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ABSTRACT

In the planning and design of reservoirs and harbours questions

relating to water quality are assuming increasing importance. 	 With this

In mind, the objective of this research has been to develop a mathematical

mode) capable of predicting the depth averaged velocity field in a

reservoir or harbour caused by the incoming momentum of a river, pump-

jet or tide.

The time dependent non-linear equations of motion were formulated

to Include the effects of bottom roughness, wind action, the earthss

rotation and the turbulent diffusion of momentum. 	 These equations were

Integrated over the depth and then analysed to determine the mechanism

by which circulation and vorticity can be both generated and maintained.

A comparison of the numerical properties of a simplified set of the

equations allowed the most suitable finite difference scheme to be selected.

The final difference scheme chosen was of the Alternating Direction

Implicit (ADI) type, with the problem of non-linear instability being

overcome by a novel time centred representation of the convective accele-

rations.	 While the equations derived may be solved for any planform

of flow, the mathematical model has been run for a circular reservoir

with a diametrically opposite inlet and outlet, and for a rectangular

harbour with an asymetric entrance.

To verify the mathematical model a comparison has been made between

the predicted and experimentally determined velocities (using floats)

for hydraulic model studies of a reservoir and harbour.	 The agreement,

in genera), has been satisfactory.



Further numerical experiments have been carried out using typical

prototype data. These experiments have Included a comparison of the

different velocity fields predicted by individually neglecting various

tems of the momentum equations. The geometric and dynamic boundary

conditions of the model were also varied, iilustating the flexibility

of mathematical models and providing useful engineering design information.
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I NTRODUCT I ON

In recent years there has been.a growing concern as to the water

quality characteristics of shallow reservoirs and harbours, especially

in the planning and design stages.	 It Is therefore not surprising

that in the current engineering literature there have been frequent

case studies, for both reservoirs and harbours, where the improvement

of the overall water quality has been the main objective. 	 As far as

the hydraulic engineer Is concerned, the quality of water within any

particular basin is chiefly assumed to be dependent upon the overall

flow patterns, the mixing processes and the basin's retention time or

flushing rate.

In water supply reservoirs, the problem of water quality has

arisen due to a growing demand being placed on reservoirs and their

Increasing use as a means of primary treatment of the water.	 In the

case of deep valley reservoirs selective withdrawal allows a choice to

be made of the required water quality.	 However, in the case of broad

shallow storage reservoirs selective withdrawal has a far less signifi-

cant effect and artificial methods of mixing the water have to be

adopted, e.g. the use of jets.

Water quality problems that arise in harbours are generally due

to poor overall flushing characteristics and internal circulation

patterns.	 in the past, it has been noticed that one of the causes of

poor water quality characteristics has been the dominance of large

stagnant regions within the planform area of the harbour.	 Consequently,

harbour design engineers now have to face the additional task of Improving

the internal flow patterns within existing harbours and avoiding such
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problems in future designs.

Three typical examples are considered where the main objective

has been to improve the overall water quality characteristics. 	 The

solutions have, in each case, been arrived at by using a physical model

of the particular flow situation. 	 One of the earliest studies Into

the problem of stagnation in large shallow bodies of water was initiated

by the Metropolitan Water Board in 19k5.	 White et al (120) were

commissioned to advise on the hydraulic design of a proposed new reser-

voir at Walton-on-Thames which, on completion in 1962, was named the

Queen Elizabeth 11 Reservoir. 	 The report describes an experimental

study to investigate how far the physical conditions leading to stagnation

and thermal stratification in relatively large reservoirs can be controlled

by the suitable arrangement of jet inlets. 	 The effects of several jets

interacting at different locations, orientations and flow rates were

Investigated to determine the optimum overall flow patterns. 	 Two

further reservoirs have since been brought into operation by the Thames

Water Authority (Metropolitan Water Division), namely Wraysbury 1972 and

Datchet 197', where, during the design stages, particular attention was

paid to the original recommendations of White's report.

In a more recent but similar study, Mayer (72) was commissioned

by the Georgia Power Company to undertake a large scale hydraulic model

study of Its Wallace Dam Pumped Storage project.	 The principle objec-

tives of this study were to determine, from a water quality standpoint,

the most suitable relative locations of the power house and the spiliway,

and to define factors pertinent to the locations of four reversible pump-

turbine units within the power house. 	 It was assumed that, If the

spiliway and pump-turbine units were located in an ideal position then,

during pumping, a greater degree of control would be possible over
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reservoir stratification and circulation. 	 The experimental lnvestl-

gatlon Involved the analysis of a number of differing jet locations and

orientations, with dye Injections and time-lapse colour photography

being used to study the jet geometries and reservoir mixing patterns.

The basic conclusions of the hydraulic model study were that, from the

standpoint of enhanced water quality, the pump-turbine units should

discharge horizontally and be in tha centre of the power house.

The water quality problem in harbours, which Is mainly concerned

with the flushing out of pollutants at each tide and so avoiding the

storage of stagnant polluted water, has been studied in some detail.

Nece et al (76, 77, 78) have been concerned with improving the overall

flushing characterisitcs of six, existing or proposed, small boat

harbours In the Puget Sound waters of the State of Washington. 	 Hydraulic

model studies have been carried out on the harbours of Des Moines,

Edmonds, Lagoon Point, Lake Crockett, Penn Cove and East Bay.	 In each

case, the Influence of the tidal range,entrance configuration(s) and

Internal geometry on the gross flushing characteristics and Internal

circulation patterns have been directly related to an exchange coeff I-

dent anda water quality parameter.	 Several criteria have been

developed which the design engineer could use to prepare the best

possible initial design when evaluating proposals for a new harbour

project.

All these flow situations are similar in that they are equivalent

to a relatively wide jet flowing into, or out of, a confined body of

water.	 In the first two cases the wide jet is produced by the inter-

action of the small jets and the surrounding water, while in the harbour

the broad entrance and the oscillating tidal flow produces the jet.

Having generallsed the flow condition It should be possible to

develop a mathematcal model capable of predicting the jet-forced
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circulation in all three situations. 	 A mathematical model, as compared

to a physical model, has advantages in being more flexible, adaptable

and economical.	 From a literature survey at the start of this project

It appears that such a model has not been attempted, possibly due to

the non-uniform flow properties of jets and the corresponding non-

linear stability problems associated with computer numerical techniques.

Consequently, the principal objectives of this study have been to develop

a mathematical model which would predict the depth averaged velocity

field of a confined jet.	 At this stage any numerical results obtained

canonly be expected to give gross characteristics of the flow.

However, It was thought that even this information would be useful to the

engineer faced with minimising the water quality problems In any such

design of the future, as it would enable him to avoid constructing

basins which are liable to produce large stagnant regions within the flow

field.	 This thesis describes the construction and testing of a mathe-

matical model that has been developed for this purpose.

With present day computers having limited storage it is not yet

possible, or even economical, to analyse the three-dimensional unsteady

motion of a large body of water. 	 It was therefore first necessary to

decide whether to reduce the modelling to that of a three-dimensional

steady flow, or, to one which was two-dimensional, depth averaged and

unsteady.	 The disadvantage with opting for a solution of the depth

averaged velocity field is that the effects of stratification and the

mixing associated with secondary currents are iniiiediately eliminated.

However, a two-dimensional depth averaged mathematical model can be used

to suggest an ideal planform geometry which might then be subjected to

flow visualisation tests in a laboratory, hopefully to give some Idea

of the stratification effects. 	 As most shallow reservoirs tend to
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have flows that are predominantly two-dimensional and horizontal, and

also, the fact that reservoirs have an unsteady supply and demand, it

was thought more appropriate to solve for the latter flow situation.

Another advantage of this decision is that whereas the properties of

two-dimensional turbulence are well documented, the properties of three-

dknenslonal turbulence, particularly in the presence of density layers,

are less well known.

Having chosen the type of physical flow situation to be modelled,

the first part of this thesis is concerned with the formulation of the

depth .averaged equations of motion.	 These equations include the effects

of bottom friction, wind action, the earth's rotation and the horizontal

diffusion of turbulent momentum. 	 Various turbulence models are discussed

In some detail allowing the most suitable representation of the turbulent

diffusion to be implemented into the equations.	 Following this, the

corresponding vorticity transport equation is analysed such that the

terms leading to changes In vorticity, or circulation, can be clearly

Indentifled from the outset.

The differential equations are then rewritten in a number of

finite difference forms, with the numerical properties of approximation,

consistency, convergence, stability and accuracy being investigated for

each proposed scheme. 	 The analytical investigation of the different

representations of the equations allows a choice to be made as to the

most suitable finite difference form.	 Also, it allows a better under-

standing of the numerical limitations of the resulting mathematical model.

Having chosen the most appropriate finite difference scheme and knowing

the boundary conditions, documentation is then presented concerning both

the implementation of these equations into the computer model and

secondly, the general solution technique being adopted.
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All mathematical models need verificationwhether it be with

prototype measurements or experimental results.	 The purpose of such

comparisons is to ensure that the physical boundary value problem Is

being solved mathematically with sufficient accuracy to provide useful

numerical results.	 Unfortunately no measurements are available for the

velocity fields in prototypes of either reservoirs or harbours.

Consequently, the mathematical model had to be tested with small scale

physical hydraulic models. 	 Direct comparisons were made between the

experimental and mathematical model results for similar physical and

geometric properties and similar dynamic boundary conditions.

An experimental programme was carried out with a 1.5 m diameter,

flat-bottomed, circular reservoir with a full depth jet Inlet and a

diametrically opposite weir outlet.	 Circulation paths were carefully

observed for a steady flow and depth averaged velocity measurements were

recorded using floats.	 The results of a previous experimental programme,

carried out by the Author (29) on a flat-bottomed rectangular harbour,

with adjustable sidewalls, were also available. 	 The asymmetric harbour

entrance was located in one of the corners and perpendicular to the

• direction of the simulated sinusoidal tides. 	 Circulation paths were

observed at different intervals of the tidal cycle, for varying length,

breadth and entrance width ratios, while the planform cross-sectional

area and the tidal range were kept constant.	 In conjunction with

observing the circulation paths, overall flushing characteristics were

determined for each different harbour configuration.	 For both experi-

mental programmes the agreement with the corresponding mathematical model

was fairly good, showing that at least in these cases the mathematical

model was satisfactorily solving for the depth averaged velocity field.

To Investigate the performance of the mathematical model for
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prototype conditions, numerical experiments were undertaken for the jet

forced circulation In a reservoir and the tidal flow Into a harbour.

Although the mathematical model could be used to solve for any planform

geometry or depth, for the sake of simplicity both these parameters were

idealised in the numerical tests.	 The reservoir was assumed to be flat-

bottomed, circular and with a diametrically opposite inlet and outlet.

To economise in computer time both the inlet and outlet widths were

assumed to be relatively large,e.g. 1/19th and 3/l9ths of the reservoir

diameter respectively.	 In the case of the harbour, the planform

geometry was assumed to be rectangular with an asymetric entrance and a

horizontal bed. The numerical experiments were carried out for typical

prototype conditions with realistic geometric, kinematic and dynamic

properties.	 Apart from running the model for different physical shapes

and boundary flow conditions, the actual format of the differential

equations was varied such that the influence of the individual terms

could be directly compared. 	 In all cases results were obtained having

the resemblance of reality In such a form which, it Is hoped, will provide

useful Information to the design engineer.
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DERIVATION OF THE DEPTH AVERAGED

DIFFERENTIAL EQUATIONS OF MOTION

2.1	 FORMULATION OF THE BASIC HYDRODYNAMIC EQUATIONS

The e4uations of motion for any two-dimensional depth averaged

flow can be obtained by integrating the three-dimensional hydrodynamic

equations over the depth.	 Using the Eulerian Cartersian Co-ordinate

system shown in Fig. 1, the basic equations representing an Incom-

pressible turbulent flow on a rotating earth can be written, see Lamb

(59) and Schlicting (93),as:-

3(u2) + 8(uv) +	 uw) - fv + 1 3P

+	 3y

ii xx +
	

xy +	
xzl

____	 ____	 ____'- a	 (2.1)
-	 3y	 3zj

3(vu) + 3(v2) + 3,v) + fu + 1 3P

+	 9y

- 1, yx +
	 + 3tyz =

0	 (2.2)
3z)

3w	 3(wu + 3(wv) + 8(w2) + !.. + g
+	 3x	 3y	 p3z

11 3Tzx	 ____	 8tzz- 
• i1 3x	 +	 +	 8z j =
	 (2.3)
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2

FIGURE 1 Schematic Drawing Showing the Co-ordinate System

x,y,z - co-ordinates of a right handed system with z upwards

uv,w - time averaged velocity components In the x,y,z directions
respectively

t	 tlme

h	 - distance between the bed and the undisturbed water level

•	 - distance between the undisturbed water level and the water
surface elevation

p	 - pressure

g	 - acceleration due to gravity

p	 fluid density

f	 Coriolis parameter 2w sin • where w	 angular velocity of the
earth's rotation and • = geographical latitude

- Reynolds stresses acting in the I direction and on the j plane,

where i = x,y,z and j = x,y,z
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.+.IuIo
ax + ay

(2.4)

The equation of continuity for an incompressible flow is:-

In any predominantly horizontal flow, the vertical accelerations

due to hydrodynamic processes are generally regarded as being small In

comparison with gravity effects. 	 Consequently, in Eq. (2.3), the

vertical accelerations and shear stresses can be neglected so that, In

the vertical direction, a hydrostatic pressure distribution results:-

+ pg - 0
	

(2.5)

Integrating Eq. (2.5) gives the linear pressure distribution with

depth:-

P(z) - f -pg dz - -pgz + c	 (2.6)

Using the boundary condition that the pressure at the free surface,

z - , is equal to the atmospheric pressure, Pa, then Eq. (2.6) becomes:-

P(z) - pg( - z) + Pa
	

(2.7)

The derivatives of the pressure in any horizontal direction can now be

expressed in terms of the water elevations:-

-	 pg-	 +
	

(2.8)
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-	 +
ay	 ay

(2.9)

In the scale of motion being considered, the atmospheric pressure

gradient constitutes an Insignificant part of the rn hydrodynamic pressure

gradient and can be neglected In Eqs. (2.8) and (2.9).

In determining the two-dimensional depth averaged equations, use

Is made of the kinematic boundary conditions. 	 The free surface

boundary condition, see Lamb (59) ls:

+ u .!i + v .	 - w	 - 0	 (2.10)
at	 ax	 n9y	 11

and at the bed:-

U	 + V	 - W_h - 0	 (2.11)
-h	 3x	 -h	 ay

where u, v and W are the respective velocity components at the

surface, and similarly u_h , v_h and W_h are the velocity components at

the bed.

2.2	 THE TWO-DIMENSIONAL DEPTH AVERAGED EQUATIONS

The two-dimensional depth averaged equations, defining the mean

horizontal flow, are obtained by integrating Eqs. (2.1), (2.2) and (2.4)

between the bed, z - -h(x,y), and the surface, z - n(x,y).

3Pa
Assuming —i--	 0 (eq. 2.8), the momentum equation in the x

direction for the full depth of fluid becomes:-
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J

fl[	 +	 + a(uv) + 9(uw) - 
fv +

_h9t	 aX

- I ( 9 tXX + atXy +	 dz - 0	 (2.12)ax	 ay	 azjj

The Integrals may be expanded using Leibnitz rule, as derived by

Sokolnikoff and Redheffer (101):-

b	 b

f
af(x,a)	 a

a	
dx -	 J f(x,a)dx

- f(b,ct) .. + f(aa) 
aa

(2.13)

Eq. (2.12) becomes:-

a	 a	 a
• i-h udz + • i-h u2dz +	

i-h uv dz

-fI vdz + g(i+h)- - !L I	 txxdz
aX	 BXJ_h

- ! J	 - [ aTl + 
u2	 + u v	 u w 1p ay	 txy dz	 u	

ax	 n ay	 n 11]-h

+Iu	 +u v
I	 a(-h)	 (-h) - 

U_h Wh]1-h ax	 -h-h ay

a(-h)+ -- I tXX - + t Xy 	- tXZ	 tXX	
Bxax	 nay

-	 ,	 a(-h) +	 Xz_h )
	

- 0	 (2.1Zi)
-ii	 ay
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The depth averaged velocity components may be defined as Hansen ( 1e3):-

1
U - (h+) I	 udz

J -h

(2.15)

1

(h+)

1-n
I	 vdz

and the wind and bottom friction stress components as:-

- -	 .!1 - t	 + Txvs	 xx x	 xy y	 xz
n	 n	 n

_____ -	 a(-h) +
Txb - - T

XX_h 9x	
Ty	 9y	 XZ_h

(2.16)

(2.17)

It Is now possible to substitute for u in terms of the depth averaged

velocity in the convective acceleration terms:-

u - U + (u - U)

(2.18)

v - V + (v-V)

then, using the kinematic boundary conditions I.e. Eqs. (2.10) and (2.11),

and dividing by (Ii + i ), Eq. (2.14) becomes:-

______	 + n)U2 1 + a[(h + )UV] 1
+ (h+r) L	 ax	 ay	

]

+ g!a - (
t 	TXb) - - 1	 18
p(h + )	 p(h + ) L	 Lh	

p(u - U)2
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T	 - p C*WWxw	 a	 x
(2.20)

TI

- 2pU(u - U)]dz 
+ f_f Fr - p(u - U)(v - v)

-h 
X

- pV(u - U) + U(v - V)}]dz] - 0	 (2.19)

The terms in square brackets constitute the effective stresses; the

first term in each bracket represents the Reynolds stress and the other

terms represent the momentum transfer due to the non-uniformity of the

vertical velocity profiles.	 In both square brackets the last term can

be directly Integrated over the depth and equated to zero. 	 In general

the horizontal variations in depth will be small and can often be

neglected for the convective acceleration terms.

The effects of wind action can be represented as, see Neumann and

Pierson (80),:-

where	 - density of air

- components of wind velocity

W . absolute wind velocity

- a resistance coefficient which, on the basis of sea slope

observations, Neumann suggested C* = 9 x	 Wwhere W is In metres per

second. In a similar manner the bottom friction may be expressed as,

see Dronkers (25),:-

pgUIU + vi
T	 -
xb

where C - Chezy coefficient.

Using these modIfications, Eq. (2.19) becomes:-

(2.21)



p CW W
+	 - fV + g	

- a	 x
at + ax	 8x	 p(h +)

	

au1u+v1	 1	 13	 t1
(t	 - p(u - U)2]dz

	

+ lh + )C'	 p(h + r}	 i-h

+ j f	 (t,, - p(u - U)(v - V)]dz] - 0	 (2.22)

By a similar process of substitution the depth averaged momentum

equation in the y direction becomes:-

Pa4' WY

p(h+)at + 3x 	 3y

aVlU+vI -	 1
+ h +	 p(h +	 L 'i -h E

r	 - p(u - U)(v - V)]dz

+	
- p(v - V)2]dZ ] = 0
	

(2.23)

Finally integration of the continuity equation (2. 1.) over the depth

gives: -

+ a{(h + )U} + a{(h + )V}
at	 3x	 ay

(2.21.)

2.3	 REPRESENTATION OF THE TURBULENT REYNOLDS STRESSES

The three depth averaged equations of motIon, (2.22), (2.23) and

(2.24) contain nine unknown functions, namely:-

u,v.	 This problem of having more unknowns than equations can generally

be overcome by neglecting the effective stresses.	 This approximation

15



	_______	 2

	

_Pu UJ	 pLm
au.

+	 ''
ax. J

(2.25)

may be justifiable when the horizontal velocity gradients are small, as

Tennekes and Lumley (iii) have shown that, for this case, the effective

stresses only alter the velocity at a point by a few per cent. 	 However,

in this particular study the horizontal velocity gradients are not

always small and so, it was thought more appropriate to retain these

stresses in the equations and to try to obtain some insight as to their

Influence on the flow pattern.

To evaluate the effective stresses, the first step Is to derive

or assume a relationship between the velocity and the Reynolds stress -

this being the "closure problem" of turbulence modelling.

One of the earflest proposed turbulence models was the mixing

length hypothesis of Prandtl, see Goldstein (37). 	 Prandtl based his

hypothesis on the kinetic theory of gases and assumed a direct relation-

ship between the Reynolds stress and the velocity field of the form:-

where £m -a mixing length

- instantaneous velocity fluctuations with the bar denoting time

averaged values.

Detailed experimental measurements have since shown that provided a

good choice is made of the value of Pm, the mixing length hypothesis

allows realistic predictions to be made of the velocity and shear distri-

butions.	 The major difficulty of this approach is determining the

appropriate value of the mixing length £m.

Prandtl (85) realising the shortcomings of the mixing length

hypothesis, went on to propose that instead of relating the random

velocity fluctuations (u) of turbulence to the mean velocity gradient,

16



they should have been related to some property of the turbulence. 	 The

turbulent kinetic energy, e, was chosen and the proposed equation was:-

- L v
	

(2.26)

where c - eddy viscosity

L - an appropriate length scale

e - ( J2) = kinetic energy per unit mass

Using this theory the closure problem was then solved by introducing one

further equation e.g. the exact differential energy equation, which can

be derived from the Navier. Stokes equations, see Reynolds (89).	 Because

this method only requires one additional equatlon 1 this type of turbulence

model has since been classified by Launder and Spaldlng (60) as a "one-

equation hydrodynamic model of turbulence".	 More recently other workers

in this field have developed similar one-equation turbulence models,

notably among them:- Bradshaw et al 1967(1 1,), Nec and Kovasznay 1969 (79),

Gawain and Pritchett 1970 (36), Vagar and Kagan 1971 (113). The major

disadvantage with these particular models is that like the mixing length

hypothesis, the length scale L does not have a precise definition and

some empirical relationship has to be assumed.

Much experimental work in connection with turbulence modelling has

led to the conclusion that the Prandtl-type energy model gives a good

prediction of the velocity distribution when compared with the other one-

equation models - see Launder and Spalding (60). 	 It has also been

shown experimentally that in most circumstances the one-equation models

are only marginally superior to the original, but simpler, mixing length

hypothesis.

To overcome the fundamental disadvantage with the one-equation

17



models, several authors have derived a further transport equation to

determine the length scale L and so remove the empiricism of the previous

theories.	 These particular turbulence models have become categorised

as "two-equation models of turbulence", some of the most notable models

being proposed by:- Harlow and Nakayama 1967 (46), Gosman et at 1969 (38),

Runchal 1969 (92), Rodi and Spalding 1970 (91), Jones and Launder 1972

(56), Launder and Spalding 1972 (60).	 The elimination of the length

scale I Is achieved by using some functional relationship of the form:-

Z - f(L,e)
	

(2.27)

where Z is the property to be transported and L and e are as defined

previously.	 The transported property most frequently analysed Is the

dissipation:-

z - e3'2 L	 (2.28)

The form of the transport equation for such a property Z Is given as,

see Reynolds (89):-

Dt	 ' L 0 Y
(1)

+S
z

(4)

+
 zEc 

c au% 2	 e1

itwI	 - C2-j

(2)	 (3)
(2.29)

where	 - diffusivity ratio	 1 for most quantities

C 1 and C2	constants depending on the form of Z 1 , generally

	

0.1 and C2	 1.
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EquatIon (2.29) expresses the time rate of change of the property Z by

diffusion (term 1), interaction of the turbulence with the mean flow

(term 2), the turbulent energy (term 3) and a secondary source (term 4),

see Launder and Spalding (60).	 The main advantage of using a two-

equation model is that it provides a direct means of calculating the

evolution oi the turbulent energy and the length scale L, unlike the

mixing length and one-equation models which relied greatly on empiricism.

Two-equation models enable three-dimensional flows to be analysed with

more certainty but at the cost of considerably greater computational

effort.

Even two-equation turbulence models do not provide a comp1etely

satisfactory solution to the closure problem. 	 The equations do not

include the normal stresses needed for the realistic calculation of

secondary flows and also, the dissipation has been related to the shear

stresses In an empirical manner, e.g. Eq. (2.28). 	 As a consequence,

recent research in this field has been directed towards the development

of transport equations for the individual Reynolds stresses. 	 Even in

the simple case of two-dimensional boundary layer flow this type of

modelling involves the solution of four additional equations. 	 Two typical

"multi-equation models of turbulence" have been proposed by:- Daly and

Harlow 1970 (22), Ranjaflc and Launder 1972(kl).	 The actual equations

used in these models can be derived in much the same manner as for the

turbulent energy equation. 	 As an example, the transport equation for

the Reynolds stress u'v' can be shown to be, see Reynolds (89):-

DUUVI - _ T71 -

	

Dt	 ay

(1)

+	 !!- +

	

p	 9y

(3)

[v'(u'v' +E!) ]

(2)

-	 12

(It)

(2.30)

19



where p' - instantaneous pressure fluctuations.

In words, equation (2.30) expresses the time rate of change of the

Reynolds stress by mean flow production of turbulent energy (term 1),

dissipation due to pressure and shear (term 2), redistributIon due to

velocity fluctuation interactions (term 3) and viscous dissipation (term 1)•

The complexity of this type of model is obvious. 	 in the more complicated

turbulent flows where any form of prediction of a characterisic length

scale L is an impossible task then the use of such a multi-equation

turbulence model might well be justified; but in general, the use of

such higher order models is limited due to the high cost of programming

and computing.

For the particular turbulent flow that Is to be modelled by

Eqs. (2.22), (2.23) and (2.2k), a comparison of the advantages and

disadvantages of each type of turbulence model reviewed suggests that

the classical mixing length hypothesis of Prandtl will be the most

appropriate turbulence model. 	 The fact that the velocity field being

analysed has to be averaged over depth implies an oversimplification of

the turbulence structure and there would seem little justification for

using a higher order turbulence theory of the two or multi-equation type.

Secondly, no advantage can be gained by using a one-equation model as a

length scale would still have to be empirically determined. 	 Finally,

the mixing length hypothesis has the overwhelming advantage of smplicity

and requires the minimum of programing and computational effort.

A generalised version of Prandtl's mixing length hypothesis,

applicable to cases where neither the mean nor the turbulent motions are

confined to two dimensions, can lie found in Goldstein (37). 	 ThIs version

suggests that, when one particular component of the mean rate of
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deformation tensor is much greater than the others, the unknown Reynolds

stresses of Eqs. (2.22) and (2.23) can be approximated by:-

-	 2pL2J
xx

- T	 =	 P&2J(. +
ox)xy	 yx

(2.31)

- _T2 - 2pL2J .!
yy

where J2 -	 2 + 2t1!% 2 + 2(! 2
xJ	 (ayl	 lazi

+	
+	 2 +	 +	 +	 + Ou2

Oy	 Oz j	 az	 ax)	 ax	
(2.32)

As the horizontal flow beingconslderedis relatively shallow, I.e. the

breadth of flow far exceeds the depth, then two approximations can be

made.	 Firstly, the velocities in the vertical direction can be assumed

negligible and secondly, apart from the region close to a jet, the

velocity gradients in the horizontal plane will always be small compared

to those in the vertical direction. 	 Using these approximations Eq. (2.32)

simplifies to:-

j2	 [Iav)2 + f9u2]

zI (2.33)

The velocity profiles in the vertical direction can be adequately

represented by the logarithmic velocity distribution which, using the

co-ordinate system of Fig. 1, gives:-
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, lu + vi
J - Ckh+z) (2.35)

u - T in (h + z) + U Const.

(2.34)

v*
V -
	

in (h + z) +	 Const.

where LJ	 shear velocity,	 and similarly

-

k	 von Krmnts universal constant equal to D.I1 for all

homogeneous fluids

Differentiating Eq. (2.34) and substituting In Eq. (2.33) gves:-

Since the largest velocity gradients have been assumed to be those In

the vertical plane then the corresponding mixing length is related to

the depth rather than some horizontal length. 	 For a linear stress

distribution and a logarithmic velocity profile throughout the depth,

Reynolds (89) shows that, using the co-ordinate system In FIg. 1,:-

I h + Zn
£ - k(h + z)	

- t h + Il)j	
(2.36)

Jobson and Sayre (55) confirmed this approximation for the mixing length

with detailed measurements in an open channel.

Substituting Eqs. (2.35) and (2.36) in Eq. (2.31) and integrating

over the depth (h + t), the final depth averaged Reynolds stresses

become:-
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i-fl

J
r	 - 2p k(h + ri) 2 ' lu + vi

-h	
6	 C

ifl
1 T	 T	

+

C	 ay	 ax)J 
xy	 I	 yx

-h

(2.37)

2pk(h + ri)Z i lu + v av
1	 yy	 6	 C

2.4	 REPRESENTATION OF THE CONVECTION EFFECTS BY THE MEAN FLOW

Before the equations of motion can be written in a convenient

form for solution, the remaining terms contributing to the effective

stresses need to be represented In terms of the mean velocity field.

For this purpose two of the previous assumptions are again used; namely,

that the flow field is turbulent everywhere and secondly, that the

logarithmic velocity distribution satisfactorily defines the vertical

variation of velocity.

For the depth averaged convection effects in the x direction, the

terms in Eq. (2.22) to be included are defined as:-

f-fl

x - !_ I	 (u - U)2dz
ax -) -h

Ti
r	

(u - U)(v - V)dz	 (2.38)+—I
-h

where u and v are the velocity components at depth z and U and V are

the mean velocities.	 Integrating the logarithmic velocity distribution,

Eq. (2.34), over the depth gives the mean velocity to be:-
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U - -.- (Ln(h+ n) - 1) +	 Const.

(2.39)

v*
V - -j- (&n(h +	 - 1) + VConst.

Substituting Eqs. (2.39) and (2.34) in (2.38) gives:-

n

	

(' u2	 h+z
X	

-h •••
	 + ) + 1) 2dz

n

+ i_f	 Ih

-h k2
	

+ Z 
+ 1	 dz	 (2.40)

+

Integrating Eq. (2.40) by parts and expressing the shear velocity in Its

previously defined form, I.e. U -f'U/C, results In:-

C2k2 (Ii + i. )u2 ) +	

(	
(h + T1)UV) (2.41)

and similarly, for the y direction:-

-	
I g(h + )VU	 +	 I g(h + ) v2 'f

ax	 C2k	 j	 ay	 Czkz	
i	

(2.42)

Eqs. (2.41) and (2.42) could now be substituted into the equations

of motion (2.22) and (2.23) by adding them to the depth averaged

convective accelerations; this would result in each accelerative term

being multiplied by a coefficient (1 + g/C 2k2).	 However, these non-

linear terms pose complications in their numerical representation and

restrain the scope of the mathematical model to be constructed - this
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section 2.3:-

au1
u.u. -
Ii (2.46)

will be discussed later in Chapter 3.	 If the frictional effects are

large, I.e. C is relatively small, then these complications are amplified

due to the Increased magnitude of the above coefficient, and for this

reason a more suitable representation of Eq. (2.38) is necessary.	 If

the velocities , ; are defined as the departures from the spatial mean

values U, V In the vertical direction, then:-

u-U

(2.43)

and	 v - v-V

Substituting in Eq. (2.38):-

I'	 n

X - .- 1	 2dz + .- I	 dz	 (2.44)

Indicating average values over a cross-section by means of an over-bar,

Eq. (2.44) becomes:-

	

X - L	 a 2 (h + ,) +	 (h + )	 (2.45)

	

ax	 ay

The similarity between the terms in Eq. (2.45) and the corres-

poidIng Reynolds stresses in Eq. (2.31) is obvious.	 Therefore, it

would seem possible to assume that the above terms may be represented

in a similar horizontal diffusive manner as for the Reynolds stresses in
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Unlike the mixing length theory, an estimation of the order of magnitude

of D Is not so straightforward.	 Elder (27), In analysing the

dispersion of matter in a two-dimensional turbulent shear flow, arrived

at similar terms in his depth averaged transport equation. 	 For a solute,

s, Elder assumed:-

IL- - D a.
J

(2.47)

and found the value of D to be:-

- 5.86(h + n)ltJ*J

	
(2.48)

At first glance it seems reasonable to assume that the solute s

and the velocity defect	 are transmitted in an identical manner, I.e.

and	 - D.	 However, In comparing the mass transport and

momentum equations, there are no terms in the former equation which

Incorporate any transfer due to pressure gradients. 	 On the other hand,

the analogy between momentum and mass transfer for the region near a wall

has been well established, see Elder (27), Raudkivi and CalIender (88).

As this is the region where the departures in velocity from the spatial

mean will be largest, it follows that this will also be the region where

most of the corresponding momentum transfer will occur. 	 Therefore, due

to pressure gradient effects, 	 and	 are unlikely to be exactly equal

but they should, at least, be of an equal order of magnitude. 	 Using

this assumption, the depth averaged convection effects in the x direction

become: -
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au 1
X - _5.86[ . 	[(h + ) 2 I u I -j

+ i. I(h + ri)21V*I 
aul 1

ayL

and similarly, in the y direction:-

V - _5. 86 h 1. 
[h + ) 2IUI aviax J3x

+i._{o +n) 2 1 v* Iay	 ay J

(2.ie9)

(2.50)

Approximating the convection effects of Eq. (2.38) in this manner

tends to improve, rather than complicate, the computational difficulties

associated with the numerical representation of the non-linear terms.

This will be clarified in more detail in Chapter 3.

As the mean flow convection effects and the turbulent Reynolds

stresses have been represented in a similar diffusive manner, their

coefficients and terms may be added, In an approximate manner, to give the

required effective stresses.	 Assuming that for Eq. (2.37) aU/ay	 aV/ax

and that the spatial variations of the effective stresses are small, the

two-dimensional depth averaged equations of motion can now be written in

the form in which they will be solved. 	 Substituting the Reynolds stresses,

Eq. (2.37), and the mean flow convection effects, Eqs. .(2. 1 9) and (2.50),

Into Eqs. (2.22) and (2.23), the x direction momentum equation approxi-

mates to:-

p C*WW
aU 2 + .!!! - fV +	

a	 X

it. + --	 ay	 ax - p(h+)
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gLJ i U + vi - 6v'ih + 
i) [lul 

a2u
+ (h+)C	 C

a2u 1+ IVIz j - 0	 (2.51)

and similarly, for the y direction momentum equation:-

p C*WW
- a_y

+	 + fU + g	
(ii + n)at + 3x	 ay

gVU + VI - 61(h + ) 
[ iui a2v+ (h+)C	 C

a 2v 1
+ lvi	 - 0 (2.52)

For completeness, the continuity equation can be writen as before:-

+ a[(h + i)Uj + a((h + r1)V] - 0
	 (2.53)at	 ax	 ay

2.5	 ANALYSIS OF THE DEPTH AVERAGED VORTICITY TRANSFER

Before attempting to solve the equations of motion and predict

the circulation produced by a confined jet, It Is first worthwhile fully

understanding the hydrodynamic mechanism by which circulation can be

both generated and maintained. 	 For this purpose the depth averaged

transport equation for vorticity, about a vertical axis, can be analysed

in a manner similar to that used by Kuipers and Vreugdenhil (58)1and

Vreugdenhil (115).

USing Vreugdenhil's derivation, which can be simply outlined as:-
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a
[Eq.(2.51) - Ux Eq.(2.53)]Vorticity Eq. - -

ay
(h + n)

- !_ (Eq.(2.52) - V x Eq.(2.53)]
ax

(h + i)

the vorticity equation becomes:-

+	 +	
+ (w) .-!!. +

at	 ax	 ay	 ax	 ay

1

- IL. ________ -	
TyW

Lay p(h + n)	 ax p(h + n)

-

+I.L I Txb	 I tyb	 1

' ay p(h + r) ) -	 p(h + n)Jj
5

a	 +i)	 a2u1
- iv	 c	 IUlz + (VIjjJ

6

+ a	
6/(h + T) 1	 a2v 1

aX L 	 C	 i•Z + I v I • LJ - 0

(2.51;)

(2.55)

where w - 
1au

The terms in the above equation are defined by Vreugdenhil as follows:-

term 1 represents the time rate of change of vorticity, term 2 the

convection of vorticity by the mean flow, term 3 the convergence or

divergence of vorti city by the mean flow, term 1; the curl of the wind

stress, term 5 the effects of bottom friction, and lastly, terms 6 and 7

represent the moments of the effective stresses about a vertical axis.
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The actual generation of vorticity Is only affected by the latter five

of these terms, with the bottom friction effects, i.e. term 5, tending

to dissipate any vorticity generated. 	 Thus in the original equations

of motion (2.51) and (2.52) there are only three sources of generating

circulation, firstly the non-linear convective accelerations, secondly

the wind stress and thirdly, the effective stresses in the vertical plane.

Vreugdenhil went on to show that if the velocity profiles are

changing significantly over short distances then, not only the Inertial

terms but also the effective stresses are Important.	 Consequently, as

this research is concerned with the mathematical modelling of velocity

fields where the velocities change appreciably over short distances, both

these terms are included in the model and particular care has been taken

In their numerical representation.
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DEVELOPMENT OF THE FINITE DIFFERENCE

EQUATIONS OF MOTION

3.1
	

SELECTING THE SOLUTION PROCEDURE

With the depth averaged differential equations of motion having

been fully derived, the next stage In attempting to solve for the

required velocity field Is to select a procedure for transposing the

differential equations into the form most suitable for numerical

solution.	 Two solution procedures are at present available for this

type of problem, they are the finite difference method and secondly, the

finite element method.

In the case of the finite difference method space and time are

represented, throughout the velocity field, by a set of grid points

usually at equal distances in each direction (Ax and Ay) and at a chosen

time step At.	 The behaviour of a variable at each grid point is

described as a function of the variables at other grid points In such

a manner that in the limit of zero increment these equations, called

finite difference equations, are consistent with the differential equations

to be solved.

For the finite element method, the domain enclosing the velocity

field is sub-divided into a number of finite elements, usually triangular

in shape.	 The dependent variables (U, V, ) are located at the corners,

or nodal points, of each element and are inter-related by means of a set

of linear simultaneous equations. 	 The unknown coefficients of these

simultaneous equations are found from the equations of motion and the

boundary conditions for the enclosed velocity field.

For free surface flow problems the finite difference method of
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solution has the advantage that it requires less computer time than the

finite element method.	 Weare (117), in a study of the relative economics

of both methods, concluded that the explicit and implicit finite difference

methods require approximately 40 and 50 units of work per grid point per

time step respectively; whereas, the explicit and implicit finite element

methods require approximately 18 ml and ( m 2 + 18 m) units of work per

nodal point per time step respectively - where m is the largest difference

In node numbers in any element and I is the number of Iterations per time

step.	 Even though the finite element method generally requires fewer

nodal points than corresponding grid points, Weare's conclusions show

that for a satisfactory spatial representation of any enclosed body of

water the finite difference method is nearly always cheaper.

With the finite difference method the approximation of the diffe-

rential equations is relatively straightforward, although treatment of

the boundary conditions is not so simple.	 The opposite is true with

the finite element method, which is therefore well suited to approximate

Irregular boundaries but which produces difficulties in the approximation

of the differential equations.	 Another advantage of the finite difference

method is that it is easier to extend to the unsteady three-dimensional

problem, hich would tend to be the obvious extension of this research -

see Spalding (105).

Bearing In mind the properties of the two methods briefly summarised

above, it was decided early in the project to adopt the finite difference

solution procedure.	 A further reason was the relative novelty of the

finite element method In the field of hydraulics which would have required

more time to be spent on the development of the method rather than Its

application.	 There have been no-developments during the work which would

suggest that the finite element method of solution would have any previously

unforeseen advantages.
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3.2	 INTRODUCTION TO THE ANALYSIS OF FINITE DIFFERENCE SCHEMES

Although the conservation of mass and momentum for any confined

velocity field may be represented by one set of partial differential

equations, these equations can be written in many different finite

difference forms.	 Consequently, for any given set of differential

equations, it is desirable to be able to compare and contrast these finite

difference schemes such that the most suitable representation of the

original differential equations of motion, (2.51), (2.52) and (2.53), can

be made.

Each scheme will have different numercal properties and they may

be sunrarised under the headings of:-

a. approximation

b. consistency

c. convergence

d. stability

e. accuracy

(section 3.3)

(section 3.I)

(section 3.5)

(sections 3.6 and 3.7)

(section 3.8)

To briefly illustrate the properties of each scheme only the one-

dimensional form of the equations of continuity and momentum will be

considered giving, for continuty:-

+ hiY = 0
	

(3.1)

and for momentum:-

-	
+ U	 + g In - pwz + Q U I U I - Riul 

a2u
o9x	 ax	 i7

=0
	

(3.2)
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p C*
where P— a - ) represents the wind stress

- (h	
)Cz represents the bottom friction

6v'(h + r)
R -
	 c	

represents the effective stress

U0 - a constant local value of the velocity U

W wind velocity

Most of the differences between the finite difference schemes are

still apparent even If the frictional, diffusive and convective accele-

ration effects are ignored.	 For the purposes of comparison of the

different schemes, the momentum equation in the form:-

+ g!!i - 0	 (33)
at	 ax

will be used.	 Equations (3.1) and (3.3) plus the Initial values and

boundary conditions completely describe wave motion In one dimension.

3.3	 APPROXIMATiON

The numerical property of approximation is a precise mathematical

method for determining how well the finite difference equations approxi -

mate to the differential equations.	 The mathematical method used for

this purpose is the Taylor series expansion of the derivatives of the

differential equations.	 Any finite difference scheme will only consider

a limited number - usually one - of the terms of the Taylor expansion

thereby introducing a truncation error. 	 If the finite difference

equation is subtracted from the series expansion then an order of magni-

tude estimate of the leading truncation error can be made.
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3.3.1 THE FINITE DIFFERENCE APPROXIMATION FOR ONE TERN

If a function f(x) has single-valued, finite and continuous

derivatives with respect to x, then Taylor's theorem gives:-

f(x+h)	 f(x) + hf'(x) + Ih2f"(x) + -hf" (x) +

(3.1)

and

f(x-h) - f(x) - hf' (x) + h2 f"(x) -	 h 3 f" (x) +

(3.5)

Three simple approximations of the first derivative are possible, the

forward difference, the backward difference and the central difference -

see Fig. 2.

From Eq. (3.4) the forward difference formula can be written as:-

f'(x) - df(x)	 1
dx	 F 

{f(x + h) - f(x)]	 (3.6)

with a leading error on the right hand side of order h, i.e. 0(h).

Similarly, from Eq. (3.5), the backward difference formula can be written

as:-

f'(x)	
df(x)	 1
dx	

i:i [f(x) - f(x - h)]	 (3.7)

again with a leading error 0(h).	 SubtractIng Eq. (3.5) from (3.4) gives

the central difference formula:-

f'(x)	
df(x) - ._L [f(x + h) - f(x - h)]	 (3.8)
dx	 - 2h
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fix)

Forward Difference Form With Respect to P:-

df(x)I	
- f	

+ 0(h)
dx	 h

Backward Difference Form With Respect to P:-

df(x)l	
- f - f

dx	
h a + 0(h)

Central Difference Form With Respect to P:-

df(x) I	-
+ 0(h2)

2hdx

FIGURE 2	 Principle Finite Difference Forms
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where the leading error is now 0(h 2).	 By using weighted combinations

of these three difference formula It is possible to derive other, more

complicated, difference approximations.

A leading error 0(h 2) indicates that a change in h to h will

reduce the error to . of its original value. 	 Consequently, In any finite

difference scheme central differences are preferable due to the associated

smaller truncation errors. 	 Figure 2 shows that for the curve f(x), the

tangential slope at P is better approximated by the central difference

chord AS than either the forward or backward difference chords PB and

AB respectively.

3.3.2 THE FINITE DIFFERENCE APPROXIMATION FOR THE WAVE EQUATIONS

With the three basic finite difference formula having been derived,

It Is now possible to express the orders of approximation of four finite

difference schemes conrnonly used to represent the shallow water wave

equations (3.1) and (3.3). 	 The schemes include, the forward and central

explicit and the backward and central implicit representations - the

backward explicit and forward implicit schemes do not exist.

In an explicit method the unknown value Is expressed directly In

terms of known values.	 For the time dependent one-dimensional problem

defined by Eqs. (3.1) and (3.3) this means that an unknown value at the

advanced time level (n + 1)t can be calculated directly from values at

the known, present time level ntt and from values already calculated at

(n + 1)t.

If the water level n and the velocity U are defined at the grid

points j and j + j respectively, the forward difference explicit repre-

sentatlon of Eqs. (3.1) and (3.3) can be expressed as:-
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(

n+1	 n	 n	 n

n.	 - nj )	 +	 - ui_k) - 0

fn+1	 n	 n

-	 ) + -- (j+iAx
T)	 - 0 (3.10)

and Is Illustrated in Fg. 3(a). 	 In both these equations the finite

difference approximations of the time and space derivatives are at the

different time levels n + j and n respectively, i.e. the equations are

not time centred.	 Consequently, the scheme has a first order accuracy

with a leading truncation error 0(t).

The central differnce, or leap frog, explicit scheme can be

written as:-

1	
n+l	 n	

h	 n+k

-	 )	 +	
-

1	 n-k	 n	 n
_ij	 -u	 +-9_	 -
At	 j+	 jk	 Ax	 1+1	 j

- 0	 (3.11)

- 0	 (3.12)

and has a physical representation as shown in Fig. 3(b). 	 In this case

the difference approximations of the time and space derivatives are

both fully centred, giving the scheme a second order accuracy and a

truncation error of 0(At 2) + 0(Ax2).

For Implicit schemes the finite difference structure Is somewhat

different.	 The value of the computed solution at any particular grid

point depends on the solution at the adjacent grid points and for the

same time level, unlike explicit schemes where the unknown value Is

directly expressed in terms of known values.	 Because of this difference
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n

"I

a	 a-..—	 a--

'1

FIGURE 3(a)	 Forward Explicit Scheme

( ) UNKNOWN TERM

FIGURE 3(b)	 Central Explicit Scheme

FIGURE 3	 Structure of Four Finite Difference Schemes
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n.

n+ll

t

n-li

t

FIGURE 3(c)	 Backward Implicit Scheme

FIGURE 3(d)	 Central Implicit Scheme

FIGURE 3	 Continued



the equations of motion for an implicit scheme cannot be solved directly

for the required solutions of T and U, as with explicit schemes, but must

be solved simultaneously. This, more complex, method of solution accounts

for the higher computational Cost per grid point per time step concluded

by Weare (117) and discussed previously in section 3.1.

The backward difference implicit scheme, representing Eqs. (3.1)

and (3.3), Illustrates this differing representation:-

	

1 f n+l	 h	
n+1	 n+1

I-	 +	
-

	n+1	 n	 n+1	 n+1
-u	 -

At	 j+	 j+4	 Ax	 j+1

0	 (3.13)

- 0	 (3.14)

which has a space-time structure as shown in FIg. 3(c). 	 Again the

difference approximations of the time derivatives are not centred,

resulting in a first order scheme with truncation error O(At).

Finally, the central difference, or Crank-Nicolson, implicit

scheme representing Eqs. (3.1) and (3.3) can be written as:-

n+1	 n+1	 n
1	

n

-	 )	 +	
-	 + uJ+ - u) - 0

(3.15)

1	
n+1	 n	 fn+l	 n+1	 n	 n

- uj++) +	 (+	 - lii 	 +	 - rh )

(3.16)

which is a combination of the forward explicit and backward implicit

schemes and is illustrated in Fig. 3(d).	 As the finite difference

-0

41



equations are time centred by averaging the spatial differences between

the forward and backward times, this scheme has a second order accuracy

with a truncation error O(At 2 ) + O(Ax2).

It has already been shown that in order to represent a differential

equation as accurately as possible by finite differences then a second

order, I.e. fully centred, difference scheme should be used. 	 Consequently,

at this stage one Is led to conclude that the central difference explicit

and Implicit, or some form of either scheme, are most suitable for

accurately representing the shallow water wave equations (3.1) and (3.3).

3.k	 CONSISTENCY

For any finite difference scheme with a centre point, J,n say It

is usually desirable that in the limit as x,At 	 0 the difference

equation should contract, about the centre point, to the original diffe-

rential equation, I.e. the truncation error terms should disappear. 	 If

this requirement is satisfied the difference scheme is said to be consis-

tent with the differential equation, or unconditionally consistent should

the error terms tend to zero regardless of how Ax,At + 0.	 On the other

hand, if the error terms do not disappear as ix,t + 0 then the solution

to the inconsistent difference scheme will be the solution to some diffe-

rent, and not the original, differential equation.

In some cases, particularly where the physical problem cannot be

adequately represented by the appropriate differential equations -

usually due to appreciable energy losses - the use of Inconsistent finite

difference schemes can often be advantageous. 	 A deliberately inconsis-

tent scheme can be constructed such that, under limiting conditions,

residual terms arise which act in a pseudo-viscous manner to dissipate



the energy of high frequency disturbances. 	 A classic example of the

frequent use of Inconsistent difference schemes Is in computing the

floodwave profile of a breaking dam, see Llggett and Cunge (69).

However, in solving the shallow water wave equations (3.1) and

(3.3), where energy losses are relatively small, the use of an inconsis-

tent finite difference scheme is undesirable, particularly If mass and

momentum are to be conserved. 	 From the outset, it is therefore essential

to ensure that any difference schemes considered should be consistent

with the differential equations that they are to represent. 	 Using the

central difference, or leap-frog, explicit scheme of section 3.3 as an

example in checking for consistency, the Eqs. (3.11) and (3.12) can be

rewritten as:-

n+1	
ht 1 n+	 fl44

-	 -	 U4 -

n+4	 n-	
-	

n•
U	 -U

•j44	 j+	 x	 j+1

(3.17)

(3.18)

The individual terms In Eq. (3.17) do not correspond to the centre point

j,n+ and therefore need to be expanded, using Taylor's series, in terms

of their corresponding values at the point j,n+. 	 The terms when

expanded give:-

n-14	 n+n+1	 fl+4	
1 (r	 1

At +
TI .j	 -	 + ..	

ii.

n+

+
	 )

At
j 3T +
	 -



1	
n+4:	 n+

n	
at + i

i i11J_ T' j 	 -

1 (3	 at3

-	
-ii- + ....

n+
i I aul	 1 ( a 2ul	 a2

ax +U	 - U.	 +J44	 J	 -iv

	

1 1au	 ax3
+	 j7	 +

fl+f	 1 laul	 1 I2UI ax2
tx +Ui 	- U.	 -

-	 .1	 1jti7). TF

1 a 3u\ ax3- .

	 +	 ....

Substituting in Eq. (3.17) and dividing by at, this gives:-

fl+	 fl+	 fl+
at2	

-h I1

+ "..	 LLIi

1 33U i2 

+

	
(3.19)

which can be written as:-

1	 + h .1 + 
E(j)at2axj	

+

h a 3 U I ax2
+	

t.—)r + ....]	
- 0 at j,n+	 (3.20)
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Equation (3.20) is simply another way of writing equation (3.17), wIth

the second square bracketed term being the truncation error. 	 in the

limit as 1x,At + 0, regardless of the manner In which they do so, the

truncation error will also tend to zero. 	 Consequently, as the truncation

error tends to zero the difference equation (3.17) wIll converge, about

the centre point j,n+, to the original differential equation (3.1).

In a similar manner the difference equation (3.18) can be shown to converge,

about the centre point j+,n, to the differential equation (3.3).	 With

both these difference equations converging to their corresponding

differential equations, this central difference explicit scheme satisfies

the requirement of being unconditionally consistent with the original

shallow water wave equations (3.1) and (3.3).

The three other finite difference schemes discussed in section

(3.3) can also be shown to be unconditionally consistent with the original

differential equations (3.1) and (3.3).	 Thus, from the standpoint of

consistency, any one of these four basic difference schemes may be used

to represent the shallow water wave equations without any residual terms

arising through the truncation errors.

3.5	 CONVERGENCE

Although a difference scheme may be consistent with the corresponding

differential equations, the solution to the former need not necessarily

converge to that of the latter as Ax,At ^ 0.	 It Is possible, for certain

values of the time step at and the grid size tax, that the numerical

solution will either become unstable or may even converge to an incorrect

analytical solution.	 To ensure that this does not happen any proposed

numerical scheme must be analytically tested such that in the limit, as

+ 0, the convergence properties of its solution are known.
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( n+	 n_+) -
	 - e- Uj	

Ax	 j+1	 j

n+	 n-

f	 -f	 +

and

The manner in which convergence is generally tested for can be

best Illustrated by again analysing the central difference explicit

scheme of section 3.3.	 Writing the equations as before, this gives:-

n+1	
hAt I n+	 n44

-	 - -- t	 - uj_d

n+&	 n-	
.a.	

ni
U	 -

- Ax ( flj+i - flj

(3.21)

(3.22)

If the exact solutions to the differential equations (3.1) and (3.3) and

the difference equations (3.21) and (3.22) are denoted by H,u and ri,U

respectively, then the corresponding differences between these solutions

can be defined as e = H -and f - u - U.	 These differences between

the analytical and the numerical solutions are called discretlzatlon

errors and can be substituted into Eqs. (3.21) and (3.22) to give:-

e	 -e +	 H	 -H'
n+1	 n	 ( n+1

j	 J	 i	 iJ

n+	 n+
-.u.	 + U.

•	 hAt( n
.i4	 n.44

-	
- f_

(3.23)

+ H)

	

(3.24)

Expanding the analytical solutions In terms of their corresponding

Taylor's series, as for section 3.4, and substituting Into Eqs. (3.23)

and (3.24), this gives:-
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n+1	 hAt I n^1	 n+
ej 	- ej -
	 - i-d

+	
tE	

....	

+ .... ]	
(3.25)+	 axj

and:-

n+	 n-	
-	

n'
-	 - e )

+	 + .... + ai±'	 + 
••.. ]	 (3.26)L1+

Substituting Eq. (3.26) In Eq. (3.25) to eflminate f .,4 leads to:-

t2I
h	 f	 (1 - gh	

) e
	 + gh	 e 1ej

-	 + At[ i!!	 + .... + h!'	

+
	9t 	 Xj

n
- 

h t2I

	

	

+ ....]	
(3.27)+ .... + g

At2
If gh	 I then all the coefficients of e, as well as f, will be

positive such that Eq. (3.27) can be written as:-

t2	
' l•1n+1

i e
	 Ax	 ( - 

gh ._2.) Iej

n	
At+ gh .

	
ej1	 - h	 + AtM

2

Ax (3.28)

17



At2- nh—N
Ax (3.29)

where M and N denote the modull of the maximum values of the respective

square bracketed expressions In Eq. (3.27).	 If E and	 represent

the modulus of the maximum error at the n and n- time level respectively,

then Eq. (3.28) simplifIes to:-

j

n-hi	
At I n-i41ej	- h-	 1f_1

At2 n
1 - gh- 2 E

E - h	 + AtM - h	 N+ gh

At	 _.I	 At2
E - h—F 2 + AtM - h—N

Ax	 Ax

As this Is true for all time levels, then:-

E' - h -- F4	 n - h	 + AtM - Ii --- N
Ax

n-i	 At n- 1	AtZ
-h—F 2 +ZAth-2h—t4

Ax	 Ax

etc., from which it follows:-

En - hFh1	 E° - hF0 + nAtM
Ax	 Ax

With the previous assumption that 	 then At cannot tend to zero

faster than Ax.	 Consequently, in the limit as Ax,At -' 0 so too will

At	 At2
h - and h - such that the expressions M and N reduce to:-
Ax	 Ax



n+j	 n

h!!.l	 and	
Iau

(5t +	 aXJJ	 + respectively, which,

on substituting in Eqs. (3.1) and (3.3), can both be equated to zero.

This simplifies Eq. (3.29) to:-

E°
	

(3.30)

n	 n_ n
However, as e. - H 	 r then E'1	-	 iso that Eq. (3.30) can be

rewritten in the form:-

IH	 -	 l	 I	 ')
	

(3.31)

At2
This proves that as Ax,At + 0, when gh 

X2	 1, then the discretization

error (H - r) must decay with time, i.e. the numerical solution n must

converge to the analytical solution H. 	 Substituting Eq. (3.30) into

Eq. (3.29) and multiplying throughout by 	 it can also be shown that

U converges to u for the same set of conditions.

Applying the same analytical treatment of convergence to the three

other basIc finite difference schemes discussed in section (3.3), leads

to the conclusion that the forward difference explicit scheme does not

converge, whereas the two remaining schemes do - unconditionally.

If the method of estimating the convergence used previously were

appfled to the full equations, including the diffusive and convective

acceleration terms, the analysis would be extremely laborious. 	 For this

reason, the various finite difference schemes considered in deciding how

best to numerically represent the differential equations (3.1) and (3.2)

were not analytically treated for convergence in this way. 	 Instead,

use was made of the Equivalence theorem (see Ames (7)), which states that
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If the difference scheme is stable and consistent with the differential

equation then Its solution will converge to that of the differential

equat Ion.

3.6	 STABILITY

In the previous section on convergence mention was made of the

exact numerical solution U, which, in theory, could only be determined If

It were possible to carry out all the numerical calculations to an

Infinite number of decimal places. 	 However, in practice each calculation

Is evaluated to a finite number of decimal places, or significant

figures, and so a round-off error has to be Introduced for each Indivi-

dual calculation.	 This results in the computed solution being different

from the exact numerical solution U, and It Is the behaviour of this

difference that gives rise to the study of the stability of finite diffe-

rence schemes, see Richtmeyer and Morton (90). 	 Generally, a set of

difference equations will be stable if the cumulative effect of all the

rounding errors Is negligible. 	 If, on the other hand, the difference

scheme is such that the round-off errors are amplified as the computation

progresses, then the correct solution to the unstable scheme will be

swamped by the exponential growth of these errors.	 Clearly, this leads

to an unsatisfactory solution and It Is therefore necessary that all

finite difference schemes should be checked for stability from the

commencement.

To investigate analytically the stability of the finite difference

schemes available to represent the shallow water wave equations (3.1)

and (3.2), two standard methods can be used.	 The one method involves

expressing the equations of motion in matrix form and examining the
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- U.	 0
J-

- 0

(3.32)

(3.33)

eigenvalues of the associated amplification matrix; in the other method

the elgenvalues are determined by using a finite Fourier series.

Although the first method Is the more rigorous, In that It includes the

boundary conditions, the latter approach is much simpler, and for this

reason has been the method used to test for stability throughout the

developmentof the present mathematical model.

3.6.1 STABILITY OF THE SIMPLIFIED WAVE EQUATIONS

Application of the Fourier stability method, introduced by

von Neumann in 1951 (90), can be illustrated by applying It to the central

difference explicit scheme. 	 For convenience the appropriate finite

difference equations (3.11) and (3.12) can be rewritten giving:-

n+1	 n

-

n+
- Ui44

A	
ni4

+ h— U.
Ax j44

At
+ g	 n1

The first step in determining whether and under what conditions this

particular scheme Is stable is to assume that there exists some initial

error for both and U at every grid point between x - 0 and x - £ at

time t - 0.	 These error lines n and U can then be respectively

decomposed into a finite, complex exponential, Fourier series as follows

(see Sokolnikoff and Redheffer (101)):-

N
V -

J =0
	

J
	 , (j	 0,1,2 ... N)

	
(3.31e)
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where N	 total number of grid points

A - coefficients of the Fourier series

wavenumber 2ir/L, where L is the wavelength

'-"CT

and jAx gives the co-ordinates of each point as j - 0,1,2 ... N.	 A

similar series relationship can be developed for U.

As the finite difference equations (3.32) and (3.33) are linear,

and therefore their separate solutions additive, consideration need only

be given to the propagation of the error due to a single term, such as

AeI8.1M, see Smith (95).	 Also, if the constant coefficient A Is

expressed purely in terms of the corresponding error that governs Its

value, the Eq. (3.34) may be simplified to give:-

n
iftjAx

-	 (3.35)

To investigate the propagation of this error function as the

time t increases, another finite Fourier series can be developed such

that when t - 0 the solution reduces to that of Eq. (3.35).	 Using the

same procedure as before, the final time and space dependent error function

n
reduces to:-

n	 iaflt
-	 e	 (3.36)

where a - wave frequency ZflIT, where I is the wave period, and nAt gives

the time level at n - 0,1,2 •.. etc.
n	 -	 n

The line of errors n,j defined by Eq. (3.36), and U1 will only
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decay with time if the modulus of the so-called amplification factor A,

or efOt, is always less than or equal to unity.	 This is the von

Neumann condition for stability, which mathematically states that a

difference scheme will only be stable If:-

lxi	 teboti	 1
	

(3.37)

n	 n
As the error functions fl*j and	 will satisfy the same difference

n	 fl

equations as	 and	 then substituting Eq. (3.36), and a similar

expression for	 into Eqs. (3.32) and (3.33) leads to:-

( e 1 t - et) e'* +

- e1J') e1t u	 - 0	 (3.38)

(e4t - e_t)	 u +

e')	

banAt
-	 e	 - 0 (3.39)

and Eq. (339) by
Dividing Eq (3 j8) by 

e I (JA ( + ant)

+ a(1)tt) and substituting A - the amplification factor -

iot .for e	 gives.

(x - 1)n	
+ vT U h	 2i sin 0 - 0	 (3.40)

+	
g.!2i sinO	 0	 (3.41)-	 AX
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where 0-8Ax.	 Eliminating n from Eq. (3.40) and Eq. (3.41) gives the

following quadratic equation forA:-

- (2 - lej2 sin2 )	 + 1	 (3.42)

where a -	 - Is the Courant number.	 Thus the amplification factor

for the scheme Is, solving Eq. (3.42):-

A - (1 - 2 2 sin2o) ± 2i 11 sin 0(1 - 2sjn2O)'	 (3.13)

from which it can be shown that if psin a	 1 then lxi	 1 and the

scheme Is stable.	 Since stability is necessary for all possible wave-

lengthsof the error function, then this constraint must hold true for all

values of a.	 The maximum value of sin 0 occurs when - in2, which

corresponds to a wavelength of 2Ax, I.e. the shortest possible wavelength.

Therefore, the round-off errors Introduced in solving these central

difference explicit equations will only decay with time, and so remain

stable, if the following stability requirement Is satisfied:-

p	 i or Ax
	

(3.44)

This stability requirement Is rather severe for the type of flow fields

to be mathematically modelled.	 For example, to model the tidal flow

in a rectangular harbour with a mean depth h of 10 m and a grid size Ax

of 100 m, a maximum time step of only 10 seconds can be used. 	 To

represent a complete tidal cycle, of period 12 hours say, this would

require 4500 tIme steps. 	 Consequently, this particular difference
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scheme tends to be computatlonally expensive and for this reason is not

an attractive method of solving the shallow water wave equations.

For the forward difference explicit scheme, given by Eqs. (3.9)

and (3.10) in section 3.3, the amplification factor A, for the term

eIt, can be determined in a similar manner giving:-

A - 1 ± 21 iisin 0
	

(3.45)

where: -

lxi - ( 1 + %2sjn2e)
	

(3.46)

As the term 4i2sin 20 In Eq. (3.46) will always be positive then 	 1,

and the stability requirement lxi	 1, given by Eq. (3.37), will only be

true for the limiting case where x - 0.	 Consequently, this explicit

scheme is always unstable and can therefore be disregarded as a means of

representing the original differential equations (3.1) and (3.3).

In the case of the backward difference implicit scheme, given by

Eqs. (3.13) and (3.14) in section 3.3, the amplification factor A can be

obtained in the same way to give:-

A	 (1 ± Zipsin
	 (3.117)

where: -

lxi	 (1 + 42sin2O)
	

(3.48)

Consequently, as 4p2sin2O will always be positive then lxi 	 1, and so

this scheme will be stable for all values of the Courant number , i.e.
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for any grid size and time step. 	 With the amplification factor always

being less than unity, except for x - 0, the original line of errors

Introduced Into the difference equations will be continuously damped as

time progresses.

Finally, for the central difference implicit (Crank-Nicolson)

scheme, given by Eqs. (3.15) and (3.16), the amplification factor A can

readily be shown to be:-

(1 - p2sin2O) ± 2ipsIn 0	 (31)
(I + p2sin2O)

where:-

lxi	 1

for all wavelengths.	 This scheme IS therefore unconditionally stable,

with the original round-off errors neither growing nor decaying with

time.

On comparing the stability properties of these four separate

difference schemes, definite conclusions can be made In determining the

most suitable difference representations oftheshallow water wave equations

(3.1) and (3.3).	 Firstly, the forward difference explicit scheme can

be disregarded due to its unstable characteristics for all Courant

numbers, i.e. p values.	 Secondly, the central difference explicit scheme,

with its stability constraint p	 1, can be disregarded purely on economic

grounds.	 Even though explicit schemes require approximately 2O less

computational effort per grid point per time step than implicit schemes,

see section 3.1, the small time step that this explicit scheme requires

makes It uneconomical in comparison with the implicit schemes and their
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unlimited time step size.	 As for the backward and central difference

Implicit schemes, although both methods are unconditionally stable, the

latter is preferable because of its second order accuracy - as opposed

to the first order accuracy of the former, see section 3.3.

3.6.2 STABTLITY OF THE COMPLETE WAVE EQUATIONS

So far, this stability analysis has been applied to the simplified

wave equations (3.1) and (3.3), where the momentum equation (3.3) has

only Involved terms defining the dominant dynamic properties of waves.

At this stage, It is desirable to investigate how the stability of the

preferred central difference implicit scheme Is affected by each individual

diffusive term of the more complete momentum equation (3.2). 	 DeferrIng

the important non-linear convective accelerations to the next section,

the remaining terms include the effects of wind action, bottom friction

and the turbulent diffusion of momentum.

For the stability effect of wind action on the numerical represen-

tatlon of the wave equations (3.1) and (3.3), the appropriate momentum

equation can be written as:-

+ g- - PW2 - 0
	

(3.50)

p C*
where P = coefficient defined as 	

a
p(h + n)

W = absolute wind velocity

As the term representing the wind effect has been assumed Independent of

the water velocity U, then the central difference implicit equations will

be the same as before, except for the Inclusion of the constant term PW2
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In the momentum equation (3.16).	 for convenience the appropriate

difference equations are rewritten giving:-

U	 +U	 U.	 I
n+1	

htt 
(u	

-	 n+1	 fl	 fl

ii 	 -	 +	 j+4	 j-	 i+	 i-ij

-o
	

(3.51)

n+1	 n	 I n+1	 n+1	 n	 n

	

Uj+ - U.	 +	 -
2fx	 j+1	 +	 j+i -	 j )

- Pw2 - 0
	

(3.52)

which, on equating for	 as before, gives •the following quadratic

equation for the amplification factor A:-

(1 + U 2sin 2O)A2 + (2p2sin20 - 2 - 2y)A + (1 + t2sIn2 e - 2y)

-o
	

(3.53)

where 2y	 PW2U1eI21)

Solving Eq. (3.53) for A gives:-

- (1 - p2s1n20 +

	

± ('4(y+1)1j2s1n20 -
(3.54)1 + 11Z5jnZ0)

where:-

2
(Al -	 (1 + (1 + 1 sin2o) 1	

(3.55)
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which reduces to:-

p C*W2
a

p(h+)
(3.56)

g.B. + QIUIU	 0
at +	 ax

(3.57)

For the scheme to be stable, i.e. lxi 	 1, then the following requirement

is necessary:-

(1 +
r'w 2

or
(1 + 2sin2e)jeI0(2JJ	

0

As all the terms on the left hand side of Eq. (3.56) wIll always

be positive, then this stability requirement will never be satisfied.

This means that the wind action will always tend to have an unstabilising

effect on the implicit scheme considered.	 However, for the type of flow

fields to be modelled, where the wind effects will be at least one order

of magnitude less than the dynamic head, this instability will generally

tend to be relatively weak and will have little effect on the numerical

solution.	 When the two-dimensional wave equations are considered, it

can be shown that the Coriolis terms - which take Into account the earth's

rotation - introduce a similar weak instability into the solution.

To determine the stability effect of the bottom friction on the

difference wave equations (3.15) and (3.16), the appropriate momentum

equation can be written as:-

where Qx coefficient defined as (h +)C1 and lul can be treated as
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+	 + u.
i+j

(3.58)

a constant value for the speed U. 	 Expressing the friction term in a

fully centred implicit (Crank-Nicolson) manner and the remaining terms

as before, then the corresponding difference representation for Eq. (3.57)

can readily be shown to be:-

n+1	 n	 I n+1	 n+1	 n	 n
U	 U	 +	 -

-	 2tx j+i	 + j+i - flj )

Equating (3.58) with the corresponding central difference implicit

continuity equation (3.51), the quadratic equation for the amplification

factor becomes:-

(1 + 2 sIn 2 6 + 6)x 2 + (2j2 sin2 O - 2)A + (1 + i 2sTn 2O - 6)

-o
	

(3.59)

where 6	 QRh It	 gUAt
2	 2(h + i)CZ

Solving Eq. (3.59) for A gives:-

A - (1 - p2 sin 2 O) ± i(%2s1n20 -
(1 + 1jZ5jflZØ + 6)

(3.60)

where:

1 (1 + p 2sin2 e) 2 -	 62
IAI	 L (1 + pZsinZ O) Z + 6(2 + 2psin2 O + 6) j

(3.61)
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As 6 is always positive, then 6(2 + 2i 2 sin26 + 6) > _62 such that

c 1, I.e. the scheme will always be stable and the round-off errors

continuously damped.

Therefore, in solving the more complete shallow water wave

equatIons (3.1) and (3.2), the bottom friction term assists in the

stability of the difference scheme and Imposes no constraints on the

values of the grid size x and the time step tt. 	 This stability improve-

ment plays a useful role In the computation, in that it tends to counteract

any Instabilities introduced by wind action or CorloUs effects, parti-

cularly since in most cases the bed shear will be much greater than the

wind shear.

Finally, the Influence of the effective turbulent stress on the

stability of the difference equations (3.15) and (3.16) can be determined

by analysing the following momentum equation:-

1!:!. +	 - RIIJI	 - 0
	

(3.62)

6v'(h + y)
where R coefficient defined as 	

c

In this case the difference representation of the turbulent diffusive

term is not so straightforward as for the bottom friction because of the

second derivative.	 If the diffusive term is represented In a fully

centred implicit manner as before,i.e.:-

r n+l

RIUL 
2u = RIUII u

2XL L j+.

	n+1	 n ]
+ Ui	+ U.

	

-	 J-

n	 n+1	 n
+ U.	

- 2(u	
+ u

J'2	 )
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then, at the new time level nil, not only Is the unknown velocity

included but so too is the unknown velocity	 This difference

representation of the diffusive term complicates the solution procedure

to be used, In that, it requires the setting up of a five diagonal matrix

array of coefficients rather than a three diagonal matrix as required by

the other terms.	 The use of a larger diagonalised matrix In this manner

significantly increases the computational cost/grid point/time step and

for this reason makes the above difference representation unattractive.

To overcome this problem the term U+.needs to be represented at some

previous time level, I.e. in an explicit manner.

To satisfy this requirement, the most suitable difference repre-

sentation of the diffusive term appears to be the Du-Fort and Frankel

fully centred explicit scheme - see Table 8.1 of Richtmeyer and Morton (90).

However, although this scheme has a second order accuracy, It does have

the disadvantage of not being consistent with the original differential

equation when Ax and At tend to zero at the same rate, i.e. if Ax/At

remains constant as Ax,At + 0 see Abbott (1). 	 This means that, in

adopting this scheme, care needs to be taken when se'ectIng the values

of the grid size and time step for the mathematical model. Thus, the

difference representation used for the momentum equation (3.62) can be

written as:-

nil	
n	 .9...ê!1 

n-il

j+ 2x (j+i

-	 j UIAt ( n-e4 -
	 ni-i

Ax	
2'Uj-i-

-0

+1 + r i- 1 -

+ u + )+ u)

(3.63)
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If ci denotes the amplification factor eWât for the continuity equation

(3.51), and A the amplification factor ei1t'2 for Eq. (3.63), then

equating (3.51) and (3.63) for n, the quadratic equation for A becomes:-

[(cx - 1)(2 + 1) + i.i 2 (ct + 1)sin 2O]A2 - 2 cos 2oA

+ [(ci - 1)(2+ - 1) +	 2 (a + 1)sin2o] - 0
	

(3.64)

R I U I t	 6J(h + )tultwhere $ -
	 2	 -	 2CAx

Solving Eq. (3.64) for A in terms of ci gives:-

A - [,cos 2o ± I { -($ cos 20) 2 + [( - 1)(2 + 1)

+ ( + 1) 2sin 20][(ct - 1)(2$ - 1) + ( + 1)2sin2o1}]/

[(ci - 1)(2 + 1) + (a + 1)i2sin2o1
	

(3.65)

which, on reduction gives:-

2
 -E

_(ci - 1)(2$ - 1) + ( ç + l)i.j2sin2O 1
(ci - 1)(2 + 1) + (ci + l)j2sinz8 J	 (3.66)

But a - eAt - A2 , and on substituting In Eq. (3.66) leads to:-

(2 + 1 + 2S;fl20)ALl - 44A2 + (2 - 1 - j2sin2)

-0
	

(3.67)
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which simplifies to:-

- 42 + (1 + ij2sin2O)2
(2+ + 1 +	 sinZ6)

(3.68)

Consequently, as the value of cannot be negative then the right hand

side of Eq. (3.68) will always be less than unity, this means that 	 < 1

and the scheme is always stable.

The turbulent effective stress therefore has the same effect on

the stability of the central difference implicit wave equations (3.15)

and (3.16) as the bottom friction term.	 Again the stability of the

difference scheme Is improved with no constraints being Imposed on the

values of Ax and At, apart from the consistency requirement that Ax and

At should not tend to zero at the same rate.

In summarising the results of this linear stability analysis, the

most suitable difference representation of the shallow water wave

equations (3.1) and (3.3) is the fully centred (Crank-Nicolson) implicit

scheme.	 By Itself this scheme is unconditionally stable with an ampli -

fication factor of unity, haiever, if the bottom friction and the effective

stress te-ms are included, then the overall stability of the difference

equations is improved. 	 The effects of the wind stress and the Corlolis

term are to Introduce weak instabilities into the scheme, but for most

practical purposes these instabilities will have a negligible influence

on the numerical solution.

3.7	 NON-LINEAR INSTABILITY

In most of the mathematical models of horizontal flows documented
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In the recent literature, the convective acceleration terms have either

been neglected or have had little effect on the value of the final

numerical solutions, e.g. Hansen (42,43), Leendertse (63,64) etc. 	 This

has generally been due to the fairly uniform nature of the flow fields

being modelled, e.g. wide estuaries, and the dominance of such hydro-

dynamic features as pressure gradients, oscillatory flows, wind effects

etc.	 However, for the type of flow fields being considered in this

thesis, I.e. a jet issuing into a circular reservoir and a tide flowing

into a narrow entranced harbour, the convective accelerations, associated

with the sudden changes in the lateral cross-sectional area, are of

extreme importance.	 Hence care has to be taken to ensure that the non-

linear accelerative terms in the depth averaged equatIons (2.51) and (2.52)

do not give rise to instabilities.

The occurrence of non-linear Instabilities, in many of the numerical

methods used to solve the equations of motion, Is discussed by Phillips

(84) in terms of the physical process of transferring turbulent energy

from large to small scales through the non-uniform characteristics of the

flow.	 In the numerical representation of this process, energy cannot

be transferred to scales smaller than twice the grid size, and for this

reason tends to accumulate at the corresponding wavelength, I.e. 2Ax.

This results in an explosive growth of oscillations which, after some

time, can completely swamp the correct numerical solution.

One of the most common approaches used to suppress the growth of

energy at these small wavelengths is to introduce an artificial viscosity

type energy dissipation process into the mathematical model.	 This has

the effect of simulating the transfer of turbulent energy to scales

smaller than twice the grid size by artificially smoothing the numerical
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solution.	 The procedure generally adopted for this purpose Is to

spatially average the computed velocities, at the end of each time step,

by using a weighting factor a and an equation of the following form:-

n+1
uJ+.

n+1
where

n+1	 n+1	 n+1
- (1 - a)Uj 	+	

f	
+

- the computed velocity

(3.69)

n+1
uj+ - the averaged velocity

with a being typically of the order 0.01, see Kuipers and Vreugdenhil

(58).	 However, there are two basic disadvantages with using this type

of method.	 Firstly, there Is the difficulty in selecting the most

appropriate value for the weighting factor a; secondly, It Is mpossible

to determine how much of the smoothing process is used up in damping out

non-linear instabilities, rather than diffusing the small scale turbulent

energy.

Due to these disadvantages and the relatively high degree of

turbulent energy transport expected in the flow fields being considered,

this artificial energy dissipation process has not been included in the

mathematical model,	 Instead, a numerically stable repreSentation of

the non-linear terms has been sought such that the accumulation of short

wavelength energy might be damped by the difference scheme itself, I.e.

In the same way as the round-off errors were damped in the previous

section.	 Although this numerical process of dissipating energy is analo-

gous to the physical dissipation of small scale turbulence by viscous

friction, the former is not a correct mathematical representation of the
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-	 U-+g-0
+ ox

(3.70)

latter.	 Consequently, in the mathematical model energy will not strictly

be conserved.

To determine the influence of the non-linear terms on the stability

of a finite difference scheme, It is not analytically correct to consider

the propagation of only one Fourier component as before. This is

because different components of the Fourier series will Interact with

one another through the non-linear terms.	 Hotever, it Is usually possible

to get some idea of the stability of a non-linear difference scheme by

considering a ilnearised version of the appropriate equations. 	 This can

be achieved by splitting the non-linear terms Into linear components with

constant coefficient, see Richtmeyer and Morton (90).	 Thus, for the

shallow water wave equations being modelled, the corresponding quasi-

ilnearised momentum equation can be written as:-

where U is a constant local value of the velocity U.0
In the literature, most of the mathematical models for the wave

equations(3.l) and (3.70) have included the convective accelerations in

an explicit form1 even though the other terms may have been expressed

implicitly, e.g. Leendertse (63,6k) etc.	 Combining this explicit repre-

sentation of the accelerative term with the fully centred Implicit scheme

so far considered, the difference equation for the momentum becomes:-

n+l	 n

Uj+& - Uj+

n+l
+

Zx tTlj+l

+ U	
n

O( ( UJ+l -

n+l

-	 +

Ui )

- 
TIJ)	 - 0	 (3.71)
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Equating (3.71) with the continuity equation (3.51), leads to the following

quadratic equation for the amplification factor A:-

(1 + 2sin 2O)A2 + 2(-1 + j2sin2O + yisin e)A

+ (1 + 2 s1n2 e - 2yisln o) - 0	 (3.72)

U At
where r -

Solving Eq. (3.72) for A gives:-

(1- 2sln2e-yisin 0) ± [I4(1-yisin 0)j 2sin20 + 2sIn2O]'
A-

(1 + 2sin28)

(3.73)

where:-

ky2sin2e
1A2 1 -	 + ( 1 + 112si fl20)z (3.74)

With y2 sin2 o being positive then, apart from 0 - 0,ir,etc., lxi > 1 and

so the scheme will always be unstable.	 Consequently, as a stable scheme

is being sought to counteract the growth of turbulent energy at short

wavelengths, the convective acceleration term needs to .be represented in

some other form.

Considering a fully time centred representation of this term, the

finite difference momentum equation can be rewritten as:-
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n+1	 uti n+
uj+ -	 +	 x	 j+l - J 

I

fn+1	 n+1	 n	 n
-

2Ax t j+1	 "3	 +	
- 0	 (3.75)

If a denotes the amplification factor eAt for Eq. (3.51) and A the

amplification factor eit'2 for Eq. (3.75), then equating for i, the

quadratic equation for A becomes:-

[(a + 1) 2sin2O + (cx - 1)]x2 + 21(a - 1)(sine)x

+ ((a + 1)ij2sin2O - (ci - 1)] - 0	 (3.76)

Solving Eq. (3.76) for A In terms of a gives:-

[1i(crl)sin O±i{y2 (cr1) 2 s1n 20 + (a+1)2psin'0 (cri)2}]

[(a + 1)p2sin 2 e + (cx - 1)]

(3.77)

which simplifies to:-

A2 - 
212 (cgl) 2sin 2 @ + (a+1) 2p"sin t'e	 (cr1)2	

(3.78)
cz2 1)j2sin 2O + (a+1) 2 'sin4 O + (a_1)z

I
But X2	a - e	 , and on substituting In Eq. (3.78) the relevant

modulus of a becomes:-

cii - 
E 

-1 + 2y2sin 2e + pt,Sifle1

1 + 21j2sin 2 e +	 sinej	
(3.79)
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ProvIded -1 + 2y2s1n20	1 then, since 2z2sin2O is always positive,

lcd ' 1 or 1A 2 1 < 1 and the scheme is stable.
	 This imposes the constraint:-

ysin 8	 1
	

(3.80)

and with stability being necessary for all wavelengths, Eq. (3.80) must

be satisfied for all values of 0. 	 For the limiting case when 0 - il2,

i.e. L - 2tx - the shortest possible wavelength, then the requirement for

stability reduces to:-

u	 < 1
0 AX •

i.e.	 Ax
"I	 At

For the type of flow fields to be mathematically modelled this

stability requirement is not too severe.	 For example, to model the

jet induced circulatory flow in a reservoir with a grid size Ax of 100 m

and a jet velocity of 1 m/sec.,a maximum time step of 100 secs. may be

used.	 This limiting time step is far less severe than the 10 secs.

required, for a 10 m depth, by the explicit stability constraint (3.lth).

Consequently, this novel finite difference representation of the non-

linear convective acceleration term seems to be most suitable for the

purpose of continuously damping the production of small scale turbulent

energy.	 With this term being represented In a numericaliy stable manner,

the corresponding round-off errors will also be continuously damped and

the stability of the difference scheme as a whole further improved.

Another problem that frequently arises with non-linear terms Is
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n

-	 +

n-	
gtl

- U	 + --

n+
U.	 - 0
J-

nfj')	 0

(3.81)

(3.82)

n+1

Ttj

Ui +

their numerical representation at the boundaries of the model, see

Kulpers and VreugdenhiI (58). 	 However, the effects of the boundaries

cannot be predicted analytically and for this reason have to be investi-

gated by numerical experiments.

3.8	 ACCURACY

Although a finite difference scheme may be stable and consistent

with the original differential equations, the sum of the truncation

errors may still be large enough to provide a relatively inaccurate

numerical solution.Consequently, It Is desirable to be able to obtain

some analytical description of the accuracy of each finite difference

scheme.

In the numerical representation of the shallow water wave equations

(3.1) and (3.3) the usual measure of accuracy is a comparison of the

celerities of the numerical and the physical wave.	 The manner in which

this accuracy is generally determined can be best illustrated by again

analysing the central difference explicit scheme of section 3.3.	 For

convenience, the difference equations can be written as before:-

with	 1 for stability and an amplification factor of:-

A - (1 - 2 i 2 s in2 O) ± 2ipsin 0(1	 p2sIn20)
	

(3.83)
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L	 a
C
n	 T

(3.8k)

Defining the numerical wave celerity as:-

and with the shallow water wave velocity being:-

C-,
p

(3.85)

then the measure of accuracy with which the numerical wave is propagated

Is given by the ratio:-

C
n	 a	

(3.86)

However, from the definition of the amplification factor, I.e. A - eIt,

the wave frequency a can be represented In the following complex

notational form:-

a -	 arg.A
	

(3.87)

giving, for the measure of accuracy:-

arg.A
-

BAX and i =where, as before, 0 -
2	 Ax

(3.88)
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The argument of the amplification factor can readily be evaluated

as:-

arg.A - att - sin[(1_p2sln20)2psInO]	 (3.89)

Simplifying this equation, the terms on the right can be approximated by

expressing sin 0 and sln[(1 - p2sin20)2psin0] In their corresponding

series forms.	 Since, for stability, p	 1 and for the type of flows

being considered the wavelength L will always be appreciably larger than

the grid size x, I.e. e (- !1 ) <1, then terms of higher orders than

p 30 3 may be negiected.	 Introducing the appropriate series expansions,

as given by Hughes and Gaylord (53), Eq. (3.87) can be reduced to:-

arg.X - 2p0 (i -	 (1 - p 2 + ...))

	

(3.90)

Substituting in Eq. (3.88), the measure of accuracy C/C, becomes:-

C

	

n	
(i

	

C.	 - T (1 ..p2 + ...))-

p

(3.91)

where p0 < 1.	 A graphical representation of this equation, for differing

values of 0 and a, is given in Fig. 1•

For the central difference implicit scheme, given by Eqs. (3.15)

and (3.16), the amplification factor X can be written as before, i.e.

Eq. (3.i9):-

A - (1y2s1n20) ± 2ipsin e
(1 + Zsjn20) (3.92)
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with an argument most suitably expressed as:-

arg.x - tan1 (2v sin 
e

i_pzs;nze ) (3.93)

Substituting the appropriate series expansions, as for the central

difference explicit scheme, Eq. (3.93) reduces to:-

02
arg.A	 2o	 - -ç (1 

+ 2ii2 + ...))	 for iiO

(3.94)and

1
arg.A -	

2e fi _.+ i.i 2 0 2 

+ ...)	

+

for uO > i

This gives, for the measure of accuracy:-

C
n	 02

-	 (i - -.-(1^22+...))	 forit0j

p

and

C
n -	

- 1 22 (1 -	 + 2O2 
+ ...	

+ ..

for ie >

and can be graphically represented as shown In Fig. 5.

(3.95)
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Similarly, for the backward difference implicit scheme, given by

Eqs. (3.13) and (3.1k) with an amplification factor:-

X - (1 ± 2i.i sin
	

(3.96)

the corresponding measure of accuracy can be evaluated as:-

Cn	 e2-
p

and

for O

(3.97)

C
fl	 iT	

+ ... forio>

42g2 (i 
-ç. + ... )

The accuracy of this particular implicit scheme IS illustrated In Fig. 6

and, on comparing with Fig. 5 (or Eq. 3.95), is clearly the less accurate

of the two implicit schemes considered, i.e. the 	 ratio is always

smaller.	 This result is not surprising, bearing in mind that the leading

truncation error of the backward implicit scheme is of the first order

whereas that of the central implicit scheme Is of the second order - see

section 3.3.2.	 Due to this greater degree of Inaccuracy, this backward

difference scheme is not given further consideration.

In comparing the ratio of the numerical and physical wave

celerities for both the explicit and implicit central difference schemes

(Figs. Ii and 5) a number of general conclusions can be made.	 Firstly,

as the grid size x Is continuously reduced the accuracy of both schemes
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Improves.	 On the other hand, if the time step tt is reduced, i.e.

* 0, then the accuracy of the explicit scheme deteriorates while that

of the implicit scheme Improves. 	 At the stability limit of the explicit

scheme, p - 1, the ratio C/C is unity for all wavelengths and, under

the5e conditions, the scheme represents the differential equations

exactly.	 However, this Is not true for the Implicit scheme when p - 1.

Another important property which can be deduced from the graphs is

that the ratio	 Is less than unity - except for the explicit scheme

when p - 1.	 This means that for all values of p and x/L the numerical

wave travels more slowly than the physical wave and Is due to the

numerical damping associated with the truncation error.

Finally, for the same grid spacing and time step, I.e. the same

Ax/L and p values, comparison of Fig. 1i and 5 leads to the conclusion

that the explicit scheme Is always more accurate than the implicit scheme.

However, the advantage of using an implicit scheme is that a much larger

time step may be used and the computational effort thereby reduced.

For the type of flow fields being considered, where Jet diffusion

introduces appreciable velocity changes over short distances, the grid

spacing nbeds to be relatively small. 	 Due to the long periodic unsteady

nature of the flows, e.g. the tidal flow, It is necessary to choose a

time step large enough to ensure that a realistic period of unsteadiness

can be modelled at a reasonable computational cost. To satisfy these

requirements it is desirable to select the implicit scheme, even though

the spatical variations will be represented somewhat less accurately.

In summarising the development of the most suitable finite diffe-

rence representation of the wave equations (3.1) and (3.2), Table 1 shows

a comparison of the fundamental numerical properties of the difference

schemes considered in this section.
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NUMERICAL PROCEDURE FOR SOLVING THE

FINITE DIFFERENCE EQUATIONS

4.1	 THE TWO-DIMENSIONAL DIFFERENCE EQUATIONS

A comparison of the numerical properties of the various finite

difference schemes analysed in Chapter 3 has shown that, wherever possible,

the terms of the shallow water wave equations (3.1) and (3.2) should be

represented in a central difference implicit manner. 	 Also, to avoid

the problems associated with non-linear instability, the convective

acceleration term should be centred In time, particularly if no artificial

'iscosity-type effects are to be included In the solution.	 As this

requires the velocity U to be expressed at three different time levels,

the second derivative of the effective stress term can be readily repre-

sented in the Du-Fort and Frankel explicit form.	 This has the advantage

of reducing the computational cost.	 By applying these conclusions to the twoS

dimensional depth averaged equations of motion (2.51),(2.52) and (2.53), the

most suitable finite difference equations can be developed to include all the

grid points 1 - M and 1 - N, in the x and y directions respectively.

The corresponding difference equations are expressed in an

Alternating Direction Implicit (ADI) manner such that for each computing

cycle two successive time level operations are performed. 	 For the first

operation, from time nAt to (n + )At, the derivatives and terms involving

U and r of Eqs. (2.51) and (2.53) are approximated In an Implicit form,

while those of V are approximated explicitly.	 Application of the

resulting finite difference equations to include the M grid points along

a row parallel to the x direction, gives (M - 1) continuity and momentum

equations for the corresponding unknown values UIH and	 With
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(N - 1) unknown grid points parallel to the x direction, the advancement

of the equations over the whole domain incorporates the solution of (N - 1)

independent sets of equations, each set containing (M - 1) unknowns.

Similarly, for the second operation, from time (n + )At to (n +

the derivatives and terms involving V and ii of Eqs. (2.52) and (2.53)

are approximated implicitly, while the previous implicit values for U

are now approximated explicity. 	 Again, the continuity and momentum

equations are written for each non-boundary grid point along rows parallel

to the y direction.	 This gives (M - 1) independent sets of equations,

with each set containing (N - 1) unknown values of	 and n+1

To represent the equations in two dimensions the computing grid

illustrated in FIg. 7 is used, together with the following notation shown

for i', see Leendertse (63):-

j,k - i(jAx, kAy, nt),	 Ax Ay	 As

where (jAx, kAy) is a spatial grid point with

J = o,i,1 2.P2 P' ••'

k	 O,4,l 3.P2 ,L.p

n = O,4,1 3.. •),2 P) •••

and, for average values at the grid points:-

-	 ( nJ+,k +	 j-,k)

j,k	 (j,k+	 +	 J,k-)
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k+1

k

k-4

L1	 Water Level (ri) and Chzy Coefficient (C)

o	 Depth (h)

U velocty (U)

11	 V velocity (V)

FIGURE 7	 The Computing Grid
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-	
+

+ j+k, k-	 + flj+j,k+.)

Thus, for the first operation, the continuity equatIons (2.53) along a

grid line in the x direction reads:-

1n+	 n At fty	
—xl	 n+

( nj,k -	 J,kj +	 +	 1 J44,k Uj^k

n+	 1	
!_ 1(x 

+	 Y)V
- ( 

i	
+	

j-,k	 J + 2As L

n-i 1
- ( x + •;;•Y ) 

J,k- Vj,k_ .1 -

and for the x direction momentum equation:-

( n+	 n-j. I	 2At	 —x
- Uj+k) + _i-. Lj1,k

(4.1)

t—x 121
-	 (UJkJ 

J

i V x+
As L J,k+p t J+,k+ I	 - Uj+ ,k+qt j+,k- I ]

- 2Atf"1	 At [n+4	 n-j	 n+	 fl 1
+ —g rAs	 j+1,k + '1j+1,k	 j,k - 'j,k j

n-I;	 r n-	 2
+ Atg [( uJ+k + uJ + k) L(Uj+,kl	

+(Jk)2]/

2At p C*W[(NY + x) 
j+,kN ) J+,k]] -
	 /[(Y + 

_x)]
a	 x
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(EY
I—	

+ X ) j++k 1 n-4	 n-	 n+
- 12-vg

Cj+jk	
(uJ+},k - Uj+ k—x

n-}	 n-	 'I	 -n	 I '	 n44

- Ujk + UjkJ + I Vj+ kI UJj k+f Uj+k

n-I	 n-j
- U.+k + UJ44.k_i)] - 0 (4.2)

1_v x	 ______	 1-vx
where p - I q- I

2IVxI 
)J,k++	

and	
2IVxI

For the second operation the equations are:-

( j,k -	 j,k	 2As L
n+l	 n+i) +	 1,	 + -,

(iVY	
U	 I +
n-	 )	 r —x	 n+i

-	
+ ' iJ-,k j-,kj	 L 

(h	
+	 iJ,k44 VJk.,..

n+l 1
+	 ij,k- VJ,k.4 J - 0 (4.3)

and:-

(

n+l	 n-i	 2At	 2
vJk+	 - Vj,k J 

+ -- Li j,k+i I Ivy
j,k

+ 
2	 n14	 n

V	 ITJY	 I

	

j+p,k+I j,k+I	 - Vi	 qk+ ( UJ,K+ J

	

rn+i	 n	 n+l	 n 1
+ 2at	 Ujk^ +	 g 

Lj, k+ 1 + j,k+1	 J,k - 'j,k ]

]
n+1	 n-i	 r1n+	 2	 2

+	 tg [(v. , 
k+ + VJ ,k+) L i , k+) 

+ (Vi k+) 
I ,,'
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[(ix+ 
iJ,k+ (1,k+]] 2tPaC*WJ[P(iX + iJ,k44]

+	 )J,k+ F=^ i	 n	 n+1
t,-'____________

- 12 -	 "g	 1jUikl4I ( Vj+lk.	 - VJk+
J ,k+

n+1

- VJk+- V.	 • V	
, k.f 4)

- vr,i+ + VJk)]

(-V
where p

+ 1 V k441 fvk+

-o

1-V
and q - 2V

(k.4)

The only terms requiring special mention at this stage are the

convective accelerations expressing the lateral transport of momentum In

the x and y directions respectively, i.e. the UV products. 	 These terms

are represented In such a way that their spatial locations are dependent

upon the direction of the velocity component perpendicular to the axis

direction being considered.	 For example, the grid location of the

product UV when considered in the x direction depends on the sign of V.

This scheme allows the momentum pU, and similarly pV, to be evaluated

more nearly at the position where it originates. Thus,momentum Is more

rigorously conserved in the finite difference sense - see Williams and

Holmes (121).

For the difference momentum equations (Zi.2) and (k. le) to be linked

by the continuity equations in the manner shown, It is not possible for

the derivatives of the water elevation to be fully centred in time.

However, even though these terms are represented in the forward difference

form, they are averaged throughout the equations to give a reduced leading
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truncation error of D(t/2). 	 The use of central differences in space

(for all the terms) gives truncation errors of the second order for As,

I.e. O(hs2).	 The remaining numerical properties of the equations (t,.1)

to (Z,.k) are the same as those for the central difference implicit scheme

of Chapter 3, together with the time centred convective accelerations and

the Du-Fort and Frankel representation of the effective stresses.	 The

stability of the equations is therefore governed by the non-linear

accelerative terms and hence reads:-

1(11	 +	 lvi	 :
	

(".5)

Care needs to be taken In choosing values for As and At such that, In

conjunction with the open boundary conditions, the inconsistent behaviour

of the Du-Fort and Frankel scheme has a negligible effect on the final

sol Ut I on.

4.2	 SOLVING THE EQUATIONS BY THE GAUSSIAN ELIMINATION METHOD

For the type of problem at hand requiring the solution of a large

number of simultaneous equations, the method of Gaussian Elimination and

Backward Substitution Is by far the most appropriate numerical solution

procedure.	 The alternatives, chiefly Involving Iterative techniques,

are generally too expensive (in the computational sense) for the number

of unknown terms typcially involved, see Weare (Ill).

To solve the equations (k.l) and (.2) by Gaussian Elimination,

the unknown Implicit terms first need to be separated from the known

explicit and constant terms.	 Using Leendertse's notation (63) this gives1

for the continuity equation (4.1),:-
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- rj_ UJ_,k +	 + rj+i Ui^	 - Aik	 (k.6)

where:-

r	 -	 (hJk+ + hJ,k_ +	 + nJ,k)j- .	 Zs

r	 -	 (hJk + hj+	 + j+1,k + nJ,k)2its

A	
-	

+	
hJ+3k + hj_,k_ + j,k-1 + '1j,kj ,k

itt'	 n	 n	 n-1
- j.fhj+k., + hJ_j,k. + jk+1 +

and for the momentum equation (4.2):-

n+	 .n+
- SjnJ ,k + S j. U i k + SJ+lfl J +l k - Bj.,k	 (4.7)

where

itt
Sj - Sj+ -

2	 fl
Sj	- 1 + itt g	 UJ+k}	 + (Vj+k) 

2

[ {1iY	 —x'	 ,z.x2+	
I j+4,k	 I j+,k

+
+ 12ç	

—x + k+kl], k
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-
2At	 x	 2	 —x 2

BJ^k - Uj^j , k - .	 [(j+1,k)	 - (UJ,kI ]

2At	 n	 n-
I—x

-	
Uj	 I j+,k I	 - Ujk	 (Vj+k I ]

— n	 t I n-•	 n- I
+ 2AtfVJ+k -	 j+l,k - T'j,kj

n-i. 	 r n-	 2	 —n	 2
-	 t g(u) ( uJ+ k)	 + ( vJ. k ) ],/

•	 + x)j+,k(x) j+,k] 
+	 It{p _X]

	

2Atp C*WW	 +11 ja	 x

+	 r
+ 12,'	

- T) IJ*4,k

Cj+,k	
LIuj,kj (uJ+},k-	 j+Lk + UJ.. k )x

I n-4
+ l VJ+ k (uJ+k+1

n-}	 n-
-	 +

When all the grid points 1 + M are considered along the row, k,

parallel to the x direction, the Eqs. (4.6) and (4.7) constitute a

tridiagonal matrix of the form:-
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rU

0

0

0

0

0

- rM+U

UM BM_

AM

I
U3'2

A1

B3,

A2

B5,

A3

+
n+
I..'

n+
n	 - P 1 U3/2 + Qi

1

(14.9)

1	 r	 0	 0	 0-0
3/2

/2	
Z	 0	 0	 - 0

o -r3	 1	 r	 0-0
/2

0	 0	 -s	 s, S	 -------------- 0
2	 I2	 3

•	 I	 I	 I	 $	 S	 I	 I

I	 I	 I	 I	 I	 I	 I	 I

I	 S	 • I	 I	 I	 I	 I	 I

I	 I	 I	 I	 I	 I	 I	 I

S	 I	 I	 I	 I	 I	 I	 I

I	 I	 I	 I	 I	 I	 I	 I

0	 0 ------------------5M-1
	 SM

0	 0 ------------------0	 rM	 I

-	 (14.8)

n+
where the known velocities U	 and UM provide the lower and upper

boundary conditions respectively. 	 Knowing the boundary conditions,

whether they are open or closed (I.e. U'	 being finite or zero), the

values of the velocities and water levels of the vector (11U31,2,U51,

1l 3 ........ , UM_ p nm) fl+ can be solved for by a process of ellmlnatior

of unknowns.	 Starting with the first equation of the matrix, the water

level	 can be written in the form:-

where P 1 - r312

n-	 n++
- A	 + rU

Equation (14.9) can now be substituted into the second equation of the

n+
matrix to eliminate the water level 	 , this gives:-
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-B
3/2

(4.10)

n+

-	 ( -
p h .)3!2 + Q1 )

n+
+ s3112U312 + 52T12

n+3	 n+
or, expressing U3,,2 in terms of	 , yields:-

nij	 n.14

U -
3/2	 -R1n2
	 + S1 (4.11)

where

R - _______
1	 (S312 + siPjj

B 312 + s1Q1

S1 - (s3,2 + S1FT

n+
Similarly, the velocity U3 ,2 can be eliminated by substituting Eq. (4.11)

Into the third equation of the matrix, thereby expressing the water level
n+	 n14

In terms of U 512 :-

n*	 n44
- - p2u5/2 + Q2
	

(4.12)

where P2 - (1 + 
r3,2R)

A2 + r312 S1

- (1 + r312Ri)

Substituting Eq. (4.12) into the iourth matrix equation to eliminate
n+

and so on, gives the following general recurring coefficients:-
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n44	 •	 n+
U	 -	 R
J-,	 - J_1 T)J	 + sJ_1

n+j
- - PJUJ94 + Q

(".13)

(k. 1k)

sJ
where R	 -

J-1	 (Sj..	 +

flj
B_ +

J-1	 (Sj_	 + sj_1Pj_1)

rj^
(1 + r_R_1 )

n-jr
- A	 + rj _ , Sj_

(1 + rj_Rj_1)

These recurring coefficients can be calculated for all the matrix

coefficients J = 1, 3/2, 2, 5/2, .... , 14 until finally, the last but
n+

one equation can be used to eliminate U 14_ from the last equation giving

one equation with only one unknown 	 Similarly, by continuing this

process of back substitution, all the unknown water levels and velocities

of the vector ( rIM , UM_ .....	 U5,2,	 u3,2	
1)I	

can be found

In turn.	 This numerical solution procedure Is then repeated for the

k + 1 row etc., until all the N rows parallel to the x direction have

been solved.	 When completed, the values of the water levels i	 and
n+

velocities U	 are known throughout the domain.

During the second operation from time (n + )At to (n + 1)t, the
n+l	 n+1

computation of the velocities Vk+j and water levels	 are carried out

in the same manner as described for Eqs. (k.l) and (4.2). 	 Equations (4.3)

and (4.4) are first modified and put into matrix form as before. 	 From
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thIs matrix equation similar recurring coefficients are developed which,

when expressed for the row J parallel to the y direction, read:-

fl+l	 n+1
V-
k-	 - Rk_l 'k	 + k-1

n+l.	 n+1

-	 PkUk+ +

(4.15)

(4.16)

where

and

- (k- + k-1k-1)

n

+	 k-1k-1
Ski	

(k_	 +	 k-1k-1)

rk++

(1 + rk_Rk_l)

n

A + rk_Sk_1

(1 + rk_Rk_l)

fl	 fl+	
A_(h.A	 +

J,k	 j,k	 Ths	 j-,k+4 + hJ_,k_ + '1j-1,k

n+	 n-jr	 I	 n+

+ nj kJ Uj .k -	 hJ+,k+ + hJ.,k_	 +

n+	 n-

+ j,k UJ+k

n	 n-i
t If y	) 2

6j,k++	 Vik+f	
2	

jk+1
- (VJY,k)2]n
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2At1	
n+

-	
LVi^^	 j+,k+ I	 -	 j-k+ )	 ],k+ (	 - V, +q ,k+ (

n 1
- 2tfUJk.	 -	 Lj,k+1 -	 J,kJ

n-i	 II.n+ 1

	

- t9 (v ,k+) L i ,k141	 + (vk+) 
2]>!

+	 )j,k^(V),k+j]	 J[p(x	
ij,k+]+ 2Atp CW

a

(j.x_+;:i.Y)J,k++1_fl+	
n	 n-i

2 
tit	 _________________

+ 1	
y	 [I U 

k+4[ 
(v.+1 , 

k+	
- V ,ki4j , k44

+ vJ _1 ,k+) + I VJk+ ! ( v k+L - Vjk^ + vJ,k_j]

Again, both closed or open boundaries can be specified at the left and

right hand extremities of the computing grid.

43	 THE BOUNDARY CONDITIONS

In applying Equations(4.1) to (4.4) and the outlined solution

procedure to the type of flow fields being considered, two difficulties

associated with the closed and open boundaries need special comment.

Concerning the closed boundaries, the differential quotients in

Eqs. (4.2) and (4.4) are dependent upon velocity values at grid points

outside the actual boundaries.	 For example, the second term of

Eq. (4.2), at the uppermost grid point j,k - M,N, can be expanded to give:-

2 r 	 2	 V	 2
__( UM.. N + UMN )	 (UM+N + UM_ ,N I ]
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VM,N_

- 0

- -

(4.17)

where the velocity 
1M+}N 

lies outside the boundary, as shown in Fig. 8.

The usual method of overcoming this difficulty Is to use backward

differences at the upper boundary and forward differences at the lower

boundary.	 This results in the above expression being rewritten as:-

2At I n-	 2

L( uM+,N)	 - (UM_,N )2]

Kuipers and Vreugdenhil (58) found that for secondary flow computations

this difference representation resulted In physically unrealistic water

surface slopes, particularly for curved streamlines.	 In the present

scheme this difficulty is removed by extrapolating the velocities outside

the boundaries from velocities at interior grid points.	 In the actual

mathematical model two different sets of extrapolated velocities are used

depending on whether the condition of free-slip or no-slip is assumed at

the closed boundaries4 see Williams and Homes (121).	 For the free-slip

condition the velocities extrapolated in the x direction, shown for the

upper boundary, are (see Fig. 8(a)):-

and similarly for the y direction. 	 For the no-slip condition the
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FIGURE 8(a)	 Free-Slip Boundary Conditions
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FIGURE 8(b)	 No-Slip Boundary Conditions

+ Water Level ()	 0 Depth (h)

-	 U velocity U	 I V velocity V

FIGURE 8	 Velocity Representation at the Boundaries
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corresponding velocities are (see Fig. 8(b)):-

V ,.lN^ - - VMN+

- VM,N_

(4.18)

UM+jN	 - 0

UM. N	 -

again with similar values in the y direction.	 Although the behaviour

of difference schemes at the boundaries cannot be analytically predicted,

see Chapter 3 (section 3.6.2), numerical experiments have Indicated that

this treatment of the closed boundary conditions does give satisfactory

numerical results.

In the case of open boundaries, the numerical solution procedure

Illustrated in section 4.2 assumes that the given flow conditions are
n+	 n+

provided in the form of velocities, e.g. the terms 	 and	 of the

matrix equation (4.8).	 However, it is often more convenient to be able

to specify these conditions In terms of discharges (as for the reservoir)

or water levels (as for the harbour).

Discharges can be most suitably Included In the mathematical

model by expressing them in terms of the mean velocity across each

corresponding grid spacing, see Kuipers and Vreugdenhil (58). 	 For a

known lower boundary discharge	 the grid points ji4,k+

and j+,k-, the relationship used reads:-
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n+	 n+	 I
UJ^ , k	 2QJ^k,/(hJ.,k.	 + hj.,k_

n	 n	 n	 n

+	 f 3 j+i,	 -	 j+2,k +	 j+l,k+l + 'J+1,k-ll)

and for the upper boundary:-

n+	 n+	 /
UM+k - 2QM+k/( hM+jk	 +

n	 n	 n	 n

+	 -	 M-1,k + M,k+1 +	 M,k-1))	
(k.2o)

with similar relationships being used for the velocity components in

the y direction.

To represent water levels rather than velocities at the open

boundaries, the first and last continuity equations are removed from the

matrix ( le.8) of the solution procedure.	 This results In the first

equation of the matrix being expressed as:-

n14	 n+
14	 - - R 1 2	 + S 1	('+.21)

S
where	 -

+	 ni4

S	 -	
S1T1

1

while the other matrix equaUons remain unchanged. 	 Again a similar

relationship can be developed for the y direction.
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4 • I	 THE COMPUTER PROGRAM

The computer program ROGER used to solve the finite difference

equations (4.1) to (4.4) is fully listed, Including a typical output,

In Appendix 1.	 This listing illustrates the computation for the

velocities. and water levels in an approximated circular reservoir, with

a uniform depth and a diametrically opposite shallow Jet inlet and weir

outlet.	 The structure of this program is based on that developed by

Leendertse (63); however, although the method of data input is similar,

the system of equations being solved is quite different.

The manner in which the computational model solves the actual

difference equations follows the same lines as the solution procedure

outlined in section 4.2.	 Firstly, the necessary data and initial

conditions are introduced into the main program by calling the subroutines

KURIH, DIVE, FIND, DEPTH and CHEZY respectively. 	 These subroutines are

basically the same as those used by Leendertse and Introduce the following

info rma t i on: -

SUBROUTINE KURIH - this subroutine describes the time dependent open

boundary conditions at the various grid points by the terms XIA(K),

XIB(K) etc., where K represents the number of half time steps.	 For the

listing given, the flows specified by XIA and XIB are those of a sine

wave between w/2 and 3n/2 followed by a steady state situation at the

wave peak.	 XIB gives the flow through the incoming jet, of width one

grid space, while XIA gives the flow over the weir for each of three grid

spacings.

SUBROUTINE DIVE - this subroutine sets up the physical boundaries of the

velocity field to be computationally modelled. 	 Each grid point is

considered in turn with a 1 or 0 being introduced as data, depending on

whether the grid point lies inside or outside the boundary. 	 For the
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program listed, the circular shape of the reservoir Is approximated as

closely as possible by a square grid containing 21 x 21 grId points.

SUBROUTINE FIND - this subroutine processes the DIVE data by tabulating

the lower and upper boundary grid points for each column and row in the

x and y directions respectively.	 This Information is then used in the

main program to set up the matrix equations, described in section 4.2,

and to control the lower and upper bounds of the computation.

SUBROUTINE DEPTH - this subroutine reads in the water depths, between

the bed and the still water level, for all of the grid points within the

physical boundaries.	 For the example given, the reservoir depth is

assumed to be uniform at 24 m with the shallow incoming jet being 4.3 m

deep.

SUBROUTINE CHEZY - this subroutine reads in Chzy coefficients which

represent an average value for the bottom roughness over a grid spacing.

The Chdzy value C is determined by using Manning's formula which, when

expressed in metres, reads:-

1/6
- (h + T)	 (4.22)

n

where n - Manning's rougness coefficient. For the example shown,

Manning's n has been taken as 0.03 giving a Chdzy value of 56.6 mi/sec.

Apart from the information supplied by these subroutines, a number

of constant parameters need to be specified at the beginning of the

program.	 These parameters, together with the values used in the listing,

are as follows:-

ANGLAT Latitude in degrees of the centre of the area of computation

(51.5°).

AG	 acceleration due to gravity (9.81 m/sec2).
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AT

FW
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wx

WY

- grid size in metres between adjacent water levels (80 m).

- number of seconds per half time step (30 secs).

friction coefficient for the air-water interface (0.03).

ratio of the density of air to that of water (0.0012).

wind velocity in the x direction (zero).

- wind velocity in the y directIon (7.5 m/sec).

With all the necessary data being specified, the numerical solution

procedure begins by executing the computations for the first half time

step AT.	 This involves solving the equations (4.1) and (4.2), in their

programeied form, to give the velocities UP ( U,L k and the water levels
.ja,

SEP	
• k	

throughout the domain specified by the SUBROUTINE DIVE.

At the end of the first half time step these variables are transferred

to the corresponding lower time level arrays UM and SEM. 	 Similarly,

for the second half time step, the computational solution procedure is

repeated for the equations (4.3) and (4.4) to give the velocities
n+1	 n+1

VP (E VJk+4) and the water levels SEP 	 Again the higher time

level values of these variables are transferred to those of the lower

time level VII and SEM respectively. 	 The computing cycle then progresses

to the next time step, and so on, until the input data, specified by
n+

NPRINT, requests a printout of the water levels SEM ( r. 	 and the
n+l

velocities UM ( uJ^k) and (VP + VM)(E (Vjk+ + VJk+)).	 For

certain time steps of particular interest, e.g. at mean tide, the computed

velocities are more readily interpreted by calling the SUBROUTINE PLOTRAF.

This subroutine first determines the vectors of the velocity components
fl+	

n+4 according to the relationship:-
U	 andV
j,k	 j,k
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_n+	 n4.	 n44

	

)Vi k	 j-,k

n+1	 n	 n+1	 n
+V+	 + VJ ,k+	 j,k-1l

(4.23)

with the vector V, , being denoted by the mnemonicHElGHl In the subroutine.
J K

Using a Kingmatic Drafting Machine the resulting velocity vectors are

then plotted to scale - as shn in Appendix 11.

The program was run on a CDC 6400 computer under a KRONOS operating

system, and used approximately 6 minutes of central processor time to

compute the flow field for 400 tIme steps.
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VERIFICATION AND APPLICATION OF THE

MATHEMATICAL MODEL

5.1	 TESTS OF A MODEL CIRCULAR RESERVOIR

The most appropriate method of testing the reliability of the

mathematical model (described in Chapter 1) was to compare the computed

and the measured velocity fields for a typical prototype reservoir.

However, this objective was not readily attainable due to the general

difficulties associated with measuring prototype flows and the corres-

ponding lack of suitable data in the literature. 	 As an alternative, a

laboratory model reservoir was constructed and tested, and the measured

velocities compared to those of the mathematical model.

As the purpose of the laboratory tests was to verify the mathe-

matical model, rather than simulate the flow field of a particular

prototype reservoir, it was convenient to idealise the hydraulic model

geometry.	 The principal aims in the design were that the model should

be simple to construct and the depth averaged velocities should be easy

to measure.	 Consequently, the geometry of the reservoir was assumed to

be circular, flat-bottomed, with a full depth jet inlet and a diametri-

cally opposite weir outflow. 	 The advantage of having a full depth

Inflow was that the resulting mean velocities represented those of the

depth averaged velocity field more accurately. As the mathematical

model had not been developed to represent flow features that occurred

for less than the grid size x, It was advantageous to assume that this

was also the width of the jet.	 Apart from conserving the jet momentum,

In the finite difference sense, this assumption allowed a direct comparl-

son to be made between the computed and the measured velocity fields.
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where V.
jet

9

h

To economise in computer time a coarse grid (19 x 19) was used, with the

jet width and weir crest being 1/19th and 3/l9ths of the reservoir

diameter respectively, as shown in Fig. 9.

Although the actual geometry of the reservoir model had already

been specified, it would have been preferable to arrange the flow

conditions to simulate those of a prototype as closely as possible.

This would have ensured that the laboratory tests were being carried out

for realistic velocity fields and proportionate geometric dimensions.

However, it was not possible to attain perfect dynamic similarity in the

model and It was therefore necessary to choose between either a Froude

or a Reynolds number scaling.	 For the type of flow fields being

considered, where the incoming jet momentum had to raise the water level

(against gravity) over the sharp crested weir, It was essential that the

Froude number should be kept constant. 	 Expressing the Froude number

Fr in terms of the jet velocity, this gave:-

F *
r

2
jet =

constant
gh

(5.1)

the jet velocity, assumed to act over the entire depth

- acceleration due to gravity

- the mean Initial depth

The prototype reservoir chosen to define the required model

parameters was the Thames Water Authority's Datchet Reservoir. This

was thought to be an ideal prototype for this purpose due to its almost

circular, flat-bottomed topographical features, see Sobey (98). 	 Although

the jets in Datchet Reservoir have a typical velocity of 4•14 rn/sec and
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are elevated at 22.50, it was assumed that the horizontal component

of the Jet velocity acted uniformly throughout the entire depth, i.e.

Viet	 1.68 rn/sec (	 Li.k x sin 22.5°).	 For the corresponding

hydraulic model, the horizontal and vertical length scales were assumed

(where possible) to be 1 : 1000 and 1 : 300 respectIvely, giving a

compatible ve1ocity scale of 1 : 300k or h.	 However, as the jet area

in the model had already been conveniently exaggerated, the model inflow

was much larger than that governed by these length scales, i.e. the

model and prototype were not kinematically similar. 	 Nevertheless this

discrepancy was advantageous in that, not only were the higher velocities

In the model easier to measure, but the behaviour of the mathematical

model could be more stringently tested for highly non-uniform flows, i.e.

for non-If near stability.	 The resulting prototype and model data can

be seen in Table 2, with the correctly scaled model data shown In brackets.

TABLE 2	 Typical Prototype Reservoir Data and Corresponding Model Data

Capacity

Mean initial Depth

Mean Diameter

No. of Inlets

Jet Area

Mean Jet Discharge

Mean Jet Velocity

Latitude

PROTOTYPE DATA

37.7x106m3

2k.0 m

1500 m

2 (at 22.5°)

1.2's m2

5.1,3 m3/sec

4l rn/sec

51. 4°N

MODEL DATA

1 .54x10"cm3

8.5 cm

150 cm

1 (at 00)

68 cm2

(0.01,1 cm2)

750 cm3/seC

(0.1,1 cm3/sec)

10 cm/sec

The experiments carried out in the hydraulic model enabled the
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mean velocity field for a steady flow to be measured. The reservoir

was first filled with water and the Jet inlet supply continually

adjusted until a steady discharge of 750 cm 3/sec was obtained (as

determined by weighing the outflow). The model reservoir was left for

approximately one hour so that the resulting pair of syimietric counter-

rotating gyres were given sufficient time to acquire a constant angular

velocity. The mean velocities were then determined by using 8.5 cm

draught floats whose motion was assumed to correspond with the local

depth averaged velocity. 	 The floats were tracked and timed over a

measured distance centred, as accurately as possible, over the inter-

secting points of a marked grid. 	 This grid was arranged so that the

Intersection points coincided with alternate grid points in the mathe-

matical model.	 After the mean velocity had been determined at each

Intersecting point, the velocities at corresponding locations on either

side of the jet axis were averaged and plotted to scale using the

computer.	 The measured velocity field for these flow conditions Is

shown in FIg. 15 of Appendix 11. 	 Two further experimental tests were

carried out for different flow conditions, allowing further comparisons

to be made between the mathematical and the hyraultc model.	 In the

first of these experiments the discharge was reduced to 540 cm 3 /sec and

the jet velocity was Vjet	 3.0 cm/sec.	 In the second experiment, with

the original discharge of 750 cm 3/sec, the weir was raised by 3.5 cms

giving an initial depth of 12 cms.	 As the jet had a free surface,

Increasing the depth reduced the jet velocity at the entrance to 7.0 cm/sec.

The measured velocity fields for both these experiments are shown in

Figs. 16 and 17 of Appendix 11 respectively.

The mathematical model corresponding to the hydraulic model
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reservoir consisted of a domain of 19 x 19 grid points with an equi-

distant grid spacing of 8 cms. The jet inlet was represented at the

central grid space of the x-direction lower boundary, while the weir

outflow was represented at the diametrically opposite threeadjacent grid

spaces of the upper boundary.	 The circular configuration of the

reservoir was approximated on the square grid in the same manner as that

used by Kuipers and Vreugdenhil (58). 	 The circular shape of the

reservoir was located within the boundaries of the grid, and the water

depths H at grid points outside the curve were then given appropriate

values such that the cross-sectional area of each boundary grid space

was equal to that defined by the actual curved surface, see Fig. 10.

The open boundary conditions were read in as steady discharges and, for

the weir outflow, the upper boundary water level was detemined by using

the sharp crested weir equation given by Henderson (47).	 The finite

difference representation of this equation was expressed as:-

(3 M+f,k

M,k -
	 2AsCd)

(5.2)

n+
where	 = the upper boundary discharge between the grid points

M+, k+ and M+, k-

As	 = the grid spacing

Cd	 - the dimensionless weir discharge coefficient 	 0.6

The computational process was started from an initial state of rest with:-

j,k	 - Vjk+	 = 0	 (5.3)

where j = k -	 ... etc.	 Preliminary runs of the mathematical
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model showed that the rate of convergence, from rest to the final numeri-

cal solution, was accelerated by introducing the downstream open

boundary conditions in characteristic form, see Wurtele et al (122).

For a boundary with a positive propagation velocity, I.e. a velocity

directed out of the model, the relationship used reads (see Kuipers and

Vreugdenhi 1 (58)):-

U - U	 -	 (fl - flu)	 (5.4)

where	 - the propagation velocity - / (h +ri)

Ud - the desired velocity

- the desired water level

Combining this equation with the weir equation (5.2), the resulting

finite difference approximation of the downstream upper boundary condi-

tion gave:-

n+	 g

- y	n	
JTIM,k

hM^k + '1M,k	 L

n+

I	
(5.5)

- (2	 s Cd )
	 hM+k + Mk
+-y	 n

The last equation of the x-direction tridiagonal matrix in section 4.2,
n+	 n++

i.e. M,k -	 M UM+k + M' was then substituted into Eq. (5.4) to

give the upper boundary velocity UM+&k.	 This boundary representation

hardly reflected any incident waves and a steady state was obtained in a
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shorter time.
	

The computations were executed for a time step of

0.36 secs until, after approximately kOO time steps, the intIal

disturbances had completely disappeared and the computed velocities

remained steady.	 A printout of the velocity field was produced for

every 25th consecutive time step up to the	 when the final velocity

vectors were plotted to scale.	 As the effect of the earth's rotation

was not Included In the hydraulic model the Corlolls parameter was set

equal to zero; as was the wind velocity.

The velocity field was first computed using the following

conditions:-

	

1.	 a free-slip at the boundary,

-	 2.	 a discharge of 750 cm3/sec,

	

3.	 an initial depth of 8.5 cm,

to correspond with the hydraulic model tests of Fig. 15.	 The resulting

computations were non-linearly stable (see Fig. 18) and when compared

to the corresponding measured velocity field (Fig. 15), the overall

agreement of the flow patterns coincided reasonably well - particularly

with respect to the diffusing jet.	 However, the magnitudes of the

velocities in the symetrical counter-rotating gyres were noticeably

different.	 For the mathematical model, the velocities In the gyres

were smaller than those measured experimentally and the peak velocities

did not always occur adjacent to the curved boundaries - as in the

hydraulic model.	 This discrepancy in the velocity magnitudes was

probably due to the relatively large grid size of the mathematical model

and the resulting imprecise representation of the the pronounced hori-

zontal velocity gradients (or momentum change), see Deardorff (21e).

In an attempt to predict the gyre velocities more accurately, other than

by Increasing the number of grid points and the computational expense,
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the computed velocity field was determined with a no-slip closed

boundary representation, see Fig. 19. 	 It was thought that in this way

vorticity would be more accurately conserved and that the velocities in

the gyres might therefore be increased. 	 However, In comparing Figs. 18

and 19 it was clear that this was not the case and, apart from predict-

Ing even loer velocities, the mean diameter of the gyres was also

reduced.

In the hydraulic model experiment, flow visualisatlon studies

(using potassium permanganate dye) indicated that near the centre of the

gyres the flow appeared to be laminar, i .e. there was no obvious mixing.

However, the mathematicalmodel assumed that the flow was turbulent

everywhere and that the Chezy coefficient was a function of the depth

only.	 Consequently, It was thought that the measured velocities might

be better predicted by the mathematical model If the Chezy coefficient

C was varied with the local Reynolds number (corresponding to

(Re - '4 1 U + VI(h + n)Iv) for the open channel), and according to the.

friction factor relationships for a smooth pipe, see Reynolds (89).

The resulting computed velocities, shown in Fig. 20, were determined by

evaluating C - after every 5th consecutive time step 	 using Chezy's

equat Ion:-

C	 12g/C
	

(5.6)

where Cf - the friction factor, defined in the model as:-

for laminar flow i.e. Re	 2300 -

for transitional flow

for turbulent flow i.e. Re

C - 161R
f	 e

C f - 1.765 x 10 6R + 2.93 x 10

C f 0.079(RY°25
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In comparing Figs. 20 and 18 the two computed velocity fields appeared

almost identical.	 This implied that the bottom roughness and the

effective stresses hardly influenced the flow pattern for these particu-

lar hydraulic conditions, and that there was no advantage in using a

more complicated representation of the bottom friction.

In deriving a suitable representation of the effective stresses

in sections (2.3) and (2. 14), the x and y directional components of the

shear velocity magnitude I 1J +	 were taken as being v']U/C and
v'i Vt/C respectively.	 However, some authors, e.g. Kuipers and Vreugdenhll

(58) etc., have used the resultant velocity magnitude for both the x and

y components of the shear velcoity, i.e. v']U + V I/C.	 In order to
examine which of these two representations constitutes a better approxi-

mation of the horizontal diffusion of the turbulent momentum, the

computed velocity field was determined as before but with the velocity

magnitude being used for the components of the shear velocity, see Fig.

21.	 The results illustrated that for this particular mathematical model

the damping of the turbulent momentum was excessive.

In sumrnarising the comparisons of the measured and the various

computed velocity fields, i.e. Fig. 15 and Figs. 18 to 21, the overall

flow patterns were most accurately and economically predicted by using

the free-slip closed boundary representation and the original mathe-

matical model.	 For the two other hydraulic model experiments, i.e. with

a lower discharge, Fig. 16, and with an increased depth, Fig. 17, the

mathematical model was further tested by comparing the measured and the

corresponding computed velocity fields - shown in Figs. 22 and 23

respectively.	 Again in both cases the overall flow patterns coincided

reasonably well.	 Also, with the initial free-slip computed velocity

field (Fig. 18), It was noticed that the mathematical model seemed to
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have predicted the centre of the gyres in about the right place - at

least to within one grid point. 	 This result was particularly encouraging,

bearing in mind that the centre of the gyres was a region of low velocities,

or laminar flows.

5.2	 TESTS OF A MODEL RECTANGULAR HARBOUR

As experimental results were available for the flows In model

rectangular harbours with a tidal input (see Falconer (29) and Nece et

al •(76, 77, 78)), these were used to further check the performance of the

mathematical model. 	 In this case the observed mean water level flow

patterns were compared to the corresponding computed velocity fields

for various planform geometries, e.g. with different length to breadth

ratios.	 The harbour was assumed to be rectangular, flat-bottomed, with

vertical sidewalls and an asymmetric entrance.

The laboratory investigations were treated as idealised model

studies of a number of prototype harbours, existing or proposed, In the

Puget Sound water of the State of Washington,U.S.A., see Nece et al (78).

The scale ratios used in the hydraulic models were 1 : 500 horizontally

and 1 : 50 vertically, I.e. the models were vertically distorted with a

10 : 1 distortion ratio. 	 The tides were assumed to be sinusoidal and

repetitive, with a dynamic similarity governed by the Froude Law scaling

relationship - as for the model reservoir. The typical prototype data

used In this study, together with the corresponding model specifications

can be seen in Table 3.

The experimental programme was conducted In a laboratory tidal

tank containing a generator which produced constant period, constant

amplitude tides.	 The harbour model tested in the basin had three

adjustable sidewalls, allowing the overall flow patterns and the gross
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Planform Area

Length:Breadth (L/B=1 .16)

(L/B=o.58)

(L/B-1 .80)

(L/a-3.20)

Entrance Width d1

d2

Mean Depth

Tidal Range-Mean

Nea p

Spring

Tidal Period

TABLE 3	 Typical Prototype Harbour Data and Corresponding Model Data

PROTOTYPE DATA

1.625 x 105m2

367m : 317m

260m : 448m

457m : 2511m

61Dm : 191m

80m

1 20m

6. 87m

3.0 8m

1.54m

1*.62m

12.4 h rs

MODEL DATA

4.65 x 103cm2

73cm : 63cm

52cm : 90cm

91cm : 51cm

122cm : 38cm

16cm

24cm

13. 74cm

6. 16cm

3 .08cm

9.2kcm

634 secs

flushing characteristics to be determined for different harbour lengths,

breadths and entrance widths, see Fig. 11.	 For the first of the

laboratory studies the harbour walls were adjusted to give the desired

entrance width d and the initial length to breadth ratio (L/B) - to be

consistent with the constant planform area given In Table 3. 	 The tidal

tank was filled with water and the sinusoidal oscillating generator weir

was set at the low water level, from which point the tidal cycles were

always connenced.	 The tide generator was then switched on and during

the passage of five complete tidal cycles, the Internal circulation

patterns were observed and sketched at the mean water level for the ebb

and flood tides.	 Ink dye was used as the colouring agent, in conjunction

with polysterene particles which were sprinkled over the water surface.

In an independent test, the gross flushing characteristics were deter-

mined by measuring the changes tn concentration of the fluorescent dye

Rhodamine - WI.	 Knowing the initial and final dye concentrations,

before and after five tidal cycles, the average per cycle exchange ratio X
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was determined according to the relationship (see Nece et al (77)):-

x - 1 - (c11c0)1"
	

(5.7)

where i	 - the number of tidal cycles

C 1 - the final concentration

C0	the initial concentration

These experiments were then repeated for each of a number of different

combinations of the harbour lengths, breadths and entrance widths.	 The

resulting observed velocity fields for the entrance width of 16 cms and

for the L/B ratios of 1.16, 0.58, 1.8 and 3.2 respectively, are shown in

Fig. 24 of Appendix 11.

The main conclusion from the observed velocity fields and the

experimental data, see Falconer (29) and Nece et al (76), was that the

maximum internal circulation occurred for a square harbour configuration.

When the harbour length to breadth ratios (L/B) exceeded 2 or were less

than 2/3 rds, several circulation cells existed within the harbour and

the average gross flushing characteristics were reduced. 	 However,

within these limits there was little variation in the average per cycle

exchange ratio X.	 The laboratory results also showed that a smaller

entrance width gave rise to Increased velocities within the harbour and

so improved the internal mixing.

The four harbour model configurations shown in Fig. 24, wIth L/B

ratios of 1.16, 0.58, 1.8 and 3.2, were most suitably represented in the

mathematical model by domains of 19 x 19, 11 x 19, 19 x 11 and 19 x 5

grid points respectively.	 The resulting L/B ratios were 1.0, 0.58,

1.73 and 3.8 and the corresponding grid sizes were 4 cms, 5.3 cms,

5.3 cms and 8 cms.	 For the open boundary conditions, located at the
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asynvnetric harbour entrance, the repetitive tidal flow was represented

In terms of the unknown water elevations as specified by the equation:-

- a sin (wt + ¶12)
	

(5.8)

where a =' the amplitude of 3.08 cms

- the wave number 2ir/T where I Is the wave period of 634 secs

t - time, given by the product of the time step AT and the time

step level n.

In the case of the closed boundary conditions, the free-slip boundary

representation was used for all of the mathematical models.	 Again, the

computational processes were started from an initial state of rest, see

Eq. (5.3), with the open boundary conditions comencing at the high

tide water level, see Eq. (5.8). 	 The computations were executed for a

time step of 0.4 secs, with a printout being requested at every 24th

Increment of the tidal cycle, up to the termination time step level

o - 1188, I.e. after three quarters of the tidal cycle. 	 At the mean

water level, for both the ebb and flood tides, the computed velocity

fields were plotted to scale In the same manner as before. 	 To coincide

with the hydraulic model the effects of Corlolis and wind action were

again Ignored in the mathematical models.

The computed velocity fields were first determined for the square

harbour configuration (L/B - 1) with an entrance width of 16 cms, see

Fig. 25.	 In comparing these velocities with the corresponding observed

flow patterns of Fig. 24a, the agreement was reasonably good - particu-

larly since the former were determined during the first, as opposed to

the fifth, tidal cycle.	 Although the finer flow details were not

predicted by the mathematical model, e.g. vortex streets and small corner
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eddies, the flood tide separation streamline (atthe.harbour entrance)

and the unsteady circulation cell Induced by this separation phenomenon,

were well portrayed.	 Similarly, the velocity fields were then computed

for the same harbour configuration, i.e. 1/B - 1, but for the wider

entrance width of 24 cms, see Fig. 26.	 In this case, apart from again

giving good agreement with the observed flow patterns - see Falconer (29),

the computed velocities confirmed the experimental conclusion that the

wider entrance width gave rise to lower circulation velocities. 	 For

the next harbour configuration, with L/B - 0.58, the agreement between

the computed and the observed flow fields, Figs. 27 and 2kb respectively,

was less acceptable.	 The observed flow patterns clearly Indicated the

existence of two similar counter-rotating circulation cells. 	 Whereas,

for the computed velocity fields, although the main circulation cell

Induced by the separation streamline was well predicted, the secondary

cell - located at the rear end of the harbour - was not illustrated.

This implied that the mathematical model was incapable of solving for

the existence of several circulation cells, induced by the moments of

the effective stresses about different origins. 	 These conclusions were

further substantiated by comparing the computed velocity fields for the

harbour configuration with L/B - 1.73 to the corresponding observed flow

patterns, i.e. FIgs. 28 and 24c respectively. 	 Again, only one main

circulation cell was predicted rather than the two that occurred In the

hydraulic model.	 For the final harbourCOflfiguration with L/B - 3.8,

the agreement between the computed and the observed flow fields was

exceptionally good - apart from some minor flow features, see Figs. 29

and 2 1ed. This agreement was thought to have been due to the dominance

of the adverse pressure gradients rather than the strong Influence of

the effective stresses as in the previous configurations.
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Although the mathematical model did not predict the existence of

several circulation cells, the general agreement between the computed

and the observed flow fields was better than had been expected.	 This

was particularly encouraging since the flow in the hydraulic model was

always laminar whereas that in the mathematical model was assumed to be

turbulent. However, for the mathematical model, some doubt arose as to

the Influence of the open boundary conditions on the Internal circulation

patterns.	 This was particularly true for the ebb tide where, In the

laboratory tests, a pronounced cross flow occurred at the harbour

entrance; this was not so obvious in the mathematical model. 	 To provide

some form of a check as to the effects of the entrance boundary conditions,

the computed velocity fields of Fig. 28 were re-determined for a long

uniform entrance channel, see FIg. 30.	 On comparing Figs. 28 and 30

the Internal circulation patterns showed little difference, Indicating

that they were not strongly dependent upon the entrance conditions.

5.3	 THE PROTOTYPE CIRCULAR RESERVOIR TESTS

With the comparisons between the computed and the measured

velocity fields agreeing reasonably well for the model reservoir, the

mathematical model was then applied to various flow conditions for the

prototype reservoir - detailed in Table 2. 	 The main purpose of these

applications was to be able to compare the computed velocity fields for

different flow conditions, boundary conditions, jet locations etc., so

that useful engineering design information could be obtained.

Although the mathematical model was capable of predicting the

velocity field for any planform geometry or local depth, for the sake of

simplicity the prototype reservoir was assumed to be geometrically

similar to that of the model tests, see section 5.1 and Fig. 9.	 This

meant that the corresponding reservoir had a circular configuration of
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diameter 1520 m, an initial constant depth of 24 m and a diametrically

opposite jet Inlet and weir outflow; in addition, the Manning's roughness

coefficient was assumed to be 0.03, giving a Chezy coefficient C of

56.6 m/sec.	 In the mathematical model the reservoir was represented

by a domain of 19 x 19 grid points with an equidistant grid spacing of

80 m. The circular closed boundary was approximated on the square

grid by using the previously mentioned method of Kulpers and Vreugdenhil

(58), see Fig. 10, and the jet Inlet and weir outflow were again repre-

sented by one and three grid spacings respectively.	 In general, the

throughf low was assumed to be steady, at 240 curnec, with the downstream

open boundary conditions being determined by the weir equation (5.2), and

the rate of convergence being accelerated by the characteristic relation-

ship (5.4).	 In order to avoid non-linear Instabilities the time step

had to be severely constrained according to the relationship derived in

Section 3.7, i.e.:-

At 4 Ax/U0	(5.9)

where U0 - the maximum flow velocity, i.e. the throughflow per unit

area of the jet

As before, a printout of the velocity field was produced for every 25th

consecutive time step, with the velocity vectors being plotted to scale

(apart from those greater than four grid spaces) and the computations

terminated after the 400th time step. 	 The computed velocity field was

first determined for the reservoir with a full depth (two-dimensional)

jet inlet, and for no Coriolls force or wind effects, i.e. as for the

model tests.	 The resulting velocity field, see Fig. 31, clearly

Indicated that the jet momentum (or velocity) was insufficient to cause
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1	 Ia(h+n)U2

(h+L	 ax
a(h + ri)UV

ay
+ - for the x-dlrectlon

and

+
+

- for the y-directlon

any noticeable horizontal circulation.	 Apart from the region close to

the jet centreilne, the reservoir velocities were extremely small and

the associated mixing could be assumed negligible.	 From the standpoint

of enhancing the gross water quality characteristics It would appear

that these flow conditions were generally poor. 	 However, In reality the

occurrence of a jet covering the full depth Is unlikely, and the

mathematical model was therefore modified to determine the velocity field

for a shallow jet inlet having the same throughflow. The corresponding

Jet was approximated to that of a typical river Inflow, in that, the

depth was assumed to diverge uniformly from an Initial value of 1i.3 m

to that of the full depth, see FIg. 12.	 In Introducing these shallow

Jet specifications into the mathematical model it was not possible to

use the simplified form of the momentum equations which assumed that

the horizontal variations In depth were small, i.e. Eqs. (2.22) and

(2.23).	 Instead, It was necessary to solve for the momentum equations

in their original complete form, i.e. with the depth averaged convective

accelerations being expressed as:-

(5.10)

1	 Ia(h+n)uv

(h+ )L 	 ax
(5.11)

These expressions were then represented in their appropriate finite

difference form and replaced the corresponding accelerative terms in

the solution procedure equations (14.2) and (4.4) respectively.	 The

resulting velocity field with Its higher momentum input, see Fig. 32,
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showed a significant increase In the overall reservoir velocities with

the presence of two pronounced counter-rotating symmetrical gyres. 	 This

implied that, in general the gross water quality characteristics were

much improved and the overall flow conditions far superior.

To study the effects of the convective accelerations, the

effective stresses and the bottom roughness stress on the velocity field

shown In Fig. 32, the appropriate terms of the equations of motion were

Individually omitted to give the corresponding velocity fields shown in

Figs. 33, 3 1i and 35.	 In comparing these various velocity fields with

the original (Fig. 32), the most apparent difference was the substantial

influence of the convective accelerations. 	 From Fig. 33 It can be

seen that without these accelerative terms the existence of the counter-

rotating gyres was not predicted and the velocity field showed little

similarity to that of Fig. 32.	 This means that for highly non-uniform

flows of this nature, not only must these non-linear terms be included

but, extreme care needs to be taken to ensure that they are represented

as accurately as possible in their finite difference form. 	 On the other

hand, FIgs. 314 and 35 clearly showed that the effective stresses and

the bottom roughness stress had a far less dominant influence in predict-

ing the required velocity field. 	 This indicated that the choice of

Manning's roughness coefficient n, giving Chezy's C, had little effect

on the final numerical solution.	 Although the influence of both these

stresses on the circulation patterns was small, it was possible to

observe that their individual exclusion from the momentum equations

resulted in slightly lower and higher gyre velocities respectively.

This observation supported the analysis of the depth averaged vorticity

transport equation in section 2.5 (see Kuipers and Vreugdenhil (58)), In

that the effective stresses tended to generate vorticity whereas the
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bottom roughness stress had a dissipative effect.

In addition, the effect of varying the depth in FIg. 32, was

considered for two different types of bed configurations. 	 Firstly, the

velocities were determined for a 16 m, as opposed to a 24 m, Initial

depth (I.e. a one-third reduction), see FIg. 36; and secondly, the

reservoir bed was assumed to be V-shaped with the mean depth again being

reduced to 16 m, see Fig. 37.	 These reductions In depth (Figs. 36 and

37) tended to increase the horizontal circulation and could therefore

be assumed to improve the gross water quality characteristics. 	 This

result was not unexpected as, for the same momentum input, the reduced

volume of water required less linear momentum to produce the same degree

of angular momentum.	 Of the two differing bed forms studied, the second

appeared to be less satisfactory due to the greater centreline depth and

the associated lower velocity gradients giving rise to a lower lateral

transport of momentum.

The velocity field was then determined as for Fig. 32 but with

the Inclusion of the Coriolis force in the two-dimensional depth averaged

equations of motion, see Fig. 38. The resulting computations showed

that, although the water level distribution did not change significantly,

the horizontal velocity structure of the gyres was noticeably altered.

The net effect of the Coriolis force appeared to give rise to an increase

in the circulation velocities (or vorticity) in the anticlockwise gyre,

while the velocities in the clockwise gyre were reduced. 	 Although this

resulted in a distinct asymmetry of the gyre velocities, the direction

of the axial Jet-flow was not appreciably deflected.	 This asymmetry of

the gyre velocities was due to the streamline curvature associated with

the vorticity generated by the vertical accelerations of the diverging

jet over the first three grid points, see Batchelor (10).
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The effect of a wind stress on the depth averaged velocity field

In FIg. 38 was determined for a northerly (Fig. 39), southerly (FIg. 40)

and westerly (Fig. 41) wind velocity of 7.5 rn/sec.	 The resulting

velocity fields further verified the analysis of section 2.5 in that,

the circulation velocities (or vorticity) were Increased for all three

wind directions - as compared to the zero wind velocity in Fig. 38.

Consequently, by generating vorticity the wind can be assumed to Increase

the overall lateral mixing, thereby improving the corresponding water

quality characteristics.	 In comparing Figs.. 39 and 40 it is Interesting

to note that, although the wind directions were opposite, the computed

velocity fields were almost identical.	 This implied that the Increase

in vorticity was independent of the wind direction. 	 Also, for these

two particular computed velocity fields, the increase In vorticty has

resulted In a more distinct deflection of the axial jet flow.	 For the

westerly wind, Fig. 41 shows that there has been a tendency to partially

compensate for the effects of the Coriolis force, with the degree of

asymetry of the counter—rotating gyre velocities being reduced.

However, for the full depth jet inlet, the same westerly wind seems to

have had little effect on the low momentum velocity field, as shown in

FIg. 42.

In most prototype reservoirs it is rare for the throughflow to be

steady for a long period of time - particularly when the inflow conditions

are specified by a river inlet. 	 Consequently, In order to determine the

resulting velocity field for an unsteady flow, the mathematical model

was modified to include, as open boundary conditions, the discharges

given by the inflow-outflow hydrographs shown in Fig. 13. The outflow

hydrograph was first determined by specifying a time dependent sinusoidal

discharge relationship, with a period of 16 hours and a wave height of
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dVo 1
Q - Q	 -in	 out	 dt (5.13)

(5.14)

240 cumec (as for the steady flow), of the form:-

t,rt	 3iii
Q	 - 120 + sun-- - r11 (5.12)

	

where Q	 - the outflowout

	

t	 - time

Similarly, to determine the corresponding inflow hydrograph, the

storage routing continuity equation (see Henderson (1*7)) was used,

giving:-

where in - the Inflow

Vol	 the volume stored in the reservoir

For the equation (5.13), the tme rate of change of the reservoir

volume was evaluated from the product of the reservoir planform area and

the time derivative of the water elevation, specified by the weir equation

(5.2), thus:-

	

dVol	 - A!i

	

dt	 dt

A Q -1/3
out

if Es Cd

where A = the planform area of the reservoir

This equation assumes that the rate of rise of the water elevation was

the same everywhere.	 With the known unsteady discharge relationships

and	 being introduced into the mathematical model by the

equations (4.19) and (4.20), the computed velocity fields were plotted
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for the mean and peak outflow discharge levels, i.e. after 1i and 8 hours

respectively, see Figs. 1i3a and 43b.	 In comparing these computed

velocity fields, some Idea of the time taken for the circulation cells,

or gyres, to become fully established could be made; after 4 hours no

circulation was apparent and at the peak discharge level, after 8 hours,

the circulation was still noticeably less than that of the comparable

steady flow in Fig. 38.

Finally, a nunter of velocity fields were determined to show the

flexibility and ease of applicability of the mathematical model for

different boundary configurations. With the same throughflow as before

(240 cumec) these boundary configurations included:- the jet Inlet with

a west-east barrier (Fig. 44), a circumferential jet Inlet (Fig. 45), a

circumferential jet inlet with an east-west barrier (Fig. 46), two jet

inlets at right angles (Fig. 47) and two adjacent jet Inlets at right

angles (Fig. 48).	 In comparing the computed velocity fields in Figs.

44, 45 and 46 with the original in Fig. 38, no general conclusions about

the overall mixing and the gross water quality characteristics could be

made - although It did appear that the barriers in Figs. 44 and 46

showed some improvement.	 However, for both the two jet inlet conf i-

guratlons in Figs. 47 and 48, the overall velocities within the reservoir

were generally lower than those in Fig. 38 - indicating that the single

jet was preferable for better mixing. 	 This result was not surprising

since, although the mass throughflow remained the same, the lower jet

velocities and the larger total jet area resulted in a reduction of the

net momentum input.

Apart from providing reasonable predictions of the prototype

velocity fields, the mathematical model was seen to be non-linearly

stable as long as the stability constraint of Eq. (5.9) was satisfied.
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This was particularly encouraging considering the importance of the

highly non-uniform flow properties - as shown by ignoring the convective

accelerations (FIg. 33) - and the relatively high velocities associated

with the shallow jet inlet.

5.1k	THE PROTOTYPE SQUARE HARBOUR TESTS

With the growing demand for improvements in the tidal flushing

characteristics of harbours, see Falconer (29), and the previous lack of

satisfactory numerical modelling procedures for this purpose, see Nece

et al (76), the mathematical model was finally applied to an Idealised

pro totype harbour.	 It was expected that the turbulent equations of

motion in the mathematical model would be a better approximation to the

prototype flows, than the laminar flow occurring in the physical models.

For the sake of simplicity, the prototype harbour was assumed to

have a square configuration, a flat bottom, vertical sidewalls and an

asyn*netric entrance, i.e. similar to that shown in Fig. 11. 	 Using the

data given in Table 3, the harbour was represented in the mathematical

model by a domain of 19 x 19 grid points with a grid spacing of 20 m.

This meant that the planform area was 1.44 x lO 5m2 and the entrance,

covering 4 grid spaces, had a width of 80 m.	 The Manning's roughness

coefficient n was assumed to be 0.03 and for the mean depth of 6.87 m

the corresponding Chezy coefficient C, given by Eq. (14.22), was 414.7 mi/sec.

As in the case of the model harbour, the open boundary conditions were

defined in terms of the water elevations for repetitive sinusoidal tides,

as given by Eq. (5.8).	 For a mean tidal range of 308 m and with the

mathematical model starting from the high water level, the specified open

boundary conditions are shown in Fig. 14.	 The computations were

executed from an initial state of rest and for a time step of 30 secs,

130



0

0	 0	 0	 0

c

9d.L3W NI - 13A1	 J.JM

U)
C)

0 C

-
- m

lU	 C
(5

-	 )
- x

1J

0
1-

(I)
C
0

C
0
'3

>-
I-
(5

C

0

C

a
0

4.
I-

IJJ

Li

131



to the termination time step level n = 1116. 	 As before, a printout

was requested for every 2 14th increment of the tidal cycle, with the

velocity fields being plotted to scale at the mean water level for the

ebb and flood tides.

The computed velocity fields, including the effects of the Corlolis

force, were first determined for the prototype harbour with the specified

flow conditions, see Fig. 49.	 The resulting flood tide velocities

showed a fairly uniform circulatory flow pattern across the basin, which

suggested that the overall mixing and the gross flushing characteristics

were reasonably good, I.e. there were no obvious stagnant regions.

Also, in comparing these computed velocities to those of the corresponding

harbour model in Fig. 25, the comparable velocity fields showed kinematic

similarity, I.e. Vproto type hVmodel where h is the mean depth.	 This

meant that the vastly different scales of turbulence, between the model

and prototype, had little Influence on the resulting flow field (as In

the reservoir).

To be able to compare the effects of some typical differing flow

conditions, for the same harbour size, the computed velocity fields were

then determined for:- twice the mean depth (Fig. 50), twice the harbour

perimeter (Fig. 51), and the neap and spring tidal ranges of 1.54 m

(FIg. 52) and 4.62 m (Fig. 53) respectively.	 A comparison of Figs.

49 and 50 showed that, by doubling the mean depth, the flood tide

circulation cell had been completely eliminated and the depth averaged

velocities were noticeably reduced.	 Therefore, in attempting to

maximise the overall flushing and the water quality characteristics of

any harbour, the mean depth needs to be kept as shallow as possible.

However, for the harbour with twice the perimeter, see Fig. 51, even

though the velocities were generally double those of the original (Fig. e9),
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the circulatory flow patterns showed little difference, I.e. they were

kinematically similar.	 This result further confirmed the model-proto

type similarity, which indicated that the overall flushing and water

quality characteristics were generally independent of the harbour size.

In comparing the computed velocity fields for the neap, mean and spring

tides, see Figs. 52, 49 and 53 respectvely, the anticipated improvements

In the overall circulation patterns, with increasing tidal ranges, were

well Illustrated.	 For the neap flood tide (Fig. 52), no circulation

cell was apparent and an overall lack of mixing and flushing seemed to

occur.	 On the other hand, the spring flood tide (Fig. 53) showed a

noticeable increase in the degree of circulation generated (or vorticlty),

and clearly Indicated that the gross water quality characteristics were

much better than those of the mean and neap tides.

Finally, as for the prototype reservoir tests, the flexibility

of the mathematical model was illustrated by determining the computed

velocity fields for four different boundary configurations. 	 With the

same harbour size and flow conditions as before (Fig. 49), these boundary

configurations included the individual positioning of a barrier, or

shear wall, located at the centre and perpendicular to each of the four

harbour sidewalls - as shown in Figs. 54 to 57 respectively.	 In compar-

ing these computed velocity fields with those of the original In Fig. 49,

it was impossible to make any general conclusions about the overall

flushing and gross water quality characteristics. 	 However, as for the

reservoir tests, It appeared that the barrier showed some improvement in

the general water quality characteristics - but particularly for the

locations shown in Figs. 56 and 57.

Again, the mathematical model appears to have provided reasonable

predictions of the prototype velocity fields, particularly since the
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corresponding model-prototype velocities were kinematicaily similar.

From the standpoint of avoiding non-linear instability, the much lower

velocities in the harbour - as compared to the reservoir - did not

result in the time step being constrained by Eq. (5.9) to anywhere near

the same extent as before. 	 However, subsidiary tests of the mathematical

model showed that the use of a large time step resulted in an inaccu-

rate prediction of the velocity field. 	 This was due to the importance

of the pressure gradient terms and their associated first order finite

difference approximation. 	 A comparison of the results of these subsi-

diary tests indicated that, to obtain a relatively accurate numerical

prediction of the tidal flow, the Courant number i should not exceed 15 -

as satisfied for all the harbour tests.	 This upper limit of the Courant

number therefore imposes the following time constraint:-

At ( l5t/1
	

(5.15)

where h Is the mean depth.

A sumary of the basic physical and numerical data used In the

four different mathematical model tests of section 5.1, 5.2, 5.3 and

5.1, respectIvely, can be seen In Table 1,•
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CONCLUDING REMARKS

It has been shown that the jet-forced circulation in reservoirs

and harbours can be successfully modelled by solving the finite diffe-

rence equations developed.	 The resulting mathematical model - which

includes the effects of bottom friction, wind action, the earth's

rotation and the horizontal diffusion of turbulent momentum - was

capable of computing the water elevations and the two-dimensional depth

averaged velocity components. 	 The model has been tested by comparing

the computed velocity fields with those measured and observed for two

hydrauflc model studies.	 These studies Included a jet flow penetrating

a circular reservoir and a sinusoidal tide entering a rectangular

harbour; in both cases the comparisons proved satisfactory. 	 Similarly,

the mathematical model was applied to typical prototype reservoirs and

harbours so that useful engineering design Information could be obtained.

With respect to the numerical aspects the following conclusions

could be drawn:-

1.	 A study of the basic numerical properties of four finite diffe-

rence schemes showed that the most suitable difference representation of

the shallow water wave equations, including the bottom friction 1 was

the fully centred (Crank-Nicolson) implicit scheme.	 However, In order

to avoid excessive computational costs, the second derivatives of the

effective stresses were best represented by the conditionally consistent

explicit method of Du-Fort and Frankel. Although the effects of the

Coriolis and the wind stress terms were to introduce weak instabilities

Into the original difference scheme, the dominance of the unconditionally

stable bottom friction and effective stresses generally damped these

disturbances.
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2.	 In attempting to suppress the occurrence of non-linear Instabi ti-

tles, an analytical analysis of the quasi-linearised equations of motion

Indicated that the convective accelerations should be represented In the

novel time centred form.	 Although this representation Imposed the time

constraint:-

at	 ax/U0

It was still preferable tq using an artificial viscosity term.	 The

mathematical model tests confirmed these analytical conclusions, in

that, provided this stability constraint was satisfied the numerical

solution was always stable - even for the highly non-uniform flows.

3. In the mathematical model the finite difference equations were

most suitably represented in an Alternating Direction Implicit form, and

were solved by the method of Gaussian Elimination. 	 These equations

were Interlinked through the water elevations which were not therefore

fully centred in time.	 Preliminary tests of the model showed that,

momentum was most rigorously conserved (in the finite difference sense)

by expressing the convective accelerations in such a way that the

lateral transport of momentum was evaluated more nearly at the position

where it originated.

4. The numerical problems generally associated with the treatment of

the velocity gradients at the closed boundaries were successfully over-

come by adopting the same technique as that used in the Marker-and-Cell

method, see Williams et al (121). 	 This involved equating the velocities

required outside the boundaries to the corresponding velocities inside.

The sign with which these velocities were equated depended on whether

the fluid-wail interface was assumed to be a free-slip or a no-slip boundary.
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5.	 Although the implicit difference equations in the model did not

Impose any stability constraint on the value of the Courant number,

subsidiary tests for the prototype harbour showed that no horizontal

circulation, or vorticity, was reproduced If this number exceeded

approximately 15.	 This result was principally due to the numerical

inaccuracies associated with the water elevation terms not being fully

centred in time.	 In order to represent circulatory flows satisfactorily

it was concluded that, as well as the stability requirement of the non-

linear terms, the following time constraint should also be imposed:-

15Ax//

However, even with this additional time constraint, these difference

equations were still preferable to using those of the explicit type

where, for stability, the Courant number had to be less than unity.

6. The accuracy with which horizontal gyres or circulation cells

were reproduced also depended upon the number of grid points covering

their diameters.	 For the prototype harbour (with a maximum possible

gyre diameter of 19 grid points) the predicted gyres appeared to be more

realistically represented and showed a smoother circulation than those

of the reservoir (with a maximum possible gyre diameter of 9 grid points).

Preliminary computational tests for the reservoir, with a domain of

31 x 31 grid points, verified this point by reproducing the counter-

rotating gyres more smoothly. However, this numerical improvement was

offset by a corresponding increase in the computational cost.

7. In applying the mathematical model to a steady throughf low

situation, numerical experiments have shown that the rate of convergence

to the final numerical solution was accelerated by using characteristic
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relationships at the open boundaries.	 These relationships absorbed the

Inital disturbances and hardly reflected any incident waves. 	 ThIs

resulted in a noticeable reduction of the computational cost.

With respect to the physical processes, the following conclusions

could be drawn:-

8. The results of the mathematical model have shown that a realistic

reproduction of the flow patterns for a jet-forced circulation In reser-

voirs and harbours was possible. 	 Although small scale features such as

vortex streets and corner eddies were not reproduced, the general shape

and size of the gyres (or circulation cells) together with the separation

streamlines were well predicted. 	 This implied that the corresponding

depth averaged equations of motion, Including a simple turbulence model

(I.e. Prandtl's mixing length $iypothesis),adequately reproduced the mean

flow properties and the physical processes involved.

9. The convective acceleration terms were shown to be extremely

Important in the generation of gyres (orcirculatfon cells), and hence

led to Improvements in the overall mixing and gross water quality charac-'

teristics.	 This result implied that, in an attempt to maximise the

water quality of a reservoir or harbour, the cross-sectional area of any

jet inlet should be made as small as possible, giving a higher jet

velocity (or momentum input) and a correspondingly higher non-uniformity

of the flow.

10. The generation of gyres (or circulation cells) and the assumed

Improvements in the water quality were also shown to be enhanced, to a

lesser extent, by the effective stresses and a wind stress.	 On the

other hand, both increasing the depth and the effects of the bottom rough-

ness tended to dissipate the vorticity associated with the gyres.

11. The influence of the Coriolis force on the velocity field for the
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two-dimensional full depth jet inlet was shown to be negligible.

However, for the shallow jet inlet and the associated three-dimensional

divergence of the jet, the effect of the Coriofls force was to cause a

distinct asymetry of the velocity field. 	 This resulted in the gyre

velocities to the left of the jet axis being noticeably greater than

those to the right.	 Consequently, although the Corlolis force did not

have much affect on the fully two-dimensional horizontal flow, It sub-

stantially influenced the velocity field where the vertical accelerations

were not negligible.

12.	 Finally, although no water quality parameters were simulated in

the mathematical model, comparison of the various velocity fields indi-

cated that the suitable location of barriers could be advantageous In

improving the overall mixing, flushing and gross water quality charac-

teristics in reservoirs and harbours.
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RECOMMENDATION FOR FURTHER STUDY

Although the main objectives of this research have been

satisfactorily accomplished (I.e. the numerical modelling of the depth

averaged velocity field for a confined jet), the mathematical model

developed has limitations.	 Any attempt to eliminate these limitations

would therefore provide an obvious extension of this research and can

only lead to a better understanding of the jet-forced circulation In

reservoirs and harbours. 	 These restrictions, and the corresponding

recomendations for further study, are discussed in largely the same

order as that of the text.

The neglect of stratification effects, or density differences,

and the Influence of secondary currents are perhaps the most serious

restrictions of the mathematical model. 	 To determine the effects of

these flow features on the mean velocity field the mathematical model

would have to be re-developed, In a manner similar to that described,

for the three-dimensional steady flow. 	 This would provide useful

engineering information, particularly In the case of deep reservoirs

where stratification effects are often severe.

The inclusion of a simple turbulence model in the equations of

motion (Prandtl's mixing length hypothesis) and the corresponding

assumption that the horizontal velocity gradients were small compared

to those in the vertical plane, has resulted in an appreciable simpli-

fication of the turbulence structure. 	 Consequently, further numerical

experiments involving the inclusion of more sophisticated, computer

orientated, turbulence models might provide more accurate numerical

predictions of the required velocity fields - particularly near the

boundaries.
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The finite difference equations of motion, which were solved

for In the mathematical model, did not include the water elevation

terms In a fully time centred form. 	 This meant that the truncation

error was not completely of the second order and the resulting numerical

solutions less accurate than they might have been. Therefore, further

investigations Involving more accurate finite difference representations

of the water elevation terms would be advantageous - particularly for

velocity fields where the pressure gradients are substantial.

The assumption that the width of the jet needed to be repre-

sented by at least one grid space, could not always be realistically

applied to prototype boundary configurations.	 Studies Into the

representation of such boundary configurations, that are smaller than

an economic grid size, would be most useful in the numerical prediction

of a diffusing jet.

The present form of the mathematical model is such that a

rise (or fall) of the water elevation over a sloping bed would not

result In any change of the planform wetted area. 	 Clearly this Is a

poor representation of many prototype flow fields, e.g. the flooding

(or drawdown) of a reservoir with a V-shaped bed, and therefore needs

to be further investigated if the model Is to have a more general

applicability.

The mathematical model, as such, does not Include any quanti-

tative predictions of a water quality parameter, e.g. temperature,

concentration, salinity etc. However, with the depth averaged

velocity field being satisfactorily computed, the inclusion of the

convective-diffusion equation in the mathematical model (and its corres-

ponding solution), would provide useful qualitative Information to the

design engineer.	 This information would be of particular Interest in
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determining whether or not a barrier, for example, does actually

improve the gross water quality characteristics.

Apart from these limitations of the mathematical model, there

Is a need for more detailed experimental research and a more accurate

method of measuring the low velocities typical of those In the labora-

tory models.	 These results would allow the computed velocity fields

to be more accurately checked and compared with those measured, parti-

cularly when the flows In the hydraulic model are fully turbulent.

Even better, however, would be an attempt to measure the velocities In

some typical prototype.

Finally, further applications of the mathematical model, to

different planform geometries and flow conditions, would provide

further	 information to the design engineer faced with improving any

existing or anticipated water quality problems In a reservoir or

harbour.
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APPENDIX	 1

FORTRAN LISTING OF THE

COMPUTER PROGRAM ROGER



PROGRAM LISTING FOR THE

JET-FORCED CIRCULATION IN A

PROTOTYPE CIRCULAR RESERVOIR

C
C
	

ROGER ALEXANDER FALCONER,
C
	

DEPT. OF CIVIL ENGINEERING,
C
	

IMPERIAL COLLEGE,
C
	

SOUTH KENSINGTON, LONDON SW7.
C
C
	

MATHEMATICAL MODELLING OF JET-FORCED CIRCULATION
C
	

IN KESP(VU1KS AND HARBOURS.
C

PROGRAM ROGLR IINPUT,00TPUT, TAPE5INPUT. TAPE6OUTPUT, TAPE62)
C	 SET DIMENS1UNS OF SYSTEM

DIMENSION Al21), 3(21), P(21) 0(21). R(21). S(21), NH(21),
1JPLOT(2O), WPRINI(80), KONVRT(21)
COMMON SE(21.211. SEM(21.211. SEP(21,21). 0(21.21). UM(21,21),
1. UPI1e21), V(21.21)i VM(21.211. VP121e21). C121.21). H(21.21).
2 NRD(40), MbD('401, MOBD(3). NUBD(3), TITL(12). XIA(980), XIB(980).
3FLOW(23,21)

RIT((6,I.UU1)
1007 FOKRAT(1HS)

rIMAX=21
MMAX=21
PI=3.1'+16
ANGLAT51.5
AG=9,81
AL80.O
A1=30.O
MAXST4OO
SEINVO.O
MOfIO( 11=0111110
lORD C 2 1 211U 121
MINDO3
N I NO 0=1
NSEC T =21
NC A KD 97 U
IP=1
Iw=1

C
C	 SET OPLN L3UUNflS AS FIHICTIONS OF TABLEVALUES (XIA(K).ETC.)
C	 OR AS FUNCTiONS OF HALF TIMESTEP NUMBER (K)

GO TO 87
89 CONTINUE

FLI,w(11,1):)IIb(K)
FLCJW(1U,21):XIA(K)
FLOW (11,21 jXIAIK)
FLO( 12,21) X1A(K)
IF (ISTCP.Lu.1GO TO 96
GO TO 301

87 CONTINUE
REAO(5, q ) (I1TL(J) ,J1,7)
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C
C

C

l6 FORMAT(7A1U)
READ(5.9) (NPLOTIN).N1,'4)

9 FORMJTIeIe)
Fw=0. 003
'tIluD=Q • 0012
jxU•o
WY=7.5
FF=I'I.SINtAwGLA1*PI/10.0 )/21600.0
CALL (URIH(I'4CAKO,PI,AL.AG,ATI
ISTO
C1AT*AG/AL
C2=AT/AL
C3=AT
C'48.0*AT*AG
C5=AT/(AL*ai)
012.0*C1
02=2.O*C2
D32.0*C3
0 14=2. 0*C'l
05:2 • 0sC5
DU 8 N1,NMAX
DO 8 M:1,MMAX
SLIN,pI)=Q.o
SEMIN.M)0.0
SEP IIj.M)U.0
U(N,M) 0.0
UM(N,M)0.0
UP C N.M
VIN.M)O.0
VMIN,M)0.0
VPIW,M)0.0
C(N,M)0.0
H(N,M)U.0
FLOW(N,M)0.0

8 COIITINUE
CALL OIVE(NMAX,MMAx)
CALL FII'JD(MJwU,NIND,MMAX,NMAX.MINDO,NINDO,NSECT)
CALL DEPTH(I1r4IX,MMAX)
CALL CHEZY(WMAX,MMAX)
READ(5,g5) INPKINT(N)eN1.i6)
MEAU(5.251 tNPt1NT(N) .N:17.32)
RE.1*D(5.25) INPHINTIN).N33,148)
I(LAU(5,25) INPKIWT(N) .N=q9,6141
I EAD(5,25) CNPK1NT(N),N65,b0)

25 FORMAT(16i'41
IUM1

7 1F(NuM.EU.NDIU) &O TO 3
NSRCIIIfflL,( IdUM I/lu UDU U U
WIAI3flINUM) /1UOUU—NSRCH*100
4F:W(UI tJUM )/lU0-NSRCH*100U0-N*100
LIfliD(WW4U—NSRCH*10U000U—N*l0U00—MF*100
NNN-1
KMF
00 2 MK.L
SE(N.M)=SEINV
SEMI rj.M=SELNV
SE. P 1 N eM ) =SL. .1 N V

2 COIITINIJE
N UM HUM + 1
GO To 7

3 CONTINUE

ISTEP:2
GO TO 500
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C
C	 COr4PUTL. UP AND SEP ON ROW N (FIRST HALF TIMESTEP)
C

88 ISTEP1
NST:IIST+1
K :2 * ST-i
IF ttiST.GT.MAXSIJ STOP

C
C	 SET UPLN BOUNDS

GO TO 89
96 NUM:1

100 IF(NUM.E0.NLNO) 60 TO 190
NSNCHWBD(NUM)/1UU0000
NNBD INUM)/10000—NSKCH*100
MF:IU3t)(NUM) /10O—iSRCH*1U000—N*i00
LNUD INUM)-NSRCH*I000000-N*10000—MF*100
MFF:P'F..i
MMF:MF+i
NNNN+j
NNN-1
LLL:L+i
LLL-i
11:1
A(PF)0.0
PIMF):0.0
1IIMF )0.0
UP ( N, MFF ) 0 .0
TEMP1SEM(NNN,MF)
tFITEMPi.E.0.Q) 1EMP1=2.U*SEM(N,MF)-SEM(NtJ,MF)
TEMP2;SEMINI'd,MF)
IF(TE'4P2.E.U.0) TEMP2=2.U*SEMIN,MF)-SEM(NNN,MF)
IF(NSRCH.LT.1U.W(.NSKCH.61.11) GO TO 99
AUC:n.5*(H(g,MFFJ+HNN,MFF))+Q.25*(3.O*SEM(N,MFJSEM(N,MMF)+

XTEMP1+TCMP2I
UP(N,pFFJFLOw(N,r4FF)/(ABC*AL)

99 CONTINUE
(r( MF )SEM(N.MF ) — u.5*c2* (H(N.MF)+H(N,MFF)+TEMP1+S(M(N,MF) )*V(N,MF)

1+U.5*C2*(H(,IN,MF )+H(NN,MFF)+T(MP2+SEM(N,MF) )*V(NNeMF)
•	 P(P.iF)= 0.*C2*IH(N,MF)+I1(NN,MF)+SEMtN,MMF)+SEM(N,MF))

IMF )(AIMF I+0.51C2*(H(N,MFF)+H(NN,MFF)+3,0*SEM(N.MF)-5E14(N,MMF))
•	 1*UPIN,MFF))

KMF
101 00 102 M:K,L

MMM-1
MMM+1

TEtP9:SEM (N, M)
TLP3=SEM(W,MMM)
IFI1EMP3.EI.U,Q) T(MP3=2.OsSEM(N,M)—SEM(N,MM)

•	 TEJPS=SE(N,MMM)
IFTFMP5.E0.U.0I TCMP5=2,0*SE(N,M)—SE(N.MM)
IF(M,EU.I) ,U TO 107
TEM1SEMtNNl,M)
IF ITEPP1.EW.U.U) T(MPi=2.U*SEM(N,M)—SEM(NN,M)
TEMP2SEMINN,M)
IFITEPP2.EU.U.D) 1EP2=2.0*SEMIN,M)-SEMINNN,M)
TLPPte=SEI,(FJ,MM)
IF (TFMP te.E.U.UI 1EMP42.0*SEM(N,M)-SEM(N,MMM)
AIf):SEMI N,I'l) 0.5*C2* (HIN,M)+III N,MM) +TEMP1+TEMP9)*V(N,H) +0.5*C2*

1(II(NJ,l)+H(WH,MM)+TEMP2+TEMP9)*V(NN,M)
P I ,J	 U.5*C*IHIW,F )+H( NN,M) +JLKP3+T(MP9)/(j,Q+ 0.5*C2*(H(N,MM)+

1INN,MP4)+EEMpq+1LMp9)*RIMMI)
.)(A):(A(M)+ O.5sC2*IH(rd,MM)+H(NN.MM)+TEMP'4+TEMP9)*S(MM))/(i.O+

1 0.5.C2*(HIW,MM)+II(NN,MMJ+TjP4+TEMI9)*R(MM))
107 CONTINUE

TLI'cPiO=uM(N.MMM)
TEMI'llUM(N,M)
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T(MPl2=uM(NMM)
TEP4P13vMIN,MMM)
TEI'Plq=VMIN,M)
TEMP 15VM(NIi,MMM)
TLIP16:VM(Nw,M)
TEMP 17=UM(NNN,M)
ILMP18=UMII*s,M)
IF(IEMP11.ilt..U.0I GO TO 110
IF(TEMP1O.NL.0.U) GO TO 111
TEMPIO:.UMIrd,MM)
TU,P13=VMIN,r.1)
TEMP15=VM(Nl,M)

111 CUNTII4UE
F(TEMP12.NL..U.0) GO 10 110

TEMP12=—Uq(,,MMMI
TCMP1e=VPIN,MMMI
rEv p 16vMcww ,MMM)

110 CONTINUE
IF(TEi'17.E1i.O.0 TEMP17UM(N,M)
IF(TEMP18.EuI.U.0I TEMP1$UM(N,M)
TEMPI 9=O.2* C TEMP13+TEi4Plq+TEP4P15+TEMP16)
TEMP31H(N,M)+HIWN,M)+TEMP3+TEMP9
TEP20:2.0*IIITEMp1O+uMtN,M))s*2)*I0.5*(H(N,M)+HCN,MMM)+H(NN,M)+

jH(NN,MMM))+ILMP5*2.Q)-((UM(N,M)+TEMP12)**2)*(0,5*CH(N,M)+H(N,MM+
2H( PJN, p ) + H(Ni,MMJ )+TEMP9*2,O) )/Iie.Q*1EMP31)

TEMP23:TEMP17
IF(CTEMP13+ILMP14).GT.0.0) TEMP23UM(N,M)
TEP2'eTEMPi8
IF((TEMP1S+IEr'1P16).LT.0.0) TEMP24=UMCN,M)
TEMP2l:2.0*ITEMP23*(TEMP13+TEMP14)*CII(N,M)*2.0+TEMP3+TEMP9)-TEMP2e

1*(TEMP15+TEMP16)*(HCNN,M)*2.O+TEMP3+TEMP9))/12.UsTEP4P31)
TEP3O:S41D(1 (IEMPI1**2+TEMP19**2)
rEMP32:C(I4,)+C(N,MMM)
TEP4P33:T(MP5U/(TEMP31I(TEMP32**2))
EODXSRT(A,*I(6.UO*1EMP11)s*2+CO.23*TEMP30)**2))*TEMP31/TEMP32
EODY:SQTIA*I(6.0O*T1MP19)s*2+(O.23*TEMP30)**2))*TEMP31/T(MP32
3(M)=UIw.M) — D2s I IEP2U+TEMP21 )+2.O*U3*FF*TEMP19—Dl*ITEMP5-SE(N,M))

104*U(N,M)*1EMP33+D'5*2.O*((DDX*CTEMP1U.UCN.M)+TEMP12)+EDOY*(TEMPL7
2-U(N,M)+TEr*'1dU+q.U*D3*F*sHOO*SORT(IWX-TEMP11)**2+(WY—TEMP19)s*2
3)*I wx-TEMP11 I/IEMP31

ILMI'j =1 .U+D'4*TEMP33+02*AG*PIM )+05*2.0* (EOOX+EDDY)
PtIrq ) D1/TEMI'1
SIM):tU(M)+U1*IM) )/TEMP1

102 CONTINUE
IF(WsRCH.EU.1.O.NSRCH.EQ.11) GO TO 10
UPCN,L)0.0
GO TO 1i5

1W4 CONTINUE
TEMP1=SEM C NNN ,LLL)
IFTEMP1.Eu.0.0) T(MP1=2.O'sSEMIN,LLL)-SEM(NN,LLL)
TLMP2SEM I Wide LLL I

IF(TEP1P2.Eii.U.0) TEMP22.0*SEM(N,LLL)-SEM(NNN,LLL)
OEFL1.5s(if(W,LLL)+i3(N(l,LLL) )+IJ,25*(3,O*SEM(N,LLL)-SEMIN.L)+

1TEMP1+TEMP2I
UP(W,LLL):FLU,i(N,LLL)/(U(F*AL)
ACLLL) :SEMIN,LLL) — O ,5iC2s(II(N,LLL)+H(N,L)+TEMP1+SEM(N,LLL) )*

1VCN,1LL)+t).*C2*II1(WN,LLL)+Il(WNqL)+1EMP2+SEM(N,LLL) )*V(NN.LI.L)
P(LLL)0.5*C2* CH(N,LLL)+HINN,LLL)+3.0*SEP4CN,LLL) .. SEM(N,L) )/

1 ( 1.O+O.5aC2* IH(N,L)+iI(NN.L)+SEMCN,L)+SEM(N,LLL) )*K(L))
I(LLL)(ACLLLJ+U.bsC2*(t1(h1,L)+H(NN,L)+SEM(N,L)+SEM(NeLLL))*SCL))/

1(1.O+O.5*C1*IIICN.L)+IIUIN,L)+SEM(N,L)+SEM(N,LLL))*RIL))
SIP I N, LLL 1: — I' ILLL ) *UP( N, LLL ) +UC LLL )
UP(N.L)—KCL)*SLPIN,LLL)+S(L)

105 CONTINUE
ML
KMF+1
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C
C
C
C

C

00 106	 K,L
IMM-1
SEt'(N,M):-PIM)*UP(N,M)+(.)(M)
JP(N,MM)-ft1MM)*SP(N,M)+S(MM)

106
SEp(JJ,MF)IqMF)*UP(N,MF)+U(MF)
.9UMNUM+1
GO To 100

190 C U NT! NUE
i)O 292 I11,nIMAX
DO 292 Ml,MMAX
U(W,M)=UMIN,r4)
UMIN,M):UP(N,M)
SEIN,M)=sEM(N,M)
SE. 14 N,M) 5tY IN .M )

292 Cowl INUC
NUM1

PRINT INSTRUCTIONS

500 IF(ISTEP-2)297,296,297
296 CONTINuE

IF(NsT.rE.N1LOTI1iJ)) GO TO 520
IF(tIST.EU.uI GO 10 520
IINST=FLUAI (,gSI)
TIM(RNST*A 1*2.0
TIME.=TIME/3b00.0
CALL PLOTRAI- INMAX,MP4AX,NIND.NINDO,MINOO,PI.TIME,IQ)
IF(lQ.Eu.91 CALL ENPLOT

IF(f pLOT(Iw).L0.U) CALL ENPLOT
520 CONTINUE

!F(NST.L0.NI'RLNIIIP)) GO !O 295
GO TO 297

295 IPIP+1
5020 FONMATI1H1,//741u.///jOX,*WATEK ELEVATIONS IN HUNDREDTHS OF A 11(1K

1E FOR THE TLMESTEP*,15./)
1157 FORIIATI/4X.*M	 1	 2	 3	 5	 6

	
7	 8

19	 10	 11	 12	 13	 19	 15	 16	 17
	

18	 19
220	 21*/)
WRITE (6,500) (1ITL(J),J1,7I,NST
KITE(6,115)
00 6000 M1,MMAX
JO 60(36 N1.NMAX

6006 t<urjVRT(w)=St.(N.M1*100.Q
61)00 WRITFI6,60011 M, (1(ONVRT(NI.N1.NMAX)
60(31 FUpMA1I/3X,j2,1X,21I6)
5022 FUHMATUH1,,/7A1U,///1uX,*u VELOCITY COMPONENTS IN THOUSANDTHS OF

14 METE. PEt SLCUNI) FOR 114E TIMESTEP*,j5,/)
WNITE46.5U2) II LIL(J) .J=1,7) ,NST
WRITE.(6.11bf)
DO 6009 M:1,MMAX
00 6008 N1.NMAX

60118 KOwVRT (Ij):Ui4(N,M)*1000.0
6009 NtTi(6,6LJtJ1) M,IKONVNT(N),N1,NMAX)
5(121 FORMAT(IH1,,/7A1u,///li)X,*v VELOCITY COMPONENTS IN THOUSANDTHS OF

14 METRE I1K SECOND FOR THE TIMEST(P*,15,/)
WRITE(6,5021) III rLIJ) sJ1s7) ,NST
W,'IITE(6,1151)
(30 6003 M1,MMAX
00 6007 N:1,NMAX

6(307 K0WVHT(Ii)(V(N,M3+VPIN,M))*500.0
6003 RIT((6,6UQj) M,(K0NVRT(NJ,N:1,NMAX)
297 NUM1

149



GO TO (299,d8),ISTEP
299 IS1tP2

s2*NST
C
	

SET OPLN BOUNDS
GO TO 89

C
C
	

COMPUTk.. VP AND SEP ON COLUMN M (SECOND HALF TIMESTEP)
C,

3U1. IF(1IUM.EQ.MIND) GO TO 390
MSRCHI3O(NuMJ/1UUO0UU
MMLm ( IJUM I /iUQ0U-MStCHa100
rW:MdDthUv4)/1u0-MsICH*1000O-Ms100
L(I(WUMMSKC4*1OOOOOU-M*10O0O.NF*I.00
4F FNF-1

tg +.
PljM=M+j

- 1MN-1
LLL=L+1
LLL-1
1T1
A(NF)O.O
P(NF)0.0	 -

VP(NFF,M)O.O
TEMP1=SEP'(IIt- ,P4MM)
IF(1EMP1.E.U.o) TEMP1=2.0*SEM(NF,M)-SEMINF,MM)
TP2SEMtNF .MM)
IF (TEMP2.EQ.O.0I TEMP22.0*SEM(IF,MI-SEM(NF,MMM)
IF(MSHCH.LT.10.Ofl.MSKCII.GI .11) GO TO 399
ABC0.5s(H(,FF,M)+H(NFF,MM) ) +0.25*(3.0*SEM(NF,M)-SEM(NNF,M)+

1 TEMP I +TEMP2I
VP(NFF,M)FLOW(NFF,M)/(ABCsAL)

.399 CONTINUE
A(NF)SENINF .M)-U.5sC2*IHINF,M)+HII4FF,M)+TEMP1+SEMINF,M))*UINF,M)

1+0.isC2a(HINF,Mpq)+HINFF,MM)+TEMP2+SEM(NF,M))*U(NF,MM)
P(NF) O.5*C2*(H(NF,M)+f1(NF,MM)+SEM(NNF,M)+sEM(NF,M))

(f1F)(A(iJFJ+0.b*C2*IH(NFF,M)+HtNFF,MM)+3.0*SEM(NF,M)-SEM(NNF,M))
1*VP(NFF,M))

,c=NF
303 00 302 Nk.L

NNN-1
1NNN+ 1
TEMP92SEMIN,MI
TCMP3SIM(NNN,M)
IFTrP3.EQ.u.O TEMP3=2.U*SEM(N,M)-SEMINN,M)
TEMP5E INwil , MI
IF(TI.L.O.0) TEMP52.U*SE(N,M)-SE(NN,M)
IF(N.w.K) bU TO 507
TEMP1SEM(NtrIMM)
IF(TEPP1.EU.u.0) TEMP1=2.0*SEM(N,M)-SEM(N,MM)
TLMP2=SEMtW,M)
IF ( TEMP2.CU.u.0) TEMP22.0*SEM(N,M)-SEM(N,MMM)

IF(T(MP4.Ei.I.U.0) TEMP42.0sSEM(Ii,M)-SEM(NNN,M)
AIH)=SEM (N.I)-O.5*C2s(HtN,M )+14(NN,M)+TEMP1+TEMP9)*U(N,M) +O.5*C2s

N,MM I+H( NW, MMI+TEMP2+IEP4P9 *U( N, MM)
P(N)= U.5sCi (,l(W,M)+H(N,MM)+11M p 3+TEMP9)/(1.Q+ 0.5*C2$(H(NN.M)+

ibil NW ,MM) +1EMP4+1 LMP9 ) *PW4W I I
J(fJ)=(A(N)+ U.5*C2*(H(r4W,r4)+H(NN,MM)+TEMPq+TEMP9)*S(NN))/(1.O+

1 O.5.C2*(l(IN,M)+H(NN,MM)+TEMP4+TE.MP9)*K(NN))
3u7 CONTINUE

TEMP1UVM(NlSN,M)
TEP'P1I.VM(N,M)
TLMP12:VM(NN,M)
TLMP13UMINNN,MI
TEp.n'lq=UM(N,MI
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TEMP15:uM I WN,MM)
r(Mp 16=ur IN. MM
TEMP17= VM (hi. P1MM I
TE.MP1=vM III. MM I
IFIIEMP11.WL.U.0I GO TO 310
IF(TEMP1O.NL.U.0) GO 10 311

T1U:-VM(wN.MI
(N, MI
(II. MM I

311 CONTINUE
LFITEMP12.rIL.U.0) GO TO 310
tEMPl2-VMIINl1 ,M I
TLfrP14=UM(NuN.MI
TEMP16=UM (i*ii,MM)

310 CONTINUE
IFtTEMP17.L.U.0 TEMP17:VMIN,M)
IF(TEMI'18.E.i.0.U) TEMPldVMIN,M)
TEMP19=U.25* I TEMP'13+TEMI'1q+TEMP15+TEMP1S)
TEMP31H I hi ,M) ,HIN , MM) + TEMP3+TEMP9
TEMP;U2.d*ITEMP10+v!1(N,M))**2)s(0.5s(H(N.M)+H9.INN,M)+H(N.MM)+

1I1INNtI,MM))+1EMP3*2.0)-((VM(N,M)+TEMI12)*t2)*(0.5*IH(N,M)+IUNN,M)+
2 t I(N,MM)+H(WN,MM) )+TMI'9*2.0) )/(q.Q*TMP31)

TLdP23TEMfaL7
IF((TEMP13+1EMP1 LI).GT.0.0) TEMP23VM(N,M)
1LMP2qTEMPj.d
IF( (TEMP15+IEMP16) .LT.0.0) TEMP2I)=VM(N.M)
1EMP212.0*IlEMP23*ITEMI.'13+TEI*tHIN.M)*2.0+TMP3+TEMP9)-TEMP2'4

1*(TEP15+TErP16)* (H(N.MM) *2.0+TEMP3+TEMP9) )/12.0*TEMP3I,)
TEMP3OSURT I IEMP11.*2+TEMP19S*2)
TEMI.b32=C(N,M)+C(NNN,M)
TLMP33TEMI'O/( TLMP31*( TEMP32**2))
EOD*SU4TIAbsI (6.00STEMI'19)s*2+(0.23sTEMP30)**2) )*TEMP3I/TEMP32
EDDYSlrT(Ab*II6.Q0sTL1I-'j1)**2+(O,23*TEMP30)**2))*TEMP31/TEMP32
8lN)=v(N,M)-u2stIEP,'2u+rEMp21)-2.o*u3*FF*TEMp19-1*(TEMP5-SE(N.M))

1-Oq*v( N.M) * I LM33+O5*. Us C EODX* (TEMI9.7-V(N.M ) +TVPj8 ) +oo y ITEMP1O

3) *(v,-'EMjj )/TEMP31
1tMP1=1.0+0qs1Er4P33+025A65P(N)+05s2.Q*(EODX+LODT)
NIN)D1/TEMi'1
SIN)IB(N)+UI*IN) )/TEMI't

302 CONTINUE
1FCMSRCi.E.1.OPI.MSHCH.Eà.11) GO TO 304
VP(L,r)=o.0
GO TO 305

304 CO'ITII'iUE
TEWP1SEMILLL,MMM)
If (1FMP1.1J.0.0) TEMP1:2.0*SEMILLL,t4)-SEM(LLL,MM)
TLMP2=SEMILLL,MM)
IF (TEMP2.Ew.u.U) TEMP2:2.0*SEM(LLL,M)-SEM(LLL,MMM)
01F0.5s(H(LLL,M)+H(LLL,MM) )+0.25*(3.0*SEM(LLL,M)-SEM(L,M)+

1TEMP1+1EP2 I
VP(LLL.M)FLUw(LLL,M)/II3EF sAL)
AILLL)SEM(LLL,M) -0.5*C2sU4(LLL,M)+H(L.M)+TEMP1+SEM(LLL,M) )*

1UILLL,M)+0.D*C2*($-4(LLL.MMI+H(L.MP4)+JEMP2+SEM(LLL.M) )*U(LLL.NM)
P(LLL)U.5sL2*(HCLLL,M)+)4ILLL.M)+3.0*SEM(LLL,M).SEM(L,M))/(1.0+

10.5sC2sU1L,MI+HL,rMI+SEM(L,M)+SEMLLL,M))sRIL))
Q(LLL)(AILLL)+0.b*C2*(H(L,M3+H(L,MMI+SEM(L.M)+StM(LLL,M))*S(Lfl/

1U,U+U.5.C2*(t1(L.M)+H(L.MM)+SEM(L.M)+SEM(LLL.M))*H(L))
SEP( LIL ,M I	 C LLL )* VP( LLL.M) +J ( LLL)
VP IL ,N)	 It. ) *SEP ILLL.M) +S IL)

305 CONTINUE
N:L
KNFe1
DO 306 JK.L
NN:N -1
SL p (N , N I =-F' IN ) * VP( N.MI+U( N)
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VP(F4rJ,M)..K(NN)*SEP(N,M)+S(NN)
306 NN1

SEP(NF.M)—tIwF)*vP(NF,M)+u(NF)
$UiruM+1,
60 10 301,

390 COITIhiUE
tJQ 492 N1,,I4MAX
00 492 M1,MMAX
V I 1" K ) = VM I 14 M

VM(N,M)=Vp(N,M)
SE(W,M)SEr4IN,M)
SEM(N.M)SEPIui,M)

492 COnTINUE

61.) To 500

END
C

SUBROUTINE KURIHINCARD,PI,AL.AG,AT)
C
C	 SUBROUIINE KURIIf HANDLES THE HEADING OF ALL TABLEVALUES OF
C	 THE OPLf'1 BOUNDARIES IN STORAGE
C

COMMON SE(21.21). SCM(21,21). SEP(21,21), U(21,21). UM(21.21),
1 UP(21.21). V12]..21), VMI21.21), VP(21.21), C(21,21), H121,21).
2 NBU(40). MLO(4U), P4080(31. N000(31, TITLU2). X1A1980). XIB(980).
3FLOW(21,21)

P(EAD(5,10) U1,U2
11) FUHMAT(2F10.5)

T120.0
C(L:SWRT (AG*24.0)
TCEL=(ALs2O.U)/(CELsAT)
KTTCE.L+0 .5
00 30 H.1,NCAPW
SUMFLOATIKJ
IF(SUM.GT.T1 GO TO 31
XIBIK)(U2/.U)sI1.0+SIN(I1.5+(SUM/1))*PI))
GO TO 32

31 XIB()=U2
52 KNK—KT

IF(KN.LT.1) KN1
XLA (Ic )=IU1/u2) sXIB(KN)

30 CONTIWUE
WHITE(6.9) I 1ITL(J) ,J1,7)
WRITE (6.11)
,IRITE (,12I (f(,XIA(KJ,XI8(K), I<1.NCAHO)
NE IURN

9 FJIAT(1H1,,/7A1U///,1QX,*DISCHARGES AT BOUNDARY POINTS A AND B IN
1 CUBIC 4EIPfL.S PER sECOIID*//)

11 FOR4A1((7A,4I.	 K	 XIA	 XIB
12 FOR4/U( ( 7X.4(14,2X,F8,1,2X,F8.1,4X)))

C
SORHOUTINL UIVEINMAX,MMAX)

C
C	 SU3ROJIIwC DIVE HEADS Ir& LOCATIONS OF WATER LEVEL COMPUTATION
C

COMI'0W SEI21.21). SEM(21.21)i SEP(21.21). U(21,21). UM(21.21J.
I IJP( p 1,21), V(21.21), VM(21.21). VPI21.21). C121,21), H(21,21),
2 NflO(4U), MUDI4U). P4080(3). NOBO(3). TITL(12). XIA(980), XIB(980),
3FLUW(21,21)
WRITE (6,5) ITIIL(J).J=1,7)
WRIT(6.115)
DO 2 M1,MMAX
READ (5.3)	 IWUU(14).N:1,NMAX)
WRITE(6, I1)	 . INBUIN) .N=1,NMAX)
DO 2 N1,Nr4AX
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2 H(I.M) = FLuAT(N130(N))
RETURN

5 FORMATIIH1.//7A1u///,1OX,swATER LEVELS IN FIELDS/)
1157 FORMATI/ t.x,*M	 1	 2	 3	 '4	 5	 6

1 9	 1U	 11	 12	 15	 1'4	 15	 16	 17
220	 21*/I

3 FUir4ATI2112I
'4 FORT(/3X,L2i1X,21I6)

END
C

	

7	 8

	

18	 19

SUBROUTINE F IND(MIIJD,NIND,MMAX,WMAX,MINOO,NINDO,NSECT)
C
C
	

SUI3ROUIINE FIIiD PROCESSES DIVE DATA AND THE MOBO AND NoBD
C
	

VALUES AWL) POUUCES IWO IABLES (NOD AND MBO) WHICH ARE USED
C
	

TO CUIIKUL 1HE COr4PUTATION
C

LOGICAL START
COMMON SEI21.21)i SEM(21.21)t SEP(21.21), U(21.21). UM(21e21).
1 UP(7l,21), V(21.21) Vr4(21,21), VP(21,21), C121.21), H121,21),
2 NBO( I40), Mt301401, 1108013), NOBD(3), TITL(12), XIA(980). XIB(980),
5FLOU 21. 21)
DO 1 J1,NSLCT
BOIJ)0

1 Mao(J)=o
MIND=1
NIND1
00 2 N:2,NpIAX
START. TRUE.
DO 3 M=2,MMAX
IF(.MOT.STARJ) GO TO '4

IF(H(N,M).Eu.0.OIGO TO 3
NBO(NIND) M*100+NBO(NIND)
START :.FALSL.
GO TO 3

II IF(HIN.M).NL.U.U) GO TO 5
NBDININU)M-1+WLiOININD)+10000*N
GO To 6

5 IF(M.NE.MMAA) Go TO 3
WBD(MINO)M+Nt3OININD)+1UUOO*N

6 NINL)NIiU+1
STANT. TRUE.

3 CONTINuE
2 CUNTINUE

DL) 12 M=2.MMAX
Si ART.TRUE.
DL) 13 W2,I'MAX
tI (.NOT.STAR1) GO TO 1'4
IF (H(N,M)..U.O.U) GO TO 13

SlANT =.FALSL.
GO TO 13

je IF I1(N,1).iiL.O,U) GO lU 15
MBD(4INfl)=N-1+MiL)(MIPiD)+jU00O*M
GO TO 16

15 IF(W,N(.NMAA) GO To 13
MBfl(MINIJ)=W+MUO(MIND)+1U000*M

16 MI,,OMIND,1
Si ART. TRUE.

13 CONTINUE
12 CONTINUE

NUM1
1(aQ IF(wUM.EQ.NINO) GO TO 300

N:Nt3fl(NUM)/LUUOU
FrFiD(NLjM)/1UU-N*3O0

L:NE3OINUM)-14*1OUUU-MF*100
I4FLEU=MF'-I
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LKIGL+1
NA:1

2(eO IF NA.E0.M1NOO) GO 10 210

H3OT=MOflOw1* I/1000-M*100
TJ1 OPzI'OBDIWI /1U-Ms10000-Nt3OT*100
?4UMo8Q(I. AI-$*1flDO0u-NBOI sjUOO-fTOI's1O
IF £ UJ.GE.utSOTJ .Awo.(N.LE.NTOPI ).AND.(MFLEF.EQ,M)) NBDINUM)=NI3D(NU

1M)+1OIJOUOUU

1F.I(u.GE.i1u0T.AND.tN.L(.riTOP)).AND.(LRIG.EQ.M)) NBD(NUM)NGO(NUM
1) +10000 00
N4A. 1
60 To 200

210 NUMNUM+1
GO TO 100

300 CONTINUE
JgUM=1

liii JF(NUP.c.E0.MINO) GO TO 301
MMLO(NUMJ/10O0U
NFMt3D(NUM)/100-M*100
LML3D(NUM)-M*10UUU-NF*100
NFBOTNF-1
LTOP=L+1
NA1

201 IFlJA.EQ.NI,QO) GO TO 211
N:NOGfl(NAJ/IU0000
MLEF=NOLOINA)/1UUU-N*1D0
MHIGNOI3D( NA I /1U-N*10000-MLEF*100
MB[P(t1N0001 l&A I -N*1000UOMLEF*1000-MHIG*10
IFIM.&E.MLkJ.4N0.M,LC.rnUG.ANO.NFDOT.EQ.N) MBD(NLIM)=MBDINUM)+

liii 0 0 0 000
IF(M.GE.MLEF.AND.M.LE.MtIG.ANO.LTOP.EQ.N) MGO(NUMIMBO(NLIM)+

11000(100
NI%N1 +1
GO TO 201

211 NUMNUM+1
GO TO 101

301 CONTINUE
WHIIE(6,2u) ITITLIJ) iJ1.7)
WPUTE(6q,21) (J.NBU(J) ,MBDCJ) iJ=1NSECT)
HLTURN

20 FoHMA1((1H1.//7A1o///,3x,q(qx,*NUM*,7x,*NBO*,9X.*Mp*,2x)))
21 F0RMI%T((///iX,4(4X,I+,3X,I9,3x,I9)I,)

£ND
C

SIJL3HOUTINE UEPTHIMAX,MMAX)
C
C	 SUBROUIINE DEPTH HEADS THE WATER DEPTHS
C

COMfrON SC(21i21) SEM(21,21). SEP121,21) $J(21,21), UM(2121).
1 UP(?l,21), V(2121I, VM(21,21), W121'21), C(21,21), H(21.21).
2 IHD('40). iuoc q u;, MOBO(31, NU3D(3I, TITL(12I X2At980), XIB(980,
3FLOw(21.21)
N015
IFIIJ4lX.LT.NUI NUNMAX
DO 1 M=1,MMAX
HEAU(5.3) (H(N,MI sN=1,I1O)

10 CONTINUE
IFINMAX.LE.uU) 60 10 12
N=NO+1
00 11 M1,MMAX
R(ADI5,3) (1(N,MJ,NNQ,NMAX)

11 CONTINUE
12 CONTINUE

WNITE(6,9)	 (TITL(JI,J1.7)
WHITE(b,115l)
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00 15 JA1,MMAX
15 WKITEI6,i l+) JA, IrI(rJ.JA) ,N1,NMAX)

RETURN
3 FUHMAI(15F5.1)
9 FURAT(1H1,//7AjU,///1OX,sMEAN INITIAL WATER DEPTHS IN FIELD IN ME

1TK(S*/)
1157 FUR'A1(/4X,*M	 1	 2	 3	 5	 6	 7	 8

1 9	 10	 11	 12	 15	 1ê	 15	 16	 17	 18	 19
220	 21*/)

1 FORi'lAT/3X,i2,1X,21F6.1)
END

C
SUBROUTINE CHEZT (NMAX.MMAX)

C
C	 SUUROUIINE. CHEZY READS ALL CHEZY COEFFICIENTS WHICH REPRESENT
C	 AN AVt.KA(, VALUE FOR THE BOTTOM ROUGHNESS
C

COMMON SE(21i21). SEMC21.21), SEP(21,21). U(21.21). UM(2121).
1 UPI1,21). V(21.21), VM(21,21), VPI2I.21). C121.21). H(21.21).
2 NAU(40), MbU(0), M000(3), NUI3D(3). T1TLI12)e XIA(980), XIB(980),
3FLOW(21,21)	 -

NO15
IF(NMAX.LT.NU ) NU:NMAX
DO 10 M1,MMAX
sEAD(5.3) U.(N,M) iN1iNO)

10 CONTINUE
IF(NMAX.LE.NO ) GO TO 12
NU=NO+1
00 11 M=1.MMAX
tIEAOI5,3) IL(N,M),1JNIJ,NMAX)

11 CONTINUE
12 CONTINUE

WKITE(6.9)	 ITIILIJ)'J1i7)
WP(ITEI6,1157)
00 15 JA1,MMAX

15 WNITE(6,l'e) JA,ICN,JA),N=1,NMAX)
METURN

3 FO*MriTt15F5.1)
9 FOUMAT(1H1,//7A10,///1OX,*MLAN INITIAL CHEZY COEFFICIENTS IN METRI

1C UNITS*/)

	

1157 F0MAT(/ q x,*M 	 1	 2	 3	 5	 6	 7	 8
19	 10	 11	 12	 1.3	 t'ê	 15	 16	 17	 18	 19
220	 21*/I

1e FORMAT(/3X,1,1X,21F6.0)
END

C
SURnUTIWE P1LOTKAF (IMAX,MMAX,NIND,NINDU,MINDO,PI,TIME,IQ)

C
C	 SUI3ROUIINE PLOT1CAF PLOTS THE VELOCITY VECTORS IN GRAPHICAL
C	 FORM
C

COMMON SEI21,21)s SEM(21.211, SEP(21.21), U(21,21). UM(21,21),
1 UP(21.21). V121.21). VM(21.21), VP(2121). C(21.21). H(21e21),
2 NRD(eO), MUOI t+UI, MOBD(3), NO8D(3)' TITL(12). XIA(980), XjB(980),
3FLUW( 21. 21)

DIMENSION XIAGE(21), TPAGE(21)
CALL STARTI)
IF (I.E0.2) CALL ILUTt0.0,15.12,-3)
IF I IQ.Et.5) CALL PLOT 121.68.0.U.-3)
IF(I.EU.+) CALL PLUT (21.68,15.12,-3)
DELI nX:U.47
DELTA YO.47
VELSCAL=DELI AX0.08
PLOTrAX=DEL I AX*4. 0
00 50 M1,MMAX
00 50 N:1,NMAX
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KMFLOATIM)
RN=FLOAT(N)
XPAGE(M)2. 15+(r1r4+O.5)sUELT*X
YPAGEIW =1 .+KW*UELTAY

50 CONIINUE.
NUM1

600 IF(WUM.EQ.ULNDJ GO TO 601
NSUCt4NBD(iiUM)1UUO0UU
WNL3fl C WUM )/1U0OU-WSCH*100
r4F=$JD( p%jUM )/100-WSRCH*10000-14*100
L:Nt3flINJM)-WSitCIIs1DUQ0OU-N*10O00-MF*100
NNN-1
K=MF
00 603 MK,L
MM=M.1
HEIGUT=SQKT(((UMIN,M)+UM(N,MM))*0.5)**2+((V(N,M)+V(NN,M)+VP(N,M)+
1VP(WN,M))*0.2)**2)

IFU1EIGHT.E.0,O) GO TO 603
HEIGHT =HE 1 GIl I * V EL S CAL
IF(HEIGHI.GI.PLUIMAX) GO TO 603
AN6LEATAW2II(vIW,l)+v(NN,M)+VP(N,MI+VP(NN,MIJ*0,5).(UM(N,M)+

1UM(N,MM)))
XCONDXPAGEIM)-IIEIGHT*SIN(ANGLE)*6.U/20.0
YCOK!YPAGEIN)+HE.I&HT*COSIAPIGLE)*6.U/20.0
ANGLE( AIJGLt.*1BU.O/PI)+27Q.0
CALL SYMB0LIXCOL),YC0RD,HEI6HT.83.ANGLE.-1)

603 CONTINUE
NUP4NUM+1
GO TO 600

601 CONTINUE
WA1

610 IFCWA.E.MIP1L)U) GO TO 611
MMU'DII4A)/1UU00U
N(3O1Mth3D(NA)/1UU0-M*100
NTOP=MOBD INA ) / 10-Ms10000-NBOT*100
DO 612 NNt3UT.N1OP
NN=N-1
HEI6HT=SRTtuM(N,M1**2IC (V(N,M)+V(NN,M)+VP(N,M)+VP(NN,M) )*0.25)

1**21
IFIII(1GIIT.Ew.U.OI GO TO 612
HEIGHT:HEIGHT*VE.LSCAL
IF(IIEIGIIT.c,I.PLuFMAX) GO 10 612
ANGLI=ATAPI2I( (VtN,4)+V(WN.M)+VI(N,M)+VP(NN,M))*O.25).UM(N,M))
XCOROXPAGEtM)-HE1GHT*SIN(ANGLE.)*6.0/20.0
YC0IflYPAIEINI+HLIGHT*COS(ANGLEJ*6.0/20.0
ANGLE(AN&LL*18U.O/II I +270.0
CALL SYMBULIXCONLhYCUP(D,HEIGHT,83,ANGLC.-1)

612 COiTINUE
1AN A + 1
GO TO 610

611 NA:1
620 IF(iA.Ew.NINUO) GO TO 621

N:rJoRoC'IA )/1U000U
'4LE:Fwouo I WA I /1000-N*100
'IHIG=IJOUD(NI% )/1O-N*10000-MLEF*100
1)0 622 M=MLLF,MKIG
MM-1
HEIGI1T=SI1ICTII(UMIN,M)+UM(N,NM))*Q.5)*s2+((V(N,M)+VPIN.M))*0.5)**2)
IF(HFIGIIT.EI.U.U) GO TO 622
HEIGF$1:II[I,I-iT*VLLSCAL
IF(HEIGHT.GI.PLUIMAX) GO O 622
ANGLL=ATAN2 C IV( N,) + VP( N. MJ), C UMC N,M) +UM( N, MM)) )
XCOKf)=XPAGEIMI-HEIGHT*SIN(AWGLE)*6.O/20.0
YCOt(DYPAGE(N)+HEIGHT*COS(ANGL*6.U/20.0
ANGLE=(ANGLL*18u.u/I'I 1+270.0
CALL SYMBOLIXCOI(L),YCORD,HEIGFIT,83,ANGLE,-1)
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622 CONTINUE
NA=NA+i
GO TO 620

621 CONTINUE
i4IOSCALO. 1
COKUXENXPAbE(MMAX)+(DELTAX/2.0)+WIDSCAL+0.6
CU4UYEN=YPs%,L. (1? +t.5*OCLTAY
CALL SVBOLtCUFcUxEFi.COKDYEN,wIDSCAL.66HLENGTH SCALE 	 8° N

VLLOCIIT	 0.08 M/SEC,90.0.66)
SCALENCOKDTEW+li.0*WIDSCAL
DELTflL3DEt. IAX*10.U/6.0
DW(L)XENCOKUXEW- I wXUSCAL/2. 0)
ClLL SYMBULIDUNL3AE,J,SCALEN,DELTAB,i6,90.0.-1)
FOKOXEIJ:DUFUXLPJ-ULLTAX*6. 0/20.0
SCALVELCUKUYEl+U .U*IOSCAL
CALL SYwfl3ULIIWL)XEIJ,SCALVL.L,OELTAX .83.0.0,-i)
CUIWxEr4:cuJxEN+.. 0*WIDSC4L
CALL SYM8ULICUKL1.EII,CUKDYF.M,WIDSCAL,66HINITIAL DEPTH 	 2'.0 N

1	 CHELY VALUE	 56.6 M(TRIC.90.0,66)
COHDXLN=CONUXEN+3. 0*WLDSCAL

	

CALL SY M BULICOP(DXCN.CUHDYEN,WIDSCAL,66HJET INFLOW	 CUMEC
1	 wEli( OUIFLOW	 CUMEC.90.0.66)

(NFLOW=O • 0
M1
DO 20 N1,NMAX
ENFLOW=ENFLUW+FLOW (N. N)

20 CONTINUE
CORDINCQIw,LN+1 q . 0*WIOSCAL
CALL NUMBEt(I COKDEN.COKOIN, WIDSCAL.ENFLOW.90.0 i-il
OUTFLOW=0 • 0
MMM4X
DO 21 N:1,NMAX
OUTFL0w0UTI-LOw+FLQIN. Ml

21 CONTINUE
CORDOUT=COKtJTEN+56.O*WIOSCAL
CALL WUp.E3Ep(IC4JpWXLN.CORUOUT.WIUSCAL,OUTFLOW,90.0,-i)
CORL)XEN:COPUXEN+3. 0*WIDSCAL
CALL SYMBULICOROXL?j,COKDYEN.WIOSCAL.66HJET VELOCITY 0.60 N/SEC

DEPTH OF JET	 5.0 P1,90.0,66)
d(NMAX1)/i
WIDTITLO.2
XBEGIIJXPAGL Ii)- IUELTAX/2.0)
YP3E.GIN=YPAGLI 1) -IOELTAY/2.U)
CO.WYYPAbE(J)-14.5*WIO(IIL
COHOXDELTA*+1.7
CALL SY8ULICUL1X,CUHDY,WIUTITL.30HJET CIRCULATION IN A RESEPVOIR,

19'J.U,30)
CUuDYNYPAGt(J)+2.O
COROXNCOtU+O • 5
CALL SY WU3OLICUHOXIJ,COKDYN,WIDSCAL,12HTIME IN HRS .90.0.12)
COIfflyJ=cOOJTN+WIDSCa%L*12 U
CALL NUMbEN ICONUXN,COKOYN.WIDSCAL.TIME.90.0.2)
KIMlAx+1)/
L=(N'AX+1)/
XCIKoI(xPA(,,.I rI)
YCIicoI(=1Pfl,t.(L.J
OIAM=FLiJAT IIMAX-2).ULL.TAX
RAI)It)S=u • 5.UIAII
THLTn1ATAN4 I U .75,4.75)*180.0/PI
THETn2=180.u-IA1AN2I0.2,q.75l*18O.U/P1)
TH(TA3360 • iJ-THETA1
THETA436O. U-THETA2
CALL DASHOI'IIê)
CALL CICAC1XCII<WI, YCIROR,KADIUS,THETA1,THETA2)
CALL CInHcIxczftw(,yCIKoR,ftADIUS,THETA3.THETAq)
CALL DASHOF
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DO 51 M:1,MMAX
XPAGE (M )=XPAbE CM) + (OELTAX/2.0)

51 CONTINUC
00 52 N=1,hiAX
YPAGFI1):YIAbIIU+(L)ELTAY/2.0)

52 COFTINUE
CALL PLUTIXULGIu.YPAGEC11).3)
CALL PLOTIxI'fl5I1) ,YPAGE(11).2)
CALL PLOTIx'AbEI1) ,YPAGLC15) .2)
CALL PLuTtXIAuEt2J,YPA(iLC1b),2)
CALL PLOTtx,'A6EI),TPAG(11).2)
CALL PLOTIAeAGC3),YPAGEC17).2)
CALL PLOT(XI'AGE(i),YPAGI1).2)
CALL PLOTIXp'AGEI'êI.YPAGE(18),2)
CALL PLOT(X'AGEIq),YPAGL(19I,2)
CALL PLOT(xI'AGEI6),YPAGE(19),2)
CALL PLOT IXi'A(E16) ,YPAGE(20),2)
CALL PLOTIXPAGE(15).YPAGE(20),2)
CALL PLOTIXIAGEI1)iYPAGEU9).2)
CALL PLoT(X,lGEU7 ,YPAGEI19).2)
CALL PLOTCXPAGEC17).YPAGE(18).2)
CALL PLOTCXI'AGI18),YI'AGE(18),2)
CALL PLt)TIx'AGEt18).YPAGEI17)i2)
CALL PLOT(i'AGEI19).TPAGE(17),2)
CALL PLOT(XF'AGL(19).YPAGCI15I,2)
CALL PLOT IXIAGE(2O) .YPAGEI15),2)
CALL PLUT(XiflGE(2U).YPAGEI12),2)
CALL PLOTIX)AGEI21).YPAGE(12),2)
CALL PL0T(xAGEI1).YPAGC9).3)
CALL PLUT(X)'A6EI2U),YPAE(9),2)
CALL PLOTCx1'AGECU).YPAGE(6).2)
CALL PLOT(X,AGEI19),YPflGI6).2)
CALL PLUTIXI'AGE(19).YPAGEI4).2)
CALL PLoTIX,'AGEI1d),TPAG(q),2)
CALL PLOT(Xb'AGEI18).YPAGEC3),2)
CALL
CALL PLOT IiAGEI17) .YPAGE(2).2)
CALL PLUTIXI 1 AGEI15) .YPAGEI2) .2)
CALL PLOT(XI'AGE(15).YPAGI1).2)
CALL PLOT(XtAGI6).YPAG(1),2)
CALL PLOTCXPAGEC6),YPAGEC2).2)
CALL PLOTIXtMGEI'+),YPAGEC2i.2)
CALL PLOTIX'AGEI4).YPAGEC3)i2)
CALL PLOTIXAGEI3),YPAGE(3),2)
CALL F'LOTIXsGE(5),YPAGE('4).2)
CALL PLOT(x)AGI2).YPAGLC4).2)
CALL PLOTIxiMGE(2) .YPAG(6).2)
CALL PLOHXIdAGC(1).YPAGE(6).2)
CALL PLOTCXI'AGE(1),YPAGE(1U).2)
CALL PLOT(Xt3LGIN.YPAGEI1O),2)
BO IWCX16. b+L)CL tAX
Y0P1G11J0.tJ
BOROEY11.6
CALL PLOTIDLLTAX.YORIGIN.3)
CALL PLOT (DLLTAX.L3ONOEY.2)
CALL PLOT(I3uHUEx.BOHDT,2)
CALL PLOT(UPUJX,YONIG1N.21
CALL PLuTIOLLTAX,vOitI6IN.2)
RETURN
END

JET INUUCLO CIRCULATION IN RESERVOIRS

80.000	 24U.U0U
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APPENDIX	 11

VELOCITY FIELDS FOR THE

JET CIRCULATION IN A

RESERVOIR AND THE TIDAL

CIRCULATION IN A HARBOUR



I

1

1

'I,

I',

1

'I,

'I,

1

"p

JET CIRCULATION IN A RESERVOIR
EXPERIIIENTRL RESULTS

LENGTH SCRLE	 6.0 CM
	

VELOCITY	 ' 8.0 CM/SEC

INITIRL DEPTH	 8.5 CM
	

ROUGHNESS - PLRNED HOOD

JET INFLOW	 750 CC/SEC
	

WEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 10.0 CM/SEC
	

DEPTH OF JET	 9.3 CM

FIGURE 15	 Measured Velocity Field for the High Flow Jet Inlet
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JET CIRCULATION IN A RESERVOIR

EXPERIMENTAL RESULTS
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LENGTH SCALE	 8.0 CM
	

VELOCITY —* 2.0 CM/SEC

INITIAL DEPTH	 8.5 CM
	

ROUGHNESS - PLANED WOOD

JET INFLOW	 210 CC/SEC
	

HEIR OUTFLOW	 210 CC/SEC

JET VELOCITY 3.0 CM/SEC
	

DEPTH OF JET	 8.0 CM

FIGURE 16	 Measured Velocity Field for the Low Flow Jet Inlet
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JET CIRCULATION IN A RESERVOIR

EXPERt MENTRL RESULTS
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VELOCITY	 L 6.0 CMi'SEC

INITIRL DEPTH	 120 CM
	

ROUGHNESS - PLRNED 11000

JET INFLOW	 750 CC/SEC
	

hEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 7.0 CM/SEC
	

DEPTH OF JET	 13.3 CM

FIGURE 17	 Measured Velocity Field for the High Flow Jet Inlet

with an Increased Depth
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JET CIRCULATION IN A RESERVOIR

TIME IN SECS 144
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LENGTH SCALE	 8.0 CM	 VELOCITY	 D 8.0 CM/SEC

INITIAL DEPTH	 8.5 CM	 CHEZY VALUE	 438 SI UNITS

JET INFLOW	 750 CC/SEC	 WEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 10.0 CM/SEC	 DEPTH OF JET	 9.3 CM

FIGURE 18	 Computed Velocity	 Field for the High Flow Jet Inlet
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JET CIRCULATION IN A RESERVOIR

TIME IN SECS 144
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LENGTH SCRLE	 8.0 CM
	

VELOCITY	 D 8.0 CM/SEC

INITIAL DEPTH	 8.5 CM
	

CHEZY VALUE	 438 SI UNITS

JET INFLOW	 750 CC/SEC
	

WEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 10.0 CM/SEC
	

DEPTH OF JET	 9.3 CII

FIGURE 19	 Computed Velocity Field for the High Flow Jet Inlet
witha No-Slip Boundary Condition
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JET CIRCULATION IN A RESERVOIR

TIME IN SECS 144
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LENGTH SCALE	 8.0 CM
	

VELOCITY	 8.0 CM/SEC

INITIAL DEPTH	 8.5 CM
	

CHEZY VALUE MOODY DIAGRAM

JET INFLOW	 750 CC/SEC
	

WEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 10.0 Cu/SEC
	

DEPTH OF JET	 9.3 CM

FIGURE 20	 Computed Velocity Field for the High Flow Jet Inlet with the

Chezy C being a Function of the Local Reynolds Number
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JET CIRCULATION IN A RESERVOIR
TIME IN SECS 144
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INITIAL DEPTH	 8.5 CM
	

CIIEZY VALUE	 438 SI UNITS

JET INFLOW	 750 CC/SEC
	

WEIR OUTFLOW	 750 CC/SEC

JET VELOCITY 10.0 CM/SEC
	

DEPTH OF JET	 9.3 CII

FIGURE 21	 Computed Velocity Field for the High Flow Jet Inlet Using
the Velocity Magnitude for the Components of the Shear Velocity
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JET CIRCULATION IN A RESERVOIR

TIME IN SECS 144
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VELOCITY	 2.0 CM/SEC

INITIAL DEPTH	 8.5 CM
	

CHEZY VALUE	 438 SI UNITS

JET INFLOW	 210 CC/SEC
	

I'lEIR OUTFLOW	 210 CC/SEC
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FIGURE 22	 Computed Velocity Field for the Low Flow Jet Inlet
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JET CIRCULATION IN A RESERVOIR
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FIGURE 23	 Computed Ve'ocity	 Field for the High Flow Jet Inlet

with an Increased Depth
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TIDAL CIRCULATION IN A HARBOUR

EXPER IMENTAL RESULTS
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Figure 2kb

FIGURE 2k	 Observed Velocity Fields for Different L/B Ratios
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TIDAL CIRCULATION IN A HARBOUR

EXPERIMENTAL RESULTS
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FIGURE	 Continued
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 158
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FIGURE 25a	 Computed VeIocity Field for the Ebb Tide with 1/B 	 1.0
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 476
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FIGURE 25b	 Computed Velocity Field for the Flood Tide with 1/B = 1.0
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 158
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FIGURE 26a	 Computed Velocity Field as in Figure 25a with a
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178



I

I

I

S

I

S

S

I

S

.

a

I

I

TIDAL CIRCDL'ATION IN A HARBOUR

TIME IN SECS 475

.	 .	 S	 S	 S	 S	 S	 S	 •	 S	 •

4	 .	 S	 S	 I	 I	 I	 •	 I	 S	 S

a	 a	 a	 a	 I	 I	 I	 I	 •

a	 .•	 a	 a	 a	 a	 •	 •	 .

'4.	 - #	 ,	 a	 a	 a	 a	 •	 .

—4	 -. S.	 ••	 ••	 S.	 S	 a	 a	 I

	

p	 \pp \p \i
	

-.	 .5.	 a.	 .•	 .'	 ..	 a	 a	 a	 I

	

1	
,	 -a......	 .'	 .'	 a	 a

It\,' \,	
\\.4-a a.	 .• - S. •• S

tp \p \p 

\\.44..4—aa. - . . a as

LIP IP	 \,	 -	

51 as

'P	 \ 
\\lbS-4	 .5. - .5. S. S. a

I 'P 'P \, \ \ 4%, .4-...-. 5... S. a a

1.	
' 

'P 'P \ \	
.4-. .51.515. S. S. a #

1	 ,	 \p	 \p \ 'i	 .	 -. -. -. 
.1 5.	 S.	 a	 a

1	 %	 'I	 'II	 •4.	 -, -. -. .. -.	 5.	 S.	 a	 a	 a

I % %	
4. .4 -. -. -. -. -4 5. - a a

I	 .	 4.	 4. 4. a, 4, -. -. -4 -I -4 -S	 5.	 4	 -	 S

S 4 4	 -, •4 4,	 -4 —4 -5 -5 -S a a a S

LENGTH SCALE	 4.0 CM
	

VELOCITY	 0.4 CM/SEC

MEAN DEPTH	 13.74 CM
	

CHEZY VALUE 422 SI UNITS

WAVE PERIOD	 634 SECS
	

WAVE AMPLITUDE	 3.08 CII

FIGURE 26b	 Computed Velocity Field as in Figure 25b with a
Wider Entrance
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TIDAL CIRCULATION IN A HARBOUR

TINE IN SECS 156
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FIGURE 27a	 Computed Velocity Field for the Ebb Tide with L/B 	 0.58
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TIDAL CIRCULATION IN A HARBOUR
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WAVE AMPLITUDE	 3.08 CM

FIGURE 27b	 Computed Velocity Field for the Flood Tide with L/B - 0.58
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FIGURE 28a	 Computed Velocity Fie'd for the Ebb Tide with L/B = 1.73
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 475
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FIGURE 28b	 Computed Velocity Field for the Flood Tide with L/B - 1.73
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 158
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FIGURE 29a	 Computed Velocity Field for the Ebb Tide with L/B	 3.8
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 475
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WAVE PERIOD	 634 SECS
	

WAVE AMPLITUDE	 3.08 CM

FIGURE 29b	 Computed Velocity Field for the Flood Tide with L/B 	 3.8
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 158

LENGTH SCALE	 5.3 CM	 VELOCITY	 0.6 CM/SEC

MEAN DEPTH	 13.74 CM	 CHEZY VALUE 405 SI UNITS

WAVE PERIOD	 634 SECS	 WAVE AMPLITUDE	 3e08 CM

FIGURE 30a	 Computed Velocity Field with a Channel Entrance
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TIDAL CIRCULATION IN A HARBOUR

TIME IN SECS 475
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FIGURE 3Db	 Computed Velocity Field with a Channel Entrance
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JET CIRCULATION IN A RESERVOIR

TIME IN MRS 4.00
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JET INFLOW	 240 CUMEC	 HEIR OUTFLOW	 240 CUPIEC

JET VELOCITY 0.12 P1/SEC	 DEPTH OF JET	 24.68 P1

FIGURE 31	 Computed Velocity Field for the Full Depth Jet Inlet
(No Coriolis)
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JET CIRCULATION IN A RESERVOIR

TINE IN lIRS 4.00
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LENGTH $CRLE	 80 N
	

VELOCITY	 0.08 N/SEC

INITIAL DEPTH	 24.0 H
	

CHEZY VALUE 56.6 METRIC

JET INFLOW	 240 CUPIEC
	

hEIR OUTFLOW 240 CUMEC

JET VELOCITY 0.60 N/SEC
	

DEPTH OF JET	 5.0 N

FIGURE 32	 Computed Velocity Field for the Shallow Jet Inlet
(No Coriolis)

189



I
I

I

I

I

I

I

.1

.1

1

JET CIRCULATION IN A RESERVOIR

TIME IN HRS 4.00

LENGTH SCALE	 80 K
	

VELOCITY	 D 0.08 P1/SEC

INITIRL DEPTH	 24.0 M
	

CHEZY VALUE	 56e6 METRIC

JET INFLOW	 240 CUMEC
	

WEIR OUTFLOW	 240 CUMEC

JET VELOCITY 0.60 P1/SEC
	

DEPTH OF JET	 5.0 P1

FIGURE 33	 Computed Velocity Field as in Figure 32 Excluding the
Convective Accelerations
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JET CIRCULATION IN A RESERVOIR

TIME IN HRS 4.00
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LENGTH SCALE	 80 P1	 VELOCITY	 D 0.08 P1/SEC

INITIAL DEPTH	 24.0 N	 CHEZY VALUE	 66.6 METRIC

JET INFLOW	 240 CUMEC	 HEIR OUTFLOW	 240 CUMEC

JET VELOCITY 0.60 M/SEC 	 DEPTH OF JET	 6.0 M

FIGURE 3k	 Computed Velocity Field as in Figure 32 Excluding the
Effective Stresses
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LENGTH SCRLE	 80 II
	

VELOCITY	 0.08 H/SEC

INITIRL DEPTH	 24.0 H
	

CHEZY VRLUE	 56.6 METRIC

JET INFLOW	 240 CUMEC
	

I4EIR OUTFLOW	 240 CUtIEC

JET VELOCITY 0.60 H/SEC
	

DEPTH OF JET	 5.0 H

FIGURE 35	 Computed Velocity Field as in Figure 32 Excluding the
Bottom Roughness Stress
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JET CIRCULATION IN A RESERVOIR

TINE IN HRS 4.00
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FIGURE 36	 Computed Velocity Field as in Figure 32 with a
Reduced Depth
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JET CIRCULATION IN A RESERVOIR

TIME IN FIRS 4.00
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FIGURE 37	 Computed Velocity Field as in Figure 32 with a V-Shaped
Reservoir Bed
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JET CIRCULATION IN A RESERVOIR

TIME IN HRS 4.00
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FIGURE 38	 Computed Velocity Field for the Shallow Jet Inlet
Including the Coriolis Force
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JET CIRCULRTION IN A RESERVOIR
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FIGURE 39	Computed Velocity Field as in Figure 38 with a 7.5 rn/sec
Northerly Wind

196



JET CIRCULATION IN A RESERVOIR
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FIGURE 4O

	

	 Computed Velocity	 Field as in Figure 38 with a 7.5 rn/sec
Southerly Wind
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JET CIRCULATION IN A RESERVOIR

TIME IN HRS 4.00

Wind
Direction

— p 

_..r	 c.- s..... • ...
,	 '••%

.4',,,

/	 '%	 \

I,
I	 1	 1	 1,	

'	
I4	 ,

__J /
-1'	 t	 T	 r	 r

a
1.11 I11	 __	 rTttt

. ,t 11	 __	 Itt It.

•	 I	 t	 t	 t	
'	 1	

___	 F	 I	 I	 I	 I	 t	
a

•	 ,	 ,	 I	 I	 /	 IT	 r	 t	 i	 S	 •

• 	

d	 .11	 7	 t	 t

It	 \	 ..	 ,'	 I

	

I	 7	 t

-. / F	 F	 ?•

F	 /	 ..	 •.	 S	 •.\ .	 %

\	 11
I	 I	 %	

11	

4P	 P	 i	 p	

•

	

..	 %	 ..	 #	 P	 p	 p/.

I	 '4 /

	

'	 ..	 ..	 I	 '4	 ••	

..	 -

S..--
.	

.1	

.	 •

—: 1 I

111

LENGTH SCALE	 80 M	 VELOCITY	 0.08 H/SEC

INITIAL DEFTH	 24.0 P1	 CHEZY VALUE	 56.6 METRIC

JET INFLOW	 240 CU1IEC	 HEIR OUTFLOW	 240 CUPIEC

JET VELOCITY 0.60 h/SEC	 DEPTH OF JET	 5.0 Ii

FIGURE 1+1	 Computed Velocity Field as in Figure 38 with a 7.5 rn/sec
Westerly Wind
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JET CIRCULATION IN A RESERVOIR
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DEPTH OF JET	 24.68 P1

FIGURE 2	 Computed Velocity Field for the Full Depth Jet Inlet with
a 7.5 rn/sec Westerly Wind
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JET CIRCULATION IN A RESERVOIR
TIPIE IN FIRS 4.00

LENGTH SCALE	 80 P1	 VELOCITY	 D 0.08 tI/SEC

INITIAL DEPTH	 24.0 P1	 CHEZY VALUE	 56.6 METRIC

JET INFLOW	 180 CUMEC	 WEIR OUTFLOW	 118 CUMEC

JET VELOCITY 0.48 P1/SEC	 DEPTH OF JET	 4.7 P1

FIGURE L+3a	 Computed Velocity Field for the Sinusoidal Weir Outflow
at the Mean Discharge Level
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TIDAL CIRCULATION IN A HARBOUR
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PLANFORM INFLUENCE ON FLUSHING AND CIRCULATION IN SHALL HARBORS

by

1	 2	 3
Ronald B. Nece , Roger A. Falconer , and Toshiro Tsutsumi

ABSTRACT

Laboratory data showing the influence of planforin geometry on the
tia1 flushing characteristics of small harbors of simple surface shape. The
tide ranges, water depths, and planforxn areas are typical of those encountered
in small-boat marinas in Puget Sound, Washington. Each harbor investigated
had a single, asymmetric entrance.

Flushing and circulation patterns within such harbots depend strongly
upon the characteristics of the angular momentum established within the basin
and upon the effective penetration distance into the basin of the stream of
ambient water entering the harbor on the flood tide.

Experimental results confirm that best gross tidal flushing occurs
when rectangular harbors have an aspect ratio L/B near unity, and that round-
ing interior corners of the basin has little effect on the gross tidal f lush-
ing but does improve local exchange. Aspect ratios LID le;s than 3 lead to
the creation of more than one circulation cell (gyre) within the basin.

INTRODUCTION

This paper reports on a laboratory study of tide-induced circulation
in small, constructed harbors. Effects of wind and waves upon water motions
within the harbors are not considered.

The study was keyed to the continuing demand for more small-boat
marinas in Puget Sound, Washington. A common construction approach is to
dredge the marina basin from a tideflat area, with the dredged material pro-
viding fill for parking lots, dry land work and storage areas, etc. A break-
water is provided on the seaward side, usually with a single asymmetric
entrance located to provide best wave protection. Surface areas typically
range from 10 to 30 acres, with provisions for from 200 to 800 boat moorages.
Such marinas can truly be classified as "small" harbors.

Questions related to water quality are of considerable importance in
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the planning and design of such harbors. Of particular concern in the Puget
Sound area is the potential impact of water quality in marinas on fish, par-
ticularly migrating junenile salmon. Poor tidal flushing can lead to detri-
mental. algal growths and low dissolved oxygen contents, dangerous to the
iigrating fish. It becomes imperative in the design of new marinas, and in
the design evaluation leading to the legal permission to proceed with con-
,&truct,ion, that both the gross tidal flushing and the local circulation
patterns within the proposed basins be considered. The particular concern
of the present study is the question of how much the basin planforrn geometry
affects the overall exchange and the internal circulation patterns.

The approach followed has been to utilize physical models. Numerical
modeling procedures have been employed to study flow fields in existing small
harbors (e.g., Grubert (1)), but in order to predict actual water exchanges
a convective-diffusion solution would have to be superimposed on the hydro-
dynamic solution. Efficacy of the numerical techniques depends upon a valid
determination of the separation streamline of the flood currents around the
edges of the harbor entrance and on the time-and-space unsteady circulation
cell which is initially engendered by this separation phenomenon, as well as
upon the correct representation of diffusion coefficients. For designed but
not built basins, the physical model approach has been considered the more
economical and graphical approach to a combination of design tool and screen
(2).

The laboratory tests described here utilized single-fluid vertically
distorted models with a 10:1 distortion ratio. Such models do not properly
scale diffusion-dispersion processes (3); therefore, the assumption must be
made the convective transport is the dominant mode of water exchange and
that diffusion p se is of less significance, allowing the use of tracer
dyes in the model. This assumption has been used in a number of specific model
studies of tidal exchange in small harbors subject to fairly large tides,
where tidal currents are the dominant circu1aton fentura (2). fleld verif i-
cation studies of water exchange are still needed; the models do reproduce
depth-averaged velocities in the small harbors (4).

Because the tidal currents are indeed quite strong in the basins
modeled it is safe to ignore Coriolis as well as wind and wave effects, and
because the basins are relatively short and deep the absence of a friction
calibration is not viewed as a major concern. Results are restricted to
non-stratified harbors having no fresh water inflow; this is indeed the
situation for the well-mixed water bodies which have been Investigated so far
in the Puget Sound marina studies. These limitations are listed here because
they do restrict the generality of the results.

RANGE OF TESTS

The laboratory studies were treated as model studies of idealized
basin shapes. The scale ratios were 1:500 horizontal, 1:50 vertical. Tides
were restricted to repetive, sinusoidal tides of constant period of 10.52
minutes In the model corresponding, via Froude law scaling relations, to a
12.4-hour semi-diurnal tide.
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Cross water exchange (flushing) was deterined by measuring changes in
the concentration of fluorescent dye Rhodamine-WT in the basin over a number
of cycles. Ink dye was used for visual observation of internal circulation
patterns. Laboratory techniques and details of the tidal mode]. basin used
have been described previously (2,4).

Flushing data are presented in terms of E, the average per-cycle
exchange coefficient, defined as that fraction of the water in the basin at
high water slack which is removed from the basin and replaced by ambient
water during the cycle ending at the next high water slack. The choice of
selecting the period from high-water to high-water is arbitrary, but leads
to a simple comparison with the tidal prism ratio, defined conventionally as

Tidal Prism Ratio(TPR)	
(Basin Vol. at High Tide)-(Basin Vol.at Low Tide)

Basin Volume at High Tide

where the numerator is known as the "tidal prism." A "flushing efficiency"
is defined as

11 -	 x 100, percent

and compares measured water exchanges with those predicted by the simple tidal
prism theory.

-	 Three planfornis—rectangular, rectangular with rounded corners, and
circular--were investigated. For simplicity, vertical walls and horizontal
basin bottoms were used in all cases. The basin planforms and notation used
are shown in Figure 1. Semi-circular "jetties" were used at the entrance in
each case.

The basin area was maintained at 1.25 x io 6 square feet (28.7 acres).
The equivalent L/B - 1.00 basin (which was not tested) has a side length of
1180 feet, or approximately 0.2 ml. The mean depth d within the harbor was
16 feet, taken at mean water level. The three tide ranges used in the tests
were: neap, 4 feet; mean, 8 feet; spring, 12 feet. These values are repre-
sentative of small boat basins in Puget Sound. The range of L/B in the rec-
tangular basin tests varied from 0.20 to 5.00, more than spanning the usual
range of aspect ratios found in such small harbors with single entrances
aligned with one side wall. Entrance widths v were 125. 250, and 500 feet;
the first is the most representative of field dimensions, and is emphasized
most in following results. Data are presented in terms of equivalent proto-
type dimensions.

TIDAL 1USHING

Essentials of the flushing (water exchange) test results are summarized
in Figure 2 on which are shown data for three entrance widths w, three tides
H, for rectangular basins over the aspect ratio'L/B range 0.2 to 5.0. No data
points are shown on Figure 2; a representative set is shown on Figure 3, illus-
trating the degree of experimental scatter which can be obtained in the rather
sensitive exchange tests.
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A few conclusions are apparent. Over the range of L/B from 2/3 to
3.2 there is relatively little variation in exchange coefficient E for a given
tide range U. The overall flushing falls off markedly for L/B less than 1/3
and greater than 3. This trend holds for the narrow entrance widths w. The
dip in the E-curve near L/B - 1.0 is confirmed by the test points in Figure
3. At the larger tides H, the narrower entrance generally produces better
overall flushing. As H decreases, the flushing efficiency increases; this
behavior has been noted on model studies of specific marinas having the very
short entrance channel lengths used in the present tests.

Effects of LIB and w noted above are linked to the angular momentum of
the complex flow within the harbor. The preservation of this angular momen-
tum, associated with the deflection of flood tide flows through the entrance,
is especially Important to the internal circulation and, hence, harbor f lush-
ing. Circulation cells, or gyres, are created on the flood tide flow by
moments of effective stresses associated with flow separation past the break-
water. These cells grow in both circulation strength and in size until they
occupy a significant part of the basin, and may persist weil into the ebb
phase of the tidal cycle. As a consequence of the angular momentum established
within the basin, even in the absence of longshore currents ebb flows are often
skewed instead of leaving the basin in a direction parallel to the entrance
axis. Higher velocities occur near the basin perimeter, and lower velocities
near its center. These conditions in some respects are comparable to those
occurring when tangential entrance jets of small size are used to produce a
slow-moving large-scale circulation in water supply reservoirs (5). This
angular momentum allows the inf lowing ambient water to sweep past a major
portion of the interior boundaries of the basin without losing its identity
through diffusion. Thus, factors which contribute to increased angular mo-
mentum would be expected to impr@ve overall flushing.

li preliminary simple angular momentum control volume analysis was made
which considered shear forces on the walls and bottom of the basin and pressure
forces on the walls; these would enter calculations of angular momentum about
a vertical axis at the basin center. While details of these forces were not
considered because interior velocities were not known, it was demonstrated
that the optimum rectangular planform for maximizing the interior velocities
at any instant of time is a square, L/B 1.0 (6). For a constant surface area
A the square planform has the minimum boundary perimeter, so that for a given
H, v combination there is the greatest possibility in such small harbors that
the ambient water entering as a two-dimensional jet will be able to circuin-
navigate the basin. Water which so completes the circuit around the boundary
has a velocity component along the breakwater side of the basin as it approach-
es the entrance from within (clockwise, in Figure 1); if this not fully mixed
ambient stream reaches the entrance at about high water slack some of it will
be deflected back into the basin but some will exit the basin and not accomp-
lish any effective exchange. The dips on the E-curves near L/B - 1.0 on
Figures 2 and 3 reflect this phenomenon.

The 125-foot entrance width w is narrow enough to lend itself to the
above reasoning over the full L/B range tested, and the 250-foot width nearly
so. For the 500-foot width, tested for the 8-foot tide only, at small L/B the
entrance width approached L and for large L/B for the constant surface area
the width v approached B, and in neither case do the foregoing angular momen-
tum considerations apply. Actual entrance widths are seldom much less than
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the smallest (125 feet) valve tested, due to navigation considerations.

The reason for the fall-off in E for L/B less than 1/3 and greater
than 3 viii be discussed in the next section.

Figure 4 shows there is little difference in gross flushing perform-
ance between the rectangular and rounded-corner basins of equal aspect ratio.
The benefit of the rounded interior corners is that local separation zones,
hence areas of relatively stagnant water, are eliminated; this is a point of
concern to fisheries resource managers.

Figure 5 reflects the data of Figure 2, and indicates more clearly
that the flushing efficiency for these short-entrance basins increases as
the tide range H decreases. This is contrary to what can happen if entrance
channels are longer or if exterior constraints such as a detached breakwater
located athwart the channel axis Impede the free exchange of basin and ambient
waters, so that at the smaller tide ranges some of water exhausted from the
basin on the ebb is returned to the basin on the flood.

Figures 6 and 7 indicate very little difference In the flushing per-
forTnance of rectangular and rounded-corner basins with L/B 1.0 and of a
circular basin of the same surface area. At the "mean" tide of 8.0 feet
flushing coefficients are nearly identical, and all exchange coefficients are
above 80 percent. Extrapolation of these results to tide ranges of less than
4 feet may not be safe. It also is pointed out again that the combination of
A, H, and d tested apply to limited geographical areas.

CIRCULATION PATEBNS IN HARBOR

Insight into the mechanisms of the tidal flushing process can be gained
be considerIng the path and distance penetratod into thc harbor on tho flood
tide by the inflow stream of ambient water and by relating this distance to
the planform geometry of the basin. This section deals with a simple corre-
lation of these quantities.

Experimental results are shown in Figure 8 for two tidal ranges for
each of four harbor geometries. Small tubular drogues, weighted to provide
adequate vertical penetration so that the drogues move with the local depth-
averaged velocity, were released at the center of the entrance at the time
of mean water level crossing and were tracked through the basin for the sub-
sequent one-quarter cycle to high water slack. The locations of the drogues
at one-eight and one-fourth of the tidal period T after release are indicated,
a well as the paths followed. The effect of doubling the range H from 4
feet to 8 feet is apparent.

For the elongated basIns of L/B - 3.20 and L/B 0.31, the drogue paths
indicate how two circulation cells are developed in the harbors. For the in-
let orientation shown the cell near the harbor entrance is clockwise in each
ease, while that in the rear portion of the harbor is counterclockwise. The
drogue pathilnes for these two configurations do not show that part of the
ambient water stream does not follow the plotted pathline into the rear sec-
tion of the harbor but rather moves into the gyre in the front section of the
harbor. Figure 8 indicates pathlines for water entering at the time of mean
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water level crossing. Mibient water entering the basin prior to this time
on the flood tide has followed much the same path after initial development
of the cell inside the harbor entrance; as a consequence, at the time of high
vater slack there are currents moving along the walls of the harbor and to-
yard the mouth.

For purposes of comparison, a penetration distance p has been defined
as the distance traveled along its pathline by a particle of water which
enters the basin at the time of the mean sea level, crossing, which for prac-
tical purposes in an entrance of the type used in the present study is the
time of maximum velocity of the flood tide current. The flood current has
maximum or near-maximum momentum at this arbitrarily selected but convenient
time, and from consideration of conservation of m mentum of the inflow "jet"
it possesses the capability of penetrating a maximum distance into the basin
in a finite time. The following simple analysis considers the penetration
distance p at high water slack, a time T/4 after water entrance into the
basin. Notation is shown in the definition sketch, Figure 9. The rounded
jetties used in the tests minimized contraction of the inflow as it passed
through the inlet, so that a one-dimensional condition of uniform velocity
V0 over the entrance area wd could be a reasonable assumption.

The inflow stream initially flows parallel to one wall in the harbor
planforms studied, but in all cases ultimately deflects from its initial
direction. The choice remains, in a simple momentum correlation, whether to
employ a vail-jet analysis or a slot-jet analysis. In either case, neither
of which matches the physics of the tidal currents in the small harbors, the
expression for the velocity v along the streamline of maximum velocity is

- c)"2

Values of the constant C are 3.45 for the wall-jet (7) and 2.28 for the slot-
jet (8), respectively. Assuming that the steady flow relations can be applied
to a water particle moving along this streamline, integration of the expres-
sion v dx/dt along the initial direction of motion, x, gives

2/3 2/3 113 2/3
X II (C)	 V	 V	 t

0

It remains to relate V0 to the tidal range and to the basin geometry.
Applying the simple one-dimensional continuity equation for a sinusoidal tide
of range II and period T to the basin of planform area A and inlet cross-sec-
tional area wd at the mean water level, V 0 at this time is given by

irK A
V- - -
0 T wd

Interchanging the penetration distance p for the distance along the x-direc-
tion gives

•	 )2/3 B2/3 (A)'	 2/3-	
•	 1/3 - •V
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where n the fractional part of the tidal cycle after t 0 at which p is
evaluated.

:. The results of Figure 8 have been replotted in Figure 10, in which
the maximum value n 1/4 represents conditions at high water slack. The
slot-jet value of C 2.28 was used because it correlates more closely with
the experimental observations; the wall-jet empirical constant C over-predicts
the penetration. Numerical agreement with the jet models considered could
not be expected, but the test results do show agreement in the form of the
penetration distance vs. time relationships. Therefore, the form of the last
equation given above can be used to predict changes in the ambient-water pene-
tration into a harbor with variations in tidal range H or in harbor geometry
parameters A, d, and w.

CONCLUSIONS

The effect of planform geometry upon the tidal flushing characteristics
of small harbors with single asymmetric entrances has been studies for simple,
rectangular basins in which wind and stratification effects are negligible and
tidal action is the dominant flow-producing mechanism. When harbor aspect
ratios exceed 3 or are less than 1/3, multiple circulation cells exist within
the harbor and the basin-average tidal flushing is reduced. So long as the
aspect ratio is kept within these limits there is relatively little variation
in the tidal exchange coefficient, E, with L/B for a given tidal range H, al-
though best flushing occurs when the aspect ratio is close but not necessarily
equal to unity, the value predicted by simple considerations of angular momen-
tum of the internal tidal currents.

The experimental data indicate that rounding interior corners of the
harbor does not improve the gross flushing. The elimination of sharp interior
corners does, however, eliminate local stagnation zones and thus improves local
water exchange and local water quality. This latter consideration is intportait
to the safety of fish which pass through or temporarily reside in small-boat
basins of the size range tested. In the Puget Sound area of Washington, this
point is of particular concern in the safe migration of juvenile salmon. Fig-
ure 11 illustrates changes in typical marina planform shapes for small-boat
basins in the Puget Sound region which have in some part been brought about
by considerations of tidal flushing and internal circulation patterns, parti-
cularly the latter.

Results of this study may be used to answer some of the hydraulic
questions considered in the design of such harbors and may reduce the need for
individual model studies on a case-by-case basis.
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