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Principled Bayesian Modeling and Statistical Learning
with Non-Representative Data in Astrophysics

Abstract

This thesis tackles the fundamental issue of non-representative data in as-

trophysics via the development and application of methodology within the

areas of statistical machine learning, Bayesian statistics and causal inference;

to e�ciently handle big data, to allow for probabilistic and principled pa-

rameter estimation with proper uncertainty quantification, and to deal with

systematic uncertainties and biases in the data collection process. To enable

(a) statistically principled, (b) scientifically justified, and (c) computation-

ally e�cient analysis of non-representative, complex astrophysical data, this

thesis provides novel general-purpose statistical methodology, and statisti-

cal methodology tailored to topical scientific problems, in cosmology and

high-energy astrophysics, as grouped into three related projects hereafter:

(i) We propose a simple, statistically principled, and theoretically justified

general-purpose method, StratLearn, to improve supervised learning when

the training set is not representative, a situation known as covariate shift.

Building upon a well-established methodology in causal inference, we show

that the e↵ects of covariate shift can be reduced or eliminated by conditioning

on propensity scores. We demonstrate that fitting learners within strata

constructed on the estimated propensity scores improves upon state-of-the-

art importance weighting methods on two topical scientific tasks – conditional

density estimation of galaxy redshift (photo-I), and photometric supernovae

type Ia (SNIa) classification.

(ii) We improve weak lensing photo-I calibration via Bayesian hierarchi-

cal modeling of full galaxy photo-I conditional density estimates obtained

within StratLearn. We substantially improve the galaxy tomographic bin as-
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signment, and obtain almost unbiased estimates of target population means

within tomographic bins.

(iii) We propose a science-driven hierarchical Bayesian framework to estimate

the galaxy luminosity distribution in X-rays, combining non-representative

X-ray and optical surveys. Our proposed framework accounts for incom-

pleteness bias by incorporating an X-ray incompleteness function (estimated

from simulations) and an optical incompleteness function (with parameters

learned from the observed data) into the model. This allows for improved

recovery of the luminosity function even with high proportions of system-

atic incompleteness, evaluated on simulations, and applied to data from the

Chandra Deep Field South (CDFS).

Professor David A. van Dyk at Imperial College London was my primary

supervisor, I also worked closely, with weekly meetings, with my second su-

pervisors Professor Roberto Trotta at the International School for Advanced

Studies (SISSA), and Professor David C. Stenning at Simon Fraser Univer-

sity.
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1
Introduction

1.1 Motivation and Overview

1.1.1 Astrostatistics

Striking technological advances in space-based and earth-based instrumen-

tation and extensive new surveys enormously increase the quantity, quality,

and complexity of data available in astrophysics. A comprehensive analysis

of these intricate “big-data” resources o↵ers scientists exciting opportunities

to gain a deeper understanding of the structure and evolution of astronomical

sources and phenomena, and ultimately, the underlying physical mechanisms

of the universe.

Scientists wishing to analyse the astronomical observations available via the

enormous (present and upcoming) catalogues face major challenges, given

the intricacies of the available data, and the complexity of the scientific

questions. Astronomical data is collected across the electromagnetic spec-

trum, leading to multi-domain measurements such as spectrography, time

series and imaging, which commonly leads to multi-dimensional data, char-

acterized by heteroscedastic measurement errors. With the universe being
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evolving, astronomical observations cannot be repeated under identical con-

ditions. In addition, when making observations, we are physically limited

to space measurements from earth (or from space close to earth), and we

cannot travel across the universe to acquire data. We thus cannot assume

to obtain observations that are representative for their population, or the

universe. On the contrary, scientists have to account for systematic biases in

the data acquisition when analysing astronomical data sources.

Given the intricate nature of astronomical observations and the complexity of

the scientific problems, an e�cient and scientifically-justified analysis of the

large new data sources presents significant statistical challenges and requires

the development of novel, objective and principled statistical methodology.

Astrostatistics is the scientific discipline in the interweaving of astrophysics

and statistics. An aim of astrostatistical research is to provide statistically

principled and scientifically justified methodology tailored to the specific as-

trophysical problem at hand, to allow an accurate and objective interpre-

tation of the underlying scientific phenomena. Moreover, motivated by the

complex problems and observations in astrophysics, astrostatistics allows ex-

citing opportunities to develop novel general-purpose statistical methodology

with potential applications and implications to many other scientific fields,

extending the boundaries of statistical thinking.

1.1.2 Large and Non-Representative Data – Prospects and Chal-

lenges in Astrophysics

The vast amount of data available via present and upcoming large-scale sky

surveys paves the way for unprecedented precision and accuracy in the esti-

mation of astrophysical model parameters, with the potential of fundamen-

tally changing the way we understand the universe. To provide an example,

the Vera C. Rubin Observatory (formerly referred to as Large Synoptic Sur-

vey Telescope (Abell et al., 2009)), with its 10-year Legacy Survey of Space

and Time (LSST), one of several upcoming large astronomical surveys, is fore-

cast to image several billions of astronomical objects over the next 10 years,

delivering around 500 petabyte of images and data products (Ivezić et al.,
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2019). This will drastically increase the size of astronomical objects/data

available for scientific analysis. To put this into some perspective, around

1000 supernova type Ia (a type of exploding star of high scientific interest,

as detailed in Chapter 2) have been confirmed up to this date. Via LSST the

number of prospective SNIa is expected to raise up to ⇠105. The availability
of such large data allows minimization of statistical errors, enabling precise

estimation of (astrophysical) parameters of interest.

However, with decreasing statistical errors, careful consideration of system-

atic errors becomes indispensable. For instance, ignoring non-representative-

ness of the selected (observed) data, or neglecting systematic measurement

errors might lead to strongly biased parameter estimates, which would sys-

tematically mislead our understanding of the universe. We note that through-

out this thesis, we refer to “non-representative” data, as the general case

where observed data is not a random sample of the underlying population of

interest.

While large data allows minimization of statistical errors, it does not mitigate

systematic e↵ects introduced via non-representative data. On the contrary,

large data might aggravate problems arising through non-representative data.

In Figure 1.1, we sketch the potential (negative) e↵ects of non-represent-

ative data on parameter inference. In the left panel of Figure 1.1, we first

sketch the 2-dimensional parameter estimate (region within the colored ovals,

being some area of where the model “suspects” the true value) for three

hypothetical models, given a small non-representative data set. All three

model estimates have relatively large estimation uncertainties (illustrated

via the large oval regions). While not centered at the “true” value (we

use quotation marks to emphasize that this is a made up sketch without

any meaningful true value), all model estimates include the “truth” due to

the large estimation uncertainty. On the right panel, we sketch the same

scenario but assuming large non-representative data for the analysis, leading

to substantially more precise model estimates with lower uncertainty (small

oval areas).

The sketch illustrates various problems associated to the (large) non-represent-

ative data based estimates. Due to decreased statistical errors (smaller oval
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areas) the model estimates do not cover the truth, and in fact, do not over-

lap anymore. One might thus trust estimates that are very confident (small

uncertainty) but wrong. In addition, given the results in the right panel

of Figure 1.1 one might mistakenly question if the discrepancy between the

various model estimates is due to some (new) physical phenomena, instead

of systematic errors. In practice, di↵erent modeling approaches are usually

accompanied by various model assumptions and/or rely on di↵erent data

(illustrated via the di↵erent locations of the model estimates). Model mis-

specifications (e.g. due to simplifications) can further aggravate the e↵ect

of non-representative data (e.g. Shimodaira (2000), Karchev et al. (2023)),

thus increasing the discrepancy of various model estimates. In summary,

non-representatives of the observations needs careful treatment in order to

obtain accurate parameter inference in small data cases, and particularly in

large data scenarios.
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Figure 1.1: Sketch to illustrate potential e↵ects of non-representative data on parameter

inference given a small data set (left panel) vs. large data (right panel).

Non-representative data is a fundamental issue in astrophysics. There is

strong selection bias in the acquisition/identification of astronomical ob-

jects. More precisely, brighter and close-by objects are more likely to be

observed in astronomical surveys, commonly referred to as Malmquist bias

(Malmquist, 1920). For instance, faint objects are only observed if they

are in close proximity to earth, whereas very bright objects can be detected
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from far distances, leading to an under-representation in the prevalence of

faint sources in the observed sample compared to the underlying population.

Another common source of bias is due to statistical fluctuations in measure-

ments. More precisely, a set of objects with identical luminosities will lead

to various luminosity measurements on the detector due to measurement er-

rors (and potentially other e↵ects). If such a scatter is close to a sensitivity

limit of the detector, then only objects with measured luminosities above

the sensitivity threshold will be detected, leading to a biased sample. This

is a prevalent issue in astronomy and commonly known as Eddington bias

(Teerikorpi, 2004). Such biases are often convoluted with additional external

and detector (systematic) e↵ects, such as weather, humidity, camera or filter

imperfections, pile-up, galactic dust, etc.

The large surveys are accompanied by additional challenges. For instance,

the types of astronomical objects observed via LSST are not directly iden-

tified. More precisely, most object types are obtained via automated clas-

sification based on some previously obtained training data (we provide de-

tails in Chapter 2). Again, the given training data is subject to bias and

is non-representative for the majority of objects that need to be classified,

potentially leading to systematic uncertainties in the identified types of the

astronomical objects. Automatic classification methods need to account for

the non-representativeness to obtain reliable predictions of the object types.

These, and other systematic e↵ects need to be carefully considered and prop-

agated through a proper statistical analysis in order to obtain accurate and

precise inference on the parameters of interest.

1.2 Thesis Structure and Contributions

In this research, we tackle the fundamental issue of non-representative data in

astrophysics via the development and application of methodology within the

areas of statistical machine learning, Bayesian statistics and causal inference,

and their combination. Statistical machine learning methods are e�cient

tools to handle big data. Causal inference deals with systematic uncertainties

and biases in the data collection process, and to mitigate bias in parameter
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estimation. Employing Bayesian methodology allows for probabilistic and

principled parameter estimation with proper uncertainty quantification. To

enable (i) statistically principled, (ii) scientifically justified, and (iii) com-

putationally e�cient analysis of non-representative, complex astrophysical

data, this thesis provides novel general-purpose statistical methodology, and

statistical methodology tailored to topical scientific problems, particularly

in cosmology and high-energy astrophysics, as grouped into three related

projects hereafter:

In this first project, we propose a simple, statistically principled, and theo-

retically justified method to improve supervised learning when the training

set is not representative, a situation known as covariate shift. We build upon

a well-established methodology in causal inference (Rosenbaum and Rubin,

1983), and show that the e↵ects of covariate shift can be reduced or elimi-

nated by conditioning on propensity scores. In practice, this is achieved by

fitting learners within strata constructed by partitioning the data based on

the estimated propensity scores, leading to approximately balanced covari-

ates and much-improved target prediction. We demonstrate the e↵ectiveness

of our general-purpose method, which we name StratLearn, on toy examples

and on two contemporary research questions in cosmology. Outperforming

state-of-the-art importance weighting methods, we improve upon existing

conditional density estimation of galaxy redshift (photo-I) from Sloan Data

Sky Survey (SDSS) data (Sheldon et al., 2012, Izbicki et al., 2017), and we

obtain the best reported AUC (0.958) on the updated “Supernovae photo-

metric classification challenge” (Kessler et al., 2010a).

In the second project, we improve photometric redshift calibration for cos-

mic shear analyses. Discrepancies between cosmological parameter estimates

from cosmic shear surveys (e.g., Hildebrandt et al. 2020, Troxel et al. 2018,

Hikage et al. 2019) and from the recent Planck cosmic microwave back-

ground (CMB; Miville-Deschênes et al. 2020) measurements might challenge

the highly successful ⇤CDM model in describing the nature of the universe.

To rule out systematic biases in cosmic shear survey analysis accurate red-

shift calibration within tomographic bins is key. In this project, we improve

photo-I calibration via Bayesian hierarchical modeling of full galaxy photo-I
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conditional densities. To account for systematic di↵erences in the distri-

bution of the spectroscopic training/source set and the photometric target

set, we employ our novel methodology StratLearn to obtain estimates of the

galaxy (object level) photo-I conditional densities. Using realistic simula-

tions that were designed to resemble the KiDS+VIKING-450 dataset (Wright

et al., 2019, 2020, Hildebrandt et al., 2020), we show that StratLearn esti-

mated conditional densities allow improvement of the galaxy tomographic bin

assignment. Given the improved bin assignment, our StratLearn-Bayesian

framework leads to nearly unbiased estimates of the target population means,

improving upon previously best photo-I calibration methods (Wright et al.,

2020).

In the final project, we study the luminosity function, which specifies the

distribution of source intensities in a population, providing information re-

garding the intrinsic characteristics of a class of astronomical objects and

their cosmological evolution. In this project, we propose a science-driven

hierarchical Bayesian framework to estimate the galaxy luminosity function

in X-rays (via a broken power law model, formulated as a mixture of two

Pareto distributions), combining non-representative X-ray and optical sur-

veys. The astronomical surveys generally su↵er from incompleteness in the

low-intensity end, necessitating the application of incompleteness corrections

generally estimated from simulations (Wright et al., 2015, Stampoulis, 2017).

While this has been studied in a single band, we introduce a methodology for

the application of incompleteness corrections for samples selected in two (or

more) bands (e.g. combining data from optical and X-ray surveys of galax-

ies). We account for this incompleteness bias by incorporating an X-ray

incompleteness function (estimated from simulations (Wright et al., 2015))

and an optical incompleteness function (with parameters learned from the

observed data) into the model. For sources detected in X-ray and optical,

we leverage the more precise optical data to estimate X-ray intensities at the

location of the optical source, using a Poisson model to adjust for background

contamination. The hierarchical model is fit via a Gibbs sampler. We eval-

uate our model on realistic simulations, mimicking data from the Chandra

Deep Field Catalogue, and demonstrate unbiased recovery of the luminosity
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function even with high proportions of systematic incompleteness. We apply

our novel method to data from the Chandra Deep Field South (CDFS).

The remainder of this thesis is structured as follows. In Section 1.3, we pro-

vide an overview of basic statistical concepts employed and build upon in

this research. In Chapter 2, we introduce our novel general-purpose method,

StratLearn, for principled statistical learning under covariate shift. In Chap-

ter 3, we discuss the application of StratLearn in combination with a hier-

archical Bayesian model to improve photo-I calibration for weak lensing via

full galaxy photo-I conditional density estimates. In Chapter 4, we introduce

our novel framework to estimate galaxy luminosity distributions in X-rays

via incomplete X-ray and optical survey data. Finally, in Chapter 5, we

provide a discussion of the research conducted in this thesis, stating con-

clusions, limitations, and an outlook of future work. We provide additional

details complementing the work presented in Chapters 2-4 via Appendices

A-C at the end of this thesis (references to the respective appendices appear

with prepended ‘A’-‘C’).

1.3 Statistical Background

In this section, we provide a brief overview of the basic statistical concepts on

which our research is build upon. Specifically, in Section 1.3.1, we introduce

Bayesian hierarchical modeling, with Markov Chain Monte Carlo (MCMC)

methods applied for Bayesian models introduced in Section 1.3.2. In Sec-

tion 1.3.3, we provide a brief introduction to supervised statistical machine

learning, concluding with an overview of propensity score methods in causal

inference in Section 1.3.4.

1.3.1 Bayesian Hierarchical Models

Overview – Bayesian Data Analysis: Bayesian methods provide pow-

erful and versatile tools for principled and accurate statistical inference with

proper uncertainty quantification and propagation. In Bayesian data analysis

inference about an unobserved parameter \ is made in terms of probability
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statements. More precisely, we make inference about an unknown param-

eter \ via the posterior distribution ?(\ |H), conditioning on the observed

values/data H. A first step in Bayesian data analysis is to set up a full proba-

bility model, expressed as the joint probability distribution of the unobserved

quantities \ and the observed quantities H. The joint distribution of \ and H

can be written via

?(\, H) = ?(H |\)?(\). (1.1)

Specifying a full probability model can thus be divided into (i) specifying the

sampling distribution ?(H |\), and (ii) specifying a prior distribution ?(\). We

obtain the posterior distribution ?(\ |H) via Bayes’ theorem (the fundamental

building block in Bayesian analysis), precisely

?(\ |H) = ?(H |\)?(\)
?(H) / ?(H |\)?(\), (1.2)

where the denominator ?(H) (in the astronomy literature often called the

“evidence”) does not depend on the parameter \ and can thus be dropped

as a normalizing constant. The sampling distribution is commonly referred

to as likelihood function L, with L(\ |H) = ?(H |\). A fundamental princi-

ple in Bayesian statistics is that uncertainties are measured via probability

distributions (Gelman et al., 1995). Via (1.2) data-appropriate models can

be incorporated to accurately quantify uncertainties in scientific problems

in a mathematically rigorous framework, following basic rules of probability

theory. In addition, Bayesian analysis strongly facilitates the specification

and interpretation of complex statistical models via the introduction of an

hierarchical model framework as summarized below.

Hierarchical models: It is common in statistical applications with mul-

tiple parameters that sets of parameters are connected in some manner. In

Bayesian analysis such connections can conveniently be modeled by introduc-

ing multiple model levels, referred to as a hierarchical model. For instance,

the observed outcomes might be conditioned on parameters which themselves

follow a common population distribution specified by additional parameters,
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often referred to as hyperparameters (Gelman et al., 1995). Employing hi-

erarchical structures has several key advantages. Non-hierarchical models

mostly do not fit complex hierarchical data well. With few parameters they

might not capture the full structure of the data, leading to an inaccurate

fit of the data, and with too many parameters they tend to ‘overfit’ the

given data, such that they fit the provided data ‘too well’, e.g. by cap-

turing statistical noise as part of the model, which typically leads to poor

generalization/predictions on new data and inaccurate parameter estimates.

Hierarchical models avoid overfitting with large sets of parameters by in-

corporating population distributions which introduce dependencies into the

parameters, thus preventing from overfitting. It is common for many hier-

archical model applications that the number of model parameters is larger

than the number of observed data samples.

To introduce the hierarchical model structure more formally, we split the

parameter set \ = (k, q), into parameters q describing the population, and

k being considered the object-level parameters. For instance, one could

consider the case of observing data H = (H1, . . . , H=), with = being the number

of observations, and object-level parameters k = (k1, . . . ,k=), where each

observed outcome H 9 depends on an object-level parameter k9 , with 9 =
1, . . . , =, and in turn, the object-level parameters k = (k1, . . . ,k=) share a

common population distribution parameterized by q.

The joint prior on k, q is given via

?(\) = ?(k, q) = ?(k |q)?(q), (1.3)

and the joint posterior distribution of k, q given H is provided via

?(k, q|H) /?(H |k, q)?(k |q)?(q) (1.4)

=?(H |k)?(k |q)?(q), (1.5)

where latter holds due to the conditional independence of H and q given k,

that is, the parameters (hyperparameters) q a↵ect the observed data H only

through the object-level parameters k. Hierarchical models are thus specified
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via a series of conditional distributions, breaking down the complexity of a

model into several levels of simplified structures. This allows the introduc-

tion and interpretation of science-driven models via the di↵erent levels, and

the combination of multiple sources of knowledge/information. For instance,

in (1.4) one could model measurement errors/uncertainties on the observed

data H = (H1, . . . , H=) via ?(H |k), given the latent object-level parameters

k = (k1, . . . ,k=) (e.g., considering k = (k1, . . . ,k=) to be the latent, true

values of H = (H1, . . . , H=) without errors), then ?(k |q) allows specification

of a population distribution on the latent k = (k1, . . . ,k=) without inter-

ference of any measurement errors on this second level, lastly on the third

level, a prior distribution on the population distribution parameter needs to

be introduced (which for instance could incorporate prior/expert knowledge

about the population). We note that, as a central feature of hierarchical

models, the observed data H 9 can be employed to estimate (parts of) the

population distribution of the k9 , without actually observing values for k9
(Gelman et al., 1995).

In many cases, we are not much interested in the distribution of each in-

dividual object-level parameter k9 , but we are interested in the parameters

q describing the population distribution. More generally, the model might

include so-called nuisance parameters, that are important for the structure

of the model, but there is no inferential interest regarding these parameters.

In this case, the marginal posterior distribution of the parameters of interest

q can be obtained by integrating (marginalising) over k, that is

?(q |H) = ?(q)
π

?(q|k)?(H |k)3k. (1.6)

Via the multiple hierarchy levels (e.g. the population distribution), hierar-

chical models pool information across objects. It is also said that the model

“borrows strength”, inasmuch as the posterior distribution of an object-level

parameter k9 does not only depend on the observation H 9 , but also incorpo-

rates information of the other observations via the population distribution of

the object level parameters, leading to more precise object-level parameter es-

timates. More technically, such pooling of information is called “shrinkage”,
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with object-level parameter estimates being shrunk towards some popula-

tion center. Such shrinkage has first been introduced via the James-Stein

estimator, which has been shown to make the ordinary maximum likelihood

estimator (MLE) inadmissible for = > 2 (James et al., 1961, Efron and Mor-

ris, 1973, 1975); that is, the shrinkage estimator is uniformly better in terms

of mean squared error (or similar measures of discrepancy) than the MLE

(which does not include population level, but only object level information)

on the object-level parameter estimates. Via the multiple levels, Bayesian

hierarchical models automatically induce shrinkage, as with the James-Stein

estimator, however depending on the specifications of the prior distributions

(Efron and Morris, 1977). Specifying “reasonable” prior distributions is thus

a key part of (hierarchical) Bayesian analysis.

Prior specification: Specifying appropriate prior distributions is key in

proper Bayesian analysis. Depending on the choice of priors one could in-

terpret the Bayesian method to be either “objective” of “subjective”. More

precisely, one can consider di↵erent interpretations of the prior specification,

which following Stenning and van Dyk (2018a) can be divided into three

categories: (i) a population interpretation, with the prior distribution de-

scribing a population distribution shared by several parameters in the model

(e.g., common for hierarchical model structures); (ii) interpretation of a state

of knowledge, where the prior distribution incorporates subjective informa-

tion, e.g. obtained via previous expert knowledge about the problem, or via

ancillary scientific studies; (iii) interpretation of a lack of knowledge, e.g.

corresponding to a flat prior with large variance characterizing “no prior

information”.

One option for an “objective” Bayesian analysis with “non-informative” prior

is the implementation of reference priors, which under a given likelihood aim

to maximize some measure of divergence between the prior and posterior

distribution, e.g. to minimize information carried through the prior, or to

optimize certain statistical properties of the posterior. Another choice of

“non-informative” prior is using a flat (e.g. uniform) distribution that aims

to minimise its influence on the statistical inference. However, such choices
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of flat “non-informative” priors depend on the parametrization of the model.

Je↵reys’ invariance principle thus suggests a prior distribution that is non-

informative and invariant to parameter transformations. Employing subjec-

tive priors provides a chance to incorporate expert knowledge into the model,

which for instance might not directly be encoded in the data.

Particularly due to the specification of prior distributions, Bayesian methods

are often labelled as subjective statistical methods. However, we note that

any statistical approach is subjective, as being an idealization of the reality.

Any model choice and evaluation, as well as data collection/choice, underlies

the subjectivity of the statistical practitioner. We thus refer to both, “objec-

tive” and “subjective” analysis in quotation marks. In Bayesian statistics,

the specification of prior distributions might add an additional level of sub-

jectivity, with the trade-o↵, that after specification of the likelihood and the

prior everything follows from basic probability theory (which, e.g. allows

direct interpretation of probability intervals as opposed to frequentist con-

fidence intervals). We refer to Gelman et al. (1995) and Stenning and van

Dyk (2018a) for further discussion.

Bayesian hierarchical models have successfully been employed for a variety

of applications in astrophysics, e.g. deriving redshift distributions of galax-

ies from photometric surveys (Leistedt et al., 2016), inferring cosmological

parameters from cosmic shear data (Alsing et al., 2017), or from supernovae

catalogues (Shari↵ et al., 2016), examining the solar cycle (Yu et al., 2012), or

modeling globular clusters with multiple populations (Stenning et al., 2016),

among many others.

1.3.2 Markov Chain Monte Carlo Methods

One challenge in Bayesian analysis is that the posterior distribution is in

most cases too complex to be computed analytically. Much work has been

done to numerically obtain samples from the posterior distribution instead,

which allows summary statistics of the posterior distributions such as the

mean, variance, percentiles, or histograms of the marginal posteriors. In

many cases, with complicated multi-parameter posteriors, sampling directly
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from the posterior distribution is not straightforward. In such cases Markov

Chain Monte Carlo (MCMC) methods have proven to be highly beneficial,

and pivotal in the development of Bayesian statistics.

Aim of MCMC methods is to produce a dependent Monte Carlo sample via a

Markov chain that converges to a unique stationary distribution, coinciding

with the posterior distribution. More precisely, a Markov chain is a se-

quence of random variables \ (0) , \ (1) , \ (2) , . . . , with Markov property, that is

?(\ (C) |\ (C�1) , \ (C�2) , . . . , \ (0)) = ?(\ (C) |\ (C�1)), which means the distribution of

a value at state C only depends on the value in state C�1, but not on any pre-

vious values. A stationary distribution of a Markov chain is any distribution

5 (·) with the property

5 (\ (C)) =
π

?(\ (C) |\ (C�1)) 5 (\ (C�1))3\ (C�1) . (1.7)

While not all Markov chains have a stationary distribution, under certain

conditions, one can construct a Markov chain with unique stationary distri-

bution being the target posterior distribution. The distribution of \ (C) then

converges to the posterior distribution with increasing iterations C. We re-

fer to Stenning and van Dyk (2018b) for a summary, and to Brooks et al.

(2011) for additional details. For the scope of this thesis, we particularly con-

sider two MCMC-type algorithms, the Metropolis-Hastings algorithm and

the Gibbs sampler, as discussed below.

Metropolis-Hastings: The Metropolis-Hastings algorithm is a simple

MCMC algorithm that produces samples which converge to the (one or higher

dimensional) target posterior distribution, taking advantage of jumping-rule

distributions (also referred to as proposal distributions or transition kernels)

and the computation of rejection/acceptance rates to determine the value of

subsequent states/iterations (introduced and further developed by Metropo-

lis and Ulam 1949, Metropolis et al. 1953, Hastings 1970, Green 1995).

More precisely, let �C (\⇤ |\ (C�1)) be a jumping-rule distribution that, at state

C, provides a proposal \⇤, depending only on the value of the last iteration

\
(C�1). Given a first/initial draw \

(0) from some starting distribution, the
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Metropolis-Hastings algorithm follows via

1. Step: Sample \⇤ from �C (\⇤ |\ (C�1)).

2. Step: Compute A with

A =
?(\⇤ |H)/�C (\⇤ |\ (C�1))

?(\ (C�1) |H)/�C (\ (C�1) |\⇤)
(1.8)

3. Step: Set \ (C) via

\
(C) =

8>><
>>:

\
⇤
, with probabilitymin(A, 1)

\
(C�1)

, otherwise.
(1.9)

In order to proof that the target posterior distribution is the stationary dis-

tribution of the Markov chain generated by the Metropolis-Hastings algo-

rithm one can show that it satisfies detailed balance (Metropolis et al., 1953,

Bhanot, 1988, Brooks et al., 2011). More precisely, a distribution ?
⇤(\) is

said to satisfy detailed balance w.r.t. a transition probability ) (\� |\⌫) if

?
⇤(\�)) (\⌫ |\�) = ?⇤(\⌫)) (\� |\⌫). (1.10)

Detailed balance means that it is equally probable to move from a state \⌫
of a Markov chain to a previous state \� and vice versa. Detailed balance

is a su�cient (but not necessary) condition for stationarity (Bhanot, 1988,

Brooks et al., 2011). Following Brooks et al. (2011), it can easily be shown

that the detailed balance equation is true for the Metropolis-Hastings gener-

ated Markov chain. Assume we have some draw \� from the target posterior

?
⇤(\), and �C (\⌫ |\�) is the jumping-rule distribution describing the proba-

bility of proposing \⌫ at some iteration C given \�. In the case \� = \⌫ the

detailed balance equation follows directly. Considering \� < \⌫ we obtain

?
⇤(\�)) (\⌫ |\�) = ?⇤(\�)�C (\⌫ |\�)min

✓
?
⇤(\⌫)�C (\� |\⌫)
?
⇤(\�)�C (\⌫ |\�)

, 1

◆
(1.11)

= min(?⇤(\�)�C (\⌫ |\�), ?⇤(\⌫)�C (\� |\⌫)), (1.12)
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where (1.12) follows from (1.11) by considering the two cases ?⇤(\�)�C (\⌫ |\�) >
?
⇤(\�)�C (\⌫ |\�) and ?⇤(\�)�C (\⌫ |\�)  ?

⇤(\�)�C (\⌫ |\�).
Finally, for ?⇤(\⌫)) (\� |\⌫) the expression in (1.12) can be shown analo-

gously, which concludes the proof.

A specific version of the Metropolis-Hastings algorithm is the Metropolis

algorithm. For the Metropolis algorithm, the jumping-rule distribution �

must be symmetric, that is �C (\⇤ |\ (C�1)) = �C (\ (C�1) |\⇤). Typical choices for

the symmetric jumping distribution are a normal distribution centered at the

value of the previous iteration \ (C�1), or a uniform distribution centered at

\
(C�1). For the Metropolis algorithm the acceptance/rejection rate is given

via A = ?(\⇤ |H)/?(\ (C�1) |H). The more general Metropolis-Hastings algorithm

is not subject to this restriction and allows non-symmetric (e.g. skewed or

truncated) jumping distributions.

When constructing a Metropolis-Hastings algorithm, one aim is to obtain

a possibly large e↵ective sample size (ESS), which can be interpreted as

the size of an independent sample that contains the same information about

the target (posterior) distribution as the dependent (MCMC) sample, and is

computed via

ESS =
)

1 + 2
Õ1
:=1 d: (\)

, (1.13)

with ) being the size of the (dependent) MCMC sample and d: (\) being the

:-lag auto-correlation of the MCMC chain for parameter \ (e.g., Stenning

and van Dyk (2018b)). In order to obtain reasonable (small) auto-correlation,

leading to large ESS, two scenarios should be avoided, (i) proposals that are

(almost) never accepted (e.g., due to large jumps away from the target distri-

bution), and (ii) proposals that are (almost) never rejected (e.g., with jumps

being too small). We note that sampling from (highly) skewed distributions

is often challenging, e.g. leading to very slow convergence of the Metropolis-

Hastings algorithm. To improve convergence, transformations of (skewed)

parameters are useful, particularly if the transformed parameter distribu-

tions appear Gaussian. (More details on parameter transformations appear

in Section C.1).
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Gibbs sampling: While direct sampling from the posterior distribution

?(\ |H) is not straightforward, in some cases, sampling from the full con-

ditional distributions ?(\ 9 |\8< 9 , H) is more easily realisable (with \ 9 , 9 =
1, . . . , ?, being components of \, that is \ = (\1, . . . , \?)). In fact, under

some conditions the full conditional distributions ?(\ 9 |\8< 9 , H) completely

determine the joint posterior ?(\ |H) (Besag, 1974).

The Gibbs sampler (first used by Geman and Geman (1984)) separately

updates the full conditional posterior distributions. More precisely, the fol-

lowing steps are performed

Step 1: Draw \
(C)
1 from ?(\1 |\ (C�1)2 , . . . , \

(C�1)
?

, H).

Step 2: Draw \
(C)
2 from ?(\2 |\ (C)1 , \

(C�1)
3 , . . . , \

(C�1)
?

, H).

Step 3: . . .

Step p: Draw \
(C)
?

from ?(\? |\ (C)1 , . . . , \
(C)
?�1, H).

In the Gibbs sampler, one assumes that in each step sampling from the full

conditional posterior distributions is feasible, and it can be shown that the

Gibbs sampler is a specific case of the Metropolis-Hastings algorithm with

acceptance probability being 1 (Brooks et al., 2011). In some cases, it is

not possible to directly sample from one (or several) of the full conditional

densities (components) directly. These components can be updated using

Metropolis-Hastings, known as the Metropolis-within-Gibbs sampler, using

the terminology of Gilks et al. (1995).

In Gibbs sampling, there are mainly two approaches in selecting the order

of the variables to draw from the full conditionals in each iteration, also

referred to as scan order (He et al., 2016). In random scan, the ordering of

the drawings (variable indices) is selected independently at random in each

iteration. In systematic scan, a fixed order of variables is selected for all

iterations, which often improves hardware e�ciency (time needed for one

iteration; He et al. 2016). Diaconis (2013) notes that in many cases the

ordering strategy only has a small impact on the number of iterations needed
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to obtain an accurate sample (referred to as mixing time), while He et al.

(2016) demonstrates examples where the mixing time between both strategies

can (either way) di↵er by a polynomial factor.

Many powerful extensions of the Gibbs sampler have been proposed in the

literature, such as the blocked Gibbs sampler (Roberts and Sahu, 1997),

which updates groups of parameters as components, or the partially collapsed

Gibbs sampler, which reduces conditioning on some parameters for some

components (Van Dyk and Park, 2008, Park and Van Dyk, 2009), including

Metropolis-Hastings updates (Van Dyk and Jiao, 2015); among others.

Convergence diagnostics: A critical step in using MCMC methods to

obtain samples from the posterior distribution is to diagnose the convergence

of the MCMC chains. Precisely, it has to be examined if the MCMC chain

has converged to its stationary distribution. As previously alluded, if we

grow our MCMC chain \1, \2, . . . , \) for a su�ciently large enough number

of iterations ) , the latter draws are approximately from the target posterior

(as being the stationary distribution). This requires to discard the first part

of the chain, called burn-in, of values not yet converged to the stationary

distribution. In order to determine a reasonable burn-in, it is good practice

to grow multiple MCMC chains with di↵erent starting values and visually

examine convergence of the multiple chains, e.g. via a traceplot.

In addition, using multiple chains allows a numerical evaluation of conver-

gence via the Gelman-Rubin '̂ statistic (Gelman and Rubin, 1992), defined

via

'̂ =

s
cvar+(\ |H)
,

, where cvar+(\ |H) = ) � 1

)

, + 1

)

⌫, (1.14)

where , is the within chain variance and ⌫ is the between chain variance,

with cvar+(\ |H) being an over-estimate of the posterior variance (referring to

Stenning and van Dyk (2018b) for details). Values of '̂ close to 1 indicate

reasonable convergence of the multiple chains.
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1.3.3 Supervised Statistical Machine Learning

Broadly speaking, supervised statistical machine learning deals with the con-

struction of a statistical model to predict an output given one or several inputs

(Hastie et al., 2009, James et al., 2013).

More precisely, let X ⇢ R� , � > 0, be the covariate space (the input space;

also referred to as the feature space in some literature) and Y the label

space (the output space). The labels typically consist of  > 1 classes, or,

in multivariate regression with  dependent variables, a subset of R . In a

supervised learning task, let 5 : X ! R be the training function (e.g. some

statistical model), and ✓ : R ⇥Y ! [0,1) be the loss function comparing the

output of 5 with the true label, H in Y. This describes a general multivariate

regression case; in a probabilistic classification task with  classes we usually

have 5 : X ! [0, 1] .

The risk function associated with our supervised learning task is R( 5 ) :=
E
?(G,H) [✓( 5 (G), H)]. The aim of supervised learning methods is to obtain

accurate predictions 5 (G), via covariates G 2 X, of the labels H 2 Y, obtained

via minimization of the associated risk R( 5 ). We cannot generally compute

the risk R( 5 ), since the exact joint distribution ?(G, H) is unknown. However,
an approximation of the risk can be obtained by computing the empirical risk

by averaging the loss on the training sample, where we have access to both,

the covariates G and the labels H, e.g. via cross-validation or bootstrapping

(Efron and Tibshirani, 1994, Hastie et al., 2009).

To provide some examples, a simple and commonly used loss function for

regression tasks is the squared error loss (also referred to as L2 loss), which

is the squared di↵erence between the prediction 5 (G) and the actual label H

(evaluated for each example). Simple examples for the training function 5

are, for instance, linear models, or regression trees, such as random forest

(Breiman, 2001). We provide further specifications of the exact choice of

employed loss functions ✓ and training (model) function 5 in the respective

parts of the thesis.

To obtain an empirical risk estimate of R( 5 ), a common assumption in the
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supervised learning literature is the availability of observations (G, H) drawn
from ?(G, H). In this thesis, we deal with the scenario, that the set of available

observations is not a representative sample of ?(G, H). More generally, we

assume that observations (G0, H0) are available, drawn from a joint distribution

?
0(G, H). However, given (G0, H0), the aim is to minimize the risk '( 5 ) under
?(G, H), where ?0(G, H) and ?(G, H) are related, but di↵erent, i.e. ?

0(G, H) <
?(G, H). We refer to Chapter 2 for details and additional background.

1.3.4 Causal Inference – Propensity Scores

The introduction of propensity scores (Rosenbaum and Rubin, 1983) was

groundbreaking in causal inference for obtaining unbiased treatment e↵ect es-

timates from confounded, observational data. Rosenbaum and Rubin (1983)

define the propensity score as the probability of treatment assignment given

the observed covariates. In observational studies, the treatment assignment

can typically be observed, but treatment is not randomly allocated. Con-

founding covariates, associated with both the treatment assignment and the

outcome variable, can systematically bias average treatment e↵ect estimates.

Rosenbaum and Rubin (1983) show that, under certain assumptions, condi-

tional on the propensity scores the treatment and control group have balanced

covariates, eliminating or mitigating bias in treatment e↵ect estimates.

More precisely, given a set of observed covariates - and a binary indicator

/ for treatment assignment (treatment vs control), Rosenbaum and Rubin

(1983) introduce the propensity score as

4(-) := %(/ = 1|-) (1.15)

and define treatment allocation / as strongly ignorable, if

(i) (.1,.0) ?? / |- and (ii) 0 < 4(-) < 1. (1.16)

Condition (i) means that treatment assignment / is conditionally indepen-

dent of the potential outcome (.1, .0), given the observed covariates. The

potential outcomes are the possible outcomes for an object, depending on
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its treatment status, and at most one is observed, (e.g., for a treated object

the observed outcome is . = .1). In practice, condition (i) means that no

confounders (covariates that are associated with the treatment and outcome)

are unmeasured. Rosenbaum and Rubin (1983) show that if (1.16) holds, the

propensity score is a balancing score. That is, given the propensity score,

the distribution of the covariates in treatment and control are the same, i.e.,

?(- |4(-), / = 1) = ?(- |4(G), / = 0). Thus, conditional on the propen-

sity score, unbiased average treatment e↵ect estimates can be obtained, i.e.,

E[.1 |4(G), / = 1]�E[.0 |4(G), / = 0] = E[.1�.0 |4(G)]. In practice, condition-

ing on the estimated (rather than true) propensity score can achieve better

empirical balance as this corrects for statistical fluctuations in the sample as

well (Rosenbaum and Rubin, 1983, Hirano et al., 2003).

Four main methods are used to condition on the propensity scores: inverse

probability of treatment weighting (IPTW), using the propensity score for

covariate adjustment, matching, and stratification on the propensity scores

(Rosenbaum and Rubin, 1983, 1984). Extensive work has been done on best

practice and generalization of propensity scores in causal inference, (e.g.,

Hirano et al., 2003, Imai and van Dyk, 2004, Lunceford and Davidian, 2004,

Stuart et al., 2013, Franklin et al., 2014, Austin and Stuart, 2015, Gri�n

et al., 2017). Various methods have been proposed to improve the estimation

of propensity scores to obtain unbiased treatment e↵ects (e.g., McCa↵rey

et al., 2004, Setoguchi et al., 2008, Lee et al., 2010, Westreich et al., 2011,

Mcca↵rey et al., 2013, Pirracchio et al., 2014, Imai and Ratkovic, 2014, Parast

et al., 2017, Gri�n et al., 2017, Pirracchio and Carone, 2018, Autenrieth

et al., 2021). We refer to Imbens and Rubin (2015) for an overview.

In the causal inference literature, there is an ongoing debate on the relative

merits of using weighted estimators vs stratification or matching (e.g., Ru-

bin, 2004, Lunceford and Davidian, 2004, Austin and Stuart, 2017). While,

under correct specification of the propensity score model, weighting leads to

consistent estimation of treatment e↵ects, this may not hold for stratification

due to potential residual confounding within strata (Lunceford and Davidian,

2004). However, the bias introduced by stratified estimators is traded with

reduced variance compared to weighted estimators (Lunceford and Davidian,

21



2004). In addition, estimates of the propensity score are less variable than

estimates of their reciprocal, or of a density ratio (to form weights). A small

change in an estimated propensity score that is near zero can lead to a large

di↵erence in the computed inverse-propensity weight, causing massive vari-

ance in the estimates based on the weights (Lunceford and Davidian, 2004,

Austin and Stuart, 2017).

In the astrophysics literature, propensity scores have only recently been em-

ployed (Revsbech et al., 2018), with prolific results. The approach by Revs-

bech et al. (2018) can be seen as a prototype of our methodology proposed

in Chapter 2.

22



2
Stratified Learning: A

General-Purpose Statistical

Method for Improved

Learning under Covariate

Shift

Overview: We propose a simple, statistically principled, and theoretically

justified method to improve supervised learning when the training set is not

representative, a situation known as covariate shift. We build upon a well-

established methodology in causal inference, and show that the e↵ects of

covariate shift can be reduced or eliminated by conditioning on propensity

scores. In practice, this is achieved by fitting learners within strata con-

structed by partitioning the data based on the estimated propensity scores,

leading to approximately balanced covariates and much-improved target pre-

diction. We refer to the overall method as Stratified Learning, or StratLearn.

We demonstrate the e↵ectiveness of this general-purpose method on toy ex-
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amples, and on two contemporary research questions in cosmology, outper-

forming state-of-the-art importance weighting methods. We obtain the best

reported AUC (0.958) on the updated “Supernovae photometric classification

challenge”, and we improve upon existing conditional density estimation of

galaxy redshift from Sloan Digital Sky Survey (SDSS) data.

2.1 Introduction

In supervised learning, a model is fit to a data set consisting of covariates

and outcomes and used to predict the outcome variables in a second data set

where only the covariates are observed. Domain shift refers to the situation

where the initial data used to fit the model are systematically di↵erent from

the second data set, whose outcome variables are predicted with the model.

In this case, which occurs commonly in many situations, the learning model

is unlikely to generalize well, leading to unreliable predictions. This work

proposes a new, general method to address this problem. Following standard

nomenclature, we refer to the partially observed outcome variables as labels,

to the labeled data used to fit the learning model as the training or source

data, and to the unlabeled data as the target data.

Domain adaptation methods aim to obtain accurate target predictions under

domain shift (Pan and Yang, 2009, Quionero-Candela et al., 2009), arising

in applications such as in medical imaging, where mechanical configurations

may vary between medical centers (Stonnington et al., 2008, Van Opbroek

et al., 2014, Kamnitsas et al., 2017); natural language processing, where an-

notated training data is often highly specialized and thus di↵erent from the

target data (Jiang and Zhai, 2007); robotics and computer vision, where

simulated and observed data is often combined to improve classification per-

formance on the unlabeled target data (Patel et al., 2015, Ho↵man et al.,

2016, Tai et al., 2017, Csurka, 2017); in cyber security; epidemiology; as-

tronomy; among others. A variety of methods designed to tackle domain

shift have been proposed. Following Kouw and Loog (2019), these meth-

ods can be organized into three categories: covariate-based methods, such as

subspace mappings (Fernando et al., 2013, Gong et al., 2013, Kouw et al.,
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2016), finding domain-invariant spaces (Pan et al., 2010, Gong et al., 2016)

and optimal transport (Courty et al., 2016, 2017); inference-based methods

including minimax estimators (Liu and Ziebart, 2014, Wen et al., 2014, Chen

et al., 2016) and self-learning (Bruzzone and Marconcini, 2009, Yoon et al.,

2020); and sample-based approaches, with a focus on importance weighting

(e.g., Shimodaira, 2000, Sugiyama et al., 2008, Bickel et al., 2009, Cortes

et al., 2010), mainly in the covariate shift framework, which is our focus.

Covariate Shift: In this paper we present a new method to address

covariate shift, a common case of domain shift, characterized by the fact

that the conditional distribution of the labels given the predictive covariates

is the same for source and target data, but the distribution of source and

target covariates di↵er (Moreno-Torres et al., 2012). In the world of machine

learning, with its high dimensional covariate spaces, the problem is both

widespread and often di�cult to diagnose.

Covariate shift usually occurs when the training sample is not selected at

random, but is biased in terms of certain covariates. For instance, brighter

astronomical objects are more likely to be better observed and therefore se-

lected in the training set (Lima et al., 2008, Gieseke et al., 2010, Vilalta

et al., 2013, Freeman et al., 2017, Revsbech et al., 2018, Allam Jr et al.,

2018, Möller and de Boissière, 2020). Selection bias has been widely studied

in the statistical literature (Heckman, 1979, Little and Rubin, 2019), e.g.,

when estimating treatment e↵ects via observational studies, where the treat-

ment assignment is often not random but is biased with regards to certain

covariates. The transfer of causal inference techniques to domain adaptation

has received more attention in recent years – both fields share the goal of ob-

taining accurate estimators under distribution shift (Magliacane et al., 2018,

Rojas-Carulla et al., 2018, Hassanpour and Greiner, 2019). We build on this

work in the present chapter, via the transfer of the propensity score frame-

work (Rosenbaum and Rubin, 1983) from causal inference to the covariate

shift setting.

Propensity scores have found wide application to related areas, such as classi-

fication with imbalanced classes (Rivera et al., 2014), fairness-aware machine
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learning (Calders et al., 2013), learning from positive and unlabeled data

(Bekker et al., 2019), unbiased learning-to-rank (Joachims et al., 2017), or

the evaluation of recommender systems (Schnabel et al., 2016), among oth-

ers. In the covariate shift framework, estimated propensity scores are used

only implicitly for importance weighting (e.g., Zadrozny, 2004, Kanamori

et al., 2009) analogously to IPTW, and for matching to obtain validation

data (Chan et al., 2020). There has been no e↵ort, however, to transfer the

general methodology.

Contribution: We propose stratified learning (StratLearn), a simple and

statistically principled framework to improve learning under covariate shift,

based on propensity score stratification. On the theory side, we show that

conditioning on estimated propensity scores eliminates the e↵ects of covari-

ate shift. In practice, we partition (stratify) the (source and target) data

into subgroups based on the estimated propensity scores, improving covari-

ate balance within strata. We show that supervised learning models can

then be optimized within source strata without further adjustment for co-

variate shift, leading to reduced bias in the predictions for each stratum.

StratLearn is general-purpose, meaning it is in principle applicable to any

supervised regression or classification task under any model. We provide

theoretical evidence for the e↵ectiveness of StratLearn, and demonstrate it in

a range of low- and high-dimensional applications. We show that the prin-

cipled transfer of the propensity score methodology from causal inference to

the covariate shift framework allows the statistical learning community to

employ hard-won practical advice from causal inference, e.g., balance diag-

nostics, propensity score model assessment/selection, etc. (e.g., Rosenbaum

and Rubin, 1984, Imai and van Dyk, 2004, Austin et al., 2007, Pirracchio

et al., 2014). We stratify to condition on propensity scores instead of using

importance weighting to avoid the massive variance sometimes associated

with the latter (Rubin, 2001, 2004, Williamson et al., 2012). StratLearn

(stratification) does not use individually estimated propensity score values

except to form strata, leading to a more robust method (Rubin, 2004), as

demonstrated in our numerical studies.
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This chapter is organized as follows. In Section 2.2, we formally introduce

our notation, and the target risk minimization task. In Section 2.2.3, we

summarize related literature on covariate shift, particularly on importance

weighting methods. We develop our new methodology in Section 2.3. In

Section 2.4, we illustrate our method on simulated toy examples. In Sec-

tion 2.5, we apply StratLearn to an astronomical problem that has attracted

broad interest in recent years, namely Type Ia supernovae (SNIa) classifica-

tion (Kessler et al., 2010b, Boone, 2019). Improving upon Revsbech et al.

(2018), StratLearn obtains the best reported AUC1 (0.958) on the updated

“Supernovae photometric classification challenge” (SPCC) (Kessler et al.,

2010a). In Section 2.6, we improve upon non-parametric full conditional

density estimation of galaxy photometric redshift (so-called photo-I estima-

tion) (Izbicki et al., 2017), a key quantity in cosmology. We conclude with a

short summary of the chapter in Section 2.7.

Appendix A provides complementing results. Precisely, Section A.1 pro-

vides additional numerical results for the SNIa classification presented in

Section 2.5. Section A.2 provides numerical evidence on a variation of the

SPCC data (Kessler et al., 2010b) presented in Section 2.5. Finally, Sec-

tion A.3 provides complementing results for the photo-I regression presented

in Section 2.6.

StratLearn is computationally e�cient, easy to implement and readily adapt-

able to various applications. Our investigations show that StratLearn is com-

petitive with state-of-the-art importance weighting methods in lower dimen-

sions and greatly beneficial for higher-dimensional applications.

1The AUC is the area under the Receiver Operator Characteristic (ROC) curve, obtained
by plotting classifier e�ciency against the false positive rate for di↵erent classification
thresholds (between [0, 1]).
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2.2 Preliminaries and Related Literature

2.2.1 Notation:

Adapting a model trained on unrepresentative source data to accurately pre-

dict the labels of the target data requires information about how the distri-

butions of the source and target data di↵er. Let X ⇢ R� , � > 0, be the

covariate space that is observed for all data and let Y be the label space,

observed only for the source data. Di↵erent domains are defined as di↵erent

joint distributions ?(G, H) over the same joint covariate-label space X ⇥ Y
(Kouw and Loog, 2019). Let ⇡( = {(G (8)

(
, H

(8)
(
)}=B
8=1 denote the source data, a

sample of size =B from the joint distribution ?(, and let ⇡) = {G (8)
)
}=C
8=1 denote

the target data, an unlabelled sample of size =C from the distribution ?) . To

avoid the trivial case, we assume that ?( (G, H) < ?) (G, H), which means the

joint distribution of the covariates G and the outcome labels H di↵ers for the

source and target data. For ease of notation, we implicitly condition on an

indicator variable (, with ?( (G, H) := ?(G, H |B = 1) representing source data

(analogously ?) (G, H) := ?(G, H |B = 0) for target data).

Covariate shift refers to the case where the conditional distribution of the

labels given the covariates is the same for all data, but the marginal distri-

bution of the covariates di↵ers between the source and target data. In this

notation, covariate shift corresponds to ?( (H |G) = ?) (H |G) but ?( (G) < ?) (G).
Thus, if an object in the source data has the same set of covariates as an

object in the target data, then the conditional distribution of the outcomes of

both objects is the same (i.e., ?( (H |G) = ?) (H |G)). However, the distribution

of covariates for objects in the source data is systematically di↵erent to the

distribution of covariates for objects in the target data (i.e., ?( (G) < ?) (G)).

2.2.2 Target Risk Minimization:

In our supervised learning task, let 5 : X ! R be the training function,

and ✓ : R ⇥ Y ! [0,1) be the loss function comparing the output of 5

28



with the true label, H in Y.2 In the covariate shift setting, the objective is to

minimize the target risk R) ( 5 ) := E?) (G,H) [✓( 5 (G), H)], via the labelled source

data ⇡( and unlabelled target data ⇡) , assuming that ?( (G, H) < ?) (G, H),
with ?( (H |G) = ?) (H |G) but ?( (G) < ?) (G). More precisely, our task is to

train a model function 5 that minimizes R) ( 5 ), being able to compute only

the source loss ✓( 5 (G(), H(), but not the target loss ✓( 5 (G) ), H) ), since H) is

unavailable in practice. Section 2.2.3 reviews importance weighting methods

to minimize the target risk under covariate shift.

2.2.3 Related Literature – Importance Weighting:

Overview: In an influential work, Shimodaira (2000) proposes a weighted

maximum likelihood estimation (MWLE) and shows that this MWLE con-

verges in probability to the minimizer of the target risk under covariate shift.

Following Shimodaira (2000), assuming that the support of ?) (G) is contained
in ?( (G), the expected loss (risk) w.r.t. ?) (G, H) equals that w.r.t. ?( (G, H)
with weights F(G) := ?) (G)/?( (G) for the loss incurred by each G,

E
?) (G,H) [✓( 5 (G), H)] = E?( (G,H) [F(G)✓( 5 (G), H)] . (2.1)

In short, the target risk can be minimized by weighting the source domain loss

by a ratio of the densities of target and source domain covariates. The impor-

tance weights F(G) are paramount in the covariate shift literature and several

approaches optimize the estimation of the weights. One approach estimates

the densities ?) (G) and ?( (G) separately (Shimodaira, 2000), e.g., through

kernel density estimators (Sugiyama and Müller, 2005, Yu and Szepesvári,

2012, Baktashmotlagh et al., 2014). Others estimate the density ratio di-

rectly, e.g., via Kernel-Mean-Matching (Huang et al., 2007, Wen et al., 2015),

Kullback-Leibler importance estimation (KLIEP) (Sugiyama et al., 2008,

Tsuboi et al., 2009), and variations of unconstrained least-squares impor-

tance fitting (uLSIF) (Kanamori et al., 2009, 2012). Given F(G), Sugiyama

2This describes a general multivariate regression case with  dependent variables. In a
probabilistic classification task we usually have 5 : X ! [0, 1] , with  being the number
of classes.
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et al. (2007) propose importance weighted cross-validation (IWCV) and show

that in theory this can deliver an almost unbiased estimate of the target risk.

Zadrozny (2004) links covariate shift with selection bias, and shows that the

target risk can be minimised by importance sampling of source domain data,

employing the inverse probability of source set assignment for importance

weights. This allows any probabilistic classifier to be used to obtain the

weights, e.g., logistic regression (Bickel and Sche↵er, 2007).

Comparison methods: To benchmark the performance of our proposed

StratLearn framework against existing literature, we numerically compare

StratLearn with importance weighting (in Sections 2.4, 2.5 and 2.6), consider-

ing a range of well-established importance weight estimators. More precisely,

we implement

• KLIEP – Kullback-Leibler importance estimation procedure (Sugiyama

et al., 2008).

• uLSIF – Unconstrained least-squares importance fitting (Kanamori et al.,

2009).3

• NN – Several versions of the nearest-neighbor importance weight esti-

mator (Lima et al., 2008, Kremer et al., 2015, Loog, 2012), varying the

number of neighbors.

• IPS – Importance weight estimation through probabilistic classification

of source set assignment (Zadrozny, 2004, Kanamori et al., 2009).

Below we detail how the various importance weight estimation methods can

be employed for di↵erent importance weighting strategies (e.g., IWCV, im-

portance sampling, weighted least square regression (WLS), and loss weight-

ing). Following Kanamori et al. (2009) and Bickel et al. (2009), by Bayes

Theorem,

F(G) = ?) (G)
?( (G)

=
?(B = 1)
?(B = 0)

?(B = 0|G)
?(B = 1|G) ⇡ =(

=)

✓
1

?(B = 1|G) � 1

◆
. (2.2)

3KLIEP and uLSIF were implemented with the original author’s public domain MATLAB
code (link).
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The importance-weighting-based estimators, KLIEP, uLSIF and NN directly

estimate F(G). IPS obtains an estimate of F(G) by plugging in the esti-

mated inverse probability of source set assignment4 into the right-hand side

of (2.2), which allows any probabilistic classifier to be used to obtain the

weights, e.g., logistic regression (Bickel and Sche↵er, 2007). The estimated

weights in (2.2) can then be used for weighted empirical risk minimization

(following Formula (2.1); e.g., through WLS in Section 2.4, through IWCV

in Section 2.5, and through (2.19) in Section 2.6).

To implement importance sampling (such as in Section 2.5), we employ the

framework proposed by Zadrozny (2004). Specifically, Zadrozny (2004) shows

that for any distribution D with feature-label-selection space X ⇥ Y ⇥ S
and (G, H, B) examples drawn from D, for all classifiers 5 and loss functions

✓ = ✓( 5 (G), H), if we assume that %(B = 1|G, H) = %(B = 1|G) < 0, then

ED [✓( 5 (G), H)] = ED̂ [✓( 5 (G), H) |B = 1] , (2.3)

with D̂(G, H, B) := %(B = 1)
%(B = 1|G)D(G, H, B). (2.4)

The target risk can thus be minimised by sampling from D̂, e.g., by impor-

tance sampling of source domain data. Formula (2.4) allows us to directly

use the inverse probability of source set assignment (IPS). Moreover, rear-

ranging the terms in the formulation of F(G) in the right hand side of (2.2)

yields

?(B = 0)F(G) + ?(B = 1) = ?(B = 1)
?(B = 1|G) . (2.5)

Then, substituting into (2.4),

D̂(G, H, B) : = %(B = 1)
%(B = 1|G)D(G, H, B) (2.6)

=
�
F(G)?(B = 0) + ?(B = 1)

�
D(G, H, B). (2.7)

Thus, following Formula (2.3) (Zadrozny, 2004), IPS can be used for impor-

4We note that the inverse probability of source set assignment is equivalent with the
inverse propensity score, we thus call this estimator IPS. In this way, propensity scores
have implicitly been used for importance weighting, however, without identification or
transfer of the general propensity score methodology (as proposed in our work).
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tance sampling via (2.6), and the direct-weight estimators KLIEP, uLSIF

and NN can be used for importance sampling via (2.7).

In our numerical examples, we incorporate the estimated weights as in the

corresponding benchmark publication (if existent). Specifically,

in Sections 2.4.1 and 2.4.2 the estimated weights are used for importance

weighted least squares regression (Shimodaira, 2000). In Section 2.6, we

incorporate the estimated weights as suggested in Izbicki et al. (2017). Fol-

lowing Izbicki et al. (2017), the estimated weights are used for loss weighting

as in (2.1). In Section 2.5, importance weighting has not previously been

applied. We implement IWCV, importance sampling, and a combination of

both, to demonstrate the advantage of StratLearn with respect to either.

Issues of importance weighting: Although importance weighting in

theory enables minimization of the target risk, there are challenges. Cortes

et al. (2008) theoretically analyze the e↵ect of errors in the weight estimation

on the outcome hypothesis of the learning algorithm. Based on a measure

of domain dissimilarity (e.g., Rényi divergence), Cortes et al. (2010) show

that weighting leads to high generalization upper error bounds, making pre-

dictions unreliable, especially with large importance weights. In addition,

Reddi et al. (2015) points out that while weighting can reduce bias, it can

also greatly increase variance. Unfortunately, with increasing covariate space

dimension, the variance of the importance-weighted empirical risk estimates

may increase sharply (Izbicki et al., 2014, Stojanov et al., 2019). This can be

partly tackled by dimensionality reduction methods (Sugiyama et al., 2010,

2011, Stojanov et al., 2019); see Kouw and Loog (2019) for a detailed dis-

cussion. We address these variance concerns via propensity scores.

2.3 A New Method: StratLearn

In this section, we introduce our novel StratLearn methodology for principled

learning under covariate shift via the transfer of the propensity score frame-

work from causal inference to the covariate shift setting. In Section 2.3.1, we

provide theoretical justification that conditioning on propensity scores elimi-
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nates covariate shift, and we devise how propensity scores can be employed in

practice to mitigate the e↵ects of covariate shift via propensity score stratifi-

cation. The flowchart in Figure 2.1 outlines the StratLearn framework, with

technical details described in Section 2.3.2. In Section 2.3.3, we describe co-

variate balance diagnostics which can readily be transferred from the causal

inference framework to assess the propensity score model, and we introduce

outcome balance diagnostics, employing additional structure in the covariate

shift setting.

2.3.1 StratLearn – Methodology

In the covariate shift framework, we define the propensity score to be the

probability that object 8 is in the source data, given its observed covariates,

i.e.,

4(G8) := %(B8 = 1|G8), with 0 < 4(G8) < 1. (2.8)

Proposition 1 (Learning conditional on the propensity score). If ?( (G, H)
and ?) (G, H) satisfy the covariate shift definition and 0 < 4(G) < 1, then it

holds that

?) (G, H |4(G)) = ?( (G, H |4(G)). (2.9)

That is, conditional on 4(G) the joint source and target distributions are

the same, eliminating covariate shift. It follows, for any loss function ✓ =
✓( 5 (G), H),

⇢
?) (G,H |4(G)) [✓( 5 (G), H)] = ⇢?( (G,H |4(G)) [✓( 5 (G), H)] . (2.10)

Verification of Proposition 1: For Proposition 1, we start from [Theorem

1] in Rosenbaum and Rubin (1983), which proves that the propensity score

4(G), with 0 < 4(G) < 1, is a balancing score, which for our case means

G ?? B |4(G), (2.11)
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or equivalently ?( (G |4(G)) = ?) (G |4(G)). That is, conditional on the propen-

sity score, the covariates in the source and target data have the same distri-

bution. It follows that

?( (G, H |4(G)) :=?(G, H |4(G), B = 1)
=?(H |G, 4(G), B = 1)?(G |4(G), B = 1) (2.12)

=?(H |G, 4(G), B = 0)?(G |4(G), B = 1) (2.13)

=?(H |G, 4(G), B = 0)?(G |4(G), B = 0) (2.14)

=?(G, H |4(G), B = 0)
=:?) (G, H |4(G)).

Step (2.13) follows from the covariate shift assumption that ?(H |G, B = 1) =
?(H |G, B = 0), with 4(G) as a function of G not changing the conditional dis-

tributions. Step (2.14) follows from the balancing property of the propensity

score (2.11). Thus, conditional on the propensity score, the source and target

data have the same joint distribution. Equation (2.10) follows directly.

Note that the condition of Proposition 1, that is 0 < 4(G) < 1, is no stronger

than the conditions required for (2.1). The support of ?) (G) being contained

in ?( (G) implies 0 < 4(G), and 4(G) = 1 implies ?) (G) = 0, in which case the

importance weight F(G) = 0, which is equivalent to discarding the sample.

With Proposition 1, we extend the basic causal inference theory to use

propensity scores in the covariate shift framework. Conditioning on esti-

mated propensity scores enables statistically principled minimization of the

target risk based on source data. According to Proposition 1, if we were

to condition on any single value of the propensity score, the distribution of

G and H in the source and target domains would be identical and we could

minimize their target risk using the source data alone. Because sample sizes

with identical propensity scores are too small in practice for model fitting,

we employ an approximation.

StratLearn takes advantage of Proposition 1 via propensity score stratifica-

tion; source data ⇡( and target data ⇡) are divided into : non-overlapping

subgroups (strata) based on quantiles of the estimated propensity scores.

34



More precisely, letting @ 9 be the 9 ’th k-quantile of {4(G8) : G8 2 (G( [ G) )},
for 9 2 1, . . . , : , we divide ⇡( and ⇡) into

⇡
(:)
( 9

= {(G, H) 2 ⇡( : @:� 9 < 4(G)  @:� 9+1} and

⇡
(:)
) 9

= {G 2 ⇡) : @:� 9 < 4(G)  @:� 9+1}, (2.15)

where @0 = 0 and @: = 1. By Proposition 1, within strata,

?) 9 (H, G) ⇡ ?( 9 (H, G), for 9 2 1, . . . , : , (2.16)

where ( 9 indicates conditioning on assignment to the 9 ’th source stratum

(analogously for target )9). It follows that for 9 2 1, . . . , :,

E
?)9 (G,H) [✓( 5 (G), H)] ⇡ E?( 9 (G,H) [✓( 5 (G), H)] . (2.17)

Thus, we can minimize the target risk within strata by minimizing the source

risk within strata. In this way, we reduce the covariate shift problem to non-

overlapping subgroups where the source and target domain are approximately

the same, which in principle allows us to fit any supervised learner to ⇡( 9 to

predict the target objects in ⇡) 9 . Figure 2.1 presents a flow chart illustrating

the steps of our proposed StratLearn methodology.

2.3.2 StratLearn – Technical Details

In general, any probabilistic classifier could be used to estimate propensity

scores (e.g., Pirracchio et al. (2014)). Logistic regression is commonly used in

causal inference, and we adopt it for the majority of applications in this pa-

per. In practice, the covariate shift assumption, ?( (H |G) = ?) (H |G), requires
there be no unobserved confounding covariates. To meet this requirement,

we include all potential confounders as main e↵ects. An estimate of the

propensity scores in (2.8) is then obtained by probabilistic classification of

source assignment, given source data G( and target data G) .

Using the estimated propensity scores, the source and target data are grouped

into strata, following (2.15). We use : = 5 strata based on empirical evidence
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Estimate propensity score (PS) via (2.8)
(binary classification of G( and G))

Group data ⇡( and ⇡) into : strata
via (2.15) (based on estimated PS)

Covariate
balance?*

Optimize and cross-validate outcome model
5 9 via (2.17) (on source data ⇡( 9)

Predict optimized 5 9 on ⇡) 9 to obtain Ĥ) 9

Outcome
balance?*

Report predictions on ⇡)
(combining H) 9 from strata 9 = 1, . . . , :)

Stratum 9

for 9 = 1, . . . , :

No

Yes

No

Yes

Figure 2.1: StratLearn flow chart. (*Covariate balance and outcome balance is assessed as
described in Section 2.3.3, with a numerical example given in Section 2.5.)
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provided by Cochran (1968), showing that sub-grouping into five strata is

enough to remove at least 90% of the bias for many continuous distributions

(Rosenbaum and Rubin, 1983). Given the stratified data, we fit a model 5 9
to source data ⇡( 9 , and predict the respective target samples in ⇡) 9 , for 9 2
1, . . . , : . Model hyperparameters for 5 9 can be selected through empirical risk

minimization on source data ⇡( 9 , for instance through cross-validation on

⇡( 9 . The model functions 5 9 are trained independently and can be computed

in parallel to reduce computational time. If the source distribution does not

cover the target distribution well enough, some of the strata may contain too

little source data to reliably train the model. In this case, we add source data

from one or more adjacent strata to avoid highly variable predictions. There

is a bias-variance trade-o↵ here in that this reduction in variance requires

a relaxation of the approximation in (2.16), which inevitably increases bias

somewhat. Although a general and precise criterion for combining the strata

is elusive (more complex models require more data and data sets of the same

size may be more or less informative for the same model), we illustrate the

combination of source strata in Section 2.5 (and Section 2.4.2), where one or

more source strata have insu�cient data.

2.3.3 StratLearn – Balance Diagnostics

A key advantage of propensity scores derived in causal inference is their

covariate balancing score property (Rosenbaum and Rubin, 1983), that is,

?( (G |4(G)) = ?) (G |4(G)). In causal inference, this property is used to ver-

ify the propensity score model and/or the choice of covariates, G, e.g., by

checking that G has the same within-strata distribution in the treatment and

control groups. Employing the balancing property in the derivation of Propo-

sition 1 allows us to take advantage of such diagnostic tools in our framework.

We refer to the large literature on this (e.g., Rosenbaum and Rubin, 1984,

Imai and van Dyk, 2004, Austin et al., 2007, Austin, 2011), and provide an

example of such a balance check in Section 2.5 (and in Sections A.2 and

2.4.2).

In Remark 1, we detail how additional structure in the covariate shift setting
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can be exploited to justify a corollary model diagnostic.

Remark 1. In the propensity score framework of causal inference (Rosen-

baum and Rubin, 1983) we have potential outcomes .0 and .1. In the co-

variate shift framework, the potential outcomes are identical (.0 ⌘ .1). That
is, there is no “treatment e↵ect” from being assigned to the source or tar-

get set, though only the source data are observed (.1 ⌘ .). Now, given the

propensity score 4(G), with 0 < 4(G) < 1, and the covariate shift condition

?(H |G, B = 1) = ?(H |G, B = 0), source data assignment is ‘strongly ignorable’

(using the terminology of Rosenbaum and Rubin (1983)). It follows through

Theorem 4 in Rosenbaum and Rubin (1983) that, conditional on the propen-

sity score, source and target outcome are the same in expectation.

In cases where labels are observed for (part of) the target group we can use

Remark 1 as a model diagnostic. Although in practice the labels are mostly

unobserved in the target group, they are available in our real-world scien-

tific/experimental settings described in Sections 2.5 and 2.6. In Section 2.5

(as well as Sections 2.4.2, A.2, and A.3), we use Remark 1 to demonstrate a

reduction of within-strata covariate shift (i.e., by conditioning on the propen-

sity score).

We further demonstrate the possibility of similarly using predicted labels in-

stead of actual labels as a model diagnostic. While the actual target labels

H) are usually not available in real-world data applications, the distribution

of the model predicted outcome labels ( H̃ = 5 (G)) can be evaluated for source

5 (G() and target 5 (G) ). With 5 being a measurable function of the co-

variates G, and by employing the balancing property of propensity scores, it

holds ?( ( 5 (G) |4(G)) = ?) ( 5 (G) |4(G)). Consequently, a discrepancy between

the distributions of predicted source outcome 5 (G() and predicted target

outcome 5 (G) ) is an indication of residual (covariate) shift in the source and

target distribution.5 An advantage of assessing the balance in the predicted

5In practice, one has to ensure that 5 is not overfitted on the available training (source)
data sample, a standard check in supervised learning, which can readily be assessed via
standard validation tools, such as cross-validation or bootstrapping of source data.
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outcome 5 (G) (in addition to covariate balance) is that 5 (G) is designed to ap-

proximate the outcome H. Thus, a discrepancy of 5 (G() and 5 (G) ) indicates
an imbalance in strongly predictive covariates, a straightforward sign for re-

maining, (likely) concerning confounding. We demonstrate the application

of balance diagnostics via predicted labels in Section 2.5.

2.4 Numerical Demonstrations on Simulated Toy Problems

This section provides numerical evaluation of StratLearn with a compari-

son to state-of-the-art importance weighting methods on two toy simulation

examples. We note that these toy examples serve mainly for illustration

purposes. More precisely, in Section 2.4.1, we implement StratLearn on a

well-known univariate regression example from Shimodaira (2000). In Sec-

tion 2.4.2, we evaluate StratLearn under violation of the covariate shift as-

sumption on data from the UCI repository (Dua and Gra↵, 2017).

2.4.1 Simulation Study – Univariate Regression

Univariate toy regression example – Linear model fit: As an il-

lustration, we apply StratLearn to a simple, well known univariate toy simu-

lation from Shimodaira (2000). Source data are simulated from -( ⇠ # (`( =
0.5, g( = 0.5) and target data from -) ⇠ # (`) , g) ), independently. We inves-

tigate three values of the target parameters: Setting (i) `) = 0, g) = 0.3; (ii)

`) = 0, g) = 0.5; and (iii) `) = 0.2, g) = 0.5. Setting (i) replicates Shimodaira

(2000), and settings (ii) and (iii) vary the covariate shift mechanism. In all

three settings, the outcome is simulated as H = �G+G3+n , with n ⇠ # (0, 0.32).
We independently sample -( and -) , each of size 100, along with the source

outcome (blue circles in Figure 2.2), with the aim of predicting the target

outcome (black triangles). Following Shimodaira (2000), we fit a misspecified

(linear) model.

To compare the performance of StratLearn to ordinary least squares (OLS)

and weighted least squares (WLS), employing importance weights, following

Shimodaira (2000), we evaluate the target predictive performance of each
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method on < = 1000 replicate data sets. Weights for WLS are estimated

using the methods described in Section 2.2.3. We also compute the weights

analytically, since the density of the target and source data are known. We

assess performance with the mean squared error (MSE) of the target data

predictions in each of the < = 1000 data sets as summarized in the boxplots

in Figure 2.3.

We implement StratLearn following Section 2.3, by splitting the data into

five equally sized strata based on logistic-regression estimated propensity

scores, and fitting OLS on the source data within each stratum to predict

the respective target outcomes. To ensure su�cient source data in the last

stratum, source data from stratum 4 was added to fit the model for stratum 5

in cases where replicate data had fewer than 10 source samples in stratum 5.6

A sample fit of StratLearn is shown in Figure 2.2 for settings (i)-(iii) (blue

lines), illustrating that StratLearn approximates the true data generation

model (grey line) well.

In setting (i), StratLearn performs comparably to the WLS methods, as

shown by overlapping boxplot ranges in Figure 2.3, strongly improving upon

OLS. In setting (ii), and especially in setting (iii), StratLearn led to the

lowest MSE, substantially improving upon all WLS methods and OLS. The

results demonstrate robustness of StratLearn with respect to the underlying

covariate shift mechanism.

We emphasize that the simulations in this section serve as a toy example,

where the one-dimensional covariate space allows a clear visualization of how

StratLearn compares to weighted methods. As pointed out by Shimodaira

(2000), fitting a correctly specified model (polynomial with degree 3 = 3)

leads to a good approximation of the true model function, dispensing with

the need for further covariate adjustment. However, in more realistic (high-

dimensional) data setups, model misspecification is more likely, and the fitted

model must not be overly complex to avoid high variability. Nevertheless,

in the next paragraph, we show that allowing more complexity, by fitting

a quadratic (instead of linear) model, which might better approximate the

6Using a minimum threshold of 5 source samples led to very similar model performance, as
shown in Table 2.1, demonstrating robustness with respect to the choice of this threshold.
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target data with settings (ii) and (iii), leads to similar results, underlining

the advantage of StratLearn.

Figure 2.2: Representative linear model fit for each of the target parameter settings (i)-(iii),
as discussed in Section 2.4.1.

Univariate toy regression Example – Quadratic model fit: As

pointed out by Shimodaira (2000), fitting a correctly specified model (poly-

nomial with degree 3 = 3) leads to a good approximation of the true model

function, dispensing with the need for further covariate adjustment. How-

ever, in more realistic (high-dimensional) data setups, model misspecification

is more likely, and the fitted model has to be not overly complex to avoid

high variability. Although it may seem that StratLearn has an advantage

for this particular example due to its flexibility in model choice, we note

that the target data in setting (i) can be reasonably well approximated by
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Figure 2.3: Boxplot of the target MSE in the univariate regression example with linear model

fit (Section 2.4.1), obtained by using StratLearn, OLS, and the WLS methods on < = 1000

Monte Carlo simulations; settings (i) to (iii) from left to right. The small numbers at the top

are the number of outliers beyond the limit of the graph. Mean and standard error of the MSE

are reported in Table 2.1.

a linear model, and in settings (ii) and (iii), with more target data around

G 2 (1.0, 1.5) where y is strongly increasing, a quadratic model (polyno-

mial with degree 3 = 2) agrees reasonably well with the target data. Thus,

StratLearn is not unduly advantaged relative to the non-adjusted (OLS) fit

and the weighted (WLS) fits. Figure 2.5 presents boxplots of the target MSE
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Table 2.1: Mean and standard error (se) of the < = 1000 target MSE’s presented in Figures 2.3
(settings (i) to (iii) from left to right). StratLearn (min = 10) refers to values presented in
Figure 2.3, where source data from stratum 4 was added to fit the model for stratum 5 in
cases where replicate data had fewer than 10 source samples in stratum 5, to ensure that there
is enough source data in the last stratum. We also add the StratLearn results obtained with a
threshold of minimum 5 samples in source stratum 5 as a combination rule (StratLearn (min
= 5)). Best model performances are highlighted in bold.

Setting (i): Setting (ii): Setting (iii):
Method \ MSE Mean (se) Mean (se) Mean (se)

OLS 0.312 (0.148) 0.415 (0.208) 0.370 (0.173)
WLS: theoretical 0.098 (0.016) 0.196 (0.109) 0.239 (0.131)
WLS: NN 0.101 (0.020) 0.189 (0.088) 0.244 (0.123)
WLS: IPS 0.115 (0.045) 0.196 (0.108) 0.236 (0.130)
WLS: uLSIF 0.102 (0.022) 0.197 (0.101) 0.243 (0.140)
WLS: KLIEP 0.098 (0.016) 0.188 (0.095) 0.229 (0.126)
StratLearn (min = 10) 0.108 (0.023) 0.181 (0.108) 0.140 (0.076)
StratLearn (min = 5) 0.113 (0.040) 0.178 (0.143) 0.141 (0.077)

for < = 1000 replicate data sets, fitting a quadratic model (3 = 2) instead

of a linear model (3 = 1) as presented in the previous paragraph. Figure 2.5

demonstrates a strong advantage of StratLearn over the non-adjusted (OLS)

fit, and over the weighted (WLS) fits, when fitting a quadratic model in set-

tings (ii) and (iii), strengthening our previous findings that StratLearn leads

to better covariate shift adjustment than the WLS methods in these settings.

Representative quadratic model fits are displayed in Figure 2.4 for each tar-

get parameter setting (i) - (iii) (based on the same simulated data examples

as presented in Figure 2.2, for comparison). Figure 2.4 illustrates that, while

the WLS methods fail to fit the target data (especially on the right side of the

curve), StratLearn well approximates the true data generation model (grey

line) with quadratic model fits in each source stratum.

2.4.2 StratLearn applied to Data from UCI Repository

In this section, we demonstrate the performance of StratLearn under violation

of the covariate shift assumption. We apply StratLearn on two datasets

from the publicly available UCI repository (Dua and Gra↵, 2017): the “wine

quality data” (Cortez et al., 2009) and the “Parkinson Telemonitoring data”
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Figure 2.4: Representative quadratic model fit (Section 2.4.1) for each of the target parameter
settings (i)-(iii) (Ex: (i) - (iii)). For comparison, the same simulated data set examples as
presented in Figure 2.2 are displayed for all three settings.

(Little et al., 2008). These datasets have previously been used to explore

regression problems in the presence of covariate shift (Chen et al., 2016).

Wine Quality Data: The data set contains 6497 samples of which 4898

are of type “white wine”, used as source data ⇡(, and 1599 samples are of

type “red wine”, used as the target data ⇡) . The output is a wine “quality

score” (between 0 and 10), which we aim to predict for the target data

(red wine), given the scores of the source data (white wine). There are 11

physicochemical, predictive covariates. We refer to Cortez et al. (2009) for
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Figure 2.5: Boxplot of the target MSE in the univariate example (Section 2.4.1), fitting a
quadratic model (polynomial with degree 3 = 2) instead of a linear model (3 = 1), such as
presented in Figure 2.3. The quadratic models are fitted on the same < = 1000 Monte Carlo
simulations (settings (i) to (iii) from left to right) as presented in Figure 2.3.

detailed information.

Parkinson Data: The data comprises 5875 instances and 26 attributes.

Similar to Chen et al. (2016), we take 17 of the attributes to be predic-

tive covariates, with the aim of predicting the UPDRS Parkinson’s disease

symptom score (output). The source data ⇡( contains all instances with

age below 60, leading to a source subset of size |⇡( | = 1877. Instances with

age above (inclusively) 60 and below 70 are used as target samples ⇡) , with

|⇡) | = 2127. As in Chen et al. (2016), instances with age above 70 are not

45



considered. We refer to Little et al. (2008) for further information on the

data.7

Implementation and results on UCI data: Following Chen et al.

(2016), our objective is to predict the wine “quality score” and the Parkin-

son’s “UPDRS” score using linear regression models, specifically OLS. We

assume that the source and target splitting covariates (wine type and age)

are not observed for model fitting. Note that, because these are confounding

covariates, this violates the covariate shift assumption. All other available

covariates are used to estimate the propensity scores and the importance

weights, and as predictor variables for the outcome models. To improve co-

variate balance on the wine quality data, we use gradient boosting machines

to estimate the propensity scores, commonly used in the propensity score

causal inference literature (McCa↵rey et al., 2004, Mcca↵rey et al., 2013,

Autenrieth et al., 2021). Covariate balance is assessed as described in Sec-

tion 2.3.3. On the wine quality data, we assess the covariate balance in

stratum 4, which is the only stratum with both source and target samples

(Table 2.2). Using logistic regression, the average (SD) absolute standard-

ized mean di↵erence in the observed covariate set is 0.667 (0.436), and the

average (SD) of the Kolmogorov-Smirnov test statistics is 0.388 (0.154). Es-

timating the propensity scores using gradient boosting machines increases

balance in stratum 4, by reducing the average (SD) absolute standardized

mean di↵erence to 0.561 (0.292), and the average (SD) Kolmogorov-Smirnov

test statistics to 0.288 (0.109). While the balance improvement is marginal to

moderate, it is consistent for both considered balance measures. In addition,

there is negligible overhead in computational cost using gradient boosting

machines vs. logistic regression in this example, which motivates the applica-

tion of the gradient boosting machine propensity score estimator. Additional

propensity score estimators are discussed in the literature and could be em-

ployed to further improve balance if required (Pirracchio et al., 2014, Parast

et al., 2017, Autenrieth et al., 2021). On the Parkinson data set, logistic

regression is used to estimate the propensity scores because it leads to better

7The data used from the UCI repository (Dua and Gra↵, 2017) is publicly available (UCI
Wine quality data (link), Parkinsons Telemonitoring Data (link)).
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covariate balance in the strata than using gradient boosting machines.

Table 2.2 presents the composition of the StratLearn strata for the Wine

and Parkinson data, both conditioned on the estimated propensity scores.

For the wine data set, all target samples are in strata 4 and 5, and only

stratum 4 contains both source and target samples. Following our StratLearn

strategy, we fit OLS on ⇡(4 to predict ⇡)4 and ⇡)5 . In the Parkinson data

set there is enough source data in each strata to fit OLS separately on each

source stratum ⇡( 9 to predict the data in the respective target stratum ⇡) 9 ,

9 2 {1, . . . , 5}.

Table 2.3 presents the MSE of the target predictions, comparing StratLearn

with (non-adjusted) OLS (‘Biased’) and WLS, using the methods described

in Section 2.2.3 to estimate the weights. Applying StratLearn results in

a target MSE of 0.715 for the Wine data and 114.97 for the Parkinson

data, both improving upon the Biased OLS fit which yields a target MSE

of 1.024 (Wine) and 130.88 (Parkinson). StratLearn further provides better

results than WLS:uLSIF, WLS:KLIEP and WLS:NN on both data sets; only

WLS:IPS leads to slightly better results than StratLearn.

We also compare StratLearn with the method that Chen et al. (2016) devel-

ops and illustrates on these datasets. Specifically, Chen et al. (2016) proposes

a “robust bias-aware regression” based on the Kullback-Leibler divergence.

This proposal is tailored specifically to regression and to loss functions that

account for uncertainty in the prediction (e.g., empirical logloss), whereas

StratLearn is entirely general but can be successfully applied to this task.

Following Chen et al. (2016), we compute the target empirical logloss as

a performance measure. On the Wine data, StratLearn yields an empiri-

cal logloss of 1.271, which exactly matches the reported performance of the

method proposed in Chen et al. (2016). On the Parkinson data we could not

replicate the exact data split as reported in Chen et al. (2016), and thus a

meaningful comparison of empirical logloss to the values reported by Chen

et al. (2016) is not possible.

In summary, in these illustrative regression examples StratLearn demon-

strates certain robustness against violation of the covariate shift assumption,
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Table 2.2: Composition of the five StratLearn strata for the UCI wine and UCI parkinson
data. The number of samples/subjects in source and target stratum, as well as the mean
outcome (“quality score” and “UPDRS score” ) are presented.

UCI Wine data UCI Parkinson data
Stratum Set # samples (Mean “quality”) # subjects (Mean “UPDRS”)

1 Source 1299 (5.98) 627 (22.00)
Target 0 (0.00) 174 (29.15)

2 Source 1300 (5.92) 486 (26.36)
Target 0 (0.00) 315 (25.21)

3 Source 1300 (5.93) 314 (25.53)
Target 0 (0.00) 487 (24.86)

4 Source 999 (5.63) 269 (27.38)
Target 301 (5.49) 532 (28.15)

5 Source 0 (0.00) 181 (27.06)
Target 1298 (5.67) 619 (30.00)

All Source 4898 (5.88) 1877 (24.98)
Target 1599 (5.64) 2127 (27.58)

Table 2.3: MSE of target predictions on UCI Wine and Parkinson data, based on ordinary
least squares regression (OLS), various importance weighted least squares regression methods
(WLS), and our proposed StratLearn method.

Method \ Data UCI wine data UCI Parkinson data

OLS (Biased) 1.024 130.88
WLS:uLSIF 2.363 120.81
WLS:KLIEP 3.968 116.72
WLS:NN 2.377 117.47
WLS:IPS 0.660 112.80
StratLearn 0.715 114.97

improving upon the (non-adjusted) Biased fit and performing comparably

with the best importance weighting approach.

2.5 Classification – SNIa Identification

Objective: Type Ia supernovae (SNIa) are invaluable for the study of the

accelerated expansion history of the universe (e.g., Riess et al., 1998, Perlmut-

ter et al., 1999). SNIa are exploding stars that can be seen at cosmological

distances (billions of light years away), occurring in a particular physical
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scenario which causes their intrinsic luminosity to correlate with observable

properties of their light curve (apparent brightness at Earth as a function of

time). This “standardizable candle” property of SNIa makes it possible to

measure their distance, which in turn depends on parameters describing the

physical contents of the universe.

To take advantage of this, reliable identification of SNIa based on photometric

light curve (LC) data is a major challenge in modern observational cosmol-

ogy. Photometric LC data are easily collectable, consisting of measurements

of an astronomical object’s apparent brightness (i.e. flux), filtered through

di↵erent passbands (wavelength ranges), at a sequence of time points (as

illustrated in Figure 2.6). Only a small subset of the objects are labelled via

expensive and time-consuming spectroscopical observations, which enable

SNIa identification thanks to its characteristic spectral lines. The labeled

source data, ⇡(, are therefore not representative of the photometric target

data, ⇡) , as the selection of spectroscopic source samples is biased towards

brighter and bluer objects. The automatic classification of unlabelled ob-

jects, based on biased spectroscopically confirmed source data, is the subject

of much research, including public classification challenges (Kessler et al.,

2010b, 2019).

Leading SNIa classification approaches are based on data augmentation; they

sample synthetic objects from Gaussian process (GP) fits of the LCs to over-

come covariate shift (Revsbech et al., 2018, Boone, 2019). The method of

Revsbech et al. (2018) can be viewed as a prototype of StratLearn, as it aug-

ments the source data separately in strata based on the estimated propen-

sity scores. However, to optimize data augmentation within strata, Revsbech

et al. (2018) requires a sub-sample of labeled target data that is unavailable

in practice. While e↵ective in this particular case, GP data augmentation is

not an option in most covariate shift tasks. We show that StratLearn makes

augmentation unnecessary. We use target prediction AUC to compare per-

formance to published results.

Data and Preprocessing: We use data from the updated “Supernova

photometric classification challenge” (SPCC) (Kessler et al., 2010a), contain-
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Figure 2.6: Example of photometric LC data, including 1f error bars, for a typical SNIa

(specifically, SN2475 from the updated Kessler et al. (2010a) simulated SPCC data).

ing a total of 21,318 simulated SNIa and of other types (Ib, Ic and II). For

each supernova (SN), LCs are given in four color bands, {6, A, 8, I}. The data
include a source set ⇡( of 1102 spectroscopically confirmed SNe with known

types and 20,216 SNe with unknown types (target set ⇡)). 51% of the source

objects are SNIa, while only 23% of the target date are SNIa, a consequence

of the strong covariate shift in the data.

We follow the approach in Revsbech et al. (2018), which was applied to an

earlier release of the SPCC data (Kessler et al., 2010b, discussed in Sec-

tion A.2), to extract a set of covariates from the LC data that can be used

for classification. First, a GP with a squared exponential kernel is used to

model the LCs. Then, a di↵usion map (Coifman and Lafon, 2006) (as used in

Richards et al. (2012)) is applied, resulting in a vector of 100 similarity mea-

sures between the LCs that we use as predictor variables. Combining these
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with redshift (a measure of cosmological distance, defined in Section 2.6) and

a measure of overall brightness, we obtain 102 predictive covariates.8

Results: To evaluate the impact of covariate shift on classification, we first

consider a ‘biased fit’ by training a random forest classifier (as in Revsbech

et al. (2018)) on the source covariates ignoring covariate shift, resulting in an

AUC of 0.902 on the target data (black ROC curve in Figure 2.7). Next, we

obtain a ‘gold standard’ benchmark by randomly selecting 1102 objects from

target data as a representative source set. The same classification procedure

with the unbiased ‘gold standard’ training data (unavailable in practice)

yields an AUC of 0.972 on the remaining 19,114 target objects.

Given the biased source data, StratLearn is implemented as described in

Section 2.3, including all 102 covariates in the logistic propensity score esti-

mation model. After stratification, a random forest classifier is trained and

optimized on source strata ⇡(1 and ⇡(2 separately to predict samples in

target strata ⇡)1 and ⇡)2 . We use repeated 10-fold cross validation with

a large hyperparameter grid to minimize the empirical risk of (2.17) within

each strata, employing log-loss9 as our loss-function.10 Source strata ⇡( 9 for

9 2 {3, 4, 5} have a small sample size, (13,7,4) respectively. Thus, source

strata ⇡( 9 for 9 2 {3, 4, 5} are merged with ⇡(2 to train the random forest

8The original and pre-processed SPCC data can be found here: SPCC data link.
9The log-loss (also referred to as cross-entropy loss) compares the output of a classification
5 (G) 2 [0, 1] with the true output H for an observation (G, H) via ✓logloss ( 5 (G), H) :=
�(H log( 5 (G)) + (1 � H) log(1 � 5 (G))).

10We use the “ranger” random forest implementation in caret (Kuhn, 2008) for SNe
classification in this section. Repeated 10-fold cross-validation (with five repetitions)
is implemented with a large hyperparameter grid, containing four di↵erent numbers of
covariates to possibly split at in each node (3,5,8,10); five values for minimum node size
(3,5,7,10,20); and two di↵erent splitting rules (“gini” and “extratrees”). To optimize the
selected hyperparameter setting, we compute the average log-loss via cross-validation on
source data. Using StratLearn, cross-validation for hyperparameter selection (optimizing
the average log-loss) is done on each source group separately. We employ the log-
loss to compute the empirical risk by evaluating the loss function ; ( 5 (G), H) on each
sample separately as described in Section 2.2. The AUC (used to assess target predictive
performance in this example) does not include the evaluation of a loss function that
compares the true label H and prediction 5 (G) for each sample G separately. However,
to demonstrate robustness w.r.t. the choice of hyperparameter optimization, we also
compute the AUC on source data (on each source group separately) via cross-validation,
which leads to the same hyperparameter setting as using the log-loss.
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to predict ⇡) 9 for 9 2 {3, 4, 5}. With StratLearn, we obtain an AUC of 0.958

on the target data (blue ROC curve in Figure 2.7), very near the optimal

‘gold standard’ benchmark.

Figure 2.7 compares StratLearn to importance sampling methods designed to

adjust for covariate shift. For importance sampling, the bootstrapped sam-

ples in the random forest fit were resampled with probabilities proportional

to the estimated importance weights (see Section 2.2.3). NN and IPS led

to the best importance weighted classifier (AUC = 0.923, 0.921) – an im-

provement over the biased fit, but substantially lower than StratLearn. AUC

standard errors (see Figure 2.7) are small relative to the large performance

improvement of StratLearn. KLIEP failed to fit importance weights and is

thus not included in the results. We also implemented IWCV using the same

hyperparameter grid as for StratLearn, and a combination of IWCV and im-

portance sampling, which both led to lower AUC than the ones reported in

Figure 2.7 (see Section A.1).

Previous state-of-the-art methods report an AUC of 0.855 (Lochner et al.,

2016) using boosted decision trees, 0.939 (Pasquet et al., 2019) using a frame-

work of an autoencoder and a convolutional neural network and 0.94 (Revs-

bech et al., 2018) using LC augmentation and target data leakage, all lower

than StratLearn.

Balance Assessment on updated SPCC data: To illustrate the bal-

ancing property of propensity scores (see Section 2.3.3) and its e↵ect on pre-

dictive target performance, we assess the covariate balance in the updated

SPCC data within strata conditional on the estimated propensity scores, by

means of two commonly used balance measures: absolute standardized mean

di↵erences (SMD) and the Kolmogorov-Smirnov test statistics (KS-stats)

(Austin, 2011, Austin and Stuart, 2015).

Figure 2.8 provides a detailed covariate balance comparison, by plotting the

“raw” SMD against the StratLearn SMD in stratum 1 (black) for each co-

variate. We remove two outliers (redshift and brightness) with very large

“raw” SMD (1.1 and 1.7), because including them in the Figure makes it
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Figure 2.7: Comparison of ROC curves for SNIa classification using

the updated SPCC data. Here, Biased and uLSIF are identical. Boot-

strap AUC standard errors (from 400 bootstrap samples) are given in

parentheses.

more di�cult to illustrate the balance of the bulk of the covariates; both are

well balanced in stratum 1 using StratLearn (SMD equals 0.12 and 0.17).

Points below the diagonal line are better balanced in the stratum than in

the “raw” non-stratified data. This is the case for the vast majority (71%)

of black points in Figure 2.8, illustrating the balance improvement achieved

with StratLearn.

Figure 2.8 also plots (red) the SMD achieved by STACCATO (Revsbech

et al., 2018), which uses two covariates (redshift and brightness, as opposed to

the 102 used by StratLearn) in the logistic regression to estimate propensity

scores. While STACCATO improves the balance of the majority (69%) of the

covariates, most (66%) black (StratLearn) SMD have smaller vertical values,

indicating better balance than STACCATO (red).

On average across the 102 covariates, StratLearn improves covariate balance

compared to the “raw” non-stratified data measured by SMD by ⇠70% in
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Figure 2.8: Absolute standardized mean di↵erences between

source and target data of stratum 1 plotted against “raw” data

absolute standardized mean di↵erences for StratLearn and STAC-

CATO.

stratum 1 and ⇠10% in stratum 2 (KS-stats: ⇠70% in stratum 1 and ⇠30% in

stratum 2)11. It further improves upon STACCATO by ⇠36% in stratum 1

and ⇠46% in stratum 2 using SMD (KS-stats: ⇠24% in stratum 1 and ⇠36%
in stratum 2). The remaining strata contain too few source data to assess

covariate balance. Details are provided in Table A.2.

The improved covariate balance (reduced covariate shift) directly translates

into improved predictive performance. STACCATO (including data aug-

mentation and target data leakage, mostly unavailable in practice) yields a

target AUC of 0.94, whereas with StratLearn we obtain a target AUC of 0.958

(without data augmentation and no target data leakage) – a substantial im-

provement resulting from the improved covariate balance by accounting for

potentially confounding covariates. In general, we note that balance is partic-

ularly important for covariates that are strongly predictive for the outcome.

11Percentages are calculated by taking the ratio of the average SMD (average KS-stats)
of all 102 covariates.
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Table 2.4: Strata composition on the updated SPCC data (Section 2.5), applying STACCATO

(left) and StratLearn (right). The number of SNe, as well as the number and proportion of

SNIa are presented in source and target stratum 1 and 2. For conciseness, we present the

combined strata 3 to 5, containing too little source data for meaningful comparison of the

SNIa proportions.

STACCATO StratLearn

Number Number Prop. Number Number Prop.
Stratum Set of SNe of SNIa of SNIa of SNe of SNIa of SNIa

1 Source 924 414 0.45 958 518 0.54
Target 3340 1125 0.34 3306 1790 0.54

2 Source 153 125 0.82 120 28 0.23
Target 4111 973 0.24 4144 927 0.22

3 to 5 Source 25 19 0.76 24 12 0.5
Target 12,765 2431 0.19 12,766 1812 0.14

Domain-specific expertise might be necessary to identify such covariates in

the individual cases in practice. In Section 2.4.2, we demonstrate how co-

variate balance can be improved by adjusting the propensity score model.

Table 2.4 presents the composition of the five StratLearn strata. Recall that

according to Remark 1, conditional on the propensity score the marginal

distributions of source and target outcome are the same in expectation. Ta-

ble 2.4 shows that the proportion of SNIa in the source and target data (which

in this case can be computed from knowledge of the true target labels in the

simulation) align well for StratLearn in the first two strata, indicating the

expected reduction in covariate shift. The source sample sizes in strata 3-5

are quite small, rendering meaningful comparison of the SNIa proportions

impossible. In Strata 1 and 2, however, StratLearn achieves much better

balance than either STACCATO or the raw (un-stratified) data (51% SNIa

in source, 23% SNIa in target).

In Table 2.5, we demonstrate how predicted outcomes can be employed for

balance diagnostics by assessing the predicted proportions of SNIa within

strata obtained by STACCATO and by StratLearn. For both methods, we

compute the predicted outcomes by classifying objects to be SNIa if the (ran-

dom forest) predicted SNIa probabilities are above 0.5. While STACCATO

leads to a strong discrepancy between predicted SNIa proportions in the
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Table 2.5: Outcome balance diagnostics via predicted labels on the updated SPCC data

(Section 2.5), applying STACCATO (left) and StratLearn (right). The number and proportion

of predicted SNIa are presented in source and target stratum 1 and 2. P-values are computed

via Fisher’s exact test of independence between predicted SNIa target and source proportions

within strata.

STACCATO (predicted) StratLearn (predicted)

Number Prop. p-value Number Prop. p-value
Stratum Set of SNIa of SNIa of SNIa of SNIa

1 Source 414 0.45 8.4e-11 518 0.54 0.284
Target 1106 0.33 1853 0.56

2 Source 125 0.82 2.8e-13 28 0.23 0.749
Target 2166 0.53 1040 0.25

first two strata (indicating remaining confounding), StratLearn leads to well-

matched predicted SNIa proportions. We further quantify the discrepancy

by performing a two-sided Fisher’s exact test of independence, with the null

hypothesis that there is no association of source/target set assignment and

predicted SNIa proportion. Comparing di↵erent propensity score models, a

higher p-value is an indicator for better balance in the predicted outcomes,

and should thus be desirable. StratLearn leads to much higher p-values than

STACCATO (failing to reject the null hypothesis for reasonable significance

levels), which implies much weaker relation between source/target assign-

ment and predicted outcomes.

In this particular example, with StratLearn, we fail to reject the null hy-

pothesis for most significance levels. This may not always be the case (e.g.,

Section A.2). We recall that the strategy of conditioning on propensity scores

via stratification leads to subgroups with similar (not identical) propensity

scores, and thus to similar (not identical) joint distributions within strata

(this is the approximation in (2.16)). This in turn might lead to di↵erences

in the distributions of the covariates and the (predicted) outcomes, even if

we could condition on the true propensity scores. We thus employ the p-

values of (predicted) outcomes as an additional tool to asses, and primarily

to compare, propensity score models to detect and reduce confounding of

highly predictive and thus most relevant covariates.

56



2.6 Conditional Density Estimation – Photo-I Regression

Objective: The wavelength of light from extragalactic objects is stretched

because of the expansion of the universe – a phenomenon called ‘redshift’.

This fractional shift towards the red end of the spectrum is denoted by I. A

precise measurement of redshift allows cosmologists to estimate distances to

astronomical sources, and its accurate quantification is essential for cosmo-

logical inference (e.g., redshift is a key component of the Big Bang theory).

Because of instrumental limitations, redshift can be precisely measured only

for a small fraction of the ⇠ 107 galaxies observed to date (set to grow to

⇠ 109 within a decade). These source data are subject to covariate shift rela-

tive to the set of galaxies with unknown redshift (target). Izbicki et al. (2017)

employed importance weighting to adjust for covariate shift in G, a set of ob-

served photometric magnitudes (a logarithmic measure of passband-filtered

brightness), when estimating I. They obtain a non-parametric estimate of

the full conditional density, 5 (I |G), to quantify predictive uncertainty of red-

shift estimates. Proper quantification of predictive uncertainties is crucial to

avoid systematic errors in the scientific downstream analysis (Izbicki et al.,

2017, Sheldon et al., 2012). Using the same setup and conditional density

estimation models (hist-NN, ker-NN, Series and Comb, detailed in Izbicki

et al. (2017)),12 we show that StratLearn leads to better overall predictive

performance than importance weighting.

Assuming that source and target data follow the same distribution, under

the !2�loss, conditional density estimators typically aim to minimize the

generalized risk (generalized in that the underlying loss can be negative):

'̂( ( 5̂ ) =
1

=(

=(’
:=1

π
5̂
2(I |G (:)

(
)3I � 2

1

=(

=(’
:=1

5̂ (I(:)
(

|G (:)
(

). (2.18)

Following the arguments in Izbicki et al. (2017), we provide derivations of

the generalized risk presented in (2.18) in Section A.3.1. To provide an in-

tuition for the generalized risk in (2.18), the second part of (2.18) computes

12For the computation of the conditional density estimators we used code by Izbicki et al.
(2017) (link).
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the values of the conditional density estimates at the true spectroscopic red-

shift (known for the source data), which is optimized if the true redshift is

at (or close to) the mode of the conditional density estimate 5̂ (I8 |G8) with

low uncertainty otherwise (the Dirac delta distribution at the true redshift

value is the optimal limiting case). On the contrary, the first part of (2.18),

which integrates the squared conditional density estimates over the redshift

range (without information of the true redshift), is minimized for flat condi-

tional density estimates, penalizing very certain predictions. Thus, overall,

estimates that are very certain, but fail to cover the truth, lead to a high

risk.

Izbicki et al. (2017) propose to adjust for covariate shift by adapting (2.18),

via optimizing weighted versions of the conditional density estimators (Izbicki

et al., 2017, Sections 5.1-5.3) with respect to an importance weighted gener-

alized risk:

'̂(1( 5̂ ) =
1

=)

=)’
:=1

π
5̂
2(I |G (:)

)
)3I � 2

1

=(

=(’
:=1

5̂ (I(:)
(

|G (:)
(

)F̂(G (:)
(

), (2.19)

where the weights, F̂(G() = ?) (G)/?( (G), are estimated using the methods

described in Section 2.2.3. As their best performing model for 5 (I |G), Izbicki
et al. (2017) propose an average of importance weighted ker-NN and Series,

5̂
U (I |G) =

?’
:=1

U: 5̂: (I |G), with constraints (i): U8 � 0, and (ii):
?’
:=1

U: = 1,

(2.20)

referred to as ‘Comb’ (i.e., combination), where ? = 2 and U8 is optimized to

minimize (2.19).

With StratLearn, we optimize the unweighted conditional density estimators

(hist-NN, ker-NN, Series) by minimizing (2.18) in each source stratum sepa-

rately (accounting for covariate shift following Proposition 1). We also pro-

pose a StratLearn version of Comb by optimizing (2.20) on each source stra-

tum separately (via the generalized risk in (2.19) with F(G) ⌘ 1), including

ker-NN and Series (each optimized via StratLearn beforehand). StratLearn
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and the other methods are compared with a ‘Biased’ (unweighted) method

that simply optimizes (2.18). We abbreviate the combination of each method

(StratLearn, Biased, and each of the weighting methods in Section 2.2.3) with

the models for 5 (I |G) (hist-NN, ker-NN, Series and Comb) as MethodModel.

Data: We use the same data as Izbicki et al. (2017), consisting of 467,710

galaxies from Sheldon et al. (2012)13, each with spectroscopic redshift I (mea-

sured with negligible error), and five photometric covariates G. As in Izbicki

et al. (2017), we use the r-band magnitude and the four colors (di↵erences

of magnitude values in adjacent photometric bands) as our covariates. We

denote this spectroscopic source sample by ⇡(. To simulate realistic covari-

ate shift, we follow Izbicki et al. (2017): starting from ⇡(, we use rejec-

tion sampling to simulate a photometric, unrepresentative target sample ⇡) ,

with the prescription ?(B = 0|G) = 5
⌫(13,4) (G(A))/maxG (A ) 5⌫(13,4) (G(A)), where

G(A) is the A-band magnitude and 5
⌫(13,4) is a beta density with parameters

(13,4). Additionally, we investigated adding : 2 {10, 50} i.i.d. standard nor-

mal covariates as potential predictors to the 5 photometric covariates. This

simulates the realistic case where additional potentially confounding covari-

ates are present. For comparability, we follow Izbicki et al. (2017) and use

|⇡train
(

| = 2800 galaxies randomly sampled from ⇡( as training data, plus a

validation set of |⇡val
(

| = 1200 galaxies. We assess the performance of each

MethodModel pair using a random subset of ⇡) , i.e., |⇡test
)

| = 6000.

Results: For evaluation of 5̂ under each MethodModel pair, we use the

(in our simulation) known target redshifts, I) , to compute the target risk,

'̂) ( 5̂ ), via a non-weighted version of (2.19) with G (:)
(

and H
(:)
(

replaced by

G
(:)
)

and H (:)
)

, given by:

'̂) ( 5̂ ) =
1

=)

=)’
:=1

π
5̂
2(I |G (:)

)
)3I � 2

1
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). (2.21)

13The data in Section 2.6 was used by permission of the original authors of Sheldon et al.
(2012).
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Figure 2.9: Target risk ('̂)) of the four photo-I estimation models under each method

(di↵erent colors), using di↵erent sets of predictors. Bars give the mean ± 2 bootstrap standard

errors (from 400 bootstrap samples).

Figure 2.9 compares the resulting target risk '̂) across models and covariate

sets, showing that StratLearnC><1 gives the best performance in all three

covariate setups.

For small covariate space dimension (Figure 2.9, left panel), StratLearnComb

improves upon StratLearnker-NN and StratLearnSeries, optimizing the source

risk in each stratum separately and combining their predictions. In the pres-

ence of potential additional confounding covariates (Figure 2.9, middle and

right panels), the performance of the Series estimator degrades strongly un-

der most methods. In these cases, StratLearn⇠><1 exploits the higher per-

formance of StratLearnker-NN. In contrast, for the non-adjusted (Biased) and

importance weighted methods (e.g. IPS), the combination of approaches

(Comb) does not necessarily lead to improved performance (e.g., IPSComb

exhibits a higher target risk than IPSker-NN on its own (Figure 2.9, right

panel)), indicating that the optimization in (2.20) fails due to remaining co-

variate shift in the data. More precisely, the weighted empirical source risk

minimization ((2.19), as a form of (2.1)) does not lead to target risk minimiza-

tion in these situations. In general, the improvement of StratLearn relative to

weighting methods increases with the dimensionality of the covariate space,

leading to a more robust regime.
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2.7 Discussion

In this chapter, we provide a novel framework for learning under covariate

shift, theoretically justified and based on principles derived in the propensity

score causal inference framework (Rosenbaum and Rubin, 1983). Our ap-

proach is computationally e�cient, easy to implement and readily adaptable

to various data applications. We show that StratLearn outperforms a range

of state-of-the-art importance weighting methods both on toy covariate shift

examples and on contemporary research questions in cosmology, especially

in the presence of a high dimensional covariate space. Our framework is

entirely general and versatile, as demonstrated with examples of regression,

conditional density estimation and classification. We believe it may become

a powerful alternative to importance weighting, with a myriad of possible ex-

tensions and applications. We provide an extensive discussion of StratLearn,

with limitations and prospective future work in Section 5.1. In the next

section, we demonstrate the broad utility of StratLearn by employing it for

photo-I calibration for weak lensing.
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3
Improved Weak Lensing

Photometric Redshift

Calibration via StratLearn

and Hierarchical Modeling

Overview: Discrepancies between cosmological parameter estimates from

cosmic shear surveys and from recent Planck cosmic microwave background

measurements challenge the ability of the highly successful ⇤CDM model to

describe the nature of the universe. To rule out systematic biases in cos-

mic shear survey analysis, accurate redshift calibration within tomographic

bins is key. In this paper, we improve photo-I calibration via Bayesian

hierarchical modeling of full galaxy photo-I conditional densities, by em-

ploying StratLearn, a recently developed statistical methodology, which ac-

counts for systematic di↵erences in the distribution of the spectroscopic

training/source set and the photometric target set. Using realistic simu-

lations that were designed to resemble the KiDS+VIKING-450 dataset, we

show that StratLearn-estimated conditional densities allow improvement of
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the galaxy tomographic bin assignment. Given the improved bin assignment,

our StratLearn-Bayesian framework leads to nearly unbiased estimates of the

target population means, improving upon previously best photo-I calibration

methods.

3.1 Introduction

Cosmological parameter estimation from the cosmic microwave background

(CMB; Miville-Deschênes et al. 2020) and from tomographic cosmic shear

measurements (Hildebrandt et al., 2020, Troxel et al., 2018, Hikage et al.,

2019) lead to discrepancies in the estimated clustering strength of dark mat-

ter. Such systematic discrepancies challenge the highly successful dark energy

and cold dark matter paradigm (⇤CDM) in describing the true nature of the

Universe. Of course, such a claim needs critical and detailed consideration

of the surveys and analysis steps performed by the various collaborations to

rule out systematic biases in the di↵erent procedures, which might explain the

discrepancies. Extensive explorations of various survey, model, and analysis

modifications have been performed (Hildebrandt et al., 2020), demonstrat-

ing that a modification of the redshift calibration approach might explain

the observed discrepancy with the Planck CMB results. Comparing the

methodologies applied by the Dark Energy Survey (DES; Troxel et al. 2018),

Hyper-Suprime Camera (HSC; Hikage et al. 2019), and the Kilo-Degree Sur-

vey (KiDS; Hildebrandt et al. 2020) collaborations, the redshift calibration

approach constitutes the most fundamental di↵erence (Hildebrandt et al.,

2020, Wright et al., 2020). To investigate discrepancies to the Planck CMB

estimates, careful consideration of the redshift calibration method used in

cosmic shear tomography is thus fundamental.

In cosmic shear tomography, galaxies are assigned to (pre-defined) tomo-

graphic redshift bins (Wright et al., 2020, Porqueres et al., 2021) based on

an estimate of their photometric redshift (photo-I). If the estimated popu-

lation redshift distribution (within a tomographic bin) di↵ers systematically

from the (non-observable) true redshift distribution, the parameter estimates

from cosmic shear tomography might be systematically biased. For instance,
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if the estimated redshift distribution is systematically lower than it is in real-

ity, then observed gravitational distortions are attributed to an overly dense

and too highly clustered matter distribution. It is thus essential to obtain

accurate redshift distribution estimates. In particular, it is crucial to obtain

an unbiased estimate of the first moment (mean) of the true underlying red-

shift population distribution (within a tomographic bin), in order to avoid

such systematic biases in the analysis (Amara and Refregier, 2008).

Several redshift calibration methods have been investigated to improve cos-

mic shear tomography. Wright et al. (2019) group these approaches into three

categories: (i) cross-correlation with reference galaxy samples that have pre-

cise and accurate redshifts (Schneider et al., 2006, Newman, 2008, McQuinn

and White, 2013, Morrison et al., 2017); (ii) stacking of individual galaxy

redshift distributions (Hildebrandt et al., 2012, Hoyle et al., 2018, Tanaka

et al., 2018); and (iii) direct redshift calibration (Lima et al., 2008, Hilde-

brandt et al., 2016, 2020, Buchs et al., 2019, Wright et al., 2020). The idea of

direct redshift calibration is to reweight the distribution of spectroscopic red-

shift, obtained only for a small and non-representative subsample of the data

(source/training data), to match the distribution of the photometric target

data. In recent work, Wright et al. (2020) develop a direct redshift calibration

method based on self organising maps (SOM; Kohonen 1982), outperforming

previously proposed methods on comprehensive simulations designed to re-

alistically resemble the KIDS+Viking-450 dataset (Wright et al., 2019, 2020,

Hildebrandt et al., 2020). They obtain the tomographic bin assignment via

a Bayesian-Photometric-Redshift estimate (Benitez, 2000), further denoted

as I⌫, calculated for each galaxy. While improving on other direct redshift

calibration methods, the SOM method proposed in Wright et al. (2020) still

leads to potentially concerning bias in some tomographic bins, and only al-

leviates this bias by introducing systematic quality cuts to the data, which

increases error bars on the fitted parameters in the scientific analysis and

might lead to systematic errors.

In this paper, we propose a di↵erent strategy to improve redshift calibra-

tion, based on galaxy (object level) conditional photo-I density estimates.

More precisely, we employ StratLearn, that allows principled photo-I con-
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ditional density estimation under non-representative source/training data.

StratLearn alleviates (or bypasses) the problem of non-representative source/-

training data (identified as covariate shift), by subgrouping the data into

strata based on estimated propensity scores. In the context of this chap-

ter, the propensity score is the probability of a galaxy being assigned to the

spectroscopic training/source set given the observed covariates (photometric

magnitudes/colors). In Chapter 2 of this thesis, we demonstrate that fitting

conditional density estimators within strata, constructed by partitioning the

data based on the estimated propensity scores, strongly improves full con-

ditional photo-I density estimates under-non representative source/training

data. Here, we show that the StratLearn conditional densities1 can be used

directly to improve the tomographic bin assignment, by assigning each galaxy

to the tomographic bin with its highest conditional probability. In a second

step, we construct a Bayesian hierarchical framework to model summaries of

the object level conditional densities (within tomographic bins), leading to

nearly unbiased estimates of the target population means. We evaluate our

novel StratLearn-Bayes approach on comprehensive simulations constructed

by Wright et al. (2020), demonstrating a substantial reduction of bias com-

pared to the previously proposed SOM calibration method (Wright et al.,

2020).

The remainder of the paper is structured as follows. In Section 3.2.1, we

specify notation and we formally introduce the underlying covariate shift sce-

nario, arising through the non-representativeness of the spectroscopic train-

ing/source data. In Section 3.2.2, we summarize the direct redshift calibra-

tion method, as introduced in Lima et al. (2008) and recently improved in

Wright et al. (2020). We then briefly introduce the supervised learning task

with a focus on conditional density estimation under the covariate shift sce-

nario. In Section 3.3, we formally introduce our approach. In Section 3.3.1,

we provide detailed instructions on estimating conditional densities under

covariate shift within StratLearn. We then specify how these conditional

1We note that the conditional density estimators themselves are not part of the StratLearn
methodology, and have been proposed elsewhere (Izbicki et al., 2017, Izbicki and Lee,
2016). For conciseness, we loosely refer to the conditional density estimates obtained
within the StratLearn framework as ‘StratLearn conditional densities’.
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densities can be used to improve galaxy tomographic bin assignment (Sec-

tion 3.3.2). In Section 3.3.3, we demonstrate how summaries of the estimated

conditional densities can be employed in a Bayesian hierarchical framework

to accurately estimate the redshift population means (per tomographic bin).

In Section 3.4, we provide proof of concept how inverse propensity score

weighting (inverse-PS) can be employed to estimate the redshift population

shapes (per tomographic bin). In Section 3.5, we present numerical evalua-

tion of our newly proposed method. We first introduce the simulation study

used to evaluate our proposed StratLearn-Bayes method in Section 3.5.1. We

then evaluate our new bin assignment with a comparison to the previously

used I⌫ bin assignment (Section 3.5.2). We present our redshift calibration

results in Section 3.5.3, and illustrate preliminary inverse-PS results in Sec-

tion 3.5.5. Finally, in Section 3.6, we conclude with a short discussion of our

findings.

3.2 Addressing the Non-Representative Training Data

3.2.1 Non-Representative Spectroscopic Data and Covariate

Shift

Let I8 be the true spectroscopic redshift of galaxy 8, and G8 be the vector of

its observed photometric magnitudes/colors (the exact choice of covariates

is described in Section 3.5.1). In a cosmic shear analysis, we have access to

a relatively small set of galaxies with measured spectroscopic redshift, which

for our purposes can be considered to be the true redshift. We denote this

spectroscopic set as source (or training) data ⇡( = {(G (8)
(
, I

(8)
(
)}=B
8=1, with =B

galaxies drawn from the joint distribution ?( (G, I). The so-called “photo-I

estimation problem” (Hildebrandt et al., 2010, Izbicki et al., 2017, Freeman

et al., 2017, Jones and Heavens, 2019, Dey et al., 2023) is to find an estimate

for the true redshift of a much larger set of galaxies, for which only photo-

metric data G) are available, but not spectroscopically measured redshifts,

I) . We denote this photometric set as our target data ⇡) = {G (8)
)
}=C
8=1, with =C

unlabelled samples from the joint distribution ?) (G, I) (with =) � =(). The

problem is compounded by the fact that ?( (G, I) < ?) (G, I), i.e., the spectro-
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scopic source and photometric target distributions di↵er systematically due

to selection e↵ects in the acquisition of spectroscopy based on characteris-

tics of the photometric magnitudes, leading to ?( (G) < ?) (G). However, the
conditional distribution of redshift I given the magnitudes G are the same

in spectroscopic source and photometric target data, i.e. ?( (I |G) = ?) (I |G).
This situation, in which ?( (I |G) = ?) (I |G) but ?( (G) < ?) (G), is identified as

covariate shift, as defined in the previous chapter. As illustrated in Chap-

ter 2, if covariate shift is ignored, this leads to poor performance of machine

learning or other statistical methods that aim at learning the relationship be-

tween covariates and true redshift, since the training set is not representative

of the test set, implying lack of generalization.

3.2.2 Related Literature – Direct Redshift Calibration

Since in the covariate shift scenario ?( (I |G) = ?) (I |G) but ?( (G) < ?) (G), it
generally follows that the redshift distribution of the spectroscopic set di↵ers

from that of the target, ?( (I) < ?) (I). Direct redshift calibration methods

reweight the spectroscopic redshift sample to match the photometric redshift

distribution (Lima et al., 2008).

More precisely, with G denoting set of covariates, and I being the spectro-

scopic redshift, under the covariate shift scenario, it holds that

?) (I, G) = ?) (I |G)?) (G) (3.1)

= ?( (I |G)?) (G) (3.2)

= ?( (I, G)
?) (G)
?( (G)

(3.3)

That means one can express the joint target distribution by reweighting the

joint source distribution. Precisely, ?) (I, G) = l(G)?( (I, G), with weights

l(G) = ?) (G)/?( (G). In practice, one can reweight galaxies in the spectro-

scopic source set (with weights l(G)) to obtain a representative sample of

the joint target distribution. In principle, looking at the marginal sample of

I in the weighted joint distribution thus provides us a consistent estimate of

the target redshift distribution ?) (I).
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Accurate estimation of the weights l(G) is key for direct redshift calibration

methods. Lima et al. (2008) and Hildebrandt et al. (2020) implement a k-

nearest-neighbor (kNN) method for weight estimation. Wright et al. (2020)

demonstrate improvement over the kNN method by computing the weights

via an SOM method, a form of unsupervised neural network which maps the

high-dimensional covariate space to a lower-dimensional grid.

Unfortunately, weighting methods typically entail high variance, particularly

if there is a small number of objects with very large weights. In addition,

finding a suitable set of weights l is not trivial, but key for direct calibration

methods. Noisy, inaccurate weights might lead to potentially severe bias and

strongly increased variance.

3.2.3 Photometric Redshift Regression

Instead of reweighting, our approach uses the labelled spectroscopic source

data as a training set to fit supervised full conditional density models. Our

trained models then deliver a non-parametric estimate of the full conditional

redshift (photo-I) distribution for each galaxy in the photometric target data

(conditional on its observed covariates), 5̂ (I |G). If source and target data fol-

low the same distribution, under the !2�loss, conditional density estimators

typically aim to minimize the generalized risk '̂( ( 5̂ ) provided in (2.18).

In the presence of covariate shift, however, to obtain accurate target estimates

it is necessary to minimize the target risk '̂) ( 5̂ ) as given via (2.21), which is

obtained by replacing all source samples in (2.18) with target samples, where

typically '̂( ( 5̂ ) < '̂) ( 5̂ ). The challenge is to minimize '̂) ( 5̂ ) without access
to the target true redshift I) . In the next section, we briefly recapitulate how

we employ StratLearn, as introduced in Chapter 2 in this thesis, to minimize

'̂) ( 5̂ ) via source data.
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3.3 StratLearn-Bayes Photometric Redshift Calibration

3.3.1 Photo-z Conditional Densities within StratLearn

In short, StratLearn allows target risk minimization by subgrouping the

source and target data into strata based on estimated propensity scores.

Within strata, the joint distribution of target data and source data are ap-

proximately the same, and target risk can thus be minimized via source risk

minimization. In the following, we provide a more detailed description of our

procedure.

In the context of this chapter, the propensity score 4(G8), as defined in (2.8),

is the probability of a galaxy 8 being in the spectroscopic source data, given

its observed photometric covariates (colors/magnitudes) G8. In practice, we

obtain an estimate 4̂(G8) of the propensity score via binary, probabilistic clas-

sification of source and target data using a logistic regression model with all

the photometric magnitudes/colors as independent variables (main e↵ects)

and source/target set assignment as the binary dependent variable.2 As sug-

gested in Chapter 2, we then subgroup (stratify) the source and target data

into : = 5 groups, based on the quintiles of the estimated propensity score

distribution 4̂(G).

Then, within strata, by Proposition 1 (in Chapter 2), it holds that

?) 9 (I, G) ⇡ ?( 9 (I, G), for 9 2 1, . . . , : , (3.4)

where ( 9 indicates conditioning on assignment to the 9 ’th source stratum

(analogously for target )9). It directly follows that '̂) 9 ( 5̂ ) ⇡ '̂( 9 ( 5̂ ) within
strata 9 2 1, . . . , :. Thus, we can minimize the target risk '̂) 9 ( 5̂ ) within

strata by minimizing the source risk '̂( 9 ( 5̂ ) within strata.

2To provide an intuition for propensity score estimation, for example, if we had only one
photometric band, and e.g., 10 galaxies with the same magnitude with 2 galaxies being
in the spectroscopic source sample and the remaining 8 galaxies being in the photometric
target sample, then the estimated propensity score for said galaxy would be 1/5. Of
course, our photometric set has more than one dimension and continuous covariate val-
ues, which motivates the use of binary probabilistic classification models (e.g. logistic
regression) to discriminate source and target data assignment.
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Given the strata conditional on the estimated propensity score, we can now

fit any supervised model on the spectroscopic source data within each stra-

tum and predict on its respective photometric target stratum. As suggested

in Chapter 2, within each strata, we employ a weighted average (convex

combination) of two conditional density estimators: ker-NN (Izbicki et al.,

2017) and Series (Izbicki and Lee, 2016). The kernel nearest neighbor esti-

mator (ker-NN) computes the conditional density of an object via a kernel

smoothed histogram of the redshift of its nearest neighbors. The spectral

series estimator (Series) estimates the conditional densities by adapting to

an intrinsic dimension of the data, as a lower-dimensional subspace of the

covariate space, based on data-dependent eigenfunctions of a kernel-based

operator (Izbicki and Lee, 2016). We refer to Izbicki et al. (2017) and Izbicki

and Lee (2016) for additional details on these estimators. We combine both

estimators with the rationale that, due to their di↵ering working mechanisms,

each of them performs better in a di↵erent regime, leading to a more robust

combined estimator.3

Firstly, we individually optimize the conditional density estimators (ker-

NN, Series), minimizing (2.18) in each source stratum separately. Our final

StratLearn conditional density estimate is then obtained by combining the

ker-NN and Series conditional density estimates 5̂ker-NN(I |G) and 5̂Series(I |G)
via optimizing

5̂ (I |G) = (1 � U1) 5̂Series(I |G) + U1 5̂ker-NN(I |G), (3.5)

constraining, 0  U1  1. The parameter U1 is optimized to minimize the

generalized risk

'̂(2( 5̂ ) =
1

=)

=)’
:=1

π
5̂
2(I |G (:)

)
)3I � 2

1

=(

=(’
:=1

5̂ (I(:)
(

|G (:)
(

). (3.6)

We note that (3.6) displays the risk presented in (2.19), setting F(G) ⌘ 1.

The risk in (3.6) only di↵ers from (2.18) by integrating over the photometric

3We refer the interested reader to the ensemble learning literature for further background
(Wolpert, 1992, Van der Laan et al., 2007, Naimi and Balzer, 2018).
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sample G) instead of the spectroscopic G(, which does not require any target

redshift I) . Finally, (3.5) provides us with a galaxy-per-galaxy full condi-

tional density redshift estimate 5̂ (I |G). Some illustrative examples of the

resulting galaxy conditional density estimates are shown in Figure 3.1. In

Section 3.5.1, we provide additional details on computation and parameter

optimization of the conditional density estimators.

3.3.2 Tomographic Bin Assignment

For cosmic shear analysis, the photometric galaxies are assigned to tomo-

graphic bins, preferably based on an accurate estimate of their redshift.

Wright et al. (2020) (and others) use the posterior mode of the I⌫ esti-

mate (the Bayesian-Photometric-Redshift estimate; Benitez 2000) to assign

the photometric galaxies to five non-overlapping tomographic redshift bins:

(0.1, 0.3], (0.3, 0.5], (0.5, 0.7], (0.7, 0.9], (0.9, 1.2]; we denote these ranges as

bins 1 through 5, respectively. Galaxies with I⌫ estimates outside of the five

bin ranges (I⌫  0.1 and I⌫ > 1.2) are discarded.

Our approach provides galaxy-per-galaxy estimates of photo-I. Instead of

relying on I⌫, we can therefore evaluate our conditional density estimates

5̂ (I8 |G8) to provide an alternative tomographic bin assignment for each galaxy

8. A natural choice is to assign each galaxy to the bin which contains the

highest conditional probability: let 1(8) be the bin assignment of galaxy 8,

then

1(8) = argmax
<

π
⌫(<)

5̂ (I8 |G8)3I, < = 1, . . . , 5, ;, A, (3.7)

with ⌫(8), 8 = 1, . . . , 5 specifying the five tomographic bin redshift ranges.

⌫(;) := {I |I  0.1} and ⌫(A) := {I |I > 1.2} specify two end bins for galaxies

outside of the bin ranges, which are not used in the analysis. Figure 3.1 shows

examples of conditional density estimates, plotted on the tomographic red-

shift bin grid. The assigned bins 1(8) with highest conditional probabilities

are shaded.

71



Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0
2

4
6

8
C

on
di

tio
na

l d
en

si
ty

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0
1

2
3

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0
1

2
3

4
C

on
di

tio
na

l d
en

si
ty

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

3.
5

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

C
on

di
tio

na
l d

en
si

ty

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

3.
5

Redshift z
0.1 0.3 0.5 0.7 0.9 1.1 1.3

0
1

2
3

Figure 3.1: Examples of conditional density estimates 5̂ (I8 |G8), for galaxies in the photometric

target samples, illustrated on the tomographic bin grid. The StratLearn assigned bin (the one

containing the highest conditional probability) is shaded in blue. The true spectroscopic

redshift is shown by the red cross. A fraction of 30% appear to have a normal shape like in

the top left example, but many conditional densities can be skewed and multimodal. Normal

distributions with the same means and variances as the conditional density examples 5̂ (I8 |G8)
are added as dashed lines (as discussed in Section 3.3.3.)

3.3.3 Bayesian Hierarchical Modelling of Conditional Densi-

ties

In this section, we detail our Bayesian hierarchical framework for accurate

estimation of the redshift population mean within each tomographic bin,
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given the object-level conditional density estimates. Employing a hierarchical

Bayesian framework allows us to model the conditional density estimates in a

statistically principled framework, with optimal shrinkage on the object-level

photo-I estimates, presumably leading to more precise population estimates.

Our target is to accurately estimate the population mean `1 of I8 (8 =
1, . . . , =)1, with =)1 being the number of galaxies within tomographic bin

1.), which has been shown to be most crucial in the calibration of photo-I

populations (Amara and Refregier, 2008). To this aim, we model the red-

shift population within each bin as a normal distribution – a convenient

choice that facilitates the introduction of a hierarchical Bayesian framework.

Specifically, on the redshift population level, we model

Population Level: I8 |`1,f1
indep.⇠ # (`1,f2

1
), (3.8)

with f2
1
being the redshift population variance. On the object (galaxy) level,

5̂ (I8 |G8) is an estimate of the conditional density ?(I8 |G8). Via Bayes theorem,

the conditional density ?(I8 |G8) can be expressed via

?(I8 |G8) / ?(G8 |I8)?(I8). (3.9)

By assuming a flat prior on I8 (e.g., a uniform prior within the spectroscopic

redshift range), we have ?(I8) / 1. Then, (3.9) simplifies to

?(I8 |G8) / ?(G8 |I8). (3.10)

We can now formulate the joint posterior distribution ?(I1, . . . , I=)1 , `1,f1 |-),
with - := {G8}=)1

8=1 , via

?(I1, . . . , I=)1 , `1,f1 |-) /?(- |I1, . . . , I=)1 , `1,f1)
?(I1, . . . , I=)1 |`1,f1)?(`1,f1) (3.11)

=?(`1,f1)
÷
8

?(G8 |I8)?(I8 |`1,f1) (3.12)

/?(`1,f1)
÷
8

?(I8 |G8)?(I8 |`1,f1), (3.13)
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where (3.11) to (3.12) holds due to the independence in (3.8) and the con-

ditional independence G8 À ({I 9 } 9<8, `1,f1) |I8. That is, given the redshift

I8 for an object 8, its distribution of the photometry G8 does not depend on

other observed redshifts, nor on the parameters describing the population of

redshift. (3.12) to (3.13) follows from (3.10). Since we are not interested in

the object-level redshifts I8 themselves, but rather in an accurate estimate

of the population-level mean, `1, we integrate over the galaxies’ redshifts to

obtain the marginal posterior

?(`1,f1 |-) / ?(`1,f1)
÷
8

π
?(I8 |G8)?(I8 |`1,f1)3I8 . (3.14)

Gaussian replacement of conditional densities: Instead of using

directly the conditional density estimates 5̂ (I8 |G8) derived from the data, we

simplify the problem further by modelling ?(I8 |G8) as normal distributions:

I8 |G8
indep.⇠ # ( Ẑ8, ĝ28 ). (3.15)

The replacement of the conditional density estimates 5̂ (I8 |G8) via normal dis-

tributions has two main reasons. Firstly, by modeling both the population-

and object-level distributions as Gaussians, the resulting Bayesian posterior

distribution for the population mean can be calculated analytically. This

allows us to scale our model to the large photometric data at hand. Sec-

ondly, and more subtly, because the redshift of the spectroscopic data has a

limited range, the conditional densities of photo-I are truncated, and have

no (or little) mass in I-regions with no (or little) spectroscopic samples, lead-

ing to conditional densities skewed away from the redshift boundaries. The

Gaussian replacements, being symmetric by construction, appear to adjust
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for these boundary e↵ects.4

The estimate of the object-level mean Ẑ8 is simply the mean of the conditional

density estimate, 5̂ (I8 |G8), while the object-level Gaussian variance ĝ2
8
is ob-

tained by computing the variance of 5̂ (I8 |G8).5 More precisely, by considering

5̂ (I8 |G8) as a histogram evaluated on  bins, we have

ĝ
2
8
=

1Õ
:
5̂<: (I8 |G8)

’
:

5̂<: (I8 |G8) (<: � Ẑ8)2, (3.16)

where : = 1, . . . , specifies the histogram bin with location <: , and 5̂<:

is the value of the conditional density (histogram) at location <: .6 The

summary statistics Ẑ8 and ĝ2
8
are thus considered to be observed quantities,

summarized by -̂1 := {Ẑ8, ĝ8}=)1
8=1 .

Then (3.14) can be written as

?(`1,f1 | -̂1) / ?(`1,f1)
÷
8

π
# (I8 | Ẑ8, ĝ28 )# (I8 |`1,f2

1
)3I8, (3.17)

where # (C |\, q2) is the probability density function (pdf) of a normal distri-

bution with mean \ and variance q2, evaluated at location C.

The integral in (3.17) can now analytically be solved (see Section B.1 in

4In our simulations, we also investigated a hierarchical model based on the conditional
densities 5̂ (I8 |G8) directly (without Normal replacement). In this case, we obtained the
posterior distributions via MCMC sampling using only a small fraction of the target
data due to computational limitations. Surprisingly, (given the results on the subset) the
Normal-Normal model led to better estimates of the population means than using the
conditional density estimates directly. This e↵ect was consistently apparent for various
simulation variations, e.g. using various subsets of the (non-weighted) full photometric
sample (from the blue dashed distribution in Figure 3.2), and for di↵erent subsets of
the weighted full photometric sample (from the green dashed distribution in Figure 3.2),
demonstrating some robustness w.r.t. the underlying simulation. Further analysis might
be helpful to study the e↵ect of the Normal replacement in more detail in future work.

5With (3.15) we implicitly assume that ?(I8 |G8 , Ẑ8 , ĝ28 ) = ?(I8 | Ẑ8 , ĝ28 ), that is, given Ẑ8 and ĝ28
the galaxy redshift distribution is independent of its photometric magnitudes G. This is a
simplifying assumption, mainly to allow analytical calculation of the Bayesian posterior
distribution as detailed in Section 3.3.3.

6We note that by bins : (with locations <(:)), we refer to the density (histogram) bins
and not the tomographic redshift bins.
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the Appendix for theoretical justifications) to obtain the (joint) marginal

posterior density as

?(`1,f1 | -̂1) / ?(`1,f1)
÷
8

# ( Ẑ8 |`1, ĝ28 + f2
1
). (3.18)

We can now compute the posterior distribution of `1 given f1, -̂1 (with

uniform conditional prior density ?(`1 |f1)) via

`1 |f1, -̂1 ⇠ # ( ˜̀1,+`1), (3.19)

with

˜̀1 =

Õ
8

1
ĝ
2
8 +f2

1

Ẑ8Õ
8

1
ĝ
2
8 +f2

1

and +�1
`1

=
’
8

1

ĝ
2
8
+ f2

1

, (3.20)

with +�1
`1

being the total precision.

Since we are not interested in uncertainty on f1, we choose an empirical

Bayesian approach by setting f1 as a fixed value estimated from the data.

An obvious estimate for f1 is the MAP estimate of the marginal posterior

?(f1 | -̂1) (shown in the Appendix (B.6)), which can be obtained numerically

via sampling from ?(f1 | -̂1). However, in our simulations, we found that

the MAP estimate strongly and consistently underestimates f1. We thus

choose a di↵erent strategy to estimate f1 from the data as detailed in the

next paragraph.

Finally, given an estimate of f1, an estimate of `1 can be obtained analyti-

cally via (3.20), with ˜̀1 being the MAP estimate of `1.

Population variance estimation via stacking of conditional den-

sities: Here we demonstrate our strategy of estimating the population vari-

ance f2
1
via a “stacked estimate” of the marginal redshift population distri-

bution ?1 (I) of galaxies within tomographic bin 1. More precisely, we obtain

an estimate ?̂stack
1

(I) of ?1 (I) via averaging (stacking) over the conditional
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densities within bin, that is,

?̂
stack
1

(I) = 1

=)1

’
9

5̂ (I 9 |G̃ 9 ). (3.21)

with G̃ 9 , 9 = 1, . . . , =)1, being the photometric magnitudes of the observed

galaxies within tomographic bin 1. (The stacked estimator presented in

(3.21) is justified later in this paragraph.)

An estimate for the redshift population variance f2
1
can then be obtained by

calculating the variance of ?̂stack
1

(I), via

f̂
2
1
=

1Õ
:
?̂
stack
1,<(:) (I)

’
:

?̂
stack
1,<(:) (I) (<(:) � ˆ̀stack

1
)2, (3.22)

where : = 1, . . . , specifies the (density/histogram) bin with location <: ,

?̂
stack
1,<(:) is the value of the stacked density (histogram) ?̂stack

1
of bin 1 at loca-

tion <(:), and ˆ̀1
stack is the mean of ?̂stack

1
(I). An estimate of the population

standard deviation f1 is then obtained by simply taking the square-root of

(3.22).

We compute two di↵erent versions of (3.22). Firstly, we compute (3.22) via

stacking over 5̂ (I8 |G8), the galaxy conditional density estimates obtained via

StratLearn. We denote this method as option StratLearn-Bayes (A). Sec-

ondly, we substitute the conditional density estimates 5̂ (I8 |G8) with the nor-

mal replacements described in (3.15). We denote this option as StratLearn-

Bayes (B).

We now justify the stacked estimator of the marginal redshift population

distribution ?1 (I) in (3.21). Precisely, we can express ?1 (I) via

?1 (I) =
π

?1 (I |G)?1 (G)3G, (3.23)

with G being photometric magnitudes/colors, ?1 (G) being the distribution of

the covariates (magnitudes/colors) of bin 1, and ?1 (I |G) being the conditional
distribution of redshift I given covariates G of bin 1. By assuming the set
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of photometric magnitudes/colors to be finite, and assuming that the condi-

tional distribution of I given G is the same for all bins (i.e., ?1 (I |G) = ?(I |G)),
we obtain

?1 (I) =
’
8

?(I |G = G8)?1 (G = G8). (3.24)

Via StratLearn, we obtain an estimate of the conditional densities ?(I8 |G8) ⇡
5 (I8 |G8). Since I8

iid⇠ ?(I), it holds that ?(I |G = G8) = ?(I8 |G = G8) ⇡ 5̂ (I8 |G8).
Further, we can approximate ?1 (G = G8) by counting occurrences of G8 in the

sample of observed magnitudes/colors within tomographic bin 1. Alterna-

tively, averaging over all estimated conditional densities 5̂ (I8 |G8) of galaxies
in bin 1 directly incorporates these occurrence frequencies, leading to the

estimator in (3.21).

3.4 Estimation of the Population Distribution via Inverse-

Propensity Score Weighting

In Section 3.3.3, we develop a hierarchical Bayesian framework to accurately

estimate the photometric redshift population means (as demonstrated in the

numerical evaluations in Section 3.5) within tomographic bins. While there

is a longstanding argument that the population mean is most crucial for

photo-I calibration (e.g., Amara and Refregier 2008), an accurate estimate

of the redshift population shapes is of additional importance for the weak

lensing analysis. Of course, by modelling the redshift populations per tomo-

graphic bin as Gaussians, the aim of our hierarchical Bayesian framework

is not to obtain realistic distribution shapes. However, in this section we

demonstrate that our method allows accurate population shape estimates

quasi as a byproduct. More precisely, we demonstrate that propensity score

estimates can be utilized for direct redshift calibration.

As described in Section 3.2.2, direct redshift calibration methods depend on

the estimation of weights l(G) = ?) (G)/?( (G), used to reweight the spet-

roscopic sample (with true redshifts) to obtain an estimate of the redshift

distribution of the photometric sample (per tomographic bin). The weights
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l(G) can also be expressed via

l(G) = ?) (G)
?( (G)

=
?(B = 1)
?(B = 0)

?(B = 0|G)
?(B = 1|G) /

✓
1

?(B = 1|G) � 1

◆
. (3.25)

We can thus obtain an estimate of the weights F(G) by employing the inverse

of the propensity score (inverse-PS), via the right-hand side of (3.25).

As a proof of concept, to demonstrate the ability of accurate population

shape estimation using inverse-PS via direct redshift calibration, we apply

the following procedure. Firstly, for each galaxy in the photometric and

spectroscopic set, we obtain a StratLearn conditional density estimate 5̂ (I |G)
as described in Section 3.3.1. Based on this estimate, each galaxy (in the

photometric and spectroscopic set) is assigned to its respective tomographic

bin, following the StratLearn binning strategy described in Section 3.3.2.7

For each tomographic bin, we now estimate a set of propensity scores (em-

ploying logistic regression as detailed in Section 3.5.1), based on the covari-

ates of the spectroscopic source galaxies and photometric target galaxies in

the respective tomographic bin. For each tomographic bin, we now reweight

the binned spectroscopic data using the respective estimated inverse-PS

weights (obtained via 3.25). Per tomographic bin, we then obtain an estimate

of the photometric redshift distribution by considering the marginal sample

of I in the weighted joint distribution. As a proof of concept, we provide

a numerical demonstration of the inverse-PS direct calibration method in

Section 3.5.5. In general, inverse-PS direct redshift calibration might su↵er

from the same large variance possibility as other direct redshift calibration

weighting schemes (as discussed in Section 3.2.2). By estimating the weights

via propensity scores, we consider the transfer and application of covariate

balance diagnostics tools (as advised in the causal inference propensity score

7We note that the binning of the spectroscopic set (as previously performed byWright et al.
(2020)) is needed when performing direct redshift calibration of the binned photometric
set, since the photometric bin assignment is based on (summaries) of the conditional
density estimates (as described in Section 3.3.2). The conditional density estimates im-
plicitly incorporate information of source redshift (through the fitting process described
in Section 3.3.1). To prevent unmeasured confounding (information encoded in the spec-
troscopic redshift, but not in the magnitudes/colors) the same selection function has to
be applied for source and target data.
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literature, e.g. Austin and Stuart 2017, 2015 and Imai and van Dyk 2004,

described in Section 2.3.3), to carefully assess/diagnose the inverse-PS direct

calibration fit as part of future work.

3.5 Numerical Demonstrations

3.5.1 Simulation Study

We explore the performance of our new framework using a comprehensive set

of realistic simulations introduced in Wright et al. (2020). The simulations

aim to mimic the KiDS+VIKING-450 dataset, presented in Wright et al.

(2019) and Hildebrandt et al. (2020), starting from the MICE2 simulation

(Fosalba et al., 2015, Crocce et al., 2015, Carretero et al., 2015, Ho↵mann

et al., 2015) and based on a framework provided in Van Den Busch et al.

(2020). In the following, we provide a summary of the simulated data em-

ployed in our study, and refer to Wright et al. (2020) for further details.

Photometric Survey: The simulated photometric data ⇡D

)
(the super-

script D refers to “unweighted”, below we describe a pre-processing step to

produce a shear-measurement weighted photometric sample as employed in

the downstream scientific analysis) consists of ⇠21 ⇥ 106 galaxies, for each

of which a simulated measurement of its position, lensing convergence, mor-

phological information, and model magnitudes in the ugriZYJHK
B
-bands is

provided. Magnitudes include photometric noise, realistic to KiDS survey

data (Wright et al., 2020). A large proportion of galaxies (⇠17%) has a

flux error greater than or equal to the flux measurement in at least one

band. Figure B.2 in the Appendix illustrates the full pattern of such cases,

which generally are considered as non-detections. The flux measurement

of such non-detections was removed prior to our analysis and only place-

holder/indicator values were available to indicate these non-detection cases.

Due to missing information on the flux measurements, we treat these cases

as “missing data”. (The last two paragraphs of this section detail our pro-

cessing of such “missing data” cases for the propensity score estimation and
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the conditional density estimation). If further information of the flux mea-

surements of these non-detections (e.g. a full Bayesian posterior, or upper

limits) were available, such information could be incorporated to infer more

realistic values/constraints of the non-detections. Another e↵ective approach

is to set the flux of such non-detections to zero (e.g., Benitez 2000, Jones and

Heavens 2018). We note that our proposed method could technically incor-

porate any of such treatments of non-detections, and additional information

and consideration of the non-detection cases might potentially improve our

method in future work.

While the spectroscopic redshift I is of course unavailable for galaxies in

the photometric set, a Bayesian redshift estimate I⌫ is provided, which was

used in previous work (e.g., Wright et al. 2020) to apportion galaxies to the

tomographic bins.

Finally, a cosmic shear-measurement weight F̂8 is provided for each galaxy,

which relates to the quality of its shear measurement, and which filters though

to the cosmological analysis via the weighted sample F̂8⇡D

)8
, which is the one

employed for cosmological parameter estimation. Thus, for redshift calibra-

tion, the mean of the weighted distribution ?) / F̂?
D

)
(within tomographic

bin) is the target estimand of interest. As a preprocessing step, to obtain a

sample ⇡) of the weighted distribution ?) / F̂?D
)
, we resample the data ⇡D

)

proportionally to the cosmic shear-measurement weights F̂. In this way, we

obtain our target sample ⇡) , with |⇡) | = 12.48 ⇥ 106 galaxies. Figure 3.2 in

the Appendix demonstrates that there is a negligible di↵erence in targeting

the shear-measurement resampled distribution (obtained via the above pre-

processing step) and targeting the shear-measurement weighted distribution

(as done in Wright et al. 2020). Our results on the resampled data thus hold

without loss of generality.

Spectroscopic Survey: A much smaller spectroscopic source data set

⇡(, with |⇡( | = 21, 537, galaxies is provided, composed of data from three

surveys: zCOSMOS (9930 galaxies); DEEP2 (6919 galaxies); and VVDS

(4688 galaxies), altogether spanning a redshift range 0.07  I  1.43. The

spectroscopic redshift distributions of the three surveys are illustrated in
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Figure 3.2: Spectroscopic (true) redshift distributions of the photometric survey

(not known in practice), with and without incorporation of shear-measurements

weights. The blue dashed line shows the redshift distribution of the full photo-

metric sample ⇡D) (before resampling). The black line shows the redshift density

of the full photometric density weighted by the shear-measurment weights F̂,

and the green line illustrates the redshift density of the resampled sample ⇡) .

The black and green line perfectly match, with a mean di↵erence of ⇠10�4, illus-
trating that there is negligible di↵erence of targeting the resampled distribution

(as in this study) and targeting the weighted distribution (as in Wright et al.,

2020). A histogram of the cosmic shear-measurement weights F̂ is provided in

Figure B.1.

Figure 3.3. The spectroscopic source set is not a representative sample of

the photometric target distribution (selection e↵ects are described in Wright

et al. 2020). Figure 3.4 illustrates the density of the spectroscopic source

redshift distribution (red), and the (true) redshift distribution of the photo-

metric simulated target data (blue; not available in practice). While both
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tions of the three spectroscopic surveys used
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Figure 3.4: Spectroscopic (true) redshift dis-

tributions of the photometric simulated tar-

get data ⇡) (blue, not available in practice)

compared with the spectroscopic source data

(red).

distributions cover the same redshift range, the di↵erence in densities is im-

mediately apparent, an e↵ect of the underlying covariate shift. For each

galaxy in the spectroscopic set, the same set of covariates as provided for

galaxies in the photometric set is available. In addition, an accurate spectro-

scopic measurement of the true redshift I is available for each galaxy, with

measurement error that is negligible for our purposes.

To account for sample variance, 100 independent spectroscopic catalogues

(with above described specifications) are provided, from 100 independent

fields (lines-of-sights, abbreviated as LoS). The fields of the three spectro-

scopic surveys are independent of each other across the 100 LoS.

Choice of covariates and missing data: To obtain the conditional

density estimates for all objects in the photometric target data, we choose as

covariates the A-band magnitude and the 8 colors: D�6, 6�A, A�8, 8�/ , /�. ,
. ��, ���, �� B), a setup previously adopted, e.g., by Wright et al. (2020)
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or Izbicki et al. (2017). We note that using colors instead of magnitudes does

not worsen the “missing data” pattern, as illustrated in Figures B.3 and B.2.

As a preprocessing step, all covariates are scaled to have mean zero and

standard deviation one. In the StratLearn framework, the missing data pat-

tern has to be taken into account in the propensity score estimation step,

and in the computation of the conditional density estimators within strata.

For propensity score estimation, we use mean imputation of the 9 covariates

to fill the missing values; we also add 9 binary indicator variables as depen-

dent variables (main e↵ects) to our logistic regression propensity score model,

which describe the missingness of each covariate. Figure B.4 in the Appendix

illustrates the distributions of the estimated propensity scores for source and

target data. The support of the target propensity score distribution is well

covered by the support of the source propensity score distribution, demon-

strating the availability of source galaxies that match the covariate space of

the target galaxies.

Computational Details: The computation of the conditional density es-

timators (ker-NN and Series) requires the calculation of Euclidean distances

between the covariate vectors of each galaxy. In the missing data cases, we

compute the pairwise distances of two galaxies only based on the covariate

values with complete measurements (no missingness) for both galaxies (as

previously conducted by Wright et al. (2020)). The large size of the photo-

metric target set causes additional computational challenges: for prediction

of the conditional densities on the target data, distance matrices between

photometric target set and spectroscopic source set are required, which is

computationally not feasible for the entire target set at once. We thus pro-

cess the prediction on the photometric target set in batches of 60,000 target

samples. Table 3.1 shows the strata composition of spectroscopic source

and photometric target data for one random batch, illustrating that there

is enough spectroscopic source/training data in each stratum to fit the con-

ditional density estimators within strata separately. While there is a slight

discrepancy between the average redshift in source (0.71) and target data

(0.68) overall, most strata have well-balanced redshift means between source

and target, an indicator of reduced covariate shift after the propensity score
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Table 3.1: Composition of the five StratLearn strata. The number of galaxies and the average
spectroscopic (true) redshift is presented in each source and target stratum. (Composition of
one random batch of 60K photometric samples is shown for illustration).

Stratum Set #galaxies Mean I

1 Source 6091 0.74
Target 10217 0.74

2 Source 5036 0.77
Target 11271 0.74

3 Source 4351 0.72
Target 11957 0.72

4 Source 3668 0.65
Target 12639 0.66

5 Source 2391 0.58
Target 13916 0.57

All Source 21537 0.71
Target 60000 0.68

stratification, as justified in Chapter 2. Other batches demonstrate a sim-

ilar pattern. To reduce the computational burden, for each LoS, we use a

fixed set of hyperparameters for prediction of the conditional density estima-

tors on all target batches. Individually for each LoS, we obtained the fixed

hyperparameter set by optimizing (2.18) and (3.6) within each stratum sep-

arately, given one initial strata composition, with a randomly selected target

batch.8 Using batches of photometric target data has the advantage that

distance matrices can be stored in memory, and predictions can be processed

in parallel on several batches.9

8Optimization of (2.18) was performed by splitting the source data within each strata
in a training and validation set (one half each). The parameters which led to the best
predictive performance on the source validation sets (per strata) were then selected for
each conditional density estimator (ker-NN and Series) separately. The final optimization
in (3.6) was then performed on the same source strata validation sets, using the optimized
ker-NN and Series source validation set predictions. The hyperparameters obtained for
the five strata and for all 100 LoS are illustrated in the Appendix, Figures B.5 and B.6.

9We performed all computations on a CPU cluster employing up to ⇠150 CPU simulta-
neously.
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3.5.2 Improved Bin Assignment Accuracy

In this section, we evaluate the accuracy of our new tomographic bin as-

signment, obtained via StratLearn-based conditional density estimates, as

described in Section 3.3.2, and illustrated in Figure 3.1.

In Table 3.2, we compare our bin assignment with the standard practice of

using I⌫ for the assignment, across five di↵erent classification performance

metrics, demonstrating improvement in all of them. On average across the

100 LoS, our StratLearn binning assigns the photometric target galaxies to

the correct tomographic bin in 62.2% of the cases (considering the five tomo-

graphic bins, and both edge bins separately). This is a substantial improve-

ment over the I⌫ binning, with an accuracy of 52.5%. StratLearn improves

both, the sensitivity (true positive rate) and the specificity (true negative

rate) of tomographic bin assignment compared to I⌫, thus also leading to

an improvement of the balanced accuracy and Cohen’s kappa, which take

into account the imbalance of class (bin) proportions.10 We note that the

standard deviations of all performance measures across the 100 LoS is rela-

tively low (Table 3.2), which demonstrates that the improvement is consistent

throughout the 100 LoS (the I⌫ assignment is the same for all 100 LoS).

Table 3.2: Tomographic bin assignment performance evaluated over 100 LoS, comparing the
StratLearn bin assignment (following Section 3.3.2) and the I⌫ bin assignment. The average
(sd) of the performance metrics computed for each of the 100 LoS is reported for StratLearn.
Using I⌫, the bin assignment is consistently the same for all 100 LoS.

StratLearn I⌫

Performance metric mean (sd) mean (sd)

Accuracy 0.622 (0.003) 0.526 (-)
Balanced Accuracy 0.718 (0.003) 0.706 (-)
Sensitivity 0.502 (0.006) 0.493 (-)
Specificity 0.934 (0.001) 0.918 (-)
Kappa 0.439 (0.006) 0.415 (-)

10The balanced accuracy is defined as (specificity + sensitivity)/2. The Cohen’s Kappa
measures the relative performance of the classifier with the performance of a random
guess (based on the class frequency). Both metrics take on values between 0 and 1
(with 1 being a perfect classifier), and both metrics are useful performance measures for
classification tasks with imbalanced class proportions.
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Figures 3.5a and 3.5b show the confusion matrices of tomographic bin assign-

ment using StratLearn and I⌫ (averaged over the 100 LoS). The confusion

matrices demonstrate that StratLearn improves the bin assignment across

all five tomographic bins (top five diagonal values), and most substantially

in the second bin (with I 2 (0.3, 0.5]), the one with the largest fraction of

galaxies (21.7%). In this bin, StratLearn improves over the I⌫ bin assignment

by more than 55%.

The heatmap in Figure 3.6 provides a visual comparison of the confusion

matrices in Figures 3.5a and 3.5b. Green squares in Figure 3.6 correspond

to an improvement of StratLearn over I⌫, while pink squares correspond to

better performance of the I⌫ assignment. The heatmap is computed by sub-

tracting the diagonal values of Figure 3.5b, the bin assignment accuracy of

I⌫, from the diagonal values of Figure 3.5a, the bin assignment accuracy

of StratLearn; on the o↵-diagonal, the sign is reversed, so that green (posi-

tive) values denote StratLearn improvement everywhere. The improvement

of StratLearn is particularly strong in the top five diagonal squares, the five

tomographic bins, which are of highest interest for the scientific analysis.

Figure 3.7 illustrates the changes in bin assignment of StratLearn vs. I⌫,

showing a moderate to strong disagreement of StratLearn and I⌫ in most

of the bins. The reassignment of galaxies, and especially the improved bin

assignment accuracy of StratLearn, might thus substantially improve cosmo-

logical results – this will be subject of a future, dedicated study.

3.5.3 Improved Population Mean Estimates Accuracy

The main purpose of this study is to obtain accurate estimates of the (true)

redshift population means within tomographic bins. The foremost criteria

to evaluate redshift calibration methods (Wright et al., 2020) is the mean

discrepancy

E[ ˆ̀1 � `true1
] ' 1

!

!’
;=1

( ˆ̀1,; � `true1,;
), (= dbias1) (3.26)
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(a) StratLearn tomographic bin assignment.

(b) I⌫ tomographic bin assignment.

Figure 3.5: (a) Confusion matrix of the StratLearn tomographic bin assignment (averaged
over 100 LoS). (b) Confusion matrix of the I⌫ tomographic bin assignment.
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Figure 3.6: Heatmap of confusion matrix (accuracy) di↵erences between StratLearn and I⌫.

On the diagonal, the di↵erence of StratLearn - I⌫ accuracy’s is shown. O↵-axis, the di↵erence

of I⌫ - StratLearn is shown. Thus higher values (in green) illustrate that StratLearn performs

better than using the I⌫ estimate.

where ! = 100 is the number of LoS, ˆ̀1,; the estimated mean redshift and

`
true
1,;

the true redshift mean for LoS ; for galaxies assigned to tomographic bin

1. We note that (3.26) is not a bias in a strict statistical sense, since the true

redshift mean (within tomographic bin) varies across lines of sights. However,

being consistent with the notation of previous studies, we will loosely refer

to (3.26) as “bias”. In addition to (3.26), we are interested in the standard
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Figure 3.7: Changes in bin assignment using StratLearn vs I⌫ binning, averaged across the

100 LoS.

deviation, SD, of the mean di↵erences across the 100 LoS:

SD( ˆ̀1 � `true1
) =

sÕ
!

;=1(`di↵1,; � dbias1)2
! � 1

(3.27)

with `di↵
1,;

= ˆ̀1,; � `true
1,;

, for ; = 1, . . . , ! and 1 = 1, . . . , 5.

Table 3.3 presents the bias results obtained for our novel StratLearn-Bayes

method, with a comparison to the previously best performing method, the

SOM. Based on our StratLearn binning, our method options StratLearn-

Bayes (A) and (B) lead to an average absolute bias of 0.0053 and 0.0052

across the five tomographic bins, an improvement of ⇠ 40% w.r.t the SOM
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method with I⌫ binning, which leads to an average absolute bias of 0.0085.

We further note that the SOM (with I⌫ binning) method requires systematic

quality cuts (further also denoted as “gold” sample, using the terminology

of Wright et al. (2020)), which reduce the data size for the scientific analysis

(we return to this point below).

We also apply the SOM calibration method using our new StratLearn bin-

ning, applying quality cuts as described in Wright et al. (2020), which leads

to an increase of bias (0.105 absolute average bias) compared to SOM with

the I⌫ binning (0.0085 absolute average bias). Using our StratLearn-Bayes

model on the I⌫ bin assignment also leads to an increase in bias to 0.0141

and 0.0131 (on absolute average across the five bins). Such a reduction in

performance could in fact be expected: our StratLearn-Bayes model is based

on the modelling of the object level (galaxy) conditional density estimates,

but with the I⌫ binning systematic errors are introduced in the assignment

of galaxies per tomographic bin. Our StratLearn-Bayes framework is not de-

signed for correction of such external errors (biases), which lead to systematic

shifts of the population mean estimates. For instance, if the I⌫ galaxy bin

assignment is correlated with the variance of StratLearn galaxy conditional

density estimates, then the (tomographic bin) population mean estimate in

(3.20) can be systematically shifted. We thus advise against the combina-

tion of StratLearn-Bayes based on I⌫ binning, and advocate for the use of

StratLearn-Bayes via the StratLearn-based binning, which leads to the best

performance.

Table 3.3: Mean discrepancy (bias) computed over 100 lines of sight for di↵erent calibration
methods, and di↵erent bin assignment strategies. We abbreviate the StratLearn bin assignment
as SL. (gold) denote the quality cuts applied to the data according to Wright et al. (2020).
The Galaxies column shows the total number of galaxies (in millions) available in the five
tomographic bins.

Binning Galaxies [M] Bin 1 Bin 2 Bin 3 Bin 4 Bin 5 |Average|
StratLearn-Bayes (A) SL 12.02 0.0123 -0.0076 0.0053 -0.0010 0.0001 0.0053
StratLearn-Bayes (B) SL 12.02 0.0095 -0.0092 0.0047 -0.0013 0.0012 0.0052
SOM SL (gold) 11.48 -0.0084 0.0022 0.0156 0.0117 0.0148 0.0105
StratLearn-Bayes (A) I⌫ 10.90 0.0259 0.0127 0.0084 0.0003 -0.0231 0.0141
StratLearn-Bayes (B) I⌫ 10.90 0.0228 0.0117 0.0071 -0.0002 -0.0236 0.0131
SOM I⌫ (gold) 10.17 -0.0005 0.0036 0.0135 0.0147 -0.0102 0.0085

Table 3.4 shows the standard deviation (SD) population scatters from the
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100 LoS. StratLearn-Bayes with StratLearn binning leads to slightly increased

standard deviations of 0.0066 (option (A)) and 0.0067 (option (B)) on average

across the five tomographic bins, compared to the SOM method based on I⌫
binning with an average of 0.0051. The results in Table 3.4 indicate that the

standard deviation results are related to the binning strategy, rather than to

the calibration method. Using SOM calibration on the StratLearn binning

(with gold quality cuts) leads to comparable increase in SD of 0.0066 on

average across the five bins. On the contrary, using the StratLearn-Bayes

model applied on the I⌫ binning leads to a decrease in SD to an average of

0.0048 and 0.0047, even lower than applying SOM on the I⌫ binning.

In general, we note that the similarity in results of our StratLearn-Bayes

options (A) and (B) demonstrate robustness with respect to the computation

of the population variance (as described in Section 3.3.3). Both methods

outperform the previously best method (SOM on I⌫ binning). Given a slight

improvement of bias reduction, we propose the application of StratLearn-

Bayes (B) as our best method.

Finally, our proposed method, StratLearn-Bayes (B), leads to a maximum

bias within tomographic bins of �hIi = 0.0095±0.0089 (in bin 1). In contrast,

using the previously best calibration method, SOM based on I⌫ binning,

leads to maximum biases of 0.0135 ± 0.0052 and 0.0147 ± 0.0040 (in bin 3

and 4), both exceeding the potentially critical bias value of �hIi > 0.01. In

addition, SOM based on I⌫ binning requires systematic quality cuts (gold

quality cuts), which are not necessary for our methodology.

Table 3.4: As in Table 3.3, but showing standard deviation (SD) computed over 100 lines of
sight for the di↵erent calibration methods, and di↵erent bin assignment strategies.

Binning Bin 1 Bin 2 Bin 3 Bin 4 Bin 5 |Average|
StratLearn-Bayes (A) SL 0.0087 0.0065 0.0046 0.0052 0.0082 0.0066
StratLearn-Bayes (B) SL 0.0089 0.0065 0.0045 0.0052 0.0082 0.0067
SOM SL (gold) 0.0085 0.0064 0.0059 0.0058 0.0066 0.0066
StratLearn-Bayes (A) I⌫ 0.0055 0.0048 0.0049 0.0037 0.0051 0.0048
StratLearn-Bayes (B) I⌫ 0.0052 0.0048 0.0047 0.0036 0.0051 0.0047
SOM I⌫ (gold) 0.0055 0.0061 0.0052 0.0040 0.0049 0.0051
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3.5.4 Larger Sample Size for Weak Lensing Analysis

In Table 3.5, we show the absolute numbers of galaxies obtained via the

di↵erent tomographic bin assignment strategies and quality cuts (gold). In

bins 2,4, and 5, the number of galaxies is higher when using StratLearn

binning compared to I⌫. In bins 1 and 3, the number of galaxies is slightly

higher using the I⌫ binning. Overall, due to the improved binning accuracy of

StratLearn, there is an approximately 10% increase in the number of available

galaxies for science (over all bins) when using StratLearn for tomography

instead of I⌫. Table 3.5 also provides the number of galaxies within bin after

applying the gold selection, as introduced by Wright et al. (2020). We note

that the gold selection cut is not needed when applying our StratLearn-Bayes

approach, while it is a necessary step to obtain the SOM results (Wright et al.,

2020). Thus, compared to the previously best combination of bin assignment

and calibration method (Wright et al., 2020), our StratLearn-Bayes approach

leads to an increase of galaxies available for science of ⇠18%.

Table 3.5: Sample sizes (in millions) within tomographic bins obtained via di↵erent bin
assignment strategies and quality cuts (mean and standard deviation computed over 100 LoS).
With (gold), we refer to the quality cuts as described in Wright et al. (2020).

Bin 1 Bin 2 Bin 3 Bin 4 Bin 5 Total
(0.1, 0.3] (0.3, 0.5] (0.5, 0.7] (0.7, 0.9] (0.9, 1.2] (0.1, 1.2]

StratLearn mean 1.14 3.18 2.29 2.51 2.90 12.03
(sd) (0.112) (0.207) (0.189) (0.204) (0.220)

StratLearn (gold) mean 1.06 2.94 2.21 2.51 2.75 11.48
(sd) (0.089) (0.158) (0.171) (0.205) (0.223)

I⌫ mean 1.31 1.94 2.84 2.16 2.66 10.90
(sd) (-) (-) (-) (-) (-)

I⌫ (gold) mean 1.15 1.91 2.36 2.10 2.65 10.17
(sd) (0.034) (0.007) (0.071) (0.047) (0.003)

3.5.5 Population Distribution Estimates

Figure 3.8 illustrates the redshift population distributions of our StratLearn-

Bayes framework per tomographic bin, with option (A) in blue, and option

(B) in green. The true redshift distributions per tomographic bin (not known

in practice) are shown with dashed lines. As expected, the Gaussian popula-
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Figure 3.8: Redshift population distribution (estimates) per tomographic bin. The Figure

shows the Gaussian population distributions of our StratLearn-Bayes frameworks with option

(A) in blue, and option (B) in green. The true redshift distributions within tomographic bin

(not known in practice) are shown with dashed lines. The mean estimates of the StratLearn-

Bayes method and the true population means are added, being hardly distinguishable due to

the small (desired) mean estimation errors. The inverse-PS redshift population distribution

(estimates) per tomographic bin are illustrated in purple. For illustration purposes, results are

shown for one LoS. (Other LoS exhibit a very similar pattern).

tion distributions do not cover the actual shapes of the true redshift popula-

tions well. We again emphasize that this was never the goal of our proposed

models. We also illustrate the true population means, as well as the popula-

tion mean estimates of our models on the x-axis. The true population means

and our estimates are almost identical and visually barely distinguishable, a

desired result, illustrating the accuracy of our population mean estimates.

While the population mean estimates are most crucial for photo-I calibration

(e.g., Amara and Refregier 2008), in the weak lensing analysis, an an accu-

rate estimate of the redshift population shapes is of additional importance.

In Figure 3.8, we also illustrate the inverse-PS weighted redshift distribu-

tions per tomographic bin (in purple), obtained via the procedure described
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in Section 3.4. The purple inverse-PS weighted distributions exhibit a sim-

ilar shape as the true redshift population distributions within bin (dashed

lines), recovering reasonably well the true photometric population distribu-

tion shapes.

To combine best of both worlds, in future work, we plan to combine our

StratLearn-Bayes method for nearly unbiased population mean estimates,

with the inverse-PS method to accurately capture the shape of the photo-

metric redshift distributions. This will require a comprehensive assessment

of the inverse-PS method, as well as the development of a principled combi-

nation strategy. We note that inverse-PS weighting is much more sensitive to

inaccuracies in the estimated propensity scores than the StratLearn frame-

work (based on stratification). Employing inverse-PS weighting will thus re-

quire careful considerations of the propensity score model and the estimated

propensity score distributions.

3.6 Discussion

In this chapter, we propose a novel framework, StratLearn-Bayes, for im-

proved photo-I calibration for weak lensing. We demonstrate that our Strat-

Learn methodology, as proposed in Chapter 2, can successfully be employed

to improve galaxy tomographic bin assignment via galaxy-per-galaxy photo-I

conditional density estimates. Dispensing with the need of quality cuts (as

applied by Wright et al. (2020)), the improved bin assignment leads to an

increase of ⇠18% more galaxies available for the scientific analysis.

Constructing a hierarchical Bayesian model on summaries of the conditional

densities, StratLearn-Bayes, then enables almost unbiased estimates of red-

shift population means per tomographic bin, the key quantity for photo-I

calibration (Amara and Refregier, 2008, Wright et al., 2020). Our proposed

method leads to substantially less bias than the previously best calibration

method (SOM; Wright et al. 2020) evaluated on comprehensive simulations

resembling the KiDS+VIKING-450 dataset (Wright et al., 2019, Hildebrandt

et al., 2020), accompanied by a slight increase in uncertainty. In addition to

our hierarchical Bayesian method for accurate estimation of the population
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means, we provide proof of concept of how propensity scores can be used (via

inverse-PS weighting) to obtain accurate redshift population shape estimates

per tomographic bin.

We provide a detailed discussion of our method with prospective future work

and science applications/implications in Section 5.2.
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4
Estimation of Galaxy

Luminosity Distributions from

Incomplete X-ray and Optical

Survey Data

Overview: The luminosity function specifies the distribution of source in-

tensities in a population, providing information regarding the intrinsic char-

acteristics of a class of astronomical objects and their cosmological evolution.

In this project, we propose a science-driven hierarchical Bayesian framework

to estimate the galaxy luminosity function in X-rays (via a broken power

law model, formulated as a mixture of two Pareto distributions), combin-

ing non-representative X-ray and optical surveys. The astronomical surveys

generally su↵er from incompleteness in the low-intensity end, necessitating

the application of incompleteness corrections generally estimated from simu-

lations. While this is standard practice for samples selected in a single band,

we introduce a methodology for the application of incompleteness correc-

tions for samples selected in two (or more) bands (e.g. X-ray observations
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of galaxies detected in optical surveys). We account for this incompleteness

bias by incorporating an X-ray incompleteness function (estimated from sim-

ulations) and an optical incompleteness function (with parameters learned

from the observed data) into the model. We avoid detection in the X-ray

band for sources detected in the optical band by estimating the source in-

tensities at the locations of the optical sources, using a Poisson model to

adjust for background contamination. For the undetected sources in neither

band or X-ray sources that are not detected in the optical band we use the

corresponding incompleteness functions. The hierarchical model is fit via a

Gibbs sampler. We evaluate our model on realistic simulations, mimicking

data from the Chandra Deep Field Catalogue, and demonstrate improved re-

covery of the luminosity function even under high proportions of systematic

incompleteness. We apply our novel method to data from the Chandra Deep

Field South (CDFS).

4.1 Introduction

4.1.1 Scientific Motivation and Background

Estimating the distribution of source luminosities in a population has been a

long-standing problem in astrophysics. Population luminosity distributions

are commonly estimated by modelling the distribution of the flux. The flux,

also referred to as observed luminosity or apparent brightness, is a measure

of the power (amount of energy) radiated from an astronomical source (e.g.

a galaxy or a star) over a fixed amount of time and area. Flux measurements

allow astronomers to compare the relative amount of energy radiated from

astronomical objects with di↵erent characteristics (e.g. object size or age).

Modelling the distribution of the flux of di↵erent populations of astronomical

sources provides information about the geometry and structure of the uni-

verse, e.g. about stellar evolution, allowing to test theoretical assumptions

about the universe.

Historically, the distribution of fluxes in a population is characterized by

counting the number # of sources with flux greater than a given source
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flux (, also denoted as # (> (). Astronomers are particularly interested

in the log(# (> ()) � log(() relationship (in short log(#) � log(()). In the

literature, the log(#)� log(() relationship is commonly assumed to be linear,

or piecewise-linear (Udaltsova, 2014, Stampoulis, 2017).

We are interested in estimating the galaxy luminosity distribution of a pop-

ulation in X-rays. X-ray is a type of high-energy electromagnetic radiation

with wavelengths shorter than visible or UV light and typically longer than

Gamma ray wavelengths. X-rays are emitted by a variety of astronomical

objects, including galaxy clusters, stars, binary stars, supernova remnants,

neuron stars and black holes (X-ray binaries). Since X-rays are mostly ab-

sorbed by the earth’s atmosphere, X-ray surveys are commonly obtained via

space based telescopes, such as the Chandra X-ray Observatory. The Chan-

dra X-ray Observatory records the arrival time, the energy and the 2D sky

coordinates of photons that arrive at the count-based detectors. Instead of

recording the flux (, the cumulated flux is recorded as the number of pho-

ton counts. Given the source emitted photon counts one can compute the

source intensity _, which is the number of counts from a source reaching the

observer (detector) for a certain exposure time and source area.

The arrival and measurement of photon counts underlies Poisson-like vari-

ability. Detector based uncertainties and biases, as well as external e↵ects

such as background contamination make the estimation of source luminosities

(source intensities and flux) and consequentially the estimation of luminosity

distributions via the log(#)�log(() a statistically challenging scientific prob-

lem. Below we outline major challenges when estimating the log(#) � log(()
and prospects of how these challenges can be tackled in this and future work.

4.1.2 Challenges and Prospects

Some of the central challenges in the estimation of source luminosities from

X-ray data is background contamination and incompleteness, as illustrated

on a real data example in this section. Given the location of a source, the

recorded number of counts in the source area is the sum of background

and source counts. In a statistically naive approach one could simply ex-
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tract the estimated number of background counts (obtained from areas ex-

pected to contain no sources) from the counts recorded in the source re-

gion to obtain an estimate of the source intensity (after accounting for ex-

posure time and source area). While this leads to a poor estimate of the

source intensities with possibly negative values, and with the emphasis that

we do not espouse this approach, for illustration purposes, we present the

log(#) � log(() curve obtained via this naive approach in Figure 4.1 (brown

dots). More precisely, in Figure 4.1 we compute the log(#) � log(() via

the empirical distribution function of the naive source intensity estimates,

with # (> ()X-ray = (1� eCDF(_̂=X-ray))#X-ray, with #X-ray being the number

of detected X-ray sources in a pre-defined subregion of the Chandra Deep

Field South (CDFS; details appear in Section 4.7), _̂=X-ray being the source

intensity estimates obtained via the described naive background subtrac-

tion, and eCDF being the abbreviation for empirical Cumulative Distribu-

tion Function. We note that we refer to log(# (> ())� log(() as it is common

in the literature, but actually compute log(# (> _)) � log(_) based on the

source intensities _ instead of the flux (. The source intensities _ (with units

(count/s/cm2)) di↵er from the flux (with units (energy/s/cm2)) by some

flux-to-count conversion factor ^((), which in turn depends on the flux (,

that is _ = (^((). Thus, log(_) = log(() + log(^(()). The location and slope

of the actual log(# (> ())� log(() curve (obtained on the flux ( instead of _)

will thus be altered by accounting for the flux-to-count conversion factor ^(()
in a final step. (For consistency, all log(# (> ()) � log(() curves presented

in this chapter are computed based on the source intensities _ instead of the

actual flux (, implicitly assuming ^(() ⌘ 1.)

The illustrated X-ray log(#) � log(() curve in Figure 4.1 (brown dots) un-

derlies the strong assumption that the galaxies detected in the X-ray survey

reflect a complete, representative sample of the galaxy population in the de-

fined subregion of the sky. However, this is unfortunately not the case, for

various reasons. Firstly, X-ray source detection methods (e.g., Freeman et al.

(2002)) apply a certain threshold to consider a pixel to belong to a source

or to the background. To avoid background fluctuations being considered as

potential sources, this threshold cannot be too low, which in turn might lead
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Figure 4.1: Illustration of a naive log(#) � log(() estimation via eCDF of source intensities
obtained by simply subtracting the expected background counts from the source region. The
estimated log(#) � log(() curves are shown for sources detected in X-ray (in brown), and
for sources detected in an optical catalogue (in blue). In both cases the source samples are
assumed to be complete, leading to an apparent discrepancy in the log(#) � log(() estimate,
illustrating the strong necessity of incompleteness corrections.
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to non-detections of faint sources. Secondly, the Poisson-like variability of

measured source counts might lead to non-detections of faint sources if the

fluctuation is close to a telescope specific detection limit. More precisely, a

set of sources with identical source intensity will lead to di↵ering numbers of

observed counts on the detector due to measurement errors (and potentially

other e↵ects). If such a scatter is close to a sensitivity limit of the detec-

tor, then only sources with counts above the sensitivity threshold will be

detected, leading to a biased sample and to bias in the inferred luminosity.

This is a prevalent issue in astronomy and commonly known as Eddington

bias (Teerikorpi, 2004). Thirdly, brighter and closer objects are more likely

to be observed in many astronomical surveys (e.g., due detection sensitivity

limits of the telescopes), leading to non-representative survey data, com-

monly referred to as Malmquist bias (Malmquist, 1920). These listed issues

of systematic e↵ects on the source detection probability are additionally con-

voluted with telescope and survey specific properties and e↵ects, such as the

exposure times, or the location of the source on the detectors etc. Overall,

especially fainter and far away objects are more likely to be non-detections,

indicating that the missing data mechanism is non-ignorable (Little and Ru-

bin, 2019). Inferring parameters from the incomplete sample might thus lead

to strongly biased and non-reliable estimates.

A possibility of probing the described incompleteness in X-ray source detec-

tions is the examination of additional surveys, e.g. using optical, radio, or

previous X-ray surveys, to locate the positions of sources in the population.

More precisely, here we extract the locations of sources detected in an opti-

cal catalogue (Arnouts et al. (2001); details appear in Section 4.7) that are

located in our previously defined CDFS subregion. The location of sources

detected in the optical catalogue can now be transferred to the X-ray survey,

with the respective source areas defined by the X-ray point spread function

(PSF) at the respective source locations (details appear in Section 4.7). Fig-

ure 4.2 shows a patch of the CDFS subregion with X-ray detected sources

illustrated in yellow circles and sources detected in the optical catalogue (we

also refer to these sources as optical sources) are added in blue circles. Fig-

ure 4.2 illustrates that the number of optical detected sources #optical (in
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Figure 4.2: Patch of the CDFS subregion. Source areas of sources detected in the X-ray
catalogue are shown in yellow circles, optical sources are illustrated in blue. Source areas
(circular apertures around the source locations) are calculated via the X-ray PSF. Photon
counts are shown in white. White points outside of the source areas are considered to be
background counts.

blue) is much larger than the number of X-ray detected sources #X-ray (in

yellow).

Given the locations and areas of the optical sources (in blue), we can now

extract the respective X-ray counts and we can obtain a naive estimate of the

source intensities. We again emphasize that we obtain the locations of the op-

tical sources from optical catalogues, but then extract the source counts from

the X-ray survey at the given source locations (with source areas obtained

via the X-ray PSF). Figure 4.1 shows the log(#) � log(() obtained from the

optical sources (blue dots) with # (> ()optical = (1 � eCDF(_̂=optical))#optical,

with #optical being the number of optical sources in our CDFS subregion (for

simplicity here we only consider optical sources without overlap to any other

optical source), and _̂=optical being the source intensity estimates for optical

sources obtained via the described naive background subtraction. Firstly,

we note that around 50% of the naive source intensity estimates _̂=optical are

negative,1 confirming the need of more sophisticated models for source in-

tensity estimation. Secondly, and more interestingly, even though the naive

1For illustration of the naive log(#) � log(() estimates in Figure 4.1, we disregard any
sources with negative naive source intensity estimates, with log(_̂=optical) being undefined

for _̂=optical  0.
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source intensity estimates might not be very accurate, the strong discrepancy

between the log(#) � log(() obtained via the X-ray sources and the optical

sources in Figure 4.1 are an apparent illustration and indicator for incom-

pleteness of the X-ray detected sources. More precisely, the optical sources

reach much farther into the low-intensity end of the population (negative

source intensity estimates are disregarded in Figure 4.1).

Figure 4.2 evince many further challenges when estimating the log(#) �
log((), particularly when accounting for the survey incompleteness. Match-

ing the optical sources with X-ray sources, Figure 4.2 illustrates a large pro-

portion of optical sources (in blue) without X-ray counterpart (in yellow).

That is the optical source areas do not overlap with any X-ray source center.

Most of the X-ray sources have an optical counterpart, that is, an optical

source area overlaps with the center of the X-ray source. However, there are

some X-ray sources without any recognisable optical counterpart. Figure 4.3

provides a simplified sketch illustrating the di↵erent source detection cases.

We consider a source to be detected in both (X-ray and optical) if the source

area of the optical detected source overlaps the center of the X-ray detected

source. For illustration purposes, in Figure 4.3, we add undetected sources,

neither detected in X-ray nor in the optical catalogue. We have to assume

that there is a (large) proportion of sources that are neither detected in X-

ray nor in the optical catalogue. Obviously, such cases are not visible in the

CDFS patch in Figure 4.2. Finally, there is a large proportion of overlapping

optical sources. Considering overlapping sources is a major challenge, since

the observed counts in the source region are a combination of the various

overlapping sources, which needs to be disentangled for accurate estimation

of the source-wise intensities.2

In the last paragraphs, we have discussed some of the main topical chal-

lenges in log(#) � log(() estimation, (partly) tackled in our work. There

2We note that there is no overlap between detected X-ray sources, due to technical lim-
itations of X-ray detection algorithms. The optical catalogue has finer resolutions and
detects sources in closer proximity. However, in our case the source areas (for X-ray and
optical sources, as illustrated in Figure 4.2) are calculated via the X-ray PSF, which is
much larger than the optical PSF). This leads to the illustrated overlap between optical
sources.
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are additional, more detailed/technical issues, such as accurate matching of

X-ray and optical sources, accuracy of source locations, incorporation of re-

alistic PSFs, exposure and o↵-axis corrections, etc., which will be addressed

throughout this chapter, or discussed as future work in Section 5.3. In the

next section, we summarize previous approaches in the literature to estimate

the log(#) � log((). In Section 4.1.4, we provide an overview of our strategy

of how optical data can be leveraged to estimate the log(#) � log(() with

principled incompleteness corrections.

4.1.3 Related Literature

Estimating the log(#)�log(() has a long-standing interest in astronomy with

various proposed approaches. Some approaches - by no means exhaustive -

are summarized here for an overview.

As illustrated in the previous section, careful incompleteness corrections and

considerations of various roots of uncertainties are essential for reliable, un-

biased log(#)� log(() estimation for galaxy luminosity distributions. Unfor-

tunately, the majority of previous approaches estimating the log(#) � log(()
assume complete surveys. Murdoch et al. (1973) and Crawford et al. (1970)

model a linear log(#) � log(() relationship via maximum-likelihood (ML)

estimation of the slope parameter. They consider measurement errors of

the source counts via normal approximations. Maccacaro et al. (1982) and

Schmitt and Maccacaro (1986) extend this framework, modeling a linear re-

lationship, but replacing the Gaussian approximations with more realistic

Poisson errors. Georgakakis et al. (2008) extends the linear model to a piece-

wise linear log(#)�log(() relationship, also considering Poisson errors. Wong

et al. (2014) proposes a more flexible approach, by estimating the number

and locations of di↵erent linear pieces. They replace the common ML ap-

proach by a more elaborated Expectation-Maximisation algorithm. Zezas

et al. (2007) considers incorporation of uncertainty on the flux-to-count con-

version parameters into their ML framework.

Udaltsova (2014) provides one of the first approaches to account for incom-

pleteness when estimating the log(#) � log((). They propose a hierarchical
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Bayesian framework to account for measurement errors and for source incom-

pleteness. More precisely, they model the joint distribution of the complete

data (the observed sources and missing sources) and the model parameters,

and then marginalize over the missing sources to obtain the posterior distri-

bution of the model parameters. Stampoulis (2017) extends upon the work of

Udaltsova (2014) in several directions. They incorporate a more realistic and

survey specific incompleteness function, provided by Wright et al. (2015), a

key ingredient for unbiased inference on the log(#)�log(() parameters. They

correct their model for mathematical inaccuracies in posterior derivations of

Udaltsova (2014). In addition, they extend the model with several nuisance

parameters leading to a more realistic joint distribution and modelling of the

missing sources. Our research is in the line of work of Stampoulis (2017).

We substantially extend upon the approach described by Stampoulis (2017)

in several ways, as summarized below.

4.1.4 Contribution

In this project, we develop a novel Bayesian hierarchical framework which al-

lows statistically principled combination of incomplete X-ray and incomplete

optical survey data to estimate the galaxy luminosity distribution in X-rays.

A major issue when estimating galaxy luminosity distributions is that low-

intensity sources are most prevalent in the distribution but least likely to be

detected in X-ray. Sources detected in optical catalogues tend to reach much

farther into the low-intensity end of the luminosity distribution, as indicated

in Figure 4.1. We leverage the optical data by combining X-ray detected

and optical detected sources to obtain a combined source sample with less

incompleteness in the low-intensity end. We account for the incompleteness

in both surveys by incorporating an X-ray incompleteness function, known

from previous simulations (Wright et al., 2015), and by modeling an optical

incompleteness function, with parameters learned from the data. Figure 4.4

provides a sketch illustrating the X-ray incompleteness function (in red) and

the incompleteness function of the combined optical and X-ray data (in blue)

as a function of the source intensity _, illustrating the (expected) improved

detection probability of the combined sample for low-intensity sources.
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Figure 4.3: Sketch to illustrate the source

population with the di↵erent source detec-

tion (and non-detection) cases in the X-ray

and optical survey.
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Figure 4.4: Sketch to illustrate possible incom-

pleteness functions of the X-ray survey (red)

and the combined X-ray and optical data (in

blue). In the optical survey additional low-

intensity sources are detected.

Given that a source is detected in the X-ray survey, the determination of

its exact location is not straightforward in X-ray and accompanied by uncer-

tainty. The determination of source locations in optical surveys is much more

accurate than the determination of source locations in X-ray surveys. For

sources detected in the X-ray and optical survey (and for sources detected

in the optical survey only), we thus extract the X-ray counts at the source

locations determined in the optical survey. By including latent Poisson vari-

ables for background and source counts for each source area, our hierarchical

Bayesian framework allows principled modeling of the background contami-

nation. As for the population distribution of source intensities, we consider

the cases of a double Pareto and a single Pareto distribution, leading to a

piece-wise linear or linear log(#) � log(() relationship. We first evaluate our

novel framework on simulated data, introduced to resemble characteristics of

the CDFS data. Based on the slightly more sophisticated double Pareto pop-

ulation distribution, we show that our model allows accurate estimation of

the luminosity function. We then apply our model to data from the Chandra

Deep Field Survey, discussing a single and double Pareto model fit.
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To provide some more technical summary of our contribution, in our novel

framework, we account for the incompleteness of the X-ray and optical survey

by binning the data based on the (latent) source intensity _. Given a fine grid

on _, within each bin, we can count the occurrences of X-ray and optical ob-

served sources. Within each bin, these occurrences can then be modelled as

Poisson distributions, with the Poisson rates being the product of the respec-

tive incompleteness function (X-ray or optical), population distribution (e.g.

the double Pareto), the expected sample size, and the bin width, evaluated

at the given _. This strategy allows us to infer the parameters describing

the optical incompleteness function as well as the population distribution

parameters of interest. In Figure 4.4, we sketch the incompleteness function

being dependent only on the source intensity _, which is a simplified illustra-

tion. In reality, the X-ray incompleteness function provided by Wright et al.

(2015) is dependent on additional nuisance parameters (e.g., the o↵-axis an-

gle of the source, the telescope e↵ective area, and the background rate). In

our model, we marginalise over these nuisance parameters to obtain an X-ray

incompleteness function that only depends on the source intensities _. We

develop a Metropolis-Hastings within Gibbs sampler to fit the hierarchical

model, updating the source intensities and the background rate, as well as

the population distribution and incompleteness parameters separately. Our

novel model framework does not require the modeling and marginalization

over missing sources as previously applied by Udaltsova (2014) and Stam-

poulis (2017) (for sources missing in the X-ray catalogue). To the best of our

knowledge, this is the first principled approach that combines X-ray detected

and optical detected sources to estimate the galaxy luminosity distribution

in X-rays, while carefully accounting for incompleteness in the respective

surveys.

The remainder of this chapter is organized as follows. In Section 4.2, we in-

troduce the hierarchical Bayesian source model to estimate the source inten-

sities and background rate, as well as the (single and double) Pareto source

population distribution (assuming a complete X-ray survey). Section 4.2

mostly follows the work of Stampoulis (2017) and Udaltsova (2014), while

we model the source intensities instead of the flux, which slightly changes
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the framework. The remainder of the chapter is entirely new and original

work developed in our research. In Section 4.3, we withdraw the assumption

of completeness, introducing the combination of incomplete X-ray and opti-

cal surveys. In Section 4.3.1, we first introduce a toy example to illustrate

and validate our binning strategy. In Section 4.3.2, we then introduce our

binning strategy for the combination of X-ray and optical surveys, assuming

the latent source intensities (as estimated in Section 4.2) to be known. In

Section 4.3.3, we describe the X-ray incompleteness function as presented

by Wright et al. (2015) and our marginalization over the nuisance parame-

ters. In Section 4.4, we then present our full hierarchical model combining

the source model presented in Section 4.2 and the incompleteness corrections

introduced in Section 4.3, by assuming the realistic case of source intensi-

ties to be latent (unknown) and the observed sample (X-ray and optical)

being incomplete. In Section 4.5, we introduce our Metropolis-within-Gibbs

sampler to fit the hierarchical model. We evaluate our novel framework via

simulations in Section 4.6. Finally, in Section 4.7, we apply our novel frame-

work to estimate the log(#)� log(() on CDFS data with optical sources from

Arnouts et al. (2001).

4.2 Source Model

In this section, we introduce the hierarchical source model to fit the lumi-

nosity function assuming complete X-ray survey data. Suppose that for an

observation time of T seconds, we count .8 photons in the X-ray field in

source region 8, for 8 = 1, . . . , #obs, and #obs being the number of observed

sources. We define the source region 8 as a circular area centered at the

suspected source location with radius determined by the X-ray PSF.3 We

denote as 08 (in pixels) the area of the source region. In addition, we observe

counts - from a background area � (in pixels) which does not contain any

3For simplicity, here we assume the PSF to follow a 2D normal distribution with i.i.d
components. To expect around 99% of the photons to fall within the source region, we
set the radius of the source area to be 3f of the PSF, with f being determined by the
CDFS provided PSF map. We note that our model is flexible with regards to the PSF,
and a more realistic PSF can easily be incorporated.
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observed sources. Due to background contamination, the observed photon

counts .8 in source region 8 are the sum of the background counts B8 and the

counts from the source S8, i.e.,

.8 = S8 + B8, (4.1)

where S8 and B8 are independent. We emphasize that S8 and B8 are latent

variables which are not observed. The arrival of photons at the detector

can be modeled as a Poisson process, that is, .8 and - are independent

Poisson random variables. Further, the counts of photons originating from

the source S8 and the counts from the background B8 (at the source region

08) can be modeled as independent Poisson random variables. With the aim

of estimating the source intensities _8, we now specify our model in more

detail.

In addition to the exposure time T (in seconds s) and source intensity, _8
(count/s/cm2), the expected count from source 8 in its source region is af-

fected by two known constants: (i) the proportion, A8, of photons from the

source that are expected to fall in the source region as determined by the

PSF, and (ii) the telescope e↵ective area, 48 (cm2), at the source location,

which characterizes the e�ciency of the telescope. For simplicity, we can

assume that all photons from the source fall within the source region and we

thus set A8 = 1, for all 8 = 1, . . . , #obs. Then,

S8
��
_8

indep⇠ Poisson(48_8T). (4.2)

We assume that the background does not systematically di↵er at di↵erent

parts of the considered sky region. We thus model the background rate b

(count/s/pixel) to be the same across di↵erent source regions. The observed

photon count in the background can then be modeled by

-

��
b ⇠ Poisson(�bT). (4.3)

Given the background rate b, the background count B8 in source region 8 is
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then modeled as

B8
��
b

indep⇠ Poisson(08bT). (4.4)

As a sum of Poisson variables, the observed count in region 8, .8 = S8 + B8,
thus also follows a Poisson distribution, precisely,

.8

�� (_8, b) indep⇠ Poisson ((08b + 48_8)T ) . (4.5)

Given the data D = {08,.8, 48, -}=
8=1, we can now specify the likelihood

function ! (b,___
��D) = ?(⇡ |b,___) for the unknown parameters (b,___), with

___ = (_1, . . . , _Nobs ), via

! (b,___
��D) = exp(��T b) (�T b)

-

-!

=÷
8=1

exp[�(08b + 48_8)T ] [(08b + 48_8)T ].8
.8!

(4.6)

We specify the prior distribution on b as Gamma(0b , 1b).4 Below we detail

the choice of the source population (prior) distribution on ___.

Population distribution of source intensities: There has been ex-

tensive work on determining the best fit population distribution for source

luminosities (in our case expressed as source intensities) (e.g., Wong et al.,

2014, Udaltsova, 2014, Stampoulis, 2017). Udaltsova (2014) shows that a lin-

ear log(#) � log(() relation corresponds to a Pareto population distribution

(single power-law), and more generally, a piece-wise linear log(#) � log(()
relationship with < pieces corresponds to an <-component broken power-law

population model (formulated as a mixture of truncated Pareto distributions

and one (untruncated) Pareto distribution (Lemma 2, Udaltsova, 2014)).

?(_ |\1, . . . , \<, g1, . . . , g<) =
<’
9=1

"
9�1÷
:=1

✓
g:+1
g:

◆�\: # ✓
\ 9

g9

◆ ✓
_8

g9

◆�(\ 9+1)
1{g9_<g9+1},

(4.7)

4The probability density function (pdf) of the gamma distribution is given by ?(G |U, V) =
(VU/�(U))G (U�1) exp(�VG), with shape parameter U and rate parameter V. The mean is
given by ` = U/V and the variance by \ = U/V2.

111



with knots g9 and power-law slopes \ 9 , with 9 = 1, . . . ,<. As common in the

literature, we are particularly interested in a linear log(#) � log((), and a

two-component piece-wise linear log(#) � log(() relationship.

Linear log(#) � log((): Following Udaltsova (2014), to obtain a linear

log(#) � log(() relationship, source intensities above a threshold g1 fol-

low a (single) Pareto distribution, that is, _8
iid⇠ single-Pareto(g1, \1), for

8 = 1, . . . , #obs, with (single) Pareto density 5SP via

5SP(_8; g1, \1) = \1g\11 _
�(\1+1)
8

, _1 > g1, \1 > 0. (4.8)

The parameter g1 describes the population source intensity minimum, de-

scribing the theoretical luminosity limit at which we can still observe a source.

Two-component piece-wise linear log(#)� log((): For < = 2, the source

intensities above the threshold g1 follow a double-Pareto distribution. That

is, _8
iid⇠ double-Pareto(g1, \1, g2, \2), for 8 = 1, . . . , #obs, with double-Pareto

density 5DP via

5DP(_8; \1, \2, g1, g2) =
✓
\1

g1

◆ ✓
_8

g1

◆�(\1+1)
1{g1_<g2} (4.9)

+
✓
g2

g1

◆�\1 ✓
\2

g2

◆ ✓
_8

g2

◆�(\2+1)
1{g2_<1},

where g1 again describes the population minimum source intensity, g2 de-

scribes the breakpoint, \1 and \2 describe the first and second power law

slope.

In the following sections, to keep the description of our model flexible in the

choice of the population distribution, we employ a general notation 5% (_; \\\)
that refers to both, the (single) Pareto population distribution with \\\ :=
{\1, g1}, and the double-Pareto population distribution with \\\ := {\1, \2,-
g1, g2}.

As for prior distributions on the population parameters, we follow Udaltsova

(2014) and Stampoulis (2017) and choose Gamma priors for g1, and for
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the < power law slopes (\1, . . . , \<), i.e., g1 ⇠ Gamma(0g, 1g) and \ 9 ⇠
Gamma(0 9 , 1 9 ), 9 = 1, . . .< (in our case < 2 {1, 2}). The prior on g2 needs

some more consideration to preserve the increasing order of g1 < g2. We

choose a truncated Normal prior distribution on the conditional distribution

of g2 given g1, i.e., g2 |g1 ⇠ truncated-Normal(`g,f2
g
, 00 = g1, 10 = 1).56

Full posterior distribution (assuming a complete X-ray sam-

ple): Given the data D = {08,.8, 48, -}=
8=1, we can now derive the posterior

distributions of the parameters b,___, \\\, via

?(b,___, \\\ |⇡⇡⇡) = ?(⇡⇡⇡ |b,___)?(b,___, \\\) (4.10)

= ! (b,___ |⇡⇡⇡)?(___ |\\\)?(\\\)?(b), (4.11)

which holds, by assuming that the background rate b is a priori independent

of the source intensities ___, and the parameters describing the source intensity

population distribution \\\, and due to the conditional independence of ⇡⇡⇡ and

\\\ given ___. That is the observed data ⇡⇡⇡ depends on the parameters describing

the source population only through the latent source intensities ___.

4.3 Methodology – Principled Modelling of Multiple Survey

Incompleteness

In the previous section, we detailed a hierarchical Bayesian approach for esti-

mation of the source intensities ___, the background rate b, and the population

distribution parameters \\\, assuming a complete sample of X-ray sources. In

Section 4.3.2, we drop the unrealistic assumption of completeness. More pre-

cisely, we consider the scenario described in Section 4.1.2, with a sample of

5A truncated-Normal parameterized by (`g ,f2
g , 00, 10) is obtained by setting the pdf of

a normal distribution with mean `g and variance f2
g to 0 for all values below 00 and

for all values above 10 (re-normalising the non-truncated part of the density). With
5truncNorm(G; `g ,f2

g , 00, 10), we refer to the truncated-Normal pdf.
6We note that the prior that we choose for g2 di↵ers from the prior adopted by Stam-
poulis (2017), as we found the interpretation of the truncated-Normal parameters more
straightforward and simpler to modify.
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sources detected in an X-ray and/or optical catalogue, with both catalogues

being incomplete. In Section 4.3.2, we assume the source intensities ___ of the

observed sources (as estimated in Section 4.2) to be known.

In our novel framework in Section 4.3.2, we employ a discrete binning based

on the source intensity _, and Poisson modeling of the observed sources within

_-bin – we also refer to this strategy as “Poisson binning”. In the following

Section 4.3.1, we first introduce a simplified toy example to illustrate the

Poisson binning strategy, before developing our incompleteness correction

strategy in Section 4.3.2.

4.3.1 Poisson Binning – Toy Gaussian Example

In this section, we consider #) to be the number of observed sources with

#) ⇠ Pois(k) ), where k) is the expected (unknown) number of sources in

the population. For simplicity, we assume the toy source intensity population

distribution ?(⇤) being Gaussian, with

⇤8
883⇠ # (`) ,f) ), 8 = 1, . . . , #) , (4.12)

where ⇤8 are the observed toy source intensities, with population mean

`) and population standard derivation f) . We employ the notation ⇤⇤⇤ =
(⇤1, . . . ,⇤#) ). (We note that, for clarity, in this toy example we use slightly

di↵erent notation to distinguish it from sections directly dealing with the

scientific problem.)

Likelihood function without binning: In this toy example it is straight-

forward to express the likelihood function of the model parameters `) ,f) ,

and k) , given the data (observed source intensities) ⇤⇤⇤. Precisely, the (un-

binned) likelihood function !D can be formulated as

!D (`) ,f) ,k)
��⇤⇤⇤) =

"
#)÷
8

5# (⇤8; `) ,f) )
#
k
#)
)
4
�k)

#) !
, (4.13)

with 5# (⇤8; `) ,f) ) being the normal density with mean `) and standard
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deviation f) , evaluated at location ⇤8. The log-likelihood then follows (up

to a constant) via

✓D (`) ,f) ,k)
��⇤⇤⇤) = �k) +

#C’
8

log( 5# (⇤8; `) ,f) )) + #) log(_). (4.14)

Likelihood function with Poisson binning: We now illustrate the Pois-

son binning strategy. Precisely, let : = 1, . . . , be bins on ⇤, with ⇤(:) being

the position of bin : and �⇤(: ) being the size of bin :. Now, let < (:)
⇤ be the

number of sources with source intensity falling within bin :. We then have

<
(:)
⇤ ⇠ Pois( 5# (⇤(:); `) ,f) )�⇤(: )k) ). (4.15)

Given (4.15), we can then define the binned likelihood function !1 (`) ,f) ,k)
��⇤⇤⇤)

via

!1 (`) ,f) ,k)
��
<

(:)
⇤ ) =

÷
:

4
� 5# (⇤(: ) ;`) ,f) )�⇤(: )k) [ 5# (⇤(:); `) ,f) )�⇤(: )k) ]<

(: )
⇤

<
(:)
⇤ !

.

(4.16)

With
Œ
:
k

<
(: )
⇤

)
= k#)

)
, (4.16) can be simplified to

!1 (`) ,f) ,k)
��
<

(:)
⇤ ) / 4�k)

Õ
: 5# (⇤(: ) ;`) ,f) )�⇤(: ) (4.17)"÷

:

[ 5# (⇤(:); `) ,f) )�⇤(: ) ]<
(: )
⇤

#
k
#)
)

Up to a constant, the binned log-likelihood ✓1 (`) ,f) ,k)
��
<

(:)
⇤ ) can then be

written as

✓1 (`) ,f) ,k)
��
<

(:)
⇤ ) = � k)

’
:

5# (⇤(:); `) ,f) )�⇤(: ) (4.18)

+
’
:

<
(:)
⇤ log( 5# (⇤(:); `) ,f) ))

+
’
:

<
(:)
⇤ log(�⇤(: ) ) + #) log(k) ).
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If the bin range covers the support of the population distribution 5# (up

to the distribution tails with negligible mass), and with a su�ciently fine

bin grid (small bin sizes), we can approximate
Õ
:
5# (⇤(:); `) ,f) )�⇤(: ) ⇡ 1.

With
Õ
:
<

(:)
⇤ log(�⇤(: ) ) being a constant term, (4.18) simplifies to

✓1 (`) ,f) ,k)
��
<

(:)
⇤ ) = �k) +

’
:

<
(:)
⇤ log( 5# (⇤(:); `) ,f) )) + #) log(k) )

(4.19)

Finally, if we make the bin grid to be fine enough, s.t. < (:)
⇤ 2 {0, 1}, we can

express (4.20) via

✓1 (`) ,f) ,k)
��
<

(:)
⇤ ) ⇡ �k) +

#’
8

log( 5# (⇤8; `) ,f) )) + #) log(k) ). (4.20)

such that the locations ⇤(:) of the bins with observed source, that is < (:)
⇤ =

1, are approximately (or even exactly) at the observed source intensity ⇤8
within the bin. More precisely, if the bin size �⇤(: ) converges towards zero

(�⇤(: ) ! 0,8: = 1, . . . , ), then ✓1 converges towards ✓D. That is, if we use

a su�ciently fine grid on ⇤ then the (unbinned) log-likelihood in (4.14) can

be well approximated via the binned log-likelihood in (4.19) (via (4.20)). We

now illustrate the approximation of ✓D via ✓1 in a simple numerical example.

Numerical toy example for Poisson binning: Let k) = 100 be the

expected population size, `) = 1 be the population mean, and f) = 0.2 be

the population standard deviation. Via #) ⇠ Poisson(k) = 100), we obtain

#) = 91 sources in this specific example. In the next step, we sample ⇤8,
8 = 1, . . . , #) = 91, i.i.d. source intensities from (4.12).

For illustration purposes, we assume the true values of f) , #) , and ⇤⇤⇤ to be

known, and calculate the log-likelihood of the unbinned model via (4.14),

and for binned model via (4.19) for a sequence of values for the mean `) . In

this example, we bin the data equidistantly, s.t. < (:)
⇤ 2 {0, 1},8: = 1, . . . , ,

leading to  = 40, 960 bins. Figure 4.5 compares the log-likelihoods (up to

a constant) of the binned and unbinned model, showing that ✓1 (in orange)
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well approximates ✓D (in black) in this numerical example, both leading to

the maximum log-likelihood at the true population mean `) = 1.

In the next section we show that the binning strategy provides a convenient

framework to account for incompleteness in our scientific problem.
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Figure 4.5: Comparison of the log-likelihood (up to a constant) in our toy simulation example,
computed via the binned model (4.19) (in orange) vs. the unbinned model (4.14) (in black).
The figure illustrates that the binned log-likelihood ✓1 well approximates the unbinned log-
likelihood ✓D, both leading to the maximum log-likelihood at the true value ` = 1 (shown in
red).

4.3.2 Methodology – Correcting for X-ray and Optical In-

completeness via Poisson Binning

We now consider the realistic case of an incomplete sample as described in

Section 4.1.2. More formally, we assume that #obs < #total, with #obs being

the number of observed sources and #total being the total number of sources in

the population, with #total ⇠ Pois(k), and k being the expected population
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size. Let _8 be the source intensity for source 8, with 8 = 1, . . . , #total, and

_8

iid⇠ Pareto(\\\), with Pareto density 5% (_8; \\\) (recall that 5% is a placeholder

for the single and double Pareto population density). In this section, we

assume that the source intensities for observed sources can be measured with

negligible error (we will withdraw this assumption in Section 4.4).

As described in Section 4.1.2, we assume that our sample contains sources de-

tected in an X-ray and/or optical survey, with both surveys being incomplete.

More precisely, the set of detected (observed) sources from both surveys is

overlapping, though both surveys contain sources non-detected in the other,

and we have to assume that there are sources non-detected in either of the

surveys (as sketched in Figure 4.3).

To describe these cases, we define an indicator variable /8, with

/8 =

8>>>><
>>>>:

2 if source 8 is observed in X-ray (w/p 6(_8))
1 8 is observed in optical data only (w/p ⌘(_8 |q))
0 8 is not observed (w/p 1 � 6(_8) � ⌘(_8 |q)),

(4.21)

with 6(_8) = %(/8 = 2|_8) describing the probability of a source 8 being

detected in the X-ray survey7 given its source intensity _8. We assume 6(·)
to be a known function. Further, ⌘(_8 |q) = %(/8 = 1|_8, q) describes the

probability of a source 8 with source intensity _8 being detected in the optical

catalogue only, with q being a free model parameter. A potential form of

the X-ray incompleteness function 6(·) is sketched in Figure 4.4 (red curve),

with the sum of X-ray and optical incompleteness functions, 6(·) + ⌘(·|q),
sketched in blue.

Of course, cases /8 2 {1, 2} can be observed, but not the case /8 = 0. For the

7Note that with / = 2 we generally consider sources that are detected in X-ray and optical,
as well as sources that are detected in X-ray only. Assuming that optical matches (sources
detected in X-ray but not in optical) are missing at random, one can also discard the X-
ray sources without optical match, and only consider X-ray detected sources with optical
match as case / = 2 (e.g., as conducted and further detailed in Section 4.7).
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observed cases, we formulate the joint distributions of _ and / via

?(_, / = 2|\\\) = 5% (_; \\\)6(_) (4.22)

?(_, / = 1|\\\, q) = 5% (_; \\\)⌘(_ |q) (4.23)

Poisson binning with incompleteness functions: We now bin the data

based on _. More precisely, let : = 1, . . . be bins on _, with bin position

_
(:) and bin size �

_
(: ) . Then, within bin : we have

-
(:)
1 = # of objects in bin : with / = 1, with

-
(:)
1 ⇠ Pois( 5% (_(:); \\\)�_ (: ) ⌘(_(:) |q)k) (4.24)

-
(:)
2 = # of objects in bin : with / = 2, with

-
(:)
2 ⇠ Pois( 5% (_(:); \\\)�_ (: )6(_(:))k). (4.25)

That is, the number of objects observed in bin : and detected in X-ray

(4.25) can be modelled via a Poisson distribution, with Poisson mean (rate

parameter) being the product of the population density 5%, evaluated at

the bin location _
(:), the bin width �

_
(: ) , the population size q, and the

incompleteness function 6(·) evaluated at the bin location _(:). (Analogously

for the optical case in (4.24), replacing 6(·) by ⌘(·|q)). We note that (4.24)

and (4.25) requires the incompleteness functions 6(·) and ⌘(·|q) to be non-

zero for the entire support of _, to ensure that the Poisson rate parameter is

well-defined in (0,1).

To express the likelihood function, we assume - (:)
1 , -

(:)
2 À -

(;)
1 , -

(;)
2 |\\\, q,k,

for all : < ;, with : , ; = 1, . . . , . That is, the number of observed sources in

a bin : (X-ray or optical only) is conditionally independent of the number

of observed sources within another bin ; given the parameters (\\\, q,k). We

further assume that -
(:)
1 À -

(:)
2 |_(:), that is, given the bin location _(:)

the number of sources in detected only in the optical catalog (within bin :)

does not depend on the number of X-ray detected sources in this bin. We

further note that #X-ray =
Õ
:
-
(:)
2 is the number of observed sources in the
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X-ray catalogue, and #opt =
Õ
:
-
(:)
1 is the number of sources in the optical

catalogue only8, with #X-ray + #opt = #obs < #total.

Given the binned data - (:)
1 and - (:)

2 , for : = 1, . . . , , we can express our like-

lihood function ! (\\\, q,k
��{- (:)

1 } 
:=1, {-

(:)
2 } 

:=1) = ?({-
(:)
1 } 

:=1, {-
(:)
2 } 

:=1 |\\\, q,k)
via

! (\\\, q,k
��{- (: )

1 } :=1, {-
(: )
2 } :=1)

=
÷
:

h
4
� 5% (_(:) ;\\\ )�

_(:) ⌘ (_
(:) |q)k ⇥

5% (_ (: ) ; \\\)�_(:) ⌘(_ (: ) |q)k
⇤- (:)

1

-
(: )
1 !

⇥
4
� 5% (_(:) ;\\\ )�

_(:) 6 (_
(:) )k ⇥

5% (_ (: ) ; \\\)�_(:) 6(_ (: ) )k
⇤- (:)

2

-
(: )
2 !

i
, (4.26)

which (dropping the normalizing constant 1Œ
: -

(: )
1 -

(: )
2

) can be simplified to9

! (\\\, q,k
��{- (:)

1 } 
:=1, {-

(:)
2 } 

:=1)

/4�k
Õ
5% (_ (: ) ;\\\)�_(: ) ⌘(_

(: ) |q)
"÷
:

h
5% (_(:); \\\)�_ (: ) ⌘(_(:) |q)

i
-
(: )
1

#
k
#opt

⇥ 4�k
Õ
5% (_ (: ) ;\\\)�_(: ) 6(_

(: ) )
"÷
:

h
5% (_(:); \\\)�_ (: )6(_(:))

i
-
(: )
2

#
k
#X-ray

.

(4.27)

8Note that in Section 4.1.2 we denote with #optical the number of sources that are detected
in the optical catalogue (which includes optical sources with an X-ray match), here with
#opt we refer to the number of optical sources without X-ray match (sources detected
only on the optical catalogue).

9Note that with operator (⇥) we express ordinary multiplication, that is 0 ⇥ 1 = 01.
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We can then express the log-likelihood via

✓(\\\, q,k
��{- (:)

1 } 
:=1, {-

(:)
2 } 

:=1)
= � k

’
:

5% (_(:); \\\)�_ (: ) ⌘(_(:) |q)

+
’

{::- (: )
1 >0}

-
(:)
1 log( 5% (_(:); \\\)) +

’
{::- (: )

1 >01}

-
(:)
1 log(⌘(_(:) |q))

+
’

{::- (: )
1 >0}

-
(:)
1 log(�

_
(: ) ) + #opt log(k)

� k
’
:

5% (_(:); \\\)�_ (: )6(_(:))

+
’

{::- (: )
2 >0}

-
(:)
2 log( 5% (_(:); \\\)) +

’
{::- (: )

2 >0}

-
(:)
2 log(6(_(:)))

+
’

{::- (: )
2 >0}

-
(:)
2 log(�

_
(: ) ) + #X-ray log(k). (4.28)

By removing constant terms, this can be simplified to

✓(\\\, q,k
��{- (:)

1 } 
:=1, {-

(:)
2 } 

:=1)
= � k

’
:

5% (_(:); \\\)�_ (: )
⇥
⌘(_(:) |q) + 6(_(:))

⇤

+
’

{::- (: )
1 >0}

-
(:)
1 log( 5% (_(:); \\\)) +

’
{::- (: )

2 >0}

-
(:)
2 log( 5% (_(:); \\\))

+
’

{::- (: )
1 >0}

-
(:)
1 log(⌘(_(:) |q)) +

’
{::- (: )

2 >0}

-
(:)
2 log(6(_(:)))

+ #obs log(k) (4.29)

We note that with �
_
(: ) ! 0, it follows that - (:)

1 , -
(:)
2 ! {0, 1}, and with

su�ciently small bins, it follows that _(:) ! _8 (in cases with -
(:)
1 = 1

or - (:)
2 = 1). That is, the location of the bins (with observed sources)

approximates the location of observed source intensities _8. That is, with

a su�ciently fine bin grid, it holds that the binned likelihood approximates

the likelihood without binning (as illustrated in the previous section via a

toy example), that is ! (\\\, q,k
��{- (:)

1 } 
:=1, {-

(:)
2 } 

:=1) ⇡ ! (\\\, q,k
��
___, ///obs) (or
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equivalently ?({- (:)
1 } 

:=1, {-
(:)
2 } 

:=1 |\\\, q,k) ⇡ ?(___, ///obs |\\\, q,k)), with ///obs =
(/1, . . . , /#obs) being a vector, with /8 2 {1, 2}, 8 = 1, . . . , #obs describing the

survey case of observed source 8.

Assuming the source intensities of observed sources to be known, we now

have a model to account for the incompleteness of the observed sample (in

X-ray and optical). As shown in Section 4.2, the source intensities of ob-

served sources are latent variables and need to be estimated form the ob-

served source counts. In Section 4.4, we thus carry out our final model step

by combining the source model from Section 4.2 with the incompleteness cor-

rections developed in this section. In an intermediate step, in Section 4.3.3

we drop some simplifying assumptions made so far regarding the X-ray in-

completeness function, and describe the incorporation of a realistic X-ray

incompleteness function into our model.

4.3.3 Realistic X-ray Incompleteness Function via Marginal-

ization over Nuisance Parameters

Realistic X-ray incompleteness function depending on nuisance

parameters: In the previous sections, we conveniently express the X-ray

incompleteness function 6(·) as a function of the source intensities _ (e.g.,

in (4.21) and (4.22)). Unfortunately, in reality this is not the case. More

precisely, in our model we employ the realistic X-ray incompleteness function

provided by Wright et al. (2015), which is based on extensive simulations, and

is specific for Chandra X-ray survey data. Wright et al. (2015) expresses the

X-ray incompleteness function being dependent on additional parameters.

More precisely, the incompleteness function in Wright et al. (2015) depends

on the background count per pixel b) (in count/pixel), with b) = T b, and
the (nuisance) parameters ! and F0, where ! is the o↵-axis angle, which

describes the distance (of a detected source location) to the centre of the

field of view, and F0 is a threshold that determines the sensitivity of the

X-ray source detection method, wavdetect (Freeman et al., 2002).

In addition, Wright et al. (2015) expresses the incompleteness function in

terms of source intensity ⇠ (in counts), instead of source intensity _ (in
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count/s/cm2), leading to following form

%(/ = 2|⇠, b) , !,F0) = 1 � exp

✓�⇠a1 (b) ,!,F0)

10a2 (b) ,!,F0)

◆
(4.30)

where values for a1(b) , !,F0) and a2(b) , !,F0) are provided by Wright et al.

(2015) as tabular data for various parameter combinations (as result of an

MCMC sampler).10

To obtain an incompleteness function that depends on _, we now employ the

relation ⇠8 = _8T 48, with e↵ective area 48 at the location of the source 8, and

the constant exposure time T . Additionally, employing b) = T b, we can now

express the incompleteness function in (4.30) via

%(/ = 2|_, b, !,F0, 4,T) = 1 � exp

✓�(_T 4)a1 (T b,!,F0)

10a2 (T b,!,F0)

◆
(4.31)

Marginalization over nuisance parameters: We now show that

marginalization over the nuisance parameters allows us to express the re-

alistic incompleteness function provided by Wright et al. (2015) solely in

terms of the source intensities _, as required for our model described in Sec-

tion 4.3.2. First, when detecting the X-ray source locations (via wavdetect),

we fix the source detection threshold to F0 = 10�6, and we keep F0 as a fixed

parameter throughout our analysis. In addition, the total exposure time T
is a fixed constant in our analysis. We can thus fix these two parameters in

(4.31), and we express the incompleteness function via the remaining nui-

sance parameters !, 4 and b. We can now formulate the joint distribution

of the X-ray source intensities _ and remaining nuisance parameters (!, 4,b)

via

?(_, !, 4, b, / = 2|\\\) = ?(_, !, 4, b |\\\)%(/ = 2|_, !, 4, b), (4.32)

with / = 2 indicating observation in X-ray, and conditioning everything on

the Pareto parameters \\\, with the incompleteness function being dependent

10We note that Wright et al. (2015) uses the notation _1 (·) and _2 (·), which we replaced
by a1 (·) and a2 (·) to avoid confusion and notation overlap with our source intensities _.
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on \\\ only through the given _. We can now simplify (4.32) by integrating

out the nuisance parameters, leading to

π
?(_, !, 4, b, / = 2|\\\)3 (!, 4, b) =

π
?(_, !, 4, b |\\\)%(/ = 2|_, !, 4, b)3 (!, 4, b)

(4.33)

By assuming _, !, b and 4 all being independent, and assuming !, b and 4

being independent of the source population parameters \\\, we obtain

?(_, / = 2|\\\) = 5% (_ |\\\)
π

?(!)?(4)?(b)%(/ = 2|_, !, 4, b)3!, 34, 3b,

(4.34)

where 5% (_; \\\) = ?(_ |\\\) is the Pareto source intensity population density.

The left hand side (LHS) of (4.34) follows from the LHS of (4.33) by inte-

grating out (!, 4, b). With the LHS of (4.22) and (4.34) being the same, we

can now simply exchange the function 6(_) in (4.22) with the function

6int(_) =
π

?(!)?(4)?(b)%(/ = 2|_, !, 4, b)3!, 34, 3b (4.35)

to account for the contribution of additional nuisance parameters in the X-

ray incompleteness function. We detail the computation of 6int with values

specific to our CDFS data analysis in Section 4.7.2.
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4.4 Combination of Source Model and Incompleteness Correc-

tions

In this final model step, we combine the source model presented in Section 4.2

with the incompleteness corrections developed in Section 4.3. More precisely,

we consider the realistic case that source intensities _8 are not directly ob-

served, but can be estimated via the observed counts .8 in source regions 8

and the observed background counts - (as described in Section 4.2). We fur-

ther assume survey incompleteness, with the observed sources being detected

either in X-ray and/or in an optical catalogue (as described in Section 4.3.

The aim of this section is to develop a model that allows joint estimation of

the source intensities _8 and the source population distribution by rigorously

accounting for (X-ray and optical) survey incompleteness.

Using the same notation as in Section 4.2 and 4.3, we are interested in the pos-

terior distribution ?(b,___, \\\, q,k |⇡⇡⇡, ///obs), where D = {08,.8, 48, - , �,T }#obs
8=1 ,

as described in Section 4.2. ///obs = (/1, . . . , /#obs) is a vector, with /8 2 {1, 2},
describing the survey case of observed source 8, and ___ = (_1, . . . _#obs) is a vec-
tor with the latent source intensity _8 for all observed sources, 8 = 1, . . . , #obs.

The posterior distribution ?(b,___, \\\, q,k |⇡⇡⇡, ///obs) can then be expressed via

?(b,___, \\\, q,k |⇡⇡⇡, ///obs) =?(⇡⇡⇡ |b,___, \\\, q,k, ///obs)?(b,___, \\\, q,k |///obs) (4.36)

=?(⇡⇡⇡ |b,___, \\\, q,k, ///obs)
?(___, \\\, q,k, ///obs)

?(///obs)
?(b) (4.37)

/?(⇡⇡⇡ |b,___, \\\, q,k, ///obs)?(___, ///obs |\\\, q,k)?(\\\, q,k)?(b)
(4.38)

=?(⇡⇡⇡ |b,___)?(___, ///obs |\\\, q,k)?(\\\)?(q)?(k)?(b)
(4.39)

⇡?(⇡⇡⇡ |b,___)?({- (:)
1 } 

:=1, {-
(:)
2 } 

:=1 |\\\, q,k)
⇥ ?(\\\)?(q)?(k)?(b), (4.40)

where the second line holds since b is a priori independent of the other pa-
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rameters and of ///obs. In the third line we drop the constant ?(///obs). From
(4.38) to (4.39), we assume the population size k, the parameters \\\, describ-

ing the Pareto population distribution, and the parameter q, describing the

optical incompleteness function, to be a priori independent. We further as-

sume that given the source intensities ___ = (_1, . . . _#obs), the distribution of

the observed data is independent of the source population parameters \\\, the

optical incompleteness function parameter q, the the population size k, and

the observed cases ///obs. The final step, (4.39) to (4.40), follows as described

in Section 4.3.

Finally, the formulation of the posterior distribution in (4.40) allows straight-

forward combination of the source model and the incompleteness corrections,

with ?(⇡⇡⇡ |b,___) being formalized in Section 4.2 via (4.6), and

?({- (:)
1 } 

:=1, {-
(:)
2 } 

:=1 |\\\, q,k) being given in Section 4.3 via (4.27), by treat-

ing -
(:)
1 and -

(:)
2 as latent parameters (both dependent on the latent ___)

instead of observed data. With prior distributions for \\\ and for b speci-

fied in Section 4.2, to obtain a proper posterior distribution, (4.40) even-

tually requires the specification of proper prior distributions on the popu-

lation size k and on the optical incompleteness function parameter q. We

choose Gamma priors on both parameters, i.e., k ⇠ Gamma(0k , 1k), and
q ⇠ Gamma(0q, 1q). Table C.1 in the Appendix provides a summary of the

various prior choices and prior parameters used in Sections 4.6 and 4.7.

Joint posterior distribution for the double Pareto popula-

tion model: Specifying the source population distribution being the dou-

ble Pareto distribution with density 5DP as specified in Section 4.2, the

joint posterior distribution of (b,___, \1, \2, g1, g2, q,k) given the data D =
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{08,.8, 48, - , �,T }#obs
8=1 and ///obs, is then obtained via

?(b,___, \1, \2, g1, g2, q,k |⇡⇡⇡, ///obs)
/?(⇡⇡⇡ |b,___)?({- (:)

1 } 
:=1, {-

(:)
2 } 

:=1 |\1, \2, g1, g2, q,k)
⇥ ?(\1)?(\2)?(g1)?(g2 |g1)?(q)?(k)?(b) (4.41)

/ exp(��T b) (�T b)
-

-!

=÷
8=1

exp[�(08b + 48_8)T ] [(08b + 48_8)T ].8
.8!

⇥ 4�k
Õ
5DP (_ (: ) ;\1,\2,g1,g2)�_(: ) ⌘(_

(: ) |q)

⇥
"÷
:

h
5DP(_(:); \1, \2, g1, g2)�_ (: ) ⌘(_(:) |q)

i
-
(: )
1

#
k
#opt

⇥ 4�k
Õ
5DP (_ (: ) ;\1,\2,g1,g2)�_(: ) 6int (_

(: ) )

⇥
"÷
:

h
5DP(_(:); \1, \2, g1, g2)�_ (: )6int(_(:))

i
-
(: )
2

#
k
#X-ray

⇥ \ (01�1)1 exp(�11\1) ⇥ \ (02�1)2 exp(�12\2)

⇥ g(0g�1)1 exp(�1gg1) ⇥ 1{g1g2}
1

fg

exp

✓
�1
2

✓ (g2 � `g)
fg

◆◆

⇥ q(0q�1) exp(�1qq) ⇥ k (0k�1) exp(�1kk) ⇥ b (0 b�1) exp(�1bb) (4.42)

For ease of notation, we refer via 5DP to the double-Pareto density as defined

in (4.9), and via 6int(·) to the marginalized X-ray incompleteness function as

given by (4.35).

The full posterior distribution for a (single) Pareto source population distri-

bution follows analogously, by replacing 5DP via 5SP (as defined in (4.8)) and

by removing the prior distributions ?(\2) and ?(g2 |g1). Below we develop a

Gibbs-type sampler to obtain posterior draws from (4.42).
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4.5 Sampling from the Posterior Distribution – Metropolis-

within-Gibbs Sampler

In this section, we develop a Metropolis-within-Gibbs sampler to obtain

draws from the posterior distribution detailed in the previous section. Pre-

cisely, we want to sample from the joint posterior distribution

?(b,___, \1, \2,g1, g2, q,k |⇡⇡⇡, ///obs)
/?(⇡⇡⇡ |b,___)?({- (:)

1 } 
:=1, {-

(:)
2 } 

:=1 |\1, \2, g1, g2, q,k)
⇥ ?(\1)?(\2)?(g1)?(g2 |g1)?(q)?(k)?(b), (4.43)

which is formulated in detail in (4.42). Our Metropolis-within-Gibbs sam-

pling scheme can be summarized via the following.

Metropolis-within-Gibbs-sampler: For number of iterations C = 1, . . . ,) :

• Sample ___ component-wise for the observed sources 8 = 1, . . . , #obs via:

?(_8 |·) / 5Pois(.8; (08b + 48_8)T ) 5DP(_8; \1, \2, g1, g2)
[6(_8)1{/8=2} + ⌘(_8 |q)1{/8=1}] (4.44)

where 5Pois(G; aPois) denotes the probability mass function of a Poisson

random variable with rate parameter aPois evaluated at position G.

• Sample b as:

?(b) / 5Gamma(b; 0b , 1b) 5Pois(-; �bT)
#obs÷
8=1

5Pois(.8; (08b + 48_8)T )

(4.45)

where 5Gamma(G;U, V) denotes the pdf of a Gamma distributed r.v.

with shape parameter U and rate parameter V evaluated at position G.
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• Sample k as:

?(k) / 5Gamma(k; 0k , 1k)k#obs

⇥ exp

 
�k

’
:

5DP(_(:); \1, \2, g1, g2)�_ (: ) [6(_8) + ⌘(_(:) |q)]
!

(4.46)

• Sample \1 as:

?(\1) / 5Gamma(\1; 01, 11)

⇥ exp
⇣
�k

’
5DP(_(:); \1, \2, g1, g2)�_ (: ) [6(_8) + ⌘(_(:) |q)]

⌘

⇥
÷
:

h
5DP(_(:); \1, \2, g1, g2)

i (- (: )
1 +- (: )

2 )
(4.47)

• Sample \2, g1, and g2 following (4.47), but replacing the prior distribu-

tion in the first line of (4.47), 5Gamma(\1; 01, 11)), by the prior distri-

bution of the respective parameter. That is, 5Gamma(\2; 02, 12) for \2;
5Gamma(g1; 0g, 1g) for g1; and 5truncNorm(g2; `g,f2

g
, 00 = g1, 10 = 1) for

g2.

• Sample q as:

?(q|·) / 5Gamma(q; 0q, 1q)

⇥ exp

 
�k

’
:

5DP(_(:); \1, \2, g1, g2)�_ (: ) ⌘(_(:) |q)
! ÷

:

⌘(_(:) |q))-
(: )
1

(4.48)

We note that the Metropolis-within-Gibbs sampler for the model with (sin-

gle) Pareto population distribution follows analogously, by just removing the

sampling steps for \2 and for g2, and by replacing 5DP(·; \1, \2, g1, g2) by

5SP(·; \1, g1).
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4.5.1 Technical Details on Gibbs-Type Sampler

Jumping distributions and log-transformations: To avoid sam-

pling from overly skewed distributions, we apply log-transformations to the

parameters g2 and _8, 8 = 1 . . . , #obs, with Jacobian adjustments following

Section C.1. The remaining parameters are sampled in ordinary scale.

We choose symmetric Gaussian jumping distributions for the parameters

b,k, \1, \2, and g2, being centered at the respective values of the previous

iterations, applying ordinary Metropolis updates. For g1 and for _8, in each

iteration C = 1, . . . ,) of the sampler one has to ensure that _(C)
8

> g
(C)
1 , for

all 8 = 1, . . . , #obs. We thus choose a truncated normal jumping distribu-

tions for _(C)
8

with mode at _(C�1)
8

and with lower truncation at g(C�1)1 . Then,

g1 is updated via a truncated-Normal with mode at g(C�1)1 and with upper

truncation at min(_(C)
8
) with 8 = 1, . . . , #obs, and with lower truncation at 0.

Finally, q is updated via a truncated normal distribution with lower trunca-

tion at 0. Given a non-symmetric (truncated-Normal) jumping distribution,

we apply Metropolis-Hastings updates following Section 1.3.2, to correct for

bias resulting from the non-symmetry of the jumping distribution.

Starting values: To obtain posterior samples from (4.42) as described

in Section 4.5, we need to define starting values for the MCMC chains for

each parameter. For _8, with 8 2 1, . . . , #obs, we obtain starting values via

_̂
start
8

=
.8 � -8
48T

.

If _̂start
8

< 0, 8 = 1, . . . , #obs, we sample _̂start
8

⇠ Log-uniform(min( |_ 9 |),-
max( |_ 9 |)), with 9 = 1, . . . , #obs, and 9 < 8. We obtain a starting value for b

via

b̂
start =

-

�T (4.49)
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For all other parameters, namely \1, \2, g1g2,k and q, we obtain starting

values by sampling from the respective prior distribution. Being the popula-

tion minimum, for g1, the starting value has to be smaller than min(_̂start
8

).
We thus sample from the g1 prior until this condition is met, to accept the

sampled value as starting value for g1.

4.6 Simulation Study

In this section, we evaluate our proposed model on simulated data. In Sec-

tion 4.6.1, we detail our data generation process, aiming to mimic character-

istics of the CDFS survey. In Section 4.6.2, we evaluate our model on the

simulated data. We note that here we simulate and evaluate our framework

under the (slightly more complicated) double-Pareto population case.

4.6.1 Simulation Study – Data Generation

To resemble realistic CDFS X-ray data, we design our simulation study based

on previously collected CDFS data employed by Stampoulis (2017), and we

incorporate results by Stampoulis (2017) to set our data generating param-

eters.11 Table 4.1 provides a summary of the true parameter values used in

our simulation. For the two power law slopes, we use the mean posterior

values reported by Stampoulis (2017) for their double-Pareto model, that is

\
B

1 = 0.759 and \B2 = 1.52. We use the superscript ‘s’ to indicate that these are

values used for our simulations. For the two Power-law knots we use values

g
B

1 = 0.91e�7 and gB2 = 5.07e�2. We note that these values are an order of

1010 and 1013 higher than the values reported in Stampoulis (2017), which is

due to the di↵erent scales of flux (as used in Stampoulis (2017)) and source

intensities (used in our study).

11We note that we base our simulations on the previously collected CDFS data used by
Stampoulis (2017), since we performed the simulation study before collecting the data
employed in our data analysis described in Section 4.7. We find our simulation study to
be su�ciently related to the data used in Section 4.7. Conducting additional simulation
studies that precisely mimic the data described Section 4.7 is consideration of future
work.
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Table 4.1: True parameter values employed to generate our simulated data, with short pa-
rameter descriptions.

Simulation value Description
k 1000 Expected population size
\1 0.759 First Power law slope
\2 1.52 Second Power law slope
g1 0.91e�7 Population minimum
g2 5.07e�2 Breakpoint
q 1.00e�5 Optical incompleteness parameter
b 2.01e�7 Background rate

We generate the data via the following procedure. First, we obtain the total

population size via sampling #total ⇠ Poisson(kB = 1000), obtaining a value

of #Btotal = 980 in this particular example. We then generate our population

of source intensities by sampling _B
8
, with 8 = 1, . . . , #Btotal = 980, source in-

tensities iid from a double-Pareto distribution with parameters as specified

in Table 4.1. Given the population of sources intensities, we now generate

our incomplete, X-ray and optically, observed sample. To not make the sim-

ulations overly complicated, we define an X-ray incompleteness function 6sim
in the same functional form as (4.31), but without dependence on nuisance

parameters. More precisely, we define 6sim(·) via

6sim(_) = 1 � exp

✓
� _

10�5

◆
(4.50)

Given 6sim we then define the optical incompleteness function ⌘sim(·|qB) via

⌘sim(_ |q) = (1 � 6sim(_))
✓
1 � exp

✓
� _
q
B

◆◆
(4.51)

(Figure 4.4 in Section 4.1.2 illustrates 6sim(·) (in red) and (6sim(·) +⌘sim(·|q))
(in blue).) Given a source intensities, _B

8
with 8 = 1, . . . , #Btotal, for each source

in the population, we now sample X-ray survey assignment with probabilities

6sim(_8), 8 = 1, . . . , #Btotal. In our example, #BX-ray = 90 sources are sampled to

be observed in X-ray. For the remaining sources in the population we sample

optical survey assignment with probabilities ⌘sim(·|qB). #
B

opt = 34 sources

are assigned to the optical survey this way, leading to #Bobs = 124 observed
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sources. The remaining #missing = 856 sources are considered unobserved,

leading to a high proportion of incompleteness.

Given the source intensities of the observed sources, we can now generate the

observed data. We set the exposure time T B to the value reported by Stam-

poulis (2017), i.e., T B = 1960631 (in seconds). We obtain realistic source

areas 0B
8
and e↵ective areas 4B

8
, 8 = 1, . . . , #Bobs, by sampling with replacement

from the reported values of source and e↵ective areas in the CDFS data em-

ployed by Stampoulis (2017). We set the background rate via bB = -0/(�0T),
where -0 is the reported background count and �0 the reported background

area in Stampoulis (2017), leading to bB = 2.01e�7. Given bB we obtain the

observed background count -B via -B ⇠ Poisson(bB�BT B) with background

area �B =
Õ
#obs
8=1 0

B

8
(we choose the background area to be the same size as

the sum of source areas), leading to -
B = 6098. Finally, we simulate the

observed counts .B
8
at source region 8 via .B

8

iid⇠ Poisson((0B
8
b
B + 4B

8
_
B

8
)T B),

8 = 1, . . . , #Bobs.

4.6.2 Simulation Study – Model Evaluation

Model details and sampler diagnostics: We now fit our full model

as detailed in Section 4.4 via the Metropolis-within-Gibbs sampler introduced

in Section 4.5. Table C.1 in the Appendix provides a summary of all prior

distributions and the chosen prior hyperparameters.

We run "sim = 5 chains with di↵erent starting values. We run each chain for

) = 80, 000 iterations, and we use a burn-in of )Burn = 20, 000. The remaining

60,000 draws of each chain are collected as posterior draws. Table 4.6.2

presents sampling diagnostics of the multiple chains via the Gelman-Rubin '̂,

and the e↵ective sample size for each parameter. The Gelman-Rubin '̂ is very

close to 1 for all parameters, which indicates that no convergence issues are

detected. Figure C.1 provides traceplots of the chains after burn-in (in log-

scale) visually indicating convergence of the 5 chains to the same stationary

distribution. Due to moderately high auto-correlation, the e↵ective sample

size for parameters k (877) and g1 (338) is markedly lower than for the

remaining parameters. However, we consider the obtained e↵ective sample
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sizes being large enough for the purposes of our study.

Table 4.2: Posterior sampling diagnostics for simulation study parameters (Section 4.6.2).

k
B

\
B

1 \
B

2 g
B

1 g
B

2 q
B

b

Gelman-Rubin '̂ 1.02 1.01 1.00 1.05 1.00 1.00 1.00
E↵ective size 877 3359 13964 338 38573 26045 29991

Simulation results: Figure 4.6 illustrates the marginal distributions (in

log10-scale) of the main parameters in the simulation study. We are partic-

ularly interested in the (double) pareto population distribution parameters,

i.e., g1, g2, \1, and \2. We also consider the remaining parameters k, q and b

as parameters of interest (for reasons of space, we do not illustrate posterior

distributions for the latent source intensities _8). We refer to all parameters

except for the _8’s as ‘main parameters’. Figure 4.6 illustrates that the four

population parameter marginal posterior distributions well recover the true

simulation values (shown in red). The marginal posteriors for population size

k and background rate b are well-centered at or close to the true values. The

marginal posterior for the optical incompleteness function is slightly shifted

from the true value. Given the good recovery of the remaining parameters,

we do not consider this shift of much concern at this level.12 Table 4.3

presents summary statistics of the main parameter marginal posteriors in

original scale.

In Figure 4.7, we illustrate pairwise marginal posterior contour-and scatter-

plots plotted in log10-scale. There is an apparent (negative) correlation in

the posterior of g1 and k. This correlation is expected. If the estimate for the

population minimum g1 goes far into the low-intensity region the estimate for

the expected population size k is strongly increased via the incompleteness

corrections in the low-intensity end. If g1 is large, the number of expected

12We note that the sample size of sources observed as ‘optical only’ is relatively small
in our simulations #Bopt = 34, and of much larger proportion in the CDFS analysis in
Section 4.7. We constructed the simulations before having access to the X-ray and
optical surveys considered in the CDFS data analysis section. Additional simulations
with larger proportions of optical data are considerations of future work. Repeating the
simulations for frequentist evaluations of the posterior estimates is also part of future
work.
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Figure 4.6: Marginal posterior distributions for the main parameters in the simulation study

(Section 4.6.2) illustrated in log10-scale. The location of the true values used to simulate the

data are shown in red.
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Table 4.3: Summary statistics of the marginal posteriors for the main parameters in the
simulation study (Section 4.6.2).

Mean Median SD 2.5% 97.5% True value
k 1082 1019 336 612 1916 1000
\1 0.84 0.83 0.07 0.7 0.98 0.759
\2 1.97 1.66 1.39 0.24 5.51 1.52
g1 1.5e�07 1.42e�07 7.04e�08 4.24e�08 3.14e�07 0.91e�7
g2 8.19e�02 5.03e�02 1.04e�01 7.18e�03 3.46e�01 5.07e�2
q 1.8e�05 1.75e�05 4.22e�06 1.12e�05 2.76e�05 1.00e�5
b 2.03e�07 2.03e�07 2.18e�09 1.98e�07 2.07e�07 2.01e�7

unobserved sources is much lower, leading to lower expected population size

k. In addition, there is visible correlation between g1 and \1. If g1 is small,

then the first power law slope is flattened, given by smaller values of \1. In

contrast, if g1 goes farther into the data, then the (negative) slope increase,

given by larger values if \1. The remaining parameters do not show any

visible correlations or noticeable patterns.

In summary, the simulation results demonstrate that our posterior distribu-

tions cover the true simulation parameters well, even under high proportions

of systematic incompleteness. The Gibbs-type-sampler developed in Sec-

tion 4.5 shows good convergence results and allows us to obtain samples

(approximately) from the posterior distribution, with large e↵ective sample

sizes for most parameters. Given the promising simulation results, we now

apply our model on real data CDFS data, presented in Section 4.7.

4.7 CDFS Data Analysis

In this section, we apply our novel model for incompleteness corrections to

real X-ray data from the Chandra Deep Field South (CDFS), with optical

source locations from Arnouts et al. (2001). We provide details regarding our

data acquisition in Section 4.7.1. We provide details on the incompleteness

functions employed for our analysis in Section 4.7.2, and then apply the single

Pareto model, with results discussed in Section 4.7.3, and the double Pareto

model, results discussed in Section 4.7.4 to the CDFS data. We discuss the
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Figure 4.7: Pairwise marginal posterior distributions for the main parameters in the simulation

study (Section 4.6.2), illustrated in log10-scale. (We note that left upper y-axis labels present

the scale of the marginal density for k. In all other cases, the ticks labels present the parameter

coordinates of the scatterplots.)
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obtained log(#) � log(() fit in Section 4.7.5.

4.7.1 CDFS: Data Description

Chandra Deep Field South (CDFS): The Chandra Deep Field South

(CDFS) was obtained via the Chandra X-ray Observatory (Weisskopf et al.,

2002), a NASA operated space telescope with very high sensitivity to faint X-

ray sources, which pointed at the same area of the sky for around 44 days to

obtain the CDFS. In this research, we employ the merged 2000, 2007 and 2010

CDFS dataset.13 The merged CDFS data has a total exposure time of T =
3.8 ⇥ 106 seconds. Figure 4.8 illustrates the CDFS event file for the merged

dataset, with X-ray counts being illustrated in white. For the purposes of

our analysis, we consider a subregion of the CDFS dataset within the red

circular area illustrated in Figure 4.8.14 The considered subregion (cicular

area in Figure 4.8) has a total area of 1,168,052 pixel. (For illustration

purposes, Figure 4.2 shows a smaller patch (zoomed in) within our circular

area, to illustrate extracted source regions in (blue and yellow) as described

below.)

To detect sources in the CDFS X-ray catalogue, we use the wavdetect source

detection algorithm (Freeman et al., 2002) with a detection threshold of

F0 = 10�6 to avoid background fluctuations being falsely detected as X-ray

sources. We obtain a total of 225 detected X-rays sources in our subregion.

Some of the detected X-ray source regions are illustrated in the patch shown

in Figure 4.2, via yellow circles.

Optical catalogue: We now add data from the optical survey. More

precisely, we consider optical sources from Arnouts et al. (2001). They de-

scribe a total of 45,912 optical sources detected in the v-band.15 A total of

13The merged CDFS data can be found here link. The merged CDFS Dataset Identifier
is: ADS/Sa.CXO#Contrib/ChandraDeepFieldS.

14We consider a circular area around the center of the CDFS observations, given at RA=
03 : 32 : 28.2 and DEC = �27 : 48 : 36.0 (FK5). The radius of our considered circular
area is 5 arcmin.

15The complete optical data catalogue, as described in Arnouts et al. (2001), can be
accessed here: link
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Figure 4.8: Illustration of the CDFS event file for the merged (2000,2007, and 2010) CDFS

data as described in Section 4.7.1. For the purpose of our analysis, we consider the area within

the red circle as our subregion, located at the center of the CDFS field.
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4027 of these optical sources are located in our subregion of interest. We ex-

tract the exact location (not the area) of the 4027 optical sources located in

our subregion. In the next paragraph, we describe the combination (match-

ing) of the optical detected and X-ray detected sources and the calculation

of the source areas.

Combining Optical detected sources with X-ray detected sour-

ces: We are now provided with source locations of sources detected in X-

ray (via wavdetect), and of sources detected in optical (via the catalogue

provided by Arnouts et al. (2001)). Since some of these source locations

(optical and X-ray) might describe the same source, we have to match the

optical catalogue with the X-ray catalogue. We first calculate the source areas

08 (in pixel) for each source. For all detected sources (X-ray and optical),

we obtain the source areas via the X-ray point spread function (PSF) map.

We employ a CDFS provided PSF map, assuming the PSF to follow a 2D

normal distribution with i.i.d components (for each pixel). To expect around

99% of the photons to fall within the source region, we set the radius of the

source area to be 3fPSF of the PSF, with fPSF being determined by the PSF

map value at the respective source location. (We note that our model is

flexible with regards to the PSF choice, and a more realistic PSF can easily

be incorporated.)

Before matching the X-ray and optical catalogue, we have to perform an

additional pre-processing step. In its current form, our model does not al-

low overlap between sources, however, there is a large proportion of optical

sources with overlapping source areas. Thus, we remove all optical sources

that overlap with at least one other optical source. We also remove all X-ray

sources that is connected (overlaps) with overlapping optical sources.

Finally, given the source areas 08 for (non-overlapping) optical and X-ray

sources (all based on the X-ray psf map), we consider an X-ray and optical

detected source to be the same, if the optical source area overlaps with the

center of the X-ray detected source. This leads to #X-ray = 70 sources that

are detected in both, the X-ray and optical catalogue, and #opt = 1524

sources being detected in the optical catalogue only, resulting in a total of
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#opt = 1594 observed sources. For all these sources, we consider the source

location to be at the reported location of the respective optical source, due

to higher accuracy in the optical source location.16

To obtain the data needed for our model, for 8 = 1, . . . , #Nobs, with #Nobs =
#X-ray + #opt, we now extract the source counts .8 at the respective source

locations of sources 8 in the source regions 08. Further, we define an indicator

variable /8, with /8 = 2, if source 8 is detected in X-ray (and optical), and

/8 = 1, if source 8 is detected in the optical catalogue only. We obtain the

e↵ective area 48 for source 8 via the CDFS provided exposure map value at

the source location.17. Finally, we extract a background area � = 962, 795.9

(in pixel), which we consider to be the entire area of our subregion, without

the detected source areas.18 We obtain a total background count of - =
1, 654, 328.

4.7.2 CDFS: Incompleteness Function Details

In order to obtain the marginalized incompleteness function 6int(_) as derived
in (4.35), we have to introduce distributions on the nuisance parameters !,

4, and b. The realistic CDFS incompleteness function introduced by Wright

et al. (2015), as presented in (4.30), is obtained via MCMC simulations, and

16We note that for the analysis in this section, we withdraw X-ray sources without optical
match. The uncertainty on the exact location of X-ray sources is much higher than the
uncertainty on the optical detected source locations. By assuming that optical matches
to X-ray sources are missing at random, we do not introduce any systematic e↵ects by
removing the X-ray sources without match, but we avoid the large uncertainty on the
source location for these sources, which could substantially a↵ect the number of source
counts reported for the respective source area.

17We note that, in previous work by Stampoulis (2017), a scaling factor was applied to the
exposure map to obtain the e↵ective areas as the (scaled) average exposure map value at
the source region. Since we had no access to the scaling factor employed by Stampoulis
(2017) to the time of this study, we scaled the exposure map values by a factor of 1019,
to obtain e↵ective area values that are in a similar range as the values employed by
Stampoulis (2017). This scaling factor can easily be adjusted in future studies. we note
that changing the scaling factor might change the scale of source intensities _8 via (4.2).
This might lead to a shift of the log(#) � log(() curve on the x-axis (a similar shift as
described for the count-to-flux rate described in Section 4.1)

18The background area might contain sources that are not detected. In a secondary
analysis step, we consider accounting for the thus added background counts in future
work.
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values for the incompleteness function by Wright et al. (2015) are reported

as tabular data for ! and b.

More precisely, Wright et al. (2015) report values for bT 2 {0.00072, 0.0030,-
0.012, 0.048, 0.192, 0.768}, and ! 2 {0, 1, 2, 3, 4, 5}. We a priori assume the

background rates (in count/pixel)19 to be same likely. By assuming that the

population of sources is equally distributed across the sky, we obtain the prior

probabilities for ?(! = 9), 9 2 {0, 1, 2, 3, 4, 5} by looking at the areas of each

o↵-axis angle proportional to the entire subregion. We thus obtain ?(! =
9) 2 {0.004, 0.034, 0.094, 0.185, 0.306, 0.377} ordered for 9 2 {0, 1, 2, 3, 4, 5}.
Finally, we model 4 ⇠ # (`4 = 1.85,f4 = 0.1), which we found to cover the

distributions of e↵ective areas well.

Given the finite grid on ! and b values, we can simplify the integral in (4.32)

via
π

?(!)?(4)?(b)%(/ = 2|_, !, 4, b)3!, 3b, 34 (4.52)

=
π ’

!

’
b

?(!)?(4)?(b)%(/ = 2|_, !, 4, b)34 (4.53)

The blue curve in Figure 4.9 shows the marginalized X-ray incompleteness

function 6int(_) evaluated and illustrated on a fine grid of _ values.

Finally, for the optical incompleteness function ⌘opt we choose a similar func-

tional form as for the X-ray incompleteness function. More precisely, we

model ⌘opt via

⌘opt(_ |q) = (1 � 6int(_))
✓
1 � exp

✓
�_
q

◆◆
, (4.54)

with q being a free model parameter. The first part of the function (the

dependence on the X-ray incompleteness; (1 � 6int(_) )), is added to ensure

that the sum of optical and X-ray incompleteness function is between zero

and one, i.e., 0  6int(_) + ⌘opt(_ |q)  1, for any _. (The blue curve in

19We recall that b) = bT . Using the scale (in count/pixel/s), the grid values are b 2
{1.89e�10, 7.89e�10, 3.16e�09, 1.26e�08, 5.05e�08, 2.02e�07}.
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Figure 4.9 illustrates the optical incompleteness function ⌘opt(_ |q̂⇡%) with

q̂⇡% being the mean marginal posterior of q in the double Pareto model, with

detailed results described in Section 4.7.4).
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Figure 4.9: Incompleteness functions for the CDFS data analysis. In the figure legend, 6(_)
refers to the marginalized X-ray incompleteness function 6int (_), calculated via (4.52). For

illustration purposes, for the optical incompleteness function ⌘opt (_ |q), we set the free model

parameter q in this figure to the mean posterior value obtained for q in the double Pareto

model cases, i.e., q̂⇡% = 2.29e�08, as discussed in Section 4.7.4.

4.7.3 CDFS: Single Pareto Model

Single Pareto – Model details and sampler diagnostics: We fit

our model as described in Section 4.5, using the single Pareto population 5SP.
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We run "SP = 10 chains of our Metropolis-within-Gibbs sampler to obtain

posterior draws. We again run each chain for ) = 80, 000 iterations, use a

burn-in of the first )Burn = 20, 000 iterations, and combine the remaining

60, 000 samples of each chain for posterior inference. Table 4.4 provides sam-

pling diagnostics, with Gelman-Rubin '̂ being close to 1 for all parameters.

Traceplots of the chains for all main parameters are illustrated in Figure C.2,

indicating convergence of the chain to the stationary distribution (the pos-

terior distribution). Auto-correlations are somewhat higher in this real data

case compared to the simulation study, but the e↵ective sample sizes (as

shown in Table 4.4) are again reasonably large for posterior inference in this

case.

Table 4.4: Posterior sampling diagnostics for parameters CDFS single Pareto (Section 4.7.3).

k \1 g1 q b

Gelman-Rubin '̂ 1.01 1.05 1.04 1.04 1.00
E↵ective size 854 407 318 1001 21138

Posterior distributions for single Pareto model: In Figure 4.10,

we illustrate the marginal posterior distributions (in log10-scale) obtained for

the main parameters of the single Pareto model in the CDFS data analysis. In

log10-scale, all five parameters show ordinary bell shaped marginal posterior

distributions. Summary statistics of the marginal posterior distributions are

presented in Table 4.5. Notably the marginal posterior distribution of the

expected sample size k indicates a large proportion of incompleteness, with

a mean marginal posterior of k̂SP = 108, 323 the expected population size is

much larger than the total number of observed sources #opt = 1594.

We further note that the marginal posterior distribution that we obtain for

the power law slope \1, with a posterior mean of \̂SP = 0.52, is systematically

lower than the one reported by Stampoulis (2017), with a mean posterior of

0.963. We note that Stampoulis (2017) considers 358 X-ray sources detected

in the CDFS field (based on a wider subregion). They further do not consider

any optical sources, and therefore do not exclude any overlapping sources.20

20We recall that overlap of sources only occurs by adding sources detected in the optical
catalogue.
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Table 4.5: Summary statistics (in original scale) of the marginal posteriors for the main
parameters in the CDFS data analysis via the single Pareto population model (Section 4.7.3).

Mean Median SD 2.5% 97.5%
k 108,323 106.947 21,642 70,631 153,945
\1 0.52 0.52 0.02 0.47 0.56
g1 2.27e�12 2.02e�12 1.25e�12 5.47e�13 5.26e�12
q 2.32e�08 2.3e�08 5.42e�09 1.31e�08 3.44e�08
b 4.51e�07 4.51e�07 3.38e�10 4.51e�07 4.52e�07

Model di↵erences and data di↵erences could thus explain the e↵ect. We note

that a comparison between our estimate of the population minimum value

g1 and the value reported by Stampoulis (2017) is not meaningful, due to

the di↵erent scales of flux ( (considered by Stampoulis (2017)) and source

intensities _ (considered in our study). An appropriate count-to-flux scaling

factor will be applied in future work to provide direct comparisons.

We further note, that our posterior mean for the background rate b̂SP =
4.51e�07, leads to a value of b) = b̂SPT = 1.71 (in count/pixel) which slightly

exceeds the largest tabulated value by Wright et al. (2015), which is 0.768.

This is mainly due to much longer exposure times of the CDFS data in our

study (T = 3.8 ⇥ 106 seconds, vs. 1.96 ⇥ 106 seconds considered by Wright

et al. (2015)). In future work, we will carefully extend the grid values of the

X-ray incompleteness function to account for this di↵erence.

Figure 4.11 illustrates the pairwise marginal posterior distributions. As al-

ready observed in our simulation study, there is a correlation between pop-

ulation minimum g1 and power-law slope \1. Lower values for g1 correspond

to a flatter power law slope \1. In addition, a lower population minimum

g1 leads to larger expected population size k. Further, there are moder-

ate correlations visible between the optical incompleteness parameter q and

\1, g1.
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Figure 4.10: Marginal posterior distributions for the main parameters in CDFS data analysis

via the single Pareto model (Section 4.7.3), illustrated in log10-scale.
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Figure 4.11: Pairwise marginal posterior distributions for the main parameters in the CDFS

data analysis via the single Pareto model (Section 4.7.3), illustrated in log10-scale. (We note

that left upper y-axis labels present the scale of the marginal density for k. In all other cases,

the ticks labels present the parameter coordinates of the scatterplots.)
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4.7.4 CDFS: Double Pareto Model

Double Pareto – Model details and chain diagnostics: In this

paragraph we fit our model via the double Pareto population 5DP, running

"DP = 10 chains of our Metropolis-within-Gibbs sampler to obtain pos-

terior draws, again for ) = 80, 000 iterations with a burn-in of the first

)Burn = 20, 000 iterations. Numerical chain diagnostics via the Gelman-

Rubin '̂ (shown in Table 4.6), and visual inspection (via traceplots; Fig-

ure C.3) indicate convergence of the chains to the posterior distribution.

E↵ective sample sizes are reasonably large for posterior inference.

Table 4.6: Posterior sampling diagnostics for parameters CDFS double Pareto (Section 4.7.4).

k \1 \2 g1 g2 q b

Gelman-Rubin '̂ 1.04 1.04 1.00 1.08 1.00 1.04 1.00
E↵ective size 926 399 19310 276 67014 1032 20286

Posterior distributions for double Pareto model: Compared to

the single Pareto model, the double Pareto model includes two additional pa-

rameters, the breakpoint g2, and the second power law slope \2. We first com-

pare the parameter estimates of the single and double Pareto model for the

remaining parameters that are included in both models. Table 4.7 presents

summary statistics of the marginal posterior distributions obtained via the

double Pareto model, and Figure 4.13 illustrates the pairwise marginal dis-

tributions. Notably, the posterior distributions of the parameters g1, \1,k, q

and b are almost identical for the single and double Pareto fit. In turn, the

posterior distributions of the additional double Pareto parameters g2 and

\2 have very large uncertainties, as illustrated via the marginal posterior

distributions (shown in original scale) in Figure 4.12. In fact, the marginal

posterior distribution of \2 shows high probabilities in regions that have high

probability of \1. This indicates that there is little evidence for a breakpoint

and a second power law slope in this case. We note that such a result can

be expected for the CDFS data at hand. Being a deep field survey with very

long-lasting exposure time, for the CDFS survey, a region of the sky with

(almost) no bright sources was selected to facilitate the detection of faint
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sources. Breakpoints are generally required for such very bright sources.

Table 4.7: Summary statistics of the marginal posteriors for the main parameters in the CDFS
data analysis via the double Pareto population model (Section 4.7.4).

Mean Median SD 2.5% 97.5%
k 110,704 109,192 21,405 72,660 156,631
\1 0.52 0.52 0.02 0.47 0.56
\2 2.14 1.83 1.62 0.12 6.1
g1 2.19e�12 1.93e�12 1.26e�12 5.21e�13 5.25e�12
g2 5.53e�04 5.31e�04 2.37e�04 1.65e�04 1.13e�03
q 2.29e�08 2.27e�08 5.46e�09 1.30e�08 3.42e�08
b 4.51e�07 4.51e�07 3.37e�10 4.51e�07 4.52e�07

Notably, the marginal posterior distribution for g2 exhibits multiple modes,

as illustrated in Figure 4.12. There is a small rise in the marginal posterior

distribution of g2 close to zero. This small mode close to zero leads to the

highly skewed, long left-tailed posterior distributions of g2 in log10-scale, as

shown in Figure 4.13 (5th row and column).
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Figure 4.12: Marginal posterior distributions for g2 and \2 (in original scale) for the double

Pareto model (Section 4.7.4). The marginal distributions of the remaining parameters are

very similar to the single Pareto case, illustrated in Figure C.4 in the Appendix.

4.7.5 CDFS: log(#) � log(() Estimation

We finally compute the log(#) � log(() curve based on the posterior distri-

butions obtained in the previous sections. Figure 4.14 presents the log(#) �
log(() obtained via the single Pareto (blue dashed line) and the double Pareto
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Figure 4.13: Pairwise marginal posterior distributions for the main parameters in the CDFS

data analysis via the double Pareto model (Section 4.7.4), illustrated in log10-scale. (We note

that left upper y-axis labels present the scale of the marginal density for k. In all other cases,

the ticks labels present the parameter coordinates of the scatterplots.)

150



(orange solid line) model. More precisely, we compute the single Pareto

log(#) � log(() via # (> () = (1 � �SP(_; g1, \1))k and the double Pareto

via # (> () = (1� �DP(_; g1, g2, \1, \2))k, where �SP denotes the CDF of the

single Pareto distribution, and �DP the CDF of the double Pareto distribu-

tion. In Figure 4.14, we use the mean of the marginal posterior distributions

presented in Tables 4.5 and 4.7 as values for the population parameters and

for k to compute # (> ().

As expected from the results presented in Sections 4.7.3 and 4.7.4, the

log(#) � log(() for the single Pareto and for the double Pareto model are

almost identical. There is a visible di↵erence between the two log(#)� log(()
curves after the breakpoint g2 of the double Pareto model. However, given

that at the location of the breakpoint g2, we have log10(# > () ⇡ 0.7, and

100.7 ⇡ 5, the are around 5 sources expected in the single Pareto model that

are brighter than in the double Pareto model after this breakpoint. For il-

lustration purposes, we add the naive log(#) � log(() estimate as described

in Section 4.1 (and previously illustrated in Figure 4.1). Of course, the naive

estimator and our log(#) � log(() estimate lead to very di↵erent results. For

instance, the naive estimator does not account for incompleteness, leading to

a much lower population sizes (illustrated via lower values on the y-axis).

Lastly, Figure 4.9 illustrates the combined incompleteness function of X-

ray and optical (in blue), using the posterior mean value for k (obtained

via the double Pareto model) to compute ⌘opt(_ |q). Figure 4.9 illustrates

that combining X-ray detected sources with sources detected in an optical

catalogue leads to much improved completeness for lower source intensities.

This underlines the advantage of combining the sources detected in X-ray

and optical surveys, while carefully accounting for the incompleteness in both

surveys. We provide an extended discussion and summary of the findings, as

well as prospective future work in Section 5.3.
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Figure 4.14: log(#) � log(() curve for the CDFS data analysis via the single (blue dashed
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estimate described in Section 4.1.
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5
Discussion

In this last chapter, we provide a summary and discussion of the research

conducted in this thesis. We discuss Chapters 2 to 4 separately, summarizing

the key points of the projects, state limitations and outline prospective future

work. We conclude with some final remarks in Section 5.4.

5.1 StratLearn – A Novel General-Purpose Method

In Chapter 2, we provide a simple, though statistically principled and theoret-

ically justified method for learning under covariate shift conditions. We show

that StratLearn outperforms a range of state-of-the-art importance weighting

methods on toy covariate shift examples, and on two contemporary research

questions in cosmology especially in the presence of a high-dimensional co-

variate space. The assumption of covariate shift is rather strong, requiring

that there are no unmeasured confounding covariates – something that can-

not be guaranteed in general. In a toy example, however, we demonstrate a

certain robustness of our method against violation of this assumption. Fur-

ther work is necessary to assess more fully the performance of StratLearn

when this assumption is only approximately fulfilled. We emphasize that the
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covariate shift framework is best justified in the presence of a large number of

covariates mitigating the risk of unmeasured confounders – in which case it is

critical to adopt a method that, like StratLearn, can robustly handle many co-

variates. Our framework is entirely general and versatile, as illustrated with

examples of regression, conditional density estimation and classification. No-

tably, our numerical demonstrations illustrate the advantage of using only a

subset of the source data when formulating predictions for individual objects

in the target, where the subset is chosen for its similarity to the target data

in question (through stratification). This is a markedly di↵erent strategy to

the widespread practice of including all possible available observations when

fitting learning models.

The novelty of our approach is grounded in the transfer of the well-established

causal inference propensity score framework (Rosenbaum and Rubin, 1983)

to the domain adaptation/covariate shift setting, by demonstrating that a

method established to obtain unbiased treatment e↵ect estimates can be

adapted to optimize the target risk of a supervised learner under covariate

shift. In future work, this extension gives a chance to transfer hard won

practical advice from causal inference (e.g., balance diagnostics, estimation

of propensity scores, choice of included covariates (Rosenbaum and Rubin,

1984, Austin et al., 2007, Pirracchio et al., 2014), etc.) to the covariate

shift framework. We will also explore the possibility of taking advantage of

Proposition 1 through a matching approach (Imbens and Rubin, 2015), which

could prove more sensitive to the underlying propensity score distribution.

We believe StratLearn may become a powerful alternative to importance

weighting, with a myriad of possible extensions and applications.

5.2 Photo-I Calibration

In Chapter 3, we propose a novel method that improves photometric red-

shift calibration for weak lensing. The central planck of our approach is

the estimation of galaxy-per-galaxy photo-I conditional densities within a

Bayesian hierarchical model, coupled with the StratLearn framework. The

computation of galaxy-level conditional density estimates allows us to in-
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troduce an alternative tomographic binning strategy to the usual photo-I

point estimate based binning (e.g. I⌫-based binning). We presented a hier-

archical Bayesian framework, (StratLearn-Bayes), to model summaries of the

conditional density estimates to obtain nearly unbiased photometric redshift

population mean estimates within tomographic bins.

We evaluated our method on a comprehensive and realistic simulation study

(Wright et al., 2020, Van Den Busch et al., 2020) mimicking the KiDS+VI-

KING-450 dataset (Wright et al., 2019, Hildebrandt et al., 2020) with realistic

photometric noise and spectroscopic incompleteness. The results of our study

can be summarized in three points:

1. Our StratLearn conditional density-based tomographic binning strat-

egy substantially improves upon the I⌫ tomographic bin assignment,

with an overall binning accuracy of ⇠62.2% using StratLearn, compared

to ⇠52.6% using I⌫.

2. Our StratLearn-Bayes model leads to the lowest bias in the estimation

of tomographic redshift population means. On average across the five

tomographic bins, our proposed StratLearn-Bayes method leads to an

absolute bias of 0.0052, a substantial improvement over the previously

best calibration method, SOM with I⌫ binning (Wright et al., 2020),

of 0.0085 average absolute bias. The strong reduction of bias is ac-

companied by a slightly increase in uncertainty, leading to an average

standard deviation of 0.0067, compared to 0.0051 (Wright et al., 2020).

Using our StratLearn-Bayes framework, we find a maximum bias of

�hIi = 0.0095±0.0089, slightly below the potentially critical bias value

of �hIi > 0.01, compared to SOM based on I⌫ binning, which leads to

maximum biases of 0.0135 ± 0.0052 and 0.0147 ± 0.0040.

3. While the previously best calibration method, SOM based on I⌫ bin-

ning, requires systematic quality cuts to define a gold standard sample

(Wright et al., 2020), our method does not require any cuts of the

photometric sample. Thus, together with the improved tomographic

bin assignment, our StratLearn-Bayes framework delivers an increase

of ⇠18% in the galaxies available for the cosmic shear analysis.
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It has long been understood that bias in the first moment (mean) estimate of

the photometric redshift population distributions (within tomographic bin) is

the pre-dominant source of systematic errors in cosmic shear (e.g, Amara and

Refregier 2008, Wright et al. 2020). We show that exploiting the properties of

a hierarchical Bayesian framework to model the photo-I conditional densities

allows nearly unbiased recovery of the population means.

In this work, we modeled the redshift populations (within tomographic bins)

as Gaussian distributions, which is not a realistic shape for the redshift popu-

lation distributions. However, an accurate estimation of the population red-

shift distribution could also be incorporated in our framework: we provide

a proof of concept demonstration in Section 3.5.5, where we employ inverse

propensity score (inverse-PS) weighting of the spectroscopic data to recover

the redshift population distributions within bins. To combine the best of

both worlds, in a future work we will extend our StratLearn-Bayes method

for nearly unbiased population mean estimates to incorporate the inverse-PS

method to accurately capture the shape of the photometric redshift distri-

butions. This will require a comprehensive assessment of the inverse-PS

method, as well as the development of a principled combination strategy.

Finally, we believe that our improved tomographic binning assignment, the

reduction of population mean bias within tomographic bin, and the increase

in the number of galaxies available for cosmic shear analysis will have a

substantial impact on the eventual scientific results and cosmological pa-

rameter inference. Re-analysing the KiDS+VIKING-450 data with our im-

proved calibration method might lead to more precise and more accurate

constraints on cosmological parameter estimates, particularly on (8, the clus-

tering strength of (predominantly dark) matter. We further believe that our

proposed method might provide a powerful tool to improve the analysis of

present and upcoming cosmic shear analysis.
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5.3 Luminosity Distribution Estimation via Incomplete Sur-

veys

In chapter 4, we develop a novel method to combine incomplete (X-ray and

optical) surveys for estimation of the galaxy luminosity distribution in X-

rays. Accurate modeling of the luminosity distribution allows astronomers to

answer questions about the geometry and structure of the universe. A major

complication in the estimation of galaxy luminosity distributions in X-ray

is large incompleteness in the low-intensity end of the distribution. Sources

with low-intensities are least likely to be detected, but most prevalent in

the population. Ignoring the non-representativeness of the observed sources

would lead to large inferential bias, and a potential misunderstanding of the

underlying structure of the universe.

In this project, we demonstrate that optical survey data can be leveraged to

obtain a much larger and more complete observed sample for low-intensity

sources. We carefully account for the incompleteness in X-ray detected

sources by incorporating a known incompleteness function, obtained via pre-

vious simulations (Wright et al., 2015). The incompleteness of the optically

detected sources is modelled via a second (optical) incompleteness function

with parameters fitted within the model. Evaluating our model on simula-

tions realistic for the CDFS data, we show that we can accurately recover the

luminosity function even under high proportions of incompleteness. Our sim-

ulations as well as the CFDS data application show a moderate correlation

between the population minimum parameter g1 and the expected population

size k, as well as the first power-law slope \1. Underestimating g1 would

lead to a strong inflation of the expected population size and a flattening of

the first power-law slope. In our simulations, all three parameters are well

recovered by our model, providing confidence for our model fit on the CDFS

data. We consider additional analysis steps regarding the reliability of the

g1 population minimum estimate in future work.

In our analysis of the CDFS data, the single Pareto population model and the

double Pareto population model lead to almost identical results, i.e., there

is not much evidence for a power-law breakpoint g2. The CDFS survey was
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constructed to observe faint sources via long-lasting exposure times. To re-

duce interference, a field of the sky without occurrences of very bright X-ray

sources was selected. Breakpoints are usually required for such (very) bright

sources. We will apply and evaluate our model on additional X-ray surveys

to investigate the presence of one (or additional) power-law breakpoints (e.g.,

data from Chandra Cygnus OB2 Legacy Survey (Wright et al., 2014)). The

hierarchical structure of our model allows relatively straightforward exten-

sions to models with additional breakpoints, e.g. a triple Pareto model, as

briefly discussed by Stampoulis (2017).

In addition, there might be occurrences of sources that are detected in an

optical catalogue, having optical emissions, but no X-ray emissions (being

X-ray dark). Such sources would have zero probabilities of being detected in

X-ray. To investigate such cases, a zero-inflated component could be added

to the model, allowing source intensities to be zero. Such a component might

e↵ect the estimate for the population minimum g1 of sources that have X-ray

emissions. We will consider a zero-inflated model option in future work.

Another major line of future work is the consideration of overlapping sources.

Modelling each segment of overlap between sources would allow he incorpo-

ration of overlapping sources into the model, which would strongly increase

the available data size, and might thus substantially improve model pre-

cision. A downside of modelling the segments of overlap is the increasing

model complexity and large number of added parameters, which might make

model fitting more challenging. There are additional technical challenges

and extensions considered in future work, such as including more realistic

(individual) point spread functions for each source to obtain more accurate

source areas, add a realistic count-to-flux rate (potentially with errors) to

obtain the log(#) � log(() based on the source flux (, adjust the exposure

map scaling, and account for background contamination via non-detected

sources. In addition, our model could readily be extended to include ad-

ditional surveys e.g. radio surveys, or other optical surveys. A combined

incompleteness function, including all additional sources, could directly be

fitted in the current form of our model. Our model could also be extended

to allow individual incompleteness functions for any additional survey.
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We note that the intricacy of the scientific problem makes the design of re-

alistic simulations that cover all data aspects challenging. We are confident

that the simulations provided in Chapter 4 realistically cover major aspects

of the CDFS data analysis. Implementing additional simulations (e.g. con-

sidering various types of misspecifications) could provide further evidence for

our proposed model, and will be part of future work.

5.4 Concluding Remarks

This thesis considers several cases of non-representative data in astrophysics.

We highlight that disregarding non-representativeness of the observed data

with respect to its underlying population might lead to very inaccurate sta-

tistical models, non-reliable statistical inference, and potentially to an erro-

neous understanding of the Universe. We emphasize that the (current and

upcoming) availability of large data does not alleviate, but might aggravate

systematic errors arising through non-representativeness of observed data.

In our research, we provide novel general-purpose methodology for statis-

tically principled learning from non-representative data, presented in Chap-

ter 2. We believe that our novel framework will have a myriad of applications

to account for non-representativeness in astrophysics, as well as in other sci-

entific fields. We extend our method proposed in Chapter 2 to develop a

general methodology for a topical scientific issue, the calibration of photo-

metric redshift for weak lensing, as presented in Chapter 3. We believe that

our proposed method might mitigate inferential biases and discrepancies in

present and future scientific weak lensing analyses. In chapter 4, we de-

sign a highly principled, scientifically justified statistical model tailored to

an intricate scientific problem, the estimation of X-ray galaxy luminosity

distributions under strong incompleteness.

Non-representativeness of the observed data is often di�cult to detect and di-

agnose, but prevalent and an underlying issue in many scientific problems. In

this thesis, we demonstrate several examples of non-representative data, and

provide solutions of how non-representativeness can be tackled depending on

the level of background and detail available, ranging from readily applica-
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ble general-purpose methodology to highly tailored statistical and scientific

analysis. The broad range of research conducted in this thesis allows several

exciting avenues for further statistical and scientific explorations, with the

overall goal of mitigating bias in our scientific understanding.
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A
Additional Results for

Chapter 2

A.1 Additional Results for SNIa Identification

This Section provides additional results and details complementing Section 2.5,

which describes the classification of supernovae (SNe) into Type Ia (SNIa)

and non-SNIa based on photometric light curve data, given a strongly biased

source data set from Kessler et al. (2010a).

Comparison of Importance Weighting Methods: In addition to im-

portance sampling (as presented in Figure 2.7), we investigate two further

importance weighting approaches to obtain a comprehensive performance

comparison of importance weighting and StratLearn. More precisely, we im-

plement IWCV, and a combination of IWCV and importance sampling. Ta-

ble A.1 presents the resulting target AUC for all implemented weighting

methods. In summary, none of the importance weighting methods are com-

petitive with StratLearn, which obtained a target AUC of 0.958. In fact,

using IWCV alone leads to a decrease in performance for NN (0.897) and
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Table A.1: AUC results on the updated SPCC (photometric) target data (Kessler et al.,
2010a), using various importance weighting approaches to adjust for covariate shift.

IWCV importance sampling IWCV + importance sampling

uLSIF 0.906 0.902 0.906
NN 0.897 0.923 0.914
IPS 0.897 0.921 0.924

Table A.2: Average (SD) of SMD and KS-stats computed on the observed covariates from
the updated SPCC data (di↵usion map coordinates, redshift and brightness) on “raw” data,
and in strata built by StratLearn and STACCATO, respectively. Strata 3-5 are not displayed
due to a shortage of source data. Smaller values indicate better balance.

“raw” data
STACCATO StratLearn

Stratum 1 Stratum 2 Stratum 1 Stratum 2

SMD 0.114 (0.202) 0.053 (0.039) 0.189 (0.195) 0.034 (0.028) 0.103 (0.161)
KS-stats 0.187 (0.084) 0.074 (0.05) 0.206 (0.093) 0.056 (0.048) 0.131 (0.08)

IPS (0.897) relative to the Biased fit (0.902). In order to reweight the loss of

each object separately when implementing IWCV, we optimize with respect

to the log-loss instead of AUC. We do not expect this to be responsible for

the decreased target performance. For example, using log-loss as the hyper-

parameter selection criterion for StratLearn in each source group (instead of

AUC) leads to the same target AUC of 0.958. Importance sampling is the

only weighting method for which we present the associated ROC curve in

Figure 2.7, because it has the highest average AUC.

Covariate Balance on Updated SPCC Data: Table A.2 presents

the covariate balance on the updated SPCC data before stratification (“raw”

data), and after stratification via STACCATO and StratLearn, respectively.

On the non-stratified “raw” data, we measure an average (SD) SMD of 0.114

(0.202) across the 102 covariates, with an average (SD) KS-stats of 0.187

(0.084). StratLearn leads to increased balance within strata, strongly re-

ducing the average (SD) SMD to 0.034 (0.028) in stratum 1; KS-stats: 0.056

(0.048); and to an average (SD) SMD of 0.103 (0.161); KS-stats: 0.131 (0.08);

in stratum 2. (The remaining strata contain too few source data to assess

covariate balance.)
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On average (SD) across all covariates, STACCATO led to an SMD of 0.053

(0.039); KS-stats: 0.074 (0.05), in stratum 1, and an average (SD) SMD

of 0.189 (0.195), KS-stats: 0.206 (0.093), in stratum 2, much higher than

StratLearn.

A.2 StratLearn applied to original SPCC Data

This section provides additional numerical evidence for StratLearn, perform-

ing SNIa classification on the original “Supernova photometric classification

challenge” (SPCC) data set provided by (Kessler et al., 2010b), an earlier ver-

sion of the SPCC data described in Section 2.5. The application of StratLearn

on the original SPCC data is mainly for comparison with previous literature

that use this data set.

Data: The earlier version of the SPCC data features a total of 17,330

simulated SNe of type Ia (SNIa), Ib, Ic and II. The data set is divided

into a source (training) set ⇡( of 1217 spectroscopically confirmed SNe with

known types, and (target set) ⇡) of 16,113 SNe with unknown types and

only photometric information. The simulation used to generate the original

SPCC data su↵ered from a bug that made classification easier, thus leading

to the updated SPCC data used in Section 2.5. As in Section 2.5, we applied

GP fitting and di↵usion maps (Revsbech et al., 2018, Richards et al., 2012)

to obtain a set of 102 predictive covariates; 100 covariates from the di↵usion

map, plus redshift (defined in Section 2.6) and a measure of the objects’

brightness (Revsbech et al., 2018).

Results: Table A.3 presents the composition of the five strata obtained by

conditioning on the estimated propensity scores, exhibiting a similar pattern

as the strata composition on the updated SPCC data (Table 2.4), though with

a higher proportion of SNIa in the first stratum and even less source data in

strata 3 � 5. We thus follow the same strategy as described in Section 2.5.

After stratification, a random forest classifier is trained and optimized on

source strata ⇡(1 and ⇡(2 separately to classify SNe in target strata ⇡)1
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Table A.3: Composition of the five strata on the original SPCC data (Kessler et al., 2010b).
The number of SNe, as well as the number and proportion of SNIa are presented in each source
and target stratum.

Number Number Prop.
Stratum Set of SNe of SNIa of SNIa

1 Source 996 794 0.80
Target 2470 1759 0.71

2 Source 210 56 0.27
Target 3256 1010 0.31

3 Source 9 0 0
Target 3457 385 0.11

4 Source 2 1 0.50
Target 3464 258 0.07

5 Source 0 0 NA
Target 3466 180 0.05

and ⇡)2 , respectively. Source strata ⇡( 9 for 9 2 {3, 4, 5} are merged with

⇡(2 to train the random forest to predict ⇡) 9 for 9 2 {3, 4, 5}. Repeated 10-

fold cross validation (with the hyperparameter grid described in Section A.1)

is performed to minimize the empirical risk of (2.17) within each group.

With StratLearn we obtain an AUC of 0.977 on the target data of the original

SPCC data (blue ROC curve in Figure A.1), very near the optimal ‘gold

standard’ benchmark, which is 0.981 on this data set (obtained on a set

with 1217 objects randomly selected from the target data as a representative

source set, which would not exhibit covariate shift and would not be available

in practice). The AUC obtained with StratLearn is also larger than the

previous best published AUC for this data, AUC = 0.961 (Revsbech et al.,

2018) with STACCATO, which employs a data augmentation strategy and

target data leakage. Note that the predictive target performance on the

original SPCC data (Kessler et al., 2010b) is generally higher than on the

updated version (Kessler et al., 2010a), due to the aforementioned bug that

made classification easier.

Most of the importance weighting methods (Table A.4) lead to slight im-

provements over the (non-adjusted) Biased model fit. The best performing

weighting approaches (using estimated NN or IPS weights for importance
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Figure A.1: Comparison of ROC curves for SNIa classification using the original SPCC data
(Kessler et al., 2010b). Bootstrap AUC standard errors (from 400 bootstrap samples) are
presented in parenthesis.

Table A.4: AUC results on the original SPCC (photometric) target data (Kessler et al.,
2010b), using various importance weighting approaches to adjust for covariate shift.

IWCV importance sampling IWCV + importance sampling

uLSIF 0.934 0.929 0.936
NN 0.934 0.942 0.931
IPS 0.934 0.942 0.931

sampling) obtain a target AUC of 0.942, substantially lower than StratLearn

(AUC: 0.977). Importance sampling is the only weighting method for which

we present the associated ROC curve in Figure A.1, because it has the highest

average AUC.

A.2.1 Covariate Balance Check on Original SPCC Data

In this section, we illustrate the balancing property of propensity scores by

assessing the covariate balance in the original SPCC data within strata con-

ditional on the estimated propensity scores, such as described in the last
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paragraph of Section 2.3. In particular, we show that such balance assess-

ment could be helpful to assess the suitability of choice of covariates and/or

the propensity score model.

As mentioned in Section 2.5, the method proposed by Revsbech et al. (2018)

(STACCATO) can be viewed as a prototype of StratLearn, as it augments

the spectroscopic source data separately in strata based on the estimated

propensity scores. STACCATO employs two covariates (“redshift” and mea-

sure of brightness) as main e↵ects in a logistic regression model to esti-

mate the propensity scores. In contrast, StratLearn includes all 100 di↵usion

map covariates (Section 2.5), in addition to “redshift” and “brightness”, as

main e↵ects in a logistic regression model to estimate the propensity scores.

We assess the balance achieved through stratification by means of two com-

monly used balance measures: absolute standardized mean di↵erences and

the Kolmogorov-Smirnov test statistics (Austin, 2011, Mcca↵rey et al., 2013),

computed for each covariate within strata. Table A.5 shows that, on average

across observed covariates, StratLearn leads to substantially reduced abso-

lute standardized mean di↵erences and Kolmogorov-Smirnov test statistics

in strata 1 and 2, compared to STACCATO. We only report balance mea-

sures in strata 1 and 2 because of a shortage of source data in the remaining

strata. Thus, building the strata by conditioning on the StratLearn esti-

mated propensity scores leads to improved covariate balance (i.e., reduced

covariate shift) within strata, compared to using the STACCATO estimated

propensity scores. Notably, comparing the predictive performance, STAC-

CATO (without augmentation) yields a target AUC of 0.942, whereas with

StratLearn we obtain an AUC of 0.977 on the target data – a substantial

improvement resulting from the improved covariate balance by accounting

for potentially confounding covariates.

For illustration purposes, in Figure A.2 we display a more detailed balance

check, comparing the absolute standardized mean di↵erences computed for

each covariate in stratum 1 (obtained through StratLearn (black) and STAC-

CATO (red)) with the absolute standardized mean di↵erences of the covari-

ates without stratification. In general, points below the diagonal line indi-

cate better balance in the stratum compared to the balance on the ‘raw’
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Table A.5: Average (SD) of SMD and KS-stats computed on the observed covariates from
the original SPCC data (di↵usion map coordinates, redshift and brightness) on “raw” data,
and in strata built by StratLearn and STACCATO, respectively. Strata 3-5 are not displayed
due to a shortage of source data. Smaller values indicate better balance.

“raw” data
StratLearn STACCATO

Stratum 1 Stratum 2 Stratum 1 Stratum 2

SMD 0.126 (0.184) 0.031 (0.026) 0.066 (0.121) 0.057 (0.055) 0.132 (0.127)
KS-stats 0.186 (0.073) 0.053 (0.019) 0.095 (0.053) 0.084 (0.027) 0.163 (0.066)

non-stratified data. Even though Revsbech et al. (2018) (STACCATO) just

include redshift and brightness in the propensity score estimation, both ap-

proaches balance the majority of the covariates. However, the black (StratLearn)

standardized mean di↵erences have visibly smaller values in the y-direction,

indicating better balance compared to the approach in Revsbech et al. (2018)

(red). Note that for clarity of Figure A.2, we removed one outlier (bright-

ness) with a raw standardized mean di↵erence of 1.5, which was very well

balanced with a standardized mean di↵erence of around 0.09 in stratum 1

by both approaches. Assessing the balance of individual covariates as illus-

trated in Figure A.2 might be particularly useful to evaluate (and improve)

the resulting balance of covariates important for outcome prediction. Some

domain-specific expertise might be necessary to identify such covariates. In

Section 2.4.2, we show how covariate balance assessment can be employed to

evaluate the propensity score model choice.

Table A.6 presents balance comparisons between STACCATO and StratLearn

via predicted outcome labels (as described in Section 2.3.3). StratLearn leads

to much better balance between predicted outcome proportions within strata

1 and 2, and thus to much higher p-values than STACCATO, implying a

much weaker relation between source/target assignment and predicted out-

comes. The comparison of predicted outcome proportions and p-values (be-

tween StratLearn and STACCATO) provide a straightforward indication to

employ the StratLearn propensity score model for stratification, which in

turn leads to much improved outcome model predictive performance of SNIa

classification.
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Figure A.2: Absolute standardized mean di↵erences between source and target data of stratum
1 plotted against raw data absolute standardized mean di↵erences for both propensity score
(PS) estimation approaches (StratLearn and STACCATO). For visual clarity we left out one
covariate which would appear at the coordinates (1.5,0.09).
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Table A.6: Outcome balance diagnostics via predicted labels on the original SPCC data

(Section A.2), applying STACCATO (left) and StratLearn (right). The number and proportion

of predicted SNIa are presented in source and target strata 1 and 2. P-values are computed

via Fisher’s exact test of independence between predicted SNIa target and source proportions

within strata.

STACCATO (predicted) StratLearn (predicted)

Number Prop. p-value Number Prop. p-value
Stratum Set of SNIa of SNIa of SNIa of SNIa

1 Source 652 0.69 5.0e-21 794 0.80 0.013
Target 1290 0.51 1872 0.76

2 Source 181 0.74 6.9e-23 56 0.27 0.016
Target 1336 0.41 1132 0.35

A.3 Additional Details and Results for Conditional Photo-I

Regression

In this section, we complement the results presented in Section 2.6. In sec-

tion A.3.1, we provide derivations for the generalized risk in (2.21). In Sec-

tion A.3.2, we provide additional numerical results.

A.3.1 Additional Details for Conditional Density Estimation

under the L2-loss

In this section, following Izbicki et al. (2017), we provide derivations of the

generalized risk under the !2�loss given in (2.21). Following Izbicki et al.

(2017), we start with the risk based on the general !2�loss via

'( ( 5̂ ) =
∫

( 5̂ (I |G) � 5 (I |G))23%( (G)3I, (A.1)

with 5̂ (I |G) being the full conditional density estimate of redshift I given the

covariates at point G, 5 (I |G) being the true conditional density of I given G,

and %( (G) being the distribution of the source covariates. In extended form,
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(A.1) can be written as

'( ( 5̂ ) =
∫

5̂
2(I |G)3%( (G)3I � 2

∫
5̂ (I |G) 5 (I |G)3%( (G)3I (A.2)

+
∫

5
2(I |G)3%( (G)3I|                      {z                      }
= constant ⇠

, (A.3)

which up to the constant ⇠ is equal to

'( ( 5̂ ) =
∫

5̂
2(I |G)3%( (G)3I � 2

∫
5̂ (I |G)3%( (G, I). (A.4)

From (A.2) to (A.4), the equality 3%! (G, I) = 5 (I |G)3%! (G)3I (via Radon-

Nikodym derivative) is employed. Given the labelled source samples (G(, I(),
we can get an estimate of (A.4) via

'̂( ( 5̂ ) =
1

=(

=(’
:=1

π
5̂
2(I |G (:)

(
)3I � 2

1

=(

=(’
:=1

5̂ (I(:)
(

|G (:)
(

), (A.5)

as presented in (2.21).

A.3.2 Additional Results for Photometric Redshift Regres-

sion

In the context of the photometric redshift regression example in Section 2.6,

we present additional numerical results that demonstrate the robustness of

StratLearn to varying degrees of covariate shift. Specifically, we reproduce

the results of Section 2.6, but under two additional covariate shift scenarios.

Additional Covariate Shift Setups: We use the same data setup

as in Section 2.6, but change the rejection sampling used to simulate an

unrepresentative target ⇡) from ⇡(, to
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• Weak covariate shift:

?(B = 0|G) = 5
⌫(9,4) (G(A))/max

G (A )
5
⌫(9,4) (G(A)) (A.6)

• Strong covariate shift:

?(B = 0|G) = 5
⌫(18,4) (G(A))/max

G (A )
5
⌫(18,4) (G(A)), (A.7)

where G(A) is the A-band magnitude and 5
⌫(9,4) and 5

⌫(18,4) are beta densities

with parameters (9,4) and (18,4), respectively. Except for the adjusted degree

of covariate shift, simulations are performed as described in Section 2.6.
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Figure A.3: Target risk ('̂)) of the four photo-I estimation models under each method
(di↵erent colors), using di↵erent sets of predictors. Bars give the mean ± 2 bootstrap
standard errors (from 400 bootstrap samples). Top row: Weak covariate shift (following
(A.6)); Bottom row: Strong covariate shift (following (A.7)).

Summary – Conditional Density Estimation: Figure A.3 compares

the resulting target risk '̂) ( 5̂ ) across models and covariate sets, for the weak
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Table A.7: Composition of the five StratLearn strata for the medium covariate shift scenario
(as described in Section 2.6) on SDSS data, using estimated propensity scores with di↵erent
sets of predictors. The number of galaxies in source and target stratum, as well as the mean
outcome (redshift I) are presented.

5 covariates 15 covariates 55 covariates
Stratum Set #galaxies (Mean I) #galaxies (Mean I) #galaxies (Mean I)

1 Source 1631 (0.09) 1583 (0.09) 1620 (0.09)
Target 7 (0.07) 9 (0.07) 7 (0.07)

2 Source 1500 (0.13) 1515 (0.13) 1546 (0.13)
Target 112 (0.11) 113 (0.13) 98 (0.11)

3 Source 618 (0.29) 641 (0.29) 594 (0.30)
Target 1481 (0.33) 1499 (0.33) 1480 (0.33)

4 Source 116 (0.42) 114 (0.40) 108 (0.40)
Target 2196 (0.39) 2215 (0.38) 2258 (0.38)

5 Source 135 (0.48) 147 (0.46) 132 (0.47)
Target 2204 (0.48) 2164 (0.48) 2157 (0.48)

All Source 4000 (0.16) 4000 (0.16) 4000 (0.16)
Target 6000 (0.40) 6000 (0.40) 6000 (0.40)

Table A.8: Composition of the five StratLearn strata for the weak covariate shift (A.6) and
strong covariate shift (A.7) scenarios on SDSS data, using a set of five predictors for propensity
score estimation. The number of galaxies in source and target stratum, as well as the mean
outcome (redshift I) are presented.

weak covariate shift, 5 covariates strong covariate shift, 5 covariates
Stratum Set #galaxies (Mean I) #galaxies (Mean I)

1 Source 1468 (0.09) 1603 (0.07)
Target 145 (0.09) 0 (NaN)

2 Source 1220 (0.13) 1579 (0.10)
Target 602 (0.11) 4 (0.10)

3 Source 740 (0.20) 637 (0.24)
Target 1275 (0.21) 1494 (0.28)

4 Source 301 (0.37) 73 (0.36)
Target 1958 (0.37) 2297 (0.33)

5 Source 271 (0.47) 108 (0.41)
Target 2020 (0.44) 2205 (0.37)

All Source 4000 (0.17) 4000 (0.13)
Target 6000 (0.33) 6000 (0.34)

covariate shift (top row) and the strong covariate shift scenario (bottom

row). These results, combined with those from the medium covariate shift

scenario in Figure 2.9, reinforce the advantage of using StratLearn, especially

for higher dimensional covariate sets. In Figures 2.9 and A.3, StratLearnSeries
performs well in the setup with the fewest covariates (left column). In the
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weak covariate shift scenario, this leads to an additional boost in performance

of StratLearnComb (which combines StratLearnker-NN and StratLearnSeries, fol-

lowing (2.20)). In the setups with higher dimensional covariates, the Series

methods (using either StratLearn or the weighting methods) exhibit relatively

poor performance overall. In these cases, the StratLearnComb predictions rely

solely on StratLearnker-NN, which again demonstrates the successful empir-

ical risk minimization of (2.17), inasmuch as StratLearnComb automatically

selects the better target model (i.e., StratLearnker-NN) in each stratum, based

on the respective empirical source risk estimates in each stratum. Overall,

IPS and NN weighting are most competitive with StratLearn, in addition

to KLIEP in the low dimensional, strong covariate shift setup. Note that

the performances of IPSComb, KLIEPComb and uLSIFComb are degraded in

some cases (e.g., Figure A.3, upper left panel) with inclusion of the poorly

performing Series predictions, illustrating that the weighted empirical source

risk minimization ((2.19), as a form of (2.1)) does not lead to target risk min-

imization in these situations. With increasing number of covariates, none of

the weighted models yield results that are competitive with StratLearn.

Table A.7 presents the composition of the five StratLearn strata for the

medium covariate shift scenario (described in Section 2.6) for each of the

three sets of covariates. Each source stratum contains a su�cient sample

size to fit the conditional density estimators for prediction on the respective

target stratum. The overall redshift averages in the source (0.11) and target

data (0.28) are very unequal, a consequence of the covariate shift. Within

strata, the redshift averages are well aligned between source and target, indi-

cating improved balance after stratification. Notably, the composition of the

strata in the high-dimensional covariate setup is similar to the that of the

lower-dimensional setups, with well-balanced strata. This is an indication of

the robustness of StratLearn with respect to high dimensional (noisy) sets

of covariates. Table A.8 compares the five StratLearn strata for the weak

and strong covariate shift scenarios, again with well-aligned average redshift

within each stratum. Note that for the strong covariate shift scenario there

are almost no galaxies in the first two target strata. Thus, e↵ectively only

data in source stratum 3 to 5 are used for target prediction in the respective
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strata. These examples illustrate the advantage of using only a small subset

of the source data when formulating predictions for individuals in the target,

where the subset is chosen for its similarity to the target data in question.

This is a markedly di↵erent strategy to the widespread practice of including

all possible available data when fitting machine learning models.
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B
Additional Results for

Chapter 3

B.1 Additional Details for StratLearn-Bayes Model

This section provides the theoretical justification of the posterior derivations

in Section 3.3.3.

Deriving (3.18) from (3.17) is obtained by integrating over the product of

normal densities in (3.17), which can analytically be done via completing the

squares. Precisely, we want to show that

π
R
# (I8 | Ẑ8, ĝ28 )# (I8 |`,f2)3I8 = # ( Ẑ8 |`, ĝ28 + f2), (B.1)
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by completing the squares we obtain,
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which concludes (B.1). Alternatively, as a simpler argument, flipping the I8
and Ẑ8 in (3.17) constitutes the standard normal-normal hierarchical model

with Gaussian measurement errors on latent I8 with Gaussian population.

The analytical derivation of this model is a standard result in Bayesian statis-

tics (e.g., Gelman et al. 1995, page 116), demonstrating that

π
R
# ( Ẑ8 |I8, ĝ28 )# (I8 |`,f2)3I8 = # ( Ẑ8 |`, ĝ28 + f2). (B.4)

Mathematically, the densities # ( Ẑ8 |I8, ĝ2
8
) and # (I8 | Ẑ8, ĝ2

8
) are identical, due
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to the symmetry of the normal distribution. It thus directly follows that

π
R
# (I8 | Ẑ8, ĝ28 )# (I8 |`,f2)3I8 = # ( Ẑ8 |`, ĝ28 + f2), (B.5)

which also concludes (3.18) from (3.17).

With a uniform conditional prior density ?(`1 |f1), the Gaussian conditional

posterior of `1 given f1, -̂1 in (3.19) then follows directly as another standard

result (e.g., Gelman et al. 1995, page 117). More precisely, (3.18) is a product

of Gaussian densities, which yields a Gaussian density (the log-posterior is

quadratic in `1). The parameters of the Gaussian conditional posterior in

(3.19) are obtained by considering the Ẑ8 as independent estimates of `1 with

variances (ĝ2
8
+ f2

1
) (Gelman et al., 1995, page 117).

Posterior distribution of f: In our hierarchical Bayesian model, the

marginal posterior distribution of the population variance f1 can be obtained

via

?(f1 |H) / ?(f1)+1/2
`

�÷
9=1

(g2
9
+ f2

1
)�1/2 exp

 
�
( Ẑ 9 � ˜̀1)2

2(ĝ2
9
+ f2

1
)

!
(B.6)

with ˜̀1 and +`1 as defined in (3.20). Choosing a uniform prior on f1,

?(f1) / 1, makes (B.6) a proper marginal posterior density (see, e.g., Gelman

et al. 1995, page 117).

B.2 Additional Simulation Study Details
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Figure B.1: Histogram of the shear-measurement weights F̂ for galax-

ies in the photometric survey.
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Figure B.2: “Missing data” pattern for

magnitudes of a random subsample of

60,000 galaxies from the photometric sur-

vey.
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Figure B.3: “Missing data” pattern for col-

ors of a random subsample of 60,000 galaxies

from the photometric survey.
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B.3 Additional Simulation Results
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Figure B.4: Propensity score distributions of source and target data in

Section 3.5, illustrated for one random LoS, and based on one random

batch of 60,000 target samples, and the entire source sample.
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Figure B.5: Histograms of optimized hyperparameters for the conditional density estimators.
The histograms illustrate the optimized hyperparameters found for each of the 100 LoS (in
each stratum separately).
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Figure B.6: Histogram of the optimized U1 hyperparameter for the Comb estimator (in each
stratum, values across all 100 LoS).
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C
Additional Results for

Chapter 4

C.1 Transformation of Variables

Here we review the transformation of random variables, a basic statistical

concept with useful applications in construction of MCMC samplers (Gelman

et al., 1995). Let D be a random variable/vector with D 2 ( ✓ R= and let 5

be the density function of D. Further, let H be a random variable (vector)

with E 2 ) ✓ R= and density function 6, with transformation

E = A (D), A : ( ! ) , (C.1)

and A being an injective, di↵erentiable function. It then holds that,

6(E) = 5 (D)
����det

✓
3D

3E

◆���� . (C.2)

The scale factor det
⇣
3D

3E

⌘
is also called the Jacobian adjustment.

184



Table C.1: Prior distributions, and prior distribution parameters chosen for the various model

runs, i.e., the double Pareto model on simulated data (Section 4.6.2), and the double-Pareto

model on the CDFS data (Section 4.7.4). For the single Pareto model on the CDFS (Sec-

tion 4.7.3), the same prior parameters are used as for the double Pareto model (without \2

and g2).

Simulation study CDFS data analysis

Prior Prior params. Prior. params
k ⇠ Gamma(0k , 1k) 0k = 5, 1k = 0.005 0k = 12, 1k = 0.0003
\1 ⇠ Gamma(01, 11) 01 = 2, 11 = 1 01 = 2, 11 = 1
\2 ⇠ Gamma(02, 12) 02 = 2, 12 = 1 02 = 2, 12 = 1
g1 ⇠ Gamma(0g, 1g) 0g = 1.05, 1g = 5e6 0g = 1.05, 1g = 5e6

g2 |g1 ⇠ trunc-Norm(`g,f2
g
, `g = max(_̂start

8
), `g = max(_̂start

8
),

00 = g1, 10 = 1) fg = (max(_̂start
8

) �min(_̂start
8

))/2 fg = (max(_̂start
8

) �min(_̂start
8

))/2
q ⇠ Gamma(0q, 1q) 0q = 1.1, 1q = 143 0q = 1.05, 1q = 445
b ⇠ Gamma(0b , 1b) 0b = 1.75, 1b = 345 0b = 1.02, 1b = 246

In the univariate case, (C.2) can be written as

6(E) = 5 (D)
����3D
3E

���� , (C.3)

with D = A�1(E) being the inverse function of A.

Log-transformation: Particularly for positive and skewed parameters, per-

forming a parameter transformation via the logarithm is often useful. More

precisely, we define E = log(D), then following (C.3), we obtain 6(E) = 5 (D)D.

C.2 Additional Results for the Simulation Study and CDFS

Data Analysis
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Figure C.1: Traceplots of "sim = 5 chains of our Metropolis-within-Gibbs type sampler

applied to the simulation study in Section 4.6.2. All chains seem converged to the stationary

distribution, and no convergence issues are visually detected.
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Figure C.2: Traceplots of "SP = 10 chains of our Metropolis-within-Gibbs type sampler

applied to the CDFS data in Section 4.7.3, under the single Pareto model. All chains seem

converged to the stationary distribution, and no convergence issues are visually detected.
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Figure C.3: Traceplots of "DP = 10 chains of our Metropolis-within-Gibbs type sampler

applied to the CDFS data in Section 4.7.4, under the double Pareto model. All chains seem

converged to the stationary distribution, and no convergence issues are visually detected.
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Figure C.4: Marginal posterior distributions for the main parameters in the CDFS analysis

via the double Pareto model (Section 4.7.4), illustrated in log10-scale.
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F. Herrera. A unifying view on dataset shift in classification. Pattern

Recognition, 45(1):521–530, 2012.

202



C. B. Morrison, H. Hildebrandt, S. J. Schmidt, I. K. Baldry, M. Bilicki,

A. Choi, T. Erben, and P. Schneider. The-wizz: clustering redshift esti-

mation for everyone. Monthly Notices of the Royal Astronomical Society,

467(3):3576–3589, 2017.

H. S. Murdoch, D. F. Crawford, and D. L. Jauncey. Maximum-likelihood

estimation of the number-flux distribution of radio sources in the presence

of noise and confusion. Astrophysical Journal, Vol. 183, pp. 1-14 (1973),

183:1–14, 1973.

A. I. Naimi and L. B. Balzer. Stacked generalization: an introduction to

super learning. European journal of epidemiology, 33:459–464, 2018.

J. A. Newman. Calibrating redshift distributions beyond spectroscopic limits

with cross-correlations. The Astrophysical Journal, 684(1):88, 2008.

S. J. Pan and Q. Yang. A survey on transfer learning. IEEE Transactions

on knowledge and data engineering, 22(10):1345–1359, 2009.

S. J. Pan, I. W. Tsang, J. T. Kwok, and Q. Yang. Domain adaptation via

transfer component analysis. IEEE Transactions on Neural Networks, 22

(2):199–210, 2010.

L. Parast, D. F. McCa↵rey, L. F. Burgette, F. H. de la Guardia, D. Golinelli,

J. N. V. Miles, and B. A. Gri�n. Optimizing variance-bias trade-o↵ in

the twang package for estimation of propensity scores. Health Services and

Outcomes Research Methodology, 17(3):175–197, Dec 2017. ISSN 1572-

9400. doi: 10.1007/s10742-016-0168-2. URL https://doi.org/10.1007/

s10742-016-0168-2.

T. Park and D. A. Van Dyk. Partially collapsed gibbs samplers: Illustrations

and applications. Journal of Computational and Graphical Statistics, 18

(2):283–305, 2009.

J. Pasquet, J. Pasquet, M. Chaumont, and D. Fouchez. Pelican: deep archi-

tecture for the light curve analysis. Astronomy & Astrophysics, 627:A21,

2019.

203

https://doi.org/10.1007/s10742-016-0168-2
https://doi.org/10.1007/s10742-016-0168-2


V. M. Patel, R. Gopalan, R. Li, and R. Chellappa. Visual domain adaptation:

A survey of recent advances. IEEE signal processing magazine, 32(3):53–

69, 2015.

S. Perlmutter, G. Aldering, G. Goldhaber, R. Knop, P. Nugent, P. Castro,

S. Deustua, S. Fabbro, A. Goobar, D. Groom, et al. Measurements of l

and _ from 42 high-redshift supernovae. The Astrophysical Journal, 517

(2):565, 1999.

R. Pirracchio and M. Carone. The balance super learner: A robust adaptation

of the super learner to improve estimation of the average treatment e↵ect

in the treated based on propensity score matching. Statistical Methods in

Medical Research, 27(8):2504–2518, 2018. doi: 10.1177/0962280216682055.

URL https://doi.org/10.1177/0962280216682055. PMID: 28339317.

R. Pirracchio, M. L. Petersen, and M. van der Laan. Improving propensity

score estimators’ robustness to model misspecification using super learner.

American journal of epidemiology, 181(2):108–119, 2014.

N. Porqueres, A. Heavens, D. Mortlock, and G. Lavaux. Lifting weak lensing

degeneracies with a field-based likelihood. Monthly Notices of the Royal

Astronomical Society, 509(3):3194–3202, nov 2021. doi: 10.1093/mnras/

stab3234. URL https://doi.org/10.1093%2Fmnras%2Fstab3234.

J. Quionero-Candela, M. Sugiyama, A. Schwaighofer, and N. D. Lawrence.

Dataset shift in machine learning. The MIT Press, 2009.

S. Reddi, B. Poczos, and A. Smola. Doubly robust covariate shift correc-

tion. In Proceedings of the AAAI Conference on Artificial Intelligence,

volume 29, 2015.

E. A. Revsbech, R. Trotta, and D. A. van Dyk. Staccato: a novel solution

to supernova photometric classification with biased training sets. Monthly

Notices of the Royal Astronomical Society, 473(3):3969–3986, 2018.

J. W. Richards, D. Homrighausen, P. E. Freeman, C. M. Schafer, and D. Poz-

nanski. Semi-supervised learning for photometric supernova classifica-

204

https://doi.org/10.1177/0962280216682055
https://doi.org/10.1093%2Fmnras%2Fstab3234


tion. Monthly Notices of the Royal Astronomical Society, 419(2):1121–

1135, 2012.

A. G. Riess, A. V. Filippenko, P. Challis, A. Clocchiatti, A. Diercks, P. M.

Garnavich, R. L. Gilliland, C. J. Hogan, S. Jha, R. P. Kirshner, et al.

Observational evidence from supernovae for an accelerating universe and

a cosmological constant. The Astronomical Journal, 116(3):1009, 1998.

W. A. Rivera, A. Goel, and J. P. Kincaid. Oups: a combined approach

using smote and propensity score matching. In 2014 13th International

Conference on Machine Learning and Applications, pages 424–427. IEEE,

2014.

G. O. Roberts and S. K. Sahu. Updating schemes, correlation structure,

blocking and parameterization for the gibbs sampler. Journal of the Royal

Statistical Society Series B: Statistical Methodology, 59(2):291–317, 1997.

M. Rojas-Carulla, B. Schölkopf, R. Turner, and J. Peters. Invariant models

for causal transfer learning. The Journal of Machine Learning Research,

19(1):1309–1342, 2018.

P. R. Rosenbaum and D. B. Rubin. The central role of the propensity score

in observational studies for causal e↵ects. Biometrika, 70(1):41–55, 1983.

P. R. Rosenbaum and D. B. Rubin. Reducing bias in observational studies

using subclassification on the propensity score. Journal of the American

statistical Association, 79(387):516–524, 1984.

D. B. Rubin. Using propensity scores to help design observational stud-

ies: application to the tobacco litigation. Health Services and Outcomes

Research Methodology, 2:169–188, 2001.

D. B. Rubin. On principles for modeling propensity scores in medical re-

search. Pharmacoepidemiology and drug safety, 13(12):855–857, 2004.

J. H. Schmitt and T. Maccacaro. Number-counts slope estimation in the pres-

ence of poisson noise. Astrophysical Journal, Part 1 (ISSN 0004-637X),

vol. 310, Nov. 1, 1986, p. 334-342., 310:334–342, 1986.

205



T. Schnabel, A. Swaminathan, A. Singh, N. Chandak, and T. Joachims.

Recommendations as treatments: Debiasing learning and evaluation. In

international conference on machine learning, pages 1670–1679. PMLR,

2016.

M. Schneider, L. Knox, H. Zhan, and A. Connolly. Using galaxy two-point

correlation functions to determine the redshift distributions of galaxies

binned by photometric redshift. The Astrophysical Journal, 651(1):14,

2006.

S. Setoguchi, S. Schneeweiss, M. A. Brookhart, R. J. Glynn, and E. F. Cook.

Evaluating uses of data mining techniques in propensity score estimation:

a simulation study. Pharmacoepidemiology and drug safety, 17(6):546–555,

2008.

H. Shari↵, X. Jiao, R. Trotta, and D. A. van Dyk. Bahamas: new analysis of

type ia supernovae reveals inconsistencies with standard cosmology. The

Astrophysical Journal, 827(1):1, 2016.

E. S. Sheldon, C. E. Cunha, R. Mandelbaum, J. Brinkmann, and B. A.

Weaver. Photometric redshift probability distributions for galaxies in the

sdss dr8. The Astrophysical Journal Supplement Series, 201(2):32, 2012.

H. Shimodaira. Improving predictive inference under covariate shift by

weighting the log-likelihood function. Journal of statistical planning and

inference, 90(2):227–244, 2000.

V. Stampoulis. Bayesian estimation of luminosity distributions and model

based classification of astrophysical sources. PhD thesis, Imperial College

London, 2017.

D. Stenning, R. Wagner-Kaiser, E. Robinson, D. Van Dyk, T. Von Hippel,

A. Sarajedini, and N. Stein. Bayesian analysis of two stellar populations

in galactic globular clusters. i. statistical and computational methods. The

Astrophysical Journal, 826(1):41, 2016.

206



D. C. Stenning and D. A. van Dyk. Bayesian statistical methods for astron-

omy part i: Foundations. Statistics for Astrophysics: Bayesian Methodol-

ogy, pages 11–28, 2018a.

D. C. Stenning and D. A. van Dyk. Bayesian statistical methods for as-

tronomy. part 2. markov chain monte carlo. Statistics for Astrophysics:

Bayesian Methodology, pages 29–58, 2018b.

P. Stojanov, M. Gong, J. Carbonell, and K. Zhang. Low-dimensional den-

sity ratio estimation for covariate shift correction. In The 22nd Interna-

tional Conference on Artificial Intelligence and Statistics, pages 3449–3458.

PMLR, 2019.
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