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Abstract

Moiré lattices formed by bilayers of atomically thin semiconductors with relative twist angle or
lattice mismatch host a plethora of novel electronic and optical phenomena. The Bethe-Salpeter
equation has been used very successfully to describe optical properties of semiconductors, how-
ever, the unit cells of these moiré systems can be very large, including hundreds of atoms. The
resulting Bethe—Salpeter basis size is not currently computationally accessible, which means
that standard ab initio codes can not yet be used. Using tight-binding instead of DFT as the

basis for the Bethe-Salpeter Hamiltonian significantly reduces basis size.

In this work, I use a sophisticated tight-binding model in order to calculate electronic struc-
ture and optical properties of MoSy; monolayers and homobilayers with different high-symmetry

stackings and stackings with relative twist angles of 3.89°-21.79°.

I first generalize a tight-binding model with eleven bands per spin and per monolayer unit
cell first presented by Fang et al.|l| to include up to sixth-nearest neighbour intralayer hop-
ping. I then use this tight-binding model to calculate band structures of MoS; monolayers,
and twisted and untwisted bilayers. Finally, I compute exciton binding energies and absorption
spectra of these systems in vacuum by using the tight-binding eigenenergies and wavefunc-
tions to set up and solve an effective Bethe-Salpeter Hamiltonian, using the Rytova-Keldysh

interaction to describe static dielectric screening in atomically thin semiconductors.
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Chapter 1

Introduction

The aim of this project is to study the dependence of interlayer and intralayer excitons on
stacking configuration in atomically thin transition metal dichalcogenide (TMD) bilayers by

performing atomistic calculations.

Atomically thin materials consist of crystals which are periodically extended in two dimen-
sions, but finite in the third. Graphene is perhaps the most famous of these, and the first that
was experimentally realized, but there are many more. TMDs are a subset of these materials,

and a large number of them are semiconducting.

The general structure of monolayered, semiconducting TMDs is a layer of a transition metal,
typically molybdenum or tungsten, sandwiched between two layers of chalcogen atoms, typi-
cally sulfur, selenium, or tellurium. The two chalcogen layers are located directly on top of each
other and the metal layer is shifted relative to the chalchogen atoms such that a honeycomb

structure is formed when viewed from the top.

One of the interesting aspects of having quasi-two-dimensional systems in three-dimensional
space is the use of the third dimension: atomically thin materials can be stacked on top of one

another, resulting in so-called van der Waals heterostructures, hugely increasing the number of
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possible atomically thin materials, and therefore hugely increasing the probability that some
set of desired material properties can be achieved. Furthermore, it is possible not only to stack
the monolayers on top of each other directly, but also to twist them relative to each other,

resulting in an additional tuning parameter, and in large scale moiré lattices.

Atomically thin semiconductors exhibit weak dielectric screening compared to three-dimensional
semiconductors. This is a purely geometric effect, since there simply is less material to do the
screening. This is true even when a substrate is used, as is necessary in experiments, since
one half of the surrounding space is still vacuum (or air). This strongly nonisotropic screening
means that even when static screening is assumed, the Coulomb interaction is not screened
uniformly, as in the three-dimensional case: V() = V(=9 /¢ but has to be treated in a more

complicated way (see Sec. for details).

This weak dielectric screening results in strong exciton binding energies in 2D semiconduc-
tors, leading to the low-energy parts of the corresponding optical spectra to be almost entirely

governed by excitons|2].

Excitons are bound states between conduction band electrons and valence band holes. Holes are
quasiparticles reflecting the fact that a neutrally charged state (as in, the absence of a charged
particle) in a negatively charged environment behaves similarly to a positively charged particle
in a neutral environment. The finite binding energy resulting from this effectvely positive par-
ticle and the negatively charged electron means that it takes less energy to excite an electron
from a valence band state to a conduction band state than the direct difference between the

energies of those two states. This basic concept is illustrated in Fig. [1.1}

Even within this quasiparticle picture, this is a simplified description. In reality, the exci-
tonic states of a semiconducting crystal are a superposition of several of these valence state
to conduction state transitions. They do not even have to consist purely of direct transitions,

where the relevant valence and conduction states have the same crystal momentum as each



exciton binding energy

Energy

excitation energy band gap

Figure 1.1: Schematic illustration of optically active excitons at direct bandgaps. The excitation
energy of the exciton is given by the difference between the bandgap and the binding energy
between the composite conduction band electron and valence band holes. The valence band is
shown in red and the conduction band in blue.

other. However, since photon momenta are negligibly small compared to the difference in crys-
tal momenta in any resolution included in any of the simulations in this work, I restrict myself

to direct transitions only in order to describe the spectra of optical excitations in these materials.

So, in order to describe the low energy parts of the optical spectra of TMD mono- and bi-
layers, I need to calculate the exciton eigenenergies and eigenfunctions of these systems. This
is done by solving the Bethe-Salpeter equation (BSE), which is the equation of motion for the

two-particle (electron-hole) Green’s function.
For TMD monolayers, and even for untwisted TMD bilayers with unit cells only twice as
large as the monolayer ones, very accurate BSE calculations can be performed using large-scale

codes such as BerkeleyGW|3].

However, for twisted TMD bilayers, this is not yet computationally feasible, due to the fact
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that, firstly, the resulting unit cells can include hundreds or thousands of atoms, and secondly,
very fine k-grids and large cutoff energies for the relevant plane wave bases are needed in order

to accurately describe optical spectra.

An alternative approach to modelling excitons in twisted heterostructures is to abandon the

atomistic approach and use, for example, effective mass theory or k - p-theory.

However, there also exists a medium approach, involving some of the atomistic properties,
but still resulting in more computational feasability. This is to solve the BSE in a tight-binding
basis instead of the full GW quasiparticle basis, massively reducing basis size while still allowing

for an accurate description of the quasiparticle energies close to the bandgap.

In this work, I use a tight-binding model first introduced by Fang et al.|4] and improved upon
by Vitale et al.|5]. I start by further improving this model by including up to sixth-nearest
neighbour hopping (instead of the prior second- (and selected third-)nearest neighbour hop-
ping) in order to improve the description of the conduction manifold which is important for the
description of excited states. It is worth mentioning that this, and any further, extension of
the tight-binding model does not increase the number of bands and therefore does not increase

the size of the BSE Hamiltonian matrix, which is the computational bottleneck of this approach.

It is worth noting that, while the rank of the Hamiltonian does not increase due to this ap-
proach, its sparsity may be reduced. We do not currently take advantage of sparsity in the
code, so this does not impact this model. I did experiment with using sparse matrices in
the code at one point to see whether this could yield computational improvement, and it did
not significantly do so, particularly in the case of twisted systems, because the resulting BSE

Hamiltonians are not sufficiently sparse.

In terms of computational cost (though not, in this case, human labour) the extension of

the tight-binding model to include longer-ranged hoppings is therefore a very cheap improve-



ment to make.

Finally, T use this tight-binding model as the basis for BSE calculations of MoS; monolay-

ers, and untwisted and twisted MoS,; homobilayers.

I then use this model to calculate the optical spectra and excitonic character of different high-
symmetry stacking geometries of MoS, as well as commensurately twisted MoS, bilayers. I
am able to directly study the layer character of excitons in twisted MoS, bilayers, because this
approach allows us to calculate the excitonic wavefunctions (which can only be approximated
as hydrogen wavefunctions in e.g. effective mass theory). I am also able to show that a fre-
quently used simplification of the TB basis (to not consider the chalcogen orbitals) is justified
by including these orbitals and showing that the excitons are still almost exclusively localized

on the metal atoms.

The structure of this thesis is as follows. I will start by reviewing the existing literature on

both experimental and theoretical work on optical properties of twisted and untwisted TMD

bilayers in Ch. [

Next, I will introduce the general theoretical methods used in this work in Ch. [3 This
will include a brief overview over density functional theory in Sec. [3.I], a more detailed intro-
duction into tight-binding theory in Sec. and a very brief explanation of Wannierization
in Sec. [3.4] that is, how to obtain tight-binding parameters from DFT calculations without
having to resort to using them as fitting parameters. Then, I will explain how to describe
excitons in the effective mass model in Sec. 3.5 before explaining how to describe them ab
initio with the Bethe—Salpeter equation in Sec. Next, I will derive how to express the
Bethe-Salpeter equation in a tight-binding basis in Sec. [3.7} Lastly, I will provide the equa-
tions for electron-hole interaction in Sec. [3.8] the optical conductivity in Sec. [B.9] and then

provide some computational details of the various codes used in this work in Sec. [3.10]
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The next four chapters will contain the results of this work. I start in Ch. [] by explic-
itly deriving a symmetrized sixth-nearest neighbour tight-binding Hamiltonian for monolayer
TMDs. I compare the results of this model to the third-nearest neighbour model on which it
is based in Ch. [f, by calculating both electronic structure and optical spectra of monolayer

MoS,, and comparing the latter to ab initio calculations from Qiu et al.[6].

In Ch. [6 I explain how to perform bilayer calculations based on the monolayer model, in-
cluding atomic relaxation and the interlayer interaction, and then compute electronic structure

and optical spectra of the five high-symmetry stackings of MoSy; homobilayers.

Finally, I present the results (and limitations) of the same model for twisted MoS, homobilayers

for a range of twist angles between 21.79° and 3.48° in Chapter [7}



Chapter 2

Literature review

This section will provide a brief overview of the literature on excitons in TMD bilayers. Section
will mention some important experimental results. Section will review the ways in which
excitons in TMDs are typically modelled, and the advantages and disadvantages of different
methods. For this chapter, I have found the recent review paper by Bienek at al.|7] particularly
helpful.

2.1 Experiment

2.1.1 Atomically thin semiconductors

There is a class of materials called van der Waals materials which is characterized by strong,
covalent bonds in two dimensions, and weak, van der Waals bonds in the third dimension, and
which has been known for several decades|8, 9} 10]. In their bulk form, the weak interlayer
bonding means they are often useful as dry lubricants|11]. However, more recently, it has been
possible to isolate a single layer of these materials|12, |13} 14, |15|, opening up an entirely new
field of study. The first and perhaps most famous of these materials is graphene, for the discov-
ery of which the Nobel prize in physics was awarded in 2010[16]. Other important examples of

this type of materials are hexagonal boron nitride (hBN), which is an insulator with a bandgap

7
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of over 5 eV|[17|. Finally, there is the subject of this work, transition metal dichalcogenides

(TMDs)—more on those in the next section [2.1.2]

These atomically thin materials are interesting even in their monolayer form, but they also
come with the option to stack them on top of one another, massively increasing the number
of different potential materials. This was first suggested by Geim et al.[18|, with several layers
of hBN sandwiched between two layers of graphene as a first proof of concept presented by

Ponomarenko et al.[19).

There is yet another tuning parameter inherent in this class of materials: twist angle. When
stacking even two identical monolayers on top of each other, it is possible to obtain a moiré
material with a much larger unit cell than just two stacked monolayer unit cells through a rel-
ative twist angle between the layers. Again, graphene played a leading role in this research|20),

21}, 122, 23], exhibiting superconductivity at a specific twist angle of 1.1°[22].

2.1.2 Transition metal dichalcogenides (TMDs)

Transition metal dichalcogenides (TMDs) have a slightly more complicated interlayer struc-
ture than the other examples of atomically thin semiconductor mentioned in the previous sec-
tion. They are formed of a layer of transition metal atoms (usually molybdenum or tungsten)
sandwiched between two layers of chalcogen atoms (often sulfur or selenium, and sometimes
tellurium) all bound together covalently, and the resulting three-layer sheets of material then
adhere to one another through van der Waals interaction in the bulk form. There exist several
different geometries of van der Waals TMDs in nature[24, 25|. These different geometries are
illustrated in Figs. and [2.2] Note these are bulk stackings, so the nomenclature differs to

the one used to describe high symmetry stackings of TMD homobilayers in Chapter [6]

1T stacking (shown in Fig. has a single-layer repeat, and the top and bottom chalco-

gen layers are not directly on top of each other. It is metallic.|26]. 3R stacking (shown in the
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1T stacking: side view 1T stacking: top view

Figure 2.1: Top and side view of 1T stacked TMDs. Red indicates metal atoms, blue indicates
chalcogen atoms, and the unit cell is indicated in bold lines.

2H stacking 3R stacking

Figure 2.2: Side view of 2H and 3R stacked TMDs. Red indicates metal atoms, blue indicates
chalcogen atoms, and the unit cell is indicated in bold lines.
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right-hand panel of Fig. has a unit cell comprised of three layers which are oriented the
same way but shifted relative to each other. 2H stacking (shown in the left-hand panel of Fig.
has a two-layer repeat, and the two layers are flipped relative to each other but not shifted.
Both 2H and 3R stackings are semiconducting|27]. In this work, I will consider semiconducting
TMDs, composed of the type of monolayer of which 2H and 3R stacking are comprised, where
the top and bottom chalcogen layer within the trilayer structure are directly on top of each

other, forming a honeycomb lattice similar to graphene and hBN when viewed from the top.

2.1.3 Optical Properties of TMDs

TMDs first started to be considered as a particularly interesting type of atomically thin semi-
conductor in 2010, when several papers were published which found that monolayer MoSs
displayed much stronger photoluminesence than bilayer or bulk MoS,|28, [29} |30]. The same
effect was found in MoSey|31], WS2[32], WSes|32, 33|, and MoTey[33, 34]. It was found that
this is due to the fact that n-layer TMDs for n > 2 are indirect bandgap semiconductors,
but monolayer TMDs are direct bandgap semiconductors. This explanation was theoretically
predicted by DFT calculations for MoSs[35] and GW-BSE calculations for MoS,, MoSe,, WS,,
WSey, and MoTey|36] in 2012, and experimentally confirmed in 2013|37] for MoSs by pho-
toemission spectroscopy of the valence band, confirming the change of order of valence band
maxima from I" being higher in energy in multilayer systems and K/K’ being higher in energy

in the monolayer system.

In this work, I will only simulate optical spectra for TMDs in vacuum. However, in real-
ity, measuring optical spectra requires the use of a substrate. Our code does include the option
for a substrate, but only in the form of a substrate-specific dielectric constant affecting the
screened Coulomb interaction, which is a significantly simplified picture. The first measure-
ments of optical properties of atomically thin TMDs used SiO, as a substrate|38|. One of the
most important technological developments for photoluminescence spectroscopy for atomically

thin semiconductors in recent years is the use of high-quality h-BN as a substrate instead|39,
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40, |41|, which yields significantly sharper optical peaks.

In both monolayer and bilayer systems, the optical spectra of TMDs are governed by exci-
tons|42) |43] |44) |2, |45, |46]. Tt is possible to differentiate between two qualitatively very different
types of excitons: intralayer excitons, in which the composite electron and hole are located
in the same layer, and which broadly behave like their monolayer counterparts, and interlayer
excitons, in which electron and hole are located in different layers. Interlayer excitons have a
dipole moment perpendicular to the heterostructure, since the composite particles have oppo-
site electric charge, and can therefore be identified experimentally relatively straightforwardly
by the application of an electric field perpendicular to the heterostructure. This has been done
e.g. by Joe et al.|[47], Jauregui et al|48|, and Calman et al.|[49] for MoSe,; /WSes, and Lorchat et
al.[50] for MoSs homobilayers. The spatial separation of electrons and holes in interlayer exci-
tons means they have significantly longer lifetimes (by an order of magnitude) than intralayer

excitons, see for instance Rivera et al.[51] for MoSe,/WSes.

Semiconducting transition metal dichalcogenide bilayers broadly fall into two categories, ho-
mobilayers (in which both layers contain the same chemical elements) and heterobilayers (in
which they do not). In this work, I will consider only MoS,; homobilayers, but the method is

suitable for heterobilayers as well.

Optical properties of MoS; homobilayers have been reported on in Refs. [52, 53} 50| for differ-
ent stacking configurations, and in Refs. [54, 55| [56, 57, 58] for relative twist angles between
the layers. The excitation energies of momentum direct excitons in MoSs homobilayers has not
been found to vary much with twist angle|57], whereas the momentum indirect excitons depend

very strongly on twist angle[57].

TMD heterobilayers can again be split into two categories, depending on whether the chalco-
gen atoms used in the two different layers are the same or different. The lattice parameters of

TMDs with the same chalcogen atoms are nearly identical, but the lattice parameters of TMDs
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MOSQ MOSGQ WSQ WSGQ

a (A) 316 | 329 [3.15 ] 3.28
dy_x (A) | 317 | 333 |3.14| 3.34
dx_y (A) | 242 | 252 | 240 | 2,53

Table 2.1: Lattice constant a, distance between chalcogen layers (dx_x), and between metal
and chalcogen atoms (dx_js) from experimental bulk data. Data for MoS, from Ref. [59),
MoSe, from Ref. [60], WS, from Ref. [61], and WSe, from Ref. [62].

with different chalcogen atoms have a more significant mismatch, resulting in a moiré lattice

even without a twist angle (see Tab. for experimental lattice parameters for bulk TMDs).

For heterobilayers with different chalcogen atoms, Fang et al.|4] investigated the optical
properties of WSes/MoS,, with a particular focus on the interlayer distance dependence by
creating heterostructures of WSey and MoS, separated by varying numbers of layers of hBN,
which due to its large bandgap itself does not significantly impact the optical properties at
low energies. Kunstmann et al.[63] equally looked at WSey/MoS, heterobilayers and compared
their measured photoluminescence spectra to ab initio calculations. Photoluminscence spec-
tra have also been measured for MoSs/MoSes|64), 65], WS,/ WSe,[66], and MoSe; /WS, and
MoTes/MoSe;|65].

Heterobilayers with the same type of chalcogen atom have garnered a lot of interest, with
MoSey /WSes as a particular focus|51, (74} |75, 76, 77, 78, 79, |80, 81} |67} 68, |47} 69, 70} 48, |49,
71, 72, 73| [65], and somewhat less work on MoS;/WS,[82, 83, [65]. (Of course, this does not

claim to be a complete review, so this may be a bias in sampling.)

A lot of the recent literature is focused on interlayer excitons in particular, due to their long
life time[70,, 48] and room temperature stability|75]. It is worth noting, however, that excitons
are rarely purely interlayer or intralayer. Instead, they are often of a hybrid nature, with both
interlayer and intralayer contributions|80|. This is true in the purely theoretical case as well.
There is no layer character operator or symmetry that commutes with the Hamiltonian to en-

force the existence of purely interlayer or intralayer excitons.
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In heterobilayers with the same type of chalcogen, the lattice mismatch is significantly smaller
and the resulting crystals can locally be approximated well by assuming there is no lattice
mismatch. However, it is still possible to obtain moiré crystals through twisting|77, |71, 72, 73|,
similar to the homobilayer case. Twisting can have a strong effect on the interlayer excitons,

in particular on their lifetime[77].

2.1.4 Experimental synthesis of twisted bilayers of atomically thin

semiconductors

Finally, it is worth highlighting that the experimental synthesis of twisted bilayers of atomi-
cally thin materials is very difficult, since these systems do not typically form in nature. It is
even more difficult to create a twisted crystal with a controlled angle, and this represents a

significant achievement of engineering.

There are two main steps in the creation of twisted VAW heterobilayers|84]. First, atomi-

cally thin materials have to be created. Second, these layers have to be stacked.

There are several different approaches to creating 2D crystals. Chemical vapour deposition
(CVD) is the process of vapourizing a material by high temperature or low pressure and letting
it condense onto a substrate [85]. Molecular-beam epitaxy (MBE) is similar in that a 2D crystal
is grown onto a substrate. Specifically, a molecular beam of a material is formed by sublimating
the material in a chamber which is connected to a vacuum chamber by a small orifice. The
molecular vapour expands through the orifice to form a beam of particles which then get de-
posited onto the substrate[86]. Both these methods allow for the formation of large 2D flakes,
but can be vulnerable to undesired impurities and strong coupling to the substrate|87, [88, |89,

90].

A fundamentally different approach is given by mechanical exfoliation, which involves tear-

ing off layers of VAW crystals|91], 12, 14, 92, [32]. This technique allows for cleaner stacking
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interfaces and less substrate coupling compared to CVD and MBE, but the resulting flakes are
smaller|84].

Mechanical exfoliation is often done in air, which can introduce unwanted impurities from
the air. One solution is to perform the exfoliation in an oxygen plasma, which has produced
good results for graphene and Bi-2212[93) 94]. However, this has been less successful for tran-

sition metal dichalcogenides.

Another recent improvement in exfoliation technology is to use an ultrathin gold adhesion
layer[95, 96] between 2D crystal and substrate, which allows for the production of larger 2D
flakes with diameters up to centimeter scales. However, this can quench the photoluminescence
spectrum. Other materials for adhesion layers have been used, such as silver|97], resulting in

large 2D flakes with enhanced photoluminescence spectra.

Once the 2D crystals have been synthesized, twisted bilayers can be formed from them. One
common approach is to tear, rotate, and stack|98|: a hemispherical handle substrate is formed
from a drop of epoxy or PDMS. This handle substrate may be coated with a polymer to act
as a sort of glue. This is then used to pick up a 2D flake, rotated at the desired angle, and a

second 2D flake is picked up.

For homobilayers, the angle can be particularly well controlled. A single flake can be split
into two, ensuring that the initial relative rotations of the two layers with respect to each other
is zero, and then the two flakes can be picked up sequentially in the manner described above.
The flake can be cut into to with the use of a laser[99|, ensuring straight edges and providing

additional reference for the measurement of the twist angle.
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2.2 Theory

2.2.1 GW-BSE

One of the most sophisticated methods for computing optical properties of crystalline materials
is the so-called GW-BSE approach. The general structure is usually to take the Kohn—Sham
eigenvalues and eigenfunctions obtained from a density functional theory (DFT) calculation (cf.
Sec. for a brief overview on DFT) as the starting input for a Dyson equation calculation to
obtain single-particle excited states within the GW-approximation, which in turn get used as

input into the Bethe—Salpeter equation (cf. Sec. to obtain two-particle excited states|3|.

There are several large-scale codes which implement this approach|3, 100} (101} 102, 103, |104}
105, [106], and they have been used to calculate the optical properties of a variety of two-
dimensional semiconductors|36, 116, (117, |118} 119, 120 [121} 122, 123, {107, 108, 109, (110} |111},
6, (112, |113] 114} [115].

GW-BSE calculations of optical properties of TMDs have confirmed that excitons are an im-
portant element of their optical properties|36, |117, 118, due to their strong binding energy,
which in turn is due to the weak dielectric screening in atomically thin materials. These calcu-
lations are also the origin of one of the most distinctive features of the optical spectra of TMD
monolayers: the two large sub-bandgap peaks, called A and B peaks, and which are due to

the strong valence band spin-splitting at the K point (where the direct bandgap is located)|124].

Similar calculations have also been carried out on TMD heterostructures|113], 124, 128, 129,
130} |131} 132, 52, 133, (125} |126} |127]. They find A and B peaks similar to the monolayers|113,
124} 1128, 131, 132, 52|, due to intralayer interaction, but also bilayer specific features, namely
interlayer excitons, some of which are optically active|l31]. Several studies have been done
investigating the effect of stacking configuration and twisting on optical properties, and signifi-

cant effects have been found|[128, 132, 52|. He et al.[128| compared five different high-symmetry
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stackings for MoS,, and the two bilayer stackings corresponding to the bulk stackings 2H and
3R (which I call AB and BMX stacking in this work, respectively) for MoSe,, WS,, and WSes.
They find that in the stackings in which the chalcogen atoms are situated directly on top of
each other (and which, correspondingly, have the largest interlayer separation), the indirect
bandgap is located at the K valence band edge and the () conduction band edge. For all other

stackings, they find that it is at the I' valence band edge and Q conduction band edge. Com-

BMX BMX

paring optical spectra of AB and stacking, they find that AB is spin-degenerate, but
is not. Note that AB stacking still exhibits the spin split bands originating from the monolayer,
but that due to the inversion symmetry in this stacking, a spin down transition in one layer is
equal in energy to a spin up transition in the other layer. The lack of spin degeneracy in BMX
stacking results in a greater number of smaller optical peaks nearby each other contributing
to the observed optical conductivity peaks, compared to fewer, larger peaks for AB stacking,

but that the observed spectra in the resolution measured in their work are still very similar,

exhibiting the A and B peaks also present in monolayer spectra.

In contrast, Gerber et al.[52|, comparing different high-symmetry stackings of MoS,, found
that BMX stacked bilayers exhibited the additional, smaller interlayer peak between the A and

B peaks compared to AB stacking which has been found in experiments|50].

Lu et al.[132| compared quasiparticle spectra and exciton energies of MoSe;/WSe,y bilayers
with small twist angles, and found that the interlayer exciton energies greatly depended on the

local stacking configuration of the part of the moiré lattice at which the excitons were localized.

2.2.2 Effective mass models and k - p-theory

The ab initio approach described in the previous section can yield very accurate results. How-
ever, they are very computationally challenging. There exist several more computationally

tractable approaches which have been used to describe atomically thin TMDs.



2.2. Theory 17

The simplest is effective mass theory|44, (140, 141, (142 143, 144} {145, 146, (147, 134, (135,
136, 137, 1138}, |139] (cf. Sec. [3.5), which I use in this work to compare to results from more
complicated calculations, to see whether any of the observed trends can be explained from just

the band edge curvatures alone.

Another slightly more complex and frequently used technique is k - p-theory|148, 151, |109,
152, (153} (154} 155 156, 157, 149, [150], which is a perturbative tight-binding approach, in

which the Schrédinger equation for crystal electrons,
h _
?‘lo —+ m—k P U)\k(’r'> = E)\kU)\k,(’l") , (21)
0

is solved in second-order perturbation theory in k (the first order expansion vanished due to
symmetry)[158]. Here, Ho = p?/2mo + Vo(r), Exp, = Ex — h%k?/2myg, and myq is the electron
mass. uy is the lattice-periodic part of the electronic wavefunction, and V{ is the periodic

potential. A labels the eigenstates.

These methods can be very instructive, and they can cover very large system sizes, but they

are by nature very approximate.

2.2.3 The tight-binding approach to solving the BSE

One compromise between the atomistic nature of GW-BSE theory and the numerical feasability
of k - p-theory or effective mass approaches is to construct and diagonalize a Bethe-Salpeter
Hamiltonian in a tight-binding basis. This approach is described in detail in Sec. There
exist several implementations of this approach in literature, some with minimal two- or three-
band tight-binding Hamiltonians, eg. Ref.[159] for both two and three band-models for general
TMDs, and Ref.[160] and Ref.[161] for MoS,, and Ref. [162] for a six-band model. Others use
a larger basis, including all the valence orbitals on the relevant atoms, that is, five d-orbitals

on the metal atoms and 3 p-orbitals each on the two chalcogen atoms|163|, 164} [165].
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Even though these models are based on eleven-orbital (22 including spin) tight-binding Hamil-
tonians, they still differ in some key aspects. The first is the nature of dielectric screening. The
most common approach is to use the Rytova—Keldysh interaction (cf. Sec. and assume
static screening|161} 164, |163, [162], others use a dielectric function extracted from DFT[165].
The other difference is the way in which the tight-binding parameters are obtained. In some
models, the parameters are directly fitted to ab initio bandstructures|163|, in others, the pa-
rameters are obtained from projecting the DFT Hamiltonian into a localized Wannier basis
(cf. Sec. and extracting the hopping parameters directly from the new, localized Hamilto-
nian, assuming the Wannier orbitals and atomic orbitals are similar|164, |162, |1]. The resulting
Hamiltonian can be truncated and the number of free parameters reduced by symmetry|l], or

the entire Hamiltonian can be used as is|165].

It is possible to construct tight-binding Hamiltonians for twisted (and untwisted) TMD bi-
layers on the basis of the monolayer models used in the TB-BSE models above|5]|. The goal of
this work is to use the TB-BSE approach with a twisted TMD tight-binding model based on an
eleven-orbital monolayer model|5| to study the character of the optical spectra of MoS, bilayers
with a particular focus on the layer character of the excitons characterizing the sub-bandgap

spectra.
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Methods

In this chapter, I will provide overviews over all the different methods that are employed in
this work. I will start by describing the electronic structure calculations required for the tight-
binding model described in Chapter [ I will briefly introduce density functional theory (DFT)
in Sec. [3.0] then Blcoh’s theorem in Sec. [3.2] Then, following from that, I will provide a
brief overview of tight-binding theory in Sec. [3.3] In Sec. [B.4] I will explain how to obtain

tight-binding parameters from DFT calculations by Wannierization.

Next, I will talk about how to model excitons. For comparison, I will mention hydrogen-
like excitons (in atomically thin materials specifically) in Sec. . Next, in Sec. , I will talk
about the Bethe—Salpeter equation (BSE), and derive the effective Bethe-Salpeter Hamiltonian
in a tight-binding basis in Sec. The details of the electrostatic screening in atomically thin
semiconductors deserve their own section, Sec. In Sec. [3.9] I will talk about how to obtain

optical spectra from the results of the BSE calculations.

Finally, in Sec. [3.10] T will talk about the computational details of the various calculations
done in this work. I will provide details about the DFT calculations we have used, as well
as convergence parameters of the BSE calculations, and talk about finite lattice effects on the

electrostatic interaction.

19
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3.1 Density functional theory

The full quantum mechanical Hamiltonian H for a many body system can be expressed in

general as
H=T+U+V, (3.1)

where T' describes the kinetic energy of all constituent particles, U describes the electrostatic
interaction between all constituent particles, and V is the external potential, describing every-
thing else. This last term can be understood to define a system, since the other two terms are

system-independent except for the number of particles included.

Frequently, T and U will only include electrons, and the atomic nuclei will be considered
as part of the external potential. This is known as the Born—-Oppenheimer approximation, and
it is based on the fact that electrons are several orders of magnitude lighter (and therefore
faster) than the nuclei, and that the nuclei can therefore be considered to be stationary on the

time scales of electronic motion.

Density functional theory (DFT) is based on two theorems. Firstly, the Hohenberg—Kohn
theorem|166], which states that there is a bijection between the ground state electron-density
n(r) and the external potential V (r)—and therefore states that a system is fully determined

by the ground state density.

And secondly, the Kohn—Sham theorem[167]|, which gives a mapping between a fully interact-
ing many-body system with ground state electron density n(r), and a noninteracting effective

Hamiltonian Hksg,

I:IKS = T + VKS (32)
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with the same ground state density. (This is not a contradiction to the Hohenberg—Kohn
theorem, since this effective Hamiltonian does not include electron-electron interactions; which
is also what makes it computationally solvable). The Kohn—-Sham potential Vis is often written

as

Vks(r) = V(r) + / o |:(_"2/| + Vxeln(r)](r) (3.3)

where the first term is just the external potential from Eq. , the second term is the Hartree
potential, which describes the Coulomb interaction of a single electron with the ground state
density (which includes itself), and Vxe is the exchange-correlation potential, which includes
everything not described by the other two terms, and which needs to be approximated in

practical DFT calculations.

3.1.1 Exchange-correlation functional

The simplest approximation to the exchange-correlation functional is the local-density approx-
imation (LDA)[168], in which the potential is described by an integral over an energy density

exc which depends on the local electron density only,

Exen(r)] = /dgr’n(r’)exc(n(r’)) . (3.4)

The simplest way of including non-local effects is provided by the generalized gradient approx-
imation (GGA)[168], in which the energy density under the integral depends on the local value

of the first derivative of the electronic density as well as the local value of the density itself,

EXGAIn(r)] = / &’ f(n(r'), Vn(r')) . (3:5)

The precise nature of the functional dependence of the energy densities in the LDA and GGA
exchange-correlation functionals is rarely analytically known. Different codes approximate them

in different ways.
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3.1.2 Pseudopotentials

Another common approximation in DFT calculations is the use of pseudopotentials[169]. They
provide a way to significantly reduce basis size, and therefore computational effort. The basic
assumption is that not all electrons in a solid have to be treated equally. The core electrons of
the constituent atoms are approximated by an effective potential. Only the valence electrons
are modelled explicitly. Furthermore, the valence electron wavefunctions are approximated by
wavefunctions with fewer nodes. This allows for the use of a plane wave basis, where a compu-

tationally tractable number of plane waves suffices to describe the wavefunctions.

The pseudopotentials used in DFT calculations nowadays are typically norm-conserving|170].
This means they fulfil the following criteria: inside a given cutoff radius r., the norm of the pseu-
dowavefunction ¢F'¥ has to be equal to the norm of the corresponding all-electron wavefunction

M that is[171]

[y — [ aryen, (3.
|r|<re

|r|<re

and above this radius, ¢!'¥ and ¢! have to be identical.

3.2 Bloch’s theorem

Bloch’s theorem lies at the centre of condensed matter theory, allowing for the ab initio calcu-
lation of macroscopically large systems through use of translational symmetry. Wavefunctions
in periodic solids are eigenfunctions of the discrete translation operator. Based on this, Bloch’s
theorem can be derived. It states that eigenfunctions of a periodic solid ¥, (7) can be written
in terms of the crystal momentum k (which can be interpreted as a quantum number associated

with the translation operator) and a lattice periodic function u(r) as

Yk (r) = exp(ik - 7)uni(r) | (3.7)
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such that
Unk(r + R) = exp(ik - R)Yui(r) | (3.8)

where R is a lattice vector.

3.3 Tight-binding theory

This section will give an overview over tight-binding theory in general, as well as some of the
methods used in the model which is the basis of our calculations. Details of that model will
be presented later, in Chapter [, since some of the details are the result of my own work. The
key assumption of tight-binding theory is that the wavefunction v, (7) can always be written

in as a linear combination of basis states orbitals Y ax,

k(T Z CrakXak(r (3.9)

which in turn can be written as a linear combination of specific atomic orbitals ¢4 at different

lattice sites,

Xar(r \/L_ER:exp (ik- R)pa(r — R—T4), (3.10)

chosen to obey Bloch’s theorem (3.7,

Tan(r + R = Tlﬁzexp(ik.R>¢A<r+R' “R-7) (3.11)
_ \/—% S explik- (R + R))oa(r — R — 1) (3.12)

R'-R-R'
= exp(ik - R)Xa(r) . (3.13)

Here, n is the band index, A is the orbital index (which includes the spin index), C,, a5 are the

tight-binding coefficients and ¢ 4(7) is the A-th atomic orbital, 74 is the unit cell coordinate of
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the atom around which ¢ () is localized, and N is the number of unit cells in the crystal.

Combining Egs. (3.9) and (3.10)) yields

1

wnk! (Ir> = \/N

Z exp(ik - R)Cpagpa(r — R —Ta) . (3.14)
RA

Note that it is possible to chose a single-particle basis in such a way as to make the location of

the relevant orbital within the unit cell more explicit,
(1) = = > explik - (R+7))oa(r — R~ 72) (315)
X Ak = — eXplIk - TA A — —TA) . .
VN

Both Eq. (3.10) and (3.15) are commonly used conventions. We will be using (3.15)) in the

remainder of this work.

The tight-binding eigenvectors C), 4 obey the eigenvalue problem

Z HAB(k)Can: = Enk:OnAk s (316)
B

and the tight-binding Hamiltonian matrix elements can be written as

HAB(k) = (XAk\ﬁ|XBk> (3-17)
1 . , -
=5 Zexp(lk (R — R+ 75— Ta))(0ar|H|bBR') (3.18)
RR’
= Zexp(ikz (AR + 75 — 74)) (panr|H|opo) | (3.19)
AR -
(%)
where
. h2 7Z.e?
H=-——"—vV2_ S 2
o V7 ;V—R—nl’ (3.20)

where 7 sums over the atoms in the unit cell and R sums over all the unit cells. Z; is the

number of protons in the neucleus of atom i, e is the electric charge of the electron, and m, is
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the electron mass. Note that when we fit to DFT, we assume the Hamiltonian also includes

electron-electron interaction at the mean-field level.

There are two facts which make tight-binding methods efficient. Firstly, the overlap between
orbitals located on different atoms is assumed to decrease rapidly with distance, so that the
full Hamiltonian matrix (3.19) can be approximated by restricting the sum to a finite number
of terms. This is a reasonable assumption for semiconductors. Secondly, instead of calculating
the hopping integrals (x) explicitly, they are often used as fitting parameters in order to repro-
duce band structures from more complex electronic structure calculations while reducing basis

size—sometimes drastically.

3.3.1 Slater—Koster parameters

One way of parameterizing tight-binding band structures is to use Slater-Koster parameters,
which we will do for the interlayer hoppings. This section will provide a brief summary of this

method.

The single-particle Hamiltonian includes a sum over nuclear potentials centered at all the
atomic sites in the crystal. This means each integral in Eq. has contributions from three
different locations: the position of the two atomic orbitals ¢ 4a g and ¢ g, and the location of the
atom on which the potential term is centred. The central idea of the two-centre approximation,
as introduced by Slater and Koster in 1954[172], is to include only those integrals which have
contributions from at most two locations: the on-site integrals, in which both atomic orbitals
and the potential are all located around the same site, and the two-centre integrals, in which

the atoms are on different sites and the interaction is centred around one of those two sites/]

The resulting integrals are dependent on AR and the type of orbitals involved—more specifi-

cally, the angular momentum of the types of orbitals involved. Therefore the full Hamiltonian

IThere is a third type of term which would appear two fulfil the requirements, where the atomic orbitals are
on the same site but the interaction is centred around a different site. This is also disregarded.
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can be expressed in terms of integrals of the type

‘/abfy = <¢a7’ﬁ20|¢b’y> ) (321)

where H2C is the two-centre part of the single-particle Hamiltonian (3.20)), including only the
kinetic energy and the nuclear potentials centred on the atoms on which orbitals |¢,,) and |¢p)
are located. Here, a and b denote the angular momentum quantum numbers and ~ describes

the symmetry of the bonds.

This technique reduces the complexity of the system to a very small number of parameters
which relate to the hopping matrices through a relatively small number of equations which are

readily available in the literature, e.g. Table 1 in Ref. [172].

This is a very useful choice for the interlayer hoppings, because we are interested in a large
number of systems each with slightly different interlayer configurations. In a twisted bilayer,
the types of orbitals we consider are the same regardless of twist angle, but their relative dis-
tance and orientation is highly dependent on the twist angle and the position in the moiré unit
cell. We are able to find analytic fitting functions to describe the distance dependence of the
relevant Slater—Koster parameters, allowing us to, in principle, simulate arbitrary twist angles

and stacking configurations based on a small number of parameters.

3.4 Wannierization

In this work, I will use tight-binding parameters derived directly from ab initio calculations
by way of Wannier functions. The purpose of this section is to give a brief overview of this

procedure. I found Dr. Z. Goodwin’s PhD thesis|173| particularly useful in writing this.

Wannier functions |w, R) provide an alternative, real-space basis for solid state systems, related
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to Bloch functions ¢, by a lattice Fourier transform,

|w, R) \/—Ze R ) (3.22)

These functions are not unique, because the Bloch functions are only defined up to a complex

phase which can itself be k-dependent,

¢nk — ei¢"(k)¢nk , (323)

which can have a significant impact on the form of the Wannier functions due to the sum over

k in Eq. (3.22).

More generally, given a set of bands separated in energy from all other bands, any unitary
transform U,S’frz between the constituent Bloch states will result in the same bandstructure, but

completely different Wannier functions|174],

Mbands

m=1
and
Mbands

Z e TR 1y 1) (3.25)

m=

jwn R)

,_n

The choice of Wannier functions is therefore not unique, and different choices can be made for
different applications. Frequently, what is desired are Wannier functions that are maximally
localized, that is, which minimize the spread around the site at which they are centered. This

can be treated as an optimization problem, by treating the spread as a functional of the unitary

matrix UL in Eq. (13-25)).

Optimization algorithms require initial guesses, and a good choice of initial guess can make
the computation more efficient, but also result in a particular local minimum. For Wannier

functions, one can use atomic orbitals |g,) to obtain an initial guess (particularly an orbital
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with specific angular momentum quantum number), and start by projecting the Bloch states

|thmk) onto this orbital, resulting in

Mbands Mbands

Snke = D (Vi) (Umiklgn) = D [mr) AR, - (3.26)
m=1 m=1

The overlap matrix A* in Eq. (3.26) is not unitary, so this projection does not result in a set

of orthonormal states. It is, however, possible to orthonormalize the resulting set by

Mbands

[k = Z |Gke) (S,;m)mn , (3.27)

where

(Sk), = (ALAk>m . (3.28)

n

The set \@nk% called Lowdin-orthonormalized Bloch-like states, have smooth gauge in k. They

can be wannierized using Eq. (3.22)), resulting in well-localized functions.

The resulting functions are not atomic orbitals, but they can be very similar to atomic or-
bitals. It is then possible to take an effective, ab-initio Hamiltonian obtained from, e.g., DF'T
and its Bloch states, choose a set of atomic orbitals to use as starting guesses, obtain the corre-
sponding Wannier functions as described in this section, express the DFT Hamiltonian in the
basis of Wannier functions, and extract relevant tight-binding parameters from it. In this way,
the resulting tight-binding model can be said to be ab initio: we do not fit parameters to a

bandstructure but instead compute the hoppings directly.

3.5 Rydberg excitons

The lowest energy excitonic states in semiconductors are generally composed of holes located
at the valence band maximum and electrons at the conduction band minimum. In the case

of a direct bandgap, this is true for the lowest energy optically active excitons. In the case of
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an indirect bandgap, this can still be somewhat true for the optically active excitons, if the
smallest direct gap is a transition from a local valence band maximum to a local conduction
band minimum. In all these cases, it is possible to approximate the lowest energy excitons

through the effective mass model.

Energy bands near band extrema can always be approximated locally by a parabolic disper-
sion. In that case, it may therefore be possible to describe an exciton as a bound state of a
negatively charged free particle and a positively charged free particle with effective masses m;
and mj. These effective masses can be obtained from the local band curvature by free particle
dispersion,

21,12 2
_ f;l:' > m* = a’ZE . (3.29)

o0k?

BE(k)

These excitons are known as Rydberg excitons. Rydberg exciton energies and wavefunctions

can then be obtained by solving the hydrogenic Schrédinger equation,

VQ
{— o V(r)} P(r) = E.p((r)) (3.30)
where V' is the electrostatic interaction between electron and hole and p* is the effective reduced

mass,

. m;my
= —== 3.31
K mk+my ( )

In three dimensions, in a semiconductor or insulator, the dielectrically screened Coulomb in-

teraction is given by

62

V(r) = (3.32)

Amege|r|

where e is the electron charge, €, is the vacuum permittivity, and € is the background dielectric

constant. The eigenenergies of the bound states of the three-dimensional hydrogen atom are
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well known,

pred 1

E3D =
" 2(4mege)2h? n?

(3.33)

for integer n.

It is possible, albeit somewhat less well known, to solve the hydrogen atom in a purely two-
dimensional system|175]. In a universe with two spatial dimensions, the eigenenergies of the

bound hydrogen states are given by,

2D _ pre 1

" 2(47T€06)2h2( 1)2.

(3.34)

n— —

2

However, two-dimensional materials are not two-dimensional universes—the electric fields lines
extend into three dimensions, even if the particles are confined to two dimensions. And yet,
describing excitons in two-dimensional materials as three-dimensional hydrogen does not work
well either. This is because the screening is not as uniform as the single dielectric constant e

in Eq. (3.32) implicitly assumes. See Fig. for an illustration of this.

Electrostatic screening in flat sheets of material in three-dimensional universes can be described

well by the Keldysh interaction (more on that later, in Sec. ,

2
O O F
where Hj is a Struve function, Y is a Bessel function of second kind, rq is an effective screen-
ing length classically proportional to layer thickness, and related to the polarizability aP by
ro = 27a?P|176]. To my knowledge, no closed-form solution to the hydrogen atom with this
type of screening is known—given the complexity of the real-space expression of the Keldysh
interaction, a lack of an closed-form solution would perhaps not be surprising. However, it is

not computationally difficult to find numerical solutions. Furthermore, an approximate closed-

form solution to the lowest exciton binding energy has been found by Olsen et al.[146|, by
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calculating the average screening felt by an exciton, resulting in

*

Equasi 2D S/L
0

~ .
(1 +/I+ 327r04u*/3>

(3.36)

This is a useful expression for some quick sanity checks when trying to understand binding

energy behaviour from more complicated calculations in later chapters.

Note that one consequence of Eq. (3.36) is the limiting case pu* — oo, corresponding to flat

bands. In this case,

; 3
lim EQ 2P~ (3.37)

p*—00 dro

which for the case of MoS, bilayers is equal to about 600 meV (see Sec. for details of the
parameters). Importantly, this predicts a constant exciton binding energy for systems with

very flat bands.

3.6 Bethe—-Salpeter equation

Formally, excitons can be described by the electron-hole correlation function L and its equation
of motion, the Bethe-Salpeter equation. I will give a brief derivation here, following Rohlfing

et al.[177].

The equation of motion for the electron-hole correlation function L can be written as
L(12;1'2") = Lo(12;1'2') + /d(3456) Lo(14;13") K (35;46) L(62; 52') | (3.38)

where i = (x;,t;) = (r;,04,t;) is the conventional way of abbreviating position, spin, and time

coordinates, and the integral over @ includes the integral over real space and summation over
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spin indices,

/ de = ZU: / dr . (3.39)

Equation (3.38]) is the formal equivalent of the Dyson equation for the single particle Green’s

function. Lg is the free correlation function and can be written as
Lo(12;1'2") = G41(1,2))G1(2,1') (3.40)

where G1(i, j) is the interacting single-particle Green’s function. K is the electron-hole inter-

action kernel, given by

K(35;46) = [Weou (3)5(3,4) + 2(3,4)] , (3.41)

_9
9G1(6,5)

where ¥ is the selfenergy operator.

We will need several approximations in order to bring Eq. into a computationally conve-
nient form. First, L depends on four different time coordinates. However, we are only interested
in optical transitions, in which the electron and hole are created at the same time, leaving only
two time coordinates. Furthermore, since we do not consider external fields, this can be further
reduced to only one coordinate, corresponding to the difference between the remaining two time
coordinates. This is commonly Fourier-transformed to result in an energy-dependence instead
of a time-dependence, and the electron-hole correlation function is expressed as L(12,1'2";w),

where ¢ = (7;,0;) no longer contains time.

Ly can be written in terms of electron and hole quasiparticle energies F, /. and wave funcions

V)y)c as

ror N Ye(@) )y (@) Yo (@)Y (25)  Yo(@1)Y7 (&) e(@2) Y5 (25)
Lo(12,1%5w) =1 { w— (E.— E,)+i0+  w+(BE.—E)+i0r |’ (342)

v,C
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where ¢ and v note the unoccupied and occupied electronic quasiparticle states, respectively.
In this work, we will approximate these quasiparticle states by tight-binding states, which will

be discussed in more detail in the next section, Sec. [3.7]

The symbol 07 in the denominators of Eq. (3.42) is short hand for a positive, infinitesimally
small real number, implying a limit which will only get executed after any integral that includes

Ly as a term in its integrand.

The next assumption is that excitons, too, can be described as quasiparticles with wavefunctions

xu and energies )/, in which case L can be expressed in a form similar to Eq. (3.42)),

w — Oy + 10T w+ Qy +10T

where the exciton amplitudes x,; can be written in second quantization as

occ empty

Xor( Z Z Al (@) + Bl ()} () . (3.44)

With all of this, the Bethe—Salpeter equation (3.38) turns into a generalized eigenvalue problem,

(E E AM Z ve;v'c! QM Avc + Z ve;v'c! QMAvc ) (345)
(E E BM Z ve' ! QM Avc +ZKIJJBCB;C ”:_QMBUC ’ (346)
where
KvALUC (Qu) = 1/d(3456) Uy (x4) 0k (x3) K (35, 46; Q) (5) e (T6) (3.47)
Koo (Qu) = i/d(3456) Uo(@a) e (@3) K (35,463 Qg )iy, (06)1he (€5) (3.48)

etc. The off-block-diagonal terms K4Z and KP4, which link the amplitudes AM and BM are
typically small compared to K44 and K?8, and will be neglected. This is known as the Tamm-—

Dancoff approximation. This decouples Egs. (3.45) and (3.46)), and makes them equivalent up
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to the sign of the energy, resulting in an effective Hamiltonian Hggg, such that

HpspAY = QA (3.49)

Hpse BY = —QuBY (3.50)

This can be understood as the equations for exciton creation and annihilation, which are equiv-

alent up to the sign of the eigenenergy.

In order to obtain a simplified expression for the interaction kernel K, Eq. (3.41), we em-

ploy the GW approximation for the selfenergy >, that is
¥ =iGqiW | (3.51)

corresponding to the first order expansion of the selfenergy in terms of powers of W. With this,

we find

K (35:46) = —i8(3,4)5(5~, 6)v(3,6) +16(3,6)5(4, 5)W (3+, 4) (3.52)

= K*(35;46) + K%(35;46) . (3.53)

Note that in this expression, the coordinates (3, 4, etc.) include time coordinates, and the +
or — superscripts indicate infinitesimally small deviations from the time coordinate to ensure
well-defined time-ordering. The interaction kernel is now expressed as two different terms, a

direct term K¢ and an exchange term K?.

Inserting this expression into Eqgs. (3.47)) results in

(ve| KA, ) o'y = / dada’ 9 ()b ()o@ 10 ()

i I 1 1
o d fleW /.
sz/ we (r’r’w)[QM—w—(Ec/—Ev)—i—iOJF+QM+w—(EC,—Ev)+iO+ !

(3.54)
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and

(e K44 (Qur)|v'c') = / dada’ P2 () (@)o(r, 7)o (@) (') (3.59)

noting that the expression for the direct term includes a frequency integration over the interac-
tion since it includes energy-dependent screening, whereas the exchange term includes the bare

Coulomb interaction, which is energy independent.

The next approximation involves neglecting the energy dependence of the screened interac-

tion, known as the static screening approximation, resulting in

(ve| KA ) = — / daedz' Y} () e (@)W (r, v ), (") (@) . (3.56)

At this point, I will change notation somewhat. So far, ¢ and v have been used to indicate
specific conduction and valence states, respectively. Going forward, since I am only evaluating
the BSE for the specific case of a periodic solid, I will only work in reciprocal space, and will
indicate quasiparticle states by energy band index (as the newly defined meaning of ¢ and v)

and reciprocal lattice vector k.

The Hamiltonian in Eq. (3.49) can be expressed as
<UCkQ|HBSE”U/C/K/Q> = 5vv’5cc’6kK’Q(Ek+Qc — Ekv) — (D — X)fﬁ:/<kK/Q) s (357)
where

(Dixrq)yy = (0ekQ|K o' K'Q)
=— /dw da’ 7, o (€)Y k()W (1, )b (2" )y g (2) (3.58)
(XirrQ)is = (VekQ|K™ *|v'd K'Q)

— - [ dede’ Vi q@a(@)V (r. 7 ercal@ i (@) . (359)
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Here, Q corresponds to the difference in crystal momentum between electron and hole.

3.7 Bethe-Salpeter equation in a tight-binding basis

In this section, I will express the Bethe-Salpeter Hamiltonian (3.57)) in terms of quasiparticle

energies and wavefunctions obtained from tight-binding theory.

Inserting the equation for tight-binding wavefunctions in terms of atomic orbitals, Eq. (3.14)),

into the above equation for the direct term, Eq. (3.58)), yields

/ 1
(Drgcr)oey = e E exp(—ik - Ry) exp(iK’ - Ry) exp(ik - R3) exp(—iK' - Ry)
RiR,R3R,
A1 AsA3As

X Copkrq Conskrr@ Coask Cora, i
X /dr dr’ ﬁbAl(T — Ry — T4,) ¢a,(r — Ry — TA2)JW(T',T'/>
*)

><¢A3(’I"—R3—TA3)¢A4(T—R4—TA4) . (360)

(%)

Note that we assume the atomic orbitals are real, which is a choice of basis we can always make.

The atomic orbitals are strongly localized. We therefore assume that the starred products
are only non-zero if Ry + 1,, = Ry + 7,, and R3 + 7,, = R, + 7,,, which is equivalent to
Ry = Ry, T,, = Ty, R3s = Ry, T,, = T,,, since the two atoms inside the same unit cell are
closer together than any lattice vector by definition. We further assume that these products are
only non-negligible for the case A; = Ay and A3 = A4. This would be exact given the previous
approximation if the two integrals over r and r’ were independent, since the atomic orbitals

are (or can always chosen to be) orthogonal to each other.

Inserting this into Eq. (3.60) gets rid of half the summations and simplifies the expression
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significantly,
CC 1 : /
(Dixer )y =75 > exp(—i(k — K') - Ry) exp(i(k — K') - Ry)
11}111}3
143

X Coarirq Conikr+Q Coask Oy ay i

« /dr A’ (6, (r — Ry — 740> Wr ') (ba(r — Rs— 1)) . (3.61)

Since the integrals are over all R3, both integration variables can be shifted by a constant value,
r") — ") + R,. Further defining AR = R3 — Ry, and assuming that W (r, ') = W(r — '),

one finds

(Drgr ), = — Z exp(i(k — K') - AR)
A1A3
X C:Alk:+Q CC’A1K’+Q C’L}Agk: O:’AgK’W<AR + T, — TA3) . (362)

Similarly, inserting Eq. (3.9)) into Eq. (3.59)), and doing the same manipulations, yields

(Xkk)s, Cc = Z exp(iQ - AR)
A1A3
XOA1k+QOvA1kC’A3K’+QC/A3K/V(AR+TA1 TA3) . (363)

Note that in the case of only one atom per unit cell, or in the case where only orbitals on one
atom per unit cell are part of the tight-binding basis, these expressions simplify even further

to the form found in e.g. Wu et al.|161],

(Dricr) Z Cenkrq Conrr+q Z Coask Coragrer
Az
> exp(i(k — K') - AR)W(AR) (3.64)
AR

= (Cli—&—QCK’—s—Q)CC/ (C}{,Ck) Wk - K') (3.65)

v'v
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where the reciprocal space interaction is defined via a discrete Fourier transform,

W(k) = % > exp(ik- AR)W(AR) .

Similarly, the exchange term becomes]

(Xure)ow = (ChiaCi) | (CheCrrva) V(@)

3.7.1 Exciton wavefunction in real space

(3.66)

(3.67)

It can be instructive to consider the exciton wave function in real space, particularly for the

purpose of determining whether any given exciton is an interlayer, intralayer, or hybrid exciton.

In real space, the exciton wavefunction can be written as

\I] ’I”e, rh Z Acvk¢6kka )

vck

which in terms of the tight-binding model becomes

U( re,rh

Z AMC N exp(ik - (Ra+Ta — Rp — 7)) CoanCipy

vck RARp
AB

X ¢a(re — Ry — Ta)pp(r, — Rp — TB)

1 . *
~ N ZA%"’ Z exp (lk . (RA +TA — RB — TB)) CCAkaBk

vck RARp
AB

X5(T6—RA—TA)(5('I"}L—RB—TB).

(3.68)

(3.69)

(3.70)

Here, r. and 7, are real space coordinates corresponding to electron and hole, respectively. In

the last step, I approximate the atomic orbitals as points on the atomic sites.

This greatly

simplifies the calculation in practice and is sufficiently accurate for my purpose, since I am

mostly interested in the layer distribution of the excitons.

2This expression is given with the screened interaction instead of the bare Coulomb interaction in Wu et

al.[T61].
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3.8 Rytova—Keldysh interaction

Next, I will consider the nature of the screening electrostatic interaction in the direct interac-

tion term in Eq. (3.65).

The most widely used form of dielectric screening in 2D materials is the Rytova-Keldysh in-
teraction, describing two particles confined to a flat sheet of width d with dielectric constant
¢, sandwiched between two semi-infinite substrates with dielectric constants ¢; and €q, respec-

tively, as illustrated in Fig. 3.1

Following Keldysh[178|, the screened interaction between two particles with electric charges e

d/2

d/2

Figure 3.1: Illustration of the system geometry which exhibits Rytova—Keldysh screening as
explained in Sec. [3.8] It consists of a layer of thickness d and with dielectric constant e
sandwiched between two semi-infinite layers with dielectric constants ¢; and €;. Two particles
with unit charge are confined in the middle layer, a horizontal distance p and a vertical distance
z apart.

and €’ is given by

Vip,z,2) =
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ot / (ko . cosh <|k| (g - z) + 772) cosh (!k! <g + Z’) + m) -

€ 27)2 exp |k|sinh (|k|d 4+ m + 12) ’

where

1 i

€ — €

and Jp is a Bessel function of first kind. Assuming that ¢; < € (as is the case for MoS, in

vacuum or on a 310, substrate), this reduces to

2 / o0
V(p) = =< / at— ) (3.73)
ed 0 €1 + €9 |p|
t+ L
€ d
_ mee €1+ € |p| €1+ € |p|
e {/HO ( € d No € d ’ (3.74)

where H, is a Struve function and N is a Neumann function, now more commonly called Bessel

function of second type and denoted with Yj.

The problem with this expression is that the layer thickness of an atomically thin sheet of
material is difficult to define. It is possible to use the layer thickness as a fitting parameter to
reproduce experimental optical spectra, as is done in e.g. Ref. [163]. Perhaps not surprisingly,
the layer thickness obtained for monolayer MoS, in that work turns out to be roughly 6A, which

is equal to the interlayer separation of bulk MoS,.

However, Cudazzo et al. [176] have found an expression identical in functional form to Eq.
(3.74) by computing the static screening in a truly two-dimensional, i.e., infinitely thin, sheet
of material in vacuum, where the material parameters can be expressed solely in terms of two-

dimensional polarizability asp.
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They solve the Poisson equation,

V2¢(r) = —4nn(r) , (3.75)

where n(r) = next(r) + Nina(r), Next(r) = ed(r), and the induced charge density ni,q(r) is

localized on the 2D plane. In the long wavelength limit,

Ninda = —V - Pyp (3.76)
where
Psp(p) = —a2pVpo(p, 2) - (3.77)
This leads to
Nina (1) = (z)azDVf,qﬁ(p, z2=0). (3.78)
In turn,
V2p(r) = —4med(r) — 47ra2DVf,¢(p, z=0)4(z), (3.79)

which, when Fourier-transformed, results in

dk,
("J|2 + kg) o(q,k,) = 4me — 477042D\q!2/ o= o(p, k) - (3.80)

S
¢$20(q)

This can be solved for ¢op(q) to result in

B 2me
lq| (1 + 2maaplql)

$ap(q) (3.81)
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Fourier-transforming egop(q) back to real space yields the effective screened interaction,

v (%) (2]

where
o = 27T042D . (383)

Equation (3.82) can be generalized to include substrates|179]. If the infinitely thin sheet of

dielectric material is sandwiched between two substrates with permittivities €ip and €pottom,

Eq. (3.82) becomes

-2 (2) (%)

where 79 = 2magp/e and € = (€op + €bottom)/2. Note that in this convention, the screening
length 7y includes the effect of the substrates. Sometimes, another convention is used, such as

in Van Tuan et al.[180],

o E ) () e

where ro = 27aap.

We use ry = 33.875/01/6 to describe the effective screening length of monolayer MoS,|161],
and rg = 67.750/01/ e for MoS, bilayers. This last is slightly ad hoc, reflecting the fact that in
Keldysh’s original work, 7y is proportional to the layer thickness. We do not include a sub-
strate in the calculations presented in this work, that is, we model MoS, in vacuum, € = 1, in

order to compare our results to ab initio calculations which have also been performed with e = 1.

Equation (3.84)) has been used very successfully to describe static dielectric screening in TMD
monolayers|6, 161, 181, [111]. However, in TMD bilayers, the situation becomes more complex.

In these systems, electrons and holes can be localized in different layers. If the out-of-place
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distance of the electron and the hole becomes comparable to or larger than their in-place dis-
tance, then the approximations resulting in Eq. are no longer valid. Furthermore, the
interaction can become unphysically large for electrons and holes that are situated on top of
each other. In this case, their actual distance might be several Angstroms, but their in-plane

distance |p| might approach zero.

The simplest solution to this is to replace the 2D distance |p| with the 3D distance /|p|? + D?,
where D is the interlayer separation, as is done in Ref. [182]. This is somewhat ad hoc, but

often a very simple improvement, and this is what will be used in this work.

3.9 Optical conductivity

In order to determine the optical absorption spectrum, we calculate the diagonal component of

the real part of the optical conductivity in linear response, which is equal to absorbtion|163],

Reom(w):7nni/1§:’INHP]A4‘ 5w — Qur) (3.86)
where
M) =" AM al a,.|FS) . (3.87)
cvk

Here, A = A.n? is the total area of the crystal that is modelled (finite due to the finite number
of k-points ny), A. is the area of the crystal unit cell, P, is the many-body momentum operator
(in a-direction), | M) is the exciton wavefunction, |F'S) is the many-body ground state, {2, is the
exciton eigenenergy of | M), and aik, a.k are electron and hole creation operators, respectively.

Combined, it is

2

> AV (FS|Palaum|FS)| 6w — Q) . (3.88)

cvk

Reo,,(w) = m2 hw A
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Following Ref. [163], the many-body momentum operator P, can be expressed in terms of

the single-particle momentum operator p, as

Py = (plpelg)ala, , (3.89)
pq
and therefore
(FS|Prala,|FS) = (plpalg) (FS|alagala,|FS) . (3.90)
pq h ~ g

(%)

Due to orthogonality, (*) can only be non-zero if either p = ¢ and s = r, or p = r and ¢ = s.
Noting from Eq. that p = ck and ¢ = vk, p # ¢ in all cases. We further make use of the

fermionic commutation relations,

[CL;, a’j}] = [apa aq] =0 s (391)
[a,, al] = 6, (3.92)
and obtain
<FS|a;aqala,~|FS> = 5pT5q5(FS|a;aqa:5ap|FS> (3.93)
= 5pT5qS(FS|a;ap(1 — a:;aq)]FS) (3.94)
= fp(l - fq) > (3-95)

where f,, is the Fermi occupation number of state |n). At zero temperature in a semiconductor,

fee =0 and f,r = 1, and we obtain

(w —wy) - (3.96)

6271'

m2hwA

Reo . (w) = > AN (vk|p,|ck)

cvk
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Up to this point, the derivation has been relatively straightforward and uncontroversial. How-
ever, contradicting literature exists regarding the evaluation of the momentum matrix element

in Eq. (3.96)[183]. Frequently, the expression

p— %VkH(k) (3.97)

is given. Sometimes, such as in Ref. [184], Eq. (3.97) is treated as exact. For an analysis on
the qualitative and quantitative differences between different approaches, see for example Read
et al.[185]. A more rigorous approach starts from

dr im.

i Y[H’ r]. (3.98)

D =MV = Me

In the tight-binding basis, the matrix elements are found to be

1 . / /
(nklplmk) = <=3~ CipCinai y_exp ik - (R — R)] (BR/|p|AR) (3.99)
AB RR/
ime * . / /
=v > CipCrnar »_explik- (R— R)(BR/|[H,7]|AR) . (3.100)
AB RR/

Consider for a moment just the last term in Eq. (3.100)),

(BR/|[H,7)|AR) (3.101)

=(BR/|Hr|AR) — (BR'|rH|AR) . (3.102)
Add a unity operator, 1 =)z, |[CR")(CR"|. The expression becomes
Z(BR’]H!CR”>(CR”|7‘]AR> — (BR'|r|CR")({CR"|H|AR) . (3.103)
CR//

The overlap between orbitals localized on different atoms is negligibly small, therefore

(BR|r|AR) =~ (Roap +dpa)irr , (3.104)
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where

dpa = (B0[r|A0)

is the intraatomic contribution.

With that, Eq. (3.100) becomes

(nk|p|mk) ~ ””ez “okCona > explik - (R — R)))

RR/

x (R — R)(BR'|H|AR)

1m6 p
Z Cr ek Crmak Z exp(ik - (R— R'))

RR'

x Y ((BR'|H|CR)dca — dpc(CR/|H|AR)) .
C

Further taking advantage of the fact that

exp(ik - (R~ R))(R— R) = —iVyexp(ik - (R — R)),

and that

> exp(ik - (R— R))CyarH|AR) = H(k)nk) = E,i|nk) .

AR

we obtain

(nk|p|mk) ~ Z 5k Crmac Vi (BE| H (k)| Ak)

1me
h

nk mk E Bk CmAk dBA .

Going forward, we neglect the intraatomic contribution, resulting in

(nk|p|mk) ~ Z C 51 Crmaie Vi (BR| H (k)| AK) .

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)
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Inserting Eq. (3.110) into Eq. (3.96)), we obtain the final expression for the optical absorption,

2

e? Am M . .
Reos(w) = 77— > ;Awk%CvAkCchVk2<¢A|H(k)|¢B> X 0w —wy) . (3.111)

3.10 Computational details

3.10.1 Density Functional Theory Calculations

Density Functional Theory (DFT) calculations were used in three separate ways in this project.
First, TMD monolayer bandstructures were calculated in order to obtain monolayer tight-
binding parameters through wannierization, cf. Sec. [3.4 Furthermore, TMD homobilayer
bandstructures were calculated for different interlayer separations and rigid horizontal shifts
between layers in order to obtain Slater—Koster parameters for the interlayer hoppings in the
tight-binding model, cf. Sec. Lastly, different high-symmetry stacking bandstructures were

calculated in order to test the validity of the tight-binding model, cf. Ch. [6]

In all these cases, the DFT calculations were carried out using the Quantum Espresso code
package[186]. For all of these, the exchange-correlation potential which was used was the
optB88 generalized gradient approximation, and we used pseudopotentials that have been gen-
erated from ONCVPSP (optimized norm-conserving Vanderbilt pseudopotential) by Hamann
et al.[187], and the plane wave cutoff was 70 Ry. For the monolayer calculations, a 25 x 25 x 1

k-grid was used, and for the bilayer calculations, a 12 x 12 x 1 k-grid was used.

3.10.2 Cutoff energy for BSE calculations

For a 30x30 k-grid, the BSE basis for an untwisted bilayer calculation would include ny x n. x
n, = 30% x 28 x 16 = 403, 200 transitions, which is impractically large. (Here, n;, is the number
of k-points, and n. and n, are the number of conduction and valence bands included in our

model, respectively.) Since transitions between the lowest energy valence states and the highest
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energy conduction bands are unlikely to significantly contribute to the low-energy excitons we
are interested in, we can introduce an energy cutoff and only consider transitions which have a
smaller energy. There are several ways of implementing such a cutoff — commonly, the number
of bands included in the calculation can be restricted, or a limit to the allowed transition
energies can be introduced, or else all transitions between some minimum energy and some
maximum energy can be considered. We use a somewhat hybrid approach, following Ref. |188].
At every k-point, we include all transitions between Eikmm) — e, and Eff,?ax) + e., where Eékmm)

is the conduction band minimum at that k-point, £ (r,?ax) is the valence band maximum, and e,

v

is the cutoff energy. With this definition, we find that generally, a cutoff of 0.5 eV above the
direct gap at K is sufficient for convergence of the exciton binding energies (this corresponds

to a value of 2.3 eV for the MoSs monolayer, since the band gap is roughly 1.8 V).

3.10.3 Lattice Fourier transform of the electrostatic interaction on a

finite lattice

The direct and exchange terms of the BSE Hamiltonian matrix elements, Eqs. (3.65) and
(3.67) include lattice Fourier transforms of the electrostatic interaction (3.66)). Using finitely

large crystals, i.e., finitely fine k-grids, complicates this calculation in two ways.

Firstly, the Coulomb interaction diverges as 7 — 0 (regardless of whether or not it is screened).
Therefore, V(r = 0) needs to be regularized to result in finite Hamiltonian matrix elements.

We follow the approach of e.g. Ref. |161] and set

V(r=0)~V(ry), (3.112)

Wi(r=0)~W(ry), (3.113)

where 7y is distance between nearest-neighbour atoms.

Secondly, the expression (3.66)) is dependent on the choice of lattice points, because it is not
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periodic. The number of unit cells we include in the lattice sum is dependent on the k-grid
fineness, and we recenter the grid so that the origin is at the center. However, the grid is

constructed to be diamond shaped, so for small lattices, this can result in broken symmetries.



Chapter 4

Symmetry-adapted eleven-band
sixth-nearest neighbour tight-binding
model for monolayer transition metal

dichalcogenides

The following chapter describes the details of the tight-binding model which forms the basis of

the simulations performed in this work.

The starting point for this tight-binding model is an eleven-band tight-binding model with
up to third-nearest neighbour hoppings which was first introduced by Fang et al.|4]. The model

was extended to twisted bilayers by Vitale et al.[5].

I have extended the tight-binding model for the monolayers to include up to sixth-nearest
neighbour model hoppings, which significantly improves the description of the band structure

in general and the conduction band manifold in particular.

I start by deriving the full symmetry-adapted sixth-nearest neighbour Hamiltonian. I first

describe the crystal structure of transition metal dichalcogenide monolayers and then the orbital

20
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basis used in Fang et al. . I then construct the Hamiltonian matrix elements, taking advantage
of both mirror symmetries of the system, which relate various hopping integrals to each other
through either a factor of 1 or -1 due to the convenient choice of orbital basis. Lastly, I
summarize how to make use of the three-fold rotational symmetry to further reduce the number

of required parameters, and then give the explicit equations resulting from this analysis.

4.1 Crystal structure of monolayer transition metal dichalco-

genides

Figure 4.1: Neighbour vectors up to sixth-nearest neighbours in monolayer TMDs, illustrated
for a metal atom at the origin. Red: metal atoms, blue: chalcogen atoms. The distance of
different atoms to the origin is indicated with dotted concentric circles.
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As mentioned in Sec. [I], semiconducting monolayer transition metal dichalcogenides of 2H type
consist of a layer of transition metal atoms sandwiched between two layers of chalcogen atoms.
When viewed from the top, the chalcogen atoms are directly on top of each other, and the

crystal forms a honeycomb structure|[189], as illustrated in Fig. |4.1

Our choice of lattice vectors is

a, = aeé, , (4.1)
a . 3a
az = —5€ + 5 € (4.2)

where a is the lattice constant and e, and e, are the unit vectors in z and y-direction, respec-

tively, in the orientation illustrated in FIg. 4.1l For the case of MoS,, we use a = 3.183 A[5].

We include hoppings up to sixth nearest neighbours. The vectors connecting an atom at the

origin to all relevant neighbours are given by:

6120’17

1
d12 = =(4a; + ba,) ,
(52 = a, + as , 3

1
:—4 —
85 = ay ’ 013 3( a; 02) )

1
1 S _
54 = —5(2(1}1 + CLQ) , 514 - 3((11 40'2) ’

1
1 - _Z
b=t 2ay), 0T gloatida).
1 =
06 = §<al —ay) , 01 = 201 + a5,
2 017 = —a; +as,
67 = —g(al + 2&2) s 17 ! 2
2 018 =2ay+ay,
68 = §<20,1 -+ (12) s
9 019 = —2as ,
69 = —(CLQ — al) s
3
1 0y = —2a, ,
510 = ——(5(11 —+ CLQ) ,
521 = —20,1 — 20,2 .
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The neighbour vectors are illustrated in Fig. [£.1]

Note that atoms of the same type are always separated by a lattice vector, atoms of differ-
ent types are always separated by a vector that is not a lattice vector. The latter statement
can be seen from the fact that any sum of lattice vectors results in another lattice vector. Con-
sequently, the sum of a lattice vector and a vector which is not a lattice vector cannot result in
a lattice vector. The nearest neighbour separation is not a lattice vector. Therefore, the vector
between two arbitrary atoms A and B of different type can be expressed as a lattice vector
(the distance between atom A and one of the same type atoms neighbouring atom B, and the

nearest neighbour distance. It therefore cannot be a lattice vector.

Apart from translation symmetry, the symmetries of this crystal structure are

e Rj: rotation by 27/3 around the z-axis,
e M;: mirror symmetry with respect to the xy-plane,

e Ms: mirror symmetry with respect to the yz-plane.

4.2 Orbital basis

We start from a monolayer tight-binding model without spin. We include five d-orbitals located
on the transition metal atoms, and six p-orbitals, three for each of the chalcogen atoms in the
unit cell, as listed in Table The p-orbitals are included as symmetric and antisymmetric
superpositions of top and bottom layer p-orbitals of the same type. This results in an orbital
basis in which every orbital is either fully symmetric or fully antisymmetric with respect to

both M; and M, symmetry.

It is useful to provide the full expressions for the angle dependent part of these orbitals, that

is the relevant spherical harmonic functions, which allow us to explicitly calculate the relations
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Index Basis Function Mi | My
1 dr B g
2 dy. .t
3| o ey | - |y
4 (pgop bottom)/\/_ _ _
5 (pZOP bottom)/\/_ _ +
6 d.2 + +
7 duy + | -
8 dx2_y2 + +
9 (pZOp bottom)/\/_ 4 4
10 ( top + plzjottom)/\/_ 4 .
0| (e Va | |+

Table 4.1: Monolayer orbitals classified according to whether they are symmetric or antisym-
metric under M; and Ms. From: Table 2 in Fang et al [1].

Atom | Z | n || Atom | Z
Mo | 42 S 16
\WY 74 | 4 Se 34 | 4

=

=~
w

Table 4.2: Parameters for the hydrogen-like orbitals included in our model.

between hoppings related by rotational symmetry. Hydrogen-like orbitals can be written as

\Pnlm = Rnl(rnflm(ev ¢) ) (43)

where Y, are spherical harmonic functions, and

2Z\* (n—1— 1) z 271\ 27
Ryu(r) = — ( ) (n ! exp (__”> <__7“> L (__7“) 7 (4.4)
na,) 2n(n+1)! na,, na,, na,

where L{ (z) are generalized Laguerre polynomials, a, = 4megh”/pe?, p = mym./(my +m.),

my is the mass of the nucleus, m, the mass of the electron, and Z the atomic number. Since
we deal with relatively heavy atoms (sulfur is the lightest, at about 32u), the reduced mass p

is roughly equal to the electron mass, and a, =~ ag, where q, is the Bohr radius.

The relevant parameters for the orbitals included in our model are given in Table 1.2 The
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spherical harmonic parts of the orbitals included in our model are[190)|

3\ 1/2
p:— Yip= (E) cos(0) , (4.5)
1 3\
Dz — 7 Y11 —-Y11) = (E) sin(#) cos(¢) , (4.6)
i 3\
Dy — E Y114+ Y1) = (E) sin(#) sin(¢) , (4.7)
d2— Y= i ; (3cos(9)* —1) , (4.8)
Ay — % (Yoo — Yoq) = i 1775 sin®(0) sin(2¢) , (4.9)
1 1 (15,
dy2_p2 — G (Yo o+ Yos) = 7\ sin (0) cos(2¢) , (4.10)
dy, — % (Yo 1 —Ya1) = i 17r_5 sin(20) cos(9) , (4.11)
dy. — % (Yo _1+Ys:) = %\/gsin(%) sin(¢) . (4.12)

4.3 Constructing the tight-binding Hamiltonian

In order to maintain the same naming convention as in Fang et al|l|, we define the hopping

integrals as

HD = (6s(r) [ |65(r + 81)) = £ (u(r) | HP |5 (r — 81)) , (4.13)
12 = (¢i(r) | H*P |5 (1 + 82)) = (i) | HP | (1 + 83)) (4.14)
1D = (¢i(r) | H*P | (r — 85)) = £ (r) | H*P| s (r — 82)) , (4.15)

where H* is the single-particle Hamiltonian given in Eq. (3.20). The negative signs appear
for orbitals with different Ms-parity, and the positive signs appears for orbitals with the same

M-parity.
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For all other hoppings, we define
15 = (6i(r)| P9 (r  8,) . (4.16)

Asin Egs. (4.13))-(4.15), My mirror symmetry allows us to relate hoppings with the same/different

M-parity with a positive/negative sign,

¢ = g™ (4.17)

1j ij

for hoppings in My-symmetric directions, that is, for (n, m) € {(4,6), (8,9), (10,13), (11, 12),
(14,15), (16,17), (—16,—17), (19,21), (—19,—21), (20, —20)}, where the sign is negative if ¢;

and ¢; have different parities under My, and positive if they have the same parity under M.

Furthermore, it is possible to relate hoppings tgjl-g) and tg;ls), taking advantage of the fact
that +d,5 are related through translational symmetry, as well as the fact that the hopping

integrals are real. For any two orbitals ¢ and 7,

tyY = (&i(r) HP|g;(r — d15)) (4.18)
= (@i(r + &15) [ H™[ (7)) (4.19)
= (;(r)| H*™|$i(r + 815)) (4.20)
=1 (4.21)

This makes no difference to the number of parameters needed for the off-diagonal Hamiltonian
matrix elements, but it reduces the number of parameters required for the diagonal elements

(18) _ ,(-18)

by eleven, since it follows that ¢,
With all this, we can now write down the tight-binding Hamiltonian. We can classify five
different types of Hamiltonian matrix elements, according to symmetry. Again, we follow the

logic of Fang et al. and generalize the matrix elements to include longer-distance hoppings

while taking advantage of Eqs. (4.13)—(4.17)).
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4.3.1 Diagonal Elements

The diagonal terms include on-site energies and hoppings between the same type of atoms, e.g.,
along directions +4d;, +02, £03, £d16, £17, +d15, 019, 029, and +do;. Since the diagonal
elements by definition only include hoppings between the same type of orbital, the parities of
these orbitals under M5 are the same, and the above identities f and hold

with positive sign. We obtain

H;i(k)
—¢; + tz(il) (eik-él + efik:-51> + t,ff) (eik-62 + eik-&g)
+ tz('?) (efik:-62 4 efik-ég) + tZ(ilﬁ) (eik-516 + eik:-517)
+ tz(i—lﬁ) (efik-zsm + efik:-én)
+ tl(il8) (eik:~618 + e—ik-dlg)
+ tl(fo) (eik-620 + e—ik~620) + tl(i19) (eik~619 + eik~621)
+ t;-_lg) (e—ik~619 + e—ik-égl)
= + 217 cos(k - 81) + 7 (k02 4 k%)
+ tﬁf) (e—ik~62 + e—ik-53)
+ tSG) (eik~616 + eik~617) + t§516) (e—ik-616 + e—ik~517)
+ 7%98) (eik:~618 + e—ik~518)
+ 2t§i20) cos(k - d99) + tﬁjg) (eik"s”’ + eik'521)

+ tE;lQ) (e—ik‘(slg + e—ik:-521> ) (422)

The diagonal elements of the Hamiltonian have to be real, because the Hamiltonian has to be

(n)

j

real.). This is only satisfied for all k if tz(f’ =3 U8 t(-_lﬁ), and t;.“” = t(»_lg), which yields

i ) Vi i i

Hermitian (the hopping elements ¢’ are all real because the atomic orbitals are chosen to be

Hii(k) =

€+ Zt;.l) cos(k - 81) + 2t§i2) (cos(k - 02) + cos(k - 03))
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+ 2751(-1-18) cos(k - 013) + QtSG) (cos(k - d16) + cos(k - 617))

+ 2t§fo) cos(k - dy0) + QtSilg) (cos(k - &19) + cos(k - d21)) - (4.23)

4.3.2 Off-diagonal elements for orbitals on the same type of atom

with the same Ms-parity

These are given by (7,7) € {(3,5), (6,8), (9,11)} (for the inverse pairs (j,7) use again that the

Hamiltonian has to be Hermitian) and the matrix elements are found to be

Hij(k) =

2t§]1-) cos(k - 1) + QtE?O) cos(k - dq)

+ tE? (e*ik-tsg + efumss) + tz(?) (eik-62 + eik-53)

+ tz(]_lﬁ) ( —ik- 616 + e —ik- 517) _|_ t(16) ( ik- 616 + eik~517)
+ t(lg) ik- 518 + t(lS) —1k~618

+ t(lg) ( ko9 eik"s”) + tl(j_m) (e_ik'519 + e‘ik"sﬂ) . (4.24)

4.3.3 Off-diagonal elements for orbitals on the same type of atom

with different Mo-parity

These are given by (i,7) € {(1,2),(3,4), (4,5), (6,7), (7,8), (9,10), (10,11)} and yields

Hij(k) =
- 21t sm(k: d1) + 2t( )sin(k - 030)
+ tﬁ) (efik:-ég _ o ik 53> + t( ) (_eik-62 + eik-53)

+ t(-_16) (e—ik~516 _ e—ik-517) + t(16) ( ik-816 __ eik~517)
ij

+ tgjl-g) (eik'519 — eik"sm) + tz(j_m (—e_ik'519 + e_ik"s“) . (4.25)
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The terms including 815 disappear because, due to My antisymmetry,

(18) _ _,(18) _
i =—t; =0, (4.26)

(-18) _ _,(-18) _
1 = =0, (4.27)

4.3.4 Off-diagonal elements for orbitals on different types of atom

with the same Ms-parity

These are given by (i, j) € {(4,1), (3,2), (5,2), (9,6), (11,6), (10,7), (9,8), (11,8)} and yields
Hij(k) =

tl(';l) (eik-54 + eik-ég) + tl(?)eik-65

+t§;)ei’“'57 + tgf) (e““'58 + eik-59) + t§;4) (eik-614 + eik-615)

4100 (k0 g oikdin) 4 41 (kO gikdiz) (4.28)

4.3.5 Off-diagonal elements for orbitals on different types of atom

with different My-parity

These are given by (i,7) € {(3,1), (5,1), (4,2), (10,6), (9,7), (11,7), (10,8)} and yields

Hz(k) =
tz(;) (eik-64 - eik-56)

—|—t§?) (eik-ég . eik:-ég) + t§31~4) (eik-614 . eik:-515)

R C L) I bl G L I (4.29)

]
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4.4 R3 symmetry

It is possible to reduce the number of free parameters yet further by making use of R3-symmetry.

2m
The crystal Hamiltonian is invariant under Rg3, that is, the transformation ¢ — ¢ + 3 Let

us first examine the transformations of the orbitals in Eqgs. (4.5))-(4.12) under that rotation.

Both d,2 and p, transform into themselves,

do 225 (4.30)
p. Sy (4.31)

The ¢-dependence of the other orbitals is given by either sines and cosines, therefore it is useful

to recall that

sin (¢ + 2%) = —% sin(¢) + \/73 cos(¢) , (4.32)
sin (gb + %T) = —% sin(¢) — ? cos(¢) , (4.33)
cos (gb + 2%) = —g sin(¢) — %cos(gb) : (4.34)
cos (¢ + 4—7T) = ﬁ sin(¢p) — 1cos(gb) . (4.35)
3 2 2
From this, we can easily see that
2T 2m

a1 V3 T3 1 3

Pz — —§pz - 7py — _§px + 7py ) (4.36)
2 2
+— +—
3 V3 1 3 V31
Dy —— 5 Pz 5Py - T Pe T 5Py (4.37)
2 2
+— +—
1 3 1 3
day =2~y - gdﬁ_ﬁ sy + gdﬁ_yz , (4.38)
2w 2
+— +—
3 V3 1 3 V3 1
dx27y2 — dey — §dx2,y2 — _7dxy — §dx2,y2 s (439)
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2 2
+— +
1 3 1 3
dy. —3 % —Zd . — idyz S I idyz 7 (4.40)
2 2 2 2
2 2T
+— +—
3 1 3 1

Since the linear combinations of p-orbitals which are used in the basis are sums of equivalent
orbitals oriented along the z-axis, the same transformation under ¢-rotation applies to them
in the same way as to the plain atomic orbitals, even though their » and 6-dependence is
much more complicated. To summarize, for pairs (o, 8) € {(1,2),(4,5),(7,8),(10,11)}, the

transformation is given by

27 27
31 3 3 1 3
¢a —3> _§¢a - %gbﬁ —3> _§¢o¢ + \/7—¢/3 5 (442)
27r 27
1, T3 3 1
635y Ly, 8, VB, Ly (4.43)

This notation is useful—the orbitals labelled « all have even parity under Ms, and the orbitals
labelled 8 have odd My parity. They all transform similarly. The last class of orbitals (desig-

nated in the following as 7) are invariant under R3 and have even M, parity.

Let us consider the on-site energies first. Rs-symmetry dictates they have to be invariant

under rotation by +27/3, that is

e = (Ga(PIE[60(r) (4.44)
_ <—§<¢a<r>\ + ?wg(r)r) e (—%wa(r» + ?\@(r») (4.45)
et B Y2 (0 E105(r) + (030 T760(r) (4.46)
- }lea + %eﬁ , (4.47)
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where the last identity can be seen to be true in two different ways. Mathematically, it follows

that

3

(@alm) B 105()) + (05(r) ] 6a(r)) (4.48)

_ V3
4

S

(40P HP165(r) + (05(r) H|6a(r)) = 0. (4.49)

Physically, we know that the additional terms describe hopping between orbitals on the same
atoms, which are forbidden due to orthogonality of the orbitals.

From the above identity we can see that
€a = €5 - (4.50)

Next, let us consider the hopping integrals corresponding to second-nearest neighbours, as

$1) J -

® °
£2)

Figure 4.2: Tllustration of symmetry operations necessary to derive relations between hopping
parameters ¢t ¢ and ¢®. Neighbour vectors —&, and &3 (the directions of ¢©® and ¢
hopping) relate to neighbour vector §; through R3-symmetry, which relates to neighbour vector
—4, (the direction of ¢ hopping) through Ms-symmetry.

illustrated in Fig. 4.2l The three neighbour vectors included in Eqs. (4.24) and (4.25)) are
not directly equivalent under Rs-symmetry. However, they are equivalent if Ms-symmetry is
also considered. For ¢ and ¢, the coordinate system is first rotated by —27/3 and +27/3,

respectively, and then inverted along the yz-plane, as illustrated in Fig. [£.2] in order to relate
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both of them to t(). This results in

12 = ($a ()| HP|pa(r + &) (4.51)
B (—%wa(rn + ?@sg(rﬂ) e (—%wa(r — ) + ?ww - 61>>) (4.52)
0 (%wa(rn + ?ww) e (émw 80)+ os(r+ 61>>) S

recalling that the a-orbitals are odd under My, whereas the [-orbitals are even under M.

Therefore,

1 3 V3
@ _ 1, 4 2,0 L, L0
t@ = 4taa + 41556 + (taﬁ +tﬁa> . (4.54)
0 ti
=0, antisym.

The antisymmetry of those last two terms can be seen from

1) = (Ga ()| HP|p5(r + 81)) (4.55)

= (¢a(r — 81)|H™|¢s(r)) , (4.56)

which can be seen by a change of coordinates in the integration and the fact that 4, is a lattice

vector and that the Hamiltonian has translational symmetry. From there,

(Ga(r = 80) B 05(r)) = ({(05(r) HP|0u(r — 61))) (4.57)
= (~(@a(mH|gur +81)) ) (4.58)
= (4 = 4. (4.59)
Finally,
@ Lo 3,0 (4.60)

aa Z aa 4 BB
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Similarly,
t5) = (dp(r)[HP|gs(r + 6)) (4.61)
e (—?mw - §<¢ﬂ<r>|) i (—?mw ~ 1)) — 5los(r - 61>>) (162
& (?wa(rn - §<¢B<r>|> i (?ww 8}~ Slbs(r + 51>>> S )
and therefore
1) = Ztg}g + itgg . (4.64)
Next,
12 = (6 (1) HP|65(r + 62)) (4.65)
R (g, (r)|H (—Qaﬁa(r — 1)) — 5ls(r - 61>>> (4.66)
e (g () (?wa(r +8)) — Slbs(r + 61>>) (4.67)
V3. Ll
= Y Ly (4.68)

where we used that the y—orbitals are even under Ms. t(j’ﬁ) can be derived the same way, the

only difference is that the Rs-rotation has to be counterclockwise instead of clockwise, which

3
changes the sign of the T—term, SO

@ _ V3.a 1l
ts = =5 tha — 5ty - (4.69)
Similarly,
t2) = (¢ (1) | HP | ga(r + 82)) (4.70)

B (g, (r)| A1 (—%\asa(r — )+ Lostr - 51>>) (471)
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2 TS 1 \/g
L, (r) | HP <§|¢a(r+51)> +7!¢5(r+51)>> (4.72)
1 V3 )
= 5#;; + 5t (4.73)
and
V3 )
t8) = ¢l — 5t (4.74)
Lastly,
1) = (Ga(r) B |ps(r + 8)) (4.75)
3 1 \/g ' rs \/g 1
E <—§<¢a(7“)| + 7<¢,6('r)|> H® <—7|¢a('r — 1)) — §I¢ﬁ(f‘ - 51))) (4.76)
2 1 \/g rs \/§ 1
= (§<¢a(r)| + 7<¢5(T)\) H» (7\%(7“ +81)) — §|¢ﬁ(r + 51)>> (4.77)
V3 my Lo, 3.0
= T(tg}o)z —lgs) — Ztaﬁ + Ztga (4.78)
= V30 ) 1) (4.79)
since tsﬁ) = _t(61027 and equivalently,
5 _ V3 my O
topy = _T@gg tya) — tog - (4.80)

The same procedure can be applied to all the other hopping integrals included in our model.

4.5 Results of R3; reduction

In summary, for (o« = 1,5 = 2), (e = 4,5 = 5,

11,7 =9), we find that

(4.81)
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2 = S+ 20 (152)
t) = izglg + iﬁ;g , (4.83)
12 = 4 (4.84)
2 =3 Loy (4.85)
123 = %ts,{g + ‘/;t(jg , (4.86)
12 = i\/g(tgg — i) — 1. (4.87)

) = 716+ 3457 (489)
=S L. (159
tﬁ,’;) — t(x) ’ (4.90)
i) _ _?t%z) | (4.91)
t") = —%tg’g) , (4.92)
1)~ _?@ m oy (4.93)

and

3

(19) _ itgcg» + (4.94)
109 _ i p0) itm) (4.95)
119 = 420 (4.96)
119 = :F;t(ff) \QF 2 (4.97)
151 = i?tgi?) - %t%o) , (4.98)

3
J(E19) _ _\{l—(t(zo) . t(20)) + t(20) ' (4.99)

aff - ao
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For (¢ = 1,8 = 2,0 = 4,0 = 5,9 = 3),(a = 7,0 = 8d =10, = 11,7/ = 9), we
find that for (n,m) € {(4,5),(8,7)},

tn, = iti’@ + %tﬁ%) : (4.100)
o = Zti@ + it(g’%) : (4.101)
ty =ty = —?(tﬁlﬁz —t5)) (4.102)
e —?t%) : (4.103)
s = —%t%) ’ (4.104)
the = tsq” | (4.105)
o, = —\/gt% , (4.106)
s = —%tﬁ’?% : (4.107)

And, finally,
200 = 10+ 200 Y9 ) (1109
iz = By Lo s Mmooy (1.109)
20 = £ T - )+ G0 - 3 110
o = Y80y Lo S0 (4.110)
R (4.112)
A3 =R - 19
#1210 _ 410 (4.114)

12,14 I o V3 10
tog ) = —§t§06? + 775516? ; (4.115)



68 Chapter 4. Sixth-nearest neighbour tight-binding model

12,14 \/§ 10 1 10
s = F 5 tog — 5t - (4.116)

4.6 Spin-orbit coupling

There is one more important factor that needs to be considered: spin. TMDs exhibit strong
spin-orbit coupling|1]. Even in the monolayer case, the electronic bandstructure shows strong
spin-splitting, particularly at the high-symmetry points K and K’. Furthermore, as alluded to
in Sec. [2.2.1] the spin-character of TMD bilayer bandstructures is strongly stacking dependent.
The A and B peaks in the optical spectrum of monolayer TMDs are also a consequence of

spin-splitting at the direct gaps at K and K’[161].

In this work, following Ref. [1], spin-orbit coupling is included in the tight-binding model

as an on-site term,
MNoxL- S (4.117)

where L is the orbital angular momentum, S is the spin angular momentum, and )\ﬁf/g( is a
material-specific constant. In [1], this term is calculated by computing the spin-splitting for a

single atom within a large unit cell using a DF'T calculation. They obtain:

M0C = 0.0836¢eV/h (4.118)
MOC = 0.28746V /0, (4.119)
A0¢ = 0.0556 eV /i, (4.120)
AO¢ = 0.2470eV /1 . (4.121)

The impact of spin-orbit coupling on the electronic bandstructure of TMDs is strongly related

to symmetry.

For time-reversal symmetric Hamiltonians (in practice, Hamiltonians without magnetic fields),



4.7. Conclusion 69

the energy dispersion is inversion-symmetric in the Brillouin zone, even if there is no inversion-
symmetry in the real crystal[191]. That is, for every state at a given Brillouin zone point k

with spin s, there is a state at —k with spin —s with the same energy.

If, for a given k, the transformation kK — —k can be achieved from a different symmetry
operation of the crystal which does not invert spin, then the corresponding energy ¢ is spin-

degenerate.

For TMDs, this means that any Brillouin zone vector orthogonal to the symmetry axis Ms
has spin-degenerate energy dispersion. Both inversion and My map any point between I' and
M to the same point between I' and —M. Therefore, the bandstructure is spin-degenerate

along the line I'M.

Note that the two high-symmetry points on this line, I' and M, would have spin-degenerate
dispersion even without Ms-symmetry, as [' maps onto itself under inversion, and M and —M

are related through translation symmetry.

Finally, K and K’ do not have spin-degenerate dispersion (in fact, they exhibit quite strong
spin-splitting, particularly at the valence edge). However, they transform into one another
through inversion symmetry and therefore form a pair. For every spin-up state at K, there is

a spin-down state at K’ with the same energy, and vice versa.

4.7 Conclusion

In this chapter, I extended the third-nearest neighbour tight-binding model for TMD mono-
layers originally presented by Fang et al.|1] to include up to sixth-nearest neighbour hopping.
Following the approach from Fang et al., I derived symmetry-reduced analytical expressions for
the Hamiltonian matrix elements. This results in a total of 97 free parameters, compared to

1275 with no symmetry considerations.
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Note that, since we know the symmetry of the system, we could have calculated the Hamilto-
nian without any symmetry considerations for the irreducible Brillouin zone and enforced the
symmetry on the whole Brillouin zone. This would result in the same symmetry precision, but

would require using all 1275 parameters.

The main use of this enforced symmetry is as a numerical test. One of the consequences
of the symmetry on the optical properties is that excitonic states come in degenerate sets, with
exactly the same energy. The full sets have the full crystal symmetry, but there are often two
or more excitons within a set. In particular, the lowest energy excitons in TMD monolayers are
doubly degenerate|[161]. This degeneracy is very easily broken if there are errors in the code.
Enforcing the symmetry on the tight-binding Hamiltonian avoids numerical inaccuracies that

may themselves break the degeneracies.



Chapter 5

Impact of longer-ranged hoppings on
optoelectronic properties of MoS-

monolayers

In this chapter, I will present the impacts of the longer ranged hopping described in Ch.
on the electronic bandstructures and optical spectra of MoS; monolayers. I will compare the
electronic bandstructures to DFT calculations from which the tight-binding parameters were
derived and which they are meant to approximate. I will also compare the resulting spectra to
ab initio spectra obtained by Qiu et al.|6]. This will serve both to illustrate the impact of the
longer ranged hopping, and help to highlight which of the features which will later be observed

in bilayer systems are fundamentally monolayer/intralayer physics.

5.1 Impact of longer-ranged hoppings on MoS, monolayer
band structure

The question is now what impact the longer-ranged hoppings that are included in our tight-

binding model have on the optoelectronic properties of TMDs, focussing on MoS,. The mono-

71
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layer tight-binding parameters for MoS, are detailed in Table in Appendix [A] As described
in Sec. we obtained the parameters by performing a DFT calculation first (see Sec. [3.10.1

for details) and then wannierizing the resulting Hamiltonian.

Let us first consider the electronic properties. Figure [5.1] shows the tight-binding band struc-

(b) S

Energy [eV]

r M K r r M K r

Figure 5.1: This figure compares the third (left) and sixth (right) nearest neighbour tight-
binding bandstructures to the DFT bandstructure from which our parameters were derived.
SOC is not included in this comparison, because the DFT calculation was performed without
SOC.

tures for monolayer MoSs without spin-orbit coupling for both the third-nearest neighbour and
the sixth-nearest neighbour case (shown in red), comparing it to the DFT calculation from
which our parameters were derived (in blue). The third nearest neighbour model describes the

valence manifold reasonably well, particularly at the valence band edge at K. However, some
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of the conduction manifold features are not well reproduced at all.

Including the longer-ranged hopping shows marked improvement in the band structure overall.
The valence manifold is nearly perfectly reproduced. The mean absolute difference of the top
valence band energy between DFT and TB is 0.063 €V in the third-nearest neighbour model,

down to 0.009 eV in the sixth-nearest neighbour model.

The conduction manifold is much improved as well. The mean absolute difference of the bot-
tom conduction band energy between DFT and TB is 0.079 eV in the third-nearest neighbour
model, and 0.032 eV in the sixth-nearest neighbour model. Particularly the band crossing of
the two middle conduction bands near the K-point is completely absent in the third nearest
neighbour model, but appears well reproduced in the sixth nearest neighbour case. The shape
of the bands that are involved in this crossing does not qualitatively change. This apparent
change from crossing to anticrossing behaviour is due to the the bands being at different en-
ergies relative to each other when comparing the third- to the sixth-nearest neighbour model.
The location of the band crossing of the top two conduction bands near the M-point is located

at the correct k-point once the longer ranged hoppings are included.

*

direct gap | vr-vk | co-cx | ™M} my
TB3, wSOC 1.769 -0.130 | 0.134 | 0.93 | -0.71
TB6, wSOC 1.727 -0.194 | 0.045 | 0.58 | -0.58
TB3, noSOC 1.848 -0.061 | 0.160 | 0.99 | -0.79
TB6, noSOC 1.805 -0.125 | 0.075 | 0.61 | -0.62
DFT, noSOC 1.729 -0.109 | 0.111 | 0.50 | -0.60

Table 5.1: Direct band gap (in €V), difference between valence and conduction band extrema
(in €V), and electron and hole effective masses (in units of electron mass) in monolayer MoSs,
for third- and sixth-nearest neighbour tight-binding model and DFT calculations, both with
and without spin-orbit coupling. The direct gap is located at K in all cases.
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5.2 Electron and hole effective masses

For a more quantitative measure of the impact of the longer-ranged hopping on the electronic

band structure it is useful to compute the electron and hole effective masses at the K-point.

Furthermore, the effective masses are a useful quantitative measure to compare our tight-
binding model to other tight-binding models used in the literature. Lastly, we can estimate
exciton binding energies from the effective masses within the Rydberg exciton model, see Sec.
3.5l This allows us to see which of the trends observed in the BSE binding energies may and

may not be explained by this simpler model.

As discussed in Sec. [3.5 electron and hole effective masses can be calculated from the band
curvature at the relevant conduction band minimum and valence band maximum according
to Eq. . Generically, the effective masses will be direction dependent, in which case we
would need to specify the direction in which the effective masses were calculated. In fact, this
is the case in Refs. [192, (117, |193]. However, the effective masses of monolayer MoS, at the
K-point are isotropic|35, 194], and therefore the apparent anisotropy shown in Table is
likely a result of a lack of convergence. We will be using the isotropy of the effective masses as

a convergence criterion.

Computing effective masses is straightforward conceptually. However, it can be numerically

tricky.

I will consider two ways of calculating the second derivative of a curve from a discrete set

of data.

First, it is possible to directly compute the second derivative, by approximating

of _ fla+Ar) — f(x)

or Ax (5.1)
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It is possible to use significantly more sophisticated finite difference methods for this calcula-

tion, but for our purposes this is sufficient.

Secondly, a second (or higher) order polynomial can be fitted to the data (or a small interval
of data near the K point), and the second order term can be read off. This is more numerically
stable. However, this method has three convergence parameters: the order of the polynomial,

the k-point fineness, and the interval to which the data is fitted.

In this case, it turns out that a very dense k-grid needs to be employed in order to get re-
sults which fulfil the isotropy requirement. Figures and show the electron (right) and
hole (left) effective masses from third (top) and sixth (bottom) nearest neighbour tight-binding
calculations for MoS; monolayers as functions of the k-interval which is taken into account
for the fitting. The band structure was calculated with up to 50,000 k-points between K and
', corresponding to about 50 k-points for the widest interval (whose length is approximately
1.5x1073A~" in MK direction (blue dotted lines), and 0.6 x 103A~" in KI" direction (red dotted
lines)). Figure uses second order polynomials, Figure uses fourth order polynomials. In
comparison, the dashed line shows the same effective mass computed with the finite difference
method using only 500 k-point between K and I'. This method is cruder, and does not perfectly
align with the polynomial method. However, we do not require effective masses with a higher
than 0.01 m, precision, for three reasons. Firstly, the disagreement between literature values
is much larger than that (see Table . Secondly, the difference in effective masses between
third and sixth nearest neighbour calculations is larger than that (see Table . And thirdly,
because the estimated Rydberg exciton binding energies do not depend very strongly on the

effective masses.

For all these reasons, we have decided to work with the much simpler and quicker finite differ-

ence method to approximate effective masses for the remainder of this work.

Table quantifies some of the differences between third and sixth nearest neighbour tight-
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2nd-order polynomial
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_071 ___.; ________ ) 094 |
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Figure 5.2: Comparison of 2nd-order polynomial and derivative methods for the calculation of
electron and hole effective masses in third and sixth nearest neighbour models for monolayer
MoS; including SOC. The red and blue dotted lines correspond to the polynomially computed
effective masses in KI' and MK direction, respectively, and the black dashed line corresponds
to the effective masses calculated using the derivative.

binding model (with and without spin-orbit coupling) and DFT, including effective masses.
All tight-binding calculations overestimate the electron effective mass (as is consistent with
the too flat conduction band edges), but the sixth-nearest neighbour model shows a big im-
provement, from a difference of 100% to a difference of only 20%. The hole effective mass
difference is reduced from 15% to about 3%. The band gaps without spin-orbit coupling are

also large compared to DFT (without SOC) and improved in the sixth-nearest neighbour model.

The agreement between our calculations and previous calculations in literature (as detailed
in Table [5.2) is decent, although it has to be noted that there is a large spread of values for

both the band gap and the effective masses. Our electron effective masses are on the large side,
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4th-order polynomial
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Figure 5.3: Comparison of 4th-order polynomial and derivative methods for the calculation of
electron and hole effective masses in third and sixth nearest neighbour models for monolayer
MoS; including SOC. The red and blue dotted lines correspond to the polynomially computed
effective masses in KI' and MK direction, respectively, and the black dashed line corresponds
to the effective masses calculated using the derivative.

slightly larger than even the largest value of 0.54 m. found in Kadantsev et al.. Our hole
effective masses seem somewhat closer to literature, which is also more internally consistent

(with the exception of Phuc et al.[194]).

Next, we consider the impact of long-ranged hopping on the optical properties of MoSs mono-
layers. To that end, we perform BSE calculations based on the monolayer tight-binding model
described in the previous sections, including spin-orbit coupling. We chose to simulate MoS,

in vacuum, in order to compare our results with ab initio calculations in vacuum.
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gap | mi(me) | my(me
Fang et al.[4] | 1.674 | 0.467 | -0.573
Kadantsev et al.[35] | 1.79 0.54 -0.44
Peelaers et al.[192], KT' | 2.16 0.37 -0.44
KM 0.38 -0.48
Phuc at al.|[194] | 1.72 0.45 -0.63
Zahid et al.[193], KT | 1.805 | 0.407 | -0.485
trans. 0.404 -0.480
Cheiwchanchamnangij et al.[117], KT' | 2.759 | 0.342 -0.455
trans. 0.350 -0.428

Table 5.2: Comparison of monolayer electron and hole effective masses at K/K’' between the
DFT calculation from which our tight-binding parameters were obtained, and the third- and
sixth-nearest neighbour tight-binding models without spin-orbit coupling, as well as our tight-
binding models with spin-orbit coupling, and some literature values. Values in both Refs.
[193] and [117] are calculated in longitudinal direction (i.e. in KT direction) and in transverse
direction (orthogonal to KT).

5.3 Convergence of monolayer optical properties with k-

grid fineness and cutoff energy

In this section, I will discuss the convergence of both BSE eigenvalues and optical spectra with
the cutoff energy described in Sec. [3.10.2] and k-grid, which are the two quantities which de-

termine the size of the BSE matrix.

Figures and show the convergence of the first ten exciton eigenvalues with cutoff
energy and k-grid, respectively. Due to the degeneracy between K and K'; all of the eigenvalues
are doubly degenerate, therefore only five curves appear in the figures. This degeneracy is a

very useful test—it breaks very easily if there are errors in the code.

It is useful to remember that the band gaps of the third and sixth nearest neighbour mod-
els are not quite the same (1.727 eV vs. 1.769 eV), so a cutoff energy of 3.0 eV does not imply
that the same number of transitions are included. The difference of these two gap energies is
smaller than the cutoff difference between “adjacent” calculations in the convergence calcula-
tions, so it is not important here, but in general, it makes sense to think of the cutoff energy as

being some amount of energy above the band gap. For instance, we find here that the lowest
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Figure 5.4: Convergence of third- and sixth-nearest neighbour exciton excitation energies in
MoS; monolayers with cutoff energy, for a 24x24 k-grid. The bottom panel shows the number
of transitions |vk) — |ck) included for a given cutoff energy, showing no artificial temporary
levelling-off in the area of convergence, between 2.5 and 3.5 eV.

excitation energy appears well converged (up to 1 meV) at a cutoff of 2.5 €V for the sixth
nearest neighbour model. This is equivalent to 0.7 ¢V above the band gap. We also find that at
0.3 €V above the band gap, the energy is converged up to 10 meV. This is slightly faster than
for the third nearest neighbour case, in which 0.5 eV above the band gap are necessary to get

convergence up to 10 meV, and 0.8 €V to get convergence up to 1 meV.

It is a priori possible that the excitations energies could appear converged, but that, in reality,
no (or only few) additional transitions were included with increasing cutoff energy between the
area of apparent convergence between 2.2 and 3.0 eV. The bottom panel of Fig. [5.4] shows
the number of transitions for a given cutoff energy for both third and sixth nearest neighbour

models (with a 24x24 k-grid). This shows that there is no flattening of the number of optical
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Figure 5.5: Convergence of third- and sixth-nearest neighbour exciton excitation energies in
MoS; monolayers with k-grid fineness, for a cutoff energy of 3.0 eV.

transitions in the energy regime 2.2-3.0 eV. This supports the hypothesis that the excitation

energies are truly converged.

For the k-grid density, we find that for a 3.0 eV cutoff, for the third-nearest neighbour model,
the lowest excitation energies appear converged up to 1 meV for a 21x21 k-grid, and converged
up to 10 meV for a 15x15 k-grid. For the sixth nearest neighbour model, the lowest excitation
energies appear converged up to 1 meV for a 24x24 k-grid, and converged up to 10 meV for a

18x18 k-grid.

Figures and show the convergence of the optical spectra with cutoff energy and k-grid
density, respectively. The low-energy spectrum converges more quickly than the high-energy

spectrum, not just with cutoff energy (as is to be expected) but also with k-grid density. This
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is likely because, as we will see in Sec. the low-energy excitons are well localized at K and
K’. High-energy excitons, on the other hand, tend to be more spread out in k-space, so their

precise description requires a higher resolution in reciprocal space.

The low-energy spectrum, below about 1.5 eV in excitation energy, appears reasonably well
converged for the same cutoff energy and k-grid fineness as the bare exciton binding energies,

at 3.0 eV and a 24x24 k-grid.
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Figure 5.6: Convergence of sixth-nearest neighbour optical spectra of MoS, monolayers with
cutoff energy, for a 24x24 k-grid.
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Figure 5.7: Convergence of sixth-nearest neighbour optical spectra of MoS; monolayers with
k-grid fineness, for a cutoff of 3.5 eV.

5.4 Impact of longer-ranged hoppings on monolayer optical

properties

Finally, we calculate the optical spectra for the MoSs monolayer in both the third and sixth-
nearest neighbour models including SOC, and compare them to spectra calculated from ab

initio GW-BSE calculations performed by Qiu et al.[6]. The results are shown in Fig.

Since the GW bandgap is significantly larger than the DFT one, we implement a scissor
shift in order to compare the optical spectra, shifting the conduction band energies rigidly so
that the gaps of the two calculations align, while leaving the valence band energies and tight-

binding wavefunctions unchanged. The BSE, Eq. (3.57)), consists of a diagonal term which
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Figure 5.8: Absorption of MoS; monolayers in vacuum for the BSE calculation in the tight-
binding basis compared to an ab initio spectrum from Qiu et al[6] (red line). The yellow line
shows the third-nearest neighbour model, the blue line the sixth-nearest neighbour model. We
use a 30x30 k-grid for our calculations, and a cutoff energy of 3.2 eV. The dotted grey lines
represent the spectrum when the band gaps are aligned to the ab initio band gap (indicated by
the dashed grey line), whereas the yellow and blue lines are shifted so that the tight-binding A
peaks coincide with the ab initio result.

depends on the difference between conduction and valence band energies, and an off-diagonal
interaction term which does not depend on the tight-binding energies (since we use static—i.e.,
energy-independent—electronic screening). Implementing a scissor shift is therefore equiva-
lent to adding the shift energy times a unit matrix to the Bethe—Salpeter Hamiltonian, which
leaves the exciton wavefunctions unchanged and shifts the excitation energies by the shift en-
ergy. This is to say, implementing a scissor shift requires no change in the code. Instead, it

is sufficient to shift the optical spectrum by the shift energy (chosen to align the band gaps)
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E>° (V) | EPM (eV) | ERY (eV)
TB3 | 1.065 0.704 0.96
TB6 | 1.069 0.658 0.92

Table 5.3: Excitation and binding energies of lowest-energy exciton states and binding energy
of corresponding Rydberg exciton for third- and sixth-nearest neighbour based calculations of
MoS; monolayers in vacuum, using a 30 x 30 k-grid and a cutoff energy of 3.0 eV.

during postprocessing. The resulting spectrum is drawn as grey dotted lines in Fig. [5.8] As an
alternative means of comparison, we have also plotted the optical spectrum with the first peaks

aligned as solid lines, so the relative alignment of the subsequent peaks is more visually evident.

We find good agreement in both third and sixth-nearest neighbour model (denoted TB3 and
TB6) for the first two peaks, both in terms of relative height and energy separation. There is

improvement in the description of the next two peaks, both in terms of position and height.

The exciton binding energies, on the other hand, actually seem to get worse when compared
to the ab initio results when long-ranged hoppings are included, as indicated by the position
of the grey dotted peaks in Fig. 5.8l We believe this is due to our choice of DFT calculation,
since the reduction of binding energy is also present in the simple hydrogenic model, see Table
5.3l That is, our DFT calculations do not agree sufficiently with the GW spectra, and the
third-nearest neighbour calculations coincidentally result in exciton binding energies closer to

the ab initio results.

Specifically, we saw in Sec. that the effective masses in the sixth nearest neighbour model
were closer to results from literature than the third nearest neighbour model, see Tabs.
and [5.2] The Rydberg energy, as given in Tab. [5.3] correspondingly decreases by 40 meV with
the addition of the longer-ranged hoppings. The BSE binding energies change by almost the
same amount, in the same direction (from 0.704 eV to 0.658 e¢V). Therefore, given our DFT
calculation, the BSE calculation also likely showed an improvement in the description of bind-
ing energies and optical spectra, even though the comparison to the GW spectrum appears to

be unfavourable.
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5.5 Conclusion

We find overall that the longer-ranged hoppings have a significant impact on the monolayer
band structures and a modest impact on the optical properties. Unfortunately, the impact on
the optical spectra is mostly apparent in the high-energy parts. This can at least heuristically be
understood by identifying hopping with kinetic energy. Longer-ranged hoppings require more
energy, and therefore including longer-ranged hoppings is a high-energy correction. Comparing
Figs. and the differences of the optical spectra of third- and sixth-nearest neighbour

model are small in energy regimes that are well converged with k-point density.

Furthermore, we find that we can reproduce several features of the low-energy optical spec-
trum of monolayer MoSs when compared to ab initio calculations, which is very encouraging,
particularly considering how much more computationally expensive the ab initio calculation
is. In particular, we can reproduce the characteristic A and B peaks observed in both prior
theoretical work (e.g. Ref. |124]) and experiment (e.g. Ref. [50]), with the same peak height

ratio and energy separation as the GW-BSE spectrum calculated by Qiu et al.|6].



Chapter 6

Impact of long-ranged hoppings on the
optoelectronic properties of untwisted

MoS, homobilayers

In this chapter, I will explain the generalization of the monolayer tight-binding model described
in Ch. 4| to TMD bilayers, and calculate electronic and optical spectra for the high-symmetry

stacking configurations of bilayer MoS,.

I will discuss the high-symmetry stacking geometries in Sec. [6.1] In Sec. [6.2] I will explain how
interlayer hoppings are modelled in the tight-binding model. In Sec. [6.3 I will compute the
relaxed atomic structures of the high-symmetry stackings using DFT, and motivate why this is
an important step. Finally, in Secs. [6.5] and [6.6] I will show the impact of longer-ranged
hoppings on electronic bandstructures, discuss the impact of the stacking geometry on opti-
cal spectra, and analyze the layer character of different excitons in different stackings, which

account for many of the stacking dependent differences of the optical spectra.

86
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6.1 High-symmetry bilayer stackings of semiconducting tran-

sition metal dichalcogenides

There are infinitely many distinct ways in which two rigid monolayer crystals can be stacked
on top of each other to form a bilayer. We can broadly separate the resulting bilayers into two
categories, according to their periodicity: systems with the same periodicity as the monolayer,
and moiré systems with lattice vectors that are an integer multiple of the lattice vectors of the

monolayer.

In this chapter, we consider bilayers with minimal unit cells composed of one unit cell from the
top layer and one unit cell from the bottom layer—in these systems, the full bilayer inherits
the translational symmetry from the monolayer. The other option, which we will explore in
Chapter [7], is systems in which the periodicity of the bilayer is a subset of the periodicity of the

monolayers, i.e., the unit cell contains a top layer supercell and a bottom layer supercell.

The conceptually simplest bilayer stacking is AA stacking, consisting of two monolayers which
are directly stacked on top of each other, with metal atoms of the top layer directly on top of
metal atoms of the bottom layer, and chalcogen atom pairs of the top layer directly on top of
chalcogen atom pairs of the bottom layer. This is illustrated in the top left plot in Fig. [6.1]
From this starting point, other stackings can be created by rigidly shifting the layers relative

to each other.

The resulting systems have the same unit cell size as AA stacked systems, and we calculate
the DFT band structures for incrementally shifted systems in order to obtain Slater—Koster

parameters for the interlayer hopping, cf. Sec. [6.2]

For some shift vectors, this results in another high-symmetry stacking which retains R3 sym-
metry (which is broken for most arbitrary shifts). Depending on whether a top layer metal

atom is now on top of a bottom layer chalcogen atom pair, or whether a top layer chalcogen
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Figure 6.1: Ilustration of the basic stacking configurations of TMD bilayers, and the notation
used here to describe them, following Ref. [195]. Metal atoms are drawn in red, chalcogen
atoms in blue.
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atom pair is on top of a bottom layer metal atom, this is labelled here as BMX or BXM stacking,
following Ref. [195], and illustrated in the middle and bottom lefthand figures in Fig. [6.1] (B

stands for Bernal stacking, which is what this geometry is called for graphene[196].)

Note that TMD monolayers that we consider here do not have inversion symmetry. This is
relevant in two ways. Firstly, the BMX and B*M stackings described above are related to each
other by inversion symmetry, which means they have the same band structures and optical
spectra. We will present results for both stackings, to show that our model correctly produces

this equivalence.

Secondly, another class of high-symmetry stackings, not equivalent to the previously presented
stackings, can be obtained by flipping one of the composite monolayers (that is, rotate around
e.g. the z-axis by 180°) but not the other, then stacking them. Again, it is possible to obtain

several high symmetry stackings, illustrated on the righthand side of Fig. [6.1]

The stacking in which a top layer metal atom is located on top of a bottom layer chalco-
gen atom pair, and a top layer chalcogen atom pair on top of a bottom layer metal atom is
labelled as AB-stacking (shown top right). The stacking in which metal atoms are located

BMM

directly on top of each other is labelled , and the stacking in which chalcogen atom pairs

are located directly on top of each other is labelled BXX.

It is somewhat combinatorically intuitive that there should be six high-symmetry stackings.
Considering a monolayer unit cell as consisting of a metal site, a chalcogen site, and an empty
site, there are 3!=6 ways of stacking one of the three top layer sites directly on top of one of

the three bottom layer sites.

Finally, note that, while the terminology “AA stacking” for two monolayers stacked directly

on top of each other is widely agreed upon, the stacking here called AB is also often called AA’

stacking (e.g. Ref. |197]), while AB stacking is sometimes used to refer to what we call BMX
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e.g. Ref. [197]. Some papers use different notations altogether, e.g. Ref. [198].

6.2 Interlayer interaction in the tight-binding model

In order to generalize the monolayer tight-binding model described in Chapter {4]to bilayer sys-
tems, we need to include interlayer hopping (by using Slater—Koster parameters, in this case),
and we need to take into account atomic relaxation. This mostly affects the vertical position
of the atoms, the horizontal position remains relatively unchanged|5| (at least for the case of
homobilayers). Therefore, we will keep the monolayer model as described above to describe

intralayer hoppings, with the assumption of constant atomic distances, even in the relaxed case.

For the interlayer hoppings, we take into account only selected pairs of orbitals. Firstly, we
include hoppings between p-orbitals on adjacent (that is, inner) chalcogen layers. Secondly, we
include hoppings between p,-orbitals on inner chalcogen layers and d.2-orbitals located on the
metal atoms on the opposite layer. These two types of orbitals are oriented orthogonally to the
layers and therefore have some overlap despite not being on immediately adjacent layers. This
was confirmed in Vitale et al.[5] to be the second-most important interlayer hopping after the
p — p-hoppings. This was done by including other types of interlayer hopping and testing their

impact on the electronic bandstructure.

Both types of hoppings are expressed in terms of Slater—Koster parameters, as described in
Chapter [3.3] An approximate functional form of their distance-dependence is given in Egs.
(6.2) and (6.4). Additionally, the fitting parameters are themselves dependent on the vertical

layer distance to incorporate the effect of atomic relaxation.

Fang et al.[l] computed the horizontal distance dependence by fitting to ab initio calcula-
tions of TMD bilayers that were shifted relative to each other (keeping the size of the unit cell,
and therefore the computational effort, the same as in the AA-stacked case) and extracting the

hopping parameters from the results. Vitale et al.[5] then repeated the same procedure, varying
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also the vertical distance between the monolayers in order to find the vertical distance depen-
dence, computing different fitting parameters for a discrete number of interlayer distances. For

any other vertical distances, the resulting Slater—Koster parameters are linearly interpolated.

The general Slater—Koster form for p — p-hoppings is given by|l|

‘ T‘iTj

PL.p; (1) = (Vapo (1) = Vippre (7)) 2 + Viopre (7)045 (6.1)

where r = (r,, 7y, 7,) and r = |r|. The Slater-Koster parameters can then be approximated by

using a fitting function to fit the Wannier parameters|1|

Vipb = Uy €XP (— (é)nb) : (6.2)

with b € {0, 7}. The interlayer hopping in this system does not strongly depend on the abso-
lute location nor the absolute or relative orientations of the composite orbitals. Therefore, the
fitting function neglects these contributions and only depends on the relative scalar distance

between the orbitals.

The Slater—Koster form of the p, — d 2-hoppings is given by|5|

1
() = (2 = 5 (4 02) ) V()

+/3n (12 - m2) Vodr(T) (6.3)
L . . T Ty T

where the direction cosines are given by [ = —, m = —, n = —, and the parameters can be
r r r

approximated by[5]

r

Voa(r) = Vy <d>ab cos </Bb§ + %) : (6.4)

Here, d = 3.5A is the average interlayer distance. The material dependence of the actual aver-

age interlayer distance is included in the fitting parameters.
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The fitting parameters are given in the supplementary material of Vitale et al.[5], and re-
produced here for the case of MoS,-MoS, bilayers in Tables and [A.3] Different interlayer
distances result in different sets of fitting parameters, and parameter sets are given for the av-
erage distance between the relevant orbitals 6z +n - 014, n € {—4..4}. The average distance,

as well as the necessary span, have been calculated from twisted bilayer atomic relaxations. cf.

Sec. [T.2

6.3 DFT calculations of relaxed structures of high-symmetry

stackings

I start by determining the relaxed atomic structures of the different high-symmetry stackings.
Since the unit cell sizes are still very modest, I do this using DFT calculations with Quantum
Espresso[186], as detailed in Sec. [3.10.1] The basic idea of these calculations is to minimize the
total energy with respect to atomic structure. A potential pitfall of this type of calculation is
to start with a structure sufficiently far away from the equilibrium structure that the resulting
relaxed structure is at only a local total energy minimum instead of the global minimum. To
avoid this, I try and start with a sensible guess (as detailed in the right-most column of Tab.

, and compare my results to previous theoretical results obtained by Liu at al.[55].

Table shows the z-components of the atomic positions in the unit cell for the different
high-symmetry stackings, as well as the distance between the Mo layers (i.e. the difference
between the z-components of the Mo atoms in different layers, as opposed to the total distance

between Mo atoms).

Broadly, the stackings fall into two groups: AA and B*X stacking, with an Mo-Mo distance
of ~ 6.8 A, and everything else, with an Mo-Mo distance of 6.2 — 6.3 A in my calculations, and

6.1 — 6.2 A in Liu et al.[55]. For this second group, my calculations result in slightly higher
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H AA ‘ AB ‘ BMM ‘ BMX BM ‘ BXX H initial guess ‘
S 1.0422 1.3194 | 1.2896 | 1.3291 1.3290 | 1.0551 1.4564
Mo 2.6040 | 2.8822 | 2.8526 | 2.8912 | 2.8916 | 2.6168 3.0078
S 4.1641 | 4.4430 | 4.4126 | 4.4512 | 4.4511 | 4.1767 4.5568
S 7.8641 | 7.5851 | 7.6155 | 7.5770 | 7.5768 | 7.8516 7.4695
Mo 9.4240 | 9.1458 | 9.1755 | 9.1365 | 9.1367 | 9.4111 9.0210
S 10.9856 | 10.7084 | 10.7382 | 10.6989 | 10.6987 | 10.9726 10.5725
Azyy (DFT) 6.8200 | 6.2636 | 6.3229 | 6.2453 | 6.2451 | 6.7943 6.0132
Az (Lit. [55]) 6.8 6.1 6.2 6.1 6.1 6.8

Table 6.1: Cartesian z-coordinate of atoms in relaxed unit cell of different stackings, all given in
A. Details of the relaxation are described in Sec. the stackings are schematically illustrated

in Fig. [6.1}

interlayer separation compared to Liu et al. However, the general trends are similar, with
AB and BMX/BXM having the same interlayer separation within 0(0.01A), and BMM having a

slightly higher interlayer separation.

The difference in interlayer separation between the different types of stacking can be understood
by looking at the stacking geometries as illustrated in Fig. In the two systems in which
the chalcogen pairs of the two layers are located directly on top of each other, the interlayer
separation is significantly larger than in all the other stackings due to steric repulsion|55]. It
turns out that the parameter range for the interlayer hoppings presented by Vitale et al.[5] has
to be extended to include these large separations, since the twisted systems treated in that
work (and in Chapter [7]) all have interlayer separations more similar to e.g. AB stacking. The

extended parameter tables for MoS, are presented in Appendix [A]

6.4 Impact of long-ranged hoppings on electronic band struc-

ture of untwisted MoS, homobilayers

Finally, I compute bandstructures for all six high-symmetry stackings with the atomic posi-
tions obtained in the previous sections. Similar to the monolayer case, I calculate DF'T band-
structures, and TB bandstructures with third- and sixth-nearest neighbours with and without

spin-orbit coupling. Table [6.2] shows direct and indirect gaps, differences between the first two
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conduction and valence band extrema, and electron and hole effective masses of all six stackings.

Figures 6.2 show the comparison of the DFT and TB calculations without

Energy [eV]

Figure 6.2: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for AA stacked MoS, homobilayers.

SOC. Figure [6.2] shows the bandstructures along the ' M KT Brillouin zone path, and Figure

[6.3] shows a more detailed view of the band edges near K.

Let us first consider the direct and indirect bandgaps. Liu et al. find that the depen-
dence of both direct and indirect gaps on stacking configuration is due to the difference in
interlayer separation, with a much stronger variation in the indirect gap. In general, they find
the larger the interlayer separation, the larger the bandgap. The bottom panel of Fig. [6.14
shows a similar trend for the indirect bandgap. The tight-binding calculations overestimate the

indirect bandgap by ~250 meV. The difference between the different tight-binding calculations
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Figure 6.3: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for AA stacked MoS; homobilayers.

are, in comparison, very small. This can be understood by considering two facts. Firstly, mono-
layer MoS, is a direct bandgap semiconductor, and multilayer MoS; has an indirect bandgap.
This means that the indirect bandgap is caused by the interlayer hoppings and is therefore not
strongly influenced by an improvement in the intralayer hoppings. Secondly, the indirect gap
is located at the valence band maximum at I' (which is spin-degenerate) and the conduction
band minimum at K, which is only weakly spin-split. Therefore spin-orbit coupling only weakly

affects the indirect gap.

The direct bandgap has a weaker dependence on the interlayer distance, as shown in the top
panel of Fig. [6.14] Tt also has a stronger dependence on the range of intralayer hoppings. Both
of these fact can again be understood from the fact that the gap at K is inherited from the
monolayer system—as can be seen from the effective masses, which tend to be similar to the
monolayer case. Both monolayer and bilayer calculations result in a direct bandgap about 40
meV smaller in the sixth-nearest neighbour calculations compared to the third-nearest neigh-

bour calculations.
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Energy [eV]

Figure 6.4: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for AB stacked MoS,; homobilayers.

The direct bandgap is also more strongly influenced by spin-orbit coupling, due to the fact
that the spin-splitting at the K valence band edge is much stronger than at the conduction
band edge, resulting in the gaps being smaller by about ~80 meV compared to the calculations

without spin-orbit coupling.

The agreement between the DFT bandstructures and the sixth-nearest neighbour calculations
is generally good. However, the difference between the different band extrema in both the
lowest conduction band and the highest valence band is underestimated in all systems. The
two lowest-energy conduction band minima are at K and Q (halfway between I' and K), and
the two highest-energy valence band maxima are at I' and K. In the DFT calculations, for all
six systems, the I' valence band maximum is at least 265 meV higher than the K maximum,

and the K conduction band minimum is at least 106 meV lower than the Q conduction band
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Figure 6.5: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for AB stacked MoSs; homobilayers.

minimum, with these differences being the smallest in the AA stacked system.

The tight-binding model correctly reproduces the location of the valence band maximum in
the calculations without spin-orbit coupling. However, it underestimates the difference by over
100 meV in the third-nearest neighbour case, and even more in the sixth-nearest neighbour
case. For both AA and B*X stackings, which have the largest interlayer separations, and there-
fore the weakest interlayer interactions, the enrgetic ordering of the valence band maxima is
swapped in the sixth-nearest neighbour case when SOC is taken into account. This probably

means that we are underestimating interlayer hopping.

Similar shortcomings are found in the lowest conduction band. Interestingly, the conduction
band minima also change their energetic ordering in the sixth-nearest neighbour calculation,
but only for the stackings with smaller interlayer separation, that is, AB, BMM and BMX /BXM,
The conduction band minima also swap in the AA stacking case for sixth-nearest neighbour

calculations with SOC, but only barely, with a difference of less than 1 meV.
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Figure 6.6: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for BMX stacked MoS, homobilayers.

It is an interesting future question why the longer-ranged hoppings seems to change the order
of the band extrema. However, here, I only note this as a shortcoming of the model and pro-
ceed, since the direct bandgap is still located at K in all cases, and since I am only taking into

account direct optical transitions in this work.

Next, let us consider the effective masses at the K band edges. For AA stacking, the elec-
tron and hole effective masses are very similar to the monolayer case, as expected. However, for
all other stackings, some more interesting things happen: for AB, BMX /B*M "and B*X stack-
ings, in tight-binding calculations without SOC, the conduction band edge is not parabolic,
but instead features a band crossing, as can be seen in the top panels of Figs. 6.7 [6.9]
and This is not featured in the DFT calculations, except possibly in the AB stacked case,

where the bottom two conduction bands are degenerate at K, but it is difficult to tell whether



6.4. Electronic structure of MoS,; homobilayers 99

0.9

* TB6 |
=0.8 : 0.8 :
o, : :
B | : O, .
g07 : ¢ 0.7¢, e, : R
M e *ten., . s ® ‘ . : .'. .".‘!Qi °® .

e, et 065( e, i e
0.6 '“"f o ® | "--.i .
0.6
K K

-1.05

Energy [eV]

Figure 6.7: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for BMX stacked MoS, homobilayers.

this is a band crossing, or instead two parabolas that share a minimum. One indication that it
might be a band crossing is the fact that the corresponding effective mass is very large. When
spin-orbit coupling is taken into account, the degeneracy at the crossing point is lifted in all
tight-binding calculations, resulting in very flat band edges and correspondingly large effective
masses, particularly in the BMX /BXM case. For all systems, the sixth-nearest neighbour model

results in less flat bands.

The hole effective masses are generally much closer to DFT, as is the case for the monolayer.
However, in both BMM and B*X| there is a band crossing at the valence band edge (see Figs.
and . For BMM this is particularly striking and also present in the DFT calculation.
For B*X, the bands are much closer together, and again the DFT bands are degenerate at K.
These degeneracies are lifted when SOC is taken into account, and the resulting effective masses
are very close to the monolayer case and do not appear particularly flat. This may be due to
the fact that the valence band spin splitting at K is so much stronger than the conduction band

spin splitting.
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Figure 6.8: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for BX¥M stacked MoS, homobilayers.

Again, I note this as a potentially incorrect feature of this model and proceed anyway. It
is possible that the large electron effective masses may be an issue for the optical calculations,
however, this may not be an issue for two reasons. First, using Eq. to estimate the
exciton binding energy, we do not expect the energy to depend very strongly on the reduced
effective mass. Secondly, the band flattening due to the lifted degeneracy is a very local effect.
For the k-grid resolution used in the BSE calculations, the effective masses are reduced even
further. Despite the shortcomings for the effective masses, however, I am still able to get qual-

itatively good optical spectra.

Overall, I find that including longer-ranged hopping has a significant qualitative and quan-

titative impact on the bandstructures of MoSs homobilayers.
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’ H \ direct \ indirect \ Ur — VK | CQ — CK \ m; \ my ‘
AA
DFT 1.667 1.402 0.265 0.155 | 0.46 | -0.56
TB3, no SOC | 1.832 1.711 0.120 0.108 1.06 | -0.77
TB6, no SOC | 1.790 1.736 0.054 0.029 | 0.64 | -0.63
TB3, wSOC | 1.754 1.703 0.051 0.085 | 0.99 | -0.72
TB6, wSOC | 1.712 1.712 -0.016 | -0.0002 | 0.60 | -0.59
AB
DFT 1.649 1.208 0.441 0.106 1 -0.56
TB3, no SOC | 1.828 1.488 0.339 0.053 n/a | -0.75
TB6, no SOC | 1.786 1.488 0.274 -0.024 | n/a | -0.61
TB3, wSOC | 1.767 1.481 0.286 0.053 2.9 | -0.71
TB6, wSOC | 1.725 1.479 0.221 -0.026 | 1.25 | -0.58
BMM
DFT 1.675 1.236 0.439 0.139 | 048 | n/a
TB3, no SOC | 1.829 1.501 0.329 0.071 1.11 | n/a
TB6, no SOC | 1.788 1.520 0.264 -0.004 | 0.66 | n/a
TB3, wSOC | 1.754 1.495 0.259 0.068 1.09 | -0.72
TB6, wSOC | 1.713 1.511 0.194 -0.008 | 0.65 | -0.59
BMX
DFT 1.633 1.179 0.454 0.141 0.45 | -0.57
TB3, no SOC | 1.843 1.466 0.377 0.052 n/a | -0.77
TB6, no SOC | 1.801 1.468 0.312 -0.020 | n/a | -0.63
TB3, wSOC | 1.763 1.457 0.306 0.034 8 -0.72
TB6, wSOC | 1.721 1.435 0.242 -0.044 | 0.95 | -0.59
BXM
DFT 1.632 1.178 0.454 0.141 0.45 | -0.57
TB3, no SOC | 1.843 1.466 0.377 0.052 n/a | -0.77
TB6, no SOC | 1.801 1.468 0.312 -0.020 | n/a | -0.63
TB3, wSOC | 1.763 1.457 0.306 0.034 8 -0.72
TB6, wSOC | 1.721 1.435 0.242 -0.044 | 0.94 | -0.59
BXX
DFT 1.681 1.393 0.288 0.161 0.46 | -0.63
TB3, no SOC | 1.848 1.713 0.135 0.100 n/a | n/a
TB6, no SOC | 1.805 1.737 0.068 0.023 n/a | n/a
TB3, wSOC | 1.769 1.704 0.065 0.097 1.2 | -0.71
TB6, wSOC | 1.727 1.727 -0.002 0.016 0.7 | -0.58

Table 6.2: Band structure properties of high symmetry stackings of MoS, homobilayers: direct
and indirect gap energies in eV; the difference between valence band maxima at I' and K and
conduction band minima at Q and K (also in €V) - noting that the sign indicates the location
of the global band extrema, and noting also that the sixth nearest neighbour tight-binding
model has the tendency to swap the order of band extrema, particularly for the conduction
band minima; and effective electron and hole effective masses at K (where all the direct gaps
are located), given in units of electron mass.
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Figure 6.9: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for BXM stacked MoS, homobilayers.

Texc Ebind ERyd Fexc Ebind ERyd

AA, TB3 || 1.343 | 0.411 | 0.512 AB, TB3 || 1.346 | 0.421 | 0.524
TB6 || 1.329 | 0.383 | 0.497 TB6 || 1.332 | 0.393 | 0.510
BMX TB3 || 1.344 | 0.419 | 0.529 || BY™™ TB3 || 1.340 | 0.414 | 0.514
TB6 || 1.330 | 0.391 | 0.506 TB6 || 1.326 | 0.387 | 0.499
BXM TB3 || 1.344 | 0.419 | 0.529 || BXX, TB3 || 1.348 | 0.421 | 0.515
TB6 || 1.330 | 0.391 | 0.506 TB6 || 1.334 | 0.393 | 0.500

Table 6.3: Stacking dependence of the lowest exciton excitation energy (and corresponding
binding energy) of MoSs homobilayers in vacuum in eV, using a 30 x 30 k-grid and a cutoff
energy of 3.0 eV.

6.5 Impact of long-ranged hoppings on optical properties

of untwisted MoS; homobilayers

Now, let us look at the impact of long-ranged hopping on the optical properties of MoSs; ho-
mobilayers, as well as the dependence of the optical properties on the stacking configurations.

Similar to Chapter |4, I model MoS, in vacuum, without a substrate.

Table [6.3] shows the lowest excitonic excitation energy and corresponding excitonic binding
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Figure 6.10: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for B stacked MoS, homobilayers.

energy for all six high-symmetry stackings. For all systems, the inclusion of longer-ranged hop-
pings decreases the binding energy by about 30 meV. This decrease is qualitatively still present
in the simple Rydberg model, although it is less pronounced, so this effect can be at least in

part understood from the effective masses.

The difference in binding energy between different types of stackings is very small, with a

variation of up to 10 meV for both the third- and sixth-nearest neighbour calculations.

Correspondingly, the difference between the low-energy parts of third- and sixth-nearest neigh-
bour optical spectra are small (Figs. 6.15d)). There seems to be a tendency for adjacent
peaks to move closer together in the sixth-nearest neighbour case—all of the B peaks have a

"shoulder" (not present in the monolayer spectra), which is more distinct in the third-nearest
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Figure 6.11: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for BMM stacked MoS, homobilayers.

neighbour case. Somewhat similarly, the small peak inbetween the first two large peaks present

in both AB and BMM stacking is more distinct in the third-nearest neighbour case.

Comparing the sixth-nearest neighbour spectra of different stacking configurations directly
(Fig. , some of the features are very similar; namely the two large peaks near 1.3 eV and
1.5 eV, the second of which has a shoulder to its right, as well as two sets of double peaks near
1.6 ¢V and 1.75 eV. The inversion symmetric stackings AB, BMM and B** have smaller peaks
by about a third compared to the non inversion symmetric stackings AA, BMX and BXM. Both

AB and BMM have a small interlayer peak in between the first two large peaks, but it is much

BMM BMM

more distinct in the case. is also the only stacking in which the first peak is taller
than the second large peak. It is interesting to see that BX* does not have a small interlayer
peak. This may be due to the fact that the interlayer distance in this case is too large for a

low-energy interlayer transition.

Figure shows optical spectra as calculated by Gerber et al.. Note that the notation

used in that work is different from ours. The stacking labelled AB in the top panel corresponds
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Figure 6.12: Comparison of third- and sixth-nearest neighbour tight-binding bandstructures
without SOC to corresponding DFT bandstructure for BXX stacked MoS; homobilayers.

to what I call BMX stacking and AA’ in the middle panel corresponds to AB stacking. (To
avoid confusion, I will continue to use my previous notation when referring to the different
stacking configurations.) Gerber et al. performed GW-BSE calculations to simulate these
three MoSs homobilayer stackings in vacuum, and compare their calculations to measurements
performed on AB stacked bilayers on a hBN substrate. The middle panel of Fig. [6.17] shows
two peaks not present in AA and BMX stacking, which is qualitatively similar to what we find in
BMM gtacking, and the general structure of having the two large peaks similar to the monolayer
spectrum in all cases, with the second peak slightly higher than the first peak, is also present.
In my calculations, AB stacking also displays extra peaks compared to the non-inversion sym-
metric stackings, but they are much more subtle. The first is very small and nearly merged

into the A peak, and the second is much higher in energy, visible as a third peak in what is

otherwise a double peak feature near 1.6 eV.
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Figure 6.13: Close up of valence and conduction band edges near the K point of third- and sixth-
nearest neighbour tight-binding bandstructures without SOC to corresponding DFT bandstruc-
ture for BX* stacked MoS, homobilayers.

There are some noteable differences between our spectra and the ones given in Gerber et
al.[52]. Particularly, the A and B peaks are closer together in our work, and we do not have a
third large peak (labelled A:2s in the bottom panel of Fig. [6.17)). This may be at least partly
due to a convergence issue on the part of Gerber et al., who use a 15 x 15 k-grid for their

optical calculations, which is not sufficient for the description of the higher-energy features in

GW-BSE[199] (as they acknowledge).

Overall, the impact of longer ranged hopping on the optical properties is much smaller than
the impact on the electronic structure. The stacking configuration does have an impact, as we
will see in the next section, mainly due to the interlayer separation and the presence or absence

of inversion symmetry.
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Figure 6.14: Direct and indirect gap vs. interlayer separation in DFT and TB calculations
for high-symmetry stacked MoS,; homobilayers. Note that the indirect bandgap is interlayer
distance dependent, but the direct bandgap is not.

6.6 Impact of stacking geometry on layer character of ex-

citons in untwisted MoS; homobilayers

Finally, I am interested in the layer character of the optically active excitons in different stack-

ing configurations of untwisted MoS, homobilayers.

The first step in this analysis is to determine which excitons are optically active. This can
be done by sorting the excitons by the magnitude of their optical matrix elements, and then
matching the corresponding excitation energies to the peaks in the optical spectra. The results
of this for the untwisted MoS, bilayers is detailed in Appendix [C] For the remainder of this

chapter I will focus on results from the sixth nearest neighbour tight-binding model.
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Figure 6.15: Optical spectra of different stacking geometries of MoS; homobilayers in vacuum
in third-nearest neighbour (blue) vs. sixth-nearest neighbour (red) tight-binding model. The
bandgaps are indicated with vertical dashed lines of the same colour.
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Figure 6.16: Comparison of optical spectra of different high-symmetry stackings of MoSs ho-

mobilayers in vacuum from sixth-nearest neighbour calculations.

AB stacking

There are nine distinct subbandgap peaks in the optical spectrum of AB stacked bilayers in
our model, as shown and labelled in Fig. [6.I5b] The excitons corresponding to those peaks can

be doubly or quadruply (or not at all) degenerate. This is due to the spin and valley symmetries.

Peak I at 1.332 eV is quadruply degenerate and consists of transitions from the top two (degen-

erate) valence bands to the bottom two (degenerate) conduction bands at the K and K’ points

(see Table [D.1]

Peak II at 1.380 eV is a nondegenerate exciton consisting of transitions from the top two

(degenerate) valence band to the third and fourth (degenerate) conduction bands at K and
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Figure 6.17: Optical spectra of different stackings of MoS, homobilayers in vacuum, calculated
with GW-BSE. AB in this notation corresponds to BM* stacking in our notation, AA’ to
AB, and AA to AA stacking. Reproduced from Ref. with permission from the American

Physical Society.

K’ (see Table Looking at the orbital characters of the bands involved in the transitions,
we can see that all the main transitions involved in this exciton are purely interlayer excitons.
So even without looking at the realspace wavefunction, this is clearly an interlayer exciton, in
agreement with the literature. So while the peak is less distinct than the corresponding exper-
imental peak in Fig. [6.17, the interlayer peak can at least qualitatively be well reproduced.
However, most of the bands have mixed-layer orbital character, reflecting the fact that flipping
the whole system upside down would have no effect on the band structure. The fact that one
of a pair of degenerate states is purely localized in one layer and the other in the other is an

artifact of the layer localized atomic basis rather than a physical property of the system.
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Peak III at 1.476 eV is again quadruply degenerate and consists of transitions exactly at K
and K’. However, rather than transitions between the top valence and bottom conduction

bands, this consists of transitions between the third and fourth (degenerate) valence bands and

the third and fourth (degenerate) conduction bands (see Table |D.3|).

Peak IV at 1.489 €V is another nondegenerate exciton. This exciton is spread out in recip-

rocal space rather than being strictly localized at K and K’ and consists of transitions between

top valence band and bottom conduction band (see Table [D.4)).

Peak V at 1.505 €V is another quadruply degenerate exciton localized at K and K’ and consist-

ing of transitions between top valence band and bottom conduction band (see Table [D.5|

Peak VI at 1.603 eV is more spread out in reciprocal space, but otherwise similar in char-

acter to peak V (see Table [D.G).

Peak VII actually consists of two excitons. The first is a doubly degenerate exciton at 1.633 eV,
spread out in reciprocal space and consisting of transitions between the top two valence bands
and the third and fourth conduction bands. The second is a nondegenerate exciton at 1.635

eV, similarly spread out in reciprocal space, but consisting of transitions between the third and

fourth valence bands and the bottom two conduction bands (see Table [D.7)).

Peak VIII at 1.652 €V is a strongly localized quadruply degenerate exciton consisting of tran-

sitions between the third and fourth valence bands and the third and fourth conduction bands

(see Table :

Peak IX at 1.676 eV is nondegenerate, spread out, and consists or the same type of transi-

tions as peak VIII.
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Figure [6.1§ illustrates the real space distribution and therefore the layer character of the op-
tically active excitons in AB stacked MoS, bilayers. More specifically, it shows the real space
probability distribution of the optically active excitons, or the sum of probability distributions
in the case of degenerate excitons, normalized to one. The real space wavefunction is calculated
according to Eq. .Since the real-space wavefunction is a function of two coordinates, it
is difficult to visualize. Often, in illustrations, the hole location is fixed and the corresponding
electron location is shown. In this case, this would not be very informative. Firstly, there are
only six locations in the untwisted bilayer unit cell, and secondly, fixing the hole would miss
information about the hole wavefunction. Figure therefore shows the probability distribu-
tion matrix elements corresponding to the electron being localized on one atom and the hole
on the other. The first half of the atoms are located on one layer, the second on the other. The
first atom in each layer is a Mo atom, the other two are the S atoms. So for example, the top
left corner of Fig. [6.1§ shows the probability of both an electron and a hole being located on

the same atom, in this case a top layer Mo atom.

This means that probablity distributions which are roughly block-diagonal correspond to in-
tralayer excitons. Distributions which are block-off-diagonal correspond to interlayer excitons.
And distributions which are neither block-diagonal nor block-off-diagonal correspond to hybrid

excitons.

In the case of AB stacking, peak II is clearly an interlayer exciton, as is expected from qualita-
tively similar optical peaks in experiment. Peak VII consists of one mostly interlayer exciton
and one mostly intralayer exciton. All other peaks appear to be intralayer excitons, although

peak IV comes closest to also being a hybrid exciton.

In both AB stacking as well as BMM stacking, which both exhibit interlayer excitons, the
oscillator strength of the interlayer excitons is much smaller than those of the intralayer exci-
tons, resulting in much smaller peaks. This is mainly due to the reduced wavefunction overlap

between the more spatially separated interlayer excitons[200)].



6.6. Exciton character of MoSy homobilayers 113

AA stacking

There are five distinct subbandgap peaks in the optical spectrum of AA stacked bilayers in our
model, as shown and labelled in Fig. The excitons corresponding to those peaks can

only be doubly (or not at all) degenerate, as there is there is spin splitting at K and K'.

Peak I at 1.334 €V is a doubly degenerate exciton at K and K’ consisting of transitions be-
tween the third and fourth valence bands and the first and third conduction band (see Table

D.10). Transitions to the second and fourth conduction band do not conserve spin (see Table

B2).

Peak II consists of two doubly degenerate excitons, one pair at 1.4726 eV and one at 1.4732 eV
(see Table[D.11)). The first is localized at K and K’ and consists of transitions from the third and
fourth valence bands to the second and fourth conduction bands, the second is spread out near

K and K’ and consists of transitions between the top valence band and second conduction band.

Peak III is a doubly degenerate exciton at 1.505 eV, well localized at K, and consisting of
transitions between the top two valence bands and the first and third conduction bands (see

Table [D.12)).

Peak IV at 1.613 eV is spread out near K and K’ and consists of transitions between the

top two valence bands and the second and fourth conduction bands, similar to peak I (see

Table [D.13).

Peak V at 1.648 eV is a doubly degenerate exciton strongly localized at K and K’, consist-
ing of transitions between the third valence band and fourth conduction band, and the fourth

valence band and second conduction band.

Figure [6.19| shows that all six peaks are intralayer peaks, with only very weak interlayer con-

tributions.
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BMX stacking

There are five distinct subbandgap peaks in the optical spectrum of BMX stacked bilayers in
our model, as shown and labelled in Fig. [6.15¢] However, each peak consists of two separate
excitons wih a large enough split in energy (corresponding to the valence spin splitting at K
and K’) that this is visible in the spectrum, so I am considering them as ten separate peaks.
The excitons corresponding to those peaks can only be doubly (or not at all) degenerate, as
there is there is (valence) spin splitting at K and K’. Most of the excitons in this stacking are

well described by only a few transitions each.
Peak T at 1.330 eV is a doubly degenerate exciton consisting of transitions between the top
valence band and bottom conduction band at K and K’ (see Table |D.15)). Note that this is the

only stacking in which the lowest energy exciton is optically active.

Peak IT at 1.334 €V is a doubly degenerate exciton consisting of transitions between the second

valence band and second conduction band at K and K’ (see Table [D.16)).

Peak III at 1.468 €V is a doubly degenerate exciton consisting of transitions between the third

valence band and third conduction band at K and K’ (see Table |D.17)).
Peak TV at 1.472 €V is a doubly degenerate exciton consisting mainly of transitions between
the fourth valence band and fourth conduction band at K and K’, but also including transitions

between the fourth valence band and bottom conduction band at K and K’ (see Table |D.17]).

Peak V at 1.501 eV is a doubly degenerate exciton consisting of transitions between the top

valence band and bottom conduction band at K and K’, the same as peak I (see Table |D.19)).

Similarly, peak VI at 1.507 €V has the same character as peak II (see Table [D.20)).

Peak VII at 1.602 eV is a doubly degenerate exciton spread out near K and K’ in recipro-
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cal space and consists of transitions between the top valence band and bottom conduction

band (see Table [D.21]).

Peak VIII actually consists of three doubly degenerate excitons very close in energy, at 1.8060
eV, 1.6083 eV, and 1.6092 eV. All three are spread out in reciprocal space near K and K’ and

consist of transitions between the top two valence bands and bottom two conduction bands

(see Table [D.22)).

Peak IX is again a doubly degenerate exciton at 1.644 eV, consisting of transitions between

the third valence band and the third conduction band at K and K’ (see Table |D.23)).

Peak X is again a doubly degenerate exciton at 1.647 eV, consisting of transitions between

the fourth valence band and the first, second, and fourth conduction bands at K and K’ (see

Table [D.24)

Figure illustrates the origin of the peak pairing in BMX stacked MoS, bilayers. BMX

BXM stacking when inversed.

stacking is not inversely symmetric, instead it transforms into
One consequence of this is that there is an energy splitting between excitons being in the top
and bottom layers. All peaks are intralayer peaks, and the left column of Figure [6.20| shows all
the (slightly lower energy) peaks located in the bottom layer, whereas the right column shows

BXM

all the (slightly higher energy) peaks located in the top layer. For stacking, this is exactly

reversed due to the inversion-symmetry relation between the two stackings.
BMM stacking

There are nine distinct subbandgap peaks in the optical spectrum of BMM stacked bilayers in
our model, as shown and labelled in Fig. [6.15d They can be doubly, quadruply, or not at all
degenerate. However, not all excitons with degenerate eigenvalues couple equally strongly to

light, which accounts for sometimes only three of them appearing in the tables of most optically

active excitons.
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Peak T at 1.327 eV is a quadruply degenerate exciton localized at K and K’ and consisting

of transitions from the top two valence bands to the bottom two conduction bands (see Table

D.25).

Peak II at 1.380 eV is a doubly degenerate excitons localized at K and K’ and consisting

of transitions from the top two valence bands to the third and fourth conduction band (see

Table [D.26)).

Peak III at 1.461 eV is a quadruply degenerate exciton localized at K and K’ and consist-

ing of transitions from the third and fourth valence bands to the third and fourth conduction

bands (see Table [D.27)).

Peak IV at 1.483 €V is a quadruply degenerate exciton spread out in reciprocal space near
K and K’, and consisting of transitions between the top two valence bands and the bottom two

conduction bands (see Table |D.28)).

Peak V at 1.492 eV is a quadruply degenerate exciton similar in character to Peak IV (see

Table [D.29).

Peak VI consists of two quadruply degenerate excitons at 1.519 eV and 1.526 eV, both of
which are localized at K and K’. The first consists of transitions between the top two valence
bands and third and fourth conduction band, the second consists of transitions between the

third and fourth valence bands and the bottom two conduction bands (see Table [D.30)).

Peak VII at 1.594 €V is a quadruply degenerate exciton spread out in reciprocal space near

K and K’ and consisting of transitions between the top two valence bands and third and fourth

conduction bands (see Table |D.31)).
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Peak VIII consists of three quadruply degenerate excitons, although only two of those de-
generate excitons are optically active in all three cases. All three are spread out in reciprocal
space near K and K’. The first (at 1.6330 €V) consists of transitions between the top two valence
bands and conduction bands. The second (at 1.6341 ¢V) and the third (at 1.6348 eV) consist of

transitions between the third and fourth valence bands and the bottom two conduction bands

(see Table [D.32)).

Peak IX at 1.663 eV is a quadruply degenerate exciton localized at K and K’ consisting of
transitions between the third and fourth valence bands and bottom two conduction bands (see

Table [D.33)).

Figure shows that the second and sixth peak are interlayer peaks, peaks VII and X are

hybrid, and all other peaks are mostly intralayer peaks.

BXX stacking

BXX

There are five distinct subbandgap peaks in the optical spectrum of stacked bilayers in

our model, as shown and labelled in Fig. [6.15d] They are all quadruply degenerate. All except

peak IV are strongly localized at K and K'.

Peak T at 1.334 eV and peak III at 1.505 eV consist of transitions between the top two va-

lence bands and bottom two conduction bands (see Tables [D.34] and |D.36|).

Peak IT at 1.472 eV, peak IV at 1.612 eV, and peak V at 1.648 eV consist of transitions between
the third and fourth valence bands and third and fourth conduction bands (see Tables |D.35]

[D.37, and [D.33).

Figure shows that all peaks in B** stacked MoS, are almost entirely intralayer peaks,

similar to AA stacking.
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Conclusion

In summary, as shown in Figs. |6.15, and|6.1846.22) AA and B** stacked MoS, bilayers have five

subbandgap peaks each in their optical spectra, all of which are of pure intralayer character.
BXX stacking has a spin-degenerate electronic bandstructure, but AA stacking does not. In
both stackings, the chalcogen pairs of top and bottom layers are stacked directly on top each
other (see Fig. , resulting in the largest interlayer separations of all stackings (see Tab.
6.1). The character of the band edges in all stackings is dominated by p-orbitals (see Tabs.
, and the Slater-Koster parameters related to interlayer p-p hopping decrease exponen-
tially with interlayer distance (see Eq. (6.2))). It is therefore likely that the lack of interlayer

excitons in these two stackings is a consequence at least in part of the large interlayer separation.

BXM and BMX stackings have excitons which are purely located in individual layers (see Fig.
. At the band gap, the electronic bands are strongly layer-polarized, with a small energy
difference between bands corresponding to different layers (see Tab. . This corresponds to
the small separation between adjacent optical peaks in the optical spectra (see Fig. [6.15]), which
appear to come in five pairs for a total of ten optical peaksﬂ This layer-symmetry breaking is
possible because BXM and BMX are related to each other by inversion symmetry, but are not

inversion symmetric by themselves.

BAB and BMM stacking both have spin-degenerate electronic band structures (see Tabs.

and and both have nine optical peaks (see Figs. [6.15)), including both intra- and interlayer
excitons (see Figs. and [6.21)).

BMM " and B*X| have generally

Note further that the three spin-degenerate stackings, AB,
smaller optical peaks than the three spin-split stackings, BA*, BXM and BMX (see Fig. [6.15)).
Only spin-conserving transitions are optically allowed (see Appendices [B| and @ for details

on the orbital and spin character of the optical transitions involved in the optical peaks of

Tt would be interesting to look further into whether there is a sort of layer-valley coupling in these stackings,
what the consequences of that would be, if so, and how this relates to spin-valley coupling
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the different stacking geometries), so in the spin-hybridized transitions of the spin-degenerate
bandstructures, only the spin-direct part of the transition couples to light. This is what may

be causing the lower oscillator strength.

Compared to previous literature, we are able to qualitatively reproduce the optically active
interlayer peak in AB and BMM stacking. However, the interlayer peak in AB stacking in par-
ticular is comparatively dark (compared to luminescence of 20% — 30% of the A peak height
observed in Ref. [53] and calculated in Ref. [52]), and with a slightly low excitation energy; it
is more typically seen about 100 meV above the A peak[50, 52, 53|. We were also unable to see

the interlayer peak in BM¥ stacking, as seen in Refs. [52, [50.

Overall, we find that the stacking geometry has a strong impact on the optical properties
of TMD homobilayers. The presence or absence of spin splitting, the interlayer separation,
and the crystal symmetry all play roles in determining the properties of the excitons in these

materials, resulting in qualitatively distinct optical spectra.
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Figure 6.18: Illustration of the real space distribution of the optically active excitons in AB
stacked MoSy bilayers. The matrix elements show the probability associated with an electron
being localized on one atom and a hole on another, with the atomic positions being, in order,
the top layer Mo, inner S, and outer S atoms, and the bottom layer Mo, inner S, and outer S

atoms.
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Figure 6.19: Illustration of the real space distribution of the optically active excitons in AA
stacked MoSs bilayers. The matrix elements show the probability associated with an electron
being localized on one atom and a hole on another, with the atomic positions being, in order,
the top layer Mo, inner S, and outer S atoms, and the bottom layer Mo, inner S, and outer S
atoms.



122 Chapter 6. Untwisted MoS, bilayers

pM& stacking

I |

o . 0.5
o]
=
g —0.45
g
M

I v o
Q* .
o]
B
5
M

0.25

Hole
Bottom Top

1

VIl VIII

0.15

~

Bottom Top

-
P4

0.05

~

Bottom Top

Top Bottom Top Bottom

Electron

Figure 6.20: Illustration of the real space distribution of the optically active excitons in BMX
stacked MoSs bilayers. The matrix elements show the probability associated with an electron
being localized on one atom and a hole on another, with the atomic positions being, in order,
the top layer Mo, inner S, and outer S atoms, and the bottom layer Mo, inner S, and outer S
atoms.
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Figure 6.21: Illustration of the real space distribution of the optically active excitons in BMM
stacked MoSs bilayers. The matrix elements show the probability associated with an electron
being localized on one atom and a hole on another, with the atomic positions being, in order,
the top layer Mo, inner S, and outer S atoms, and the bottom layer Mo, inner S, and outer S
atoms.
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Figure 6.22: Illustration of the real space distribution of the optically active excitons in BX*
stacked MoSs bilayers. The matrix elements show the probability associated with an electron
being localized on one atom and a hole on another, with the atomic positions being, in order,
the top layer Mo, inner S, and outer S atoms, and the bottom layer Mo, inner S, and outer S
atoms.



Chapter 7

Twisted MoSy homobilayers

In this chapter, I will apply the same model as discussed in the previous to twisted MoS; homo-
bilayers. To do this, I will first introduce several theoretical concepts unique to commensurate
twisted systems, as well as discuss atomic relaxation in the context of much larger moiré unit
cells. T will then present electronic and optical spectra for MoSs bilayers with several different

twist angles.

7.1 Commensurate lattices and moiré lattice vectors

We consider twisted TMD homobilayers where the center of rotation is located on a transition

metal atom, and where a zero-degree twist angle corresponds to AA stacking, as illustrated in

Fig. [7.1]

We consider commensurate twist angles, that is, twist angles that result in systems with fi-
nite lattice periodicity, and classify them by their periodicity. The moiré lattice vectors t; and
t, have to be integer multiples of the monolayer lattice vectors, and we write them in terms of

the top layer lattice vectors a; and a, as

t, = nay +masy ,

125
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t2 = —maj + (TL + m)ag s

where n and m are integers.

The corresponding twist angle is

and the number of atoms in the moiré supercell is given by

N = Ny (n* +nm +m?),

where Ny is the number of atoms in the untwisted unit cell (in our case, Ny = 6).

It is sensible to require that n and m be co-prime—if they are not, then the same physical
system can be more efficiently described by their reduced equivalent (e.g. n = 1,m = 3 instead
of n = 2,;m = 6). One way of ensuring this, while simultaneously ensuring that angles get

smaller with increased computational effort, is to require

m=n+1,

since, in this case,

6n% +6n + 1

cos = ———— |
6n2 + 6n + 2

which means that if ny > ng, then 6; < 65, and § — 0 as n — oc.
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n| m 0 Nitoms n,(cls) n,(f’o) n| m 0 Nitoms n,(:g) n}(€30)
1] 2 |21.79° 42 7 11 3| 8 | 29.41° 582 2 3
1] 3 ]32.20° 78 5 8 3|10 | 34.54° | 834 2 3
1] 4 |38.21°] 126 4 7 41 5 | 7.34° 366 2 4
1] 5 |42.10°| 186 3 5 4| 7 | 17.90° | 456 2 3
1| 6 |44.82° | 258 3 5 419 |25.04°| 798 2 3
1] 7 |46.83° | 342 2 4 51 6 | 6.01° 546 2 3
1] 8 | 48.36° | 438 2 4 51 7 | 11.00° | 654 2 3
1] 9 |49.58° | 546 2 3 5| 8 | 15.18° | 774 2 3
1110 | 50.57° | 666 2 3 51 9 | 18.73° | 906 1 2
2| 3 |13.17°| 114 4 7 6| 7 | 5.09° 762 2 3
2| 5 | 27.80° | 234 3 5 71 8 | 4.41° | 1014 1 2
21 7 | 35.57° 402 2 4 719 | 826° 1158 1 2
219 |40.35° | 618 2 3 7110 | 11.64° | 1314 1 2
31 4 | 9.43° 222 3 5 81 9 | 3.89° | 1464 1 2
3| 5 |1643° | 294 3 4 9|10 | 3.48° | 1626 1 2
3| 7 |26.01°| 474 2 3

Table 7.1: Twist angles, number of atoms per unit cell, and k-grid finenesses equivalent to
18%x 18 and 30x30 monolayer k-grids for different commensurate lattices.

(a) Ilustration of moiré grid for # = 21.79° twisted (b) Illustration of moiré grid for § = 9.43° twisted
MoS, MoS;

Figure 7.1: Illustration of moiré grids for different twist angles. Metal atoms are shown in red,
chalcogen atoms in blue. The top layer is shown in more bold colours than the bottom layer.
The top layer is rotated around a central metal atom relative to the bottom layer to form a
commensurate lattice, with the resulting moiré lattice vectors t; and ¢, drawn as black arrows.

7.2 Atomic relaxation for twisted bilayers
The exact atomic structure of the unit cell is just as important in the case of twisted bilayers as

it is in the case of different high-symmetric stacking configurations. However, the much larger

unit cells make relaxation with DF'T computationally impractical. Instead, we relax the atomic
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structures using classical force fields as implemented in LAMMPS|201} 202].

The basic idea of classical force fields is to treat each simulated atom as a point mass sub-

ject to Newton’s equations, with effective force fields chosen to suit the system in question|201].

As mentioned previously, the interlayer and intralayer interactions in TMD bilayers are quali-
tatively very differently, and are therefore approximated by two different force fields. For the
strong intralayer interaction, we use a Stillinger—Weber potential|203|, consisting of a two-body
term V, depending on the distance r;; of two atoms 7 and j, and a three-body term V3 depending

on the angle 6;;; between the two bonds between atoms 7 and j, and 7 and k. It is

B p
‘/2<T1J) = A (E — 1) exp (TZ]_—TM) s (71)

Vg(nj)—KeXp< PR, P )~(cos(t9¢jk)—cos(90))2. (7.2)

Tij — Tmax,12 Tik — Tmax,13

Here, rmax, Tmax12, and ryax 13 are cutoff radii above which the corresponding terms are zero,

and A, B, p, K, p1, pa, and 0 are material dependent parameters.

For the van der Waals type interlayer interaction, we use a Kolmogorov—Crespi potential param-
eterized by Naik et al.[195]. The van der Waals interaction is often modelled by the Lennard-
Jones potential as the sum of a long-ranged attraction term oc 1/r® and a short-ranged Pauli
repulsion term o 1/7'2, in which the latter term is numerical convenient and often sufficiently
quantitatively accurate, but not strictly derived from physical principles[204]. This model of
the Pauli repulsion falls short when considering stacked two-dimensional semiconductors, in
which the overlap of the atomic orbitals which cause the repulsion is strongly dependent not
only on the scalar distance r of the composite orbitals, but also on their relative orientation.
Kolmogorov and Crespi|205] replace the Pauli repulsion term of the Lennard-Jones potential
with an orientation-dependent, exponentially decaying repulsion term, resulting in

Vi = exp (—Alry — 20)) Vj — A (—) 7 (73)

20
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where

Vo =C+ f(pij) + f(pji) (7.4)
Pij = \/7“% —(n; - 15)?, (7.5)

pii = /13 — ()2, (7.6)

o =e (- (2)) o n ()" )

and where 7., is a cutoff radius above which the potential is set to zero, n; and n; are the
surface normals at atomic sites 7 and j, respectively, A, zo, A, C', Cy, Cy, Cy, and d are material

parameters, given in Table 1 of Ref. |195] for TMDs.

7.3 The moiré Brillouin zone

Even with a cutoff energy, the number of atoms per unit cell (as detailed in Table and
the corresponding number of bands in even a small energy window seem at first glance to be
computationally prohibitive—particularly given that, as established in Chapter [, an 18x18 k-

grid is required for converged exciton eigenenergies, and a 30x30 k-grid for the optical spectrum.

However, assuming that the convergence is a function of k-grid density rather than k-grid num-
ber, the situation is not quite as dire as that. The reciprocal lattice vector length is inversely

proportional to the length of the real space lattice vectors, since

b, = 27— X (7.8)

a;-(a; x ay)’

where (7, j, k) is an even permutation of (1,2,3). (ag can be chosen to be é, for the two-

dimensional case). This means that the area of the first Brillouin zone is inversely proportional

0

uc’

to the area of the real space unit cell AY_, which can be expressed as

NOZ e
AG, = Smem g0 (7.9)

atom
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where A= and NYZ0" = 6 are the unit cell area and number of atoms per unit cell for the

untwisted bilayer, and A? and N?

tom are the area and number of atoms per unit cell of the

twisted bilayer with twist angle 6. Therefore, the number of k-points per dimension n,(f) in

a twisted system with twist angle 6 equivalent in k-point density to ny = z in the untwisted

v _ [ Niiom
nl(C ) = ﬁx . (7.10)

The number of k-points per dimension corresponding to converged eigenvalues (n, = 18) and

bilayer is given by

spectra (nj = 30) in the untwisted bilayer are detailed in Table for a variety of twist angles.

For small angles particularly, ny = 1 (corresponding to I'-point sampling) may be sufficient
for converged exciton binding energies. For some systems, n, = 2 seems sufficient. The poten-
tial problem here is that 2 is not divisible by thredﬂ, and therefore the high-symmetry points
of the mini Brillouin zone are not included in the grid. When computationally possible, I will

therefore attempt to use at least n;, = 3.

7.4 Dependence of electronic structure on twist angle

Next, I will analyse the impact of twist angle on the electronic structure of twisted MoSs ho-
mobilayers. Figures and show the (relaxed, sixth-nearest neighbour) band structures
for different twist angles. The most obvious impact is on the number and curvature of bands,
which is due to the band folding described in the previous section. Figures and also show
the impact of including sixth nearest neighbour hoppings to the electronic bandstructures of
twisted bilayers. As the number of bands increases with increasing unit cell size (and therefore,
in our choice of systems, decreasing twist angle), it is difficult to make out details of the inpact
of longer-ranged hoppings on the systems with small twist angle. In the systems with larger

twist angles, Fig. it can be seen that, as before, the conduction manifold is more strongly

Leitation needed



7.4. Dependence of electronic structure on twist angle

1.2—3{?“'33-....3; i 1.2
TR N !
T LT :
e - SERREER
Tiviery, : . 1
N LR R ‘; G, .
— 0.8} 1 — 0.8
> >
o, o,
% %
g -0.6 g -0.6
& &
0.8 1 0.8

Energy [eV]

Energy [eV]

(d) 6.01°

Figure 7.2: Bandstructures for different relaxed twisted MoS; homobilayers with up to sixth-
nearest neighbour hoppings and spin-orbit coupling.

impacted by longer-ranged hoppings than the valence manifold.

Figure shows the average interlayer distance, as well as the direct and indirect gap energies
depending on twist angle. The dependence appears to be very smooth, with the interlayer dis-
tance decreasing with decreasing twist angles. This dependence is stronger with smaller twist

angles, and appears to be flattening out with larger twist angles.
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Figure 7.3: Bandstructures for different relaxed twisted MoSs homobilayers with up to sixth-
nearest neighbour hoppings and spin-orbit coupling.

Liu et al. measured the stacking configuration and twist angle dependence of the inter-
layer separation of MoSs bilayers. They only considered relatively large twist angles, between
13°-47°. They found that for the systems they considered, the interlayer separation did not
strongly depend on twist angle for the twisted systems. Instead, all four twisted systems had

an interlayer separation smaller than that for AA and BXX stacking, but larger than the other

high-symmetry stackings.
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Figure 7.4: Dependence of interlayer distance, and direct and indirect bandgaps on twist angle
for relaxed tight-binding calculations including up to sixth-nearest neighbour hoppings and
spin-orbit coupling.

We are able to reproduce the high-symmetry stacking dependence of the interlayer separa-

tion reported by Liu et al., see Tab. Similar to what they report, we find that 22° stacking

has an interlayer separation smaller than AA and B*X stacking, and larger than AB, BMX,

and BMM stacking. The other three angles considered in Ref. are all located in the more
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21.79° 5.09°
Cmin 9: 0.808  36: 0.787  46: 0.808 || Cmin 11: 0.742 46: 0.745
Vinax 1: -0.750 36: -0.938 Vimax 1: -0.678
direct 7: 1.610 direct 9: 1.424
indirect | 1.537 indirect | 1.420
9.43° 4.41°
Crnin 9: 0.755  36: 0.786  47: 0.761 || Cmin 8:0.740  48: 0.741
Vinax 1: -0.728 Vmax 1: -0.665
direct 7:1.492 direct 6: 1.406
indirect | 1.483 indirect | 1.405
7.34° 3.89°
Crnin 10: 0.749 36: 0.786  46: 0.754 || Cmin 12: 0.738 45: 0.740
Vimax 1: -0.712 Vinax 1: -0.654
direct 8: 1.469 direct 9: 1.395
indirect | 1.460 indirect | 1.392
6.01° 3.48°
Cmin 8: 0.745  48: 0.747 Cmin 7:0.736  49: 0.737
Vimax 1: -0.712 Vmax 1: -0.646
direct 7. 1.443 direct 6: 1.383
indirect | 1.439 indirect | 1.382

Table 7.2: Location and magnitude of conduction band minima c,,;,, valence band maxima
Vmax, and direct and indirect gaps in eV for different twist angles in twisted MoS, homobilayers
in the sixth nearest neighbour model. The location of the band extrema refers to k-point index
of a 54 point bandstructure calculation with 18 evenly spaced k-points each between I', M, K,
and I', so 36 corresponds to the K point, 9 to the QQ point, etc.

flattened-out regime of Fig. [7.4 In this way, the two conflicting statements of twist-angle
dependence or no twist-angle dependence may be reconcileable, although further research is

needed to be certain.

A reason that a twist-angle may be expected is that in a relaxed unit cell, the larger unit
cell size of smaller twist angles results in a relatively smaller fraction of areas with AA like

stacking, which is energetically unfavourable and results in larger interlayer distances.

The dependence of the indirect gap energy on the twist angle is likely an actual dependence of
the indirect gap on the interlayer dependence. This dependence was observed in DFT calcu-
lations again in Liu et al.|55], in which direct and indirect bandgaps were calculated for BMX

stacking with artificially varied interlayer separation. They found a strong dependence of the
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indirect gap, which decreased with decreasing interlayer separation, but only weak dependence

of the direct gap.

The dependence of the direct gap on twist angle that we observe in the middle figure in Fig.
[7.4] seems on first glance to be a contradiction of this. This is a consequence of band folding

and will be discussed in more detail in section [7.5

Somewhat related to this fact is the observation that in twisted systems, the direct gap is
no longer necessarily located at a high-symmetry point. In fact, looking at Table[7.2] the direct
gap is usually located in the vicinity of the Q point, but only at the Q point in the case of
5.09° and 3.89°. This is despite the fact that the band extrema tend to still be located at
high-symmetry points at least for the larger twist angles. This can be understood when looking
at the band structure plots in Figs. [7.2] and [7.3], particularly the band structure for the 21.79°
twisted system shown in the top left panel of Fig. [7.2] Here, the bottom conduction band has
a steep minimum at Q, and the top valence band has a somewhat shallower maximum at I,

and the minimum of the distance between the two is somewhere between I' and Q.

It is important to note that this results in some convergence problems for the medium an-
gles. The high symmetry points I' and K are included in a 3 x 3 k-grid, but e.g. the point
7/18th of the way between I" and M needs a much finer grid to be included. For very small
angles, the bands become so flat that not including the actual minimum of the direct gap does
not matter, and for very large angles, finer k-grids are accessible. However, for some of the
medium angles, the BSE matrix sizes and therefore the k-grid fineness currently achievable in

this code is not necessarily sufficient to capture the low-energy excitons accurately.

7.5 Dependence of optical spectra on twist angle

Figure shows the optical spectra of twisted MoS,; homobilayers in vacuum dependent on

twist angle, with 21.79° on top in dark blue and 3.89° on the bottom in dark red.
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Figure 7.5: Comparison of optical absorbtion spectrum and exciton DOS for different twist

angles.

There are two features of these spectra in particular which are unexpected at first glance.
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Firstly, the overall optical conductivity appears to decrease with twist angle, and the number
of peaks appears to decrease, from a complex looking spectrum with several peaks for the 21.79°
system to a single, small peak very close to the direct bandgap (indicated as a dotted vertical

line in the same color as the corresponding spectrum) in the 3.89° system.

Secondly, the energy of the first optical peak seems to barely depend on the twist angle. This
seems at odds with the previous observation that the binding energy of the first excitons does
not strongly depend on the twist angle but that the direct bandgap does. Figure also shows
the exciton joint density of states (JDOS), that is, roughly the number of excitons for a given
energy regardless of whether or not those excitons are optically active. This is shown with a

thin, filled in curve. The energy of the first peak of the JDOS corresponds to the first exciton

energy given in Table [7.3]

It is at this point that we need to ask ourselves two questions. Firstly, is the assumption
that 0.5 eV above the direct gap is a sufficiently high cutoff energy for convergence justified?
Looking at Fig. [7.5] the answer to this is clearly no. And secondly, why exactly does the direct
gap depend on the twist angle at all? The answer to this is slightly more complicated, but boils
down to the following: it does not, at least not directly. Instead, the direct gap depends on the

size of the moiré cell.

The direct gap of twisted bilayers is not the same as the direct layer of untwisted bilayers,
even in the absence of interlayer hopping. A calculation of the tight-binding band structure
of a moiré system without interlayer interaction would be effectively a supercell calculation
of an untwisted system (not including the effect of atomic relaxation), which means that the
monolayer bandstructure is folded into the moiré Brillouin zone, as illustrated in Fig. [7.6] This
means that the direct gap of the twisted calculation could be resulting from an indirect gap

from a unit cell calculation projected onto a direct gap.

This has two consequences.
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Figure 7.6: Illustration of the band folding resulting from using a 2x2 supercell calculation (red
solid line) of an MoSs monolayer compared to a unitcell calculation (blue dotted line) between
I" and M, where M® is the M point of the supercell calculation and M() is the M point of the
unit cell calculation.

Firstly, the direct gap in some twisted calculations is “secretly” momentum indirect, and the
resulting low-energy excitons will be optically inactive, as can be clearly seen in Figure [7.5]
This is due to momentum conservation. Photon momenta are too small to directly excite an
exciton with non-zero momentum. And secondly, the direct gap can also have an twist angle
dependence. This, again, can be due to two factors. Firstly, the indirect gap that is being
projected onto a direct gap can have interlayer distance dependence and therefore twist angle
dependence. And secondly, smaller twist angles in our choice of angles correspond to a larger
moiré cell and therefore a larger number of projected bands in the moiré Brillouin zone, which
means that statistically there is a higher change of having a small indirect gap projected onto

a direct gap.
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This explanation is further supported by the band transitions which contribute most to the

first optically active excitons, see Tables [D.39] [D.44] [D.49] [D.53], [D.56], [D.60, and [D.61]in Ap-

pendix [D] These bands get further away from the gap as the twist angle decreases.

This means among other things that calculating the exciton binding energy by subtracting
the excitation energy from the direct bandgap energy (as shown in Table is inaccurate,
although Table [7.3] still accurately shows the binding energies of the lowest-energy, optically

dark excitons.

To calculate the binding energy of the lowest-energy optically active excitons, I instead calcu-

’ 0 ‘ ng ‘ Feapr ‘ Ecutoff ‘ Fexe ‘ Epind ‘
21.79° | 2(5) | 1.726 | 2.0 1.222 | 0.504
2.2 1.221 | 0.505
3(8) | 1.725 | 2.0 | 1.233 ] 0.492
2.2 1.226 | 0.499
9(24) | 1.626 2.2 1.182 | 0.444
2.3 1.182 | 0.444
9.43° 1(6) | 1.525 2.5 1.014 | 0.511
3 (18) | 1.520 1.9 1.078 | 0.442
2.0 1.078 | 0.442

6(36) | 1.492 | 1.8 | 1.079 | 0.413
734° [ 1(8) | 1.497 | 22 |1.019 | 0.478
2 (16) | 1.497 | 2.0 | 1.067 | 0.430
6.01° |1 (10) | 1.455 | 2.1 | 0.999 | 0.456
3(29) | 1.454 | 1.8 | 1.028 | 0.426
5.00° |1 (11) | 1.440 | 1.95 | 0.999 | 0.441
2(22) | 1.440 | 1.8 | 1.014 | 0.426
441° [1(13) | 1.412 | 1.85 | 0.982 | 0.430
3.89° | 1(16) | 1.405 | 1.85 | 0.979 | 0.426
348° | 1(16) | 1.386 | 1.8 | 0.967 | 0.409
2 (32) | 1.386 | 1.65 | 0.973 | 0.403

Table 7.3: Binding energies of lowest energy excitons in twisted systems.

late the difference between the excitation energy and the transition energy of the main transition
involved in the exciton. This is shown in Table[7.4] Both binding energies are shown in Figure

[7.7] for the same convergence parameters for each respective twist angle.
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0 Ny v C Etrans Eexc Ebind
21.79° | 9%9 | vy | ¢ | 1.725 | 1.331 | 0.394
9.43° | 6x6 | vr | ¢g | 1.724 | 1.353 | 0.371
7.34° | 2x2 | vy1 | ¢cg | 1.799 | 1.360 | 0.439
6.01° | 3x3 | vig | ¢5 | 1.724 | 1.368 | 0.366
5.09° | 2X2 | vee | ¢7 | 1.757 | 1.378 | 0.379
4.41° 1x1 V30 | C34 1.832 | 1.377 | 0.455
3.89° | 1x1 | vy | 35 | 1.805 | 1.372 | 0.433

Table 7.4: Binding energies of lowest-energy optically active excitons in twisted MoSs homobi-
layers in vacuum.

The binding energies of both lowest energy excitons and lowest energy optically active ex-
citons do not depend strongly on twist angle, the latter being in agreement with experimental

results|57].

However, since the optically active excitons are at higher energy, they are less well converged
at the same cutoff energy. They also appear to be less well converged with k-grid, which may

explain the spikes at 3.89°, 4.41°, and 6.01°, which all have k-grids smaller than 3x3.

The reader may at this point be wondering why I am still presenting results of a calcula-

tion that is clearly unconverged.

Assuming as a next approximation that 0.5 eV above the transition energy corresponding to
the bands involved in the lowest energy optically active exciton (an actual convergence study
would be needed, but is not feasible for reasons which are about to become apparent), the
necessary BSE matrix sizes are listed in Table [7.5] Unfortunately, with the current computing
power available to me, it is not possible to store most of these matrices, let alone diagonalize

them, with the exception of the 21.79° twisted system.

However, I believe it is still possible to derive at least some qualitative information from
the calculations which I was able to perform. It can be seen from the convergence studies in

the previous chapter that, while the energy and magnitude of the peaks in the optical spectra
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0 n; | Ecuworr (€V) | BSE rank | memory
21.79° | 9x9 2.225 15,224 1.8 GB
9.43° | 6x6 2.224 348,144 969 GB
7.34° | 2%2 2.299 175,896 248 GB
6.01° | 3x3 2.224 620,120 3.1 TB
5.09° | 2x2 2.257 664,368 | 3.5 TB
4.41° | 1x1 2.332 432,480 1.5 TB
3.89° | 1x1 2.305 652,608 3.4TB

Table 7.5: BSE matrix sizes for a bandgap of 0.5 eV above the transition energy of the main
transition involved in the lowest-energy optically active excitons, including an estimate of mem-
ory needed to store the matrix in double precision. This is a minimum size for convergence of
the exciton binding energy (not the spectrum), and only includes the k-grid sizes included in
the calculations presented in this chapter.

change with increasing cutoff energy in the unconverged systems, they do not do so unsystem-

atically, and the two-peak structure is present even for quite small cutoff energies (see Fig. |5.6)).

In the remainder of this chapter, I will analyse the properties of the optically active excitons

in the optical spectra of twisted MoS, homobilayers.

7.6 Impact of twist angle on layer character of optically

active excitons in untwisted MoS; homobilayers

Finally, we can analyze the composite bands and the layer character of the optically active

excitons in twisted MoSs.

Note that because of the large number of optically inactive band transitions, I will start referring

to the n-th conduction band and n-th valence band as ¢, and v, respectively.

21.79°

Peak I at 1.331 eV is a doubly degenerate exciton strongly localized at K and K’, consisting of a

transition from v; to the ¢; at K and from v; to ¢y at K'(see Table[D.39)). (Note however, that the
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Figure 7.7: Comparison of direct gap (top) and lowest-exciton binding energy (bottom) for all
excitons in the calculation (blue) vs. only optically active excitons (red). Note that "optically
active bandgap" here refers to the transitions energy of the band transitions which most con-
tributes to the lowest energy optically active exciton.

first optically active exciton is not the lowest energy excitation, but rather the 49th lowest one.)
Peak II at 1.472 eV consists of two excitons very close in energy, both localized at K and

K’. The first one is doubly degenerate and consists of transitions between vs and c¢y. The

second one is not degenerate, and consists of transitions between v, and ¢4 (see Table [D.40)).

Peak IIT at 1.495 €V is a doubly degenerate exciton strongly localized at K and K’, containing
transitions from v; to ¢; and vy to ¢y (see Table [D.41)).

Peak IV is composed of two nondegenerate excitons at 1.637 eV and 1.638 eV. The first consists

of transitions between v3 and c3 at K and K’. The second consists of transitions between v4 and
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¢y at K only (see Table|D.43|). No equivalent exciton at K is optically active. This is unlikely to
be physical. The moiré lattice still has threefold rotational symmetry and so, therefore, should

the energy landscape in reciprocal space. This may be due to a bug in the code.

Peak V is composed of one doubly degenerate exciton at 1.667 eV and one nondegenerate
exciton at 1.669 eV. Both are spread around near K and K’. The first contains transitions from

v1 to c3, and second contains transitions from v, to vy (see Table |D.43)).

Figure shows the real space distribution of the optically active excitons in 21.79° twisted
MoS, bilayers. The internal ordering of the orbitals in the model is such that the first half
corresponds to one layer and the second to another, and also that within a layer, all of the

d-orbitals on the Mo atoms come first, and then the p-orbitals on the S atoms.

All optically active excitons in this stacking appear to be intralayer excitons, and the con-

stituent electrons and holes are located almost exclusively on the Mo atoms.

Note that, in Fig. [7.8] there is a strong layer asymmetry between top and bottom layer,
for example in Peak II (top right). Similar asymmetries can be seen for the other twist angles,
Figs. [6.1847.14l There are several possible reasons for this. It may simply be a numerical
problem. However, consider the layer asymmetry of excitons in BMX stacked bilayers, see Fig.
m. BMX and BXM stacked bilayers form a symmetry pair, in which both stackings have layer
asymmetry, that is, the top layer is physically distinct from the bottom layer. The same is
true for the twisted systems. It is possible that symmetry would be restored by twisting a
given system anticlockwise instead of clockwise. However, further research would be needed to

confirm this.

9.43°

Peak T consists of two doubly degenerate excitons, one at 1.353 eV, and one at 1.354 e¢V. Both

are localized near K and K’ and contains transitions from v; to ¢; and vg to ¢y (see Table [D.44]).
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Peak II consists of one nondegenerate exciton at 1.520 eV and one doubly degenerate exci-

ton at 1.523 eV. Both are strongly localized at K and K’ and contain transitions from v; to ¢

and vg to ¢y (see Table |D.45]).

Peak III at 1.546 eV is a nondegenerate exciton spread out in reciprocal space and consist-

ing of transitions between vy and ¢4, and vy; and ¢35 (see Table |D.46]).

Peak IV consists of three doubly degenerate excitons near 1.609 eV, and one nondegenerate
exciton at 1.612 eV. All constituent excitons are spread out in reciprocal space and consist of

transitions between v;, vg, vg and co-c11 (see Table [D.47)).

Peak V at 1.637 eV is a nondegenerate exciton spread out in reciprocal space and consist-

ing of transitions between v;-v1y and cg-coy (see Table |D.48]).

Figure [7.9] shows the real space distribution of the optically active excitons in 9.43° twisted
MoS; bilayers. Again, all of the constituent electrons and holes are localized on the Mo atoms,
but the layer character of the peaks is much more interesting than in the previous system. The
first peak is an intralayer peak, but the second and fourth peak are hybrid, and the third and

fiftth peak are intralayer peaks.

7.34°

Note that due to computational problems, the only data included in this chapter for a 7.34°
twist angle was calculated using a 2x2 k-grid. This means that due to symmetry, most of the
excitons are spread out in k-space, since the direct gap is not included in the gap. The gap
is significantly larger at the I' point than anywhere else, and most excitons involved in the

subbandgap optical peaks are spread around every k-point except I'.

Peak I is composed of one nondegenerate exciton at 1.360 eV and one doubly degenerate exciton
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at 1.363 eV. The first consists of transitions from vy; and v2 to ¢; and cg. The second consists

of transitions from vy to ¢1; and vip to ¢12 (see Table [D.49)).

Peak II at 1.457 eV consists of a nondegenerate exciton consisting of transitions from vy3 to ¢q1

and v14 to c12 (see Table [D.50)).

Peak III at 1.493 eV consists of a two nondegenerate excitons very close to each other in
energy. They are the only excitons in this series which are somewhat localized, in between K

and K’. It consists of transitions from vy5-v14 to cg-c13 (see Table [D.51])).

Peak TV is composed of six nondegenerate excitons with energies from 1.532 eV - 1.535 eV.

They consist of transitions from valence states similar to previous excitons in this spectrum to

conduction bands as high as cgy (see Table [D.52)).

Figure shows the real space distribution of the optically active excitons in 7.34° twisted

MoS; bilayers. The second peak is almost purely interlayer, all other peaks are intralayer peaks.

6.01°

Peak I is composed of two doubly degenerate excitons and four nondegenerate excitons. The
first degenerate exciton pair has an energy of 1.368 eV, all other excitons are found near 1.371
eV. Some are well localized at K and K’, others are more spread out in reciprocal space. They
mostly consist of transitions from vy4 and vi5 to ¢5 and cg, but some of the more spread out

excitons include transitions from bands much further away from the gap (see Table [D.53]).

Peak IT is composed of a single nondegenerate exciton at 1.471 eV. It contains transitions

from w5 to c39 and vi4 to cyo (see Table|D.54). It is intralayer in character (see Fig. [7.11)).

Peak III is composed of two nondegenerate excitons, one at 1.528 eV and one at 1.529 eV.

The first appears to be localized at K’ and the second at K, which again seems unlikely to be
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physical. The first contains transitions from wvy4 to ¢5 and c¢yg, the second contains transitions

from v15 to ¢g and ¢4 (see Table [D.55)).

Figure shows the real space distribution of the optically active excitons in 6.01° twisted
MoS, bilayers. The second peak is almost purely interlayer, all other peaks are intralayer peaks

with small interlayer contributions.

5.09°

Peak I consists of two pairs of doubly degenerate excitons, one at 1.378 eV and one at 1.382

eV. All are spread out in reciprocal space away from I'. They contain transitions from ves and

V93 tO cg, C7, €11, and cpo (see Table [D.56)).

Peak II contains a single nondegenerate exciton at 1.455 eV. It is spread around reciprocal

space with the main contribution arising from inbetween K and K’, and it involves transitions

from w93 and vy to cg and ¢p; (see Table |D.57)).

Peak III consists of two nondegenerate excitons at 1.509 eV and 1.510 eV. Both are local-
ized inbetween K and K’, and contain the same transitions as peak II (see Table [D.58)).

Peak IV consists of three nondenenerate excitons near 1.599 eV. The first and third are strongly
localized at the I' point, and the second is spread out in reciprocal space. The first contains
transitions from wvig, v, and vo3 to €14, Co4, and cg5. The third contains transitions from the

same valence bands as the first, to ca5, cog, and c39. The second contains transitions from vy

and v93 to c195 and cy72 (see Table [D.59)).

Figure shows the real space distribution of the optically active excitons in 5.09° twisted
MoS; bilayers. The second peak is almost purely interlayer, peaks I and III are intralayer peaks,

and peak IV is a hybrid peak.
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4.41°

The remaining two angles have been computed using only I' point grids, so all following excitons

are trivially localized at I

The only peak, peak I, consists of two pairs of doubly degenerate excitons, one at 1.378 eV and
one at 1.382 eV. The first contains transitions from vqg-v39 t0 a9, 39, ¢33, and c34. The second

contains transitions from the same valence bands as the first, to cs3, ¢34, and cy7-c50 (see Table

Figure [7.13] shows both these excitons are almost entirely intralayer.

3.89°

The only peak, peak I, consists of two pairs of degenerate excitons at 1.372 eV and 1.377 eV.

both contain transitions from vsy-v47 to cg-css (see Table [D.61]).

Figure shows both these excitons are almost entirely intralayer.

7.7 Conclusion

In summary, I attempted to calculate the electronic and optical spectra of twisted MoSs homo-

bilayers with twist angles ranging from 21.79° to 3.89°.

To do that, I first considered the relaxed atomic structures calculated from classical force
fields. I found that, for small twist angles, the interlayer separation is a monotonic function of
twist angle, and was able to reproduce the relative ordering of smaller to larger interlayer sep-

arations for high-symmetry and large-twist angle stackings seen in previous theoretical work[55].
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I was then able to calculate the electronic band structures of all twist angles with up to sixth-
nearest neighbour hopping compared to third-nearest neighbour hopping in Ref. [5], and found

that the conduction manifold is qualitatively different between TB3 and TB6 calculations.

Next, I tried to calculate the optical absorbtion spectra of twisted MoSs homobilayers. Unfor-
tunately, I found that with the current methodology, I am not able to converge optical spectra
of anything but the largest twist-angled systems. However, even so, I am able to see hybrid
and interlayer excitons in twisted systems, as seen in principle in experimental work|58|. T am
also able to see the relatively twist-angle independent exciton binding energy of the intralayer

A peak|57|, which is the lowest-energy optically active exciton in all of the different spectra.
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Figure 7.8: Illustration of the real space distribution of the optically active excitons in 21.79°
twisted MoS, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.9: Tllustration of the real space distribution of the optically active excitons in 9.43°
twisted MoSs, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.10: Illustration of the real space distribution of the optically active excitons in 7.34°
twisted MoS, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.11: Illustration of the real space distribution of the optically active excitons in 6.01°
twisted MoS, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.12: Illustration of the real space distribution of the optically active excitons in 5.09°
twisted MoS, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.13: Illustration of the real space distribution of the optically active excitons in 4.41°
twisted MoS, bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Figure 7.14: Illustration of the real space distribution of the optically active excitons in 3.89°
twisted MoSs bilayers. The matrix elements show the probability associated with an electron
on one atom and a hole on another, with the first half of the atoms being on one layer and the
second on the other, and within a layer first all the Mo atoms, and then all the S atoms.
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Conclusion

8.1 Convergence

The overall conclusion of this work is that modelling excitons in twisted bilayers of transition
metal dichalcogenides by solving the Bethe—Salpeter in a tight-binding basis is a very promising
approach. However, it is not (yet) feasible to do so with a tight-binding model with a basis size
as comparatively large as this one, nor for very small twist angles. The smallest angle described
in this work is 3.48°, which is still more than twice as large as the largest angles studied in

most experimental work, and the results presented here are nowhere near converged.

However, there is information which can be gained from this nonetheless. In particular, I
believe the knowledge obtained from this work allows for a well informed approximations lead-

ing to reductions in system size.

Firstly, we have found in the untwisted systems that the cutoff energy plays a more impor-
tant role than the k-grid fineness in the convergence of the low-energy features of the optical
spectrum, see Figures and We have also seen from the binding energy dependence of the
energy of the lowest lying optical peak on twist angle, Fig. that it is important to include

the K and K’ points in the k-grid. A good minimum size of the k-grid would therefore be a

155
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triangular Brillouin zone sampling, including only I', K, and K’. This is the smallest uniform

Brillouin zone grid which includes both K and K’, at three k-points.

The second informed reduction in system size is the choice of orbitals included in the tight-
binding model. The electrons and holes involved in the optical peaks of both the twisted and
untwisted spectra are all strongly localized on the Mo atoms. This suggests a reduced basis
including only the five d-orbitals located on the Mo atoms might be sufficient for a good de-
scription of the character of the optically active excitons. A good first approach would be to
use the five-band tight-binding model described by MacDonald et al.[161], or even a three-band
tight-binding model as described in Ref. [206], and include spin-orbit and interlayer coupling
as a in the same way as in the model described in this work, by an onsite spin-orbit coupling

term and Slater—Koster parameters for the interlayer van-der-Waals interaction, respectively.

8.2 Electronic Properties

We developed a eleven-orbital per spin per layer tight-binding model including up to sixth-
nearest neighbour intralayer hopping and selected interlayer hoppings based on previous work
done by Refs. [1] and [5]. The sixth-nearest neighbour tight-binding model is successful in
that the description of the electronic bandstructure is markedly improved compared to the
third-nearest neighbour model. However, there are still qualitative differences compared to the
DFT bandstructure, even without considering spin, and the impact on the low energy optical
properties is minor. For future research, it would be interesting to focus more improving the

description of the interlayer hopping, which appears to be underestimated.

8.3 Optical Properties

I modelled the optical properties of MoSs; mono and bilayers by calculating their excitonic

spectra. To do this, I solved the Bethe-Salpeter equation in the tight-binding bases described
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above.

8.3.1 MoS,; monolayers

I am able to reproduce the low-energy parts of the optical spectrum of monolayer MoS, of a
much more computationally intensive GW-BSE calculation|6| reasonably well, see Figure .
In particular, the relative height and separation of the A and B peaks can be reproduced very

accurately.

8.3.2 Stacking configurations

Next, I focused on the five high-symmetry stackings of TMD bilayers. One of the most impor-
tant factors in modelling the interlayer interaction in TMD bilayers is the interlayer separation.
I calculated the atomic structures of the small unit cells of the high-symmetry stackings using
DFT calculations with Quantum Espresso, and was able to reproduce the interlayer separation

observed in experiments|55] up to 0.1A.

The stacking configuration has a significant qualitative impact on the properties of the op-

tically active excitons in MoS, bilayers. I found that two of the high-symmetry stackings

BMM BMX

include interlayer excitons, AB and stacking. and B*M transform into each other
through inversion and are not, themselves, inversion symmetric. This leads to energy splitting

between excitons in top and bottom layers, leading to layer-asymmetric excitons.

8.3.3 Twisted systems

Lastly, I focused on the optical properties of twisted TMD bilayers. The resulting unit cells
are too large to easily model their atomic structure using DFT. Nevertheless, as before, the
atomic structure has a significant impact on the electronic and excitonic properties. We model

their atomic structure using classical force fields with LAMMPS. Rather than resulting in the
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superposition of two rigidly flat monolayers with a constant interlayer separation, the interlayer
separation depends on the local stacking configuration, resulting in a buckled unit cell. The
horizontal, in-layer, distortion of the composite atoms, by contrast, is neglible, allowing us to

justify using the monolayer tight-binding model for the intralayer hoppings.

The optical properties of twisted MoS, bilayers are similarly computationally expensive to
model, not only because of the size of unit cell, but also because most of the low-energy ex-
citons in their spectra are “secretly momentum indirect” and are therefore optically dark. It
might be possible to reduce the size of the calculation by including a minimum cutoff energy
in addition to a maximum cutoff energy, although this would have to be pretty heuristic. A
more rigorous approach in this direction involves so-called band unfolding, in which the band-
structure of twisted systems is mapped back onto the untwisted Brillouin zone, as described

for instance in Ref. [207].

The first peak in all stacking and twisting geometries studied in this work are all intralayer
excitons. This matched with the observation that the direct gap in the untwisted systems is not
dependent on the interlayer distance, see Figure [6.14] as well as the fact that the first peaks all
appear at roughly the same energy. However, the higher energy peaks have a very interesting
excitonic structure, and it would be very interesting to see how this holds up in converged
calculations. This includes the fact that all twist angles for which more than one peak has been

calculated include hybrid or interlayer excitons.

8.4 Final thoughts

This project has not gone according to plan, but in the end, that is as it should be. A perfect
prediction is only possible based on perfect initial information, which would have made the

project redundant.

Excitons in twisted MoS, bilayers have very rich physics, and if I have contributed even a
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little to the knowledge we as the scientific community have about them (never mind the large

amounts of knowledge I personally gained), then I consider this project to have been successful.
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Appendix A

Tight-binding parameters

This appendix lists the tight-binding parameters for MoS, based on the wannierization proce-

dure described in Sec. B.4]
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Table A.1: Hopping parameters for MoS, in eV.

O2pp|A] v [eV] R[A| Ui

g m g m g m

2.617 | 4.077 -1.271 | 2.824 2.612 | 3.547 5.419

2717 | 3.723 -1.112 | 2.888 2.688 | 3.590 5.497

2.817 | 3.397 -0.983 | 2.952 2.759 | 3.630 5.528

2.917 | 3.097 -0.885 | 3.017 2.822 | 3.666 5.498

3.017 | 2.824 -0.818 | 3.080 2.872 | 3.696 5.386

3.117 | 2577 -0.792 | 3.143 2.899 | 3.722 5.158

3.217 | 2.355 -0.843 | 3.205 2.879 | 3.741 4.754

3.317 | 2.155 -1.138 | 3.265 2.739 | 3.754 4.045

3.417 | 1.975 -6.142 | 3.323 1.959 | 3.760 2.501

Table A.2: Fitting parameters for p — p-hopping for MoSs-MoS, bilayers. Taken from Table
S2 in Vitale et al. Note that v, for dz,, = 3.417A is very large compared to adjacent layer
separations. The Slater—Koster parameters resulting from these parameter sets are, however,
sufficiently close that we do not require a finer separation resolution. |5|
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d2pa| Al V [eV] a g Y

o 7r o T o T o 7T
4.208 | -0.400 -4.256 | -5.843 -10.332 | 2.386 1.710 | -4.784 -2.388
4.309 | -0.370 -4.508 | -5.455 -10.186 | 2.245 1.689 | -4.247 -2.412
4.409 | -0.388 -4.751 | -5.465 -10.050 | 2.171 1.666 | -4.045 -2.423
4.508 | -0.424 -4.988 | -5.588 -9.925 | 2.120 1.642 | -3.959 -2.422
4.609 |-0.472 -5.222 |-5.760 -9.813 | 2.081 1.616 | -3.933 -2.410
4.708 | -0.531 -5.461 | -5.957 -9.713 | 2.049 1.589 | -3.943 -2.387
4.809 | -0.603 -5.705 | -6.167 -9.627 | 2.022 1.561 | -3.979 -2.357
4.909 | -0.689 -5.949 | -6.382 -9.549 | 1.998 1.533 | -4.029 -2.318
5.008 | -0.789 -6.197 | -6.598 -9.482 | 1.976 1.504 | -4.092 -2.272

Table A.3: Fitting parameters for p, — d,2-hopping for MoS,-MoS, bilayers. Taken from Table
S3 in Vitale et al.|5]



Appendix B

Orbital character at band edges

This appendix details the orbital character of the bandstructures near the band edges at I' and
K for both different stacking configurations and twist angles, based on sixth-nearest neighbour

tight-binding calculations.
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Appendix B. Orbital character at band edges

Table B.1: Orbital character of I' and K band edges in monolayer MoS,; without spin (com-
parable IV in [1]. Qualitatively, the composition is the same between third- and sixth-nearest
neighbour model.

’ band H r K ‘
11 P, p) dé‘?, 4, dii)
10 vy, Y 2, ), ), d)
9 d .. dy) s, py, pie)
8 dsy), di! ¥, ¥, p)
7 pY, pt p, i, Y
6 | a2, 4, d%). d . ), di), d)
5 | 9, di?, d), de) |, dyy), d'_,
4 d) Y, pgc"), pg(/)
5 ORNO FONNCENORNE
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1 P, pt dy, d) . d2, di
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T? Ty ) Yy 9 x
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B s Vi >d<bi>T’dirygt> (oop)  (oo1)
o,top o,top 0,bo 0,bo o,top 0,bo
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zeé—ysl? Ty » Py ) P
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cp || 1700 | %, d\, d(" ;Y d(O 'j"“ 0.784 pe platey
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T J,7 €T ? ’ €T
P op) <eféop> d(%bog dleven)
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Table B.2: Orbital character and band energies (in V) of I' and K band edges in AA stacked
MoS, bilayers with spin. Qualitatively, the composition is the same between third- and sixth-

nearest neighbour model.
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Table B.3: Orbital character and band energies (in €V) of I' and K band edges in AB stacked
MoS, bilayers with spin. Qualitatively, the composition is the same between third- and sixth-
nearest neighbour model.
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Table B.4: Orbital character and band energies (in eV) of I and K band edges in BMX stacked
MoS, bilayers with spin. Qualitatively, the composition is the same between third- and sixth-
nearest neighbour model.
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Table B.5: Orbital character and band energies (in eV) of I' and K band edges in B*M stacked
MoS; bilayers with spin. Qualitatively, the composition is the same between third- and sixth-
nearest neighbour model.
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Table B.6: Orbital character and band energies (in eV) of I' and K band edges in BMM stacked
MoS, bilayers with spin. Qualitatively, the composition is the same between third- and sixth-
nearest neighbour model.
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Table B.7: Orbital character and band energies (in V) of I and K band edges in B** stacked
MoS; bilayers with spin. Qualitatively, the composition is the same between third- and sixth-
nearest neighbour model.



Appendix C

Optically active excitonic states

This appendix lists the indices, energies, and degeneracies of the optically active excitons in
both different stacking configurations and different twist angles, resulting from BSE calculations

based on sixth nearest neighbour tight-binding calculations.

C.1 Untwisted systems
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AB
Peak | energy (eV) | exciton state indices
I 1.3322 56 7,8
IT 1.3800 16
11 1.4757 25. 26, 27, 28
v 1.4892 44
Vv 1.5053 57, 58, 59 60
VI 1.6030 133, 134, 135, 136
VII 1.6334 177,178, 193
VIIL | 1.6523 999. 230, 231, 232
IX 1.6757 255

Table C.1: Indices of most optically active excitons contributing to peaks as labelled in Fig.
for AB-stacked MoSs homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.

AA

Peak | energy (eV) | exciton state indices
I 1.3343 7,8
I 1.4726 95. 26, 27, 28
I1I 1.5048 27, 58

v 1.6125 155, 156
v 1.6476 215, 216

VI 1.6616 239

Table C.2: Indices of most optically active excitons contributing to peaks as labelled in Fig.
6.15a), for AA-stacked MoS,; homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.

BMX
Peak | energy (eV) exciton state indices
I 1.3300 1,2
II 1.3336 7,8
111 1.4682 19, 20
IAY 1.4717 25, 26
Vv 1.5014 57, b8
VI 1.5066 61, 62
VII 1.6022 131, 132
VIII 1.6082 143, 144, 145, 146, 147, 148
IX 1.6442 215, 216
X 1.6473 223, 226

Table C.3: Indices of most optically active excitons contributing to peaks as labelled in Fig.
6.15¢, for BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.
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BMM
Peak | energy (eV) exciton state indices
I 1.3266 5,6, 7,8
IT 1.3869 13, 15
11 1.4610 25, 26, 27, 28
v 1.4723 37, 38, 39, 40
\% 1.4918 41, 42, 43, 44
VI 1.5270 69, 70, 71, 73, 75, 76
VII 1.5944 125, 126, 127, 128
VIII 1.5968 135
IX 1.6340 174, 176, 182, 184, 186, 188
X 1.6680 241, 242, 244

Table C.4: Indices of most optically active excitons contributing to peaks as labelled in Fig.
6.15¢, for BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

BXX

Peak | energy (eV) | exciton state indices
I 1.3341 5.6,7, 8
II 1.4722 17, 18, 19, 20
III 1.5049 57, 58, 59, 60
1AY 1.6117 137, 138, 139, 140
V 1.6479 913, 214, 215, 216

Table C.5: Indices of most optically active excitons contributing to peaks as labelled in Fig.
6.15d, for B**-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.



Appendix D

Most relevant transitions for optically

active excitonic states

D.1 Untwisted systems

This appendix lists the most relevant valence to conduction transitions contributing to the
optically active excitons in both untwisted and twisted MoS,; homobilayers as detailed in the
previous section, appendix [C| In all tables, the first three columns per exciton correspond to
k-point index (see Figures and for the meaning of the numeric k-point indices; K and
K’ are labelled as letters), the the conduction and valence band indices. In both cases, "0"
refers to the lowest energy band. The fourth column lists the magnitude of this contribution

relative to the complete exciton probability distribution as a percentage.
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[649, 281, 339, 501]
[648, 282, 338, 592
251, 679, 369, 561]

K, K'

[ ]
®

Figure D.1: Location in reciprocal space of indices of optically active excitons mentioned in
the tables in this appendix. Note the broken symmetry; this is likely an artifact of the finite,

asymmetric Brillouin zone.
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AB-stacked MoSs homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff

Table D.1: Most important transitions contributing to optically active excitons 5-8 (peak I) in
energy of 3.0 eV.
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Figure D.2: Location in reciprocal space of indices of optically active excitons mentioned in the
tables in this appendix for the coarsest k-grids used for the twisted systems.
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5 (1.380 eV)

26 [ 9.33%
26 | 9.24%
27 | 8.83%
27 | 8.74%

W W NN

K/
K
K
K/

Table D.2: Most important transitions contributing to optically active exciton 16 (peak II) in
AB-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff
energy of 3.0 eV.

25 (1.476 cV) 26 (1.476 cV) 27 (1.476 cV) 28 (1.476 cV)
K [2]24]616% | K [2[24[617% | K [3]25]617% | K |3[25[6.16%
K |2(24]616% |K |2|24[617% | K |3|25(617% |K' |3|25|6.16%
K |3[25]608% |K |3|25[6.08% | K |2|24(608% |K |2|24]6.08%
K'|3]25]608% | K |3|25[6.08% |K |2]24(608% |K |2]|24]6.08%

Table D.3: Most important transitions contributing to optically active excitons 25-28 (peak
III) in AB-stacked MoS,; homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

44 (1.489 eV)
649 [ 1] 27 | 2.37%
281 | 1|27 | 2.37%
339 | 0| 26 | 2.36%
591 | 0| 26 | 2.36%
591 | 1|27 | 2.35%
339 | 1|27 2.35%
281 | 0 | 26 | 2.35%
649 | 0 | 26 | 2.35%
620 | 1|26 | 2.26%
310 | 1|26 | 2.25%
620 | 0 | 27 | 2.25%
310 | 0 | 27 | 2.24%

Table D.4: Most important transitions contributing to optically active exciton 44 (peak IV) in
AB-stacked MoS; homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff
energy of 3.0 eV.
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57 (1.505 eV) 58 (1.505 eV) 59 (1.505 eV) 60 (1.505 eV)
K [0[27]861% K [0]27]863% | K |1]26]861% | K |1]26]8.63%
K' | 0]27]859% | K |0|27|861% |K |1|26|858% | K |1|26|8.60%
K |1]26/|857% K |1]26]|859% | K |0|27|856% |K |0]|27]|8.59%
K'|1]26|855% | K |1|26|857% |K' |0|27|855% | K |0|27|857%
K' | 1]27|459% | K | 1]27|456% | K |0]26|458% | K | 0|26 |4.56%
K' | 0]26]456% | K |0|26|454% | K' | 1|27 |457% | K | 1|27 | 4.54%
K | 1]27]456% K |1]27|454% | K |0|26|457% | K' | 0] 26| 4.54%
K |0]26]454% | K |0]26|452% | K | 1|27 |454% | K' | 1|27 4.52%

Table D.5: Most important transitions contributing to optically active excitons 57-60 (peak
V) in AB-stacked MoS,; homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

133 (1.603 eV) 134 (1.603 eV) 135 (1.603 eV) 136 (1.603 eV)
592 | 1126 | 1.86% | 592 | 0|26 | 1.77% | 251 | 0 | 27 | 1.86% | 679 | 1 | 27 | 1.77%
338 | 1126 |1.86% 338|026 | 1.77% | 679 | 0| 27| 1.86% | 251 | 1 | 27 | 1.77%
251 10|27 |1.8% | 679 | 1|27 | 1.76% | 592 | 1|26 | 1.85% | 592 | 0 | 26 | 1.76%
679 | 0|27 | 1.85% | 251 | 1 | 27| 1.76% | 338 | 1 | 26 | 1.85% | 338 | 0 | 26 | 1.76%
679 | 1|26 | 1.75% | 679 | 0 | 26 | 1.67% | 592 | 0 | 27 | 1.75% | 592 | 1 | 27 | 1.67%
251 | 1126 |1.75% | 251 | 0|26 | 1.67% |338 |0 |27 | 1.75% | 338 |1 |27 | 1.67%
592 | 0| 27 | 1.75% | 592 | 1| 27 | 1.67% | 679 | 1 | 26 | 1.75% | 679 | 0 | 26 | 1.67%
338 10|27 | 1.75% [ 338 | 1|27 | 1.67% | 251 | 1 |26 | 1.75% | 251 | 0 | 26 | 1.67%

Table D.6: Most important transitions contributing to optically active excitons 133-136 (peak
VI) in AB-stacked MoS; homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

177 (1.633 eV)
502 [ 3 | 26 | 2.91%
338 | 3| 26| 2.91%
679 | 2 | 27 | 2.91%
251 | 2 | 27 | 2.91%
679 | 3| 26 | 2.75%
251 | 3|26 | 2.75%
592 | 2 | 27 | 2.75%
338 | 2| 27 | 2.75%

178 (1.633 &V)
592 [ 2 | 26 | 3.33%
338 | 2 | 26 | 3.33%
679 | 3| 27 | 3.32%
251 | 3| 27 | 3.32%
679 | 2 | 26 | 3.07%
251 | 2 | 26 | 3.07%
592 | 3 | 27 | 3.06%
338 | 3| 27 | 3.06%

193 (1.635 eV)
619 [ 124 | 2.01%
311 | 1|24 | 2.01%
340 | 0 | 25 | 2.01%
500 | 0| 25 | 2.01%
500 | 1|24 | 1.95%
340 | 1|24 | 1.95%
3110 | 25 | 1.95%
619 | 0 | 25 | 1.95%

Table D.7: Most important transitions contributing to optically active excitons 177, 178, and
192 (peak VII) in AB-stacked MoS; homobilayers in vacuum. The calculation
k-grid and a cutoff energy of 3.0 eV.

used a 30x30



194 Appendix D. Most relevant transitions for optically active excitonic states

229 (1.652 ¢V) 230 (1.652 eV) 231 (1.652 cV) 232 (1.652 oV)

K [2[24[1424% | K [2[24 ] 14.24% | K [ 325 | 14.24% | K | 3 [ 25 | 14.23%
K'|2|24]14.24% | K | 2|24 | 14.24% | K | 3| 25| 14.24% | K’ | 3 | 25 | 14.23%
K' | 3]25|14.22% | K | 3|25 14.22% | K | 2|24 | 14.22% | K’ | 2 | 24 | 14.22%
K |3]25|1422% | K' | 3]25]14.22% | K | 2|24 | 14.22% | K | 2 | 24 | 14.22%

Table D.8: Most important transitions contributing to optically active excitons 229-232 (peak
VIII) in AB-stacked MoS; homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.

255 (1.676 cV)
561 | 3 | 27 | 3.20%
369 | 3| 27 | 3.29%
282 | 2 | 26 | 3.29%
648 | 2 | 26 | 3.29%
648 | 3 | 27 | 3.05%
282 | 3| 27 | 3.05%
369 | 2 | 26 | 3.05%
561 | 2| 26 | 3.05%

Table D.9: Most important transitions contributing to optically active exciton 255 (peak IX) in
AB-stacked MoSs homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff
energy of 3.0 eV.

7 (1.334 eV) 8 (1.334 eV)
K227 1755% | K | 227 7.55%
K |2/|27|754% | K' | 2|27 | 7.54%
K'|0]26|671% | K |0]|26|6.71%
K |0|26]671% | K |0|26]|6.71%

Table D.10: Most important transitions contributing to optically active excitons 7 and 8 (peak
I) in AA-stacked MoSs homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.
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27 | 5.19%
27 | 5.16%
27 | 5.16%

27 | 5.19% | 649
27 | 5.16% | 339
27 | 5.16% | 591

281
591
339

25 (1.4726 cV) 26 (1.4726 cV) 27 (1.4732 V) 28 (1.4732 V)
K'[37]25]5.50% | 620 [3]25]5.50% | 619 | 1] 27 [ 5.46% | 311 | 1 | 27 | 5.46%
K |3]25|550% | 310 | 3|25|550% | 311 | 1|27 | 5.46% | 619 | 1 | 27 | 5.46%
K' | 1]24]4.93% | 620 | 1|24|4.93% | 650 | 1|27 |545% | 280 | 1 | 27 | 5.45%
K |1]24/493% 310 |1|24|493% | 280 | 1|27 |545% | 650 | 1 | 27 | 5.45%

590 | 1|27 |5.43% | 340 | 1| 27 | 5.43%
340 | 1|27 | 5.43% | 590 | 1 | 27 | 5.43%
621 | 1|27 |541% | 309 | 1|27 | 5.41%
309 | 1|27 |541% | 621 | 1|27 | 5.41%
649 | 1|27 | 5.19% | 281 | 1| 27 | 5.19%

1 1

1 1

1 1

Table D.11: Most important transitions contributing to optically active (pair of degenerate)
excitons 25-28 (peak II) in AA-stacked MoS, homobilayers in vacuum. The calculation used a
30x30 k-grid and a cutoff energy of 3.0 eV.

57 (1.505 eV) 58 (1.505 eV)
K [2]2711947% | K | 2| 27 | 19.47%
K |2/|27|1947% | K' | 2|27 | 19.47%
0 0
0 0

K’ 26 | 14.14% | K 26 | 14.14%
K 26 | 14.14% | K 26 | 14.14%

Table D.12: Most important transitions contributing to optically active excitons 57 and 58
(peak III) in AA-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

155 (1.613 V) 156 (1.613 V)
338 (327 [3.78% | 592 | 3 | 27 | 3.78%
592 | 3| 27 | 3.78% | 338 | 3 | 27 | 3.78%
251 | 3|27 | 2.86% | 679 | 3 | 27 | 2.86%
679 | 3|27 | 2.86% | 251 | 3 | 27 | 2.86%
338 | 126 |2.73% | 592 | 126 |2.72%
592 | 1|26 | 2.73% | 338 | 1| 26 | 2.72%
251 | 126 |2.05% | 679 | 1|26 | 2.05%
679 | 1|26 | 2.05% | 251 | 1|26 | 2.05%

Table D.13: Most important transitions contributing to optically active excitons 155 and 156
(peak IV) in AA-stacked MoSs homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.
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215 (1.648 cV) 216 (1.648 cV)

K [37]25]19.79% | 310 [ 3|25 [ 19.79%
K' | 3]25]19.79% | 620 | 3| 25 | 19.79%
K | 1]24]14.06% | 310 | 1|24 | 14.06%
K' [ 1|24 ]14.06% | 620 | 1 | 24 | 14.06%

Table D.14: Most important transitions contributing to optically active excitons 215 and 216
(peak V) in AA-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

1 (1.330 &V) 2 (1.330 eV)
K [0]27[11.96% | K' [ 0] 27 | 11.96%
K' | 0]27]11.96% | K | 0|27 | 11.96%

Table D.15: Most important transitions contributing to optically active excitons 1 and 2 (peak
I) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

7 (1.334 V) 8 (1.334 V)
K [1]26]14.11% | K [ 1] 26| 14.11%
K |1]26|14.11% | K' | 1|26 |14.11%

Table D.16: Most important transitions contributing to optically active excitons 7 and 8 (peak
I1) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

19 (1.468 eV) 20 (1.468 cV)
K'[2]25[12.43% | 620 | 2 | 25 | 12.43%
K | 2|25 |1243% | 310 | 2 | 25 | 12.43%

Table D.17: Most important transitions contributing to optically active excitons 19 and 20
(peak III) in BMX-stacked MoS, homobilayers in vacuum. The calculation used a 30x 30 k-grid
and a cutoff energy of 3.0 eV.

25 (1472 &V) 26 (1.472 eV)
K'[37]24[853% | 620 | 3 | 24 | 8.54%
K | 3|24 |853% | 310 | 3|24 | 8.54%
K' | 0] 24|386% | 620 | 0| 24 | 3.86%
K | 0]24]|386% |310|0 |24 | 3.86%

Table D.18: Most important transitions contributing to optically active excitons 25 and 26
(peak IV) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

57 (1501 ¢V) 58 (1.501 ¢V)
K'[0[27]2677% | K | 027 ] 26.77%
K |0|27]26.77% | K' | 0|27 | 26.77%

Table D.19: Most important transitions contributing to optically active excitons 57 and 58
(peak V) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.
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61 (1.507 eV) 62 (1.507 eV)
K [1]26]19.74% | K [ 126 [ 19.74%
K'|1]26]19.74% | K | 1|26 | 19.74%

Table D.20: Most important transitions contributing to optically active excitons 61 and 62
(peak VI) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

131 (1.602 V) 132 (1.602 eV)
679 [ 027 [557% | 251 ] 0 | 27 | 5.57%
251 | 0|27 | 557% | 679 | 0 | 27 | 5.57%
592 | 0 | 27 | 4.49% | 338 | 0 | 27 | 4.49%
338 | 0| 27 | 4.49% | 592 | 0 | 27 | 4.49%

Table D.21: Most important transitions contributing to optically active excitons 131 and 132
(peak VII) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x 30 k-grid
and a cutoff energy of 3.0 eV.

143 (1.6080 eV) 144 (1.6080 eV)
338 (127 [5.77% | 592 [ 1] 27| 5.76%
592 | 1|27 | 5.77% | 338 | 1| 27 | 5.76%
251 | 1|27 3.96% | 679 | 1|27 | 3.96%
679 | 1|27 |3.96% | 251 | 1| 27| 3.96%

145 (1.6083 V) 146 (1.6083 V)
679 [ 127 ]2.99% | 251 [ 1] 27 3.00%
251 | 1|27 |2.99% | 679 | 1|27 | 3.00%
678 | 1|27 | 1.77% | 252 | 1| 27 | 1.77%
252 | 1|27 | 1.77% | 678 | 1| 27 | 1.77%
592 | 1|26 | 1.60% | 338 | 1|26 | 1.60%
338 | 126 1.60% | 592 | 1| 26 | 1.60%
562 | 1|27 | 1.28% | 368 | 1|27 | 1.27%
368 | 1|27 | 1.28% | 562 | 1| 27| 1.27%

147 (1.6092 V) 148 (1.6092 V)
3411027 3.76% | 589 [ 0| 27 | 3.75%
589 | 0| 27 | 3.76% | 341 | 0 | 27 | 3.75%
338 | 0| 27| 2.43% | 592 | 0 | 27 | 2.43%
592 | 0| 27 | 2.43% | 338 | 0 | 27 | 2.43%
341 | 1|27 | 2.40% | 589 | 1| 27 | 2.40%
589 | 1|27 | 2.40% | 341 | 1 | 27 | 2.40%
340 | 1|27 | 2.09% | 590 | 1| 27 | 2.09%
590 | 1|27 | 2.09% | 340 | 1 | 27 | 2.09%
311|127 207% | 619 | 1|27 | 2.07%
619 | 1|27 |2.07% | 311 | 1|27 | 2.07%
251|027 |1.99% | 679 | 0| 27 | 1.99%
679 | 0| 27 | 1.99% | 251 | 0 | 27 | 1.99%

Table D.22: Most important transitions contributing to optically active excitons 143-148 (peak
VIII) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.
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215 (1.644 oV) 216 (1.644 oV)
K [2]25]3017% | K [2]25[30.17%
K'|2(25]3017% | K | 2| 25| 30.17%

Table D.23: Most important transitions contributing to optically active excitons 215 and 216
(peak IX) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

223 (1.647 cV) 226 (1.647 cV)

K [1]24]13.04% | K [ 124 14.43%
K' | 1]24[13.04% | K | 1|24 | 14.43%
K |0|24| 772% | K | 0|24 6.83%
K'|0]24] 7.72% | K | 0| 24| 6.83%
K |3|24] 690% |K' |3|24| 6.44%
K'|3]24] 690% | K | 3|24 6.44%

Table D.24: Most important transitions contributing to optically active excitons 223 and 226
(peak X) in BMX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

D.1.1 AB-stacked MoS, homobilayers

D.1.2 AA-stacked MoS; homobilayers

D.1.3 BMZX_stacked MoS, homobilayers

D.1.4 BMM_stacked MoS, homobilayers

5 (1.327 eV) 6 (1.327 &V) 7 (1.327 V) 8 (1.327 V)
K [0[27[471% | K [0]27 [472% | K [ 1]26]466% | K | 1]26]4.64%
K | 1]26|468% | K |1]26|4.69% |K |0]27|463% | K |0|27|4.62%
K |0/]27|455% | K' | 0]27|456% | K |1]26|4.62% | K |1]26|4.61%
K' | 1]26|450% | K |1]26|451% | K | 0|27 |457% | K | 0|27 | 4.56%
K' | 1]27|251% | K | 1]27|250% | K |0]26|247% | K | 026 | 2.48%
K |0|26|248% | K |0|26|247% | K | 1|27 |244% | K | 1|27 | 2.45%
K |1|27]241% | K |1|27]240% | K |0|26|243% | K | 0|26 | 2.45%
K'|0]26|240% | K |0]26|239% | K |1]|27|242% | K | 1|27 |244%

Table D.25: Most important transitions contributing to optically active excitons 5-8 (peak I) in
BMM_stacked MoS,; homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff
energy of 3.0 eV.
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13 (1.330 eV) 15 (1.380 eV)
K [3]27]967% | K | 226 ]9.33%
K |2/]26|914% | K'| 2|26 | 9.24%
K |3]27]890% | K | 3|27 |8.83%
K'|2]26|842% | K | 3|27 | 8.74%

Table D.26: Most important transitions contributing to optically active excitons 13 and 15
(peak II) in BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

25 (1.461 oV) 26 (1.461 oV) 27 (1.461 eV) 28 (1.461 oV)
K [2[24]616% | K [2[24[617% |K [3[25[617% | K | 325 6.16%
K |2]24]616% K |2]24]617% | K |3|25|617% | K' | 3|25/ 6.16%
K |3]25]608% K |3]25]608% | K |2|24|608% | K |2]|24]6.08%
K'|3]25]608% | K |3|25|608% | K |2|24|608% | K |2|24|6.08%

Table D.27: Most important transitions contributing to optically active excitons 25-28 (peak
III) in BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.

37 (1.483 V) 38 (1.483 V) 39 (1.483 V) 40 (1.483 V)
649 [ 0 [ 26 [ 1.68% | 281 [ 1 | 26 | 1.54% | 339 | 1| 27 | 1.68% | 591 | 0 | 27 | 1.54%
281|026 | 1.68% | 649 | 1 |26 | 1.54% | 591 | 1 | 27 | 1.68% | 339 | 0 | 27 | 1.54%
339 | 1]27 | 1.67% | 591 | 0 | 27 | 1.53% | 649 | 0 | 26 | 1.67% | 281 | 1 | 26 | 1.53%
591 | 1] 27| 1.67% | 339 |0 |27 | 1.53% | 281 | 0 | 26 | 1.67% | 649 | 1 | 26 | 1.53%
591|026 | 1.65% | 339 | 1|26 | 1.53% | 281 | 1 | 27 | 1.65% | 649 | 0 | 27 | 1.52%
339 | 026 | 1.65% | 591 | 1|26 | 1.53% | 649 | 1 | 27 | 1.65% | 281 | 0 | 27 | 1.52%
281 | 1[27 | 1.64% | 649 | 0 | 27 | 1.52% | 591 | 0 | 26 | 1.64% | 339 | 1 | 26 | 1.52%
649 | 1|27 | 1.64% | 281 | 0 | 27 | 1.52% | 339 | 0 | 26 | 1.64% | 591 | 1 | 26 | 1.52%

Table D.28: Most important transitions contributing to optically active excitons 37-40 (peak
IV) in BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.
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41 (1.492 V) 42 (1.492 eV) 437 (1.492 V) 44 (1.492 eV)
K [0]27[227% | 339]0]26237% | K |1]26]227% | 649 | 1|27 ] 2.37%
K | 0]27]226% |591|0|26|237% | K |1]26|226% | 281|127 |237%
K' | 1]26|225% | 649 | 1|27 |236% | K' | 0|27|225% | 339|026 2.36%
K | 1]26|225% | 281|127 |236% | K |0]27|225% | 591 |0 |26 | 2.36%
591 | 126 |2.17% | 281 |0 |26 |2.35% | 281 | 0 | 27 | 2.17% | 591 | 1 | 27 | 2.35%
339 | 126 |217% | 649 | 0|26 | 2.35% | 649 | 0 | 27 | 2.17% | 339 | 1 | 27 | 2.35%
281 | 0| 27| 217% | 591 | 1|27 | 2.35% | 591 | 1|26 | 2.17% | 281 | 0 | 26 | 2.35%
649 | 0 | 27 | 217% | 339 | 1| 27 | 2.35% | 339 | 1| 26 | 2.17% | 649 | 0 | 26 | 2.35%
281126 |216% | K |0]27|226% | 591 | 0|27|216% | K | 1|26/ 2.26%
649 | 126 |2.16% | K' | 0|27 |225% | 339 |0 |27|216% | K |1|26]|225%
591 0|27 | 215% | K |1]26|225% | 649 | 1|26 |215% | K |0 |27 | 2.25%
339 | 027 |215% | K' | 1]26|224% | 281 |1|26|215% | K' |0 |27 | 2.24%

Table D.29: Most important transitions contributing to optically active excitons 41-44 (peak
V) in BM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

69 (1.519 V) 70 (1.519 eV) 71 (1.519 eV)
K [3[27]1386% | K |3 [27]1386% | K | 2| 26 | 13.86%
K'|3|27|1386% | K |3|27|13.86% | K |2 |26 | 13.86%
K'|2]26|13.74% | K | 2|26 | 13.74% | K | 3| 27 | 13.74%
K |2]26|13.73% | K' | 2|26 | 13.73% | K’ | 3 | 27 | 13.73%

73 (1.526 V) 75 (1.526 eV) 76 (1.526 V)
K[1[24] 680% | K[0|25] 6.80% | K [0]25] 6.80%
K'|1|24] 680% |K |0|25| 6.80% | K |0|25| 6.80%
K'|0]25| 482% |K' | 1|24 481% | K | 1|24 | 4.82%
K |0[25| 48% | K | 1|24 481% |K' |1]24 | 4.82%
K|0|24]|360% | K|1|25]| 3.61% |K' |1]25] 3.60%
K'| 0|24 360% | K |1]25] 3.61% | K |1]|25] 3.60%
K'|1]25| 255% |K' |0]24] 255% | K |0]|24] 2.55%
K|1]25|255% | K |0|24] 255% |K' |0]|24] 2.55%

Table D.30: Most important transitions contributing to optically active excitons 69, 70, 71, 73,
75, 76 (peak VI) in BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x 30
k-grid and a cutoff energy of 3.0 eV.
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125 (1.594 eV) 126 (1.594 ¢V) 127 (1.594 eV) 128 (1.594 ¢V)
591 [ 227 [ 245% | 591 [ 327 [ 2.39% | 281 [ 3726 [ 2.45% | 281 [ 2 [ 26 | 2.39%
339 | 2| 27| 2.45% | 339 | 3| 27 | 2.39% | 649 | 3| 26 | 2.45% | 649 | 2 | 26 | 2.39%
281 | 3|26 | 2.44% | 281 | 2 | 26 | 2.38% | 591 | 2 | 27 | 2.44% | 591 | 3 | 27 | 2.38%
649 | 3|26 | 2.44% | 649 | 2 | 26 | 2.38% | 339 | 2 | 27 | 2.44% | 339 | 3 | 27 | 2.38%
281 | 2| 27 | 2.40% | 281 | 3| 27 | 2.35% | 591 | 3| 26 | 2.40% | 591 | 2 | 26 | 2.35%
649 | 2| 27 | 2.40% | 649 | 3| 27 | 2.35% | 339 | 3| 26 | 2.40% | 339 | 2 | 26 | 2.35%
591 | 3|26 | 2.40% | 591 | 2| 26 | 2.35% | 281 | 2 | 27 | 2.40% | 281 | 3 | 27 | 2.35%
339 | 3| 26| 2.40% | 339 | 2| 26 | 2.35% | 649 | 2 | 27 | 2.40% | 649 | 3 | 27 | 2.35%

Table D.31: Most important transitions contributing to optically active excitons 125-128 (peak
VII) in BMM_gtacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and
a cutoff energy of 3.0 eV.

174 (1.629 eV) 176 (1.629 V)
282 [0 | 26 | 1.40% | 369 | 1| 27 | 1.40%
648 | 0| 26 | 1.40% | 561 | 1 | 27 | 1.40%
369 | 1|27 | 1.40% | 648 | 0 | 26 | 1.40%
561 | 1|27 | 1.40% | 282 | 0 | 26 | 1.40%
369 | 0|26 | 1.36% | 648 | 1| 27 | 1.36%
561 | 0| 26 | 1.36% | 282 | 1 | 27 | 1.36%
648 | 1|27 | 1.36% | 369 | 0 | 26 | 1.36%
282 | 1|27 | 1.36% | 561 | 0 | 26 | 1.36%

182 (1.634 eV) 184 (1.634 eV)

K [0[24[1.70% | K | 1]25]1.70%
K' | 0]24|1.70% | K |1]25|1.70%
K |1]25|1.70% | K |0]24|1.70%
K' | 1]25|1.70% | K' | 024 | 1.70%
591 | 0| 24 | 1.48% | 649 | 1 | 25 | 1.49%
339 | 0|24 | 1.48% | 281 | 1| 25 | 1.49%
649 | 1|25 | 1.48% | 591 | 0 | 24 | 1.49%
281 | 1|25 | 1.48% | 339 | 0| 24 | 1.49%
649 | 0| 24 | 1.46% | 339 | 1| 25 | 1.47%
281 | 0|24 | 1.46% | 591 | 1 | 25 | 1.47%
339 | 1]25|1.46% | 649 | 0 | 24 | 1.47%
591 | 1] 25| 1.46% | 281 | 0 | 24 | 1.47%

186 (1.634 V) 188 (1.634 eV)
649 [ 1] 24 [2.00% | 591 ] 0 | 25 | 2.00%
281 | 1|24 |2.00% | 339 | 0| 25| 2.00%
591 | 0|25 | 1.99% | 281 | 1| 24 | 1.99%
339 | 0|25 1.99% | 649 | 1| 24 | 1.99%
591 | 1|24 | 1.99% | 281 | 0 | 25 | 1.98%
339 | 1]24|1.99% | 649 | 0 | 25 | 1.98%
281 | 0|25 | 1.97% | 591 | 1| 24 | 1.98%
649 | 0| 25 | 1.97% | 339 | 1| 24 | 1.98%

Table D.32: Most important transitions contributing to optically active excitons 174, 176, 182,
184, 186, 188 (peak VIII) in BMM_stacked MoS, homobilayers in vacuum. The calculation used
a 30x30 k-grid and a cutoff energy of 3.0 eV.
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241 (1.663 cV) 242 (1.663 cV) 244 (1.663 cV)
K [1]24]917% | K [1]24]917% |K' [0]25]9.17%
K |1]24]917% |K' |1]24]917% | K | 0|25/ 9.17%
K |0]25]9.00% | K |0]25]9.00% | K |1|24]|9.09%
K'|0]25]9.00% | K |0|25]9.09% | K |1|24]9.09%
K'|0]24]486% | K |0|24|486% |K' |1|25]|4.86%
K |0]24]486% | K |0|24|486% | K |1|25]|4.86%
K |1]25]482% | K |1]25]482% | K |0|24]|482%
K [1]25]482% | K |1]25|482% |K | 0|24 ]|4.82%

Table D.33: Most important transitions contributing to optically active excitons 241, 242, 244
(peak IX) in BMM_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid
and a cutoff energy of 3.0 eV.

D.1.5 BXX*-stacked MoS, homobilayers

5 (1.334 eV) 6 (1.334 eV) 7 (1.334 eV) 8 (1.334 eV)
K [1[26]712% | K[0][26]7.12% | K [0]27|713% | K | 1] 27 7.13%
K'|0]26|712% | K |1]26|712% |K'|1]27|713% | K | 027 | 7.13%
K|1]26|711% | K |1]26|711% | K | 0|27 |7.10% | K'| 0|27 | 7.10%
K |0|26|711% K |0]26|711% | K | 1|27|7.10% | K' | 1|27 7.10%

Table D.34: Most important transitions contributing to optically active excitons 5-8 (peak I) in
BXX_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a cutoff
energy of 3.0 eV.

17 (1.472 &V) 18 (1.472 V) 19 (1.472 V) 20 (1472 eV)
K [2[25[1232% | K [ 225 1232% | K | 3|24 [ 12.32% | K | 3 | 24 | 12.32%
K |2|24]11.87% | K |2 |24|11.87% | K | 3 |25|11.87% | K | 3 | 25 | 11.87%

Table D.35: Most important transitions contributing to optically active excitons 17-20 (peak
IT) in B**-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

57 (1.505 eV) 58 (1.505 eV) 59 (1.505 eV) 60 (1.505 eV)
K [1]26]955% | K [0[26]957% |K |[0[27[958% | K |1]27]955%
K |1]26]952% | K |0]26]954% | K |0|27]95% | K |1]|27]|9.52%
K |0|26]950% | K |1|26]953% | K |1|27]953% | K |0]|27]|951%
K'|0]26]946% | K |1|26]950% | K |1|27|949% | K' |0 |27 |9.47%
K'|0]27]684% | K |1|27681% | K |1|26)|681% |K' | 0|26 |6.83%
K|0[27/680% | K |1|27|678% | K |1|26|678% | K |0]26|6.80%
K |1]27]679% | K |0|27]676% | K |0|26|676% | K |1]|26]|6.79%
K' | 1]27]67% | K |0|27673% | K |0|26|672% |K' | 1|26 |6.75%

Table D.36: Most important transitions contributing to optically active excitons 57-60 (peak
I11) in BXX-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.
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137 (1.612 eV) 138 (1.612 eV) 139 (1.612 eV) 140 (1.612 eV)
338 | 2|27 |2.64% | 592 | 3| 27| 2.95% | 251 | 2|26 |281% | 679 | 2 | 26 | 2.55%
592 | 2 | 27 | 2.64% | 338 | 3| 27 | 2.95% | 679 | 2 | 26 | 2.81% | 251 | 2 | 26 | 2.55%
338 | 3127 |225% 592 | 2|27 |200% | 251 | 3|26 |2.15% | 592 |2 |26 |241%
592 | 3|27 | 2.25% | 338 | 2| 27 | 2.00% | 679 | 3 | 26 | 2.15% | 338 | 2 | 26 | 2.41%
251 1327 |1.91% | 679 | 3 | 27| 1.99% | 338 | 3|26 | 2.08% | 679 | 3 | 26 | 2.32%
679 | 3|27 | 1.91% | 251 | 3 | 27 | 1.99% | 592 | 3 | 26 | 2.08% | 251 | 3 | 26 | 2.32%
251|227 | 1.73% | 679 | 2|27 | 1.72% | 338 | 2 | 26 | 1.62% | 592 | 3 | 26 | 1.25%
679 | 2|27 | 1.73% | 251 | 2| 27 | 1.72% | 592 | 2 | 26 | 1.62% | 338 | 3 | 26 | 1.25%

Table D.37: Most important transitions contributing to optically active excitons 137-140 (peak
IV) in B¥%-stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

213 (1.648 cV)

214 (1.648 cV)

215 (1.648 cV)

216 (1.648 cV)

K' |3
K |3
K' |2
K |2

24
25
25
24

23.53%
22.68%
9.58%
9.23%

K' |3
K |3
K' |2
K|2

24
25
25
24

23.54%
22.69%
9.57%
9.22%

K/
K
K/
K

2

2
3
3

25
24
24
25

23.54%
22.68%
9.57%
9.23%

KI
K
K/
K

2

2
3
3

25
24
24
25

23.53%
22.67%
9.58%
9.24%

Table D.38: Most important transitions contributing to optically active excitons 213-216 (peak
V) in BX¥¥_stacked MoS, homobilayers in vacuum. The calculation used a 30x30 k-grid and a
cutoff energy of 3.0 eV.

D.2

D.2.1 21.79° twisted MoS, homobilayers

Twisted systems

49 (1.331 eV)

54 (1.331 eV)

60 | 0
99 |1
69 | 1
92 |1
o1 |3
61 | 3
68 | 3

195
195
195
195
194
194
194

44.77%
8.19%
8.19%
7.98%
7.31%
7.29%
7.14%

30
29
39
22
21
31
38

1
1
1
1
3
3
3

194
195
195
195
194
194
194

44.69%
8.18%
8.18%
7.97%
7.20%
7.19%
7.05%

Table D.39: Most important transitions contributing to optically active excitons 49 and 54
(peak I) in 21.79° twisted MoSy homobilayers in vacuum. The calculation used a 9x9 k-grid
and a cutoff energy of 2.3 eV.
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345 (1472 &V) 346 (1.472 eV)

30 [ 2193 [ 21.03% | 60 | 2 | 193 | 20.84%

60 | 2| 193 | 18.25% | 30 | 2 | 193 | 18.03%
349 (1472 eV)

30 [ 31192 [ 33.29%

3900|193 | 7.18%

29 | 0| 193 | 7.18%

2210|193 | 7.02%

60 | 3 |192 | 6.48%

312192 | 6.27%

21| 2192 | 6.26%

38 (2192 | 6.19%

Table D.40: Most important transitions contributing to optically active excitons 345, 346, 349
(peak II) in 21.79° twisted MoS, homobilayers in vacuum. The calculation used a 9x9 k-grid

and a cutoff energy of 2.3 eV.

461 (1.495 eV) 463 (1.495 V)
60 [ 0195 [ 51.40% | 30 | 1| 194 | 51.41%
68 | 3| 194 | 10.09% | 38 | 3 | 194 | 10.02%
59| 1]195 | 7.99% |39 |1 |195 | 8.03%
69 | 1]195| 7.97% |29 |1 |195 | 8.00%

Table D.41: Most important transitions contributing to optically active excitons 461 and 463
(peak IIT) in 21.79° twisted MoS, homobilayers in vacuum. The calculation used a 9x9 k-grid

and a cutoff energy of 2.3 eV.

1277 (1.637 &V)

1283 (1.638 V)

30| 2193 |33.93% | 30 | 3| 192 | 54.68%
60 | 2] 193 | 22.68% |22 |0 | 193 | 6.02%
2910|193 | 4.70%
3910|193 | 4.66%
21 | 21192 | 2.59%
3112192 | 2.5

Table D.42: Most important transitions contributing to optically active excitons 1277 and 1283
(peak IV) in 21.79° twisted MoS, homobilayers in vacuum. The calculation used a 9x9 k-grid

and a cutoff energy of 2.3 eV.
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1604 (1.667 eV) 1605 (1.667 eV)
532195 4.31% | 53 | 2 | 195 | 3.69%
77121195 | 3.64% | 37 | 2| 195 | 3.26%
372195 | 3.03% | 77| 2 | 195 | 3.16%
13| 2] 195 | 2.64% | 13 | 2 | 195 | 2.89%
44 |5 (193 | 2.42% | 44 | 5 | 193 | 2.09%
50 | 2| 195 | 2.03% | 46 | 5 | 193 | 1.87%

1622 (1.669 V)

7713194 [ 5.80%
53 | 3| 194 | 4.93%
13| 3| 194 | 4.76%
37| 3194 | 3.94%

Table D.43: Most important transitions contributing to optically active excitons 1604, 1605,
1622 (peak V) in 21.79° twisted MoSy homobilayers in vacuum. The calculation used a 9x9
k-grid and a cutoff energy of 2.3 eV.

605 (1.353 eV) 606 (1.353 eV)
28 [ 011029 | 15.16% | 14 | 0 | 1029 | 15.17%
14 [ 1] 1028 | 8.92% |28 | 1| 1028 | 8.91%
34 (2|1029 | 6.14% | 8 | 21029 | 6.14%
27 | 2| 1029 | 6.13% | 15| 2 | 1029 | 6.13%
232 |1029 | 6.11% | 19| 2| 1029 | 6.11%
22 | 3| 1028 | 5.84% |20 |3 | 1028 | 5.84%
29 | 3| 1028 | 5.82% |13 |3 | 1028 | 5.82%
33 (3| 1028 | 580% | 9 |3 |1028 | 5.80%

621 (1.354 eV) 622 (1.354 V)
14 [ 1] 1028 [ 15.38% | 28 [ 1 | 1028 | 15.39%
28 | 0| 1029 | 9.13% | 14| 0 | 1029 | 9.13%
13 [ 2] 1029 | 6.14% |29 | 2| 1029 | 6.14%
20 | 2|1029 | 6.13% | 222 |1029 | 6.13%
9 | 211029 | 6.10% |33|2]1029 | 6.11%
15 | 3| 1028 | 5.86% |27 | 3| 1028 | 5.87%
8 | 3]1028 | 5.84% |34 |3|1028 | 5.85%
19 | 3] 1028 | 5.82% |23 |3 | 1028 | 5.82%

Table D.44: Most important transitions contributing to optically active excitons 605, 606, 621
and 622 (peak I) in 9.43° twisted MoS; homobilayers in vacuum. The calculation used a 6x6
k-grid and a cutoff energy of 1.85 eV.
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3904 (1.520 eV)
14101029 [ 34.54%
28 | 1| 1028 | 26.22%
3972 (1.523 V) 3073 (1.523 V)
14 111028 [37.30% | 28 [ 1 | 1028 | 37.30%
28 | 0| 1029 | 29.16% | 14 1029 | 29.16%

Table D.45: Most important transitions contributing to optically active excitons 3904, 3972
and 3973 (peak II) in 9.43° twisted MoS, homobilayers in vacuum. The calculation used a 6x6
k-grid and a cutoff energy of 1.85 eV.

4755 (1.546 V)

18
3
29
33
14
28
23
8

15
14
21
21
0
1
23
21

1024
1025
1029
1029
1029
1028
1028
1029

4.42%
4.38%
4.19%
3.81%
3.67%
3.56%
3.47%
3.45%

Table D.46: Most important transitions contributing to optically active excitons 4755 (peak
III) in 9.43° twisted MoSs homobilayers in vacuum. The calculation used a 6x6 k-grid and a
cutoff energy of 1.85 eV.

7332 (1.608 eV) 7337 (1.608 eV) 7350 (1.608 eV) 7353 (1.608 eV)
29 9 [ 1029 [ 10.31% | 29 [ 9 [ 1029 | 7.38% | 19 | 10 | 1029 | 7.31% | 16 | 7 | 1027 | 6.07%
33| 6 | 1029 | 2.98% | 16 | 6 | 1027 | 5.31% | 33 | 11 | 1029 | 3.56% | 10 | 8 | 1029 | 5.96%
32| 2 | 1028 | 2.92% |19 | 4| 1029 | 4.58% | 23 | 14 | 1028 | 2.77% | 15 | 2 | 1029 | 4.02%
30| 1 [1027 | 2.76% |24 | 6 | 1027 | 4.12% | 34 | 6 | 1028 | 2.45% | 17 | 9 | 1028 | 3.99%
16 | 6 | 1027 | 2.58% | 25| 6| 1029 | 3.47% | 10 | 2 | 1029 | 2.14% | 24 | 7 | 1027 | 3.68%
9 | 11| 1028 | 2.26% |33 |4 1029 | 3.10% | 29 | 11 | 1029 | 2.05% | 2 | 7| 1027 | 3.60%
22 (12 [ 1029 | 2.05% | 2 | 6 | 1027 | 2.80% | 8 | 11 | 1029 | 1.91% | 7 | 8 | 1029 | 3.05%
19 | 4 | 1029 | 2.00% |10 | 6| 1029 | 2.58% | 9 | 6 | 1028 | 1.84% |22 | 2 | 1029 | 2.72%
7460 (1.610 eV) 7525 (1.612 eV) 7573 (1.612 eV)
19 [ 2 [1029 ] 5.23% | 24 | 71027 | 7.29% | 32 | 9 | 1028 | 12.55%
16 | 7 | 1027 | 521% |25 | 8| 1029 | 5.74% | 33 | 2 | 1029 | 11.56%
17| 9 | 1028 | 4.96% |19 | 2| 1029 | 5.30% | 25 | 8 | 1029 | 6.04%
25| 8 1029 | 4.62% | 10| 8 | 1029 | 5.02% | 2 | 7 | 1027 | 5.84%
10 | 8 | 1029 | 4.13% |17 |9 | 1028 | 4.80% | 19 | 2 | 1029 | 5.66%
33| 2 [ 1029 | 3.87% | 2 | 7]1027 | 4.40% | 2 | 7 | 1026 | 3.32%
32| 9 [ 1028 | 3.65% | 9 | 31028 | 3.41% | 24 | 7 | 1026 | 2.79%
24 | 7 11027 | 3.62% | 23| 3| 1028 | 2.61% | 18 | 10 | 1024 | 2.59%

Table D.47: Most important transitions contributing to optically active excitons 7332, 7337,
7350, 7353, 7460, 7525, 7573 (peak IV) in 9.43° twisted MoS, homobilayers in vacuum. The
calculation used a 6x6 k-grid and a cutoff energy of 1.85 eV.
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8882 (1.637 eV)
25 8 [ 1029 | 6.41%
32| 9 | 1028 | 6.34%
21 | 11 | 1026 | 4.88%
24 | 13 | 1026 | 4.51%
2 | 13 | 1026 | 3.94%
23 | 23 | 1028 | 3.33%
3| 11| 1025 | 2.84%
24 | 7 |1027 | 2.79%

Table D.48: Most important transitions contributing to optically active excitons 8882 (peak V)
in 9.43° twisted MoSs; homobilayers in vacuum. The calculation used a 6x6 k-grid and a cutoff
energy of 1.85 eV.

D.2.2 9.43° twisted MoS; homobilayers

D.2.3 7.34° twisted MoS; homobilayers

876 (1.360 eV) 899 (1.363 eV) 900 (1.363 eV)

7 11698 [ 13.09% 11 [ 1699 | 9.22% 10 | 1698 | 9.20%
7 11699 | 11.92% 11 | 1699 | 9.21% 10 | 1698 | 9.18%
6 | 1698 | 11.89% 10 | 1698 | 9.19% 11 | 1699 | 9.18%
10 | 1697 | 8.15% 6 | 1696 | 8.24% 7 11697 | 8.19%
9 | 1698 | 7.00% 7 11696 | 6.16% 7 11696 | 6.17%
11 | 1696 | 6.97% 6 | 1697 | 6.16% 6 | 1697 | 6.17%
10 | 1697 | 6.95% 13 | 1699 | 4.03% 12 | 1698 | 4.06%
8 | 1699 | 5.89% 8 | 1696 | 3.69% 9 | 1697 | 3.68%

R DN WWHFE N W
— W N = W W
=W N WD W

Table D.49: Most important transitions contributing to optically active excitons 876, 899 and
900 (peak I) in 7.34° twisted MoS, homobilayers in vacuum. The calculation used a 2x2 k-grid
and a cutoff energy of 2.0 eV.

2069 (1.457 V)

10 [ 1697 | 10.73%
11 | 1696 | 10.27%
10 | 1697 | 8.67%
6 | 1698 | 4.72%
7 11698 | 4.71%
7 11699 | 4.47%
12 | 1697 | 4.33%
9 | 1698 | 3.11%

— W N W WN

Table D.50: Most important transitions contributing to optically active exciton 2069 (peak II)
in 7.34° twisted MoSs homobilayers in vacuum. The calculation used a 2x2 k-grid and a cutoff
energy of 2.0 eV.
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2595 (1.493 eV) 2601 (1.493 eV)

7 | 1697 | 26.08% 9 | 1697 | 21.37%
12 | 1698 | 21.55% 10 | 1698 | 15.45%
8 | 1696 | 6.87% 10 | 1697 | 7.58%
10 | 1698 | 6.86% 12 | 1698 | 7.19%
111699 | 6.78% 13 11699 | 7.13%
9 | 1697 | 6.70% 7 11696 | 6.15%
6 | 1697 | 3.36% 6 | 1697 | 6.14%
7 11696 | 3.15% 9 | 1698 | 5.16%

DN = = DN = DWW
W NN - WWww

Table D.51: Most important transitions contributing to optically active exciton 2595 and 2601
(peak III) in 7.34° twisted MoSs homobilayers in vacuum. The calculation used a 2x2 k-grid
and a cutoff energy of 2.0 eV.

3444 (1.532 eV) 3452 (1.532 eV) 3541 (1.535 eV)

7 | 1694 | 23.13% 9 | 1694 | 19.94% 10 | 1694 | 8.37%
8 | 1695 | 15.80% 7 | 1695 | 14.66% 11 | 1695 | 5.76%
9 | 1694 | 15.711% 6 | 1694 | 14.55% 9 | 1689 | 4.36%
12 | 1689 | 8.75% 10 | 1689 | 8.43% 12 | 1694 | 4.00%
10 | 1689 | 5.33% 9 | 1694 | 4.86% 6 | 1689 | 3.96%
11 | 1688 | 5.20% 8 | 1695 | 4.77% 13 | 1695 | 3.81%
6 | 1694 | 4.40% 12 | 1689 | 4.43% 11 ] 1695 | 3.26%
7 11695 | 4.31% 13 | 1688 | 4.33% 7 | 1688 | 3.09%
3547 (1.535 eV) 3551 (1.535 eV) 3558 (1.535 eV)

79 | 1699 | 6.08% 12 | 1694 | 11.61% 36 | 1698 | 13.39%
66 | 1697 | 4.91% 7 11689 | 7.64% 36 | 1697 | 9.84%
6 | 1681 | 4.42% 10 | 1694 | 7.30% 14 | 1681 | 7.49%
10 | 1681 | 3.54% 11 | 1695 | 6.63% 12 | 1694 | 3.49%
66 | 1698 | 3.38% 8 | 1688 | 4.86% 93 | 1696 | 1.96%
64 | 1698 | 2.88% 9 | 1689 | 4.78% 58 | 1699 | 1.84%
64 | 1697 | 2.43% 13 | 1695 | 3.48% 7 11680 | 1.69%
10 | 1684 | 2.19% 12 | 1694 | 2.96% 16 | 1677 | 1.60%

O M N~ W NW
O M N = Wk N W
NN DN — W Www

WH = WkrF P Wk
NN R NN = WW
DO W NN W WWw

Table D.52: Most important transitions contributing to optically active exciton 3444, 3452,
3541, 3547, 3551, 3558 (peak IV) in 7.34° twisted MoS, homobilayers in vacuum. The calcula-
tion used a 2x2 k-grid and a cutoff energy of 2.0 eV.
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D.2.4 6.01° twisted MoS; homobilayers

2373 (1.368 ¢V) 2374 (1.368 V) 2438 (1.371 eV) 2439 (1.371 eV)
8] 4 [2535 [23.81% | 4] 4 | 2535 | 23.76% | 5 | 24 | 2544 | 0.55% | 8 | 4 | 2535 | 1.88%
4|7 2534 [15.77% | 8 | 7 | 2534 | 15.63% | 0 | 50 | 2546 | 0.53% | 4 | 4 | 2535 | 1.87%
4] 3 | 2534 | 6.24% | 8| 3 | 2534 | 5.91% | 7|12 2542 | 0.50% | 4 | 7 | 2534 | 1.72%
7192535 | 556% | 5| 9 |2535 | 5.54% | 7|24 | 2544 | 0.45% | 8 | 7 | 2534 | 1.71%
219 [2535 | 551% | 1| 9 | 2535 | 5.51% |4 |24 |2546 | 0.43% | 4| 3 | 2534 | 0.71%
319 (2535 | 550% | 6| 9 [2535 | 551% | 5| 9 | 2543 | 0.40% | 8 | 3 | 2534 | 0.68%
51122532 | 3.48% | 2|12 | 2532 | 3.44% | 8|35 | 2545 | 0.38% | 2 | 24 | 2544 | 0.43%
6|12 |2532 | 3.44% |3 |12|2532 | 3.44% | 1|24 | 2544 | 0.32% | 4 | 38 | 2545 | 0.39%

2440 (1.371 V) 2441 (1.371 V) 2442 (1.371 V) 2443 (1.371 V)

41 4 12535 ] 9.11% | 8| 4 | 2535 | 887% |4 | 4 | 2535 | 1.38% | 8 | 23 | 2544 | 0.67%
8| 7 2534 | 832% |4 | 7 | 2534 | 816% |8 | 7 | 2534 | 1.26% | 5 | 24 | 2544 | 0.61%
8| 4 2535 | 8.01% |4 | 4 | 2535 | 7.45% |8 | 4 | 2535 | 1.16% | 7 | 24 | 2544 | 0.59%
41 7 |2534 | 7.36% | 8| 7 | 2534 | 6.81% | 4| 7 | 2534 | 1.07% | 8 | 22 | 2545 | 0.54%
8 3 2534 | 328% | 4| 3 | 2534 | 3.35% | 6| 23| 2545 | 0.53% | 4 | 24 | 2544 | 0.46%
41 3 | 2534 | 3.03% | 8| 3 | 2534 | 2.68% |4 |22 2545 | 0.53% | 2 |24 | 2544 | 0.45%
5117|2535 | 1.86% | 7|17 [ 2535 | 1.80% | 8 | 3 | 2534 | 0.49% | 4 | 22 | 2545 | 0.42%
6|17 | 2535 | 1.86% |3 |17 (2535 | 1.79% | 4| 3 | 2534 | 0.44% | 4 | 27 | 2544 | 0.38%

Table D.53: Most important transitions contributing to optically active excitons 2373, 2374,
and 2438-2443 (peak I) in 6.01° twisted MoS, homobilayers in vacuum. The calculation used a
3x3 k-grid and a cutoff energy of 1.8 eV.

6007 (1471 eV)

38 [ 2534 | 17.54%
39 | 2535 | 8.63%
17 | 2531 | 3.81%
9 | 2535 | 3.72%
15 | 2530 | 3.66%
17 | 2531 | 3.43%
17 | 2531 | 3.35%
12 | 2532 | 3.24%

N O~ = Ot Ot = 0

Table D.54: Most important transitions contributing to optically active exciton 6007 (peak II)
in 6.01° twisted MoS; homobilayers in vacuum. The calculation used a 3x3 k-grid and a cutoff
energy of 1.8 eV.

D.2.5 5.09° twisted MoS, homobilayers

D.2.6 4.41° twisted MoS; homobilayers

D.2.7 3.89° twisted MoS; homobilayers
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9162 (1.528 eV) 0195 (1.529 eV)
A1 4 [2535(33.24% | 8| 7 | 2534 | 26.21%
6| 9 |2535| 6.45% |8 | 3 | 2534 | 10.50%
8| 7 |2534| 519% | 4| 4 | 2535 | 7.24%
119 |2535| 450% | 1] 9 | 2531 | 6.36%
5|9 ]2535| 4.04% | 6| 9 | 2531 | 4.92%
2| 15| 2530 | 3.74% |3 |12 | 2530 | 4.05%
4] 5 (2535 319% | 5| 9 | 2531 | 3.17%
3115|2530 | 2.92% | 2|12 | 2530 | 3.01%

Table D.55: Most important transitions contributing to optically active excitons 9162 and 9195
(peak III) in 6.01° twisted MoS, homobilayers in vacuum. The calculation used a 3x3 k-grid
and a cutoff energy of 1.8 eV.

2863 (1.378 V) 2864 (1.378 V) 2081 (1.382 V) 2082 (1.382 V)
316 [3535 ] 19.92% | 3| 7 | 3534 | 19.82% | 3| 6 | 3535 | 19.92% | 3 | 10 | 3534 | 15.21%
1|6 |3535|17.07% | 2| 6 | 3535 | 17.02% | 1| 6 | 3535 | 17.07% | 2 | 11 | 3535 | 13.66%
2| 7 3534 | 17.06% | 1| 7 | 3534 | 17.01% | 2 | 7 | 3534 | 17.06% | 1 | 10 | 3534 | 13.66%
1|11 |3532| 7.38% | 1]10|3533| 7.35% | 1|11 |3532| 7.38% |3 | 7 | 3533 | 11.09%
2110 | 3533 | 7.36% |2 |11 |3532| 7.34% | 2|10 | 3533 | 7.36% | 1| 7 | 3533 | 10.80%
31113532 | 7.19% | 3|10 |3533 | 7.18% | 3|11 |3532| 7.19% | 2| 6 | 3532 | 10.77%
0126|3540 | 2.47% | 0|27 | 3541 | 2.46% | 0|26 | 3540 | 2.47% | 0| 51 | 3541 | 2.06%
0283536 | 212% | 0|29 |3537 | 211% | 0|28 | 3536 | 2.12% | 0|29 | 3535 | 1.78%

Table D.56: Most important transitions contributing to optically active excitons 2863, 2864,
2981 and 2982 (peak I) in 5.09° twisted MoS, homobilayers in vacuum. The calculation used a
2x2 k-grid and a cutoff energy of 1.8 eV.

5602 (1.455 eV)

SN = W= WW

10
7
10
11
12
7
6
27

3533
3534
3533
3532
3533
3534
3535
3541

13.61%
11.07%
10.88%
10.65%
8.88%
2.71%
2.59%
1.83%

Table D.57: Most important transitions contributing to optically active exciton 5602 (peak II)
in 5.09° twisted MoSs homobilayers in vacuum. The calculation used a 2x2 k-grid and a cutoff

energy of 1.8 eV.




D.2. Twisted systems 211

8148 (1.509 eV) 8200 (1.510 eV)

7 13533 | 12.79% 10 | 3533 | 8.77%
10 | 3534 | 12.58% 7 | 3534 | 5.83%
10 | 3533 | 4.64% 9 | 3533 | 5.34%
39 | 3534 | 4.57% 12 | 3534 | 3.92%
7 | 3533 | 4.25% 10 | 3534 | 3.90%
6 | 3532 | 4.23% 7 | 3534 | 3.36%
10 | 3534 | 4.08% 9 | 3534 | 3.29%
7 | 3534 | 3.90% 11 | 3532 | 3.11%

W N = W ww
N W W Wwwww

Table D.58: Most important transitions contributing to optically active excitons 8148 and 8200
(peak III) in 5.09° twisted MoS, homobilayers in vacuum. The calculation used a 2x2 k-grid
and a cutoff energy of 1.8 eV.

13468 (1.599 eV) 13475 (1.599 eV) 13478 (1.599 eV)
0|24 ]3539 | 4.17% | 3| 124 | 3533 | 3.39% | 0 | 29 | 3539 | 4.03%
0| 13 | 3537 | 4.14% | 3 | 124 | 3534 | 3.28% | 0 | 27 | 3533 | 3.80%
0| 1313533 |287% | 1| 171 | 3533 |3.20% | 0 | 23 | 3537 | 3.05%
0]23]3533|271% | 2| 154 | 3532 | 1.44% | 0 | 23 | 3533 | 2.63%
0243533 |259% | 3| 130 | 3534 | 1.33% | 0 | 21 | 3533 | 1.90%
0|24 |3537 | 241% | 3| 130 | 3533 | 1.32% | 0 | 27 | 3541 | 1.82%
0|12 ]3537 [ 2.38% | 0| 57 | 3531 | 1.31% | 0 | 24 | 3537 | 1.73%
0| 1313531 |229% | 2| 123 | 3532 | 1.29% | 0 | 29 | 3535 | 1.70%

Table D.59: Most important transitions contributing to optically active excitons 13468, 13475
and 13478 (peak IV) in 5.09° twisted MoS, homobilayers in vacuum. The calculation used a
2x2 k-grid and a cutoff energy of 1.8 eV.

3237 (1.378 eV) 3238 (1.378 eV) 3384 (1.382 eV) 3385 (1.382 eV)

33 | 4703 | 9.87% 28 | 4705 | 9.18% 48 | 4705 | 6.66% 47 | 4703 | 6.67%
32 | 4702 | 9.87% 29 | 4704 | 9.18% 49 | 4704 | 6.66% 46 | 4702 | 6.67%
29 | 4704 | 9.19% 32 | 4702 | 6.80% 32 | 4698 | 6.01% 49 | 4704 | 6.66%
28 | 4705 | 9.19% 33 | 4703 | 6.80% 33 | 4699 | 6.01% 48 | 4705 | 6.66%
34 | 4704 | 5.31% 35 | 4705 | 5.31% 46 | 4702 | 5.52% 53 | 4701 | 5.69%
35 | 4705 | 5.31% 34 | 4704 | 5.31% 47 | 4703 | 5.52% 52 | 4700 | 5.69%
27 | 4701 | 3.71% 26 | 4700 | 5.26% 52 | 4700 | 5.41% 33 | 4698 | 5.56%
26 | 4700 | 3.71% 27 | 4701 | 5.26% 53 | 4701 | 5.41% 32 | 4699 | 5.56%

OO OO O o oo

SO OO OO oo

S OO DO OO oo
S OO DO OO oo

Table D.60: Most important transitions contributing to optically active excitons 3237, 3238,
3384 and 3385 (peak I) in 4.41° twisted MoS, homobilayers in vacuum. The calculation used a
1x1 k-grid and a cutoff energy of 1.85 eV.
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4599 (1.372 V) 4600 (1.372 V) 4809 (1.377 &V) 4810 (1.377 &V)
0346037 [ 12.12% | 0] 35 | 6036 | 11.89% | 0 | 37 | 6030 | 8.40% | 0 | 36 | 6031 | 8.33%
0135|6036 | 12.12% | 0 | 34 | 6037 | 11.89% | 0 | 36 | 6031 | 8.40% | 0 | 37 | 6030 | 8.33%
0306032 | 10.01% | 0 | 31| 6033 | 10.12% | 0 | 30 | 6029 | 7.18% | 0 | 31 | 6028 | 7.18%
0316033 |10.01% | 0|30 | 6032 | 10.12% | 0 | 31 | 6028 | 7.18% | 0 | 30 | 6029 | 7.18%
0]37]6035 | 9.51% | 0|36 |6034 | 9.21% | 0| 45 | 6035 | 7.08% | 0 | 44 | 6034 | 7.12%
0136|6034 | 951% | 0|37 |6035 | 9.21% | 0| 44 | 6034 | 7.08% | 0 | 45 | 6035 | 7.12%
0|45 | 6030 | 4.21% | 0|44 | 6031 | 4.13% | 0|50 | 6032 | 6.28% | 0 | 51 | 6033 | 6.32%
0|44 | 6031 | 4.21% |0 |45 | 6030 | 4.13% | 0|51 | 6033 | 6.28% | 0 | 50 | 6032 | 6.32%

Table D.61: Most important transitions contributing to optically active excitons 4599, 4699,
4809 and 4810 (peak I) in 3.89° twisted MoS, homobilayers in vacuum. The calculation used a
1x1 k-grid and a cutoff energy of 1.85 eV.
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