — pm+2, 	—pn-7 

dx1  dx2  ... n exp(i 	xi  ) Kxl x2 	
kx 	/ T(x1,x2,..., 

n 	xn) / 0> 

(7) 

This is the required expression of the matrix element (5) in terms 

rr—functions. 

In addition to the reduction formula (2) for the T—product, LSZ3 

have derived a similar one for retarded product of field operators (R—product) 

also. This product is defined by 

R(x.x x 	xn) l' 2' 

= 	 (2 ) 0 	 ) 	G (x°. 	— x.) rE.. Eq.), (K.. 
1 	1

1  n-1 	in 	1 ) 	9 

, T(xi )11 

	
for n = 1,2,3, ... 	(8) 

= cp(x) for n = 0 . 
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where iris the permutation k 	ik  and the summation extends over 

the set of all the permutations of 

(1,2,3, ...9  n) . 

Its v.e.v. 

r(x;  x xx ) (x; / R 	 x x 1' 2' ..., n 1 2' "" xn)  o> 

is called the retarded function (r—function). 	It is evident from the 

definition (8) that R( and hence also r) vanishes if any of the xi°  is 

greater than x°. The advanced produce is similarly defined by 

A(x;x1,xn) 
"  

= S:G(x? — xi ) G (x° 	— x. 	) 	G(x1°.
1

— x° ) CC... t (x) 9 	i  (xi  J9 1 	n-1 n 	1n-1 n-2 

T(x.
1  )J 
 ... :), T (xi n) 	for n 	1,2,3,... 

2 	 (9) 

= T(x) for n . 0 , 

a(x;xilx2, 	xn) 	/ A(x xi , x2, ..., xn) / 0). 

andvanishesifanyofx?is less than x°. The reduction formulae 

for these products3 are 

a* 
xn)  ' 9  in *1 

...—irdzfaWICzWac.x.19x2' 00. ' xn,z) 

(x; xi , x2, ... 9 xn) 	(P outl 

= 	i jrdz fa(z) Kx  A(x; x1 ,x2, ..., xnz) 

a* 



- 

a* 
They can be proved as follows.  Using the definition of (P in  and 

asymptotic condition, we get 

CR (x;xi,x2,...,x0), 
	

a*3 (fin 

Lim - 	fidz ER(x;x1,x2...,xn), cp(z).] 3 o  fa(z) 
z 	- co 

in the sense of weak convergence. Now it is easily seen that 

Lim - 	x 	ii(x. 7 	...7x ), cP(z)3 29""xn'z)  = zo 	- oo 	'x 1x 2' 	n 
z Lim 	R(xx  

For, as zo 	x0 ., i = 172,.. $rit a factor Q(x. 	z) can always be supplied 

on the RHS, while all the terms appearing in the expansion of the LHS, 

other 	 or some i 

and so vanish. Thus 

D(x ;x19x2"—xn)  ' 

= - i 	0Lim _ 00414 R(x;x1„x29...,xn„ z) ) f (z) z  z .... 	 o a 

#-} 
. - i fdz o o 1.1(xxi,x2,...,xn) 	f a  (z)] - i zo 	zo

Lim 	
5 . - + co z 

fz
,---.4 

dz 	R(xf,x1' x2'.°  .' xn  z) a o fa(z) '  

= ijrdz
zo

R(x;x1,x2,...,x01  z) 
az0 

 fa(z)] 

the second term being zero due to the fact that as z° 	+ oo, x°  Nz°  and 

so the R-product vanishes. Now carrying out the indicated differentiation, 

a* (I) in 
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substituting 

(c7
z
2 	m2) fa(z). for 	2 f  ( 

z) 
 

zo a 

and integrating by parts over the spatial variables, we get 

b(x-,x x . x ) 19  2' **9  n 
2 _% 

z 
ifclz fa(z) (— o v 2 z 

	) 

 

R(X;X19x290..,Xn , z) 

which is the required formula (10). (11) can be proved in an exactly 

similar manner. 	The Hermitian conjugates of (10) and (11) are 

['Pin

a  
l' 2 R(x-x x ,...,xn)] 

dz fa(z) Kz R(Jc;x1,x2...,x lz) 
	

(10a) 

t: 
or 
out A(x9x1' 2  x 	xxi  )1 • 

— i 	dz fa(z) Kz A(x-x x 	x z) l' 2" ' n' ( 	a ) 

These are obtained by using the Hermiticity property of R— and A— products 

ER(x-x x ...,xn  l' 2 	)3 ' 	. (-1)n  R(x-9x x .. x 1' 2' '' n) 9  

tA(x;xi,x2,...,xn)3 * = (-1)n  A(x;x1,x2,...,xn) 

which can be easily verified. 
, 

If (10) is multiplied by 	(z ) and added to (10a) multiplied 
, t, 

by —fa(z ) and the equation so obtained summed over a, the result is 

X EI(X°9 
1
X

9  2' ''X  n) 
 pin( z) 

jrdz 	(z 	z) Kz9 R(x;x1,x2,...,xnlz ) 	(12) 
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similarly, (11) leads to 

[A(x-x x 	x ) V"' n out(z)  

= fast 4 (z — z) K 	A(x.x X 	z ) z' 	l' 2"x  n' 

LSZ3 have shown that the reduction formulae (10) and (10a) 

and the assumption of uniqueness of one particle states can be used to 

express the matrix element (5) in terms of r-functions, in the particular 

case when m = 2. For in this case, we have 

(13) 

X = 01,p2  out / -p3, —p4, 400, 

P1 / 
02 in  / (P  out / - P3' - P4' "" -Pn in 

iPlx1 - ifdal  e 	K x 	p 2  in  / (f)  (x1) 	- 103  - 
1 

/ P1 / 
+ <P2  / in  / - P3, - P4' 	- Pn  in > 

The second term vanishes as 

P
4' ...I  - pn  in 

- pn  in 

as /p2  out = / p2  in 

i = 394, 	n. P1 Pi' 

Hence, using (10) we get 

iP1x 	 1* , 
X = - iidx1 e 	1Kx  ..e.:P2  in / cp(x1) in' / - P4,-P5, ..., -Pn  in> 

= (._i)2 f ("xi  _ 3  dx 	
e i6x 11+  P3x3)  

1 	3 
 Kp

2 
 in! R(x1;x3)/-p4,-p5,...,-pn 	in> 

x x  

the additional term being again zero, as -p3  / p2. 	Repeated application 

of this process leads to 

X = (-i)n-if dx1  

(P2 in  / R(x1; x3'x4' .." xn)  / 0>  • 

dx3 	dxn  exp (p1x1 	Lp.x.) K K 	K 
3 

x1 x3 
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Writing now /p2  in 7 	in terms of in—field and using (10a) we finally 

get i 2:x 1 	pi  xi  
X7 = (-i)11  jrdyX2 	dx e 	KX KX 	x <0/ R(xl' .x2' x3'' xn 

 )/0> 
1 2 

 

Clearly, using (11) and (11a), we can similarly express (5) in 

terms of a—functions when m = n — 2. However, it has been pointed out 

by LSZ3 and Polkinghorne
12 that the above formulae are not sufficient to 

reduce (5) when 2 (m 	— 2. This is essentially due to the fact 

that we need expressions for the commutators 

a* — 	 a* 
&(XPIIX29...,X11) 7 9out1 and ILL(x-x l

xx' 2 	' n)' in 

similar to those for 

[(x;x1,x2,...,xn) 1  and. CA(x;Xi  9X2 9 	,Xn) (p 
a* 
out 

    

given by (10) and (11). 	We shall see later that these expressions involve 

generalized retarded operators and so, we devote the next chapter to the 

study of these operators. 
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CHAPTER II  

GENERALIZED RETARDED OPERATORS 

1. 	Definition  

The definition of these operators is closely connected with the 

geometrical properties of certain spaces, and so we start by describing 

them. First of all, consider the (n-1) dimensional space e of 

(q1°,q2  

with 

1.1 qi = 0 .  

The 2n-1 — 1 distinct hyperplanes 

= 0, where 

J m  a subset of (1,2,3,..., n) 

qj 	
1coqlo 

- 

divide it into a set of convex polyhedral cones, say C°I.,  , each radiating 

from origin. It is clear that each cone Co a determines uniquely 

o whether qj  > 0 or — qJo  > 0 when qos Co , and that there is at 

least one 39  say J1 , such that qj
o
, has different signs in Coa  and Cop  

for a / p. Thus there is a one to one correspondence between the 

cones C
o 

and a consistent choice of sign of q for all J. 
a 	

Jo 

and 
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Consider next the space Q of 4-vectors 

q 	(ql'q2' "°' qn)  

with 	
n 

i=1 qi 	0 

We define the convex cones Caa  in this space by the condition that 

q 6 Ca  if 

(i) o  >0 for q c V+ for all J such that q J 	 J 	
go 

6 C°  a, , 
(ii) qJ  c V- for all J such that qj°  <0 for q°  c C°(,. 
In other words, q 6Ca  if qj  8  V± for all J, and the subscript of V, 

for each J, is such that q° 
6 co • 
a 

Corresponding to each of these cones Ca, Burgoyne5  now defines 

a generalized retarded operator by 

Ra(xx2' ...,xn) 

Tr + G+ (ii,i2) G± (i2,i3) 	o± (in_lin) W(i1,i2,...,in) 
	

(1) 

where 

(i) Tr is the permutation lc --> ik  and 

W(i1,i2,...,in) = 	cp (xi  ) 	q (xi ) 	T (x. ) 
1 	2 	n  

(ii) The summation extends over the set of all the permutations of 

(1,2,3, •..9 n) 

(iii) The choice of sign in 

(iicf ik+i) 	(.i 	i k xi  
_ 0 )1 
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is plus of Clic  e V+ when qe C a  and minus if qic  6 Vw when q 6 Ca  

being the set 

K 3  (i1'i2'"" 1k) 

(iv) The overall sign of each term in the summation is plus 

or minus according as the term contains an even or an odd number of 

0-minus functions. 

These rules define each R a  uniquely. We denote its vacuum expectation 

value by 

0 / Roc  (x1,x2, .0., 	/ 0> = roc(x1,x2- 7  • 	xn) . 

Araki4 and Burgoyne5 have proved the following properties of r s 
a 

(i) It is Lorentz invariant i.e. 

r
csit 	

,A n (A. x1+ a'A x2+ al 	x+ a) = rc<  (x1  ,x2, ' 2' "" xn)  

That it is a distribution has not yet been proved in general. The 

difficulty arises due to the fact that a product of Wightman distribution 

and 4-functions is, in general, not unique. 	Steinmann
13 

has proved 

that in 2 dimensional space time it is a distribution. For 4 dimensional 

space time, the proof is probably complicated, but may well go through. 

By 	ra 
 we mean any one of the possible definitions. 

(ii) It vanishes outside the cone Ca (in x°-space, which is 

conjugate of the coneC°a (in 	q°  -space) -space) i.e. is the set of all x such 

that 

x1 	+ x2
o  q2o  + 	+ x

o
n  qn  > 0 
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q -4 

n — 
sn), 1— 

0, of a function 

= 0 9 s.
1 m p.1 + i . 

is therefore, the boundary value, as 
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for every qo CO . 
a 

transform 

According to the Schwartz Theorem14 the Fourier 

✓ n n a( 	"" Pn 

n 
1: 
1 Pi 

which is analytic for p arbitrary and q such that 

(iii) 

q 	 / 0 	
9 	

0 	0 
= kg 	°) 	q 	a 	Ca 	• —  

If Ca, Co, Cy and Coare 

four cones around some corner 

of type 	A (see figure) 

then 

qJ. 

Ca 

0 

C 
a 

C 3 

qI~ = 

✓ a -•r, + r te — r6 = 0 

identically, these are called Steinmann relations. 

(iv) If the cone a C and Co have a face q = 0 between them, 

but are otherwise identical then 

(P1,1)29—, rn) 	rp (PI/P2, 	pn) 

2 for all (1)1, p2, 	pn) satisfying pj
2 
‹: mj 

These four properties characterize the r—functions completely 

in the sense that starting from them, we can go backwards and deduce the 

original axioms of Lorentz covariance, locality and spectrum in terms of 

Wightman functions. This follows from an inversion theorem proved by 

r 
a 



Araki4 Burgoyne5 and Steinmann
15. 

It can be shown16 that the ordinary retarded and advanced products 

of LSZ are the generalized retarded operators corresponding to the cones 

R(X0PC19X2, atoo 9  Xn) 	C
o 	

A(X0;X1 9X29  • • • Xn) —> 	Co
+  

where Co 
are determined by 

C
o 	

2 q1, a -2' • • 	qn 6  V— 

C
o
+ 	

q1, q2, 	qn e11-1- 

For, we have 

R(xo' -xl' X2' .00 9  xn) 

G (041) G(i1,j2) 
	

g(Jn_vin) tE.• 	J21 9 	3 9  in] 

in an obvious notation. By expanding the multiple commutator, this can 

be written as 
r— 

n+ 
R(x .x x 	x ) o' l' 29 	n 

where 	are C—number functions. 
7C 

W(i 	) so 1" n 

To evaluate the coefficient of 

X = W(1.091./9  
1k+1 9 *go,

n
) 

where ik  = 0, we find all the commutators 

Y = 	[E.. [0,j1] , J1 ], • • :1 , j,n1 
which leads to X in the sense that in their expansion, there is a term 

+ X or —X . Let a and b be two positive integers such that 

0 4 b 	a 	k — 1 and let 

is = 	ib = jab 



  

j1" 

 

   

as 

a 
), • • .•] 
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If la 	lb, we can write Y as 

Y = 	[0, ji3 j21 

Now, when we write the commutator 
9 	j11

.31 jn3 • 
a 

(I" Co' j1] 	 ilb-1:1 jlb  [0, 

it is the negative term (i.e. the second term) which can lead to X, as in 

X, ji 	ib  appears on the left of zero. Similarly in the expression 
b 

"g' 	jib  —1:1 )2 ilb+111' a 

[("" Djlb11:4°Y  j13 ...]9 b 
	' ilb+.1"9  "I]l.  ha^. 	a 

- ila IE• • • [(jibLE • • [09j1 "°,/ hb_g 

it is again the negative term which can lead to X'. However, it does not 

do so, as j1  = 1b  appears on the right of j1  = is  in it, and on the left 
b 	 a 

of 1a ink. This shows that if Y is to lead to X, we must have 

10  > 11  ) 12 > 	> 

where 	it= jl 	t= 0,1,2, 	k-1. 
t 

Similarly, considering the indices on the right of zero in 

that if Y is to lead to X, we must also have 

1k+1 	1k+2 	4.1n  

(2a)  

X, we can show 

(2b)  



-33- 

where it  = ji 	t = k + 1, k + 2, 	n. 	Further, if (2a1b) 
t 

are satisfied, Y does lead to a term X.. 	For if we expand Y, starting 

from the innermost commutator and going outwards and take the positive 

term or the negative term in jt  commutator according as jt  is on the 

right or the left side of zero ink, we get X :with a coefficient (-1)k 

corresponding to the k negative terms. Thus X.  apears in the expansion 

of those and only those commutators Y which satisfy (2a,b). 	Its 

coefficient in the expansion of R(x;x1,x2, 	xn) is therefore 

62)  

	

Tr  = (-1)k  E. 8(09J1 ) g(J1,J2 ) 	g(in_l , in ) 
where the sum is over all the sets 

(j19j21 	in) 

which satisfy (2a,b). 	We now show that it is equal to 

B 	. (-1)k  0_(10,11) 	84.(0,ik+1) (i 	). + 	n 

Let 

x. 	x. 	for some a and b such that 
a lb 

0 .47 a 'C. b 	k. 	 (2c) 

a (b means that 1a < lb  for all the sets 

Oitiv 0", in) 

satisfy (2a) so that every term in the expression for 	hasjl on the 
a 

right of ji  and hence vanishes, as we have x° 	x0 	Thus 
J1 

vanishes when (2C) is satisfied. 	Similarly, using (2b)bwe can show that 
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it again vanishes if 

x. L  x. for some a and b such that 

	

1a 	1b  

k 4. a < b 4: n. 	 (2d) 

As (% 	 B .;d) are the only points where 	7 is zero, we see that 	1 

is zero whenever Bif  is, and so, it is sufficient to prove that 

63if = B if only when B is different from zero. This last result TT 

follows from the fact that at any point when B rr 
	0 (and hence = 

we have 

x 	x. k+.4.> xi 	>. 	o 

	

o io" k+1 	 xik_ > xik+6 ++1 

	

k-1 	1 	1 

x. 

	

lk+O2+  	xik-b-1-1 > • • > xik-f52-  > 

and at such points, all the terms of Bare zero except the one which 

corresponds to 

	

1k+1 9." 9 	ik+6/1- 
' 

j oito= ik-1 9  • 	8,+ 
+ 6- 	

k 
1 	1 

13  + 	+ 	i + k+62+ 	
62+ Or+  (51:"- ik— +1+6 - 	ik+6.1  +1' 	' -62  +Oi- 1 	 1 

"', j6+÷6- ik-s
2- 2 2 

6 
i - = non negative integers, with 1: 6+  = n-k, 

‘ and this one is equal to (-1)k  1 = (-1)k. 

With? .B Tr , the expression for R becomes 

R(x0;x1,x2,...,xn) 	1: 1::( -1)k 	
- 
(i olii) 0_(ii,i2) 	8-(in-1' 

n 
k  ,7   

8.1.(0,ik+1) 	G+(in_lin) 	w(io,il, 	ik_/, 0, ik+1' °"' in) 
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Also, as the definition of Co  gives 

qjte V_ 9  qj  qo  6 V+  when q eCo  

J being any subset of (1,2,3, 	n), 

we see that the series on the RHS is identical with the definition (1) 

of the generalized retarded operator corresponding to the cone C. The 

identity of the advanced product and the operator corresponding to Co  

can be similarly proved. 

We note that these operators have the following Hermiticity 

properties 

R
a 
(x

1' 
x
2' "*, xr ) = (-1)n-1  R (x x 	. x ) l' 2' ° ' n • (3) 

For,we can write 

Ra (x1' x2 ...9  xn) 

= 	G 6n(i2,13) 	Aaff(i211.3) 	
d- 

(in-1' in) W(i1'i2"""in))  
if 2 	2 	n-1 

where 0.
Tt  
 is (+) or (—) according as a 	is in V+ or V for q 6 q

i, 

being the subset 

(i1,i 	i.) IC 	2' 	9  

and 
Tr 

TT 

As T-(x) is Hermitian (i.e. (P (f) is Hermitian if f(x) is real) this 

gives 

R  (x -x x 	x ) o' 19  2' 	9  n 

1: a 
if 
Q
01 

(i1' i2  ) 	2 
(i29 i2  ) 	Ain-1_( n-1' in) W(in, in-19.. i2'i1)  

Tr 
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= "t7 	(itlin -I 
Wr 	n-1 

0 	
n _(i 	) 	g— 	) —7f 	0-1' n-2 	01 	1 2 

n-2 

	

W(in'in-1' 	' i2' i1)  

(-1)n-1  E(-1)11-1 	Q 	4inn- 1) ... 	
(ivy W(inn_1,...,i1) . 

if 	n-1 

Clearly, qj  6  V 0 TT  
1C• 	

. 
 

of Jir in 

implies q-j  eV- ,7  / 71,=,  . being the complement 
'j 

(1,2,3, 	n) 

i.e. the set 

(in in-1, 	ij+2 ij+1).  

Also 

n-1 
:LC -EY.Tr 	(_1)n--1 n-1 	IT  

j.1 3 	j =-.. k 	0 

Hence the above expression is just equal to 

(-1)n-1 	R (x x 	. 	x ) 1' 2" °' n 

and this proves equation (3). 

Further, we give the following result of Burgoyne5 for future 

	

reference. If Tand r 	denote the Fourier Transforms of the time 

ordered and generalized retarded functions, then 

r'-fi(Pis.P2, I.., Pn) 

for p c C . 
a 

r (PI/P2/ .-./ Pn) 

= - 
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2. 	Reduction Formulae 

We now prove reduction formulae for generalized retarded 

operators similar to the formulae (10) and (11) for ordinary ones, 

consider first the commutation 

a* J(xl,x2, 	xn) , 9 in  

Using the definition of 9 in  and the asymptotic condition, we see 

that it is equal to 

Lim 

	

- i tidz 	(x1,x2, ...,xn) t cp (z):4) o zf a  (z) —> 

in the sense of weak convergence. Let us assume that there exists an 

(n+1) point generalized retarded operator 

R a,- 	(x  1 9x  2' ...9 xn z)  

such that 

Lim x z 4  - 00 zo 	} 
Lim - 

OD 	
(x 
Ok 1 9  29.."Xn)1 	(Z)..1 = 	

o 	
047 (x1, 

x 
2"..1X111Z) --  

(4) 

In the following section (3) we give a method which explicitly determines 

Rte-  

	

when ais given. 	In the meantime, using (4), we get 

Lim = z0 4 

i jrdz 

a* 
0 (x1' x29...9 xn  ) 	(p in ' 

-i fdz 	R 	(x - op 	a- 	1 x9  29  

)
zo 	

taa 	(x 	x ,...,x ,z) 1' 	2 	n 7
-  

.. 	x 	z) 	6 .9 	n9  z 

f (z) o a 
Z 

f 	z) o a 
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as it is shown later that 

Lim 
zo 	 ) + 00  R —(xx2'...x 	z)- 	 0 

a 
(5) 

Using now the fact that fa(z) satisfies the Klein Gordon equation, and 

performing integration by parts over the spatial variables, we get the 

required formula for the commutator as 

111%Jxl'x2"—"xn)  

— i ildz fa  (z) Kz - 
R 	(x1,x2,  •••9 xxi  z) 	(6) 
a 

where R is obtained from R according to (4). 
a 

Using a similar method, we can show that 

a* [R (xI ' x2' •• ' xn) ok 	9 out 

- i j dz fa(z) Kz  R +(x1lx2, 	xn,z) 
JJJ a 

where R is the generalized retarded operator such that 
a 

Lim 
zo ) + oobo xI x2' .p., xn), (z)1Lim 	R +(xx2'.xnz) z 	co  a, 

(8) 

3. 	Determination of R + . 
a 

Let us suppose that 

Rm(x1,x2, 	xla) 

is a given generalized retarded operator, i.e. we know whether qj  is in 

V or V for all subsets J of the set 

(1,2,3,..., n) 

a 

(7) 
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g ± (nil, i1+1) 
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We define a cone C  of (n+1) points, by the conditions 
OL- 

(i) ck.r e' V
+  in C for all J such that qJ s V+ in 0 a a— 

(ii) qj  8 V_ in C for all J such that aJ  s V— 
 in C _ 	a a 

(iii) qn+,
1 
 elf—  and hence q1  + q2  + ... + qn  81/4.  in C 	. 

a7 

If J is such that qjs V_ in Cc  , then according to (ii), qj6 V_ in 

Ca or also so that qn+1 + qJ  s V— 	67 
in C 	. If, on the other hand, it 

is such that qj  eV+  in Ca, then cry BV_ in Cc  and hence, by (ii) again, 

Cry e V_ in Ca
7 
also, so that qj  + qn+1  6 V+  in C. 	Thus the above 

a
_ 
 

conditions determine whether qj  + q0.0  is in V+  or in V_ for each J, 

i.e. (9) defines the cone C uniquely and completely. a_ 

We now show that the operator 

R _(xilx2, 	xn) 
a 

corresponding to the cone C _1  satisfies equation (4). 	From the 
a 

definition of generalized retarded operators, we have 

(9) 

Lim 
0 
'chi-1 CO R 	(x1,x2, . 

a` 
000 X 0 xn+1)  

(il'i2) g 	(11,13)-9 	(in"in+1)  

/11(i1 0-2"." in'in+1) 

+ 8 (ii,i,) 	(i2,13)... G 	(il,n+1) 

+ (in-1n)  W(ii2'... in+1, 1+1'...in
) 

(10) 

• Consider now the product 
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(11912)° ±.( i2'13) 
	

[6 4-(ii,ni-1) 8 +(n+1,i1.0):17 ...8 ±(in+1,in) 

(11) 

The subscript of each of the 0-functions is given by the rule (iii) in 

the definition (1) of retarded operators. As x
n+1 	- co, the 

product of the two 0-functions in the square brackets, and hence the 

product (11) itself, is zero unless the subscript of the first 0-function 

is (w) and that of the second is (-). This will be true only when 

+ qn+1 6 V- in C 

where L = 	il) 

On the other hand, the conditions (9) defining C 	show that this is 
a- 

not true for 1 4 1 $;,_ n-1. Hence ix the 	garto'iation over 1 in (10), 

the only terms which can be different from zero are the ones corresponding 

to 1 = 0 and 1 = n. 	In the 1 = 0 case, (11) becomes 

0- (n+1;, 11) 8t(i1'i2)  '" G+ (in-1' in)  

- + (i1,i2) G+(i2,i3)  '•' 0+ (in-1' in) 

as cixi++ . 6 V_ in C _ and 0....  (n+1,,i1) = 1 in the limit xn+1  .4 - co. a 
The minus sign appears because the left-hand side has one 0-function 

more than the right-hand side. 	Thus the term in (10) corresponding to 

1 . 0 is 

Lim xo 	00- E± 	G+(i2,i3 ) 	g+(in_p in )9P(xn+1 ) 

w(i1 , i2, --- ,  in) 
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= 0- Lim P (x x
114-1 	

- oo 	n+1) R  es(x  l'x  2' .9.9 XII) 9  (12a) 

as for any subset J of 

(1,2,3, o4r09 n) y 

q is in V
+ 
or in V in Caccording as it is in V+ or in V in C . a- a 

Similarly, when 1 = n1  (11) becomes 

0+(ii2) 0+ (ii3) 	G+(in n+1) 

= Q+(i1'i2) 8+(12'i3)  ". 8+(1n-1' in)  

as q1 q2  + 	+ qn  6 V
+ 
in C and 8+(in0+1) = 1 in the limit a- 

x
n+1 

 
- a). This time no minus sign appears as the left-hand side and 

the right-hand side have the same number of 9-minus functions. The term 

of (10) resulting from 1 = n is therefore equal to 

14!: 

- 
00 	44(1142) G.±(12'i3)  ". g (1.  l'i 	W(i1,12/...,in)P (xn+1) 

0 
+ n- n/  xn+1 7  

x
L im = 	oo o 	Rot(xilx2,...,xn)T  (x110) 	 (12b) 
n+1 	-  

Combining (12a1b), we get 

Lim o
-  xn+1 	00  

R (xx..xn'xn+1) 3117 

Lim R (x x = x0
n+1 7 -v 	all7T(x 	) n+1- 04 l' 2'"'"xn) 	ilc4(x1'x2"--7 nx  ) T 

(x  n+1) 

which shows that R defined by (9) satisfies (4). 
a 

In an exactly similar manner, we can show that the operator R 
a
+ 
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satisfying (8) is the generalized retarded operator corresponding to tb... 

cone C
a 
 defined by the conditions 

(i) qJ 6V+ in C + f• 
or all J such that qJ  6 V+ 

 in Ca
a   

(ii) qJ  6 V- 	a 
in C + f• or all J such that qjs V_ in Ca 

	(13) 

(iii) q1  + q2  + ... + qns V_ and hence qn+1  e V+  in a  
C + 

Let us now verify equ,,tion (5). 	We have 

Lim 
xoR 	( 	SI. X ) 

+ 	

X

19

X29 	n 
n+1  

= x 
	

Lir 	7 17 + G (i1,i2) 0+  (i203) ▪ 	(i10 + 1) 84.(n + 1, 
n+1• --> + 010 	1=0 9i1  

11+1, 0.4 

0
+
(i

n-1
, n) W(i1'i2'... 

 i1n + 1,, 	in) ,+1 
	(14) 

Consider the product (11). As xn+1 
7> + ago, the product of the two 

8-functions in the square brackets is different from zero only when 

qL 	e V_ and qt  + qn+1  6 

where L = (i1,i2, 	in) 

This is impossible for 1 ,t.i; 	n - 1, asq and 
qt. + cin+1 are 

 either 

both in V
+ 
or both in V in C . When 1 = 0 and 1 . n, (11) is non-zero 

- a` 

only if qn+1 6 V+ and q1 + 
q2  + — + qn 

a V_ respectively, and this 

is again not the case, as qn+1  6 V_ in C . 	Hence all the terms in 
a
_ 

summation over 1 vanish in (14) so that (5) is automatically satisfied. 

To illustrate the results already obtained, let us evaluate the 
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commutators 
a* a* Ro  (xo' x x .1 , 	... Ixn),(p 	j and 	R0(x0,x1,x2, 	,xn) ' P out 

where R
o is the ordinary retarded product of LSZ. As proved earlier, 

the cone Co is defined by 

qj 	, J null set 

C
o 

go  + gj 6 17+ 	/ (1,2,3, ...,.n) 

where J is any subset of (1,2,3, 	n). 	Hence if 

R o  (x o,x 
a* 

' P in j 

= — a i M +1 Ro 	(x o' 	x .x,.x2,... n, x ) n  

where M is defined as the integral operator 

M.1a  = fdx.1  f a  (x.)  Kx. 	9 1  1 

the cone Co— will be defined, according to (9), by 

q 	q  n+ J 6 V 	, J / null set 

qo + qJ qo + qJ + qn+1 EV 

i.e. by 

qI e V_ 	I / null set 

o 	qI 6  V , I / 	n, n + 1) 

where I is any subset of (1,2,3,..., n, n+ 1). 	This shows that Ro— 

is the ordinary retarded product, so that (15) is identical with (1.10) 

as it should be. 

(15)  

(16)  
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Similarly, if 

[Et. 
0 
 (x 

0'  .xl' .64. X ) n 	' (19  
a* 
out 

- i
:ara+1 Ro+ (xo9x1' x21 .. 

the cone Co  will be defined by 

4J9 CIJ 4n+1 6  V- 	J / null set 

., x
n 

xn+1) 9 

i.e. by 

q 	Cl + q 6 V 11+1 o 	+ / (1,2,39  •.., n) 

q e  V 
	

9 
	

/ null set or (n + 1) 

(111+1' clo 	qi  e V+,z / (1,21...0) and (1,2,39...,n,n + 1). 

This shows that for 11.3 2, Co is the cone C- 17 

	

on+1 	which is defined by 

C 
on+1 -4n+1' 41 	4n+1' 42 	4n+1' 	4n 4n+1 6  V 

and to which corresponds the generalized retarded operator 

.0., xn9 xn+1) • 
Rota+1 (Xo'X1 7X2' 

For n = 1, Co+ is identical with the cone 

C1 g 4o' q2 s V 

to which corresponds the advanced function 

Al  (xo, xl, x2). 

Thus we have 

tout]  
a [Ro(xo'xl)  ' 	out 	i M2 A1(xo'xx2) 

a* 1 [Ro(xo'x x2"°°' xn) 9 9 out 

=- i M
;41 

R n.* (xo'x1'x2' 	xn9xn+1) 	for n 	2. 	(17) 
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Analyticity and Support Properties  

In this section, we study some of the properties of the retarded 

operators of the type R + defined by (9)and (13). Let us start by 
a 

introducing some new notations. 	If C is an arbitrary n-point cone, 

we can obtain from it two (n + 1)-point cones C 	and Cat 	which 

	

an+1 	n+1 
are defined by 

Ca in Ca 	according as it is in V
+ inC, 

	

2 q
J 
 eV

a 
 ,q 	CV 
n n+1 n+1 	n+1 

C 	go. s V
+ 

in C 	according as it is in V in a, 	' 	 - a n+1 V  n+1 	n+1 

J 7. any proper subset of (1,2,.. 

We shall denote these cones by 

C la n, + (n + 1)1 	and Can, 	(n + 1)3 

respectively. 	If Ca  is itself obtained from an (n-1)-point cone 
n 

 

i.e. we have 

an 
	-1' ± in } 

where the prefix (+) means either (+) or (-) and Ca 	is an -1)-point 
n-1 

cone, we shall write 

Ca 

	

	n-1 	+ (n + 1)  n+1 

If we continue this process of expressing Ca 	in terms of Ca then 
n+1 

either (i) it will terminate at a stage j >1 i.e. we will have 

C 
an+1 

= C icy
,j, 
	ii+19  oos, ± in, 	 (n 	1) 1 

where each of the prefixes is either (+) or (-) and Ca 	is a 
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j-point cone such that it can not be obtained from 

any of the (j-1) point cones. 	As an example, Co,  may 

be the 5-point cone C ij  of reference (17) which can not 

be obtained from any of the 4.-point cones; 

or 	(ii) It will go down to j = 1. In this case, we will have 

Ca 	.C4 	i
1
9+i2' +i3' 	n1  (n+1)1 

11+1 	
t- + 	--"" 	-  

Clearly, the prefix of the first and second index must be 

different. We also note that all the cones up to the 4-point 

ease can be expressed in this form . 

Thus we see that an arbitrary n-point cone Ca  either has the form 
n 

Ca 	C - i19 ± 2' ± 3" - In I 
	

(18) 

where 

(11,1 ,2,.,.,  

is a permutation of 

(1,2,3, 	n) 

or the form 

C 	C[Qt., 	± i 	(18') 
414 	j 	1j+1' n ) 

where the j-point cone Ca,  can not be obtained from any of the (j-1)-point 

cones. 

We shall write 

R 	(x1,x2, ..., x ) = R c a., -4- i. , ..•, + i 
ot n 	 in J . J 	3+1 

r 	(x19x2' ..., xn)o.. , ± = ( 
3 

i
3
.41, r••., ± in  

an 

a ( (p 19p2'..., ... 	p "±".. 	a. + i 
	

) 19 	2' 	9 n) 	= 	
3 	j+1

9 ..., ± i n  
n 
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where C a  is the cone (19'). 
n 
Clearly, the cones C + defined by (9) and (13) are given by 

a` 
C a- = C a $ -(n + 1)1 9  C+ =Cfa $  +(n+ 1)? 

a 
so that the reduction formulae (6) and (7) can be written as 

04  (x1' x2" n.' x 	in 	Mn+1 R a - (n + 1) 	 (19a) 

(x 	x ) cpa*  1 - i a 1' x  2' "°' n 	outj = 	lin+1 
	RC a, + (n + 1) 
	

(1913) 

Using the relation (3), we see that the Hermitian conjugate of these 

formulae -are 

r aa* 
r in ' 

Rec(xx2...'xn)1 	- i Mn+1 (n + (19c)  , 

(pout, R (x x 	+ - i M 	(n 	1)1 
1 9 	2' ° • • 9  x.,)  3 	,n+1 Rfa,  (19d)  

where 	P = dx. 	(x-) x. 

In the next chapter, (19a-d) aro used for reduction of S-matrix elements. 

In general, an n-point cone has a basis of more than (n-1) elments 

i.e. it can be completely defined only by more than (n-1) conditions of the 

form 

qI 8 V 	for q a Ca 

subset of (1,2,3,..., n) • 

Thus, for example, the 5-point cone C!ij 
 referred to above, has a bsis 

of 6 elements, namely 

q. + 	9 q. + q 	q. + q 	
a V+ 	

(20) 

cl; 	qi,  Q J 	qm, 	qn 

(i,j11,m,n) z' a permutation of (1,2,3,4,5). 



— 48 — 

However, cones of the type (18) have 4 bsis of just (n-1) elements. 

This follows from the result that a basis of (18) is 

q. 
1 

+ qL  e V+  if the prefix of 11  is 

eV if the prefix of i1 is 

1 = 2,3,4, ...I n 

L . set of all the indices it, t "11  having 

their prefixes different from that of 

which we now prove. Let 

J = (k1,k2, 	kj) 

be any subset of 

(1,2,3, 0 0 0 9 n) 

Clearly, we may assume that i1  is not contained in J, for if it were, 

we could take J and rename it as J. Let ka be the index of J which 

is on the left of the rest of k's in (18), so that (21) Amplies 

(+) 
(-) 	(21) 

qk 	clA c  a 

( V if the prefix of k
a is (+) 

V if the prefix of ka is (—) 

A being the set of all the indices of J whose prefix is different from 

that of k
a. Now if B is the complement of the subset (katA) in J, the 

prefix of any index of B is the same as that of kat  and so we get 

(V+ if the prefix of ka is (+) 

qk
a 	qA qB6  ( (V if the prefix of ka is (—) . 
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As 

qk
a 

4. 9_A 	clB  = qJ  9 

it follows that the conditions (21) determine uniquely whether q is in 

V
+ or V for every subset J of 

(1,2,3, 	n) 

i.e. (21) form a basis of (18). 

As an example, we see that the basis of 

R(4-1, -2, -3, +4, -5 	= R14,5(x1,x2,x3,x4,x5) 

is 

q
3 
 + q

4 
a V q4  q5  e V+  

q3 4. q4 	q5  6 

which is identical with the one given by Burgoyne5. 

The question now arises: Is the above basis of (18) 	unique? 

The answer is in affirmative and follows form the fact that if any n-point 

cone Ca has a basis, it is unique. To prove this result, we proceed 

as follows. 	Let 

B 	qj 	qj  y ..., qj 	6 V+  
1 	2 

be a basis of C . 	This implies that any other basis has just m elements 
a, 

and that any partial sum q2  can be expanded in the form 

qL = al c1J + a? c13 + !** + am qJm if 	e  V+ in C
. 1 	2  

-( 	cij  + a,2  q
j2 

+ • •. + 	qj 	 V_ 	C a, 
1 	m

if  

where all the Cg is fe  '4-44,1 numbers. Now suppose that 

qj  = qjt  + qj 2  with qjt e  V+ 	qj  2 e V+ 1 	1 	1 	1 	1 



-50— 

Then 

	

qv, 	= a
1 
 q + 	+ .•. +a m q 

	

1 	J1 	
2 q  J

2  

	

where at least one a. 	0, i 2,3, 	m, as otherwise qji  would 

	

1 	 1 
become a multiple of qj  which is not the case. 

1 
.*.qj12 = q

j1
— qj  = (1 —a l) qj  — (pL 2  q

j2
+a 3  q

j3
+ 

As qj  are linearly independent, this is the unique expansion of qj  2 
1 

in terms of qji. 	Hence we get a contradiction, as qj2 is to be of the 
1 

form 

q T  2 = P qj+P 2  qj  + ... 4. P m  qj  

	

"1 	1 	2 	m 

where P is are all to be +ve and at least one p 
i 
/ 0, 2..c i m. N.. 

This shows that qj  can not be equal to the sum of two partial sums each 
1 

of which is in V+ 
when q C  Ca 

 . Clearly the same will be true for all 

the elements 

qj, i 	m 
1 

of the basis B. 

Now let 
tf• 

B sq-J!,QJi **op qj, s  V+ 
1 

be any basis of Ca other than B, and let qjl  be expanded as 

m 
1 ••• +ia, 1 	a  ! :to, 0. 

	

q.J 1 	=a  i 	(1-J1 1-a' 2 	
cl.T2 

"I" 

	

1 	
q
jm 

, 	
1  

*frt. 

	

t 	 e 
Then all the d Is must be zero except,i saya  /, as otherwise qjl will be 

1 
equal to the sum of two partial sums each ofwhich is in V. 	This will 

lead to 
qj t = cl.j.1  • 



Similarly, each of the other qjt  will be just equal to one of the 

qa  i.e. B' is identical with B. 	This proves that there is only one 

distinct basis of C . 

We now explicitly determine the support of 

i 	+ i it* 2' 	3/ ° 9 

In fact, we show that this function vanishes, if any of the following (n-1) 

set of conditions (corresponding to the (n-1) values 2,3,4,.../ n of 1) 

is satisfied 

0 	0 

1 1m  

for all 

0 if q. 6 V+  11  

1 and such that qi  8 V 

(22a) 

and. 

xo. 	x3. 0 if q.1 	V 
1
1 	

1m (22b) 
for all m 	and such that qi  e V+  

The proof depends on t!,e following simple lemmas 

LEMMA:— If (xi , x2, 	xn
) is such that every term in the expansion of 

R (x x 	x ) a 	1' 2' 	' n 
vanishes identically, then the same is true for every term of 

R(a, + (n + 1), + (n + 2) 	n t  

no matter what valuesn+1, n+2 	n' 
have. 

For a general term of 

+ (n + 1)/ 

(23) 
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is 

8+(i1,i2) a (i2pi3) 	[0(i0+1) 8+(n+1,1j4.1)] • • 0 + (in-1'in)  

W (il'i2' 
	

' 71.Q y se*, 	) 
	

(24a) 

Consider first the case j 0, n. As qt., 9L  + qao, L m any proper subset 

of 

(1,2,3, .00,1 n) 

are both in V+ or both in V in 

C {a, 	(n + 1) 

according as qL  E. V.1.  or V_ in Ccc' 
 the prodUct of 8-functions in (24a) 

is identical with that in the term 

8+(i1ti2) 8+(i2, • • 4,  • G jj+1) 	G(in-it
in) 	

..,in) 
(24b) 

in the expansion of R cz  except for the fact that the two 8-functions in th 

square bracket in (24a) are replaced by 8+j+1) in (24b). Also, as 

q 	qj  + qn+1 
where 

J M 	 ij) 

arc again both in V+  or in V in 

C (a, 	(n + 1)) 

according as qj  is in V+  or in V in co, the subscript of all the three 

9.-functions is the same and so, in (24a) we may insert a 	ij+1)  

with the same subscript as that in (24b). 	The product of 8-functions in 

(24a) will now include that in (24b), so that, as the latter vanishes by 
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hypothesis, so also will do the former. 	This results in the vanishing 

of the term (24a) itself. 	For j = 09  n, it is easily verified that the 

product of 0—functions in (24a) already includes that in (24b) so that 

(24a) again vanishes. 	This proves the lemma for 

R i(G 	+(n + 1) ) 

The case when the prefix of (n + 1) is (—) can be dealt with in an 

exactly the same way, and a repeated application of these two results 

shows that the lemma is true for the operators (23) as well. 

Clearly, due to this lemma, it is sufficient to prove that every 

term of 

r 	± 11, ± iv 	± in  } 
vanishes when (22a,b) are satisfied for 1 = n. Consider first the 

function 

	

i1, ± 12' • ° " 	in-1' + 
	 (25) 

a general term in its expansion is 

± 8.1.(k1 ,k2) 84.(k2,k3) 	0+(in,kj4.1) 	kn_i) 

<0 / W(k1lk2 , #.0 9  kv in9 ki+19 	kn_2,kn..1) / 0> 	 (26) 

where 

(k1, k2, • . a 9 k 	) 	a permutation of (11,12, ea., 	) n-1 	 ° 
Now if 

qk qk 	". qk 	qi E 
1 	2 

there will exist a smallest integer t 	j such that 

	

qic +qic +...+qk. +gl  + q
kj

+ 	+ q
kt 	

V- 
1 
	2 	

n 	+1 
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Clearly, this implies qic 	V. 	The term (26) will contain the factor t   

0 + (intki+1) 0 + (ki+1, ki+2) 	o + (kt-1,  kt) 

and hence will be zero if 

x? - x?  o . 
n 

kt 

On the other hand, if 

n e 
 V_ 9  

there will exist a largest integer t < j, such that 

qk + q
k 1 	

+ 	+ qk  
2 	t-1 

and hence, q 	6 V . 	The term (26) will how cohtaiti the fac.uor 
kt 

o.. (kt, kt+1)  4)-(kt+1'kt+2) ... Q-(kj-1'kj) Q-(ki'in)  

and will therefore again be zero if 

xk 	O. 
n 	t 

Thus every term in the expansion of (25) vanishes if (22a) with 1 = n is 

satisfied. To see that all m 4 1 are to be included in (22a), we note 

that the term 

± 	8t(in,k2) 0+(k2,k3) 	04.(k11_2,kn_1) 

/ w(k1 , in,k2,k39 	kn_2, kn_/ ) / 	, 

for anyk 1  such that qki e V_, vanishes only when 

o o x.
i 
 - xk 	0. 
n 	1 

Similarly, we can show that 

r + i 	1.111 

	

— 1' + — 	±2' 	n-1' 
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vanishes if 

x
n 
i 

for all m < n and such that qi c  V+, as required according to (22b). 

Let us make the following remark. 	It follows from (22b) with 

1 = 2 that 

✓ + i1, - i2, + 
3' — 

+ 
4' 	

+ in 
 . 0 

(27a) 

for 	x? x. e 0 11 12  

so that, as this fuuction is Lorentz invariant, it also vanishes for 

x. - x. / V+ 
1 	 2 	+ 

For if there wore a point where x.
o  
-xi›Obutx.-x. , V  9 

1 	2 	11 	12 
 

we could find a Lorentz transformation which takes this point to one 

with x? - x? <,... 0 and so the function vanishes at such points. 11 12 

Similarly we have 

✓ t-i1' + i2, S.  i3, .1.- i4, .. • , + in  A} = 0 

whenever 	x. -. x. ,g V 1 	12 
 

1 
Now it is shown in Chapter IV that the function 

re, = r 	i1' 	i2' 	i1-1' + i1 ± il+1' "" 

can be expanded in the form 

✓ E.  
a 	p• , 0 

T
D 

where , are constants and Cp are cones of the type a 

i1, k1 ,k2  3,  C 	+ + k 	• • 9 9 

(27b) 

n 

i kn-1 
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which have the same prefix of any index as in Ca, 

(k1,k2,k3, 	kn_i) 

being a permutation of 

(11'12' "°' i1-1' i1+1' • • el 
	
) 

It is easily seen that each of these cones C must be such that k1  

is on the left of i1 in C For if one of them had a k1 which is on a 

the right of i1, the corresponding r-function, and hence also 	r, 

will not be zero when (22a) are satisfied, while r ale, so that we get 

a contradiction. Hence it follows from the above remark that each r 

vanishes when 

xi  - xi  / V+  
1 

for some m <, 1 and such thatg 	v in C
a am 

and so 

ICL = a r3f-P 
vanishes when 

x 	- x. 	/ V 
'1 	

1m 	+ 

forallul<Isachtliat. (11  ali in C . 
m 	a 

Similar result can be easily obtained for the case when the prefix of i
1 

is (-), and so we conclude that the function 

iv • o ± in  .)• 

vanishes when any one of the following (n-1) sets of conditions is satisfied 

xi - xi  / V.1_ if q. 6 V
+ 1 	

'11 

for all m 4: 1 and such that qi  6 V 
m 

(28a) 
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and 

xi  - xi , V_ if qi E  V 
1 	m 	1 

for all m < 1 and such that qi 	. 

Clearly, the support implied by (28) is much smaller than that implied 

by (22). 

Next, let C abe any cone with a basis of -1 elements, and 

let this basis be 

CI gI2 
""q1 e V+, gIk+1 gIk+2 "" 	E 

n-1 
V 

I19  I2  ... In-1  ; subsets of (1,2,3, 
	n). 

Then, as we can write 

q1x1 	c12 x2 q3 x3 	" . + qn  xn  

= q1 

	

X1 	gI2 X2 ". gIk Xk gk+1 Xk+1 gIk+2 Xk+2 
- ". gI Xn n-1 n- 

where X. are linear combination of terms of the form 

xu  - xv  , 	u, v = 1,2, ..., n, 

the conjugate cone Ua  is defined by 

X
1 8 V+9  X2  8 V

+, ..o, n-1 6 V+ 0 

Thus r
a

t whose support is contained in 5°  , vanishes if 
a. 

0  o 
Jo 

 X 	‘.... 0 or X 	.0./  0 or ... or I 	< 0 
1 	2 t** 	n-1 

and therefore, due to Lorentz invariance also if 

X1 / V4- or ). 	/ 114.  or ... or Xn_i ,e V+  

	

i.e. if x 	 If we now consider the Fourier Transform 
a: 

(28b) 



by the Theorem of Hall and Wightman18. 

T 
A a (C 
(..) 

) 	
A Tal  1,(C) m Complex Lorentz Group 

5(1(131,s2,s31 	sn), s = p + iq, 	. = 0 

we see that it is analytic (due to Schwarz Theorem14) in the tube 

T
a 
 t p arbitrary, q 8  C 

and hence also in the extended tube 

It may be noted that although the analyticity in the tube T a I 
1 

and hence also in the extended tube T
a 
 , can not, in general, be proved 

when the cone C
a has a basis of more than (n-1) elements, yet this can 

be explicitly done in the case of the 5-point function r! corresponding 

totheconedi:defined by (20). For using the Steinmann relations1 .7 

r.. 
30- 

r! 

-r.. 
13,1  

rli  

+r1. 30 0. 

+ r. 1j11 

-r.. 1.01M 

r! 

0 

0 

(i,j,k,l,m) ; a permutation of (1,2,3,4,5), 

we get 

rl,ij = rii9k 	
l 

+ r.
isi 	lo 

+ r.„
tm 	j i - 2r. 	 (29) 

Also, we have (using (28)) 

riilk. r il+ 	1,-m„+j,-k . 0 

if 
(xi - xi) V_ 	or 

or [(xi  - xm) / 

or [(xk xj)  V- 

(xm  - xi) / V_ 

and (xj  - x1) / V.1.1 

and (xk  - xi) , 
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ri 	r {,+ 	- k, - 1, - m, + j . 0 i   

(xk  - xi) ,g V_ or 	(x1  - xi) / V_ or (xm  - xi) V_ 

or Lx.- xri) 	y+  and (xi  - x1) ig V+  and (xj  - xk) 	V+] 

so that 

r' . 0 
j. 

if 
(xp  - xr) and any one of (xp  - xr), (xp  - xt) 

and (xq  - xr) are not in V+ . 

Here 	(p,q) g a permutation of (i,j) 

(r,s,t) 	a permutation of (k,l,m). 

This shows that r!. is different from zero only if 

(xp  - xr) s V , 
+ 	

(XX ) 6  
P - 
	V

+ 

(x
q 
 - xr) 8 V

+ 
and (x

q 
 - xt) 

for every permutation (p,q) of (i,j) and (r,s,t) of (k,l,m). 

(30) 

Now we can write 

xlql + x2q2 + x3q3 + x4c14 + x5c15 = (xP 
 - x 

r 
 ) (l

'
r + (1/ 

s 

 ) - (xii- xq  - xt- xs) i'  

(q q  + qs  + qt) + (xq  - xt) (qq+ q
s) + (xp+ xq  - xs- xr) (qq  + qt) 

and 

(x 
P 
 - x 

r 
 ), (x

P 
 + x

q 
 - xt - x8 

 ) . (x - x 
s 
 ) + (x

q 
 - xt)' (x q 

 - xt), 
P  

(x
s 
+ x 

q 
 - xs  - x

r
) . (x 

P 
 - x

s
) 4. (x 

q
_ x

r) , 

and 

if 
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are all in V when conditions (30) are satisfied, while 

+ qs), - (qg  + qs  + qt) = (qp  + qr), (qs  + qa), (91.  + qt) 

are all in V
4. 
when qC . We therefore have ij  

x181 x2g2 x3g3 x4q6 x5q5 0 

whenever x is such that r! 	is different from zero and q is in cij.  

and so the Fourier Transform r.. is analytic in the tube 

T s p, arbitrary, q 8 CI-  . 

The analyticity in the extended tube now follows from the theorem of 

Hall and Wightman which can be applied in this case also, even though the 

tube T differs from the tube
4 

of the theorem due to the fact that 

1- 
the cone C12 has a basis of 6 elements. This can be verified by looking 

(tV 
at the Burgmann's proof of the theorem which remains unchanged, even if 

the tube 	is replaced by a tube of the form 

p, arbitrary, 	q 6 Ca  
and C

cc
has a basis of more than (n-1) elements. 

5. 	Connection with Steinmann's Retarded Operators  

Steinmann
15 

has introduced certain retarded operators 

409(x. 	x. 	x. al 	12  i 13  'V 
0 0 Tx. ) in 

and has studied some of their properties. Here 	means either 

and these latter arrows are defined as follows
15
: 
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Let H (xl,x2,....1xn) be an operator of the form 

H(x1 pX2, see, xn ) = 1:- fif(x1„x2„...,xn) 	(xi. )cp'(x. ) 	(p(x• ) 1 	12n 
 

where the summation extends over the set of all the permutations 

7T 	i .9 

and 1'7  are arbitrary C -number functions. Steinmann defines 

H(xx2'..., xn'xn+1) m 	
H(xx2' ..°' xn)  14 xn+1 ) 

n 
= 0=1 

G(x jo 	o Xn+1 )  H(x1 ,x2, to4we, X. X
n+1 

 9 *.09 xn) 3  

H(xx2' "°' xn \L- xn+1 )  = 11(x1'x2' "°' xn)  VP(xn+1)  

a 	n • k = 	g(x 	) - —Z11(x 	.. XjX 0=1 	n+1 	1
X

9  2' 	n 1 ' ..., xn) 

(31a) 

(3n) 

wherexi xno meanstbatinthedefinitinnell,T(x.)is replaced 

by the commutator 

Lcp (x j ) 	cl)  (xn+i)j 

We now prove that the set of all the Steinmann's operators 

9?(xi, T xi n
)  xi n )  

is identical with the set of retarded operators of the form 

R 
 f

+1 +i - 	2' 0 • • 9 + ) • 
Clearly)  the identity 	

n 

will 	established, if we can show that 

Ra  (x1 ,x2 , 	, xn ) 14) (xn+) 	R a, 	(n + 1) } n  

Ra 	(xi  ,x21 	xn) +.1,CP (xn+1  = - R (a 	+ (n + 1) ) 

(32a)  

(32b)  



R (xl,x2, 

!tab  
(j,n + 1) Ra (xl,x29 	x. 

n 
j.1 

dir(P,  ocn+i) 11.0, X 

xn+1 , 
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where 
a  
C 	is an arbitrary n-point cone. Now, we have 

n 
X: 
3 	 (xi G(i.,n+1) 0 n 	(i1'i2) 	(i2 	

... g 	(i 	yi
n

(f) ) 	) 
0 ff 	n-1 	1 

1 	 n-1 

.••q ( 	) ET(xi ) , p (xn+1 )39 (xi 	) ...T (xi) 
j-1 	 j+1 	n  

where a j  is (+) or (-) according as q
Jn 

is in V or in V for q c C 

Jif  being the subset 

(i12 ..., i.) 

and 	n 

Q „
= j=1 
 03TV 

• 

Expanding the commutation, we see that it is equal to 

tIcy— G(i i ,n+1) 007c (ill i2 ) e07z (i20.3) ... Qoic  (in_i,in) W(n + 1 , 
7c 

	

1n-1 	
2 	n-1 

iv i29 ".9 in) + r.- /.7,. 0,7  81(i1,i2) Q (ivy ... GI (i.,i.
+ I

) 
07c 	0 

	

7C jai 	0 1 	0 
2 	j 

D (ii,n+1) - G(ii+1 0+1)] ooi.c  (iiwiit2) ... * 	(in-v in) w(i1,i2,..., 

j4.1 	 n-1 

ii,n+1, ij+1,..61 	+ 11(IK Q (i1 912)( (i2Pi3)  ”" 
	

(in-1''"n) 
OT 	 2 	

1:: 
n-1 

0(in,n+1) W(ii,i2,..., in,n+1) . 
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Using now the identities 

°JJJ 
(i.9±.

+1 

	

	J 
(i.,n+i) -0(i.

+1 J 	J 	J 
007(i.0-1-1)edx(n+10..+1) 

L J  

which can be verified by explicitly considering the two casescs. = (+) 
and (3/  = (-); we get 

Ra(x112,...lx 	 n+1)  n 

(-'7).8-(n+1/13).aay (i,1-2) 7 (i2/i3)"*WL1(in-1n+1,11 

n-1 

2' ""in)+S 	(o'no 	'Ì  01 ) 0 	(11,1-2 )M (i2,i3 )°" 0  ° 7s. 3 7L 7t,I=1 	 J1 

(i. 	) 	 )3 gc  (i. 	(i 	)W(i i 	i / 00+1 oj 	0+1 	. 	0+1 j+1 	on-1 n-1/  n 	1/  2" j °0+1 

n+17 ij 	)+20 0 o 	(i 	),.. 	(i 	)0 

	

+1 	n 	q -19i  2 	
2 
1 	2-  3 	0 07A-1  n- 	n 

(in0+1) W(i,,i2n,n+1). 1  

It is easy to see that the last expression is just the expansion 

of the operator 

R - 	- (n+1)) 

so that we obtain equation (32a), The second part, equation (32b), can 
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be proved in an exactly similar manner. 

Let us now make the following two remarks. 

i) The set of Steinmann's G-operators (15) which are defined 

by 

G  (x x 1 	2, • • • I 3tri) 	cp (x.
1 	I. • • Tx. ) 

4  t 
	

g+1 	
1
g+1

p (x. 	X. 	41. I • •TX. ) 1
2 	

I
n 

include not only 

(x. ft 1 x. 
2 
 D... jx. 	R 	

1' 

+ 2' SOO, + 
1 	— n 1  

but also other generalised retarded operators corresponding to cones_ 

having a basis of just (n-1) elements. Thus, for example, in the 5-point 

case, r'
,23' 	1 

where CI- ,23 is the cone (17) 1  

(q2+q3) (9.1+9.3 ) ( qi+q4 ) ( cii+q3 ) g V+  

is not of the form 

14++i +i3' — +i4' - +i — — 	 9 

but is one of theG -operators 

r6,3 = -(P ( xi tx3)11P ( x5 x2 T  x4 ) '' 

However, it is not clear whether the set of the G-operators contains 

all the generalised retarded operators which correspond to cones having a 
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basis of just (n-1) elements 

(ii) In reference (15) Steinmann states that all in G-operators correspond 

to cones having a basis of (n-1) elements, but he does not give any 

explicit expression for these elements. Similarly, he does not explicitly 

give the suppose of these operators, although he proves that it is 

characterized by conditions of the form 

x. - x.8 V+, or / and x.1, 	
x.,6 V+ , ilee 

J 

We have given these two expressions for the special case of the operators 

(1) (x. 	x. 1
2 
w

n
)  

by (21) and (28). 

„20\ Next we consider Burgoynels ( ) special subclass" of generalised 

retarded operators r 	. These correspond to cones Q, 4- which are defined 

as follows s 

(i) Choose any permutation 7u1c.-Iik of (2,3,4,...,n). 

(ii) Choose anye 6E, where E is the set of all the possible 

ways of partitioning a sequence i
2 
i
3 n). 

(iii)For a fixed e, let ij  belong to m-- partition, counting from 

the left. Define 
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(iv) q8C„xe+ if 

(IJEVI.  for all subsets J of (21 3,...„n) with is  = +1 

(710 for all subsets J of (2,39.0) with is = -1. 

Here 

a 	min tk ik  6 J1 . 

i•
e
_ is defined similarly, except that the signs of V 

are reversed i.e. if r lize+ is a retarded operator, 	 e- is corresponding 

advanced operator. 

Although, in this definition, the index "1" has been distinguished, 

this is purely for convenience i.e. we could have distinguished any other 

index, say i, and this would have lead to a different, but similar, 

subclass. Now if e is the partition 

e:(i i„ 	) (i 2' i°' t1 9 t
1
+19 t

19 
 +2,-4

2
(it1-1'

it1-1+2""it1)' 
t1En 

it is easily seen from (iv) that 

1. 
R fie+ Rt1' 29-i "."-it'1'+it1+ 19+it 

+ 29".944t
2 
,...,(-1) It1  +1' 

 (-1) 
1 

i
t 	+2 s'",  (-1)11t 1-1 	1 
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/ 	N 

Rte-- 	R(-19+i
2 
 +i

3 
 ,...9+it 9-it  +1-it +2,...9t 	k-1)1-1 t 	+19 

' 	1 	1 	1 	2 	1-1 

(-1)1-1i  t+29"0,(_1)1-1i
t 

1-1 	i 

Burgoyne (20)  has shown that the set of operators 12„, + e- which in our 

notation is the set 

R{+ 19  + i29  +
39 

 o • o + in} 

forms a complete set of linearly independent retarded operators. This means 

that an arbitrary generalised retarded operator can be expressed as a linear 

combination of operators of this set. Clearly, the same holds fox any other 

set9  obtained by replacing "1" by some other index. In Chapter (iv), we 

gave a direct proof of linear independence of this set and use a simple 

modification of this proof to obtain an explicit expression for the expansion 

coefficient ais  

Ra 	a R 
I P P Ro  6 the above set. 

6. 	Generating Functionals.  

A convenient tool for the study of formal aspects of the theory of 

retarded operators is the use of generating functionals. These functionals 

(21) were introduced by Schwinger 	and have been extensively studied by LSZ(2) 



n 1 
n=o 
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and Symanzik (22),  It must be emphasised however, that, in general they 

do not exist in any other than a formal sense. 

The functionals 

7 (J) = T exp (ifdx J(x)cp (x)) 

x1 dx2...dxnJ(x1 )J(x2)...J(xn)T(x1 ,x2,...,xn) 
n 

J(x) being a real c-number function, generates the time ordered products 

in the sense that 

n 

T (x 1'x  2' 8"'x  ) = (-i)n  6J(x1 )5(J(x2).06J(xn) 

 

J=o 

The Hermitian conjugate 

7+(J) 
	

T exp 	J(x)9(x)) 

similarly generates the anti-time ordered products. It can be verified 

that 

1-+(J) 7(J) = gr(T)1+  ( J) = 1 

i.e.j(J) is unitary. 

A functional differentiation w.r.t.J(x) gives 

- 	 x 	j(x) 	6 (x) 
T exp (1 fdy gy}.1) (y)) 



00 

i.e. 
X )-• ( 33a) 
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= i T (y(x) exp (iPIY,T(Y)9  (Y))) 

T exp (if dy J(y)cp(y)p(x) T exp (i ° dy J(y)c (y)) 
xo  ••• 00 

Here we have used the notation 

Y1 	y1 
r"t 0 

	

= T exp 	° dx J(x) p (4), : ( ) 	 ( C*) 

Yo 	yo 

Clearly, 

	

31.1 	5r1 	 Y 1  

	

5  0 	 0 	 yo 	 0 
= .5 5 	and j 

ye 	Yo 	y0 yo Yo 	' yo
-f  
o 

If we replace 1/(J) by 7"Yo in the LHS of (33a) we will get 

o 

31.1  

	

3 0 	(xo_ yowyo,...xou 	(x) 	0 
6 J(x) 	yo 	 xo 	Yo  

(33b) 

The 	and. functionals (22) are defined by 

= 
	 ,̀

+ re 5 ri" 'I 
x 	 x 	x. 

x = -i1x5+ 	i71-1- 
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and are related by 

it X =TtAx 	ac 

Using (33), we get 

6 
	 to 	 c_i7+ .ig.e.°(p(x) 

x9Y 	
6 

ogy) 	J(Y) 	xo 
x 

00 

6 	x 
r et.  0 	(..„) 	° 

6,1(y) L 	- 009  

Y + 	x + 	x + = 	10 (x...4.25 oq) (ya o (4) (x)  o 	o p (x) 	o 

00 Yo 	Yo 

9 (Y) lY°.] 

Here we have used the result 

x+ 

 

Y  o+  
° 	9 (Y) , 0 = 0(x-y) 

J(y) 

which follows from 

cr 	mv 
= is _Do 	....0 

Hence we get 
Y + 	 +  

R 	= i(x-Y)r -). 6  9 (Y)5 Y ° 5
X 
 °T(x).7

x 
 ° +5

x 
 ° 9 (x) mor 	u. _00 	- 00 _00 	_ . 	C0 

fr 
x 	y + 	Y 
o 	(p(y)g  ° 

00 ". 00 



where i? = 
m=x 	,7c is the permutation it : 	ik and f are e-number 

m 
functions. Then 
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i 6 (x-y) xi2  I 

i.e.  (22)A7 
x/y 

= te(x-Y)[Rx  RA 	 (34a) 

Similarly, we can show that (22) 

x,y 	 x (y-x)Pf s 4 (34b) 

Now, let H be an expression of the form 

H(x
1 9x296.69X11) --4:f (X  'X 	" X  2 /a 	9  d i/2  i a i ... 

12 	
d2.i 7C 7C n 

a 
	 1.1(x1,x21...,xn) =2:fr(x ,x 	) 1 2 algxn+1) 	7C 	 noJ(xn+1) 

• • .02. ) 
n 

n 
. 	 g 
j n+1 j+1 	in 

	

1 2 	j 1 - 

'a(i,,n+1)f (x 	x ) 	. 	V x 	i 42 T1A , 	1,  2/ 	/ n i1 i2 " 1j-1 	j 	n+1,  j+1" in 

i H(xx2'...xn) 
	

n+1 
	 (35a) 
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in the notation of equation (31). Similarly, if H' is of the form 

H' 	 x ( 1, 2,...,xn) =Ef (x x 	x )4.  Nx 
1' 2"." n 11 12 "g ln 

we will have 

6 
	 I-11(x1'x22."'xn)" ir-P(x1'x2"" exnl/t4In+1 	(35b) 
6,7(xn+1) 

We r.re now in a position to give the generating functional for the 

operators 

R 	_ i1 , 2" + - n} 

Infact, we first show that 

(+i19-12,63'c i3)c4 
i4 ***,Gn  in = (-i)n-136 95 	-1. 

n 	n-1 
on 
" °3 °21 

  

' .0 i 	i 	= 4 4 	' n n 

(36) 
(..i)n-1 Goo no0n-1 	e3 (5+404 

n n ""3 2 i
1 

n 
Here each of 01 is either (+) or (-), 6 = JO: ( 

1=2 

in) 07,1,d 1t: 

according as 0n is (+) or (-),62 andAbeing the functionals obtained 

from 

i1, 2' in 
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by repl-cing (1) (x1) byte].  ealdvali respectively, and the 6 
S  are defined 

by 

6 	X _ 
ai x. 	X 	 1-1  7 + 	if a 1 ( 11  

04  x 5 	if 9.-1 

Consider first the equation (36a). Suppose that it is true for n=m, so 

that, if Orn  = (-), we have 

0 3 
' 	" 	= 	6-m.6911m:11  "s a  3 62 	. 

As the LHS is a functional of the type H of (35a), we get 

m 	
m-1 	03 - 

('-i)06 	m m-1 '6°  3 6. 2 Wi1 

6 
• -i  	+i1/ -i2/C53i3/6"/  0m-1 	 -im

}  6 J(xi  ) 
m+1 

• -i2  e{+.  i -i2 / ° 3i 	° • m-1 im- 1 - m 	1 

+ 1' 21  Si3' ° 
	 (37a) 

0 1 	6 	1 x 	
if 0 1-1 = C7 1 

= (-), 0 1  = (+) 

= (+)'° 1 = (-) 
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(-i)m. -06+  6 - djm-1  .6G3 	111°  m+1 	m m-1 '• 	3 6 2 4"i1  

-6 	et' 
= -i • 	iNfi1,-i2,C 3,"" am-1 im-1' 6J(x. im+1 

Also 

6 
c
+i
l' 

-i2' 0313,..., 0m-1  1 1  - M I 

using , 

J."141;i -i i 	im-1' L 1' 2' 3 3"""°M-1 	-im,  

-i2' 03i3'"•'°  n-1 im-1' -im, + 1M+ 1.1 

Similarly, if 6m  = (+), we can prove that 

A  + 	 "- ACM 1 A  03 A  "'" /pp.  
M 	1 '3 '21/n. 

= 1 9 -i 	 . 	i 	+1 	-i
m+1 

 1 	2' G  3 3" " 0 m-1 m-1' 	m' 

(37b)  

(37c)  

and 
(.1)m.- 06+ 	6 + 6c111-1 	6 	- 

m+-1 m 	••• 3 2 

=041if l'-±2' 3 13'°°°' m-11m-1'4" im/4-1m+1} 
	

(37d) 
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Equations (37a-d) show that if (36a) is true for n=m, it will also 

be true from n=m+1. Hence, as it is true for n=2 according to (34a), 

it follows by induction that it is true for every n. (36b) can be proved 

by an exactly similar method. 

Now using the fact that 

gx I , J(x)=o 

we see that (36) gives 

- Lig 	= f (x) 
x J(x)=o 

n on1 	03  _6e.  ( p-i_,0-i 	 ... 	0 	i 3' 	= -11 u'n 6n-1 	3 2 1 =0 

(38) 

R 	- 	)0. = (....±)n"" '..-rrs n 	...
3 4. 	

J=0 1' 2'3 	n 	uun un-1 	u3 2 

These are the required expressions for 

{. 	 ,7 
R ± il, ± i2, ± 13  9 fogy ± in  

in terms of generating functionals. In the special case 9 =(-), 3$14sn, 

we get 
n-1 

ir. 
R 4-i1,-i2„-i3,....,-in_11-in  n-1 6 

  

 

6J(x
i 
 ) J(x

i 	
)...6J(xi  ) 

n 	n-1 	2 
41776 

for the ordinary retarded products i.e. for these products (38) reduces to 
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the well known LSZ generating functional. 

It should be noted that the generalised retarded operators defined 

in this chapter are quite different from those of Symanzik defined in 

reference (23). These latter are obtained from the generating functional 

al  (41) 	rf 
	

J) (J- 2 5-) 

with two c-number source functions J(x) and a(x), according to the 

formula 

R (x1/x2,...9xm;Y19Y2,...,Yn) 

mq-n 

	  g(a, 
6 :I"( )6,7( x2  ) 	.61j( xm)05J(y ) CO (y2) . . kr(yn) 

Similarly, they are also different from the operators introduced by 

Polkinghorne in ref (a) and obtainable from the generating function (24) 

rte
# To-+il+GT) , 

although, they are identical with the ones defined by him in (6). But 

unfortunately, he discards them by saying that they are too complicated. 
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CHAPTER III  

REDUCTION OF S-MATRIX ELEMENTS  

1. 	Introduction and the Main Theorem.  

In the last chapter we proved certain reduction formulae 

(equations 2.19a-d) for the generalised retarded operator, i.e. we 

obtained expressions for their commutators with in- and out-fields 

similar to those for time ordered and ordinary retarded product given 

by LSZ. We will now use them to reduce the S-matrix elements 

<Pla2,is.9 1)
m 

out 
	

P1111-2 9•* " -I) 
in> 
	

(1) 

in terms of retarded functions. Now it has been shown by Burgoyne, in 

his Thesis (5), that if 

7(P 
ea , 

p l avegoa 	r kn) and a 	19P2/...913n)  

are the Fourier transform of the time ordered function and the 

generalised retarded function corresponding to the cone Ca respectively, 

then the two are equal for pECa. Also we have seen in the first 

chapter that by using (1.2) we can reduce (1) to 

(
\la -i) uldx19 dx2. ..dxn 

 e K xK x2. xn  <ol T (x19x29 	x
n
) go> 1  
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Hence, if we are able to carry out the reduction of (1) in terms generalised 

retarded functions, we expect that if pt Ca , we must have 

<101,132  0,41 9  pm  out/ '-'1D mi.1 9  "Tm+29 eee 9^pn  in> 	( 2 ) 

= (-i)ritidx1 dx2" 	n 	K
X 

.dx
1X2 
	ra(x1,x2"..,xn) 

We shall see in the following that this is indeed the case. 

First of all, we give the following lemma 

LEMMA g 

p1 	p2 n /Tr  
19K2)000 91( in> = 0 000 CP 

Out out 	out 

and 

p1 	p2 

Ti din • • • 

Pn 
P 
in 9  K2, • • e Km  out = 0  

if 	p1 
+ p2  +...+pn  - K1-K2 	- Km1 V_and / o 

These are generalisations of 

p 

in 
/IC out> = o if p - IC 	and 4o 

which one should expect to be true as these are no states which have 

their energy-momentum 4-vector outside the future light cone. 

The proof runs as follows g 
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If P is the energy momentm opero.±ol-, we have 

iPx p1  p2 	Pn T tic K2'" Km out out 	out 

(-1)n  Lin jrdyidy2...dyn  
o 

 to+, 	,+4 

Y1 	Y2
o 
 °°° 	

o 
n exp (i  

iPx 
e 	cp (Y1) T(Y2) ...T (Yn) 

'K2' ° • 'Km in> 1: P.Y.) i 

4+ 49 (_i\ )n 	jrdyidy2...dynT (y1+x)T(y2+x)..43,(yn
+x) 	

"I 	2 
e?y° 

yi400 

exp (itPiYi)  exp 

Changing the variables of integration from yi  to yi  - x we see that 

this becomes 

<-) a ° 
yn C2'...1Km 

(-i)n  LirAfd d 

3r7.0 

43 44 
...dYn  T(Y1)T (Y2) ...T(Yn)4c.)1 44)N.  2 • • • 

exp (i 13.a.to.y.)exp(-11p.x) exp (i 	i Kx) - 

n 	in 
-ix (ic.pi 	Ki) 	ill 	P2 	pn = e 	 /EC K 	K T 	°"(P 	2"°"' m out out out 



P1 	P2 
19 K2' *DO. K m  

out out out 
in> = 0 

- 8o - 

) Changing the variables 

becomes 

integration from yi  to yi  x we see that this 

44,  44 
(-i)n  Li 	idyl  dy2...dyncp (y1) cp (y2) • • . (yn) 	.3y2 

() 

exp (irp.
1
y.
1
) exp (-i;E:p.

1
x) exp (i/:Kix) Al,K2,...,Km  

1 	1 	1 

 

 

E -ix (: /3. 	(Ki) 
= e 

P 9P1 	
cp  P2 4.0 (I) n  

Out out out 

/K1
K
2'
...K

m 9 

This shows that 

P1 	P2 	Pn AlIK29..., Km  in) 9 
out out 	out 

is an eigenstate of P corresponding to the eigenvalue 

P. 	r K. ).  
1 	1 

As the energy-momentum 4-vector of every eigenstate of P is either 

zero or lies in the fore rd light cone we have 

if 	( 	p
1  
. 	/: K.)/ V

- 
 and / o . 

1 	1 1  
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The second part of the lemma can be proved in an exactly similar 

manner. Clearly, the Hermitian conjugates of these two results are 

/ 

	

Km  in / p
P*1 
	cp 
 2 cp 

	

P 
06. 
 P* 
	o 

out 	out 	out 

	

/ 13* 	2 P* 	P*  

	

1 	Li 
,K2,..., K

M 
out / p 	cP 

	

41.0 CP 
	

= o 

	

in 	in 	in 

if n  ("t pi  - 4 K.) /V
- 
 and/ o. 

1 	1   

If C
a 

is a cone of the type 

C
a t Cfct 9  + i2' n — 

and we perform the reduction of (1) with ptCa, then it is not difficult 

to see that all the reductions can be carried out with the help of this 

lemma, and that the final result is just ra  i.e. (2) is satisfied. 

For example, let us consider the 5-point matrix element 

S5  =4..1„pl,p2  out /-p3,-p4,-p5  in ) 

when 

P e C3,12 = Cftl, 

so tYat 

P1' P2' P1+P4' P2+P4' P1+P5' 132+  P5 CV-4- 

P321)49P5 P1+ID3 P2-1-1D3 8 V- 
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We have 
P1  

=<p2  out/9 out 
1339-1349-135 in > 

-P3 / * , 
= 	M1  /p2  out /(P (x

1 ) (P in  -p41  -p5  in 
s.  

	

(...±)2mivri3<p2out/RC'19"-3Y-P49-135  in> 	M1'02 

P (x1)/ P49-P5 in) 

where M. = M. pi 	i = M.=%dx 	 e 
1 	1 	t. 

ipixi KX . 	9  

and we have used (2.19a). The second term vanishes according to the 

lemma, as 

p3 -p2 e V+ 

and so we get 

s
5 

.= (- 
p
2 

M1M3  <0 Ap 	R (+19  -3} /-1)49'..P5  in) 
Out 

= (-1)3  Mi  M2/113  <0/R (+1 9 -39+2 }/ • -134,-135  in)-F 
	2 

M1
M3 

 

P  
R (+1, -3X 2 J '-p4 -p5 in) 

out 

using (2.19d) 

= (-1)3  
-p* 

1111112113<° 	+2I(Ip
4 
in 

according to the lemma, as p2+p4+p5  c V+  

s
5 
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-1)* 

( _i)4 m m M 	.(0 	(+1, -3, +2, -4) (Pin  
5 

' 	2 3 4 /0) 

( -1- )5 1111121\113154145 ?:\°/ R 1 4-1 -3,  +2,-4,-5} /0)  

as req'ed. Clearly no complications arise when n) 5. 

If, however,'Ca  is of the form 

C
a 	J C &a. 9 ± 	 i j+1 	j+29 • 	— n} 

where Ca. 
cannot be obtained from any of the (j-1)- point cones, it is 

J 
clear that a direct application of the above method cannot lead to the 

reduction of (1) with p aCa, to rao To get some idea as to what really 

happens in such cases, let us consider 

S5  = 4,,:y il p2  out /-p3,-p4,-p5  in 

when p is in one of those 5-point cones which cannot be obtained from 

any of the 4-point cones, say p 6CI- , so that 
12,3 

131 913291)1+133'Pl4T49P1+1)591)24-P411)2+1)5 6 V+ 

P391349P5'132+133 67- 

We have 

out 	/ (p (x i  ) 	 in 
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-iMi  (p2out M xi  ) cp P1*  /-p4, -p. 5  in> 
in 

out/Rti-19 	/-P49-n5)2mi m3  <p2  as -p3-p2 e V+ 

('-i)3M1M M  3 4  02  out /13. c+1 -39 _41/-p5 in) +(....i )2 
M1"3 < P2 out 

-p
4
* 

cp 	 R1+1 	/-p5  in> 
in 

( i.)1112/13M4  <of/Rif •-3,....4,4-2).  /-p5  ir-›+ (-1)3 
 

M11131115 (P2 out / 

-p
4
* 	 -p

4
* ...135  * 

(P in  R(+1,-3,-5) /0> +(-i)2  111111302  out / ch in gin R (+1,-3). /0> 

The last term vanishes according to the lemma as 

'P4135-132 6 V+ 

and so we get 

s5 = ( ) 5Mi M2M3M4M5 <°M.{.4. 19- 39 '-49+ 2 -5}/(3> 	)4111 31141115 

(p2out /11€1-1, 	5 }/o) +(.-i)3M1 V13115  <p2out 41 9-3, -5V-1)4  

= ( 	) 5M1M2M31.114M5  ko {1- 1 -3, ..Z1-+ 2 , -5}/o> <0/13.(+ 1 9.-39-'41-57 
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+ 2 /o> +<o/It {+1,-39-52+2,-4 } /0>j 

i 
s- ) 5 m1l/121131114115 <°/R1 2, 5 - R12 + R12,4 /o> 

in Burgoynes notation (17).  Now we have Steinmann relation 

R. . - R. . 	+ RI. . 	- R. . 	= o 
10 	ij,k 	13,1 	ijIm 

which gives 

R' = 
12,3 	

R12,5 + R1294 
- R

12 

so that we finally get 

1319P2  out /-1)3, -p4, -p5  in> = 

when p 6 C129 3. 

(-1)5  M M MM M r' 1 2 3 4 5 	12,3 

The two important points to be noted about this reduction are 

i) The matrix element can be completely reduced, and the result 

of reduction is a linear combination of functions of the type 

i1,± 12, .. • 	i5 } • 

ii) This linear combination is just equal to the correct retarded 

• ..function r' 	as required by (2). 
12,3 
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It is found that these two statements are true in general i.e. 

for the matrix element (1) when p is in any cone Ca. The first one 

follows from the theorem given below, while the second one is proved 

in the next section. 

THEOREM: The matrix element 

	

<P102,..•,Pm  out l`Pm4,11 -131.04.21 4140, 

	 (1) 

when pf,Ca, an arbitrary n-point cone, can be completely reduced 

to a linear combination of retarded function of the form 

r(± i1 , ± i2, 	± in  1. 

PROOF: 	Let us assume that the first (k-j) reductions in (1) 

can be carried out i.e. (1) can be expressed as a linear combination 

of terms of the form 

X = II 111,010.2,...,ii  Aft ij+19 	I-0  2
.0- 

— + 9 	9  +29...,  

(3) 

where the product is over suitable M-operators, and we have used the 

notation 

4: Pi ,pi 	out /Rft j+ia +i.+2$/+ i 

	

•••• 	"'" •  . 9 P. 	9  • • • -Pi i  1 	2 	 ak+1 '1:+2 	n' 

<i1'i2' 8  • • ij/Rf± ij+1'±ij+29  • • • 	Yik.+19jk.+29  • • • in> 	(4) 
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Further, let 

/p.  0 	0 0 % 0 0 +p. 	+...+p0 a. 
 )). 	p. 	p. + 	+...+p. 

1k+1 1k+2 	1 2 	
1. 

 
(5)  

Then there will exist a smallest integer 1 such that the sum of 1 of 

the energies 

	

0 	0 	0 

-pi k+1 	k+29 	*'-"Pik-t-Tt 9 

is greater than the RHS of (5). Without any loss of generality we may 

take them to be 

	

o 	o 	0 

	

p. 	2°T. 	' ...,-p. 
1k+1 -1

k+2 ik+1 

Consider first then case 1=1. We have (writing ( pj = p 	) 

	

in 	in 

i
k+1 

X = IIBH<ii  12, 	(+ i . 9+ . 	± 14 
1L j 	0+1 	JA-2 	

in 
/ik+2'ik+3""'in) 

TIM (1i 1 2 	j 	+i j+2"."±ik'-ik+1)/ik+291-k+3".°91-11rZ14 

i* / k+1 
4.,,-"1"2"°°' j":1 	9: i + 	. 	9 ..0 9 	9  i 00' n 0+1 9— j+2 	+ — 	i lc) /1  k+2 k+3'•• > 

- in 

The second term vanishes according to the lemma as 

. P
i2 	

+ p 1. 
1k+1 11 

(6)  
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and so X is equal to a matrix element in which (k-j+1) reductions 

have been carried out. 

For the case 1=2, we have 

i* k+1 
X = I:i1,i2,...,ij /11{± i j+1 +i  j+29  • • • 9±.14 (Pin /1k+2' ik+3/ • • • I in> 

II M4(ii,i2,...,ii/Rft ij+1-+1j+2' ' • • /±ik' --ik+ /ik+29 ik  +3' • • 9in> + 

i * 

	

‘..11'i2'°°°'ii 	in 
i 9 

k+1 

	

J 	
Rti ,+i j+1 j+2 ik} 11k+2 ik+39  • • • 9 in> 

M 

= II M41 i 	/Ri+ 	+ 19  2' 	9  j 17- j+19- 9 	 9 i 	,..„,i>+ 17 M j+2,6"t-+ 	-1 k+1 k+2 k+3 	n 

i* k+1 
i1912'•••9i /9  - in 

1141 
11--M(i1 1.29  • • • 	

/ C

in 

i± ij+ 1 9±  1k+29  • * • 9± 	9 -1k+2). /11C+3 1k+49  * in>+ 

i k+2 	 ' • 9 	R ++i J+1'- j+2' • • •'±ik} ' ik+3" ik+4' • 'in> in 

The last term again vanishes according to the lemma, as now we have 

_-p. 
0 	0 	0 	0 

N• c.,1 1k+2 11 
Pi
2 

• • + pi  

Hence commuting m  k+1 back in the second term, we get 
in 

X = 	 ij+29 .., + ik" -ik+1}/ik+2' ik+ 3' • • in> 
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ti Mil(i1'i  2 	Y j
R+  

/ f—  j+1
+i

9—  j+2' • "± ikY—ik+22 /ik+1' ik+3""9in> 

- II m O1,i2"6"ii Rf± j+19± l i+29  ee . 9± 
	

/1k+3'ik+4" 
• 

i.e. X is equal to a sum of terms in each of which, either (k-j+1) 

or more reductions have been carried out. Similarly, for general 1<n-k 

it is not difficult to see that X is equal to the matrix elements 

between suitable states (Clearly, the outstate is (i1,i2,...,ij) for every 

term while the in-state contain i
k+1+1' k+1+2"."in and possibly some 

other indices) of 

ij+1'±ij+2"*".±1k21k+41- 	ij+1'±ij+29 .."±-ik'-ik+471- ""+ R  

t:tij+1'±ij+2"0"± ik'-ik411:R(± ij+1'±ij+2"*"± ik'-ik+1rik+2)"+ R  

+i +i 
j+19--  j+2' • • ° 9+1kY"..ik+19-1). 3'1 . +i j+290.°'+1  k' lk+19 ak+11/ 

+ 	...+ (-1)1 -1[ Rfti +i 

	

	 (7) j+2"* ".±.110-ik+1'-ik+2""'-ik+1 

The case when the inequality (5) is reversed can be similarly 

treated by commiting the outstates (using 2.19d) instead of the in-states. 

Thus we can always express X as a linear combination of terms in each of 

which either (k-j+1) or more reductions have been carried out, and hence 
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the same will also be true for the matrix element (1). This shows that 

if (k-j) reductions can be carried out in (1), the (k-j+1)th reduction 

can also be carried out. 

Now we can perform the first reductions, as (1) can always be put 

in the form 

-i 141  ‹p 9 p ,...9 pm  out Ap(x1)/-pm+19-pm+29...,-pn  in> 

by using 

p
1 	P1 	p1 	

ipixi 
=tp 	- 	(x  	. 	

K.: cp ( x 1  ) IX  out 	in 	in 	1 

Hence, the proof of the theorem follows by induction. 

2. 	Result of Reduction.  

The above theorem shows that a complete reduction of (1) can always 

be carried out, so that the only thing that remains to be proved is that 

the result of this reduction is just equal to the correct retarded function 

as required by (2). First of all, let us introduce some new notations. 

LetPbe the set of all the sets of the type 

+ il+ 12, + 139.0.,+ in) 9 

the prefix of each index being either (+) or (-). Here, 

(i
2 
 9i
3 
 9...9i

n
) 
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is a permutation of 

Also,let D and D' be the subsets ofg, consisting of all the elements 

which have the prefix of "1" as (+) or (-) respectively. Then according 

to the above theorem, xe have 

S
a 

b, r, 
PEP 

where S
a 

is the matrix element (1) with p e Ca, .1  I s are constants and 

cl 	= (-i)n  M1112... M
n 

If we start our reduction from the p1-state, then as it is an out-state, 

every term in the final result will have the prefix of "1" as (+) i.e. we 

will have 

13= o for PE D' 9  

and so we have only to find bp  for p eD. We shall obtain its value when 

C is the cone, (k even) 

*POOM00.00. 
C1: 	-2, -3,..., -R

2
+1 +R2+2 

'

+R

2

+3,...+R

3'

+R

3

+1,-R

3

+29-R

3

+3 9 

 

     

p Ric 5 n-1 	(8) 0 . • - RI(  +2 - R +3 0., 

as for any other PO, we have just to replace 

(29394,...3n) 
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by some permutation 

Oz(2 )97c(3),...,7c(n)). 

Consider now the set 

G
m 	

(11
m-1

+2
/ 
R
m-1

+3 	R
m  9 
 R
m  +1). 

$1,4 m 
Letal be the set of all the subsets H of G which are such that 

n 

Pi 	 :: pi 	V_ for psCa. 
i=Rm+2 	jai-  

is similarly defined. Clearlu,le and in  together contain all the 

or'e  . subsets of G
m i.e. any subset of Gm  is either injel Also let 

Tsf 	a m
o 	f = 1, 2, ...lir 

be all the subsets of G
m of e elements which are ink 

Next, let us make the following remark about the process of 

reduction. If we have a matrix element of the type 

<pi,p2,• • 5 pi  out AZ { • • • I /-pi+i )-pi+29  4, • ,-p j  in> 

we can always perform the next reduction, which will be of the out-state 

or the in-state, and so will lead to the next index in Rt...}with prefix , 

(+) or (-,), according as 

p
1  +p2 

+p
30 
+...+p.s V or V for pECa 	respectively. 
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Suppose now that at some stage in reduction ofS.a we have a term 

(m even) 

II IA 	out /Rfrl, -2, 	-R
2
+1,+R

2
+2,+ 

2
+ 9  

   

ie. +R3+1 / 

- R3+2 -R3 	m +3 ... -R-29  +1 + m-2+2Rm-2+31 O.., 	m-1+1 /... in> 

TI M <... out /R1:Um, + Rm_1+11/... in> 	(9) 

It will lead to a term 

II M‹.. out / R.N,+Rmji+ -Rm_1+2, 9 	-Rm  +1 9+4 /... in> 122   

(10) 

with some coefficient. Let us try to find this coefficient. It will be 

different from zero only if 

• 4 
1
+2 pis V and 1.R 	pi+2 in C

a m- 	m  c V  

for otherwise the prefix of the index after Rm../4-1 cannot be (-) and 

that of the one after R
m+1 cannot be (+). We can therefore take (10) to 

be true. Because of the first of these, we can write the in-states in 

(9) as in-fields and commute all of them with R so as to get (similarly to 

(7))the matrix elements, between suitable states, of 

ER I" m +R -1 +1 9 -Rm-1  +21 +R. {Urn,+ Rm-1+1' -Rm-1+31+...+R{UlAi +R +1 9  

- R +1}T-DRI +RM-141  -Rm-1+29  -Rm-1+31,++m1+Rm-1+19 -Rm-1+29 
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r -1 

+41+...+Et,  + Rm-1+1  -Rm 	m
1.[U M-1 

+R
M-1

t1  -R
m-1

+2  -R
m-1

+3 	•-110
47.7 14- 

)j 	some other terms " 

R [Um, + Rm_i+1, 	such that there is at least 

one t which is not in Gm). 

Here rm  = Rm  Rm_i, 21;mik, 	. 

( 12) 

The terms in the last square brackets are not interesting as they cannot 

lead to (10). Due to the second of the conditions (11), the next 

reduction in the last but one square bracket of (12) will be that of an 

out-state i.e. the prefix of the next index in which will be (+) so that 

it leads to (10). Thus we may say that corresponding to the subset 

G
m 

t4m  of r
m 

elements (that GE
m  N

ra  follows from the first of (11), 
r -1 

there is a term (10) with coefficient (-1) m  

en  

	

As .•+r 	subsets r -1 
m 

 

Hr 9 f = 1, 2, 39100, 
JVM 

	

-1 	r-1 
m 	 m 

 

m i of G
m of.(rm-1) elements are ins, n)(m r-1 terms of the first square 

m 
 

brackets in (12) the next reduction can be performed by commuting the 

in-fields with the retarded commutator. For example, if we consider the 

subset 

(11 ,12,...,1r  -1)614
m 

 

where(11 1, 2,...,lr  ),,:a permutation of (Rm_1+2y  ... R
m
+1) then the term 



4.1Yr 	r -2 
t.n  (-1) m  

2 • 
— 

i=1 
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=m04,.em. 

M<.. out /R •(..0m9+Rm-1+1 , 	j/... in> 

can be reduced so as to give the matrix element of 

CR(.519,+Rm_i+1, -1r 1, -I
1
1.+R{Ym

)
+R

m-1
+1 9 	ra p-12 

+...+R Um 
 

+R +1 	-1 - RU m_i 	- Irra 	r 	m9+ ILm-1+1, -1r 	+ 	+ 

r-2 

Um' + 	+1 
m 	m-1 / 	9 	_2, -1r 	-1) m 	fUm9+Rm_1+1, 

-1 J-1
19
-1
2 	

-111- [some other(unnintoresting)terms] 
rern 111.  

(13) 

Due to the second part of (11)9  the next reduction in the last but one 

square brackets will again be that of an out-state and so it will 

again load to (10). 

If the rest of the terms in the first square brackets of (12), 

the next reduction will be that of an out-state, so. that they can not lead 

rn .e 
to (10). Thus corresponding to each of the( 

r-1 
subsets H

r -1 
of 

m 
 

G
m 

of (r
m
-1) elements, which are inle9  there is a term (10) with a 

r 
coefficient 

(-1)m-2 
 i.e. these subsets lead to a coefficient 

of (10). 

m 
Next, as the 34 r -2 subsets 

rn 

ue rn  H
r -2 ' 

f 	r  -2 
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of G

m 
of (rte  ) elements are in4 m  there will be justj( r -2 terms in 

m 
 

the second square brackets of (12) in which the reduction of the in-fields 

can be carried, and each of those will lead to one term (10) with coefficient 
r -2 

(-1) m  
f,r-2 

Further, let d
r -1

m 
	be the number of the subsets 

m 

H
f' 
r
m
-1 

..h(7,1,  f' = 1,21 3,..., 	-m-, 

which contain 	 -2. lif 	Then in the expression (13) corresponding to each. 

f,m 
r -2 

r
m 

of these d
rm-1 	

subsets Hr 
r
m
-1' 

there will be a term in the first square 

brackets, containing the two indices of G
m 

which are not in Hi  r -2 • m 
Then as rm  11 -2 

Er , the reduction of in-fields can be carried out in this 
 r -3 

term, and this will lead to (10) with a coefficient (-1) m 	. Clearly, if 

two Hi' 	are included in some Hi"-1' 
the two terms in the first square 

m r-2 	rm  

can be performed due to the two 
Hf.-2 

will be distinct. Thus the total 
m 

 

number of terms in the first square brackets ofX I2
-1 

expressions (13), 

which lead to (10), will be 

f=1 

fIrm-2 
drm-1 • 

As before, the rest of the terms (in the first square brackets of various 

expressions (13)) cannot lead to (10). Thus in all, corresponding to the 

gm rm-2 subsets H -1 , there is a coefficient rm  

brackets of (13) corresponding to this Hi 
-1

9  in which the in-field reduction 
rm  
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am 
r -2 m 

f=1 

f,rm-2 
dr71 m (-1)

r
m
-2m 

rm-2 

r -3 
(-1) m  

f(r 	r -2 	r -3 	f„ r_ -2 -/ 
[(-1) m 	+ (-1) m 	d rm-1 -I -f71 

of (10). 
.em 

Similarly, we can show that corresiDonding to theB rm-3 subsets Hf  r-3 m  

of Gm of (rm-3) elements, which are in 	there is a coefficient 

mr -3[ 	r -2 	r -3 f,ir -3 	r -4 	f9r-3 
(-1) m +(-1) 

in 
	d m +(-1)  m 	dr -2 

m  

f=1 	rm-1 

of (10), and so on, so that in general, theXsubset Hr  -u lead to 

a coefficient 

Jf r -u r -3 f,rm-u 	rm-u-lf,r-u 
rm-2 	r -4 f,rm-u + (-1) m 	drm-1 	+ (-1) m  d

r -2 +...+(-1) 	drm-u+1 

f,r-u 
Here d 	, 1.1. UV 9 )0 , is the number of the subsets 

r 

m  

ni-V 

V Hf f' = 
V 	

1,2,3,..., r- y 

aoontain Hf  r 



-u u 

4 	(-1) 
r

V-
1 f,r -u 

m  m . 
1)= a rm71)+1 

r -1 
(-1) m  Li= 

rn  "" —1 lir 
(14) 

f,rm  where dr m f,s t 4.. r -- m-1 

98 - 

As the terms (10) obtained above are the only ones which we can get 

from (9), it follows that (9) leads to (10) with a coefficient 

r,r-u 
Let us now evaluate the numbers d 	, u)v  . 	As the u pis  9  re 

m  

v 

but ilE.GM , are in V in Ca, we can choose any (v-u) of these and the 

	

union of these (v-u) indices and 	 -u Hr 	will be in>m  i.e. it will be one of 

l m 
r 
f - v 	

u . As there are 	C u-y v 
_u0 ways of choosing v -u out of u indices, r  m 

there will be uC subsets Hf' which contain Hf , and clearly, these 
V 	r -v m 	r m  -u 

will be the only ones which do this. Thus we have 

df,rm-u r 

u 	r -v-1 	f,r -u 	r 	u 	v-1 
El (-1) m 	dr -v

m

+1 = (-1) m 5:: (-1) v-1 v=1 	 v 

r u-1 m 	(..1)  uc 	(_1)  uc-(-1)u uc uJ 
191=o 	V 	1-11=0 

r 4.11-1 m + 	m 

Hence (14) becomes 
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r -1 

(-1) m 	+ 

rm7 1 
Jim  r +u+1 

(...1) 	m 	....r  r -1 
(..1)  m 	+ 

-u 
f=1 

rm-1 

E (-1) 
m 
 X 

-u 

r -1 	r -u-1 	m 
. ar 	(-1) m 	.14d r -u u=o 

where 1 9 

m (say) 

The case when m is odd gives an identical result, except for the fact 

that)/ em  is this time the number of subsets of Gm of e elements which 

are in m 

Consider now the matrix element Sa. It can be written as 

-1M1  <p2,p39...9 pmout/c(x1) 

and this will lead to a term 

Rn+1 (._i  ) 	07 2 r:Em 	• out /R c+1 -2, -31  ..., -R2+1 /... 

which itself leads to 

R +1 

(-i) 3  IA 

    

out /Rf+19  -2, -31..., -R2+1, +R2+2, +R2
+39...9  

R
3
+lib.. in) 

and so on, so that ultimately, we have the term 

1211
3
..??k (-i)n  17 M. <o 	-2, -3 	-R2+1 '+R2+2' 

+R
2
+3
"0" 

i=1 
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..••••••••••• 	111•1.0•••••••••••• 	 ..••••10.14.= 

+R3+1,  -R4+2, -R4+3'. 

= 11213 9  • • 71 1e141 r  

Thus 

b 

Rk-1+3' • • • 9 '4310 "-RIC+ 1  I-  I°> 

whereCp  is the cone (8). 

••••7k 

for the cone (8), and clearly, the same will be true when k is odd. 

As mentioned earlier, its value for any other pip can be obtained from 

this by replacing (2,3,4,...,n) by some permutation 

(i1,i3...,in). 

Thus we have 

Sa  =AE by  rp  

where by  are determined as follows. Let p be the set 

2
+1'+iR

2
+2'±iR

2
+3' •• •'+iR3+11-1R3+29  

Nk-1. 	/ xk-1. -iR 	1Rk_14.2A-1) 1p  
3 

Gm 
	-1-t. +2"R +3' ""iR 'iR 

m 

Then 
- 1204 

and 

1 

(15) 
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where 
r-1 	r-u-1 Arm 

(-1) m  kr4  r -u u=o 

and jr e  is the number of subsets of Gm of e elements which are in 

m or Wm.  according as m is even or odd respectively. 

Now, it is shown in the next chapter that 

13(3r 

where b is given by (15) is just equal to r . Hence we get 

Sa 
.1fitr

a 

which proves (2) for an arbitrary n -point cone C. 

Until now we have considered only the case when all the partial 

sums pj's are timelike. 7e have seen that in the reduction already 

carried out, a matrix element of the type 

•<•••• out 

vanishes when 

P1 	P2 /R 

out out 

m 	n / 
/ -1=j+12-13j+2"°" pj in> 

out 	1 

1 
p. 6 V 

4. i=1 	1 
 

But the lemma, proved in the first section, states that it will also vanish 
1 

whenPi  . is sracelike, so that the same process of reduction can be 
1 
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carried out in this case also. Thus if a matrix element can be reduced to 

a retarded function when paCa, it can also be reduced (to the same 

retarded function) when p is such that, for each J, pj  is either in V+  

accordingasq0.617,for q a Ca  or is spacelike. This shows that (1) 

can be reduced to (generalise-1 retarded functions for every point of 

momentum space. 

It should be noted that in our calculations, we have not used the 

assumption of stability of one particle states 

/p in> = /p out>. 

A consequence of this assumption is that on the mass shell, vie have 

lin+  Ko/R {_al+ (n+1)} / o> = 	R {a1-(n+1)1 I o> 	(16) 

where R is an arbitrary n-point generalised retarded operator. This 

follows from 

/ Ra(x1,x2, 

	

	o4=4::O/R ""xn)/Pn+1 a 	(x  1/x296.9In)/1). in> • 



- 103 - 

CHAPTER  IV.  

LINEAR INDEPENDENCE AED EXPANSION 

1. 	Linear Independence of Ro  , 

As mentioned earlier in the second chapter, Burgoyne has stated 

in his thesis (5)  that the set of operators 

11+ 1, + i
2' 
 + i ± in  

— 	— 

(i i 	) 
2' 3 	n 

= a permutation of (2,3,...,n). 

the prefix of each index being either (+) or (-), forms a complete set 

of linearly independent operators i.e. an arbitrary n-point retarded 

operator can be expressed as a linear combination of operators of the type 

(1). (n-1) other sets obtained by distinguishing one of 2,3, 4,...,n-1,n, 

instead of "1" (as is done in (1)) are again complete and linearly 

independent. 

In the following we give a direct and straight forward proof of linear 

independence of the set (1), and, in the next two sections, a slight 

modification of the same is used to obtain an explicit expression for the 

expansion of an arbitrary generalised retarded operator. This is done 

by evaluating the coefficient of any given operator of the type (1) in 

terms of conditions defining this operator and the one which is being 

expanded. 

To prove the linear independence of the set (1) we have to show that 
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if a relation 

R psi)  ap 0  = o 

holds for every x9  ap  being c -numbers independent of x, then 

a = o for all p 

If we now take x such that 

0 x1 
0 x. 	for 1 = 293,49...,n 

we get 

for p E D' 

so that (2) becomes 

2 apRp  = o• 
00 

Expanding R
0 
 in terms of W.-products, we get 

2 	2  ± ae+(i1'i2),9+ W(i1'i2'1"'in) 
= 
° peD 

or 2 2 + a 
lt 	

0 (i 0. 	(i 9 i )...6 
pa 	

.1.tin- p 	
n ) 
	

l' i2' 	 in)  = o   

where the suffix of the 6-functions and the overall sign of each term 

clearly depends on p. As this equation is true for all': (satisfying (3)) 

including the points where each xi  is timelike with respect to every other 

(2)  

(3)  

(2a) 
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x., the coefficient of w(i i2"."  in
) must vanish (since, in this case, 

we may assume that the W-functions are linearly independent) i.e. we must 

have 

+ a e (i i )0 (i i )...0 (i 	i ) = 
pa — R+   1/ 2+ 2' 	' n 

with the suffix of e(ii,ij+1) as (+) or (-) according as qj  is in V or 

in V inCP'  J being the set (i19i2'j
). Clearly, this represents 

a set of nI equations, one corresponding to each of the n! permutations 

7c of (1,2,3,...,n). However, in the following, we need only those (n-1)l 

of these equations which correspond to 11=1, i.e. the equations 

peD— + a pe +(j 91-2)'4(i2,13)" 	n 	in) = o 
	

(4) 

as q/  6 V4  in Co  when f3 D. Now let the point x be such that 

e V 	0 0 	"0 X. - X. 	E Vo ,x. 	-x. 	,...,x. -x. 	V 

n 	1n-1 	. tr. 	 C. 

	

n n-1 1n-2 in-1 	
13  12 	13 

	

x, 	x 6 V 12 	
l 

where for each j,0 i is either (+) or (-) and V are defined by 

	

0  i 0 	 if 0 
Yk  e V+ f xk> 0, xic  eV0 	xk  < o . 
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Then in every term of (4) which corresponds to a p such that in the 

cone Co, we have 

qi  + 	+ 	Va. 
n-1 	n-j 	n-j 

j = o, 1, 2, •••, n-39  n-2, 	(-), 
2 

the product to 0-functionsis +1 and the overall sign is the same 

(either (+) or (-1), while in the rest of the terms, this product vanishes. 

Hence we get 

a -j 	+j 	o 
29—  39 	 n t 

where ac+19-j29±j3,...9±j:c. stands for a when p 

and where the summation extends over all the sets 

(6) 

-j 	±jn/. 2'+j  3" 

1,-i2, 	j3,...9+ in  -17, 
1 

in which the set of conditions (5) is satisfied. Clearly corresponding 

to each permutation (i2,i3,..,in) of (2939...,n) there will be 2n-2  sets 

of conditions of the type (5), and these will lead to 2n-2  equations like 

eq. (6). 

Now, corresponding to each sot of conditions (5), we can construct 
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a unique cone, namely the cone 

+1 	0 .
1 
 i 

/ 	
-i 

2/ 
 a 

1"  i 
	a 	i e 3, 	4 	n  4' "°' i n 

We shall call them (i.e. the set of conditions) the principal conditions 

of this cone. Similarly, (5) for any particular value of j will be called 

the principal condition of this cone corresponding to the index i n-3 

Confider now the cone (n even) 

n-17-n 
	(7) 

Its principal conditions are 

V.n-1 	qn-J 
IV 	for j even 

e \ - 
1 0/4. 	for j odd 
L 

j = 0,1,2,...,n-3,n-2. 

These conditions do not, in general, define a cone Ca uniquely i.e. 

there are many cones satisfying them. However, it can be shown that if they 

are to be of the form C OD, then (7) is the only cone in which they are 

satisfied. For this, we need the following property of Co. If 

R = ) +19  -i2, ± i3, ± i49...9± in  f 
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then for k > 2, 

q. q. 	 q. 	+...+q . e V or V in 

	

1 	J2 	or 	
Cp  

according as the prefix of ik  is (+) or (-) in B, provided that all 

the indices j1'  j2  ... jr 
 are on the right cf ik 

in it. In particular, 

clik 

	

is in V+ or in V- 
 in 	according as the prefix of ik  is (+) or (-) 

in f3. 

Let C  be any cone, witP4re D, which satisfies the p.c. (principal 

conditions) of (7). As qn sIT..., we must have -n in 	From the p.c. 

corresponding to n and n-1, we got qn...1  aV+  so that the prefix of n-1 

must be (+) in y . Also +(n-1) must be on the left of -n9  for if it wore 

on the xiigbt, we would get qn+qn_i sV_ which contradicts the p.c. 

corresponding to n-1. Again, the D.C. corresponding to n-1 and n-2 give 

qn..2  6V_ so that n-2 has a prefix (-) in y and must lie on the left of 

+ (n-1), as otherwise the p.c. corresponding to n-2 will be contradicted. 

Proceeding in this way, we see that there is just one cone C with ycD 

which satisfies the p.c. of (7), namely (7) itself. 

Now as p.c. of (7) are just a set of conditions like (5), the 

corresponding equation (6) will be 

alc+1, -2, +3, -4, 	n-1, -n1-= 0. 

Similarly, we can show that, for odd n 

a(i+1, -2, +3, -4, ..., - n-19  + n 	o. 
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If instead of (7), we start from 

C,jel 9 	 (7a) 

we will get 

f 	.11-2 n-1 9  ( 	 (8) a i+1, 4, 	 "*1  

Next, let us consider the cone (1k even) 

C 	 0. 9 -R2+1, +R2+2, + R2+3, .0. 9 + R3+1, -R3+ 2, - R3+3, 

...9  "" 	 s • . 9 ""'R k9 '''Rk+1 ;. 9 Rk 	n--1 

and try to find all the cones C y  9  ye D which satisfy its p.c. 

As qn -== q 	V_ we will have -n = -RT +1 in 	. The rest of the 
K+1 

indices 

(9) 

RIT1,  P1-21 
	

11.k-1+2 

must be on the right of - Bk,t-1, for if some of them were on the left, then 

either the prefixes of all of these latter are (-), in which case they can 

be brought on the right, or else, at least one of them has a prefix (+) 

so that p.c. of (9) corresponding to this index is contradicted. However, 

once on the right of -4 +1, these indices can be in any order and can have 

any prefix without contradicting any of p.c. of (9). We express this by 
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writing 

 

	

n,w, (+R. „+ 	...,+ +2) i7J 1 	EL  

	

r - - 	- k~1 

where k  indicates that any permutation of the indices appearing in 

the small brackets is permissible. The p.c. of (9) corresponding to 

1 .1+2 and 1_1+1 give q 	+1 	V+ so that R
tv j

+1 has a prefix (+) 
- 

and lies on the left of -n in y as otherwise, the p.o. of (9) 

corresponding to I..1+1 will be contradicted. On the other hand, the 

indices 

can be anywhere on the right of Em-1 '  +1 can have any prefixes and can -  

be in any order i.e. we have 

Y ( 

t 
1+117-7.1 51f.•*1 (±-131(^-1 9-±Ril:-1'.1  9 

-1.4c  k: (±11 c/± 

where the arrow in (...) 	indicates that any index in this bracket 

can be anywhere even on the right of -n i.e. it is not necessarily between 

+Rc_1+1 and -n. Proceeding in this way, we see that every cone 	yE,D 

in which p.c. of (9) are satisfied can be written as 

1 ,00419± R.11, 1 
	)1c 
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Cho 
	

Cf+1,-R2 +1'2R.2- (+ +R2  -1, ...9  +2) 	
IR3 
	3 
+1, 	(+R39  +R

3 
 —1,  -- - --  

1,...010.•.••••••  

R1-2) 
-7) 
	9  • • • 9+ 	'"1+1 7Ck.-1 (±1:111±11,11-1 

	• • . 9 + 
1-2+2)  

-n, 9tk  (+ 	- 	•• • 9± 1 " •-.1+2)  

As the p.c. of (9) are a set of conditions like (5), the corresponding 

equation (6) will be 

M a 
I 	

4-- 	........- 	— 
+1,-R2+1,91:2(+R2,+R2-1,...,+2) 	,*0.9-1-  li;,:......1"1-1911 (± i'l:::_., 

--1 

2kr1 '.1 9  • • • 9±i 	
, --R+1, T.(+13 .

k
9 -1-Er.-1.....+R 	+2 ) 	o 

'-k:-1 

(io) 

where the summation extends only over the distinct terms. It can be 

rewritten as 

-R2+1,9t 2(+R2,+R2  -19...1+2) ,+R3+19  T2?., 
T
2 

1 

where T2 denotes all the indices which have not been explicitly written and 

37 denotes the summation over all the distinct terms obtained while keeping 
T2 
fixed the prefixes, the permutation it 2  and the position relative to + R

3
+I 

of the indices 
R2' R 2-1 	R-2,... 2 . 	3,2  
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The rest of the summation is contained in,a Clearly, this will itself 

consist ofr 	and s-" , wheresr' is the summation over all the distinct 
F.(2 	2 	4.1'12 

terms obtained by varying the permutation and prefixes of those indices 

and 1 -: , over those obtained by varying their positions relative to R3+1. 
2 

Thus we have 

It 

T SEInZ2 

2 a  

a 
, 
+ -R +1 ( / 	/ /±jR-1,°—,±j2) +R3

+1T
2 
). 

2 	-__? 
= 0 

where 

7f; 
E 

= (j- 
It
2

11 '-
2-1"..9j3'i2).  

Writing the summationt" explicitly, we get 
2 

2 
71r2 4+ 1, -R 2+1 Y  + j — R2/ +j 

	+j  R2-1' 	— 3 -j' 2+R' 3
+1 

 9 T2\ 

{+1, 	+i 
T2 	1,2 - 	-R 2+1 9  + '112 9 'RZ*1 9  • 	 R3+1/(±i2)T2 

T
2 2 

+J
R2  y 
	j

R2 	
j5, -j4,+513+1,(tj2,±j3) T 

77  

+ T  T 	a +1, -R2+1, +R3+1,
R  ) 	, T2 	o 

2 	2 	 2 --17 
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or T 
2 
 —,r 

2 
+1, -R0+1, + ' ±3R2-1' 	j1+2'—'114.1 

+ R+1, (4-i29+i3,—"±i1)..4 , 

Similarly, corresponding to the cone 

C (+1 ,"•ir.4.1 
 —
dr+2  • e • 	9 —R2+19+129+i39 • • • 9 +lr, +R2+2 , +E2+39  

2 
• • • , 

      

41a...0110•010•0  

(12) + R3+1, -R3+2
, 

00., "41k 1+29 1.0o, —R, k 	,c 4-1  

there will be an equation 

t 

4- 2 T2  2 

+ jr) 
	

2  T2  

a t 1,-R2+1,(+jil  
-2'+jR2-1" ° °'-±jr+1)'+ .-7117- (+j ,+j 1. 3 ' 	2— 3 .., 

—7- 

} 0 

Hero, the permutations' '2 are such that none of the indices 

i20.
3
,ibe4p9 i

r 

is taken to any of 

ir+1„ir+29•6091
R2 
. 
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Writingexplicitly , we get 
-2 

R2 
'1rli 
2 	

S'7 	 1, ji +1 +j +1 
 72 1=r a 2 	- R2

9 2 -19 ""±j1+29 -j1+19+ R3+1  
4L   

(±j29±i39 • ° • 9±j1) 	9 T2  = 

R
2-1 There will be one such equation corresponding to each of the 	C

r-1 

ways of choosing the r-1 indices (i2'i3'r) from the R2-1 indices 

(2,3,...,R2). Summing all thesO equations, we get 

R 	1-1 

1- it  - Cr-1 ati-1, 4.-R2 ± iR2 -1"."±j1+29 -j1+19  T2 R 
4 

2 1=r 

R3+1, (+i29+j39•••9± i1) 	T2 	= o 

where this time, 72 is an arbitrary permutation of 

(293,0 .1112 ). 

This is because, for any such permutation 

029j39...9jR  ) 
2 

of these indices, the term 

   

r7-  . 
-7-2
1
' 1191

4. 
  JR29.3R2-19 ""±j1+29-j1+194.R34-19(tj29±j39".9±j1)  

-7 

appears in all the equations (13) which correspond to those conos (12) 

( 13)  

( 14)  
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which are such that the set 

{12,13,...9ir) C (i2 
	9 0 ° 0 9j1)9 

and there are 
1-1C 	 1-1C  

r-1 such cones, one corresponding to each of the 	r-1 

ways of choosing (r-1) indices 

(i r) 2' 3' 

out of the (1-1) indices 

(i29i39."' 1)  ° 

Clearly, (11) is the equation (14) with r=1. If we multiply (14) 

ty (-1)r-1  and sum over r from 	1 to R2' 
we get 

R2 	P.  
c- 	(_1)r-1 1-1 

r.1 T22  1  -=r 
r -1 aE1,-B2+1, "°"±j1+29-j1+1' 2 

+ R3+12 (tj22+j3,.../.ti1)....  

R2 1 
1 — 

or Y ,E 5 Z. (-1)r-1  
T2  1-72  1=1 r=1 

9 T2 
	0 

Cr-1 aS71-1,-R2  +1, +jR 'fiR -1' • • °'±j1+29  1 	— 2 	2 

1-1 

    

-j 	+1 (+j 	+j ) 1+1 3 9  2 3' ' 1 O 

by interchanging the summation over 1 and r, 
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or 	a+1, I/f- +1 +1 	+ -I 
2 '

2
'

2
-1' 4." "±j3' -j2' 	R3+1' T2 

T
2 

/72 

R 1 2:2 	(_1)/-1 	+1,-R2+1,  
'dR '

2 
jR-1"'" 

2 2 1=2 r=1 	 2 

j1+2'-j1+1' + R 3+1 ' (+ 
	T2  c 

	
0 

which finally gives 

T
2

.7-r2  a (+1, -R2+1,  +JR 
 2

4' f 9  -R
2
-1"."Ilj3,-j2'+R3+1' T21'= 	(15) t 

	

1 	r-1 1-1c 
as 	z 	(-1) 	r-1 = o for 2e-1 

zz  
e-  R

2 
 . 

r=1 

Now we rewrite it as 

•••••••••••••••••••• 

T2 	
a)+1, -R2+1 1 	j

R2 	2
,...,+j39-j2,+H3+1,(+R3,+R3-1,..., 

Tr 
4- 

0 L..  

±. R
2
+2 )/ - R

4   
+1 ,T3  \- 	o 

The summation 
T

----
2 	

.e 3 l'-
.,-. 

 iTi 
-- can again be broken up into three parts 	andL. 

T 

as was done before, so as to get 

T
3 	

. 

	

ti 	-R
2  +1 4-iR

2 
-,...9+j2/-02,413+1,k±JR33 

	
9 if

3 
3  
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"°' 	jR
2
+3 ' ± iR 	-14-. 1'79 T3 = ° 

or a,+1, -R2+I„+j_ 	I 1{2' 
+ 
'112 ' °°°'±i3'-i2'+R3+1' 1.1+R2 	'2 

••••....areaggemo 

± jR3 ± iR
3
-1' •• "±ii+29+i1+19—R4+19(±iR2+29-±iR2+2' •—'±j1)  

where P3 is the permutation 

77 	m 	jm 9  R +2 < m R 3 	2 	--- 3 

Thus starting from the cone (9) we arrive at equation (15) so that 

if vie start from the cone 

0 14:19 -2, —3, ..., —1 	_ 4-1/294.1s+19+1s+2"9"44R
3
94-R34-19-1R2+2 R2

+3"." 

••••••••••• 

-R
3
+2
' 	

-R4+1
, 
+R
4
+2
' "" 
	 (17) 

where 

R2+2'R2+.3s 

are any given s- (R2+1) of the indices 

0  

(16) 
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and carry out the whole process5  we will got 

T 	4".  3 4-- a+1, -R2+1 ,+jR 9 +JR -1" • • /±j3/ .j22+R3+1  9 (±-iR 3 rf 3 	!/2 	2 	2  

jR 	/ • • • 9±-js+1).. 	
- R +I 	(+i 	/ 4 9  R+2 3-1 	 2 

T3  = o 

R
3 f 

or 	2- 
37r 2 1=s 

-R2  +1 + j +j 	
+j3 -j2/  +R +15+j 5+ 

R 9  --
2

R
2
-1/ 	3 - R3 -- 

I 	+ 	j ) 	T 
jR3-1' • "±j1+2/+  "+1 /-R4+1 -+ R2

+2/- 7,2
+3"-+  1 	, 3 = 

Here, the  the permutation 

j 	5 	R +2 4..m<.11 3 m 	 2 	3 

is such that it does not take any of 

iR2
+2 /+3/""5-1/is 

to any of 

1s+1/1s+2/"°/iR
3
-1/ iR3 

There will be one such equation corresponding to each of the 

r1
c 
s-R2-1 	- R2) 

(18) 
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ways of choosing (s-(R2+1) indices 

12+R
2 ' 

12+R
3
5"°' s-1's 

out of the (r
3
-1) indices 

R2+2, 
R
2
+3
''

83-1 R
3 

summing them up, we get (just like equation (14)) 

T 
3 

1 -(R,+1) 

Cs-(R2+1) aS+1,-R,.+1,+j
R2  

9±iR 
2  _

1, • • .9±i3," 

   

+jR 	- 9...,j14.29+j1+1'-R4+1,(±iR2
+2'iliR2+3'...dj1)  i•/113 3 '3 	 —7 

29 4- 
 3
+ 

 

   

(19) 

773  being any permutation of (R2+2, R2+3,...,R3). 

Clearly, (16) is again equation (19) with s=R2
+1. Multiplying by (-1)5-(112+1  

and summing over s from R2+1 to R3, we got 

R
3 

'L- 	
31 (`1) -(n2+1) 1 -(R2+1)c  

T3 i T2 4.s=R
2
+1 	1=s 	

s -(R
2
+1) al,-R2+19-1-JR 	4. 

2 
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jR2-1'""±i3'
-j2'4-23+1' — , -±„jy? 	 +j14.11-R4+1,(+ 

-72 
 T

3 	
. 0 . 

Interchanging the 1 and s summations and writingdown the term 

corresponding to 1 = R2+1 explicitly, we get 

Z 57; L 	
1_ 2 

77. a51, - R2+1, +jR2'  +jR 24.4,...11 	R3+ j3,-j2,+1,± R  +1 
33

—V"* 
T3 '3 	 1 

R, 1 	s -(R +1) 
±iR2+39+ iR2+2' --R4+1 T3 + 
	5.7: (-1) 	2  T a 3 3 2 1=R2+2 s=R2+1 

1-(R2+1) 
Cs-(R2+1)8::‘ 

+1, -R2+1' ±iR22-1/"°/4.  'i29+ 719+jR 9  

3 

jR3 1"*"
11j1+2'+i1+19-24+1'(±h2  ` 2+3'.."±j1) 	' 

	= 0  

or 

3 "3 
• a(+1, - 2+1,±3R g=„i 	,..1,514"j39.".j21+113+10-jR  
2 °R2-1 	3 

ja
2+3/ 4iR2+2' -R4+1' T3 

	o 	 (20) 

as we have 

I 
= R2+1 

a-(R-4-1) 
( -1) 

1 - (R2+1) 
Cs = o for R2+2 S..- 3  . Cs 

—(R2+1) 
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If we now respeat the process of obtaining (15) from (10) and (20) 

from (15), 17:--2 times, we will get 

aL19 —R2+1, +iR

2 	2 
.... 1 96..9±j39""32,+R3+1, ±31.1 

3 
9±3R 

3 

jR2+3 ' +jR2+2/  
t.o 

Here 5:' sums all the distinct terms obtained by varying the prefixes 

and the permutation of indices, the permutation 77-of 

(2,3,4,...,n) 

being such that 

77F(R R +2, +3, 3,...,R u+1) (iR+29jR
4
+3"*"iR u u u+1 

7r(%+1) = Pu 1 	(22) 

for u = 

Had we started from the cone (.:k even) 

C 	+1 	'—it 	"-it 	goo 	it  9+11 	+i t 	90•49-1-11  
9  9 	29 	39 	F2+1 R

2
+2 	R

2
+3 ...,+i 3+1''18 3+2s 

3
+1' 	R

3
+2' 9  R

3
+3 

"" BP-+2' 11'-'439 

 
00 

	 (23) 
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instead of (9), we would have reached (21), with the only difference 

that this time would have had 1' R +1 instead of Ru+1, and ti  

11(jR +2"R +3"°°"11 +1)  = (VIZ +2'11 +3'°°"ik +1)  

17-(it 
R+1) = 	(iR +1)  u '11 

(24) 

If we now consider (21) corresponding to the cone (23), we uee 

that one of the following two alternatives will hold 

i) ru- Ru  - Ru-1  ef 2 for u = 2,3,...,k, so that there is no -- 

summation  i.e. there is only one 'a' on the LHS, namely 

that of (23), and it is therefore equal to zero. 

ii) There is at least one ru:-/21  so that the LHS has more than 

one terms. One of these is clearly the 'a' of (23) while 

the rest of them are a's corresponding to cones having 

theirT-value greater than that of (23). Here / -value of 

a cone Cr3,13i; ID is defined as the number of changes in the 

prefixes of indices in 3. 

This shows that 'a' of a cone with a given 7'7 -value vanishes if 

those of the cones with greater ''L -valuevanish. For the cone either 

falls in the case (i) and hence its 'a' is zero, or else it falls in the 



++i' 
J Lc_ -1+2' R. +Y."' 

11 (25) 
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case (ii) so that its 'a' is equal to a linear combination of a's 

of cones with greater -value, each of which is equal to zero. Now, 

the maximum value of 	(n-1) which is for the cones of the type 

(7a) and their 'a' is zero according to (8). Hence the 'a. of any 

cone withT7value (n-2) also vanishes and so on, so that it follows by 

induction that 'a' of any cone of the type (23) is zero. 

The case when k is odd i.e. when we have the cone 

0, -1 	 +if 	-if 
2: 2' "°°'--

2
+1'4.-

2
+2' R

2
+3"." R

3
+1' R

3
+2' R

3
+3'"" 

instead of (23), can be treated in an exactly the same way and its 'a' 

proved equal to zero. Now as every (3 cD is either of the form (23) 

or the form (25) it follows that 

ap  = o for f3 D 

Further, going back to (2), we see that if we reverse the inequalities 

(3), we will got 

aRi3  = 

instead of (2a). Proceeding now as before, we can show that 

ao = o for PILD' 
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This proves that 

a = 0 for (3 

and hence also that 

R 

form a linearly independent set of generalised retarded operators. 

2. 	Expansion in terms of R,., P.  

We now come to the problem of determining the coefficient of 

Rp, P  

in the expansion of an arbitrary operator Ra  i.e. we want to find ap  

where 

R = 2-  a R a 	Pi P P 

Let us assume that q1 + in C
a. Then for x satisfying (3), we 

have 

Ra - 	a R Ra p 	0 p 

We will find ap  corresponding to the cone (9). Let D
a be the sub-set 

of D such that the prefix of each index in D
a 
 is the same as that in C 

a9 
 

and let 5a be the complement of D
a  in D. Consider first the case when (9) 

is in D
a. Proceeding as before, we get equation (11) with the only 

difference that the RHS is +1 or zero according as the p.c. of (9) are 

or are not satisfied in C
a. 

(26) 
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Now there are two possibilities. 

i) All the p.c. of (9) which correspond to R
3
+1 and the indices 

represented by T2, are satisfied in C. 

ii) There is at least one of them which is not satisfied in C. 

Consider the first case. Starting from the cone (12) we reach 

equation (13) with RHS as +1 or zero according as the p.c. of (12) corres-

ponding to 

2,314,...1R2,R2+1 

are or are not satisfied in C. This leads to equation (14) with RHS 

as N2  instead of zero, where N2  is the number of cones of the type (12) 

with r and T2 
fixed but 

(i2'i3'...9ir)  

varying, whose p.c. corresponding to the above indices are satisfied in 

Ca. It should be noted that this number U2  is quite independent of the 

position and prefixes of the indices coming on the right of R2+2 in (12) 

so long as its p.c. corresponding to R2+2 is satisfied in Ca. Summing 

(14) over r from 1 to R
2 after multiplying it by (-1)r-1, we get (15) 

with RHS as ?-12  whore 

r -1 
"r (-1) 
r=1 

12 
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and the same will be true of (16). 

In the second case, we get (13) with RHS zero for every choice 

of 

(i23'r)  

as there is always at least one p.c. of (12) which is not satisfied in 

C. This leads to equation (14) and then to equation (15) and (16) 

with RHS zero. Thus we reach (15) and (16) with RHS as 	or zero 

according as the p.c. of (9) corresponding to 

R2+ 2 R2+3, • . • 9  .1-1c:9  R. k+1 	n 

are or are not satisfied in C
a. 

There are again two possibilities 

i) All the p.c. of (9) corresponding to R
4
+1 and the indices 

represented by T
3 
are satisfied in C. 

ii) There is at least one of them which is not satisfied in C. 

In the first case, corresponding to the cone (17) there will be 

equation (18) with RHS 
2  or zero, according as the p.c. of (17) 

corresponding to 

R2+2, R2+3,...,R3, R3+ 1 

are or are not satisfied in Ca. This gives equation (19) with RHS-pl. 
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where N3  is the number of cones of the type (17) with T
3 
and s fixed, 

but 

iR
2
+2' R4-3"*"is-19 is 

Varying, whose p.c. corresponding to the above indices are satisfied in 

C. Clearly, N3  is independent of the permutation and prefixes of 

indices on the right of R
3+2 and left of R2+1 in (17), so long as its p.c. 

correspondin6.to  R
3
+2 is satisfied in C. Summing (19) over s from 

N R
2
+1
' 

to R
3 after multiplying it by (-1)

s- (R2+1)  we reach (20) with 

RHS as 2A where 

(-1)s-(R2+1)  • 

In the second case, however we get (18) with RHS zero corresponding 

to (17) with any choice of the indices 

iR
2
+2' iR

2
+3'w/is ' 

as there is always at least one p.c. of (17) which is not satisfied in C. 

This leads to (19) and then to (20) with RHS as zero. Thus we have (20), 

again with the RHS as)? 2  .ri 3  as zero according as the p.c. of (9) corres-

ponding to 

R3+2, R3+3, ..., Ric  R, +1 

are or are not satisfied in C
a. 
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Proceeding in this way, we ultimately reach equation (21) with RIIS 

as 4L21-3 	where 

m 	u -(R
M-1

+1) 
(-1) 	F

1000.. 
in  

u=R
m-1

+1  

and im  is the number of cones of the type 

\ C c+1, -2,-31...9-R +1 +R +2 +R + 3I."' -1)m-2  R +1 (-1)m-1' 2 / 2 	2 	m-1 	lu+1/  

se, 	
/ 	\M. 

11+1" 	Rm 	Ilmf.1"-1"R
m-1

+2 (-1)mi 	0/ / 	R
m-1

+3," 

(-1)miu9(-1)R+21(-1)mRm 	-1 +1 -R., +2/ .." le -R. -R-71-1 "1 sc 	k-1  

obtained by varying the permutation 

(i
-1 	m-1 	

) of (Rm_1+29 R
m-1 

 +3 
m 	

' 0001 Rm) 

while keeping u fixed between R-1+1  and Rm, when the prefixes of Rm+2 

and the indices on its right are such that the p.c. corresponding to 

them are satisfied in C
a1 

 

whose p.c. corresponding to the indices 

Rm-1+2 1/m-1+3Rm/Rt 
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are satisfied in c
a
. As mentioned earlier for N2 and NS, it is clear 

that Na  is also independent of the permutation and prefixes of indices 

on the right of Rm+2 and on the left of Rm_1+1, so long as the p.c. 

corresponding to Rr1 2 is satisfied in C. Hence Ntri  can also be defined 

as the number of distinct cones of the type 

) C 	Sp(-1)m-2R
mL-1

+1 ( -1)m 
-ii1_1+1'

(-1 M-1. 	-1\m-1R-71 9 m u4.2"." (\ / 

(-1)mi
R +2'

(-1)mi 
Ru

((-1)m  R
M
+21  T

m m-1 	m-1 	9 	 4 
(27) 

obtained by varying the permutation 

(1R
n-11

+2 iR 	)of (Rm_11-2, Rm-1+3, ...p R
m
) 

while keeping fixed SmpTm  and up with T
m 

such that the p.c. corresponding 

to R
M
+2 is satisfied in C

ap 
 

whose p.c. corresponding to the indices 

Rm-1+2 RM-1
+3
'

R
m/RM

t1 

are satisfied in C
a
. 

Next we come to the (case when (9) is in Da, so that there is at least 

one index whose prefix in it is different from that in C
a
. We can take 

this index to be Rmt1 for some m 21,5.m.,SK, for if it were notp we 

could shift it to the right and bring it there. The p.c. corresponding to 
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R
m 
 +1. 1R +2' iR +3,...,iu  m-I 	m-1 

of any cone (27) cannot all be satisfied in Ca  simultaneously. For either 

the p.c. corresponding to at least one of 

Rm-1+2' Rm-1+3' ". iu 

is not satisfied in C
a 
 or else, those corresponding to all of them are, 

but then the one corresponding to Rntl is not satisfied as it has different 

indices in (23) and in O. To sea the validity of this last statement, we 

note that when 

J7  
11m-1+2 lt 

q  Rint2+  t;T 

£ V in C (as it is in V _in (27)) gives gR +1 
m 	a 

(-1)m  

gR
m 	

t  +1 + 	i q + q„ + 	V. in Ca  

t=Rm-1+2 	tim
m 

while the p.c. corresponding %:1-1 of (27) states that this last partial sum 

is in V. This shows that Nu = o for all u so that 0
m 
 =o and hence 

. 
also IA ...)(111  i.e. we got (21) with RES as zero. 
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Now, two cases arise : 

i) Each of the numbers r2,r3,...,V2 so that there is no 

summation (21) and we have 'a' of (9) equal to zero. 

ii) There is at least one rt ,2 so that there are more than 

one terms in (21). We can therefore express 'a' of (9) as a 

linear combination of some a 's where the 1—value of each of 

the 	's is greater than that of (9), and for everyy , there 

is at least one index (namely Rth1-1) whose prefix in it differs 

from that in C
a i.e. 's are all in 5a 

Had we started from (23) instead of (9) (of course with (23) in 5a), 
we would have obtained the same results for 'a' of (23) as also in the case 

k odd. In other words, these results are true for ayo  where fro  is an 

arbitrary element of 5a. Thus a(o can be different from zero only when it 

falls in the second case, but then each of the ar t s  of (ii), being an 

element of 5a, is itself equal to a linear combination of some ;s 

wherey'
is 
 are again in 5a  and have still higher 1i —values. Continuing 

this process, we see that ultimately, a 	will be equal to a linear 
Ye 

combination of a's of cones which are in 5a and which fall in the case (i) 

above. As these a's vanish; the same will also be true for a_ Yo Thus 

we have proved that a = o for every yo pbct. 
Yo 

Returning back to the case when (9) is in D
a, we have (21) with RHS 

as 12-13  • • • 1.. If there is no summation on the LHS, we have just the 'a' 

of (9) equal to X72/3  .4. If, on the other hand, there is a summation, 
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the LHS will be equal to 'a' of (9) plus a linear combination of some a 's 

where for each y, there is at least one index whose prefix in it is 

different from that in (9) and hence also from that in C. These 1,4 s 

are therefore in 5
a 
so that all the a(  s vanish (as proved above) 

and the LHS reduces to just the 'a' of (9). This shows that 

a of (9)  = 	213 ••• fk • 

The same result clearly holds when k is odd, and also in the case when (9) 

is replaced by (23), though this time with the difference that in (27) 

1Rm-1
+2' iR

m-1
+3'—'iR 1Rth+1 

is a permutation of 

11
m-1

+2'i'R
m-1

+3
' 

'.-91t  R
In 
'1R +1 with iR +1

= it 
Rm+1,  

111 

and not of 

R
m-1 

+2 R
m-1

+3
' 

...,R ,R 
//1
+1. 

&IS 
It is now

A
' difficult to prove that a

P 
 is zero when 

let x be such that 

o x. <xi 	i = 2, 3, 	n 

(3  is in DI. For 
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Then R
a 

= o (as 	in Ca) as well as ap  = o for pED, so that (26) 

becomes 

FED' ap  RR  = o 

and this leads to a
P 	

do = o for p, as was seen in proving the linear 

independence of the set 

R p 
139  

Thus we have 

ap 	t 3 	fr(k 
	for ps Da 	

(28a) 

ao  = o for 	5
a 
 and P e D 

Till now we had assumed that qi  eV+  for q cCa. However, the same 

method can be used to show that when q
l
c V

- 
for cieCa'  ap 

 for p e ;lyD 

are given by 

 

ap 	= 	3 	 for P e Da  I 

for P e5'0,  and Pc D . 

(28b) 

3. 	Evaluation of [m  

  

We will now evaluate ..17 	in terms of conditions defining Ca. 

Consider first the case when m is even, so that (27) can be written 
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as 

...........T. 

.,._ 	
.............." 

C S' 	+1 -i -i  mm-1 9 	u+19  u+29"-9iR
m
9  114-194-iR

m-1+2 ' 

i
Ru

T
ms 
	

(29) 

where 

(iR
m-1

+29 iR
m-1

+39°- 

is a permutation of 

(B.
m-1

+2 R
m-1

+3' .0.9  R
m
). 

Let Gm, m Ef an 
	

be as defined in the second section of the 

chapter 3. Also let 

	

If 	
f 

be those of He which do not contain Rm+1 and 

Ill  f 	= 1,2,..., 1(2m 

which do contain it. Clearly 

	

-144..me 
	= 	+ 	e  

1 m 	r  2m 

Now, if the set Gm is not in m , Nm  is zero for all u, so that 
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and hence also the product 11 / 	
is- 
11, will be zero. For, if G Vi(jn  i2 3 • • 	 m 

every subset of Gm  is also 	so that, for any choice of 

' 

the p.c. of (29) corresponding to Rm+1 is not satisfied in Ca  i.e. B = o. 

As this case is not interesting, we take Gm  to be in .Wm  . 

Corresponding tothe set Gm, let us consider the cone 

ce 	+ R +1 -R +1 +R +2 +R +3 ... +R +R +2 T m m-1 	m 	m-1 	m-1 	m/ m 	m 

whose p.c. corresponding to Rm+1 is satisfied in Ca. Those corresponding 

to the elements of the set 

(
RM-1

+2
'm-1

+2
/ m-1„RM) 

are or are not satisfied in C
a, according as this set is not or is in 

i.e. according as 

is o or 1. 
rm-1 

Thus, we have 

NR 	= 1 or o according as Ar m 1 
	o or 1. in 

rm  

As f(2m  is just 1, we may write 
r
m 

Nu ft2m _4(1m 
Rm 	rm 	rm-1 
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r2m Again, corresponding to each of th(Or -1  subsets Ir
f 
-1 
m 

 

say 

(tR
m-1

+2'tR
m-1+3'""t

R
m-1'

Rm+1) 

we consider the cone 

+ 
Rm-1

+1  -t
R 	

+ t
R +2' E 

+,1  • • 	•+R +2• T in+1
" 	 x

m
l' m m-1 	m-1 

The p.c. of all these cone which correspond to tR  and Rth+1 	are 
1m 

satisfied in C , but in 4 	of these, those corresponding to at 
la1  a 	r 72 

least one of 

(tR 1+2'tR
m-1

+3".°2
t
R
m
-1) m-1 

rl 
are not satisfied, duo to the fact that 41 	subsets If  are inX-m- 

1, m-2 

To see that each of these;!
r-2 subsets does in fact contradict a p.c. 
II 

ofthe'conecorrespondingtooneof we just note that if 

(tR
m-1

+2' tR
m-1

+3"°°'tR
m
-1) 

is one of If then 
r -2' 
m 

 

tR
m-1

+2' tR
m-1

+3' ' 	t ' R
m
-1' 

R
m+1 

will be one of I'
r
f 
-1 and the former will contradict at least one p.c. 
m 
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of the cone corresponding to the latter. Thus the number of cones 

of the type (29) with u = Rm_l is 

	

Nm 	,2m 

	

B. 	VV r  

ff 2m 
Proceeding in this way, we can show that, in general, the 	rm-u 

m subsets Irf-u  and Ai r -u-1subsets Ir -u-1 m 	m 	 m 
lead to 

or2m 
1 U=0 9 1 9 • • • 9 ra:- 	,1 0  zt, r 1 1 

r -u 

cones of the type (29) whose p.c. corresponding to the elements of the 

set Gm are satisfied in C i.e. a 

= 
2m 	

im kfi - ki 
Rm-u 	r -u 	rm-u-1 m 

Hence we get 

)7. '21 (-1)u-(Rm-1+1)  Nm  
u=R

m-1+1  

r -1 r-u-1 m (-1) 	Nm  Rm-u u=o 

rm-1 	rm-u -1 	,2m 
(-1) 	-u 	-‘1 v 	rm-u -1 ) u=o 

r
m-2 

m-u-1 



This can be rear2anged as 

r -1 m 

L‹ 
r -u-1 	2m 

= 2:11 (-1) 
m 

 -r -u m 
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11=0 

where ‘f1m 
r 	°, 
m 

urn 

r
m
-u -1 
	

) 

r
m
-1 r -u-1m . c

L.... (-1) m 	\r- t. ' r -u 
u=o 	m 

The case when m is odd can be treated in an exactly the same 

way, and will give the result (30) with the difference thatP is inter- 

changed with Teai.e.  Ie and It
f are the subsets of Gm of e elements 

which are in iiii< + m , and so u is the number of subsets of Gm of u 

elements which are inkHT . 

Similarly, if we consider (29) with 

R
m-1

+2' 	' iRm +3""iR
m
)  

as a permutation of 

./ 
(1R

M-1
+2'

m-1
+3,...0-A)9 

we will reach equation (3c) for the /Is of the cones (23) and (25) 

provided that Gm is now replaced by the set 

i.e. 1 m (30) 
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m-1
+2'  R

m-1
+3"" k ' 	+1 'i 	if 	)' 

M 
 

Thus, we may summarise the results of the last two sections as follows. 

We have shown that when'an arbitrary generalised retarded operator Ra  is 

expanded in the form (26), then the expansion coefficients ao  are 

given by (28 a,b) whiler/m, for the cones (23) and (25), is itself given 

m by (307, where' 	is the number of subsets of the set Git, defined by 

(31), of u elements which are in)Em  err according as m is even 

or odd. 

( 31 ) 
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