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ABSTRACT

In the planning and design of reservoirs and harbours questions
relating to water quality are assuming increasing importance. With this
in mind, tbe objective of this research has been to develop a mathematical
model capable of predicting the depth averaged velocity field in a
reservoir or harbour caused by the incoming momentum of a river, pump-
jet or tide.

The time dependent non-linear equations of motion were formulated
to include the effects of bottom roughness, wind action, the earth's
rotation and the turbulent diffusion of momentum. These equations were
}ntegrated over the depth and then analysed to determine the mechanism
by which circulation and vorticity can be both generated and maintained.

A comparison of the numerical properties of a simplified set of the
equations allowed the most suitable finite difference scheme to be selected.
The final difference scheme chosen was of the Alternating Direction

Implicit (AD|5 type, with the problem of non-linear instability being
overcome by a novel time centred representation of the convective accele-
rations. While the equations derived may be solved for any planform

of flow, the mathematical model has been run for a circular reservoir

with a diametrically opposite inlet and outlet, and for a rectangular
harbour with an asymmetric entrance.

To verify the mathematical model a comparison has been made between
the predicted and experimentally determined velocities (using floats)

The agreement,

for hydraulic model studies of a reservoir and harbour.

in general, has been satisfactory.



Further numerical experiments have been carried out using typical
prototype data. These experiments have included a comparison of the
different velocity fields predicted by individually neglecting various
terms of the momentum equations. The geometric and dynamic boundary
conditions of the model were also varied, illustrating the flexibility

of mathematical models and providing useful engineering design information.
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INTRODUCT I ON

In recent years there has been . a growing concern as to the water
quality characteristics of shallow reservoirs and harbours, especially
in the planning and design stages. It is therefore not surprising
that in the current engineering literature there have been frequent
case studies, for both reservoirs and harbours, where the improvement
of the overall water quality has been the main objective. As far as
the hydraulic engineer is concerned, the quality of water within any
particular basin is chiefly assumed to be dependent upon the overall
flow patterns, the mixing processes and the basin's retention time or
flushing rate.

In water supply reservoirs, the problem of water quality has
arisen due to a growing demand being placed on reservoirs and their
increasing use as a means of primary treatment of the water. In the
case of deep valley reservoirs selective withdrawal allows a choice to
be made of the required water quality. However, in the case of broad
shallow storage reservoirs selective withdrawal has a far less signifi-
cant effect and artificial methods of mixing the water have to be
adopted, e.g. the use of jets.

Water quality problems that arise in harbours are generally due
to poor overall flushing characteristics and internal circulation
patterns. In the past, it has been noticed that one of the causes of
.poor water quality characteristics has been the dominance of large
stagnant regions within the planform area of the harbour. Consequently,
harbour design engineers now have to face the additional task of improving

the internal flow patterns within existing harbours and avoiding such



problems in fdture designs.

Three typical examples are considered where the main objective
has been to improve the overall water quality characteristics. The
solutions have, in each case, been arrived at by using a physical model
of the particular flow situation. One of the earliest studies into
the problem of stagnation in large shallow bodies of water was initiated
by the Metropolitan Water Board in 1945. White et al (120) were
commissioned to advise on the hydraulic design of a proposed new reser-
voir at Walton-on-Thames which, on completion in 1962, was named the
Queen Elizabeth 11 Reservoir. The report describes an experimental
study to investigate how far the physical conditions leading to stagnation
and thermal stratification in relatively large reservoirs can be controlled
by the suitable arrangement of jet inlets. The effects of several jets
interacting at different locations, orientations and flow rates were
investigated to determine the optimum overall flow patterns. Two
further reservoirs have since been brought into operation by the Thames
Water Authority (Metropolitan Water Division), namely Wraysbury 1972 and
Datchet 1974, where, during the design stages, particular attention was
paia to the original recommendations of White's report.

In a more recent but simila; study, Mayer (72) was commissioned
by the Georgia Power Company to undertake a large scale hydraulic model
study of its Wallace Dam Pumped Storage project. The principle objec-
tives of this study were to determine, from a water quaiity standpoint,
the most suitable relative locations of the power house and the spillway,
and to define factors pertinent to the locations of four reversible pump-
turbine units within the power house. It was assumed that, if the
spillway and pump-turbine units were located in an ideal position then,

during pumping, a greater degree of control would be possible over



reservoir stratification and circulation. The experlmentai investi-
gaglon involved the analysis of a number of differing jet locations and
orientations, with dye injections and time-lapse colour photography
being used to study the jet geometries and reservoir mixing patterns.
The basic conclusions of the hydraulic model study were that, from the
standpoint of enhanced water quality, the pump-turbine units should
discharge horizontally and be in the centre of the power house.

The water quality problem in harbours, which Is mainly concerned
with the flushing out of pollutants at each tide and so avoiding the
storage of stagnant polluted water, has been studied in some detail.
Nece et al (76, 77, 78) have been concerned with improving the overall
flushing characterisitcs of six, existing or proposed, small boat
harbours in the Puget Sound waters of the State of Wa;hington. Hydraulic
model studies have been carried out on the harbours of Des Moines,
Edmonds, Lagoon Point, Lake Crockett, Penn Cove and East Bay. in each
case, the influence of the tidal range,entrance configuration(s) and
internal geometry on the gross flushing ;haracteristics and internal
circu{ation patterns have been directly related to an exchange coeffi~-
cient and a water quality parameter. Several criteria have been
developed which the design engineer could use to prepare the best
possible initial design when evaluating proposals for a new harbour
project.

All these flow situations are similar in that they are equivalent
to a relatively wide jet flowing into, or out of, a confined body of
water. In the first two cases the wide jet is produced by the inter-
action of the small jets and the surrounding water, while in the harbour
the broad entrance and the oscill;ting tidal flow produces the jet.

Having generalised the flow condition it should be possible to

develop a mathematical model capable of predicting the jet-forced



circulation in all three situations. A mathematical model, as compared
to a physical model, has advantages in being more flexible, adaptable

and economical. From a literature survey at the start of this project
it appears that such a model has not been attempted, possibly due to

the non-uniform flow properties of jets and the corresponding non-

linear stability problems associated with computer numerical techniques.
Consequently, the principal objectives of this study have been to develop
a mathematical model which would predict the depth averaged velocity
field of a confined jet. At this stage any numerical results obtained
can ‘only be expected to give gross characteristics of the flow.

However, it was thought that even this information would be useful to the
engineer faced with minimising the water quality problems in any such
design of the future, as it would enable him to avoid constructing

basins which are liable to produce large stagnant regions within the flow
field. This thesis describes the construction and testing of a mathe-
matical model that has been developed for this purpose.

With present day computers having limited storage it is not yet
possible, or even economical, to analyse the three-dimensional unsteady
motion of a large body of water. It was therefore first necessary to
decide whether to reduce the modelling to that of a three-dimensional
steady flow, or, to one which was two-dimensional, depth averaged and
unsteady. The disadvantage with opting for a solution of the depth
averaged velocity field is that the effects of stratification and the
mixing associated with secondary currents are immediately eliminated.
However, a two-dimensional depth averaged mathematical model can be used
to suggest an ideal planform geometry which might then be subjected to
flow visualisation tests in a laboratory, hopefully to give some idea

of the stratification effects. As most shallow reservoirs tend to



have flows that are predominantly two-dimensional and horizontal, and
also, the fact that reservoirs have an unsteady supply and demand, it
was thought more appropriate to solve for the latter flow situation.
Another advantage of this decision is that whereas the propertiés of
two-dimensional turbulence are well documented, the properties of three-
dimensional "turbulence, particularly in the presence of density layers,
are less well known.

Having chosen the type of physical flow situation to be modelled,
the first part of this thesis is concerned with the formulation of the
depth .averaged equations of motion. These equations include the effects
of bottom friction, wind action, the earth's rotation and the horizontal
diffusion of turbulent momentum. Various turbulence models are discussed
in some detail allowing the most suitable representation of the turbulent
diffusion to be implemented into the equations. Following this, the
corresponding vorticity transport equation is analysed such that the
terms leading to changes in vorticity, or circulation, can be clearly
indentified from the outset.

The differential equations are then rewritten in a number of
finite difference forms, with the numerical properties of approximation,
consistency, convergence, stability and accuracy being investigated for
each proposed scheme. The analytical investigation of the different
representations of the equations allows a choice to be made as to the
most suitable finite difference form. Also, it allows a better under-
standing of the numerical limitations of the resulting mathematical model.
Having chosen the most appropriate finite difference scheme and knowing
the boundary conditions, documentation is then presented concerning both
the implementation of these equations into the computer model and

secondly, the general solution technique being adopted.



All mathematical models need verification,whether it be with
prototype measurements or experimental results. The purpose of such
comparisons is to ensure that the physical boundary value problem is
being solved mathematically with sufficient accuracy to provide useful
numerical results. Unfortunately no measurements are available for the-
velocity fields in prototypes of either reservoirs or harbours.
Consequently, the mathematical model had to be tested with small scale
physical hydraulic models. Direct comparisons were made between the
experimental and mathematical model results for similar physical and
geometric properties and similar dynamic boundary conditions.

An experimental programme was carried out with a 1.5 m diameter,
flat-bottomed, circular reservoir with a full depth jet inlet and a
diametrically opposite weir outlet. Circulation paths were carefully
observed for a steady flow and depth averaged velocity measurements were
recorded using floats. The results of a previous experimental programme,
carried out by the Author (29) on a flat-bottomed rectangular harbour,
with adjustable sidewalls, were also available. The asymmetric harbour
entrance was located in one of the corners and perpendicular to the
di;éction of the simulated sinusoidal tides. Circulation paths were
observed at different intervals of the tidal cycle, for varying length,
breadth and entrance width ratios, while the planform cross-sectional
area and the tidal range were kept constant. In conjunction with
observing the circulation paths, overall flushing charaéteristics were
determined for each different harbour configuration. For both experi-
mental programmes the agreement with the corresponding mathematical model
was fairly good, showing that at least in these cases the mathematical
model was satisfactorily solving for the depth averaged velocity field.

To investigate the performance of the mathematical model for



prototype conditions, numerical experiments were undertaken for the jet-
forced circulation in a reservoir and the tidal f}ow into a ha;bour.

Al though the mathematical model could be used to solve for any planform
geometry or depth, for the sake of simplicity both these parameters were
idealised in the numerical tests. The reservoir was assumed to be flat-
bottomed, éircular and with a diametrically opposite inlet and outlet.

To economise in computer time both the inlet and outlet widths were
assumed to be relatively large, e.g. 1/19th and 3/19ths of the reservoir
diameter respectively. In the case of the harbour, the planform
geometry was assumed to be rectangular with an asymmetric entrance and a
horizontal bed. The numerical experiments were carried out for typical
prototype conditions with realistic geometric, kinematic and dynamic
properties. Apart from running the model for different physical shapes
and boundary flow conditions, the actual format of the differential
equations was varied such that the influence of the individual terms
could be directly compared. In all cases results were obtained having
the resemblance of reality in such a form which, it is hoped, will provide

useful information to the design engineer.



DERIVATION OF THE DEPTH AVERAGED

DIFFERENTIAL EQUATIONS OF MOTION

2.1 FORMULATION OF THE BASIC HYDRODYNAMIC EQUATIONS

The equations of motion for any two-dimensional depth averaged
flow can be obtained by integrating the three-dimensional hydrodynamic
equations over the depth. Using the Eulerian Cartersian Co-ordinate
system shown in Fig. 1, the basic equations representing an incom-
pressible turbulent flow on a rotating earth can be written, see Lamb

(59) and Schlicting (93), as:-

Ju 3 (u2) 5 (uv) 9 (uw) 13pP
3t ¥ Tax Y Ty YTz fv + o
1 arxx 31517 arxz
v 3(vu) a(v2) . alw) 1 9P
3t + ™ + 3y + 5% + fu + o By
T T 9T
- X yx . Y o YZ . (2.2)
pl Ix Yy 9z
aw 3 (wu) a(wv) L 3w?) . 1P
ot + Ix + oy 0z p 9z g
1 arzx Brzx Btzz 0 (2.3)
i 3( ¢t sy T ez | T 3
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FIGURE 1 Schematic Drawing Showing the Co-ordinate System

XyYsZ

u,v,w

co-ordinates of a right handed system with z upwards

time averaged velocity components in the x,y,z directions
respectively

time -
distance between the bed and the undisturbed water level

distance between the undisturbed water level and the water
surface elevation

pressure
acceleration due to gravity
fluid density

Coriolis parameter 2w sin ¢ where w = angular velocity of the
earth's rotation and ¢ = geographical latitude

Reynolds stresses acting in the | direction and on the j plane,
where i = x,y,z and j = x,y,z



The equation of continuity for an incompressible flow is:-

u ov w
3,-‘-1'—37""8—2' 0 (Z.II)

In any predominantly horizontal flow, the vertical accelerations
due to hydrodynamic processes are generally regarded as being small in
comparison with gravity effects. Consequently, in Eq. (2.3), the
vertical accelerations and shear stresses can be neglected so that, in

the vertical direction, a hydrostatic pressure distribution results:-
- + pg = 0 (2'5)

Integrating Eq. (2.5) gives the linear pressure distribution with

depth:-

P(z) = f-pg dz = -pgz +c (2.6)

Using the boundary condition that the pressure at the free surface,

z = q, is equal to the atmospheric pressure, Pa, then Eq. (2.6) becomes:-

P(z) = pg(n - 2) + Pa (2.7)

The derivatives of the pressure in any horizontal direction can now be

expressed in terms of the water elevations:-

® _ oam o, 2P
ax P9 5x * ox (2.8)
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oP on oPa
—— - — + — 2.
f9 ay ( 9)

In the scale of motion being considered, the atmospheric pressure
gradient constitutes an insignificant part of the hydrodynamic pressure
gradient and can be neglected in Eqs. (2.8) and (2.9).

In determining the two-dimensional depth averaged equations, use
is made of the kinematic boundary conditions. The free surface

boundary condition, see Lamb (59) is:-

an an an . -

and at the bed:-

a(-h) a(zh) _ , < g (2.11)

where Upe v and Qn are the respective velocity components at the
surface, and similarly u_ps Vop and w_, are the velocity components at

the bed.

2.2 THE TWO-DIMENSIONAL DEPTH AVERAGED EQUATIONS

The two-dimensional depth averaged equations, defining the mean
horizontal flow, are obtained by integrating Eqs. (2.1), (2.2) and (2.4)

between the bed, z = -h(x,y), and the surface, z = pn(x,y).

dPa
ax

direction for the full depth of fluid becomes:-

Assuming = 0 (eq. 2.8), the momentum equation in the x

11



f“[g_! L 20 3uw) | 3(ww)
-h oz

3t ox oy

x oy 9z

- % (a‘fxx s Wy 'a‘l'xz)] dz = 0

fv + g'%n

(2.12)

The integrals may be expanded using Leibnitz rule, as derived by

Sokolnikoff and Redheffer (101):-

j-b - b
af(x,a . 9 f
% dx = ] f(x,a)dx

) 2b

- f(b,a + f(a,a)-g;

Eq. {(2.12) becomes:-

wlw

1 an on

Jd lxx 0 T -1

+ o ( X ax t X 5y Xz,
- Txy_p, a(;:) + sz_h = 0

n 3
] udz + —- f u2dz + =
-h Y

(2.13)

(2.14)



The depth averaged velocity components may be defined as Hansen (43):-

1 n
U-mf.hudz

(2.15)
1 f" d
V = v dz
(h + n’ <h
and the wind and bottom friction stress components as:-
on an
T = - T = -1 — + T (2.16)
Xw xxn ox xyn oy xzn
- - a(-h) _ a(-h)
Txb Txx_h 3x Txy_h dy + sz_h (2.17)

It is now possible to substitute for u in terms of the depth averaged

velocity in the convective acceleration terms:-

u = U + (u-Uv)
(2.18)

v = V + (v-1YV)

then, using the kinematic boundary conditions i.e. Eqs. (2.10) and (2.11),

and dividing by (h + n), Eq. (2.14) becomes:-

au 1 [a[(h +n)u?] | af(h + n)UV]] - fV

3t T Th+n) 3X 3 Y

(v.. -1.,) n .
-aj_ - XW xb - 1 _3__ - - 2
9 X p(h + n) p(h + 1) [ ax -h [Txx plu-U)

13



- 20U(u - U)]dz + %;-‘[:: [Txy - plu = U)(v - V)
= o{V(u - U) + U(v - V)}]dz] = 0 (2.19)

The terms in square brackets constitute the effective stresses; the
first term in each bracket represents the Reynolds stress and the other
terms represent the momentum transfer due to the non-uniformity of the
vertical velocity profiles. In both square brackets the last term can
be directly integrated over the depth and equated to zero. In general
the horizontal variations in depth will be small and can often be
neglected for the convective acceleration terms.

The effects of wind action can be represented as, see Neumann and

Pierson (80),:-

Tew = Pa C* W wx (2.20)
where G density of air
wx,wy = components of wind velocity
W ,= absolute wind velocity
C* = a resistance coefficient which, on the basis of sea slope
observations, Neumann suggested C* = 9 x 10-3 w-é.where W is in metres per

second.ln a similar manner the bottom friction may be expressed as,

see Dronkers (25),:-

T = P_QM (2.2])

xb cz

where C = Chézy coefficient.

Using these modifications, Eq. (2.19) becomes:~
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*
au2 auv on P UMW wx

U
ot + ox + ay fv + 9 3x p(h +n)

uju + v| _ 1 3 n )
* %H + n)C¢ p(h + n) [ﬁ f-h [Txx p(u - U)2)dz

n
+ % f_h [ty = plu - V(v - V)]dz] -0 (2.22)

By a similar process of substitution the depth averaged momentum

equation in the y direction becomes:~-

ViU + V _ 1 3 n _ )
+ h +q)C p{h+n5['a‘x'j_ [Tyx plu = U)(v - V)]dz

n
+ g—y N [ty = olv - v)z]dz] = 0 (2.23)

Finally integration of the continuity equation (2.4) over the depth

gives:-

o, 3{(h ;xn)U} , Ah ;yn)V} = 0 (2.254)

2.3 REPRESENTATION OF THE TURBULENT REYNOLDS STRESSES

The three depth averaged equations of motion, (2.22), (2.23) and
(2.24) contain nine unknown functions, namely:- u’v’n’Txx’Txy’tyx’Tyy’
u,v. This problem of having more unknowns than equations can generally

be overcome by neglecting the effective stresses. This approximation
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may be justifiable when the horizontal velocity gradients are small, as
Tennekes and Lumley (111) have shown that, for this case, the effective
stresses only alter the velocity at a point by a few per cent. However,
in this particular study the horizontal velocity gradients are not

always small and so, it was thought more appropriate to retain these
stresses iﬁ the equations and to try to obtain some insight as to their
influence on the flow pattern.

To evaluate the effective stresses, the first step is to derive
or assume a relationship between the velocity and the Reynolds stress =
this being the ''closure problem' of turbulence modelling.

One of the earliest proposed turbulence models was the mixing
length hypothesis of Prandtl, see Goldstein (37). Prandt] based his
hypothesis on the kinetic theory of gases and assumed a direct relation-

ship between the Reynolds stress and the velocity field of the form:-

2 3Ui 3Ui h
Tfj = -pui Uj = pim -5-’-(]' -a—’q + 3"; (2.25)

where £m =a mixing length
u; = instantaneous velocity fluctuations with the bar denoting time
averaged values.

Detailed experimental measurements have since shown that provided a
good choice is made of the value of &m, the mixing length hypothesis
allows realistic predictions to be made of the velocity and shear distri-
butions. The major difficulty of this approach is determining the
appropriate value of the mixing length 2m.

Prandt]l (85) realising the shortcomings of the mixing length

hypothesis, went on to propose that instead of relating the random

velocity fluctuations (u;) of turbulence to the mean velocity gradient,
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they should have been related to some property of the turbulence, The

turbulent kinetic energy, e, was chosen and the proposed equation was:-
e = Lve (2.26)

where € = eddy viscosity

L = an appropriate length scale

e = &(;€2) = kinetic energy per unit mass
Using this theory the closure problem was then solved by introducing one
further equation e.g. the exact differential energy equation, which can
be derived from the Navier Stokes equations, see Reynolds (89). Because
this method only requires one additional equation, this type of turbulence
model has since been classified by Launder and Spalding (60) as a ''one-
equation hydrodynamic model of turbulence''. More recently other workers
in this field have developed similar one-equation turbulence models,
notably among them:- Bradshaw et al 1967 (14), Nee and Kovasznay 1969 (79),
Gawain and Pritchett 1970 (36), Vagar and Kagan 1971 (113). The major
disadvantage with these particular models is that like the mixing length
hypothesi$, the length scale L does not have a precise definition and
some empirical relationship has to be assumed.

Much experimental work in connection with turbulence modelling has
led to the conclusion that the Prandtl-type energy model gives a good
prediction of the velocity distribution when compared with the other one-
equation models - see Launder and Spalding (60). It has also been
shown experimentally that in most circumstances the one-equation models
are only marginally superior to the original, but simpler, mixing length

hypothesis.

To overcome the fundamental disadvantage with the one-equation
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models, several authors have derived a further transport equation to
determine the length scale L and so remove the empiricism of the previous
theories. These particular turbulence models have become categorised

as "tdo-equation models of turbulence"; some of the most notable models
being proposed by:- Harlow and Nakayama 1967 (46), Gosman et al 1969 (38),
Runchal 1969 (92), Rodi and Spalding 1970 (91), Jones and Launder 1972
(56), Launder and Spalding 1972 (60). The elimination of the length

scale L is achieved by using some functional relationship of the form:-

Z = f(L,e) (2.27)

where Z is the property to be transported and L and e are as defined
previously. The transported property most frequently analysed is the

dissipation:-

- e L (2.28)

The form of the transport equation for such a property Z is given as,

seéReynolds(SS):-

pZ d e 3Z e (duy2 _ e
Dt 37[_: y] +z[c1e(3y) cZe]

o
(1) (2) (3)

+ Sz (2.29)
(%)

where o, = diffusivity ratio ® 1 for most quantities

C, and Cz = constants depending on the form of Z‘, generally

1
[Cy] = 0.1 and [C,] = 1.
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Equation (2.29) expresses the time rate of change of the property Z by
diffusion (term 1), interaction of the turbulence with the mean flow
(term 2), the turbulent energy (term 3) and a secondary source (term 4),
see Launder and Spalding (60). The main advantage of using a two-
equation model is that it provides a direct means of calculating the
evolution of the turbulent energy and the length scale L, unlike the
mixing length and one-equation models which relied greatly on empiricism.
Two-equation models enable three-dimensional flows to be analysed with
more certainty but at the cost of considerably greater computational
effort.,

Even two-equation turbulence models do not provide a completely
satisfactory solution to the closure problem. The equations do not
include the normal stresses needed for the realistic calculation of
secondary flows and also, the dissipation has been related to the shear
stresses in an empirical manner, e.g. Eq. (2.28). As a consequence,
recent research in this field has been directed towards the development
of transport equations for the individual Reynolds stresses. Even in
the simple case of two-dimensional boundary layer flow this type of
modelling involves the solution of four additional equations. Two typical
"multi-equation models of turbulence' have been proposed by:- Daly and
Harlow 1970 (22), Hanjalic and Launder 1972(41). The actual equations
used in these models can be derived in much the same manner as for the
turbulent energy equation. As an example, the transport equation for

}

the Reynolds stress u'v' can be shown to be, see Reynolds (89):-

D \l;t'V' - -F?_gl;_ - %7 [vn(uuvn +}:)_')]
(1) (2)
' aul 3 ]
+ % (—87 + 'a—vx- - 512 (2030)
(3) (4)



where p' = instantaneous pressure fluctuations.

In words, equation (2.30) expresses the time rate of change of the
Reynolds stress by mean flow production of turbulent energy (term 1),
dissipation due to pressure and shear (term 2), redistribution due to

velocity fluctuation interactions (term 3) and viscous dissipation (term 4).

The complexity of this type of model is obvious. In the more complicated

turbulent flows where any form of prediction of a characterisic length
scale L is an impossible task then the use of such a multi-equation
turbulence model might well be justified; but in general, the use of
such higher order models is limited due to the high cost of programming
and computing.

For the particular turbulent flow that is to be modelled by
Eqs. (2.22), (2.23) and (2.24), a comparison of the advantages and
disadvantages of each type of turbulence model reviewed suggests that

the classical mixing length hypothesis of Prandtl will be the most

appropriate turbulence model. The facf that the velocity field being

analyéed has to be averaged over depth implies an oversimplification of
the turbulence structure and there would seem little justification for
using a ﬁigher order turbulence theory of the two or multi-equation type.
Secondly, no advantage can be gained by using a one-equation model as a
length scale would still have to be empirically determined. Finally,
the mixing length hypothesis has the overwhelming advantage of simplicity
and requires the minimum of programming and computational effort.

A generalised version of Prandtl's mixing length hypothesis,
applicable to cases where neither the mean nor the turbulent motions are
confined to two dimensions, can be found in Goldstein (37). This version

suggests that, when one particular component of the mean rate of
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deformation tensor is much greater than the others, the unknown Reynolds

stresses of Eqs. (2.22) and (2.23) can be approximated by:-

--‘zg Za_U.

Tox pu 2084 x
- = —ouTvT = op23]2Y v

Ty Tyx = =pu'v p22J (ay + e (2.31)
- VT = 20029 Y

tYY P e oy

2 2 2
where J2 = z(ﬂ) + 2(ﬂ) + 2(3—")
ax ay 9z

w . av |2 3u aw | 2 v du | 2
+(ay + az) + (az + ax) +(ax + a—y') (2.32)

As the horizontal flow being considered is relatively shallow, i.e. the
breadth of flow far exceeds the depth, then two approximations can be
made. Firstly, the velocities in the vertical direction can be assumed
neg!igible and secondly, apart from the region close to a jet, the
velocity gradients in the horizontal plane will always be small compared
to those in the vertical direction. Using these approximations Eq. (2.32)

simplifies to:-
av} 2 Jul 2
e (). ()] (2.33)

The velocity profiles in the vertical direction can be adequately
represented by the logarithmic velocity distribution which, using the

co-ordinate system of Fig. 1, gives:-
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U,
* (h +2) + U, Const.

(2.34)

Vy

v = == 2n (h +2) + V, Const.

where U, = shear velocity, (5%9 and similarly

v. =72V
*= ¢

k = von Kirmin's universal constant equal to 0.41 for all
homogeneous fluids

Differentiating Eq. (2.34) and substituting in Eq. (2.33) gives:-

/g lu + v|

Ck(h + 2) (2.35)

J =

Since the largest velocity gradients have been assumed to be those in
the vertical plane then the corresponding mixing length is related to
the depth rather than some horizontal length. For a linear stress

distribution and a logarithmic velocity profile throughout the depth,

Reynolds (89) shows that, using the co-ordinate system in Fig. 1,:-

h+ 2z i
2 = k(h + 2) [1 (h - n)] (2.36)
Jobson and Sayre (55) confirmed this approximation for the mixing length
with detailed measurements in an open channel.
Substituting Eqs. (2.35) and (2.36) in Eq. (2.31) and integrating
over the depth (h + n), the final depth averaged Reynolds stresses

become:-
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n
f . 20k(h +n)2 g |u+v| du
> & C =X

N . [, . ekth+m2Vglusvifan | 3V
xy yx 6 c Jy ox
~h -h

(2.37)

n . 2ok(h + n)2 /g Ju + V| av
f Tyy 3 ¢ 3y

2.4 REPRESENTATION OF THE CONVECTION EFFECTS BY THE MEAN FLOW

Before the equations of motion can be written in a convenient
form for solution, the remaining terms contributing to the effective
stresses need to be represented in terms of the mean velocity field.

For this purpose two of the previous assumptions are again used; namely,
that the flow field is turbulent everywhere and secondly, that the
logarithmic velocity distribution satisfactorily defines the vertical
variation of velocity.

For the depth averaged convection effects in the x direction, the
terms in Eq. (2.22) to be included are defined as:-

n
9

n
X = Ty N (u - V)2dz + -g—y-f_h (u=-U)(v - V)dz (2.38)

where u and v are the velocity components at depth z and U and V are
the mean velocities. Integrating the logarithmic velocity distribution,

Eq. (2.34), over the depth gives the mean velocity to be:-

23



*
U = 1:-(Zn(h +n) -1 + U, Const.

(2.39)
Vs
V = 1:-(2n(h +n) -1 + Vv, Const.
Substituting Eqs. (2.39) and (2.34) in (2.38) gives:-
u.2
h + 2| 2
X -Tf-h o (zn(h+ | + 1) dz
u.v
3_ *'% h+ 2z 2
+ 5 (e rz) 1) dz (2.40)

Integrating Eq. (2.40) by parts and expressing the shear velocity in its

previously defined form, i.e. U, -\/;,U/C, results in:-
- o 2 a_
X ax (-Ezglzz- (h + n)U ) + 2y (E&J (h + n)UV) (2.‘!1)
and similarly, for the y direction:-
y =« 2 [gth+tnwy} 3 [glh+ nv2 (2.42)
ax C<k oy C<k :

Eqs. (2.41) and (2.42) could now be substituted into the equations
of motion (2.22) and (2.23) by adding them to the depth averaged
convective accelerations; this would result in each accelerative term
being multiplied by a coefficient (1 + g/C2k2). However, these non-
I}near terms pose complications in their numerical representation and

restrain the scope of the mathematical model to be constructed - this
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will be discussed later in Chapter 3. If the frictional effects are
large, i.e. C is relatively small, then these complications are amplified
due to the increased magnitude of the above coefficient, and for this
reason a more suitable representation of Eq. (2.38) is necessary. If
the velocities u, v are defined as the departures from the spatial mean

values U, V in the vertical direction, then:-

(2.43)
and v = v=YV
Substituting in Eq. (2.38):-
n n
- & u2 3 v
o= J u2dz + T uvdz (2.44)

Indicating average values over a cross-section by means of an over-bar,

Eq. (2.44) becomes:-

X = & ®h+n) + LIV (h+en) (2.45)

The similarity between the terms in Eq. (2.45) and the corres-
ponding Reynolds stresses in Eq. (2.31) is obvious. Therefore, it
would seem possible to assume that the above terms may be represented
in a similar horizontal diffusive manner as for the Reynolds stresses in

section 2.3:-

(2.46)
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Unlike the mixing length theory, an estimation of the order of magnitude

of D, is not so straightforward. Elder (27), in analysing the

dispersion of matter in a two-dimensional turbulent shear flow, arrived

at similar terms in his depth averaged transport equation. For a solute,

s, Elder assumed:-

o= -0, g%; (2.47)
J

and found the value of Dz to be:-

b, = 5.8(h + n)]h*l (2.48)

At first glance it seems reasonable to assume that the solute s

and the velocity defect Ei are transmitted in an identical manner, i.e.
s = Gl and Dz = Dj' However, in comparing the mass transport and
momentum equations, there are no terms in the former equation which

incorporate any transfer due to pressure gradients. On the other hand,

the analogy between momentum and mass transfer for the region near a wall
has been well established, see Elder (27), Raudkivi and Callender (88).
As this is the region where the departures in velocity from the spatial

mean will be largest, it follows that this wil] also be the region where

most of the corresponding momentum transfer will occur. Therefore, due

to pressure gradient effects, Dz and 0j are unlikely to be exactly equal
but they should, at least, be of an equal order of magnitude. Using

this assumption, the depth averaged convection effects in the x direction

become:-
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X = -5.86[%; [+ n) 210, ] o]

2 2 3_U]
+ [th + m2jv,| 2 (2.49)
and similarly, in the y direction:~-

? av
Y = -5.86[-8-; [(h + n)2|u, | ?,;]

+ %y- [(h + n)2|v,| % ] (2.50)

Approximating the convection effects of Eq. (2.38) in this manner
tends to improve, rather than complicate, the computational difficulties
associated with the numerical representation of the non-linear terms.

This will be clarified in more detail in Chapter 3.

As the mean flow convection effects and the turbulent Reynolds
stresses have been represented in a similar diffusive manner, their
coefficients and terms may be added, in an approximate manner, to give the
required effective stresses. Assuming that for Eq. (2.37) 3u/ay = 3V/3x
and that the spatial variations of the effective stresses are small, the
two-dimensional depth averaged equations of motion can now be written in
the form in which they will be solved. Substituting the Reynolds stresses,
Eq. (2.37), and the mean flow convection effects, Eqs. .(2.49) and (2.50),

into Eqs. (2.22) and (2.23), the x direction momentum equation approxi=

mates to:-
CHWW
U U2 W _ ey o4 g - Pa~ "y
e T ax Y Ty 9% - P+
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., Quu+v 6vg(h + n) v 220
h +n)C c x4
2
+ |v|g_yg] a 0 (2.51)

and similarly, for the y direction momentum equation:-

C*ww
3V VU V2 am _ Pa
ot + ax + y *fu+g oy p(h +n)

viv + v| _ 6/g(h + n) 32V
R+ nlC c vl 52

2
+ |V|§—y\z’] - 0 (2.52)

For completeness, the continuity equation can be writen as before:-

ERRETCEE) R (1 R (2.53

2.5 ANALYSIS OF THE DEPTH AVERAGED VORTICITY TRANSFER

Before attempting to solve the equations of motion and predict
the circulation produced by a confined jet, it is first worthwhile fully
understanding the hydrodynamic mechanism by which circulation can be
both generated and maintained. For this purpose the depth averaged
transport equation for vorticity, about a vertical axis, can be analysed
in a manner similar to that used by Kuipers and Vreugdenhil (58),and
Vreugdenhil (115).

Using Vreugdenhil's derivation, which can be simply outlined as:-
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Vorticity Eq. =

— [Eq (2.51) - U x Eq.(2.53)]
(h + n)

- 3z [Eq.(2.52) - V x Eq.(2.53)]
(h +n)

the vorticity equation becomes:~

where

Bw . e . Mo , (- f) av
t L 3y ,

1 2 5

_ -8 Txw 3 Tyw
L'LY p(h +n) ax \p(h + nL
'a [ T,

+_3_y h-l-n - ax pzh-i-n;

) [ 6/g(h + 32V 32V ]
- _ji'c’—ﬂ)'(lulw + lvla_yzl

K]

s [6/g(h + n) 22y 22v | |
+ - —a(—c——LLIUI W + IVl a—yz-)l

b,

7

w Yy ax

(2.54)

= 0 (2.55)

The terms in the above equation are defined by Vreugdenhil as follows:-

term 1 represents the time rate of change of vorticity, term 2 the

convection of vorticity by the mean flow, term 3 the convergence or

divergence of vorticity by the mean flow, term 4 the curl of the wind

stress, term 5 the effects of bottom friction, and lastly, terms 6 and 7

represent the moments of the effective stresses about a vertical axis.

29



The actual generation of vorticity is only affected by the latter five:
of these terms, with the bottom friction effects, i.e. term 5, tending
to dissipate any vorticity generated. Thus in the original equations
of motion (2.51) and (2.52) there are only three sources of generating
clrculation, firstly the non-linear convective accelerations, secondly
the wind stress and thirdly, the effective stresses in the vertical plane.
Vreugdenhil went on to show that if the velocity profiles are
changing significantly over short distances then, not only the inertial
terms but also the effective stresses are important. Consequently, as
this research is concerned with the mathematical modelling of velocity
fields where the velocities change appreciably over short distances, both
these terms are included in the model and particular care has been taken

in their numerical representation.
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DEVELOPMENT OF THE FINITE DIFFERENCE

EQUATIONS OF MOTION

3.1 SELECTING THE SOLUTION PROCEDURE

Witﬁ the depth averaged differential equations of motion having
been fully derived, the next stage in attempting to solve for the
required velocity field is to select a procedure for transposing the
differential equations into the form most suitable for numerical
solution. Two solution procedures are at present available for this
type of problem, they are the finite difference method and secondly, the
finite e{ement me thod.

In the case of the finite difference method space and time are
represented, throughout the velocity field, by a set of grid points
usually at equal distances in each direction (Ax and Ay) and at a chosen
time step At. The behaviour of a variable at each grid point is
described as a function of the variables at other grid points in such
a manner that in the limit of zero increment these equations, called
finite difference equations, are consistent with the differential equations
to be solved.

For the finite element method, the domain enclosing the velocity
field is sub-divided into a number of finite elements, usually triangular
i; shape. The dependent variables (U, V, n) are located at the corners,
or nodal points, of each element and are inter-related by means of a set
of linear simultaneous equations. The unknown coefficients of these
simultaneous equations are found from the equations of motion and the
boundary conditions for the enclosed velocity field.

For free surface flow problems the finite difference method of
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solution has the advantage that it requires less computer time than the
finite element method. Weare (117), in a study of the relative economics
of both methods, concluded that the explicit and implicit finite difference
methods require approximately 40 and 50 units of work per grid point per
time step respectively; whereas, the explicit and'implicit finite element
methods require approximately 18 mi and (%} m2 + 18 m) units of work per
nodal point 6er time step respectively - where m is the largest difference
in node numbers in any element and i is the number of iterations per time
step. Even though the finite element method generally requires fewer
nodal points than corresponding grid points, Weare's conclusions show

that for a satisfactory spatial representation of any enclosed body of
water the finite difference method is nearly always cheaper.

With the finite difference method the approximation of the diffe-
rential equations is relatively straightforward, although treatment of
the boundary conditions is not so simple. The opposite is true with
the finite element method, which is therefore well suited to approximate
irregular boundaries but which produces difficulties in the approximation
of the differential equations. Another advantage of the finite difference
method is that it is easier to extend to the unsteady three-dimensional
problem, which would tend to be the obvious extension of this research -
see Spalding (105).

Bearing in mind the properties of the two methods briefly summarised
above, It was decided early in the project to adopt the finite difference
solution procedure. A further reason was the relative novelty of the
finite element method in the field of hydraulics which would have required
more time to be spent on the development of the method rather than its
application. There have been no -developments during the work which would
suggest that the finite element method of solution would have any previously

unforeseen advantages.
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3.2 INTRODUCTION TO THE ANALYSIS OF FINITE DIFFERENCE SCHEMES

Although the conservation of mass and momentum for any confined
velocity field may be represented by one set of partial differential
equations, these equations can be written in many different finite
difference forms. Consequently, for any given set of differential
equations, it is desirable to be able to compare and contrast these finite
difference schemes such that the most suitable representation of the
original differential equations of motion, (2.51), (2.52) and (2.53), can
be made.

Each scheme will have different numerical properties and they may

be summarised under the headings of:-

a. approximation (section 3.3)
b. consistency (section 3.4)
c. convergence (section 3.5)
d. stability (sections 3.6 and 3.7)
e. accuracy (section 3.8)

To briefly illustrate the properties of each scheme only the one-
dimensional form of the equations of continuity and momentum will be

considered giving, for continuity:-

an au
e * h ™ 0 (3.1)

and for momentum:-

au 3y M . opy2 - 32y
5t T YUax t 9% PW2 + Q U|U| RIV| 55z
= 0 (302)
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p C*
where P = ETFjErﬁT represents the wind stress

Q= -(h_g_nﬁz represents the bottom friction

R= 6/—(hc+ n) represents the effective stress

U° = 3 constant local value of the velocity U

W = wind velocity

Most of the differences between the finite difference schemes are
still apparent even if the frictional, diffusive and convective accele-

ration effects are ignored. For the purposes of comparison of the

different schemes, the momentum equation in the form:-

U on _

will be used. Equations (3.1) and (3.3) plus the initial values and

boundary conditions completely describe wave motion in one dimension.

3.3 APPROXIMATION

The numerical property of approximation is a precise mathematical
method for determining how well the finite difference equations approxi-
mate to the differential equations. The mathematical method used for
this purpose is the Taylor series expansion of the derivatives of the
differential equations. Any finite difference scheme will only consider
a limited number - usually one - of the terms of the Taylor expansion
thereby introducing a truncation error. If the finite difference
equation is subtracted from the series expansion then an order of magni-

tude estimate of the leading truncation error can be made.
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3.3.1 THE FINITE DIFFERENCE APPROXIMATION FOR ONE TERM

If a function f(x) has single-valued, finite and continuous

derivatives with respect to x, then Taylor's theorem gives:-

f(xth) = F(x) + hf'(x) + Zh2F*(x) + 2 h3F" (x) + ...
(3.4)
and
Fx-h) = £(x) = hf' (x) + $h2F"(x) = S h3pm (x) + ...
(3.5)

Three simple approximations of the first derivative are possible, the
forward difference, the backward difference and the central difference -
see Fig. 2.

From Eq. (3.4) the forward difference formula can be written as:-

ORIt -;-[f(“h) - f(x)] (3.6)

with a leading error on the right hand side of order h, i.e. 0(h).
Similarly: from Eq. (3.5), the backward difference formula can be written

as:-

fi(x) = 9'%(_:1 = %[f(x) - f(x-h)] (3.7)
again with a leading error 0(h). Subtracting Eq. (3.5) from (3.4) gives

the central difference formula:-

F(x) = d';‘xx) . [f(x+h) - f(x-h)] (3.8)
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tix)]

v

%h X x+h

Forward Difference Form With Respect to P:-

£ - f
df (x) b P
dx P = h + 0(h)

Backward Difference Form With Respect to P:~

df (x) _'p
o |, TRt oW

Central Difference Form With Respect to P:-

f, - f
df(X) b a 2
x |, * "= ¢ 0(h?)

FIGURE 2 Principle Finite Difference Forms
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where the leading error is now 0(h2). By using weighted combinations
of these three difference formula it is possible to derive other, more
complicated, difference approximations.

A leading error 0(h2) indicates that a change in h to $h will
reduce the error to %-of its original value. Consequently, in any finite
difference scheme central differences are preferable due to the associated
smaller truncation errors. Figure 2 shows that for the curve f(x), the
tangential slope at P is better approximated by the central difference

chord AB than either the forward or backward difference chords PB and

AB respectively.

3.3.2 THE FINITE DIFFERENCE APPROXIMATION FOR THE WAVE EQUATIONS

With the three basic finite difference formula having been derived,
it is now possible to express the orders of approximation of four finite
difference schemes commonly used to represent the shallow water wave
equations (3.1) and (3.3). The schemes include, the forward and central
explicit and the backward and central implicit representations - the
backward explicit and forward implicit schemes do not exist.

In an explicit method the unknown value is expressed directly in
terms of known values. For the time dependent one-dimensional problem
defined by Eqs. (3.1) and (3.3) this means that an unknown value at the
advanced time level (n + 1)At can be calculated directly from values at
the known, present time level nAt and from values already calculated at
(n + 1)at.

If the water level n and the velocity U are defined at the grid
points j and j + ¥ respectively, the forward difference explicit repre-

sentation of Eqs. (3.1) and (3.3) can be expressed as:-
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1 n+1 n h n n
€ ("j - nj) + A_x(uj'f-} - Uj'i) = 0 (3.9)

= (u::; - )+ f;("gn - “:) =0 (3.10)
and s illustrated in Fig. 3(a). In both these equations the finite
difference approximations of the time and space derivatives are at the
different time levels n + 4 and n respectively, i.e. the equations are
not time centred. Consequently, the scheme has a first order accuracy
with a leading truncation error 0(At).

The central difference, or leap frog, explicit scheme can be

written as:~
1 n+1 n h n+i n+}
it (nj - nj) + x (Uj"'i - Uj'&) = (3.11)

1 (um’i - un.fT + L (nn - nn) = 0 (3.12)
jt+t j+ Ax j+1 J :
and has a physical representation as shown in Fig. 3(b). In this case
the difference approximations of the time and space derivatives are
both fully centred, giving the scheme a second order accuracy and a
truncation error of 0(At2) + 0(Ax2).

For implicit schemes the finite difference structure is somewhat
different., The value of the computed solution at any particular grid
point depends on the solution at the adjacent grid points and for the

same time level, unlike explicit schemes where the unknown value is

directly expressed in terms of known values. Because of this difference
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the equations of motion for an implicit scheme cannot be solved directly
for the required solutions of n and U, as with explicit schemes, but must
be solved simul taneously. This, more complex, method of solution accounts
for the higher computational cost per grid point per time step concluded
by Weare (117) and discussed previously in section 3.1.

The backward difference implicit scheme, representing Eqs. (3.1)

and (3.3), illustrates this differing representation:-

1 n+1 n h n+1 n+t
It ("j - “j) * i (ujﬁ - uj_*) = 0 (3.13)
1 n+1 n q n+1 n+1
it (”w.«' “M) * ax (“m T ) =0 G

which has a space-time structure as shown in Fig. 3(c). Again the
difference approximations of the time derivatives are not centred,
resulting in a first order scheme with truncation error 0(At).

Finally, the central difference, or Crank~Nicolson, implicit
scheme representing Eqs. (3.1) and (3.3) can be written as:-
1 q+1 n h n+1 n+1 n n
_(rk - nj) + m(uﬁ__} - Uj‘i + Uj+ic - UJ’i) = 0

(3.15)

n+l n g9 n+1 n+1 n n
i+ T ”m) t o2ax (“w I T T2 I "J) -0

(3.16)

[~
nl"

which is a combination of the forward explicit and backward implicit

schemes and is illustrated in Fig. 3(d). As the finite difference
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equations are time centred by averaging the spatial differences between
the forward and backward times, this scheme has a second order accuracy
with a truncation error 0(At2) + 0(Ax2).

It has already been shown that in order to represent a differential
equation as accurately as possible by finite differences then a second
order, i.e..fully centred, difference scheme should be used. Consequently,
at this stage one is led to conclude that the central difference explicit
and implicit, or some form of either scheme, are most suitable for

accurately representing the shallow water wave equations (3.1) and (3.3).

3.4 CONSISTENCY

For any finite difference scheme with a centre point, j,n say It
is usually desirable that in the limit as Ax,At -+ 0 the difference
equation should contract, about the centre point, to the original diffe-
rential equation, i.e. the truncation error terms should disappear. I f
this requirement is satisfied the difference scheme is said to be consis-
tent with the differential equation, or unconditionally consistent should
the error terms tend to zero regardless of how Ax,At - 0. On the other
hand, if the error terms do not disappear as Ax,At + 0 then the solution
to the inconsistent difference scheme will be the solution to some diffe-
rent, and not the original, differential equation.

In some cases, particularly where the physical problem cannot be
adequately represented by the appropriate differential equations -
usually due to appreciable energy losses - the use of inconsistent finite
difference schemes can often be advantageous. A deliberately inconsis-
tent scheme can be constructed such that, under limiting conditions,

residual terms arise which act in a pseudo-viscous manner to dissipate
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the energy of high frequency disturbances. A classic example of the
frequent use of inconsistent difference schemes is in computing the
floodwave profile of a breaking dam, see Liggett and Cunge (69).
However, in solving the shallow water wave equations (3.1) and
(3.3), where energy losses are relatively small,'the use of an inconsis-
tent finite difference scheme is undesirable, particularly if mass and
momentum are to be conserved. From the outset, it is therefore essential
to ensure that any difference schemes considered should be consistent
with the differential equations that they are to represent. Using the
central difference, or leap-frog, explicit scheme of section 3.3 as an
example in checking for cansistency, the Eqs. (3.11) and (3.12) can be

rewritten as:-

n+l n n+% n+%
- hat -
T T ( i+ ”j-;) (3.17)
n+} n-% acl| P n’
Yy T Vi T ‘%R‘("jn "‘J) (3.18)

The individual terms in Eq. (3.17) do not correspond to the centre point
j,n+% and therefore need to be expanded, using Taylor's series, in terms
of their corresponding values at the point j,n+}. The terms when

expanded give:~-
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. n+d n+}
"o fa) T, 1[2%0) A
% ALY 2|3t Fl\eeF); 7
n+%
_ 1{233 At3+
F?E?J.T"

n+; n+}
v = U + 13U Ax 4 A 2%y bx?
J+i j 2 | 3x f * T3 '&'IJ. 27

13V 1[32u] ax2
Y2 7 Y T T(K)j hr # r(s;r}j 2T

n+}

- 13y} ad
FS?@’J. 3!

Substituting in Eq. (3.17) and dividing by At, this gives:-

3 + 2
+%(-§—;“3’-T 9-3",— + eees (3.19)
J

+ %(.g_}g}%ﬁ + ] = 0 at j,n+} (3.20)



Equation (3.20) is simply another way of writing equation (3.17), with
the second square bracketed term being the truncation error. In the
limit as Ax,At + 0, regardless of the manner in which they do so, the
truncation error will also tend to zero. Consequently, as the truncation
error tends to zero the difference equation (3.17) will converge, about
the centre boint j,n+%, to the original differential equation (3.1).
In a similar manner the difference equation (3.18) can be shown to converge,
about the centre point j+},n, to the differential equation (3.3). With
both these difference equations converging to their corresponding
differential equations, this central difference explicit scheme satisfies
the requirement of being unconditionally consistent with the original
shallow water wave equations (3.1) and (3.3).

The three other finite difference schemes discussed in section
(3.3) can also be shown to be unconditionally consistent with the original
differential equations (3.1) and (3.3). Thus, from the standpoint of
consistency, any one of these four basic difference schemes may be used
to represent the shallow water wave equations without any residual terms

arising through the truncation errors.

3.5 CONVERGENCE

Although a difference scheme may be consistent with the corresponding
differential equations, the solution to the former need not necessarily
converge to that of the latter as Ax,At =+ 0. It is possible, for certain
values of the time step At and the grid size Ax, that the numerical
solution will either become unstable or may even converge to an incorrect
analytical solution. To ensure that this does not happen any proposed
numerical scheme must be analytically tested such that in the limit, as

Ax,At » 0, the convergence properties of its solution are known.
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The manner in which convergence is generally tested for can be
best illustrated by again analysing the central difference explicit

scheme of section 3.3. Writing the equations as before, this gives:~-

n+1 n hat n+} n+¥ )
I B R (3.21
n+} n-% At n n

ujﬁ = ujﬁ - 95- (njM - nj) (3.22)

If the exact solutions to the differential equations (3.1) and (3.3) and
the difference equations (3.21) and (3.22) are denoted by H,u and n,U
respectively, then the co;responding differences between these solutions
can be defined as e = H -nand f = u - U. These differences between

the analytical and the numerical solutions are called discretization

errors and can be substituted into Eqs. (3.21) and (3.22) to give:-

n+1 n n+1 n ) hAt n+} n+}

5 Tt N “1) i Ti‘(fm AT
n+ n+}
TelUjy t uj'i) (3.23)
and

n+} n-% n+} n-% acl ™ n

Fieg = Tjp v Y “m) ax G+ T %
n n

Expanding the analytical solutions in terms of their corresponding
Taylor's series, as for section 3.4, and substituting into Eqs. (3.23)

and (3.24), this gives:-
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en+l i} en _ hat ( 1:n-i-{¢ fn+~}

J J Ax | j+i j-%
n+% n+}

+ At[% +.... +% + ] (3.25)
j o B

and:~

n n
+ At[-")—::'- + eeen +9:7H + ] (3.26)
J+ j+i
n+i

Substituting Eq. (3.26) in Eq. (3.25) to eliminate fj+i leads to:-

n+1 n+3 21 n 2 N
- hit = (1-gnlt s,
e-i h X fj'i (1 gh A )ej + gh Ax ej+l
- hAt 2H 2u
h Ax fj+i + At[ tj + ® e s + h axj + e o0 ]
At2 [ 3u" aH" ]
h 28| 9y oo+ g = ¥ oeens (3.27)
Ax L 3%y 9% 14y

2
If gh %&7 € 1 then all the coefficients of e, as well as f, will be

positive such that Eq. (3.27) can be written as:-

n+1 n+d 2 n
At - At
ej h Ax fj"'} g (1 gh .A_XT ej
at2 | M ae |2
+ gh KF ej+1 h -A—; fj"’i’ + AtM
At2
h v N (3.28)
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where M and N denote the moduli of the maximum values of the respective

square bracketed expressions in Eq. (3.27).

then Eq. (3.28) simplifies to:-

N+l

I'H'-} 2
At At n
ej h Bx fJ."} 3 (l gh AxZ E
At2 _n At _n-} _ . At2
+ h xZ E h AxX F + AtM h AxX N

n _ , At _n-} _ 4 A2
g E hax F + AtM h 5o N

As this is true for all time levels, then:-

n

n+l At _n+} At _n-%
E hAan < E hZ- F + AtM

- - 2
s " - h‘A‘—;F“ 2 + 2ath - 2n Aty

Ax
etc., from which it follows:-
e - h%;-r"'* ¢ B - hALE0 4 nae
= nh %&; N

With the previous assumption that Ax

faster than Ax.
h At
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ix and h %%: such that the expressions M and N reduce to:-

if €" and Fn-i represent
the modulus of the maximum error at the n and n-% time level

respectively,

At2
h X N

(3.29)

x: 3Y/gh, then At cannot tend to zero

Consequently, in the limit as Ax,At + 0 so too will



. . n+} n
H u au oH
(a—t- + h 3—x)j and (ﬁ + 93, respectively, which,

)

on substituting in Eqs. (3.1) and (3.3), can both be equated to zero.

This simplifies Eq. (3.29) to:-

" ¢ E° (3.30)

However, as e'} = H;.' - n? then E" o so that Eq. (3.30) can be

n n
" -
i "

rewritten in the form:-

lug-ngl < |H‘J.> < n (3.31)

This proves that as Ax,At -+ 0, when gh %ﬁ; < 1, then the discretization
error (H - n) must decay with time, i.e. the numerical solution n must
converge to the analytical solution H. Substituting Eq. (3.30) into
Eq. (3.29) and multiplying throughout by.ﬁ¥% it can also be shown that
U converges to u for the same set of conditions.

Applying the same analytical treatment of convergence to the three
other bas;c finite difference schemes discussed in section (3.3), leads
to the conclusion that the forward difference explicit scheme does not
converge, whereas the two remaining schemes do - unconditionally.

If the method of estimating the convergence used previously were
applied to the full equations, including the diffdsive and convective
acceleration terms, the analysis would be extremely laborious. For this
reason, the various finite difference schemes considered in deciding how
best to numerically represent the differential equations (3.1) and (3.2)
were not analytically treated for convergence in this way. Instead,

use was made of the Equivalence theorem (see Ames (7)), which states that
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if the difference scheme is stable and consistent with the differential
equation then its solution will converge to that of the differential

equation.

3.6 STABILITY

In the previous section on convergence mention was made of the
exact numerical solution U, which, in theory, could only be determined if
it were possible to carry out all the numerical calculations to an
infinite number of decimal places. However, in practice each calculation
is evaluated to a finite number of decimal places, or significant
figures, and so a round-off error has to be introduced for each indivi-
dual calculation. This results in the computed solution being different
from the exact numerical solution U, and it is the behaviour of this
difference that gives rise to the study of the stability of finite diffe-
rence schemes, see Richtmeyer and Morton (90). Generally, a set of
difference equations will be stable if the cumulative effect of all the
rounding errors is negligible. If, on the other hand, the difference
scheme is such that the round-off errors are amplified as the computation
progresses, then the correct solution to the unstable scheme will be
swamped by the exponential growth of these errors. Clearly, this leads
to an unsatisfactory solution and it is therefore necessary that all
finite difference schemes should be checked for stability from the
commencement.,

To investigate analytically the stability of the finite difference
schemes available to represent the shallow water wave equations (3.1)
and (3.2), two standard methods can be used. The one method involves

expressing the equations of motion in matrix form and examining the
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eigenvalues of the associated amplification matrix; in theother method
the eigenvalues are determined by using a finite Fourier series.
Although the first method is the more rigorous, in that it includes the
boundary conditions, the latter approach is much simpler, and for this
reason has been the method used to test for stability throughout the

development of the present mathematical model.

3.6.1 STABILITY OF THE SIMPLIFIED WAVE EQUATIONS

Application of the Fourier stability method, introduced by
von Neumann in 1951 (90), can be illustrated by applying it to the central
difference explicit scheme. For convenience the appropriate finite

difference equations (3.11) and (3.12) can be rewritten giving:-

n+1 n At n+% n+%
( - nj) + h V) - = 0 (3-32)

n+ n-} At ( n ﬂ)
Uj"’i - Uj_’_i + Q'A-; le+1 - nj = 0 (3-33)

The first step in determining whether and under what conditions this
particular scheme is stable is to assume that there exists some initial
error for both n and U at every grid point between x = 0 and x = & at
time t = 0. These error lines n, and U, can then be respectively
decomposed into a finite, complex exponential, Fourier series as follows

(see Sokolnikoff and Redheffer (101)):-

N
n N
ney = L AP (j=0,1,2..1) (3.34)
J j=0 J
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where N = total number of grid points

A, = coefficients of the Fourier series

J

B = wavenumber = 2n/L, where L is the wavelength

i=/-1
and jAx gives the co-ordinates of each point as j = 0,1,2 ... N. A
similar series relationship can be developed for U*;.

As the finite difference equations (3.32) and (3.33) are linear,
and therefore their separate solutions additive, consideration need only
be given to the propagation of the error due to a single term, such as
Aje‘BJAx, see Smith (95). Also, if the constant coefficient Aj is
expressed purely in terms ‘of the corresponding error that governs its
value, the Eq. (3.34) may be simplified to give:-

n e pme
n*j = n*elaJAx (3035)

To investigate the propagation of this error function as the
time t increases, another finite Fourier series can be developed such
that when.t = 0 the solution reduces to that of Eq. (3.35). Using the
same procedure as before, the final time and space dependent error function

n
n*j reduces to:-

. s nlAt
n*j = n*eiBJAx e.cn (3-36)

where o = wave frequency = 21/T, where T is the wave period, and nAt gives

the time level at n = 0,1,2 e etc.

. n
The line of errors n*j.defined by qu (3.36). and U*j will Only
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decay with time if the modulus of the so-called amplification factor A,

or e‘Ot, is always less than or equal to unity. This is the von

Neumann condition for stability, which mathematically states that a

difference scheme will only be stable Pfi-

Al = (e < 1 (3.37)

n n
As the error functions "*j and U*j will satisfy the same difference

n n
equations as n, and Uj then substituting Eq. (3.36), and a similar

Jn
expression for Uy into Eqs. (3.32) and (3.33) leads to:-

t i igj t
(eio(n+1)b - e onAt) e 1BjAX n At

+ h AL_‘eiB(j+i)Ax

e;B(j-&)Ax) eic(n"‘i)At u, = 0 (3.138)

t (els(j+l)Ax

(eio(n+i)At - eio(n'*)At) e!8(i+)ax U, + g %;

‘ i
e‘BJA") e MMt 4, = 0 (3.39)

Dividing £q. (3.78) by e (P OM8t) and Eq. (3.39) by

ei(s(j+i)Ax + c("-i)At) and substituting A - the amplification factor -

for e' 94t gives:’
G- Dne ¥ AR L 2ising = 0 (3.40)

= *
G - 1)U /A, g %§ 2i sing = 0 (3.41)

= *
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where 6 = 3Ax. Eliminating n, from Eq. (3.40) and Eq. (3.41) gives the

following quadratic equation forA :-
A2 - (2 - hu2sinZ2g)r + 1 = O (3.42)

where y = JEF'%% - is the Courant number. Thus the amplification factor

for the scheme is, solving Eq. (3.42):-
A = (1 - 2u2sin2g) + 2ipsin o(1 - uzsin-’-e)i (3.43)

from which it can be shown that if usin @ ¢ 1 then |A| g 1 and the

scheme is stable. Since stability is necessary for all possible wave-
lengths of the error function, then this constraint must hold true for all
values of @. The maximum value of sin & occurs when 8§ = /2, which
corresponds to a wavelength of 2Ax, i.e. the shortest possible wavelength.
Therefore, the round-off errors introduced in solving these central
difference explicit equations will only decay with time, and so remain

stable, if the following stability requirement is satisfied:-

g 1 or %:-i—/g_h < 1 (3.44)

This stability requirement is rather severe for the type of flow fields
to be mathematically modelled. For example, to model the tidal flow
in a rectangular harbour with a mean depth h of 10 m and a grid size Ax
of 100 m, a maximum time step of only 10 seconds can be used. To
represent a complete tidal cycle, of period 12} hours say, this would

require 4500 time steps. Consequently, this particular difference
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scheme tends to be computationally expensive and for this reason is not
an attractive method of solving the shallow water wave equations.,

For the forward difference explicit scheme, given by Eqs. (3.9)
and (3.10) in section 3.3, the amplification factor A, for the term

e'OAt, can be determined in a similar manner giving:-

A = 1 & 2ipsine (3.45)
where:-

IA] = (1 + bu2sin2e)? (3.46)

As the term 4u2sin2p in Eq. (3.46) will always be positive then |A| 3 1,
and the stability requirement |A] g 1, given by Eq. (3.37), will only be
true for the limiting case where Ax = 0. Consequently, this explicit
scheme is always unstable and can therefore be disregarded as a means of
representing the original differential equations (3.1) and (3.3).

In the case of the backward difference implicit scheme, given by
Eqs. (3.13) and (3.14) in section 3.3, the amplification factor A can be

obtained in the same way to give:-

A = (1% 2ipsin g)”] (3.47)
where: -

[A] = (1 + bu2sin2e)”% (3.48)

Consequently, as 4u2sin2e will always be positive then |A] < 1, and so

this scheme will be stable for all values of the Courant number u, i.e.
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for any grid size and time step. With the amplification factor always
being less than unity, except for Ax = 0, the original line of errors
introduced into the difference equations will be continuously damped as
time progresses.

Finally, for the central difference implicit (Crank-Nicolson)
scheme, given by Eqs. (3.15) and (3.16), the amplification factor A can

readily be shown to be:-

(1 - u2sin29) + 2ipsin o (3.49)

A o= (1 + pZsinZe)

for all wavelengths. This scheme is therefore unconditionally stable,
with the original round-off errors neither growing nor decaying with
time.

On comparing the stability properties of these four separate
difference schemes, definite conclusions can be made in determining the
most suitable difference representations of theshallow water wave equations
(3.1) and (3.3). Firstly, the forward difference explicit scheme can
be disregarded due to its unstable characteristics for all Courant
numbers, i.e. y values. Secondly, the central differepce explicit scheme,
with its stability constraint y ¢ 1, can be disregarded purely on economic
grounds. Even though explicit schemes require approximately 20% less
computational effort per grid point per time step than implicit schemes,
see section 3.1, the small time step that this explicit scheme requires

makes it uneconomical in comparison with the implicit schemes and their
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unlimited time step size. As for the backward and central difference
implicit schemes, although both methods are unconditionally stable, the
latter is preferable because of its second order accuracy - as opposed

to the first order accuracy of the former, see section 3.3.

3.6.2 STABILITY OF THE COMPLETE WAVE EQUATIONS

So far, this stability analysis has been applied to the simplified
wave equations (3.1) and (3.3), where the momentum equation (3.3) has
only involved terms defining the dominant dynamic properties of waves.

At this stage, it is desirable to investigate how the stability of the
preferred central difference implicit scheme is affected by each individual
Jiffusive term of the more complete momentum equation (3.2). Deferring
the important non-linear convective accelerations to the next section,

the remaining terms include the effects of wind action, bottom friction
and the turbulent diffusion of momentum.

For the stability effect of wind action on the numerical represen-
tation of the wave equations (3.1) and (3.3), the appropriate momentum

equation can be written as:-

au L R S
=+ 973, PW 0 (3.50)

p_C*
. . a
where P coefficient defined as 5677773.

W = absolute wind velocity
As the term representing the wind effect has been assumed independent of
the water velocity U, then the central difference implicit equations will

be the same as before, except for the inclusion of the constant term PW2
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in the momentum equation (3.16). For convenience the appropriate

di fference equations are rewritten giving:-

n+1 n hAt n+1 n+1 n n

L T T m(“m R T T Uj-i)
-0 (3.51)
e B )

- PW2 = 0 (3.52)

which, on equating for n, as before, gives the following quadratic

equation for the amplification factor A:-=
(1 + uzsinze)l2 + (2u2sin%p - 2 - Zy)k + (1 + p2sin2g - 21)

- 0 (3.53)

where 2y = pu2y, e 18(2+1)

Solving Eq. (3.53) for A gives:-

(1 -~ u2sin20 + vy) (b(y+1)u2sin2p - 72)i

t+

A= (1 + y4sin<g) (3.54)
where:-
- ¥
= 2y
[A] (l * T+ uZsinZe) (3.55)

58



For the scheme to be stable, i.e. |[A] £ 1, then the following requirement

Is necessary:-

2y or PW 2
. 2 . .
(1 + u¢sin<g) (1 + uzsinze)u*ele(2J+],

£ 0
which reduces to:-

* W2
pacw

CET)] < 0 (3.56)

As all the terms on the left hand side of Eq. (3.56) will always
be positive, then this stability requirement will never be satisfied.
This means that the wind action will always tend to have an unstabilising
effect on the implicit scheme considered. However, for the type of flow
fields to be modelled, where the wind effects will be at least one order
of magnitude less than the dynamic head, this instability will generally
tend to be relatively weak and will have little effect on the numerical
solution. When the two-dimensional wave equations are considered, it
can be shown that the Coriolis terms - which take into account the earth's
rotation - introduce a similar weak instability into the solution.

To determine the stability effect of the bottom friction on the
difference wave equations (3.15) and (3.16), the appropriate momentum

equation can be written as:-

kL) 8n -
TR kT Qjuju 0 (3.57)

where Q= coefficient defined as tr—imyer and |U| can be treated as
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a constant value for the speed U. Expressing the friction term in a
fully centred implicit (Crank-Nicolson) manner and the remaining terms
as before, then the corresponding difference representation for Eq. (3.57)

can readily be shown to be:-

n+1, n gAt n+1 n+1 n n
Uieg = Yjeg * x| Mjer TNy Ny T

alulat n+1 n
+ _Lil_(ujh} + Uj+{; 0 | (3.58)

Equating (3.58) with the corresponding central difference implicit

continuity equation (3.51), the quadratic equation for the amplification

factor becomes:-
(1 + u2sin2g +8)22 + (2u2sin29 - 2)a + (1 + u2sin2g - §)

= 0 (3.59)

- Qujat _ ujat
where 6 ) iiﬁlilﬁsz

Solving Eq. (3.59) for A gives:-

(1 - u2sin%g) + i(4p2sin2g - 62)*
(1 + p%since + §) (3.60)

A =

where:~

h - [ fazsinze)? - g2 ©Gen
(1 + p4sin<e)% + 6(2 + 2u4sine + o) !
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As § is always positive, then 8§(2 + 2u2sin26 + §) > -82 such that
[A] < 1, i.e. the scheme will always be stable and the round-off errors
continuously damped.

Therefore, in solving the more complete shallow water wave
equations (3.1) and (3.2), the bottom friction term assists in the
stability of the difference scheme and imposes no constraints on the
values of the grid size Ax and the time step At. This stability improve-
ment plays a useful role in the computation, in that it tends to counteract
any instabilities introduced by wind action or Coriolis effects, parti-
cularly since in most cases the bed shear will be much greater than the
wind shear.

Finally, the influence of the effective turbulent stress on the

stability of the difference equations (3.15) and (3.16) can be determined

by analysing the following momentum equation:-

3y an . 2y :
=t 9o R|V| =z 0 (3.62)

where R = coefficient defined as GJFth+ )

In this case the difference representation of the turbulent diffusive
term is not so straightforward as for the bottom friction because of the
second derivative. If the diffusive term is represented in a fully

centred implicit manner as before,i.e.:-

- N+l n+1 n
32U R{U n - (
Rju| 27 - _L‘l‘zAx Vgt Vg 2{u,,, + ujﬁ)

n+1 n
iyt Y-

+ U
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then, at the new time level n+1, not only is the unknown velocity Uj+f
included but so too is the unknown velocity UJ+§'° This difference
representation of the diffusive term complicates the solution procedure
to be used, in that, it requires the sétting up of a five diagonal matrix
array of coefficients rather than a three diagonal matrix as required by
the other terms. The use of a larger diagonalised matrix in this manner
significantly increases the computational cost/grid point/time step and
for this reason makes the above difference representation unattractive.
To overcome this problem the term quéneeds to be represented at some
previous time level, i.e. in an explicit manner.

To satisfy this requirement, the most suitable difference repre-
sentation of the'diffusive term appears to be the Du-Fort and Frankel
fully centred explicit scheme ~ see Table 8.1 of Richtmeyer and Morton (90).
However, although this scheme has a second order accuracy, it does have
the disadvantage of not being consistent with the original differential
equation when Ax and At tend to zero at the same rate, i.e. if Ax/At
remains constant as Ax,At + 0 see Abbott (1). This means that, in
adopting this scheme, care needs to be taken when selecting the values
of the grid size and time step for the mathematical model. Thus, the
di fference representation used for the momentum equation (3.62) can be

written as:-

n+1 n git n+1 n+1 n . n
Uj+i - Uj+}*2Ax LIPS T | T L T ¥S B “j)

_ RJUat n+% i n+1 n n+i
‘JAx'f‘(”m- 2[Ujg + V) Uj-i)

= 0 (3.63)
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. OA s
If a denotes the amplification factor ei  for the continuity equation

igAt/2 £

(3.51), and A the amplification factor e or Eq. (3.63), then

equating (3.51) and (3.63) for n,, the quadratic equation for A becomes:=-
[(a = 1)(2¢ + 1) + p2(a + 1)sin28]22 =~ 24 cos 26A
+ [(a=1)(2¢ - 1) + y2(a + 1)sin2e] = 0 (3.64)

RIU 6vg(h
where ¢ = _Lz_l_A_t. - _/iéc Zxrzm)IUIAt

Solving Eq. (3.64) for A in terms of a gives:-
A = [¢cos 20+ 1 { -(¢ cos 26)2 + [(a - 1)(2¢ + 1)
+ (a+ Du2sin2e][(a - D2 - 1) + (a+ 1)uzsinze]}‘~‘]/
[(a=1)(2¢ +1) + (a+ 1)u2sin2g] (3.65)

which, on reduction gives:-

2 ol o= 1(2¢ - 1) + (a + 1)u2sin2p
A [ (a = 1)(2¢ + 1) + (a + 1)p%sin?g (3.66)
But a = elot . A2, and on substituting in Eq. (3.66) leads to:-

(2¢ + 1 + u2sin2p)a"* - hga2 + (2¢ - 1 - p2sin2p)

=0 (3.67)
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which simplifies to:-

2 254
b2 + (1 + u2sin2e)? (3.68)

1‘0
(2¢ + 1 + u%sin<0)“

Consequently, as the value of ¢ cannot be negative then the right hand
side of Eq. 13.68) will always be less than unity, this means that |A| <1
and the scheme is always stable.

The turbulent effective stress therefore has the same effect on
the stability of the central difference implicit wave equations (3.15)
and (3.16) as the bottom friction term. Again the stability of the
di fference scheme is improved with no constraints being imposed on the
values of Ax and At, apart from the consistency requirement that Ax and
At should not tend to zero at the same rate.

In summarising the results of this linear stability analysis, the
most suitable difference representation of the shallow water wave
equations (3.1) and (3.3) is the fully centred (Crank-Nicolson) implicit
scheme. By itself this scheme is unconditionally stable with an ampli-
fication factor of unity, however, if the bottom friction and the effective
stress terms are included, then the overall stability of the difference
equations is improved. The effects of the wind stress and the Coriolis
term are to introduce weak instabilities into the scheme, but for most
practical purposes these instabilities will have a negligible influence

on the numerical solution.

3.7 NON-LINEAR INSTABILITY

In most of the mathematical models of horizontal flows documented
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in the recent literature, the convective acceleration terms have either
been neglected or have had little effect on the value of the final
numerical solutions, e.g. Hansen (42,43), Leendertse (63,64) etc. This
has generally been due to the fairly uniform nature of the flow fields
being modelled, e.g. wide estuaries, and the dominance of such hydro-
dynamic features as pressure gradients, oscillatory flows, wind effects
etc. However, for the type of flow fields being considered in this
thesis, i.e. a jet issuing into a circular reservoir and a tide flowing
into a narrow entranced harbour, the convective accelerations, associated
with the sudden changes in the lateral cross-sectional area, are of
extreme importance. Hence care has to be taken to ensure that the non-
linear accelerative terms in the depth averaged equations (2.51) and (2.52)
do not give rise to instabilities.

The occurrence of non-linear instabilities, in many of the numerical
methods used to solve the equations of motion, is discussed by Phillips
(84) in terms of the physical process of transferring turbulent energy
from large to small scales through the non-uniform characteristics of the
flow. In the numerical representation of this process, energy cannot
be transferred to scales smaller than twice the grid size, and for this
reason tends to accumulate at the corresponding wavelength, i.e. 2Ax.
This results in an explosive growth of oscillations which, after some
time, can completely swamp the correct numerical solution.

One of the most common approaches used to suppress the growth of
energy at these small wavelengths is to introduce an artificial viscosity
type energy dissipation process into the mathematical model. This has
the effect of simulating the transfer of turbulent energy to scales

smaller than twice the grid size by artificially smoothing the numerical
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solution. The procedure generally adopted for this purpose is to
spatially average the computed velocities, at the end of each time step,

by using a weighting factor o and an equation of the following form:-

_h+l n+1 o [ P n+1
Uj""& = (1 = t!)Uj..“k + i(uj‘._% + Uj'i] (3.69)
n+1
where Uj+i = the computed velocity
n+1

UJ*i = the averaged velocity

with a being typically of the order 0.01, see Kuipers and Vreugdenhil
(58). However, there are two basic disadvantages with using this type
of method. Firstly, there is the difficulty in selecting the most
appropriate value for the weighting factor a; secondly, it is impossible
to determine how much of the smoothing process is used up in damping out
non-linear instabilities, rather than diffusing the small scale turbulent
energy.

Due to these disadvantages and the relatively high degree of
turbulent energy transport expected in the flow fields being considered,
this artificial energy dissipation process has not been included in the
mathematical model. Instead, a numerically stable representation of
the non-linear terms has been sought such that the accumulation of short
yavelength energy might be damped by the difference scheme itself, i.e,
in the same way as the round-off errors were damped in the previous
section. Although this numerical process of dissipating energy is analo-
gous to the physical dissipation of small scale turbulence by viscous

friction, the former is not a correct mathematical representation of the
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latter. Consequently, in the mathematical model energy will not strictly

be conserved.

To determine the influence of the non-linear terms on the stability
of a finite difference scheme, it is not analytically correct to consider
the propagation of only one Fourier component as before. This is

because different components of the Fourier series will interact with

one another through the non-linear terms. However, it is usually possible

to get some idea of the stability of a non-linear difference scheme by

considering a linearised version of the appropriate equations. This can

be achieved by splitting the non-linear terms into linear components with

constant coefficient, see Richtmeyer and Morton (90). Thus, for the

shallow water wave equations being modelled, the corresponding quasi-

linearised momentum equation can be written as:-

u v an
at + Uo X 9 ax 0 (3.70)

where Uo is a constant local value of the velocity U.
in the literature, most of the mathematical models for the wave
equations.(3.l) and (3.70) have included the convective accelerations in

an explicit form,even though the other terms may have been expressed

implicitly, e.g. Leendertse (63,64) etc. Combining this explicit repre-

sentation of the accelerative term with the fully centred implicit scheme

so far considered, the difference equation for the momentum becomes:~-

n+1 n At n n
Uisg = Y * UoZI(an - Uj)

-

n+1 n+1 n n
At
%&(nj*_l - nj + 'ﬂj+1 = nj] = 0 (3-7])

67



Equating (3.71) with the continuity equation (3.51), leads to the following

quadratic equation for the amplification factor A:-

(1 + u2sin2)22 + 2(-1 + u2sin2p + yisin 8)A

+ (1 + u2sin2p - 2yising) = 0 (3.72)

UoAt

where y = X

Solving Eq. (3.72) for A gives:-

(1-u2sin2g~-yisin 8) + [4(1-yisin 8)u2sin2p + yzsinze]*

A-
(1 + u2sin2p)
(3.73)
where:-
Iy2sin2
2] = 1 + 0 +Yu3;?ngeyz (3.74)

With y2sin2g being positive then, apart from 6 = 0,rw,etc., ]Al > 1 and
so the scheme will always be unstable. Consequently, as a stable scheme
is being sought to counteract the growth of turbulent energy at short
wavelengths, the convective acceleration term needs to .be represented in
some other form.

Considering a fully time centred representation of this term, the

finite difference momentum equation can be rewritten as:-
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-

n+1 n U At | n+} n+%
(”w ) )

o
Y5 7 Y * Y
git n+1 n+1 n n
*ZAX nj+1 = nj + le+1' nj ) = 0 (3-75)
ioAt

If a denotes the amplification factor e for Eq. (3.51) and A the

icat/2

amplification factor e for Eq. (3.75), then equating for n,, the

quadratic equation for A becomes:-

[(a + 1)u2sin2g + (@ - 1)]22 + 2i(a - 1)sin6)A

+ [(a + 1)u2sin2¢ - (a-1)] = 0 (3.76)
Solving Eq. (3.76) for A in terms of o gives:-

[-yi(u-'l)sin e:i{yz(u-l)zsin?—e + (c.-l-l)zu"sin“e - (0.‘1)2}]*

[(a + 1)u2sin2g + (a - 1)]

(3.77)
which simplifies to:-
2v2(a=1)2sin20 + (a+1)2ylsintg - (a-1)2 (3.78)

2 =
A Z(a2-1)u251nZ6 + (a*1) 2 "sin"0 + (a-1)2

foat

But A2 =g = e , and on substituting in Eq. (3.78) the relevant

modulus of a becomes:-

la| = [ -1 + 2y2sin?g + D“SE"“a] ¥ (3.79)

1 + 2ussinép + y'tsin*g
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Provided -1 + 2y2sin20 5 1 then, since 2u2sin26 is always positive,

la| < 1 or |A2| <1 and the scheme is stable. This imposes the constraint:-
ysin & g 1 (3.80)

and with stability being necessary for all wavelengths, Eq. (3.80) must
be satisfied for all values of 0. For the limiting case when 8 = /2,

i.e. L = 2Ax - the shortest possible wavelength, then the requirement for

stability reduces to:-

Yoax ¢!
i.e. |UI < 2(-
At

For the type of flow fields to be mathematically modelled this
stability requirement is not too severé. For example, to model the
Jjet induced circulatory flow in a reservoir with a grid size Ax of 100 m
and a jet velocity of 1 m/sec., a maximum time step of 100 secs. may be
used., fhis limiting time step is far less severe than the 10 secs.
required, for a 10 m depth, by the explicit stability constraint (3.44).
Consequently, this novel finite difference representation of the non-
linear convective acceleration term seems to be most suitable for the
purpose of continuously damping the production of small scale turbulent
energy. With this term being represented in a numerically stable manner,
the corresponding round-off errors will also be continuously damped and
the stability of the difference scheme as a whole further improved.

Another problem that frequently arises with non~-linear terms is
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their numerical representation at the boundaries of the model, see
Kuipers and Vreugdenhil (58). However, the effects of the boundaries
cannot be predicted analytically and for this reason have to be investi-

gated by numerical experiments.

3.8 ACCURACY

Although a finite difference scheme may be stable and consistent
with the original differential equations, the sum of the truncation
errors may still be large enough to proviéé a relatively inaccurate
numerical solution.Consequently, it is desirable to be able to obtain
some analytical description of the accuracy of each finite difference
scheme.

In the numerical representation of the shallow water wave equations
(3.1) and (3.3) the usual measure of accuracy is a comparison of the
celerities of the numerical and the physical wave. The manner in which
this accuracy is generally determined can be best illustrated by again
analysing the central difference explicit scheme of section 3.3. For

convenience, the difference equations can be written as before:-

n+1 n hat n+} n+}
le - nj + -H (Uj+* - uj-i' ) = 0 (3.81)
n+% n-% n n
- git - - :
Uisg = Y * (njﬂ “j) 0 (3.82)

with y £ 1 for stability and an amplification factor of:-

A = (1 - 2u2sin2%0) =+ 2ipsin 6(1 - 1.|2<.iir\26)4‘r (3.83)
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Defining the numerical wave celerity as:-

L . ¢
Cn = T E (3.84)

and with the shallow water wave velocity being:-
C, = Ygh (3.85)

then the measure of accuracy with which the numerical wave is propagated

is given by the ratio:-

- = 2 (3.86)

However, from the definition of the amplification factor, i.e, A = eiaAt,

the wave frequency o can be represented in the following complex

notational form:-

g = -A‘Targ.l (3.87)

giving, for the measure of accuracy:-

C
no. arg.i
p
where, as before, 8 = B_;\X_ and y = At;’;PT .
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The argument of the amplification factor can readily be evaluated

as:-
arg.A = oAt = sin-1[(1-uzsinze)i2usin ) (3.89)

Simplifying this equation, the terms on the right can be approximated by
expressing sin & and sin-l[(l - uzsinze)iZusine] in their corresponding
series forms. Since, for stability, u < 1 and for the type of flows
being considered the wavelength L will always be appreciably larger than
the grid size Ax, f.e. 8 (= 3%5 ) <1, then terms of higher orders than
1363 may be negiected. Introducing the appropriate series expansions,

as given by Hughes and Gaylord (53), Eq. (3.87) can be reduced to:-
02
arg.x = 2ue6 |1 T (1 -u2+ ...) (3.90)
Substituting in Eq. (3.88), the measure of accuracy Cn/Cp becomes : -

c
- {1 - Ea-wee (3.91)

ol
o, |3

where u6 < 1, A graphical representation of this equation, for differing
values of 6 and u, is given in Fig. 4.

For the central difference implicit scheme, given by Eqs. (3.15)
and (3.16), the amplification factor A can be written as before, i.e.
Eq. (3.49):-

. {1 -y%in2e) + 2ipsin @
A T+ pZsinZo) (3.92)
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with an argument most suiltably expressed as:-

2u_sin 9 ) (3.93)

-1
arg.A tan (l—_uzs—iﬁ'z—e-

Substituting the appropriate series expansions, as for the central

difference explicit scheme, Eq. (3.93) reduces to:-
92
arg.A = 2u6 (l e (1 + 2u2 + )) for o ¢ &

and (3.94)

argox- % - 1 I + ...

2u6 (1 - %§-+ u2e2 + ...]

for ue >3

This gives, for the measure of accuracy:-

c 2
Eﬁ- - (l - %T (1 + 242 + ...)) for ue < ¥

and (3.95)

c
_n- = - 1 +

2
‘luzaz(l -%—+u292+ ...)

for ue > %

and can be graphically represented as shown in Fig. 5.
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Similarly, for the backward difference implicit scheme, given by

Eqs. (3.13) and (3.14) with an amplification factor:-
A o= (1 & 2ipsine)’} (3.96)

the corresponding measure of accuracy can be evaluated as:-

c 2
Eﬁ - (1 - %r (1 + 8,2 + ...)) for yo < %
and (3.97)
cn T 1
E; = T - + ... forue > %

4292 (l -262-+ cee )

The accuracy of this particular implicit scheme is illustrated in Fig. 6

and, on comparing with Fig. 5 (or Eq. 3.95), is clearly the less accurate

of the two implicit schemes considered, i.e. the Cn/Cp ratio is always

smaller. This result is not surprising, bearing in mind that the leading

truncation error of the backward implicit scheme is of the first order
whereas that of the central implicit scheme is of the second order - see

section 3.3.2. Due to this greater degree of inaccuracy, this backward

difference scheme is not given further consideration.

In comparing the ratio of the numerical and physical wave
celerities for both the explicit and implicit central difference schemes
(Figs. 4 and 5) a number of general conclusions can be made. Firstly,

as the grid size Ax is continuously reduced the accuracy of both schemes
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improves. On the other hand, if the time step At is reduced, i.e.

u »> 0, then the accuracy of the explicit scheme deteriorates while that
of the implicit scheme improves. At the stability limit of the explicit
scheme, y = 1, the ratio Cn/Cp is unity for all wavelengths and, under
these conditions, the scheme represents the différential equations
exactly. However, this is not true for the fmplicit scheme when p = 1,

Another important property which can be deduced from the graphs is
that the ratio Cn/Cp is less than unity - except for the explicit scheme
when y = 1. This means that for all values of p and Ax/L the numerical
wave travels more slowly than the physical wave and is due to the
numerical damping associated with the truncation error.

Finally, for the same grid spacing and time step, i.e. the same
Ax/L and yu values, comparison of Fig. 4 and 5 leads to the conclusion
that the explicit scheme is always more accurate than the implicit scheme.
However, the advantage of using an implicit scheme is that a much larger
time step may be used and the computational effort thereby reduced.

For the type of flow fields being considered, where jet diffusion
introduces appreciable velocity changes over short distances, the grid
spacing nEeds.to be relatively small. Due to the long periodic unsteady
nature of the flows, e.g. the tidal flow, it Is necessary to choose a
time step large enough to ensure that a realistic period of unsteadiness
can be modelled at a reasonable computational cost. To satisfy these
requirements it is desirable to select the implicit scheme, even though
the spatical variations will be represented somewhat less accurately.

In summarising the development of the most suitable finite diffe-
rence representation of the wave equations (3.1) and (3.2), Table 1 shows
a comparison of the fundamental numerical properties of the difference

schemes considered in this section.
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NUMERICAL PROCEDURE FOR SOLVING THE

FINITE DIFFERENCE EQUATIONS

b.1 THE TWO-DIMENSIONAL DIFFERENCE EQUATIONS

A cémparison of the numerical properties of the various finite
di fference schemes analysed in Chapter 3 has shown that, wherever possible,
the terms of the shallow water wave equations (3.1) and (3.2) should be
represented in a central difference implicit manner. Also, to avoid
the'problems associated with non-linear instability, the convective
acceleration term should be centred in time, particularly if no artificial
viscosity-type effects are to be included in the solution. As this
requires the velocity U to be expressed at three different time levels,
the second derivative of the effective stress term can be readily repre~
sented in the Du-Fort and Frankel explicit form. This has the advantage
of reducing the computational cost. By applying these conclusions to the two:
dimensional depth averaged equations of motion (2.51),(2.52) and (2.53), the
most suitable finite difference equations can be developed to include all the
grid points 1 > Mand 1 + N, in the x and y directions respectively.

The corresponding difference equations are expressed in an
Alternating Direction Implicit (ADI) manner such that for each computing
cycle two successive time level operations are performed. For the first
operation, from time nAt to (n + %)At, the derivatives and terms involving
U and n of Eqs. (2.51) and (2.53) are approximated in an implicit form,
while those of V are approximated explicitly. Application of the
resulting finite difference equations to include the M grid points along
a row parallel to the x direction, gives (M = 1) continuity and momentum

n+i

equations for the corresponding unknown values U"+* and n With
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(N = 1) unknown grid points parallel to the x direction, the advancement
of the equations over the whole domain incorporates the solution of (N - 1)
independent sets of equations, each set containing (M = 1) unknowns,
Similarly, for the second operation, from time (n + 3)At to (n + 1)At,
the derivatives and terms involving V and n of Eq;. (2.52) and (2.53)
are approximéted implicitly, while the previous implicit values for U
are now approximated explicity. Again, the continuity and momentum
equations are written for each non-boundary grid point along rows parallel
to the y direction. This gives (M - 1) independent sets of equations,
with each set containing (N - 1) unknown values of v and nn+1.

To represent the equations in two dimensions the computing grid

illustrated in Fig. 7 is used, together with the following notation shown

for n, see Leendertse (63):-
k< n(jaAx, kAy, nAt), Ax = Ay = As

where (jAx, kAy) is a spatial grid point with
J = 0,3,1,2,2, ...
k =0,%,1,2,2, ...
n=020,%1,2,2, ...

and, for average values at the grid points:-
DIV LITRRL LY

-

Y
D1 LITPPRE N Py
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N,k *("j-i.k-a *oNey ke

+ n

*oMjed,k-y j+i.k+1r)

Thus, for the first operation, the continuity equations (2.53) along a

grid line in the x direction reads:-

n+} n n+k
At - - X
(“J.k } "j.k) t 2s [("y ton )m,k Yotk

n+% n=1
- B = Y
( Y + nx) joak Yienk ] + 2As [(h + M j.k+ivj,k+i
- (F* e W) S I (4.1)
Jok-% J k-% ’

and for the x direction momentum equation:=-
n+} n-
2 2At -X -X
(Ujﬂ,k i ”j+g,,k) * 'E'[( Yjer, J: [” ]
[ o 1 e )]
* [j+i k+%+p(vj+i.k+i) - "j+i.k-i+q(\’j+i.k-i)

—n At n+d n-% n+} n-}
- ZAthjH,k + Eg nj"'l,k + nj""’k - 'ﬂj’k = nj’k

n+% n-% n-% 2 _n 2 1%
+oag | (U, Ujﬁ,k) [(Uj+i,k * (vj-r-},k) ]
[(Fy + 1% ) j+i,k(-c-x ) jﬂhk]] - 2Atpac*wx/[p(FY + Hx)jﬁ.k]
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12 At [FY+7%) 1y [

Jh‘kl(ﬁ"'k i .I+ik

As? =X
Cjrk
n-3 n-% rl+i
Yk Y ik) + |V, kl( ke Yjag k
n-% n-%
Vg ”H.k-l) -0 (8.2)
. =X
where p = ( - ) and q = ( -Y-x
27 ] ag e 2V o e

For the second operation the equations are:-

n+1 n+} y —x) n-%
(“j.k ) "j.k) * 2A5[(h o ek Yk

B J-d.k U::i"] g 7 :(FX + ;‘-y)j,k«l-i V'J‘jlldi
T ;yli:k-i "T:i] =0 (4.3)

and:-
(v:j'l“'i i v;:l:ﬁ ¥ ZM[ v, k+1)2 - (ij.k 2]"

n+i n

24t —y n+}
T Vj-ieq ket ( U5-1,ke4 ] ]

2s [ Vitiep, ki (”Jq, K+ )

-

N+ At n+1 n n+1 n
+ ZAthj k+} + -A—Sg nj,k'l‘] + nj,k+l - nj,k - nj,k

n+1 10 B n 2 | %
Poatgl Vst k+1,) [( j.kexl F (Vj,k+i] ]
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[(T"x.'f ?y)j.kﬁ {Eyﬁ.kﬁ] T e C*W'/ " j’-kﬁ]

S L )j.k+i b
A J.k"‘il ket T Vg ke
Jok+d
n=-1 n n+1
© Vet Vj-! k+i) * vj.kﬂ”vj,k% ) V.i.k+i
n-1 n
T Vi "j.k-&) -0 (-0
-Uv ) (
where p and q = -
21“ | jag, ey 2007115y ey

The only terms requiring special mention at this stage are the
convective accelerations expressing the lateral transport of momentum in

the x and y directions respectively, i.e. the UV products. These terms

are represented in such a way that their spatial locations are dependent

upon the direction of the velocity component perpendicular to the axis

direction being considered. For example, the grid location of the

product UV when considered in the x direction depends on the sign of V.
This scheme allows the momentum pU, and similarly pV, to be evaluated
more nearly at the position where it originates. Thus, momentum is more
rigorously conserved in the finite difference sense - see Williams and
Holmes (121).

For the difference momentum equations (4.2) and (4.4) to be linked
by the continuity equations in the manner shown, it ts not possible for
the derivatives of the water elevation to be fully centred in time.

However, even though these terms are represented in the forward difference

form, they are averaged throughout the equations to give a reduced leading
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truncation error of 0(At/2). The use of central differences in space

(for all the terms) gives truncation errors of the second order for As,
i.e. 0(As2). The remaining numerical properties of the equations (4.1)
to (4.4) are the same as those for the central difference implicit scheme
of Chapter 3, together with the time centred convective accelerations and
the Du-Foré and Frankel representation of the effective stresses. The

stability of the equations is therefore governed by the non-linear

accelerative terms and hence reads:-
lu] + v] ¢ & (4.5)
S At

Care needs to be taken in choosing values for As and At such that, in
conjunction with the open boundary conditions, the inconsistent behaviour

of the Du-Fort and Frankel scheme has a negligible effect on the final

solution.

4.2 SOLVING THE EQUATIONS BY THE GAUSSIAN ELIMINATION METHOD

For the tybe of problem at hand requiring the solution of a large
number of simultaneous equations, the method of Gaussian Elimination and
Backward Substitution is by far the most appropriate numerical solution
procedure. The alternatives, chiefly involving iterative techniques,
are generally too expensive (in the computational sense) for the number
of unknown terms typcially involved, see Weare (117).

To solve the equations (4.1) and (4.2) by Gaussian Elimination,

the unknown implicit terms first need to be separated from the known

explicit and constant terms. Using Leendertse's notation (63) this gives,

for the continuity equation (4.1),:-
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n+} n+§ n+} n-%
e Vjerk Mkt Tieg Yapk T M (06)

where:~-

At n n
1+ T &S (hj-&.kﬁ FPpepker et "J.k)

- At h + h + " + "
1+ T 288 | "kt Mg, ked ek M,k

n-% n At n n n-1
Ak = Mkt iz;( FETUSRALIE A VR £ I L

At ) n n n-1
i 'Z_A-s'(hjﬂr.kﬁ P Peges ke k)Y ey
and for the momentum equation (4.2):-
n+} n+} .n+} n-%

M T Sl SNk 7 Bk (A7)

where

At
Sj = Sj+1 = gA—S

Sjep = 1+ Bty [{U:;:,k 2 . (v;ﬁ,k)z]y

[.(Fy + T‘.X) j+i ok (Ex)jﬁ,k]

Y & X n-% n

At ( 143,k =

* Rz [Uj+i.k * [Teand
JHk
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n=-% b

3 2At T - =x | 2|"

Birk T ek 'I?[“+1d (%m)]
28t ¥ 7* no "* (v )
as | Ujedkedep | Viedked J+i k=3+q | "j+i,k-%

+ 2Atfv - At nn-i - nﬂ.i
J+E,k As 9| Mj+1,k .k

-3 -3 - 3
st 9 (Uey i [PLLkZ * ;ikz]//
[(Fy + ;x)jﬁ,k(fx ) jﬂc,k] + 2“"ac*wx/["(ﬂy +;x)j+i,k]
At /-( + ;x)Jﬁ,k [

+

-3
J+, kl ( Ujer, k" J+i k Uj-i.k)

As‘ TX

J+£.k

n-% n-%
Hid(Jﬁkﬂ T Ykt Ykt
When all the grid points 1 - M are considered along the row, k,

parallel to the x direction, the Eqs. (4.6) and (4.7) constitute a

tridiagonal matrix of the form:-
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_ - n+} n-% n+¥
______________ ~ 1 - a7 e 7
'S‘ 53/2 52 0 -=------moe--- 0 03/2 83/2 0 i
0 'l'3/2 1 r5/2 0 ------omceomme- 0 nz A2 0
ARt AN A R
]
n, 3 0
1 ] L ] ] ] ] ] [ ] '
1 1] ] [} ] 1 ] L [ ] ] ]
[} ] ] ] ] ] ] 1 ] ] 1
] ) ] ] ] 1 ] ] ] 1 ]
] ] 1 [ ] ) ] ] ] [} ] ]
0 0 =---ssssoscssseee- Su-1 SM-3 M || YM-3 BM-& 0
0 0 =ccommccemcccece-- 0 -r 1 ||n A "yl
- M
i M-3 JL" LM | i M+% M+i

(4.8)

n+ n+}

where the known velocities Ui and UM+§ provide the lower and upper
boundary conditions respectively. Knowing the boundary conditions,
whether they are open or closed (i.e. Un+% being finite or zero), the
values of the velocities and water levels of the vector (nl,Ualz,nz,Uslz,
)n+i

Nys esecscee s UM-&’"m can be solved for by a process of elimination

of unknowns. Starting with the first equation of the matrix, the water

level n?+i can be written in the form:-
n+y
n+} -
n1 = Pyl + O (4.9)

n-% n+}
Q1 = Aj + ry U*

Equation (4.9) can now be substituted into the second equation of the

+§

matrix to eliminate the water level nq , this gives:-
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n+} n+ n+}
- sl( Py, + Ql) + sy, * S

n-%

- 33/2 (4.10)

n+i n+}
or, expressing U3/2 in terms of Ny, yields:~

n+} n+
where
s
2
R =
1 53/2 + slPI
n-%
s - 83/2 + s1Q1
1 S3/2 + s‘Pi]
n+}
Similarly, the velocity U3/2 can be eliminated by substituting Eq. (4.11)

into the third equation of the matrix, thereby expressing the water level
n+i n+}
n, in terms of U t=

5/2
n+} n+}
¥5/2

2 (1 + r3/2R{)

n-%
+ r3/2 SI

Ay
Q, - (1 + r3/2R1)

Substituting Eq. (4.12) into the fourth matrix equation to eliminate
n+d

n, and so on, gives the following general recurring coefficients:~
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-3 -1t Sy (4.13)
n+} n+}

“J = = PJUJ+i- + QJ (uolll)

)
where R = —
J=1 (SJ'i + sJ-lPJ-ll
n-%

S 1 S o b

J-1

[50-1 * Su-1Fu-)

Ps = [ et oy
T3t
n-%
¢« - Ay * Tyoy Sy
J (l + rJ-iRJ-l]

These recurring coefficients can be calculated for all the matrix

coefficients J = 1, 3/2, 2, 5/2, .... , M until finally, the last but
n+}

one equation can be used to eliminate UM-& from the last equation giving

. one equation with only one unknown n;+*. Similarly, by continuing this

process of back substitution, all the unknown water levels and velocities

n+d
of the vector (nM, UM-&’ sess s Mgs U5/2, Ny» U3/2, "1) can be found

in turn. This numerical solution procedure is then repeated for the

k + 1 row etc., until all the N rows parallel to the x direction have

n+}
been solved. When completed, the values of the water levels n and
n+}

velocities U are known throughout the domain.
During the second operation from time (n + 3)At to (n + 1)At, the
n+l n+1
computation of the velocities vk+i and water levels n, are carried out
in the same manner as described for Eqs. (4.1) and (4.2). Equations (4.3)

and (4.4) are first modified and put into matrix form as before. From
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this matrix equation similar recurring coefficients are developed which,

when expressed for the row j parallel to the y direction, read:-

n+1 n+1
Vk'i = -~ R + 5.4 (4.15)
n+t n+1
" T TP v & (4.16)
where
Sk
-1 [3-2 * Sk-1k-1]
n
O S b
k=1 Sk-3 * sk-lpk-l)
b - "k+d
k (1 + rk-}Rk-l)
n
Qk ) Ak + rk-isk-1
(1 + rk-}Rk-l)
and
n n+% At n+¥
Ak ™ Mt Z_AS'(hj-i.kﬁ P ek Nk
n+} n-% At n+i
Mk Uj-i,k - m(“m.kﬁ * hjﬁ.k-i T oMLk
nt¥\ n-3%
+ "j,k Uj+§,k
n n-1 n
_ _ _A_t- =y 2 - =y 2
By ket = Vj,k+s 2 3s [ Vj,k-Hl Vj,k)
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n+} n

ZAt —y n+}
j+i+p,k+s}( j+4, k+{r) =Y -{c+q,k+i( 3 k+} )
= At n n
T2 ke T A—sg[“j.kn ) “j.k]

- A E
i At—"("j k+i) [ jnﬁq * (V:,kﬂ)z]/

(7% + 7)o [P |+ 2000w /[p(nx )t |

FX
5+
Lkt | [t ]
+ A52 (] cjy j kﬁl( j¥1,k+% vj Skt
n n n n-1 n
* vj-l,kﬂr) * Ve ("j.k% T Viket * Vj.k-i)

Again, both closed or open boundaries can be specified at the left and

right hand extremities of the computing grid.

h.3 THE BOUNDARY CONDITIONS

In applying Equations(4.1) to (4.4) and the outlined solution
procedure to the type of flow fields being considered, two difficulties
associated with the closed and open boundaries need special comment,

Concerning the closed boundaries, the differential quotients in
Eqs. (4.2) and (4.4) are dependent upon velocity values at grid points
outside the actual boundaries. For example, the second term of

Eq. (4.2), at the uppermost grid point j,k = M,N, can be expanded to give:-

24t n% 42 n= ko2
[("m,,n * Ul ["mgf,n * UM-s},N) ]
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where the velocity UM+} N lies outside the boundary, as shown in Fig. 8.
]

The usual method of overcoming this difficulty is to use backward

differences at the upper boundary and forward differences at the lower

boundary. This results in the above expression being rewritten as:-
24t ( U"'* 2 U"'* 2
As M+%,N M-%,N

Kuipers and Vreugdenhil (58) found that for secondary flow computations
this difference representation resulted in physically unrealistic water
surface slopes, particularly for curved streamlines. In the present
scheme this difficulty is removed by extrapolating the velocities outside
the boundaries from velocities at interior grid points. |In the actual
mathematical model two different sets of extrapolated velocities are used
depending on whether the condition of free-slip or no-slip is assumed at
the closed boundaries, see Williams and Homes (121). For the free-slip
condition the velocities extrapolated in the x direction, shown for the

upper boundary, are (see Fig. 8(a)):-

M+1,N+3 M,N+3
vM+1,N-i vM,N-&
(4.17)
UM+§,N = 0

Umeg,N = " Yyoy
and similarly for the y direction. For the no-slip condition the
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corresponding velocities are (see Fig. 8(b)):-

-V

Viel, Ned M,N+3
Vet M- = 7 VM Ny
(4.18)
Un+g,N 0
"m-} N " Unegn

again with similar values in the y direction. Although the behaviour
of difference schemes at the boundaries cannot be analytically predicted,
see Chapter 3 (section 3.6.2), numerical experiments have indicated that
this treatment of the closed boundary conditions does give satisfactory
numerical results. '

In the case of open boundaries, the numerical Qolution procedure
illustrated in section 4.2 assumes that the given flow conditions are

. n+% n+}

provided in the form of velocities, e.g. the terms Ui and UM+} of the
matrix equation (4.8). However, it is often more convenient to be able
to specify these conditions in terms of discharges (as for the reservoir)
or water levels (as for the harbour).

Discharges can be most suitably included in the mathematical
model by expressing them in terms of the mean velocity across each
corresponding grid spacing, see K:;pers and Vreugdenhil (58). For a

n

known lower boundary discharge Qj+i,kbetween the grid points j+%,k+%

and j+i,k-%, the relationship used reads:-
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n+y - n+y
Uisik = Qg i/ (Pjagker * Plebikey

n n n n )]
+ 3 Mk T MNezk * O Njenket T Mgark-1l] (3019

and for the upper boundary:-

n+% n+}
Uik = 2%/ (Prepbrr * Phsg ke
n n n n
+ *( Ik T -1,k Y Mkt Y M, k-1 )) (k.20)

with similar relationships being used for the velocity components in
the y direction.

To represent water levels rather than velocities at the open
boundaries, the first and last continuity equations are removed from the
matrix (4.8) of the solution procedure. This results in the first
equation of the matrix being expressed as:-

n+¥ n+i

U} = - Rl n, + Sl (4.21)

s
where R, = ;2

! 3

while the other matrix equations remain unchanged. Again a similar

relationship can be developed for the y direction.
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bL.4 THE COMPUTER PROGRAM

The computer program ROGER used to solve the finite difference
equations (4.1) to (4.4) is fully listed, including a typical output,
in Appendix 1. This listing i1lustrates the computation for the
velocities_and water levels in an approximated circular reservoir, with
a uniform depth and a diametrically opposite shallow jet inlet and weir
outlet. The structure of this program is based on that developed by
Leendertse (63); however, although the method of data input is similar,
the system of equations being solved is quite different.

The manner in which the computational model solves the actual
glfference equations follows the same lines as the solution procedure
outlined in section 4.2. Firstly, the necessary data and initial
conditions are introduced into the main program by calling the subroutines
KURIH, DIVE, FIND, DEPTH and CHEZY respectively. These subroutines are
basically the same as those used by Leendertse and introduce the following
information:-

SUBROUTINE KURIH - this subroutine describes the time dependent open
boundary conditions at the various grid points by the terms XIA(K),
XI1B(K) etc., where K represents the number of half time steps. For the
listing given, the flows specified by XIA and XIB are those of a sine
wave between 7/2 and 37/2 followed by a steady state situation at the
wave peak. XIB gives the flow through the incoming jet, of width one
grid space, while XIA gives the flow over the weir for each of three grid
spacings.

SUBROUTINE DIVE - this subroutine sets up the physical boundaries of the
velocity field to be computationally modelled. Each grid point is
considered in turn with a 1 or 0 being introduced as data, depending on

whether the grid point lies inside or outside the boundary. For the
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program listed, the circular shape of the reservoir is approximated as
closely as possible by a square grid containing 21 x 21 grid points.
SUBROUTINE FIND - this subroutine processes the DIVE data by tabulating
the lower and upper boundary grid points for each column and row in the
x and y directions respectively. This information is then used in the
main program to set up the matrix equations, described in section 4.2,
and to control the lower and upper bounds of the computation.

SUBROUTINE DEPTH - this subroutine reads in the water depths, between
the bed and the still water level, for all of the grid points within the
physical boundaries. For the example given, the reservoir depth is
assumed to be uniform at 24 m with the shallow incoming jet being 4.3 m
deep.

SUBROUTINE CHEZY - this subroutine reads in Chézy coefficients which
represent an average value for the bottom roughness over a grid spacing.

The Chézy value C is determined by using Manning's formula which, when

expressed in metres, reads:-

1/s
C = Q:Jl (4.22)

where n = Manning's rougness coefficient. For the example shown,
Manning's n has been taken as 0.03 giving a Chézy value of 56.6 m%/sec.

Apart from the information supplied by these subroutines, a number
of constant parameters ne;d to be specified at the beginning of the

program. These parameters, together with the values used in the listing,

are as follows:-

ANGLAT = Latitude in degrees of the centre of the area of computation
(51.59).

AG = acceleration due to gravity (9.81 m/sec2).
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AL = grid size in metres between adjacent water levels (80 m).

AT = number of seconds per half time step (30 secs).
2" = friction coefficient for the air-water interface (0.03).

RHOD = ratio of the density of air to that of water (0.0012).
WX

wind velocity in the x direction (zero).

2

wind velocity in the y direction (7.5 m/sec).

With all the necessary data being specified, the numerical solution
procedure begins by executing the computations for the first half time

step AT. This involves solving the equations (4.1) and (4.2), in their
n+i
programmed form, to give the velocities UP (= Uj+i k) and the water levels
?

n+i
SEP (= n; k), throughout the domain specified by the SUBROUTINE DIVE.

At the end of the first half time step these variables are transferred
to the corresponding lower time level arrays UM and SEM. Similarly,
for the second half time step, the computational solution procedure is

repeated for the equations (4.3) and (4.4) to give the velocities

n+1 n+1
VP (= Vj,k+&) and the water levels SEP (= “j,k)' Again the higher time

level values of these variables are transferred to those of the lower

time level VM and SEM respectively. The computing cycle then progresses

to the next time step, and so on, until the input data, specified by

n+%
NPRINT, requests a printout of the water levels SEM (= n. k) and the
n+% n+1
velocities UM (= J+i.k) and (VP + VM) (= i(vj’k+i j,k+i»' For

certain time steps of particular interest, e.g. at mean tide, the computed
velocities are more readily interpreted by calling the SUBROUTINE PLOTRAF.

This subroutine first determines the vectors of the velocity components
n+§ and V i according to the relationship:-
Y5k .k
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_n+i i n+$ n+%
Vik = 7Yk * Vi
1 n+1 n n+1 n
+ ‘K(Vj,kﬂ, + vj’kﬁ + "j,k-g, + vj’k_%] {4.23)
n+}

with the vector V}’k being denoted by the mnemonic HEIGHT in the subroutine,
Using a Kingmatic Drafting Machine the resulting velocity vectors are
then plotted to scale ~ as shown in Appendix 11,

The program was run on a CDC 6400 computer under a KRONOS operating
system, and used approximately 6 minutes of central processor time to

compute the flow field for 400 time steps.
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VERIFICATION AND APPLICATION OF THE

MATHEMATICAL MODEL

5.1 TESTS OF A MODEL CIRCULAR RESERVOIR

The most appropriate method of testing the reliability of the
mathematical model (described in Chapter 4) was to compare the computed
and the measured velocity fields for a typical prototype reservoir.
However, this objective was not readily attainable due to the general
difficulties associated with measuring prototype flows and the corres-
ponding lack of suitable data in the literature. As an alternative, a
laboratory model reservoir was constructed and tested, and the measured
velocities compared to those of the mathematical model.

As the purpose of the laboratory tests was to verify the mathe-
matical model, rather than simulate the flow field of a particular
prototype reservoir, it was convenient to idealise the hydraulic model
geometry. The principal aims in the design were that the model should
be simple to construct and the debth averaged velocities should be easy
to measure. Consequently, the geometry of the reservoir was assumed to
be circular, flat-bottomed, with a full depth jet inlet and a diametri-
cally opposite weir outflow. The advantage of having a full depth
inflow was that the resulting mean velocities represented those of the
depth averaged velocity field more accurately. As the mathematical
model had not been developed to represent flow features that occurred
for less than the grid size Ax, it was advantageous to assume that this
was also the width of the jet. Apart from conserving the jet momentum,
in the finite difference sense, this assumption allowed a direct compari-

son to be made between the computed and the measured velocity fields.
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To economise in computer time a coarse grid (19 x 19) was used, with the
jet width and weir crest being 1/19th and 3/19ths of the reservoir
diameter respectively, as shown in Fig. 9.

Although the actual geometry of the reservoir model had already
been specified, it would have been preferable to arrange the flow
conditions to simulate those of a prototype as closely as possible.

This would have ensured that the laboratory tests were being carried out
for realistic velocity fields and proportionate geometric dimensions.
However, it was not possible to attain perfect dynamic similarity in the
model and it was therefore necessary to choose between either a Froude
or a Reynolds number scaling. For the type of flow fields being
considered, where the incoming jet momentum had to raise the water level
(against gravity) over the sharp crested weir, it was essential that the
Froude number should be kept constant. Expressing the Froude number

Fr in terms of the jet velocity, this gave:-

F = -18% - constant (5.1)

where vjet = the jet velocity, assumed to act over the entire depth
g = acceleration due to gravity

h = the mean initial depth

The prototype reservoir chosen to define the reéuired mode
parameters was the Thames Water Authority's Datchet Reservoir. This
was thought to be an ideal prototype for this purpose due to its almost
circular, flat-bottomed topographical features, see Sobey (98). Although

the jets in Datchet Reservoir have a typical velocity of 4.4 m/sec and
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are elevated at 22.5°, it was assumed that the horizontal component

of the jet velocity acted uniformly throughout the entire depth, i.e.
Vjet = 1,68 m/sec (= bL.h x sin 22.5°). For the corresponding
hydraulic model, the horizontal and vertical length scales were assumed
(where possible) to be 1 : 1000 and 1 : 300 respectively, giving a
compatible velocity scale of 1 : 300‘l or hi. However, as the jet area
in the model had already been conveniently exaggerated, the model inflow
was much larger than that governed by these length scales, i.e. the

model and prototype were not kinematically similar. Nevertheless this
discrepancy was advantageous in that, not only were the higher velocities
in the model easier to measure, but the behaviour of the mathematical
model could be more stringently tested for highly non-uniform flows, i.e.
for non-linear stability. The resulting prototype and model data can

be seen in Table 2, with the correctly scaled model data shown in brackets.

TABLE 2 Typical Prototype Reservoir Data and Corresponding Model Data

PROTOTYPE DATA MODEL DATA
Capacity 37.7x106m3 1.54x10%cm3
Mean Initial Depth 240 m 8.5 cm
Mean Diameter 1500 m 150 cm
No. of Inlets 2 (at 22.5°) 1 (at 0°)
Jet Area 1.24 m? 68 cm?
(0.041 cm?)
Mean Jet Discharge 5.43 m3/sec 750 cm3/sec
(0.41 cm3/sec)
Mean Jet Velocity .4 m/sec 10 cm/sec
Latitude 51.49N

The experiments carried out in the hydraulic model enabled the
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mean velocity'field for a steady flow to be measured. The reservoir’
was first filled with water and the jet inlet supply continually
adjusted until a steady discharge of 750 cm3/sec was obtained (as
determined by weighing the outflow). - The model reservoir was left for
approximately one hour so that the resulting pair of symmetric counter-
rotating gyres were given sufficient time to acquire a constant angular
velocity. The mean velocities were then determined by using 8.5 cm
draught floats whose motion was assumed to correspond with the local
depth averaged velocity. The floats were tracked and timed over a
measured distance centred, as accurately as possible, over the inter-
secting points of a marked grid. This grid was arranged so that the
intersection points coincided with alternate grid points in the mathe-
matical model. After the mean velocity had been determined at each
intersecting point, the velocities at corresponding locations on either
side of the jet axis were averaged and plotted to scale using the
computer. The measured velocity field for these flow conditions is
shown in Fig. 15 of Appendix 11, Two further experimental tests were
carried out for different flow conditions, allowing further comparisons
to be made between the mathematical and the hyraulic model. In the
first of these experiments the discharge was reduced to 540 cm3/sec and
the jet velocity was V.e

Jet

the original discharge of 750 cm3/sec, the weir was raised by 3.5 cms

= 3.0 cm/sec. In the second experiment, with

giving an initial depth of 12 cms. As the jet had a free surface,
increasing the depth reduced the jet velocity at the entrance to 7.0 cm/sec.
The measured velocity fields for both these experiments are shown in

Figs. 16 and 17 of Appendix 11 respectively.

The mathematical model corresponding to the hydraulic model
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reservoir consisted of a domain of 19 x 19 grid points with an equi-
distant grid spacing of 8 cms. The jet inlet was represented at the
central grid space of the x-direction lower boundary, while the weir
outflow was represented at the diametrically opposite three adjacent grid
spaces of the upper boundary. The circular configuration of the
reservoir was approximated on the square grid in the same manner as that
used by Kuipers and Vreugdenhil (58). The circular shape of the
reservoir was located within the boundaries of the grid, and the water
depths H at grid points outside the curve were then given appropriate
values such that the cross-sectional area of each boundary grid space
was equal to that defined by the actual curved surface, see Fig. 10.

The open boundary conditions were read in as steady discharges and, for
the weir outflow, the upper boundary water level was determined by using
the sharp crested weir equation given by Henderson (47). The finite

difference representation of this equation was expressed as:=~

N+
n"'i . 3 Clm_,}’k (5 2)
M,k 2/2 |

g As Cd

n+}
where qM+i K = the upper boundary discharge between the grid points
?

M+%, k+% and M+}, k-3
As = the grid spacing

Cd = the dimensionless weir discharge coefficient = 0.6

The computational process was started from an initial state of rest with:-

ok T Vgerk T Vjked 0 (5.3)

where j =k = 0,%,1,2,2 ... etc. Preliminary runs of the mathematical
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model showed that the rate of convergence, from rest to the final numeri-
cal solution, was accelerated by introducing the downstream open

boundary conditions in characteristic form, see Wurtele et al (122).

For a boundary with a positive propagation velocity, i.e. a velocity

directed out of the model; the relationship used reads (see Kuipers and

Vreugdenhil (58)):-

IR L (5.4)

where Cp = the propagation velocity = Yg(h +n)

Ud = the desired velocity

ng - the desired water level

Combining this equation with the weir equation (5.2), the resulting
finite difference approximation of the downstream upper boundary condi-
tion gave:-

n+} g i n+}

Uik = | = n M,k
h + n
M3,k M,k

n+d $ n+}
3q q
- | Mk + M+d,k - (5.5)
2/2g As Cd ey

M,k T ™M,k

The last equation of the x-direction tridiagonal matrix in section 4.2,

n+¥ n+}
i.e. oy " -PM UM+§,k + QM' wasnigen substituted into Eq. (5.4) to

give the upper boundary velocity UM+§ K" This boundary representation
?

hardly reflected any incident waves and a steady state was obtained in a
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shorter time. The computations were executed for a time step of
0.36 secs until, after approximately 400 time steps, the initial
disturbances had completely disappeared and the computed velocities
remained steady. A printout of the velocity field was produced for
every 25th consecutive time step up to the 400th, when the final velocity
vectors were plotted to scale. As the effect of the earth's rotation
was not included in the hydraulic model the Coriolis parameter was set
equal to zero; as was the wind velocity.

The velocity field was first computed using the following
conditions:-

1. a free-slip at the boundary,
- 2. a discharge of 750 cm3/sec,

3. an initial depth of 8.5 cm,
to correspond with the hydraulic model tests of Fig. 15. The resulting
computations were non-linearly stable (see Fig. 18) and when compared
to the corresponding measured velocity field (Fig. 15), the overall
agreement of the flow patterns coincided reasonably well - particularly
with respect to the diffusing jet. However, the magnitudes of the
velocities in the symmetrical counter-rotating gyres were noticeably
different. For the mathematical model, the velocities in the gyres
were smaller than those measured experimentally and the peak velocities
did not always occur adjacent to the curved boundaries - as in the
hydraulic model. This d}screpancy in the velocity magnitudes was
probably due to the relatively large grid size of the mathematical model
and the resulting imprecise representation of the the pronounced hori-
zontal velocity gradients (or momentum change), see Deardorff (24).
In an attempt to predict the gyre velocities more accurately, other than

by increasing the number of grid points and the computational expense,
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the computed velocity field was determined with a no-slip closed
boundary representation, see Fig. 19. It was thought that in this way
vorticity would be more accurately conserved and that the velocities in
the gyres might therefore be increased. However, in comparing Figs. 18
and 19 it was clear that this was not the case ahd, apart from predict-
ing even lower velocities, the mean diameter of the gyres was also
reduced.

In the hydraulic model experiment, flow visualisation studies
(using potassium permanganate dye) indicated that near the centre of the
gyres the flow appeared to be laminar, i.e. there was no obvious mixing.
However, the mathematical ,model assumed that the flow was turbulent
everywhere and that the Chezy coefficient was a function of the depth
only. Consequently, it was thought that the measured velocities might
be better predicted by the mathematical model 1f the Chezy coefficient
C was varied with the local Reynolds number (corresponding to
(Re = 4]U + V|(h + n)/v) for the open channel), and according to the.
friction factor relationships for a smooth pipe, see Reynolds (89).
The resulting computed velocities, shown in Fig. 20, were determined by
evaluating C ~ after every 5th consecutive time step - using Chezy's

equation:-

C = ¢297Cf (5.6)

where Cf = the friction factor, defined in the model as:-

for laminar flow i.e. Re < 2300 . Cf = 16/Re
for transitional flow Cf = 1,765 x IO-GRe + 2.93 x 10-3

for turbulent flowi.e. R, 34000  C. = 0.079(Re)'°'25
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In comparing Figs. 20 and 18 the two computed velocity fields appeared
almost identical. This implied that the bottom roughness and the
effective stresses hardly influenced the flow pattern for these particu-
lar hydraulic conditions, and that there was no advantage in using a
more complicated representation of the bottom friction.

In deriving a suitable representation of the effective stresses
in sections (2.3) and (2.4), the x and y directional components of the
shear velocity magnitude |U, + V,| were taken as being vg|U|/C and
/g|V|/C respectively. However, some authors, e.g. Kuipers and Vreugdenhil
(58) etc., have used the resultant velocity magnitude for both the x and
y components of the shear velcoity, i.e. /E[U + VI/C. In order to
examine which of these two representations constitutes a better approxi-
mation of the horizontal diffusion of the turbulent momentum, the
computed velocity field was determined as before but with the velocity
magnitude being used for the components of the shear velocity, see Fig.
21. The results illustrated that for this particular mathematical model
the damping of the turbulent momentum was excessive.

In summarising the comparisons of the measured and the various
computed velocity fields, i.e. Fig. 15 and Figs. 18 to 21, the overall
flow patterns were most accurately and economically predicted by using
the free-slip closed boundary representation and the original mathe-
matical model. For the two other hydraulic model experiments, i.e. with
a lower discharge, Fig. 16, and with an increased depth, Fig. 17, the
mathematical model was further tested by comparing the measured and the
corresponding computed velocity fields - shown in Figs. 22 and 23
respectively. Again in both cases the overall flow patterns coincided
reasonably well. Also, with the initial free-slip computed velocity

field (Fig. 18), it was noticed that the mathematical model seemed to
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have predicted the centre of the gyres in about the right place - at
least to within one grid point. This result was particularly encouraging,
bearing in mind that the centre of the gyres was a region of low velocities,

or laminar flows.

5.2  TESTS OF A MODEL RECTANGULAR HARBOUR

As experimental results were available for the flows in model
rectangular harbours with a tidal input (see Falconer (29) and Nece et
al (76, 77, 78)), these were used to further check the performance of the
mathematical model. In this case the observed mean water level flow
patterns were compared to the corresponding computed velocity fields
for various planform geometries, e.g. with different length to breadth
ratios. The harbour was assumed to be rectangular, flat-bottomed, with
vertical sidewalls and an asymmetric entrance.

The laboratory investigations were treated as idealised model
studies of a number of prototype harbours, existing or proposed, in the
Puget Sound water of the State of Washington,U.S.A., see Nece et al (78).
The scale ratios used in the hydraulic models were 1 : 500 horizontally
and 1 : 50 vertically, i.e. the models were vertically distorted with a
10 : 1 distortion ratio. The tides were assumed to be sinusoidal and
repetitive, with a dynamic similarity governed by the Froude Law scaling
relationship - as for the model reservoir. The typical prototype data
used in this study, together with the corresponding model specifications
can be seen in Table 3.

The experimental programme was conducted in a laboratory tidal
tank containing a generator which produced constant period, constant
amplitude tides. The harbour model tested in the basin had three

adjustable sidewalls, allowing the overall flow patterns and the gross
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TABLE 3  Typical Prototype Harbour Data and Corresponding Mode! Data

PROTOTYPE DATA MODEL DATA
Planform Area 1.625 x 105m2 L.65 x 103cm2
Length:Breadth(L/B=1.16) 367m : 317m 73cm : 63cm
(L/B=0.58) 260m : 448m 52cm : 90cm
(L/B=1.80)  457m : 254m "91em : Slcm
(L/B=3.20) 610m : 191m 122cm ¢ 38cm
Entrance Width d, 80m 16cm
d, 120m 2hem
Mean Depth 6.87m 13.74cm
Tidal Range-Mean 3.08m 6.16cm
Neap 1.54m 3.08cm
Spring L.62m 9.24cm
Tidal Period 12. b hrs 634 secs

flushing characteristics to be determined for different harbour lengths,
breadths and entrance widths, see Fig. 11. For the first of the
laboratory studies the harbour walls were adjusted to give the desired
entrance width d and the initial length to breadth ratio (L/B) - to be
consistent with the constant planform area given in Table 3. The tidal
tank was filled with water and the sinusoidal oscillating generator weir
was set at the low water level, from which point the tidal cycles were
always commenced. The tide generator was then switched on and during
the passage of five complete tidal cycles, the internal clirculation
patterns were observed and sketched at the mean water level for the ebb
and flood tides. Ink dye was used as the colouring agent, in conjunction
with polysterene particles which were sprinkled over the water surface.
In an independent test, the gross flushing characteristics were deter-
mined by measuring the changes in concentration of the fluorescent dye
Rhodamine - WT. Knowing the initial and final dye concentrations,

before and after five tidal cycles, the average per cycle exchange ratio X
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was determined according to the relationship (see Nece et al (77)):-
X = 1 - (c/e)! (5.7)

where i = the number of tidal cycles

Ci = the final concentration

co = the initial concentration
These experiments were then repeated for each of a number of different
combinations of the harbour lengths, breadths and entrance widths. The
resulting observed velocity fields for the entrance width of 16 cms and
for the L/B ratios of 1.16, 0.58, 1.8 and 3.2 respectively, are shown in
.Flg. 24 of Appendix 11.

The main conclusion from the observed velocity fields and the
experimental data, see Falconer (29) and Nece et al (76), was that the
maximum internal circulation occurred for a square harbour configuration.
When the harbour length to breadth ratios (L/B) exceeded 2 or were less
than 2/3 rds, several circulation cells existed within the harbour and
the average gross flushing characteristics were reduced. However,
within these limits there was little variation in the average per cycle
exchange ratio X. The laboratory results also showed that a smaller
entrance width gave rise to increased velocities within the harbour and
so improved the internal mixing.

The four harbour model configurations shown in Fig. 24, with L/B
ratios of 1.16, 0.58, 1.8 and 3.2, were most suitably represented in the
mathematical model by domains of 19 x 19, 11 x 19, 19 x 11 and 19 x 5
grid points respectively. The resulting L/B ratios were 1.0, 0.58,
1.73 and 3.8 and the corresponding grid sizes were 4 cms, 5.3 cms,

5.3 cms and 8 cms. For the open boundary conditions, located at the
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asymmetric harbour entrance, the repetitive tidal flow was represented

In terms of the unknown water elevations as specified by the equation:-
n = asin (ot + n/2) (5.8)

where a =" the amplitude of 3.08 cms
w = the wave number 2n/T where T is the wave period of 634 secs
t = time, given by the product of the time step AT and the time

step level n.

In the case of the closed boundary conditions, the free-slip boundary
representation was used for all of the mathematical models. Again, the
computational processes were started from an initial state of rest, see
Eq. (5.3), with the open boundary conditions commencing at the high

tide water level, see Eq. (5.8). The computations were executed for a
time step of 0.4 secs, with a printout being requested at every 24th
increment of the tidal cycle, up to the’termination time step level

n = 1188, i.e. after three quarters of the tidal cycle. At the mean
water level, for both the ebb and flood tides, the computed velocity
fields were plotted to scale in the same manner as before. To coincide
with the hydraulic model the effects of Coriolis and wind action were
again ignored in the mathematical models.

The computed velocity fields were first determined for the square
harbour configuration (L/B = 1) with an entrance width of 16 cms, see
Fig. 25, In comparing these velocities with the corresponding observed
flow patterns of Fig. 24a, the agreement was reasonably good - particu-
larly since the former were determined during the first, as opposed to
the fifth, tidal cycle. Although the finer flow details were not

predicted by the mathematical model, e.g. vortex streets and small corner
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eddies, the flood tide separation streamline (at the harbour entrance)
and the unsteady circulation cell induced by this separation phenomenon,
were well portrayed. Similarly, the velocity fields were then computed
for the same harbour configuration, i.e. L/B = 1, but for the wider
entrance width of 24 cms, see Fig. 26. In this case, apart from again
giving good agreement with the observed flow patterns - see Falconer (29),
the computed velocities confirmed the experimental conclusion that the
wider entrance width gave rise to lower circulation velocities. For
the next harbour configuration, with L/B = 0.58, the agreement between
the computed and the observed flow fields, Figs. 27 and 24b respectively,
was less acceptable. The observed flow patterns clearly indicated the
existence of two similar counter-rotating circulation cells. Whereas,
for the computed velocity fields, although the main circulation cell
induced by the separation streamline was well predicted, the secondary
cell - located at the rear end of the harbour - was not illustrated.
This implied that the mathematical model was incapable of solving for
the existence of several circulation cells, induced by the moments of
the effective stresses about different origins. These conclusions were
further substantiated by comparing the computed velocity fields for the
harbour configuration with L/B = 1.73 to the corresponding observed flow
patterns, i.e. Figs. 28 and 2hc respectively. Again, only one main
circulation cell was predicted rather than the two that occurred in the
hydraulic model. For the final harbourconfiguration Qith L/B = 3.8,
the agreement between the computed and the observed flow fields was
exceptionally good - apart from some minor flow features, see Figs. 29
and 24d. This agreement was thought to have been due to the dominance
of the adverse pressure gradients rather than the strong influence of

the effective stresses as in the previous configurations.
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Although the mathematical model did not predict the existence of
several circulation cells, the general agreement between the tomputed
and the observed flow fields was better than had been expected. This
was particularly encouraging since the flow in the hydraulic model was
always laminar whereas that in the mathematical model was assumed to be
turbulent.. However, for the mathematical model, some doubt arose as to
the influence of the open boundary conditions on the internal circulation
patterns. This was particularly true for the ebb tide where, In the
laboratory tests, a pronounced cross flow occurred at the harbour
entrance; this was not so obvious in the mathematical model. To provide
some form of a check as to the effects of the entrance boundary conditions,
the computed velocity fields of Fig. 28 were re-determined for a long
uniform entrance channel, see Fig. 30. On comparing Figs. 28 and 30
the internal circulation patterns showed little difference, indicating

that they were not strongly dependent upon the entrance conditions.

5.3 THE PROTOTYPE CIRCULAR RESERVOIR TESTS

With the comparisons between the computed and the measured
velocity fields agreeing reasonably well for the model reservoir, the
mathematical model was then applied to various flow conditions for the
prototype reservoir - detailed in Table 2. The main purpose of these
applications was to be able to compare the computed velocity fields for
different flow conditions, boundary conditions, jet locations etc., so
that useful engineering design information could be obtained.

Although the mathematical model was capable of predicting the
velocity field for any planform geometry or local depth, for the sake of
simplicity the prototype reservoir was assumed to be geometrically
similar to that of the model tests, see section 5.1 and Fig. 9. This

meant that the corresponding reservoir had a circular configuration of
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diameter 1520 m, an initial constant depth of 24 m and a diametrically
opposite jet inlet and weir outflow; in addition, the Manning's roughness
coefficient was assumed to be 0.03, giving a Chezy coefficient C of
56.6 m*/sec. In the mathematical model the reservoir was represented
by a domain of 19 x 19 grid points with an equidfstant grid spacing of
80 m. The circular closed boundary was approximated on the square
grid by using the previously mentioned method of Kuipers and Vreugdenhil
(58), see Fig. 10, and the jet inlet and weir outflow were again repre-
sented by one and three grid spacings respectively. In general, the
throughflow was assumed to be steady, at 240 cumec, with the downstream
open boundary conditions being determined by the weir equation (5.2), and
the rate of convergence being accelerated by the characteristic relation-
ship (5.4). In order to avoid non-linear instabilities the time step
had to be severely constrained according to the relationship derived in

Section 3.7, i.e.:~

At ¢ ax/U (5.9)

where Uo = the maximum flow velocity, i.e. the throughflow per unit

area of the jet

As before, a printout of the velocity field was produced for every 25th
consecutive time step, with the velocity vectors being plotted to scale
(apart from those greater than four grid spaces) and the computations
terminated after the 400th time step. The computed velocity field was
first determined for the reservoir with a full depth (two-dimensional)
jet inlet, and for no Coriolis force or wind effects, i.e. as for the
model tests. The resulting velocity field, see Fig. 31, clearly

indicated that the jet momentum (or velocity) was insufficient to cause

121



any noticeable horizontal circulation. Apart from the region close to
the jet centreline, the reservoir velocities were extremely small and
the associated mixing could be assumed negligible. From the standpoint
of enhancing the gross water quality characteristics It would appear
that these flow conditions were generally poor. However, in reality the
occurrence of a jet covering the full depth is unlikely, and the
mathematical model was therefore modified to determine the velocity field
for a shallow jet inlet having the same throughflow. The corresponding
Jet was approximated to that of a typical river inflow, in that, the
depth was assumed to diverge uniformly from an initial value of 4.3 m
to that of the full depth, see Fig. 12. In introducing these shallow
Jet specifications into the mathematical model it was not possible to
use the simplified form of the momentum equations which assumed that

the horizontal variations in depth were small, i.e. Eqs. (2.22) and
(2.23). Instead, it was necessary to solve for the momentum equations
in their original complete form, i.e. with the depth averaged convective

accelerations being expressed as:-

1 a(h + n)u2 . a(h + n)uV
{(h + n) X ay

] - for the x-direction
(5.10)

and

i [ 9(h + n)uV + 3(h + n)v2

h+n) X 3y ] - for the y-direction

(5.11)

These expressions were then represented in their appropriate finite
difference form and replaced the corresponding accelerative terms in
the solution procedure equations (4.2) and (4.4) respectively. The

resulting velocity field with its higher momentum input, see Fig. 32,
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showed a significant increase in the overall reservoir velocities with
the presence of two pronounced counter-rotating symmetrical gyres. This
implied that, in general the gross water quality characteristics were
much improved and the overall flow conditions far superior.

To study the effects of the convective ac;elerations, the
effective sgresses and the bottom roughness stress on the velocity field
shown in Fig. 32, the appropriate terms of the equations of motion were
individually omitted to give the corresponding velocity fields shown in
Figs. 33, 3b4 and 35. In comparing these various velocity fields with
the original (Fig. 32), the most apparent difference was the substantial
influence of the convective accelerations. From Fig. 33 It can be
seen that without these accelerative terms the existence of the counter-
rotating gyres was not predicted and the velocity field showed little
similarity to that of Fig. 32. This means that for highly non-uniform
flows of this nature, not only must these non-linear terms be included
but, extreme care needs to be taken to ensure that they are represented
as accurately as possible in their finite difference form. On the other
hand, Figs. 34 and 35 clearly showed that the effective stresses and
the bottom roughness stress had a far less dominant influence in predict-
ing the required velocity field. This indicated that the choice of

Manning's roughness coefficient n, giving Chezy's C, had little effect

on the final numerical solution. Although the influence of both these

stresses on the circulation patterns was small, it was possible to
observe that their individual exclusion from the momentum equations
resulted in slightly lower and higher gyre velocities respectively.
This observation supported the analysis of the depth averaged vorticity
transport equation in section 2.5 (see Kuipers and Vreugdenhil (58)), in

that the effective stresses tended to generate vorticity whereas the
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bottom roughness stress had a dissipative effect.

In addition, the effect of varying the depth in Fig. 32, was
considered for two different types of bed configurations. Firstly, the
velocities were determined for a 16 m, as opposed to a 24 m, initial
depth (i.e. a one-third reduction), see Fig. 36; and secondly, the
reservoir bed was assumed to be V-shaped with the mean depth again being
reduced to 16 m, see Fig. 37. These reductions in depth (Figs. 36 and
37) tended to increase the horizontal circulation and could therefore
be assumed to improve the gross water quality characteristics. This
result was not unexpected as, for the same momentum input, the reduced
volume of water required less linear momentum to produce the same degree
of angular momentum. Of the two differing bed forms studied, the second
appeared to be less satisfactory due to the greater centreline depth and
the associated lower velocity gradients giving rise to a lower lateral
transport of momentum.

The velocity field was then determined as for Fig. 32 but with
the inclusion of the Coriolis force in the two-dimensional depth averaged
equations of motion, see Fig. 38. The resulting computations showed
that, although the water level distribution did not change significantly,
the horizontal velocity structure of the gyres was noticeably altered.
The net effect of the Coriolis force appeared to give rise to an increase
in the circulation velocities (or vorticity) in the anticlockwise gyre,
while the velocities in the clockwise gyre were reduce&. Although this
resulted in a distinct asymmetry of the gyre velocities, the direction
of the axial jet-flow was not appreciably deflected. This asymmetry of
the gyre velocities was due to the streamline curvature associated with
the vorticity generated by the vertical accelerations of the diverging

jet over the first three grid points, see Batchelor (10).
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The effect of a wind stress on the depth averaged velocity field
in Fig. 38 was determined for a northerly (Fig. 39), southerly (Fig. 40)
and westerly (Fig. 41) wind velocity of 7.5 m/sec. The resulting
velocity fields further verified the analysis of section 2.5 in that,
the circulation velocities (or vorticity) were increased for all three
wind directions - as compared to the zero wind velocity in Fig. 38.
Consequently, by generating vorticity the wind can be assumed to increase
the overall lateral mixing, thereby improving the corresponding water
quality characteristics. In comparing Figs. 39 and 40 it is interesting
to note that, although the wind directions were opposite, the computed
velocity fields were almost identical. This implied that the increase
in vorticity was independent of the wind direction. Also, for these
two particular computed velocity fields, the increase in vorticity has
resulted in a more distinct deflection of the axial jet flow. For the
westerly wind, Fig. 41 shows that there has been a tendency to partially
compensate for the effects of the Coriolis force, with the degree of
asymmetry of the counter-rotating gyre velocities being reduced.

However, for the full depth jet inlet, the same westerly wind seems to
have had little effect on the low momentum velocity field, as shown in
Fig. h2.

In most prototype reservoirs it is rare for the throughflow to be
steady for a long period of time - particularly when the inflow conditions
are specified by ariverinlet. Consequently, in order to determine the
resulting velocity field for an unsteady flow, the mathematical model
was modified to include, as open boundary conditions, the discharges
given by the inflow-outflow hydrographs shown in Fig. 13. The outflow
hydrograph was first determined by épecifying a time dependent sinusoidal

discharge relationship, with a period of 16 hours and a wave height of
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240 cumec (as for the steady flow), of the form:-

Qe - 120(1 + sin(l'gt- - 37")) (5.12)

where Qout = the outflow

t = time

Similarly, to determine the corresponding inflow hydrograph, the

storage routing continuity equation (see Henderson (47)) was used,

giving:-

dVol
%Gn © Que = Tao (5.13)

where Qin = the inflow

Vol = the volume stored in the reservoir

For the equation (5.13), the time rate of change of the reservoir
volume was evaluated from the product of the reservoir planform area and

the time derivative of the water elevation, specified by the weir equation

(5.2), thus:~

-1/3
dvol dn A Qout
T = A = —— (5.14)
v2g As Cd
where A = the planform area of the reservoir

This equation assumes that the rate of rise of the water elevation was
the same everywhere. With the known unsteady discharge relationships
(Qin and Qout) being introduced into the mathematical model by the

equations (4.19) and (4.20), the computed velocity fields were plotted
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for the mean and peak outflow discharge levels, i.e. after 4 and 8 hours
respectively, see Figs. 43a and 43b. In comparing these computed
velocity fields, some idea of the time taken for the circulation cells,
or gyres, to become fully established could be made; after 4 hours no
circulation was apparent and at the peak discharge level, after 8 hours,
the circulation was still noticeably less than that of the comparable
steady flow in Fig. 38.

Finally, a number of velocity fields were determined to show the
flexibility and ease of applicability of the mathematical model for
dif%erent boundary configurations. With the same throughflow as before
(240 cumec) these boundary configurations included:- the jet inlet with
a west-east barrier (Fig. 44), a circumferential jet inlet (Fig. 45), a
circumferential jet inlet with an east-west barrier (Fig. 46), two jet
inlets at right angles (Fig. 47) and two adjacent jet inlets at right
angles (Fig. 48). In comparing the computed velocity fields in Figs.
by, 45 and 46 with the original in Fig. 38, no general conclusions about
the overall mixing and the gross water quality characteristics could be
made - although it did appear that the barriers in Figs. 44 and 46
showed some improvement. However, for both the two jet inlet confi-
gurations in Figs. 47 and 48, the overall velocities within the reservoir
were generally lower than those in Fig. 38 - indicating thét the single
jet was preferable for better mixing. This result was not surprising
since, although the mass throughflow remained the same, the lower jet
velocities and the larger total jet area resulted in a reduction of the
net momentum input.

Apart from providing reasonable predictions of the prototype
velocity fields, the mathematical model was seen to be non-linearly

stable as long as the stability constraint of Eq. (5.9) was satisfied.
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This was particularly encouraging considering the importance of the
highly non-uniform flow properties - as shown by ignoring the convective
accelerations (Fig. 33) - and the relatively high velocities associated

with the shallow jet inlet.

5.4 THE PROTOTYPE SQUARE HARBOUR TESTS

With the growing demand for improvements in the tidal flushing
characteristics of harbours, see Falconer (29), and the previous lack of
satisfactory numerical modelling procedures for this purpose, see Nece
et al (76), the matheﬁatical model was finally applied to an idealised
prototype harbour. it was expected that the turbulent equations of
motion in the mathematical model would be a better approximation to the
prototype flows, than the laminar flow occurring in the physical models.

For the sake of simplicity, the prototype harbour was assumed to
have a square configuration, a flat bottom, vertical sidewalls and an
asymmetric entrance, i.e. similar to that shown in Fig. 11. Using the
data given in Table 3, the harbour was represented in the mathematical
model by a domain of 19 x 19 grid points with a grid spacing of 20 m.
This meant that the planform area was 1.4k x 10°m2 and the entrance,
covering 4 grid spaces, had a width of 80 m. The Manning's roughness
coefficient n was assumed to be 0.03 and for the mean depth of 6.87 m
the corresponding Chezy coefficient C, given by Eq. (4.22), was 44.7 mi/sec.
As in the case of the model harbour, the open boundary conditions were
defined in terms of the water elevations for repetitive sinusoidal tides,
as given by Eq. (5.8). For a mean tidal range of 3.08 m and with the
mathematical model starting from the high water level, the specified open
boundary conditions are shown in Fig. 14. The computations were

executed from an initial state of rest and for a time step of 30 secs,
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to the termination time step level n = 1116. As before, a printout
was requested for every 24th increment of the tidal cycle, with the
velocity fields being plotted to scale at the mean water level for the
ebb and flood tides.

The computed velocity fields, including the effects of the Coriolis
force, were first determined for the prototype harbour with the specified
flow conditions, see Fig. 49. The resulting flood tide velocities
showed a fairly uniform circulatory flow pattern across the basin, which
suggested that the overall mixing and the gross flushing characteristics
were reasonably good, i.e. there were no obvious stagnant regions.

Also, in comparing these computed velocities to those of the corresponding
harbour model in Fig. 25, the comparable velocity fields showed kinematic
similarity, i.e. Vprototype = hivmodel where h is the mean depth. This
meant that the vastly different scales of turbulence, between the model
and prototype, had little influence on the resulting flow field (as in

the reservoir).

To be able to compare the effects of some typical differing flow
conditions, for the same harbour size, the computed velocity fields were
then determined for:- twice the mean depth (Fig. 50), twice the harbour
perimeter (Fig. 51), and the neap and spring tidal ranges of 1.54 m
(Fig. 52) and 4.62 m (Fig. 53) respectively. A comparison of Figs.

49 and 50 showed that, by doubling the mean depth, the flood tide
circulation cell had been completely eliminated and the depth averaged
velocities were noticeably reduced. Therefore, in attempting to
maximise the overall flushing and the water quality characteristics of
any harbour, the mean depth needs to be kept as shallow as possible.
However, for the harbour with twice the perimeter, see Fig. 51, even

though the velocities were generally double those of the original (Fig. 49),
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the circulatory flow patterns showed little difference, i.e. they were
kinematically similar. This result further confirmed the model-proto-
type similarity, which indicated that the overall flushing and water
quality characteristics were generally independent of the harbour size.
In comparing the computed velocity fields for thé neap, mean and spring
tides, see Figs. 52, 49 and 53 respectively, the anticipated improvements
in the overall circulation patterns, with increasing tidal ranges, were
well illustrated. For the neap flood tide (Fig. 52), no circulation
cell was apparent and an overall lack of mixing and flushing seemed to
occur. On the other hand, the spring flood tide (Fig. 53) showed a
noticeable increase in the degree of circulation generated (or vorticity),
and clearly indicated that the gross water quality characteristics were
much better than those of the mean and neap tides.

Finally, as for the prototype reservoir tests, the flexibility
of the mathematical model was illustrated by determining the computed
velocity fields for four different boundary configurations. With the
same harbour size and flow conditions as before (Fig. 49), these boundary
configurations included the individual positioning of a barrier, or
shear wall, located at the centre and perpendicular to each of the four
harbour sidewalls - as shown in Figs. 54 to 57 respectively. In compar-
ing these computed velocity fields with those of the original in Fig. 49,
it was impossible to make any general conclusions about the overall
flushing and gross water quality characteristics. However, as for the
reservoir tests, it appeared that the barrier showed some improvement in
the general water quality characteristics = but particularly for the
locations shown in Figs. 56 and 57.

Again, the mathematical model appears to have provided reasonable

predictions of the prototype velocity fields, particularly since the
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corresponding model~-prototype velocities were kinematically similar.

From the standpoint of avoiding non-linear instability, the much lower
velocities in the harbour - as compared to the reservoir - did not

result in the time step being constrained by Eq. (5.9) to anywhere near
the same extent as before. However, subsidiary tests of the mathematical
model showed that the use of a large time step resulted in an inaccu-
rate prediction of the velocity field. This was due to the importance
of the pressure gradient terms and their associated first order finite
difference approximation. A comparison of the results of these subsi-
diary tests indicated that, to obtain a relatively accurate numerical
prediction of the tidal flow, the Courant number u should not exceed 15 -
as satisfied for all the harbour tests. This upper limit of the Courant

number therefore imposes the following time constraint:-

At ¢ 15Mm/V/gh (5.15)

where h is the mean depth.
A summary of the basic physical and numerical data used in the
four different mathematical model tests of section 5.1, 5.2, 5.3 and

5.4 respectively, can be seen in Table 4.
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CONCLUDING REMARKS

It has been shown that the jet-forced circulation in reservoirs
and harbours can be successfully modelled by solving the finite diffe-
rence equations developed. The resulting matheaatical model - which
includes the.effects of bottom friction, wind action, the earth's
rotation and the horizontal diffusion of turbulent momentum - was
capable of computing the water elevations and the two-dimensional depth
averaged velocity components. The model has been tested by comparing
the computed velocity fields with those measured and observed for two
hydraulic model studies. . These studies included a jet flow penetrating
a circular reservoir and a sinusoidal tide entering a rectangular
harbour; in both cases the comparisons proved satisfactory. Similarly,
the mathematical model was applied to typical prototype reservoirs and
harbours so that useful engineering design information could be obtained.

With respect to the numerical aspects the following conclusions
could be drawn:-

1. A study of the basic numerical properties of four finite diffe-
rence schemes showed that the most suitable difference representation of
the shallow water wave equations, including the bottom friction, was

the fully centred (Crank-Nicolson) implicit scheme. However, In order
to avoid excessive computational costs, the second derivatives of the
effective stresses were best represented by the conditionally consistent
explicit method of Du-Fort and Frankel. Although the effects of the
Coriolis and the wind stress terms were to introduce weak instabilities

into the original difference scheme, the dominance of the unconditionally

stable bottom friction and effective stresses generally damped these

disturbances.
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2. In attempting to suppress the occurrence of non-linear instabili-
ties, an analytical analysis of the quasi-linearised equations of motion
indicated that the convective accelerations should be represented in the
novel time centred form. Although this representation imposed the time

constraint:-
At ¢ Ax/U

it was still preferable tQ using an artificial viscosity term. The
mathematical model tests confirmed these analytical conclusions, in
that, provided this stability constraint was satisfied the numerical
solution was always stable - even for the highly non-uniform flows.

3. In the mathematical model the finite difference equations were
most suitably represented in an Alternating Direction Implicit form, and
were solved by the method of Gaussian Elimination. These equations
were interlinked through the water elevations which were not therefore
fully centred in time. Preliminary tests of the model showed that,
momentum was ﬁost rigorously conserved (in the finite difference sense)
by expressing the convective accelerations in such a way that the
lateral transport of momentum was evaluated more nearly at the position
where it originated.

b, The numerical problems generally associated with the treatment of
the velocity gradients at the closed boundaries were su;cessfully over=-
come by adopting the same technique as that used in the Marker-and-Cell
method, see Williams et al (121). This involved equating the velocities
required outside the boundaries to the corresponding velocities inside.
The sign with which these velocities were equated depended on whether

the fluid-wall interface was assumed to be a free-slip or a no-slip boundary.
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5. Although the implicit difference equations in the model did not
impose any stability constraint on the value of the Courant number,
subsidiary tests for the prototype harbour showed that no horizontal
circulation, or vorticity, was reproduced if this number exceeded
approximately 15, This result was principally due to the numerical
Inaccuraciés associated with the water elevation terms not being fully
centred in time. In order to represent circulatory flows satisfactorily

it was concluded that, as well as the stability requirement of the non-

linear terms, the following time constraint should also be imposed:-

At g 15ax/V/gh

However, even with this additional time constraint, these difference
equations were still preferable to using those of the explicit type
where, for stability, the Courant number had to be less than unity.

6. The accuracy with which horizontal gyres or circulation cells
were reproduced also depended upon the number of grid points covering
their diameters. For the prototype harbour (with a maximum possible
gyre diameter of 19 grid points) the predicted gyres appeared to be more
realistically represented and showed a smoother circulation than those
of the reservoir (with a maximum possible gyre diameter of 9 grid points).
Preliminary computational tests for the reservoir, with a domain of

31 x 31 grid points, verified this point by reproducing the counter-
rotating gyres more smoothly. However, this numerical improvement was
offset by a corresponding increase in the computational cost.

7. In applying the mathematical model to a steady throughflow
situation, numerical experiments have shown that the rate of convergence

to the final numerical solution was accelerated by using characteristic
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relationships at the open boundaries. These relationships absorbed the
initial disturbances and hardly reflected any incident waves. This
resulted in a noticeable reduction of the computational cost.

With respect to the physical processes, the following conclusions
could be drawn:-
8. The results of the mathematical model have shown that a realistic
reproduction of the flow patterns for a jet-forced circulation in reser-
voirs and harbours was possible. Although small scale features such as
vortex streets and corner eddies were not reproduced, the general shape
and size of the gyres (or circulation cells) together with the separation
streamlines were well predjcted. This implied that the corresponding
depth averaged equations of motion, including a simple turbulence model
(i.e. Prandtl's mixing length hypothesis), adequately reproduced the mean
flow properties and the physical processes involved.
9. The convective acceleration terms were shown to be extremely
important in the generation of gyres (or-circulation cells), and hence
led to improvements in the overall mixing and gross water quality charac-
teristics. This result implied that, in an attempt to maximise the
water quality of a reservoir or harbour, the cross-sectional area of any
jet inlet should be made as small as possible, giving a higher jet
velocity (or momentum input) and a correspondingly higher non-uniformity
of the flow.
10. The generation of gyres (or circulation cells) and the assumed
improvements in the water quality were also shown to be enhanced, to a
lesser extent, by the effective stresses and a wind stress. On the
other hand, both increasing the depth and the effects of the bottom rough-
ness tended to dissipate the vorticity associated with the gyres.

1", The influence of the Coriolis force on the velocity field for the
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two-dimensional full depth jet inlet was shown to be negligible.
However, for the shallow jet inlet and the associated three-dimensional
divergence of the jet, the effect of the Coriolis force was to cause a
distinct asymmetry of the velocity field. This resulted in the gyre
velocities to the left of the jet axis being noticeably greater than
those to the right. Consequently, although the Coriolis force did not
have much affect on the fully two-dimensional horizontal flow, it sub-
stantially influenced the velocity field where the vertical accelerations
were not negligible.

12. Finally, although no water quality parameters were simulated in
the mathematical model, comparison of the various velocity fields indi-
cated that the suitable location of barriers could be advantageous in
improving the overall mixing, flushing and gross water quality charac-

teristics in reservoirs and harbours.
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RECOMMENDATION FOR FURTHER STUDY

Although the main objectives of this research have been
satisfactorily accomplished (i.e. the numerical modelling of the depth
averaged velocity field for a confined jet), the mathematical model
developed has limitations. Any attempt to eliminate these limitations
would therefore provide an obvious extension of this research and can
only lead to a better understanding of the jet-forced circulation in
re;ervoirs and harbours. These restrictions, and the corresponding
recommendations for further study, are discussed in largely the same
order as that of the text.

The neglect of stratification effects, or density differences,
and the influence of secondary currents are perhaps the most serious
restrictions of the mathematical model. To determine the effects of
these flow features on the mean velocity field the mathematical model
would have to be re-developed, in a manner similar to that described,
for the three-dimensional steady flow. This would provide useful
engineering information, particularly in the case of deep reservoirs
where stratification effects are often severe.

The inclusion of a simple turbulence model in the equations of
motion (Prandtl's mixing length hypothesis) and the corresponding
assumption that the horizontal velocity gradients were small compared
to those in the vertical plane, has resulted in an appreciable simpli-
fication of the turbulence structure. Consequently, further numerical
experiments involving the inclusion of more sophisticated, computer
orientated, turbulence models might provide more accurate numerical

predictions of the required velocity fields - particularly near the

boundaries.
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The finite difference equations of motion, which were solved
for in the mathematical model, did not include the water elevation

terms in a fully time centred form. This meant that the truncation

error was not completely of the second order and the resulting numerical

solutions less accurate than they might have been. Therefore, further

investigatians involving more accurate finite difference representations
of the water elevation terms would be advantageous - particularly for
velocity fields where the pressure gradients are substantial.

The assumption that the width of the jet needed to be repre-

sented by at least one grid space, could not always be realistically

applied to prototype boundary configurations. Studies into the

representation of such boundary configurations, that are smaller than
an economic grid size, would be most useful in the numerical prediction
of a diffusing jet.

The present form of the mathematical model is such that a
rise (or fall) of the water elevation over a sloping bed would not

result in any change of the planform wetted area. Clearly this is a

poor representation of many prototype flow fields, e.qg. the flooding
(or drawdown) of a reservoir with a V-shaped bed, and therefore needs
to be further investigated if the model is to have a more general
applicability. .

The mathematical model, as such, does not include any quanti-

tative predictions of a water quality parameter, e.g. temperature,

concentration, salinity etc. However, with the depth averaged

velocity field being satisfactorily computed, the inclusion of the
convective~-diffusion equation in the mathematical model (and its corres-
ponding solution), would provide useful qualitative information to the

design engineer. This information would be of particular interest in
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determining whether or not a barrier, for example, does actually
improve the gross water quality characteristics.

Apart from these limitations of the mathematical model, there
Is a need for more detailed experimental research and a more accurate
method of measuring the low velocities typical of those in the labora-~
tory models. These results would allow the computed velocity fields
to be more accurately checked and compared with those measured, parti-
cularly when the flows in the hydraulic model are fully turbulent.
Even better, however, would be an attempt to measure the velocities in
some typical prototype.

Finally, further applications of the mathematical model, to
different planform geometries and flow conditions, would provide
further information to the design engineer faced with improving any
existing or anticipated water quality problems in a reservoir or

harbour.
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FORTRAN LISTING OF THE

COMPUTER PROGRAM ROGER



(o] [aNaNoNsNaNaNeNaNal

o0

1007

89

87

PROGRAM LISTING FOR THE

JET-FORCED CIRCULATION IN A

PROTOTYPE CIRCULAR RESERVOIR

-

ROGER ALEXANDER FALCONERS
DEPTe OF CIVIL ENGINEERING.
IMPERIAL COULLEGE.

SOUTH KENSINGTONs, LONDON SW7.

MATHEMATICAL MODELLING OF JET=-FORCED CIRCULATION

IN RESERVUIRS AND HARBOURS.

PROGRAM ROGELR (INPUT+OUTPUTe TAPES=INPUT.
SET DIMENWS1UNS OF SYSTEM

DIMENSION At21)s B(21),

INPLOT(20) s WPRINT(80)s KONVRT(21)

CUMMON SE(21+21)y SEM(21¢21)s SEP(21¢21)0 U(21421) UM(21'21}0
VM(21+¢21)e VP(21:21) C(21421)
2 NRD(40)s MBO(40) e MOBD(3)e NUBD(3)e TITL(12)e XIA(980)¢ XIB(980),

1 UP(21¢21)0 V(21421)s

SFLOW(21+21)
WRITE(641007)
FORMAT(1HS)
NMAX=21
MMAX=21
PI=3.,1416
ANGLAT=51.5
AG=9,81
AL=80,0
AT=30.0
MAXST=400
SEINV=0,0
MOBD(1)=0111110
A0RV(2)=211U121
MINDO=3
NInDO=1
NSECT=21
NCARD=970
IP=1
Iu=1

SET OPtN BUUNDS AS FUHCTIONS OF TABLEVALUES (XIA(K)ETCs)
OR AS FUNCTIUNS OF HALF TIMESTEP NUMBER (K)

GO 70 87
COMTINUE

FLOW(1101)=XIB(K)
FLOW(1U022)SXIALK)
FLOW(11421)=XIA(K)
FLOW(12¢21)=XIA(K)
IF (ISTEP.LY.1)GO TO 96

GO To 3ul
CONTINUE

READ(S %) (TITL(J)J=14T)
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% FORMAT(7A10)
READ(S¢9) (NPLOTIN)eN=1e4)

9 FORMAT(u4IY)
Fw=0,003
RHOD=0.,0012
AX=0,0
NY:".S
FF=PI«SINIANGLAT*PI/180,0)/721600.0
CALL KURIH(NCAKD'PILWAL+AGAT)
NST=0
Cl=AT*AG/AL
C2=AT/AL
C3=AT
C4=8,0%AT*AG
CO=AT/Z(AL*%2)
01=2,0%xC1
0D2=2,02xC2
D3=2,0sC3
D4=2,0*CY
05=2,.0%CS
DO 8 N=1.NMAX
DQ 8 Ms=1.MMAX
SE(N¢M)=0,0
SEM(MeM)=0,0
SEPINeM)=0.U
U(NIM)=0,0
UM(NyM)=0.0
UP(N M)=0,0
VI(NeM)=0,0
VM(NyM)=0,0
VP(NyM)=0,0
C(NsM)I=0,0
H(NsM)=ULU
FLOW(N+M)=0,0

8 CONTINUE
CALL DIVE(NMAX+MMAX)

CALL FIND(MIND+«NINDeMMAX NMAXsMINDO«NINDOJNSECT)
CALL DEPTH(NMAX e MMAX)
CALL CHEZY(WMAXyMMAX)
READ(5+25) (INPRINT(N)sN=1016)
READ(5+25) (NPRINT(N)+N=1T7¢32)
READ(5¢25) INPRINTIN) o N=33,48)
REAU(5e25) (NPRINT(N) +N=49+64)
READ(5+25) (NPRINT(N) ¢N=65:80)
25 FORMAT(1614)
HuM=]

T IF(NUMJEQ.NIND) 60 TO 3
NSKRCH=WBDINUM) 71000000
WN=HBDI(NUM) Z710000=-NSRCH%100
AF=NGUINUM) Z7100=NSRCH*10000=-N*100
L=NUBD (NUM) -NSKCH%*1000000-N%10000-MF*100
NN=N=1
K=MF
00 2 M=K.L
SE(NeM)=SEInV
SEM(HeM)=SELNYV
SEP(NeM)=SE ANV

2 CopNTInuE
NUM=MUM+1
GO To 7

3 CONTINUE

ISTEP=2
G0 To Soo0
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‘o000

%
100

COMPUTL UP AND SEP ON ROW N (FIRST HALF TIMESTEP)

ISTEP=1

NST=ST+1

K=2sNST=1

IF (NST.GT.MAXST) STOP

SET OPLN BUOUNDS
GO To 89
NUwm=1 °
IF(NUMJEQNLND) GO TO 190
NSRCH=NBD(ivUM) /71U00000
N=NBD(NUM)}/10000=-NSKCH*100
MF=2HRD(NUM) 7100=-NSRCH*10000-N+100
L=NBDI(NUM) =NSKCH*1000000-N+10000~-MF*100

. MFF=NFel

99

101

107

MMF=MF+1

NNN=N+1

NN=N=1

LiL=L+)

LL=L=-1

I1T=}

A(MF)I=0.0

P(MF)=0,0

QI{MF)I=0,.0

UP(NMFF)=0.0

TEMPI=SEM{(NNN«MF)

IFLTEMPLLEQeDe0) TEMP1=2,0sSEM(N¢MF)=SEM{NNMF)
TEMP2=SEMINNIMF)

IF(TEMP2.EWeUe0) TEMP2=2,U*SEMINMF)=SEM(NNN+MF)
IF(NSRCHeLTe10,UR¢NSKCHeGl1e11) GO TO 99

ABC=0 oS« (H(NIMFF ) +HINNsMFF) ) +0425% (3, 0*SEM(NVMF)=SEM(NMMF) +
1TEMPL+TEMP2)

UP(NeMFF)=FLOW(N'MFF )/ (ABC=AL)

CONTINUE

ALMFISSEMINIMF ) =045%C25 (HINsMF)+H(NoMFF)+TEMPL1+SEM(N«MF) )%V (NIMF)
130,5%C2%(HINNeMF)+H(NNeMFF)+TEMP2+SEM(N«MF) ) xV(NNMF)
PUMF)= 049%C2%({HINMF)+HINNJMF)+SEMINMMF)+SEM(N.MF))

AIMF)I=CA(MFI40,5%C2* (H(NeMFF)+H(NNoMFF)+3,0%SEM{N«MF ) =SEM(N«MMF) )
1&UP(NMFF))

K=MF

00 102 MsSKL

MMz=M=1

MMM=M+ 1

TEMPY=SEM(NM)

TEMPI=SEM(NyMMM)

IF(TEMP3EWeVe0) TEMP3I=2,05SEMI(NsM)=SEMINMM)

TEMPS=SE(NeMMM)

IF(TFMPSeEWRele0) TEMPS=2.0¢SE(NM)=SE(NMM)

IF(M,EW.h) LU TU 107

TEMPI=SEMINNNIM)

IF(TEMPLeEWeDeU) TEMPI=2,0%SEM(NeM)=SEM(NNeM)

TEMP2=SEM(NNM)

IF(TEMP2.EVeUal) TEMP2=2,0%SEMINIM)~SEMINNN M)

TEMPY=SEMINIMM)

IF(TEMPY eEWelol) TEMPU=2.0%SEM(NIM)=SEM(NyMMM)
A(M)IZSEMINGM)=0eS«C2* (HINsMI+HINMM) +TEMPL+TEMPY9)SV(NIM) +0,5%C2»
TOHINM ) EHINNsMM) FTEMP2+TEMPI )2V (NNeM)

Pi)= 0eS5*C28(HINGMI+HINN M) +TLMPI+TEMPI) /(1,04 o.stczt(H(N.Mn)+
14(NNyMM )+ TEMPH+TEMPI ) *R(MM) )

AlA)=tA(M)+ 0.5*C2#(H(N-MM)+H(NN.MM)+TEMPQ+TEMP9)*S(MM))111.04
1 0,54C2%(HINMM)+HHINN«MMI+TEMPY+TEMPI)SR(MM))

CONTINUE

TEMP1USUMINeMMM)

TEMPL1I=UM(NIM)
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111

110

102

104

105

TEMP12=UMINIMM)

TEMP13sVM(NeMMM)

TEMPI4=VM(NIM)

TEMPISSVM{NIveMMM)

TEwPL6SVM(NNGM)

TEMPIT=UM(NNNIM)

TEMP18=UMINNIM)

IF(TEMP11lenLeU.0) GO TO 110

IF(TEMP10.WL40.0) GO TO 111

TEMP10==UM{N¢MM)

TEMPL3=vM(NIM)

TEMP1S5SVM(NNeM)

CUNTINUE

IF(TEMP12.Nt.0U.0) GO TO 110

TEMP122«=UM(N MMM )

TEMPL14=VM(N+sMMM)

TEVMP16SVM (NN eMMM)

COMTINUE

IF(TEMPL1TeEWeDe0) TEMPL7SUM(NIM)

IF(TEMP18eEWe0e0) TEMP18=UM(NeM)
TEMPI9=0.25%(TEMPL1I+TEMP14+TEMP1S+TEMP16)
TEMPI1zH{NsM)+H(NN M)+ TEMP3I+TEMPY

TEMP20=2,0%( Lt {TEMP10+UM(NsM) ) 522) % (0o Sk (H(NsM)+H(N:MMM)+H{NN M)+
LH(NN MMM ) )+ IEMP3%2,0)=( (UMIN«M)+TEMPL2)%%2) % (0,Sx{HI(NIM)+H(N MM) ¢+
2HINN¢# ) +HINNIMM) )+ TEMPYX2,0) ) /(4.0%TEMP3L)

TEMP23=TEMP17

IF((TEMP13+IEMP14),GT+0.0) TEMP23=UM(N+M)

TEMP24=TEMPL1S8

IF((TEMPLIS+IEMP16) LTe0e0) TEMP24=UM(N«M)

TEMP21=2,04( TEMP23x(TEMPL13+TEMPL14)*(H(NeM)%2,0+TEMP3+TEMP9)~TEMP24
12 (TEMPLIS+TEMPLE)I*(HINN M) %2, 0+TEMPI4+TEMPI) )/ (2,0xTEMP31)
TEMP30=SWURTLIEMPL1**2+TEMP19%%2)}

TEMP3I2=C(HeM)+C(N¢MMM)

TEMP3I3=TEMPSU/(TEMP31*({TEMP32%%2))

EDDX=SURT(ALUS( (6. VD*TEMP11)%%2+4(0,23+«TEMP30)%%*2) )xTEMP31/TEMP32
EDDY=SQRTLAL*( (6 00*TEMP19) %22+ (0.23xTEMP30)»*2) )*TEMP3I1/TEMP32
SI{M)zUtNIM)=D2x(TEVP2U+TEMP21)+2,0%U3sFF*TEMP19=DN1*(TEMPS=SE(NeM))
1=D42U(NM)*TEMP33+05%2 , 0« (EDDX*(TEMP10=U(NsM)+TEMPL12)+EDDY=(TEMP17
2=U(iyM)+TEMP18) ) +4 UxD3%F wxRHOU*SURT( IWX=TEMP L1 ) 222+ (WY=TEMP19) %2
3)%(wWX=TEMPL11)/TEMP31
TEMP1=1,0+D4%xTEMP33+D22AG*P (M) +D5%2,0*(EDOX+EDDY)

R{M)=D1/TEMPFL

SIM)=IB(M)I+UL%Q(M))/TEMPL

CONT INUE

IF(NSRCHeEWQelsOR4NSRCH,ER411) GO TO 104

UP(NJL)=UL0

G0 To 105

CONTINUE

TEMPI=SEM(NNNLLL)

IF(TEMP1eEWele0) TEMP1=2,0+SEMINJLLL)=SEM{NNLLL)
TEMP2=SEM(iNNLLL)

IFITEMP2.EweUe0) TEMP22240%xSEMINILLL)=SEM(NNN.LLL)

NDEFS0S* (HINJLLLI+IIINNLLL) ) #0025« (3, 0%SEM(NoLLL)=SEM(NesL)+
1TEMP14TEMP2)

UP (W LLL)SFLUN(NSLLL)Z (DEF*AL)

ACLLL)=SEMINILLL)=0e5%C2% LH(NLLL)+H(NJL)+TEMPL1+SEM(NLLL))*
IVINILLL) $0eD*C2% CHENNoLLL Y +H{NNL ) +TEMP2+SEMINLLL) )*VINNJLLL)
PILLL)=0e5%C2%x (HINJLLL)+HINN'LLL)+30%SEM{NoLLL)=SEM(N«L))/
1€01.040.5%2C24tHINeL)+HINNLI+SEMINIL)I+SEMINSLLL) I*K(L))
WILLLIS(ACLLL) #0e5%C2% (H(NeL) +HINNGLI+SEMINLI+SEMINLLL) )I=S(L) )/
J(1e040e5%C2%xCHINSL)+H{NNGL)+SEMINIL)I+SEM{NLLL)I=R(L))} :
SEPINsLLL)S=PILLL)3UP(NJLLL)+QC(LLL)
UP(NJL)==R({L)*SEPIMNLLL)+S{L)

CONTINUE

M=L

K=MF+1
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00 106 J=KsbL
MM=Me]1
SEP(NeM)IS=P(M)2UP(NeM]+Jd (M)
UP(NyMM)=eR(MM)2SEP(NeM)+S(MM)
106 =M~}
SEP(NIMF )=« (MF)2UP(NsMF )+ (MF)
NUMSNUMe ]
’ GO To 100
190 CUNTIRNUE
Jd0 292 W=1.NMAX
DO 292 M=]1 MMAX
U(NeMISUM(NOM)
UM M)ZUP(NIM)
SE(NINM)I=SEM(NM)
SEM(NeM)=SEPINM)
292 CORTINUE
NUM=]1

PRINT INSTRUCTIONS

500 IF(ISTEP=2)297¢2964297
296 CUNTINUE

IFINST.NE«NPLOT(IW)) GO TO S20
IF(NST.EW.U) GO 10 520
RNST=FLOANINST)
TIME=RNST#A1%2,0
TIME=TINE/3600,.,0
CALL PLOTRAF (NMAX¢MMAXsNIND+«NINDO+MINOOPI+TIME.IQ)
IF(IN.Eus4) CALL ENPLOT
ITu=Iu+l "
IF(HPLOT(IW) oetWel) CALL ENPLOT
520 CUNTINUE
IFINSTEQNPRINTUIPY) GO TO 295
G0 To 297
295 IP=IP+l
5020 FORMATU(1HY1+7/77A10e¢/7710X«*WATER ELEVATIONS IN HUNDREDTHS OF A METR
1E FOR THE TLIMESTEP%¢1I5¢/)
1157 FORMAT(/4X %M b § 2 3 4 S 6 7 8
19 10 11 12 13 14 15 16 17 18 19
220 21%7)
WRITE (6¢5020) (TITL(J) +J=1e7)eNST
WRITE(6:1157)
00 6000 M=1MMAX
JO 6006 N=1:NMAX
6006 KUMVRT(N)=SEL(N.M)%100.0
6000 WRITFLE«60UL) M (KONVRTIN) sN=1eNMAX)
6001 FURMAT(/3X¢12¢1X¢2116)
5022 FORMAT(LINLIW//TAL10+//7/710Xe%U VELOCITY COMPONENTS IN THOUSANDTHS OF
1A METRE PER SECUND FOR THE TIMESTEP*41S./)
ARITELH6¢5022) C(TLTL(J) eJ=107) oNST
ARITE(6e1157)
DU 600% M=1eMMAX
DO 6008 N=1eNMAX
6008 KOWVRT(UII=SUMAINM)I®1000,0
6004 ARITC(6.6UU1) Mo (KONVRTIN) ¢N=1¢NMAX)
021 FORMAT(1IHYI«/Z/TALU//710X 2V VELOCITY COMPONENTS IN THOUSANDTHS OF
1A METRE PER SECUND FOR THE TIMESTEP*¢154/7)
ARITE(6+45021) (TITL(Y) eJ=1e7) eNST
WRITE(641157)
D0 6003 mM=1¢MMAX
DO 6007 N=1.NMAX
6007 KOWVRTLUIIIS(VINIGM)I+VPINM)}*S500,.,0
6003 WRITE(6:600L4) M LKONVRTIN]} sN=1sNMAX)
297 Num=}
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G0 TO (299.+dH)ISTEP
ISTEP=2
K=2sNST

SET OPtiN BUUNDS
60 To 89

COMPUTL VP AND SEP ON COLUMN M (SECOND HALF TIMESTEP)

IF(NUM.EQeMIND) GO TO 390
MSRCH=MBD (IywuM) /1UUQ000
SMED(NUM) Z74U00U-MSKCH=100
NF=M3aD(NUM) 71U0~MSKCH*10000-M=100
LB (NUM ) emSKCH=1000000=-M*10000=-NF%*100
NFF=NF=1
NNF=SNF+1
MMM=M+]

. MM=M~]1

.399

303

3u7

LLL=L+1

LL=L=-1

Iv=1

A(NF)I=0.0

PINF)=0.0 -

DINFI=0.0

VP INFFeM)=0.0

TEMPL=SEM (Nt «MMM)

IF(TEMPlL.EWe0e0) TEMPL1=2,0%SEM{NF ¢M)=SEMINF ¢ MM)
TEMPR2ISEMINF e MM)

IF(TEMP2.EQe040) TEMP2=2,0%xSEM{NFsM)=SEM(NF + MMM)
IF(MSRCHoLTe10,0RMSKCHeGT11) GO TU 399

ABC=0eSs(HINFFoM)+HINFF eMM) ) 0,255 (3. 0#SEM(NF +M)=SEM(NNF M) +
1TEMP1+TEMP2)

VP(NFF+MISFLOW(NFF M)/ (ABCxAL)
CONTINUE

A(NF)SSEM(NF eM)=05%C2x (HINF ¢MISHINFF +M)+TEMPLI+SEMINF ¢ M) )*UINF o M)
140,5%C2% (HINFoMM) +HINFF ¢ MM) +TEMP24SEMINFoM) ) %U(NF ¢ MM )
PINF)I= 0eS*L2% (HINFoM)+H(NF ¢MM)+SEMINNF ¢ M) +SEM(NF eM))

GUUF )IS(A(NF)I+0.O*%C25 (H(NFF oM) +HINFF ¢Mi1) $3,0%SEM(NF o M) =SEM(NNF ¢M) )
1&VP(NFFM))

K=WF

00 302 N=KoL

NN=N=-1

NNN=MNe L

TEMPY9=SEMINIM)

TEMPI=SEM(NNNGM)

IF(TEMPIEQe0eU) TEMP3=2,0xSEM(NM)=SEM(NNM)
TENMPS=ST (NNNM)

IF(TEMPS EQele0) TEMPSS2,0«SE(N«M)=SE(NNsM)
IF(N.EUeK) BU TO 3507

TEMPL=SEM(NeMMM)

IF(TEMPleEWeU0) TEMP1=2,0%SEM(N¢M)=SEM(NMM)
TEMP2=SEM (W M)

IF(TEMPReEWeVe0) TEMP2=2,02SEM(NeM)=SEM(NMMM)
TEMPG=SEMIRNNIM)

IF(TEMPUEWeU0) TEMPU=2,0%SEM(N«M)=SEM(NNNeM)
ACH)=SEM (Nt ) =0eS*C2x(H(NsMI+HINNM)+TEMPL+TEMPII®U(INIM) +0,55C2%
JTH(NQMM) ¢H{ NN MM ) +TEMP24TEMPI I *U (N eMM)

PIM)= 0.5¢C2%¢ (HINeMITHINGMM)+TEMPI+TEMP9) /(1,04 0e5*C28(H(NNM) ¢
IHIRNNNMISTEMPY+TEMPI ) SR (NN) )

WINI=CAINI+ DeS%C25 (HI(NNMI+HINNMM)I+TEMPU+TEMPI)%S(INN))I/(1,0+

1 0,5+C2% (H{NNIM)+H(NN+MM)+TEMPY+TEMPI ) *R{NN))

CONTINUE

TEMP10SVM{NNNIM)
TENPI1SVMINGM)
TEMP12SVMIRNNWM)
TEMP13=UMINNNGM)
TEMP14SUM(NeM)
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311

310

302

304

305

TEMP1S=UMIINNN e MM )

TEMP16TUM(NeMM)

TEMP17=VMive MMM )

TEMPIESVM(NeMM)

IF(TEMP11.,NLeVe0) GO TO 310

IF(TEMP10.NL.00) GO TO 311

TEMPLU==VM(NNeM)

TLMP13=UM(NIM)

TEMPIS=UMINIMM)

CUNTINUE

IF(TEMP12.NLoeU,0) GO TO 310

TEMPL2==VMINNNeM)

TEVMPLIE4SUMINNNGM)

TEMPI6=UM LNy e MM)

CONTINUE

IF(TEMP17eEWeUs0) TEMPLT=VM(NM)

IF(TEMP1B4EWe0.U) TEMPL18=VM(NM)

TEMP1950.25* (TEMPL13+TEMP14+TEMP1S+TEMP16)
TEMPIISHINMITHINMM)IF+TEMPI+TEMPY

TEMPOU=2,0% L C(TEMPL104VMINIM) I *52)5 (0, S*#(H(NJM)+HI(NNNM)+H(NMM) ¢
1H(NNMeMM) )+ TEMP3£2,0)=((VM{NJM)+TEMP12)*%2)% (0, S« (HI(N'M)+H(NNeM)+
SHINIMMIFHINNTMM) ) ETEMPI®2,0))/7(4,0+xTEMP3])

TL4P23=TEMPLT

IFULTEMPLI3+1EMPLIY) GTe0e0) TEMP23=VM{NM)

TEMP24=TEMPLSE

IFCLTEMPLIS+TEMPLE) oLTe0e0) TEMP2U4=VYM(NM)
TEMP21=2,0%(TEMP23+{TEMPI3+TEMPLIGI*(HINWMIS2,04+TEMPI4+TEMPS)-TEMP24
16(TEMPLIS+TEMPLE)* (HIN«MM) #2. 0+TEMP3+TEMPI) )/ (2,0=xTEMP31)
TEMPI0=SQRT{TEMP11*x2+TEMP19%%x2)

TEMP32=C(N+M)+C{NNNeM)
TEMPI3STEMPI0/(TEMP31*(TEMP322%2))

EDDX=SURT(ALX( (B 00*TEMP1I) %424 (0,23xTEMP30)#*2) )*TEMP3I1/TEMP32
EDDY=SRT Ao+l (6 UOSTEMPL1L) %24+ (0,234TEMP30)x%2) )*xTEMP31/TEMP32
BINI=VINeM) =026 L TEMP2U+TEMP21)=2,04#0U3*FF&TEMP19=-D1%(TEMPS=SE(NwM))
1=D4*V(NeM)* ILMP3I3405%2,, 0« (EDDX* (TEMPLT=VIN«M)I+TEMPL18)+EDDY*(TEMP10
2«VINMIH+TEMPL2) ) +4,0%xD3sFWxRHOD*SORT ( (WX=TEMP19) #%2+ (WNY=TEMP11 ) %32
S)etnY=TEMP11)/TEMP 3]

TEMP1=1.0+D45T1EMP33+D2*AG*P(N) +D5%2,0*(EDDX+EDDY)

RIN)=D1/TEMP]L

SINI=(B(N)+ULSQ(N))I/TEMP]

CONTINUE

IFIMSRCHOEDeLeOReMSRCH,EQ.11) GO TO 304

VP(LeM)=0.0

60 TOo 305

CONTINUE

TEVPLI=SEMILLL ¢ MMM)

IF(TEMPL.EWeDe0) TEMP1=2,0%«SEMILLLeM)=SEMILLL 'MM)
TEMP2=SEMILLL +MM)

IF(TEMP2eEWweUel) TEMP2=2,0%SEM(LLL ¢M)=SEMILLL +MMM)

DEF=0S*(HILLLsMI+HILLLWMM) ) +0.25%(3,0%SEM(LLLM)=SEM(L M)+
1TEMP1+TEMP2)

VP(LLLeM)=FLUWC(LLL M)/ (OEF=*AL)
A(LLL)=SEMILLL«M)=0.5%C22(H(LLL«M)+HIL«MI+TEMPL+SEM(LLL«M) )%
TUCLLL M) 40o9%C2% (HILLLeMM)+H(LoMM)+TEMP2+SEM(LLL M) )sU(LLLsMM)
PLLL)ISUSeL2% (HILLLvMI®HILLL oMM) 43, 0%SEM(LLL oM)=SEM(L M)}/ (1.0¢
10.5%C2*« (HIL M) +HIL MM)+SEM(L«MI+SEMILLLWM))I*R(L))

QILLLIS(A(LLL) +0e5%C2% (H(LeM)+HIL +MM)+SEM(LoM)+SEMILLL M) I=SIL))/
101 040eS5%C2%(HILoM)+HIL o MMI+SSEM(LeMI+SEMILLL«M)IR(IL))
SEP(LLLM)==PLLL)=VPILLLeM)+WQ(LLL)

VP (L oM)z=RIL)I*SEP(LLLyM)+S(L)

CONTINVE

N=L

=NF+l

DD 306 J=K.L

NHN=N=1

SEP(NsM)==P(N)=VP(NeM)+Q(N)
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o000 0O

VP (NN eM)=aRINN) *SEPINIMIS+S{NN)
306 N=N=1
SEP(MF eM) ==l (IWF ) VP (NF s M) +W(NF)
NUKSNUM$] :
GU o 301
390 CUNTINUE
DO 492 N=1leNMAX
DO 492 M=]1.MMAX
VIiMyM)sYM(WeM)
VM (NeM)I=VP(INeM)
SE(NeM)=SEMINIM)
SEMINIM)I=SEFPINIM)
492 CONTINUE
NUM=]
6V TOo 500
END

SUBROUTINE KURIH(NCARD+PI+ALsAGIAT)

SUBROUIINE KURIH HANOLES THE READING OF ALL TABLEVALUES OF
THE OPtLN BOUNDARLIES LN STORAGE

COMMON SE(21¢21)9 SEM(21421)¢ SEP(21+21)s U(21+21)s UM(21¢21)»
1 UP({21¢21)s V(210210 VM(21021)¢ VP(21+21)s C(21421)y H(21421)
2 NBU(4U) e MBOCHU)e MUBDU33e NOBD(32e TITLI12)¢ XIA(980)¢ XIBI(9BO),
3FLOW(21.21)
READ(S+10) Ul.U2
10 FOKMAT(2F1V.5)
T=120.0
CELSSWRT(AG*24,0)
TCEL=(AL%*20.,0)/(CEL*AT)
KT=TCEL+0.5
DO 30 K=1+NCARD
SUM=FLOAT(K)
IF(SUM,GT.T) GO TO 31
XIBIK)I=(U2/7240)8 (1., 0+4SIN((1eS+(SUM/T)I*PI))
GO TOo 32
31 XIBtk)=U2
32 KN=K=KT
IF(KN.LTo1l) KN=1
XIALK)=(ULl/7U2)2X1IB(KN)
30 CONTINUE
WRITE(G6«¢9) (TITLIJ)eJ=147)
WRITE (6+11)
ARITE (6912) (KoXIA(K)+XIB(K)s K=14NCARD)
RETURMN
9 FURMAT(1IHL1//7A20/7/7/7+410X+sDISCHARGES AT BOUNDARY POINTS A AND B IN
1 CuBlC HMETRLS PER SECUND=%//)

11 FORAAT((TAe4 e K XIA XiB *)/7))
12 FORMATC(( 7Xe4(I442XeF8e1¢2XsF8el0e4X)))
Enn

SURROUTINE ULIVE(INMAXMMAX)
SUBROJIINE OIVE READS IN LOCATIONS OF WATER LEVEL COMPUTATION

COMMOIN SE(21021) 0 SEM(21421)¢ SEP(21:21)0 U(21421)¢ UM(21e21)

1 UP(21421)¢ V(21021)e VM(21e21)e VP(21+21)s Cl21421)¢ H(21421)¢
2 NRD(4U)e MUDIGO) s MOBD(3) e NOBD(3)e TITL(12)e XJA(980)e XIBLO98O)
3FLOW(21,4,21)

WRITE (645) (TITL(J)eJ=10T)

WRITE(6+1157)

DO 2 M=1MMAX

READ (S5¢3) (NBD(N)«N=]1+NMAX)

WHRITE(6+4) Mms (NBUCN) sN=14¢NMAX)

DU 2 N=1eNMAX
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14

15
lé

13
12

1uvo

HINoM) = FLUATI(NBOD(N))

RETURN -
FORMAT(LHLe//7A10//7/¢10Xe=WATER LEVELS IN FIELD2/)
FORMAT (/74X %M 1l 2 3 4 S 6 7 8

19 1u 11 12 13 14 15 16 17 18 19
220 21s/)

FORMAT(2112)

FORMAT(/3X+12+1Xe2116)

END

SUBROUTINE FIND(MINDeNIND+MMAX+WMAXeMINDO+NINDO+NSECT)

SUBROUIINE FIMD PROCESSES DIVE DATA AND THE MOBD AND NQBD
* VALUES AND PKRODUCES Iw0Q TABLES (NBD AND MBD) WHICH ARE USED
TO CONIROL THE COMPUTATION

LOGICAL START

COMMON SEt(21¢21)s SEM(21¢21)s SEP(21¢21)¢ U(21e¢21)¢ UM(21¢21)¢
1 UP(21+421)e V(21¢21)s VM({21021)s VP(21+421)s C(21¢21)¢ H(21421)¢
2 NBD(4D)e MBD(40) s MOBO(3)e NOBD(3)s TITL(12)e XIA(9B0)e XIB(980).
3FLOW(21.21) .
DO 1 JU=1+NSELCT

NBDUJ)Y=0

M3DtJ)I=0

MIND=1

NIND=1

DO 2 N=2:NMAX

START=¢TRUE .

DO 3 M=2.MMAX

IF(MOTSTART) GO TO &
IF(H(NM) EW.0.,0)G0 TO 3
NBD(RIND)=Mx100+NBDI(NIND)

START =.FAL>E.

GO T0 3

IF(H(NsM) oNL0s0) GO TO S
NBDININD)=SM=1+NUD(NIND)+10000%N
GO TO 6

IF(M,NE.,MMAX) GO TO 3
NBN(MIND)=SM+NBDININD)+10000%N
NIND=NIND+1

START=.TRUE.

CONTINUE

CUNTINUE

00 12 M=2.MMAX

START=.TRUE.

DU 13 WsS2yNMAX

IF (JNOT.STAKT) GO TO 14

IF (H(NJM) tWsUaU) GO TO 13
MBNIMIND)SN#1U0+M3DIMIND)

START =.FALME.

60 TO 13

IF (H(NeM)eWEeOsU) GO TU 15
MBD(MIND)SN=1+MBD(MIND)+10000%M
GO T0 16

IF{N,ME,MMAX) GO TO 13
MBD(MIND)=N+MEBDIMEIND)+10U000%M
MIMU=MIND+1

START=eTRUE ¢

CONT INUE

COUTINUE

NuM=1

IF(NUMJEQ.NIND) GO TO 300
N=pMBNENUM) Z71U000

MF=NKHD(NUM) 7100U-N%100
L=NBD(NUM) =121 00U00=-MF%*100
MFLEF=MFel
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200

210
300
101

201

211
301

20

10

11
12

LRIG=L+1
NA=]1

IF (NALED.MINDO) GO 1O 210

MEMORU(NA)ZLUCCOU

NBOT=M0RDINAY/72000-M*100

HIOP=MOBDINAY/10-M210000-NB0T*100

RYERNSMUBD (HA) =M2100000~-NBO121000-NTOP210

IFCI(NGGE e JBOT) e ANDe AN LESNTOP) ) o ANDe (MFLEF.EQ,M)) NBD(NUM)=NBD(NU
IM)+10000000

IF(L(11eGEidBOT) e ANDe (N, LESNTOP) ) e ANDe (LRIG,EQsM}) NBD(NUM)=NBDI(NUM
1)+1000000 .

NA=A+1

GO To 200

NUMSNUM+L

GO T0 100

CONTINUE

NUM=]1

JFUNUNMJEW+MIND) GO TO 301

=mMB0I(NUMI /20000

NF=MBD(NUM)/100=M%x100

SMUBDUINUM) =m*100U0=NF=*100

-

NFBUT=NF =1

LIoP=L+1

NA=1 .
JF(HALEQ.NINDO) GO TO 211
N=NUBD(NA) /200000

MLEF=NOBOINA)/1000=-N*100
MRIG=NOBD(NA)/1U~Nx10000=-MLEF*100

MEERMN=NOBD{NA) =N%100000~MLEF+*1000-MRIG=%10

IF (MeGE s MLEF s ANDeMLEeMRIGoANDNFBOT<EQN) MBDI(NUM)=MBDI(NUM)+
119000000

IF (M ,GE sMLEF o ANDeM,LEeMRIG.ANDLTOP.EQN)} MBO(NUM)=MBD(NUM) ¢
11000000

NA=NA+1

GO TO 201

NUM=NUM+]

60 T0 101

CONTINUE

WHITE(E+20) (TITL(J)eJ=1eTD)
WHITE(6421)¢JsNBUIJ) +MBO(J) +J=1«NSECT)

RETURN
FORMAT({IHYI¢//TALI0/7//7+3X o4 (4 X e kNUM* ¢ 7X s 2NBD%+9X « *MBD%¢2X) ) )

FORMAT(( /773X ¢4 (5XeI8e3XeI9¢3X:19)))
END

SUBRGUTINE UEPTHINMAX+MMAX)
SUBROUIINE DEPTH KREADS THE WATER DEPTHS

COMMON SE(21+21)v SEMI{21¢21)s SEP(21¢21)¢ U(21+21)¢ UM(21:21)
1 UP(21¢21)s VI21421) VM{21421)0 VP(21421)s CC21421)4 H(21021),
2 NHD(40) s MUO(40) e MOBO(3) e NUBD(3)s TITL(12)s XIA(S80)e¢ XIB(980),

3FLOw(21421)

NO=1%

IF(HAAXLTeNU) NUSNMAX

DO 10 M=1.MMAX

READ(Se3) (H(NsM)eN=1eNO)
CONTINUE

IFINMAXLEenNU) GU TO 12
NJ=NO+1

DO 11 M=1,.MMAX

READ(Se3) (H(NM) ¢ N=NQ«NMAX)

CONTINUE

CONTINUE

WRITE(6+9) (TITL(J)eJd=107)
WRITE(6+1157)
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D0 15 JA=1.MMAX

WRITE(6414) JALIHINIJA) osN=1sNMAX)

RETURN

FURMAT(15F5.1)

FORMAT(LHL//7A20¢//7/10X+*MEAN INITIAL WATER DEPTHS IN FIELD IN ME
1TRES+/)

FORMAT (/74X M | e 3 8 -] 6 7 8

19 10 11 12 13 14 19 16 17 18 - 19
220 21%/)

FORMAT(/3X+12+1X+21F601)

END

SUBROVUTINE CHEZY (NMAXMMAX)

SUBROUTINE CHEZY REAUS ALL CHEZY COEFFICIENTS WHICH REPRESENT
AN AVEKAGE VALUE FOR THE BOTTOM ROUGHNESS

COMMON SE(21¢21)s SEM(21+21)¢ SEP(21¢21)¢ U(21+21)¢ UM(21+21).
1 UPL121421)¢ V(21021)s VM(21+21)e VP(216¢21)s C(21421)0 H(21421)¢
2 NRD(40)s MBUC(40)y MOBDI(3)es NUBD(3)e TITL(12)e XIA(98B0)e XIB(980).
SFLOW(21421)

NO=15

IFINRAX LT oHWU) NUSNMAX

00 10 M=1.MMAX

READ(S5¢3) (CI(NyM)sN=1eNO)

CONTINUE

IF INMAX.LE.NO) GO TO 12

NWU=NO+1

D0 11 M=1+MMAX

READ(Se3) (LINJM) ¢sNSNL¢NMAX)

CONMTINVE

CONTINUE

WRITE(6¢9) (TIIL(JY)eJ=1197)
WRITE(641157)

DO 15 JA=1,MMAX

WRITE(B¢14) JA4(C(RNeJA) yNZ1oNMAX)

RETURN

FOKRMAT(15F541)

FORMAT(1H1¢//7A104///10X¥MEAN INITIAL CHEZY COEFFICIENTS IN METRI
1C UNITS*/)

FORMAT (/74X ¢ %M 1 2 3 | 5 6 7 8
19 10 11 12 13 14 15 16 17 18 19
220 21%/)

FORMAT(/3X41241X+21F640)

END

SURBKQUTINE PLOTRAF (HMAX «MMAX e WIND«NINDO«MIRNDO+PI+TIMEIQ)

SUBROUI INE PLOTRAF PLOTS THE VELOCITY VECTORS IN GRAPHICAL
FORM

COMMON SE(21+21)e SEM(21¢21) ¢ SEP(21¢21)0 U(21¢21)¢ UM(21421)
1 UP(21421)s V(21e21)e VM(21e¢21)0 VP(21421)s C(21421)9 H(21421) 0
2 NRD(40)s MUD(4U) e MOBD(3)s NOBD(3)e TITL(12)e XJA(980)¢ XIB(980)«
3FLUW(21.21)

OIMEMSION XPAGE(Z21)e YPAGE(21)

CALL START(2)

IF(1CeEQGe2) CALL PLUT(0e0¢156120~3)

IF(19.€£0e3) CALL PLUT(21,68¢060¢~3)

IF(IQ.EU.“’ CALL PLU'(21.68015.120-3)

DELTAX=SU.47>

DELTAY=0.472

VELSCAL=DELIAX/0.08

PLOTHAX=DELIAX*4.0

DO S50 M=1.MmMAX

00 S50 N=1.nNMAX
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50

600

603

601

610

612

611
620

RM=FLOAT(M)

RN=FLOAT(N)

XPAGE(M)=2,75+(rM+0.5) *«DELTAX

YPAGE (N)=1.2+RNSDELTAY

CONTINUE

NUwm=1

IF(NUM.EQ.IIND) GU TO 601
NSRCYH=NSD (NUM) 71000000

WN=NBN(NUM) /720000-NSRCH%100

MF=HRD(NUM) 7100=-WSRCH*10000-KN*100
L=NBD(NUM) =INSRCH*100000U=N+10000=-MF %100
NN=N-1

K=MF

00 603 M=K.L

MM=Me}l

HEIGHT=SGRT LI (UMINyM)+UM(NeMM) ) %0,S5) %52+ ( (VI(NM)EVINNM)+VP (N M)+
1VP(WNsM))20e25)%52)

IF(HEIGHT.EW,U.0) GO TO 603
HEIGHT=HEl1GHT#VELSCAL

IF(HEIGHT «G I +PLUTMAX) GO TO 603
ANGLESATAN2CC(VINIMIFVI(NNMISVP (NeMI+VP(NNeM) ) %0,5) ¢ (UM(NM)+
1UMIN,MM) ) )
XCORN=EXPAGE (M) =HEIGHT*SIN(ANGLE)*6,0/20,0
YCORD=YPAGE () +HEIGHT*#COSIAKGLE ) *6,0/20,0
ANGLE=(ANGLL*180.0/P1)+270.0

CALL SYMBOLU(XCORDsYCORDHEIGHT ¢83¢ANGLE+~1)
CONTINUE

NUM=NUM+}

GO TO 600

CONTINUE

NA=1

IF(HAJERQ.MINDO) GU TO 611

M=MURD(KA) /7100000

NBOT=MOBD(NA)/1000-M%100
NTOP=MUBD(NA)/10-Mx10000=-RBOT*100

DO 612 N=NBUTNIOP

NN=Nel
HEIGHT=SORTIUM(N+M) %2+ ( (VINIM)+VINN¢M)I+VP{N«M)I+VP(NNsM) )%0.,25)
1¢22)

IF(HELGHT.EW.0,0) 60 TO 612
HEIGHT=HEIGHT#VELSCAL

IF(HEIGHT«6 1 o PLUTMAX) GO 10 612
ANGLESATANZ2C((VINMI+VINNIMI+VF{NsM)+VP(NNsM) ) %0,25) ¢ UM(NsM})
XCORD=XPAGE (M) =HEIGHT*SIN(ANGLE)*6.0/20.0
YCORD=YPAGE (NI +HEIGHT*COS(ANGLE )*6.0/720.,0
ANGLE=(ANGLL%18U0.0/PI)+270.0

CALL SYMBOLAXCURD+«YCUKD«HEIGHT ¢83+ANGLE¢~1)
CONTINUE

NA=NA+]

GO To 610

NA=1

IF(NAEWGNINDO)Y GO TO 621
N=NORD(NA)/Z1U000V

MLEF=NOBDI(NA)Z1000=-N%100
MRIG=NOBDINA)/Z10-N%x10000-MLEF*100

DO 622 M=MLLF 'MRIG

MM=M=1
HEIGHT=SURTLL(UMIN M) +UM(NMM) ) %0,5) %22+ ((VINeM)+VP(NeM) )*%0.5)5%2)
IF(HFIGIITeEWesVa0) GU TO 622
HEIGHT=HEIOLHT*VELSCAL

IF(HEIGHT«G1 4PLUIMAX) GO 10 622
ANGLESATAN2LIVIN«M)I+VP(NeM) ) s (UMIN«M)+UMINMM) ) )
XCORD=XPAGE (M) =HEIGHT*SIN(ANGLE)*6.0/20.,0
YCORD=YPAGEIN)}+HEIGHT*CUS(ANGLE)*6.,0/20.0
ANGLE=(ANGLL*180,0/PI)+270,0

CALL SYMBOLt{XCOKRD ¢ YCORDeHEIGHT +83+ANGLE ¢~1)
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622 CONTINUE
NA=NA+L
GU TO 620
621 CONTINUE
WIDSCAL=0.12
CORUXEN=APAGE(MMAX) ¢+ ({DELTAX/2.0)+WIDSCAL+0.6
CORUYEN=YPALE(1)+1,.5=0DELTAY
CALL SY“BUL(CUKDXEN+COXKDYEN«WIDSCAL +66HLENGTH:. SCALE 80 M
1 VELOCIFY 008 M/SEC+90.0¢66)
SCALEN=CORDYEN+135.0xWIDSCAL
DELTAB=DELIAX*10eU/640
DURUDXEN=CORUXEN=(WIDSCAL/2.,0)
CALL SYMBUL(DURUXE!N ¢SCALENJDELTAB¢16¢90404~1)
FORDXENSDUORUAEN=UELLTAX%6.0/2000
SCALVEL=CUORUYEN+50,U*wIVSCAL
CALL SYMBULtFURDXEN+SCALVELDELTAX¢8340,00~1)
CURDXEN=CURUXEN+S3.0sWIDSCAL

CALL SYMBUL{CURDXE' ¢«CURDYEN+WIDSCAL +66HINITIAL DEPTH 24,0 M
1 CHEZY VALUE 5646 METRIC¢90.0¢66)
CORDXEN=CORUXEN+3 ¢ 0#WIDSCAL

CALL SYMBUL(CURDXENs CURDYENWIDSCAL +66HJET INFLOW CUMEC
1 WELK OUTFLOW CUMEC+90,0¢66)

ENFLOWS0,0 .

M=1

DO 20 N=1+NMAX
ENFLOWSENFLUW+FLOW(NsM)
20 CONTINUE

CORDIN=CORDYEN+14,0«*WIDSCAL

CALL NUMBER(CURDXEN¢CUROIN«WIDSCAL+ENFLOW+90e04=1)
OUTFLOW=0.0

M=MMA X

00 21 N=1+NmAX

OUTFLOW=OUTFLOW+FLOW(RN M)

21 CONTINUE

CORDNDUT=CORUYEN+56,0=WIDSCAL

CALL NuvBtntCURUXENcCORDOUT.WIDSCALoOUTFLOH.SO Ce=1)
CORDXEN=CORUXEN+3.0*wIDSCAL

CALL SYMBUL{CUROXEM+COKDYEN+WIDSCAL+66HJET VELOCITY 0,60 M/SEC
1 DEPTH OF JET 5¢0 Me90,0466)
JE(NMAX=1)/2

WIDTITL=0.2

XBEGIN=XPAGL (1) =tUELTAX/72.0)
YBEGIN=YFPAGL(1)=-tDELTAY/2.0)
CORDYSYPAGE(U) =14 S*WIDTITL

COROX=DELTAX+1.7

CALL SYJIBULI{CURDX ¢CURDY+WIUTITL«30HJET CIRCULATION IN A RESERVOIR,
199.,0,30)

CORDYN=YPAGE (J)+2.0

CORDXN=CORLA+0,5

CALL SYYBOL(CURDXN+CORDYN+WIDSCAL12HTIME IN HRS ¢90.0412)
CORDY!I=CORDYN+WIDSCAL%12,0

CALL NUMBER(CORDXN¢CORDYNeWIDSCALTIME+90.0.2)
K=(MMAX+1) /2

L=(NmAX+1) /72

XCIROK=XPAGLGL(K)

YCIROKR=SYPAGLE (L)

DIAM=FLOAT (INMAX=2) «DELTAX

RADIVS=U.5+«U]IAHM

THETALISATAMNC(U7H504.75)%180.,0/P1
THETA2=2180.U=(ATAN2(0e229%4,75)%180,0/P1)
THETA3=360.u=THETA1

THETA4=360.U=THETA2

CALL DASHON(Y4)

CALL CIRARC(XCIKUR YCIROR'RADIUSTHETAL1,THETA2)
CALL CIRARC(XCIRUK YCIROR'RADIUS«THETA3.THETAY)
CALL DASHOF

>
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DO 51 M=1.MMAX
XPAGE (M)=XPAGE(M)+(DELTAX/2.0)
51 CONTInUE
00 52 N=1.NMAX
YPAGE (M)=YPAGE(N) + (DELTAY/2,.0)
52 CONTINUE
CALL PLUTIABEGIN«YPAGE(11)43)
CALL PLOTI(XPAGE(1)YPAGE(11)+2)
CALL PLOTI(XPALECL) s YPAGE(1S)e2)
CALL PLUTUIXPAGELZ2)YPAGE(15)42)
CALL PLOT(XFAGE(Z2)yYPAGE(17)¢2)
CALL PLOTIXPAGE(3) s YPAGE(17)+2)
CALL PLOT(XPAGE(S) YPAGE(18).+2)
CALL PLOT(XPAGE(4)+YPAGE(18)+2)
CALL PLOTI(XPAGE(4) ,YPAGE(19).+2)
CALL PLOTUIXMFAGE(6) +YPAGE(19)42)
CALL PLOTUXPAGE(6) YPAGE(20)+2)
CALL PLOT(XPAGE(1S)+YPAGE(20)+2)
CALL PLOT(XFPAGEL19)+YPAGE(19)¢2)
CALL PLOTU(XPAGE(17)YPAGE(19)¢2)
CALL PLOT(XPAGE(17)+YPAGE(18)4+2)
CALL PLOT(XPAGE(18)YPAGE(18)+2)
CALL PLOT(XPAGE(18)+YPAGE(17)¢2)
CALL PLOTUIXPAGE(19)«YPAGE{17) ¢2)
CALL PLOT{XPAGE(19)+YPAGE(15)+2)
CALL PLOT(XPAGEL20)+YPAGEL15)+2)
CALL PLUTIXPAGE(20)+sYPAGE(12)+¢2)
CALL PLOT(XPAGE(21) YPAGE(12)+2)
CALL PLOTU(XPAGE(21)«YPAGE(I)¢3)
CALL PLUT{XPAGE(20)+YPAGE(9)+2)
CALL PLOT(XPAGE(20)+YPAGE(6)2)
CALL PLOT(XPAGEL19)YPAGELE)2)
CALL PLOT(XPAGE(L19)+YPAGE(Y4)2)
CALL PLOTIXPAGE(13)«YPAGE(4)42)
CALL PLOTU(XFPAGE(18)YPAGE(3)e2)
CALL PLOTUIXPAGE(17)+YPAGE(3)42)
CALL PLOT(XFAGE(L17) e YPAGE(2)42)
CALL PLOT(XPAGE(1S)+YPAGE(2)42)
CALL PLOT(XPAGE(15) «YPAGEL1)e2)
CALL PLOT(XPAGE(6)YPAGE(1)42)
CALL PLOT(XFAGE(6)+YPAGE(2)e2)
CALL PLOTIXPAGE(4)sYPAGE(2)+2)
CALL PLOT(XPAGE(Y4) +YPAGE(3)+2)
CALL PLOT(XPAGE(3) « YPAGE(3)+2)
CALL PLOTUIXPNGE(3)YPAGE(4)+2)
CALL PLOT(XFAGE(2) YPAGE(4)2)
CALL PLOTU(XFAGE(2)YPAGE(6)+2)
CALL PLOVY(XPAGE(1) «YPAGE(6)+2)
CALL PLOY(XFAGE(1)+YPAGE(10)+2)
CALL PLOT(XBEGIN«YPAGE(10)+2)
BORDEX=16e59+DELTAX
YORIGIN=0.0
BORDEY=11.6Y
CALL PLOTIDELTAX+YORIGIN3)
CALL PLOT(DELTAXBORDEY2)
CALL PLOT(BUKDEX +8ORDEY+2)
CALL PLOT(BURUEX+YORIGIN+2)
CALL PLUOT(DLLTAXsYORIOGING2)
RETURN
END

JET INUUCEUD CIRCULATION IN RESERVOIRS
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APPENDIX 11

VELOCITY FIELDS FOR THE
JET CIRCULATION IN A
RESERVOIR AND THE TIDAL
CIRCULATION IN A HARBOUR



JET CIRCULATION IN A RESERVOIR

EXPERIMENTAL RESULTS

LENGTH SCALE —— 8.0 CH
INITIAL DEPTH 8.5 CH
JET INFLOW 750 CC/SEC

JET VELOCITY 10.0 CM/SEC

FIGURE 15

VELOCITY —b> 8.0 CM/SEC

ROUGHNESS - PLANED HWOOD
NEIR OUTFLOR 750 CC/SEC
DEPTH OF JET 9.8 CH

Measured Velocity Field for the High Flow Jet Inlet

165



JET CIRCULATION IN A RESERVOIR

EXPERIMENTAL RESULTS

LENGTH SCALE —— 8.0 CM VELOCITY —>» 2.0 CM/SEC

INITIAL DEPTH 8.5 CM ROUGHNESS - PLANED WOOD
JET INFLOW 210 CC/SEC KEIR OUTFLONW 210 CC/SEC
JET VELOCITY 3.0 CM/SEC DEPTH OF JET 8.0 CH

FIGURE 16  Measured Velocity Field for the Low Flow Jet Inlet’
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FIGURE 17

JET CIRCULATION IN A RESERVOIR

EXPERIMENTAL RESULTS

LENGTH SCALE —— 8.0 CM
INITIAL DEPTH 12.0 CH
JET INFLOW 750 CC/SEC

JET VELOCITY 7.0 CM/SEC

167

VELOCITY —> 6.0 CMASEC
ROUGHNESS =~ PLANED WOOD
NEIR OUTFLONW 750 CC/SEC
DEPTH OF JET 13.3 CH

Measured Velocity Field for the High Flow Jet Inlet
with an Increased Depth



CJET CIRCULATION IN A RESERVOIR

TIME IN SECS 144
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LENGTH SCARLE —— 8.0 CM VELOCITY —> 8.0 CM/SEC
INITIAL DEPTH 8.5 CM CHEZY VALUE 438 SI UNITS
JET INFLOW 750 CC/SEC WEIR OCUTFLONW 750 CC/SEC
JET VELOCITY 10.0 CM/SEC DEPTH OF JET 8.3 CM

FIGURE 18 Computed Velocity Field for the High Flow Jet Inlet
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JET CIRCULATION IN A RESERVOIR

FIGURE 19

JET VELOCITY 10.0 CM/SEC
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JET CIRCULATION IN A RESERVOIR
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FIGURE 20 Computed Velocity Field for the High Flow Jet Inlet with the
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JET CIRCULATION IN A RESERVOIR
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FIGURE 21

TIME IN SECS 144

VELOCITY —> 8.0 CM/SEC
CHEZY VALUE 438 SI UNITS
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DEPTH OF JET 9.3 CH

Computed Velocity Field for the High Flow Jet Inlet Using

the Velocity Magnitude for the Components of the Shear Velocity
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JET CIRCULATION IN A RESERVOIR
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FIGURE 22
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TIME IN SECS 144
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JET CIRCULATION IN A RESERVOIR

TIME IN SECS 144

o /‘/o— 9 ‘}‘\ .
~N
. l/‘ - P - v Y I - [ - ,\\ -
o/’ . ' o . P 3 i1 - LY LY [ .\\ .
, 7 N
./'/o . . . . - i T ! - [N [N . . c\\
¢ . » » » - - 1 < ‘ . . . . . . \)
/ \|
. [ [ ’ » 4 ] ° P - L3 . L} .
/ Loy Vo \
‘/ . ’ ] ’ ’ . . 1 T 1 . - [N . () . . \\
J,/. ’ ’ ’ ’ ’ - , 1 < 1 . . . ) ) s » .\‘\
. ] ] ’ ’ ] - s l Y 1 ¢ - [ LY ] [} [} . li
. ’ [ 4 4 ’ r - s 1 Y l ¢ - [N LY ) 1 [} .
v ) ] ? ’ ’ - N L ) ] ' .
g SEIRES N |
' '
. L { 4 4 1 4 ’ LY R 1 |  §
\ v LY Lt '/
\ ]
\\ T A I 1 Y| ¢ - O T S T /
.\\ | | ' 1 1 4 . ‘ l o | t t ¢ ? '/u
\\\ ‘ l 1 /
1 ) L] ? ? ! 4 /
L] l 1 -
\ 1 7! /
«\% V8, ! - 2 2 2 2/
\\ 1 l Y /:
\ \'\\ ~ ~ -~ y 1 l \ - /7 7 ’/./' V]
\\\ N / \ <~ - 7 //I
‘\~\ -— /'/'
\‘\J l \,—"/
I I 1 I
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FIGURE 23  Computed Velocity Field for the High Flow Jet Inlet

with an Increased Depth

173



TIDAL CIRCULATION IN A HARBOUR

EXPERIMENTAL RESULTS

t1T=1/4 t1T=3/4

o TN e, Lall S

L/B=116
LENGTH 7. CM BREADTH 64 CM
ENTRANCE WIOTH 15 CM MEAN DEPTH  13.74 CM
WAVE PERIOD 634 SECS WAVE AMPLITUDE 3.1 CM
Figure 24a
l tT=114 YT=34
= - Ve = ,\ ' - ’\
\ \
| /
]
\
L/B=0.58
\
\ N
Y v
{ ) ~ — = LESS ( R \ \
A Y, PRONOUNCED \ \ \
Y _ -~ | STREAMLINES )
& \ ")
I&. J = (2 ~/
LENGTH 52 CM BREADTH 89 CM
ENTRANCE WIDTH 15 CM MEAN DEPTH  13.74 CM
WAVE PERIOD 634 SECS WAVE AMPLITUDE 3.1 CM
Figure 24b

FIGURE 24 Observed Velocity Fields for Different L/B Ratios
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TIDAL CIRCULATION IN A HARBOUR

EXPERIMENTAL RESULTS

/IB=1.8
1 1 T=14 L t/T=3/4

LENGTH 91 CM BREADTH S0 CM

ENTRANCE WIDTH 1S CM . MEAN DEPTH - 13-74 CM
WAVE PERIOD 634 SECS WAVE AMPLITUDE 3.1 CM
. Figure 2kc
- — P o= e = -
t/T=114 -
- o e e ) e - — -
-~ -~ —_—
( \ It NP
\& _ ) ~ —_ -

t1T=314
LENGTH 122 CM BREADTH 38 gz
ENTRANCE WIDTH 15 CM MEAN DEPTH 13.74

WAVE PERIOD 634 SEGCS _WAVE AMPLITUDE 3.1 CM

Figure 24d

FIGURE 24 Continued
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 188
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LENGTH SCALE —— 4.0 CM VELOCITY —> 0.6 CM/SEC

MEAN DEPTH 13.74 CH CHEZY VALUE 405 SI UNITS

NAVE PERIOD 634 SECS WRVE RAMPLITUDE 3.08 CH

FIGURE 25a Computed Velocity Field for the Ebb Tide with L/B = 1.0
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TIOAL CIRCULATION IN A HARBOUR

TIME IN SECS 475
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MEAN DEPTH 13.74 CH CHEZY VALUE 405 SI UNITS
WAYE PERIOD 634 SECS WAVE RMPLITUDE 3.08 CM

FIGURE 25b  Computed Velocity Field for the Flood Tide with L/B = 1.0
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.TIDAL CIRCULATION

IN A HARBOUR

TIME IN SECS 158

peror I
p r 011
!

!

- b et b bt =t —p —p —p P —p—D—D

\
1
1
1
i
i
1
\
\

P S S S R R P S
A A A A AN A /’a-f’~f”’¢”¥f”iL”Jv

)Il//////////v/v

-d
-
’
’
’
’
’
’

-
-
-
”
’
’
4
’
’
’

r ! | |
r ! !

’
’
’
’

’
’
’
’

L g L L 3 L [ - - -
G L Y [ & = -~ - [
L) L o~ - -~ ~ -« .
[ [ S -~ -~ - [S [N .
[ [ -~ LS [ S [N LY )
~ -~ ~ - [N - . .
&~ & & L LY LY L} )
LS o L - LN [N . )
~ “ LY LY [ [ ) ) L}
LN LY LN L) LY LY . .
LY LY L) [ LY . . .
LY LY L3 LY L) L) L) L]
LN LY - [ . [ [y .
LY LY [ [N [N [ ) .
LY - - [N . . . .
L) L 3 L] L] L J [ 3 L L]
L - L ) L] L ] L] L] L

LENGTH SCALE —— 4.0 CM
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VELOCITY —bD> 0.4 CM/SEC
-CHEZY YRLUE 422 SI UNITS
NAVE AMPLITUDE 3.08 CH

FIGURE 26a  Computed Velocity Field as in Figure 25a with a

Wider Entrance
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 475
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LENGTH SCALE —— 4.0 CH VELOCITY —P> 0.4 CM/SEC
HERN DEPTH 13.74 CH CHEZY VALUE 422 SI UNITS
RAVE PERIOD 634 SECS HAYE AMPLITUDE 3.08 CH

FIGURE 26b  Computed Velocity Field as in Figure 25b with a
Wider Entrance
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 168

[ [ G [ L ] -~ - L]
T -~ ~ L -~ . e
~ ~ ~ ~ LY LN LY .

7
’
’
’
U4
,
o

/7
’
’
’
,
»
-
-

OO G S
-t - e P W P _——’._——’.———’————4L———5l___*>

- - P B P _—".—’T*L—*"ﬁl___i>

L S S YT ST SR S

S O N N T TR B

1 T ST T T S T

t 1 L S ST S S S ' e

1 1 ) s . . . . . .

] | . . . . . . - . .

T

T
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FIGURE 27a Computed Velocity Field for the Ebb Tide with L/B = 0.58
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TIDAL CIRCULATION IN A HARBOUR

TINE IN SECS 475
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FIGURE 27b  Computed Velocity Field for the Flood Tide with L/B = 0.58
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TIDAL CIRCULATION IN

A HARBOUR

TIME IN SECS 158
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NRVE RAMPLITUDE 3.08 CM

FIGURE 28a Computed Velocity Field for the Ebb Tide with L/B = 1.73
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TIDAL CIRCULATION IN A HARBOUR

TINE IN SECS 475
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FIGURE 28b

Computed Velocity Field for the Flood Tide with L/B = 1,73
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TIDAL CIRCULATION

IN

A HARBOUR

TIME IN SECS 158
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LENGTH SCALE —— 8.0 CH
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CHEZY VALUE 405 SI UNITS
WRVE RMPLITUDE 3.08 CM

FIGURE 29a Computed Velocity Field for the Ebb Tide with L/B = 3.8
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TIDAL CIRCULATION IN AR HARBOUR

TIME IN SECS 475
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FIGURE 29b  Computed Velocity Field for the Flood Tide with L/B = 3.8
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TIDAL CIRCULATION IN A HARBOUR
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JET CIRCULATION IN A RESERVOIR
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JET CIRCULATION IN A RESERVOIR
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FIGURE 45 Computed Velocity Field for the Shallow Boundary Jet Inlet
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FIGURE 46

Computed Velocity Field as in Figure 45 with a Barrier
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FIGURE 51a Computed Velocity Field as in Figure 49a with Twice

the Length and Breadth
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FIGURE 52a Computed Velocity Field for the Neap Ebb Tide with L/B = 1,0
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FIGURE 52b  Computed Velocity Field for the Neap Flood Tide with L/B = 1.0
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FIGURE 53a Computed Velocity Field for the Spring Ebb Tide with L/B = 1.0
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TINE IN HRS 3.10
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FIGURE 54ka Computed Velocity Field for the Ebb Tide with a
North-South Barrier
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FIGURE 55a Computed Velocity Field for the Ebb Tide with an
East-West Barrier
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FIGURE 56b Computed Velocity Field for the Flood Tide with a
South=-North Barrier
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West-East Barrier

223




TIDAL CIRCULATION IN A HARBOUR

TIME IN HRS 9.30

\-.-04—0‘-.-.

\‘ -— P D o e

AN
YN >

\& \\’ \\,'——"——*'——9 —f ) P w=p =P

NN T o

- - - —————
! ¢ ¢ 4
a
.
.
v
|3 1
| 3 1Y

- b

. a3

P d

-l

—l

- -
- L]
L3 -
L L 3
L _J L
- -
- L 3
o= L

-~

~

S A e

!

NN NN

\

J

4

\\\\\\&s.__///{‘,

|

~ ~ — — — “ v v v

v

”

= = = e b e = e e~

[ [

-

LENGTH SCALE —— 20 M
MERN DEPTH 6.87 M
RAYE PERIOD 12.4 HRS

VELOCITY —P> 0.04 M/SEC
44.7 HETRIC

CHEZY VALUE

HAVE RMPLITUDE

FIGURE 57b Computed Velocity Field for the Flood Tide with a

West-East Barrier

224

1.54 8




10.

B1BLIOGRAPHY

Abbott, M.B., '"Numerical Methods.' International Courses in Hydraulilc
and Sanitary Engineering, Delft, Netherlands, 1974.

Abbott, M.B. and lonescu, |., '"'On the Numerical Computation of Nearly
Horizontal Flows.' Journal of Hydraulic Research, IAHR, Vol. 5,

No. 2, pp 97-117, 1967.

Abraham, G., "Entrainment Principle and its Restrictions to Problems
of Jets." Journal of Hydraulic Research, Vol. 3, No. 2, pp. 1-23,
1965.

Abramovich, G.N., '"The Theory of Turbulent Jets.' English edition
translated by Scripta Technica, MIT Press, Cambridge, Mass. 1963.

Amein, M. and Chu, H.L., "Implicit Numerical Modelling of Unsteady
Flows." Journal of Hydraulics Division, ASCE, Vol. 101, No. HY6,
1975.

Ames, W.F., "Non Linear Partial Differential Equations in Engineering."
William Clowes and Sons Ltd., Vol. 11, London, 1970.

Ames, W.F., "Numerical Methods for Partial Differential Equations."
William Clowes and Sons Ltd., 1969.

Arakawa, A., '"Computational Design for Long-Term Numerical Integration
of the Equations of Fluid-Motion: Two-Dimensional Incompressible
Flow." Part 1, Journal of Computational Physics, Vol. 1, 1966.

Arons, A.G. and Stommel, H., '"A Mixing Length Theory of Tidal Flushing."
Trans. of the American Geophysical Union, Vol. 23, No. 3, pp. 419-
h21, 1951.

Batchelor, G.K., '"An Introduction to Fluid Dynamics.' Cambridge

University Press, London, 2nd. Edition, 1967.

225



11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

Bengtsson, L., '"Mathematical Models of Wind Induced Circulation In
a Lake." Institute of Technology, University of Lund, Div. of
Hydraulics, Series A, No. 23, 1973.

Bird, R.B., Stewart, W.E. and Lightfoot, E.N., "Transport Phenomena.'
John Wiley and Sons, Inc., New York, 1960.

Boericke, R.R., "Interaction of Multiple Jets With Ambient Current."
Journal of the Hydraulics Division, ASCE, Vol. 100, No. HY1,
pp. 85-102, Jan., 1974.

Bradshaw, P., Ferriss, D.H. and Atwell, N.P., "Calculation of
Boundary Layer Development Using the Turbulent Energy Equation.'
Journal of Fluid Mechanics, Vol. 28, No. 3, pp. 593-616, 1967.

Bradshaw, P. and Wong, F.Y.F., '"The Reattachment and Relaxation of
a Turbulent Shear Layer.' Journal of Fluid Mechanics, Vol. 52,

No. 1, pp. 113-135, 1972,

Bye, J.A.T., 'Wind Driven Circulation in Unstratified Lakes.'"
Limnology and Oceanography, Vol. 10, No. 3, July 1965.

Callander, R.A., "Instability and River Channels.'" Journal of Fluid
Mechanics, Vol. 36, Part 3, pp. 465-480, 1969.

Connor, J.J. and Wang, J.D.,, ''Finite-Element Modelling of Two-

Dimensional Hydrodynamic Circulation.'' MIT Civil Engineering Report,
R 73-53, 1973.

Cooley, P and Harris, S.L., "The Prevention of Stratification in
Reservoirs.'" Journal Institute of Water Engineers, 8, pp. 517-531,
1954,

Csanady, G.T., 'Hydrodynamics of Large Lakes.' Annual Review of

Fluid Mechanics, Annual Reviews, Palo Alto, Edited by Van Dyke, M.,

Vincinti, W.G., Wehavsen, J.V., 1975.

226



21.

22.

23.

24,

25.

26.

27.

28.

23.

30.

Csanady, G.T., 'Large Scale Motion in the Great Lakes.'' Journal of
Geophysical Research, Vol. 72, No. 16, Aug. 1967.

Daly, B.J. and Harlow, F.H., 'Transport Equations in Turbulence."
Physics of Fluids, Vol. 13, No. 11, pp. 2634-2649, 1970.

Davis, J.M., ""The Finite Element Method: An Alternative Subdomain
Method for Modelling Unsteady Floﬁ in Coastal Waters and Lakes."

Proc. International Symposium on Unsteady Flow in Open Channels,

Newcastle-Upon-Tyne, BHRA, April 1976.

Deardorff, J.W., '"On the Magnitude of the Subgrid Scale Eddy

Coefficient.' Journal of Computational Physics, Vol. 7, No. 1,
pp. 120-133, 1971,

Dronkers, J.J., '"Tidal Computations in Rivers and Coastal Seas."
North Holland Publishing Company, Amsterdam, 1964,

Dronkers, J.J., 'Tidal Computations for Rivers, Coastal Areas and
Seas.'" Journal of the Hydraulics Division, ASCE, Vol. 95, No, HY1,
Jan. 1969.

Elder, J.W., ""The Dispersion of Marked Fluid in Turbulent Shear

Flow." Journal of Fluid Mechanics,Vol. 5, Part 4, pp. 544-560,
1959.

Elsawy, E.M., "A Specialized Computer Technique for Simulation of
Flow Oscillation in Sudden and Gradual Expansion.' Fifth Australasian
Conference, University of Canterbury, New Zealand, 1974.

Falconer, R.A., "Tidal Circulation Effects in Rectangular Harbours.' MSc
Thesis, University of Washington, Seattle, Washington, Aug. 1974.

Fan, L.N., "Turbulent Buoyant Jets into Stratified or Flowing
Ambient Fluids." W.M. Keck Laboratory of Hydraulics and Water
Resources, California Institute of Technology, Calif.

Instit. of
Tech., Rep. No. KH-R-15, June 1967.

227



31.

32.

33.

34.

35.

36.

37.

38.

39.

ho.

Fischer, H;B., ""A Numerical Model of Estuarine Pollutant Transport.'
Vol. 111, Proc. Thirteenth Coastal Engineering Conference,
Vancouver, B.C., July 1972.

Fischer, H.B., '""Mass Transport Mechanisms in Partially Mixed
Estuaries.' Journal of Fluid Mechanics, Vol. 53, No. 4, pp. 671~
687, 1972.

Flokstra, C., '"Generation of Two-Dimensional Secondary Currents."
Delft Hydraulics Laboratory, Research Report, Report $S163-11,

July 1976.

Frenkiel, F.N., "Turbulent Diffusion.'" Advances in Applied Mechanics,
Vol. 111, T. Von Karman and R. Von Mises Eds., Academic Press,

New York, N.Y., 1953.

Gadgil, S., '"Structure of Jets in Rotating Systems." Journal of
Fluid Mechanics, Vol. 47, Part 3, pp. 417-436, 1971.

Gawain, T.H. and Pritchett, J.W., '"A Unified Heuristic Model of
Fluid Turbulence.! Journal of Computational Physics, Vol. 5,
pp. 383-405, 1970.

Goldstein, S., '""Modern Developments in Fluid Dynamics.' Oxford

University Press, Vols. | and Ii, London, p. 208, 1938.

Gosman, A.D., Pun, W.M., Runchal, A.K., Spalding, D.B. and Wolfshtein, M.,

""Heat and Mass Transfer in Recirculating Flows.! Academic Press,
London 1969.

Gourlay, A.R. and Morris, J.L.1., "Finite Difference Methods For
Non Linear Hyperbolic Systems.' Mathematics of Computation, Vol. 22,
No. 101, pp. 28-39, Jan. 1968; Vol. 22, No. 103, pp. 549-556,
July 1968.

Hamblin, P.F., "Hydraulic and Wind-Induced Circulation in a Model
of a Great Lake.'" Proc. 12th Conference on Great Lakes Research,

International Association for Great Lakes Research, 1969.

228



b1,

k2,

I'3-

uh,

hs.

b6,

h7.

L48.

hg.

50.

Han jalic, K. and Launder, B.E., '"A Reynolds Stress Model of Turbulence
and its Application to Thin Shear Flows.'" Journal of Fluid Mechanics,
Vol. 52, No. 4, pp. 609-638, 1972.

Hansen, W., '"Theorie Zur Errechnung des Wasserstandes und der
Stromungen in Randmeeren Nebst Anwendungen.'' Tellus, Vol. 8, No. 3,
1956,

Hansen, W., "Hydrodynamic Methods Applied to Oceanographic Problems."
Proc. of the Symp. on Mathematical-Hydrodynamical Methods of
Physical Oceanography, Institut Fur Meereskunde Der Universitat
Hamburg, 1962.

Harleman, D.R.F., Ditmars, J.D. and Fisher, J.S., "Analytical
Modeling of Estuarine Circulation.' Proc. Thirteenth Coastal
Engineering Conference, Vancouver, B.C., Vol. 111, July 1972,

Harleman, D.R.F., Holley, E.R.,Jr., Hopes, J.A. and Rumer, R.R.,Jr.,
"The Feasibility of a Dynamic Model of Lake Michigan." Physical
Limnology and Meteorology, Pub. No. 9, Univ. of Michigan, 1962.

Harlow, F.M. and Nakayama, P.l., "Turbulence Transport Equations."
Physics of Fluids, Vol. 10, pp. 2323-2332, 1967.

Henderson, F.M., ''Open Channel Flow.'" Macmillan Company, New Yor%,
1966.

Hinwood, J.B. and Wallis, |.G., ""Classification of Models of Tidal
Waters.'" Journal of the Hydraulics Division, ASCE, Vol. 101,

No. HY10, Oct. 1975.

Holley, E.R., '"Unified View of Diffusion and Dispersion.' Journal of
the Hydraulics Division, ASCE, Vol. 95, No. HY2, 1969.

Holley, E.R. and Abraham, G., '"Laboratory Studies on Transverse
Mixing in Rivers.'" Delft Hydraulics Laboratory, Report No. 127,

June 1974.

229



51.

52,

53.

54.

55.

56.

57.

58.

59.

60.

61.

Holley, E.R. and Karelse, M., '""Model Prototype Comparisons for
Transverse Mixing in Rivers.! Delft Hydraulics Laboratory, Report
No. 116, March 1974,

Huang, J.C., '"Determination of Eddy Viscosity and Eddy Diffusivity
in Lake Michigan.' Report 37, Great Lakes ﬁesearch Division,
Univer;Ity of Michigan, 1968.

Hughes, W.F. and Gaylord, E.W., "Basic Equations of Engineering
Science." Schuam's Outline Series, McGraw-Hill, New York, 1964.
lamandi, C. and Rouse, H., "Jet Induced Circulation and Diffusion."
Journal of the Hydraulics Division, ASCE, Vol. 95, No. 2, March

1969.

Jobson, H.E. and Sayre, W.W., 'Vertical Transfer in Open Channel
Flow." Journal ASCE, Vol. 96, No. HY3, pp. 703-724, 1970.

Jones, W.P. and Launder, B.E., '""The Calculation of Low-Reynolds
Number Phenomena With a Two-Equation Model of Turbulence."
Imperial College London, TM/TN/A/17, 1972.

Kraichan, R.H., "Inertial Ranges in Two-Dimensional Turbulence."
Physics of Fluids, Vol. 10, No. 7, pp. 1417-1423, 1967.

Kuipers, J. and Vreugdenhil, ''Calculations of Two-Dimensional
Horizontal Flow.'" Delft Hydraulics Laboratory, Report on Basic
Research, Report S$163-1, Oct. 1973.

Lamb, H., "Hydrodynamics.'" Cambridge University Press, 1932.

Launder, B.E. and Spalding, D.B., "Mathematical Models of Turbulence."

Academic Press, London and New York, 1972.
Launder, B.E. and Spalding, D.B., "The Numerical Computations of
Turbulent Flows." Imperial College Mechanical Engineering

Department, Report No. HTS/73/2,1973.

230



62.

63.

64.

65.

66.

67.

68.

63.

70.

Launder, B.E. and Spalding, D.B., "The Numerical Computation of
Turbulent Flows.' Computer Methods in Applied Mechanics and
Engineering, Vol. {11, pp. 269-289, 1974.

Leendertse, J.J., ''Apsects of a Computational Model for Long-Period
Water-Wave Propagation.' The Rand Corporatién, Santa Monica,
RM-4122-ARPA, Aug. 1964,

Leendertse, J.J., ''A Water Quality Simulation Model for Well Mixed
Estuaries and Coastal Seas.' Volume 1. Princiﬁles of Computation.
The Rand Corporation, Santa Monica, RM~6230-RC, Feb. 1970.

Leendertse, J.J. and Gritton, E.C., "A Water-Quality Simulation
Model for Well Mixed Estuaries and Coastal Seas.'' Volume 11,
Computation Procedures. The Rand Corporation, Santa Monica,
R-708-NYC, July 1971.

Leendertse, J.J. and Shiao-Kung, L. A Three-Dimensional Model for
Estuaries and Coastal Seas: Vol. 1, Principles of Computation."
The Rand-Corporation, Santa Monica, R-1417-0WRR, Dec. 1973.

Leith, C.E., "Numerical Treatment of Turbulent Flows,' American
Institute of Aeronautics and Aviation, Vol. 3. No. 7, pp. 1364-65,
1965.

Liggett, J.A. and Hadjl theodorou, C., "Circulation in Shallow
Homogeneous Lakes.!' Journal of the Hydraulics Division, ASCE,
Vol. 95, No. HY2, 1969.

Mahmood, K. and Yevjevich, V., "Unsteady Flow in Open Channels."
Water Resources Publications, Fort Collins, Colorado, 1975.

Marchuk, G.l!., Kagan, B.A. and Tamsaln, R.E., '""A Numerical Method of
Calculating Tidal Motion in Border Seas.' Atmospheric and Oceanic

Physics, Vol. 5, No. 7, pp. 398-402, 1969.

231



71.

72.

73.

74.

75.

76.

7.

78.

79.

Masch, F.D. and Shankar, N.J., "Circulation in Shallow Estuaries."
1AHR, International Symposium on River Mechanics, Bangkok, paper C32,
1973.

Mayer, P.G., '"Near-Field Penetration and Reservoir Mixing."
Symposium on Modeling Techniques, Waterways, Harbours and Coastal
Engineering Division of ASCE, San Fransisco, 1975.

Medearis, K., "Numerical-Computer Methods for Engineers and Physical
Scientists.' KMA Research, Denver-Fort Collins, Colorado, 1974.

Milne-Thompson, L.M. ''Theoretical Hydrodynamics.'' 2nd Ed., London,
Macmillan, 1943.

McDowell, D.M., 'Modeling Methods for Unsteady Flow.' Proc.
International Symposium on Unsteady Flow in Open Channels, Newcastle-
Upon-Tyne, BHRA, April 1976.

Nece, R.E., Falconer, R.A. and Tsutsumi, T., "Planform Geometry
Influence on Flushing and Circulation in Small Harbours.' Proc.
Fifteenth Coastal Engineering Conference, Honolulu, Hawaii, ASCE,
July, 1976.

Nece, R.E. and Richey, E.P., "Flushing Characteristics of Small
Boat Marinas.' Proc. Thirteenth Coastal Engineering Conference,
Vancouver, B.C., Vol. I1l, July 1972.

Nece, R.E. and Richey, E.P., "Application of Physical Tidal Models
in Harbour and Marina Design.' Symposium on Modeling Techniques,
Waterways, Harbours and Coastal Engineering Division of ASCE,

San Fransisco, 1975,

Nee, N.W. and Kovasznay, L.S.G., "Simple Phenomenological Theory of
Turbulent Shear Flows.'" Physics of Fluids, Vol. 12, No. 3,
pp. 473-484, 1969.

232



80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

Neumann, G. and Pierson, W.J., "Principles of Physical Oceanography."
Prentice-Hall, Inc., 1966.

Ng, K.H. and Spalding, D.B., "Turbulence Model for Boundary Layer
Near Walls." Physics of Fluids, Vol. 15, pp. 20-30, 1972.

Nuhoff, H.A., Vreugdenhil, C.G. and Wi jdieks, J., "Computing-
Technique for Non-Permanent Flow in Closed Conduits.' Delft
Hydraulics Laboratory, Publication 68, November 1969.

0dd, N.V.M. and Robson, C.L., Discussion of '"Computation of Tidal
Conditions in the Thames by Initial Value Method.'" Proc. Institution
of Civil Engineers, London, Vol. 34, pp. 51-56, 1966.

Phillips, N.A., '"An Example of Non-Linear Computational Instability.'
The Atmosphere and Sea In Motion, Rockefeller Institute Press,

New York, pp. 501-504, 1959.

Prandtl, L., "Uber Ein Neues Formelsystem Fur Die Ausgebildete
Turbulenze.'* Nachr. Akad. Wiss., Gottingen 6-19,1945.

Price, R.K., '"Comparison of Four Numerical Methods for Flood Routing.'
Journal of Hydraulics Division, ASCE, Vol. 100, No. HY7, July 1974.

Price, R.K. ""Mathematical Model for River Flows 1 Theoretical
Development.' Hydraulics Research Station Report Int. 127, Dec.

1975.

Raudkivi, A.J. and Callender, R.A., '""Advanced Fluid Mechanics.'" 1st Ed.,

Edward Arnold (Publishers) Ltd., London, 1975.
Reynolds, A.J., "Turbulent Flows in Engineering.' John Wiley and
Sons, London and New York, 1974.
Richtmeyer, R.D. and Morton, E.W., '"Di fference Methods for Initial
Value Problems.'" 2nd Ed., Interscience Publishers, New York, 1967.
Rodi, W. and Spalding, D.B., '"A Two Parameter Model of Turbulence,
and its Application to Free Jets." Warme und Stoffubertragung,
Vol. 3, pp. 85-95, 1970.
233



92. Runchal, A.K., "Fredictions and Experimental Results for Flow Past
Sudden Enlargement in a Circular Pipe." Imperial College, London,
EF/TN/A/19, 1969.

93. Schlicting, H., "Boundary Layer Theory.' 4th Ed., McGraw-Hill Book
Co., Inc., New York, N.Y., 1955.

94. Siemons,  J., "Numerical Methods for the Solution of Diffusion
Advection Equations.' Delft Hydraulics Laboratory, Publication 88,
December 1970. -

95. Smith, G.D., "Numerical Solution of Partial Differential Equations."
Oxford University Press, 1974.

96. Smith, I.R., “Turbulepce in Lakes and Rivers.! Freshwater Biological
Assoc., Scientific Publication No. 29, 1975.

97. Smith, P.A., '"The Plane Jet Growth Rate as Influenced by a Wall in
the Plane of the Nozzle." The Aeronautical Journal, The Royal
Aeronautical Society, August 1974.

98. Sobey, R.J., '"Flow Patterns in Lakes and Reservoirs.' Ph.D. Thesis,
University of London (Imperial College of Science and Technology),
1973.

99. Sobey, R.J., Harper, B.A. and Start, K.P., "Simulation Model for
Cyclonic Storm Surges on the Queensland Coast.' James Cook Univ.
of North Queensland, Dept. of Civil Engineering, Progress Report,
Aug. 1975.

100. Sobey, R.J. and Savage, S.B., '"'Jet-Forced Circulation in Water Supply
Reservoirs.' Journal of the Hydraulics Division, ASCE, Vol. 100,
No. HY12, 1974,

101. Sokolnikoff, 1.S. and Redheffer, R.M., "Mathematics of Physics and
Modern Engineering.'" McGraw-Hill Book Co., New York, 2nd Edition,

1966.

234



102.

103.

104,

105.

106.

107.

108.

109.

‘10.

111,

Spalding, D.B., "Turbulent Models and their Experimental Verification."
Part 1. Imperial College Mechanical Engineering Department,

Report No. HTS/73/16, 1973. '

Spalding, D.B., '"Turbulent Models and their Experimental Verification."
Part 3. Imperial College Mechanical Engineering Department,

Report No. HTS/73/18, 1973.

Spalding, D.B., "The Mathematical Modeling of Rivers.' Imperial
College Mechanical Engineering Department, Report No. HTS/74/4,

1974.

Spalding, D.B., '"Transfer of Heat in Rivers, Bays, Lakes and
Estuaries.'" Imperial College Mechanical Engineering Department,
Report No. HTS/74/32, 1974.

Steel, J.A., '"The Management of Thames Valley Reservoirs.' Water
Research Centre Symposium, Paper 14, Session 4, March 1974.

Sundermann, J., ""AThree-Dimensional Model of a Homogeneous Estuary."
Proc. Fourteenth Coastal Engineering Conference, Vancouver, B.C.,
ASCE, Vol 111, June 1974.

Sundermann, J. and Vollmers, H., "Tidal Waves in Schematic Estuaries."
Proc. Twelfth Coastal Engineering Conference, Vancouver, B.C., ASCE,
Vol. 11, July 1970.

Sandermann, J. and Vollmers, H., '""Mathematical and Hydraulic Models
of Tidal Waves." Proc. Thirteenth Coastal Engineering Conference,
Vancouver, B.C., ASCE, Vol. 11, July 1972. |

Taylor, G.l., "The Dispersion of Matter in Turbulent Flow Through a
Pipe." Proc. of Royal Society, London, Vol. 223 A, pp. 446-L468,

1954,
Tennekes, H. and Lumley, J., "A First Course in Turbulence.'" MIT Press,

1972,

235



112, Uusitalo, S., 'The Numerical Calculation of Wind Effect in Sea Level

Elevations.' Proc. of the Symp. on Mathematical-Hydrodynamical
Methods of Physical Oceanography, Institut Fur Meereskunde Der
Universitat Hamburg, 1962,

113. Vager, B.G. and Kagan, B.A., 'Wertical Structure and Turbulence in

a Stratified Boundary Layer of a Tidal Flow." Atmospheric and

Oceanic Physics, Vol. 7, No. 7, pp. 516-522, 1971.

114. Voogt, J. and Vreugdenhil, C.B., "Experiences with Mathematical

Models used for Water Quality and Quantity Problems."

Rijkswaterstaat Communications, The Hague, No. 18, 1974.

115. Vreugdenhil, C.B., '‘Secondary-Flow Computations.' Delft Hydraulics

Laboratory, Report No. 114, Nov. 1973.

116. Vreugdenhil, C.B. and Voogt, J., ''Hydrodynamic Transport Phenomana

in Estuaries and Coastal Waters: Scope of Mathematical Models."
Symposium on Modeling Techniques, Waterways, Harbours and Coastal

Engineering Division of ASCE, San Fransisco, 1975.

117. VWeare, T.J., "Finite Element or Finite Difference Methods for the

Two-Dimensional Shallow Water Equations?'" Computer Methods in

Applied Mechanics and Engineering, Vol. 7, pp. 351-357, 1976.

118. Welander, P., 'Wind Action on a Shallow Sea: Some Generalizations

of Ekman's Theory.'" Tellus Vol. 9, No. 1, 1957.

119. Welander, P., "Numerical Prediction of Storm Surges.' Advances in

Geophysics, Vol. 8, H.E. Landsberg and J. Van Mieghem (Eds.),
Academic Press, New York, 1961,

120. White, C.M., Harris, S.L. and Cooley, P., ''"The Hydraulic Aspects of

Stagnation in Reservoirs.' Hawksley Hydraulic Laboratory, Imperial
College of Science and Technology, Unpublished Report to

Metropolitan Water Board, April 1955.

236



121. Williams, J.M. and Holmes, D.W., '"Marker-and-Cell Technique, a
Computer Program for Transient Stratified Flows with Free Surfaces.'
Hydraulics Research Station, Report No. 134, Feb. 1974.

122, Wurtele, M.G., Peagle, J. and Sielecki, A., '"The Use of Open
Boundary Conditions with Storm Surge Equat'ions." Monthly Weather

Review Vol. 99, No. 6, pp. 537-5u4k4, 1971.

237



SUBSIDIARY MATERIAL

PAPER PRESENTED AT
15th INTERNATIONAL CONFERENCE
ON COASTAL ENGINEERING,

HAWAIL, JULY, 1976



PLANFORM INFLUENCE ON FLUSHING AND CIRCULATION IN SMALL HARBORS

by

Ronald E. Necel, Roger A. Falconerz, and Toshito'Tsutsumi3

ABSTRACT

Laboratory data showing the influence of planform geometry on the
tidal flushing characteristics of small harbors of simple surface shape. The
tide ranges, water depths, and planform areas are typical of those encountered
in small-boat marinas in Puget Sound, Washington. Each harbor investigated
had a single, asymmetric entrance.

) Flushing and circulation patterns within such harbors depend strongly
upon the characteristics of the angular momentum established within the basin |
and upon the effective penetration distance into the basin of the stream of
ambient water entering the harbor on the flood tide.

Experimental results confirm that best gross tidal flushing occurs
when rectangular harbors have an aspect ratio L/B near unity, and that round-
ing interior corners of the basin has little effect on the gross tidal flush-
ing but does improve local exchange. Aspect ratios L/B legs than 3 lead to
the creation of more than one circulation cell (gyre) within the basin.

A

INTRODUCTION

This paper reports on a laboratory study of tide-induced circulation
in small, constructed harbors. Effects of wind and waves upon water motions
within the harbors are not considered. :

The study was keyed to the continuing demand for more small-boat
marinas in Puget Sound, Washington. A common construction approach is to
dredge the marina basin from a tideflat area, with the dredged material pro-
viding fill for parking lots, dry land work and storage areas, etc. A break-
water is provided on the seaward side, usually with a single asymmetric
entrance located to provide best wave protection. Surface areas typically
range from 10 to 30 acres, with provisions for from 200 to 800 boat moorages.
Such marinas can truly be classified as "small" harbors.

Questions related to water quality are of considerable importance in
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the planning and design of such harbors. Of particular concern in the Puget
Sound area is the potential impact of water quality in marinas on fish, par-
ticularly migrating junenile salmon. Poor tidal flushing can lead to detri-
mental algal growths and low dissolved oxygen contents, dangerous to the
migrating fish. It becomes imperative in the design of new marinas, and in
the design evaluation leading to the legal permission to proceed with con-
.struction, that both the gross tidal flushing and the local circulation
patterns within the proposed basins be considered. The particular concern
of the present study is the question of how much the basin planform geometry
affects the overall exchange and the internal circulation patterns.

The approach followed has been to utilize physical models. Numerical
modeling procedures have been employed to study flow fields in existing small
harbors (e.g., Grubert (1)), but in order to predict actual water exchanges
a convective-diffusion solution would have to be superimposed on the hydro-
dynamic solution. Efficacy of the numerical techniques depends upon a valid
determination of the separation streamline of the flood currents around the
edges of the harbor entrance and on the time-and-space unsteady circulation
cell vhich is initially engendered by this separation phenomenon, as well as
upon the correct representation of diffusion coefficients. For designed but
not built basins, the physical model approach has been considered the more
economical and graphical approach to a combination of design tool and screen

).

The laboratory tests described here utilized single-fluid vertically
distorted models with a 10:1 distortion ratio. Such models do not properly
scale diffusion-dispersion processes (3); therefore, the assumption must be
made the convective transport is the dominant mode of water exchange and
that diffusion per se is of less significance, allowing the use of tracer
dyes in the model. This assumption has been used in a number of specific model
studies of tidal exchange in small harbors subject to fairly large tides,
where tidal currents are the dominant circulaticn feature {2). Field varifi-
cation studies of water exchange are still needed; the models do reproduce
depth-averaged velocities in the small harbors (4).

Because the tidal currents are indeed quite strong in the basins
modeled it is safe to ignore Coriolis as well as wind and wave effects, and
because the basins are relatively short and deep the absence of a friction
calibration is not viewed as a major concern. Results are restricted to
non-stratified harbors having no fresh water inflow; this is indeed the
situation for the well-mixed water bodies which have been investigated so far
in the Puget Sound marina studies. These limitations are listed here because
they do restrict the generality of the results. |

RANGE OF TESTS

The laboratory studies were treated as model studies of idealized
basin shapes. The scale ratios were 1:500 horizontal, 1:50 vertical. Tides
were restricted to repetive, sinusoidal tides of constant period of 10.52
minutes in the model corresponding, via Froude law scaling relations, to a
12.4-hour semi-diurnal tide.



Gross water exchange (flushing) was deterined by measuring changes in
the concentration of fluorescent dye Rhodamine-WT in the basin over a number
of cycles. Ink dye was used for visual observaticn of internal circulation
patterns. Laboratory techniques and details of the tidal model basin used
have been described previously (2,4).

i Flushing data are presented in terms of E, the average per-cycle
exchange coefficient, defined as that fraction of the water in the basin at
high water slack which is removed from the basin and replaced by ambient
water during the cycle ending at the next high water slack. The choice of
selecting the period from high-water to high-water is arbitrary, but leads
to a simple comparison with the tidal prism ratio, defined conventionally as

(Basin Vol. at High Tide)-(Basin Vol.at Low Tide)
Basin Volume at High Tide

Tidal Prism Ratio(TPR) =

where the numerator is known as the "tidal prism."” A "flushing efficiency"
18 defined as

n= -T% x 100, percent

and compares measured water exchanges with those predicted by the simple tidal
prism theory.

Three planforms--rectangular, rectangular with rounded corners, and
circular--wvere investigated. For simplicity, vertical walls and horizontal
basin bottoms were used in all cases. The basin planforms and notation used
are shown in Figure 1. Semi-circular "jetties" were used at the entrance in
each case. .

The basin area was maintained at 1.25 x 106 square feet (28.7 acres).
The equivalent L/B = 1.00 basin (which was not tested) has a side length of
1180 feet, or approximately 0.2 mi. The mean depth d within the harbor was
16 feet, taken at mean water level. The three tide ranges used in the tests
were: mneap, 4 feet; mean, 8 feet; spring, 12 feet. These values are repre-
sentative of small boat basins in Puget Sound. The range of L/B in the rec-
tangular basin tests varied from 0.20 to 5.00, more than spanning the usual
range of aspect ratios found in such small harbors with single entrances
aligned with one side wall. Entrance widths w were 125, 250, and 500 feet;
the first is the most representative of field dimensions, and is emphasized
most in following results. Data are presented in terms of equivalent proto-
‘type dimensions.

TIDAL FLUSHING

Essentials of the flushing (water exchange) test results are summarized
in Figure 2 on which are shown data for three entrance widths w, three tides
H, for rectangular basins over the aspect ratio'L/B range 0.2 to 5.0. No data
points are shown on Figure 2; a representative set is shown on Figure 3, illus-
trating the degree of experimental scatter which can be obtained in the rather
sensitive exchange tests.



A few conclusions are apparent. Over the range of L/B from 2/3 to
3.2 there is relatively little variation in exchange coefficient E for a given
tide range H. The overall flushing falls off markedly for L/B less than 1/3
and greater than 3. This trend holds for the narrow entrance widths w. The
dip in the E-curve near L/B = 1.0 is confirmed by the test points in Figure
3. At the larger tides H, the narrower entrance generally produces better
overall flushing. As H decreases, the flushing efficiency n increases; this
behavior has been noted on model studies of specific marinas having the very
short entrance channel lengths used in the present tests.

Effects of L/B and w noted above are linked to the angular momentum of
the complex flow within the harbor. The preservation of this angular momen-
tum, associated with the deflection of flood tide flows through the entrance,
is especially important to the internal circulation and, hence, harbor flush-
ing. Circulation cells, or gyres, are created on the flood tide flow by
moments of effective stresses associated with flow separation past the break-
water. These cells grow in both circulation strength and in size until they
occupy a significant part of the basin, and may persist well into the ebb
phase of the tidal cycle. As a consequence of the angular momentum established
within the basin, even in the absence of longshore currents ebb flows are often
skewed instead of leaving the basin in a direction parallel to the entrance
axis. Higher velocities occur near the basin perimeter, and lower velocities
near its center. These conditions in some respects are comparable to those
occurring when tangential entrance jets of small size are used to produce a
slow-moving large-scale circulation in water supply reservoirs (5). This
angular momentum allows the inflowing ambient water to sweep past a major
portion of the interior boundaries of the basin without losing its identity
through diffusion. Thus, factors which contribute to increased angular mo-
mentunm would be expected to improve overall flushing.

A preliminary simple angular momentum control volume analysis was made
which considered shear forces on the walls and bottom of the basin and pressure
forces on the walls; these would enter calculations of angular momentum about
a vertical axis at the basin center. While details of these forces were not
considered because interior velocities were not known, it was demonstrated
that the optimum rectangular planform for maximizing the interior velocities
at any instant of time is a square, L/B = 1.0 (6). For a constant surface area
A the square planform has the minimum boundary perimeter, so that for a given
H, w combination there is the greatest possibility in such small harbors that
the ambient water entering as a two-dimensional jet will be able to circum-
navigate the basin. Water which so completes the circuit around the boundary
has a velocity component along the breakwater side of the basin as it approach-
es the entrance from within (clockwise, in Figure 1); if this not fully mixed
ambient stream reaches the entrance at about high water slack some of it will
be deflected back into the basin but some will exit the basin and not accomp-
1lish any effective exchange. The dips on the E-curves near L/B = 1.0 on
Figures 2 and 3 reflect this phenomenon.

The 125-foot entrance width w is narrow enough to lend itself to the
above reasoning over the full L/B range tested, and the 250-foot width nearly
so. For the 500-foot width, tested for the 8-foot tide only, at small L/B the
entrance width approached L and for large L/B for the constant surface area
the width w approached B, and in neither case do the foregoing angular momen-
tum considerations apply. Actual entrance widths are seldom much less than



the smallest (125 feet) valve tested, due to navigation considerations.

: The reason for the fall-off in E for L/B less than 1/3 and greater
than 3 will be discussed in the next section.

Figure 4 shows there is little difference in gross flushing perform-
ance between the rectangular and rounded-corner basins of equal aspect ratio.
The benefit of the rounded interior corners is that local separation zones,
hence areas of relatively stagnant water, are eliminated; this is a point of
concern to fisheries resource managers.

Figure 5 reflects the data of Figure 2, and indicates more clearly
that the flushing efficiency for these short-entrance basins increases as
the tide range H decreases. This is contrary to what can happen if entrance
channels are longer or if exterior comstraints such as a detached breakwater
located athwart the channel axis impede the free exchange of basin and ambient
waters, so that at the smaller tide ranges some of water exhausted from the
basin on the ebb is returned to the basin on the flood.

Figures 6 and 7 indicate very little difference in the flushing per-
formance of rectangular and rounded-cormer basins with L/B = 1.0 and of a
circular basin of the same surface area. At the "mean" tide of 8.0 feet
flushing coefficients are nearly identical, and all exchange coefficients are
above 80 percent. Extrapolation of these results to tide ranges of less than
4 feet may not be safe. It also is pointed out again that the combination of

A, H, and d tested apply to limited geographical areas.

CIRCULATION PATTERNS IN HARBOR

Insight into the mechanisms of the tidal flushing process can be gained
be considering the path and distance penetrated into the harbor om the fiscd
tide by the inflow stream of ambient water and by relating this distance to
the planform geometry of the basin. This section deals with a simple corre-

lation of these quantities.

Experimental results are shown in Figure 8 for two tidal ranges for
each of four harbor geometries. Small tubular drogues, weighted to provide
adequate vertical penetration so that the drogues move with the local depth-
averaged velocity, were released at the center of the entrance at the time
of mean water level crossing and were tracked through the basin for the sub-
sequent one-quarter cycle to high water slack. The locations of the drogues
at one-eight and one-fourth of the tidal period T after release are indicated,
as well as the paths followed. The effect of doubling the range H from 4

feet to 8 feet is apparent.

For the elongated basins of L/B = 3.20 and L/B = 0.31, the drogue paths
indicate how two circulation cells are developed in the harbors. For the in-
let orientation shown the cell near the harbor entrance is clockwise in each
case, while that in the rear portion of the harbor is counterclockwise. The
irogue pathlines for these two configurations do not show that part of the
mmbient water stream does not follow the plotted pathline into the rear sec-
tion of the harbor but rather moves into the gyre in the front section of the
larbor. Figure 8 indicates pathlines for water entering at the time of mean



water level crossing. Ambient water entering the basin prior to this time
on the flood tide has followed much the same path after initial development
of the cell inside the harbor entrance; as a consequence, at the time of high
‘water slack there are currents moving along the walls of the harbor and to-
ward the mouth,

For purposes of comparison, a penetration distance p has been defined
as the distance traveled along its pathline by a particle of water which
enters the basin at the time of the mean sea level crossing, which for prac-
tical purposes in an entrance of the type used in the present study is the
time of waximum velocity of the flood tide current. The flood current has
maximum or near-maximum momentum at this arbitrarily selected but convenient
time, and from consideration of conservation of m mentum of the inflow "jet"
it possesses the capability of penetrating a maximum distance into the basin
in 8 finite time. The following simple analysis considers the penetration
distance p at high water slack, a time T/4 after water entrance into the
basin. Notation is shown in the definition sketch, Figure 9. The rounded
Jetties used in the tests minimized contraction of the inflow as it passed
through the inlet, so that a one-dimensional condition of uniform velocity
Vo over the entrance area wd could be a reasonable assumption.

The inflow stream initially flows parallel to one wall in the harbor
planforms studied, but in all cases ultimately deflects from its initial
direction. The choice remains, in a simple momentum correlation, whether to
employ a wall-jet analysis or a slot-jet analysis. In either case, neither
of which matches the physics of the tidal currents in the small harbors, the
expression for the velocity v along the streamline of maximum velocity is

-1/2

AL

Values of the constant C are 3.45 for the wall-jet (7) and 2.28 for the slot-
jet (8), respectively. Assuming that the steady flow relations can be applied
to a water particle moving along this streamline, integration of the expres-
sion v = dx/dt along the initial direction of motion, x, gives

2/3 2/31/3 2/3

x=(Ggd v, v

It remains to relate V, to the tidal range and to the basin geometry.
Applying the simple one-dimensional continuity equation for a sinusoidal tide
of range H and period T to the basin of planform area A and inlet cross-sec-
tional area wd at the mean water level, V, at this time is given by

7H A .
vo T wd

Interchanging the penetration distance p for the distance along the x-direc-
tion gives

P - (% “C) 2'./3 1/3 (d) (D%) 3



where n = the fractional part of the tidal cycle after t = 0 at which p is
evaluated.

* . The results of Figure 8 have been replotted in Figure 10, in which
the maximum value n = 1/4 represents conditions at high water slack. The
slot-jet value of C = 2.28 was used because it correlates more closely with
the experimental observations; the wall-jet empirical constant C over-predicts
the penetration. Numerical agreement with the jet models considered could

not be expected, but the test results do show agreement in the form of the
penetration distance vs. time relationships. Therefore, the form of the last
equation given above can be used to predict changes in the ambient-water pene-
tration into a harbor with variations in tidal range H or in harbor geometry
parameters A, d, and w.

CONCLUSIONS

The effect of planform geometry upon the tidal flushing characteristics
of small harbors with single asymmetric entrances has been studies for simple,
rectangular basins in which wind and stratification effects are negligible and
tidal action is the dominant flow-producing mechanism. When harbor aspect
ratios exceed 3 or are less than 1/3, multiple circulation cells exist within
the harbor and the basin-average tidal flushing is reduced. So long as the
aspect ratio is kept within these limits there is relatively little variation
in the tidal exchange coefficient, E, with L/B for a given tidal range H, al-
though best flushing occurs when the aspect ratio is close but not necessarily
equal to unity, the value predicted by simple considerations of angular momen-
tum of the intermal tidal currents.

The experimental data indicate that rounding interior corners of the
harbor does not improve the gross flushing. The elimination of sharp interior
corners does, however, eliminate local stagnation zones and thus improves local
water exchange and local water quality. This latter consideration is important
to the safety of fish which pass through or temporarily reside in small-boat
basins of the size range tested. In the Puget Sound area of Washington, this
point is of particular concern in the safe migration of juvenile salmon. Fig-
ure 11 illustrates changes in typical marina planform shapes for small-boat
basins in the Puget Sound region which have in some part been brought about
by considerations of tidal flushing and internal circulation patterns, parti-
cularly the latter.

Results of this study may be used to answer some of the hydraulic
questions considered in the design of such harbors and may reduce the need for
individual model studies on a case-by-case basis.
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