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General Abstract 
"1"..".""A.A.•••-•01,4-,  

This thesis is devoted to the study of a model of the 

fluid state which is a precise formulation and generalization 

of the well known model proposed by van der Waals in 1873. 

In certain special cases other authors have calculated exactly 

the thermodynamics properties of such fluids, and obtained 

essentially the van der Waals equation. 

The main new result of the thesis is the extension of 

this calculation to cover the general case of the model. It 

is shown in particular that (i) the thermodynamic functions 

are given by a variational principle ; (ii) the pressure is 

a continuous function of the density (which agrees with the 

well known properties of real fluids); (iii) in some special 

cases. of the model, the van der Waals equation is not'satisfied 

and the system behaves more like a solid than a fluid. 

The general problem of phase transitions in the model 

is. also considered, and some criteria for their absence are 

derived. 

A detailed abstract is given at the beginning of each 

of the Parts,I to IV of the thesis:. 



Preface 

The work presented in this thesis is original except 

where the work of other authors is explicitly reflerred to. 

Some of the work is due to Professor Oliver Penrose ; 

(i) In Part I, Prof. Penrose helped me with the proofs of 

the variational formulae, although the formulae themselves are. 

my  own invention. 

(ii) In Part II, I use an unpublished inequality (2.10) 

due to Prof. Penrose. The proof of this inequality presented 

in the thesis, and its application to the van der Waals model 

are mainly my own work. 

(iii) In Part III, the basic idea, namely the use of (2.1), 

is due to Prof. Penrose, while the final results and the method 

are mainly my own. 

(iv) In Part IV, the work is entirely my own. 

The thesis consists of a general introduction and four 

Parts. Each Part is self contained, and written in a form 

which is intended to be suitable for publication in a journal. 

Parts I and II have been accepted for publication (jointly 

with Prof. Penrose) in 'Communications in Mathematical Physics', 

and Part IIIALs shortly to be submitted to the same journal. 

I am greatly indebted to Prof. Penrose for giving me the 



opportunity to work under his supervision, for suggesting the 

research topic, and for his continual help and encouragement. 

Also, I gratefully acknowledge a Research Fellowship 

awarded to me on 1/10P69 by the Royal Commission for the 
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GENERAL INTRODUCTION 
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. The van der WaalB - Maxwell (VDWM) Equation. 

Wed be8m 1:1 clisousstris the, elmaton wllich led to the, work in this 

thesis. The TIMM equation [1][2][3] is an approximate relation 

between the pressure p , temperature T and volume per 

particle v of a simple fluid in equilibrium in a closed 

container. The equation describes the fluid in its pure liquid 

state and its pure gas state,as well as states which are 

mixtures of liquid and gas in equilibrium. It therefore 

provides a qualitative picture of the phenomenon of boiling. 

The VDWM equation is 

p.  = MC[kT/(v-b) - a/v2] 	(1.1) 

where k is Boltzmannsconstant (positive)[2], while a and 

b are pcsitiva constants which depend on the fluid under 

consideration. The operation MC, called the Maxwell 

construction, consists of replacing a loop (see Fig.l) in the 

function kT/(v-b) - a/v2  by a horizontal straight line 
A way 

segment (representing a constant pressure), in such
A
that the 

areas formed by the curve above and below the segment are 

equal. 

Referring to Fig.l, the part of the graph where 

b < v < v1 (high density) describes the fluid in its pure 

liquid state. The part where v > v2 (low density) describes 

the pure gas state. The horizontal portion where vl  < v < v2  

describes the transition between liquid and gas, where the 

system is a mixture of these two phases. In this latter 
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region of the graph, the pressure is constant (for a given 

temperature), in agreement with the well known properties of 

fluids. 

The form of the curve for p depends of course on the 

temperature. One finds that p has no straight line segment 

for T > T0  where 

which is called the critical temperature (see Figa). In this 

case there is no phase transition from liquid to gas. Hence 

these phases are no longer distinguishable, and there is just 
which 

one phaseAcan only be described as a fluid. All this is in 

qualitati've agreement with experiment. 

A.further property of the VDWM equation is that it agrees 

quantitatively with experiment when v >> v2  (dilate gas) for 

a suitable choice of a and b . The agreement is otherwise 

poor however. 

The simplicity of the VDWM equation and its qualitative 

and partial quantitative agreement with experiment has made 

it a very useful equation. This usefulness is enhanced by the 

fact that it has a theoretical justification : it can be 

derived from a molecular model of the fluid state. The;history 

of this derivation divides into two distinct periods : 

The old theory (pre 1900) of van der Waals and Maxwell, 
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The modern theory (post 1960) derived by Kac, Hemmer, Lebowitz, 

Penrose, Uhlenbeck and others. 

The intermediate period (1900 - 1960 approximately) saw the 

developement of the theory of statistical mechanics upon which 

the modern theory of the VDWM equation is based. These theories 

are illustrated in Fig.3 and discussed in the following sections. 

II. The Old Theory of the VDWM Equation 

The first, equation of state for a gas was the ideal  gas 

p = kT/v 	 (2.1) 

which combined. the experimental laws of Boyle (1662), Charles 

(1787) (or Ay-Lussac 1802) and Avggadro (1811). The equation 

was, much later,'derived theoretically by Maxwell [4] and, 

others using the kinetic theory of gases [2] and the. 

assumptions that (i) the molecules are of negligible volume 

and that (ii) interactions or collisions between them are 

negligible. 

Purther'experimental work with gases showed marked 

deviations from the ideal gas law. A better agreement with 

experiment was obtained from 

p 	kT/(v-b) 
	

(2.2) 

where b was an experimentally determined positive constant 

law 
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for a given gas. This was used by Clausius among others. The 

equation had a theoretical justification. The molecules were 

imagined not to be points:but to each have an effective volume 

b. Hence. v.,  was; replaced in (2.1) by the available volume 

per particle (v-b), giving (2.2). 

The next major advance was the attainment of lower 

temperatures (e.g. Thilorier (1835) obtained -110c) which 

enabled many more gases to be liquefied. This led to the 

belief that any gas could be liquefied at sufficiently low 

temperatures. To explain this liquefaction it was thought 

that there must be attractive forces between the molecules. 

More direct evidence of these forces was obtained from the 

experiments of J.P.Joule and W.Thomson (Lord Kelvin)(1852- 

1862) resulting in the so called Joule Thomson effect [1]. 
who 

It was van der Waals [13(1873)Afirst included these 

attractive forces in the equation of state (2.2) in a satisfel 

actory way. By a well known argument [1,23 he deduced that 

the attractive force between molecules should reduce the 

pressure on the container walls by, a term proportional to 1/v2. 

He thus arrived at the van der Waals equation 

p = kT/(v-b) - a/v2 	(2.3)' 

where a is a positive constant. Van der Waals also showed 

that his equation agreed well with experimental results for 



gases at sufficiently low densities. The achievement of van 

der Waals is assessed by E.H.Kennard [2] (p.208) in his well 

known book 'Kinetic Theory of Gases', where he states : 

	 'like every important advance in physics, the equation 

had forerunners which went a long way toward accomplishing 

the same thing. Clausius, for example, introduced the term 

b, and Hirn wrote *p+a for p. The advance made by van 

der Waals over his predecessors was twofold : first of all, 

he made the change from a to a/v2, and then he discussed the 

t_ equation in comparison with experimental data and showed 

that in certain cases it fitted well. Both of these steps 

va:zwere important. c We.can probably say with safety, however, 

that, if van der Waals had not proposed the equation, 

some one else presently would have done so ; it was, so to 

speak, in the air. In scientific work in general the 

individual scientist seems to determine when and in what 

form an advance shall come rather than,to determine what 

advances shall ultimately be made.' 

The experiments of T.Andrews (1869) showed that during 

liquefaction (or boiling) the pressure follows curves of the 

form shown in Fig.2. It was Maxwell [3] who showed how the 

van der Waals equation could be modified to give such curves. 

He considered. the system to be a mixture of a gas phase and a 
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liquid phase, each obeying the van der Waals equation, and 

used the equilibrium condition that the two phases must have 

equal pressures and chemical potentials. This led him to the 

VDWM equation (1.1). 

III. The Intermediate Period. 

Development of Statistical Mechanics 

Early attempts to improve on the VDWM equation or to make 

its derivation more rigorous met with little success. Work on 

this problem led instead to the development of equilibrium 

statistical mechanics, primarily by Boltzmann (1896)[4] and 

Gibbs (1902)(52. This theory showsAhow to calculate in 

principle the exact pressure of a system of N. particles 

(a fluid for example) given its tempertaure T, volume V, and 

the potential energy function y(r) for two interacting 

particles at distance r. Formally one can express this as 

P = f(N,V,T,y) 
	 (3.1) 

The potential y was known to be repulsive (positive) at short 

distances (small r) and attractive (negative) for large 

distances (large r)(seeFig.4). However, the exact form of 40 

was not (and is still not) precisely known. Also, the formula 

(3,1) was far too complex to make direct calculations of 

pressure. 
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The next major advance was the theory of virial expansions 

primarily due to Mayer (6], which showed how to express (3.1) 

in a seriea of the form 

kT 
P = 	v 

+ a2/v2  + a3
/v3  + .• . , 	(3.2) 

a form proposed originally by H.K.Onnes (1901). Hera v E VTT  

is the voluma per particle and a2,a3,... depend on T and 

the potential 9(r). 

The virial expansion (3.2) showed excellent agreement 

with experiment for gases, but unfortunately attempts to apply 

it to the liquid state, and to construct a theory of the gas-

liquid transition from it, were unsuccessful. The reason for 

this failure was provided by the theory of Lee and Yang (1952) 

[7,83. Thit theory shows that (3.2) does not converge for the 

liquid state, and that a value aL v,  of v where a phase 

transition occurs does not necessarily coincide with a value vd  

of v where m the series (3.2) diverges:. 

To the present day there is no theory of the liquid state 

with anything like the completeOnesa of the Mayer theory of 

gases. The great difficulties with the liquid state has 

forced research into several indirect lines of approach to the 

problem. One line of approach was the construction of 

simplified artificial models of a fluid. The most famous of 

these is the lattiqe, gas, : in a special two-dimensional case 
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the pressure of this system can be calculated exactly and shows . 

a gas-liquid transition. This calculation was first made by 

Onsager (1944)[92 for the analogous Ising magnet, and later 

applied to fluids by Lee and Yang (1952)[8]. Apart from the 

usefulness of the exact result, the Onsager solution proved for 

the first time that statistical mechanics, as.eXpressed by (3.1) 

could by itself yield a complete theory of the liquid state. 

and the gas-liquid transition. 

Another approach to the equation of state was through the 

so called two body distribution n2(r) of Ornstein and Zernike 

(1914)[10]. If this function is known the pressure can be. 

, calculated exactly. Attempts to calculate n2(r) led to 

various approximate integral equations. Among these are the 

equations of Yvon, Born and Green [ll], Kirkwood[12], Percus 

and Yevick [13] and the HNC equation [14]. Uhfortunately, the 

errors in. these equations are difficult to evaluate so that 

the significance-of the results obtained form them is not clear. 
properties of the. 

Yet another approach has been to concentrate on generalA  

pressure as:predicted by (3.1), rather than attempting exact. 

calculations. It is found that the pressure has simple 

properties only in the limit in which the volume V of the 

container and the number N: of particles tends to infinity 

in such a way that v V/N: remains constant. This is the so 

called Thermodynamic limit. This limit is applied to the 



general formula formula (3.1) and the resulting thermodynamic pressure 
be 

canA 
 written formally as 

p(v,T) = lim f(N,V,T,(p) 
N,V->oo 
V/N7v 

(3.3) 

The existence of this very important limit was proved by 

Van'Hove (1949)[15], Ruelle (1963)[16] and Fisher (1964)[17] 

for a large class of two-body potentials (1) :including those 

which occur in real fluids. Also p(v,T) was shown to be a 

non-increasing function of v, which agrees with experiment. 

More recently Dobrushin and Minlos (1967)[18] and Penrose (1967) 

[191 have proved that p is a continuous function of v, again 

in agreement with experiment. The most important result of this 

kind is the general theory of phase transitions developed by 

Yang and Lee (1952)[7], which has resulted in much recent 

research [20 - 28]. 

IV. The Modern Theory of the VDThi Equation 

Recently, Kac, Uhlenbeck and Hemmer (KUH) (1963)[29] 

considered an idealized one-dimensional system in which the 

interaction potential cp(r,y), depending on a positive parameter 

y, is given by (see Fig.5) 



	sr 

—a F.  

oo for r < b, 

-aye--Yr  for r b 
(gr,Y) (4.1) 

where a and b are positive constants. The definition (4.1) 

implies that the particles have a hard core and an attractive 

'tail'. This is qualitatively the same as the expected form 

of y for real fluids, shown in Fig.4. 

The parameter y plays a vital role in the theory : 

y itself is aLmeasure of the strength of the attraction, while 

y-1  is a measure of the range of this attraction. 

The form (4.1) of y was chosen because, from a. method 

found by Kac (1959)[30], it enables the thermodynamic pressure 

(3.3) to be calculated exactly. The dependence on y is 

chosen so that as. y.-*0 (called the van der Waals limit)1- 

1 
Considered earlier by Baker (1962)[31] for magnetic:systems. 



— ZI— 

the original assumptions of van der Waals become more and more 

nearly satisfied. Indeed, one easily finds from (4.1) that 

lim (p(r,y) = 0 	for r > 
	 (4.2) 

so that the attraction vanishes, although its range becomes 

infinite, in this limit. One also finds that 

oo 	oo 
lim f dr (r, y) = 	ds ae-3  = -a 	(4.3) 
y->0 0 	0 

This means that the potential energy of a single particle, 

interacting with any number of other particles (each with a 

hard core), remains finite when 7.-->0. (If the limit (4.3) 

were zero we would expect the effects of the attractiva tail 

to vanish when 	; if the limit (4.3) were infinite we 

would expect something catastrophic to happen when 

The results of KUH can.be expressed, with the notation 

of (1.1), in the form 

lim p(v,T,y) = MC[kT/(v-b) - a/v2J, 	(4.4) 
74-0 

where p(v,T,y) is the thermodynamic pressure (3.3) correspond-

ing to the potential (4.1). The right side of (4.4) is precisel:c, 

the VDdid pressure (1.1). This provided, for the first time, 

a rigorous formulation of the VDWM equation and gave. a. precise 

mathematical interpretation to the constants a. and b. 



This gives a new and deeper significance to the old 

VDWM theory. Also the complicated formalism of statistical 

mechanics becomes. a little less forbidding when one knows that 

it can yield such simple and old established results. 

It should be noted that the rigourous proof of the exist-, 

ence of the thermodynamic pressure p(v,T) is essential to 

the modern theory of the VDWM equation. Without it, the result 

(4.4) could not even be formulated, let alone proved. 

The result (4.4) has been generalized by Lebowitz and 
(/-.0 

Penrose
A
(1966)[52])by a method based on the work of van Kai en 

(1944)E55]. They showed that the restriction to one dimensional 
to 

systems, andAthe potential (4.1), is not necessary. They 

found, for certain classes of potentials 9(r,y), including 

those with an attractive tail, that the van der Waals limit 

of the pressure has the form 

lim p(v,T,y) = MC[p°(v,T) - a/v22 	(4.5) 
y->0 

where lo°  is the thermodynamic pressure for a general system 

of particles with hard cores. 

Another developement is the expansion.,.of p(v,T,y) in 

powers of y, obtained by KUH[29] and Hemmer [342. The first 

term of this expansion is the van der Waals equation, while 

other terms give corrections which in principle describe the 

behaviour of real fluids. 
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V. The Thesis 

The work of LP leaves several questions unanswered. 

They proved (4.5) for a certain class of functions cp(r,y), but 

for functions not in this class they could prove very little. 

This leads us to ask 

(i) does (4.5) hold for all functions (p(r,y) , and 

(ii) if not, what happens when (4.5) does not hold ? 

In this thesis we provide some answers to these questions. 

We consider question (ii) first and show that, for a very 

general class of functions 9(r,y), the van der Waals limits 

of the 'free energy'[3] and the so called'grand canonical 

pressure'E3] exist and are given by a variational principle. 

Vie answer question (i) by showing that the free energy is 

sometimes less than that corresponding to (4.5), which proves 

that (4.5) does not always hold. We show that when (4.5) does 

not hold the density of the system is non-uniform, and very 

probably periodic, so that the system resembles a solid more 

than a fluid. 

We also answer some questions of a more technical nature. 

We show (Part II) that the pressure 

p(v,T,O+) a lim p(v,T,y) 
y-,>0 

is a continuous function of v, even when (4.5) does not hold). 

If this result, which is by no means obvious, were not true, 
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the model we are considering would be very unphysical. 

In Part IV we show that the notions of uniqueness and 

degeneracy, associated with phase transitions in other models, 

have a counterpart in the present model. We find that some 

methods of treating this problem already exist in the standard 

literature of non-linear integral equations. 
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Part I. 

A VARIATIONAL PRINCIPLE 

(As mentioned in the preface, each of the Parts I, II 

and III is written in a form which is intended to be suitable 

for publication in a journal. Consequently there is some 

repetition of definitions and results. Each Part has its 

own numbering for equations and references, and makes no 

reference to equations in any other Part. There are slight 

differences of notation between the General Introduction and 

the following Parts and between the Parts themselves, but 

this is always made 'Clear). 



PART 
— Lel — 

Abstract. 

We consider the thermodynamic pressure p(µ,y) of a 

mlassical system of particles with the two-body interaction 

potential q(r) + y iK(yE) , where V is the number of 

apace dimensions, y is a positive parameter, and µ is: 

the chemical potential. The temperature is not shown in 

the notation. We prove rigorously, for hard-core potentials 

q(E) and for a very general class of functions K(5) , that 

the limit ylo, 0 of the pressure p(µ,y) exists and. is. given 

by 

1 sup l'
2.
m 
 1-1 

LATn(y)-a°[n(y)4 -7-31didyin(y)n41)1(4-yld 
nER ID1400 	D 	D D 

where the limit and the supremum. aan be: interchanged. Here 

2 is a certain class of non-negative, Riemann integrable 
functions, D is a cube of volume IDI , and a°  (p) 	the_ 

free energy density of a system with K = 0 and density p. 

A similar result is proved for the free energy. 



-30 - 
	 PA RT 

I. Introduction. 

Many authors have considered the equilibrium statistical 

mechanics of a system of identical particles which have a two-

body interaction poten'lial of the form 

v(E,Y) = q(X) Y9K(YL) 	(1.1) 

where r is the vector distance between a pair of particles, 

y is a positive parameter and V is the number of dimensions. 

odftimmwslus. The function q(r) is called the short range 

or reference potential and the term yvK(yr) is called he 

long range or Kac potentialL 	 1)  whose range is proportional to y . 
of these 

Some,&authors C1-41 have considered the limiting values; of the 

thermodynamic functions and correlation functions in the limit 

y-> 0; others [3,5-7] have derived expansions of these 

function6 in powers of y. W.e ahall_be dealing with the 

former problem. In particular, we shall generalize the 

results of LEBOWITZ_ and PENROSE [41 (henceforth referred tho as 

LP), to a wider class 

of Kac potentials. 
Zoth the paper of LP and 

   

the present one. Are- 
motivated to some 

extent by the work of VAN KAMPEN [81. 

The main result of LP was to prove rigorously, for a 
(incited ing,for example', rion-positive.. Kac, potential 

certain class of Kac potentials kiimmismstriaiiNIMO , that the 

free energy density a(p,y) of a system with the potential. 

(1.1) and density p has the limit 
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a(p,O+) a lim a(p,y) = CE[a°(p) +4mp2] 	(1.2) 
y,o.0  

where' a E fds K(s) , a°(p) is the free energy density/ 
two- body 

of a system (called the reference system) with kein potential 

q(r), and CE f(p), called the convex envelope of the 
for arbitrary f 

function f(p), is definedkas the maximal convex function 

not exceeding f(p). Theydeduced that the limit m(p,O+) 

of the pressure w_(p,y) m p a/ap a(p,y) - a(p,y) is 

given by the Maxwell construction (or equal area, rule) 

applied to the function 

m°(p) + 1  Tap2 
	

(1.3) 

where ,°(p) is the pressure of the reference system. 

This strongly resembles Maxwell's modification of the van 

der Waals equation of state, and is identical to it in the 

one dimensional case if the reference system consists of 

hard rods [3]. Consequently, the limit y 0 is known as 

the van der Waals limit. 

The result (1.2) can also be formulated in terms of 

the pressure p(µ,y) expressed as a function of the 

chemical potential µ. WI then find 

p(µ,0+) a lim p(µ,y) = max Epp - a°(p)  - 
2ap2]  (1.4) 

y-o.0 

1 
When the range of an integral is not specified, it is 

over all of v -dimensional space. 
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61215  
To deduce this from (1.2) we use the general relationship/[101) 

(1,5) P(119Y) = max 	- a(P,Y)1 
P. 

and note (GIs can be seen from Fida,. 1) that 

max [lip - CE f(p): = sup [pp - f(p)2 (1.6) 
p 
	

p 

for any function f . 

1611106iMailiiiiiiillnulalmammieft. Now taking the limit y 0 
(1.2) and 

of (1.5) and using,(1.6) we obtain (1.4). The interchange 
A 	 Et] 

of the maximum and the limit is justified by the fact.4that 
Suitable 

a(P,Y) tends uniformly to its limit on EI.A.  interval of 
Alternatively 

values of p. equation (1.4) can be deduced from first 

principles by using the method of LP in the grand ensemble. 

(.4r 	1 ,) 

For a more general class of Kac potentials, LP obtained 

upper and lower bounds on a(p,0+), but they did not prove 

for these potentials that the limits a,0,0+) and p(4,0+) 

exist. In the present paper we provide such proofs and 

obtain expressions for the limit functions. We giso include 
the effects of on external potenticil of the forry, 9! (zrx ) . 

2 See reference [102, section 10. 
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fi./.1. Both sides of (Ft) are quol to the, distil/ice,  X . 
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Rem. sults 
II. Definition; and Outline of Method. 

We confine our attention for the moment to the pressure 

p(µ,y), since the method and the main result are aonsiderably 

simpler for this function. The free energy will be dealt 

with in section VI. 

The function p(µ,y), called the pressure in the grand 

ensemble , can be defined by the thermodynamic limit [10] 

p(11,y) 
	

lim P(p,,f1,y) 
	

( 2 . 1 ) 
41-> Co 

where n is aa cube of volume Inl and 

P(Iral Y) E 
1 log ES(µ01,y) 
	

(2.2) 

being 	the reciprocal temperature and is the grand  

partition function, defined by 
00 

01111  Z(N ra,y) 	(2.3) 
N=0 

Here, Z(N,la,y) is the partition function for N particles 
fort4=0 

in 11, defined,  by a(0,11,y) E 1 and for 114> 1 by 

a(N ,11, ,r) 1  
N AvN  fd21... fd2511,  exp( -pv11) 	(2.4) 

A 

where /1 is the thermal wavelength [10], vi  = KG IL) and 

x 	 v(xa-   Y(yx —b y)  " 	-a )  
1<a<b<N 	1<a<N = = 

(2.5) 
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for N 	2, with 	v(r,y) is defined by (1.1) and P(yis) 

is a_periodic external potential whose period is proportion alto 

y 1 . The potential YI provides, among other things, away 

of calculating the correlation functions in the van der 
by functional differentiation ; 	this calculation 

Weals limitMb we hope to presentAin a future publication 

The conditions to be satisfied by the interaction 

potentials q and K. are 

q(E) = C-x) , 	K(s) = K(-s), 	 (2.6) 

q(r ) = 00 for Irl< ro  

ig(r)1 < C 	-V-e  for jr,l? ro 	 (2.7) 

I K( 	< I (IV) for all s ,where kit) )s a ncri-increctsin9 -function suet) thq 
fds ,k(ip)); 	is finite, and IK(.01< Tc for all t 	(2.8) 

K(s) is continuous almost everywhere, 	(2.9) 
K 

whereAG, ro  and c are positive constants. Condition (2.7) 

implies that the particles have as P-dimensional spherical 

hard core of diameter ro . The function Y satisfies the 

conditions 

(Y) 

IKY)I 

KZ 

cubic 
is periodic over an infinite / Lattice with unitcell U3  

A ) — 

aapositive constant, for all y 	(2.11) 

is continuous almost everywhere . 	(2.12) 

In. the case P= 0 it was shown by DoBRuanic[91 that 

the conditions (2.6,7,8) ensure the existence of p(µ,y). 



Theorem 1. Under conditions (2.6-12), the van der Waals 

limit p(µ,0+) of the pressure p(µ,1r )  exists and its given 

by 

   

p(11,0+) 	= 
or equivalently by 

lim sup F(n,p,,D) 
nER, 

(2.13) 

P(4,0+) = sup F(n,p.,0o) 

The convergence of p("4.0) to 13(4)o+) is uniform on any 
The functionaill F(n,p.,D) is defined to be 

(2.14) 

closed interval of values of /4.4 

Akdkill(x) - Nr.)n(y) - a°[n(z)13. - 

 

fDdirfridir 'n(y)n(y)K(z_zo 
(2.15) 

 

and FOI 	00) is defined by 
En,p.,00) 	lim F(n,p.,D), 

co 

— The limits in (2.13) and (2.16) are takem over any/ 

ascending3  sequence of 	 L -dimensional 
whose Sides ire multiples of and are porcillel to :those of J. 

cubes D (of volume IDM. The set f comprises all functionss 

ni which axe Riemanm integrable 	every bounded region of 

v -dimensional space, scitisfy 	0 5  n(Z) < pc  where pm 
is the close packing density [13] for spheres of diameter ro  

(2.16) 
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It is not difficult to extend the argument of D0,1114TTSHIN, 

and prove that the thermodynamic limit also exists if a. 

periodic external potential, bounded below, is present. We 
shell not give this proof here. 

Our first result is 

3A. sequence of sets E1, E E3. ..its ascending; if ECECE 2' 	 2 	3..  
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and are perioalc, with a unit cell that need not be. J. 

All. the integrals in (2.15), and henceforth, are taken 

'as Lebesgue integrals. The formal similarity between the 

result (2.14) (in the case 31/ = 0) and the equation of 

state (1.4) is apparent In particular they are identical 

if there is a function n independent of y which 

maximizes F(n,µ100). 

Our method of proof of theorem I.is similar to the 

method used by LP. Starting from (2.4), we divide the cube 

IL into a.,:number of cells of volume cd, obtain upper and 

lower bounds on P(µ,y,f0 in terms of fl, y and W, and 

then take the succession of limits (called the LP triple 

limit) 

first 	112(-400, then y7o0 and finally lw-+ oo 	(2.17) 

of these bounds. We also use an additional operation which 

consists of restricting the density p of the particles thus : 

p < p' 	where 	p' < pm  7 	(2.18) 

and finally taking the limit p' 	pc  after the LP triple limit 

4 i.e. we can find y linearly independent vectors, kJ...4v  

such that n-,(yilx) = n(y) for X, = 1...1) 	and for all y. 
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When: this sequence of limits has been taken, the upper' and 

lower bound's coincide and are given by (2.14) or (2.13). 

aa_..„3Taptas9 3of F(n,µ,D) ant F(n,µ00). 

Before proving theorem 1, we derive some properties of 

the,.functional2 defined therein. We prove firstly thatt 

F(n,D) and F(n,c) exists  (.or have value - oo), and that 

they both have a supremum for nER. Secondly weE prove the 

equivalence of (2.13) and (2.14). Finally, for later usain 

the proof of theorem 1, we show that F(n,D) is continuous: 

with respect to n in a certain sense. 

To show that F(n,D) exists, we note from (2.15) that it 

is the sum of four integrals. The first, second and last 

integrals exist because products of integrable functions are 

integrable. To study the third integral_ we define, for any 

p' satisfying 0 < p' < pc  

aa(p) for 0 < p < p' 
epl(P) (3.1) 

a°(p') for p' < p 5 pc  . 

Since ep,(p) is uniformly continuous functionAo
Etoj 
f p in the 

closed interval [0,pc], it follows [111 that a. ,[n(y)] is 

measurable. Consider, for a given n, tie sequence of functions 

5 We omit the dependence of F on µ in this section. 
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fp,(Z) 	a 	a°, [n(y)] - aP(p0) 	(3.1) 
P- 

where po  is a value of p where aP(p) attains: its 

minimum. The functions f 
P
, are non-negative, measurable 

and, since aP is convex, form a non-decreasing (;as p' 

increases) sequence for p' ?, pc.. Now defining 

f(y) a 	lim f ,(y) 	= 	e[n(y)1 - 

Pt-  Pc P  
(3.3) 

we deduce from Lebesgues monotone convergence theorem[111 

that fDdy fcy) either exists or is infinite. It follows 

that fDdy e[n(y)1 either exists or is infinite. We have 

proved that F(n,D) either exists or is equal. to - oo 

(depending on the choice of n) for all n.E N.. In particular, 

F is finite if n(y) is bounded away from pc. 

Next we show that F(n,00) exists, and if n has the 

unit cell T 

F(n,00) 	filjrclyn(y) - a°[n(z)I - 211(y)fily'n(e)K(y-7,14 

lim—fdy n(y)10(y) (DI IDI+00 	D 
(3.4) 

To prove this we note firstly that the limit on the right side 

exists because of the periodicity of n and Y. Secondly, we 

consider the difference 

5(D) = 11-9 4dy n(y)i-dyl  n(y1)4y-30) - 	fDdy n.(y)fDdyl  n(yI)K(y-y') 

(3.5) 
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between the quadratic terms in the expressions 2.15) and 

(3.4) for F(n,w). Now D can be expressed as a. union of-

regions aongruent to the unit cell 11  together with a 

region a whose volume lai is of order 01 1-1/  (proportt, 

ional to the surface area of D). Hence we can, by (2.8) 

and the periodicity of n, replace I' by D in the first, 

term on the right aide of (,3.5) if we add a correction of 

order (DI -1/y. This correction has the upper bound 

pc2  ranD1-11-ci, Img • We now have 

is(D)1 

Pc 	D  

n(y)fpcdyi n(r)K(y-e) + 0( 	) 

dye IK (Elri) + 	0 ( IDI 	) 	(3.6) 

where DC  is the complement of D. Hy the argument applied 

by LP to their equation (2.15), the first term on the right; 

side vanishes when IDH>00. Thirdly, we note that the terms. 

in. (2.15) involving µn and a°(n) tend to the corresponding 

terms in (3.4) because of the periodicity of n. This 

completes the proof of (3.4). 

The fact that F(n,D) and F(n,00) have suprema 

follows from the inequality 

F(n,D) < !DPI + pct — 	(Po  ) + 2 Pfds 1K(s)1 , (3.7) 

which in turn follows from (2.15) and (2.11). 
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la, prove the equivalence of (2.13) and (2.14) we need 

Lemma 1. If 2", is the subclass of R c:onsisting of 

functions with unit cell I", and r is aicube whoaa sides. 

area parallel to and are multiples of those of J (the unit 

cell of P), then we aan find an 6(19 > 0 such that 

e(T) ----> 0 as; 111-0 and. 

I
F(n,T) - F(n,00)1 < c(r) 	(3.8) 

for all n_E 	. Hare irl means the volume of r. 

Proof. The terms involving µn and a°(n) in the 

expression (2.15) for F(n,T) are identical to the 

corresponding terms in the expression (3.4) for F(n,00). 

By an argument like that leading to (3.6), we deduce that 

difference. between the quadratic terms in F(n,r) and; in 

F(noo) is bounded by an amount s(T) independent of m 

and tending to zero as Irk-›040 . Also, because n(Y)P(y) 

has unit cell T, we deduce that 

SDI J lim 	 irdy n(y)P(y) = 	tidy n(v)P(y) 
114-4co 	D 	PA 

tidy n 
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i.e. the terms involving jb in F(n,T) and F(n,00) a=a- 
P 

equal. This comletes the proof of (3.8). 
A 

It follows from (3.8) that 

aup F(n,T) < sup F(n,00) + s(T) . 	(3.10) 
nek 	nERI, 

We can replace 	. by ,f/4  on the left aide because F(n,T) 

depends only on the values of n(x) for y in T, and on. 

the right side because 	rC:ja. Taking the limit ITI—>c4 

of the resulting inequality gives 

lim sup sup F(n,D) 	< 	sup F(n,00) 
	

(3.11) 
co 	n E 	 nEfrt 

provided that every D is related to J as. specified in 

theorem 1. The reverse of this inequality also holds because 

F(n,00) a limp  F(n,D) < lim infD  supn  F(n,D) for all n. 

This proves the equivalence of (2.13) and (2.14) and the 

existence of the limit on the right side of (2.13). 

Finally, we show that the functional F(n,D) is 

continuous in n. For any p. 
 

satisfying 0 < p' < pc  , 

let Z(p') be the subclass of %), consisting of functions n, 

which are bounded above by p'. We then have 
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Lemma 2. The functional F(n,D) is continuous with respect 

to n thailimmismiumgmuir for ri4E g(P'), in the following 

sense : for any c > 0 we can find a b > 0 such that, for 

n1  E R(P' ) and n2  E X(P' )1 

' 
idzini(z) - n2(z)I < 	b 	 (3.12) 
D 

implies IF(ni,D) - F(n2,D)! 	 (3.15) 

Further, the continuity is uniform ri both n and D. (In 

the language of modern analysis, F is continuous on a 

subspace of the metric space L1.) 

Proof. From (3.12) we have 

ki 4dy[n2(y) - ni(y)7µ1 < 	(3.14) 

and from (24i) 

I -1114.4dAr• 512 	ri1 (LT 1)b(Y 	< 	(3.15) 

We also have 
n2(y)n2:y0 ni(y)nice 

[n2(Y) 	ni(x)1 [n2(e) + ni(ei 	ni(y)n2(y1) - ni(y0n2(y) 

(3.16) 

Mu I ti plying by K(y-y') and intercitin2 we find 	since 

n1(y) + n2(x) < 2pc, that 
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4-ifildirldz I K(r-V)Cri24)n2(30) -ni(y)n1493 
D D 

Ac  IDS 
Df d.Y1[112(Y )-n1(Y )1\f ddiC(7-1) 

< 	pcub fdq 1K(s )1 . (3.17) 

Since a°  (p ) is uniformly continuous in the closed 

interval [0, p' ] , it follows that for the given b we can 

find a positive number o(b) such that (i) for all p1  

and 	p2  in CO, pt , I p1-  p2 1 < 'To implies 

la°(°1) 	a°{p2)I  < a(b) 	and (ii) a(.5) 	0 as b -› 0. 

For a given n1  and n2  , we can express D as the sum of 

two parts De  and D>  , where Ini  - n21 < Ira for y E 

and In1  - n21 > lib for y E  D> 	Then We hAve 

e 	
.?7(5) for y 

ini (y)3 - ac'En24)31 	 (3.18) 2M for y D>  

But (x.12) implies 

I D>  I lro < I dylnl  - n2 I 	fdyln/  - n21 < IDlb 	(3.20) 
D> ' 	 D ' 

1,1100810, so that ID>1 < ID1f0 . It follows from (3.16) 

and (3.18) that 

where 	M 	sup 	a°(p). 	 (3.19) 
0<p<p' 
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Finally, from (3.14, 15, 20, anJ 21) we have 

(F(nl,D) - F(n2 ,D)' < 1J..I.lo + po + Pc o fd~IK(§)' + 0(0) + 2MV6 

---+ 0 as 0 ~ 0 , (3. 22) 

which proves the lemma 6• 

IV. Lower Bound on_ tne Pressure. 

The main part or the proof of theorem 1 now c.:onsistal of,. 

pnov:ing, the atatement (2.13). T.o do this we show in the; 

pr..e!=!-:ent section that~~ the right side of (2 .. 13) is a lower 

tiIDunru on p(J..I.,O+) , and in the following section tha~it is 

an, upper bound. 

Finding a lower bound on P(J..I.,fi,y) is equivalent to 

finding a lower bound on the partition function z(m,n,y). 

To obtain such a lower bound, we follow LP and divide n 

into M smaller cubical regions W1 ... ~' each of volume w, 

so that lill = Mw. We shall find a sucession of lower bounds, 

firstly in terms of the occupation numbers of these cells, 

secondly in terms of step functions and finally in terms of 

6 T.he same argument proves that F(n,D) is upper semi-continuo 

for n E 1(" • 



	

-46- 	 PART I 

functionsix-2.LetWbeasubcubeof 0 /concentric 

with and similarly oriented to Wi  and of volume COI  where 

Wl< W . Now, following LP, we obtain from the definition (2.4 

	

-VN 	
./ 	

-OVN 
Z(N,I1,i) > 	 e 

N 	"' N 1 	MI  ' 	(01)N1. . (wilv)1711 

(4.1) 

where Ni...Nm  is any set of inteugers whose sum is N. and 

which satisfy 

	

0 < Ni  < lic(W) 	 (4.2) 

where Nc(WI) is the maximum number of spheres of diameter 

ro  whose centres can be contained byonsw4C01 . The 

notation in (4.1) indicates that the first N. 1 volume 

integrations are over WI  , the next N2 1 	over 1012  , and 

so on. It follows that 

Z(N,A,y) > [ 11111- e(N.,64]exp(-BQ 	B" - 	) 
i1 	max .Wmax.' (4.3) 

° 	
ti a . 

where 	is the paixtion funcion of the reference system 

Qmax  is an upper bound, for all xl...xN  and all N , on 

the total energy of interaction due to q(E) resulting from 

pairs of particles that are in different cells (a) : and 

Wmax(N1...Nm) is an upper bound on the total potential 

energy due to IK(41 and Km for configurations specified 
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by the integral in (4.1). 

To estimate Wmax we define 

Y* A i 5 sup T3s) 	sup (im) 	 (4.4) 
3 E Wi 	x E 4,11 

Then Yi contributes E m.3e i 1 1 to  Wmax 	Next define 

K. 	a- 	sup 1 	K(yL - yx') . 	(4.5) ij XE Wi, )..SE (A)j 

Yv 4-' 
1 sn 

	

Then K contributes to Wmax the term 1 	N N Kt  iij 	1i" j ij 

due to particles in different cells WI , and the term. 

‘-, -2- yv  4,i  Nti(Ni  - 1)KL due to particles in the same cell. 

Consequently we have 

IL hi 	M_ 

wmax = 	 + 	(N 	- J:1(.1')N Kt  ) 

	

j   i i 	21  i 

(4.6) 

The grand partition function, defined by (2.3), has aa 

lower bound given by 

E(!-LAy) 	> 	exp(pµN) Z(N,a,y) 	(4.7) 

for any N . It follows from (4.3, 6 and 7) that the 

pressure P , defined by (2.2), has a lower bound given by 

P(11410.) > - (4. a xA 	- 
v -1 y 	4_,N.N.K.. a 2 	 j l ij 

E EN . — N.. Yit + R f log Z° (N1, W I ) + 2 ly11.Kiil  

(4.8) 



PART I 

for any set of integers 0 < Ni  < Nc W). (Their aum is now 

arbitrary). 

The quantity Qmax" E  el , say, vanishes in the LP 

triple limit (2.17) for a suitable choice of 0, as. shown 

by LP7. Also the final term in (4.8) satisfies 

1 11 — iyvY Nc (w)A0 = - 6
2 , say, (4.9) 

from (2.8). Then 6
2 

vanishes in the LP triple limit. [it 

is convenient to replace le in (4.8) by ij 

inf 	K( yx - yi51) 
xe 6)i , 

(4.10) 

We can make this replacement if we also subtract from the 

right side of (4.8) the correction term 

1 111 .-1 

	

1111 N.. 	. - r ..) 

	

J 	lx 
co 

[No  (6-)/6)12  7-1.1 y V6j(Kt . - 	. ) 2.0 	E.-  6
3 

, say, 

(4.11) 

oo 
where the sum 27., is over an infinite lattice of Wi's. But 

from (2.8) and (.2.9), ids K(s) exists_: as a Riemann.integraa 

7  Since our Q H ax is an upper bound for all 	we must 

replace p by pc  in the estimate of this quantity given by LP. 



and is finite. Hence, as shown by LP, 
00 
~ 'J ± 

lim ~y WK .. 
y~O i lJ 
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(4.12) 

It follows that 8
3 

~nishes in the LP triple limit. 

Stmilarly we can replace Jbr in (4.8) by 

inf )tI( y.!) 
XEW. 
-- I 

if we subtract the correctioITJ term 

-1 M 
J.Q) 2: N~. (~~ -p-:) 

111 I - 8 4;, say;;,. 

(4..14 ) 
From conditions (2.10, 11 and l12) we deduce:; that pel) is 

Riemann integrable over ... 6 ...... ~r its unit cell 

hence 

1 . 1 . 1 ~ 1J~± W = 
1m 1m ,n, L-.J r . 

y~ 0 1n.I~oo i 1 

d. , and 

(4.15) 

It follows that £4 vanishes in the LP triple limit. The 

inequality (4.8) now reduces to 

1 V -1 ~ -- 2 Y 1111 L..J N .. N .. K .. 
ij 1 J lJ 

(4.16 ) 

o where A, the free energy of the reference system, i~ defined b 

.£(N)ri)= _(3-1 103 ZO(NJ!l). 
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plus q Correction I  
The next step is to replace A°  (N. 	) by (1) a°  (Iii/0 

where a°  ( P ) = Ii rri [al 00 	(p Ini -11)/1.a..1 
To do this, we note that (4.16) 

holds if we impose any additional restriction on the 11..'s . 
p' Is chosen to this+ y 

In particular, it holds if we specify that Ni  < 00 whereA 

0 < p' < pc  . But, if p lies in the closed interval. [0,p'] 

and Ao(N,11) is defined for non-integral N by linear 

interpolation [103, then the sequence of functions A° (p(i),14)1 )/CO 

converges uniformly in p to a°(p) as wi-+co and 44415[10]. 

Hence, we can find a positive function e5(W)WI) , independent 

of M. (but depending on p') such that 

A°  (Ni  , 	< 	a°  (Ni/.0) + 65 	) 
	

(4.17) 

for all Na.  < p i a) , where 65(4,0J I) --> 0 as 	00 and 0-3,1. 

It follows that 6
5 

vanishes in the LP triple limit. We 

can now replace A°(Ni,WI ) in (4.16) by a°"(NiA4))14.), if we 

subtract the correction c
5 

from the right hand side. 

The next step is to replace the NI's in (4.16) by 

the step function 

nstep(Y) 	Ni/W for y E Cji  , 	(4.18) 

where E5i  is defined as the set of points y such that 

Y/Y 	Wi . Thus mi  is a cube of volume 53 	ylju) . It 

follows from (4.10) and (4.13) that 
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= inf 'b(y) 	 (4.19) 

(7ii and 

Kid  = inf 	ic(er 	 0 yi) 	(4.2 
E 671 YIECji 

Let us also define 11 as the set of points y such that 

y/i E fl. The set 11 is a cube of volume ylil.(11 and is 

filled by the cells Esi 	. Now substituting (4.17-20), 

in 	(4.16) we obtain, for any n step ' 

P ( 	) 	> F( 	- El nstep • • • -
5 

(4.21) 

where F is defined by (2.15). 

The next step is to use lemma 2 and replace n. ep whsrfe 	was defined just before Itoirm ..at  
by a function n' E .(p') 4 Firstly, for such an n', let 
US define the step function 

n'(y) _ fdy n' (y) 	for 2: E  E3i  and all i.(4.22) 
wi 

We can find an nstep such that 

I r)4t((Y) 	
nstep (y)) < 	1/6) 	for all 

	(4.23) 

Secondly, if r is a unit cell of the periodic function n', 

we dissect the space of vectors y into an infinite lattice 

of mob cells r 	congruent to f. Then we have. 



as -1,-+ 0 . It follows from (4.24) that 

limn lim sup 	fitrin' - Wri = 	0 	(4.26) 1 
-*.0 	IsLI _> co 

Ii 
, 
al. 

Et-.) --> 0 and henc e 

-5-z— 	 PA RT I 

1  fdsrin'(y) - Wr(Z)I =  	frdz tn! (x )  -- 
x 

ntY(Y)1 + QOM 

(4.24) 

where ri...rk  is the set of r
X 
 's which lie entirely 

inside Tel . Although n' is periodic over the  rd's 1  

n' is not since each rk is subdivided differently by the 

a's . However, ip the theorem of Darboux [12] shows that 

rayln,  - 
r 

n'I 
Y 

(:)) 	for 	A. (4.25) 

where o(w) is independent of X and tends to zero as. 

this with (4.23), we deduce that for ar".  n'Efe(P'), 
(which depends also on Yawl 43) 	1 

Combining 

we can find an nstep  06kuch that 11E1-  f dyln' 

vanishes in the LP triple limit. Since 

nstepl 
belongs to nstep 

6 6 

fk(p'), we deduce from lemma 2 that 

I F(n',/1) - F(nstep'il)I 
where e6 vanishes in the LP triple limit. 

conclude 
(4.21) and (4.25) we/that for all n'E R(p) 

(4.27) 

Fiom 

P(141,Y) 	> 	F(n',-11) - El ."' 	E6 • 
	(4.28) 

npx+ step is to show that n' may be replaced by 
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any function nE ye . For such an n , let us choose 

(Lr) 
n(y) where 0 < n(y) 5 p' 

p' elsewhere , 
(4.29) 

which clearly belongs to R,(pt ) . Hence (4.28) holds for 

	

Equation (4 .z.9) imp 
 

lies 	 and also, since cle(e) is cohvex 
this n' . 	that In(y) - n' (z)I 5.. pc  - p' 	for all y 

that a°  En' (y)1 < a°[n(y)] 	for p' ? pc  , where po  is a 

value of p where a° (p) is minimum. Therefore, by an 

argument like that of lemma 2 With 6 replaced by pc-  , we -find 
that, provided (1.-?-po , 

F(nt,f7.) > 	 - L1 	for all SZ 3 	(4.30) 

where 

A a 	EIµI + 	+ Pcfc1P.,11((§)1 ](Pc-  P t ) • 	(4.31) 

Substituting (4.30) in (4.28) gives 

P(11,111y) A 	(4.32) 

Since this holds for all nE , it follows that 

P ( 	) > sup F(n,a) 
nE g, El 	- 66 - 	(4.33) 

Finally , taking the LP triple limit followed by the 

limit p'-* pc 	gives 

lim inf p(p.,y) > 	lim 	sILp F(n.,p.,D) 	(4.34) 
1D1400 nER 
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side 
where the right

A
was proved to exist in section III. This 

takes us half way in our proof of the statement C2.131 of 

theorem 1. 

Upper Bbund on the Pressure. 

To find an upper bound on the pressure, we need an 

upper bound on Z . We use the same construction of calls 

U/i as before and a similar method. Then, with the notation 

of (4.1), we have 

z(N,,,n9y) 
>  (IL A-11N. 

	1  N 1 	NM!  	N. Ni  . . Nm. 	'•tf(6)i)Ni 	(0) It 

-pvN,  

(5.1) 

where the sum 21  is over all integers 3 N.1  whose sum. is 

Ni and which satisfy 0 < Ni  < NOAJ) . It follows that 

Z(1102,y) < exp(-p&min) 	 [!E Z°(&,W1)-lexp[HOWmin i 
1  N, 	i=1 . • AI  

(5.2) 

where min is a lower bound, for all )si...4 and all 

on the total interaction energy due to q(r) resulting from 

pairs of particles in different cells (J. . AlsoWmin 



— SS— 	 PART 

a lower bound on the potential energy due to YK('Ir') and 3'('r20 

for configurations specified by Ni...Nm  . As in the 

derivation of (4.6) 
	

've deduce that 

wmin = -21r 
1 V7 71 	

7-7, 
my 	1 	- is  -1-rli  + 	(N,i 	2 —yV- ILi i  K.  i  ) 

where r. ij and 3b  are defined by (4.10) and (4.13);. 
It follows from (2.3) that 

(.5.3) 

Et ( ,n , y ) < >  1  	[1-1 zo 	0.0 e 	e-13Wmin  (N1  . . N141 

N N • 1e' M 1  
(5.4) 

where the restriction that the Ni's sum to 2 no longer 

applies. Since Ni < Ni (W) , there are at most N10(0)  = c 
terms in the summation in (5.4), SO tint 

	

ain 	i 	Nat. 
E(119111Y) < 	N.c()M  max {e 	min  171 e 	1  Z°(Ni, 

N .N le II 

(5.5) 
Then (2.:. a) gives 

1 	t 

P (4 ,I, y) 	< 
I-al N 

max  N { 
	
1[N i  p - Ao  (N i ,W )  ] - Wm i n 

	

l 	lli 	
). 

- cin/y11 - 
-1 (136)) 	log Ne(W) (5.6) 

2his inequality still holds if we allow the maximum to 

range over non-integral values of the Ni  , where A°(N,W) 

is defined by linear interpolation [102 for such N1. 
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The term ZIminA111 si say, vanishes in the BB tripIeWt 

as,shown by LP. The term (pw)-1  log Nc(W) E e2 say, also 

vanishes in thi5 	imilpim limit because, from IP, 

1 	 / < Ne (0) < pc  Q.1)1/1)  + 2r )*Y  . Put e' = s 	e 	s 3 - 2 ' 	4 	3 
and 	 = s5  ' 	e4 ' where s2  ,  63 and e4 were defined in the -  
previous section and shown to vanish in the LP triple limit. 

Then (5.6) becomes 

P(P.AY) <max 	.711[N.1
µ - NN136 - A°(Ni,W)] 

Inl Ni..Nm{ 	±  

1 7' _ 	-yv z  N N e 
3' + 

Ei ... + 6 1
5 	

(5.7) 2 	il  i j ij  

where we have replaced yl  and r. ij  by 3 andqi ,and 

added the appropriate correction terms. 

The next step is to replace A°  by a°. To do this 

we first define 

f(N) 	E 

	N if N. < p'6.1 , 	
(5.8) 

p'to if N > p'61 , 

where 0 < p' <-c 	Using the inequality of PENROSE [13], ° 

	

Z°  (N+1,11)) < 	Z°(N0A/S7/)  e2C34'  [((01/ -i-rX/N -1/pel 	(5.9) 

where M' is a certain positive constant, we deduce that 

A°(N,W) > A°(N',w) for all tiO, N. and N' such that 

N > N' > p/(01°-i-a ) where 
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PI 
	E 	El/Pc  + Jv  e-2" 3-1 

 
<= Pc • 	(5.10) 

	

Since N 	> f(Ni) , it follows that AP(Ni,W) > A°[f(Ni),W3 

-1/Y A for p' > pi(13-IVAH \V  ). tA15015i:  ric.e 	.-f (Ni) 5 co (pc— p' ) , we 

deduce by an argument iike that leadina-tx ((},432) that 

P(119n9Y) < 1 max 
)n1 	'E f 	f (Ni )P-1: — A°  (f (Ni  ) ,w )1 

1
Y
v 

- 	 2 	f(Ni)f(N.)Kt 1; 	• El ... 	5 

	

El 	p 	(5.11) 
ij 

where 	is defined by (4.31). Let us put NI E f(Ni) 

Then (5.11) is unchanged if we replace the f(Ni) by the 

Ni , and maximise with respect to the Ni . Since Ni 

we have, by an argument like that leading to (4.17), that 

	

A°(NI,C0/4.) < a°(NI/0) e6(W) 
	

(5.12) 

where e(W) is a positive function which vanishes when 

(A)-* 00 . Thus s' vanishes in the LP triple limit. Now 

(5.11) reduces to 

 

Nr).'NJ 

   

P(11,11,Y) 

 

[N!µ - N!P÷  i - a°  (NI/0.)1.0 

  

y 1 - -2-y- Z.   N,!1\1 1.1(:!-  .1 ij 
si 	s 	A 	(5.13) 

Let g 	be the class of step functions which are of 
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the form (4.18) in Zi, and are periodic with unit cell 21. 

Then from (5.13) we have. 

P(p.,fity) 	< 93114 F(n,a) + el 	+ 661  + A 
nEym  

< 	sup 11(n,i40 	I- ei ... + e16.  + A 	(5.14) 
n0a 

since Vivi  C g . Finally, taking the LP triple limit, 

followed. by the limit o'—> oc  , we have 

him sup p(µ,y) 	< 	lim 	sup F(n,D) 	(5.15) 
y 0 	nEL 

Combining this with (4.34) we deduce that P(1190+)  exists 

and is given by the statement (2.13) of theorem 1 . The 

alternative statement (2.14) follows from lemma 1, as shown 

in. section III. 

To prove that p(µ,y) tends to p(µ,0+) uniformly on 

any interval, we note that for Iµ1 < m , our correction 

terms can be made to depend on m and not on u . This 

completes the proof of theorem 1. 



a(p,0+) a lim a(p,y) 
Y-*0  

The second main result of This 

( 6. 3 ) 

Pa-Per- is 

PART 

VI. 	The Free Energy. 

for the, free, energy 
In this section we derive OW results)  corresponding 

Olose,.amn in 
toktheorem 1 for the pressure . The free energy of a 

system of N, particles in a cube 11 is defined by 

A(N,Ja,y) 	a 	- 13-1  hog  Z(Noa,y) 	(6.1) 

for integral IC and by linear interpolation [103 for non-

integral Ni. The free energy density is defined by 

a-60,Y) = lim k(p1S11,11.,y)/Ini 	(6.2) 
Inl->C0 @,e, the discussion just before tieorun1) 

which exists [9] because of conditions (2.6 - 12) The 

van der Weals limit of the, free, eneriy density is defitied by 

Theorem 2. 	Uhder conditions (2.6 -12), the van der Waals 

limit a(p,0+) of the free energy density exists and is 

given by 

a(p,O+) = lim inf G(n,D) 
IDI->oo nE c(p) 

or equivalently 

a(p,0+) = inf Ci0M,00 
nES(p) 

(6.4) 

( 6. 5 ) 
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where g(p) is the subclass of 51a consisting of functions 

n which also satisfy 

lira Tff r fdy n(y) 	= 	P 9 	 (6.6) 
IDI-*00 ' I D  

'D(p) is the, subclass of C(19) comp rtsin9 functions with unit Cell .D 
and G(n,D), is defined as the functional 

Tryi 

	

	 i. tazia°[n(z)3+P(y)n(y) 

and 

2 
1

DI fDdy/Ddyl n(y)n(y')K(y-y') 

(6.7) 

G(n,00) E lim G(n,D) 	(6.8) 
1D1-> Co 

Further, the convergence of a(,p,y) to atp,O+) is uniform 

in p for 0 < p < p '  if p' < Pc • 

The limits (6.4, 6 and 8) are taken over an_aamending 
sequence of similarly oriented cubes D as in theorem 1. 

The existence of all the limits involving ID1.-00 and the 

infiraa. follows from arguments.: like those of section III. 

Before proving theorem 2, we note that if w. 0 and 

the minimal function in (6.5) happens to be n = p 
' 
then 

formula 
a(p,0+) = a°(p) 

	apt, where a a ids K(s) 	Thisvaa 
for all p and all temperatures 

shown by LP to holdkif K has a non-negative Fourier 

transform, ana for restricted ranges of p and of 
temperatAre, if K is a more. general fu notion . 

Theorem 2 can be proved from first principles by a 
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method similar to that used for theorem 1. Instead, we give 
coverml only 

aDsimpler proof ( the case 3a= 0 . We use theorem 1 

together with the standard formula [l5] 

a(P,Y) 	= 	Max 41 ) 	P(P.,Y)1 	 (6.9) 

Taking the limit y--). 0 of this gives 

a(p,O+) 	= 	max [µp - p(µ,0+)] 	(6.10) 

where the interchange2 of the limit and the maximum: is 

justified because, by theorem 1, p(µ,y) tends to p(µ,0+) 

uniformly in µ . From the equation (2.14) for p(µ,0+) 

we deduce that 

sup sup 11(21,1100) 
P nE e(P) 

1 sup sup lim [µ-i-jyff n(y) - 
p nE (6(p) 01->00 	" D 

sup [up - 	inf 	G(n,00)] 
p 	nE 5(p) 

Substituting (6.11) in (6.10) gives 

a(p,O+) 	= 	max inf [(p - p')µ 	inf 	G(n,00)] 
P' 	nE g(P') 

(6.12) 

[.To proceed further we need two lemmas. 
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Lemma, 3. 	The function8  

(6.13) f(p) a inf G(n,00) 
nE g(P) 

is alconvex(function of p , (for - 31/= 0). 

Lemma.4. 	If g(p) is convex then 

max min [(p-p')µ + g(p)] 	= 
P 

g(p) 	(6.14) 

1 
f(2P + 2. P 2 )  

D.41 
Lemma 3 is equivalent to the statement 

(C15) 1 	11 2f (p1) + 2f(422)k for any pli  and p2  in 

this statement, consider an infinite lattice 

0,pc) . To prove 

of identical 

pa ra I I el epipeds r 	Ell img 	V-dimensional spaae,(the cells 

must o-f (3414krei.e b4a paraa1e-lekpip.040). Consider also an 

infinite fixed plane (V-1 dimensional) coinciding Wail -faces of 

these, 17A  AI. 4, Now introduce an ascenuing sequence of 

bounded regions R similar to the rk in shape and 

orientation, and chosen so that each R is bisected by the 

fixed plane, while the faces of each R coincide_ with icices 

ci the .17,A . Let R/  and R2  be the halves of R on 

opposite sides of the fixed plane. Then the, defihition 
(6-7) implies 

G(n,R) < i G(n,R1) + 1 G(n,R2) + A(R) 
	

(6.16) 

8 Note that 	infL G(n,D), is not necessarily convex:. 
nE 6(p) 
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Fig 2.  Construction used i'n the, proo-f of lenirbg 3, 
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where. (see (3.6)) 

2 

	

P(R) E Pc /dz./ dy' 	)1 
II Ri R2  

0 	as 11/1--> co 

(6.17) 

For any p, let c(p) and 6T(p) be the subclasses 

of g(p) consisting of functions n with unit cells R and 

Pk respectively, and let gli(pl,p2) be the class of. periodic 

functions n with unit cell R and satisfying the conditions 

/- 
i. irxidlc n(x )  = 

P1 if rXc R1 

( p2 	if rXC: R2 
(6.18) 

Since 4'11  = 1R21 	these conditions imply 

(6.19) = —24PIL+P2)  

sn that, ell(pL,p2), is a aubclass of R  (lp1 2  + -Lp2  ) . With 

(6.16) this gives 

inf 	G(n,R) inf 	G(n,R) 

n€ ert(-1P1+ -iP2 ) 	nE  gR(P1' P2)  

< -7 1 r> 
	

inf 	G(n,Ri ), + A(R) . 	(6.20) 
±=1,2 nE eT(Pi) 

As in lemma 1, we can replace G(n,R) and G(n,RiL). by G(n,00) 

if we add to the right side of (6.20) a;correction which 

r 
IRIJRdY n(y) 
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vanishes in the limit 	Then, since gR(p)C: g(p), , 

we obtain on taking this limit 

inf 
nE g(14:11+ Ip2)419°4)) 

inf G(n,w). (6.21) 
nE Vr( pi  ) 

Since this holds for parallelepipeds I\,  of all shapes: and 
aizes3, it also holds if we take the infimum.in P of the. 

right side, which givea,the desired inequality (6.15). 

To prove lemma 4, we write M(p) for the left aide off 

(6.14). Since 

min [(p-p')11 
 + g(p')3 
	

g(p) 	 (6.22) 
p' 

for all µ , we see that M(p) < g(p) . Also, since g is. 

convex, its tangent at any point p never lies above the 

curve [14]. Taking µ to be the slope of this tangent, we. 

have 	g(p') + (p-p')µ > g(p) for all p' , so that 

min [(p-p')µ + g(p')] > g(p) 	(6.23) p
t 

It follows that M(p) > g(p) , and the proof of lemma. 4 is-

complete9. 

9 The same argument proves that sup
P. 	PP  
inf 	[(p-p')µ + f(p')] 

= CE f(p) for any f, where CE f was3defined in section I. 
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Esing lemmasi3 and 4 in (6.12) we obtain (6.5). We aan. 

deduce (6.4) from (6.5) by uaing the analogue of lemma 1. 

That the convergence of al(p,i) is uniform in p can. ha: 

deduced from (6.9) and the fact that the convergence of 

p(µ,y) is uniform in µ . This completes_: the proof of. 

theorem 2. 

ka3aJaorallary, we note that a(p,O+) is convex in p• 

This follows from (6.5) and lemma 3, or alternatively from 

the fact that a(p,O+) is the limit of a sequence of 

functions a(P,Y)  which are known £10] to be convex. 



— 6 7 — 	 PART I 

VII. 	Discussion. 

Our main results are theorems 1 and 2 which prove 

the existence of and give expressions for the van der WR-Plicl 

limits p(µ,0+) and a(p,O+) of the pressure and free 

energy density. 

These results are fairly general, being easily 

extended to classical lattice gases and other lattice 

systems that are, isomorphic -Co these goses.. 	Ommilm 

A more difficult generalization would be the replacement 0~ 

the hard core condition (2.7) by the condition 

q(x) > constant. Irl -V-6 for small ILI. It may be possible 

to do this by using a result of DOBRUSHI1 and MINLOS [16]. 

in a more sophisticated treatment, 
and possibly also on 

on n,kK and 3", by the condition 

Lebesgue measurability. The only place where we require 

Riemann integrability of n is in equation (4.25). 

The result (2.13) raises the question of the signifiCanoe 

It 

to 

may also be 

replace the 

possible, 

conditions 

of 
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of the function 

P(I/D) = sup F(n,D) 
	

(7.1) 
nEie 

One can show by our methods that 

(p. ,D) 
	

lim P(µ,D ,y) 
	

(7.2) 
yn:o0 

where D is a cube of volume y IDI, defined as the set 
2 

of points yx such that yx E D . The limit (7.1) is thus 

a combined man der Waals and thermodynamic limit in which 

the sides of the container grow at the same rate as the range 

-1 	 oilso 
y 	of the Kac potential. One can/ define a free energy density 

1 	 2 
4(p,D) like (7.%) and prove the analogue of (7.1). One 

finds that at is not necessarily convex in p (but ts 

probably differentiable), and is not related to 9 by an 
i.e. -the canonicAtm and grand cononicaliense•nibles re 	ellIA 101 fit 	this limit. 

eivatom 

	

	C6.10)“ Possibly, cX represents a finite 

system of volume IDI, which is,roughly speaking, small 
thermodynamically 

enough to beAunstable but large enough to behave like a 

continuum. This may have practical application. 

It is poSSible, to 	rederive the 

results of LP [4J using our theorems 1 and 2, and also prove. 

that there some, functions k -for Which 	arid 	do hot hold. 

Theorems 1 and 2 can also be used to evaluate certain 

correlation functions in the van der Waals limit. We hope 

to present this in a future paper. 
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Finally, an outstanding unsolved problem is to prove 

that a(p,O+) is, as seems likely, differentiable [16] 

with respect to p . We can prove this only in the cases, 

where (1.2), holds. 
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Abstract.  

For 8.5 v —dimensional system of particles3 with the two- 

bodyy potential 	+ 7-91((yx) and density p it is 

provaedi under fairly weak cconditions3 on q and IC that 

the: canonical pressure Ic(p,y) andi chemical potential p.(p 9 y) 

tench to clefinitEe limits i when y-  ---> 0 . The limiting, furrations 

are± absolutely continuous and are given in terms, of the. 

derivative of the limiting free energy density 

a(p,O+) = limy __).0a(p 9 y) which•was flbund in partt I. 
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I. Introduction. 

In part I of these papera [13 we aonsideredi the free 

energy density a(p,y)' of a, V-dimenaional system of 

particlem with the two-body potential 

+ yVK(yr) 	 (1.1) 

and density P• (We aseume there is no external_ field in 

the present paper). Uhder fairly weak aonditions, on q and 

K we proved that' the van der Wealmlimit a(p,O+) 

limy,  ,a(p,y) existssand is given by a variational. formula. 

In the present paper we consider the canonical_ 

chemianl potential 

11 (PIT) E 2p  a(P,Y) 	 (1.2) a 

and, the canonical pressure 

IL(P,Y) E (p2-  - 1) a(P,Y) 	(1.3) (pap  

for the same system. The existence of these functions, was_ 

proved by DOBRUSHIN and MTNLOS [2] (see also [3]). We prove 

that their van der Waalmlimits 

11(P,o+) = 	µ(p,y) 
	

(1.4) 
y-->0 

•I(p,O+) 	= lim qt(p,y) 
	

(1.5) 

exist, are absolutely continuous functions of p (i.e.  
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[4] 
differentiable almost everywhere/), and are given by 

p(p,O+) = 
ap 

a(p,O+) 

it(p,O+) = 	- 1) a(p,0+) 	(1.7) 

Anci 

The reSults(1.6) states that the limit y->0 and 
A 

the derivative a/ap of a(p,y) can be interchanged, and; 

that µ(p,O+) and It(p,0"-) can 'as calculated in principle 

from the variational formula. for a(p,O+) given in part I. 

Our method consists of proving firstly that a(p,O+) 

is differentiable. Since a(p,O+) is convex, as shown in 

part I, its left and right hand derivatives, denoted. by 

a a(p10+) and a a(p,O+) respectively, exist and satisfy [4]  

a a(p,O+) < a" a(o,0+) -4- (1.8) 

We prove the reverse of this in section III using an 

inequality obtained in section II, and deduce theconsequ-

ences in section IV. 

The conditions to be satisfied by q and K are, 

ass in part I, 

q(E) = q(7,/,;) , K(2) = K( ,$) 

q(r) = 00 for lEl< ro  (hard core contition), 

lq(E)) < A ftr-E 	for Irl? rc  

q is measurable, 
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1K(2)1 < 100 < K for all 2, where k(t) is a positive 

non-increasing function such that fd,a, kO2D < 00, 

K is Riemann integrable on any bounded region.of 

V-dimensional space, 	 (1.11) 

where A, K, ro and s are positive constants. 

II. Inequality for a(p,y). 

To obtain a suitable inequality for a(p,y) we use 

the result (3.23) of DOBRUSHIN. and MIMICS [21. Let Z(N,al y) 

be they partition function: [11 for N particies3 in 	auhe fl 

with the two-body potential (1.1), and let N1  and. N2 MEE 

possitive, integers that do not exceed the maximum, value: o.L N 

for which Z(Noll,y) is defined. The result then. states 

that for N1  < N2  

Z(N ) N/ ( 	1 	+ C) < N2( Z(N2) C) 	(2.1) 
Z(N1-1) 	Z(N2-1) 

where 

C'(y) E Pilvexp[2f T'(y)l r jrd(W ni 	1. - exp[-Sq+(r)- pyVK4.(y4 

(2.2) 

where q+(E) E max(q(E),0) and K.(s) 	max(K(010) , (see 

also [3]). Here A is the thermal wavelength [11, while 

-240  and -2?' are lower bounds on the potential energy, 
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due to q(T;) and TVIC(yE) respectively, of aa adngle 

particle interacting with any number of other particles. The 

existence of these lower boundm is a consequence [53 of the 

conditions (1.9 to 11). 
From (2.1) we shall deduce the new inequality 

N [ 
z(N) 1/(N-N1) 	 1/(N2-N) 

Z(N2 i ) + 	C ' 
6171 	

+ C' 	< 	o  
p) 	 N " 217) 	 (2.3) 

for N1  < N.. < N2 .  To prove this we firstly use (2.1) to 

obtain 	 N. 
0 	< 	Z(N) 	_ 	1-1 • 	Z (11 ' )  

Z(N1  ) N'= N +1 

	

1 	
Z (N1 -1 

• 
N 
ri 	[N -(Z  N) 	4.  c,) _ a < 

N'= N +1 N' Z(N-1) 
1 

{N__ (T)1)  + C' -C 
iN-N1 ) < 

	

	 ' 
N1 Z N  

 

 

(2.4) 

This gives 
(rZ(7) /(N-N1) Z) 	 )Z(Ni) 	+ <N(Zr-1) +C' (2.5) 

Secondly, we use (2.1) to obtain for N.< N' 1 N.2  

Z(N' - 	
N 

2 	
C') 	C' 	 (2.6) 1) 	N 

Suppose, for a given N , that N2  is aiD small_ that the 

right aide of (2.6) is:: non-negative. We then have, as in (2.4), 



PART Ia 

Z(N2) 
777— 

N2 

IT 
N' =N+1 

z(N,  )  
Z(N'-1) 

(N. (Z(N)  
N2 Z(N-1) at)  - C'r2 N  (2.7) 

which g_iwas3 

N(Zz6N21)  + a) 
1/(N N) 

Z 
2 + 	O'j (2.8) 

On. the other hand, if N2 is such that the right sd.die of 

(2.6) is negative then (2.8) still holdss because 
1/(N2-N.) 

[Z(N2)/Z(N)3 	i S3 positive. Combining;  (2.5) and 

(2.8) givea the desired inequality (2.3). 

To obtain an inequality for the free energy density 

a(P,Y) 
1 = - lim 	

Rind 
 log Z(p0.1,11,y) 

1111->oo 
(2.9) 

where 1111 is the volume of 12, we take the thermolynamic 

limits 01-> co, Mai p and N/1.0.1-*pi  of (2.3). This 

immediately gives. 

P1 [C' (y) + exp 
Ca(PITY)  

P 

- Pa(P,Y))] 
- PI 

P2 Lc' (y) 
r(P9()  - Pa(P29Y))] 

+ exp 
P2 - P  

(2.10) 

for all y and all p , p1  and p2  that aatisty 

0 S p1< P < P2‹  pc  , where pc  i S3 the: maximum, density, 
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permitted by q 

BEfore proceeding with the main part of the proof, we 

note that since a(por) is convex [33 in p , it sat.isfie. 

an inequality like (1.8). Also, taking the limits: 

and p2->p of (2.10) gives, a_a(p,y) > 

proves3 that a(p,y) is differentiable. La same. result` was  

obtained in [21 by a2aaightly different method. 

III. Differentiability of a(p 0+). 

In thimsection we prove that w(p,O+) is different- 

iable by considering the limit 	of (2.10). Firstly 

we:note that (2.10) still holds if C' is replanfldiby an 

upper bound, C say, on C'. To find a suitable upper 

bound we note that (11 4.  > 0 , K > 0 and 1 - e-x  < x. for 

alL x , which gives 

1 - e 	' 

	

-ON, + 'r K.4.) = (1 - e 	e 	' 
-Pc - -0q, 	

- e 
, 	-pyvKi.) ) + 	cl  

	

< (1 -e 	) -PC\ - + V py K.4. 	 (3.1) -,..-- 

It follows that 

AE(1 - exp[-Pq÷ (1*) - pyY1C+ (yE).-j) < B. + pa t. 	(3.2) 

where 	11 a:- fdr 	- exp[-Pql  (E) ]) 
	

(3.3) 
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and 	a+ 	ids K (s) 
	

(3.4) 

Also, let us choose 
co  

V (Y) =-:- 	
1 1L-2 	inf 	> 4  yVK(yEa) 	(3.5) 

- ri,E2,.• a.„ 

the infimum being over Ea's that ire subject to 

Iraq rbl 	ro for all a 	b , where ro is the hard, more 

diameter of q . to obtain an upper bound on T' we 

consider, as in part I, an infinite lattice of identical 

cubes W 2"" of volume W filling V-dimensional space. 

Putting 
K. a inf Kjyr) 	 (3.6) 

r. e tOi 

where K_(s) E min(K(0,0) , we obtain 
co 
77,  K(yr ) > 7  NK 

- i.=. ii 	
(3.7) 

a=1 	a   

where Ni  is the number of particles whose centres; are cont- 

ained in. 6.). for a given (r r ...). As shown in [61, 

Ni 	p(W179+ 2ra)/)  • Hence, from (3.5) and (3.7), we have 

for all y and 6) 

TI (y) < T(y,W) = -2pc(1 + 2r0W71A)V7, (y))Ki  
1=1 

(3.8) 

Together with (3.2) and (2.2) this gives for all '1 and w 

c' (Y) < c(y,w) = 1\7 1(B + poc+)e2C3['+ T(Y96))1 
	

(3 9 ) 
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Now consider the 

C(y,td). 	The conditions 

lira 	lira 	T(y,tti) 
cA.).“40 	Y--> 0  

limits 	y•••• 0 	followed by w-too of 

(3.10) 

(1.11)marbdai imply [7] that. 

= 	
1 

 Pca- 

where a- 	= rds K_(2) 	. (3.11) 

This, 

C(0+) 

together with 

= 	lira 	lira 

(3.9) 	implies 	that 

-V 	- 
C(Y,6-0 	= 	 A 	(B + pa+ )e

0(2V- pea-) 

(3.12) 

The expression on the right side simplifies in an obvious; 

war if K iS3 either non-positive of nom-negative. 

Since the limit (3.12) exists, we can replace C' (y) 

by 	C(y,c1.1) 

by 	00 

pt  [0(0+) 

for all 	p 

in (2.10), and take the limi 

of the resulting inequality. 

- pa ( p , 0+ )) 
+ exp(Pa'(PW°+)  

is 	y-->0 

This yie/dal  

- f3a(p2 ,0+))] 

followeith 

(3.13) 

< p2< pa;  

° 	P1 

p2 [(0+) 	i exp 

, pl 	and 	p2 	that 

(13a(p 9 0f) 

P2 - ° 

satisfy 	0 < p1< p 

Finally,  taking the limits p 	p and p2 	p gives 

a a(p,O+) > a a(p,O+) 
	

(3.14) 

1 We have tried, without success, to deduce (3.L3) directly 

from the, variational formula for a(p,0+) given in. part I. 
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which together with (1.8) implies that a(p90+) 

differentiable. 

IV. Fordstenae and Continuity of µ(p,0+) and It(p 0+). 

The existence of µ(p,O+) and the statement (1.6) 

follow, from the differentiability of 8.4,0+) and the 

inequality 

a a(p,O+) < lim inf µ(p,y) < lim sup µ(p,y) 	a+a(p10+) 
y-;>0 	y-->0 

(4.10 

which in turn follows MB from the convexity of a,;(p,y),(see 

equation (6.5) 	of reference [71). The existencaof i(p,O+) 
, 6 

and the statement (1.7) follow from (1.3), (1.5) and (1.1). 

The prove the absolute continuity of µ(p,O+) and 

it(p,O+) we use the Lipschitz,condition 

0 < ( 9,y) — 7c(p1,y) 5 (p2--P14-111 + C 1(y)J31-L(P/Y)] 

(4.2) 

for all y and all pi  , p2  and p that satisfy 

0 < Pi< P < P2< Pc  • The first inequality in (4.2) states: 

that, it(p,y) is non-decreasing [5] in p 	while the ssaondi 
3 

inequality is due to PENROSE [5] and can be deduced from (2.1). 

Again we aan replace C'(y) by C(y,w) in (4.2) and take 

the limits y7>0 and 60->00. This gives a Lipschitz condition 
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on w(p,O+) which proves [4] that it, and hencoe• µ(p,O+), 

are_ absolutely continuous. 

As a aorollary, we note that when aw(p,O+),/ap existm 

it satisfies 

0 < 2 7t(p,O+) 	< -1[1. _,. C(0)efa.µ(p'0+)] - ap 

where C(0+) is given by (3.12). This derivative does:not 

always. exist: for example, it has discontinuitieain the 

special case K < 0 considered.: by LEBOWITZ and PENROSE [7],[1]. 

Using the methods of DOBRUSHIN and MINLOS [2], it maw  

be possible to extend our results to cover the aas:a where q 

does not have a har& core, provided that the existence= of a(p,O+ 

can also be proved in this case 
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Abstract. We examine the limiting free energy density 
~ 

a(p,O+) :: limY-70a(p,y) of a classical system of particles 

wi th the two-body potential q(£)'+ yYK(yr) , at; densi ty p 

in )} dimensions. Starting from a, varia tipnal formula for 

a.(p,O+) , obtained in Part I of these pE.pers~, we obtain. a new 

upper hound on a(p,O+) given by 

+ 

Here ME f , call1ed the mid-point envelope of f, is defined 

for any function ~ by 

IViE f ( p) == inf ~:[ f ( p+h) + f ( p- h) ] , 
h 

CE f , call1ed the convex.: envelope of f, is) d efined~ for any f 

as the md.Nimal convex .. function not exceeding f; also 

-, 

ex == Jd.£ K(~) and K. is·tIhe minimum of the Fourier transfor mln 

of K., while aO(p) is the free energy density for K=O • 

l?or the. clas_s, of functions K such that 
~ 

~ 

.K. < 0 mln and 

K . < 2Ya q ve deduce from this mln . upper bound that a(p,O+) < 

CE[ao(p) + ~ap2J for all values of 

differs fr,om its_. mid-point envelope. 

a 1 - 2 p where a (p) + 4"K . p 
y mln 

Consequently, the 

a 1 2 generalized van der Waals equation a(p,O+) = CECa (p) + 2CXP J 

does not apply in this case. We prove that in a. certain sense 
local 

-1 thel\density in non-uniform over distances of order y in this~ 

case, and infer that this density is periodic. 

We also give a simpler derivaID:tion of other bounds on a(p, 

obtained by Lebowitz and Penrose. 
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I. Introduction 

Following the work of Kac, Uhlenbeck and Hemmer [1] and, 

van Kampen [2] on the van der Waals equation, Lebowitz and 

Penrose [31(henceforth referred to as LP) considered the 

pressure of a v-dimensional system of particles with the two-

body potential 

q(1) + yliK(yz) 	 (1.1) 

and showed that in the limit y--0 this pressure was given, 

for a certain class of functions K , by a generalization of the 

van der Waals equation together with the Maxwell construction. 

In the present paper we prove that, for a different class of 

functions K , this equation does not hold. 

Our method is based on the results of part I of this series 
[41 

of papers. 4e there proved that the free energy density 

a(p,T,y) of a classical sysem of particles, with the two--body 

potential (1.1) at temperature T and density p , tends to a 

definite limit when y-*0 (the van der  Waals limit) , provided 

that both q and K satisfy fairly weak tempering conditions 
re4orert,, 	,ritick( anal 	(fir) the . KacHere(r)  IS CCOICal the.. _ 

and that q has a hard core.Ve proved further that 

a(p,T,O+) i lim a(p,T,y) = inf 	G(n,T) 	(1,2) 
y -*0 	nE6(P) 

where the functional G is given by 

G(n,T) = 	dzia°En(x),T1 + in(y) dy'n(zt)K(z-z 1 )} 	(1.3) 
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the integral with respect to ' being over all of 

V-dimensional space. Here 6(p) is the class of functions n 

that are (i) bounded by 0 and pc  (the maximum density 

permitted by q), are (ii) Riemann integrable over any bounded 

region, are (iii) periodic, and (iv) have space average P, i e • 

i
r
rdy n(y) = p 	 (1.,4) 

The region r (which depends on n) is the unit cell of n 

and has volume M. The function, a°(13,70 is the free energy 

density corresponding to a system wiAh une two-body potential 

q(,1;) , called the reference system. 

We shall use (1.2 and 3) to obtain an upper bound on 

a(p,T,O+) , but first let us consider the bounds already 

obtained by LP. They showed that 

CE[a°(p,T) +2Kminp2] + -2(a - mi )P
2 

n a(p,T,O+) 

 

< 	CE[a°(p,T) 	- 
1 
 pp2  2 

 

(1 5) 

where km in.  is the minimum of the Fourier transform 

/Z(10) 5 fds e 	'k 
21tip.s ,

/2 
 ) 
1  (1.6) 

a E ids K(s) = Z(0) 	and CE f , called the convex. envelope 

of f , is defined for arbitrary f as the maximal convex 

function not exceeding f . These bounds coincide in the 

following cases:: 
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(a). If 	> 0 for all p (so that a > 0) then 

a(p,T,O+) = a°(p9 T) +;ap2 	for all p and T. 	(1.7) 

(h). If' i7(p) > Z(0) for all p (of which a special 

case is K(s) < 0 for all a) then 

	

a(p,T,O+) = CE[a°'(p,T) + iap2] for all p and T. 	(1.8) 

The canonical pressure corresponding to (1.8) is given by a 

geneTalization of the van der Viaals - Maxwell equation of state. 

(c). For a general K, (1.7) holds for values of p and. 

o T 	Where a + -1=-Kmin p2 2 	coincides with its convex envelope. 

One expects_ for any ao, and can show for certain cases of a° 

that this_ happens at Least when 	and pzpc  . 

(d). If a0  shows no first order phase transition and 

T-1a2ao(p,T)/ap2 > C for all p and T , where C is a 

positive constant, then (1.7) holds for all p provided that 

T = kminl /C  

J  To prove this, we merely note that ao + 7,,minp2 is convex when 

(1.9) holds. As an example, when q coresponds to a one-

dimensional system of hard rods of length ro  we find that 

C = 27kAro  where k is Boltzmann's constant. 

This implies a < 0 since 	-->• 0 as 1p00 . 
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The bounds on a(p,T,O+) given by (1.5) do not exclude 

the possihility that (1.8) might hold for all functions 

and for all p and T . To show that this is. not so, we 

obtain a stronger upper bound on a(p,T,O+) which enables us 

to find some conditions under which a(p,T,O+) < 

CE[a°(p,T) + 2ap2]. 

II. Stronger Upper Bound on the Free Energy 

This section is devoted to obtaining the above mentioned 

upper bound on a(p,O+) (dependence on T is henceforth 

omitted from the notation). Our method consists of. choosing 

judiciously a function. nE (p) , noting that a(p,O+) < G(n), 

and finding an upper bound on G(n) for this function n . 

As a first choice one might try n = p , which clearly 

1 belongs to &p) , and which gives a(p,O+) < a°(p) + 70c 2  . 

Since a(p,O+) is convex [4], it follows that a(p,O+) < 

CE[a°(p) +4ap2] . This is just the result (1.5) of LP, but 

here it is. an almost:. trivial consequence of the variational 

formula. 

To obtain a stronger upper bound, let p 	be a value of O 
p wherel7Wattains2 its minimun e  

min 

2 
The minimum is attained because Z(p) is continuous_ [3]. 
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assme that K , and hence K , has at least cubic rotatj.onal 

-,:ymmetry. Examples are the continuum system where K has 

spherical symmetry, and a lattice gas with. a. cubic 

In this case there are V orthogonal vectors, po,p20,...po  

(10
o 

 a-  c ) say, of equal length and such that K(1a) = 

for i = 1,2,...V . Wow let us choose 

V 
n(y)z 	p V 1 	 o 

where h is a positive constant such that 0 < p-h and 

p+h < p
c 	Hence we have nE &p) . The unit cell r of 

is in this case a cube of side 12o1-1  . Our choice of n is. 

motivated by the conjecture of LP that spatial ordering may 

ur ; the sine function is chosen so that the calculations 

are simple ; and the period is chosen so as to give the best 

possible upper bound for functions of thia3form. 

To obtain an upper bOund on G(n), defined by (1.3), wa 

first find an upper bound on its quadratic term 

1 I (n) a irikyfiy,  K(y-z,  )n(z)n(e ) 

be 
This canieritten as 

(2.2) 

    

I (n) =   k(p) 111"(p)I 2  
pEVP 

(2.3) 

where V 	is the set of all vectors that connect lattice points 
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in. the reciprocal lattice corresponding to the lattice with. 

unit cell T 	ATho Y is defined by (1.6) and n by 

5(,12) 	1-4,-,drdy n.(y) e 21K.ip .y id. 

For the choice (2.1) of n we obtain. 

p for p = 0 , 

(2.'0 

9 Mel h/2v for R = +1),0,"°2-o 

0 otherwise. 

Hence from (2.3) we have 

1(n) 	Rd(0)p2  i 2VZ(pa)(h/2v)2  

2 	It"' 	2 ap 	151Kminh, 
(2.u) 

Next we find an upper bound on the integral involvil 

the functional G(n). Since a
o
,  (p) is convex we have, fo 

all p' in the interval [P-h9 P+1119 

o(  a ,p ) < o'-p+h  ao(p+h)  
2h 

 

a°(p-h) 	(2.7) 2h 

But (3.1') impi:ies that p-h < n(y)<p--h for all y ,and hence 

0 - 
a LD-'.Y)' 2f1E2.1:1) r, - 

2h 	,̀,T  IL  II 	
h] 

0  
a 	f d,v[p 	h - n(y)] 2h 131 

p+h) ± = 1- 
	

o 
I 
 , 
p-h) 

2 	' (2.8) 

Comtining (2.6) with (2,8) gives an ur)per bound LIT)11 	( p 3  0 -;. ) 

Whi-C7h is c:onveniently expressed in the form 
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a(p,O+) < 4P(p+h) + a°(p-h) + -4iRminC(p+h)2+ (p-h)2].} 
19 	)„2 

T5"min''' • 	(2.9) 

Since this holds for all h , we can minimize the right aide 

with respect to h which gives 

lq 1 a(p,0+) < ME[aP(p) + 7.5 111.inP
2
] 
	

(Ta 	01(min!°
)2 

 ' (2.10) 

where ME f(p) 	called the mid-point envelope of. f , is 

defined for any f. by 

ME f(p) a inf la(p+h) + f(p-h)] 	(2.11) 

and is discussed in the Appendix. Since a(p,O+) is convex, 

we obtain from (2.10) our first main result : 

Theorem. If q  and K satisfy the conditions [4] of Part I, 

and, K has at least cubic symmetry,  then 

1- 	 1- a(p90+) < C41E[a.°(p)+ 75Xminp2  ] + 2a — " 41)K  min
\  (2.12) 

We note that this upper bound is at least as strong as 

the LP upper bound CE18.°-+ 2ccp2] because, from (2.11), 

ME f < f for any function. f . 
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III. Deviation from the van der Waals - Maxwell Theory 

In. this section we consider the consequences of our 

theorem. We shall prove, the following 

Corollary.Ificiii<OandlVa ,  then min 

1 
a(p,T,O+) < CE[a.°(p,T) ± 2-ap

2 
 ] 

for all values of p and T where  aP(p,T) + 1K . p2  4V min 

    

differs from its mid-point envelope.  

  

     

Before giving the general prcof, we consider the special 

casa where 
o 1 2 
+ Zap 

a 
isem vex function,of p for a given. T 

(this is true for all T if a > 0). The conditions, of the 

corollary imply that ME Cà" 7ic c 	linp2 , j + 
4 

- —Kin 
4V m )p

2 

< ao  + 7up2  , whence the result follows by the theorem. 

For the general proof we need 

Lemma 1. For any function 

CE f(p) + p2 < CELf(p) + p2] 
	( 3 . 1 ) 

in any interval3  of values  of p where  CE f(p) < f(p)e 

3 Eq.(3.l) does not hold lf p -is an isolated pointed at 

which CEf < f 	N.o such isolated points. ,Dcal: if, for 

example, f is continuous. The same applies to (3.2). 
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Lemma; 2. For any function f,  

 

GENE f(p) + p2] < CE[f(p) + p2] 

in any interval3  of values of p where  

(3.2) 

ME f(P) < f(P). 

      

To prove Lemma li put 

F(p) a CEf(p) + p2 
	

(3.3) 

In any interval (pl,p2), the graph (see Fig 1) at F(p) allwaNm 

lies, on or below a.lparabola,of 	curvatule 2, Guttivis F cit pi gn 

p2 , i.e. 

F(p) < P2-P+  P-P1 F(p2) + (p-pi_1(p-p2) 	(3.4)  
P2-P1 	P2-PL 

for piS p < p2  . We also have 

F(P) < f+(p) = f(p) + p2 	for all p , 	 (3.5) 

so thatL 

F(p) PrP  ( ) 	

f ) (13P1)(Pp2) (3.6) p2  _p  f+i 	pi 	p P1 2_ pl 4.(p2  

for p ,< p < p2  . Suppose that C(p) E CEf+(p) < f+(p) 

throughout, but not at the end points of an interval (pa,pb), 

so that C(pa) = fi.(pa.) and C(pb) = f+(pb) . Now, setting 

pi= pa  and p2= pb)  in_ (3.6), we obtain for pa5 p 5 pb  

P(p) < 
Pb7P 	P-P 

C.(Pa 	
P -P 

) + ---2  
P 	P 	

r O
• 
 (Pb ) + (P-Pa) (P-Pb) 

b7 a, 	1D a: 

= C(P) + (P-Pa)(P-P10) • 	(3.7) 



G 	CE(f+ C.) 

2. ±e 
riEf 4-e f+s 

I 	ME f 	 I 

Q:  ea 

CE zn 

en 

+e2
, 

e+ 	 e 

PART III 

Fig.l. Illustration of the functions used in the proof of 

Lemmas 11 and 2. In the example shown, MEf < f only where 

_ 	2 CE(f+p ) < f+p2 	but this doe's not hold for an -functions f . 
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Hence we have 

P(p) < C(P) 	for (3,8) 
Pa< P  < Pb 

The same applies to any interval defined like (pa,pb). In 

the remaining intervals where 0(p) = f+(p) , we have 

whenever. CEf(p) < f(P) 

	

CEf(p) + p2  < f(p) + p
2 
 = C(o) , 	 (3,9) 

which completes the proof of Lemma 1, (This lemma shows, by 
if 	Rpwr, < 0 and K Y „ in <a them 

the way, thaWhe LP bounds given by (1_5) do not coincide 

when ao 1 	9
differs from its_convex envelope.) 

To prove Lemma 2, suppose that CEf(p) < f(p) throughout, 

but not at the end points of the interval (p_,p+) (see Fig,J), 

Then, from Lemma 5 af the Appendix, 

MEf(pm) = CEf(pm) 	 (3,10) 

1 where pm  T(p_ + p+). It follows from this and Lemma 1 that 

m(Pm) < C(Pm) 	 (3.11) 

where 	m(P) = MEf(p) + p2 	 (3.12) 

Since CEm(p) is convex, we havet  for p a< P S Pm  = 

p-p 
CEm(p) < PM-P  CEm(pa) + 774 CEm(pm) PM_ Pa 1-M a 

(3 ,13) 

where pa  and pb  were defined above. Rut  we_ also have 

CEm(pa) < m(pa) < f(pa) + 4= C(pa) 	(3;14) 

"P. 	Note ()raged after bindi n ; 1f pm  < pa or-  pm > Pa  , the rest lt (3.16 

still holds , but A slightly different proof most-  be, used , 
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which, together with (3.11) and (3.13), gives for Pa< P < Pm 

CEm(p) < 
Pm-P 

C(p ) + 
PM-Pa a  

P-P, 
' C( - ) 

PM-  Pa 	 jM  

 

 

c(p) 

 

(3.15) 

The same holds for PM p < pt  so that 

CEm(p) < C(p) 	for Pa< P  < Pb • 
	 (3.16) 

If MEf(p) < f(p) only in the interval po < p < pt  

or any other interval where CE(f+p2 ) < f+p2 9  then Lemma 2 is 

is proved. If MEf(p) < f(p) in some other interval, then 

in this_ interval 

CE[LIEf(p) + p2 1 
	

MEf(p) + p2 < f(p) + p2 = CE[f(p) + p2 ] 
(3.17) 

which completes the proof of Lemma 2. 

The corollary now follows from Lemma 2, the theorem, 

and the observation that;if X is a non-negative constant  

then for any function f 

and 
	ME(,Xf) = X MEf 	

(3.18) 
CE(Xf) = X CEf 

It should) be noted that for the aiass of Kac; potentials 

such that 21)04 < Km  < 0 we: have proved neither adherenaa to 

non deviation from the generaliaed van der Waaals3- Maxwell 

theory. We cannot prove damiation because our new upper 

bound aoincides with that of LP in this case. Toprove this 
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we note from the definition (2.11) that for any two functions 

f and g 

ME(f+g) > MEf + MEg 	 (3.19) 

and in particular 

ME 	+ p2 (f+p2) > MEf 	 (3.20) 

It follows from (3.18) that, for 2Va <mi = n 

,21 o2 > mECao+ iap23 	(3.21) MEra°  + 4Y mint'71 	'2 • 	4V mini' 

4 

Taking the convex envelope of both sides and noting, from 

Lemma 4 of the Appendix:, that. CE MEf = GEf for any funation 

f gives, 

o 	2 	1 CE 

	

	 21, CE[a°+ 2ccp2  (MECa + T451Cminp sec' - 49 mini P (3.22) 

for 2Va,< Kmin.  We already pointed out (at the end of the 

previous section) that the left aide of (3.22) does, not exoeect 

its right aide, sip that (3.22) is in fact an equality. QED. 

4 Eq.(3.19) also holds if ME is replaced by CE. 
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IV. The Bounds of Lebowitz and Penrose 

In Section II we showed that the LP upper bound 

CE(a°4 2ocp2) on a(p,O+) follows almost trivially from our 

variational formula (1.2). We now show that the LP lower 

bound, given by (1.5), ,-aich they obtained by a rather lengthy, 

argument, also follows. readily ._rom the variational formula. 

To obtain the lower bound we need 

Lemma 3. For any function f(p)  defined on [0,pc],_ 

inf 	6iy f[n(y)] = CEf(p) 
nEECP), Jr 

(4.1) 

Denoting the left side of (2:2) by g(p) we have, 

since pEEg(p) , that. g(p) < f(p) . But, by an argument like 

the proof of Lemma 4 in reference [4], we deduce that g(p) 

is convex,and hence g(p) < CEf(p) . Now putting h(p) z CEf(p) 

we have, since f(p) > h(p), that 

	

> nE ;: 
f in
(p)) 	I Jr -  

17.74dy h[n(y)] 

inf 	,dy n.(y)i 

	

ne 64) 	I  r 

= h(p) , 	 (4.2) 

g(p) 
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where the second inequality follows [5] from the fact that 

h(p) is convex. This completes the proof of Lemma 3. 

Now following LP we express K as the sum of two 

functions K+  and K-  chosen so that their Fourier transforms; 

K and K satisfy for all p 

K+(p) > 0 and 	K (E) > iC (0 ) = Kmin . 	(4.3.) 

From (2.3), we can write I = I+  + 17, where 

1(n) a >  e(P) li1(10)1 2. 	(4.4) 
EEVI, 

Then from (4.3) we have 

\ 1+  > X+(0)15(0)1 2  = (a - Kmin)P2  ' 

I > 2  = rr 
peVT  

n(z)2.  

(4.5) 

(4.6) 

Adding these and substituting in (1.2 and 3) gives 

1- 
a(p,0+) 	

nE 
inf 	7741irdd °[n.(y)] + 	)2.1 

(10) 	-
2. min 

1 	N 	2 
Kmin)p  

(4.7) 

which, on application of Lemma 3, gives the desired lower 

bound in (1.5). It seems to be difficult to improve on this_ 

lower bound for general functions K . 
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V. -Discussion 
/WA 

Our main results are (i) the Theorem which gives an 

upper bound (2.12) on the free energy of particle systems 

in the van der Waalis limit, and (ii) the Corollary deduced 

from this Theorem which, for the class of Kac potentials such 

' that Kmin<  0 and itmin < 2Va  , 	givessconditions,under which 

the free energy differs3 from its generalized van der ,Araals - 

Maxwell form CE[a°+ la.p2] . For Laing magnets, the same 

conditions imply deviation from the Weiss theory of ferro- 

magnetism. 

We have proved that the non-uniform periodic density (2.1) 

gives,in some cases, 	lower value of the free energy functional 

G(n) than does a uniform density p or a two-phase mixture 

of uniform phaaes- This does not stricily prove that the 

minimal density is periodic since it is possible that a non 

periodic function, n (an almost periodic function, for example) 

could give a lower value of G(n) than all periodic functions n 

On the other hand, suppose that the infimum inl (1,.2), is attained 

* 61 for some n.E.v(p) (which, by the definition of g(p), makes 

n
* 

periodic) : then it follows that, in the above cases, n(y) 

is not almost everywhere equal to p . The system could then 

be described as spatially ordered. For Ising magnets, such 

ordering represents an antiferromagnetic state. It is 
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therefore important, for thin work, to find the values of p 

(if any) for which the infimum is attained. 

As pointed out in Section II, functions in al the form 

(2.1) give the best upper bound when k(po) = Kmin. This leads 

us to the conjecture that, if the system is one-dimensional, 

and K(p) has a pronounced minimum at p = po , then the 

minimal function n (if it exists) has a period of approx-

imately 1/po. It would be interesting to deterdine the truth 

or falsity of this aonjecture, and to examine, in general, 

the unit cell of n*. 

For the class of Kac potentials satisfying 2ya < clin< 0, 

we can prove neither adherence to nor deviation from the van 

der Weals - Maxwell theory. We expect that deviation occurs, 

but to prove this would demand a-stronger upper bound than 

(2.12). Such a bound mould be obtained by a better choioetof 

n than (1.3). 

It would be interesting if, in the one-dimensional 0,,se, 

one could find a function K in the class icrlin< 0 , crin< 2Va 

for which the thermodynamic functions and the density n* could 

be calculated explicitly. It may be possible to perform such 

a calculation using the variational formula (1.2). A possible 

alternative approach is the method of Kac, Uhlenbeck and 

Hemmer [1]. 

We have been able to solve many of these problems for a 

Note added after 6/riding ; 	a sinyla sine, term, rather than 
sum , Is used in (31), the factor v disappears throughout .  
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cell model which is closely related to the present model. For 

this cell model, the free energy can be calculated exactly, 

and spatial ordering can be shown to occur. de hope to present 

this in a future publication. 

Appendix. The Mid-Point Envelope 

In_Sections II and IV we used the following lemmas 

concerning the mid-point envelope of a function, defined by 

(2.11). 

Lemma 4. For any function f, 

CEf(p) < MEf(p) < f(p) 	for all  p . 	(A.1) 

The equalities apply for all  p if f is convex. 

Lemma 5. If  pm  is the mid-point of any double tangent  t(p) 

to f , lying on or below f, then 

MEf(pm) = CEf(pm) = t(pm) 	(A.2) 

These lemmas give some guide to the shape of MEf, an  

example of which is shown in Fig.2. 

To prove Lemma 4 we use Lemma 3. Put 

(4)  

fp+h for 

rih 	 OP139 
p-h for zET_ 

where T = r++r and F+ = r and I' is the unit cell of nh. 
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cE1(e) 

e_ 	e ri  

Fig.2. An example of a function f and its envelopes. The 

lines marked with a double stroke have equal length. 
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This nh clearly belongs to(p), and hence 

inf 	 ) wiirdz f[n.,4)] 	inf 11  ,rdZ 	Il f[n (-)] k 
nEg(P) 	r 	

WI r 

inf 2  -[f(p+h) + f(p-h)] h 

(A.4) 

This, together with Lemma 3 and (2.11), gives the first 

inequality in (A.1). The second inequality follows direuctly 

from (2.11). 

To prove Lemma 54  let p+  and p_ be the end points of 

the tangent t(p) (see Fig.2). We then have CEf(p+) = f(p+) 

so that 

CEf(pM) = T[f(p+) + f(p_)] 

i 1 nfT[f(pm+h) +f(pm-h)] 

MEf(pm ) . 
	 (A.5) 

This together with Lemma 4 gives Lemma 5. 

For most functions f, we find that MEf can only be 

found by numerical methods. The following examples are 

exceptions which we have found useful : 

(i) ME(sin p) = -sin pl 	 (A.6) 

(ii) If f(p) is a quartic polynomial in p , whose 

fourth derivative f4 (a constant) is positive, then 

f(p) for all p where f2(p) _Z  0 , 
MEf(p) _ 

f(p) 	2a2(p)J2,/f4  where f2(p) < 0 
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where f2(p) a a2f(p)/ap2
, We leave the proofs of (A.6 and7) 

to the reader. 
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Part IV 

VAN KAMPEN'S EQUATION 

AND SOME OF ITS CONSEQUENCES 



PART I V 

Abstract 

Starting from a,variational formula for the van der Waals • 

limit of the pressure p(µ,0+) in the Grand formalism, we show 

that the density function n(y,µ) satisfies an integral 

equation firstobtained by van Kampen. We transform this, 

equation, which is non-linear,cintaian. integral equation of the. 

Hammerstein type. We derive a. criterion for the absence of 

first order phase transitions in terms of the uniqueness of n .  

We apply this criteri4n, using some standard uniqueness. theorems 

for integral equations of the Hammerstein type, and confirm 

some previous results about the absence of phase transitions. 

We examine second order transitions by a similar method. 

Finally we obtain bounds on n and ap(µ,0+)/aµ . 
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I. Introduction 

Because of the difficulty of salving the variational 

problem derived in Part I, it would be useful if we could 

determine the general features of the thermodynamic functions 

without calculating them exactly. In this paper we show how 

donditions for the absence of phase transitions can be deduced 

from certain integral equations associated with the variational 

problem. 

We consider the grandcaionical pressure p(µ,y) for the 

two-body potential q(E) + yli K(yz) and chemical potential 11  • 
It was proved in Part I that 

13(1, 0+) 

where 

a 	lim p(µ,y) 
y10 

= 	sup F(n,µ) 
nER 

(1.1) 

F(n,µ) a 1...m(y) - a°[n(y)] - -n(y).,fdyi n(V)K(y-yt) (1.2) 11,- Ifbraqi 

where I' is the unit cell of n, and 	and a°  are defined 

as before. 

Let us ignore questions of rigour and assume that the 	-• 

supremum.in (1.1) is attained for some function 	(y,µ)E 
We can then write 

P(1J-) 0+) = F(n*,1-1,) 
	

(1.3) 
from which we obtain)  016notin3 the unit cell of 12' by T*)  
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(aF 
P(µ,0+) E -  2p(4,0+) q,,p(n*+ 7vf1aµ  1-- ' µ)] X=0 	Vµ)n-."-constant 

r 
= 	n(y, i )  (1.4) 

since F is stationary with respect to any variation of n 

away from n
*. By definition, a. first order phase transition 

occurs for any value of µ where ap(µ,0+)/aµ is multivalued 

(or, more precisely, does not exist). We deduce from (1.4) 

the following : 

Criterion 1. A_Asufficient condition for the absence of a,  first, 

order phase transition for a giYen value of µ is that the 

maximal function n(y,µ) be unique (almost everywhere) apart 

from other maximal functions which differ from n*  only by a 

rotation and/or a translation of its argument  y 

II. Van Kampen's Equation and Absence of First Order Transitions 

To apply CriterAgn 1, we note that, satisfies the condition 
A 

1
7-sp(n*+ Xh,µ)]A.0  = 0 
	 (2.1) 

for any function h(y) that is bounded, Riemann integrable 

and periodic. This yields the integral equation (we call it 

van Kampenls equation [11) 
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o En  A--  P. = p. 	4)] +f Tn(V)K(x-y,) , 	(2.2) 

where 12(P) E a2(P)/aP is the chemical potential of the 

reference_ system. Equation (2.2) can be expressed in a standard 

form by putting m(y) E o [a(z)] - µ , and denoting the inverse 

function of 	 (p );'. 	Pc)  (µ) (the density of the reference 

system in the grand ensemble). Then (2.2), becomes 

	

m(y) +fd,3,7- 1 K(y-xt )p°Cm(z)+µ] = 0 
	

(2.3) 

which is a non-linear integral equation of the Hammerstein type 

[21 for m(y). 

Since µ0(p) is non-decreasing, we deduce thatn(z)  is 

unique almost every if m(y) is. unique almost everywhere. This 

reduces the problem to the study of conditions for uniqueness 

of the solutions of (2.3). Some simple uniqueness theorems are 

given by Tricomi [2.]. 

Since p°(µ) is a non-decreasing functions, we deduce 

from Uniqueness Theorem I of [2] that m(y) is unique, and 

hence there is no first order transition, if K is positive 

definite (i.e. has a positive Fourier transform). This applies 

even if the reference system has a phase transition. This is 

consistent with condition (a), Section I of Part III. 

Suppose that p°(µ) is differentiable and that 

Tap°(µ)/aµ < l/C for all µ and T , where C is a positive 
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constant. Then p°  satisfies the Lipschitz condition 

I P°(111) - P0(P.2) < (TC)-11P-1-P.2 1. 

It now follows from Uniqueness Theorem III of [2] that there 

is no first order transition if (TC)71<12min l , where Kmin 

is the minimum of the Fourier transform of K. This is 

consistent with condition (d), Section I of Part III. 

We have obtained the above results with very little 

labour and without any calculation of thermodynamic.functions. 

We therefore expect this method to yield useful new results, 

but unfortunately we have not as yet obtained any. 

III. Second Order Transitions 

Second order phase transitions can be studied by the 

same method. By definition, such transitions do not occur when 

ap(µ,0+)/aµ and a2p(µ,0+)/aµ2  are single valued (i.e. when 

they exist). We deduce from (1.4) the following : 

Criterion 2. A sufficient condition for the absence of both 

first and second order transitions for a given value of µ is  
• 

that both  n(y,µ)  and  (gy,µ) E an(y,µ)/aµ be unique in the 

sense of Criterian 1. 

To apply this criterian we differentiate both sides of 
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(2.2) with respect to 4. Let us assume that 4m(p) is 

differentiable and its derivative is non-zero for all p, which 

implies. that the reference system has no first or second order 

o(p) s [ap,o transitions. Setting a 	(p)/ap]-1, (which is p2 

times the compressibility of the reference system) we obtainl  

9(y) = ci°[2(y)] +14,(p(v)43 , ), 	(3.1) 
4 

where 	K(Y,V,P.) = - a(3[4y*O]K(y--  V ) . 
- 

(3.2) 

Equation (3.1) is an inhomogeneous Predholm integral equation 

of the second kind for (p. By Tredholm'ia theorem  DJ, the 

aolution 9 is unique if the kernel K* does not have the 

eigenvalue unity. One can express this concisely in the form 

0*(1,p.) 	0 	 (3.3) 

where 00(A,4) is the Fredholm determinant of the kernel K. 

We have not yet obtained any new results using (3.3). 

Only for a uniform fluid phase where n*= p(4,0+) have we been 
r,-)* 

able to calculate or/ . In this case we easily find 

2(X)11) = 1 + Xoca°[p(4,0+)],. so that (3.3) becomes 

1 
The same equation is considered by Tricomi [2], and references 

cited therein, in connection with the bifurcation points of a 

Hammerstein equation closely related to (2.3). 
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Since a(p,O+) = a°(p) + 2ap2  in this case, 

the condition can be written D
2a(p,O+)/ap2 	0 , which implies /  

the absence of a first order transition. 

. 	Bounds on n and p %t0-0. 

Finally we show that van Kampenb equation (2.2) can be 

11(5r41.) 	P(1170+). and 
	

Assuming for 

simplicity that 	p°(µ) 	is singlevalued,• we can write (2.2) in. 

the form 

n(Y,11) = 	p°[µ - fdlr'AV)K(Y-yi)j. (4.1) 

Since 0 < n(y) 	<*pc 	, 

tidY I 11(Y 	)1(  (Y—Y I  ) 

we have 

I < 	
PCJ41K(" 

and because 	p° is hbh-debreasing We deduce that; for all y 	
' 

P°41  PcfddK(0 ] < 	n(Y71-) < 	P°41. + PoPZIK(0]* (4.2) 

This.shows that n*  is in fact bounded away from 0 and pc  

for all µ . Also, by (1.4), p(µ,0+) has the same bounds. 
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m 	0  . 

used to obtain bounds on 
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