
Imperial College London
Department of Computing

Timed and Choreographical Multiparty
Session Types Theory

Weizhen Yang

May, 2017

Supervised by Prof. Nobuko Yoshida

Submitted in part fulfilment of the requirements for the degree of

Doctor of Philosophy in Computing of Imperial College London

and the Diploma of Imperial College London

1



Declaration of Originality

I, being a candidate for PhD in Computer Science, hereby declare that this report

and the work described in it are my own work.

Weizhen Yang



Copyright Declaration

The copyright of this thesis rests with the author and is made available under

a Creative Commons Attribution Non-Commercial No Derivatives licence. Re-

searchers are free to copy, distribute or transmit the thesis on the condition that

they attribute it, that they do not use it for commercial purposes and that they do

not alter, transform or build upon it. For any reuse or redistribution, researchers

must make clear to others the licence terms of this work.



Abstract

Multiparty session types (MPSTs) are the formalism for describing protocols

among multiple participants from a global point of view. They are used to check

type-safety and deadlock freedom for programs. In real-time distributed systems,

however, protocol descriptions often include: time-related specifications, such as

deadline and timeout, by imposing time restrictions on interactions to guarantee

the quality of service; and parallel computation for improving efficiency. The

original theory of multiparty session types lacks the ability for expressing time

and parallel actions in the global description. Therefore, we propose the theory of

timed choreographical session types to solve the problem.

To express time-related specifications, we associate time constraints and clock

resets to asynchronous message passing in global types and local types. We define

the labelled transition systems of timed global and local types, and prove that

soundness and completeness are preserved through projection. We add a delay

primitive to session calculus to achieve a minimum extension of asynchronous π-

calculus and prove theorems of type preservation and subject reduction. We also

formalise the theorem of time error-freedom and properties of feasibility and wait-

freedom to guarantee that no deadlock is caused by time error. Additionally, we

show that timed global session types enjoy progress property if the global types

without time constraints and resets are verified to progress.

In the theory of choreographical session types, for the purpose of precise

thread management, explicit fork/merge operations for parallel composition and

choice/join for branching are defined in both global and local session types and

session calculus. To ensure well-behaved communications, we formalise the

definition of well-formedness for global types and present sufficient conditions for

verifying well-formedness. Based on choreographical session calculus, we define

the operational semantics and typing system for processes and prove the theorems

of subject reduction and type safety.

When we model scenarios of concurrent real-time systems, it is natural to

combine the formalisms of timed session types and choreographical session
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types. Then we add time assertions to labelled message passing operations in

choreographical global and local types, and delay primitive in session calculus.

Due to the orthogonality of time and parallel composition, we easily prove

the theorems of subject reduction, and time error-freedom within the timed

choreographical context. Due to introduced complexity in global types, we present

the progress enablement and time progress property to guarantee that processes

will progress.
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1. Introduction

This thesis is concerned with the research of extending the theory of multiparty

session types. Session types model interactions among participants in the com-

munication system and define a class of π-calculus that verifies the properties of

behaviours such as safety. Extending the theory of multiparty session types allows

us to model more real life scenarios and verify behaviours before implementation.

1.1. Motivation

The π-calculus [Mil99] is a process algebra for providing the semantics for

a high-level concurrent distributed programming language. Compared with λ-

calculus, another formal language for modelling computation, π-calculus allows

channel names to be communicated over channels and is used for describing

communicating systems, whose network configuration may change over time.

In practice, π-calculus is good at modelling protocols that describe the com-

municating behaviours of processes. People use process calculi to model and

verify prescribed protocols with support from model checking tools such as the

Concurrency Workbench [CPS93] and SLMC [Cai04].

It is observed that in concurrent systems, interactions often occur with a

significant amount of exchange of messages with various types. Then session

types were introduced as a formal framework in the polyadic π-calculus with

type systems, so as to allow the typing of channel names by structured sequences

of types and represent the trace of usage of the channels. Session types were

first proposed in binary form [THK94] and then developed to Multiparty Session

Types (MPSTs) [BC08, CDCYP15]. In recent years, some works on extending

session types are proposed to improve expressivity and allow session types to gain

more computational properties, such as higher-order processes [MY07, MY09]

and subtyping [SW01a, GH05]. Also, several works [VGR06, Vas12] embed

the session concept into object-oriented programming practice so that one could

achieve robust typing systems that are suitable for practical programming and
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are supported by a sound theoretical foundation. Naturally, there are some

implementations of session types by realising sessions directly in programming

languages, such as in Haskell [NT04], C# [CNP01] and Java [HYH08, GVR+10].

Later, implementations of describing session types in high-level languages are

proposed. We highlight Scribble [YHNN13] among those implementations. It

is specially designed as a language for describing global (choreography) and local

(service end-point) behaviours in session types. Extensible tools are available to

perform validation of programs and to implement the verified specifications in

different programming languages, such as in C [NYH12] and Java [HYH08].

The above practice of implementing session types into programming languages

shows that session types could help programmers to produce safe programs.

For example, [NCY15] shows that a safe and efficient MPI backbone code

can be automatically generated from global specifications described in Scribble

and programmers only need to fill in the details. But one problem is that we

could not expect all software developers would learn session types for coding.

The developers usually start with some graphs describing the behaviours and

interactions that the program should implement, such as UML sequence charts

and state transition diagrams. This observation inspires us to wonder if we could

transform commonly used graphical formalisms into session types and our vision

is shown in Figure 1.1. In this way, programmers could start to design their

software using various methods and these blueprints will be transformed into

(multiparty) session types. Then within the framework of session types and

with the help of model checking tools, we could verify if this design is safe

and error-free or not, and if the results reach the expectations, we could utilise

tools like Scribble to produce backbone code from session types descriptions in

different programming languages much as in [NCY15] and [HYH08]. One of

the advantages is to speed up the software development life cycle, to save costs

and gain efficiency for practical considerations. The other advantage is to avoid

redundant programming efforts. If the software is expected to be implemented

in different languages, without the help of session types, the programmers would

need to write the program of the same design several times and could not guarantee

the safety of their written code.

Since session types play such an important role in application development,

we then investigate any characteristics that are commonly used in protocol

specifications but are missing from current variants of session types. And it is

found that we need to add time and fork/join to session types.

14



Text Message Sequence Chart
Business Process 

Model and Notion

...

Scribble

Figure 1.1.: Vision of Applying Session Types to Programming

Some models for describing and analysing system behaviours contain real-time

specifications. For example, Communicating Timed Automata (CTAs) [KY06],

which extend the theory of timed automata [AD94], enable a precise specification

and verification of real-time distributed protocols. From the theoretical side, in

the untimed setting recent work brings Communicating Finite State Machines into

choreographic frameworks, by seeking correspondence with projected local types

[DY13]. Inspired by this work, we proceed along these lines by applying the

idealised mathematical semantics of CTAs to the design of timed MPSTs, which

contain clocks, clock constraints, and resets, so as to fill the gap between the

abstract specification by CTAs and the verification of real-time programs.

On the other side, some web service protocols include multiple thread

operations. In the previous work in [DY12], the idea of choreographical multiparty

session types has been proposed to treat expressive forking, merging and joining

protocols that are absent from existing session frameworks. Based on this idea, we

further complete the theory of choreographical MPSTs and combine this variant

with timed MPSTs, so as to enable session types to express distributed parallel

systems with time requirements.
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1.2. Goal and Objectives

The goal of this PhD study is summarised as:

‘To propose a theory that extends multiparty session types with time and

parallelism, which consists of well-formed global/local types and session calculus,

and enjoys safety and error-free properties.’

This goal is divided into following objectives:

1. On the foundation of session types, we define the theory of timed multiparty

session types, including the global session type, local session types and the

corresponding extended asynchronous π-calculus. The theorems of type

safety and error-freedom should be verified by proof rules of timed session

calculus.

2. Then we extend the current multiparty session types with parallelism

by adding fork/join operations in the framework. The extended global

types should guarantee a well-formedness condition and the corresponding

multiparty session processes should satisfy properties, such as type safety.

3. We merge the above two extensions together to propose timed choreograph-

ical multiparty session types so as to be able to model concurrent real-time

systems. This combined version should ensure the properties that either

timed multiparty session types or choreographical session types own.

1.3. Contributions

This thesis shows the following contributions for the theoretical research on

multiparty session types:

• Extend session types with time. This work is the first attempt to add timing

information directly to session types in the literature. With this gap filled,

multiparty session types could model real-time concurrent systems and

programs with time requirements, such as timeout exceptions and deadlines.

• Investigate time-related properties for session types. After adding time to

session types, we found that even if the programs are type safe, programs

could still reduce to error because of bad timing for reduction. To

prevent this situation from happening, we propose time-related theorems
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and algorithms for guaranteeing safety and progress properties for MPSTs.

[BYY14] is the published outcome of the above two points.

• Supplement the theory of choreographical session types. We explain how

flexible fork/join operations are beneficial regarding thread management and

state explosion. We also illustrate the syntax of global/local session types

with more examples. The full proofs for theorems like subject reduction are

finished.

• Propose the theory of timed choreographical session types. We define the

syntax of global/local types and session calculus and illustrate with a use

case. Besides, we prove the theorems of subject reduction, type safety and

time error-freedom for timed choreographical processes and define

progress enablement property and time-progress property of processes.

1.3.1. Thesis Outline

Chapter 2 Background briefly describes the theory of session types and timed

automata. We start with the syntax of the π-calculus, which is fundamental

to the session calculus, and then we present the theory of binary session

types and how multiparty session types evolve from binary session types.

Besides timed automata, we also show other graphical formalisms for

expressing communication systems.

Chapter 3 Timed Multiparty Session Types presents the theory of timed MP-

STs. Motivated by a distributed timed protocol, we define the semantics

of global/local types for timed session types and labelled transition systems

respectively. Then we show the corresponding timed session calculus and

investigate the conditions that could ensure deadlock freedom of processes.

Chapter 4 Choreographical Multiparty Session Types presents the semantics of

choreographical global types and local types and defines the conditions that

guarantee the well-formedness of global types. We also present choreo-

graphical multiparty session calculus and theorems for subject reduction and

type safety.

Chapter 5 Timed Choreographical Multiparty Session Types describes the the-

ory of the combined variant of timed MPSTs and choreographical MPSTs.

We present the semantics and labelled transition system for global/local
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types and provide sufficient conditions for well-formedness. Then we define

the corresponding session calculus and the theory of time error-freedom.

Finally, we present sufficient conditions for guaranteeing the progress-

enabling of global types and time-progress property of processes.

Chapter 6 Conclusion and Future Work summarises the main points of this the-

sis. Also, we discuss some future ideas that are composed of three parts:

further development of timed choreographical session types like subtyping;

possible extensions to the theory of multiparty session types like adding

dependent types; and practical implementation issues.

1.3.2. Publications and Talks

Publications

• Laura Bocchi, Weizhen Yang, Nobuko Yoshida. Timed Multiparty Session

Types. CONCUR 2014.

This paper presents the theory of extension of multiparty session types with

time, with connection to communicating timed automata. This work forms

Chapter 3.

Presentation

• Generalised Timed Choreography. YR CONCUR. Madrid 2015, Spain

At this workshop, we briefly presented the theory of timed choreographical

session types, including the syntax of types, motivating example and key

theorems. The abstract was submitted. This presentation forms part of

Chapter 5.
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2. Background

In this chapter, we present the background works that form the basis of this

dissertation. In Section 2.1 we briefly introduce the π-calculus, which is

fundamental for the theory of session types shown in Section 2.2. In Section 2.2,

we give the original notions of session types, illustrated with an example. In the

last Section 2.3, we show the basic theory of timed automata and other graphical

representations for describing behaviours of the system.

2.1. π-Calculus

π-calculus is a process algebra proposed by Milner, Sangiorgi and Walker

[Mil99, SW01b] and is formalised for describing and analysing concurrent mobile

systems. It is viewed as a continuation of the process calculus, CCS (Calculus

of Communicating Systems) [Mil82]. The syntax and reduction rules are shown

in Figure 2.1 and Figure 2.2, respectively. π-calculus uses message-passing in

transitions instead of value-passing in the CCS. The difference is that message-

passing allows channel names to be communicated through channels. This

feature allows π-calculus to model the networks whose configuration may change

with time. Besides, π-calculus is expressive, as it can encode data structure,

encode functions as processes, encode higher-order π, and encode polyadic

communication with monadic [Mil91, Tur96] etc. As the extensions of π-

calculus, spi-calculus [AG99] and applied π-calculus [RS11] are for reasoning

about cryptographic protocols. Recent research [Puh06] shows that π-calculus can

be used as the theoretical basis of Business Process Modelling.

Asynchronous π-calculus, which we are interested in, is a variant of π-calculus

and is fundamental to session types. The reason for such importance is that

asynchronous communication is viewed as a more realistic model for concurrency

and other variants of π-calculus are translatable into asynchronous π-calculus. The

difference between asynchronous π-calculus and synchronous π-calculus is that

the asynchronous one requires no continuation after output. And processes in the
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Syntax

P,Q ::= processes

0 nil process

P | Q parallel composition

(νa)P generation of a

!P replication of

ū〈v〉.P output of v on channel u

u(x).P input of distinct variables x on u

Figure 2.1.: Syntax of the π-calculus

Reduction rules

ā〈v〉.P | a(x).Q → P | Q{v/x} [Com]

P → P′

P | Q → P′ | Q
[Par]

P → P′

(νa)P → (νa)P′
[Res]

P≡ Q → Q′ ≡ P′

P → P′
[Struct]

Figure 2.2.: Basic Reduction Rules of the π-calculus

original π-calculus can be expressed by the asynchronous π-calculus by using an

extra channel to send the acknowledgement from input processes.

2.2. Session Types

The ‘session’ concept, proposed in [HVK], represents a series of interactive

communications. The session calculus is a session-based asynchronous π-calculus

and is the theoretical support of session types. Session types are a typing system

for the session calculus.

The development concerning session types is shown in Figure 2.3. The

initial version of session types is binary session types, which only models the

communication between two participants. Later multiparty session types are

20



Binary Session Types

Multiparty Session Types

Progress in Interleaved 
Multiparty Sessions

Refinement/Generalisation 
of Multiparty Sessions 

[THK 94, HKV]

[HYC 08]

[BCD  08]

[DY 12]

+

Figure 2.3.: Major Development of Session Types

proposed to enable modelling of communication among multiple participants.

Next, a notion of multiparty sessions is presented to allow interleaved and

interfering multiparty sessions. Other evolutions of session types are later

proposed, like refinement/generalisation of multiparty sessions, session types with

assertions. Here we mainly introduce binary session types and multiparty session

types, as they are the basis of all other versions of session types.

2.2.1. Binary Session Types

As previously stated, the binary session types is fundamental, so we present it

first. The theory of binary session types consists of basic language constructs and

a type discipline for modelling communication-based concurrent systems. The

language constructs express the interactions in the program in a simple way and

they can be easily translated into asynchronous π-calculus. The type discipline not

only provides a high-level type abstraction of the interactions, but also checks the

typability between the processes in the program.

The syntax is shown in Figure 2.4. The process a(k).P sends the request for
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P ::= a(k).P session request

| a(k).P session acceptance

| k〈e〉 data sending

| k(x).P data reception

| k / l label selection

| k�{l1 : P1[] · · · []ln : Pn} label branching

| k〈k′〉 channel sending

| k(k′).P channel reception

| if e then P else Q conditional branch

| P | Q parallel composition

| 0 inaction

| (νu)P name/channel hiding

| def D in P recursion

| X [ek] process variables

e ::= c constant

| e+ e′ | e− e′ | e× e | not(e) | . . . operators

D ::= X1(x̃1k̃1) = P1 and · · ·and Xn(x̃nk̃n) = Pn declaration for recursion

Figure 2.4.: Session Calculus Syntax in [YV07]

initiating a session via a name a and creates a fresh channel, and then P will use

the channel for later interactions. The process a(k).P is the symmetric action of

receiving the request of session initiation via a and continues P with a new channel

k. Data sending k〈e〉 and receiving k(x).P are standard synchronous message

passing, where e denotes an expression like arithmetic/boolean operations and

names. In label selecting k / l and branching k� {l1 : P1[] · · · []ln : Pn}, the labels

l1, ..., ln are pairwise distinct. The channel sending and reception are also known

as delegations that allow passing a channel being used in one session to another

process. In conditional branch, e should be a Boolean value. The name/channel

hiding binds a local scope name or channel to the process. In recursion def D in P,

process P can occur one or more times.

The goal of the session concept is to provide a basic way of describing complex

interactions with clear and well-organised abstractions. The session calculus has

three primitives: value passing, label branching and delegation: the value passing
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↑ [S̃];α =↓ [S̃];α ⊕{li : αi}= &{li : αi} ↑ [α];β =↓ [α];β

↓ [S̃];α =↑ [S̃];α &{li : αi}=⊕{li : αi} ↓ [α];β =↑ [α];β

1 = 1 t = t µt.α = µt.α

Figure 2.5.: Duality Principle for Type Checking

feature is inherited from π-calculus; label branching is used for structuring external

choice, and without this feature, the session calculus and session types will be

limited; delegation allows the entity to delegate the processes of a certain request

to another entity, especially if we pass parts of responsibilities of the parent process

to the subprocesses, then we can assign processing to lower level or smaller

processes, without sacrificing the benefits of using session types, as all delegated

processes can follow a subset of session types from the top level. It is important to

note that the top-level process does not need to be aware of the delegation, which

allows us to design distributed systems with session types from a higher-level view.

Supported by the simple and flexible session calculus, session types provide

a basic typing principle for communication-based programming. With the

help of typing systems, we could check if the program is coherent concerning

communication structure and if it contains errors or not.

The typability of the program ensures two communicating processes are in a

compatible pattern. We present the basic notion of sorts that defines what kind of

message is sent and the notion of types that abstract the interaction to be done over

the channel.

Definition 2.2.1 (Types). Given type variables (t,t’,...) and sort variables (s,s’,...),

sorts (S,S’,...) and types (α,β,...) are defined by the following grammar.
S ::= nat | bool | 〈α,α〉 | s | µs.S

α ::= ↓ [S̃];α |↓ [α];β |&{l1 : α1, ..., ln : αn} | 1 |⊥
| ↑ [S̃];α |↑ [α];β | ⊕{l1 : α1, ..., ln : αn} | t | µt.α

The way of examining typability is to apply the duality principle, whose

inductive definition is shown in Figure 2.5. With duality checking, we could

ensure the program will run without undesirable program behaviour caused by

a discrepancy between different data types.
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Figure 2.6.: Session-based Distributed Programming

2.2.2. Multiparty Session Types

The problem with binary session types is that it limits the session to be owned by

two participants. Motivated by this, multiparty session types [YV07] are proposed

to close the gap. The framework of multiparty session types is shown in Figure 2.6,

which illustrates the general steps of distributed programming in a session-based

approach.

1. The intended communication protocols should be described in a global

session type, which specifies the protocol that all participants should follow

in the communication.

2. The global type is projected to endpoints to form the local projection for

each participant, which gives a local view of the intended protocol.

3. The typing system will perform the checking of processes.

This approach is a top-down style: we start with a global specification, and

end with well type-checked processes. It is usually assumed that global types are

complete, that is, all interactions between participants should be specified. Some

works like [CDCP11] loosen the assumption for global types, and some works

like [LTY15] realise the bottom-up manner, that is, they construct global types

from processes and local types.

This top-down framework is classic and is applied through the main chapters of

the thesis. We show a three buyer example presented in [CDCYP15] to illustrate

this classic framework. This example consists of three participants: Alice, Bob,

and Carol, who cooperate with each other for buying a book from a Seller. A

protocol for three participants is described informally below:
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Figure 2.7.: An Execution of the Three Buyer Protocol [CDCYP15]

1. Alice sends a book title to Seller and Seller sends back a quote to Alice and

Bob. Then Alice tells Bob the amount that she can contribute.

2. If the remaining price is within Bob’s budget, Bob accepts the offer by

notifying both Seller and Alice, then sends his address to Seller and Seller

answers with the delivery date.

3. If the price exceeds Bob’s budget, Bob asks Carol to collaborate and

establish a new session. Bob tells Carol the amount she has to contribute

and delegates the remaining interactions with Alice and Seller to her.

4. If Carol’s contribution is within her budget, she accepts the quote, notifies

Alice, Bob and Seller, and continues the rest of the protocol with Seller and

Alice as if she were Bob. Otherwise, she notifies Alice, Bob and Seller to

quit the protocol.

Figure 2.7 depicts an execution of the above protocol where Bob asks Carol

to collaborate (by delegating the remaining interactions with Alice and Seller) and

the transaction terminates successfully.

To correctly model this protocol, the syntax of global types and local types is

shown in Figure 2.8.

Given the protocol, the global types can be presented as Ga and Gb. Ga

describes the communication among Alice, Bob and Seller and Gb shows the

25



S ::= bool | . . . | G Sorts
U ::= S | T Exchange types

Global types
G ::= p→Π : 〈S〉.G Value exchange

| p→ p′ : 〈T〉.G Channel exchange
| p→Π : {li : Gi}i∈I Branching
| µt.G | t | end Recursion/end

Session types
T ::= !〈Π,S〉.T send value

| !〈p,T〉.T Send channel
| ?(p,U).T Receive
| ⊕〈Π,{li : Ti}i∈I〉 Selection
| &(p,{li : Ti}i∈I) Branching
| µt.T | t | end Recursion/end

Figure 2.8.: Global and Session Types

delegated interactions between Bob and Carol.

Ga =

(1) 2 −→ 3 : 〈string〉.
(2) 3 −→ {1,2} : 〈int〉.
(3) 2 −→ 1 : 〈int〉.
(4) 1 −→ {2,3} : {ok : 1−→ 3 : 〈string〉.
(5) 3−→ 1 : 〈date〉.end,

(6) quit : end}
Gb =

(1) 2 −→ 1 : 〈int〉.
(2) 2 −→ 1 : 〈T〉.
(3) 1 −→ 2 : {ok : end,quit : end}

T =⊕〈{2,3},{ok : !〈3,string〉.?(3,date).end,quit : end}〉

The calculus of multiparty sessions is shown in Figure 2.9.

Figure 2.10 shows an implementation of the protocol presenting Ga and Gb in

the processes Seller, Alice, Bob, and Carol by the session calculus. By applying

the typing rules in [CDCYP15], we prove that this implementation is type-safe.
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P ::= ū[p](y).P Multicast request
| u[p](y).P Accept
| c!〈Π,e〉;P Value sending
| c?(p,x);P Value reception
| c!〈〈p,c′〉〉;P Channel delegation
| c?((q,y));P Channel reception
| c⊕〈Π, l〉;P Selection
| c&(p,{li : Pi}i∈I) Branching
| if e then P else Q Conditional
| P | Q Parallel
| 0 Inaction
| (νa : G)P Service name hiding
| def D in P Recursion
| X〈e,c〉 Process call
| (νs)P Session hiding
| s: h Message queue

D ::= X(x,y) = P Declaration
E ::= [ ] | P | (νa : G)E Evaluation context

| (νs)E | def D in E
| E | E

a, b Service name
x Value variable

y, z, t Channel Variable
s Session name

p, q Participant number
X , Y Process variable

l Label
s[p] Channel with role

u ::= x | a Identifier
v ::= a | true Value
| false

e ::= v | x
| e and e′ Expression
| not e . . .

Π ::= {p} | {p}∪Π Set of participants
c ::= y | s[p] Channel

m ::= (q,Π,v) Message in transit
| (q,p,s[p′])
| (q,Π, l)

h ::= h·m | � Queue

Figure 2.9.: Process Syntax and Naming Conventions
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Seller = ā[3](y).y?(1, title).y!〈{1,2},quote〉.
y&(2,{ok : y?(2,address).y!〈2,date〉.0,quit : 0})

Alice = a[2](y).y!〈3,"Title"〉;y?(3,quote));y!〈2,quote div 2〉;
y&(2,{ok : 0, quit : 0})

Bob = a[1](y).y?(3,quote);y?(1,contrib);
if (quote− contrib < 100) then

y⊕〈{1,3},ok〉.y!〈3,"Address"〉;y?(3,date);0
else

b̄[2](z).z!〈1,quote− contrib−99〉;z!〈〈1,y〉〉;z&(1,{ok : 0,quit : 0})

Carol = b[1](z).z?(2,x).z?((2, t)).
if (x < 100) then

z⊕〈2,ok〉.t⊕〈{1,3},ok〉.t!〈3,"Address"〉.t?(3,date).0
else

z⊕〈2,quit〉.t⊕〈{1,3},quit〉.0

Figure 2.10.: Implementation of the Three Buyer Protocol.

2.3. Timed Automata and Other Graphical Models

This section is concerned with visual formalisms for modelling behaviours of

systems. Here we present three well-known formalisms, timed automata, Harel’s

statecharts and Business Process Modelling and Notation (BPMN). As one of the

objectives of this dissertation, we aim to establish the relationship between session

types and these graphical models.

2.3.1. Timed Automata

In automata theory, timed automata are used to model and analyse time-related

behaviours in the systems, such as real-time systems and networks. A timed

automaton is a finite automaton that is coupled with real-time values so that timed

automata could represent behaviours of real-time systems. A timed automaton

owns a finite number of clocks, denoted as set C, and it is assumed that all the clock

values increase at the same pace. The transition is guarded by time constraint δ

and clocks can be reset during the transition.

To define timed automata formally, we need to say what type of clock

constraints are allowed on the edges. The simplest form of a constraint compares
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a clock value with a time constant. We allow only the Boolean combinations of

such simple constraints.

Definition 2.3.1. For a set of X of clock variables, the set φ(X) of clock

constraints is defined inductively by

δ ::= true | x > c | x = c | ¬δ | δ1∧δ2

where c is a bound constant in Q, the set of nonnegative rationals and x ∈ X is a

clock.

A clock interpretation ν for the set of clocks X maps a real value to each clock,

that is, from X to R≥0. We say that a clock interpretation ν for X satisfies a clock

constraint δ over X iff δ evaluates to true using the values given by ν.

Now we have the definition of timed automaton.

Definition 2.3.2. A timed automaton A is a tuple (Q,q0,Act,X ,E,F) such that

• Q is the set of states,

• q0 ∈ Q is the initial state,

• Act is the alphabet,

• X are the clocks,

• E ⊆ (Q×Q×Act× 2X × φ(X)) are the transitions, where 2X is the reset

predicate, φ(X) the clock constraints on X ,

• F ⊆ Q are the final states.

An edge (q,q′,a,λ,δ) from E is a transition from state q to q′ with action a,

clock constraint δ and clock resets λ. The timed automation A starts in one of its

start states at time 0 with all its clocks initialised to 0. As time passes, the values

of all clocks increase, which reflect the elapsed time. At time τi, A changes state

from q to q′ using some transition of the form (q,a,δ,λ,q′) reading the input a, if

the current values of clocks satisfy δ. With this transition, the clock specified in λ

is reset to 0, and thus starts counting time with respect to the time of occurrence

of this transition. This behaviour is captured by defining runs of timed transition

tables. A run shows the state and the values of all the clocks along a transition

path. Figure 2.11 shows a simple example of timed automata.
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Figure 2.11.: Timed Automaton with Two Clocks [AD94]

For a time sequence τ = τ1τ2... we define τ0 = 0 and τi gives the time of

occurring ith event.

Definition 2.3.1. A run r, denoted by (q̄, ν̄), of a timed automation

(Q,q0,Act,X ,E,F) over a timed word (a,τ) is an infinite sequence of the form

r : 〈q0,ν0〉
a1−→
τ1
〈q1,ν1〉

a2−→
τ2
〈q2,ν2〉

a3−→
τ3

...

with q ∈ Q and ν ∈ [X → R], for all i≥ 0, satisfying the following requirements:

• Initiation: q0 ∈ Q0, and ν0(x) = 0 for all x ∈ X.

• Consecution: for all i ∈≥ 1, there is an edge in E of the form

(qi−1,ai,δi,λi,qi) such that (νi−1 + τi − τi−1) satisfies δi and νi = [λi 7→
0](νi−1 + τi− τi−1).

The set in f (r) consists of those states q ∈ Q such that q = qi for infinitely many

i≥ 0.

Later in Chapter 3 and 5, we adapt the definition of clock constraints and resets

in the syntax of timed session types and since we need to analyse the traces of

timed global and local types, we also define timed runs similarly to Definition

2.3.1.

2.3.2. Petri Nets

Petri nets are a tool to model concurrent systems and reason about them. Petri

nets not only offer a graphical notation to represent processes with choice,

recursion and concurrent operations, like UML activity diagrams, but also have

an exact mathematical definition for execution processes and a well-developed

mathematical theory for analysing processes. We present the definition of Petri

nets below.
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Definition 2.3.3. A net N is a tuple (S,T,F) such that

• S is a set of places,

• T is a set of transitions and S∩T = /0,

• F is a set of directed arcs and F ⊆ (S∪T )× (S∪T ) satisfying F× (S∪S) =

F× (T ∪T ) = /0.

All places and transitions are said to be elements of N. For an element x of N,

its preset ·x is ·x = {y ∈ N | (y,x) ∈ FN}, and its postset x· is x·= {y ∈ N | (x,y) ∈
FN}. An undirected path is a nonempty sequence x0 . . .xk of elements satisfying

xi ∈ ·xi−1 ∪ xi−1· for each i (0 ≤ i ≤ k). The net is weakly connected if, for each

two elements x and y, there exists an undirected path leading from x to y.

The states of a Petri net are defined by its markings, and state changes are

caused by the occurrences of transitions. A marking of a net N is a mapping

m : SN →N where N= 0,1,2, .... A place s is marked by a marking m if m(s)> 0.

A marked net is a net equipped with a marking, called initial marking, denoted

as m0. Let b ∈ N. A place s of a marked net is called bounded with bound b

(b-bounded) if m(s) < b for each reachable marking m. Marked nets with only

1-bounded places are usually called 1-safe or safe marked nets.

A transition t is enabled by a marking m if m marks all places in ·t. The

transition t is called dead at a marking m if it is not enabled at any marking

reachable from m. A marked net is said to be live if there is no dead transition at

any reachable marking. Therefore, each live marked net with at least one transition

is deadlock-free.

It is often required that every place of a marked net eventually can be marked.

If no transition of a marked net is dead then each non-isolated place is marked at

some reachable marking.

The above definitions are used in defining thread-correctness for choreograph-

ical session types in Section 4.2.2.

2.3.3. Harel’s Statecharts

Harel’s statecharts [Har87] is proposed on the basis of state transition diagrams.

It provides a visual formalism for the specification of reactive systems. Since it is

an extension of state transition diagrams of finite state machines, it uses states and

events/state transition as a natural medium for describing the dynamic behaviours

of a complex system.
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Figure 2.12.: Example of Statecharts and How XOR-Composition is achieved

As reactive systems become large-scale and complex, their specification and

design become a problem. If we continued to use the original state transition

diagram for modelling those systems, it would result in an unmanageable,

exponentially growing multitude of states, all of which have to be arranged

in a ‘flat’ unstratified fashion. This arrangement leads to an unstructured,

unrealistic, and chaotic state diagram. Thus, Harel’s statecharts are proposed

to solve the problem by way of providing a formalism of describing states and

transitions of the system in a modular fashion and of employing hierarchy and

orthogonality/concurrency.

We use rounded rectangles to denote states at any level, and use encapsulation

to show the hierarchy relation. Arrows are allowed to originate and terminate at

any level. An arrow will be labelled with an event (or an abbreviation of one) and

optionally also with a parenthesized condition.

Figure 2.12 gives an example and illustrates how XOR-composition is made.

We have three states A, B, and C. The event γ occurring in state A transfers the

system to state C, if and only if condition P holds at the time of occurrence. Since

event β transits the system to B from either A or C, we can cluster the latter two

states into a new super-state D and replace the two β arrows by one. Thus, D is

then the exclusive-or (XOR) composition of A and C; in other words, one must

be either in A or in C. The superstate D can be viewed as an abstraction of A and

C, which captures one common feature of A and C, that is, event β leads to B.

By clustering states into superstates, statecharts could economise in the number of

arrows.

The default state is also defined as the start state of the system when entering

32



Figure 2.13.: Illustration of Default State

Figure 2.14.: Illustration of ’Enter-by-History’

from the ‘outside’ world, as illustrated in Figure 2.13.

It is observed that one of the most interesting and frequent ways of entering

a group of states is by the system’s history in that group. The simplest kind

of this ‘enter-by-history’ is entering the state most recently visited, as shown in

Figure 2.14. It should be noted that history is applied only on the level in which it

appears.

There are two other ways of entering a group of states. One is through

conditions. In this method, a connective C is used to abbreviate more complicated

entrances to substates of a superstate with a simple, direct arrow, as illustrated in

Figure 2.15.

The other way is to enter through selection connective S. Selection occurs when

the entering state is determined by the ‘value’ of a generic event so that the event

is the selection of one of a number of clearly defined options and the connective

has chosen to model those options as states. An example is shown in Figure 2.16.

Orthogonality is another important feature of Harel’s statecharts, which is
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Figure 2.15.: Example of Entering State Group according to Conditions

Figure 2.16.: Example of Entering State Group by Selection
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Figure 2.17.: Example of Orthogonality

explained through an example in Figure 2.17. The notation used in statecharts

is the physical splitting of a box into components using dashed lines. A state Y

consists of AND components A and D, with the property that being in Y indicates

being in some combination of B or C with E, F or G. Then we view that Y is

the orthogonal product of A and D. Without any additional information, entering

Y from the outside is entering the combination (B, F) by the default arrows. If

event α occurs, it transfers B to C and F to G simultaneously, resulting in the new

combined state (C, G). This illustrates a certain kind of synchronisation: a single

event causing two simultaneous happenings. On the other hand, the occurrence of

event µ at (B,F) only affects D component, leading to (B,E), which illustrates some

kind of independence. Both behaviours are part of the orthogonality of A and D,

which is the term we use to describe the AND decomposition.

One of the additional features of Harel’s statecharts is applying time con-

straints. This is done using the event

expression timeout(enter state, bound)

in which the enter state is the source of transition and the bound, including lower

and upper bound, shows the time interval that the enter state is available.

In the discussion of future works in Section 6.2, we present an example to

show how to express proposed timed choreographical session types in Harel’s

statecharts.
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Figure 2.18.: Illustration of Time Constraints in Harel’s Statecharts

2.3.4. Business Process Modeling and Notation (BPMN)

BPMN [BPM] is a standard graphical representation for modelling business

processes. It is based on a flowchart technique similar to the activity diagram in

Unified Modeling Language (UML) and is designed to particularly coordinate pro-

cesses and messages flowing between different processes/participants. Nowadays

business processes expand to multiple participants and this makes the coordination

become complex. BPMN is developed as a standard modelling method to address

this issue. Since BPMN targets both high-level business users and low-level

process implementers, it is designed to be easy to read and understand for business

users and to be able to generate a business diagram with enough details for

physical implementation. One thing to note is the difference between BPMN

and UML. UML employs an object-oriented approach for modelling applications

and software design, while BPMN takes a process-oriented method for modelling

systems. These two ways of presentation provide different views of the system;

thus we can say they are compatible instead of competing.

The BPMN diagram consists of four basic elements: event denotes something

which happens during the course of a process; activity describes the kind of work

that must be done; gateway decides the forking and merging points of paths,

depending on the given conditions; connection objects are used to connect those

flow objects.

There are many branches of business diagrams in BPMN. The one we

are most concerned with is Choreography. Choreography formalises the way

that business participants coordinate their interactions, and it focuses on the

exchange of information (messages) between participants. Choreography is a

definition of expected behaviour, basically a procedural business contract, between

interacting participants. It presents message exchanges and their logical relation

as conversations.

The basic element is a BPMN Choreography task and in that sense, a Chore-
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Event Activity Gateway Connection

Figure 2.19.: Basic Elements of BPMN

Figure 2.20.: Construction of a Choreography Task

ography defines the order in which Choreography tasks occur. A Choreography

task represents an interaction, which is one or two message exchanges between

two participants, as shown in Figure 2.20.

Figure 2.21 is an example of a Choreography diagram. In Section 6.2,

we illustrate how to present timed choreographical session types in BPMN

choreography diagram.
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Figure 2.21.: An Example of Choreography
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3. Timed Multiparty Session Types

This chapter introduces the theory of Timed Multiparty Session Types. First,

we give the semantics of timed global types and local types and the projection

algorithm. Then we give a simple π-calculus for programs with delays that can

be used to synchronise the communications in a session. A compositional proof

system for the π-calculus enables a modular verification for time-error freedom.

In Section 3.6, we define the two conditions for ensuring that process will not

deadlock because of inappropriate constraints and present time-progress property

to guarantee that a process enjoys progress property if its untimed counterpart does

not deadlock. The last parts are related works and the conclusion of this chapter.

3.1. Motivation: for Distributed Timed Protocol

The scenario, provided by our partner, the Ocean Observatories Initiative (OOI)

[OOI], motivates us to add time in session types. The use case is about deploying

a sensor network that consists of different ocean instruments controlled via remote

service agents. In many OOI use-cases, execution time is important: requests are

associated with deadlines; services are scheduled at specified time intervals. These

time requirements can be expressed by combining global protocol descriptions

from MPSTs and time from CTAs. We show the example of a three-party

protocol that calculates the average water temperature via periodic sampling. In

this protocol, we have three participants: a master M that initiates the sampling

activity, a worker W that is a sensor with fixed and periodic response time w, and an

aggregator service A that accumulates the data; their time constraints are expressed

using clocks xM, xW, and xA, initially set to 0. We visualise the protocol using a

Message Sequence Chart (MSC)-like notation. Delays l (average latency of the

network) and w (sampling time) are expressed in milliseconds. Note that in this

scenario, clocks can be reset at different times but time elapses at the same pace

for all the participants of the protocol.

(1): Initially, M sends W a message of type task and then resets its clock xM
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M

<task>

⊕

xM := 0

<data>

STOP<data>
xM := 0

MORE<data>

STOP

MORE<task>

xW ≤ w  

xW := 0

3l+ w≤ xA 

(1)

(2)

(3)
(4)

(5)

iterate

xW := 0

Delays (in ms):   

W A

xM = 0 l≤ xW 

xM =2l+w

xW = 2l

xW = 2l

xA := 0

3l+w ≤ xA 

xM =2l+w

l = 400 (latency)   w = 300,000 (sampling)

xW := 0

xM := 0 xW := 0

xA := 0

Figure 3.1.: Message Sequence Chart-like Notation of the Three-party Protocol

(setting xM := 0). After at least l, W can receive the message and reset xW.

(2): W completes the task and replies to M with a message of type data in at most

w time units. M receives and resets xM at time xM = 2l +w.

(3): M sends A a message of type data along with either label MORE, indicating the

sampling continues for another iteration, or label STOP, which means that enough

data has been gathered.

(4): If MORE was selected, then M assigns W another task with label MORE, resets

xM and another iteration begins.

(5): If STOP was selected then M tells W that this session ends.

3.2. Timed Multiparty Global Session Types

Global types [CDCYP15, HYC08] are specifications of the interactions (causali-

ties and carried data types) of multiparty sessions. As they can be automatically

projected onto a set of local types that describe the protocol from the view of each

participant, global types are fundamental for local verification for processes. Thus

it is necessary to start with the defining syntax of global types.

3.2.1. Syntax of Timed Global Types

We extend global types with constraints on clocks, yielding timed global types

(TGs). We use the definitions from timed automata in Section 2.3.1: let X be a

set of clocks ranged over by x1, . . . ,xn, taking values in R≥0 and n be the number
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of participants in the protocol. A clock assignment ν : X 7→ R≥0 returns the time

of the clocks in X . And ν+ t returns the clock assignment mapping all x ∈ X to

ν(x)+ t. We write ν0 for the initial assignment mapping all clocks to 0 (when the

domain is understood). The set Φ(X) of clock constraints over X is defined as:

δ ::= true | x > c | x = c | ¬δ | δ1∧δ2

where c is a bound time constant in Q≥0 and we can derive false, <, ≤, ≥, ∨ in

the standard way. The set of free clocks in δ, denoted as fn(δ), is inductively as:

fn(true) = /0 fn(x > c) = fn(x = c) = {x}
fn(¬δ) = fn(δ) fn(δ1∧δ2) = fn(δ1)∪ fn(δ2)

We write δ(x̃) when fn(δ) = x̃, and let ν |= δ denote that δ is satisfied by ν. A reset

predicate over X , ranged over by λ, is a subset of X . The empty set of λ means that

no reset occurs, otherwise the clock for each x ∈ λ is set to 0. We write [λ 7→ 0]ν

for the clock assignment that is like ν except all clocks in λ are assigned to 0.

Participants (p,q,p1, . . .∈N) interact via asynchronous message exchange. An

interaction consists of a send action and a receive action, and each action annotated

with a clock constraint and a reset predicate. The constraint specifies when that

action can be executed and the reset predicate specifies if clocks must be reset or

not. For simplicity, we assume that each participant is associated with one clock

and denote by xp the clock of p.

Definition 3.2.1 (Syntax of Global Types). The syntax for sorts S, timed global

types G is:

S ::= 〈G〉 | (T,δ) | bool | nat | . . .
G ::= p→ q : {li : 〈Si〉{Ai}.Gi}i∈I | µt.G | t | end

A ::= {δO,λO,δI,λI}

In G, type p→ q : {li : 〈Si〉{Ai}.Gi}i∈I models an interaction: p chooses a

branch i ∈ I, where I is a finite set of branch indices, and sends q the branching

label li along with a message of sort Si. Then the session continues as Gi. It is noted

that sort (T,δ) stands for session delegation. Each interaction branch is annotated

with a time assertion Ai = {δO,λO,δI,λI}, where δO and λO defined on {xp} are

the clock constraint and reset predicate for the output action, and δI and λI defined

on {xq} are for the input action. We write p→ q : 〈S〉{A}.G′ for the interactions

with only one branch. In recursive type µt.G, a type variable t is associated to the

recursion body G. We assume that type variables are guarded in the standard way
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and end occurs at least once in G . We write P (G) as the set of participants of G.

Example 3.2.2 (Temperature calculation). We show below the global timed type

G for the protocol in §3.1 . We write _ for empty reset predicates.

G def
= M→ W : 〈task〉{B1

O,B
1
I}.µt.G′

G′ def
= W→ M : 〈data〉{B2

O,B
2
I}.

M→ R : {more : 〈data〉{B3
O,B

3
I}.

M→ W : more〈task〉{B4
O,B

4
I}.t,

stop : 〈data〉{B3
O,B

3
I}.

M→ W : stop〈〉{B4
O,B

4
I}.end}

B1
O = {xM = 0,xM}

B1
I = {l ≤ xW,xW}

B2
O = {xW ≤ w,xW}

B2
I = {xM = 2l +w, _ }

B3
O = {xM = 2l +w, _ }

B3
I = {3l +w≤ xR,xR}

B4
O = {xM = 2l +w,xM}

B4
I = {xW = 2l,xW}

3.2.2. Labelled Transition System for Timed Global Types

The LTS for TGs is defined over states of the form (ν,G) and labels as:

` ::= pq!l〈S〉 | pq?l〈S〉 | t

where pq!l〈S〉 is a send action (i.e., p sends l〈S〉 to q), pq?l〈S〉 is the dual receive

action, and t ∈ R≥0 is a time action modelling time passing. We denote the set of

labels by L and let

subj(pq!l〈S〉) = p

subj(qp?l〈S〉) = p

subj(t) = /0

The syntax of G is extended with p q : {l : 〈S〉{A}.G} to model the state in

which message l〈S〉 has been sent by p but not yet received by q (as in [DY13]).

When defining the semantics for TGs, we need to prevent time steps that are

too big and would make the clock constraint of some of the actions ready to be

executed, or ready actions, unsatisfiable. The ready actions are those that have

no causal relationship with actions that occur earlier, syntactically. The TG in

(3.1) has two ready actions since the send actions of p and of k can happen in any

order due to asynchrony; the time elapsing intervals that would invalidate either

{xp ≤ 20} or {xk < 10} should be prevented.

p→ q : 〈int〉{xp ≤ 20, _ , true, _ }.k→ r : 〈int〉{xk < 10, _ ,xr = 10, _ } (3.1)

In general, a ready action can have multiple branches and hence be annotated with

a set of constraints (e.g., {δi}i∈I). Below, function ready(G,D) returns the set
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of constraints of all ready actions in G. D is a participants and is initially empty.

It is used to keep track of the causal dependencies between actions. We write

ready(G) for ready(G, /0).

ready(p→ q : {li : 〈Si〉{δOi,λOi,δI i,λI i}.Gi}i∈I,D)

=

{δOi}i∈I
⋃

i∈I ready(Gi,D∪{p,q}) if p 6∈ D⋃
i∈I ready(Gi,D∪{p,q}) otherwise

ready(p q : {l : 〈S〉{δO,λO,δI,λI}.G},D)

=

{δI}∪ready(G,D∪{q}) if q 6∈ D

ready(G,D∪{q}) otherwise

ready(µt.G,D) = ready(G,D)

ready(t,D) = ready(end,D) = /0

We write ν |=∗ ready(G) when the constraints of all ready actions of G are still

satisfiable in ν. Formally,

ν |=∗ ready(G) iff ∀{δi}i∈I ∈ ready(G)∃ t ≥ 0, j ∈ I, ν+ t |= δ j

By requiring the satisfiability of some j ∈ I we allow that each action can be

executed at any time allowed by its constraints, instead of the earliest possible time.

In this way, the semantics of TGs specify the full range of correct behaviours.

The transition rules for global types are given in Figure 3.2. We assume the

execution always begins with initial assignment ν0. Rule bSELECTc models the

usual selection activity except that the clock constraint of the selected branch j is

checked against the current assignment, i.e., ν |= δO, and the clock assignment ν′

is updated with reset predicate λO. Rule bBRANCHc is dual for selection. Rule bTIMEc
shows time passing by incrementing all clocks; the clause in the premise prevents

time steps that make the clock constraints of some ready action unsatisfiable.

Rules bASYNC1c and bASYNC2cmodel interactions that appear later (syntactically)

but are not causally dependent on the first interaction. For instance, in (3.2) below

p→ q : 〈int〉{xp < 20, _ , true, _ }.r→ k : 〈int〉{xr < 10, _ , true, _ } (3.2)

the second interaction could happen before the first one as p and r are not causally

related; in this case (3.2) would move by bASYNC1c to

p→ q : 〈int〉{xp < 20, _ , true, _ }.r k : 〈int〉{xr < 10, _ , true, _ } (3.3)
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j ∈ I A j = {δO,λO,δI,λI} ν |= δO ν′ = [λO 7→ 0]ν

(ν,p→ q : {li : 〈Si〉{Ai}.Gi}i∈I)
pq!l j〈S j〉−−−−−→ (ν′,p q : l j〈S j〉{A j}.G j)

bSELECTc

ν |= δI ν′ = [λI 7→ 0]ν

(ν,p q : {l : 〈S〉{δO,λO,δI,λI}.G})
pq?l〈S〉−−−−→ (ν′,G)

bBRANCHc

(ν,G[µt.G/t]) `−→ (ν′,G′)

(ν,µt.G)
`−→ (ν′,G′)

bRECc

∀k ∈ I (ν,Gk)
`−→ (ν′,G′k) p,q 6∈ sub j(`) ` 6= t

(ν,p→ q : {li : 〈Si〉{Ai}.Gi}i∈I)
`−→ (ν′,p→ q : {li : 〈Si〉{Ai}.G′i}i∈I)

bASYNC1c

(ν,G)
`−→ (ν′,G′) q 6∈ sub j(`)

(ν,p q : {l : 〈S〉{A}.G}) `−→ (ν′,p q : {l : 〈S〉{A}.G′})
bASYNC2c

ν+ t |=∗ ready(G)

(ν,G)
t−→ (ν+ t,G)

bTIMEc

Figure 3.2.: Labelled Transition for Timed Global Types

3.3. Timed Local Types

Similarly, we extend local types with constraints on clocks, yielding timed local

session types (TLs).

3.3.1. Syntax of Timed Local Types and Projection Definition

Definition 3.3.1 (Syntax of Local Types). The syntax for sorts S and timed local

types T is:

S ::= 〈G〉 | (T,δ) | bool | nat | . . . (sort (T,δ) is for session delegation)

T ::= p⊕{li : 〈Si〉{Bi}.Ti}i∈I | p&{li : 〈Si〉{Bi}.Ti}i∈I | µt.T | t | end

B ::= {δ,λ}

In T , we model interactions from a participant’s local viewpoint. It is

denoted either as selection types p ⊕ {li : 〈Si〉{Bi}.Ti}i∈I or branching types

p&{li : 〈Si〉{Bi}.Ti}i∈I . We write the projection of G onto p ∈ P (G) as G ↓p.
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The definition is standard except each time assertion {δO,λO,δI,λI} is projected

onto the sender/receiver by keeping only the output part {δO,λO} or the input

part {δI,λI}, e.g., if G = p→ q : {li : 〈Si〉{Bi,B′i}.Gi}i∈I then G ↓p= q⊕ {li :

〈Si〉{Bi}.Gi ↓p}i∈I and G ↓q= p&{li : 〈Si〉{B′i}.Gi ↓q}i∈I .

Definition 3.3.2 describes how to project algorithmically a TG onto its

participants. In this chapter, we consider the global types that are projectable on

all their participants.

Definition 3.3.2 (Projection). Given G the projection of G on a p∈G, written G ↓p
is recursively defined as follows assuming p 6= q:

(1) p→ q : {li : 〈Si〉{BOi,BIi}.Gi}i∈I ↓r=


q⊕{li : 〈Si〉{BOi}.Gi ↓r}i∈I if r = p

p&{li : 〈Si〉{BIi}.Gi ↓r}i∈I if r = q

ti∈IGi ↓r otherwise

(2) (µt.G) ↓r=

µt.(G ↓r) if G ↓r 6= t

end otherwise

(3) t ↓r= t
(4) end ↓r= end

If no side condition applies then G is not projectable on p. The time assertions

are projected straightforwardly: {δO,λO,δI,λI} is projected onto the sender side

by keeping the output part {δO,λO} and onto the receiver side by keeping the input

part {δI,λI}. The rest of project definition is standard. Case (1) uses the merge

operator t [YVPH09, DY11] to ensure that if the locally observable behaviour

of the projected local type is not independent of the chosen branch, then it is

identifiable by r via a unique label. If the branches cannot be merged then the

side condition of case (1) is not satisfied.

The merge operator t [YVPH09, DY11] is defined below

p&{li : 〈Si〉{Bi}.Ti}i∈I tp′&{l j : 〈S′j〉{B′j}.T ′j} j∈J
def
=

p&({lk : 〈Sk〉{Bk}.Tk}k∈I\J ∪{lk : 〈S′k〉{B′k}.T ′k}k∈J\I

∪{lk : 〈Sk〉{Bk}.TktT ′k}k∈I∩J)

where for each k ∈ I∩ J, pk = p′k, Sk = S′k and Bk = B′k.

and ensures that either (a) the locally observable behaviour of the projected local

type is either independent of the chosen branch (i.e., Gi ↓r=G j ↓r for all i, j∈ I), or

(b) the chosen branch is identifiable by r via a unique label. If the side condition of

the merge operator is not satisfied then the two timed local types are not mergeable;

45



in this case, the side condition of case (1) of Definition 3.3.2 of projection is not

satisfied.

Definition 3.3.3 (Projectable TG). We say that G is projectable if there exist

{Tp}p∈P (G) such that for all p ∈ P (G), G ↓p= Tp.

In this chapter, we implicitly consider all G projectable.

Example 3.3.4 (Temperature calculation). We show below the local timed type G

for the protocol in §3.1 . We write _ for empty reset predicates.

G ↓M
def
= W⊕〈task〉{B1

O}.
µt. W&〈data〉{B2

I}.
R⊕{more : 〈data〉{B3

O}.
W⊕more : 〈task〉{B4

O}.t,
stop : 〈data〉{B3

O}.
W⊕ stop : 〈〉{B4

O}.end}

G ↓W
def
= M&〈task〉{B1

I}.
µt. M⊕〈data〉{B2

O}.
M&{more : 〈task〉{B4

I}.t,
stop : 〈〉{B4

O}.end}

G ↓R
def
= µt. M&{more : 〈data〉{B3

I}.t,
stop : 〈data〉{B3

O}.end}

B1
O = {xM = 0,xM}

B1
I = {l ≤ xW,xW}

B2
O = {xW ≤ w,xW}

B2
I = {xM = 2l +w, _ }

B3
O = {xM = 2l +w, _ }

B3
I = {3l +w≤ xR,xR}

B4
O = {xM = 2l +w,xM}

B4
I

def
= {xW = 2l,xW}

3.3.2. LTS for Timed Local Types

The LTS for TLs is defined on states (ν,T ), labels L and by the rules in Figure 3.3,

using the same sets of labels as for timed global types, where ν is a clock

assignment with domain xp.

In rule bLTIMEc, ν+ t |=∗ ready(T ) is defined as in §3.2 but relying on the

function ready() on timed local types from Definition 3.3.5.

Definition 3.3.5 (Ready local clock constraints).

ready(p⊕{li : 〈Si〉{δi,λi}.Ti}i∈I) = ready(p&{li : 〈Si〉{δi,λi}.Ti}i∈I) = {δ j}i∈I

ready(µt.T ) = ready(T )

ready(t) = ready(end) = /0

Given a set of participants {1, . . . ,n}, we define the configurations s ::=

(T1, . . . ,Tn,
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j ∈ I B j = {δ,λ} ν |= δ ν′ = [λ 7→ 0]ν

(ν,q⊕{li : 〈Si〉{Bi}.Ti}i∈I)
pq!l j〈S j〉−−−−−→ (ν′,Tj)

bLSELc

j ∈ I B j = {δ,λ} ν |= δ ν′ = [λ 7→ 0]ν

(ν,q&{li : 〈Si〉{δi,λi}.Ti}i∈I)
qp?l j〈S j〉−−−−−→ (ν′,Tj)

bLBRAc

(ν,T [µt.T/t]) `−→ (ν′,T ′)

(ν,µt.T ) `−→ (ν′,T ′)

ν+ t |=∗ ready(T )

(ν,T ) t−→ (ν+ t,T )
bLREC/LTIMEc

Figure 3.3.: Labelled Transition Rules for Local Timed Types

w̃) where w̃ ::= {wi j}i 6= j∈{1,...,n} are unidirectional, possibly empty (denoted by

ε), unbounded channels with elements of the form l〈S〉. The LTS for configuration

is defined as follows and ν is the overriding union (i.e., ⊕i∈{1,...,n}νi) of the clock

assignments νi of the participants.

(ν,(T1, . . . ,Tn, w̃))
`−→ (ν′,(T ′1, . . . ,T

′
n, w̃

′)) iff:

`= pq!l〈S〉 ⇒ (νp,Tp)
`−→ (ν′p,T

′
p)∧w′pq = wpq · l〈S〉∧ (i j 6= pq⇒ wi j = w′i j ∧Ti = T ′i )

`= pq?l〈S〉 ⇒ (νq,Tq)
`−→ (ν′q,T

′
q)∧ l〈S〉 ·w′pq = wpq∧ (i j 6= pq⇒ wi j = w′i j ∧Tj = T ′j )

`= t⇒∀i 6= j ∈ {1, . . . ,n}.(νi,Ti)
`−→ (νi + t,Ti)∧wi j = w′i j(with p,q, i, j ∈ {1, . . . ,n})

We denote by ≈ the standard weak bisimulation, and often omit initial assign-

ments.

We prove that soundness and completeness are preserved through projection.

Before showing the theorem, we present the following lemma.

Lemma 3.3.6. Let G be a (projectable, see Definition 3.3.3) TG, and ν be the

overriding union of the assignments νp of all p ∈ P (G), then for all p ∈ P (G):

ν+ t |=∗ ready(G) iff νp + t |=∗ ready(G ↓p)

Theorem 3.3.7 (Soundness and completeness of projection). Let G be a timed

global type and {T1, . . . ,Tn} = {G ↓p}p∈P (G) be the set of its projections; then

G≈ (T1, . . . ,Tn, ε̃).

Proof. The proof of Theorem 3.3.7 proceeds as the proof of Theorem 3.1 [DY13].

First, we define (as in [DY13]) a behaviour-preserving subtyping relation T <

T ′ between timed local types which allows adding branches in branching types

but not selection types. This subtyping is extended to configurations as follows:
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(ν, T̃ , w̃) < (ν′, T̃ ′, w̃′) if w̃ = w̃′, ν = ν′ and ∀p ∈ P , Tp < T ′p and we obtain the

following property: if (ν, T̃ , w̃)< (ν′, T̃ ′, w̃′) then (ν, T̃ , w̃)≈ (ν′, T̃ ′, w̃′).

Second, to match global and local types step by step, as in [DY13], we extend

projection to intermediary steps and define projected configuration of a global type

G, written [[G]]{wpq}pq∈P (G) to take into account the content of channels by adding

into the channels the messages sent in intermediary states i.e.,

[[p′ q′ : {l : 〈S〉{A}.G}]]{wpq}pq∈P (G) = [[G]]{wpq}pq∈P (G)[wp′q′ = wp′q′ · l〈S〉]

Third, as in [DY13] we prove the following step equivalence which directly

yields the theorem: if [[G]]< (ν, T̃ , w̃) then G `−→ G′⇔ (ν, T̃ , w̃) `−→ (ν′, T̃ ′, w̃′)

and [[G′]]< (ν′, T̃ ′, w̃′).

The step equivalence is proved by induction on the structure of the transition of

G. For soundness we assume (ν,G)
`−→ (ν′,G′) and show that the corresponding

configuration (ν, T̃ , w̃) can then make a step ` into (ν′′, T̃ ′′, w̃′′)< (ν′, T̃ ′, w̃′) where

(ν′, T̃ ′, w̃′) is the projection [[G′]]{wpq}pq∈P (G) of G′. All the cases are identical

to [DY13], observing that, by projection, if the clock constraints of G are satisfied

then also the constraints in the corresponding configuration are satisfied since both

cock constraints and reset predicates of G are the same as those of its projections.

The only step that is not treated in [DY13] is the time transition by bTIMEc. This

cDese follows by Lemma 3.3.6. In fact, if (ν,G)
t−→ (ν′,G′) then the premise

of bTIMEc – ν+ t |=∗ ready(G) – is satisfied. By Lemma 3.3.6, ν+ t |=∗ ready(G)

yields ν+ t |=∗ ready(Ti) for all projections Ti hence the premise of bLTIMEc for

all Ti is satisfied and the configuration can make a time step t.

Completeness proceeds similarly to [DY13] except the step bTIMEc which also

follows by Lemma 3.3.6.

3.4. Multiparty Session Processes with Delays

In this section, we present the theory of timed multiparty session calculus. We

define the semantics of multiparty session processes with delay primitives and

show the process reduction rules. The typing system of timed session calculus

is defined for verifying the program. We also extend to runtime processes that

include runtime queues and define the corresponding reduction rules and proof

rules. Finally, we define and prove the theorems of type preservation and timed

error-freedom.
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3.4.1. Syntax of Timed Session Calculus

We model processes using a timed extension of the asynchronous session calculus[CDCYP15].

The syntax of the calculus with delays is presented below.

Definition 3.4.1 (Syntax of Timed Session Calculus).

P ::= u[n](y).P Request

| u[i](y).P Accept

| c[p]/ l〈e〉;P Select

| c[p].{li(zi).Pi}i∈I Branching

| c[p]/ 〈〈c′,ν〉〉;P Delegate

| c[p]. ((y)).P Session receive

| delay(t).P Delay

| if e then P else Q Conditional

| P | Q Parallel

| 0 Inaction

| µX .P Recursion

| X Variable

| (νa)P Hide Shared

| (νs)P Hide Session

| s : h Queue

h ::= /0 | h · (p,q,m) (queue content)

m ::= l〈v〉 | s[p] (messages)

c ::= s | y (session names/variables)

u ::= a | u (shared names/variables)

e ::= v | ¬e | e′op e′ (expressions)

v ::= c | u | true | . . . (values)

Process u[n](y).P requests, along u, to start a new session y (with n participants)

as participant 1 and continues as P. Process u[i](y).P accepts an invitation to

engage in a new session as participant i. Select c[p] / l〈e〉;P sends message l〈e〉
to participant p in session c and continues as P. Branching is dual. In e we let

op denote predefined binary operators over expressions. Request and accept bind

y in P; branching binds zi in Pi. We introduce a new primitive delay(t).P that

executes P after waiting exactly t units of time. Note that t is a constant (as in

[BY07, LZ05, LP12]). We often omit 0, and the label in a singleton selection or
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a[n](y).P1 |∏i∈{2,..,n} a[i](y).Pi −→ (νs)(∏i∈{1,..,n}Pi[s[i]/y] | s : /0) (s 6∈ fnPi)

bLINKc
s[q]/ l〈e〉;P | s : h −→ P | s : h · (p,q, l〈v〉) (e ↓ v) bSELc

s[q].{li(zi).Pi}i∈J | s : (p,q, l j〈v〉) ·h −→ Pj[v/z j] | s : h ( j ∈ J) bBRAc
s[q]/ 〈〈s′[p′]〉〉;P | s : h −→ P | s : h · (p,q,s′[p′]) bDELc

s[q]. ((y)).P | s : (p,q,s′[p′]) ·h −→ P[s′[p′]/y] | s : h bSRECc
∏ j∈J s j : h j |∏i∈I delay(t).Pi −→ ∏ j∈J s j : h j |∏i∈I Pi bDELAYc

P−→ P′ P 6≡ (νñ)(delay(t).R | Q′) imply P | Q−→ P′ | Q bCOMc

Figure 3.4.: Reduction for processes

branching. We denote with fnP the set of free variables and names of P. We define

programs as processes that have not yet engaged in any session, namely that have

no queues, no session name hiding, and no free session names/variables.

The reduction rules are given in Figure 3.4. In bSELc we write e ↓ v when

expression e evaluates to value v. Rule bDELAYc allows a delay to elapse

simultaneously for a number of parallel processes. Note that t must be the same for

all Pi and that we can use the structural equivalence rules to conveniently arrange

delays. Rule bCOMc (n stands for s or a) enables part of the system to reduce as

long as the reduction is not by bDELAYc on P. The other rules are standard.

Example 3.4.2 (Temperature calculation). Process PM is a possible implementation

of participant M of the protocol in Example 3.3.4; note the correspondence between

PM and G ↓M from Example 3.3.4. Assuming that at least one task is needed

in each session, we let task() be a local function returning the next task, and

more_tasks() return true if more tasks have to be submitted and false otherwise.

PM
def
= s[M][W]/ 〈task()〉;µX .delay(2l +w). s[M][W]. (y);if more_tasks()

then s[M][R]/more〈y〉;s[M][W]/more〈task()〉;X
else s[M][R]/ stop〈y〉;s[M][W]/ stop〈〉;end
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3.4.2. Structural Equivalence and Proof Rules

Structural equivalence for processes is the least equivalence relation that satisfies

the standard rules from [CDCYP15] plus the following rules for delays:

P | 0≡ P P | Q≡ Q | P (P | Q) | R≡ P | (Q | R)
(νn)P | Q≡ (νn)(P | Q) if n 6∈ fnQ

(νn)(νn′)P≡ (νn′)(νn)P (νn)0≡ 0
µX .P≡ P[µX .P/X ]

(νs)s : /0 = 0

s : (p,q,n) · (p′,q′,n′) ·h≡ s : (p′,q′,n′) · (p,q,n) ·h if p 6= p′ or q 6= q′

delay(t + t ′).P≡ delay(t).delay(t ′).P

delay(0).P≡ P

delay(t).(νa)P≡ (νa)delay(t).P

delay(t).(P | Q)≡ delay(t).P | delay(t).Q

The rules at the top are standard. We just recall that rule (νs)s : /0= 0 is for garbage

collection of queues of terminated sessions, and the rule for queues in the last line

(on the top) is for permuting messages that are causally unrelated (i.e., can be

received in any order due to asynchrony). At the bottom, delay(t).delay(t ′).P≡
delay(t + t ′).P breaks a delay into smaller intervals, delay(0).P ≡ P always

allows time to elapse for idle processes, and the rules in the second line distribute

a delay within a shared name restriction and in parallel compositions.

Proof rules. We validate programs against specifications based on TLs, using

judgements of the form Γ ` P . ∆ and Γ ` e : S defined on the following

environments:

Γ ::= /0 | Γ,u : S | Γ,X : ∆ ∆ ::= /0 | ∆,c : (ν,T )

The type environment Γ maps shared variables/names to sorts and process variables

to their types, and the session environment ∆ holds information on the ongoing

sessions, e.g., ∆(s[p]) = (ν,T ) when the process being validated is acting as p

in session s specified by T ; ν is a ‘virtual’ clock assignment built during the

validation.

Resets can generate infinite time scenarios in recursive protocols. To ensure

sound typing we introduce a condition, infinite satisfiability, that guarantees
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regularity across different instances of a recursion.

Definition 3.4.3 (Infinitely satisfiable). G is infinitely satisfiable if either: (1)

constraints in recursion bodies have no resets, no equalities nor upper bounds (i.e.,

x < c or x≤ c), or (2) all participants reset at each iteration.

In the rest of this section, we assume that TGs are infinitely satisfiable. As

usual, in the validation of P we check Γ ` P′ .∆ where P′ is obtained by unfolding

once all recursions µX .P′′ occurring in P. This ensures that both the first instance

of a recursion and the successive ones (all similar by infinite satisfiability) satisfy

the specification.

We show in Figure 3.5 proof rules for programs. Rule bVREQc for session

request adds a new instance of session for participant 1 to ∆ in the premise. The

newly instantiated session is associated with an initial assignment ν0 for the clock

of participant 1. Rule bVACCc for session accept is similar but initiates a new session

for participant i. Rule bVBRAc for branching processes checks all the branches

in I. If the received message is a session (i.e., Si = (Td ,δd)) a new assignment

zi : (νd ,Td) is added to ∆ in the premise. This can be any assignment such that

νd |= δd . Rule bVSELc for selection processes checks that the clock constraint δ j of

the selected branch j satisfies the current assignment ν, and updates, in the session

environment of the premise, the clock assignment as prescribed by λ j. Rule bVDELc
for delegation requires δd to be satisfied in the assignment νd of the delegated

session, which is removed from the premise. Rule bVTIMEc increments the clock

assignments of all sessions in ∆. Rule bVENDc validates 0 if there are no more

actions prescribed by ∆. Rule bVDEFc extends Γ with the assignment for process

variable X . Rules bVPARc and bVCONDc are standard. Rule bVCALLc validates, as

usual, recursive call X against Γ(X) (and possibly some terminated sessions ∆′).

3.4.3. Extension to Runtime Processes

In this subsection, we extend the typing system of programs to type run-time

processes in which sessions have been initiated and queues may be non-empty.

This extension is necessary for subject reduction.

We first extend timed local types to include run-time queues.
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Γ,u : G ` P.∆,y[1] : (ν0,� G1)
dom(ν0) = {x1}

Γ,u : G ` u[n](y).P.∆
bVREQc

Γ,u : G ` P.∆,y[i] : (ν0,� Gi)
dom(ν0) = {xi} i 6= 1
Γ,u : G ` u[i](y).P.∆

bVACCc

j ∈ I Γ ` e : S j Γ ` P.∆,c : ([λ j 7→ 0]ν,Tj) ν |= δ j

Γ ` c[p]/ l j〈e〉;P.∆,c : (ν,p⊕{li : 〈Si〉{δi,λi}.Ti}i∈I)
bVSELc

Γ ` P.∆,c : ([λ 7→ 0]ν,T ′) ν |= δ νd |= δd

Γ ` c[p]/ 〈〈c′〉〉;P.∆,c : (ν,p⊕〈(Td ,δd)〉{δ,λ}.T ′),c′ : (νd ,Td)
bVDELc

∀i ∈ I Γ,zi : Si ` Pi .∆,c : ([λi 7→ 0]ν,Ti) ν |= δi

Γ ` c[p].{li(zi).Pi}i∈I .∆,c : (ν,p&{li : 〈Si〉{δi,λi}.Ti}i∈I)
bVBRAc

Γ ` P.∆,c : ([λ 7→ 0]ν,T ′),y : (νd ,Td) ν |= δ νd |= δd

Γ ` c[p]. ((y)).P.∆,c : (ν,p&〈(Td ,δd)〉{δ,λ}.T ′)
bVSRECc

dom(∆1)∩dom(∆2) = /0 Γ ` Pi .∆i i ∈ {1,2}
Γ ` P1 | P2 .∆1,∆2

bVPARc

Γ ` e : bool Γ ` Pi .∆ i ∈ {1,2}
Γ ` if e then P1 else P2 .∆

bVCONDc

Γ ` P.{ci : (νi + t,Ti)}i∈I

Γ ` delay(t).P.{ci : (νi,Ti)}i∈I
bVTIMEc

∀c ∈ dom(∆) ∆(c) = (ν,end)
Γ ` 0.∆

bVENDc

Γ,X : ∆ ` P.∆

Γ ` µX .P.∆
bVDEFc

∀c ∈ dom(∆′) ∆
′(c) = (ν,end)

Γ,X : ∆ ` X .∆,∆′
bVCALLc

Figure 3.5.: Proof Rules for Programs
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M ::= 〈p,U〉 |M;M Message Types

T ::= M | T |M;T Generalised Types

S ::= M | (ν,T ) Generalised Specifications

U ::= l〈S〉

The equivalence relation ≡ for generalised specifications is as follows:

〈p,U〉;〈p′,U ′〉;M ≡ 〈p′,U ′〉;〈p,U〉;M if p 6= p′

M ≡M′ implies M;T ≡M′;T
T ≡ T ′ implies (ν,T )≡ (ν,T ′)

We will use (generalised) session environments mapping s[p] to generalised

specifications. A session environment can be combined with another session

environments containing only message types as follows:

∆;{s[p] : M}=

∆′,s[p] : M′;M if ∆ = ∆′,s[p] : M′

∆,s[p] : M otherwise

Figure 3.6 generalises the proof rules for programs in Figure 3.5 to processes.

The proof rules for queues are on the top of Figure 3.6. The generalised proof rules

rely on the following definitions:

• ∆ ≡ ∆′ if c : S ∈ ∆ and S 6= (ν,end) imply c : S ′ ∈ ∆′ with S ≡ S ′ and vice

versa.

• ∆∗∆′ = ∆\dom(∆′)∪∆′ \dom(∆)∪{y : S ∗S ′ | y : S ∈ ∆∧ y : S ′ ∈ ∆′}

• S ∗S ′ =


S ;S ′ if S is a message type

S ′;S if S ′ is a message type

undefined otherwise

Note on coherence of S The projection of the generalised local timed type � Tq

is a straightforward extension of the one in [CDCYP15] (where constraints are just

projected as they are). The duality relation of local timed types, written T ./ T ′ is

also derived from [CDCYP15] (where the relation holds for any clock constraints

and reset predicate). (ν,T ) ./ (ν′,T ′) if T ./ T ′. We say that ∆ = {s[pi] : Si}i∈I is

coherent if s[p] : (ν,T ) ∈ ∆ and � Tq 6= end imply s[q] : T ′ ∈ ∆ and � Tq ./� T ′p.

Reduction rules for session environments are in Figure 3.7.

54



Γ ` s : /0. /0

Γ ` s : h.∆ Γ ` v : S
Γ ` s : h · (p,q, l〈v〉).∆;{s[p] : 〈q, l〈S〉〉}

bQINITc/bQSENDc

Γ ` s : h.∆

Γ ` s : h · (p,q,s′[p′]).∆;s′[p′] : (ν,T );{s[p] : 〈q,〈(T,δ)〉〉}
bQDELc

Γ ` P.∆ ∆≡ ∆′

Γ ` P.∆′
Γ ` P.∆ Γ ` Q.∆′

Γ ` P | Q.∆∗∆′
bEQUIVc/bGPARc

Γ,a : 〈G〉 ` P.∆

Γ ` (νa)P.∆

Γ ` P.∆′;{s[pi] : Si}i∈I {s[pi] : Si}i∈I coherent
Γ ` (νs)P.∆′

bGNRES/GSRESc

Figure 3.6.: Proof Rules for Processes (the rules on the top are for queues)

i ∈ J δi |= ν if λi = /0 then ν′ = ν else ν′ = 0

{s[p] : (ν,M;q⊕{l j : 〈S j〉{δ j,λ j}.Tj} j∈J)} −→{s[p] : (ν′,M;〈q, li〈Si〉〉;Ti)}
[RSend]

i ∈ J δi |= ν if λi = /0 then ν′ = ν else ν′ = 0
{s[p] : (ν,〈q, li〈Si〉〉;T );s[q] : (ν′′,p&{l j : 〈S j〉{δ j,λi}.Tj} j∈J)} −→

{s[p] : (ν,T );s[q] : (ν′,Ti)}

[RRec]

∀i ∈ I, j ∈ J, νi j + t |= ready(Ti j)

{{si[p j] : (νi j,Ti j)} j∈Ji}i∈I −→ {{si[p j] : (νi j + t,Ti j)} j∈Ji}i∈I
[RTime]

∆−→ ∆′ ∆′ not after ∆

∆∪∆′′ −→ ∆′∪∆′′
[RPar]

∆
′ not after ∆ if ∀s[p] ∈ Dom(∆), ∆(s[p]) = (ν,S) implies

∆
′(s[p]) is either (ν,S ′) or (0,S ′) for some S ′

Figure 3.7.: Reduction Rules for Specifications
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3.5. Type Preservation of Timed Processes

The proof rules in Figure 3.5 ensure type preservation under structural equivalence,

which we prove below after giving an auxiliary lemma.

Lemma 3.5.1. If ∆ = ∆P ∗∆Q and dom(∆P)∩ dom(∆Q) = /0, then ∆+ t = (∆P +

t)∗ (∆Q + t) and dom(∆P + t)∩dom(∆Q + t) = /0.

Before proving the theorem of type preservation under equivalence and

reduction, we need auxiliary lemmas.

Lemma 3.5.2 (Inversion Lemma). The following holds (by induction on deriva-

tions):

1. If Γ ` P | Q.∆ then ∆ = ∆1 ∗∆2, and Γ ` P.∆1 and Γ ` Q.∆2.

2. If Γ ` c[p]/ li〈e〉;P.∆ then

a) Γ ` e : S j,

b) i ∈ J,

c) ∆ = ∆′,c : (ν,p⊕{l j : 〈S j〉{δ j,λ j}.Tj} j∈J),

d) δi |= ν,

e) Γ ` P.∆′,c : (ν′,Ti) with ν′ = ν if λi = /0 and ν′ = 0 otherwise.

3. If Γ ` c[p]/ 〈〈c′〉〉;P.∆ then

a) ∆ = ∆′,c : (ν,p⊕〈(Td ,δd)〉{δ,λ}.T ),c′ : (νd ,Td),

b) δ |= ν,

c) δd |= νd ,

d) Γ ` P.∆′,c : (ν′,T ) with ν′ = ν if λi = /0 and ν′ = 0 otherwise.

4. If Γ ` c[p].{li(zi).Pi}i∈I .∆ then

a) ∆ = ∆′,c : (ν,p&{li : 〈Si〉{δi,λi}.Ti}i∈I),

b) ∀i ∈ I, δi |= ν,

c) ∀i ∈ I Γ ` Pi[v/zi] . ∆′,c : (ν′,Ti) with ν′ = ν if λi = /0 and ν′ = 0

otherwise.

5. If Γ ` c[p]. ((y)).P.∆ then

a) ∆ = ∆′,c : (ν,p&〈(Td ,δd)〉{δ,λ}.T ),
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b) δi |= ν,

c) δd |= νd ,

d) Γ ` P . ∆′,c : (ν′,T ),y : (νd ,Td) with ν′ = ν if λi = /0 and ν′ = 0

otherwise, and νd |= δd .

6. If Γ ` delay(t).P.∆ then

a) ∆ = {ci : (νi,Ti)},

b) Γ ` P.{ci : (νi + t,Ti)}

7. If Γ ` s : h · (p,q, l〈v〉).∆ then

a) ∆ = ∆′;{s : 〈q, l〈S〉〉},

b) Γ ` s : h.∆′

8. If Γ ` s : h · (p,q,s′[p′]).∆ then

a) ∆ = ∆′;{s : 〈q,〈(Td ,δd)〉〉},s′[p′] : (νd ,Td),

b) Γ ` s : h.∆′

Lemma 3.5.3 (Satisfiability upon validation). If Γ ` P . ∆ with ∆ = {ci : (νi +

t,Ti)}i∈I for some t ≥ 0 then ∀i ∈ I, νi + t |=∗ ready(Ti).

Proof. The proof is my induction on the proof tree of P, with a case analysis

of the final rule. We only show the case for selection. The cases for delegation

and branching proceed similarly to the case for selection. The remaining cases

are straightforward (e.g., for parallel, delay and recursion they hold by inductive

hypothesis, for end and recursive call ready() is trivially satisfiable). If the last

rule is bVSELc, Γ ` c[p]/ lk〈e〉;P.∆. By Lemma 3.5.2 (2))

∆ = ∆
′,c : (ν+ t,p⊕{l j : 〈S j〉{δ j,λ j}.Tj} j∈J) k ∈ J (3.4)

and

δk = ν+ t (3.5)

By Definition 3.3.5

ready(p⊕{l j : 〈S j〉{δ j,λ j}.Tj} j∈J) = {δ j} j∈J (3.6)

By Definition 3.3.5 it is sufficient that one of δ j is satisfiable for {δ j} j∈J to be

satisfiable. Hence by (3.5), (3.6) is satisfiable after t in ν, i.e., ν+ t |=∗ {δ j} j∈J .

The thesis follows by induction.
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Theorem 3.5.4 (Type preservation under equivalence). If Γ ` P .∆ and P ≡ P′

then Γ ` P′ .∆.

Proof. We only show the cases for delay processes. The other cases are as in

[CDCYP15].

The case for delay(t).0 ≡ 0 follows from the fact that both processes can

always be validated (for all t): the first by one application of rule bVTIMEc and one

of bENDc, and the second one application of rule bENDc.
The case for delay(t + t ′).P ≡ delay(t).delay(t ′).P proceeds as follows. If

Γ ` delay(t).delay(t ′).P.∆ then by Lemma 3.5.2 (6) we obtain Γ ` P.∆+ t + t ′

which by associativity of sum of non-negative reals yields

Γ ` P.∆+(t + t ′) (3.7)

By proof rule bVTIMEc on (3.7) we obtain Γ ` delay(t + t ′).P .∆ as required. If,

reversely Γ ` delay(t + t ′).P .∆ by applying once Lemma 3.5.2 (6) we obtain

Γ ` P.∆+(t + t ′) which by associativity of + yields

Γ ` P.∆+ t + t ′ (3.8)

By applying twice rule bVTIMEc on (3.8) we obtain Γ ` delay(t).delay(t ′).P.∆ .

The case for delay(t).(νa)P ≡ (νa)delay(t).P proceeds as follows. We first

consider the case Γ ` delay(t).(νa)P.∆. By premise of bVTIMEc,

Γ ` (νa)P.∆+ t (3.9)

and by premise of bGNRESc on (3.9)

Γ,a : 〈G〉 ` P.∆+ t (3.10)

We apply (3.10) as a premise of bVTIMEc obtaining

Γ,a : 〈G〉 ` delay(t).P.∆ (3.11)

and apply (3.11) as the premise of bGNRESc obtaining Γ ` (νa)delay(t).P .∆ as

required. The case for Γ ` (νa)delay(t).P.∆ proceeds similarly.

The case for delay(t).(P |Q)≡ delay(t).P | delay(t).Q proceeds as follows.
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If Γ ` delay(t).(P | Q).∆ then by premise of bVPARc

Γ ` delay(t).P.∆P Γ ` delay(t).Q.∆Q (3.12)

where ∆ = ∆P ∗∆Q and by the premise of bVTIMEc on each judgement in (3.12)

Γ ` P.∆P + t Γ ` Q.∆Q + t (3.13)

We apply both judgements in (3.13) each as the premise of bVPARc and by Lemma

(3.5.1):

Γ ` P | Q.∆+ t (3.14)

We apply (3.14) as the premise of bVTIMEc obtaining Γ ` delay(t).(P | Q) .∆, as

required. The case for Γ ` delay(t).(P | Q).∆ proceeds similarly.

Theorem 3.5.5 (Type preservation for open systems). If Γ ` P .∆ and P −→ P′,

then there exists ∆′ such that ∆−→ ∆′ and Γ ` P′ .∆′

Proof. Theorem 3.5.5 requires to extend the typing rules for programs to processes

(this extension is mechanical and similar to the one in [CDCYP15], and is reported

in Appendix 3.4.3). The proof is by induction on the derivation P −→ P′, with a

case analysis on the final rule (using Theorem 3.5.4 for the structural equivalence).

• bLINKc - This case proceeds as in [CDCYP15] (Appendix A - Proof of

Theorem 4.1).

• bSELc - If the reduction is by bSELc then s[q] / l j〈e〉;P | s : h −→ P | s : h ·
(p,q, l〈v〉) (with e ↓ v), and by hypothesis

Γ ` s[q]/ l j〈e〉;P | s : h.∆

By Lemma 3.5.2 (1)

Γ ` s[q]/ l j〈e〉;P.∆1 (3.15)

and

Γ ` s : h.∆2 (3.16)

with ∆1 ∗∆2 = ∆. By Lemma 3.5.2 (2) on (3.15)

∆1 = ∆
′
1,s : (ν,q⊕{li : 〈Si〉{δi,λi}.Ti}i∈I) (3.17)
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with Γ ` e : S j which, by subject reduction of expressions, yields

Γ ` v : S j (3.18)

Furthermore, also by Lemma 3.5.2 (2) on (3.15):

Γ ` P.∆
′
1,s : (ν′,Tj) with ν

′ = ν if λ j = /0 and ν
′ = 0 otherwise (3.19)

δ j |= ν (3.20)

By bQSENDc on (3.16) we derive

Γ ` s : h · (p,q, l j〈v〉).∆2,{s : 〈q, l j〈S j〉〉} (3.21)

Using bGPARc on (3.19) and (3.21)

Γ ` P | s : h · (p,q, l j〈v〉). (∆′1,s : (ν′,Tj))∗∆2;{s : 〈q, l j〈S j〉〉}

Note that by bRPARc with premise bRSENDc – the latter can be applied thanks

to (3.20) – on ∆1 ∗∆2 where ∆1 is as in (3.17):

(∆′1,s : (ν,q⊕{li : 〈Si〉{δi,λi}.Ti}i∈I)∗∆2−→ (∆′1,s : (ν′,Tj))∗(∆2,{s : 〈q, l j〈S j〉〉})

• bBRAc - If the reduction is by bBRAc then s[q].{li(zi).Pi}i∈I | s : (p,q, l j〈v〉) ·
h−→ Pj[v/z j] | s : h, and by hypothesis

Γ ` s[q].{li(zi).Pi}i∈I | s : (p,q, l j〈v〉) ·h.∆

By Lemma 3.5.2 (1)

Γ ` s[q].{li(zi).Pi}i∈I .∆1 (3.22)

and

Γ ` s : (p,q, l j〈v〉) ·h.∆2 (3.23)

with ∆1 ∗∆2 = ∆. By Lemma 3.5.2 (4) on (3.22)

∆1 = ∆
′
1,s : (ν,q&{li : 〈Si〉{δi,λi}.Ti}i∈I) (3.24)
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and

∀i∈ I Γ`Pi[v/zi].∆
′
1,s : (ν′,Ti) with ν

′ = ν if λi = /0 and ν
′ = 0 otherwise

(3.25)

∀i ∈ I δi |= ν (3.26)

By Lemma 3.5.2 (7) on (3.23)

Γ ` s : h.∆
′
2 ∆2 = ∆

′
2,{s : 〈q, li〈Si〉〉} (3.27)

Using bGPARc on (3.25) and (3.27) for all i ∈ I:

Γ ` P[v/z j] | s : h. (∆′1,s : (ν′,Tj))∗∆
′
2

Note that by bRPARc with premise bRRECc – the latter can be applied thanks

to (3.26) – on ∆1 ∗∆2:

(∆′1,s : (ν,q&{li : 〈Si〉{δi,λi}.Ti}i∈I)∗∆
′
2,{s : 〈q, l j〈S j〉〉}−→ (∆′1,s : (ν′,Tj))∗∆

′
2

• bSRECc - If the reduction is by bSRECc then s[q].((y)).P | s : (p,q,s′[p′]) ·h−→
P[s′[p′]/y] | s : h, and by hypothesis

Γ ` s[q]. ((y)).P | s : (p,q,s′[p′]) ·h.∆

By Lemma 3.5.2 (1)

Γ ` s[q]. ((y)).P.∆1 (3.28)

and

Γ ` s : (p,q,s′[p′]) ·h.∆2 (3.29)

with ∆1 ∗∆2 = ∆. By Lemma 3.5.2 (5) on (3.28)

∆1 = ∆
′
1,s : (ν,q&〈(Td ,δd)〉{δ,λ}.T ) (3.30)

and

Γ ` P[s′[p′]/y].∆
′
1,s : (ν′,T ),s′[p′] : (νd ,Td) (3.31)

with ν′ = ν if λi = /0 and ν′ = 0 otherwise; and

δ |= ν δd |= νd (3.32)
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By Lemma 3.5.2 (8) on (3.29)

Γ ` s : h.∆
′
2 ∆2 = ∆

′
2,{s : 〈q,〈(Td ,δd)〉〉},s′[p′] : (νd ,Td) (3.33)

Using bGPARc on (3.31) and (3.33):

Γ ` P[s′[p′]/y] | s : h.∆
′
1,s : (ν′,T ),s′[p′] : (νd ,Td)∗∆

′
2

Note that by bRPARc with premise bRRECc – the latter can be applied thanks

to (3.32) – on ∆1 ∗∆2:

(∆′1,s : (ν,q&〈(Td ,δd)〉{δ,λ}.T )∗∆′2,{s : 〈q,〈(Td ,δd)〉〉},s′[p′] : (νd ,Td)−→
(∆′1,s : (ν′,T ))∗∆′2

• bDELc - If the reduction is by bDELc then s[q] / 〈〈s′[p′]〉〉;P | s : h −→ P | s :

h · (p,q,s′[p′]), and by hypothesis

Γ ` s[q]/ 〈〈s′[p′]〉〉;P | s : h.∆

By Lemma 3.5.2 (1)

Γ ` s[q]/ 〈〈s′[p′]〉〉;P.∆1 (3.34)

and

Γ ` s : h.∆2 (3.35)

with ∆1 ∗∆2 = ∆. By Lemma 3.5.2 (3) on (3.34)

∆1 = ∆
′
1,s : (ν,q⊕〈(Td ,δd)〉{δ,λ}.T ),s′[p′] : (νd ,Td), (3.36)

and

Γ ` P.∆
′
1,s : (ν′,T ) with ν

′ = ν if λ = /0 and ν
′ = 0 otherwise (3.37)

δ |= ν and δd |= νd (3.38)

By bQDELc on (3.35) we derive

Γ ` s : h · (p,q,s′[p′]).∆2,{s : 〈q,〈(Td ,δd)〉〉} (3.39)
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Using bGPARc on (3.37) and (3.39)

Γ ` P | s : h · (p,q,〈(Td ,δd)〉). (∆′1,s : (ν′,T ))∗∆2,{s : 〈q,〈(Td ,δd)〉〉}

Note that by bRPARc with premise bRSENDc – the latter can be applied thanks

to (3.38) – on ∆1 ∗∆2 where ∆1 is as in (3.17):

(∆′1,s : (ν,q⊕〈(Td ,δd)〉{δ,λ}.T )∗∆2−→ (∆′1,s : (ν′,〈q,〈(Td ,δd)〉〉;T ))∗∆2

with

(∆′1,s : (ν′,〈q,〈(Td ,δd)〉〉;T ))∗∆2 = (∆′1,s : (ν′,T ))∗∆2,{s : 〈q,〈(Td ,δd)〉〉}

• bDELAYc - If the reduction is by bDELAYc then delay(t).Pi | ∏ j∈J s j : h j −→
P∏ j∈J s j : h j, and by hypothesis

Γ ` delay(t).P |∏
j∈J

s j : h j .∆

By Lemma 3.5.2 (1)

Γ ` delay(t).Pi .∆1 Γ `∏
j∈J

s j : h j .∆2 (δ = δ1 ∗δ2) (3.40)

By Lemma 3.5.2 (6) on (3.40 - judgement on the left hand side) ∆1 = {s j[p j] :

(ν j,Tj)} j∈J and

Γ ` P.∆
′
1 (∆′1 = {s j[p j] : (ν j + t,Tj)} j∈J) (3.41)

Using (3.41) as a premise of (bVPARc), observing that dom(∆1)∩dom(∆2)}=
/0 implies dom(∆′1)∩dom(∆2)}= /0

Γ ` P |∏
j∈J

s j : h j .∆
′
1 ∗∆2 (3.42)

By Lemma 3.5.3 on (3.42)(recall ∆′1 = {s j[p j] : (ν j + t,Tj)} j∈J), Tj is

satisfiable after t in ν j, hence by bRTIMEc ∆−→ ∆′1 ∗∆2.

Theorem 3.5.6 (Type preservation). If Γ ` P. /0 and P−→ P′ then Γ ` P′ . /0.
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Proof. In the statement of Theorem 3.5.6, P is typed against empty ∆ meaning that

either (1) P has not started any session yet, or (2) P models a whole system, that is

including all participants of all ongoing sessions, technically P≡ (νs̃)P′ for some

s̃′ and with P′ having no free session names.

This is a special case of Theorem 3.5.5. The proof of Theorem 3.5.5 subsumes

that of Theorem 3.5.6).

Time-Error Freedom

A standard corollary of type preservation is error-freedom. An error state is

reached when a process violates the constraints prescribed by its type. Technically

we proceed as follows:

1. In the syntax we annotate selection and branching with clock constraints and

reset predicates, and add error and clock processes:

P ::= . . . | c[p]/ l〈e〉{δ,λ};P | c[p].{li(zi){δi,λi}.Pi}i∈I | error | (s,ν)

2. We add error | P≡ error to structural equivalence;

3. In the reduction rules we modify bLINKc so that a clock process with initial

assignment is introduced for each participant in the new session, let bTIMEc
increment all clock assignments, extend bSELc/bBRAc so that they check clock

constraints against clock assignments and appropriately reset, and we add

two rules (bSELERRc and bBRAERRc) that move to error when a process tries

to perform an action at a time that does not satisfy the constraint, e.g.,

s[q]/ l〈e〉{δ,λ};P | (s,ν) | s : h−→ error | (s,ν) | s : h (ν 6|= δ) bSELERRc

The proof rules are adapted straightforwardly (with error not validated against

any ∆).

Lemma 3.5.7. If Γ ` P.∆, then P 6≡ error.

Proof. The proof of Lemma 3.5.7 is mechanical by induction on G proceeding by

case analysis and inspecting the extended proof rules.

Theorem 3.5.8 (Time-error freedom). If Γ ` P.∆, and P→∗ P′ then P′ 6≡ error

Proof. Technically, we can prove error-freedom through the following steps.
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P ::= u[n](y).P Request
| u[i](y).P Accept
| c[p]/{δ,λ}l〈e〉;P Select
| c[p].{{δi,λi}li(zi).Pi}i∈J Branching
| c[p]/{δ,λ}〈〈c′,ν〉〉;P Delegate
| c[p].{δ,λ}((y)).P Session receive
| delay(t).P Delay
| if e then P else Q Conditional
| P | Q Parallel
| 0 Inaction
| µX .P Recursion
| error Error
| X Variable
| (νa)P Hide Shared
| (νs)P Hide Session
| (c,ν) Clock Assignment
| s : h Queue
h ::= /0 | h · (p,q,m) (queue content)
m ::= l〈v〉 (messages)
c ::= s | y (session names/variables)
u ::= a | u (shared names/variables)
n ::= a | s (names)

Figure 3.8.: Extended Syntax of Processes for Time-error Freedom.

Step 1 - extend processes In our scenario an error state, which we call error,

is a state reached when a process violates the clock constraints associated with

the action prescribed by the corresponding local timed type. To model reduction

to error states we extend the syntax of processes with clock constraints, reset

predicate and clock assignment (see Figure 3.8).

Step 2 - extend reductions The extended reduction rules are given in Figure 3.9,

plus rules bIFTc, bIFFc, bCONTc, bSTRc, and bCOMc, from Figure 3.4 that remain

unchanged. Rule bLINKc extends session initiation by adding an initial clock

assignment (s[i],ν0) for each participant i of the new session. The rules for

selection and branching, bSELc and bBRAc check clock constraints against clock

assignments and appropriately reset the clock assignments. Rules bDELc and bSRECc
for session delegation update the set of clock processes. Time actions by bDELAYc
increment the clock assignments. We introduce error reductions to be triggered
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when a process tries to perform an action in a time that does not satisfy the

prescribed constraint: bEBRAc, bESELc, bEDELc and bESRECc are error reductions for

send, branching, delegation, session receive. Note that rules bEBRAc and bESRECc
can be applied both when p tries to read too early or too late w.r.t. the prescribed

time.

Step 3 - Extended Validation Rules Figure 3.10 gives the extended proof rules

for processes with errors and clocks. We show the rules that are different from

Figure 3.5 and omit the rules that are unchanged.

Let Γ ` P0 .∆ and P0 −→∗ P−→ P′. We proceed by induction and assume that

P 6≡ error and proceed by case analysis on the last reduction P−→ P′.

In the case analysis, we use again induction on the (depth of the tree of the)

reduction rule applied. The inductive cases, bCONTc, bSTRc and bCOMc, and are

straightforward. We consider now the base cases. If the last reduction is by rules

bLINKc, bDELAYc, bSELc, bBRAc, bDELc, bSRECc, bIFTc, or bIFFc, then P′ 6= error since

(1) the rules do not introduce error processes, and (2) error processes are a run-time

process which cannot appear as a continuation of P. Furthermore, we can proceed

similarly to Theorem 3.5.6 and show that Γ′ ` P′ .∆′ for some Γ′ and ∆′ (obtained

by some reduction from Γ and ∆). This yields the result for these cases.

The only reductions that introduce error processes are bESELc, bEBRAc, bEDELc,
bESRECc. We consider bESELc (the others proceed similarly). Assume bESELc can

be applied to P which is therefore of the following form: s[q]/{δ,λ}l〈e〉;P′. Then

by bESELc
¬ν |= δ (3.43)

By hypothesis P is well typed. By inspecting the validation rules, the derivation of

s[q]/{δ,λ}l〈e〉;P′ is done by applying the rule bVSELc

Γ ` e : S j Γ ` P′ | (s,ν′).∆,s : (ν′,T ′) ν
′ = [λ j 7→ 0]ν ν |= δ

Γ ` s[q]/{δ,λ}l〈e〉;P′ | (s,ν).∆,s : (ν,q⊕{li : 〈Si〉{δi,λi}.T ′i }i∈I)

with the condition ν |= δ, which contradicts (3.43) and the fact that bESELc can be

applied. The fact that none of the reductions that introduce errors can be applied

(together with the fact that P 6≡ error) yields the theorem.
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∀i ∈ {1, ..,n} s 6∈ fnPi

a[n](y).P1 |∏i∈{2,..,n} a[i](y).Pi −→ (νs)(∏i∈{1,..,n}(Pi[s[i]/y] | (s[i],ν0)) | s : /0)
bLINKc

e ↓ v ν
′ = [λ 7→ 0]ν δ |= ν

s[q]/{δ,λ}l〈e〉;P | s : h | (s,ν)−→ P | s : h · (p,q, l〈v〉) | (s,ν′)
bSELc

j ∈ J ν
′ = [λ j 7→ 0]ν δ j |= ν

s[q].{{δi,λi}li(zi).Pi}i∈J | s : (p,q, l j〈v〉) ·h | (s,ν)−→ Pj[v/z j]
| s : h | (s,ν′)

bBRAc

ν
′ = [λ 7→ 0]ν δ |= ν

s[q]/{δ,λ}〈〈s′[p′],ν′′〉〉;P | s : h | (s,ν) | (s′[p′],ν′′)−→ P
| s : h · (p,q,(s′[p′],ν′′)) | (s[p],ν′)

bDELc

ν
′ = [λ 7→ 0]ν δ |= ν

s[q].{δ,λ}((y)).P | s : (p,q,(s′[p′],ν′′)) ·h | (s,ν)−→ P[s′[p′]/y]
| s : h | (s[p],ν′) | (s′[p′],ν′′)

bSRECc

delay(t).P |∏ j∈J(s j : h j |∏k∈K j(s j[pk],νk)) |−→ P
|∏ j∈J(s j : h j |∏k∈K j(s j[pk],νk + t))

bDELAYc

j ∈ J ¬δ j |= ν

s[q].{{δi,λi}li(zi).Pi}i∈J | s : h | (s,ν)−→ error | s : h | (s,ν)
bEBRAc

¬δ |= ν

s[q]/{δ,λ}l〈e〉;P | s : h | (s,ν)−→ error | s : h | (s,ν)
bESELc

¬δ |= ν

s[q]/{δ,λ}〈〈s′[p′],ν〉〉;P | s : h | (s,ν) | (s′[p′],ν′′)−→ error
| s : h | (s,ν) | (s′[p′],ν′′)

bEDELc

¬δ |= ν

s[q].{δ,λ}((y)).P | s : h | (s,ν)−→ error | s : h | (s,ν)
bESRECc

Figure 3.9.: Modified/Added Rules of Extended Reductions
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Γ,u : G ` P | (y[1],ν0).∆,y[1] : (ν0,G ↓1)
dom(ν0) = {x1} ν0(x1) = 0

Γ,u : G ` u[n](y).P.∆
bVREQc

Γ,u : G ` P | (y[i],ν0).∆,y[i] : (ν0,G ↓i)
dom(ν0) = {xi} ν0(xi) = 0 i 6= 1

Γ,u : G ` u[i](y).P.∆
bVACCc

j ∈ I Γ ` e : S j ν′ = [λ j 7→ 0]ν δ j |= ν

Γ ` P | (c,ν′) |∏(ci,νi).∆,c : (ν′,Tj)

Γ ` c[p]/{δ,λ}l j〈e〉;P | (c,ν) |∏(ci,νi)
.∆,c : (ν,p⊕{li : 〈Si〉{δi,λi}.Ti}i∈I)

bVSELc

ν′ = [λ 7→ 0]ν ν |= δ νd |= δd
Γ ` P | (c,ν′) |∏(ci,νi).∆,c : (ν′,T ′)

Γ ` c[p]/{δ,λ}〈〈c′,νd〉〉;P | (c,ν) | (c′,νd) |∏(ci,νi)
.∆,c : (ν,p⊕〈(Td ,δd)〉{δ,λ}.T ′),c′ : (νd ,Td)

bVDELc

∀i ∈ I ν′i = [λi 7→ 0]ν ν |= δi

Γ,zi : Si ` Pi | (c,ν′i) |∏(ci,νi).∆,c : (νi,Ti)

Γ ` c[p].{{δi,λi}li(zi).Pi}i∈J | (c,ν) |∏(ci,νi)
.∆,c : (ν,p&{li : 〈Si〉{δi,λi}.Ti}i∈I)

bVBRAc

ν′ = [λ 7→ 0]ν ν |= δ νd |= δd
Γ ` P | (c,ν′) |∏(ci,νi).∆,c : (ν′,T ′),y : (νd ,Td)

Γ ` c[q].{δ,λ}((y)).P | (c,ν) | (c′,νd) |∏(ci,νi)
.∆,c : (ν,p&〈(Td ,δd)〉{δ,λ}.T ′)

bVSRECc

Γ ` P | (s,ν+ t) |∏(ci,νi + t).{ci : (νi + t,Ti)}i∈I

Γ ` delay(t).P | (s,ν) |∏(ci,νi).{ci : (νi,Ti)}i∈I
bVTIMEc

dom(∆1)∩dom(∆2) = /0

Γ ` Pi .∆i Pi ≡ P′i | (c,ν)⇒ c 6∈ dom(∆ j) i 6= j ∈ {1,2}
Γ ` P1 | P2 .∆1,∆2

bVPARc

∀c ∈ dom(∆) ∆(c) = (ν,end)
Γ ` 0 |∏

i
(ci,νi).∆

bVENDc

Figure 3.10.: Extended Reduction Rules with Error Processes
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1. p→ q : 〈int〉{xp > 3, _ ,xq = 4, _ }
2. p→ q : 〈int〉{xp > 3∧ xp ≤ 4, _ ,xq = 4, _ }
3. p→ q : 〈int〉{xp > 3, _ ,xq ≥ 4, _ }
4. q→ r : {l1 : {xq > 3, _ , true, _ }, l2 : {xq < 3, _ , true, _ }}
5. µt.p→ q : 〈int〉{xp < 1, _ ,xq = 2,xq}.p→ r : 〈int〉{xp < 5,xp, true,xr}.t
6. µt.p→ q : 〈int〉{xp < 1, _ ,xq = 2,xq}.p→ r : 〈int〉{xp < 1,xp, true,xr}.t

Figure 3.11.: Examples of non-feasible global types and their amended feasible
versions

3.6. Time-Progress of Timed Processes

This section studies a subclass of timed global types characterised by two

properties, feasibility and global satisfiability, which ensure progress in terms of

time. Then we show the theorem of time-progress to verify the progresses of timed

processes.

3.6.1. Feasibility and Wait-freedom

A TG G0 is feasible iff (ν0,G0)→∗ (ν,G) implies (ν,G)→∗ (ν′,end). Intuitively,

G is feasible if every partial execution can be extended to an infinite one (note

that executions reaching end are infinite). The specified protocol may get stuck

because a constraint is unsatisfiable, for example it is false, or the restrictions posed

by previously occurred constraints are too strong. In Figure 3.11: in (1), if p sends

〈int〉 at time 5 (which satisfies xp > 3) then there exists no xq satisfying xq = 4 (xq

must be greater than or equal to 5 to respect the global flowing of time); (2) amends

(1) by restricting an earlier constraint; (3) amends (1) by relaxing the unsatisfiable

constraint. In branching and selection at least one constraint associated to the

branches must be satisfiable, e.g., we accept (4). In recursive TGs, a constraint

may become unsatisfiable by the restrictions posed by constraints that occur after,

syntactically, in the same recursion body. In the second iteration of (5) xq = 2 is

made unsatisfiable by the restriction xp < 5 from the first iteration (e.g., p may

send q the message when xq > 2); in (6) this problem is solved by restricting the

second constraint on xp.

Global Satisfiability. Timed global type G0 is wait-free iff (ν0,G0)→∗
pq!l〈S〉−−−−→

(ν,G) and p  q : {l : 〈S〉{δO,λO,δI,λI}.G′} ∈ G imply δI(x) ⊃ ν(x) ≤ x.
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Intuitively, G0 is wait-free when in all its distributed implementations, a receiver

checking the queue at any time satisfying the constraint δI , never has to wait for

the message. We give below that a process (i.e., P | Q) can get stuck despite being

a correct implementation (with respect to the validation rules) of a feasible TG.

G = p→ q : 〈int〉{xp < 3∨ xp > 3, _ ,xq < 3∨ xq > 3, _ }.
q→ p : {l1 : {xq > 3, _ ,xp > 3, _ }, l2 : {xq < 3, _ ,xp < 3, _ }}

G ↓q = p&〈int〉{xq < 3∨ xq > 3, _ }.p⊕{l1 : {xq > 3, _ }, l2 : {xq < 3, _ }}
G ↓p = q⊕〈int〉{xp < 3∨ xp > 3, _ }.q&{l1 : {xp > 3, _ }, l2 : {xp < 3, _ }}

Q = s[p,q]. (x).s[q,p]/ l2〈〉;0

P = delay(6).s[p,q]/ 〈10〉;s[q][p].{l1.0, l2.0}

Q implements G ↓q: it receives a message from p and then selects label l2; both

interactions occur at time 0 which satisfies the clock constraints. P implements

G ↓p: it waits 6 units of time, then sends q a message and waits for the reply.

We can validate P | Q against {s[p] : (ν0,G ↓p),s[q] : (ν0,G ↓q)} which by

Theorem 3.5.8 all interactions conform to the specification. However the execution

of P | Q will get stuck, i.e., the session cannot proceed as prescribed.

3.6.2. Auxiliary Definitions for Reasoning on Clocks

We extend the definition of clock constraints by allowing them to be defined on

more than one clock. This allows us to compose constraints, and to determine the

possible times at which an action in G can happen on the basis of the constraints

that occur earlier of that action in G. The aim is to check for the satisfiability of a

constraint in all possible execution scenarios.

Definition 3.6.1 (Extended clock constraints). The set of extended clock con-

straints δ on X is:

δ ::= true | x > e | x = e | ¬δ | δ1∧δ2 |
e ::= x | c | e+ e

The extension of fc(δ) to constraints on multiple clocks is straightforward.

Hereafter we implicitly assume constraints are extended constraints.

Definition 3.6.2 (δ+ x̃). The sum of a constraint with a clock, written δ+ x is

defined inductively as follows: true+x = true, (x′ bop e)+x = x′ bop (e+x) with
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bop ∈ {∧,∨,=}, (¬δ)+ x = ¬(δ+ x). The sum of a constraint with a vector of

clocks is δ+ x̃ = (δ+ x0)+ x̃′ with x̃ = x0 + x̃′.

3.6.3. Time Graphs

To make dependencies between constraints explicit when checking feasibility and

wait-freedom, we create a representation of global timed types as time graphs.

Let G be a timed global type; a subterm G′ of G, written G′ ∈ G, is a timed

global type that appears in G. To build the time graph of G we first annotate each

G′ ∈ G with a distinguished name, ranged over by n. We denote the nodes n of

a timed graph in the form of: (n, i, !) for an output action in the branch i of an

interaction; (n, i,?) for an input action of branch i; (n,µt) for a recursive type;

(n, t) for a type variable and the special node end. We build the set of nodes from

an annotated timed global type as follows:

nodes(n : p→ q : {li : 〈SI〉{Ai}.Gi}i∈I) = {(n, i,#) | i ∈ I, # ∈ {!,?}} ∪⋃
i∈I nodes(Gi)

nodes(n : µt.G′) = {(n,µt)}∪nodes(G′)

nodes(t) = {(n, t)}
nodes(n : end) = {end}

The set of nodes deriving from G but not from the subterms of G, written

t_nodes(G), is defined as nodes(G) \ {n | n ∈ nodes(G′) and G′ ∈ G}. Vice

versa, we use the function termG(n) to return the subterm of annotated type G

corresponding to node n. We will use the following auxiliary functions that can be

defined straightforwardly from termG(n). Let n ∈ nodes(G) and

termG(n) = p→ q : {li : 〈Si〉{δOi,λOi,δI i,λI i}.Gi}i∈I

then:

• subj(n) returns the participant that is performing the action associated to n.

More precisely: let n = (n, i,#); then subj(n) = p if # =! and subj(n) = q

otherwise.

• const(n) returns: δOi if n = (n, i, !), and δI i if n = (n, i,?).

• resInfo(n) returns: λOi if n = (n, i, !), and λI i if n = (n, i,?).
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All functions above return /0 if termG(n) is not an interaction type.

Definition 3.6.3 (Time graph of a TG). The time graph of G is a pair (N,E) where

the set of nodes N = nodes(G) and E is defined as follows:

• (I/O dependency) for each (n, i, !) and (n, i,?) in N, ((n, i, !),(n, i,?)) ∈ E,

• (single participant dependency) for each pair of nodes n1 = (n, i,#) and

n2 = (n, i′,#′) in N, if termG(n2) ∈ termG(n1), sub j(n1) = sub j(n2) and

n 6= n′ then (n1,n2) ∈ E.

• (syntactic dependency and recursion) for each node n ∈ N:

1. if termG(n) = µt.G′ then (n,t_nodes(G′)) ∈ E, and

2. if n=(n, i,#) and termG(n)= p→ q : {l j : 〈S j〉{δO j,λO j,δI j,λI j}.G j} j∈J

then for all j such that G j ∈ {t,end}, (n,t_nodes(G j)) ∈ E.

The edges of the time graph of G define an immediate successor relation (i.e.,

(n,n′) ∈ N) between nodes written n <G n′. We refer to a path in the time graph

as n0 <G . . . <G nm or more concisely n0, . . . ,nm. We say that a path n0, . . . ,nm

has postfix ni, . . . ,nm for 0 < i < m. A path from n to n′ is a path of the form

n, . . . ,n′. We write n, p for the path obtained by appending path p to n. Similarly,

we write p,n for the path obtained appending node n to p. We write p \ p′ for

the path obtained by removing from p all the nodes in p′ (assuming node names

unique within a path).

3.6.4. Checking Feasibility and Wait-Freedom

Feasibility

To check feasibility for G we need to check for the satisfiability of each constraint

in G, in every possible scenario that satisfies the previously occurred constraints.

We also need to take care that each constraint occurring in the body of a recursive

global timed type can be satisfied when the body is executed infinitely many times.

If global types contain recursion, we must consider that the action associated

to each node n in a recursion body can be executed in two different scenarios:

(1) in the first iteration, (2) in successive iterations. In (2) we must consider

that the time scenario in successive iterations is affected by time constraints

occurring syntactically after n in the recursion body. To account for this, we check

feasibility on the one-time unfolding of all the recursions in a TG. We will show
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the conditions by which only one unfolding is sufficient to guarantee that n will be

also satisfiable in any successive unfolding (hence iteration instance).

Step 1 : all-unfolding. The first step for checking feasibility of G is to make the

one-time unfolding of all recursions in G proceeding bottom-up, that is starting

from the latest occurrences of recursion definitions. Let t1, . . . , tn be the type

variables occurring in G where if i < j then µti does not occur after µt j in G. The

all-unfolding of G wrt t1, . . . , tn−1, tn is defined recursively as the all unfolding

of G[G′n/µtn.Gn] where G′n = Gn[µtn−1.Gn−1/tn−1] wrt t1, . . . , tn−1. Hereafter we

leave the vector of process variable implicit and simply refer to the all-unfolding

of G.

Step 2 : the time graph. A time graph is generated on the all-unfolding of G.

Step 3 : the dependency constraints We define for each node of the time graph

of G a dependency constraint that models the possible time scenarios in which the

action associated to that node is executed (i.e., a virtual time). This virtual time

is calculated by considering that the current instant in time must not precede the

time of past actions. The time of past actions is determined considering the past

constraints (as reset may have occurred, the virtual time must be appropriately

shifted forward wrt constraints referring to reset clocks).

We model the time scenario of node i as δn and use a function R that takes a

node and a participant and returns the sum of clock states in which this participant

has reset the clock.

Let us set default initial values to recursively calculate the time scenario of

a node: δ0 = true and R(n0,p) = 0 for all p ∈ P (G). Let n be a node in the time

graph of the all-unfolding of G with δ= const(n), subj(n) = p, and M = {n′ | n′ ∈
N and n′ <G n}.

δn
def
= ∧n′∈Mδn′(x̃)∧ (δ(xp)[xn

p/xp]+R(n′,p))∧ (x̃≤ xn
p)

R(n,p) :=

∑n′∈M R(n′,p)+ xn
p if resInfo(n) = {xp}

∑n′∈M R(n′,p) otherwise

Definition 3.6.4 (Dependency constraint and dependency reset). Let n be a node

in G and M = {n′ | n′ ∈N and n′ <G n}. The dependency constraint of n is defined
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as follows:

δn
def
= ∧n′∈Mδn′

The dependency reset of n is defined as follows:

R(n,p)
def
= ∑

n′∈M
R(n′,p)

Step 4 : checking satisfiability of time graph We define time graph satisfiabil-

ity (Definition 3.6.6) in terms of node satisfiability (Definition 3.6.5).

Definition 3.6.5 (Satisfiable node). Let n be a node of the (all-unfolding) time

graph of G, subj(n) = p. We say that n is satisfiable if:δn(x̃)⊃ ∃x.(δ(x)+R(n,p))∧ (x̃≤ x) if const(n) = δ

true otherwise

Definition 3.6.6 (Satisfiable time graph). The time graph of G is satisfiable if

1. all nodes n that are not of the form (n, i, !) are satisfiable, and

2. for all (n, i, !) (with termG((n, j, !)) = p→ q : {li : 〈SI〉{Ai}.Gi}i∈I) there

exists j ∈ I and node (n, j, !) in the graph tree of G that is satisfiable and

such that end ∈ G j.

Condition (2) ensures that, in case of branching, at least one branch is

satisfiable, and that there is always at least one satisfiable path to end. Note

that j can be equal to i. Also note that if a branch i cannot be taken then the

node associated with the receive/branching (n, i,?) is trivially satisfiable as its node

constraint is false.

Step 5 : checking for infinite satisfiability of nodes in recursion bodies
Although in the chapter we assume infinite satisfiability, we provide here a method

to explicitly check it. Namely, we check that all recursions in G are infinitely

satisfiable (see Definition 3.6.8).

First, we give a general characterisation of constraints that make recursive

types possibly unsatisfiable, if clocks are not reset. These constraints, which we

will call bad constraints, are either unrepeatable constraints (e.g., equalities) or

upper-binding constraints.
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Definition 3.6.7 (Bad constraint). A constraint δ is bad, written B(δ), if one of the

following conditions hold:

δ is of the form x = e or of the form x < e

δ = δ1∧δ2 and B(δi) for some i ∈ {1,2}
δ = δ1∨δ2 and B(δi) for both i ∈ {1,2}

We require that, in presence of bad constraints in a recursion loop, the clock is

reset at least once within each possible computation in the recursive scope.

Definition 3.6.8 (Infinitely satisfiable G). Let p = n, p′ be a path in G such that

termG(n) = G′. We say that p is infinitely satisfiable if either of the following

holds:

1. for all n′ ∈ p, resInfo(n′) = /0 and ¬B(const(n′)),

2. for all p∈P (G′) there exists n′ ∈ p such that subj(n′)= p and resInfo(n′) 6=
/0

We say that all recursions in G are infinitely satisfiable if each path nodes(G′), . . . , t
such that µt.G′ ∈ G is infinitely satisfiable.

Definition 3.6.9 (Feasibility checker). To check for feasibility of a G: (1-2)

generates the time graph for the all-unfolding of G, (3) annotates the nodes of the

graph with their dependency constraints and resets, (4) checks that the time graph

is satisfiable, and (5) checks that all recursions in G are infinitely satisfiable. We

write `pe G if G satisfies the checker.

Wait-freedom. Global Satisfiability can be checked following a similar ap-

proach as for Progress Enablement(steps 1,2,3,4) but substituting Definition 3.6.5

(satisfiable node) with Definition 3.6.10 (wait-free node).

Definition 3.6.10 (Wait-free node). Let n! = (n, i, !) and n? = (n, i,?) be nodes of

the (all-unfolding) time graph of G, subj(n?) = p. We say that n? is wait-free if:δn?(x̃)∧ (δ(x)+R(n?,p))⊃ (x̃≤ x) if const(n?) = δ

true otherwise
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3.6.5. Time-Progress for Processes

We study the conditions under which a validated program is guaranteed to proceed

until the completion of all activities of the protocols it implements. We define an

erasure function for timed processes: The erasure erase(P) is defined inductively

by removing the delays in P (i.e., erase(delay(t).P) = erase(P)), while leaving

unchanged the untimed parts (e.g., erase(u[n](y).P) = u[n](y).erase(P)). The

other rules are homomorphic. Under the assumption that erase(P) can progress,

we investigate under which conditions P is also ensured to progress.

Definition 3.6.11 (Time erasure). The erasure erase(P) of time from a process P

is defined inductively as follows:

erase(u[n](y).P) = u[n](y).erase(P)

erase(u[i](y).P) = u[i](c).erase(P)

erase(c[p]/ l〈e〉;P) = c[p]/ l〈e〉;erase(P)

erase(c[p].{li(zi).Pi}i∈I) = c[p].{li(zi).erase(Pi)}i∈I

erase(c[p]/ 〈〈c′〉〉;P) = c[p]/ 〈〈c′〉〉;erase(P)

erase(c[p]. ((y)).P) = c[p]. ((y)).erase(P)

erase(delay(t).P) = erase(P)

erase(if e then P else Q) = if e then erase(P) else erase(Q)

erase(P | Q) = erase(P) | erase(Q)

erase(0) = 0

erase((νn)P) = (νn)erase(P)

erase(µX .P) = µX .erase(P)

erase(X) = X

erase(s : h) = s : h

Definition 3.6.12 (Non-deferrable process). A process is non-deferrable if no

action ready to execute in any of its threads is a time action, namely if defr(P) =
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true with defr() defined as follows:

defr(a[n](y).P) = false

defr(a[i](y).P) = false

defr(s[q]/ l〈e〉;P) = false

defr(s[q].{li(zi).Pi}i∈I) = false

defr(s[q]/ 〈〈s′[p′]〉〉;P) = false

defr(s[q]. ((y)).P) = false

defr(delay(t).P) = if t > 0 then true else defr(P)

defr(if e then P else Q) = false

defr(P | Q) = defr(P)∨defr(Q)

defr(0) = true

defr((νn)P) = defr(P)

defr(µX .P) = false

defr(X) = false

defr(s : h) = true

We say that P is non deferrable if defr(P) = false.

Lemma 3.6.13. If erase(P)−→ then erase(P) is of one of the following forms:

1. a[n](y).P1 |∏i∈{2,...,n} a[i](y).Pi

2. s[q]/ l〈e〉;P | s : h

3. s[q].{li(zi).Pi}i∈I | s : (p,q, l j〈S j〉) ·h ( j ∈ I)

4. s[q]/ 〈〈s′[p′]〉〉;P | s : h

5. s[q]. ((z)).P | s : (p,q,s′[p′]) ·h

6. if e then P else Q

7. P | Q with P and Q non-deferrable

8. (νn)P

Lemma 3.6.14. 1. if erase(P)= a[n](y).P1 |∏i∈{2,...,n} a[i](y).Pi, then ∃P′1, . . . ,P′n,
t1≥ 0, . . . , tn≥ 0 such that P≡delay(t1).a[n](y).P′1 |∏i∈{2,...,n}delay(ti).a[i](y).P′i
and Pi = erase(P′i ) for all i ∈ 1, . . . ,n.
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2. if erase(P)= s[q]/l〈e〉;P1 | s : h then ∃P′1, t ≥ 0 such that P≡delay(t).s[q]/
l〈e〉;P′1 | s : h and P1 = erase(P′1).

3. if erase(P) = s[q].{li(zi).Pi}i∈I | s : (p,q, l j〈v〉) ·h ( j ∈ I) then ∃P′i , t ≥ 0

for i ∈ I such that P ≡ delay(t).s[q] . {li(zi).P′i}i∈I | s : (p,q, l j〈v〉) and

Pi = erase(P′i ) for all i ∈ I.

4. if erase(P) = s[q]/ 〈〈s′[p′]〉〉;P1 | s : h then ∃P′1, t ≥ 0 such that

P≡ delay(t).s[q]/ 〈〈s′[p′]〉〉;P′1 | s : h and P1 = erase(P′1).

5. if erase(P) = s[q] . ((z)).P1 | s : (p,q,s′[p′]) · h then ∃P′1, t ≥ 0 such that

P≡ delay(t).s[q]. ((z)).P′1 | s : (p,q,s′[p′]) ·h and P1 = erase(P′1).

6. if erase(P) = if e then P1 else P2 then ∃P′1,P′2, t ≥ 0 such that P ≡
delay(t).if e then P′1 else P′2 and Pi = erase(P′i ) for i ∈ {1,2}.

7. if erase(P)=P1 |P2 then ∃P′1,P′2, t1≥ 0, t2≥ 0 such that P≡delay(t1).P′1 |
delay(t2).P′2 with Pi ≡ erase(P′i ) and P′i non-deferrable for i ∈ {1,2}.

8. if erase(P) = (νn)P′ then ∃P′′, t≥0 such that P ≡ delay(t).(ν)P′′ and

erase(P′′) = P′.

Proof. The proof is mechanical by Lemma 3.6.13.

In case (7) of Lemma 3.6.14 observe that we can always find non deferrable

continuations P′1 and P′2 as we can collect the delays in front of the process by

structural equivalence rule delay(t).delay(t ′).Pi ≡ delay(t + t ′).Pi.

Lemma 3.6.15. If P is non-deferrable and erase(P) −→ P′ then P −→ P′′ with

erase(P′′) = P′.

Proof. Mechanical, by induction on the derivation of erase(P), proceeding by

case analysis using Lemma 3.6.13 and Lemma 3.6.14.

Proposition 3.6.16 (Conformance). If P−→ P′ then erase(P)−→∗ erase(P′).

We say that: (1) P is a deadlock process if P −→∗ P′ where P′ 6−→ and P′ 6≡
0, and (2) P is session delay if for each delay process of the form delay(t).P′

occurring in P, there are no session request and session accept in P′. We say that Γ

is feasible (resp. wait-free) if for all u ∈ dom(Γ), Γ(u) is feasible (resp. wait-free).
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Lemma 3.6.17 (Time progress - parallelism and interleaved sessions). Let Γ be a

feasible and wait free mapping, Γ ` P0 . /0, and P0 −→+ P where P is session delay

and

P≡ delay(t).P | R for some t > 0 and non-deferrable R

If erase(P) is not a deadlock process and erase(P)−→ then R−→.

Proof. Without loss of generality we assume that for some L

R = R′ |∏
l∈L

sl : hl

We proceed by induction on the complexity of R′, proceeding by case analysis on

the possible form of process R′.

The complex cases are those for receive and session receive, (i.e., R′ is stuck

waiting for messages). In all other cases one can immediately show that R′ reduces.

In fact,

• R′ cannot be a of the form u[n](y).R′′ or u[i](y).R′′ since (1) erase(P) is

deadlock free hence all the other corresponding session requests or accepts

to start session y are in P, and (2) P is session delay hence none of the

corresponding session accepts/delay can be in Pi.

• R′ cannot be a delay process as P it is non deferrable (Definition 5.6.3) by

hypothesis,

• if R′ is of the form s[q]/ l〈e〉;R′′ or s[q]/ 〈〈c′〉〉;R′′ then one can immediately

show that R can reduce by bSELc or bSRECc.

• in the inductive cases (e.g., for hiding and parallel processes) the result

follows by induction.

We will show the case for R′ being an input process. The case for session receive

is similar hence omitted.

Case R′ ≡ s[p][q].{lk(zk).Rk}k∈I . In this case:

R≡ s[p][q].{lk(zk).Rk}k∈I |∏
l∈L

sl : hl

We proceed by contradiction assuming Γ feasible and wait-free, erase(P)

deadlock free, erase(P) −→ and R 6−→. If R 6−→ we have the following cases
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depending on where the corresponding output of s[p][q].{lk(zk).Rk}k∈I is:

1. the corresponding output appears (immediately or after some other input) in

some continuation Rk,

2. the corresponding output appears in Pi for some i ∈ I

3. the corresponding output does not appear.

If (1) or (3) then we contradict that erase(P) is deadlock free. If (2) then

we contradict the fact P0 was validated against a feasible and wait-free Γ in

fact: feasibility ensures that there exists at least one execution of the types of

sessions of si where a selection/delegate happens before or at the same time of the

corresponding receive/session receive, and by wait-freedom since in one execution

the output does not precede the input then in all correct implementations the output

does not precede the input, hence the output for a non deferrable (Definition 5.6.3)

input does not occur after ti > 0 time which contradicts fact that the output appears

in Pi.

Theorem 3.6.18 (Timed progress in interleaved sessions). Let Γ be a feasible and

wait-free mapping, Γ ` P0 . /0, and P0 −→+ P. If P is session delay, erase(P) is

not a deadlock process and if erase(P)−→ then P−→.

Proof. We prove Theorem 3.6.18 by induction on the proof of P, proceeding by

case analysis on the possible forms of P according to Lemma 3.6.13.

Case Lemma 3.6.13 (1): Since we assume that P is session delay then this

case can only occur if P = erase(P), hence the thesis follows immediately by the

hypothesis.

Cases Lemma 3.6.13 (2), (3), (4), and (5) proceed similarly. We show the case

for Lemma 3.6.13 (3): erase(P)= s[q].{li(zi).Pi}i∈I | s : (p,q, l j〈S j〉) ·h ( j ∈ I).

By Lemma 3.6.14 (3)

P≡ delay(t).erase(P)[P′i/Pi] | s : (p,q, l j〈S j〉) ·h ( j ∈ I) (3.44)

By two reductions by rule bSTRc with premises by rules bTIMEc and then bBRAc on

(3.44)

P−→ erase(P)[P′i/Pi] | s : (p,q, l j〈S j〉) ·h−→ Pj | s : h (3.45)

and by reduction rule bBRAc on erase(P)

erase(P)−→ erase(Pj) | s : h (3.46)
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Finally, by (3.45) and (3.46), since

erase(Pj) | s : h = erase(Pj | s : h)

we have the thesis for this case.

Case Lemma 3.6.13 (6): immediate considering that e ↓ true in both P and

erase(P) (the erasure does not affect the conditions of conditional statements as

such conditions do not involve delays).

Case Lemma 3.6.13 (7): erase(P) = P1 | P2 and erase(P) −→ P′1 | P2. By

reduction rule bCOMc
P1 −→ P′1 (3.47)

By Lemma 3.6.14 (7)

P≡ delay(t1).Q1 | delay(t2).Q2

erase(Qi) = Pi, i ∈ {1,2} (3.48)

and

Qi non-deferrable, i ∈ {1,2} (3.49)

If t1 = t2 then delay(t1).Q1 | delay(t2).Q2 −→ Q1 | Q2 by a bTIMEc reduction.

By (3.48), (3.49) and (3.47) Q1 −→ hence by bCOMc

Q1 | Q2 −→ Q′1 | Q2

hence done.

If t1 6= t2, assume without loss of generality that t1 > t2. After a bTIMEc reduction

delay(t1).Q1 | delay(t2).Q2 −→ delay(t1− t2).Q1 | Q2

with Q2 non-deferrable. This case holds by Lemma 3.6.17

Case Lemma 3.6.13 (8): immediate by induction.

Note that if P implements a single session then erase(P) is deadlock

free [CDCYP15]; this yields the following corollary. We characterise processes

implementing single sessions, or simple, as follows: a process P is simple

if P0 −→∗ P for some P0 such that a : 〈G〉 ` P0 . /0, and P0 = a[n](y).P1 |
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∏i∈{2,..,n} a[i](y).Pi where P1, . . . ,Pn do not contain any name hiding, request/ac-

cept, and session receive/delegate.

Corollary 3.6.19 (Time progress in single sessions). Let G be feasible and wait-

free, and P be a simple process with a : 〈G〉 ` P . /0. If erase(P) −→, then there

exists P′ such that erase(P)−→ P′ and P−→+ P′′ such that erase(P′′) = P′.

Proof. Since P is simple, by the Proposition of progress for a simple process in

[HYC08], P has no delegation input or output. Thus P is a session delay process.

By Theorem 3.6.18, the corollary is proved.

3.7. Related Works

Calculi with Time

A few proposed timed π-calculi or other kinds of timed calculus are reviewed. In

this section, we list some of the typical references. Since we focus on how to

model time into session types/session calculus, here we present the ways in which

these researchers model time/time constraints in their works.

The authors of [LZ02] propose a process algebra for modelling real-time speci-

fications of mobile systems, which is called π RT-calculus. They combine existing

research on static, real-time processes with Milner’s π-calculus, and they aim to

use the π RT-calculus to specify and reason about dynamic temporal behaviour

and dynamic configuration of concurrent systems as simply and expressively as

possible so as to achieve a minimal extension to the original π-calculus. The only

change is that it introduces a ‘timeout operator’, denoted as PBt Q, which behaves

as P before t time units and as Q at and after t time units. They also distinguish

when an action is possible (enabled) and when an action happens (fired), because

of possible delay between these two states.

The work in [FFW+04] presents a dense-time extension of π-calculus, on the

basis of time consuming transitions. Similar to the previous one, the authors try

to minimise the changes to the original π-calculus while maintaining simplicity

and expressiveness for modelling concurrent real-time systems. In the proposed

semantics, the authors introduce a ‘time guard’ denoted as4 that specifies a time

interval before a process can proceed. The time guard has the format [tmin, tmax],

where tmin and tmax are the time lower and upper bound for reaching the target

state. Also, the authors define a timed labelled transition system (TLTS), whose
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solutions result in two time sets ACTIVE (the set of incoming transitions of state

S) and ARRIVE (the set of time at which the target state of a transition can be

reached).

In the paper [LZ05], the authors define a timed extension of asynchronous

π-calculus with a transaction construct, called the calculus webπ, for describing

protocols and interfaces of web services. Despite the lack of an agreement on

web transaction standard, the authors propose webπ that models the main issues

of web transactions, that is, interruptible processes, failure handler and time. The

important part in the syntax of webπ is the web transaction construct, denoted as

C P;Q Bn
x , where P is the body, Q is a compensation, n means time steps and x

is the abort message, which indicates the transaction is discarded. The construct

means that it will behave as P if it does not terminate and it will perform as Q after

n time steps or if an abort message x is received.

The authors [BY07] propose types of a distributed timed π-calculus and an

approximate bisimulation that could be used as a tool for analysing probabilistic

processes. In their typing, the time information is modeled as a ‘timer construct’

denoted as timert〈a(x̃).P,Q〉, with t > 0. It has two functions: (1) timeout, which

means that after t time units it turns into Q, unless (2) it has been stopped, that is,

a message has been received by the timer at a. The flow of time is achieved by a

timestepper function ϕ, which acts on processes. It models the implicit broadcast

of time passing and its two main rules are:

ϕ(timert+1〈a(x̃).P,Q〉) = timert〈a(x̃).P,Q〉 ϕ(timer1〈a(x̃).P,Q〉) = Q

This typing semantics enables all existing typing rules unchanged without ad-

ditional typing. Later the authors incorporate probabilities of message loss to

calculus and propose approximate bisimulation, which ignores the transitions that

are below the probability threshold. This bisimulation is proved to be a congruence

and can be used for verification of protocols in distributed systems, for example,

verifying an RFC protocol as presented in the paper.

The previously stated works are similar that they are all extended π-calculi with

time constructs. Compared with above research, we directly achieve the extension

on multiparty session types. In this way, we pass the responsibility of expressing

timing actions to global types, not in asynchronous π-calculus as the above works

do; and our timed session calculus only shows the time passing. The benefits

of directly extending multiparty session types are: (1) we can check feasibility
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and wait-freedom easily from timed global types; (2) we can guarantee the type-

safety and time error-freedom for timed processes and (3) we can describe real-

time protocols in timed global types in a simple and elegant way. In addition,

reset operations in our time assertions enable the timed session types to be more

expressive than those without resets.

The authors in [LP11] propose the basic semantics of C3, an extension of the

Conversation Calculus (CC) [VCS08, Vie10] that provides an explicit treatment

of time issues and exceptional behaviour in structured communications. The

CC is a process calculus that addresses issues in service-oriented computations,

such as distribution, context sensitiveness and loose coupling. It is observed that

in the specification of practical instances of structured communications, timed

behaviour is often accompanied with exceptional behaviour; thus it is necessary

to include the behavioural pattern that consists of a default behaviour and a

compensational behaviour in case of unexpected conditions. Furthermore, the

authors extend the original CC by replacing the simple conversation context with

a timed, compensable conversation context denoted as nJ [P;Q]tκ. Here n denotes

the identity of conversation context and process P is the default behaviour of n.

P is observable as long as the duration t is greater than 0; as soon as t = 0, the

compensating behaviour Q will replace the default behaviour. Name κ means an

abort mechanism; receiving the kill signal sets t to zero at once. Through examples,

the authors prove that C3 achieves the function of implicit conversation abortion

related with time passing. One of the drawbacks, as authors have mentioned, is that

the encoding of this method is untyped; thus the design should be more careful.

COWS (Calculus for Orchestration of Web Services) [LPT07] is a new lan-

guage for modelling different and typical aspects in Service Oriented Computing

(SOC), such as receive conflict and routeing of correlated messages. However,

it turns out that timeout, which is not implemented by COWS, is important for

dealing with service transactions or message losses. Motivated by closing this

gap, the authors extend COWS with timed orchestration constructs to model the

timed-related activities in SOC. In their extension language, the basic actions are

instantaneous and time passing is modelled as explicit actions, called wait activity.

The wait activity �e gives the time interval, whose value is given by the evaluation

e, the execution service has to wait for. The authors illustrate the effectiveness of

the semantics through three application examples. The problem of this proposed

extended language is that it lacks the expressions of its corresponding labelled

transition systems, behavioural equivalence and typing systems, thus it makes the

84



language seem incomplete for practical use.

In [LOP09], the authors propose a unified framework as a declarative approach

for modelling and reasoning about SOC systems. This approach takes a set of

time condition components into consideration instead of only focusing on the

specification of flow controls within processes. The authors base their research

on utcc, a timed Concurrent Constraint Programming process algebra [OV08],

in which time is divided into time units or intervals. The syntax of processes

includes some timed-related operations: (local x̃,c)P means binding the variables

x̃ in P under a constraint c and unit delay next P indicates execution of P in

the next time interval. The authors introduce their framework by combining

utcc with language primitives by Honda [HVK] and providing the encoding of

the original session calculus in [HVK] into utcc. Then they describe a timed

extension of the calculus and present the encoding of this timed extension into

utcc. The case study of electronic booking illustrates the usage of proposed

framework. One disadvantage of this framework is that time extension only

involves session engagement processes; the time requirements within the session

cannot be modelled in this framework.

The above three research works extend other kinds of calculi with time.

Compared with timed multiparty session types, though practical implementations

of their theory are presented, the above extensions suffer similar problems as those

based on π-calculus, such as less expressiveness and no guarantee for type-safety.

In addition, recent work [NY17] shows that timed multiparty session types can be

applied to build a dynamic verification framework for real-time systems based on

Scribble.

Feasibility

Feasibility was first introduced in a different context in [AFK87], as a necessary

requirement of the definition of fairness in the study of nondeterministic systems.

This paper gives a concrete definition in the context of real-time interactions and

states its decidability for infinitely satisfiable TGs. [Tri99] models distributed

timed systems as a parallel combination of timed automata, and gives an algorithm

to check deadlock freedom and time progress for timed automata. The algorithm,

based on syntactic conditions on the states relying on invariant annotations, is not

directly applicable to checking feasibility e.g., on the timed automaton derived

from a TG.
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3.8. Summary

This chapter presents the theory of multiparty session types extended with time.

By introducing time constraints and reset as predicates, timed global types can

model real-time communicating protocols with choices and recursion. Timed local

types are the projection of global types to each participant in the communication

systems. Labelled transition systems for global types and local types are defined

to describe the behaviours and traces of the program. Then the theory of timed

session types is attested in π-calculus. We propose a decidable proof system

for π-calculus processes that ensures type safety and time-error freedom. Two

conditions, feasibility and wait-freedom, are defined and with the theorem of time

progress, we can verify progress property of processes.

86



4. Choreographical Multiparty Session
Types

In this chapter, we introduce new choreographical multiparty (global and local)

session types that solve open problems of expressiveness and algorithmic projec-

tion posed in [CDCP11]. We develop a new typing system for multiparty session

mobile processes generalised with choice, fork, merge and join constructs, and

prove that typed processes conform to the type safety property. We also define

the conditions for well-formedness of choreographical global types to ensure that

global types are well-behaved.

4.1. Motivation: Fork and Join

The theory of multiparty session types proposed in [CDCYP15] describes the

value/channel exchange, branching and recursion behaviours for communicating

protocols. However, in concurrent systems, especially in business use cases, it

is common that one participant could multitask, communicating with multiple

participants at one time. For example, a web server should be able to handle

multiple requests from different clients simultaneously. This requirement of

concurrent operations exposes the problem of expressiveness of multiparty session

types; we lack constructs for describing parallel operations in multiparty session

types. To address this problem, we present a new global type syntax which

encompasses previous systems [HYC08, CDCYP15] with extended constructs

(join and merge) and generalised graph syntax.

The main feature of these choreographical session types is to explicitly

distinguish the branching points from the forking points (where concurrent,

interleaved interaction can take place). Such a distinction is critical to avoid

state explosion and to directly and efficiently type session-based languages and

processes. In process calculus, the parallel operation can be decomposed into a

choice: a | b = a.b+b.a. From this equation, we find that one state is expressed as
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U → S: Request

S → U: Form

U → S: Submit

S → D: Check

D → S: Reply

S → U: Invalid

S → D: RecordS → U: Success

U1

U2

U3

U4

US!Request

SU?Form

US!Submit SU?Invalid

SU?Success

U0

S1

S2

S3

S4

US?Request

SU!Form

US?Submit

SU!Invalid

SU!Success

S0

S5

S6 S7

S8

SD!Check

DS?Result

SU!Success

SD!Record

SD!Record

D0

D1

D2

SD?Record

SD?Check DS!Result

Figure 4.1.: Register Example: Global View in Activity Diagram (Left) v.s. Local
View in State Transition Diagram (Right)

two states. If we have three parallel actions, then the decomposition is:

a | b | c = a.b.c+a.c.b+b.a.c+b.c.a+ c.a.b+ c.b.a

and then we summarise that if n actions are parallel, then the number of decom-

posed states is the permutation number P(n) = n!, which grows exponentially with

n. Therefore, distinguishing fork/join with choice/merge could help avoid state

explosion and describe parallel processes in a precise manner.

We illustrate with a simple scenario, named Register, shown in Figure 4.1. We

show the example in two ways: from the global view, the example is represented

as a BPMN-like [BPM] activity diagram, where ’+’ stands for exclusive gateways

and ’|’ for fork/join, and interactions are presented in session type conventions;

from the local view, we illustrate the scenario in state transition diagrams for each

participant in the protocol (state transition diagrams are only used for illustration

and their connection with local types is not discussed in this thesis).

This scenario comprehensively combines recursion, fork, join, choice and

merge. It models a protocol that describes a membership registration process. This

process involves three participants: a user U who wants to register as a member
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of the website, a server S of the website that deals with the requests from users,

and a remote database D that keeps records of membership. The user sends a

registration request by clicking the register button on the web page, and the server,

upon receiving the request, replies with a form for the user to fill in. After the user

finishes and submits the form, the user information is sent to the website server

and then the server communicates with the remote database to ask whether the

application is valid or not. If the database reports the application with problems,

such as the email address has been registered or the name has been occupied,

then the server will inform the user that this registration is not valid and report

where the problem is. Then the registration loops until the submitted application

is valid. In that case, the server notifies the user that the registration is successful

and simultaneously requires the database to store the user information.

4.2. Global Types for Choreographical Multiparty
Sessions

In this section, we present the syntax of global choreographical session types and

illustrate with several examples. We also present the well-formedness conditions,

which ensure the global types are well-behaved.

4.2.1. Syntax of Global Types

We introduce new choreographical global types, which improve the expressive-

ness of multiparty session types.

Definition 4.2.1 (Choreographical Global Types). The syntax of global types is

defined below.

G ::= def G̃ in x Global type

G ::= x = p→ p′ : l〈U〉;x′ Labelled messages

| x = x′ | x′′ Fork

| x = x′+x′′ Choice

| x | x′ = x′′ Join

| x+x′ = x′′ Merge

| x = end End

U ::= 〈G〉 | bool | nat | · · · Sorts
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Although it is based on multiparty session frameworks, choreographical global

types are different from the basic syntax of global types in three aspects.

1. We define flexible fork, choice, merge and join operations in global

session types. Distinguishing fork and choice in global expressions brings

two benefits: when analysing the behaviours of participants by transition

diagram, we could save state space state and present the interactions in

clear and neat graphs; we gain precise thread management because we can

distinguish mutually exclusive threads, which are presented in choices, and

independent threads, which are shown in pairs of fork/join.

2. We introduce the state variables x in global types to represent the successive

states of the interactions. These state variables not only help express

flexible operations (so that we could write complex protocols that are hard to

describe in the syntax of basic session types), but also facilitate the process

of generating state transition diagrams in the global view.

3. Recursion notation is removed but we could express recursion in flexible

choice/merge pairs.

A global type G = def G̃ in x0 describes a set of interactions among the

participants in the protocol. It is noted that = in the global syntax represents a state

equivalence relation, not equality. The communication starts from x0, denoted as

the initial state, and continues according to the interactions specified in G̃. The

interactions are modelled as labelled message exchanges x = p→ p′ : l〈U〉;x′.
This transition describes that the sender p can go from state x to the continuation

x′ by sending message l with type U , and the receiver p′ goes from x to x′ upon

receiving it. All other uninvolved participants can go from x to x′ for free. Sort

types S include channel types 〈G〉 or base data types, and message types U are

either sort types S or local types T for delegation. x = x′ + x′′ represents the

branching made by the sending participant, between continuation with state x′ or

x′′. The merging construct x′+ x′′ = x shows that the choices are closed, that is,

two mutually exclusive branches share the same continuation. x= x′ | x′′ expresses

forking the two concurrent interactions, and allowing the interleaved actions in x′

and x′′. Similarly, these forking threads are combined by the joining operation

x′ | x′′ = x. x = end denotes session termination.

Example 4.2.2 (Global Types of the Register Example). We show the global types

of Register example in Section 4.1 below.
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GRegister = def G̃ in x0

x0 = U→ S : Request〈nat〉;x1

x1 = S→ U : Form〈unit〉;x2

x2 +x9 = x3

x3 = U→ S : Submit〈string〉;x4

x4 = S→ D : Check〈string〉;x5

x5 = D→ S : Reply〈nat〉;x6

x6 = x7 +x8

x7 = S→ U : Invalid〈nat〉;x9

x8 = x10 | x11

x10 = S→ U : Success〈bool〉;x12

x11 = S→ D : Record〈string〉;x13

x12 | x13 = x14

x14 = end in x0

We illustrate the syntax in the Register example shown in Example 4.2.2.

GRegister, the global type, represents the protocol in the form of choreography that

describes the interactions between participants and not merely a collection of local

behaviours. Initially, we write def G̃ in x0 where G̃ represents the transitions

between state variables, and where x0 is denoted as the initial state of all the

participants. A transition of the form x0 = U→ S : Request〈nat〉;x1 corresponds to

an activity that U sends S a message Request carrying a value of type nat, which

informs the websites that request is for registration. Then this activity is followed

by the interactions that happen in x1. A transition x6 = x7+x8 denotes a choice that

is done by S. If the server finds that the application is invalid based on the Reply

message from the database, then the server will inform the user about this invalid

message. Then x2+x9 = x3 denotes a merging point, which indicates the recursion

by continuing with x3. If the registration request is passed, then the server is

supposed to forward messages to user and database simultaneously. A transition

x8 = x10 | x11 describes such an interaction that should continue concurrently with

the actions of x10 and of x11. In a symmetric way, the transition x12 | x13 = x14

corresponds to the join of two concurrent threads that reach points x12 and x13

respectively. After joining into a single thread x14, the protocol reaches the end

point.

Example 4.2.3 (Choreographical Global Types). We give more complicated

examples in Figure 4.2, with their graph representation for the purpose of
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illustrating the expressiveness of choreographical session types. More examples

are available in Appendix A.1.

1. G1 shows a protocol that Alice recursively sends messages to Bob This

example illustrates that the recursion is presented using merge construct.

2. G2 describes a choice between directly communicating with Carol or with

Bob first. It is noted that the last interaction from Carol to Bob in x6 is

important; without this transition, Bob could reach a deadlock by waiting

forever for a message from Alice, if x3 is chosen.

3. G3 presents a use case called the Alternating Bit Protocol. Alice repeatedly

sends Bob the alternating messages Msg1 and Msg2 but will concurrently

wait for the acknowledgement Acki before sending another Msgi. This

protocol structure requires a general graph syntax and cannot be represented

in existing session type framework. But it is representable in the choreo-

graphical global types.

4. G4 shows a simple example of the usage of forking followed by immediate

joining. The possible traces of G4 are αγβδ, βαγδ, αβγδ, βαδγ and αβδγ.

The traces represented by this global type are not easily representable by

tree-based representation: it is easy to write with a standard syntax of the

relation between messages α, β and δ: (α | β);δ; but γ should follow β

without linking with α or δ. Only a graph-like syntax can represent such set

of traces without introducing a choice-based enumeration.

5. G5 follows the structural shape of the G3, replaces forks by choices and

joins by merges.

4.2.2. Well-formed Global Types

This subsection defines well-formedness of global types, which consists of four

conditions: sanity, well-threadedness, local choice and linearity.

Sanity Conditions for global types should prevent possible syntactic confusions

about which continuations to follow at given point. A global type G = def G̃ in x0

satisfies the sanity conditions if the following three conditions are met.

1. (Unambiguity) Every state variable x except x0 should appear exactly once

on the left-hand side and once on the right-hand side of the transitions in G̃.
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1.
G1 = def x0 +x2 = x1

x1 = Alice→ Bob : Msg〈string〉;x2 in x0

2.

G2 = def x0 = x1 +x3
x1 = Alice→ Bob : Book〈string〉;x2
x2 = Bob→ Carol : Item〈nat〉;x4
x3 = Alice→ Carol : Film〈string〉;x5

x4 +x5 = x6
x6 = Carol→ Bob : Order〈string〉;x7
x7 = end in x0

3.

G3 = def x0 = x1 | x2
x1 +x3 = x4
x2 +x5 = x6

x4 = Alice→ Bob : Msg1〈string〉;x7
x7 = x8 | x9
x8 = Bob→ Alice : Ack1〈unit〉;x10

x6 | x9 = x11
x11 = Alice→ Bob : Msg2〈string〉;x12
x12 = x13 | x14
x13 = Bob→ Alice : Ack2〈unit〉;x5

x10 | x14 = x3 in x0

4.

G4 = def x0 = x1 | x2
x1 = A→ B : α〈U〉;x3
x2 = A→ B : β〈U〉;x4
x3 = x5 | x6

x4 | x5 = x7
x6 = A→ B : γ〈U〉;x8
x7 = A→ B : δ〈U〉;x9

x8 | x9 = x10
x10 = end in x0

5.

G5 = def x0 = x1 +x2
x1 +x3 = x4
x2 +x5 = x6

x4 = Alice→ Bob : Msg1〈string〉;x7
x7 = x8 +x9
x8 = Bob→ Alice : Ack1〈unit〉;x10

x6 +x9 = x11
x11 = Alice→ Bob : Msg2〈string〉;x12
x12 = x13 +x14
x13 = Bob→ Alice : Ack2〈unit〉;x5

x10 +x14 = x3 in x0

Figure 4.2.: Examples of Choreographical Global Types
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2. (Unique start) x0 appears exactly once, on the left-hand side.

3. (Unique end) end appears at most once.

The conditions (1–3) are self-explanatory.

Thread correctness aims at verifying connexity, the ability to reach end

(liveness) and that global types should always join states that occur concurrently

and only them: this prevents both deadlocks and state explosion.

Inspired by [FHY14], we find that both choreographical session types and Petri

nets can express flexible fork/join and choice/merge operations. And there exist

well-established theories of reachability, liveness and boundedness for Petri nets

[RR98]. For simplicity, our approach is to translate global types to Petri nets first

and then to verify thread correctness using theorems of Petri nets. Before defining

well-threadedness, we present a translation from choreographical global types to

Petri nets. Recall the basic definitions of Petri nets in Section 2.3.2: a Petri

net is a quadruple (P,R,F,m0) with P a set of places, R a set of transitions, F ⊆
P×R∪R×P the flow relation, and m0 the initial marking.

Definition 4.2.1 (Petri net translation). The Petri net P(G) = (P,R,F,m0) of global

type G = def G̃ in x0 is defined as:

P = {xk|xk ∈ G̃}
R = {ri→j|xi = p→ p′ : l〈U〉;x j ∈ G̃∨xi = x j +xk ∈ G̃∨xi = xk +x j ∈ G̃∨

xi +xk = x j ∈ G̃∨xk +xi = x j ∈ G̃}∪
{ri→j,k|xi = x j | xk ∈ G̃}∪{ri,j→k|xi | x j = xk ∈ G̃}

F = {(xi,ri→j),(ri→j,x j)|xi = p→ p′ : l〈U〉;x j ∈ G̃}∪
{(xi,ri→j),(ri→j,x j)|xi = x j +xk ∈ G̃∨xi = xk +x j ∈ G̃}∪
{(xi,ri→j),(ri→j,x j)|xi +xk = x j ∈ G̃∨xk +xi = x j ∈ G̃}∪
{(xi,ri→j,k),(ri→j,k,x j),(ri→j,k,xk)|xi = x j | xk ∈ G̃}∪
{(xi,ri,j→k),(x j,ri,j→k),(ri,j→k,xk)|xi | x j = xk ∈ G̃}

m0 = {x0}

We now state well-threadedness as a Petri net property. These properties are

classically decidable.

Definition 4.2.2 (Well-threadedness). A global type G = def G̃ in x0 satisfies the

well-threadedness condition if P(G) is:

1. weakly-connected, and
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G¬thr = def x0 = x1 +x2
x1 = A→ B : Msg1〈string〉;x3
x2 = A→ B : Msg2〈string〉;x4

x3 | x4 = x5
x5 = B→ A : Msg3〈nat〉;x6
x6 = end in x0

G¬loc = def x0 = x1 +x2
x1 = A→ B : Msg1〈string〉;x3
x2 = B→ A : Msg2〈string〉;x4

x3 +x4 = x5
x5 = end in x0

Figure 4.3.: Incorrect Global Types

2. safe (i.e. 1-bounded), and

3. deadlock-free, and

4. if a transition x = end is in G̃, then the marking where all places are empty

except for x with one token, is reachable.

G¬thr in Figure 4.3 shows an illegal join waits for two mutually exclusive

choice messages. As a result, B at x5 reaches deadlock, since he is expecting

both Msg1 and Msg2 from A.

Local Choice is important for the consistency of a choreographical global type

with respect to branching. For a global type G = def G̃ in x0, we need to ensure

that each choice is clearly labelled and is local to a participant. To realise this

effect, we define a function Rcv(G̃)(x) in Figure 4.4, which returns the set of all

the participants that expect at least one message starting from x. Also, Rcv(G̃)(x)
returns the label l of the received message and the encountered merging points x̃.

The equality Rcv(G̃)(x1) = Rcv(G̃)(x2) holds if ∀(p : l1 : x̃1) ∈ Rcv(G̃)(x1),∀(p :

l2 : x̃2) ∈ Rcv(G̃)(x2), l1 6= l2∨ x̃1, x̃2 share a non-null suffix.

To guarantee that choices are local to one participant, we define a function that

asserts that a unique sender p is active in each branch x1 and x2 for a choice

x = x1 + x2 ∈ G̃. This is written ASend(G̃)(x) = p and is undefined if more than

one active sender exists, that is, the choice is not local to a unique participant p

(The function ASend(G̃)(x) = p is defined in Appendix A.1). G¬loc in Figure 4.3

shows an illegal global type that violates this condition since the active senders of

branches x1 and x2 are Alice and Bob and choice is not localised to either of them.
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Rcv(G̃)(x) = Rcv(G̃, /0, /0)(x) (remembers recursive calls and receivers)

Rcv(G̃, x̃, p̃)(x) = Rcv(G̃, x̃, p̃)(x′)
if x = p→ p′ : l〈U〉;x′ ∈ G̃∧p′ ∈ p̃ or if x | x′′ = x′ ∈ G̃

Rcv(G̃, x̃, p̃)(x) = {p′ : l : x̃}∪Rcv(G̃, x̃,p′p̃)(x′) if x = p→ p′ : l〈U〉;x′ ∈ G̃∧p′ /∈ p̃

Rcv(G̃, x̃, p̃)(x) = Rcv(G̃, x̃, p̃)(x′)∪Rcv(G̃, x̃, p̃)(x′′) if x = x′+x′′ ∈ G̃ or x = x′ | x′′ ∈ G̃

Rcv(G̃, x̃, p̃)(x) = /0

if x+x′ = x′′ ∈ G̃∧x′′ ∈ x̃ or if x = end ∈ G̃

Rcv(G̃, x̃, p̃)(x) = Rcv(G̃, x̃x′′, p̃)(x′′) if x′+x = x′′ ∈ G̃∧x′′ /∈ x̃

Figure 4.4.: Receiver Computation (up to permutation of | and +)

Definition 4.2.3 (Local Choice). A global type G = def G̃ in x0 satisfies the local

choice conditions if for every transition x = x′+ x′′ ∈ G̃, we have (1) (Choice
awareness) Rcv(G̃)(x′)=Rcv(G̃)(x′′); and (2) (Unique sender) ∃p,ASend(G̃)(x)=
p.

Linearity is to avoid processes from race-conditions, To realise linearity we

require that two concurrent branches with the same messages label should not

appear. This condition, linearity, is enforced by comparing the results of

Lin(G̃)(x1) and Lin(G̃)(x2) when a forking transition x = x1 | x2 occurs in G̃.

The Lin function is defined in Figure 4.5. This function works in a similar way

on labels as the Rcv function on message receivers. As with Rcv, the equality

Lin(G̃)(x1) = Lin(G̃)(x2) holds if ∀(pp′ : l1 : x̃1) ∈ Lin(G̃)(x1),∀(pp′ : l2 : x̃2) ∈
Lin(G̃)(x2), l1 6= l2∨ x̃1, x̃2 share a non-null suffix. For example, linearity condition

would prevent the two parallel branches with labels Msg1 and Msg2 from both

being renamed Msg0 in G, since they can be received concurrently and thus

receiver will confuse.

Definition 4.2.4 (Linearity). A global type G = def G̃ in x0 satisfies the linearity

condition if, for every transition x= x′ | x′′ ∈ G̃, we have Lin(G̃)(x′) = Lin(G̃)(x′′).

Well-formedness We say that a global type G = def G̃ in x0 is well-formed, if it

satisfies the sanity, thread correctness, local choice and linearity conditions. We

can easily check that global types from Ex. 4.2.3 are well-formed. It is noted

that well-formedness of classic multiparty session types [CDCYP15] also requires

sanity conditions and local choice conditions. By adding fork/join constructs, we

also need to ensure thread correctness and linearity conditions.
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Lin(G̃)(x) = Lin(G̃, /0, /0)(x) (remembers merges and joins)

Lin(G̃, x̃m, x̃ j)(x) = /0 if x+x′ = x′′ ∈ G̃∧x′′ ∈ x̃ or x = end ∈ G̃

Lin(G̃, x̃m, x̃ j)(x) = {pp′ : l : x̃ j}∪Lin(G̃, x̃m, x̃ j)(x′)
if x = p→ p′ : l〈U〉;x′ ∈ G̃∧p′ /∈ p̃

Lin(G̃, x̃m, x̃ j)(x) = Lin(G̃, x̃m, x̃ j)(x′)∪Lin(G̃, x̃m, x̃ j)(x′′) if x = x′+x′′ ∈ G̃

Lin(G̃, x̃m, x̃ j)(x) = Lin(G̃, x̃m, x̃ j)(x′)∪Lin(G̃, x̃m, x̃ j)(x′′) if x = x′ | x′′ ∈ G̃

Lin(G̃, x̃m, x̃ j)(x) = Lin(G̃, x̃mx′′, x̃ j)(x′′) if x′+x = x′′ ∈ G̃∧x′′ /∈ x̃
Lin(G̃, x̃m, x̃ j)(x) = Lin(G̃, x̃m, x̃ jx′′)(x′′) if x′ | x = x′′ ∈ G̃

Figure 4.5.: Linearity Computation (up to permutation of | and +)

4.3. Local Types and Projections

Local types, defined in Definition 4.3.1, describe the actions of session from end-

point view of participants and each process implementation should follow the

projected local types. Similar to global types, a local type T follows the shape

of a state machine definition, and are of the form def T̃ in x0.

Definition 4.3.1 (Syntax of Choreographical Local Types).

T ::= def T̃ in x local type

T ::= x =!〈p, l〈U〉〉.x′ send

| x =?〈p, l〈U〉〉.x′ receive

| x = x′ indirection

| x = x′⊕x′′ internal choice

| x = x′ & x′′ external choice

| x+x′ = x′′ merge

| x = x′ | x′′ fork

| x | x′ = x′′ join

| x = end end

The local type of send !〈p, l〈U〉〉 expresses an action of sending p a message

with label l and type U , and receive ?〈p, l〈U〉〉 is the symmetric action of receiving

from p a message with label l and type U . Other behaviours, like fork, join and

end, are same as global types. Note that merge is used for collecting both internal

and external choices.
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We define the projection in Definition 4.3.2 to project a well-formed global

type G to the local type of participant p, denoted as G � p . The projection

is straightforward: the interaction x = p→ q : l〈U〉;x′ is an output action from

p’s viewpoint and an input action from q’s viewpoint; otherwise it marks as

an indirection link from x to x′ for other participants. Choice x = x′ + x′′ is

projected as the internal choice if p is the participant who decides which branch

to choose, and this is guaranteed by well-formedness of global types; otherwise,

the projection is noted as an external choice. For local types, we also define a

congruence relation≡ over T̃ in Figure 4.7 which removes the indirections, locally

irrelevant choices, and the unused local threads. Appendix A.3 includes examples

illustrating how local congruence relation is applied to simplify graphs.

Definition 4.3.2 (Projection Algorithm).

def G̃ in x � p = def G̃ �G̃ p in x

x = p→ p′ : l〈U〉;x′ �G̃ p = x =!〈p′, l〈U〉〉.x′

x = p→ p′ : l〈U〉;x′ �G̃ p′ = x =?〈p, l〈U〉〉.x′

x = p→ p′ : l〈U〉;x′ �G̃ p′′ = x = x′ (p /∈ {p,p′})
x | x′ = x′′ �G̃ p = x | x′ = x′′

x = x′ | x′′ �G̃ p = x = x′ | x′′

x = x′+x′′ �G̃ p = x = x′⊕x′′

(if p = ASend(G̃)(x))
x = x′+x′′ �G̃ p = x = x′ & x′′

(otherwise)

x+x′ = x′′ �G̃ p = x+x′ = x′′

x = end �G̃ p = x = end

Example 4.3.1 (Register Example). We illustrate our projection algorithm by

showing the result of the projection of the global type GRegister to the three local

types of the user TRegisterU, the server TRegisterS and the client TRegisterD in Figure 4.6.

Local type congruence rules are used to simplify the result. When comparing

with the state transition diagram in Figure 4.1, we can observe the similarities in

syntactic structure.

We define Local State Equivalence Relation as X [ ] in Figure 4.8. The

local states are considered as equivalent if no message exchange occurs. This

equivalence relation is used in the proof of subject congruence in Section 4.5. We
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TRegisterU = def x0= !〈S,Request〈nat〉〉.x1
x1=?〈S,Form〈unit〉〉.x2

x2 +x9=x3
x3= !〈S,Submit〈string〉〉.x4
x4=x7 & x8
x7=?〈S, Invalid〈nat〉〉.x9
x8=?〈S,Success〈bool〉〉.x14

x14=end in x0
TRegisterS = def x0=?〈U,Request〈nat〉〉.x1

x1= !〈U,Form〈unit〉〉.x2
x2 +x9=x3

x3=?〈U,Submit〈string〉〉.x4
x4= !〈D,Check〈string〉〉.x5
x5=?〈D,Reply〈nat〉〉.x6
x6=x7⊕x8
x7= !〈U, Invalid〈nat〉〉.x9
x8=x10 | x11

x10= !〈U,Success〈bool〉〉.x12
x11= !〈D,Record〈string〉〉.x13

x12 | x13=x14
x14=end in x0

TRegisterD = def x0 +x9=x3
x3=?〈S,Check〈string〉〉.x5
x5= !〈S,Reply〈nat〉〉.x6
x6=x9 & x11

x11=?〈S,Record〈string〉〉.x14
x14=end in x0

Figure 4.6.: Register Example: Local Types

T̃ ,x = x′ ≡ T̃ [x/x′]
x1 = x2⊕x3,x2 +x3 = x4 ≡ x1 = x4
x1 = x2 & x3,x2 +x3 = x4 ≡ x1 = x4
x1 +x2 = x3,x3 = x2 & x4 ≡ x1 = x4

x1 = x2 | x3,x2 | x3 = x4 ≡ x1 = x4

Figure 4.7.: Local Type Congruence (up to commutativity of | and +)
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X | X ′ ≡T̃ X ′ | X X | (X ′ | X ′′)≡T̃ (X | X ′) | X ′′

x = x′ ∈ T̃
X [x]≡T̃ X [x′]

x = x′ | x′′ ∈ T̃
X [x]≡T̃ X [x′ | x′′]

x | x′ = x′′ ∈ T̃
X [x | x′]≡T̃ X [x′′]

x = x′ & x′′ ∈ T̃
X [x]≡T̃ X [x′]

x = x′ & x′′ ∈ T̃
X [x]≡T̃ X [x′′]

x = x′⊕x′′ ∈ T̃
X [x]≡T̃ X [x′]

x = x′⊕x′′ ∈ T̃
X [x]≡T̃ X [x′′]

x+x′ = x′′ ∈ T̃
X [x]≡T̃ X [x′′]

x+x′ = x′′ ∈ T̃
X [x′]≡T̃ X [x′′]

Figure 4.8.: Local State Equivalence

T ≡ T0 T0 −→ T̃ T ′0 T ′0 ≡ T ′

T −→ T̃ T ′
x = end ∈ T̃

T̃ ` x.0

x = x′ ∈ T̃
T −→ T̃ T ′

x =!〈p, l〈U〉〉.x′ ∈ T̃

T p!l〈U〉−−−→ T̃ T ′
x =?〈p, l〈U〉〉.x′ ∈ T̃

T p?l〈U〉−−−→ T̃ T ′

x = x1 | x2 ∈ T̃
T −→ T̃ Tx1|x2

x1 | x2 = x ∈ T̃
Tx1|x2 −→ T̃ T

x = x1⊕x2 ∈ T̃
T −→ T̃ Tx1+x2

x = x1 & x2 ∈ T̃
T −→ T̃ T̃x1+x2

x1 +x2 = x ∈ T̃
T1 −→ T̃ T T2 −→ T̃ T

x1 +x = x2, x′1 = x′⊕x′2 ∈ T̃ T2 −→ ∗
T̃ T ′1 T ′2 −→ ∗

T̃ T1

T −→ T̃ T ′

x1 +x = x2, x′1 = x′2⊕x′ ∈ T̃ T2 −→ ∗
T̃ T ′1 T ′2 −→ ∗

T̃ T1

T −→ T̃ T ′

x+x1 = x2, x′1 = x′ & x′2 ∈ T̃ T2 −→ ∗
T̃ T ′1 T ′2 −→ ∗

T̃ T1

T −→ T̃ T ′

x+x1 = x2, x′1 = x′2 & x′ ∈ T̃ T2 −→ ∗
T̃ T ′1 T ′2 −→ ∗

T̃ T1

T −→ T̃ T ′

Figure 4.9.: Transition Rules for Local Choreographical Types
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define the transition rules for local types in Figure 4.9 as auxiliary theorems for

proving type safety.

4.4. General Multiparty Session Processes

This section introduces general multiparty session processes. We give the

syntax of choreographical session calculus and show the operational semantics

to allow processes to reduce. Also, we define the typing system for processes for

verification. The extension to run-time processes is defined to show the transitions

of session environment.

4.4.1. Syntax of Choreographical Session Calculus

Similar to local types, process calculus also follows the shape of the choreo-

graphical global types defined in Section 4.2.1: new external and internal choice

operators are added to allow branching with different receivers and merging with

different senders; and forking and joining threads are included in the syntax.

Definition 4.4.1 (Process and Network Syntax). The syntax of processes and

network for choreographical session calculus is defined below.

P ::=def P̃ in X definition

P ::= process transition

| x(x̃) = x〈G〉.x′(ẽ) init

| x(x̃) = x[p](y).x′(ẽ) request

| x(x̃) = x !〈p, l〈e〉〉.x′(ẽ) send

| x(x̃) = x?〈p, l(y)〉.x′(ẽ) receive

| x(x̃) = x′(ỹ) | x′′(z̃) parallel

| x(x̃) =if e then x′(ẽ′) else x′′(ẽ′′) conditional

| x(x̃) = x′(x̃) & x′′(x̃) external choice

| x(ỹ) | x′(z̃) = x′′(x̃) join

| x(x̃)+x′(x̃) = x′′(x̃) merge

| x(x̃) = (νa) x′(ax̃) new name

| x(x̃) = 0 null
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X ::= state

| x(ṽ) thread

| X | X parallel

| (νa)X restriction

| 0 null

N ::= network

| P def

| N || N parallel

| (νa)N new name

| 0 null

| (νs)N new session

| s : h queue

| a〈s〉[p] invitation

v ::=a | s[p] | true | false | ... values

e ::=v | x | e∧ e | ... expression

h ::= /0 | h · (p,q, l〈v〉) messages

A process starts from a definition P = def P̃ in x(ṽ), and ṽ instantiates the

parameters of x in P̃. The form of process actions P̃ follows the shape of global

and local types and processes is based on a functional style to pass values around

continuations. Variables x̃ in x(x̃) on the left-hand side of a process action are

binding variables on the the x̃ appearing in the right-hand side. y in request and

receive are also binding variable.

Session initiation is of the form x(x̃) = x〈G〉.x′(ẽ) where G is a global

type. It follows an interaction pattern defined in G to the shared channel a

that x is substituted to. The variables in ẽ are all bound by x̃. After a session

initialisation, participants can accept the session with x(x̃)= x[p](y).x′(ẽ), and start

the interaction, where the variables in ẽ are bound by x̃ and by y, which receives

the session channel.

The sending action x!〈p, l〈e〉〉 allows sending to p a value e labelled by a

constant l in session x. The reception x?〈p, l(y)〉.x′(ẽ) is the symmetric action

to receive a message with a label l from p. It is noted that the message is then

received in variable y that binds in x′(ẽ).
x(x̃) = x′(ỹ) | x′′(z̃) express forking threads and ỹ and z̃ are subsets of x̃.
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The join action combines parallel threads. The conditional process if e then

x′(ẽ′) else x′′(ẽ′′) for internal choice and the (x′(x̃) & x′′(x̃)) for external choices

represent traditional selection actions in session types. The merge action collects

choices. Note that fork, join, external choice and merge only allow a restricted use

of bound variables in continuations. x(x̃) = (νa)x′(ax̃) is name creation of a new

shared name a. 0 is an inactive agent.

The process states X are defined from the state variables defined in P̃. The

network N, with restrictions of the form (νa)N, means a parallel composition of

definition agents.

Session instances are represented by session restriction (νs)P. The message

queue s : h stores the messages in transit for the session instance s. A session

invitation, denoted as a[p]〈s〉, invites participant p to start the session s on channel

a.

We say that a network is initial if it only consists of shared name restrictions

and parallel compositions of def P̃ in x(~v).

Operational Semantics We define the operational semantics for processes and

networks in Figure 4.10. The labels used in the reduction of processes are defined

as below.

α,β ::= τ | s[p,q]!l〈v〉 | s[p,q]?l〈v〉 | a〈G〉 | a〈p〉[s]

The rules consist of two parts. The first part shows the transitions of the form

P̃`X α−→X′ representing that a process in a state X can transit to state X′ with action

α. The second part defines reductions within networks with transitions N −→ N′.
e ↓ v corresponds to the evaluation of expression e to v.

In the first part, rule [INIT] initiates a session, and rule [ACC] signifies the

process’s acceptance for participate in a session. Rule [SEND] outputs a message

from p to q, with x̃ substituting by ṽ and evaluating e to v. Rule [RCV] receives a

message and instantiates variable y to the received value v. Rule [NEW] represents

name creation. A branch with the value of e is internally chosen in Rule [IFT]. Rule

[EXT] shows the external choice, and depending on which label α is received, either

the left or right state variable is invoked.

For the second part, rules [DEF] and [TAU] raise to the network level. [INITN ]

is used in combination with [INIT] to creates an empty queue s : ε together with

invitations for participant. Rule [ACCN ] consumes an invitation in the session if

someone signals as ready by [ACC]. Other contextual rules are standard. We write
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x[ṽ/x̃] = a ẽ[ṽ/x̃] ↓ ṽ′

x(x̃) = x〈G〉.x′(ẽ) ` x(ṽ)
a〈G〉−−→ x′(ṽ′)

[INIT]

x[ṽ/x̃] = a ẽ[ṽ/x̃][s/y] ↓ ṽ′

x(x̃) = x[p](y).x′(ẽ) ` x(ṽ)
a〈s〉[p]−−−→ x′(ṽ′)

[ACC]

x[ṽ/x̃] = s[q] e[ṽ/x̃] ↓ v ẽ[ṽ/x̃] ↓ ṽ′

x(x̃) = x !〈p, l〈e〉〉.x′(ẽ) ` x(ṽ)
s[q,p]!l〈v〉−−−−−→ x′(ṽ′)

[SEND]

x[ṽ/x̃] = s[q] ẽ[ṽ/x̃][v/y] ↓ ṽ′

x(x̃)=x?〈p, l(y)〉.x′(ẽ) ` x(ṽ)
s[p,q]?l〈v′〉−−−−−−→x′(ṽ′)

[RCV]

a 6∈ ṽ
x(x̃)=(νa)x′(ax̃) ` x(ṽ) τ−→(νa)x′(aṽ)

[NEW]

e[ṽ/x̃] ↓ true ẽ′[ṽ/x̃] ↓ ṽ′

x(x̃)=if e then x′(ẽ′) else x′′(ẽ′′) ` x(ṽ) τ−→ x′(ṽ′)
[IFT]

e[ṽ/x̃] ↓ false ẽ′′[ṽ/x̃] ↓ ṽ′′

x(x̃)=if e then x′(x̃) else x′′(x̃) ` x(ṽ) τ−→ x′′(ṽ′′)
[IFF]

P̃,x(x̃) = x′(x̃) & x′′(x̃) ` x′(ṽ) α−→ X
P̃,x(x̃) = x′(x̃) & x′′(x̃) ` x(ṽ) α−→ X

[EXT]

P̃ ` X α−→ X′

def P̃ in X α−→ def P̃ in X′
[DEF]

P
s[p,q]!l〈v〉−−−−−→ P′

P || s : h−→ P′ || s : h · (p,q, l〈v〉)
[PUT]

P
s[p,q]?l〈v〉−−−−−→ P′

P || s : (p,q, l〈v〉) ·h−→ P′ || s : h
[GET]

P
a〈G〉−−→ P′ p0, . . . ,pk ∈G s 6∈ fn(P′)

P−→ (νs)(P′ || s : ε || a〈s〉[p0] || . . . || a〈s〉[pk])
[INITN ]

P
a〈s〉[p]−−−→ P′

P || a〈s〉[p]−→ P′
[ACCN ] P τ−→ P′

P−→ P′
[TAU]

P̃ ` X0
α−→ X′0

P̃ ` X0 | X
α−→ X′0 | X

[PAR]

P̃′ ` X α−→ X′

P̃, P̃′, P̃′′ ` X α−→ X′
[WEAK]

P̃ ` X≡ X0
α−→ X′0 ≡ X′

P̃ ` X α−→ X′
[STR]

P̃ ` X α−→ X′ a 6∈ α

P̃ ` (νa)X α−→ (νa)X′
[RES]

N−→ N′
(νn) N−→ (νn) N′

[RESN ] N−→ N′
N || N′′ −→ N′ || N′′

[PARN ]
N≡ N0 −→ N′0 ≡ N′

N−→ N′
[STRN ]

Figure 4.10.: Operational Semantics of Session Calculus
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−→∗ for the multi-step reduction.

Example 4.4.2 (Register Example). We write here an implementation of the

Register example from Section 4.2.1. The global and local types are referred to

Figure 4.1 and Figure 4.6.

PU, PS and PD, respectively correspond to the user, server and remote database.

PU initiates the session by announcing GTrade on shared name a. According to

rule [INITN ], it creates a session name s, a message buffer and invitations for U,

S and D. PU then joins the session as the user U, the variable z being used to

contain the session name. PU proceeds with x0(y0,z) where y0 is the integer 1

to represent the number for request, and z the session name. The execution of

x0(y0,z) sends a message Request with payload integer 1 in the message buffer

and user continues interactions as described in the process. PS starts in x(a, f orm)

where a is the shared name and f orm is a generated registration form. It joins

the session as S, gets in variable z the session name s and continues with x0(i0,z).

The registration information i2 from user is checked recursively with D until valid

information is obtained and S notifies user with the success message number i3
and notifies database to record this user information with command number i4.

Similarly, PD begins with x(a) by joining the session as D, helps server to check the

uniqueness of user with message d1, and sends the result back with correct/error

indicator d2. The information will be eventually recorded with command number

d3 from the server.

4.4.2. Typing Multiparty Interactions

in this subsection, we define the typing system for choreographical session

calculus. What is different from existing multiparty typing systems is that we

need to gather the typing constraints of the transitions P̃ in P, and keep track

of associations such as x1 =!〈p, l〈U〉〉.x2. The typing system relies on matching

between local types and inferred transitions in order to keep the typing system for

processes simple.

Environments We write u as a shared channel a and its variable x and c as a

session channel s[p] or its variable. The environments are defined as:

Γ ::= /0 | Γ,u : U ∆ ::= /0 | ∆,c : T Σ ::= /0 | Σ,x : Ũ

Γ is the standard environment that associates variables to sort types and shared

names to global types. ∆ is the session environment that associates channels to
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PU = def x(x,y0) = x〈GRegister〉.x′(x,y0)
x′(x,y) = x[U](z).x0(y0,z)

x0(y0,z) = z !〈S,Request〈y0〉〉.x1(z)
x1(z) = z?〈S,Form(y1)〉.x2(y1,z)

x2(y1,z)+x9(y3,z) = x3(y2,z)
x3(y2,z) = z !〈S,Submit〈y1〉〉.x4(z)

x4(z) = x7(z) & x8(z)
x7(z) = z?〈S, Invalid(y3)〉.x9(y3,z)
x8(z) = z?〈S,Success(y4)〉.x14(y4,z)

x14(y4,z) = 0 in x(a,1)

PS = def x(x, i0) = x[S](z).x0(i0,z)
x0(i0,z) = z?〈U,Request(i1)〉.x1(i0, i1,z)

x1(i0, i1,z) = z !〈U,Form〈i0〉〉.x2(z)
x2(z)+x9(z) = x3(z)

x3(z) = z?〈U,Submit(i2)〉.x4(i2,z)
x4(i2,z) = z !〈D,Check〈i2〉〉.x5(z)

x5(z) = z?〈D,Reply(i3)〉.x6(i3,z)
x6(i3,z) = i f i3 = 0 then x7(i3,z) else x8(i3,z)
x7(i3,z) = z !〈U, Invalid〈i3〉〉.x9(z)
x8(i3,z) = x10(i3,z) | x11(i4,z)

x10(i3,z) = z !〈U,Success〈i3〉〉.x12(z)
x11(i4,z) = z !〈D,Record〈i4〉〉.x13(z)

x12(z) | x13(z) = x14(z)
x14(z) = 0 in x(a, f orm)

PD = def x(x) = x[D](z).x0(z)
x0(z)+x9(z) = x3(z)

x3(z) = z?〈S,Check(d1)〉.x5(d1,z)
x5(d1,z) = z !〈S,Reply〈d2〉〉.x6(z)

x6(z) = x9(z) & x11(z)
x11(z) = z?〈S,Record(d3)〉.x14(d3,z)

x14(d3,z) = 0 in x(a)

Figure 4.11.: Register Example: Processes
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session types. What is different from multiparty session types is that we use Σ to

keep tracking state variable associations in the typing system, since we introduce

state variables in local types and processes. We say Γ,u : U only if u 6∈ dom(Γ),

and it is similar for other variables.

Judgements The different judgements are used:
Γ ` e : U Expression e has type U under Γ

Γ ` P.Σ [] Σ′ Left/right variables in P have types Σ/Σ′ under Γ

Γ ` P Process P is typed under Γ

Γ ` N Network N is typed under Γ

Typing Rules We define the typing system for processes in Figure 4.12. Apart

from inferring local types through gathered constraint, the essence of the typing

system is the same as that of [HYC08, CDCYP15]. In the rules, ỹ and z̃ correspond

to sorts and session types, respectively.

Rule [INIT] types the initialisation, where ỹ should contain x and variables in ẽ

appearing in the right hand side. In the type system we record that x= x′ at the

head of T and every zi should have type T ] x=x′. Rule [REQ] is similar but we

record the introduced projected local type T = G � p. Rule [SEND] types the send

action with recording zi (Ti = x =!〈p, l〈U〉〉.x′) and x = x′ for all other sessions.

Rule [RECV] for input is its symmetric rule. It records Ti = T ′i ]x=?〈p, l〈U〉〉.x′ for

zi and x = x′ for all other sessions. Rule [DELEG] types the delegation by sending

a session name where we record the type T of the sent session name y as the

argument of x. Rule [CATCH] is its symmetric rule with recording T for y as the

final argument x′.
Rule [PAR] types the parallel composition. The operation (T1∪T2)]x=x1 | x2

is defined as def x= x1 | x2, T̃1 ∪ T̃2 in x where Ti = def T̃i in xi and we record

x=x1 | x2 at the head of a union of T1 and T2. Rule [JOIN] is the symmetric rule.

Rule [IF] describes the internal choice and variables in e and ẽ are covered by

ỹ. Rule [CHOICE] types the external choice. Rule [MERGE] collects the branching.

In [DEF], we write comp({Σi ; Σ′i}i) if (1) there exists unique x0 ∈ (∪iΣi) \ (∪iΣ
′
i);

(2) for all x 6= x0, x appears exactly once in Σi and Σ′j for a unique i, j. (3) if

Σi(x) = Ũ ; T̃ and Σ′j(x) = Ũ ′; T̃ ′, then Ũ = Ũ ′ and T̃ = T̃ ′. The conditions

(1,2) corresponds to the Unambiguity condition in the well-formed global types

defined in Section 4.2.2, and (3) checks the matching of the argument types of

each state variable appears in right Σi and left Σ′j. The rules for expressions

([TRUE, NAMES, NOT]) are standard. In rule [RES], we record type 〈G〉 for a.
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ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′

` x(ỹz̃) = x〈G〉.x′(ẽz̃)�x : Ũ T̃ [] x′ : Ũ ′ T̃ ′
[INIT]

ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′ T = G � p
` x(ỹz̃) = x[p](y).x′(ẽz̃y)�x : Ũ T̃ [] x′ : Ũ ′ T̃ ′T

[REQ]

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ : Ũ ′ Ti = T ′i ]x=!〈p, l〈U〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi !〈p, l〈e〉〉.x′(ẽz̃).x : Ũ T̃ [] x′ : Ũ ′ T̃ ′
[SEND]

ỹ : Ũ ,y : U ` ẽ : Ũ ′ Ti = T ′i ]x=?〈p, l〈U〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y)〉.x′(ẽz̃).x : Ũ T̃ [] x′ : Ũ ′ T̃ ′
[RECV]

ỹ : Ũ ` ẽ : Ũ ′ Ti = T ′i ]x=!〈p, l〈T 〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃y) = zi !〈p, l〈y〉〉.x′(ẽz̃).x : Ũ T̃ T [] x′ : Ũ ′ T̃ ′
[DELEG]

ỹ : Ũ ` ẽ : Ũ ′ Ti = T ′i ]x=?〈p, l〈T 〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y)〉.x′(ẽz̃y).x : Ũ T̃ [] x′ : Ũ ′ T̃ ′T
[CATCH]

ỹ : Ũ ` ỹ1 : Ũ1 ỹ : Ũ ` ỹ2 : Ũ2 ∀i,Ti = (T1i∪T2i)]x=x1 | x2

` x(ỹz̃) = x1(ỹ1z̃) | x2(ỹ2z̃).x : Ũ T̃ [] x1 : Ũ1 T̃1,x2 : Ũ2 T̃2
[PAR]

ỹ : Ũ ` ỹ1 : Ũ1 ỹ : Ũ ` ỹ2 : Ũ2 ∀i,(T1i∪T2i) = T ′i ]x1 | x2=x
` x1(ỹ1z̃) | x2(ỹ2z̃) = x(ỹz̃). x1 : Ũ1 T̃1,x2 : Ũ2 T̃2 [] x : Ũ T̃ ′

[JOIN]

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ1 : Ũ1 ỹ : Ũ ` ẽ2 : Ũ2 ∀i,Ti = (T1i∪T2i)]x=x1⊕x2

` x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃).x : Ũ T̃ [] x1 : Ũ1 T̃1,x2 : Ũ2 T̃2
[IF]

∀i,Ti = (T1i∪T2i)]x=x1 & x2

` x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃).x : Ũ T̃ [] x1 : Ũ T̃1,x2 : Ũ T̃2
[CHOICE]

∀i,Ti = T ′i ]x1 +x2=x
` x1(ỹz̃)+x2(ỹz̃) = x(ỹz̃). x1 : Ũ T̃ ,x2 : Ũ T̃ [] x : Ũ T̃ ′

[MERGE]

` Pi .Σi [] Σ
′
i comp({Σi [] Σ

′
i}i) x0 : Ũ = (∪Σi)\ (∪Σ

′
i) Γ ` ṽ : Ũ

Γ ` def P̃ in x0(ṽ)
[DEF]

Γ ` true : bool
[TRUE] u : U ∈ Γ

Γ ` u : U
[NAME] Γ ` e : bool

Γ ` not(e) : bool
[NOT]

∀i, T̃ ′i = T̃i]x=x′ T̃i = T̃ ′i ]x=x′

` x(ỹz̃) = (νa)x′(aỹz̃).x : Ũ T̃ [] x′ : 〈G〉Ũ T̃ ′
[RES]

∀i,Ti = def x = end in x
` x(ỹz̃) = 0.x : Ũ T̃ []

[NIL]

Γ ` N1 Γ ` N2

Γ ` N1 || N2
[NPAR]

Γ,a : 〈G〉 ` N
Γ ` (νa)N

[NRES]
Γ ` 0

[NNIL]

Figure 4.12.: Typing System for State Processes
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x(x̃) = x′(ỹ) | x′′(z̃) ` x(ṽ)≡ x′(ỹ[ṽ/x̃]) | x′′(z̃[ṽ/x̃])
x(ỹ) | x′(z̃) = x′′(x̃) ` x(ỹ[ṽ/x̃]) | x′(z̃[ṽ/x̃])≡ x′′(ṽ)

x(x̃)+x′(x̃) = x′′(x̃) ` x(ṽ)≡ x′′(ṽ)
x(x̃)+x′(x̃) = x′′(x̃) ` x′(ṽ)≡ x′′(ṽ)

x(x̃) = 0 ` x(ṽ)≡ 0
P̃ ` X | (νa)X′ ≡ (νa)(X | X′) (a 6∈ X)

P̃ ` X | X′ ≡ X′ | X

P̃ ` X≡ X′′
P̃ ` X | X′ ≡ X′′ | X′

P̃′ ` X≡ X′
P̃, P̃′, P̃′′ ` X≡ X′

def P̃ in 0≡ 0 def P̃ in (νa) X≡ (νa) def P̃ in X

N || 0≡ N N || N′ ≡ N′ || N N || (N′ || N′′)≡ (N || N′) || N′′

N || (νn)N′ ≡ (νn)(N || N′) (n 6∈ N) (νn) 0≡ 0 (νs)(s : h)≡ 0

Figure 4.13.: Structural Congruence for Processes and Networks

We define structural congruence for process states, processes and networks in

Figure 4.13 and omit the same ones as in [CDCYP15].

4.4.3. Typing for Run-time Processes

During runtime, we also need queues to buffer the messages being sent; just

pure processes are not enough to model and verify the communication system.

Therefore we extend and define the typing systems for runtime processes. We use

the following abbreviations for message types.

T ::= def T̃ in X

T ::= !〈p1, l1〈U1〉〉; !〈p2, l2〈U2〉〉; · · ·!〈pn, ln〈Un〉〉

Type T denotes as a message type that contains a sequence of outputs which

represents a sequence of messages stored in a queue [CDCYP15]. Note that we

write single x = ε instead of x = end for message type T.

∆ | ∆′ = ∆\dom(∆′)∪∆′\dom(∆)

∪{c : ∆(c)|∆′(c) | c ∈ dom(∆)∩dom(∆′)}

where
(def T̃ in x1) | (def T̃ in x2) = def T̃ in (x1 | x2)

!〈p1, l1〈U1〉〉; · · ·!〈pn, ln〈Un〉〉 | (def T̃ in x) = def T̃ ′ in x

with T̃ ′ = x =!〈p1, l1〈U1〉〉.x1, · · ·xn =!〈p2, l2〈U2〉〉.xn+1, T̃ [xn+1/x].
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` Pi .Σi [] Σ′i comp({Σi ; Σ′i}i) x : Ũ T̃ ∈ Σi Γ ` ṽ : Ũ
[STATE]

Γ, P̃ ` x(ṽc̃). c̃ : T̃

Γ, P̃ ` Xi .∆i (i = 1,2)
[PAR]

Γ, P̃ ` X1 | X2 .∆1 | ∆2

Γ,a : 〈G〉, P̃ ` X.∆

[RES]
Γ, P̃ ` (νa)X.∆

` Pi .Σi ; Σ′i comp({Σi ; Σ′i}i)
[NIL]

Γ, P̃ ` 0. c̃ : def x = end in x

Γ, P̃ ` X.∆
[RDEF]

Γ ` def P̃ in X.∆

Figure 4.14.: Typing Rules for Run-Time State Processes

[QINIT]
Γ `{s} s : ε. /0

Γ `{s} s : h.∆ Γ ` ṽ : U
[QVAL]

Γ `{s} s : h · (q,Π, l〈v〉).∆;{s[q] :!〈p, l〈U〉〉}

Γ `{s} s : h.∆
[QDELEG]

Γ ` s : h · (q,p, l〈s′[p′]〉)� (∆,s′[p′] : T ′);{s[q] :!〈p, l〈T ′〉〉}

Figure 4.15.: Typing System for Queues

| denotes the parallel composition of two definition types. or concatenating a

message type to the top of the definition type.

We define choreographical session types which have both message and com-

pleted types.

Generalised T ::= T session

| T message

| T;T continuation

Then ; is defined by:

∆;{s[q : r] : T}=

∆′,s[q : r] : T′;T if ∆ = ∆′,s[q : r] : T′,

∆,s[q : r] : T otherwise.

Typing Systems The typing of queues and runtime state are similar with

the definition agent, shown in Figure 4.15 and Figure 4.16. The typing for

network processes and for queues are essentially the same as the typing system
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Γ ` P.∆
[PROM]

Γ `∅ P.∆

Γ `S N.∆ ∆≈ ∆
′

[EQ]
Γ `S N.∆

′

Γ `S N.∆ Γ `S ′ N′ .∆
′

[GPAR]
Γ `S]S ′ N || N′ .∆ | ∆′

Γ `S N.∆ co(s,∆)
[GSRES]

Γ `S\s (νs)N.∆\ s

Γ,a : 〈G〉 `S N.∆
[GNRES]

Γ `S (νa)N.∆

Γ ` a : 〈G〉 G � p = T
[GINIT]

Γ ` /0 a[p]〈s〉. s[p] : T

Figure 4.16.: Typing System for Run-Time State Processes

in [CDCYP15] since at the network level processes can be seen as the same as the

original session calculus.

Transition Rules between Environments

We define the transition system between environments in Figure 4.17.

T0 ≡ T `−→ T ′ ≡ T ′0
T0

`−→ T ′0
bSTRc

(Γ,∆)
τ−→ (Γ,∆) [TAU]

(Γ,a : 〈G〉,∆) a〈G〉−−→ (Γ,a : 〈G〉,∆) [INIT]

(Γ,a : 〈G〉,∆) a〈s〉[p]−−−→ (Γ,a : 〈G〉,∆,s[p] : G � p) [ACC]

T !〈q,l〈U〉〉−−−−−→ T ′ Γ ` v : U

(Γ,∆,s[p] : T )
s[p,q]!l〈v〉−−−−−→ (Γ,∆,s[p] : T ′)

[SEND]

T ?〈p,l〈U〉〉−−−−−→ T ′ Γ ` v : U

(Γ,∆,s[p] : T )
s[q,p]?l〈v〉−−−−−→ (Γ,∆,s[p] : T ′)

[RECV]

T !〈q,l〈Ts〉〉−−−−−→ T ′

(Γ,∆,s[p] : T ,s′[p′] : Ts)
s[p,q]!l〈s′[p′]〉−−−−−−−→ (Γ,∆,s[p] : T ′)

[DELEG]

T ?〈p,l〈Tr〉〉−−−−−→ T ′

(Γ,∆,s[p] : T )
s[p,q]?l〈s′[p′]〉−−−−−−−−→ (Γ,∆,s[p] : T ′,s′[p′] : Tr)

[CATCH]

T1
!〈q,l〈U〉〉−−−−−→ T ′1 T2

?〈p,l〈U〉〉−−−−−→ T ′2
(s[p] : T1,s[q] : T2,∆) −→ (s[p] : T ′1 ,s[q] : T ′2 ,∆)

[COM]

Figure 4.17.: Environment Transition System
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def T̃ in x ≡ def T̃ ′ in x (T̃ = T̃ ′) bEQc

def x1 +x2 = x, T̃ in xi ≡ def x1 +x2 = x, T̃ in x
(i = 1 or i = 2) bMERGEc

def x1 | x2 = x, T̃ in x1 | x2 ≡ def x1 | x2 = x, T̃ in x bJOINc

def x =!〈p, l〈U〉〉.x′, T̃ in x
!〈p,l〈U〉〉−−−−−→ def x =!〈p, l〈U〉〉.x′, T̃ in x′ bSEND`c

def x =?〈p, l〈U〉〉.x′, T̃ in x
?〈p,l〈U〉〉−−−−−→ def x =?〈p, l〈U〉〉.x′, T̃ in x′ bRECV`c

def x = x1⊕x2, T̃ in x τ−→ def x = x1⊕x2, T̃ in xi

(i = 1 or i = 2) bCONDc

def T̃ in x1
`−→ def T̃ in x′1

def x = x1 & x2, T̃ in x1
`−→ def x = x1 & x2, T̃ in x′1

bCHOICEc

def T̃ in x1
`−→ def T̃ in x′1

def T̃ in x1 | X2
`−→ def T̃ in x′1 | X2

bPARc

T1
!〈q,l〈U〉〉−−−−−→ T ′1 T2

?〈p,l〈U〉〉−−−−−→ T ′2
(s[p] : T1,s[q] : T2,∆) −→ (s[p] : T ′1 ,s[q] : T ′2 ,∆)

[COM]

Figure 4.18.: Type Transition System, Structure Rules and Environment Commu-
nication Rule

In Figure 4.17, rules bINIT,ACCc are used for the session initiations and

receptions. Others shows transitions between local types to transitions between

environments. Other rules are straightforward.

4.5. Safety of Typed Multiparty Session Processes

We defines a labelled transition relation between types T `−→T ′ in Figure 4.18,

with transition labels ` for types: ` ::= τ | !〈p, l〈U〉〉 | ?〈p, l〈U〉〉. Rules bSENDlc

describes that the sending action occur when the state variable x points to sending

types. Rule bRECVlc is similar. Others are contextual rules. We also use the labelled

transition relation between environments, denoted by (Γ,∆) α−→(Γ′,∆′) and the main

rule for transition is bCOMc in Figure 4.18 which represents the reduction between

a message queue and a process at the network level. Other omitted rules are

straightforward.

We say P has a type error if expressions in P contain either a type error for a

value or constant in the standard sense, such as (true+ 7), or a reception error,

e.g. the sender sends a value with label l0 while the receiver does not expect label
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l0.

We first state the subject congruence.

Lemma 4.5.1 (Subject Congruence). Suppose Γ, P̃ ` X.∆ and P̃ ` X≡ X′. Then

Γ, P̃ ` X′ .∆. Similarly for P and N.

Proof. 1. (Process P) For the axioms in Figure 4.13, we use the type equalities

in Figure 4.8. Others are straightforward by induction.

2. (Def agents P) For the case of join and merge, we use the structure rule for

local types defined in Figure 4.18.

3. (Network N) The same as [CDCYP15].

The theorem of subject transition and reduction, which is also called type

soundness, states that if a process emits a label, or the network performs a

reduction, then the environment should do the corresponding action, and after

transition, the resulting process and the environment should match.

Theorem 4.5.2 (Subject Transition and Reduction).

1. Γ, P̃ ` X.∆ and P̃ ` X α−→X′ imply Γ′, P̃ ` X′ .∆′ with (Γ,∆) α−→(Γ′,∆′).

2. Γ ` P.∆ and P α−→P′ imply Γ′ ` P′ .∆′ with (Γ,∆) α−→(Γ′,∆′).

3. Γ `S N.∆ and N−→ N′ imply Γ `S N′ .∆′ with ∆−→∗ ∆′.

Proof. We prove the theorem by case analysis approach. (Process P)

Case [SEND] Suppose:

x(ỹz̃) = x !〈p, l〈e〉〉.x′(ẽz̃) ` x(ṽc̃)
s[q,p]!l〈v〉−−−−−→ x′(ṽ′c̃)

with x[c̃/z̃] = s[q], e[ṽ/ỹ] ↓ v and ẽ[ṽ/ỹ] ↓ w̃ by [SEND]. Then by [STATE] in Figure 4.14,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) = x !〈p, l〈e〉〉.x′(ẽz̃)

has type

` P.x : Ũ T̃ [] x′ : Ũ ′ T̃ ′
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with

ỹ : Ũ ` e : U, ỹ : Ũ ` ẽ : Ũ ′,

and

Ti = T ′i ]x=!〈p, l〈U〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

with zi = x. By substitution lemma,

w̃ : Ũ ` e[ṽ/ỹ] : U,ei[ṽ/ỹ] : Ui

On the other hand, by bSEND`c in Figure 4.18, we have

Ti = T ′i ]x=!〈p, l〈U〉〉.x′ !〈p,l〈U〉〉−−−−−→ T ′i

This implies, by [SEND] in Figure 4.17, with Γ ` v : U and x[c̃/z̃] = s[q], we have:

(Γ,∆)
s[q,p]!l〈v〉−−−−−→ (Γ,∆′)

where ∆ = c̃ : T̃ and ∆′ = ∆\ s[q]∪{s[q] : T ′i } as desired.

Case [RECV] Suppose:

x(ỹz̃) = x?〈p, l(y)〉.x′(ẽz̃) ` x(ṽc̃)
s[q,p]?l〈v〉−−−−−→ x′(ṽ′c̃)

with x[c̃/z̃] = s[q] and ẽ[ṽ/x̃][v/y] ↓ w̃ by [RECV]. Then by [STATE] in Figure 4.14,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) = x?〈p, l(y)〉.x′(ẽz̃)

has type

` P.x : Ũ T̃ [] x′ : Ũ ′ T̃ ′

with

ỹ : Ũ ,y : U ` ẽ : Ũ ′

and

Ti = T ′i ]x=?〈p, l〈U〉〉.x′ ∀ j 6= i,T j = T ′j ]x=x′
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with zi = x. By substitution lemma,

w̃ : Ũ ,v : U ` e[ṽ/ỹ] : U,ei[ṽ/ỹ] : Ui

On the other hand, by bRECV`c in Figure 4.12, we have

Ti = T ′i ]x=?〈p, l〈U〉〉.x′ ?〈p,l〈U〉〉−−−−−→ T ′i

This implies, by [RECV] in Figure 4.17, with Γ ` v : U and x[c̃/z̃] = s[q], we have:

(Γ,∆)
s[q,p]?l〈v〉−−−−−→ (Γ,∆′)

where ∆ = c̃ : T̃ and ∆′ = ∆\ s[q]∪{s[q] : T ′i } as desired.

Case [INIT]

Suppose

x(ỹz̃) = x〈G〉.x′(ẽz̃) ` x(w̃c̃)
a〈G〉−−→ x′(ṽc̃)

with a = x[w̃/ỹ], ẽ[w̃/ỹ] ↓ ṽ, By [INIT] in Figure 4.12,

` x(ỹz̃) = x〈G〉.x′(ẽz̃)�x : Ũ T̃ [] x′ : Ũ ′ T̃ ′

with ỹ : Ũ ` ẽ : Ũ ′, ỹ : Ũ ` x : 〈G〉 and ∀i,Ti = T ′i ] x= x′. Then by [STATE] in

Figure 4.14, we have:

Γ, P̃ ` x(w̃c̃). c̃ : T̃

and, by [INIT] in Figure 4.17, we have

(Γ,∆)
a〈G〉−−→ (Γ,∆)

By [STATE] in Figure 4.14, we have

Γ, P̃ ` x′(ṽc̃). c̃ : T̃

as desired, noting T ′i ≡ Ti.

Case [ACCEPT]

Suppose

x(ỹz̃) = x[p](y).x′(ẽz̃y) ` x(w̃c̃)
a[p]〈s〉−−−→ x′(ṽc̃s)
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with a = x[w̃/ỹ], ẽ[w̃/ỹ] ↓ ṽ, By [REQ] in Figure 4.12,

` x(ỹz̃) = x[p](y).x′(ẽz̃y)�x : Ũ T̃ [] x′ : Ũ ′ T̃ ′T

with ỹ : Ũ ` ẽ : Ũ ′, ỹ : Ũ ` x : 〈G〉, ∀i,Ti = T ′i ] x=x′ and T = G � p. Then by

[STATE] in Figure 4.14, we have:

Γ, P̃ ` x(w̃c̃). c̃ : T̃

and, by [ACC] in Figure 4.17, we have

(Γ,∆)
a[p]〈s〉−−−→ (Γ,∆,s[p] : T )

By [STATE] in Figure 4.14, we have

Γ, P̃ ` x′(ṽc̃s). c̃ : T̃ ,s[p] : T

as desired, noting T ′i ≡ Ti.

Case [IFT] Suppose

x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃) ` x(ṽc̃) τ−→ x′(ṽ′c̃)

with e[ṽ/ỹ] ↓ true and ẽ1[ṽ/ỹ] ↓ w̃ by [IFT]. Then by [STATE] in Figure 4.14,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃)

has type

` P.x : Ũ T̃ [] x1 : Ũ1 T̃1,x2 : Ũ2 T̃2

with

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ1 : Ũ1 ỹ : Ũ ` ẽ2 : Ũ2

and

∀i,Ti = (T1i∪T2i)]x=x1⊕x2
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with zi = x. By substitution lemma,

w̃ : Ũ ` e1[ṽ/ỹ] : U1

On the other hand, by bCONDc in Figure 4.18, we have

Ti = (T1i∪T2i)]x=x1⊕x2
τ−→ T ′i

This implies, by [TAU] in Figure 4.17, we have:

(Γ,∆)
τ−→ (Γ,∆)

where ∆ = c̃ : T̃ .

Case [NEW] Suppose:

x(ỹz̃) = (νa)x′(aỹz̃) ` x(ṽc̃) τ−→ (νa)x′(aṽc̃)

with a 6∈ ṽ by [NEW]. Then by [STATE] in Figure 4.14,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) = (νa)x′(aỹz̃)

has type

` P.x : Ũ T̃ [] x′ : 〈G〉Ũ T̃ ′

with

∀i, T̃ ′i = T̃i]x=x′

and zi = x. On the other hand, by bEQc in Figure 4.18, we have

T̃ ′i = T̃i]x=x′ τ−→ T ′i

This implies, by [TAU] in Figure 4.17, we have:

(Γ,∆)
τ−→ (Γ,∆)

where ∆ = c̃ : T̃ .
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Case [EXT] Suppose

x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃) ` x(ṽc̃) α−→ x1(ṽc̃)

by [EXT]. Then by [STATE] in Figure 4.14,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃)

has type

` P.x : Ũ T̃ [] x1 : Ũ T̃1,x2 : Ũ T̃2

with

∀i,Ti = (T1i∪T2i)]x=x1 & x2

with zi = x. On the other hand, by bCHOICEc in Figure 4.18, we have

Ti = (T1i∪T2i)]x=x1 & x2
α−→ T ′1i

This implies, by [TAU] in Figure 4.17, we have:

(Γ,∆)
α−→ (Γ,∆′)

where ∆ = c̃ : T̃ and ∆′ = ∆\{x2 : Ũ T̃2}.

Case [PAR]

By the premise of rule [PAR] in Figure 4.10

P̃ ` X0
α−→ X′0

, where we could obtain that

Γ, P̃ ` X0 .∆0

Γ, P̃ ` X′0 .∆′0

such that (Γ,∆0)
α−→ (Γ,∆′0).
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We assume that there exists

Γ, P̃ ` X.∆

Then, by applying the rule bPARc in Figure 4.14, we get

Γ, P̃ ` X0 | X.∆0 | ∆
Γ, P̃ ` X′0 | X.∆′0 | ∆

, which satisfies (Γ,∆0 | ∆)
α−→ (Γ,∆′0 | ∆).

Case [WEAK]

By the premise of rule [WEAK], we are given

P̃′ ` X α−→ X′

, where we could obtain that

Γ, P̃′ ` X0 .∆0

Γ, P̃′ ` X′0 .∆′0

such that (Γ,∆0)
α−→ (Γ,∆′0).

Then, by applying the rule [WEAK] in Figure 4.10, we get

P̃, P̃′, P̃′′ ` X α−→ X′

, where we have
Γ, P̃, P̃′, P̃′′ ` X0 .∆0

Γ, P̃, P̃′, P̃′′ ` X′0 .∆′0

, which also satisfies (Γ,∆0)
α−→ (Γ,∆′0).

Case [STR]

By the premise of rule [STR], we are given

P̃ ` X≡ X0
α−→ X′0 ≡ X′

119



, where we could obtain that

Γ, P̃ ` X.∆

Γ, P̃ ` X0 .∆0

Γ, P̃ ` X′0 .∆′0
Γ, P̃ ` X′ .∆′

with the transition (Γ,∆0)
α−→ (Γ,∆′0).

By applying Lemma 5.5.1, we could get that

Γ, P̃ ` X0 .∆ ∆≡ ∆0

Γ, P̃ ` X′ .∆′0 ∆′0 ≡ ∆′

Then, by applying the rule bSTRc in section 4.4.3, we get

X α−→ X′

Then we could obtain

Γ, P̃ ` X α−→ X′

with the transition (Γ,∆)
α−→ (Γ,∆′).

Case [RES]

By the premise of rule [RES] in Figure 4.10

P̃ ` X α−→ X′

, where we could obtain that

Γ,a : 〈G〉, P̃ ` X.∆

Γ,a : 〈G〉, P̃ ` X′ .∆′

with the transition (Γ,∆0)
α−→ (Γ,∆′0).

Then, by applying the rule bPARc in Figure 4.14, we get

Γ, P̃ ` (νa)X.∆

Γ, P̃ ` (νa)X′ .∆′

, which satisfies (Γ,∆) α−→ (Γ,∆′).
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(Def agent P)
Case [DEF]

Given the premise of the rule [DEF] in Figure 4.10, we have

P̃ ` X α−→ X′

Assume that
Γ, P̃ ` X.∆

Γ, P̃ ` X′ .∆′

and we have the transition (Γ,∆)
α−→ (Γ,∆′).

Then, by applying the rule [STATE] in Figure 4.14 to the above, we obtain that

∆ is the set of {Σi [] Σ′i} for each Pi

∆′ is the set of {Σi [] Σ′i} for each Pi

Again, we assume that

Γ, P̃ ` def P̃ in X.∆de f

Γ, P̃ ` def P̃ in X′ .∆′de f

By the premise of the rule bDEFc in Figure 4.12, we have

∆de f is the set of {Σi [] Σ′i} for each Pi

∆′de f is the set of {Σi [] Σ′i} for each Pi

This implies that ∆≡ ∆de f , ∆′ ≡ ∆′de f .

By the reduction rule bDEFc in Figure 4.10, we obtain

def P̃ in X α−→ def P̃ in X′

, which we have (Γ,∆)
α−→ (Γ,∆′).

Case [TAU]

By the rules bTAUc in Figure 4.10 and bTAUc in Figure 4.17, we obtain that for

every transition, P τ−→ P, there exists an environment transition (Γ,∆)
τ−→ (Γ,∆).

(Network N)
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Case [PUT] Assume

P || s : h−→ P′ || s : h · (p,q, l〈v〉)

with

P
s[p,q]!l〈v〉−−−−−→ P′

Since there is a typed transition, s[p] in P has a type

T1
def
= (def x =!〈pn, l1〈Un〉〉.x1, T̃ in x)

and s[p] in s : h has a type

T1
def
=!〈p1, l1〈U1〉〉; · · · ; !〈pn−1, l1〈Un−1〉〉

On the other hand, s[p] in P′ has a type:

T2
def
= (def T̃ in x1)

and s[p] in s : h · ·(p,q, l〈v〉) has a type

T2
def
=!〈p1, l1〈U1〉〉; · · ·!〈pn−1, l1〈Un−1〉〉·!〈pn, l1〈Un〉〉

Then by the parallel composition rule, we have T2 | T2 = T1 | T1, as desired.

Case [GET] Similar with [PUT].

Assume

P || s : (p,q, l〈v〉) ·h−→ P′ || s : h

with

P
s[p,q]?l〈v〉−−−−−→ P′

Since there is a typed transition, s[p] in P has a type

T1
def
= (def x =?〈pn, l1〈Un〉〉.x1, T̃ in x)

and s[p] in s : h · ·(p,q, l〈v〉) has a type

T1
def
=?〈p1, l1〈U1〉〉; · · · ; ?〈pn−1, l1〈Un−1〉〉
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On the other hand, s[p] in P′ has a type:

T2
def
= (def T̃ in x1)

and s[p] in s : h has a type

T2
def
=?〈p1, l1〈U1〉〉; · · ·?〈pn−1, l1〈Un−1〉〉·?〈pn, l1〈Un〉〉

Then by the parallel composition rule, we have T2 | T2 = T1 | T1, as desired.

Case [INITN ]

Easy using [GINIT], and noting a parallel composition of a[pi]〈s〉 forms the complete

type co(s,∆) with ∆ = {s[pi] : Ti}i, hence we can close by name hiding.

Case [ACCN ] .

By [GINIT] in Figure 4.16, we can assume Γ ` P || a[p]〈s〉 . ∆,s[p] : G � p with

Γ ` a : 〈G〉. Then by [REQ] in Figure 4.12, Γ ` P′ .∆,s[p] : G � p, as required.

Case [RESN ]

This is divided into name binding case and session binding case.

• For name binding case, the transition (νa) N−→ (νa) N′ is given.

By applying the rule [GNRES] in Figure 4.15 on (νa) N and (νa) N′ seperately,

we get
Γ,a : 〈G〉 `S N.∆

Γ `S (νa)N.∆

Γ,a : 〈G〉 `S N′ .∆
′

Γ `S (νa)N′ .∆
′

Then, we apply the rule [RESN ] in Figure 4.10 and get transition N−→ N′.

Since this is a typed transition, there exists an environment transition

as (Γ,a : 〈G〉,∆) −→ (Γ,a : 〈G〉,∆′), which implies the transition (Γ,∆) −→
(Γ,∆′), as desired.

• The session binding case is similar.

The transition (νs) N−→ (νs) N′ is given.

By applying the rule [GSRES] in Figure 4.15 on (νs) N and (νs) N′ seperately,
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we get
Γ `S N.∆ co(s,∆)
Γ `S\s (νs)N.∆\ s

Γ `S N′ .∆
′ co(s,∆′)

Γ `S\s (νs)N′ .∆
′ \ s

Then, we apply the rule [RESN ] in Figure 4.10 and get transition N−→ N′.

Since this is a typed transition, there exists an environment transition as

(Γ,∆) −→ (Γ,∆′), which implies the transition (Γ,∆ \ s) −→ (Γ,∆′ \ s), as

desired.

Combine the above two cases, Case Case[RESN ] is proved.

Case [PARN ]

Given the transition N || N′′ −→ N′ || N′′, we apply the rule [GPAR] in Figure 4.15 on

N || N′′ and N′ || N′′ seperately, and get

Γ `S N.∆ Γ `S ′ N′′ .∆
′′

Γ `S]S ′ N || N′′ .∆ | ∆′′

Γ `S N′ .∆
′

Γ `S ′ N′′ .∆
′′

Γ `S]S ′ N′ || N′′ .∆
′ | ∆′′

Then, by applying the rule [PARN ] in Figure 4.10 on the transition, we obtain

N−→ N′.
Since this is a typed transition, there exists an environment transition as

(Γ,∆)−→ (Γ,∆′), which implies the transition (Γ,∆ | ∆′′)−→ (Γ,∆′ | ∆′′), as desired.

Case [STRN ]

Apply the rule [STRN ] in Figure 4.10 on the given transition N−→ N′, we obtain that

N≡ N0 −→ N′0 ≡ N′

As Γ ` N.∆, by Lemma 5.5.1, we have Γ ` N0 .∆0 and ∆0 ≡ ∆.

Since the transition N0 −→N′0 is well-typed, then we obtain that Γ `N′0 .∆′0 and

there is a transition (Γ,∆0)−→ (Γ,∆′0).

Again, by Lemma 5.5.1, Γ ` N′ .∆′ and ∆′0 ≡ ∆′. Thus we have the transition

(Γ,∆)−→ (Γ,∆′), as desired.

This concludes all cases for Subject Transition and Reduction Theorems.
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Theorem 4.5.3 (Type Safety). Suppose Γ `N. For any N′ such that N−→∗ N′, N′

has no type error.

Proof. Suppose Γ `N has a type error. Then there are reductions such that N−→∗

(νs)(s : (p,q, l〈v〉) ·h || P1 || · · · || Pn) ||N′ and Pj
s[p,q]?〈v〉−−−−−→Pj where v does not meet

the specified type. Suppose Γ ` Pj .∆,s[p] : T j. By the transition rules in Figure

4.9 T j
?〈q, l〈U〉〉−−−−−→T ′j . Since Pj has a type error, Γ 6` v : U , which contradicts Theorem

4.5.2.

4.6. Related Works
Other parallel extensions on session types and choreography We discuss two

related works by Castagna et al. [CDCP11] and Bultan et al. [BBO12a, BBO12b],

which seeks extending session to represent choreographies. The authors in

[CDCP11] describe global choreographies in a language of types with fork (∧),

choice (∨) and repetition (G)∗. The corresponding local types and projection

algorithm are defined and properties like liveness, soundness and completeness of

choreographies are proved to be decidable. The problem is that these global types

extended in [CDCP11] use series-parallel syntax trees and still lack of the ability to

express general joins and merges: the syntax in [CDCP11] could represent simple

examples like Ex. 4.2.3 but fail to express examples such as the Alternating Bit

Protocol G3 in and G4 in Example 4.2.3.

In [BBO12a], the authors define global specifications as a finite state machine

and a sound and complete decision algorithm for realising a choreography

specification. They also state the sufficient conditions for checking reachability of

choreographies and demonstrate the checking in several practical use cases. But

the global specification in [BBO12a] lacks support for parallel composition, when

modelling examples with fork/join operations. The authors do not give a practical

framework, from types to processes to tackle real programs neither. Recently,

[BBO12b] extends [BBO12a] to tackle the synchronisability problem. However,

they still do not consider typing safety for the choreography.

The main differences between the above two works and our choreographical

session types are: (1) [CDCP11, BBO12a] only investigate the relationship be-

tween global, local specifications and choreographies, without considering typing

programs or processes to ensure safety properties; (2) Bultan et al. [BBO12a,

BBO12b] do not mention language for any global description, while the global
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specification in [CDCP11] is not rich enough compared to choreographical session

types; and (3) [BBO12a, BBO12b] only propose exponential decision results

and the algorithmic projectability in [CDCP11] is more limited compared with

choreographical session types.

Message sequence graphs (MSGs) In terms of graphical expressiveness, Mes-

sage Sequence Graphs (MSGs) is a very comparable representation, which is an

extension of Message sequence charts (MSCs). MSGs shows finite transition

systems where each state embeds a single MSC. The literature in [GMP04]

investigates variants of MSGs, which provide efficient conditions for verification

and implementability. Some of these conditions are similar to the those of well-

formedness of global types: for example, the local choice condition with additional

data of [GMP04, Def. 2] corresponds to our local choice condition. [CDCP11,

§ 7.1] gives a detailed comparison between MSGs and global session types.

In general, MSGs, are incomparable with our framework since MSGs’ transi-

tion system is global and non-deterministic. We aim for a global type language

that is compact, precise and suitable for programming. For example, extending

the Alternating Bit Protocol GAB to three parties can easily be implemented

in choreographical session types but it will be written in Compositional MSGs

(CMSGs), a complex extension of MSGs. The main advantage of type-based

approach is that there is no gap between global specifications and programs, and

we can check the properties of programs by static type-checking.

4.7. Summary

We present the theory of choreographical multiparty session types. In order

to solve the problem of state explosion of large-scale protocols and better

support general graphs, the separation of branching and parallel functionalities

is necessary. We define the syntax of global choreographical session types, which

have two features: explicit fork and choice operations and state variable notations.

We describe the well-formedness conditions to guarantee that global types are safe.

Similar changes are applied to local types and a projection algorithm is presented.

We define the operational semantics and typing rules for choreographical session

calculus, and theorems of subject reduction and type safety are proved. Research

works related to choreographies, graphs and parallel extension on session types

are discussed finally.
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5. Timed Choreographical Multiparty
Session Types

In this chapter, we show the theory of timed choreographical multiparty session

types. First, we present the syntax of global session types and define the labelled

transition system. Then we show the syntax of local types and the corresponding

transition system. Next we define the semantics of timed choreographical session

calculus and transition rules. Then we show proof rules for validating the processes

and the typing system for runtime processes. Theorems of subject reduction, type

safety and time error-freedom are proved. We also define the progress-enabling

property and time-progress property to ensure progress of processes. Finally,

related works are compared and reach the summary of this chapter.

5.1. Motivation: An Application of Time and Parallel
Combination

When we are trying to describe and verify more applications using session types,

it is observed that some user cases are hybrid systems that employ both real-

time requirements and parallelism. Among various internet applications, control

and sensor networks require precise timing (like "over the Ethernet ± 65ns") or

deterministic and small delays (like "over the Ethernet≤ 100µs"), and meanwhile,

communicate with other components using multiple concurrent threads. Live

audio and video applications are another good examples because they require a

delay for source-to-destination path and sound/images are sent simultaneously

with other data formats. Besides, some programs that do not need internet

connection also have similar time and parallel requirements. For example, Sonic

Pi [son, AOB14] is a music application that use generates music via coding.

Producing the music requires that beats are played at periodic and precise timing,

and threads for different chords are performed concurrently and synchronised

whenever required. These use cases inspire us to combine timed session types
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with choreographical session types.

This combination can be divided into two steps: first we merge the syntaxes

of two variants of multiparty session types, including global/local session types

and processes; then we check if the theorems from either of the two frameworks

still hold for the new syntax of timed choreographical session types. On one hand,

merging the syntax appears natural; and it is observed that time and parallelism

are orthogonal, so proofs for some theorems, such as well-formedness of global

types, remain similar. On the other hand, it is challenging to prove theorems that

concern time and rely on structural traces, especially for checking feasibility and

wait-freedom; by introducing fork/merge operations, timers may be interleaved

between parallel branches and this increases the complexity of ensuring safety

regarding time. In this chapter, we will describe the solution to addressing such

complexity.

Before presenting the syntax, we provide a motivating example that is used in

this chapter. It describes a trading process that involves three participants: a trader

T buys or sells securities based on real time stock prices; a Broker B provides

a service to trader, such as offering trading software; and Exchange Center E is

responsible for pushing current stock price to traders and provides a platform for

trading securities between individual investors. For the purpose of illustration,

the trading process is simplified and described as below, with a BPMN activity

diagram in Figure 5.1.

• On one parallel branch, the Exchange Center E should Push the latest stock

price to the trader T every 2 seconds.

• On the other parallel branch T can decide to Buy/Sell securities or do nothing

(Ignore). If Buy/Sell is chosen, then T will send the quantity to the broker B

and B forwards the Action to E.

• If T chooses Ignore, then it sends the information to B and B reports Nothing

to E.

• The process continues until 20 seconds elapse. The Exchange Center E

informs T of the market Close and T sends B message Quit.
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E → T: Close

T → B: Quit

T → B: Buy/Sell

E → T: Push
B → E: Action

T → B: Ignore

E → T: Push
B → E: Nothing

Every 2s Every 2s

After 20s

Figure 5.1.: BPMN Activity Diagram for Trading Example

5.2. Timed Choreographical Global Types

The syntax of global types is inherited from choreographical session types. The

reason is that apart from time assertions, the syntax of global types for timed

session types is a subset of choreographical session types; introducing fork/join

enables session types to express more scenarios than merely choice/merge.

The global types are defined on the basis of choreographical multiparty

sessions with flexible fork, choice, merge and join operations, with each interaction

associated with a time assertion. From global types, we can project them onto local

types that describe the behaviours of each single participant and are used for local

verification of processes.

Before presenting global types, we define variables in time predicates, which

are similar to those of Section 3.2.1. Let X be a set of clocks ranging over x1, . . . ,xn

and taking values in R≥0. A clock assignment ν : X 7→R≥0 records the time of the

clocks in X ; ν+ t as the assignment mapping to ν(x)+ t for all x ∈ X . We assume

ν0 for the initial assignment mapping all clocks to 0. The clock constraints Φ(X)

over X are:

δ ::= true | x > c | x = c | ¬δ | δ1∧δ2
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where c is a time constant ranging in Q≥0 . false, <, ≤, ≥, ∨ can be derived in the

standard way.

Participants (p,q,p1, . . . ∈ P) communicate via endpoint asynchronous mes-

sage passing. An interaction, which consists of a send action and a receive action,

is annotated with two pairs of a clock constraint and a reset. The clock constraint

specifies when that action can be executed and once the action finishes, the clocks

that appear in reset predicate should be set to 0.

We assume that the sets of clocks accessible by different participants are

disjoint, and that the time assertion of an action performed by a participant only

concerns the clocks owned by that participant. What is different from assumptions

in timed session types is that we allow each participant to have multiple clocks.

Also if the participant appears in two parallel branches, then he should use different

clocks for each branch before the fork point is reached.

Definition 5.2.1. The syntax of timed choreographical global types is as below.

G ::= def G̃ in x Global type

G ::= x = p→ p′ : l〈U〉{A};x′ Labelled messages

| x = x′ | x′′ Fork

| x = x′+x′′ Choice

| x | x′ = x′′ Join

| x+x′ = x′′ Merge

| x = end End

U ::= 〈G〉 | bool | nat | · · · Sorts

A ::= {δo,λo,δi,λi} Time Assertion

Compared with choreographical multiparty session types, time assertions

are added in the global types. The labelled message exchanges x = p → p′ :

l〈U〉{A};x′ describes that p are the sending message with label l and the payload

type U and p′ is receiving the message. A is a time assertion A = {δo,λo,δi,λi},
where δo and λo are the clock constraint and reset for the output action and δi and

λi are for the input action. This transition specifies that: (1) if δo is satisfied, then p

can go from x to the continuation x′ by sending message l and reset the clock (if λo

is non-empty); (2) if δi is satisfied, p′ goes from x to x′ by receiving the message

and doing reset. The syntax for fork, choice, join, merge and end remains the same

as choreographical global types.

We illustrate the timed choreographical session types with the Trading example
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GTrade = def
x0 +x18 = x1

x1 = x2 +x3
x2 = x4 +x5
x4 = x6 | x7
x6 = E→ T : Push〈float〉{xE1 = 2,xE1 ,2≤ xT1 ≤ 2+D,xT1};x8
x7 = T→ B : Buy/Sell〈int〉{xT2 ≤ 1,xT2 ,xB1 ≤ 1+D, _ };x9
x9 = B→ E : Action〈int〉{xB1 ≤ 2,xB1 ,xE2 ≤ 2+D,xE2};x10

x8 | x10 = x11
x5 = x12 | x13
x12 = E→ T : Push〈float〉{xE1 = 2,xE1 ,2≤ xT1 ≤ 2+D,xT1};x14
x13 = T→ B : Ignore〈bool〉{xT2 ≤ 1,xT2 ,xB1 ≤ 1+D, _ };x15
x15 = B→ E : Nothing〈bool〉{xB1 ≤ 2,xB1 ,xE2 ≤ 2+D,xE2};x16

x14 | x16 = x17
x11 +x17 = x18

x3 = E→ T : Close〈bool〉{xE3 = 20, _ ,20≤ xT3 ≤ 20+D,xT3};x19
x19 = T→ B : Quit〈bool〉{xT3 ≤ 5, _ ,xB2 ≤ 25+2D, _ };x20
x20 = end in x0

Figure 5.2.: Global Types for the Trading Example

in Section 5.1 in Figure 5.2. D denotes the maximum delay between sender-to-

receiver path and records as 100 µs. From the global types, we observe that: (1) the

clocks used in two fork branches, such as x6→ x8 and x7→ x10, are different; (2)

clocks used in two choice branches like x4→ x11 and x5→ x17 could overlap; (3)

clocks used in two choice branches like x2→ x18 and x3→ x20 could be different.

The labelled transition system for global types is defined over states of the form

(ν,G) with labels as

` ::= pq!l〈U〉 | pq?l〈U〉 | t

where pq!l〈U〉 is a send action that p sends l〈U〉 to q; pq?l〈U〉 is the dual receive

action, and t ∈ R≥0 is a time action modelling time passing. We extend the syntax

of G with p q : l〈U〉{A};x′ to describe the state in which message l〈U〉 has been

sent by p but not yet received by q . The separation of send and receive actions

is used to model the asynchronous behaviour in distributed systems. The labelled

transition system for timed choreographical multiparty session types is defined in

Figure 5.3.
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A = {δo,λo,δi,λi} ν |= δo ν
′ = [λo 7→ 0]ν

(ν,x = p→ q : l〈U〉{A};x′)
pq!l〈U〉−−−−→ (ν′,p q : l〈U〉{A};x′)

bSENDc

A = {δo,λo,δi,λi} ν |= δi ν
′ = [λi 7→ 0]ν

(ν,p q : l〈U〉{A};x′)
pq?l〈U〉−−−−→ (ν′,x′)

bRECVc

(ν,x = x1 +x2) −→ (ν,x1)
bCHOICE1c

(ν,x = x1 +x2) −→ (ν,x2)
bCHOICE2c

(ν,x1 +x2 = x) −→ (ν,x)
bMERGEc

(ν,x = x1 | x2) −→ (ν,x1 | x2)
bFORKc

x1
l−→ x′1 l = pq!l〈U〉 | pq?l〈U〉
(ν,x1 | x2)

l−→ (ν′,x′1 | x2)
bFORK-COMc

(ν,x1 | x2 = x) −→ (ν,x)
bJOINc

ν+ t |= ready(G)

(ν,G)
t−→ (ν+ t,G)

bTIMEc

Figure 5.3.: Labelled Transition System for Timed Choreographical Global Types
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Definition 5.2.2 (Ready clock constraints).

ready(x = p→ p′ : l〈U〉{A};x,D)

(with A = {δo,λo,δi,λi})
=



{δo}∪ready(Gi,D∪{p,q})

if p 6∈ D

ready(Gi,D∪{p,q})

otherwise

ready(p q : l〈U〉{A};x′,D)

(with A = {δo,λo,δi,λi})
=


{δi}∪ready(G,D∪{q})

if q 6∈ D

ready(G,D∪{q}) otherwise

ready(x = x′+x′′,D) = ready(x′,D)∪ready(x′′,D)

ready(x = x′ | x′′,D) = ready(x′,D)∪ready(x′′,D)

ready(x,D) = ready(x′,D) = ready(x′′,D) if x+x′ = x′′

ready(x,D) = ready(x′,D′) = ready(x′′,D∪D′) if x | x′ = x′′

ready(G,D) uses a set D of participants, initially empty, to keep track of

the causal dependencies between actions. The ready actions are those that have

no causal relationship with actions that occur earlier, syntactically. ready(G,D)

returns the set of constraints in G associated to ready actions. We write ready(G)

for ready(G, /0).

Definition 5.2.3 (ν + t |= ready(G)). We write ν + t |= ready(G) if for all

{δi}i∈I ∈ ready(G) there exists t ′ ≥ 0 and j ∈ I such that ν+ t + t ′ |= δ j

Definition 5.2.4 (Global runs and traces). A timed run r for G0 is an infinite

sequence (ν0,G0)(t1, `1)(ν1,G1)(t2, `2) . . . of timed states (νi,Gi) and timed

labels (`i, ti), with dom(νi) = {xp1 ,xp2 , ...,xp j | p ∈ P (G0)}, `i ∈ L , and ti ∈ R≥0,

such that:

(1) ν0(x) = 0 ∀x ∈ dom(ν),

(2) (νi,Gi)(`i, ti) (νi+1,Gi+1)∈ r if (νi,Gi)
`i−→ (νi+1,Gi+1) by the transitions,

(3) t0 = 0, ti = ti−1 + t if `i = t for some t ∈ R≥0, and ti = ti−1 otherwise.

The trace of a run TR(r) is the sequence of labels ( ˜̀, t̃) of r. The traces of a timed

choreographical global type TR(G) is the set of all the traces TR(r) such that r is a

run for G.
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Well-Formedness

The well-formedness is concerned with structure of global types and the structure

of timed choreographical session types is based on that of choreographical session

type, thus we could remove the time information from global types and then utilise

the well-formedness conditions in Section 4.2.2 to check these conditions in timed

choreographical global types. We define remove(G) as timed choreographical

session types without time assertions.

remove(x = p→ p′ : l〈U〉{A};x′) ::= x = p→ p′ : l〈U〉;remove(x′)
Labelled messages

remove(x = x′ | x′′) ::= x = remove(x′) | remove(x′′) Fork

remove(x = x′+x′′) ::= x = remove(x′)+remove(x′′) Choice

remove(x | x′ = x′′) ::= x | x′ = remove(x′′) Join

remove(x+x′ = x′′) ::= x+x′ = remove(x′′) Merge

remove(x = end) ::= end End

Definition 5.2.5 (Well-Formedness for Timed Choreographical Session Types). A

timed choreographical session types G is well-formed if remove(G) satisfies the

well-formedness conditions in Section 4.2.2.

5.3. Timed Choreographical Local Types

Local types, projected from global types, describe the actions of endpoint session

that each participant must follow.

Definition 5.3.1 (Syntax of Local Types). The syntax of local types is defined as
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below.

T ::= def T̃ in x local type B ::= {δ,λ}
T ::= x =!〈p′, l〈U〉{Bo}〉.x′ send

| x =?〈p, l〈U〉{Bi}〉.x′ receive

| x = x′ | x′′ fork

| x | x′ = x′′ join

| x = x′⊕x′′ internal choice

| x = x′ & x′′ external choice

| x+x′ = x′′ merge

| x = x′ indirection

| x = end end

Definition 5.3.2 (Selected Projection Rules for Timed Choreographical Session

Types). We define the projection of a well-formed global type G to the local type

of participant p, denoted as G � p. Projection Rules for send/receive interactions

are shown as below. The remaining rules are same as the projection rules for

choreographical session types .

def G̃ in x � p = def G̃ �G̃ p in x

x = p→ p′ : l〈U〉{A};x′ �G̃ p = x =!〈p′, l〈U〉{Bo}〉.x′

x = p→ p′ : l〈U〉{A};x′ �G̃ p′ = x =?〈p, l〈U〉{Bi}〉.x′

x = p→ p′ : l〈U〉{A};x′ �G̃ p′′ = x = x′ (p /∈ {p,p′})

Example 5.3.3 (Trade Example). Then we could write the local types from

participants Trader, Broker and Exchange Center separately in Figure 5.4.

The labelled transition system for local types is defined over local states of

forms (ν,T ) and labels l. The rules bMERGEc, bFORKc, bFORK-COMc and bJOINc are

same as those in global types and Figure 5.5 shows the transition rules that are

different from those in global types.

In rule bTIMEc, ν+ t |=∗ ready(T ) is defined as in Section 5.2 but relying on

the function ready() on timed local types from Definition 5.3.4.
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TT = def x0 +x18 = x1
x1 = x2 +x3
x2 = x4 +x5
x4 = x6 | x7
x6 = ?〈E,Push〈float〉{2≤ xT1 ≤ 2+D,xT1}〉.x8
x7 = !〈B,Buy/Sell〈int〉{xT2 ≤ 1,xT2}〉.x10

x8 | x10 = x11
x5 = x12 | x13

x12 = ?〈E,Push〈float〉{2≤ xT1 ≤ 2+D,xT1}〉.x14
x13 = !〈B, Ignore〈int〉{xT2 ≤ 1,xT2}〉.x16

x14 | x16 = x17
x11 +x17 = x18

x3 = ?〈E,Close〈bool〉{20≤ xT3 ≤ 20+D,xT3}〉.x19
x19 = !〈B,Quit〈bool〉{xT3 ≤ 5, _ }〉.x20
x20 = end in x0

TB = def x0 +x18 = x1
x1 = x2 +x3
x2 = x4 +x5
x4 = ?〈T,Buy/Sell〈float〉{xB1 ≤ 1+D, _ }〉.x9
x9 = !〈E,Action〈float〉{xB1 ≤ 2,xB1}〉.x11
x5 = ?〈T, Ignore〈bool〉{xB1 ≤ 1+D, _ }〉.x15

x15 = !〈E,Nothing〈bool〉{xB1 ≤ 2,xB1}〉.x17
x11 +x17 = x18

x3 = ?〈T,Quit〈bool〉{xB2 ≤ 25+2D, _ }〉.x20
x20 = end in x0

TE = def x0 +x18 = x1
x1 = x2 +x3
x2 = x4 +x5
x4 = x6 | x7
x6 = !〈T,Push〈float〉{xE1 = 2,xE1}〉.x8
x7 = ?〈B,Action〈int〉{xE2 ≤ 2+D,xE2}〉.x10

x8 | x10 = x11
x5 = x12 | x13

x12 = !〈T,Push〈float〉{xE1 = 2,xE1}〉.x14
x13 = ?〈B,Nothing〈int〉{xE2 ≤ 2+D,xE2}〉.x16

x14 | x16 = x17
x11 +x17 = x18

x3 = !〈T,Close〈bool〉{xE3 = 20, _ }〉.x20
x20 = end in x0

Figure 5.4.: Local Types for the Trading Example
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B = {δ,λ} ν |= δ ν
′ = [λ 7→ 0]ν

(ν,x =!〈q, l〈U〉{B}〉.x′) pq!l〈S〉−−−−→ (ν′,x′)
bSENDc

B = {δ,λ} ν |= δ ν
′ = [λ 7→ 0]ν

(ν,x =?〈q, l〈U〉{B}〉.x′) pq?l〈U〉−−−−→ (ν′,x′)
bRECVc

ν+ t |= ready(T )
(ν,T ) t−→ (ν+ t,T )

bTIMEc

(ν,x = x1⊕x2) −→ (ν,x1)
bINTERNAL-CHOICE1c

(ν,x = x1⊕x2) −→ (ν,x2)
bINTERNAL-CHOICE2c

(ν,x = x1 & x2) −→ (ν,x1)
bEXTERNAL-CHOICE1c

(ν,x = x1 & x2) −→ (ν,x2)
bEXTERNAL-CHOICE2c

Figure 5.5.: Selected Transition Rules for Timed Choreographical Local Types

Definition 5.3.4 (Ready local clock constraints).

ready(x =!〈p′, l〈U〉{δ,λ}〉.x′) = ready(x =?〈p,{l.U}δ,λ〉.x′) = {δ}
ready(x = x′⊕x′′) = ready(x = x′ & x′′) = ready(x′)∪ready(x′′)

ready(x) = ready(x′) = ready(x′′) if x+x′ = x′′

ready(x) = ready(x′) = ready(x′′) if x | x′ = x′′

ready(x = x′ | x′′) = ready(x′)∪ready(x′′)

ready(end) = /0

A configuration of local timed types, ranged over by s, s′, ..., is a tuple

(T1, . . . ,Tn, w̃) where w̃ = {wi j}i 6= j∈{1,...,n} and wi j is a unidirectional (possibly

empty ε) unbounded queue with elements of the form l〈U〉. We let ν be the

overriding union (i.e., ⊕(i∈{1,...,n}νi) of the clock assignments νi of participants

{1, . . . ,n}.
The visible transitions for a configuration s = (T1, . . . ,Tn, w̃) is

(ν,s) `−→ (ν′,s′) where ν′ and s′ = (T ′1, . . . ,T
′

n, w̃
′) are defined as follows:

1. (νp,Tp)
pq!l〈S〉−−−−→ (ν′p,T

′
p) and (i) Tr = T ′r, νr = ν′r for all r 6= p and

(ii) w′pq = wpq · l〈S〉 and w′rk = wrk for all rk 6= pq, or

2. (νq,Tq)
pq?l〈S〉−−−−→ (ν′q,T

′
q) and (i) Tr = T ′r, νr = ν′r for all r 6= q and
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(ii) l〈S〉 ·w′pq = wpq and w′rk = wrk for all rk 6= pq, or

3. ∀p ∈ P .(νp,Tp)
t−→ (νp + t,Tp) and w′pq = wpq for all p 6= q ∈ P .

The runs of a configuration s0 are defined similarly to the runs of a TG

(Definition 5.2.4) but with states (νi,si) and with the transitions in Definition 5.3.

The traces of a configuration TR(s) is the set of all the traces TR(r) such that r is a

run for s.

Before presenting the theorem of projection preservation for soundness and

completeness, we show the following lemma, which is similar to Lemma 3.3.6.

Lemma 5.3.5. Let G be a projectable, see Definition 3.3.3 timed choreographical

global types, and ν be the overriding union of the assignments νp of all p ∈ P (G),

then for all G � p:

ν+ t |=∗ ready(G) iff νp + t |=∗ ready(G � p)

Theorem 5.3.6 (Soundness and completeness of projection). Let G be a timed

global type, {T1, . . . ,Tn}= {G � p}p∈P (G) be the set of its projections, and

(T1, . . . ,Tn, ε̃) the corresponding initial configuration. Then

TR(G) = TR((T1, . . . ,Tn, ε̃)).

Proof. The proof of Theorem 5.3.6 proceeds as the proof of Theorem 3.1 [DY13]

and proof of Theorem 3.3.7. And it is noted that ready(G) uses Definition 5.2.2.

The proof of Theorem 5.3.6 is similar to that of Theorem 3.3.7; they both

involve three steps: subtyping of local types, extending projection and proof of

soundness and completeness. The difference is that for this proof, (1) in the

extension of projection, we add projection configuration for fork/join; (2) in proof

of soundness and completeness, we add cases of fork/join transitions for global

types.

First, as in [DY13], we define a behaviour-preserving subtyping relation T < T ′

between timed choreographical local types to add branches in branching types

but not selection types. This subtyping is extended to configurations as follows:

(ν, T̃ , w̃) < (ν′, T̃ ′, w̃′) if w̃ = w̃′, ν = ν′ and ∀p ∈ P , Tp < T ′p and we obtain the

following property: if (ν, T̃ , w̃)< (ν′, T̃ ′, w̃′) then (ν, T̃ , w̃)≈ (ν′, T̃ ′, w̃′).

Second, we (1) extend the definition of projection to global intermedi-

ary steps and (2) define projected configuration of a global type G, written

[[G]]{wpq}pq∈P (G), which takes fork/join into account. The contents of the buffers

138



[[G]]{wpq}pq∈P (G) is defined as:

[[x = p′ q′ : l〈U〉{A};x′]]{wpq}pq∈P (G) = [[x′]]{wpq}pq∈P (G)[wp′q′ = wp′q′ · l〈S〉]

[[x = p′→ q′ : l〈U〉{A};x′]]{wpq}pq∈P (G) = [[x′]]{wpq}pq∈P (G)

[[x = x1 | x2]]{wpq}pq∈P (G) = [[x1 | x2]]{wpq}pq∈P (G) if p,q ∈ P (G)

[[x = x1 +x2]]{wpq}pq∈P (G) = [[xi]]{wpq}pq∈P (G)

[[x1 | x2 = x]]{wpq}pq∈P (G) = [[x]]{wpq}pq∈P (G)

[[x1 +x2 = x]]{wpq}pq∈P (G) = [[x]]{wpq}pq∈P (G)

[[x = end]]{wpq}pq∈P (G) = {wpq}pq∈P (G)

Third, we prove the theorem by combining local type subtyping and projection

extensions into the following step equivalence lemma: if [[G]] < (ν, T̃ , w̃) then

G `−→ G′⇔ (ν, T̃ , w̃) `−→ (ν′, T̃ ′, w̃′) and [[G′]]< (ν′, T̃ ′, w̃′).

The step equivalence is proved by induction on the structure of the labelled

transition of G. The proof of soundness is by induction rules of LTS of

(ν,G)
`−→ (ν′,G′). The cases for labelled messages bSENDc,bRECVc, choices

and bTIMEc are identical to those in Section 3.3. Here we prove the cases of fork,

join and merge. For the fork case, where x = x1 | x2 −→ x1 | x2, the projected

configuration is [[x = x1 | x2]]{wpq}pq∈P (G) = [[xi]]{wpq}pq∈P (G) with local type

T as x = x1 | x2 � p = x = x1 | x2. By fork transition rule for local type, we have

(ν,T, w̃) −→ (ν,T ′, w̃), where T ′ is the projected local type of x1 | x2. The

cases for join and merge is similar to that of fork because they are only transitions

of syntax expressions and do not involve message exchanges, queue changes and

time changes.

Completeness proceeds similarly to [DY13] and the step bTIMEc which also

follows by Lemma 5.3.5.

5.4. Timed Choreographical Processes

In this section, we present processes for timed choreographical session types and

the operational semantics to allow processes to reduce. The types systems are

defined for verifying the processes. We also extend to runtime processes, which

are used in proofs in Section 5.5.
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5.4.1. Syntax of Process Calculus

The processes are modelled using a timed extension of the asynchronous choreo-

graphical session calculus in Section 4.4.

Definition 5.4.1 (Syntax of Process and Network). The syntax of timed choreo-

graphical session calculus is defined below. For the purpose of simple extension,

we add delay(t).x(x̃) in the syntax definition and remaining expressions are as

same as choreographical session processes.

v ::=a | s[p] | true | false | ... values

e ::=v | x | e∧ e | ... expression

h ::= /0 | h · (p,q, l〈v〉) messages

P ::=def P̃ in X definition

P ::= process transition

| x(x̃) = x〈G〉.x′(ẽ) init

| x(x̃) = x[p](y).x′(ẽ) request

| x(x̃) = x !〈p, l〈e〉〉.x′(ẽ) send

| x(x̃) = x?〈p, l(y)〉.x′(ẽ) receive

| x(x̃) = delay(t).x′(x̃) delay

| x(x̃) = x′(ỹ) | x′′(z̃) parallel

| x(x̃) =if e then x′(ẽ′) else x′′(ẽ′′) conditional

| x(x̃) = x′(x̃) & x′′(x̃) external choice

| x(ỹ) | x′(z̃) = x′′(x̃) join

| x(x̃)+x′(x̃) = x′′(x̃) merge

| x(x̃) = (νa) x′(ax̃) new name

| x(x̃) = 0 null
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X ::= state

| x(ṽ) thread

| X | X parallel

| (νa)X restriction

| 0 null

N ::= network

| P def

| N || N parallel

| (νa)N new name

| 0 null

| (νs)N new session

| s : h queue

| a〈s〉[p] invitation

The operational semantics describe the processes transition and they are

used in subject reductions. Compared with operational semantics rules for

choreographical session processes, we simply add [T-DELAY] to present the passage

of time. The other rules remain the same, shown in Figure 5.6.

5.4.2. Typing Timed Choreographical Processes

As to typing rules, we use the same judgement to express the relation between

processes and the corresponding local types. The main difference is that we add

clock assignment in the typing system so that we can track the time passing in the

system. Then the session environment is defined as: ∆ ::= /0 | ∆,c : (ν,T )

where a channel is accompanied by the pair of clock assignment and local types.

The typing systems for all rules are shown in Figure 5.7 and Figure 5.8.

Rule [T-INIT] shows the session initialisation, and Rule [T-REQ] is similar except

we record the session and projected session type T = G � p. It is noted that there

may be delay between [T-INIT] and [T-REQ], but the actions of [T-INIT] and [T-REQ] cost

no time, that is, clock assignment remains unchanged.

Rule [T-SEND] records the send type for zi(Ti = x =!〈p, l〈U〉〉.x′) and x = x′

for all other sessions, and requires that the clock assignment ν satisfies the send

constraint δo, and resets the clock. The rule [T-RECV] is symmetric and similar

changes are applied to rule [T-DELEG] and rule [T-CATCH] for session delegation.

Rule [T-DELAY] shows the passage of time t in clock assignment ν and recorded
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x[ṽ/x̃] = a ẽ[ṽ/x̃] ↓ ṽ′

x(x̃) = x〈G〉.x′(ẽ) ` x(ṽ)
a〈G〉−−→ x′(ṽ′)

[T-INIT]

x[ṽ/x̃] = a ẽ[ṽ/x̃][s/y] ↓ ṽ′

x(x̃) = x[p](y).x′(ẽ) ` x(ṽ)
a〈s〉[p]−−−→ x′(ṽ′)

[T-ACC]

x[ṽ/x̃] = s[q] e[ṽ/x̃] ↓ v ẽ[ṽ/x̃] ↓ ṽ′

x(x̃) = x !〈p, l〈e〉〉.x′(ẽ) ` x(ṽ)
s[q,p]!l〈v〉−−−−−→ x′(ṽ′)

[T-SEND]

x[ṽ/x̃] = s[q] ẽ[ṽ/x̃][v/y] ↓ ṽ′

x(x̃)=x?〈p, l(y)〉.x′(ẽ) ` x(ṽ)
s[p,q]?l〈v′〉−−−−−−→x′(ṽ′)

[T-RCV]

a 6∈ ṽ
x(x̃)=(νa)x′(ax̃) ` x(ṽ) τ−→(νa)x′(aṽ)

[T-NEW]

e[ṽ/x̃] ↓ true ẽ′[ṽ/x̃] ↓ ṽ′

x(x̃)=if e then x′(ẽ′) else x′′(ẽ′′) ` x(ṽ) τ−→ x′(ṽ′)
[T-IFT]

x(x̃) = delay(t).x′(x̃) t−→ x′(x̃)
[T-DELAY]

P̃,x(x̃) = x′(x̃) & x′′(x̃) ` x′(ṽ) α−→ X
P̃,x(x̃) = x′(x̃) & x′′(x̃) ` x(ṽ) α−→ X

[T-EXT]

P̃ ` X α−→ X′

def P̃ in X α−→ def P̃ in X′
[T-DEF] P τ−→ P′

P−→ P′
[T-TAU]

P
s[p,q]!l〈v〉−−−−−→ P′

P || s : h−→ P′ || s : h · (p,q, l〈v〉)
[T-PUT]

P
s[p,q]?l〈v〉−−−−−→ P′

P || s : (p,q, l〈v〉) ·h−→ P′ || s : h
[T-GET]

P
a〈G〉−−→ P′ p0, . . . ,pk ∈G s 6∈ fn(P′)

P−→ (νs)(P′ || s : ε || a〈s〉[p0] || . . . || a〈s〉[pk])
[T-INITN ]

e[ṽ/x̃] ↓ false ẽ′′[ṽ/x̃] ↓ ṽ′′

x(x̃)=if e then x′(x̃) else x′′(x̃) ` x(ṽ) τ−→ x′′(ṽ′′)
[T-IFF]

Figure 5.6.: Operational Semantics of Timed Choreographical Session Calculus
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ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′

` x(ỹz̃) = x〈G〉.x′(ẽz̃)�x : (ν,Ũ T̃ ) [] x′ : (ν,Ũ ′ T̃ ′)
[T-INIT]

ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′ T = G � p
` x(ỹz̃) = x[p](y).x′(ẽz̃y)�x : (ν,Ũ T̃ ) [] x′ : (ν,Ũ ′ T̃ ′T )

[T-REQ]

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ : Ũ ′ ν |= δo

Ti = T ′i ]x=!〈p′, l〈U〉{Bo}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi !〈p, l〈e〉〉.x′(ẽz̃).x : (ν,Ũ T̃ ) [] x′ : ([λo 7→ 0]ν,Ũ ′ T̃ ′)
[T-SEND]

ỹ : Ũ ,y : U ` ẽ : Ũ ′ ν |= δi

Ti = T ′i ]x=?〈p, l〈U〉{Bi}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y)〉.x′(ẽz̃).x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′)
[T-RECV]

ỹ : Ũ ` ẽ : Ũ ′ ν |= δo

Ti = T ′i ]x=!〈p′, l〈T 〉{Bo}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃y) = zi !〈p, l〈y〉〉.x′(ẽz̃).x : (ν,Ũ T̃ T ) [] x′ : ([λo 7→ 0]ν,Ũ ′ T̃ ′)
[T-DELEG]

ỹ : Ũ ` ẽ : Ũ ′ ν |= δi

Ti = T ′i ]x=?〈p, l〈T 〉{Bi}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y)〉.x′(ẽz̃y).x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′T )
[T-CATCH]

Ti = T ′i ]x= x
` x(ỹz̃) = delay(t).x′(ỹz̃).x : (ν,Ũ T̃ ) [] x′ : ((ν+ t),Ũ T̃ ′)

[T-DELAY]

ỹ : Ũ ` ỹ1 : Ũ1 ỹ : Ũ ` ỹ2 : Ũ2 ∀i,Ti = (T1i∪T2i)]x=x1 | x2

` x(ỹz̃) = x1(ỹ1z̃) | x2(ỹ2z̃).x : (ν,Ũ T̃ ) [] x1 : (ν,Ũ1 T̃1),x2 : (ν,Ũ2 T̃2)
[T-PAR]

ỹ : Ũ ` ỹ1 : Ũ1 ỹ : Ũ ` ỹ2 : Ũ2 ∀i,(T1i∪T2i) = T ′i ]x1 | x2=x
` x1(ỹ1z̃) | x2(ỹ2z̃) = x(ỹz̃). x1 : (ν,Ũ1 T̃1),x2 : (ν,Ũ2 T̃2) [] x : (ν,Ũ T̃ ′)

[T-JOIN]

Figure 5.7.: Typing System for Timed Choreographical Processes (Part 1)
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ỹ : Ũ ` e : U ỹ : Ũ ` ẽ1 : Ũ1 ỹ : Ũ ` ẽ2 : Ũ2
∀i,Ti = (T1i∪T2i)]x=x1⊕x2

` x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃)
.x : (ν,Ũ T̃ ) [] x1 : (ν,Ũ1 T̃1),x2 : (ν,Ũ2 T̃2)

[T-IF]

∀i,Ti = (T1i∪T2i)]x=x1 & x2

` x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃).x : (ν,Ũ T̃ ) [] x1 : (ν,Ũ T̃1),x2 : (ν,Ũ T̃2)
[T-CHOICE]

∀i,(T1i∪T2i) = T ′i ]x1 +x2=x
` x1(ỹz̃)+x2(ỹz̃) = x(ỹz̃). x1 : (ν,Ũ T̃1),x2 : (ν,Ũ T̃2) [] x : (ν,Ũ T̃ ′)

[T-MERGE]

` Pi .Σi [] Σ
′
i comp({Σi [] Σ

′
i}i) x0 : Ũ = (∪Σi)\ (∪Σ

′
i) Γ ` ṽ : Ũ

Γ ` def P̃ in x0(ṽ)
[T-DEF]

∀i, T̃ ′i = T̃i]x=x′ T̃i = T̃ ′i ]x=x′

` x(ỹz̃) = (νa)x′(aỹz̃).x : (ν,Ũ T̃ ) [] x′ : (ν,〈G〉Ũ T̃ ′)
[T-RES]

∀i,Ti = def x = end in x
` x(ỹz̃) = 0.x : (ν,Ũ T̃ ) []

[T-NIL]

Γ ` N1 Γ ` N2

Γ ` N1 || N2
[T-NPAR]

Γ,a : 〈G〉 ` N
Γ ` (νa)N

[T-NRES]
Γ ` 0

[T-NNIL]

Figure 5.8.: Typing System for Timed Choreographical Processes (Part 2) and
Network
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x(x̃) = x′(ỹ) | x′′(z̃) ` x(ṽ)≡ x′(ỹ[ṽ/x̃]) | x′′(z̃[ṽ/x̃])

x(ỹ) | x′(z̃) = x′′(x̃) ` x(ỹ[ṽ/x̃]) | x′(z̃[ṽ/x̃])≡ x′′(ṽ)
x(x̃)+x′(x̃) = x′′(x̃) ` x(ṽ)≡ x′′(ṽ)
x(x̃)+x′(x̃) = x′′(x̃) ` x′(ṽ)≡ x′′(ṽ)

x(x̃) = 0 ` x(ṽ)≡ 0
delay(t + t ′).x(x̃) ≡ delay(t).delay(t ′).x(x̃)

delay(0).x(x̃) ≡ x(x̃)

delay(t).(νa)x(x̃) ≡ (νa)delay(t).x(x̃)

delay(t).(x(x̃) | x′(x̃′)) ≡ delay(t).x(x̃) | delay(t).x′(x̃′)

Figure 5.9.: Selected Structural Congruence Rules

types remain unchanged. Rule [T-PAR] describes the parallel composition of two

concurrent branches, denoted as (T1 ∪T2)] x=x1 | x2, and both two concurrent

branches start with the same clock assignment ν. Rule [T-JOIN] is a symmetric rule

and at the join point all clocks should synchronise as ν. We apply similar changes

to external/internal choice rules [T-IF] and [T-CHOICE] and merge rule [T-MERGE]. Rule

[T-RES] records the binding and time remains the same. Rule [T-NIL] shows the

termination of a process and the following time information is ignored.

Other rules for state and networks are similar to those in choreographical

session types in Section 4.4.2.

The structural congruence rules for parallel/join and delay transitions are

shown in Figure 5.9. The structural congruence rules for state and network are

as same as in Section 4.4.2.

5.4.3. Typing Run-Time Processes

In this subsection we extend the typing system of programs to type run-time

processes, which is necessary for subject reduction.

The definition for message types T is same as in Section 4.4.3. We define the

choreographical session types which have both message and completed types.

Choreographical T ::= T session

| T message

| T;T continuation

Then ; is defined by:
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∆;{s[q : r] : T}=

∆′,s[q : r] : T′;T if ∆ = ∆′,s[q : r] : T′,

∆,s[q : r] : T otherwise.

The difference from choreographical session types is that we define the

specifications as follows, which clock assignment is associated with message

types.

Σ ::= T | (ν,T )

The equivalence relation ≡ for generalised specifications is as follows:

!〈p1, l1〈U1〉〉; !〈p2, l2〈U2〉〉;T≡!〈p2, l2〈U2〉〉; !〈p1, l1〈U1〉〉;T if p1 6= p′2
T≡ T′ implies T;T ≡ T′;T
T ≡ T ′ implies (ν,T )≡ (ν,T ′)

The choreographical proof rules rely on the following definitions:

• ∆ ≡ ∆′ if c : Σ ∈ ∆ and Σ 6= (ν,end) imply c : Σ′ ∈ ∆′ with Σ ≡ Σ′ and vice

versa.

• ∆ | ∆′ = ∆\dom(∆′)∪∆′ \dom(∆)∪{y : Σ | Σ′ | y : Σ ∈ ∆∧ y : Σ′ ∈ ∆′}

• Σ | Σ′ =


Σ;Σ′ if Σ is a message type

Σ′;Σ if Σ′ is a message type

undefined otherwise

• (def T̃ in x1) | (def T̃ in x2) = def T̃ in (x1 | x2)

!〈p1, l1〈U1〉〉; · · ·!〈pn, l1〈Un〉〉 | (def T̃ in x) = def T̃ ′ in x
with T̃ ′ = x =!〈p1, l1〈U1〉〉.x1, · · ·xn =!〈p2, l2〈U2〉〉.xn+1, T̃ [xn+1/x]

By adding clock assignment to environment specification, the typing rule

[T-STATE] for run-time state processes is defined as

` Pi .Σi [] Σ′i comp({Σi ; Σ′i}i) x : (ν,Ũ T̃ ) ∈ Σi Γ ` ṽ : Ũ
[T-STATE]

Γ, P̃ ` x(ṽc̃). c̃ : (ν, T̃ )

The rules for [PAR], [RES], [NIL] and [RDEF] are as same as those for choreographi-

cal run-time processes.

The typing system for run-time state processes and typing system for queues

are same as in Section 4.4.2.
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(ν,T )
pq!l〈U〉{δo,λo}−−−−−−−−→ (ν′,T ′) Γ ` v : U

(Γ,∆,s[p] : (ν,T ))
s[p,q]!l〈v〉−−−−−→ (Γ,∆,s[p] : (ν′,T ′))

[SEND]

(ν,T )
qp?l〈U〉{δi,λi}−−−−−−−−→ (ν′,T ′) ν |= δi ν

′ = [λi 7→ 0]ν Γ ` v : U

(Γ,∆,s[p] : (ν,T ))
s[q,p]?l〈v〉−−−−−→ (Γ,∆,s[p] : (ν′,T ′))

[RECV]

(ν,T )
pq!l〈Ts〉{δo,λo}−−−−−−−−→ (ν′,T ′) ν |= δo ν

′ = [λo 7→ 0]ν

(Γ,∆,s[p] : (ν,T ),s′[p′] : (ν,Ts))
s[p,q]!l〈s′[p′]〉−−−−−−−→ (Γ,∆,s[p] : (ν′,T ′))

[DELEG]

(ν,T )
pq?l〈Tr〉{δi,λi}−−−−−−−−→ (ν′,T ′) ν |= δi ν

′ = [λi 7→ 0]ν

(Γ,∆,s[p] : (ν,T ))
s[p,q]?l〈s′[p′]〉−−−−−−−→ (Γ,∆,s[p] : T ′,s′[p′] : (ν′,Tr))

[CATCH]

ν+ t |= ready(T )

(s[p] : (ν,T ))
t−→ (s[p] : (ν+ t,T ))

[TIME]

(ν,T1)
pq!l〈U〉{δo,λo}−−−−−−−−→ (ν′,T ′1 ) (ν′,T2)

pq?l〈U〉{δi,λi}−−−−−−−−→ (ν′′,T ′2 )
(s[p] : (ν,T1),s[q] : (ν,T2),∆) −→ (s[p] : (ν′′,T ′1 ),s[q] : (ν′′,T ′2 ),∆)

[COM]

Figure 5.10.: Reduction Rules for Session Environment

Since we add clock assignment to environment definition, then the reduction

rules for session environment also adjust the same changes and are defined in

Figure 5.10

5.5. Safety of Timed Choreographical Multiparty Session
Types

We define properties that ensure the soundness and safety of timed choreographical

session types: subjection reduction and time error-freedom.

Lemma 5.5.1 (Subject Congruence). Suppose Γ, P̃ ` X.∆ and P̃ ` X≡ X′. Then

Γ, P̃ ` X′ .∆. Similarly for P and N.

Proof. 1. (Process P) With structural congruence in Section 5.4, the proofs are

are straightforward by induction.

2. (Def agents P) The same as Section 4.5
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3. (Network N) The same as [CDCYP15].

Theorem 5.5.2 (Subject Transition and Reduction).

1. Γ, P̃ ` X.∆ and P̃ ` X α−→X′ imply Γ′, P̃ ` X′ .∆′ with (Γ,∆) α−→(Γ′,∆′).

2. Γ ` P.∆ and P α−→P′ imply Γ′ ` P′ .∆′ with (Γ,∆) α−→(Γ′,∆′).

3. Γ `S N.∆ and N−→ N′ imply Γ `S N′ .∆′ with ∆−→∗ ∆′.

Proof. (Process P)

Case [T-SEND] Suppose:

x(ỹz̃) = x !〈p, l〈e〉〉.x′(ẽz̃) ` x(ṽc̃)
s[q,p]!l〈v〉−−−−−→ x′(ṽ′c̃)

with x[c̃/z̃] = s[q], e[ṽ/ỹ] ↓ v and ẽ[ṽ/ỹ] ↓ w̃ by [T-SEND]. Then by [T-STATE],

Γ,P ` x(ṽc̃). c̃ : (ν, T̃ )

and

P = x(ỹz̃) = x !〈p, l〈e〉〉.x′(ẽz̃)

has type

` P.x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′)

with

ỹ : Ũ ` e : U, ỹ : Ũ ` ẽ : Ũ ′,

and

Ti = T ′i ]x=!〈p′, l〈U〉{Bo}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

with zi = x. By substitution lemma,

w̃ : Ũ ` e[ṽ/ỹ] : U,ei[ṽ/ỹ] : Ui

On the other hand, by bT-SENDc in 5.3, we have

Ti = T ′i ]x=!〈p′, l〈U〉{Bo}〉.x′
!〈p,l〈U〉〉−−−−−→ T ′i
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This implies, by [SEND] in Figure 5.10, with Γ ` v : U and x[c̃/z̃] = s[q], we have:

(Γ,∆)
s[q,p]!l〈v〉−−−−−→ (Γ,∆′)

where ∆ = c̃ : (ν, T̃ ) and ∆′ = ∆\ s[q]∪{s[q] : T ′i } as desired.

Case [T-RECV] Suppose:

x(ỹz̃) = x?〈p, l(y)〉.x′(ẽz̃) ` x(ṽc̃)
s[q,p]?l〈v〉−−−−−→ x′(ṽ′c̃)

with x[c̃/z̃] = s[q] and ẽ[ṽ/x̃][v/y] ↓ w̃ by [RECV]. Then by [T-STATE],

Γ,P ` x(ṽc̃). c̃ : (ν, T̃ )

and

P = x(ỹz̃) = x?〈p, l(y)〉.x′(ẽz̃)

has type

` P.x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′)

with

ỹ : Ũ ,y : U ` ẽ : Ũ ′

and

Ti = T ′i ]x=?〈p′, l〈U〉{Bi}〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

with zi = x. By substitution lemma,

w̃ : Ũ ,v : U ` e[ṽ/ỹ] : U,ei[ṽ/ỹ] : Ui

On the other hand, by bT-RECVc in Section 5.3, we have

Ti = T ′i ]x=?〈p′, l〈U〉{Bi}〉.x′
?〈p,l〈U〉〉−−−−−→ T ′i

This implies, by [RECV] in Figure 5.10, with Γ ` v : U and x[c̃/z̃] = s[q], we have:

(Γ,∆)
s[q,p]?l〈v〉−−−−−→ (Γ,∆′)

where ∆ = c̃ : (ν, T̃ ) and ∆′ = ∆\ s[q]∪{s[q] : T ′i } as desired.

Case [T-INIT]
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Suppose

x(ỹz̃) = x〈G〉.x′(ẽz̃) ` x(w̃c̃)
a〈G〉−−→ x′(ṽc̃)

with a = x[w̃/ỹ], ẽ[w̃/ỹ] ↓ ṽ, By [T-INIT],

` x(ỹz̃) = x〈G〉.x′(ẽz̃)�x : (ν,Ũ T̃ ) [] x′ : (ν,Ũ ′ T̃ ′)

with ỹ : Ũ ` ẽ : Ũ ′, ỹ : Ũ ` x : 〈G〉 and ∀i,Ti = T ′i ] x=x′. Then by [T-STATE], we

have:

Γ, P̃ ` x(w̃c̃). c̃ : (ν, T̃ )

and, by [INIT] in Figure 4.17, we have

(Γ,∆)
a〈G〉−−→ (Γ,∆)

By [T-STATE], we have

Γ, P̃ ` x′(ṽc̃). c̃ : (ν, T̃ )

as desired, noting T ′i ≡ Ti.

Case [T-ACCEPT]

Suppose

x(ỹz̃) = x[p](y).x′(ẽz̃y) ` x(w̃c̃)
a[p]〈s〉−−−→ x′(ṽc̃s)

with a = x[w̃/ỹ], ẽ[w̃/ỹ] ↓ ṽ, By [T-REQ],

` x(ỹz̃) = x[p](y).x′(ẽz̃y)�x : (ν,Ũ T̃ ) [] x′ : (ν,Ũ ′ T̃ ′T )

with ỹ : Ũ ` ẽ : Ũ ′, ỹ : Ũ ` x : 〈G〉, ∀i,Ti = T ′i ] x=x′ and T = G � p. Then by

[T-STATE], we have:

Γ, P̃ ` x(w̃c̃). c̃ : (ν, T̃ )

and, by [ACC] in Figure 4.17, we have

(Γ,∆)
a[p]〈s〉−−−→ (Γ,∆,s[p] : T )

By [T-STATE], we have

Γ, P̃ ` x′(ṽc̃s). c̃ : (ν, T̃ ,s[p] : T )

as desired, noting T ′i ≡ Ti.
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Case [T-IFT] Suppose

x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃) ` x(ṽc̃) τ−→ x′(ṽ′c̃)

with e[ṽ/ỹ] ↓ true and ẽ1[ṽ/ỹ] ↓ w̃ by [IFT]. Then by [T-STATE] in,

Γ,P ` x(ṽc̃). c̃ : (ν, T̃ )

and

P = x(ỹz̃) =if e then x1(ẽ1z̃) else x2(ẽ2z̃)

has type

` P.x : Ũ T̃ [] x1 : (ν,Ũ1 T̃1),x2 : (ν,Ũ2 T̃2)

with

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ1 : Ũ1 ỹ : Ũ ` ẽ2 : Ũ2

and

∀i,Ti = (T1i∪T2i)]x=x1⊕x2

with zi = x. By substitution lemma,

w̃ : Ũ ` e1[ṽ/ỹ] : U1

On the other hand, by bCONDc in Figure 4.18, we have

Ti = (T1i∪T2i)]x=x1⊕x2
τ−→ T ′i

This implies, by [TAU] in Figure 4.17, we have:

(Γ,∆)
τ−→ (Γ,∆)

where ∆ = c̃ : (ν, T̃ ).

Case [T-NEW] Suppose:

x(ỹz̃) = (νa)x′(aỹz̃) ` x(ṽc̃) τ−→ (νa)x′(aṽc̃)

with a 6∈ ṽ by [T-NEW]. Then by [T-STATE] ,

Γ,P ` x(ṽc̃). c̃ : (ν, T̃ )
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and

P = x(ỹz̃) = (νa)x′(aỹz̃)

has type

` P.x : (ν,Ũ T̃ ) [] x′ : (ν,〈G〉Ũ T̃ ′)

with

∀i, T̃ ′i = T̃i]x=x′

and zi = x. On the other hand, by bEQc in Figure 4.18, we have

T̃ ′i = T̃i]x=x′ τ−→ T ′i

This implies, by [TAU] in Figure 4.17, we have:

(Γ,∆)
τ−→ (Γ,∆)

where ∆ = c̃ : (ν, T̃ ).

Case [T-EXT] Suppose

x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃) ` x(ṽc̃) α−→ x1(ṽc̃)

by [T-EXT]. Then by [T-STATE],

Γ,P ` x(ṽc̃). c̃ : (ν, T̃ )

and

P = x(ỹz̃) = x1(ỹz̃) & x2(ỹz̃)

has type

` P.x : Ũ T̃ [] x1 : (ν,Ũ T̃1),x2 : (ν,Ũ T̃2)

with

∀i,Ti = (T1i∪T2i)]x=x1 & x2

with zi = x. On the other hand, by bCHOICEc in Figure 4.18, we have

Ti = (T1i∪T2i)]x=x1 & x2
α−→ T ′1i
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This implies, by [TAU], we have:

(Γ,∆)
α−→ (Γ,∆′)

where ∆ = c̃ : (ν, T̃ ) and ∆′ = ∆\{x2 : (ν,Ũ T̃2)}.

Case [T-DELAY] Suppose:

x(x̃) = delay(t).x′(x̃) t−→ x′(x̃)

by [DELAY]. Then by [STATE] ,

Γ,P ` x(ṽc̃). c̃ : T̃

and

P = x(ỹz̃) = delay(t).x′(ỹz̃)

has type

` P.x : (ν,Ũ T̃ ) [] x′ : ((ν+ t),Ũ T̃ ′)

with

Ti = T ′i ]x= x

On the other hand, we have

Ti = T ′i ]x= x t−→ T ′i

This implies, with Γ ` ỹ : U , we have

(Γ,∆)
t−→ (Γ,∆′)

The proof of the remaining rules are same as those of Theorem 4.5.2. This

concludes all cases for Subject Transition and Reduction.

We say P has a type error if expressions in P contain either a type error for a

value or constant in the standard sense or a reception error.

Theorem 5.5.3 (Type Safety). Suppose Γ ` N. For any N′ such that (ν,N) −→∗

(ν′,N′), N′ has no type error.
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Proof. Suppose Γ ` N has a type error. Then there are reductions such that

(ν,N)−→∗ (ν′,(νs)(s : (p,q, l〈v〉) ·h || P1 || · · · || Pn) ||N′) and Pj
s[p,q]?〈v〉−−−−−→Pj where

v does not meet the specified type. Suppose Γ ` Pj .∆,s[p] : (ν′,T j). By labelled

transition of local types in Section 5.3, (ν′,T j)
?〈q, l〈U〉〉{δ,λ}−−−−−−−−→(ν′′,T ′j ). Since Pj has

a type error, Γ 6` v : U , which contradicts Theorem 5.5.2.

Theorem 5.5.4 (Time-error freedom). If Γ ` P.∆, and P→∗ P′ then P′ 6≡ error

Proof. We prove time-error freedom through similar steps:

• Step 1 - extend processes An error state denoted as error is a state

when a process violates the clock constraints associated with the action

prescribed by the corresponding local timed types. To model the reductions

to error states, we extend the syntax of processes with clock constraints,

reset predicates and clock assignment.
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v ::= a | s[p] | true | false | ... values

e ::= v | x | e∧ e | ... expression

h ::= /0 | h · (p,q, l〈v〉) messages

c ::= s[p] | y session names/variables

P ::= def P̃ in X definition

P ::= process transition

| x(x̃) = x〈G〉.x′(ẽ) init

| x(x̃) = x[p](y).x′(ẽ) request

| x(x̃) = x !〈p, l〈e〉{δo,λo}〉.x′(ẽ) send

| x(x̃) = x?〈p, l(y){δi,λi}〉.x′(ẽ) receive

| x(x̃) = delay(t).x′(x̃) delay

| x(x̃) = x′(ỹ) | x′′(z̃) parallel

| x(x̃) =if e then x′(ẽ′) else x′′(ẽ′′) conditional

| x(x̃) = x′(x̃) & x′′(x̃) external choice

| x(ỹ) | x′(z̃) = x′′(x̃) join

| x(x̃)+x′(x̃) = x′′(x̃) merge

| x(x̃) = (νa) x′(ax̃) new name

| x(x̃) = 0 null

| error Error

X ::= state

| x(ṽ) thread

| X | X parallel

| (νa)X restriction

| 0 null

N ::= network

| P def

| N || N parallel

| (νa)N new name

| 0 null

| (νs)N new session

| (c,ν) clock assignment

| s : h queue

| a〈s〉[p] invitation
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x[ṽ/x̃] = s[q] e[ṽ/x̃] ↓ v ẽ[ṽ/x̃] ↓ ṽ′

ν |= δo ν′ = [λo 7→ 0]ν
x(x̃) = x !〈p, l〈e〉{δo,λo}〉.x′(ẽ) ` x(ṽ) | (s[q],ν)

s[q,p]!l〈v〉−−−−−→ x′(ṽ′) | (s[q],ν′)

[T-SEND]

x[ṽ/x̃] = s[q] ẽ[ṽ/x̃][v/y] ↓ ṽ′ ν |= δi ν
′ = [λi 7→ 0]ν

x(x̃)=x?〈p, l(y){δi,λi}〉.x′(ẽ) ` x(ṽ) | (s[q],ν)
s[p,q]?l〈v′〉−−−−−−→x′(ṽ′) | (s[q],ν′)

[T-RCV]

∀i ∈ {1, ...,n} s 6∈ f n(Pi)
a[n](y) |∏i∈{2,...,n} a[i](y).Pi

−→ (νs)(∏i∈{1,...,n}(Pi[s[i]/y] | (s[i],ν0)) | s : /0)

[T-LINK]

x[ṽ/x̃] = s[q] ¬ν |= δo
x(x̃) = x !〈p, l〈e〉{δo,λo}〉.x′(ẽ) ` x(ṽ) | (s[q],ν)

s[q,p]!l〈v〉−−−−−→ error | (s[q],ν)

[T-ESEND]

x[ṽ/x̃] = s[q] ¬ν |= δi
x(x̃)=x?〈p, l(y){δi,λi}〉.x′(ẽ) ` x(ṽ) | (s[q],ν)

s[p,q]?l〈v′〉−−−−−−→error | (s[q],ν)

[T-ERCV]

Figure 5.11.: Extended Operational Semantics with Error State

• Step 2 - extend reductions We extend the reduction rules for [T-SEND] and

[T-RCV] shown in Figure 5.11, with the rest reductions remain the same. In

addition, we also define the rules [T-LINK] to extend session initiation by

adding an initial clock assignment ν0 for each participant of the new session.

• Step 3 - extend validation rules Below we show the validation rules for

processes with errors and clocks. Here we only show the rules that are

different from original validation rules in Figure 5.12.

Assume that Γ ` P.∆, and P−→∗ P−→ P′. We proceed with the assumption

that by induction P 6≡ error, and continue with case study on the last reduction

P−→ P′.

In the case study, we investigate all the reduction rules for processes with errors

and clocks. The inductive rules, e.g [T-PUT] and other reduction rules for P and
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ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′

` x(ỹz̃) = x〈G〉.x′(ẽz̃) | (y,ν0)�x : Ũ T̃ [] x′ : (ν0,Ũ ′ T̃ ′)
[T-INIT]

ỹ : Ũ ` ẽ : Ũ ′ ỹ : Ũ ` x : 〈G〉 ∀i,Ti = T ′i ]x=x′ T = G � p
` x(ỹz̃) = x[p](y).x′(ẽz̃y) | (y,ν0)�x : Ũ T̃ [] x′ : (ν0,Ũ ′ T̃ ′T )

[T-REQ]

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ : Ũ ′ ν |= δo

Ti = T ′i ]x=!〈p, l〈U〉〉Bo.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi !〈p, l〈e〉,{δo,λo}〉.x′(ẽz̃) | (zi,ν)

.x : (ν,Ũ T̃ ) [] x′ : ([λo 7→ 0]ν,Ũ ′ T̃ ′)

[T-SEND]

ỹ : Ũ ,y : U ` ẽ : Ũ ′ ν |= δi

Ti = T ′i ]x=?〈p,{l.U}Bi〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y),{δi,λi}〉.x′(ẽz̃) | (zi,ν)

.x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′)

[T-RECV]

ỹ : Ũ ` ẽ : Ũ ′ ν |= δo

Ti = T ′i ]x=!〈p, l〈T 〉〉Bo.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃y) = zi !〈p, l〈y〉,{δo,λo}〉.x′(ẽz̃) | (zi,ν)

.x : (ν,Ũ T̃ T ) [] x′ : ([λo 7→ 0]ν,Ũ ′ T̃ ′)

[T-DELEG]

ỹ : Ũ ` ẽ : Ũ ′ ν |= δi

Ti = T ′i ]x=?〈p,{l.T }Bi〉.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi ?〈p, l(y),{δi,λi}〉.x′(ẽz̃y) | (zi,ν)

.x : (ν,Ũ T̃ ) [] x′ : ([λi 7→ 0]ν,Ũ ′ T̃ ′T )

[T-CATCH]

Ti = T ′i ]x= x
` x(ỹz̃) = delay(t).x′(ỹz̃) | (zi,ν).x : (ν,Ũ T̃ ) [] x′ : ((ν+ t),Ũ T̃ ′)

[T-DELAY]

∀i,Ti = def x = end in x
` x(ỹz̃) = 0 | (zi,ν).x : (ν,Ũ T̃ ) []

[T-NIL]

Figure 5.12.: Extended Typing Rules with Time Assertions
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N, are straightforward. If the process is reduced by the rules for X like [T-SEND],

then P′ 6≡ error because these reductions do not introduce error processes,

which are run-time processes and cannot appear as a continuation of P. Thus,

the only reductions that could introduce error processes are [T-ESEND] and [T-ERECV].

Consider rule [T-ESEND], and the other rule is similar. Assume that [T-ESEND] can be

applied on P, then P can be of the form x(x̃) = x !〈p, l〈e〉,{δo,λo}〉.x′(ẽ). Then by

[T-ESEND],

¬ν |= δo

By the assumption P is well-typed, and the derivation of x(x̃) = x !〈p, l〈e〉,
{δo,λo}〉.x′(ẽ) is done by the rule [T-SEND] among all the validation rules

ỹ : Ũ ` e : U ỹ : Ũ ` ẽ : Ũ ′ ν |= δo

Ti = T ′i ]x=!〈p, l〈U〉〉Bo.x′ ∀ j 6= i,T j = T ′j ]x=x′

` x(ỹz̃) = zi !〈p, l〈e〉,{δo,λo}〉.x′(ẽz̃) | (zi,ν)

.x : (ν,Ũ T̃ ) [] x′ : ([λo 7→ 0]ν,Ũ ′ T̃ ′)

[T-SEND]

with the condition ν |= δo, which contradicts with the fact that ¬ν |= δo when the

reduction rule can be applied. Thus, the fact is that none of the reductions that

introduces the errors can be applied, with the fact that P 6≡ error leads to the

thesis.

5.6. Sufficient Conditions for Progress Enablement and
Time-progress of Processes

In this section, we define conditions for the progress enabling property and time-

progress property of processes. The satisfaction of this property guarantees

that global types will not get stuck because of unsuitable time assertions. In

Section 5.6.1, we start with defining the time graph that presents every state and

transition that could occur during reduction. In Section 5.6.2 based on the global

time graph, we derive the dependency graph for a specified state and extract

the time assertions in this graph. From the trace of time assertions reaching

the destination state, we check if that state is progress enablement or not. The

method of examining progress-enablement in 5.6.2 is adopted from [BLY15]

with adaptation on choreographical global graphs. In Section 5.6.3, we show

the time-progress property, which is similar to that in Section 3.6.5; based on

the progress enablement property, we show that timed choreographical processes
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enjoy progress property if the processes with time satisfy progress property.

5.6.1. Time Graph

We define the _∗ function over vector of states:

~x∗ =

~x1
∗ if~x = (~x1, ~x2) and ~x1

∗ = ~x2
∗

~x otherwise

Then we define

xb~x′ ⇐⇒

x = x′′ and ~x′ = (x′′), or

~x′ = (~x1, ~x2)∧xb ~xi∧ i ∈ {1,2}

Definition 5.6.1 (Parellel Automation). The composition of Mi = (Xi,x0
i,Ti), i ∈

{1,2}, written M1||M2, is the automation ((X1×X2)
∗,(x0

1,x0
2),T) s.t.

((x1,x2)
∗, l,(x′1,x

′
2)
∗
)∈T⇐⇒

(xi, l,x′i) ∈ Ti if x j = x′j,xi 6b X j, and i 6= j{1,2}

(xi, l,x′i) ∈ Ti if xi b X j, and i 6= j{1,2}

Before introducing the time graph, we extend the labelled messages syntax to

send/receive action as

x = p→ p′ : l〈U〉{A};x′⇒

x = p→ p′ : l〈U〉{A};xr and

xr = p p′ : l〈U〉{A};x

Then the time graph of global types G is obtained by applying a Time

Transformation Function denoted as T T (G,n,N). The definition is as below:
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T T (G,n,N) =

〈{n},n, /0〉 if n = end or n ∈ N

〈X∪{n},n,T∪{(n, l,n′)}〉 if n = s→ r : lg〈U〉{A};n′ and l = sr!lg{A} or

if n = s r : lg〈U〉{A};n′ and l = sr?lg{A}

and 〈X,n′,T〉= T T (G,n′,N∪{n})

〈{n}∪X1∪X2,n, if n = n1 +n2 and 〈Xi,ni,Ti〉=

T1∪T2∪ (n,ε,n1)∪ (n,ε,n2)〉 T T (G,ni,N∪{n}), i ∈ {1,2}

〈X∪{n},n,T∪{(n,ε,n′′)}〉 if n = n1 | n2 and 〈X,n′′,T〉=

T T (G,n1,N∪{n})||T T (G,n2,N∪{n})

〈X∪{ni},ni,T∪ (ni,ε,n)〉 if n1 | n2 = n or n1 +n2 = n

and 〈X,n,T〉= T T (G,n,N∪{ni}),∈ {1,2}

5.6.2. Checking Progress Enabling

Understanding the past We check that G has progress by analysing paths,

i.e., sequences of events, in T T (G,n,N) . Since T T (G,n,N) gives an over-

approximation of the causal dependencies between actions, we will construct a

graph of the actual dependencies of the underlying actions of a path. We define a

path ϕ as a sequence of n0n1 · · ·nk, where for all i ∈ [0,k− 1] there exists l such

that (ni, l,ni+1)∈N. We compute the underlying actions of a path via the function:

nodes(n0n1 · · ·nk)
def
= n0�id(n0) ·n1�id(n1) · · ·nk�id(nk) (k ≥ 0)

And

n�id(n)
def
=


sr!lg{δo,λo} if n = s→ r : lg〈U〉{δo,λo,δi,λi};n′

sr?lg{δi,λi} if n = s r : lg〈U〉{δo,λo,δi,λi};n′

/0 otherwise

Remarkably, given a path ϕ and two actions `i and ` j in nodes(ϕ), i < j does not

imply that there is a causal dependency between `i and ` j.

We define the graph of dependencies of an action `k in a sequence of actions

`1 · · ·`k This graph is an abstraction of all actions on which `k depends. We
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consider two kinds of dependencies: output/input dependencies between send and

corresponding receive actions, and local dependencies within a single participant.

Definition 5.6.1 (Graph of Dependencies). Let dep(ε;`) def
= /0 and

dep(ρ·`1;`2)
def
=



{(`1, `2)}∪dep(ρ;`i)i=1,2 if `1 = pq!a(g1,λ1), `2 = pq?a(g2,λ2)

{(`1, `2)}∪dep(ρ;`1) if subj(`1) = subj(`2) and

{`1 = pq?a(g1,λ1), `2 = qp′!a(g2,λ2)

or

`1 = pq!a(g1,λ1), `2 = q′p?a(g2,λ2)}

dep(ρ;`2) otherwise

The graph of dependencies of ρ = `1 · · ·`k (k>0), written DG(ρ), is the graph

(D,A) s.t. A= dep(`1 · · ·`k−1;`k) \ {(`i, `k)
∣∣ 1 ≤ i< k} and D= {`r

∣∣ ∃(`i, ` j) ∈
A ∧ r ∈ {i, j}}. This is a graph whose nodes form a subset of {`1, . . . , `k−1}
and whose edges model causal dependencies between actions and the graph is

computed backwards starting from `k.

idx(ρ) def
= {i

∣∣ `i ∈ D}

W i
x (ρ)

def
=

vi−v j if 0≤ j=max
{

j < i
∣∣ ` j∈D∧ x ∈ ` j

}
vi otherwise

allpast(ρ) def
=

∧
i∈idx(ρ)

absoluteρ(`i)

elapse(ρ) def
=

∧
(`i,` j)∈A

vi ≤ v j

absoluteρ(`i)
def
= guard(`i)

{
x 7→W i

x (ρ)
}

x∈X

Given a graph of dependencies DG(ρ), we define several functions that allow

us to construct predicates that model the past. First, we transform the guard of an

action `i such that its solutions are the possible absolute times, that is total time

passing from the initial configuration of the system, in which one may execute `i

with taking into account the last reset of each clock in ρ. Next, we accumulate the

information in DG(ρ), by (1) in idx(ρ), recording the indices of all the actions on

which `k depends; (2) in allpast(ρ), calculating the conjunction of all constraints

in absolute time ; and (3) in elapse(ρ), recording the fact that time never decreases

between two causally dependent actions.

161



Predicting the future We now give the definition of progress enabling that

allows to check whether the past implies the existence of a satisfiable future. We

use the functions defined above to check whether a given event in T T (G,n,N) can

meet its time constraints.

Definition 5.6.2 (Progress enabling (PE)). A node n is progress enabling (PE) for

p ∈ id(n) if for all paths ϕ such that n0
ϕ

↪−→ n, letting: ρ = nodes(ϕ ·n) and

k = |ρ|, `k = n�p,~v = {vi
∣∣ i ∈ idx(ρ)}; the following holds

∀~v ∃vk : allpast(ρ) ∧ elapse(ρ) =⇒ absoluteρ(`k) ∧
∧

vi∈~v vi ≤ vk

A pair (n,ϕ) is recursively progress enabling (RPE) for P⊆P if ϕ = ε and P = /0;

or if n is PE for n�id(n) and (n′,ϕ′) is RPE for P\ id(n) with ϕ = e ·ϕ′ and n
e
↪−→ n′.

For a pair (n,ϕ), if guard(`k) =
∨

j∈J δ j, the pair (n,ϕ) is wait-free for P⊆P if

for every j ∈ J, the following is satisfied

∀~v ∃vk : allpast(ρ) ∧ elapse(ρ) =⇒ absoluteρ(δ j) ∧
∧

vi∈~v vi ≤ vk

where absoluteρ(δ j) = δ j
{

x 7→W i
x (ρ)

}
x∈X

Given a node n in T T (G,n,N) and a participant p, the above definition

ensures that for all possible past clock valuations, there exists a future time where

participant p has the possibility to execute action n�id(n).

5.6.3. Time-Progress for Timed Choreographical Processes

In order to verify if a validated program is guaranteed to proceed until the

completion, we still need to define the theorem of time-progress. Again, we define

an erasure function for timed choreographical processes by removing the delays in

P and leaving unchanged the untimed parts. Under the assumption that erase(P)

can progress, we investigate under which conditions P is also ensured to progress.

Definition 5.6.2 (Time erasure). The erasure erase(P) of time from a process P
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is defined as below:

erase(x) = x〈G〉.erase(x′) if x(x̃) = x〈G〉.x′(ẽ)
erase(x) = x[p](y).erase(x′) if x(x̃) = x[p](y).x′(ẽ)

erase(x) = x !〈p, l〈e〉〉.erase(x′) if x(x̃) = x !〈p, l〈e〉〉.x′(ẽ)
erase(x) = x?〈p, l(y)〉.erase(x′) if x(x̃) = x?〈p, l(y)〉.x′(ẽ)
erase(x) = erase(x′) if x(x̃) = delay(t).x′(x̃)

erase(x) = erase(x1) | erase(x2) if x(x̃) = x1(ỹ) | x2(z̃)

erase(x) =if e then erase(x1) else erase(x2)

if x(x̃) =if e then x1(ẽ′) else x2(ẽ′′)

erase(x) = erase(x1) & erase(x2) if x(x̃) = x1(x̃) & x2(x̃)

erase(x1) | erase(x2) = erase(x) if x1(ỹ) | x2(z̃) = x(x̃)

erase(x1)+erase(x2) = erase(x) if x1(x̃)+x2(x̃) = x(x̃)

erase(x) = (νa) erase(x′) if x(x̃) = (νa) x′(ax̃)

erase(x) = 0 if x(x̃) = 0

erase(s : h) = s : h

Definition 5.6.3 (Deferrability). A process P is deferrable iff one of the following

holds:
P = delay(t).x and t > 0

P = delay(t).x, t = 0 and x is deferrable

P = x1 | x2 and both x1 and x2 are deferrable

P ∈ {0, t}
P = s : h

P = (νa)P′ and P′ is deferrable

Intuitively, a process is non-deferrable if no action ready to execute in any of

its threads is a time action. We say that P is non deferrable if P is not deferrable.

Lemma 5.6.4. If erase(P) −→ then erase(P) is of one of the forms that are

as same as the eight cases in Lemma 3.6.13 in Section 3.6.5 with the ninth case

(external choice)

9. x′(x̃) & x′′(x̃)

Lemma 5.6.5. Besides the eight cases in Lemma 3.6.14, we need to add external

choice.

9. if erase(P) = erase(x1) & erase(x2) then ∃x′1,x′2, t ≥ 0 such that P ≡
delay(t).x′1 & x′2 and xi = erase(x′i) for i ∈ {1,2}.
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Proof. The proof is mechanical by Lemma 5.6.4.

Lemma 5.6.6. If P is non-deferrable and erase(P) −→ P′ then P −→ P′′ with

erase(P′′) = P′.

Proof. Mechanical, by induction on the derivation of erase(P), proceeding

by case analysis using Lemma 3.6.13, Lemma 3.6.14 (for first eight cases),

Lemma 5.6.4 and Lemma 5.6.5 (for external choice case).

Proposition 5.6.7 (Conformance). If P−→ P′ then erase(P)−→∗ erase(P′).

Similarly, we define that: (1) P is a deadlock process if P −→∗ P′ where

P′ 6−→ and P′ 6≡ 0, and (2) P is session delay if for each delay process of the

form delay(t).P′ occurring in P, there are no session request and session accept

in P′. We say that Γ is progress enabling if for all u ∈ dom(Γ), Γ(u) is progress

enabling.

Lemma 5.6.8 (Time progress - parallelism and interleaved sessions). Let Γ be a

progress enabling mapping, Γ ` P0 . /0, and P0 −→+ P where P is session delay

and

P≡ delay(t).P | R for some t > 0 and non-deferrable R

If erase(P) is not a deadlock process and erase(P)−→ then R−→.

Proof. We assume that for some L

R = R′ |∏
l∈L

sl : hl

We continue by induction on the complexity of R′, proceeding by case analysis on

the possible form of process R′.

In all other cases, one can immediately show that R′ reduces, and for receive

and session receive are the complex cases.

• R′ cannot be of the form x〈G〉.R′′ or x[p](y).R′′ since (1) erase(P) is

deadlock free, which means that all the other corresponding session requests

or accepts to start session y are in P, and (2) P is session delay, which means

that none of the corresponding session accepts/delay can be in Pi.

• R′ cannot be a delay process as P it is non deferrable (Definition 5.6.3) by

hypothesis,
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• if R′ is of the form x !〈p, l〈e〉〉.R′′ then one can immediately show that R can

reduce by bT-SENDc.

• in the inductive cases (e.g., for hiding and parallel processes) the result

follows by induction.

We will show the case for R′ being an input process.

Case R′ ≡ s[p] : x?〈p, l(y)〉.R′′ . In this case:

R≡ s[p] : x?〈p, l(y)〉.R′′ |∏
l∈L

sl : hl

We continue with contradiction by assuming Γ progress enabling, erase(P)

deadlock free, erase(P) −→ and R 6−→. If R 6−→ we have the following cases

depending on where the corresponding output of s[p] : x?〈p, l(y)〉.R′′ is:

1. the corresponding output appears (immediately or after some other input) in

some continuation R′′,

2. the corresponding output appears in P,

3. the corresponding output does not appear.

If (1) or (3) then we contradict that erase(P) is deadlock free. If (2) then we

contradict the fact P0 was validated against a progress enabling Γ: the property of

progress enabling ensures that in all correct time implementations the output does

not precede the input, hence the output for a non deferrable input does not occur

after ti > 0 time which contradicts fact that the output appears in Pi.

Theorem 5.6.9 (Timed progress in interleaved sessions). Let Γ be a progress

enabling mapping, Γ ` P0 . /0, and P0 −→+ P. If P is session delay, erase(P)

is not a deadlock process and if erase(P)−→ then P−→.

Proof. We prove Theorem 5.6.9 by induction on the proof of P, proceeding by

case analysis on the possible forms of P according to Lemma 3.6.13 and Lemma

5.6.4. Cases from Lemma 3.6.13 (1) to (8) are identical to the proof of Theorem

3.6.18. Here we present the case for external choice.

Case Lemma 5.6.4 (9): the erasure does not affect the conditions of conditional

statements as such conditions do not involve delays, thus decision of external

choice immediately follows both P and erase(P).
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Note that if P implements a single session then erase(P) is deadlock

free [DY12]; this yields the following corollary. We characterise processes imple-

menting single sessions, or simple, as follows: a process P is simple if P0 −→∗ P

for some P0 such that a : 〈G〉 ` P0 . /0, and P0 = a[n](y).P1 | ∏i∈{2,..,n} a[i](y).Pi

where P1, . . . ,Pn do not contain any name hiding, request/accept, and session

receive/delegate.

Corollary 5.6.10 (Time progress in single sessions). Let G be feasible and wait-

free, and P be a simple process with a : 〈G〉 ` P . /0. If erase(P) −→, then there

exists P′ such that erase(P)−→ P′ and P−→+ P′′ such that erase(P′′) = P′.

Proof. Since P is simple, by the Proposition of progress for a simple process in

[DY12], P has no delegation input or output. Thus P is a session delay process.

By Theorem 5.6.9, the corollary is proved.

5.7. Related Works

In this section, we compare several related works on timed session types and

choreographies.

Timed Multiparty Session Types: In [BYY14], we present the theory of timed

multiparty session types that models real-time distributed systems with branching

and recursions. The theory of time error-freedom and properties of feasibility

and wait-freedom are defined to guarantee that modelled protocol enjoys progress

property in terms of time. Compared with timed session types, the theory presented

in this chapter is advantageous in two aspects: (1) by distinguishing parallel and

choice operations, timed choreographical session types are more flexible and able

to model complex real-time concurrent systems; (2) we define the property of

progress-enabling as a general solution of feasibility and wait-freedom checking

for timed choreographical session types, and we could verify this property with

standard model checking tools.

While timed session types are mapped into a subset of communicating timed

automata in [BYY14], the authors in [BLY15] solve a reverse problem, that is,

constructing timed global types from a collection of CTAs. The authors classify

CTAs with four properties and define characterisation for checking satisfiability

of these properties. By referring multiparty compatibility property in CFSMs

[DY13], an algorithm is presented to build timed global types in [BYY14] that are
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trace equivalent to the original CTA systems. Though progress-enabling property

is proposed in this work, we check this property from timed choreographical

global types, while in [BLY15], this property is verified against local synchronous

transition systems. In addition, as authors base their work on the theory of

timed session types, where fork/join operations are absent from global syntax, the

constructed global types may be not optimised.

Choreographies: In [DY12], the authors extend the theory of multiparty session

types with parallel operations for flexible expressions and precise thread manage-

ment. Also, the projected local types are translated into the format of CFSMs

denoted as multiparty session automata and properties like buffer boundedness,

liveness and progress are defined. A recent work [LTY15] studies the reverse

direction to construct global session types from local CFSMs. The authors present

the characterisation of a subset of CFSMS that can be constructed into global

graphs and define an algorithm to convert the CFSMs into choreographical global

session types in [DY12]. Compared with these two works, the theory of timed

choreographical session types absorbs the strengths, which are flexible fork/join,

choice/merge and constructions of global graphs for tracking traces. Also, the

extended theory has the potential to translate timed choreographical session types

into a large set of CTAs and vice versa.

5.8. Summary

Motivated by Chapter 3 and 4, we aim to propose a theory of generalised timed

multiparty session types to connect these two research branches. The syntax

of global types and local types is presented, as well as the labelled transition

system and projection rules. We define the semantics of timed choreographical

session calculus and transition rules. Then the list of proof rules for validating the

processes and the typing system for runtime processes are presented. We prove the

theorems of subject reduction, type safety and time error-freedom. Also, we define

the progress-enabling property and time-progress property for checking progress

of timed choreographical processes.
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6. Conclusion and Future Work

This thesis presents the theory of timed choreographical multiparty session types.

Instead of formalising the theory directly, we take three steps. First, we propose the

theory of timed session types, where time assertions are added to labelled message

interactions and other syntaxes are as same as multiparty session types. Second,

in choreographical session types, we introduce flexible fork/join and choice/merge

operations in global and local types, and this introduction changes the semantics of

primitive multiparty session types, except labelled message interactions. Finally,

since time assertions only guard message interactions, we infer that time and

parallelism are independent, and we can easily merge the semantics of timed

session types and choreographical session types together. With these three steps,

we realise the objective of this thesis.

In the last chapter, we start with summarising the key points in this thesis. Then

we present several future work ideas of enriching the theory and implementing

timed choreographical session types.

6.1. Conclusion

The π-calculus, a continuation of process calculus CCS, is a process algebra

that uses message-passing to exchange channel names and is applied to a high-

level description of concurrent mobile communicating systems, in which network

configurations may change over time. As it costs time to pass messages from one

endpoint to another, the asynchronous π-calculus is used to model such inherent

asynchrony in distributed computation. Later it is observed that in concurrent

systems, interactions are often accompanied by a significant amount of message

exchanges with various types. Then session types were introduced as a formal

framework in the polyadic π-calculus with type systems, so as to allow the typing

of channel names by structured sequences of types and represent the trace of usage

of the channels. Since some conversations require message changes between

more than two participants, multiparty session types are proposed to describe
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and verify behaviours in such systems by way of allowing one session to be

owned by multiple participants. In recent years, several extensions appear to gain

more expressivity and more computational properties, such as design-by-contract

[BHTY10] and association with Communicating Finite State Machines [DY12].

In distributed systems, time-related specifications, such as deadline and

timeout, could appear in protocol descriptions, by imposing restrictions on

interactions to ensure the quality of the provided service. These specifications

cannot be simply described by design-by-contract because time variables are

special in the way that they are continuously increasing with time. This case is

worse when the system recurs infinitely as time variables could grow extremely

large without resetting their values. Thus, we propose the theory of timed

multiparty session types to solve this problem.

Motivated by a distributed timed protocol, we add time assertions for send/re-

ceive interactions to the semantics of global types. A time assertion consists of

time constraints for specifying if actions meet their requirements, and a reset

predicate for setting the clock of participants to 0. The semantics for choice,

End and recursion are the same as standard multiparty session types. With the

definition of ready() function to record the next time constraints of participants

in the system, we describe the labelled transition system for timed global types to

track the trace of actions and time passing. Similarly, we provide the semantics

and transitions systems of timed local types, for analysing behaviours from local

views, and we show that soundness and completeness of local types are preserved

through projection.

Compared with standard session calculus, we add the delay primitive delay().P

to describe time elapse to achieve minimum extension. We also show the reduction

rules for timed processes and structural congruence for delay().P action. The

proof rules are changed because we add a clock assignment, which records

time values for all participants, to the session environment when validating the

processes.

Furthermore, we investigate properties of timed session types: (1) we show and

prove the theorems of type preservation under equivalence and subject reduction,

which are inherited from multiparty session types; then (2) we present the theorem

of time error-freedom, which indicates that if proof rules are conducted for all

timed session types, then processes will not get stuck because of time error.

One challenging issue is that deadlock could be introduced by an inappropriate

trace of time restrictions. Thus, we define two properties – feasibility and wait-
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freedom – to prevent such inappropriate trace causing deadlock. We also formulate

the theorem of session delay to ensure that processes still enjoy the progress

property if timing part is removed from processes.

Parallel computation is a natural feature in distributed programming to improve

performance and efficiency. If we want to model in the session types, one problem

we face, as we increase the scale of programs, is the state explosion due to the

lack of a parallel operation. As one of the techniques to reduce analysing states,

subtyping cannot solve this problem. Therefore, we need to propose a generalised

version of session types with parallel operations.

One way of evolving standard session types is to distinguish branching and par-

allel semantics. Thus, the syntax of global types contains a choice/merge operand

and a fork/join operand for these two functionalities respectively. However, adding

parallel operations can introduce new problems for well-formedness checking of

global types, such as unmatchable numbers of fork operands and join operands.

Besides the conventional properties inherited from standard multiparty session

types, like sanity conditions and local choice, we also add thread correctness

and linearity conditions to well-formedness checking for choreographical session

types. In this way, the theory of well-formedness ensures the safety at the level of

global types.

We apply similar changes to local types and give the projection algorithm for

that syntax.

The session calculus is also extended with external/internal choices and

fork/join transitions. The operational semantics for choreographical session

calculus is provided to allow us to reduce the processes. Based on the operational

semantics, we define the typing rules for state processes. Then the typing system

is extended with run-time processes, in which message queues are included in the

typing rules.

We find that typed multiparty session processes enjoy type safety property.

With the lemma of subject congruence, we proved the subject reduction theorem;

the network that is composed of typed processes is guaranteed to have no type

error.

Now we have proposed two independent semantics for multiparty session

types, and each one addresses independent problems. Another question, however,

arises when we want to use session types to describe protocols that include both

concurrent computing and time-related requirements. It is hard to model and verify

such systems in two individual frameworks of session types; the algorithm for
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feasibility and wait-freedom checking in timed session types cannot be applied to

fork/join operations directly. In order to deal with the problem, we propose the

theory of timed choreographical session types.

The global types are based on generalised session types, and each send/receive

interaction is associated with a time assertion. Then we define the labelled

transition system and global timed runs for timed choreographical session types.

Similarly, time assertions are attached to local interactions and we prove the sound-

ness and completeness preserved through projection. Compared with generalised

processes, timed choreographical session calculus is simply an extension with

a delay primitive. The time constraints and resets are included in operational

semantics and typing systems.

We prove some theorems in a similar way as we prove those in timed session

types and generalised session types, such as time error-freedom, because of

orthogonality between time and parallel design. The algorithm for time progress-

enabling check is different; we need to construct the roadmap with extinct parallel

and choice representations first, and then find the dependency path for checking,

based on this graph. Thus, well-typed and time progress-enabling processes are

guaranteed to enjoy progress property.

Evaluation:

Comparing to other works, this is the first attempt to add time in multiparty

session types and merge different variants together. In this way, expressiveness

of multiparty session types are improved.

The proposed theory in this thesis leads to theoretical foundation for imple-

mentations. Based on timed multiparty session types, a verification framework

with timed runtime monitors [NY17] are proposed and implemented in Scribble

and Python language. Based on choreogrpahical session types, [LTY17] presents

ChorGram, a tool of implementing the generalised multiparty compatibility and

analysing message-passing programs. More implementable ideas are discussed

later in Section 6.2.3.

6.2. Future Work

We discuss ideas for future work in three aspects. First, we present the possible

subtyping and bisimulation theory for timed choreographical session types. Then
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we discuss the potential of visualising the global types in Harel’s Statecharts and

BPMN choreographies. Second, we describe the idea of incorporating dependent

types into multiparty session types so as to express data flow control. Last, we

discuss possible implementation issues, like the Scribble expressions for time and

choreographical extensions and monitor implementation.

6.2.1. Further Improvement on Timed Choreographical Session
Types

Subtyping The formalism of [GH05] enables session types to describe protocols

for richer behaviours. If the local types are ‘upgraded’, such from int to real

number, without changing the global-level validation, run-time communication

errors will occur because of type mismatch between send and receive actions.

Subtyping solves this problem by allowing that a subset of types will not reduce to

errors. In some sense, subtyping gives session types great flexibility to validate a

large set of programs.

The work of applying subtyping to timed choreographical session types at

least includes the following steps: 1) we define the subtyping rules for session

types and typing rules for subtyped session types; 2) then we need to define and

prove soundness, substitution, structural congruence, type safety and completeness

[CDCY14]; 3) we convert typing rules to algorithmic subtyping rules and provide

inference rules for the type checking algorithm to ensure that typable processes

can proceed safely.

Bisimulation [Par81] is a relation between two transition systems that are

observed to have same behaviours: for state transitions, we could find the same

sequence of actions. This feature can be useful for validating large-scale systems

[KY14]; if we could find a section of the large program is bisimilar with another

previously validated well-typed session types, then we could treat this section as

a safe super-state, and save efforts that need to be spent on verifying the scalable

programs.

The preparation work for bisimulation of timed choreographical session types

has been done: we define the labelled transition system for global types and

local types, in which each label is associated with a local time assertion. Then

we will define typed relation [Kou13] and typed barbs. And based on the

definitions, we will provide the reduction-closed congruence and asynchronous
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G = def
x0 = x1 | x2
x1 = A→ B : l1〈string〉;x3
x2 = x4 +x5
x4 = A→ C : l2〈nat〉{xA ≤ 3,xC ≤ 5};x6
x5 = A→ C : l3〈nat〉{xA > 3,xC > 5};x7

x6 +x7 = x8
x3 | x8 = x9

x9 = end in x0

Figure 6.1.: Global Types for the Example

timed choreographical session bisimulation.

Other visual formalisms that are used for displaying actions and state transi-

tions can be potentially translated into session types in order to verify behaviour

safety. Here we particular discuss the possibility of expressing Harel’s Statecharts

and BPMN choreographies in timed generalised session types.

• Harel’s Statecharts, as an extension of state diagrams, are widely used in

the design of event-driven systems, such as communicating protocols and

distributed real-time systems. In this statechart, one event can trigger two

components in the system to transition simultaneously. This feature is

consistent with interactions in session types. Here is an example of how we

could represent timed choreographical session types in Harel’s statecharts.

Inspired by the work of constructing global graph from CFSMs [LTY15],

we could abstract communicating behaviours in Harel’s Statecharts as timed

choreographical session types and further validate if the system is deadlock-

free and safe.

• BPMN, similar to flowcharts and UML activity diagrams, is a graphical lan-

guage that describes end-to-end business processes and by hiding complex

technical details, this formalism can be easily understood in all areas of

business. The BPMN choreography models, specifies and analyses how

participants exchange messages through their interactions. This feature

addresses the same problem as session types do; thus we could translate

the choreographies into timed choreographical session types to check if the

target processes are safe or not.
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x1A

x3A
x4A x5A

End

C x1B

x3B
x4C x5C

C

End End

B!l1 A?l1

C!l2 C!l3 A!l2 A!l3

≤3s >3s ≤5s >5s

A B C

Figure 6.2.: Harel’s Statecharts for Example 6.1

We will first identify the session types expression for each individual

components in BPMN choreography. With these basic building blocks,

we could decompose a choreography into separate choreographical tasks,

connected with proper gateways. Then based on these pieces and logical

relations between them, we could synthesise a global session type for further

validation and code generation. Figure 6.3 shows an example that could be

expressed in timed choreographical session types in Example 6.1.

6.2.2. Possible Extensions to Multiparty Session Types

The previous subsection describes the future improvements on timed choreograph-

ical session types. Here we enlarge the scope by discussing the extensions to

multiparty session types in order to further enhance expressiveness.

When designing a communicating protocol, we sometimes find that only

writing the communication interactions between participants is not enough; we

may also want to annotate how data is changed during the whole communicating

system, and the relations between the messages being sent and received. Then

analysing the data flow of the protocol could solve the problem. The current

version of session types, however, focuses on interactions between participants,

so it can not provide sufficient information about data flow analysis. Since this

analysis could be important in some systems, we need to extend session types with

explicit data flow annotation.

In session types of design-by-contract, we have the assertions to guard the
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A

Send File 1

B

≤ 3s

A

Send ACK

C

A

Send N-ACK

C

≤ 5s

> 3s

> 5s

Figure 6.3.: BPMN choreography for Example 6.1

interactions. By contrast, in timed session types, we not only have time constraints,

as a special type of assertions, but also have reset operations, assigning the time

variable to zero. Based on this observation, this assignment operation could be

integrated into session types. This integration could reflect one aspect of how data

has been modified.

Another way of refining data flow is to find the relations between interaction

messages. Dependent types could provide the solution to this problem.

Incrementor = C→ I : Send_num〈v : int〉;I→ C : Result〈v1 : v+1→ int〉;end

This dependency helps us to reflect message relations; thus we gain better data

flow control.
Comparator = P→ C : Send_num1〈v1 : int〉{temp← v1};

P→ C : Send_num2〈v2 : int〉;
C→ P : Result〈v3 : {temp,v2}→ bool〉;end

Sometimes dependent types are not enough to represent complex data transi-

tions. For example, we send a table of historical data of weather temperatures to

a cloud server and ask what is the possible degree Celsius of tomorrow’s weather.

The process of making this prediction is complex and we are unable to describe

how the server makes the forecast. The general global view of this application

is that we send a table and a number to the cloud server and the server replies a

number back to us. Recall that our goal is to find the dependent relation between

data in the communicating system. One simple but expressive way is to use
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function/method expression.
Forecast = C→ S : History〈hist : str〉;

C→ S : Request〈date : int〉;
{prediction = fregression(hist,date)};
S→ C : Reply〈prediction : f loat〉;end

For the previous three extensions, we cluster the first two together and compare

them with the last one based on the transparency of the message: data modification

and data dependency are exposed in the expression of session types; the last

extension hides details and it is easy to design internal transition functions and

offer more security and satisfy easy-understanding considerations. We could adopt

different specifications for different applications: for simple systems with public,

transparent data, we could use the first two options; for systems with complex data

processing and private data fields, we could apply the last option for data flow

analysis.

6.2.3. Implementation

We will implement these timed choreographical session types in Scribble [Scr].

Scribble is a language for describing and validating protocols among commu-

nicating systems. Here is the procedure of how Scribble works: The protocol,

an agreement which prescribes how participants in the communicating system

should behave, is firstly written in the Scribble language; then a local description,

according to a projection algorithm, is automatically produced from the global

protocol. Based on the theory of session types, Scribble checks the properties of

the protocol, such as deadlock-freedom and soundness. If the protocol is verified,

then Scribble can generate the skeleton codes for each endpoint projection, with

user specified languages. Also, monitors are associated with endpoint projection

to monitor the activities of local programs in order to ensure that the endpoint

implements the expected behaviours.

According to the procedure, we could also decompose the future work of

implementing timed choreographical session types in Scribble into the following

steps: design global/local expressions, build the verification modules, enlarge

the library of code generation, and build the monitors for endpoints. Due to

the independence between time and structure of global types, we could extend

Scribble with timed session types first and then with choreographical session types

separately.
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global protocol SimpleConversation(role A, role B)
[xA@A: xA<1 || xA>5][xb@B: reset(xB)]
msg(string)from A to B;
[xb@B:xB<3][]
ack(boolean)from B to A;

Figure 6.4.: Scribble Example with Time Extension

Time Extension in Scribble has been proposed in [NBY14] and completed

in [NY17]. Scribble is extended with time annotation illustrated in Figure6.4.

Algorithms for checking feasibility and wait-freedom are implemented. The

example programs and timed runtime monitors are presented in Python. In

addition, the monitors are responsible for verifying message types, synchronisation

between clocks and triggering exceptions when violation occurs.

Further improvements could be to evaluate the robustness of communications

and dynamically adjust parameters at runtime. Robustness [BMS13] in timed

automata is defined as the ability of a system to resist slight perturbations or time

errors. These variations are usually caused by delays in communication channels,

imprecise clocks, or longer execution time than expected. Due to the unpredictable

variations during runtime execution, we will need to measure some parameters,

such as Round-Trip Time (RTT), and make adjustments according to the analysis

of tolerance to time error. For example, we could measure the RTT as tRT T ; then we

may require the timed constraints to shrink as tP < m−tRT T , where m is predefined

upper bound for that constraint. By adjusting the runtime assertion, we could

guarantee the performance of the protocol.

Choreography Extension of multiparty session types is non-trivial. In gener-

alised session types, we use auxiliary x to annotate states for describing state

transitions. Although choreographical session types introduce great flexibility,

they bring complexity in designing the Scribble language; while we can easily

write nested expressions, it is difficult to describe the interleaved expressions, such

as the example in Figure 6.5. So the implementation of fork/merge will inevitably

make many more changes to the Scribble language than timed session types do.

We propose two possible ways for implementing choreographical session types

in Scribble. One is to introduce a state variable x to note interactions and relations

between them. Then we could write Scribble in the same way as session types.

The disadvantage is that the Scribble language will be changed greatly: recursion
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G = def
x0 = x1 | x2
x1 = A→ B : Msg1〈string〉;x3
x2 = x4 | x5
x4 = B→ A : Msg2〈nat〉;x6
x5 = B→ C : Msg3〈nat〉;x7

x3 | x6 = x8
x8 = A→ C : Msg4〈string〉;x9

x7 | x9 = x10
x10 = ... in x0

Figure 6.5.: An Example of Choreographical Timed Global Session Types with
Interleaved Join/Merge

global protocol SimpleFork(role A, role B, role C){
state x[11];
x[0]: x[1] Par x[2];
x[1]: Msg1(string)from A to B then x[3];
x[2]: x[4] Par x[5];
x[4]: Msg2(nat)from B to A then x[6];
x[5]: Msg3(nat)from B to C then x[7];
x[3] Par x[6] : x[8];
x[8]: Msg4(string)from A to C then x[9];
x[7] Par x[9] : x[10];
x[10]: ......

}

Figure 6.6.: Illustration of Scribble Extension with State Variable x

are removed and a large set of state variables are introduced.

Another way is that we only note the interactions and use the goto keyword to

jump between interleaved session types. Figure 6.7 illustrates how this keyword

could work on the example. The weakness of this method is less explicit than

the first one because the person writing Scribble code should know the structural

relations between interactions very clearly and may need such auxiliary BPMN-

like graph notations.

Moreover, in verification, we need to implement well-formedness checking

and time progress-enabling checking. At runtime, the monitors may hold an action

checklist to note which actions complete. This checklist is used to determine if the

interactions following a merge operation could happen or not.
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global protocol SimpleFork(role A, role B, role C){
transition T13,T46,T57,T89;
join J1,J2;
PAR {

Msg1(string)from A to B as T13 goto J1;
Msg2(nat)from B to A as T46 goto J1;
Msg3(nat)from B to C as T57 goto J2;
J1: [pre (T13 & T46)]
Msg4(string)from A to C as T89 goto J2;
J2: [pre (T57 & T89)]
......

}
}

Figure 6.7.: Illustration of Scribble Extension with goto
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A. Supporting Materials for Chapter 4

A.1. Appendix for Section 4.2.1

Additional Global Type Examples

In Figure A.1, we give several additional global type examples that illustrate some

particular features that were not developed in the main sections.

1. A simple one-message (Msg of type nat) is exchanged between Alice and

Bob.Figure

2. A protocol with a simple choice between messages Book and Film.

3. Alice and Bob concurrently exchange the messages Book and Film.

4. G4 features an initial choice between directly contacting Carol or to do it

through Bob. Note that without the last interaction from Carol to Bob (in

x6), if the chosen path leads to x3, Bob enters a deadlock, waiting forever for

a message from Alice.

5. This global type represent the extension of the Alternating-Bit protocol to

three messages. As we can see the global type only linearly increases in

size, while the CFSM it represents double its number of states.

Local Choice Condition

We list here some omitted definitions and examples from the main section.

Active Sender The active sender computation is not as much a counting

algorithm as a verification method that checks whether a given choice has a unique

(i.e. local) responsible participant. In particular, the deduction rules gather the

active senders on each branch and restrict it to be a singleton p.
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1.
G1 = def x0 = Alice→ Bob : Msg〈nat〉;x1

x1 = end in x0

2.

G2 = def x0 = x1 +x2
x1 = Alice→ Bob : Book〈string〉;x3
x2 = Alice→ Bob : Film〈string〉;x4

x3 +x4 = x5
x5 = end in x0

3.

G3 = def x0 = x1 | x2
x1 = Alice→ Bob : Book〈string〉;x3
x2 = Bob→ Alice : Film〈string〉;x4

x3 | x4 = x5
x5 = end in x0

4.

G4 = def x0 = x1 +x3
x1 = Alice→ Bob : Book〈string〉;x2
x2 = Bob→ Carol : Item〈nat〉;x4
x3 = Alice→ Carol : Film〈string〉;x5

x4 +x5 = x6
x6 = Carol→ Bob : Order〈string〉;x7
x7 = end in x0

5.

G5 = def x0 = x1 | x2
x1 = x3 | x4

x2 +x5 = x6
x3 +x7 = x8
x4 +x9 = x10

x6 = Alice→ Bob : Msg1〈string〉;x11
x11 = x12 | x13
x13 = Bob→ Alice : Ack1〈unit〉;x14

x12 | x8 = x15
x15 = Alice→ Bob : Msg2〈string〉;x16
x16 = x17 | x18
x17 = Bob→ Alice : Ack2〈unit〉;x7

x18 | x10 = x19
x19 = Alice→ Bob : Msg3〈string〉;x20
x20 = x21 | x22
x21 = Bob→ Alice : Ack3〈unit〉;x9

x22 | x14 = x5 in x0

Figure A.1.: Examples of Global Types (2)
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x = end ∈ G̃
G̃ ` x : x̃1, p̃1 [] x : x̃2, p̃2

x1 = end ∈ G̃ x2 ∈ x̃2
G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x1 ∈ x̃1 x2 ∈ x̃2
G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x1 +x2 = x ∈ G̃
G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

(x1 | x = x′ ∈ G̃∨x | x1 = x′ ∈ G̃) G̃ ` x′ : x̃1, p̃1 [] x2 : x̃2, p̃2

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

(x1 +x = x′ ∈ G̃∨x+x1 = x′ ∈ G̃) G̃ ` x′ : x̃1, p̃1 [] x2 : x̃2, p̃2

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x1 = x | x′ ∈ G̃ G̃ ` x : xx̃1, p̃1 [] x2 : x̃2, p̃2 G̃ ` x′ : xx̃1, p̃1 [] x2 : x̃2, p̃2

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x1 = x+x′ ∈ G̃ G̃ ` x : xx̃1, p̃1 [] x2 : x̃2, p̃2 G̃ ` x′ : xx̃1, p̃1 [] x2 : x̃2, p̃2

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x1 = p→ p′ : l〈U〉;x′1 ∈ G̃ p ∈ p̃1 G̃ ` x′1 : x′1x̃1,p′p̃1 [] x2 : x̃2, p̃2

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

G̃ ` x2 : x̃2, p̃2 [] x1 : x̃1, p̃1

G̃ ` x1 : x̃1, p̃1 [] x2 : x̃2, p̃2

x = x1 +x2 ∈ G̃ G̃ ` x1 : /0,p [] x2 : /0,p
ASend(G̃)(x) = p

Figure A.2.: Active Sender Computation

Local Choice Example (Local choice) is essential for the consistency of the

distributed interaction with respect to choice.

Consider the following incorrect global type:

G¬ch.a. = def x0 = x1 +x3

x1 = Alice→ Bob : Item〈string〉;x2

x2 = Bob→ Dave : Book〈string〉;x4

x3 = Carol→ Bob : Film〈string〉;x5

x4 +x5 = x6

x6 = end in x0

This global type is incorrect because both Alice and Carol are supposed to make

a local choice between Item and Film (prevented by ASend(G̃¬ch.a.)(x0)). Even if

Alice were to send message Film, it forgets to inform Dave of the choice, which

may result in him waiting forever for a message Book that will never come (it

is prevented by the condition Rcv(G̃¬ch.a.)(x1) 6= Rcv(G̃¬ch.a.)(x3)). Note that G5

satisfies the local choice property.

The following incorrect examples illustrates how local choice can also prevents

two identical labels from being in the two branches of the same choice (it confuses
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Bob):
G¬lin = def x0 = x1 +x3

x1 = Alice→ Bob : Film〈string〉;x2

x2 = Bob→ Alice : Book〈string〉;x4

x3 = Alice→ Bob : Film〈string〉;x5

x4 +x5 = x6

x6 = end in x0

A.2. Appendix for Section 4.4
New Name Creation The following P1 corresponds to µX .x[p](y).(νa)y !〈p, l〈a〉〉.X
where µX .P represents the standard recursion. This agent sends a fresh name

whenever asked.

P1 = def x0(x) = x[p](y).x1(x,y)

x1(x,y) = (νa)x2(x,y,a)

x2(x,y,z) = y !〈p, l〈z〉〉.x0(x) in x0(b)

The following P2 represents (νa)µX .x[p](y).y !〈p, l〈a〉〉.X which sends the

same name each time.

P2 = (νa)def x0(x,z) = z[p](y).x1(x,z,y)

x1(x,z,y) = y !〈p, l〈x〉〉.x0(x,z) in x0(a,b)

A.3. Examples for global types and well-formed inference

This appendix lists examples of global types, thread collection rules, local types,

and automata.

Example 1. This example corresponds to G4 in example A.1.
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G4 = def x0 = x1 +x3

x1 = A→ B : l〈U〉;x2

x2 = B→ C : l′〈U ′〉;x5

x3 = A→ C : l′′〈U ′′〉;x4

x4 +x5 = x6

x6 = C→ B : l〈U〉;x7

x7 = end

Automaton (we omit empty channels).

(x0,x0,x0)

AB!luu
AC!l′′
**

(x2,x0,x0,AB : l)
AB?l��

(x4,x0,x0,AC : l′′)
AC?l′′��

(x2,x2,x0)

BC!l′��

(x4,x0,x4)
CB!l��

(x2,x5,x0,BC : l′)
BC?l′��

(x4,x0,x7,CB : l)

CB?l

��

(x2,x5,x5)
CB!l��

(x2,x5,x7,CB : l)
CB?l
))
(x2,x7,x7)

For A, we have x0 ≡ x1 ≡ x3 and x2 ≡ x4 ≡ x5 ≡ x6 ≡ x7.

For B, we have x0 ≡ x1 ≡ x3 ≡ x4 ≡ x5 ≡ x6.

For C, we have x0 ≡ x1 ≡ x2 ≡ x3 and x4 ≡ x5 ≡ x6.
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Local types.

TA = def x0 = x1⊕x3

x1 = !〈B, l〈U〉〉.x5

x3 = !〈C, l′′〈U〉〉.x4

x4 +x5 = x7

x7 = end

TB = def x0 = x1 & x4

x1 = ?〈A, l〈U〉〉.x2

x2 = !〈C, l′〈U ′〉〉.x5

x4 +x5 = x6

x6 = ?〈C, l〈U〉〉.x7

x7 = end

TC = def x0 = x2 & x3

x2 = ?〈B, l′〈U ′〉〉.x5

x3 = ?〈B, l′′〈U ′′〉〉.x4

x4 +x5 = x6

x6 = !〈B, l〈U〉〉.x7

x7 = end

Example 2. Global type.

G7 = def x0 +x4 = x1

x1 = A→ B : α〈U〉;x2

x2 = x3 +x5

x3 = B→ A : β〈U〉;x4

x5 = B→ A : γ〈U〉;x6

x6 = A→ C : δ〈U〉;x7

x7 = end in x0

193



Automaton.

(x0,x0,x0)

AB!α
��

(x2,x0,x0,BA : β)
BA?βoo

(x2,x0,x0,AB : α)
AB?α

// (x2,x2,x0)

BA!β

OO

BA!γ
��

(x6,x6,x0)

AC!δ
��

(x2,x6,x0,BA : γ)
BA?γoo

(x7,x6,x0,AC : δ)
AC?δ

// (x7,x6,x7)

Example 3. Global type syntax based on a syntax trees, even with recursion, is

not enough to represent concurrent, yet not independent, interactions, we present

here an example that illustrates that situation. The alternating bit protocol is an

example that cannot be written using a syntax tree. An informal argument is

that, in syntax trees, join points are always constrained by the well-parenthesised

characteristics of fork points.

G9 = def x0 = x1 | x2

x1 = A→ B : α〈U〉;x3

x2 = A→ B : β〈U〉;x4

x3 = x5 | x6

x4 | x5 = x7

x6 = A→ B : γ〈U〉;x8

x7 = A→ B : δ〈U〉;x9

x8 | x9 = x10

x10 = end in x0

The possible traces are αγβδ, βαγδ,αβγδ, βαδγ,αβδγ.

It’s easy to write with a standard syntax a representation for the relation

between messages αβδ, but γ should always follow α without being linked with β

or δ. Only a graph-like syntax can represent that set of traces.
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(x0,x0)

AB!β

vv
AB!α

��

AB!γ

((
(x1 | x6,x0,AB : β)

AB!α
��

AB?β

uu

(x1 | x7,x0,AB : γ)

AB?γ ))
AB!α
��

(x1 | x6,x1 | x6)

AB!α

��

(x5 | x6,x0,AB : βα)

AB?β

{{

(x5 | x2,x0,AB : α)

AB?α

��

AB!β

vv

AB!γ

((

(x5 | x7,x0,AB : γα)

AB?γ

##

(x1 | x7,x1 | x7)

AB!α

��

(x5 | x6,x0,AB : αβ)

AB?α

��

(x5 | x2,x5 | x2)

AB!β

vv

AB!γ

((

(x5 | x7,x0,AB : αγ)

AB?α

��
(x5 | x6,x1 | x6,AB : α)

AB?α

,,

(x5 | x6,x5 | x2,AB : β)

AB?β

((

(x5 | x7,x5 | x2,AB : γ)

AB?γ

vv

(x5 | x7,x1 | x7,AB : α)

AB?α

rr
(x9,x9)

Figure A.3.: Example 4: global state machine

Example 4.

G8 = def x0 = x1 | x2

x1 = A→ B : α〈U〉;x5

x2 = x3 +x4

x3 = A→ B : β〈U〉;x6

x4 = A→ B : γ〈U〉;x7

x6 +x7 = x8

x5 | x8 = x9

x9 = end in x0

We give the global state automaton in Figure A.3.

For A, we have x0 ≡ x1 | x2 ≡ x1 | x3 ≡ x1 | x4 and x5 | x2 ≡ x5 | x3 ≡ x5 | x4

and x1 | x6 ≡ x1 | x7 ≡ x1 | x8 and x5 | x6 ≡ x5 | x7 ≡ x5 | x8 ≡ x9.

For B, we have x0≡ x1 | x2≡ x1 | x3≡ x1 | x4 and x5 | x6≡ x5 | x7≡ x5 | x8≡ x9.
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