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Keywords: In this article, cache blocking is implemented for the Navier Stokes equations with anti-aliasing support on
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Kernel fusion

High performance computing
Tensor product factorisation
Flux reconstruction
Computational fluid dynamics

unnecessary data movements between kernels at the main memory level. Specifically, kernels that exchange data
are grouped together, and these groups are then executed on small sub-regions of the domain that fit in per-core
private data cache. Additionally, cache blocking is also used to efficiently implement a tensor product factorisation
of the interpolation operators associated with anti-aliasing. By using cache blocking, the intermediate results
between application of the sparse factors are stored in per-core private data cache, and a significant amount
of data movement from main memory is avoided. In order to assess the performance gains a theoretical model
is developed, and the implementation is benchmarked using a compressible 3D Taylor-Green vortex test case
on both hexahedral and prismatic grids, with third-, fourth-, and fifth-order solution polynomials. The expected
performance gains based on the theoretical model range from 1.99 to 2.83, and the speedups obtained in practice

range from 1.51 to 3.91 compared to PyFR v1.11.0.

1. Introduction

Achieving a target accuracy level with as little computational cost
as possible has always been an important goal in Computational Fluid
Dynamics (CFD). To this end, various numerical discretizations have
been developed and improved over the years. For example, compact
high-order discretizations for unstructured grids, such as Discontinuous
Galerkin (DG), Spectral Difference (SD), and Flux Reconstruction (FR)
schemes have been developed to enable accurate scale-resolving simu-
lations of turbulent flow in a tractable cost envelope. However, scale
resolving simulations of various industry-relevant high Reynolds num-
ber flows are still beyond the reach of high-order methods even when
using national laboratory scale supercomputers. This has led researchers
to investigate ways to utilize available computational power more effi-
ciently. Changing the arithmetic intensity of kernels can be a way to
achieve this. For example, an alternative mathematical form of a given
operation may require fewer FLOPs and this may lead to a better arith-
metic intensity for a particular hardware. Another example is kernel
fusion, which reduces the data movements between processor and mem-
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ory, and therefore increases the arithmetic intensity [1-3]. Depending
on the arithmetic intensity profile of the kernels and the target hard-
ware, these methods can be used to achieve better performance.

In recent work, the authors implemented a cache blocking strat-
egy as an alternative to kernel fusion to reduce bandwidth requirement
for an FR code for Euler equations without anti-aliasing on hexahedral
meshes [4]. Cache blocking reduces main memory accesses by using L2
cache as a buffer storage for intermediate and temporary data in a set of
kernels that exchange data, which we will refer as a kernel group in the
remainder of this article. As long as the L2 cache is big enough for storing
the temporary data, cache blocking has all the benefits of kernel fusion
in terms of bandwidth reduction without any downsides [4]. Further-
more, the cache blocking approach is easy to implement, and changing
the configuration of kernel groups or adding new kernels into the exist-
ing kernel groups is simple and straightforward. Here, we extend this
previous work to support Navier-Stokes equations with anti-aliasing
on mixed element meshes. Extension to Navier-Stokes solver enables
real-world viscous simulations and it is necessary to use anti-aliasing
in order to remain numerically stable for certain physical simulations
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Nomenclature

Indices

e Element type

n Element number

a Field variable number
i,j,k Summation indices

¢,o,v Summation indices
Domains

Q Solution domain

Q, All elements in Q of type e

Q, A standard element of type e
Q,, Element n of type e

|| Number of elements of type e
Expansions

p Polynomial order

Py Quadrature order
Np Number of spatial dimensions
Ny, Number of field variables

Adornments and suffixes

[l A quantity in transformed space

] A vector quantity of unit magnitude
0w A quantity at a solution point

0@ A quantity at a quadrature point

aw A quantity at a flux point

6o A quantity at a surface-quadrature point
OYY A normal quantity at a flux point

[0¢92) A normal quantity at a surface-quadrature point
Operators

¢, Common solution at an interface

S Common normal flux at an interface

such as turbulent flows that are marginally resolved [5]. Additionally,
supporting mixed element meshes provides flexibility for complex ge-
ometries.

There are three important aspects to consider for the aforementioned
extensions. First, compared to an Euler solver, a Navier-Stokes solver
has more kernels and this introduces more constraints on how they can
be grouped together. Next, a direct implementation of anti-aliasing re-
sults in additional dense operators as well as changing many of the
existing sparse operators in the Navier-Stokes solver into dense oper-
ators. This results in FLOP limited kernels due to the sufficiently high
arithmetic intensity associated with the dense operators. However, an
alternative method for implementing anti-aliasing is using sum factori-
sation, which was initially proposed by Orszag [6] for spectral methods
and later adapted and used for spectral/hp element methods by Sher-
win and Karniadakis [7]. A detailed analysis of sum factorisation carried
out by Cantwell [8] shows that sum factorisation can be effective only at
p =7 and beyond. Further studies also confirmed a similar trend [9,10].
Swirydowicz et al. [11] employed a slightly different strategy which fac-
tors the tensor product operators into sparse components by doing 1D
interpolations in every dimension one-by-one. Employing such a tensor
product factorisation strategy naively for these dense operators where
each factor is applied sequentially to the entire data set without cache
blocking results in significant increase in the bandwidth requirement,
and makes the operations bandwidth bound rather than FLOP bound.
Kernel fusion is a solution to this, but it requires not only a complex im-
plementation, but also makes the code architecture specific. Therefore,
we propose using the cache blocking strategy in conjunction with the
tensor product factorisation in order to eliminate the excess bandwidth
requirement. In short, the methodology we propose for anti-aliasing ef-
fectively trades off FLOP requirements with bandwidth requirements by
using a tensor product factorisation strategy, and then eliminates the
excess bandwidth requirement by employing a cache blocking strategy.
As a result, anti-aliasing kernels require significantly less FLOPs while
requiring similar or even reduced access to main memory. Finally, we
enable mixed element support including hexahedra, prisms, tetrahedra
and pyramids where tensor product factorisation is only used for hexa-
hedral and prism elements.

The paper is structured as follows. The FR formulation for the Navier-
Stokes equations including anti-aliasing is given in Section 2 alongside
with the kernels that implement these mathematical operations. Next,
current kernel execution order and the data movement requirements are
presented in Section 3. Anti-aliasing and its effects in terms of computa-
tional cost are discussed in Section 4. Then, an efficient implementation
of anti-aliasing in FR within the context of cache blocking is described

in Section 5. A kernel grouping strategy for the Navier-Stokes equations
including anti-aliasing support is given alongside the speedups obtained
in practice in Section 6. Finally, conclusions are discussed in Section 7.

2. Navier-Stokes formulation and kernels

Flux Reconstruction (FR) was first developed by Huynh in 2007 [12].
An overview of the FR approach for solving the Navier-Stokes equations
including anti-aliasing is presented in this section.

2.1. Formulation

The Navier-Stokes equations can be written in conservative form as,

Ma 4 g.g, =0 @
ot @
where « is the field variable index, u, = u,(x,t) are the conservative

field variables thus,

u=|pv, |, (2

and f = f(u, Vu) is the flux term that incorporates inviscid and viscous
fluxes thus f = f¢ — f?. First, the inviscid flux, f¢, is defined as

pUL POy pU;
pu)z{ +p PULU, ULV,
f(u) = pULD, i+ pvi +p [i+]| pvv, [k 3
PULD, PO, pv:+p
U (E+p) v,(E +p) v,(E + p)

where p is density, v,,v,, v, are velocity, p is pressure, E is total energy
per unit volume, and i, j, k are orthogonal unit vectors. The relation be-
tween the pressure and the total energy for a perfect gas is,

__ P 1 52 2 o
E—y_1+2p(vx+uy+vz), 4
where y is the specific heat ratio, ¢, /c,, c, is the specific heat at constant
pressure, and c,, is the specific heat at constant volume.
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Fig. 1. Mapping function from physical space to reference space for a quadrilat-
eral element.

Next, the viscous flux, f is given as

0 0 0

Tox Tyx Tex
£Y(u, Au) = Ty i+ T,y j+ Ty k, 5)

Tz Ty T

UiTix + ¢x UiTiy + ¢y Ui7;z + ¢z
where T is the stress tensor and defined as,
T = u(9;v; +9;v;) — —;46 (6)
and ¢ is the heat flux defined as,
p

¢=u—VT. @

P

r

The ideal gas law relates the temperature 7 with pressure and density
as

_11p ®

c,1=vp
With the flux term defined, Vu can be substituted by q so that Equa-

tion (1) can be rewritten as a first order system thus,

du

— +V-f (u

o « (U, q) = ©
q, — Vu, =0.

When applying FR to solve the Navier-Stokes equations in a domain
Q, the first step is to tessellate the domain with non-overlapping, con-
forming elements thus
12| 1,

e=Jo. e={J@. ﬂﬂg (10)
ee& n=1 eef n=

Where e is a particular element type in the list of available elements

&, therefore Q, refers to all elements of type e, and |Q,| is the number

of elements of type e. Each element Q,, is then mapped to a reference

element Q, via a mapping function M, defined as

X=M,®, K=M]'x),

and this is illustrated for a quadrilateral element in Fig. 1.
Geometric Jacobian matrices can be defined from the mapping func-
tions thus

oM,
=J  =—=2 J,  =det],,
Jen eny a)—éj en © Jen
oM ! 1
—1 -1 eni -1 —1
=J . = —, J ' =det = —
JE}’! eny a)""’: en € Jen J

en

The definitions above will be used to transform quantities to and
from reference element space. In order to transform Equation (9) into
reference space, transformed solution i,,, transformed flux f,,, and
transformed gradient q,,, are defined thus

Hppy =l X, 1) = J,, X, (M,,(X),1), (11a)
foe =Ea® 1) = 1, OF (M, )E,,0(M,, (), 1), (11b)
Ao = Aona & 1) = J7 ()G (M, (%), 1), (11c)

and for a more compact definition let V = d/d%;. Then Equation (9) can
be written as,
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Fig. 2. Solution points and flux points for a quadrilateral and a triangular ele-
ments. (For interpretation of the colours in the figure(s) and table(s), the reader
is referred to the web version of this article.)

ena -1g §
£ =
o +J.,V £, =0, 12)

(iena - ﬁuenot =0.

Now that the equation in the discretized domain is defined, the next
step is to define set of solution points inside the elements and flux points
at element interfaces. FR method represents the solution inside the ele-
ments by using a polynomial of order p. The solution across the element
interfaces is allowed to be discontinuous. Selection of the solution and
flux point sets affects the properties of the numerical scheme as indi-
cated in various publications such as [13-15]. The formulation given in
this section is valid for any solution and flux point set.

First, let x(") be the set of solution points for each reference ele-
ment e € . g“ is the solution point index in an element and satisfies

<¢ < N, where N is the number of solution points in element
type e. Now a nodal basis set f(”) (X) can be defined where the nodal

basis polynomial f(”) satisfies 7 (“)(x(”)) = 8¢, Next, a set of flux points

t? on 09, is also deﬁned, where 0 < ¢ < N, éf ) and NLEf ) is the number
of flux points at the interfaces of the element type e. These flux points
are constrained such that all paired flux points across interfaces match
in terms of global coordinates, M, (X(f ) )= Mg (x(g )) where ~ denotes

the corresponding interface from the neighbouring element. Further-
more, there is an associated outward-pointing normal vector for each
flux point given by £“). The solution points, flux points, and an in-
terface between a quad;rllateral element and triangular element are all
demonstrated in Fig. 2.

The first step in the FR method is obtaining the discontinuous solu-

tion at the flux points u%la from the solution state at the solution points

()

Uyryg 35
)] ) W) 2(f)
e{;na MLC afu:( ez/; ) ()

Then, the discontinuous solution at the interfaces can be used to
obtain a common solution via the LDG method [16,17] which is defined
as

€(uL,uR)=(‘/z—ﬁ)uL+(‘/z+ﬁ)uR. 14)
It is important to note that €(u ,uy) is not in general equal to C(up, u;).
Therefore it is important to visit all the flux point pairs in the domain
only once and assign the common value to both points. Consequently,
the following equalities hold

) i)y = i) = uld) (15)

eom’

A correction procedure is then used to obtain a C° continuous so-
lution across elements. For this purpose, there is a correction function
associated with each flux point in the reference element. Speciﬁcally,

g(f; is the vector correction function which satisfies ﬁg,) g(’) (x ) = O¢g-

The form of gif) determines a particular FR scheme. Further details on
the correction function can be found in [18].
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Combining the above, Equation (11c) can be expressed as

qZ‘)mz = [ﬁgfa)v ’ ggj(f(){ﬁauiﬁfm %‘ia} + u%)nan(u)(X)] 0N (16)
124

This equation simply computes the transformed gradient by using the
analytic derivative of the basis polynomial #, together with the solution
at solution points, and adds the contribution of the jump between the
discontinuous solution at the flux points and the common solution at
flux points.

The physical gradients at solution points and at flux points can be
computed using approaches of Kopriva [19] and Sun et al. [20] as

(u) —_ 1T gwHg5®
9 =J. & )qe{na a7)
(2] (u) Fhg@

qé’Cm - f (X )chna' (18)

The auxlhary equation is now solved and the transformed flux can
be obtained as

f = J(u) J—l(u)f (u(“) (u) ), (19)

ecna eon eon’ qerm

where J\, = det(J;7(%1))). Now a procedure similar to that used in
Equation (13) can be applied here to obtain the normal transformed
flux at flux points as

o _ (u) (X( f))n(f) RO (20)

eona — eCna’

With the discontinuous solution and the physical gradient at the flux
points, the next step is to obtain the common normal flux for each flux
point pair in the domain. The inviscid component of the flux is computed
using a Riemann solver [21,22]. The viscous component of the flux is
obtained by using the Local Discontinuous Galerkin (LDG) method as
described in [16] and it is defined as

SOy o h ) =hp - ((12+p)F) + (1/2 -B)
where 7 is a penalty parameter, f] =f%(u;,q;), £}
controls the upwinding or downwmdmg.

£2.) + t(uy —ug), (21)
=1(ug,qg), and

S fe({,% is the operator for the common normal flux at the inter-
face, and f, (Q,,L denotes the normal flux at a flux point. Note that in-
terfaces between elements conform and we have n(f ) = —aY . Due to
the conservation property of the numerical scheme, we always have

ol Vo =—Fof o (fi) , and the full form of the common normal flux oper-

eona
ator can be glven as,

(L)
& f eo‘J;la -
Next, the difference between the flux and the common normal flux at
flux points is used in the correction procedure analogous to the Equation

(16). Finally, assembling all of the steps defined above, we can define
an expression for the divergence of the continuous flux as,

~Fu S =5, L W) D g gD @) ). (22)

eona eon’ eon eon’ 90"1

& E . ¢ & )
VB, = [V 8 (Fut o — i)+, VW) 0 @3)
e
which results in a semi-discretised form of the governing system.

2.1.1. Anti-aliasing formulation

FR uses collocation based projections to obtain the transformed flux
at the solution points. This approach is efficient but may result in alias-
ing errors where the energy from unresolved modes gets erroneously
transferred into resolved modes and consequently this results in stabil-
ity problems as well as accuracy issues. One way to overcome aliasing
errors is using L2 based projections with suitable quadrature rules [5].

Two types of anti-aliasing are considered here, flux anti-aliasing and
surface-flux anti-aliasing. Flux anti-aliasing uses fluxes at quadrature
points to perform an L2 projection of flux and then samples this pro-
jection at the original solution points. Surface-flux anti-aliasing applies
the flux correction operation in a similar way. First, solution gradi-
ents at solution points are used to obtain the solution gradients at the
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surface-quadrature points. Then, common flux and common solution are
evaluated at the surface-quadrature points, and finally common flux and
solution are sampled at the original flux points. These procedures re-
quire extra operators and changes in some of the existing operators.
First, flux anti-aliasing requires two new matrix multiplication opera-
tions. One of them operates on the solution and the other operates on
the gradients at the solution points. Next, surface-flux anti-aliasing re-
quires changes in many of the existing operators in the FR algorithm.

First, for flux anti-aliasing, interpolation from solution points to
quadrature points can be expressed as

(@) W) o) 2(q)

ue?ma ueé‘nafeé‘ & ?7)’ 24
@ — oW LW 2(q)

qe‘(Ima - qumX fe{ (Xe‘rlf ) (25

Then the solution and gradients at the quadrature points are used to
evaluate the flux at quadrature points, replacing Equation (19) thus

£ -1
f@ J(M)nJ (D¢ (u(q) (q)) (26)

eona eon eon’ qeo‘n
Then, in order to sample the fluxes at the original solution points the
following operation can be used

Fa) (u)
foine = Vo &KWy KDED,. @7)
where y,, is the polynomial basis function and w(q) is the weights asso-
ciated with quadrature points.

Next, a similar strategy can be used for the surface-flux anti-aliasing.

Surface-flux anti-aliasing first evaluates the solution uf Gn)a at the surface-
z(s9) (1)

quadrature points X, ’ from the solution at the solution points u otna 3
(sq) _ W W) (sq)
Uoona = uu:nafuj( 124 )s (28)

and evaluates the gradients of the solution at the surface-quadrature

points qﬁfjﬁa from the gradients of the solution at the solution points
~(u) as
qe(na
~(sq) _ zW) ) =(sq)
Yone = qunafeg (Xelr )- 29

Then, we obtain the common normal flux §, f, e(f,‘f,ia) as described in Equa-

tion (22), but at the surface-quadrature points. Finally, the common
normal flux at the surface-quadrature points is projected back to the
flux points via

Bal s = Wes LIS W e RS0 S b (30)

elna

2.2. Formulation in terms of kernels

The operations required to implement the FR algorithm described
in Section 2 can be cast in terms of individual kernels. These can be
grouped into two main types, matrix-matrix multiplication and point-
wise kernels. In PyFR, various third party libraries such as LIBXSMM
[23] and GiMMIK [24] are made available for the matrix-matrix mul-
tiplication kernels. Point-wise kernels are implemented through PyFR-
Mako, a bespoke templating language derived from Mako, which is then
rendered into low-level platform-specific code.

In order to formulate the FR algorithm in terms of kernels, we define
the various constant operator matrices and point-wise kernels, alongside
various storage matrices for state variables and some intermediate data.

First, we define the disu kernel, which corresponds to Equation (13).
This kernel evaluates the solution at flux points using the solution at
solution points, and can be formulated as a matrix multiplication. The
constant operator matrix of element type e for the disu kernel, Mg, is
defined as
M), = f‘“)(x<f>), dim M® = N9 x N®, (31
the array Ug”) for storing the solution state at solution points is defined
as
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@
(U (n) = U

e AImMUY = NI X Ny Q] (32)
where Ny, is the number of state variables. Therefore, the disu kernel

can be cast as a matrix multiplication as,
) = MOUW
Ugf - MeUeu ’ (33

where Ugf) is the storage for the solution state at flux points which has
dimension dingf) = Ne(f) X Ny |Q,|.

The next five kernels are dedicated to obtaining the gradients of the
solution which is a requirement for calculating the flux and common
flux. The first operation related to the gradients is obtaining the common
solution at the flux points which is defined in Equation (15). The con u
kernel is defined to obtain the common solution as

€Y = conu(UP,n?), (34

which is a point-wise kernel with considerable indirect memory access
to main memory. The con_u kernel uses up-winding or down-winding
to determine the common solution at the element interfaces, and writes
the solution into a sub-region of the Fgf) array in order to save memory
usage. For clarity we will refer to this sub-region of the Fff) matrix as Cgf)
after its data is replaced by the con u kernel. ng) refers to the outward
pointing normal vector at the flux points.

Afterwards, the corrections have to be applied in order to obtain the
gradients. The procedure to apply corrections is described in Equation
(16). Therefore the following two constant matrices are defined thus

= ~7T .
M), = V2R s dimM? = N® x Ny N, (35)
M) = B V-8B . dimME =N XN, (36)

where N is the number of dimensions. Using the matrices defined
above, Equation (16) can be written in matrix multiplication form as

O®W = MO 1) — gh 4
Qeu - Me {Ce Ue 1+ MeUeu

=MD — MOOW 4w

=M {C]’-M,U;"} + M, U;" 37)

=MOC?®) — iM* — MM O

- MeCe {Me MeMe }Ueu ’
where the Qﬁu) array is the storage for the gradients at solution points
and has a size dim Q" = N, N x N,,|Q,|. The size of Q" is N,
times bigger compared to that of Ijg“) as there are N, many components
of gradient for each state variable. As there are two arrays and two
constant matrix multiplications involved in this operation, it can be cast
as two consecutive matrix multiplication kernels. Corresponding to the
first and second terms in the equation, tgradcoru and tgradpcoru kernels

are defined respectively. The tgradpcoru is called first and the output is
stored at Q" thus

A1) _ 4 Oong0 1 TT(0)

Q) ={M; -M,M_}U;". (38)
Next, the tgradcoru kernel is called and the result is added to QE”) as
O®W — QW 6 ()

QW =Q¥ +MSCY. (39)

Then, a point-wise kernel, gradcoru is defined in order to obtain the
gradients of the solution at solution points in physical space as formu-
lated in Equation (17) thus

) _ @) W
Q" = gradcoru(J®, Q™). (40)
Afterwards, the gradcoru_fpts kernel is defined in order to evaluate
the physical gradients at the flux points corresponding to Equation (18).
This is also a matrix multiplication kernel and the associated constant
operator matrix is Mg , which is defined as

(MD),; = diagM?, ... M)),  dim M = N,NP x NyN. (41)

Therefore, gradcoru_fpts kernel can be defined as
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o =m0l “

where Qf,f) is the storage array for the gradients at flux points with the
dimension dim ng” = NDNy) X Ny |Q,|.

Next, with the solution and its gradient available at the element in-
terfaces, it is now possible to obtain the common interface flux at the
element interfaces as in Equation (22). For this purpose, the comm flux
kernel is defined thus

Dg) =comm _ﬂux(UE,f), Qg'), ng')), (43)
which is a point-wise kernel with a significant indirect memory access
requirement. The comm flux kernel calls a Riemann flux function on
pairs of flux points reading Ug) and Fg'), then returning ng). In practice
it overwrites the data over Ug). However for clarity, we will refer to the
Ug) matrix as Dg) after its data is replaced by the comm_flux kernel.
Then, the next step is obtaining the transformed flux at the solution

points as in Equation (19). A point-wise kernel, tdisf, is defined to eval-
uate the flux at solution points thus

FU = tdisf(UL, QW x(). (44)
(1)
e

(1)
e >

This kernel takes the solution U(e“), gradient at the solution points Q
and the element coordinates xi“), and returns the transformed flux F
where F has a size dim F® = N, N x N, |Q,|. Because the gra-
dients at the solution points are not needed any more, the QE,”) array
is overwritten by F and the array is referred as F* from this point
onwards.

In order to rewrite the final semi-discrete form in Equation (23) in
matrix multiplication format, the following constant operator matrices
are defined,

& o) 1T . »

(Mf]z)crf = [Vfig)(x)]hg(")’ dlli = Né ) % NDNéu) (45)
w) (N2 T . . 5

(Mz)(:lf = [fig)(xgo-))ng;] B dlmMz = Ne(f) X NDN‘E ) (46)

(MS)CG = [v . ggg)(f()] )'(=it(f;>’ dim Mz — N;u) x NLE/>~ 7

Then Equation (23) can be rewritten using the matrices defined
above as
RO = M3 (DY — M2F®) 4 M!F®
e e e e e e e
3R 1 32 1) (48)
— B 3 u
=MD/’ +{M, - M_M_ }F;",

where the R" array has a size diimR%" = N\

o X Ny|Q,|, equivalent to
the size of the solution array U, The kernel implementation of Equa-
tion (23) consists of two matrix multiplication kernels that correspond
to the two terms in the right hand side of the equation, tdivtconf and
tdivpcorf respectively. The tdivpcorf kernel is called first and the data in

the RS‘) array is overwritten by the result as

R® — 1 SVEZ V@

R = {M, - MM }F,". (49)
Next, the tdivtconf kernel is executed and the result is added to Rg") thus
S 1

RY=R" + MDY, (50)

Finally, the negdivconf kernel is defined in order to obtain the diver-
gence of flux in the physical space thus

Ri”) = negdivconf(det J g“) s Riu)) 6D

2.2.1. Anti-aliasing kernels

Flux anti-aliasing Flux anti-aliasing requires two additional kernels
which evaluate the solution state and gradients at quadrature points
within each element, such that the tdisf kernel can then evaluate these
fluxes at these same quadrature points. For this purpose ugpts and grad-
coru_gpts kernels are defined which interpolate the solution and gra-
dients at solution points to quadrature points. They are both matrix
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u) —) dlSll

/

Ut —— @ yU
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U

i, vt —

Fw) gradcoru
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Fig. 3. Kernel prerequisites map for Navier-Stokes Solver including optional flux anti-aliasing kernels.

multiplication kernels corresponding to Equations (24) and (25) respec-
tively. The associated operator matrix MZ for the ugpts kernel is defined
as

MD),e =£WED). dim M] = N x N, 2

and the ugpts kernel is defined as
— M7y
U9 =M/U. (53)

. 10 . .
The operator matrix M," for gradcoru_gpts is given as

ML), =diagM?,...M]),  dim M’ =N, N x N N9, (54)

and the gradcoru gpts kernel can be expressed as
_ M0
QW =M!QW, (55)

When flux anti-aliasing is turned on, the tdisf kernel evaluates the
flux at quadrature points using the solution and gradients at quadrature
points thus it can be redefined as

F9 = tdisf(UY, QY x,). (56)

Then, the operator matrix Mf is defined to convert these modal coeffi-
cients into nodal values at the solution points.
N(q) X N(M) (57)

M), = Weu(X(“))w(q)v/gv(x(")) dim M? =

M? is the block diagonal form of the M matrix and it is defined as
(M), = diag(M?, ... M),

dim M= N,N9x N,N®.  (58)

This operation is carried out by the tdivtpcorf kernel with a small update
therefore when flux anti-aliasing is in use tdivtpcorf kernel becomes
RY = (M - MIMZ}MIF). (59)
Surface-flux anti-aliasing Surface-flux anti-aliasing on the other hand
changes many of the constant operator matrices that act on flux points.
Thus, surface-flux anti-aliasing can be implemented by changing the ex-
isting operator matrices such that they act on surface-quadrature points
rather than flux points. For example, the operator matrix associated with
the disu kernel, MS, can be updated to obtain the discontinuous solution
at the surface-quadrature points instead of at the flux points.

A schematic that includes all the Navier-Stokes kernels and the ad-
ditional flux anti-aliasing kernels is given in Fig. 3 in order to provide a
visual guide for all the operations and dependencies,

3. Kernel execution order and data movement requirements

As a baseline for comparison, data movement and bandwidth re-
quirements are first analysed for PyFR version v1.11.0, which has no
cache blocking support. Similar to analysis carried out for the Euler
solver in [4], time integration related operations are not included in
data movement requirements and speedups therefore will only reflect
the performance of evaluating the RHS. In reality, a time integrator such
as RK4 will need to be used to move forward in time which requires ad-
ditional data movement that consumes bandwidth and it will slightly
reduce the performance per RHS call.
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Total data movement requirement for PyFR version v1.11.0.

Data Movement Req. Per RHS Per Element [KiB/RHS/element]

Anti-aliasing off

Full anti-aliasing

Total Bandwidth p=3 p=4 p=5 p=3 p=4 p=5
Hexahedral 143.625  258.773  422.250  227.781  385.242  603.688
Prism 94.375 163.875  260.063  147.117  240.867  367.945
1 ) Ny s U N choice of quadrature orders based on Mengaldo et al. [26] where it was
= demonstrated that p, = p+ 1 is effective for anti-aliasing. Non-temporal
””””””””””””””””””””” stores are used whenever possible for the matrix multiplication ker-
9 > U Jeonl > U N nels through the LIBXSMM library [23] to reduce the data movement

3 —_— W tgradpcoru Fw) —_—
4 — F) —
5 ———— (v —|gradcom] Flw) ————

4
(=l
@
@
7N
+
!
S
+
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13 ——— 3 RW R —m—s

Fig. 4. Current kernel execution order. Arrows going over green line indicate
main memory access.

Kernel execution order for the Navier-Stokes solver in PyFR version
v1.11.0 is demonstrated in Fig. 4 including the flux anti-aliasing kernels.
Without cache blocking support, each kernel is executed for the entire
input and output arrays and therefore the data movement requirement
is directly related to the size of input and output arrays. Data movement
requirements of each kernel are tabulated in Table A.8 for hexahedral
and prism meshes, normalized per element, at polynomial orders p =3,
p=4, and p =15, double precision, and including flux and surface-flux
anti-aliasing on/off with quadrature point polynomial order p, =p+ 1
when anti-aliasing is on. We decided the span of the performance in-
vestigation regarding polynomial orders based on Vermiere et al. [25]
where it was demonstrated that PyFR is most efficient in terms of cost
and accuracy at polynomial orders from p =3 to 5, and regarding the

requirements for the qualifying kernels. Total data movement require-
ments for polynomial orders p =3, p=4, and p =5 for anti-aliasing on
and off is summarised in Table 1.

4. Tensor product factorisation of anti-aliasing operators

Turning on anti-aliasing in PyFR brings in additional operators and
changes in the existing kernels. A straightforward implementation of
these new operators and changes in the existing kernels results in dense
matrix operators. However, it is well known in the literature that for
tensor product elements these operators can be cast as multiple sparse
factors as opposed to a single dense matrix multiplication. Converting
a single dense operator into a chain of sparse operations reduces the
FLOP requirement significantly, but a direct implementation can make
the code overly bandwidth bound and the performance gains would be
limited. However for tensor product elements such as hexahedra and
prisms, it is possible to factor the dense operator into sparse compo-
nents. In this section, we examine ways to factor the new dense operators
associated with flux anti-aliasing and the existing operators that are con-
verted into a dense form due to surface-flux anti-aliasing. A breakdown
of all the affected kernels due to flux and surface-flux anti-aliasing is
shown in Table 2.

First, flux anti-aliasing brings in two new operators, M’ and M°. M’
operator interpolates data in solution points to quadrature points. If im-
plemented directly, it is a single dense operator. However, for a hexahe-
dral element this process can be factored into three sparse components.
The process is explained in detail in [11], and can be formulated for the
M’ operator as

T MM M7
M =MMM, (60)

where MZ, M;, and MZ{ components correspond to the unique sparse
factors that carry out interpolations in z, y, and x directions respectively.
Sampling the nodal coefficients at solution points using the modal rep-
resentation at quadrature points can also be factored into three sparse
components. M? operator applies the reverse operation for the gradi-
ents at solution points, so it’s a block diagonal matrix that applies the
reverse interpolation for three components of the gradient at each solu-
tion point.

The interpolations between solution points and quadrature points
are the main building blocks for decomposing the rest of the operators
that are associated with the surface-flux anti-aliasing. The only extra
operation involved with surface-flux anti-aliasing is the interpolation
to flux points at the interfaces. The M? operator without anti-aliasing
that interpolates data from solution points to flux points will be used
together with the M7 or M® operator to form the sparse factors of the
MO operator with surface-flux anti-aliasing.

4.1. Extension to prism elements
The decomposition into sparse factors is apparent for hexahedral

elements, however, there is no generic way of obtaining sparse fac-
tors for tetrahedral or pyramid elements. Prisms on the other hand are
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Changes in operator matrices due to anti-aliasing. Blue colour indicates a change
due to flux anti-aliasing, and red colour indicates a change due to surface-flux anti-

aliasing.

Changes in the kernels due to anti-aliasing (AA)
Kernel Operator flux AA surf-flux AA  full AA
disu M° M° M°
con.u Pointwise
tgradpcoru M* - M°M° M -MCM?  M*-MOMC
tgradcoru M° M° M°
gradcoru Pointwise
gradcoru fpts I, @M’ LM’ LM
comm_flux Pointwise
ugpts M’ M’ M’
gradcorugpts 1, @M’ LM’ LM’
tdisf Pointwise
tdivtpcorf M' - M*M? o' -M*MHM’ M!-M>M? ™' -M*M*)M°
tdivtconf M3 M3 M3
negdivconf Pointwise

Fig. 5. Solution points for prism elements with polynomial orders p =2 and p = 3. Point distribution is based on William-Shun at the triangular cross sections and
based on Gauss-Legendre along the z-direction. A direct interpolation between p =2 and p = 3 prisms solution points results in a dense operator matrix as any point

in p =3 depends on all the points in p =2 as indicated with orange points.

Fig. 6. An intermediate state shown in the middle is introduced to decompose interpolation from p =2 to p =3 into one block diagonal and one sparse factor. First,
an interpolation is carried out on triangular planes only resulting in a block diagonal operator as indicated with the orange points. The next step is interpolating
values along the z-direction that results in a sparse operator as indicated with the blue points.

slightly different. A direct approach for obtaining the modal coefficients
at quadrature points by using the nodal coefficients at solution points
in a prism would require a dense operator matrix as shown in Fig. 5.
However, a prism can be generated by a tensor production of a tri-
angle and a line that is perpendicular to the triangle. Depending on the
polynomial order, there are a number of triangular planar regions inside
a prism and the solution points are located on these regions. Therefore,

obtaining modal coefficients at quadrature points using the nodal co-
efficients at solution points, which is an operation carried out by the
gptsu kernel can be simplified and reformulated in a two part operation.
The first operation obtains the solution at the quadrature points within
triangular planes in a prism, and then a second operation obtains the
solution at a set of triangular planes inside the prism. The procedure
is illustrated in Fig. 6. The former requires a block structured operator
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for (int ib = 0; ib < nblocks; ib++X
exec(M7x, u + ib*u_blocksz, buff_x);
exec(M7y, buff x, buff_y);
exec(M7z, buff_y, q + ib*q_blocksz);

exec(M7x, u, q);
exec(M7y, q, q_temp);
exec(M7z, q_temp, q); ¥

(a) Direct implementation. (b) Cache blocked implementation.

Fig. 7. Before (7a) and after (7b) cache blocking. M7x, M7y, and M7z correspond
to the sparse factors defined in Equation (60). q_temp is a domain sized array,
while buff x and buff_y are small cache-block sized arrays.

Table 3
FLOP and Data movement requirements for the tdivtconf
kernel on hexahedral elements for three different imple-

mentations.
Factored
Dense Direct Cache Blocked
FLOP [GFLOPS] 30.00 4.50 4.50
Data Movement [GiB] 1.95 7.81 1.95
FLOP/Byte 14.48 0.54 2.16

while the latter is a sparse operation. As there is a sparse component
in the factored formulation, cache blocking can be used effectively to
implement this.

5. Application of cache blocking in tensor product factorisation

There are a few different ways to implement the tensor product
operations after obtaining the sparse factorisation. The naive implemen-
tation would simply call a matrix multiplication library for each sparse
factor. This would reduce the FLOP requirement significantly due to re-
duced number of non-zero entries in the sparse factors provided that a
sparse matrix multiplication library is used. However, it would result
in increased bandwidth use because the intermediate solutions between
each of the separate kernel invocations have to be stored in memory
and this results in unnecessary reads and writes. The alternative is using
cache blocking strategies. These make it possible to store the interme-
diate results in CPU cache, and reduce the main memory access and
data movement requirements significantly. Using sparse factors rather
than a single dense matrix reduces the FLOP requirement, and cache
blocking strategy eliminates the excess data movement by utilizing CPU
cache as an intermediate storage. Therefore, it is possible to get the best
of both worlds by enabling cache blocking for the tensor product opera-
tions. A code snipped is provided in Fig. 7 to demonstrate the differences
in implementation. Note that cache blocked implementation requires a
change in the underlying data structure as explained in [4]. The blocked
Ao0SoA data structure enables data locality in a group of elements thus
makes it possible to store the intermediate results in CPUs cache be-
tween sparse factor multiplications.

Table 3 shows how the FLOP and data movement requirements dif-
fer between the regular approach where a single dense matrix is used,
the naive approach where a matrix multiplication library is called for
each sparse factor, and the ideal approach where cache blocking is en-
abled together with the sparse factors. Furthermore, a roofline model
[27] demonstrating the FLOP/Byte ratio for a selection of Navier-Stokes
kernels with full anti-aliasing is given in Fig. 8 before and after ap-
plying tensor product factorisation using the cache blocking strategy.
It is clear from Table 3 and Fig. 8 that the tensor product factorisa-
tion using the cache blocking strategy for the standalone tensor product
kernels reduces the FLOP requirement while keeping the data move-
ment requirement from main memory the same. As a result, the profile
of these individual kernels shifted towards a smaller FLOP/Byte region
where they would normally be bandwidth bound from main memory.
However, now that most of the kernels are bandwidth bound, a ker-
nel grouping strategy can be implemented to eliminate the unnecessary
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Roofline model for PyFR Navier-Stokes Solver
on Intel Xeon Platinum 8488C (Sapphire Rapids)
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Fig. 8. A selection of the Navier-Stokes kernels are shown in the figure for
anti-aliasing off and full anti-aliasing on a full hexahedral mesh. The remain-
ing kernels have similar properties if not exactly the same. Solid and dashed
vertical lines indicate the theoretical arithmetic intensity of the given kernels
before and after tensor product factorisation.

data movements between kernels that exchange data. When these ap-
proaches are implemented together, there is a reduction in both FLOP
and data movement requirements.

In summary, tensor product factorisation with cache blocking re-
duces the FLOP requirement significantly while keeping the amount of
data movement from main memory the same. Then, a kernel grouping
strategy can be implemented to reduce the total amount of data move-
ment requirements to improve the performance even further.

6. Theoretical predictions and benchmarking in PyFR

A kernel grouping configuration for the Navier-Stokes solver is ex-
amined in this section both for anti-aliasing on. The test case used for
the performance comparisons is the compressible Taylor-Green Vortex.
It is a typical test case for the validation of high-order software and it is
used in [25] for comparing PyFR performance against industry standard
codes. Also, it is one of the test cases in the high-order workshops [28].
The configuration and mesh files used here are taken from Vermeire
[25], and the numerical results are compared against spectral DNS re-
sults from van Rees et al. [29]. Taylor-Green Vortex case is initialized
with the following initial conditions

v, =+Uysin(x/L)cos(y/L)cos(z/L),
vy, =+Uy cos(x/L)sin(y/L)cos(z/ L),

v, =0,
) (61)
POUO
p=py+ 16 (cos(2x/L) + cos(2y/ L))(cos(2z/L) + 2),
A
P= R,

in a cube domain with periodic boundary conditions in all the faces with
dimensions [~z L, +x L]*. Performance comparisons of the cache block-
ing approach are executed at three different polynomial orders, p = 3,
p =4, and p =5, with anti-aliasing on and off, and on hexahedral and
prism meshes. The Reynolds number Re = 1600 based on the length L
and velocity U,. The Mach number based on U, is M = 0.1 so that the
simulation is effectively incompressible. Firstly, a simulation is carried
out using the cache blocking approach in order to validate the imple-
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Temporal Evolution of Enstrophy
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Fig. 9. Temporal evolution of enstrophy obtained with cache blocking approach
implemented in PyFR. Simulation is carried out on a 52° all hexahedral mesh
at p = 4 with anti-aliasing off and compared against the reference results of
Vermiere et al. [25].

Velocity Magnitude

Fig. 10. Q-criterion isosurfaces coloured based on velocity magnitude for a snap-
shot at 7 = 10¢,.

mentation. The evolution of enstrophy is compared with the spectral
DNS result [29] and shown in Fig. 9. The results from cache blocking
show a good agreement with the spectral DNS results. A snapshot at
t = 10¢, is shown in Fig. 10 with isosurfaces based on Q-criterion [30]
and coloured by velocity magnitude.

6.1. Kernel grouping configuration

The main consideration when forming kernel groupings is the
amount of bandwidth saving. Bandwidth saving is maximised when
a chain of kernels that write and read from the same location in the
memory grouped together. The more data kernels in a group exchange
by writing and reading the same piece of memory the better the sav-
ings and therefore speedups. Therefore the first step is analysing the
kernels in the Navier-Stokes solver and determines chain of kernels that
exchange data. When compared with the Euler solver, there are more
constraints in Navier-Stokes solver and this limits the number of possi-
ble kernel grouping configurations. As with the Euler solver, eliminating

10
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Fig. 11. Kernel grouping configuration of the Navier-Stokes solver with flux anti-
aliasing. Arrows going over green line indicate main memory access. Dashed
gray arrow indicates write orders avoided due to cache blocking, while solid ar-
row indicates a definite read/write operation. Constant arrays such as x, which
are not changed by the kernels, are omitted for simplicity.

the intermediate storage array F® is possible in Navier-Stokes solver as
well and it saves a considerable amount of bandwidth. There are 6 ker-
nels in total that operate on F®, and a kernel group with all of them can
save a significant amount of data movement. The kernels are tgradpcoru,
tgradcoru, gradcoru, gradcoru fpts, tdisf, and tdivpcorf. In case of flux anti-
aliasing the additional kernels, gptsu and gradcoru_gpts, are also added
to this kernel grouping as they also make use of F® as well as introduc-
ing a new temporary storages U@ and F(@ that can be stored entirely
in the CPU cache for a single block. Afterwards, there is only one other
kernel grouping possibility is left which consist of tdivtconf and negdiv-
conf. A schematic of the kernel grouping configuration is given in Fig. 11
for full anti-aliasing. Data movement requirements of the present ker-
nel grouping configuration with anti-aliasing on and off are tabulated
in Table A.9. Further, the speedups obtained in three different plat-
forms with an Arm based AWS Graviton3, Intel Xeon Platinum 8488C
and AMD EPYC 9R14 are given in Tables 4 and 5. The highest speedup
is 3.91x compared to PyFR v1.11.0 and it is obtained when running at
p =5 with full anti-aliasing on Intel Xeon Platinum 8488C CPU. GDOF/s
parameters are also tabulated in Tables 6 and 7. ‘GDOF/s’ is the num-
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Table 4

Theoretical speedup predictions compared with observed
speedups on hexahedral meshes on AMD EPYC 9R14, Arm based
AWS Graviton3, and Intel Xeon Platinum 8488C CPUs.

Anti-aliasing off Full anti-aliasing

Hexa p=3 p=4 p=5 p=3 p=4 p=5

Prediction 2.09 2.30 2.50 2.29 2.57 2.83

AMD 2.45 2.77 2.97 3.07 3.46 3.60

Arm 217 2.53 2.56 2.82 2.03 1.91

Intel 2.61 2.76 2.92 2.83 3.67 3.91
Table 5

Theoretical speedup predictions compared with observed
speedups on prism meshes on AMD EPYC 9R14, Arm based AWS
Graviton3, and Intel Xeon Platinum 8488C CPUs.

Anti-aliasing off Full anti-aliasing

Prism p=3 p=4 p=5 p=3 p=4 p=5

Prediction 1.99 2.16 2.31 2.14 2.37 2.58

AMD 1.79 1.86 2.04 1.80 2.02 213

Arm 1.76 1.78 2.03 1.68 1.67 1.51

Intel 1.83 1.90 2.15 1.95 2.08 2.25
Table 6

Comparison of GDOF/s: PyFR with Cache Blocking on hex-
ahedral meshes on AMD EPYC 9R14 CPU, Arm based AWS
Graviton3 CPU, Intel Xeon Platinum 8488C CPU.

Anti-aliasing off Full anti-aliasing

Hexa p=3 p=4 p=5 p=3 p=4 p=5

AMD 1.393 1.680 1.893 0.846 0.965 0.800

Arm 0.921 1.162 1.215 0.538 0.339 0.237

Intel 0.830 0.983 1.093 0.499 0.596 0.561
Table 7

Comparison of GDOF/s: PyFR with Cache Blocking on prism
meshes on AMD EPYC 9R14 CPU, Arm based AWS Graviton3
CPU, Intel Xeon Platinum 8488C CPU.

Anti-aliasing off Full anti-aliasing

Prim p=3 p=4 p=5 p=3 p=4 p=5

AMD 0.928 1.072 1.148 0.519 0.589  0.596
Arm 0.617 0.702 0.768 0.347 0359  0.253
Intel 0.550 0.632 0.679 0.310 0.348  0.355

ber of degree of freedom processed per second, specifically calculated
here as

5

Ny -1Q,|- N@
GDOF/S=ZM
e

10° - fryg

where fpyg is wall time per right hand side evaluation. We use this
normalised parameter to compare performance of PyFR on different
platforms.

7. Conclusion

In this article, a methodology for applying cache blocking in FR has
been extended and implemented for the Navier-Stokes solver with full
anti-aliasing support on mixed grids in PyFR for CPUs. Cache block-
ing was used to eliminate unnecessary data movements between kernels
that exchange data at the main memory level, as an alternative to ker-
nel fusion. In particular, per-core private data cache on CPUs was used
as a temporary storage to enable data exchanges between consecutive

11

Computer Physics Communications 305 (2024) 109332

kernels. As the amount of cache is limited, these kernels are executed
on small sub-regions of the domain that fit in the available cache. In
addition to eliminating data exchanges between kernels, cache block-
ing was used to implement dense interpolation kernels associated with
anti-aliasing as well. These dense interpolation kernels first decomposed
into sparse matrix factors using tensor product factorisation, and cache
blocking is used as a temporary storage for the intermediate results
when applying these chain of sparse matrix factors consecutively. As
a result, cache blocking saved a significant amount of data movement
from main memory. The amount of savings in data movements is then
used to construct a theoretical model to predict the performance gains.
Finally, the implementation was benchmarked using a compressible 3D
Taylor-Green vortex test case on both hexahedral and prismatic grids,
with third-, fourth-, and fifth-order solution polynomials.
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Appendix A. Data movement requirements

A breakdown of data movement requirements for PyFR v1.11.0 and
PyFR with kernel grouping are provided in Tables A.8 and A.9.
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Table A.8

Current Navier-Stokes Data Movement Requirements.

Data Movement Requirements Per RHS Per Element [KiB/RHS/element]

Hexahedral

Prism

Anti-aliasing off

Full anti-aliasing

Anti-aliasing off

Full anti-aliasing

Kernel Input Output Formula p=3 p=4 p=5 p=3 p=4 p=3 p=3 p=4 p=5 p=3 p=4 p=5
disu U u¥ SUW) +sUY) 6.25 10.74 16.88 8.36 13.32 19.92 4.22 7.03 10.78 5.66 8.79 12.85
con_u p?, n pY¥ s@?)+25dY) 10.50 16.41 23.63 16.41 23.63 32.16 7.44 11.48 16.41 11.48 16.41 22.20
tgradpcoru e F® SUY) + SEW) 10.00 19.53 33.75 10.00 19.53 33.75 6.25 11.72 19.69 6.25 11.72 19.69
tgradcoru uY F® SUY) +25(FW) 18.75 35.16 59.06 20.86 37.73 62.11 12.03 21.68 35.39 13.48 23.44 37.46
gradcoru FY, x,, J© F® ST+ S(x,) + 2SEW) 15.69 30.46 52.50 15.69 30.46 52.50 9.83 18.30 30.66 9.83 18.30 30.66
gradcoru fpts F® FY SEW) +SED) 18.75 32.23 50.63 25.08 39.96 59.77 12.66 21.09 32.34 16.99 26.37 38.55
ugpts [ vy SUW) + SUL) - - - 7.38 13.32 21.84 - - - 4.49 7.85 12.58
gradcoru_qpts F® F SEW) + SFY) - - - 22.15 39.96 65.51 - - - 13.48 23.55 37.73
tdisf v, x,, F0 F/9 SUMD) 4 S(x,) + 2SFW) 17.69 34.37 59.25 34.37 59.25 93.98 11.08 20.65 34.59 20.65 34.59 53.73
tdivpcorf Fe/ R® SF?) + SRW) 10.00 19.53 33.75 17.15 30.20 48.63 6.25 11.72 19.69 10.35 17.70 27.89
comm_flux DY, F¥, n? p? S@P) + SFE) +25dY) 21.75 33.98 48.94 33.98 48.94 66.61 15.41 23.79 33.98 23.79 33.98 45.99
tdivtconf v R® SUY) +25RY) 8.75 15.63 25.31 10.86 18.20 28.36 5.78 9.96 15.70 7.23 11.72 17.77
negdivconf R, J© RW SIY) +28RY) 5.50 10.74 18.56 5.50 10.74 18.56 3.44 6.45 10.83 3.44 6.45 10.83
Total Bandwidth 143.63 258.77 422.25 227.78 385.24 603.69 94.38 163.88 260.06 147.12 240.87 367.95
-
N
Table A.9
Navier-Stokes Data Movement Requirements with kernel grouping.
Data Movement Requirements Per RHS Per Element [KiB/RHS/element]
Hexahedral Prism
Anti-aliasing off Full anti-aliasing Anti-aliasing off Full anti-aliasing
Kernel Input Output Formula p=3 p=4 p=5 p=3 p=4 p=5 p=3 p=4 p=5 p=3 p=4 p=5
disu uw vy SUW) +sUY) 6.25 10.74 16.88 8.36 13.32 19.92 4.22 7.03 10.78 5.66 8.79 12.85
conu DY, n? p? sm?®) +25DdY) 10.50 16.41 23.63 16.41 23.63 32.16 7.44 11.48 16.41 11.48 16.41 22.20
tgradpcoru uw F® S@UW) 2.50 4.88 8.44 2.50 4.88 8.44 1.56 2.93 4.92 1.56 2.93 4.92
tgradcoru uw F© sy 3.75 5.86 8.44 5.86 8.44 11.48 2.66 4.10 5.86 4.10 5.86 7.93
gradcoru F, x,, J© F® SJ) +S(x,) 0.69 1.16 1.88 0.69 1.16 1.88 0.45 0.73 1.13 0.45 0.73 1.13
gradcoru fpts F© FY¥ SE?) 11.25 17.58 25.31 17.58 25.31 34.45 7.97 12.30 17.58 12.30 17.58 23.79
ugpts u v 0 - - - 0.00 0.00 0.00 - - - 0.00 0.00 0.00
gradcoru_gpts F© FY 0 - - - 0.00 0.00 0.00 - - - 0.00 0.00 0.00
tdisf UM, x,, F0 F/ S(x,) 0.19 0.19 0.19 0.19 0.19 0.19 0.14 0.14 0.14 0.14 0.14 0.14
tdivpcorf F® R® SR™) 2.50 4.88 8.44 2.50 4.88 8.44 1.56 2.93 4.92 1.56 2.93 4.92
comm_flux DY, F¥, n pY s@?) + SEY) +25dY) 21.75 33.98 48.94 33.98 48.94 66.61 15.41 23.79 33.98 23.79 33.98 45.99
tdivtconf uw R® SUY) + SRY) 6.25 10.74 16.88 8.36 13.32 19.92 4.22 7.03 10.78 5.66 8.79 12.85
negdivconf R, JW R SJW) + SRM) 3.00 5.86 10.13 3.00 5.86 10.13 1.88 3.52 5.91 1.88 3.52 5.91
Total 68.63 112.29 169.13 99.42 149.93 213.61 47.50 75.98 66.60 101.65 142.63
Predicted Speedup 2.09 2.30 2.50 2.29 2.57 2.83 1.99 2.16 2.31 2.14 2.37 2.58
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