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Abstract

Hierarchical models are one of the most efficient and principled techniques to estimate
the parameters of each object in a population. In astrophysics, we often aim to
estimate a set of parameters for each of a number of objects in a population, which

motivates the application of hierarchical models.

However, fully modelling a population of objects within a hierarchical model re-
quires substantial computational investment and often specialised computer code
(black-box), especially for complicated problems. In this study, we develop novel
methods to conveniently obtain the improved estimates available under a hierarchi-
cal model. While taking advantage of the existing code for case-by-case analyses, our
methods simultaneously estimate parameters of the individual objects and parameters

that describe their population distribution.

There are many possible applications of hierarchical models in astrophysics. In
this research we deploy our novel computational algorithms to three projects: the
determination of distance modulus to the Large Magellanic Cloud (LMC), the precise
estimates of a group of Galactic halo white dwarfs (WDs), the reliable estimates of
the initial-final mass relations (IFMRs). These three circumstances correspond to
the applications of Bayesian hierarchical models to more precise determination of a
common parameter, a set of parameters of one kind and a set of functions of one kind,

respectively.



The main contribution of this work lies in the last two—WDs and IFMRs—projects,
which are built upon a few computer models. Our innovation is to fold these complex
computer-based astrophysical models into a Bayesian hierarchical model that allows
us to simultaneously fit individual models for multiple stars or even multiple clus-
ters of stars to obtain estimators with superior statistical properties (e.g., reduced
mean squared errors). Our easy-to-implement computational algorithms make these
computationally challenging tasks tractable via taking advantage of case-by-case fits,
which are potentially useful to many projects in other areas. Our contribution is
mainly on the statistical side and all astronomical projects are meant to be testbeds
for proofs of concept of my new algorithms. Our analyses are preliminary in the

astronomy side, and all the astronomical results are not definitive.
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1 Introduction

This chapter covers the statistical techniques and astrophysical background in this
research. Suppose we observe a sample of objects from a population of astronomical
sources, for example, the photometry of 10 white dwarfs (WDs) from the Galactic
halo, and we wish to estimate a particular parameter or a set of parameters for each
object. We refer to these as the object-level parameters. By virtue of the population,
there is a distribution of these parameters across the population of objects. This
distribution can be described by another set of parameters that we refer to as the
population-level parameters. Often we aim to estimate both the object-level param-
eters and population-level parameters. As we shall see, however, even if we are only
interested in the object-level parameters, they can be better estimated if we also
consider their population distribution.

In this thesis, we develop efficient computational algorithms to infer both the
object-level and population-level parameters. We review statistical techniques and

describe the astrophysical motivations in the reminder of this chapter.

1.1 Hierarchical Models

Hierarchical models, sometimes called multilevel models or mixed effects models, gen-
eralise ordinary regression methods, in which regression coefficients are themselves

given a model. They can combine different units of data together in a study, leading
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to a comprehensive understanding of the problem (Gelman, 2006a). They have been
widely used in many fields, like medicine, biology, sociology, physics and so on. In
medical research, there are a large number of clinical trials of a new drug on different
people and it is important to combine all evidence to reach a conclusion. In biology,
biologists have many sets of experiments performed under similar conditions. In a
vote survey, we can have the poll from plenty of places and we want to merger them
in a reasonable way to yield a good estimate. These kinds of problems are so common

in both research and practice.

1.1.1 Background

Hierarchical modelling has numerous benefits, outperforming classical regression in
predictive accuracy (Gelman, 2006a). Firstly, it uses all available units of data when
inferring parameters for each particular unit (Efron, 1996), so it produces an esti-
mation that borrows strength from all available datasets. Another advantage is that
hierarchical fittings usually lead to estimators of reduced mean squared error (MSE)
(e.g. Efron and Morris, 1973; Gelman, 2006a) compared with non-hierarchical ones.
See Gelman (2006a), and Cressie et al. (2009) for more details about the strengths
and limitations of hierarchical modelling.

Hierarchical modelling produces shrinkage estimates (Morris and Lysy, 2012),
which shrink inward and have smaller MSE on average. Now we examine some basics
about shrinkage estimators. James and Stein (1961) stunned the statistical world by

showing that for the normal model

Xi~ N(pi,0%),i=1,--- I, with I > 3, (1.1)

the maximum likelihood estimates (MLE) M = X; are dominated by /% = (1 —
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B)X; with B = U=2)2" in terms of MSE (James and Stein, 1961; Morris and Lysy,

I 2
i=1X;

2012). As a matter of fact, the MSE of MLE is

Bl (™ = )|, | =10,

while for James-Stein estimator ji/°s,

I

B S = s | (1)
_ i B|(X; = i) + B2XE = 2BXi(X; — )|

9(BX;)
0X;

I
=Io+ (I - 2)0”°E(B) — 20°E ) _
i=1

(I —2)%*
> (X7)

=Io* - E < Io*. (1.3)

In Bayesian decision theory, we have sets ©, X', A, where © are the states of nature,
X the possible observations and A the set of actions can be taken. An observation
x € X is distributed as F'(x|f) and therefore provides evidence about the state of
nature 8 € ©. A decision rule is a function ¢§ : X — A, where for an observed data
x, we take the action d(x) € A. We define a loss function L : A x © — R (R is the
set of real number), which specifies the loss produced by taking action a € A when

the true state of nature is 6. Usually, we take the action §(x) after observing data x,

so that the loss is L(6(x),d). The risk of rule ¢ is defined as
R(é, 9) = EF(wW) [L((S(ZB), 9)]

Suppose 6 and 0 are two estimators (rules) of ¢ and they are functions of @, then if

R(0.0) < R(6,0) for all 6 and R(,0) < R(6,6) for some 6, we call f is inadmissible.
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Therefore, from Eq. (1.3), we can conclude that James-Stein method makes MLE

inadmissible when I > 3.

Hierarchical modelling is closely related to James-Stein estimators (e.g. Efron
and Morris, 1973; Efron and Morris, 1977). James-Stein estimation coincides with
the posterior mean of p; derived from the empirical Bayes approach to fitting the

hierarchical model in the following Equation (1.4)

X; ~ N(pi,0%),i=1,--- 1, with I > 3,
(1.4)
i~ N(0> 7_2)7
where 7 is the population standard deviation of p;s. As a matter of fact, given 7 and

X; in the normal-normal model in (1.4), we derive the conditional mean of y;, i.e.,

B(pi| X5, 7%) = 7 = (1 - H)X; (1.5)

with H = 72‘1720_2 Based on the model in Eq. (1.4), we have X; ~ N(0,0% + 72), so

S X2/(0% + 7%) ~ x*(I). By doing some calculation, E ) = T
im1 X7/ (0%2+72)

so we have
2

E<([_2)02) o

1 2 ) T 2 2°
> e X ot +T

Consequently, we obtain an unbiased estimator of H, = 27

I 2
Yo X7

H in BEq. (1.5) with H yields the James-Stein estimators /. There are a few

and replacing

ways to derive similar estimators, such as finding the maximum likelihood estimate
(MLE) or maximum a posterior (MAP) estimate of 72 and then estimating p; with
its conditional mean in Eq. (1.5). We discuss empirical Bayes approach (Efron and

Morris, 1972, 1973; Morris, 1983; Efron, 1996) in detail later.
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1.1.2 Gaussian Linear Hierarchical Model

In this part, we review a commonly used hierarchical model — the Gaussian linear
hierarchical model, also called Gaussian linear mixed effects model. Gaussian linear

mixed effects model has the following structure

Y= X8+ Zvyi + e, € % N0, 5); (1.6)

v X N(0,D),i=1,2,-- ,m, (1.7)
where Y; is a IV; X 1 vector of observations, X; and Z; are matrices of explanatory
variables with dimensions N; X p and N; X ¢ respectively; 3 is a px 1 vector of unknown
parameters which are called fixed effects; ; is a ¢ x 1 vector of unknown random effects
and €; is a V; x 1 vector of random errors with mean 0 and known covariance matrix
3;. One main difference between fixed effects 3 and random effects =; lies in that
3 is the same for all Y;, but ~;,7 = 1,2,...,m are from the same distribution. The

total number of observations is Y ;- N; = N. Generally, we assume

Cov(y;,€;) =0 for all 7, 5;

Model (1.6)-(1.7) can be expressed in matrix notations:

Y = X3+ Zv +¢, (1.8)
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where

with

in which I, is m x m identity matrix and

Y,

Y,

Nx1

Ym

m-gx1

Xy
Xo

~ N(Om~q><171m X D)>

X
0

- Nxp

0
X

Z,

€1

€9

€m

X
<4 NxN

Nx1

- Nxm-q

~ N(Olea 2)7

We derive the marginal distribution of Y via marginalising the random effects ~

Y ~ N(XB,V(D

),

(1.9)

in which V(D) = Z(I,, ® D)Z" + X. In the following subsection, we will review

some existing approaches to fitting parameters 3 and D. For detailed discussions of

hierarchical models, see Gelman and Hill (2007).

In the following sections, we cover a few approaches for fitting the Gaussian linear
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mixed effects models. Broadly speaking, they can be categorised as frequentist and

Bayesian methods.

1.1.3 Frequentist Estimation

In this section, we cover two frequentist methods for the Gaussian hierarchical model:

maximum likelihood estimation and restricted maximum likelihood estimation.

Maximum Likelihood Estimation and Its Implementation

Maximum Likelihood Estimation (MLE) is one common approach to a wide range of
statistical models. For the linear mixed effects model in (1.6)—(1.7), the likelihood for

parameters B and D is

L(Y|B,D) = /Hp(Yélw,B)p(% D)dv; ... dvm
=1

B H det(27(X; + Z;DZT)) exp { - 5(1’; - X,8)"x (1.10)
i=1 ? i :

(2 + Zz‘DZi)_l(Yz‘ — X,,@)}
The MLE of 3 and D is the point estimate such that
(BML? ﬁML) = arg %%(L(Y|167 D)

We show how to find the MLE for 8 and D via the expectation-maximisation (EM)
algorithm. In the following derivations of different estimations, we might omit some

constants which do not affect the computation. We treat random effects ~;,7 =
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1,2,--+ ,m as missing data, so the log-likelihood for parameters 3 and D is
I _
LY 4|8, D) =~ Y (Y- XiB— Z) =7 1(Y - XiB - Zivi)
= (1.11)

m L~ 1yt
Y Indet(D) — 5 ;% D ;.
Given the data Y and ¢-th iteration of 3 and D, we can derive the conditional density

p(v|¥;, B9, DY) o p(Yi|vi, BY) x p(v;| DY),

-1
w= DY)+ 2z Zm (Y- X80, (1.12)
-1
®, = {(D(t))_1 - Z;TEi‘lZZ} , (1.13)
%lY:, 84, DY ~ N(p;, @)). (1.14)

From the EM algorithm, we update parameters

m 1 m
g = (L XIsx) Y XIS (Y- Z), (1.15)
i=1 i=1
1 m
pey _ L ((I)i i T). 1.16
— Zl + Bt (1.16)

Upon the convergence of the EM algorithm, we obtain the point estimates of 3 and
D. Then based on the likelihood function in Eq. (1.10) we can compute the inverse

information to obtain the variance of estimates of 8 and D.

Restricted Maximum Likelihood (REML)

Restricted maximum likelihood (REML), first developed by Patterson and Thompson

(1971), can be divided into two steps. In the first step, it generally assigns a flat prior
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on B, namely p(8) x 1, and integrates 3 out. So the marginal likelihood for D is
L(Y|D) = [ L(Y|8.D)p(B)dp, (1.17)
REML estimates D by maximizing L(Y |D) with respect to D, namely
Drpyr = arg max L(Y|D).
Then we estimate 3 by maximizing
BREML = arg mgx L(Y|B, bREML)~

We show how to use Monte Carlo Expectation-Maximization (MCEM) algorithm

to obtain the REML estimates.
Step 0 Initialization. Set initial value for D(© = Dt

Step 1 Given the t-th iteration D® we have the conditional densities:

m m

DYy N x's'x) S xTsl (Y - Z~
ﬁ’ y XY~ Z i & i Z i 2y i iYi |,

i=1 i=1

(ij sz;lxi)_1> ,

i=1

-1
%D Y. B~ N<(<D<”>-1 +2isz) 237 (V- X).

((D(t))—l + Z,'TEZ-_IZz) _1> .

From these conditional densities, we can use a Gibbs sampler to simulate sam-
ples of B and =, and denote them as B!, ..., B85 and 'yi[s],i =1,2,....,m,s =

1,2,...,5, where S is the sample size.
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Step 2 From the MCEM algorithm, we update

D(t+1) _ —~ i S in: Z (,Yz[s},yl[s]T>.

i=1 s=1
Step 3 Repeat Step 1 and 2 until the series {D® ¢ =1,2,--- ,} converges.

We can obtain DEFML from the MCEM algorithm, then we plug it in the marginal

distribution of data in the Equation (1.9), so we have
Y, ~ N(Xiﬁ, ZTDREMLZT | 21-). (1.18)

By maximizing the conditional likelihood in (1.18), we have the REML of 3,

BREML _ (Z XIT(EZ 4 ZiDREMLZiT)—lXZ) -1 ZX? (Ei n ZilA)REIWLZiT)—l}[i.
i=1 i=1

The difference between MLE and REML lies in that the REML estimates D
from the marginal likelihood function in Equation (1.17), but MLE estimate 8 and
D simultaneously from the likelihood function in Equation (1.10). Although MLE
is asymptotically unbiased, it is slightly biased in many cases. REML accounts for
the degrees of freedom lost by estimating the fixed effects, and makes a less biased
estimation of random effects variances. The estimates of D are invariant to the value
of B and less sensitive to outliers in the data compared to ML estimates. To show
the superiority of REML over ML, one basic example is the estimation of variance
based on an independent and identically distributed random normal sample with
unknown mean, namely, Y; ~ N (u,0%),i = 1,2,--- ;n. We can find the MLE: iy, =

Y =1%" Y, and o2y = %Z:;l(Yl —Y)2. The REML estimates are: jiggyr =

T on

X ~ _ 1 n W, 2 ~ . . ~ .
Y and 0%rpyr = 52 (Yi = Y)?. Clearly, 0?gpyr is unbiased and o2y is
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asymptotically unbiased.

1.1.4 Bayesian Approaches

In this section we describe two Bayesian approaches: Fully Bayesian and Empirical

Bayes.

Fully Bayesian Approach

The Fully Bayesian (FB) approach treats all parameters as random variables, obtain-
ing the joint posterior distribution for them. To fit the hierarchical model (1.6)-(1.7),
it requires a prior density p(3, D) = p(B|D)p(D). The standard prior distributions

are p(B|D) x 1 and p(D) ~ Inverse Wishart(Xg, ng) *. So, the joint posterior density

p(8,7, DIY) o< p(8, D)p(v|B, D)p(Y|7). (1.19)

! The Inverse Wishart distribution is the conjugate prior for the covariance matrix of a multi-
variate normal distribution, having two parameters: scale matrix ¥ and degrees of freedom v, and
its probability density function is

PXIW,v) = hol x| e b X,
2% Fp(§)

in which I', is the multivariate gamma function, and ¢r(-) is the trace function.
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We can derive the conditional posterior densities for the linear mixed effects model,

71"Y7 D,3~ N<<D_1 + ZiTEZIZi)_IZiEi (YQ - Xiﬁ); (1~20>

<D—1 N ziTzl_—lzi)_1>, (1.21)

m m

Bly ~ N((ZXiTzi_lXi)_l ZXZTEZI(YE - Zi7i)a (1.22)

i=1 =1
m -1
(Z sz;lxi) > (1.23)
i=1

D|~ ~ Inverse Wishart (no +m, 3o+ Z 'yfyl-T). (1.24)

i=1

A Gibbs sampler can be employed to draw samples from Equations (1.21)—(1.24).
From these samples, we can obtain the mean, variance, credible interval for each

parameter.

Empirical Bayes Approach

empirical Bayes (EB) is another type of important approaches to inferring hierarchical
models (Efron and Morris, 1972, 1973; Morris, 1983; Efron, 1996; Carlin and Louis,
2000). The basic idea is to find a reasonable point estimate for a subset of parameters
first and then derive the posterior density for other parameters conditional on the
point estimate. In the first step, namely optimizing some parameters, commonly
used ways are MLE, MAP and so on. For the linear mixed model (1.6)-(1.7), EB

proceeds as follows.

Step 1. As in the MLE, we optimize parameters 3 and D,

~ N

(8,D) = argr%%X/L(B,Oﬁ\Y)dv;
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Step 2. Given B, 15, find the conditional posterior distribution of 4 by Bayes theo-

rem, i.e,

p(¥iYi, B, D) « p(Yi|v:, B)p(v:| D)

~ -1 N ~ -1
~ N((D—1 + ZiTEfZi) Z3, (Y - X,ﬁ), (D—1 + ZiTEi‘lZi) )

The main difference between the FB and EB methods is that FB takes the uncer-
tainty of B and D into consideration, but EB does not (Kass and Steffey, 1989). EB
is an approximation to the FB. Numerous studies have been done to compare the per-
formances of these two approaches in different projects (Bernardinelli and Montomoli,

1992; Cui and George, 2008; Scott et al., 2010; Persaud et al., 2010).

1.2 Astrophysical Background

This section describes the astrophysical background for the projects in my research.
We introduce the Large Magellanic Cloud (LMC), and stellar evolution.

Now we cover a few astronomy terminologies. Astronomy is a natural science
that studies celestial objects and phenomena. It applies mathematics, physics, and
chemistry, and attempts to explain the origin of those objects and phenomena and
their evolution.

Astronomers can determine the luminosity of astronomical objects via telescopes.
Luminosity is the total amount of energy emitted by a star, galaxy, or other astro-
nomical object per unit time. In this research, the data of stars or star clusters are
photometric magnitudes, a negative logarithmic transformation of luminosities, mea-
sured in various specific wavelengths or passbands, such as, the ultraviolet (U), blue
(B) and visual (V) filters. The letters U, B, and V stand for ultraviolet, blue, and

visual magnitudes.
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Astronomers use two different definitions of magnitude: apparent magnitude and
absolute magnitude. The apparent magnitude is the brightness of an object as it
appears in the night sky from Earth, while the absolute magnitude describes the
intrinsic brightness of an object as it would appear if it were placed at 10 parsecs
distance from Earth. The brighter an object appears, the lower the value of its
magnitude, with the brightest objects reaching negative values. The Sun has an
apparent magnitude of —27, the full moon —13.

Generally astronomers study the distance modulus, age, metallicity, mass of a
celestial object. The distance modulus is the difference between the apparent magni-
tude and absolute magnitude of a celestial object (m — M), and provides a measure of
the distance to the object, r. The relationship between the distance modulus m — M

and distance in parsecs r is
M = 5logyy(—)
m — M = 5log,(—
£10 10

where m is the the apparent magnitude of the star and M is the absolute magnitude
of the star. The age of a celestial object is generally in units like million year (Myr)
or Giga year (Gyr). Metallicity is the fraction of mass of a star or other kind of
astronomical object that is not in hydrogen or helium. In this thesis, we use the log;,

scale of metallicity. Mass of astronomical objects are usually in solar mass, M.

1.2.1 Distance Modulus to the Large Magellanic Cloud

The Large Magellanic Cloud (LMC) is a satellite galaxy of the Milky Way. Its distance
modulus is important for precisely determining extragalactic distance (De Grijs et al.,
2014). Many researchers have attempted to estimate the distance modulus to the

Large Magellanic Cloud (e.g. Pietrzynski et al., 2013; Inno et al., 2013; Muraveva
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et al., 2014; Inno et al., 2016; Bhardwaj et al., 2016; Wagner-Kaiser et al., 2017),
producing different estimates of the distance modulus based on diverse methods and
observations.

We intend to propose a statistical method to systematically review different esti-
mates of the distance modulus to the LMC and produce a comprehensive conclusion
based on Bayesian hierarchical modelling. We perform a tentative hierarchical anal-

ysis on some published results and obtain our new results in Chapter 3.

1.2.2 Stellar Evolution

Stellar evolution is a branch of astronomy which focuses on how stars are formed and
how they evolve over time. Based on the power source, the lifetime of a star is often
divided into the following phases. Generally speaking, a star forms when interstellar
matter collapses into a ball of hot plasma. When the mass of the ball is large enough,
it usually ignites thermonuclear reaction that fuses hydrogen into helium. Then it will
become a main-sequence (MS) star and the fusion of hydrogen into helium continues.
Depending on its mass and composition, this phase can last for millions to billions
of years. Stars with larger mass tend to be denser, hotter and faster to burn their
hydrogen up. After the hydrogen in the core has been consumed the core collapses,
causing the ignition of hydrogen in the area around the core. Simultaneously, the
diameter of the star surges and its surface temperature decreases, becoming a red
giant (RG) star. This period is much shorter, lasting only as long as one-tenth of the
previous process. In this phase the temperature of its core continues to increase and
it is possible to fuse helium into heavier elements, such as, carbon, oxygen, neon and
so on. Then for a star weighing less than 8 M), its core stabilises as the outer layer
blow away, forming a small hot dense core, called a white dwarf star. Nuclear fusion

ceases in a white dwarf, and it gradually cools by radiating light.
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Astronomers can observe stars through telescopes and obtain their photometric
magnitudes over different filters. Stars in varying stages can be distinguished by their
locations in the colour-magnitude diagram (CMD). Figure 1.1 shows the CMD for
Hyades cluster, in which each dot is a star in the Hyades. The red and blue solid
lines are the fitted main sequence/red giant (MS/RG) and white dwarf (WD) models,
respectively. We talk about these stellar evolution models in detail later. Alongside
the long solid red line are main-sequence or red giant stars. Stars nearby the solid
blue curve are white dwarfs. Stars far away from these two lines are field stars, which

are not members of Hyades.

For stars, the properties of main concern are their distance moduli to Earth,
initial masses (their masses as zero-age main sequence stars), ages, metallicities. For
simplicity, denote A, M, D, Z the base 10 logarithm of age, the solar mass, the distance
modulus and the metallicity of a star. These parameters of a star are closely relevant
to its photometric magnitudes as it evolves. More massive stars burn their hydrogen
faster, thus leave the main-sequence earlier. Older stars tends to be fainter, while
younger stars are brighter, emitting more energy. Also, more distant stars are dimmer.
Metallicity measures the abundance of metals (in astronomy elements heavier than
helium), which affects the star’s emission. To characterise the evolution process of
stars, astrophysicists have developed a number of mathematical models, such as main
sequence red giant models, white dwarf cooling models, initial-final mass relation

(IFMR) models, etc.

Before introducing astrophysical models for stars, we point out a couple of facts
that influence our statistical methods. Firstly, between one third and one half of main
sequence and red giant stars are binary or multiple systems (Jao et al., 2009; Sollima
et al., 2010), which are hard to be decomposed into component stars. The luminosities

of the component stars sum, leading to a difference from the expected magnitudes
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Figure 1.1: The CMD plot for Hyades. Each dot indicates one star in the Hyades
cluster. The units on y-axis are magnitudes on V filter with lower values indicating
brighter sources. The units on x-axis are difference of magnitudes between B and V
filters. The solid red and blue lines are the fitted MS/RG and WD models. References:
DeGennaro et al. (2009); van Dyk et al. (2009); Stein et al. (2013).
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under the computer model with parameters set at the cluster values. Therefore, we
treat all main sequence and red giant stars as binary systems. Secondly, because
white dwarf 4+ white dwarf binary systems are relatively rare (maybe 10% of the
cluster white dwarfs (Stein et al., 2013)) all white dwarfs are modelled as single stars.
Thirdly, for a star cluster consisting of numerous main sequence, red giant and white
dwarf stars, their ages, distance moduli, matellicities are very similar. Only their
masses differ. Lastly, stars that appear from the Earth’s observation point to be in or
close to a star cluster but are not actually members of the cluster are called field stars.
Even in the best studied cluster, some stars’ memberships are yet to be confirmed.
In our fittings, every star can be either a cluster member or a field star. We set ¢
to be the indicator of the membership of a star. If it is a cluster star, then ¢ = 1,
otherwise ¢ = 0. For more details about statistical analysis of stellar evolution, refer
to von Hippel et al. (2006); van Dyk et al. (2009); DeGennaro et al. (2009); O’Malley
et al. (2013).

For convenience, we denote the observed magnitude in filter band j of star ¢ as
xy; for j=1,--- Nyand i =1,--- I, with I the number of stars in the dataset and
N; the number of magnitudes for the i-th star. The vector of observed magnitudes

for star i, X; = (w;1, -+ ,2;n,)7, has known variance-covariance matrix ;.

We denote ® = (A, D, Z), the vector of cluster parameters. Given the initial mass
(as a main sequence star) M; of star ¢ and cluster parameters ©, the main sequence

red giant (MS/RG) model predicts the expected magnitudes:

Ghis/ra(M;, ©).

Taking the binary system into consideration, from the astrophysical definitions, we
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derive the expected magnitude for the j filter

[ = _2_5loglo(10—GMS/RG,j(Mi,®)/2~5 + 10_GMS/RG,j(MiRi7®)/2~5) (1_25>

where Gus/ra,j(M; - R, ©) is the predicted magnitude in the jth filter for the sec-
ondary star in the binary system and M; - R; is the secondary mass. We let pu; =
(i1, -+, min, )T be the vector of predicted values of X if star 7 is a main sequence or
red giant star. See Stein et al. (2013) for more details. For more about the MS/RG

models, see Yi et al. (2001); Dotter et al. (2008).

For a white dwarf 7, the computer model is more complicated. The MS/RG model
computes how long the white dwarf lived as a main sequence red giant star, called
the progenitor age,

¢pr0gage,i = FMS/RG(Z7 Mi)v (126)

where Fyis/rg is the MS/RG computer model for white dwarfs. Then the star’s age as

a white dwarf can be computed, which is simply the total age A;, less the progenitor

age, Yprogage- LThe WD cooling model calculates the effective temperature, ¢r_,, and
radius of the WD as a function of its age and white dwarf mass:
(wTeH,iv '(/}radius,i) = Fcooling(Ai - ¢progage,iv MWD,Z'); (127)

where A; — Yprogage,i 18 the cooling age of star ¢ and Mwp; is the final mass. After
Yradius,i 15 Obtained, we can compute the base-10 logarithm of the gravity experienced
at the surface of white dwarf ¢, denoted 9104 4. From Newton’s law, the surface gravity
is

Viogg = 10g10(GMWD,i/¢?adius,i)7 (1~28)

where G is Newton’s gravitational constant.
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Figure 1.2: Stellar parameters and expected photometry data.

Finally, the WD atmosphere model returns the expected magnitudes for WD 4,

i = Fatmosphere(¢Teg,ia wlog g,i)- (129)

The IFMR bridges the WD mass and its initial mass as a MS star. We consider

the parametrised form for the IFMR,

Mwp,; = f(M;, av). (1.30)

These models connect characteristics of a star to its photometric magnitudes.
Astronomers can observe photometry data of stars via telescopes with measurement
errors. The statistical model between photometry X and characteristics of a star is

presented as follows:

E(X|A,M,D,Z) = G(A,M,D,Z), (1.31)

in which G(-) summarizes astrophysical models. In this study, computer models The

role that computer models play in our research is summarised in Figure 1.2.

One notable attribute of astrophysical models in G(-) is that they are usually
highly complicated, nonlinear and lack closed forms, which makes the statistical in-

ference on A, M, D, Z extremely difficult. The joint marginal posterior distribution
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of A, M, D of a serpent shape in figure 1.3 gives a glimpse of the complexity of G(-).
It plots a Monte Carlo sample from the 3-dimensional posterior distribution of mass,
distance modulus, and log,;,(Age) for a typical WD, obtained with BASE-9. We
include this figure to show the complex shape of the posterior distribution and the
non-linear correlations among the parameters. We did not show the specific values of
the parameters, because they are irrelevant to the purpose of this figure. This is the
candidate’s own work, and this WD, J0822+3903 (Dame et al., 2016), is included in

hierarchical analysis in Chapter 4.

To tackle this challenge, a large number of researchers turn to Bayesian statistics
by taking advantage of state-of-the-art computational tools, such as Markov chain
Monte Carlo (MCMC). van Dyk et al. (2009) proposed principled statistical meth-
ods to incorporate intricate stellar evolution models in a Bayesian framework. In
O’Malley et al. (2013), a self-consistent and robust Bayesian statistical approach is
employed to derive the ages, distances, metallicities and masses of white dwarfs. The
program package, BASE-9 (von Hippel et al., 2014), short for Bayesian Analysis of
Stellar Evolution with 9 parameters, is a comprehensive and dynamic toolkit to fit

the parameters of a cluster or a star given their or its photometry.

In astrophysics, we often aim to estimate a set of parameters for each of a number
of objects in a population, which motivates the application of hierarchical models.
Noticeably, these models have gained popularity in astronomy mainly for two rea-
sons. Firstly, they provide an approach to combining multiple sources of information.
For instance, Mandel et al. (2009) employed Bayesian hierarchical models to analyse
the properties of Type Ia supernova light curves by using data from Peters Auto-
mated InfraRed Imaging TELescope and the literature. Secondly, they generally
produce estimates with less uncertainty. By combining information from supernovae

Ia lightcurves, March et al. (2014) and Shariff et al. (2016) illustrate how a hierarchi-
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Figure 1.3: A WD’s 3-dimensional scatterplot of its marginal posterior distribution of
mass, distance modulus, and log;,(Age). Its shape is complicated, and the parameters
have non-linear correlations. The specific values of the parameters are not included,
because they are not relevant to the purpose of this figure. This WD, J0822+3903

(Dame et al., 2016), is included in analysis in Chapter 4.

cal model can improve the estimates of cosmological parameters. Similarly, Licquia

and Newman (2015) obtained improved estimates of several global properties of the

Milky Way by using a hierarchical model to combine previous measurements from the

literature.
We focus on two projects in stellar evolution: hierarchical models of the age of

group of Galactic halo WDs and the IFMRs of a number of star clusters.

a
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1.2.3 Hierarchical Modelling of the Age of Galactic Halo White Dwarfs

Age is one of the key information of an astronomical object, such as galaxy, star,
cluster, etc. Our first project is to infer the age of our Galaxy via combining the age
information in multiple white dwarfs. A galaxy like the Milky Way consists of three
parts: (1) the disk, (2) the halo, and (3) the central bulge. These components are
indicated schematically in the adjacent figure 1.4. The Galactic halo is a spherical
volume of scattered stars, globular clusters of stars surrounding a spiral galaxy. The
halo white dwarfs are believed to be older than stars in the inner part of a galaxy, so

they are of great importance to infer the formation and age of the galaxy.

Disk
(Spiral Arms)

Central

Bulge Globular

Clusters

Schematic Side View of the Galaxy

Figure 1.4: The figure of a Galaxy. Source: http://csepl0.phys.utk.edu/
0JTA2dev/ojta/course2/milkyway/components/components_tl.html-save.

In the first part, we investigate the age of a Galactic halo via a hierarchical model.
Since the age of astronomical objects is usually huge, we take the base 10 logarithm of
it. So when we talk about age, we sometimes means its logarithm. The data available
are the photometry of a few white dwarfs. To make it clearer, denote A;, D;, Z;, M;

the ¢-th star’s age, distance modulus, metallicity, initial mass. The hierarchical model
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18

(Xi| Ay, Di, Z3, My) ~ N(G(Ay, Dy, Ziy M), £5),i = 1,2, K; (1.32)

A ~ N(,U,, 7—2)7 (133)

with 3; are known from telescopes, G(-) the computer-based white dwarf model.
Also, for other parameters D;, Z;, M;, astronomers can provide very good priors on

them. The main objective is to make inferences about yz and 72 and 4;, i =1,--- , K.

1.2.4 Hierarchical Modelling of the Initial-Final Mass Relations for

Star Clusters

Another problem in stellar evolution is to investigate the functional relationship be-
tween the initial and final mass of a white dwarf, the so-called initial-final mass rela-
tion (IFMR). The initial mass or zero-age main-sequence (ZAMS) mass of a star is the
mass of a star when it starts to be main-sequence star. The final mass of a star is its
mass when it evolves to be a WD, so the final mass is also called WD mass. There are
quite a few estimated IFMRs in the literature, such as, Weidemann (2000); Williams
et al. (2004); Kalirai et al. (2005, 2008); Salaris et al. (2009); Williams et al. (2009).
IFMRs are very important when fitting stellar models. Taking different IFMRs may
lead to significantly different results on the features of a cluster. From astrophysical
theory, IFMRs are monotonically increasing functions, which can be approximated
by locally linear segments. The masses for white dwarfs from the same star cluster
are somewhat similar. So when fitting a dataset for one star cluster, we can deploy a

linear IFMR for each cluster.
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For better interpretation, we formulate the IFMR as follows.

MYP = b; + a;(M;; — 3.0), (1.34)
a;
~ N(v,%), (1.35)
bi

where M;;, M;; D are the initial mass and WD mass of the j-th j = 1,2,--- | N, star
in the ¢-th cluster ¢ = 1,2,--- . n, ; ~ N(0,0?). In Eq. (1.34), q; is the slope of the

linear IFMR for i-th cluster and b; the WD mass when its ZAMS mass is 3.0M.

1.3 Review of Statistical Computational Methods

Due to the complexity of the hierarchical models, we develop a number of statistical
computational methods to fit them. Before presenting our algorithms, we cover several

fundamental computational techniques for hierarchical models.

1.3.1 Markov Chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a class of algorithm which can draw sam-
ples from probability density functions known up to a constant of proportionality.
This idea originated from Metropolis et al. (1953), which proposed the well-known
Metropolis Algorithm (MA).

Here we cover how MCMC algorithms work. Markov chain is one kind of stochastic

process that possesses memoryless property. In a mathematical notation, Markov

chain {X,,,n =1,2,---} satisfies

P(Xn+1|X1a e aXn) = P(Xn+1|Xn)7 (136)
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which means that the distribution of X, ; given all previous states only relies on X,
rather than all other preceded ones. Under regularity conditions, Markov chain has

an invariant distribution satisfying

w(y)dy — / Pldy|e)r(x)de (1.37)

where P(dy|x) is the transition kernel, i.e., the probability of moving from x to the
neighbourhood (y,y + dy). After a Markov chain reaches its equilibrium, its trace
contains all information of its invariant distribution. Therefore, it is reasonable to
record the trace of a Markov chain in stationary state and make inferences on its
invariant distribution based on its trace. This is the basic logic beneath MCMC

methods.

MCMC methods turn the Markov chain theory around: the invariant distribution
7(x) is known (perhaps up to a constant multiple). The objective is to learn m(x),
such as, its mean, variance, modes and how it is distributed in the sample space. We
can construct a Markov chain who converges to invariant distribution 7(z) and record
the trace of this chain as a sample from 7(z). The major issue when implementing
MCMC methods is how to find a transition kernel that satisfies Eq. (1.37). It can be
proved that if a conditional probability density p(y|x) satisfies the detailed balance

condition

m(z)p(ylz) = 7(y)p(z|y), (1.38)

then P(dy|z) = p(y|z)dy satisfies Eq. (1.37) (See Tierney, 1994).

Usually, it is hard to find a function p(y|x) who right fits Eq. (1.38). Generally, we
can construct p(y|z) in the following way. Suppose we have a proposal distribution
q(y|z) which can generate candidates. If w(z)q(y|lx) = 7(y)q(x|y), then we have

obtained p(z,y). But this is highly unlikely to happen. We might find, for example,
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that for some z,y,

m(2)q(ylx) > m(y)q(zy),

which means that the chain moves from = to y more frequently than the other way
around. To correct this problem, another function is introduced. Since the chain
moves from y to x too rarely, we set acceptance probability A(y,xz) = 1 and the
probability of accepting movement from x to y is set to A(x,y) = %. For the

case that m(x)q(y|r) < 7(y)q(x|y), we set the acceptance probability the other way

around. For all cases, it holds that

It is trivial to verify that

m(2)q(ylx) Az, y) = 7(y)q(z|y) Ay, ).

So we can take p(y|z) = q(y|x)A(z,y) and it satisfies the detailed balance condition.

Metropolis et al. (1953) proposed a symmetric proposal distribution, i.e., p(z|y) =
p(y|z), and the MCMC algorithm is known as MA. Subsequently in Hastings (1970),
MA is generalised to permit proposal rules of any shape, i.e., Metropolis-Hastings
Algorithm (MHA). One commonly seen challenge of MHA is that it might get stuck
in one local mode of multimodal target densities, which causes the incomplete explo-

ration of the whole sample space and hence leads to biased results.

To combat this situation, a large number of variants of MCMC algorithm have
been developed by researchers to ensure the chain to traverse the sample space thor-
oughly. For example, parallel tempering (Geyer, 1991) runs multiple chains under

various temperatures at the same time and allows two neighbouring chains to swap
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samples. Multiple-Try Metropolis algorithm (Liu et al., 2000; Liu, 2008) makes nu-
merous proposals in each iteration. To achieve the efficient mixing of Markov chain,
Haario et al. (2001) develops an adaptive MCMC which updates the variance of the
Gaussian proposal based on the sample variance of previous draws. Also, the theo-
retical justification of adaptive MCMC for random walk metropolis is violated when
Gaussian proposal is varied in Haario et al. (2001). One implicit assumption of their
adaptive Markov chain Monte Carlo (MCMC) is that the adaptation is applicable to
every point in its state space, which might not be the best strategy in most practical
settings. Having realised this, Craiu et al. (2009); Bai et al. (2011) suggests regional
adaptation for proposal distribution in MCMC. Leman et al. (2009) proposes multi-set
sampler, which traverses the whole sample space smoothly:.

Another important kind of MCMC algorithm is Gibbs sampler (Geman and Ge-
man, 1984), which is specifically designed for multivariate density functions. It sam-
ples iteratively from the conditional density for each variable given the newest updates
for other variables.

The convergence of MCMC algorithms is a vital issue when they are applied in
practice. Many researchers have attempted to address this problem (See, e.g. Gelman
and Rubin, 1992; Cowles and Carlin, 1996; Brooks and Gelman, 1998; Nylander et al.,
2007; Gelman and Shirley, 2011). Usually we use diagnostic tools to monitor the
convergence of MCMC algorithms, such as, the time series plot of the samples, the

autocorrelation plot, and Gelman-Rubin “shrink factor” (Gelman and Rubin, 1992).

1.3.2 Expectation-Maximisation algorithm

This subsection presents a brief description of expectation-maximization (EM) al-
gorithm, why it works and its convergence property. The basic setting for the EM

algorithm is that complete data (X,Y) is split into observed data X and missing
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data Y. Suppose the observed data X = (X3,---,X,,) and the full likelihood func-
tion is f(X,Y|0), with Y missing and € of interest. The ultimate goal is to make
inferences on @ based on observed data X. Clearly, one would attempt to maximise

the marginal likelihood of X by integrating out Y, namely,
6= argmgx/f(X,YO)dY.

However, this way is usually intractable because the marginal distribution of X might
require solving a complicated integral.

The EM algorithm, proposed by Dempster et al. (1977), is tailored to find the
maximum likelihood estimate of @ when one part of the data Y is missing. It works

in the following way:
e Initialization: 6 = 8©);
e E-step: Given the ¢-th iteration 8®), find the expectation:

Q(616") = Ellog f(X,Y0)|X,0"];

e M-step: The ¢ 4 1-th iteration

0+ — arg max Q(010M)

The reason why EM works can be found in Dempster et al. (1977), and Wu (1983).
Here is the basic sketch of the proof. From manipulations of conditional densities, we
have

f[(X10) = f(X,Y0)/f(Y|X,0).
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Taking logarithm and conditional expectation given 8® and X to both sides lead to:

L(6) = log f(X0)
= Ellog f(X,Y 0", X)W, X] — Ellog f(Y|X,0)|X,0Y)]

=Q(6l6") — H(6|6")

By using Jensen inequality, for all 8 we have

H(g(t)w(t)) _ H(0|0(t))

= Ellog f(Y'|X,0%") —log f(Y|X,0)| X, 0"

_ JYIX.0) | g0
“E[l"gf<YrX,e<f>>‘X”’ }

FYIX.0) |
> sy gy -0
> 0.

EM is very popular in many applied areas. But one notorious drawback of it is

its slow convergence. As proved by Dempster et al. (1977), the speed matrix of EM

—1

algorithm is the matrix fraction of the observed information, S = Z_, 7., where

_82 log p(X'0)

Lovs = 00 - 96’

0=0\LE

is the observed data information matrix, and

0%1 X.,Y|0
Icom = _E(X,Y){ ng( ’ ’ )’X, 9}

00 - 00’

0=6r1LE
is the complete data information matrix.
Exemple: Gaussian-Gaussian Hierarchical Model
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Forj=1,2,---,Ji=1,2,--- | Nj,
Yij = p; +eij, ey~ N(0,0%);

g~ N(’% 7_2)7

with Y = (Y11, , YN0, -+ -, Ya,s) the observed data, the parameters of interest are
0= (v,7%,0%). = (u, -+ ,ps) will be treated as latent variable or missing data.

The likelihood function for the complete data Y and p is given by

p(Y, ply, 7%, 0%)

p(Y|p, v, 7%, 0%)p(ply, 7, 0%)

By taking the logarithm, we have:

log p(Y', pl, T2 02)

J Nj
(Vi — 1)
— Z 4 [— —log(2m0?) — J202 J
7j=1 i=1
J
1 o (1 —7)?
+ ]Z_; [— 3 log(2n7*) — 53 ,
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and the expected complete data log likelihood is

Nv
N 1 !
= —Elog(QWUQ) 552 O B — )Y A0, 720,670
j=1 i=1
J 1 <
— 5 log(277%) — o5 > B[ — 7)Y, AW, 20, 020 (1.39)
j=1

A0 720 520 g
(15]Y A9, 720, 6°0) ~ N(win® + (1 —wy) Y, 07), (1.40)
with w; = =02® /(a®® + N; TQ(t) % Zl Y, ] = ijQ(t).
The E-step consists of computing
;= EllY 70,720, 620) = 0,50 4+ (1= wy)(¥)
2 = B2y A0 720 o20] = o2 + i,
J
E> Y, 49,70 ¢ Zug,
7=1
J N J Nj J R
ED Y (V= )Y, 40,720 520 =3 4+ NGIYE 2, — 2V,
7j=1 =1 7j=1 =1 J=1

J
E| = 1%+ — 2.
=1

<
I
_

'M“

Then in the M-step, compute the value of 7, o and 72 that maximize Eq. (1.39).
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Combining this with the E-step yields the EM iteration:

J
] _
D) 5 > [wﬂ(t) +(1- w]—)Y,j};
j=1
1 J Nj B J _
D) = N{ DD (Y =Y 4 Y Nyl - V) “’5]}’

1.3.3 Monte Carlo Expectation-Maximisation Algorithm

In this section, we briefly introduce the MCEM algorithm. In last section, the EM
algorithm can be used to find the maximum likelihood estimate for 8. In the E-
step, it is necessary to find the expected value of the complete log-likelihood function

conditional on observed data and the previous iteration, namely,

Ellog (X, Y|0)|X, 0] = / log (X y[0)p(y| X, 0)dy.

For distributions in the exponential family, this integral is usually solvable, whereas
for some complicated distribution, it might be intractable. Therefore, EM algorithm
might be not applicable in cases where there is no closed form in the E-step. A
reasonable remedy would be to use Monte Carlo approximation as an alternative to

the integral (Wei and Tanner, 1990), which means that

S
1
Ellog /(X Y10)|X, 0] = <3 low f(X, Y I]6),

s=1
with Yt ~ p(y| X, 00)), s =1,--- 8.
In a nutshell, the MCEM works as follows. Initialize parameters first, @ = 8.
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Fort=1,2--,

e MC step: Given the t-th iteration 8%, sample Y ~ p(y|X,0®)), for s =

1727"' aSv

e E step: Evaluate Monte Carlo expectation

Quc(0169)

CQ \

S
Z log f(X, Y"|0)];

e M step:

O+ = arg max Quc(0)0W).

For the Gaussian-Gaussian hierarchical model, given the ¢-th update for () =
(v®, 720 521)  draw a sample of size S for unobservable data ,u[ di=1,2,0,J
from their conditional distributions in Equation 1.40. From ordinary EM algorithm,

we have that

J
1
P = 2D By 0,70, 20,

=1

J
1
2(t+1) _ j ZE[(,U']' o ,7(t+1))2|Y,,y(t)77_2(t)70_2(t)];

<0

J N;
1
20t+1) _ () 2(t)
o = E E E[( DY, A, o,

j=1 i=1
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For MCEM, the expectation will be replaced by sample mean, namely,

s=1 j=1
1 S
S ZZKN& s] (t+1)) };
J-S
7j=1 s=1
1 S J N;j
oM = g 20 D Bl — i)
s=1 j=1 i=1

For the convergence of MCEM algorithm, see Chan and Ledolter (1995) and Fort
et al. (2003) for more details. Generally we check the time series plot of the iterations

of parameter estimates and see whether it has converged to a constant value.

1.4 Novel Statistical Algorithms Illustrated in Astrophysics

Fully modelling a population of objects within a hierarchical model requires sub-
stantial computational investment and often specialised computer code, especially
for complicated problems such as the computer astrophysical model G(-). In this
study, we develop novel, efficient statistical algorithms to conveniently obtain the im-
proved estimates available under a Bayesian hierarchical model. By taking advantage
of the existing code for case-by-case analyses, our methods simultaneously estimate
parameters of the individual objects and parameters that describe their population
distribution. Our methods specialise in the computational side of Bayesian hierarchi-
cal modelling and are known to produce estimators of parameters of the individual
objects that are on average closer to their true values than estimators based on the
case-by-case analyses. Our algorithms are helpful especially when the likelihood func-
tion of each object is highly complicated and computer-based and there is a black-box

code available to perform case-by-case analyses. The new algorithms are elaborated
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in Chapter 2.

We illustrate our techniques in three settings: 1.) meta-analysis of published
results on the distance modulus to the LMC, 2.) pooling a number of Galactic halo
WDs in a hierarchical model to obtain more precise estimates of their ages, and 3.)
pooling multiple star clusters into a hierarchical model to study the IFMR. We must
notify the readers that these applications in astrophysics are tentative and preliminary;,
aimed to present how the new statistical algorithms can be helpful to astronomy

problems.

Our first example is introduced primarily to illustrate a different use of hierarchical
models. Rather than a population of objects, we study a collection of estimates of
a single parameter: the distance modulus to the LMC. In this setting, we use a
hierarchical model to combine a “population” of 13 estimates of the distance to derive a
single comprehensive analysis. We include this analysis to show how to combine case-
by-case estimates into a Bayesian hierarchical model and produce shrinkage estimates
in a simple but realistic setting. Our estimate of the distance modulus to the LMC
is 18.525 + 0.028. The inferred result is subject to change, depending on the studies
included in the hierarchical model. The detailed analysis of 13 published distance

modulus to the LMC is shown in Chapter 3.

In the second application, we pool a number of Galactic halo WDs into a Bayesian
hierarchical model and employ our efficient algorithms to fit the hierarchical model
in both the EB and FB approaches. We perform a simulation study to illustrate
the advantage of hierarchical fits over the commonly used case-by-case analyses. We
find that approximately two thirds of the estimated WD ages are closer to their true
ages under the hierarchical model. Using optical and near-infrared photometry of ten
candidates halo WDs, we simultaneously estimate their individual ages and the mean

age of these halo WDs; the latter is estimated to be 12.047)%2 Gyr. The standard
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deviation of the ages of 10 WDs included in the hierarchical model is estimated to be
0.95 + 0.48 Gyr. However, it is worth mentioning that these figures are preliminary
and may vary, depending upon a number of factors such as astrophysical models and
model assumptions. This project is a prototype for pooling large number of WDs in
the Gaia data and estimating their ages. For details on this project, refer to Chapter

4.

In the third project, we propose a Bayesian hierarchical model for cluster IFMRs,
show how this model can be fit using existing software, and use a suite of simulation
studies to verify the statistical advantages of the resulting IFRM estimates. This
work is also introductory, aimed at illustrating how our statistical methods can be
employed to estimate IFMRs of star clusters. We apply the Bayesian hierarchical
model to fit five clusters: the Hyades, M67, NGC 188, NGC 2168 and NGC 2477.
We obtain the shrinkage estimates of IFMR parameters for these five clusters. We

estimate the mean linear IFMR of these five clusters to be

Migar = (0.09 % 0.04) Mo + (0.44 + 0.14) M.

In addition, for these five clusters, the standard deviations of their IFMR slope and
intercept are to estimated as 0.0770 05 and 0.26 & 0.23, respectively. All figures pre-
sented here are subject to change, depending upon the models and data we use. The

detailed analysis of IFMRs is shown in Chapter 5.

In the ages of Galactic halo WDs projects, we treat the WDs as objects, whose
log,, ages comes from the same population-Gaussian distribution. So we combine
multiple WDs into one single comprehensive model. Similarly, in the IFMRs of star
clusters, clusters are treated as objects and IFMRs of clusters are assumed from the

same bivariate normal distribution. The power of Bayesian hierarchical modelling can
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be conceived of as coming from 1) an informative assumption, which is that all the
objects belong to a population with a particular distribution of the parameters of the
objects across the population, and 2) that it otherwise is difficult to come up with a
technique that can combine the individual results when they may have asymmetric
posterior density functions. It is well known in the statistical world that Bayesian hi-
erarchical modelling produces shrinkage estimates that on average have smaller MSE
(Morris and Lysy, 2012). So using Bayesian hierarchical modelling to astrophysical
problems can improve the precision of estimates. However, fitting Bayesian hierar-
chical models for complicated astrophysical problems is computationally challenging,

which requires our novel statistical algorithms.

One of the primary benefits of our algorithms is that it takes advantages of the
existing black-box code which is able to fit one object at a time. We only need to
write wrapper code that calls the existing programs. This saves substantial human
time investment that might otherwise be devoted to writing new code. Our algo-
rithms make Bayesian hierarchical modelling tractable for complicated astrophysical

problems. We see that our algorithms have great potential in many other areas.

In practice hierarchical models can be difficult to implement in complex situations
that require sophisticated computer code to fit even a single object. The primary
contribution of my thesis is to develop efficient algorithms for fitting hierarchical
models in this situation, treating the computer code for fitting a single object as a
black box that we do not open and do not need to alter. To give context to my
methods, I develop them using several examples from astronomy. These examples are
not meant to be definitive in terms of their astronomical results, but are meant to be
testbeds for proofs of concept of my new algorithms. The black-box software in my
thesis, called BASE-9, can perform case-by-case analysis and produce MCMC samples

for stellar or cluster parameters (e.g., von Hippel et al., 2006; van Dyk et al., 2009;
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O’Malley et al., 2013; Stein et al., 2013; von Hippel et al., 2014). However, this black-
box contains complicated stellar evolution models that are unavailable in closed forms,
which causes computational challenges when combining multiple objects such as white
dwarfs (WDs) or star clusters in a hierarchical model. I employed my methods to three
astronomy problems: the published distance moduli to the Large Magellanic Cloud
(LMC), the ages of a group of Galactic halo WDs candidates, and the initial-final mass
relations (IFMRs) of a few star clusters. I have done simulation studies under these
three settings, and I find that the root mean squared error (RMSE) of hierarchical
estimates for object-level parameters reduce by 54.3% for the LMC project, 75.0% for
the WD project, and 82.0% for the IFMR project, compared with the estimates from
case-by-case analyses. My two-stage sampler algorithm uses case-by-case samples
from the black-box and it only takes an additional 10 minutes to produce the shrinkage
estimates under the hierarchical models, only increasing the computing time by 3.3%
and 0.5% for the WD and IFMR projects, respectively. Because the LMC project uses
a Gaussian-Gaussian hierarchical model that is straightforward, its computing time is
not important. The interval estimates produced by hierarchical models perform also

well, with their actual coverage probabilities close to the nominal level.

In summary, I have developed efficient statistical algorithms that fit Bayesian
hierarchical models by using case-by-case fits from a black-box code and produce
estimates of good properties, costing a manageable amount of time. The three astro-
physical projects are preliminary and tentative, but are not meant to give definitive
answers for astronomical problems. I include the LMC project to show how to com-
bine case-by-case fits into a hierarchical model in a simple but realistic setting. The
WD hierarchical model is a prototype analysis for Gaia, which will measure exquisite
distances to tens of thousands of WDs. The IFMR project is used to illustrate how to

combine multiple clusters into a hierarchical model and improve estimates of IFMR,
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parameters when some of them has insufficient data to constrain the IFMR parame-

ters.
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2 Statistical Methodology and Com-

putation

Bayesian hierarchical models combine multiple objects (i.e., units of data) and pro-
duce partially pooled (shrinkage) estimates that have better statistical properties such
as smaller mean squared errors and better predictive accuracy (Gelman, 2006a; Mor-
ris and Lysy, 2012; Gelman et al., 2014; Katahira, 2016). In practice hierarchical
models can be difficult to implement in complex situations that require sophisticated
computer code (black-box) to fit even a single object. In this Chapter, we develop
computationally efficient algorithms that fit Bayesian hierarchical models by taking
advantage of the existing black-box code that we do not open and do not need to

alter.

2.1 Introduction

In this section, we formulate our two-stage algorithms for fitting general hierarchical
models and illustrate how they work. We consider a general hierarchical model,

specifically
indep

Yi p(i%“gi;gi),

indep

& ~ p(&l6;), fori=1,--- n, (2.1)

indep

ei ~ pH(ezhb))



Statistical Methodology and Computation

Table 2.1: Parameters in the hierarchical model

Object-level parameters

0; can be univariate or multivariate,
and has hierarchical modelling
& can be univariate or multivariate,

and has no hierarchical modelling

Population-level parameters
P can be univariate or multivariate

where 6; and &; are object-level parameters and v is the population-level parame-
ter. Notice that only 6; is the modelled hierarchy, each & has its own prior dis-
tribution. In the linear model setting, the &,7 = 1,--- ,n are called fixed effects
and the 0;,7 = 1,--- ,n are called random effects. Parameters in the model 2.1 are
summarised in Table 2.1. The ‘H’ in the subscript of the prior distribution for 6;
indicates its hierarchical nature. We again allow y;, 8; and &; to be multivariate and
set y = (Y1,---,Yn), @ = (b1,...,0,), and € = (&, ...,&,). Finally we assign a prior
distribution to ¢ as ¥ ~ p(v).

Although fitting the hierarchical model in (2.1) is our ultimate goal, we fit the

case-by-case model as an intermediate step. For the case-by-case model, we suppose

Yil6:, & e p(yilb:, &) with (6:, &) ~ pese(6i, &)
for i = 1,--- ,n, where the subscript on the prior distribution indicates its case-by-
case, non-hierarchical nature. We set pcpc(0;, &) = pepe(6:)p(&il0;), where p(&;16;) is
the prior distribution used in the hierarchical model in (2.1).
We assume that we can obtain a Monte Carlo sample from the case-by-case anal-
ysis

n
pesc(0, €ly) o [ [ p(wil6:, &)pcec (8, &) (2.2)
using an existing black-box software package. In the next two sections, we introduce
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the two-stage algorithms that obtain Fully Bayesian (FB) and empirical Bayes (EB)
fits for the hierarchical model in Eq. (2.1). These algorithms allow researchers to
fit hierarchical models easily, using a straightforward wrapper code along with the
existing software for a case-by-case analysis. There is no need to develop a new
software package to fit the hierarchical models from scratch. This saves significant

human effort, especially when the likelihood function p(y|@, &) is complicated.

2.2 Fully Bayesian Approach

The joint posterior distribution of all the parameters under the hierarchical model in
Eq. (2.1) is
pu(6,€,0ly) o p() [ [ pu(6:l)p(&il0:)p(wil6:, &). (2.3)
i=1
To take advantage of the case-by-case fits in (2.2), we establish a relationship between

penc (8, €ly) and pi(6, €|, y) for any specified ¢, namely

pu(0, €|V, y)pcsc(0)

pCBC<07€|y) X pH(OW) (24)
To establish (2.4), first notice that
o p(y|97 E)pCBC(Oa 6)
pCBC(ev £’y) - POBC (y) (25>
0
= 28O 10, (ElD),
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where pepe(y) = [p(y|0,€)p(€]10)pepc(0)dOdE.  Similarly, under the hierarchical

model the conditional posterior distribution of @ given v can be written

_ p(yl6,8)p(€|0)pu(0]¥)

_ igz :ngwre,s)p(sre),

where pu(ylv) = [ p(y|0,€)p(£|0)p(0v)dOdE. Finally solving (2.6) for p(y|6, €)p(£16),
plugging into (2.5), and ignoring terms constant in @ and & yields the relationship in
(2.4). By marginalizing (0;,¢;),7 # 4 on both sides of Eq. (2.4), it can be shown

that
pH(Qu & |1/1> yi)pCBC(ei)
PH(Qi |¢) .

pee (0, §ilyi) o (2.7)

To obtain samples from the joint posterior distribution py(0,&,v | y) in (2.3)
under the hierarchical model, we employ a two-stage algorithm. In the first stage,
for each object i we sample from the posterior distribution pcpc(6;,&;|y;) under the
case-by-case analysis. In the second stage, we apply a MH within Gibbs sampler to
sample from py(60,€,7 | y), in which MH is used to update 8 and &€ by taking their

case-by-case samples as proposals. This can be achieved using the following algorithm.

Two-stage FB Algorithm:

Stage 1: For each (6;,&;), obtain a MCMC sample from their joint case-by-case pos-
terior distribution, and denote it (6;,&)°B¢4 ¢ = 1,2,-.. T. Appropriate

burn-in and convergence checks are required to get a reasonable chain.

Stage 2 Initialisation: Initialise each (6;,¢;) to randomly selected values from the
case-by-case samples, i.e., (6;, &) ™50 = (6;, &)°BC7] with 7, a random number

between 1 and 7.
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Stage 2 Iteration: Fort=1,...,T

Stage 2a: Generate a draw ¢T3 from p([0T511) o pr (OIS U|p)p(x)).

Stage 2b: Given ¢T3 update each (6;, ;) via a MHIS, where py (6;, &]ys, T>)
is the target conditional distribution and pcpc(6;, &|ys) is the proposal dis-
tribution. To sample from pepe(6;, &|yi), we recycle the sample obtained
in Stage 1, specifically, we generate random numbers 74, ..., r, between 1

and 7', and set the new proposal to (6;, &)P™P = (6;, &)CBOm 4 =1, ... n.

Stage 2c: Compute the n MH acceptance probabilities using the formula (2.7),

R P (05, &)P P[0 yi) [papo (i, £)PP i)

' pu((0s, éhi)[TS’t*l] W)[Ts’t]a vi)/pcse((6s, fi)[TS’tfl] i)
_ (@) e (607)

- (O S fpopc (6

(2.8)

Stage 2d: Fori=1,...,n, set

(6, 6)TH = (0;, & )Prep with probability min{1, R;},

(0;, &)1 otherwise.

The MH step (Stage 2c and Stage 2d) is the key to whether the two-stage al-
gorithm works or not. In many practical problems, hierarchical models produce esti-
mates py(6;|y) that shrink inwards, so generally the proposal distribution pcgc(6;, & |
y;) in the MH step is over-dispersed relative to the target distribution py(6;,&; | ¥, y:)-
This justifies the effectiveness of our two-stage algorithms to a wide range of prob-
lems. Chapters 4 and 5 present the application of the two-stage algorithm to the

hierarchical models for complicated astrophysical problems.
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2.3 Empirical Bayes Approach

The EB approach fits the hierarchical model in Eq. (2.1) by first finding the MAP
estimate of ¢, i.e., QZJMAP and then inferring each 0;, &; via a case-by-case analysis using

the prior p(0i|1/A)MAP). Computing PMAP | ie.,
AP — argmae [ pu0. €. vly)dede, (29)

is a challenge owing to the potentially high-dimensional integral. EM algorithm (e.g.
Dempster et al., 1977; van Dyk and Meng, 2010) is often employed to find 1&MAP.
Basically, it consists of two steps: E-step (Expectation) and M-step (Maximisation),

and it proceeds in the following.

EM algorithm

Step 0: Initialize .
Step 1: Fort=1,...,T
E-Step:

QU I!Y) =E log pu (6, €, v ly)v . y]
- / log pis(6. €, V1y)pu(6, €100V, y)dode,  (2.10)

where

) pr(0, €, v 1y)
pu(0, €[l y) = (6. €, 01 1[y)dode”
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M-step:
i = arg max Q).

Step 2: Repeat E-step and M-step until ¢t = 1,2, ... T converges.

EM algorithm is quite useful to a wide range of problems, but when the likelihood
function p(y|0, &) is complicated or does not have a closed form, EM is not helpful.
Monte Carlo EM (MCEM) algorithm (Wei and Tanner, 1990) provides an effective
remedy, which replaces the E-Step by Monte Carlo integration. Empirical Bayes
Gibbs Sampler (EBGS) (Casella, 2001) is one kind of MCEM algorithm to fit the

hierarchical model in Eq. (2.1) via EB and proceeds as follows.

EBGS algorithm

Step 0: Initialise [FBGSOT,
Step 1: Fort=1,...,T

Step la: Given ¢FBGS#=1 generate a sample (1, £51),s = 1,..., S from the

EBGS,t—1]

conditional posterior distribution py (8, &[! ,y) via a Gibbs sam-

pler.

Step 1b: Replace Q(1[yFBESt-11) in Eq. (2.10) by a Monte Carlo approxima-

tion (with subscript “MC”),

S
Quic (V[pIFPES1) = % > logpu(v, 81, €H]y). (2.11)
s=1

"'We use “EBGS” to mark quantities from EBGS algorithm.
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Step 1c:

¢[EBGS,t] = arg mwaX QMC(¢|w[EBGS,t—l])'

Step 2: Upon convergence of EBGSH 16 yMAP produce a final sample from py (6, €|y, pMAT).

We can also derive a two-stage algorithm that uses only the sample obtained
under the case-by-case analysis in Eq. (2.2) and implements the EB approach. To do
this, we can approximate the target log marginal posterior distribution in Eq. (2.10)
via Importance Sampling (IS) or Sampling Importance Resampling (SIR) using the

case-by-case output. Rewriting Eq. (2.4), we have

pu(0.€1Y.y) _ pul(6]Y)
pcec(0,€ly) pcee(0)

HpH (6: W). (2.12)

pCBC

The two-stage algorithm for EB proceeds as follows.

Two-stage algorithm for EB

Step 0: Obtain a MCMC sample of QIBCH ¢lCBCH v — 1 I from the case-by-
case analyses. Appropriate burn-in and convergence checks are required to get

a reasonable chain.
Initialization Set t = 0 and initialise FBTS012,
Step 1: IS Fort=1,...,T,

(B[CBC 4] |,¢)[EBTS t— 1] _
9ICEC ) , for £ =

Step 1la: Compute the unnormalised importance weights w, = =

. . - L~
1,..., L and normalise them via w, = 1w,/ _;_, ;.

2We use “EBTS” to mark the EB two-stage algorithm.
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Step 1b: Approximate Q(¢|/[FBTS#1) in Eq. (2.10) by
L
Qeprs ([ FPTH1) = Z log p (¢, 017P, ¢lCPC|y) - .

(=1

Step 1lc: Update ¥ by
YIRS = arg max Quprs (P15 1).

Step 1’: SIR Fort=1,...,T,

Step 1a’: For each i, obtain a sample of size S by resampling (HECBC’E],@[CBC’Z])

(Q[CBCJ] ‘w[EBTS,t—l

]
- ) ¢=1,.... L.

with probabilities proportional to wy g = = ol
pcBCY;

Denote the resample by (@S] glSIRs]) o — 1 3

Step 1b’: Approximate Q(1|FBTS=1) in Eq. (2.10) by
1S
QB ) = =5 Tlogpn (v, 051 g8ly) - (2.13)
s=1
Step 1c’: Update v via

Q/J[EBTS,t] — arg mng(,(/JW}[SIR,tfl]).

[EBTS.t] ¢ &MAP

Step 2: Upon convergence of , produce a final sample from p(, &y, YMAP).

Either Step 1 or Step 1’ can be used, provided a sufficient large sample from
the case-by-case analyses are obtained. Both the IS and SIR version of the two-stage
algorithm work efficiently. However, they perform badly when the samples under
case-by-case analyses fail to represent the full distribution. We recommend readers

keeping alert while implementing the two-stage algorithms for EB. One approach to
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check whether the algorithms work or not is to select multiple case-by-case samples
and use them to run the two-stage algorithms and see whether point estimates from

different case-by-case samples converge to the same values.

2.4 Prior Distributions

The focus of this thesis is to devise efficient algorithms to compute Bayesian hierarchi-
cal models when the likelihood function is complicated, and to apply new algorithms
to tackle problems in Astronomy. Here, however, we summarise the general theory
on prior distributions and justify the priors we use in this thesis.

A prior distribution, often simply prior, of a parameter is the probability distribu-
tion that quantifies one’s beliefs about this parameter before some evidence is taken
into account. For example, in a coin toss experiment, if one believes that the coin is
fair, then the prior probability of it landing a head is a half.

Broadly speaking, there are three types of priors: subjective, objective and infor-
mative, and non-informative. A subjective prior expresses the experimenter’s personal
belief, which usually makes the research less objective. See Chapter 3 of Berger (2013)
for a detailed discussion about subjective priors. The second type is objective and
informative prior distributions that can be formulated by using historical data or
published research results. For instance, in stellar evolution many research groups
have attempted to infer the properties of a certain star cluster such as Hyades. These
scientific results can be used as priors for the upcoming studies. To put it in an-
other way, today’s posterior is tomorrow’s prior. In this research, we sometimes use
objective and informative priors when we analyse astrophysical data.

The third kind, non-informative priors, receive most attention and many methods
are developed to obtain them from different perspectives in the statistical literature.

Non-informative priors are applied when not much information about parameters are
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known beyond the data included in the model. Later we review a few common ways
to obtain non-informative priors in Section 2.4.1.

In this research, all statistical methods are in Bayesian framework, so the selection
of prior distributions is an integral part. This section consists of two parts: (i) the
general ways to create prior distributions and (ii) specifically the prior distributions

for variance parameters in hierarchical models.

2.4.1 General Methods to Create Non-informative Priors

In this section, we cover general basics to obtain non-informative priors. Other terms
for a non-informative prior are reference prior, diffuse prior, objective prior and vague
prior. Because no prior really contains no information, a non-informative prior can
also be called weakly informative prior.

In general, a non-informative prior is one which is dominated by the likelihood
function. Various criteria of non-informative priors have been proposed, such as, in-
variance (Jeffreys, 1961), maximum entropy (Jaynes, 1983), reference priors (Bernardo,
1979) and agreement with classical estimators (Tiao and Box, 1973; Meng and Za-
slavsky, 2002). We discuss these principles in more details later.

The Jeffreys prior is invariant to reparametrization. Suppose that 6 is the param-

eter of interest and its likelihood function is p(Y'|#). The Fisher information is

2

10) =~ | 51087 10)] = Bv

< dlogp(Y]@))Q}

do

Jeffreys prior for @ is defined as p(8) oc 1(6)*/2. For any one-to-one and differentiable

transformation 6 = h(¢), we have

110) = 10)| 5|
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If one reparametrizes the original model in terms of ¢, then Jeffreys prior of ¢ will be
do
1($)V? = 1(0 1/2‘7 .
(@) = 10)2|5

This is an informal justification of the invariance of Jeffreys priors to reparametriza-

tions.

Another idea, proposed by Jaynes (1983), is the principle of maximum entropy.

The foundation lies that the Shannon entropy
H(X) = E[—log(p(X))]

of a probability distribution p(z) measures the amount of information in the distribu-
tion p(x). The larger the entropy, the less information is provided by the distribution.
Thus, one can compute the entropies of a set of distributions and compare them,
choosing the distribution with largest entropy as a non-informative prior. Usually

uniform prior has the maximum entropy.

Bernardo (1979) develops the reference prior, which is to maximise the expected

Kullback-Leibler divergence of the posterior distribution relative to the prior, i.e.,
p(0) = argmax Dy (p(0)[[p(0]X)).

where p(6) and p(0|X) are the prior and posterior of §, and Dky,(-|-) is the Kullback-

Leibler divergence, defined as

Dra p@)lp61X)) = [~ pl6)iog F

—00

As to the pros and cons of different non-informative prior distributions, refer to
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Kass and Wasserman (1996) for such discussion. Practical problems related to non-
informative prior distributions include the requirement that the posterior distribution
should be proper. Proper prior distributions always produce proper posterior, whereas
improper priors may lead to improper posteriors. Many non-informative priors tend
to be improper, so it is necessary to choose well-founded priors or to check whether

the posterior distribution is proper.

2.4.2 Priors for Variance Parameters in Hierarchical Models

Here we focus on the priors for variance parameters in hierarchical models, which
are directly relevant to research projects in this thesis. Because we always use a
Gaussian model for the population, i.e., the Gaussian assumption of u; in Eq. 2.15,

2 or the population variance-

we concentrate on the prior distributions for 7 or 7
covariance matrix.

Many studies on non-informative prior distributions have been done for the vari-
ance or standard deviation in hierarchical models (Daniels, 1999; Daniels and Kass,
1999; Barnard et al., 2000; Daniels and Kass, 2001; Gelman et al., 2005; Gelman,
2006a; Gustafson et al., 2006; Huang and Wand, 2013; Schuurman et al., 2016). Gel-
man (2006a) presents a clear summary of common choices of prior distributions for

scale parameters in the hierarchical model and proposes a half-t family of condition-

ally conjugate priors for standard deviation 7, i.e.,

—(v+1)/2
1/7\2
p(7) <1+V<A> > ,

where v and A are tuning parameters. Large but finite values of A yield weakly
informative prior of 7. When v = 1 or A — o0, it degenerates to the uniform

prior on 7. When v = 1, it half-t distribution becomes the proper half-Cauchy,
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p(1) o< (T2 + A)7L

According to Gelman (2006a), when the number of objects I in the hierarchi-
cal model is greater than or equal to 5, the uniform prior on 7, p(7) x 1, is non-
informative and generally will work. If I < 5, the uniform prior is likely to overesti-
mate 7 and leads to less shrinkage in the estimation of object-level parameters p;. If
a proper prior on 7 is required, approximating the uniform prior on 7 by a uniform
on a wide range is recommended.

The uniform prior on log 7, p(log ) o 1, yields improper posterior distribution.
So we cannot choose it as a prior. The conjugate prior for 72, the inverse gamma
distribution T'"!(e, €) with small positive number € to be non-informative, is easy to
compute. The posterior distribution, however, is sensitive to the parameter € in it
(Gelman, 2006a; Browne et al., 2006). So inverse gamma is not suggested as an
objective prior.

When the second level of the hierarchical model is multivariate Gaussian as in
the IFMRs project in Chapter 5, we have to put a prior distribution on the variance-
covariance matrix, I'. Huang and Wand (2013) generalises the half-t prior distribution

family in Gelman (2006a) to multivariate version, i.e.,

/& 0
' | A1, A2 ~ Inverse Wishart | 2v , v+1],
0 1/\

where Inverse Wishart 2 is prior distribution for the variance parameter I', A\;, Ay ~

3 Inverse Wishart distribution is the conjugate prior for the covariance matrix of a multivariate
normal distribution, having two parameters: scale matrix ¥ and degrees of freedom v, and its
probability density function is

2£|~‘11:‘§(v) X |7 e st (XY,
2 1plg

in which I', is the multivariate gamma function, and ¢r(-) is the trace function.

(X[, v) =
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Inverse Gamma(1/2,1/A)*. Huang and Wand (2013) suggests that v = 2 leads to
marginal uniform distribution for correlations and arbitrarily large positive A leads

to arbitrarily weakly informative prior distributions for standard deviations.

Though inverse Wishart distribution is conjugate to multivariate normal, it is in-
formative when variances in scale matrix are small, so it is not recommended to use in
the hierarchical analysis. For more details about non-informative priors for variance-
covariance matrix, refer to Barnard et al. (2000); Chung et al. (2015); Schuurman

et al. (2016).

In conclusion, for the one-dimensional scale parameters in the second level of
hierarchical models such as 7 in Eq. 2.15, the uniform p(7) oc 1 is a well justified
and non-informative prior distribution when the number of objects I is no less than
5. When I < 5, we follow the suggestion of Gelman (2006a), take a half-t prior
distribution for 7. As to the multivariate case, i.e., the variance-covariance matrix
T in Chapter 5, the hierarchical prior distribution proposed by Huang and Wand
(2013) is a well-studied and non-informative prior. Because this thesis concentrates
on efficient computing algorithms for fitting intricate Bayesian hierarchical models,
we just choose well-founded non-informative priors for the scale parameters in the

second level of hierarchical models.

4Inverse Gamma is the reciprocal of of Gamma distribution, with two parameters: shape o and
rate 3, and its density function is

p(z|a, B) = Pﬁ(a)ﬂcﬂ“l exp ( - g),

where I' is the Gamma function.
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2.5 Numerical Validation of Gaussian-Gaussian Hierarchical

Model

In this section, we perform a simulation study to demonstrate various approaches for
fitting a Gaussian-Gaussian hierarchical model in Eq. (2.14)-(2.15). In a Gaussian-

Gaussian model,

Y ~ N(pi, 0°); (2.14)

:U’iNN(ﬁYuT2)7i:1727"'7[a (215)

Yt = 1,2,--- I are the observed data, p = {u;,i = 1,2,--- I} are object-level

2 is a preset and known

parameters, and 7, and 72 are population-level parameters. o
variance parameter. The aim of this simulation study is twofold, first to verify that
the two-stage sampler works effectively, second to compare the MSE of estimates from

different approaches.

2.5.1 Data Simulation

We simulate data from the Gaussian-Gaussian model in Eq.s (2.14)—(2.15). Without

loss of generality, set the number of objects I = 10, population-level parameters

Y1rue = 0.5 and 7rue = 0.2. Generate true values of object-level parameters fimye, 7 =

L., I via pirvees ~ N(YTrue, Thge)- L0 investigate how the ratio o2 /72 affects mean

squared errors (MSEs) of different estimators, we vary the value of o2, such that
2 2 o

2
0k = Towe - 10™, in which 7, = log, ﬁ, k=1,..., K, taking an equally spaced

sequence from —3 to 3 of length K = 20. Subsequently, for each k£ we simulate the
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Table 2.2: Notations in the simulation study

Type Parameters True values in simulation
Population-level Parameters -+, 7 YTrue = 0.5, Tryue = 0.2
Object-level Parameters piy =1, T prrvei ~ N(YTrues Thue)
Data Yy, i=1,...,1 Y; ~ N(trruei, o})

observed data for each object

Yi ~ N(ptwess 08), i = 1,..., L.

Table 2.2 presents various notations for parameters and data in the simulation study

After simulating data Y;,7 = 1,..., 1, we employ four algorithms to obtain point
estimates of object-level parameters p;,7 = 1,..., I and population-level parameters
v and 72. For each o2, we repeat the whole process — data generation and estimating
parameters — 50 times to compute the MSEs and coverage probabilities of estimates
from different algorithms.

The the following subsections cover the four algorithms of fitting the hierarchical
model. These four algorithms are the case-by-case, fully Bayesian with Gibbs sampler,

fully Bayesian with two-stage sampler, and the empirical Bayes approach.

2.5.2 Case-by-case Approach

The case-by-case approach does not pool multiple objects into one single model in
Eq. (2.14) and it infers object-level parameters individually by using one unit of
data. It employs the first level in the hierarchical model, i.e., Eq. (2.14), to fit each
object-level parameter p; with data in the i-th group, i.e., ¥;. And o is assumed to
be known. So the maximum likelihood estimate (MLE) for y; is

AML_Y
i — Li

(2
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and the variance of this estimate is o2. In the Bayesian perspective, the posterior
distribution of p; from the case-by-case analysis is p(u;|Y;) = N (1] Y;, 02).

The case-by-case approach does not use the second level model in Eq. (2.15),
because it infers object-level parameters u; based on the i-th unit of data Y; only.

Therefore, it fails to yield estimates of the population-level parameters v and 7.

2.5.3 Fully Bayesian Approach

Two algorithms are employed to fit the hierarchical model in Eq.s (2.14)—(2.15) in the
fully Bayesian approach. Because a prior distribution on -y and 7 is required, we always
take p(y,7) o p(vy|7)p(7) in this section and p(y|7) o< 1. As discussed in Section
2.4, we assign a uniform prior on the standard deviation 7, namely, p(7) o« 1, or
equivalently, p(72) o (72)_%. Therefore, the joint posterior density for all parameters
is

PO, 7 s YY) o< (7 Hp paly, 7 (Vi ). (2.16)
We use Gibbs sampler to fit model in Eq. (2.14)-(2.15), and it proceeds as follows.
Step 1: Initialise u® =Y = (Yq,---,Y7);

Step 2: Fort=1,...,T, sample

Step 2a: 72 ~ Inverse Gamma(f—l ZZ L (t-1) —at=D)2/2) where =) =

%Zle ui , in which Inverse Gamma(a, ) stands for the inverse gamma

distribution with probability density function p(z|a, 8) = £z exp (—

I'(a)
g)_

Step 2b: 7 ~ N(ut=, 720 /1):>

Step 2c: ,u@ ~ N(Tz(t)yi“z”(t) aSel i >, fori=1,...,1I.

7 TQ(t)+0.2 ) 7_2(t)+0.2

5Here the first and second parameters in normal distributions are the mean and variance.
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The two-stage sampler can also be employed to sample from the joint posterior
density in Eq. (2.16). Details of how it proceeds are presented in the next section.

When point estimates of parameters are required, we use the posterior sample means.

2.5.4 Two-stage Sampler for Fully Bayesian

The two-stage algorithm consists of two parts. The first stage draws samples for each
1; separately under the case-by-case analyses. From the Bayesian perspective, the pos-
terior distribution of j; from the case-by-case analysis is pcpc(pi]Y:) = N (u4|Yi, 02)°.
The second stage uses a Metropolis-Hastings (MH) within Gibbs sampler. Given p,
it updates v and 72 just as in the Gibbs sampler, but given ~ and 72 it updates p
via a Metropolis-Hastings independence sampler (MHIS) that randomly selects one
draw from the case-by-case samples as the proposal and accepts it according to the

regular MH acceptance probability.

Stage 1: For each ¢ obtain a sufficient MCMC sample under the case-by-case anal-

ysis, ,uECBC’t] ~N(Y;,0?) fort =1,--- | T.

Stage 2 Initialization: For each 7, set ,uETS’O} to a randomly selected value from its
case-by-case samples and we use superscripts “T'S” and “CBC” to mark samples

from the two-stage algorithm and the case-by-case fits, respectively.
Stage 2 Iterations: Fort=1,...,T,

Stage 2a: Sample 72754 ~ Inverse Gamma(£—1, 37 (™51 _p[TS.-11y2 /9)

2 i=1
with plTS+11 = %21{21 METS,tq]'

Stage 2b: Sample T34 ~ N(plTSt=1 72184 /1),

5We use N(z|a, 0?) to denote the normal density function with mean a and variance o2.
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Stage 2c: Given T4 and 724 use MHIS to update each p; from its con-

ditional distribution

pu(paly T Y o p(psy T, P2 p (Y )

(TS.4] 278,

oc ppuqly peso(pilYs)-

For each ¢, we use the posterior distribution under the case-by-case analy-
sis, pce(14]Y;) as the proposal distribution. This simply involves randomly

selecting pf from the case-by-case MCMC sample obtained in Stage 1.

Stage 2d: Compute the I MH acceptance probabilities,

o PU]Yi S, S pepe (1Y)
(™YY, A8, 72T pege (15| Yi)
N(M: ’,Y[TS,t]7 7_2[TS,t])
B N(NZ[T&H] (TS, 72(TS.1) ’

Stage 2e: For i =1,...,n, independently set

with probability min(1, R;)

TS,t—1
M[ t—1]

7

otherwise.

2.5.5 Empirical Bayes Approach

To fit the Gaussian-Gaussian hierarchical model in Eq.s (2.14)—(2.15) via the empirical

Bayes approach, we find the maximum a posterior (MAP) estimates of v, and 7,

i.e., AMAP and #MAP then we use N(AMAP #MAP) a5 a prior distribution and derive

posterior distributions for p;. As in the fully Bayesian analysis we take the uniform

prior for 7, i.e., p(7) oc 1. When obtaining the MAP estimates of v and 7, we use the
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marginal distribution of Y, i.e., ¥; ~ N (v, 7%+ 0?). Then we can find the closed-form

solution for AMAP = YV and 7MAP = \/max {33.(Yi=Y)2—02,0}. Actually the
MAP estimates of v and 7 coincide with MLE of them due to the use of uniform prior

on T.

2.5.6 Result of Simulation Study

This section reports the findings from the simulation study. In this thesis, we compare
and evaluate estimators from different methods or algorithms via two criteria: root
mean squared error (RMSE) of point estimates and nominal versus actual coverage
property of interval estimates in repeated sampling. The coverage of an interval is
a frequency property. By definition an interval that covers the true value of the
parameter, say, 68.3% of the time on repeated simulation/sampling of the data is a
68.3% confidence interval (Neyman, 1937). Of course, a Bayesian credible interval
with probability 68.3% may not cover the parameter 68.3% of the time on repeated
samples (Gelman, 2008). If it does, it is indeed a 68.3% confidence interval. A few
researchers attempted to study prior distributions that leads to the agreement of
credible intervals and their frequentist coverage probabilities. For more details, see
Datta and Ghosh (1995); Datta (1996); Levine and Casella (2003).

The four methods in this section — case-by-case, EB, FB-Gibbs, and FB with TS
sampler — all produce MCMC samples for the object-level parameters g = {1, -+, fir }-
For short, we denote FB with Gibbs sampler and TS sampler as FB-Gibbs, FB-TS,
respectively. The case-by-case, approach does not yield estimates of population-level
parameters v and 7. EB leads to point (MAP) estimates of v and 7, while both
FB methods provide MCMC samples of v and 7. When computing the RMSEs of
point estimates, we utilise posterior means from MCMC samples, and when comput-

ing coverage of interval estimates we use the 68.3% credible intervals from posterior
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distributions by finding the 15.9% and 84.1% quantiles from the MCMC samples. For
EB, we only have point estimates of v and 7, no interval estimates. We make plots to
show the RMSEs and tabulate RMSEs and coverage probabilities of estimates under

all four methods.

Here Fig. 2.1 shows the performance of four different approaches in terms of RM-
SEs. Fig. 2.1 consists of three plots, the top-left showing RMSEs of four estimators
of p in log scale versus log;,(0?/72), the top-right displaying RMSEs of + from four
methods in log scale versus log;,(c?/7%), and the bottom-left exhibiting RMSEs of
72 in log scale versus log;y(c?/7%). In these plots, the blue solid, red dashed, black
dotted and purple dash-dotted lines represent outcomes from the case-by-case, EB,
FB-Gibbs and FB-TS, respectively. Throughout these three plots, the black dotted
(FB with Gibbs sampler) and purple dash-dotted (FB with TS sampler) lines always
coincide, although there are very small divergences in RMSE of v due to Monte Carlo
errors. The consistency of their performances implies that our new TS sampler works

nicely for the Gaussian-Gaussian hierarchical model.

The log RMSEs of both the object-level parameter g and the population-level pa-
rameters v and 7 increase as 02/72 grows. For 7, there are no differences between the
EB and FB methods. However, estimates of 72 produced by FB methods (Gibbs and
TS samplers) have larger MSEs than EB regardless of ¢/72. This can be explained
by the fact that the marginal posterior distribution of 72 has a right long tail because
the true value of 72, . = 0.04 is very close to 0 and the parameter space of 72 is
asymmetric and restricted to be positive (Gelman, 2006a) . So when we compute the
posterior mean of 72 under the FB, it would be greater the posterior mode, which is
the estimate of 72 under the EB. The rise of RMSEs of population-level parameters
v and 7 with the increase of variance ratio 0?/72, means that both EB and FB will

experience difficulty in accurately estimating v and 7 when o2 /72 is huge (say, over
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100). Because we use the prior p(7) o< 1, so the EB estimates of v and 7 are the
same as MLEs of them, which further implies that the unbiased MLE will also have

difficulty (Browne et al., 2006).

As to the object-level parameters, of our most concern, g = (pq,--- ,us), the
log scale RMSEs from all four approaches increase almost linearly with log,,(c?/72).
In other words, RMSEs from four methods and ¢%/7% have a power-law relationship
with positive exponents. There is no difference between the case-by-case and the
rest three hierarchical methods when log;y(c?/7%) < —1, ie., 0 < 72/10. When
logyy(c?/7%) > —1, however, the case-by-case RMSE increases with significantly larger
exponent than the hierarchical methods. The EB has slightly smaller increase rate
than the FB methods. This is mainly caused by the overestimation of 7 under FB

approaches, which is the consequence of long-tailed posterior distribution of 72.

Table 2.3 presents the RMSEs of estimates of both the object-level parameter p
and the population-level parameters v and 7 based on four methods: EB, FB-Gibbs,
FB-TS, and case-by-case approach. Just as shown in the Fig. 2.1 above, EB estimates
of p have the smallest RMSEs and case-by-case estimates have the largest RMSEs.
FB estimates of p have slightly larger RMSEs than those of EB. The key findings in
this table are 1.) as 02/72 increases, the ratio of case-by-case RSMEs of p to those
from hierarchical fits (EB and FB) monotonically increases; 2.) when o2 /72 = 12.743,
hierarchical (EB and FB) RMSEs (about 1.0) is nearly half of that from case-by-case
fits (around 2.2).

Table 2.4 displays the actual coverage probabilities (CP) and their 68.3% confi-
dence intervals (CI) for credible intervals with nominal coverage probability 68.3%
for the object-level parameters p from aforementioned four methods under a few
settings. The 68.3% CIs of coverage probabilities in this section are obtained via

Clopper-Pearson method (Clopper and Pearson, 1934). From this table, the case-by-
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case credible intervals have the best coverage property, always close to the nominal
level 68.3%. The FB approaches with Gibbs and TS samplers are consistent in terms
of coverage property of their credible intervals, fluctuating around the nominal level
68.3% when 02 /72 < 1.438. But when o2 /7% = 12.743, the actual coverage probabili-
ties of FB-led credible intervals (about 80%) significantly exceed their nominal level,
68.3%. This is caused by the overestimation of 7. EB has the worst coverage property,
coverage probabilities of credible intervals of g decreasing with the growth of o2/72.
When o2 /72 = 12.743, the actual coverage of EB intervals is about 35%, significantly
under the nominal level. The difficulty of hierarchical methods in coverage property
is due to two reasons, 1.) the small number of objects, I = 10, and 2.) the large
variance ratio 0?/72. Other research have also reported and discussed this problem,

refer to Browne and Goldstein (2002); Browne et al. (2006) for more details.

Table 2.5 displays the actual coverage probabilities (CP) and their 68.3% confi-
dence intervals (CI) for credible intervals with nominal coverage probability 68.3%
for the population-level parameters v and 7 from FB approaches. This table does
not include the case-by-case and EB methods, because they fail to provide interval
estimates of v and 7. EB can produce interval estimates of v and 7, but it requires
further effort and it is out of the focus of this research. Based on figures in this table,
the FB approaches with Gibbs and TS samplers are consistent in terms of actual
coverage property of their credible intervals, though there are some differences due
to Monte Carlo errors. When 02 /72 = 12.743, the difference of actual coverage prob-
abilities of Gibbs and TS samplers appears, which will vanish if we run the MCMC
chain long enough. The actual coverage probabilities of credible interval estimates of
v tend to exceed their nominal levels (68.3%). As discussed above, this is caused by
the overestimation of 72 due to its asymmetric parameter space. The actual cover-

age of 7 is quite close to its nominal level 68.3% under the first three settings. FB
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Table 2.5: The actual Coverage Probability (CP) and their 68.3% Confidence In-
terval (CI) of FB estimates of population-level parameters v and 7 under numerous
simulated settings.

Settines FB-Gibbs FB-TS
& CP ~ CP 7 CP ~ CP 7

(68.3% CI)  (68.3% CI) (68.3% CI)  (68.3% CI)

o2/77 =0.001 0.8 0.68 0.88 0.68
(0.815,0.927) (0.601,0.751)  (0.815,0.927) (0.601,0.751)

0?/72=0018  0.84 0.66 0.82 0.64
(0.771,0.893)  (0.58,0.733) (0.749,0.876)  (0.56,0.714)

02/72=0.162  0.66 0.66 0.64 0.66
(0.58,0.733)  (0.58,0.733) (0.56,0.714)  (0.58,0.733)

o2/T2=1438  0.66 0.76 0.66 0.76
(0.58,0.733)  (0.684,0.824)  (0.58,0.733)  (0.684,0.824)

0?/7? = 12743 0.86 0.84 0.8 0.7
(0.793,0.91)  (0.771,0.893)  (0.727,0.859) (0.621,0.77)

approaches experience difficulty in last two cases, which may be caused by smaller
number of objects, I = 10, in the hierarchical model. This problem is also discussed

in Browne et al. (2006).

Table 2.6 presents the computing times for algorithms in the simulation study.
Throughout my whole thesis, all timings are carried out on a Ubuntu linux server
that has 64 AMD Opteron 2.5 GHz processors. I wrote code in R programming lan-
guage (R Core Team, 2017) to undertake computations in my thesis and when parallel
computing is required, I used the “doParallel” package. On other computer systems or
programming languages, the relative CPU times of different methods should be sim-
ilar. Because Gaussian-Gaussian hierarchical model is very simple and closed-form
solutions are available for the case-by-case and EB methods, so these two methods
take very short time. Gibbs and TS samplers cost longer time to simulate samples
from the joint posterior distribution. The Gaussian-Gaussian hierarchical model is

not computationally challenging and we include it just to compare estimates from
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Table 2.6: CPU Times of different methods in this simulation study

Algorithms Time

Case-by-case fit About 0.07 seconds for 10000 draws
Hierarchical methods

EB About 0.07 seconds for 10000 draws
FB-Gibbs About 0.44 seconds for 10000 draws
FB-TS About 0.67 seconds for 10000 draws

hierarchical and case-by-case approaches. In summary, the case-by-case and EB hier-
archical fits cost the least time, about 0.07 seconds for 10000 draws. The FB-Gibbs

and FB-TS spends longer time, about 0.44 and 0.67 seconds, respectively.

Here is the summary of previous analysis. 1. In terms of RMSEs of object-level
parameters u, the EB and FB point estimates perform similar, having smallest MSE,
and the case-by-case method has the largest RMSE. 2. In terms of coverage prop-
erty, the case-by-case credible intervals perform the best. The FB credible intervals
over-covered for pu and v due to the overestimation of 7. The EB credible inter-
vals significantly under-covered and are worst of these approaches. 3. FB method
has its unique benefits, because it accounts for uncertainties of both object-level and
population-level parameters and naturally provides the whole posterior distribution
for all parameters. For EB, we can obtain the uncertainty of estimates via Fisher
information, but it takes more efforts. The case-by-case estimate does not pool data
in a hierarchical model, so fail to provide information of the population. 4. The FB
samples from the TS and Gibbs samplers are consistent in terms of RMSEs and cov-
erage property of credible intervals. In total, readers are recommended to employ FB
approaches, because its point estimates have smaller RMSEs, its interval estimates
have good coverage properties. Also, our two-stage algorithm is consistent with the
Gibbs sampler for the FB method, which is further verified by quantile-quantile (QQ)

plots in Fig. Fig. 2.2 and 2.3.
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Fig. 2.2 and 2.3 display the QQ plots of samples from the Gibbs sampler (y axes)
and our two-stage sampler (z axes) for both the object-level (p) and population-level
(v and 7) parameters. These QQ plots lie quite close to the 45° red line, although there
is some deviation from the red line in several plots. These deviations are caused by
Monte Carlo errors, accounting for only a tiny part (less than 1%) of the distributions.
So we conclude that our two-stage sampler works nicely with the Gaussian-Gaussian

hierarchical model.
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Figure 2.1: Comparisons of the RMSEs for u,v and 7 from different approaches of
fitting the Gaussian-Gaussian model.
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Statistical Methodology and Computation

10
|
20 30
| |

Gibbs Sampler
0
|
Gibbs Sampler
10
|

-10

-20
|
0
|

T T T T 1 T T 1T T T 1
-20 -10 0 10 0 5 10 20 30
Two-stage Sampler Two-stage Sampler
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3 Distance Modulus to the Large
Magellanic Cloud

In astronomy, astronomers use the cosmic distance ladder (also known as the extra-
galactic distance scale) to determine the distances to celestial objects. The Large
Magellanic Cloud (LMC) is a satellite galaxy of the Milky Way, and its distance
modulus is important to determining the distance to other celestial objects further
from the Milky Way (e.g. Pietrzynski et al., 2013; De Grijs et al., 2014). Many re-
searchers have estimated the distance modulus to the LMC (e.g. Laney and Stobie,
1994; Clementini et al., 2003; Pietrzynski et al., 2013; Inno et al., 2013; Muraveva
et al., 2014; Inno et al., 2016; Bhardwaj et al., 2016; Wagner-Kaiser et al., 2017), and
produced different estimates of the distance modulus based on diverse methods and

observations.

The distance to the LMC has been determined using a variety of standard can-
dles, such as, Cepheid variables, Red Clump stars, RR Lyrae stars, Miras variables,

supernova 1987A, and eclipsing binaries.

A Cepheid variable is a type of giant star that pulsates radially, varying in
both diameter and surface temperature and producing changes in brightness with
a well-defined stable period and amplitude. The strong direct relationship between

a Cepheid variable’s luminosity and pulsation period makes Cepheids as important
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indicators of cosmic benchmarks for scaling galactic and extragalactic distances (e.g.,
Feast and Catchpole, 1997; Laney and Stobie, 1994; Di Benedetto, 1997; Gieren et al.,

1998; Groenewegen, 2000).

An eclipsing binary star is a binary star in which the orbital plane of the two stars
lies so nearly in the line of sight of the observer that the components undergo mutual
eclipses. They can also be used to directly measure the distances to external galaxies
(e.g., Fitzpatrick et al., 2002).

The red clump is a clustering of red giants in the Hertzsprung—Russell diagram at
around 5,000 K and absolute magnitude (My) +0.5, slightly hotter than most red-
giant-branch stars of the same luminosity. It is visible as a denser region of the red
giant branch or a bulge towards hotter temperatures. They can be used as candles
to determine the distance to the LMC (e.g., Romaniello et al., 2000; Pietrzynski and
Gieren, 2002; Sarajedini et al., 2002; Clementini et al., 2003).

Mira variables are a class of pulsating variable stars characterized by very red
colours, pulsation periods longer than 100 days, and amplitudes greater than one
magnitude in the infrared and 2.5 magnitude at visual wavelengths. They are red
giants in the very late stages of stellar evolution, on the asymptotic giant branch,
that will become white dwarfs within a few million years. They can be used to
determine the distance to the LMC (e.g., van Leeuwen et al., 1997; Feast, 2005).

SN 1987A was a supernova in the outskirts of the Tarantula Nebula in the LMC.
It was easily visible to the naked eye from the Southern Hemisphere. Astronomers
have employed it to measure the distance modulus to the LMC (e.g., Panagia, 1998).

Numerous attempts have been made to summarise the published distance moduli
(e.g., Alves, 2004; De Grijs et al., 2014; Crandall and Ratra, 2015). One commonly
used way to summarise the population of published distance moduli is to compute the

precision-weighted average as the population mean, and compute the weighted mean
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standard deviation as its uncertainty (Crandall and Ratra, 2015). In this chapter,
we illustrate how Bayesian hierarchical models combine case-by-case fits (published
distance moduli) and produce a comprehensive analysis. This analysis is just a testbed
of our statistical techniques, and the astronomical results from our analysis are not
definitive. The aim of this chapter is to show readers how Bayesian hierarchical

models work in a simple but realistic example.

3.1 Introduction

We employ the statistical techniques to 13 published distance moduli in Table 3.1
compiled by Clementini et al. (2003) to test how our statistical methods work. In the
meantime, we obtain preliminary results about the published distance moduli popu-
lation. These distance moduli results are subject to change, depending upon the data
included. The target of this chapter is to illustrate how to use Bayesian hierarchical
models to study the population of published results on a particular problem, not to

yield a scientifically sound estimate of the distance modulus to the LMC.

Besides statistical errors, the various distance estimates may be subject to sys-
tematic errors. We aim to estimate the magnitude of these systematic errors. If we
further assume that the systematic errors tend to average out among the various esti-
mators, we can obtain a better comprehensive estimator of the distance modulus. Let
i be the best estimate of the distance modulus that could be obtained with method
1, i.e., with an arbitrarily large dataset. Because of systematic errors, p; does not

equal the true distance modulus, but is free of statistical error.

In the following sections, we treat published results as case-by-case fits and com-

bine them in a hierarchical model to yield a comprehensive analysis.
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Table 3.1: Published Distance Indicators

Method Dist. Mod. References
D,L' + g;

Cepheids: trig. paral. 18.70 £ 0.16  Feast and Catchpole (1997)
Cepheids: MS fitting 18.55 + 0.06 Laney and Stobie (1994)

Cepheids: B-W 18.55 + 0.10  Di Benedetto (1997); Gieren et al. (1998)
Cepheids: P/L relation  18.575 + 0.2  Groenewegen (2000)
Eclipsing binaries 184 £ 0.1  Fitzpatrick et al. (2002)
Clump 18.42 £ 0.07  Clementini et al. (2003)
Clump 18.45 + 0.07  Clementini et al. (2003)
Clump 18.59 £ 0.09 Romaniello et al. (2000)
Clump 18471 + 0.12 Pietrzynski and Gieren (2002)
Clump 18.54 + 0.10  Sarajedini et al. (2002)

Miras 18.54 £ 0.18 van Leeuwen et al. (1997)
Miras 18.54 £+ 0.14  Feast (2005)

SN 1987a 18.54 £ 0.05 Panagia (1998)

3.2 Hierarchical Analysis

Consider the statistical model,

where D; is the actual estimated distance modulus based on the method/dataset i
including statistical error, o; is the known standard deviation of the statistical error,
v is the true distance modulus of the LMC, and 7 is the standard deviation of the
systematic errors of the various estimates. In this research, we treat each published
result as an object, then p;, the statistically error-free distance modulus to the LMC
from study 1%, is the object-level parameter. The true distance modulus to the LMC,
v, and standard deviation of systematic errors from different measurements, 7, are

population-level parameters. A summary of parameters is presented in Table 3.2.
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Table 3.2: Parameters in the hierarchical model

Object-level parameters
L statistical-error-free distance modulus to
the LMC via method ¢

Population-level parameters

¥ true distance modulus to the LMC

T standard deviation of systematic errors
from different methods

Eq. (3.2) specifies our assumption that the systematic errors tend to average out. We
denote D = (Dy,--- ,Dy3) and g = (p1, -+ , f13)-

We take both the EB and FB approach to fitting the hierarchical model in
Eq. (3.1)—(3.2). Our Bayesian approaches (EB and FB) require a prior distribution
for v and 7. It is a standard practice to factorise the joint prior, p(vy, 7) & p(y|7)p(7),
and set p(7y|7) o< 1. As discussed in Section 2.4, we assign a non-informative prior on
the standard deviation 7, namely, p(7) o 1, or equivalently, p(72) o (72)_%.

Because this hierarchical model is straightforward, we take the Gibbs sampler
to implement the FB method. For simplicity, we call this approach FB with Gibbs
sampler, or in short form, FB-Gibbs. We cover the detailed way to implement the
EB approach. This involves first estimating the population-level parameters v and 7
and then plugging these estimates in Eq. (3.2) and using it as the prior distribution
for each p;. Finally the individual y; are estimated with their posterior expectations,
E(ui|D,4,7?) and their posterior standard deviations, SD(u;|D,%,7?%) are used as
lo error bars.

We estimate v and 7 by maximising their joint posterior density,

p(1.7ID) / p(7, 7, | D)yt

= p(%T)H/p(Dilm)p(ml%T)dm- (3.3)
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The values of v and 7 that maximise Eq. (3.3) are known as maximum a posterior

(MAP) estimates. For any 7, Eq. (3.3) is maximised with respect to v by

_SEDJ ?)
Y212 +02) ]

3(7) (3.4)
where 4(7) is a function of 7. The profile posterior density of 7 is obtained by evalu-
ating Eq. (3.3) at 4(7) and 7, i.e., p(3(7), 7|D). The global maximiser of the profile
posterior distribution is the MAP estimate of 7 and must be obtained numerically.
As shown in the left panel of Fig. 3.1, the posterior density of 7 monotonically
decreases from its peak near 0, which means that the MAP estimator of 7 is 0, a
poor summary of the profile posterior. This is because 0 is the lower boundary of
the possible values of 7. A better estimate can be obtained using a logarithmic
transformation of the population standard deviation, specifically, £ = In7. The joint

posterior of v and £ can be expressed as

dr

p(.€1D) = p(r.71D)

The profile posterior of ¢ is plotted in the right panel of Fig. 3.1, is more symmetric,
and is better summarised by its mode. After having estimated & with its MAP
estimate, we compute 7 = exp(€) and 4 = (7). See Park et al. (2008) for a discussion
of transforming parameters to achieve approximate symmetry in the case of mode-
based estimates. This method is a variant of the common EB approach, and we call
it EB with logarithmic transformation, or in short form, EB-log.

We use EM algorithm to find the MAP estimates of v,¢ and 7, and Fig. 3.2
exhibits the iterations of v and 7. It can be seen that both v and 7 stabilise after 50

iterations.

Plugging 4 and 7 into the prior for u; given in Eq. (3.2), we can compute the
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Figure 3.1: The profile posterior distribution of 7 (left panel) and of £ = In7 (right
panel). The modal estimate of 7 is zero and is less representative of the distribution
than is the modal estimate of &.

posterior distribution of each u; as

13
p(u D, 5, 7%) o [ [ p(Dilpws)p(psl4, 7).

i=1

3.3 Simulation Study

In this section, we perform a simulation study to investigate the performance of the
hierarchical model in Eq. (3.1)—(3.2) and compare three different statistical methods:
Empirical Bayes with log transformation (EB-log), Fully Bayesian (FB) and case-
by-case analysis. Chapter 2 covered EB, FB and case-by-case methods. Here, EB-
log is a variant of EB and refers to Section 3.2 for its details. Basically we use a
logarithm transformation on the population-level parameter 7 to avoid the case that

the maximum a posterior (MAP) estimate of 7 to be 0.

Based on their fitted values with the data in Table 3.1, we set the true values for
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Figure 3.2: The EM iterations of v, 7 and &.
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population-level parameters v = 18.525 and 7 = 0.045. Then we simulate 25 sets
of true values for g = (uy,- -+, p13) from p; ~ N(v,72). For clarity, we denote the
j-th replicate as p; = (pij,4 = 1,---,13),5 = 1,---,25. For each replicate of p
we generate 100 datasets D with known o; from Table 3.1. Specifically, for the j-th
replicate p;, we repeat the simulation of D;; ~ N(u;,0?) 100 times. So in total,
we simulate 25 x 100 datasets and based on each simulated dataset D we utilise
three methods — EB-log, FB and Case-by-case — to estimate both the object-level and

population-level parameters p,y and 7.

We compare estimates in terms of two criteria: i.) bias, standard deviation and
root mean squared error (RMSE) of point estimates; 2.) actual versus nominal cov-
erage probabilities of interval estimates. When we require point estimates, we utilise
posterior means from MCMC samples, and for interval estimates we use the 68.3%
credible intervals from posterior distributions by finding the 15.8% and 84.1% quan-

tiles from the MCMC samples.

Fig. 3.3 shows the biases (top-left panel), standard deviations (top-right), RM-
SEs (bottom-left) of estimates of p;; versus simulated values of fi;;, where estimates
obtained from the case-by-case, FB and EB-log are in black plus signs, blue circles
and green triangles, respectively. The top-left panel presents the biases of estimates
of u;; versus simulated p,;;. Black plus signs from the case-by-case analyses always
oscillate around 0 and almost all of them fall in the range from —0.05 to 0.05. By
contrast, the biases from FB (blue circles) and EB-log (green triangles) present a
similar pattern in that the biases of estimates of f;; are linearly decreasing in ;.
This is due to the fact that hierarchical methods such as EB-log and FB produce
shrinkage estimates, objects (y;;) at both ends of the distribution are shrunk slightly
to the middle. So the small values of 1;; in the left side tends to be overestimated,

and the large values of p;; in the right side are underestimated. The top-right panel
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Figure 3.3: The biases, standard deviations, and RMSEs of point estimates of u;;
versus true values of 11;;. Estimates are obtained from three approaches: the case-by-
case (black plus signs), FB-Gibbs (blue circles) and EB-log (green triangles).
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Table 3.3: The average bias, standard deviation (SD) and RMSE of the various
estimates of p, v and 7. Each figure has a multiplication factor 1072 and we omit it
to make the numbers more legible.

Ttems EB-log FB-Gibbs Case-by-case
Bias S.D. RMSE Bias S.D. RMSE Bias S.D. RMSE

7 -0.14 4.08 5.12 -0.14 2.77 5.03 -0.09 10.99 11.05

ot -0.09 25 281 -0.09 252 2383 n.a. n.a. n.a.

T 1.77 218 2.82 1.72  2.53 3.09 n.a. n.a. n.a.

shows the standard deviations of point estimates of j;;, and case-by-case estimates
have the largest standard deviations, followed by EB-log. The FB estimates have
the smallest standard deviations, i.e., the largest precision. The bottom-left panel
displays the RMSEs of three methods. The case-by-case estimates have the largest
RMSEs, i.e., least accuracy. By contrast, hierarchical methods have much smaller
RMSEs. Hierarchical methods trade biases for variance reductions and finally they

attain smaller RMSEs.

Table 3.3 presents the average bias, standard deviation and RMSE of three esti-
mates of p, v and 7. The average bias of g from the case-by-case method is —0.009,
comparable to EB-log and FB, all at —0.14. The average standard deviation of p
from the FB-Gibbs is the smallest (2.77), followed by EB-log (4.08), and the case-by-
case method has the largest mean standard deviation (10.99), about three times that
of FB-Gibbs. In terms of average RMSE, the FB-Gibbs performs the best (5.03),
followed by the EB-log (5.12), and the case-by-case is worst (11.05), about twice the

hierarchical methods.

As to the population-level parameters, the case-by-case method does not have the
second-level model in Eq. 3.2, so it fails to provide estimates of v and 7. The EB-log
and FB-Gibbs methods behave similarly in terms of the bias, variance and MSE of ~

and 7, though there is some difference between the standard deviations of 7 from the
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Table 3.4: The actual coverage probabilities (CP) and their 68.3% confidence intervals
(CI) of the various credible interval estimates of w, v and 7. The nominal coverage
probability is 68.3%. We obtain these results by pooling estimates from all simulated

datasets. For p, its coverage probability is the average over pq,...,13.
Ttems EB-log FB-Gibbs Case-by-case
CPp 68.3% CI CPp 68.3% CI CPp 68.3% CI
u 0.645 (0.642,0.647) 0.675 (0.673,0.678) 0.685 (0.683,0.688)
0% n.a  na. 0.83  (0.826,0.834) n.a. n.a.
T n.a  n.a. 0.82  (0.816,0.824) n.a. n.a.

EB-log and FB-Gibbs. Also, both the EB-log and FB-Gibbs slightly overestimate the
population standard deviation 7. For FB-Gibbs, the overestimation of 7 is caused
by its asymmetric parameter space, i.e., 7 is limited to the positive real numbers

(Gelman, 2006b).

Table 3.4 displays the actual coverage probabilities (CP) and their 68.3% confi-
dence intervals (CI) for credible intervals with nominal coverage probability 68.3% for
the object-level parameters p and the population-level parameters v and 7. The 68.3%
CIs of actual coverage probabilities in this section are obtained via Clopper-Pearson
method (Clopper and Pearson, 1934). From this table, the case-by-case credible in-
tervals of p exhibit a slightly better coverage property (68.5%), close to the nominal
level 68.3%, than the FB-Gibbs estimates of pu (67.5%). The EB-log estimates of p
has its actual coverage, 64.5%, slightly lower than the nominal level. Because the EB-
log and Case-by-case methods do not produce interval estimates for population-level
parameters v and 7, we only have actual coverage probabilities for v and 7 from the
FB-Gibbs, which are 83% and 82%, respectively. The actual coverage probabilities of
FB-Gibbs interval estimates of v and 7 exceed the nominal level, which is caused by
the small number of objects, I = 13, in the hierarchical model. Other research have

also reported and discussed this properly, see Browne and Goldstein (2002); Browne
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et al. (2006) for more details.

In summary, we have a few comments about the EB-log, FB-Gibbs and case-by-
case methods. 1.) The FB-Gibbs method has the smallest RMSE of p, about half of
the case-by-case, which has the largest one. The RMSE of p from EB-log is slightly
greater than FB-Gibbs, but they are comparable. This is also the case for the stan-
dard deviation of estimates of p. 2.) The average coverage probabilities for interval
estimates of p from three methods are comparable, all close to the nominal level. 3.)
The case-by-case analysis has no estimates for population-level parameters v and T,
but the hierarchical approaches have estimates of v and 7 and their performances
are similar. 4.) FB-Gibbs is the only approach that produces interval estimates for
population-level parameters, although its actual coverage exceeds the nominal level
due to the small number of objects in the hierarchical model.

Because this project is based on a Gaussian-Gaussian hierarchical model, the
computing time is the same as the simulation study in Chapter 2. Refer to Table
2.6 for the computing time that each algorithm takes in the simulation study. The
computing time required by the EB-log is the same as EB in Table 2.6. The CPU
times for the FB-Gibbs and the case-by-case analysis are also the same as the times

shown in Table 2.6.

3.4 Data Analysis

In this section, we present the results from hierarchical analyses via both the EB-log
and FB-Gibbs approach by pooling the case-by-case results in Table 3.1. The target
of this section is to show readers how Bayesian hierarchical models work in a simple
but realistic example.

Firstly, we focus on the object-level parameter g = (p1,- -+ , p13), which are the

statistical error-free values of the distance modulus to the LMC from 13 studies.
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Figure 3.4: Posterior density functions of the LMC distance modulus based on hier-
archical fitting (Red dashed lines) and based on the case-by-case analysis (Blue solid
lines). Those based on hierarchical fitting shrink towards the centre relative to those
based on the case-by-case analysis.

Fig. 3.4 shows the EB-log and case-by-case posterior distributions of p;. The hierar-
chical results (dashed red lines) are shrunk toward the centre relative to the case-by-
case results (blue solid lines). Fig. 3.5 also demonstrates this shrinkage effect that
point estimates (posterior means) from the EB-log fit tend to be closer to each other
than those from case-by-case analyses.

In Fig. 3.4, the case-by-case density functions of y; range from 18.0 to 19.2, whereas
the hierarchical posterior density functions are more precise, ranging from 18.3 to 18.7.
This is an example of the shrinkage of the case-by-case fits towards their average

that occurs when fitting a hierarchical model. We can also see this effect in the
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Figure 3.5: The point estimates of distance moduli from the hierarchical (upper line)
and case-by-case (individual in the lower line) fittings. Each arrow connects the point
estimate from one certain case-by-case analysis with its hierarchical counterpart.

mathematical formula of posterior means,

A(r)/m* + Dy/a}
1/m2+1/c?

E(w|m, D) = (3.5)

which are weighted averages of the case-by-case estimates, D;, and the combined

MAP estimate 4 of the mean distance modulus, given in Eq. (3.4).

Fig. 3.6 displays the point estimates and their 68.3% credible intervals of the
statistically error-free distance modulus to the LMC based on 13 measurements from
both the case-by-case and EB-log, FB-Gibbs fits. The triangles and solid lines are
estimates from the EB-log fit, the squares and dotted lines from the FB-Gibbs fit,
and the dots and dashed lines are based on the case-by-case fits published in the
13 studies. We observe from Fig. 3.6 that the 68.3% credible intervals from the
hierarchical methods (EB-log and FB-Gibbs) are shorter than their counterparts from

the case-by-case fits. The solid triangles, dots, and squares are posterior means from
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Figure 3.6: The point estimates and 68.3% credible intervals for the distance moduli
to LMC from the EB-log, FB-Gibbs and case-by-case analyses.

EB-log, case-by-case and FB-Gibbs, respectively. The solid, dashed and dotted lines
are 68.3% credible intervals from these three methods. All figures of estimates are

shown in Table 3.5.

Based on our simulation study in Section 3.3, we can understand how these esti-
mates behave. From figures in Table 3.3, the EB-log estimates of  have the smallest
MSE (4.282 x 107?), about a quarter of that of the case-by-case (1.44 x 1072). FB-
Gibbs estimates of p have slightly larger MSE (5.227 x 1073) than the EB-log, which
is approximately a third of that from case-by-case analysis. So in terms of accuracy,
EB-log is the best, followed by FB-Gibbs, and case-by-case analysis is worst. From

the same table, the case-by-case yields estimates of pu that have the largest variance
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Table 3.5: Point and 68.3% credible interval estimates of the object-level parameter
w = (p1,- -, p3) for 13 included studies from the EB-log, FB-Gibbs and case-by-case
analyses.

Study EB-log FB Case-by-case
Mean Cred. Interv. Mean Cred. Interv. Mean Cred. Interv.
1 18.54 (18.49,18.58) 18.54 (18.5,18.58) 18.7  (18.54,18.86)
2 18.53 (18.5,18.57) 18.53 (18.5,18.57) 18.55 (18.49,18.61)
3 18.53  (18.49,18.57) 18.53 (18.5,18.57) 18.55 (18.45,18.65)
4 18.53 (18.48,18.57) 18.52  (18.49,18.56) 18.57 (18.38,18.77)
5 18.5  (18.46,18.54) 18.51 (18.47,18.54) 18.4  (18.3,18.5)
6 18.49 (18.46,18.53) 18.5  (18.46,18.54) 18.42 (18.35,18.49)
7 18.5  (18.46,18.54) 18.51 (18.48,18.54) 18.45 (18.38,18.52)
8 18.54 (18.5,18.58) 18.53 (18.5,18.57) 18.59 (18.5,18.68)
9 18.52 (18.48,18.56) 18.52 (18.49,18.56) 18.47 (18.35,18.59)
10 18.53 (18.49,18.57) 18.53 (18.5,18.56) 18.54 (18.44,18.64)
11 18.53 (18.48,18.57) 18.53 (18.49,18. 57) 18.54 (18.36,18.72)
12 18.54  (18.49,18.58) 18.53 (18.5,18.57) 18.64 (18.5,18.78)
13 18.55 (18.52,18.58) 18.54 (18.51,18.58) 18.58 (18.53,18.63)

(on average, 1.427 x 10~2) among all three methods, about 15 and 7 times the variance
from FB-Gibbs and EB-log, respectively. So in terms of precision of u, the FB-Gibbs

performs the best, and case-by-case method is also the worst.

From Table 3.4, the case-by-case credible intervals of g have the best coverage
property, always close to the nominal level 68.3%. The FB-Gibbs and EB-log 68.3%
credible interval estimates of p have actual coverage probability, about 56.1% and

57.3%, respectively.

For illustration, in Fig. 3.7 we plot the posterior expectation E(u;|7, D) of each
of the best estimate of the distance moduli from each method as a function of 7 as 13
coloured lines. The black solid line is the MAP estimate (1) plotted as a function
of 7. When 7 is close to zero, the conditional posterior means of each p; shrink

toward the overall weighted mean 4(0) = 21[/);/;’2 = 18.526. This weighted mean

is used by others (De Grijs et al., 2014) to summarise multiple published results.
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Table 3.6: Estimates for population-level parameters: the true distance modulus ()
and standard deviation (7) of systematic errors from 13 different studies.

Items EB-log FB-Gibbs
Estimates for the true 18.525  18.525 £ 0.028
distance modulus y

Estimates for the standard 0.045 0.033 + 0.032
deviation of different studies 7

The 7 = 0 case corresponds to no systematic error and relatively large statistical
error. As 7 becomes larger, the conditional posterior means approach the case-by-
case estimators of the distance modulus marked by plus signs at the far right in Fig.
3.7. The red dashed vertical line indicates our estimate of 7 and intersects the coloured
curves at the hierarchical estimates of each p;. Fig. 3.7 shows how the hierarchical fit
reduces to the case-by-case analyses as the variance of the systematic errors goes to
infinity. We include Fig. 3.7 to illustrate the “shrinkage” of the estimates produced

with hierarchical models, but such a plot is not needed to obtain the final fit.

Here we present the statistical inference of population-level parameters: the true
distance modulus to the LMC, v, and the standard deviation of systematic errors of 13
published studies, 7. From the FB-Gibbs, we obtain the point and interval estimates
of v and 7. However, we only have point estimates of them from the EB-log. Table

3.6 displays estimates of population-level parameters from EB-log and FB-Gibbs fits.

Table 3.6 presents the point estimates of v and 7 from the EB-log, the point
estimates with one standard deviation error bar (or 68.3% credible interval) of v and
7 from the FB-Gibbs fit. From Table 3.6, the point estimates of v from the EB-log
and FB-Gibbs coincide at 18.525. The 68.3% credible interval of + from FB-Gibbs
is 18.525 + 0.028. The EB-log estimate of 7 is larger than that of FB-Gibbs. This
is caused by the logarithmic transformation of 7 used by EB-log. The FB-Gibbs

point estimate of 7 is 0.033 with standard deviation 0.032, which means that 95%
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Figure 3.7: Conditional posterior means of distance modulus E(y;|7, D), as a function
of the standard deviation of the systematic errors 7. The red dashed line indicates our
estimate 7 = 0.045. The 13 solid round dots of different colours show the hierarchical
estimates of the distance modulus to the LMC using various methods, whereas the
plus signs are estimates from the case-by-case analyses. (Plus signs and round dots
of the same colour correspond to the same published result; see Table 3.1.)
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credible interval of 7 contains 0, i.e., 7 is not significantly greater than 0. We have
three comments on it. 1.) This verifies the fact that the posterior of 7 peaks at 0
without the logarithmic transformation, as shown in Fig. 3.1. 2.) When 7 = 0,
it means the statistical-error-free distance moduli from all 13 methods are equal to
the true distance modulus, i.e., all these methods have no systematic errors, which
is quite unrealistic. 3.) When 7 = 0, the hierarchical estimates of v reduces to the
commonly used weighted mean % and standard deviation /(3_,1/0?)~" (See
Podariu et al., 2001; De Grijs et al., 2014). The computing time of EB-log, FB-Gibbs

and case-by-case fits are the same as EB, FB-Gibbs and case-by-case, respectively, in

the simulation study in Chapter 2. Refer to Table 2.6 for specific numbers.

Based on the simulation study results in Table 3.4, the FB-Gibbs credible interval
estimates of population-level parameters v and 7 are over-covering, and their coverage

probabilities on v and 7 are about 80% and 76%, respectively.

This project aims to propose statistical methods to review published results on a
certain problem. Our analysis of the published distance moduli to the LMC is pre-
liminary and tentative. It serves as a test to check whether our statistical methods
make sense. From the simulation study, we show the benefits of the Bayesian hierar-
chical methods: smaller MSEs and reliable estimates of population-level parameters.
Numerous attempts have been made to combine published results on the distance
modulus to the LMC. After compiling 233 separate distance modulus published be-
tween 1990 and 2003, De Grijs et al. (2014) suggests a slightly adjusted canonical
distance modulus of (m — M), = 18.49 + 0.09, which is obtained as the weighted
average of all included results. Their result has a wider error bar (0.09) than ours
(0.028), and it is understandable because they include 233 published distance moduli,
which vary on a broad range. However, in our pilot analysis we only use 13 results

compiled by Clementini et al. (2003). Our approaches produce completely data-driven
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outcomes, so if different data are included in the analysis, our outcome will change.
The published outcomes included in my analysis were published between 1994 and
2003, only a subset of those included in De Grijs et al. (2014), so we might use our

method to analyse the data compiled by De Grijs et al. (2014) in the future.

3.5 Concluding Remarks

Distance modulus to the LMC is important in astronomy, so large number of attempts
have been made to determine it (e.g., Di Benedetto, 1997; Fitzpatrick et al., 2002;
Pietrzyniski et al., 2013; Inno et al., 2013). A number of researchers have attempted
to review the published distance moduli to the LMC (e.g., Clementini et al., 2003;
Alves, 2004; De Grijs et al., 2014).

This chapter is a tentative analysis and aims to show how Bayesian hierarchical
models combine case-by-case fits (published results) and produce shrinkage estimates
in a simple but realistic setting. In this chapter, we investigate the use of a Bayesian
hierarchical model to review 13 published distance moduli to the LMC and obtain
statistical inferences of the population of published results. The idea is to use the pub-
lished distance moduli and their errors as observed data and Gaussian errors for the
statistical-error-free distance moduli from their methods, and then their statistical-
error-free distance moduli are assumed to be a Gaussian distribution centred at the
true distance modulus to the LMC and its standard deviation represents the mag-
nitude of systematic errors of these methods. Of course, here we have made a quite
strong assumption that systematic errors of different studies follow a Gaussian distri-
bution with mean 0.

In this chapter, we focus on the statistical side of this research. We employ the
EB-log and FB-Gibbs to fit the hierarchical model, show how hierarchical model

works, perform a simulation study to compare the performance of hierarchical and
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case-by-case methods. Based on the simulation study, we see the benefits of hierar-
chical fits over the case-by-case in terms of smaller MSEs and variances. Also, the
credible intervals from hierarchical analyses tend to have some difficulty in attaining
the nominal coverage probability, which is caused by the small number of objects.

As an experimental and preliminary test, we apply our statistical techniques to 13
published distance moduli to the LMC, compiled by Clementini et al. (2003). Using
the hierarchical methods, we obtain the statistical inference of the population of 13
published distance moduli, i.e., the point and interval estimates of population mean
~ and standard deviation 7 of systematic errors of different methods. This analysis
is very tentative in terms of small size of distance moduli included and the strong
Gaussian assumption on systematic errors. However, this research does provide a
new way to combine published distance moduli to the LMC and point estimate of ~
can be an alternative to the weighted average.

In the future, we might use the 233 distance moduli collected by De Grijs et al.
(2014) to provide a hierarchical analysis and obtain a statistical inference of the
population of published distance moduli. Also, we may take account of the effect of

different tracers, for example, the Cepheids, RR Lyrae, red clump stars, etc.
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4 Estimating the Ages of a Group
of Halo White Dwarfs

This research aims to develop efficient computational algorithms to fit Bayesian hi-
erarchical models when the likelihood function is computer-based and not available
in closed-form. In this chapter, we pool 10 White Dwarfs (WDs) into a hierarchical
model and employ our statistical techniques to obtain estimates of ages of WDs that

are expected to be closer to their true ages than fitting WDs one-by-one.

This chapter focuses on the statistical side of the problem, not on the astronomy
side. We therefore do not investigate the underlying stellar evolution models. Instead
we explore new algorithms to tackle computational challenges when pooling WDs into
a Bayesian hierarchical model. Though the astronomy side of this research is prelim-
inary, both in the WD sample size and the assumed age distribution, our technique

lays the ground work for large-scale studies using data from the Gaia mission.

Suppose we have n WDs from the Galactic halo. We denote the [ observed pho-
tometric magnitudes for WD ¢ by X; and the known variance-covariance matrix of
their measurement errors by ;. We aim to use X; to estimate the age, distance
modulus, metallicity, and zero-age main sequence (ZAMS) mass of WD i. Our WD
model is specified in terms of the log;,(age), distance modulus, metallicity, ZAMS

mass of WDs and we denote these parameters by A;, D;, Z; and M; for i = 1,--- |n
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respectively. Because we are primarily interested in WD ages, we group the other
stellar parameters into ©; = (D;, Z;, M;). Finally to simplify notation, we write
X = (X, X,), A= (Ay,---,A,), and © = (Oy,---,0,). Here we review a
case-by-case analysis method for WDs and develop convenient approaches to obtain

the hierarchical modelling fits with better statistical properties.

4.1 Case-by-case Analysis

The public-domain Bayesian software suite, Bayesian Analysis of Stellar Evolution
with 9 parameters (BASE-9), allows one to precisely estimate cluster parameters
based on photometry (von Hippel et al., 2006; DeGennaro et al., 2009; van Dyk et al.,
2009). Researchers have applied BASE-9 to key open clusters (DeGennaro et al.,
2009; Jeffery et al., 2011; Hills et al., 2015), extended BASE-9 to study mass loss
from the main sequence through the white dwarf stage, the so-called Initial Final
Mass Relation (IFMR) (Stein et al., 2013), and have demonstrated that BASE-9 can
derive the complex posterior age distributions for individual field white dwarf stars
(O’Malley et al., 2013).

In this Chapter we focus on fitting the parameters of individual WD stars. The

statistical model underlying BASE-9 relates a WD’s photometry to its parameters,
Xi’A’b@i ~ Nl (G(A“®l)721>7 (41)

where, N, represents a [-variate Gaussian distribution, G(-) represents the underlying
astrophysical models that predicts a star’s photometric magnitudes as a function of
its parameters. Specifically G combines models for the main sequence through red
giant branch (e.g. Dotter et al., 2008) and the subsequent white dwarf evolution (e.g.

Bergeron et al., 1995; Montgomery et al., 1999).
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The Bayesian approach employed by BASE-9 requires a joint prior density on
(A;, ©;) for each WD. This prior is factored into

p(Ai, ©;) = p(Ailpa,, 0a,)0(Diliip,, op,)p(Zilpz,, 0.2,)p(M;), (4.2)

where p(A;|pa,, 0%,), p(Dilup,, 0%),), P(Zi|pz,, 0%,) are normal densities each with its
own prior mean (i.e., pa,, p,, and pz,) and standard deviations (i.e., o4,,0p,, and
0z,). When possible, these prior distributions are specified using recent external
studies. The prior on the mass M; is specified as the Initial Mass Function (IMF)
taken from Miller and Scalo (1979), i.e., log;o(M;) ~ N(—1.02,0.67729%). For a more
detailed discussion of prior distribution in this research, refer to Section 4.2.1.
BASE-9 deploys an MCMC sampler to separately obtain a Monte Carlo sample

from each of the WD’s joint posterior distributions,

p(Ai, ®z|X1) X p(Xi|Aiv @i)p(AiWAm UAi) X

p(Dilpp,, op,)p(Zilprz,, 02,)p(M;).  (4.3)

In this manner, we can obtain case-by-case fits of A; and ©; for each WD using

BASE-9.

4.2 Hierarchical Modelling of a Group of White Dwarfs

As shown in Section 2.5.6, hierarchical models can outperform case-by-case analyses
in terms of MSE. To take advantage of this, we embed the model in Eq. (4.1) into a
hierarchical model for a sample of halo WDs. Because halo WDs have similar ages,
we model the A; via

A; ~ N(7,72). (4.4)
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In the hierarchical model A;, D;, Z;, and M; are the object-level parameters, while ~y
and 7 are population-level parameters, the mean and standard deviation of the log,
ages of WDs in the galactic halo. For a more detailed description of parameters, see
Table 4.1.

Here are some comments about the Gaussian assumption on log;,(age) in Eq.
(4.4). 1.) The true distribution of log;,(age) for Galactic halo WDs is unknown. To
use the Bayesian hierarchical method, we have to assume a distribution on A;. The
assumption of a common population incorporating an age constraint is the source
of the statistical shrinkage that we will demonstrate. So we start off with a simple
and commonly used Gaussian distribution. 2.) The main contributions of this re-
search are efficient algorithms that fit a Bayesian hierarchical model of WDs when
the case-by-case toolbox (in our case, the BASE-9) is available. Our algorithms will
work when the population distribution of A; becomes more complicated, though this
requires a larger sample size than 10 WDs. 3.) From the astrophysics point of view,
this assumption is idealised and it means that the star formation rate increases and
decreases in a Gaussian manner. But in reality, halo WDs may arise from different
accretion events, and more flexible distributions such as mixture Gaussians may be
more reasonable to model their ages. My statistical techniques will work for flexible
population distributions of ages. For now, with 10 halo WD candidates, a Gaussian
distribution is appropriate because complicated distributions have more parameters,
hence require larger data sets.

For the details on prior distributions of all parameters, refer to Section 4.2.1.

4.2.1 Prior Distributions

In this section, we discuss the prior distributions for parameters in both the case-

by-case and hierarchical models. We aim to achieve objective results and also take
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Table 4.1: Parameters in the hierarchical model

Object-level parameters

A; log,, age of the WD <. This is the only
parameter that is hierarchically modelled

D; distance modulus of WD 4

Z; log,, solar nomalised metallicity of WD ¢

M; mass of WD 1

Population-level parameters

~y population mean log,, age for a group of WDs

T population standard deviation of log;, age for a

group of WDs

advantage of best available information about these stars.

Table 4.2 displays the prior distributions used in this chapter. In the case-by-
case analyses, we set uniform distribution on log,,(age) of each WD to ensure the
objectivity of the fits. The upper limit is the age of universe, 13.82 Gyr, i.e., 10.14 on
the log base 10 scale. For the lower limit, we take 8.4 on the log base 10 scale, which
is 251.19 Myr and an impossibly young age for halo WDs. Based on the photometric
data of WDs, we have performed a sensitivity analysis on the lower limit of the
uniform prior on A;. Refer to Section 4.4.1 for more details. In our mathematical
notations, sometimes we use p(A;|ua,,04,) to denote the Gaussian prior on A; with
mean /14, and standard deviation o4,. This is because BASE-9 allows Gaussian prior
distributions on all parameters. If a uniform distribution on A; is required, we just set
04, = 00, then the Gaussian prior will be a uniform distribution. In the hierarchical
model, we have Gaussian prior distribution A; ~ N(v,72), where the v and 7 are
unknown population-level parameters. We cover the prior distribution of v and 7
later in this section.

As to the metallicity parameter, Z;, we usually employ very broad Gaussian prior
distributions. For example, we usually set piz, = —1.5, 0z, = 0.5 to make it consistent

for halo WDs. For the distance modulus, D;, we use the best available knowledge
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Table 4.2: Prior distributions for both object-level and population-level parameters

Parameters Case-by-case Model Hierarchical Model

D; D; ~ N(up,, 01231,) Same as the left

Z; Zi ~ N(pz,,0%) Same as the left

M; logyo(M;) ~ N(—1.02,0.67729%) Same as the left
truncated to range 0.1M and 8.0Mg

v n.a. p(y]T) x 1

T n.a. p(r) x 1

from recent external studies about each WD. If no information available, we set a

broad Gaussian prior on distance.

The prior on the mass M; is chosen to be a version of initial mass function (IMF)
taken from Miller and Scalo (1979), i.e., log,o(M;) ~ N(—1.02,0.67729%). We obtain
numerical constants from Table 7 and density function form in Eq. 30 in Miller and
Scalo (1979). We truncate the initial mass of a WD to the range 0.1M, and 8.0M.
The lower truncation is due to the fact that an initial mass of less than about 0.1Mg
is not sufficient to initiate the fusing of hydrogen into helium necessary to form a star.
The upper truncation is because the star clusters we study are sufficiently old that
any stars with an initial mass above 8.0M would have used up their nuclear fuel
long ago and become a neutron star or black hole, and thus would not be included in

our observed data (van Dyk et al., 2009).

For the population-level parameters, v and 7, we always take p(v, 7) o p(7|7)p(7)
and p(y|7) o< 1. As discussed in Section 2.4, we follow the suggestion of Gelman
(2006a) and assign a uniform prior on the standard deviation 7, namely, p(7) & 1, or

equivalently, p(72) (72)_%~
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4.2.2 Empirical Bayes Method

As in the Chapter 2 and 3, we can employ an EB approach to fit the hierarchical
model in Eq. (4.1) and Eq. (4.4). One of the main benefits of our EB and FB
routines is that they take advantage of the existing BASE-9 package, thus saving
substantial time in code development. The details of our algorithms appear late. The

joint posterior for parameters in the hierarchical model is

n

p(7, 7, A, 8| X) o p(v,7) [ [ (Xil As, ©:)p(Aily, 7) %

i=1

p(Dl|:qu O—Dz)p(ZZ“LZm O—Zz)p<Mz) (45)

To avoid estimating 7 as zero when its profile posterior distribution is highly
skewed, we again implement EB on a transformed parameter. Here we consider two
possibilities £ = log 7 and 6 = 1/7. We denote the two resulting algorithms and their
corresponding fits as Empirical Bayes with log transformation (EB-log) and Empirical
Bayes with inverse transformation (EB-inv). EB alone refers to EB implemented
without transforming 7. We compare the statistical properties of EB, EB-log, and

EB-inv numerically in Section 4.3. For EB-log the joint posterior distribution can be

written
dr
The EB-log estimates are computed as follows.
Step 1: We obtain the MAP estimates for -, £,
(16 =max [+ [ p.6.4.0/X)d400, (4.7)
7,

i.e., via a Monte Carlo Expectation-Maximization (MCEM)-type algorithm

119



Estimating the Ages of a Group of Halo White Dwarfs

(Wei and Tanner, 1990). The Expectation-Maximization (EM) algorithm (e.g.
Dempster et al., 1977) involves iteratively evaluating an integral over A and
®, which MCEM accomplishes via Monte Carlo integration. Our MCEM-
type algorithm iteratively calls BASE-9 to generate a Monte Carlo sample from
p(©;, Ay, D X;) fori = 1,--- ,n, where v® and £® are the t-th iteration
of v and ¢ within the MCEM algorithm. See the Appendix for the detailed

algorithm.

A~

Step 2: We compute 7 = exp(&) and for each i use p(A;|7y,7) as the prior distribution

for A;, when deriving the joint posterior distribution for A; and ©;

p(A27 @l‘le /3/7 7A-) (8 p(Xz’Au (-)z)p(AZ’:Ya 7A-)X

p(Dl‘:uDu U'D7)p(Z1|MZ,, O-Zq)p(MZ) (48)

Step 3: Finally we use BASE-9 to obtain a Monte Carlo sample from p(A4;, ©;|X;,¥,7),
for each WD.

dr

EB-inv proceeds in the same way, except ‘;—2 is replaced by 9% in Eq. (4.6), ¢ is

replaced by § in the Eq. (4.7), and 7 = 1/5 in Step 2. For EB, set 7 = £ and ‘fl—g =1

)

then all steps are the same as EB-log.

4.2.3 Fully Bayesian Method

The FB approach seeks to obtain a Monte Carlo sample from the joint posterior
distribution in Eq. (4.5). In principle, this could be accomplished via the following
Gibbs sampler:

Step 0: Initialize (A§°>, ‘e 7/17(10)) at their fitted values under the case-by-case analyses
in Eq. (4.3).
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Fort=1,2,---, run Step 1 and Step 2 iteratively.

Step 1: Sample the ¢-th iteration v and 7 from their conditional posterior distribu-

tion

p(77T‘A§t_1)7 e 7A£f71)) X

p(A§t71)7 o aAS_l)h/a T) X p(77 T)' (49>

Step 2: For each i, sample the ¢-th iteration A@ and G)(t) from their conditional poste-

rior p(A;, ©;1 X, v, 70) in Eq. (4.8). After an appropriate burnin period, {A(t) )

Agf ,@ , YO 70+ =1,2, .-} forms a correlated Monte Carlo sample from the
posterior distribution.

Unfortunately, directly implementing Step 2 of this Gibbs sampler is very time-
consuming, taking approximate 6 minutes for each star!. To avoid iteratively calling
BASE-9 within the Gibbs sampler, we consider the new sampler in Chapter 2 that
replaces Step 2 of the Gibbs sampler with a Metropolis-Hastings (MH) step. The
MH step uses the posterior distribution of (A;, ®;) obtained under the n case-by-
case analyses as its proposed distribution. Specifically, we run BASE-9 n times,
once for each WD, to obtain a Monte Carlo sample from [], p(4;, ©;|X;), where
the distributions inside the product are given in Eq. (4.3). To update A and
O, during the Gibbs iteration we randomly select one realisation of this Monte
Carlo sample and use a Metropolis-Hastings acceptance rule with target distribution
[T, p(Ai, ©1 X, v®, 7). To distinguish this new algorithm from the Gibbs sam-

pler, we denote its sampled values with a tilde, {A(s) @ : Aff), o LA 76 s =

'We coded these steps in the R programming language and ran our code on a linux server with one
core for each star. It took about 6 min to obtain one reliable draw from the posterior distribution.
This is because BASE-9 must be reinitialised and retuned for each value of the prior distribution,
as determined by (") and 7(*).
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1,2, }. It proceeds as follows.

Step Oa: For each WD run BASE-9 to obtain a Monte Carlo sample of p(4;, ©;|X;)
under the case-by-case analysis. Thin each chain to obtain an essentially inde-

pendent Monte Carlo sample and label it {A?), @5”, e ,Aﬁf), @ff),t =1,2,- [ tyc}

Step Ob: Initialize each WD age at fll(.l) = AZ(.U and the other parameters at (:)Z(»l) =

oW,

7

For s =1,2,---, we run Step 1 and Step 2 iteratively.
Step 1: Sample 7*) and 7 from p(~, T]flgs), e ,[155)).

Step 2: Randomly generate n integers on the range 1 to ty;e, 71, -+ ,7,. For each ¢,

set Af = AZ(-”), e = @l(-”) as the new proposal and accept A+ = A* @G+ =

p(A7 15, 79)) /p(Af|pa; 0 4,)

©F with probability a = mln{l,p(AES)W(S),%(S))/Z)(AES>|MAlv,0'Ai

) }. Otherwise, set

Als+1) — 1[1(3)’ (;)(s+1) _ (;)(s)_

Steps 1 and 2 are iterated until a sufficiently large Monte Carlo sample is obtained.
The two-stage sampler is much faster than the Gibbs sampler. If a good sample from
the case-by-case analysis is available, then it only takes a few minutes to obtain a
Monte Carlo sample from the FB posterior distribution for the hierarchical model in
Eq. (4.1) and Eq. (4.4). Unfortunately, two-stage sampler can be inefficient when
dealing with hierarchical models on multi-dimensional parameters. In our analysis
here only WD age is treated hierarchically, so the hierarchical part of the model is

univariate. Fortunately, for this WD project, two-stage sampler is very efficient.

4.3 Simulation Study

To illustrate the performance of the various estimators of the object-level WD ages

and the population-level parameters v and 7, we perform a set of simulation stud-
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Table 4.3: Distributions used in the simulation study.

Parameters Distributions

log,,(age) N(y =10.09,7?%) truncated between 9.7 to 10.14
Distance modulus N (4.0, 2.5?) truncated to interval (2.7,5.7)

Metallicity N(—1.5,0.02?)

Mass log;o(Mass) ~ N(—1.02,0.67729%) truncated to (0.8, 3.0)

ies. Because the relative advantage of the shrinkage estimates compared with the
case-by-case estimates depends both on the precision of the case-by-case estimates
and the degree of heterogeneity of the object-level parameters, we repeat the simu-
lation study under five settings, each with different values of observation error ma-

trix ¥ and population variance of log;y(age), i.e., 72

We simulate the parameters
{A4;, D;,T;, M;,i=1,2,--- Ny} for each group of WDs from the distributions in Ta-
ble 4.3, where v = 10.09 (12.30 Gyr) is the population mean and 7 varies among the
simulation settings given in Table . For consistency with the data analyses in Section
4.4, we simulate u, g, 7,1, 2z, J, H, K magnitudes for all WDs. Using BASE-9 for each
setting, we simulate Ny = 25 replicate datasets, each composed of N; = 10 halo
WDs. For each WD in every group, we generate its log,,(Age), distance modulus,
metallicity and mass from distributions in Table 4.3, where 7 is given in Table . The

particular values and truncations in Table 4.3 and are chosen because they reflect

plausible values for actual halo WDs.

We compute the empirical standard error for each magnitude by averaging the
errors from the observed halo WDs in Section 4.4, and we denote by 3, the variance

matrix of observed magnitudes, i.e., the square of empirical standard errors for 8
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magnitudes: u, g,r,4,z,J, H, K,

0.3042
0.0922
0.0272
0.0262
0.0682
0.0622
0.0862

0.0832

For simplicity in each setting all stars share the same diagonal observation variance,
that is each X; = 2,7 = 1,2,--- , N;. The observation error variances for five simu-
lation settings are described in terms of Xy in Table . In the entire simulation study,
we employ the Dotter et al. (2008) WD precursor models, Renedo et al. (2010) WD

interior models, and WD atmospheres of Bergeron et al. (1995).

Subsequently we recover parameters with multiple approaches: EB, EB-log, EB-
inv, FB and the case-by-case analysis. The case-by-case analysis in Eq. 4.1 fits
WDs one-at-a-time, and infers a WD’s parameters based on its photometry. EB-type
(EB, EB-log, EB-inv) methods and FB, however, based on the hierarchical model in
Eq.s 4.1-4.4, fit all WDs simultaneously, yielding shrinkage estimates of object-level
parameters. We specify non-informative broad prior distributions on each ®;, namely
D; ~ N(4.0,2.4%), Z; ~ N(—1.5,0.5%) and IMF prior on M; in Table 4.2. The case-by-
case analyses require a prior distribution on each A; and we use A; ~ Uni f(8.4,10.14)
in Table 4.2. The hierarchical model uses Eq. (4.4) and requires priors on vy and 7,
we again use the non-informative prior in Table 4.2. We compare the case-by-case
estimates with shrinkage estimates based on the hierarchical model. Results from
case-by-case analyses (in Eq. (4.1)) are indicted with a superscript I (for “individual”)

and those from hierarchical analyses (in Eq. (4.1) and Eq. (4.4)) are indicted with
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an H.

We compare estimates in terms of two criteria: i.) mean squared error (MSE)
of point estimates; 2.) actual versus nominal coverage probabilities of interval esti-
mates. When we require point estimates, we utilise posterior means from MCMC
samples, and for interval estimates we use the 68.3% credible intervals from posterior
distributions by finding the 15.8% and 84.1% quantiles from the MCMC samples.

We denote log;(age) of the i-th simulated WD in the j-th replicate group by A;;.
Using both the case-by-case and hierarchical analyses, we obtain MCMC samples
of the A;j,i=1,2,--- | Ny,5 =1,2,--- | No. We estimate A;; by taking the MCMC
sample mean and denote the estimates based on case-by-case and hierarchical analyses

by AZI] and flg , respectively. We compute the absolute error? of each estimator flij

error(Aij) = |"21l] — A”’

In our simulation study, we are mainly concerned with the difference between absolute

errors from shrinkage and case-by-case estimates

Diﬁ(Aij) = error(ﬁ{j) — error(/ig)

= A}, — Ayl — |Af — Ay,

which compares the prediction accuracy of two methods. If Diff(4;;) > 0, then the
absolute deviation of the case-by-case estimate of star A;; is greater than that of the

shrinkage estimate.

Fig. 4.1 compares the performance of shrinkage estimates under simulated Setting

I (7 =0.05,3 = 3). The corresponding summary plots for the other simulation set-

2We use this term to refer to the absolute value of the error

125



Estimating the Ages of a Group of Halo White Dwarfs

or 1IN < o of P
< | ol | | —~ g L
<< ++ +
o™k § o + +
- - g 2
m g g Ry i + +++
w3 [$) = x| H
N << o + +
5 R
i o
~-F I s St % ++
H ++ +tF" +
ol
o
ot . ° n . . + : . bl
10.00 10.05 10.10 0.00 0.05 0.10 0.15 10.00 10.05 10.10 10.15
3 2 True logso(Age)
o — 0 . ol + o+
< F | < __ ©
I~ of
<< +4+
S, of H oot I
- E g 5
13 8 I, oo
@°ar ot < Sf £ % +
w g o + e
-1 -1 ® Sf+
oL
o
o= - 4 I 1 1 1 1
10.00 10.05 10.10 0.00 0.05 0.10 0.15 10.00 10.05 10.10 10.15
i 2 True logio(Age)
- J— - 5
° u o IF -
ol I 3r +
> <t 3 T+
=<t - S «f +
—_E ¥ | € s © +
13 3 ™r | +y
Mo of o ;2: ‘o" L
w = + +
« M S # +
Rl | S ool £
® o +
Ol S
[ |_| |_| S
© —_— o L 1 I 1 1 1 1
10.00 10.05 10.10 0.00 0.05 0.10 0.15 10.00 10.05 10.10 10.15
i 2 True logio(Age)
<r M [ — ol . +
1 .l | |
T e *y
o S «| + + +
— = 3 o
@3t 2 i + +y
© © ot < It +
s v+
-r 5 oob+ H o+ 4+
-F ¢ o + + + hr +
| o Lokt
ol ol °©
10.00 10.05 10.10 0.00 0.05 0.10 0.15 10.00 10.05 10.10 10.15
7 2 True logio(Age)

Figure 4.1: Results for Simulated Setting I, with 7 = 0.05 (standard deviation of
log,(age)) and ¥ = ¥y (photometric error variances). The rows correspond to various
fitting methods: EB, EB-log, EB-inv and FB, respectively. Each row includes: i) a
histogram of the fitted values of 4, across the Ny = 25 simulation replicates, ii) a
histogram of 7, and iii) a comparison of the difference in absolute errors in the fitted
WD ages obtained with the case-by-case analysis and with each of the hierarchical
methods. The thick dashed red lines in each histogram indicate the true values of
or 7. In the right-most column, positive vertical values indicate larger error for the
case-by-case fit, and the thin horizontal lines correspond to equal errors for the two
methods.
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Figure 4.2: Similar to Fig. 4.1, but for the case 7 = 0.03 and ¥ = 0.8%2%.
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Figure 4.3: Similar to Fig. 4.1, but for the case 7 = 0.03 and ¥ = 1.22%.
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Figure 4.4: Similar to Fig. 4.1, but for the case 7 = 0.06 and ¥ = 0.8%2%.
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Figure 4.5: Similar to Fig. 4.1, but for the case 7 = 0.06 and ¥ = 1.22%.
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tings are similar and appear in Fig.s 4.2-4.5. The histograms in Fig. 4.1 demonstrate
that the estimates of 4 and 7 are generally close to their true values (thick, dashed
red lines). Under all 5 settings, however, for some replicate groups of halo WDs,
EB produces estimates of 7 equal to 0 (see Fig. 3.1 and first row of Fig. 4.1). In
these cases, the shrinkage estimate of the age of each WD in these groups converges
to one value, which potentially leads to large errors. As we argued in Section 3.2,
this highlights a difficulty with EB, and demonstrates the need for the transformed
EB-log or EB-inv. Both of these approaches produce similar results to EB, but avoid

the possibility of 7 = 0.

The third column in Fig. 4.1, show the scatter plot of difference of errors between
the case-by-case and hierarchical fits, Diff(A;;), against A;;, i = 1,2,--- Ny, j =
1,2,--- , Ny. Each plus sign above the red line represents a simulated star obtaining
a smaller error from the hierarchical fit than the case-by-case fit. Similarly, each plus
sign below the red line indicates a star obtaining a larger error from the hierarchical
fit than the case-by-case fit. Fach plot has 250 simulated stars, and the percentages
of stars above the red line are displayed in Table 4.4. Because most of the scatter in
the plots are above the solid red zero line, the estimates of log,,(age) from the case-
by-case analyses tend to be further from the true values than the shrinkage estimates.
Approximately two thirds of the N7 x Ny = 250 simulated stars in each setting are
better estimated with the shrinkage method than the case-by-case fit. For stars below
the red solid lines, nominally the case-by-case fit is better, but the advantage is small.
In fact, for almost all simulated stars, Diff(A;;) = error(AJ;) — error(A;]) > —0.1, so
the shrinkage estimates do not perform much worse than case-by-case estimates for
any WD and often perform much better. For some stars, we have Diff(A4;;) > 0.5.
From the point of view of reliability of the technique, it is comforting that the four

hierarchical fits (EB, EB-log, EB-inv, FB) perform similarly, at least when 7 > 0 for
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EB.

Fig. 4.4 and 4.5 display performances of various methods under simulated setting
IV (1 = 0.06, ¥ = 0.82%;) and V (7 = 0.06, ¥ = 0.8%Y), respectively. From Fig.
4.4, the EB tends to underestimate 7 when the photometric error is 0.82X,. This
situation worsens when photometric error increases to 1.22%, as shown in Fig. 4.5.
This problem is caused by the shrinkage effects of the hierarchical model. With the
increase of photometric error ¥, the ratio of ¥ to 7 rises, so the shrinkage effect will
grow, which means the hierarchical model will drag the fitted object-level parameters
closer to each other, i.e., less variation between the fitted ages. Thus the point
estimates of 7 become smaller in setting V. In fact, all methods exhibit this effect.

Their point estimates of 7 tend to be smaller when ¥ increases from 0.8%2% to 1.22%,,.

Table 4.4 shows the percentage of WDs having closer estimates to their true ages
in each simulated setting. In other words, Table 4.4 presents the percentage of plus
signs above the red line in Fig.s 4.1-4.5. In each simulated setting, we have Ny = 25
groups of WDs, each comprising N; = 10 WDs. So the mathematical formula of

percentage figures in Table 4.4 is

N1 N2

1 N A
Percentage = m ZZI(’AZI] - Aij| > |Az}]I - Aij|)v

i=1 j=1

where
. . LIAL — Ayl > | — Ay,
I(|45; — Ayl > A7 — Ayl) =
0, Otherwise.
Table 4.4 reports the percentage of simulated WDs that are better estimated by
shrinkage methods than the case-by-case fits based on 250 simulated WDs under each

setting. We conclude that 60%—75% of simulated stars have a more reliable estimate

of their ages from the hierarchical analyses than from the case-by-case analyses.
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Table 4.4: The percentage of WDs for which EB and FB improved age estimates
over case-by-case fits among 250 simulated WDs under the five simulated settings. In

other words, these actual figures are
in Fig.s 4.1-4.5.

the percentages of plus signs above the red lines

Simulation Settings

EB EB-log EB-inv FB

7=005 X=23,

65.6% 69.6% 68.8%  66.8%

=003 =08, 744% 72.8% 164% 73.2%
' ¥ =12%%, 67.6% 69.6% 704% 72.8%
= 0.06 ¥ =0.8%%, 65.6% 67.6% 68.0% 64.4%
’ ¥ =12%%, 604% 64.0% 66.8% 63.2%

Table 4.5—4.6 present a numerical comparison of the shrinkage and case-by-case

estimates of the object-level parameter log;,(age) and population-level parameters

~v and 7. Specifically it presents the average Mean Absolute Error (MAE) and the

average root of the mean squared error (RMSE) for each method, i.e.,

No Np
1 .
MAE(A) = NN ZZ |Ai; — Ajjl,
j=1 i=1
1 No N
j=1 i=1
1 &
RMSE(’Y) = F (’% - 7‘51"119)27
253
1 &
RMSE(7) = N > (7 = Tirue)?.
j=1

Table 4.5 summarises the median absolute errors (MAEs) and root mean squared

errors (RMSEs) of different estimates of ages (log;, scale) of WDs under the five

simulated settings. In terms of estimates of ages of simulated WDs, from Table 4.5

all four shrinkage methods (EB, EB-

log, EB-inv, FB) have significantly smaller MAEs

and RMSEs than their case-by-case counterparts, though there are slight difference
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among the four shrinkage estimates. Generally speaking, estimates of ages from case-
by-case analyses have errors about three times those errors that shrinkage estimates

have.

Simulation Setting IIT (7 = 0.03,X = 1.2?3) benefits most from the shrinkage
estimates in terms of reduced RMSE. The RMSE from the case-by-case fits under
Simulation Setting III is approximately 0.20, while the RMSE from the EB is around
0.031, less than one sixth of the former. Simulation Setting IV (7 = 0.06,%X =
0.82%) gains least from the shrinkage estimates (0.063); its RMSE is approximately
a quarter of the case-by-case RMSE (0.26). Generally, when ¥ is large and 7 is
small, the advantage of shrinkage estimates is the greatest. With small ¥ and large
7, the advantage of shrinkage estimates over case-by-case estimates decreases. This
is consistent to statistical theory (see Gelman et al., 2014, Chapter 5). When X is
small, the photometric data of WDs have less uncertainty, so their fitted ages will be
more precise. Therefore, there is less latitude for sharing information across WDs to
improve the estimates. On the other hand, when 7 is large, then WDs have larger
variation between their ages. Because the number of WDs in each group is fixed at
10, when the variation of their ages grows, they tend to be more distant from each
other. In other words, in this case the WDs will have less in common. Therefore,

there is less advantage is using the hierarchical model.

Table 4.6 demonstrates the RMSEs of multiple estimates of population-level pa-
rameters v and 7 from the hierarchical model. Because the case-by-case analysis
does not pool WDs into groups, so it fails to produce estimates of population-level
parameters and it is excluded in Table 4.6. Because EB can produce 7 = 0, so we
introduce its variants EB-log and EB-inv to combat this kind of situation. The per-
formances of these four methods are quite similar and EB-inv has the largest RMSE

in ~ under these five simulated settings. Case IV: 7 = 0.06,3 = 0.823 sees the
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worst performance of EB-type approaches, having largest RMSEs among these five
settings. This is reasonable, because observed data have smaller variance 0.823, but
WD-by-WD ages have large variation 0.06, so the shrinkage estimates have less ben-
efit. FB has consistent performance through Case I to V, so it is more stable than

EB-type methods in terms of estimation of population-level parameters.

Table 4.7 presents the actual coverage probabilities of 68.3% credible intervals es-
timates for ages of simulated WDs derived from five methods: EB, EB-log, EB-inv,
FB and case-by-case. The 68.3% confidence intervals of the coverage probabilities
are computed with the Clopper-Pearson exact method (Clopper and Pearson, 1934).
From Table 4.7, 68.3% credible intervals obtained from the EB have coverage prob-
abilities between 42% to 58%, far below the nominal level. One explanation for the
poor performance of EB is that it shrinks WD ages too much and it underestimates
7, as shown through 4.1-4.5. When the posterior distribution of 7 peaks at 0, EB
produces the same age for all WDs in that group. The EB-log algorithm performs
slightly better than EB, between 54.8% and 69.2%, but still under four simulated
settings its coverage probabilities fall below the nominal value 68.3%. This is because
EB-log avoids the case that the posterior of 7 peaks at 0, which increases the estimate
of 7. The EB-inv algorithm yields a larger estimate of 7 than EB-log, so it tends to
shrink the ages of WDs less. Table 4.7 shows that EB-inv produces credible intervals
that have actual coverage probabilities between 61.6% to 73.2%, which are quite close
to the nominal level 68.3%. The case-by-case infers WD ages individually, and the
coverage probabilities of its credible intervals are between 60% and 64.8%, slightly
under the nominal value. FB performs the best, its actual coverage probabilities

varying from 63.6% to 74%, very close to the nominal level.

Table 4.8 presents the coverage probabilities of 68.3% credible intervals for population-

level parameters v and 7 obtained via the FB method. EB-type methods do not
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Table 4.8: FB coverage probabilities (CP) of 68.3% credible intervals for estimates of
population-level parameters and their 68.3% confidence intervals (CI).

Simulation Settings Z}P EP
(68.3% CI) (68.3% CI)
I. 7=0.05X=23, 0.52 0.64
(0.402,0.636) (0.52,0.747)
II: 7=0.03,X=0.8%, 064 0.8
(0.52,0.747)  (0.687,0.884)
III: 7 =0.03,X =122, 0.68 0.84
(0.561,0.782) (0.731,0.915)
IV: 7=0.06,2 =0.8°%, 0.64 0.84
(0.52,0.747)  (0.731,0.915)
V: 7=0.06% =123, 0.56 0.6

(0.441,0.674) (0.48,0.711)

directly produce credible intervals on v and 7, so they are not included in this ta-
ble. The 68.3% confidence intervals of the coverage probabilities are obtained with
the Clopper-Pearson exact method (Clopper and Pearson, 1934). Under these five
simulated cases, the FB credible interval estimates of v are under-covered with ac-
tual coverage between 52% and 68%, smaller than its nominal value 68.3%. On the
other hand, the FB credible intervals on 7 have actual coverage between 60% and
84%, and tend to be over its nominal coverage probabilities. The difficulty of the
hierarchical method in coverage property is due to the small number, I = 10, of WDs
in the model. Other research have also reported and discussed this problem, refer to
Browne and Goldstein (2002); Browne et al. (2006) for more details.

We present the CPU time consumption report of different algorithms in Table
4.9. These CPU times are based on simulation studies with BASE-9, where WDs
have photometric magnitudes in eight filters u, g,7,4,2,J, H, K. The CPU time of
all approaches vary subject to a few factors, such as, the number of photometric

magnitudes for each WD, the sample size, etc. All methods take more CPU time if
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Table 4.9: CPU Times of different methods

Algorithms CPU Times
Case-by-case Analysis About 5 hours for 10000 draws
Hierarchical Methods

Two-stage FB About 5 hours and 10 minutes for 10000 draws
EB/EB-log/EB-inv About 20 hours for 10000 draws
Gibbs About 40 days for 10000 draws

the WDs have more photometric magnitudes. When implementing these algorithms,
I always do parallel computing on multiple WDs using the “doParallel” package in R
3. so that it takes one unit of time to fit multiple WDs with BASE-9. The case-by-case
analysis takes about 5 hours for 10000 samples. FB with the Two-stage sampler takes
advantage of samples from case-by-case fits, and it only costs an additional 10 minutes
to produce estimates from the hierarchical model. All three EB-type methods (EB,
EB-log and EB-inv) require similar amounts of CPU time, approximately 20 hours.
EB-type methods take longer because they do not use the samples from the case-by-
case analyses. The FB with Gibbs sampler takes the longest time, approximately 40
days because it calls the black-box code (in this case, the BASE-9 package) during
each iteration, which requires significant time to explore the conditional posterior
distribution for each iteration. The Gibbs is only included to check the accuracy of the
two-stage FB fit. I have verified that the MCMC samples from Gibbs sampler is the
same as those from the two-stage algorithm that only costs 10 minutes. Therefore, in
the WD and IFMR project, I always use the two-stage algorithm to fit the hierarchical
models.

From Tables 4.4-4.9, we conclude that shrinkage estimates from both EB-type
and FB approaches outperform the case-by-case analyses in terms of smaller RMSE

and MAE. Under the five simulated settings, all four computational methods—EB,

3R programming language is the most popular software in the statistical community.
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EB-log, EB-inv and FB- behave similarly. Their MAEs and RMSEs are comparable.
In terms of coverage properties of 68.3% credible intervals from these methods, the FB
approach is the best. EB and EB-log produce credible intervals under their nominal
coverage probability. EB-inv yields credible intervals over the nominal value. In
terms of computing time, our FB algorithm is less time-consuming than all of our EB
algorithms. As discussed in Section 4.2.3, however our FB algorithm can fail when the
case-by-case sample cannot represent the case-by-case posterior distribution whereas

the EB algorithms tend to be more robust.

Overall, we suggest readers use FB and EB-log approaches to fit hierarchical
models that have complicated or computer-based likelihood functions. Our two-stage
algorithms for FB and EB-log are very efficient in fitting the hierarchical models. In
the next section, we implement FB and EB-log to analyse a group of Galactic halo

WDs.

4.4 Data Analysis

This analysis is just a testbed of our statistical techniques, and the astronomical
results from our analysis are not definitive. The target of this section is to present
how our Bayesian hierarchical methods can be beneficial to the study of ages of WDs

in astronomy.

Now we turn to the hierarchical and case-by-case analysis of the 10 field WDs
from the Galactic halo listed in Table 4.10. It lays the ground work for large-scale
studies using data from the Gaia mission. We acquire prior densities on M;, D;, Z;,1 =
1,--+,10 from the literature (Kilic et al., 2010; Kilic et al., 2012; Gianninas et al.,
2015; Dame et al., 2016). The references and priors on distance modulus for these 10

stars are listed in Table 4.10.
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Table 4.10: Prior distributions for distance moduli and atmosphere composition for

halo WD sample

White Dwarf Dist. Mod.  Comp. Reference
(V. —My)
J0301-0044 N(4.35,0.2)° He Paper I1I¢
J0346+-246 N(2.24,0.33)° H Paper II°
J08224-3903 N(5.19,2.4) H Paper IV®
J1024+4920 N(5.54,2.4) He  Paper IV©
J1102+4113  N(2.64,0.13)° H Paper II°
J1107+4855  N(3.41,0.19)° H Paper I11¢
J12054-5502 N(5.04,2.4) He Paper IV*
J213741050 N(4.46,2.4) H Paper 1°
J2145+1106N  N(4.19,2.4) H Paper 1
J21454+1106S  N(4.23,2.4) H Paper 1
@ Precise distance moduli are from trigonometric parallax
measurements.

b Paper I is Kilic et al. (2010).
¢ Paper 11 is Kilic et al. (2012).

¢ Paper III is Gianninas et al. (2015).
¢ Paper IV is Dame et al. (2016).
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4.4.1 Case-by-case Analysis

For the case-by-case fitting of each WD, we employ a minimally informative flat prior
on A;, that is, A; ~ Unif(8.4,10.14), a ZAMS mass prior IMF from Miller and Scalo
(1979) on M; and a diffuse prior on metallicity Z; ~ N(—1.50,0.5%). The lower bound
8.40 for the prior of log base 10 age is 251 Myr and it is the lower bound of age of
WDs in the BASE-9 package. The upper bound for A; is 10.14, the widely accepted

age of the Universe, 13.82 Gyr. For details of prior distributions, refer to 4.2.1

First we show the case-by-case fits of these 10 WDs and before the end of this
section we present the sensitivity analysis of the case-by-case fits to the lower bound

of the uniform prior of A;.

We derive the joint posterior density for the parameters using Bayes’ theorem:

(Xl Ai, Diy Ziy Mi)p(Ai)p(Di)p(Zi)p(M;). (4.10)

Before specifying a hierarchical modelling for the 10 WDs, we can obtain their case-
by-case fits via BASE-9 (as in O’Malley et al., 2013). By using the priors in Table
4.10 and described above, we fit the 10 halo WDs individually with BASE-9. We
present 5 typical stars in Fig. 4.6. Each column in Fig. 4.6 is corresponding to one
WD. The rows each give two dimensional marginal density functions of the posterior
distributions. The asymmetric errors in the fitted parameters, including age, are
evident. The plot shows that the uncertainty of age for these five stars is large,
ranging from 8 Gyrs to approximately 14 Gyrs. For more detailed case-by-case results
of 10 WDs, classical “triangle” plots for these WDs are shown in Fig.s A.1-A.10 in

Appendix. Assuming each of these ten WDs are bona fide Galactic halo members,

143



Estimating the Ages of a Group of Halo White Dwarfs

ZAMS Mass Distance (pc) [Fe/H]

ZAMS Mass

150

100

50

J0301-0044

[Fe/H]
-1.5

-0.5

-2.5

J0346+246

[Fe/H]
-1.5

-0.5

-2.5

J0822+3903

[Fe/H]

J1024+4920

AR

[Fe/H]

J1102+4113

8 10 12
Age (Gyr)

8 10 12 14
Age (Gyr)

12

8 10 12
Age (Gyr)

150

150

150

8 10
Age (Gyr)

150

) o ) o
s & & &
gs s gs £st
g g £ g
ki ) 2 2
* oA |~ . a a a
2 - 2 3 sk
)
s s s L s s s s s s L s s s s s N A
8 10 12 6 8 10 12 8 10 14 6 8 10 12 8 10 12 14
Age (Gyr) Age (Gyr) Age (Gyr) Age (Gyr) Age (Gyr)
© © © of
3 ° @ a3 2er
] ] < ]
= o = o s o g
® %] (%) %)
. z. o zol
N N N N -
o ) ~ o b ‘
“'-*-& . b ——) - - L
8 10 12 14 6 8 10 12 4 8 10 12 14 8 10 12 1
Age (Gyr) Age (Gyr) Age (Gyr) Age (Gyr)

\

ZAMS Mass

A

ZAMS Mass

ZAMS Mass

ZAMS Mass

0 100 150
Distance (pc)

0 100
Distance (pc)

150

0 100
Distance (pc)

150

50

100 150
Distance (pc)

0 100 1
Distance (pc)

50

Figure 4.6: Projections of the joint posterior distributions onto the two dimensional
planes (from top to bottom) of age-metallicity, age—distance, age—ZAMS mass, and
distance-ZAMS mass planes for five of the Galactic halo WDs. The posterior distri-
bution are computed under the case-by-case fits.
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we expect their ages to be similar. However, their masses, distance moduli and
metallicities may vary substantially. In this case, we can deploy hierarchical modelling
only on the ages of these 10 WDs, which provides substantial additional information.

We investigate whether the case-by-case fits is sensitive to the choice of lower
bound in the uniform prior distribution of A;. We set the lower bound prior of A;
to be 8.6,8.8,9.0 and 9.2, rerun the black-box code (BASE-9) on these 10 WDs,
compare the MCMC draws from their case-by-case posterior distribution in Eq. 4.10.
We compare these new fits with the original one when the lower bound is 8.4 by
quantile-quantile plots.

Fig.s 4.7-4.10 presents the quantile-quantile plots of MCMC samples of log,,(age)
of 10 WDs based on different lower bounds in the prior distribution of log,,(age).
Most circles in these QQ plots lie quite close to the red line, although there is some
deviation from the red line in several plots. These deviations are caused by Monte
Carlo errors, accounting for only very tiny part (less than 1%) of the distributions.
Overall, it is reasonable to conclude that the distributions on the x and y axis are the
same. Therefore, the posterior distributions in the case-by-case fits are insensitive to

the lower bound in the prior distribution of log,,(age).

4.4.2 Hierarchical Analysis

Here we deploy both EB-log and FB to obtain fits of the hierarchical model in Eq.
(4.1) and Eq. (4.4) based on those ten candidate Galactic halo WDs. We present
hierarchical analysis in this section. In Fig. 4.11, we compare the posterior density
functions of the age of each WD fit with the case-by-case method and with both
EB-log and FB.

Fig. 4.11 demonstrates that the posterior distributions of the age under the hier-

archical model — both EB-log and FB — peak near a sensible halo age, whereas the
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Figure 4.7: Quantile-quantile
x-axis is quantiles from the

plots of MCMC samples of log;,(Age) of 10 WDs. The
original fits when lower bound is 8.4 and the y-axis

is quantiles based on setting lower bound to be 8.6. The red line represents that
quantiles from samples in x and y axes are equal.
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Figure 4.11: The comparison of the posterior distributions of ages of WDs from
hierarchical analyses and case-by-case study. The left panel uses FB approach to fit
hierarchical model, while the right panel uses EB-log.

Table 4.12: 68.3% intervals for the age distribution, mean age and standard deviation
of Galactic halo WDs

Ttems Units FB EB-log
Prediction interval for the logig(Age) 10.07£0.05 10.09 = 0.03
distribution of halo WDs Age (Gyr) 11757133 12.3010%
Credible interval for the logo(Age) 10.08+0.03 n.a.

mean age 7 of halo WDs Age (Gyr) 12.0410%5 n.a.
Credible interval for the standard log;,(Age) 0.045+0.029 n.a.
deviation 7 of ages of halo WDs  Age (Gyr) 0.95+0.48 n.a.

case-by-case estimates (solid lines) disperse over a much wider range.

Table 4.12 presents the 68.3% credible interval estimates of population-level pa-
rameters. The EB-log produces MAP estimates of population-level parameters 4 =
10.09 and 7 = 0.03. The FB provides estimates of v and 7 with credible intervals,
v = 10.08 £ 0.03 and 7 = 0.045 + 0.029. The photometric errors of these ten WDs
are close to Xy in the simulation study. So the data is similar to Simulation Setting
I (7 =0.053% =3,). Hence, the advantage of the shrinkage estimates over the case-

by-case estimates shown in Simulation Setting I should be predictive and we expect
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Figure 4.12: The EB-log, FB, and case-by-case estimates of the age of the ten halo
WDs. The interval estimates are 68.3% credible intervals of the posterior distribu-
tions. The dashed, solid, and dotted intervals are computed from FB, case-by-case,
and EB-log, respectively. The triangle, circle and cross signs are the posterior means
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Figure 4.13: Histograms of the Monte Carlo sample for the population mean age and
population standard deviation obtained using FB fit to ten candidate galactic halo
WDs. Here the population mean of Age (Gyr) = 107 and the population standard
deviation of Age (Gyr) = 10 log, (10)7.

that the dotted lines in Fig. 4.11 are better estimates of the halo WD ages.

Table 4.11 and Fig. 4.12 also summarise the estimated ages. The 68.3% credible
intervals of ages of WDs from EB-log and FB are generally shorter than those from
the case-by-case analyses, which means that shrinkage estimates (FB and EB-log)
produce more precise estimates. The posterior means from the FB and EB-log are
quite consistent, but the error bars from EB-log are much shorter than those from
FB. This is because the point estimate of 7 (0.045) is much larger than that from
EB-log (0.03).

In Table 4.12, we report the 68.3% intervals from FB and EB-log for (i) the
distribution of halo WDs ages, (ii) the mean age of halo WDs and (iii) the standard
deviation of ages of halo WDs. With FB, we obtain a Monte Carlo sample of v and
7 from their posterior distributions. We transform the samples of v and 7 to that of
mean and standard deviation of Galactic halo WD ages, with histograms appearing
in Fig. 4.13.

Under FB, the 68.3% predictive interval for the distribution of halo WD ages is
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10.07 £ 0.05 on log,,(age) scale, i.e., 11.757 133 Gyr. In other words, we predict that
68.3% of WDs in the Galactic halo have ages between 10.87 Gyr and 13.78 Gyr. The

estimates based on EB-log is much narrower, 12.307555 Gyr.

Using FB, the 68.3% interval for the mean of log,,(age) of halo WDs (v) is
10.08 £ 0.03, i.e., 12.0470%2 Gyr. Based on the simulation study, the actual cover-
age probability of this interval is 52% with 68.3% confidence interval (40.2%, 63.6%).
EB-log does not directly provide an error bar for 4, but the bootstrap techniques
(Efron, 1979) could be used. We do not pursue this here, however, because it is
computationally expensive and error bars are provided by FB.

Fig.s 4.14-4.15 display the time series, autocorrelation function and histogram
plots of the samples of log,,(age) for 10 WDs from the EB-log approach using the
Two-stage approach. Fig. 4.16 illustrate the MCEM updates of v and 7 from the
EB-log approach via Two-stage algorithm.

Fig.s 4.17-4.19 demonstrate the time series and autocorrelation function plot of
the samples of log,,(age) for 10 WDs from the FB approach using the Two-stage
approach.

Based on Fig.s 4.14-4.19, we observe that the Two-stage algorithms for both the
FB and EB-log approaches converge well and work reasonably well. The time series

plots for all parameters are stationary.

4.5 Sensitivity Analysis for the Assumption of the Hierar-

chical Model

Section 4.3 performs a thorough simulation study to verify that the hierarchical model
(in Eq. (4.5)) outperforms the star-by-star analysis (in Eq. (4.3)). Here we investigate

the robustness of the hierarchical model to its assumption that halo WD ages follow a
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Figure 4.16: Iterates of population-level parameters v and 7 from the EB-log ap-
proach.

Gaussian distribution, see Eq. (4.4). Instead of simulating log;,(Age) from Gaussian
distributions as in the simulation study in Si et al. (2017b), here we simulate WD
ages from the scaled gamma distribution in Fig. 4.20.

The distribution in Fig. 4.20 is excellent to try because it is quite different from
the bell-shaped normal distribution. It has a long left tail from 9.9 to 10.06 and peaks
at 10.06, then it plunges to 0 at 10.09. This population distribution of log,,(Age)
means that more WDs have their log,,(Age) smaller than 10.06 and 10.09 is the
upper limit for log,,(Age). It has a mode at 10.06, but it also has a quick cut-off at
large ages because 10.09 is the upper limit. It could capture different astrophysics,
e.g. infalling satellite galaxies that start their star formation somewhat later. The
statistical algorithms developed in this chapter can be readily adapted to using this
distribution in the second level of our hierarchical model.

This simulation study consists of the four settings detailed in Table 4.13. In

each setting, we generate N; = 25 groups of Ny = 20 WDs. Let Ay, Dji, Zji, Mjy, the
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Figure 4.17: Time series plots of samples of log,,(Age) for 10 WDs from the FB
approach using the Two-stage algorithm.
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Figure 4.18: Histograms of samples of log,,(Age) for 10 WDs from the FB approach
using the Two-stage algorithm.
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Figure 4.19: Time series and autocorrelation plots of population-level parameters ~
and 7 from the FB approach using the Two-stage algorithm.
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Figure 4.20: The scaled gamma distribution used to generate log,,(Age) in our sen-
sitivity analysis. It has a long left tail from 9.9 to 10.06 and peaks at 10.06, then it
plunges to 0 at 10.09. In astronomy, this population distribution of log;,(Age) means
that more WDs have their log;,(Age) smaller than 10.06 and 10.09 is the upper limit
for log,,(Age).
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log,,(Age), distance modulus, metallicity and ZAMS mass of the WD £ in group j for
j=1,...,Ni,k=1,...,Ny. For simplicity, we fix D, = 4.0, M, = 2.0, Z;;, = —1.5
and in each setting we simulate Aj; from a scaled gamma distribution with mean
10.05 and standard deviation 7. With Ajx, Dji, Zjx, Mj;, in place, we generate the
photometry in filters U, B, V, R, I, J, H, K with measurement error ¢ by using BASE-
9. The values of the standard deviation of the stellar ages, 7, and the photometric

errors, o, are specified in Table 4.13 for each simulated setting.

We employ Montgomery WD cooling model (Montgomery et al., 1999), Dotter
MS/RG model (Dotter et al., 2008), and Williams IFMR model (Williams et al.,
2009). We use both the star-by-star and fully Bayesian hierarchical approaches to
analyze the simulated datasets in each setting. We express the estimates of Aj; from
hierarchical and star-by-star as flﬁg (for “Hierarchical”) and flj]k (for “Individual”),

respectively.

Fig 4.21 makes comparison between the hierarchical and star-by-star fits. Under
all the four simulation settings, the majority of WD ages are better estimated with the
FB hierarchical models. Table 4.13 also demonstrates this point in the “Percentage”
(The column name “Perce.” in the table) column under both approaches. These
columns gives the percentage of WDs with age better estimated by the hierarchical
and star-by-star fits, respectively. In the Setting I, 73.4% of WD ages are more
precisely estimated with the hierarchical model, whereas only 26.6% of WD ages are
better estimated with the star-by-star analysis. In the Setting II, the benefits of the
hierarchical analysis is even more clearer. Even in the Setting IV, the best scenario for
the star-by-star analysis, 63.4% of WD ages are better estimated with the hierarchical

model.

The advantage of the hierarchical fits is also clear in terms of the mean of absolute
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Figure 4.21: The absolute value of errors from the star-by-star fits minus that of the
hierarchical fits under four simulation settings. Each plus sign represents one WD
and dashed lines indicate 0. Plus signs above the dashed lines correspond to WDs
with ages that are better estimated with the hierarchical fits. For plus signs below
the dashed lines, star-by-star fits produce better estimates.
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Table 4.13: Summary of the relative performance of hierarchical and star-by-star fits
in each of four simulated settings.

Sottines Hierarchical Star-by-star
crngs RMSE MAE Perce. RMSE MAE Perce.
I.7=0.02,0 =003 0019 0012 734% 0027 0.022 26.6%

II: 7 =0.02,0 = 0.05 0.021  0.015 79.2% 0.034  0.029 20.8%
III: 7 =0.04,0 = 0.03 0.022  0.016 66.6% 0.027  0.021 33.4%
IV: 7=0.04,0 =0.05 0.036  0.026 63.4% 0.034  0.028 36.6%

Table 4.14: Coverage probabilities (CP) and their 68.3% confidence intervals (CI) of
interval estimates for ages of WDs in each of four simulated settings. The nominal
level is 68.3%.

Settines Hierarchical Star-by-star
& CP  68.3% CI CP  68.3% CI
I. 7=0.02,0 =0.03 0.602 (0.579,0.625) 0.66  (0.637,0.682

)
I 7 =002,0=005 0518 (0.4950541) 063 (0.607,0.652)
II: 7 = 0.04,0 = 0.03  0.662 (0.64,0.684) 0.636  (0.613,0.658)
IV: 7 =0.04,0 =005  0.584 (0.561,0.607)  0.68 (0.658,0.701)

errors (MAE) in Table 4.13, which is defined as

N1 N2

1 .
MAE = 5 ZZ |Aji — Ajel,

j=1 k=1

where Aj;, is the true log,,(Age) of the star k in the group j and A]-k is its estimate.
The MAE from the hierarchical fits is smaller than that of the star-by-star under all

settings.

Table 4.14 presents the actual coverage probabilities of 68.3% credible intervals
estimates for ages of simulated WDs derived from two methods: hierarchical (FB)
and case-by-case. The 68.3% confidence intervals of the coverage probabilities are
computed with the Clopper-Pearson exact method. From this table, the case-by-
case performs better than FB, and the coverage probabilities of its credible intervals

are between 63% and 68%, slightly under the nominal value. The actual coverage
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probabilities of credible intervals from FB vary from 51.8% to 66.2%, significantly
below the nominal level 68.3%. This situation is because the case-by-case method fits
WDs individually, so it is not affected by the population distribution of log;,(age).

The poor performance of FB is caused by model misspecification.

We examined the advantages of hierarchical fits over star-by-star fits when the
distribution of log;,(age) is non-gaussian. We show that even when the population
distribution of log,,(age) is asymmetric, the hierarchical model still performs better
in terms of the precision of estimates. However, the magnitude of improvement is not
as good as in Section 4.3. This is caused by the fact that the population distribution
is skewed and non-normal, but we used a Gaussian population in the hierarchical

analysis.

From the simulation results, we conclude that the hierarchical estimates have
smaller MSEs than the case-by-case fits, which means that pooling WDs in hierarchi-
cal model can be beneficial even when the population distribution of WDs’ log,,(age)
deviates from the normal assumption. This research focuses on statistical side, mainly
statistical algorithms to compute hierarchical models for astronomy problems. So we
have not investigated how the equation of state of white dwarfs affect the estimates
of ages (Winget and Kepler, 2008; Potekhin and Chabrier, 2013; Salaris et al., 2013).
This can be a good project for my future research. If WDs are from accretion events,
their population distribution of log;,(Age) is less likely to be normal. In the future,
we will attempt to put more flexible distributions for the logAge, maybe mixture
normal distributions. Also our statistical techniques can be easily adapted to fitting
the hierarchical models with more complicated population distributions and more
hyper-parameters. But for now, because of the limited datasets, we are unable to fit

complicated population distributions well.
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4.6 Concluding Remarks

WDs are the last evolutionary stage of most stars with initial masses high enough to
have evolved off of the main sequence and less than 8.0 M. Precise determination
of the ages of WDs is vital in studying how they evolve von Hippel et al. (2006);
DeGennaro et al. (2009); van Dyk et al. (2009); O’Malley et al. (2013); Si et al.
(2017b). Bayesian hierarchical models are statistical tools that combine multiple
objects and produce partial pooling (shrinkage) estimates that have better statistical
properties such as less MSE and more robustness Gelman (2006a); Morris and Lysy
(2012); Gelman et al. (2014). This chapter applies the Bayesian hierarchical modelling
technique to a group of WDs in the hope that we can obtain more accurate estimates of
their ages. Due to the complicated nature of stellar evolution, the likelihood function
for each WD is intricate and computer-based, so Bayesian hierarchical modelling of

a group of WDs is computationally challenging. This fact motivates this chapter.

In this chapter, we have developed a method for fitting hierarchical models when
we have output (particularly, MCMC samples) from black-box codes (in our case, the
BASE-9 package) that do not require opening up the box. We have developed our
methods in the context of a prototype analysis for Gaia, which will measure exquisite
distances to tens of thousands of WDs. Our new hierarchical approach is expected to
produce better estimates of WD ages in terms of MSE than the case-by-case analyses,
and to provide better estimates for the age distributions of the underlying Galactic

populations. This is merely a prototype analysis for what we will do with Gaia data.

We note that there are a few methods or black-box codes (now or in the future)
(e.g., Hernandez et al., 1999; Pont and Eyer, 2004; da Silva et al., 2006; Hernandez and
Valls-Gabaud, 2008; Bailer-Jones, 2011) that can fit WDs or stellar clusters one-at-

a-time. Our statistical methods in this chapter were developed for use with BASE-9,
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but they are not reliant on BASE-9. Other researchers could choose their preferred
black-box codes and use our techniques to obtain the hierarchical fits.

Secondly, as to the Gaussian assumption on the distribution of log;,(age) for
a group of halo WDs in Eq. (4.4), this is just a preliminary start. Readers are
encouraged to use their own distributions and our statistical techniques will still
work. The computing time will remain similar, even when the population distribution
becomes complicated. In the future, we might experiment with flexible distributions
on log,,(age), such as a Gaussian mixture distribution to model the ages of WDs
after the merger of galaxies. For now with 10 candidate WDs for the Galactic halo,
a complicated population distribution with many parameters may cause insufficient
constraints of hyper-parameters. When the Gaia data are available and the number
of WDs are enough, we can use these methods to fit population distributions with
more parameters.

Thirdly, because we focus on the development of statistical techniques, we have
not investigated the uncertainties of the underlying stellar evolution models yet, for
instance, the effects of different Main-sequence/red giant models on the estimates of

WDs’ ages. We will investigate these kind of problems in future research.
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5 Initial-Final Mass Relations

The TFMR. provides a mapping between the ZAMS mass of a star to its WD mass
and is vital for the determination of parameters in stellar evolution. Many researchers
have investigated the IFMR using data from different star clusters, leading to numer-
ous versions of the IFMR. For instance, Williams et al. (2004); Williams et al. (2009)
probe the IFMR using WDs from many clusters such as, the Hyades, NGC 2168
(M35) and so on. Salaris et al. (2009) provides an empirical estimate of the IFMR
using published results about WDs in ten clusters. Stein et al. (2013) treats the
parametrised IFMR, as cluster-specific parameters and develops simultaneous princi-
pled Bayesian estimates of all cluster-specific parameters, including those describing
the IFMR. Stein et al. (2013) implements their methods via a black-box code, BASE-
9. Given the photometric data of a star cluster, BASE-9 can produce MCMC samples

for cluster parameters such as, age, distance, and IFMR parameters.

Bayesian hierarchical models combine multiple objects (i.e., units of data) and
produce partially pooled (shrinkage) estimates that have better statistical properties
such as smaller mean squared errors (MSE) and better predictive accuracy (Gelman,
2006a; Morris and Lysy, 2012; Gelman et al., 2014; Katahira, 2016). To derive precise
estimates of IFMRs, we propose a Bayesian hierarchical model that pools photomet-
ric data from multiple star clusters. However, this black-box contains complicated

stellar evolution models that are unavailable in closed forms, which causes computa-
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tional challenges when combining multiple star clusters in the hierarchical model. We
developed efficient algorithms for fitting hierarchical models in this situation, taking
advantage of the black box that we do not open and do not need to alter.

We perform a simulation study to show the benefits of the Bayesian hierarchical
model. We apply this model to five star clusters: the Hyades, M67, NGC 188, NGC
2168, and NGC 2477, leading to reasonable and consistent estimates of IFMRs for
these clusters. We illustrate how cluster-specific (case-by-case) analysis of NGC 188
using its own photometric data can produce an unreasonable IFMR, since its WDs
have a narrow range of Zero-age Main Sequence masses (ZAMS masses). However,
the Bayesian hierarchical model corrects the cluster-specific analysis by borrowing
strength from other clusters, thus generating more reliable estimates of IFMR pa-
rameters.

This analysis is just a testbed of our statistical techniques, and the astronomical
results from this chapter are not definitive. The target of this chapter is to present
how our Bayesian hierarchical methods can be beneficial to the study of IFMRs in

astronomy.

5.1 Case-by-case Analysis

Stein et al. (2013) developed a Bayesian approach to incorporate parametrised IFMRs
with other astrophysical models such as Main-sequence/Red Giant (MS/RG) models,
WD cooling models, etc. They inferred all parameters by using a state-of-the-art
Markov chain Monte Carlo (MCMC) algorithm and implemented their methods with
the software package BASE-9 (von Hippel et al., 2006; DeGennaro et al., 2009; van
Dyk et al., 2009). BASE-9, short for Bayesian Analysis of Stellar Evolution with
9 parameters, deploys MCMC techniques to perform reliable Bayesian analysis for

stellar parameters including age, distance modules, metallicity and mass, based on
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the photometry of stars in a star cluster. Stein et al. (2013) treats IFMR parameters in
a cluster-specific way, so various star clusters may have different IFMR parameters.
In summary, Stein et al. (2013) provides a Bayesian analysis for one single stellar
cluster, i.e., cluster-specific analysis. In this chapter we employ the mathematical
notations of Stein et al. (2013), while the subscript is extending to accommodate

multiple star clusters.

Suppose we have photometry for K star clusters, along with measurement errors.
The number of stars in each cluster can vary, as can the number of photometric
magnitudes among the clusters or even among the stars within the clusters. We
use k to index clusters and ¢ to index stars within clusters. To simplify notations,
we assume the number of stars within each cluster is N and the observed photom-
etry vector for star ¢ within cluster k£ is Xj;, with known measurement variance-
covariance matrix Xj;. We assume that age (fage), metallicity (Ofpe/n), distance mod-
ulus (6m—wmy ), and absorption (fa,) are common to all stars in each cluster, and we
denote O = (Dage.k> OFe/m) ks Om—y ks Oav,e). We denote the parameters describing
the IFMR of cluster k by ay; below we use a linear IFMR model so each oy, consists
of a intercept and a slope. Since oy, is the same for all WDs in cluster k, we treat o,
as a cluster parameter. See Table 5.1 for a concise summary of the model parameters.
We denote the ZAMS mass of star ¢ within cluster £ by M;. Also, a star may be
a field star, i.e., not a member of a specific cluster. We define Zy, = (Zy, ..., Zkn),
where Z,; = 1 if star i observed within cluster k£ is indeed a member, otherwise
Zyi = 0. Though we have distinct evolution models for MS/RG and WD stars, we
denote them indistinguishably by G(-), which comprises MS/RG evolution models,
WD cooling models, WD atmosphere models, and IFMR models.
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Table 5.1: Cluster and stellar parameters.

Cluster parameters

Oage i log,, age of the cluster &

O(Fe/H) & metallicity of the cluster k

Om—2iy k distance modulus of the cluster &

Oav log,, absorption of the cluster k

ay, IFMR parameters of the cluster k

Stellar parameters

My the initial mass of the observed
star 7 of the cluster &

A indicator for the membership of the

observed star ¢ in the cluster k

We parametrise the IFMR of cluster k£ as a linear form

MWD,kz’ = Qo + Oékl(M]m' — 30) for WD 7 in cluster k, (51)

where a; = (ajo, 1) are the intercept! and slope parameters, My p; is the mass
of WD ¢ within cluster k. Specifically ayg is the WD mass of a star in cluster k with
progenitor ZAMS mass equal to 3.0 Mq). For every additional increment of 1.0 Mg,
in ZAMS mass, we expect the WD mass to increase by «ay;. Because the expected
photometric magnitudes of WDs depend on the WD masses, G(-) must incorporate
ay.. Thus, for the reminder of this Chapter, the stellar evolution model G(-), is viewed

as a function of ¢, in addition to O, and M.

The cluster-specific model for the cluster k is

Xii | (O, My, o) ~ N(G(Oy, My, o), X)), it Zy; =1, (5.2)

where G(Oy, My;, o) is the predicted vector of photometric magnitudes for star

Loy is the IFMR intercept of the line when Mj,; = 3.0, i.e., the predicted final mass of a progenitor
star with a ZAMS of 3.0.
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i within cluster k. Eq. (5.2) summarise the probabilistic relationship between the
photometry of stars (Zg; = 1) that are members of cluster k£ and the model parameters.
If a star is not a member of cluster k (Z; = 0), i.e., it is a field star, we assume that
its magnitudes are uniformly distributed on a hyper-rectangle which includes the
range of observed magnitudes of stars for that cluster. We use pgeq(+) to denote the
distribution of photometric magnitudes for field stars, which is simply the reciprocal
of the volume of the hyper-rectangle. To be specific, for example, star cluster k£ has
photometric magnitudes in the U, B,V filters. Then we find the range of U, B,V by
using the maximum value of each filter minus its minimum and denote them ¢y, (g
and (. If a star with magnitudes Xy, is a field star, its likelihood is pgea(Xgi) =
m. The uniform model for field stars is unrealistic, but one study (Stenning et al.,
2016) has investigated whether inclusion of a more realistic and complicated field-star
model (Robin et al., 2003) is necessary and found that the simple model is sufficient.
Stenning et al. (2016) performed simulation study using the uniform distribution for
field stars, and found that the black-box (BASE-9) misidentifies field stars as cluster
stars < 2% of the time, and never misidentifies cluster stars as field stars. For details,
refer to Page 9 of Stenning et al. (2016). Therefore, for simplicity we use uniform

model for field stars in each cluster.

Taken together, this means that the likelihood function for cluster k is

Ly
L(My, O, Zy, . | X, ) = [X (5.3)
E V127 8|

exp < — %(in — G(My, O, ak)>T2,;; (XM — G(My, O, ak>>

+(1— Zki)pﬁeld(in):| ;

where Mk = (Mkl, .. .,MkN),Xk = (th C. 7XkN>7 and Ek = (Ekla ey EkN) The
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prior distribution for the parameters is assumed to be

P(O, g, My, Zy,) = p(O)p(a)p(My, Zy) (5.4)

=P(Oage k) P(O1Fe/m),1)P(Om—rry k)P (Oav 1) p(0tr) X
N

H P(Myi | Zi)p(Zyi)-

i=1

Specifically, for Oage i, OfFe/m) s and O _\iyx We use independent Gaussian prior dis-
tributions, with means set in accordance to the most recently published result and
variances chosen to be reasonably non-informative. We use a uniform prior distri-
bution for the IFMR intercept aygg, on the real line, while the IFMR slope ay; is
uniform on the positive part of the real line, to exclude the possibility of a monoton-
ically decreasing IFMR. The prior probability of star ¢ being a member of cluster k,
p(Zyi = 1) is set based on best external information, typically using proper motions
and/or radial velocities. Finally, p(My; | Zr; = 1) is the prior distribution of the
ZAMS for star ¢, for which we use the initial mass function (IMF) of Miller and Scalo

(1979) in Table 4.2.

In their cluster-specific analysis of cluster k, Stein et al. (2013) based statisti-
cal inference, including parameters’ estimates and error bars, on the joint posterior

distribution,

p(®k7 Mkv Zk7 ak|Xk) Ek)
(5.5)

o p(O, g, My, Zy) L(My, Oy, Zy, | Xy, X))

The BASE-9 package can draw a reliable sample for all parameters from their joint
posterior distribution in Eq. (5.5) using the partially collapsed sampler (van Dyk and

Park, 2008). This sampler proceeds in three steps:
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[ 1) It integrates out Mk = (Mkla cee ;MkN) and Zk = (Zkb cee 7ZkN); i.e.,

pOuanlXe B = [ [ (Sa, - Sap(O0 M 2l Xi B) ) IMiiZ,
N
= p(Ox)p(ax) H [C(@k, o) P(Zyi = 1) + priea(Xi) P(Zri = 0)}7 (5.6)

i=1

where
(O, ) = / (Xl ®r Miis s Zas = 1)p(Ms| Zas = 1)d M.

We include the prior probabilities P(Zy; = 1) of each star’s membership in Eq.

5.6, which we obtain from recent external research.

e 2.) We use an adaptive Metropolis-Hastings algorithm to draw samples of @y

and oy, from the marginal posterior distribution in Eq. (5.6).

e 3.) Given samples of ®; and ay, we draw samples of M}, and Zj. For more

details of the sampler, refer to Stein et al. (2013).

This is a cluster-specific study of the IFMRs, since the fits of the IFMR parameters

only rely on one cluster. We aim to perform a comprehensive analysis of the IFMR,

by combining multiple star clusters into a hierarchical model. This allows us to

simultaneously obtain superior estimates of each cluster’s IFMR and to estimate the

intrinsic variance of cluster-specific IFMRs.

5.2 Hierarchical Models for a Group of Star Clusters

In this section, we describe how to pool data from multiple star clusters using a

hierarchical model and how we fit this comprehensive model. For K star clusters, our
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hierarchical model is

X | (O, My, ) ~ N (G(Or, My, 04), i ), il Zyi = 1
(5.7)
where aj ~ N(v, I'),k=1,..., K,

with

il g % PO102

Y2 PO102 g %
For field stars (Z; = 0), Xj; is uniformly distributed on the aforementioned hyper-
rectangle. We set prior distributions on @y, M}, Z;, k = 1,..., K as in the aforemen-
tioned cluster-specific analysis. The only new parameters in the hierarchical model
in Eq. (5.7) are v which is the mean of the IFMR intercept and slope and the T’
which is the variance of IFMR parameters of different clusters. We must set prior
distribution for v and I and set p(7,T') = p(y|T)p(T") with p(+ | I') uniform on its
range. For I', we use the marginally non-informative prior distribution proposed by

Huang and Wand (2013), and its hierarchical form is shown as follows,

/& 0
' | A1, A2 ~ Inverse Wishart | 2v , v+1],
0 1/\
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where Inverse Wishart ? is prior distribution for the variance parameter I', A\;, Ay ~
Inverse Gamma(1/2,1/A)%. Huang and Wand (2013) suggests that v = 2 leads to
marginal uniform distribution for correlation p and arbitrarily large positive A leads to
arbitrarily weakly informative prior distributions for o; and g5. To have a marginally
non-informative prior distribution on p, we set v = 2. As for A, we choose a large value
of 1000 and we perform a sensitivity analysis to show in 5.6.1 that the hierarchical

result is insensitive to the value of A when A > 1000.

For clarity, we categorise parameters in the hierarchical model (Eq. (5.7)) into 3
types, as shown in Table 5.2. Later we discuss the Bayesian inference of the hierar-

chical model.

The joint posterior density for all parameters in Eq. (5.7) is

p(’Y?I‘7)\17)\27®17M17Z17a17 e 7®K7MK7 ZKaaK

|X17217”' )XK72K)

= p(A)pA2)p(v. T [ A, A2) x [ ]

k=1

(P(@k)P(Mm Zy)p(ay | v, T)L(My, O, Zy, oy | Xy, Zk))

2 Inverse Wishart distribution is the conjugate prior for the covariance matrix of a multivariate
normal distribution, having two parameters: scale matrix ¥ and degrees of freedom v, and its
probability density function is
|2

275 T,(5)

in which I', is the multivariate gamma function, and tr(-) is the trace function.

_v+pt+l 1 -1
‘X| T e 2tT(‘I’X )7

p(X“IJ, v)=

NN

3Inverse Gamma is the reciprocal of of Gamma distribution, with two parameters: shape o and
rate 3, and its density function is

p(z|a, B) = Pﬁ(a)ﬂcﬂ“l exp ( - g),

where I' is the Gamma function.
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Table 5.2: Categories of parameters in the hierarchical model

Cluster(Object)-level parameters

O = (Oage ks Ofpe/m) ks Om—iy b, Oav,e)  Cluster parameters of the cluster &

M, the initial masses of all stars in cluster &
Zy membership parameters for stars in cluster k
ay IFMR parameters of the cluster k, this is

the only part that has hierarchical modelling

Population-level parameters

~ population mean of IFMR, parameters

Tr population variance of IFMR parameters

Hyper-parameters in priors

v the degree of freedom in the inverse Wishart
prior distribution

AL, Ao parameters in the scale matrix in inverse

Wishart prior distribution

5.3 Two-stage Algorithm for Hierarchical Modelling

The joint posterior distribution in Eq. (5.8) is high-dimensional, with 2N x K +6K +7
parameters. In this section, we show how to take advantage of the cluster-specific
fittings in BASE-9 via a two-stage (TS) algorithm to fit the hierarchical model.

To simplify the description of TS algorithm, we introduce Q = (Mjy, Ry, Zy., ©y,)
for k=1,2,..., K. We use ¥ = diag(1/A1,1/\2).

Step Oa: For each star cluster run BASE-9 to obtain a Monte Carlo sample of
p(My, Ry, o, Zy, Or| X, X)) via the cluster-specific analysis. Thin each chain
to obtain an essentially independent Monte Carlo sample and label the samples

as {Qgt)?a(lt)a"' aﬂgt{)aa%),t = 1a27"' 7tMC}'

Step Ob: We denote the T'S samples by the tilde notation. Simulate K random inte-
gers between 1 and t;¢, denote them 77, ..., 7%, and initialise the parameters

& =al” and Q) =V for k=1,..., K.
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Step Oc: Given le ,agl), e ,Q%), d%), simulate 4V and T™ via the partially col-

lapse Gibbs (PCG) sampler (van Dyk and Park, 2008),

K
'Y ~ Inverse Wishart <K + v, Z(dg) - d(l))(d](;) — d(l))T>,
k=1

AW~ N, (d(l), f‘(l)/K>’

~ (1)

with &V = L% &

Step 0d: Given T'), we simulate A;, Ay from their conditional posterior distribu-

tions,
AW Inverse Gamma(l +v/2 x + y(f‘(l))1>
44 7/\4 o

for £ =1,2.
For s =1,---, run Step 1 and Step 2 iteratively.

Step 1: Randomly generate K integers between 1 and t,;¢, and denote them r, ..., rg.

Foreach k =1,... K, set aj = oz,(:’“) and Q) = Q,(:’“) as the new proposal and
set a(SH) aj QD — Q2 with probability min {1 W} Other-
(@5 F6)

wise, set &\t = &l QG+ = Q)

Step 2: Given )\[ =12 and & S+1), and Q (s+1) ,k=1,..., K, update ’y,f‘ via

L+ ~ Inverse Wishart <K + v,

K T N N
> (aft =@t (& - att) o udiag (17471 /Aé‘”)),
k=1

,y(s+1) ~ Ny ( (s+1) I\(s+1)/K>

with @O+ = LS G,
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Table 5.3: Parameter distributions for Simulated Clusters

Oagere ~ N(9.0,0.1%),

Oy s ~ N(—0.08,0.052),

emev,k = 10.0,

Oayx ~ N(0.51,0.43%) truncated to positive values,
g ™~ NQ(’)’Q,F()), with

_(0m22\ Lo 0.052 —0.2-0.05-0.02
70=10.107) 77 20.2:0.05-0.02 0.022

Given TG+ simulate Ay, £ = 1,2 via

» 1 .
)\é L Inverse Gamma<1 +v/2, A + V(I‘(SH));;).

5.4 Simulation Study

To illustrate the statistical advantages of our hierarchical model, we simulate K = 10
star clusters with BASE-9 and we recover their IFMRs via both cluster-specific and
hierarchical analyses. We simulate the cluster parameters using the distributions
in Table 5.3. These parameter values in Table 5.3 are set to be similar to those
of the observed star clusters that we analyse in Section 5.5. To mimic the errors
of the observed photometry, we compute the average standard deviations for filters
B,V and I of the WDs in the datasets analysed in Section 5.5 and use them as the
corresponding errors in the simulated datasets. Specifically, the observed errors for
B,V I are og = 0.026, oy = 0.035, and oy = 0.185.

After simulating the parameters Oage k., Ofre/mH), ks Om—mMy ki, and Oay . of cluster k, we
simulate photometric data for each star in the cluster using BASE-9 (see the BASE-9
User’s Manual, von Hippel et al., 2014). For each cluster, we simulate 200 MS/RG
stars brighter than V' = 15 and 10 WDs. Subsequently, we recover parameters by

fitting the simulated datasets with BASE-9 in the cluster-specific analysis in Eq.
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Table 5.4: RMSE and coverage probabilities (CP) of 68.3% credible intervals (CI) for
IFMR parameters from FB and case-by-case analyses.

FB Case-by-case
RMSE CP 68.3% CI RMSE CP 68.3% CI
IFMR Const. 0.067  0.764 (0.734,0.792) 0.202 0.8 (0.771,0.826)
IFMR Slope 0.019  0.628 (0.595,0.66) 0.331  0.844 (0.818,0.867)

Items

(5.2) and obtain samples for parameters from the posterior distribution in Eq. (5.5).
For the entire simulation study, we employ the Dotter et al. (2008) MS/RG models,
Montgomery et al. (1999) WD interior models, Bergeron et al. (1995, , with updates
posted online) WD atmospheres, and the IFMR model in Eq. (5.1).

We repeat the data generation and parameter estimation 25 times, record results
from both the FB and case-by-case methods. We compare estimates in terms of two
criteria: i.) root mean squared error (RMSE) of point estimates, and 2.) actual
versus nominal coverage probabilities of interval estimates. When we require point
estimates, we utilise posterior means from MCMC samples, and for interval estimates
we use the 68.3% credible intervals from posterior distributions by finding the 15.8%
and 84.1% quantiles from the MCMC samples.

Table 5.4 presents the RMSE of point estimates and the actual coverage proba-
bilities of 68.3% credible interval estimates for IFMR constants and slopes using two
methods: FB and case-by-case. The 68.3% confidence intervals of the coverage proba-
bilities are computed with the Clopper-Pearson exact method (Clopper and Pearson,
1934). From this table, the RMSE of FB estimates of IFMR constants is 0.067, about
a third of that from the case-by-case method (0.202). The performance of FB is even
better on IFMR slope with its RMSE, 0.019, about 1/17 of that from the case-by-
case analysis. In terms of interval estimates of IFMR parameters, the case-by-case
(cluster-specific) method has actual coverage probabilities, 80% and 84.4% for IFMR

constant and slope respectively, higher than the nominal value, 68.3%. The actual
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Table 5.5: RMSE and coverage probabilities (CP) of 68.3% credible intervals (CI) for
population-level parameters from FB.

Items FB
RMSE CP 68.3% CI

ol 0.021 0.92 (0.824,0.972)
Yo 0.009  0.68 (0.561,0.782)
1 =71 — 3 0.034 0.76 (0.644,0.851)
o1 0.057 0.6 (0.48,0.711)
09 0.007  0.88 (0.777,0.945)
p 0.281 0.96 (0.874,0.993)

coverage probabilities of interval estimates from FB, 76.4% and 62.8% for IFMR
constant and slope respectively, are closer to the nominal value. In summary, the
estimates of IFMR parameters from FB fits outperform that from case-by-case fits in

terms of RMSE and coverage property.

Here are population-level parameters: the population mean of IFMR, parameters,
v = (71,72), in which ~; and 7 are the mean of IFMR constants and slopes, respec-
tively; the population variance-covariance matrix of IFMR parameters,

2
07 pPO102
= )

poioy O3

in which 01,0, and p are the standard deviations of IFMR constants, slopes and
the correlation between them, respectively. In our analysis, IFMR is parameterised
as Mgna = ao + a1 (Mipitia — 3.0), but many researchers use another form Mg, =
Qg + a1 Minitial, G0 = ag — 3aq, which is the intercept of the IFMR line with the
Minitian = 0.0. To make our results comparable with others, we transform our results
in the aq (intercept) and «; form. We denote the population mean of intercept at 0
to be 1.

Table 5.5 presents the RMSE of point estimates and the actual coverage proba-
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bilities of 68.3% credible interval estimates for population-level parameters using the
FB approach. The 68.3% confidence intervals of the coverage probabilities are com-
puted with the Clopper-Pearson exact method (Clopper and Pearson, 1934). The
case-by-case method does not pool star clusters into a population, so it fails to pro-
duce estimates of the population. From this table, the RMSE of FB estimates of
population-level parameters are small except o; and p. From the actual coverage
property of interval estimates, the FB method tends to produce over-covered interval
estimates. For parameters like v2,4; and oy, their interval estimates perform well,
and their actual coverage probabilities are close to the nominal level 68.3%, and their
68.3% confidence interval of coverage contains the nominal value. The difficulty of
FB method in estimating population-level parameters is mainly due to two reasons,
the small number of objects, I = 10. Other research have also reported and discussed
this problem, refer to Browne and Goldstein (2002); Browne et al. (2006) for more

details.

To further investigate the advantage of the hierarchical analysis in Eq. (5.7), we
take one group of 10 simulated clusters as an example and compare the estimates of
IFMR parameters from the case-by-case and FB fits. After we obtain the MCMC
sample for the IFMR parameters, we use its sample means as point estimates of
o, k=1,..., K. We denote the sample means of IFMR parameters from the cluster-

specific fits as &S, and denote those from the hierarchical analysis as Gl

Table 5.6 reports the true values of 10 simulated IFMR parameters and their
estimates from both the hierarchical and cluster-specific fits. For most of the clusters,
the hierarchical estimates are closer to their true values than are their cluster-specific
counterparts. Specifically, the hierarchical estimates are better for clusters 2, 3, 4,
6, 7, 9, and 10. Overall, the RMSE of the hierarchical estimates is 0.012, i.e., the

average deviation of hierarchical estimates from the true values is 0.012, while that
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Figure 5.1: Estimated IFMR parameters for 10 simulated clusters using both the
hierarchical (red solid lines) and cluster-specific (blue dashed lines) analyses.

of the cluster-specific estimates is 0.029, more than twice the hierarchical value.

Fig. 5.1 illustrates the recovered IFMRs for the 10 simulated clusters. The red
solid lines are the hierarchical fits and the blue dashed lines are the cluster-specific
fits. A key feature of the hierarchical estimates is that they tend to cluster toward the
centre, displaying the shrinkage effect (Morris and Lysy, 2012; Gelman et al., 2014) of
hierarchical models. Statistically, this property stems from the assumption that the
IFMR parameters of different clusters are generated from the same bivariate normal
distribution in Eq. (5.7). Astrophysically, this corresponds to the expectation that
the IFMRs of different clusters, although not identical, are similar. Our Bayesian
hierarchical model is similar in spirit to the method in Si et al. (2017b), in which

we pool ten Galactic halo white dwarfs in a Bayesian hierarchical analysis in which
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Table 5.7: CPU Times of two methods in the IFMR project

Algorithms Time

Case-by-case Analysis About 30 hours for 10000 draws

Hierarchical Model

FB Two-stage About 30 hours and 10 minutes for 10000 draws

we assume that their ages follow a common normal distribution. Si et al. (2017a)
verifies that even when this normality assumption is deviated, estimates based on the
Bayesian hierarchical model still outperform their case-by-case counterparts.

Table 5.7 presents the computing time of the case-by-case and FB fits. Because
each star cluster may have different number of stars, which affects the computing
time, here is the time for a cluster consisting of 200 stars, each of which has three
photometric magnitudes U, V', and I. The case-by-case analysis takes about 30 hours
for 10000 draws and the FB with two-stage sampler uses the case-by-case fits and
costs additional 10 minutes to produce estimates from the hierarchical model. The
Gibbs sampler is too slow for this complicated hierarchical model, so I have not used
it in this project.

In summary, the FB approach with two-stage sampler produces shrinkage esti-
mates of the IFMR parameters that have smaller RMSEs than the case-by-case anal-
ysis and better coverage properties. Also, if the case-by-case samples are available,
it only takes the two-stage algorithm ten minutes to obtain the estimates under the
hierarchical model. So we recommend readers to use our two-stage algorithm to fit

hierarchical models.

5.5 Data Analysis

In this section we deploy both cluster-specific and hierarchical analyses using pho-

tometry for five star clusters: the Hyades, M67, NGC 188, NGC 2168, and NGC
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2477. In the data analysis, we use Montgomery et al. (1999) WD interior models,
and Bergeron et al. (1995) WD atmospheres models. For the MS/RG models, we use
Dotter et al. (2008) models for all clusters except NGC2168, which is too young for
the Dotter et al. (2008) models, so we choose Girardi et al. (2000) models for NGC
2168 in this section.

The Bayesian hierarchical analysis of IFMRs for five star clusters is just a testbed
for our statistical techniques. The astronomy results from this analysis are preliminary

but not meant to be definitive.

5.5.1 Case-by-case Analysis

We perform the cluster-specific analysis developed by Stein et al. (2013), which uses
BASE-9 to deliver MCMC samples of all model parameters for each cluster. The prior
distributions that we use for distance moduli, metallicities, and absorptions of five
clusters are shown in Table 5.8. Because the MS/RG models tend to poorly predict
the photometry of faint main sequence stars, we removed main sequence stars with V'
magnitudes greater than the cluster-specific thresholds given in Table 5.8. Table 5.8
also gives the references where we obtain the cluster-specific prior distributions and
cut-off for the V' magnitude.

Here we explain the prior distribution of distance modulus for the Hyades in
Table 5.8. In the case-by-case (cluster-specific) analysis via BASE-9, we assume that
all stars in a specific cluster have the same distance modulus. This assumption is
approximately true for clusters fairly far from the Earth. For the Hyades, due to
the fact that its closeness (~ 50 pc) to the Solar System is comparable to its depth
(~ 10—20 pc), so its member stars have significantly different distances, which violates
the equal distance assumption in the BASE-9. To address this problem, DeGennaro

(2009) adjusted the magnitudes of each star for its distance using the precise distance
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estimates obtained with the Hipparcos Satellite (Perryman et al., 1997). Each Hyades
star was offset to a nominal distance modulus, m — My = 0.0, i.e., 10 pc. That is
why we set the prior distance modulus to be a Gaussian distribution with mean 0.
Additionally, because the Hyades is well-studied and the uncertainty of its distance
modulus is small, we take 0.03 as the prior standard deviation. After we obtain the
MCMC samples for the Hyades from the case-by-case analysis, we add the average
distance modulus from multiple studies, 3.40, (Perryman et al., 1998; DeGennaro,
2009) to the MCMC sample of distance modulus and this is how we procure the
posterior sample of distance modulus for Hyades with BASE-9. For details, refer to

(DeGennaro, 2009; DeGennaro et al., 2009; Stein et al., 2013).

Because NGC 2477 includes a large number (533) of stars and we are primarily
interested in the IFMR parameters, we set the prior standard deviations for the
distance modulus, absorption, and metallicity to zero. This allows BASE-9 to fix
these parameters at their prior means and only obtains MCMC sample for the other

parameters, which saves significant computational time.

The MCMC samples from the cluster-specific analyses appear in Fig. 5.2. Each
row corresponds to one cluster, and the columns provide scatter plots of various

parameter combinations.

Because the prior standard deviations of metallicity, distance modulus, and ab-
sorption are set to zero for NGC 2477, the scatter plots of age—metallicity, age—
distance, age—absorption degenerate into lines. The scatter plot of IFMR, parameters
for NGC 2477 has two separate modes. The upper one, accounting for 90.44% of the
whole distribution, tends to have larger IFMR slope than the lower one, constitut-
ing 9.56% of the posterior distribution. The most likely explanation for the bimodal

nature is uncertainty in cluster membership of one or more stars.

The rightmost column of Fig. 5.2 displays the scatterplots of IFMR parameters
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Figure 5.2: Cluster-specific results: projections of the joint posterior distributions
onto the two dimensional planes of (from left to right) age-metallicity, age—distance,
age—absorption, and IFMR intercept—IFMR slope for five clusters.
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for the five clusters under the cluster-specific analyses. For all of the clusters except
NGC 188, the range of the IFMR intercept is 0.55 to 0.95 and that of IFMR slope
is 0.0 to 0.4, which are both quite consistent to the results in Salaris et al. (2009)
and Williams et al. (2009). However, the IFMR parameters for NGC 188 are both
far from their commonly accepted range. This appears to be because the WDs in
NGC 188 have similar ZAMS masses (1.17 to 1.24 M), but their WD masses vary
significantly (0.52 to 0.80 M)). In the next section, we simultaneously analyse the
five clusters with a hierarchical model. This allows us to borrow strength among the
clusters and provides more reliable estimates of the IFMR, parameters of NGC 188.
We have made pairwise scatterplots of each of these five clusters. To save space,
we place them in the Appendix. For details, refer to Fig. B.1- B.5 in the Appendix.
In these figures, the pairwise scatterplots of different parameters and histograms of

all parameters are presented.

5.5.2 Hierarchical Analysis

In this section, we present the result obtained under the hierarchical model of Eq.
(5.7). We deploy the two-stage algorithm in 5.3 to obtain the MCMC samples for
all of the model parameters. For simplicity, we compute posterior sample means and
standard deviations to summarise the posterior distributions of each parameter. Table
5.9 compares the statistical results for all five clusters using both the hierarchical and
cluster-specific fits. In all five cases, the estimates of log;y(Age), m — My, [Fe/H]
and absorption are about the same for the hierarchical and cluster-specific fits. The
estimates of the IFMR parameters for NGC 188, however, vary substantially. From
the cluster-specific analysis, the posterior average of the IFMR for NGC 188 is Mwp =
4.522 4 2.195(Mzams — 3.0). That means that a star with ZAMS mass of 3 M has

a WD mass of 4.522 Mg, and that the WD mass increases by 2.195 M, for each
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additional My in its ZAMS mass. Unfortunately, this result is nonsense: it violates
conservation of mass. The reason the cluster-specific analysis results in this bizarre
IFMR is that the ZAMS masses of WDs in NGC 188 are in a narrow range, 1.17 to
1.33 M), so they fail to constrain the IFMR parameters over the whole ZAMS mass
range. By contrast, the hierarchical model yields reasonable estimates for the IFMR
parameters of NGC 188, Mwp = 0.749 4 0.088(Mzans — 3.0). For other clusters, the
hierarchical and cluster-specific estimates have slight differences due to the shrinkage
effects of the hierarchical model, which are further illustrated in Fig. 5.5.

In Table 5.9, another significant observation is that both the hierarchical and
cluster-specific estimates of IFMR slopes of the Hyades and M67 are significantly
different. Omne possible explanation is that M67 (age about 3.9 Gyr) is much older
than the Hyades (about 590 Myr). The number of WDs in the M67, 35, is much more
than that of Hyades (6), which might also lead to a shallow IFMR for M67.

From Table 5.9, ages and metallicities vary significantly across star clusters. Nu-
merous studies have shown that the metallicity may also have an effect on the IFMR
parameters of a cluster (see, e.g., Kalirai et al., 2005; Catalan et al., 2008; Meng et al.,
2008; Zhao et al., 2012). We can investigate the effect of metallicity on the IFMR
parameters via a Bayesian hierarchical model. To achieve this aim, we adjust the

second level model in Eq. (5.7) to be

o
ar=1 "~ N(Bnk,I‘),
k1
with
bii b1z 1
B = y ke = )
ba1 Do Ore /1) k

where the B matrix is the effect of metallicity 0pe/m, of cluster k on its IFMR
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parameters ay. Our two-stage algorithm has the capacity to fit this complicated
hierarchical model. This model introduces four more parameters in the effect matrix
B, but we only have five clusters in this study. So we stick to the simple model in Eq.
(5.7) for now and we will investigate the effect of metallicity on IFMR parameters

once we have a sufficient number of star clusters.

Fig.s 5.3-5.4 plot the colour magnitude diagrams (CMD) for the five clusters. Fig.
5.3 presents the U-V and B-V CMD plots for the Hyades and the rows of Fig. 5.4
plot CMDs of clusters (from top to bottom) M67, NGC 188, NGC 2168, and NGC
2477. The solid (red) lines are from the hierarchical fits and the dashed (blue) lines
are from the cluster-specific fits. In each row of Fig.s 5.3-5.4, the left panel displays a
close up of the WD region of the CMD and the right panel shows the MS/RG stars.
The CMD plots for MS/RG from both the hierarchical and cluster-specific fits are
similar for all five clusters. For WDs, the same holds for all clusters except NGC
188. For NGC 188, the cluster-specific CMD (dashed blue) is quite far off from the
dimmest WD, while the hierarchical CMD (solid red) is consistent with all of the

cluster’s WDs. This illustrates the advantage of the hierarchical model.

Fig. 5.5 compares the estimated IFMR (plotted in lines) for the five clusters and
the 68.3% contours (plotted as ovals) of the joint distributions of initial (ZAMS)
and final (WD) masses for each WD in each cluster. Results for both the hierar-
chical (solid) and cluster-specific (thickdashed) analyses are plotted. Colors (red,
blue, green, purple, black) correspond to five clusters (Hyades, M67, NGC 188, NGC
2168 and NGC 2477, respectively). It can be seen that the solid IFMR lines from
the hierarchical fits tend to be in the centre and are consistent with the Williams,
Salaris and Salaris piecewise IFMRs (plotted as grey solid, dashed and dotted lines,
respectively). The thick dashed fitted IFMRs from the cluster-specific approach have

more uncertainty. The most striking feature of this figure is that the cluster-specific
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analysis of NGC 188 yields an unreasonable steep IFMR line (plotted as a dashed
green line), whereas the hierarchical model produces a much shallower IFMR fit for

NGC 188 (plotted as a solid green line).

Fig. 5.6 presents the comparison of the cluster-specific and hierarchical analysis
for those five clusters. We can observe that the joint distributions of the initial and
final masses from the cluster-specific and hierarchical analysis for clusters M67, NGC
2168 and NGC 2477 are consistent. The hierarchical and cluster-specific estimates of
masses for WDs in Hyades differ slightly. The hierarchical and cluster-specific fits of

masses for WDs in NGC 188 present a striking difference. With the cluster-specific
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analysis, one WD in NGC 188 shows large uncertainty in its final mass, but the
hierarchical fit reduces this uncertainty, providing a more precise estimate.

Fig.s 5.7-5.8 displays the time series plots of case-by-case samples of IFMR, pa-
rameters of five clusters. IFMR parameters of five clusters all converge well. Fig.s
5.9-5.10 and Fig.s 5.11- 5.12 demonstrate the diagnostics of the two-stage sampler for
the hierarchical analysis. All MCMC chains converge well, so the two-stage algorithm
works well.

Tables 5.10-5.12 illustrate the initial masses, final masses, and membership prob-
abilities for WDs in the five clusters.

Table 5.13 presents the estimates of the average IFMR parameters under the
Bayesian hierarchical model and compares them with results from Kalirai et al. (2008)
and Williams et al. (2009). In our analysis, we include five clusters: the Hyades,
M67, NGC 188, NGC 2168 and NGC 2477. The 68.3% credible intervals for the
IFMR intercept and slope are 0.440 £ 0.140 (i.e., [0.30,0.58]) and 0.090 £ 0.040 (i.e.,
[0.05,0.13]), respectively. The point estimates of IFMR parameters from Kalirai et al.
(2008) and Williams et al. (2009) falls into the credible intervals from our hierarchical
model, so we consider that the average IFMR, from our analysis is consistent with re-
sults from these studies. Additionally, from the simulation study, the actual coverage
probabilities of our interval estimates of IFMR intercept and slope are 76% and 68%,
respectively, and they are quite close to the nominal level 68.3%.

The point estimate of IFMR intercept from our FB analysis is 0.440, greater than
intercepts from both Kalirai et al. (2008), 0.394, and Williams et al. (2009), 0.339.
On the other hand, our estimate of IFMR slope is the shallowest one, 0.090, and
Williams et al. (2009) has the steepest IFMR, at 0.129.

The most obvious characteristic of our result lies in the large error bars, about

6~10 times the error bars in other analyses. There are three reasons or this. 1.) The
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Figure 5.7: The time series plots of IFMR parameters from the case-by-case (cluster-
specific) analysis.
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Figure 5.9: The time series plots of IFMR parameters from the hierarchical analysis.
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Figure 5.10: Histograms of IFMR parameters from the hierarchical analysis.
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Table 5.13: Estimates of the average IFMR parameters with error bars from the
hierarchical model and comparisons with other results

IFMR Intercept IFMR Slope
Hierarchical Model 0.440 £ 0.140 0.090 4+ 0.040
Kalirai et al. (2008) 0.394 + 0.025 0.109 4+ 0.007
Williams et al. (2009) 0.339 +0.015 0.129 4+ 0.004

number of clusters included in our analysis is only five. By contrast, Kalirai et al.
(2008) and Williams et al. (2009) employed 13 and 11 stellar clusters, respectively. So
they have more data to constrain the IFMR parameters, which leads to the narrow
error bars in their studies. 2.) In my analysis, clusters have different IFMR parameters
and I am reporting the mean IFMR of five clusters. However, Kalirai et al. (2008) and
Williams et al. (2009) assume all clusters have the same IFMR. This is a much simple
model that can be fit with less data. 3.) Kalirai et al. (2008) and Williams et al. (2009)
used linear regression technique to fit the initial and final masses of WDs in their
clusters, so their estimates of IFMR parameters are mainly subject to uncertainties of
WDs’ initial and final masses. Their estimates are also indirectly affected by the ages
and distances of clusters. However, we utilise a Bayesian hierarchical model, which
take account of uncertainties of all parameters such as ages, distances, metallicities,
etc.

Lastly we emphasis that the aim of this research is to develop statistical techniques
that improve the estimates of IFMR parameters for star clusters. So we concentrate
on the statistical side of the work. The astrophysical results are still preliminary in

terms of the number of clusters and model assumptions.

5.6 Sensitivity Analysis

In this section, we present the sensitivity analysis in the hierarchical analysis of IFMR,

parameters.
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5.6.1 Sensitivity to Prior Distribution

Here we investigate whether the hierarchical analysis in Eq. 5.7 is sensitive to the
prior distribution on I'. We use the marginally non-informative prior distribution

proposed by Huang and Wand (2013), i.e.,

/& 0
' | A1, A2 ~ Inverse Wishart | 2v , v+1],
0 1)\

A1, A2 ~ Inverse Gamma(1/2,1/A),

A1 and Ay are hyper-parameters, and they independently follow the same inverse
gamma distribution with its first parameter fixed at 1/2 and second parameter 1/A a
small positive number, i.e., large positive A. Huang and Wand (2013) suggests that
v = 2 leads to a marginal uniform distribution for correlation p and arbitrarily large
positive A leads to arbitrarily weakly informative prior distributions for o; and os.
Because v = 2 is necessary to have a marginally non-informative prior distribution on
p, so in this hierarchical analysis, we take v = 2. As for A, we choose four large values:
10%,10%,10%,10° and fit the hierarchical model with these values, then compare the

MCMC draws of IFMR, parameters of the five included clusters.

Fig.s 5.13-5.15 present the QQ plots of IFMR parameters from the hierarchical
fits when A takes different values. All points in these QQ plots lie close to the 450
red line, meaning that MCMC draws of IFMR parameters are essentially the same.
Though there are some small deviations from the red line, they are mainly caused by
Monte Carlo errors. So we conclude that the hierarchical result is not sensitive to the

choice of value of A provided that A > 103.
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Figure 5.13: Quantile-quantile plots of MCMC samples of IFMR parameters of five
clusters. The x-axis and y-axis are quantiles corresponding to fits with A = 10? and
A = 10%, respectively. The red line represents that quantiles from samples in x and y
axes are equal.
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5.6.2 Sensitivity to Membership of WDs in M67

In Section 5.5, Table 5.11 presents the hierarchical and case-by-case estimates of initial
and final masses and membership probabilities for 35 WDs in M67, among which nine
WDs have posterior membership probabilities less than 0.5 and are classified as non-
members or field stars. The other 26 WDs are inferred as members of M67. In
this section we investigate whether the membership of these nine WDs affects the

case-by-case posterior distribution of cluster M67.

In Section 5.5, when performing the case-by-case analysis on the cluster M67 with
BASE-9, we set the prior membership probabilities of all WDs based on other research
(e.g., Bellini et al., 2010a,b; Williams et al., 2013; Barnes et al., 2016). For clarity,
we call this analysis the original fit. Then we fit M67 under two other circumstances:
1.) Case I: setting all WDs to have a 100% prior probability of being a member in
M67, and 2.) Case II: letting nine non-members in the original fit (Table 5.11) have
prior membership probabilities being 0 and members have prior probabilities being 1.
In other words, the first case forces all WDs in M67 to be its members whereas the

second case removes nine non-members and sets other 26 as its members.

Table 5.14 presents the point estimates (with error bars) of cluster parameters of
M67 under three settings. The contraction in the last two columns are IFMR shal-
lowest constant and slope, respectively. From this table, the case-by-case estimates
of IFMR slope vary under different settings. In Case I when all WDs are forced to
be members of M67, the IFMR slope is the steepest, while in the original fit, IFMR
is shallowest. The estimates of other parameters are similar under three settings ex-
cept the age. The estimate of age from the original fit is consistent to that from
the Case II, i.e., when the nine inferred non-member WDs from the original fit are

excluded. The age estimate from Case I is younger than the others. However, the
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Table 5.14: Estimates with error bars of cluster parameters (age, distance modulus,
metallicity, absorption, IFMR constant and slope) for M67 under three cases.

Settings Age (Gyr) m — My [Fe/H|'! Abs.! IFMR Cons. IFMR Slo.
Original 3.90 £0.02 9.854+0.01 —-0.03 0.14 0.68+£0.01  0.05=+0.01
Case | 3.07£0.03 9.86+0.02 —-0.01 0.15 067+0.01 0.10+0.01
Case I 3.89+0.02 986+0.01 —0.04 0.16 0.68+0.01 0.07=+0.01
1. The standard errors for estimates of metallicity and absorption under three fits
are the same, 0.01.

age estimates from the original fit and Case I are close to results obtained through
other approaches, such as the spectroscopy (Williams et al., 2013) and proper motion
(Bellini et al., 2010b).

Fig. 5.16 presents the CMD plots of the original and two other pilot fits. The
black lines are from the fitted model under the original fit, and the red and blue lines
are from models under Case I and I1I, respectively. From this plot, both fits from Case
I (red line) and II (blue line) miss the main sequence turnoff stars, sub-giant branch
and base of the red giant branch. By contrast, the model under the original fit (black
line) matches both parts of the cluster well. So the original fit is more reliable than
the other two fits.

In summary, the membership of these WDs affect the posterior distribution of
cluster parameters, yet our further analysis supports the original fit because it best

matches the photometric data among those three fits.

5.7 Concluding Remarks

The IFMR is a mapping between the ZAMS mass of a star to its WD mass and is vital
for the determination of parameters in stellar evolution (Weidemann, 2000; Williams
et al., 2004; Meng et al., 2008; Williams et al., 2009). Many attempts have been

made to study the IFMR using data from different star clusters, leading to numerous
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versions of the IFMR (See e.g., Kalirai et al., 2005, 2008; Catalan et al., 2008; Salaris
et al., 2009). Stein et al. (2013) proposed a principled Bayesian analysis for the IFMR
parameters of a star cluster and implemented this method with a black-box package,
called BASE-9. This package can fit one star cluster in a Bayesian way and return

MCMC samples for stellar parameters including IFMR, parameters.

In statistics, Bayesian hierarchical models (See e.g., Gelman, 2006a; Gelman and
Hill, 2007; Cressie et al., 2009; Licquia and Newman, 2015) pool multiple objects (star
clusters in this case) into a comprehensive model, so that they can borrow strength
from each other and eventually obtain improved estimates on object-level parameters
(IFMRs of clusters). We attempt to use the power of Bayesian hierarchical models

to obtain improved estimates of IFMR, parameters.

However, the stellar evolution models tends to be complicated and computer-
based, so embedding them into a Bayesian hierarchical model is a computational
challenge. In this research we developed a two-stage algorithm that fits the Bayesian
hierarchical model of multiple star clusters when the MCMC samples of all clusters
are available from the black-box code. We have conducted simulation studies that
show the advantages of our techniques. Also we have analysed five clusters via the
Bayesian hierarchical model and our method can correct the unrealistic estimate of
IFMR parameters from the black-box code for the cluster NGC 188. The unrealistic
estimate is caused by narrow range of initial masses of WDs in NGC 188. So one
particular situation where hierarchical models are helpful is when one or more objects
have insufficient data, then the commonly used case-by-case analysis will produce

result with large uncertainty:.

In statistics, we have achieved our target, but this research still has limitations
based on the astrophysical inputs. We did not know whether the two-stage algorithm

would work with 2-dimensional object-level parameters. This example to IFMRs
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is meant to a proof of concept for the more difficult computational problem. All
astronomical results in this chapter are not definitive and they vary depending upon
the models inside the black-box code and other assumptions. First, we assumed
that IFMR parameters from different clusters follow a bivariate normal distribution.
However, this assumption might be too idealised. We stress that Bayesian hierarchical
models always require a population distribution on all objects and the shape of the
distribution of IFMR, parameters across all clusters is not available. We therefore
use the bivariate normal distribution as a starting point. If a case can be made
for a different distribution, the statistical algorithm developed in this chapter will
work as long as the case-by-case results are valid. Many studies have shown that the
metallicity and age have an effect to IFMR parameters of a cluster (See, e.g., Kalirai
et al., 2005; Catalan et al., 2008; Meng et al., 2008; Zhao et al., 2012). The Bayesian
hierarchical model in Eq. (5.7) can be readily adapted to investigate the effect of
these factors. Due to the limited number of star clusters we have, however, we do not
take the effect of age or metallicity into account.

Second, even though our research is based on the BASE-9 package, our statistical
techniques in this chapter can be employed with other black-box packages as long as
they produce MCMC samples from the case-by-case fits. Different underlying stellar
evolution models will affect the results of case-by-case fits, hence they will impact the
performance of hierarchical fits. However, this is irrelevant to the performance of our
computational algorithm.

Third, the data analysis in this chapter is preliminary in the scientific sense that
it is just a test to show that our statistical algorithm works in this situation when
the case-by-case fits from BASE-9 are good. In the future, once sufficient data are
available, we plan to use a flexible distribution for the population of IFMR parameters

and perform a more wide-ranging analysis.
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6 Conclusion & Future Work

6.1 Conclusion

Bayesian hierarchical models combine multiple objects (i.e., units of data) and pro-
duce partially pooled (shrinkage) estimates that have better statistical properties such
as smaller mean squared errors (MSE) and better predictive accuracy (Gelman, 2006a;
Morris and Lysy, 2012; Gelman et al., 2014; Katahira, 2016). In practice hierarchical
models can be difficult to implement in complex situations that require sophisticated
computer code to fit even a single object. The primary contribution of my thesis is to
develop efficient algorithms for fitting hierarchical models in this situation, treating
the computer code for fitting a single object as a black box that we do not open and
do not need to alter. To give context to my methods, I develop them using several
examples from astronomy. These examples are not meant to be definitive in terms of
their astronomical results, but are meant to be testbeds for proofs of concept of my

new algorithms.

I employed my methods to three astronomy problems: the published distance
moduli to the Large Magellanic Cloud (LMC), the ages of a group of Galactic halo
WDs candidates, and the initial-final mass relations (IFMRs) of a few star clusters.
I have done simulation studies under these three settings, and I find that the root

mean squared error (RMSE) of hierarchical estimates for object-level parameters re-
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duce by 54.3% for the LMC project, 75.0% for the WD project, and 82.0% for the
IFMR project, compared with the estimates from case-by-case analyses. My two-
stage sampler algorithm uses case-by-case samples from the black-box and it only
takes an additional 10 minutes to produce the shrinkage estimates under the hier-
archical models, only increasing the computing time by 3.3% and 0.5% for the WD
and IFMR projects, respectively. Because the LMC project uses a Gaussian-Gaussian
hierarchical model that is straightforward, its computing time is not important. The
interval estimates produced by hierarchical models perform also well, with their actual
coverage probabilities close to the nominal level.

In summary, I have developed efficient statistical algorithms that fit Bayesian
hierarchical models by using case-by-case fits from a black-box code and produce
estimates of good properties, costing a manageable amount of time. The three astro-
physical projects are preliminary and tentative, but are not meant to give definitive
answers for astronomical problems. I include the LMC project to show how to com-
bine case-by-case fits into a hierarchical model in a simple but realistic setting. The
WD hierarchical model is a prototype analysis for Gaia, which will measure exquisite
distances to tens of thousands of WDs. The IFMR project is used to illustrate how to
combine multiple clusters into a hierarchical model and improve estimates of IFMR
parameters when some of them has insufficient data to constrain the IFMR parame-

ters.

6.2 Future Work

For the ages of Galactic halo WDs and IFMRs of star clusters projects, we can pool
more objects in the hierarchical model and obtain better estimates for more objects.
In the near future, we expect not only better calibrated photometry for many more

WDs, but also highly informative priors on distance and population membership from
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the Gaia satellite’s exquisite astrometry. We look forward to pooling many more WDs
in our hierarchical model in order to derive an accurate and precise Galactic halo age
distribution. Similarly, after having photometry for more star clusters, we can pool
them in the Bayesian hierarchical model and use our algorithm to fit the hierarchical
model, leading to more reliable estimates of IFMR parameters.

There are also a few statistical ideas to explore in the future. Firstly, one re-
quirement of the two-stage algorithms may be relaxed. For now we assume that the
case-by-case samples are stationary. However, this assumption can be relaxed to the
condition that the case-by-case samples cover the case-by-case posterior distribution.
Secondly, we can explore new approaches to give better proposals for the hierarchical
posterior density and make the algorithms more efficient. Thirdly, we can develop
some techniques which verifies that samples from the two-stage sampler is consistent
with the posterior distribution. For now, the high-dimensional integrals hinder the

evaluation of marginal posterior distributions.
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A Case-by-case Fits of WDs

In this section, we present the case-by-case fits of 10 WDs used in the data analysis
section in Chapter 4. Fig.s A.1 — A.10 display the two-dimensional scatterplots and

histograms of stellar parameters for 10 WDs, respectively.



Case-by-case Fits of WDs
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Figure A.1: The scatterplots of parameters of WD J0301-0044 from the case-by-case
fit.
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Figure A.2: The scatterplots of parameters of WD J0346+4-246 from the case-by-case
fit.
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Case-by-case Fits of WDs
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Figure A.3: The scatterplots of parameters of WD J0822+4-3903 from the case-by-case
fit.
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Case-by-case Fits of WDs

Case-by-case fit for WD J1024+4920
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Figure A.4: The scatterplots of parameters of WD J1024+4-4920 from the case-by-case
fit.
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Case-by-case fit for WD J1102+4113
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Figure A.5: The scatterplots of parameters of WD J1102+4-4113 from the case-by-case
fit.
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Case-by-case fit for WD J1107+4855
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Figure A.6: The scatterplots of parameters of WD J1107+44855 from the case-by-case
fit.
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Case-by-case fit for WD J1205+5502
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Figure A.7: The scatterplots of parameters of WD J1205+45502 from the case-by-case
fit.
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Case-by-case fit for WD J2137+1050
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Figure A.8: The scatterplots of parameters of WD J2137-1050 from the case-by-case
fit.
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Case-by-case fit for WD J2145+1106N

0.9-

0.6-

Age (Gyr)

0.3-

0.0-

0.0-

-0.5-

-1.0-

[Fe/H]

-1.5-
-2.0-

-2.54

80-

70-

60-

Distance (Pc)

50-

40-

ZAMS Mass

Age (Gyr) [Fe/H] Distance (Pc) ZAMS Mass

' ' ' ) ' ' ! ' '
11 12 13 -25-2.0-15-1.0-05 0.0 40 50 60 70 80 1 2 3 4 5

Figure A.9: The scatterplots of parameters of WD J2145+1106N from the case-by-
case fit.
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Case-by-case fit for WD J2145+1106S
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Figure A.10: The scatterplots of parameters of WD J21454+1106S from the case-by-
case fit.
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B Figures and Tables for the IFMR

Project

B.1 Photometry for WDs in Clusters

In this section, Tables B.1 — B.3 give photometry for WDs of five clusters used in the

data analysis section in Chapter 5.

B.2 Cluster-specific Results

In this section, we present the case-by-case (cluster-specific) fits of five clusters used
in the data analysis section in Chapter 5. Fig.s B.1 — B.5 display the two-dimensional

scatterplots and histograms of cluster parameters for five clusters, respectively.

Table B.1: Photometry for WDs in the Hyades.

Cluster WD U+xoy B+op V+oy

Hyades HZ14 9.155£0.032 10.1954+0.03  10.351 £ 0.029
VR16 9.298+0.114 10.2744+0.114 10.373 £0.113
Hz7 9.969 £0.025 10.859 £0.022 10.903 £+ 0.016
VR7 10.129 £ 0.049 10.977 £0.041 11.004 £ 0.035
HZ4 11.136 £ 0.054 11.811 +0.0564 11.725 4+ 0.054
LB227 11.034 £0.015 11.7524+0.015 11.697 4+0.014

References: DeGennaro et al. (2009); Stein et al. (2013)




Figures and Tables for the IFMR Project

Table B.2: Photometry for WDs in the M67.

Cluster WD B+op V oy

M67 WD 1 23.854+0.01 23.505=+0.018
WD 2 222934+ 0.01 22.047 +0.01
WD 3 22.119+0.01 21.91+0.01
WD 4 21.721 +£0.01 21.646 +0.01
WD 5 19.656 £0.01 19.837 £0.01
WD 6 22.0744+0.01 21.834+£0.01
WD 7 21.8434+0.01 21.611+0.01
WD 8 21.4694+0.01 21.29+0.01
WD 9 21.2806+0.01 21.15240.01
WD 10 23.6034+0.01 23.224 4+0.014
WD 11 22.206 +0.01 21.899 £ 0.01
WD 12 21.45440.01 21.216 £0.01
WD 13 20.53 +£0.01 20.527 £0.01
WD 14 23.194+0.01 22.824+0.01
WD 15 22.587+0.01 22.27540.01
WD 16 24.2274+0.01  23.693 = 0.019
WD 17 22.3594+0.01 22.061 £0.01
WD 18 22.8554+0.01 22.493 £0.01
WD 19 23.5524+0.01 23.181 £0.012
WD 20 21.243+0.01 21.204 £0.01
WD 21 18.579+0.01 18.89 +0.01
WD 22 24.53+0.013 23.97 4+ 0.026
WD 23 24.576 +0.013 24.053 £ 0.028
WD 24 21.5634+0.01 21.298 £0.01
WD 25 23.977+£0.01 23.61 +£0.018
WD 26 24.1474+0.01 23.678 =0.019
WD 27 22.757+0.01 22.4134+0.01
WD 28 24.048 +0.01  23.641 +0.017
WD 29 23.8454+0.01 23.444 4+ 0.017
WD 30 24.156 +0.01  23.979 £ 0.022
WD 31 22.298 +0.01 22.022 £0.01
WD 32 24.2344+0.01 23.838 =0.02
WD 33 21.803+0.01 21.573+0.01
WD 34 22.5174+0.01 22.17240.01
WD 35 23.849+0.01 23.299 £ 0.019

References: Bellini et al. (2010a,b)
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Table B.3: Photometry for WDs in the NGC188, NGC2168 and NGC2477.

Cluster WD U+xoy B+op V+oy I +og
NGC188 WD1 --- e 22.651 £0.054 22.496 +0.124
WD 2 23.35 £ 0.119  23.538 == 0.386
WD 3 23.49 4+ 0.06 23.413 £ 0.185
WD 4 23.508 £ 0.105 23.416 4+ 0.559
WD 5 23.669 £ 0.045 23.176 + 0.149
WD 6 24.206 £0.131 23.756 &+ 0.228
WD 7 24.439 £ 0.074 24.078 + 0.255
WD 8 24.469 £+ 0.054 23.72 4+0.195
WD9 .. e 25.261 £0.12  24.422 +0.297
NGC2168 WD 1 19.858 £0.019 20.953£0.02 20.989 £0.019
WD 2 20.5324+0.028 21.63+0.031 21.569 + 0.032
WD 3  20.506+£0.02 21.364 £0.022 21.216 £ 0.02
WD 4 18.764 £ 0.017 19.937 £ 0.018 20.065 £ 0.017
WD 5 18568 £ 0.017 19.735+0.017 19.863 £ 0.016
WD 6  20.339 £ 0.025 21.348 £0.028 21.303 £ 0.026
WD 7  20.826 +0.023 21.759 £0.028 21.701 4+ 0.027
WD &8  19.7274+0.024 20.746 £ 0.024 20.785 + 0.022
WD 9 18.7240.018 19.665 +0.017 19.657 £+ 0.016
WD 10 20.479 4 0.026 21.488 £0.029 21.398 + 0.026
WD 11 20.28 £0.025 21.65+0.031 21.631 &+ 0.029
WD 12 19.558 +0.019 20.645 £+ 0.019 20.719 £+ 0.019
WD 13 20.2434+0.02 21.174+0.022 21.1754+0.02 ---
NGC2477 WD 1 23.108 £0.008 22.816 + 0.018
WD 2 23.689 £ 0.01  23.237 £0.025
WD 3 23.566 = 0.011 23.282 + 0.024
WD 4 23.972 +£0.016 23.638 =0.034
WD 5 23.957 £ 0.015 23.586 4 0.031
WD 6 23.963 £ 0.015 23.576 £0.03
WD7 - 23.904 £0.012 23.461 + 0.031

References for NGC18

8: von Hippel and Sarajedini (19

98); Meibom et al. (2009)
References for NGC2168: Sung and Bessell (1999); Williams et al. (2004)
References for NGC2477: Jeffery et al. (2011); Stein et al. (2013)
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Case-by—case fit for Cluster Hyades
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Figure B.1: The scatterplots of Hyades parameters from the case-by-case fit.
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Case-by-case fit for Cluster M67
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Figure B.2: The scatterplots of M67 parameters from the case-by-case fit.
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Case-by-case fit for Cluster NGC 188
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Figure B.3: The scatterplots of NGC 188 parameters from the case-by-case fit.
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Case—by—case fit for Cluster NGC 2168
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Figure B.4: The scatterplots of NGC 2168 parameters from the case-by-case fit.
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Case-by-—case fit for Cluster NGC 2477
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Figure B.5: The scatterplots of NGC 2477 parameters from the case-by-case fit.
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Acronyms

CI Confidence Interval.
CMD colour-magnitude diagram.

CP Coverage Probability.

EB empirical Bayes.

EB-inv Empirical Bayes with inverse transformation.

EB-log Empirical Bayes with log transformation.

FB Fully Bayesian.

FB-Gibbs Fully Bayesian with Gibbs Sampler.

FB-TS Fully Bayesian with Two-Stage Sampler.

IFMR initial-final mass relation.

IMF Initial Mass Function.

IS Importance Sampling.

LMC Large Magellanic Cloud.



Acronyms

MA Metropolis Algorithm.

MAE Mean Absolute Error.

MAP Maximum A Posterior.

MCMC Markov chain Monte Carlo.

MHA Metropolis-Hastings Algorithm.

MLE Maximum Likelihood Estimate.

MS main-sequence.

RG red giant.

RMSE Root Mean Squared Error.

SIR Sampling Importance Resampling.

WD white dwarf.

ZAMS Zero-Age Main Sequence.
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Glossary

EM algorithm Short for Expectation-Maximisation algorithm. It is a statistical

algorithm to find modal estimates.

Empirical Bayes An approach for fitting Bayesian models.
Fully Bayesian An approach for fitting Bayesian models.
Large Magellanic Cloud A satellite galaxy of the Milky Way.

MCEM algorithm Short for Monte Carlo Expectation-Maximisation algorithm. It

is the Monte Carlo version of the EM algorithm.

MCMC Short for Markov chain Monte Carlo, a collection of computational algo-
rithms in statistics that simulate samples from unnormalised probability density

functions.

MLE Short for Maximum Likelihood Estimate, a point estimation principle in statis-

tics that maximises the likelihood function.

Zero-age Main Sequence mass The mass of a star when it starts to be a main

sequence star.



