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Abstract

The Heisenberg Hamiltonian is the basis of the
theory of localized moments. A correction to the decoupl-
ing procedure of Callen based on this Hamiltonian is
presented, which eliminates the erroneous T> term in<S$>
and improves the eritical temverature predicted.

v The bigquadratic exchange term is included in the
Hamiltonian and results for the renormalized spin wave
energies are found for both ferromagnets and antiferro-
magnets. It is concluded that the biguadratic exchange”/
integral- J is very small for both types of. orderlng

The Molecular Field Theory (MFT) and the Bethe=-
Peierls-Weiss approximation (B.P.W.) are used to study the
properties of binary alloys. These approximations improve
on previous theories by using the distribution functionF&
to describe the randomness of the alloy correctly. The
basic equation in all the calculations is that for Ga=<§§7§'

4

- % An(T){ PR Z Fe¢ T>°E+z.j'

where only the functions 4, and F change from théory-td
theory. This equation is g;nerally solved by iteration,
and with the aid of a graphical representation various
approximations to d; (and therefore X(k)) are obtained.
Using the condition Yy=0 , curves for the critical
temperature vs. concentration are obtained. PFurther,
expressions‘for the critical energy and critical entropy

-~ are obtained.

The MFT for arbitrary interactions and the B.P.W.

approximation using the Heisenberg model give unphysical
properties for low concentrations.—However, the Ising



model and the Classical Heisenberg model do not have this
failing and are presented for arbitrary interactions.
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Chaypter 1

-

Exchange Mechanigsms and Hamiltonians

2~

The Hamiltonian is the basis of the theory of a
magnetlc system (and, in fact, of any quantum mechanical
theory in Physics) so it is appropriate to begin with a
discussion of the Hamiltonians to be used, and by
implication the physical mechanisms which determine these
Hamiltonians. '

In the 1920's the ferromagnetism of iron was not
understood' in any sense, as Classical Physics had failed
- to provide a . description of the spontaneous magnétization
found in this material. Even when Weisslproduced his
theory of this phenomenon, the origin of the molecular
field he proposed was still a problem as magnetic forces
are much t00 small to explain the required molecular
fields. The origin was to be found in electrostatic
forces. Heisenbergapointed out that ordinary Coulomb
interactions among electrons, together with the Pauli
principle, could lead to an'exchangé effect strongly
coupling their spins, which might give rise to ferro-
magnetism. The Pauli exclusion principle implies that
‘parallel spins keep from each other spatially and so the
Coulomb repulsion between them is reduced. This can be
illustrated by the hydrogen molecule. If ch’ and CP!. are two
wave functions associated with two electrons, and the
system of these two electrons is studied, we'cah construct
two types of states according as the two electrons have
parallel or antiparallel spins, These states are the
symmetric and antisymmetrlc comblnatlons,
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Calculating the averages of the Coulqpb energy’g%gﬁ

inktheseAtwo'states, we find that they differ by an

amount
- [[Eoforgaeteht g

which is the exchange 1ntegral. So this exchange effect
could give rise to ferromagnetism. Simultaneously,
Dirac showed that for the case of orthogonal orbitals
fhe exchange interaction coupling the spins of electrons
localized in an assembly of orbitals may be written

Vm"“"""z_ jij Sp% | | - {1.3)

'where J is given by an expression similar to (1. 2) and S; '
is the spln vector of the ﬁ‘electron. Jsls necessarily
positive because it is the self energy of the charge
distribution.¢f¢ ~ If we have slightly non—orthogonal
'vorbltals Jﬂmust be replaced by :

- ﬂ‘# (ID(F(-I) lr
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(1.4)

where V is some attractive potential between antiparallel v
electrons in non—orthogonaliwéve functions (this is the

" basis of the Heitler-London scheme.of .chemical binding).

Thus the state of the two electrons now depends on the

- relative magnitudes of the two terms in (1.4),



This type of mechanism would seem ideal for the _
insulator case where the electrons are well localized and
the atoms can be said to have localized moments with a
definite spin. Carr applied LOwdin's methods for non—
orthogonal arrays to the problem of ferrémagnetism and
developed the energy in powers of the overlap integral
- [é¢0d, where i,j are nearest neighbour sites. With one
‘electron per atom the leading term of the Hamiltonian is
the Heisenberg term, but higher terms are of the type

5.5, 5.8,

Recently, Harris and Owen' have invoked terms
~gimilar to these to describe some of their experimentél
results. They, in fact, suggest a Hamiltonian which
includes the biquadratic exchange term | |

Jo= TS il &8y (1.5)
) 4) .
where the sums are over nearest neighbour atoms,

It has been suggested that the last term is not
entirely due to the exchange forces, but partially to a
balance between these and elastic forces.

Mattis has discussed a universal Hamiltonian for
the description of various solids. By applying pertur-
bation theory to second order he obtains the effective
Hamiltonian for a non-conducting medium as

. AR —Tce.-p] Si.S;
wJ' .

where S:are the total atomic spin operators. 'H(gg) comes
from the term which represents "hopping" of an electron

from site j to site i J(gg) arises from exchange between
nearest neighbour atoms. Thus the total Hamiltonian must
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be considered as the sum of two effects; one an anti-
ferromagnetic interaction due to virtual "hopping" of an
electron from gito_gj(and back) ; a'one-body" or "kinetic"
exchange mechanism, and the second a ferromagnetic
interaction arising from the exéhange of two electrons
not on the same atom. As in the Heitler-London theory
the type of interaction found depends on thHe relative
magnitudé of these two interactions. .

This, however, cannot constitute a general theory
of magnetism in insulators as it can not predict the
strength of interaction in insulating material such as
manganese oxide, MnO. The value of the exchange
integrals is, of course, determined in the above by the
direct overlap of electron orbitals of electrons on
neighbouring atoms; but because in MnQO the distance
between nearest neighbour Mn atoms is so large these
integrals are small, and they cannot account for the
strength of interaction needed. Kramerssuggested that
this discrepancy could be resolved if the mechanism was,
in fact, an indirect exchange via the oxygeﬁ atoms so
increasing the overlap of the electron orbitals of
nearest neighbour Mn atoms. Anderson has shown in his
theory of superexchange (i.e. assuming Kramer's mechanism)
that the Hamiltonian is still of the Heisenberg form, as
far as the leading term in his perturbation treatment is
concerned.

At the present stage, therefore, the Heisenberg
Hamiltonian is very fundamental to the theory of local-
ized moments in insulators. There is, however, one -
exchangeigechanlsm, known as Double exchange, introduced
by Zener, which does not give a Heisenberg type
Hamiltonian. This theory was introduced to explain the
rather different'properties of mixed valency oxides of
the form (Ls Ca_)(Mx, M, )0, . These oxides exhibit
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.

remarkable conductivity variations with the concentration
x of Mﬁ#atoms, while the extreme cases (x =0 or 1)
behave as antiferromagnetic insulators.

The full treatment of the Heisenberg Hamiltonian is
impossible for a magnetic crystal and many papers have
dealt with approximating this Hamiltonian. " One simple
way to approximate is, of course, to neglect its diagonal
elements, giving,

3y —Z:rgs’*S”’ ~ (1.6)

‘ (h]) _ :
This new Hamiltonian is called the Ising Hamiltonian and
was used by Lenz and ISinéato formulate the problem of
ferromagnetism in a one dimensional chain before the
Heisenberg Hamiltonian was envisaged. This Hamiltonian
cannot be an exact description of a ferromagnetic or
antiferromagnetic system in two or three dimensions, as
it excludes the existence of spin waves (see chapter 2);
but it short-circuits the difficult mathematics of the
Heisenberg Hamiltonian, and it is a tractable model of a
system which should exhibit co-operative phenomena and
phase transitions. In this latter sénse it is really
part of the theory of statistical mechanics and not of
solid state theory (it is especially important in the
theory of .order-disorder trans1tlons)

Another important point is that two ferromagnetlc
insulators CuK,Cl,.2H,0 and Cu(NH,), Cl¢.2HAO seem t0
provide a good representation of the Heisenberg model's
predictions: . the zero-field susceptibility near the
Curie temperature is proportional to (szjhwith n=1.36,
1.37 respectively, which is reasonably consistent with
the theoretical value n=1.33 ; also the critical entropy

has an experimental value 0. 22 which compares well: with
the theoretical wvalue 0. 265 (Is1ng model predlcts 0.102 .
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- for spin-% case). The best agreement with ;he Ising
model is obtained from cobalt tutton salts.

In metals the physical situation is more compli-
cated, because not all the electrons are highly localized
as they are in insulators. Some electrons are still core
electrons, belonging to filled shells tightly bound to
the nucleus, and unaware of the metallic environment.
Others in unfilled shells have a range of behaviour
intermediate between that of the gquasi-free conduction
electrons and the tightly bound localized electrons. In
devising a model of this situation it is'simpler to
consider the electrons as either quasi-free or localized.
For instance, the electrons in the well-localized mag-
netic d or f shells-could be considered as interacting
with each other via a Heisenberg_eﬁchange mechanism as in
insulators, while the quasi-freevconduction electrons
account for the metallic properties. This approach, is,
however, much too simple and it is certain that the
conduction electrons are extremely impdrtant in account-
ing for the magnetic properties, as these electrons alone
are capable of sustaining correlations over several
interatomic distances. ‘

The indirect exchange theory of magnetism in metals
makes use of this mechanism and leads to an effective
interatomic Heisenberg Hamiltonian which can be derived
by second order perturbation theory. Ruderman and‘K':Lttell8
first invented this theory in connection with nuclear
magnetic resonance, where they studied the effective long
range interaction between nuclear spins due to the
hyperfine coupling with the common sea of conduction
electrons. The extension to the s-d or s-f interaction
in metals by Yos1daqperm1tted the explanation of

Zimmermané%spe01flc heat measurements on Cu-lMn alloys.
The Mn impurity atoms retaln'part of their Hund's rule
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magnetization in the solute and because of this the spins
of the conduction electrons are polarized at least in the
neighbourhood of the impurities. If the R-K-Y theory is
- applicable this polarization is not localized, and Mn
atoms at fairly large distances away are affected giving
an effective interaction between Mn atoms. -This inter-
action can be shown to have the form, " '

’ \%% ] _%) T(R.{J.) 2. S"J
where J ((Z\J) = - G[ Sin (lep'R;j) - QkFTQﬂ. us(:th?;J.)] (1.7)
(thQGY'

kvis‘the Fermi momentum and G depends on this and
the square of the exchange coupling between the local-
ized electrons and the conduction electrons. '

The most likely application of the indirect
" exchange theory is to metals containing elements in the
gadolinium rare earth series. Generally the f shell
radii of the rare earth atoms are so small that even
nearest neighbour atoms do not have significant direct
overlap and the R-K-Y interactibn can be considered the
principle interaction (with crystal field anisotropy the
main correction). Ordered alloys containing transition
elements can also be described by this theory if the
magnetic atoms are sufficiently far apart for the 4
shell overlaps to be unimportant.
» The indirect exchange theory would be invalid not
"only if the exchange coupling between the localized
electrons and the conduction electrons could not be
treated'as a perturbation with respect to the kinetic
energy of the conduction electrons, but also if the
conduction gas in its ground state exhibited long range
order. This last is certainly not true for Cu, but




14

B - X ) -
Overhauser ''has argued that if the correlation energy in

an electron gas can be_neglected, the Hartree-Fock
ground state is not the usual Fermi sea, but a spiral
 gpin configuration, a spin-density-wave. This is
different from the ordering caused by polarization of the
electron gas by paramagnetic impurity atoms ‘as it would
exist even when these atoms were absenf. When the ‘
impurities are present their effective interaction is
similar to the R-K-Y interaction, but the potential J(Rjy )
is of a more complicated form.

This effectlve interaction is simllar to that
produced when the effects of the superzone boundaries are
included in the R-K-Y interaction?®

In all cases quoted, of course, anisotropy, and
spin-orbit coupling have been ignored, as they will be in -
subsequent chapters. Even apart from these the theory of
magnetism is not the theory of the Heisenberg Hamiltonian,
but in insulators this Hamiltonian is of great importance,
and in the theory of alloys it has a definite contribution -
to make to our understanding of the subject.
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Chapter 2

Decoupling Methods and The Spin-Wave Approximation

2.1 The Spin-Wave Approximation for Ferromagnets

The model Hamiltonian being considered is simple in
form but it leads to. difficult mathemstics when it is
used to calculate physical: properties, such as magnet-
ization, and so some further approximation will be
needed. In two temperature regions approximations to the
Heisenberg Hamiltonian are well deveIOped;'these are at
the two extremes, low and high temperatures.

In the low temperature region the spins in a mag-
| netic crystal are very nearly alignéd and for ferro;;
magnetic ordering, following Holstein and Primakoff, we
can define the usual quantum number m (which corresponds
to0 the z component of the atomic spin S), and hence the
spin-deviation quantum number n= S-m, which measures the
deviation of S"from its maximum value S. If only one
spin deviation is present in a lattice it does not remain
- localized on any atom, but because of the exchange
interaction with other‘spins it will propagate itself
through the lattice. This leads to the definition of an
eleméhtary excitétion, a spin wave, cqrresponding to the
propagation of a spin deviation with a definite wave-

. number vector. The basis of the spin-wave approximation,
first used by Blocﬁ? is the fact that at sufficiently

low temperatures the influence of the interaction between
the spin deviations may be neglected or alternatively
that the interactions between spin waves can be neglected.

Bloch used linear harmonic oscillétorévto approximate the
spin operators, because of the similarity between the
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corresponding matrix representations, while Holstein and
Primakoff used creation and annihilation operators. From:

the definition of these operators for spin deviations an
exact representation of the spin operators can be found,

Sp= S S -@9*(i- ““‘14/28)“ ; Sj=S-a 4%
S, =S,-ig =QQS)"‘aij (1._ %Q%S) v (2.1)

and [O._,_,O.:] - a&a,‘{—‘-af,ag - 8.;,3

where a creates a spin deviation on site 1, and a;is the
correspondlng destruction operator. The difficulty with
this representation is, of course, the operator (L-%§/2Sf%
As a first approximation it can be replaced by |, as at
very low temperatures (a a?‘> &€ 25, (<A> denotes the
thermodynamic average of A) and terms a* aga a_ can be
neglected (assuming that there is no correlatlon in the
location of the different spin deviations). U51ng the
simplified representation the Heisenberg Hamiltonian is
eagsily transformed into its new form, but a further
transformation is needed to diagomalize it. This is pro-
vided by transforming the spin-deviation operators into
the corresponding spin-wave operators,

{'XR —\Xﬂ
| ==f ==
a, "“"N"é?; <o, _—1&2 ) (2.2)
In this simple theory the Heisénberg Hamiltonian,

3{ - -y TEP S + HZ 'S (2.3)
th J=l -

is finally ﬁransformed to, .

% = HSN — STEN +Z (-H +25 Y_:r(»)-?f(*il)a)‘aA (2.4)
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and it gives a result for the temperature dependence of
the magnetization identical with that obtained by Bloch,
i.e.'vaMO(l-AT%-+) as well as the well known dependence
of the spin wave energye, -ak. H is a measure of the
applied fleld, and J())= ;J(l- m)etd (- /

Oguchl extended the approximation by expanding the
operator (l- alafbsfhln powers of l/as and neglecting all
terms in the Hamiltonian which had more than 4 operators
or whose coefficient was of order (/2s)° or less. This
~improved treatment allowed the interaction between spin
waves, to be examined énd the leading correction to the
magnetization was found to be O(T*), while the energy of
the excitations was renormalized by a factor (l+BT ).
The Hamiltonian in this theory is

% - % + _;_i\‘_éu[z(z)*-a'@ _éz:r(;-::.)]a_“zoi‘;a,_,amq (2.5)

and Oguchi’obtained his results using perturbation theory.
(This Hamiltonian is the effective one used by other
authors; the extra terms treated by Oguchi have their
contributions cancelled by 'higher' order terms).
Dyson ” used a different Hamiltonian (still derived
from the Heisenberg Hamiltonian) in an earlier paper in
which he also obtained the temperature dependences stated
above. This Hamiltonian can be found by using the
following effective representatlon of the spin operatorghg‘

st x (as)" (" a"a’“/as} o '

S x ste} ;S - S-dy (2:6)

andlit is , |
EIE Z L-T(-n] atata, 0, (2.7)

gy
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The last term is non-Hermitian and gives rise to great
difficulties but Dyson' 3 masterly treatment solved these
and showed that at allltemperatures the kinematic inter-
action is negligible. (Tnls arises because the
texclusion principle' forbids more than (28) spin
deviations to occur on the same site). (2.7) has been
used by Tahir-Kheli and Ter Haar3u31ng the Green function
decoupllng method, and thls will be con81dered later.

2.2 The Spin Wave Approximation for Antiferromagnets

The concepts of spin deviation and spin waves can be

used in the antiferromagnetic case to study the low
~ temperature properties, but the Néel ground state (which
takes the spins as totally aligned in the.z direction or
-2 direction with any spin 'pointing' in the opposite
direction to its nearest neighbours) is not the true one
as spin deviations still exist when T=0. The problem is
also complicated by the need to consider the two sub-
lattices separately (all simple treatments assume that

the Néel ground state is, in fact, the true ground state)
and so two sets of spin deviation (and spin wave) '
operators must be used (see Kubo and Oguch:fs). Following
- Oguchi the representations of the spin operators are,

(i) for the 'up' spins on the 1 sublattlce,

Y,
- 9" (1= %%/Qs) ; |
S&U S Q.QQ&, |
(2.8)
= (as)? a"‘ ~ Qe-an
BRI,
(11)~ for the 'down' spins on the m sublattice,

Sy - es)? by (1“»b;bm/as)'/z;
S5 « (@9 (1= Eby fos) by ; S5 = Sk, 7
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Kubdwfound a divergence of the fluctuation of
magnetization in his spin-wave theory of antiferromagnets,
but it can be avoided by introducing anisotropy energy

terms into the Hamiltonian} This latter is idealised to,

r

= aWl2 s s +hZs) +h7 sy (210

Q)‘l‘) £ ’ -

where h,is a measure of the field acting on the 1 sub~
lattice; hzthat acting on the m sublattice. Denoting
these by different constants enables the sublattice
magnetization to be calculated, as well as providing a
simple means of introducing some. anisotropy. The
operator (t—axaa/239&is treated as previously, and in
Oguchi's treatment terms with more than 6 operators are
neglected.

' As in the ferromagnetic case spln-wave creation and
destruction operators-can be defined (except that now the
sum over lattice sites is restricted to one or other of
the sublattices), but here they do not diagonalize the
two operator terms and a further transformation is
necessary. If the spin-wave operators are aE’bE ete. and

the new operators 4. ¢, etc. the transformation is
defined by ’

Qy 8 Cosh®, — &t stnh®,
b

['{

i

. 5 : (2.11)
Qg = o cosh® — &, Sinh®, -

be = — ¥ Sith®, + g¥ cosh®, -

where "|'an R8) = Y / (—;'/2 T

and k= h/(2z1318) [ W.=h /(21!’3'|3) and. xsz oF “'Q

(z is the number of neatest quboor.s)
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The effective Hamiltonian becomes

F= G+ Z (K, + K7,)

® (2.12)
o 1% (“a“z AR “\V‘:]
h 1
where nK-ukaE, n5~9K@¥ and the coefflclents‘are
= [(D‘_x;)va_.h('h,fk;) SNC" Z\C‘Ez-l)} .?zms
© z1J| @ _2z|J)
" e— "\ | o

D%
(i)

D= -k
. 2 2

Using this Hamiltonian Oguchfsfound the low temperature
expression for a number of thermodynamic guanties
including specific heat, sublattice magnetization and
parallel susceptibility. In this - expression the spin-
wave interactions produced contributions very much
smaller than the leadingterms and also smaller than terms
produced by treating the deviation from linearity of the
spin-wave energy spectrum (ﬁgva]k]).-,Nevertheless, the
smallness of the effect of the spin-wave interactions
confirms the usefulness of the first approximetion in
Holstein and Primakoff's method.

Andersontin an earlier paper treated the simple
non~-interacting spin-wave approximation to (2.12); and
concluded that the 'sublattice' picture of antiferro-
magnetism is not qualitatively affected'by complications
in the actual ground state. This is very important as
spin wave theories of this type of antiferromagnet have

had con31derablf success in explaining experimental
3

. .
results. Ziman  ‘treated the antiferromagnet in a similar

way but included dipole-dipole interactions in the
Hamiltonian.,
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2.3 The Green Funciion Method and Decoupling Procedures
at Low Temperatures

The method is b?sed on the eguation of motlon of
the operator ab(t)-e a e whlch is

. dAW)
AR = At 3&
T [ ) ]

>

(2.14)

and the definition of the Green funection (retarded)
«aze‘) » = —i® @‘)<\:%m Qx]> (2.15)

where X is the Hamiltonian of the system; B(t) is a step
function, unity for positive t. and zero for negative 3
[A,5] denotes the commutator of the operators A and B and
equals AB-BA. The Green function can,lof course, he
Pourier transformed with respect to time to give « aﬁ;aqu
which satisfies the equation of motion

5 R

E«eyy Ay, = <La0xh o [ay, ] ;0% >, (2.16)
2T :

where E is the argument of the Fourier transformed Green

function. This equation and the relationship between the

Green function and the corresponding time-dependent

correlation function '

R
ok
RO T € Q5 Ty e = € O G ST
¥ €0 ‘Q*i’(_m/k]') | (2.17)

-00

- are the only equations required for the appiication of the
Green functlon method and so the reader is referred to

Zubarev' s paper for further information about 'the theory
of the method. . D ‘

e e N S T e e
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So far the method is exact but in equation (2.16) a
new Green function occurs. This function could, of
course, be treated by an equation of motion method but
this, far from eliminating the difficulty, introduces
another Green function. In fact, by repeated use of the
equation (2.16) we can produce an infinite‘éet of coupled
equations. To approximate the original Green function
this set must be.terminated'aﬁusome stage i.e. 'decoupled’.,

Tahir-Kheli and Ter Haar used this method in the
| spin wave approximation and decoupled in the first
equation by assuming that,

* AR * a¥®
& 0.}_" a’J’:]Q‘,‘:th >-Q.El »E ol Mo <Q'l\a-_§|> K af 3 ql’:’ >>£

+ ‘ o *
s ST €030y,

where they were in effect considering the corresponding
zero~time correlation function as

*
<0y, 0y 0,0, 5 & <6 05< 05,0,

&

(2.19)
<05 0y, >< 08 0, > |

(i.e, the average is symmetrically decouple@), and S%& is
the Kronecker delta.

This theory gave results identical with Djéon's exceypt
for the coefficients of the first interaction contri-
butions to the magnetization and specific heat, which

- agree with Dyson's only in the limit S-»o. These errors
could;~of course, be corrected by decoupling the second
instead of the first equation and Tahir-Kheli and Ter Haar
proved this and obtained an expression for the damping of
spin waves. | ' |
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2.4 Decoupling Procedures for Spin Operators

Even though the resuits from spin wave theory are
much more realistic at higher temperatures than:the basic
assumptions would allow one to hopef@qthe properties of
the model are less satisfactory in the region very near

rthe eritical temperature. The magnetization has a
discontinuity at the critical point? and the eritical
temperatures are only within 10% of the values obtained
by using high temperature series expansion (though it
must be admitted that some Green function theories have
gimilar or larger errors).  Thus, either higher terms

‘must be included in the Hamiltonian, or, what appears to
be a more sensible course,. a Green function theory using
the spin operators themselves must be devised.

A number of authors have taken this latter course,
which using the obvious generalisation of the equations
of section 2.3 gives the basic'equation,

z, S z
FGay) = K0 PRI SéS‘;,S S, (2.20)

where ESE-puH, and qa(g,l)_ « Sg_,S "> with the correspond-
~ing form of (2. 15) as its definition.
Tyabllkov used this equation for the S=Y; case and
suggested the decoupling ’ ‘

L A LU CD

This decoupling implies that,

(Lsisp s = <S‘><£S 851>

using the definition of the correspopding time-dependent
Green function in the limit t%o..
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i.e. J(S‘S;>S_r<s.;s;>s 4o '1<$’><$z>§5,; | (2.22)

This is obviously a crude relationship as at low
temperatures (S > O(T)”) and it is not surprising ‘tha't
the spin-wave energles are renormallsed by &2 factor
(1+AT*3 —) instead of the factor (i+BT2-») obtained by
Dyson. There is also a spin-wave interaction contri-
bution to the magnetization of 0(T®) only part of which is
due to the erroneous renormalisation. The rest is due to
the form of the equation used %o determine <5 y

T . ’/2 .

<&H = T-u_-_:z_if— (2.23)

. 1 . - }
where @ = 'ﬁé. {eﬁEg_i } ! ~and E_is the excitation
energy. The carresponding expression for the spin-wave
approximation is .

K> = £ —F , (2.24)

and as ¢ = AT?2 the dlfference between the two values of
{S8%> will be of order T°. |

Tahir-Kheli and Ter Haar generallsed this theory to
include S >'% using the same decoupling. They had to
introduce the more complicated Green function
& S"",(S )(S )»g because for. hlgher spins <8, SQ#S-(S),
but, . _

(S,S >=-S(s-+l) <(3')> <% (2.25)

and so(LSz)2> must be ecalculated as well as <Sz> .
Calculating ((S')2> leads to higher powers of Szbeing needed

e X RS
and onJ\.y}‘the fact that (Sz):“lis‘related to smaller
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powers of S*saves the me‘éhod from failure. Their method
becomes laborious very oulckly Callerfalntroduced the
Green function « §, ,ea's" S e and succeeded by
differentiating with respect to the parameter a in
obtaining the relationships between <S> and § for general
S quite easily.

Callen also changed the decoupling procedure ‘bo

« 3._\‘33. Sy Ay o (‘S;S*D <<Sg_',A»E

2.26
- <S§S" >Ayy A, (2.26)

where «=(S*>/25%instead of zero as in (2.21). Instead of
(2.22) we have,
21S5Sy> 8y, — <3St >$ = 2<8%% S,

(2.27)

a much improved approximation which corrects the
.renormalisation factor to (I+AT€""+ =) but still fails to
- correct the ‘error implied. by using (2.23) for S='h. We
shall return to this in section 2.5.

Identical results to those of Callen can be obtained
if o is taken to unity, and this choice seems more
'satisfac‘bory when the definition of the Green function
being decoupled is considered in the limit t-o0.

Instead of the previous decoupling procedures, the author
has tried introducing two ‘constan'ts' o,

« S s* S, () : 5S> —> %< Sy S§ T« ST ) Sp»

+X<Sés*> <<s*'({)s-» ' (2.28)
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where «,y are two functions of temperature. Transforming
both sides of this expression to the corresponding
correlation functions and allowing t»o gives,
- ah oF ‘ - -
<5&$z%%sﬁ> = K SEHS s>+ <s§§$_\><s;33> -~ (2.29)
If 1l=g the left hand side is zero so x+x=27 and only one
more condition is mneeded. , '
When Se=%4 the quantity being approximated is,
- =gt @t L gmot et ). o« :
; T « (5,5 0 -S;sisfw); 57 (2.30)
and the other condition is obtained by using the
definition of this Green function used and equating this
exact quantity:at t=o0 to the approximation found by using
the decoupling. A further approximation is used, because
as both X and y are assumed independent of site labels,
<S;S';> must be replaced by-‘i‘{_.3<s;s;>. Denoting this last
quantity by s the condition is found to be,

imr—p = o (f-od + apy (p-od
(o o BmTp | (2031
1 —-C —ap(p=-o)

where ¢=¢5%) |
. Following Callen, the energy of the spin-wave
excitations is

E® = pH +{1i— 2@g-rm i T3] (2.32)
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and 3o = +§-ZE ¢ , £ - Z‘NZJ(@‘*’O“’ -

mere ~ bk = —

These expressions give the same low temperature behaviour
as Callen's theory and at temperatures near the transition
temperature the theory's préﬁiction is unfortunately even
less satisfactory. If the sum -“{‘243(5) is to diverge when
=0, as it must, then = :

| | — 2 (f~o—p) =0

and so0 p=0 . Thus, }L/QO‘:‘/ZNZ;-K(E)C%)(E) cannot be satisfied
and the only solution for the Curie temperature is
infinity.

This situation may, of course, be improved if some
of the déependence of ¥,y on lattice sites were included.
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2.5 A Correction to Callen's Decoupling Procedure for
S=% -

The low temperature error in Callen's theory, as
compared with the mown spin wave approximation limit, can
be rectified. The two Green functions that must be

decoupled are L
-t ~F - -
4Sy 8 Spb:Sr»  ad < s* A CEENEN

Callen decoupled these in the same manner and this is the
cause of the error. If the Green functions are cpnsidered
in the t—=>o0 limit their values differ:-~

{lico <« S,SLS; @ 337> - 45 85 SE> 4+ <85> g
| (2.34)

and he K SESISEB);s50% =2 <s“,,\9;s‘;>8 + <S55, |
o - - i o
that is, they differ by 2<S% &y;%uy
Further, we can define at t=0 the correlation

functions
(g~z>.- +(gmke, oo,
4 ok =2, € ITRES S (o)
g -4
' 1(§-Dok +i(g- 1.k, ‘
k = - - . .
ad (e,k) gﬁ \d | <s; £ SESyst> (2.5)

which differ since

k 3 |
N . qz (e),k) =0 qad - Ea 4»@(2.,!&4) = <SS (2.37)
152

The errors introduced into the limits of the Green

functions and the correlation function 4) by decoupling
'symmetrically' are only obviously large when all the
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'sites are equal. Those in L}}m , however, occur when i.-;g__
or nag. We restrict the correction in the procedure to
account only for discrepancies in \.\am' which can be
eliminated by adding the correction

2<S7SH « S:__ 5 S: >>é S‘h')%_ o - (2.38)
to the decoupled expression for &Sy S; S& 1L ¢ .
The Green function is taken with identical sites for all
operators as we wish to mirror the form the correction
must take (cf (2.58)). |

Using (2.38) as a correction to the decoupiing

procedure used by Callen“z the correction to the equation
of motion is

. _l- ) : | .
—2 [T-T(®] N%Qge (&) <S> (2.39)
and the complete equation of motion for %E(@:) is
~Ele = XK eSS 2 '
Iz _E()] %E (k) =, = 2[3e-3t [<S S>N% Gl (2.40)

As a simple approximation this equation can be iterated
to give ' o

| g (B =~ ____‘Efiz:\‘.._ XSS [T-3k] K
g &[E—E(\sﬂ - W[E-E®GINF EfE(is’) (2.41)

which transforms to

4»(&) ~ KSD [2~a<s=>]+(g) (2.42)
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Thus

1=<¢s3 = ([+ AT+ »)F + o(T%) (2.43)

The error compared with the spin wave approximation of
{¥*> is now of O(Tq/"‘) instead of O(T?) as found by Callen,
and thus the spin wave interactions contribute from O(T¥).
The correction will also affect the coefficient of
the first interaction term. The terms that will contri-
bute to order T% on the right hand side of (2.43) are

T - RIO(
E + <SS (aFeo} Z T ()

which, using Callen's notation, gives the first interac-;
tion term as

= IO T+ £ F(—D} (2.44)
| ‘l‘he corr’esponding ‘terms in Callen and Dyson ére

C =3y J(B)T(E) T
and =31y I(DHJIE) T Q | respectively,

where Q depends on spin and the type of lattice. TFor the
simple cubic lattice and S=%, Q =I1*3 whereas the effective
@ in this work using (2.44 ) is 3. This is only an
improvement on Callen's result in that the extra inter-
action contribution is estimated, but the errors are much
greater. The results for & for the cubic lattice are
compared with those of Dyson and Callen in Table 2.4,
For these @ values we see that the correction is not

subtle enough and & further correction is needed with
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{$7S% replaced by some average of (Tglz), but it is
difficult to see where this error occcurs. The error
could be occuring in the form of a higher order term in
the expansion (2.5% ).

These results were possible because iteration pro-
duced a power series in powers of <S'S> which at low
temperatures is _ofO(Twz). However, at ten;peratures near
the transition temperature this type of approximation is
insufficient and the exact equation must be used.

The comple’ce equation can be used to calculate NZgw

N 5 E—E()
So,
g () = K> | — (i*l<51>)(j("3‘3_(h)>'r&xzk,f}€@> (2.45)
arfE-e®] |+ 2 Z —Eﬁ‘D—E“%% (5-4s5) |

This equation transforms to

.;_'1.. S = 24ASD %

__Qis}Z; gk —a(k(®+d(®)(1+4d () me 46)
N L] (gl Ve TezRg(TOI0.y () |

(o) (0')

where 8 =

- ny el
1= XS P ¥ [[o-30] (30)
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P 5 T =T

emd k() = ¥ 2 S@m—6

Assuming that the correction considered above is applied
to Callen's*” Gecoupling procedure with E(® and ¥ given by
<S)>
K Liv 5 J0T@ -3¢ ] and PERTAY Nz I %J(h) r-:zquctwe.__y

the équa‘bions which provide a solution for the transition
temperature are

F = gy SF(-o

LS 3'(o>d,(m[ MR +2d,(k ]
N Tty L i+ T ad (0407 ]

(2.47)
ond

F(efy = FE =l p

282 T(0)
The only change from Callen's calcul/ation is the integral
which corrects the first of these eguations, and the sign
of this integral is critical in determing whether kl, is
increased or decreased as compared with Callen's values
for S=%. If the integral is positive the value of kT,
will decrease and vice versa. '
‘The integral d‘l (k) is kmown for certain values of

I (k) : |
if (i) J(ey=o , d,(&) =~

(ii) T =IO , d,k) =-]

(1ii) TRy =-36) , d, (k) = =]+ 2F(-)
and so we can estimate d (k) as a guadratic expression in

3(x)/3(0).

42
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Defining

S « T(o) 4’5(‘;)
- o O“)“) N Z,L:' [T0) - & T(RY]

(2.48)

and A, (ko) = L uT@)—T(h)J:r(o)
(80 NZ, [ 306 —a(n I*

wé have the relation

2_ _ I 1+ 4 +TL3 o
ax{"‘t@»?‘)} A3y :r(h_]'i + (ke (B ) .(2-49)

and only condition (iii) needs redefinition. If

gy’ Ty = =360, dy(b) = -1 +2F ()

, | W I '
vhere FELD - N % 0T =T ()

Assuming that d (kq) is a quadra:tlc expressmon and
using the conditions (3.), (i1), (111) we obtain the
representation in the limit K-—-|

4D = FE) (xw) —|

- (2.50)
oz (k)

QR

| F) + .Cl-x-) [FC—:) -P(-u)]

‘where %= J(&)/T(@)
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Using these in the correction te:c'mv‘bo the trans-
ition temperature equation the argument of the integrand

becomes

2 2e4FR) l—am 4+ b (wPox?)

——

[— AIFD | e + e —x3(2-%)

4

R .
w Q = LZ.—rl;-F(—.lSﬂ-F(rD -4 F(—.D] / l2+ 4 Fe]

b= L P30 ] / B+ 4Fe]
| : (2.51)

d = [":2 4l FE) - g4 Fen] /D-* % F(—.z)].

o= b—d —(14F@)/ [14 2.7y
awd 6 = F0/[1+ ar@o]

For a simple cubic lattice F(-| )#l.52, and F(-2) -
can be estimated as ¢« 1.0 using an expression given by
Tikson. The integral of (2.51) can then be approximated
by expanding in powers of % first. (This is not very
inaccurate as the second term of (2.51) does not diverge).
The value of the integral can be expressed as

QFCH [1—-5t] - (2.52)
and so finally the first ecuation of (2.4’]) becones,
3= :%) (+ 5y 'R FE) withd=2.00 (2.53)

Solving the new equation gives th/J-c: 1.03 as compared with
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2.70 found by Callen, and 1.89 by the high temperature
expansion method (Rushbrooke and Woodfe' This value and
those for the other cubic lattice (see Table 2.4) are
very much below those of Rushbrooke and Wood, but because
of the assumptions made the decrease would seem to have
been overestimated. The correction to Callen s theory, is
however, at least in the right direction and the errors
(with respect to the Rushbrooke results) are marglnally

- smaller than those in Callen's theory.

The form that was assumed for d,(é,m) is not a
very accurate representation of this function even in the
vicinity of the three points fixed accurately and so it
is not surprising that the estimated change has been
overestimated. For instancej.the approximation assumes
the following ~

(1) for w |
dka) = — ( L+ Fl,0) Q=2) + AE2,R) (1-2) +->)

o~ *(\ + Fl,d)(-x) — F'(-l,ol)(_\-x.)"-\-w)

[fh -for x = ~|

Ay (k) = AFEH) —] + AL, = Fl, Y] (e + v
= aFER) -l T 3R (o) A Bl Y ek Y |
where | | K2 T36)
A(;Q)&) = —

N g Qﬂw;ﬂﬁf

From this a correction can be devised for ¢, (k,d) such that

d, (!&,p() = F (-l,ot)x.(x—\) =] =f =Y G+x) [Fea) + Dayn]




Using this together with (2.49) gives the following
approximation for d, () ond d,(k)

&i(g) = FEy (xax) =1 =% (Fen+Fen) =(-2)"(420)
Ay = FE + 0o (FeD-Fen) + 4 (Fen+ F(-0) (- -
4 (e01mxt) [ 2R~ FEd -Fen]
d, (&) x
2R~ X

()

Sketches of d,;(k) for both approximations

(1) is the curve for.first approximation

(2)

is the curve for second approximation
xs are actual points for dl (k)

36
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Treating this as in the previous approximation gives a

-~ correction to the first of the two equations (2.4]) of
the form (2.5%), with o now 1.42 for a simple. cubic
lattice, when F(-3) is taken to be approximately 2.0 This
gives hxwﬁ-m 1.8 These results are, howéver, only
estimates, but the above suggests that the correction to
the Greén function decoupling procedure has an import-
ance near the critical temperature as well as eliminating
the leading term in the spurious contribution to<3%

RO
< F(=1)
e = — = T EE)-FE)
+ © 3
- o) ' l =

Sketches of d,(i) for both approximations

(1)_ is the curve for first approximation
(2) 1is the curve for second approximation

X are actual points for dq(g)
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- The following tables vpresent results for comparison
with those of Callen, Dyson, Rushbrooke and Wood, etec.

Table 2.A Comparison of the values ofQ

| !

Dyson Callen § This Work |

i S e -

§

simple cubic : - {

lattice 1.68 1 : 3.01 )

) t

; !

body centred j . §

cubic lattice 1.45 | 1 ¢ 2.82 i

!

face centred | {

cubic lattice 1.35 | 1 2.78 |

{ .

Table 2.B Comparison of critical temperatures

g b i rensm i . s o e
| | Rush- | o9 o T, Kneli | This work | This work |
i | brooke i et al |lst approx. |2nd approX. |
f simple cubic- : : t 4 ’
i lattice 1.89 2.70 | 2.0 ! 1.03 1.8 ;
) body centred _ : , i
i cubic lattice | 2.6k 3.70 1 2.9 | 1.5% il ?
: 4 5 ! ¢
: & ! ; ;
% face centred | 3 o % «t |
i cubic lattice | 4.15 5.60 . &5 3.2 ot
e . 3 jr i J'

# F(R)

was

T F(-3) was taken as 2.0 which may be in error.

taken as 1.0, & value which may be in error.
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Thus although the major discrepancy is rectified the
theory is still far from satisfactory.

2.6 The Correction of the Leading Term of the Spurious
Contribution (S=|)

In $his case, in a similar manner to that of Tahir-
Kheli et al, we consider the pair of Green functions
- + ., o- ' .
«33391;(3% )2»;. and <« S% ) S£ >. . The corresponding
equations of motion are

E‘«S

%’ $% %%

= Q<$> B ZU'(s«- )< (’S 54—5 S" SR S+Sz);
. . T A=~
ad E« S8 SS» = 5‘7}3,&5 (L +4 <s~>+3 <(S>>)}
(2.55)

) )« (S -SG5 )

Decoupling these two Green functions in a manner similar

to Callen's procedure (u=|) leads t0 the same error in
8% of order T Az
Defining the following correlation functions

i (4-hk +i(5-L)k
() R PRI
b (kR - 223 2 | .<S S, SN

+ ' k) e (30, k—n(s‘-@)h

g f>
(2.56)

<s S, S, S %>
a‘-&

leads to the conditions,

Wl $ b = <SSES LT T =o

"‘) -l ?.‘—) El
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Using a "symmetric" decoupling these quantities are both
given as 4(1—{(S*)>) (2¢sH>+ 7>-2).

The error in \,‘(') occurs when f=¢ while that in L]Jm
~is only obviously important when f-g:@ so this is
neglected. _

The error in \Pm can be corrected by assuming a
correction to the Green function )

— b (1 = (W 2<% +< (355 -8) « S5 5 Sy, (2.57)

and this of itself eliminates at least the first spurious
term. . : _
This procedure and also that used for S=% is perhaps
slightly suspect as it cannot be generalized for S»| and
therefore, this type of correction is not entirely to be
trusted.

2.7 Conclusion

The decoupling procedure method is difficult to
apply successfully because there are as yet no formal
rules which can be followed. However, if it is to be a
standard method which can be relied upon, either such
rules must be formulated or any theory based on the method
must be backed by studying the higher order Green functions.

.For the low’temperature boson description a reason-
able decoupling can be obtained by decoupling the Green
function 'symmetrically'. For instance, the first
- approximation of T. Kheli et al treats the Green function
symmetrically and in the limit t+O0 the correlation
function is approximated as

- (0.“;&, ojii 0,0 > = <@ 0, ><0% Q> + <@y 033%>
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and the Green function in the limit ko is treated
exactly: '

<[ 0,0, 01> =<aja,> Spu + v<a‘§a‘&> S

The increased complexity of the commutation rules for
the spin operators means that symmetrical d;coupling
produces errorsin the magnetization. The treatment of the
errorsgiven previously is not entirely satisfactory, even
though the form of the correction becomes even more
plausible when we find that the Green fumction G(&) (the
Fourier transform of <« S';({:) 33;») can be expressed as,

| S5 STy '

¥ = 2 AR (2.58

a g [E-E“')(b)] N[E-E‘”(h)] N% E-E" (K- ) ) (2.5 )
o

“where Ebﬁk) are the non-interacting spin-wave energies.
So making the assumption that the correction is of the
form of the second term, when this equation is restated so
that the energies become the interacting'spin—wave
energies, the obvious choice is that given in (2.38).

The study of (2.58)'s higher term will obviously
improve the theory, but there are difficulties in using
this expansion because of the vector dependence of A (K.k)
and the similar quantities in higher terms. This would
come nearer to a more systematic treatment\of the problem,
and is much preferable to the arbitrary use of decoupling
procedures. _ . | _

Moritat®t al decoupled.the second equation of motion
in an attempt to correct the error found by Callen.

Their treatment, of course, introduced terms similar to
the second term in (2.58). They found difficulties in
treating a divergence in the theory which is introduced Yy
the approximafion used, and so.they could not prove
conclusively that no T? contribution existed.

1
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The problem has also been treated by using
extensions of the perturbation techniques of Quantum Field
Theory, but because no simple analogue of Wick's theorem
has been found for the spin operators (generalS ) it is
laborious to present even the simplest propertles In
this connection the work of Stinchcombe et al Lewis and
'S'blnchcombe,s Giovannini e'b alh and Wang et al is
important.
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Chapter 3

The Theory of Biquadratic Exchange
~in the Spin Wave Region

L]

3.1 Introduction

Coles et af”%ound wide differences between the
results of resonance experiments and the predictions of
the Molecular-Field theory. They investigated the
exchange interactions between neighbouring P4nz'ions‘
present as substitutional impurities in Mg0 with Nn:ﬂj"lﬂoo
These interactions were expected to be similar to those in
 the antiferromagnetic Mn0, as the structures of M40 and Fn0
~are the same, and the difference between their lattice
constants is only 5%. The interactions were measured in
two cases (a) an isolated nearest neighbour pair of Mn
ions. (b) an isolated next nearest neighbour pair. (The
structure in this last case isMa—0-Mn). Assuming that
the Hamiltonian for these pairs is |

4. Sa

Coles et al were able to calculate the values of Ixy@,o
thvﬁ , and- MM £rom their experimental results.
They measured the intensity of transitions (between the
Zeeman components) belonging to the S=| state over a wide
temperature range, and compared these with theory. This'
gave the results, -

OZ'J- . A .J-I'll\
__Fn!, - 23’;\@ = ;22:!:1;3(; #=-:';—;';‘c (L0 £ 0.l
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The Molecular-Field theory gives, using the measured
value of the Curie-Weiss constant and assuming that +=I-0
2 x {|13°K
| = .l 3
Harris et al were able to explain this large
difference by introducing a biquadratic exchange term into
the Hamiltonian, which becomes (see Chapter | $3)

Instead of looking only at the state S:l', they considered
all those states which were not obscured by other stronger
effects, in fact, S=,2,8,4 . Given the normal |
Hamiltonian the. interval rule describing the spacing
between adjacent states is,

Wegy =2T8 (5 is the spin of the higher state)
S |

With biquadratic exchange present the interval rule was
‘modified to, -

W oy = 238 -2jS [ 8() ~ S (40 |
where So’ and S are both 572_ in this case.

They measured these intervals and found that using the
normal Hamiltonian 2J varied from 28.0 % 3°K (=D to
17.5 * . | |
Using the ratio J/3<0.05 and 27/ > 14.6 °K the intervals
varied from 26.7 °K (S=1) to 15.7°K (the values were
fitted exactly for S=2), |

Thus, allowing for biquadratic -exchange in the
Hemiltonian and considering the estimate for 2J from the

Curie-Weiss constant for Ma0 (neglecting small differences
in structure between. Mno and MJO)’ we have

T = * kb °K (o& I1.3°k.)

—
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The value of j obtained by Harris et al is not
inconsistent with Anderson's theory of superexchange,
which predicts the biquadratic term to be ~|% of the
quadratitc terms. An effectlve biquadratic term could
also be set up via a mechanism (see Klttal which
produces a balance between elastic and exchange forces.
In the case of Mn0 this latter mechanism séems to give
t00 small an effect to account for Harris et al's results.
Other authors have pointed out that biquadratic exchange
can correct the sublattice magnetization of rare earth
ions (see Will et a1)§¢

Nai Ii Huang et al considered the terms in the
superexchange problem gquadratic in §,. Sl , a8 Anderson's
arguments were qualitatlve ‘in character. They extended
the method of Keffer and Oguchl (whlch follows the '
treatment of permutation degeneracy due to Serber and
Andersonfito deal with the contribution from terms of
order higher than $¥, and obtained expressions for J for
various configurations inMa0. Their result for | for
the collinear configuration Mn — O —Mw'is of order 1‘1
~0of Jy as Anderson predicted.

3.2 The Ferromagnetic Caée

The evidence is, of course, for a biquadratic
exchange term in the case of antiferromagnets, but as was
mentioned in Chapter 1 such terms would appear in the
ferromagnet case. Thus, it is of interest to see the .
effect of the biquadratic exchange term on the low
temperature behaviour of ferromagnets.

| The Hamiltonian to be considered is

h-5] S5, 47 Q9 kIS G

(3%) . o,m



46

The extra term will favour neither ferromagnetism nor
antiferromagnetism. What is favoured is the maximum
projection of one spin either parallel or anti-parallel
" to another. For this reason the magnetization temperature
. curve lies above that found in the absence of the term
(Rodbell et al).

If j=0 and the usual ground state is assumed, the

state containing only one spin wave of arbitrary wave
vector is an eigenstate of the total Hamiltonianj; while

those containing more spin waves are only approximately
eigenstates (i.e. there are interactions between the spin-

wave excitations). The ferromagnetié ground state is
defined by ‘

Sl =0, S lo> = —NPS 8 o>

(where S is the Fourier transform of the spin operator
S;),\and it is still an eigenstate of the Hamiltonian.

To prove that the state with only one spin wave present is
also an eigenstate we need to show that [3¢,S% ]=ES* for
some constant & . This can, in fact, be proved and so we
can confidently apply the spin-wave approximation.
Following the usual tfansfdrmation procedure but retaining |
only terms with up to four operators the Hamiltonian (3.1)
becomes ‘

= C +h] o%a, + Z r(3)aka, + ZS<.+a-s~ng(,a,s) a|a,c30 (3.2)
Cwhere My = 38 (‘3'-5-335(8'0)2(\ ‘N
[(,2,3) msf‘:[ I+ GJ 8* .y S A (3-3 s)] (x|+~52—~%—‘6a_3)

-(Sj -2s’ )(lw,,2 -wm_a)
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. 4 '
In the last term of (3.2) I' has been put in its symmetric
form, so that '(,2,3) = T'(2,I,3) = "(ha, +a-3)

Using the Hamiltonian (3.2),equation (2.l1b) becomes

(E—h-T(0) « a3 ay» = z_‘?r,z .

+ 1|Z> §(12:3-) gg F(':a)%) « 0: QSQ‘F')Q-'Z’»
~4

and decoupling using approximation (2.18)
S v _ . ;

L !‘ l";:

« 0y g = : | 3

= - ar [E-E(B] : [

i

where E(h) = h + T'(0) + 4 Z MOk, )R,

- E(k -

and n, = {‘QP ()-l} !
- The excitation energy can be rewritten, by denoting the

energy of the spin waves at zero temperature by

g, = 28z (T+ 2Sj(S-D)(1~¥,) ,as .
E, = b+ g {1-4M}
~ 1bSY-1,.5} +by -
. _J__ ‘l L — .

bwrifk A(T) = SNZ;i‘-* .?.‘J’J-u.sfi_usl }0 569’“'3,. _

Obviousl (a2 1i )
‘ - L 8S-28+31) (T
A i L+ J+asy-QSs] } AJ“’ (

and the effect of [#0 is to imtroduce this factor which
rises to & value greater than 2 for the spin s=% case even’:'f-»-',_‘_
if, as seems to'be the case for antiferromagnets,-’/a- 5'0.o|§-,f- o
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The power laws for the low temperature expansion of
various physical quantities are identical with those where
J=0, and the intzt'%%;lgtéa%%j of ‘3'_,_% = T+ 2S{(S-D and the
new constant [+ Trash —2S] only change the factors
multiplying the powersvin‘temperature, However, even a
small value for ¥/7 would affect the results seriously and
s0.-the bigquadratic exchange type of interad%ions.must be

much, much smaller for ferromagnets than for antiferro-

magnets.

3.3 The Antiferromagnetic Case

The Hamiltonian for the system is

K= 2 sa‘lfé) S5, fQJCIZn‘(),S&.SE)Z +_k,§$1f + LZZSZ (3.3)

In the low temperature region the Dyson representation is
.used to transform this Hamiltonian (the Dyson represent-
ation is used for one sublattice, and conjugate represent-
ation on the other). A new problem arises when this
Hamiltonian has been transformed in this way. The labour
involved in performing the next transformation for six and
eight operator terms is enormous and so at present these
terms which occur with factors js-and‘i are neglected.
This should be quite adequate as these are of O (%) or
less and are thus of an order neglected by Oguchi in his
treatment. , . I
The Hamiltonian can eventually be expressed in the
same form as (2.;2) by redefining coefficients thus:

' D—y2 D-Y¥!
"B(l) - ’B() _ 83 Sa.E. 1_"1 ( 2,
= P N A ) ("
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where g, ..... h . are the corresponding expressions

found by Oguchi, with |9 replaced by fIﬂk IT] +9; 2

This theory leads to the same low temperature
expansion in powers of RT for the sublattice magnetization
and other quantities of interest, as Oguchi found, with
only the éoefficients changed, a situation similar to the.
ferromagnetic case. The fact that j is non-zero affects
all the ﬁroperties of the magnetic materials; the zero
point energy is changed significantly, so the ground state
differs from that of the 'normal! antiferromagnet, and the
- interaction term depends on.J y of course.
The zero p01nt energy can be written as

E‘o = -Z %S’N (S +c+4s+ dg(-2+-?€.+ )) (3.4)
From the value of C quoted by Oguchi and the assumption
that d=wL6- is approximately O0.0] it is obvious that the
correction produced by the introduction of the biquadratic
exchange term can be of the same order. of magnitude as the
normal dev1ation from the Néel ground state value. (For
example, take S= =1y, ‘

At very low temperatures the problem can still be
considered in terms of ‘non-interacting' spin-waves,
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There are again two branches of spin waves, but their _
enei‘gies only differ if some anisotropy energy is present. .
In gero-field the energy for a ‘'non-interacting' spin wave
is ’ '

]
AOE - QZT,%S (i ~F§c-'3+l{-o(8(2c+0>((.:3;- l2 (5.5)
and again the coefficient is dependent on o{ . The term
depending on X can be smaller or larger than the other
correction $5g , and for large S, when this theory is most
applicable, it is much larger than $%s,

At higher temperatures this energy will be
renormalized by a factor |

\ —

The actual temperature part is-unchanged, but for large S
the coefficient can be as much as twice its normal value,
/ c
/<l+ i—s' ) . .
Thus, in both ferromagnets and antiferromagnets the

alterations to the normal theories are very similar. The
latter case is more complicated, of course, because spin

l+80l8" , Z(‘_-d"-}‘!z"n‘ . (3 6)
| + S+ haS (et SNE k® YR

deviations exist in the ground state and probabilities

are altered for W# O . From consideration of the new
coefficients it is certain that & must be extremely small
if the theory is to resemble in any way the theory when
¥=0, The calculation of Low suggests ‘bhatgca\"MnE the theory
for A=0 is a very good approximation indeed up to 60 °K
(The critical temperature is ~ 66°K). |
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Chapfér 4

- Neutron Scattering and the
Wave-vector-dependent Susceptibilitx

‘The disbdvery of the neutron gave to physicists an
extremely useful tool in the study of solids (and 11qu1ds),.
as this partlcle is scattered by nuclear and atomic spins “
(because it has a magnetic moment) and also by the atoms
themselves. Thus.neutron experiments can give information
as to the arrangement of the spins and atoms in the: solid,
and about such excitations as spin waves and phonons.

Here we are interested only in the maghetic part of
the scattering. The discussion of -this is in general
difficult, but in certain temperature regions there are
~simplifications in the processés taking place in the
solid, and this leads to simplifications in the discussion.
At very’low tempefafures the spins of a ferromagnetic
solld, for instance, are stable in_ some arrangement, (in~
~ this case a parallel arrangéhent), and so the scattering
is mainly elastic and appears as Bragg-scattering peaks.
The actual arrangement can be obtained by stu@ﬁng the
elastic scattering as described by Bacon (1962) As the ;_

" temperature increases from O%K deviations from this

arrangement occur, which can be described by using the
8pin wave approximation (See‘Chapter 2). The magnetic
fluctuations associated with the spin wave excitations
interact with the neutrons tb produce inelaStié scattering,

1‘ which is in many ways 31m11ar Yo the scattering produced

by phonons. of course, the use of boson—operators instead
of_the spin ngratprs greatly simplifies the discussion of

\
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the scattering. - As the temperature increases further the
Bragg scattering decreases $ill it vanishes at the
substance's critical temperature, while excitation of more-
and more spin waves increases the inelastic scattering.

At very high temperatures the spins in the system‘
have very little effective coupling, and so the neutrons
see a systen'of free spins and the gcattering is elastic.

'~ As the temperature is lowered ‘the coupling becomes more o

. and more 1mportant and the inelastic- -gcattering increases._
However, as long as the temperature is still several

 times the critical temperature the scattering from the
paramagnetic spins shows an energy spread which is
related to the exchange parameters of the system in a .
fairly simple manner. Thls has been discussed by de Gennes
(1958)55and by Saenz (1960) |

The other region where a certain amount of simplifi-
cation takes place is in the vicinity of the critical
point. . In this region large fluctuations of gpins appear'
and this gives rise to an increase in the neutron: '
scattering (the ‘eritical scattering'), which is, in fact,
& particular case of the general phenomenon of critical _
opalescence exhibited when, for instance, light is

- scattered from a liquid or demse . gas near its critical
pfj'p01nt. From the formula for the scattering cross-section
, jf; presenfed below, we see that increase in scattering must
’A*ﬂn_be due to changes in the spin correlatlons.-_ :
P At high temperatures the static Spln correlatlon _
N <8§;0 §¥(0)> equals S‘ S(s+) , but as the temperature is
3 lowered towards the crltlcal point short range order
‘1ncreases and hence some. short range correlatlons appear, .
B @)S @> %0 if Sl}=0. Alternatlvely we can say that
”*fj;the probab1lity of the formatlon of large regions of
"’correlated sp1ns 1ncreases strongly near the crltlcal
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point; hence the maxima in the angular dlstrlbutlon
become more. pronounced. o o . :
The ordering of spins is also time dependent. Away
from the critical point there is a strong preference for
the spin system to be either ordered or disordered, and
S0 fhe relaxation time is short. In the critical region,
‘however, the'ordered and'disordered phases are almost
equally stable and'only weak restoring forces are involved.
‘Hence the evolution of the fluctuetions is slow, and the
eritical scatterlng 1s in general weakly 1nelastlc. Thus
we have 1n the critlcal reglon 1arge correlation dlstances‘j
" and 1ong relaxation tlmes, and so over a 11mited range the' ‘
scatterlng may be treated as quasi-elastlc and dlscussed ’
”1n the static approx1matlon. R
‘ The scatterlng of neutrons by atoms possessing e

j iE magnetlc moments requires the use of the Dirac equatlon
- for a proper treatment of the interaction between the

| '_neu'tron and the magnetic electrons (Halpern and Johnson,

1939) 57 This leads to the result for the cross-sectlozf"' :

d _Q’dg_" + R, F(L)l Sd,s Fa B «‘8 (—-a‘*’) (4.1)
where the neutron has initial wave vector E_and initial
energyiﬁ, and is scattered into a state of Wavevectorgsnd
energy'E’; K and#wa denote the changes in wave vector and

energy; F(K)'is the form factor of the magnetic electrons .
normalized to Flo)=| ; and '

»jdg(’ﬂ‘"):m{-]\lf%e <S Ko)S@Os b)> - (4.2)

with e(@ denoting X,y or 2 and g (5 ‘:) Z\Q,. n({:)
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. g |
The Bragg scattering contribution in A4 (E;"’) is

LS < $'en sty B

and the remainder is the "diffuse" contribution -7 |
IPL S | ‘( -
VB:@ (kW) = ;—N Ld}c e {(S“(—ls\,o) SHigt) - <SEeX 3%5»} (e 4)

This expression for 't;he diffuse contribution 1eads 't;o a
generallsatlon of the susceptibility, because

d _
i J o(w./g&e(" w) = qivag  (4.5)
k>0 Zen Jkg

Follomng Mori and Kawasakls,g the wave vector dependent

susceptibility can be defined in terms of a relaxation

function and shown to be expressed in terms of the

"diffuse" contribution to the correla‘ﬁion function as

kT X“'Yk) l—

,uu) (4.6)

This is the required generalisa‘t;ion of (4.5). (k) is
the response functlon for a system with an applied field
of the form HQ, In the critical region-the energy
change KW during the scattering is small and so 9(“9(@
~ is related to the static cross section /.Q_ directly, as
~ %he right hand side of (4.6) reduces to j dw S 5(l< w)
;‘;,1:5 roximzbion may not be very accura:t;e for very ‘
diluue alloys, but it would be a useful first approx1—
mation. e
A simple form for X(K) .above '12 is predicted by '
vMolecular Field Theory for a ferromagne't;.

N
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, o % o | | |
KK zz ‘ : 3 .
X=X = (4.7)
4_,2 CKQ "’ % ) . | -
where K= ’D+% and T is the nearest rec1proca1 lattlce
vector; also

X = Mg s(%+bA mc

| 2 L 23K . T
e ETE I

2.3
R

giving a measure of the range of the exchange interaction, .

and \+*k* Xe O T-T  with K, being an inverse 
2?? T - correlation range.

These "constants" +*,Kf defined through (4.7) are
used to study X1 conveﬁlently both above and below KT
- (see Elliott and Marshall).

The Kk dependence of the denominator of Xl also
introduces a continuous range of values for the transition
temperatures. For any given set of’TGQ the actual
transition temperature is determined by finding the Vector
,Kowhich’makés the critical temperature a maximum. This
is a very great advantage as the transition temperature to
any pos31b1e type of ordering can be found from 7K(K)

(see Smart ?blos)

Therefore, X(K) is an_ extremely-important quantity
'and in later chapters it w111 be calculated us1ng +two
effectlve field theories.



~ properties. The simplest theory is an extension of the

‘Chapter 5

'An Introduction to the Theory of Alloys

The behaviour of solid sblutions of paramagnetic
impurities which are exchange coupled in a non-magnetic
- matrix turns out to yield a considerable body of infor-
‘mation with regard to the nature of the exchange coupling,
as well as being of interest in itself. In chapter 3 it .
was mentioned that the need for a biquadratic exchange
term in the Hamiltonian in considering the properties of
M\O was shown by experiments on a dilute solutlon of this
‘compound 1n}%0 . Purther, Lomer and Marshall 1n discuss-
ing the electronic structure of transition metals drew
extensively on results from alloy experiments. .

A magnetic alloy is considered as a random arrange-
ment of localized moments on the lattice with, the
Hamiltonian for the system still the Heisenberg
Hamiltonian. Because not all the sites have moments
associated with them, the sum over all pairs of sites
must be restricted to those pairs which do have moments.

A number of relatively simple approximations have
been used to-obtain a description of the alloy's

Molecular Field Theory mentioned. in Chapter 1. In |
addition to the standard assumption of the theory.when
applied to the pure substance, it is assumed that the
‘susceptibility is 1ndependent of the fluctuatlons in the'
distribution of the spins. The results from this theory
are equivalent to the Bragg-Williams approx1mation in thev_'
»iorder-dlsorder problem, the critical temperature is ’

N
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proportional to the concentration of magnetic atoms, and
%k obeys a Curle—Welss law with the sloPe giving the
‘magnetic moment of the magnetlc atoms.

The extra assumption makes this theory unreasonable
as it treats all atoms, no matter what their distance |
from the 'central atom', with the same weight. Although
the defect does not Become serious for high concentrations
except near the eritieal “b‘empera‘ﬁure, the theory becomes
- completely meaningless in the case of dilute solutions,
leading to the conclusion that co-operative phenomena can
“occur in a dllute alloy, no matter how dilute!

‘The approximation is used by many authors because of
its simplicity, but using extensions of the Bethe-Pelerls-'
Welss effectlve fleld theory (see Chapter 7). Tomlta,
Hecht, and Sato et al have 1mprOVed on these results.

The first of these methods treats an ‘average' cluster,
hence the name given to it by _Sato, the -‘averaged co-
ordination number'method' (ACN). The method shows that
the ferromagnetic Curie temperature does not appear until
a certain finite concentration, the critical concentratien,

is reached. This concentration does not depend on the =

e

strength of the interaction, but only on its range and
the co-ordination number, and has the value ¥z for -

- nearest neighbour interactions. The paramagnetic Curie
temperature rises linearly with concentration and the
slope depends on the strength of the cOupling. In this
method V% is no longer linear against T, as_the.inter—
action term, which fof MFT was independent of temperature,
now depends on this parameter. Further, in the low
concentration region the‘ZXU$J¥ curves start from zero?&
and zero | with a slope which increases with increasing T,
Therefore, the magnetic moment calculated from the slope

f"ﬂ;of the. curve at all. but “the hlgh temperature limit is
overestlmated.,g. o '
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N
Kaufmann's experlmental results for the Fe-Au system

for:X vs. concentratlon are sketched below, and these can
be explained by the ACN method (and also by means OI.MFT)

f although,vof éourse,-the'theory is for nearest neighbour

| interactions while the situation in the a2lloys is much’

. more complicated. In (uMt alloys the interaction is long -
range, as was mentioned 1n the first chapter, and may be
represented (see Dekker) by a combination of a short

range ferromagnetic: interaction and a weak longer range

. antiferromagnetic interaction. The situation in the Fe-Au
system seems to be similar in this respect.

b . o
x (0 : .
X aoj.“ S 77k
/297°%.
6ol
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(o} Y N | 2:0 3. | o, >
. ° /w‘h\'"e

Diagram 5.4 Some of Kaufmemn's exﬁerimental results for
' the Fo-Au system.

\



. considered series expan310n solutions for the critical
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‘Sato et al reviewed these two previous methods and
using the Ising model for S = they used the 'cluster
émd Klkuchl, to

include some of the fluctuation of the atomic distri- -

variation' method (CV), after Takagi

‘bution.  (Not all pairs of nearest neighbour atoms are
equivalent as they may have different atmospheres of
spins). The approximation to the fluctuations was
obtained by couhfing the number of possible arrangements
of each possible type of pair without any contradiction
on the crystal lattice. o

The results of the CV method differ from those of the
ACN method in two respects: the formula for the critical
concentration of a ferromagnet. with nearest neighbour
interactions is now (= ZL,, and the interaction term in Y
has a concentration as well as temperature dependence.

Smart used the Classical Heisenberg model for S=%
and the cluster variation approach to the alloy problem.
For a ferromagnet the relationship for the critical
temperature leads to the same expression for the eritical -
concentration as for the Ising Model. Elllott considered
the Heisenberg model for general spin using the constant
coupling approach, but his expression for the critical
concentration. G = s*o/ts@&ﬂ] agrees with Smart s result
only for S—r® ., Charap?(corrected by Lyons)’ obtained
results identical with those of Smart for the critical
concentration.
' Apart from the closed form approximations to the
'gsolution of the'alloy problem, a number of authors have

"“4 "vconcentrat1on and the concentratlon dependence of the

74,715,706

ey ceritical temperature.' Rushbrooke and Morgan, in

*F:‘particular’ in a series of three papers considered

ivf_%‘and 1n concentratlon foz'X, - ‘In the first two papers the |

expansions in concentration and l,/(temperature) for /&. R



61

Ising model gives reasonable agreement for the C, values
obitained by the two methods (even though one of the

values ig found by extrapolating the curve from high
concentrations), but for the Heisenberg model the
_extrapolation gives an appreciably higher value for the
critical concentration. - Using fairly general arguments‘ar
number of authors suggest that.the critical concentrations
obtained by the Ising oxr Heisenberg models.respectively

- are the same, and this leads Rushbrooke and Morgan in
their final paper to suggest that the curve }{U) in
diagram 5.B represents . the dependence of E&ﬁd,/ﬁjzo) on
concentration. 1 is the type of curve suggested for the
Ising model, and H(il) is the curve if the extrapolated
‘results are, in fact, corred%fg-There is, of course, also
the problem that for [2] lattices ¢ is not unity, and so
" 1f the orthodox spin wave theory is correct ¢>G may not
imply that ordered behaviour occurs. Some of the results ,
from the third paper by Morgan and Rushbrooke are sketched
below and these authors hed to state that the low .
concentration part of the curve of critical temperature
versus concentration is still not fully established.

" The critical concentration ¢, can be identified with
the critical probability for the site percolation problem
of the cdrresponding lattice. This problem has been
studied exten31ve1y by Frisch et al and other authors.

Dalton et al “listed the value of ¢, for wvarious
lattices and found that & seems to tend to the asymptotic

7,778,719

. limit of about 27/z as z increases for [3] lattices.
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Diagram 5.B Curves suggested by Rushbrooke for the
‘ critical température ¥S, concentration.

I denotes Tsing model curve 5 H(@) , H() denote possible
curves for Heisenberg model. '
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respect ively.

‘concentration from successive approximate

- gsolutions to ‘/9{,, taken from the third

paper of Morga.n and Rushbrooke._'_v_ L

denote the second to fifth approximations,
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This may give a reasonable estimate of G for long'fange
interactions, which are very imporvant in the theory of
alloys and metals. 31,82 A 1imit &S/ was found for [2]
lattices. 83' 4

Elliott and Heap produced similar results to those
of Rushbrooke and Morgan and extended the work to anti- -
ferromagnets. However, the application of their results
to MnZwF, was very unsatisfactory. Brou:b produced a
sophisticated attack on the alloy problem but the simplest
approximation which he actually evaluated is only
equivalent to the first two terms of the series expan31on
of X in powers of C, _

Nurraysgtudled low—-energy spin waves for impure
Heisenberg ferromagnets (the alloy consisted of atoms
with different spin values) and was able to give low
bounds for the critical concentrations of the three cubic
lattices. (One of the atoms must have zero spln, of
course). These bounds were, 1n fact, hlgher than the
131ng model results of othgﬁz?ughors.

Friedel and co-workers introduced for the study of
the behaviour of transition impurities dissolved in normal
metals the concept of virtﬁal‘bognd'levels, which
_ phenomenon .was already known in the scattering of
electrons by free atoms. These levels arise because the
d-states of the transitional impurities and the oonductive;;
states of the matrix have similar energies,and resoﬁance"'
phenomena occur. . The properties of the virtual dbound
states can bé simply studied .in two rather different
models: (i) a free electron model is used for the
conduction electrons, while the wave functions of the .
alloy can be analyzed ih'Spherical harmonics; (ii)
Anderson and Wolffwfostulated a perturbation potential U ,
introduced by the impurity, which is small and repulsive.

~

\
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(This seems to be the case for Cu-Mw ). These methods
have been used to study the conditions which are needed
for localized moments to exist.

This is an -alternative method to using the R-K-Y
interaction and leads to a very similar behaviour for the
interaction between impurities. These couplings are both -
long range and oscillate rapidly with distance, and so
the effective field on a given impurity atom depends on
its interaction with several other impurity atoms. The
distribution function for the internal fields is :
therefore a quaql contlnuous and symmetrical curve. This ‘
was discussed by Marshall who succeeded in explalnlng the
specific heat result of Zimmerman et al us1ng\§@e'R—KéY
potential. The distribution function was evaluated by -
M. W. Klein and R. Brout?

From this brief account we see that the critical
concentration is relatively well understood, but the
shape .of the R, () vs.lconcentratioﬁ curve is not. It
would seem sensible, as the series expansion methods are.',
at the moment difficult to apply to sufficient accuracy,
to use some approximation to the behaviour of localized
moments already used for pure substances so that the
problem is reduced to the discussion of the concentration
effects. The Green function approach is obviously too
difficult an approximation to apply to this problem
because the decoupling procedure is still little under-
stood and the introduction of impurities into +the theory
increases the decoupling difficulties. For instance,
even in the MFT approach decoupling of the averages OVer'
all possible distributions of impurities is needed (see
Chapter 6). The effective field theories have been used

to discuss the properties of a random alloy.system. The

: ‘Molecular Field Theory is used in Chapter 6 because it

AN



66

“”fgives thévposéibiiifyfof‘éfuinng interactions of

*  arbitrary range. In.Chapter 7 the Ising model is used

together with the Bethe~Peierls-Weiss effective field
theory in order to treat long range interactions in this
approximation, while in Chapter 8 the Heisenberg model is
discussed for nearest neighbour interactions.

The difference between these theories and those of
Smart, Sato et al is the use of 3 ,a distribution function.
for the "impurity" spins, and the_production of a‘series
of closed form approximations, which will give a much
more valuable guide to the behaviour of the models.

N
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Chapter 6

Calculation of the Wavevector-Devendent Susceptibility -
using the Molecular Field Theory for a Magnetic Alloy

6.1 Introduction

The simplest effective field theory is the Molecular
Field Theory (MFT) mentioned in the first chapter. As a
first attempt at prediction. of the magnetic properties of
a pure substance this theory was a major triumph.

However, when a detailed comparison is made between theory
and experiment it is found that the quantitative agreement
is not very good. - The IOthemﬁerature magnetization does
not behave as the Molecular Field Theory would predict,
that is, it does not decrease from ssturation exponen-
.tially but much more rapidly and only the inclusion of
spin wave excitations in the theory can give the geslred
power law. The experlments of Heller and Benedik on EuS,
an insulating ferromagnet, near its Curie temperature ;
have shown that the magnetization follows a'(Tg-Tyxlaw

but their value for n is nearer ¥ than the value &
predicted by MFT. The other major deficiency of the MFT
is its prediction that the zero-field specific heat is
zero for I>T,, when -in fect, experimental data indicates

- a high temperature tail. '

Despite these erroneous results the simplicity of
the MFT makes it attractive for a first atitempt to
approximate the susceptibility for the more difficult
alloy problem. The alloy is assumed to be binary with one
component consisting of atoms of a magnetic material, and
the model chosen is the Heisenberg one for localized

\



moments; though the range of the 1nteractlon 1s not
restricted. Thus, the Hamlltonlan is, '

‘;,C - -QZ U'(m-n)g S _.JJ%HZ S \Qh | (6.1)

mnn

i,
Where.§m ig the spin operator associated with the magnetic
atom on site m and the summation is over all sites on
which a maghetic atom is present. The exchange parameter
"J(m-n) is, in fact, quite arbitrary but it will be |
agsumed to be independent of the direction of the vector
n-n and only depend on its magnitude.

The Molecular Field Approximation consists in
considering only one magnetic atom and replacing its
interaction with the remainder of the crYstal by an
effective field. From (6.1) we see that the single atom
Hamiltonian is,

&, = -QZ TS S, —agh ST ok (6.2)

-

This Haﬁiltonian is to be approximated as, -

R Q“}*S'S&'B& - . (6.3)

So | : JISH,} 's' 223’(&-\1) -S-m + }aaH»ej' (6-.‘4_)_,__.

In the spirit of the Weiss approximation each vector Sm is
replaced by its average (S > ? and as the applied field is
taken along the z-axis, as usual and deflnlng Op = .2<Sm>

- we have ‘

vuaHn —>Z3'(m—~)0‘ +}L¢Hen o ~ (6.5)

\



Thus, the standard calculation gives,

Oy = &?s\ (235l }fég) 3 , (%’%?‘) - (6.6)

14

This equation, if it is to be used to calculate the
paramagnetic susceptibility, need only be considered in

its linearised form,

@[ZD’(ML}O‘ +}3He'- | - (6.7)

where o,=25(S+1), ¢= VuT . Here the sum, as in all the
above formulae,is restricted to those sites where a :
localized moment is situated. To remove thls‘restrlctioﬁ
define the following distribution function,

| if the atom on site & is magnetic

B=

‘O if the atom on site g is not magnetic

Using this function (6.7) becomes,

| kg | .
0, = (YsHD,_L [% 3'('-"@)0}1__1, -*-}'ﬂHe ] (6.8)
where the sum is now over all sites of the lattice.
We now Fourier transform (6.8) using the following
transforms,

»0"(>3='ZG; i , D) ==Z%> v

-1 {n m \
I = 7 Tlem) @ BB
: fb'm :

where A is a reciprocal lattice vector, to give,

o(3) = ugHieh (3-k) 4~'~,'“T§32;‘J<:5'&(t>%(3—x)v (6.95
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Defining Q, to describe the fluctuations of (3}, that is,

‘\’CB)“‘-N&»"‘O‘L (e is the concentratlon of the alloy gample) ,
(6 9) can be written as,

TRRW = paHug (NG, +4, ] +%§ZJ({:_)¢({:_)<1_\__§ (6.10)
T o

where Q@)= |- Ns?“- U-G‘) R '_ L

The wave- length dependent susceptlblllty -1sm_z:elated
to U(d) by the following relationship, ' ’

<o(d)> B
Ky = z‘.jro_ ‘“—%——-—-ZHO_. (6.11)

where the average of o ()) is taken over all possible
arrangenents of spins. ‘

So the problem of determining the response of the
system is the problem of solving equation (6.10) for
o(}) - An exact solution to (6.10) is, in general,
impossible but when ¢=| the functions @,=0 and (6.10)
becomes an algebraic equation instead of the integral

equation it is in general and,

XD = EENoE
el |~ ok T(L)

(6.12)

6.2 The Decoupling Approach

 Averaging (6‘10) over all possible arrangements of
spins gives a rela‘tlonsh:z.p between the two averages '
KTy and <o) ay> - We could eaually have multiplied
equation (6.10) by the factor Qy y and then averaged to
give a relationship between the two averages {rha ’\>
and < O(t) Oy at_}> i and so on using in succession 'bhe




factors |, ayy , ay, 8.y s 8y, 8.y 8w ete.

single equation (6.10) is, thus, represented by a
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The
system

of integral equations comnecting o ())s various averages
. (compare Chapter 2). 1In fé.ct}, we have the equations,

%(b QM) = )"%H“s%c“ 8_&)\} + %ZE— 3(.‘:.)% (&)

| %(3)@')@@): J-Kd."kelg@e(k-c}NS;/h A &%Z T 3@)gt’

J(LEH QW) = ng,ausgco—a \__QNSx B+ o—oa] N8y

+ f“'i@ 'Z U(‘s)%('s,ljé’jéﬁ

- — . am - -—_—__—_—_-_...._

where <cr(\)>—- %(k) ) .%Q)!’) = <°_(~§“-) Qply>
JO6EY = ooy, Qpy>

and %(ki-}-‘; é’lsi"&) = < U‘(Q‘QE"EO‘_{;L_\_QE",;;’>' o

o e e e eem M # T m & . an e

These equations cen be simplified by defining f£(...,t) bj'

the relationship,

§lms 1D = g dhee Noy p $(mrb)

. '.I.'hey, in fact, become, (see Appendix | ),

ﬁ"ff@wv fv3$27@ﬁ&>-
e - 9+ BTS04

Cheon 0 QW= NG (3020

* “3@ £z ‘J(b;?(é 3ED

— o — - — . N
: L Iﬁ-———__——._—_ e e w4 S en ma .

T

© (6.13)
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Obviously, this system of eguatioms has to be short- ‘
circuited in some manner, so we have a decoupling problem
to solve. This situation is identical to that found with
_Green function methods (Chapter 2).

A number of decoupling procedures have been tried
and the least effective of these aré commented on in
- Appendix:s 2, but we deal with the most effective here. _
Simple iteration of (6.10) is of little use in approxi-
mating ¢(}) , but it shows that U‘Q) can be expanded in
the following form, -

T = A By [T N0 A (6.14)

that is, o (A) is expanded in powers of the Q, functions.
The functions A(X),B(A) etec. are completely arbitrary.
For a particular arrangement of spins on the sites this

~ formula is not exact (as there exists a relationship _
between these functions), but when averages are considered
we are, by introducing this arbitrariness, approximating
the moments of O (1) more effectively. (6.14) is,
however, not in its most useful form as the <oT(A)S is
given by,

"<0"(fl)> = A(}) + e.(\-c.)NSw NZ ) + > (6.15)

which is an infinite series. Reorganlzlng the terms So.
that only A(\) needs to be calculated, o (4) becomes,

T = Am +P>®az_g+ ZCC-,MQL-L-ON «-N&x  (5,16)

—’-




73
where the ‘average =~ < Qy.xQp - c(l-c?Ngl‘& (=200 > =0 '
end also the average <ax{ Ay Qg — c(:-c)N& g~ (20 O.M;‘Q T
=0, for all vectors x. Ii this prooedure is extended
t0 higher and higher terms each additional term makes one
more of the equations of (6.13) necessary to determine '
the solution, and so decouples the system of equations at
a later equation than before; but more important the
change in any lower moment due to the addition of:the
next term comes from the redefinition of the highest
equation and the addition of a further equation, but not
from a redeflnltlon of all the equations. /

o Let us now cons1der the seaguence of approx1mat10ns
' found by approx1mat1ng (6 14) by a flnlte number of terms.

. ’6.3 The Firvstb‘-'Approxizﬁa‘vcior.ls

‘”he s:unplest approx:.matlon is ’co ‘assume that
o ( b = A(.D

7 so thet T (}) 1s ‘independent of the fluctuations in
‘concentration. From previous definitions,

I = ALY ,

and so the first equation of (6.13) (which is sufficient
to determine A(}) ), becomes,

A = | + 227 SOF
where f[t) =0 and A= )xa.HQISFU\J SA,E‘;A .
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P SR TS (6.17)
e oL —ageT(k) |

Thls 1s the 31mp1e Molecular Fleld Theory result

7”mentloned in Sato. In the limit c¢—| it reduces to (6. 12),‘

and in the high temperature limit it gives the correct-
leading terms and a Curie-Veiss type law. The critical
temperature condition is, of course,

RT, = e J (k) . (6.18)
and so no matter what the type of ordering there is no
critical concentration. The critical'scattéring, if we
assume that the quasi-elastic limit is applicable, will,
of course, be of the same form as for a pure substance
and only the temperature at which the divergence in
scattering occurs (for a ferromagnet) will be reduced.

If the next term in (6.14) is allowed to be non-
zero the approximation for 0‘()) is- ‘

1) ~ Ap) LR, (6.19)

and this implies that

a(dy = A(d)

a(Ab) = c(t-e)Ng\, h’%()‘) o
and gAY = c-ONG, tﬁA(X) -\-c(t-—c}Cx—Qc)Ng;

So the first two equatlons of (6 13) become

AQ(k) = | + "%?’““‘“‘7’ Z:)‘(b%(lc) T (6.20)
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vhere  AQ) = soHdaeNS, LA,

B(h = ;L%Hozsec'g(.)s\ |
end  BMQM) = | + dpcT(DA

(6.21)
+ _____-“'e’Q ¢ D“"‘32 U(ev By

The - dependence of these eouatlons is s1mple enough

to allow ‘a complete solution. - I\flultlplylng equation (6.21)
" by a factor J(A)/& () and summing over A gives an

algebraic equation for ¢ Zf(v)bié) in terms of A.
: U_smg _thls condition: toge uher with equation (6.20) gives,

:,_y-a @»CNS)M (H—& 3c‘%>. » (.6.}22)

(x).., ;
(\-as?a(m)(x clsg,(L—QcD"> —d2g c(x-—c)‘a,:)'(h.

| _ 4 JCE)

In the high temperature limit this reduces to (6.17)
and the correction is O ¢ 2y,
Tn the high concentration limit (6. 22) becomes

1 pRg NSy
|~ ds@c'j(%:)

L 22y o N “'g'usggo ;}
+ R g.*,*:Q 9 e (1—ep T()

+ OLe-o] “  ('6.23)
whwe o= g e
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As one would expect the corrections vanish when C=|.
For small concentrations (6.22) becomes,

+3 #%‘dé@ac‘ NSV
A

LM pc NSy
| —dgcT ()

(6.24)

The correction, of course, vanishes in the 1imit C—0,as the
leading term is of a' higher order.

Consider the condition for the critical 'tempera‘ture
1 glven by (6 22) - It is,

(l—-og@c:f(k))(\ olsgs(x—aag) — g Q;co—axdv’(k) = - (6.25)

- As we need 'bhe smallest value of @ which satisfies this

- equation the values of A allowed are glven by the set of

a:r( )
DY

Deflning o = ol BC (6;25) becomes,
| S?’ 27 1 .

equations =0.

S (1= 4T
NZ -

= (6.26)
l"‘d J® . o&[(x-uc) + 4eT( ] |

~

When D<<5-i;&) , @.{‘L\lz_ () };O'

for all concentrations.
Hence,.% is an increasing function,

c(1—2T(ha) ! |
Also- ) <0 i o> '-\)T‘(;")
d] G20 +ucTON] .
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and this function has positive values from oo to O in the

region O A< J-"(X—o) So for all concentrations there will

" be a solution of (6.26), ®,. This is shown graphically_in'-'"

the diagram (6.1)
A '

o YhE of (b2l
or n - hand

sida th(b.25) “y)

-

— e e et —— —— o

Diagram 6.1 This shows é. plot of both _sides of (6.26)

It also follows that K < :Y(},) and so for all
concen‘tra‘tlons the critical temperature determined by
using (6.26) is always greater than that predicted by the i
simpler condition (6.17). The graph of ¥T, (normalized =
at ¢c=| ) as against that calculated from ‘the s1mp1e theory
is shown in the dlagram (6.2).
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Conc Eh+mtl on,

Diagram 6.2 Comparison of first two approximations to the
critical temperature. ”

These preliminary'findings are ehcouraging even
though no critical concentration is found. For long range
interactions the value of any criftical concentration .
would be very small indeed; and so provided the detailed
behaviour is reasonable this theory could be useful for
these interactions (RKY etc.).

The corrections to kl. are in the right direction to
’explain the results of Popplewell et aiwéhd Thoburn et ai”
on the systems Gd-Lu and Gd-Y respectively (see Fig. b',).
These corrections may also help in some measure to
account for the discrepancy in the strength of the

A
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interaction in Mn-Cu alloys. When calculations are made
the simple theory gives the coupling constant J=~ 0.5 ev.
(errors are obviously made here as nearest neighbour
interactions are used), but this is a factor 2 larger
than J deduced from Owen et al data on free Im™ ions,
which gives, J~ 0,22 ev, If the second approximation is
to offer an improvement the graph of the critical temper-
ature against Eoncentre:tion must be linear in concentra-

tion for c-up to 0.12. However, as the localized monment
model can only be regarded as a convenient phenomeno-

logical procedure for the Mn-Cu system the rare-earth
alloys give the main'encouragement. ’

We now proceed by considering condition (6.26) in
more detail. VWhen the concentration is very small we
assume that the solution for kT, is represented by a

. power law e, ' _A.’/,-*

I LT = At |, a=AldT0Ne"™,
Substituting this into (6.26) and expandlng for
small values of concentratlon gives,

CACh+ dee T (I 1— o2 (-2 " “% +er]

f ‘ .
—2M P BTy =0 (6.27)

Egquating coefficients of the leading term in c, we
find the result,

= ddg | (6.28)

where b’zc-‘p‘;z:”(g) , and we assume that 7 is the smallest
exponent possible as we need the highest values of kT
possible. - '

As was expected (6.28) gives values greater than
those found in the. simple theory and the eritical
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temperature for small concentration does not now depend on
the maximum value of J(A) but on the average v,

The other limi% of interest is when czl. Following
the same procedure as above we define chcugJ(L)+130—dg+~»
and expand (6.26) in powers of (i-¢), and by considering
the‘coefficieﬁm,values for B and 7 are found.

The result for thé critical temperature is,

N T
_.k'Fc»._,f-%-}gTQ,) [ § (6.29)

: (&)
iR — e .
|+ NZii T30

This expression implies that LTCI,JJ(X)cas wa.s
'expected. The linear decrease seems to apply quite well
. to Gd-Lu and Gd-Y systems.~
' The concenuratlon behav1our of the s1mple approxi-=
”*. ma%ion>to the,susceptlblllty has a simple dependence on

 concentration. There are no extrema and its graph is

always above (or below for w J())>c) a linear dependence; )
see diagram (6.3) |

RTX ()
)&2. 82.

S

—_|

I-483(3)

Td) <o

e
—

concontition

~Diagram 6.3 The concentration dependence of the
' susceptibility (6.17). (KT >RT (i)
Vet N Ll LT '
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The second approximation (6.225 is only equal to
(6.17) at c=o0, or | and extremely high-tempepgtures. In
fact, if X ()) given by (6.17) is labslled X)) aha-that
._given by (6.22) )T%A), we have,

Xy =Xy (6.30)

in the temperature region considerea.

’Xm(z) can be compared with the appropriate linear
law as was X°()). X® equals the value of the linear
law when ’

T = o (1= dpeT 0] )

(we are interested in this condition when A is the value
for which J(}) is a maximum). TFor any interaction (6.31)
cannot be satisfied. ,

Por (6.22) the condition for stationary points is
difficult to deal with. It is

o —¥spy (1-20) —2%&@%0—@ ta*+ og@c(tfc>% -0 - (6.32)

Near ¢=0, and ¢=| it can be shown that there are no
stationary points, and, in fact, considering (6.23) and
(6.24) the behaviour in terms of power laws is the same
although the slopes are altered. '

The result (6.30) shows that introducing some of
the randomness increases the response of the system over
the whole temperature range for all concentrations.
Hence, one would expect the inverse susceptibility to be
of the form shown in the diagram below. |
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l, &
¢
.w‘f'mPo laton of
the. high GmpasaBie~ /
Uik,
/
/
/
/
/ | \
© KT kT

| _Diagram 6.4 The temperature dependence of the
suscettibility (6.22)

To complement these general results, calculations
have been carried out for a simple cubic lattice and
nearest neighbour interactions. . The integralf? is only
to be evaluated for 0< « S'Zimu The integrand is regular

and only diverges when ®«= Y5  and J(}) has its maximum

value. A uniform net of poiﬂyz in Vg% of the Brillouin
zone was used and convergence was adecuete. The results
are presented in graphs 6.1 and 6.2. ,
Since completion of these calculations, a table of
values by Tiksoﬂukor the integral * has been fbund. The

two sets of values do not differ significantly.
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6.4 A Further Approximation

‘ After this prolonged discussion we return to the
approximation of (6.16),the expansion of o (A). Assuming
that

S AL + B 4y
+ JN% CG_‘)}Q g a}.’EQE‘}} -Q[\..QNSLE' - G’ac')-ql-b}

the relevant averages can be expressed in terms of A,B,C

as follows

g =AY 3 G = cc\-gﬁg wBO
8@ %) = c(l-—QN Sx L//A(A) -+ c(\~Q(\«Qc>N Qkah’%@)
+Li Clk \)iéo-cv [-an S«E:)g' EN*En ( SHuer b t)]JZ
and  q(0E, g’,gﬁ -c_c.-cwg, ¢ 90, £) —a—ac)%&
= B0 &gﬁ?&,b J-u

+N(Se 8 gy ot S ko

_ + 85‘5"’3-}:0 }
This decoupling implies the following three equations

AQE) = |+ wgpea-o ﬁZﬁ (B (6.33)

BWAM) = | +udp 7 TOENS A0 0}

+dgpc (-9 Zn’cw Of-2eN By + xm; (6.34)
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ST

d,
an Tix'?g CleM {2+ N (S, o Sk_g_+¥)b)kc6l—c) QL)
= ;@c*(\—c.) Z?(&) B §- a+N(£)_w 4—& e f - (6.35)
+ge 620k Z THCUEE  +N(50 St anens

-{“ Sfl L’-}-’)C)O-r 8\~k,\.x O)}

It obv1ously becomes 1noreas:.ng1y dlffloult to deal with
the set of eoua"blons produoed as the approximations
become more complicated but in this case C(, b) ~can be
eliminated as follows -

Using equaulon (6 34) glves

e -Q) -;—i%vaf(s)_cc.,é) {-,m N () ths, +5, A bbb Sy R
- ' +8% V-t-«..o)} (6.36) -

= B Q) + cewﬂ@c\@ —2A(

where AO&) = [ 4—&3%3(}3’):\ + DZS@C C\“D-Q)%\IZE —JCE)E(.E) .

This equation can be used to re-express (6.35) as

[ -3 eled) + ) +Clx b ] oy

= dagc‘{‘-zT&)g&)S-z N (80 4,0 gt—\z-m")} (6.37)

e~

+020] ¢ B(10) Q-5 +B)Q0n) -2a(m ]

Multiplying by J() /@(L} and ' summing over ()) gives
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- L7 Tely J—Z T st 4 LZJC*)CO*"‘ k)
Y |

- H

.__:z [o{s@c 'Z'JO:)’B(&) r;ﬁ‘gé(@]% (6.38) |

I O (e
+ Z i R B& +J3 R(k-_;)'ﬁk—@.

(l;—:lc)

where R(’g) :_—‘ By

B us&ﬁ.

1 Choos:mg X=kK-\ and u51ng ecuatlons (6. 38) and (6 34)

e 'v‘,';.comnletesthe ellmlnatlon of Ci=

,@Q) Q) = A -ngsco-c)g[dsgclﬂg:r&s@(twc‘({%a(k}]

+ispet-a y RIVE () - (6.39)

U'U:+h A)
* NI 8 (-0 %“““]

The behaviour of the integrand of the last term makes it
impossible to obtain a complete solution for A from

equations (6.39), (6.33).
Formally (6.39) can be re-expressed as

AT - BF - gcoan_Z TEURLEY - (6.40)

where P = QM —dggﬁ(l-agRQ) |

ene 00 = AL - 2ppeto [wpe i TR +EEA]
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Comparlng thls approx1m tlon with the last the

| 1éading correction to cB () for small concentrations is
of order ¢. This is shown by simply iterating (6.40); and _
using the leading terms in this expansion and equation
(6.33), the leading correction to the denominator of X (k)
is _

a2 pe Z T(erE-1) TR TR (6.41)

-"

So the critical -temperatureis k[ =4c" for low
concentrations. This throws doubt on the validity of the
theory for small concentrations and as we shall see in
the next section this doubt is justified.

Por concentrations near c=l , (6.39) leads to
important additions to the susceptibility of O(i-c¢), as
one expects, since most of the terms in the exact high
temperature expanéion contribute to O(l—c) and the earlier
approx:.ma‘tlon d1d not 1nclude all these contributions. '
In the limite—>, ¢ B() satisfies the eoua”clon\,‘_u__&

POCW = X6 —wpkI Toan Al

where 'ﬁ(}:) = (l—dsgia_(,}))(.l‘*dsg’%’\j e—
XOE) = (.‘4'2&8(5 8\>£] + Msp SEA- dsf d']

Obv:.ously, terms proportional to N:Z 3‘(\)3'(*:33-(&-?‘*-}) will

be included in the terms of O(l—-c), but the change in the
critical temperature vs. concentration relation near

¢=| is' difficult to determine.
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‘6.5 The High Temperature Expansion

Using the averages considered in Appendix 1 an
expansion of the exact solution of equation (6.10) can be _
obtained. The first five terms of this expansion are

X)) = 3t uspeN %’g{ | + dbgcT(ZB + A’ + BapY

+ D) + E Qe
+ ~b }

- (6.42) |

A= TN+ c-9%, '
B= e:-3'30> + OO+ ST+ ef-¢ ’—LZSMTN (k-hh)

D= C*THD +B3U-0 (zs Y, T (Y 3y (THY) + ¢ (‘-C)C.ﬁ"icn’
+2e*0-* TN 1-.2 sce):s'(;,):r(w_ £ +c<..o(\-m 7_3(*)3'&%)3(;\%

&£ ,-,.:.

+c (\-Q‘J- Z 3‘(&)'3'(_03'& SEF) T (ED 4 T(ReE1) ]
ale.

ohe Y, = —LZ T(L)

It 1s 1n‘berest1ng to compare the hlgh temperature
expansions of the approximations considered previously.
The simplest approximation (6.17) only mirrors the exact
MFT expansion to Q(p ), and the first few terms of the
other approximations are respectively

XN = % p‘g‘dschg Ak { | + dagf.?(@ + A (ds@z
| | +8 (4P + v |
A = (‘.‘:’_a('&) +e(i=-Dy, ‘
| 3, = AT +c,=o—c.>(~53+ aT(N%,)
and YL
xme SpguepeNSyy {1+ doeT(o + D
+ B @) + »}
A= 2T +e-a,
B, = cazy-"(n) + (- LY+ 2%, 5(B]
+e(-cy lz 3<e>:r(t>3<h-ht
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Thus, the succession of approximations is gradually

improving the high temperature expansion's representation.
What is more important than the form of the

~expansion (6.42) is the infinite series of terms

proportional toc¢c, i.e.

dpeT(D) + viptey, + o 6" e j TOTEIT(e-taE) + >
. —‘j --]

The * term of this series can be found using the
recursive relation given in Appendix_2. In fact, in the
1% term the most important contribution for the low

concentration term is

|
.—N—wiz V)" CE)<O\\ SQL *;" —-q-.hh_k>
h'"’-'

When v is o0dd this gives

@) TEDTCe T(erlrbmt b

-b--"tn-l .

while for ' even it gives

c* “i‘n—l Z J.(JC)D—(._;) N T(E St 17 )
R

For nearest neighbour interactions these can be evaluated
and the terms to Q( &) are

N a os6e. (k) + o2gic IT(e) z
o = Q%SQ%CN%I T — w36 +O(°)j

Thus, for small concentrations the critical. temperature
is KI, «#wJ, which is the reason the approximations listed
previously could not give & coherent picture for this
concentration region. If the situation is éonsidered as

& pure dilution problem the number of nearest neighbours

A
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for low concentrations becomes ¢z, and when ¢ é%_— the
effective co-ordination numwber is<¢2 . When MFT is used to
treat the linear chain for a pure substance it predicts a
ferromagnetic Staté, which is incorrect, so it is perhaps
not surprising that for small concentrations the theory
gives an unphysical ordered state. ‘

Following a procedure similar to that of Rushbrooke
and Woodﬂbut ineluding the distribution function ’i),_ , an
exact high température expansion can be found. Tﬁé first
few terms are '

Ao = Spra®usgeN 1.1+ o U(o)ci + o2 2c3'3(°>[°(""‘> _5‘&]
gt ¢ ¢ s

doap

The MPT, as in the pure substance case, agrees with the
exact expansion to only the first two terms,and what is
much more significant is that the largest term for small

- concentrations of‘O(@‘) has changed sign. I? is obviously
this error,and others in higher terms, which lead to the -
unphysical results for low concentrations.
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GRAPH 6.1

Curve for the 1ntegra1»} against o/ compared with ~l:he
curve of the right band side of eocuation (6.26)

for concentration Cs=.|

(1) denotes the curve of
(2) denotes the right hand side of (6.26).

P
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GRAPH 6.2

- CGurve of critical temperature against concentration

obtained from the condition (6.265.
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Chapter 7

The Bethe-Pelerls—Welss Method for Magnetlc Alloys
- Ising Model

'7 1 Introductlon

In the last chapter it was shown that besides the
deficiencies. of the MFT for the pure substance, this.
approximation cannot deal with the dilute alloy region
end does not give a critical concentration. In fact, the
validity of +the approximation in the region of c=l is all.
. that can bé,claimed,_and a more sophisticated theory is |
needed. In looking for an improvement an obvious compro~:
mise is to consider some small section of the crystal,
treat the exchange interactions within the section
exactly, and assume the section to be coupled to the
remainder of the crystal by an effective field. TFor the
pure substance, the simplest choice for this small sec-
~tion is a pair of nearest: neighbour atoms selected at
rendom; this is the Oguchi method. o It would seem

impossible to extend such a method to longer range inter- .=

~actions, and more important in the alloy situation, the
" value of <S > for some site i would depend on the choice
-of the other site of the cluster, and it can be shown
quite'easily that the dependence is not trivial. Thus _
the application of the Oguchi method must be restrlcted to’
pure substances with nearest neighbour interactions. -
The next improvement would be to consider more than
two atoms in order to take several interactions into
account exactly, instead of just one. Kikuch{w%as made
such an attempt (for puré substances and nearest neighbour
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interactions) using the constant coupling method and has
found. that the amount of improvement increases rather
slowly with increases in the number of atoms considered.

- Another method, that of Bethe, Peierls and Weiss (BPW)
involves much less labour. For nearest neighbour inter-
actions it uses a group of (z+l) atoms and an effective
field.. This method was originally developed by Bethe to
treat the problem of order-disorder in alloys, extended +to A
the Ising Model of. ferromagnetlsm by Pelerls,Sand to the
Helsenberg model by P.R. Welss The BPW method is an

- improvement on the MFT as it predicts Curie temperatures 
for a pure ferromagnet which are very much nearer the
values obtained by.Rushbrooke and Wood from the exact high
temperature expansion of the susceptibility; and also
gives a non-gzero zero-field spec1f10 heat above the B
transition temperature. Below the trans1tlon temperamure
it has the major deficiency that it predicts an unphys1cal
anti-Curie temperature; and in this reépect éione it is
inferior to the MFT.

The BFW method does not suffer from the troubles of
the Oguchi method and can be extended to 1onger range :
~ interactions and to the alloy situation. The introduction',
of even next nearest neighbbur interactions when 'consideré -
ing the Heisenberg model created difficulties and so in o
the next section we use the Ising model, where inter-
~actions of arbitrary range can be formélly dealt with. We
also restrict the spins to the spin % case in the next ;
section to simplify the mathematics still further.

7.2 Ising model S2%  Method 1.

The problem of extending the BPW method to long

‘range interactions can be overcome if we relax the
-restriction on the cluster that we treat all the
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interactions between spins in the cluster exactly (as we
would in the nearest neighbdur“interaction case), and
attempt instead to treat the interactions of the central
spin exactly and those of the other spins in the cluster
by means of effective fields. So we first choose a _
cluster of sites centred on the site n such that a spin on-
n would interact with another spin in the erystal if and .
only if the spin is on a site belonging %o the cluster of -
gites centred on n. As we are considering an alloy we .
introduce the same distribution functionn% as defined in
the MFT discussion (Chapter 6 %UD, which énables us to
write the Hamiltonian of the cluster of splns as,

cerer e dkeer)
Jem')& =-d Z +!%MQU(&)SE SMQ-_}% { Z }fn'fgstt_-tg_.uﬁ@'{'“{"n'_e AS}} (7-1) ‘

where “n(e) is the effective field for the spin on site
t+% and the sums over ¢ extend over all & such that a+e
belongs to the cluster of gites centred on n.

Some means of obtaining values for the effective
fields is, of course, needed and in the light of the MFT

' dlscusslon we choose,~

, Ma HE(Q) ZT(M-?--M)O" - 3‘(00_ “‘“)JgH \k (VHQ.) : (7.2)

where O~ Q<Sm>

Because the Is:.ng Model is belng used the eigen-

functions of the cluster Hamiltonian (7.1) are obv1ous and |

the eigenvalues are,
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JCCE I o = 1{; Zym\; gme -
L o (7.3)
LMb g BT LT HOR, ¢ |
EY A af4g " e Sate
~ : +] 1-} St‘*i‘-n: ‘lg_ -
where €y v, ° ' ,NJ—'H = g, n§ s'.'lfes}'\nc\us’m‘. |

- The probability of a particular arrangement of spins is |

‘ ,Qx?{- @E (65,85.,&',...;. ,Eg;g_NJB }' and so,

L

'Q%E%'—‘Qe | L
0, = <S> = | T (T.e)
‘ 2 e |

GUE
This average can be expanded in powers of the external
field, H, and considering the two configurations
(8, Epagyn 4 Enrgy, ) and (-,
, together (7.4) becomes,

D i J.H,Z:r()mem -
e AT e {pg@ZHm\:ﬂ,g m*Pﬁ?i’He }

o Covg Eneg)

s ,Z 5??&%“‘(9){%;*;«:

neQ) b oeneemy T Ena gy D

l#q

: b
J:’@f vrotwons

(Emg.‘a‘----, 854 Sﬂ,)

This is easily reduced t0 the equation, 36 i‘
,~03(e5h,

O *'al*a“éh_. +=1&Zf<3H(f>}: {”WW} o (1.5)
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and substituting from'(7.2) for Hn(f) into (7.5) gives,

| '(7 .6) ' 
Heh § 2 bEeslg s T ]

v}heré | % (nn) = {i _ew(vs-m H.‘ A+ Q—@TCm-\:.) }

As in the NFT, we Fourier-transform this equation and

~ obtain

A\

TR = axgel (60 + FhrgeM g z%w%o-m\vo © /
o + J-e N’Z T () §( )t)(\a » )F(x‘kz)

—a-

5ot 2 Tl @ (m {»(x-x ALY
Ml

)-31-3

(7.7) |

When O'(X) is assumed to be independent of concentration
fluctuatlons, ' | '

‘_} P‘%‘?‘N SL,\;{- [l +e¢ 507_-)]
| =gt TOFER) +5eer§ T IS
: : ‘ | o

X = ey

* In the high temperature limit, therefore,

@) —> ePgeNdy, [+ £ 0] - :
L] ' l - .Lé:caj-zch) +L zc,_l_ ZJ‘(X)" ,' (7.9)
* - 4 N 5 -nA

and so the first two terms of the high température
expansion are the correct ones but the form is not that of

a Curie-Weiss law, as -t‘; T # 0.

The susceptibility (7 8) gives the condltion for the -

o vcritical temperature, L
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N R TWE e LT TRIER) =0

Consider this condition, when the only interaction is of

nearest neighbour type. N
therefore (7.10) becomes

] — et TE V() + LTy, =0
| — o7 and Y, = %‘Z ‘6’(}\_5 ,' and hence,

where CE = —

| € %.T . 2 _ . - W

@c‘z(z—x) T§ =0

Thus the critical temperature kT; <—‘-z(z-x)c"3' 'and there
can be no finite critical ooncen‘tra‘tlon.
}wi‘bh the MFT result we have the diagram,

h} /L,'

GA

Y

Q
il
N _

Concen‘t‘m‘t‘]on

Diagram 7.1 Sketch of kT s, concen‘tratvic.m for present

(7.10)  

method compared with MFT result

ow 3(M)=0g(}) ana () =F¥N);

Comparing this -~
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Curve (1) is the MPT prediction from the first
" approximation. Curve (2) is the BPW theory result using )
" condition (7.10). The dotted curve (3) used as reference
is the critical temperature curve predicted by (6.17).
The BPW result is an improvement, in this respect,
on the type of curve obtained from the MPT approximation.
The condition (7.2) is not fundamental to the
calculation. In. the next section another method is
detailed, which does not use this condition, and glves
further 1mprovements.

7.3 Ising Model S= '%' Method 2

Instead of the condition. (7.2) belng used to

~eliminate the effective fields H,(e), these are determined o

by evaluating O . for each ¢ which "picks out" a site
belonging to the cluster of sites centred on the site n.

By definition, -
Z EMC

Opte’ = Pusy’ Z (7.11)

where E5 are given by (7.3). o
By the same method as used for calculating g, (7 ll) T
~ becomes

Tt = Mehay J Hy(© + M, B [1p]
| +mk[4?:<o]+gZ’p M (omkg@m]}

04»(

(7.12)

These equations together w1th (7.5) enable us to ellmlnate .
H (z) and obtain,

[H Zv,2 (“"“)]0‘ - a}*%@“ e 4 hZﬁ(?mo}, (7.13)
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2 1, - : .
Gk 5T g § (e 2 T
| ~tankl £6T0md |—tonke 5o (20

- Fourier transformlng thls equation glves,

[l+c§(o’) C.;i‘(\):l cr(\) = a}la@H{CNgxk"'&).—k}
- 7: [é (A} §(D:(0‘(-\Q\-\_,,

whexi'e‘ § (r-m) =

(7.14)

The notation hvere is an obvious extension of that used in
the MFT treatment. This equation is very similar to
(6.10); only the kernel and Q(A) have ‘been redeflned.

As previously, the s:.mpleﬁéf; apprommat:.on is to
assume that ¢ ()) is independent of concentration

fluctuations, and under this agsumption

X = $rgeeN S . R
) l+ e [§o-m] 7:28).

At high temperatures this bec‘omes,

PRGNS degeeNSy
| + c{ﬁ@*%%ma-ggs(h} : o —heeT(Y)

and so in this limit it is equivalent to (6.17) obtained
using the Heisenberg model (MFT); with a Curie-Weiss |
behaviour, in contrast 't;o (7.9) obtained using the Tirst
method.

The susceptlblllty (7. 15) gives us the follow:mg
condition for the critical temperature; ‘ '

1 Y %CE‘(B)-— 2(n)} =0 | | ' (7.16)
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For nearest nelghbour interaction the conditions §¥:=C)
which determine the value of ) which gives the maximum
23_
ohg
and so the two types of ordering are ferromagnetlc and

crltlcal temperature, are entirely equivalent to

antiferromagnetic. Considering the ferromagnetlc case,
(7.16) is easily proved equivalent to

tanh % = ,75%35T o fﬂM,~*”/M(7-l7)
where «=$8J

As tanh® must by definition be less than unity no

. solution to (7.17) can.be obtained for c<¢%-, and we have

a critical concentration, c.==§% . As ¢ increases from ¢,

tanh x decreases and hence the crltlcal temperature
.increases.

A

: k‘l;/a_ A )
| | xé{m (z-,>§ T

Mt Wt — —— — q— t— S— G— a——

Y

Coneentration -

‘Diagram 7.2 Concentration dependence of cfitical temp-

erature of nearest neighbour interactions
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It is easy to show that exactly the same behaviour
is predicted for antiferromagnetic interactions, with 9
'replaced vy 13| .

If the range of the interaction is inecreased, and the
ordering below the critical temperature is ferromagnetic
(or some types of antiferromagnetic ordering), the
¢ondition (7.16) becomes, '

|_cZ z'i"”‘_}_‘_‘fﬂ_':@’ | (7.18)

G ke, T

where ®Lp = @lTl
As the solution of (7.19) for @ tends to o, tankxﬁfl‘f
and so the critical concentration is

(7.19)

Hence, as the range of the interaction increases the »
critical concentration will decrease as one would expect,
but ¢,is independent of the detailed structure of the
lattice.

It is very difficult to extend this method to find
higher approximations, and this problem will be con51dered  ’
further in a later sectioni |

7.4 Ising,Model, S:%‘ Calculation of the Free Energy

In previous sections we have considered the
calculation of the susceptlbility and have found that we
can only find approx1mate solutlons, but when the zero-
field free energy is considered exact solutions can be
found within the limits of the BPW method. Using the
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eigenvalues (7.3) and the definition of the Partition

function,
| —aE
, <t
af &

| it is found that o . -
('Hra'r> - U essh. [dph hae 960 ] (7.20)

is the Partition function . in the paramagnetic region .
(suitably normalized to give unlty at the hlgh temp—
- erature limit). S

Using the definition of the dlstrlbutlon functlon,
+h’ this expre581on can be redeflned as,

ZM‘(-*;;; - _o—\@+\%U{g,w+ngsk(g@:@)} (7.21)

By definition the free energy is F=4kTL\\.Z , that is,

F- -,{kTZ ln{ (-py> +\:—W [_(l bmw\:b*gcosk(%-'»(ﬂ)]} (7. 22)

To simplify this express:.on cons:.der the followzng

function; : : | B
Z_ ’% ‘ [ ’%“42. ‘ 0— '~+a (7.23)
s-r.tro} dajf-wd: tEh 4, |
e & o undler :
CMduhnU) .-
where condition (1) states that if k= (hh“ k). Ry
of the m vectors ¢, .ngugm . pick out sites in the K CO~

ordination shell of the atom on site n. The value of.x



106

is, of course, the sum of the co-ordination numbers of
the v’ shells. This function simply gives the value unity
if any arrangement of spins on the cluster of sites

" co~ordination

centred on the site n has R; spins on the i
shell, and zero otherwise. As a simple example the
explicit definitions of these functions in the case of a

2 dimensional array of sites (for nearest neighbour

' interactions only);

(°)

‘h\. (- n-e,)(' h...;g_)
{) JP"H-Q, (J n-c) + l’ “:’n—g (\ n+l>

and VTG.) = {D FH.J‘-L n-9

- Using the deflnltlon (7.23),
b T b + b othidpse] = 1y TT (eosh [56%.1)
- [ el n “"i

where ' is the number of co-ordination shells and
h (b’l‘) vy “/) 4 ‘

Hence, -

o { R +Z*""TT (wskEéeth” f
- +‘“’ Z Ry W[ otk (570

- hg'

IF
|o

and therefore,

 F= lh,TZ (’\'f- ;h h[w(’i@‘-@] (7.24)

(h,) (k) (knf)

(&) .
Cons:.de;' *E = }’_TM -1-_)3 vorot mor 'T‘.n W w1thn the obvious

definition,
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e Z bk NN
R T “”gki(l—hl*-"szﬁ{""' (I—-{;!&*'&rz (7.25)

e{,huhf o

8 from P Z; o

Qx € e lm -0 .

. . coordenal wnru\«a, 20 Uz) . ‘
¢ L =t = e zy _

Now the average of Zh, “" i = (-9 + C| e(i=c)" A4t O |
and also that of Z’ 0y k. - Z¢

. 4\' L L

Ri=0 "

‘So

<F> oL aﬂz z, M[mk("i@j ]

T (7.26)

Using the following relationships,

(i) +the entropy, S = “‘%:Fr
(11) the critical 'en‘bro_p'y is Sﬁ#—". |
(iii) the critical energy is' EorRe o foémdt
(mei’r\aspwfuc.hmt and = =7, me |
(1v) T |

we obtaln the :f'ollow:mg expressmons for en‘trony, eritical
entropy, and cm'tlcal energy;

. Z RENOSE Y -ggwnmk(é-@)}

' - ne . . '

, E-{Ec. = Leor Z Z“,{-;:e;c:&’tuk( 83.) — b\.[ﬁb’gk (.:J]j, ’
- | (7.27)

N .

. E-E | | |
T L2 Z i@cznjn Kanh (J_-IEU',J

el

n=j
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‘Looking at the last two of these expressions and consider-

7

ing c¢=| we obtain éxpressions which, when only nearest
neighbour and next nearest neighbour forces are allowed,
give

S-S L4 azda@;_ borh (3¢72) — W (csthg )]

(7.28)

2
KT, = —é m’jzn%c T (J'e’j )

e

and correspond to.thosgse given By Dalto:n.ws

The expressions above are exact within the BPW
approximation, but their numerical accuracy will be
limited by errors in RT.. So their usefulness in
interpreting experiments is enhanced if the actual
eritical temperature is used.

7.5 Critical energy and entropy for nearest neighbour
interactions ' '

Congider the critical temperature to be given by
(7.16). Then the critical energy can be expressed as

E_E%E.c l“'zgz‘_‘}cwl(cz-}

(7.29)

= La_ | | ( cz

cz—|

- The eritical energy is finite as long as the eritieal
temperaﬁgre is greater than O , but diverges if KT.=o0,
ie. 3 €< Z,
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Similarly, the critical entropy can be expressed in
terms of logarithms.

S5 gL - WEB)

This tends to. & () as cz—=2.

As an examble we calculate the critical energy and
entropy for varlous values of concentratlon using zs=b
(i.e. simple cubic lattice). ‘

As one can see from the table (7.l) and the
expressions (7.27) the values of theése critical quantities
could be found, except for the factor , c , by replac-
ing =z in the pure substance expre531ons‘uycz . _The

~divergence in the critical energy occurs later and the
value of the critical entropy as ¢z--2 is very much
reduced compared with the theory based on mére dilution.
This occurs,'of course, because of the factor ¢, '
which has taken gsome éccount of the various possgible
environments of the central gpin of the cluster.



Taeble 7.1 Critical properties of a ferromagnet with

simple cubic lattice (nearest neighbour interactions).

eoﬁcentration 1.0 .9 .8 .7 .6 '_.5 A o3k

z»jm‘c .. 8110 . 9‘252, 1.073 1.293 1. 6‘2é 2.197 3.5% 7.860
(En- Ec)/m.c 1217 1277 .1361 ‘.:.uiﬁssl_ | .1685 +2059 3071 6559
(S"‘f S aoes | o2 | 1250 | .1353 | .1520 19,8 | 2219

OTT
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7.6 Tsing Model, S=% A Graphical Method for
Susceptibility Calculiation

The function UT‘,:D defined in the last section can
be used in setting up a much more profitable procedure for
approximating the suscep‘bibilifby. Consider equation (7.13),

' v'—ih.n_
( [+ ZJP @ (“'m 3 = “'i € i A 4- !F'."Zm‘-él@-m OEL -(7.13) ,

To obtain a solution ofv this equation it can be
iterated and the average over the distribution functions ht
must be carried out term by term and the series approxi- .
‘mated by considering a finite number of terms. Straight
i'bera‘tibn, however, leads to averages such as,

+n . . ' ‘
= which are apparently impossible to -
< |+ 2,}1’.351('1-93 > o PP 7 pos

evaluate as they stand. Ifm is a site which does not
belong to the cluster of sites centred on 'sj_., §a@:~r_ﬂso by
definition, and so the denominator depends only on the
conflguratlon of spins on this cluster of srt:es, which
means that it can be represented as Z—k.‘x D7 ona
averages become much easier to evaluate. Using this

(7 13) can now be :cewrlt"ben as

ik (K (£ < (k" ' .
Tp = 3P4 ‘“Z*“"Z ) Z* Z )Zéln .U; (7.31)

- kso -

where ZUE)= ( [+ % ‘{m§(: >—l , éc:: = Vtw’\‘c-‘tm (' - ‘f’agf\LfocMy[

and the sum over m is over the co-ordination rings of the
eluster. '
Consider the follow1ng changes in no*ta'tlon,

— "ik"ﬁ' 10.
%=%@'},£m®=§me"
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Using these (7.31) beComeg
_ (L) (B _
T al*ﬁ%“éo“"_z ;o% Z Z_@;é(&&) Tate (7.32)

Slmply iterating this equation gives,.

_ (k) 3)
5 = amé“.{ Z, o L @, 6, ©
| + Z Z§W‘Z 2%, 2 Tase

-l-w}.

(7.33)

In fact, the n? term is,

—| it =0 la"')~
' (kp NCO R (P
"® h+¢ R N L L

x N

and hence the averages which must be studied are

>, (& (ke
<:*f:ﬁlﬁ’(‘) ¢,(nu
v Ty e T egpeg,

where each ¢; is the vector joining the central atom of
the cluster to some site in the cluster.

When N is averaged it does not depend on its sité

label, and so
XD = Lpg§uN<KTS

The averages (which have 1ess.than‘5“r-factorsl\needed to
calculate X(}) from this series are obtained in Appendix 3,
but as is mentioned there scine of the infinite series
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must be summed to approximate the low concentration
behaviour. The scheme of diagrams exhibited in the
appendix corresponds to the scheme given below:

A(L) -

£(2) B(2)
A(3) B(3) ¢(3)

£(4) B(4) C(4) D(4)

Bach contribution has been divided by the leading term.:
The columns in the above scheme represenf‘%EEEé“whose
leading order in concentration is identical: the A(i) are
of order ¢, B(i) of order ¢* etc. Terms in the same row :
are of the same order in y, that is, those, such as A(m),““v
in the (n+1fk row are()(g“). The sum of terms in row ¢
will be denoted by S(i), while the sums of terms in the
columns will be denoted by SA, SB ete.

In the high concentration limit, ¢=1, this scheme
reduces to a simple geometric series. This suggests that
the full scheme near c=1 can be assumed to be a rearranged
geometric series, and thus the approximations in the
region are . ‘ "

| 1lst order approximation

B o~ 1-AG

2nd order approximation . .
Yo~ [-sE@-A0 +[A0 ]

3rd order approximation
| K 1=SD-SE-A0 +AL]AG)

o SR +a&a~@0&j'
These, of course, giveAthe same limiting critical

temperature at c=1.
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In considering the low concentration behaviour,

CA,SB etc., must be calculated. Consider only nearest
neighbour intersctions. The terms in SA all contain an
average over just two clusters and so all factors “?;;wr,n.,.e_ P
where m’ is an odd integer (these will be termed 'bhe odd
r-factors), must be contracted with each other, as must
the factors where W is even (these are the even r~factors)
Using this fact the first few terms of SA are '

z ’ » R /. e
& 0 G S5 T
. 4 .0< %Zk;i <th“¢"1+9|> e LY % ’

A[Q) o Z Z <¢ JVUL) > (Z(k)> Z(‘v-)%

% K=l
K2
z 0, (0 Gk (O 2
A(a) o Z Z, <4:l>¢%;>e<1 (7%Y(2%)
T = s
R}

. m m e e s Em e el e mem e

" ard so the ‘general term A(m) can be expressed as

ZZZ <¢“" U“>AC K, ¥ 00k

'51 k=l
K|
Whenm is odd the last r-factor of the average
% Ko E : (K
<,‘,( L 4»1(‘-“" 42, > is contracted with ""T_H.g,, and so
' A(m K, h/, ) ek
(A%Y. contains a factor ¥ . When'm,:.s even,

however, the last r-factor is contracted with U?'(L) and
so this factor do‘es not occur. Consider only A(m,)
with /m odd. FEach successive term in this series arises
from an average which has two r-factors more than the
preceeding term to be contracted and this 1eads to an
extra factor Z("’)Z(h)é in A(m,..-.) when compared with
Alma,.—) . ‘Therefore, :
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Uu g. k Z G4 G‘E

Z Ay = ZZ <"‘ mg [—7 067 0B
™ odd

¢, W=t

=i

K=y

Similarly, -

V ' (}{) a Y72
s (27N Z 72
Z A(m> Z <J’/_ J. | i_,Z(hf)Z‘(lt'S%:-
:l ’ .
and 't;husv |
SR (’.i!'"g-l- ZMS.IL <, (K .
Sh = ZZ <o VP@M.?{ ]_zﬂﬁsz‘é'-f}z 27¢ (7.34)

s
The denominators in this expression are well behaved.
The only possibility of a divergence is when K=k=1 , when
the denominator is If% , but this cancels with a similar
term in the numerator.
- The terms summed to give S8 contain averages over
three r-factors and so either the odd or even r-factors
must be partitioned into two groups which are contracted
separately. The first few terms of the infinite series
S8 are “ '

k) o. (b & (e+g.,3k
L PAA A 4 8, U TELE
éhgz hp hp
O3 573 [ 4k itk
YA A8 s 8, VLT €I
&vzﬁik } o

by x [ <l (-%H,QZ“"( z) Z‘L’é

@ Q b.-l L.‘
Y k.” 3 [ (Q ._)k
x{z(‘).z(i (()Z()) ll.}

=2
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I

| and so the general term can be written as

=W, 0

B () ='Z Z <, 4;% - >( wo'B(mk -

-‘-h 2 ' Lz

Consuler first the sum over B (m) When‘m, is odd. To
give a contribution to a particular B(m) the average
<4'g_“” ceoie wend :‘:gﬁ_,,.‘z"} must be contracted so that either
all the 0dd or all the even r-factors are contracted with
each other. 1In the former case MRt + .t & must be
“equivalent to 'n+¢ and so the contribution to%(m Lj )
will have a factor %% | For the contraction of the >
even r-factors n+&+-—~-+ €., 1is eciuated tom so that -
these terms have a factor Q"i‘m‘k" which will transform in
each case to Q"e"'é . The remaining additional factor in
each case dependsl on the par-bitiohing of the uncontracted
~get of r-factors into two non-empty groups. As the
~ average being approximated will be over equal numbers of ,
0dd and even r-factors, the extra factor in B(wkj--) will
be the same in both cases. If the factors ‘4" and 4'*6”52

are not contracted the extra factor is s:mely :
| K, o\ "a |
(z2%4+7%) g™

where «m’ is the number of r-factors in the average being
considered. If-*, and “tuig+¢, are contracted but
is not contracted with them the extra factor is -

Z ) %hjﬁ CZ.C“)-J— Z(ﬂ)%—,

40,-{?14( g‘}

Continuing this 'procedure, the complete factor is' found to
be ' T

, l

z (Z (b) (Z(*f) -Z_Uzi) 2 %“/zr |

Mep
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Collecting these facts together:
/ “a Ky ek ie k-3
% 8@ LT @5 P
3, ( Ly :
6(’“) = Z Z <Jt' ‘)' >('|‘—g 0) V4 (E)/ 2. »
L, z Hueed S -7 2 s )]

G i
K%y

When m is restricted to even values there are again
two cases: one when all the odd r-factors are contracted
with each other, and the other when 21l the even r-factors
are contracted. In the first case each term will contain
a factor ¢ UrflE unless J; and Bt €  are
contracted, as then ¢+g,.=0 . Here, of course,ygu-izg,
is the final r-factor in the average being considered. In
the second case, »&;t and 4‘:,‘+Q'+__ 4g, are contracted and
8o the corresponding factor is | .
Treating only the terms proportional to ‘Leﬁ %).k

the extra temperature dependen‘b factor is only
U\ G R
(257 (2% Z2%)* &

~as the two fixed r-factors must be distinct; M is the
number of r-factors in the average. So altogether this
gives a contribution to L. B(m) of |

) . m U

w l(!l €k ®) 5 (K3 G g
(a,+(LS &, > “(1—8 y Z VARV AN

< B¢, ""‘Q(*Q AtaP l-—Z““é‘(z""&» Z(bi”,)

4% h.,u h."’=z ,

g
(\fhen the 0dd r-factors are cont tracted and 80 are '?" ’
}

and A,y Qimtg,  vhe factor for the con‘brlbu‘tlon to
B(mK,...) is found to be
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20579 (78 % - (Z""’)"I( 700, 7082

h‘

by a similar process to that used previously for odd m

Hence the contrlbu'tlon to Z B(m) Is
mLly,
| 4o (5 \* o (S
Z Zz (hu,(k) ( S (ZOL)Z BZ >§ :
< n o are ﬂwe‘-}g‘ (AT [l- Z(M)Z@Z%;_J[l_z(ﬁéz(Z(é_ Z-(h.i)]

k% l1k=2.
K=

-l) 1 8

Profiting from the previous calculations the
remaining contribution can be written down immediately as

< “* atg "hw (- Sé.*_sz,'o) [nez“‘l’z‘%ﬂ['f Z;“"gif(zt“."kz‘{”)]

&
z h" h'?.

~ye2

Collecting all 'bhese expressions together gives

(5 05 |
S8/ B = ZZQZ g T (g MB0E) (735

Ly

where " : .
R, = 7%z% Z %f § ‘Q‘ (k’ 'g“‘:' ’éﬁ) + Z(b ), 4= 3¢ )}
LN [ [-—Z(kiz_(b.)i;ﬁz][ {_‘. Z(b% (2%, Z(k’)]

As in the case of SA the denominators of each of these
terms are well behaved because of the 11m1't;a't;10n on the

" values of k b. and k
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No attempt has been made to calculate SC . The
difficulty in this calculation would be the need to
“pvartition both the o0dd r-factors and the even r-factors
into two groups. For the contribution where this needs to
be done it is not obvious how in general to collect terms
with similar dependence onk

Formally, the inverse susceptibility can be
expressed as being proportional to the infinite series

|+ SA + SB + SC + ~>

where the (n+iY term is of O(*) . This can reasonably
be approxi’mated for small concentrations by the following
series of approximations:

1st sum approximation l/,)-‘ & |— SA

2nd sum approximation ____l/- o |~ SA—=SB + (SAY

-'Thus, the problem can be c‘o;ls-lder—ed u511;1g- -1;1~r1e two
types of approximations, the order—-tvpe ‘and the sum-type,
each very deficient outside its own region of '
concentration. For instance, when the first order- _
approximation to ‘/'X, is expanded, the terms of higher order
than A() are, in fact, of O(x“,g"). The approximation is
representing the contribution from B{) , C(3) , D) ete.,
but is unable to represent the other terms of 0(d) , AR) ,
A(®) etc. The other order-approximations will gradually
rectify this, but the process will undoubtedly be slow.
On the other hand the sum approximations, although
- representing in some measure all the terms in the scheme
being discussed, do not give the correct limit as c—] .
For instance, the first sum approximation for a ferromagnet

 (k=0) would give the following condition for the crl‘tlcal
‘tempera‘ture (when Z=b ) :
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l%‘Sw?-—%/ :
where 4= tanh (S/4kT), instead of

l_———____‘&___. =0
l+53

The respectlve solutions are.%._dj and.{3=-2. Again the
higher sum approximations should remedy this situation.

In some measure this problem can be alleviated by
the following procedure: one of the order-approximations
is altered so that account is taken of the terms
proportional t0 c which were not represented and to keep
the critical temperature in the limit ¢+l at its true
value the extra term has subtracted from it its limit as
¢+l .If the first order ayprox1matlon is considered this
gives i

'/,x o< |— AW - [3A ""“@ - U: (8- 4\(0)] (7.36)

This procedure can be'applied to the other order-
approximations, and also used 1o represent the terms of SRB,
but the expressions for Vx become more complicated. The
presence of the factor independent of concentration leads
to a tendency to under-estimate the'critical temperature,
and this means a relatively poor representation for 10wer
concentrations. - '

7.7 Discussion of the Result found by applylng the
Graphical Method.

Armed with these approximations, the properties of
the solution can be investigated. The unwieldy nature of
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the functions used to express the susceptibility made it
necessary to use a computer in evaluating the suscepti-
bility and finding its point of divergence.

The results for the calculations which have been
completed are represented in the graphs at the end of the
chapter. The first three graphs show the curves for the
critical value of tanh ( J4kT) against concentration for
the simple cubic lattice for various approximations. The
next two are similar graphs but are for the body centred
cubic lattice. The final sets of graphs show the
susceptibility and the inverse correlation range against
temperature for two concentrations, ‘2 and ‘9.

In all the approximations the critical ‘temperature.
for the ferromagnet and the antiferromagnet with nearest
neighbour intefactions-are the same, and so only one set
of graphs is needed to deal with the transition points
for both types of ordering.

Only the first two order approximetions have been
studied in detail but prellmlnary results for the next
.order approximation have been calculated, which show that
the convergence near C=| is better than thought possible
when only the first two approximations were known. These
two approximations differ in the:values they predict for
the critical temperature by over 4% even at €=9. As one
- would expect at concentrationsbelow ~-b the first order
approximation gives no solutions, but thé_improvement
shown by the second approximation means that solutions can
be obtained at concentrations as low as ¢=-42 . These
values cannot be taken, of course, as in anyway estimates
- of the eritical concentration,becauée the critical
temperature does not approach zero as these-values are
approached; so the theory has become of limited validity'
for concentrations well,abbve these values. '
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For the third order approximation values for the
~critidél temperature are only known in the concentration
range,[}S,-Q], but although they are within 1% of the
second order approximation results down to c=-], for c=+b
the difference is 3%. The third order approximation
curve appears to be in this region between the second
order approximation curve and first total approximation
curve, which_suggests that Qhen the ecaleulation for +this
order is complete it will give a very good approximation
to concentration as low as c=<b ., |
As was mentioned previously the first SUm approxi-

mation differs, even at low concentrations, from the first
total approximation. They have ‘critical concentrations!
|82 and ‘I¥4 respectively, and at c=-85 the results
differ by over 1%. Neither approximation gives a solution’
when J&:l.O . Because only SA,SB etc. have non-zero
1imits when 4~»1.0 both first total and first sum
approximation give the same condition for the crltlcal
temperature in this 1imit:-

l-—\ic.o-q*——-o R O (7.37)

for a simple cubic lattice. The left hand side has it
minimum value when C=:2 ,and this is O 0lkb ,s0 there is no
gsolution for physical values of concentration.

Near ¢=| the first sum approximation is considerably
higher than the order approximation, while the first
total approximation, of course,'follows very closely the
values of the second order approximation to concentrations
as low as C=+b . _ o '

Calculations using the second sum appfoximation are
incomplete but one or two facts about its behaviour can be

elucidated. In the limit .@+IO ohe condition correspond-
ing to (7 37) is ‘



123

|—12et-0% [ 1 + Flge-D 0] =0 .39

The new factor is positive for all physical values ofcC
and, in fact, there is a solution with ¢S <202. Near c=|
this approximation differs from the first sum approximatiocn
in that it gives no eritical ‘bempera‘bure for c=1. The
condition for a eritical temperature for ¢=| is in this

approximation,

by ~{ 0w [ 1+u+S2 \ _ b }=
| Sy | + —_,‘)-’é(-—i——a—o%%w I_L—wsal 0 (7.39)

It is easily shown that the factor in the brackets is less
than | , and so if there is a solution it is for -‘64,>-)L>
the solution for the first sum approximation. Defining
"3‘=*J/((+€a‘) the condition can be rewritten as

|~ 8, + 2/,}:._,;‘/%3; (9%4 =0

and as ’?('ﬁ and 1—8? +2t§,‘>o the left hand side is
always positive and there is no critical solution.
The results from the order approximations can be
represented well by setting |

4=2 FA0-0 +BES DS +EES . (T.40)

and, of course, the range of validity of the represent-
ation can be increased by adding more terms. The ' _‘
coefficients for a number of representations are listed in
table _7_2_ together with the concentration c* avove which
they are valid to within a 1% error. As can be seen a

linear law is reasonable for concenirations above - C{
but further terms are needed outside this region.

b
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Apart from givihg a convenient means for storing the
results for these approximations,these representations
enable estimates of the critical concentration to be
obtained by extrapolationvto-%=ho.‘ These estimates may
not. be very realistic, but they give some information
about the convergence to the actual value of the critical
concentration. As can be seen from the table some -
represenfations cannot give a physical solution, but three
can,and the results are glven in table 7.4 (they are .
1abe11ed (1) ).

The results for z=% can be considered in a. similar
manner and the coefficients necessary are cuoted in table
z;;. FPor this higher value of z the most interesting ,
point is that the percentage differences between the first
and second order appreximations,at various concentrations,
are smaller than those for the zsb case: 2t c=-95 the
percentages are 1% and 1%% respectively, while at c= .Q
they are 24% and 34%. This suggests that for larger
values of z the first order apnroximation may be a'good
one, at least for high concentrations, and so longer range
interactions may not be too difficult to consider. For
z=8, the first total approximation is still not efficient
at low- concentrations and so if higher avproximations are B
difficult a more subtle method of combining the low and"”&
high concentration behaviour in one curve -is needed.

‘Another possible way to represent the results of the
order approx1matlons is

e A (7.41)

Calculation of the values ofﬂl needed to reproduce the
values calculated showsthat even the best fit could not

represent the first order approximation with error less
 than 1% in the region ¢=7 to (=10 . Thus, it is inferior

e
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t0o the series (7.40) in this respect,but it has been used
to extrapolate to the critical concentration and the
values obtained are given in table z;i (they are labelled
(2) ). The value of M used was obtained by considering
the behaviour at c~-99. |

. Table z;§_-givés the critical concentrations
~calculated from the first and second sum approximations
for a selection of lattices, together with, for comparison,
the results qudted by Dalton. The values obtained here
are not in agreement with those of Dalton, and although
the second sum approximation shows an improvement over the
first approximation, it is obvious that at least the next
approiimation ig needed before any definite conclusions
can be drawn;' , ) ‘ _ _ ‘

When these results are considered in conjunction
with the values found by extrapolation it seems certain
that the values for the simple cubic and body centred
cubic lattices will be less than the values of Dalton et al.
One must remember that some of the extrapolation results
are suspect, because the values of the coefficients D, E
are abnormally large, and that, for z=b at least, the next
order approximation is giving high values of the critical
value of 4 near ¢=L0. ‘

Further, the values for the critical concentration
will be lower than those given by the theory based on
simple dilution (approximation A see p.i0% ). So this ,
latter theory underestimates the critical temperature for
the whole concentration. range.

For all the approximations considered the critiéal
temperature is lower than that predicted by extrapolating
the high temperature limit torthe‘theory. This means that
the inverse susceptibility vs. temverature curve tends to
curve in the opposite manner to that predicted by the MPT

(see Chapter 6 p. 32 ). The graphs of ¥y vs,kT show

-
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changes in curvature not found in any theory of a pure
substance, but the changes are less pronounced for higher
approximations. The preliminary results of Wolf
(unpublished) using the exzct high temperature exvansion
method (using the first 6 terms) do not show these '
curvature features; so it is concluded that they are, in
fact, only an effect of the approximation used, at least
at hlgh concentrations. .
The h dependence of the susceptlbllltv can easily be
eXpressed as follows, for the first 2 order approximations

l wa- ;
X (k) il

— (=) 22
1 X(_&)

and, = 2?3?d'
X | =805 ¥ (03 (‘“‘*)J -3y =D

whue

L ]
- ZF <4_ >z(.) Z </\L(de§;)e Z(@L&)ﬁf
k=0
: k:lh.
b 5 05 (6 — (K ’
Y = Z < Fasgne” (B Z 7%,
w4k~a -
. Kﬂ '
v 00 (15— (B
); - Z <J“E m “*Q.C Z ANA i
k-lLLz
09 (¥ o\ = (8 2
Z < n '31-2 (Z )Z {f
) L:l . :

k=]
= %Y, ;D = z (%3=%) 3 ‘J(h) Z:Q

l 'P.‘p._
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In general, the susceptibility will depend on.'x(né) ’ andv
¥ (). The expression XBY(k) is very similar to that
for simple MFT; only the fact that ¥, “g/&, have more
complicated concentration and temperature behaviour makes
the theories different. The devendence of X (k) is
obv1ously more complicated. ' |
~ In the limit of low k these Lormulae for *(k) can
obviously be expressed as
: %}kz%zﬁcﬂ(’f,c)

KR ~ S -

Kim +g°

(SUzcxapﬁulL)

and as in the critical region the scatterlng cross—~gection
is related directly to ¥(R) (see Chapter 4), K™ is the
effective inverse correlation range (see Fisher‘and
Burford for the definition of true inverse correlation
Tange). As distinet from the simple NFT the funection A,
depends on temperature and concentration.

For the first two order approximations

and kf(% = [( l—%’f" ~z - )} ~Z(%;+s %)} [g:%-;l{ﬁ]

These are plotted againsit femperature in graph'z;ﬁ foz'C=q
and they both differ significantly from the curve from
approximation A. The curves are almost linear. For C=+2
the first sum approximation and the first total approxima-—
tion have been plotted and here the curvature is more
pronounced. ‘

In conclusion, the following are représentationsof
the critical temperature equivalent to the three simvplest
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ones given in table 7.2 :-
first order approximation

ch/ch(c.:I) =1 = 1.25 (1l-c)

-

second order approximation -

-e
e

KT, /5T, (e=1l) = I — 1.04 (i-c)

first total approximation

KT, /KT, (c=1) = 1 = 1.11 (1-c)

-e

These are all valid to within 1% in the region; {.9., IJ.



" Table 7.2 Coefficients used with (7.40) to represent the order approximations (Z=h)

lst order
approx.

(1)

1lst order
approx.

(2)

2nd order
approx.

(1)

2nd. order
approx.

(2)

2nd order
approx.

(3)

1st total
approx.

(1)

1st total
approx.

(2)

1st total
approx.

(3)

2.8

. 256
. 31,,.4:;!

1,11

N
N

.207
.228
.310

.8

‘208

.225

»
=

207
. 266
139

.6

- % denotes the lowest

. - . 174
concentration where error is less than 1%

62T



Table 7.3 Coefficients used with (7.40) to reﬁresent the order spproximations (Z=%)

|

/

i

1st order | 1lst order 2hé order } 2nd order } 1lst total | 1st total | l1st total
ADPYOX. . 8pProx. approx. aDProx. approx. approx. approx.
(1) - (2) (1) (2) (1) (2) (3)
A .185 2177 .163 .156 .163 L3 133
B . - .339 - .501 - 146 L300
D - ~2.08 - —5.62 - .289 —.257
i) - 7.05 - 1.5 - - 1.17
‘CZ:'- .9 07 .9 ’-‘7 09 07 06
C* denotes the lowest concentration where error is less than 177

0T



Table 7.4 Critical concentrations found by

extrapolating the order spproximaiions.

131

s 1st oxder 2nd. order ‘1st tote Approx
Lattice z approx. approx. approx, A
1 @ @ @
Simple cubic | 6 | .270 | .290 { .220 | .215 .128 '333
Body centred ‘ )
cubic 8 . 301 .229 2.0 G173 1,0 .25
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Table 7.5 Criticsl Concentrations calculated from the sum

-‘approximations compared with values given by Delton et.al.

tetvico | Z | 05T | wpeex | eppren

Linear chain 2 Co- .0.25 none
Square v 4 0.590 0-19’ B none
Triangular | 6 0.500 0.101 0.502
Simple cubic 6 0.307 " none 50.202
Body centred ‘ : 1 ‘ :

nubic 8 0.243 none 0. 092
Face centred : )

cubic . 12 0.195 0.061 -
Simple cubic (1,2) 18 0.136 1 0.04.2 -

(1,2) denotes that next nearest neighbour interactions are present

as well as the nearest neighbour ones.
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Curves for the critical value of-ﬂzagalnst concentratlon
for nearest neighbour interactions
and a simple cubic lattice.

GRAPH 7.1 For concentrations between c=.4 and c=1.

(1) denotes the first order approximation.
(2) .denotes the second order approximation. _
- (3) denotes the first approximation designed for the
' whole concentration range (the first total
approxlmation) | |
- (4) denotes the approximation found by assuming that
is independent of concentration fluctuatlons ..
(approximation A). , * R )_/w/f/
(5) denotes the first sum approximation. V'pf,/*/ﬂ |

GRAPH 7.2 For small concentrations

(1) - denotes the first total approximation.nfu
- (2) denotes the first sum approximation.
(3) denotes approximation A.

- GRAPH 7. 3 For all concentrations .

(1), (2), (3) are the same as those for graph 7.2.



02

/ /7

0.%

: o.§

- )
Concerntration,

-0.8‘

0.b
l-o

O.I ’

103

PET



. GRATH 7.2

\

;

(2)

0.l

0.2

- Conecertimtion

. 03

T a4

o4

0.6

0.8 .

0



GRAPH 73

09

0.0
, ol
e 0.2
=" |
///’/ 02
- o4
~ ‘V" L~ |
' 4 . 0.5
| / Ae>
A L] g 0.6
574 , )
/A
) v 07
/ /| |
' ﬁ/ /'/ 0.%
- ‘/
e |
/ ' ' ' 1.0
0.0 0.l 0.2 03 <213 05 - 0.b ' 0.7 0.8 0g |
' ' | Qoncerd:ml:im ' ' o

9tT



137

Curves for the critical value of{} against concentrationjj 
for nearest neighbour 1nteractions
and a body centred cubic lattice.

GRAPH 7.4 For concentrations between C= ‘i and c=l, -

(1) denotes the first order approximation.
(2) denotes the second order approximation.
- (3) denotes the first total approximation. o
>‘f (4) denotes approximation A. ‘

' ;.GRAPH’7.5v For low concentrations

(1) denotes the first sum approximation.: |
- (2) denotes the first order approximation.
© (3) denotes approximation A. ‘
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Curves for the inverse‘susceptibility»againsf temperaturé

for a ferromagnet (nearest neighbour interactions

and a simple cubic 1attice),&d.”1_

GRAPH 7.6 For concentration C=-q

(1) denotes the first order approximation;“_”
- (2) denotes the high temperature 1limit

f’GRAPH 7.7  For conoentrétion.c~oz

(1) denotes the first sum approximation.?fif?f
(2) :denotes the high temperature limit. . ..
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Curves for the inverse correlation range against
temperature for a ferromagnet (nearest neighbour
interactions and a simple cubic lattice).

GRAPH 7.8 For concentration C=-:q

4

(1) denotes the first order approximation.
(2) denotes the second order approximation.
(3) denotes approximation A. |

 GRAPH 7.9 For concentration C--.‘Z. :

.~ (1) denotes the first sum approximation.
~ (2)  denotes the first total approximation.




iy

/./7 \.

0.b

0.2

25

0.0

T



GRAPY 7.9

|/
c’a>/'ﬁ//
/

oL

v

I

0.0 R

| 04

et



148

GRATH 7.10

Curve for the inverse suscepbtibility
vs. temperature compared with the extrapolation
' - of its high temperature limit.

. -
L
T

~ (1) denotes the inverse susceptibility at_ci:;,%>f
© (2) denotes the high temperature limit. . — =
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Chapter 8

The Bethe-Peierls-Weiss Method for Magnetic Alloys'
' Heisenberg Model

8.) VNearest neighbour interactions theory

As has been mentioned it is difficult to consider
long range interactions within the Heisenberg model, and
80 in thissection the discussion is restricted to nearest
neighbour interactions. .The cluster of sites considered
is the central site n together with its nearest neighbours.
- In the alloy case we have the added difficulty that the
effective field should vary with the environment of the
- neighbour that is being considered, but because of the
same difficulties that restrict us to using only nearest.
neighbour interactions, a single effective field has to
be used which depends only on"the central site of the
cluster. Under these restrictione the cluster Hamiltonian
is ‘ '

.3€c¢:‘.‘ = -gTZ*’eh-&Sg'S’&*& f}lak"‘zhc 1+¢‘ f‘&"ﬁ’”‘ ¥ (8 l).v"vv

where “-.,& = Hé,&@ _

Of course, we still have the difficulty of dealing
with the distribution functions in some gimple way; but it
is obvious that for some arrangement of spins on the
cluster of sites the Partition function is that for a pure
substance with a lattice having the given number of
nearest neighbour spins.‘ So ﬁsing the functions defined
in the last chapter, = 3 | : '



. = cudif-%t » ‘ o LF Ly

4.9|-n.v h
Js 4'::_'“ 3 {7! Mplacwl b_q (- %)

where. 45 ’f?n Z { -ﬁ H + T{ (‘;Fn+g,)} ,‘

(o

%

Z(N) is the Partltion function for a clus‘ber with
e spin on the central atom and k. neighbours, and

Z:) is the Partition function for a cluster
‘without a spin on the central atom, and & neighbours. .

| When the atom on site n is magnetic and the number

of nearest neighbour spins k>0,the eigenvalues of ¢y n(s*h)
are specified by, -

g . { 03l . 'k 3 R aven.

o doye-- ek if R odd.

S's gt (whin §=0,5" "20".3)“
4
M= s/ 84,...,=8

It follows that the eigenvalues of Jﬁm)q_ are .

" (glasl)ml) s '..I".T{ ‘“:ZM, k’l,g-_ F [(QS#I)Z"[“'M’ (n, g:'

p)

o
~ /
F (a‘,!_ l\'oi'!-)z

A }

with k, a = j&%’h“/j,and similarly for k“‘,,a.nd 't;he +
sign corresponding to S 5""'/2



150

' Hence, for k>0,

(w) -5 &#Pf @E“(s,,))

S,,S3M’
,,,,,,,,, — A
In the paramagnetic region it is a.ssumecl tha't; l.go,“_ 5
and e are small quantrt;ies, and so
’ : ) /‘n.
(b4) 0l (k4 (k.
Z. (g b)) = Z )+ Zp O by )
b

where j = %—T .

Therefore y |
Z(m(p -] ] ”».(50-2‘9, '{ VJ\--&' + Reesh & } ’
S¢E oerl/:_
Z (k) (j) Zk/z w(SY ‘.?:.J { J [?R su\j\.@j. + (Q.}.Q)C,b&k—}‘]
$|=?or}ﬁ o ..H:J—CQQ- \)SM\}\&L}

zl . Ry

..o,; é

“where R= QS +| | and w(S) is the number of ways of form~
.ing spin S ,‘from k spins of Se%. (see Smart)



' Z(&-
Conslder the construction of CQ& for h>o .

eigenvalues of 38%,& are specified by
< { Oytynen. Rl F R 2ven,
' '41,'312,.....% : ;{-‘ k » odd.

omd H’: S'l N S""l y meeed -$‘ f
and the eigenvalues are .
S MY = Tho M
tu 1‘ ( |’ ) = T h\l

~ and hence in the paramagnetic region

(h-) ( bt omj) Z(M ) + z(h‘)(j) i:20,»1.

+ZM(J RR L+ Z&éﬁ
with Z(k-) -Z(k l(J) -0 |
L%}
Z(“(J)— 7_ Wawk(S)@
and Z(h'-)() = Zk/a ‘%CS. R(‘e")
- §=0,0t 14

( ) -
Congider Z . It is easily shown that,

(3 (o) o+ .
Z %) = Z =0, Z =2 ,adZ, )Q')=$j2

co-) (o-)
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The

(8.4)

Similarly for Za,a. only Z (J) is non-zero, and has

the value unity.
We.define, in general,

Z (p+Z, (J)A04+Z"(J)k,ﬂ k,,j-Z(J)h

+ >

(846)
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where -

Z G _ 5 {Jr(a)zow qs(Juzhm (J}

kh=p

‘The average magnetic moment of the central atom in’ ;

the cluster is o - T re——
: Ot
' and that for a nearest'neighbour atom is. . (8.7)

2 bn Zo

Z./u'nH’. ‘Z n..,q, hT Bk, .

L a
Using equations (8.3) to (8.7) and eliminating kh& gives,

Zoo '{ Zo; Ty _'.'% Zl‘(z °£+& }': {L‘:Z Z Zu }t\, o (8.8)

¥»w

As prev1ously;we can solve this if we assume that O; is
independent of fluctuations in concentratlon, and then,

- LugteNS R ; ,

_ FMF CNoak : 8 :
= 2 . .9)

'X(D @ +by(d) _ T ( |

wieh - <Z2p L B=4<ZZ

°'.‘d € = <4 ZpAzc:‘z‘.'—.Zﬁ;'

From previous results we know that this result will
only be useful for high temperatures and concentrations
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near C.--l', so a much better treatment is needed.
Consider the following definitions,

1ZuZy = 7 {»r‘“?"“ e @%'}

| - o
42.1;202 _Z: = Z: { (b? + %(h) } . | /
4727, = Z: { ‘”?“’ Q o

&
a =0 V'k because of the

It is clear that Q (k)
definitions of Z‘k") ( .
Using these deflnrblons and (8 8) the follow:mg equa:blon

is found for U,

(h) z (w .
w .
Z ‘_(F k‘on + *’w(\,’ E‘k ZO;I_-H_ B (8.10)
- ’P = k=° - ’P‘() g’ =" L

=0 i

_ .
which is very similar to the equation (7.13) found when
considering the Ising model except that the 'coefficients’

need new definitions. We note that (A //P@ is replaced

in the above by W% .
As in chapter 7, (8.10) can be iterated,

(k) b.)
5 4 'P"" . Z Z,,.Oo,rm AA y
= T r —-P(g) on " Bt ?(»P(K) 0,A+¢
" ) k.co & ‘

+.~.+Z Aoyt LG B Bt '

n + nee-
«w bty = SR e oy (ke k
hpo b S :...?}

sse =

Kn=0 + Anb

From this equation it can be seen that the only differencg
when compared with the Ising model equation, is the more
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complicated nature of the temperature functions. The
averages needed to calculate X (}) are those used in
Chapter 7 and calculated in Appendix 3. In fact, the
whole discussion on the approximstions to X()) and the
calculation of SA and S8 can be carried over to the |
present case. For this theorfy_

= o | @Y e
B\ 3 = (0.= (4
S » s (8.12)
= . (x (%) ’
where 'ng) ='P:b/’Pd6 ond ?2 - P / ’P‘“‘) >
| ond
r A
0‘ '\
se=2 7 o-swwm ’+W A(’h, )
Q’ugd hal . (8.13)
a2
- . ' Bogy, ek
—"‘” \ iy (- NEPELS
OB (oo B B -

with AR K]g,2) =

8.2 Discussion of ~t;'he results

As in the Ising model case, convergence seems to be
quite good in the region of ¢=|, but for other -
concentrations, as .can be seen from graph 8.1, this is far
from true. The first.orderapproxiniation gives golutions
until %mq , but the second order approximation gives no
solu'tions below C=.b and at.c-—-_ﬂ gives a critical value
of.}a,rv . This is & reversal of the Ising model case.

The sum approximation and the total approximation

presented in graph 8.1 give results down to C=.05 and
appear to always give a solution. The reason for this can
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be seen if the limits of SA 3% are considered as kT-Fo
From the definition of Efa
w | B
Jﬁto'P . B (8.14)

Thus, the denominators of the terms of SA are (kk—4) which’
is zero when kheklel. So there will always be a non-zero
critical temperature until ¢=0. Slmllarly, for SB the
denominators are (K&=1) (KKR<K - 3 ),and the last factor
is zero when RK=K=! , and k=3,

This is a serious failing in this method of
approaching the caleulation of the susceptibility. This
failure may be due to the incorrect use of the sums SA SR,
and the sequence of order appreximations may. eventually
~ give the true behaviour in this limit. However, the
convergence will be‘a'very slow process and until an."
easier way of finding the averages necessary can be
‘discovered, the calculation will be too lengthy.

The results for the critical temperatufe are again
lower than those predicted from extrapolation of the high
‘temperature limit,and the inverse susceptibility against
temperature curve is similar to that found in the Ising
model case. s |

8.3 The Classical Heisenberg Model

_ As the Heisenberg model is important and it is so
- difficult to extend to long range interac'bions; it is -
Amportant to consider the limit of infinite sp_in','""”where the
spin operators of the quan'bwn—'mechenical Hamiitonian may be
replaced by classical spin vectors of fixed length. This
ig the Classical Heisenberg model and it has been argued
(S'banley and Kaplan (1966) ) that for 1arge spins ($>2,Say)



' . +this model is a good approximation to the quantum

mechanical model. This model is also very important in-—
the context of this present work because of the low
concentration behaviour of the Heisenberg model itseif.,

| The energy arising from the central atom of the
cluster and that on n+t is given by ' '

where Q&, and SE+§ are classical vectors of fixed length
TEDEE H is assumed parallel to HE%' y Me is the
“clasgsical magnetic moment. The problem is treated using
the same cluster used for the Ising model and a similar
method is followed..

' The evaluation of the partition function for the
cluster being cdnsidered involves an integral over the
. phase space defined by the solid angles dJdl available to
each spin vector. This partition function is, using the
energies (8.15) |

/‘41’ éml’H g“)ﬂi}”‘? H-. 3 - (8.16)
Tl +2T(0h,Ss )._m’Pm_] }

As in the other calculations this must be expanded in
powers of H and }hue as otherwise the problem is .
intractavle, but as these quantities are small in the

paramagnetic reglon this is no dlsadvantage for the
calculation in hand. The terms to order H* can be

‘ evaluated using the following expansion guoted by Dalton
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L ok Hm«-»»%o-%w%%

_»iz (@mcﬁ m)f% (QQXTC”C);(M)&;C (8. 17)

A=0
uith 31l SN
3[' (fQ"ac) Z W (cosnp (swL) (1=
=0 v '
9 s the angle bufseen B and S,

~and Hyg'bhe magnitude of \-IMQ,
The expans:wn of the partition functlon 1s

= Jf .ﬂ.{ l"hwe. + Q+QZ(G}{ le Zh\ﬂ. n+e '

2 WX (8.18) .
“Xg;e’hm P +€,'C(0"C(€.> Hm Hyeer + v H*
+ usz Z+‘M,HMQ,T(<)} + (i-pgd [1_,. M&Z'ﬂ'(—m et
wik Z&) = sonh (8, 6 - 2@X3‘(g.) - Hae|
YT Y T -
34, = S : |
-t 2L L B8, wm Tt

Z(Q) OB, @e. - S->®

»Using‘ the definitions

.}"'5+Q = M, <g,:.+c> b.T MWZ“’:" . (8.19)
s ~ OHy, o :

l:f

-d_l .

the follow1ng expresslon for Oy ,0n+¢ can be found:
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.0
vy = <——S=ﬁ' = ")3%‘{ e n+o. Y_ (l—\’u)“ { bw) +\°]
+‘>%Mtfc()z # -C(UH
4%
(8.20)
+{> \-\tm\,m }
and |
A R

Eliminating ]4m"j from the last of these equations gives,

% . ;kg
= & oLX = "C( 8.22)
—<He + 7 0; (
I+ z ‘Dmnljf & 35 - ® = } : '
90 ~ - . )

where @ = 1-T@ ; $E =T /@&

When the concentration ¢=| , thls equation. 1eads to the

result
‘ | o .  _f;wf"Ab
H?((o) - X | — T RS
3 362 — |+T@ B | (8.23)

 which is identical to that obtained by Dalton.
Following the procedure used in both the prev10us cases
- (8.22) can ve 1terated to give,
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(@ (m (1Pa>.dﬁh - (8.24)

| +ZZ
¢ k=0
. +Af’o }

| o 1 ®_ TE |
2 1+ 3 5% | = TH® |+Z|h,§
i=] ' J'
and the temperature functions are identical with the Ising

case if tanh.(?@bém)is replaced by T(Y) . These functions.
also have the same type of‘behav1our in the limits RT=o0
and RT=® . This implies that the equivalent of the sum

" approximations will for this model give identical critical
concentrations to those obtained using the Ising model!
Further, the results for the critical value of-% for the
Ising model are identical with the results for the critical
value of T and this Classical model will be very useful in
discussing the binary alloy situation. It becomes very )
important when one considers that the quantum méchanicaif
Heisenberg model fails to give a reasonabdble description.

8.4 The Zero~Field Critical Properties of the Heisenberg
Models ' ‘

For- both of these models the zero-field critical
energy and entropy can be evaluated exactly for the B.P.W.
approximation. For the Classical Heisenberg model the
expressions are, ' -

BB | Lo Z_ AT o (8.25)

QA
kT, - o
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4

== =3¢ 20T W ly T
k * Z : o } o (8.26)

=l

= 2xTp 7 o sinhg

hase :
. . ¢ S eL

[ 9
Z; 48
These expreésions are similar to Ising mo@el expressions.

For the quantum mechanical model the éxpressions
show a much more complicated concentration_dependenceé

‘ z / ({.) . Teoe
E.-E. - 40 2 [_Ln. (Z (j))]
, , / Te®
Soo"' c | ‘ ® 1 2 (,k.)(
v = 32 <4"n> , k.éT[u(?°° ‘p)] eT.
K=o 4 = le
. : (8.28)

These results are useful for cbmparing experimental
results with the predictions of the three models.
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GRAPH 8.1

Curves of the critical value of44 tanh (Eéﬂ? against
concentration for the Helsenberg model (S=%, nearest
neighbour interactions and a simple cubic lattice).

(1) denotes the first order approximation.
(2) denotes the second order approximation. -
(3) denotes the first total approximation.
(4) denotes the second sum approximation.
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Chapter 9

Conclusions

The erroneous results given by the MFT for the alloy
situation are a direct consequence of the Eﬁgafﬁ‘s short-
comings in the 1limit ¢e=1 . In this limit the MFT predicts
that a linear chain of spins can have an ordered state, '
which cannot be true if spin-wave theory is valid. 1In a
crude approximation the alloy case can be treated by
replacing the co-ordination number z by'an effective one
¢z, and so when C= Yz the MFT treatment gives unphysiéal
results (see Chapter 6). This argument can be extended to
consider any range of interactions, and for all cases the
‘low concentration behaviour is found to be unphysical. It
seems certain that the MFT is only valid for low .
concentrations in the limit of infinitesimal interactions
of infinite range. (This is the limit in which the theory
gives a correct description of the Heisenberg model's
properties.) ' 4

The MFT does not include the short range order which
a valid description must include. ‘In the limit ¢=1 the
inclusion of short range order reduces fhe_valﬁe of the
critical temperature from the MFT value. The MFT curves
for the critical temperature against concentration lie
above the curve predicted by extrapolating the high
temperature limit, denoted by A in diagram 9.1, and hence
the theory predicts the erroneous curve shape mentioned in
chapter 6. )
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A L
1.0
MFET owve — kT
kT (e=)
{
BP.W cwue(o),
N curve A
T owrve R,
0 . o
. Concenltution 0

Diagram 9.1 Comparison of the critical temperature vs.
concentration curves for the various

theories.

When short range order is included the curve A is no
longer that predicted by using the high temperature limit
and the curvature will be in the correct direction.

The B.P.W. theory of the Ising model case gives
curves of the type C, and the evidence so far available
suggests that each successive approximation bringé the-
slope near ¢=| nearer to that of curve A. In fact, the
convergence of the successive approximations suggests that
the combination of the next order and sum approximations

'will be sufficient to give an accurate picture of the
theory's predictions. It is obvious from the results
obtained so far that the propertiés cannot be predicted
corregtly by considering the problem merely in terms of
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dilution. THe eriticel temperature will be higher than
‘that predicted on the basis of a dilution approximation
(see chapter 7). :

The B.P.W. theory of the guantum mechanical
Heisenberg model has failed (for S=%) to give a critical
concentration, because of the more complicated nature of
the temperature functions used. The Claessical Heisenberg
model does not have this fa111ng as the temperature
functions used are as well behaved as those used for the
Ising model. In fact, both the theories predict the same
critical‘concentrations for corresponding approximations,
though the critical temperatures predicted at c=| giffer,
of course. This suggests that the Heisenberg and Ising
models have identical criticalvconcentrations. The high
_concentration behaviour of the‘critical temperature for
the Classical Heisenberg model can be représented by the
following eouations :- |
first order-approximation.

KT, /KT, (c=I) = 1 - 1.23 (1-c)
second order approximation
kT, /XT, (c=l) = 1 - 1.04 (1-0)
first total approximation
kT, /KT, (c=1l) =1 - 1.07 (l—c) —
- and so the initial slopes are approx1mate1y the same as

e

e

——

those for corresponding Ising model approx1mat10ns. Trug,
the shape of the criticel temperature versus concentration
curve may be similar to that of either of the curves H(i)
and H(il) suggested by Morgan and Rushbrooke, and the
results for higher approximations are needed to“clarify
this point. | |

The. closed-form approximétions used in the prec~ed-
ing chapters cannot give the asymptotic power laws for the
susceptibility, so no study of these was attempted. For
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instance, Dombw7has shown that closed-form aPproximations
give -
X« (-E)
_ | .
with %un—l, and the correct exponents are found by
considering the exact high temperature expansion of X_-

T

uéing as many terms as can be calculated (usuallé‘from gix
to twelve). The high temperature expansion in the case of
the B.P.W.theory of the Ising model (or the Classical
Heiéenberg model) could be used to estimate the exponents.
The calculation of the series is, hbwever, by no means an
easy matter. |

Despite the preliminafy nature of some of the results
this simple approach to approximating the properties of a
binary alloy seems to have much to recommend it.:
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- Appendix 1

Calculation of the Avefages needed in the

Molecular Field Approximation

The averag'es needed in the Mole.cular Field
- Approximation are averages of products of the functions
Qy,1.€-$Qy .m..@q >, From the definition of 0y this
average can be expressed as

(dymp-srd m,)

<Oty = T gl o> €
"My
If in a perticular term of this sum a particular W is not
equal to any of the other m; the term can give no contri-
bution as <(p:>=0. If, however, in this term each m; is
equal to some other, say m; =m; + any othermnm, then
p=Oby= > = <h029 &> s b? =, (by definition). So
(pi=Xpy- > = <= ®i; and the term has in general a non
zero contrlbutlon, Thus we only have contrlbutlons when
each ™M; is equal to at least one otherm .

Defining the "contraction" of two factors %rxland
bi~¢ to equal (p:-A(p-c) , the calculation of the average
(qu Oy > reduces t0 the calculation of the contributions
from each possible contraction of <(’P c)’P (‘bm;c) >,
Introducing the diagram (D t0 represent one#h ¢ factor and
representing the contraction of two such factors as OO
allows the various contributions to be represented, as
follows, ‘ '
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(i) with two factors the possible diagram(s) are

GO

(ii) with three factors the possible diagram(s) are

A

(iii) with four factors the possible diagram(s) are

o5 b8

(iv) with five factors the possible diagram(s) are

x® b

(v) with six factors the possible diagram(s) are

R P& g8

~and so on, the humber of possibilities rapidly increasing.
The contributions from the diagrams on the left are
easy to calculate as 21l the factors are contracted with

- one another, so for example,
2 . . 7
< (’Pg’"@ v = (-9 {_(\'Q -\-Qz]
and so the contribution to K Qg ... &y > from this is

c(i-& [U"d + Cle S‘él-(--—+ 44 N

In general, if there are W factors, the contribution is

N - L n-l
S = ctolea™reFeNg
o A Bt dy
n fackety ' ?
- The other diagrams arise when the set of s, {fm,;},
is divided into subsets, where the members of a particular
subset are equal to one another but are not equal to m’s
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belonging to any other subse't; Consider the contribution
obtained from the dlagram 8% : the terms to be
considered are,

<« "“-‘TQ( JP#: C)(haa- QC’%; 9> { S My, gms;m;" Sm; ,msgm,,,mf gm,,m *8314,\33}

—_ a
(\-Q {Smb‘zh Mas 0y _g‘fﬂh“s ™aay, 8“\)—-484‘%}

The summa-bion over the s must, however, be restricted
as all the ms cannot be equal, so the contribution
becomes

88 —> Z (-3 Q/(é‘ S § gm"gzgﬂsamw(l_‘gm"@i) |
o, : .

+ $mhm38mzm (-9

2
+ Smh‘nq. ¥, T0 (\ gmhmz)}

= (o . ’ .
FeTN Gt Sapt o Bandy o Bt o)
3RO N Sy g itd, o

This procedure enables.all the diagrams to be evaluated,
but the calculation rapldly becomes tedious. The
evaluation of the diagrams for up to six factors has been
completed and the results are listed below for the

averages <O, Q, 0 sty Qg2

00 — cw-oNy
& - cwaraoNg,
c%) . | cg-a[a—cf’-t— C{\N&;&
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8 8 — C‘(l-OANJ‘g?:,ta( SE;‘E;* &“'h“ia‘l’u‘*— Sg-rﬁhk)

| '-3c’~(l-C) Ngxk

% e N (T)) [{\-c)q'— C“‘] N SX &

8 % - C-'AO—(_)"(\-}O Nzgéig{ Sk‘-)g‘;“ g‘igtg-\- AR + 8{: k‘

=23

* 85&;" gk-krrtz,t; ¥ Sg-y vh b,

4-85»?3*"-";‘* S“‘*t'b k+8 -21&55}

~ 10 (-cF (2N §
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Appendix 2

Some other approximations to the
Molecular Field Theory Solution Ffor ¥ (k)

A2.1 Solution by Iteration

The integral equation (6.10) can, of course, be
iterated.to give the following expression,

V@)=wﬁ%{@&£ﬂﬁ+ﬁﬁd Thﬁﬁww%d&h%ﬂ

Q@) = QN
" ‘ (42.1)
Johare ot
d P = | — dge T(R)

This expansion in itself is of l1little use ,but by
rearranging it the reason for making the choice (6.14) in
the decoupling approach becomes apparent. The rearrange-
ment gives,

’ﬁﬁéﬁ%mg +he 1 F S T o
o Q) W ww S,Ga)z:,(“iﬁf&)%@r-ﬁxg (42.2)

Using the averages obtained in the previous Appendix,this
equation can be used to calculate the high temperature
expansion of the susceptibility.. ‘

An alternative way to calculate this expansion is to

agssume that

T(d) = Z (d5§>a (\) | | f (42.3)

Y\-:(
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and use the equation

0 sl (42.4)

6,0 = IWa, M+ T 0
| & SAENEE RS

to obtain successive terms.

Both ways have been used %o calculate-the expan31on '
(6 42) quoted in the text so as to give some check on the
higher terms.

A2.2 A Further Decoupling Approach

The. decoupling method was also considered when the
functions A(¥),B(¥),C(X,k) (see Chapter 6 p72) were not
independent. The interdependence occurs because C, only
has a non zero value for 4 with h'.—.l , and so

(- o(h = (T lay,
for a particular distribution of spins. This can _bé
rearranged to give

o} - %Zr ("Ngz,t 0y )ACE) C (42.5)
where A(}) is, in fact, equal to a (&). Buftrea'ting Ab)
as an arbi‘tré.ry function and approximating it by an
infinite series in powers of the functions @&y 5 T(}) can
be approximated and a solution found to equa‘t-ion (6.10).
If A(d)= &(E)+ i(k)“k-li the problem reduces to the
following pair of couI;led equations:

, : r 4 P / . '
Z({E) @Ui), = N—%Z(@) - “s%ﬁﬁzﬁﬂbﬂt Y (42.5)
| + dy ot TR
| v
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ol GTEOQ = pghug + dsec«-o-};% SIGYA

Wi 7 = -’- 2 Y658 + (1129 Exam + cBD

From this definition of Z(f) and the ‘'definition' of o (X
by equation (A2.5) it is obvious that X(» =5NS&,H"8 h‘i“o“Nz'zi‘%‘)
This can be used to simplify equations (42.6) further to
give

xWQW = Iy %QS@:NSM& 4 2 XCX{

sZam~ }
-‘—EEAU:,)
1 (42.7)
. A(A)&m = | +d_s%¢.-¢)Ni:S(,+t BA® 5 Ay - EE -
N2 2O = dpefZiez®
The situation is much easier now as only ZACH is
needed to evaluate. X(}). The second equation of this set
is by no means easy to solve approximately. A variational

method can be used successfully, as follows:
Consider the functional,

I = K!‘%,A(g)[g- QUAL) + (-0 Tet @A(’OJ (42.8)

If the trial function is A() = Aw +SA() (where AL)
is the actual solution) and we can: 1n‘berchange the orders
of inte gration, %(A) is given by '

%(Zx) iA(_) +2 Z SAE [-@(§) SAE) + v(setx-c)ﬂtﬂ.’-‘e) 5A(t::):{

f:’*'

-y

If cer‘ban.n oondrt:.ons of convergence are sa'tn.sfled by the
various integrals involving Alt) and SA(E)

/m(w%(ﬁ) = —‘-Z AE) o (42.9)

and 'the error in this factor is O square of 'bhe error in

A))
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The simplest trial function for AlH would be a0
which on maximising the functional 2 (&) with respect to

-

the constant A gives

; 23
A = ) T
oSl L Tledtlr

N% SICHIA S v AB Q)

z{-
Al

2
_1_-‘-)
YAl NZ@
+

_ T - ;
.'.';Z'Qm _ zz TEAELR

N3 v Qe

|
N (A2.1Q)

f]sing this in the first equa'bion of ('A‘2.'7),'bhe correction
to the demominator of K(}) caused by including the |
fluctuations is approxima‘tely ‘

- E d;@acfé'j I + o@(; c - Z Skt BIGIE) ]

for small concentrations. The'“terms arise when using the
first and second methods in the text, respectively.
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Appendix 3

Calewlation of'ﬂhe.Averagés needed in the B.P.W. method -

In the B.P.W. method, if the graphical approach is
used, the averages needed are of the form

N kY L
< ‘PMJ?‘( v (k) v‘_(, \ >

by Tager, T Tam g

where

)P Z ﬂ JPM& W 6" me,

- MQJ), Q Q -Q'”Q-mﬂ

E.l N
n:zkb,z=22‘

and the 4m values ¢.....¢, are par-tltloned 50 that k\, of the
site labels M+ ¢; belong to the J co-ordination shell.

The various contributions to the above average can
. "be represented by the following diagrams. Any of the
factors '4*0” are represented by Q" and if two X-factors
are descrlbed by the same site value they are said to have
been contracted and are represented as 8 . Any two sets
of factors which are not contracted are joined in the
diagrams by a bond A, The number of *w-factors is the .
order of the average. The diagrams for the first few
orders are:

lst order, (:)

2nd order, leg)
3rd order, | %%~£?, Clj;lg)
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5th order A %J%A? %Jlﬁﬁ? -Q“QMQSLQ
PR *

The importance of this representation is that the leading
power in concentration is equal to the number of bonds in
the diagram. So for a small-concentration theory we must
sum vertically i.e. summing the series of all diagrams
with | bond, then 2 bonds ete. Near c=!| we must improve
the approximation by-increaéing the number of orders of
averages taken into account exactly; and the way of |
summing these orders is to treat them as a rearranged
geometric series ' ' '

A3;1 Nearest Neighbour Interactions

We now consider first the calculation of the first
few orders of averages for the simple cubic lattice, and
nearest neighbour interactions.

The first order average is easy to evaluate. As
there are R nearest neighbour spins the number of %;
factors is k+l , and the number of (I—p)-factors is z-R .
Hence the concentration factor is o' (-)** and as there
are{T%%@? such terms in the definition of *+%? the first
order average is

z)

N L Y o
kRl (z-k)

The second order average is also easily evaluated,
".as only the central atoms of the cluster overlap.

It has the value,
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(Z—l)! (Z-\)! ck+}{ O_C)Qz—',:,_;{
(k-1 (z=R)! (&0 (z-¥)
where k'k are the number of nearest neighbour splns 1nf/'ﬂ
the lGT QFi clusters respectively.

The exnonenu of C is only k4K because two 801ns overlayv.
In the third order we have two diagrams and %“D is

considered first. , ‘
The two contracted ¥y-Tfactors must have the same number of
nearest neighbour spins. So the contribution from

Gy, (1 (k5 (B, (5
\J’ »
<4‘t\£ Jr'ﬁ+5_.‘ *3'*9_-‘*3;> is 5 oty p k.,h” <‘)Y' m+tL> .

thus the contribution from the diagram %JQ

NN C N m% (-oF 2z ¥
480 “hY Tl e
= &y )} (k] (2]

The other third order diagram is.Q.Q9 . mhe
contribution from this diagram can be separated for the
simple cubic lattice into two contributions, depending on
whether 8= OT Y*&, . When ¢,=¢, the contribution to

< 4~ Y

1s
neg Tnte i ”

< (z-0 @l 0l mw.g Y
= 31*'319) &8, (H'(Z-W () @) (A0 (z- ;g_)l

as only sites with spins on themﬁoverlap.

- The remaining contribution (a Q') is slightly more
difficult to evaluate, as two of the clusters overlap at
site A (see Diagram A3.l)
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g ¢

'Diafzram A3.1 The overlap of three clusters for the simple

cuhic lattice.

=zl

. . e 2 - _*"
k! the contribution from QVQ«Q(Q‘ 22)

. <
If Ck denotes
is, in fact,

2 Rylrk-2 Cl_c)?'z-h-“'v'—“'

z2 N2
(-80S | G2 OO Cea ©

+ Qz-l z—z Q"Iz CMW«-R’M (‘_c)az-k~‘e'- 2 }
K=

The first of these expressions gives the value when a
factor U-—lo,\) is associated with site /\,‘bhe second when a
factor H is associated with site A . .

Now consider the even more difficult case of the four

. (R b by
factor average < ‘¥, e(u? J‘,—ﬂ(_};ﬂ EHE‘_&R} The contribution

from is, obV1ouslv .

B (»D
g|+Q 08("2+Q3, 0 gk,ézgh‘ ks -y_ 4te, >

and‘ that from 8«Q~Q is



V

(u (,h kp - (kD (h A
J‘ 4 ¥ 37 L 2
09, (kD G

/
+'gg@h°gﬁh b ﬂqua+%&>
In the éimple cubic lattice £ﬁ9ﬁ23==o is impossible for
nezrest neighbour vectors and so the central term is zero.
The first term is apparenﬁl{ a %fw average but it is
identical in value to < 4’(ﬁ““_]_ Jrét; 0> since the
sites can be translated by the vector [
The contribution from the diagran 0..0.0.0 can be
further separated by representing the different choices of

the nearest neighbour vectors by new diagrams as follows:-

e

——-—.‘ — S——

These occur Qk,\a,l times respectively. The directions
of the bonds with respect to each other'represent the
relative directions of ¢ Defining the follow-

ing functions,the contributions from the diagrams can be

"g".'! :g?v *

obtained:- 1 . 3
] | ) N
ALY = a(® CL 5 Alal) = a(k) (’_i_g NG =a®CE

A(H-)K) = a(k) L::_‘: s AGS,R) = o 4-'2- . ')a:L,h)— L) (- L.

= b A AR, k)A(u-,ki”)/c A3,k A kS/l-Q]c
1 — A DA (4,5 & (4,15 F\(u-) )/c_

—_——— = AR AED AR A(\,E")/C:"

— = [ AebAGKRYL FAEDABK ]

m—

e [heESAG v AGHS (06, ey /b

P

_ TTTT—
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For other lattices these types of averages can also
be calculated. For the body centred cubic lattice (z=2%8)
the first two orders have formulae identlcal to ﬁPose of
the simple cubic lattice case, but < "")rg'j; ¢§‘;“g> is
changed. In the simple'cubic case the diagrams for this
: , 4+% =0 and other

combinations. For the body centred cubic lattice this

average are of three types, for ¢-=(,

last group must be further divided because the choices
§=C1,1,1) and ¢g=(-,-l, 1) give different overlaps
between the clusters centred on h and n+¢+¢, (we assume
&= (1,4, 1) ). The first of these choices would mean an
overlap of only two sites, while the second would mean an
overlap of Q.Sites. The corresponding contributions are,

» - v z-3 -2 -3
Zz _,Cmm-:-_u( )51 -k-K-K<2-d C C C’b_’-z C*

k-1~ kil-o
oz
and i . .
ka0 ;. \ZRoERp z 2
jio < ( ©) Ci (:kld. <:U1 Y

where the sums over O(account for- the various dlstrlbutlons
of spins over the sites common to the I*' and 3% -clusters.
The higher order averages are also much changed and
because of the added complication these have not been
treated yet. ' ' ‘ '
For the face centred cubic lattice even the second
order diagram gives a complicated contribution,

4 /o zz-k-h-—u.-i»d
Z bt (- C C—k_ _de-n-oz

as the two clusters overlap at four sites other than the
central atoms. »The higher orders have not been
considered.
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A3 2 Longer Range Interactlons

One of the reasons for u31ng thls approximate theory
was to introduce longenﬂran e 1nteract10ns. This has
formally been done in Chapter 7, but +the calculation of
the averages for such a theory is very difficult. As can
be seen from the evaluation of the previous averages a
description of the overlaps between clusters must be
found. The average over just two clusters can be
characterised by a two dimensional array of numbers for
each co-ordination ring in one of the clusters, and so the
.difficulties increase rapidly with the rangé of the
interaction. |

'Further;_when the average 1is over three clusters
we also need three dimensional arrays of numbers to |
represent the number and type of sites common to all three
ciusters; and the number of two dimensional arrays needed
becomes greater than the number of co-ordination—rihgs in
'a cluster. As an example we consider the simple cubic
lattice and next nearest neighbour interactions:

When the 2™ order diagram is considered two cases
occur; one when (4 is a nearest heighbour vector, and the
second when g 1is a next nearest neighboﬁr vector. In
each case we define an array of numbers {rnm} where h,m
vary from | to 3, and these are

) ) ( 00 l>
= . = 00
x=\igw)  v- (o2

The sum of the numbers in the M* row is the total numbver
" of sites in the (h—lfRA co-ordination ring of the | 57
cluster which are common to the SJ.Ml cluster, Similarly
“the m* column is concerned with the (m-) co-ordination
ring of the 2™ cluster. Thus, the element %,, is the
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number of sites common to the (-  co-ordination ring
of the | cluster, and the (m-)* co-ordination ring of
the 2™ cluster. Each of the numbers %y (if it is non-
zero) denotes a2 region of sites which must be considered
separately and will give rise to a sum over « of the type
found previously in deaiing with the body-centred and
face~-centred cubic lattices. Therefore, the contribution

from < "r("’JI'U“

nf¢§>when ¢, is a nearest neighbour vector
is - |

. _ /_ / -
Z l‘.Z-l’. Ckl'fha'i' h{‘}hj "l-d-—v (l" C)‘zzl"‘QZJ_“hr“k) h| k) 8 +bl+8
o=0 Y¥=p

ety TR B el
x C,:C;C'“M C C,tz C?

k|-l" k ' 8 kg'b’

For the general case, for each X,, with n#| and m+| a sum-
mation will be introduced, so we denote the variable for
this summation by opy and then the weight for each term
is constructed by 1ntr0ducing C: for each I, fﬂﬂ mé |

zh-| z (t'm\- &Mb‘ dml

‘and for each co—ordlnafion ring of

each cléstef{i:\) . The summatlon.E' excludes =} from
the summation Ei .and a gingle suffix m denotes that the
quantity is as5001ated with +the AR co-ordination ring of
one of the clusters. The concentratlon factor ig L2 @-¢
where § = Z (22, ~ky =Ko - i  Bua= ) | A z (wk =7 ) =
and M is the number of co-ordinatlon rlngs 1n the cluster.
N such’ combinations would have to be used and it is easy
to see that the evaluation of even this average could
become unwieldy. U31ng the diagrams introduced to deal
with the hﬁ' order average for nearest nelghbour inter-
actlons,the second order average for next nearest neigh-
bour interactions would be represented by —— o ~~j
the second diagram'é bond represents ,g‘ as a next
nearest neighbour v§ctor. Similarly, the third order
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average would be represented by the eleven diagrams

For each of these diagrams we need the arrays X and Y as
well ag a two dimensional array to deseribe the overlap
between the (3T and 'bw clusi;ers and a three dimensional
~array to describe the sites common to all three clusters.
As an eXample, consider the last of these diagrams. The
clusters are centred on (_o)o)o) s (1,1,0) ,and (251,1)
respectively. The first and third clusters have two sites
in common, (- l,o,l) and (l,1,0) . The overlap of all
clusters can be represented by two arrays: the first
represents the number and type of sites common to the
first and second clusters which are nearest neighbour
sites in the third cluster; the second represents those
sites which are next neares‘t‘neighbours in the third
cluster. The arrays for the last diagram are

0,0 | o 0
x‘f (0 o> , Ka= (o l>

as only the site (l 0,1) is common to all clusters and it
is a next nearest neighbour site in all ‘tllf:e clusters.

k
Thus, the contribution to < -4'“ )’)-(k) +L )1‘3 S  from

n+e
is the rather compllcated expressmn =

2 p3 Al 42 3 o 4-2 -
u,d” CV ol '( CJ C—au C h‘-'d Cl"‘"{‘l{' Ck':‘bl’ .
V)X! ) -

..8:!‘” . 22-8434-*6!:.3’ zz—l,vsa:'cﬁ.n” Z-br v
R T M WEVRUAN g #E TV AN R

x: CA (("bci)ér
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wik A = R s k4~ - d-a-d gy L2y’
P = 32432, <k Rk —k- ik, —13 + s oty + Y42

If would seem possible to evaluate the contribution from
the other diagrams without great difficulty, but for any
other long range interaction the number of diagrams will
increase rapidly. The dimension of the a,rrays will also
increase and thus make'their'evalua‘r.ion much more
difficult. |
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