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Abstract 

The Heisenberg Hamiltonian is the basis of the 

theory of lOcalized moments. A correction to the decoupl-

ing procedure of. Callen based on this Hamiltonian is 

presented, which eliminates the erroneous r term in <S5 
and improves the critical temperature predicted. 

The biquadratic exchange term is included in the 

Hamiltonian and results for the renormalized spin wave 
energies are found for both ferromagnets and antiferro-

magnets. It is concluded that the biquadratic exchange 

integral j is very small for both types of, ordering. 

The Molecular Field Theory (MFT) and the Bethe-

Peierls-Weiss approximation (B.P.W.) are used to study the 

properties of binary alloys. These approximations improve 

on previous theories by using the distribution function s  

to describe the randomness of the alloy correctly. The 

basic equation in all the calculations is that for cw<Ws 

-qr 	 g, s. 41  11-) •&11   
tr 	. 

where only the functions 41m  and F change from theory to 
theory. This equation is generally solved by iteration, 
and with the aid-  of a graphical representation various 
approximations to a (and therefore %(k)) are obtained. 
Using the condition 16(...0 , curves for the critical 
temperature vs. concentration are obtained. Further, 

expressions for the critical energy and critical entropy 

are obtained. 

The MFT for arbitrary interactions and the B.P.W. 
approximation using the Heisenberg model give unphysical 
properties for low concentrations.--However, the Icing 



model and the Classical Heisenberg model do not have this 
failing and are presented for arbitrary interactions. 
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PART 1 



Chapter 1 

Exchange Mechanisms and Hamiltonians  

The Hamiltonian is the basis of the theory of a 

magnetic system (and, in fact, of any quantum, mechanical 
theory in Physics) so it is appropriate to begin with'a 
discussion of the Hamiltonians to be used, and by 

implication the physical mechanisms which determine these 

Hamiltonians. 

In the 1920's the ferromagnetism of iron was not 

understood in any sense, as Classical Physics had failed 

to provide a description of the spontaneous magnetization 

found in this material. Even when Weiss1  produced his 
theory of this phenomenon, the origin of the molecular 

field he proposed was still a problem as magnetic forces 

are much too small to explain the required molecular 

fields. The origin was to be found in electrostatic 

forces. Heisenberg pointed out that ordinary Coulomb 

interactions among electrons, together with the Pauli 

principle, could lead to an exchange effect strongly 

coupling their spins, which might give rise to ferro-

magnetism. The Pauli exclusion principle implies that 

parallel spins keep from each other spatially and so the 

Coulomb repulsion between them is reduced. This can be 

illustrated by the hydrogen molecule. If and+6  are two 

wave functions associated with two electrons, and the 

system of these two electrons is studied, we can construct 

two types of states according as the two electrons have 

parallel or antiparallel spins, These states are the 

symmetric and antisymmetric,combinations, 



ri)r;-) = 	+a(ri)+,,crA) 

ea  
Calculating the averages of the Coulomb energy If fl  

in these two states, we find that they differ'by an 
amount 

J12. = 	+40CI)44.0") 	CI) (t.)+6 -I  Cr)  `I ar 
6 'II  ir—ra l 	 -2  (1.2) 

which is the exchange integral. So this exchange effect,  
could give rise to ferromagnetism. Simultaneously, 
Dirac showed that for the case of orthogonal orbitals 
the exchange interaction coupling the spins of electrons 
localized in an assembly of orbitals may be written 

14,4  (1.3) 

where Jiiis given by an expression similar to (1.2) and  Si  
is the spin vector of the ill''elect*ron. Jjis necessarily 
positive because it is the self energy of the charge 
distribution +4.4... If we have slightly non-orthogonal 
orbitals Jijmust be replaced by 

_.2f4ycr,)(1)j  . (codx f,ti5,(QVfur )01r ) 	-1 

where V is some attractive potential between antiparallel 
electrons in non-orthogonal wave functions (this is the 

basis of the Heitler-London scheme of .chemical binding). 

Thus the state of the two electrons now depends on the 
relative magnitudes of the two.terms in (1.4). 

311  
1.4) 
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This type of mechanism would seem ideal for the 
insulator case where the electrons are well localized and 
the atoms can be said to have localized moments with a 
definite spin. Carr applied LOwdinis methods for non-
orthogonal arrays to the problem of ferromagnetism and 
developed the energy in powers of the overlap integral 

j(0)+,i(r)dr, where 	are nearest neighbour sites. With one 

electron per atom the leading term of the Hamiltonian is 
the Heisenberg term, but higher terms are of the type 

* SS - 11.* * 	Tit 
fib 

Recently, Harris and Owen have invoked terms 
similar to these to describe some of their experimental 
results. They, in fact, suggest a Hamiltonian which 
includes the biquadratic exchange term 

s.• s , . 	 L. —1 
) 

(s. 	 (1.5) -. 
where the sums are over nearest neighbour atoms. 

It has been suggested that the last term is not 
entirely due to the exchange forces, but partially to a 
balance between these and elastic forces. 

Mattis
7
has discussed a universal Hamiltonian for 

the description of various solids. By applying pertur-
bation theory to second order he obtains the effective 
Hamiltonian for a non-conducting medium as 

= 2-2.-- 1-1 (R.) 
ltd 	 J  

where Stare the total atomic spin operators. H(Rip comes 
from the term which represents "hopping" of an electron 

from site J to site i ; J(R4) arises from exchange between 
nearest neighbour atoms. Thus the total Hamiltonian must 



be considered as the sum of two effects; one an anti-

ferromagnetic interaction due to virtual "hopping" of an 

electron from R.to RS (and back), aflone-body" or "kinetic" 

exchange mechanism, and the second a ferromagnetic 

interaction arising from the exchange of two electrons 

not on the same atom. As in the Heitler-London theory 

the type of interaction found depends on the relative 

magnitude of these two interactions. 
This, however, cannot constitute a general theory 

of magnetism in insulators as it can not predict the 

strength of interaction in insulating material such as 

manganese oxide, MnO. The value of the exchange 

integrals is, of course, determined in the above by the 

direct overlap of electron orbitals of electrons on 

neighbouring atoms; but because in Mn0 the distance 

between nearest neighbour Mn atoms is so large these 

integrals are small, and they cannot account for the 

strength of interaction needed. Kramer suggested that 

this discrepancy could be resolved if the mechanism was, 

in fact, an indirect exchange via the oxygen atoms so 

increasing the overlap of the electron orbitals of 
43,10 

nearest neighbour Mn atoms. Anderson has shown in, his 

theory of superexchange (i.e. assuming Kramer's mechanism) 

that the Hamiltonian is still of the Heisenberg form, as 

far as the leading term in his perturbation treatment is 
concerned. 

At the present stage, therefore, the Heisenberg 

Hamiltonian is very fundamental to the theory of local-

ized moments in insulators. There is, however, one 

exchange mechanism, known as Double exchange, introduced 
110. 

by Zener, which does not give'a Heisenberg type 

Hamiltonian. This theory was introduced to explain the 

rather different properties of mixed valency oxides of 
3t 	14.+ 

the form (La1,14paz)(Mnpnx)03. These oxides exhibit 
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remarkable conductivity variations with the concentration 

x of Mn atoms, while the extreme cases (x =40 or 1) 

behave as antiferromagnetic insulators. 

The full treatment of the Heisenberg Hamiltonian is 

impossible for a magnetic crystal and many papers have 

dealt with approximating this Hamiltonian. One simple 
way to approximate is, of course, to neglect its diagonal 

elements, giving, 

(1.6) 
6,1) 

This new Hamiltonian is called the Ising Hamiltonian and 

was used by Lenz and Ising to formulate the problem of 

ferromagnetism in a one dimensional chain before the 

Heisenberg Hamiltonian was envisaged. This Hamiltonian 

cannot be an exact description of a ferromagnetic or 

antiferromagnetic system in two or three dimensions, as 

it excludes the existence of spin waves (see chapter 2); 

but it short-circuits the difficult mathematics of the 

Heisenberg Hamiltonian, and it is a tractable model of a 

system which should exhibit co-operative phenomena and 

phase transitions. In this latter sense it is really 

part of the theory of statistical mechanics and not of 

solid state theory (it is especially important in the 

theory of order-disorder transitions). 

Another important point is that two ferromagnetic 

insulators CuK2C14.21120 and Cu(NH/AL C111..2H10
4
seem to 

provide a good representation of the Heisenberg model's 

predictions: the zero-field susceptibility near the 

Curie temperature is proportional to 0-T° 4with n=1.36, 

1.37 respectivelyt  which is reasonably consistent with 

the theoretical value 3a.-= 1.33 ; also the critical entropy 

has an experimental value 0.22, which compares well.  with 
the theoretical value 0.26516(Ising model predicts 0.102 
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for spin-i case). The best agreement with the Ising 

model is obtained from cobalt tutton salts. 

In metals the physical situation is more compli-

cated, because not all the electrons are highly localized 

as they are in insulators. Some electrons are still core 

electrons, belonging to filled shells tightly bound to 
the nucleus, and unaware of the 	environment. 

Others in unfilled shells have a range of behaviour 
intermediate between that of the quasi-free conduction 

electrons and the tightly bound localized electrons. In 

devising a model of this situation it is simpler to 

consider the electrons as either quasi-free or localized. 

For instance, the electrons in the well-localized mag-

netic d or f shells.could be considered as interacting 

with each other via a Heisenberg exchange mechanism as in 

insulators, while the quasi-free conduction electrons 

account for the metallic properties. This approach, is, 

however, much too simple and it is certain that the 

conduction electrons are extremely important in account-

ing for the magnetic properties, as these electrons alone 

are capable of sustaining correlations over several 
interatomic distances. 

The indirect exchange theory of magnetism in metals 

makes use of this mechanism and leads to an effective 
interatomic Heisenberg Hamiltonian which can be derived 

by second order perturbation theory. Ruderman and Eattell  
first invented this theory in connection with nuclear 

magnetic resonance, where they studied the effective long 

range interaction between nuclear spins due to the 

hyperfine coupling with the common sea of conduction 

electrons. The extension to the s-d or s-f interaction 

in metals by Yosida permitted the explanation of 
Asal 

Zimmermans specific heat measurements on Cu-Mn alloys. 
The Mn impurity atoms retain part of their Hund's rule 

d:n 
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magnetization in the solute and because of this the spins 

of the conduction electrons are polarized at least in the 

neighbourhood of the impurities. If the R-K-Y theory is 

applicable this polarization is not localized, and Mn 

atoms at fairly large distances away are affected giving 

an effective interaction between Mn atoms. .This inter-

action can be shown to have the form, 

"SCRO  

where TN..) 	G Sig (2kAii) ak,C15  cos(akF!Ri j) 
L.1 

( 212;lkii.)*  

kvis the Fermi momentum and G depends on this and 

the square of the exchange coupling between the local-

ized electrons and the conduction electrons. 

The most likely application of the indirect 

exchange theory is to metals containing elements in the 

gadolinium rare earth series. Generally the f shell 

radii of the rare earth atoms are so small that even 
nearest neighbour atoms do not have significant direct 

overlap and the R-K-Y interaction can be considered the 

principle interaction (with crystal field anisotropy the 
main correction). Ordered alloys containing transition 

elements can also be described by this theory if the 

magnetic atoms are sufficiently far apart for the d 
shell overlaps to be unimportant. 

The indirect exchange theory would be invalid not 

only if the exchange coupling between the localized 

electrons and the conduction electrons could not be 

treated as a perturbation with respect to the kinetic 

energy of the conduction electrons, but also if the 

conduction gas in its ground state exhibited long range 
order. This last is certainly not true for Cu, but 

(1.7) 
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av 
Overhauser has argued that if the correlation energy in 
an electron gas can be neglected, the Hartree-Fock 
ground state is not the usual Fermi sea, but a spiral 
spin configuration, a spin-density-wave. This is 
different from the ordering caused by polarization of the 
electron gas by paramagnetic impurity atoms as it would 
exist even when these atoms were absent. When the 

impurities are present their effective interaction is 
similar to the R-K-Y interaction, but the potential J(RO 
is of a more complicated form. 

This effective interaction is similar to that 
produced when the effects of the superzone boundaries are 
included in the R-K-Y interaction 

In all cases quoted, of course, anisotropy, and 
spin-orbit coupling have been ignored, as they will be in 
subsequent chapters. Even apart from these, the theory of 

magnetism is not the theory of the Heisenberg Hamiltonian, 
but in insulators this Hamiltonian is of great importance, 
and in the theory of alloys it has a definite contribution 
to make to our understanding of the subject. 



Chapter 2 

Decoupling Methods and The Spin-Wave Approximation 

• • 

2.1 The Spin-Wave Approximation for Ferromagnets  

The model Hamiltonian being considered is simple in 
form but it leads to difficult mathematics when it is 
used to calculate physical properties, such as magnet-
ization, and so some further approximation will be 
needed. In two temperature regions approximations to the 
Heisenberg Hamiltonian are well developed; these are at 
the two extremes, low and high temperatures. 

In the low temperature region the spins in a mag- 
netic crystal are very nearly aligned and for ferro- 

2S" 
magnetic ordering, following Holstein and Primakoff, we 
can define the usual quantum number m (which corresponds 
to the z component of the atomic spin S), and hence the 
spin-deviation quantum number n--4 S-m, which measures the 
deviation of ?from its maximum value S. If only one 
spin deviation is present in a lattice it does not remain 
localized on any atom, but because of the exchange 
interaction with other spins it will propagate itself 
through the lattice. This leads to the definition of an 
elemntary excitation, a spin wave, corresponding to the 
propagation of a spin deviation with a definite wave-
number vector. The basis of the spin-wave approximation, 

first used by Bloch, is the fact that at sufficiently 
low temperatures the influence of the interaction between 
the spin deviations may be neglected or alternatively 

that the interactions between spin waves can be neglected. 

Bloch used linear harmonic oscillators to approximate the 
spin operators, because of the similarity between the 

15 
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corresponding matrix representations, while Holstein and 
Primakoff used creation and annihilation operators. From 
the definition of these operators for spin deviations an 
exact representation of the spin operators can be found, 

Sf 	 s3 	(2s)"2 	 ; s, .s- 0.,04  

-L SSt  = (2S)112  a (I_ faray.2s) 
,,2.  

Q.nd 	[04,4] 	aa lX  a 	0. al  it — 4 

where a_creates a spin deviation on site 1, and as  is the 
corresponding destruction operator. The difficulty with 
this representation is, of course, the operator (144/2S: 

As a first approximation it can be replaced by 1 1  as at 
very low temperatures <alat) 4(2S, (<A> denotes the 
thermodynamic average of A) and terms Iii:aliam  can be 
neglected (assuming that there is no correlation in the 
location of the different spin deviations). Using the 
simplified representation the Heisenberg Hamiltonian is 
easily transformed into its new form, but a further 
transformation is needed to diagonalize it. This is pro-
vided by transforming the spin-deviation operators into 
the corresponding spin-wave operators, 

• 	 (2.1) 

	

N24 	 • a = L ' 	N4 	ct 

In this simple theory the Heisenberg Hamiltonian, 

O. 

	

- -a 	s. s. 	H Z s.
le 

-,t chi) 	 j=1 
is finally transformed to, 

= 	s4.7(0)14 	st.z.(0)--7(a)3 

( 2 . 2 ) 

(2.3) 

xax 	(2.4) 
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and it gives a result for the temperature dependence of 
the magnetization identical with that obtained by Bloch, 

i.e. M",1110(1.-AT34-0) as well as the well known dependence 

of the spin wave energyeo, a2: H is a measure of the 

applied field, and 	J(1-m)e 
t-13) 

Oguchi extended the approximation by expanding the 
operator a- c4:10SNn powers of Vas and neglecting all 
terms in the Hamiltonian which had more than 4 operators 
or whose coefficient was of order (1/25)" or less. This 
improved treatment allowed the interaction between spin 
waves, to be examined and the leading correction to the 
magnetization was found to be 0(T4), while the energy of 
the excitations was renormalized by a factor (14.13T+-4.). 
The Hamiltonian in this theory is 

= 	.1\1 
7_ Lz-(1)-t-z-tli) —27(1--2.-00.4ce 0. Q. Y  (2.5) 

and Oguchi obtained his results using perturbation theory. 
(This Hamiltonian is the effective one used by other 
authors; the extra terms treated by Oguchi have their 
contributions cancelled by 'higher' order terms). 

ayo 
Dyson used a different. Hamiltonian (still derived 

from the Heisenberg Hamiltonian) in an earlier paper in 
which he also obtained the temperature dependences stated 
above.. This Hamiltonian can be found by using the 
following effective representation of the spin operatore'52  

SI 	(as)V 	Quit:a4/as)yza • 

S — ailaa  

and it is 

A 	+" 	 a / 	 ea4.a. a .).! (2.7) 

(2.6) 
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The last term is non-Hermitian and gives rise to great 
difficulties but Dyson's

a 
 masterly treatment solved these 

Ic 
and showed that at allItemperatures the kinematic inter- 
action is negligible. (This arises because the 
'exclusion principle' forbids more than (2S) spin 
deviations to occur on the same site). (2.7) has been 
used by Tahir-Kheli and Ter Haar

aa
'using the Green function 

decoupling method, and this will be considered later. 

2.2 The Spin Wave Approximation for Antiferromagnets 

The concepts of spin deviation and spin waves can be 
used in the antiferromagnetic case to study the low 

temperature properties, but the N6e1 ground state (which 
takes the spins as totally aligned in the .z direction or 
-z direction with any spin 'pointing' in the opposite 
direction to its nearest neighbours) is not the true one 
as spin deviations still exist when 	The problem is 
also complicated by the need to consider the two sub-
lattices separately (all simple treatments assume that 
the Neel ground state is, in fact, the true ground state) 
and so two sets of spin deviation (and spin wave) 

operators must be used (see KubPand Oguche). Following 
Oguchi the representations of the spin operators are, 

(i) for the 'up' spins on the 1 sublattice, 
\vs 0.0 1- 4CkihS) 

s- = (as)"' (1— a:a4h51 2.8) 

(ii)_• for the 'down' spins on them sublattice, 

S 	(S)va 	( 	6; 64/2S)92.  

S)11  ( 	64:41;m fQS)v26,4 ; 2r1  
_5,4,L,L, 	(2.9) 
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Kubd
33
found a divergence of the fluctuation of 

magnetization in his spin-wave theory of antiferromagnets, 
but it can be avoided by introducing anisotropy energy 
terms into the Hamiltonian. This latter is idealised to, 

S S •ia.2 S.:6; 
Ct)o) 	'1"1 	I   

(2.10) 

where h1 is a measure of the field acting on the 1 sub-
lattice; hathat acting on the m sublattice. Denoting 
these by different constants enables the sublattice 
magnetization to be calculated, as well as providing a 
simple means of introducing some. anisotropy. The 
operator (1.-4;aj2Sis treated as previously, and in 
Oguchi's treatment terms with more than 6 operators are 

neglected. 
As in the ferromagnetic case spin-wave creation and 

destruction operators can be defined (except that now the 

sum over lattice sites is restricted to one or other of 
the sublattices), but here they do not diagonalize the 
tyo operator terms and a further transformation is 
necessary. If the spin-wave operators are ax,bx  etc. and 
the new operators aw,N etc. the transformation is 
defined by 

= di5  e-ersat  - 

iJK 
". 	askk 

Qk = off: ask% — 	slikk.% 

— c4r. slyth. 0,, + 	tos*Ic.  

where 	-Nur& Cat) 	ks 	1-421;14-1V2) 

and 	= 	ARz Luis) 	/(2z171S) 
(r is the number 4 nearest rai9kbours). 

(2.11) 

iMJ5) 
L •)e. 

es-119 
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The effective Hamiltonian becomes 
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Co:.s 	4- ; 	crtii  4- etolc) 

4  E,„ [1-e) (Itivithi,q) 413(2)Nvt7 
(2.12) 

.11,1  

where nifia:ot 	14c:4  and the coefficients are 

{(1)2...-6:P±i(k14-V,) 	 -I)] 

zal 
zt31 s 

13(2)- - 	(C C, N (2.13) 

Using this Hamiltonian Oguchi found the low temperature 
expression for a number of thermodynamic quanties 

including specific heat, sublattice magnetization and 
parallel susceptibility. In this expression the spin-

wave interactions produced contributions very much 
smaller than the leadingterms and also smaller than terms 
produced by treating the deviation from linearity of the 
spin-wave energy spectrum (61,Nalk1). Nevertheless, the 
smallness of the effect of the spin-wave interactions 
confirms the usefulness of the first approximation in 
Holstein and Primakoff's method. 

Anderson in an earlier paper treated the simple 
non-interacting spin-wave approximation to (2.12); and 
concluded that the 'sublattice' picture of*antiferro-
magnetism is not qualitatively affected by complications 

in the actual ground. state. This is very important as 
spin wave theories of this type of antiferromagnet have 

had considerable- success in explaining experimental 
results. Ziman treated the antiferromagnet in a similar 
way but included dipole-dipole interactions in the 
Hamiltonian. 
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2.3 The Green Function Method and Decoupling Procedures  
at Low Temperatures 

The method is based on the equation of motion of 
* the operator ca.(t).e al e which is 

A co 1 	= te A 
at 

and the definition of the Green function (retarded) 

4 O (,•i.) 	Co <tact) ao> 	(2.15) 

where sa,  is the .Hamiltonian of the system; (t) is a step 

function, unity for positive t.. and zero for negative t; 

[A lt.] denotes the commutator of the operators A and B and 

equals AB-BA. The Green function can, of course, be 

Fourier transformed with respect to time to give 4:a a!fr#)> E 
which satisfies the equation of motion 

n* 4 01') 	= 4,  )cfl>  + « 	>>"E 
42T 

.(2.16) 

where .E is the argument of the Fourier transformed Green 
function. This equation and the relationship between the 

Green function and the corresponding time-dependent 

correlation function 

• 

	 2.14) 

e+5 

n 114  
• "" k4.>>tua-}iS 	 0-g»u3.ie. 

< 	ax(+)> 	 t au) 
4412 Ctv44.1) 	1 —Co 

2.17) 

are the only equations required for the application of the 

Green function method, and so the reader is referred to 
38  

Zubarev's paper for further information about the theory 
of the method. 
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So far the method is exact but in equation (2.16) a 

new Green function occurs. This function could, of 

course, be treated by an equation of motion method but 

this, far from eliminating the difficulty, introduces 

another Green function. In fact, by repeated use of the 

equation (2.16) we can produce an infinite set of coupled 
equations. To approximate the original Green function 

this set must be.terminated atusome stage i.e. 'decoupled'. 

Tahir-Kheli and Ter Haar used this method in the 

spin wave approximation and decoupled in the first 

equation by assuming that, 

(2.18) 
> 	t; )1-i< 	E 

where they were in effect considering the corresponding 

zero-time correlation function as 

<aa, a?., (1404,0> ^' 	<o j 043  ><Ci ax > -2 -4 

+<ct4lit ax 4>Ka.4,a1,5>. 
(2.19) 

(i.e. the average is symmetrically decoupled), and g>,)  is 
the Kronecker delta. 

This theory gave results identical with Dyson's except 

for the coefficients of the first interaction contri-

butions to the magnetization and specific heat, which 

agree with Dyson's only in the limit S-,•00. These errors 

could,.of course, be corrected by decoupling the second 

instead of the first equation and Tahir-Kheli and Ter Haar 

proved this and obtained an expression for the damping of 

spin waves. 
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2.4 Decoupling Procedures for Spin Operators  

Even though the results from spin wave theory are 
much more realistic at higher temperatures than the basic 
assumptions would allow one to hopes;' the properties of 
the model are less satisfactory in the region very near 

/the critical temperature. The magnetizatiQn has a 
discontinuity at the critical point, and the critical 
temperatures are only within 10 of the values obtained 
by using high temperature series expansion (though it 
must be admitted that some Green function theories have 
similar or larger errors). Thus, either higher terms 
must be included in the Hamiltonian, or, what appears to 
be a More sensible course,. a Green function theory using 
the spin operators themselves must be devised. 

A number of authors have taken this latter course-, 
which using the obvious generalisation of the equations 
of section 2.3 gives the basic'equation, 

(Id) 	4"r> 214  - 4/ (1.-  )14 s; 	S; ;S;5> 	(2.20) 

where EI=E-)4H, andcE(E,1).= <<4;SJ:7>>.a  with the correspond-
ing form of .(2.15) as its definition. 

40 
Tyablikov used this equation for the S-112 case and 

suggested the decoupling 

4 s; ST, s;>> 	< sz> « s ; S.1.--  »E 	(2.21) 

This decoupling implies that, 

using the definition of the corresponding time-dependent 
Green function in the limit t+o. 
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i.e.  .2<Sz 5  Sz>Sy 	5 >S 	2 S7> < <SS+ S)14 3. 	M 
(2.22) 

This is obviously a crude relationship as at low 
temperatures <S7 >=0(T349 and it is not surprising that 
the spin-wave energies are renormalised by,a factor 

(1-1-AT14---*-) instead of the factor (1-1-BT‘.4-4) obtained by 
Dyson.. There is also a spin-wave interaction contri-
bution to the magnetization of 0(T3) only part of which is 
due to the erroneous renormalisation. The rest is due to 
the form of the equation used to determine <S5, 

< sr? 
	1/2 	

(2.23) 

where 	= 	and Eris the excitation 
energy. The corresponding expression for the spin-wave 

approximation is 

= 	 (2.24) 

and as a AT3I2  the difference between the two values of 
05 will be of order ?. 

Tahir-Kheli and Ter Haar generalised this theory to 
include S > 1/2  using the same decoupling. They had to 
introduce the more complicated Green function 
4ce.(S) (e). because for higher spins ‹S S >OS -451>, 4 4 E 	 S 
but, 

< s-  s > 	s(s-+I) — 41). <s'› 	 (2.25) 

and so<lej5 must be calculated as well as <35. 
Calculating Orr>leads to higher powers of ebeing needed 

and only the fact that cSxris related to smaller 
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powers of Sr  saves the method from failure. Their method 
42 

becomes laborious very 

' 	

quickly. Callen introduced the 
Green function 4 S •eet.S S >>E and succeeded by 
differentiating with respect to the parameter a in 
obtaining the relationships between <S5 and for general 
S quite easily. 

Callen also changed the decoupling procedure to 

« 	, Sr,Aa>E  ti< St, > « 	') N>k 

— 	<S6S+3.> « S1.  •1  A 
	(2.26) 

where of=(S=> /2Sz  instead of zero as in (2.21) . Instead of 
(2.22) we have, 

2 <sz Sz > 	— KS-  s> Ni 4 V a a <sz 

s+ts> 
(2.27) 

a much improved approximation which corrects the 
.renormalisation factor to (I+ Aea4- --)-) but still fails to 
correct the error implied. by using (2.23) for S =I/2 . We 
shall return to this in section 2.5. 

Identical results to those of Callen can be obtained 
if of is taken to unity, and this choice seems more 
satisfactory when the definition of the Green function 
being decoupled is considered in the limit t-*o. 
Instead of the previous decoupling procedures, the author 
has tried introducing two ' constants ' 04.e 

4 Si 	; >>il 	< S Sg> << S () S:f:t 

+ < 	Si",1 « SC.t) 
	 (2.28) 
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where o/ly are two functions of temperature. Transforming 
both sides of this expression to the corresponding 
correlation functions and allowing t.00 gives, 

> = cC <SS1-><S&S > 	<s S*6>< S4> 
	(2.29) 

If lmg the left hand side is zero so tX-t-sd.o and only one 
more condition is needed. 

When Svi- the quantity being approximated is, 

7*(-11)<<(S:Sts+(t):-Stt  -Sts+CO')  s- 
	

(2.30) 

and the other condition is obtained by using the 
definition of this Green function used and equating this 

exact quantity at two to the approximation found by using 

the decoupling. A further approximation is used, because 
as both C4 and y are assumed independent of site labels, 
<S 	z lva  e> must be replaced by 21(S-tS+>. Denoting this last 
quantity by jw the condition is found to be, 

+ 2JAV (IL—er) 

ot = a — <3"— (2.31) 

  

where or= 05 
Following Callen, the energy of the spin-wave 

excitations is 

E(12.-) = jd-1 	acg — cr— 	[7(a)-Z-(1D3 	(2.32) 
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and 

where 

	

••=1  I 	2-- 	+OS) 	-7f(1.0 + .243- 	1\1 k. 	zN 

	

- +O) 	ECk) 

(2.33) 

These expressions give the same low to 
as Callen's theory and at temperatures 

temperature the theory's prediction is 
less satisfactory. If the sum q+.(k) 
T=0, as it must, then 

mperature behaviour 
near the transition 

unfortunately even 
is to diverge when 

— 2o4 (I— 	= 0 

and so A=o . Thus, p../ 20-  thq-e(k)+(k) cannot be satisfied 
and the only solution for the 	temperature is 
infinity. 

This situation may, of course, be improved if some 
of the dependence of 04•6 on lattice sites were included. 



4 

and La 
	( 	 I')

N 	 3) = <S1s3.> N ki,  k2. 	4  

(2.35) 

( 2. 3.6 ) 

(2.37) 

 

and 

which 

+(a) 

differ since 

NZ. (kb 
k0_2  

28 

2.5 A Correction to Callen's Decoupling Procedure for 

The low temperature error in Callen's theory, as 

compared with the known spin' wave approximation limit, can 
be rectified. The two Green functions that must be 

deqoupled are 

and 	K 	Z-y, Sk (k) s; >•N 

Callen decoupled these in the same manner and this is the 

cause of the error. If the Green functions are considered 

in the 	limit their values differ:- 

Lk (srV'Isd-o.s-› ) 	..2<S;;;;SIN>L),,t + V:"‘",/ 

(2.34) 
and 
	

Lk <<S45.S17S,t(0.)S,;,t. 	<S•zi,,S;;Stt> rpA 	11,  iso 

that is, they differ by 	<S5 S'Lti V,,o  
Further, we can define at b=o the correlation 

functions 

The errors introduced into the limits of the Green 

functions and the correlation function kl.lw  by decoupling 
'symmetrically' are only obviously large when all the 
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sites are equal. Those in btu)  however, occur when leg 
or nag. We restrict the correction in the procedure to 

account only for discrepancies in kIJ which can be 
eliminated by adding the correction 

Skj 	csi,1 	 2.38) 

to the decoupled expression for 's'-33.,5;cSD>lc. 

The Green function is taken with identical sites for all 
operators as we wish to mirror the form the correction 
must take (cf (a..E8)). 

Using (2.38) as a correction to the decoupling 
procedure used by Callen4the correction to the equation 
of motion is 

--2 EV0)J()3 N  z 5(k) <s-s4> 	 (2.39) 

and the complete equation of motion for (E) is 

[E-E()] 	(k) air - a DCD) 	s-gr›N  q. (to 	(2.40) . 	 E 4t. 

As a simple approximation this equation can be iterated 
to give 

a<sz• 	.1<> [71[00]  
gE W cf  1,r ..,t Le-E003 	.2.1c LE E (.11-)3N 

Szs 
E—E(V) 	(2.41) 

which transforms to 

+(L) 	<s5 La -a<st>] 1=04 	 (2.42) 



Thus 

- <sz>. = CI+ WA- 	on 	(2.43) 
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The error compared with the spin wave approximation of 

<S> is now of(D(Tc4) instead of0(70) as found by Callen, 

and thus the spin wave interactions contribute from OCT).+  

The correction will also affect the coefficient of 
the first interaction term. The terms that will contri-

bute to order Tµ on the right hand side of (2.43) are 

+ 2 <s-sk>.•p-c--01. 1  

which, using Callen's notation, gives the first interac-

tion term as 

— 3" 3-(DI(f) T4.  + FC-0.1 
	

(2.44) 

The corresponding terms in Callen and Dyson are 

—3Tcy 

and 	—3-rry x(4) er(-5i) -E4 
	

respectively, 

where depends on spin and the type of lattice. For the 

simple cubic lattice and 8.4A-F13 whereas the effective 

q in this work using (2.44 ) is 3. This is only an 

improvement on Callen's result in that the extra inter-

action contribution is estimated, but the errors are much 

greater. The results forQ for the cubic lattice are 

compared with those of Dyson and Callen in Table 2.A. 
For these Q values we see that the correction is not 
subtle enough and a further correction is needed with 

z-Co) 
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S--.S1.> replaced by some average of 0 ( -1-72 ) , but it is, 
difficult to see where this error occurs. The error 
could be occuring in the form of a higher order term in 
the expansion (2.57 ). 

These results were possible because iteration pro-
duced a power series in powers of <S"-S5 which at low 
temperatures is .of p (7312) . However, at temperatures near 
the transition temperature this type of approximation is 
insufficient and the exact equation must be used. 

The complete equation can be used to calculate -gie03) 

.2<s.> 

_ 
	 E-06 

7 	0-co) —TC6 
N 

So, 

      

  

.<Sz> 

.).ir[:e-E(k)] 

(I —.<S4>)(7(t)-73-01,))r-ti 

4" 4R1  Z. TC°2-ZZ (si—<S>) 

  

 

= 

 

(2.45) 

  

    

       

This eauation transforms to 

<g> 	2<Sz.> 

	

--)<sz> 7- 	alto k(1) --a(k01)-k-di(n)(t+ct,00)  ) 	2. 46 ) 

/ 	(1+ a  a, () \-2+. 32221173,),cg -4102:31 	(\ 1LH, I  it  

	

k 	`• 0 	' uo) 	L Vo) 	‘* Ji d. 

where 0 z<sz) 	(g 
R. 

Lz-(0)-Z-Nf).11(0))11.'1  
(ZIA -z-on r 
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and 	ti.a4.) -= '11-1 N 

Assuming that the correction considered above is applied 

to Callen's412 decoupling procedure with ECG..) and given by 

, <Sz> Et+ 7 3 C:3-(0) 	3 and. 14-i,, ,7,Z u(.6 cir(13.1.) 1-zSiwtctiVe.!y 

the equations which provide a solution-for the transition 

temperature are 

J1)) 

3.zoct,01.)rL  (1,;) 	ad, CL.) 
N • JCID)-70i) L kzto) 	- 	3-c.) 

(2.47) 

-1(1-4 ) 	F()-1   kT 
as2-3-(0) 

The only change from Callen's42 calculation is the integral 

which corrects the first of these ecuations, and the sign 

of this integral is critical in determing whether 	is 

increased or decreased as compared with Callen's values 

for S. If the integral is positive the value of IgLtc.  

will decrease and vice versa. 
The integral d1(k) is known for certain values of 

J(k): 

if 	(i) 
(ii)  

(iii)  

and so we can estimate 

J (2s)/J (0) 

dl  CL) = 
+ .2.F(-1) 

d1 (k) as a quadratic expression in 



Defining 

d-1(k50( 	
-Tcp)---*TC16 

--- N 	 701).] 
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(.2.48) 
Arta 	a,2  02,4 .... I 5—  LoczYD) --TM] r(o) 

N Z—* [ 'TM enon r 

we have the relation 

"?. 	1-04)  et.1(,01) D-to) 	1.4 
aoc 

a (i.,0z)} 	44))--3-cip]` (2.49) 

and only condition (iii) needs redefinition. If 

—7(0) 	( 1134) = -1 a PC-1, a) 

z-(0)  
where 	NILF °C3(6)  

Assuming that 011(40 is a quadratic expression and 
using the conditions (i), (ii), (iii) we obtain the 
representation in the limit o(-1-1 

dl  (t)cf. 

ot,(k) 	F&)  + 0,0 LFc-a) -pc-o] 
	 (2.50) 

where x = 7(t)/7(0) 
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Using these in the correction term to the trans-
ition temperature eauation the argument of the integrand 
becomes 

.2 	.2-v2.F(.1) 	l - (24.'  4 b (-x.2--x2') 
F6.2)  1+ c6c, + 

[. ...ii.F(04-FZ-1)- 	F(-..2)3/ [24-. 4 FC-a) 

F2(1) / 5.1- .4 F(--n] 

[7z 4 4.. FC-0-  y= Fen] /[I.+ .2, F(2)] 

(2.51) 

6 - ck. -(1 -1-2H-4/ L + .2. - R-2)] 

and. 	= F2C-O/D + QF(-03 

For a simple cubic lattice F(.--f )c:1.52, and F(-4) 
can be estimated as al.° using an expression given by 
Tikson. The integral of (2.51) can then be approximated 
by expanding in powers of x. first. (This is not very 
inaccurate as the second term of (2.51) does not diverge). 
The value of the integral can be expressed as 

aP(-)D—a3 	 2.52) 

and so finally the first ecuation of (2.q) becomes, 

— 	FC-.) Z(c) with ol =2 .00 	(2.53) 

Solving the new equation gives }LT.& 1.03 as compared with 
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2.70 found by Callen, and 1.89 by the high temperature 

expansion method (Rushbrooke and Wood). This value and 

those for the other cubic lattice (see Table 2.A) are 
very much below those of Rushbrooke and Wood, but because 
of the assumptions made the decrease would seem to have 
been overestimated. The correction to Callen's theory, is 

however, at least in the right direction and the errors 
(with respect to the Rushbrooke results) are marginally 
smaller than those in Callen's theory. 

The form that was assumed for 4(k )00 is not a 

very accurate representation of this function even in the 
vicinity of the three points fixed accurately and so it 

is not surprising that the estimated change has been 
overestimated. For instance',,the approximation assumes 
the following 

(i) for 	I 

cljk,60 = — ( 	F (-1,0t) 0-4 + A (--,01.") 0-s 

F61,000-00  

for X —I 

at, 	= 	F(-I)00 H 	FC-1,01)] L'xi'l) 4' 

IFC1 )01) 	3F (-1.) b/) Cx+il t P(1,a)(3:.+024./.4. 

Q(2,00 _ I y 	teU 2(0)  
IN k- (0.7(0) -z -06Y 

From this a correction can be devised for d01.1o0 such that 

(ispt) 	) 	—1 	vc-0-zAii-x-)E.FC-13c0 I-66-2)43 



.AFC-i)-1 

36 

Using this together with (2.45/) gives the following 
approximation for dl  (t)and d.2.(h) 

(1) = F(1) (x.2-x) —I 	FC-1) + R-1)) 7‘1(t-4)2.04 x) 

012.(3..) 	+ (1-,0 	 *-1 (Reo+ (-2)) Ct-oe 	
(2.54) 

(t--4( i-x2) t2 P(-3)- FC-I) -P(-2)] 

Sketches of .41 04) for both approximations  

(1) is the curve for. first approximation 
(2) is the curve for second approximation 

xs are actual points for di  (k) 
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Treating this as in the previous approximation gives a 

correction to the first of the two equations (2.0) of 

the form (2.55), with c( now 1.42 for a simple cubic 

lattice, when F(-3) is taken to be approximately 2.0 This 

gives l'"1"46-,  1.8 These results are, however, only 

estimates, but the above suggests that the..correction to 

the Green function decoupling procedure has an import-
ance near the critical temperature as well as eliminating 
the leading term in the spurious contribution to<55 

. 
Sketches of dz(h) for both approximations 

(1) is the curve for first approximation 

(2) is the curve for second approximation 

x are actual points for Gl(k) 



simple cubic 
lattice 

body centred 
cubic lattice 

face centred 
cubic lattice 

1.89 2.70 2.0 1.03 

; 
# 	2.64 3.70  2.9 1.5 

4.15 5.60 Le5 3.2*  

1.8k  

2.814.1  
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The following tables Present results for comparison 

with those of Callen, Dyson, Rushbrooke and. Wood, etc. 

Table 2.A Comparison of the values ofQ 

Dyson 	Callen j This Work 

simple cubic 
lattice 

body centred 
cubic lattice 

face centred 
cubic lattice 	1.35 

1.68 

1.45 

Table 2.B Comparisonof critical temperatures  

Rush- Callen 
brooke 

T. Kheli 
et al 

This work 1  This work 
1st approx. 2nd approx. ! 

F 

t F (-3) 

was taken as 1.0, a value which may be in error. 

was taken as 2.0 which may be in error. 
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Thus although the major discrepancy is rectified the 

theory is still far from satisfactory. 

2.6 The Correction of the Leading Term of the Spurious  

Contribution .(S1)  

In this case, in a similar manner to that of Tahir-

Kheli et al, we consider the pair of Green functions 
; sloLt 	)2.a  and << S7 s; >sa  . The corresponding 

equations of motion are 

FS; s->> = 2<65  Savt _L u( ..f)<< stst4_si-,.sz_sz si--ssz,: f 4 E 	a.i?.a4' 4 1 i" 

cod EK St  • St  S- 
4) 4 & air -0 

= Li-EL 	<S5 +.4A  <(Sz)2>)j -  
.(2-55) 

(sza  s:+cs S.L S.; --;>>‘t 3. 	 - 	_ 

3ecoupling these two Green functions in a manner similar 

to Callen's procedure (a=1) leads to the same error in 
<S5 of order 1F912. 

Defining the following correlation functions 

and 

to 	 ; 
ki) 	0g)11 	 ‘,(1  	<S4  SI, S4  S5  S:;>. 

f-4 

.., 
r 	

2_1 ;(47,1).11-kia-IA 

leads to the conditions, 

•c- 
11;i1  L 	= <SIS-S-SS 	4)(1)0, 

( 2 . 5 6 ) 
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Using a "symmetric" decoupling these quantities are both 
given as 4( 1—((g.)z>)(2<Sz>+<S')5-2). 

The error in 4P) occurs when fz.g.. while that in ti)(2) 

is only obviously important when h.q.,/ so this is 

neglected. 
The error in klic°  can be corrected by assuming a 

correction to the Green function 

— <(s4)1>•( <szy t <(s4)2> 	<‹ ij i  S> 	(2.57) 

and this of itself eliminates at least the first 'spurious 

term. 

This procedure and also that used for S= is perhaps 
slightly suspect as it cannot be generalized for S>) and 

therefore, this type of correction is not entirely to be 

trusted. 

2.7 Conclusion  

The decoupling procedure method is difficult to 

apply successfully because there are as yet no formal 

rules which can be followed. However, if it is to be a 

standard method which can be relied upon, either such 
rules must be formulated or any theory based on the method 

must be backed by studying the higher order Green functions. 

For the low temperature boson description a reason-

able decoupling can be obtained by decoupling the Green 

function 'symmetrically'. For instance, the first 

approximation of T. Kheli et al treats the Green function 
symmetrically and in the limit t-P-0 the correlation 
function is approximated as 

< 0 44. 	 a,* ,-0\  aji  al? 	ct,t1>< al 	+ <4(0,.k< 
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and the Green function in the limit cwo is treated 

exactly: 

< [ °R. )k
,]> 	<ea > Ek111, 4- <a, a N A.  

The increased complexity of the commutation rules for 

the spin operators means that symmetrical decoupling 

produces errorsin the magnetization. The treatment of the 
errors given previously is not entirely satisfactory, even 

though the form of the correction becomes even more 

plausible when we find that the Green function w (the 
Fourier transform of 4: 51.(0J  s-» ) can be expressed as, 

o!) 4<S5 	I 	I 1.  Z.06—.3-Ms) 
 

+ 2.58) 
2rEE-E6T03 	E-E(*)()=_:- 10 

where En 1r) are the non-interacting spin-wave energies. 
So making the assumption that the correction is of the 

form of the second term, when this equation is restated so 

that the energies become the interacting spin-wave 

energies, the obvious choice is that given in (2.38). 

The study of (2.58)'s higher term will obviously 
improve the theory, but there are difficulties in using 

this expansion because of the vector dependence of AKIO 

and the similar quantities in higher terms. This would 

come nearer to a more systematic treatment of the problem, 

and is much preferable to the arbitrary use of decoupling 
procedures. 

Morita4*  et al decoupled.the second equation of motion 
in an attempt to correct the error found by Callen. 
Their treatment, of course, introduced terms similar to 

the second term in (2.58). They found difficulties in 

treating a divergence in the theory which is introduced la 

the approximation used, and so they could not prove 
conclusively that AO T1 contribution existed. 
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The problem has also been treated by using 

extensions of the perturbation techniques of Quantum Field 

Theory, but because no simple analogue of Wick's theorem 

has been found for the spin operators (general S) it is 
laborious to present even the simplest properties. In 

this connection the work of Stinchcombe et al, Lewis and 
. 4 7.  

Stinchcombe,
4 ; 

Giovannini et 	and Wang et al is 

important. 



Chapter 3  

The Theory of Biquadratic Exchange  
in the Spin Wave Region 

3.1 Introduction  

Coles et al41  found wide differences between the 
results of resonance experiments and the predictions of 
the Molecular-Field theory. They investigated the 
exchange interactions between neighbouring Mi ions 
present as substitutional impurities in He with 11ctlIf'1000  
These interactions were expected to be similar to those in 
the antiferromagnetic MnO, as the structures of 11,0 ancilln0 
are the same, and the difference between their lattice 
constants is only 5%. The interactions were measured in 
two cases (a) an isolated nearest neighbour pair of Mn. 
ions. (b) an isolated next nearest neighbour pair. (The 

structure in this last case istin.-0-Ho,). Assuming that 

the Hamiltonian for these pairs is 

.2 	GI. gm.  

Coles et al were able to calculate the values of 2U;Iyko 
27"1"Xt, , and 	from their experimental results. 

They measured the intensity of transitions (between the 
Zeeman components) belonging to the Swi state over a wide 
temperature range, and compared these with theory. This 
gave the results, 

$0"nit 	___et.2.3"-no is 	4.0K 9 	 .0 ± 0.1 

43 
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The Molecular-Field theory gives, using the measured 
value of the Curie-Weiss constant and assuming that 1-=1.0 

"IThit  cr- 11.3°K. 

Harris et al were able to explain this large 
difference by introducing a biquadratic exciange term into 

the Hamiltonian, which becomes (see Chapter ( tic ) 

= 1J1 
(hs,t) 

--2.1 	(54.sm)2.  
Cn_1,1) 

Instead of looking only at the state S=1, they considered 
all those states which were not obscured by other stronger 

effects, in fact, S=1).2 ).9,4 . Given the normal 
Hamiltonian the. interval rule describing the spacing 
between adjacent states is, 

q.S'S-1 =I  '/'-`3 	(S is the spin of the higher state). 

With biquadratic exchange present the interval rule was 
modified to, 

23-s — s )s-1 
where S°  and SI' are both ./;,2.  

ce.f. 	sb csb4 I)] 

in this case. 
They measured these intervals and found that using the 
normal Hamiltonian 2J varied from 28.0 ± 3°K CS=I) to 
17.5 ± 3°K. 
Using the ratio J4T=0.05 and 2J/lit  o,  14.6 °K the intervals 
varied from 26.7 °K (S=I) to 15.7'0K (the values were 
fitted exactly for S=2). 

Thus, allowing for biquadratic exchange in the 
Hamiltonian and considering the estimate for 2J from the 
Curie-Weiss constant for Mft0 (neglecting small differences 

in structure between tino and Hp), we have 

.1:3- 	113-6 °14 	(61.. 11.3°K) 
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The value of j obtained by Harris et al is not 

inconsistent with Anderson's theory of superexchange, 

which predicts the biquadratic term to be '- I% of the 
quadratic terms. An effective biquadratii term could 
also be set up via a mechanism (see Kitt4L1 which 
produces a balance between elastic and exchange forces. 
In the case of MAO this latter mechanism seems to give 
too small an effect to account for Harris et al's results. 
Other authors have pointed out that biquadratic exchange 
can correct the sublattice magnetization of rare earth 
ions (see Will et al). 

Nai Li Huang et al51considered the terms in the 
superexchange problem quadratic in Sm.; , as Anderson's 
arguments were qualitative in character. They extended 
the method of Keffer and Oguchinwhich follows the 
treatment of permutation degeneracy due to Serber and 

Andersonfto deal with the contribution from terms of 

order higher thang4. 9  and obtained expressions for 3 for 
various configurations in 1n0 . Their result for j for 
the collinear configuration 	0----Fieis of order i% 
of J, as Anderson predicted. 

3.2 The Ferromagnetic Case  

The evidence is, of course, for a biquadratic 
exchange term in the case of antiferromagnets, but as was 
mentioned in Chapter 1 such terms would appear in the 
ferromagnet case. Thus, it is of interest to see the 
effect of the biquadratic exchange term on the low 

temperature behaviour of ferromagnets. 
The Hamiltonian to be considered is 

-a 2 	,)2 (an.91,)& 
(Da) 	km) 

2. sz - (3.i) 
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The extra term will favour neither ferromagnetism nor 
ant iferromagnetism. What is favoured is the maximum 

projection of one spin either parallel or anti-parallel 

to another. For this reason the magnetization temperature 
curve lies above that found in the absence of the term 

(Rodbell et al). 
If j=0 and the usual ground state is assumed, the 

state containing only one spin wave of arbitrary wave 
vector is an eigenstate of the total Hamiltonian; while 
those containing more spin waves are only approximately 
eigenstates (i.e. there are interactions between the spin-
wave excitations). The ferromagnetic ground state is 
defined by 

,S; 1off =o 

(where S; is the Fourier transform of the spin operator 

S) and it is still an eigenstate of the Hamiltonian. 
To prove that the state with only one spin wave present is 
also an eigenstate we need to show that ER3S+1]=13,Sli for 
some constant B . This can, in fact, be proved and so we 
can confidently apply the spin-wave approximation. 
Following the usual transformation procedure but retaining 
only terms with up to four operators the Hamiltonian (3.1) 
becomes 

C 	tt, 0.. 0.A 	&tax + 	So+24-4)11(,211) ecita,ci 	(3.2) 

W kLre 
	

Pa) 
	as (.3.-F asses-0)z 

11012,0
~NEsjsi.4sj s 1 

2S J (1s1+%.211.77.64-3) 

+ A(S1-252,1)(14-1r4z-153- o' wt., ) 
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and 	= 	.21̀ (4---tt) 

In the last term of (3.2) P has been put in its symmetric 
form, so that r(I)2)3) 	1"(A11,3) 	11(1,a 142.-3) 

Using the Hamiltonian (3.2),equation (2.16 ) becomes 

a • 	= it. 	i2Tr 

+ zZ S042-3-044 r(y.33)«ct2+Q3 i.Vek4 
I- 4. 

and decoupling using approximation (2.1 8 ) 

E 1‘  alt 0-11 
21T to-E(.0] 

where 	4- 	+ 	1-1 (1,11.104.,), 

and 

The excitation energy can be rewritten, by denoting the 
energy of the spin waves at zero temperature by 
61,:a 13z (r+ 2S.j(S-0(t.-1),) as 

(vitt 	CT) - sN~ i 

4(1)1 
I(Sz.1-4S1-1-61  }0—")31)411 .2-74-4.$2i -14'51 . 

0 viousiy 
V8s2-Qs-t-a33 	(7) 

asas- 	swo 

and the effect of j*() is to introduce this factor which 
rises to a, value greater than .2. for the spin 34 case even' 
if, as seems to be the case for antiferromagnetg, 	0.01, 
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The power laws for the low temperature expansion of 
various physical quantities are identical with those where 
J=0, and the introduction of Tit  =.3--1-Q.S,i(S-6 and the i 
new constant I+ 

L8S2-25433. 	only change the factors + 2. Sz.j - 
multiplying the powers in temperature. However, even a 
small value forYy would affect the results seriously and 
so.the biquadratic exchange type of interactions must be 
much, much smaller for ferromagnets than for antiferro-
magnets. 

3.3 The Antiferromagnetic Case  

The Hamiltonian for the system is 

a' 41TO V"15, --9i7A.V2 -1-j -11-11 §1,7s'i 
(aost) 	cio,)  	- 	tl 

(3.3) 

In the low temperature region the Dyson representation is 
used to transform this Hamiltonian (the Dyson represent-
ation is used for one sublattice, and conjugate represent-
ation on the other). A new problem arises when this 
Hamiltonian has been transformed in this way. The labour 

involved in performing the next transformation for six and 
eight operator terms is enormous and so at present these 
terms which occur with factors iS andj are neglected. 
This should be quite adequate as these are of 0 (1/s) or 
less and are thus of an order neglected by Oguchi in his 
treatment. 

The Hamiltonian can eventually be expressed in the 
same form as (2.12) by redefining coefficients thus: 

%0) = n)0) 	 b 
N 	

V Z —  Y2 
(1)2;.-icap 
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0J N cv....152112. 	2)111  
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TIN [1 CIP16;caRi'-i)T 	at'] 

 

(0 
where 	k 	are the corresponding expressions 
found by Oguchi, with 171 replaced by 754=III-VaiS2  

This theory leads to the same low temperature 
expansion in powers of O.  for the sublattice magnetization 
and other quantities of interest, as Oguchi found, with 
only the coefficients changed, a situation similar to the 
ferromagnetic case. The fact that j is non—zero affects 

all the properties of the magnetic material; the zero 
point energy is changed significantly, so the ground state 
differs from that of the 'normal' antiferromagnet, and the 
interaction term depends on j , of course. 

The zero point energy can be written as 

E. 	-z T 	c+.4s.+ Di& (2.-1-2e4 ea)) 
	

(3.4) 

From the value of C quoted by Oguchi and the assumption 
that a= JA-_„ is approximately 0.01 it is obvious that the 
correction produced by the introduction of the biquadratic 
exchange term can be of the same order of magnitude as the 
normal deviation from the Neel ground state value. (For 
example, take 54). 

At very low temperatures the problem can still be 

considered in terms of 'non—interacting' spin—waves. 



—112 
4- 4.ctS(26-0 SN 	Is* 

as 
(3.6) 
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There are again two branches 
energies only differ if some 

In zero-field the energy for 
is 

of spin waves, but their 

anisotropy energy is present. 
a 'non-interacting' spin wave 

azu-  s (1 as  +14_cksCat+0)0—v-j12.  k, 	1 	 (3.5) 

and again the coefficient is dependent ona, . The term 
depending on can be smaller or larger than the other 
correction 9./2s , and for large S, when this theory is most 
applicable, it is much larger than %is, 

At higher temperatures this energy will be 
renormalized by a factor 

The actual temperature part is-unchanged, but for large S 
the coefficient can be as much as twice its normal value, 

/1'1+ ). 
Thus, in both ferromagnets and antiferromagnets the 

alterations to the normal theories are very similar. The 
latter case is more complicated, of course, because spin 
deviations exist in the ground state and probabilities 
are altered for c(4i.  0 . From consideration of the new 
coefficients it is certain that c4 must be extremely small 
if the theory is to resemble in any way the theory when 
0.0. The calculation of Low suggests tha-qorPinfzthe theory 
for 'V=0 is a very good'approximation indeed up to 60°K 
(The critical temperature is ,,, 66°K). 
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PART 2: 



52 

Chapter 

Neutron Scattering and the 

Wave-vector-dependent Susceptibility 

The discovery of the neutron gave to physicists an 

extremely useful tool in the study of solids (and liquids),. 
as this particle is scattered by nuclear and atomic spins 

(because it has a magnetic moment) and also by the atoms 

themselves. Thus.neutron experiments can give information 

as to the arrangement of the spins and atomsin the. solid; 

and about such excitations.as  spin waves and phonons. 

Here we are interested only. in the magnetic part of 

the scattering. The discussion of .this is in general 

difficult, but in certain temperature regions there are 

simplifications in the processes taking place in the 
solid, and this leads to simplifications in the discussion: 
At very low temperatures the spins of a ferromagnetic 
solid, for instance, are stable in some_arrangement, (in 

this case. a parallel arrangement), and so the scattering 

is mainly elastic and appears as Bragg-scattering . peaks. 
The actual arrangement can be obtained by stuclAng the 

elastic scattering as described by Bacon(1962).. As the 
temperature increases from Ock, deviations from this 

arrangement occur,. which can be described by- using the 

spin wave approximation (see Chapter 2). The magnetic 

fluctuations associated with the spin wave excitations 

interact with .the neutrons to.produce inelastic scattering, 

which is in many ways similar to.the'scattering produced 

by phonons. Of course, the use of boson-operators instead 

of the spin operatots greatly simplifies the disCussion of 
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the scattering. As the temperature increases further the 
Bragg scattering decreases till it vanishes at the 
substance's critical temperature, while excitation of more 
and more spin waves increases the inelastic scattering. 

At very high temperatures the spins in the system 
have very little effective .coupling, 'and so the neutrons 
see a system of free spins and the scattering is elastic. 
As the temperature ie.lowered the coupling becomes more 
and more important and the inelastic-scattering increases. 
However, as long as the temperature is still several 
times the critical temperature the scattering from the 
paramagnetic spins shows an energy spread which is 
related to the exchange parameters of the system in a 
fairly simple manner. This has been discussed by .de Gennes 
(1958)

E 
 and by Saenz (1960)s 

The other region where a certain amount of simplifi-
cation takes place is in the vicinity of the critical 
point. In this region large fluctuations of spins appear 
and this gives rise to an increase in the neutron 
scattering (the 'critical scattering'), which is, in fact', 
a particular case of the general phenomenon of critical 
opalescence exhibited when, for instance, light is 
scattered from a liquid or dense ,gas near its critical 
point. From the formula for the scattering cross-section 
presented below, we see that increase in scattering must 
be due to changes in the spin correlations. 

At high temperatures the static spin correlation 
< S.(0) S.(0> equals 1  S (S+1) but as the temperature is - 4L 

lowered towards the critical point short range order 
increases and hence some short range correlations appear, 
< Si CO S;(0*. 4. 0 if 8.4= 0 Alternatively we can say that 

the probability of the formation of large regions of 
correlated spins increases strongly near the critical 
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point; hence the maxima in the angular distribution 

become more pronounced. 
The ordering of spins is also time dependent. Away 

from the critical point there is a strong preference for 
the spin system to be either ordered or disordered, and 
so the relaxation time is short. In the critical region, 
however, the ordered and disordered phases are almost 
equally stable and only weak restoring forces are involved. 
Hence the evolution of the fluctuations is slow, and the 
critical scattering is in general weakly inelastic. Thus 
we have in the critical region large correlation distances 
and long relaxation times, and so over a limited range the 
scattering may be treated as quasi-elastic and discussed 
in the static approximation. 

The scattering of neutrons by atoms possessing 

magnetic moments requires the use of the Dirac equation 

for a proper treatment of the interaction between the 
neutron and the magnetic electrons (Halpern and Johnson, 
1939). This leads to the result for the cross-section%on  

cea— 
GlSectE' (%141c1,x)2  -11: F(ni (sole  1./L 	4o41(4)) (4.1) 

where the neutron has initial wave vector IZ and initial 
energyiE, and is scattered into a state of wavevector&nd 

energy E"; K and 1.44 denote the changes in wave vector and 
energy; P(k)'is the form factor .of the magnetic electrons 
normalized to (c))=A/ .; and 

co 	• 

)4(14)(4) 
-co 

with oc,f, denoting xly or z and 

.4/ 
ott—e,  .< (--6)°) (.)> 4.2) 
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The Bragg scattering contribution in 
	is 

s'm < s'(15)>< s'co> 	 (4.3) 

and the remainder is the "diffuse" contribution --- 
0 	, _itoL jJuts(K)w) e 1<s c_ts,o)s.0( 1.4)>_<soxs ti» (4.4) 

This expression for the diffuse contribution leads to a 
generalisation of the susceptibility, because 

'5° 
e$  ,c ())) = 	k-r)(-4  

Following Mori and Kawasaki 
2  
, the wave vector dependent 

susceptibility can be defined in terms of a relaxation 
function and shown to be expressed in terms of the 
"diffuse" contribution to the correlation function as 

(4.5) _ 

it-rix4o9 I — 	oDef , 
t1 (4.6) 

   

This is the required generalisation of (4.5) ',X(K) is 
the response function for a system with an applied field 

d  
of the form h He. . In the critical region the energy 
change g.4) during the scattering-is -small and so x" («) 

.C/h is related to the static cross section °I a directly, as 
Tiqht hand side. of (4.6) reduces to j °040,4030,:(40 

% 
1L1 	may not be very accurate for very 
dilute alloys, but it would be a useful first approxi-
mation. 

A simple form for X(K) above -c is predicted by 
Molecular Field Theory for a ferromagnet: 
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4.7) 

where K=Til. and is the nearest reciprocal lattice 

vector; also 

c  
1(&)R3: 

UC9 

giving a measure of the range of the exchange interaction, 

and 

 

= T—T. with gi  being an inverse 

correlation range. 

 

These "constants" +11,4 defined through (4.7) are 
used to study X(') conveniently both abOve and below Vre  

6a 
(see Elliott and Marshall). 

The k dependence of the denominator of x(K) also 
introduces a continuous range of values for the transition 
temperatures. For any given set of 7N the actual 
transition temperature is determined by finding the vector 

ko which makes the critical temperature a maximum. This 

is a very great advantage as the transition temperature to 
any possible type of ordering can be found from QCCIS) 
(see Smart$Q  pJoS). 

Therefore, 2C(K) is an extremely important quantity 
and in later chapters it will be calculated using two 

effective field theories. 
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Chapter 5  

An Introduction _to the Theory of Alloys  

The behaviour of solid solutions of paramagnetic 
impurities which are exchange coupled in a non-magnetic 

matrix turns out to yield a considerable body ofinfor-
mation with regard to the nature of the exchange coupling, 
as well as being of interest in itself. In chapter 3 it 
was mentioned that the need for a biquadratic exchange 
term in the Hamiltonian in considering the properties of 
14/10 was shown by experiments on a dilute solution of this 
compound in NO . Further, Lomer and Marshall 

62
in discuss-

ing the electronic structure of transition metals drew 

extensively on results from alloy experiments. 
A magnetic alloy is considered as a random altrange-

ment of localized moments on the lattice with. the 
Hamiltonian for the system still the Heisenberg 
Hamiltonian. Because not all the sites have moments 
associated with them, the sum over all pairs of sites 
must be restricted to those pairs which do have moments. 

A: number of relatively simple approximations have 
been used to obtain a description of the alloy's 
properties. The simplest theory is an extension of the 
Molecular Field Theory mentioned in Chapter 1. In 
addition to the standard assumption of the theory when 
applied to the pure substance, it is assumed that the 
susceptibility is independent.of the fluctuations in the 

distribution of the spins. The results from this theory 

are equivalent to the Bragg-Williams approximation in the 

order-disorder problem; the critical temperature is 
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proportional to the concentration of magnetic atoms, and 

'19C 'obeys a Curie-Weiss law with the slope giving the 

,magnetic moment of the magnetic atoms. 

The extra assumption makes this theory unreasonable 

as it treats all atoms, no matter what their distance 

from the 'central atom', with the same weight. Although 

the defect does not become serious for high concentrations 
exeept near the critical temperature, the theory becomes 

completely meaningless in the case of dilute solutions, 

leading to the conclusion; that co-operative phenomena can 

occur in a dilute alloy, no matter how dilute! 
,The approximation is used by many authors because of 

its simplicity, but using extensions of the Bethe-Peierls-

Weiss
4  

effective field theory (see Chapter 7). Tomita, 

Hecht,
by.  
and Sato et al have improved on these results. 

The first of these methods treats an 'average' cluster, 

hence the name given to it by_Sato, the 'averaged co-

ordination number method' (ACN). The method shows that 

the ferromagnetic Curie temperature does not appear until 

a certain finite concentration, the critical concentration, 

is reached. This concentration does not depend on the 

strength of the interaction, but only on its range and 
the co-ordination number, and has the value 1/Z for 
nearest neighbour interactions. The paramagnetic Curie 

temperature rises linearly with concentration and the 

slope depends on the strength of the coupling. In this 
method VIC is no longer linear against T,  as the inter-

action term, which for MFT was independent of temperature, 

now depends on this parameter. Further, in the low 
concentration region the YAkts.T curves start from zero 1x 
and zero -r with a slope which increases with increasing T. 
Therefore, the magnetic moment calculated from the slope 

of the.curve at all but the high temperature limit is 
overestimated. 
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Kaufmann's experimental results for the Pe-Au system 
for2( vs. concentration are sketched below, and these can 

be explained by the ACN method (and also by means of MFT) 
although, of course, the theory is for nearest neighbour 

interactions while the situation in the alloys is much 
more complicated. In GIN, alloys the interaction is long 

range, as was mentioned in the first chapter, and may be 
represented (see Dekker) by a combination of a short 

range ferromagnetic'interaction and a weak longer range 
antiferromagnetic interaction. The situation in the Ft-A„. 

system seems to be similar in this respect. 

77 °K 

6.0 

4i.•0 

3.0 	
°Lit. Ez. 

;Diagram 5. 	Some of Kaufmann's experimental results for 

the Fe-Au system. 
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Sato et al reviewed these two previous methods and 

using the Ising model for Sr-2 they used the 'cluster 
69 	 68 

variation' method (CV), after Takagi'and Kikuchi, to 

include some of the fluctuation of the atomic distri- • 

bution. (Not all pairs of nearest neighbour atoms are 
equivalent as they may have different atmospheres of 

spins). The approximation to the fluctuations was 

obtained by counting the number of possible arrangements 

of each possible type of pair without any contradiction 

on the crystal lattice. 

The results of the CV method differ from those of the 

ACN method in two respects: the formula for the critical 

concentration of a ferromagnet with nearest neighbour 

interactions is now 4=1:J , and the interaction term in V9C 

has a concentration as well as temperature dependence. 

Smart 	the Classical Heisenberg model for S=2 

and the cluster variation approach to the alloy problem. 

For a ferromagnet the relationship for the critical 

temperature leads to the same expression for the critical 

concentration as for the Ising Model. Elliott
7/
considered 

the Heisenberg model for general spin using the constant 

coupling approach, but his expression for the critical 
concentration C.,...-->tiVisot..03 agrees with Smart's result 

only for 5-+00  . Charap72(corrected by Lyons) obtained 

results identical with those of Smart for the critical 
concentration. 

Apart from the closed form approximations to the 

solution of the alloy problem, a number of authors have 

considered series expansion solutions for the critical 

concentration and the concentration dependence of the 
7405 )76 

critical temperature. Rushbrooke and Morgan, in 

particular, in a series of three papers considered 

expansions in concentration and I/(temperature) for Y9C 
and in concentration for X 'In the first two papers the 
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Ising model gives reasonable agreement for the c, values 

obtained by the two methods (even though one of the 

values is found by extrapolating the curve from high 

concentrations), but for the Heisenberg model the 
extrapolation gives an appreciably higher value for the 

critical concentration. Using fairly general arguments a 

number of authors suggest that the critical concentrations 

obtained by the Ising or Heisenberg models respectively 

are the same, and this leads Rushbrooke and Morgan in 

their final paper to suggest that the curve H(0 in 

diagram 5.B  represents _ the dependence of kl.c(c-ViCre(t) on 
concentration. I is the type of curve suggested for the 

Ising model, and H(4) is the curve if the extrapolated 

results are, in fact, correct. There is, of course, also 

the problem that for [J lattices Co  is not unity, and so 

if the orthodox spin wave theory is correct c>c, may not 

imply that ordered behaviour occurs. Some of the results 

from the third paper by Morgan and Rushbrooke are sketched 

below and these authors had to state that the low 
concentration part of the curve of critical temperature 

versus concentration is still not fully established. 
The critical concentration C. can be identified with 

the critical probability for the site percolation problem 

of the corresponding lattice. This problem has been 
77,7;7/ 

studied extensively by Frisch et al and other authors. 
s o 

Dalton et al listed the value of co  for various 

lattices and found that Co  seems to tend to the asymptotic 

limit of about V1/2  as z increases for E33 lattices. 
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Co n ce ni-ratio rt, 

„Diagram 5.B Curves suggested by Rushbrooke for the 

critical temperature y& concentration. 

.1 denotes Ising model curve _;H(L) 14(U) denote possible 
curves for Heisenberg model. 
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o 04 • Oa 0.3 O.N. 0.S 0.6 0.1 O.% 0. LO 

colictnt on. 

Diagram 5.0 Curves of the critical temperature vs.  

concentration from successive approximate  

solutions to I/% , taken from the third 

paper of Morgan and Rushbrooke. 

(2)—(5) denote the second to fifth approximations, 

respectively. 
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This may give a reasonable estimate of C. for long range 

interactions, which are very important in the theory of 

alloys and metals '32  A limit 4.5h was found for [2] 
lattices. 

Elliott and Heap produced similar results to those 

of Rushbrooke and Morgan and extended the work to anti-

ferromagnets. However, the application of their results 

to mti.ziAs2  was very unsatisfactory. Brout
9 
 produced a 

sophisticated attack on the alloy problem but the simplest 

approximation which he actually evaluated is only 
equivalent- to the first two terms of the series expansion 

of X in powers of C, . 
as 

Murray studied low-energy spin waves for impure 

Heisenberg ferromagnets (the alloy consisted of atoms 

with different spin values) and was able to give low 

bounds for the critical concentrations of the three cubic 

lattices. (One of the atoms must have zero spin, of 

course). These bounds were, in fact, higher than the 

Ising model results of other authors. 
svztg,s4 

Friedel and co-workers introduced for the study of 

the behaviour of transition impurities_dissolved in normal 

metals the concept of virtual bound levels, which 

phenomenon was already known in the scattering of 

electrons by free atoms. These levels arise because the 

d-states of the transitional impurities and the conductive 

states of the matrix have similar energies,and resonance 
phenomena occur. The properties of the virtual bound 

states can be simply studied in two rather different 

models: (i) a free electron model is used for the 

conduction electrons, while the wave functions of the 

alloy can be analyzed in spherical harmonics; (ii) 

Anderson and Wolff postulated a perturbation potential U 

introduced by the impurity, which is small and repulsive. 
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(This seems to be the case for Cu.-Fiii.). These methods 

have been used to study the conditions which are needed 

for localized moments to exist. 

This is an alternative method to using the R-K-Y 

interaction and leads to a very similar behaviour for the 

interaction between impurities. These couplings are both-

long range and oscillate rapidly with distance, and so 
the effective field on a given impurity atom depends on 
its interaction with several other impurity atoms. The 

distribution function for the internal fields is 
therefore a quasi-continuous and symmetrical curve. This 
was discussed by Marshall:; who succeeded in explaining the 

specific heat result of Zimmerman et al usingRt4? R-K-Y 

potential. The distribution function was evaluated by 
M. W. Klein and R. Brout 13. 

From this brief account we see that the critical 

concentration is relatively well understood, but the 

shape .of the k7;(6) Vs, concentration curve is not. It 
would seem sensible, as the series expansion methods are 

at the moment difficult to apply to sufficient accuracy, 

to use some approximation-to the behaviour of localized 

moments already used for pure substances so that the 

problem is reduced to the discussion of the concentration 

effects. The Green function approach is obviously too 

difficult an approximation to apply to this problem 

because the decoupling procedure is still little under-
stood and the introduction of impurities into the theory 

increases the decoupling difficulties. For instance, 

even in the MFT approach decoupling of the averages over 

all possible distributions of impurities is needed (see 

Chapter 6). The effective field theories have been used 

to discuss the properties of a random alloy system. The 

Molecular Field Theory is used in Chapter _6 because it 
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gives the possibility of studying interactions of 
arbitrary range. In Chapter 7 the Ising model is used 

together with the Bethe-Peierls-Weiss effective field 

theory in order to treat long range interactions in this 

approximation, while in Chapter 8 the Heisenberg model is 

discussed for nearest neighbour interactions. 
The difference between these theories and those of 

Smart, Sato et al is the use of 	distribution function. 
for the "impurity" spins, and the production of a series 

of closed form approximations, which will give a much 

more valuable guide to the behaviour of the models. 



Chapter 6  

Calculation of the Wavevector-Dependent Susceptibility 

using the Molecular Field Theory for a Magnetic Alloy 

6.1 Introduction 

The simplest effective field theory is the Molecular 

Field Theory (MFT) mentioned in the first chapter. As a 

first attempt at prediction of the magnetic properties of 

a pure substance this theory was a major triumph. 

However, when a detailed comparison is made between theory 

and experiment it is found that the quantitative agreement 

is not very good. The low temperature magnetization does 

not behave as the Molecular Field Theory would predict, 

that is, it does not decrease from saturation exponen-

tially but much more rapidly and only the inclusion of 

spin wave excitations in the theory can give the desired 
slb 

power law. The experiments of Heller and Benedik on EuS, 

an insulating ferromagnet, near its Curie temperature 
have shown that the magnetization follows a (Tc-elaw 
but their value for n is nearer * than the value i 
predicted by MFT. The other major deficiency of the MFT 
is its prediction that the zero-field specific heat is 
zero for T>Tc , when -in fact, experimental data indicates 
a high temperature tail. 

Despite these erroneous results the simplicity of 

the MFT makes it attractive for a first attempt to 

approximate the susceptibility for the more difficult 

alloy problem. The alloy is assumed to be binary with one 

component consisting of atoms of a magnetic material, and 

the model chosen is the Heisenberg one for localized 
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moments; though the range of the interaction is not 

restricted. Thus, the Hamiltonian is, 

3-(tt-tt)S',,m. St  
n 

(6.1) 

where S is the spin operator associated with the magnetic --m 
atom on site m and the summation is over all sites on 

which a magnetic atom is present. The exchange parameter 

J(m-n) is, in fact, quite arbitrary but it will be 

assumed to be independent of the direction of'the vector 

m-n and only depend on its magnitude. 

The Molecular Field Approximation consists in 

considering only one magnetic atom and replacing its 

interaction with the remainder of the crystal by an 

effective field. From (6.1) we see that the single atom 

Hamiltonian is, 

—2 Z .3-6.1-1J) 	S 	sz 0.2..11 —ryt ,  (6.2) 

This Hamiltonian is to be approximated as, 

(6.3) 

So 	11:4 = 	2' 7( -n ) S 4. 	 (6.4) 

In the spirit of the Weiss approximation each vector S ni is 
replaced by its average <Sm , and as the applied field is 

taken along the z-axis, as usual, and defining Tat = 2 <$zin> 
we have 

,).ka8 	2, 3-(5-11--) 0; 	 JL6,14 P1• 6.5) 
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Thus, the standard calculation gives, 

4S+1 coec(2s4,1 
Mlirj 	 _14) 7i (6.6) 

This equation, if it is to be used to calculate the 

paramagnetic susceptibility, need only be considered in 

its linearised form, 

°/.0 [ 7(13-5) cr, + j.3ke! "-`] 
	

(6.7) 

where o/s=tS(S+I), s 1/14-  . Here the sum, as in all the 
above formulaefis restricted to those sites where a 

localized moment is situated. To remove this restriction 

define the following distribution function, 

if the atom on site M is magnetic 
iy. 

0 if the atom on site m is not magnetic 

Using this function (6.7) becomes, 

(6.8) 

where the sum is now over all sites of the lattice. 

We now Fourier transform (6.8) using the following 
transforms, 

. C - 

where 	is a reciprocal lattice vector, to give, 

tra) = .poiritisd,CA4.) 	'4i44  .3-(t)o-ck)i)C1-1..) 
	

(6.9) 
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Defining a to describe the fluctuations of (Y), that is, 

46).c.Ng),40 4.0 (c is the concentration of the alloy sample), 

(6.9) can be written as,  

0--(A) 	fiki4 [CI\JSA2 L +a>t_k] 	 J(t)cr6.) 	 (6.10) 
N 

where 	Q = 1—its tIc TO.) 
The wave-length dependent susceptibility-is-related 

to c*) by the following relationship, 

Hwo• 2H 
	 (6.11) 

where the average of u-U) is taken over all possible 

arrangements of spins. 
So the problem of determining the response of the 

system is the problem of solving equation (6.10) for 
. An exact solution to (6.10) is, in general, 

impossible but when C=I the functions Ra mo and (6.10) 
becomes an algebraic equation instead of the integral 
equation it is in general and, 

= 3A2  '10tSe\-3  (6,12) 

 

1— t4st1,3"-().,.,) 

6.2 The Decoupling Approach 

Averaging (6.10) over all possible arrangements of 
spins gives a relationship between the two averages 

<p--(a) and <c)--(b)cq.4> . We could eaually have multiplied 
equation (6.10) by. the factor 	and then .averaged to 
give a relationshir,  between the two averages <Q )0.t'\)  
and < qt) 	> ; and so on using in succession the 
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factors 1, 	, a.v" 	at, 1 	atte etc. The 

single equation (6.10) is, thus, represented by a system 

of integral equations connecting Tms various averages 
(compare Chapter 2). In fact, we have the equations, 

Q (1.) 	4/4 c•NI E2.,,k 4-* 	utei 

Ii4.44 6--e.)1\1 	t3AZ 	
o 

j1.1-}a,co—c.) Q.N.Sx + 0- )] i`t Se;11. 

N 	b 
W(biaCt.))1)E.) 

• ..•••• 	 • 	• 

where 	<0 (~)>= c. (1`) 	(.1 )bi) 	<Q'(1_) 

< C-a.) aic a e_v > 
and 

These equations can be simplified by defining f(...1t) by 
the relationship, 

(.---) -1,V) — 

They in fact, become, (see Appendix 1 ), 

03) 	1- 	zu)Rt) 

-scn 	=-- o- (,) 	u()(.,1) 
N 

c(i-c) 	4-..-c..)(i-ze) 

"3(0 
N 6 

(6.13) 
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Obviously, this system of equations has to be short—

circuited in some manner, so we have a decoupling problem 

to solve. This situation is identical to that found with 

Green function methods (Chapter 2). 

A number of decouplinq procedures have been tried 

and the least effective of these are commented on in 

Appendix.- 27  but we deal with the most effective here. 
Simple iteration of (6.10) is of little use in approxi—
mating ra) , but it shows that TN can be expanded in 
the following form, 

c)() 	(a) 4- BM 	 cCt:1?,_) N4.1› 	(6.14) 

that is, c-(A) is expanded in powers of the O a  functions. 

The functions A0),B(1) etc. are completely arbitrary. 

For a -particular arrangement of spins.on the sites this 

formula is not exact (as there exists a relationship 

between these functions), but when averages are considered 

we are, by introducing this arbitrariness, approximating 
the moments of 0-(a) more effectively. (6.14) is, 

however, not in its most useful form as the <Cr-(X) is 
given by, 

<cr-(i.‘_)> = A(!) 4 Q.(i—c) NS - 	C(e31% 
	 6.15) 

which is an infinite series. Reorganizing the terms so. 

that only AO!) needs to be calculated, cr() becomes, 

— 	() 	(;(...)(1),—k ±-1 -C(k)1).1Q1-tak-11-  c(1.-1‘)S4 	(6.16 ) N 



73 

where the 'average 	< 	 = 0  
and. also the average <ct„{ — co-c.)N 	- 

o 7  for all vectors x. If this procedure is extended 
to higher and higher terms each additional term makes one 
more of the equations of (6.13) necessary to determine 
the solution, and so decouples the system of equations at 
a later equation than before; but more important the 
change in any lower moment due to the addition of the 
next term comes from the redefinition of the highest 
equation and the addition of a further equation, but not 
from a redefinition of all the equations. 

Let us now consider the sequence of approximations 
found by approximating (6.14) by a finite number of terms. 

6.3 The First Approximations  

The simplest approximation is to assume that 

so that cr (a) is independent of the fluctuations in 
concentration. From previous definitions, 

(-)!) 	A C) , 

0 

and so the first equation of (6.13) (which is sufficient 
to determine A(a) ), becomes, 

where 

— 1 + 	-31t)(k) 

and 	)11-1 410 c.J\I Si A . 
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—v4cr5M) 
c N 	(6.17) 

This is the simple Molecular Field Theory result 

mentioned in Sato. In the limit c-4.1 it reduces to (6.12) 

and in the high temperature limit it gives the correct-

leading terms and a Curie-Weiss type law. The critical 

temperature condition is, of course, 

kTc 	01) 
	 6.18) 

and so no matter what the type of ordering there is no 

critical concentration. The critical scattering, if we 

assume that the quasi-elastic limit is applicable, will, 

of course, be of the same form as for a pure substance 

and only the temperature at which the divergence in 

scattering occurs (for a ferromagnet) will be reduced. 

If the next term in (6.14) is allowed to benon-
zero the approximation for 6'(X) is - 

(6.19) 

and this implies that 

0(1) — AO) 

c 6-0 NI 

and 	, Oi.,1!)-1) = c 	ge,Ita A(.) 4- cCi-oXi-ZONte?)(1) 

So the first two equations of (6.13) become 

A Q 03.) 1 + 	oloSCO 	(6.20) 
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where 	= 

a a)  = ,u1Nust3c.S0:: 
and. 	cg(.)Qa.) — 1 4- cxs c,-.)-tii,_-) A 

4. 	04, 	 z-(t-) 6 (4) 
	(6.21) 

The dependence of these eauations is simple enough 
to allow a complete solution. Multiplying eauation (6.21) 
by a factor J(Xvi&(A) and summing over gives an 
algebraic equation for c Z 3.(ii)20 in terms of A. 
Using this condition together with equation (6.20) gives, 

- 
14.%.201s, 	I 4- 	c.iiitf.) 

(6.22) 

 

vis c:7(t) 	(i-Qe)y) — 	— c) 3 (11) 

where 
	

1- - N E  act) 
In the high temperature limit this reduces to 6.17) 

and the correction is (:)( (LI). 
In the high concentration limit (6.22) becomes 

iy.zet.toc,NEL,)it, 

I— ol3(1c3 (L.) 

64aV' go  11-20za 	V-c).) ST 	2:)z 	I (14 dstl. 	( 1 — 	Z-0!--))2.} 

0 ECt— 0)23 
	

(6.23) 
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As one would expect the corrections vanish when 
For small concentrations (6.22) becomes, 

±}ecee4c-NI  
1-04cU 0.2.) 

4.1....4;y61;e3cda E2111: 	 (t).  

4  0 (.0) 
(6.24) 

The correction, of course, vanishes in the limit C-4.0,asMe 
leading term is of a higher order. 

Consider the condition for the critical temperature 
given by (6.22). It is, 

(1—c4cJ(s))(1-e.)a) 	2,ec(-,),67(Q =o 	(6.25) 

As we need the smallest value of which satisfies this 

equation the values of )% allowed are given by the set of 
VT()_,) equations --- —0. B),4  

Defining. U.::014c, (6,25) becomes, 

  

c (1— ozz-(a0)) 

orto-0) Dieztu] 
(6,26) N 017(t) 

When c 7 7(0 < j. 	1 	TCk) r 

for all concentrations. 
Hence,1 is an increasing function. 

Also 

 

c(1--wo-(0)) 

+ acu(lo)] 
<0 	> "Tao) 

 



Ar 

r.11.. of (6.20 

o OG 

77 

and this function has positive values from co to 0 in the 
region 0 < aL<J375. So for all concentrations there will 

be a solution of (6.26),U0. This is shown graphically in 

the diagram (6.1) 

Diagram 6.1 This shows a plot_of both sides of (6.26) 

It also follows that Up< 	and so for all 

concentrations the critical temperature determined by 

using (6.26) is always greater than that predicted by the 
simpler condition (6.17). The graph of Vic  (normalized 

at c=1) as against that calculated from the simple theory 
is shown in the diagram (6.2). 
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Diagram 6.2 Comparison of first two approximations to the 
critical temperature. 

These preliminary findings are encouraging even 

though no critical concentration is found. For long range 

interactions the value of any critical concentration 

would be very small indeed; and so provided the detailed 

behaviour is reasonable this theory could be useful for 

these interactions (RKY etc.). 

The corrections to kl; are in the right direction to 
q7 	1 

explain the results of Popplewell et al and Thoburn et al
2 

 

on the systems Gd-Lu and Gd-Y respectively (see Fig. b'l). 

These corrections may also help in some measure to 

account for the discrepancy in the strength of the 
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interaction in Mn-Cu alloys. When calculations are made 

the simple theory gives the coupling constant Jr..= 0.5 ev. 
(errors are obviously made here as nearest neighbour 

interactions are used), but this is a factor 2 larger 
than J deduced from Owen et al data on free Mnl-  ions, 
which gives, Jv. 0.22 ev. If the second approximation is 
to offer an improvement the graph of the critical temper-
ature against concentration must be linear in concentra-

tion for c up to 0.12. However, as the localized moment 
model can only be regarded as a convenient phenomeno-

logical procedure for the Mn-Cu system the rare-earth 

alloys give the main encouragement. 

We now proceed by considering condition (6.26) in 

more detail. When the concentration is very small we 

assume that the solution for kTt  is represented by a 
power law c7 . 

If 	Ac71- , 	A-lo/s7(14c1-11'. 

Substituting this into (6.26) and expanding for 

Small values of concentration gives, 

[A 	+ oisco-ctle Et— as 0--zc.)ct-".'A 4- 
(6.27) 

Equating coefficients of the leading term in c, we 
find the result, 

= 	\r-g: c"2 	 (6.28) 

where bz =434(t) , and we assume that / is the smallest 

exponent possible as we need the highest values of kTt  
Possible. 

As was expected (6.28) gives values greater than 

those found in the.simple theOry and the critical 



k-i, 
(6.29) 41Z N Ulio)Ct) 
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temperature for small concentration does not now depend on 
the maximum value of J( X) but on the average V2.  . 

The other limit of interest is when ce-1. Following 
the same procedure as above we define kTc  iasJ(\.)+13(t-c)1-1,* 
and expand (6.26) in powers of (1-g) , and by considering 
the coefficients, values for B and. / are found. 

The result for the critical temperature is, 

This expression implies that kTe.  ?;isJ(X.)c as was 
expected. The linear decrease seems to apply quite well 
to Gd-Lu and Gd-Y systems. 

The concentration behaviour of the simple approxi-
mation to the susceptibility has a simple dependence on 
concentration. There are no extrema and its graph is 
always above (or below for us  J(A0)> o) a linear dependence; 
see diagram (6.3) 

ki Cao) A  

exrimyttirAt7:311, 

Diagram 6.3 The concentration dependence of the 
susceptibility (6.17) (kT> kT, (cat)) 
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The second approximation (6.22) is only equal to 

(6.17) at c=o, orl and 	high temperatures. In 

fact, if;(() given by (6.17) is labelled 12( )(1) and-that 

given by (6.22) 'Y.°)(A), we have. 

(6.30) 

in the temperature region considered. 
XI*(a) can be compared with the appropriate linear 

law as was Xi°(a). V2)  equals the value of the linear 

law when 

TL) = 	[I-- ibc.ja)] 	 (6.31) 

(we are interested in this condition when ) is the value 

for which JO) is a maximum). For any interaction (6.31) 

cannot be satisfied. 

For (6.22) the condition for stationary points is 

difficult to deal with. It is 

I — oispo 	— .2 qs-arco-c,) 	k(lco--c) (6.32) 

Near c=o , and c=1 it can be shown that there are no 

stationary points, and, in fact, considering (6.23) and 

(6.24) the behaviour in terms of power laws is the same 

although the slopes are altered. 

The result (6.30) shows that introducing some of 

the randomness increases the response of the system over 

the whole temperature range for all concentrations. 

Hence, one would expect the inverse susceptibility to be 

of the form shown in the diagram below. 
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_ Diagram 6.4 The temperature dependence of the  
susceptibility (6.22)  

To complement these general results, calculations 

have been carried out for a simple cubic lattice and 

nearest neighbour interactions. The integral 1, is only 
to be evaluated for 	a s )..rt,c4h4  The integrand is regular 
and only diverges when QC= 1/3;,„„x  and Ja) has its maximum 
value. A uniform net of points in 4tam of the Brillouin 
zone was used and convergence was adecuate. The results 

are presented in graphs 6.1 and 6.2. 

Since completion of these calculations, a table of 
too 

values by Tikson for the integral 1 has been found. The 
two sets of values do not differ significantly. 
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6.4 A Further Approximation  

After this prolonged discubsion we return to the 

approximation of (6.16),the expansion of T(.). Assuming 

that 

crU')i- A a) .4- 

C 	 —e.ck—ow 	0-2c) 

.the relevant averages can be expressed in terms of A,B,C 

as followS 

$(a) = Ao) 	cp.,k) 	eck-o N gt 	; 

00-e-z\I Skx +1\124, ( 

and, 	(.1 	tiC 	-c-Cl -c) 1\1  g'et'm 	 t 

e(t4cfrag)Ni t" -L 2c Et.)- N \) 4 

N 	S ati:0-tr,o+SV4-' 
4- 

_This decoupling implies the following three equations 

AP (k) = 	+ us c(t-c) 	 (6.33) 

ef;c1) Q0) = 	+ b4sfs 	 4-co-zo-Te).  Cul 

4- d4, c -6-c) 	-(0C(; ){-2. 6(S)t, 
	(6'.34) 



and, 
2. CCP {—,2 4 N 	.." 	-1 	)cCt-c) Q0..) +x)c) 	4%2)0  

•k, 	7(k) 1-.;(..) - a 4. N 
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6.35) 

-4-S'y_k+.,,,,),-13.v.os)  

It obviously becomes increasingly difficult to deal with 

the set of equations produced as the approximations 
become more complicated but in this case C(.1-,V) can be 

eliminated as follows. 
Using equation (6.34) gives 

eke CI-c)14vZ.(t) C(ti)D 	4\1(S)-1/Jra-ga-k+V- 4   ?s,0 

(.1L.-s) az -4 4- tovris..)Ce.0_*) —.2-A01) 

%is  c3c -c.D6- c1)1 	CV)t)i 	1\1  ( 
1\-i)11  

(6.36) 

1mm...re 

where A021) --=-• I -4- esisc zo) I\ 

This equation can be used to re—express (6.35) as 

c̀c.)?) 4-  caJos,1) 	5? 0) N 

—2 4-N CS h_i 	4  SE--13--ps,o)1 

t:(k-K) (T1 	aiis)q aci_o 

(6.37) 

Multiplying by 7Q)/ X ) and'summing over (a) gives 



— 	 (V 	+
" 	

T(-) c 	4-  -11;1  3-WC (3-11)  1\1 2 v 

tw cf,,z-zayi&(t.) 	 6.38) 

R(t)2.(k) 	4-i R01.-K-.) 01-)s) N 6 QC -Y) 

where 	.R(O 	0—c.) 	s e c-23-a) 

Choosing x=k and using equations (6.38) and (6.34) 
completesthe elimination of C:- 

er3a) 	4(s) —.Q0/44(-0aEcts cii\I-p-Ct)i;CL)+440.0] 

,se, (1-c).1 R0.1)E. 
+   RCO- N 	0041-D 	 1/4)] 

	(6.39) 

The behaviour of the integrand of the last term makes it 

impossible to obtain a complete solution for A from 

equations (6.39), (6.33). 
Formally (6.39) can be re-expressed as 

010.)1E(.) = CV) +42 qco-c.)12_ 	R(0.g(i) s 	N 
(6.40) 

where PO) = q a -- 

and 	d)CM 	04. (1—c.) c4c 	3.-(t) 1) 	elSOP]. 
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Comparing this approximation with the last the 

leading correction to cff0) for small concentrations is 

of order c. This is shown by simply iterating (6.40); and 

using the leading terms in this expansion and equation 

(6.33), the leading correction to the denominator of X (k) 

is 

N.2,4 
	zr(a) 
	

(6.41) 

So the critical -temperature is 103  N Ac.213  for low 
concentrations. This throws doubt on the validity of the 

theory for small concentrations and as we shall see in 

the next section this doubt is justified. 

For concentrations near c=1 , (6.39) leads to 

important additions to the susceptibility of 0(1—c), as 
One expects, since most of the terms in the exact high 

temperature expansion contribute to 0,0—c.) and the earlier 
approximation did not include all these contributions. 

In the limitc-*1, CtGO satisfies the equation__ 

t C9Ct+1q) 

whe 	 = ( 1 — t4sft3Z-0‘..))(, 1 -4. ols‘l, t&I) 

X OD 	(14- 2024,  1) .1 1:147(..) P1 /4  — dstl. 

Obviously, terms proportional to ii24. 7tAY3-(t)7(t.44.4) will 

be included in the terms of 0(1—c.), but the change in the 
critical temperature vs. concentration relation near 

crd is' difficult to determine. 



"87 

'6.5 The High Temperature Expansion 

Using the averages considered in Appendix 1 an 
expansion of the exact solutIon of equation (6.10) can be 
obtained. The first five terms of this expansion are 

X a) 	±14-2 '01sfeN 	{ I + cr3.0) + A s(3.)1  + B (0,01  

4 1)  (440)  + E 614,1' 	(6.42) 

v•il 

A 	c2  V(A) + C 0-0 
= 	e 	(X) + c20-0 EIG-t 	)1.21 	u(4-)3(14 -tip,)  

-2) 	C4 TIU 4-) Ois++Tti-St 4" 3  2C2  3.24 + c?"0-c)(-1c).1‘: 
+ 2 c".6-0 ;IC)') 	363(toT(V,,tt-tt) + co-e6-a0-1-s/7(t)StiRtilMilt) 

tostika 
+eCt-c.)4-1- 	TUSUttlY31-140[V(1--3.(k0+ZOi4 irki)3 N2.  iltt 

7k(i) N t 
It is interesting to compare the high temperature 
expansions of the approximations considered previously. 
The simplest approximation (6.17) only mirrors the exact 
MFT expansion to 0(f)), and the first few terms of the 
other approximations are respectively 

(.) 	= itlias(3eN EA)12.  ti3F1.0) 4- AI  (tiso2  

Civ.s01  + 
Ai=0-- r-)S,, 

+ 	0-0 (la  n.3.a)%2  

1(m 	itilasc6 	{ I + c70.0 + 

÷ 6, (0/5N3  4 "4' 

C.43 a  (1) 4-  C.(► -4).7Ca  

034() + C40-4) EYa+ a ?.2  
+ca-c)' -1-12 7(t)3-al)7(3,-141) 

N 

`"114Q- ‘4). 

and 
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Thus, the succession of approximations is gradually 
improving the high temperature expansion's representation. 

What is more important than the form of the 

expansion (6.42) is the infinite series of terms 

proportional to G , i.e. 

0(sp cT(.10 -r  bgec4.2 	ets3  t2)e.UCE)Z-CO-SOz- 4 t I) 4- v•i+ 
1\  

The --n!K  term of this series can be found using the 

recursive relation given in Appendix 2. In fact, in the 

-711k term the most important contribution for the low 

concentration term is 

When 1 is odd this gives 

C04  

while for /1. even it gives 

c.1  N " —L 	J-LO 	- T(t2)-  

For nearest neighbour interactions these can be evaluated 

and the terms to 0(0-) are 

)((t.) = 	Dtsc..t,i, 	+ 0,),Bac usco) 	0 ce)i  
1 — .1teaz 

Thus, for small concentrations the critical temperature 
is 	which is the reason the approximations listed 

previously could not give a coherent picture for this 

concentration region. If the situation is considered as 

a pure dilution problem the number of nearest neighbours 
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for low concentrations becomes cz, and when c i  the 

effective co-ordination number is42. When EFT is used to 

treat the linear chain for a pure substance it predicts a 

ferromagnetic state, which is incorrect, so it is perhaps 

not surprising that for small concentrations the theory 

gives an unphysical ordered state. 
Following a procedure similar to that of Rushbrooke 

and Wood 7but including the distribution function 'len, , an 

high temperature expansion can be found. The first 
few terms are 

X(p) = -1thle.3-52a3 k3c.N . 1 + 0.14:3-00)e. 	asTcJ-5(0) ccz-o —t] 

The MFT, as in the pure substance case, agrees with the 

exact expansion to only the first two terms2and what is 

much more significant is that the largest term for small 

concentrations of OW) has changed sign. It is.obviously.  

this error,and others in higher terms, which lead to the ' 

unphysical results for low concentrations. 
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GRAPH  6.1 

Curve for the integral)) against aL compared with the  

curve of the right hand side of equation (6.26)  
for concentration,C..I  

-(1) denotes the curve of A?. 
(2) denotes the right hand side of (6.26) . 
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GRAPH 6.2 

Curve of critical temperature against  concentration 

obtained from the condition (6.26). 
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Ch'alp-ber  

The Bethe-Peierls-Weiss Method for Magnetic Alloys  

- Ising Model  

7.1 Introduction  

In the last chapter it was shown that besides the 

deficiencies of the MFT for the pure substance, this 

approximation cannot deal with the dilute alloy region 

and does not give a critical concentration. In fact, the 

validity of the approximation in the region of 0=1 is all 
that can be claimed, and a more sophisticated theory is 

needed. In looking for an improvement an obvious compro-

mise is to consider some small section of the crystal, 

treat the exchange interactions within the section 

exactly, and assume the section to be coupled to the 

remainder of the crystal by an effective field. For the 

pure substance, the simplest choice for this small sec- 

tion is a pair of nearest. neighbour atoms selected at 
u4 

random; this is the Oguchi method. It would seem 

impossible to extend such a method to longer range inter-

actions, and more important in the alloy situation, the 

value of <Si> for some site i would depend on the choice 

of the other site of the cluster, and it can be shown 
quite easily that the dependence is not trivial. Thus 

the application of the Oguchi method must be restricted to 

pure substances with nearest neighbour interactions. 

The next improvement would be to consider more than 

two atoms in order to take several interactions into 
Ma 

account exactly, instead of just one. Kikuchi has made 

such an attempt (for pure substances and nearest neighbour 

95 
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interactions) using the constant coupling method and has 

found that the amount of improvement increases rather 

slowly with increases in the number of atoms considered. 

Another method, that of Bethe, Peierls and Weiss (BPW) 

involves much less labour. For nearest neighbour inter-

actions it uses a group of (z41) atoms and an effective 

field.. This method was originally developed by Bethe to 
treat the problem of order-disorder in alloys, extended to 

the Ising Model.  of ferromagnetism by Peier143and to the 
mo 

Heisenberg model by P.R. Weiss. The BPW method is an 

improvement on the MFT as it predicts Curie temperatures 

for a pure ferromagnet which are very much nearer the 

values obtained by Rushbrooke and Wood from the exact high 

temperature expansion of the susceptibility; and also 

gives a non-zero zero-field specific heat above the 

transition temperature. Below the transition temperature 

it has the major deficiency that it predicts an unphysical 

anti-Curie temperature; and in this respect alone it is 

inferior to the MFT. 

The BFW method does not suffer from the troubles of 

the Oguchi method and can be extended to longer range.  
interactions and to the alloy situation. The introduction 

of even next nearest neighbour interactions when consider-

ing the Heisenberg model created difficulties and so in 

the next section we use the Ising model, where inter-

actions of arbitrary range can be formally dealt with. We 
also restrict the spins to the spin i case in the next . 

section to simplify the mathematics still further. 

7.2 Ising Model, 	Method 1. 

The problem of extending the BPW method to long 

range interactions can be overcome if'we relax the 
restriction on the cluster that we treat all the 
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interactions between spins in the cluster exactly (as we 

would in the nearest neighbour interaction case), and 

attempt instead to treat the interactions of the central 

spin exactly and those of the other spins in the cluster 

by means of effective fields. So we first choose a 

cluster of sites centred on the site n such that a spin on 

n would interact with another spin in the crystal if and 

only if the spin is on a site belonging to the cluster of .  
sites centred on n. As we are considering an alloy we 
introduce the same distribution functioni'm  as defined in 
the MIT discussion (Chapter 6 W), which enables us to 

write the Hamiltonian of the cluster of spins as, 

:117 

-314 (7.1) 
 -4e010. — 	1) .7(t)ss 	+ ect WiA)  fll'we it sig. 	Lttee 

Od 

where k(e) is the effective field for the spin on site 

mi-1 and the sums over t extend over all such that it+e 

belongs to the cluster of sites centred on n. 

Some means of obtaining values for the effective 

fields is, of course, needed and in the light of the MIT 

discussion we choose, 

14,, 	= z z-b+s—%) cr;„ 	j.12  H 
	

7.2) 	• 

where 0,;.= ol< Szitt 

Because the Ising Model is being used the eigen-

functions of the cluster Hamiltonian (7.1) are obvious and 
the eigenvalues are, 



2 <V, > 	catE (7.4) 

equation, 

L 	
0-03'fot 

iteei
t,.tte 	 „14n(c..,)  -.& 

This is easily reduced to the 

(1% 	nth 1+  -e an   (7.5_) 

• 98 

I t+t, 	an+ tN) 13 	T( 	E ". 	 e) 
titt 1141 

7.3) 

  

where 
E`-`+g0, 

41 	if sztt+i): II 2- 
-i 	if s...c...- -ii 

) N+1 	no. 4 Sites in cluster. 

   

The probability of a particular arrangement of spins is 

&xi? — 0 (eB,E54 	)549Na) 	and SO, 

This average can be expanded in powers of the external 

field, H, and considering the two configurations 

(el, en4s,...... 	) 
	

and 	-E 	 -e n+wwl ) 
together (7.4) becomes, 

7(4..) 

atk, 	e. . 	{1,7.4A4sEl  41iHt livrauonS 	 S• 
(etveiv•-•1€5,40?  

Z V5A2K+gSk41 ezL  
()mr 

c4r4;sotortovls 



(7.7) 

and substituting from (7.2) for 114(.0 into (7.5) gives, 

itAlt45 41-11"  

+41)tt 2nv 	 3-011.6 --34-0 )(rj 13• 

where 
	

(r1-11) 	e-F1(5-11) 

As in the MFT, we Fourier-transform this equation and 

obtain 

cr-0) := .1.15141)04) + 1-  NO4 N i(211)K-0-41)V'(li—t) 

NaZ  T() 0-(11).1(12).C13-Q1,(1-1.2) 
e.1)?. 

(1-41-12-14)1)C11.\-4')  When O(4) is assumed to be independent of concentration 
fluctuations, 
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(7.6) 

 

}txo 	[i 4-C TOD] 

 

  

(7.8) 

 

In the high temperature limit, therefore, 

"X CA) -* 
tileec-11 8)4513  El 	j.C. 7( )] 

(7.9) 
jro.c A  V( IS) 	 14.  ;- 82C2  Z 3.1( X ) 

Na 

and so the first two terms of the high temperature 

expansion are the correct ones but the fOrm is not that of 
a Curie-Weiss law, as *Tvaa .# 0. 

The susceptibility 0.8) gives the condition for the 
critical temperature, 



eta 1/ 
Concen-tratioYL  

) 

loo 

- 	.615(-)=)1.0) + V-2  2-1  z•COE (.) 	(7.10) 

Consider this condition, when the only interaction is of 
nearest neighbour type. Now J(1)=J0.) and 	(a).=i1((1); 
therefore (7.10) becomes 

.121' 

where 	cr. - €.4 	and 	1  Is2.(x) 04 kola ) 
.4-e-t7  

— -10c."-ztz-1)7i =0 

Thus the critical temperature It,- <-1-z(z-Dej and there 
can be no finite critical concentration. Comparing this 
with the MFT result we have the diagram, 

Diagram 7.1 Sketch of ItTc  us,  concentration for present  
method compared with MFT' result  
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Curve (1) is the MFT prediction from the first 
approximation. Curve (2) is the BPW theory result using 
condition (7.10). The dotted curve (3) used as reference 

is the critical temperature curve predicted by (6.17). 
The BPW result is an improvement, in this respect, 

on the type of curve obtained from the MFT approximation. 
The condition (7.2) is not fundamental to the 

calculation. In the next section another method is 
detailed, which does not use this condition, and gives 
further improvements. 

7.3 Ising Model, S4 Method 2  

Instead of the condition (7.2) being used to 
eliminate the effective fields Hje), these are determined 

by evaluating (44e for each s' which "picks out" a site 
belonging to the cluster of sites centred on the site n. 
By definition, 

1:11.4g/ 
oh, E,t4e1 	

(7.11) 

44 E 

where E's are given by (7.3). 

By the same method as used for calculating o (7.11) 
becomes 

ault, tlfa(sf)3 

t40-in (S) ttU111.11Z-  

(712 ) 

0.#4.1 - 

These equations together with (7.5) enable us to eliminate 
144.(e) and obtain,  

[1 + 	ia(1.1-11. c 	i4.111. + Z fp-tt)cr% (7.13) 



 

tau, 	-1-isT(T1-1:1) 
	 aid. 	01-111) tank±C:7611.1:C)  (IL-11) 
I - tcaLka 	I -.6A1Z  
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where 

 

  

Fourier transforming this equation gives, 

D I:2(0) 	01)] (5  = w { 	+ 
(7.14) 

a, . 	al_1(  

The notation here is an obvious extension of that used in 
the MFT treatment. This equation is very similar to 

(6.10); only the kernel and(R.(%) have been redefined. 

As previously, the simplest approximation is to 

assume that q-(X) is independent of concentration 
fluctuations, and under this assumption 

X ) = 
-4 	N C1.4 
+ c [to) — .110)3 

(7.15) 

• At high temperatures this becomes, 

4jc20c,N SAlt 	"LIT )-1-2te.N4,1t. 
+ ciltaiDVD-JOUN 	—1. fe:Ta) 14 	- 

and so in this limit it is equivalent to (6.17) obtained 
using the Heisenberg model (MFT); with a Curie-Weiss 
behaviour, in contrast to (7.9) obtained using the first 
method. 

The susceptibility (7.15) gives us the following 

condition for the critical temperature; 

lit  m-12(01 =0 	(7.16) 



103 

ag, (x) For nearest neighbour interaction the conditions --at.° 

which determine the value of a which gives the maximum 
BIa) critical temperature, are entirely equivalent to -g1=0 

and so the two types of ordering are ferromagnetic and 

antiferromagnetic. Considering the ferromagnetic case, 

(7.16) is easily proved equivalent to 

cz —1 7.17) 

where 7== 

As tanhx. must by definition be less than unity no 

solution to (7.17) can be obtained for c<frt , and we have 
a critical concentration, co li . As c increases from co , 

tanhoc decreases and hence the critical temperature 
increases. 

0. 0 	
i/z 
	 0 

ContekltratOri. • 

'Diagram 7.2 Concentration dependence of critical temp-

erature of nearest neighbour interactions 
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It is easy to show that exactly the same behaviour 

is predicted for antiferromagnetic interactions, with 

replaced by PT1 

If the range of the interaction is increased, and the 

ordering below the critical temperature is ferromagnetic 

(or some types of antiferromagnetic ordering), the 
Condition (7.16) becomes, 

   

0 (7.18) 
nt=1 	4- to-h41.Xnx, 

where 7CIA :S151Tni  I 
As the solution of (7.19) for @ tends to 00, tarAtxhi,I 

and so the critical concentration is 

.2 
(7.19) 

Hence, as the range of the interaction increases the 
Critical concentration will decrease as one would expect, 
but Co ls independent of the detailed structure of the 
lattice. 

It is very difficult to extend this method to find 

higher approximations, and this problem will be considered 
further in a later section. 

7.4 Ising Model, &xi Calculation of the Free Energy 

In previous sections we have considered the 

calculation of the susceptibility and have found that we 

can only find approximate solutions, but when the zero-

field free energy is considered exact solutions can be 

found within the limits of the BPW method. Using the 
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eigenvalues (7.3) and the definition of the Partition 
function, • 

•e: 
cat E 

it is found that 

- TT ask 

    

     

     

    

7.20) 

     

     

is the Partition function in the paramagnetic region 
(suitably normalized to give unity at the high temp-
erature limit). 

Using the definition of the distribution function, 
this expression can be redefined as, 

Z  T C i r".° 	((is) +13IITS{ (1-'1+P -1-114.z C-4k  (43-(S))1 (7 . 21) 

By definition the free energy is Fc-kTLE , that is, 

(1-1''s) 4. 

	

	[(1-13i4g)4hitcoskeiF(S)).] (7.22) Q, 

To simplify this expression consider the following 

function; 
e, 	gs 

all aiguta
+.114t 

t t  e, % 	-1 e 
 

-t 
-  sttroi cuifout 	 %-Q.  1,41 

t ly‘v,i44- 
c0,144Ati. (0 

_where condition (1) states that if kr- (171)-1k0 , 
of the m vectors t ir. 	,e nt  pick out sites in .the 1 	co- 

ordination shell of the atom on site n. The value of x. 

F = 

(7.23) 
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is, of course, the sum of the co-ordination numbers of 

the 11/  shells. This function simply gives the value unity 

if any arrangement of spins on the cluster of sites 

centred on the site n has ki,spins on the 	co-ordination 

shell, and zero otherwise. As a simple example the 

explicit definitions of these functions in the case of a 

2 dimensional array of sites (for nearest neighbour 

interactions only); 

11
(o
)  

drn.(1) 	i),1pr,„ 6-1,,t _s) + katt—e 
and 	-1-(1°  ttit+ttt-S, • 
Using the definition (7.23), 

	

:6.tetrcSk-101(sq '1"j" 	(c_4. DA]) 

where're,' is the number of co-ordination shells and 

Hence, 

( 	k DP;DJkit.  1 
&TO 	*gl 

= 	l'%(.111 	1.A. [GlYSke (ieJr03 
k 

and therefore, 	
.44 

F- 	<k ,L. > Z. k 
VZ w 0 	 torl 

(7.24) 

Consider 	1311 T
OP 

nla /  	with the obvious Lill  
definition, 

T1: 
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--1%.1- 	 ( 7 . 25 ) _ 
+etc 

cuerehokfit 	- 
ei he ailfticti 
g -flanutta.; 25 	. It  
4x 6  Nt.   Zaardika tort rti. 	2i c c  

Now -the average of Z.. 4-  11.  4  2 	(I—el  Jr- Cizle(1—cti-1.4 •••• 4. 
L 

r: kin el -1 
and also that of -s-- 	WI, 

L_ 	,-11-.K.I. n z C 

I" 

So 

<F> 	calif 	 k(]  ( 	)] 

c L 

(7.26) 

Using the following relationships, 

(i) the entropy, 	S 
-6F 

 
6T ' 

(ii) the critical entropy is Sc. —3c 

00 

(iii) the critical energy is.  acc7E-0,  = jrCin  
k-To 

( 	tzt. vezeific. ka.ak ,anti =.Tee. 
(iv) CI, ":4 

we obtain the following expressions for entropy, critical 

entropy, and critical energy; 

ze I 	zw 41. [cosk 	 *.13-01. 

z, 	(-4,37.3 bA, [tea "k(1:3It] J. 

(7.27) 

icl 
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Looking at the last two of these expressions and consider-

ing c.1 we obtain expressions which, when only nearest 
neighbour and next nearest neighbour forces are allowed, 

give 

     

2 	Zti. 	 (44j3 	1-11. (Ciij -113?-11)1 
nal 

a 
-Iz ,T1t, 2. h 

ill= 

 

and 	E.- Ee  (7.28) 

  

k-rc  

  

and correspond to those given by Dalton. 
The expressions above are exact within the BPW , 

approximation, but their numerical accuracy will be 
limited by errors in 071. So their usefulness in 
interpreting experiments is enhanced if the actual 

critical temperature is used. 

7.5 Critical energy and entropy for nearest neighbour 
interactions  

Consider the critical temperature to be given by 
(7.16). Then the critical energy can be expressed as 

E 	EC 	e z 	"tal\k i I  ) , c > kT, 	cz- 	C-7.-1 

(7.29) 

c.z 	.) 
• cz — 	c z 

The critical energy is finite as long as the critical 

temperature is greater than 0 , but diverges if kl;0, 
ie. if c< 
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Similarly, the critical entropy can be expressed in 

terms of logarithms. 

Soa— 
elz[4 	cz7---1 	ez-z 

(ez-Oz  
tiA 	cz (cr-z) ) 

 

 

 

(7.30) 

  

This tends to lE 61.(4-) as CZ-4"Z. 
As an example we calculate the critical energy and 

entropy for various values of concentration using z.-6 
(i.e. simple cubic lattice). 

As one can see from the table (7.1) and the 
expressions (7.27) the values of these critical quantities 
could be found, except for the factor , C , 	by replac- 
ing z- in the pure substance expressions bycz. The 
divergence in the critical energy occurs later and the 
value of the critical entropy as el-4-2 is very much 
reduced compared with the theory based on mere dilution. 
This occurs, of course, because of the factor c, 
which has taken some account of the various possible 
environments of the central spin of the cluster. 



Table 7.1 Critical properties of a ferromagnet with  

simple cubic lattice (nearest neighbour interactions). 

concentration 1.0 .9 .8 .7 .6  .4  34 

"94-r- 
iLic  .:8110 .9252. 1.073 1.293 1.622 2.197 3.584 7.864 

/lac .1217 .1277 .1361 ( Sao' Et)/ .1486 .1685 .2059 .3071 .6559 

(gen—  Sc,Viz. .1094 .1122 .1191 .1251 .1353 .1520 .1848 .2249 
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7 	Ising Model, Sr.* A Graphical Method for 

Susceptibility Calculation  

The function 4. k) defined in the last section can 
be used in setting up a much more profitable procedure for 
approximating the susceptibility. Consider equation (7.13), 

( 	Z 	4 61-121)) 71.; 	.ipHe 	 (11-111)0; 
tt,  (7.13) 

To obtain a solution of this eauation it can be 
iterated and the average over the distribution functions 
must be carried out term by term and the series ayaroxi- ' 
mated by considering a finite number of terms. Straight 
iteration, however, leads to averages such as, 

< 1.44101.2.1:,> which are apparently impossible to 

evaluate as they stand. Ifni, is a site which does not 
belong to the cluster of sites centred on qt,1-2(1-m)z-...0 by 

definition, and so the denominator depends only on the 
configuration of spins on this cluster of sites, which 

-5- 	On 
means that it can be represented as C.4.4" .--7,a) and 
averages become much easier to evaluate. Using this 
(7.13) can now be rewritten as 

ttcozo‘) 	(3/..) (1:._/) 7 
(q-r-t)C.. 	(7.31) 

1,!-0 1 	m L.  --I 	. - 

where Z.").= (l+ k/ 	(I +wAk7-XJ1  m 

and the sum over in. is over the co-ordination rings of the 

cluster. 

Consider the following changes in notation, 

z 



cr,t. (7.32) 
Z 05 t6 

L 
kw() — 	Le-'• 0 

Using these (7.31) becomes 
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Simply iterating this ecuation gives,.  

6.7 - 
i 	1.1 	n { 	.,,14-7  (04 
lit 	It  - 4.... - 

Cli) 0i) (6 06 
+ 2 	Z. Ce.,}z)Z Z 4;1 tt+e w)e'I:. e I - - 

-1- ev.,,, } 

In fact, the YitP term is, 

LI%
(?1,1)i CgA-- 	12-)P)  7 6mb  

N c 	6  Q 	
1...•lc)  ••••i 	 •"- 

co w 	oiwo 
11. 	14e, 	414144-- k 

(7.33) 

and hence the averages which must be studied are 

4_6.) < (0it--(1.1) 414e, 	it+erf -÷o„ 

where each eq.  is the vector joining the central atom of 

the cluster to some site in the cluster. 
When 	is averaged it does not depend on its site 

label, and'so 

(1') 	4149, 	< CT's> 

The averages (which have less than ,5 r-factorsl_needed to 

calculate ;(CA) from this series are obtained in Appendix 3, 
but as is mentioned there some of the infinite series 
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must be summed to approximate the low concentration 

behaviour. The scheme of diagrams exhibited in the 

appendix corresponds to the scheme given below: 

A(1) 

A(2) B(2) 

A(3) B(3) C(3) 

A(4) B(4) C(4) D(4) 
•• 

Each contribution has been divided by the leading term. 

The columns in the above scheme represent terma-whose 
leading order in concentration is identical: the A(i) are 

of order 6, B(i) of order CI  etc. Terms in the same row 

are of the same order in y, that is, those, such as 01,), 
in the (444)** row are()(e). The sum of terms in row i 

will be denoted by S(i), while the sums of terms in the 

columns will be denoted by SA, S13 etc. 

In the high concentration limit, c=1, this scheme 

reduces to a simple geometric series. This suggests that 

the full scheme near.c=1 can be assumed to be a rearranged 

geometric series, and thus the approximations in the 

region are 

1st order approximation 

2nd order approximation 

3rd order approximation 

%:51 ti  c — A 0 ) 

( —S(.2)—A(')+ [P(1).12  

N I- s(a)- ( ) - A(0 + (11A6) 
4 a s(4) 	 3 

These, of course, give the same limiting critical 
temperature at c.l. 



<4- 	> 
04‘

) 7
z co)  

CZ. CD A(2) c,e 
It=i — I 
iec. 

"ft 	-n4&--i  
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In considering the low concentration behaviour, 

SA IS6 etc., must be calculated. Consider only nearest 

neighbour interactions. The terms in Silt  all contain an 
average over just two clusters and so all factors 
where1n! is an odd integer (these will be termed the odd 
r-factors), must be contracted with each other, as must 
the factors where Ile is even (these are the even r-factorsl 
Using this fact the first few terms of SA are 

/ 	a 
z 	04 	zooz 04) - <> •12. 1 	11+01  

1,54 

AO) 04 Z 

A(3) 0.4 7_ 
a _1  

Z 	04 (111 

k..1 
k'c► 

•••• 	 • 	••• • •••• 	••• 	• 

and so the general term A(m). can be expressed as 

<4. 04 	
) -)1+4,1 > A Cm,  

When -m, is odd the last r-factor of the average 

. 	 (6 
till  and so st 06 ,1.1 	is contracted with -1 „  

lc IL .n  A(mAkle;A) contains a factor r(:- 	When -fist is even, 
however, the last r-factor is contracted with ,t6  6i, and 
so this factor does not occur. Consider only A(mv...) 
with In. odd. Each successive term in this series arises 
from an average which has two r-factors more than the 
preceeding term to be contracted and this leads to an 
extra factor in Z (16  Z(V

) 
	when compared with 

A(01- )--) . Therefore, 



Z Pqrn) 
model 

L 1_ 1-(-4  4,06+  ye 	—

z zo4' 
<

) 
cri g.  

4. V=I 	
1 	

7.04z!Vjg 
— 
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Similarly, 

<4,  
m 	 —eft 16.1 

z.06r z.(1%2  
_z(kz)z..061.2. 

and thus 

SA- 
z(fr4 	05.411.S 

	

A 01 	-  

	

LP', '1;A-el 	1- Z(geua'a 	 (7..34) 

The denominators in this expression are well behaved. 
The only possibility of a divergence is when V=It'=i , when 
the denominator is 	but this cancels with a similar 
term in the numerator. 

The terms summed to give Se contain averages over 
three r-factors and so either the odd or even r-factors 
must be partitioned into two groups which are contracted 

separately. The first few terms of the infinite series 
Se are 

1(4 12 

7)(3) 01- 	<+ ,t,44-,1,1fi'e  it' • 	+c4 
)z.O°(z)2Z4la(e.k e2•11) 

-1 	m4SCI.51-2 	Si -24° 
-Shtz 161  la' le4 • 

	

1 0-1) CI(  L 7-z  'i-(114-.(-14')  `t 	-g )Zt14(257tI+  
11004. 	Sli+92.? 

6 	v=1 tr. 	— 

	

x 	Z(441(4+ (7(14-t Z(4) -e.1(111a)."1 
• • 	k 

z)  of 
 z. 	<4..(r. 	

1+12.1  
114,.0,,..; si.

11+101
13 ,(t_g 

4  
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and so the general term can be written as 

( 	(4 .") cm) < 	 4- 	> 	YB Cra 
1.1441 S411112 	201,0 	) ) 

C 2 
itt 

Consider first the sum over *1) when 'tin, is odd. To 

give a contribution to a particular B(m) the average 

< 	0 must be contracted so that either 
all the odd or all the even r-factors are contracted with 

each other. In the former case qt.+1/1.4-.—+ Q., must be 

equivalent to m+ .t and so the contribution to 

will have a factor. 	. For the contraction of the 

even r-factors 	2," is equated tom so that 
these terms have a factor ell'" which will transform in 

G 
each case to 	. The remaining additional factor in 
each case depends on the partitioning of the uncontracted 
set of r-factors into two non-empty groups. As the 
average being approximated will be over equal numbers of 
odd and even r-factors, the extra factor in -8(xjk-1,---.) will 

be the same in both cases. If the factors 	and -V tte 4 1e a 
are not contracted the extra factor is simply 

( Z(11)4 Z )1nP2' 

where -_rn1  is the number of r-factors in the average being 

considered. If-1 and. -÷ Lt 	al-11+92  are contracted but 4' 114 Irig14/1+4 
is not contracted with them the extra factor is 

Continuing this procedure, the complete factor is found to 

be 



Collecting these facts together: 
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6(m) = 
• II Ai  

 

(14 otgf or) >0— 
ti 	tit% 

   

    

    

    

Oa 
WS( 

    

    

When 1n. is restricted to even values there are again 
two cases: one when all the odd r-factors are contracted 
with each other, and the other when all the even r-factors 
are contracted. In the first case each term will contain 
a factor 	

,(g ft* } 	unless .4-  and t4'r are 
contracted, as then g,1+1,,,= p . Here, of courselcigi+-.41.2:, 
is the final r-factor in the average being considered. In 
the second case, A 	and 4:h.00......1.em  are contracted and 
so the corresponding factor is I 

Treating only the terms proportional to 
the extra temperature dependent factor is only 

(Z11411172 ( 	
-70e1)52- 	tzl-2 

a 	Z 4 L 

as the two fixed r-factors must be distinct; 	is the 
number of r -factors in the average. So altogether this 
gives a contribution to Z. i(o,1) of 

< 	4,4.04 116 4,01; > j(frf 	s  
11.+21  %I-1.4032 	Scita) 

161)6 
V61 

ZYtil  Z..C}5  

Z ( 141i2.(z (144 .Z.(1/') 

(When the odd r-factors are contracted and so are `1%). 
and +ITi+ 	„, the factor for the contribution to 
ES(10;...) is found to be 
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27( 	(4  Z Y'Y'a  —r4 	(z.(4)""( 
z(6+ Z(4) 

 
nS.1  

by a similar process to that used previously for odd %f . 

Hence the contribution to 2 tcro is 
MseAktlit 

(6_(40. 01 
Z 	Z 	 ni 

(6  4" 	> (( S 	) —77—k) Ck")-2:1{ 	16.12.(Z(4.4-1(°C)j 'A 	/14gtt 	[i- Z Z 	1-  Z. 

Profiting from the previous calculations the 

remaining contribution can be written down immediately as 

g >(i—E fla 	114-9-145-2 	 {1  .2,5zOkfi 2-7{1_ ZI(z(1"3.-ZC/fS)1 - -4 

zo4(zayz 

Collecting all these expressions together gives 

06 Lei ,A 
.5)13 113(„) 	< 	+t0 12 > —S

Siff 	
(11X- 	(7 . 35 ) 

ro 	
il )/ 

ht 	1
tLpl 

",)62  

where 

13(rnA:••) Z 

	

z 	z  (k."42 —(VC 	tak Z OLC 	(k5 
( 	 + 	Z C6  

	

[ 1 	Z Z(14 	"5  E ( (14-Fz('" )   

As in the case of SA the denominators of each of these 
terms are well behaved because of the limitation on the 
values of iti.)W.1)  and R 
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No attempt haS been ma6.e to calculate SC . The 

difficulty in this calculation would be the need to 

partition both the odd r-factors and the even r-factors 

into two groups. For the contribution where this needs to 

be done it is not obvious how in general to collect terms 
with similar dependence one_. 

Formally, the inverse susceptibility can be 

expressed-as being proportional to the infinite series 

S A + SIS s c 4- 

where the (ni-0*  term is of t)(e) . This can reasonably 

be approximated for small concentrations by the following 

series of approximations: 

1st sum approximation 	SA 

2nd sum approximation 	•-1/7  u 1- s — -5E3 	Ay- 

Thus, the problem can be considered using the two 

types of approximations, the order-type and the sum-type, 

each very deficient outside its own region of 

concentration. For instance, when the first order-

approximation to Vx is expanded, the terms of higher order 

than AO) are, in fact, of C)(x1V). The approximation is 
representing the contribution fromBW , C(3) 10.0 etc., 

but is unable to represent the other terms of P(c)., A(() , 

A(3) etc. The other order-approximations will gradually 
rectify this, but the process will undoubtedly be slow. 

On the other hand the sum approximations, although 

representing in some measure all the terms in the scheme 

being discussed, do not give the correct limit as 

For instance, the first sum approximation for a ferromagnet 
(11.o) would give the following condition for the critical 
temperature (whenZ, ): 



t ---• 	-- LI= 

Ste—ud 

where J=tanh(jir), instead of 

1 ,-- 0 

The respective solutions are =.17 and. 	 Again the 

higher sum approximations should remedy this situation. 

In some measure this problem can be alleviated by 

the following procedure:-  one of the order-approximations 

is altered so that account is taken of the terms 

proportional to C which were not represented; and to keep 

the critical temperature in the limit c.4-1 at its true 

value the extra term has subtracted from it its limit as 

.If the first order approximation is considered this 

gives- 

/ 	(>4 1—  AO) - [SA - h(() Lt• (sEk-A0)] 	(7.36) t. 

This procedure can be applied to the other order-

approximations, and also used to represent the terms of S$1

but the expressions for Vx, become more complicated. The 

presence of the factor independent of concentration leads 

to a tendency to under-estimate the critical temperature, 

and this means a relatively poor representation for lower 
concentrations. 

7.7 Discussion of the Result found by applying the  
Graphical Method. 

Armed with these approximations, the-  properties of 
the solution can be investigated. The unwieldy nature of 
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,the functions used to express the susceptibility made it 

necessary to use a computer in evaluating the suscepti-

bility and finding its point of divergence. 

The results for the calculations which have been 

completed are represented in the graphs at the end of the 

chapter.. The first three graphs show the curves for the 

critical value of tanh(T) against concentration for 

the simple cubic lattice for various approximations. The 

next two are similar graphs but are for the body centred 
cubic lattice. The final sets of graphs show the 

susceptibility and the inverse correlation range against 
temperature for two concentrations; '2 and sq. 

In all the approximations the critical temperature 

for the ferromagnet and the antiferromagnet with nearest 

neighbour interactions are the same, and so only one set 

of graphs is needed to deal with the transition points 

for both types of ordering. 

Only the first two order approximations have been 

studied in detail but preliminary results for the next 

order approximation have been calculated, which show that 

the convergence near C=1 is better than thought possible 

when only the first two approximations were known. These 
two approximations differ in the values they predict for 

the critical temperature by over 4% even at 	. As one 
would expect at concentrations below 	the first order 
approximation gives no solutions, but the improvement 

shown by the second approximation means that solutions can 

be obtained at concentrations as low as c...42. These 

values cannot be tak6n, of course, as in anyway estimates 

of the critical concentration, because the critical 

temperature does not approach zero as the-se-values are 

approached;so the theory has become of limited validity 

for concentrations well above these values. 
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For the third order approximation values for the 

. critical temperature are only known in the concentration 

range E.5-1 .q] but although they are within 1% of the 

second order approximation results down to c.---1,for c=.6 
the difference is 3%. The third order approximation 

curve- appears to be in this region between the second 

order approximation curve and first total approximation 
durve, which suggests that when the calculation for this 
order is complete it will give a very good approximation 

to concentration as low as c= 	, 

As was mentioned previously the first Silt-approxi-

mation differsl even at low concentrations, from the first 

total approximation. They have 'critical concentrations' 

.182 and 4124 respectively, and at c..185 the results 
differ by over 1%. Neither approximation gives a solution 

when 1=0 . Because only SA ,S5 etc. have non-zero 

limits, when Jr 1,0 both first total and first sum 

approximation give the same condition for the critical 

temperature in this limit:- 

- 2co-c3" = o 	 (7.37) 

for a simple cubic lattice; The left hand side has it 

minimum value when C.=.2 1 and this is 0.01L(2,so there is no 

solution for physical values of concentration. 

Near C.1 the first sum approximation is .considerably 

higher than the order approximation, while the first 

total approximation, of course, follows very closely the 

values of the second order approximation to concentrations 
as low as 

Calculations using the second sum approximation are 

incomplete but one or two facts about its behaviour can be 

elucidated. In the limit JJ-4(.0 the condition correspond-
ing to (7.37) is 
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--12 cO-c.Y" 	- I) c(i-c)si 	0 	(7.38) 

The new factor is positive for all physical values of C 

and, in fact, there is a solution with CZ d202. Near 
this approximation differs from the first sum approximation 

in that it gives no critical temperature for 	The 

condition for a critical temperature for c=t is in this 

approximation, 

1—egy 
EO  (iti4:±E4.  lot+  _ o [14 (7.39) 

It is easily shown that the factor in the brackets is less 
than 1 , and so if there is a solution it is for -1&>-110 
the solution for the first sum approximation. Defining 

Ir..114+v) the condition can be rewritten as 

and as Ie<it and 1--4 	>0 the left hand side is 

always positive and there is no critical solution. 
The results from the order approximations can be 

represented well by setting 

+ A ({- G)±136-d- 	(1-c.)3  + 	 (7.40) 

and, of course, the range of validity of the represent—

ation can be increased by adding more terms. The 

coefficients for a number of.representations are listed in 

table 7.2 together with the concentration C4 above which 

they are valid to within a 1/. error. As can be seen a 

linear law is reasonable for concentrations above 
but further terms are needed outside this region. 
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Apart from giving a convenient means for storing the 

results for these approximations,these representations 

enable estimates of the critical concentration to be 

obtained by extrapolation to -it=.1.0 ' These estimates may 

not.be very realistic, but they give some information 

about the convergence to the actual value of the critical 

concentration. As can be seen from the table some . 
representations.cannot give a physical solution, but three 

can,and the results are given in table 7.4 (they are 
labelled (1) ) • 

The results for z-g can be considered in a similar 

manner and the coefficients necessary are cuoted in table 

7.3. For this higher value of z the most interesting . 

point is that the percentage differences between the first 
and second order approximationsl at various concentrations, 
are smaller than those for the z=to case: at c=.16-  the 
Peroentagea are 10 and 1*0 respectively, while at cv. .9 

they are 21% and 33/. .This suggests that for larger 
values of Z. the first order approximation may be a good 

one, at least for high concentrations, and so longer range 
interactions may not be too difficult to consider. For 

z=8, the first total approximation is still not efficient 

at low concentrations and so if higher approximations are 

difficult a more subtle method of combining the low and 

high concentration behaviour in one curve-is needed. 

Another possible way to represent the results of the 
order approximations is 

(7.41) 

Calculation of the values ()fill,  needed to 'reproduce the 
values calculated shows that even the best fit could not 

represent the first order approximation with error less 
than 1% in the region 	to C. 1.0. Thus, it is inferior 

2 
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to the series (7.40) in this .respect,but it has been used 

to extrapolate to the critical concentration and the 

values obtained. are given in table 7.4 (they are labelled 

(2) ). The value Oil used was obtained by considering 

the behaviour at 
Table 7.5 gives the critical concentrations 

calculated from the first and second sum approkimations 

for a selection of lattices, together with, for comparison, 
the results quoted by Dalton. The values obtained here 

are not in agreement_with those of Dalton, and although 

the second sum approximation shows an improvement over the 

first approximation, it is obvious that at least the next 

approximation is needed before any definite conclusiOns 
can be drawn. 

When these results are considered in conjunction 

with the values found by extrapolation it seems certain 

that the values for the simple cubic and body centred 

cubic lattices will be less than the values of Dalton et al. 
One must remember that some of the extrapolation results 

are suspect, because the values of the coefficients 1), E 
are abnormally large, and that, for 7=L, at least, the next 

order approximation is giving'high values of the critical 

value of .1 near c..1.0. 
Further, the values for the critical concentration 

will be lower than those given by the theory based on 

simple dilution (approximation A see p.101).  So this 

latter theory underestimates the critical temperature for 

the whole concentration range. 

For all the approximations considered the critical 

temperature is lower than that predicted by extrapolating 

the high temperature limit to the theory. This means that 

the inverse susceptibility vs. teriroerature curve tends to 

curve in the opposite manner to that predicted by the MFT 
(see Chapter 6 p.a). The graphs of 1/-xvs;k1-show 
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changes in curvature not found in any theory of a nure 

substance, but the changes are less nronounced for higher 

approximations. The preliminary results of Wolf 

(unpublished) using the exact high temperature expansion 

method (using the first 6 terms) do not show these 
curvature features; so it is concluded that they are, in 

fact, only an effect of the approximation used, at least 

at high concentrations. 
The } dependence of the susceptibility can easily be 

expressed as follows, for the first 2 order approximations 

 

and. ,xtz)(ii)  
I 	00 l •— Za0) tlf (6-4213 —1(at) 

014 	 PJ.01) 	 101-)i 

61% = 	 L. > 	• 	44.21:2 	< 1., 	t ,n,,r.S.1  
kVIO 	 61,11!..t 

, < 	 ("tit)11  ta"5Kosa> ")(16(C± 

Itci 

Itr= I 

C = -15.2-11 	z. (Y1,---61) 



ki(a = I - (211 	[VC' ( t-q-] -z-OSA-2/91.  
oei  Nut 41_;_c] 
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In general, the susceptibility will depend on -6(1k) , and 

IrlY1L). The expression X.°Ct-.) is very similar to that 

for simple MFT; only the fact that Uo o'%1  have more 

complicated concentration and temperature behaviour makes 

the theories different. The dependence of X cl)(k) is 

obviously more complicated. 
In the limit of low k these formulae for nz..) can 

obviously be expressed as 

py-t3  c (-1;') 
ki 	%2  

(sul aPipt.t 14. ) 
and as in the critical region the scattering cross-section 

is related . directly to 201) (see Chapter 4))  K12" is the 

effective inverse correlation range (see Fisher and 

Burford for the definition of true inverse correlation 

range). As distinct from the simple MFT the function A 
depends on temperature and concentration. 

For the first two order approximations 

K2
(1) = 

012  

These are plotted against temperature in graph 7.8 for Cr--.9 
and they both differ significantly from the curve from 

approximation A. The curves are almost linear. For c=.2. 

the first sum approximation and the first total approxima-

tion have been plotted and here the curvature is more 

pronounced. 

In conclusion, the following are representationsof 
the critical temperature equivalent to the three simplest 



ones given in table 7.2 :- 

first order approximation 

kTc/kTt(cui) tIr. 1 -- 1.25 (1-c) 

second order approximation 

klicikT4(e==.1) 	- 1.04 (1-c) 

first total approximation 

kTa/kTc,(emI) =. 1 - 1.11 (1-c) 
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These are all valid to within 1% in the region, C-9 



Table 7.2 Coefficients used with (7.40)  to represent the order 24pproximations 	 

1st order 
approx. 
(1) 

1st order 
approx. 
(2) 

2nd order 
approx. 
(1) 

2nd order 
approx. 
(2) 

2nd order 
approx. 
(3) 

1st total 
approx. 
(1) 

1st total 
approx. 
(2) 

1st total 
apprJx. 
(3) 

A 

,4 

B - 

E- 

2.8 

- 

.9 

.256 

. 3/1.4 

1.11 

- 

.. 

.22 

- 

- 

- 

.9 

.207 

.228 

.310 

- 

.8 

.208 

.254 

—.154 

1.59 

• 7 e 

.225 

- 

- 

- 

- i 

.2.07 

.296 

.139 

- 

.6 

.207 

.3 01 

.025 

.0,2 

 .5 

C° denotes the lowest concentration where error is less than 15 



Table 7.3  Coefficients used with (7.40) to represent the order approximations' 0)  

1st order 
approx. 
(1) 

1st order 
approx. 
. 	(2) 

2nd order 
approx. 
(1) 

2nd order 
approx. 
(2) 

1st total 
approx. 
(1) 

1st total 
approx. 
(2) 

1st total 
approx. 
(3) 

.185 .177 .163 .156 .163 .143 .133 

- .339 - .501 .146 .342 

D - —2.08 - —5.62 - .289 —.257 

E - 7.05 - 14.5 -- 1.17 

C'' • 9 .7 .9 .7 .9 .6 
---___ 	 

C* denotes the lowest concentration where error is less than 15 



Table 7.4  Critical concentrations found by 

extrapolating the order approximations. 

Lattice z lst'order 
approx. 

2nd order 
approx 

•lst—total 	Approx. 
approx. 	A 

• (1) 	(2) (1) 	(2) 

Simple cubic 6 .270 .290 .229 .215 .128 	.333 

Body centred 
cubic 8 .301 .229 .440 :173 x 	.140 .25 
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Table 7.5  Critical Concentrations calculated from the sum  

• (approximations compared. with values Given by Dalton 

Lattice 
Dalton 
et.al. 

1st sum 
approx. 

2nd sum 
approx. 

Linear chain 2 - .0.25 none 

Square 4. 0.590 0.19 none 

Triangular 6 0.500 0.101 0.502 

Simple cubic 6 0.307 none 0.202 

Body centred 
cubic 8 0.243 none 0.092 

Face centred 
cubic 12 0.195 0.061 	. 

. 
_ 

Simple cubic (1,2) 18 0.136 0.042 - 

(1,2) denotes that next nearest neighbour interactions are present 

as well as the nearest neighbour ones. 
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Curves for the critical value ofi. against concentration  

for nearest neighbour interactions  
and a simple cubic lattice. 

GRAPH 7.1 For concentrations between c=.4 and c=1. 

(1) denotes the first order appioximation. 
(2) denotes the second order approximation. 
(3) denotes the first approximation designed for the 

whole concentration range (the first total 

approximation). 
(4) denotes the approximation found by assuming that 

is independent of concentration fluctuations 
(approximation A). 

(5) denotes the first sum approximation. 

GRAPH 7.2 For small concentrations  

(1) denotes the first total approximation. 
(2) denotes the first sum approximation. 
(3) denotes approximation A. 

GRAPH 7.3 For all concentrations  

(1)9  (2), (3) are the same as those for graph 7.2. 
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denotes the first sum approximation. 
denotes the first ordevapproximation. 
denotes approximation A. 
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Curves for the critical value of/t against concentration  
for nearest neighbour interactions  
and a body centred cubic lattice. 

GRAPH 7.4 For concentrations between C-41. and .  

(1) denotes the first order approximation. 
(2) denotes the second order approximation. 
(3) denotes the first total approximation. 

(4) denotes approximation A. 

GRAPH 7.5 For low concentrations  
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for a ferromagnet (nearest neighbour interactions  

and a simple cubic lattice)._ 

GRAPH 7.6 For concentration C=.9  

(1) denotes the first order approximation. 
(2) denotes the high temperature limit 

GRAPH 7.7  For concentration C•  

(1) denotesthe first sum approximation. 
(2) denotes the high temperature limit. 
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Curves for the inverse susceptibility against temperature 
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Curves for the inverse correlation range against  
temperature. for a ferromagnet (nearest neighbour 

interactions and a.simple cubic lattice). 

GRAPH 7.8 For concentration c..9 
(1) denotes the first order approximation. 
(2) denotes the second order approximation. 
(3) denotes approximation A. 

GRAPH 7.9 For' concentration  

(1) denotes the first sum approximation. 
(2) denotes the first total approximation. 
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Curve for the inverse susceptibility 
vs. temperature compared.with the extrapolation 

of its high temperature limit. 

(1) denotes the inverse susceptibility at C 
(2) denotes the high temperature. 
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Chapter 8 

The Bethe-Peierls-Weiss Method for Magnetic Alloys  
Heisenberg Model  

8.1 Nearest neighbour interactions theory  

As has been mentioned it is difficult to consider 
long range interactions within the Heisenberg model, and 
so in this section the discussion is restricted to nearest 
neighbour interactions. The cluster of sites considered 
is the central site% together with its nearest neighbours. 
In the alloy case we have the added difficulty that the 
effective field should vary with the environment of the 
neighbour that is being considered, but because of the 
same difficulties that restrict us to using only nearest 
neighbour interactions, a single effective field has to 
be used which depends only on-the central site of the 
cluster. Under these restrictions the cluster Hamiltonian 
is 

-pakks 	S;_t 	 ( 1 

-001. 
where it„)st = 114: 

Of course, we still have the difficulty of dealing 

with the distribution functions in some simple way; but it 
is obvious that for some arrangement of spins on the 
cluster of sites the Partition function is that for a pure 

substance with a lattice having the given number of 

nearest neighbour spins. So using the functions defined 
in the last chapter, 
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Z (8.2) 

where 	- 	
cadiRoent 

tit   

1k, 

9,(n.k3 	,,;tk 	i-eplacact 63 0 1.0 

IT (I-  11142} • 
-tot 

--7(k+) 
n  is the Partition function for a cluster with 

a spin on the central atom and, k. neighbours,' and 
(it-) 

L.- it, is the Partition function for a cluster 
without a spin on the central atom, and k neighbours. 

When the atom on site % is magnetic and the number 
of nearest neighbour spins it>osthe eigenvalues of .X(1 .4(5210 

• 
are specified by, 

S = 
	 K 4 4,vert.. 

Yak 	if. k.4s odd,. 

1- 1/2. 	2i =0 ,S= 1/2  onLj ) 

W= Sis  

It follows that the eigenvalues of Jecialia, are . 

cs.11 (s17 s'/1) 	.1 -31 
Olio_ 10 1512 1/2] 

A 

	

A, 
with ko),‘  = .0Atkohhs  and/  similarly for Ks II s and the 7f: 
sgn corresponding to Sr---  SO:1"-Y2.. 



Hence, for k.>01  

z(k+) 

SIAM'  

and 1. 

A 
In the paramagnetic region it is assumed that u s- 

are small quantities, and so 

Z
(4x+) 

(L. 
A 

IA 

A 
1.1 	j) 	Z (01Z0i)(j) 	Z2(1: 	

it:js 

RA) A .11/ 4 	(k+) 2 

47 (j)k k 	(s)  + 
II 	iv% 	02  

where 4*  --= 74cr. 
Therefore 

(t2.4) 	1.51,z.(51)2,e3  sWula-: 4- cos0-4  
• CP 	 , 

00 	Sr: 0 42.  

z(:+kp 	 Jv2  MSS) 	j2 
 DR S.U4 (04-2)CbSikE 

etY2 	
* Cka  V"41 

IVA 	 j 

it )• = Z Wit(S1) 	j Rs 
ziA.g_41 

Z"+)(i 
R  s .2. 2_63_2:pcz  jAk 4-cos 

8.3) 

,4 si.o4 

(R4) 
a rid Zap   (si)  = 

1 2 

whA) j 	SIANft 2.  
Nei { 	;0-1 • 

Siz'Oef-1.6 	11 	AL 
[Rs. g1:-+ (R1.2)(bILI:jj 

where R.= as1 +1 and co pi) is the number of ways of form- 
ing spin 	from k spins of Si'-. (see Smart) . 
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Consider the construction of .Z "-)  cell  for 1).>0 . The  

eigenvalues of Seal&  are specified by 

S • 	 k 	. 
% k odd. 

and 	= 5 ) 	) ••••.) 

and the eigenvalues are 

M) 	lot 

and hence in the paramagnetic region 

z(k-)  Ct)  
rc 	

1 014. „,1) Z (t")  (j) 	+ 	
O .) 	iik2 

(j) k0)/1 oo Zo 

Z 	(j)k11 	45 °11-` 

with 	
Z(it-)ci) 	

7  ci  it- csi  ) 

ZCIL: Cj) 	(si) s1 zoJas 

a44 	Z (ok,-)  (j) 	Zkla  ok.(si) -17,j2  iz(R1  I) 
P#7,10 

Consider Z" . It is easily shown that, 
Ce3rt 

(8.4) 

Z (°41(j) - z`°+)(p 
(0-0 03+) 

Z 	Cils .2 and 46  (I) ='4J2  (8.5) 

2:°-)  CIpt. Similarly for 	only 

the value unity. 
We.define,in general, 

is non-zero, and has 

Z„ 	Z„ (i) Z c +. z (j)14, 
51.1 

8.6) 

`s* 
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where 

z  
„(j) 	 . 1,  Z„  

The average magnetic moment of the central atom in' 

the cluster is 

"D 	Zel  
3 

  

and that for a nearest neighbour atom is.  

—21L-ivutt+.4 'tie 	
14 444, 7' la 

Z. ativt.  

Using equations (8.3) to (8.7) and eliminating 11,1)1t 

(8.7) 

gives, 

A 

zoo .1 zo2 	z1 7 1 	ot 0-  

	

pl. 	Z Z
2 

.21, 02 	II 	%)n. 	(8.8) 

As previously, we can solve this if we assume that 0; is 
independent of fluctuations in concentration, and then, 

E N ENA 
2( a) 	+- b s(1) 

(8.9) 

with 	
j < ZooZo  > 	1"; j < Z00 Z > 

< 	Z.to  Z02.  

From previous results we know that this result will 
only be useful for high temperatures and concentrations 



LZ  
kreo 

z  z 

kv-o 

k00  Oq 60 (k) q. vit. 

)r") PICIL)  2 

-t°4) T (k)  .17  03  ell 
• 3 	14t. 	3 

Zoo Z 

4;042 	=11. 

00 

(k) 	oe) 7 

C3L2  

, 	000(11) 

(14)4#C 	 k 
2

stez 10,401,04 0,1341 
ri 

in the above by 14j. 

As in chapter 7, (8.10) can be iterated, 

z 
o 

ZZ  
k:0 
k.'co 

near c..=-1 , so a much better treatment is needed. 

Consider the following definitions, 
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.0iN 40 	00 	tl 
It is clear that Lx2  == 	=1) V 14  because of the 
definitions of 2.(k+)  celn 
Using these definitions and (8.8) the following equation 

is found for 

crti. 
1

00 

TOL) 1141. (8.10) 

which is very similar to the equation (7.13) found when 
considering the Ising model except that the 'coefficients' 

need new definitions. We note that 117/11)60  is replaced 

oti.) 	iOti) p (k, 	(8.11) it.  
+ •••• + ZzZ,4,(k? Ot2) 	.1 	• a • 3 	ols4t4....tt.,i  

/two th- 13. 	1141  — -&" 
A•40. 

From this equation it can be seen that the only differencq 
when compared with the Ising model equation, is the more 
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complicated nature of the temperature functions. The 
averages needed to calculate 'X(a) are those used in 

Chapter 7 and calculated in Appendix 3. In fact, the 
whole discussion on the approximations to .(),) and the 

calculation of EA and S6 can be carried over to the 
present case. For this theory 
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8.2 Discussion of the results  

As in the Ising model case, convergence seems to be 
quite good in the region of c,z-_,1 , but for other 
concentrations, as can be seen from graph 8.1, this is far 
from true. The first order approximation gives solutions 

, but the second order approximation gives no 
solutions below e•r-A, and at c=: .7 gives a critical value 
of_r•to. This is a reversal of the Ising model case. 

The sum approximation and the total approximation 
presented in graph 8.1 give results down to C...05 and 
appear to always give a solution.__The_reason for this can 
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be seen if the limitsof% ,S6 are considered as1(07-4P0. 

From the definition of 	
Fal0 

(0 
1.± 	= 1 
1CP4o 	k, 	8.14) . 

Thus, the denominators of the terms of SA are (kk-(),which 
is zero when k.4.1 . So there will always be a non-zero 

critical temperature until C=0. Similarly, for St3 the 
denominators are (1X--1) (W-V-ir)land the last factor 
is zero when W=kiwz.1 , and kle.2, 

This is a serious failing in this method of 
approaching the calculation of the susceptibility. This 
failure may be due to the incorrect use of the sums .SA ISat  

and the sequence of order approximations TW. eventually 
give the true behaviour in this limit. However, the 

convergence will be a'very slow process and until an 

easier way of finding the averages necessary can be 
discovered, the calculation will be too lengthy. 

The results for the critical temperature are again 
lower than those predicted from extrapolation of the high 

temperature limit,and the inverse susceptibility against 
temperature curve is similar to that found in the Ising 
model case. 

8.3 The Classical Heisenberg Model  

As the Heisenberg model is important and it is so 
difficult to extend to long range interactions, it is 
important to consider the limit of infinite spin, where the 
spin operators of the quantum-mechanical Hamiltonian may be 
replaced by classical spin vectors of fixed length. This 

is the Classical Heisenberg model and it has been argued 
mis 

(Stanley and Kaplan (1966) ) that for large spins (S>2,s0-0 
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this model is a good approximation to the quantum 

mechanical model. This model is also very important in-

the context of this present work because of the low 

concentration behaviour of the Heisenberg model itself. 

The energy arising from the central atom of the 

cluster and that on 	is given by 

S -Ara 

	

	cmo_ L L 1-1 S 6 jet, 	— fn:rne 	tik _ 441. -__44Q
n~e 
 - vd, 	ro ro4e (8 	) 

S 

where 4, and Salt are classical vectors of fixed length 

W5 5 H is assumed parallel to Hot vnit. is the 

classical magnetic moment. The problem is treated using 

the same cluster used for the Ising model and a similar 

method is followed. 
The evaluation of the partition function for the 

cluster being considered involves an integral over the 

phase space defined by the solid angles as1 available to 
each spin vector. This partition function is, using the 

energies (8.15) 

11[i,(00:314.4 	(8.16) c.1 )11. 
+27m,ati).5fg 	2c1 

s s -  
As in the other calculations this must be expanded in 

powers of H and Hme as otherwise the problem.is 

intractable, but as these quantities are small in the 

paramagnetic region this is no disadvantage for the 
calculation in hand. The terms to order HL can be 

evaluated using the following expansion quoted by Dalton 



f 	(m.tt4.-_is.,vz(oN12-) I Jae, 
71-Tr 

r  
— 1 	°D sr3"(  4114 	 (,)u(c)=) ,,,L ,c.) cix. a 	 sa 	-r  

■o 	-T 

TH..1 

- I  
t=0 

t 	all bseilown, 	and Sm., 

and Hy&the magnitude of 1-14.4.0„ 
The expansion of th9 partition function is 

za.,,=. 	IT 10-114 -44z(g)} I ÷ c't4( 	k4 4ni,;# 
.2. 
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•ittli•e " 'me S-1 	> 7.1 	Z CA n 
Ur12 

-?0 1.141, 

(8.19) 

the following expression for 0,. crii.L  can be found: 
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(8.20) 

= 	ol X 
rtt: 3s 1-L+gi ta) 4- H 

(8.21) 

Eliminating unit from the last of these equations gives, 

131. n 	-cce) 
1+ 2 	Cel) 	as 	ow Itg: 

e.' 

(8..22) 

 

 

where 0 Ca = I — zx Ce ; 	Ce j - 	®(t.) 

When the concentration arl , this equation leads to the 

result 

„T X(0) X I 
-S-S1  (8.23) 

• 

which is identical to that obtained by. Dalton. 

Following the procedure used in both the previous cases 
(8.22) can be iterated to give, 
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I. 	11+ e. ) 	.1- 	3  
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(8.24) 

= 

I+  
T (e")  

5 	— --c1(6 I +rk; 
4  

and the temperature functions are identical with the Ising 

case if tanh(3.0)/41:1,-Ois replaced by t(t). These functions 

also have the same type of behaviour in the limits kT-o 
and kiri.cco . This implies that the equivalent.  of the sum 

approximations will for this model give identical critical 

concentrations to those obtained-using the Ising model! 

Further, the results for the critical value oft for the 

Ising model are identical with the results for the critical 

value oft and this Classical model will be very useful in 
discussing the binary alloy situation. It becomes very 

important when one considers that the quantum mechanical 

Heisenberg model fails to give a reasonable description. 

8.4 The Zero-Field Critical Properties of the Heisenberg  
Models 

For-both Of these models the zero-field critical 
energy and entropy can be evaluated exactly for the B.P.W. 

approximation. For the Classical Heisenberg model the 

expressions are, 

a. 

 

(8.25) 

   



Soo—  Sc 
it. 

aitIA 71. 

ti 

2X ZF 
S' 

I 	d 
zz  d pi. 

(8.26) 

z‘•rtk@;.  

2.60- 

These expressions are similar to Ising model expressions. 
For the quantum mechanical model the expressions 

show a much more complicated concentration dependence: 

kTc  

z 	,v, Tea 

— 	41'1.-1> E °kj) 
kTt, K.0 	aT 

LK. (.Z i• )1 
J  Ter, (8.27) 

06 S 	 11." e„— S. 	4, > 17.1 	[ 6,(.26
° 
 ci)).] 

rc 	 • 	T=1.4 
(8.28) 

(7.„cpc) 

 

These results are useful for comparing experimental 

results with the predictions of the three models. 

 



GRAPH 8.1 

Curves of the critical value of .=tanh (s/aT) against  

concentration for the Heisenberg model (Sx-i., nearest  
neighbour interactions and a simple cubic lattice). 

denotes the first order approximation. 
denotes the second order approximation. 

denotes the first total approximation. 

denotes the second sum approximation. 
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Chapter 9  

Conclusions  

The erroneous results given by:the MFT for the alloy 

situation are a direct conseauence of the theory's short-

comings in the limit C.1 . In this limit the MFT predicts 
that a linear chain of spins can have an ordered state, 

which cannot be true if spin-wave theory is valid. In a 

crude approximation the alloy case can be treated by 
replacing the co-ordination number z by an effective one 

cL, and so when C---h4/z. the MFT treatment gives unphysical 

results (see Chapter 6). This argument can be extended to 

consider any range of interactions, and for all cases the 

low concentration behaviour is found to be unphysical. It 

seems certain that the MFT is only valid for low 

concentrations in the limit of infinitesimal interactions 

of infinite range. (This is the limit in which the theory 

gives a correct description of the Heisenberg model's 

properties.) 

The MFT does not include the short range order which 

a valid description must include. In the limit c=1 the 

inclusion of short range order reduces the value of the 
critical temperature from the MFT value. The MFT curves 

for the critical temperature against concentration lie 

above the curve predicted by extrapolating the high 

temperature limit, denoted by A in diagram 9.1, and hence 

the theory predicts the erroneous curve shape mentioned in 

chapter 6. 
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Diagram 9.1 Comparison of the critical temperature vs.  

concentration curves for the various  

theories. 

• When short range order is included the curve A is no 

longer that predicted by using the high temperature limit 

and the curvature will be in the.  correct direction. 

The B.P.W. theory of the Ising model case gives 

curves of the type C, and the evidence so far available 
suggests that each successive approximation brings the 

slope near 6=1 nearer to that of curve A. In fact, the 

convergence of the successive approximations suggests that 

the combination of the next order and sum approximations 

will be sufficient to give an accurate picture of the 

theory's predictions.. It is obvious from the results 

obtained so far that the properties cannot be predicted 

correctly by considering the problem merely in terms of 
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dilution. The critical temperature will be higher than 

that predicted on the basis of a dilution approximation 

(see chapter 7). 
The B.P.W. theory of the quantum mechanical 

Heisenberg model has failed (for s=-1-) to give a critical 

concentration, because of the more complicated' nature of 
the temperature functions used. The Classical Heisenberg 
model. does not have this failing as the temperature 

functions used are as 'well behaved as those used for the 

Ising model. In fact, both the theories predict the same 

critical concentrations for corresponding approximations, 

though the critical-temperatures predicted at C=i differ, 

of course. This suggests that the Heisenberg and Ising 

models have identical critical concentrations. The high 

concentration behaviour of the critical temperature for 

the Classical Heisenberg model can be represented by the 

following equations :- 

first order approximation 
kTc/kTc(c=i) = 1 - 1.23 (1-c) 

second order approximation 

kTc/kTc(cal) = 1 - 1.04 (1-c) 

first total approximation 

kTc/kTc(c=1) = 1 - 1.07 (1-c)- 	- 

and so the initial slopes are approximately the same as 
those for corresponding Ising model approximations. Taus, 

the shape of the critical temperature versus concentration 

curve may be similar to that of either of the curves 14(i) 
and H(U) suggested by Morgan and Rushbrooke, and the 

results for higher approximations are needed to clarify 

this point. 

The closed-form approximations used in the preced-

ing chapters cannot give the asymptotic power laws for the 
susceptibility, so no study of these was attempted. F)r 
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instance, Dombicl has shown that closed—form approximations 

give 

with 1:0-1, and the correct exponents are found by 

considering the exact high temperature expansion of X 

using as many terms as can be calculated (usually from six 
to twelve). The high temperature expansion in the case of 

the B.PW,theory of the Ising model (or the Classical 

Heisenberg model) could be used to estimate the exponents. 

The calCulation of the series is, however, by no means an 

easy matter. 

Despite the preliminary nature of some of the results 

this simple approach to approximating the properties of a 

binary alloy seems to have much to recommend it. 



Alynendix 1  

Calculation of the Averages needed in the  

Molecular Field Approximation 

The averages needed in the Molecular Field 
Approximation are averages of products of the functions 

li.e. <a*.......a co. From the definition of a, this 
average can be expressed as 

< 	 > CAM,< 	-y  El c).• 
-111 

If in a particular term of this sum a particular Int: is not 

equal to any of the other #,YLJ the term can give no contri-
bution as <(1Dr,;-c)>=0. If, however, in this term each me is 
equal to some other, say rill  LI 	any other 13 , then 
< 	c)> = 	(1-'1c) c.'-> as 	(by definition). So 

<(1) ..c)(t-c)> = co-c) j;,4 and the term has in general a non 
zero contribution. Thus we only have contributions when 
each TeLL is equal to at least one other rm . 

Defining the "contraction" of two factors i>11-C and 

tiri--C to equal (k-a(k-c) , the calculation of the average 
<act, 6.d> reduces to the calculation of the contributions 
from each possible contraction of <(A, -)J? 	-c) rD2 	tiav, 
Introducing the diagram 0 to represent oneisl-c, factor and 
representing the contraction of two such factors as CX) 
allows the various contributions to be represented, as 

follows, 

167 

e 	no:On)  



(i) with two factors the possible diagram(s) are 

30 
with three factors the possible diagram(s) are 

(iii) with four factors the possible diagrams) are 

B 
with five factors the possible diagram(s) are 

168 

(v) with six factors the possible diagram(s) are 

and so on, the number of possibilities rapidly increasing. 

The contributions from the diagrams on the left are 

easy to calculate as all the factors are contracted with 

one another, so for example, 

and so the contribution to < 	G. 	from this is 

c(t—c) [0--cIsi c33 N 	d4  ,o  

In general, if there are It factors, the contribution is 

".1 e(t-c)(t-cf' 4. An C41 .1 
( 	s.:64 	• 	-1-k - a  11.,0 

The other diagrams arise when the set of 17t's,11- 

is divided into subsets, where the members of a particular 
subset are eaual to one another but are not equal to Ws 
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belonging to any other subset. Consider the contribution 

obtained from the diagram S (1 : the terms to be 

considered are, 

)13.2 	S 	'in 	+Srtt 	3111 1.1 

C 	St, ID SY,1 	÷ 	8n1P43talm31. 

The summation over the 14's must, however, be restricted 

as all the Ills cannot be equal, so the contribution 
becomes 

< 	CY. 	- 
1:33 	M4. 

; (41.14i4- • C14.1114) 
&CI m ioa  u 3)Z 4 	rAilels 

rA S tr, _3 Yal  171 	t ) 	^ - 

c.26--c)z gcli+-440( gclA,04-  Sckemo' *4 ,*) 

- 2 	•-• 4.) 

This procedure enables.all the diagrams to be evaluated)  
but the calculation rapidly becomes tedious. The 

evaluation of the diagrams for up to six factors has been 
completed and the results are listed below for the 
averages <0. Q 

	

trt).Q. 	• Qr.4> 

00 	c-Ct-c) N 

c (i7c)(1-ac) N 	• 
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Appendix 2 

Some other approximations to the  

Molecular Field Theory Solution for %(k)  

A2.1 Solution by Iteration 

The integral equation (6.10) can, of course, be 

iterated.to give the following expression, 

cra) = 	-)1(g\K. 	Fw (ttstIcitl.0(k.„.a.„)  
N J izt st) 

E1.0.) 	tint 	L L 	00_`) 
-1-n 

(A2.1) 
"TN 
— tlAc5a) 

This expansion in itself is of little use pbut by 

rearranging it the reason for making the choice (6.14) in 

the decoupling approach becomes apparent. The rearrange-

ment gives, 

G-a) = 	cAs 
00 

+ 1  (44 
GIN 1\1  

FNa>,„ 
vzt 	-t " (A2.2) 

Using the averages obtained in the previous Appendix,this 

equation can be used to calculate the high temperature 
expansion of the susceptibility. 

An alternative way to calculate this expansion is to 

assume that 

/ 	 vt. 

y6.1  (A2-.3) 
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and use the eauation 

0,) +7 .3-(t)a),..a,;.1(1-,) Y 0 	it 	
(A2.4) 

to obtain successive terms. 

Both ways have been used to calculate-the_expansion 

(6.f, a)  quoted in the text so as to give some check on the 
higher terms. 

A2.2 A Further Decoulpling Approach  

The decoupling method was also considered when the 

functions A(t),B( ),C(.1 H (see Chapter 6 1,72) were not 
independent. The interdependence occurs because 0 only 

has a non zero value for M. with 	, and.so 

L_ crLt)a2%-t: 

for a particular distribution of spins. This can be 

rearranged to give 

Ta) - 	(c..NExt +a )A(0 
N r -1 
	 ( A2.5 ) 

where A( ) is, in fact, eaual to cr(t). Buttreating A(E) 

as an arbitrary function and approximating it by an 

infinite series in powers of the functions at 	can 
be approximated and a solution found to eauation (6.10). 

If A(1) = 71(1. ) 4 T3( )Ctt_13:  the problem reduces to the 

following pair of coupled equations: 

Z(i)Q(t) = iL z(.) — btste-JApCtSzC.t) 	 .(A2.6) 

+ 	t, 	.11‘i ZIC 	Z (t.") 
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°Act 	zCt) (10 = 	HI* 4' 0146-0 -1I;i 3.(t) CO 

Z (t) a• N I- 	 ().1) +.(1-2,) .12 "F7,0,-) + N), 
From this definition of Z(.) and the 'definition' of 0-0.%) 
by equation (A2.5) it is obvious that X(A) =L NS 2,,ai.A.;11122z(t)  

2 	 'sra,  
This can be used to simplify equations (A2.6) further to 
give 

XWQ ( 4-) = )1314.scNEN 
4.  (1_4 	t-4 .2:6(t)— 

(A2.7) 
(A)6Z(.1) 	cW,d1-01A7:3-01tt,-inpw ; Ac) 	iCt)  

i\ITIz(t)--w3sct)za-) 
The situation is much easier now as only N  ..1.2.4) is 

g 

	

needed to evaluate. 	 The second eauation of this set 
is by no means easy to solve approximately. A variational 
method can be used successfully, as follows: 
Consider the functional, 

t44  t 

If the trial function is Z(t..) AW +gat) (where Q(E) 
is the actual solution) and we can interchange the orders 
of inte-  ;ration, ,(L) is given by 

20) 
	

/.6 a.) 4 i\•12./. 	(e.) L-QCO S'/At) 	ti-o(.t41/4) 

-1$-• 
If certain conditions of convergence are satisfied by the 
various integrals involving 4(t) and g4(t) 

/hicvieA CA) 	-, (77 ,dci) 
	

(A2.9) 

and the error in this factor is 0 (square of the error in 
4C.)) 

U16,(.) 	(t-c..") Y(t411-1. (A2 .8) 

  



174 

The simplest trial function for 	would Lc. k(7,)  
which on maximising the functional .'5(c) with respect to 

the constant A gives 

N -Ica)  0/4(t-c.:) -ge-OcU) 
in 

Tturs 

  

 

(A2.10) 

.  N 	CZ 	-- 4 (t-c) 11,12  Ct4- 
(9. CD (9. 

Using this in the first equation of (A2.7)1 the correction 

to the denominator of 2C(A) caused by including the 

fluctuations is approximately 

015 	 -5a44-0-5Wal 
2C  "LN" :52.6° 	

)•t/ 

for small concentrations. The terms arise when using the 

first and second methods in the text, respectively. 



Appendix 3 

Calculation of the.Averages needed in the B.P.W. method  

In the B.P.W. method, if the graphical approach is 

used, the averages needed are of the form 

(y) < -1- - 114 	en 

where 

(It) I- gt 	fi---m 4 k7A+ t 
L-r441 

• 	evz4- 	e e 

217  

and the -gym, values ep......Q m  are partitioned so that of the 

site labels en+ CL belong to the 	co-ordination shell. 

The various contributions to the above average can 

be represented by the following diagrams. Any of the 

factors 	are represented by 	and if- two -1--factors 

are described by the same site value they are said to have 

been contracted and are represented as g . Any two sets 

of factors which are, not contracted are joined in the 
diagrams by a bond 'N.ela. The number of -4--factors is the 
order of the average. The diagrams for the first few 

orders are: 
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1st order, 

2nd order, 

3rd order, 

QQ 
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4th order 
	ct}ao aaac 

	

etc. 5th order 	cf2  co0Q0 

The importance of this representation is that the leading 

power in concentration is equal to the number of bonds in 

the diagram. So for a small-concentration theory we must 

sum vertically i.e. summing the series of all diagrams 

with 1 bond, then 2 bonds etc. Near C=I we must improve 

the approximation by increasing the number of orders of 

averages taken into account exactly; and the way of 

summing these orders is to treat them as a rearranged 

geometric series 

A3.1 Nearest Neighbour Interactions  

We now consider first the calculation of the first 

few orders of averages for the simple cubic lattice, and 

nearest neighbour interactions. 

The first order average is easy to evaluate. 	As 
there are k nearest neighbour spins the number of +- 
factors is 	, and the number of, (1-0-factors is z-1:. 
Hence the concentration factor is ck*1 0-c)4  and as there 

) are z— sack terms in the definition of -t-,1(7. the first 
order average is 

- 

The second second order average is also easily evaluated, 
.as only the central atoms of the cluster overlap. 

It has the value, 
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(z-t) 	(z-► )1 

(k-1 )1 (z-12)! (l&t) 

where k)V are the number of nearest neighbour spins in 

the ( S7 , c2. clusters respectively. 
The exponent of Cis only k.4 because two spins overlap. 

.1? • In the third order we have two diagrams and 5 % Is 

considered first. 
The two contracted '.-factors must have the same number of 

nearest neighbour spins. So the contribution from 

(11) 04 ,L citi.S 	 R.) 04 
<> 15 S 	• 4.1 	 64Q, k 	 Itia i  • -I 2) 

thus the contribution from the diagram 
	is 

e4Q ("k -1 i,. 	ck-1 )! (7-0 (ki-o! (7-1z)! 

The other third order diagram is.0,0P . The 

contribution from this diagram can be separated for the 

simple cubic lattice into two contributions, depending on 

whether R I.. 	or y-g.2  . When g i =g.2  the contribution to 
(k) 	 (•/2 is 7 

< 	 +Q.1 4 g2  

(1— e ,2.  ) 4 	e ...2.)0 	-1) 2 

• 
(z-l)! 	(z-a)1.  

(k-DI 	(z-V)1 1V1-1)! (z-4I 

as only sites with spins on them overlap. 
The remaining contribution (Cy. 	is slightly more 

difficult to evaluate, as two of the clusters overlap at 

site A (see Diagram Aai) 

1e+t. C 	c.) 
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Diagram  A3.1 The overlap of three clusters for the simple  

cubic lattice. 

z  
z!  

If C denotes 	the contribution fromU(e4-?) 
kt (z- It)! 	 -1 -2 

in fact, 

— E 	S 	) g,, —  e,, si+g2,0 
It+ V.+ V.1-2 	ZZ- tz.',-124'  C 	CI- C) CZ  cz-  c."2  

C4-1  C:;2'C
zz  k4.14121-1 - c) 3Z- k- 41 

The first of these expressions gives the value when a 
factor (0-6) is associated with site A)the second when a 
factor -1:)A  is associated with site A • 

Now consider the even more difficult case of the four 
factor average 	,k.1.2-4t4tz? The contribution 
from 	is, obviously, 

C 	 .0).1-G° 
g2ito ukl c)kolz3 	'12, 

and that from 8--C2.52 is 

s 
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Se +d 
--1 --2)° 	) 

:3) 
<-1 	ir 	7- 4. Sel~ 	g <1-00,7A) 

r-A 	e,, 0 
	

klk.3 '11 tigi t+gos, 

Lk) (tat) (Ito 

	

4- Se 4e. 0 3,, 	< 	•Jr 
1A4-c i  

In the simple cubic lattice 2- 14Q2 4e1,,,0 is impossible for 

nearest neighbour vectors and so the central term is zero. 
The first term is apparently a new average but it is 

	

identical in value to < 	,,tr CI) 	C1-;) since the Q t-- Q.? 
sites can be translated 'by the vector e3. 

The contribution from the diagram L9.L0 can be 
further separated by representing the different choices of 

the nearest neighbour vectors by new diagrams as follows:- 

1 

These occur 3)4.1 1Q,1 	times respectively. The directions 

of the bonds with respect to each other represent the 

relative directions of. 21 , 2 .e a . Defining the follow-

ing functionsIthe contributions from the diagrams can be 

obtained:- 

k(1) 4).-, cz(4) C.:11 ; A(a)k) = a(L) Cf:33 	A(.3) ) = a (4) 

A(4.)k) 0-(k) Crz 	ti(s)k) aCk.) Ctft s cio) = 	0-e- . 

A OA (02) E A (a)16 A (-15/c A(.3,V)pt(s5h."5/0_03 C6 

(4.,it 	04.,V) 	
(fit,,,) /cg 

A 6 )1) A(4)4 A (4.,W.S AO, kl.") 

1 	[ A (L )i.) A (2)r,',54 + A (z)h-) (3)q-c)] 
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For other lattices these types of averages can also 

be calculated. For the body centred cubic lattice (z.2) 
the first two orders have formulae 
the simple cubic lattice case, but 
changed. In the simple cubic case • • 

identical to those of 

t 	B.f.% `fi1tg014 is 
the diagrams for this 

average are of three types, for 4..1.2  , Si-i-_¢= o and other 
combinations. For the body centred cubic lattice this 
last group must be further divided because the choices 
12.(-13 1)  I) 	and V.,(-17-1)  I) 	give different overlaps 

between the clusters centred on 1 and 214-g..042  (we assume 
gcr. (i l l) 	). The first of these choices would mean an 

overlap of only two sites, while the second would mean an 

overlap of 14. sites. The corresponding contributions are, 

.5 a 	/2.01.4. 	- 	- ILAW-a d 2  11  z".3 	z-z ri z-3  
`C,/ 	ot LIZ-a 	keti-cd 

anon 	4 e*e4=1-d o_ozz-k-e-e-4.-01 ro* oz-z 

zo L-0/  -̀k...4-44L.4.2 

where the sums over Oe account for. the various distributions 

	

of spins over the sites common to the 	and 3°  'clusters. 
The higher order averages are also much changed and 

because of the added complication these have not been 
treated yet. 

For the face centred cubic lattice even the second 
order diagram gives a complicated contribution, 

az-k-k1-4.-fot * r- 
C12-4%.-a 	

C eC  c- 	C ( o 	k-1- off V-1-01 
c4= 

as the two clusters overlap at four sites other than the 

central atoms. The higher orders have not been 

considered. 
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A3.2 Longer Range Interactions 

One of the reasons for using this approximate theory 
was to introduce longer-range interactions. This has 
formally been done in Chapter 7, but the calculation of 
the averages for such a theory is very difficult. As can 
be seen from the evaldation of the previous averages a 
description of the overlaps between clusters must be 
found. The average- over just;two clusters can be 
chai,acterised by a two dimensional array of numbers for 
each co-ordination ring in one of the clusters, and so the 
.difficulties increase rapidly with the range of the 
interaction. 

Further, when the average.  is over threp clusters 
we also need three dimensional arrays of numbers to 
represent the number and type of- sites common to all three 

clusters; and the number of two dimensional arrays needed 
becomes greater than the number of co-ordination rings in 
a cluster. As an example we consider the simple cubic 
lattice and next nearest neighbour interactions: 

When the 214  order diagram is considered two cases 
occur; one when e, is a nearest neighbour vector, and the 
second when el  is a next nearest neighbour vector. In 
each case we define an array of numbers tx:rimi where 112m. 
vary from ito:3, and these are 

X= 
( o 1 0 

0 Y 
( 0 0 1) 
Oa-0 
04 

The sum of the numbers in the 11.1  row is the total number 
of sites in the ('1-1)tk  co-ordination ring of the 1%I 

cluster which are common to the 2 cluster. Similarly 
the 	fm t  column is concerned with the (m-e co-ordination 
ring of the 2 4̀1  clUster. Thus, the element 7111,1  is the 
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number of sites common to the (4-e co-ordination ring 
of the 1 111.  cluster, and the (m-i' 	co-ordination ring of 
the aNicluster. Each of the numbers X. (if it is non-
zero) denotes a region of sites which must be considered 
separately and will give rise to a sum over °cot' the type 

- found previously in dealing with the body-centred and 
face-centred cubic lattices. Therefore, the contribution 
from 4,1-00-it ')

t  >when t is a nearest neighbour vector st i  
is 

azi+22•2.442-tc-k2-2-1- + 
c) 

01=0 r.T.0 

C 	Csn-14-1-61-1 Cri-4•41S-1 (.4 	/.1 	4.tv  

Lkti-ot. 

For the general case, for each x, with ail and )114i a sum-
mation will be introduced, so we denote the variable for 
this summation by 0(1101,  and then the weight for each term 

%is constructed by introducing 	for each Thml iful,m*I 
and xM 	 (40-04,1 I 4 	

Cr"
^nrn. 

for each co-ordind-t-ion ring of ktr,-1 -7„61.1„4  
each clusteron>i) . The summation 2-11.1  excludes x=1 from 
the summation 7:-3,  and a single suffix ,denotes that the 
quantity is associated with the "A.*' co-ordination ring of 
one of the clusters. The concentration factor is 00-4 
where f. 2m(zz -k 	04,4 A r: 	(k 	—70) ) m, r:a 	 In mcl 
and t1 is the number of co-ordination rings in the cluster. 

N such combinations would have to be used and it is easy 
to see that the evaluation of even this average could 
become unwieldy. Using the diagrams introduced to deal 
with the Li.m order average for nearest neighbour inter-

actions,the second order average for next nearest neigh-

bour interactions would be represented by ---- 44 n.",^; 
the second diagram's bond represents e i  as a next 
nearest neighbour vector. Similarly, the third order 
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average would be represented by the eleven diagrams - 
For each of these diagrams we need the arrays X and y as 
well as atwo dimensional array to describe the overlap 
between the ( sr  and 3kp  clusters and a three dimensional 
array to describe the sites common to all three clusters. 
As an example, consider the last of these diagrams. The 
clusters are centred on (0)0)0) , (1,1)0) ,and (21 1 )1) 
respectively. The first and third clusters have two sites 
in common, ( 1,0 )0 and (1,1)0) . The overlap of all 
clusters can be represented by two arrays: the first 
represents the number and type of sites common to the 
first and second clusters which are nearest neighbour 
sites in the third cluster; the second represents those 
sites which are next nearest neighbours in the third 
cluster. The arrays for the last diagram are 

X - 	0 , 0 
I - 

= ° 

as only the site (1)0)1) is common to all clusters and it 
is a next nearest neighbour site inall the clusters. 
Thus, the contribution to 
is the rather complicated expression 

C°1- Ck=5 from ..ir  
114e, aqi7d2 

eCa  C2  C3  Ci  C 	41-2-61 	"14t114 etl  C." "1  r of  e r  cei 25" 	its— 
0',0t" 

741c" 	„z2-84zs-nAls" 04-141'44" cza-b+-e-re+g" 

L k21 I  -If 1-111-2 L tiry-'6%. I- It" 	Ireg-ls'!-.1"—i 
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wilt 	K4 ItT lax-, 1 (.1x+(2/.  - - —41—a"--d-1/-21C" 
3z, +3x2 ..} 	 ka'—iema -1-1.02.40e-to6+-6+6/49.-s" 

It would seem possible to evaluate the contribution from 

the other diagrams without great difficulty, but for any 

other long range interaction the number of diagrams will 

increase rapidly. The dimension of the arrays will also 

increase and thus make their evaluation much more 

difficult. 
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