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ABSTRACT

The finite élement displacement method is used to solve
elastic-plastic problems with small and largé deformations. Large
 deformations are teaken into account by a Langrangian derivation
based on the Green's strain tensor, and examples are given to
illustrate this. An alternative method is also discussed based
on the Eulerian derivation. The elastic-plastic material is
represented by the Prandtl—ﬁeuss relations together with the yield
criterion of von-Mises. A computer proéram is developed and the
analysis is carried out step-by-step using small linearised
increments. The method is checked by comparing the finite element
results of some problems with known theoretical or experimental
solutions. Applicatibn of the method to study the transient

stages of a metal processing problem is demonstrated.
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NOMENCLATURE

Area of cross-section
Strain displacement matrix
Stress strain matrix
Young's Modulus

Plastiéity modulus

Force on the specimen

Modulus of rigidity

. Unit matrix

Overall stiffness matrix
Element stiffness matrix

Initial displacement matrix

Initial stress matrix (Geometric matrix)

Total tangential stiffness matrix

Natural stiffness matrix
Elastic stiffness métrix

Length matrix

ﬁengﬁh of a side of an element

Nuﬁber of nodal boints
Number of elements

Null matrix

Nodal forces

Nodal displacementg
Temperature

Displacements (Velocities)
Cartesian co-ordinates
Polar co-ordinates

Generalised co-ordinates



Nomenclature continued.

é Strain

3 Equivalent strain

o Stress

o) Equivalent stress

y Stream function

Y - Poisson's ratio

¢ Element nodal displacements
P Element nodal forces
6ij Kronecker delta

é Flexibility matrix
Subscripts

D Deviatorié

e Elastic

ep Elastic-plastic

H Hydrostatic

i, j Tensor nptation

1 Large éisplacement

N Natural

o Small displacement

P . Plastic

Superscripts

t Transpose of a matrix
Eéié All matrices are denoted by bold letters, e.g. é~= A

Transpose of a matrix is also denoted by curly brackets

cege al = {o.}
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CHAPTER 1

1 INTRODUCTION

lel General

The finite element method of analysis is now well estab-
lished and widely used for the solution of structural problems.
Following the initial paper by Tugner et al. (72) various types of
elements have been developed and several kinds of non-linearities are
dealt with, notably for problems of nonlinear material and nonlinear
geometric behaviour. There exist now, general purpose computer
- programs which can be used with any type of element for the solu-
tion of large-scale problems. .

Recently much attention has been given to nonlinear type
of problems. ° There are, in general, two basic forms of nonlinear-
ities; one arisiné from the nonlinear material behaviour and the
other due to the nonlinear geometric behaviour; ‘the latter being
due to large displacementse. The most common type of material non-
linearity occurs in the elastic-plastic material where the stress-
.strain reiétions are usually expressed in an incremental forme

Tt is now well known that all nonlinear problems should
be analysed using incremental and/or iterati&e techniques. There
are several methods to solve problems of elastic-plastic material.
These methods have been divided into two main categories: the
initial strain (or stress) method and tangent modulus methode In
the first one, the plasticity effects are-treated as initial strains

(or stresses) and the problem is solved as an elastic one using
only the elastic stiffness. The main advantage of this method is

the ease with which it can be implemented in a general finite element



analysis, and that the stiffness matrix once developed for the

elastic case remains unaffected by cﬁanges in the material proper—
ties. In the latter method the incremental linear constitutive
relation, based on the plasticity theory used, is introduced direc-
tly into the governing equations. This would of course, modify

the element stiffness at each incremental load step, thereby changing
the overall stiffness matrix. For elastic-~plastic problems involving
small displacements, the tangent modulus method has some disadvantages,
as compared to the alternative method, due to the changes in the
overall stiffness matrix which has to be solved at each load incre-
ment. However, when the combined (geometric and material) nonlinear
problem is considered the incremental approach becomes quite attrac-
tive. Here the nonlinearity arising from the changes in geometry
could easily be incorporated at each incremental step together with
the effects due to plasticity (because the relations derived from the
flow theory of plasticity happen to bé themselves'incremental).

This thesis deals with the application of combined forms of
noniinearity to elastic-plastic materials. -Prandtl-Reuss equations
are used for the‘élastic—plastic material togeéher with the yield
criterienof von-Mises . Strain hardening is assumed to be of the =
fornx??::c% (L + BE%)H although any other form could have been incor-
porated easily. Anisotropy resulting from directional hardening
is neglected in the analysis, although this too may have been taken
into account with a proper knowledge of such data.

The nonlinearity due to large deformations are taken into
account by the use of Green's strain tensor. The so-~called 'Initial

stress matrix' (also referred to as 'Geometric matrix') and the *Initial



displacement matrix' are derived from the Green's straine
However, by a proper updating of the.coordinates of the continuum,
the 'Initial displacement' matrix has been conveniently discarded.
The '"Initial stress matrix' has been derived, alternatively, using
the concept of natural modes which was initiated by Argyris (4).

Several problems are solved using the proposed method.
(The computer .programs appear in Appendix F). The models for the
finite element analysis are chosen where theoretical solutions and/
or experimental results are available. The problem of the thick
walled cylinder is compared with theoretical results and the problem
of the perforated strip is compared with existing experimental ob-
servations and finite element analysis, by other authors.

The model chosen for the combined nonlinear effect 1s
the expansion of a hole in a conical plate made of an elastic--plastic
waterial. This problem is of considerable interest due to the pres-
ence of large deformations, together with elasticity and plasticity.
The problem has been solved theoretically using a one variable theory
(2). Experiments were performed on a finité mild steel plate and the
results are compéfed with thosé obfained theorétically.
Application of the method for thg solution of the transient stages of
a metal processing problem 1s considered. The process consists of
drawing metal bars and hollow tubes by local heat and without dies
(hence the name 'Dieless drawing'). The plastic deformation is
effected by localised heating using an induction coil. . The solutions

obtained are compared with existing experimental observationse.



l.2 LITERATURE ~SURVEY

le2.1 Material Non-linearity (Plasticity)

Some of the early attempts to solve elastic—plastic problems
include Marcal's work (44) (45) on a stiffness method which enabled
the equilibrium equations to be expressed in terms of displacementse.

He solved the problem of a thick walled cylinder in the open and closed
ended conditions using the Prandtl-Reuss laws of plasticity together with
the yield criterion of von-Mises. A matrix displacement method for the
analysis of elastic-plastic three dimensional continua was proposed by
Argyris (7). He suggested a direct incremental approach and an iter—-
ative incremental approach for the solution of the problem by treating
plastic strains as initial strains. Pope (62) (63) developed a
procedure for the analysis of elastic-plastic, plane stress and plane
strain problems when the stress-strain relations are of the incremental
type. Using triangular elements the deformations are analysed on a

step by step basis.

Marcal and King (50) solved several elastic-plastic two-—
dimensional problems using the finite elemenf method. Here, a partial
stiffness concept has been suggested and it haé been used to study
plane stress, plane strain and axisymmetric cases, made of von-Mises
material obeying Praﬁdtl—Reuss reiations. Comparisons with known
results have been made for the case of a long cylinder with internpl
pressure, a tensile specimen with a central hole in plane stress, and
a notched tensile specimen. Later, Marcal (47) used this method for
the elastic-plastic analysis of pressure vessel components.

Akyuz and Merwin (1) developed a method for the solution

of nonlinear problems of elastoplasticity by the finite element method.
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- By using a piecewise linear load deflection relationship and a step-
by-step computational algorith¢m, they developed a general procedure
for thevsolution of elastoplastic problems. Yamada, Yoshimura and
Sakurqi'(78) followed Marcal and King's work on the elastic-plastic
finite elemept method, but used small and varying increments of load,
sufficient just to cause yield in the successive elements.

An t'initial' stress method for the solution of elastic-
plastic problems (an alternative to the 'initial strain' method of
Argyris) was suggested by Zienkiewicz, Valliappan and King (8D).

This method has shown to yield more rapid convergence than the-
alternative approach and to permit large load increments without vie-
lating the yield criterion.

A paper by Argyris and Scharpf (13) completely describes
all the present methods available for elastic-plastic analysis using
the finite element method, in a concise matrix notation. Convergence
criteria are set up for the initial strain and the initial stress
methods. Tt is proved that'the latter method will only diverge if
an actual‘breakdown of the structure occurs. °

Papers by Popov et al. (64) and Zudan; (81) deal with
elastic—plastic4ana1y§is of pressure vessels, using the incremental.
approache A discrete element method for the plastic analysis of
structures subjected to cyclic loading was given by Armen, Isakson
and Pifko (14). Here the Bauschinger effect in multiaxial stress
systems ig taken into account by the use of Ziegler's modification
of Prager's kinematic hardening theory. Applications have been
made for several structures and compafison with existing test data

for both montonic and reversed loading has shown good correlation.
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Tresca's yield criterion and its asscciated flow rules
were used for finite element analysis of elastic-plastic plane
stress problems by Anand, Lee and Rossow (3). The material is
agsumed to be elastic-perfectly plastic and loading has been

carried out in small incrementsl steps.

le2.2 Geometric Nonlinearity

Geometric nonlinearities were first introduced by means
of an incremental 'geometric stiffness' also known as the 'initial
stress' matrix. Turner et al. (73) extended the method of direct
formulation of the stiffness matrix to include the effect of non-
uniform heating and large deformations. To overcome the inherent
difficulty of. the nonlinear problem for practical structures, they
used an iterative and a step-by-step procedure; and obtained the
- force deformation relation for an‘axially loaded member and for a
pléte element.

Argyris (5) described a broad generalization of the matrix
-displacemént technique for analysing three-dimensional elastic mediaj
bothvfor small and large displacement ranges. Using a natural defi-
nition for the component stresses, nodal loads apd the elemental stiff-
ness he established a concise expression for the cartesian stiffness
of an arbitrary tetrahedron from which the stiffness of the complete
System is obtained. The concept of an additional 'geoﬁetric stiffness!
is introduced for large displacéments which represented the effects of
change of geometry on the equilibrium conditions. The geometric stiff-
ness of a tetrahedron is shown to be identical to that of a six-bar pin
jointed framework and a step-by-step procedure is suggested to solve the

large displacement problem.
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Wisspmann (77) developed a tensor formulation for the
analysis of nonlinear structures; including temperature expansion,
pre-stresses, pre-strains and general anisotropies. The basis of
the derivation is the fundamental strain expression of nonlinear
theory of elasticity which allows for rotations of‘arbitrary mag-
nitude. The derivation of the stiffness matrices necessary for
analysing large deflection aﬂa stability problems are developed
from the basic nonlinear theory derived by Martin (51). The déri—
vation of stiffnesses for stringer, beam-column and thin trian-
gular elements in plane stress are given here in detail.

deur and Hartz (39) developed a finite element approach
for the plate buckling problem, involving the use of 'stability co-
efficient matrices' in conjunction with the stiffness matfices.
This approach in matrix form is developed and extended to finite
elementé in two additional stiffnéss matrices; the 'initial stress
matrix' and the 'initial displacement matrix'. Analysis without
theAuse of initial displacement matrix resulted in overestimated. . .
results and it is concluded that the initial displacement matrix
should be included in the finite element analysis of large defor;
mation and instability problems.

A paper by Mallet and Marcal (43) describes three alter-
native mathematical models and computational procedures for nonlinear
pre~ and post buckling analysis. Schmit et al. (66) developed an
analysié capable of predicting the nonlinear behaviour of elastic
structural systems that can be idealized with rectangular plate and
~ cylindrical shell discrete elements. Geometric non;linearities in

the strain displacement relation are accounted for, in this analysis



) - 16 -

and numerical sclutions are obtained by direct minimization of
the total potential energye.

A similar analysis was carried out by Kawai and Yoshimura
(40) for the large deflection problem of a rectangular plate, em-
ploying an iterative technique. A paper>by Brebbia and Connor (1)
on 'Geometrically nonlinear finite element analysis' presents a for—
mulation applicable to arbitrary plate and shallow shell elements;
Here, the solutions are obtained by use of the Newton-Raphson method.

Argyris and Scharpf (11) (12) formulated the concept of
the natural mode technique on a geﬁeral basise. The first paper
deals with shall displacements and the second with large displace-
ments including the derivation of the 'geometric stiffness'e. A survey -
paper on 'Geometrically nonlinear problems of elasticity'y; by Hartz
and Nathan (30) presents a general formulation of the problem of non-
linearity. From this formulatioﬁ, simplificatlon of the stiffnesseéﬂ
for restricted cases are derived and are compared with the existing
formulation.

‘Chan and Firmin (18) analysed cooling towers by the finite,
element methed aﬁd included thé effect of large displacement. Dupuis
(19) obtained an incremental variational principle involving rate of
displacement in Lagrangian and Eulerian description, leading to incre-
mental matrix equations in finite elements. Comparison between
these two methods are made by solving ‘'generalized! plane‘stress pro-

blems.
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le2.3 Combined Nonlinearity

The solution of problems with combingd material and geo-
metric nonlinearity has been attempted but are relatively few in
the literature. Akuz and Merwin (1) gave a.solution to the problem
éf indentation of an elastoplastic half-space by a rigid punch, using
the finite element method. They developed a procedure for the solu-
tion of elastic-plastic problems using a piecewise linear load-
deflection relationship and a step-by-step computational algorithemo
The effect of initial stresses was also considered when the rotation
at each step was not negligibley; although the strains were assumed
small gompared with unity.

A paper by Marcal. (49) deals with the finite element analysis
of combined problems of nonlinear material and geometric behaviours.

He developed incremental stiffness matrices for the small strain large
displacement analysis. A few case studies examining the behaviour of
axisymmétric shellé, flat plates and structures in plane stress are
given here. A general finite element formulation for problems of
larée strains and large displacements was de&eloped by Hibbit,’Marcal
and Rice (32). : ihey have uséd a Lagrangian épproach to the problea
and developed an incremental and piecewise linear finite element theory
with particular reference to the elastic-plastic behaviour of metalse.

A series of papers by Nagamatsu, Murotaand Jimma (52 - 57)
deal with Non-uniform deformation of a block in plane-strain and
axisymmétric compression caused by friction',. The material is assumed
to be elastic, strain-hardening and deformation is pursued from elastic
through partially plastic to totally plastic stages. The problem has .

been analysed using the calculus of variations and finite elements and
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solutions are compared with results obtained experimentally.

Lee and Kobayashi (41) (42) analysed axisymmetric
upsetting and plane strain side-pressing of solid cylinders
by the finite element method. Solutions have been obtained up
to a 30% reduction in height in axisymmetric upsetting and up to
19%—reduction in side pressing. Computed solutions have been
compared with those found experimentally, but no assessment has
been made of the convergence or the accuracy of the solution ob-

tained.
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CHAPTER -2
2 GENERAL THEORY OF FINITE ELEMENTS
261 Small displacements

_The direct stiffness method of finite element analysis
is by now well established and widely used for the solution of
small’displacement and elastic problems (10) -+ (79). There-
fore only a brief derivation of the basic equations is given in
this section, for continuity and clarity of the rest of the mater-
ial in thig thesis.

The displacement method of finite element analysis is
used throughout this analysis. ‘the continuum is first idealized
into a number of discrete elements,‘interconnected by suifable
nodal péints. The displacements and the forces on the continuum
are usually represented at tﬁese nodal points, theigasic unknown for
the problem being the nodal displacements. The other parameters
are usually obtained from these displacements. A displacement mode
with as many undgterhined coefficients (generalized displacements)
as there are nodal point displacements, is chosen for the type of
element being used.

Considef tﬁe general three-dimensional case in which the

coordinates are given by x, v, z; then

p (%X, ¥, 2) =(uv w)t (2.1)
where ¢ is the displacement at any point,
and u, v, w the respective displacements in the x, y, 2z direc-
‘tions.A
Hence, P = f‘(x, y, z) o (2.2)
where o are the generalised displacements,

and f (%, vy, z) the chosen displacement function.
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Substituting the displacements and the coordinates at the nodal
points, we have,

where P

(u, Vy Wy ees U VW 5? - (2.4)

nrbeing the number of nodal points per element.

Inverting (2.3) we get,

o = F L P (2.5)
Now, defining a differential operator A which transforms the gene-
ralised displacements into strains,

 €E=Ax (2.6)

Therefore & ; A F-b |
i.e. E=Bp (2.7)
giving the usual strain-displacement matrix. The external forces
P are assumed to be acting at fhe‘nodal points ‘and using the Principle
of VirtualAWork, we have,

6pt P = fbeto' dv (2.8)
where ¢ are the stresses.
Substituting equgtion (2.7) into (2.8) and cancelling the non-zero disp-

lacement vector, we get,

p= (85 cav : ' o (2.9)
The stresses and the strains are usually related
as C-pe¢ (2.10)
where D is known as the stress-strain stiffness matrix.

Now equation (2.9) becomes,
P=kop
where . k .—='leIt DB dv : ; (2.12)

1S known as the element stiffness matrixe.
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. 2elel B and D Matrices

The derivation of the above two matrices for most of the
elements for the elastic case can be found in text books on finite
elements and therefore is not considered in detail here. For the
general three-dimensional case the stresses and strains can be
exp?essed as,

G- {"X °, ° V2 % ey V2 V2 UZX} (2.13)

1 1 1
- fe e e Ty WY AZY ! (2.14)
X y z Xy N ZX

If the displacements are assumed to be small,

- ]
6x Toax .
Z _ 1y o 194, oV
éX.y = ZXXy 2(ay + ax) etce. (2.15)

The differential operator A for this case can be derived from ecquation .
(2.15). )
Now ‘using (2.7) we obtain

B-AF"'

The stress-strain matrix for an isotropic elastic material can be

-shown to Be,

V t

D= 26 [x, + 555 5 (2.16)
where I,= (6 x 6) unit matrix,
and e, ={111000}

The overall stiffness matrix K is obtained by the apprépriate assembly

of all the element stiffness matrices.

Kr=R - : (2617)

where R = the nodal forces,

¥ = the nodal displacements.,
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This matrix relating all the nodal displacements to the nodal loads
is generally singular as it includes the rigid body motions and
rotationse. These rigid body motions should be suppressed by
applying suitable boundary conditions before any attempt is made

to solve the set of simultaneous equations.

2.2 Plasticity

The mechanical behaviour of a perfectly plastic solid is
defined by the yield criterion and the flow rule. The yield con-
dition specifies the state of stress under which plastic flow will
occur. For each of these states of stress, the flow rule specifies
the components of the plastic strain rate to within an arbitrary common
factor. The perfectly plastic solid is therefore inviscid and the
state of stress necessary to cause a certain type of plastic flow
does not depend on the speed of déformation.

Alternatively, if the perfectly plastic_solid is assumed to
be incompressible (which is generally found to be true as an experiment-
al fact),.a given state of strain rate does not yield a single valued
.state of stress. This is because the hydrostatic stress is indeter-—

’ minate from a known state of strain rate.

These difficulties arise oﬁly when the material is perfectly
plastic and the inclusion of elasticity and strain hardening yields single
valued correspondence between the stresses and thg strains. In plas-
ticity thé total stresses and the total strain cannot be related dir-
ectly, as it is well established that such a unique relation does not
eiist. The strains not only depend on the final state of stress but

also on the complete loading history. Thus to develop a workable
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relation for stress and strain, these quantities have to be re-
placed by their respective increments. This avenue of the theory
of plasticity is known as the 'incremental strain theory' or the

tflow theory of plasticity’'.

Zelel Yield Surface

It has been generally accepted (as an experimental fact)
that yielding can occur only if the stress o satisfies the general
yield criterion,

f (g, k) =0 (2.18)
where k is a hardening parameter.

This yield condition can ge visualised as a surface in the
space of stress (three-dimensional in general) with the position of
tﬁe surface dependent on the instantaneous value of the parameter ke

2e262 Flow Rule

Von—Mises first suggested the basic constitutive relation
defining the plastic strain increment in relation to the yield surface.
.Prager, Drucker and other workers in this field have proposed the fol-
lowing relationship for fhe increment of plastic strain which has now

" been accepted generally (8D).

of
=\ 2= (2.19)

€y fs 5
or, for any component

. S £

de, = A S—

np aon

where aép = increment of plastic strain

and A = proportionality constant to be determined later.



- 24 -

This rule is known as the 'normality'! principle which has been
interpreted as a normality requirement of the plastic strain
increment vector to the yield surface in the space of stress.
Using the yield criterion of von-Mises in equation
(2.18) it can be proved that equation (2.19) gives the well
known Levy-Mises relations, which together with Hooke's Law in
elasticity, gives the Prandtl—Reués relations for an elastic-
plastic material. This has been proved indirectly in the next
section by deriving the stress-strain stiffness matrix using equa-
~tion (2.19) and then the Prandtl-Reuss relatioﬁs'arriving at iden-

tical expressions.

2e3 Elastic~Plastic Stress~strain Stiffness Matrix

Considering the general three-dimensional case, the elas—
tic relation between the stresses g and the elastic strains éé'can

be expressed as

- where - D% ; 2G‘[I ,+'f§;‘ e et] , : (2.16)

Also, it can be shown that the strain-stress flexibility matrix is

given by,

-1 1 Y t S
g, =D =355I, -75ee] | | (2.20)

The total strain increment can be written as the sum of the elastic
and plastic parts,

€ = dE, + bE, : - (2.21)
D -

Substituting equation (2.19) and (2.20) in equation (2.21), we obtain,

of

(2.22
Py ( )

3¢ = B oo + A
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Separating the stress ¢ into the hydrostatic and deviatoric parts,

=06y top
1 t
where oy =3 (Il I1 I1 000)
and Il= GX 4 o-y +0Z

Equation (2.24) could also be written as,

-3 et o
oy = 383 &3

Therefore op = bo
et
3

where = 16 - %‘63

and the following derivations become evident.

t
B
t
B = pe =g

]

wb_ =D = 26 i

Assuming the yield criterion de to von-Mises, we get,

£lg) = 2 o 25 o -5
¢/’ =36pOp~T =356 Pr-7
where T 1s the equivalent yield stress.

Therefore equation (2.22) becomes,

66 =¢e 60-"" 3)\.6D

(2.23)

(2.,24)

(2.25)

(2.24a)

(2.27)

(2.28)

(2.29)

(2.30)

It can be shown, from a comparison with a uniaxial state

of stress that the unknown parameter A can be expressed as,

. 1 139
A==
2 K
b T
2
where E =d—__
b dep

is known as the modulus of plasticity.

(2.31)

(2.32)
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Differehtiating équation (2.29) we get

3 t
TG =350 po

. 31
iees dg = El -6: o9 dor

Using equations (2.33) and (2.31), equation (2.30) becomes,

9 ©0p 6pt
%€ = B_ bg + 7 — oz
' p
o 5€=_‘¢e+¢p’ Sor
. . 9 6pOp A
iee, 6é=¢e [16+4DG'E——0_:§]66
p
. - 9 2G t
. _ Epa-Z

It can be proved that,

(T+raad)t= (I-uaat)

where @ is a column vector

and B =—L—E—
l+A aa

The inversion of equation (2.35) %sing (2.36) yields,

3G ODp%

dg-= D [I - ——=— o€
e 76 $p+36 Gﬁéb

ioe-‘ 60‘ = Dep 66

and it can be shown that, &
D =D 2G S¥D
ep e (1+Eb/36) afpb

(2.33)

(2.34)

(2.34a)

(2.35?

(2.36)

(2.37)

(2.38)

This result can be obtained directly by using the Prandtl-Reuss equa-

tionse.
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ij
R e,

' (1-2v)
€ =—F — doi;

(From Hill's (33) p. 39).

These can be written in the matrix form as,

o€ = ¢e bo + 5 — (2439a)
p

Substitution of equatiun (2.33) leads to the same expression as in
(2.34).
¢e and ¢p are known as the elastic and the plastic flex-

ibilities respectively. It is interesting to note that ¢e can be
inverted excepf for the tri\’rial case, when V= % (incompressible
material) and ¢p is singular and ‘cannot be inverted directly. This
is mathematically obvious as any general matrix of the form A = ‘élat
where @, 1s a column matrix has the lowest possible rank of 1 and is
hence singular,  Thus, it would seem a direct displacement method

formulation of the stiffness matrix for the case of the rigid-plastic

material is not possible.
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CHAPTER 3
3 LARGE DEFORMATION THEORY
3.1 Green's Strain Tensor

For small deformations, the infinitesimal theory of
strain is quite sufficient and since the displacements and their
derivations are assumed to be small the quadratic terms arising
in the general strain expression can be neglecteds In the large
deformation theory the displacements and their derivations could
be quite appreciable and the nonlinear terms in the general strain
are therefore taken into account.

There are two modes of description of the deformation

of a continuous medium, the Lagrangian and the Eulerian. The La-
grangian description employs the coordinates (Xi) of a typical par-
ticle in the initial state as the 'independent varisbles, while in the
case of EBEulerian coordinates the independent variables are the co-~
ordinates (ai) of a maéerial peint in the deformed state. When the
deformations are infinitesimal these two definitions coalesce and there
is no need to make any distinction between the two. The Lagrangian
‘definition of strain is used here, and attention is drawn to the
derivation of this as"follows.

Consider a body (Fig. 1) défined by a coordinate system
X X, Xy chosen so that a point P of the body has coordinates a; .
When the body deforms the point P moves to Q with coordinates oy
with respéct to a new coordinate system Oy Oy Gge

Considering aﬂ infinitesimal line element connecting two
points P (xl, Xp9 x3) and P'(x1 +d X, x, +dx,, X +d x3) and

the corresponding points Q and Q' in the deformed state it can be



- 29 -

proved that (22),

ou. du. du du
2€.. = axl + BX; + axk + axF (3.1)
+J 3 i 1 5
or if X) =Xy Xy =Yy X3 = Z
and U = Uy u, =V, Uy =W
v lroew2 o avy2 o ow,2
éxx"ax+z[‘ax D7+ <] (3.2)
1 lr3u dv _3u 2u_ dv Bv 2w 2w
€ =-—X = = — —— — ST S M — ey,
xy © 2 xy 2[ay+ax+ax oy T ax Ty T ax ay:l

and similarly for other components.

The strain tensor érs was introduced by Green and St
Venant and is known as Green's strain tensor. When the defor-
mations are not large these reduce to_the usual definition of iﬁ~
finitesimal strains; It can be shown that for the small strain
case éii can be interpreted as extension of vectors originally
parallel to the ;oordinate axes while éij represents stress or
chénges of angle between vectors originally at right angles. When
the strain components are large however, it is no longer possible
to give simple geometrical interpretations of the strain tensor
. 4 .

-
rs

3.2 Geometric nonlinearity ( Ref. P.414 Zienkiewicy (793

When large deformations are encountered in finite element
problems, the nonlinearity due to thé change of the geometry of the
body has to be taken info account to predict the displacements, strains
and stresses accurately.

The strain displacement matrix for the large deformation
case would change considerably with the change of the geometry of

the structure and thus would not remain constant as in the case of



- 30 -

small displacement ‘analysis. However considering the current
state and for a small load increment we can have,

3¢ = B & (3.3)
where B = Bo + BL p) ' (3.4)

BO is the usual small displacement matrix, and BL is due
tc the large deformations and is usually a function of the displace~
ments, Q. From the Principle of Virtual Work for a small incre-
ment of displacements, it can be shown that,

P = _fﬁt T av (3.5)
‘where P are the nodal forces.

Differentiating equation (3.5), we get

5P =f§t do dv + ., !d'a tc‘ dv
Substituting equation (2.37)

—t . = (.=t
= o
o0 = [ B 0, Bavap [e8F & av (3.6)

From equation (3.4)

Now, equation (3.6) becomes,
3P = (.ko + kL + kg)f)_p . (3.8)
where k =yB D B av (3.9)
o o ep o
K, = fao D, B dv + !BL D, B, v + JBL D, By dv (3.10)
ko 59 = ( 5 BE G av ' (3.11)

ko is the usual small displacement stiffness matrix.

kL is known as the initial displacement stiffness matrix.

K = ko + kL is known as the large displacement matrix, which could
alternatively be obtained by using an infinitesimal strain but
adjusting the element coordinates in the computation of the stiff-

NEesSsSe



- 31 -~

Ko is known as the initial stress matrix or the geometric matrix

and is a symmetric matrix dependent on the stress level.
k, = ko + kL + kg (3.12)

is known as the total tangential stiffness ﬁatrix.

The above derivation has been carried out following
Zienkiewicz (79). He has shown that eq. (3.5) which indicates
the equilibrium conditions between internal and external forces is
generally valid whether displacements and strains are large or
small. However, eq. (3.6) would be limited for small strains only.
This is becéuse the stress given in eq. (3.5) is the Kirchoff-
Piola stress while the current true stress (Euler stress) has to
be used for the evaluation of Igp. This limitation may be over-—
come, perhaps by transforming the Kirchoff stress to the corres-
ponding Euler stress by the use of the initial and final
configurations.

The solutionto eq.(3.8)1naftmaobtainedfor small, successive
increments of the load. Zienkiewicz (79)(p.417) has pointed out
that it is important to check periodically the total equilibrium
by using eq. (3.5). This has not been included in the present
work and some error accumulation‘when iarge numbers of increments

are involved may be inevitable.
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CHAPTER 4

4 AN ALTERNATIVE DERTIVATION OF THE STIFFNESS MATRIX

An alternative derivation of the stiffness matrixis discussedin
this chapter. The method, although somewhat compact and direct for some
elements, does not seem to be of any partiéular advantage in general. The
stiffness matrices obtained in this method would be identical to theones
obtainedearlierin Chapterffor the elastic, small displacement case. For
large deformations the Eulerian description is adopted, as against the
Lagrangian description described earlier, thereby changing the additional
matrices involved due to large displacements. The theory given hereisonly
~ applicable for a tetrahedral element with a constant stress and strain and
derivations are made following Argyris (5)(6). Although a computer program
was developed for this case, no pfoper 3~dimensional problemwas solved
using this program.

4.1 The concept of natural modes

The idea of natural modes in the formulation of the matrix displaqe—
ment method was first initiated by Argyrisin ‘1962. The natural modes can be
defined as the pure straining modes which exclude rigidbody displacements.
The standard specification of kinematic modes due to displacements in the
direction of axes may lead to somewhat complex expressions for some elements
and may not display symmetry with respect to the coordinated systems. Thus -
some advantage may be seen for some particular elements in the derivation
of the stiffness matrix whe1;1 large deformations are experienced. On the
- other hand the large deformation formulation given in Chapter 3 (Zienkiewicz
414

(79)p.}) is more general as the basic theory'is developed for any element at

first and is carried on for special cases afterwards.

4.2 The natural mode technique

Consider an element with n nodal points in space. Defor-
mation of the element is limited by the 3n nodal displacements, which
may be imposed in turn at n nodal points. This definition of the

state of deformation cleérly includes rigid body displacements which
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‘do not give rise to straining of the element and hence do not affect
the stiffness of the element. Therefore to describe the straining
conditions of the element

¥ = (3n - 6) : i (4.1)
kinematic modeé would be sufficient.
(For a three-dimensional body the 6 rigid body motions are the 3
translations and the 3 rotations).
For a plane element in 2-dimension

¥ =(n - 3) (4.1a)

These natural modes defining the pure deformation mode of the
element are denoted by pN. The associated stiffness matrix kN of
_reduced order (3n - 6) or (2n — 3) is designated as a natural one.
The complete description of the displacements require the rigid body
motion of the element and is denotéd by a vector P, (6 x 1) or (3 x 1),

¥

4,3 Theory for Three-Dimensional, TET4 Element (Fig. 3)

This is the simplest element for three dimensional bodies and
cén be fitted to any shape or contour without much difficulty. A
linearly varying displacement function is assumed inside each element
giving rise to a constant state of strain and stress. With four nodal
points for every element, each having three degrees of freedom, it
would require 4 x 3 nodal displacements for the solutioﬁ resulting in a
12 x 12 element stiffness matrix.

A fundamental feature of the natural méde technique is éhe
specification of an invariant or natural stiffness which ignores the
rigid body coﬁponents inevitably associated with the fgll cartesian

specification of nodal points. The rigid body motion does not strain
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or deform the eleﬁent and is ignored when defining the stiffnéss
of an element. Thus stiffness matrices of the order of 3 x 3 for
the case of plane triangular elements and 6 x 6 for the case of
tetrahedral elements are obtained.

A further development of this method is that, instead of
descfibing a state of stress by the classical scheme of direct and
shear stresses referred to a cartesian system, a simplification is
obtained by defining stress and strain vectors in terms of direct
components measured parallel to the three sides of the triangle or
six sides of the tetrahedron. This stress strain specification .
originated‘by Argyris (8) was denoted as a 'natural one'. The
stiffness relating the elongation and nodal forces along the sides

-is called the natural stiffness of the element.

1

4,3.1 Small displécement theory for the elastic case

Considgr the three dimensional medium to be made up of
n tetrahedra whose vertices are connected by m nodal points. The
position and geometry of each tetrahedron are specified by

. £ .
¥ = (xi ' Zi)' (4.2)

i=1,.2,3,4

or, for all four verticeé,.
= e

L SR PR 2

The adoptioﬁ of a linear variation of displacements within each
element and the exclusion of the three rigid body movements lead
to the (6 x 1) natural load displacement vector Py which uniquely

defines the state of deformation in terms of the elongation of the
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six edges. A (6 x 1) natural load vector PN could be introduced
in duality to PN and this would automatically ensure the equili-
brium of each tetrahedron taken individually.

Thus we have,

Py =(P12 P23 P3g P41 P13 Pon) (4.4)
. £ .
Py =(P12 P23 Pag Py1 P13 P2;) (4.5)
where pij = elongation of side 1]
and Pij = self equilibrating load acting on nodal points i and J.

" To analyse the assembly of the tetrahedra which represents
the idealized system, it is necessary to consider also the more
convéentional cartesian definition of the nodal displacements and

- load of an element, i.e.

P = (pp P2 03 94)t' ' .: (4.6)
p=(p P, P, P)" o @
where, p = Wvwto R (4.8)
P - wvmi | (4.9)

The relationship between the natural and the cartesian forms can be
obtained by defining a matrix T of dimensions (6 x 12) so that,
- ¢ . ,
Py = Tp and P = T Ph o (4.10)

K

Natural component stresses and nodal points (Fig. 4)

Defining natural component stresses as the component of the
actual stresses parallel to the direction of the six edges, we have

Oy = (015053 T34 T4y 013 Opy)c (4.11)

oij is not the true stress acting along ij as the contribution from

=
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the other five stresses are present.

The true stress vector is given by,

Cyp = (012 On3 O34 O4q 993 024) (4.12)
Hence, O&T = A Sy ' (4.13)

where A is a transformation matrix made up of the direction cosine
of the edges.
The relation Dbetween the natural stresses Sy and the

natural loads P_ can be established as,

N
P =V 1‘1 c: - (4.14)
N N
where V = volume of the tetrahedron

.

l=ﬁ12'? 224J

is a diégonal matrix consisting of the length of the

l edges;

Natural strains and stiffnesses

Considering the isotropic elastic tetrahedron, a relation

for the natural strain can be obtained as,

o1 S
éN.= -E—; AI' O'N - . (4.15)
' t
= . &
where éN (612 627 634 é@l é13 24)_ (4.16)
. \l: ) , . . t -
and AT = (1 +V) A —VGGGG o (4.17)

(11111 l)t

d
an - e 6
The natural stiffness matrix of the tetrahedron can be obtained as

follows.

1
Py = 1€y =5 LA, oy
and using equation (4.14)

PN_=:ELJ_V ZATZ Py



) - 37 -

vt AT'l 1‘1 (4.19)

vhere kN

Using equation (4.10) we have the cartesian stiffness matrix k
P=kop T (4.20)

and k=T k, T - . (4.21)

Assembly of all element stiffnesses to obtain the overall stiffness K

is carried out in the standard manner.

4.3.2 Large displacements (Fig.>)

'The technique is based on a step by step process of sequen-
tial 1ineafization corresponding to an incremental representation of the
load history. For each step the total displacement vector is obtained
from a linear matrix equation which is identical to the small matrix
. displacement formulation, the only difference arising, in the speci-
fication of the stiffnéss matrix which must be considered as the sum
of two component matrices. The first matrix is in fact the standard
elastic stiffﬁess matrix, based on for each incremental step the instan-
tanequs dimensions. The éecond one simulates the effect of change of
geometry on the quilibrium conditions and is denoted by the geometric
stiffness (also ﬁnown as the iﬁitial stress matrix). It is found to
be linearly erendent upon tge instantaneous natural nodal loads.. .

The equilibrium conditions between the nodal forceé and - the
stresses are referred to the instantaneous geometry of the te#rahedra
and therefore the stresses are the so-called true stresses based on the
current dimensions. The total stress, total strain relationship
may take aﬁy arbitrary non-linear form in general, (including the
effectlof,élasticity); but, of course, assuming that the stress-

strain relation for every increment 1s linear.



For large deformations, the relation between the natural
and cartesian displacements eq. (4.10) has to be given in the

incremental form as,
A, = T,d¢ (4.22)

where T is derived (Ref (5)) using the current geometry.

d?N and d¢ are the increments of natural and cartesian displacements.
DLlring this small increment let the cartesian amd natural load, P
and PN change to P+ dP and PN+ d% respectiwely. Then, by

considering the states before and after the increment it can be

shown that,
t
P = TR (4.10)
and
P+ dP = (T:+c(1':) (P +dPY) (4.23)

where dTN is the change of TN with the geometlry.

Hence,
€ +
AP = TdP + JdT P T (4.24)
N N N N
It can be seen that
c €
TNdPN = TN RNA?N
€
= TN RNT; d? .
= Iae d g (4.25)

which is the usual small displacement matrix, assuming that within

an element the strains remain small, Sl
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The second term in equation (4.24) can be expanded as,

£ < € [ P
it e o (ars Tt ] ,
Puc
L B
t
= Z PN/LO('TNL
t € t
CLTN,C = 2T d,g)' e R +_9_-_r_NLdfk+ S
a?i 39,,2
kot <
== [ gN.{_ ....EIN_C .. ] d?
9_?. g?h
Since, af . = T, &0
it can be shown that,
.th
d 0= Tu.c d? (17 row)
But d'?m‘.= ?_9_144; o(?'-l- S E_?__NL As{o- +
- a?Nf PN QgNL ] d,?
29, 3?5
Comparing eq. (4.28) and eq. (4.29)
Tai= [ 20% ... 20w ]
ag, oy
Substituting this is eq. (4.27) we have
B IS ]
Lo 90,90
. € . .
A‘TNL = , . d—?
a—L?N{' L. 31?,4,{ .
Layj. 9?' ‘a?ﬁ‘a?h
) . ]

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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= Poode (4.31)
Now, eq. (4.26) becomes
&
d T, pN = > pu;,%;d? = Rcrd? (4.32)
Hence, aP = R a4¢ (4.33)
§
where k= Re+ Ro, (4.34)

R . is the so-called geometric matrix, which corrects the equilibrium
condition for the change of geometry generated by large displacements.
The geometric matrix of the tetrahedron is obtained by
combining the geometric matrices of the equivalent pin-jointed six
bar framework whose members run along the edges of the tetrahedron.

For a single pin-jointed bar Ro_ can be written as (83):

P I -T €
3 3
Rcuj = [ - C G, (4.35)
L4 I, T A
where C.e,;jz [ ~C4‘j C‘;:; ] : ) o (4.36)
and Czj are the direction cosines of the bar
P<y ,ﬂ,;:]' are the load and length of the bar respectively.

The geometric stiffness of the tetrahedron is now obtained

by the proper assembly of the six geometric stiffnesses. It can be
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shown that (5):

2,4

t
R _ = 7 M _ kR m_ (4.37)
.. “3 gy Y

-L:,—_—.l,z

where M are (2 x 4) location or identification super matrices

<3
consisting of unit or zero sub-matrices of order 3.

For example,

<
it

" (4.38)
o, 1. 0,0

The values of Fgé are accumulated from the previous loading steps as,

Py = 2 dPg : (4.39)

4.3.3  Plasticity

The following derivation of the elastic~plastic stress-—
strain matrix assumes a materiai obeying/ggghdtl—Reuss'relations and
the von Mises yield criterion. .

The increment of the cartesian plastic strain dc—p can be
expressed in terms of the cartesian stress and the plastic modulus

as,

s o3 S (4.40)
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Also, we have ,

- [ -z ©
o, = |I-tee'|o

where & 4 is the cartesian deviatoric stress

and é;; = [ 1 11 0 o o ]

Now, defining a matrix B which relates the natrual stresses to the

cartesian stresses, Argyris (6) has shown that,
o = B o, , (4.41)
Hence,
t :
e, = pag, , (4.42)
using eg. (4.40) we get

— €+
def = 2 12 g li1-tee]p o

It has been shown that, (6)

BFp = A

+ - € -
e, fZ = €, = [ e (4.43)
Therefore,
ae’ 2 95 [A-ltee] o
N = Epﬁg 3 6 ¢ N
2 JdF
= 5 —— YO w»

Epo (4.44)
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where - € (4.45)
' Onp = [ A —_”é € QZ.] S w

is called the natrual deviatoric stress.

The von Mises criterion is given in terms of the cartesian stresses

as

— 2 2 =
S = = GD G:_D

The plastic work done for an increment of plastic strain can be

expressed as

AW, = o def _ stae
P N N - P
- T dg, - & d5 (4.46)
Ep
Substituting eq. (4.40)
dWp = 2 45 S o (4.47)
< Ep o A ND
comparing (4.46) and (4.47),
& 2 | ’ (4.48)

The cartesian elastic flexibility is given by,

P = = [Ié—l_f_\yesef ]

The natural elastic flexibility 1s obtained by the transformation

¢Ne - )Bt ﬁﬁeﬁ (4.49)



—_—

- [ A -5 e et (4.50)
2G +§ 6 6

The natural plasticity flexibility is obtained by a similar

transformation,

-+
- 9 ! o
4

P
#ence, quP _ /3t 9£P 2 - (4.?1)

9 ! N
= - — o C
4 EPE_’ B b ﬁ
Now t
’ B 9% = Bt[l-%ege:o-
— t 1 -
- 2 [I T3 8363] [3 O-,J
= [A - '3‘262,6] CYN
- 9 t
Hence qb = = (4.53)
Np 4 Ep5* NPND i

Conclusions

An attempt has been made to present the derivation of the stiff-
ness matrices in a general form illustrating t?e application by a tetra-
hedral element with constant strain, using an alternative m thod. Each
tetrahedron is tfeated as an assembly of six pin-jointed bars and
naturgl displacements and forces are defined along the length of these
bars. It has 5een stated (5)(6), that the theory is valid for large
strains and deforﬁations, and that the inclusion of plasticity will not
limit this validity. The plastic flexibility matrix is cléarly only
defined for non-ideal plasticity. Further the assumption of small
strains within'an element is iﬁplicitiand thus only small elements

should be used. '
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CHAPTER 5

5 - COMPUTATIONAL PROCEDURE

The element stiffnéss of the structure is first evaluated
using the elastic or the elastic-plastic matrices and the initial
stresé matrix. These stiffness matrices are assembled to form the
overall stiffness matrix which represents the current relation be-
tween the incremental nodal forces and the displacements

dR = Kdr (2.17)
of the bodye. . A complete elastic-plastic solution to a problem is
obtained by the successive application of equation (2-17 ) using a
number of linearised incremental steps. The sequence of operations
carried aut during a typical analysis is best shown by a flow chart

as followse.

5.1 Outline of the flow sequence

(1) Perform an elastic analysis of the body in the standard
manner. Determine‘the equlvalent stress of all the elements using
the relation,
-2 3 t .
O =395 - (2.29)

(2) Find the lth maximum equivalent stress &, and scale up all

quantities to make this element just yield. (This would make 1

elements plastic during~the increment). The scale factor for this

case would be simply,

So
f= — (5.1)
(o]

where <jb is the initial yield stress of the material at that point.

“(3) Evaluate the elastic-plastic stiffness matrix'Dép of all

post yield elements and the elastic stiffnesste of all elastic and

unloading elements. (D%p's are evaluated using the current state of
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stress). Hence evalgate the element stiffness matrix K.

(4) - Evaluate the Initial Stress matrix Ko for all elements
and hence the overall stiffness matrix of the body, K.

(5) Choose a suitable test increment (say p x R) and

obtaig a solution using the current stiffness matrix K. Hence
evaiuate the increment of strain d€&€ and the stresses do

(6) Choose p = P, to cause 1 elastic elements to become
plastic. The technique for evaluating 158 is described in section
(5-5).

(7 ’ Scale all incremental nodal displacements, forces, element
stresses and strains using p, as the scale factor. Evaluate the
total dispiacements, forces, stresses, strains and the new co-
ordinates of the nodal points.

(8) Check the new equivalent stress of all the elements for
yielding and unloading. A value of (LY = 0, 1, 2) is assigned for
eleheﬂts which are elaétic, plastic and unloading respectively.

(9) Go back to (é) and follow ué to (8) to check whether the
newly obtained stresses are within a prescribed tolerance to the pre-
‘vious strésses. If so, proceed to (10) and if not, repeat (3) to |
(8) until the required tolerance is obtained.

(10) Print all.;eSults. This.completes the procedurg for

one load increment. For subsequent load increments go back to (3).

5.2 " Boundary conditions (Fig. 6)

In finite element analysis the boundary conditions are
assumed to be acting at the boundary nodal points only, and any other

form of distributed boundary conditions are weighted properly and
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assumed.to beAacting at the adjacent boundary points; In
general there could be six possible cases of boundary conditions
for the three-dimensional case (and four for the two-dimensional
case)e.

Considering the two-dimensional case here, the res-
triction at the ith nodal point could be due to the displacement
r, ry and the forces R, R.y (xy ¥ Qould be replaced by r, z)s The
force boundary condition is easily handled as they are the known
variables of the equation Kr = R.

The displacement boundary condition is more difficult
to cope with but two methods have be?n suggested to overcome this
problem. The first method modifies the diagonal flexibility
matyix of the boundary nodal points and is only suitable for
iterative types of solution. This method handles fixed boundary
conditions in Xy Y or any other inclined direction but does not’
haﬁdie prescribed boundary displacemen#s. The second method
modifies the overall stiffness matrix by multiplying the diagonal
‘coefficiéht ;orresponding to the boundary nodal point by a large
numbér and replacing the corresponding nodal lcad by a suitable
factor. The method handles prescribed_dispiacements and fixed
X and y boundary conditions, but does not take into account the
slope boundary condition.

Both these methods have been used in the outline given
here, but in problems where no slope boundary conditions are spe-

cified the second method is adequate and hence is used alone.
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543 The Assembly of element stiffnesses to form the
overall stiffness

The assembly is performed in the standard manner by
selecting the proper coefficients of the element stiffness
matrices to form the overall stiffness matrix.  However, the
storage of this matrix in the éomputer is done in such a way
that only a storage of 2m x 18 is required as compared to a
storage of 2m x 2m for the usual procedure. m is the number
of nodal points (for the two-dimensional case) and 18 = 2(8+1)
where 8 is the maximum number of adjacent nodal points to any
nodal point in the ideali%ation. This number which is arbitrarily
chosen is found to be quite sufficient for most finite element

idealizations and can be varied by simply changing the dimensions

of the stiffness array.

5.4 Solution of the simultaneous equations

All finite element analyses finally reduce to the solu-
tion of a large number of simultaneous equations. These may be
in general nonlinear. In the present analysis stepwise linearity
is assumed for every load increment giving rise to a set of linear
equations. There are numerous methods for the solution of linear
simultaneous equations. The important criterion for selecting
a methéd is the computing time and the storége requirements.

Some of the common techniques used in matrix analysis are given

here briefly.
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S5edel Gaussian elimination

The set of equations can be represented by,
Kr= R (2.17)
The method consists of eliminating term by term the r's (starting
with rl) to reduce K to its upper diagonal matrix. Thus, equation (2-17>
.reduces to the form,
Urs= R » — (5.2)
where U is the upper triangular matrix.
Now, back substitution, starting with r yields the nodal displace-
ments ¥ . There are several variations to this method, but all have

the disadvantage of utilising large amounts of computing time.

5e4.2 Matrix factorisation

In this method the overall stiffness matrix Kis factorised
to its upper and lower triangular forms.
Thus, K= LU o (5.3)
where L and U are lower and upper triangular matrices respectively.
If K is symmetric, ‘

L= ut | (5.4)

Equation (2.17) becomes

LU~ = R ) - (5.5)
Let b = U~r . (5.6)
then, Lb=R (s-7)

Now equation (5.7) can be solved by back substitution to obtain b s

which is used in equation (5.6) to evaluate the nodal displacements

Y .:' The method is computationally superior to the Gaussian elimi-
nation.

50443 Direct inversion of K

‘The solution to ¥ can be obtained directly as,



r=K R (5.8)
The method if used directly by obtaining the inversion of the
whole matrix K is very inefficient.’ However several methods
have been suggested to reduce the excessive computing time (for
éxample by partitioning and tridiagonalising, and using Frontal
solution techniques).

5.4.4 Iterative methods (Gauss-Siedel iterative technique)

The solution to the set of equations could be obtained
iteratively by assuming an initial guess of the nodal displace-
ments. The criterion for unconditional convergence is that the dia-
gonal term should be greater than the absolute sum of all the other
terms in a row. In practice however, the method seems to converge
for'most finite element problems. The computing time for the solu-
tion is several times less compared to the other methods described
earlier, in addition to the smaller storage requirements (5.3).

This method is adopted for the solution'of all the problems solved
in this thesis. The process can be best illustrated in a number

of steps as follows.

(1) Assumg'é set of values for T (preferébly all zero to start
with).

(2) Using r, «.. r and the lst equation, solve for r; -

(3) Similarly using the most recent value of rto

evaluate r,
A 3

from the jth equation. Repeat for j = é; ne

(4) This completes one cycle of iteration. Check for conver-
gence by finding the total sum of the errors defined as
ﬂthe difference betweeﬁ the present and previous r's.

(5) If the required degree of tolerance is reached stop
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furthef iteration. If not, go back to (2) and repeat

the procedure.

The iterative procedure can usually be accelerated for
rapid convergence by the use of an over-relaxation factore. If e
is defined as the error,

e=Y —-Y ’ : (5.9)

where rp and ro are the present and old r's respectively. =~ The new
value after over-relaxation is given by,

n o} ’

An over-relaxation factor of about 1.8 - 2.0 has been found very
suitable for most finite element problems and a factor of 1.9 is

used for most problems in this analysise.

5.5 Evaluation of the correct loading step at every increment

The stress-strain relationship for any elastic-plastic
material is generally nonlinear and to obtain a realistic solution,
loading has to be carried out in small incremental steps. During
such an incremental loading the material will,'at first behave
elastically and then at a certain load the element (or elements)
with the highest equivalent stresé will yield and become plastice.
When the loading is continued more elements will yield and ehter
the plastic domaine All post-yield elements should thereafter be
treated as plastic (until any such element starts unloading) and
the correct element stiffness evaluated using the current state
of stress.

The size of the loading step for every increment could



- 47 -

be evaluated by several means. The simplest, of course, is to
give arbitrarily chosen increments to satisfy the problem's require-
ments, in a given number of steps. This has been followed by
several authors and could lead to serious errors in the solution
obtained. The method becomes inefficient (time-wise) if the
increments are too small, and if they are toc large, which is more
often the case, the results could.go wrong by several hundred per—
cent (especially at the beginning of the loading). This has been
illustrated in Fige. 7.

Tdeally, the load increment should be stopped as soon as
one element enters the plastic doma%p as this has to be treated as
a post-yield element for subsequeﬂt loading (thereby changing the
stiffness matrix of that element and of the whole body). This
means that only one element yields during an increment and for a
body with a large number of elements the analysis would take a
coﬁsiderable length of time. The process has been accelerated in
two alternative ways without losing much of the accuracye

(. . Wheri an element yields during a load increment, all

elements haQing'an equivalent stress of greater than k:c;

where a, is the initial yield stfess_and k is a scale

factor (usually ranging from 0.95 - 1.00) are assumed to
be plastic for the next load incremente. This will make

a few elements (having yield stresses close to ob) yield

during one load increment, The method is however not

very satisfactory for problems with very uneven stress
distributionse.

(2) An alternative and a somewhat better method is to continue
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the loading to make a number of elements yield at one

time. This method is.particularly suitable for problems

with uneven st;ess distributions. (The number of
elements that yield during one increment is intuitively
chosen for the problem concerned, taking into account the
total number of elements and the computer time available
to solve the problem).

These two methods reduce the computation time for the
solution considerably. Both are however approximate methods, in
that the first one assumes a few elements to be plastic when they
are still elastic and the second assumes some elements to be elastic
when they should be plastic or in the transition pefiod.

The correct load increment for every step is evaluated as
follows. Let the stresses before and after a test increment of
load be given by ¢ and O+ ¢ . Now, the increment ¢ should be
chosen in such a way that £ elements yield during this step. Let
the correct increment be_denoted by p. 80 (where p is to be found).

Denoting the present equivalent stress of the element that

'is going to just yield, at the end of the step, as &,

2 3 t :
& =73 O'D O'D (2.29)

And after the load increment we have,

—2 t

S,=73% (FTD + p.bch) (ch + p.bch) (5.11)
iece

—2 3 t t t 2 t

6 =73 [QDGD *T PO, b0t POT O + P OO 807 )
lece

5‘2=E;2+2Bp+Ap2 (5,12)
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2t ‘ : (5413)
~ where A"266D66D
-3 [ot t (5.14)
and B=3lo, 80, +sa 0] o

From equation (5.2) we have,

p=(-B : \/BZ + A (Eﬁ - 62))/A (5.15)

p is evaluated for all elements and the £ th minimum value is used.

In most of the examples given in this thesis the above
two methods are combined together to yield the best reéults. For
-problems where the whole body becomes plastic after severél load
increments the subsequent loadings have been carried out using
relatively-larger increments, chosen so as to give the required
degree of deformation with the minimum of computing timee.

5.6 Tterative technique within load increment

During a load increment the elastic-plastic stiffness
matrix for all post-yield elements should be evaluated using the
current state of stress (which is unknown). For this, the usual
'procedure.is to use the state of stress before the load increment,
which may not produce errors of any large magnitude. However,
when the process is répeated for a lérge number of load increments
the accumulative error becomes quite substantial (Fige. 8)e The
accuracy can be improved by using an iterative technique where the
average value of stress is used to evaluate the stiffness matrixe.
At first the elastic-plastic stiffnesses are evaluated using the
previous stress staté and the resulting state of stress is used to

evaluate a better solution, and so on until a desired degree of con-

vergence is obtained. In practice the method converges quite
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rapidly for small steps, the rate of convergence diminishing as

the step size is increased.
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CHAPTER &

- 6 SMALL DISPLACEMENT ELASTIC-PLASTIC FINITE

* ELEMENT SOLUTIONS

The majority of stress analysis problems fall into this

. category, where the rnonlinearity is only due to the material proper-
ties. The solution to this type of problem is obtained using a

similar flow chart to that shown in section {(5.1). The only changes for
the present case are the absence of an initial stress matrix and the
updating of nodal-point coordinates at every load increment. Two pro-
blems are analysed in this section; one where a theoretical solution

is available and the other where experimental and finite element results
are available.

6.1 Analysis of a thick walled cylinder with internal pressure

A cylinder of internal and external radii 1" and 2" respec-
tively was used for this analysis (Fig. 9). .Plane strain conditions
weré‘aésumed and theAmaterial was assumed to be elastic-plastic and
non work-hardening. The followihg material properties were used in

the analysis.

6

‘E'= 30 # 10 lbf/in2
‘ Y = 0.3
o = 30,000 ;Lbf/in2
Ep = 0.0 for all strains.

Balsl ‘Theoretical solution
An analytical solution has been obtained for the expansion
of a cylindrical tube for the elastic case and the elastic-plastic

case using the yield criterion of Tresca. The values of the radial
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- and tangential stresses for the plane strain case are given as

(from Hill's 'plasticity' (33)),

2 . 2
b b
-p<2—l>/<2—l>
xr a

CYr =
2 2
b b
O‘Q:p (—-2—+l> / <_§_l)
r a
when the tube is partially plastic the stresses are given as,
Oy C2 b2 N -
— == ('—5 - 1)
Cg 2b
e " (642)
2 2
(e}
= - —SE-( EE + 1) - for the elastic region
S 2b r - (cer<b)
- and for the plastic region (a < r £ c) as,
o )
oI &+
o‘o 2 r 2b2
g (603)

Og 1° c 2
— =5 In (;) =
So 2b -

where p is the internal pressure,
a, by c are the inside, outside and elastic/plastic radii

respectivelye.

Gelal Finite element solutions

The finite element method was used to solve the problem
of the thick walled cylinder under plane strain conditions. Tne
analysis was carried out in small incremental steps using the tan-
gential stiffness method. Triangular ring type elements with three

nodal points were used and two alternative finite element mesh
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. idealizations were used to represent a section of the cylinder.
In the first analysis twenty elements and twenty-two nodal points
were adopted while twenty elements and seventeen nodal points were
adopted in the second analysis (Fige. 10). The stresses at each
section were obtained by averaging the stresses of the triangular
eleﬁents inside each rectangle. The two mesh idealizations gave
almost identical results to the theoretically obtained ones, the
first mesh idealization being closer to the theoretical one than
the second. The stresses are plotted\together with the‘theoretical
results (Figs. 11 and 12) for five different positions of the elastic
plas%ic interféce and show very good agreement.

fhe finite element solution assumes the yield criterion
" due to von~-Mises whereas the theoretical solution used the yield
criterion due to Tresca. The results in Figs. 11, and 12 are modi-
fied to take this into account by multiplying the value of yield-
stréss by the factor -g .

3

6e2 Perforated striﬁ under tension

This plane stress problem has been studied both by the finite
element method and by”experiments and is used to check the general
shape of plastic enclaves obtained uéing the finite element method.

The dimensions of the strip used for this analysis (the same as was -
tused by Marcal and King (50) and Zienkiwicz et al (8D)) are shown in
Fig} 13. . The strip was idealized into 136 plane triangular elements
and 87 nodal points.as shown in Fig. 14. The analysis was carried
out using the tangential stiffness method allowing only a few elements

to yield at one times The loading was carried out in small incremental
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. steps until a sufficiently large plastic zone was obtained for

comparison. The following material properties were used in the
J

analysis, (The material is Aluminium alloy 57S which was used

- by Theokaris and Marketos (71) in their experiments).

E = 7000 Kg/mm2
\)=O.2
— 2
o, = 24.3 Kg/mm
Ep = 220 Kg/mm2 (constant)
Galol Results and comparison

The(results of the analysis are shown in Fige. 15 for six
differenf loadings. The analysis was repeated fof the non-work-
‘hardening case (Ep = 0) and the results are shown in Fig. 16. The
results compare favourably with those obtained by Theokaris and
Marketos (71), Marcal and King (50) and by Zienkiewicz et al. (8D).
For'the six loadings, in each case (Ep = constant) the mean stresses
at the edge of the'strip are given in Table 1. The five loadings
in the experimental qnalysis were not specified in (71) and hence
it was not possible to make a direct comparison. The previous

finite element results agreed with.the present solution.
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CHAPTER 7
7 IARGE DEFORMATION EILASTIC-PIASTIC SOLUTIONS
7.1 Expansion of a hole in a thin plate (conical); ‘

The model chosen for the finite element analysis is the
problem of expaﬁding a hole in a thin plate having its initial
thickness proportional to the radial distance from the centre of

‘the hole. ‘Alexander and Gunasekera (2) have sqlved this problem
for an infinite plate using a one variable theory (Appendix A),
and assuming geometrical similarity to be maintained during defor-
mation.

7eloel Experimental work .

Experiments were performed on a finite mild steel plate
with a central hole of finite radius. A detailed description of

the experimental procedure appears in AppendiX Ao

Tele2 Finite element analysis

The geometry of the axisymmetric plate used for the finite

element analysis is shown in Fige. 1, Appendix A. The plate was
idealised into 286 trianqular ring elements (TRIAX3) and 189 nodal

points, as shown in Fig. 18, where one quarter of a cross section

of the plate is shown. The hole at the centre of the finite plate was

of course expanded from a small finite radius. The plate was fixed at

the edge and loading was carried out so that the radial dispiacements

the nodal points at the edge of the hole remained constant.
Three major finite element analyses were made of this
problem,'(although some 10 complete runs were made using a coarser

mesh idealisation, different:boundary conditions and alternative

of
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iterative techniques). In fhe first analysis loading during

each load increment was carried out in small incremental steps
‘until one element reached the initial yield stress of the material
and all elements with equivalent stresses greater than 0.95 times
the initial yield stress were assumed plastic for the next load
increment., The loading was carried out in small incremental
steps until the hole expanded from a radius of 0.25 inches to
6.294 inches, in 44 steps.

Iteration within the incremental step was carried out
until “convergence of the stresses was obtained. The number of
iterations required for convergence varied from about 3 at the
beginning to about 30 during the last stages. This naturally
involved considerable computing time in that about 3000 seconds
was needed on the C.D.C. 6600 coﬁputer. Without the iteration
at every increment thg computing time could have been reduced to
abéut>500 seconds but this procedure would lead to errors at every
step which becomes cumulative and. hence was not adopted here. The
‘compﬁting time obviously'depends on the level of accuracy'required
and a reasonable compromise was usually made during trial runse.

In the second approach 8 elements were made to yield
during every incremental step. Toﬁards the last stages of loading
fewer elements were made to yiéld at every step to obtain faster
convergencea The results obtained were very similar to the first
analysis; The computing time, however; was reduced considerably
(to about half the. first) for the same deformation. The féctors
0.95 and 8 in these two methods were arbitrarily chosen for the

present problem to compromise between the accuracy of the solution

-
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- obtained and the computing time consumed. In general, for other

i similaripréblems these may be assumed 0.9 - 1.0 for the first

and from unity to any number (for example about E%th of the total
numbexr of elements),/for the second factor dependiqg on the number
of glements used in the mesh idealisation and the degree of accuracy
required in the results.

The above two analyses revealed a considerable compressive
stress along the z-direction near the edge of the hole which may have
underestimated the displaceﬁents along the z—direction. The third
analysié was performed using a modified boundary condition to take
this into account (by superimposing- an equal and opposite tensile
stress near the edge of the hole) and also taking advantage of the
first two methods. Thus, 8 elements plus the other elements
falling in between 0,95 and 1.00 times the initial yield stress were
assumed plastic. The computing time was reduced to about one third
of £he first, to obtain the same deformation. The loading was

however carried further to a radius of 0. 417 inches in 56 increments.

Tele3 .Results and Diséussion

The finite element solutions obtained for this problem are
_ compared witq those obtained theoretically (2). The elastic solu-.
tion shown in Fig. 19 is identical f&r the two cases. The results
towards the gpge of the plate (not shown in Fig. 19) revealed some
discrepan;y due to the fixed boundary condition at.the edge of thé
finite'pléte. (The theoretical solution of course assumes an
infinite plate). This discrepancy (of very small order) was only
localised at the edge of the plate and did not affect conditions

towards the centre of the plate. A fixed boundary condition at .
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- the edge of the plate would give a higher value of cri and a
lower value of cré as compared with the infinite plate. (The
alternative of course is to use a free boundary condition at the
edge of the plate, which in turn would give a lower or zero value
forvcs‘r and a higher one for o, than for the infinite plate).
The theoretical solution obtained when the plate is
partially plastic assumes plane stress conditions near the edge
of the hole and the principal stresses to be in the r, ¢ and =z
directions. This condition is obviously violated due to local
lérge deformations and may have resulted in gross errors near
the edge of the hole. In fact axial and shear stresses of
considerable magnitude were obFained with the finite element
solution. (The axial and shear stresses were of course assumed
to be zero in the theoretical anaiysi;). - The stresses obtained
from the finite element analysis were averaged over each section
by éonsidering all elements to be at the same radial distance.
For the elastic-plastic case two. sets of results are
shown. Figs. 20 and 21 show the solution obtained from the
.first and second methods (Section 7.1l.2) and are compared with
the theoretical solution. The results obtained from the third
method are shown in Figé. 22 and 23 énd are compared both with
theoretical and experimental results. For the latter case,
loading was carried on.in the usual way until no convergence
or very siow convergence was obtained. Thereafter fixed small
displacement increments were used to obtain a reasonable defor-

mation to be compared wilth the experiments.

The stresses seem to agree fairly well, close to the
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. elastic-plastic interface but showed some deviation near the
edge of the hole (Figs. 20,-22). The elastic part of the

plate is not shown here but thé results of course agreed very
well with the theoretical ones as before. - The deformation

in the z.direction near the edge of the hole is smaller than
that predicted by the théoretical analysis (Fig. 21) for the
first and sécond methods but this discrepanéy is very small for'
the third method (Fig. 23) where a better boundary condition is

used near the edge of the hole.

Te2 Expansion of a hole in a thin plate (flat)

The problem of expanding a hole in a (flat)'pléfe of
constant thickness is of more practical interest than that of
the tapered axisymmetric plate considered earlier. Many inves-‘i
tigators (Appendix A Referénces) have attempted to solve this
proﬁlem using a .one vafiable theorye. However as pointed out
by. Alexander and Gunasekera (2), thé solution obtained from such
an analysis would no? be correct for this case, as the plate
'during deformation does not maintain the geometric similarity
required by the one variabie theory. A theoretical solution for
the elastic small di;plécement case ﬁas been obtained by Alexander \

and Ford (Appendix A, Ref. 1) and the stresses and the strains

are given by the Lamé'equations,

o
Jr = _‘/_O 5 (7.1)
3¢
(o)
o (7.2)
e .

/3 g2
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O‘Z = 0 (73)
o (1+v) )
€ - - —"—-é-— (7.4)
o /3 8° E
o, (1+v)
€ = (7.5)

o * 2
/3 ¢° E

€ = -
7 0 - (7.6)
The velocity in the elastic region is given by,

2o (1+v)
—_—

—f3E¢

Te2al Experimental work

Experiments on a flat plate made of mild steel were per—
formed in a similar way to that of the conical plate (Appendix A).
A circular flatrplate of diameter 12 inches and thickness 0.5 inch
was.manufactured with an inside hole of diameter 0.5 inch. The
‘plate was then mounteq on a lathe and the expansion of the hole
was achieved by forcing a hardenéd tapered mandrel into the hole
'whilst slowly rotating the plate. Graphite grease lubricant was
‘used to reduce friction and a continual supply of cold water was
pogred to prevent overhéating. The'hole was expanded from a radius

of 0.25 inch to a radius of 0.32 inch.

Tele?2 Finite element analysis

The plate was idealised as before, into 133 triangular
ring elements and 115 nodal points, as shown in Fige. 24. The

analysis was carried out using the third method described in sec--
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tion 7.1.2 and on very similar lines. This time 4 elements and
the elemen%s having equivalent stresses greater than 0.95 times

the initial yield stress were assumed plastic. Similar boundary
conditions were used. The hole was expanded from a radius of

0.25 inches to 0.32 inches in 17 incremental steps. The computing
time taken for this problem on the University of ILondon C.D.C. 6600

computer was about 600 seconds. Without any iteration during

every increment this could be reduced to about 100 seconds.

Tele3 Results and Discussion

The finite element solution obtained (Fig. 25) for the
elastic case was compared with the theoretical soclution.. The
agreement is excellent as before. For the elastic-plastic case
however, there 1s no correct theogetical solution and hence a cow-
par%son cannot be mgde. The stresses obtained using the finite
element method are shown in Fig. 26 and follow a close resemblance
to the ones obtained with the conical plate. Fig. 27 shows the pro-

file of the flat plate after deformation. The finite element solu-

tion agreed quite well with the experimental results.
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CHAPTER 8
8 APPLICATION TO OTHER PROBLEMS
8.1 Analysis of the Dieless Drawing Prbcess

Dieless drawing is a new metal forming process, still
in its development stages. The process consists of drawing bars
(solid and hollow) of constant cross section without the use of
dies. The bér which is fixed at one end is locally heated to a
high temperature by an induction coil and is pulled at the free
end while moving the induction coil in the opposite direction.
The process is somewhat similar to wire drawing or extrusion ex-
cept that the heating coil acts as the die. There are some
advantages of the process from a manufaéturing point of view.
The use of no dies and no container (or pressure vessels) would
make the process iess expensive than the other conventional methods.
The forces necessary to pull the bars are very nominal and fairly
large reductions have been obtained in a single passe

iﬂoweﬁer, the_process has several disadvantages; for
example it is slow beéausé éf the time requifed to heat the bar.
Aléo, the deformation is predominantly tensile so that any incip--
lent flaws or fissures are accentuated leading to cracking both
on the surfae and in the interior of the bar. TFor some materials
it is difficult to control the process so as to achieve a uniform
cross-~section of the drawn bar.

Fig. 28 shows a typical layout of the process. The
. velocities of the free end of the bar and the induction coil are

coupled and their ratio in theory determines the amount of reduc-
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tion obtained during the deformation. The temperature required
to pull the specimen successfully; is quite critical in certain
cases and is determined experimentally.

When the steady state is reached the velocities of the
free end of the bar,\ﬁ_and the induction coil, V. can be related

in terms of the areas as,

Alvc = A2 (Vl +VC) 4 (8.1)
Thus;
v A
C 1 . .
Vi A=Ay
and
a_ e (8.3)
AT v *
2 c

Thrée methods have been suggested for the solution of
this problem. The first is an approximate theoretical soluﬁion
for the steady.étate which assumes plane sections remain plane and
may not be suitable for very large reductions. The second is by
using the finite element displacement method which could only give
‘a solﬁtiog to the transient stége of the process. The solution
may however be carried out to approach the steady state solution.

Although approximate, the most economical method is the
first,-while the finite element displacement method would use a
large amount of computer time, and yet may give only an approximaﬁe
result due to the accumulation of errors during the large number
of load increments.

An alterﬁative method 1s to combine the first two methods
to get a solution without using an enormous amount of computing

time.
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The third method is to use a different formulation of
the finite element method as indicated in section 8.2. This
involves using a stream function §, and its derivatives (the
velocity components) as the basic unknowns instead of the usual
displacementse. This method is not used to solve the problem of
dieless drawing, but the formulation (section 8.2) would give
rise to a kinematically admissible velocity field.

The success of the process to obtain a smooth uniform
product depends on a number of factors, the more important being
the teﬁperatufe distribution, the reduction, the speed of the’
draw and the change of the material properties with temperature.
It has been found experimentally that it is very difficult to
obtain a uniform draw for certain materials (e.g. mild steel),
while some other materials (e.g. titanium) behave very well,
giving a product of uniform cross section.

8.1.1 Consideration of the variation of material propertles
due to temperature

The dimensions of a typical specimen (a solid cylindrical
- bar of sffaihlesé sEeel) used in dieless drawing eXperiments are
shown in Fig., 28*. The ‘approximate variation of the‘temperature
along the length of éhe_bar obtained during an experiment using an
optical pyrometer is shown in fig. 30; For the present caee the
variation of the temperature along the radial direction of the bar
is neglected.

It has been found experlmentally that the material prop-

erties of the stalnless steel at hlgher temperatures varied con-

* All experimental data used in this Chapter were made available
by the kind permission of Mr. T.W. Turner, Research Assistant,
Department of Mechanical Engineering, Imperial College.
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siderably from those at lower temperatures. Fig. 31 shows
several plots of stress-strain data for the EN 58J steel used
for this analysis at four different temperatures. A stress-
strain relation of the form & = SR (1 + B-ép)n was assumed

and the values of 05, B and n were evaluated using the method
described in Appendix B. Ihese values for the four temperatures

800°

, 900°, 1000° and 1100°C are shown in Table 2.

The values of plastic modulus Ep, necessary for the finite
element analysis is evaluated by interpolating the values of Ep at
the two adjoining temperatures, for the same value of the equiv-
alent plastic strain ép. When the material moves-during the
deformétion the corresponding new temperatures at every element
are evaluated ﬁsing the given temperature profile,

. The variation of the temperature along the specimen gave
rise to a somewhat different form of unloading when elements after
entering the heating coil, moved away from it. Such elements
chapged from the plastic state to the elastic state due to the
hardening of the material from coolinge The~equiva1ent strain
and the stress éf theée elemeﬁts did not drop during unloading
as in the usual case,.but'the matefial properties changed on cooling
giving a higher value of yield stress which made the element elastic.
This is illustrated in fig. 32.

8,1.2 An approkimate theoretical solution for dieless drawing

It is possible to obtain an approximate solution to the
problem of (steady state) dieless drawing of circular bars by
assuming plane sections remain plane. For convenience, the coil

is assumed to be stationary and the two ends to be moving with
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velocities v, and v, (fig. 33).
Assuming the material to be rigid-plastic (and hence in-
compressible) we have,
E_ + €E_+ € =0 - (8.4)

r 1=} Z

whsfe &, ég and 'éZ are the strain rates in the r, o and z direc-

tions.

. U u DV

1l eCu ar + r + Z = O . (8.5)
- ov _

or Y (ur) + = = 0

where u and v are the velocities along the r and z directions.
Velocities
Assuming the velocity V over any cross section to be con-

stant, we have

- = V , . .
Av Al 1 N (8 6).
A,V
1 1
Hence_ VvV = 5

where A = area of cross section and
suffix 1 denotes the entry section.

Using equation (8.5) and (8.6) we have,

. AV
13 1 1 2A
T ar (U. r) = 2 aZ (8.7)
A
Solving for u in (8.7) and noting that u is finite at r = 0,
A v .
r ©1 1 aa
u == _— (8.8)
2 A2 dz )
Strain rates
. au M Y1 oaa ,
ér = -é? = -——-—2-— —C-l; : (8.9)
2A »
=== £
r [~

Hence € = - 2€ =-2¢& (8.,10)
z r e
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NN

Strains
Strains are obtained by integrating the strain rates
with respect to time. Therefore we have,
2 fé‘ dat € 4 (8.12)
= = ) ®7aE © .

where § = displacement along z direction,

iece ' ' .
z . z
o ' o .
Substituting (8.9) and (8.11) we get,
N .
z - _f an
A
Al :
A1
="log — . (8.14)
Equation (8.14) can also be obtained directly.
Hence, ¢ _ = € = -2€_ = - 2¢ ’ (8.15)
zZ r o

Stresses

Using the Levy-Mises relations for a rigid-plastic material

we have,
O—' =-g-§é
r 3¢ r
--<
-7 3
S
| B |
Hence % T %% T3 -
25
| I ey
and @, =3 (8.16)

where 0}}, o;' and ‘52' are the deviatoric stresses in r, ¢ and z
directionsa.

Using the condition that o, = 0 when r = r outside, We.get,
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where S is the mean stress,
Hence o= & | - - (8.17)
forces
Equilibrium along z-direction gives
A(TZ = F at all sections,
Hence AG=TF . (8.18)

Stress-strain relationship

At a given temperature and neglecting the strain rate effect,
the following stress-strain relation has been found to fit most of the

materials.

& = o (1+BE) : (8.19)*

where T B and n are constants at a given temperature.
Using equaticns (8.18) and (8.19) we get,’

F=A o (14 Bz (8.20)

f;. n(T)
A

i.e. F ) (8.20a)

A o (T) (L + B(T) log

+In eqUatidn (8.20a) the unknowns are the temperature T and the area,
A. If one is known the other can be obtained by solving equation
(8.20a).

To find the temperature distribution knowing the profile

Considering any section of area A, we have,

g - &
A
. Al
and S = log-x—

* Note In general however,
G=f(8,&,T | (8.19a)

and if it is possible to obtain such a function for the material con-'
sidered, equation (8.,19) should be replaced by (8.19a) ’



- 69 -

Now, Fig. 34 illustrates the method to obtain the corresponding

temperature T.

Let the two closest upper and lower stresses to at € , be ©

1

and cfz at temperatures Tl and T2.

T can now be obtained by interpolating between temperatures

Tl and T2.

To find the profile given the temperature distribution

Evaluate the coefficients cb,B and n for the given tem-
perature T. The area of cross-section corresponding to this tem-
- perature is obtained by the solution of equation (8.20),

Al n
i.e. F=A0‘o(l+Blog—A).

An alternative method is to tabulate the temperatures and the
areas from tﬂe previous method énd interpolate to obtain the profile
for a given témperature distributione
Solution

A computer program was developed to predict the temperature
distribu;ion knowing the profile of the deformed zone. Experimental
" data Were‘available for a 1.5"7diaméter cirpular bar of EN 58J steel.
The experimentally obtainéd profile is shown in fige 35. The reduc-
tion obtained was 2.58 with the coil moving at 0.85 in/min and the free
end moving at 1.347 in/min. The load on the specimen during the steady-
state was 4.8 tons. The material properties of the EN 58J steel are
shown.in fige. 31, and table 2. The theo;etically predicted temperature
distribution isvshown in fig. 36. The variation of stresses, strains

and the velocity are shown in figs. 37 and 38 (Table 3).
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8.1.3 Finite element soclutions

Three major approaches were made to obtain a solution for
the problem of dieless drawing using the finite element method.

The first was the usual method which allows a fixed number of elements
to yield at a timé and/or the elements having a yield stress greater
than 0.95 of the initia} yield stress at that temperature. The
primary disadvantage of this method was the large amount of computing
time used, due to the large number of iterations required for the
convergence of the stresses, within any load increment.

The second method was used without any iteration within
a load increment, but using the fourth order Runge-Kutta method to
obtain the so}ution to the next step. This method is computationally
superior to the first method, providéd the number of iterations required
for convergence in the first is greater than 4. The method was used
with prescribed displacements throughout, instead of automatically deter-
~ mining the incremental step to make a fixed number of elements yield.

The third method combines the approximate theoretical method
with the finite element method.  In this method, a finite element
anélysis is performed on the final deformed shape; of the specimen
in the steady state. Approximate stresses and strains are first‘
evaluated using the approximate theory and are used for the finite
element analysise.

The mesh idealisation used in the first two methods for the
cylindriéal specimen of EN 58J steel is shown in Fig._29. One.half
of the bar was cdnsidéred due to symmetry and was idealised into'96
triangular ring elements and 68 nodal points.  For simplicity the

heating coil (i.e. the temperature profile) was.assumed to be. fixed .
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" and the two ehds of the specimen were assumed to be moving, with
different Qelocities. A reduction of approximately 50% was
required for tﬁis case and one end was therefore moved at apérox;
imately twice the speed of the other end, producing the effect of
the moving coile. |

The finite element analyses on the bar were carried out

using small incremental steps. In the first method the steps

were automatically controlled by the number of elements going plastic
up to a certain load and then fixed displacements were used. In
the second method all the increments were manually controlled ﬁo
give the desired deformation in a reasonable number of load incre-
ments. It has been observed during trial runs that it is more
accurate to use automatically controlled incremental steps during
the initial stages of the plasticvdeformation. However when the
plagtic zone became sufficiently large very slow or no convergence
was experienced using this type of control, and manually controlled
prescribed displacements were given to obtain rapid convergence.

For the third method, the finite element analysis was per-
formed on the deformed shape of the specimen iﬁ>the steady statee
" . The mesh idealisation-used for one half of the specimen is shown in -
Fig. 42. The deforminé zone was- idealised into 120 triangular
ring elements and 84 nodal points. Again the heating coil wéé
assumed to be stationery and both énds moving. The reduction ob-
tained for this case was 2.58 and therefore the velocity ratio
of the two ends was used as 2-53-

The material properties for the EN 58J steel used are

shown in Fig., 31. The predicted temperature distribution, stress
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and strain distributions using the appfoximate theory are shown

in Figs. 36, 37, 38. This temperature distribution was assumed
for the finite element analysis. The elements of the specimen

were assumed to be work hardened (to an extent depending on the

reduction, therefore the position of the element) and an initial
strain equal to that given by the approximate theory was assumed
for all the elements*. ‘ The loading was applied in small incre-
mental steps until the whole specimen became plastic.

The last method indicated does not provide a solution
on its owne The method was used mainly to check the accuracy
of the approkimate theoretical method and to provide a better
stress diétribution for the- specimen. The stresses obtained
Qsing the first two methods were not found to be accurate.

(For example when compared with the results from the approximate

theory they were found to be too high.

8.1.4 Results and Discussion

.The finite element analysis was applied to the undeformed
specimen using émall incremen£a1 displacement stepse. The'displéceu
ments up to about five load increments were controlled automatically
to make approximately six elements yield during each increment.

The temperature distribution assumed for this analysis is shown in
Fig. 30. The spread of the plastic enclaves during the early stages
of loading is shown in Fig. 39. The plastic zone first occurred at

the sectlon of highest temperature and then spread towards either

end during the early stages of deformation.

* S. Kamyab, Private Communication, 197l.
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The subsequent load increments were applied in steps
varying from .002 to .02 inches cantrolled manually. During
these increments the plastic zone d.d not extend appreciably
any more and was positioned around thé high temperature zone.
Elements entering the heated zéne became plastic and elements
leavirg the heated zone became elastic once againe.

The deformed shape after ninety load increments when the
specimen was extended 1.8 inches is shown in fig. 40. The specimen
sﬁarted necking at the point of the highest temperature and as can
be seen fréﬁ fige. 41 the necking seems to be extended over a large
region due to the relative motion of the heating coil. The necking
is not localised as for exagple in a cold or hot tensile test but
spreads over a long region fairly smoothly. The deformed shape
after one.hunéred and eighty load increments is shown in fig. 41.
The comparison with the experimentally obtained profile is shown
in fig. 43, and seems to be in good agreement. The time taken
for the complete run was about 1800 seconds in the C.D.C. 6600 com-
puter. As is shown by the dots in fig. 41 (which were equally
placed along thé specimen before deformation) the extension is greater
;n the middle of the section compared to the ends, as is to be ex—
pected. | |

The results obtained using the first and second methods
are very'similar althdugh thevfirst method showed no covergence”for
larger load increments. 'VThus a great number of load iﬁcrements
(about three hundred) were required for the first method involving

about twice the computer time required for the second method. The

superiority of the fourth order Runge-Kutta technique is very well
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demonstrated here. Due tq the close similarity of the two sets

of results obtained only one set is presented here. The strain
and stress variation along the length of the bar is shown in fig.
44, It can be seen in comparison with the approximate theoretical
solution that the strains seem to agree fairly well although the
comparison for stresses does not seem very good. The theorétical
solution given here is very approximate as it assumes plane sections
to remain plane during deformation and hence there are no radial or
tangential stresses, These assumptions are obviously violated par-
*ticularly for larger reductions, the deviation from the true st;te
becoming less for smaller reductionse.

‘Towards the last few load increments the solution of the
simultaneous equations (using the Gauss—Siedel iterative technique)
took an increasingly longer time to converge. This indicates
that the overall. stiffness matrix is not well conditioned for these
increments and hence the results obtained may net be very accurate.
During further increments of load the sbecimen necked véry slowlys
-the rate géing very small compared to the initial stages. The
loading proéess was however stopped, approximately when the necked
diameter reached the desired reduction.- One of the reasons for
this localised slow necking may be the inaccuracy of the solution
obtained during the last stages. Another reason of course may be
the dielesé drawing process iéself; which seems to work well for
certain materials but not for othefs.

The third megﬁod used, assﬁmes the deformea shape of the
specimen and an approximate gtate of strain in order to obtain the

varying degree of hardening along the specimen, This determines
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the.corresponding plastic modulus for the material along the
length of fhe bar. The temperature profile obtained from the
approximate theoretical solution is assumed. The reduction
obtained for this case is 2.58 and therefore the two ends of

the specimen were moved in that ratio. The loading was applied
incrementally as before.

The stress distribution along the length of the specimen
when almost the whole specimen was plastic is shown in fig. 45.

This state was achieved after twenty load increments. The stresses,
along the radius at any section, did not vary appreéiably. This

is shown in fig. 46, where the stresses are piotted at various
sections along the length of the specimen. The stress distribution
along the length agrees fairly well with the theoretically obtained
stress distribution. ‘

It can be concluded that the finite element method is
capable of giving an approximate solution to some large deformation
elastic-plastic problems. The displacements and the strainé ob--
tained using this method seem to be fairly accurate but not'the
stresses. An alternatiﬁe method is suggested to obtain the stresses.
. This assumes the final deformed shape, and the loading is applied from
this position and assuming a stress free but work hardened body. The
stress distribution when the whole body becomes, plastic may give an
approximate so;utidn, to the state of stress within the body during

‘the actual steady state deformation.
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8.2 The Steady state plastic flow broblem

This type of problem is found mainly in the processing of
materials ;nd a few exampies would be extrusion, rolling and wire
drawinge. Although a point in the material will have varying
velocities at different times the velocity field with respect to a
co—ordinate system fixed in space will remain the same during the
steady state. It is not possible to obtain a complete solution to
this problem using the displacement method of finite elementse. How—
ever the displacement method can be used fo solve the transient stages
of such a process and to approach steady state solution. As the
steady state is approached the stiffness matrix will become veéy ill-
conditioned giving finite displaceménts for infinitesimal increments
© of loads and a realistic solution to fhe problem méy not be possible,

The problem may be solved in an alternative way using the
stream functiéﬁ { and its derivatives as the basic unknowns instead
of the usual displacements. It would be'possible to obtain a kine-
matically admiséible velocity field using this method, but it is
difficult to predict whether this method will provide a statically
.admissible stress fiéld owing to the unknown hydrostatic stress.
Theory

Considering“the general axisymmetric case of steady state

plastic flow, we have,

13y

r 3z

I

(8.21)
r 3r
where { is the stream function .
and u, v the velocities along the r, z directions.

The strain rates can be expressed as,

_ou
éf T ?dr
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; u
=T (8.22)
- AV
& = dz
. ., v
€rz =3z T or

Now assuming a polynomial approximation for § for the type of

element considered, we can obtain as in the displacement method

€ - BS - (8423)
where § = £ (§, u, V) at the nodal points. Using the Levy-Mises
relations for the rigid-plastic material (neglecting the effect of

elasticity) we have,

laj

o' = ré=2Z ¢ - (8.24)

™

.

where &' are the deviatoric stresses and ¢ are the strain rates.

The rate of work done can be written as

. T
W = chﬂ e dv (8.25)
The solution to the problem is obtained when the total rate

of work done becomes a minimum, i.e.

LA

oE = (8.26)
. _Q;.{ LU ‘
i.ee Y J9' € dv = 0 . 4 (8.27)
This leads to a set of simultaneous equations of the form,

Kf = o |  (8.28)

where £ are the unknown ¥, u and V at the nodal points. -

The stiffness matrix K involves terms of & and & and has’
to be known approximately before the anal?sis. After the solution
new values of & and € can be used again in equati@n (8.28) to obtain
better values of & and % . The process of iteration can be accel- °
.erated by the use of a numerical technique such as the Newton-Raphson

method., The strain rates and hence the deviatoric stresses can be
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readily obtained from the known values of £ . The hydrostatic
stress not being used directly in the work rate function is not
available directly. It may however be possible to obtain the
hydrostatic stresses indirectly by using the equilibrium condition

at the nodal points.
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CHAPTER O

9 CONCLUSIONS AND DISCUSSION

The finite ?lement method is a powerful tool in the
solution of many nonlinear problemse. The method is ideally
suited for the analysis of elastic, elastic-plastic and large
deformation problems. In the disélacement method of finite
elements used.here extensively, approximations are made only
in the displacement function assumed for the particular element.
considered and further approximations are very often unnecessarye.
The real advantage of the method is its possibility of handling
complicated shapes and almost any boundary condition without much
difficulty. . The disadvantages are of course the large storages
and times required by the computer to solve large practical pro-
blems. The advantages in mdst éases seém to 6utweigh the dis-
advantages, (which keep on diminishing with the advent of modern
high speed digital computers having 1large core storages) and the
method seems feasible for the solution of many practical problems.

The tangentiél stiffness method has been uéed for the
present analysis due to the combined n@ture'of the nonlinearities.

- belegred +o bt .
This method isAsuperior to the alternative initial strain or ini-
tial stress methods when large deformgtions are experienced to-
gether with plasticity. Any other forms of nonlinearity can also
be incorporated without much difficulty as the overall stiffness
matrix is changéd in any case after every increﬁent.

‘For the evaluation of the stiffness of the element two

distinct methods have been suggested. First is the 'Cartesian
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stiffness' method due to Turner (72) and others. , The second method
is due to Argyris (4) and is known as the 'natural mode technique'.
The former is simpler and .. easlier to program for the case of
the triangular element and is adopted here for the plane-stress and
the axisymmetric casese. The latter is
o . uged t» deriwve the
stiffnesses of the plane-strain aﬁd three~dimensional TET4 elements.
The effect of plasticity has been taken into account using

the Prandtl-Reuss relations and the yield criterion of von-Mises
. although any other form can be readily substituted by replacing the
function f in section (2.3). This has not beén aﬁtempted in tﬁe
present work as it is well established that the beﬁaviour of most
metals can be very.closely represented by the Prandtl-Reuss relations
and the von-Mises yield criterion. The nonlinear stress-strain
relationship for most metals can be approximated by the law & =
Cz (1L +B Ep)n and this is adopted throughout the presentlanalysis,
experimental values being used to fit the best possible curve.

.Some'difficulty was experienced in trying to fit experi-
mental values to the given stress-strain law. There does not seem
to be a consistently accurate method which ﬂould work for most cases.
Several methods have been suggested in Appéndix B, even though most
of them give different answers for the values of T B and n. The
Gauss—Newton.method and the simplex direct search method do not
neéessarily give a solution to certain experimental data. *It seems
" that good starting values of Gb; B and n ére necessary to obtain
an accurate solution from these techniques. A method suggested

by Alexander* seems to give at least an approximate answer most

* J.M. Alexander - private communication.
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of the‘time. The results obtained by this method (which minimise
the log of the function, but does not require a starting solution);
although fairly accurate are not usually the same as obtained by the
other’methods. An alternative and a somewhat better method would
be to get a startiég point from the last method and to use the
simplex method of direct search to obtain a better solution.
The nonlinearities arising from the large displacements
are dealt with in two alternative ways. The first is the usual
approach of using the Green's strain tenéor to obtain the additional
'*Initial displacement' and the 'Initial stress' matrices, The second
is to obtain the 'Initial stress' or the 'Geometric matrix! using
natural modes. The two methods in the present work have been used
intuitively although the first leads to the Lagrangian approach with
reference to the initial configurétioﬁ, and the second to the Eulerian
approach with reference to the current configuratione. HoweQer by
proﬁerly defining a local co-ordinate system the first method can be
used with the Eulerian approach as well, which consequently diséards
the 'Initial displacement matrix'. 'Initial Load' matrices (19)
‘would be present for both cases, but it has been shown that these
~ vanish for the simplé;t case of a constant strain triangular element.
The Lagrangian;approach givés rise to the Green strain tensor
and the Kirchoff stress, while the Euierian approach gives the Euler
strain tensor and the Euler stress. These two strains and stresses
can be related in terms of.thercurrgnt and the initial configurations.
Both approaches have their own advantages and disadvantages. With
large strains together with large displacements, the existing small

strain constitutive relations may not be valid and proper constitutive
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relations may have.to be found. = Furthermore the strains and the
stresses have to be referred to the proper configuration; the
stresses in the Eulerian_formulation being also the true stresses.
In the Lagrangian formulation the stresses obtained are the |
Kirch;ff's stresses which can be transformed into the true
stfesses (19).

‘The methods used for the determination of the proper load
increment and'allowing more than one element to yield at one time
was found to be quite satisfactory. The two methods have been
combined together to be more efficient and were used to obtain the
solution for most of the problems givén here. This was found to
be particuiarly advantageous during the early load increments where
the plastic region is still small compared to the elastic region.
When the plastic zone region spreads out during subsequent load
increments the step size is controlled manually to give the desired
deformation within a reasonable number of steps. It was found
that fast convergence of the stresses witﬁin a load increment
was achieved by the use of small load increments.

fhe iterative technique used for the convergence of the
stresses within an increment did not show any convergence or conver— '
ged slowly for certaig cases and for‘relatively large load incre-
ments. A non-iterative technique, the fourth order Runge-Kutta
‘method was used for such cases and was found to take less compqta—
tional time. For load increments where the iterative method took
long to converge (mpre thén 4 iterations), the Runge-Kutta method
was found to be computationally superior. Tbe Gauss Siedel iter-

ative method was used to solve the overall stiffness matrix. Sev-—
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eral ofher altefnative methods have been suggested but it has
been found that this méthod is the fastest available for the
solution of a large number of simul£aneous equations and -is
adopted here for all the problems considered.

The proéram developed was used to obtain the solutions
for the two known problems in Chapter 6. The material was
assumed to be elastic-plastic, but only small displacements
were considered. The results agree well with the existing
theoretical and experimental solutions. It was noted that a
higher degree of accuracy was obtained using the second mesh
idealization for the thick Walled cylinder although the same
number of elements were uséd in both cases.

The two plate problems represented good examples of
combined nonlinearitye. The blates under deformation had three
distinct regionse. The elastic region near the edge of the plate,
the elastic-plastic region in the middle and the distinct large
deformation elastic-plastic region near the edge of the hole.

The large deformations were lpcalisgd and did not extend over the
whole elaétic—plastic region. .The finitg element solutions ob-
tained agreed well with the theoretical and the experimental
results.

»An attempt was made to give a solution to the more dif-
ficult problem of Wdieless drawing' using the finite element method.
Thé displacement method of finite eiements is not capable of
giving a complete SOluﬁion fo a steady-state problem in which the
. forces of deformation remain unchanged. The displacement method
provides increments of displacements for increments of the load

or vice-versa and also the corresponding increments of the strains
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and the stresses. In a steady state problem there are finite
displacements for no further increase of the ioad, and this

from the displacement type of approach is not feasible unless

the s?iffness matrix becomes singular. For such a case there
will be an infinite number of solutions in general and hence the
solution scheme would fail. However, a steady state type solu -
tion may be approached using the displacement method incrementally
until nb convergence is obtained for further load increments.

The finite element solutions obtained for the dieless
drawing‘problem are not very accurate. Some accuracy is sacrificed
in order to save storage and computer time. The use of larger
eleménts asd 1ar§e incremental steps may have resulted in some
errors particularly for the stresses. However, the agreement
obtained with experimentally obtained profiles during steady
state deformation is very good. The strains obtained are also
of fhe same order as the approximate theoretical solution but
the stresses are overestimated.

An alternative abproximate solution is suggested for this
’problem. It has been noticed that the solution is very sensitive to
change of stress—strq?n data with temperature. Unless these data
have beén obtained fairly accurately; the solutions may not be useful
at all, The effect of strain-rate should also be taken into account
to prééict better results as was shown by some of the experiments
with stainless steel and titénium. The stainless steel specimens
always tend to go into a deep neck without going into tﬂe steady
state whilst the titanium specimens get into the steady state

without much difficulty.
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- 961 Suggestiéns for future work

The finite element method has been used extensively in
the solution of problems in all areas of Engineering and Science.
With the advent of modern high speed digital computers very com-

plicated problems can be solved economically using this method.

The method suggested here should be useful for stress
analysis problems and the analysis of large deformation elastic-
plastic problems. The present method may be improved and ﬁodi_
fied to provide more accurate solutions using lesser computer
storageé and times. Although some attempt was made to economise
on the storage and time, extensive research was not carried out in
this direction. The elements too can be improvéd by assuming
higher polynomial displacement functions and using curved edges.
The use of three-dimensional elements for nonlinear cases with plas-
ticity_and large deformations should be investigated. Although
a pfogram was developed for the TET4 element and several trial runs
made no proper problem was solved using this program. The limita-
tions of the use of such a'program‘is mainly due to the storage
and time limits in the computer.

The displac?ment method suggested is, however, not very
suitable for the solution of steady étate problems. As stated in
chapter 8.2 a different formulation using the stream function §
and its derivatives may be more suitable for such an analysis.
Several inferesting.metal flow problems may be solved using the
suggested formulation. It wouid be comparatively eésy to obtain
a solution for a kinematically admissible velocity field using this

method, but whether it is possible to find a direct solution to the
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" stress field is not very clear, due to the absence of the mean
stress in fhe work rate function. This may be evaluatea in-
directly, perhaps, by considering the equilibrium of the forces
and‘the stresses at each nodal point.

The displacemeﬁt method on the other hand is very suit-
able for unsteady elastic-plastic problems with large deformationse.
The method would be ideal for instance, for the analysis of stresses
around.cracks. Here it would be interesting to see the effect of
large deformations on the distribution of the stresses. The method
would be also applicable for éther stress analysis problems.

The problems of forging, indentation and other similar
unsteady problems may be solved.using this method.  The boundary
conditions, of course, would present some difficulty especially at
the interface where the frictionai conditions are unknown. This
probably would have to be evaluated experimentally or several runs
may be made with varying frictional properties to predict a correct
solution. |

( Another area in thch this method may be useful is for
the determination of collapse load conditions and break down analysis
~in bodies and structures. The tangential- stiffness-method can be =~
used very effectively hére, taking into account all the forms of
nonlinearities and carrying out the analysis step by stepe.

‘Some research has been made into the application of the
finite elément ﬁethod'to soil mechanics (38). The method suggested
here would be very suitable to analyse the plastic deformation of soils,
after substituting a suitable yield criterion and flow rule for the

1
particular, soil concerned.
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LOADING Ep=220 ;p:o

I 0.617 0.620

IT 0.665 0,660
ITT 0.778 0.770 .

v 0.880 0.870

v 0.983 0.960

VI 1.022 0,990

le)
Values of 2 m/ oy

Table 1
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T ¢ S5 T/in2 B n

" 800 7.872 25.05 0.2238

900 5.145 24.78 0.1851

1000 2.571 25.95 0.2262

1100 - 0.953 18.27 0.4689
Table 2

Material Properties of EN 58J Steel-




SPECIMEN MNO. 101

LOAD ON THE SFECIMEN = 4.80000 Tons

o NO. DISTANCE
1 0.0000
2 .2000
3 5300
% 6000
i 5 8000
: 6 1.G000
. 7 1.2000
| 8 1.4300
9 . 1.6900
10 1.8900
11 2.,0000
12 202100
13 2.4000
14 2.6000
15 2.8900
16 3.0000
o 17 3.2400
oo 18 34000
- 19 3.6000
e 20 2.8000
o 21 e 0000
o 22 42300

DIAMETER"

1.50419
1.4960
1.4940
1.4870
1.4760
1,4620
1.4360
1,4140
1.3840
1.,3550
1.3240
1.2930
1.2520
1.2190
1.1730C
1.1240
1.0770
1.0280

9870

« 3530

9378
9330

4

TEMFER, ‘¢

994, 36
396,743
997.87
1801.79
1807.98
1313.76
1020.86
1024,.66
1927.75
1929.08
1029.05
1027.72
1524,05
13019,.,53
1610.73

938.94 .
991.35

981.81
872.37
964.79
958.78
957.58

TABLE 3

TIM}

STRESSS'

2.71624
2.73078
2.73510
2,7639%
2.8(G529
2.85927
2,9€375
3.05669
3.19064
3.322868

3+,€5555
3.829899

 4,11285
T4 .44175

4,83746
5.,2€889
5,78315
6.27359
6.€5916
6.96039
7.02081

STRAIN

0.00000
+ 00534
.0108uU2
»31741
«13226
«05132

08721

«118139
«16087
26333
+ 24362
«2971310
36145
41487
«43180
«57714
66257
« 75570

(B3710

+85675

\94107

« 94963

in[s
VELOCITY

85000
85455
85684
86493
37787
89476
.92745

W95654

«99846
i1.041€5
1.091060
1.14384
1.220N9
1.287C5
1.38997
1.51288
1.64881
1.80974
1.96321
2.08387
2,17832
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On the geometrically similar expansion of a hole
in a thin infinite plate

By J. M. ALEXANDER AND J. 8. GUNASEKERA
Department of Mechanical Engineering, Imperial College, London, S.W. 7

(Communicated by H. Ford, F.R.8. — Received 20 May 1971)

The problem is considered of expanding a central cylindrical hole from zero radius in a
thin infinite plate of conical profile such that, initially, thickness is proportional to radius,
chosen so that geometrical similarity is maintained. A previously incorrect theory is modified
by using a matrix formulation of the equations suitable for iterative solution on the digital
computer, and the predicted profile of the plate is compared with that found from an experi-
ment performed on a finite mild steel plate of conical profile. The Prandtl-Reuss relations
for the largoe deformation eclastic—plastic flow of a work-hardening material obeying the
Maxwell (von Mises) yield criterion are used.

Apart from the intrinsic interest of obtaining a complete solution to a problem of this
type, the solution will be used to provide a valid model against which to test solutions
obtained by finite element methods for large deformation elastic—plastic analysis.

Notation

current radius of hole

constant, = K /noy, in empirical stress—strain relation @ = (1 + Bép)®

current radius of elastic-plastic interface

Young modulus
D plastic tangent modulus, = d&/de,
= hfr
current thickness of plate at radius r
initial thickness of plate at radius r,
current gauge length in tensile test
initial gauge length in tensile test
2 tan io
constant in empirical relation & = oy(1 + B&p)?
number of experimental points for curve fitting
current radius to any element
initial radius to any element
time
outward radial displacement of any element
outward radial velocity of any element defined by v = du/dc,i.e. c used as

the time scale
angle generating surfaces of the plate in which &, = mr,
d+VE-v)
radial, circumferential and axial logarithmic strains
effective or equivalent plastic strain, = In (/l, — &/ E)
[ 361 ]
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e R
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€pi equivalent plastic strain (observed)

dA incremental parameter in the Prandtl-Reuss relations, = $dé,/o
v Poisson ratio -

g hydrostatic component of the stresses, = (g, + 0, +7,)

g,, 0y, 0, radial, circumferential and axial stresses
a,, 04, 0, radial, circumferential and axial deviatoric stresses, e.g. 0, = 0,— 0

T effective or equivalent flow or yield stress
i equivalent yield stress (observed)
o initial yield stress
¢ =r/c
Notes

Dots denote time derivatives with respect to ¢, thus

. _de, © (du) v

“=q " F\de) "o
e_idu_v

¢~ rde r

- dh

h= I3 for example.

Incremental quantities denoted thus: 3e¢,, 87,, 3A ete.
Matrix quantities as defined in the text A, b, &
Transposed matrices denoted thus: 2T

INTRODUCTION

This problem was first considered by Alexander & Ford (1954) as part of a general
investigation of the process of expanding a tube into a boiler plate. Although the
actual geometry of the plate is more closely represented by considering it to be a
thin plate of constant thickness, such a plate could not maintain the geometrical
similarity necessary to enable the benefits of deriving a one-dimensional solution
in which all variables may be postulated to be functions of the single parameter
¢ = r[c as originally suggested by Hill (1949). For this reason a conical plate of
initial profile k, = mr, was considered by Alexander & Ford (1954) with the re-
striction that the angle o = 2tan—{m should be small enough that plane stress
conditions of axial symmetry could be assumed (see figure 1).

The problem has been considered by many investigators. Taylor (1948), Hill
(1949) obtained solutions for the plastic straining of a flat sheet using the criterion
of von Mises for a non-work-hardening, rigid plastic material. Hodge & Sankaran-
arayanan (1958) extended the solution for isotropic hardening materials, using
Tresca’s yield criterion.

Two papers by Nordgren & Naghdi (1963 a,b) deal with twisting and expansion
of a hole in an elastic—plastic plate and a rigid-plastic plate respectively. The former
deals with infinitesimal strains while the latter includes the effect of finite strains.
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Rogers (1967) obtained a complete analytical solution for an elastic~plastic non-
hardening material obeying Tresca’s yield criterion and the associated flow rule.
Several papers by Chern & Nemat-Nasser (Nemat-Nasser 1968; Chern 1969;
Chern & Nemat-Nasser 1969, 1970) analyse the problem of expansion and twisting
of a hole in a plate for a number of conditions. Nemat-Nasser (1968), Chern (1969)
used Tresca’s yield criterion and assumed the material to be rigid-plastic with iso-
tropic strain-hardening and kinematic hardening respectively. Chern & Nemat-
Nasser (1969) then used the yield criterion of von Mises and its associated flow rule

—1=_| (@)

B

(6)

elastic—
l plastic
|

interface

F1cUrE 1. (a) Initial profile of conical plate; m = 2 tan ia.
(b} Deformed profile; ¢ = rfc, H = h/r.

for a rigid-plastic material. Finally, Chern & Nemat-Nasser (1970) assumed the
material to be rigid-plastic for finite and elastic—plastic for infinitesimal deforma-
tions.

Chakrabarty (1971) has obtained an analytical solution using Tresca’s yield
criterion and the associated flow rule for a linearly work-hardening material, but
the solution is restricted to be only for infinitesimal strains.

The present solution attempts to cover all the conditions considered in the other
papers together and hence is valid for finite strains and for elastic—plastic materials
with isotropic hardening and obeying the yield criterion of von Mises and the
Prandtl-Reuss relations.

Rogers (1967) pointed out that for a geometrically similar solution the dimension-
less parameter H = h/r must be considered as a function of ¢ = r/¢, and not the
actual thickness % as incorrectly formulated by Alexander & Ford (1954). By
adopting a plate ofinitial profile &, = m#§ he obtained solutions for plates of various
profile, including the flat plate (» = 0). However, only the plate of conical profile
(n = 1) can satisfy the condition of geometrical similarity, so attention will be re-
stricted to that case in the present paper.
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THEORY

The initial geometry of the plate (figure 1) is defined by the equation
hy = mry,, where m = 2tanla. (n

For geometrical similarity it is convenient to express all variables as functions of
the single dimensionless independent variable.

¢ =rlc. (2)

If o is sufficiently small, plane stress conditions can be assumed so that o,, oy
and o, are all principal stresses with o, zero. For an annular section of the plate
equilibrium of the stresses requires

h
2 (o) +2(0,—0p) = 0. )

All the dependent variables in the geometrically similar solution are dependent
on ¢ only, with the exception of % (which is also dependent on ¢ as pointed out by
Rogers (1967)) so that the following transformation relations introduced by Hill
(1950) can be used, where v is the outward radial velocity of any element, ¢ being
used as the time scale in place of time ¢ and u is radial displacement

du du
=3’ (4)

if de/dt is conveniently taken as unity

8 9 d
or or d¢

8 pd_ rd_ 4d 6
%" ddag - Rdg- ¢ dg’ (6)

1d
=z dg (5)

since ¢ = r/c. The total differential 8¢ can be expressed as

a¢8 +a¢86— Br— ¢Sc.

B¢ = m
and %=%%;
hence % — ”;?5 % 1)
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Although the current thickness  at any radius r is dependent on both ¢ and ¢, it
is possible to define a dimensionless thickness which is independent of ¢, namely

H =hjr (8)

to which the transformation relations (5), (6), (7) can be applied.
The principal strain-rate-displacement relations are
. v

=% Q=1 &=7. (9)

The Prandtl-Reussrelations, with o, = 0, may be writtenas

8¢, = (1/E) (da,—vday) + 0,87 (10)

e, = (1/E) (805 —v80,) + 075 BA (11)

Se, = — (v E) (S0, -+ 8ap) + 0, (12)
where 3N = 386, /.

Addition of these equations gives the compressibility relation
e, + 86y + 8¢, = {(1—2v)/E} (37, + Bay). (13)
The Maxwell (von Mises) criterion of yielding, with ¢, = 0, is
72 = 302+ opt + 02) = 0%+ 0f -7, 0. (14)
The differential form of this is
2680 = (20, — 0y) 80, + (20— ,) 8oy (15)
The tangent modulus is defined as

Ep = dE/dEp. (16)

To obtain a numerical solution to the problem it is necessary to write these
equations in incremental form. Dividing equations (10), (11) and (12) by &c to form
the total differential components €,, & and &, and substituting relation (9) we obtain

v 1(do, dog|  3o,.dép
5‘1@['@‘”@}%%@ (10a)
v 1fdey, _do,|  30,dé

;—E{—dc ‘”d—c}+§‘-5 e’ (11e)
1dh  v(do, doy| 3o, dé
hdc E{d_c W}Jf'z“a‘—c- (12a)

Substituting b = Hr, i.e. b = Hgc

1dh 1dH 1dp 1 1lo—¢pdH o
Pl "B T Tgdc T cTH ¢ dp Top (16)

we have
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Now, using transformations (5) and (7) we can reduce (10a), (11a) and (12a) to the
following relations

1 dv do, da‘o 20,— 0y dép
Plag T (1ot)
v io_'g do,) , 205—0, dép 11b
93" E\dp "W T dap’ (115)
1 v 1 dH_ dO' do'g O'+O-gde
RS SRS (At o Rt (12)
In terms of H, the equilibrium equation (3) is
0
a_T(HTO-r)_"H(O-r_O-B) =0,
dH do,
or v +OH —+H(20,—0,) = 0. 3a
40,35+ HH G F+ (20, 7) = (30)

The incremental forms of these equations which can be used for a solution are
most conveniently written in matrix form by defining an unknown 6 x 1 column

matrix & =[80, B0, & 0&¢, Oov GSHIT. (17)

The equations are displayed in (18).
(The equation number from which each incremental equation of the matrix has
been derived is shown on the appropriate line.)

20,—0; —1 TTo 7] [ ]

1 v
v 1 20, —0, v 3¢
v v O+ 0y 1 | —v 3¢
T Vi 0 T 0 Vi & d ¢ (12b)
(20,—0,) (2oy,—0,) -2 0 0 0|86 0 (15)
H 0 0 0 0 oa.|]| & H(oy—20,) %b (3a)
0 0 1 —-E, 0 o0j|8H| | 0 1. (18)
These equations can be written compactly in the form
Ax=0Db, (19)

where A is the 6 x 6 matrix on the left of (18) and b is the 6 x 1 matrix on the right
of (18).

The set of six nonlinear simultaneous equations can be solved iteratively using
a suitable numerical procedure. The solution to the problem at ¢ = 1 (i.e. at the
elastic—plastic boundary) is known and hence the solution at a point ¢ + 8¢ may be
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obtained iteratively using equation (19) until the required degree of convergence is
obtained. The solution procedure is repeated for other successive points until the
edge of the hole is reached.

In the present solution, stepwise linearity is assumed for the set of nonlinear equa-
tions and therefore very close steps are chosen (initially 8¢ = 0.01) to obtain suffi-
ciently accurate results. (An alternative method of solution using the fourth-order
Runge-Kutta process was used to solve the simultaneous equations and was found
to give results in close agreement with the above solution.)

At the edge of the hole for geometrical similarity to be maintained, the ratio afc
must be constant for all values of ¢ so that the velocity there

v = gi: = g = ¢, (a constant)
and the solution is completed when the velocity v becomes equal to ¢. The distor-
tion is so great at the edge of the hole that some of the assumptions made in the
solution are obviously violated there (for example that o, and o, remain principal
stresses through the thickness of the plate).

In the elastic region the stresses and strainsare given by the equations (Alexander
& Ford 1954).

o, =— J(_z%gs—ﬂ’ (20)
70 = =y 0ot (21)
o,=0, (22)
o = CoEl s, (23)
6 = /3(_22:,1; D¢, (24)
o =Sol) Bt (25)
o2 R o o
where B=3%+JE-p). (27)

To determine the variation of thickness with ¢ the relationship on the left-hand
side of equations (115) and (12b) may be used, namely

de,_ 1o 1dH_do 13K

d¢p v—¢¢ Hd¢ d¢ H d¢’

This equation may be integrated directly, with the boundary condition that as
¢ — o, ¢, and e; - 0 and H — hy/ry = m, to give

H = mexp (e,— ). (29)

(28)
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Thus hjme = dexp (6, —€,) (29a)

gives the thickness in a form which reveals its functional dependence on ¢ and its
linear proportionality to both m and ¢. This result can also be obtained in a more
direct way by noting that,

€, —lnﬁ = lni —lnL
2T Ty T mry, m(r—u)
and that, r—u =rexp(—¢).
Hence, himr = exp (e,—¢p), ‘[
(29a)
and hjme = ¢ exp (ez—ee),J

as before.

The circumferential strain distribution may be obtained from the equation
(derived from equations (9))

de, 1 @
dg ~ v—¢ ¢ (30)
v d¢
deg—'v_¢ ?.
¢
Hence €y = (60)¢=1+f1$%é

can be determined by numerical integration from the known value of ¢, at the
elastic—plastic boundary (¢ = 1).

Stress—strain curve
A stress—strain curve of the form
& = oo(1+Bey)m. (31)
was assumed in this analysis.
Thus the plastic tangent modulus may he written as

B, = de/déy = oynB(1+ Bép) L. (32)

Experimental values for the stress—strain curve of the mild steel plate used were
obtained from a series of Cook & Larke (1954) compression tests on specimens of
varying height/diameter ratios. The parameters oy, » and B were obtained by
minimizing the expression

B =5, (51— oq(1+ Bee))? (33)
i=1

to obtain the best least squares fit. Thiswas conveniently effected using the Simplex
method of direct research described by Siddall (1971).
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Theoretical results

Using the method just described the following values were determined for the
parameters of the stress—strain curve:

oo = 13.3tonffin® (20.95kgf/mm?),
B = 132763,
n = 0.269237.

II

A plot of the stress—strain curve is shown in figure 2.

40

o1
a |
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Fiaurg 2. Stress—strain curve for tho mild steel plate.

With these values the empirical relation (equation (31)) was used in the theory
and the results tabulated in table 1 were obtained. In this table only every fifth
line of the actual computer print-out has been reproduced, to save space. In fact,
increments 8¢ of 0.01 were used from ¢ = 1.00 to ¢ = 0.32, of 0.001 from ¢= 0.32
to 0.307, of 0.0001 from ¢ = 0.307 to 0.3058. These increments were arranged to
be reduced wherever thc number of iterations required to obtain a solution became
excessively large.

In figure 3 are plotted the distributions of stress obtained from the theoretical
solution, while the theoretical thickness profile is shown in figure 4.

Hzperimental results

A mild steel plate of the conical profile under discussion was manufactured, the
outside diameter bcing 12 in (305mm) and the cdge thickness 1}in (38.1 mm).

24 ' Vol. 326, A.



TABLE 1. SOLUTION FOR STRESS-STRAIN CURVE & = 13.8 (14 132.763€,)0269%7; 1 tonf in—2 = 1.575 kgf mm—2

¢

1.00000
0.95000
0.90000
0.85000
0.80000
0.75000
0.70000
0.65000
0.60000
0.55000
0.50000
0.45000
0.40000
0.35000
0.31800
0.31300
0.30800
0.30660
0.30610
0.30580

a‘f
tonf in—2

—10.206300
—11.520863
—12.976834
—14.547970
—16.230925
—18.023121
—20.054669
— 22.465637
—25.342260
— 28.765952
—32.809924
—37.532372
—43.014116
—49.664752
—56.384379
—58.560161
—63.058725
—66.438837
—69.199039
—73.302895

O g

tonf in—2 tonf in-2
4.844700 13.300000
3.227018 13.429903
1.219547 13.620398
—1.319924 13.927932
—4.464035 14.516163
—6.931278 15.740271
—17.641337 17.525386
—8.,146013 19.694184
—8.735636 22.292702
—9.353810 25.410752
—9.844106 29.158481
—9.890455 33.691122
—8.881424 39.330284
—b5.471204 47.165662
—0.093834 56.335781
1.361702 59.251090
2.983663 64.600732
3.341741 68.169723
3.319785 70.915847
3.041520 74.868691

Cp

0.0

0.00027689
0.00069629
0.00140778
0.00289258
0.00655047
0.01345841
0.02484853
0.04378582
0.07593446
0.13162465
0.23051119
0.41551758
0.82348655
1.60169020
1.93313768
2.66751132
3.25881313
3.77454765
4.61840208

v

0.00163000
0.00195773
0.00240502
0.00308236
0.00432500
0.00702293
0.01168627
0.01878078
0.02954658
0.04593704
0.07070501
0.10729101
0.15927488
0.22926624
0.28336625
0.29234318
0.301425683
0.30399909
0.30492598
0.30548729

H

0.99947529
0.94940981
0.89938958
0.84949040
0.79998289
0.75166204
0.70473147
0.65908978
0.61530740
0.57436467
0.53764828
0.50690136
0.48391760
0.46876271
0.45185629
0.44209307
0.41746009
0.39812057
0.38289571
0.36183010

g

0.00065888
0.00075323
0.00088059
0.00105916
0.00132829
0.00179395
0.00268589
0.00438218
0.00757666
0.01365135
0.02552051
0.04985291
0.10436596
0.25545840
0.61472484
0.78351824
1.17121967
1.48807791
1.76440515
2.21382367

0Lg
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Fieure 4. Thickness profile; theoretical distribution. b, Before deformation;
a, after deformation.

Tt was of course necessary to start the actual expansion with a hole of finite radius,
and a hole of § in (12.7 mm) diameter was made, having a 2° taper to receive a simi-
larly tapered hardened steel mandrel. The expansion of the hole was achieved by
forcing the tapered mandrel into the hole whilst slowly rotating the plate in a lathe.
Graphite grease lubricant was used to reduce the effect of friction and a continual
supply of cold water was run onto the plate to prevent overheating.

24-2
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The hole in the plate was expanded from 0.5055in (12.83 mm ) diameterto 0.8386in
(21.3mm), so that the total circumferential strain at the edge of the hole in the
experimental plate was e¢; = In (0.8386/0.5055) = 0.50619. It was thus possible to
determine from the theoretical solution the fibres in the theoretical plate (expanded
from zero radius) which would correspond with the edge of the hole in the experi-
mental plate. In this way the radius to which the theoretical hole would have been
expanded to correspond with the experimental solution could be determined.
The experimental and theoretical profiles are shown for comparison in figure 5.

02 —
-4 ,/’\\\
g // ™\ \«—localized ‘tongues’
] Y
- § theoretical =" 1|
I S !
= —
T2
experimental
—————r[mm
18 16 14 12 10 8
0 11 ] L | I 1 } [
T T T T T
0.7 0.6 0.5 0.4 .
—~———fin t theoretical radius
of hole expanded

radius of hole from zero radins 2dius of hole
after expanding before expanding

(e, theoretical made
cqual to ¢; experimental)

Ficure 5. Thickness profiles for conical plate.

DiscussionN

It was found during the experiment that the material at the edge of the hole
tended to split and to form into curled segments as indicated in figure 5. However,
the portion of the plate which did not split gave a thickness profile which cor-
responded reasonably well with that predicted. The experimentally determined
thickness was slightly less than the theoretical as would be expected in view of the
much greater increase of thickness and localized ‘tongues’ formed in the neighbour-
hood of the hole where the plate split. The extra volume of material required to
give the increased thickness in this region would denude material from the outer
zones.

The solution was also modified to apply to the case of expanding a hole in a flat
plate, on the assumption of geometrical similarity as desecribed previously (Alex-
ander & Ford 1954); Rogers (1967) and an experiment performed on a flat plate of
12in (305 mm) diameter 1 in (6.35mm) in thickness. Agreement between the theo-
retical and experimental thickness profiles was so poor that it was not considered
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worth while presenting the results. Clearly the one-dimensional theory developed
in this analysis can only be applied with any confidence (as regards deformation in
the thickness direction) to the single case of a thin plate having conical profile.
An analysis of a flat plate would require proper account to be taken of the boundary
conditions, particularly the thickness of the plate in relation to the size of the hole.
This would be a problem for which a large deformation finite element technique
might provide a solution.
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AEEendix B

Curve fitting for stress—strain data

The stress-strain relationships for the workhardening
plastic materials are generally non-linear, - -and there are several
férms of expressing these. The relationship.used in this analysis,
represents most of the material in practice and is given by,

& =o (1 + BE)™ ' (B.1)
S &

where T, Zp are the equiyalgnt stress and plastic strain
and a, the initial yield stress.
. The unknown coefficients O3 B and n are evaluated usigg a least

square analysis of the experimentally obtained stress—stréin datae.
If EE and 25i are the equivalent stress and the strain of the ith

experimental value, then we have,

e. = &, - o (1L +Be )M : (B.2)
1 1 @] 1

where e is the error.
To obtain the values of S B and n the following function

should be minimised, : SRR el

n
: — I
= - g . .
5-3 {5~ asne) (B.3)
) ixl

The usual method of minimisation by equating the partial derivations
of E with respect to 06’ B and n to zero, leads to extremely
tortrous expressions. Several alternative methods, however, could
be used. One is a modified Gauss-Newton method. (29), in.which the
equations arising from equation (B.3) are golved using a numerical
procédufe. The other method employs a direct minimisation procedure
known as the-Direct Search Simplex Method described by Siddal (69).

The two methods give very good results for some stress—strain data



but did not converge for a few cases. Another method which

optimises the logarithm of the equivalent stress has been used
for such cases and seems to give good resulté. [This method
does not optimise the function given in equation (B.3) so will

not give the same optimum given by the other two methods].
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AEEendix C

General large deformation formulation for p 429 )
the three-dimensional case ( Rof. Zaawiieescc3; €79 P

> The most general definition of strain was introduced
by Green and St. Venant and is known as Green's strain tensor.
Referred to a fixeqd cartesian system of co-ordinates x, y, Z

and displacements u, v, w we have,

J3 Ll @u2, avi2 w2
éx o= *5 ((ax) + ( X) + x) )

.Lé ._—(-a— b_—)+ (b—. -a— ..ax_,.m.ﬂ)
2wy Y2 3y 72 Tax T 3y BX_~ 3y ¥ Y

and similarly for the other componentse.

Derivation of the BL matrix

The general Green's strain tensor, can be defined in terms

of the small and large displacement components.

i.eo é = éo + éL A - (COl)
where i

€ = (e e ¢ Thy 1. 1

.o X Ty "zd2 J2 Tyz J2 zZX

(o2, o7, 2, L, avy
ax 3y "3z 42 By T ¥x’.

AV o, aw, 1 Aw | junzt
J2 (az Py (aX + az)) (1.22)
Let §° = (§ v, b, | (C.2)
where,
V.- & Aoy
x X  ax ¥
oo - (@ W A, - (C.3)

y 8 oY Y

e

~
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t U VW | |
v, =& & D (Ce3)

The nonlinear terms of the Green's strain tensor could be written

as,
B -
\f{ 0 o
t
0 gy O Yy
t
o \
. , 0 v, vy
= 7 1t 1t
R N O
1.t 1.t
L
Lt 1t
{_Euy oY% |
l .
Therefore,
Y- =-]—'H6|b+-£6HW—A6 | (Ce5)
L= > =My .

Now, { can be obtained in terms of the generalised displacements &,
so that |

Y =‘S of , _ (Ce6)
wheré ® is defined in‘équation (2.15) |
and S is the appropriate 9 x 12 Boclean mafrix_obtained by differ-
entiating equation (2.13) we r. t. X, y, Z.

Substituting for a« from (2.21)

v=SF"p
ie.ec. U=CGp
and - -3y = G 5p ' ‘ (C.7)
Therefore,

6eL=HG69
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Hence BL =HG

Derivation of kd matrix

—

From equation (3.11) we have,

t
Ko ap=faBLcrdv
Substituting for BL

t .t
ks5P= f@ SH O dv

Expanding A and o , Zlenkiewicz (79) has shown that

oIl o I, o I

x 3 xy~ 3
bﬂtCTz O&XIB 0&13

z 3

C;XI3 C§ 1 o I

1l

Moy

M G op

Therefore, k. dp = JGt MG odp dv

o

ioeo kc_ = fGtHGdV

CTyz 3

xz" 3

1

z" 3

Enbx
\
buy

by,

(C.8)

(Cc.11)

Here, we have omitted the element subscript g although all of the

above matrices would be obtained element by element and assembled

in the standard manner.

The above derivation has been obtained followlng Zienkiewicz

(79) and the derivation for the axisymmetric case in Appendix C was

obtained on similar lines.
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AEEendix D

Derivation of the element stiffness matrix for
the axisymmetric case

A typical triangular ring element chosen for>this case
is shown in Fig. 47. The co-ordinate axes are cylindrical with
displacements u and v along r and z directions respectively. The

strains and the stresses are defined as,

1
e =fe, ¢, 5 €| (D.1)
o ={ch op Op 20, ] . (D.2)

A linear displacement function is assumed for the element giving
rise to a constant state of stress and strain over the element.
(Not strictly true, as 69 V?ries with r inside the element, but

. i ,
thié_is assumed to be negligible and the centroidal value is taken
as the avefage value).

As for the three-dimensional case (Chapter 2), the strain-displace-

ment matrix can be written as,

B=AF?! ‘ | } (D.3)
whefe
0o 0 o0 '0 0 1
|
A = 0O 1L 0 0 0 O (D.4)
L 31 2 o 0o o
r r
1 1
| 0 05 0 5 9
and , c-1 0
F-1= J . (D.S)
~1

where,
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C- 2 1 (D.6)
1 r2 22
1 r3 z3
. 1 0o 0 0o 0 0
0o 0 1 0 0 o0
0 0 0 0 1 0O
0o 1 0 0 0 O
0o 0 0 1 0 o©
o 0 0o 0 0 1

The stress-strain matrix for the elastic-plastic case can

be written as,

t
, 3G Op 6p ]

p =p [1I - (D.8)
ep e 4 E + 3G Lt
P O'D GD
where
¥ t
D_=26 [ I, +T7 8 e3] (D.9)
is the elasticity matrix,
and @, = {1 1 1 o} (D.10)

The Green's strain tensor for the axisymmetric case can be written as,

_éx 1oyl | @av,?
éz—az+2[(az) +(5.Z)]
v lrawy? o gvy2
er_ar+2[<ar) ”ar)] (D.11)
e 4,1y
e r 2 r

e _ 1 @u 2v,

J2 rz /2 3z ' dr p & 2L

2 ar " az T 3r ° 3z
Following Appendix C, the initial displacement matrix can be expressed

as,
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BL =HG
where
o 0 o]
t
H = 0 ¢r 0
0 0 g
1t1.¢t
_Ewr-ivz 0~
and
t_ @y au
¢z - (az az)
t_ Qv u
b = (ar ar)
t u
v =
and G=3S Fr; ..
where
0 0] 0O 0 0 1
S = 0] 0 1 0 0 0

Kl~ ©
KN ©

The initial stress matrix can be expressed as

t
K, =fs MG av

where v
o X o I 0
z rz
M= GI GI 0
Xz r
0 o o
L ° _

(C.8)

(D.12)

(De13)

(D.14)

(D.15)

(C.11)

(D.16



. AEEendix E

Derivation of the element stiffness matrix for the

plane-strain case (using natural modes)

The use of the-alternative natural mode technique to

devise the stiffness matrix is demonstrated here for the plane-

strain case. The element is chosen to be a plane triangular

element of infinite thickness (Fig. 48). The derivation is

carried out on similar lines to the three-dimensional case

(Chapter 4).

Tne naﬁhral displacement vector for this case is defined

as,

- Py = (P1p Pog Pgy)

and t?e natural load vector as,

P =

N P12 P23 P31)

(E.1)

(E.2)

The cartesian strains and stresses could be expressed as,

1
€ - {ex eyfiéxy}

o

{q{oyﬁ@w dz}

(E.3)

(E.4)

The element stiffness matrix for the elastic, small displacement

case can be written as,

k=T§<NT

(E.5)

‘where k and kN are the cartesian and the naﬁural stiffness matrices

of the element,

and (..la -m, 1y

1's and m's are the direction cosines

element.

m 0 0
o

-nb 7ﬁ MB (E.6)
0 -1, -my

of the edges of the triangular
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The natural stiffness matrix kN can be given by,
k, = fﬁ‘l g et av (E.7)
where L = rzl2 523 ZBl_J is a diagonal matrix,

Y t

’ 1

and ¢N=E[A—me4 e, (E.8)
where ez =(1 1 1 1) ‘ (E.9)

and 1 coszy cosZB 0

2 ' 2
A = cos’ Y 1 cos'a 0 (E.10)
coszs cos2a 1 0
! 0 0 0 1
| _

The plasticity flexibility matrix for the plare-strain case can be given

as,
9 t
g =— OO (E.11)
NP 4E 6‘2 ND ~ ND
p
where :
. &
O'ND = (A -~ e, e4) O'N (Eol2)
-2 3t _

.The elastié-pléstic flexibility matrix is obtained in the usual

manner as,

The geometric matrix for the triangular plane-strain element is given
by,
ke =2 M, koys M s S - (E.15)
where
Pij t |
iy = o [1,- Ceij Ceij) (E.16)

is the geometric matrix for the pin jointed bar ij.
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Ceij=[_cijcij]
where
Cﬁj = [ cos (ij, %) cos (i], y)]
and .
I3 03 03
M5~ o, I O for ij = 12
1j 3 3 3 ~ for ij =

6 x9

and similarly for ij = 12, 23, 3l.

(E.17)

(E.1.8)

(E.19)
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Appendix F

Fol Description ahd use of the computér programs

The following computer programs have been developed
during the course of this project.
(1) Plane stress — constant strain triangular element.
Elastic and Elastic-plastic cases.
(i1) Plane strain ; constant strain triangular element.
Elastic, elastic—plasticrand large deformation cases,
(iii) Axisymmetric -~ constant strain tirangular ring element.
Elastic, elastic -~ plastic and large deformation cases.
(iv) Three-dimensional tetrahedral elements.
Elastic and elastic-plastic cases. °
All the programs developed are very similar to each other
in most respegts (e.g. solutioh, assembly etc.) except for the
evaluation of.the element matrices ahd the stresses and strains,
which differ depending on the particular element used. These
changes can be effected by simply replacing the approp§iaté:sub—
routines. The bgsic flow chart for a typical program can be

given as follows:-

(1) Input data (Geometry, material properties, boundary

conditions, etc.).

(2) Initialization of various storage locations.

(3) Formation of the element stiffness matrix by evaluating
(a) The strain—disﬁlacement matrix
(b) The elastic or elastic-plastic matrix’
(c) The initial stress or geométric matrix.

(4) Assembly of the element stiffnesses to form the overall

stiffness matrixe.
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(5) Specification of the boundary conditions.

(6) Solution of the overall stiffness matrix to obtain the
displacementse.

(7) Evaluation of the stresses and strains.

(8) Tteration of the stresses. - -

(9) Scaling to allow for the variable load increment.

(10) . Checking elements for yielding and unloading.

(11) Print-out of all displacements, forces, stresses and
strains.

Fo2 Notations used in the computer program

A ~ Strain displacement matrix

AREA - Area of element

B —~ Elastic-plastic stiffness matrix

BE -~ Elastic stiffness matrix

BX — Constant B of the stress-—strain curve

CORD -~ Nodal point co-ordinates

bs | ~ Incremental displacement

EPS - Inc:éﬁental strain-

FORC — Incremental force

G ~ Modulus of rigidity

DK ~ 3 nodal point numbers of an element

INC -~ Load increment number

INCRE ~ Number of load increments

NP - Intervél of the print out

IST - = 0, 1 for 1lst and subsequent increments

ITR — Iteration number



LY
NA, NB
NAP

NAT

NCYCM

NITR

NPNUM
NUMBC
NUME

NUMEL

NUMNP

PR

PSIG

SCL
-SFORC
sIG

" SIGINT
SK

SR
STF
TDS
TEPS

TFORC

- XV -

= 0, 1, 2 for elastic, plastic, unloading
Nodal-points with prescribed displacements
Nuﬁber of nodal points

= 0, 1 for 1lst, subsequent runs

Boundary point number

Cycle 1limit

Number of iterations of stresses

Identity matrix

Nodal point number

Number of boundary points

Element number

. Number of elements

Number of nodal points

Number of elements yielding during an increment
Poisson's ratio

Temporary location of stresses
Element stiffness matrix

Scale factor

Tempofar& lo;ation of forces
Incremental stress

Initial yield stress

Geometric matrix

Temporary location of stiffness
Overall stiffness matrix

Total displacement

Strain |

Total force
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" TOLA — Tolerance for iteration of stresses
TOLER -~ Tolerance for iteration of displacements
TSIG ~ Stresses
- XFAC - - Over-relaxation factor
N . - Constant n of the stress—strain curve
YISIG ~ New yield stress of an element which is unloading
™ - - Young's modulus
F.3 Description of the programs -
Fo3.l Main Program

A listing of a typical-prégram used in this thesis is
shown in Appendix G. A short description of the main program,
with the call statements for the various subroutines is given
below. |
Call READIN

 This subroutine is called to read data from cards or by
calling the subroutine MESHGN.

Initialization I and II

—-——

It is importanﬁ to initialize all or most of the variables
.used in the program te zero, or to any prefixed initial value. This
is effected in two stages: I which is effected only once during a
run and II which 1s repeated once every load increment.

Call READA and PRINTA

These subroutines are used to read data from a previous
run and print this data.
Call CHECKA

This subroutine checks for positive area of elements.



Call STIFF
This subroutine is called to form the overall stiffness
matrix of the structure or body.

Count of adjacent nodal points

The number of adjacent nodal points to one nodal point
is counted and stored in NAP(M); NP(M, MX) stores the nodal
point numbers of the adjacent nodal point MX, to the nodal point
M. These are later used in the solution of the simultaneous
equations.
Call LOADIN

This subroutine takes into account the.nodal points with
prescribed displacements. ’
éall INVERT

This subroutine invefts the diag;nal terms of the stiffness
matrix to be used later during the solution.
Call BOUND

This subroutine is called to take into account the slope
boundary conditions.
Call ITERAT

The solution of fhe simultaneols equaticns 1is effected
by calling this subroutine.
Call STRSAN
| Evaluation of the stresses and the strains after obtaining
the nodal displacements.

Tteration on stresses

This is effected by evaluating the sum of the absolute
difference between the present and the previous stresses and

checking if this is below a required tolerance. If the tolerance

s
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is not achieved iteration using the most recent value of stress is

repeated until the required degreé of tolerance is obtained.

Scaling of all values for a few elementévto yieia
| This is achileved by using the theory given in section
5.5, and calling the subroutine YIELD to determine the correct
incremental loading stepe.
Call FORCES
Computation of the forces at the nodal points with
prescribed displacements. |

_Updating of all quantities by adding the increments

The cumulative values of the displacements etc. are
evaluated by adding the incremental quantities at every loading
stepe.

Call EQUIVAL

This subroutine evaluates the equivalent stress and the
equivalent strain of an element.
Call CHECK ?
.This'subroutine checks the elements for yielding and un-

loadinge.

Print of displacements, forces, stresses and.strains
This is done at regular intervals of the load increment to
save space in printing and is effected by calling the subroutine

PRINTA.

Initialization for the next load increment

-All the incremental quantities should 5e initialized to
zero before the next load increment is applied..
Call LOAD

This subroutine evaluates the load increment for the next

‘stepe.
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Call PUNCHA

Before the program stops, after executing the ﬁfes—
cribed number of load increments, all cufrent values are punched
onto cards to be used in subsequent runs. This is effected by
cal}ing the subroutine éUNCHA.
Subroutines

Fe3s2 READIN

The data forms a major part of a finite element programe.
This bulk of data should be checked and rechecked carefully‘in order
‘t<:3 avoid any errorse Although there are provisions in this program
to check certain types of errors in- the data, there is unfortunately
no method available for checking all possible errors present in )
the data. The tedious job of data preparation could sometimes be
avoided, if the finite element mesh idealization is regular or is
following a certain pattern. This is easily done for regular geo-
metfics and symmetrical shapesrconsisting of rectangles and circles.

The data after being read or generated is printed immediately so that

it can be checked during initial runs.

F.3.3 __ READA

fhis is an optional subroutine used if the problem is long
and cannot be solved in a single run; The subroutine reads all the
;urrent‘data from a previous run. |

F.3.4 PUNCHA

This is used in conjunction with READA and punches all the

-data onto Cards, to be used in a subsequent run.
>

Fe3.5 PRINTA

This subroutine prints all the results after a few load



increments and is sometimes used together with a stress and
strain averaging subroutine which gives improved results.

Fe3e6 CHECKA

This subroutine evaluates the area (or volume) of the
element. A check is made of the order of numbering of the
nodal.p01nts of the element, in the finite element mesh ideali-
zatione If the numbering is not-carried out in the proper order
(noted by the negative area), further computation is stopped and
an error message is printed out giving the number of the particular
element. |

Fa3e.7 STIFF

This subroutine forms the. element stiffness matrices of
all the elements and assembles them to form the ovefall stiffness
matrix for the whole body. The subroutines called from this program
are GEOM, STRMAT and GEOMAT. The subroutine has to be slightly
changed for the cases of plane stress, plane strain and axisymmetric
cases and modified considerably for the three-dimensional case.
The stiffness matrix is stored in fhe bonded form and not more
than eight adjacént nodal points to a nodal point can be accommodated;
If there are more, NTEST. is made .equal to 1 and computation is stopped
and an error message is printed. A

Fe3.8 GEOM

This subroutine evaluates the strain-displacement matrix
for an element, The matrix is the same for the plane stress and
strain cases but is different for the axisymmetric case and the three-

dimensional cases. Depending on the case the proper subroutine is sub-

stituted in the program.



Foe3.9 STRMAT

The formation of the stress—strain matrix is effected
by this subroutine. The stiffnéss matrices are not similar for
any two cases. The subroutine consists of two parts. In the
first the elastic stiffness is évaluated and if the element is
plastic computation is continued to evaluate the complete elastic-

plastic stiffness; otherwise return is made to the called program.

F.3,10 GEOMAT

This subroutine forms the initial étress or the geometric
matrix for éach element. The matrices are all different for the
few cases considered in this analysis and therefore the subroutine
has to be chanéed for other‘cases. The subroutine is only called
when large deformations are experienced and hence is optional for

small displacement problems.

Foe3.11 LOADIN

For all the nodal points with prescribed displacements

" the force matrix and the overall stiffness matrix 'should be modi-
fiede In tuis subroutine this is effected by multiplying the
diagonal term of-éhe stiffness matrix by a large number and modifying
the force term accordingly.

Foe3.,12 INVERT

This subroutine inverts the diagonal 2 x 2 submatrices of
the overall stiffness matrixX. - The -inverted submatrices are later
used in the solution of the simultaneous- equations.

s

Fo.3.13 BOUND

The subroutine modifies the flexibilities of the nodal

points with the following boundary conditions.



- il -

NFIX = O nodal point fixed in x and vy directions.

NFIX = 1 nodal point fixed in x direction.

NFIX = 2 nodal point fixed in a direction making an angle with
the x-axis.

Fo.3,14 ITERAT

This subroutine solves the simultaneous equations
arising from the overall stiffnesé matrix, using the Gauss-Siedel iter—
ative technique. This technique is described in more detail in sec-
tion 5.4.4. The iteration is carried out using a suitable over-
. relaxation factor until a required degree of ﬁolerancé is obtained.

Fe3.15 STRSAN

This subroutine evaluates the strains and hence the stresses
from the known nodal displacements. The two subroutines GEOM and
STRMAT are called to effect this.

Fo3.16 EQUVAL

The subroutine evaluates the values of the equivalent stress
and the equivalent strain from the stress and the strain of every
element. ~ .

F.3.17  EQUAD o /

The subroutine evaluates the value of &d&, the product
of the equivalent stress and its increment. This is later used
to determine the correct load increment for the next step.

F.3.18 MESHGN

This 1s an optional.subroutine which generates the finite
element mesh idealization for fairly regular geometries. This
eliminates the preparation and punching of large numbers of data

cards and is used for the majority of the problems.
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F.3.19 CHECK
This subroutine checks the elements for yielding and un-
loadinge

LY o) for elastic elements

LY =1 for elastic-plastic elements

LY = 2 for unloading elements.

After every load increment, the elements are checked to see if they
have changed their state, and are assigned the values 0, 1 or 2
depending on their position in the stress-strain curve.

Fo3.20 FORCES

-

The subroutine computes the correct nodal forces at"
the nodal points with prescribed displacementse. The subroutine
is very similar to subroutine LOADIN,

Fe3.21 TOAD

This subroutine in general provides the incremental
loads (forces or displacements) for the next load increment. The
magnitude of the incremental load does not matter when the increments

are automatically controlled by the number of elements yielding.

" Use of the compﬁter programs

To specify a problem for finite element analysis four types

of information are generally required:

(i) Geometrical : e
(ii) Topological ¢

(iii) Rheological

(iv) Boundary conditions.

The geometry of a structure or a body is specified by giving the
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"co~ordinates of the nodal points. The topology is specified by
connecting the nodal points into suitéble elements and defining the
deformation mode. The rheology of the material forming the body

" is specified by the stress strain relationship of the material.

The boundary conditions are specified as constraints on the forces
and displacements at the boundary ﬁodal points.

In the present analysis constant strain triangular elements
with three ngdal points are used for the two-dimensional cases and
constant str;in tetrahedra with four nodal points are used for the
three-dimensional case. The éhape of the triangles should be kept
very élose tc an equilateral triangle and long narrow elements should‘
_be avoidéd. The size and number'of elements used depends much on
the accuracy required and the storage available. Smaller triangles
should be used near the regions of.stress concentrations or where
the stress gradient appears to be very high.

Having ‘obtained a suitable mesh idealization either in the
form of punched cards or in a mesh generation routine, the next problem
is to check the accuracy oé the data. This can be achieved in two
Qays. Thé first'is to obtain a piot of the finite element mesh
idealization (using the program MESH developed by the author)e. This
would in general eliminaée most of the errors. The second method
is to apply a hydrostatic stress all around the body aﬁd check the
value of the stresses obtained.

Preparation of the data

If the geometry of the body is not regular and a mesh
generation technique cannot be used, the geometry and the topology

has to be punched onto cardse. The general information required is

P
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first punched onto cards as follows: NUMEL, NUMNP, INCRE, MITR,
TOL, TOLA, XFAC.

Geometry and Topology

Two sets of cards are punched for this. The first set
contains the number of the element and the three nodal point numbers
associated with it. The second set of cards coptains the number
of the nodal point, the'two co-ordinates, the two displacements and
the two forces (if known).

Material properties

The material properties required are the Young's modulus,
the Poisson's ratio and the constants of the stress-strain relation-
ship S = S (1 +B ép)n for various temperétures. In .additior‘i of
course, the temperature distribution of the body should be given.

Boundary conditions

The boundary conditions have been specified in two alternmative
wayss The first was to specify only those nodal poiﬁts with the
followigé boundary points and deal with them in two ways as follows:

,k and y displacements zero

X t.—aisplacement.zero

Nodal point on a slope.

X - displacement prescribed

Y. displacement prescribed.

In the second method all the nodal points were specified according to
the following code:

NBC = 0 .Nodal point free ’ ’ o0

= 1 x-displacement prescribed
= 2 X and y displacements prescribed

= 3 y displacement prescribed.



- XXvi -

The second method was used more freguently and the value
of NBC was read from the cards containing the number of nodal points

‘and the two co-ordinatese.
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Appendix G
G:l Finite element program for the axisymmetric case using

TRIAX3 elementﬁ.
(1) Elastic
(i1) Elastic-plastic
(iii) Large deformations.

This program uses the ‘cartesian stiffness' method.
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PROGRANM FILATCINPUT+OQUTRUT s TAPES=INPUT s TAPR&6=0UTPUT « PUNCH)

11

FLAT PLATE (STEEL) MZTSH AXY7

FINITE ELEMENT DISPLACEMENT METHOD FOGR ELASTIC PLASTIC CONTINUA
AXISYMMETRIC TRIANGULAR FLEMENTS WITH LINEAR DISPLACEMEINT FUNCTIC
STRAIN HARDENING LAYW ASSUMED TO BE S=30% {1 ,+BX#ERP) #3%XN

CONSTANTS S0y BXs AN OBTAINED FROM EXPZRIMINTS

MODIFIED TANGENTIAL STIFFNZSS METHOD INCLUDING THE EFFECT OF
NMON-LIMEARITY DUE TO LARGE DISPLACEMENTS

LOADING ASSUMED TO BE QUASI-STATIC AND INCREMETAL

MASTER STIFFENZSS MATRIX SOLVED USING THE GAUSS-~SIEDEL 1 TERATIVE
TECHNIQUE WITH SUITA3LE OVER-RLAXATION

ACCURATE SOLUTIOCN wITHIN AN INCRIZIMENT OBTAINED USING ITERATION

NO SLOPE BOUNDARY COMDITIONS

NBC( Y=1 X-PRESCRIBEDs =2 X Y PRISCRIFNIDs =3 Y PRESCRIZED
N ELEMENTS YIELD AT 4 TIME

FDGE OF THEZ PLATE 1S NOT FIXED

COMMCN/AAA/TDS (12042 s TEFORC(12042) DS (120921 +FORC(120+2)
COMMON/ERBB/SIG(14046) sEPS(14046) LY (140)e1UK(140932)sCORD(120s2)
COMMON/CCC/TSIGI1a408) « TERS(140sH) s YLSIG(120)¢+PA(140)eTNG(140)
COMMON/DDD/NB(120410)sSTF (1203994 ) s NAP(1201SFORCI12092)s5SR(1204)
COMMON/EEZ/NBC(120)

COMMON/FFF/ZNPRUM( 12C) «NUME(142)

COMMON/GGG/ARE A (1 40)

COMMONA/LLI/Z(S5e5) s AM(Se5)

COMMONZMMMZSTGINT 4 BX ¢ XN

COMMOMACOO/NCYCMe INCRESNITRsTOLERsTOLAIXFACIYMIPRS3E2

DINENSION SIGD(6:2)sDSIGE)+DEPS(5)1RPHIC(140s4)2A(E15)1835(596)
sR(120)

READ AND PRINT OF DATA
CALL READIN(NUMEL « NUMNP  NUMBC)
INITIALISATION 1

NAT=G

NYL=4

INP=2

NLO=GC

15T=0C

SCLEIG=95  #5IGINT
NGO=0

DO 30 =15

DO 51 J=1.5
AlM(T ¢+ J)=0,0
Z{le)=Cat
Z(1e46)=Cac

INC=0

DO 178 N=1NUMEL
DO 176 =14
PSIGINs11)=0.0

LY (N)=OQ
YLSIGI(N)=CaU

DO 178 I=1+6
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TSIGINeI1)1=0a.0U
SIGINs I )=04C
EPSINSIY=Ca 2

178 TERS(NeI1)=0C,.0
DO 172 [M=1+NUMNP
DO 172 I=1,»2
TDS(Me I ) =06l

179 TFORC(MeI1)=0e0

DC 177 I=1+4
DG 177 J=1s6
177 A(I1+J)=0,s0
G=YM Z(1e+PR)
D0 1C I=1.4
DO 20 J=1+4
20 BE(I+J)=0,0
10 B=Z(1+1)=G
PRI=CGXPR L1 e —2 PR
DO 11 I=1.3
DO 11 J=1+3
11 BE(I+J)=REZ(]J)+PR1]

INITIALISATION 2

IF(NATeNZe1) GOTO H0UR
CALL READA (NUMNP g NUNMFEL 5 TNC )
INO=INC—1
CALL PRINTA (MUMND s NUMEL s INO )
NAT=C
503 ITR=C
UND=Ca s
SUMP=1U
NGO=C

CHECKING FOR POSITIVE ARZA OF ELEMENT

CALL CHECKA (NUMEL)
=01 DO 175 L=1aNUMNP
DO 170 M=1.@
D0 171 J=1+4
171 STRLsMaJ)=Ce0
172 NP (L y=uU
NP(LLs15) =0
175 NP ({Ls1)=0L

FORMATION OF STIFFNESS MATRIX

CALL STIFF({NUMIL«NMTEST
IF(NTEST«=ZQe 1) GOTO 2O

COUNT OF ADJACENT MODAL POINTS

IF(IST«GT«U)Y GOTQ 264
DO 206 K=1«NUMNMP
MX=1
2058 MX=MX+1
IFANP(MsMX))2062206920%
206 NARP(M)=MX-—1

FAV]
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OO

405
260

263

400

210

141

LOAD INITIALISATION

CALL LOADINIMNUVMNPG s KA¢KR ¢ ISTITR)

NePo STIFFNESS INVERSICN AND 30OUNDARY

CALL INVERT (NUMNP)

ITERATION ON NODAL POINT DISPILACEMENTS

CALL ITERAT(NUMND ¢ KFAC+SUMs TOLERINCYCHM)

IF(SUMeGT« TOLER) OTO =30

COMPUTATICON CF APPROXIMATE STRESSES AND

CALL STRSANINUMEL ¢ YI14PRs A3
ITERATION CON STRESSES

IF(INCsEQs0) GOTO 40O
IF(ITR«EQsU) GOTO 260
SUMS=GCae U

SUMD=0 a0

DO 262 N=1.NUMEL

DO 262 I=1+4
DELT=SIGI(NsI)=PSIGINI)
SUMS=SUMS+ABS(SIGINST))
SUMD=SUMD+ARS (DELT)

SIGINs 1)=PSIG(Ns I )+DELTHUND
CONT INUE

SUMD =SUMD /SUMS
IF(SUMP.GTaSUMD) GOTO 57
IF(UND=Ce21) SB458150
UND=0Ce2

GOTO 57

UND=0Ue 1

SUMP=SUMD

HRITE(64120) 1TR,SUMD
IF(SUMD.GT-.TOLA)Y GOTO 405
NGO=1

GOTO 4CC

IF(ITReGTeNITR) GOTO 266
DO 263 N=1NUMEL

DO 263 I=1.+4
PSIGINeI)Y=SIG(NaT)
[TR=1TR+1

* 5O

SCALING OF ALL VALUES FOR ONE

IF(1ITR«GT«1) GOTO 401
DO 140 N=1NUMEZL

DO 210 I=1+4
DSIG(I)=STIG(Ns1I)
SIGD(I21)=TSIG(NsI)
SIGD(I+2)=51G(Ns1I)

CALL EQUVALI(DSIG)
TSIGINGG)Y=DSIG6H)#532
IF(LY(N)=1) 141+149+14%
SIGONT=SIGINT

ELEMENT TO

FLEXIBILITY

STRAINS

YIELD

MODIFICATION
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[N oIS

e oS!

145
146

149
140

142

143

41

144

402

=06

SU7

21%

GOTO 146

SIGONT=YLSIG(N)

catlL =QUADI(ISIGD)
QA=TSIGI(NsB) *X2
AB=SIGD(5641)%1 a5
TEMP=TSIG(NS5) ¥#2-5SIGONT#xp2
TEMP=SQRT (Q33#Q3—-QA*TEMP )
RN =(TEMP-0B) /7QA

GOTO 140

R{N)=1+E20

CONTINUE

CALL YIELD(R«RMINGJNUMEL ¢ NYL )

SCL=RMIN

DO 142 M=1MNUMNP

DO 142 1=1.2
DS{Me I )=DS(Ms I)*SCL
FORC(Ms 1 )=FORCI({M,y I)*SCL
DC 143 N=1+NUMZL

DO 143 I=1+4
SIGINs 1 )=SIG(N.T)*5CL
PSIGINs I )Y=PSIGINs I)3*SCL
EPS(Ne 1 )=EPS(Ns [)3+5CL
CALL CORT(INC)
IST=1S5T+1
IFCINCeEQeO«OR« NGO
GOTO 501

EQe1) GOTO

COMPUTATION OF FORCES AT NP,
CALL FORCES(KAsKR)

UPDATING ALL QUANTITIES BY
DO 506 M=14NUMNP
DO 506 I=1+2

TRS(MeI)=TDS(Ma I )4+DS(IMs 1)

ADDING THE

144

WITH PRESCRIBED DISPLACEMENTS

INCREMENTS

TFORC(Me 1 )=TFORC(s I )+FORC(Ma 1)

DO 507 N=1 ¢MNMUMEL

DO 507 I=1+4

TSIGINs I I=TSIGIN«I)+SIGINI)
TEPRPS(N 1 )=TEPS (N I )+EPS (N 1)
DO 511 N=1seNUMEL

DO 215 1=1+4
DSIG(III=TSIGI(N.I)

DEPS(I )= EPSINs I

CALLL EQUVAL(DSIG)

CALL EQUVAL (DEPS)
TSIGINGBE)Y=DSIGIA)+532

TERPSIN6)=DERPS(6) /532+TEPS (N6 )

CHEZCKING THZ

CALL CHECK{INUMEL,sCLSIG)
Ffl=1 o NUMNP

I=1.2
CORD(IMe T )=CORD(iMs I )+DS(Ms 1)

5&
56

ELEMENTS FOR YIZLDING

AMD UNLOADING
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IF{INCeFQe0aORs INCeZQs INCRE)

IN=INC/INP
IN=TIN¥*INP
IF({IN.NE«INC) GOCTO 55

G

CTC B2

PRINT OF DISPLACE“ENTSs FCORCESs STRELSSES AND STRAINS

CALL PRINTA(NUVIND s NUMEL s INC)

INC=INC+1
IF(INCeGTSINCRE) GOTO 531

INITIALISATION FOR THZ NEXT LOAD INCREMENT

DO Hée4 M=1NUMNP
DC ma4 I=1.2
DS(Me1)=040
FORC(Ma1)=0,et

DO %65 N=1eNUMEL
DO 865 I=1+5
SIGINsI1)=0a0
ERPS(Ne I )=0.U
CALL LOAD(INC)
GOTO 53
WRITE(H«269)

PUNCH ALL RESULTS FOR THIEX

NEXT RUN

CALL PUNCHA ( INC o NUNMEL s NUMNP)

FORMAT(1HL)

FORMAT(27H NO CONVERGENCE
FORMAT(112+E2Ce5)

STOPRP

END

OF
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SUBRCOUT INE READ IN(NUNMIL « MUVNE « NUIASC )

COMMON/AAA/TDS (12092 TEORC(12042) 205 (12092)sFORC (120 2)
COMMON/BEB/SIGE14098)2ZRPS (140 +68) s LY (14D) s 1 UK(140+Z)9CORDI1I20¢2)
COMMCH/ZEEDZ/NBC (120)

COMMON/FFF/NPNUM120) sNUME (142)

COMMONA/MMM/STGINT s 2X ¢ XN

COMMONZ/OOCO/NCYCHMs INCREsNITRsTCLERTOLAWXFACsYMPR+S32

READIMG AND PRINTING OF DATA

READ (Se1 INUMEL sNUMNBP s NUIRC s NCYCMsNCAST s INCRE s SIGINTsTOLFERIXFAC
WRITE(Ss 101 )Y NUEL

WRITE (6. 1C2)NUMND

WRITE (64106 )NCYCM

WRITE(H4.109) INCRE

VRITE(H+ 107)TOLER

WRITE(6s 108)XFAC

WRITE(6+11C)SIGINT

YM=12000.

pQZQo:j

BX=132763

XN=0 e 266237

TOLA=Gel 1

MITR=5C

SBEZQOQT( 1le )

CALL MESHGN

WRITE(S2) (NUME(N) 1 (T UK (NesJ)sJ=192) sN= 1 o NUMEL)
URITE(Ey ) (NPNUMIM) +CORD ({18 1) «CORD(Me2) s FORC(11e1) sFORC (M) s
ID5 (M 1) DSIM2) WNSCIM)Y aM=1 s NUMNP)

FORMAT(IHL)

FORMAT(29H NUMEER OF ELEMENTS =s 14/)
FORMAT (29H NUMBER OF MODAL POINTS =8 14/)
FORMAT (2aH NUMRER OF =20UNDARY RPOINTS =2 14/)
FORMAT(29H CYCLE LLIMIT =s I4/)

FORMAT(29H - TOERANCE LLIMIT =sZ12e4/)
FORMAT (22H OVERRZLAXATION FACTOR =sF 8.4/
FORMAT (29H NUMRBRER OF LOAD INCREMENTS =s14/)

FORMAT (224 INITIAL YITLD STRFSS =2F 10 e2/)
FORMAT(AT4«F1Le3+2F10.2)

FORMAT(414)

FORMAT (I 4+2F1CaS+2F10e2s2F 1063914
FORMAT(2144F10a58)

RETURN

END
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SURROUT INE PRIMNTA (NUNNP « MUMEL o« ITNC)

COMMON/AAA/TDS (120292 s TFORC(12C0+2)4DS(12092)sFORC(12042)
COMMON/BER/STIGU 14018 )sFEDPS (147 458)s LY (14D)s I UK 12093)+sCORDI1204972)
COMMON/CCC/THIGU140r8) s TERS (14048 s YLSIG(120)ePAC140)ys TNG(140)
COMMON/FFF/NPNUM 120 ) s NUME(1240)

PRINT OF DISPLACEMENTSs FORCESs STRELSES AND STRAINS

52 WRITE(6+99)
WRITE(6.113)INC
WRITE(6s124)
VWRITE (S 122) (NPNURMIN )« TDS (a1 ) s TODS(Me2) s TFORC(Ma1) s TFORC(IMe2) s
1CORD(Ma 1) sCORDIMs2) eM=1 4 NUINP )
WRITE(6+99)
VRITE(G6s114)
WRITE(AsSERY(NUME(N) o (TSIGINSI)sI=142)sTSICINSYsLYIN) sN=1sNUMTL)
CALL STRITEA(NUMEL)

o0 FORMAT(IHL)

113 FORMATI(EX s #LCAD INCREMENT®14/)

122 FORMATI(I1042F 150 42F 15601 2F 15630

114 FORMAT (% ELEMENT Z-STRESS R=STRESS T-STRESS
1 RZ-STRESS EQ-STRESSE LY#/)

124 FORMAT (3 NePo P=DISPLe Z-DISPL. R-FORCE
1 Z—-FORCE R—COCRD Z—COORDs */)

“62 FORMAT(I10415F154645110)
RE TURN

END
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SUBROUT INE BUNCHA ( INC s MUMEL s NUILNP )

COMMONZAAAZ/TDS (1209 2) 2 TFORC(120+2)1D5(12012) sFORC(12032)
COMMON/BSE/SIG(14046) 1ED=(140sG) sLY(140) s IUK(14043)sCORD(120s2)
COMMON/CCC/TSIGCI1406) +TERS(140+5) sYLEIG(140)9PA(140)aTNG(140)
COMMON/MNNAL A YEORC (20)

PUNCH ALL RESULTS FOR THE NEXT RUN

PUNCH 1+ INC
PUNCH 2¢ (MaTDS(Ms 1) +TDS(Map) s TEFORCIMs 1)1 TFORC(M2) sCORD (M 1) 9
1CORD (M2 aM=1 a NUMNP)

PUNCH 39 (Ns(TSIGIN*I)sI=1+6)sLY (N sN=1 s NUMTL)
PUNCH 2s (N (TEPSINsIYsI=198)sN=1aNUNMEL)

PUMCH SsLAs(YFORC(I)sI=1sLA)

FORMAT(I11U)

FORMAT(I14+46E1245)

FCRMATII4+6E12e5412)

FORMATIIICa3ELIZ2e5)

RETURN

END

o2
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SUSROUTINE READA (NUVMNP s NUMEL s ITNC)

COMMON/ AAA/TDS(12012) s TFORC(12092) sDS(120s2) sFORC (1209 2)
COMMON/BRE/SIGI14016)sEPS(140+6) s LY (140) 2 1JK(14C+2) sCORD(120+2)
COMMON/CCC/TSIG(14016) s TEPS(14036) s YLEIG(140) sPA(140)s TNG(140)
COMMON/NNN/LA S YFORC (20

READS DATA FROM LAST RUN

READ(Ss 1) INC

DEAD (G423 (MeTDS{Me1) e TDS(Ma2) s TFORC(Me1) s TFORC(Me2) s CORD(Ma1)
CCRD(My2) ¢M=1 s NUMNP)Y

READ(Se 2y (N (TSIG(NsT)eI=126)sLY(N) «N=1 +NUMEL)
READ(S s 2 (Na (TEPS(MeT)YeI=1¢6) e N=1 « NUMEL )
READ(S5+5) LA (YFORC(I)sI=1sLA)

FORMAT(110C)

FORMAT(I4L4+s6E12e5)

FORMATI(I4L4+6E12e5412)

FORMAT(I1ICs3EL1245)

RETURM

END
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SUBROUTINE STIFFU{NUNMELsNTEST s AsBE s YMe PR TNC)

COMMON/SES/SIGl14016)yEDS(140056) LY (1401 1JK(14093)+CORD(120+2)
COMMON/CCC/TSIG(14016) s TEPS(14026) 9 YLETG(140)1PA(140) s TMNG(140)
COMMON/DDD/NP (120 1U)sSTF(120U1914) sNAP(12C) sSFCRC(120+2) 3SR 12014)

COMMON/GGG/AREA(140)

DIMENSION S(E16) L MI3)1A(E16) 1B (64H6)11BE(6E16)15K(616)

FORMATION OF THE STIFFNESS MATRIX

NTEST=0

NO 200 N=1.NUMEL

CALL GEOM(N1AL+RD3)

CALL STRMAT(NIBs3FsYNMePR)
FORMAT(EE15.6)

FORMAT(4LE1Z.6)

DO 182 J=1.6

DO 182 I=1+4

S(1e)=0e0

O 182 K=1+44
S{IeJY=S(TeJ)+3(TKYy*A(KSY)

DO 183 JU=1.+6

DO 183 I=1+4

BlJsI)=S(1+ J)XREBH].57C8H JSAREA (N
DO 184 J=1+0

DO 184 1=1+6

S(IsJ)=04J

DO 184 K=1+4
SCIeDN=S{TeN+B(T+KIXA(K D)
IF{INC«EQ«0) GOTO 21
CALL GEOMAT (N+SK)

DC 20 =16

DO 206 I=1+6
S(IsJ)=S(Te)+5K(T+J)
LM{1)=1J<{Ns 1)
LM2)=TJK(Ns2)

LiM(3)=TJK (Ns3)

DO 2CC L=14+3

LZ=2%

Ll=L2-1

DO 200 M=143

M2 =23%M

M1=MpP~1

LX=LMIL)

MX=0

MX=MX+1

IF (NP{LXsMX)=LM(M)) 190,
IF(MP(LXsVX)I)1I85,195, 185
NP (LY« MX)=LM M)
IF(MX=10U)1964+7072,702
STRFILXaMX a1 )=3TFLX e X1 Y+S (1M1
STFILXsMXy2)=STFLXeMXe2)+S (L 1+M2)
STFLXsMX s 2)=3STFILX MK e3)+S (L2911
STFILXeMX e )=STF (L eMX a4 )+S{LR2sM2)
GOTO =3¢

WRITE(AEs712)LX

NTEZST=1

1954100

FORMAT (34H OVER 8 NePas ADAJACENT TO N.Pa

RETURN
END

NO o

s 1 4)

£



SUBRQUT INE  INVERT (NUMNE)
COMMON/DDD/NPLI120610)aSTF (120404 ) sNAP(120)9sSF0RC(I12092) SR 12064)

INVERSICHN OF THZ MePes STIFFNZESS

DO 210 MNM=1«NUMNP
COMA=STF (Mo 191 ) #STF (Me194)—-STF(Me122)#STF([Me193)
TEMP=STF (Ms1+4) /COMM
STF(riealsa)=5TF(Mea191)/COMM
STF(Mele1)=TEMP
STF(Mes1e2)==8TF (Masla2)/CONMM
210 STF{Me142)==STF (Mel93)/COVM
RETURN
END
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SUBROUTINE CHECKA (MNUMEL}
CONMNMON/BES/SIGI1406)31yEPS( 1460462 LY 140)s I JK(140¢2)YaCORD(120+2)
COMMON/GGG/AREA(120)

CHECKING THE POSITIVE ARZA OF ZLLEMENT

DO 180 N=1NUMAL
I=TJK (N 1)
J=TIK(N2)
KeTJK(I(N3)
A1 =CORD(Js1)—-CORD(Is1)
AZ=CORD(Ks+1)—CORD(14s1)
A3=CORD(J+2)—-CORD(142)
A4=CORDI(Ks2)—-CORD (1 12)
ARZEAIN)Y= (A1 RAL—ARFAT )¢ 453
IF(AREA(N)I7L1 701180
180 CONTINUE
GOTO =30
701 WRITE(6+4711)N
711 FORMATI(32H ZERO OF NFGATIVE AREAs FLaNOs= s14)
T30 RETURN
END



244

275

{ad
@)
v}

31C
3432
120
a0

400

SUBROUTINE ITERAT(NUMNP s XFAC s SUMs TOLER I MCYCH)
CONMMONZAAAZ/TDS (1209421 TFORC(120+2)+DS(120+2)FORC(I12092)

w.
1433
1

COMMON/DDD/NP120s10)sSTF (12049443 sMAP (120 3s8SFCRCI12092)95R112004)

SOLUTION OF THE SIMULTANEQOUS ZQUATIOMNS

WRITE(&«303)

NMCYCLFE=0

SUM=060

SUMT=0e0

DO 2290 M=1NUMNP

NUM=NAP ()

FRX=FORC(iis 1)

FRY=FORC(Me2)

DO 280 L=2+NUM

N=NP (NMael)
FRYX=FRX=STF{Ms_ o1 )F*DSI{MNe1J=STF(Me_«2)#DS (N2}
FRY=FRY=STF (Ms Lo+ 3)YHDS(Me 1 ) ~=STF{MeLs&)XDS (N 2)
AX=STEF(Melsl)HFRXLETF(Me112)#FRY=NS(Ms 1)
DY=STF(Me 1 92 )3FRXLOTF(Me 1l 04 ) HFRY=-NS (s 2)
DX=FRX/STF(i1s1s1) —DS(Me1)
DY=FRY/S3TF (M1 s4) —DS{(Ma2)
DS(Me1)=DS(Me 1 Y +XFACHDX

DS (Me2)=DSTM2 ) +XFACHDY

SUM=z SUMHABSIIDX)+ARS(DY)
SUMT=SUMT+ABS(DS(VYy 1) )+HARSIDS (M2 )
CONTINUE

NC=FLLOAT(NCYCLE ) /=0e+1e5~20

NC=50%NC

SUM=SUM/SUMT
IF(NCeNELNCYCLF)Y cOTQO 3702
WRITE(6 1 2C)INCYCLE « SUM
IF(SUMCLTSTOLER)Y GOTO 401

NCYCLE=NCYCLE+1
IF(MNCYCM=~NCYCLE)Y 4a0C420C+244

FORMAT(17H ITERATION BEGINS/)

FORNMAT(I12.E20.6)

WRITE (A4 120)NCYCL.Z s SUM

RZTURN

END



O

SUSROUT INE CHECKI{NUMEL »SCLSIG)
COMMON/BRBB/SIG14096)15PS (14098 ¢ 1LY (140) s T UK{14093)CORDI120+2)
COMMON/ZCCC/TSIG120948) s TEPS(14Ce6) +YLSIGE140)sPAL140)s TNG(140)

CHECKING THE ELEMENTS FOR YIZLDING AND UMNMLOADING

DO 145 N=1+NUMEL

IFILY(NY—1) 147412464148

IF(TSIGINIE)aGL-SCLSIG) LY (NyY=1

GOTO 1es

IF(TFRPS(INIAS) s GE«TEPSINIS) 40P TSIGINIG) e GELTSIGINIEY) GOTO 145
LY (N)=2

YLSIGINY=TSIGI{NS)

GOTO 145

IF(TEPS(INIS) aLE2TFRPS(MN15 ) a0Re TSIGINIS) o LESYLSIGINYY GOTO 145
LY(N)=1

YLSIGIN)=0e L

CONTINUE

DO 560 N=1NUMEL
TSIGINGS)Y=TSIG(N.5)
TEIRPS(N5)=TEPS (N.5)
RETURN

END
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SUBROUTINE LOAD(1MC)
COMMONZ/AAA/TDS (12C12)+ TFORC(12042)1D5(12032)9FORC(12042)
COMIMON/NNAN/LA s YFORC (20)

LOADS FOR THE NEXT INCREMENT

L=3
LL=1
J=1
KiK=0
DEL=1s
IF(INCeGTel) GOTO 20
DO 11 M=1aLoLL
Mh=21%#M=-20
YFORC (M) = TDS (Mg e J)
DC 12 M=1sL oL L
MM=21#M=-20

DS (MMa J)=DEL*YFORC (V)
RETURN
END

15
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SUBROUT INE EQUVAL (5)
DIMENSICN S(5)

COMPUTATION QOF THF ZQUIVALENT

HS=(S{1)+S(2)+5(3)) /3
S1)y=501)—-H5
S(2)Y=5(2)-HS
S(3)y=5(2)-HS

S(6)=0e0U

DC 11 I=1sa
S{(6)Y=8(6)+S (1 )y*xz
S(5)=5QRT(S(6))

RETURN

END

STRESS

AND STRAIN
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SUBROUTINE EQUAD(S)
DIMEMSION S(&s2)

COMPUTATION OF EQ. STRESSHINCREMENT

HS=(S(141)+5(291)4+5(2¢1))/ 3
S{1s1)=5(1413=HS
S(2611=5(2s1)—-HS
S(341)=5(341)—-HS

S5(6+1)=060

DO 11 I=1+4
S(6e1)=S(H+1)+3(T413%S(T2)
RETURN

END

oF



10

11

SUBROUTINE GEOM(N Al
COMMON/E3B/SIGC14C8) PSS (14046) LY (140) e IUK(140Cs2)sCORD(120C22)
DIMENSICON D(342)4A(546)

STRAIN=DISPLACEM=NT MATRIX

SQ2=5QART («3)

DO 10 I=1s23

J= TJUK (N 1)

D(Is+1)=CORD(Js1)
D(I+2)=CORD(Js2)
RB=(D(1+1)4+D(2+41)+D(391))/2.0
ZB=(D(1+214+D(2+2)4D(3+2) )/ (3« *RR)
DO 11 I=1+3

Iz2=2%%

li=12-1

Ki=1I+1

Kp=1+42

IF(K14GTe3) Klz=zKk1-3
IF(K2aGT a3y K2=Kz2-3
AC1412)=D(K1,1)-D (K241
A(2+411)=D(K222)-n(K1sp2)
A(3:11)=(DIK1+2)#0 (K2 1) =DIK2+2)#¥D (K1 41))/RBFA(1 1129 #2Z2B40(221 1)
Al4s11)=A(1s12)%502
AlasI12)=A(2+11)1%SDZ2

RETURN

END



SURRQUTINE STRMAT (NsZ a3+ YMaPR)
COMMON/BRB/SIG(14046)sFPI(14C+S) s LY (14D)+ 1 UK(140+42)sCORD(12002)
CONMMON/CCC/TSIG(140+8)YaTEPS(14046) o YLSIG(1240)+PAL140)YsTNG(140)

o000

60

50

90

28

29
70

COMMONA/MIMA/STGINMNT « BX o XN
DIMENSION B(6:5)sTS(4)1BE(6.4)

STRESS=-STRAIN MATRIX

IF(LY(N) «EGQel) GOTO 50

DO 60 1=14+4

DO 60 J=1s4

BlIsJ)=BE(Is+J)

GOTO 70

G=YM Z(1e+PR)

DO 90 I=1.4

TS(I)I=TSIGINII )+, 5%¥STG(Ns 1)

HSIG=(TS(1)+TS(2)+TS(3)) /3.

TS(1)=TS(1)-HSIG

TS(2)=TS(2)-HSIG

TS(23)=TS(2)~HSIG

EQST=040

DO 28 1=1+¢

EQST=EQST+TS (1) %2
SB=SQRT(1+S*%EQST)

ERP=SIGINTH#RX#XN*(SB/SIGINTI#3# (1 a=(14/XN))
=EP/(1+45%G) '

RA=G/(1e+T)

DO 29 I1=1.4

DO 29 J=1»4

BCIeNN=RE(T«+ N—(TS{I)#TS{UYyH*RAZEQST)

RETURN

END
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SUBRCQUT INE STRSAN(INUMEL s YMsPR«AB5)

COMMON/AAAZTDS (120123 TFORC(12042)sD5(12092)sFORC(12092)
COMMCON/BBR/STIGI140+6)+EPS( 14048 LY (140)2 1 UK{(14093)sCORPD(12092)
COMMON/GGG/AREA (140

DIMENSION A(Ga58) 4R {E2GIsDI(6) 1 BE(6+6)

COMPUTATION OF THE STRESSES ANMD STRAINS

DO 420 N=1+NUMEL
CALL GEOM(INsA+R3)
DO 10 1I=1+3
Il=2%1-2
K=TJK(Ns 1)
D0 10 U=1+2
JI=11+J
10 D(JIY=D5S5(KeJ)
DO 11 I=1.4
TPS(N+1)=0.C
DO 11 J=1+6
11 EPSINsI)=ERSI (N« I)+A( I+ J)H*D{J)F*eS/AREL (N
CALL STRMATI(NsZ+2EsYMsPR)
DO 12 1=1e4
SIGINesI1)=UeU
DO 172 J=1+4
12 SIGINsII=SIGIN«IY+3 (1 e JYHEPS( N )
420 CONTINUE
RETURN
END
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SUBROUTINE LOAD IN(NUMNMP 3 IKA + <R INCL TR
COMMONZ AAA/TDS (120 12) s TFORC(120s2) 905 (12042)sFORC( 1209 2)
COMMONZDDD/NP (1203 1LY e ST (1209294 ) «NAP(120)s5FORC(I12092)45R12004)
COMMOMA/ZEEE/NBC(120)

COMNMONSJJII/NA (B ) «NBI6U)

NODAL POINTS WITH PRESCRIEBZD DISPLACIMENTS

IF(IMNCeGT ) GOTO 10
<A=0
KB =0
Do 209 M=1NUMNP
IF(NSC(M)aEZQe0) GOTO p0Q
IF(NBRC(M)—2) 1014101480
KA=KA+1

IF(KAsGTaB0)Y GOTC 75
NA(KA ) =M
STF(Mel1e1)=STF(Ms1e1)¥#1 520
FORCIMa1)=DS5(Me1)3#STF(Ms1le1)
IF(NBC (M) eFQsl) GOTO 200
KB =IKR+1

Fli<BaGT«00) GOTO 75

MB(KB) =M
STF(Me 1 et )=STF(Me194)F ] PN
FORC(Me2)=DS{Ma2)#S5TF(Ms 1 s2)
CONT INUE
GOTO 204

IF(KAEQesO) GOTC 20
DO 11 LA=1.KA
M=NA(LA)
STF{Me1e1)=STF(Ma191)*1aERD
FORC(Mes1)=0S(Mae1y3:STF{Me131)
IF(K2aFGeT) GOTO L4
DO 12 LB=1.:KB
M=NEBLB)
STFEF(Mel 4 4)Y=5TF({Ms194)%1 «F20
FORC (M 2)=DS(Ma2)3STF(Me] 94
D0 219 iM=1 e MNUMNP
DO 219 J=144

SRIMsJI=STF(Me 1))

GOTO 53C

WRITE(ST76)
FORMAT (5C0H MORE THAN 20 PRESCRIBED DISPLACEMENMNT NODAL POINTS )
RETURN

END
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SUSRCUTINE FORCES (KA. 1<0)
COMMON/AAA/TDS (12092)sTFORC(12092)105(12042)9FORC(12042)
COMMONZDDD/ZNP 120 s 10)sSTF (1204994 ) sNAP(120) +SFORCIU120+2)s5R112094)
COMMON/EEE/MBC(120)

COMNMON/JIJIZNATBC) «NB(60)

COMPUTATION OF FORCES AT MNePe WITH PRESCRIBED DISPLACEMENTS

IF(KAeZEQaC)Y GOTO 79

DO 71 LA=1+KA

M=MATLA)

NUM=NAP (M)

FORC{Ms1)=FORC(Ma1)#¥1.Z—-204+5R(M2)%DS(Ms2)

DO 73 L=2 ¢NUM

N=NP(Ma L)
FORC{(Ms1)Y=FORC(Ma1 ) +STF UMl es 1)1 %DSINe1)+STF( ML +2)*¥DS(N2)
CONTINUE

IF(KB«sEQeU) GOTO 400G

DO 72 LB=1.KB

M=NB(LEB)

NUM=NAP (14)

FORC(Ma2)=SFORCIMaP)¥] o =204SR{Mes3)H#DS (Me 1)

DO 74 L=2«NUM

N=NP (ML)
FORCIMIP)=FORC(Ms 2 ) +STF M 93)HDS{INs 1 )+STF (Mo s 2 ) #DS (N2
CONTINUE

RETURN

END
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SUBROUTINE YIELD(R s RMINMUNEL o NE)

DINENSION BR{140C)

COMPUTATION OF THFE LOWEST VALUZ

DO 20 I=14ME

L=1

RMINM=R(1)

DO 10 N=2+NUMEL
IF(RMINJLE.R(NY) GOTQ
RMIN=R (N}

L=N

CONTINUE
RL)I=1.E20

CONT INUE
FORMAT(11C+1E2Te7)
RETURN

END

10
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SUBROUTINE GEGMAT (N &)
COMMON/BBB/SIG(14C16)1EPS(14016) 1LY (140)s TUK(140+93)sCORDI12092)
COMMONZCCC/TSIG(14048) s TEPS(14046) «YLSIG(140)yPA(140)s TNG(140)

(e N e e

11

12
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COMMON/GGG/AREA (1 2W)
COMNMONZLLILI /G (S+6) s AM(545)
DIMENSICON SK(546) ¢ TIK (S 6)

THE INMITIAL STRESS MATRIX OR THE GEOMETRIC MATRIX

I=TJUK(Ns1)

J=TUK (N 2)

K=TJUK (N 3)
RE=(CORD(I+1)+CORPP(Js1 ) +CORD(Ke1))/3s
ZB=(CORD(I+2)+CORND(Js2)+CORD (K 2) ) /3
G(1e2)=CORD(K+1)-CORD(J1)
G(1+4)Y=CCRD{II+1)—CORND(Ks1)
G(1+5)=CORD(Js1)=CORD(I1)
G(342)=CORD(Ja2)—-CORDI(K2)
G(344)=CORD(Ks2)=CORN(I1+2)
G(3+6)=CCRD(I+2)=CORN(Je2)

DO 11 L=1+5+2

G(2sL)=G{1s (LL+1))

G(4slL)=CG(3s(L+1))
C(591)=(CORD(Js 1) HCORNIK+2)—CORD(IK 1) *ZORD(JI2) )/ RE+G(2+2)
+G (1421 Z8/RS

G(Za3)=(CORDIK s 1) #CORD (1 12)~CORD(I1s1)%CORDIKs2))Y/RB+G(3+4)
+G(1e4)¥ZB/RE
G(Es5)=(CORD(I+1)1*CORDI{IJI2)—CORDI(Js 1) ¥CORD(II+2))/ RB+G(Z+6)
+G(1+6)%73/28

TEM=1.5078 #RBAREA(N)
AM({141)=TSIGINs1)®TEM
LAM(1e23)Y=TSIG (N4 ) *>QRT (45 ) #TEM
AM(Z292)=AM(1491)

AM(244)=AM1+3)

AM(391)=AMC143)

AM(3e2)=TSIGIN2)y*TEM

AMTt4a2)=AM(1+3)

AMIELG s 4)=AM(343)

A5 e5)=TSIGI(Ns3)*TEM

DO 12 1=1+58

DO 12 J=11+5

T<(1+4J)=0.0

DO 12 K=115

T e N =TKLTa ) +AM T )G {K e J)

DO 13 I=1456

DO 12 J=1146

SK(14J)Y=0a0

DO 13 K=1+5

SKIT s ) =SKIT e J)+G (K [N XTK (<9 J)

RETURN

END
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SUBROUT INE MESHGN

COMMON/AAA/TDS (1209213 TFORC(12042)9D5(12032)+FORC(120+2)
COMMON/BBB/SIGI140956)+EPRS5(140s8) LY (14U0)21UK{140+s2)9CORD(1204+2)
COMMONZ/DDD/NP (120 1W) s STF (12300 24) «NARP(120)+SFORC(120+2)sSR(12C»4)

OO0

oo

2

10

1

1

14

0

1

3

COMMON/EEE/N3C(127)
COMMON/FFF/NPRHNUM12C)YaNUNME(140)

MESH GENERATION FOR THE FLAT PLATE
DIMENSIONS OF PLATE FROM EXPERIMENT

READ (S+20) ((TUKINI I I=1s3)sN=81+83)
FORMAT(914)

NUMEL=132

NUMNP=11S

DO 10 N=1+1332

NUME (M) =N

DO 11 M=1s115

NENUM (M) =M

DO 12 J=1+3

DO 12 I=1s221

M=p1HJ+1-21

CORD(Ma 1 )=FLOAT(I)¥*S.0T75+04175
CORD(MI2)=FLOAT (J=1)%0U,0625

DO 13 J=1.2

DO 13 I=1+26

M=26%J+14+37

CORD(Ms 1) =FLOAT(II*UL,167+1.658
CORD(Ms2)=FLOAT(J=1)%0 125

DO 14 1=142

DO 14 J=1.20

N=40% 1 4+23%J-41

M=N+ 1

TJK(Ns1)=J+21561 =21
TJKUIN«2) =TI (Ne 1)y +1
TJKUIN3)=TUK(NS 1) +21
IJK(My 1y =TJUK(Ns2)

[JK (M 2)= 1IN 1y +22

TJK (M3 )= TUK (N3

DO 15 I=14+25

N=2x%x1+82

AM=N+1

ITJK(Ne 1)=14+63

ITJK(Na2)=1+64

IJKIN3)=1+89

ITJK(Me1)=TJK (N 2)

I J<(Me2)=1+90

[T M 3) =T UK (N2

DO 31 I=1+NUMNP

NEC(1)=0

DC 32 1=2,21

NEC(I)
DO 33
NECOT)
NBC(1)=3
NRC(1)=2
NBC(22)=1
NSC{43)y=1
NBC(89)=p
NBEC(115)=1

P
o}

654428

II'—'II
wllu
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NBC(89)=23

DO 16 M=14115
DO 16 I=142
FORC(Ms1)=0e0
DS(Ms1)=0e0
DS( 191)=.005
DS(224+1)=4005
DS(4341)=e005
RETURN

END

2b



O

SUBROUTINE STRITE (NUMEL)
COMMON/BRE/SIGI14L1E)sEPS(140+6)9L.Y(140)e T UK(14093) s CORDI12092)
COVMONSCCC/TIIGC140sa) s TERS (1406 YLEIG(140)sPAC 140 TNG(140)
DIMENSION TS(46:63y2TE(46s6) 0L (46)

AVTZRAGING SUBROUT INE

DO 1 I=1s46

1 L(I)Yy=0
DO 10 I=1.2v
N1=2%I-1
NzZ=N1+1
N3=MN1+40
Na=N1+41
LI=SLY(NIYFLY (N2)Y+L Y INZYHLY (NG)
IF(LI«SCGes) L(INY=
DO 11 J=14+5
ToO(1aU)=e 28 (TSIGINTIs JI+TISIGIM2e N +TSIGSINI«I)+TSIGINGs J)Y)
] TE(I o) =253 {TZPS NI aJ)+TEPS (N2 s Y +TERSI (NI Y +TERPS (NG J)Y )
10 CONTINUE
DO 12 J=1.6
TS(21J)={TSIG(B1+J)+TSIG(EPsJ)+TSIC(B34J) )/ 20
12 TE(21eJ)=(TERS(8B1+J)+TEPS (824 ) +TEPS(834J))/ 3B
LI=LY(81)+LY(82)+LY (A3)
IF(LILEQ«3) L(21y)=1
DO 13 I=1+25
M1=2%1+82 )
MNZ=N1+1
N=I+21
LI=LY(NI)Y+LY (N2)
IF(LI«=ZQe2) L(NY=1
DO 14 J=1a6
TSINaI) =S¥ (TSICGIMNLs N+TSIGINZaJY)
4 TEANIIYZoBH(TERSIINL s J)+TERS(NZ2eJ))
3 CONTINUE
YWRITE(6+29)
WRITE(6s114)
WRITE(A54562 ) (Ns (TSN T )Y e I=194)sTES(NeE) s (N)YIN=1148)
VWRITE(H.09Q)
YWRITE(64115)
WRITE(6:563) (N (T (NsI)s I=194)sTZ (NG ) sN=1148)
VRITE(H99)
GQ FORMAT(IHL)
CE2 FORMAT(ILIUNGF 1 Te6e110)
SH2 FORMATIINIGCSF15,.,8)
114 FORMAT (3¢ ELEMENT Z-STRESS RP—STRESS T-STRESS
1 RZ-3STRESS EQ=-5TRIESS LY/
115 FORMAT (3+ ELEMENT Z=STRAIN R—STRAIN T-STRAIN
1 DZ-STRAIN EC-STRPAIN */)

RETURN

END
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SURROQUTINE CORT(INC)

COMMONZAAA/TOS 120 2)s TEORC L1202y 902 (12092)+FORCIE12042)
COMMONAHEB/SIGU140248)sFPS(1406) s .Y (140)e1UK(14003)2CORD(12092)
CONWMONACCCATSIGCI14a0ya) v TERS{14008) s YLSIG(140)4PA( 140y TNG(140)

MODIFICATION FOR THE STRESS FREE BOUNDARY

FAz=D.%5
TST=(TSIG{41+1)+TSIG(42a1) )%
TST=T3T+FA
IF(TSTeltZele) GOTO 10T
X=CORD(44¢1)1+CORD(43+1)
Y=CCRD(4441)—CORD(4241)
FORC(4342)=ToTH53, 14%XtY
RETURN

END

Sk
s
*
—
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Ge2 Finite element program for the three-dimensional case

using TET4- elementse.
(1) Elastic
(ii) ‘ Elastic-plastic
(iii) Large deformations.

This program uses the 'natural mode' technique.



OO0 O0O000

OO0

aOD 0

00

178

179

501

180

PROGRAM ERLALBCINDUTsQUTRPUT s TAPES=INRPUT s TAPFS6=0QUTPUT)
FINITE ELEMENT DISPLACFMENT METHOD

APDED PLASTIC AND LARGF DEFOPMATIONS
THREE DIMENSTONAL

EL.FMEN

DIMENS

T SHAPE - T=Ta

TON AND COMpaON

CHAMMON/RRR/TJUK({ f=sa

CAMMON/CCC/STE(IEQsZ7) aNP(

COMMON/DDD/DS T 57, 3)
JEEE/ZYML BX)sePR(I 851 YLSIG( 85)

COMMON
COMMON
COMMONMN
COMMON

JFFF/NPRO 50
/GGG/TSIGE a5
JHHH/ZPN( B5,6)

STATEMEMTS

(FLASTIC)

Y« CORND(E S0« 3) VOL( 85)

FORCTE S0e32) s 51GH

NO IR 50) « NPNUM(

B0s20) s NARP( =0

REeHY)ITPSI ESeH)

SO)YsNUME( 85)

8)Y+TEFPSU RE+8)sTDS( =032 s TFORC(

s TPN( 8546)

COMMON/TITI/ZAL(6) s TC(He3) NS (A2

COMMON

SIII/

Pl6eEYsA(B1E6) s ACIL

85s15)

DIMFENSION SIGD(AP)IPCIGE 85+6)D018218)eTNI184183)

ReAD AND PPINT OF DATA

SOy VYL

CaLL READPRINUMEL « NUMNP s NCYCMs TOLF D s XFACY INCRPF«SIGINTSCLSIGS

S32.T0O
caLL. D

INITIA

INC=0

Do 178
LY (N =
YLSIGH
DN 30

PIGIIN
TON( Ny
N 178
T IG(N
TEPS (N
Do 179
Do 179
THS (M
TeORCH(
DN 106

Do 10

TMOT o J

LAYNITR OV
IFFER(D)

LISATION 1

N=1 ¢ NUMEL
0
NYy=0 40
J=14¢6
s JY=0,0
J)=0.0
I=1.8
s+ 1)=0,0
2 1)1=0e0
M=1 ¢ NUMNP
I=1e3
I1)=0e.0
Mel)Y=Da0
I=14+6
J=1+18
)=0.0

CUFCKING FORP POSITIVFE VOLUME OF FTLLFMENT

ITR=0
Dn 180
caLlL Vv
IF(VO
VOLLON)

INITIA

NN 17
LT ="
Do 170
MT=3%M

M=1 ¢ NUMFL
OLUME (N4VOY

Y7Q0147014180
=VO
LIZATION

L=1 ¢ NUMNP

M=1,19

85



00

o000
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171
170

175

64
267

4065
260

263

261

210

141

145
146

DO 171 T=143
MM=MT+1~3

DO 171 K=143
L =L T+K-3
STFLL«MMY=D,4,0
NP (LeM)=0
ND(Le20)=0
Ne(Ls1)=L

FORMATION OF STIFFNESS ARRAY

NGO=0
CALL STIFF(NUNMEL«NUMND s INCe ITRINTSSTe TN eD)
CALL LOADIN(NUMND)

ITERATION ON NODALL POINT DISPLACEMENTS
CALL ITERAT(NUYMNP ¢ XFAC «+ SUMs TOLERSNCYCHM)
FVALUATION OF S3TecSSES AND STRAINS

CALL STREAMINUMFEL « TN 4N
IF(INCeFQaD)Y GOTO 261
IF(ITR«FQeD)Y GOTO 260
SUMGS=06 2

SUMD=0eD

DN 262 N=1 NUMEL
IF(LY(N)«NES1) GOTO 262
DO 264 I=146
DFLT=STG(Ns 1) =PST1a(Na1)
SUMS=SUMS+ARS(SIG(NTY)
SUMND=SUMD+ARS(DFLT)
SIGINe I)=RPSIG (N 1 )YFTOVEDFLT
CONT INUF

CONT INUE

SUMND=SUMD/SUMS
WoOITE(6+120) 1TR.SUMD
IF(SUMDGT«TOLA) OTD 405
NrO=1

GOTO 261

IF(ITR«GT«NITRY RNTO 266
DO 262 N=1 NUMFL

DO 263 I=1+6
PCIGINSTIYI=SIGIN )Y
ITR=T1TR+1

COMPUTATION OF FNUIVALFNT STPFESS ANMNND STRAIN

RMIN=14F20

DO 14C N=1 NUMFEL

DO 210 1I=1+6
SIGD(Te1)Y=TSIG(N4 1)
SIGD(TI+2)=STG{(NT)
IF(LY(N)~1) 1414140014%
SIGONT=STIGINT

GNTO 146
STGONT=YLSTG(N)

CalLL FEQUAD(SIGDIM«QAOQRsOC)H
Qr=QC~(2s/ e ) *STIEONTR¥D



OO0

OO0

OO0

On0n

140

147

143

40p

120
711
269
aa

TEMP=0B#QB—4 4 *QAX0DC
Rz (X (SQRT(TEMP) -0B)Y /0A

IF(RMINJ LEWLR) GO TO 140
RMIN=R

CONTINUE

ScL=RMIN

DO 1472 M=14+NUMNP

DO 1422 1=1+3

D (Mg 1) =DS(Ms I)%#SCL
FORC(Ms 1 )=FORC(M41)*2CL
DN 143 N=1NUMEL

DO 143 1=1+6

PN(Ne 1)=PN{N4 I )y¥acL
SIGINeI)=SIGINs1}Yx5CL
FOS({Ns 1) =ERPS(Ns 1)5CL
IF(INCesFReC«sOR«NGOsENel1) GOTO 402
GNTO &03

EVALUATION OF FODCES AT NePe WITH PRFSCRIBFD DISPLACFMFNTS

CaLL FORCFES (NUMND)
CALL TOTAL S (NUMNP 4, NUMEL )
CALL CHECK (NUMEL +SCLSIG)
CALL PRINTS(NUMND NUMFL « IMNC)
INC=1INC+1

IF(INCeGTeINCRE) GOTO 440

INITIALISATION 3 FOR YHE NEXT LOCAD

DN [64 M=1+NUMNP
DN 564 1=173
De(MyI)=00
FORCIMeT1)=DW8D

DO 565 N=1 NUMFL
DO 21 J=le6
TON(Ns J)=TPNIN+J)+PN (N1 J)
DO 565 I=146
SIGINI)I=0,40
EPS{Ns1)=040
CaLL LOADCING)
GNHATO =01

POIMT OF FRRORS N INPUT DATA
WOITE(6+711)N

GNTO440

WO lTFE(6+:269)

FAORMAT STATFEMENTS

FORMAT(I11241E204A)
FORMAT(34H ZEPRD 02 NFEGATIVF VOLUMF «

INCRFMENT

Fle NOs=114)

FORPMAT {27+ NO CONYERGRMCE NOF STRFcacg )y

STOP
FaD



000

109
110

391

13

Q9
101
102
106
107
1Ce8

)

SUSBSROUTINE READPPR (NUMFL « NUMNPR +NCYrMsTOLER s XFACs INCPFaSTGINT »
1SCELSIGeS32+TOLAINITR OV

COMMON/BBRB/TUK B=14)sCORD{ S0+3)sVOL({ 85)

COMMONZDDD/DS{ S043)eFORCI S50:2)1¢S1GI B516)+EPS{ 8%546)
COMMON/EREE/YM({ 85)1PR(I 25)sYLSIG( B5)

COMMON/FFEF/NPR( S0)Y NP IR( SO)+«NPNUMI S0)«NUME( Aa5)

R=AD AND PRINT OF DATA

WDITE(6£499)

READ (S 1 YNUMEL « NUMNPINCYCMs INCREZ ¢ TOLFR s XFAC«STIGINT
WOITE (64101 )NUMEL

WRITE (64102 )NUMND

WPITE(6+2106)INCYCHM

WpITE(6+107)TOLER

WolITE(6+108)XFAC

WPITE(6+109) INCRE

FORMAT(Z29H NO. OF LOAD INCREMFNTS =+ 16/)
FARPMAT(ZO0H INITIAL YIELD STRESS =¢F122)
WRITE(64110)SIGINT

WOITE(6+C9)

DO 291 N=1«NUMEL
YMINY=3eE7
Po({N)Y=0e3
SELSIG=64900 ASIGINT
S22=SQRT(15)
TOLA=.0005
NITR=10
OV=1.0
DO 13 M=1sNUMNP
NO 13 I=1,4,3
DS (MeI)=Ne0
FORCIMs T )=060
Ccal.l. MEGN31
WP ITE(6sS)Y (NUMEINY» (T U INegY s =1 s ) aN=1 s NUMFL)
WRITE(643) (INPNUMM) sCORD (M 1) sCORD (M3 2) sCORNDIMe 3) s FORC(Me 1) 9
1IFORCI{MI2)YsFORCIMs ) sDS{Ma1)sDSIMe2YsDSI(Me3)e NDIR(MY aM=1 s NUMNP )
FORMAT(1IHL)

FORMAT(20H NUMBER OF ELEMENTS =s14/)
FORMAT(29H NUMBER OF NODAL POINTS =sla/)
FORMAT(20H CYCLE LIMIT =e14/)
FORMAT(29H TOLERANCE LIMIT =1E12e4/)

FORMAT(20H OVERRFLAXATION FACTOR =sFEe3/)
FORMAT(A414+3F1540)

FOPMAT{ 14 313FR.Be3C 12 ,542F12,.2+18)

FORMAT(ST4)

RETURN

EMD
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O00n
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COMMONS/DDD/DS( S043)«FORCLE 50431+ SIGI NSeH)4EPS( 8516
COMMON/FFF/NPB( S0)sNDIR( S0)+NPNUME 50) s MUME( 85)
COMMON/GGG/TSIGI RS5y8)sTEPS( BS12) ¢ TDS{ 503)+TFORCE S503)alLY( 85)

PoINT OF RESULTS

WO ITE(6400)
WOTITE(64113) INC
WO ITE(64121)
WoITE(6«122) (NPNUMIM)Y aNDS(Me1)eDSIM2)sDSIMe3) sFORC(Ma 1) sFORCIMs2) s
IFORC({Me3)y aM=1 s NUMNP Y}
WO ITE(6+99)
WRITE(6+123)
WoITF(6e566) INUME(NY s TSIGINIR) s TEPSINIRY s LY (MY s N=1 o« NUMFL)
WoITE(64124) (NUMF{N) s (SIGINsI)sI=145)eN=1+NUMEL)
WRITF(64.99)
W ITE(64130)
WRITF(AY»131) INUMF(NY« (FRS(NeIY s I=1948) sN=1 s NUMFL)
Q0 FORMAT(1H1)
122 FORMAT(1 744X 3F15,614Xe3FE15.6)

121 FORMAT(105H NePe X=DI1SPL e Y-DISPL e Z-DISPL
1 X-FORCF Y-FORCE Z~FORCE /)
123 FORMAT(52H EL=MENT EQ-STRESS EQ-STRAIN LY /)
566 FORMAT(II042XsF16,44F16.,84+18)
130 FORMAT (6OH ELEMENT X=STRAIN Y=STRAIN
1 XY-STRAIN)

131 FORMATI(1T11046F18,R)

113 FORMAT(158H LOAD INCRFMENT 14/ )
ReTURN
END
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SUBROUTINME VOLUMF (NeVO)Y

COMMON/BBB/TJIK( 85+4)sCORD( S0 3) s VOL{

DIMENSION C(3¢3)sC ()

CHECKING FOR RPOSITIVE VOLUME OF ELEMENT

IT=TJUK(Ns1)

J=TJK (N 2)

K=1JK(Ny3)

L=lJY(Nya)

DA 10 M=1473

Cel eM)=CORD (I eMY—=ORN( I 4M)
C(2+yM)=COBPR(IKsM)—ORM( T +M)
CU3vMI=CORD(L e M) —CORD(T4M)
Co(1)1=C(2+42)%C(24)=-C(2+43)%C(3+2)
Cr(2)1=C(2¢3)YHC{(3e1)=C(2s1)#C(Re3)
Cr(3)1=Cl2s1I1%C (342 )=C(2e2)%C(301)
DeET=0,,0

DA 11 I=143

DET=DFTH+C(1+IYRCC(])

VO=DET/6.

DETURN

EnD
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185
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700
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440
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SUBROUTINE STIFF(NUMEL sNUMNP s INCy TTRsNTFST e TND)
COMMON/RBR/IJK( 8514)+CORND( S0+¢3)+VOL ( 88)
COMMON/CCC/STFIIRE0IS7) sNP I S0420) «NARP( 50)
COMMONATIT/ZAL(GE) +TCIABI3) NS (A2

CAMMON/JJJ/ PIEIEIIALEIBYIACT BE15)
DIMENSION LM(2) 2SG{184+18) +sSN{1R+18)+F(18418)
PIMENSION TN(1&s1R)IN(1R11RIsTD(18418)+S(12+12)

=VALUATION OF STIFFNTSS MATRIX

NeON=0

DN 200 N=1NUMEL

CALL STRMATINsTNO)

CALL MATMUL(H¢12418¢TNsDsTDD)
N ON=NCON+1

DO 11 I=146

DO 11 J=146

SNIT« HN=VOLINY¥P(T1s )¥AL(T)Y3*ALI D)
CALL MATMUL(6912+sA1sSNsTD R+ 0)
NCON=NCON+1

CALL MATMUL (1221246 sTNeF9Se1)
NeON=NCON+1

IF(INCeFQa2) GOTO 10

CALL GEOMAT(NAITPR«SGeINC)

N ON=NCON+ 1

DO 13 I=1.2

Ll y=1TJUK (N 1)

DO 2C0 L=1.4

DA 2C0 M=1+4

Lv=LM(L)

Mx=0

MY =M X+ 1

IFINPILXsMX)y=LM(t1)) 10041054100
IF(NPILXsMX)) 185,195 4 18R

NP (LXeMX)y=UM(M)

IF(MX=20) 19647724702

La=3%_-3

M2=733#M~-3

L¥3=23%LX~-3

My 3=3#MX=3

NN 200 1=1+3

L= 3+1

Lo=LX3+1

DA 200 J=1473

MP =M+

MA=MX3+J
STFILOWMQ)=STFLOMQYI4+S (LR MD)

COUNT OF ADJACFENT NOnAL POINTS

DN 206 M=1 NUMNP

My =1

My =MX+1

IF(NP(MIMXIIR0B2N6E s 205

NAP (M) =MX=1

GNToa 4t

WDITF (A 712)LLY

FORMAT(33H OVERIR NaPs ADJACENT TO NePo NOe114)
RETURN



Viy

END
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400
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SURBROUTINF ITTERATINUMND s XFAC « SUMs TOLFR W MCYCM)
COMMON/CCC/STFLIRNIS7) «NP{ S0+20) +NAP( 50)
CAMMON/DDD/DS{ SN 43 )+FORCL B0e3) 431G ]546)+EBS( 85.6)
DIMENSION F{3)

ITFRATION OF NP, DISPLACFEFMENTS

WRITE(64+303)

NeYCLE=0

SiM=040

SUUNT=040

Dn 290 M=1 «NUMNP

M = 3361

NUM=NADR (M)

DO 10 I=143
FI)=FORC(M41)

DN 280 L=1NUM

MN=NP(Msl )

DN 280 1=143

Nyt=23%L+1--3

DN 280 J=14+3

MY =MMEJ=3
F(J)=F(J)Y=STFIMJINWIXENS(NT)
DO 11 J=143

MJ=MM+J-23
DEL=F{JY/STF(MJeJ)

DR (MaJ)=DS(My J)+NFLEXFAC

SUMT=SUMT+ARS(DS (M J))
CONT INUF

CYCLE COUNT AND PRINT CHECK

SyYM=SUM/SUMT
NC=FLOATINCYCLE) /20441 E=20
NC =2C%*NC

IF (NCoNESNCYCLF) a0 TO 302
WRITE(As120)INCYCLF s SUIM

IF (SUM.LT.TOLEP) GO TO 400
NCYCLF=NCYCLFE+1
IF(NCYCM=NCYCLF)400+400s244
FORMAT(1I1241E204A)
FORMAT(17H ITERATION REGINS/)
RFETURN

END
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SUBROQUT INE LOCADIN(NUMNRY

CNMMONA/CCC/STFIIEN+57) NP ( S0 420) +NAP({ &=0N)
CAMMON/DND/DS( S e3)sFOPC{ SN2 sSIGI BRE4A)ERS( RE44)
CNMMON/FFFE/NPRI en)«NN IR T SO) «NPMUMLE 850)) « NUMFE( 85)

LNAD INITIALIZATION

Do 209 M=1 s NUMNP

IFI(NDIR(M) «EQa100N) GOTO 209
MM =3¥%M

Ma=NDIR(M) /10

MA=10%#MA

IF(MALSOQLNDIR(MYY GOTO 10
STF(MMe3)I=STF (MM )1 eF22
FARC (Me R)=STF (MM 42)¥NS (M 3)
Ma=MA/Z100

Mo =MR¥%100

IF(MAsEQsMR) GOTO 11
STFI(MM=142)=STF(MM—142)%*1 522
FORC(Me2)=5STF(MM=1+2)%#DS(Ms2)
MC=MB/1000

MEC=MC#1C00

IF(MCeEQeMRB) GOTO 209
STF{MM—=2¢1)=STF(MM=241)%*1 E22
FOARC(Me 1Y=STF (MM=29 1 )¥DS(Me 1)
CONT INUE

R=TURN

END
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208

X

SUSROUT INE FORCES (NUMNPY

COAMMON/CCC/STF(1S0957) sNB( S0420) sNARP( 50)
COMMON/DDD/DS (T S0+¢2)eFORCE 5013)1S1G( B516)+EPS( 8%546)
COMMON/FFE/NPI( S0)sNDIR( S0) o NPNUM( S0)«NUME( 85)

EVALUATION OF FORCES AT N.Pes WITH PRESCRIBED DISPLACEMENTS

DN 208 M=1 ¢ NUMNP

IFINDIR(M) 4EQ«1000) GOTO 208
Mp=733%M
M2 =MM=T3
MA=NDIR(M) /1D

MA=10C¥MA

IFI{MALEQLNDIR(M))Yy GOTO 40
STEF(MMs3)=STF(MMe) #1.FE=22

ME=MA /100

MR=MB*100

IF(MALEQMRY GOTO 41
STF(MM=142)=STF(MM=142)%1 F=22

Mo =MB/1000

Me=MC%1000

IT(MCeFQeMBY GOTN &p
STF(MM=241)=STF{(MM=24]1 %] ¢E=P2

NUM=NAP (M)

DO 43 J=113

FORC(MeJ)=0,40

DO 43 I=1+NUM

N=NP (Ma 1)

[1=3%1-3

DO 43 L=1+3

FOARC(Ms L) =FORPC My J)+STEIMR+ e I T+L) DS IN L)
CANT INUFE

R=TURPN

EnMD



OO0

20

21

11

SUBROUTIME MEGN31

COMMON/RBEB/TJK( 8524) s CORD(
COMMON/DDD/DS{ 504+3) +FORC
COMMON/FEE/NPS( s0) spN IR (

FINITE FLEMENT Mgk

DO 20 M=1+45
NENUM (MY =M
Doy 21 N=1,.80
NUME (N) =N

DN 11 NZ=1.%
R=0e5
Ic(NZeFQal) RP=D,40
J7=9%¥NZ-Q

DO 11 NY=1+3
JY=2X¥NY-3

DO 11 NX=143
My =NX+JIY+HJ7

CORDINMX e 1)=FLOAT (NX=~
CNPDIMX 42 ) =FLOAT (MY -

CENARATION

1) %R
1) %P

CORDIMY s3I =FLOAT(NZ~-1)1%e5

DO 12 I=1.4
Ii=a*l-4
la=0#1]-9

DO 12 J=1s7
JJ=2%Jd-2
Jr=3%J-3

DN 12 K=1+2
Kig=iK+JJ+ 11
N=S*KK-4
L=K+IQ+J33
Lo=L/7
LO=2%L0
IF(LO«FQ.l.) GOTO 13
TUK({Ns 1) =L
TN 2) =L.+Q
TUK(N3) =L +1
TUK(N« 4 =L +3
N=N+ 1
ITUK(Ns 1Y =l.+1
TUK(Ns2Y=14+13
ITUK(Ns3) =L +O
TUK(Ne2 )=l +10
INFEINE |

TN 1Yy =l +4
TUKINs?PY =1L +3
TULKING ) =L +1
TUK(Nsay=L.+13
N=N+1
TUKENs 1) =l 42
TUKINSZ2)Y=L+12
TN 3 ) =L +2
TN Y=L +173
N=N+1
TUK({Ng 1) =l +1
TUK{N g2 Y=l +173
TUKIN«3)Y =l +3

S0e3) e VOL(
50¢3)sS1GH
S0 ) « NONUM (

B8Ss6)EPSH
S50 « NUME (

vy



12

16

17

18

a0

TUKI(Ns4) =1 +©
GNTO 12

TUK (N 1) =L,
IUK(Ns2Y=l.+12
TJK (N3 =l.+9
ITUK(Ns4)=l.+10
N=N+1
IUKINs 1) =l +1
TUK(Ns2) =l +4
TUK(NyR) =L,
TUKINs4)=l_+10
N=N+1

T UK (Ne1)Y=l_+4
TUK(N2)=l.+12
TUK(N¢3)=[.+10
TUK(Nsa) =L +13
N=N+1
TUK(Ne1)Y=L+3
TUK(Ns2) =l +12
TUK(N3) =L,

1 J<(Ngyay=l.+2
N=N+1
TUK(IN. 1) =(.
IUKI(N«2)Y=l.+10
TUKIN«3)=t_+4
TUKINg &)=l +12
CONT INUE

DO 15 M=14+45
NPHIR(MY=1000C
Do 16 I=149
NAIRCII=NDIR(I Y+
DO 17 1=145
I1=9%1-0

DN 17 J=1+3
JJ=J+11
NNIR(JUII=NDIR(JII+10
Kie=114+3% =2
NDIR(KKY=NDIR(KK) +10n0
DO 18 1=37+4%
DS (1+43)=e0001
DN 40 1=37445
NN IR(IY=NDIR(I)+1
PeTURN

FNID

Mm
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SURROUTINE GZOMAT (N ITR«SGe INC)
COMMON/BREB/TJK( 8514)+sCORD( 50+3)sVOL T 85)

CAMMON/DDD/DST 5N 3)aFORCTE S0s2)eS51GI A5 6)+ERPST 85416)

COMMON/HHH/PN( B546)+TPN( 85456)

CCOMMONA/TITI/ZALIE)Y s TC (A1) INS(A2)
DIMENSION GK{3+3)+AM(18+18)19G(189418)sSH{18418)s5G(18+18)

GFOMETRIC CR INITIAL STRESS MATRIX

DO 10 I=1.4+6

TOMINs TY=TPN(Ns 1) 3 e5#PN(Ns T
DO 15 L=1+6

DN 16 K=1.3

DN 17 J=1423

Gre (Ke J)==TC(LaIXTCU_sJ)

Gt (KeK)=1 e +GK (KK

DO 18 K=1.3

DO 18 J=1.3

G {Ks J)= AL (LYHFGIK(IKe JIXTPNINeL)
DO 19 I=1,.7

I11=3%1-2

DO 19 M=1e7

ITM=M4T

Ic=1

MM=3%M=2

DO 19 K=143

i =K+1 1

DO 19 J=143

JJ=J4-MM

GIKKy JJJI=FLOAT(ICHYH*GK (K J)
NTI=3ENS(Ls1)=-3
NU=3¥NS(Ly2)~3

D 20 I=146

DN 20 J=14+12

AMITaU)=040

DO 21 I=142

I1=2%1-2

DO 21 J=143

JJ=J+11

Kie=J+3%¥NS(L+1)=-3
AMJJIIKKYI=1 0

Call MATMUL(6412+62GsAMISHe0)
CALL MATMUL(1201245659AMsSHISGs 1)
CONT INUE

NN 14 1=146

TONI(NeTI=TPN(Ne T)~eEHPN (N4 1)
RFETURN

FaD

)
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11

14
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SURROUTINE STRSANI(NUMEL s TNeD)

COMMON/DDD/NRS( S042)4F0RCE S093)1SI15( A5+6)9EPS( 85+:6)
COMMON/BRB/TJK{ 8=+4)1.CORPN({ B0+3)VOL( 85)
COMMOM/TITI/ZAL (A vTC(AIR)YINS(H+2)

COMMON/JJIJ/ PlHIsBYIA(AIBY I AT RBSe 15}
COMMON/HHH/PN U 85,6) « TPN( B85 46)

DIMENSION C{12)enNT{6412)vTNIIRI1L)DI18:18)sTD(18+18)

FVALUTATION OF STRESSFS ANM STRAINS

DN 10 N=1+NUMEL

NCT=0

DN S0 I=1.5

I1=1+1

DN =C J=115
NCT=NCT+1

AtJs 1Y=ACINWNCT)Y
A(TaJ)Y=ACIN«NCT)

DA 60 I1=1+6
ArTal)=1,0.

CalLL STRPMAT(NsTN,1)
CaLL MATHMUL(G+12318¢TNeDsyTDs )
DO 11 JU=1.4

JI=3%J-3

I=z1UK(N«U)

DO 11 K=143

e =K+JJ

C(KK)=DS(14K)

DO 12 L=14+6

Do 12 M=1as12
DTILaM)=TD(LsMY*AaL (L)
DO 17 L=1+6
FRPSINLWLI=04"

DN 12 M=1,412
EOSINLY=EPSINLy+DT (L +M)3=C (M)

STRE SSES

DO 15 L=146

SIGI(NL)Y=0D0

Dﬂ 14 M:l " 5
STIGUNILI=STGINSLY P (L oMY HFPS (N M)
PRON« LY =VOLINYH#AL (LIS TGINGL)
COANT I MU

ReTURN

FAD
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SUSROUTINE DIFFED (D)
COMMON/TTIIZAL(E) s TCIBIR)INS(692)
DIMENSION D(18+18)

DIFFERENCF MATRIX

DN 12 I=1+4
Ne(lse1d=1

Ne(le«2)=1+1
Ne (442)=1

DO 13 I=5+.6
Ne(ls1)=1-4
Ne(l«2)=1=2

DO 14 1=1.183
DO 14 JU=1412
DeTed)=0e0

DO 15 I1=146
11=3%1-3
J=3¥NS(I1+1)-3
K=3%NG(T1a2)=3
DO 15 L=1+73
Ly=L+J

L =L +IK
Mi=L+11
D(MIsLJUY=—1
D(MIyLKY=1
R=TURN

END

N
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SURROUT INF MATMUL (L sMesNasA IR sCaNT)
DIMENSION A(18+41R2)12B(18+s182)1+C(1841R)

MATRIX MULTIPLICATION

IFINT=1) 20421422

DO 10 T=1.0

DN 10 J=1+M

C(lsJ)=040

DN 10 K=1aN
CeleJ)=ClTIaIIFA(T K)AR(K J)
GNTO 20

DN 11 T=1.L

DO 11 J=1 .M

CtlaJ)=N,a0

DN 11 K=1a«N
CllaDN=CllaU)+A(Ky I VAR (K J)
GnTO 30

DO 12 I=1.L

DN 12 J=1«M

CtleJ)=0eD

DO 12 K=1N

C Iea)=ClTaUY+A(TKINXR(JIIK)
RETURN

ENnD

hRT



OO0

11

12
1N

1=

14

50
530

SUBRQUTINE CURVYA(NsTM ITEST)
COMMON/RBB/TJKLE 859432 CORD(C S043),VOL( 85F)
COMMON/TTITIZAL(S) o TCIAE1AY NS (52

COMMON/JJJ/ P(538)1A(6H46)4ACT AR 15)

DIMENSION Q(6s3),TN(1R18)
cuevyY A MATRIX

DO 10 L=14+6

T1=NS(Ls1)

JJ=NSI(L 4 2)

T=TJK(NeTII)

J=TJIK(MaJI)

DO 11 K=133

QL KI=CORD(JaK)I—cORD(14K)
AL(L)Y=SORT{Q(L s 1) #2400 (L +2)3#%24+0(L s 3)%%2)
AL(LY=1s/AL(LY

L =3%L-1

DN 12 K=14+73

Lir=LL+K
Tr(LeK)=O(LaKI¥AL (L)

T LY =TCA(L sk)

COMTIMNUE

IF(ITESTLEQL1) GOTO 530

DN 14 I=146

PO 14 J=146

A(TsJ)=0,0

DA 1S L=1.73

A(Ts JY=ALT o JY+TC(TaLIRTC (UL
AlTsJY=A(T 4 )22

NeT=0

DN 80 =145

I1=1+1

DA 50 J=1146

NCT=NMCT+1

Ar(NSNCTYI=A(T o J)

R=TURN

EnD



ONe]

21

15

11
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SURRPOUT IN
COMMORN/DD

COAMMON/T T
COMMONSJJ
PIMENSTON

STRESS=-ST

TNG=0 40
caklL CUupv
Do 10 1=
Do 10 J=1
PrrsJy=t((
cabkl MATIT
IF{LY{N)Y.
D 21 I=1
Tal1y=TS1
DO 15 I=1
PRIG(II)Y=0
Dn 15 J=1
CAlTl )=
DIG(1)Y=D
FnST=0.0
D 11 I=1
FAST=FOST
FNST=FQST
NDo 16 I=1
DO 16 J=1

F STRMATI(N« TN ITEST)

Y%

D/DSC SN43)sFOPCE SN2 sSIGI BR4BYIFPS(I B546)
COMMON/ERS/YM{ REYsPR(I AS) s YLSIG( R’S)
COMMON/GEG/TSIGE a5e2) s TEPSIE A2« TNS( m0s2) s TEORC!

I/72L(AY «ClAR)INS(He72)
J7s Pl6EsE)YIA(HE1E) s ACTL 85415
TS(EYNSIGCIA) s CAIAIA) s DA(AR) s TNI1Rs18)

PAIN MATDIX

YA(NsTNG ITEST)

L)

65

1o +PRINYIFA(T o J)—CPP (MY Y /YN
NS(PsH5)

NE«1)Y GOTO 172

1 6

GI{Ne T Y+ .5%S51G (N 1)

5

« 0

' 6

A(Tsd)=P e/ 3
SIGUIN+CA(T s JIXTS ()

5
+NSIGETIY*TS(1)
FTNG /15

5

6

ENST=FOQST+P(I « N H*NSIGIII¥DSIG(I)

DN 17 1=1
DA(I)=0.0
Dn 17 J=1
DAL(I)Y=DA(
Do 12 I=1
DA 12 J=1
PtTsJy=0(
RFETURN
=EnD

&

6

IV+P(T s I)*¥DSIG(J)

' 5

' 65

ILe J)=DACTIHNATIYSFOST

S0e)YsLY(

25)



W

SURROUTINE LOAD(CTNC)H

COMMON/DDD/DS( SCe3)sFORCE TOe3)21SIGI BSe6)e-PS( 8545
COMMON/GGG/TSIGE 85+8)+TEPRPST AR5+3) ¢ TDS( S042) s TFORCH{ S50+3) 1LY 85)
DIMENSION YFORC(20)

INCREMENTS OF LOAD

DEL=041

Kir=36

L=

J=23

IF(INCeGTel) GO TOH 20
DN 11 M=1sL

M =M AKIK
YFORC(M)Y=TDS(MMsJ)

DO 12 M=1.L

Mg =M +HKIK

DS (MMo J)=DEL*YFOPC (M)
RETURPN

EnD
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25

20
P>
26
73
clel

11

1C

172

SURROUT INE MATINS (A e

DIMENSICN A(H16)4sUK1AY I Y(68)

MATRIX INVERSION

DO 14 I=14N
DO 14 J=14N
Y(IlaJd)=040
UlsJ)=0eO
DN 23 I=14M
1T e1)=A(T41)
It=1-1
IF({11450sT) GOTO 25
DO 21 K=1411
UCTel)=tUlT el )UKy Iy
UtTs I)=SQRTIULTs1))
IFlTIeEQeN) GOTO 70
I1=1+4+1
DO 26 J=11sN
UTaII=A(T1+J)
IF{ITe5EQe0)y GOTO p2
DA 20 K=1411
UtTeI=UlT e U)=UlKaJ)HUI{IKe Ty
UgTledd= UlTeJdY/ULTI1)
CONT INUF
CONTIMUF
DO 10 JJ=1eN
J=N-JJ+1
Y(JeJ)=1e/U(Je )
DO 10 II=14J
I=U=-11+1
I1=1+1
IF(]1]1eGTeJeORele=NedJ) GOTO
Y(14J)=0e0
DO 11 K=T14J
Y(TIod)=UlT eI FY (e JY4+Y (T 0 )
YeTlad)==Y(TlesJ)/U(Te1)
CONT INUE
DO 12 I=14N
DO 12 J=14N
A(TeJ)=0,0
DN 12 L=1WN
ACTaII=ATT e )4+Y T L)%Y (IS
BeTURM
[EANID]

10

MM
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147

1456

145

N

SURRQUT INF CHECK(NMUNFL s SCLSIIG)
COMMOMAFEE/ZYMU RSy sPR( 85)+YLSIG( 8%)
COMMON/CGE/TSIGE RHEep) s TEPS{ R54R)+TDS( S0sR) ¢ TFORC I S0+72) LY( Aax)

CHECKING THEZ ELEMSNTS FOR YIELDING AND UNLOADING

DO 145 N=1sNUMEL

IF(LY(N)Y=1) 14741454148
IF(TSIGI{NIR)aGF &+ SLSIG) LY(NY=1

Gn TO 145

IF(TFPE(N18)eGF«TEFPS(Me7)Y) GO TO 145
IF(TESIG(NIR) e GFaTRIG(MNeT7))Y GOTO 145
Ly{N)=P2

YLSIGIN)Y=TSIG (N7

Gn TO 145

IF(TEPS(NIR)eLE«TFPS(Ns7)Y) GO TO 145
IF(TSIGINIB) o LFYLSIGINY)Y O TO 145
LV (N)=1

YLSIGINY=OWC

CONT INUE

DN 560 N=1eNUMSL
TeIGI(Ns7)=TSIG(N,8)
TEPS (N 7y=TFPS(N,A)
RFTURN

END
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=06

=07

215

355

Y|

SURROUT INE TOTALS( NUMNP » NUMEL )

COMMON/BRR/IJK( AS+43sCORNDIE SCe3)+VOL( 85)

CAMMON/DDD/DS (0 S5Ne3)9FORCE SCe3)1eSIG PR ) sFPS{ £B546)
CAMMON/GGG/TSICE AaSsR) 2+ TFRPS( 8548)+TDS(E E0a3)+TECRCL H0sR) LY ( RF)
DIMENSION DSIG(8)Y),DEPS(8)

DFTERMINATION OF THE TOTAL VALUES RY ADDING THE INCREMENTS

S22=S0RT{1e5)

DO 506 M=1 ¢ NUMNDP

DA 506 [=143

TRSIMe 1) =TDS(Me 1Y +DS(Ms 1)
TFORC(Ms I)=TFCRC(Me I )+FORC (M 1)
DO S5C7 N=14NUMFL_

DO 507 I=146

TRIGINs II=TSIGINs I)Y+SIG(Ne1)
TEPSINs 1)=TEPSIN, I Y+FPS (NI
DO 511 N=1NUMEL

DO 215 1=1.8
DRIGIIY=TSIG(Ns T
PERPS(I)Y=TFPS (N 1)

CALL EQUVAL(DSIG.NEPS,N)
TSIGINGB)Y=NRSIG(R]y %5732
TEPS(IN8)=DEPS(8) /53>

MODIFICATION OF THE COORDINATES OF NeP S FOR LARGE DISPLACEMENTS

DA 355 M=1 4 NUMNP

DO 35 I=1e73

CORD(My I )Y=CORD (M4 1) +NS(Me 1)
PFTURNM

EnD
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SURBAUTINE EQUVAL (S TN
COMMON/JJIJI/ P(EsBIIA(ESEYWACT 85415)
DIMFNSION ST(H)1S5(8)sRr (616 TTIE)aTIRI I RIAEYIITNI(IR1R)

NCT=C

DN 50 I=1e5%

I1=1+1

DA 50 J=1146
NeT=NCT+1

A(Jes TYI=ACINNCT)
AtTeJY=ACINNCT)

Do 20 I=146
Atlsl)=140

DN 20 J=14.6
BlleJ)=A(1¢J)
AtTaJI=A(TeJ)=1e/Re
FVALUATION OF EOQUIVALFNT STRFSS AND STRAIN

CalLL MATINS(B4+6)

DO 12 I=146

Rel1)=D040

DO 12 J=1+6
RtIV=RIIY+B(IT )

DN 13 1I=1+6

DO 13 J=146

BlIs+ N=Blle N=-RIIIFR(II/3.C
DN 14 1=146

ST(I)=0e0C

TT(I)=O|Q

DO 14 J=146
TTCIY=TTLIY)+B(T e YT ()
STUIY=STII)+A(T e YRS (J)Y
S(RY=NGO

Tt8)=0.0

DN 11 I=1+6
T(R)=TIR)+TIIHTT(I)
S(B)Y=S(8)Y+S(T)H»*#ST( 1)
St8Y=8SQRT(S(8))
TLR)=8QRT(T(8}))

RETURN

EnD

Neali
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20

12

SUSROUT INE FQUAD(SeNTsQsP)
COMMON/JJ Y/
DIMENSION D(642) e S{H02)sTN(1R1R)

FVALUATION OF THE PRODUCT OF INCRFMENT AND

NeT=0

DN 50 I=1+5

Ir=1+1

DO 850 J=11.6
NeT=NCT+1

A(Jds I1I)=ACINNCT)
ArTeJI=ACININCT)Y

DA 20 I=146
AtTald=140

DO 20 J=146
Al{TeJ)I=A(TaJ)=1e/0
DO 12 J=1.2

DO 12 I=1+6
DtlIe)=040

DO 12 L=1+6
D(TeJ)=DCTI eI +ACTLYNS(LsJY
T=0e0

=)

DN 12 I=14+6

R=P+S(I41)%D(1e1)
Q=Q+S{T192)9%D(191)4+S(T1+1)%D(Ts2)
T=T+S(I+2)%D(12)

RFTURN

END

D(EsE)18(AReH)dAC( AR 1F)

EQe

STRFESS

v
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