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Abstract

In this thesis, we develop a perturbative approximation for the solu-
tion of Lindblad master equations with time-dependent generators that
satisfies the fundamental property of complete positivity, as essential for
quantum simulations and optimal control of open quantum systems. By
probing our method to several explicit examples we show that ensuring
this property not only improves the accuracy of the perturbative approxi-
mation substantially, but also it permits to read off the effective dissipative
processes . Subsequently, we design optimal entangling quantum gates
for trapped ions mediated by a bus mode which is subject to decoherence.
We show that suitably designed polychromatic control pulses, help to sup-
press the qubit-phonon entanglement substantially while maintaining the
mediated interaction. This leads to a considerable reduction in the gate
infidelity, in particular, for multi-qubit gates this yields a significant im-
provement in the gate performance.
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Chapter 1

Introduction

The art of controlling the behaviour of quantum systems has transformed
the realisation of universal quantum simulators into one of the most ac-
tively pursued goals in the field of quantum information. Simulation is a
process of mapping the behaviour of one system onto another [1]. To sim-
ulate one quantum system using another, a method of controlling the dy-
namics of the quantum system is needed, so that the dynamics of the sim-
ulator can be transformed tomimic the behaviour of the system to be simu-
lated. The methodology of control and manipulation of quantum systems
is mainly based on the application of external, coherent radiation fields.
As an example, this can be used to induce entanglement among trapped
ions [2, 3].

In order to realise a desired behaviour of a quantum system to be sim-
ulated, one needs to identify proper driving field patterns which help to
install and implement this desired dynamics in the quantum simulator.
One approach to this identification is to obtain an analytical solution to
the dynamics of the driven system, and optimising it with respect to the
desired dynamics. This can be achieved using the methodology of series
expansion [4, 5]. The central aspect of such approximations is the capac-
ity to retain the algebraic structure of the system dynamics. That is the
validity of the approximate solution is dependent on whether it incorpo-
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Chapter 1. Introduction

rates the algebraic structure of the exact dynamics. Preserving unitarity
which is the relevant algebraic structure in the analysis of closed quantum
systems, can be achieved by resorting to series expansions based on expo-
nential functions e.g. Magnus expansion [4]. Quantum simulations are not
necessarily limited to closed quantum systems, and given the complexity
in the analysis of the dynamics of quantum systems interactingwith an en-
vironment, quantum simulators have proven to be effective tools to investi-
gate the behaviour of open quantum systems [6]. Rather than unitarity, the
fundamental properties of a driven open quantum system dynamics with
a time-dependent generator is complete positivity. Developing an analyti-
cal scheme bywhich approximatemaps satisfying this fundamental aspect
can be constructed, would thus be a significant step towards control and
simulation of open quantum systems.

One of the most successful hardwares investigated in the domain of
quantum simulation are the well-controllable system of trapped ions, the
potential of which for application of quantum information theory has been
demonstrated abundantly [7–9]. Trapped ions have shown to be a promis-
ing candidate for the implementation of quantum logic gates [10, 11], which
constitute the fundamental building block in the exploitation of quantum
mechanical systems - execution of quantum algorithms, digital quantum
simulations, quantum teleportation or precision sensing [12–16]; limita-
tions in the obtained fidelity of quantum gates, however, is the hindering
factor in harnessing the true potential of quantum mechanical systems. In
the last years one could therefore witness dedicated efforts towards the
increase of gate fidelities. Single qubit gates for trapped ions have been
implemented with infidelities reaching 10−6 [17]; in contrast, the fidelities
for entangling gates for two ions are substantially lower, in the range of
10−3 [18].

The qubits degree-of-freedom of the ions can be encoded in highly sta-
ble hyperfine or dressed states [19, 20] with very long coherence times; the
central source of infidelity in entangling gates however, seems to be the
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comparatively short coherence times of collectivemodes of vibrationwhich
play an essential role in mediating interaction amongst otherwise non-
interacting qubits. Although designing an entangling scheme [3] that im-
munises the qubits from their collective bus mode decoherence has helped
significantly towards the experimental implementation of two-qubit and
multi-qubit entangling gates with reasonable fidelities [11, 21, 22], sensi-
tivity to bus mode decoherence - induced by the environmental degrees of
freedom - during the gate operation is still a limiting factor in the effort to
reach fault tolerance.

The main focus of this thesis is to address the system of trapped ions in
the context of the theory of open quantum systems. First, by developing
a theoretical scheme through which the behaviour of driven open systems
can be analysed, we provide a systematic framework to control and po-
tentially simulate open quantum systems. Second, we will investigate the
dynamics of quantum gates of trapped ions in the presence of motional de-
coherence from the open system dynamics perspective. By applyingmath-
ematical optimisation techniques, we will try to manipulate and control
this dissipative dynamics, and eventually maintain the entangling gate fi-
delity. This thesis is composed in two parts. In part I (state of the art), we
provide an introduction to the dynamics of open quantum systems as well
as the dynamics of trapped ions. In part II ( analysis of driven systems),
we describe our investigation present the core results.

Part I is divided into three chapters. In chapter 2, we introduce the
concept of open systems dynamics, and the notion of irreversibility. We
review the state of the art formalism to model the behaviour of open quan-
tum systems in terms of completely positive maps. In chapter 3, we review
the mathematical methods based on series expansion to obtain analytical
approximations to time-dependant differential equations. By applying two
different classes of series, namely, Dyson series, andMagnus series, we as-
sess their capacity in providing valid approximations to driven closed sys-
tems. In chapter 4, we provide an introduction the dynamics of trapped
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Chapter 1. Introduction

ions and the behaviour of two distinct entangling schemes, namely, Cirac-
Zoller and Mølmer-Sørensen scheme.

Part II is divided into two chapters. In chapter 5, we describe the pro-
posed correction scheme to the approximate solution of differential equa-
tion describing the dynamics of a driven open quantum system obtained
using Magnus series. We evaluate the performance of the corrected se-
ries expansion in inducing valid approximations by investigating several
driven open systems such as two-level systems, harmonic oscillator and
lambda-systems. Finally in chapter 6, we study the entangling gates of
trapped ions in presence of irreversible processes including thermalisation
and dephasing. In particular we investigate the dynamics of dissipative
Mølmer-Sørensen gate, and by applying optimal control techniques, we
propose a polychromatic implementation of the scheme. Finally we assess
the gate performance by evaluating the induced improvement of the poly-
chromatic implementation compared with the conventional implementa-
tion of the gate.

Most of the results in this thesis can be found in the following publica-
tions

• FH, J. Cui and F. Mintert, Phys. Rev. Lett. 114, 130402 (2015).

• FH and F. Mintert, New J. Phys. 18, 123007 (2016).
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Chapter 2

Open System Dynamics

2.1 Irreversible Dynamics

In reality no system is isolated from its surroundings - the environment -
so every system is open to some extend. This often induces processes dur-
ing which information flows from the system into the environment. As a
result of this information loss the system dynamics cannot be simulated
in terms of reversible maps e.g. unitary propagators. For a certain class of
open systems there is no back-flow of information into the systems from
the environment. The behaviour of such open quantum systems should be
modelled in terms of irreversible maps, but first, one needs to understand
the sufficient conditions underwhich this irreversiblemodelling of the sys-
tem dynamics could be accurate, namely the Born-Markov approximation
[23].

The fundamental concept is that the system interacts with an enormous
environment through weak coupling. The weakness of the interaction en-
sures that the state of the environment is effectively unchanged and un-
affected during the interaction; this is known as Born approximation. The
enormity of the environment ensures that from onemoment to the next the
system effectively interacts with a different part of the environment and
eventually the environment can be considered memoryless; this is known
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2.1. Irreversible Dynamics
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Figure 2.1: Markov approximation under which system is assumed to be
interacting with an environment with large number of degrees of freedom
such that any information flow from system into the environment gets ef-
fectively lost. In the case the environment can be considered memoryless.

as Markov approximation. An alternative way to understand Markov ap-
proximation is to consider the environment as a large set of degrees of free-
dom which interact with the system one after the other for a very short
amount of time. Therefore, any influx of information from the system into
the environment will be propagated within this enormous pool of degrees
of freedom, and eventually will be lost without significant change in the
state of the environment as if the system is constantly interacting with a
fresh copy of the environment. (see Fig.(2.1))

In a regime in which the Born-Markov approximation can be consid-
ered accurate, one can derive a time-local differential equation for the den-
sity matrix of the open system alone. Such equation is typically refereed to
as master equation. The behaviour of the whole systems (system + environ-
ment) %SE can be described in terms of von-Neumann equation

%̇SE(t) = −i[HS +HE +W , %SE(t)] (2.1)

whereHS ,HE , andW correspond to the Hamiltonian of the open system,
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Chapter 2. Open System Dynamics

theHamiltonian of the environment and the system-environment coupling
respectively. By considering the dynamics in the interaction picture with
respect to the dynamics induced byHS +HE , one can obtain the following

˙̃%SE(t) = U̇(t)%SE(t)U †(t) + U(t)%̇SE(t)U †(t) + U(t)%SE(t)U̇ †(t)
= i[HS +HE, %̃SE(t)]− i[HS +HE + W̃(t), %̃SE(t)]

= −i[W̃(t), %̃SE(t)] (2.2)

with

U(t) = e−i(HS+HE)t, and

%̃ = U%U †.

By solving Eq.(2.2) one obtains

%̃SE(t) = %̃SE(0)− i
∫ t

0

dt′[W̃(t′), %̃SE(t′)]. (2.3)

Now by substituting this solution back into Eq.(2.2) one obtains the follow-
ing differential equation

˙̃%SE(t) = −i[W̃(t), %̃SE(0)]−
∫ t

0

dt′[W̃(t), [W̃(t′), %̃SE(t′)]]. (2.4)

In order to obtain a differential equation for the reduced density matrix
associated with the open system, %S only, one needs to trace over the envi-
ronmental degrees of freedom

˙̃%S(t) = −iTrE[W̃(t), %̃SE(0)]−
∫ t

0

dt′TrE[W̃(t), [W̃(t′), %̃SE(t′)]]. (2.5)

For weakly interacting systems it is reasonable to assume that there are no
correlations between the system and the environment, so that the density

22



2.1. Irreversible Dynamics

matrix for the system and the environment can be written as

%̃SE(0) = %̃S(0)⊗ %̃E(0). (2.6)

Let us consider the expectation value of the interaction Hamiltonian W̃
with respect to the Hilbert space of the environment, 〈W̃〉E , which is as-
sumed to be zero, i.e.

TrE[W̃(t)%̃SE(0)] = 0. (2.7)

This is because there are no mean fields associated with the environment,
since typically the environment is assumed to be in an equilibrium state i.e.
vacuumor thermal state. The first crucial assumption is that since the open
system interactsweaklywith the environment, the state of the environment
is slightly affected, so that it would be an acceptable approximation to re-
place %̃SE(t′) by %̃S(t′)⊗ %̃E(0) - Born approximation or the weak-coupling
approximation - and this factorization assumption has an important role
in deriving the evolution of the open system alone. Now the differential
equation of the system density matrix reads

˙̃%S(t) = −
∫ t

0

dt′TrE[W̃(t), [W̃(t′), %̃S(t′)⊗ %̃E(0)]]. (2.8)

As one can see Eq.(2.8) is a differential equation with convolution; in other
words, the behaviour of the open system at a specific time depends on the
whole history of the state of the system. Such time-nonlocal equations are
not easy to solve. It is therefore desirable to find time-local differential
equation, that is, an equation in which the dynamics of the system at a
specific timedepends only on the system state at this instant of time. There-
fore, one can perform the Markov approximation, in which the integrand
%̃S(t′) is replaced by %̃S(t), in which way, the dynamics for the density ma-
trix of the open system at time t only depends on the present state %̃S(t),

˙̃%S(t) = −
∫ t

0

dt′TrE[W̃(t), [W̃(t′), %̃S(t)⊗ %̃E(0)]]. (2.9)
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Chapter 2. Open System Dynamics

This is sometimes called the Redfield equation [23, 24]. The Redfield equa-
tion is time-local, but notMarkovian since the dynamics of the open system
depends on the explicit choice for the initial preparation at time t = 0. To
obtain a Markovian master equation one substitutes the parameter t′ with
t− t′ in the integrand. The parameter t′ encodes how far one can go back-
ward in time to account for memory effects, which is equivalent to the time
over which the correlations in the environment decays e.g. the correlation
time τE . Under the Markov approximation these memory effects are short
lived and the integrand decays quite rapidly. Thus one may replace the
upper bound of the integration by infinity, and obtain a Markovian master
equation for the open system dynamics

˙̃%S(t) = −
∫ ∞

0

dt′TrE[W̃(t), [W̃(t− t′), %̃S(t)⊗ %̃E(0)]]. (2.10)

The timescale of the dynamics induced by this master equation is charac-
terized by τS which is the time scale over which the open system relaxes
due to interaction with the environment. For the Markov approximation
to be accurate, the correlation time of the environment must be negligible
compared with relaxation time of the open systems e.g. τE � τS .

2.2 Completely Positive Maps

The irreversible nature of the behaviour of an open system can bemodelled
in terms of a semigroup of transformations with a preferred direction in
time [25]. As we discussed earlier there are physically plausible conditions
underwhich the behaviour of the open system can be considered genuinely
irreversible - the time scale for the open system should be large compared
with the relaxation time of the environment and yet negligible compared
with the recurrence time for the entirety of system and environment as a
closed system. That is to say, there is only an intermediate time interval
during which the semigroup modelling of the open system dynamics is
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2.2. Completely Positive Maps

justified. In this section we would like to present an abstract overview of
semigroup theory and its connection to dynamical maps.

2.2.1 Dynamical Semigroups

Themathematical theory of dynamical semigroups is based on the concept
of positivity of operators and maps. An operator is called positive if and
only if all of its eigenvalues are positive, and a positive map is a map from
any positive operator to another positive operator. That is, the positivity of
the operator is preserved under the action of a positivemap. The positivity
of density operator during the time evolution of the system for instance is
an essential property of the dynamicswhich has to be preserved otherwise,
the equations of motions will involve negative probabilities, and therefore,
the positivity of the dynamical map ( time evolution ) is fundamental. Be-
fore introducing the dynamical semigroup structure from a mathematical
point of view let us first have a quick introduction to an abstract but yet
powerful mathematical structure called C*-algebra, which is the algebra of
bounded operators on a complexHilbert spacewith an involution such that
‖ A†A ‖=‖ A ‖2. By involution we mean the following adjoint properties

(i) (A†)† = A

(ii) (AB)† = B†A†

(iii) (αA+ βB)† = α∗A† + β∗B†.
As one can see this algebra can be represented in terms of the algebra of
complex matrices with †-map being the complex transposition of the ma-
trices.
In the literature, there exist two classes of view on formulating the con-
struct of dynamical semigroup. In the first class [26], a dynamical semi-
group is defined as a one-parameter family of linear maps {Et} acting on
the elements of a C*-algebra C satisfying the following conditions

a - Et > 0; that is Et is a positive map.
b -EtI = I; that is Et is a unital (trace-preserving) map.
c - Et1 .Et2 = Et1+t2 ; that is Et possesses the group property of closure.
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Chapter 2. Open System Dynamics

d - ∀A ∈ C : ||EtA − A||p → 0 as t ↓ 0; that is Et tends to identity as
t→ 0 for t > 0.

Here ‖ ◦ ‖p denotes the operator p-norm, and can be mathematically
represented as following [27]

‖ ◦ ‖p=
(∑

j

spj(◦)
) 1
p (2.11)

where sj(◦) denotes the jth eigenvalue of the operator ◦. For the special
case p = 1 one obtains ‖ ◦ ‖1= Tr[

√
◦◦†]. The conditions c and d imply that

the system dynamics is time-divisible and time-continuous respectively.
The set forms a semigroup rather than a group structure because it does
not necessarily include inverse elements. This algebraic structure formally
models the idea of irreversible dynamics.

In the second class however, the positivity condition is not sufficient
for a dynamical semigroup to have a physical interpretation for quantum
systems, and a stronger condition of so-called complete positivity is re-
quired. Before presenting the second axiomatic definition of dynamical
semigroups, let us understand the concept of complete positivity. It is al-
ways possible that the open system S might be correlated with another
system B before the process modelled by Et acts on system S. So the idea
of complete positivity ensures that the total state of both systems remains
a physical state with a positive density matrix. In other words, if the sys-
tem S evolves and the system B does not, any initial density matrix of the
combined system is mapped to another density matrix. In mathematical
terms this means that the tensor product of the dynamical map with the
identity map acting on the entirety of system and environment returns a
positive operator

Et ⊗ In×n > 0 for all n. (2.12)

That is to say, the extension of a positive operator to the higher dimen-
sional space is mapped to a positive operator. By incorporating the notion
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2.2. Completely Positive Maps

of complete positivity, a dynamical semigroup can be defined [25] as a one-
parameter family of linearmaps {Et} acting on the elements of aC*-algebra
C satisfying the following conditions

a - Et is a completely positive map.
b - EtI = I; that is Et is a unital.
c - Et1 .Et2 = Et1+t2 ; that is Et possesses the group property of closure.
d - ∀A ∈ C : ||EtA − A||p → 0 as t ↓ 0; that is Et tends to identity as

t→ 0 for t > 0.
In this thesis, we will follow the latter view, andwill take the concept of

complete positivity as one of the fundamental aspects of dynamical semi-
groups. Next we will investigate the completely positive maps from the
representation theory perspective - their mathematical representation in
terms of linear transformations on the Hilbert space and their correspond-
ing generators.

We would like to present the following theorem by Stinespring [28] on
the mathematical form of completely positive maps

Steinespring factorization theorem. Let A be a C*-algebra and H be
a Hilbert space, and let E be a linear map from A to operators on H . Then
a necessary and sufficient condition that E is of the form

E(A) = V †%(A)V for all A ∈ A (2.13)

where V is a bounded linear operator from H to the Hilbert space K and
% is a ∗-representation of A into operators on K is that E be completely
positive. As a special case in which H = K , that is the dynamics of the
systems at all times is described in terms of only one Hilbert space, it was
shown [29] that E is a completely positivemap if and only if it is of the form

E(A) =
∑

j

V †j AVj forA ∈ B(H ), (2.14)
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Chapter 2. Open System Dynamics

where {Vj} are bounded operators in theHilbert spaceH . This is often
called Kraus representation or operator-sum representation of quantum
channels. The operators {Vj} encode the phenomenological description of
the processes through which the open system interacts with the environ-
ment; so depending on the nature of such processes together with sym-
metry aspects of the system e.g. invariance under symmetry groups [30],
one should be able to construct the relevant form of the completely positive
map E .

As we mentioned in the previous section, under Born-Markov approx-
imation the behaviour of the open quantum system can be described in
terms of an autonomous differential equation. Now given themost general
form of the behaviour of the open system in Eq.(2.14), what is themost gen-
eral form of such an autonomous equation? Alternatively, what is themost
general mathematical form of the operator L given the following equation

Ė = LE (2.15)

which is referred to as the master equation. By studying the mathemati-
cal structure of completely positive maps and their underlying algebraic
properties, Lindblad [25] was able to show that the most general form of
the generator of a completely positive map is of the form

L[◦] =
∑

j

DVj [◦] with DÔ[◦] = Ô ◦ Ô† − 1

2
{Ô†Ô, ◦}. (2.16)

The set {Vj} is called the set of Lindblad operators and as we pointed out
earlier they represent the phenomenological description of the dissipative
processes in the system. One can rewrite the generator L in terms of a
complete basis of orthonormal operators {Ej}, i = 1, 2, ..., N2, where N is
dimension of the Hilbert space, and the orthonormality condition can be
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expressed as
(Ei, Ej) ≡ TrS{E†iEj} = δij. (2.17)

For convenience one can choose EN2 = (1/N)2I, so that other basis opera-
tors are traceless. In this basis one can write

Vj =
N2∑

k=1

(Vj, Ek)Ek. (2.18)

In this new basis the generator can be expressed as following

L[◦] = −i[H, ◦] +
N2−1∑

k,l=1

[C]kl(Ek ◦ E†l −
1

2
{E†lEk, ◦}). (2.19)

where the Hermitian operatorH =
∑N2−1

j=1 i[C]j,N2(Ej −E†j )/2 encodes the
reversible part of the open system dynamics - von Neumann equation -
and the second part of the Eq. (2.19) can be considered as the dissipa-
tive correction with [C]kl =

∑
j(Vj, Ek)(Vj, El)

∗ being a self-adjoint positive
semidefinite matrix for which the eigenvalues correspond to the dissipa-
tive rates. In order to see this, one can rewrite the coefficient matrix C in
the diagonal form as following

[C]kl = [
∑

j

Γj|Φj〉〈Φj|]kl =
∑

j

Γj〈k|Φj〉〈Φj|l〉, (2.20)

in terms of which Eq.(2.19) can be written as

L[◦] = −i[H, ◦] +
∑

j

ΓjD∑N2−1
k=1 〈Φj |k〉Ek

[◦]

= −i[H, ◦] +
∑

j

ΓjDFj [◦]. (2.21)

The coefficients {Γj} can be regarded as the rate at which dissipative pro-
cesses {Fj} occur. This equation expresses the dynamics of an open sys-
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Chapter 2. Open System Dynamics

tems in terms of a purely reversible and a purely irreversible section.

2.3 Simulation of Open Systems

Utilizing a well controllable quantum system to mimic the behaviour of
another less accessible quantum system - quantum simulation - can be con-
ceived in terms of the following scheme [31] : mapping the generator of
the simulated system behaviour to an algebraically equivalent, but physi-
cally quite different generator, so that the behaviour of the original system
could be emulated. The information of interest regarding the emulated sys-
tem can be extracted via performing measurements on the second system
(simulator) as shown in Fig.(2.2).

An important aspect of quantum simulation is being able to control the
behaviour of the simulator, what is known as quantum control. In general,

%(0) %(t)

%s(0) %s(t)

E{ }

E{ }

L ; t

Ls ; t

Model system

Quantum simulator

measurement

Figure 2.2: Themain phases of quantum simulation consists of state prepa-
ration, time evolution over a certain time and carrying out measurement
on the final state to extract the physical information of interest.
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the control theory of quantum systems is the concept of making a quan-
tum system behave in a more desirable way. This can be achieved by mod-
ify the system dynamics through applying time-dependent control func-
tions to the underlying Hamiltonian e.g. illuminate the system using ex-
ternal radiation fields. The design of such control functions by utilising
pulse-shaping techniques leads to the realisation of the objective system
behaviour. In order to identify the proper control scheme that helps to
design these time-dependent control functions, one must be able to repre-
sent the dynamics of the driven system, which then can be compared and
optimised with respect to the target dynamics, and typically these repre-
sentation can be obtained by utilising themethodology of series expansion.
Most commonly, this implies a series expansion of the solution for the dif-
ferential equation

Ė(t) = L(t)E(t) (2.22)

with the time-depenent generator L(t),

L(t)[◦] ≡
N2∑

j=1

Γj(t)DFj [◦]. (2.23)

As one can see the control functions can be implanted within the Γ-matirx,
which encodes the corresponding modulated rates with which the pro-
cesses {Fj} occur; in the simulation of open systemdynamics, however, one
needs to bear in mind that the control functions should satisfy the condi-
tion under which the validity of the semigroup formalism of the open sys-
tem behaviour is maintained. In other words, the applied control scheme
should not undermine the premise of Markovianity of the environment.
This means that the control rates should be negligible compared with the
correlation frequency of the environment e.g. Γj(t)� τ−1

E [32]. By consid-
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ering the generator in terms of the reversible and irreversible parts,

L(t)[◦] ≡ −i[H(t), ◦] +
N2−1∑

j=1

Γj(t)DFj [◦] (2.24)

in order to control the system behaviour, one thus can either engineer the
coherent part of the dynamics by having a set of suitably chosen Hamilto-
nians, or, one can equally engineer the dissipative part of the dynamics by
having a set of processes {Fj}with suitably chosen rates Γj(t).

As we mentioned earlier, the system dynamics can be represented in
terms of a series expansion e.g.

E(t) ∼
∑

j

ajA(j), (2.25)

where the right-hand side of the Eq.(2.25) is an asymptotic series gener-
ated by L(t). Such an expansion is typically obtained using Dyson series
[5], Magnus series [4] or variations thereof [33–35]. The approximated dy-
namics E(t) then can be compared with the desired dynamics Ed(t), and
the distance between the two maps can be minimized

min
{H(t),Γj(t)}

||E(t)− Ed(t)||. (2.26)

This can be achieved by incorporating suitably chosen control functions
H(t) and Γj(t) over which the mathematical optimisation methods can be
performed.
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Chapter 3

Series Expansion

3.1 Dyson Series

As we mentioned in the previous chapter, the behaviour of a driven open
quantum system can be represented in terms of an asymptotic series given
in Eq.(2.25). One of the methods to construct such series is the method of
Dyson series. Let us consider the following problem of obtaining an ana-
lytical solution to a first-order differential equation with a time-dependent
generator

Ė = L(t)E (3.1)

which may represent the master equation describing the behaviour of a
driven open quantum system. Because of the time-dependency of the gen-
erator the exact solution can not be deduced, and therefore, one needs to
resort to various types of approximations, which is mostly based on the
methodology of series expansion [5, 36] - the representation of an unknown
function in terms of a series of known functions. The master equation as
well as the initial condition Et=0 = I is apparently satisfied by the solution
of the integral equation

E(t) = I+

∫ t

0

dt′L(t′)E(t′). (3.2)

33



Chapter 3. Series Expansion

By iteration of this integral equation, one obtains a series expansion for the
map E(t) in powers of L

E(t) = I+

∫ t

0

dt′L(t′) +

∫ t

0

dt′
∫ t′

0

dt′′L(t′)L(t′′)

+

∫ t

0

dt′
∫ t′

0

dt′′
∫ t′′

0

dt′′′L(t′)L(t′′)L(t′′′) + ... (3.3)

One can define the time-ordering product [5, 36] T of any time-dependent
operator as the product with factors arranged so that the operator with the
latest time-argument is placed leftmost, the next-latest next to the leftmost,
and so on. For example

T {L(t)} = L(t)

T {L(t1)L(t2)} = θ(t1 − t2)L(t1)L(t2) + θ(t2 − t1)L(t2L(t1)

T {L(t1)...L(tn)} =
∑

p

θ(tp1 > ... > tpn)L(tp1)...L(tp2). (3.4)

where θ is the Heaviside step function, and the summation is over all the
n! permutations of the Ls.

By adapting this notation, Eq.(3.3) can be written as

E(t) = I+
∑

n

1

n!

∫ t

0

dt1

∫ t

0

dt2...

∫ t

0

dtnT {L(t1)L(t2)...L(tn)}. (3.5)

This is known as Dyson series[5]; in general this series does not converge,
but it can be understood andutilised in terms of asymptotic analyses. Dyson
series is a very powerful tool to study scattering theory and to analyse pro-
cesses in terms of Feynman diagrams [36], but in the domain of quantum
information theory where one is interested in unitary (reversible) transfor-
mations, it is problematic. Let us consider a closed system for which the
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3.2. Magnus Series

system behaviour can be encoded in the time-dependent generator

L(t)[◦] = −i[H(t), ◦] (3.6)

where H(t) is the system Hamiltonian. Since the system is closed, its be-
haviourmust be reversible, in otherwords, the solution of themaster equa-
tion must be a unitary map. On the other hand, because of the time de-
pendency of the generator one needs to apply the Dyson series in order to
obtain an approximate solution as following

E(t)[◦] = I− i
∫ t

0

dt′[H(t′), ◦]− 1

2

∫ t

0

dt′
∫ t′

0

dt′′[H(t′), [H(t′′), ◦]] + ... (3.7)

By truncating this series expansion at any order of the approximation,
one can see that the resulted approximate solution does not preserve the
condition of unitarity,

EE† 6= 1 (3.8)

that is to say, the approximate solution does not respect the unitarity of
the system dynamics which is the artifact of the series truncation in the
approximation. This is often a disadvantage in the field of quantum infor-
mation processing [37] where usually quantum gates are encoded in terms
of unitary transformations. In mathematical analysis one way to bypass
this problem is to resort to an alternative approximation based on series
expansion known asMagnus serieswhich preserves the unitarity of the ap-
proximate map at any order of the approximation as we will discuss in the
following section.

3.2 Magnus Series

TheMagnus series [4, 38, 39] provides an exponential representation to the
solution of the first-order differential equation Ė = L(t)E . The prominent
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Chapter 3. Series Expansion

aspect of this series expansion is that it leads to approximate solutions that
maintain some qualitative characteristics that are guaranteed by the under-
lying algebraic structure for the physical systems e.g. symplectic or unitary
character of the time evolution operator for closed systems. WilhelmMag-
nus (1954) derived the following series with which one can generate the
solution to the master equation

E(t) = eL(t) = eL
(1)(t)+L(2)(t)+... (3.9)

with the elements corresponding to different orders of the approximation
can deduced recursively

L(1)(t) =

∫ t

0

dt′L(t′),

L(2)(t) =
1

2

∫ t

0

dt′[L(t′),L(1)(t′)],

L(3)(t) =
1

2

∫ t

0

dt′[L(t′),L(2)(t′)] +
1

12

∫ t

0

dt′[[L(t′),L(1)(t′)],L(1)(t′)],

... (3.10)

Since the approximate solution is represented in terms of an exponential
function, it consists of higher order terms that are not necessarily valid, but
it is exactly because of these higher order terms that approximation exhibit
the very characteristics that are imposed by the algebraic structure such as
unitarity for closed systems. Now by constructing the Magnus series for a
closed system with L[◦] = −i[H, ◦] one obtains

E(t)[◦] = exp
(
− i
∫ t

0

dt′[H(t′), ◦] (3.11)

− 1

2

∫ t

0

dt′
∫ t′

0

dt′′[H(t′), [H(t′′), ◦]]− [H(t′′), [H(t′), ◦]] + ...
)
.

Due to the exponential form of the approximation, one can easily check
that the truncated series expansion satisfies the fundamental property of
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unitarity, EE† = I.
By considering E = e

∑
j M

(j)

= I +
∑

j D
(j), where M and D correspond

to the terms in Magnus and Dyson series respectively, one can obtain the
following relations

M(1) = D(1)

M(2) = D(2) − (1/2)D(1)D(1)

M(3) = D(3) − (1/2)(D(1)D(2) + D(2)D(1)) + (1/3)D(1)D(1)D(1)

... (3.12)

One should note that the both series expansions coincide at every order of
the approximation, and therefore they are both valid up to the order that
one is interested; the Magnus series however, incorporates higher order
terms that account for the preservation of the algebraic structure of the
system.

3.3 Graph Analysis

An alternative approach to construct the Magnus series is to adapt the
graph theoretical representation - associating each term in the series with
a binary rooted tree[38, 39]. In this representation the generator L is asso-
ciated with a tree of order one, consisting of a single vertex; integration is
encoded in the language of graph theory by appending a edge to the root of
a tree, whereby the other end of the edge becomes the root; commutation
is encoded by joining the roots of two trees to a new root. Therefore
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and the process can be repeated for any Tm. The correspondence between trees and expansion terms should be clear from
the previous graphs. For instance, the last tree is nothing but the integral of A, commuted with A, integrated and commuted
with A. In that way, by truncating the expansion (61) at m = 2 we have

⌦(t) =
s

� 1
2

@�

s s
+ 1

4

@�

@�

s s s
+ 1

12

@�
@�

s s s
+ · · · , (62)

i.e., the explicit expressions collected in Section 2.2.
Finally, the relationship between the tree formalism and the recurrence (49)–(50) can be established as follows. From

(61) we can write
1X

m=1

X

⌧2Tm

↵(⌧ )H⌧ (t) =
mX

s=1

Bs

s!
X

k1,...,ks
k1+···+ks=m�s

X

⌧i2Tki

↵(⌧1) · · · ↵(⌧s)Ha(⌧1,...,⌧s).

Thus, by comparing (50) and (61) we have

⌦m(t) =
X

⌧2Tm�1

↵(⌧ )

Z t

0
H⌧ (⇠)d⇠ =

m�1X

j=1

Bj

j!
Z t

0
S(j)
m (⇠)d⇠

so that

S(j)
m =

X

k1,...,kj
k1+···+kj=m�1�j

X

⌧i2Tki

↵(⌧1) · · · ↵(⌧j)Ha(⌧1,...,⌧j).

In other words, each term S(j)
n in the recurrence (49) carries on a complete set of binary trees. Although both procedures are

equivalent, the use of (49) and (50) can be particularly well suited when high orders of the expansion are considered, for
two reasons: (i) the enormous number of trees involved for large values ofm and (ii) in (61) many terms are redundant, and
a careful graph theoretical analysis is needed to deduce which terms have to be discarded [37].

Recently, anME-type formalismhas been developed in themore abstract setting of dendriform algebras. This generalized
expansion incorporates the usual one as a limit, but is formulated more in line with (non-commutative) Butcher series. In
this context, the use of planar rooted trees to represent the expansion and the so-called pre-Lie product, allows one to reduce
the number of terms at each order in comparison with expression (61) [60].

2.6. Time-symmetry of the expansion

The map 't : Y (t0) �! Y (t) corresponding to the linear differential equation (30) with Y (t0) = Y0 is time symmetric,
'�t �'t = Id, since integrating (30) from t = t0 to t = tf for every tf � t0 and back to t0 leads us to the original initial value
Y (t0) = Y0. Observe that, according to (3), the map 't can be expressed in terms of the fundamental matrix (or evolution
operator) U(t, t0) as 'tf (Y0) = U(tf , t0)Y0. Then time-symmetry establishes that

U(t0, tf ) = U�1(tf , t0)

or, in terms of the Magnus expansion,

⌦(tf , t0) = �⌦(t0, tf ).

To take advantage of this feature, let us write the solution of (30) at the final time tf = t0 + s as

Y
⇣
t1/2 + s

2

⌘
= exp

⇣
⌦

⇣
t1/2 + s

2
, t1/2 � s

2

⌘⌘
Y

⇣
t1/2 � s

2

⌘
, (63)

where t1/2 = (t0 + tf )/2. Then

Y
⇣
t1/2 � s

2

⌘
= exp

⇣
�⌦

⇣
t1/2 + s

2
, t1/2 � s

2

⌘⌘
Y

⇣
t1/2 + s

2

⌘
. (64)

On the other hand, the solution at t0 can be written as

Y
⇣
t1/2 � s

2

⌘
= exp

⇣
⌦

⇣
t1/2 � s

2
, t1/2 + s

2

⌘⌘
Y

⇣
t1/2 + s

2

⌘
, (65)

M =
L ⇠
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M =

[

Z
L(t)dt, L] ⇠,

where the tree section encloses in the loop is constructed in the previous
order of the approximation emphasizing the recursive nature of the series
expansion. Now theMagnus series can be constructed by simply attaching
these elemental terms in various combinations constrained by the number
of vertices corresponding to the order of approximation. By following this
construction algorithm, the Magnus series can be written in the following
compact form

M(t) =
∞∑

j=1

∑

k∈Tj

α
(k)
j T

(k)
j (3.13)

where Tj is the set of all binary trees of order j, and the coefficients α are
related to the sequence {fm}m∈Z+ as shown in the table below [38] with

∞∑

m=0

fmz
m =

∞∑

m=0

Bm

m!
zm + z = 1 +

1

2
z +

1

12
z2 − 1

720
z4 + ... (3.14)

where {Bm}m∈Z+ denotes the Bernoulli numbers. The coefficients can be
constructed by simply reading the graph pattern; that is every term in the
series either can be constructed by merging previous graphs in which case
the coefficient is the multiplication of previous coefficients corresponding
to the constituent graphs or is just a new pattern in which case the new
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3.3. Graph Analysis

Table 3.1: Graph representation of the terms in Magnus series up to the
third order, T and the corresponding coefficients α
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Table 1. Expansion terms Hτ corresponding to trees τ of order ! 10, their
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coefficient can simply be read from the Eq.(3.14). Therefore, the series ob-
tained in the Eq.(3.10) can be visually represented as following
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Y (t0) = Y0. Observe that, according to (3), the map 't can be expressed in terms of the fundamental matrix (or evolution
operator) U(t, t0) as 'tf (Y0) = U(tf , t0)Y0. Then time-symmetry establishes that

U(t0, tf ) = U�1(tf , t0)

or, in terms of the Magnus expansion,

⌦(tf , t0) = �⌦(t0, tf ).

To take advantage of this feature, let us write the solution of (30) at the final time tf = t0 + s as

Y
⇣
t1/2 + s

2

⌘
= exp

⇣
⌦

⇣
t1/2 + s

2
, t1/2 � s

2

⌘⌘
Y

⇣
t1/2 � s

2

⌘
, (63)

where t1/2 = (t0 + tf )/2. Then

Y
⇣
t1/2 � s

2

⌘
= exp

⇣
�⌦

⇣
t1/2 + s

2
, t1/2 � s

2

⌘⌘
Y

⇣
t1/2 + s

2

⌘
. (64)

On the other hand, the solution at t0 can be written as

Y
⇣
t1/2 � s

2

⌘
= exp

⇣
⌦

⇣
t1/2 � s

2
, t1/2 + s

2

⌘⌘
Y

⇣
t1/2 + s

2

⌘
, (65)

M =

As one can see the rule for constructing the series expansion at the ev-
ery order of the approximation j is based on the combinatorics - combin-
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Chapter 3. Series Expansion

ing possible ways of composing binary trees with j vertices and j edges
weighted by coefficients constructed in terms of Bernoulli numbers.

The last point regardingMagnus series that needs to be addressed is the
convergence of the series which has been investigated extensively in the lit-
erature in terms of the radius of convergence; here however, we would like
to mentioned that there exist a theorem [39] which states that the Magnus
series

L(t) =
∑

j

L(j) (3.15)

converges in the interval t ∈ [0, T ) such that

∫ T

0

ds ‖ L(s)[◦] ‖2< π, (3.16)

where L(t) satisfies eL(t) = E(t). As we will discuss in part II we will not be
concernedwith this criterion of convergence as wewill be investigating the
open systems in the fast driving regimes under stroboscopic perspective
in which case every term in the series expansion will be multiplied by a
perturbation parameter inversely proportional to the powers of the driving
frequency

L(t) =
∑

j

A(j)

ωj
(3.17)

where ω denotes the driving frequency. As one can see in the regime of
fast driving e.g. ω �‖ A(1) ‖, the convergence of this series expansion is
ensured.
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Logic Gates

4.1 Trapped Ions

The potential of confining a collection of charged particles within a partic-
ular configuration of electromagnetic fields for the application of quantum
computation has been demonstrated abundantly in terms of satisfying the
most elementary criteria of a quantum computer, namely, state prepara-
tion, gate operation and read-out [40]. The behaviour of a single trapped
ion can be mathematically modelled by incorporating two sets of degrees
of freedom - the internal degree of freedom encoding the spin state of the
ion, and the external degree of freedom encoding the vibration of the ion
within the trap zone - which to a high degree of approximation can be rep-
resented by a two-level system and a harmonic oscillator respectively as
illustrated in Fig.(4.1).

The Hamiltonian of a single trapped ion driven by a radiation field can
be written as [41]

H = Hs +Hp +Hr (4.1)

with
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Chapter 4. Logic Gates

Figure 4.1: Scheme of a single trapped ions - a two-level system positioned
within a harmonic trap.

Hs = ~
ωeg
2
σz

Hp = ~νa†a

Hr = ~
Ω

2
(σ+e

i[η(a+a†)−ωt] + H.c.) (4.2)

in terms of the resonance frequency ωeg of the bare two-level system, the
resonance frequency ν of the bare harmonic oscillator, the driving frequency
ω and the Rabi frequency Ω of the driving radiation field, the creation and
annihilation operators {a, a†} of the harmonic oscillator excitations, the set
of Pauli matrices {σj} , and the Lamb-Dicke parameter η which character-
izes the ratio of thewidth of axiswithinwhich the ion vibrates in the trap to
thewavelength of the driving radiation field. By considering the dynamics
in the interaction picture with respect toHs +Hp the system Hamiltonian
reads

HI = (~/2)Ωσ+ exp[iη(ae−iνt + a†eiνt)]e−iδt + H.c., (4.3)

where the detuning δ = ω − ωeg is the difference between the driving and
the resonance frequencies. In the Lamb-Dicke regime [41], where the ion’s
extension of vibration is negligible compared with the wavelength of the
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4.1. Trapped Ions

driving radiation field,
η � 1, (4.4)

the Hamiltonian in Eq.(4.3) can be expanded in terms of the coefficient η,

HI ≈ (~/2)Ωσ+

(
1 + iη(ae−iνt + a†eiνt)

)
e−iδt + H.c.. (4.5)

Three cases of radiation detuning δ = 0,±ν are of particular interest;
carrier resonance ( δ = 0) - by applying the second rotatingwave approxima-
tion the Hamiltonian that generates the carrier transition |g〉 ↔ |e〉 reads

Hcar = (~/2)Ωσx

blue-sideband resonance (δ = ν) - by applying the second rotating wave ap-
proximation the Hamiltonian that generates the blue-sideband transition
|g〉|n〉 ↔ |e〉|n+ 1〉 reads

Hbsb = (~/2)ηΩ(aσ− + a†σ+) (4.6)

red-sideband resonance (δ = −ν) - by applying the second rotating wave ap-
proximation the Hamiltonian that generates the red-sideband transition
|g〉|n〉 ↔ |e〉|n− 1〉 reads

Hrsb = (~/2)ηΩ(aσ+ + a†σ−). (4.7)

As one can see in the case of carrier resonance the vibration of the ion is not
affected, whereas in the case of blue/red-sideband resonance the internal
and the external degrees of freedom of the ion get correlated. Three cases
of transitions are illustrated in Fig.(4.2).
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|g; ni

|g; n + 1i

|g; n � 1i

|e; n � 1i

|e; n + 1i

|e; ni

Figure 4.2: Scheme for carrier (black arrow), blue sideband (blue arrow),
and red sideband transitions (red arrow).

4.2 Entangling Gates

It has been shown that any arbitrary unitary process can be simulated to
an arbitrary accuracy by constructing a network of single-qubit and two-
qubit gates [42] - a set of universal quantum gates [43]. Two-qubit gates
provide the mechanism to drive the qubits into an entangled state. In the
trapped ion implementation of quantum computation, however, the qubits
- the set of two-level internal degrees of freedom - do not experience a di-
rect interaction among each other, and therefore, the spin states of the ions
are to a high degree of accuracy insensitive to one another. The interaction
between these spin states can be mediated by their collective mode of vi-
bration - the bus mode. Since correlating the spin state and the collective
motional state of the ions is possible via blue/red-sideband resonance ra-
diation, one can induce an indirect interaction between the spin states of
the ions as depicted in Fig.(4.3).

One of the fundamental operations in information processing is con-
trolled unitaries. In quantum computation a typical controlled unitary is
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4.3. Cirac-Zoller scheme

spin-phonon interaction

spin-spin interaction

Figure 4.3: Scheme for the induced spin-spin interaction among a set of
trapped ions through their direct interaction with their collective vibra-
tional mode -phonon mode.

the controlled-NOT(CNOT) operation, a quantum gate consisting of two
qubits, control qubit and target qubit, respectively. The CNOT gate flips
the state of the target qubit if and only if the state if the control qubit is |1〉,

|ε1〉|ε2〉 → |ε1〉|ε1 ⊕ ε2〉, (4.8)

where |ε1〉, |ε2〉 represent the computational basis, and ⊕ denotes the ad-
ddition modulo 2.

4.3 Cirac-Zoller scheme

A CNOT gate can be implemented using a system of trapped ions by ap-
plying Cirac-Zoller (CZ) scheme[2, 10]. First, the qubit state of the control
ion is mapped on to the bus mode. Second, a controlled phase gate oper-
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ation is performed on the target qubit conditioned on the state of the bus
mode. Finally the state of the bus mode is mapped back on the state of the
control qubit.

SWAP SWAP�1

first qubit

second qubit

phonon

Figure 4.4: Diagram of the CZ gate - SWAP =
R+

1 (π, 0), SWAP−1 = R+
1 (π, π), and the CNOT op-

eration representing the composite pulse sequence,
R2(π/2, 0)R+

2 (π, 0)R+
2 (π/

√
2, π/2)R+

2 (π, 0)R+
2 (π/

√
2, π/2)R2(π/2, π).

The CZ gate can be implemented in terms of the carrier transition and
the blue-sideband transition denoted by R(θ, φ) and R+(θ, φ) respectively.
Here θ denotes the Rabi angle and φ denotes the pulse phase as following

R(θ, φ) = exp[−iθ
2

(σ−e
iφ + σ+e

−iφ)]

R+(θ, φ) = exp[−iθ
2

(aσ−e
iφ + a†σ+e

−iφ)]. (4.9)

First step of the gate [10] incorporates a blue-sideband resonance radia-
tion field with a pulse duration of π, R+

1 (π, 0). The π-pulse applied to the
blue sideband of the first ion, maps the ion’s spin state to a correspond-
ing phonon state of the bus mode. The phonon state itself forms a qubit
with |n = 0, 1〉 representing the logical state |1, 0〉. Now that the quantum
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4.4. Mølmer-Sørensen Scheme

information of the first qubit is stored in the phonon state, the second ion
is addressed and a CNOT gate operation between this ion and bus mode
can be implemented. This is done using composite pulse techniques by
constructing the pulse sequence

R+
2 (π, 0)R+

2 (π/
√

2, π/2)R+
2 (π, 0)R+

2 (π/
√

2, π/2).

This pulse sequence encodes a single-ion phase gate, and can be repre-
sented in terms of the following matrix




−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1




with the basis being {|ε2 = 0;n = 1〉, |ε2 = 1;n = 1〉, |ε2 = 0;n = 0〉, |ε2 =

1;n = 0〉}. By enclosing this operation (controlled phase gate) on the left
and the right side, with two carrier π/2-pulses, R2(π/2, 0) and R2(π/2, π)

respectively, one obtains a single-ion CNOT gate.
The third step consists of another π-pulse on the blue sideband of the

first ion, R+
1 (π, π), in order to bring back the qubit and the phonon to their

original states.(see Fig.(4.4)).

4.4 Mølmer-Sørensen Scheme

An alternative way to realise entangling quantum gates based on system
of trapped ions is the Mølmer-Sørensen(MS) scheme [3] which involves
the collective driving via the radiation fields rather than the individual ad-
dressing of the ions which was proposed in the CZ scheme. As we will
see in the following, an important aspect of the MS scheme is that the gate
operation is insensitive to the collective vibrational state of the ions, that
is, the gate can be carried out even if the bus mode of the ions is not in
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its ground state. In the MS scheme a string of trapped ions is being illu-
minated by two control radiation fields that are slightly detuned from the
blue-sideband and the red-sideband resonance of the bus mode respec-
tively.

LETTERS
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Today, ion traps are among the most promising physical systems
for constructing a quantum device harnessing the computing
power inherent in the laws of quantum physics1,2. For the
implementation of arbitrary operations, a quantum computer
requires a universal set of quantum logic gates. As in classical
models of computation, quantum error correction techniques3,4

enable rectification of small imperfections in gate operations,
thus enabling perfect computation in the presence of noise. For
fault-tolerant computation5, it is believed that error thresholds
ranging between 10�4 and 10�2 will be required—depending on
the noise model and the computational overhead for realizing the
quantum gates6–8—but so far all experimental implementations
have fallen short of these requirements. Here, we report on a
Mølmer–Sørensen-type gate operation9,10 entangling ions with
a fidelity of 99.3(1)%. The gate is carried out on a pair of
qubits encoded in two trapped calcium ions using an amplitude-
modulated laser beam interacting with both ions at the same
time. A robust gate operation, mapping separable states onto
maximally entangled states is achieved by adiabatically switching
the laser–ion coupling on and oV. We analyse the performance of
a single gate and concatenations of up to 21 gate operations.

For ion traps, all building blocks necessary for the construction
of a universal quantum computer1 have been demonstrated over
the past decade. Currently, the most important challenges consist
of scaling up the present systems to a higher number of qubits
and raising the fidelity of gate operations up to the point where
quantum error correction techniques can be successfully applied.
Although single-qubit gates are easily carried out with high quality,
the realization of high-fidelity entangling two-qubit gates11–16 is
much more demanding because the inter-ion distance is orders
of magnitude bigger than the characteristic length scale of any
state-dependent ion–ion interaction. Apart from quantum gates of
the Cirac–Zoller type2,12, where a laser couples a single qubit with
a vibrational mode of the ion string at a time, most other gate
realizations entangling ions have relied on collective interactions of
the qubits with the laser control fields11,13–15. These gate operations
entangle transiently the collective pseudospin of the qubits with the
vibrational mode and produce either a conditional phase shift17

or a collective spin flip9,10,18 of the qubits. Whereas the highest
fidelity F = 97% reported until now13 has been achieved with
a conditional phase gate acting on a pair of hyperfine qubits
in 9Be+, spin-flip gates have been limited so far to F ⇡ 85%
(refs 11,14). All of these experiments have used qubits encoded
in hyperfine or Zeeman ground states and a Raman transition
mediated by an electric-dipole transition for coupling the qubits.

⎥SD,n+1〉

⎥DD,n〉

⎥SS,n〉

⎥SD,n〉

⎥SD,n–1〉

⎥DS,n+1〉

⎥DS,n〉

⎥DS,n–1〉

δ

ω

δ

ν
ν

–

ω+ ω+

ω+ ω+

ω–

ω0

τ ≈ 1 s

ω– ω–

D

S 729 nm

a b

Figure 1 Gate mechanism. a, A bichromatic laser field with frequencies !+, !�
satisfying 2!0 = !+ +!� is tuned close to the upper and lower motional sideband
of the qubit transition. The field couples the qubit states |SSi $ |DDi through the
four interfering paths shown in the figure, n denoting the vibrational quantum
number of the axial COM mode. Similar processes couple the states |SDi $ |DSi.
b, The qubits are encoded in the ground state S1/2 (m= 1/2) and the metastable
state D5/2 (m= 3/2) of 40Ca+ ions and are manipulated by a narrow bandwidth
laser emitting at a wavelength of 729 nm.

Whereas spontaneous scattering from the mediating short-lived
levels degrades the gate fidelity owing to the limited amount
of laser power available in current experiments19, this source of
decoherence does not occur for optical qubits, that is, qubits
encoded in a ground state and a metastable electronic state of an
ion. In the experiment presented here, where the qubit comprises
the states |Si ⌘ S1/2(m = 1/2) and |Di ⌘ D5/2(m = 3/2) of the
isotope 40Ca+, spontaneous decay of the metastable state reduces
the gate fidelity by less than 5⇥10�5.

A Mølmer–Sørensen gate inducing collective spin flips
is achieved with a bichromatic laser field with frequencies
!± = !0 ± �, with !0 being the qubit transition frequency and
� close to the vibrational mode frequency ⌫ (Fig. 1). For optical
qubits, the bichromatic field can be a pair of co-propagating
lasers, which is equivalent to a single laser beam resonant with
the qubit transition and amplitude-modulated with frequency
�. For a gate mediated by the axial centre-of-mass (COM)
mode, the hamiltonian describing the laser–qubit interaction is
given by H = h̄⌦e�i�S+(e�i(�t+⇣)+ei(�t+⇣) )ei⌘(ae�i⌫t +a†ei⌫t )+h.c. Here,
Sj = � (1)

j + � (2)
j , j 2 {+,�, x, y, z}, denotes a collective atomic

operator constructed from Pauli spin operators � (i)
j acting on ion

nature physics VOL 4 JUNE 2008 www.nature.com/naturephysics 463

⌫⌫

⌫

|gg; ni

|ee; ni

|eg; ni
|eg; n + 1i

|eg; n � 1i
|ge; ni

�

�

|ge; n + 1i

|ge; n � 1i

Figure 4.5: Level scheme of two-qubit MS gate; ions sharing a collective vi-
brational mode are illuminated by two laser radiation fields that are sym-
metrically detuned from the sideband levels. The radiation field couples
qubit states |gg〉 ↔ |ee〉 through the four interfering transition paths.

In the MS scheme the intermediate states with different vibrational lev-
els are essential in the performance of the gate, since their presence during
the gate operation is crucial in generating spin-phonon coupling, and thus
mapping the information stored in the qubit into the vibrational degree
of freedom (phonon) which is shared by all the other qubits as we will
describe in mathematical terms later. Furthermore, by having these inter-
mediate states negligibly occupied, the population gets effectively shared
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4.4. Mølmer-Sørensen Scheme

amongst the |gg;n〉 and |ee;n〉 states only e.g.

|ψ〉 = c1|gg;n〉+ c2|ee;n〉. (4.10)

Moreover, the sensitivity of the gate to the state of the busmode diminishes
as the transition path through different vibrational states interfere destruc-
tively, and as we mentioned earlier this permits the gate to be carried out
even if the collective vibrational mode of the ions is not in its ground state.
The MS Hamiltonian encoding the mathematics of the gate dynamics can
be constructed by the addition of theHamiltoniansH(−)(t) andH(+)(t) cor-
responding to the red-sideband and the blue-sideband off-resonant tran-
sitions respectively obtained in Eq.(4.7, 4.6) with the detuning δ from the
sideband resonances as has been shown in the Fig.(4.5)

HMS(t) = H(−)(t) +H(+)(t)

= (~/2)ηΩ
(
aS+e

−iδt + a†S−eiδt + aS−e−iδt + a†S+e
iδt
)

= (~/2)ηΩ
(
ae−iδt + a†eiδt

)
Sx, (4.11)

where S± = ΣN
j=1σ

(j)
± and Sx = ΣN

j=1σ
(j)
x are the collective spin-ladder

and spin-flip operator with N being the number of the ions. The unitary
dynamics induced by this Hamiltonian can be generated by utilising the
methodology of series expansions namely, Magnus series which was in-
troduced in the previous chapter as following

UMS(t) = eM
(1)(t)+M(2)(t)+... (4.12)

with

M(1)(t) =

∫ t

0

dt′(−iHMS(t′)) (4.13)

M(2)(t) = 1/2

∫ t

0

dt′[−iHMS(t′),M(1)(t′)] (4.14)

M(j)(t) = 0 j > 2. (4.15)
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Since all the higher order terms in the Magnus series vanish as a direct
consequence of the commutation relation of the phonon operators [a, a†] =

1, one can obtain the exact dynamics. By constructing the terms in the
series one can clearly understand the mechanism through which the en-
tanglement between the qubits is achieved,

M(1)(t) = −i(α(t)a+ α∗(t)a†)Sx (4.16)

M(2)(t) = iΦ(t)S2
x (4.17)

where

α(t) = ηΩ

∫ t

0

dt′eiδt
′ and (4.18)

Φ(t) = η2Ω2

∫ t

0

dt′
∫ t′

0

dt′′ sin(δ(t′ − t′′)). (4.19)

The first order term encodes the transient entanglement of the spin de-
grees of freedom with the bus mode - coupling to sideband resonances -
since it couples the spin operator with phonon operators, whereas the sec-
ond order term generates the entanglement process - the functionality of
the gate. In order to achieve entanglement through this scheme, that is to
simulate the spin-spin coupling, one needs to suppress the first order term
in the seriesM(1) which would be equivalent to the spin-phonon disentan-
glement after the gate duration. One can see that by setting the gate-time
to be tg = 2π/δ the propagator UMS reads

UMS(tg) = eΦ(tg)S2
x , with Φ(tg) = −~(ηΩ)2

δ

2π

δ
. (4.20)

So by controlling the relation between Ω and δ any entangled stated of the
qubits can be achieved, for instance by setting Ω/δ = 1/4, one obtains an
operation inducing a maximally entangled state e.g. UMS = e−i

π
8
S2
x .
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<↵(t)

=↵(t)

�(t)

Figure 4.6: Phase-space representation of the MS gate; excursion of the
trajectory represents the displacement of the phonon mode, and the area
swept by the trajectory represents the phase gate Φ(t).

Displacement in phase-space

The entangling gate operation

UMS(t) = exp

(
− i
(
α(t)a+ α∗(t)a†)Sx − Φ(t)S2

x

))
, (4.21)

is based on a displacement of the bus mode in phase space conditioned
on the state of the qubit degrees of freedom. By rewriting Eq.(4.21) in the
basis {x, p} defined as x = a + a† and p = i(a − a†), one can obtain the
phase-space representation of the MS gate dynamics as

UMS = exp

(
− i
(
(<α(t)x+ =α(t)p)Sx − Φ(t)S2

x

))
. (4.22)

As one would expect, according to Eq.(4.22) the spin-phonon coupling
during the gate operation can be represented as closed circular trajectories
in the phase space spanned by the real and imaginary part of the function
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α(t). Furthermore, the area swept by the trajectory is equal to the gate
phase Φ(t) as depicted in Fig.(4.6).
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Part II

Analysis of Driven Systems
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Chapter 5

Approximate Dynamics

5.1 Effective Dynamics

As we discussed in chapter 2, in order to approximate the behaviour of
an open quantum system with a time-dependent generator, one can resort
to series expansion methodology. Here we will construct an expansion
obtained using the Magnus series,

E(t) = eL(t) = eL
(1)(t)+L(2)(t)+..., (5.1)

where the terms in the exponent are given in Eq.(3.10). Assuming periodic
driving with period T , the generator L(t) defines the effective generator
Leff = L(T )/T , which satisfies

E(nT ) = eLeffnT (5.2)

for all integer n. Under a stroboscopic perspective in which the system
is monitored at multiples of driving periods only, the effective generator
Leff and L(t) induce the same dynamics, so that a system with the time-
dependent generator L(t) simulates the dynamics induced by Leff.
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5.1. Effective Dynamics

Themain problem is that the partial sum of theMagnus series Ln(T )/T

generates a map which is not necessarily completely positive, and there-
fore, it does not respect the algebraic structure of the open system dynam-
ics. Aswe discussed in Part I, in order to simulate the behaviour of an open
quantum system one needs to be able to manipulate and control the be-
haviour of the underlying generator; that is the simulation of the effective
behaviour of any open quantum systems can not be achieved without hav-
ing access to a valid effective generator. As we will discuss in this chapter,
our goal is to design a correction scheme bywhich the partial sumLn(T )/T

can be modified and replaced with a corrected finite series L̃n(T )/T which
does indeed induce a completely positive dynamics.

As we discussed in chapter 3, an essential aspect of the series expan-
sion of the generator instead of the propagator for closed systems is that it
yields a unitary, approximate propagator in any order of approximation.
Due to the exponential function, which can bemathematically represented
in terms of an infinite series, the propagator with an n-th order generator
contains terms of higher than n-th order, and it is exactly those terms that
make sure that the fundamental property of unitarity is preserved. In a
similar fashion, in order to preserve the fundamental property of complete
positivity, we will consider the incorporation of suitably chosen higher or-
der terms in the construction of the generator so that a valid approximate
dynamics can be induced. As one would expect, incorporation of funda-
mental principles such as unitarity or complete positivity would systemat-
ically help to improve the accuracy of the approximation.

Although the solution of the master equation with a time-dependent
generator encodes the irreversible dynamics of an open quantum system,
a completely positive map, it can not necessarily be represented in terms
of an exponential function of the form

E(t) = eL(t), (5.3)
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where L(t) is of the Lindblad form [44]; that is to say not every completely
positive map does not necessarily represent a Markovian dynamics. Con-
sidering an infinitesimal dynamics, the celebrated Lindblad form [25]

L[◦] = −i[H, ◦] +
∑

ij

[C]ij(Ei ◦ E†j −
1

2
{E†jEi, ◦}) (5.4)

with a positive-semidefinite, Hermitian coefficient matrix C characterizes
all valid generators, in general however, the prescription of generators of
completely positivemaps is a largely open question, and the Lindblad form
is only a sufficient, but not a necessary condition [44, 45].

The series expansion [33–35] at finite order n provides an approximate
generator Ln of the form of Eq.(5.4), that under stroboscopic perspective
permits to read off an effective HamiltonianHn and an effective coefficient
matrix Cn,

Ln(T )/T [◦] = −i[Hn, ◦] +
N2−1∑

i,j=1

[Cn]ij(Ei ◦ E†j −
1

2
{E†jEi, ◦}) with

Hn =
n∑

j=0

H(j)

ωj

Cn =
n∑

j=0

C(j)

ωj
. (5.5)

Here ω is the fundamental frequency of the driving field, ω = 2π/T ,
and as one can see, under stroboscopic observation it can be considered
as the perturbation parameter in the approximation, and this ensures the
convergence of the series expansion. In otherwords, bymonitoring the sys-
tem dynamics at integer-multiples of the period, and in the regime where
the driving frequency is larger than the Rabi frequency,the convergence of
the Magnus series is ensured. As the ratio of the driving amplitude to the
driving frequency grows, that is one approaches the regime of fast driving,
the difference between the exact and the effective behaviour diminishes.
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5.2. Correction Methods

Moreover, the contribution of the lower order terms in the series expan-
sion become more dominant as the norm of the higher order terms tend to
zero, and this ensures the convergence of the series expansion.

The central flaw is, that Cn is not necessarily a positive semidefinite ma-
trix, so that complete positivity of the induced dynamics is not ensured.
As we mentioned in Chapter 3, the series expansion is valid up to the or-
der of truncation n, so that modifications of the series at the higher orders
j > n are permitted from the mathematical perspective. Adding a term∑n′

j=n+1 C(j)ω−j with suitably chosen matrices C(j) (j > n) might result in a
positive-semidefinitematrix C̃n =

∑n′

j=0 C(j)ω−j , and the generator L̃n(T )/T

defined in terms ofHn and C̃n

Ln(T )/T [◦] = −i[Hn, ◦] +
N2−1∑

i,j=1

[C̃n]ij(Ei ◦ E†j −
1

2
{E†jEi, ◦})

would be a valid generator of open quantum system dynamics.

Since positivity of a matrix in general is a concept of mathematical in-
equality, there is no unique choice for thematrices C(j) (j > n) which leaves
substantial ambiguity in the construction of a valid generator. In the fol-
lowingwewill present themethodswhichwe have investigated in the con-
struction of positive-semidefinite matrices andwill discuss their limitation
in obtaining such coefficient matrices.

5.2 Correction Methods

factorisation method

In the first method the non-positive coefficient matrix
∑n

j=0 C(j)ω−j gets
replaced by a positive-semidefinite matrix according to the following pro-
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Chapter 5. Approximate Dynamics

cedure
n∑

j=0

C(j)ω−j −→
n∑

j,k=0

ηjη
†
k/ω

−(j+k) (5.6)

which induces a set of one-to-one recursive equations with non-unique so-
lutions

C(0) = η0η
†
0

C(1) = η0η
†
1 + η1η

†
0

...

C(n) =
n∑

j=0

ηjη
†
n−j.

From this we can solve for the matrix ηj for j > 0 and realise the matrix∑n
j,k ηjη

†
k/ω

−(j+k) with j + k > n, which appears on the right-hand side
of the Eq.(5.6) acting as a correction to the series expansion obtained us-
ing Magnus series. Alternatively,

∑n
j,k ηjη

†
k/ω

−(j+k) with j + k > n can be
viewed as the term which captures the impact of the higher order terms
that have been neglected because of the truncation. In order to see why
this method is problematic, let us consider the series expansion truncated
at the first order

C(0) + C(1)/ω −→ (η0 + η1/ω)(η0 + η1/ω)† (5.7)

from which one can deduce the following set of equations

C(0) = η0η
†
0 ⇒ η0 = (C(0))

1
2U

C(1) = η0η
†
1 + η1η

†
0 ⇒ η1 = (

C(1)

2
)η−1

0 + iζ

correction ≡ η1η
†
1/ω

2. (5.8)

Here U and ζ are unitary and self-adjoint matrices respectively, which
indicates that the solution for η0 and η1 are not unique. On the other hand
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5.2. Correction Methods

these matrices can be considered as a set of additional variables based
on which the correction term can be chosen such that minimal values of
‖ ∑n

j C(j)ω−j −∑n
j,k=0 ηjη

†
k/ω

−(j+k) ‖2 is obtained; that is by applying the
least amount of modification, the positive-semidefinite matrix can be de-
duced. Also here one can see that correction to the series is essentially the
addition of terms of higher orders in the powers of 1/ω. The central prob-
lem with this correction method however, is that the matrix η1 can not be
mathematically defined if thematrix η0 is not invertible as one can see from
Eq.(5.8), and this problem can not be lifted by incorporation of any unitary
matrix in the construction of η0 since det(η0U) = ± det(η0). Invertibility of
η0 is directly related to the invertibility of the coefficient matrix C0, which
is not necessarily satisfied.

mutation method

In this method, we study the positivity of the coefficient matrix by examin-
ing the determinant of a class of its sub-matrices called principalminors. The
minor Mij of a square matrix is the determinant of its sub-matrix formed
by removing its ith row and jth column multiplied by the co-factor (−1)i+j

Mij = (�1)i+jdet

2
666666664

a11 a12 · · · a1j · · · a1n

a21 a22 · · · a2j · · · a2n

...
...

. . .
...

. . .
...

ai1 ai2 · · · aij · · · ain

...
...

. . .
...

. . .
...

an1 an2 · · · anj · · · ann

3
777777775

In order to examinewhether a self-adjointmatrix is positive-semidefinite
there exist a criterion [46] which states that a self-adjoint matrix is positive-
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Chapter 5. Approximate Dynamics

semidefinite iff all of its principal minors are non-negative; here principal
minor refers to the minor Mij where i = j. In other words, the method
is based on forming these sub-matrices and modifying their elements by
adding terms of higher orders in powers of 1/ω so that determinant of the
principle minor become non-negative numbers. The problem with this
method can be understood in terms of a simple example; let us assume
that the coefficient matrix truncated at the second order reads

C2 =

[
0 1

ω
1
ω

1 + 1
ω2

]
.

Here one needs to add a term of order O(ω−3) to the elements of the
matrix in order to make the determinant a non-negative number. In order
to see why this is not possible, let us include a correction matrix incorpo-
rating all the higher order terms in 1/ω as following

C̃2 = C2 +

[
α β

β∗ δ

]
, (5.9)

where {α, β, δ} ∼ O(ω−3). The determinant of C̃2 reads

det[C̃2] = α(1 +
1

ω2
+ δ)− 1

ω
(β + β∗)− ββ∗ − 1

ω2

det[C̃2] ∼ − 1

ω2
+O(ω−3) � 0. (5.10)

In other words, the determinant can not be non-negative for all values of
ω. Alternatively, the correction matrix which sets the determinant to zero
reads

Ccorrection =

[
1

1+ω2 0

0 0

]
,

which simply can not be constructed from the higher order terms O(ω−3).
There are examples for which the correction scheme based on matrix mu-
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5.2. Correction Methods

tation can be applied; in general however, it fails to stand as a generic and
system-independent framework. Such correction framework in principle
can be obtained through the following method.

perturbative method

In this method, we address the eigenvalues of the coefficient matrix ob-
tainedusingperturbation theory andmodify themby incorporating higher-
order terms in the powers of the perturbation parameter 1/ω. Typically it
is possible to diagonalise the coefficient matrix Cn using the methodology
of perturbation theory in powers of 1/ω. The corresponding eigenvalues
{λi} are then approximated as

λ
(n)
i =

n∑

j=j0

µijω
−j (5.11)

with the leading non-vanishing contribution labelled by j0. Our aim is to
replace {λi} with a set of eigenvalues {λ̃i} satisfying the following condi-
tions

λ̃
(n)
i > 0 (1)

λ
(n)
i − λ̃(n)

i ∼ O(
1

ωn+1
) (2)

for all indices i and any given order n. That is, the eigenvalues of the orig-
inal and the corrected matrices should coincide up to the order of the ap-
proximation in the Magnus series, and furthermore, the eigenvalues of the
corrected matrix should be non-negative. Conditions (1) and (2) imply the
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Chapter 5. Approximate Dynamics

two following equalities

λ̃
(n)
i =

m∑

j,k=j0

νijνikω
−(j+k),

n∑

j=j0

µijω
−j =

m∑

j,k=j0

νijνikω
−(j+k) for j + k ≤ n. (5.12)

From this the following set of equations with unique recursive solutions
can be obtained

µin =
n∑

j=j0

(νijνi,n−j+j0)ω−j0 . (5.13)

Higher order terms can uniquely be calculated by imposing the condition
m = n. Therefore, the variables ν can uniquely be computed as

2νin =
1

νij0
(ωj0µin −

n−1∑

j=j0+1

νijνij′) (5.14)

where j′ = n + j0 − j and νij0 =
√
µij0ω

j0 . As one can see, this method is
applicable iff the leading contribution µij0 is non-negative. Following this
strategy, one can define a positive semidefinite matrix

C̃n =
∑

i

λ̃
(n)
i Φ

(n)
i (Φ

(n)
i )† (5.15)

in terms of the perturbatively obtained eigenvectors Φ
(n)
i of Cn. Since the

difference between λ(n)
i and λ̃(n)

i is of at least n+1st order, the C̃n is consistent
with the order n of expansion, and a generator L̃n defined via Eq.(5.4) with
the coefficientmatrix C̃n does indeed induce completely positive dynamics.

By diagonalising the effective generator, we obtain

L̃n(T )/T [◦] = −i[Hn, ◦] +
∑

j

Γ̃
(n)
j DP(n)

j
[◦] (5.16)
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5.3. Two-Level System

in terms of effective Lindblad operatorsP(n)
j and associated rates γ̃(n)

j . With
this, one obtains a physical interpretation of the dynamics of the driven
dissipative system, in terms of effective decoherence processes of a static
system described by the Lindblad operators P(n)

j and decoherence rates
Γ̃

(n)
j . Therefore, by preserving the property of complete positivity, the pro-

posed eigenvalue modification procedure can be considered as a correc-
tion schemewhich identifies the approximate but valid effective dissipative
processes and their corresponding rates in the treatment of open quantum
system dynamics.

In the following we will show with several explicit examples that the
approximate generator often can be extended to be of Lindblad form con-
sistently with the given order of expansion. By comparing the dynamics
induced by theses corrected generators L̃n with the numerically obtained
exact solutions of driven open quantum systems we will demonstrate that
in addition to completely positive dynamics the corrected generators L̃n

also provide a substantially better approximation of the exact dynamics
than their counterpart Ln.

5.3 Two-Level System

Let us begin with the driven two-level system whose Hamiltonian can be
written as

Htl(t) =
ω0

2
σz + (Ωs sin(ωt) + Ωc cos(ωt))σx (5.17)

in terms of the Pauli matrices {σi}, the resonance frequency ω0 of the bare
system, and the driving amplitudes for sine and cosine driving. In the pres-
ence of dephasing with rate γ which itself may depend on the driving, the
time-dependent generator Ltl(t) reads

Ltl(t)[◦] = −i[Htl(t), ◦] + γDσz [◦]. (5.18)

By constructing the series expansion as explained in detail in Sec. A.1
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Chapter 5. Approximate Dynamics

the resulting effective Hamiltonian reads

Hn

ω0

=

(
1

2
− Ω2

c + 3Ω2
s

2ω2

)
σz +

Ωs

ω
σy + Ωc

4γ2 − ω2
0

ω0ω2
σx + ... (5.19)

In lowest and first order approximation the effective Hamiltonians coin-
cide with that of the coherent system [33] with no influence of dephasing;
by including the higher order terms however, the reversible dynamics is
affected by the dephasing factor as can be seen from the Eq.(5.19). But in
second order, the effective Hamiltonian is actually influenced by the pres-
ence of dephasing. The main impact of dephasing is, however, encoded in
the coefficient matrix Cn which reads

Cn =




0 0 0

0 0 0

0 0 γ


 +

1

ω




0 0 0

0 0 α

0 α 0


 +

1

ω2




0 0 β

0 ξ 0

β 0 −ξ


 +O(ω−3)

with α = 2γΩs, β = −4γω0Ωc, ξ = 2γ(Ω2
c+3Ω2

s) in the space spanned by the
Pauli matrices {σj}. At the lowest order of the approximation, C0 coincides
with time-independent coefficient matrixC, which encodes the dissipative
rates, and therefore is necessarily positive-semidefinite. In contrast, by in-
cluding the first order contribution in the series, we obtain the matrix C1,
which is not positive-semidefinite as it comprises negative eigenvalues

λ
(1)
1 = γ(1 + α2/ω2 +O(ω−3)),

λ
(1)
2 = 2γ(−α2/ω2 +O(ω−3)),

λ
(1)
3 = 0. (5.20)

Based on the proposed correction scheme, at the given order n, any polyno-
mial modification at the order O(ω−(n+1)) is permitted from mathematical
perspective. Thus, we can simply cut off all the terms of the order O(ω−2),

64



5.3. Two-Level System

and retrieve the following values

λ̃
(1)
1 = γ

λ̃
(1)
2 = 0,

λ̃
(1)
3 = 0. (5.21)

Together with the corresponding eigenvectors {Φ(1)
j }, we construct the fol-

lowing positive-semidefinite matrix

C̃1 = γ




0 0 0

0 4Ω2
s/ω

2 2Ωs/ω

0 2Ωs/ω 1


 , (5.22)

which together with the effective Hamiltonian H1 defines the valid gener-
ator

L̃1(T )/T [◦] = −i[ω0

2
(σz +

2Ωs

ω
σy), ◦] +

∑

ij

[C̃1]ij(σi ◦σj −
1

2
{σjσi, ◦}). (5.23)

We can represent this generator based on the operators {σ̃j} in terms of
which the effective HamiltonianH1 is diagonal as

L̃1(T )/T [◦] = −i
[ω0

2
σ̃z, ◦

]
+ γDσ̃z [◦] . (5.24)

The operators {σ̃j} are discussed in detail in Subsec. A.2.1. By comparing
this to the generator at the zeroth order, one can clearly see that the only
difference between driven and un-driven system is simply a perturbative
rotation of the vector space {σj → σ̃j} in terms of which the dynamics of
the open system is described. The eigenvalues of C2 including up to second
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order contribution read

λ
(2)
1 = γ − 2γ(Ω2

s + Ω2
c)/ω

2 +O(ω−3),

λ
(2)
2 = 2γ(Ω2

s + Ω2
c)/ω

2 +O(ω−3),

λ
(2)
3 ∼ O(ω−3). (5.25)

Potentially λ(2)
1 is not a positive-semidefinite term since, in the regime of

strong driving i.e. where the Rabi frequency is comparable to the driv-
ing frequency, it can adopt negative values. Similarly, we can modify this
eigenvalue by introducing higher order terms as

λ̃
(2)
1 = λ

(2)
1 + γ

(Ω2
s + Ω2

c)
2

ω4
= γ(1− Ω2

s + Ω2
c

ω2
)2,

and simply cut off all the terms of the orderO(ω−3) for the other two eigen-
values

λ̃
(2)
2 = 2γ(Ω2

s + Ω2
c)/ω

2

λ̃
(2)
3 = 0. (5.26)

Together with the corresponding eigenvectors {Φ(2)
j }, this permits to con-

struct a non-negative coefficient matrix C̃2, which together with H2 yields
the valid generator L̃2. By representing the effective dynamics in the space
{σ̃j}, which is perturbatively rotated further up to the order ω−2 with re-
spect to {σj}, the effective generator L̃2 as explained in detail in Subsec.A.2.1
reads

L̃2(T )/T [◦] = −i[ω0

2
(1− η)σ̃z, ◦] + γ(1− η)2Dσ′z [◦] + γηDσ′y [◦] ,

where η = (Ω2
s + Ω2

c)/ω
2. By comparing the reversible and irreversible

parts of the effective dynamics, we can see that the coherent and dephasing
processes are represented in terms of twodifferent set of operators {σ̃j} and
{σ′j} respectively, that are separated by a slight tilt, which is described by

66



5.3. Two-Level System

the following unitary transformation

σ′k =
∑

l

Uklσ̃l (5.27)

with the unitary matrix U = exp[−i Ωc
ω0ω2 (6ω2

0 − 8γ2)G5] with

G5 =




0 0 −i
0 0 0

i 0 0


 .

This is in contrast with the first order approximate dynamics where the
transformation {σj → σ̃j} was uniform between the reversible and the ir-
reversible parts of the effective generator, and also the dominant dephasing
rate γ(1 − η)2 does not coincide with the dephasing rate of the un-driven
system. By including higher order terms in the approximation, one can re-
alise several processes which contribute to the construction of the effective
behaviour of the driven system to any degree of accuracy.

Up to now, we have provided an analytical description of the approx-
imate dynamics of driven open systems without any reference to the ac-
curacy yielded by these approximations. In the following, we present an
assessment of the constructed approximation based on numerically exact
simulations.

Fig. 5.1 (a-b) depicts a comparison of the dynamics induced by the ef-
fective generators Ln, in first and second order with the dynamics induced
by the corresponding corrected generators L̃n, and with the exact effective
dynamics with the following parameters

Ωs

ω
=

1

10
,

Ωc

ω
=

1

9
and γ

Ωs

=
1

8
.

The reason for this choice of parameters is as we have mentioned in chap-
ter 3, Magnus expansion tends to high accuracy as the driving frequency
becomes larger compared with the Rabi frequency as the series expansion
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Figure 5.1: Figure (a) depicts the ground state population of a driven, dis-
sipative two-level system as function of time (inmultiples of T ) for the spe-
cific parameters Ωs/ω = 1/10,Ωc/ω = 1/9 and γ/Ωs = 1/8. Empty squares
(blue) and triangles (orange) depict the approximation in first and second
order, and full squares (green) and triangles (red) depict the corresponding
completely positive approximations; the exact solution is depicted in full
circles (black). Figure (b) depicts the comparison defined in Eq. (5.28) of
the propagators in approximation and their extensions that demonstrates
the added value of the present completely positive, approximate map.

converges faster; later we present another numerical assessment of the ap-
proximation based on a different choice of parameters where the driving
and the Rabi frequencies are comparable. Fig.(5.1) - (a) shows the popula-
tion of the ground state |0〉(= −σz|0〉)with %(0) = |0〉〈0| as initial condition.
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5.3. Two-Level System

At the first order of the approximation, the ground state population decays
only for the first few driving periods, after which it suffers a considerable
boost, and exceeds the value of 1. Since the dynamics induced by L1 is
trace-preserving, the population of the excited state must be negative i.e.
〈1|%|1〉 < 0, and therefore, the generated approximation is not completely
positive. This defect is suppressed in the dynamics induced by L̃1 which
provides a substantial improvement in approximating the exact dynamics;
this impact in the accuracy however, does not last long as after a few driv-
ing periods, also L̃1 fails to provide a reasonable approximation. At the
second order of the approximation, L2 generates a largely improved ap-
proximation to the exact dynamics; its accuracy however, is not ensured in
the entire domain of driving regimes, since in general it does not induce a
completely positive dynamics. The corresponding corrected generator L̃2

induces a highly accurate approximation, and this accuracy is maintained
comparably for a long driving time scale.

In Fig.(5.1) - (b), we evaluate the approximations based on the induced
dynamics rather than the underlying density operators, and demonstrate
that this observation is independent of the initial conditions. Inset (b) de-
picts the logarithmic deviations of the induced dynamics form the exact
dynamics in described in terms of

dn = log ||E(t)− En(t)||2 and d̃n = log ||E(t)− Ẽn(t)||2. (5.28)

Imposing the condition of complete positivity, generates a significant dif-
ference between the deviations d̃n and dn after few driving periods, and
furthermore, this contrast extends to an order of magnitude at the second
order approximation.

So far we have examined the performance of the approximate dynam-
ics induced by corrected generators L̃n in the regime of weak/fast driving
i.e. Ω � ω. We would like to show the remarkable performance of the
approximate map in the strong/slow driving regime where the Rabi fre-
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Figure 5.2: Ground state population for a strongly driven dissipative two-
level system with the parameters Ωs/Ωc = 11/10 and Ωs/ω = γ/Ωs = 1/3.
Despite the failure of the second order approximation (empty triangle (or-
ange)) to approximate the exact dynamics (circle (black)), the corrected ex-
pansion in second order (full triangle (red)) induced by L̃2 provides an ex-
cellent approximation. The inset shows the logarithmic deviation defined
by the (Eq.(5.28)) of the approximate dynamics induced by the original (
orange square) and the corrected (red full squares) generators.

quency is not necessarily small compared with the driving frequency i.e.
Ω . ω as one can see in Fig. 5.2; it depicts the ground state population of a
driven two-level system in the extreme regime of strong driving with the
parameters Ωs/Ωc = 11/10 and Ωs/ω = γ/Ωs = 1/3. Even in second order,
the regular series expansion fails to approximate the actual dynamics, as
it is also indicated by the inset that depicts the logarithmic deviation be-
tween the actual dynamics an the second order approximation according
to Eq. (5.28).

The corrected generator L̃2 on the other hand induces a highly accu-
rate approximation, which underlines the advantage of constructing gen-
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5.4. Harmonic Oscillator

erators that induce algebraically valid e.g. completely positive dynamics.
This may expand the range of analytic problems to which the proposed
corrections scheme can be applied. As the inset shows the accuracy of the
both original and the corrected approximate dynamics improve with time.
This seems to be caused by the strong decoherence regime where the ini-
tial state is damped towards a stationary state in a very short time scale
within which the induced driven dynamics and also the inaccuracy asso-
ciated with its approximations are suppressed.

5.4 Harmonic Oscillator

This observed improvement in approximating the dynamics of a dissipa-
tive driven system is by no means unique to the two-level system as we
examine the behaviour of a driven harmonic oscillator in a dissipative en-
vironment. Let us consider a harmonic oscillator with Hamiltonian

Hho(t) = ω0 a
†a+ Ω sin(ωt)(a+ a†) (5.29)

and Lindblad operator

Lho(t)◦ = −i[Hho(t), ◦] + γDn̂(◦)

where {a, a†} are the creation and annihilation operators with the commu-
tation relation [a, a†] = 1, n̂ = a†a is the phonon-number operator and γ

is the dephasing rate. Contrary to the two-level system, harmonic oscilla-
tor is not a bounded system, that is, it is described in terms of unbounded
operators, and as result of this, the dimension of the effective coefficient
matrix is not necessarily finite as it is represented in the space spanned by
the set of operators {Πi,j=0(a†)iaj}. Truncating the series expansion at a
finite order n however, will result in a coefficient matrix of finite dimen-
sion. Here we will consider the terms in the series up to the second order
contribution, which leads to a three dimensional space spanned by the set
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Chapter 5. Approximate Dynamics

{a, a†, n̂}, in terms of which the effective generator can be represented.
The effective Hamiltonian reads

Hn = ω0n̂+
iΩω0

ω
(a− a†) +O(

1

ω3
),

and the corresponding coefficient matrix reads

Cn =




0 0 0

0 0 0

0 0 γ


+

1

ω




0 0 α

0 0 α∗

α∗ α 0


+

1

ω2



β −β 0

−β β 0

0 0 0


+ ...

where α = iγΩ and β = 3γΩ2/2.

Similar to the analysis of two-level system, we will compute the eigen-
values perturbatively, and at any given order n, we will cut off the terms of
the orderO(ω−(n+1)), and modify the non-positive terms. At the first order
the eigenvalues read

λ
(1)
1 = γ(1 +O(ω−2)),

λ
(1)
2 = γ(O(ω−2)),

λ
(1)
3 = 0. (5.30)

The corrected eigenvalues thus read λ̃(0) = {γ, 0, 0}, which along with
the obtained eigenvectors construct the coefficient matrix C̃1 as

C̃1 = γ




Ω2/ω2 −Ω2/ω2 iΩ/ω

−Ω2/ω2 Ω2/ω2 −iΩ/ω
−iΩ/ω iΩ/ω 1


 .

Bydescribing the dynamics in the frame inwhich the effectiveHamiltonian
H1 is diagonal, we can rewrite the effective generator L1 as

L̃1(T )/T [◦] = −i[ω0ñ, ◦] + γDñ[◦], (5.31)
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5.4. Harmonic Oscillator

defined in terms of

ñ = UΩn̂U
†
Ω

with UΩ = exp[iΩ
ω

(a+ a†)]. Similar to the case of driven two-level sys-
tem, here the difference between the driven and the un-driven system is
a perturbative transformation of the operators {a, a†, n̂} → {ã, ã†, ñ}, i.e.
ã = a− iΩ/ωI.

The eigenvalues of C2 in second order read λ(2)
1 = {γ(1 + Ω2

ω2 ), 2γΩ2

ω2 , 0},
and since they are all positive, no modification is required. Based on the
eigenvectors corresponding to λ(2)

1 and λ
(2)
2 , the effective dissipative pro-

cesses read

P(2)
1 = ñ− Ω2

ω2
n̂

P(2)
2 =

i√
2

(ã† − ã) ≡ p̃. (5.32)

By modifying the eigenvalue λ(2)
1 as described in Subsec. A.2.2, one can

rewrite the effective generator purely in the transformed space as

L2(T )/T [◦] = γ

(
1− Ω2

2ω2

)2

Dñ[◦] + 4γ
Ω2

ω2
Dp̃[◦] .

One can see that in second order, the dissipation rate in comparison
with first order approximation is reduced by a factor of (1− Ω2

2ω2 )2. There is
a second process γ̃2Dp̃, which describes the diffusion in real space [47, 48]
with rate γ̃2 = 4γ Ω2

ω2 .
The insets (a) and (b) of Fig 5.3 depict the performance of the obtained

approximations for the specific parameters Ω/ω = γ/Ω = 1/8. Inset (a)
shows the ground state (a|0〉 = 0) population for the initial condition %(0) =

|0〉〈0|. Similarly to inset (a) of Fig.(5.1), L1 induces dynamics that is evi-
dently not completely positive, and therefore, it violates the algebraic struc-
ture associatedwith the dynamics of open quantumsystems. The complete
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Figure 5.3: Figure (a) depicts the ground state population of a driven, dissi-
pative harmonic oscillator as function of time (inmultiples ofT ) for the spe-
cific parameters Ω/ω = γ/Ω = 1/8. Empty squares (blue) and triangles (or-
ange) depict the approximation in first and second order, and full squares
(green) and triangles (red) depict the corresponding completely positive
approximations; the exact solution is depicted in full circles (black). Fig-
ure (b) depicts the comparison defined in Eq. (5.28) of the propagators in
approximation and their extensions that demonstrates the added value of
the present completely positive, approximate maps.

positivity of the dynamics is retrieved by employing the corrected genera-
tor L̃1, which yields an improvement in the accuracy of the approximation
during the first few driving periods. Similarly to the two-level system, the
rendered improvement does not last long as the accuracy of the approxi-
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5.5. Lambda System

mation drops after few driving periods. The second order corrected gen-
eraor L̃2 overcomes this flaw by inducing a much more accurate approx-
imation of the exact dynamics than L2. Similarly to inset of Fig.(5.1), in-
set (b) demonstrates that substantial improvement in accuracy is obtained
through the use of corrected generators1.

5.5 Lambda System

In this section we will provide a brief description of driven three-level sys-
tems or Lambda systems, and will briefly discuss the improvement in ap-
proximating the dynamics yielded by the proposed correction scheme.

The Lambda system is a three-level system including two ground states
|1〉, |2〉 and an excited state |3〉. Here we consider the example in which
one is interested in simulating a dynamics which encodes the transition
|1〉 ↔ |2〉; that is the Raman transitionwithin the ground statemanifold via
driving the transitions |1〉 ↔ |3〉 and |2〉 ↔ |3〉. The Hamiltonian encoding
such a transition in the interaction picture reads

Hls(t) = Ωei∆t(|3〉〈1|+ |3〉〈2|) + H.c. (5.33)

where Ω is the Rabi frequency, and ∆ is the detuning from the excited
state ∆ = ω − ω0, with ω being the fundamental driving frequency, and
ω0 being the resonance frequency of the bare system. In the presence of
dephasing process with rate γ , the time-dependent generator Lls(t) reads

Lls(t)[◦] = −i[Hls(t), ◦] + γDG8 [◦] (5.34)

where {Gj} is the set of Gell-Mann matrices [49] see Sec. B.1, and G8 repre-
senting the phenomenological description of the dephasing process within

1For harmonic oscillator Eq. (5.28) is evaluated in the subspace spanned by the lowest
four oscillator eigenstates with negligible induced error.
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the Lambda system. see Fig.(5.4).

|1� |2�

|3�

ω

∆

λ88

Figure 5.4: Level scheme of a dissipative driven degenerate lambda system;
simulating the Raman transition in the ground statemanifold, |1〉 ↔ |2〉 via
driving the transition |1〉 ↔ |3〉 and |2〉 ↔ |3〉.

The resulting effective Hamiltonian in the first order approximation
reads

Hn =
Ω2

∆

(√
3/2G8 + 3/

√
2G3 +

√
2G6

)
+O(∆−2) (5.35)

and the effective coefficient matrix encoding the dissipation reads

Cn = γ

[
1

√
3Ω
∆√

3Ω
∆

0

]
+O(∆−2)

in the subspace {G8,G4} 2. By preserving the eigenvalues up to the or-

2The size of the matrix grows as one includes higher order terms; it is however, a
bounded 9× 9 matrix in the space of Gell-Mann matrices.
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Figure 5.5: Figure (a) depicts the ground state population of a driven, dissi-
pative lambda system as function of time (inmultiples of T ) for the specific
parameters Ω/∆ = γ/Ω = 1/10. The empty squares depict the induced dy-
namics at the first order, filled squares depict the corresponding completely
positive dynamics, and the filled circles depict the exact dynamics. Figure
(b) depicts the comparison defined in Eq. (5.28) of the propagators.

der O(∆−1), and cutting off the higher order terms, this matrix is positive-
semidefinite with eigenvalues {λ̃(1)

1 = γ, λ̃
(1)
2 = 0}. Based on the corre-

sponding eigenvectors, the effective generator reads

L̃1[◦] = −i[H1, ◦] + γDP1 [◦] with

P1 = G8 +

√
3Ω

∆
G4. (5.36)
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Chapter 5. Approximate Dynamics

Fig.( 5.5) depicts a comparison of the dynamics induced by the effec-
tive generators L1, in first order, its corrected counterpart L̃1 and the exact
effective dynamics for the specific parameters Ω/∆ = γ/Ω = 1/10 . In-
set (a) shows the population of ground state |1〉with %(0) = |0〉〈0| as initial
condition. As one can see the corrected generator induces a slight improve-
ment in approximating the dynamics. This also can be seen in the inset (b)

which depicts the deviation of the approximate dynamics from the exact
dynamics.

In this chapter we constructed valid approximate solutions which de-
scribe the dynamics of driven open quantum systems based on the se-
ries expansion methodology. The fundamental property of the dynamics
namely, the condition of complete positivity is installed in the approxima-
tion using the proposed correction scheme. We studied the approximate
dynamics of several dissipative driven systems including two-level system,
Lambda-system and harmonic oscillator based on the proposed scheme,
and we found significant improvement in the accuracy of the approxima-
tions. Next, we will be investigating the dynamics of another driven dissi-
pative system namely theMS gate in the context of open system dynamics.
By obtaining the approximate dynamics wewill try to optimally shape this
approximate behaviour towards an ideal dynamics, that is the gate dynam-
ics in the absence of dissipation.
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Chapter 6

Pulse Shaping

In the previous chapter, we investigated the behaviour of the driven open
quantum systems by constructing approximate models based on series ex-
pansionmethods. In this chapter, we extend this conceptualmodel to anal-
yse and control the behaviour of dissipative trapped ions, in particular, the
dynamics of entangling gates in the presence of motional decoherence.

6.1 Irreversible Processes

As we discussed in chapter 4, the MS gate is induced by two driving fields
that are slightly detuned with respect to the red and blue sideband transi-
tions respectively. The corresponding Hamiltonian reads

H(t) = (Υ(t) a+ Υ∗(t) a†) Sx ,

in terms of the creation and annihilation operators a and a† of phonons in
the bus mode and the collective operator Sx =

∑
j σ

(j)
x where σ(j)

x induces
transitions between the two qubit states of the j-th ion. Here the time-
dependent function Υ(t) is a generic representation of the mathematical
relation between the driving field amplitudes and the symmetric detun-
ings from the sideband transitions. As we discussed in Chapter 4, in the
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Chapter 6. Pulse Shaping

minimal form it equals ηΩ exp(iδt) with the Lamb-Dicke parameter η, the
Rabi frequency Ω and the detuning δ [3], but, in the following, we will con-
sider more general time dependencies.

By applyingMagnus series the propagator induced byH(t) can bewrit-
ten as

U(t) = exp
(
−i
(
(f(t)a+ f ∗(t)a†)Sx − g(t)S2

x

))
(6.1)

with

f(t) =

∫ t

0

dt′Υ(t′)

g(t) = =
∫ t

0

dt′Υ(t′)f ∗(t′). (6.2)

At instances at which f vanishes, this describes the dynamics induced
by the spin-spin-type interactionS2

x independently of the themotional state
of the bus mode. Due to this feature the ground-state cooling of the ions is
no longer required, and high fidelity multi-qubit quantum gates even with
incoherent, thermal states have been experimentally implemented [50–52].
For the realization of fault tolerant quantum computation, a discipline of
performing quantum gates on qubits encoded in quantum error-correcting
codes however, incoherent processes during the gate operation are a limit-
ing factor [53]. In the course of the gate operation the qubits and motional
degrees of freedom get correlated as mathematically encoded within the
term (f(t)a + f ∗(t)a†)Sx in Eq.(6.1) so that dissipation of the ions’ motion
affects the coherence of the qubits. Predominant dissipative processes ef-
fecting the ion’s motional degree of freedom are thermalization and de-
phasing that can be modelled with a Master equation characterized by a
generator [25]

L[◦] = −i[H(t), ◦] +
∑

j=+,−,d

γjDEj [◦] . (6.3)

The first term −i[H(t), ◦] describes coherent dynamics and the dissipa-
tor
∑

j=+,−,d γjDEj [◦] encodes the irreversible processes which can be phe-
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6.1. Irreversible Processes

nomenologically represented in terms of the operatorsE− = a andE+ = a†

for thermalization and Ed = a†a = n̂ for dephasing.

It is convenient to describe the dynamics in the frame induced by the co-
herent part of the generator U(t) given in Eq.(6.2). Since this is the exact so-
lution to the dynamics of the coherent version of the gate, by transforming
to this induced frame, the remaining terms simply encode the irreversible
processes, and the optimisation problem is reduced to the minimisation
of all these remaining terms except the identity operator I, which encodes
the entangling operation. The transformed time-dependent generator L̃(t)

which encodes a pure irreversible dynamics, reads

L̃(t)[◦] =
∑

j

γjDẼj(t)[◦] (6.4)

with

Ẽ− = a− if ∗(t)Sx ,
Ẽ+ = a† + if(t)Sx ,
Ẽd = n̂+ i(af(t)− a†f ∗(t))Sx + |f(t)|2S2

x . (6.5)

Since during the gate operation internal and external degrees of freedom
of the ions get correlated, the dissipative operators Ẽj directly affect both
qubits andmotional degrees of freedom, which is the formalmanifestation
of the fact that motional decoherence affects the qubits during gate opera-
tion.
The propagator induced by the time-dependent generator L̃(t) can thus be
approximated using series expansion based on the Magnus series

Ẽ(t) ' exp

(∫ t

0

dt′L̃(t′) +
1

2

∫ t

0

dt′
∫ t′

0

dt′′[L̃(t′), L̃(t′′)] +O(γ3)

)
. (6.6)

As we mentioned earlier, the term in the exponent represents the decoher-
ence processes in the system, absence of which would result in identity i.e.
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Chapter 6. Pulse Shaping

Ẽ(t) = I, characterising the ideal entangling operation. In state of the art
experiments however, the transition rates are sufficiently small such that
γjT � 1, where T is the gate duration. The infidelity I of the gate oper-
ation thus can be characterized in leading order by the magnitude of the
map

Ξ(◦) = TrB
∫ T

0

dt′ L̃(t′)[◦ ⊗ %B] , (6.7)

where TrB denotes the trace over the bus mode with the density operator
%B. In practice, we define the measure for infidelity as I =‖ ζ ‖2 in terms
of the 2-norm of the coefficient matrix ζ [54], with elements related to the
reduced map Ξ which can be represented as

Ξ(◦) =
∑

ij

ζij ξi ◦ ξ†j (6.8)

where the set of operator {ξj} form a orthonormal basis, and are defined
as ξ0 = 1 and

ξi =

(
N

i

)− 1
2 ∑

1≤j1<...<ji≤N

σ(j1)
x ...σ(ji)

x

for i = 1, 2, 3, 4.

Let us consider the case where the only dissipative process is the pro-
cess of heating which as we will discuss later is the main source of noise in
surface-electrode ion traps. By tracing over the motional degrees of free-
dom the error channel Ξ can be constructed in terms of the following dis-
sipative processes

Ξ[◦] : (F{f ; a}+ F{f ∗; a†})(−i[ξ1, ◦]) + F{ff ∗; I}Dξ1 [◦],

where the functional F is a bi-linear map defined as

F{�; •} = (

∫ T

0

� dt)(Tr[ • %B]). (6.9)
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6.1. Irreversible Processes

As one can see the error channel can be read off as an infinitesimal re-
versible channel weighted by the magnitude of the functional F{f ; a} +

F{f ∗; a†}, and an infinitesimal irreversible channel weighted by the mag-
nitude of the functional F{ff ∗; I}. So one can construct the ζ-matrix in
terms of these functionals, and the basis operators {ξ0, ξ1, ξ2} as following

ζ = h(γ+) ◦




F{ff ∗; I} F{f ; a}+ F{f ∗; a†} F{ff ∗; I}
F{f ; a}+ F{f ∗; a†} F{ff ∗; I} 0

F{ff ∗; I} 0 0


 ,

where h is a constant matrix encoding the heating rate γ+ as

h(γ+) = γ+



−N −i −1

i N 0

−1 0 0


 ,

and ◦ denotes the entry-wise product, which is referred to as theHadamard
product. The norm of ζ-matrix will be the measure of infidelity in our anal-
ysis of dissipative quantum gates. According to the Eq.(6.9), the gate infi-
delity depends on the state of the bus mode within the construction of the
functionals {F} as

F{�; Ô(a, a†)} = (

∫ T

0

� dt)〈Ô(a, a†)〉, (6.10)

where Ô is an operator-valued function of a and a†. In our analysis
however, we have approximated the error channel to the first order in γ,
and this results in the presence of only lower powers of the operators a, a†

in the approximate dynamics i.e. 〈a〉, 〈a†〉, 〈n̂〉, 〈a2〉, and 〈a†2〉. In order
to minimize the error channel one might optimize the magnitude of the
functionals {F} in which case the control scheme would be dependent on
the state of the bus mode and overall on the environment model. Since, in
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Chapter 6. Pulse Shaping

practice, a control scheme which is independent of the exact form of the
dissipation is desirable, we will refrain from optimizing the gate infidelity
for very specific situations, but rather target solutions that yield good per-
formance largely independent of bus mode properties. In the following
section, we will search for pulse patterns Υ(t) for which the minimal mag-
nitudes of the functionals {F}, and eventually, suppressed values of gate
infidelity encoded in the matrix ζ can be obtained.

6.2 Series Analysis

As deviations from perfect gate operations result from qubit-phonon en-
tanglement as characterized by ζ-matrix in Eq.(6.1), one would expect to
achieve high fidelities by minimizing the deviations of ||ζ||2 from 0. Let us
represent the pulse Υ(t) in terms of the following series expansion

Υp =
m∑

j=1

cjω exp(ijωt)

where ω is the fundamental detuning frequency of the radiation field, and
the set {cj} is the set of unitless, complex amplitudes. With such an ex-
plicit parameterisation we can apply optimal control techniques in order
to maintain the performance of the gate while suppressing dissipative ef-
fects; that is, the optimization problem to be solved can be set up as

min
{cj}

(
‖ ζ ‖2

∣∣∣∣ U(T ) = exp(−iΦ(T )S2
x)

)
.

where Φ(T ) is the phase of the entangling operation which should be set to
π/8 in order to obtain a maximally entangled GHZ state. As we discussed
in the previous section the infidelity can be deconstructed in terms of a set
of functionals {F} which can be expanded in terms of polynomials based
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on the driving amplitudes e.g.

F{f ; •} ∝
m∑

j=1

cj/j

F{ff ∗; •} ∝
m∑

j

cjc
∗
j/j

2 +
m∑

j,k=1

cjc
∗
k/jk

... (6.11)

For certain class of suchpolynomials, there exist combinations of {cj}which
satisfy F = 0, whereas other class of polynomials are always non-negative
for non-vanishing pulse Υ(t). Therefore, the optimisation problem can be
expressed in terms of two sets of zero and non-zero functionals {F}=0 and
{F} 6=0 respectively as

min
{cj}

({
F

}

6=0

∣∣∣∣
{
F

}

=0

= 0 ; UK(T ) = e−iΦ(T )S2
x

)
.

where Φ is the desired phase of the entangling operation. In the following
wewill consider two environmentmodels inwhich decoherence occurs. In
the first model we will consider the case where the predominant process
is thermalisation, and in the second model we will include the dephasing
processes in addition to the thermalisation.

6.2.1 Thermalisation

Let us consider the case where the dominant dissipative processes are phe-
nomenologically described in terms of the operators Ẽ+ for heating and Ẽ−
for decay. The ζ-matrix then reads
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ζ = h(γ−, γ+) ◦




F{ff ∗; I} F{f ; a}+ F{f ∗; a†} F{ff ∗; I}
F{f ; a}+ F{f ∗; a†} F{ff ∗; I} 0

F{ff ∗; I} 0 0


 ,

where h is defined as

h(γ−, γ+) =



−N(γ− + γ+) i(γ− − γ+) −(γ− + γ+)

i(γ+ − γ−) N(γ− + γ+) 0

−(γ− + γ+) 0 0


 .

Here one can see that the functional to be minimized is F{ff ∗; I}, with cor-
responding constraint F{f ; •} = 0. By applying the method of Lagrange
multipliers, the optimization problem is mapped to the problem of solving
a set of nonlinear equations

min
{cj}

(
m∑

j=1,k

cjc
∗
k

jk
+

m∑

j

cjc
∗
j

j2

∣∣∣∣∣
m∑

j=1

cj
j

= 0 ,
m∑

j=1

cjc
∗
j

j
=

1

16

)
.

Since the first term in the functional to-be-optimised is equal to the
square of the constraint i.e.

∑m
j=1,k

cjc
∗
k

jk
= |∑m

j=1
cj
j
|2, the final optimisation

problem can be reduced to

min
{cj}

(
m∑

j

cjc
∗
j

j2

∣∣∣∣∣
m∑

j=1

cj
j

= 0 ,
m∑

j=1

cjc
∗
j

j
=

1

16

)
.

from which the optimal solution coptj [55], reads

coptj =
jλ0

1− jλ1

with λ0λ
∗
0 =

1

16

(
m∑

j=1

j

(1− jλ1)2

)−1

. (6.12)

Clearly λ0 ∈ C, but without loss of generality, here wewill restrict it to be a
real number, and therefore the optimal amplitudes coptj can be chosen real.
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m 2 3 4 5 6

λ1
2
3

(6−
√

3)
11
' 0.388 (5−

√
5)

10
' 0.276 0.215 0.177

copt1 -0.144 -0.032 -0.015 -0.009 -0.006
copt2 0.288 -0.179 -0.051 -0.026 -0.016
copt3 0 0.368 -0.201 -0.064 -0.034
copt4 0 0 0.435 -0.218 -0.073
copt5 0 0 0 0.493 -0.231
copt6 0 0 0 0 0.546

Table 6.1: Numerical values of optimal amplitudes coptj and λ1 defined in
Eq.(6.12) and Eq.(6.13) respectively for up to m = 6 frequencies. Exact
values of λ1 form = 5 is λ1 = 1

548
(3(75 +

√
145)−

√
10830 + 802

√
145) and

form = 6 is λ1 = 1
252

(98 + 7
√

7−
√

2891 + 868
√

7).

This can be understood form Eq.(6.12) which indicates that the pulse pat-
tern or in otherworlds, the relative phases of the driving amplitudeswhich
are essential in satisfying the constraint andminimising the infidelity, is to-
tally independent of λ0, which only effects the global phase of the pulse,
and that is not a relevant quantity in the optimisation procedure. The other
Lagrange coefficient λ1 which satisfies the equation

m∑

j

(1− jλ1)−1 = 0 . (6.13)

is real. But as one can see, this equation is a polynomial with m− 1 roots,
where jth root is positioned in the interval (1/j, 1/(j+1))with j = 1, ...,m−
1. We need to choose the rootwhichminimises the term

∑m
j

cjc
∗
j

j2
. This term

however, is a monotonically increasing function in the interval [1/m, 1],
and therefore, its minimal value corresponds to the minimal root of the
Eq.(6.13). For m ≤ 6, this root can be obtained analytically, and for spec-
trally broader pulses, i.e. larger values ofm this root can be found numer-
ically; the solutions {λ1, c

opt
j } form ≤ 6 are depicted in Table 6.1.

Fig.(6.1) depicts the highest frequency components of the optimised
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Figure 6.2: Here, we depict the amplitudes coptj /m of the optimal pulse
(Eq.(6.12)) withm = 8 frequency components. The amplitude of the high-
est frequency component is always dominant and phase shifted as com-
pared to all other amplitudes. The conservative comparison mω =const.
implies that gate duration increases withm and the amplitudes coptj /m get
lower with increasingm as depicted here.
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pulse amplitudes as a function of the number of frequencies m. As the
number of driving frequencies m increases, the magnitude of the ampli-
tudes decreases. Fig.(6.2) depicts the optimised pulse pattern for a fixed
number of driving frequencies e.g. m = 8. The amplitudes increase as
the index j corresponding to the frequency component jω grows. As the
inset shows, there is a phase difference of π between the amplitudes corre-
sponding to the highest frequency component, which generates the lead-
ing contribution to the gate performance, and all the remaining ampli-
tudes. Due to this phase-difference, the interference among all these am-
plitudes becomes destructive, which is formally imposed by the constraint
F{f ; •} = 0, and this leads to the suppression of qubit-phonon coupling
encoded within the function f(t) in Eq.(6.1).

In order to carry out anunbiased comparison between the performances
of conventional and optimised polychromatically driven gates, one should
respect the two following rules. First, the infidelity induced by the deco-
herence of the motional degree of freedom, can always be reduced by in-
creasing the fundamental detuning frequency ω, which itself necessitates
the incorporation of stronger driving amplitudes. This would lead to in-
creased off-resonant excitations of additional transitions, and eventually
will have detrimental impact on the gate fidelity. In the following com-
parison we will thus always consider the case that the detuning δ of the
monochromatic pulse equals the highest frequency mω of the polychro-
matic pulse, so that the polychromatic pulse contains no higher frequen-
cies than the monochromatic pulse, and the period of the polychromatic
pulse is a factor of m longer than that of the monochromatic pulse. Sec-
ond, the infidelity induced by motional dissipation can also be suppressed
arbitrarily by prolonging the gate duration [53]; that is, for a fixeddetuning,
prolonging the gate duration or increasing the number of excursions along
the loop in the phase space would result in the reduced gate infidelity in-
duced by the motional dissipation. Thus, we will compare the infidelity of
the conventionally driven gate with a duration of m driving periods with
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the optimised polychromatically driven gatewith a duration of one driving
period i.e. T = 2π/ω.

By imposing the previous rules on the conduct of the comparison, we
have not explicitly put any restriction on the magnitudes of the required
amplitudes. Since, there might be limitations on the achievable range of
the the driving amplitudes from an experimental point of view, it is thus
important to assess the difference between the required amplitudes for the
implementation of the conventional and polychromatic gates. The inten-
sity of the conventionalmonochromatic pulse reads Econ = mω2/16 as com-
pared to the intensity Epol =

∑m
j=1(coptj ω)2 with coptj given in Eq.(6.12) for the

optimised polychromatic case. These intensities are of comparable magni-
tude, but one can see that Epol never exceeds Emon; the exact value of Epol
is determined by the smallest root of Eq.(6.13), which lies in the interval
[1/m, 1/(m− 1)]. In this interval, the sum

∑m
j=1(coptj ω)2 is a monotonically

decreasing function of λ1. Therefore, one can obtain an upper bound to
the intensity by replacing the value of λ1 by 1/m, which by using Eq.(6.12)
results in

Epol ≤ lim
λ→ 1

m

ω2
∑m

j=1
j2

(1−jλ)2

16
∑m

j=1
j

(1−jλ)2

= lim
λ→ 1

m

ω2 m2

(1−mλ)2

16 m
(1−mλ)2

=
mω2

16
= Econ . (6.14)

That is, in the following comparison, the polychromatic pulse will always
be weaker in intensity, and contains no higher frequency components than
the conventional monochromatic pulse.

Fig.(6.3) depicts the improvement R defined in terms of the ratio of
the gate infidelities I for an optimized pulse and a monochromatic pulse,
Im/Ip. Circles correspond to the environmentmodel forwhich ( γ+ = γ− >

0, γd = 0, with rates γ+, γ− and γd defined in Eq.(6.3)), and the improve-
ment is plotted as a function of the number of frequencies m in the pulse
Υp. The busmode is assumed to be in its ground state. Theminimumnum-
ber of frequencies by which the constraint F{f ; •} ∝ ∑j cj/j = 0 can be
satisfied is two, and as the Fig.(6.3) shows, a pulse with only two frequen-
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Figure 6.3: Improvement R = Im/Ip of gate infidelities (Im and Ip for
monochromatic and polychromatic driving) in terms of number of the fre-
quencies in an optimized polychromatic pulse. Circles correspond to fi-
nite thermalization with equal rates and vanishing dephasing, γ+ = γ− >
0, γd = 0.

cies induces an improvement of a factor of 1.5. By satisfying the constraint
F{f ; •} = 0, the yielded improvement becomes absolutely insensitive to
the phonon mode excitation 〈a〉 as can be understood in terms of the coef-
ficient matrix ζ given in Eq.(6.12). A remarkable aspect of this optimisation
is that this improvement in the gate performance is also independent of the
thermalisation rates as well as the number of the ions N , and therefore by
increasing the number of qubits in the ion trap, the induced improvement
in the gate performance will be maintained. 1

By includingmore frequency componentswe observe that the improve-
ment of the suppression in the gate infidelity, increases as a hyperbolic
function. In order to understand the asymptotic behaviour of the improve-
ment it would be sensible to represent the optimised gate dynamics in the
phase-space. As we discussed in chapter 4, the entangling gate operation

1We note that here we have taken into account only one motional mode
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Figure 6.4: Phase-space trajectories of the busmode characterized by<f(t)
and imaginary part =f(t) (defined in Eq.6.15) for optimized gates with m
frequencies withm = 2, 3, 6, shown in (a), (b), (c) respectively (depicted in
color changing from blue to red). The corresponding trajectories for gates
induced by monochromatic driving are depicted in black (the black trajec-
tories are executedm times).

is based on a displacement of the bus mode in phase space conditioned
on the state of the qubit degrees of freedom, where the displacement is
encoded by the real and imaginary part of the function f(t) as following

UK = exp
(
−i
(
(<f(t)x+ =f(t)p)Sx − g(t)S2

x

))
. (6.15)

Here x = a + a† and p = i(a− a†) are the operator valued part of position
and momentum of the bus mode.

The real part <f(t) and imaginary part =f(t) are depicted in Fig. (6.8)
for optimized gates with m = 2, 3 and 6 frequencies. The color ranging
from blue to red indicates evolving time where blue colour corresponds to
the beginning of the gate and red corresponds to the end of the gate. The
phase-space trajectory corresponding to the conventional gate is a circu-
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lar orbit around a point positioned with a finite displacement with respect
to the origin of the plane. In contrast, the trajectory corresponding to the
polychromatic gate is a closed orbit forming excursions around the origin
of the plane, and as m 2 tends to infinity, the trajectory tends to form per-
fect circles centred around the origin, and eventually the radii for the con-
ventional and polychromatically driven gates coincide. Furthermore, the
main difference between the two trajectories is encoded in the realisation
of the constraint F{f ; •} = 0, which generates this shift of displacement
from a finite point to the origin of the phase-space. On the other hand,
the satisfaction of this constraint has a substantial impact on the functional
F{ff ∗; •} = 0 which reads

F{ff ∗; I} =
m∑

j=1

cjc
∗
j

j2
+

m∑

j,k=1

cjc
∗
k

jk
. (6.16)

As one can see the second term is equal to the norm of the functional
|F{f ; I}|2, which is already suppressed for the optimised gate and the first
term reduces to λ1/16 defined via Eq. 6.13, and as m tends to infinity, λ1

tends to 1/m, and eventually the optimised quantity becomes 1/(16m). For
the conventional gate however, the second term in the summation does not
vanish and for the Rabi frequency ηΩ = 1/(4

√
m) thewhole summation be-

comes 1/(8m) which is twice the magnitude for the polychromatic gate. So
the asymptotic magnitude of the improvement R is 2 as can be foreseen
from Fig.(6.3).

So far we have been examining the performance of the entangling oper-
ation from the gate-infidelity perspective. That is, the obtained evaluations
were based on the 2-norm of the approximate error channel i.e. ‖ Ξ[◦] ‖2

without any direct reference to the underlying density operator %̃. Here we
would like to assess the gate performance in terms of the measure of the
information entropy corresponding to the underlying density operator for
a two-qubit system. In the following we evaluate the achievable entangle-

2For finite m circles are not perfect, but their radii change with time.
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Figure 6.5: ImprovementRE of the deviation of EoF from its ideal value of 1
in terms of the number of frequencies of an optimal polychromatic pulse for
a two-qubit gate, N = 2. All data correspond to γ− = γ+ > 0, γd = 0, with
γ− = 10−3δ depicted in solid and, γ− = 10−2δ depicted in grey diamonds.

ment of a two-qubit gate in terms of entanglement of formation (EoF), E
[56] based on a numerically exact simulation of the gate dynamics, and this
extends the applicability of the assessment of the gate performance to the
regime of strong dissipations. EoF is defined as

E(%) = E[C(%)] with C(%) = max{0, λ1 − λ2 − λ3 − λ4} (6.17)

where the concurrence C is defined in terms of the eigenvalues in de-
creasing order of the densitymatrix

√√
%%̄
√
%with %̄ = (σy⊗σy)%∗(σy⊗σy).

The function C reads

E[u] = h
(1 +

√
1− u2

2

)
with

h(u) = −u log2 u− (1− u) log2(1− u).

Fig.(6.5) depicts the ratio RE = (1− Em)/(1− Ep) of the deviation of EoF
from 1 for a monochromatic and an optimized polychromatic two-qubit
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gate, where Em and Ep denote EoF for the monochromatic and polychro-
matic gate respectively. One can see that similarly to Fig.(6.3), already
pulses with m = 2 frequencies yield a substantial improvement, and the
improvement increases to a factor of 1.9 for pulse with m = 6 frequencies
in the regime of weak dissipation as depicted by solid diamonds. Signif-
icantly, the improvement is not limited to the regime of weak dissipation,
and as depicted by grey diamonds, by increasing the dissipative rates by an
order of magnitude, the optimised pulse still yields a substantial improve-
ment.The consistency of the obtained result with respect to the figure (6.3)
shows that the operator norm of the dynamical map is an accurate figure
of merit in characterising the entangling gate infidelity.

6.2.2 Dephasing

Now let us consider the casewhere there is an additional predominant pro-
cess, namely dephasing which is phenomenologically described in terms
of the operator Ẽd. The exact form of the ζ-matrix is provided in the ap-
pendix, but here wewill suffice to read off the error channel which consists
of the infinitesimal dissipative processes as following

Ξ[◦] : (F{f + fff ∗; a}+ F{f ∗ + ff ∗f ∗; a†})(−i[ξ1, ◦]),F{ff ∗; n̂}Dξ1 [◦],
F{fff ∗f ∗; I}Dξ2 [◦], (F{fff ∗; a}+ F{ff ∗f ∗; a†})Dξ1+ξ2 [◦]. (6.18)

The optimisation procedure is same as in the case where thermalisation
was the only dissipative process in the system except that here we should
include the extra constraint F{fff ∗; •} = 0. Fig.(6.7) depicts the ampli-
tudes corresponding the highest frequency component of the optimised
pulse in comparison with the pulse amplitudes optimised in the presence
of thermalisation only; the exemplary cases for optimised pulses withm =

8 3 is depicted in Fig.(6.7).

3The minimum number of frequencies satisfying the optimization condition imposed
by the constraints is m = 3.
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Similar to the case of thermalisation, as the index j of the driving fre-
quency jω with j = 1, ...,m increases, the absolute magnitudes of the cor-
responding driving amplitudes grows, and this pattern is totally indepen-
dent of the number of driving frequencies m. In contrast to the case of
thermalisation, amplitudes corresponding to the lowest and the highest
frequency components are phase-shifted by π with respect to all the other
amplitudes.

The real part <f(t) and imaginary part =f(t) are depicted in Fig. (6.8)
for optimized gate with m = 3, 4 and 7 frequencies. The phase space tra-
jectories for the corresponding monochromatic case, as depicted in black,
describes circularmotion around aphase space point of finite displacement
from the origin. In the polychromatic case on the other hand, the trajectory
circulates with a zero-averaged displacement which is imposed by the con-
straint F{f + fff ∗; •} = 0. As the number of frequencies m increase, the
trajectory is approximated better and better by circles around the origin.

Fig.(6.9) depicts the improvement R defined in terms of the ratio of
the gate infidelities I for an optimized pulse and a monochromatic pulse,
Im/Ip in a two-qubit system (N = 2)with an environmentmodel forwhich
( γ+ = γ− = 0 = γd > 0, where the rates γ+, γ− and γd are defined in
Eq.(6.3)). Empty (full) circles correspond to the improvement induced by
the polychromatic pulse Υp(t) which is optimised with respect to the con-
straints F{f + fff ∗; •} = 0 (F{f}; •} = 0). The bus mode is assumed
to be in its ground state. As one can see, a pulse with three frequencies
which permits to realize the conditions F{f + fff ∗; •} = 0, yields an im-
provement by a factor around 1.7, and by incorporating higher number of
frequencies we observe further improvement in the suppression of the in-
duced infidelity as the rate R asymptotes to the value of 2. Unlike the case
of thermalisation, the gate improvement depends on the bus mode exci-
tation 〈n̂〉, as the inset depicts the dependence of R on the mean phonon
excitation 〈n̂〉. In this exemplary case of m = 5, there is a slight drop of
improvement with increasing 〈n̂〉, but even in the limit of large excitations,
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Figure 6.7: The filled (empty) circles depict the amplitudes coptj /m of the
optimal pulse (Eq.(6.12)) with one (two) constraints for m = 8 frequency
components. The amplitude of the highest frequency component is always
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Figure 6.8: Phase-space trajectories of the busmode characterized by<f(t)
and imaginary part =f(t) (defined in Eq.6.15) for optimized gate with
m = 3, 4 and 7 frequencies (depicted in color changing from blue to red).
The corresponding trajectory for gate induced by monochromatic driving
is depicted in black (the black trajectory is executedm times).

improvements around 1.85 are reached.
As one can see pulse optimised with one constraint F{f ; •} = 0 yields

slightly better improvement in the gate performance compared with the
pulse which is optimised with the additional constraint F{fff ∗; •} = 0

as the second significant component of the optimal control is the minimi-
sation of F{ff ∗; •}, that is we observe better suppression of induced infi-
delity with the minimization of F{ff ∗; •} under the constraint F{f ; •} = 0

rather than the two constrains F{f + fff ∗; •} = 0. Furthermore, the opti-
mal pulse Υ(t) obtained in this fashion typically coincides with solutions
whichminimize the functional F{fff ∗f ∗; •}, and therefore we obtain driv-
ing patterns that optimise the gate performance independently of the bus
mode properties.

Fig.(6.10) depicts the ratio RE = (1 − Em)/(1 − Ep) of the deviation
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Figure 6.9: Improvement R in terms of the number of frequencies of an
optimal polychromatic pulse for a two-qubit gate, N = 2 which is subject
to thermalisation and dephasing. Filled circles correspond to the pulse
optimised with the constraint F{f ; •} = 0, and empty circles correspond
to the pulse optimised with the additional constraint F{fff ∗; •} = 0 . The
inset depicts the dependence of the improvement R on the excitation 〈n̂〉
for a thermal state of the bus mode and a pulse ofm = 5 frequencies.

of EoF from 1 for a monochromatic and an optimized polychromatic two-
qubit gate, where Em and Ep denote EoF for the monochromatic and poly-
chromatic gate respectively. One can see that similarly to Fig.(6.9), already
pulses with m = 3 frequencies yield a substantial improvement, and the
improvement increases to nearly a factor of 2 for pulse withm = 7 frequen-
cies in the regime ofweak dissipation as depicted by black diamonds. Even
in the regime of strong dissipations we observe substantial improvement
in the suppression of the gate infidelity.

Only for an environment model that does not contain any pure dephas-
ing (i.e. γd = 0), the improvement R is indeed independent of the number
of ions. In contrast, as the additional dephasing process is introduced to
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Figure 6.10: Filled (empty) diamonds depict the improvement RE of the
entanglement of formation (EoF) from its ideal value of 1 for the polychro-
matic pulse optimized with one (two) constraint(s) in terms of the num-
ber of frequencies for a two-qubit gate, N = 2. All data correspond to
γ− = γ+ = γd > 0, with γd = 10−3δ depicted in solid and, γd = 10−2δ
depicted in grey diamonds.
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Figure 6.11: Improvement R as function of the number of ions for a pulse
with m = 3(7) frequencies depicted by circle(diamond) symbols corre-
sponding to the environment model γ+ = γ− = 0, γd > 0. The improve-
ment rapidly grows withN and the asymptotic improvement (forN →∞)
grows withm.
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6.2. Series Analysis

the system, improvement in gate performance becomes highly dependent
on the number of ions, and in fact, as Fig. 6.11 shows, this improvement
grows with the number of ions. For a pulse with 6 frequencies R reaches
values exceeding 4. Although even in the absence of dephasing, the gate
performance is dependent on the number of ions, it is the ratio of infideli-
tiesRwhich does not depend onN . In the presence of dephasing however,
N does not factor out in the calculation of R, which itself is expressed in
terms of the coefficient matrix ζ . As we have discussed in Sec. C.1, the
rates at which the collective phase-flips of four ions induced by dephasing
of the bus mode takes place, scale with N4. Since most of these processes
are suppressed for optimized pulses due to the constraint F{f ; •} = 0,
and the remaining contributions are being minimized, the improvement
indeed grows with N .
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Chapter 7

Conclusion

In this thesis we have presented a theoretical analysis on the behaviour
of driven open quantum systems. The core result of our research con-
sists of the development of a mathematical method by which valid ap-
proximations to the dynamics of driven open quantum systems with time-
dependant generators, can be constructed, and the development of an op-
timisation method by which the dynamics of quantum gates based on the
system of trapped ions that are subject to irreversible processes, can be
manipulated and controlled. By applying the proposed schemes to several
physical dissipative systems including two-level systems, harmonic oscil-
lators, and three-level systems, and assessing their conduct using numeri-
cal simulations, our methods have proven to be a significant step towards
the optimal control and simulation of open quantum systems.

In chapter 5, we proposed a matrix correction scheme based on which
the non-positive coefficientmatrix corresponding to the truncated effective
generator of a driven open system, is replaced with a corrected, positive
semidefinite matrix. By applying this correction scheme to several driven
fundamental quantum systems including two-level systems, harmonic os-
cillators, and three-level systems, we have demonstrated that not only the
fundamental property of positivity of the induced dynamics is ensured,
but also the accuracy to which it approximates the exact dynamics is sig-
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nificantly improved.

A mathematical method which permits to construct valid approxima-
tions to the exact dynamics of driven open quantum systems, can be a
promising tool in designing effective irreversible processes. Alternatively,
the proposed scheme permits to design effective generators at any order
of the approximation encoding effective dissipative processes. From this
perspective our correction method opens new possibilities in the domain
of optimal control, and simulation of irreversible quantum dynamics.

In the domain of variational analyses in which one is interested in the
optimisation of a specific aspect of a quantum system, for example the
preparation of a desired state or the implementation of a quantumgate, the
validity of the approximated map becomes quite crucial. If the variation
of the variable over which the value of figure of merit (target functional) is
optimised at the same time results in a reduced accuracy of the employed
approximation, there will be no insurance that the optimised control vari-
ables would generate the desired dynamics, but a model which installs the
system’s fundamental structure on the utilised approximations, will likely
limit such deviations.

In chapter 6, we presented an analysis on the dynamics of MS entan-
gling gate in the presence of motional decoherence. By proposing a poly-
chromatic implementation of the scheme, and by applying mathematical
optimisation techniques, wewere able to construct optimally shapedpulses
independently of the environment model e.g. decoherence rate or thermal
occupation. By comparing the infidelity of the polychromatically driven
optimised gate with the conventional implementation, we observed a sig-
nificant improvement in the performance of the former. Furthermore, by
utilising our optimally obtained pulses in gates with large number of ions,
we assessed a substantial enhancement in the gate performance compared
with gates with only two ions.

Since the limitations in the obtained fidelities of multi-qubit entangling
gates pose an obstacle in reaching fault tolerance, the increased robustness
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Chapter 7. Conclusion

with respect to motional decoherence promises to advance control over
trapped ions substantially, which paves the way to the realisation of the
true potential of quantummode of computation e.g. solving mathematical
problems that are considered intractable on a classical Turing machine. In
the modern implementation of ions traps, which is based on surface elec-
trode architecture, the string of ions are positioned near noisy trap elec-
trodes [57–60], such that the bus mode of the ions is subject to severe heat-
ing processes, and this is a major challenge which is hard to overcome.
As we have shown, the gate infidelities induced by finite motional noise
levels can be suppressed substantially, and this can be a significant step to-
wards controlling the decoherence, and eventually being able to suppress
the noise level in modern surface electrode traps considerably.

The observed improvement in the fidelity of gates involving many ions
also offers an interesting possibility in the deconstruction of quantum algo-
rithm into individual gates. As our work indicates, rather than decompos-
ing an algorithm into individually optimised single and two-qubit gates,
one might obtain substantially better performance by incorporating also
optimised three-qubit gates (such as the Toffoli gate) or even gates involv-
ing more than just two qubits. In situations in which N-qubit gates are
realizable (such as trapped ions), apart from a correspondingly reduced
number of elementary gates, the increased improvement through control
that three-(or more) qubit gates offer would be advantageous.
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Appendix A

In this section, we provide details for the general construction of effective
generators, and the interpretation of such generators in terms of effective
processes for the driven two-level system and the driven harmonic oscilla-
tor.

A.1 Derivation of effective generators

The series expansion

Ln =
n∑

m=0

A(m)

ωm
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of the generator is characterized by the (super-)operators A(m). They read
[35]

A(0) = L̃0

A(1) =
∞∑

ν=1

i

ν
[L̃ν , L̃−ν ] +

∞∑

ν=1

i

ν
[L̃0, L̃ν − L̃−ν ]

A(2) =
∞∑

ν,µ 6=0

1

2νµ
[[L̃ν , L̃−ν ], L̃µ]−

∞∑

ν 6=µ 6=0

1

2νµ
[L̃ν , [L̃0, L̃µ]]

−
∞∑

ν,µ 6=0

1

3νµ
[L̃ν , [L̃µ, L̃−ν−µ]] +

∞∑

ν 6=0

1

2ν2
[L̃0, [L̃0, L̃ν ]]

+
∞∑

ν=1

∑

µ6=0
µ6=−ν

1

2ν(ν + µ)
[[L̃ν , L̃µ] + [L̃−ν , L̃−µ], L̃0]

in terms of the Fourier coefficients

L̃ν =
1

T

∫ T

0

dt Lte−iνωt

of the time-dependent generator Lt.

For any given operator basis Ep, the operatorsA(m) can be expressed as

A(m)(◦) =
d2−1∑

p,q=0

α(m)
pq Ep ◦ E†q ,

where d is the dimension of the Hilbert space of the system. It is conve-
nient to choose E0 to be the identity id. With this choice, the mth-order
contribution to the effective Hamiltonian reads

H(m) =
i

2

d2−1∑

p=1

(α
(m)
p0 Ep − (α

(m)
p0 )∗E†p) .

Since the dynamics is trace-preserving, anyA(m) necessarily satisfies TrA(m)◦ =

112



0, what implies

α
(m)
00 +

d2−1∑

p=1

α
(m)
p0 Ep +

d2−1∑

p=1

α
(m)
0p E

†
p +

d2−1∑

p,q=1

α(m)
pq E

†
qEp = 0 .

This, in turn, allows to express A(m) as

A(m)(◦) = −i[H(m), ◦] (1)

+
d2−1∑

p,q=1

D(m)
pq

(
Ep ◦ E†q −

1

2
{E†qEp, ◦}

)

with the Hermitian operator H(m) and the coefficient matrix D(m) with el-
ements

D(m)
pq = α(m)

pq for p, q = 1, . . . , d2 − 1 .

This, finally yields the effective generator

Ln(◦) = −i[Hn, ◦] +
d2−1∑

p,q=1

[Cn]pq(Ep ◦ E†q −
1

2
{E†qEp, ◦})

in terms of the effective Hamiltonian Hn =
∑n

m=0
H(m)

ωm
and the effective

coefficient matrix Cn =
∑n

m=0
D(m)

ωm
.

A.2 Phenomenological description of the effective
processes

For the physical interpretation of the processes described by the dissipator

Z[◦] =
∑

pq

[C̃n]pq(Ep ◦ E†q −
1

2
{E†qEp, ◦})
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it is helpful to define operators

Fp =
∑

q

UpqEp (2)

in terms of the unitary transformation U that diagonalizes C̃n. With the
eigenvalues λ̃(n)

i of C̃n the above dissipator reads

Z[◦] =
∑

i

λ̃
(n)
i (Fi ◦ F †i −

1

2
{F †i Fi, ◦})

and λ̃(n)
i can be interpreted as the rate for the process described by the op-

erator Fi Ref. [24].

A.2.1 Driven two-level system

The effectiveHamiltonian of the driven two-level system (including second
order contributions) is diagonalized by

UH = exp

(
i

ω

(
Ωsσx + Ωc

(
ω0

ω
− 4

γ2

ωω0

)
σy

))
.

In terms of the rotated Pauli matrices

σ̃i = UHσiU †H

the effective dissipator in the second order reads

Z2[◦] =
3∑

p,q=1

C̃pq
(
σ̃p ◦ σ̃q −

1

2
{σ̃qσ̃p, ◦}

)
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with the coefficient matrix

C̃ = γ




0 0 0

0 0 0

0 0 1


+ γη




0 0 0

0 1 0

0 0 −2


+ γζ




0 0 1

0 0 0

1 0 0


 .

with η = γ(Ω2
s + Ω2

c)/ω
2 and ζ = Ωc

ω0ω2 (6ω2
0 − 8γ2). In first order approxima-

tion C̃ is diagonal and γ is the only non-vanishing eigenvalue. That is, the
effective dissipator Z1 reads

Z1 = γDσ̃z ,

and describes dephasing in the eigenbasis of σ̃z, i.e. the eigenbasis of the
effective Hamiltonian.

In second order approximation C̃ is no longer diagonal, but the diago-
nalization is achieved with the unitary matrix

Ũ = e−iζŜy ,

with

Ŝy =




0 0 −i
0 0 0

i 0 0


 .

In terms of the operators

σ′x =
∑

i

Ũxiσ̃i = cos(ζ)σ̃x − sin(ζ)σ̃z

σ′y =
∑

i

Ũyiσ̃i = σ̃y

σ′z =
∑

i

Ũziσ̃i = cos(ζ)σ̃z + sin(ζ)σ̃x

defined according to Eq. (2). With the corrected eigenvalues λ̃1 = γ(1− η)2
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and λ̃2 = γη the effective dissipator in second order then reads

Z2 = γ(1− η)2Dσ′z + γηDσ′y ,

and it induces the two dephasing processes described in the main text.

A.2.2 Harmonic oscillator

The effective Hamiltonian H2 of the harmonic oscillator in second order
approximation is diagonalized with the unitary transformation

UH = ei
Ω
ω

(a+a†) .

That is, the creation and annihilation operator for excitations ofH2 read

ã = a− iΩ

ω

ã† = a† +
iΩ

ω

The coefficient matrix in terms of the operators ã, ã† and

ñ = ã†ã = n+
iΩ

ω
(a− a†) +

Ω2

ω2
(3)

reads

C̃ = γ




0 0 0

0 0 0

0 0 1


− γΩ2

ω2



−1 1 0

1 −1 0

0 0 1




Consequently, the effective dissipator in first order approximation reads

Z1 = γDñ ,

and it induces dephasingwith rate γ in the eigenbasis of the effectiveHamil-
tonian.
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In second order approximation, there are twonon-vanishing (renormal-
ized) Lindblad operators that can be expressed as :

F1 = ñ+O(ω−3) and

F2 = p̃+O(ω−3) ,

with the dimensionless momentum operator

p̃ =
i√
2

(ã† − ã)

in the framedefinedby the effectiveHamiltonian. The corresponding eigen-
values read

λ1 = γ(1− Ω2

ω2
) and

λ2 = 4γ
Ω2

ω2
.

With this, the effective dissipator reads

Z2 = γ

(
1− Ω2

2ω2

)2

Dñ + 4γ
Ω2

ω2
Dp̃ ,

where the corrected transition rate λ̃1 = γ(1− Ω2

2ω2 )2 is obtained by modify-
ing the eigenvalue λ1 following Eq.(2) in the main paper . In second order,
the rate of dephasing is thus reduced by a factor of (1 − Ω2

2ω2 )2, and, there
is an additional process of diffusion in real space [16, 47] with rate 4γ Ω2

ω2

described by the Lindblad operator p̃.
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Appendix B

In this section we provide a brief description of the Gell-Mann matrices.

B.1 Gell-Mann matrices

Gell-Mann matrices are one of the possible representation of the genera-
tors of SU(3) group. The underlying algebra of the generators obey the
following commutation relation

[Gi,Gj] = iF ijkgk (4)

where the structure constant F ijk is anti-symmetric in three indices wit
the following values

F 123 = 1,F 147 = F 165 = F 246 = F 257 = F 345 = F 376 =
1

2
,F 458 = F 678 =

√
3

2

Gell-Mannmatrices is a particular set of 3×3 traceless and self-conjugate
matrix representation of these generators. They read as follwing
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G1 =




0 0 0

0 0 1

0 1 0


 , G2 =




0 0 0

0 0 −i
0 i 0


 , G3 =




0 0 0

0 1 0

0 0 −1


 ,

G4 =




0 0 1

0 0 0

1 0 0


 , G5 =




0 0 −i
0 1 0

i 0 0


 ,

G6 =




0 1 0

1 0 0

0 0 0


 , G7 =




0 −i 0

i 0 0

0 0 0


 , G8 =




2 0 0

0 −1 0

0 0 −1


 . (5)
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Appendix C

In this section we provide some technical details on the gate infidelity in
particular its dependence on the state of the bus mode, the driving pulse
Υp and the number of ions.

C.1 Gate infidelity

The set of functionals {F{�; •}}, that characterize the gate fidelity, can be
expressed as

F{f ; I} =
2πi

ω
g1 , F{ff ; I} =

−2π

ω
g2

1 ,

F{fff ∗; I} = −i2π
ω

(g2 − 2f1g1 − |g1|2g1) ,

F{ff ∗; I} =
2π

ω
(f1 + |g1|2) ,

F{fff ∗f ∗; I} =
2π

w
(f2 − 4<g2g

∗
1 + |g1|4 + 4f1|g1|2) .

in terms of the functions

g1 =
m∑

i=1

ci
i
, g2 =

m∑

ijp=1

cicjc
∗
p

ijp
δi+j,p ,

f1 =
m∑

i=1

|ci|2
i2

, f2 =
m∑

ijpq=1

cicjc
∗
pc
∗
q

ijpq
δi+j,p+q ,

whith the (unitless) amplitudes that characterize the pulseΥp =
∑m

j=1 cjω exp(ijωt).
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The matrix ζ whose norm yields the gate infidelity reads

ζ =
π

ω
(ζ0 + ζ1) , with ζ1 =

6∑

i=1

ζ1i

and

ζ0 = 2f1(γ+ + γ− + (2〈n̂〉+ 1)γd)M1

− 4f2γdN(N − 1)M2

ζ11 = 2|g1|2(γ+ + γ− + (2〈n̂〉+ 1)γd)M1 ,

ζ12 = 16|g1|2f1γdNM3 ,

ζ13 = 4γd(|g1|4 − 4<(g1g
∗
2))N(N − 1)M2 , (6)

ζ14 = 4<(g2
1〈a2〉)γdM4 ,

ζ15 = 8<(g1|g1|2〈a〉)γdM5 ,

ζ16 = 4=(g1〈a〉)(γ+ − γ− + γd)M6 .

The matricesMi read

M1 =




−N 0 −√Γ2 0 0

0 2Γ1 0 0 0

−√Γ2 0 0 0 0

0 0 0 0 0

0 0 0 0 0



,
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M2 =




1 0
√

Γ2 0 −3
√

Γ4

0 0 0 0 0√
Γ2 0 −2 0 0

0 0 0 0 0

−3
√

Γ4 0 0 0 0



,

M3 =




−(N − 1) 0 −√Γ2(N − 1) 0 3
√

Γ4

0 0 0 0 0

−√Γ2(N − 1) 0 2(N − 1) 0 0

0 0 0 0 0

3
√

Γ4 0 0 0 0



,

M4 =




0 0
√

Γ2 0 0

0 N 0 0 0√
Γ2 0 0 0 0

0 0 0 0 0

0 0 0 0 0



,

(7)

M5 =




0
√
N(N − 1) 0 3

√
Γ3 0√

N(N − 1) 0 −√Γ1Γ2 0 0

0 −√Γ1Γ2 0 0 0

3
√

Γ3 0 0 0 0

0 0 0 0 0



,

M6 =




0 −i
√
N 0 0 0

i
√
N 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0



.

with Γp =
(
N
p

)
. Since ζ1 vanishes if g1 (or, equivalently F{f ; I}) van-

ishes, a large improvement in gate fidelity is achieved even with an only
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bi-chromatic pulse that permits to satisfy this constraint. ζ0 can be reduced
only through minimization of f1 and f2, and thus will always be finite for
a non-vanishing pulse.
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