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Abstract

The eigenvalue decomposition (EVD) of covariance matrices is used in signal process-

ing applications such as data compression, noise reduction, direction-of-arrival estimation,

source separation and adaptive beamforming. These multi-channel covariance matrices are

usually computed using the instantaneous data vector under the assumption of narrow-

band models. However, when broadband sources are involved, correlations across different

sensors and temporal lags need to be considered. Hence, an EVD that removes correlations

at a single time lag becomes inadequate for completely decorrelating the signals.

To simultaneously capture the correlations in space, time and frequency, space-time covari-

ance polynomial matrices have been proposed as an appropriate model for multi-channel

broadband signals. The processing of polynomial matrices has motivated the development

of a number of polynomial matrix eigenvalue decomposition (PEVD) algorithms.

This thesis first presents an algorithmic enhancement to the well-known second-order

sequential best rotation (SBR2) algorithm using Householder transformations motivated

by ideas for the symmetric eigenvalue problem in numerical linear algebra. The thesis then

introduces and extends polynomial matrices and PEVD to the field of speech and acoustics

signal processing. A novel PEVD-based speech enhancement algorithm is proposed for

noise reduction and dereverberation. Despite being a blind and unsupervised algorithm,

the approach achieves good speech enhancement, and experiments show that it does not

introduce any noticeable processing artefacts into the enhanced signal.

While the method performs well for arbitrary microphone arrays, the computational com-

plexity scales at best cubically with the number of signals used for processing. When the

array geometry information is known and exploited, certain pre-processing reduces the di-

mensions for PEVD processing. The thesis compares different signal representations using

KLT, spherical harmonic transform (SHT) and PEVD for a spherical microphone array

geometry. PEVD is shown to provide the most compact spatio-temporal representation
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of the microphone signals at the cost of high complexity. In contrast, spherical harmonics

provide a compact spatial representation of the sound field using eigenbeam signals at a

relatively low cost. The thesis provides both theoretical and experimental evidence show-

ing that the PEVD of a smaller number of eigenbeams achieves good speech enhancement

and source separation without noticeable audible distortions.

One of the goals of this thesis is to provide a bridge between the theoretical developments

of PEVD and the applications for signal enhancement, compact signal representation and

source separation. The work in this thesis also points in the way for further development

in PEVD and its applications to other speech and acoustics signal processing tasks.
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Spherical Harmonic and Array Processing
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Chapter 1

Introduction

1.1 Motivation

Multi-channel broadband signals exist in many essential commercial and military tech-

nologies such as speech processing, telecommunications, healthcare monitoring, seismic

surveillance, radar, and sonar [1–4]. Facilitated by low manufacturing costs, there is

widespread availability of multiple sensors like microphones on consumer products such

as mobile phones, hearing aids, voice-controlled systems and robots. The spatial diversity

present in the acquired signals can be exploited for source separation [5, 6], signal en-

hancement [7], channel coding [8], and source localization [9], thus improving application

performance.

A common approach to solving these problems is to divide the broadband signal into

multiple narrowband signals, for each of which a rich set of optimal linear algebraic tools

can be exploited [10–12]. However, splitting the broadband signal into independent fre-

quency bins neglects spectral coherence and ignores correlations between different discrete

Fourier transform (DFT) bins [13,14]. The explicit embedding of the cross-spectral terms

has been proposed to incorporate these inter-bands correlations [15]. Another approach

uses tapped delay line (TDL) processing [16], but the performance depends on the length

of the TDL, which is challenging to determine in practice. These approaches highlight the

lack of generic tools to solve broadband problems directly.

In classical subspace approaches such as the multiple signal classification (MUSIC) algo-

rithm [17], the instantaneous spatial covariance matrix is computed using the complex

1
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outer product of the instantaneous data vector collected from the sensors. The eigen-

value decomposition (EVD) of these instantaneous Hermitian matrices is widely used

in many important signal processing applications such as data compression [18], noise

reduction [19], spectral estimation [20], blind source separation [21] and adaptive beam-

forming [22, 23]. This computation, however, assumes that the sources are narrowband,

uncorrelated and instantaneously mixed.

When source signals are broadband or convolutively mixed, e.g. due to reverberation [24],

the outputs are generally correlated in time across different sensors. Therefore, the time

delays for broadband signals cannot be represented by only phase shifts or complex gain

factors captured by the instantaneous spatial covariance matrix. Instead, the correlations

across different sensors and temporal lags needs to be modelled such as by using a matrix

of finite impulse response (FIR) filters in the form of a polynomial matrix.

The processing of polynomial matrices has motivated the development of a family of poly-

nomial matrix eigenvalue decomposition (PEVD) methods [25–29], based on the pioneering

second-order sequential best rotation (SBR2) algorithm [30]. Since then, PEVD has been

applied to many multi-channel wideband signal processing applications such as adaptive

beamforming [31], multi-channel Wiener filtering [32], blind source separation [33], source

identification [34] and channel coding [35].

1.2 Contributions of Thesis

1.2.1 Research Objectives

The aims of this thesis are to explain and develop a deep theoretical understanding of the

PEVD, propose enhancements to existing PEVD algorithms or new approaches, as well

as use PEVD for speech processing applications such as signal enhancement and source

separation.
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1.2.2 Original Contributions

To the best of the author’s knowledge, the novel contributions of this thesis are:

1. Insights and analysis obtained from the comparison between the subspaces

generated by the EVD and PEVD. (Chapter 3)

• The bases, generated by the PEVD eigenvector, and their translates span a shift-

invariant subspace compared to the vector subspace spanned by the outputs gener-

ated by the eigenvectors computed from the well-known EVD [10,11].

• Signal reconstruction can be achieved using a linear combination of the strongly

decorrelated outputs and their shifted versions. In contrast, for the EVD, signal

reconstruction only uses linear combination of the computed outputs.

• The rank of the PEVD subspace is smaller or equal to the rank of the EVD subspace.

2. An extension to the SBR2 algorithm by using Householder transformation

to reduce polynomial matrices to tri-diagonal form. (Chapter 3, [29])

• Using Householder reduction to first reduce the principal plane of the polynomial

matrix to tri-diagonal form decreases the number of iterations and speeds up con-

vergence.

3. The use of a polynomial matrix as a signal model and PEVD-based algo-

rithms for speech enhancement. (Chapter 4, [36–39])

• The use of polynomial matrix as a broadband, multi-channel signal model for pro-

cessing speech signals.

• A PEVD-based noise reduction algorithm for noisy speech in anechoic environments

that does not introduce any audible artifacts while suppressing background noise.

• A PEVD-based speech dereverberation algorithm for suppressing reverberation

without introducing any audible artifacts.

• A PEVD-based speech enhancement algorithm for noisy and reverberant speech in

diverse acoustic environments that improves speech quality and intelligibility.

• A blind and unsupervised PEVD-based speech enhancement algorithm that does

not rely on any noise estimators and is suitable for arbitrary array geometries.



4 1.3. Publications

4. Signal compaction using PEVD for spherical arrays with applications. (Chap-

ter 5, [40–42])

• A comparison of the signal representation afforded by the SHT and PEVD for

spherical arrays.

• A proposed framework that combines SHT and PEVD for more efficient processing

because of a more compact representation than microphone signals.

• Application of the proposed framework for blind speech enhancement.

• Application of the proposed framework for informed source separation using direction

of arrival (DoA) information.

5. Fixed beamformer design using PEVD. (Chapter 6, [43])

• A visual interpretation of the polynomial eigenvectors generated by the PEVD using

a beamformer or spatial filter.

• An analysis of the fixed beamformer designed by the PEVD.

• A comparison of the PEVD fixed beamformers with classical data-dependent minimum

variance distortionless response (MVDR) and linearly constrained minimum vari-

ance (LCMV) beamformers.

1.3 Publications

During the course of this work, the following have been published or are being considered

for publication:

Journal Articles

1. V. W. Neo, C. Evers, S. Weiss, and P. A. Naylor, ”Signal compaction using polyno-

mial EVD for spherical array processing with applications,” submitted to IEEE/ACM

Trans. Audio, Speech and Language Proc. (TASLP).

2. V. W. Neo, C. Evers, and P. A. Naylor, ”Enhancement of noisy reverberant speech

using polynomial matrix eigenvalue decomposition,” IEEE/ACM Trans. Audio, Speech

and Language Proc. (TASLP), Oct. 2021.



Chapter 1. Introduction 5

Conference and Workshop Papers

1. S. W. McKnight, A. O. T. Hogg, V. W. Neo, and P. A. Naylor, ”Studying human-based

speaker diarization and comparing to state-of-the-art systems,” Proc. Asia Pacific Sig-

nal and Inform. Process. Assoc. Annu. Summit and Conf. (APSIPA ASC), Nov.

2022.

2. V. W. Neo, S. Weiss, and P. A. Naylor, ”A polynomial subspace projection approach

for the detection of weak voice activity,” in Proc. Sensor Signal Proc. for Defence

Conf. (SSPD), Sep. 2022.

3. V. W. Neo, E. d’Olne, A. H. Moore, and P. A. Naylor, ”Fixed beamformer design us-

ing polynomial eigenvalue decomposition,” in Proc. Int. Workshop on Acoust. Signal

Enhancement (IWAENC), Sep. 2022.

4. V. W. Neo, S. Weiss, S. W. McKnight, A. O. T. Hogg, and P. A. Naylor, ”Polynomial

eigenvalue decomposition-based target speaker voice activity detection in the pres-

ence of competing talkers,” in Proc. Int. Workshop on Acoust. Signal Enhancement

(IWAENC), Sep. 2022.

5. E. d’Olne, V. W. Neo, and P. A. Naylor, ”Frame-based space-time covariance matrix

estimation for polynomial eigenvalue decomposition-based speech enhancement,” in

Proc. Int. Workshop on Acoust. Signal Enhancement (IWAENC), Sep. 2022.

6. E. d’Olne, V. W. Neo, and P. A. Naylor, ”Speech enhancement in distributed mi-

crophone arrays using polynomial eigenvalue decomposition,” in Proc. Eur. Signal

Process. Conf. (EUSIPCO), Aug. 2022.

7. S. W. McKnight, A. O. T. Hogg, V. W. Neo, and P. A. Naylor, ”A study of salient

modulation domain features for speaker identification,” in Proc. Asia Pacific Signal
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and Inform. Process. Assoc. Annu. Summit and Conf. (APSIPA ASC), Dec. 2021.

8. V. W. Neo, C. Evers, and P. A. Naylor, ”Polynomial matrix eigenvalue decomposition-

based source separation using informed spherical microphone arrays,” in Proc. IEEE

Workshop on Appl. of Signal Process. to Audio and Acoust. (WASPAA), Oct. 2021.

9. A. O. T. Hogg, V. W. Neo, S. Weiss, C. Evers, and P. A. Naylor, ”A polynomial eigen-

value decomposition MUSIC approach for broadband sound source localization,” in

Proc. IEEE Workshop on Appl. of Signal Process. to Audio and Acoust. (WASPAA),

Oct. 2021.

10. V. W. Neo, C. Evers, and P. A. Naylor, ”Polynomial matrix eigenvalue decomposition

of spherical harmonics for speech enhancement,” in Proc. IEEE Int. Conf. on Acoust.,

Speech and Signal Process. (ICASSP), 2021.

11. V. W. Neo, C. Evers, and P. A. Naylor, ”Speech dereverberation performance of a

polynomial-EVD subspace approach,” in Proc. Eur. Signal Process. Conf. (EU-

SIPCO), 2020.

12. V. W. Neo, C. Evers, and P. A. Naylor, ”PEVD-based speech enhancement in reverber-

ant environments,” in Proc. IEEE Int. Conf. on Acoust., Speech and Signal Process.

(ICASSP), May 2020.

13. V. W. Neo, C. Evers, and P. A. Naylor, ”Speech enhancement using polynomial eigen-

value decomposition,” in Proc. IEEE Workshop on Appl. of Signal Process. to Audio

and Acoust. (WASPAA), Oct. 2019.

14. V. W. Neo and P. A. Naylor, ”Second order sequential best rotation algorithm with

Householder transformation for polynomial matrix eigenvalue decomposition,” in Proc.

IEEE Int. Conf. on Acoust., Speech and Signal Process. (ICASSP), May 2019.
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1.4 Thesis Outline

The remaining chapters in this thesis are organized as follows:

Chapter 2 Polynomial Matrix Decomposition describes the multi-channel broad-

band signal model used in this thesis. The space-time covariance matrix, a generalized

form of the spatial covariance matrix, is computed using the sensor data. The space-time

covariance polynomial matrices are then processed using PEVD, which is the main focus

of this thesis and will be reviewed along with other polynomial matrix decomposition

techniques.

Chapter 3 New Insights, Theoretical & Algorithmic Development for PEVD

compares EVD and PEVD and explains why PEVD is more suitable for multi-channel

broadband signal processing applications by providing a compact signal representation, a

concept further explored in Chapter 5. An interpretation of the polynomial eigenvectors

is also pursued in Chapter 6. An algorithmic enhancement to the classical SBR2 is also

proposed to speed up convergence while managing computational complexity.

Chapter 4 PEVD-based Speech Enhancement in Noisy Reverberant Environ-

ments first reviews the literature on speech enhancement and noise reduction algorithms.

A PEVD-based speech enhancement algorithm is proposed. Applying the PEVD algo-

rithm to the space-time covariance polynomial matrix computed using the microphone

signals produces polynomial eigenvalues and eigenvectors. Speech enhancement is then

achieved via a subspace reweighing. The proposed approach is compared against bench-

mark approaches under diverse acoustic conditions.

Chapter 5 Signal Compaction Using PEVD for Spherical Arrays with Appli-

cations picks up Chapter 3 and focuses on the compact representation of speech signals

acquired by spherical microphone arrays. A comparison of the signal representation af-

forded by SHT and PEVD is provided, where it is shown to be advantageous to combine

both approaches. Processing with the proposed framework improves representation using

fewer computations, leading to effective speech enhancement and source separation.



8 1.4. Thesis Outline

Chapter 6 Fixed Beamformer Design Using PEVD proposes fixed beamformer

designs using PEVD algorithms, which are lightweight and suitable for arbitrary arrays.

This chapter also provides an insightful interpretation of the eigenvector filterbanks in the

form of spatio-temporal filters. The fixed beamformers are then shown to perform com-

parably to classical data-dependent MVDR and LCMV beamformers for the separation

of sources closely spaced by 5� in noisy reverberant environments.

Chapter 7 Conclusions summarizes the list of contributions in this thesis, presents the

research findings, and points in the way for promising directions for PEVD developments

and applications.
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Chapter 2

Polynomial Matrix Decomposition

2.1 Introduction

This chapter first introduces a historical perspective on polynomial matrices and provides

an overview of polynomial matrix eigenvalue decomposition (PEVD) algorithms. This will

lead to multi-channel broadband signal processing where polynomial matrices naturally

arise in the form of space-time covariance matrices. The need to process polynomial ma-

trices has led to several factorization techniques. As the thesis will mainly focus on PEVD,

this chapter will review the well-known second-order sequential best rotation (SBR2) and

sequential matrix diagonalisation (SMD) classes of z-domain algorithms and briefly intro-

duce frequency-domain approaches, related methods in conventional matrices and other

polynomial matrix decomposition (PMD) techniques.

2.2 Overview of Polynomial Matrix Decomposition

2.2.1 Historical Perspectives and Background

Polynomial matrices are widely used in control theory and signal processing. In control

theory, these matrices can describe multi-variable transfer functions for multiple input

multiple output (MIMO) systems [44]. More recently, in digital signal processing (DSP),

polynomial matrices are used to describe filterbank systems for polyphase decomposition

in multi-rate processing [45].

Control systems are usually designed for continuous-time systems and hence, are analyzed

10
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in the Laplace domain. There, factorization of matrices in the Laplace variable s, such

as the Smith and Smith-McMillan decomposition [45, 46], target unimodularity, which is

critical in the control context to minimize time delay [30, 44]. While Smith and Smith-

McMillan decompositions can also be used for discrete-time systems, they do not offer

important properties for signal processing, such as losslessness or para-unitarity. There-

fore, this thesis is devoted to the development and applications of polynomial matrix

techniques that extend the utility of EVD in linear algebra [10–12] from the narrowband

to the broadband case.

Classical subspace approaches such as the MUSIC algorithm apply an EVD to the in-

stantaneous spatial covariance matrix. The instantaneous spatial covariance matrix can

capture the phase shifts, or more generally complex gain factors, between narrowband

signals arriving at different sensors. However, in multichannel broadband arrays or convo-

lutively mixed signals, the outputs are generally correlated in time across different sensors.

Therefore, the time delays for broadband signals cannot be represented by only phase shifts

and needs to be explicitly modelled using a matrix of FIR filters. The relative time shifts

are captured using the polynomial space-time covariance matrix, where decorrelation over

a range of time shifts can be achieved using a PEVD.

While the initial work on PEVD was a numerical algorithm [30], the decomposition of

an analytic, positive semi-definite para-Hermitian matrix like the space-time covariance

matrix, assumed to contain Laurent polynomial elements, has subsequently been proven

to exist [47–49], based on an analogous problem in the continuous-time domain [50]. In

most cases, unique para-Hermitian eigenvalues and para-unitary eigenvectors exist but

are of infinite order. However, being analytic, they permit good approximations using

finite-length factors that are still helpful for many signal processing applications.

2.2.2 State of the Art Polynomial Matrix Eigenvalue Decomposition
(PEVD) Algorithms

Polynomial matrix factorization techniques such as the polynomial QR and singular value

decomposition (SVD) [51,52] exist and will be briefly discussed in Section 2.6. Instead, this
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thesis mainly focuses on the polynomial EVD of para-Hermitian polynomial matrices like

the space-time covariance matrix, which began from McWhirter’s pioneering work on the

SBR2 algorithm [30]. This has led to a family of z-domain algorithms based on the SBR2

[30, 53, 54] and SMD [28, 29, 55]. These algorithms tend to generate spectrally majorized

eigenvalues, which may not be analytic, as well as para-unitary eigenvectors.

PEVD algorithms generating fixed polynomial order eigenvectors have also been proposed

[56, 57], although their convergence has not been proven. Another class of algorithms

operate in the DFT-domain [58–60], where the lost associations between frequency bins

need to be established, and maximally smooth analytic solutions can be obtained.

Since their inception, PEVD algorithms have been used in many multi-channel broadband

signal processing applications such as beamformers [31], MIMO communications [61–63]

and channel coding [35, 64], signal enhancement [32, 39], source separation [33, 41, 65, 66],

source identification [34] and source localization [67–69].

2.3 Broadband Signal Model and Polynomial Matrices

2.3.1 Multi-channel Signal Model

The system comprising multiple sensors can either be a single input multiple output

(SIMO) or multiple input multiple output (MIMO) system. For simplicity, the SIMO

system with 1 source and Q receivers, as shown in Fig. 2.1, is first considered [70].

The noisy signal, xq(n), at the q-th sensor for sample index, n = 0, 1, . . . , N � 1, is

xq(n) = h
T
q s0(n) + vq(n) = sq(n) + vq(n) , (2.1)

where s0(n) = [s0(n), s0(n�1), . . . , s0(n�J)]T is the source signal, hq = [hq,0, hq,1, . . . , hq,J ]T

represents the q-th channel modelled as a J-th order finite impulse response (FIR) filter,

sq(n) is the source signal component, vq(n) is the additive noise signal received at the

q-th sensor and [·]T denotes the transpose operator. The noise signals are assumed to be
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zero-mean with power �2v , and uncorrelated at different sensors and with the source signal.

Furthermore, the channel is also assumed to be stationary as a special case of Fig. 2.1.

The received data vector for Q sensors at time sample n becomes

x(n) = [x1(n), x2(n), . . . , xQ(n)]
T 2 CQ , (2.2)

with s(n) and v(n) similarly defined. Assuming stationarity, a typical subspace ap-

proach uses the spatial covariance matrix, Rxx, which is Hermitian symmetric and defined

as

Rxx = E{x(n)xH(n)} 2 CQ⇥Q , (2.3)

where [·]H and E{·} denote the Hermitian transpose and expectation operators, respec-

tively. This matrix captures spatial information arising from the geometry of the array and

position of the source. Performing an EVD on the spatial covariance matrix gives

Rxx = U⇤U
H , (2.4)

where the diagonal matrix, ⇤, contains as its elements the eigenvalues with the corre-

sponding orthonormal eigenvectors lying on the columns of U = [u1, . . . ,uQ]. In order

to enforce uniqueness and avoid permutation ambiguity, eigenvalues are ordered decreas-

ingly, i.e., �1 � �2 � . . . � �Q � 0. Ambiguities in eigenvectors can arise from arbitrary

phase rotations or non-distinct eigenvalues [11, 12]. In the former, each eigenvector can

be multiplied by any arbitrary phase shift �q without affecting orthonormality between

eigenvectors, i.e., ũq = uqej�q lies in the columns of Ũ such that Ũ
H
Ũ = I. If an eigen-

value is repeated M times, i.e. has an algebraic multiplicity of M , the corresponding M

eigenvectors are ambiguous up to any arbitrary unitary matrix � 2 C
M⇥M such that

[ũq, . . . , ũq+M�1] = [uq, . . . ,uq+M�1]�.

Assuming that source and noise signals are uncorrelated, the covariance matrix can be

decomposed into disjoint signal and noise subspaces such that (2.3) can be rewritten
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s0(n)

...

h1(n) x1(n)
s1(n)

v1(n)

h2(n) x2(n)
s2(n)

v2(n)

...
...

hQ(n) xQ(n)
sQ(n)

vQ(n)

Figure 2.1: SIMO System with Q-outputs.

as

Rxx = (�2s + �2w)u1u
H
1 +

QX

i=2

�2wuiu
H
i = Rss +Rvv , (2.5)

where Rss and Rvv are the signal and noise covariance matrices. For a single narrowband

source, dim(Rss) = 1 and dim(Rvv) = Q, with dim(·) indicating the number of linearly

independent basis vectors present in its argument. Exploiting the orthogonality between

the assumed signal-plus-noise (or simply signal) and noise-only (or noise) subspace, the

eigenvectors associated with the noise subspace, Uv = [u2, . . . ,uQ], lie in the nullspace of

the signal covariance matrix such that RssUv = 0. This approach is used extensively for

signal parameter estimation based on the classical MUSIC algorithm [17].

The decomposition in (2.4) only accounts for the instantaneous correlation because

⇤ = U
H
RxxU, (2.6)

indicates that the diagonalization is achieved for the spatial covariance matrix, which

is computed based on the instantaneous outer product of the data vector, x(n). For a

narrowband source signal, the instantaneous correlation sufficiently captures all necessary

information, such as phase, for processing.

2.3.2 Space-time Covariance Matrix and Polynomial Matrices

In the applications described in this thesis, the broadband source signals received by

the sensors exhibit spatial, spectral and temporal correlations. The space-time covariance
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matrix, that is a generalization of the (instantaneous) spatial covariance matrix, is defined

as [30]

Rxx(⌧) = E{x(n)xH(n� ⌧)} 2 CQ⇥Q , (2.7)

where the (p, q)th element, rp,q(⌧) = E{xp(n)x⇤q(n� ⌧)}, ⌧ 2 Z, is the correlation sequence

between the data vector received at the p-th and q-th sensor, and [·]⇤ denotes the complex

conjugate operation. The auto-correlation and cross-correlation sequences are obtained

when p = q and p 6= q for rp,q(⌧), respectively. Note that the space-time covariance matrix

changes with ⌧ and the instantaneous spatial covariance matrix is the special case when

⌧ = 0 as in (2.3).

Consider the case when s0(n) is a narrowband signal at frequency f0 and only direct-path

propagation. The signal at the q-th sensor, xq(n), is then related to the signal at the

reference sensor, x1(n), by a constant phase shift, �q = 2⇡f0⌧q, where ⌧q is the fixed time

delay for the signal to propagate from the reference to the q-th sensor. Consequently, (2.2)

becomes

x(n) = [x1(n), x1(n)e�j�2 , . . . , x1(n)e�j�Q ]T , (2.8)

where j =
p
�1 is the imaginary number, while the (p, q)th element in (2.7) becomes

rp,q(⌧) = E{xp(n)x⇤q(n� ⌧)} = E{[x1(n)e�j�p ][x1(n� ⌧)e�j�q ]⇤} (2.9)

= E{x1(n)x⇤1(n)}e�j(�p��q�2⇡f0⌧)

= E{x1(n)x⇤1(n)}e�j�p,qe2⇡f0⌧ , (2.10)

while noting that the expectation operation is performed over all time samples n and

the terms inside the expectation are independent of ⌧ . The phase difference between the

(p, q)th sensor pair, �p,q = �p � �q depends only on the array geometry and is associated

with the time difference of arrival (TDoA). Since the array geometry is fixed and known

a priori, �p,q is constant and can be computed at any ⌧ to perform the necessary phase

correction. It is therefore, convenient to choose ⌧ = 0 so that the instantaneous covariance

matrix in (2.3), i.e., Rxx(0), is used.
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However, when broadband signals such as speech are involved, different frequency com-

ponents, f , are affected by different phase shifts at the same time shift, ⌧q, according

to �q = 2⇡f⌧q. This implies that phase corrections for different frequency components

at different time lags need to be adjusted for, and therefore, correlations across different

sensors and temporal lags as in (2.7) need to be considered.

The z-transform of (2.7) [30],

Rxx(z) =
1X

⌧=�1
Rxx(⌧)z

�⌧ , (2.11)

also denoted by R(⌧) R(z) in short, is a para-Hermitian polynomial matrix. Consider

example 2 from [30] which is given by

R2(z) =

2

66664

1 0.8z2 � 0.4z 0.7z

0.8z�2 � 0.4z�1 1 0.5z�2

0.7z�1 0.5z2 �1

3

77775
. (2.12)

The same polynomial matrix can be interpreted as a matrix with polynomial elements as

shown in Fig. 2.2(a) or a polynomial with matrix coefficients in Fig. 2.2(b). The former

interpretation expresses each element as the temporal relation between that sensor pair,

e.g., rp,q(z), while the latter shows the evolution of the spatial relation between all sensors

with z, e.g., Rxx(⌧) is the coefficient of z�⌧ . The instantaneous covariance matrix in (2.3)

is the matrix coefficient of z0.

2.4 PEVD Algorithms in the z-Domain

Several ways of factorizing polynomial matrices include the PEVD in this section, and the

polynomial QR [71] and SVD [52] in Section 2.6. The pioneering work on PEVD began

with the SBR2 algorithm [30], which will first be reviewed, and has inspired the SMD

algorithm [28], another landmark work widely used in this thesis. The SBR2 and SMD

classes of approaches have led to a family of PEVD algorithms in the z-domain.
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(a) Matrix with polynomial elements.
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(b) Polynomial with matrix coefficients.

Figure 2.2: Different visualization and interpretation of (2.12).
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2.4.1 Second-order Sequential Best Rotation for Symmetric PEVD

The PEVD of a para-Hermitian polynomial matrix is numerically computed using [30]

R(z) ⇡ U(z)⇤(z)UP(z) = W
P(z)⇤(z)W(z) , (2.13)

where the columns of the polynomial matrix, U(z), correspond to the eigenvectors with

their associated eigenvalues on the diagonal polynomial matrix, ⇤(z), and the rows of

W(z) = U
P(z) contains the eigenvectors. In this thesis, both forms of the eigenvectors

are used — W(z) is adopted in SBR2 [30] and will be used when describing algorithmic

enhancement; U(z) will be used in applications since this follows standard linear algebra

and signal processing conventions [11, 72]. Furthermore, R(z) is also para-Hermitian and

this is defined as

R(z) = R
P(z) = R

H(1/z⇤) , (2.14)

where [·]P is the para-Hermitian operator, that is complex conjugate or Hermitian trans-

pose, followed by a time-reversal. Akin to conventional matrices, similarity transforma-

tions do not change the eigenvalues and hence numerical diagonalization is based on

⇤(z) ⇡ U
P(z)R(z)U(z) = W(z)R(z)WP(z) , (2.15)

where the construction of U(z) and W(z) satisfies the para-unitary or lossless condition

[45], given by

U
P(z)U(z) = U(z)UP(z) = W

P(z)W(z) = W(z)WP(z) = I . (2.16)
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A. Para-unitary Polynomial Matrices

One such unitary matrix takes on the form of a Given’s rotation [12],

G(p,q)(✓,�) =

2

6666666666664

Ip�1 0 . . . . . . 0

0 cos ✓ 0 sin ✓ej� ...

... 0 Iq�p�1 0
...

... � sin ✓e�j�
0 cos ✓

...

0 . . . . . . . . . IQ�q

3

7777777777775

2 CQ⇥Q , (2.17)

designed to zero the off-diagonal element pair such that

G(p,q)(✓,�)

2

66666666666664

. . .
...

... . .
.

. . . rp,p . . . rp,q . . .

...
. . .

...

. . . rq,p . . . rq,q . . .

. .
. ...

...
. . .

3

77777777777775

G
H
(p,q)(✓,�) =

2

66666666666664

. . .
...

... . .
.

. . . r0p,p . . . 0 . . .

...
. . .

...

. . . 0 . . . r0q,q . . .

. .
. ...

...
. . .

3

77777777777775

, (2.18)

where rp,q is the p-th row, q-th column matrix element and [.]0 denotes the resulting

sub-matrix after multiplications. The values in (2.17) satisfying (2.18) are � = arg(rp,q)

and tan 2✓ = 2|rp,q |
rp,p�rq,q

, where arg(·) is the complex argument. Furthermore, the diagonal

elements, r0p,p and r0q,q can be ordered in decreasing magnitude if ✓ is computed using

the four quadrant inverse tangent to avoid permutation ambiguity arising from arbitrary

ordering. If rp,p = 0, the permutation matrix can be chosen to reorder the elements. The

Givens rotation in (2.17) can be viewed as a degenerate polynomial matrix, in which the

polynomial matrix only has non-zero coefficients for z0, and also satisfies (2.16).

To move elements from one lag plane to another (for example z�2 to z0) and change the

polynomial order as shown in Fig. 2.2(b), the ⌧ -th delay polynomial matrix applied to the
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p-th row (column) upon a pre(post)-multiplication while satisfying(2.16) is

D(p,⌧)(z) = diag([1, . . . , 1, z�⌧ , 1 . . . , 1]) =

2

66664

Ip�1 0 0

0 z�⌧ 0

0 0 IQ�p

3

77775
. (2.19)

The operator, diag(·), forms a diagonal matrix from a vector argument, which is not one

only at the p-th element. Although the goal of a PEVD algorithm is to diagonalize the

polynomial matrix, R(z), it may be tempting to assume that the algorithm performs

multiple EVD to different lags, based on Fig. 2.2(b). This is, however, not the principle

in which PEVD adopts, since the elements in each plane are coupled. One can clearly

observe that a diagonal matrix multiplication applied to the left of the polynomial matrix

will scale all polynomial elements in a row-wise manner, demonstrating the coupling effect

in polynomials.

B. SBR2 Algorithm

The SBR2 algorithm [30], used for PEVD, extends Jacobi’s method for EVD to PEVD

by factorizing (2.15) using a series of para-unitary transformations satisfying (2.16). Each

para-unitary transformation can be interpreted as the transfer of energy from one channel

to another while preserving the total energy of the system in all channels.

At each iteration, SBR2 begins by searching for the largest off-diagonal element, |g|, across

all powers of z. |g| is indexed by the p-th row, q-th column and the z⌧ -th plane. This

is compared against a predefined threshold, which is a user-defined positive parameter

for the algorithm, �. If |g| exceeds �, the element is brought to the principal plane, the

plane of z0, using a delay polynomial matrix, D(q,⌧)(z), in (2.19). A Givens rotation,

G(p,q)(✓,�), computed based on the principal plane using (2.18), is then applied to the

entire polynomial matrix. Consequently, |g| on the principal plane is zeroed out. Due to

symmetry, the search is confined to half the off-diagonals and similarity transformation

results in operations acting on dominant pairs rather than just elements.
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The algorithm continues until the maximum off-diagonal element is less than the user-

defined threshold value � or the number of iterations ` reaches the user-defined limit.

Upon reaching the stopping criterion, the overall para-unitary matrix which diagonalizes

the polynomial matrix approximately after L iterations is

W(z) = WL(z)WL�1(z) · · ·W1(z) , (2.20)

where W`(z) = G
(`)
D

(`)(z) is the product of rotation and delay matrices during the `-th

iteration and satisfies (2.16).

Naturally, the number of delay operations may increase as the algorithm progresses with

more iterations. Consequently, the order of the polynomial matrix may grow and become

unnecessarily large. This will increase the search and computation times as well as storage

requirements. For practical applications, W̃(z) and ⇤̃(z), approximations of W(z) and

⇤(z) in (2.13), are usually sufficient. This has led to the use of a reconstruction error

measure, ✏ =
P

8z kR̃(z) � R(z)kF , where k.kF is the Frobenius-norm (F-norm), which

indicates the accuracy of the approximation. The error ✏ can also be expressed as a

percentage of
P

8z kR(z)kF .

Several methods for trimming polynomial terms with small coefficients to keep the order

compact have been proposed [27, 54, 73] but the energy-based technique [74] was chosen

in SBR2. For a given ratio of squared F-norm, or energy permitted to be lost, R̃(z) is

approximated by the smallest ⌧max satisfying the inequality expressed as

trim(R(z), µ) =
⌧maxX

⌧=�⌧max

kR(⌧)z�⌧k2F � (1� µ)
1X

⌧=�1
kR(⌧)z�⌧k2F , (2.21)

where µ is the trim parameter and R(⌧) are the matrix coefficients. This technique is

energy-based because the sum of the squared F-norms across all the z planes is akin to

the total energy of the signals in all channels. Planes that lie within ±⌧max and retain at

least (1�µ) of the total energy are kept while planes that lie outside ±⌧max and accumulate

up to µ of the total energy are discarded.
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C. Convergence of the SBR2 Algorithm

To outline the proof for the convergence of the algorithm, the following quantities are

defined as: the trace-norm squared of the principal plane [30], expressed as

N1 =
QX

p=1

���rp,p(0)
���
2
, (2.22)

the F-norm squared of the principal plane, written as

N2 =
���R(0)

���
2

F

, (2.23)

the F-norm squared of the off-diagonal elements on the principal plane, given by

N3 =
QX

p=1

QX

q=1
p 6=q

|rp,q(0)|2 = N2 �N1 . (2.24)

As U(z) is constructed according to (2.16), the square of the total F-norm of a polynomial

matrix defined as

N4 =
X

8⌧

���R(⌧)
���
2

F

, (2.25)

is invariant to any lossless transformation. After applying the delay polynomial matrices

to bring the maximum off-diagonal pair onto the principal plane followed by a Givens

rotation, N1 will increase by 2|g|2 at every iteration. For the `-th iteration,

N (`)
1 = N (`�1)

1 + 2|g`|2 , (2.26)

where |g`| is the magnitude of the largest off-diagonal element at the `-th iteration. Since

N1 is monotonically increasing and upper bounded by a constant N4,

N (`)
1  N (`)

4 8` , (2.27)
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it must have a supremum, S, such that

S = sup
`

N (`)
1 . (2.28)

Consequently, for any ✏ > 0, there must be an iteration number L, for which

|S �N (L)
1 | < 2✏ . (2.29)

Furthermore, at subsequent iterations, (L+ ◆), ◆ > 0, the maximum off-diagonal pair must

satisfy

2|gL+◆|2  |S �N (L)
1 | < 2✏ , (2.30)

implying that the maximum off-diagonal element squared |gL|2 is bounded by ✏. Even

though the trace-norm of the principal plane, N1, increases monotonically with more

iterations, the Givens rotation applied to other z-planes may increase the magnitude of

the off-diagonal elements, i.e., |g| is not guaranteed to decrease with `.

Upon convergence of the SBR2 algorithm after L iterations, the original R(z) is diag-

onalized and approximates the eigenvalue polynomial matrix, ⇤(z). The accumulated

para-unitary matrices used for numerical diagonalization via similarity transformations in

(2.15) give the polynomial eigenvector W(z).

2.4.2 Sequential Matrix Diagonalization Algorithm

The SMD algorithm is motivated by faster diagonalization using fewer number of iterations

than SBR2. To achieve this, it aims to transfer more off-diagonal components onto the

principal plane and diagonalize the principal plane in one-step.

A. Search and Delay Approach

During the `-th iteration of the SBR2 algorithm, W`(z) takes the form of a delay D
(`)
q,⌧ (z)

and Givens rotationG
(`)(✓,�). A similarity transformation applied to a polynomial matrix
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using delay matrices affects one row and one column according to

R
0(`)(z) = D

(`)
q,⌧ (z)R

(`)(z)
h
D

(`)
q,⌧ (z)

iP
. (2.31)

This implies that the delay matrix in (2.19) brings multiple elements, including the maxi-

mum off-diagonal element |g|, from one plane to the principal plane. It is, therefore, more

efficient to search for the dominant off-diagonal column (row) rather than only an element,

|g|. The search used in SMD for the `-th iteration is based on

{q, ⌧} = argmax
q,⌧

���r̄(`)q (⌧)
���
2
, (2.32)

where the L2-norm for the q-th column without the diagonal element is

���r̄(`)q (⌧)
���
2
=

vuuuut

QX

p=1
p 6=q

���r(`)p,q(⌧)
���
2
. (2.33)

B. One-Step Diagonalization

A Givens rotation used in SBR2 only targets a pair of off-diagonal elements on the prin-

cipal plane. To achieve complete diagonalization of the zero-lag plane, the SMD uses the

eigenvector matrix W
(`) computed by applying an EVD on the matrix coefficient of z0,

i.e., R0(`)(0) =
⇥
W

(`)
⇤H

⇤
0(`)

W
(`). The eigenvector matrix, with eigenvectors lying in the

rows of W(`), is then applied to the matrix coefficients across all lags given by

R
(`+1)(z) = W

(`)
R

0(`)(z)
h
W

(`)
iH

. (2.34)

For the SMD algorithm, the overall para-unitary matrix in (2.20) at the `-th iteration is

W`(z) = W
(`)

D
(`)
q,⌧ (z).
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C. Convergence of the SMD Algorithm

To simplify the notation, the quantity in (2.33) is denoted as �(`) =
���r̄(`)q (⌧)

���
2

2
for the

`-th iteration. Assuming that the principal plane has been diagonalized in the (`� 1)-th

iteration, applying the delay matrices shifts the dominant row and column to the principal

plane such that

N (`)
1 = N (`�1)

1 + 2�(`) (2.35)

is obtained after diagonalization. This implies that N (`)
1 increases monotonically with `

while being upper bounded by a constant N4, similarly to the condition established for the

SBR2 algorithm in (2.27). This defines the existence of a supremum S such that

S = sup
`

N (`)
1 . (2.36)

Therefore, for any ✏ > 0, there exists an iteration number L, for which

|S �N (L)
1 | < 2✏ . (2.37)

At subsequent iterations, (L+◆), ◆ > 0, the dominant off-diagonal column L2-norm squared

must also satisfy

2�(L+◆)  |S �N (L)
1 | < 2✏ , (2.38)

implying that �(L) is bounded by ✏. Although N1 is guaranteed to increase with the

number of iterations as shown in (2.35), the unitary matrix W
(`), which diagonalizes the

zero-lag plane, may increase the L2-norm of the columns (rows) in other planes and result

in an increase in �(`+1).

Similar to SBR2, upon convergence, the numerically diagonalized polynomial matrix ⇤(z)

contains the eigenvalues, while the accumulated para-unitary matrices form the eigenvector

polynomial matrix W(z).
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2.4.3 Family of z-Domain PEVD Algorithms

At each iteration, the four steps involved in SBR2 and SMD are search, delay, zero and

trim. Different variations have resulted in a family of z-domain PEVD algorithms.

Steps 1 and 2: Search and Delay

In the original SBR2 algorithm, the element pair to be zeroed is selected by searching for

the element with the largest magnitude across all z-planes. This is equivalent to a search

strategy based on the L1-norm expressed as

{p, q, ⌧} = argmax
p,q,⌧

���rp,q(⌧)
���
1

. (2.39)

Each Givens rotation, which only affects 2 rows and columns, is then used in SBR2 to

zero the maximum off-diagonal pairs on the principal plane. This means that more Givens

rotations based on the unaffected rows and columns can be computed in parallel to elimi-

nate more off-diagonal pairs. This parallel processing idea motivated an alternative search

strategies that involve identifying multiple elements using a reduced search method, hence

the term multiple shift maximum element (MSME) in [26, 53]. Another search strategy

which targets column-row pairs such as the SMD is the L2-norm in (2.32) [28].

Step 3: Zero

The Givens rotation is used to zero the off-diagonal pair at each iteration in SBR2. Be-

cause zeroing occurs pairwise during each step and the rotation applied to other lags may

undo previous diagonalization effort, SBR2 tends to take many iterations. To speed up

convergence, one-step diagonalization using a Householder-like factorization has been pro-

posed [25, 55]. However, the factorization has no closed form and a solution is obtained

by solving an optimization problem. Another approach, the SMD, performs an EVD on

the principal plane. The eigenvector unitary matrix diagonalizes the principal plane and

is also applied to planes across all lags to achieve quicker convergence [28].
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Step 4: Trim

The energy-based truncation trimming method, adopted in SBR2, is based on the retention

of significant coefficients relative to the proportion of the F-norm of the polynomial matrix

[74]. Alternative approaches include the fixed polynomial order truncation method in [71],

row-correction truncation applied to individual eigenvectors in [73], and the fixed direction

delay strategy in the order-controlled multiple-shift SBR2 [54].

2.5 PEVD in the Frequency-Domain

The PEVD of a para-Hermitian polynomial matrix, R(z) R(⌧), is [48, 49]

R(z) = U(z)⇤(z)UP(z) 2 CQ⇥Q , (2.40)

where both the eigenvector and eigenvalue polynomial matrices, U(z) and ⇤(z), respec-

tively, are assumed to exist as absolutely convergent Laurent series. Assuming that the

region of convergence includes the unit circle, (2.40) can also be computed in the frequency-

domain by evaluating at K discrete points on the unit circle such that [58,75]

R(ej⌦k) = R(z)
���
z=ej⌦k

=
X

⌧

R(⌧)e�j⌦k⌧ , k = 0, 1, . . . ,K � 1 , (2.41)

where ⌦k = 2⇡k
K

. The K-point DFT of (2.40) becomes [48]

R(ej⌦k) = U(ej⌦k)⇤(ej⌦k)UH(ej⌦k), k = 0, 1, . . . ,K � 1 , (2.42)

approximating a PEVD using K independent EVDs pointwise in frequency. Like R(ej⌦k),

the computed U(ej⌦k) and ⇤(ej⌦k) in (2.42) are first assumed to be 2⇡ periodic. These

computations performed independently result in permutation ambiguity between channels

across frequencies for the eigenvalues as well as the loss of phase coherence of the eigenvec-

tors between frequency bins [58,75]. This ambiguity can be addressed by enforcing certain

permutation constraints described below, while the phase alignment of eigenvectors be-

tween neighbouring bins can be formulated as an optimization problem [58,76,77].
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2.5.1 Existence and Uniqueness of a PEVD

The polynomial matrix R(z) is a matrix-valued function containing elements that are

functions of the complex variable z [48, 78–80]. The conditions for the existence and

uniqueness of the polynomial eigenvalues and eigenvectors are established for an analytic

R(z) [48], excluding the subband coding case in [49]. This section summarizes the results

in [48,49], beginning with a brief description of analytic functions.

Analytic Functions. Consider an analytic function f(x) of a real-valued variable x.

Analyticity results in a continuous, maximally smooth and infinitely differentiable function

which implies the existence of a convergent power series or a Taylor series expansion about

a point x0 expressed as [80–82]

f(x) = '0 + '1(x� x0) + '2(x� x0)
2 + · · · =

1X

`=0

'`(x� x0)
` . (2.43)

The `-th coefficient of the expansion in (2.43) is

'` =
1

`!

d(`)f(x)

dx(`)

�����
x=x0

=
1

`!
f (`)(x0) , (2.44)

where f (`)(x0) denotes the `-th order derivative evaluated at x0, ` = 0, 1, . . . , demonstrat-

ing the infinitely differentiable property of the analytic f(x) for the real-valued x.

Similarly, for a complex-valued variable z = x+ jy with <(z) = x,=(z) = y, the analytic

or holomorphic function on some defined neighbourhood of z0 is continuous and infinitely

differentiable [83, 84]. For a given ✏ > 0, the neighbourhood of z0 satisfies |z � z0| < ✏. A

complex function f(z) = u(x, y) + jv(x, y), expressed in real and imaginary parts and is

continuous in a region C 2 C, is also continuous at z0 2 C when

lim
z!z0

f(z) = f(z0) , (2.45)



Chapter 2. Polynomial Matrix Decomposition 29

and its derivative at z0 is the limit which converges to

f (1)(z0) = lim
�z!0

f(z0 +�z)� f(z0)

�z
, (2.46)

where �z = z � z0, z 6= z0. By writing z0 = x0 + jy0 and computing (2.46) for the

real and imaginary parts separately, a necessary condition for differentiability at z0 is the

satisfaction of the Cauchy-Riemann equations at z0 [83], given by

@u

@x
=
@v

@y
,

@u

@y
= �@v

@x
. (2.47)

Therefore, if the function f(z) is analytic on C, (2.47) holds for every point in C.

This thesis considers analytic matrix functions A(z) : C ! CQ⇥Q which contain as

elements, Laurent polynomials a(z), with the unit circle included in the region of conver-

gence. The time-domain representation a(n) a(z) can be obtained from the inverse

z-transform [83,85], that is

a(n) =
1

2⇡j

I

C

a(z)zn�1dz , (2.48)

where C represents an anti-clockwise closed contour within the region of convergence of

the z-transform. By selecting the unit circle as the closed contour, the inverse z-transform

becomes the inverse Fourier transform [85–87]

a(n) =
1

2⇡

Z
⇡

�⇡
a(ej⌦)ej⌦nd⌦ , (2.49)

where a(ej⌦) is assumed to be 2⇡ periodic with a finite number of singularities. Then,

the Laurent or power series is convergent and absolutely summable, e.g.,
P

n
|a(n)| <

1, thus guaranteeing uniqueness in the unit circle [48], i.e., A(ej⌦) = A(z)
���
z=ej⌦

. For

absolute summability, a sufficient condition in the frequency domain is the so-called Hölder

continuity [88], expressed as

sup
⌦1,⌦22R

���a(ej⌦1)� a(ej⌦2)
���  C

���ej⌦1 � ej⌦2

���
↵

, (2.50)
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where ↵ > 0.5 and C 2 R is a constant that depends on ↵.

In other words, if an arbitrary function a(ej⌦) is sufficiently smooth or Hölder continuous in

the frequency-domain, the absolute summability of a(n) is guaranteed in the time-domain.

Then, the Fourier series can be used, implying the existence of a convergent Laurent series

a(z). Additionally, if the unit circle can be selected as the closed contour for the analytic

continuation of a(ej⌦) via z = ej⌦, a(z) exists as a convergent power series.

For an analytic para-Hermitian R(z) which converges on the unit circle, EVDs can be

computed pointwise on the unit circle to generate ⇤(ej⌦k) and U(ej⌦k). When R(ej⌦) is

perturbed by �⌦, changes in its eigenvalues are bounded by [89]

QX

q=1

����q(ej⌦)� �q(ej(⌦+�⌦))
��� 

���R(ej⌦)�R(ej(⌦+�⌦)
���
F

. (2.51)

Since R(z) is infinitely smooth and continuous, the term on the right of (2.51) vanishes as

�⌦! 0. This also implies the continuity of eigenvalues, i.e., left hand side of (2.51) goes

to zero as �⌦! 0. Hence, �q(ej⌦) 8q, can always be chosen to be infinitely differentiable

and analytic. The existence and uniqueness of U(z) and ⇤(z) in (2.40) as convergent

power series can be deduced by inspecting K discrete points, U(ej⌦k) and ⇤(ej⌦k) in

(2.42), and can even be recovered via analytic continuation z = ej⌦. The results discuss

the two cases in [48,49].

Case 1: Distinct Eigenvalues. The distinct and non-overlapping eigenvalues �q(ej⌦),

q = 1, . . . , Q, computed from the EVD on the unit circle of an analytic R(z), could be cho-

sen to be analytic and ordered decreasingly for uniqueness, i.e., spectrally majorized for all

frequencies ⌦ with strict inequality. Consequently, the eigenvalues in ⇤(z) exist as unique

analytic Laurent series and match diag([�1(ej⌦), . . . ,�Q(ej⌦)]) on the unit circle.

When eigenvalues are distinct and ordered, each ordered eigenvector can have an arbitrary

phase response due to phase ambiguity described in Section 2.3.1. Then, as long as the

phase response is chosen for uq(ej⌦) 8q to satisfy Hölder continuity, an absolutely conver-
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gent Laurent series for uq(z) exists and matches with uq(ej⌦) on the unit circle.

Case 2: Eigenvalues with Algebraic Multiplicities. Here, eigenvalues are con-

strained to be continuous and, therefore, piecewise analytic on the unit circle. Then,

permutations at points with multiplicity greater than one, i.e. intersection points, can

be selected to be analytic if eigenvalues satisfy Lipschitz continuity for m,n = {1, . . . , Q}

[48]

sup
⌦1,⌦22R

����m(ej⌦1)� �n(ej⌦2)
���  L

���ej⌦1 � ej⌦2

���
↵

. (2.52)

Lipschitz continuity is stricter than Hölder continuity and is equal to (2.50) when ↵ = 1

and the constant is equal to the Lipschitz constant, i.e., C = L, defined as

L = max
8q,⌦2R\M

���
d

d⌦
�q(ej⌦)

��� , (2.53)

which is computed over the set of frequencies ⌦ excluding M containing points with

multiplicity greater than one. Consequently, eigenvalues �q(ej⌦), q = 1, . . . , Q, which are

formed from permutations of piecewise analytic segments, are Lipschitz continuous, and

⇤(z) can exist as absolutely convergent Laurent series. The uniqueness of ⇤(z) can be

enforced by imposing constraints such as maximum smoothness or spectral majorization

which will directly affect the order of the Laurent polynomial approximation of⇤(z).

Omitting the case when eigenvalues are identical, i.e., �m(ej⌦) = �n(ej⌦) 8⌦, n 6= m,

m,n = {1, . . . , Q}, analytic eigenvectors exist when eigenvalues are selected to be analytic

[50]. Each eigenvector incurs an ambiguity in phase rotation, providing some freedom in

the choice of the phase response. If the phase response is selected such that uq(ej⌦) 8q is

Hölder continuous or even analytic in ⌦, a convergent Laurent series U(z) exists.

If the phase response of uq(ej⌦) is piecewise continuous with a finite number of discon-

tinuities, a convergent Laurent series does not exist. Discontinuities can also arise when

enforcing spectrally majorized for eigenvalues with algebraic multiplicity greater than one.

However, due to periodicity in ⌦, the Laurent polynomial Û(z) can be approximated by

the Fourier series, which converges to U(ej⌦) on the unit circle except at those discontin-
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uous points, where they converge to the mean values before and after the jumps.

Non-existence of Analytic Eigenvalues. The K-point DFT computed in (2.41) im-

plies that R(ej⌦) is 2⇡ periodic, which must be satisfied at every frequency ⌦k such that

R(ej⌦k) = R(ej(⌦k+2⇡N)) 8k, N 2 N. The observed set of points for the eigenvalues

{�q(ej⌦k) | q 2 {1, . . . , Q}} will be the same as {�µ(ej(⌦k+2⇡N)) |µ 2 {1, . . . , Q}}. Because

of possible permutations at every frequency to achieve analyticity, the direct matching of

points, i.e., µ(q) = q, does not necessarily arise and cannot be assumed. Consequently, the

periodicity of analytic eigenvalues and eigenvectors is at least 2⇡N for some N 2 N, where

(2.42) is a special case when N = 1. The analytic EVD on the unit circle is [48]

R(ej⌦) = U(ej⌦/N )⇤(ej⌦/N )UH(ej⌦/N ) , (2.54)

with its eigenvalues and eigenvectors being analytic in ⌦ and exhibiting the same peri-

odicity. From the discrete frequency points on the unit circle, analytic continuation via

z = ej⌦ can only be used to derive ⇤(z) andU(z) when N = 1. Hence, for z1/N , N > 1, the

analytic solutions do not exist but can be approximated by Laurent polynomials.

To obtain (2.54), R(z) can first be under-sampled by a factor of N expressed as

R�(z
N ) = U(z)⇤(z)UP(z) , (2.55)

followed by evaluating at N points on the unit circle. This will result in [49]

⇤(z) = diag([�(z),�(zej 2⇡N ),�(zej2 2⇡
N ), . . . ,�(zej(N�1) 2⇡N )]) , (2.56)

which contains, as elements, frequency-shifted versions of �(z). The para-unitary matrix

can be constructed using U(z) = D(z)F, where D(z) = diag([1, z�1, . . . , z�N+1]) is a

delay matrix, and F is the N-point DFT matrix. In this case, R�(zN ) is pseudo-circulant
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expressed as [45,49,90]

R�(z) = D(z)F⇤(z)FH
D

P(z) (2.57)

=

2

666666664

�0(z) �1(z) . . . �N�1(z)

z�1�N�1(z) �0(z) . . .
...

...
. . .

. . .
...

z�1�1(z) . . . z�1�N�1(z) �0(z)

3

777777775

, (2.58)

where �n(z) is the n-th polyphase component. The matrix, F⇤(z)FH, which the DFT

matrix can diagonalize, is circulant and the elements are over-sampled N times but time-

shifted [90]. The time shifts are then corrected by D(z). The pseudo-circulant matrix,

typically encountered in subband coding problems [25,90], has frequency-shifted eigenval-

ues in (2.56), of which the analytic solutions do not exist. Although analytic eigenvalues

and, consequently, analytic eigenvectors do not exist, a spectrally majorized solution which

is absolutely convergent on the unit circle can be computed [49].

2.5.2 Spectrally Majorized Solutions

The family of z-domain algorithms based on SBR2 and SMD approximates (2.40) using

Laurent polynomial matrix factors, ⇤(z) and U(z) [48,49,60]. When evaluating the diag-

onal polynomial matrix ⇤(z) on the unit circle as in (2.42), the eigenvalues are spectrally

majorized for all normalized angular frequencies ⌦ such that [30,90]

�q�1(ej⌦) � �q(ej⌦) , q = 2, . . . , Q , (2.59)

where �q(ej⌦) is the (q, q)th element of ⇤(z)|z=ej⌦ , or the power spectral density (PSD) of

the q-th signal which generated R(z). This ordering implies that the assigned first output

channel is always associated with the largest eigenvalue for all frequencies and the next

channel gets the next largest accordingly. Similar to EVD in linear algebra, the order of

the eigenvectors and eigenvalues is essential in factorization [11]. For PEVD, this order is

preserved by using the same channel-to-eigenvalue assignments for the eigenvectors. The
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polynomial factors generated by SBR2 and SMD tend to be of much higher polynomial

order because they approximate non-differentiable or discontinuous functions [60].

2.5.3 Maximally Smooth Analytic Solutions

Assuming analytic eigenvalues and eigenvectors exist, there is a path of factorization for

R(z) generating maximally smooth U(z) and ⇤(z) [78]. If the underlying eigenvalues

generating R(z) are not spectrally majorized, the solution in Section 2.5.2 is a frequency-

dependent permutation of the analytic solution and tend to be of much higher polynomial

order [60]. The channel-to-eigenvalue associations are established to obtain analytic so-

lutions from the discrete points evaluated on the unit circle to maximize a smoothness

measure [59, 60]. Another approach uses the inner product between eigenvectors in adja-

cent frequencies to establish the associations [58, 59]. Regardless, the same associations

are used to permute the eigenvalues and eigenvectors.

2.6 Other Decompositions and Polynomial Extensions

Apart from the EVD in linear algebra [11], other matrix factorizations such as the QR,

SVD and generalized eigenvalue decomposition (GEVD) have been found to be useful

for signal processing applications and will be summarized in this section [10, 72]. These

techniques have also been extended to polynomial matrices and will be introduced.

2.6.1 Related Matrix Decompositions

A. QR Decomposition

Any general complex rectangular matrix A 2 CP⇥Q can be factorized into

A = QT() Q
H
A = T , (2.60)

where Q 2 CP⇥P is a unitary matrix and T 2 CP⇥Q is an upper triangular matrix. The

QR factorization can be computed using Gram-Schmidt orthogonalization, Householder

reflections or Givens rotations. The latter two are often preferred for numerical stability
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[11, 12]. QR factorization is often used for solving least-squares and some eigenvalue

problems [10,12]. For example, consider the least squares problem, which seeks a solution

x̂ minimizing kb � Ax̂k2. The minimization implies that the derivative w.r.t. x equals

zero, which gives the normal equation expressed as

A
H
Ax̂ = A

H
b =) x̂ = (AH

A)�1
A

H
b

x̂ = (TH
Q

H
QT)�1(TH

Q
H)b =) x̂ = T

�1(TH)�1
T

H
Q

H
b (2.61)

x̂ = T
�1

Q
H
b() Tx̂ = Q

H
b , (2.62)

and can therefore be solved by back substitution, which is fast [11].

B. Singular Value Decomposition

A general matrix A 2 CP⇥Q of rank M can be factorized by the SVD using [10,91]

U
H
AV = ⌃() A = U⌃V

H , (2.63)

where diagonal matrix ⌃ 2 CP⇥Q contains M positive-valued singular values. The

columns of U 2 CP⇥P contain the (left) singular vectors which lie in the column space of

A and diagonalizes AA
H such that

AA
H = U⇤

(1)
U

H, (2.64)

where ⇤(1) 2 CP⇥P is a diagonal matrix of the eigenvalues of AA
H. The elements of ⇤(1)

and ⌃ are related by �(1)
i,i

= �2
i,i
, i = 1, . . . ,M . Similarly, the (right) singular vectors in the

columns of V 2 CQ⇥Q, lie in the row space of A and diagonalizes AH
A such that

A
H
A = V⇤

(2)
V

H, (2.65)

where ⇤
(2) 2 CQ⇥Q is a diagonal matrix containing the eigenvalues of A

H
A, and the

elements of ⇤(2) and ⌃ are related by �(2)
i,i

= �2
i,i
, i = 1, . . . ,M .
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The SVD is widely used in many signal processing applications including data compression

and dimensionality reduction, channel identification, and signal enhancement and recovery

for images, speech, biomedical data and communications [10,72].

C. Generalized Eigenvalue Decomposition

The GEVD of two matrices A 2 CQ⇥Q and B 2 CQ⇥Q is defined as [12,92]

AV = BV⇤ , (2.66)

where the generalized eigenvectors lie in the columns of V = [v1, . . . ,vQ] 2 CQ⇥Q with

the corresponding generalized eigenvalues found on the diagonal of ⇤ 2 CQ⇥Q , i.e.,

[�1, . . . ,�Q]
T. The expression (2.66) can also be written as

Avi = �iBvi () (A� �iB)vi = 0 8i 2 {1, . . . , Q} . (2.67)

In this case, the set of matrices (A��B), � 2 C is called the matrix pencil of (A,B). The

generalized eigenvalues � satisfy det(A��B) = 0, where det(·) computes the determinant

of a matrix. The generalized eigenvectors are the non-zero vectors v satisfying (2.67) and

cause A to behave like a scaled version of B, where the scaling factor is given by the

generalized eigenvalue. The non-trivial solution (⇤,V) is an eigenpair of (A,B).

Another interpretation of the GEVD is the joint diagonalization of matrices A and B,

which can be expressed as

V
H
AV = ⇤ , (2.68)

V
H
BV = I . (2.69)

By pre-multiplying ⇤ in (2.68) by V
H
BV and both sides by (VH)�1, (2.68) reduces

to (2.66). This implies that the generalized eigenvectors can simultaneously diagonalize

matrices A and B according to (2.68) and (2.69), respectively. If B is non-singular and
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invertible, (2.66) reduces to the standard EVD of C given by

B
�1

AV = V⇤ =) CV = V⇤() C = V⇤V
�1 , (2.70)

where C = B
�1

A, which may not be Hermitian symmetric. Consequently, the eigenvalues

may be complex-valued and the eigenvectors may not be unitary and orthogonal. Note

that the EVD is a particular case of GEVD when B = I in (2.66).

One method to compute (2.66) is based on joint diagaonlization. A Cholesky factorization

is first used to obtain [11,12]

B = T
H
T , (2.71)

where T
H and T are lower and upper triangular matrices, respectively. The second step

is to form an intermediate Hermitian matrix C according to

C =
⇣
T

H
⌘�1

AT
�1 . (2.72)

In the final step, an EVD is performed on C such that

C = U⇤U
H . (2.73)

The generalized eigenvalue matrix is given by ⇤ while the generalized eigenvectors lie

in the columns of V = T
�1

U. Equating (2.72) and (2.73), pre-multiplying by T
H and

post-multiplying both sides by U gives

⇣
T

H
⌘�1

AT
�1 = U⇤U

H =) T
H
⇣
T

H
⌘�1

AT
�1

U = T
H
U⇤U

H
U (2.74)

AV = T
H
U⇤ =) AV = BV⇤ , (2.75)

since BV =
⇣
T

H
T

⌘⇣
T

�1
U

⌘
= T

H
U.
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D. Strong Uncorrelating Transforms

In Section 2.3, diagonalization of the instantaneous covariance matrix is achieved by an

EVD. Consider a complex-valued random variable x = u+jv containing real-valued com-

ponents u and v with zero mean i.e., E{x} = 0. The second-order moment, conventionally

computed using the complex outer product, is given by

C = E{xx⇤} = E{(u+ jv)(u� jv)} = E{uu⇤}+ E{vv⇤}+ j0 = �2u + �2v , (2.76)

where �2u and �2v are the variances of u and v, respectively. The quantity in (2.76) does

not fully capture the correlation between the random variable x and its complex conjugate

x⇤. It requires the complementary variance � defined as [93,94]

� = E{xx} = E{(u+ jv)2} = E{u2}+ E{(jv)2}+ E{2juv} = �2u � �2v + j2⇢uv , (2.77)

where ⇢uv = E{uv} describes the correlation between u and v. The complex random

variable x is called proper or circular if � vanishes to zero and this only happens when

�2u = �2v and ⇢uv = 0. If � 6= 0, x is improper or non-circular [84,94–96].

These definitions completely capture the second-order moments and have also been ex-

tended to complex-valued random vectors x 2 CQ. To jointly diagonalize the conventional

covariance, C = E{xxH}, and the complementary or pseudo-covariance � = E{xxT}, the

strong uncorrelating transform (SUT) results in [93]

�C�
H = I, ���

T = ⇤ . (2.78)

An alternate approach is to use an augmented vector � = [x,xH]T 2 C2Q to form an

augmented covariance matrix expressed as [95]

E{��H} =

2

64
E{xxH} E{xxT}

E{x⇤
x

H} E{x⇤
x

T}

3

75 =

2

64
C �

�
⇤

C
⇤

3

75 2 C2Q⇥2Q . (2.79)
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The augmented covariance captures both types of covariance matrices and can be jointly

diagonalized by the Takagi factorization, which is a special type of SVD [95]. In practice,

for univariate non-circular data, it is sufficient to only diagonalize the pseduo-covariance

giving rise to the so-called approximate uncorrelating transform (AUT) [97].

The SUT has been used for speech analysis and voice activity detection [98], rank reduc-

tion and transform coding [93], where the processing usually involves complex numbers

represented in the short-time Fourier transform (STFT) domain. However, in the applica-

tions presented in this thesis, the considered real-valued speech signals are processed in the

time domain. Consequently, the complementary covariance vanishes and the second-order

moments are completely described by the conventional covariance matrix. As such, this

thesis will focus only on the covariance matrix.

2.6.2 Polynomial QR and Singular Value Decompositions

A. Polynomial QR Decomposition

Like QR factorization in linear algebra, the polynomial QR (PQR) decomposition of

A(z) 2 CP⇥Q aims to find a para-unitary Q(z) 2 CP⇥P such that [52]

A(z) ⇡ Q(z)T(z)() Q
P(z)A(z) ⇡ T(z) , (2.80)

where T(z) 2 CP⇥Q is an upper triangular polynomial matrix. In [52], QP(z) comprises a

series of delays D(z) and Givens rotations G designed to create zeros below the diagonals

of A(z) across all lags to give T(z) upon convergence. Consider a 2⇥1 column polynomial

vector example a(z) = [a1(z), a2(z)]T , where the dominant element on the lower triangle

is the coefficient of z�⌧ , i.e., a2(⌧). The para-unitary Q
P
`
(z) for the `-th iteration is

Q
P
`
(z) =

2

64
1 0

0 z�⌧

3

75

2

64
ej↵ cos ✓ ej� sin ✓

�e�j� sin ✓ e�j↵ cos ✓

3

75

2

64
1 0

0 z⌧

3

75 =

2

64
ej↵ cos ✓ ej� sin ✓ z⌧

�e�j� sin ✓ z⌧ e�j↵ cos ✓

3

75 ,

(2.81)
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where the parameters ✓, � and ↵ are computed based on the respective coefficients

tan(✓) =
|a2(⌧)|
|a1(0)|

, � = � arg(a2(⌧)), ↵ = � arg(a1(0)) . (2.82)

The selection of these parameters is designed to zero the dominant element, a2(⌧). The

leftmost delay factor in (2.81) restores the original coefficients of z0 to their original posi-

tions following an initial delay that brings the dominant element to the principal plane and

a Givens rotation, represented by the third and second polynomial matrices, respectively.

When the algorithm converges after L iterations with the polynomial elements beneath

the diagonal becoming sufficiently small in magnitude, the overall para-unitary matrix

Q
P(z) = Q

P
L
(z) . . .QP

1 (z) results in

Q
P(z)

2

64
a1(z)

a2(z)

3

75 ⇡

2

64
t1(z)

0

3

75 , (2.83)

where t1(z) is the element in the upper triangular polynomial matrix T(z). Note that a(z)

can be extended to describe arbitrary vectors in CQ and matrices A(z) in CP⇥Q.

PQR decomposition, like its linear algebra counterpart, is related to the eigenvalue prob-

lem [12] and has been used for MIMO channel equalization and decoding [51,52].

B. Polynomial Singular Value Decomposition

The para-unitary polynomial matrices constructed from delay and Givens rotation matri-

ces can also be used for the polynomial SVD (PSVD) of A(z) 2 CP⇥Q by performing two

polynomial QR decompositions so that [52]

U
P(z)A(z) ⇡ T1(z) , (2.84)

V
P(z)TP

1 (z) ⇡ T2(z) , (2.85)

where U(z) 2 CP⇥P and V(z) 2 CQ⇥Q are para-unitary, T1(z) 2 CP⇥Q and T2(z) 2

CQ⇥P are upper triangular polynomial matrices. The process is repeated by substituting
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A(z) in (2.84) with T2(z) in (2.85). For a sufficiently large number of iterations achieving

approximate diagonalization of T2(z), i.e. TP
2 (z) ⇡ ⌃(z), the PSVD of A(z) is [52]

U
P(z)A(z)V(z) ⇡ ⌃(z)()A(z) ⇡ U(z)⌃(z)VP(z) . (2.86)

The elements of the diagonal polynomial matrix ⌃(z) are the singular values of A(z). Fur-

thermore, if A(z) has a rank of M , only the first M elements of ⌃(z) are non-zero.

Instead of (2.86), the PSVD can also be calculated using the PEVD of two para-Hermitian

polynomial matrices, R1(z) 2 CP⇥P and R2(z) 2 CQ⇥Q, according to [30,52]

R1(z) = A(z)AP(z) ⇡ U(z)⇤1(z)U
P(z) , (2.87)

R2(z) = A
P(z)A(z) ⇡ V(z)⇤2(z)V

P(z) , (2.88)

where the elements in the eigenvalue polynomial matrices ⇤1(z) = ⌃(z)⌃P(z) 2 CP⇥P

and ⇤2(z) = ⌃
P(z)⌃(z) 2 CQ⇥Q are the squares of the polynomial singular values, i.e.

�i(z) = �2
i
(z), i = 1, . . . ,M, and �i(z) = 0, i > M + 1 for the i-th element. When

applying a PEVD using an iterative approach such as SBR2 on (2.87), the algorithm

converges when the magnitude of the maximum off-diagonal element in ⇤1(z) and ⇤2(z)

are less than the user-defined parameter �. Instead of targeting ⇤1(z) and ⇤2(z) in the

PEVD approach, the PQR method operates directly on ⌃(z) and avoids this lack of direct

control on the diagonality.

2.6.3 Polynomial Matrix Generalized Eigenvalue Decomposition

The GEVD has also been extended to polynomial matrices in [32]. The algorithm aims

to jointly diagonalize two polynomial matrices, A(z) and B(z), such that

V
P(z)A(z)V(z) = ⇤(z) , (2.89)

V
P(z)B(z)V(z) = I , (2.90)
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where ⇤(z) contains the generalized polynomial eigenvalues and V(z), which is no longer

guaranteed to be para-unitary, has the generalized polynomial eigenvectors. Instead of

using a Cholesky decomposition, commonly used in a GEVD algorithm [12], as explained

in Section 2.6.1, the computation of ⇤(z) and V(z) relies on a multi-channel spectral

factorization approach followed by a PEVD.

The first step is a Cholesky-style decomposition based on a spectral factorization technique

using a PEVD such that

B(z) = U(z)�(z)UP(z) = U(z)�(+)(z)�(�)(z)UP(z) = T
P(z)T(z) . (2.91)

The terms �
(+)(z) and �

(�)(z) =
⇣
�
(+)(z)

⌘P
are the minimum and maximum phase

components from the factorization of elements in the diagonal �(z) using [27, 99]. The

Cholesky-style factor is TP(z) = U(z)�(+)(z), and its inverse is [99]

⇣
T

P(z)
⌘�1

=
⇣
�
(+)(z)

⌘�1
U

P(z) . (2.92)

The inverse of �(+)(z) �
(+)(⌧) is computed in the frequency domain and reciprocated

before returning to the time domain using the z-domain representation. Note that the

inverse of a para-unitary matrix is its para-Hermitian since U(z)UP(z) = I.

Similar to the second step of GEVD introduced in (2.72), the intermediate para-Hermitian

polynomial matrix is computed as

C(z) =
⇣
T

P(z)
⌘�1

A(z)T�1(z) . (2.93)

The final step uses a PEVD to decompose the intermediate polynomial matrix so that

C(z) = U(z)⇤(z)UP(z) , (2.94)

where the elements in the diagonal ⇤(z) are the polynomial generalized eigenvalues with

their associated polynomial generalized eigenvectors in the columns of V(z) = T
�1(z)U(z).
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Equating (2.93) and (2.94), pre- and post-multiplying by T
P(z) and U(z) give

T
P(z)

⇣
T

P (z)
⌘�1

A(z)T�1(z)U(z) = T
P(z)U(z)⇤(z)UP(z)U(z)

A(z)V(z) = B(z)V(z)⇤(z) , (2.95)

where B(z)V(z) =
⇣
T

P(z)T(z)
⌘⇣

T
�1(z)U(z)

⌘
= T

P(z)U(z) is used.

The polynomial matrix GEVD algorithm has been used for broadband multi-channel

Wiener filter (MWF) [32], blind signal separation [65, 66] and communications [62]. Fur-

ther details of the algorithm can be found in [32].

2.7 Chapter Summary

In this chapter, historical and technical perspectives of polynomial matrices have been

provided. The multi-channel broadband signal and space-time covariance matrices lead-

ing to polynomial matrices have been introduced. PEVD methods in the z- and frequency

domains are reviewed, emphasizing the SBR2 and SMD algorithms since they are in-

strumental in this thesis. The conditions for the existence and uniqueness of analytic

polynomial matrix factors are also explained. Related decompositions for conventional

(non-polynomial) matrices as well as polynomial matrix extensions such as the poly-

nomial QR, polynomial SVD and the polynomial matrix GEVD have also been briefly

discussed.
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New Insights, Theoretical & Algorithmic
Development for PEVD

3.1 Introduction

This chapter explores the use of (polynomial) subspace approaches in signal processing

applications. A comparison between EVD and PEVD is provided to highlight the dif-

ferences in the processing. It is also shown and explained why PEVD is more suited to

multi-channel broadband signal processing, and the EVD can be viewed as a degenerate

case of the PEVD. The pioneering SBR2 algorithm, which inspired a family of PEVD

algorithms in the z-domain, takes many iterations for convergence. An algorithmic en-

hancement has been proposed to reduce the matrix to a tri-diagonal form using reflections

before applying rotations to speed up convergence while managing computational com-

plexity. This algorithmic enhancement work has been presented in [29].

The eigenvalue decomposition (EVD) of Hermitian matrices is widely used in many sig-

nal processing applications such as subspace decomposition for data compression [18],

noise reduction [19], spectral estimation [20], blind source separation [21] and adaptive

beamforming [22,23]. The matrix used is usually the multi-channel spatial covariance ma-

trix, computed using the (instantaneous) complex outer product of the data vector. This

computation assumes that sources are narrowband, uncorrelated and zero-mean.

When wideband signals are involved, time delays between sensors cannot be simply mod-

elled as phase shifts. Instead, correlation across different sensors and temporal lags need to

45
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be considered giving rise to space-time covariance matrices, usually modelled as polynomial

matrices. This has motivated the development of a family of PEVD algorithms [25–28],

based on the second-order sequential best rotation (SBR2) [30], for wideband signal pro-

cessing applications like polynomial MUSIC [69, 100], adaptive beamforming [31], multi-

channel Wiener filtering [32], blind source separation [33], channel identification [34, 101]

and channel coding [35].

At every iteration, SBR2 searches for the dominant off-diagonal element and seeks to zero

it out using elementary delay and rotation operations. It exploits the para-Hermitian

symmetry and is akin to Jacobi’s eigenvalue algorithm [11]. Even though the SBR2 has

been proven to converge, it tends to take many iterations because zeroing occurs pairwise

during each step and the rotation applied to other lags may undo previous diagonalization

efforts.

While there were attempts to achieve one-step diagonalization for faster convergence using

a Householder-like factorization, no closed form solution is available [25, 55]. Another

approach, the SMD [28], performs an EVD on the zero lag plane before applying the same

unitary matrices across all lags for faster convergence at the expense of complexity.

Motivated by the idea of reducing the matrix to condensed form in [12, 102, 103], in this

chapter, we show how to enhance SBR2 by reducing the zero lag plane to tri-diagonal

form using elementary reflection before applying rotation to speed up convergence.

3.2 A Comparison Between EVD and PEVD

The space-time covariance matrix has been introduced in Section 2.3.2 but will be reviewed

here. It has been shown that the instantaneous spatial covariance matrix, commonly used

in many subspace-based approaches, is the matrix coefficient of z0, also known as the zero-

lag plane, as shown in Fig. 2.2. An EVD is applied to the instantaneous covariance matrix

for subspace decomposition. A PEVD algorithm [28], on the other hand, operates on the

space-time covariance matrix, and its goal is to achieve diagonalization across all planes
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of z. While it might seem reasonable to assume that diagonalization can be achieved by

applying multiple EVDs independently to multiple matrix coefficients, different planes are

coupled together due to temporal correlations. Hence, the PEVD can only systematically

decouple the planes using a sequence of delay and zeroing matrices.

3.2.1 The Rank Problem and Properties of the Subspaces

To understand the differences as well as their implications, EVD and PEVD are com-

pared for two illustrative examples representing a sinusoidal and broadband source signal,

respectively. The analytical proofs for these examples are provided in Appendix A. The

simplified signal model used in the analysis will first be described.

A. Signal Model for Illustrative Examples

The source signal s(n) arriving at the q-th sensor is

xq(n) = hq(n) ⇤ s(n) , (3.1)

where n is the sample index, hq(n) is the channel impulse response modelled as a prop-

agation delay, and ⇤ denotes the linear convolution operator. Noise is not considered in

these examples. The multi-channel output is x(n) = [x1(n), . . . , xQ(n)]
T, where [·]T is the

transpose operator.

The space-time covariance matrix can be written as [30]

Rxx(⌧) = E{x(n)xH(n� ⌧)} , (3.2)

where ⌧ 2 Z is the temporal lag parameter, E{·} and [·]H are the expectation and Her-

mitian transpose operators, respectively. Classical subspace-based methods such as the

MUSIC algorithm [17] consider (3.2) at ⌧ = 0 so that the (instantaneous) spatial covari-

ance matrix can be written as

Rxx(0) = E{x(n)xH(n)} . (3.3)
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An EVD is applied to (3.3) so that the spatial covariance matrix can be factorized as

Rxx(0) = U⇤U
H , (3.4)

where ⇤ and U are the eigenvalue and eigenvector matrices, respectively [11]. Further,

rearranging (3.4) gives

⇤ = U
H
Rxx(0)U = U

HE{x(n)xH(n)}U = E{y(n)yH(n)} = Ryy(0) , (3.5)

where the output y(n) = U
H
x(n) is computed using a linear combination of the sensor

signals x(n). The linear combination provided by the eigenvector matrix U
H causes the

outputs or bases in y(n) to be (instantaneously) decorrelated. This is equivalent to diag-

onalizing Rxx(0), representing a spatial decorrelation at the zero lag, e.g., ⌧ = 0.

Applying a PEVD to the z-transform of (3.2), Rxx(⌧) Rxx(z), gives

Rxx(z) = U(z)⇤(z)UP(z) , (3.6)

where ⇤(z) and U(z) are the eigenvalue and eigenvector polynomial matrices, respectively

[48,49]. To diagonalize Rxx(z), the inputs x(n) are filtered based on

y(n) =
X

j

U
H(�j)x(n� j) , (3.7)

where the eigenvectors in U(z) U(⌧) are modelled using J-th order FIR filters. The

space-time covariance polynomial matrix of the bases y(n) is

Ryy(z) = ⇤(z) . (3.8)

In the case of PEVD, diagonalization is achieved over the range of z. This is strong decor-

relation, equivalent to spatial decorrelation imposed over a range of time lags ⌧ [30]. The

diagonal elements at the zero-lag plane of any space-time covariance and eigenvalue poly-

nomial matrices represent the power of the corresponding signals generating them.
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Figure 3.1: A sinusoidal source arriving at 3 sensors x(n).

B. Sinusoidal Signal Illustrative Example

A sinusoidal signal arriving at a 3-sensor array, as shown in Fig. 3.1, has the following

space-time covariance matrix shown in Fig. 3.2. The instantaneous spatial covariance

matrix is the coefficient of z0 on the principal plane, marked by red crosses.

The EVD factorizes the spatial covariance matrix into eigenvalue and eigenvector ma-

trices. The eigenvector is used to generate spatially decorrelated outputs using a linear

combination of x(n) based on (3.5), as shown in Fig. 3.3. This is further supported by

the space-time covariance of the output y(n) in Fig. 3.4, where the red crosses on the

off-diagonals are zero-valued. The outputs in Fig. 3.3 show that y1(n) and y2(n) are or-

thogonal, i.e., the inner product between the two signals equals 0, as expected for sine

and cosine functions at the same frequency. Consequently, the subspace rank, obtained

by applying an EVD to the instantaneous covariance matrix, is 2.

The PEVD factorizes the space-time covariance matrix into eigenvalue and eigenvector
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Figure 3.2: Space-time covariance matrix Rxx(z), with the (p, q)-th subplot representing
the correlation sequence between the p-th and q-th sensor. Red crosses represents the
instantaneous correlation at ⌧ = 0.

Figure 3.3: Instantaneously decorrelated output y(n) processed using eigenvector U.
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Figure 3.4: Space-time covariance matrix of instantaneously decorrelated output Ryy(z),
with the (p, q)-th subplot representing the correlation sequence between the p-th and q-th
output in Fig. 3.3 and red crosses represent the instantaneous correlation at ⌧ = 0.

polynomial matrices. The sensor signals x(n) are filtered through the eigenvector poly-

nomial matrix to generate strongly decorrelated outputs y(n), as shown in Fig. 3.5. The

polynomial eigenvector, equivalent to a FIR filter bank, can exploit time delays to align the

signals before combining them. Using a sequence of delay and zeroing matrices, the single

sinusoidal output correctly reflects the signal subspace rank as 1, as shown in Fig. 3.6.

In contrast to the set of bases generated by the EVD, the PEVD bases are strongly

decorrelated, i.e., the inner product between any shifted basis pair equals 0 or exhibits

orthogonality across a range of time lags.

C. Broadband Signal Illustrative Example

The second example considers a pulse broadband source signal arriving at the 3-channel

array, as shown in Fig. 3.7. The envelopes of the correlation sequences are triangular

as expected for a rectangular signal but are time-shifted according to the relative delays

between channels, as shown in Fig. 3.8. Observe that two instantaneous spatial covariance
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Figure 3.5: Strongly decorrelated output y(n) processed using eigenvector U(z).
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Figure 3.6: Space-time covariance matrix of strongly decorrelated output Ryy(z). , with
the (p, q)-th subplot representing the correlation sequence between the p-th and q-th out-
put in Fig. 3.5. Red crosses represent the instantaneous correlation at ⌧ = 0.
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Figure 3.7: A broadband pulse source signal arriving at 3 sensors x(n).

matrix elements, r1,3(0) and r3,1(0), are zeros because x1(n) and x3(n) are orthogonal,

i.e., their inner product equals zero.

The eigenvector matrix computed from the EVD of the spatial covariance matrix is used

to generate instantaneously decorrelated signals or bases y(n), as shown in Fig. 3.9. The

space-time covariance matrix of the output signal is presented in Fig. 3.10. As expected,

the instantaneous spatial covariance matrix, represented by red crosses, is diagonal and

equivalent to the computed eigenvalues. Diagonality at the zero-lag implies that the inner

product between any pair of signals (except with itself) is always zero. This example

suggests that the rank of the EVD is likely to be 2 or even 3. The multi-channel sensor

data x(n) can be reconstructed from the bases y(n) using the eigenvectors.

The PEVD generates a polynomial eigenvector that filters the sensor signals x(n) to

generate strongly decorrelated outputs or bases y(n). As shown in Fig. 3.11, unlike the

EVD case, the rectangular pulse signal, subjected to bulk delays, can be recovered using

a PEVD. The space-time covariance matrix of the strongly decorrelated outputs has a
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Figure 3.8: Space-time covariance matrix Rxx(z), with the (p, q)-th subplot representing
the correlation sequence between the p-th and q-th sensor. Red crosses represent the
instantaneous correlation at ⌧ = 0.

Figure 3.9: Instantaneously decorrelated output y(n) processed using eigenvector U.
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Figure 3.10: Space-time covariance matrix of instantaneously decorrelated output Ryy(z),
with the (p, q)-th subplot representing the correlation sequence between the p-th and q-th
output in Fig. 3.9. Red crosses represent the instantaneous correlation at ⌧ = 0.

rank of 1 and a triangular envelope, as observed in Fig. 3.12.

3.2.2 Summary of Key Findings

In terms of geometric interpretation, the bases generated by an EVD span a function space

in Hilbert space, e.g., span({y1(n), . . . ,yQ(n)}), so any function can be constructed using

the linear combination of the bases. However, the PEVD bases belong to shift-invariant

spaces, e.g. span({y1(n � ⌧), . . . ,yQ(n � ⌧)}), ⌧ 2 Z within the range of the time lags

imposed for decorrelation [104]. The shift-invariance outputs necessarily satisfy strong

decorrelation since the cross-correlation over the range of lags between any processed pairs

is close to zero. Any function can now be represented using the linear combination of the

bases and their shifted versions. Well-known examples of shift-invariant space include the

space spanned by shifted sinc functions used for the signal reconstruction of bandlimited

signals, e.g., span({sinc(n � ⌧)}), ⌧ 2 Z in the generalized sampling theorem [105, 106]

and wavelet transforms [18,104].
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Figure 3.11: Strongly decorrelated output y(n) processed using eigenvector U(z).
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Figure 3.12: Space-time covariance matrix of strongly decorrelated output Ryy(z), with
the (p, q)-th subplot representing the correlation sequence between the p-th and q-th out-
put in Fig. 3.11. Red crosses represent the instantaneous correlation at ⌧ = 0.
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The shift-invariance property of the basis functions generated by the PEVD allows exact

signal representation using fewer basis functions than its EVD counterpart. This enables

the PEVD to achieve more significant signal compression with fewer components, as will

be seen in Chapter 5.

The sinusoidal illustrative example also demonstrates that the EVD generates instanta-

neously decorrelated outputs using unitary matrices and provides a rank-2 decomposition

because of sine and cosine components, although there was only one source. The PEVD,

on the other hand, applies delays and unitary matrices for strong decorrelation, and this

compacts the signals into a single sinusoidal output, giving a rank-1 decomposition. The

analytical proofs for the results observed in the sinusoidal and broadband examples are

provided in Appendix A.

3.3 Second-order Sequential Best Rotation with Householder

Transformation

3.3.1 Review of Numerical Methods for EVD of Hermitian Matrix

The eigenvalue decomposition of a Hermitian or complex symmetric matrix, R = R
H,

where R 2 CQ⇥Q, can be expressed as [11]

R = U⇤U
H = W

H
⇤W , (3.9)

where the rows of the unitary matrix W contain the orthonormal eigenvectors with their

associated real-valued distinct eigenvalues lying on the diagonal of ⇤, and U = W
H.

Since similarity transformations do not alter the eigenvalues, in practice, ⇤ is obtained by

applying a sequence of unitary matrices.

In numerical diagonalization such as the Jacobi method, the unitary matrix, W, can be

constructed using a sequence of L unitary matrices W1,W2, . . . ,WL with each of them

satisfying

W`W
H
`
= W

H
`
W` = I , (3.10)
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where I is the identity matrix. The construction of W` at the `-th iteration aims to reduce

the off-diagonal elements in a systematic manner based on its Frobenius-norm,

off(R) =
QX

p=1

QX

q=1
p 6=q

r2pq . (3.11)

The unitary matrix, W`, ` = 1, 2, . . . , L, can take the form of, for example, a Givens

rotation,

G(p,q)(✓,�) =

2

66666666666664

Ip�1 0 . . . . . . 0

0 cos ✓ 0 sin ✓ej� ...

... 0 Iq�p�1 0
...

... � sin ✓e�j�
0 cos ✓

...

0 . . . . . . . . . IQ�q

3

77777777777775

2 CQ⇥Q , (3.12)

where 0 is the zero matrix and j =
p
�1, designed to zero the off-diagonal element pair

on the p-th and q-th row or column such that

G(p,q)(✓,�)

2

66666666666664

. . .
...

... . .
.

. . . rp,p . . . rp,q . . .

...
. . .

...

. . . rq,p . . . rq,q . . .

. .
. ...

...
. . .

3

77777777777775

G
H
(p,q)(✓,�) =

2

66666666666664

. . .
...

... . .
.

. . . r0p,p . . . 0 . . .

...
. . .

...

. . . 0 . . . r0q,q . . .

. .
. ...

...
. . .

3

77777777777775

, (3.13)

where rp,q is the p-th row, q-th column matrix element and [.]0 denotes the resulting

sub-matrix after multiplications. The values in (3.12) satisfying (3.13) are � = arg(rp,q)

and tan 2✓ = 2|rp,q |
rp,p�rq,q

. Furthermore, the diagonal elements, r0p,p, r0q,q can be ordered in

decreasing magnitude if ✓ is computed using the four quadrant inverse tangent to avoid

permutation ambiguity arising from arbitrary ordering.
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The Householder reflection matrix Hp 2 CQ⇥Q, p = 1, . . . , Q� 2, which satisfies (3.10), is

designed to zero more than one off-diagonal pair on the p-th row and column of

A = A
H =

2

64
A1 A2

A3 A4

3

75 2 CQ⇥Q , (3.14)

partitioned into sub-matrices A1 2 Cp⇥p which is tridiagonal, A2 2 Cp⇥(Q�p) which is

related to A3 according to

A3 = A
H
2 =

2

666666664

0 . . . 0 ap+1,p

0 . . . 0 ap+2,p

...
...

...

0 . . . 0 aQ,p

3

777777775

=
h
0 x

i
2 C(Q�p)⇥p , (3.15)

where 0 has a dimension of (Q � p) ⇥ (p � 1), x = [ap+1,p, ap+2,p, . . . , aQ,p]T 2 C(Q�p)⇥1

is the vector along the p-th column, and A4 2 C(Q�p)⇥(Q�p). The sub-matrix Jp aims to

modify the p-th row in A2 and p-th column in A3 in (3.15) such that

A
0
3 = JpA3 = A

0H
2 =

2

666666664

0 . . . 0 ↵

0 . . . 0 0

...
...

...

0 . . . 0 0

3

777777775

=
h
0 y

i
2 C(Q�p)⇥p , (3.16)

where y = [↵, 0, . . . , 0]T 2 C(Q�p)⇥1 is the target vector, ↵ = ±kxk2 exp(j�ap,p+1) is the

first element in y, �ap,p+1 is the phase angle of ap,p+1 and [·]0 denotes the matrix after

multiplication. The reflection sub-matrix is computed using Jp = IQ�p� 2uuH

uHu
, where the

Householder vector, u = x+ y, is a rank 1 modification to the identity matrix.
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Then, the overall Householder reflection matrix Hp is computed such that

HpAH
H
p =

2

64
Ip 0

0 Jp

3

75

2

64
A1 A2

A3 A4

3

75

2

64
Ip 0

0 J
H
p

3

75 =

2

64
A1 A

0
2

A
0
3 A

0
4

3

75 , (3.17)

where A1 remains unaffected by the matrix products while A4 and A
0
4 contain arbitrary

values which are unimportant for the discussion here. Deeper treatment of unitary trans-

formation can be found in [11,12,107].

3.3.2 Numerical Methods for PEVD

The PEVD of a para-Hermitian polynomial matrix, R(z) = R
P(z) 2 CQ⇥Q, where

R
P(z) = R

H(1/z⇤), proposed in [30], can be expressed as

R(z) ⇡W
P(z)⇤(z)W(z) = U(z)⇤(z)UP(z)() ⇤(z) ⇡W(z)R(z)WP(z) , (3.18)

where the rows of W(z) contain the eigenvectors with its corresponding eigenvalues on the

diagonal matrix, ⇤(z), and U(z) = W
P(z). Elements in W(z) and ⇤(z) are, in general,

polynomials in z. The eigenvalues of R(z) are preserved via similarity transformations if

W(z) satisfies the para-unitary condition [45] given by

W
P(z)W(z) = W(z)WP(z) = I . (3.19)

The Givens rotation and Householder reflection matrices described earlier also satisfy

(3.19). They can be viewed as the degenerate case where the matrix elements are co-

efficients of z0. An elementary operator for a polynomial matrix, that can change the

polynomial order, is the ⌧ -th delay matrix applied to the p-th row (column) upon a

pre(post)-multiplication,

Dp,⌧ (z) =

2

66664

Ip�1 0 0

0 z�⌧ 0

0 0 IQ�p

3

77775
. (3.20)
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For numerical diagonalization in (3.18), W(z) can comprise a sequence of L para-unitary

matrix factors, W1(z),W2(z), . . . ,WL(z), built from elementary delay, rotation and/or

reflection matrices.

A. Sign and Delay Ambiguity in Eigenvectors for PEVD

From [11], a conventional matrix with distinct eigenvalues has orthonormal left eigenvec-

tors that lie in the columns of U = W
H and are unique up to arbitrary phase rotations ej'.

Additionally, for polynomial matrices, each eigenvector can be scaled with an arbitrary

sign and be randomly delayed in z, without affecting the orthonormality of eigenvectors.

This result will be exploited in Section 3.3.5. For example, if Q = 3, then

⇤(z) =

2

66664

�1(z) 0 0

0 �2(z) 0

0 0 �3(z)

3

77775
, (3.21)

U(z) =


±z�⌧1u1(z), ±z�⌧2u2(z), ±z�⌧3u3(z)

�
, (3.22)

U
P(z) =


±z⌧1u⇤

1(1/z
⇤), ±z⌧2u⇤

2(1/z
⇤), ±z⌧3u⇤

3(1/z
⇤)

�
T

, (3.23)

where �m is the m-th eigenvalue with corresponding eigenvector, um = [u1,m,u2,m,u3,m]T

and its associated arbitrary delay, z�⌧m . The diagonal terms of R(z) in (3.18) are

rp,p(z) =
3X

k=1

�k(z)up,k(z)u
⇤
p,k

(1/z⇤) , (3.24)

and off-diagonal terms,

rp,q(z) = rP
q,p(z) =

3X

k=1

�k(z)up,k(z)u
⇤
q,k

(1/z⇤) . (3.25)

Observe that (3.24) and (3.25) hold for all arbitrary signs and delays because the factors

cancel out. Each sign ambiguity can also be expressed as a phase factor ej' which can be
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accounted for in either the eigenvector or z. Furthermore, if z is evaluated on the unit

circle, the sign and delay ambiguity is equivalent to phase ambiguity, that is inherent in

any power estimation problem using only second-order statistics. A deeper discussion is

provided in [48].

B. Second-order Sequential Best Rotation (SBR2) Algorithm

McWhirter et al. [30] proposed the SBR2 algorithm for factorizing (3.18) using a series of

para-unitary transformations. Consider the following 2-by-2 para-Hermitian polynomial

matrix example,

R(z) =

2

64
1 �0.1z�1 + 0.5z1

�0.1z1 + 0.5z�1 1

3

75 . (3.26)

For each iteration, SBR2 begins by searching for the largest off-diagonal element, |g|, across

all powers of z as depicted in Fig. 3.13(i) and comparing against a predefined threshold, �.

The element is indexed by p-th row, q-th column and z⌧ -plane. Shown in Fig. 3.13(ii), the

dominant element is brought to the principal plane, z0, using a delay matrix if it exceeds

�. A Givens rotation, computed based on the principal plane, is applied to the entire

polynomial matrix as indicated in Fig. 3.13(iii). This zeros the two elements containing

|g| on the principal plane. Due to symmetry, the search is confined to half the off-diagonals

and similarity transformation results in operations acting on dominant pairs rather than

just elements.

The overall para-unitary matrix which diagonalizes the polynomial matrix approximately

after L iterations is

W(z) = WL(z)WL�1(z) · · ·W1(z) , (3.27)

where W`(z) = G
(`)
D

(`)(z) is the product of rotation and delay matrices during the `-th

iteration and satisfies (3.19).

Naturally, the number of delay operations may increase as the algorithm progresses with

more iterations. Consequently, the order of the polynomial matrix may grow, as evident

in Fig. 3.13, and becomes unnecessarily large. This will increase search and computation
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Figure 3.13: Visualization for the first iteration of SBR2 for (3.26) that demonstrates the
(i) search, (ii) delay and (iii) rotate step.



64 3.3. Second-order Sequential Best Rotation with Householder Transformation

time as well as storage requirements.

For practical applications, W̃(z) and ⇤̃(z), approximations of W(z) and ⇤(z) in (3.18), are

usually sufficient. The reconstructed space-time covariance polynomial matrix is

R̂(z) = W̃
P

(z)⇤̃(z)W̃(z) . (3.28)

This has motivated the use of a reconstruction error measure expressed as a percentage

and defined by

✏ =

P
8z kR̂(z)�R(z)kFP

8z kR(z)kF
⇥ 100% , (3.29)

where k.kF is the Frobenius-norm (F-norm), to indicate the accuracy of the approximation.

Several methods for trimming polynomial terms with small coefficients to keep the order

compact have been proposed [27, 54, 73] but the energy-based technique [74] was chosen

in SBR2. For a given ratio of squared F-norm or energy permitted to be lost, R̃(z) is

approximated by the smallest ⌧max satisfying the inequality,

trim(R(z), µ) =
⌧maxX

⌧=�⌧max

kR(⌧)z�⌧k2F � (1� µ)
X

8z
kR(z)k2F , (3.30)

where µ is the trim parameter and R(⌧) are the matrix coefficients.

Because only one element pair is zeroed during each SBR2 iteration, all off-diagonal ele-

ments have to be iteratively processed to cycle through all elements. Consequently, more

iterations and hence slower convergence is expected as the number of elements increases

with the size of the matrix and polynomial order.

3.3.3 Proposed Algorithmic Enhancement Using Householder Matri-
ces

At each iteration, the Givens rotation increases the square of the trace norm on the

principal plane by 2|g|2 due to zeroing of the symmetric pair, where |g| is the off-diagonal

element with the largest magnitude across all powers of z. However, if the matrix at the

principal plane is reduced to tri-diagonal form before rotation, the norm of the entire row
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and column, which includes the dominant pairs, becomes compactly stored in the super-

and sub-diagonals. By applying the Givens rotations to the tri-diagonal matrix, more of

the F-norm of the off-diagonal entries on the principal plane can be transferred onto the

diagonal at each iteration.

During the `-th iteration, the Householder matrix is the product of row-wise Householder

reflection matrices, Hp, defined in (3.17), recursively computed from rows 1, 2, . . . , (Q�2)

giving

H
(`) = HQ�2 . . .H2H1 , (3.31)

which reduces the principal plane to tri-diagonal form. Each Givens rotation based on

(3.12) can be computed to zero off-diagonal elements i.e. q = p + 1, p = 1, . . . , Q � 1 on

the principal plane so that

G
(`) = G(Q�1,Q) . . .G(2,3)G(1,2) . (3.32)

The unitary term for the `-th iteration fulfilling (3.19) is

W`(z) = G
(`)
H

(`)
D

(`)(z) , (3.33)

a product of rotation, reflection and delay (polynomial) matrices and is applied to the

polynomial matrix across all z.

The proof of convergence follows directly from [30] since the proposed algorithm transfers

at least as much energy as SBR2 under the worst case where there is only 1 off-diagonal

pair on the principal plane to be zeroed. With more than 1 off-diagonal pair, more energy

will be transferred. Consequently, there exists a minimal upper bound for the number of

iterations, L, where the algorithm diagonalizes ⇤(z) approximately such that the modulus

square of the off-diagonals are arbitrarily small.

Although the trace norm of the principal plane increases monotonically, the same trans-

formation applied to other z-planes may increase the magnitude of off-diagonal elements.
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With this, SBR2 with Householder reduction is summarized in Algorithm 1.

Algorithm 1 SBR2 with Householder Reduction.
Inputs: R(z) 2 CQ⇥Q, �, maxIter, µ.
Initialize: ` 0, g  1 + �, ⇤̃(z) = R(z), W̃(z) = I.

while (` <maxIter and |g| > �) do
g  max |rp,q(z⌧ )|, q > p, 8⌧ . // search for maximum off-diagonal.
if (|g| > �) then
` `+ 1.
⇤̃(z) Dq(z)⇤̃(z)DP

q (z),
W̃(z) Dq(z)W̃(z) // delay according to (3.20).
⇤̃(z) H⇤̃(z)HH,
W̃(z) HW̃(z) // reflect according to (3.31).
⇤̃(z) G(✓,�)⇤̃(z)GH(✓,�),
W̃(z) G(✓,�)W̃(z) // rotate according to (3.32).
⇤̃(z) trim(⇤̃(z), µ),
W̃(z) trim(W̃(z), µ) // trim according to (3.30).

end if
end while
return W̃(z), ⇤̃(z).

3.3.4 Complexity Analysis of the Considered Algorithms

The overall computational complexity for the decomposition of R(z) 2 CQ⇥Q depends on

many factors, including the number of iterations L, search strategy, zeroing and trimming

method, polynomial order at each iteration T and the implementation.

Since the PEVD methods are extended from EVD techniques, relevant results from numer-

ical linear algebra are reviewed for the computation of both the eigenvalues and eigenvec-

tors [12, 103]. By exploiting the symmetry of the matrix, each Givens rotation similarity

transform uses 12Q operations, while tri-diagonal reduction requires 8
3Q

3 flops [12, 103].

The classical Jacobi EVD of a symmetric matrix, which typically uses 6 to 10 sweeps to

achieve convergence, requires 4
3Q

3 operations per sweep [103]. The proposed tri-diagonal

plus Givens approach uses 8
3Q

3 +12Q2 � 12Q flops per sweep. Although it is more costly

per sweep to use the Householder-plus-Givens approach over the Givens-only approach

in Jacobi’s algorithm, the proposed approach tends to take fewer sweeps or iterations to

converge, requiring fewer computations overall.
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Figure 3.14: Comparison of iteration counts for Householder-plus-Givens and Givens-only
in Jacobi’s algorithm for EVD.

Using 1000 randomly generated symmetric matrices for each Q = 3, . . . , 10, the number

of iterations used for matrix diagonalization is computed for the Householder-plus-Givens

LHG and Givens-only LG. The tolerable maximum off-diagonal magnitude � is set to
p

N1/3⇥10�2. The normalized relative difference �L describes the reduction in iteration

counts using the proposed approach over Jacobi’s algorithm, and lower is better. As shown

in Fig. 3.14, up to 70% reduction in �L is observed as the matrix dimension Q increases

because there are more elements for Jacobi’s algorithm to iterate through per sweep.

For the case of a polynomial matrix, the cost per iteration also scales with the polynomial

order T . Consequently, the total complexity of each PEVD algorithm is approximately

O(Q3T ) for each iteration. The comparison between a Jacobi-like SBR2 algorithm and

our proposed approach for PEVD is next discussed.
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3.3.5 Simulations and Results

A. Numerical Examples

The results presented here will follow the convention established in [30] in which (3.18)

was defined as R(z) ⇡ W
P (z)⇤(z)W(z). The eigenvectors lie in the rows of W(z) and

delays in (3.20) were applied to index q instead of p. The first example is

R1(z) =

2

66664

1 �0.4jz 0

0.4jz�1 1 0.5z�2

0 0.5z2 1

3

77775
. (3.34)

When the final value of |g| was zero (up to computational precision) using µ = 10�3, the

convergence for this example using both methods is shown in Fig. 3.15. The convergence

for the first two iterations were identical because the principal plane of the polynomial

matrix had only one off-diagonal pair. From the third iteration, our method was able to

transfer more energy to the diagonal as evident in the figure. Despite so, our method took

one more iteration to produce the exact polynomial factors as SBR2 provided in [30]. This

is because (3.34) is sparse with few non-zero polynomial elements and like conventional

matrix, numerical diagonalization using the Givens method may converge at least as fast

as the Householder method.

The second example is

R2(z) =

2

66664

1 0.8z2 � 0.4z 0.7z

0.8z�2 � 0.4z�1 1 0.5z�2

0.7z�1 0.5z2 �1

3

77775
, (3.35)

for which our method took 17 iterations compared to 23 iterations with the original SBR2

using � = 10�3 and µ = 10�4. As shown in Fig. 3.15, our method was able to transfer

more energy at each iteration and drive down the dominant element faster. Furthermore,

our method resulted in a lower reconstruction error, ✏, from 0.0672 to 0.0478. This is
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Figure 3.15: Convergence of algorithms for example 1 in (3.34) and example 2 in (3.35).
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Figure 3.16: W(z) for (3.35) where black pluses and blue crosses indicate results computed
using our proposed method with and without delay compensation, and red circles using
SBR2.

because trimming at every iteration keeps the matrix factors compact at the expense

of accuracy and the associated errors accumulate with more iterations. ⇤(z) computed

using both algorithms were exactly the same found in [30]. For W(z) shown in Fig. 3.16,

the eigenvectors produced by both methods are comparable up to a delay ambiguity as

discussed in Section 3.3.2. The compensated delay was also computed and shown as black

plus signs.

Without trimming, our method converges in 30 iterations compared to 37 iterations using

the original SBR2. The order for the polynomial factors were comparable with slight

savings at 216 versus 224 for ⇤(z) and 106 versus 110 for W(z). Both algorithms gave

✏ = 0 (up to machine precision).
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B. Decorrelation Example

The algorithms were compared with a decorrelation example involving 3 sensors and 2

sources using � =
q

N1
3⇥104 where N1 is the square of the trace norm at the principal

plane and µ = 10�4. Each channel was a 5th order FIR filter with coefficients drawn

from a uniform distribution, U [�1, 1]. The source signals were independent, identically

distributed sequences with each sample being assigned ±1 with equal probability. Each

sensor output was also corrupted by zero-mean, Gaussian noise with � = 1.8. 1000 samples

were used to computeR(⌧), assumed to be negligibly small outside the correlation window,

T . With T = 10, an approximated z-transform, R(z) =
P

T

⌧=�T
R(⌧)z�⌧ , was used in the

computation.

For the realization in Fig. 3.17, our method took 64 iterations while the original SBR2 took

90 iterations. Also, the resulting ✏ values were 1.4515 and 1.7722, respectively. Lower ✏

was likely due to fewer iterations and accumulation of inaccuracies arising from trimming.

The order of ⇤(z) was 27 for both methods while the order of W(z) was 33 and 35.

Without trimming, µ = 0, our method took 80 iterations while SBR2 took 114 iterations

and the resulting order of ⇤(z) was 633 and 1148 and W(z) was 624 and 1138. We note,

however, that the overall computational complexity depends on many factors including

the number of iterations, search strategy, zeroing and trimming method, polynomial order

at each iteration and the implementation.

C. Monte-Carlo Simulation

To further compare their performance, a Monte-Carlo simulation of 1000 decorrelation tri-

als with trimming was conducted. The relative iteration difference between both methods

was computed based on (LProposed � LSBR2) ⇥ 100/LSBR2% and relative error difference

was based on (✏Proposed � ✏SBR2) ⇥ 100/
P

8z kR(z)kF%. From the histogram shown in

Fig. 3.18, the proposed method gave an average of 12.35% reduction in the number of it-

erations over SBR2 with an average reduction of 0.1% in relative ✏. Moreover, because the

distribution was asymmetric, our proposed method enjoyed a reduction in the number of
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(a) R(z) for a single realization.
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(b) ⇤(z) from the PEVD of R(z) above.
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Figure 3.17: An example from the decorrelation Monte-Carlo simulation.
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Figure 3.18: Monte-Carlo simulation results for 1000 decorrelation trials.

iterations for 82.4% of the trials. The results obtained with both methods were consistent

to within 1% ✏.

3.4 Chapter Summary and Conclusions
This chapter has highlighted the differences between EVD and PEVD and explained why

PEVD is more suited for multi-channel broadband signal processing applications. The

basis functions generated by the PEVD eigenvectors span a shift-invariant space, thereby

allowing a more compact representation of signals compared to the EVD. The compact

signal representation is further explored in Chapter 5 and the interpretation of polynomial

eigenvectors will be discussed in Chapter 6.

The classical SBR2 algorithm was briefly reviewed, along with a proposed enhancement

using Householder reflection to reduce the principal plane to a tri-diagonal form before

rotation. This proposed method was seen able to transfer more energy to the principal

diagonal at every iteration, enabling quicker convergence with an average of 12.35% re-

duction in iteration counts, and generally polynomial matrix factors with lower order and

0.1% improvement in reconstruction error. The proposed method enjoyed convergence

speed improvements for 82.4% of the trials in the comparative simulation.
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Chapter 4

PEVD-based Speech Enhancement in Noisy
Reverberant Environments

4.1 Introduction

Speech enhancement is essential for telecommunications, hearing aids, automatic speech

recognition and voice-controlled systems. Enhancement algorithms aim to reduce interfer-

ing noise and reverberation while minimizing speech distortion. In this chapter, existing

speech enhancement algorithms are first reviewed. Polynomial matrices are then intro-

duced to model the spatial, spectral and temporal correlations between the speech signals

received by a microphone array and polynomial matrix eigenvalue decomposition (PEVD)

to decorrelate in space, time and frequency simultaneously. This leads to our proposed

blind and unsupervised PEVD-based speech enhancement algorithm. Simulations and

informal listening examples involving diverse reverberant and noisy environments have

shown that our method can jointly suppress noise and reverberation, thereby achieving

speech enhancement without introducing processing artefacts into the enhanced signal.

This chapter is based closely on the published article [39].

4.2 Overview of Speech Enhancement Algorithms

The enhancement of degraded speech signals remains important in many applications rang-

ing from human-to-human communications in telecommunications and hearing aids [108–

110] to human-to-machine interaction in automatic speech recognition, voice-controlled

systems and robot audition [111,112]. The main causes of degradation are additive back-

75
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ground noise and reverberation due to multi-path reflections in enclosed spaces [24]. Con-

sequently, the speech signal becomes temporally smeared and contaminated by interfering

signals. Furthermore, in all these applications, prior information of the target speech or

the acoustic environment is not available, motivating the need for a blind, or unsupervised,

approach.

The speech enhancement task which includes noise reduction [113] and dereverberation

[114] will be addressed in this chapter. Existing enhancement algorithms may typically

distort the speech signal and introduce processing artefacts [115–117]. Methods for con-

trolling the trade-off between noise reduction against speech distortions are introduced

in [118–120]. For instance, aggressive noise reduction might be preferred for human-to-

machine applications while mobile phone and hearing aid users might prefer less speech

distortion at the expense of higher residual noise.

Existing noise reduction techniques can be classified into single- and multi-channel tech-

niques. Methods for single-channel noise reduction include spectral subtraction [121,122],

statistical-based and subspace-based approaches. Statistical methods are typically based

on minimizing the mean-square error (MMSE) of the clean and estimated speech spec-

trum [118], the log-spectrum (log-MMSE) [123] or the single-channel Wiener filter [119,

124].

In subspace methods, noisy signals are decomposed into signal and noise subspaces and

enhancement is achieved by recovering the speech signal from the signal subspace. The

Karhunen-Loève transform (KLT) was used in [125] and an optimal solution was derived

for white noise. This approach was extended in [126] to cope with coloured noise by using

a GEVD to jointly diagonalize the speech and noise covariance matrices. Subspace-based

methods have also been extended to multi-channel systems [127,128] but they do not fully

exploit spatial information to minimize speech distortion [113], as will be seen in Section

4.7.

Multi-microphone methods include beamformers [129–131] with optional post-filtering

[132,133], the optimal MWF [119,124,134] and the multi-channel Kalman filter [135,136].
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While existing multi-channel approaches may potentially achieve noise reduction without

speech distortion when the noise is spatially and temporally white, this remains a practical

challenge under other noise conditions in real-world scenarios [113].

Speech dereverberation approaches can be classified into speech synthesis-based, reverber-

ation cancellation and reverberation suppression methods. In synthesis-based methods,

the linear prediction coding (LPC) residual is directly computed to generate an estimated

clean speech signal [137, 138]. This approach, however, is usually limited to mildly rever-

berant signals in order to avoid introducing artefacts [70].

In one class of reverberation cancellation approaches, the acoustic channel is first estimated

using, for example, blind system identification [101, 139–141]. The estimated channel is

then used in the design of inverse filter(s), such as [142] for a single-channel system and

[143] for a multi-channel system based on the multi-channel inversion theorem (MINT).

Because MINT is not robust to estimation errors, channel shortening techniques have

been proposed [144–146]. In another class of cancellation methods, multi-channel linear

prediction, such as the weighted prediction error (WPE) [147–149], is used to directly

estimate the dereverberated speech signal.

The reverberation suppression methods include single-channel spectral subtraction [150]

and multi-channel spatial filtering techniques such as the MWF [119, 124], which may be

used in conjunction with post-filtering techniques [133]. Because these methods use noise

and/or transfer function estimators, the dereverberation effectiveness depends heavily on

the performance of these estimators.

A large number of contributions are based on the assumption of narrowband signal mod-

els, e.g., [125–128]. Single-channel approaches exploit temporal correlations while multi-

channel approaches capture spatio-temporal correlations. However, extensions to broad-

band signals using the STFT generally ignore the correlations between frequency bands

and cannot preserve phase coherence across bands [14]. Furthermore, the microphone

outputs are temporally correlated because of the speech source signal and reverberation.

Consequently, an EVD or KLT, which removes correlations at a single time lag, is inad-
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equate for decorrelating the signals completely. Polynomial matrices can simultaneously

capture the correlations in space, time and frequency and are, therefore, appropriate for

modelling multi-channel broadband signals.

The processing of polynomial matrices has motivated the development of a family of

polynomial matrix eigenvalue decomposition (PEVD) algorithms [25, 28, 29], which are

based on the SBR2 [30]. Unlike EVD or KLT, PEVD can achieve decorrelation over a

suitably chosen range of time lags and is more suitable for broadband signals. It is also

widely used in many multi-channel broadband signal processing applications such as blind

source separation [33], source identification [34], localization [67], adaptive beamforming

[31] and channel coding [35].

In this chapter, we introduce and extend PEVD to the field of speech signal processing and

propose a blind and unsupervised PEVD-based speech enhancement algorithm. Prelimi-

nary studies separately focused on the task of noise reduction [36,37] and speech derever-

beration [38]. In contrast, in this chapter, we present PEVD-based speech enhancement for

both noise reduction and dereverberation. In addition, we further investigate the impact

of the parameter settings of the proposed algorithm and provide a thorough performance

evaluation in different acoustic conditions, benchmarked against state-of-the-art baseline

approaches for speech enhancement. Therefore, in supplement to the earlier studies, the

novel contributions of this chapter are (i) the use of a polynomial matrix as a broadband,

multi-channel signal model for speech, (ii) presentation of a novel PEVD-based speech

enhancement algorithm, (iii) the investigation of the parameters of the proposed algo-

rithm, (iv) a comprehensive evaluation and analysis of the proposed approach for realistic

signals under wide-range of noise and reverberation conditions, and (v) an evaluation of

our PEVD method against several comparative approaches.
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4.3 Speech Enhancement Problem Formulation

The noisy and reverberant signal, xq(n), at the q-th microphone for discrete-time sample

n = 0, 1, . . . , N is

xq(n)=h
T
q s0(n) + vq(n) , (4.1)

where s0(n) =
h
s0(n), . . . , s0(n� J)

iT
is the anechoic speech, hq =

h
hq(0), . . . , hq(J)

iT
is

the RIR from the source to the q-th microphone, assumed to be stationary and modelled

using a J-th order FIR filter, vq(n) represents the additive noise at the q-th microphone

and [·]T denotes the transpose operator. The noise signals are assumed to be zero-mean,

and uncorrelated with each other and the source signal [113].

Using the reverberation model in [24], the early reflections represent closely spaced distinct

echoes that perceptually reinforce the direct-path component and may improve speech in-

telligibility in certain conditions [151]. The late reflections comprise randomly distributed

small amplitude components, which are commonly assumed uncorrelated with the direct-

path and early reflections, and can be treated as an additive, uncorrelated noise compo-

nent [152]. Consequently, (4.1) becomes

xq(n) = h
T
q,es0(n) + xq,l(n) + vq(n)

= s̃q(n) + ṽq(n) , (4.2)

where hq,e is the impulse responses associated with the direct-path and early reflections,

xq,l(n) is the late reverberant component, s̃q(n) = h
T
q,es0(n) and ṽq(n) = xq,l(n) + vq(n)

are the desired speech and unwanted noise at the q-th microphone. The data vector from

Q microphones is x(n) = [x1(n), . . . , xQ(n)]T 2 RQ, with xl(n), s(n), s̃(n), v(n) and ṽ(n)

similarly defined.

4.3.1 Noise Reduction in Anechoic Environment

Without reverberation, each acoustic channel only comprises the direct-path propagation,

modelled using a delay. Typically, the first channel, or the channel with the shortest
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propagation time from the source, can be taken as the reference. Consequently, (4.1)

simplifies to

xq(n) = sq(n) + vq(n) , (4.3)

where sq(n) is an attenuated and delayed version of s0(n) at the q-th microphone. The

goal of noise reduction is to recover s(n) from x(n) while keeping v(n) suppressed.

4.3.2 Speech Dereverberation in Noiseless Environment

In the absence of additive noise, (4.1) simplifies to

xq(n) = h
T
q s0(n) , (4.4)

since vq(n) = 0. While retaining the early reflections is not normally perceived to be per-

ceptually harmful, in this chapter, the evaluation of dereverberation targets the anechoic

speech, s0(n). Furthermore, if noise is present in the environment, residual additive noise

after processing may remain but is not considered in the dereverberation evaluation.

4.4 Polynomial Matrix Decomposition

4.4.1 Motivation for Polynomial Matrices in Speech Processing

Broadband signals received by microphone arrays exhibit spatial, spectral and temporal

correlations. The space-time covariance matrix is defined as [30]

Rxx(⌧) = E{x(n)xH(n� ⌧)} 2 CQ⇥Q , (4.5)

where E{·} and [·]H are the expectation and Hermitian transpose operators, respectively.

The (p, q)th element of Rxx(⌧), rp,q(⌧) = E{xp(n)x⇤q(n � ⌧)}, is computed using the cor-

relation function between the received signal at the p-th and q-th microphone and is pa-

rameterized by the temporal lag, ⌧ 2 Z, and [·]⇤ is the complex conjugate operator.



Chapter 4. PEVD-based Speech Enhancement in Noisy Reverberant Environments 81

If the source, s0(n), is a narrowband signal at frequency f0 propagating in an anechoic

environment, xq(n) is related to the reference signal at the first microphone, x1(n), by a

constant phase shift, �q = 2⇡f0⌧q. The data vector becomes

x(n) = [x1(n), x1(n)e
�j�2 , . . . , x1(n)e

�j�Q ]T , (4.6)

such that the correlation between the (p, q)th sensor pair is

rp,q(⌧) = E{x1(n)e�j�p [x1(n� ⌧)e�j�q ]⇤} (4.7)

= E{x1(n)x1(n)}e�j�p,q+j2⇡f0⌧ , (4.8)

where �p,q = �p��q is the phase difference that depends only on the array geometry and

is associated with the TDoA. Since the expectation term in (4.8) is independent of ⌧ and

the array geometry is fixed such that �p,q remains constant across all lags, (4.8) can be

computed at any ⌧ for decorrelation using an EVD. Classical subspace-based approaches

for the enhancement of narrowband signals compute the instantaneous spatial covariance

matrix by evaluating (4.5) at ⌧ = 0, expressed as

Rxx(0) = E{x(n)xH(n)} . (4.9)

However, for a broadband source signal like speech, (4.8) no longer holds since the source

correlation now depends on ⌧ . Therefore, correlations across different sensors and temporal

lags need to be considered. Accordingly, concatenating the covariance matrix, Rxx(⌧), for

all values of ⌧ 2 {�N, . . . , N}, results in a tensor of dimension, Q⇥Q⇥ (2N + 1).

Instead of processing signals in the STFT domain, the z-transform which captures and

preserves the correlations of the received signals in space, time and frequency is used. The

z-transform of (4.5), denoted by R(⌧) R(z) 2 CQ⇥Q and also represented using a 3D

tensor, is a para-Hermitian polynomial matrix [30]

Rxx(z) =
1X

⌧=�1
Rxx(⌧)z

�⌧ . (4.10)
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The polynomial matrix is a matrix with polynomial elements, or equivalently, a poly-

nomial with matrix coefficients. In the former, each element in the polynomial matrix

represents the correlation function in z between a specific microphone pair. In the latter,

the polynomial matrix shows how the spatial correlation between all sensor pairs changes

with z.

4.4.2 Family of PEVD Algorithms

The PEVD of a para-Hermitian polynomial matrix is [48,49]

Rxx(z) = U(z)⇤(z)UP(z) , (4.11)

where the columns of U(z) are the eigenvectors and the diagonal polynomial matrix, ⇤(z)

contains the eigenvalues, and [·]P is the para-Hermitian operator defined as U
P(z) =

U
H(1/z⇤). The prefix ‘para’ indicates a time-reversal in this context. The decomposition

in (4.11) for an analytic Rxx(z) can be factorized using analytic factors, U(z) and ⇤(z),

which in most cases are infinite Laurent series. However, analyticity implies that suffi-

ciently large order of Laurent polynomials can closely approximate (4.11) [48,49].

The PEVD can be approximated by Laurent polynomial factors using an iterative al-

gorithm [25, 28–30] based on similarity transforms involving L para-unitary polynomial

matrices [45], U(z) = UL(z) · · · U1(z). At the `-th iteration, the algorithm first searches

for the largest off-diagonal element exceeding a predefined threshold, �. U`(z) is then

constructed using delay polynomial matrices and unitary matrices, which are designed

to zero out the off-diagonal elements on the matrix coefficient of z0, and applied to the

entire polynomial matrix. To keep the polynomial order compact, a fraction µ, of the

total Frobenius-norm squared, is truncated as detailed in [30]. After L iterations, Rxx(z)

is approximately diagonalized according to [30,153]

⇤(z) ⇡ U
P(z)Rxx(z)U(z) = U

P(z)E{x(z)xP(z)}U(z) , (4.12)

where x(z) is the z-transform of x(n) based on (4.10).
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The zeroing unitary matrix computed at each iteration can take the form of a Givens

rotation in SBR2 [30], a Householder-like optimization procedure as in [25], a combination

of Householder reflection and Givens rotation matrices in [29] or an eigenvector matrix in

the SMD algorithm [28].

4.5 PEVD-based Speech Enhancement Algorithm

The z-transform of the space-time covariance matrix of the microphone signals obtained

by applying (4.2) to (4.5) is

Rxx(z) = he(z)h
P
e (z)rss(z) +Rll(z) +Rvv(z) (4.13)

= Rs̃s̃(z) +Rṽṽ(z) , (4.14)

where rss(z) is a 1⇥1 polynomial which forms a z-transform pair with the anechoic speech

auto-correlation sequence, rss(z) rss(⌧), computed using

rss(⌧) = E{s0(n)s0(n� ⌧)} 2 R1⇥1 8⌧ . (4.15)

The channel polynomial vector is he(z) = [h1,e(z), . . . , hQ,e(z)]
T 2 CQ, where hq,e(z) is a

1⇥1 polynomial obtained by taking the z-transform of the direct-path and early reflections

in the RIR from the source to the q-th microphone, i.e., hq,e(z) =
P

J

i=0 hq,e(i)z
�i. The

polynomial matrices Rvv(z) 2 CQ⇥Q and Rll(z) 2 CQ⇥Q are the space-time covariance of

the noise and late reverberation modelled as a spatially diffuse field [152] computed using

v(n) and xl(n) following (4.5) and (4.10), respectively. The speech component Rs̃s̃(z),

obtained from the direct-path and early reflections, is assumed uncorrelated with Rṽṽ(z),

which includes the late reflections and additive noise components.

Assuming stationarity within each processing frame, (4.5) is estimated using T+1 samples

per frame according to

R̂xx(⌧) ⇡
1

T + 1

TX

n=0

x(n)xH(n� ⌧) . (4.16)
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Furthermore, (4.10) can be approximated using

R̂xx(z) ⇡
WX

⌧=�W

Rxx(⌧)z
�⌧ , (4.17)

where W is the truncation window which determines the extent of the supported temporal

correlation of the speech signals. Hence, in addition to the PEVD parameters, the frame

size, T , and window length, W , can affect the performance of the proposed algorithm as

investigated in Section 4.7.1. Since noise and speech are assumed uncorrelated, the PEVD

gives [37]

Rxx(z) ⇡
h
Us̃(z) Uṽ(z)

i
2

64
⇤s̃(z) 0

0 ⇤ṽ(z)

3

75

2

64
U

P
s̃ (z)

U
P
ṽ (z)

3

75 , (4.18)

where {.}s̃ and {.}ṽ are associated with the signal-plus-noise (or simply signal) and noise-

only (or simply noise) subspaces.

The eigenvector polynomial matrix, U(z), can be applied as a filterbank for x(z) so that

the outputs, y(z) = U
P(z)x(z), are strongly decorrelated [28], according to

E{y(z)yP(z)} = E{UP(z)x(z)xP(z)U(z)} ⇡ ⇤(z) . (4.19)

Unlike some speech enhancement approaches, the proposed method does not use any noise

estimation algorithms since the strong decorrelation property of PEVD implicitly orthog-

onalizes the subspaces across all time lags in the range of W . Furthermore, U(z) is lossless

or para-unitary by construction and has an all-pass filter frequency response [45]. This

implies that U(z) can only redistribute spectral power among channels and not change the

total (over all subspaces) signal and noise power [30]. The PEVD algorithms in [30] also

tend to sort the strongly decorrelated outputs in descending order of signal energy because

of the spectral majorization property [28]. The signal subspace comprises mostly speech

components, originally distributed over all microphones but now summed coherently. In

contrast, the noise subspace is dominated by ambient noise and late reflections in the
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reverberant channels. Consequently, speech enhancement is achieved by combining com-

ponents in the signal subspace of dimension 1, defined as the first channel with the largest

total spectral power, and nulling components in the noise subspace, e.g., Uṽ(z) = 0.

The computational complexity of the proposed algorithm depends on the number of micro-

phones Q, the order of the polynomial matrix (2W +1), the number of iterations L and is

approximately O(Q3WL). The PEVD-based speech enhancement method is summarized

in Algorithm 2.

4.5.1 Noise Reduction in Anechoic Environment Case

In an anechoic environment, (4.3) simplifies (4.13) to

Rxx(z) = Rss(z) +Rvv(z) , (4.20)

whereRss(z) Rss(⌧) is the space-time covariance matrix of the delayed speech received

by the microphones s(n). The (p, q)th element of Rxx(z) can be written as

rp,q(⌧) = E{sp(n)sq(n� ⌧) + vp(n)vq(n� ⌧)}

= E{s0(n� ⌧p)s0(n� ⌧q � ⌧)}+ E{vp(n)vq(n� ⌧)} , (4.21)

which implies that the difference in lags between every channel pair can only be captured by

PEVD in the range of W . Then, PEVD decomposes the signal information into subspaces

associated with the anechoic speech and the noise signals based on (4.18).

4.5.2 Speech Dereverberation in Noiseless Environment Case

When the environment is noiseless, (4.4) simplifies (4.13) to

Rxx(z) = he(z)h
P
e (z)rss(z) +Rll(z) . (4.22)

Comparing with (4.14), the first term is part of the desired speech subspace. It is uncor-

related and orthogonal with the second term, which contains only the late components
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and forms the noise subspace. The window size, W , should be large enough to include the

direct-path and early reflections in order to achieve the desired enhancement.

Algorithm 2 PEVD-based speech enhancement [37].
Inputs: x(n) 2 RQ, n 2 {0, . . . , T},W, �, µ, L.

Rxx(⌧) E{x(n)xH(n� ⌧)} // see (4.5)
Rxx(z) Z{Rxx(⌧)} // see (4.10)
U(z),⇤(z) PEVD {Rxx(z), �, µ, L} // any [25,28–30]
x(z) Z{x(n)} // see (4.10)
y(z) U

P(z)x(z) // speech enhancement
y1(z) y(z) // enhanced signal in the first channel
return y1(z).

4.6 Experimental Setup

4.6.1 Acoustic Environments and Setup

Anechoic speech signals, which are sampled at 16 kHz, are taken from TIMIT corpus

[154] because it has a good phonetic balance and is widely used in the literature. Room

impulse response measurements and noise recordings are taken from the complete ACE

corpus [155]. The T60 of the rooms in the ACE corpus range from 0.332 s to 1.22 s.

The Q = 3 channel ‘mobile’ array was used in most experiments. The Q = 8 channel

linear array, with microphones spaced by 60mm, was used for the study on the use of a

different number of microphones. In the direct-path-only experiments, the propagation

delays were drawn from the discrete uniform distribution, U(1, 1000), and ordered such

that ⌧1 < ⌧2 < ⌧3.

Babble, car and factory noise from the Noisex database [156], as well as restaurant, res-

idential traffic and city street noise from the International Sound Effects (SoundFx) li-

brary [157], and white noise, were used.

The noise recordings in ACE were used directly. With the Noisex and SoundFx noise

signals, diffuse noise signals were produced using [158]. In each trial, sentences from a

randomly selected speaker were concatenated to have 8 to 10 s duration. The anechoic

speech signals were then convolved with the impulse responses at each microphone channel
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before being corrupted by additive noise using [159], implemented in [160]. The signal-

to-noise ratio (SNR) ranged from -10 dB to 20 dB. For each Monte-Carlo simulation, 50

trials were conducted.

4.6.2 Speech Enhancement Comparative Algorithms

The proposed PEVD method was compared against two versions of the MWF, two sub-

space approaches, the generalized weighted prediction error (GWPE), and two joint ap-

proaches that can suppress both noise and reverberation. Both MWFs are based on the

concatenation of a minimum variance distortionless response (MVDR) beamformer fol-

lowed by a single-channel Wiener filter [133]. The first is a practical MWF which uses a

relative transfer function (RTF)-based speech estimator and a noise estimator based on the

parameters used in [135]. The second is the oracle multi-channel Wiener filter (OMWF)

which provides an ideal performance upper-bound since it uses complete prior knowledge

of the clean speech signal, based on [119] where the filter length is 80. The PEVD subspace

approach was also compared against the subspace method for coloured noise (COLSUB)

which uses a GEVD [126] and the multi-channel subspace (MCSUB) method [127]. The

GWPE dereverberation algorithm [147], and integrated methods for noise reduction and

dereverberation such as the weighted power minimum distortionless response (WPD) [149]

and the integrated sidelobe canceller linear prediction Kalman filter (ISCLP) [136], were

also included as benchmark approaches. The published code was used for ISCLP while

the published parameters and ground truth DoAs from ACE were used to compute the

steering vectors for WPD [149] to avoid signal direction mismatch errors.

For all experiments, the PEVD parameters, chosen following [36–38], were � =
p

N1/3⇥

10�2 where N1 is the square of the trace-norm of Rxx(0), µ = 10�3 and L = 500 iterations.

In all experiments, except for those investigating the effects of varying T and W , T =

W = 1600 samples were used. With this parameter selection, correlations within 100ms,

which were assumed to include the direct-path and early reflection components, were

captured and used by the algorithm. The source code for our method and experiments is

available [161].
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4.6.3 Evaluation Measures

For the noise reduction evaluation, the segmental signal-to-noise ratio (SegSNR) [162,

163], and frequency-weighted segmental signal-to-noise ratio (FwSegSNR) [163, 164] are

used. To measure the speech quality and intelligibility and to account for processing

artefacts, short-time objective intelligibility (STOI) [165] and perceptual evaluation of

speech quality (PESQ) [166] are used. A key measure of dereverberation is the direct-to-

reverberant ratio (DRR) but the modified impulse responses after processing are generally

unavailable. Instead, the normalized signal-to-reverberant ratio (NSRR), which is a signal-

based measure shown to be equivalent to DRR under certain conditions [167], and the Bark

spectral distortion (BSD) [24], are used.

These measures are computed for the signals before and after enhancement using the

proposed and benchmark algorithms and the improvement� is reported. Positive� values

show improvements in all measures except �BSD, for which a negative value indicates a

reduction in spectral distortions.

4.7 Results and Discussions

Monte-Carlo simulations have been conducted to understand 1) the impact of varying

the parameters of the proposed PEVD-based approach and; 2) the effectiveness of the

proposed approach in comparison to other methods for speech enhancement, including the

specific cases of noise reduction in anechoic environments and dereverberation in noiseless

environments. Listening examples are also available [161].

4.7.1 Parameter Selection for the PEVD-based Algorithm

These parameter values have also been confirmed to exhibit similar trends for different

scenarios including noise types and rooms. However, for brevity, we present in this chapter

only the results for white noise in Lecture Room 2.
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A. Frame Size and Window Length

With a fixed frame size, T = 1600 samples, the window length W was varied from 0 to

1600 samples. When W = 0, PEVD is equivalent to an EVD applied to the instantaneous

spatial covariance matrix in (4.9), and this can only decorrelate the microphone signals

at a single time lag. As W increases, correlations between microphones at other lags

are computed and used in the PEVD algorithm. In the presence of white noise in Lec-

ture Room 2, Fig. 4.1 highlights the limitation of using only the instantaneous lag when

W = 0 as indicated by the lowest scores in all measures while the scores substantially

improve as W > 0. When W � 5, the improvements are negligible because white noise

in Fig. 4.1 does not exhibit any temporal correlations but is still advantageous to capture

the speech correlations.

The marginal improvement in all measures across all SNRs with frame size T is shown

in Fig. 4.2. Similar results are observed for intermediate values of T . This is expected

since larger frame sizes will provide a better estimate of the second-order statistics for the

PEVD algorithm, assuming stationarity.

B. Number of Microphones

The impact of changing the number of microphones Q in the range 2 to 8 was investigated

using the 8 channel linear array. For white noise in Lecture Room 2, Fig. 4.3 shows

that PEVD can reduce noise and reverberation without sacrificing speech intelligibility

and quality even with 2 microphones as indicated by the improvement in all metrics.

Generally, PEVD performs better with the number of channels as expected, with very

similar results obtained for intermediate values of Q.
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Figure 4.1: Speech enhancement for white noise in Lecture Room 2 using different window
length W for the approximation of the z-transform.
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Figure 4.2: Speech enhancement for white noise in Lecture Room 2 using different frame
length T for the computation of the space-time covariance matrix.
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Figure 4.3: Speech enhancement results for white noise in Lecture Room 2 using different
numbers of microphones Q.
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4.7.2 Comparison of Speech Enhancement Algorithms

A. Noise Reduction of Anechoic Speech in Noise

The illustrative example based on a clean speech corrupted by 0 dB babble noise in an

anechoic environment is shown in Fig. 4.4. Overall, the energy of the babble noise has been

significantly reduced after the PEVD-based enhancement, as reflected by an improvement

in �SegSNR and �FwSegSNR, respectively in Table 4.1. Although COLSUB [126], which

uses a GEVD, improved in both �SegSNR and �FwSegSNR, the structures of the babble

noise and speech signals are lost for example at 3 s and processing artefacts are observed in

the listening examples [161]. These artefacts may have led to lower �PESQ and �STOI

for COLSUB compared to PEVD.

For this example, Table 4.1 shows that OMWF performed best in all measures as expected

because it uses prior knowledge of the clean speech signal. Despite being a completely

blind approach without using any noise estimator, PEVD is the best performing algorithm

after OMWF in terms of �FwSegSNR, �STOI and �PESQ. This example demonstrates

that the PEVD approach can perform comparably to an oracle algorithm. Enhance-

ment using MCSUB or WPD offers some improvement in some measures while MWF,

GWPE or ISCLP worsens the scores across all measures. Note that in practice when noise

and/or RTF estimators are used, the performance of MWF degrades significantly from

OMWF.

The Rxx(z) for the above example used in PEVD is presented in Fig. 4.5, with the (p, q)th

subplot representing the z-transform of rp,q(⌧), p and q correspond, respectively, to the

row and column indices of Fig. 4.5. An EVD, which is applied to the instantaneous

covariance matrix corresponding to the coefficient of z0, can only decorrelate the signals

at a single time lag [125, 127]. This is inadequate for this example because the cross-

correlations on the off-diagonals have peaks at other time lags. Instead, the PEVD can

impose decorrelation over a range of time lags as shown in Fig. 4.6, where every off-

diagonal element has a magnitude less than 0.58% of the trace-norm of Rxx(0). Because

of trimming, the polynomial order of ⇤(z) in Fig. 4.6 is much smaller than that of Rxx(z)
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Table 4.1: Noise reduction performance of an anechoic speech in 0 db diffuse
babble noise example, with measured scores (SegSNR=-8.93 db, FwSegSNR=-
6.86 db, STOI=0.674 and PESQ=1.63).

Algorithm �SegSNR �FwSegSNR �STOI �PESQ
MWF -2.37 dB -2.91 dB -0.122 -0.22
OMWF 5.37 dB 4.31 dB 0.104 0.41
COLSUB 5.23 dB 3.92 dB 0.024 0.14
MCSUB 1.96 dB -0.60 dB 0.008 0.17
PEVD 4.36 dB 4.22 dB 0.097 0.34
GWPE -0.04 dB -0.23 dB -0.009 -0.01
WPD 0.60 dB -0.03 dB -0.004 0.02
ISCLP -7.65 dB -7.99 dB -0.167 -0.33

in Fig. 4.5.

The results of Monte-Carlo simulations involving 50 trials of anechoic speech with -10 dB to

20 dB babble noise are plotted in Fig. 4.7. OMWF is the best performing algorithm which

can consistently provide improvement in all metrics over the entire range of SNRs. While

COLSUB performs up to 2 dB better than OMWF in �SegSNR and �FwSegSNR at lower

SNRs, the �STOI and �PESQ are negative. After OMWF, PEVD is the best performing

algorithm in �STOI and �PESQ and one of the best in �SegSNR and �FwSegSNR. The

noise reduction performances of MWF, MCSUB, GWPE, WPD and ISCLP are limited in

all measures across all SNRs.

All algorithms were tested for an extensive range of noise types with results given in

Fig. 4.8, for the example of restaurant noise. Noise reduction for COLSUB is achieved

at the cost of reduced speech intelligibility and quality. The OMWF, which uses oracle

knowledge of the clean speech, performs best across all measures and can simultaneously

reduce noise and improve speech intelligibility and quality. PEVD comes close as second

best, despite being completely blind, just like the other approaches. Most approaches do

not improve and may even reduce the measures.
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Figure 4.4: Normalized spectrograms of anechoic speech in 0 dB babble noise example
and the processed signals.
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Figure 4.5: Space-time covariance, Rxx(z) of the noisy speech example in Fig. 4.4 with
the instantaneous covariance matrix marked by red cross signs. The (p, q)th subplot is the
z-transform of the element rp,q(⌧).
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Figure 4.7: Noise reduction results for Noisex babble noise.



98 4.7. Results and Discussions

-10 -5 0  5  10 20 
SNR (dB)

-20

-15

-10

-5

0

5

10

-10 -5 0  5  10 20 
SNR (dB)

-20

-15

-10

-5

0

5

10

-10 -5 0  5  10 20 
SNR (dB)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

-10 -5 0  5  10 20 
SNR (dB)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

MWF
OMWF
COLSUB
MCSUB

PEVD
GWPE
WPD
ISCLP

Figure 4.8: Noise reduction results for SoundFx restaurant noise.
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B. Speech Dereverberation in the Absence of Noise

An illustrative result for a single reverberant speech example in Lecture Room 2 without

background noise is shown in Fig. 4.9. The spectrograms show qualitatively that both

GWPE and PEVD can suppress reverberation while retaining the overall speech structure.

However, GWPE seems to have applied a more aggressive suppression which results in

a cleaner spectrogram, as supported by the lowest �BSD in Table 4.2, indicating lower

spectral distortions than PEVD. PEVD outperforms all algorithms in �NSRR and WPD,

which uses the steering vector computed from the ground truth DoA, ranks second. Based

on �STOI and �PESQ, GWPE performed best, followed by WPD, ISCLP, PEVD and

OMWF. The other algorithms do not provide significant improvements.

To understand the processing involved, the difference between the reverberant and pro-

cessed signals are plotted in red along with the reverberant signal in blue. The PEVD

improvement in Fig. 4.9(f) follows the temporal envelope changes of the reverberant signal

more closely while the GWPE improvement has higher amplitudes for example at roughly

1 s and 4 s, which suggests more aggressive processing. Listening examples for GWPE in-

dicate the removal of most of the early but not the direct-path and some late reverberant

components, as also observed in [147]. Listening examples for PEVD, on the other hand,

indicate that the direct-path and some early reflection components are retained in the

enhanced signal in the first channel, as expected for reasons given in Section 4.5.2. The

late reverberant components, which are absent in the enhanced signal, are observed in the

second and third channels because of orthogonality [161].

Across all rooms, due to the removal of late reflections, PEVD ranks second in �NSRR

after WPD as shown in Fig. 4.10. Moreover, GWPE processes the signals aggressively

as discussed above and therefore leads to the best improvement in �BSD, �STOI and

�PESQ. The overall performance of WPD and ISCLP are comparable and is followed by

PEVD. In this noise-free scenario, speech dereverberation using OMWF is equivalent to

a Wiener deconvolution. Averaged across all rooms, �NSRR and �BSD for OMWF are

worsened by -0.94 dB and 0.14 dB, while �STOI and �PESQ are increased by 0.015 and
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Figure 4.9: Normalized spectrograms of reverberant speech example and the improvement,
x1(n)� y1(n), is scaled and time aligned with x1(n).
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Figure 4.10: Speech dereverberation results in noiseless environments.
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Table 4.2: Dereverberation performance of a noiseless, reverberant exam-
ple in Lecture Room 2, with measured scores (NSRR=-6.03 db, BSD=0.38 db,
STOI=0.810, PESQ=2.01).

Algorithm �NSRR �BSD �STOI �PESQ
MWF -1.06 dB 0.27 dB -0.057 -0.26
OMWF 0.10 dB 0.04 dB 0.009 0.16
COLSUB 0.00 dB 0.00 dB 0.000 0.00
MCSUB -3.20 dB 0.28 dB -0.028 0.01
PEVD 5.79 dB -0.12 dB 0.018 0.12
GWPE 0.68 dB -0.25 dB 0.091 0.70
WPD 4.02 dB -0.23 dB 0.071 0.40
ISCLP 0.29 dB -0.22 dB 0.040 0.41

0.13 respectively. This is expected because the FIR filter of 80 taps, chosen following the

published parameters in [119], is insufficient to invert with high accuracy the room impulse

responses which are thousands of samples long. COLSUB also offers no improvement while

MWF and MCSUB tend to worsen all metrics.

C. Speech Enhancement of Reverberant Speech in Noise

Results for reverberant speech corrupted by ACE babble noise in the strongly reverber-

ant Lecture Room 2 are shown in Fig. 4.11. For SNR10 dB, a trade-off between noise

reduction and speech intelligibility and quality, is observed for COLSUB which shows neg-

ative �STOI and �PESQ. On the other hand, OMWF, which is designed to minimize

speech distortion using knowledge of the clean speech, performs the best in �STOI and

�PESQ but not in �SegSNR and �FwSegSNR. This also reflects the fact that speech

intelligibility may not necessarily be affected by noise levels, up to some limit, compared

to speech. Using prior knowledge of DoA to compute the steering vector, WPD provides

further improvement in all measures over GWPE. At 20 dB SNR, algorithms targeting

reverberation such as GWPE and joint approaches like WPD and ISCLP, perform better

than the noise reduction approaches. Fig. 4.11 also shows that PEVD performs best in

�NSRR and �BSD, ranks second in �SegSNR, �FwSegSNR and �STOI, and one of the

best in �PESQ for all SNRs.
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Figure 4.11: Speech enhancement results for babble noise in Lecture Room 2.
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Figure 4.12: Speech enhancement results for fan noise in Office 1.
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Results for the ACE fan noise in the scenario for Office 1 in Fig. 4.12 also show that

noise reduction algorithms perform better at low SNRs, i.e. below 5 dB, while derever-

beration algorithms perform better at high SNRs, for example at 20 dB. Across all noise

and reverberation conditions, PEVD can consistently suppress both noise and reverber-

ation and improve both speech intelligibility and quality. In addition, PEVD can offer

further improvement by up to 5 dB in �FwSegSNR, 0.1 in �STOI and -2 dB in �BSD

over state-of-the-art joint approaches, WPD and ISCLP. Furthermore, listening examples

in [161] provide supporting evidence that our PEVD-based approach does not introduce

any processing artefacts into the enhanced signal.

Comprehensive testing over the complete ACE corpus has been performed with summary

results given in Table 4.3, for the example of the most and least reverberant rooms in 0 dB

babble noise. Results indicate that PEVD can consistently provide the best dereverbera-

tion and one of the best noise reduction performances. Only OMWF outperforms PEVD

in �STOI. However, OMWF requires oracle prior information, which is unavailable in

practice. In contrast, the proposed PEVD approach is blind, using only the microphone

signals. The source code and listening examples corresponding to the results are avail-

able [161].



Table 4.3: Enhancement performance evaluated on the ACE corpus for 0 db babble noise, measured using
(mean±standard deviation). �FwSegSNR, �NSRR and �BSD are measured in db. The proposed PEVD
approach consistently performs among the best.

Room (T60) Office 1 (0.332 s) Lecture Room 2 (1.22 s)
Algorithm �FwSegSNR �STOI �NSRR �BSD �FwSegSNR �STOI �NSRR �BSD
MWF -0.96 ± 1.30 -0.020 ± 0.015 -2.07 ± 1.30 0.99 ± 1.70 -0.95 ± 1.10 -0.020 ± 0.015 -2.32 ± 0.99 1.14 ± 1.30
OMWF 2.49 ± 1.90 0.088 ± 0.022 1.21 ± 3.30 -2.09 ± 1.40 1.90 ± 1.50 0.083 ± 0.018 0.80 ± 4.10 -1.86 ± 1.70
COLSUB 4.49 ± 1.50 -0.096 ± 0.024 -1.25 ± 2.20 -0.82 ± 1.00 5.12 ± 1.60 -0.107 ± 0.025 -3.00 ± 1.50 -1.36 ± 1.00
MCSUB -1.93 ± 2.70 -0.005 ± 0.029 -7.21 ± 3.10 3.77 ± 6.50 -3.11 ± 6.30 -0.040 ± 0.038 -11.48 ± 6.10 17.80 ± 44.00
PEVD 2.11 ± 1.00 0.038 ± 0.030 2.15 ± 1.20 -1.79 ± 0.81 2.40 ± 0.60 0.037 ± 0.013 2.39 ± 0.80 -2.13 ± 0.66
GWPE 0.32 ± 0.18 0.004 ± 0.005 0.12 ± 0.19 -0.30 ± 0.17 0.08 ± 0.11 -0.001 ± 0.004 -0.06 ± 0.16 -0.08 ± 0.11
WPD 0.67 ± 0.41 0.006 ± 0.008 0.20 ± 0.50 -0.54 ± 0.36 1.40 ± 1.30 0.023 ± 0.019 0.73 ± 1.30 -1.19 ± 1.20
ISCLP -0.65 ± 1.90 -0.025 ± 0.024 3.49± 1.70 0.24 ± 2.00 -0.66 ± 1.40 -0.044 ± 0.016 0.74 ± 2.00 0.31 ± 1.50
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4.8 Chapter Summary and Conclusions

In this chapter, multi-channel broadband speech signals were modelled using polynomial

matrices in order to capture the spatial, spectral as well as temporal correlations between

microphones. It was shown that the proposed PEVD approach can decorrelate the micro-

phone signals in space, time and frequency simultaneously. A novel speech enhancement

algorithm based on the PEVD was proposed. The proposed algorithm achieves significant

noise reduction and dereverberation using a weighted combination of the signal subspace.

Comparative simulations under diverse acoustic conditions have indicated that the pro-

posed method improves noise reduction metrics, speech intelligibility and quality scores,

and dereverberation measures. Despite being a blind and unsupervised algorithm, the ap-

proach does not use any channel or noise estimation algorithms and does not introduce any

processing artefacts into the enhanced signal as observed in the examples at [161].



Chapter 5

Signal Compaction Using PEVD for Spher-
ical Arrays with Applications

5.1 Introduction

This chapter focuses on the compact representation of speech signals acquired by spheri-

cal microphone arrays. The chapter first provides an exposition of the problem, followed

by a review of the processing and signal representation afforded by spherical harmonic

transform (SHT) and PEVD for spherical microphone arrays. The proposed approach to

combine SHT and PEVD is next presented and subsequently used for speech enhancement

and source separation. In the proposed framework for signal representation, the diago-

nality factor improves by up to 7 dB over the microphone signal representation with a

significantly lower computation cost. Moreover, when applying this framework to speech

enhancement and source separation, the proposed method improves the STOI and source-

to-distortion ratio (SDR) metrics by up to 0.2 and 20 dB, respectively. This chapter is

closely based on the article [42].

5.2 Overview and Literature Review

In multi-channel signal processing involving spatially separated sensors, the received sig-

nals often contain a high level of data redundancy. Many compact signal representation

techniques such as subband coding have been developed to improve storage and processing

efficiency [18]. The processing of these compacted signals offers computational advantages

and has been widely used for data compression [90], noise reduction [168], and speech

108
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and image coding [8, 169]. This chapter focuses on the compact representation of speech

signals measured by spherical microphone arrays.

A data-adaptive signal representation using an infinite-order principal component filter

bank (PCFB) has been shown to be optimal in terms of the mean-square error in signal

reconstruction and the coding gain in data compression [170]. A PCFB generally requires

a frequency-dependent switching of channels [90], whereby the switching function is not

analytic and therefore cannot be well approximated with a finite degree PCFB [45,64]. If

the order of the PCFB is constrained to zero-th order, the KLT, i.e. an EVD, gives the

optimal solution [170].

An alternative approach uses polynomial matrices, which can simultaneously capture the

correlations in space, time and frequency and is, therefore, appropriate for modelling

multi-channel broadband signals. The processing of polynomial matrices has motivated

the development of polynomial matrix eigenvalue decomposition (PEVD) algorithms in

the z-domain based on the SBR2 [25,30] and SMD [28,29], and those in the DFT-domain

[60,171]. Unlike the KLT, a PEVD can spatially decorrelate signals for a suitably chosen

range of time lags and is more suitable for broadband signals [28]. It has been found

useful in multi-channel broadband signal processing applications such as blind source

separation [33], source identification [34], localization [67], adaptive beamforming [31] and

channel coding [35].

The use of the PEVD for speech enhancement has been proposed in [39] for arbitrary

arrays. It has been shown to improve noise reduction metrics, dereverberation measures,

speech intelligibility and speech quality scores in diverse acoustic environments without

introducing noticeable artifacts. This is due to the fact that PEVD algorithms [25,28–30]

— while using z-domain notation — operate in the time domain, and therefore maintain

spectral coherence of the signals being processed. However, the computational complexity

of such PEVD algorithms scales at best cubically with the number of signals used for

processing [172].

Spherical array processing [131, 173] has gained significant attention owing to its appli-
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cability to hearing aids, sound field decomposition and reproduction for personal sound

zones, augmented and virtual reality [174–176], and robot audition [112]. The micro-

phone array in these applications is commonly modelled as a spherical array along a

rigid sphere. Spherical microphone arrays enable a compact spatial representation of the

sound field in the spherical harmonic (SH) domain using eigenbeam signals. Because the

eigenbeam signals are computed using only the array geometry and are decoupled from

the sensor arrangements, the beam pattern can be designed to be rotationally invariant,

non-data-adaptive, and independent of the number of microphones, making the process-

ing scalable [177]. This is why beamforming using spherical arrays [177–180] has been

proposed for speech enhancement [181,182], localization and tracking [183–185].

In anechoic environments, the 3D sound field can be perfectly represented by an infinite

number of spatially orthogonal SHs (of infinite order) [131]. In practice, a finite number

of microphones limiting the SH order leads to an approximate representation such that

the 3D sound field cannot be accurately reconstructed with high spatial resolution. Fur-

thermore, reverberation arising from multi-paths in enclosed spaces causes target source

components in eigenbeam signals from different directions to arrive at other times [24].

Consequently, the SHT is not able to decorrelate a reverberant sound field for non-zero

time delays [174].

In this chapter, the representation of microphone signals on a spherical array using SH

is first compared to a PEVD representation. This will demonstrate the inability of SH

to capture temporal correlations, and the challenge of scaling with the number of signals

used for PEVD processing. We then propose to combine both approaches by applying a

PEVD to a subset of eigenbeam signals generated from preprocessing by a SHT. This

capitalizes on the compact and scalable representation offered by SH, and also exploits

the ability of the PEVD to strongly decorrelate signals, i.e., to generate outputs that are

mutually decorrelated at all lags. Preliminary studies have demonstrated that good speech

enhancement [40] and source separation performance [41] can be achieved through a com-

pression via eigenbeam selection. By analysing the synergies of SHT and PEVD, we can

explain the benefits that this has brought to speech enhancement and source separation.
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The contributions of this chapter are (i) the comparison of different representations of

multi-channel signals from a spherical microphone array signals using the SHT, KLT, and

PEVD, (ii) the proposed framework that relates the microphone signals, eigenbeams and

beamformer outputs through a compression matrix, (iii) the use of a PEVD to combine

eigenbeams and beamformer outputs under the proposed framework, and (iv) the appli-

cation of the proposed approach for speech enhancement and source separation.

5.3 Problem Formulation and Overview

5.3.1 Signal Model

The noisy and reverberant speech signal arriving at the q-th microphone on the spherical

array at sample index n, is

xq(n) =
PX

p=1

hp,q(n) ⇤ sp(n) + vq(n), q = 1, . . . , Q , (5.1)

where hp,q(n) is the time-invariant RIR from the p-th source to the q-th microphone, sp(n)

is the p-th source signal, vq(n) is the additive noise assumed uncorrelated with the speech

component, and ⇤ denotes the linear convolution operator. The model in (5.1) accounts

for P sources contributing to Q microphone signals. The data vector of the microphone

signals is x(n) =
h
x1(n), . . . , xQ(n)

iT
with v(n) similarly defined, whereby [·]T denotes

the transpose operator.

To express the microphone signals in terms of the array geometry explicitly, (5.1) can be

written as x(n, rq), where rq = (r, ✓q,�q) is expressed in spherical polar coordinates, r

is the radius of the sphere, ✓q and �q respectively, are the elevation and azimuth angles

of the q-th microphone from the array centre measured downwards from the z-axis and

from the x-axis towards the y-axis. Accordingly, the data vector can also be written as

x(n, r) =
h
x(n, r1), . . . , x(n, rQ)

iT
.
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5.3.2 Challenge

The number of sources, P , is generally much smaller than the number of microphones, Q.

Therefore, this work aims to find a compact signal representation of the microphone signals

x(n) by taking into account the spatial, spectral and temporal information simultaneously

using a transformationG(n) 2 RQ⇥Q such that yq(n) =
P

Q

p=1 gp,q(n)⇤xp(n), where y(n) =

[y1(n), . . . , yQ(n)]T is maximally compact and gp,q(n) is the (p, q)th element in G(n). This

compact representation can permit a reduction in dimensionality, which together with

a potential diagonalization of the signal covariance matrix, can facilitate more efficient

processing for applications such as signal enhancement or the separation of sources.

5.4 Multi-channel Array Processing

5.4.1 Spherical Harmonic Transform (SHT)

The real-valued SHT of the spatially sampled sound field is approximated by [179]

�(m)
`

(n) =
QX

q=1

↵qx(n, rq)R
(m)
`

(rq) , (5.2)

where ↵q is the quadrature weight for the q-th microphone and �(m)
`

(n) is the `-th order,

m-th degree time-domain eigenbeam associated with the real-valued SH basis function,

R(m)
`

(rq), defined as

R(m)
`

(r) =

8
>>>>>><

>>>>>>:

p
2(�1)m={Y |(m)|

`
(r)} , m < 0

Y 0
`
(r) , m = 0 ,

p
2(�1)m<{Y (m)

`
(r)} , m > 0

(5.3)

and

Y (m)
`

(r) =

s
(2`+ 1)

4⇡

(`�m)!

(`+m)!
P (m)
`

(cos ✓)ejm� , (5.4)
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where P (m)
`

(·) is the associated Legendre function, j =
p
�1, | · | denotes modulus, and

<{·} and ={·} extract the real and imaginary parts of a complex number. Because of

the completeness and orthogonality properties of SH, any function on the sphere can be

expressed as a weighted combination of SHs using [131]

x(n, rq) ⇡
LX

`=0

`X

m=�`
�(m)
`

(n)R(m)
`

(rq) . (5.5)

Alias-free spatial reconstruction of the sound field, and therefore equality in (5.5), can be

achieved if Q � (L+1)2, where L is the maximum SH order of the sound field. Dropping

the sample index n for brevity, the vector of eigenbeams is � =
h
�(0)
0 ,�(�1)

1 ,�(0)
1 , . . . ,�(L)

L

iT
,

with elements arranged in ascending SH order and degree. More compactly in matrix-

vector form, � = RTdiag(↵)x(n, r), where

R =

2

66664

R(0)
0 (r1), . . . , R(L)

L
(r1)

...
. . .

...

R(0)
0 (rQ) . . . R(L)

L
(rQ)

3

77775
2 RQ⇥(L+1)2 , (5.6)

and diag(↵) creates a diagonal matrix from the vector of microphone weights, ↵ =
h
↵1, . . . ,↵Q

iT
2 RQ⇥Q.

The generation of L = (L + 1)2 eigenbeams using all microphone signals in (5.2) is

also called an eigenbeamformer [177, 186]. Modal beamforming, or the judicious linear

combination of the eigenbeams (see Section 5.6 for elaboration), produces a beam pattern

directed at a desired source direction using

 (n) =
LX

`=0

`X

m=�`
w(m)
`

�(m)
`

(n) , (5.7)

where w(m)
`

is the beamformer weight associated with �(m)
`

(n). In vectorial form,  (n) =

w
T�, where w =

h
w(0)
0 , w(�1)

1 , w(0)
1 , . . . , w(L)

L

iT
. With P different combinations of weights,
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the beamformer can generate P outputs

 = W
T� , (5.8)

where  =
h
 1, . . . , P

iT
, W =

h
w1, . . . ,wP

i
2 RL⇥P and wp contains the set of weights

associated with the p-th output  p, p = 1, . . . ,P. Ideally, the selected beams should mainly

contain the target source signal while minimizing any interfering signals and noise.

5.4.2 Polynomial Matrix Eigenvalue Decomposition

The PEVD approach considers the space-time covariance matrix [30], parameterized by a

time lag ⌧ , which is defined as

Rxx(⌧) = E{x(n)xT(n� ⌧)} , (5.9)

where E{·} is the expectation operator over n. Each element, rp,q(⌧), is computed using the

cross-correlation sequence between the p-th and q-th microphone signals. Hence, Rxx(⌧)

contains auto- and cross-correlations on its diagonals and off-diagonals, respectively.

Classical subspace-based approaches for narrowband signals typically consider a special

case of (5.9) by evaluatingRxx(⌧) only at ⌧ = 0. The received signals are then decorrelated

using an EVD. The resulting instantaneous spatial covariance matrix, Rxx(0), does not

fully capture the second-order statistics of the sensor signals, and has been shown to be

not fully adequate for broadband signals such as speech [39, 67], which naturally exhibit

temporal correlations especially in reverberant environments. Consequently, the proposed

PEVD approach considers the decorrelation of speech signals over a range of discrete time

lags. Accordingly, the concatenation of the covariance matrices in (5.9) for all values of

⌧ 2 {�N, . . . , N} can be represented by a 3D-tensor of dimension Q⇥Q⇥ (2N+1).

Speech signals are typically processed using the short-time Fourier transform. However,

this approach divides the broadband into multiple narrowband signals, ignoring the spec-

tral correlation that exists between different DFT bins, and neglecting phase coherence
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across bands [14,187]. As an alternative representation, the z-transform of (5.9),

Rxx(z) =
1X

⌧=�1
Rxx(⌧)z

�⌧ , (5.10)

or R(⌧) R(z), is a para-Hermitian polynomial matrix satisfying Rxx(z) = R
P
xx(z) =

R
H
xx(1/z

⇤), where [·]⇤, [·]H and [·]P are the complex conjugate, Hermitian and para-

Hermitian operators, respectively. The PEVD of (5.10) is [48,49]

Rxx(z) = Ux(z)⇤x(z)U
P
x(z) , (5.11)

where the columns of Ux(z) are the eigenvectors and the elements on the diagonal matrix

⇤x(z) are the eigenvalues. To compute (5.11), iterative approaches based on the SBR2

[25,30] and the SMD [28,29] families of algorithms have been proposed, which are proven

to converge, and encourage spectral majorization such that the eigenvalues in ⇤x(z) are

strictly ordered on the unit circle. The decomposition in (5.11) for an analytic Rxx(z)

gives analytic factors Ux(z) and ⇤x(z), which in most cases are infinite Laurent series [48].

Analyticity implies that an arbitrarily close approximation by Laurent polynomials in

(5.11) is possible with a sufficiently large order of factors [47].

At each iteration, the SBR2 PEVD algorithm [30] first searches for the off-diagonal element

with the largest magnitude. If its magnitude exceeds a predefined threshold, a delay

polynomial matrix is applied to bring the element to the z0 plane. A unitary matrix,

which is designed to zero out the element, is applied to the entire polynomial matrix. A

trimming procedure [30] is also used to keep the polynomial order compact. The algorithm

terminates when the magnitudes of all off-diagonal elements fall below a pre-set threshold,

or when a user-defined maximum number of iterations is reached.

5.4.3 Comparison of Signal Representations

For a spherical array geometry, the two designs for G(n) defined in Section 5.3.2 include

the SHT and the PEVD. The SHT provides a compact spatial representation of the 3D

sound field sampled by microphones on a spherical array while the PEVD can compactly
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x(n, r1)

x(n, rQ)

...

Real-valued
Spherical
Harmonics
Transform
(SHT)

�(0)
0 (n)
...

�(L)
L

(n)

Eigenbeam
Selection
Algorithm
W 2 RL⇥P

 1(n)
...
 P(n)

Polynomial
Matrix

Eigenvalue
Decomposition

(PEVD)

y1(n)
...

yP(n)

Q microphones L eigenbeams P outputs P signals

Figure 5.1: Block diagram of the proposed method which uses combinations of eigenbeams
for PEVD processing.

represent space-time information in the signal eigenspace.

A. Analysis of Signal Representations

In noisy, reverberant environments, each microphone signal on a spherical array comprises

the combination of many delayed and attenuated versions of the speech signal due to multi-

path propagation. Consequently, microphone signals are highly correlated in space and

time, as evident from a non-diagonalized space-time covariance matrix. The PEVD can di-

agonalize the space-time covariance matrix. Strongly decorrelated signals can be obtained

using the polynomial eigenvectors as filters. Selecting only the subspaces corresponding

to polynomial eigenvalues of significant magnitude leads to a signal representation based

on PEVD that uses fewer signals than the number of microphone signals. When there are

P independent, spatially separate sources, the ideal PEVD is expected to generate P out

of Q non-zero outputs; while these outputs very likely do not match the source signals, a

compaction of the data is still achieved.

For a spherical array, the SHT decomposes a 3D sound field using spatially orthogonal basis

functions to generate the eigenbeam signals. Due to multi-paths, sound field components in

different eigenbeams exhibit temporal correlations. Consequently, an EVD or KLT, which

is typically applied to the spatial covariance matrix R(0), only removes instantaneous

correlations i.e., at time lag ⌧ = 0, and is insufficient for processing (5.9). Instead, the

PEVD can be used to achieve better compression and complete diagonalization across a

range of time lags, as will be illustrated in Section 5.7.3.
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B. Measures of Signal Representation Quality

I. Coding Gain. An instrumental measure of compactness is the coding gain �, which

is the ratio between the arithmetic and geometric mean of the variances of the elements

in y(n) computed using [18,28,64,90]

� =
1
Q

P
Q

i=1 �
2
i

⇣Q
Q

i=1 �
2
i

⌘1/Q
=

1
Q
tr{Ryy(0)}

det{Ryy(0)}
1
Q

, (5.12)

where the last equality only holds for a diagonal matrix Ryy(0), �2i is the variance of yi(n),

i.e., the i-th element in y(n), tr{·} and det{·} compute the trace and determinant of a

matrix. Ideally, G(n) in Section 5.3.2 should be a para-unitary or lossless filterbank, so

the total powers of x(n) and y(n) remain the same. In this case, the numerator is invariant

under para-unitary similarity transforms and maximizing � is equivalent to minimizing the

product of the variances in the denominator. Then, for y(n) to attain maximum coding

gain, the two necessary and sufficient conditions which must be satisfied are [90]

1. strong decorrelation, such that E{yi(n)yj(n � ⌧)} = 0 8⌧, i 6= j, i.e., the elements of

y(n) are decorrelated for all lags ⌧ and

2. spectral majorization such that for all normalized angular frequencies ⌦,

Syi�1(e
j⌦) � Syi(e

j⌦), i = 2, . . . , Q , (5.13)

where Syi(e
j⌦) is the power spectral density of yi(n).

To show how strong decorrelation leads to the minimization of the product of vari-

ances, consider a 2-channel system with inputs x = [x1(n), x2(n)]T and outputs y =

[y1(n), y2(n)]T. If the inputs are correlated for some k, i.e., E{x1(n)x⇤2(n� k)} 6= 0, � can

be increased by para-unitary operations that preserve the total energy of the system. The

para-unitary operation could consist of a delay z�k and a unitary matrix computed using

an EVD to transform x into an uncorrelated pair y. Denoting Rxx and Ryy, as the cor-

relation matrices of [x1(n), x2(n�k)]T and [y1(n), y2(n)]T, and �2xi
= E{xi(n)x⇤i (n)} with
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�2yi similarly defined, the products of the input and output variances are related by

�2y1�
2
y2

= det{Ryy} = det{Rxx} < �2x1
�2x2

, (5.14)

since Ryy is diagonal and det{Rxx} = �2x1
�2x2
� |r|2 for some non-zero cross-correlation r

implies that det{Rxx} < �2x1
�2x2

. The product of the variances of the outputs is smaller

than the inputs, i.e., �2y1�2y2 < �2x1
�2x2

, which results in �y > �x.

The second condition, spectral majorization, is also necessary to maximize the signal

variances. Consider the 2-channel case when the total signal power in each channel is

arranged in descending order, i.e., �2x1
� �2x2

but not necessarily spectrally majorized

for all ⌦ (5.13). This means Sx1(ej⌦0) < Sx2(ej⌦0) for some ⌦0. A frequency-dependent

unitary matrix can be designed to reassign the PSD based on

T(ej⌦) =

8
>>>>>><

>>>>>>:

I , Sx1(ej⌦) � Sx2(ej⌦)
2

664
0 1

1 0

3

775 , Sx1(ej⌦) < Sx2(ej⌦)
, (5.15)

so y(ej⌦) = T(ej⌦)x(ej⌦) is spectrally majorized according to Sy1(ej⌦) � Sy2(ej⌦) 8⌦.

Redistributing the PSDs, Sy1(ej⌦) � Sx1(ej⌦) and Sy2(ej⌦)  Sx2(ej⌦) 8⌦, gives

�2y1 = �2x1
+ �, �2y2 = �2x2

� � , (5.16)

where � > 0 represents the power of components being reassigned. The product of the

output variances is

�2y1�
2
y2

= (�2x1
+ �)(�2x2

� �) = �2x1
�2x2

+ �(�2x2
� �2x1

)� �2 , (5.17)

which is always smaller than the input variances �2x1
�2x2

since (�2x2
� �2x1

) < 0. Because

T(ej⌦) is (para-)unitary by construction, the sum of variances or signal power in the system

remains, i.e., �2x1
+ �2x2

= �2y1 + �2y2 . Further, the numerator of (5.12) is invariant to the
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processing, and the maximization of � is equivalent to the minimization of the product of

the variances. Therefore, �2y1�2y2 < �2x1
�2x2

implies that �y > �x.

Strong decorrelation and spectral majorization are necessary for maximizing coding gain,

becoming sufficient conditions for optimality when both are simultaneously satisfied [90].

PEVD algorithms satisfy strong decorrelation and spectral majorization, for which the

latter has been proven to be enforced for SBR2 [188].

II. Reconstruction Error. The quality of the signal representation can be quantified

by the reconstruction error ", expressed as a percentage, using

" =

P
Q

q=1(x̂(n, rq)� x(n, rq))2
P

Q

q=1(x(n, rq))
2

⇥ 100% , (5.18)

that is, the total mean square error between the received x and reconstructed microphone

signals x̂, normalized by the total energy of the received signals in Q microphones.

III. Diagonality Factor. Since with iterative PEVD algorithms, the diagonalization

in (5.11) is only approximate, the total on- and off-diagonal energies Eon and Eo↵ in the

ideally diagonalized eigenvalue term R(⌧) ⇡ D(⌧), where D(⌧) ⇤(z), is [30]

Eon ,
X

8⌧

QX

i=1

|rii(⌧)|2, Eo↵ ,
X

8⌧
kR(⌧)k2F � Eon , (5.19)

where ri,i(⌧) is the i-th diagonal element of R(⌧), and k · kF is the Frobenius norm. Using

(5.19), the diagonality factor �, which measures the level of diagonalization is

� = 5 log10

✓
Eon

Eo↵

◆
, (5.20)

expressed in dB. The unusual scaling by 5 accounts for the fact that the terms of R(⌧) in

(5.20) are already of a quadratic nature [64]. The lower and upper bounds, 0  Eon/Eo↵ <

1, correspond to the case when only the off-diagonal elements are non-zero and the case

when the polynomial matrix is fully diagonalized, respectively.
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5.5 PEVD in the Spherical Harmonic Domain

5.5.1 Motivation for Proposed Approach

While PEVD addresses the optimum coding gain problem in multi-channel systems [64], it

is data-dependent and, in practice, likely to face numerical difficulties for a large number

of sensors or channels Q [189], such as the spherical microphone array here. The space-

time covariance matrix in (5.10), on which the PEVD operates, contains Q2(2N + 1)

elements and give rise to a computational complexity that is at leastO(Q3N) due to matrix

multiplications applied to every lag [172]. Hence, it will be computationally advantageous

to reduce Q if the accuracy of the signal representation is not significantly affected.

In contrast to the PEVD, the SHT scales well w.r.t. the spatial dimension. Further,

for a sufficiently large SH order L, instead of using Q microphones, a lower dimension

of L eigenbeams can be used to represent the sound field. In terms of compaction, par-

ticularly for highly directional sources, the SHT outputs can be linearly combined via

a beamforming that further compacts the source’s power, and is therefore widely used

for dimensionality reduction of spherical microphone array data [174,190,191]. This com-

paction is difficult to assess via the coding gain, since the SHT is not a unitary transform or

otherwise norm-preserving. We can state, though, that the SHT is sub-optimal w.r.t. the

coding gain in (5.12), as it only operates instantaneously. Consequently, it does not target

decorrelation over a range of time lags and cannot remove correlations for other noise

types and reverberation exhibiting temporal correlations.

With a view to combine the benefits of SHT and PEVD, we propose to utilize a prepro-

cessor comprising the SHT together with a beamformer prior to applying a PEVD. This

preprocessor performs a spatial decomposition, with the aim of compacting as much en-

ergy as possible into as few outputs as necessary. To achieve optimal compaction in terms

of the coding gain, the PEVD is applied to the reduced number of SHT outputs, thereby

achieving strong decorrelation at a lower computation cost. Our method is summarized

in Fig. 5.1 and Algorithm 3.
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5.5.2 Proposed Algorithm

The space-time covariance matrix of the modal beamformer outputs  (n) is

R  (⌧) = E{ (n) T(n� ⌧)} . (5.21)

Using (5.2), (5.8) and (5.10), the z-transform of R  (⌧) is

R  (z) = W
T
R��(z)W

= W
TRTdiag(↵)Rxx(z)diag(↵)RW

= C
T
Rxx(z)C , (5.22)

where R��(z) R��(⌧) is the space-time covariance matrix of the eigenbeam signals.

The compression matrix C = diag(↵)RW depends on the microphone weights ↵, eigen-

beam weights W, and the SH order, L. The design and impact of C will be discussed in

Section 5.6.

Assuming stationarity, (5.21) can be estimated using

R  (⌧) ⇡
1

T

T�1X

n=0

 (n) T (n� ⌧) , (5.23)

where T is the frame size and (5.22) is approximated by

R  (z) ⇡
WX

⌧=�W

R  (⌧)z
�⌧ . (5.24)

The estimation error incurred in (5.23) depends on both the ground truth R  (⌧) and

frame size T [192]. In turn, the time support W , over which the estimation is performed,

can be optimized to balance truncation and estimation errors [193].

The PEVD of the modal beamformer outputs in (5.22) is

R  (z) ⇡ U (z)⇤ (z)U
P
 (z) . (5.25)
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The para-unitary eigenvector filterbank, U (z) U (n), satisfies

U
P
 (z)U (z) = U (z)U

P
 (z) = I . (5.26)

Thus, U (z) can only redistribute spectral power among channels and not change the

total signal powers. The generated outputs are also spectrally majorized and sorted in

descending order of their signal energy [30]. Consequently, in the case when the spectrally

majorized solution corresponds to the single target source, this signal can be extracted

from the first output in y(n) using

y1(n) =
KX

k=0

u
H
1 (�k) (n� k) , (5.27)

where u1(n) represents the first column of U (n) and is of order K. The filtered outputs

y(n) are strongly decorrelated due to diagonalization achieved by Ryy(z) ⇡ ⇤ (z).

5.5.3 Modal Beamformer Designs for Eigenbeams

The spatial dimension of Rxx(z) is Q. For a sufficiently large SH order L, the rank of

the SH basis matrix R is L. Consequently, the SHT generates L eigenbeam signals and

its space-time covariance polynomial matrix, R��(z) in (5.22), has a spatial dimension

of L. Furthermore, if prior information such as DoAs is available, W in (5.22) may no

longer be a square matrix, e.g., P  L, and contains modal beamformer weights as its

elements. The resulting R  (z) has dimension P, thereby achieving further compression.

The design of W depends on the application, and this will be demonstrated for speech

enhancement and source separation in Section 5.6.

5.6 Application Examples

The proposed compaction system is used for two illustrative application examples. The

first is a speech enhancement application using the proposed system to enhance the signal

of a single speaker in noise, where the beamformer operates akin to a KLT to compact
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Algorithm 3 PEVD processing in the SHT domain.
Inputs: x(n) 2 RQ,↵, L,W, T,W .

�(n) x(n) // eigen-beamforming, see (5.2)
 (n) W

T�(n) // modal beamforming
R  (⌧) E{ (n) T(n� ⌧)} // see (5.23)
R  (z) Z{R  (⌧)} // see (5.24)
U (z),⇤ (z) PEVD{R  (z)} // use [25,28–30]
y1(n) filter{uP

1 (n), (n)} // extract target, see (5.27)
return y1(n).

energy. The second application is source separation of two speakers. The target speaker

direction is assumed to be known to inform the construction of several beamformers which

coherently combine the target speaker but not the second source. This enables the ex-

traction of the target speaker as the principal component in the PEVD stage.

5.6.1 Single Source Speech Enhancement

The problem of unsupervised speech enhancement for a single speaker is now discussed. A

significant amount of data redundancy is expected when sampling the sound field of a single

source by several microphones at different spatial positions. In fact, the signal subspace

due to a single speech source in ⇤x(z) or ⇤ (z), is expected to be of rank one, thereby

suggesting an opportunity for compression. If the direction of the source is not known, the

full set of eigenbeams generated from the SHT can be chosen up to the L-th order SH for

PEVD processing. This is equivalent to usingW = I for the modal beamformer, where I 2

RL⇥L is the identity matrix and C 2 RQ⇥L only depends on the SH order approximation

if all microphones are used for processing. The speech enhancement performance using

different sets of complete eigenbeam signals will be investigated in Section 5.7.3.

5.6.2 Separation of Multiple Sources

The problem of separating multiple directional sources in a reverberant environment is next

considered. Applying a PEVD for data compaction directly to the microphone signals is

prohibitive in terms of computational complexity; further, due to spectral majorization,

the PEVD may extract a mix of signal components that is counterproductive when per-
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forming source separation. For this reason, we assume that each target source direction is

either known or can be estimated [68,194], such that only a subset of eigenbeam signals is

required, and can be further compressed by a modal beamformer. This reduces the input

dimension to the PEVD stage, and also aligns the target signal while incoherently com-

bining the secondary, interfering source(s). Thus, the PEVD becomes computationally

viable and can compact the target source in its principal eigenvectors.

With P beamformer outputs for each target source, C 2 RQ⇥P represents the dimension-

ality reduction. Consequently, the spectrally majorized outputs generated by the PEVD

enable the extraction of the target source in the first channel. This process can be repeated

for all sources for which directions are known. The source separation performance will be

demonstrated in Section 5.7.3.

5.7 Simulations and Results

To demonstrate the benefits of the proposed framework, first a comparison of signal rep-

resentations using theoretical and realistic examples generated from measured data illus-

trates the achievable compression and practical benefits. The proposed framework is then

used for blind speech enhancement and informed source separation using the approaches

discussed in Section 5.6. Listening examples are available at [195].

5.7.1 Experimental Setup

The TIMIT corpus [154] provides 16 kHz anechoic speech signals. For each speech source,

short utterances from the same randomly selected speaker were concatenated to generate

signals of 8 to 10 s duration. In experiments involving simulated rooms, the SMIRgen tool

in [196] was used to generate the RIRs for a 32 microphone spherical array. The room

setup is shown in Fig. 5.2, and the room reverberation time T60 [24] was varied between

0 s, 0.3 s and 0.7 s. Spatially and temporally white Gaussian noise was used to simulate

sensor noise. In experiments using measured RIRs, Lecture Room 2 with T60 = 1.22 s

and babble noise signals, which were recorded using the 32-channel Eigenmike spherical
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Figure 5.2: Setup of the simulated room for experiments.

array [197], were taken from the ACE corpus [155].

In each experiment, 50 trials were conducted for which the speech signals were varied. For

each trial, each anechoic speech signal was convolved with the RIRs before adding noise

to generate the microphone signals at a specified input SNR using [160]. The SNR ranged

from -10 dB to 20 dB.

The SMD algorithm was used to compute a PEVD using ⇢ = N1/
p
Q ⇥ 10�2 for the

maximum off-diagonal column-norm, where Q = 32 is the number of signals used for

processing, N1 = tr{R(0)} is the total energy in those Q signals, a trim factor µ = 10�3,

500 iterations and T = W = 1600 samples. The quadrature weights ↵ are computed

using [198]. The three tests are now described.

A. Compression and Signal Representation Comparison

The microphone signals were directly processed using the KLT and PEVD. Additionally,

SHT was applied in order to generate eigenbeam signals (SHT), with subsequent processing

of eigenbeams using KLT (SHT+KLT) and PEVD (SHT+PEVD).
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B. Single Source Speech Enhancement

The source was located at Position 2 in Fig. 5.2. The proposed approach using the complete

set of eigenbeams for L = 1 (PEVD L1) and L = 2 (PEVD L2) are compared against

the PEVD-based algorithm which uses the raw microphone signals (RAW PEVD) [39].

Consequently, 4 and 9 eigenbeam signals are passed as inputs to the PEVD algorithm.

Eigenbeams �(0)
0 and �(1)

1 are also evaluated because the former can provide some noise

reduction [131] and the latter represents a dipole directed at the source for the simulated

room. To compare the ability of the PEVD to strongly decorrelate signals, the KLT was

also applied to the single eigenbeam �(0)
0 in the time-domain using [125] (KLT{�(0)

0 }) since

spatial and temporal decorrelation are separately achieved by using the SHT and KLT,

respectively.

C. Source Separation

For each target source, P = 4 instead of 32 microphone signals were used as inputs

to the PEVD to demonstrate its effectiveness while reducing computational complexity.

The modal signals for the source at Position 1 were �(�1)
1 ,�(�3)

3 ,�(�1)
3 and the modified

hyper-cardioid (MHCARD) [41] beam directed at (⇡2 ,
⇡

2 ). For the source at Position 2,

the modal signals were �(1)
1 ,�(1)

3 ,�(3)
3 and the MHCARD directed at (⇡2 , 0). The proposed

approach was compared against well-known approaches such as the third-order hyper-

cardioid modal beamformer optimized for maximum directivity index (MaxDir) [177],

auxiliary function-based independent vector analysis (AuxIVA) [199], independent low-

rank matrix analysis (ILRMA) [6] and fast multi-channel non-negative matrix factoriza-

tion (FastMNMF) [200], implemented in [201]. During experimentation, it was found that

the independent component analysis (ICA) and multi-channel non-negative matrix fac-

torization (MNMF)-based algorithms did not perform well when all 32 microphones were

used. Therefore, signals from two microphones closest to each source were chosen for these

methods in the following results.
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5.7.2 Evaluation Metrics

To measure the quality of the signal representation, the reconstruction error ", coding

gain � and diagonality factor �, defined in Section 5.4.3, are computed. The PEVD

complexity factor � relative to Q microphones, estimated using � =
⇣
L

Q

⌘3
, quantifies the

computational savings.

Speech enhancement is popularly evaluated using SegSNR and FwSegSNR for noise reduc-

tion [164], NSRR and BSD for dereverberation [167], STOI for speech intelligibility [165]

and PESQ [166] for quality.

To evaluate the source separation performance, SDR, source-to-interference ratio (SIR),

and source-to-artefacts ratio (SAR) are used to measure the overall source separation

ability, interference rejection and processing artifacts, respectively [202].

The metrics are computed for the microphone signals and the processed signals, and their

difference � is reported for each measure. Positive � values indicate improvements in

all measures except �BSD, for which a negative value implies a reduction in spectral

distortions.

5.7.3 Experiments and Discussion

A. Theoretical Example for Compression

To demonstrate the achievable compaction of the various signal representations, a single

uncorrelated source is considered, i.e., P = 1, illuminating a spherical array with Q0 = 36

microphones, of which initially only Q = 25 elements are utilized. The propagation

environment is anechoic, and the array is assumed to be sufficiently small to not suffer

from attenuation loss across the array. Thus, the array signal can be expressed as in (5.1),

with h1(n) 2 RQ consisting of fractional delay filters [16, 203], and a normalization such

that, for h1(n) h1(z), hP
1 (z)h1(z) = 1. With a source power of �2s , and spatially and

temporally uncorrelated noise of power �2v corrupting each microphone, the SNR at each

microphone is ⇢ = �2s/�
2
v .
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Table 5.1: Results for Coding Gain Example.

Processing � [dB]
Unprocessed microphones 0

KLT on microphones 14.6
PEVD on microphones 18.3

Eigenbeams (SHT on microphones) 10.9
KLT on Eigenbeams 14.9
PEVD on Eigenbeams 19.1

Optimal 18.7

The ideal PEVD uses a para-unitary polynomial matrix U(z) = [h1(z)H(z)]P, such that

H
P(z)h1(z) = 0, with H(z) : C ! CQ⇥(Q�1) generated via a para-unitary matrix com-

pletion method [31]. Then, the polynomial eigenvalues are

�m(z) =

8
><

>:

QS(z) + �2v , m = 1

�2v , m > 1
, (5.28)

where S(z) S(⌧) and S(⌧) is the auto-correlation function of the source signal. With

S(z) = �2s , the optimal coding gain can be shown to take the form

�opt =
�2s + �2v

Q
p
(Q�2s + �2v)(�

2
v)

Q�1
=

1 + ⇢
Qp1 +Q⇢

. (5.29)

With Q = 25 and ⇢ = 100, i.e. an SNR of 20 dB, �opt = 18.7dB. A KLT, performing an

optimum instantaneous spatial decorrelation, achieves a coding gain of �KLT = 14.6dB,

while an approximate PEVD via the SMD algorithm applied to the microphone data

yields �SMD = 18.3dB because of diagonalization achieved over a range of time lags. The

approximate nature of the SMD algorithm leads to a small loss in coding gain compared

to �opt shown in Table 5.1, but provides significantly better coding gain than the KLT.

Fig. 5.3(a) illustrates the variances of the microphone signals, (�2s + �2v), and the outputs

of the KLT and PEVD, demonstrating the effect of compaction with the KLT packing

the source signal into approximately six and the PEVD into approximately two outputs

before the noise floor of �2v is reached.
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Figure 5.3: Variances achieved by various data compaction approaches based on (a) un-
processed microphone signals and (b) eigenbeams produced by the SHT. Grey horizontal
lines show the upper and lower variances provided by the ideal PEVD in (5.28), and the
variance of the unprocessed microphone signals.
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Since the SHT is generally not orthonormal, Q0 = 36 microphone signals were used to

generate a reduced set of Q = 25 eigenbeams, i.e., a 4th order SH representation. This can

be achieved by a transform matrix S 2 RQ⇥Q
0 , with SS

T = I while noting that ST
S 6= I. If

the input is spatially uncorrelated and x(n) = Sx
0(n), then E{kx(n)k22} = Q

Q0E{kx0(n)k22}.

For spatially correlated data, such as the above source signal, no input-output relation for

the energy can be stated: in the best case, the signal x0(n) occupies the row space of S;

in the worst case, it will lie in the nullspace of S resulting in zero power for x(n).

Therefore, due to the incomplete preservation of power in the SHT, the coding gain cannot

yield a direct comparison. Ignoring this, Table 5.1 shows that the SH signal representation

yields a coding gain of 10.9dB over the unprocessed microphone signals. A KLT or PEVD

operating on the eigenbeams increases this coding gain further. Fig. 5.3(b) shows that

the SHT+PEVD coding gain exceeds the optimum value according to (5.29), because the

best-compacted signal breaks the upper limit in (5.28). Importantly, though, Fig. 5.3(b)

illustrates three key aspects of our proposed approach: (i) without being data adaptive, the

SHT still manages to compress the signal into approximately 12 eigenbeams; (ii) processing

this reduced set of eigenbeams further by a KLT or PEVD yields similar compression when

compared to the results in Fig. 5.3(a); thus, (iii) particularly the PEVD can operate on

a significantly reduced spatial dimension and therefore at a much reduced computational

cost after SHT preprocessing.

B. Signal Representation Example Using Measured Data

To compare the signal representation of speech signals captured by spherical microphone

arrays in practice, an illustrative example is generated using RIRs and 10 dB babble noise

measured by the 32-element Eigenmike in ACE Lecture Room 2. A portion of the space-

time covariance matrix corresponding to the first 4 microphones in Fig. 5.4 shows that

correlations exist at non-zero lags. The PEVD is used to generate outputs which are

spatially decorrelated over a range of time lags, resulting in a space-time covariance matrix

equivalent to ⇤x(z) in Fig. 5.5.

With Q = 32 microphones, the sound field can be approximated up to SH order 4. Note
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Figure 5.4: Portion of Rxx(⌧) corresponding to the first 4 microphone signals from the
Eigenmike with Rxx(0) marked by red crosses. The (p, q)-th subplot represents the cor-
relation sequence between the p-th and q-th microphone signals.
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Figure 5.5: Visualization of the first 4 principal eigenvalues in ⇤x(⌧) ⇤x(z) computed
from Rxx(z) in Fig. 5.4 with ⇤x(0) marked by red crosses.
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Table 5.2: Signal representation using SHT for 10 db babble noise Lecture
Room example in Fig. 5.4.

L L Complexity, � Error, "[%] � [dB]
0 1 - 31.7 -
1 4 0.002 13.3 5.16
2 9 0.022 8.4 5.00
3 16 0.125 5.4 4.93
4 25 0.477 2.3 4.87

that in the theoretical example of compression achieved by different signal representa-

tions in Section 5.7.3, the number of channels before and after processing is the same,

i.e. 25 channels. Practical microphone arrays like the Eigenmike, however, are usually

spatially over-sampled as they use more microphones than (L + 1)2, represented by an

over-determined non-square (tall) compression matrix C 2 RQ⇥(L+1)2 .

While the complexity � increases with L, the reconstruction error ✏ generally decreases

as seen in Table 5.2. For this example, even with L = 2, " is 8.4%, indicating that

9 eigenbeams can capture most of the spatial information. This suggests that the raw

microphone signals may be highly redundant, and that the SHT can offer a significant

level of compression for an order-limited sound field. For a small number of L signals,

� is also significantly lower and is omitted for L = 1 since the PEVD is a multi-channel

algorithm.

When L increases from 1 to 4, � reduces from 5.16 dB to 4.87 dB indicating that there is

a decrease in the on-diagonal energy Eon relative to the off-diagonal energy Eo↵ , i.e., the

matrix for larger L is less diagonal. This is expected because most higher-order eigenbeams

do not contain the target speech component and will not exhibit correlations between many

pairs of eigenbeam signals. Some higher-order eigenbeams, however, may exhibit temporal

correlations with lower-order eigenbeams pointing in the same direction, as seen from the

peaks between �(0)
0 (n) and L = 1 in Fig. 5.6 occurring at ⌧ 6= 0. Since SH are spatially

orthogonal, the eigenbeams may be instantaneously decorrelated, as shown by the red

crosses in Fig. 5.6. To reduce the correlations between eigenbeams across the range of ⌧ ,

a PEVD is used and leads to ⇤�(z) in Fig. 5.7.
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Figure 5.6: R��(⌧) R��(z) of eigenbeams for L = 2 computed from signals used to
generate Fig. 5.4, with R��(0) marked by red crosses. The (p, q)-th subplot represents
the correlation sequence between the p-th and q-th eigenbeam signals.
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Figure 5.7: ⇤ (⌧) ⇤ (z) of eigenbeam signals in Fig. 5.6 with R  (0) marked by red
crosses.
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Figure 5.8: Diagonality factor improvement for (a) white noise in simulated room with
T60 = 0.3 s and (b) babble noise in ACE Lecture Room 2.
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Table 5.3: Speech enhancement results for a single example in 0 db white
noise.

Algorithm �FwSegSNR �STOI �PESQ �NSRR �BSD
�(0)
0 4.86 dB 0.055 0.42 7.69 dB -1.53 dB

KLT{�(0)
0 } 5.56 dB 0.054 0.51 10.8 dB -1.65 dB

�(1)
1 0.89 dB 0.122 0.44 1.08 dB -0.65 dB

PEVD L1 5.72 dB 0.110 0.47 7.98 dB -1.68 dB
PEVD L2 5.92 dB 0.125 0.51 7.78 dB -1.71 dB

RAW PEVD 5.59 dB 0.119 0.49 8.13 dB -1.62 dB

The diagonality factor � defined in Section 5.4.3 is computed for 50 trials. The measures

for the 32 microphones are computed and compared with the processed signals. The results

for white noise in the simulated room and babble noise in Lecture Room 2 are shown in

Fig. 5.8. In both cases, the difference in diagonality, �� is highest by up to 22 dB for the

PEVD-based methods because PEVD can diagonalize the space-time covariance matrix

over a range of time lags. At -10 dB SNR, however, the proposed SHT+PEVD improves

diagonalization by 7 dB over PEVD using the microphone signals directly. SHT processing

alone provides a substantial improvement in �� by up to 12 dB.

C. Single Source Speech Enhancement

Table 5.3 compares the speech enhancement performance for a single example using the

methods presented in Section 5.7.1. In this simulated setup, the PEVD-based algorithms

perform similarly, with PEVD L2 performing best in most metrics. PEVD L1 gives a

greater improvement in �FwSegSNR and �BSD by 5.72 dB and -1.68 dB compared to

RAW PEVD, which uses all microphone signals directly. After PEVD L2, the �(1)
1 (n)

eigenbeam directed at the source gives the best �STOI. Applying the KLT to �(0)
0 (n)

improves all measures except for �STOI.

Speech enhancement performance for 50 Monte-Carlo trials in the simulated room is shown

in Fig. 5.9. Across all measures and SNRs, the PEVD-based algorithms (RAW PEVD,

PEVD L1, PEVD L2) are ranked first or second after KLT{�(0)
0 (n)}, which is optimal

for white noise, or the �(1)
1 (n) eigenbeam, which is pointing directly at the source. The
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Figure 5.9: Speech enhancement results for white noise in a simulated room with T60 =
0.3 s.
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two PEVD-based algorithms perform comparably well, even though different numbers

of channels are used for processing. This shows that processing the eigenbeams instead

of the raw microphone signals for speech enhancement is effective and computationally

advantageous, and is without the need of DoA information.

When recorded signals from the ACE corpus are used, Fig. 5.10 shows that RAW PEVD

provides the greatest improvement across all metrics for SNR� 0dB and is closely followed

by PEVD L2 and PEVD L1 even without using any DoA information. The �(0)
0 (n) eigen-

beam shows some improvement and the use of KLT does not offer further improvement,

and may even introduce processing artifacts when the noise is not white. This can be seen

from a slight reduction in �STOI and �PESQ in Fig. 5.10(c) and Fig. 5.10(d) for babble

noise. The �(1)
1 (n) eigenbeam does not perform well because it is not directly pointing at

the source and may only pick up weaker reverberant components along with noise.

At -10 dB SNR, the PEVD algorithms which use the eigenbeams, PEVD L1 and PEVD L2,

perform better than RAW PEVD. In very noisy environments, the generated eigenbeams

take advantage of the noise reduction offered by the signal independent SH domain pro-

cessing, which is not available to RAW PEVD. At other SNRs, they perform comparably

even though PEVD L1 and PEVD L2 use 4 and 9 channels respectively compared to the

32 channels used in the RAW PEVD approach.

D. Separation of Multiple Sources

Table 5.4 summarizes the results for a scenario involving the separation of 2 female speakers

in an anechoic room. FastMNMF provides greatest �SIR of 35.2 dB and is closely followed

by ILRMA, AuxIVA and PEVD. PEVD outperforms other algorithms in �SDR, �SAR,

�STOI and �PESQ by 21.8 dB, 16.4 dB, 0.24 and 1.39, respectively because it does not

introduce processing artifacts. This is also observed in the listening examples [195] which

further indicate that non-target speech signals are attenuated but remain intelligible.

These findings are also observed in Fig. 5.11 for 50 trials involving source separation

with two female speakers: F1 and F2, two male speakers: M1 and M2, male and female
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Figure 5.10: Speech enhancement results for babble noise in ACE Lecture Room 2 with
T60 = 1.22 s.
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Table 5.4: Source separation results for a single female speaker example
consisting of a 2 female talker scenario in an anechoic environment.

Algorithm �SDR �SIR �SAR �STOI �PESQ
AuxIVA 17.7 dB 25.3 dB 11.4 dB 0.21 1.05

FastMNMF 20.6 dB 35.2 dB 13.8 dB 0.21 1.28
ILRMA 19.5 dB 31.3 dB 12.8 dB 0.21 1.21

MHCARD 16.9 dB 17.8 dB 13.4 dB 0.21 0.93
PEVD 21.8 dB 25.3 dB 16.4 dB 0.24 1.39
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Figure 5.11: Source separation results in anechoic room.
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Figure 5.12: Source separation results in room with T60 = 0.7 s.
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speakers: M and F, a single speaker and localized fan noise: S and FAN using the setup in

Fig. 5.2. When different source types are used in an anechoic room, the source separation

of the PEVD is comparable with FastMNMF and ILRMA and is better than AuxIVA in

the majority of cases.

Results for the room with T60 = 0.7 s in Fig. 5.12 indicate that the PEVD is comparable

to ICA-based and MNMF-based methods in �SDR, worse in �SIR but best in �SAR

and �STOI in most cases. For the S and FAN scenario, PEVD performs better in SDR

and SAR for both sources as it does not rely on source density functions which may not

model fan noise well. Listening examples in [195] further support the observations that

the PEVD does not introduce distortions because SMD is a time-domain method which

preserves spectral coherence. We have previously demonstrated that it achieves a good

compaction, resulting in good performance in the above applications.

5.8 Chapter Summary and Conclusions

For a spherical microphone array, signal representations using SHT, KLT and PEVD are

compared. While the PEVD achieves close to optimum signal compaction, it is compu-

tationally expensive. In contrast, the SHT achieves sub-optimal data compaction, but

is data-invariant and scales well with the number of microphones. Therefore, using the

PEVD to spatially decorrelate signals over a range of time shifts while managing com-

putational complexity, we propose to combine the SHT and PEVD approaches. We first

apply the SHT and obtain a number of eigenbeams that is smaller than the number of

input signals. If DoA information is available, further computational complexity saving is

expected with even fewer beamformed signals for PEVD processing.

The proposed framework for signal representation demonstrates that the diagonality factor

improves on average by 7 dB over microphone signal representations. When exploiting the

framework for speech enhancement and source separation, the method improves STOI and

SDR by up to 0.2 and 20 dB, respectively. Informal listening examples also indicate that

the method does not introduce any audible artifacts [195].



Chapter 6

Fixed Beamformer Design Using PEVD

6.1 Introduction

In this chapter, fixed beamformers designed by the PEVD algorithm, which are suited for

arbitrary arrays and do not require geometry information for training, will be introduced.

Although fixed beamformer design generates a specific spatial response and may be limited

in dynamic acoustical environments, they are still widely used because of their simplicity,

effectiveness and low complexity. These polynomial eigenvector filterbanks, which can

be interpreted as spatial filters, are then analyzed and visualized. The proposed fixed

beamformers are lightweight, with an average filter length of 114 and will be shown to

perform comparably to classical data-dependent MVDR and LCMV beamformers. This

chapter is closely based on the work [43].

6.2 Overview of Array Processing and Beamforming

Array processing is widely used in many speech applications involving multiple micro-

phones. These applications include automatic speech recognition [204], robot audition

[112], telecommunications and hearing aids [205]. Beamforming, or the design of a spatio-

temporal filter for the array, combines signals from different microphones to extract the

desired signal arriving from a specific direction [206]. Processing these extracted signals

instead of the microphone signals usually improves the application performance.

The beamformer can be designed to be fixed or adaptive [207, 208]. In fixed or data-

independent designs, the array can have a specific spatial response by proper selection

143
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of the filter weights. Although fixed beamformers are limited in dynamic acoustical en-

vironments, they are still in use due to their simplicity, effectiveness and low complex-

ity [204,209], which is particularly important for on-device processing with limited power

and computation.

Data-dependent or adaptive beamformers usually rely on the statistical properties of the

signals [22]. They can be designed to adapt to time-changing acoustical environments

based on statistically optimal criteria such as maximum SNR, minimum mean square

error (MMSE) and LCMV [1,210]. These have led to well-known beamformers such as the

MWF [119,124], MVDR [130,207,211] and generalized sidelobe canceller (GSC) [129,212].

In most approaches, the microphone signals are usually processed in the short-time Fourier

transform domain. However, this approach ignores the correlation between different DFT

bins and phase coherence across bins [14].

An alternative approach can be formulated in the z-domain using polynomial matrices

computed from the microphone signals. Polynomial matrices can simultaneously capture

the space, time and frequency correlations and are suitable for modelling multi-channel

broadband signals. The polynomial matrices are processed using an iterative PEVD algo-

rithm such as SBR2 [30,53] and SMD [28,29] in the time-domain or [60] in the frequency-

domain. PEVD algorithms have been found useful for speech enhancement [39,40], source

separation [33,41], source localization [68,100,213] and channel coding [64].

In [31,214], polynomial MVDR and GSC have been developed by formulating and solving

the well-known optimization problem in the z-domain using polynomial matrix techniques.

In this chapter, we will investigate fixed beamformers designed by PEVD for arbitrary

arrays. During training, the learnt PEVD filterbanks are stored in a look-up table, and

the entries are later retrieved and used directly for testing. The novel contributions of

this chapter are (i) an analysis of the fixed beamformer design using PEVD, (ii) a visual

interpretation of the eigenvectors generated by the PEVD, and (iii) a comparison of the

proposed approach with classical beamformers including MVDR and LCMV.
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6.3 Problem Formulation

6.3.1 Signal Model

The received signal at the q-th microphone for sample index n is

xq(n) =
PX

p=1

hp,q(n) ⇤ sp(n) + vq(n) , (6.1)

where hp,q(n) represents the time-invariant RIR from the p-th source to the q-th micro-

phone, sp(n) is the p-th source signal, vq(n) represents the additive noise at the q-th

microphone, and ⇤ denotes the linear convolution operator. The noise signals are assumed

to be zero-mean, uncorrelated with each other and the source signals [113]. The data vec-

tor over Q microphones is x(n) = [x1(n), . . . , xQ(n)]
T 2 RQ, where [·]T is the transpose

operator.

6.3.2 Polynomial Matrix Eigenvalue Decomposition

The space-time covariance matrix [30, 48], parameterized by time lag ⌧ 2 Z, is computed

using

R(⌧) = E{x(n)xT(n� ⌧)} , (6.2)

where E{·} is the expectation operator over n. Each element, rp,q(⌧), is the correlation

sequence between the p-th and q-th microphone signals. This produces auto- and cross-

correlation sequences on the diagonals and off-diagonals, respectively.

The z-transform of (6.2),

R(z) =
1X

⌧=�1
R(⌧)z�⌧ , (6.3)

also denoted by R(⌧) R(z), is a para-Hermitian polynomial matrix which satisfies

R(z) = R
P(z) = R

H(1/z⇤), where [·]⇤, [·]H, [·]P are the complex conjugate, Hermitian and

para-Hermitian operators respectively.
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The para-Hermitian matrix EVD of R(z) 2 CQ⇥Q in (6.3) is [48,49]

R(z) = U(z)⇤(z)UP(z) , (6.4)

where the columns of U(z) 2 CQ⇥Q are the polynomial eigenvectors and the elements

on the diagonal matrix ⇤(z) 2 CQ⇥Q are the polynomial eigenvalues. Iterative PEVD

algorithms based on the SBR2 [30, 53] and SMD [28, 29] are used to approximate (6.4)

by Laurent polynomial factors, which also encourage spectrally majorization such that

the eigenvalues in ⇤(z) are strictly ordered on the unit circle. Diagonalization of (6.4) is

achieved using

⇤(z) = U
P(z)R(z)U(z) . (6.5)

6.4 Beamformer Designs Using Polynomial EVD

6.4.1 Polynomial Eigenvector Beamformer Design

In most applications involving physical signals, there is often coupling in space, time

and frequency because of the wave equation [1], motivating the need for a decoupling

approach such as the PEVD. The eigenvector U(z) performs a filter-and-sum operation

on the microphone inputs to generate Q strongly decorrelated signals, i.e., output signals

are not spatially correlated over a range of time lags. The q-th column of U(z), denoted

by uq(z), represents the q-th beamformer generated by the PEVD.

The acoustic channel in (6.1) is more compactly represented by H(n) H(z) 2 CP⇥Q,

where each element is hp,q(n). As the sources propagate through the acoustic channels,

the space-time polynomial matrix of the microphone signals, corrupted by spatially and

temporally uncorrelated noise with equal power �2v , is

Rx(z) = H
P(z)Rs(z)H(z) + �2vI , (6.6)

where Rx(z) 2 CQ⇥Q and Rs(z) 2 CP⇥P are the space-time covariance matrices of the

microphone and source signals, and I is the identity matrix.
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Consider the case when source signals are generated as uncorrelated, zero-mean unit vari-

ance Gaussian processes gp(n) 2 N(0, 1) with the following cross-correlation sequence

[28]

rm,l(⌧) = E{gm(n)gl(n� ⌧)} = �(m� l)�(⌧) . (6.7)

This implies that Rs(z) = I. Further, assume that sources satisfy spectral majorization

such that [28,64]

�gm�1(e
j⌦) � �gm(ej⌦) 8⌦, m = 2, . . . , P , (6.8)

where �gm(ej⌦) is the power spectral density of gm(n) at frequency ⌦. Applying the PEVD

and rearranging, (6.6) becomes

⇤(z)� �2vI = U
P(z)HP(z)H(z)U(z) . (6.9)

This implies that the right hand side term in (6.9) must also achieve diagonalization,

indicating that U(z) might decorrelate H(z). The eigenvector filterbank generated by

the iterative PEVD algorithms satisfy the para-unitary or lossless condition [45] such

that

U
P(z)U(z) = U(z)UP(z) = I . (6.10)

The first consequence of (6.10) implies that U(z) cannot change the total power over the

subspaces but can only redistribute spectral power among the microphones [30, 39]. This

gives U(z) a stable and all-pass characteristic [30]. The second consequence is the orthog-

onality such that the inner product between different columns of U(z) equals 0.

For this choice of source signals, i.e. white Gaussian, the PEVD filterbankU(z) is designed

to primarily target only the acoustic channels H(z). With a different selection of source

signals, another set of U(z) will be generated to achieve diagonalization or decorrelation

in space, time and frequency simultaneously as shown by

⇤(z)� �2vI = U
P(z)HP(z)Rs(z)H(z)U(z) . (6.11)
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6.4.2 Broadband Steering Vectors and Beam Patterns

To understand the spatio-spectral processing of the designed beamformer, the response

of the array to a plane wave is computed in Section 6.5. The broadband steering vector,

which implements fractional delays, is defined as [16]

a�(z) = [1, a2(z), . . . , aQ(z)]
T , (6.12)

where aq(z) =
P

n
aq(n)z�n, aq(n) = sinc(nTs � �⌧q), �⌧q is the time delay from the

source to the q-th microphone relative to the first reference microphone and Ts is the sam-

pling period. The time delays are embedded in the angles of arrival � and can be modelled

explicitly using the array geometry [100]. In particular, a narrowband source signal with

frequency ⌦0 arriving at the array is ej⌦0a�(⌦0), where a�(⌦0) = [1, . . . , e�j⌦0�⌧Q ]T is

expressed in terms of phase shifts from the first reference microphone.

The broadband array response can be computed using

B(�, z) = U
P(z)a�(z) . (6.13)

The array response at frequency ⌦ can be obtained by evaluating (6.13) on the unit circle

such that

B(�,⌦) = B(�, z)|z=ej⌦ . (6.14)

It is also common to reparameterize � in (6.14) using wavenumber k for a more general

representation, i.e., B(k,⌦). In this case, (6.14) is termed as the frequency-wavenumber re-

sponse function [1]. In this chapter, only the azimuth angle � is considered, and (6.14) will

be sufficient but this can straightforwardly be extended to consider the general case.
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Figure 6.1: Training setup using White Gaussian sources and simulated far-field RIRs.

6.5 Simulation and Results

6.5.1 Setup and Evaluation Metrics

Spatially and temporally white Gaussian noise was used as the source signals for training

the filterbanks and simulating sensor noise. Pink noise from the Noisex database [156]

was also used for training. Anechoic speech signals sampled at 16 kHz were taken from the

TIMIT corpus [154]. For each speaker, short utterances were concatenated to generate

signals of 8 to 10 s. During both training and testing, each source signal was convolved

with the RIRs and summed before adding 30 dB SNR sensor noise.

Anechoic RIRs were simulated using [215] for a single source located at different angular

positions 0�  � < 360� in steps of 5� relative to the x-axis in Fig. 6.1, which shows a

Q = 4 free-field hearing aid array. Different combinations of P = 2 sources at positions

(�i,�j), i 6= j, and the SMD algorithm [28] were used to train the fixed beamformers. To

guarantee spectral majorization in (6.8) so that the PEVD outputs are ordered in a desired

sequence as explained in Section 6.4.1, the signal power of source S1 at �i was set to be

10 dB higher than S2 at �j . When both sources are white Gaussian, the filterbank has

been designed to primarily target the acoustic channel, as explained in Section 6.4.1. For

each azimuth pair, the learnt PEVD filterbank was stored in a look-up table, the entries
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Figure 6.2: Testing setup using speech sources 1 and 2 and simulated reverberant RIRs.

of which were later retrieved and directly used for testing.

The testing setup in Fig. 6.2 shows that S1 and S2 were positioned at �1 = 45� and

�2 = 50� from the x-axis, 2m from the hearing aid array. The speech sources were

adjusted to the same power levels at the source positions using [159] implemented in [160].

RIRs for a 5m ⇥ 4m ⇥ 6m room with a reverberation time T60 of 300ms were generated

using [216].

For performance evaluation, STOI [165] and SIR [202] are used to measure speech intel-

ligibility and interference rejection. Although each PEVD filterbank consists of 4 beam-

formers, results for only the first 2 are presented for brevity.

6.5.2 Experiments and Discussions

Experiment 1: Beam Patterns for White Noise Sources

The first white noise source is 10 dB higher in power than the second white source. The

PEVD beamformers are computed from these signals for different combinations of source

angles. The minimum, maximum and mean lengths of the filters are 17, 372 and 114,

respectively. The histogram of the filter lengths is shown in Fig. 6.3. To demonstrate

the effectiveness of the proposed approach for two sources closely spaced 5� apart and for
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Figure 6.3: Histogram of filter lengths for the trained PEVD filterbanks.

brevity, only analysis for the �1 = 45� and �2 = 50� scenario is presented.

The beam patterns for the PEVD beamformers are shown in Fig. 6.4. The first beamformer

u1(z) in Fig. 6.4(i) has a response that resembles a delay-and-sum beamformer, with unit

gain in the look direction �1 = 45� for all frequencies. This is expected since the SMD

algorithm [28] uses a series of delays to maximize the auto-correlation sequences on the

diagonal eigenvalue polynomial matrix while enforcing an ordering from the largest to

smallest energy. The second output u2(z) in Fig. 6.4(ii) shows a deep null steered in

the direction of the first source position at �1 = 45� across all frequencies. The first and

second beamformers also exhibit orthogonality characteristics in space and z-domain, e.g.,

unit gain and a null at �1 = 45� for PEVD beamformers 1 and 2, respectively.

For reference, MVDR and LCMV beamformers for {45�, 50�} are also presented in Fig. 6.5

and Fig. 6.6, respectively. The beamformer weights are calculated using the statistics

estimated from the received signals in the array and processed using [217]. The ground

truth steering vectors are provided to ensure unit gain in the look directions as shown in

Fig. 6.5. For the LCMV, hard constraints, i.e., unit gain in the target direction and zero

gain in the interferer direction for all frequencies, are used to generate the beam patterns
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Figure 6.4: PEVD filterbank for {45�, 50�} trained on 2 white noise sources. (i) The first
filterbank u1(z) has a response that resembles a delay-and-sum beamformer with a look
direction at 45�. (ii) The second filterbank u2(z) is a cancellation beamformer which steers
a null at 45�.
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Figure 6.5: MVDR beamformer for {45�, 50�} applied to 2 white noise sources. (i) MVDR
has a look direction at 45�. (ii) MVDR has a look direction at 50�.
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Figure 6.6: LCMV beamformer for {45�, 50�} applied to 2 white noise sources. (i) LCMV
has a look direction at 45� and a null in 50�. (ii) LCMV has a look direction at 50� and
a null in 45�.
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Table 6.1: Source separation of two speakers in an anechoic environment.
PEVD is trained on two white source signals while PEVD0 is trained on
one white and one pink source signals.

S1 (�1 = 45�) S2 (�2 = 50�)
Algorithm STOI SIR (dB) STOI SIR (dB)
Received 0.809 0.240 0.640 - 0.358

PEVD {45�, 50�} 0.811 0.206 0.844 15.394
PEVD {50�, 45�} 0.932 16.943 0.644 - 0.111

MVDR 0.922 13.727 0.826 12.077
LCMV 0.856 20.226 0.796 23.164

PEVD0 {45�, 50�} 0.806 0.195 0.369 11.953
PEVD0 {50�, 45�} 0.366 12.392 0.636 - 0.109

in Fig. 6.6. Compared to the second LCMV in Fig. 6.6(ii), the PEVD beamformer u2(z)

in Fig. 6.4(ii) has additionally provided some attenuation around the low frequencies near

the null direction �1 = 45�. Note that this direction has unit gain for the beamformer

u1(z) in Fig. 6.4(i).

Experiment 2: Separation of Speech Sources

In this experiment, the source signals are two male speakers of the same signal power,

each positioned at 45� and 50�. The previously trained PEVD filterbank for white sources

located at {45�, 50�} shown in Fig. 6.4 is used for this experiment without any modifica-

tions. The beamformer weights for MVDR and LCMV are calculated using the statistics

estimated from the received signals in the array while the ground truth steering vectors

are provided.

The beam patterns for the MVDR and LCMV are provided in Fig. 6.7 and Fig. 6.8,

respectively. The PEVD beamformer u2(z) trained on white noise signals in Fig. 6.4(ii)

has a beam pattern that resembles the LCMV beamformer in Fig. 6.8(ii) — both impose

null constraints on �1 = 45� except for the additional low frequency attenuation provided

by PEVD in the neighbourhood of the �1 = 45�.

The source separation results for an anechoic environment are shown in Table 6.1. In the

PEVD filterbanks designed for {�i,�j}, the first beamformer u1(z) behaves like a delay-
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Figure 6.7: MVDR beamformer for {45�, 50�} applied to 2 speech sources in an anechoic
environment. (i) MVDR has a look direction at 45�. (ii) MVDR has a look direction at
50�.
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Figure 6.8: LCMV beamformer for {45�, 50�} applied to 2 speech sources in an anechoic
environment. (i) LCMV has a look direction at 45� and a null in 50�. (ii) LCMV has a
look direction at 50� and a null in 45�.
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Table 6.2: Source separation performance in a reverberant room with a T60

of 300 ms.

S1 (�1 = 45�) S2 (�2 = 50�)
Algorithm STOI SIR (dB) STOI SIR (dB)
Received 0.698 0.298 0.566 0.055

PEVD {45�, 50�} 0.682 0.950 0.557 - 0.133
PEVD {50�, 45�} 0.715 1.102 0.533 - 0.502

MVDR 0.649 - 0.483 0.582 0.128
LCMV 0.638 4.958 0.491 - 3.940

and-sum steered towards �i while the second beamformer u2(z) behaves like a cancellation

or spatial filter nulling signals arriving from �i. Consequently, the PEVD cancellation

beamformers perform the best in STOI and even outperform MVDR by 0.018 for S2. In

terms of SIR, the PEVD cancellation filters perform better than MVDR by more than

3 dB but not as well as LCMV beamformers which places a deep notch in the interferer

direction. However, PEVD cancellation beamformers perform better than LCMV in STOI

by up to 0.15.

The results for a room with a T60 of 300ms are shown in Table 6.2. In this case, the fixed

beamformers designed by PEVD are used directly. The PEVD{50�, 45�} cancellation

beamformer u2(z) that extracts S1 at � = 45� gives the most significant improvement

in STOI and SIR simultaneously. In general, PEVD beamformers do not worsen STOI

and SIR scores as much as MVDR and LCMV. For example, the worst-case �STOI

for S1 using u1(z) from PEVD{45�, 50�} is �0.016 compared to �0.049 for MVDR, and

�0.060 for LCMV while the worst-case �SIR is �0.557dB for u1(z) from PEVD{50�, 45�}

and �3.995dB for LCMV, respectively. Although the ground truth steering vectors are

provided, the estimation of signal statistics using the microphone signals rather than

the ground truth noise covariance matrices makes the beamformers perform more like the

minimum power distortionless response (MPDR) and linearly constrained minimum power

(LCMP), respectively. The beam patterns for the reverberant room are also provided

in [218].
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Figure 6.9: PEVD0 filterbank for {45�, 50�} trained on 1 white and 1 pink noise sources.
(i) The first filterbank u1(z) has a response that resembles a delay-and-sum beamformer
with a look direction at 45�. (ii) The second filterbank u2(z) is a cancellation beamformer
which steers a null at 45�.
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Experiment 3: Different Source Signals for Training

A pink, instead of the white, noise signal is used as the second source for training and

this trained PEVD filterbank is denoted by PEVD0. Pink noise is used to investigate the

effect of training the filterbanks using signals with non-uniform distribution of energy with

frequency, i.e., non-flat spectrum. Compared to PEVD in Fig. 6.4, the spatio-spectral

characteristics of PEVD0 in Fig. 6.9 are less smooth. The source separation results in

Table 6.1 show that PEVD beamformers which are trained on white noise signals targeting

only spatial separation perform better than PEVD0. This suggests that using pink noise

for training may not be beneficial since Rs(z) in (6.11) may no longer be a scaled identity,

as in the white noise case. Furthermore, the spectrally majorized outputs obtained using

PEVD algorithms like the SMD, while guaranteed to be decorrelated in space, time and

frequency, are unlikely to be the original source signals since the white and pink sources

may not be spectrally majorized, i.e., the 10 dB higher white source signal may have

smaller power at some frequencies than the pink source signal.

6.6 Chapter Summary and Conclusions

A fixed beamformer design using PEVD has been proposed. Depending on the source

signals used for training, the PEVD can design spatially, and possibly spectrally, orthogo-

nal filterbanks for arbitrary arrays. The array geometry information has been utilized for

beam pattern analysis to interpret the eigenvector filterbanks generated by PEVD. For

the separation of two source signals, analysis of the beam patterns has shown that the first

and second PEVD filterbanks behave like filter-and-sum and cancellation beamformers,

respectively. The fixed PEVD filterbanks are lightweight, with an average filter length

of 114 in the experiments presented, and perform as well as, if not better than, data-

dependent MVDR and LCMV beamformers even for closely spaced sources (5�). Informal

listening examples are available [218].
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Conclusions

This chapter concludes the work presented in this thesis, highlights the research findings,

and outlines some future research.

7.1 Summary of Thesis Contributions

The aims of the thesis are to explain and develop an understanding of polynomial matrices

and PEVD algorithms and to use them for speech processing applications. To this end,

the main achievements of this thesis can be broadly categorized as follows.

1. Algorithmic Enhancement to Existing PEVD Methods

Enhancement of SBR2 Using Householder Transformations [29]. The pioneer-

ing work of PEVD is the SBR2 algorithm, which uses a sequence of delay and Givens

rotation matrices to diagonalize a polynomial matrix. Inspired by numerical linear

algebra approaches, Householder reflections have been proposed to reduce the matrix

at the principal plane to a tri-diagonal form before applying rotations. In Chapter 3,

the proposed method has been shown to achieve faster convergence with an average of

12.35% reduction in iteration counts, lower-order polynomial matrix factors and 0.1%

improvement in reconstruction error.

2. New Insights and Theoretical Developments for PEVD

Comparison of Subspaces Generated by EVD and PEVD. The differences be-

tween EVD and PEVD are highlighted and explained in Chapter 3, which shows that

162
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PEVD is more suited to multi-channel broadband signal processing. Fundamentally,

the subspace generated by PEVD is shift-invariant compared to the usual vector space

obtained with EVD. Therefore, PEVD can provide a more compact signal representa-

tion using fewer basis components than EVD.

Beamformer Interpretation of Polynomial Eigenvectors [43]. The eigenvector

polynomial matrix generated by PEVD is a matrix of stable FIR filters. The filterbank

is lossless and cannot change the total power of the subspaces but can only redistribute

spectral power among the channels via a filter-and-sum operation. By interpreting this

filter-and-sum operation as a beamformer, the beam patterns of the eigenvectors can be

computed to analyze array responses in space and frequency, as outlined in Chapter 6.

Comparison of Signal Representation using SHT and PEVD [42]. For a

spherical array, the signal representations using SHT, EVD and PEVD are compared.

PEVD, on the one hand, achieves close to optimum signal compaction at a high com-

putational cost. On the other hand, SHT performs sub-optimal data compaction but

is data-independent and scales well with the number of sensors. It has, therefore,

been proposed to combine the SHT and PEVD approaches. In Chapter 5, it has been

demonstrated that the proposed framework for signal representation enjoys a greater

level of compression, measured by the diagonality factor, compared to microphone

signal representations.

3. Speech Processing Applications Using PEVD

Use of Polynomial Matrices for Signal Modelling in Speech Processing Ap-

plications [36, 39]. The use of polynomial matrices to model the speech signals

received by microphone arrays has first been proposed in [36] and elaborated in Chap-

ter 4. Polynomial matrices are suited to model the naturally broadband characteristics

of speech signals. Furthermore, reverberation arising from multi-path reflections in en-

closed spaces causes the source signal to undergo a convolutive mixing process. These

factors imply that the correlations across different sensors and time lags need to be
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modelled, leading to space-time covariance polynomial matrices, which are processed

by PEVD.

PEVD-based Speech Enhancement in Noisy Reverberant Environments

[36–40, 42]. A blind and unsupervised algorithm based on the PEVD has been pro-

posed for speech enhancement. The approach does not rely on array geometry informa-

tion and works for arbitrary and structured arrays such as linear arrays and spherical

arrays, as investigated in Chapters 4 and 5, respectively. The PEVD-based algorithm

achieves significant noise reduction, dereverberation and speech enhancement in noisy

reverberant environments without introducing any noticeable processing artefacts.

PEVD-based Source Separation Using Informed Spherical Arrays [41, 42].

When the direction of arrival is provided, a beamformer can be computed to target the

source signal spatially. In the case of spherical arrays, eigenbeam signals can also be

steered in the direction of the target. While the single beamformer output may be de-

signed to have unit gain in the target direction, undesired reverberant components and

interfering signals can leak through the sidelobes and reduce separation performance.

To improve the quality of the separated signals, PEVD has been proposed to combine

outputs from multiple beamformers for source extraction.

Fixed Beamformer Design Using PEVD [43]. A fixed beamformer design using

PEVD has been proposed. Depending on the source signals, PEVD can design spatially

and possibly spectrally orthogonal filterbanks for arbitrary arrays. For separating two

sources using the trained PEVD filterbank designed for the array, beam pattern analysis

reveals that they behave like filter-and-sum and cancellation beamformers. The fixed

beamformers are lightweight and perform as well as data-dependent MVDR and LCMV

beamformers.
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7.2 Research Findings

The contributions of this thesis have led to the following research findings.

1. Algorithmic Enhancement to Existing PEVD Methods. The proposed en-

hancement to SBR2 using Householder transformation continues to expand the family

of PEVD algorithms in the z-domain. Between SBR2 and SMD, where the zeroing

step involves a pair of matrix elements and the entire principal plane, respectively,

the proposed approach is in-between by using reflection and rotation matrices. The

proposed method behaves like SBR2 when there is only a pair of non-zero off-diagonal

elements or only performed on a single row-column pair, and the SMD when the ze-

roing approach is performed several times to achieve diagonalization on the principal

plane. This flexibility in the complexity-performance tradeoff could promote greater

adoption of PEVD algorithms for a broader range of applications.

2. New Insights and Theoretical Developments for PEVD. Subspace-based ap-

proaches using an EVD or KLT have been used to solve many signal processing prob-

lems and even in an optimal sense. For multi-channel broadband signal processing,

however, the EVD is shown to be inadequate and requires a PEVD for subspace de-

composition. The bases generated by the PEVD eigenvectors span a shift-invariant

subspace. Consequently, any function can be represented using a weighted combi-

nation of the bases and its shifted version. In contrast, the outputs from the EVD

eigenvectors span a vector space and any function can be generated using a weighted

combination of the outputs. This fundamental result implies that the rank of the sub-

space decomposition computed by the PEVD is always less than or equal to the EVD,

permitting a more compact signal representation with fewer components. This has

been shown for spherical arrays but can be generalized to other applications. Another

significant outcome of this work is the interpretation of polynomial eigenvector filter-

banks as a beamformer. This interpretation allows the analysis and explainability of

PEVD algorithms.
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3. Speech Processing Applications Using PEVD. The instantaneous spatial co-

variance extension to the space-time covariance matrix is a significant step towards

multi-channel broadband signal models. This is necessary to capture the temporal

correlations across multiple microphones involving speech signals and convolutive mix-

ing in reverberant environments. The space-time covariance matrix can be modelled as

a polynomial matrix, for which a PEVD can be used for broadband subspace decom-

position. PEVD-based processing has been adopted for speech enhancement, informed

source separation and fixed beamformer design. In addition to its good performance in

these applications, the PEVD does not introduce distortions because the z-domain al-

gorithms such as the SBR2 and SMD used are time-domain approaches which preserve

spectral coherence. The PEVD approach is also adaptive and self-correcting in some

unsupervised applications, where information on the array geometry is not required.

Yet, the algorithm can optimally align and combine the signals. These advantages will

hopefully motivate wider adoption of PEVD for speech processing applications.

7.3 Future Research Directions

This thesis is devoted to the theoretical and algorithmic development of PMD and, in par-

ticular, PEVD and its application to speech and acoustic signal processing. Future work

should continue to focus on all three fronts in order to enjoy more widespread adoption.

Accordingly, the following suggestions are made.

• PMD Algorithmic Development. PEVD algorithms in the frequency-domain are

relatively recent [60,77,171], and they are fewer than the z-domain family of methods

based on the SBR2 and SMD. It will, therefore, be beneficial to have more frequency-

domain approaches. For the z-domain approaches such as the SBR2, the computed

polynomial eigenvalues tend to be spectrally majorized because of the intrinsic maxi-

mization of the trace norm squared of the principal plane [30]. It will also be interesting

to develop other constraints in the decomposition to generate different kinds of solu-

tions. The concluding remark from [30] is still very relevant today: can numerical
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linear algebra approaches be extended to polynomial matrices? Addressing the ques-

tion directly: the Householder approach in Chapter 3 could be relevant for polynomial

QR decomposition.

• Tensor Decomposition Framework. Polynomial matrices are represented using 3-

dimensional tensors. It will, therefore, be of theoretical interest to observe how PEVD

fits into the broader tensor decomposition framework [5] and compare it with existing

tensor decomposition techniques such as the multi-linear SVD and canonical polyadic

decomposition (CPD).

• Extension of Strong Uncorrelating Transform: The SUT is used to decouple

complex random variables and their complex conjugates by jointly diagonalizing the

instantaneous covariance and complementary covariance. It will be interesting to model

the temporal correlations captured by the space-time covariance and its complemen-

tary and use PMD to strongly uncorrelate and decorrelate simultaneously.

• Rank of EVD vs PEVD. A comparison between EVD and PEVD has been pre-

sented in Chapter 3 for an illustrative sinusoidal signal and a broadband pulse signal.

More comprehensive proof of the findings for general functions will establish stronger

theoretical foundations and understanding of the PEVD.

• Adaptive Frame-based Processing. In most approaches, the space-time covari-

ance matrix is estimated while assuming stationarity. It will be of practical interest to

relax the stationarity assumption and perform an adaptive estimate which opens up

subspace tracking opportunities. A preliminary study is available [219].

• Array Processing of Arrays. The eigenbeams and modal beamformer outputs

from a spherical microphone array are combined using a PEVD in Chapter 5. It will

be interesting to extend the idea of using PEVD as a combiner of different beamformer

outputs generated from other array geometries. An initial idea has been proposed [220].
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• Blind Source Separation. The PEVD-based speech enhancement algorithm pre-

sented in Chapter 4 is blind and unsupervised, while the source separation approach

in Chapter 5 requires DoA information. Since DoA information is not always available

and may be subjected to estimation errors, it will be of practical interest to develop a

blind PEVD-based source separation algorithm.

• Other Speech Processing Applications. PEVD lends itself well for speech pro-

cessing applications involving multiple microphones, and this thesis has only presented

a small number, with some recent works on voice activity detection (VAD) [221,222].
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Appendix A

Rank of EVD vs PEVD

This appendix outlines the proofs for the illustrative examples in Section 3.2.

A.1 Sinusoidal Signal Illustrative Example

For simplicity and without loss of generality, assume that the sinusoidal source with nor-

malized angular frequency ⌦ arrives at a 2-sensor system with a worst-case phase difference

of ⇡2 . The data vector for sample index n is

x(n) = [cos(⌦n), sin(⌦n)]T , (A.1)

where [·]T denotes the transpose operator, and ⌦ is chosen to avoid sampling at the zero-

crossings for all n. The instantaneous spatial covariance matrix for ⌧ = 0 is

R(0) = E{x(n)xH(n)} =

2

64
E{cos2(⌦n)} E{cos(⌦n) sin(⌦n)}

E{sin(⌦n) cos(⌦n)} E{sin2(⌦n)}

3

75

=
1

2

2

64
E{1 + cos(2⌦n)} E{sin(2⌦n)}

E{sin(2⌦n)} E{1� cos2(⌦n)}

3

75

=

2

64
0.5 0

0 0.5

3

75 , (A.2)

where E{·} denotes the expectation operator over n that is estimated using the sample

mean and is zero-valued for the sinusoid, and [·]H is the Hermitian transpose operator.

Clearly, the rank of (A.2) is 2.
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The time delayed version of the data vector is

x(n� ⌧) = [cos(⌦n� ⌦⌧), sin(⌦n� ⌦⌧)]T , (A.3)

and the space-time covariance matrix is

R(⌧) = E{x(n)xH(n� ⌧)} =

2

64
E{cos(⌦n) cos(⌦n� ⌦⌧)} E{cos(⌦n) sin(⌦n� ⌦⌧)}

E{sin(⌦n) cos(⌦n� ⌦⌧)} E{sin(⌦n) sin(⌦n� ⌦⌧)}

3

75

=
1

2

2

64
E{cos(⌦⌧) + cos(2⌦n� ⌦⌧)} E{sin(2⌦n� ⌦⌧)� sin(⌦⌧)}

E{sin(2⌦n� ⌦⌧) + sin(⌦⌧)} E{cos(⌦⌧)� cos(2⌦n� ⌦⌧)}

3

75

=
1

2

2

64
cos(⌦⌧) � sin(⌦⌧)

sin(⌦⌧) cos(⌦⌧)

3

75 . (A.4)

The last step is obtained since the mean value of a sinusoidal sequence over time, n, is

0. When ⌧ = 0, (A.4) simplifies to (A.2), as expected. When ⌧ 6= 0, for example, ⌧ = 1

simplifies (A.4) into

R(1) =
1

2

2

64
cos(⌦) � sin(⌦)

sin(⌦) cos(⌦)

3

75 , (A.5)

which is a Givens rotation, known to be a rank-2 unitary matrix since its determinant

is cos2⌦ + sin2⌦ = 1 8⌦, as described in Chapter 2. Hence, an EVD, applied to any

instantaneous spatial covariance matrix obtained by evaluating (A.4) for a specific value

of ⌧ , will give a rank-2 decomposition.

For the PEVD, by applying delays equivalent to a phase shift of ⇡

2 on the off-diagonals

via similarity transforms, (A.4) becomes

R
0(⌧) =

1

2

2

64
cos(⌦⌧) � sin(⌦⌧ � ⇡

2 )

sin(⌦⌧ + ⇡

2 ) cos(⌦⌧)

3

75 =
1

2

2

64
cos(⌦⌧) cos(⌦⌧)

cos(⌦⌧) cos(⌦⌧)

3

75 , (A.6)

where R
0(⌧) is the space-time covariance matrix after processing with delay matrices.
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n

x1(n)
1

0

1

1

1

. . .

1

T
n

x2(n)
1



1 1

. . .

1

+ T
⌧

c(⌧)

1

�� T

2

T

�

2
1

�+ T

Figure A.1: Visualization of received signals, (i) x1(n), (ii) x2(n), and (iii) correlation
sequence c(⌧), which becomes the auto-correlation sequence when  = 0.

Clearly, (A.6) is rank-1. This implies that applying PEVD to the space-time covariance

matrix in (A.4) gives a rank-1 decomposition.

For the sinusoidal example, EVD gives a rank-2 decomposition while PEVD

gives a rank-1 decomposition, demonstrating better compaction.

A.2 Broadband Pulse Signal Illustrative Example

Without loss of generality, consider a broadband pulse signal received by a two-sensor

array. Let the time support of the rectangular pulse signal s(n) be T , such that

s(n) =

8
>><

>>:

1 , 0  n < T

0 , n � T

. (A.7)

For simplicity, let the first sensor be the reference channel so that the signal defined in

(A.7) arrives at the sensor at n = 0, as shown in Fig. A.1(i). The auto-correlation sequence

of the signal at the reference is a triangular sequence defined as

r(⌧) =

8
>><

>>:

⌧ + T , ⌧ < 0

T � ⌧ , ⌧ � 0

, (A.8)

for ⌧ = �T + 1, . . . , T � 1, giving a temporal support of 2T � 1 since r(�T ) = r(T ) = 0.

Further, assume that the relative time delay between the two sensors is  2 Z, as shown
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in Fig. A.1, such that the cross-correlation is

c(⌧) =

8
>>>>>><

>>>>>>:

⌧ + + T , (�� T )  ⌧ < �

T � � ⌧ , �  ⌧  (�+ T )

0 , otherwise

. (A.9)

Observe that (A.9) reduces to (A.8) when  = 0, i.e., simplifies to the auto-correlation

sequence. Now, the space-time covariance matrix can be written as

R(⌧) =

2

64
r(⌧) c(⌧)

c(�⌧) r(⌧)

3

75 . (A.10)

The first case of interest is when there is no temporal overlap between the received signals,

which occurs when the relative time delay is greater than the temporal support, i.e.,  � T .

This particular case implies that the last condition in (A.9) is satisfied for ⌧ = 0, c(0) = 0.

The instantaneous spatial covariance matrix is

R(0) =

2

64
r(0) 0

0 r(0)

3

75 , (A.11)

which shows that (A.11) is rank-2, already diagonal and an EVD is not needed. This is

expected since the received signals are instantaneously decorrelated, e.g., the inner product

between signals equals 0 because there is no time overlap.

The second case occurs when there is some time overlap between the received signals, i.e.,

 < T so that c(⌧) 6= 0. In this case, the covariance matrix in (A.10) is not diagonal at

⌧ = 0. An EVD is applied to factorize R(0) as

R(0) =

2

64
r(0) c(0)

c(0) r(0)

3

75 = U⇤U
H . (A.12)

where U and ⇤ are the eigenvector and eigenvalue matrices, respectively. An alternative
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to R(0) is to evaluate (A.10) at a single time lag ⌧ satisfying (�� T ) < ⌧ < (�+ T ).

Performing a z-transform on (A.10) gives

R(z) =
TX

⌧=�T

R(⌧)z�⌧

= R(�T )zT + · · ·+R(�1)z1 +R(0) +R(1)z�1 + · · ·+R(T )z�T , (A.13)

which is a para-Hermitian polynomial matrix satisfying R(z) = R
P(z) = R

H(1/z⇤).

In the time-domain, this property is equivalent to R(⌧) = R
H(�⌧), while noting that

the Hermitian symmetric property at each lag is not guaranteed, i.e., R(⌧) 6= R
H(⌧).

Further, the spatial covariance matrices are generally different at different lags, i.e.,

R(⌧1) 6= R(⌧2), ⌧1 6= ⌧2, 8⌧1, 8⌧2 . Applying similarity transforms using U results in

U
H
R(z)U = · · ·+U

H
R(�1)Uz1 +U

H
R(0)U+U

H
R(1)Uz�1 + · · · , (A.14)

which shows that diagonalization can only be achieved for R(0) on the principal plane in

general. Hence, an EVD cannot completely diagonalize (A.14) over all planes of z for the

range of ⌧ .

For PEVD, (A.9) can be written as a delayed version of (A.8) so that (A.10) becomes

R(⌧) =

2

64
r(⌧) r(⌧ + )

r(⌧ � ) r(⌧)

3

75 . (A.15)

Similar to the sinusoidal example, delays z� can be applied to the off-diagonal elements

using a similarity transform to align the signals so that (A.13) becomes

R
0(z) =

2

64
1 0

0 z

3

75

2

64
r(z) r(z)z

r(z)z� r(z)

3

75

2

64
1 0

0 z�

3

75 =

2

64
r(z) r(z)

r(z) r(z)

3

75 , (A.16)

where R
0(z) is the polynomial matrix after applying delays, and r(⌧) r(z) forms a

z-transform pair. Clearly, (A.16) has a rank of 1.
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By linearly combining signals according to the eigenvector matrix computed

using the EVD, the processed outputs, which reside in a vector space, are

bases that are only instantaneously orthogonal, i.e. they exhibit correlations

at non-zero lags.

The eigenvector polynomial matrix calculated by the PEVD uses time de-

lays and unitary matrices. Hence, the outputs generated by the polynomial

eigenvectors are strongly decorrelated bases, and they span a shift-invariant

subspace.

For the broadband rectangular pulse example, an EVD cannot completely

decorrelate the received signals across a range of time lags. A PEVD, however,

can impose strong decorrelation and give a rank-1 decomposition.
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