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ABSTRACT

The first four chapters of this thesis are concerned with a calculation of
valence electron correlation functions in nearly-free electron metals. Using a
functional derivative technique, expressions exact to second-order in a weak
electron-ion interaction are derived for the electron-electron and electron-ion
correlation functions (and their Fourier transforms, the structure factors See(k)
and Sie(k) ). Although equally applicable to solid metals, attention is focused
on applying the results to liquid metals within the framework of the two component
theory of liquid metals.

Using the adiabatic approximation, simplified expressions for See(k) and
Sie(k) are obtained for liquid metals. Both contain terms which are explicitly
shown to give the correct charge neutrality limit as k —> 0. An additional
second-order term in the case of See(k) involves a four-body response function of
jellium. Two approximations to this response function are consiructed, both of
which rely on knowledge of the corresponding response function for non-interacting
jellium. As the latter has not been evaluated fully, this contribution to See(k)
cannot be explicitly calculated although it is expected to be small compared to
the charge neutrality term.

Calculations of the dominant terms in See(k) and Sie(k) are presented for
liquid sodium and aluminium. These show that electron-ion interaction effects
on the electronic correlation functions in these liquid metals are very small. It
is concluded that (a) the recent proposal to extract See(k) from a combination of
X ray, neutron and electron diffraction data on liquid metals will, at least in the
case of sodium, provide an experimental measure of the structure factor of jellium;
(b) existing theories are unable to explain the observed differences between X ray
and neutron structure factor data on liquid metals.

In chapters 5 and 6 , two problems involving charge density in random



binary alloys are discussed. Firstly, the Friedel model of localised screening in
dilute alloys is extended to a simple calculation of momentum density in such
systems. The possibility of observing the screening charge by means of Compton
scattering is then raised. Secondly, using density functional arguments, it is
proposed that a set of energy-dependent or ¢ ~dependent ( g = 1/kT) periodic
potentials can be used to calculate respectively the integrated local density of
states and the generalized partition function of disordered binary alloys.

A final chapter is devoted to the problem of correlated bond percolation
on the Bethe lattice. A non-linear integral equation is derived for the percolation
probability, analysis of which yields exact results for the critical percolation

probability and the behaviour in the critical region.
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INTRODUCTION

In studying liquid metals the physicist is faced with the challenging problem
of understanding how the metallic properties associated with the existence of
conduction electrons are modified, when, instead of moving in a vibrating ionic
lattice possessing long-range order as in crystalline metals, the electrons move in
a translationally dynamic and disordered ionic array characteristic of a liquid. The
depth of the problem can be appreciated by recognizing the fundamental difficulties
that arise in trying to solve the Schrodinger equation for the electronic states in
even rigid, disordered systems (as in crystalline alloys and amorphous solids; see
Chapter 5, §5. 1), as well as the fact that the liquid state is still the least well
understood of the three traditional states of matter. However, much progress has
been made in elucidating the structure, dynamics and ’rransporf properties of liquid
metals and alloys by a synthesis of the theory of classical, non-cénducfing liquids
and the theory of me’rals“).

The structure of simple, non-conducting liquids (the prototype being liquid
argon) is usually investigated by assuming that the liquid is composed of identical
particles interacting in pairs by a temperature and density independent pair potential

¢(r) (e.g. of the Lennard-Jones type) and then applying the methods of classical
statistical mechanics. An Important equation used in such an approach is the so
called 'force equation' which may be derived from the classical partition function.
This exact equation relates the pair correlation function g(r) of the liquid (see
Chapter 1, §1.2) to the pair potential ¢(r) by means of the triplet correlation
function. To use the equation it is necessary to make an approximation for the
triplet function (usually by decoupling it in terms of pair correlation functions).
Then one can either assume a form for g(r) (or use experimental determinations of

it from neutron or Xray scattering experiments) and infer ¢(r) or vice versa. Various



approximate procedures for doing this are known as the Born-Green, Percus-
Yevick and hypernetted chain fheories(z).

This treatment of simple liquids relies on the fact that they are one
component systems. Liquid metals, on the other hand, are essentially two
component systems, consisting of a degenerate electron gas interacting with
an array of positive ions (although the division into valence electrons and ionic
core electrons may be difficult in some cases). The electron gas, by screening
the ions, plays a crucial role in determining the indirect inferactions between
the ions and hence their dynamics. But it is not obvious that these electronic
effects can be adequately accounted for by means of a pairwise~additive effective
ion-ion potential of the form described above. Certainly such a potential would
be density-dependent by virtue of the sensifivity of electron gas properiies to
density. However, in 1963 Johnson and March(s), with some theoretical
justification based on second-order perturbation theory(4), first suggested that
the concept of an effective pair potentials should be useful in liquid metals.
Since then much effort has been devoted to the exiraction of effective pair
potentials from experimental data using the methods mentioned cbove(5). This
procedure is fraught with uncertainties arising from the inaccuracy of experimental
data, the need to numerically Fourier transform this data in order o obtain g(r) and
the approximations involved in the solution of the force equation. Consequently
results are far from consistent in detail and do not necessarily give temperature-
independent results. Even so there is evidence in many liquid metals to support
the theoretical expectation that the pair potential, in addition to a hard core, should
exhibit damped oscillations (unlike in simple liquids), this being a manifestation of
the Friedel oscillations that arise when a point charge is screened by an electron gas.

The concept of an effective ion potential in liquid metals has proved useful,



but the controversy that still remains over its determination and interpretation has
prompted several authors, notably Watabe and Hasegawa(é), Chihara(7) and March
and Tosi(8), to attempt to construct a full two component theory of liquid metals.
In such a theory electrons and ions are treated on the same footing, although of
course differences arise from the fact that the electrons must be treated as degenerate
quantal particles, while the ions because of their much larger mass behave more like
classical particles (for instance with translational kinetic energy per particle of
% k,T). For this reasén, the natural formalism for the two component theory is
the temperature Green's function formalism which can give zero-temperature or
classical limits as appropriate. At the outset, only a knowledge of the bare ion-ion,
electron-ion and electron-electron interactions is assumed. The latter is quite simply
taken as the Coulomb repulsion between like point charges. The other interactions
are less obvious because of the finite size and core structure of the ions, althouch
they must agoin be Coulombic at large distances. Insimple, nearly-free electron
metals (i.e. non transition metals) a reasonable model would be to assume a pseudo-
potential for fhe electron~ion potential and a charged hard sphere interaction between
the fons. The aim of the theory is then to discuss liquid metal properties from a unified
viewpoint which transcends the one component theory (Tosi, Parrinello and March(9)
have pointed out where this is necessary for a full understanding of electronic effects
on ion dynamics), but which hopefully will also show when use of effective ion
potentials is valid.

In single component liquids there is only one pair correlation function g(r),
whereas the two component theory of liquid metals naturally contains three. These
are the ion-ion, ion-electron and electron-electron pair correlation functions

g“(r), gie(r) and gee(r), and they have to be calculated self consistently. The

pair functions are related by Fourier transform to the corresponding static structure
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factors Sii(k)’ Sie(k) and See(k). The first four chapters of this thesis are concerned
with a calculation of See(k) and Sie(k) in nearly-free electron metals i.e. where
the electron-ion interaction is weak.

Chapter 1 introduces the three correlation functions and their corresponding
structure factors and briefly surveys their known properties. In particular, it is
shown from charge neutrality considerations that in the long wavelength limit
(i.e. as k—>0), Sﬁ(k), Sie(k) and See(k) are all proportional to the same quantity
which is related to the isothermal compressibility of the system. The aim is to
generalise this relationship between the structure factors to all k in a way that
preserves the correct k—>0 limit. Also in chapter 1, the suggestion by Egelstaff,
March and McGiIl(m) that Sii(k)’ Sie(k) and See(k) can be individually determined
by combining the results of accurate X ray, neutron and electron diffraction
experiments, is outlined.

In Chapter 2, a functional derivative technique is used to derive expressions,
correct to second order in the electron-ion interaction, for the time ordered electron-
electron and electron-ion density response functions (from which the pair correlation
functions can be easily obtained). The formalism is applicable to both solid and
liquid nearly-free electron metals and involves treating the electron-ion potential
as an external potential which couples to the product of the ionic and electron
density fluctuations. Two special cases are then considered, rigid solids and liquid
metals. In the latter case, simplification of the general expressions is possible by
use of the adiabatic approximation which relies on the large ionic to electronic
mass ratio. Furthermore, ensemble averaging over the ionic configurations of the
liquid explicitly introduces the ion-ion structure factor info the calculation.
Finally, expressions to second order in the electron-ion potential are obtained for

the change in See(k) and Sie(k) from their jellium values (i.e. when the electron-ion
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interaction in zero). Specific terms in each case are shown to give the correct
long wavelength limits.

In the case of See(k) there is an additional second order term involving a
four-body electronic response function of jellium. Chapter 3 discusses two
approximations to this response function, one based on density functional theory
and the other based on diagrammatic analysis. Both approaches rely on knowledge
of the corresponding response function for non-interacting jellium and Appendix A
. is concerned with the evaluation of this function. In Appendix B some long
wavelength sum‘-rules relating to the various response functions that have been
introduced are derived.

Calculations of the dominant terms in See(k) and Sie(k) for liquid sodium and
aluminium are presented in chapter 4, use being made of experimental neutron
data for Sﬁ(k). The results show that electron-ion corrections to Sie(k) and See(k)
are generally small. One conclusion is that the proposal of Egelstaff et al to
extract See(k) from a combination of scattering data will, at least in the case of
sodium, provide a measure of the structure factor of jellium at the density of liquid
sodium. On the other hand, it is shown that the large discrepancies between
existing X ray and neutron structure factor data cannct be explained by the theory
of this thesis, perhaps indicating that the experiments are not yet accuraie enough
to justify carrying out the proposal of Egelstaff et al.

Chapters 5 and 6 are concerned with two problems relating to electron density
in random binary alloys, and the problems are introduced at the beginning of each
chapter. Similarly, chapter 7 starts with a general introduction to percolation theory
before going on to give the solution to the correlated bond percolation problem on
the Bethe lattice. Finally, Appendix C gives a summary of the main results of

density functional theory to which appeal is made at several places during this thesis.
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CHAPTER 1

PAIR CORRELATION FUNCTIONS AND STATIC STRUCTURE FACTORS IN LIQUID

METALS

§ 1.1 Hamiltonian for a two component liquid metal

In the introduction it has been argued that in simple liquid metals, where a
more or less clear distinction can be made between valence and core electrons, a
model which treats the liquid metal explicitly as an interacting two component
assembly of valence electrons and ions is appropriate. If the bare electron-electron,
electron-ion and ion-ion interactions are denoted respectively by vee' Vie and V..,

then the Hamiltonian for such an assembly can be written

H - ZP/zm + zfi/m P g2 Veeltior)

% (1.1)
+§§ VLL(R -&) + Z\/m(" j)

Here P and 1. are the momenfum and position of the i th electron (mass m); P and

BI are the momentum and position of the j th ion (mass M). (1.1) can be written

in second quantised form by introducing density fluctuation operators ek(f) for each
component. These are defined in terms of the local number densities e;(g, t) and

e i(g, t) of electrons and ions by the relations

eg(f;ﬁ) = Z\,g(f ‘,fi_(&)) = % Cik({:)edff (1.2)
e (ek) = E C(r - )

which on inversion glve

k.
% (ik(&)e, A (_- (].3)

_Lk ) | E@—LK&({)

- L ek -
QQK(’C) Y, L ; etk((:) V5

(1.4)

where V is the volume of the liquid metal {conveniently taken as unity). The

Hamiltonian now becomes

H o= Z8m + ZEhn + 5 Z Vel (fobk-1e)
"“-Q‘_ %VLLUE)(Q._}S e(_k "ai) t Z\/&U_ﬁ)ee} &k

A

(1.5)
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where the mean electron and ionic densities n, and n. are related by n, = Zni,

Z being the valency.

§ 1.2 Pair correlation functions and static structure factors

In the two component theory of liquid metals one must work with three pair
correlation functions, the electron-electron gee(r), the electron-ion gei(r) and
the ion-ion gﬁ(r) pair correlation functions. In general these will be denoted
by gqb(r) where a and b can be either e and i and @ = e if a =i (and vice versa).
This notation will also be used for other functions entering the two component theory.
The gcb(r) are defined in terms of the two particle distribution functions Pab(r) as

follows

R = Lo (8)g(n+ey> (1.6)
= CESE-R)Z 86w

Cab- SO Mg + Mal-du(r)

Jub () = = SIE-RISlove-110) > -7

Lo Fi

i

Here < > indicates an average taken in the grand canonical ensemble. As

a result, qu(r) and gcb(r) will be configurationally averaged properties of the liquid
metal and will thus be isotropic. A physical interpretation of gab(r) is that the
quantity L{-’I‘;(‘zg(‘(r(?‘) dr  gives the probability of finding a particle of type b
within the spherical shell of width dr ot distance r from an a type particle at the
origin. Note that the total energy density U of the liquid metal can be written

in terms of the g , (1),
ab

I .
u = 'i' ﬂ;kg—r + {:e (] 8)
+j'clz %[ﬂéﬁee (e () + A2 IV, ) + Qnine gge,(r)v.-e(-)]
the first two terms being the kinetic energy density of the ions (classical) and

electrons and the other terms being the potential energy density.
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We now introduce the static structure factors Sab(k) defined by

SRR TN LY. P R
SC\(Y ( k) - (,\an(r)"i j\(), (?atr' Lr) - (\c\“i:) Cl:. (1.9)
y 10 hr .
- Qub et [ (g (0 -1)de
The Fourier inverse of (1.9) gives
0 _; k ~ < ; :
l Las dk 1.10
aly (r) = WY K4 (Q;L(‘( "ga‘& =\ 3 (1.10)
! L ot )5 G
(1.9) and (1.10) are generalisations of the familiar radial distribution function g(r)
and structure factor S(k) of a one component liquid. In such a system S(k) is
interpreted physically as the measured intensity when a monochromatic plane
wave disturbance (e.g. electron, neutron or X ray) is transmitted through the
system. The experimental determination of the Sab(k) will be discussed in g 1.5.

§ 1.3 The long wavelength limit of the Sab(k)-

We now derive the interesting 'charge neutrality' condition which relates the
three structure factors Sab(k) in the long wavelength limit, i.e. as k—>0. We
follow the simple, direct argument of March and Tosi(s), although the result was
first derived in references (6) and (7).

The strong electrostatic forces between the charged components of a liquid
metal ensure that the system must be elecirically neutral overall. In other words
the long wavelength fluctuations of each component must be neutralised by the other

component. In particular, the total charge surrounding an electron at the origin

must be +1 i.e.

j Z0 ac}-@(f) dr - fﬂegee(r) de = l (1.11)
while that around an ion at the origin must be -Z, i.e.

f‘zmaum de *yf\e‘jie.(f)d_r < -2 - (a2)

Using the fact that n, = Zni it follows from (1. 11) that

I'Zm(q;e(r)-\)dz -fﬂe(gee(f)-f)dj = |
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which using (1.9) gives
i
Z2*G:. (o)
Similarly (1.12) leads to
\
7S, ) = 7 EQ‘;Q (o)
Thus we have the final result that for a liquid metal

Culoy = 2“3 Qi) - E‘gee(@ (1.13)

(i

gee (O)

Furthermore, S“(O) may be related to the isothermal compressibility K. of the

T

system by the usual result of thermodynamic fluctuation theory extended to multi-

(1, (12)

Cie) = ke (1.14)
¢

component systems

—\~1
where 8 = (ks l).
In liquid metals therefore, See(O) is non zero, although still very small as
| 1
S“(O) ~ 0.01 - 0.03 for most liquid metals at their melting poinfs( G.) This is to

be compared with the long wavelength limit of the electron structure factor S(k)

in the jellium model. In this model, interacting electrons move against a uniform,
positive, neutralising background and it can be rigorously established that for small k

k) = %\% + O(k‘*) (1.15)

P

where  (Jp = (Li-‘urﬂcﬂl/m)‘i is the electronic plasma frequency. In chapter 2
where Agr&, (k\ =§)@e(,k) ~§(k) is calculated it will therefore be necessary to
show that AQQQ 0 = Z QLL (O) '

Note that the arguments leading to (1.13) have been generalised in two directions:

(a) to relate the long wavelength limits of electronic triplet correlations functions to

13)

thermodynamic quanﬁﬁes( ; and (b) to relate the k—> 0 limits of the siructure factors
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(14)

in binary liquid alloys which are three component systems' . Also, Tosi and

March(w) have discussed the terms of order k2 in the structure factors Sab(k)'

Assuming that in the long wavelength limit the dominant excitations in a liquid

metal are collective modes, these authors conclude on the basis of a simple plasmon-
phonon model, that a term of the form (1.15) is still important in S (k) (although
modified to contain the reduced plasma frequency given by @ = [lm%e (MfZM)/ Mm] )
but the corresponding terms in S”(k) and Sie(k) are extremely small because of the

large ionic mass. This latter point is boffrne out by the characteristic flatness of

measured Sﬁ(k)’s in the low k region.

' § 1.4 Density response functions

An alternative means of defining the Sab(k) is via the linear density response

functions 'Xaf,—(_k w) of the two component liquid metal. These are defined by
gea(kw) Z }\aL(kw) (kw (1.16)

Thus NC\L‘ (lgw) gives ’rhe response of the density of component a to a weak
external potential szf (k () of wavenumber k and frequency w applied fo component
b. The ‘\/\alr(‘.gw) ¢ are properties of the unperturbed liquid metal and are given
in terms of the density ﬂuchmﬁons.(] .4) by the Kubo formulae

Nat-(ke) = % j?it em< Lea®, 6.4 @] > (1.17)
where again the notation implies a thermal average. The dynamic structure factors

S |O(k W ) may now be defined via the Fluctuation-Dissipation theorem
ab =

f . .
Qelko) = & —= T Mabll) 019
and thence the static structure factors qu(k) by

Saly (k) = @:‘ﬁb_\% j‘joiw Cak (ke w) (1.19)

oA
T () LCuk Gy (1.195)



18

Tosi, Parrinello and March (TPM)(9) have shown how the NC\L’(& w) 'S and
their generalisations to mass and charge density response functions may be used to
- discuss a wide variety of liquid metal properties such as elecirical resistivity, sound
attenuation, viscosity and elastic neutron scattering. They are particularly concerned
to point out how electronic effects enter the dynamics of the ions. For the present
purpose it is interesting to briefly follow their analysis of NQL-(‘SRJ} (which closely
resembles that of Watabe and Hcsegawa(é)) to obtain information about Sab(k)'

We introduce the Hartree potentials Vct{ Ufb.a) for each component,
defined by " + :
Vo) = Vo'l + SN (g k) )
where Vab(k) are the bare interparticle potentials. Proper (irreducible) density
response functions TTG-(: (!_( (,o) are then defined by

Co lkw) = Eumb(gw)v;”(m) (.21

From (1.16) and (1. 21) it follows that
Nabr (ko) = lghGeo) + ? %Tﬁ;c (ko) Ved0)Nal (k)  (1.224)

or equivalently

N = {1 = LY‘X (1.22b)

— ——
.

in an obvious mairix notation. (1.22) may be readily solved for the NC\L"({’SM) ’g

in the form

Mab = = (1~ TV) o Tt
5 S1L-TV T 0.2

where il_ E y L‘C is the cofactor mairix and A is the determinant of j___“lry

1]

Explicitly

A =T - (Tover Taeve)][ 1 - (TaVie +mevee)]
- ( \‘LLVLQ ‘fT-s.eVee)( “e.. L+ Hae\/ec_)

(1.24)
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where the k « arguments have been omitted for simplicity.

These equations can be expressed in diagrammatic form. However TPM proceed
to obtain exact expressions for the [Ya(r's and Wo\r 's by formally solving the
linearised equation of motion for the particle densities in the presence of an external
potential. The results (which are rather complicated) contain three particle
correlation functions of the unperturbed liquid metal. By this means compressibility

sum=rules (c.f. (1.13) and (1.14) ) are obtained of the form

k-L;m'O {"Xa()u.ﬂo) == 3 ((Lc,(u,.)-i ga(r(k)} = -y (1.25)

with KT being expressed in terms of explicit microscopic quantities. (1.25) contains
the result lL‘-k—{-‘;G [rxw(k ,O):—ﬂL@gLLG‘)]which follows from the classical limit of the
Fluctuation-Dissipation theorem (1. 18) and the Kramers-Kronig relations between the
real and imaginary parts of Mi‘,’_(_)_(_w) and is therefore to be expected for the ions.
However (1.25) shows that fhe long wavelength charge neuirality requirements also
impose classical behaviour of the electrons in this limit.

Simple results for the %L..'g are obtained if it is assumed that in simple metals,
where the bare electron-ion interaction is weak, the indirect proper polarisations
Ti—(l('i can be neglected and the TT&Q'S can be approximated by their free particle

—3

values || (in appropriate classical and zero-temperature limits for the ions and

electrons). This random-phase approximation (RPA) gives(é)’ 2

Rea _ % koo
Moo leed = T8 e pvdiian) 020

Nos (69) = MA o) Ve (00 Wi il

Rpa 0 .
where A = a/] -\/:;,,-.’ET: is the usual RPA density response function for a

single component system and the frequency dependent effective potentials for each

component are given by

cfﬁ(kw) = Vealk) + Vaa (k)'\(?(kw')\/aa (k) (1.28)
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Although the RPA is not a good approximation for real metallic systems, these
expressions afford a physical interpretation which TPM have shown to be general.
According to (1.26), each component responds to a direct perturbation as if it
were a single component with an interparticle potential modified as a result of
screening by the other component. (1.27) shows that the indirect response is
that of a single component responding to the polarisation potential of the other
component as if it were an external potential. Note however, that the effective
potentials are in general more complicated and the electron~ion interaction is
also modified.

Very recently Trigger( 23) has impréved on the RPA approximation (although
he still puts '_“—QL(.L(LG> ~ (J ) and using the Fluctuation=Dissipation theorem
and adiabatic approximation has derived the dominant terms which relate Sie(k)
and See(k) to Sﬁ(k) in the case of we_ak electron-ion coupling. These terms are
easily shown to satisfy the correct charge neutrality conditions (1.13). Cusack,
March, Parrinello and Tosi(22) have independently obtained the same results by
a different method (see Chapter 2) which does not put —[TQ{,(_L( ,w)'VO but does
rely on the adiabatic approximation (see § 2.8). Consequently, additional terms
arise which are second order in Vie(k) and involve higher order correlation functions,

although they are expected to be small.

§ 1.5 Experimental determination of the structure factors Sab(ﬁ

In 1973 Egelstaff, March and McGill (EMM)(]O) suggested that in principle
each of the three liquid metal structure factors could be empirically determined by
suitably combining the results of X ray, neutron and electron diffraction experiments.
The possibility arises from the fact that these three probes are each scattered by
different elements of the liquid metal.

X rays are scattered by the electrons of the system, that is both core and

valence electrons. Scattering by the nuclei can be neglected as it gives
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I . 2 .
coniributions to the cross section that are a factor of (m/M)” less. First order
time dependent perturbation theory gives for the differential cross section for

X rays( 16)

Bzg'x _ 2.9 ) 2, s
savs - ) (ee) &8 lew)

Here an incident photon of frequency (3, , wave vector k, and polarisation g,

(1.29)

is scattered into a photon with corresponding parameters i, , ‘52 y €2 and

0 = W,-Wa , k = k,—_kz. Sx(_k_ ,W) is a dynamic structure factor given by

, 2 st _ ,
Culkw) = .“Ql;j‘f <‘?}sm ?.\5(0)>dt (1.30)

(’l/ being the total (core and valence) electron density fluctuations. As in

.
—

X ray experiments (33 /i, ™ I integration over energy iransfer gives (c.f. (1.19) )

90 Gl 5 Sy = L e

(1.37)

Neutrons are essentially scattered by the ionic nuclei (if magnetic scafterin
4 Y g g

by the elecirons is neglected) and the coherent cross section is given by“7)

Q-G_cd\ ' ) coh |
9% = N <kl Q) (k)
3 ke ] knl (1.32)
where <b*> is the mean scattering length of the N nuclei. Again making the

static approximation that “f_;.l ~ “3“ (see §4.7 for a mention of corrections

that have to be made in analysing actual neutron data) and integrating over  gives

coh . :
Aoy o Qo (k) Sl = ey o

d.

Electrons are scattered by all charges present and one finds

9}%@ < LG5 G = L <ty o
O L
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where (tﬁ = QQLE - 95 , Q being the total nuclear charge.

Consistent with the assumptions of the two component theory of simple liquid
metals, we now divide the total electronic density into two parts, one due to the
Z valence electrons and one due to Zc = Q-Z core electrons. The core electrons
are assumed to be rigidly attached to the nucleus and their density to be adequately
described by the free ion form factor Fc(k) which is available from wave function

. _(18) . . . S

calculations' /. Thus any environmental effects which might redistribute the core

charge density are neglected. Under these assumptions (’k = Gy t &chUS)

Using (1.19) and (1.31), (1.33), (1.34) we now find that

gx (.f() Z S‘.e U( QZ%‘Qc O() gie(k) + ‘?é (k) gu.(.k) (1.35q)
S = Sk (1.35b)
Qe (&) = Q*lk) ~9a (Z’\T 8+ 500SW) + Sek) (1350

Neutron scattering, as expected, gives a direct measure of Sii(k)' Solving for

Sie(k) and See(k) we obtain
Z50,04) = ] S0 -8 + QUA-2l)) K] 11360

7 Seel) = & [(Q-felk) el + el Seh)
~ Qe (Q-Felio)) Sw k) |

It is therefore in principle possible to determine Sie(k) and See(k) from

(1.36b)

experiment, although in order to do this reliably, the scattering data needs to
be highly accurate as only small differences are involved. For instance, in
(1.35a) the ratio of the three terms contributing to Sx(k) ask—>0is

22 : 2Z(Q~- Z):(Q - Z)2 (where the charge neutrality limits have been used for
the Sab(k) and also fc(O) =Q - Z). Thus only for lighter elements (Q small) will

the valence eleciron correlation effects be detectable (unless they are particularly

strong).
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In the absence of reliable electron scattering data EMM proceeded to analyse
the available X ray and neutron data on liquid metals on the basis of the above
equations. In particular, they draw attention to systematic differences between

the heights of the first (principal) peak at k =k as given by neutron structure

0

factor data and normalised X ray data. (X ray structure factor data is conventionally
i 2
presented as gx(k) /ga (J() where fa(k) is the calculated free atom form factor).

A summary of their results is shown in table 1.1.

Liquid group .—S‘V(lg."):._—
SRESTERDS

Liquefied rare gases 0.98 < 0.03
Molecular fluids 1.12 ¥ 0.04
Monovalent metals 0.87 T 0.04
Polyvalent metals 0.92 T 0.03

Table 1.1 Intensity ratios at the principal peak for various liquid groups.

EMM conclude from these observations that, if systematic errors in the data
are discounted, the consistently greater X ray peak heights in liquid metals are
indicative of longer range instantaneous correlations between the valence electrons
than between the ions. In other words the conduction electrons in a liquid metal
form an electron liquid rather than electron gas. According to (1.35a) and (1.35b)
the difference, A (k), between normalised X ray and neutron structure factor

measurements is given by
Al = M = gN U“) = £ Qeell) + 22 gcgﬁ xe(
fa k) ) gy 7 R0
-t QLLU()[ *CJ_U ] (1.37)

It was part of the purpose of this thesis to see if a theoretical calculation of See(k)

and Sie(k) could be used in conjunction with (1.37) to help explain the discrepancies

between experimental X ray and neutron data (see % 4.6 ).
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CHAPTER 2

SECOND-ORDER PERTURBATION THEORY FOR THE ELECTRONIC STRUCTURE

FACTORS
%2. 1 Introduction

In this chapter a second-order perturbation theory is developed for the
electronic structure factors See(k) and Sie(k) in the presence of weak electron-ion
interactions.

The theory is applicable to both liquid and solid nearly-free electron metals
but calculations have only been carried out in the liquid metal case (see chapter 4).
One reason for this is that, as described in chapter 1, See(k) and Sie(k) naturally
enter the two component theory of liquid metals. Also, the work of EMM(IO)
provides motivation for calculating these functions in liquid metals for comparison
with the results of scattering experiments when they become available* and more
immediately, to clarify the observed difference between X ray and neuiron
structure factor data.

As will become apparent, the fact that the ensemble averaged liquid metal
correlation functions are isoiropic and the density a constant, leads to considerable
simplifications in the following theory. However, to be able also to describe
correlation functions in crystalline metals, where the electron density varies
periodically, we have to consider the full two particle correlation function, or

more conveniently its cluster part defined in the electron-eleciron case by (c.f.(1.9) )

P (,6) = g () = LeEN(®) 2.9
~ 630 (&>

* Dr, P. Dobson and Dr. B. Unvala of Imperial College, London, are currently
engaged in a research programme to study the structure of various liquid metals
by electron diffraction.
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and with Fourier transform (c f£. (1. ]0) )

(2.2)

n (2. 1) and elsewhere the notation < >c indicates the cluster (or cumulant)
part and in (2.2), G is a reciprocal lattice vector. Thus complete information
about the correlation functions in periodic solids will require knowledge of the
non-diagonal (G # 0) elements of the response functions that enter the theory,
whereas for liquid metals, the diagonal (G =0) elements will be sufficient.

§ 2.2 The unperturbed system

The principle of the perturbation theory is to switch on a weak electron-ion
interaction Vie(i) to an unperturbed system consisting of a jellium of interacting
elecirons superimposed on (but not interacting with) a jellium of ions. Using a
functional derivative technique, the linear and quadratic response functions which
determine the first- and second-order changes in the electronic correlation functions
from their unperturbed values are then calculated.

The Hamiltonian for the unperturbed system, HO' is given by (c.f. (1.5) )

Ho = HC + HL
S PP /0w + ‘ll‘ zkl\/ee(k)(eek Ce-k ~ Ge.)

i

T
Lo |

% /oM + 5 % Vielk) (@ik&-k - 91> (2.3)

where the Zi indicates that the k =0 term is excluded from the summation to

k
- . 11 ?
take account of the uniform neutralising background of |el||um(] a). |

n the
unperturbed system, the electrons may be treated as fully degenerate (i.e. at T=0)

while the ions behave classically. The unperturbed electron-ion structure factor

is clearly zero, and the unperturbed electron~electron structure factor is that of
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jellium and denoted by S(k) (c.f. (1.15) ).
The electron-ion interaction Vie(r) will be treated as a time dependent

perturbation Hie(f) which couples the electron and ion densities and is given by

Hie 6) = ﬁv;e(&gm(zﬁ) o, (46) c dy (2.4

§2.3 Perturbation expansion for the electron-electron density fluctuation

propagator

To allow for the greatest generality we now generate a perturbation expansion
for the electron-electron density fluctuation propagator. (For the electron~ion case,

see §2.Q). This propagator, Dee(x]' X,), is defined by

)
2
Dee (.Xl ) Xz) = <T [_ (’Q(X-) ee_(xl)]>c (2.5)

where X] = nh and T is the Wick time-ordering operator. We can obtain

P:e(r], r2) (equation (2.1) ) simply by putting t, = 1; in (2.5) and hence the

1

structure factor See by Fourier transform. Furthermore in the unperturbed system,

Dee(xl - X2) is closely related to {X(X] - X2) the causal, linear density response
(19b)

function for interacting electrons in the jellium model In the static limit

( w=0), which will be required later, N (k,0) = -l/’R Dee(lf,O) where IX (k,w)
and Dee(l_<, W ) are the Fourier transforms of IX(Xl - X2) and Dee(xl - X2).
The first- and second-order terms in the perturbation expansion for the change

in Dee(X , X2) due to weak electron-ion interactions may now be formally written

1

in terms of functional derivatives as

CDee (X0, X2) = (2.6)

SDeelh Kd Vi () & - ﬁ S Duelie) V(oo ) s
Vi) 1) ) .

where vie(XB) = vie(f-3)' The response functions, expressed here as functional

derivatives, have fo be evaluated in the unperturbed system and this may be done
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(20)

using the following theorem, proved for instance by Hedin and Lundqvist

(21)).

(see also Kadanoff and Baym

§2.4 A theorem for functional derivatives

The theorem states the following. For a system described by the Hamiltonian
. y f Q.Bd‘
HO = Heo o+ (et Ve ar 27

where the second term describes the coupling of the density to an external potential,
the functional derivative with respect to the external potential of the interacting

ground state expectation value of a time ordered product of operators

<—\—- [O.((.) Oz«:z)...Oq (éa)]> is given by

S CTIO®0E).. Qulba]> _ G LTLEEHO ... Q] 2.8
Svetet)
where @(5{3 = Q(Ek) —<€(E‘H> .

This theorem is proved by using the methods of time dependent perturbation

(19)

theory i.e. by transforming from the Heisenberg representation (in which the
above expectation values are expressed) into the interaction representation. In

this representation,

LTIOE08)--0nka]D = <O|TLSO k) Orthr)... O (6] [T
CINIV),

where the interaction picture operators OI (1) are related to the Heisenberg

(2.9)

operators O(%) by

o) = QLHC/T‘ -tHetE LHb/E —Ll-(é/j';

O'b)e (2.10)

'0> is the non-interacting ground state and all the effects of the external

potential are contained in the S-matrix which is given by
., & i Ky i .
’L/tf dt fdr Q‘(C%)Veﬁ(:{)

Q = Tle 7007 ] (2.11)
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From (2. 1 1) we find

$S ' _ _L/- g I(E’C)
Sveiet) ke

(2.15)

Now taking the functional derivative of (2.9) gives

S(TIO (‘E-)Oz('}z3....0n(€m)]> Lo|TL ngg y O )0 ... Of (e\]]0>'

Qyext(ch) Zo) S o> (2.16)
<ll[VQx SISO - Ol

<o|9)o>

from which we obtain on returning to the Heisenberg picture

LTI (‘c.BQQGz) OACY]HN - - "/t TLelsh)- <Q(:%)>)o.(&‘)..0.\(tn)]> (2.17)
g' Y, eiT([Jt )

This is the same as (2.8).

§ 2.5 Evaluation of the functional derivatives

The above theorem is applicable to the problem in hand if it is recognised
that the time dependent perturbation Hie(l') given by (2.4) can be thought of as

being due to a non-local external potential coupling to the combined density

operator QQL%H ei(\ﬁ{') . It is then found from (2.6) and (2.8) that

gDQQ(){' )XZ) = j) n (K‘ ).K._ o )% ‘) \he,(,/x Q ) C‘l d‘;{

T ”i” I (% 52,929 ) V(a4 ) Vie(z-y) (2.18)

. dx d}_‘,'dg c{lé(

with the linear and quadratic response functions r: and E‘ given by

PI ()(‘ X2 ¢ 'Y ) = ""/kjdt <T[ Q(JEE)QLUJQQ@(KL)@'Q{J]}: (2.19)

(Y%, 4., (2.20)
= figy Y f& 200 (4 g, (D, (48306
IR S )




Note that in (2. 19) and (2.20) the time integrations arise because vie is time
independent (see after (2.6) ) and the ?LE{:) appearing in (2.8) are accounted
for by the fact that cluster parts are taken.

For the purposes of a perturbation expansion, the response functions r,' and
r; have to be evaluated in the unperturbed system whose wave function is simply
a product of electronic and ionic wave functions. This allows a decoupling of the

electronic and ionic densities that occur in (2. 18) and (2.19) in the following way,

Mz = ok [ CTaEVep@R e dt () )

FJ_ (x;)kz ) ?.C..)li).n?-;i)ﬁl) | (2.22)
= () f_ig‘{aea O LD CTE )R L) @

+ T (') (1) (DR et S<e (4 o (b)

+ 2 T (28I, GTilsvet)y gt ©

+ 2T (ZERXYR <Tel4€)e. (1 <To, (20 ee(x;_)‘zf (d)
The factors of 2 appearing in the third and fourth terms in (2.22) arise because there
are two distinct ways of writing these terms, corresponding to interchange of eétﬂét)
and ee’(_;'t') )

A physical understanding of these decouplings is assisted by a diagrammatic

representation, although this will not be done rigorously. We infroduce the

symbols (witha = e, i)

Vie (X.| “XQ i AAAAA
X] X2
o> () em

e et . ;




QLITXNA )

R AGIAATNAIA

From (2.18) and (2.21), the first-order change in Dee

and the four second-order contributions are using (2.18) and (2.22)

X & E0° ' (39)

e
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(2.23)

is now represented by

(2.24)

These diagrams represent the possible ways electron-ion interactions influence

the (time-ordered) correlations between the two electrons at X

]

and X2 (the

two on the left in each case). For instance in (2.25d) the correlations between

the electrons are indirect and mediated by ionic correlations, whereas in (2.25q)

there are additional direct correlations via the four-body electronic response

function. |t is easy fo see that these diagrams are the only possible fully connected

diagrams, this being a necessary property as we are dealing with cluster~type functions.

The three and four-body electronic response functions entering these expressions

are properties of interacting jellium and thus it is not possible to calculate them
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exactly. In the next chapter two approximations to the four body function will be
discussed. It is to be expected however that terms involving this function will be
very small, as being a cluster-type function it will only be significant when all
four electrons are close together which is not favoured energetically or by the
exclusion principle.

The most general system to which the expansion (2.18) applies is a non-rigid
(i.e. vibrating) solid in which case all H';e diagrams contribute. It will now be
shown that in two cases of interest, rigid solids and liquid metals, considerable
simplification arises from the dropping out of some of the terms.
§ 2.6 Rigid solids

A rigid solid is characterised by an Tonic density of the form

Lo e)y = iuf NGO (2.26)

where R are the frozen ion sites (or lattice sites in the case of a crystal). As
there can be no fluctuations in the ionic density, the cluster function <T[C-L((‘Qe)&(‘§€)]%
is identically zero and consequently only the first order term (2.24) and the second

“order term (2.25b) contribute. Thus we have

CDue 00,) =~ [[LTebe@e N Udsdt (4,
t 3 E"/k)zﬂ )J<Tet(;‘£‘)ea(ag{)eeo(.)ee(%z\)c U =OU () dy et dcdt

where u (}) S %V{e_(?.:‘g(,) . If we now put b= l'; we find for the change

in the electron-electron correlation function

CRS (5, r2) = Wg(g,h s ) U ) de
+~‘2j)f (X’q, (ff SERIE ,f‘f) U (Cz) U (_ftr) A{; dr,

where the static three- and four-body electron response functions are defined by

Ne(£0% ) 52) = "/AJ)OZTQQ(&E)Q(QO") Ce (0)) 6 (2.29)

(2.28)
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= €¢/;'<)1f_c§ fci% {Test e btpnoNe (z0) S 239

§ 2.7 liquid mertals
To apply the results of %2.5 to liquid metals it is necessary to ensemble

average over the possible ionic positions. The ensemble averaged electron and ion

densities are constants and given by
e (20 = ne = Zag = gl (2.31)

where Z is the valency. As aresult, the three terms (2.21), (2.22b) and (2.22c)
(corresponding to diagrams (2.24), (2.25b) and (2.25¢), i.e. those with density

-~

r7 N .
bubbles 1 ya)  all contain factors
N

j\/;€(>_c~g)cla_c = Vie U<=0) (2.32)

This factor can be taken as identically zero by suitable choice of energy zero. This
is because in introducing the electron-ion interaction as a perturbation, we should
also include the direct Coulomb interactions between the electrons and the negative
background of the ionic jellium, between the ions and the positive background of
the electron jellium and beiween the two backgrounds. The net result is effectively
to remove the long wavelength (k = 0) part of the electron-ion interaction, this being
also Coulombic in this limit.

Thus for a liquid metal we are left with only the two second-order terms (2.25q)

and (2.25d) which may be written as

Clee(X X2) = % (‘%ﬂ {(‘T 0 (FOREN) 0 ) (o) L RL % )y etT)y

+ JCTRENRATN T2 .65y <&(‘i'&'>€;(‘éﬁ)><;}

< {g(li'ﬁ )\/'.Q(ZELQI)A?_CG@JEled!‘cl{:l (2.33)

The time-ordering has been dropped in the ionic terms, as these are now taken to be

classical, ensemble averaged dynamic ion correlation functions.
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§ 2.8 Use of the adiabatic approximation

The time dependence in (2.33) can be greatly simplified by making use of
the so called adiabatic approximation. This is based on the fact that because of
the large ionic to elecironic mass ratio, ionic motions are measured on a considerably
longer time scale than electronic motion or in other words, characteristic ion
excitation frequencies are significantly lower than those of the electrons (for
instance plasma frequencies are proportional to (moss)-%). This situation can be
approximately handled by putting t = t in the ionic correlation functions and
keeping t' # t in the electronic response functions. The integrations over t then
give static (W = 0) limits of the electron response functions, this being in line with
the observation above, that the relatively low frequencies at which ionic excitations
are significant, are effectively zero as regards the electrons.

The final result for the second-order change %P&_ (‘."»'fz) in the electron-
electron correlation function for liquid metals is (using the adiabatic approximation
and putting by = f; in(2.33) ),

Sl (51 -12) )
= 3 (“/};)Zh QAT EOIAG ARG ICHI):
HCTLED (O T e(ee <EW) |
A Vie () Vie (-9 e dydbdody! P (2.34)

which on Fourier transform gives for the change A See(k) of the electron-electron

structure factor (using (1.10) )

A% = 75 W (ko 5279) S () Ve @l da
| (Y’
+ LRV S (k) (2.35)

In (2.35) Y\A(‘k)“——‘-{\x(k ,UG’=0> is the static density response function of jellium

{(see comments following (2.5) ) and N#US)—E ) C& Ti) is the diagonal (G =0)
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element of the four-body response function of jellium defined in r - space by (2.30)

and in Fourier transform by

Nk, G-k;9-6,-9)
K (6-B) B () (4. (6 2.36
= YQ Q,L e E ( )'kayr([‘\(:z;E?:Ef)d(ﬂ'fz)d(ﬁ'_é)(&')ﬁ*)

The first term in (2.35) is easily shown to give the correct charge neutrality
: , g
limit for See(k). In the long wave-length limit, Vie(k) ~ -47i2¢* and (X(k)’v ‘Lz
Ik

bsre
hence

Lim NU)Vielk) = Z

(2.37)

Thus (2.35) gives (c.f. (1.13)
A Qe (0) = gee LO) = 2 QLL {O) (2.38)
as required, provided the NH— term is zero in this limit. This latter point has not
been proved to be the case in general, but the two approximations to ‘\/\L‘»U_(rk ;(i 7%)
discussed in the next chapter both have the necessary property for it to be true of

being zero as k— 0. Trigger( 23)

has obtained exactly the same charge neutrality
term as in (2.35) but the ,‘\,<q. term is absent in his work for the reason mentioned at
the end of § 1.4. Note that in (2.35), Sﬁ(k) is stricily to be evaluated in ’rhé
unperturbed system i.e. it is the structure factor of a classical ion jellium. However,
in view of the correct charge neutrality result (2.38) it is clear that a partial
summation can be effected so that the exact liquid metal ion~ion structure factor is

used instead,

§ 2.9 The electron-ion structure factor in liquid metals

Having described in detail the derivation of the perturbation theory for the
electron-electron siructure factor in a liquid metal it is straightforward to apply the
same formalism to a calculation of the electron-ion structure factor. The diagrams

that contribute to second-order to the perturbation expansion of the electron-ion

propagator <T[ 0. (%) 0 LO(;_)]Z are
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e e
: St o
§ (@) (b) (2.39)
%2 2 (4 ‘
e 1 ”_\\ i € €
i 1
. N (d)
) '
i
VAR
| i i e \-./I’

In (2.39) note the symmetry under the interchange of the electron at Xy and the
ion at X2. By the arguments of § 2.7, only the first-order term (2.3%9a) and the

second~order term (2.3%b) are non zero in liquid metals and these two terms

give the following for the electron-ion correlation function
c '
P‘Le, (6-0)
= -4k S<T e (O (10), e (980 (801 Vi (2 -y ) dxdydt

+ ‘%(~L/ﬁ)lj)<Tep(?€)@(%Ueé(f:‘c)z <€L(‘Q‘t’)€.,(‘i€3 eg_(f‘o)>c
x \l Ec(ﬁf-“,d_\)\/.‘e xhy ')clu_ulg_c(& L{E'C{l’ def  (2.40)

Using the adiabatic approximation, by which all the times in the fonic functions
are put the same but the elecironic times are still integrated over, the final result

in Fourier transform is

9{6 (k) = é—L M“( |QU<) QLL(K (2.41)
+ﬂ7§ 2 (k9 )0 (ka1 (@) Velk-0) dg,

o o by
where Siii is the ion triplet correlation function and [\/\D.Uf ,_r-_f\‘}) is the

static, quadratic density response function of the interacting electron gas given by

Mo (ke -4) (2.42)
i . 2.42
j k- r)ekcx (&-5) U %) f Tp, (58)e. (Bt (GoYy ¢ &A&Q]J(g £)d(6-6)
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Using (2.37) it follows that the first~order term in (2.41) gives the correct charge

neutrality limit

Ve (0) = Zjig'a(“) (2.43)

provided the second-order term is zero in this limit. That this is so follows from

the result (see Appendix B, equation (B.19))

Lin N, (Koa-k-9) = Lim MU @) - 0 (2.44)
k—0 k—0  Yn.

Tosi and March(ls) have obtained the first-order term by the following
simple argument. An external potenticl V:Xf( \_(.,c, ) coupled to the electrons

in a liquid metal causes polarisations of the electrons and ions according to
(c.f. (1.18) )
exct

Sk = Mee (k) Ve™ (ko) .45
bo (ewy = Mee (1) V& (i (2.46)

If the electron~ion interaction is weak, the polarisation of the fons can also be

Q(,_L(gw) = N Uk Vi () S, (e (2.47)

from which it follows that

Nie (ko) = N (ko) Vie (k) Mee (o) (2.48)
Using the adiabatic approximation, the static limit ( & = 0) of the electronic
response function is faken and then the Fluctuation-Dissipation theorem (1.18)
gives the result )
O () = 5 Mo UVie U0
(Note that Ne (k)~ (k) to second-order in V. ).

The simplest woy to make a calculation of the second-order term in (2.41)

would be to use the Kirkwood superposition for the triplet ion function and use an
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approximation for '/Xz of the form (c.f. chapter 3, § 3.3)

/X‘)_(kiﬂ‘k\_i3 = N;. Uﬁ:‘}_’*ﬁri)
| €(k) €(9-kIEH) (2.49)

where Ni is the quadratic density response function for free electrons and S(k)
is the dielectric function of jellium.
§ 2.10 Conclusion

The achievement of this chapter has been to develop a perturbation theory for
the electron-electron and electron-ion correlation functions in a system with weak
elecfron-ic.)n interactions. The general result has been specialised to the case of
rigid solids and, with the help of the adiabatic approximation, to liquid metals.
In the latter case, specific terms have been shown to give the correct charge
neutrality limits for See(k) and Sie(k) at k—> 0. These terms are the same as
those obtained by Trigger(zg). However it has not been shown that a further
second~order term in the expression for See(k) involving a four-body response

function of jellium, is zero in this limit. This point will be discussed in the

next chapter.
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CHAPTER 3

TWO APPROXIMATIONS TO THE FOUR-BODY ELECTRON RESPONSE FUNCTION

§ 3.1 Iniroduction

Equations (2.35) and (2.41) of the preceding chapter give expressions for
the electron-electron and electron-ion structure factors in liquid metals, correct to
second-order in the electron-ion interaction (within the adiabatic approximation).
chapter 4, the dominant charge neutrality terms will be evaluated for liquid sodium
and liquid aluminium. In this chapter we examine two approximations to the four-
body eleciron response function rXL,.(l_S ,Q_—“k ;g-@,ﬂ}) which occurs in the
second~order terms for the electron-electron structure factor in both the liquid

and rigid solid cases. This function is defined by (c.f. (2.30) and (2.36) ).

e Lk Gk 5 gk 0-9) 3.1a)
j : mz) 8 (g 5y '
¢ e

(5,350 6) dE-6)E046 )
Yolooimm) - fclkfd&w(ue} ) e(earypleol), 610

We shall be particularly concerned to see whether L&'m (Xu— (k{'k 34 ,"}_’) =0,
k—0 -

this being the necessary and sufficient condition for the exact satisfaction of the

charge neutrality limit on See(k) in liquid metals.

One possible procedure when confronted by complicated multi-body
correlation or response functions is to attempt to decouple them in terms of lower
order functions. In practice this oftfen means approximating them by function(als)
of the two-body function, usually the only function about which much is known.
fn this spirit is the familiar Kirkwood superposition approximation which expresses
the triplet correlation function of a liquid as a symmeirical product of three pair

correlation funcﬁons(z). However it is often the case that different decouplings
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are required in different regimes of application of the multi~-body function. For
instance Abramo.and Tosi(24) (see also Feenberg(25)), in discussing sysfemcﬁnc
improvements fo the Kirkwood approximation in classical one-component plasmas,
have shown that it is not possible to scﬁsfy simultaneously, with the same
decoupling, the various sum~rules and limiting properties of the iriplet function.
Another drawback to decoupling schemes .is that singularities peculiar to the
higher~order functions will be missed. It is well known that the logarithmic
singularity in the linear density response function of interacting electrons shows

(26)

up as the 'Kohn anomaly' in the phonon spectra of metals In a series of
(27) . . .

papers, Brovman and Kagan have shown that the singulariiies of the higher-order
(three~ and four~body) density response functions that enter their more sophisticated
theory of phonon spectra, also give rise to visible anomalies.

For these reasons, the two approximations to Nq.. to be discussed here
do not involve decoupling. Instead they rely on knowledge of the corresponding

o
response function for free electrons Nq. , to which screening is introduced in two
different ways: firstly using a density functional theory argument ( § 3.2) and
secondly using a simple diagrammatic analysis of (Xq. ( § 3.3). liis reasonable
to suppose that the singularity structure of the interacting ‘Xq. will at least resemble
» c - - - -

that of its non-interacting counterpart NL’. , even though the discontinuity in
eleciron occupation of momentum space at the Fermi surface (which will be responsible
for the singularities) is weakened by interactions. This singularity structure will
presumably manifest itself in the electron-electron correlation functions of liquid

C
and solid metals. However it should be admitted that even Mq_ (which is discussed

in Appendix A) has proved too complicated to analyse fully.

S3.2Elecfron-elecfron correlation function as a functional of the density
J

The fundamental proposition of density functional theory is that the ground-~
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state properties of an interacting N eleciron system can be expressed as functionals
of the exact ground-state electron density of the system. Furthermore, this electron
density can be generated by summing the squares of the lowest N normalised
eigenfunctions of the Schrodinger equation solved with the so called Hohenberg~

. HK . < s
Kohn one-body potential V' """ (r). This potential is the sum of the Hartree
potential and the exchange and correlation potential which includes the many-body
effects. (See Appendix C for an amplification of these statements).

We now return to § 2.1 where the change in the electron-electron

P (

correlation function ]gg.(‘:' .[':'.) due to the frozen-ion potential U(r) in a rigid

solid is given in the form

SPQCQU:”(}) = \V'X’s(ﬂ,f_z )f‘s) U(E'S)L{Ez
* %y ‘X»(E 2 1 G O)UEI U C{ﬁr(s.z)

The change, See (f) , in the electron density to second order in the perturbation

U(r) is given by
Se.(c) = S\ N (o) Ul ds
'l”‘-“)j S\‘\/()_ (f K ;fz)U(D )U([z)c\f, clfz (3.3)

where !\,( and N?_ are the linear and quadratic density response functions of
jellium.
C .,
According to density functional theory, P@_Q.(fu ;Cl) is a functional of
the density (’Q((_‘) , so we may formally introduce linear and quadratic response

functions H3 and H4 defined by

She(mm) = [Hs(nmib) S () dry
4 éj‘Hz,_ (E‘ (2 )E? JE"‘)gee(&)geg(ﬁr)c‘f;(lfyw.4)

Furthermore, the perturbation U(r) will produce a change VA VHK(E) in the
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Hohenberg-Kohn one-body potential of the system and in terms of this potential
we can write equations analogous to (3.2) and (3.3) for g Pi (gl, ;2) and

g(ﬂe(g),
CPels,m) = j-“;@K(z %36) AV (6 di

HEK L
+ %j% (605 WV DAVE) @5

x di3 dey

Se0) = | X(r.0) AVN(e) ds

- o WG AL MG
" Y Yo (£.6,6) AV () AV* ey ds de 9
(28)

In (3.6) (but not in (3.5) ), as Stoddart, March and Stott have shown, it
is correct to use the free-electron linear and quadratic density response functions
No and N\Z . The reason is fhar the Hohenberg~-Kohn potential reproduces
the exact electron d_exﬂy_ within an independent particle formalism but not the
correlation function (which is derived from the second order density ma’rrix(29) ).
Note also that '}{6 and ’)L;_ are known analytically (see equations (A29),(A30) in
Appendix A).

The procedure now is to relate the Mj) and Nig. in (3.2) to the analogous
Hohenberg-Kohn response functions e

3
HK HK
(3.4) and (3.6). N\3 and Ml,. will then be approximated by their free-

HK
and (X,‘.r. in (3.5) using (3.3),

electron counterparis.

It is convenient o proceed in Fourier space by iniroducing the Fourier
transforms of general three- and four-body response functions G3 and G 4 9

follows (see next page)
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k(o f LG (o) : .
= JQ Cg(n,@ ) d(5-5) d(6-5)

(3.7)
thUﬁ -k, 9-0,-9)
= Pk R (6(5B) i (B-w) (3.8)
¢ < € %(5 2,6, )

x d(n ~-12) d(‘.‘z*ﬁ) d(z-&)

where, because we are dealing with response functions of a homogeneous
system, the momentum transfers at the vertices sum to zero.

Equation (3.6) may now be inverted to give AVHK(S) in terms of
0,
AV (@) = Sela)
() (3.9)
Jf“—&‘— JM\ Mol e ) Se.) Q&)
e M) (e

Substituting (3.9) in (3.5) and comparing with (3.4) we find

‘_}3(1&)@'5 ,*@) = n (K:Q—k )—_(7_1') (3. 10a)
K&

. Hl(

HL&-(.‘E ’G':.)_(_ ) ‘L‘Q f(.]g) = \'i'" (k C‘ ]‘ (L"' ) "P)

Ck\ IX (Q‘_‘?_/_ (3.10b)
- Mo (kG -6) 3 (6,9 Emg)
ND W g-6)




Now substituting (3.3) into (3.4) and comparing with (3.2) we can express [X?)

and (\,(._,, in terms of H3 and H4,

'Xg(k G-k ”_G_r)
’Xq’( \.f ,_Q:_‘B .)cl"" )"(k>

H'B US ‘@45 s'C:){X(“C:) (3.11q)

Mok, Gk - 00N (6.9-8-4)  3.110)
+ (k0 Gk a-6 -0 ) (6-2) 0 (3)

Findlly, /Y 3 and fy4 can be related to ?Kcmd [){ :lK by substituting

(3.10) into (3.11). This will only be done explicitly for the diagonal (G = 0)

1

1

element of N4, which Is required in the liquid metal case,
N%(k.‘k .)q/)'q') _ (3.12)

‘\A(q_,) 2 Hik
= (I ‘ _ v (\/\ q <
(‘Y\°(ﬁf))§ kel g9) - .,\j(og 1)

In obtaining (3. 12) the fact that (‘L‘\m’O RAQ_(CT ,Q;(?;,"{,):‘ 0 has been used
x —> - - -

(c.f. (2.44), see also Appendix B). This makes the H3 term in (3.11b) zero in

this limit.
it
Equation (3.12) is formally exact and in order to make use of itfis necessary

to approximate. The simplest one can do is to replace ‘\[( 4 and [>\ HK

their free-electron counterparts f\i(o 4 and {\/(03. This gives the approximate form

M (-l 9 -9
~ Q\/‘ (i )2 H: Uf Ko,
(@_@ )ﬁ { Mok o -0)
K@) - EZ:((?)G (kK ;0N 0,8:9) [ .19
This approximation corresponds to the assumption that the Hohenberg-Kohn potential

fully takes into account all exchange and correlation effects, not only with regard



to the electron density (which is rigorously true as mentioned above), but also
with regard to the pair correlation function.

Two properties of the approximation (3. 13) should be noted. Firstly,
as will be shown in Appendix B (where various sum rules for the response functions

S
introduced in this section will be derived), Lm\' Hq—(krlﬁ;‘b,“}) =0 . Thus
k—o ==

(3.13) has the necessary long-wavelength behaviour that ensures that the 'le- term
n (2.35) gives no contribution as k-0 to See(k) in liquid metals. Consequently

the charge neutrality limit on S (k) is exactly satisfied. Secondly, the factor

(M(QI)/ A (q/)) (3.13) can be written in the form

ORI ()

%)) T &) T
where 8(’!, = |- b H(qf)/q”- is the jellium dielectric function; no )
is the irreducible (two-body) polarisability of jellimand 11 (%) = h'(3) is

(3.14)

the corresponding free-electron function. The E- (q) factor in (3. 14) clearly
has the effect of screening the bare electron~ion potential when (3.13) is
substituted in (2.35).

§3.3 Diagrammatic analysis of Mli—“ﬁ 'Q'k 3‘}'@ :"c}:)

The response function ‘XH- can be derived from the most general time-

ordered four-body Green's function I_l:_ , defined in X (=(§, t) ) space by

TLGKYe ke = (YR T TR 00, (R ﬂ>c (3.15)
(19)

n}_ is susceptibile to Feynman diagram analysis' 7, though clearly rather drastic

approximations will have to be made in order to obtain useful results. Brovman

and Kagan(27°) and Pe’rhick(so), in discussing similar multi~-body functions, have
found it useful to introduce the corresponding irreducible multi-body function.

We therefore define an irreducible four-body polarisability, Trq_, by the equation
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= gdx',"c{%;o\x'; M;{mx;’,x; XX ) €7 (XE (%Y (3.160)
¢ €067 £ ()]
where  £(X~X') s the dielectric function. Tr[*_ is irreducible in the sense
that it contains no two-body polarisation parts which can be separated from it by
cutting a single electron-electron interaction line. This can be seen more readily

from the diagrammatic representation of (3. 164),
X.l ' X

2
Xl X2 X1 f// X2 7; Xy
- // + // (3. 16b)
A A
X X X X "
4 3 4 3
where X4 X3
X %
= r‘L-r(XUXA)X’S »X‘f>
Xy X

il

: ///X?' TT, (4 s s, X )

Xy

The heavy lines in the second term of the RHS of (3. 16b) represent a summation

over two-body polarisation parts and may be written

XX, = X=X+ x@---@--_x;

+ X~ =%

= TMVee + MTVee + T\/quf\/aaﬁVeq R

where T = @ is the two-body irreducible polarisability (introduced

at the end of the previous section) and vee = —-—-—= is the electron-eleciron

interaction. The summation (3.17)

%ﬁ when taken into account with the first term on the RHS of (3. 16b) gives back

the E:-' factors in (3. 16q).



Fourier transforming (3. 16a) we find the following formally exact

expression for [Xq US )Q’”_L‘» ) iG\ _1’ )

o
Ml Gkig-fomy) =yd_w€“’ Ty (ko bk, 96, )
@) tlew) (koo at) gy @18

vl

where the € mainiains the correct time-ordering as in (3.1b) ( § being an
infinitesimal). The factors 5(“{%) g(‘ﬂ_/) in the denominator of (3. 18) are now
seen to effect a screening of the electron-ion potential when (3. 18) is used to
calculate See(k) as in (2.35).

To proceed further one must now approximate, and the simplest thing to

~—r 0

do is to replace —ﬁ.'t- in (3.18) by its value for free particles, ‘qu. . This corresponds
to taking the zeroth order terms in the diagrammatic perturbation expansion of Trq. .

In Appendix A it will be shown that W:_(X. K2 Xz ,Y+> has the following diagrams

| X2 X] X X2 X] [ ] X2
X4 X3 X4 X3 X4 X3

where the lines now represent free electron Green's functions. A further simplifi-

X

cation will be to neglect dynamic effects in the dieleciric functions in (3.18) by
replacing them by their static limits. This enables the W -integration to be
carried out analytically.

The final form for this approximation to [Xq, can be written

Nl Gk 5-8,-9) ~ ’)Ci(k ki -6, -9 ) (3.19)
e E(eK) €(a-8) €4 )

where we have made the identification,

o ' . *2 o
Nti- (K,@'k ',Ckg,wl,) = g%{)e’w ‘\TL’.((SN )gk_u>@_g).¢}) (3.20)

From (3.19) it follows that if G =0, %- has a factor E-%k) Since E(k)~ (/kz
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as k—>0, it is clear that, in this approximation, MH—(,kfk )Ll ,--Cl) goes to
zero at least as k4 in the limit of small k.
§3.4 Conclusion
In the preceding two sections, two approximate forms, given by (3. 13)
and (3. 19), have been derived for the four~body response function Nli- , (@) b
density functional arguments and (b) by diagrammatic analysis. For ease of

reference, the diagonal elements (G = 0) are repeated here.

‘\/\y(k £5%7%) "’W(@H:(k-‘kiiri) (3.21a)

\2
~’><_((_> Mol kg -4)
PO - 50k 950440 5 200
% (o)

Yolb-ls g 79)  ~ NS Lk kog -9) (3.22)
€*(k) €(%)

In each case it has been demonstrated that (1) the dieleciric constant appears in

a way that screens the electron-ion interaction and (2) k‘i‘;O {X‘,_U'_(,—k J ‘l, ,'0_1:):0)
so that the charge neutrality limit on See(k) for liquid m—e-afals is exactly satisfied
to second order.

However it should be pointed out that property (2) comes about by
different mechanisms in the two cases. In (a), the result follows from particle
number conservation which implies that l.uw Hl,-(k G‘,’ % G "’1) O (see
Appendix B, § Bl ). This result has not been generalised to the exact H4. It

turns out in facf that

_O‘Xq(t( k 9 ‘l) q’b\.

% -+ ke

+ 0 (3.
Cl'l’(

k

1
where kF = (gﬁzﬂg) 3 is the Fermi wave number. The second term in (3.21b)
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(which is evaluated explicitly in Appendix B) is needed to exactly cancel (3.23)
as k—>0, thus leading to the desired result.

On the other hand, in the diagrammatic case (b), the result does not
depend on free particle properties but on the existence of the screening Facfofs
of 8.‘20() in (3.22). But these factors only arise because of the neglect of the
Frequenc} dependence of the dielectric function. To treat the k—> 0 limit
properly, one should return to (3. 18) and attempt to do the W -integration.

The discrepancy between the two approximations has not yet been satisfactorily
resolved., Neither has it proved possible to evaluate (3.21) nor (3.22) fully, so that
they cannot be compared numerically. However it is to be recalled from the
discussion at the end of §2.5 that the contribution of the IXL.-.. term to See(k)

in liquid metals is expected to be small compared to the charge neutrality term.
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CHAPTER 4

CALCULATIONS AND DISCUSSION OF THE ELECTRON-ELECTRON

AND ELECTRON -~ [ON STRUCTURE FACTORS IN LIQUID METALS

§\4.'| Introduction
In this chapter, the dominant charge neutrality terms that appear in
expressions (2.35) and (2.41) for See(k) and Sie(k) are calculated for liquid

sodium and aluminium. These terms are given by

Ceeli) = 8(k) ~ T (VeI ()Y G () 4y
Qll) ~ s Vel & (1) “.2)

After some general considerations given immediately below, § 4.2 discusses the
input data required for the calculations. In §4.3 and §4.4 the results for
liquid sodium and aluminium cre presented, followed in § 4.5 by a discussion
of them. The implications of these results for the differences between X ray and
neutron structure factor data are then examined in § 4.6 and § 4.7 vusing the
framework suggested by Egelstaff et al (EMM)(]O). Finally in §4.8 there is a
summary of the conclusions of this work.

Liquid sodium and aluminium have been chosen for these calculations
because they are both nearly-free electron metals with relatively weak electron-
ion interactions and o which the theory developed here should therefore be
applicable. Also, tabulated structure factor data has been obtained for these metals,
this being preferable to attempting to deduce the data from the diagrams usually
presented in the literature. Sodium and aluminium differ, of course, in that
monovalent sodium has a relatively lower mean elecfror: density (rsN 4) than
trivalent aluminium (rsN 2). Here 3= -Cll_o (?)/L;_rne'):j— is the usual eleciron
gas parameter which measures the mean separation of the electrons in units of

the Bohr radius a, =0.53 ,&. The jellium functions S(k) and (X(k) that appear

0
in (4.1) and (4.2) naturally depend on rs this dependence usually being displayed
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through the Fermi wavenumber k_ defined by

F

Bmene)’ = (Cfr)

4.3
QAo Ts 9

In the theory of liquid metals, the position of 2kF relative to that of the
first (principal) peak in the ion~ion siructure factor is of considerable importance.
For monovalent metals, 2kF (which is proportional to z%) is characteristically just
on the low k side of this peak (c.f. figure 4. 1a for sodium); for divalent metals it
is just on the high k side; and for trivalent metals it is in the frough between the
first and second peaks of Sﬁ“b) (c.f. figure 4.2a for aluminium). Since fX(k)
becomes small for k > 2kF it follows that, other things being equal, the effect
of the principal pedk in Sﬁ(k) should be more apparent in ASee(k) and Sie(k)
in polyvalent metals than in monovalent metals. However, as will appear in the
case of aluminium-, the behaviour of the electron-ion potential is also of crucial
importance.

It is inferesting to note that these same consideraiions arise in discussion
of the resistivity, e . of liquid metals on the basis of the Ziman formula. This

(1c)

formula gives

o fk"k (v.e(m) 0. (1) d

g (k) (4.4)

The infegrand of (4.3) closely resembles (4.1) and one is led to suppose that
metals with a high resistivity are likely to have larger electron-ion coniributions
to their electron-electron structure factors.

%4.2 Data used in the calculations

To evaluate (4.1) and (4.2) one requires specific forms for (a) the electron-
ion interactions vie(k)' (b) the density response function ’\(( (k) and (c) the ion-

ion structure factor S, (k).
i



51

(a) The electron-ion interaction vie(—k)

It is now well established that in nearly~free electron metals, the eleciron-
ion interaction is well describéd by means of a pseudoporenﬁal(m). Pseudo-
potential theory explains the apparent weakness of this interaction by taking
into account the need to make the valence electron wave functions orthogonal
to those of the core electrons. Rigorous pseudopotentials are non-local and
energy dependent, but several simpler, model pseudopotentials have been
proposed whose parameters are usually determined by fitting to various observable
pro;)erl'ies. One such pseudopotential, which will be employed here because of
its simple analytic form, is the one-parameter, empty core pseudopotential of

Ashcroﬁ(32). In r~space this has the form

Vie(r) = {‘OZ/F ey (4.50)

r<£c

where Rc is the empty core radius. In Fourier transform this becomes
Vi (k) = ~£P_‘"'__2_ cos (kK<) (4.5b)
k.’.

This pseudopotential has a node (zero) when l( ;‘Qc = TI/Q_ . The values of
Rc (see table 4.1 on page 53 ) have been taken from Cohen and Heine(B]), it
being assumed that Rc does not vary significantly from the solid to the liquid
state. For further discussion of the use of pseudopotentials specifically in liquid

metals see the first chapter of (])

(b) The density response function of jellium M(.k)

Current theories of interacting jellium usually express the static density

response function in the form

‘\Akk) = No(-%‘ “SZfeeLk){XcU’()) (4.6)

2
where /\)( (k) is the free-electron density response function given by
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W) = ~kel Ly ke - K[| K 2ke (4.7)
N0 = L5 f (- e

. . . 2 .
If ¢ee(k) is taken as the bare electron-electron interaction 477 /k”, one obtains

the familiar RPA form for IY (k). However the more recent generalised RPA

(GRPA) theories put
Do (k) = % (1=GUa) (4.9)

where G(k) is a local field correction which modifies the Hartree field acting on
each electron by taking into account short-range eleciron correlations. Several
form for G(k) have been proposed. Here we use the now classic work of Singwi

et al (ssTL)3%)

whose self-consistent determination of G(k) constituted a major
improvement over the RPA. SSTL have found that a useful parameterisation of
their G(k) is given by

(k) - A("s)[i - e"g(“‘”@/«é]

(4.9)

The values of A and B appropriate to sodium and aluminium are given in table 4.1.

(c) The ion~ion structure factor Sii(—lfl

According to the discussion of scattering experiments in §].5, S“(k) is
strictly only determined by neutron scattering. However, there is a surprising

lack of recent neutron data on liquid sodium and so the author has had to use the

(34)

. These are undoubtedly inferior to the

(35)

early results of Gringrich and Heaton
highly accurate X ray results of Greenfield et al'” ™7, and so comparison between
the two has not been seriously attempted (but see §4.6). The data of Gringrich
and Heaton is particularly inaccurate at small k and so has been amended to agree

- with the X ray data in this region. Both sets of data are for liquid sodium at 100°C.

Sii(k) for liquid aluminium was taken from the recent, unpublished neutron

experiments of Jovié(36). X ray measurements were taken from Waseda (37) whose
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data appears to be in good agreement with the (untabulated) results of Fessler et
(104) - e . .
al . Both sets of data are for liquid aluminium just above its melting

temperature of 666°C.

The mean electron density of each metal at the appropriate temperature is

given in table 4.1 below. In this table atomic units (‘h =@=m=1| )are
used.
Quantity (atomic units) Liquid Na Liquid Al
Temperature 100°C 666°C
Electron density 0.003564(38) 0'.02363(39)
e 4.061 2.162
kF 0.473 0.880
A 0.9959 (r_=4) 0.8994 (r =2)
} see equation (4.9) s s
B 0.2612(rs=4) 0.3401 (rs=2)
Empty core radius Rc(:ﬂ) 1.67 1.12

Table 4.1 Summary of parameters used in the calculations

§4.3 Results for liquid sodium

Figures 4.1 a-d show as a function of k/kF (a) Sii(k) for liquid sodium,
(b) the form factor [X(k\\/)z(k))(c) the change , Asee(k), in the electron-
electron siructure factor from its jellium value as given by the charge neuirality
term (4.1), and (d) Sie(k) as given by (4.2). Note the variation in vertical scale
in each case.

The first thing to notice about ASee(k) from figure 4. 1c is that it is very

small, in fact never being greater than its k =0 value. For monovalent metals,
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this is the same as SH(O) and for sodium equals 0.0240. S(k), the jellium
contribution to See(k), rises monotonically from zero at k =0 (c.f. (1.15) )
fo ~1fork > 2kF. It is shown on the left of figure 4. Ic, but rapidly goes
off scale for k/kF ~ 0.1. Thus electron~ion coniributions to See(k) are only
one or two percent of the jellium contribution excepf‘in the charge neutrality
limit.

The structure of ASee(k) and its smallness is easily explained by reference
to the behaviour of S“(k) (figure 4.1a) and IX(k)Vie(k) (figure 4. 1b). For
liquid sedium, the node in the pseudopotential is at k/kF ~ 1.95 and (X(k)vie(k)
remains very small beyond 2kF. Thus the effect of the principal peak of Sii at
k/kF= 2.27 is almost totally absent from A See(k). It should be noted that
the details of ASee(k) for k/kF ~s 1 (that is where Sii(k) is beginning to rise
towards the first peak, while the form factor is steadily decreasing) are quite
sensitive to small changes in Sﬁ. For instance, if the pedk of Sﬁ(k) were
narrower (as is suggested by the X ray data), the bulge in L\See(k) at
k/l.<F ~ 1.1 would be less pronounced. Clearly more accurate neutron data for
S“(k) is needed in order to better predict the detailed form of ASee(k).

Sie(k) is shown in figure (4.1d). As it is first order in Vie’ it is of greater
magnitude than ASee(k), but does not exceed 0.1. The negative values of
Sie(k) are consistent with the relation between Sie(k) and gie(r) (see equation
(1.10) ) and the fact that gie(O) ~s 0. Again the structure _OF Sie(k) reflects
that of (k) Vie(k) ard Sﬁ(k), the most obvious feature being the rapid change
of sign as the pseudopotential passes through its node. Sie(k) reaches its maximum

magnitude of ~0.09 at the position of the principal peak of Sii(k)'

§4.4 Resulis for liquid aluminium

The corresponding curves for (0) Si;(k), (b) M(.k) V.e,(k) (c) Asiae ()
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and (d) Sie(k) for liquid aluminium are shown in figure 4.2 a-d.

Aluminium might be expected to show greater electron-ion effects on
See(k) than sodium, because, being a trivalent metal, its electron-ion interaction

is stronger and also, as pointed out in §4. 1, k., the position of the principal

o
peak of Sii is less than 2kF. However it turns out that the pseudopotential node
at k/kF = 1.6 almost exactly coincides with ko so that the effect of the principal
peak is virtually annulled. ASee(k), as a result, remains small for all k, not
exceeding its k = 0 value as given by z S“£O) ~0.06. As withsodium, there is
some sensitivity to the neutron diffraction data used. The measurements of Honma
and Tcnmcnki(39) show a curious bump in Sﬁ(k) at k/kav 0.7 not present in the
neutron data of Jovié or the X ray data of Waseda or Fessler et al. If real,
this bump would give a corresponding peak of height ~0.11 in ASee(k) at
this position.

Sie(k) for liquid aluminium is of similar form to that for sodium, with a
maximum positive and negative magnitude of ~~ 0.1 and a rapid change of sign

at the pseudopotential node.

§4.5 Discussion of the results

The results of the preceding two sections strongly suggest that electron-ion
interactions make only small modifications to the electronic structure factors of
liquid sodium and aluminium. In both these metals the change, ASee(k), in
See(k) from its jellium value S(k) is never more than a few percent of (k) except
in the charge neutrality limit (k—> 0) when ASee(k) constitutes the total
contribution. However, as discussed in §4. 1, it is possible that ASee(k)
could be large in a polyvalent metal in which the node of the pseudopotential

does not coincide with the principal peak of the structure factor Sﬁ(k).
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We recall that the calculations have been simplified by the use of the
adiabatic approximation and a simple model pseudopotential and also by the
neglect of the second-order contribution to Sie(k) and of the %_;.’rerm to
ASee(k). Although it is difficult to give quantitative estimates of the errors
introduced by these approximations, it is clear that they will not substantially
modify the conclusion that electron-ion effects on the electronic structure
factors are generally very small. Certainly we can be sure that for small k,
the expressions for ASee(k) and Sie(k) are essentially exact.

One further effect that has not been included in this treatment of the problem
is the blurring of the Fermi surface of the electrons due to disorder scattering by
the fons. The magnitude of this blurring , AKr, will be related to the reciprocal
of the electronic mean free porh,. ) , which is usually many atomic spacings in
nearly-free electron liquid metals (in sodium it is ~s 73 atomic spacings, in

(1d)

aluminium ~ 11 Thus the effect will be small, but should introduce an

. AL M . . .
exponential factor € into the electron~electron pair function gee(r). This
will damp the small amplitude, long-range oscillations that arise in gee(r) due
to the singularities in the jellium response functions (X and ‘Xq. that enter
the theory (c.f. g 3.1).

The conclusion from the above discussion is, that if the proposal of EMM
to extract See(k) from a combination of scattering data is carried out for liquid
sodium and aluminium, the result will be, to the accuracy of a few percent, an
experimental determination of the jellium structure factor S(k) at the electron
density of these metals.

The author does not underestimate the experimental difficulties involved

in obtaining X ray, neutron and electron scattering data to the required high

accuracy; these difficulties are highlighted in the following sections. However
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the conclusion is interesting in the light of the current controversy over the
correct form of S(k) in interacting jellium (see § 4.7).

§4. 6 Comparison of X ray and neutron structure factor data for liquid aluminium

In the absence of suitable electron diffraction data it is not possible to carry
out fully the proposal of EMM (see § 1.5), but it is still interesting to use the
above calculations of See(k) and Sie(k) to estimate the expected theoretical
difference, /\(k), between the structure factors as obtained by X ray and neutron
diffraction. We recall that EMM pointed out the existence of systematic differences
of up to 10% in the two sefs of data.

According to the theory of EMM, A(k) is given by (c.f. (1.37) )

AU = Sx&Y/E(R) Sk

+ i ek 10
2SR o

where fq(k) and Fc(k) are respectively the free atom and free ion form factors.

If we now use (4.1) and (4.2) for See(k) and Sie(k)' (4. 10) becomes
Alk)

-2 KN+ 0070 1y @
‘ga%(k) N [< ?:(k)p ) l] QLL(k)

Note that A(k)-——)o as k—0.

The quantity F(k) = fc(k) + lX(k) vie(k) that appears in (4.11) can be
interpreted on the basis of the following rigid pseudo atom picture. lons immersed
in an electron gas will gather around them a screening charge of electrons. Within
the linear response approximation, ion plus screening cloud will behave as a single

(105)

unit, which Ziman has called o neutral pseudo atom. The electron density of

the pseudoatom is described by the form factor F(k). The screening clouds of
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neighbouring pseudoatoms must add up in the interstitial regions to give the
roughly constant density of the original electron gas. The intrinsic correlations
of this electron gas account for the first term in (4. 11) while the term
| Fz(k) S“(k) arises by virtue of the appareﬁ’r rigid attachment of the electrons
to the ions. The difference between F(k) and fa(k)' is usually called the 'solid
state effect' as it is the result of the delocalisation of the valence electrons when
free atoms are brought together to form condensed matter. Within the present
approximation, this, together with S(k) are responsible for the differences between
X ray and neutron structure factor data. Note that the first term in (4. 11) appears
to become large at large k; when S(k) ~ 1 and faz(k) becomes small. However |
at these large momentum transfers the validity of (4. 11) is doubtful because the
distinction between core and valence electrons is less meaningful.

L\ (k) has been calculated from (4. 11) for liquid aluminium and is shown
in figure 4.3a. fa(k) and Fc(k) have been taken from the wavefunction calculations

(18)

of Fukamachi Professor Singwi has kindly supplied the author with tabulated
values of S(k). for ro= 2 and 4, S(k) for ro= 2 (which is appropriate to aluminium)
is shown in figure 4.4. |

In figure 4.3b, Aexp(k) is shown. 'This is the difference between the
X ray data of Waseda and the neutron data of Jovié for liquid aluminium. Note
that the neutron principal peak height is 2.34 compared with an X ray height of
2.47, although this does not correspond fo the maximum discrepancy.

It is clear from figure 4.3 that (k) and AeXp(k) show very little
agreement with each other, AexP(k) being in general an order of magnitude
greater and showing markedly different structure (except that both show a dip

at the position of the principal peak). The results for liquid sodium (not presented

in detail because of the inaccuracy of the neutron data) also suggest that the
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calculated difference between the neutron and X ray structure factors is much
less than that which is observed. Thus the systematic enhancement by up to
10% of the X ray data noticed by EMM is so far unexplained.

§4.7 ;Furfher discussion

The conclusion drawn in the preceding section would seem to imply that
either inaccuracies in the X ray and neutron data make a quantitative comparison
between them inappropriate, or that the theory is inadequate, or both.

It is not intended here to give a detailed discussion of the relative merits
and demerits of X rays vis a vis neutrons for studying liquid metal structure, but
some comments will be made. Both methods require the use of correcﬁons. based
on theoretical models to actually extract the structure factor from the raw data.

In the case of neutrons, corrections are needed for incoherent scattering, multiple
scattering and inelastic scattering; in the case of X rays, the effects of Compton
scattering must be subiracted and the data divided by the square of the atomic

(@5)

form factor. Greenfield et a have given convincing arguments for the

superior accuracy of at least their X ray measurements, particularly in the low

k region. On the other hand, Enderby(w) and Faber(]e) argue favourcbly for

the intrinsic accuracy of neutron experiments, although they recognise that

measurements which do not go to sufficiently low k can lead to large normalisation

errors. There is no doubt room for improvement in the accuracy of both X ray and

neutron data and assuming the correctness of the theory presented here, experi-

mentalists should be concerned that there is not closer agreement between the two.
But what impressed EMM was the systematic enhancement of the X ray data

for a wide variety of liquid metals and the fact that this enhancement was not

observed for other classes of liquids such as liquefied rare gases and molecular

liquids (see table 1.1 on page 23 ). They pointed out that a rigid pseudoatom
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model was unlikely to be able to explain this discrepancy. It would in fact give
the neutron peak higher than the X ray peak (as observed in the aluminium
calculations) because of the reduction of F(k) below fa(k). Thus EMM were led
to suggest that there must be a degree of non-rigidity in‘ the valence electron
distribution so that these electrons are able to form an incipient structure (i.e.
one only present on a short time scale) with a longer range order than the ions.
This would show up as liquid-like peaks in the electron structure factor. From
such a model they predicted that the neutron pecnk height should be intermediate
between the X ray and electron diffraction peak heighis as is apparently observed
for bismuth. !

It is difficult to see how to incorporate these ideas into the theory of See(k)
developed in this thesis. There seems little doubt that the electron-ion
contributions o See(k) are very small and therefore the only modification that can
be made is to the jellium structure factor S(k).

Current theoriés of S(k) based on the GRPA show no liquid-like structure;

S(k) rises monotonically to A+ 1 at 2k_ (see figure 4.4 on page 66 ). However

F .
there is growing evidence that these theories are still inadequate because they
neglect the important frequency dependence of the locdl field correction G(q)
(see equation (4.8) ). Doubts were originally raised by Platzman et al's inelastic
X ray scattering measurements of the dynamic electron structure factor, Sk, w ),
in several solid mefcls(mé) (see also Hohberger et a|(107)). These workers
unexpectedly observed in beryllium, aluminium, lithium and also graphite that
reasonably well defined plasmon excitations persisted into the wavenumber range

.

between k_ and 2k_. Furthermore the plasmon dispersion relation, (Ww(k), appeared

F F

to flatten and even to acquire negative slope. . These observations (which seem

not to depend on lattice structure) conflict with the mean field (GRPA) theories of
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interacting electrons. According to these theories plasmons are ill-defined in
this region because they are unstable to decay into single- and multi-particle

_— . (108) .
excitations. Recently Singwi et al have suggested an explanation for the
observed phenomena in terms of electron life-time effects.

The relevance of these observations to the present discussion can be made

apparent by means of a simple model. If we suppose that the electron excitations
are predominantly plasmon-like with dispersion relation @ (k) and we also neglect

(109)

plasmon damping, then the two sum rules on S(k, w ) given by

Sk) = o ydw S(kw)

1

(4.12)
_%_li : —f%e fdw 0 Sk w) (4.13)

are both satisfied by the form
S(kow) = e S(k) §(w~to03)) (4.14)

provided

w(k) = &K
D S k)

On the basis of (4.15), an explanation of the observed flattening of (k) in

(4.15)

the region kF“'< k &£ 2k_, is a corresponding enhancement of S(k) in this region.

F

Although this model is naive in neglecting the large contribution to S(k,w)
due to single- and multi-particle excitations, it does point towards the conclusion
that the jellium structure factor S(k) may show some liquid-like structure due to
short-range electron correlations.

It must not be supposed that the deviations of the observed electron structure
factor from that for instance shown in figure 4.4, are large. Certainly there is no
suggestion that the elecirons possess the substantial degree of order characteristic

(110)

of a Wigner lattice ; this is unlikely because the electron densities of real
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metallic systems are well grove that suspected for the Wigner transition. However
an idea of the magnitude of the effect can be seen from figure 4.5. The full curve
shows S(k) for solid beryllium as obtained from (4.12) using the experimental
measurements of S(k, w ) by Platzman et al“ ] ]). The dotted curve shows the
theoretical S(k) for an electron gas corresponding to the density of beryllium,
according to the RPA. [t can be seen that the observed S(k) shows a bump at
k/kF ~ 0.8 and also is enhanced by up to 10% at k/kF ~ 2. It should be
remembered however, that beryllium shows distinct anisotropy in some of iis

(112)

properties and thus eleciron~-ion interactions are clearly more important
than in nearly-free electron me'fals. Quantitative conclusions from figure (4.5)
must therefore be treated with caution.

The implications of these results  for See(k) in liquid metals are still
uncertain. Even if S(k) does show some liquid-like behaviour, there is still the
problem that the enhancement of the X ray structure factor appears to be independent
of the atomic number of the liquid metal. It might have been expected that in metals
in which the proportion of core electrons to valence electrons is high, the X ray
scattering would be entirely dominated by the former. But as EMM have pointed
out, the division of electrons into valence electrons (those which are dominated
by electron-electron interactions) and core electrons (those for which the electron-
ion interaction is comparatively strong) may not in this context correspond to the
customary separation,

In summary, this discussion has shown that although recent experiments have
modified our view of the electron structure factor in homogeneous electron systems,
there is no firm evidence that in such systems there is present the degree of electron
ordering that would be necessary to explain the enhancement of the X ray structure
factor data over the corresponding neutron ;lcn‘o in liquid metals. Little further

progress can be made in the absence of reliably accurate neutron and X ray
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scattering data.

%4.8 Final summary and conclusions .

The aims of the work described above and in the preceding chapters have been,
(1) to derive expressions for the elecironic pair correlation functions and static
structure factors in nearly-free eleciron metals,

(2) to apply these expressions> to a caleulation of See(k) and Sie(k) in simple liquid
metals, and

(3) - to use these calculations to try and understand the observed differences between
X ray and neutron structure factor data on liquid metals.

The first aim has been achieved in chapter 2. There, a perturbation expansion
for the electron-electron two particle correlation function, correct to second-order
in a weak electron-ion interaction, is derived using a functional derivative
technique. The unperturbed system is taken as a jellium of electrons superimposed
on, but not interacting with, a jellium of ions. General results are obtained for
an inhomogeneous system in which the ions are free to move. However they are
shown to simplify (a) when the ions are 'frozen', as in rigid solids, and (b) in
liquid metals, which are homogeneous on average. Only (b) has been investigated
in detail. Using the adiabatic approximation (which relies on the small electronic
to fonic mass), expressions to second-order in the electron-ion interaction Vie' are
derived for the electron-electron and electron-ion structure factors, See(k) and
Sie(k), in liquid metals. These expressions involve ion-ion correlation functions,
and response functions of the electron jellium.

The condition of overall charge neutrality in liquid metals has been shown by
several authors to imply that as k—>0, See(k) and Sie(k) are simply related to the

ion~ion structure factor Sﬁ(k) according to
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where Z is the valency. Specific terms in the expressions derived for Sie(k)
and See(k) are shown to give these exact limits. These 'charge neutrality'
terms are the first-order term in the case of Si-e(k) and one of the two second-
order terms in the case of See(k) (there being no first order term). Clearly it
is then required to prove that the other terms contributing to Sie(k) and See(k)
are zero as k—> 0. This has been done for the second-order contribution to
Sie(k). However, no general proof has been found that the additional second-
order term contributing to See(k) is zero in this limit.

This term involves a complicated four-body response function of jellium, {Xq.,
In éhapfer 3, two approximations to N»,-.. are constructed, one using density
functional arguments and the other using diagrammatic analysis. Both approx-
imations do in fact lead to the conclusion that the (Xq. term coniributes nothing
to See(k) as k—> 0. But as the physical interpretation of this property of Md_
is different for the two approximations, the exact nature of ‘\‘(zi_ is still uncertain
and requires further elucidation. Furthermore, it has not yet proved possible to
evaluate fully either approximation to N'r But as 'X‘i- is a measure of the
irreducible short-range correlations between four adjacent electrons, its contri-

bution to See(k) is expected to be small. Trigger(zs)

, in his analysis of See(k.)
by « different method, does not explicitly consider this term at all, and also
concludes that the 'charge neutrality' term is the dominant electron-ion contribution
to S {k) for all k.
ee

In §4.1 to § 4.5 of chapter 4, calculations of these dominant electron-ion
contributions to Se.e(k) and Sie(k) are presented for liquid sodium and aluminium. In
these calculations, the Ashcroft empty core pseudopotential was used for the electron-
ion interaction; Sii(k) was taken from neuiron diffraction experiments; and the jellium

(33

linear density response function was taken from the GRPA results of Singwi )e.“cl .
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In liquid sodium, the electron-ion contribution to See(k) is never greater
than its k = 0 value of 0.0240, and similarly in liquid aluminium, not greater
‘than fh.e k =0 value of 0.06. These coniributions are, at most, one or two percent
of See(k), except in the charge neutrality (k—>0) limit, when the otherwise
dominant, jellium confribﬁﬁon to See(k), tends to zero. The electron-ion
contribution does, however, show marked structure, which reflects that of both
the fon~ion structure factor and the pseudopotential. In particular, the smallness
of the electron-ion effects is explicable in the case of (a) sodium, because the
principal peak of Sii(k)' being beyond 2kF, has very little impact, and (b)

aluminium, because the principal peak, although before 2k_, has its effect

F
annulled by its coincidence with the node in the pseudopotential.

Sie(k) is also small, its magnitude not exceeding 0.1 in either liquid sodium
or aluminium. However, a feature common to both metals is a rapid change of
sign of Sie (k) at the position of the pseudpotential node.

Two conclusions follow from these results, both of which arise in the context
of the proposal by EMM(]O) to experimentally determine See(k) and Sie(k) by

-combining the resulis of X ray, neutron and electron scattering experiments on
liquid metals (see § 1.5).

Firstly, in liquid sodium and aluminium, fhg electron-ion contributions to See(k)
are so small as to imply that a measurement of See(k) by the method of EMM will be
effectively a measure of the jellium siructure factor at the electron density of these
metals. It should be pointed out however, that highly accurate data will be required
for this purpose, which is certainly not available at present in the case of electron
diffraction.

Secondly, as has been discussed in §4.6 and §4.7, the very small electron-

jon effects calculated here, in no positive way help to explain the systematic’
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enhancement (as observed by EMM) of the principal pedk of the X ray structure
factor over that obtained by neutron diffraction experiments on liquid metals.
Assuming that this enhancement is not simply a manifestation of inaccurate

X ray or neutron data, it follows that its explanation requires the existence of
some degree of incipient ordering amongst the valence electrons, which will be
detected by the X rays but not by the neutrons. This ordering should show up as
liquid-like peaks in the jellium structure factor although current GRPA theories
of jellium predict no such behaviour. Howevér there is growing experimental

(106)

evidence from the work of Platzman and others, that these theories are
inadequate in their treatment of dynamic short-range electron correlations.
Furthermore, these experiments explicitly show some structure in the measured
electron structure factor, although it is still uncertain whether this is of a magnitude

that will help explain the discrepancies between the X ray and neutron data. Clearly

future work in this field should aim to clarify this point further.
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CHAPTER 5

A SIMPLE MODEL OF MOMENTUM DENSITY IN DILUTE BINARY ALLOYS

§5.] Introduction

It is well known that observations of Compton scattering of high energy photons
by electronic systems (see § 5.4) give useful information about the momentum
density of the electrons. In this chapter it is proposed that such measurements are
a possible means of investigating impurity screening in dilute random alloys of
nearly-free electron metals.

The basic idea is simple. If, for instance, a small concentration of magnesium
is present in a host lattice of lithium, the excess charge of the M92+ ions over the
Li" jons creates an attractive impurity potential and leads to the build up of a
localised electron screening charge centred on the magnesium jons. In such a
screening charge the electron density will be strongly varying and to represent the
density gradients, the electronic wave functions must contain high Fourier components.
These will manifest themselves as a tail above the usual Fermi cut-off in the momentum
density and also in the Compton profile.

Clearly a detailed quantitative treatment of self-consistent screening and
momentum density in disordered alloys taking into account crystal structure, multiple
scattering and impurity clustering would be very complicated, although recent attempts
along these lines have been made by Bansil and Mii.;rends(dro)using the average
t-matrix approximation. However the method adopted here is to illustrate the
particular phenomenon described above by means of a simple non-structural theory
of charge distribution in dilute alloys first discussed by Friedel(lﬂ). The momentum
density and Compton profile are then derived from this charge density by a semi-
classical Thomas-Fermi argument. Calculations are presented for an alloy of 10%

magnesium in lithium and some comments made on other effects which may mask
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observation of the screening charge by this method. Finally, contact is made with

(42)

the recent density functional theory of momentum density of Platzman and Lam

%5.2 The Friedel model of primary solid solutions

The Friedel(m) model of localised screening in dilute random alloys is based
upon the following definitions and assumptions.
a) Impurity fons, each with an excess charge of Zle| are distributed in the
solvent metal with an atomic concentration c¢. Each impurity is situated at the
centre of a sphere of radius R such that

¢ = g (5.1)

where ). is the atomic volume of the pure solvent. Clustering of impurities (and
hence the overlap of the impurity spheres) is neglected, as is distortion of the solvent
lattice.
b) Within each impurity sphere the additional Z electrans and the extra ifonic charge
give rise to a self consistent Hartree potential V(r) which satisfies Poisson's equation
in the form
Y2V(r) = _qwie(EEnLAEg ,2) ~CC(E§‘—O,S) -Z Q(E)’% (5.2)
Here 60 (EF’ 1) is the pure solvent eleciron density (i.e. the density of elecirons
with energy less than the Fermi energy Ef); Q(E§+L\E§1 ,f) is the alloy electron
density, in general with a Fermi level shift; and the delta function takes account of
the excess charge at the impurity site. Note that the electrostatic potential is
V(r)/-le} , olthough in the atomic units used here, €] = A =Mme=1 . This
equation is to be solved with the boundary conditions

V(R)

0 (5.3q)
viR = 0 (5.3b)
These conditions ensure the overall charge neutrality of the impurity spheres as well

as continuity at the boundaries of two adjacent spheres.
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c) The alloy and pure solvent electron densities are related by means of the
generalised Thomas~Fermi approximation, i.e. by putting

o (Bp+ ABp,£) ~ o (Ef+ARF -V(r) 1) (5.4)
This is exact if V(i) is a constant (and AE&‘, = 0) but is expected to be a reasonable
approximation also if  V(r) is slowly varying. In order to be able to solve (5.2)
simply, it is still necessary to linearise the expression for the extra electron density

AQ (r) by assuming the potential is weak, and using the expansion

Nolr) ~ e, (Ef+5 -V),c) - & (§F,e)

~ [ A V()] 2%} | | Vi
[ Ag ]——-—-—-}E? ; o)

Assuming that the solvent metal approximates to a free electron metal, the derivative

occuring in (5.4) (the density of states af the Fermi level) can be replaced by its

free-electron value

’BSG(E{:) —_ me ‘); (5.6)
OB g w2

&)
where P‘: is the Fermi momentum of the pure solvent. Poisson's equation now
reads

VV(e) = ~9(AE V(D)) + bwz O(r)

i
where q = L me ?:— e*7Z s the Thomas-Fermi screening parameter for the
9= | 2l p
)

(5.7)

solvent.

The potential V(r) (which is in fact spherically symmetrical) and the Fermi leve!
shift are now straightforwardly obtained by integrating equation (5.7) subject to the
conditions (5.3). The result is

V(e Aty - ?7—'3 %qﬁ ceshe(R-r) - Sinhq,(Q-f‘)} (5.8)

Zq, (5.9)
where A

1

>
o=y
t

>

q,R &Shciﬁ - S\ARCLK



From (5.5) we obtain for the extra electron density

Aplr) = gv( Dt -V(r)) = %i Z 2 4Reesh (&) - Sia\}\fpkﬁ‘f')} (5.10)

and it is easily verified that this gives a total of Z electrons in the impurity sphere.
Some important consequences of these results were pointed out by Friedel. The

Fermi level shift A\ Ef given by (5.8) is for finite concentrations non zero but much

smaller than that predicted on the basis of what will be called the mean density model.

In this model, a rigid free-electron band is simply filled with the available electrons,

ignoring screening, and the Fermi level is calculated from the mean electron density.

Such a model gives a Fermi level shift

m | 2 E w2
AEp - 3[5e(erze)]” - ale]” s 2T

which for small concentrations is linear in the concentration, whereas in the Friedel

theory, AEx_;_ approaches zero much faster (indeed exponentially) in the limit of

infinite dilution. That this is reasonable can be seen from the following argument

for the case of an attractive impurity potential (see also the end of § 5.3). The

band energy of the solvent metal will be lowered by the atiractive potential, but

there are also now more elecirons to put into it. These effects virtually cancel out

at low concentrations and no significant Fermi level shift arises until the concenfraﬁqn

is high enough ( q,P\ £ 10) that there is no unperturbed solvent between the impurities.
Another way to see what is happening is to examine the exira eleciron density

(c.f. equation (5.10) )

Aplc) = (‘-'21_“':5 AU .

b 4w
The first term in (5.12) is a constant density term which contributes a charge
1.2.3 . . . e e
Q = 3q R AE}’. towards the total of Z in each impurity sphere. Q is simpiy the
uniform charge necessary to raise the free electron Fermi level by AE_‘I . The

second term, proportional to V(r), is the screening cloud which because of the

boundary conditions vanishes at r =R. Since Q/Z is in general small (in the
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calculation below for 10% Li Mg, Q/Z = 0.07), the bulk of the extra electrons

are in the screening cloud. Furthermore the electron density of the screening cloud
is strongly varying and well localised around the impurity ion, since the Thomas-
Fermi screening length q-] (roughly the range of the impurity potential) is in general
less than an atomic radius.

Before going on fo discuss momentum density if is necessary to comment briefly
on the weaknesses of the Friedel model. The treatment of screening by linearised
Thomas-Fermi theory is clearly unsatisfactory, especially close to the impurity sites
(the model infact gives an infinite electron density at r =0). Non-linear effects
of the rapidly varying Coulomb-like potential will be important in this region.

Also, as Friedel himself later demonstrated, the monotonically decaying exponential
impurity potfentials characteristic of linearised Thomas-Fermi theory are replaced in
proper wave mechanical theories by longer range and oscillatory potentials (Friedel
oscillations). The model, being essentially based on perturbation theory, is only
applicable to dilute alloys in which the impurities are more or less screened
independently and the wave functions of the pure solvent (i.e. plane waves in the
above) are still a good basis set. As Friedel showed in his original paper, despite
these criticisms his model gives a surprisingly good account of the electronic properties
of a wide range of dilute alloys. We shall now procéed to show how the strongly
varying eleciron density in the screening cloud manifests itself in the alloy momentum
distribution.

%5.3 Momentum density in the Friedel model

Continuing in the spirit of Thomas~Fermi theory, that is, on the assumption that
the electron gas is sufficiently slowly varying to be treated as locally homogeneous,

we define a local Fermi momentum pF(r) by means of the free electron relation

plr) = (3"-72)—" [o.r AQCP)]F (5.13)
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where (—’O is the mean density of the pure solvent and A\ e (r) is given by (5.12).
The probability of electrons at radius r having momentum of magnitude between p and
p +dp, I(p, r)dp, is then given by the familiar Fermi sphere argument in terms of the

unit step function B(I) as

- L*'_l? 2 | r) — A
I(pr) = ‘?fﬁ?ﬁ*(r)e(ﬁ:( p)ap (5.14)

At radius r, the density of electrons is ev + Ae(f') , so in the spherical shell
of volume L{—“ I 2d¢ ; the number of electrons with momentum between p and
p+dpis

Ipr) dp. (g A dr = 1 Btelr) -p)rodple (519
where (5.13) has been used. Integrating over the whole impurity sphere (which
contains N electrons, say) the normalised momentum disiribution for the alloy,
I(p), is given by

nR _
o) = 5 LWH(@AQ(@) Tlp.r)ds

fp < P (R), the integration extends over the whole sphere. Ifp > pF(R), only

R
= L_{P\?j‘e( ble)-p)e2dr (5.16)

the sufficiently high density regions with pF(r) p contribute. We therefore
define r(p) such that
fp) = R P PR
r(p) is the solution of p = pF(r) ifp> pF(R)
The curve r = r{p) is shown schematically in figure 4.1 and the range of integration

for a particular p > pF(R) is shown shaded.

Figure 4.1

A\
-
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The curve can alternatively be regarded as p = pF(r) and illustrates the increase

of local Fermi momentum towards the centre of the impurity sphere.
The final result for I(p) is
o prip) 23
T(p) = Lo K A = —L’LTFN C(e) (5.17)
L1

TN Jo
This should be compared with the result, Im(p) expected on the basis of the mean

density model. This would give
() = %—ﬁN RO -+) (5.18)

L
m, . 3 s
where P is given by [3*,-,9'(604- %f.)] (c.f. equation (5.11) ).
I(p) has been calculated from (5. 17) for an alloy of 10% magnesium in lithium.
The parameters for this system are (in atomic units)

L
3.00\3
Atomic radius of lithium, Ra = T/ = 3.26

Thomas-Fermi screening length, q-.] =1.15
Impu-rify sphere radius, R =7.02
Lithium Fermi momentum, p; =0.5890
Alloy 'Fermi momentum', P (R) =0.5903
Mean density Fermi momentum, p;:n =0.6080

Dilute Li Mg is expected to be as good a candidate as any for the Friedel model, Iithium
being a fair approximation to a free electron metal and its lattice being very little
distorted by even quite high concentrations of magnesium.

A plot of I(p) against p/pF(R) is shown in figure 4.2. TI(p) follows the normal
free electron-like parabola, but instead of being sharply cut-off to zero at pF(R), there
exists a high momentum tail. Shown dotted is Im(p) calculated from (5. 18). This
curve does have a sharp cut-off but at the higher momentum p;:n (p;;n/pF(R) ~ 1.03).
Since the area under each curve is unity, this clecrly illustrates that the occupation
of high momentum states necessary for localised screening is only compatible with a

smaller change in the Fermi level.
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FIGURE 4.2 THE MOMENTUM DISTRIBUTION FOR 10% Li Mg.
FULL CURVE, I(p) AS GIVEN BY EQUATION (5.17).
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%5.4 Cbmpi‘on profile

One possible means of observing the effect described above is by Compton
scattering experiments. In such experiments the energy spectrum of monochromatic
Xor ¥ rays scatiered through a fixed large angle ( ~v 180°) by an electronic
system is measured. The recoil energy of the electrons is considerably higher than
typical atomic energies and this enables the general expression for the X ray
scattering cross section (equation (1.29 ) ) to be simplified by means of the 'impulse

(43),

approximation' (see for instance Platzman and Tzoar The result for Compton

scaftering is

}QO' Mme —- _
mfl o< lhl J(CL) (5.19)

where the Compton profile (CP) J(q) is defined in terms of the exact momentum

density N(p ) of the system by

T(g) = fc‘_g V() S(2-9) (5.20)

Here the reduced variable q = nl\ﬁ - Hi‘

k the momentum transfer (taken as the z-axis) and the S ~function expressing

y W being the energy transfer,

conservation of energy. From (5.20) it follows that the measured CP gives direct
information about cross sections perpendicular to the k direction of the three
dimensional momenitum density.

For a system with spherical symmetry it is easy to show that (5.20) reduces to

J(a) = OOAPM (5.21)
) ZLL P

where I(p) is the probability density for an electron having momentum of magnitude p.

Using the expression (5.16) for I( P ) in the Friedel model, we find

T () 2 Xerwaa(i’p(F%P)dfdr
wN Jo q

R 2 . |
- f 2 (20 -92) Bl -9 de

o (5.22)

i

1
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FIGURE 4.3 THE COMPTON PROFILE J(q) FOR 10% Li Mg

AS CALCULATED FROM EQUATION (5.22).



84

Jq) calculated for the same Li Mg alloy is shown in figure 4.3. Again the
usual free-electron like inverted parabola has an additional high momentum tail
above q = P (R). J(0) is about 1% lower than the value expected from the mean

density model which would give for the CP,

o T e

However it should be noted that the usual experimental procedure of fitting a
parabola of the form of (5.23) to the observed CP to obtain the Fermi momentum,
would, if applied to figure 4.3, give a value much nearer plT than pF(R). In order
to distinguish the two models one must look for the rhigh momentum tail and the
shoulder in J(q) at pF(R).

§5.5 Difficulties in observing the high momentum components

In the example above, the effect of screening on the CP is not large and it is
important fo ask whether in real alloys its observation will not be masked by other
contributions to the high momentum tail in the momentum distribution. Such coniri-
butions arise from:

(a) the strongly varying electron density in the ionic cores;

(b) inhomogeneities in the solvent metal electron density arising from

the Bloch wave nature of the electronic wave functions;
(c) electron correlations (which in the homogeneous electron gas have
the effect of weakening the discontinuity in the momentum distribution
at the Fermi level by shifting occupancy of states from below to above it);

(d) the blurring of the Fermi surface in alloys due to lifetime effects. (These

are difficult to estimate and will not be discussed further).

The effect of the ionic cores is usually subtracted out using calculations of
their contribution to the CP from free ion wavefunctions. Eisenberger et a|(44)

(see also Pandey and Lcm(45)) have shown that both (b) and (c), as well as core
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orthogonalisation, are important in lithium and sodium metals, giving contributions
to the CP tail of roughly the same magnitude as estimated above for the screening
effect. Clearly the best procedure would be to watch the change in CP as
magnesium is added to lithium, although it is still doubtful whether one could
with any accuracy single out a contribution due to the screening of magnesium
ions. The effect would be greater in more concentrated alloys and where valency
difference is larger, but this has not been pursued in detail because of the limited
validity of the Friedel model and its extension to the calculation of momentum
density presented here.

It should be noted that positron annihilation experiments also give information

(46) (47)

about momentum denéify in electronic systems' ', Stewart carried out some
investigations of this sort on the Li Mg system, although the lowest magnesium
concentration used was 19%. Interestingly, he speculated that the lack of fit of
his angular correlation curves to theoretical curves based on the mean density model
may be due to just the effect of screening calculated above. However, interpretation
of positron experiments is complicated by uncertain many-body corrections due to the
electron-positron interaction. Also the tendency of the positron to aveid the
positive ionic core regions means that any effect of the localised screening charge
will be partially missed. As aresult, Compton scattering experiments are probably
better suited to observing this effect.
%5.6 Conclusion

On the basis of the Friedel model it has been shown using semi-~classical
arguments how impurity screening in dilute nearly-free electron alloys gives rise
to high momentum tails in the momentum distribution and Compton profile of the

alloy. No quantitative conclusions can be drawn with any confidence because

of the simplicity of the model. However, it is likely that observation of the effect
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will be difficult because of other factors which give contributions of roughly the
same magnitude to the tail in the Compton profile.

It is interesting to note that Platzman and Lam(42) have recently shown that
density functional theory (see Appendix C) can be extended o the calculation of
the momentum density N( p ) and Compton profile J(q) of inhomogeneous systems.

Where the electron density 0 (r) is slowly varying they propose use of local

density approximations of the form

N(p) = g N°(p, n(o)) o) de (5.24)

J0) = H(q,,m)am dr (5.25)

where No( P n) and Jo(q, n) are respectively the exact momentum density and
Compton profile of an interacting electron gas of constant density n. These
expressions, used successfully by Platzman and Lam in the case of atoms, are

clearly analogous to equations (5. 16) and (5.22) derived above using Thomas-Fermi
theory. They differ in including electron correlation effects rather than relying on
free electron theory. To use (5.24) and (5.25) in the alloy problem, one would need
a better approximation to the alloy electron density than for instance given by the
Friedel model. In fﬁis connection it is worth mentioning the work of Ratti and

(48)

Ziman These authors calculate self consistent charge densities in binary alloys
by solving the non-linear Thomas-Fermi equation, but only in the interstitial regions

where the density is at its most uniform. The model has the advantage of being

applicable to concentrated alloys.
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CHAPTER 6

PERIODIC POTENTIALS FOR RANDOM BINARY ALLOYS

§ 6.1 Introduction

The theory of the electronic structure of pure crystalline metals and ordered
alloys is enormously simplified by the use of Bloch's theorem which characterises
the nature of electronic wave functions in the presence of a periodic potential.
Very accurate methods now exist for the calculation of the one-electron band
structures of such systems, progress in recent years being largely concerned with
the inclusion of eleciron correlation effects in a self consistent manner. However
it only needs one impurity or defect in the crystal to annul the translational symmetry
of the potential and make Bloch's theorem strictly inapplicable. OF course single
impurities can be satisfactorily treated by perturbation theory. But this is in general
inappropriate to the case of concentrated disordered alloys where the crystal momentum
.k which characterises Bloch wave functions is no longer a good quantum number.
Such systems necessitate the development of alternative me’rl;xods of calculating’
electronic properties, such as the density of states, this being an important field
of current research. Progress has been made in recent years by using Green's function
techniques and multiple scaitering theory, the most promising methods being the

(49)) ‘

coherent potential approximation (for a recent review see Yonezawa and Morigaki
. . (50)
and the continued fraction method (see Jacobs'™ 7).
The purpose of this chapter is to demonstrate that in principle some of the
configurationally averaged properties of random binary alloys can be obtained from
a set of periodic potentials used in conjunction with existing band structure techniques.
The model of a random binary alloy that will be used is as follows. Atoms of

type A and B are placed at random on the sites of a perfect lattice, it being assumed

that the lattice can accommodate the two kinds of atom without distortion. The
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concentration of the NA A atoms is ¢, and that of the N-NA B atoms is 1-c.
Atoms of type A and B respectively have atomic-like localised potentials VA(E)
and VB(E) associated with them. A particular configuration of atoms is denoted
by Ry , andin fhi: configuration the a”o&/ potential is given by
A

Vg, = 2 Vele-8) > Vet 6.
where V() = VA(E) - VB(E) and the second sum is only over A sites. The correct
procedure now, is to use (6. 1) for a general configuration in the Schrédinger
equation and to calculate electronic properties from the wave functions so obtained.
Only then should configuration averaging be carried out to give the measurable
properties of the alloy. This procedure is in general inpracticably difficult for the
reasons given abové.

The earliest attempt to simplify the alloy problem by using a periodic potential

(51)

was by Nordheim who infroduced the "virtual crystal' approximation. This
Y rys PP

involves the replacement of (6. 1) in the Schrédinger equation by its configurational

average, the virtual crystal potential Ve (D) given by

. N
VVC(.‘.')

N
Ve (8) ) = %Va(.ﬁ“gl) + €2 V(e-Re)

N
2 JcVale-2) + -0 Vele R0

1=

"

(6.2)
where here and elsewhere < > denotes configurational averaging. This is now
a periodic potential as each atom irrespective of type has associated with it the
average poteniial € Vale) + (1-¢) Ve (r).

This prescription clearly has no a priori justification whatsoever, since the
configurational averaging is done in the wrong order with respect to the solving of
the Schrédinger equation. As a result all effects of disorder scattering have been

eliminated. Nevertheless the virtual crystal approximation has been used with some

success in the prediction of a number of Fermi surface properties (such as the de Haas-



van Alphen effect) in dilute CuZn alloys by March, Gibbs, Stocks and Faulkner
(Masr, %),

§ 6.2 Energy dependent periodic potentials for random alloys

We now follow the argument given by MGSF as a justification for the use of
energy dependent periodic potentials in the calculation of the configurationally
properties of random alloys. In particular we focus on the quantity <e.R.DL(£’ E)>
that is the configurationally averaged density of electrons with energy less than E.
From this, the averaged electron density is obtained by putting E = EF, the Fermi
energy. Furthermore, the number of electrons with energy less than E, N(E) is
given by '

N(E) = jdg <t LB 6.3)
with N(EF) being the total number of electrons, Ne. The alloy density of states,

n(E) is given by

. IN(E)
n(E) S (6.4)

We have assumed that the alloy lattice is undistorted and so the eleciron

density <€&d(£, Er )>musf have the periodicity of the background lattice.

For example, in the case of dilute CuZn alloys, the background lattice will be

the face-centred cubic lattice of copper, though perhaps with an expanded lattice
parameter. Appealing to density functional theory (see Appendix C, proposition (6) )
it now follows that there must exist a periodic potential denoteoi by VEF(I) which is
expressible as a functional of the density <€gx(E)EF )> and from which this

density can be generated according to
ot e
. 3 F
L egt((E)EF)> = Z ¢-L (&) ¢L (t) (6.5)
N =
i.e. by summing the squares of the lowest Ne normalised eigenfunctions
(which will be Bloch-like) of the Schrédinger equation with potential VE (r).

F

Of course the potential Vi (r) will also generate a complete density of
F - .
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states curve but having the van Hove singularities characteristic of the background
lattice. This therefore cannot be the alloy density of states,which is expected to
have a much more complicated structure. To obtain this, the following procedure
is necessary. For each energy E a different periodfc potential VE(r) is required to
generate the periodic density <(’&(£ ,E)> . The periodic potential VE*(r)
can thus, by means of (6.3), be ‘L;SQd to obtain the single point on the integrated
density of states curve corresponding to E = E*. The cvomplefe N(E) is built up point
by point by solving an infinite number of periodic potential problems and the alloy
density of states derived by differentiating this composite curve with respect to E.
Note that for given E, the potential VEQ') only depends on r and not on the energy
gigenvolue occuring in the Schrédinger equation.

In o pure metal, VE(I_‘) must obviously be independent of E, as a single periodic
potential is sufficient to obtain the complete density of states. However for a random
alloy it is to be expected that VE(I_‘_) strongly varies with E. In this way it is possible
to see how the considerable fine structure known fo exist in the density of states of
alloys due to clustering‘ can be reproduced.

How to construct the periodic potentials VE(E) is not at all clear and for this
reason an alternative set of periodic potentials for alloys is discussed below. The
above argument however allows the virtual crystal approximation to be viewed in
a different light. MGSF suggest that the virtual crystal potenﬁcﬂ is a reasonable
first approximation to the potential VE (r).  Furthermore if the energy dependence
near the Fermi level is not great this cgproximcﬁon should give fair agreement with
some Fermi surface properties (as indeed they find for @Zn). However, the authors
do point out that the variation with E of the periodic potential must be included to

properly describe the copper and zinc d band resonances.
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6.3 R -dependent periodic potential for random alloys
1

For a particular alloy configuration Ry let the electronic wave functions
obtained from the Schrodinger equation with potential (6.1) be (Pi (r) and the
corresponding energies be Ei' Then instead of working with eﬂm (r, E) as above,
we now infroduce the generalised partition function (diagonal element of the Bloch
density matrix), C Ra (r, {g), defined by

Crolie) = > Q—GEL “t’?(f) G (x) (6.9)

all ¢
where 6 = (kT)—] . It is easily shown (see March, Young and Sampanthar, (29)

p 14) that in general e (r, E) is the inverse Laplace transform with respect to Q
of {{r, g Y4 ¢ . Furthermore C([,g) can be obtained explicitly to all orders
in perturbation theory in terms of a one-body pofenﬁcll V(r) (March and Murray(se))
and this expansion can,in principle, be inverted to give .

Vi{c) = 3[C(E»§)] _ (6.7)

where g is a universal functional. Since V(r) is independent of g  we note that

for all 6 ¢,

CgLCle)] = 9LC(or)] (6.9

For a parficular alloy configuration we therefore have

Ve () = 9 L Ceu (e ?>] (6.9)
We now suppose, in the spirit of MGSF, that for a given g there exists a
periodic potential V€(L) which yields from the Schrédinger equation Bloch wave

functions ¢s (r) with energy § g from which we construct
o 6y Bx 6
Celroe) - = (6% ) B (DG (2) 0
<

Then defining .
Cg(f»(s.:?) = <C&«(f)(”)> (6.11)

and noting from (6.7) that
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\/Qz(f) = SECE‘U:*@I)] (6.12)
it follows from (6.8) and (6.11) that

Ve(x) = 3[<ng(£»6>>] (6.13)
It Is interesting to compare this result with the virtual crystal potential which from

(6.2) and (6.9) can be written in the form

Vie(r) = <V = <{alGmel> 69

The difference between (6. 13) and (6. 14) is, as might be expected, the ordering
of the configurational averaging, and in (6.13) this introduces a € ~dependence
info the potential not present in (6. 14).

To recapitulate this argument, (6.13) gives a formal expression for an inﬁﬁife
set of periodic potentials, one for each value of Q . For a particular g *, the
periodic potential V§*‘ (r) will generate via (6.10) and (6.11) just the one value
of <C&°¢ ([,(’t)> corresponding to @ = @* . The complete <C_e« (f,€)>
is therefore built up by solving an infinite number of periodic potential problems
in an analagous way io the obtaining of N(E) from the energy-dependent potentials
in §6.2. Since the taking of Laplace transforms commutes with configurational
averaging, one can in principle then obtain <€Qx (f ) E)> and hence the
density of siates. B |

§6.4 Two approximate forms for the R -dependent potentials
£

The objeciive of the approach described in the preceding section is to find
periodic potentials Vé ) in the form
Ve(r) = F[Val® Vel ,¢, ] (6.15)
This can be done in two approximate cases where the functional g (see (6.7) ) is

known.
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a) Slowly varying alloy potential

If the alloy potential is slowly varying we can suppose it simply has the effect

of locally shifting the electron energy levels and hence the generalised partition

function is approximately of the form ¢ E —V" (_‘:_ gb>
C " (c,e) = C (£,6) ¢
N

where C _(r, 6 ) is calculated from the periodic potential 2\/3(_‘} &) and is
. i=i

(6.16) .

therefore independent of conﬂgurahon From (6.16) it follows that

Veele) = sz-e)-_(gu Ceulep) -

C, U,@)
From (6.13)
Ve(e) = 9I< Cauleed>] e
N
= 2Vet) - L de 0
(= @ (6.18)

To evaluate the average in (6.18) we introduce

g.b . oo V(&) (6.19)
Then

-
(AEVERS L ¢ 1““€<i+$-u>>

<I + 24’ Q.SZQ{‘

¥

S DP AT >(620)

Ltl #

" Because the summations in (6.20) are over clusfers in whlch all sites are distinct,

Z —><.§ and so we find

averaging simply implies the substitution

N (6.21)

LTHO+R)> = T e



94

Substituting in (6.18), the final result for the @ -dependent periodic potentials

in the form (6.15) is

V(;() < h{ a(£-R0) - '\;\[H—C( v R)ﬂ} (6.22)

b) Effective potential approximation

Hilton, March and Curﬁs(54) have found it useful to express the generalised

partition function in terms of an effective potential U(r, (3 ) defined by
. ~ U(E,e)
Clre) = Glee ¢ (6.23)

where C (g) is the partition function per unit volume for free electrons @ve

l|€)1 '

These authors show that if any one of the conditions (i) U small, (ii) YU small,
(i) € small, is satisfied then

' - . 6.24

Ule.g) = g\/&(g)G(Erﬁ ) dr 62
where

sk
- - | e ¥
C; (f* f,8 ) - —
e 1e-n| (6.25)

(6.24) can be inverted by convolution to give

\/f:on(ﬂ = Y un.e) 7 (5 .p) dr, (6.26)

where
N _ -\.CL K ‘ d
S(n.e) - fe SN L S - (6.27)
: G(q_/»(:}) @.T 3
Here G (Cl/ , {:) -is the Fourier transform of (6.25). From (6.26) and (6.23) we
now have
~ Cﬁo{( ‘ag)
Vﬂd(g) - 6 l Lﬂ‘: Co (£ 'ﬁ)]—j-( L F) C{E' (6.28)

and from (6.13)

V(%(I) - “'é?[(n[( €u("“9)>]5(£. ) 629
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Now . . gl\u )
<Q_§u(5,g)> .-§Su (R, % (3)< -6E URaL >(6.30)
where

LLB(‘\HF P fVS ra X (r r‘)(g d (6.31)

and U = UA - UB. Applying the same averaging method to (6.30) as used above,

we finally find that

V@(!) z %{V&( )'“j(n[HC -6u - l)} - rg)dr,}

(6.32)
Both the results (6.22) and (6.32) have two important properties. Firstly,

as must be the case for a theory of concentrated alloys, they are correctly
invariant under the interchange of components A and B i.e. under the transformation

c —>l-c, VB —>VA, V —> -V. For instance, under this transormation (6.32)

becomes

. N : U(QH(' ,(3) ‘
= -R) - _‘ " (]-c 6

Velr) § {VA(K R.) é,J\b\[L F(l-0)e J (£- F)O\f}
By making use of the identity (6.33)

(i -crce™) #x = (e (-0€™) (6.34)
and also the inverse of (6.31) it is easily seen that (6.32) and (6.33) are identical.

Secondly, both (6.22) and (6.32) reduce to the virtual crystal potential

(6.2) in the limit of small 8 and as V \—>V, (that is, small Vand U). All

e ~dependence is then lost. This can be verified for (6.32) by observing that
v :

Vie (£) = g{\/g(& R.) + Cfﬂ(& 5, 8)3(5-.p) e, (6.39)
It is interesting to note that MGSF showed quite generally that the coherent
potential approximation (CPA) also reduces to the virtual crystal approximation
in the limit of small differences between VA and VB. However, neither the CPA

nor the (3 ~dependent potentials discussed here agree with the virtual crystal

approximation as C—>0 for general VA and Vi,



26

§6.5 Conclusions

In this chapter an argument has been presented which justifies the use of a
set of E-dependent or 6 ~dependent periodic potentials in the calculation of
< €Qx (f. )E)> or <CE*(£ .F)> for random binary alloys. The argument
throws new light on the virtual crystal approximation which, considered on its own
is theoretically unsound, but in the present context can be seen as a limiting form
of the E~ or 8 ~dependent potentials.

The achievement of the approach developed here is to allow the well-known
techniques of sc;lving the periodic potential problem to be used in the case of
random alloys. However this gain is balanced by the need to solve a large number
of périodic potential problems in order to obtain a complete picture of the electronic
structure of the alloy. This is particularly true of the e’ ~dependent potentials, as
in this case, if one is really interested in calculating <€8;((£ ,E)> and the
density of states, <Cg?( (E .f»‘)> is needed for a wide range of 8 values in -
order to be able to take the inverse Laplace transform satisfactorily. For this
reason it is doubtful whether the é ~dependent periodic potzntials are of much
practical value.

Unfortunately little progress has been made in the construction of the more
directly useful E-dependent potentials. However it is to be hoped that except
over certain ranges of energy, the variation with energy of the F;ofenfial is small
enough to allow useful information to be obtained from a limited number of

calculations.
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CHAPTER 7

CORRELATED BOND PERCOLATION ON THE BETHE LATTICE

§ 7.1 Introduction to percolation theory

The theory of percolation processes in random media is an intriguing branch

of probability theory which has found application in a wide range of physical

problems. For general reviews, see Frisch and Hammersley (70)

(72)

, Shante and
Kirkpc’rrick(ﬂ) and Essam

A typical percolation problem is as follows. | The sites of an infinite perfect
lattice are occupied at random with probability p and a cluster is defined as a
group of neighbouring occupied sites surrounded by vacancies. How does the mean
size of clusters (irrespective of shape) vary with p and what is the percolation
probability P(p) that a particular site is part of a cluster of infinite size? This is
the so called site percolation problem, but alternatively one could focus attention
on the nearest neighbour bonds of the lattice and take p as the probability that o
given bond is present (bond percolation problem).

These percolation problems are tantalisingly simple to formulate but as yet no
analytic solution for a general d-dimensional lattice exists, although certain
percolation properties of particular lattices are known exactly. However the
general features of the solution have been elucidated. If one begins with an
empty lattice and then occupies sites (or bonds) at random, fhusv steadily increasing
the fraction p of sites occupied, the mean size of clusters clearly increases with p
as existing clusters grow in size and coalesce. At p =1 the mean cluster size is
obviously infinite, but it turns out that for infinite lattices there is a well defined

critical percolation probability P, af which the mean size of clusters first diverges.

P, is best defined in terms of the percolation probability P(p) as

R = supyp: Plp) =°} 7.1)
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This says that for p < Pe all occupied sites are with certainty contained in
finite clusters and hence P(p) is identically zero. Above P, there exist

infinite clusters (Kikuchi(73)

has argued that in fact there can only be one such
cluster) and P(p) increases from zero at p = P, to one at p =1 (which it
approaches asymptotically as P(p) ~ p) as the infinite clusters extend over the
whole lattice.

In general the bond (b) and site (s) problems for a given lattice result in
different percolation properties (for instance pi épi), although the Bethe
lattice (see below) is an exception. Results for the common 3-d lattices have to
be obtained by Monte Carlo merhods(74)' (73) or series expansions(76) and numerical

estimates of P for these lattices are given in Table 7.1 (where z is the

co-ordination number of the lattice).

Nt s b . b
attice Pc Pc z P
diamond 0.425 0.388 4 1.55

s.C. 0.307 0.247 6 1.48
b.c.c. 0.243 0.178 8 1.42
f.c.c. 0.195 0.119 12 1.43
h.c.p. 0.204 0.124 12 1.49

Table 7.1 Numerical estimates of the critical percolation probability for some
3-d lattices

One lattice for which analytic results are available is the Bethe lattice
(infinite Cayley tree). A Bethe lattice of co~ordination number z = O + 1 is
a branching structure in which z bonds leave each site but one and only one
path links any two sites (see figure 7.1). The Bethe lattice is infinitely
dimensional in the sense that it cannot be embedded in any finite dimensional

space while maintaining the same topology. However it is the simplicity of
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Figure 7.1 Part of a Bethe lattice of co-ordination number 3.

(77)). ,

its topology that makes it susceptible to exact analysis (Fisher and Essam t

can be shown rigorously that for a Bethe lattice of co-ordination number ¢ +1,

b S ]
=0« =7 (7.2)

Intuitively, (7.2) is simply saying (in the bond case) that an ?nfinife cluster can be
built up provided an occupied bond has on average at least one of the @ independent
bonds leaving a particular end also occupied. Figure 7.2 shows the percolation
probability P(p), the probability of a site belonging to a finite cluster F(p) and the
mean size of (finite) clusters S(p), for a Bethe lattice with z = 4, although curves
for other lattices are similar in form.

One reason for studying the percolation problem is because of the interesting
critical behaviour around P Critical exponents have been introduced for the

percolation probability P(p) and mean cluster size S(p), of the form

, K .
P(p) o (p-F) P —s e

P ~ (i+1)
Sy o (p-t) 7 P
(7.3)
where k = 1, 1 =0 for the Bethe lattice and for 3-d lattices 0.3 < k £ 0.4

(75)).

(Kirkpatrick Recently, various authors have begun to apply modern ideas

about critical phenomena to the percolation problem, for instance scaling
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(78) 79) .

hypotheses and the renormalisation group

As a physical example of the site percolation problem, consider an alloy
in which the concentration of magnetic impurities (assumed distributed at random)

(72)

is p (Essam™™ ™/, p149). If the magnetic interaction is short range, isolated clusters

of impurities spins will behave independently and so there can be no ferromagnetic
ordering at any temperature while there are only finite sized clusters i.e. for

p < pi. pi is thus a lower bound for the occurence of spontaneous magnetisation.
If a nearest-neighbour Ising interaction is assumed, the spontaneous magnetisation
at zero temperature is proportional to Ps(p).

A resistor on a lattice in which a fraction (1-p) of the resistors (bonds) is
removed at random is an illustration of the bond percolation problem. Clearly
ifp< pg there can be no conducting paths extending right through the network
and the ensemble averaged conductivity <O’(P)> of such a system is zero.

For p > pi, <C;'(P)> is non zero but as first pointed out by Last and Thouless(so)

(81) (82)

and confirmed by Kirkpatrick and Stinchcombe™ ™, it increases more slowly

than the percolation probability with a power law behaviour in the critical

region of the form
. N

oy e (p-R) (7.4)
with t ~ 1.6 for 3-d lattices and t = 2 for the Bethe lattice. The reason for
this is that although there is an infinite conducting path through the network
forp > PE):' the resistance of such a path remains very high until a substantial
number of parallel conducting paths exist. For recent work on resistor networks
see (83), (84). The derivation of the name percolation theory becomes apparent
if one identifies the bonds in the bond problem with open or blocked water pipes

. . b
or channels in a porous rock. Only if p >p, can water percolate through such

a system.
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The percolation problem can be generalised in a number of interesting ways.

Odagaki et 01(85) (86)

and Coniglio have recently considered the temperature
dependent percolation problem, that is when sites of a lattice are occupied not
at random, but in accordance with the statistical mechanical distributions

(87

characteristic of lattice gas or Ising systems. Ziman constructed a semi classical
bond percolation model of electronic conduction in disordered systems by assuming
that the ability of an electron to percolate from one atomic cell to another depended
on the height of the intercell potential barriers, which in a disordered system would
be random quantities. Ziman suggested that the empirical relation

Zp ~ S 7.9
(d is the lattice dimension and z its co-ordination number) which holds quite well
for 2 and 3 dimensional perfect lattices (see table 7. 1) could be extended to
irregular structures where only a mean co~ordination is defined. Scher and
Zallen(88) went further and extended percolation ideas to continuous media by
considering the motion of a classical particle of energy E in a random continuous
potential. They estimated that the volume fraction of classically accessible
space (i.e. with potential less than E) had to exceed a critical fraction VC'VO. 15
(3 dimehsions) before the particle could percolate throughout the system. This
critical volume fraction is also relevant to the problem of when a random
inhomogeneous mixture of conducting and insulating material will actually conduct

(89)

electricity’ 7. The sharp metal~insulator transition observed af low temperatures

by Cusack et a|(9o) in metal-rare gas mixtures has been interpreted on this basis
but so far there is no conclusive evidence that these systems are in fact

inhomogeneous. An alternative explanation in terms of the Mott transition has

©n

been proposed by Berggren and Lindell Clearly the validity of the classical

percolation theory of conduction is in doubt when the conducting regions are small
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compared to the electronic mean free path. In this case quantum mechanical
tunnelling through classically forbidden regions must be considered. Indeed
electronic conduction in systems in which the disorder is on an atomic scale

as in alloys, amorphous semiconductors, liquids and supercritical fluid metals
is perhaps more usefully discussed in terms of a division of the electronic states
in a band into localised and non-localised states separated by a mobility
edge(gz)' (93), than in percbla’rion terms.

A final example of the application of percolation theory is to the problem
of thermally-activated hopping conduction in doped semiconductors. Miller and
Abrahams(94) and Ambegackar et dl (95) (see also Suprato and Bu’rcher(gé)) have
shown that provided the localised impurity states are far enpugh apart, phonon
assisted transitions between two states at sites Bi' Ri and with energies Ei' Ei’

can be described by an impedance Zii where
7. o o~ G lIED IR ISIECE] - 20| R -8s]
R (7.6)
The problem is thus reduced to finding the conducvfivify of a random network

with impedances Zi' and several methods have been suggested for doing this

( (95), (97) ). The resulis appear to confirm Mott's original sugges’rion<98)

that the conductivity in these systems at low temperatures should obey the

1
relation InG T %,

For the purpose of the work to be described below the interest in the model

just outlined lies in the fact that Kirkpatrick(sn

abstracted from it the so called
correlated bond percolation problem, which os its name suggests, introduces a

degree of correlation between bonds that is not present in the random bond

percolation model.
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%7.2 The correlated bond percolation problem

The problem to be discussed in the remainder of this chapter is as follows. Each
. site i of a lattice is associated with a random variable Ei which is uniformly
distributed on [-], 'l] . A bond joins neighbouring sites i and | provided

ELj = %(15} ¥ }E:‘] + }E,‘_-Ejl) £E (7.7)
where O £ E & 1. What is the percolation probability P(E) that a given site is
part of an infinite chain of sites linked by bonds, and is there a well defined critical
value of E, EC, such that percolation can occur only for E > Ec?

To help understand the prolz;le'm, figure 7.3 shows the values of Ei' Ei which

imply a bond between neighbouring sites i and j.

-+l Ej (I‘QE)') H
N
N

7,

NGt - \HEL

7

7
7.

NN\

Figure 7.3 Neighbouring sites i and | have a bond joining them provided (Ei'Ei) is

in the shaded region. Left, E < %; right E >> 3.

From figure (7.3) it is clear that only sites with ‘ Eil L min(2E, 1) con
have bonds from them. Also, the probability p(E) that two neighbouring sites are
joined by a bond irrespective of any other connections is equal to the shaded area

divided by the total area of the square of allowed values of E, ,E_, that is

3> 0 £E<3
E) -
p(E) { £ (2-5) L CEQ) (7.8)

2 ~
If there were no correlations between bonds one would simply have a random bond

.

percolation problem with Ec given by

ple) = [’i’ (7.9)
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where pi is the critical percolation probability for the bond problem on the
lattice concerned.

However correlations of a form which tend to cluster bonds together do
exist. If asite i has a bond entering it, then \Eil L min(2E, 1). Therefore
the conditional probability P‘ (E), that given i has one bond entering it, it

also has a bond leaving it to a second neighbouring site, is given by

3g <E €3
PE) = ) 2 veEee
EQQ-E) 7 €E €| (7.10)

Thus if E $ %, asite with one bond entering it is actually more likely to have
another bond leaving it than if the occupation of bonds is assumed independent.
Clustering of bonds and the likelihood of percolation is therefore enhanced in
the correlated bond problem.

In order to obtain analytic results we now specialise to the case of correlated
bond percolation on the Bethe lattice of co-ordination number O+ 1. As
menﬁor:ed in § 7.1, the condition for percolation to occur on a Bethe lattice
is that a site which has a bond entering it must have open on average at least
one of the O other bonds leaving it. When correlations are important, one must
be careful to use a conditional probability here, of the form (7.10). Thus we
arrive at the following estimate for the percolation threshold,

o p(E) )
Ec

]

2 - (7.11)
= ( 02!
3¢
It will be seen below that even when correlations are exactly taken into account,
E turns out to be only slightly less than this estimate. Note that a Bethe lattice
c

with (7 = 1 corresponds to a linear chain. As there is no possibility of bypassing

an absent bond, percolation cannot occur on a linear chain unless E = 1.
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§ 7.3 Percolation probability for the correlated bond model on the Bethe lattice

Using a method analogous to that devised by Essam(72) to discuss random
bond percolation, we now show how to obtain the percolation probability P(E)
for the correlated bond model on the Bethe lattice.

Suppose the ceniral site has associated parameter EO. Since the G+ 1

branches leaving this site are independent of each other if E0 is fixed, we may

write

(7.12)

3 | (eg 4
P(E) = l = *&‘J.‘QE (Eo)dEc
=1

Here, QE(EO) is the probability that no infinite chain leaves a site with parameter E0

along a particular branch. The % arises from the uniform probability distribution of
EO on [-1, 1] .
Let pE(Ei' Ei) =1- qE(Ei' Ei) be the probability that a bond connects
neighbouring sites with parameters Ei' Ei. From (7.7),
P (B, ) = B(E-Ey) (7.13)
It now follows that Q (E ) satisfies the following non-linear integral

equation,

QE =Y X
XCLE(E“E M+ 3 Y?E(E% €)Qe (B)dE;, .14

In (7.14) the first term is the probability that the bond in a given direction

leaving E0 is absent. The second term is the probabilify that this bond is

present but that the ¢ remaining branches leaving Ei are all dead ends. With

the help of figure 7.3 and noting that QE(EO) is even in EO' (7.14) may be written
28 n2E

L o - _

! - 9.E + )_Eg + j QE(EL)({E,‘ - ' ﬁ QE (E )C‘—\,
) 2l'. Ea

) 0L E <2E

)
(E < ) (7.15a)
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1

o

LI
g S Qe (E)dE; O <E <26 -
QE‘\EQ) = _ _ P 1' &
(£51) 2 L2606 (RN - 4] QEENE 0o

o 2%-E _
EQ >QE"'

From the discussion above (c.f. equation (7.11) ) we expect EC < %5
(for ¢ >1) and so we now focus attention on (7.15a). It is easily seen that
QE(EO) = 1 is always a solution of (7. 15a). However, we expect that there exists
an EC such that for E > EC there is another solution with QE(EO) £ 1 (provided
l EOI £ 2E) indicating that percolation can take place with a non-zero probability.

(99)

Ec is thus a bifurcation point of the integral equation

Let  Agle) = | = QE(E.-,/QE—) , then for ® £ 1(7.150) becomes
Neg(d) | |
- QEf [1~ (~2%®) Jat - Ef Li-0 o) |t (7.16)
(7.16) is of :he form of an eigenvalue equali'-ijn with eigenvalue E and has the
properties

()  Xel(x) =0 isasolution of (7.16),

(ii)  Any non-zero solution of (7.16) is a monotonic decreasing function
of &, since M = - E[‘ - U'"IE("”{))U] <0 )
A

(i) Ae (Q) = Quz (1),

From (ii) and (iii) it follows that Ec is a well defined quantity in the sense
that considered as a function of E for fixed & , the sacond solution required to
(7.168) is such that g (OL) —> Qs E —;}E: for all ¢ . In other words, the
threshold EC does not vary with (. We therefore make the ansatz that for small
E-E

) ~ V50 #5200
where 8"" E- Ecand

[ /0 = Lm, ) ng(.C{) . . 7.18)
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The exponent M will later be shown to be 1. Substituting (7.17) in (7.16)

and using (7. 18) gives a linear integral equation for \j(() )

o) - Qawg gt - Eo-fi_czs(e)e 7.19)

This equation is best solved by reduction to a second order differential equation.

Putting | o
C = QEcﬁ'f y)de = ylo) (7.20)

(7.19) can be written (with X = Q‘E )

wle) = ¢ - )(j‘ y(-£)dt (7.21)

Differentiating with respect to ¢{ gives
dyld o - Xy (i-x)
X 3 N l'(’c)c\"t
-~X[Q _ x&g :f | (7.22)

Differentiating again gives

1!

5 . .
ﬂ__‘ﬂ_&f}_ = - X 3(@ (7.23)
\ w2 :
WX,
The solution of (7.23) is clearly of the form
ylat) = AsinXx + B s X (7.24)
Substituting back in (7.19) we find
Y Lo Y
yla) = C ( C3X¢ - 7 3@ )(&-) (7.25)
where C is a non-zero constant as yet undetermined and X must satisfy the
condition ( | - Sm.)() o
s X 2 (7.26)
The relevant solution of (7.26) gives for the percolation threshold
EC - )/(Y = 0' 611'{33/0- (7.27)

0.
This exact resul’r is to be compared with the value E¢= e obtained by

simple arguments in % 7.2 (equation (7.11) ). The small difference arises
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when full account is taken of the variation with E. of the conditional probability
that further bonds leave a site i given that a bond enters i.

To obtain the exponent Y and the constant C it is necessary to make use
of the non-linearity of (7.16). This may be done by solving for the next order
term in the expansion (7.17). Substituting (7.17) in (7.16) we find as 3= Q"

Ty + 872
. . 2
~F, [Qgg o(§"y6) +§”"2(8)) - «(z—o (g‘@,w +§2() }

(7.28)

where Fy is the linear functional given by

Fla®)] = ( g; - —.‘53\_““) dt o t) (7.29)
Putting 0E =X+¢Q , the terms in Q¥ in (7.28) give back (7.19) for 3(5()
os §—0" while the ferms in & give for = (x)

z(x) = kg [Q'Xz(t) + Q«:b(ﬁ) -~ X(c—\> ‘f&ﬂ (7.30)

Note however that in (7.30) the term in y2(0( ) isonly included if ¥ = ]

(i.e. if 2y =¥+l ). Following a similar procedure to that used above, (7.30) may

be reduced to a second order differential equation,

4260 . X%~ Xyl + XD Yol 39k g,

d 2

where again the last term onl}; occurs if Y =1 . Now if this term js excluded,
a solution to (7.31) is easily found to be

z(x) = Ag(@ ¥ ﬁ'»)(l -L) - O 9( J—o) (7.32)
However if (7.32) is now substituted into (7.30) (with the y2('t ) term missing) no
non-zero solution of this form can be found to the integral equation. This is
esseniially because the lack of \jl terms in (7.32) and the integral equation it
should satisfy means that the constant C = y(0) (see (7.25) ) cancels out of the
integral equation and hence is not available as an additional degree of freedom

to help (7.32) satisfy the equation. We therefore conclude that ¥ = 1.
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It then follows, after considerable algebra, that the solution to (7 30) is

z2(K) = D\:)(o() ~ a1 ‘()U ) 4 S (0‘\
(b ) 3)(04 (ljU «) + 53(« ) (7.33)

where C is now fixed by fhe requirement that
= 1S ¢
b (e=1)

D is a constant undetermined to this order.

(7.34)

Having found 'V and C, we are now in a position to obtain the critical

behaviour of the percoloﬂon-probabilify P(E) (defined by (7.12) ),

PE) = 1 - QE(E)E
~ Q.E‘. (0'1'\>Y S’y)(a() d<  + O(gz)
~ 15 ) (B-E) =+ ()(E-E)2 (7.35)

N (=)
where (7.20) and (7.34) have been used. The percolation probability thus behaves
linearly in the critical region.

In order to obtain P(E) for general E, one must solve the non-linear integral
equation (7. 15) numerically. This has been done for various ¢ using a straightforward
iterative procedure, the infegra?iéns being computed using the trapezium rule with 40
subdivisions. Convergence was found to be very fast except near the critical region.
However extrapolation of the resulis from just above Ec gave very good agreement with
the theoretical values of C and Ec' f)cg(o() and P(E) for 0 =4 are shown in figure 7.4
and figure 7.5 respectively. Note that the calculations have only been carried out
for E < 0.5.
§ 7.4 Conclusion

The exact solution to the correlated bond percolation problem on the Bethe lattice
has been presented. This has involved the analysis of an interesting non-liélear

integral equation for the percolation probability (see (7.15) ). The bifurcation point
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of this equation (i.e. the eigenvalue at which two different solutions of the equation
coincide) corresponds to the percolation threshold, Ec' of the problem. Only for
E> Ec is the percolation probability, P(E), non zero. EC has been found to depend

on the co-ordination number @ + 1 of the Bethe lattice according to

Ec = %_ Sm-l(%)

This exact result is only slightly different from the estimate (7.11) obtained by
simple arguments. These arguments may therefore be usefully extended fo other
lattices for which analytic results are not available.

It has also been shown that P(E) behaves linearly in the critical region (see

(77)

(7.35) ). This is the same as found for .random bond percolation

85)

and femperature
dependent percoloﬁon( on the Bethe lattice, thus lending further support to the
hypothesis that critical exponents for a particular dimensionality of lattice (in this |
case, infinite) are independent of the details of the percolation problem.
An interesting extension to the work presented here would be to use the
(100)

methods of Heinrichs and Kumar to calculate the conductivity of a correlated

bond resistor network.
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APPENDIX A

e
EVALUATION OF THE FREE-PARTICLE FOUR-BODY RESPONSE FUNCTION ‘\/\L,-_

e
The free~particle response function P}(:..,_ appears in both the approximations
derived for the interacting % in chapter 3. 1t is therefore of interest to try

and evaluate 'ﬁr . This function is defined in r-space by (c.f. (3.1) )

Nt (6.5;05) - (-Qij\f‘fzd& 0T e, (k) pe(e5ts) o (07)e) }O>c

(A1)
where ‘O> is the non~interacting ground state. In this appendix , in,. is

evaluated by two different methods although no closed analytic expression is

obtained for its Fourier transform form, (Xl,_(_!_(, Qr“k }%’Q Fi) .

§ A1 Derivation using Wick's theorem

We consider the Green's function I?: defined by
00X e, X)) = (~'b)°“<0}“reecz.>qe(><;>ee€<z>ee(%«-«)10>c (A2)
where X, =(5L)) . Interms of the electron field operators q{{(x}) and
W.(X) ., @) conbe written in the form
LK) = S WO Y )
G being a spin index. Thus (A2) becomes
[ (X%, %, %) (Ad)
= (O 2 LTY, xur W, G0 s ) WY ) W)

T Cq G3 &,
Using Wick's theorem for hme-—ordered producfs,( ?) r can be decomposed to give

00K % X)) = 2.0 § G (4-5%) G006 E 06 ) 06X
+ 1 (06) CO-X)KOG) -4
+ Cf()(ﬁ(,) aa(X3~X;_> Q%Xg-)(u) CC(X#‘Xs)}

(A5)

In (A5) one of the factors of 2. arises from a spin sum, the other from the fact that

each of the three terms appears twice in the Wick's theorem decomposition.
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G‘O(’X‘l "Xl> is the free~particle Green's function for one spin and is given by
Q) = T %(&Wf@c’z)'\o} (46)

The three terms in (A5) clearly correspond to the Feynman diagrams

X] X2 X] X X2 X] [ ]Xz
X4 X3 X4 X3 X4 X3

We now note that

Mer (e, k5 46 -4
= de Q’WS§ f@tk;(t-{ﬂ G (%) 1q. (-1 -Lw(tts)

(A7)

(—Q;) ¢ ¢ ¢

U (ab 5,0k k) dE-0)des)dso )}
N X Cl.{_{:rb_) 17“33&"1"

LW
where the @ maintains the correct time ordering as in (Al). The expression
0
in the curly brackets was denoted by TT'T in chapter 3 (c.f. (3.20) ).

Substituting (A5) in (A7) we find

m (K Gk, @*.@r@ (A8)
S0 Coo O 0
] et aric)

+ aa( g"-‘ ,LO'-H.J) ao(g'g)“‘) Ca( _""}' C‘,W")QO( f ,,‘,g'-)
b L [0 &) (ke ) £ E~k,w‘)}

where

QG(E.W) - Q(kF"l.ﬂ) + é“f} = kF)

(- P2 ~LE W~ P9 +ig (A9)

Three kinds of frequency inegral in (A8).

(a) The first two terms have a factor
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je‘“’gc( Wde o U8k 1K)

On) (A10)

(b) The first two terms also have a factor of the form

j‘@w _.a 7o) C(i’z, (e_3,w) = {,]‘3(& )f}._f’g)
y _4&1 Bl -0) . 8(%, k.:)” Olke-0) |, &(0- kp)][e(k,‘fs) (0 te)]

Q) [0-P2le 0-paui€ |0 tne(E -pfnie] | s~ pprri - eie|

(A11)
In (A11), only the six product terms that hqve- poles both sides of the real axis
contribute to the integration. The other two terms give zero as the coniour can
be closed in the half-plane in which there are no poles. After some algebra it

follows that
Tty = Ok} o Bhew) o Bk-p)
L]— (Pl Fz (‘32 2) (f" (\9 P’g) (f)g )(?—?‘ > (A12)

"~ (¢) The last term in (A11) has two factors of the form

Vool hf) = r% (2w (1w
_ 2[ Oty = k- rz)]
WP (A13)
Collecting together the results we find
N (k8% 59-8,-9)
= ~Li~j & Y k- \UZ) Jalp -6, p-6+9)
)’ (A14)

G
+ {lke-le-kt) Ts(p, 16, 7-9)
+ I(0-k, gk ) TP, e %g)} |

The integrals in (A14) are to be interpreted as principal parts where necessary.

Note that (A14) isunchanged under the transformations k —>G -k and q — G -
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If G =0, this implies symmetry beiween I cmd__r_2 and between L and Iy in the
r=space form of l\,{f:_ .

For liquid metal calculations the G —> 0 limit of (A14) is required. This
involves the expression Jé (_(: ,P )Eii,) which can be readily defined if it

is noticed from (A12) that

T(rob, ) = Blke-p) Blle - 1)

i ey (s (A15)
+ Blke-P) - Blke-t.)
Hence (fzz‘f;)(()\z'f:)
o Tt fb) < Bkt - Qe o Slhcke)
b b (p2- F.) ) g

Unfortunately, because of the complex form of (A14) it has not been possible
0 .
to evaluate fully "\,{,f (_k_,(_%*}f;ﬂ;_@,“}) or the G =0 limit (although some other
0
limits are derived in Appendix B). However the r-space form of ‘\'{;‘_ can be

obtained by making use of the Fourier transforms

I ) Uelol +kelz) BT U
I RTRTN Lot)e e (;1?.34;

(A17)

k{i J.(kgls)+kFif;z\+kFI§3\)

8’\Tl§_ l ﬁ rZ) ’)

LP) X ..(,Pz 61 (A18)
= [ Tpp)e ™ ¢ e P dp dy,
) (2%)* (28 (¢ )
kiz Ai-(kf:"fl) = YBU(F f’) -t -c\i’
0% 7] mE (A19)

In (A18), (A19) and (A20), J.(kF f‘) is the spherical Bessel function given by

}.U(Fr) = Si.(\kfl‘ - kFrCOS)(Fr (A20a)

(ke r)*
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G
Jn(kFr} = —-‘-——lk rxsir\.xrdx (A20b)

K

Y
The integral representation in (A20b) is useful in demonstrating (A18) - (A20).

Using these Four}fier transforms, (\,{q(f‘ REREE ,_f_'&f) is obtained from (Al14) as

Nq.((:\ )_rz )E—‘ )D‘)
- [ 3 (el B-f21) ), (e 16-6 ] +hel- 5 ke 10- G1)
0w - In-Gi G- | -]
+ 4 Wl skel-n)) 3.(&1&-&»@!@-@))} )

|6-%) )56l 60| )0-nl
§ A2 Second derivation using the Dirac density matrix

The Dirac density matrix X([‘ )l_':)_) is defined for a general electron system

Y(ooe) = T U6 6

(A22)

and it immediately follows from (A3)
¥(or) = Ll (A21)

For a system of N non-interacting spin & fermions it is easily shown that

N .
Blooe) = 22 Win ) (a2

where ({IL are the normalised one particle wave functions. For a homogeneous
system of free electrons, the lijc)s are plane waves and in this case
i, 2
§ ~
Yo - 8 kles) o
TTZ ‘ Ei "_EZ ]
It follows from (A22) that §° has the property of idempotency, that is

E‘Ti"(ﬁ,&)‘d“(&\@)c&g = 9Y(n,m) A

As discussed by March, Young and Sampani'hqr(29) in the case of free particles,

the Dirac density matrix completely determines all higher order correlation functions.
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c
In particular, the cluster part of the two particle correlation function, Pee (‘:l ;EZ)

for free particles is given by
2
¢
Pt'fQ (f‘ ’-{:2) = —_12”[}/0(5 ).(..?-)] (A25)

58 uf
March and Murray( ) have given a perturbation expansion for 3 (f. ,[2)
in the presence of an external potential U (_(_') To second order in U(r), the
- o'
change in \6 ('\:, ,_(_'1) from its homogeneous gas value (A23) is given by

O e) = - ke [dlkeln-nlviel 5B (m)d

) n-fz) \- 5|

2 aa
+ ke “ 3 (el -8) vl tie) *kF\ﬂ—"fﬁ’-D
i 165l 53T} | fy- )

C x U(E) W) ded e
The corresponding change in Pee (.E‘ )EZ-) can be obtained from (A25) as

QRel(rnf) = ¥ (58) S¥°(n.%)
- o 2
-5 [ V(5 %) 7

If (A26) is now substituted in (A27), the resulting expansion clearly corresponds

(A26)

to equation (2.28) of chapter 2, provided ‘X; and Nq_ in that equation are
replaced by their free particle values. By comparing terms in these expansions
we find

Mo(en) = K Dlkelogl) ) (elffickels-50)
2> \n-% \5-GY ol (A

0 - I - . A
and N"T(-E]'-[Z’. _:'_3,.1'4) is exactly as given in (A21).
Finally,we deduce from (A21) and (A26) that the free~particle linear and
° Q
quadratic density response functions !}( and !“\2 are given in r-space by

{X‘(L,\_}) = ~_}_<_fz_ \)‘(Qkf:}ﬂ‘flj) .(A29)
=T
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NC (6 55) - JE W(keli ] el sl ke fo-0)

(A30)
2 | 6-) il 5o
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APPENDIX B

SOME EXACT LONG WAVELENGTH LIMITS OF THE RESPONSE FUNCTIONS

N2 NG Ma, By

Firstly it is shown that

Lim HZ-(B)Q"‘_YBTQTFR_’) =0 (B1)

k=0

where HZ is the free particle response function defined in r-space by (c.f. (3.4) )

%P;,(s 2) = YHg(L&. 12) Sp (f2) dis

*a‘:f’Hi(s 256, 15) S, (8) Spe () d
+ O (8) =

Secondly, the result (B1) is used to give some exact long wavelength limits of
the other free particle response functions.
§ Bl Proof of (B1) -
C
According o (A25), Peg O )D.) for free particles is given in terms of the

-]
Dirac density matrix A (‘_-_l \r_z) by

2
¢y l o
Re(so6) = - [Vl )] 0
Using the idempotency of X° (as expressed in (A24) ) and the fact that its

diagonal element is the electron density, it follows that for free particles

[Spie o) < - Golo e
Comparing (B4) and (B2) we find '

j H;(_‘j‘ ,£2 )_(:3)4_(.1 = - S(SQ_-ES) (55)

E He(f 2 y6o,6)dn = O (86)

The Fourier fransform of (B6) is the same as (B1).

¢ p;0 )
§ B2 Long wavelength limits of MQ_ )f)(g ,N\*_

If both sides of (B4) are expanded to second-order in the external potential



the following relationships between response functions are obtained

J‘M; (Lo sh)de = -N(2,5) (87)
X‘\i; (60 ok r)dn = - M(om %) e

In Fourier space, these become

Lim NG (K, Q-k;-6) = -(E) (B7a)
k—>0 -
b MLl Gk aGg) = NG (G vby) 0%

(B8a) can in fact be verified from the expression for ‘}(:_ given by (A14).
We are now in a position to derive some explicit long wavelength results for
.0 o c
‘X) Mﬁ ,[\kg and N'f .
l\ Q
(a) From expression (A30) for A.L )

"o (0,4,9) - e y W8 ) (kele) e lal + kelrv)) ) ds,
- k.

L IV ]R) [h%)

e [ ) @eln) o

il tf;l

- b
" o ln grike (59)
Y |9 -Ikr
In ( v ) (3:) = S\!l?x. and use has been made of the result that for arbitrary C,
= ,

Q,UCFli_‘rj‘l +CtleltRl)y - 23 Jelke|neniec) (810
A ) L5 o
(b) (BY) and (B8a) immediately imply that

\‘_";‘0 Kur (e e 9.,-9) = “—“—;L (a

(c) From expression (A28) for /Xz ,

N3 (ke -kie) - %F_ﬁ 5 (1) s eelsl) g 4

¥ )5l Nl 10

%*ri
(‘k_

(B11)
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- 2L<_> (B12)

F

= k& plag-x) (!

7

where (B10) has again been used.

(d) From expression (A29) for mo)

N(e) - -X (U6 (k) &
Nl - - g 3(: ) 4

1

= - k 2 Q.,O‘
fz[l {57 R [ 2 R
and
o O - - kF
‘% ( ) —:[-'lz (B14)

Note that (B13) agrees with equation (4.6) of chapter 4.

(e) Using expression (A21) for ‘\Aczr ;

Ny (K, k5 0,0)
< “.}.(fi {K‘Ef @j‘k'z[ J.U(F\‘%\) j.Qﬂ:l}*ﬁJ)f kFZ*kFIDf‘ZD

1| |2+l =) |y+rz)

L), (kelry) e key) ), (kelzvwsz e L~Flg+g;')]

les] Ja] x4z 1z

X 6l'£ ({tid‘g._ }

it
)

3 2} ‘l
%5- 3@h>3m~mnmmuh
X | {21y

payn
, e
- - Jrf-' j\gk” )‘ (QiNFI> dx (B15)
T < ~
= — ——‘——— G(Qk{:* \\)



124

In deriving (B15) use has been made of (B10) and also the result

XJo(kr}‘E*’él rhelal) dy = -}l('-f Coskex

l,‘é, £ (B16)

(f) In chapter 3 it was shown that )
° s
Hlf K..k)‘k ) L} |-g_f>

= g‘\‘;(k ;k )i,;c_;,) - N; US;‘}S 30) N; (0&;“}) } (B17)
X (o)
Using (B?), (B12) and (B14) the second term of the RHS of (B17) is
M Gokio) ha090) i) (1 k) 3:+0k,.-' )
X' (c) T

From (B15) and (B18) it follows that
(ks 0,0) = - k) b
_QTIsz'

which clearly goes to zero as k — 0 as required by (B1).

(27a

), and Pefhick(go) have shown that

%o (G1-60) = bin NOWIE) . N, (0,6-8) (om)

<—>0 }n’e‘

is an exact relation for the interacting jellium density response functions IX and
‘XQ‘. Since !‘(:‘_{;\0{\,((&) =Q , this shows that _ %2(9 ,‘Qz )0> is zero. This
A

fact has been used in § 2.9 and § 3.2. (B19) is in fact equally applicable to

Finally, Brovman and Kagan

free particles, for which it takes the form (using (B14) )

N:.(Qé.-@—) = sz [\/{(C) (B20)

Use of (B13) in (B20) gives an alternative proof of (B10). Brovman and Kogan(27b)

Q
have given an explicit form for the complete {\AQ_ (k,@-)_{ )*Q:) ,
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APPENDIX C

SUMMARY OF DENSITY FUNCTIONAL THEORY

Density functional theory (DFT) is a formally exact theory of inhomogeneous
many~electron systems which however is expressed in a form that lends itself to o
number of useful approximations. It dates from two classic papers by Hohenberg

hn (HK, 55) (KS, 56)

and Ko and Kohn and Sham

where it was shown that a secure

theoretical foundation could be given to the early attempts of Thomas(mz)and

(103)

Fermi to characterise the ground state properties of inhomogeneous electron
systems by their electron density. For a general review of DFT see March(57)_
DFT is based on the following two part theorem proved by HK.

(1) The ground state energy E of an interacting N-electron system in the presence

of an external potential V(r) may be written in the form
E=Fln] + fV(i) M) dr = Eln] (€1

where F[ﬂ:] is a universal functional of the density R (r) (i.e. independent of

N and V(r) ).

(2) Subject to the conservation of particle number, i.e.
j‘ alr)de = N (C2)

the ground state energy is stationary (a minimum) with respect to first order changes

in the density, that is in functional derivative notation,
i n
SEHD
Salr)

This theorem is straightforwardly proved using the variational principle for

(C3)

the ground state wave function (assumed non-degenerate) and involves the use of
the lemmas:
(3) The external potential V(r) is to within a constant a unique functional of the

exact ground state electron density n(r).
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(4) The ground state wave function is a unique functional of the density n(r).

Indeed (4) is the strongest proposition within the theory and has the corollary:
(5) All ground state properties of an inhomogeneous electron system can be expressed
as unique functionals of the density n(r).

(1) is a special case of (5) which has also been used in chapter 3 as justification

for the expansion ( 3.4),

KS made the important step of writing the energy functional in (1) in the form
Ela] = j Oaln)dr + gla] + ﬁ drdrtn(nle) 4 EBxln] (€4
(e~

where TS{&] is the total kinetic energy of a gas of non-interacting electrons of

density n(r) (see (59) for a discussion of this functional), Exc[_-”.] is the total
exchange and correlation energy (including a kinetic energy contribution) and the

third term is the classical coulomb energy. Using (2) we find the Euler equation
Y SE[]
Sals ) -nt =0 (C5)
f s

where » is a Lagrange multiplier which is easily identified as the chemical

potential. (C5) gives

P QE[“E, = gtg[“] + VHK(E)
Salr) Cafe) 0

where VHK (r) is the sum of the usual Hartree potential VH(_r_) and the exchange

and correlation potential V c(r), i.e.
xcY

V() = V) f ]ar-(rlr)aik + Vi () (c7)

Vi (8) = SE ESX ;E:_? (C8)

KS showed that VHK (r) could be considered as a one body potential for the

many electron system in the sense that the electron density n(r) is generated from it
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by summing the squares of the N lowest one particle wave functions obtained from

the Schrédinger equation

| 72 Ricy ~ - :
VAT VOGO - SRl ©
This result is summarised in the proposition.
(6) Given any density n(r) such that Scl‘[ (\,(,E) = an integer, there exists a

one body potential which will generate via the Schrédinger equation the same

density.

Note that the functions \)UC and energies SL in (C9) strictly have no other

physical significance than through the relations
N
n() = Sy @)y (C10)
L

£ - z5 - 3] LA S ACKGE:
+ E‘c[n]

have irresistibly (though not without some justification

(C11)

0) (101)

However some authors

.. H . . .
used approximations to V K (r) as a means of introducing exchange and correlation
1
into band structure calculations, the very successful * e %1 exchange potential of

61)

Slafer( being an example of this.

In order to make use of the exact equations (C7) to (C10) it is necessary to
solve them self-consistently given some cpproximation to E xc[‘q and an initial
n(r). A frequently used form for Exc[ﬂ] is the so called local approximation given

Exc [n,] = Y Eic L) de

by
(C12)

[+]
where E;‘.C [&] is the exchange and correlation energy density of an interacting
homogeneous electron gas. This approximation is expected to be useful when the

electron density is slowly varying. Several authors ( (56), (59), (62) ) have

discussed gradient corrections to (C12), the most general form of Ey‘c[ﬁ] that has
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been proposed(56) (63) being

Exln] ~ j\cl B [E.:c [n(cf] ~ {]‘d_f:’ Bucll'; n) [(etr)-a(ed £‘)]2]

’ , (C13)
BXC (.-E-', Q(,E)) = BXC (Ei )kF) kF = (?\TTQQ([))S

The second term in (C13) partially sums the gradient expansion of the exchange

and correlation energy and the kernel By, can be related in Fourier transform
to the local field factor G(q) in the expression for the dielectric constant of the

homogeneous electron gas (see equation (4.7 ) ). In fact
B4 ske) = -_%.z; () (c14)

and therefore requires a theory of exchange and correlation transcending the RPA

for its calculation.
Since its inception DFT has been increasingly applied to the calculation of

a large number of physical properties of various electronic systems. Some examples

(64

are : charge density in atoms

(60), (66); spin density

; charge density at surfaces (65); band struciure
(67) (42), (68),

calculations

(69)

; momenium density phonon

specira
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