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Abstract

We investigate the " space"+"time" canonical decomposition of N=1 Minkowski
superspace and discuss its applications in the identification of the canonical superfield

variables of superspace field theories .

The canonical decomposition of Minkowski superspace in null-plane coordinates
is straightforward and leads to the standard "light-cone"” superfield formalism . In
orthonormal coordinates , though , in order to obtain a kinematical , that is not involving
time shifts , subclass of the full Minkowski supersymmetry it becomes necessary to

consider a "Scomplex" extension of the usual or real superspace which , without
disrupting the basic component field content of superfields , naturally enlarges the class of

superPoincaré symmetries in an essential way .

What results from the canonical decomposition of Scomplex Minkowski superspace ,
after the dynamical © directions have been identified and integrated over , is a reduced
"canonical " superspace described by the x™,m=0,1,23 and two complex kinematical
coordinates 6% , & =LII . Full Minkowski superspace action integrals are thereby
reduced to action integrals over canonical superspace and , in these , 80 is the sole
dynamical derivative . An Hamiltonian superspace formalism can then be constructed in

the usual way .

The methods developed are applied to the chiral and the abelian vector supermultiplets .
In each case , the canonical superspace formalism does reproduce the Hamiltonian
structure of the ordinary field theory of which the supermultiplet is the supersymmetric

extension .



Also , part of this thesis is dedicated to the study of the holomorphic supersymmetry
algebras , an example of which is the 3 dimensional "spatial” supersymmetry algebra

obtained in the canonical decomposition of Minkowski superspace .

In this respect , we propose a new constructive scheme for both the usual or real
and the holomorphic SuSy algebras , within the general formalism of real Clifford algebra
theory . The scheme is based on a class of real valued "Majorana" spinor scalar
products , some of which , in signatures s-t=3 mod8 , admit an extension to complex
valued "holomorphic" spinor scalar products , bilinear with respect to the natural
complex structure in the underlying real Clifford algebra. This mechanism of holomorphic
extension then carries over to characterize the relation between real and holomorphic SuSy

algebras .
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§ 1 General Introduction



Ever since its original insights and a priori motivations , the development of the
work compiled in this thesis refers to a period of great expectations over the ultimate
significance of supersymmetry as a key ingredient in a viable Quantum Gravity theory .
The focus of those expectations has hence changed , from supergravity to the theory of
superstrings , but supersymmetry has not ceased to be the underlying conceptual
framework . This despite inexistent experimental evidence in its favour . Indeed , the
arguments put forward in support of supersymmetry have invariably been of formal ,

though no doubt significant , nature .

The project of this thesis was born out of the idea of developing within the
geometrical framework most natural to the description of supersymmetric theories , that
of superspace , the no less geometrical constructions of Hamiltonian or canonical analysis .
This has admitedly been a formal quest whose goal is to compatibilize the machineries of
superspace and canonical formalisms and whose justification is ultimately based on the

well established conceptual and practical importance of both .

Superspace supersymmetry is thus the dominant element of the work to be
presented . In getting acquainted with the subject we have found references [3] and
[4] particularly useful , the first group emphasizing the physical and computational side
and the second group emphasizing the more mathematical and geometrical issues . The
introductory notes on real superspace presented in the way of an appendix at the end of
this introductory chapter provide , at an elementary level , an overview of the subject title

plus a catalogue of topical notation and conventions used throughout the thesis .

Canonical methods themselves will only play a background role in most of what
follows . Even in the last part of the thesis , where the canonical superspace formalism is
developed along the lines of the Dirac-Bergmann algorithm for constrained systems , this

is done in the context of two simple superspace models , the chiral and the abelian vector



multiplets . Thus , what we have achieved with this work is to have made Hamiltonian
methods available in superspace , not to have unveiled the intrinsicacies of any particular
supersymmetric theory . In any case , we have listed in [5] a standard and fairly

comprehensive set of references on canonical methods .

Since well before the construction of a Hamiltonian formalism with superfields as
canonical variables was first addressed by ourselves (11 and others [15:16] , canonical
methods had already been oftenly employed in the context of supersymmetry , notably in
the Hamiltonian treatments of the relativistic superparticle (61, supersymmetric quantum
mechanics 7], the relativistic spinning particle 8] and supergravity 1, We should
also mention here the series of articles on the general theme of energy positivy in gravity
and supergravity (101 following the energy positivity result for supergravity and its
subsequent extension to conventional General Relativity via an appropriate supergravity

embedding .

In all those earlier instances of the use of canonical methods in supersymmetry ,
the Hamiltonian treatment of the supersymmetric field theory model under consideration
was performed at component field level , with at most indirect implications to the actual
development of canonical superspace , which raises questions of a different nature .
Consequently , from the point of view of this thesis , the significance of such earlier work
resides more on the inventory of motivations that it has brough to light concerning the sort

of supersymmetry related questions which a canonical analysis can help to clarify .

Let us begin with the relativistic superparticle [6] | the natural superspace extension of
the ordinary relativistic point particle . Although a formulation exists in every underlying
spacetime signature here we prefer to be specific and consider the familiar 4 d Minkowski

case in order to stress the correspondence with the ordinary point particle formalism .

The free relativistic superparticle of arbitrary mass m in real Minkowski superspace
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Si'l is best described in terms of a superspace trajectory (x™(),6%)) , m=0,123

and o=1234 , plusan einbein field e(z), according to the action ( in real units )
g=-1 I (elw? - em?c?) dn
2

where o™ =xM-ie% (gI‘m)aB oB

and 7 is an arbitrary worldline parameter having the dimension of time , say . The
notation is explained at length in the Appendix which concludes this introductory chapter .
In summary , the Grassmann valued superspace coordinates x™ and 6% are real and the
", are orthogonal 4x4 real matrices, {1} =2n mn I,n mn = diag CL+1+141) .

Choosing ¢=1I; , each of the product matrices (¢I' ) is symmetric.

The einbein field e(r) along the worldline has the dimension of inverse mass . Its

equation of motion consists of the mass-shell condition

2, 2.2 _ - _9L _ 4
p +mc =0 , where p_ = - = O,

ax™ m
which , when m # 0, can be solved for the einbein field e as
e= mlc! \/TO_)—z
After substituting this on-shell solution for e back into the action , one finds

S=mj -0? dt

which was the action integral formulation originally proposed in [6, Casalbuoni] . Yet,

there are two reasons to prefer the presence of the einbein field e: one is the possibility
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of describing both the massive and the massless cases in a unified way ; the other is the

explicit invariance under infinitesimal local reparametrizations T — T-A(1) ,
5x™ = Ax™ , §6% =28% , Be= (o)

Note : The same technique applies to the ordinary relativistic particle case , obtained
directly from the above by reducing ®™ to x™. There , when m =0, the on-shell

solution for the dimensionful einbein field e relates it with the natural dimensionless
einbein field along the particle's worldline e, = ¢!V -x%2 =m ¢ . From this relation
follows , in particular , that choosing T as the particle's proper time , and consequently

:2 2

x“=-c“, cormresponds to the " gauge fixing" e= m!

, in which the dimensionful
character of the einbein field e is made explicit. In the proper time gauge , moreover,
p™ becomes precisely the standard momentum four vector p™ = (Ec™!,p=mV) of

relativistic point particle kinematics .

The action integral 3 for the free relativistic superparticle is invariant under the

standard superPoincaré transformations and , in particular , under the global super-

symmetries

8x™ =ig®(IM)ya 0 , 80" =g

specified by infinitesimal real anticommuting parameters €*. In fact, @™ itself is
invariant under these transformations . A more subtle and this time local invariance ,

applicable only in the massless case m=0, is

Sx™ = 6% (GI™) 808 , 36% = o™ (@)%

85 = 4ieéagaﬁ KB
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with infinitesimal real anticommuting parameters x®(t). This local fermionic symmetry,
first noticed in [6, Siegel] , is carefully studied in (6, Brink , Henneaux & Teitelboim] within

a general Hamiltonian analysis of the relativistic superparticle . There , the motivation is
essentially the understanding of the mechanisms leading to the construction of a covariant
splitting between first and second class constraints , a difficulty present in both the super-
particle and the superstring theories . We remark that the relativistic superparticle has also

been formulated in 2N extended real superspace - see [6,Lukierski plus Lusanna] .

Supersymmetric quantum mechanics is a simple field theory model over Sg’l ,
designed for the purposes of illustrating spontaneous supersymmetry breaking through

non-perturbative effects (7] The " wave function" of supersymmetric quantum

mechanics is a real even superfield
D(1,9,0) = o) + 1Oy +i6Y®) + 60 D)
which propagates in time t according to the superspace action integral
S = J (_;_I_DQ)D(D - f(®)) dtdo de
where f(®) = Za @" , with ordinary real number coefficients a_, and
D = -9,+i09, D =9;-i00, .
The superspace action integral 3 above is invariant under the global supersymmetries

S(D = (EQ-EQ)® ’

Q = -(3,+i89)) Q =0;+i69,
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specified by a complex parameter €. The corresponding supersymmetry transformation
rules for the basic component fields ¢, ¥, ¥, 2 may be deduced from this , simply by

interpreting the component field expansion of 8® in terms of the one of @ .

Once the 0, @ integration is performed and the auxiliary field D is eliminated
through its own equation of motion , the action integral 3 of supersymmetric quantum

mechanics is expressed as

=1 [+ i@y-9w - W@ - [wvIw®) a

where W and W' denote minus the first and second derivatives of the polynomial f.
Details of this derivation can be found in [7, Cooper & Freedman] . There , developing an
argument from [7, Witten] , the Hamiltonian picture is used to obtain a first understanding
of the general relation between the form of the potential W and the existence or not of a

degenerate ground state of non-zero energy , signalling the breaking of supersymmetry .

The spinning particle 8] or supergravity in one dimension , shared with the super-
particle the original interest of providing a classical description of spin . But, while the
hidden local fermionic symmetry of the superparticle was uncovered only years later , the
spinning particle had from the beginning an inherent local supersymmetry which soon

transformed into a convenient laboratory for supergravity techniques .

The massless spinning particle in ordinary Minkowski spacetime is described by
a bosonic vector field ™ (t) describing the position , a fermionic vector field Y™ (z)
describing spin , plus an einbein field e(r) and its supersymmetric companion X (1), the
last two necessary for the gauging of supersymmetry . The fermionic field X (r) is thus
the analogue of the Rarita-Schwinger field in supergravity . The massive case requires a

further fermion field W (r) , whose transformation properties under local supersymmetry
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compensate the lack of invariance of the mass term e¢m?. Each of the fields 0™ (), e(r)

(commuting) and y™(r) , X (1), Y, (x) (anti-commuting) is real .

The full action for the relativistic spinning particle of arbitrary mass m , in our

metric conventions , is
S=-1 [ Lo -ivy-ictye) -

-(em? + iy i, +imXyg ) ] darc .
Besides the overall reparametrization invariance T — T-A(1) ,

de™ =AM Sy™ = ay™ Sy = A
Se= (he) 8% = aX)
each of the two groups of terms in the action 3 for the spinning particle (upper group :

kinetic terms describing the massless case ; lower group : additional mass related terms )

is separately invariant under the local supersymmetries

So™ = iey™ Sy™ = ¢le(¢™-1,ixXy™)

de = ieX OX = 2€

dy, = me

specified by an infinitesimal real anticommuting parameter €(r). In the limit m -0, the
fermion field y, decouples , with an equation of motion Vs =0, and accordingly does

not transform in any way .

The detailed Hamiltonian formulation of the spinning particle can be found in (8,
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Sundermeyer] , together with a list of references on earlier treatments of classical spin. The
constraint structure of the theory is clearly revealed and , in particular , the two first class

constraints rooted in reparametrization invariance

Pmpm*"m2 =0 yMp +my, = 0

orthogonality of spin

mass-shell and momentum when m =0

emerge as a supersymmetric pair from the primary first class constraints 7, =0= T, -
As before in the superparticle case,, p, denotes minus the momentum conjugate to o™.
We note that a simple superspace formulation of the massless spinning particle exists ,
inspired on the fact that there is a clear correspondence between bosonic and fermionic
fields. The superspace used has, apart from 7T, one extra real coordinate 6 , which
means that superfields are constructed from two component fields . Naturally , then,
what happens in simple terms is that each of the bosonic fields incorporates its single

supersymmetric partner in a superfield of the same name - see (8, Brink, Deser,Zumino,

Di Vechia & Howe] .

The last and most outstanding entry in this brief history of canonical methods in
supersymmetry is the Hamiltonian formulation of supergravity 1, Naturally , the
theory of supergravity offers a much richer environment to the techniques of canonical
analysis and the degree of sophistication of the subject does not compare with the one of
the preceeding supersymmetric models . As a result, the intention here is merely to
sketch the essential facts and leave it to the interested reader to make use of the reference
list which has been organized by topics as a guide to the early literature on the subject,
including the original articles , the independent Hamiltonian and superspace formulations

and higher-derivative supergravity .

Supergravity has been originally formulated in different ways . In [9, Deser &
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Zumino) , the action integral is constructed from independent vierbein eu" and connection

coefficients cou"b , plus a four component massless Majorana Rarita-Schwinger field LA

S =1 [ (eR@o) - 1P, T, D, v,) a' .

The pure gravity sector amounts to the standard Einstein-Hilbert action in first order tetrad

formalism : in local spacetime coordinates !, p=0123 ,

By = eu" evb Mab Ngp = diag (-1,41,+1,+1)
= a_ .. — ol LV ab
e-deteu—\lg R=¢" e R,

ab _ ab _ ab a cb _ a [
Rw = aumv avo)u + 0% o, @7 o,

In the coupled Rarita-Schwinger sector , the notation is as follows : as before , the I'

are 4x4 real orthogonal matrices and

{Fa ’rb} =2 T]clb I Zab = 1/4 [ra’rb]
_ 0123 _ -
I, = T,IT,T, E 1 T, =¢ T,
* = T _ 1—
ab T

This form of the covariant derivative , which only responds to the spin 1, content
of the Rarita-Schwinger field Yy characterizes the so-called non-minimal coupling with

gravity and is crucial to the success of the theory . Moreover, if Vu is the standard full

covariant derivative ,
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Dy ¥y = YWy - S5 VY, - where S lfV =T f; isthe torsion,

which means that the anti-symmetrized D[uwv] is a proper tensor . The Hamiltonian

treatment in (9, Pilati] clarifies further the choice of non-minimal coupling .

Note : In summary , the covariant derivative Du acts without the terms in I‘Sv present
in the full V}1 . So, if y is a four component Majorana spinor and v, v are the

components of a vector,

= 1 ab a_ a a ,b v _ v
Du\y auw L QO ZpV Dun auo +0,%5 0, Duu auu
: a __ Q a _ Qa
and , since Vuev =0, Duev - Dveu = -Sw

Besides general coordinate and local Lorentz invariance , the action of supergravity

remains unchanged under the local supersymmetries
a _ :=174a -
Seu = iel v, S\yp = 2Due

ab _ = ab 1, « Aywb _ b \a
5(.0u F,(‘I’u + e, ¥ ey YY)

where the infinitesimal parameter € (x") is itself a four component Majorana spinor .

V _ :-HVpo _ V,a
Above , ‘I’a“' = ie'P rsraDch and ‘I’“—"I’Clu e,

For a general flavour of the Hamiltonian treatment of supergravity consider , for
instance , the approach of [9, Fradkin & Vasiliev] . There , the connection coefficients
couab are solved for through their own equations of motion and the eu" plus the spinor
components wua are taken as dynamical variables . Amongst these , the four e0° plus
the four \|!0°‘ have no momentum conjugate . There follow four + four secondary first

class constraints which generate the general coordinate and the local supersymmetry

transformations , respectively . The Poisson bracket algebra involving those and the
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primary first class constraints generating the local Lorentz transformations is explicitly

computed .

Alternative approaches reveal a number of interesting features . In [9, Deser,Kay &
Stelle] , for example , the authors remark that the fermionic kinetic terms associated with
the y_=e a“ Yu have no dependence on either the vierbein or the connection coefficients ,
which renders the y_, more natural as dynamical variables than the original v, In the
same article , the extension of supergravity with mass and cosmological terms is also

discussed .

Finally ,in [9, Teitelboim plus Teitelboim & Tabenski] , a general scheme to introduce
spin into a physical system is presented . Relying on the fact that the constraint structure
of a theory determines it entirely , the scheme introduces the dynamical variables associated
with the new spin degrees of freedom by extracting the square root , a la Dirac , of the
Hamiltonian constraints characterizing the original spinless system . Uniquely from these

considerations , the authors are naturally led to constraint structure of supergravity .

From the geometrical point of view , the development of Hamiltonian or canonical
methods in superspace depends primarily on the possibility of implementing in this a
"space"+"time" canonical decomposition which extends , at superspace level , the one
in the underlying spacetime . Such superspace canonical decomposition is the central

topic of this thesis and we construct it for the case of N=1 Minkowski superspace .

As we have already mentioned , real Minkowski superspace Sg’l is described by
real (even,odd) Grassmann coordinates (x™,0%), where m=0,1,23 and a=1234.
Furthermore , there is essentially one single possible choice for ¢ , whichis ¢= Ly

relatively to a standard set of matrices T .
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This is the so-called Majorana representation for real Minkowski superspace .
Later,in § 3,itwill be written ¥} , ¢, =7} and 67 , in parallel with the notation
for the Weyl and the canonical representations. These others consist of complex matrices
Yo .G, and Y7 .G, and associated complex four component spinors 65 and 67 ,

each of which naturally decomposes in complex two component spinors as
a _ af _ o _ 5é _
0% = (6,,6°) p=12  and 6% = (6°,8%) =1n .

Details can be found both in § 3.2 and in the Appendixto § 3.

Returning to real Minkowski superspace in its defining representation (x™,6%) :
In order to obtain a canonical decomposition at superspace level one needs to identify the
eventual "temporal” coordinates 9.1. , each of which a linear combination of the 6%,
such that supersymmetries along the "spatial” hypersurfaces 6,.=0 do notinvolve

time shifts 5x0.

It turns out that no such "temporal” coordinates 0. exist . Although the precise

argument is developed later , roughly it goes as follows : say we assume the existence of

one such "temporal" coordinate 6, which can necessarily be written as

o

T = a,0% , the a being ordinary real numbers ;

A supersymmetry along the "spatial" hypersurface

)

T=aa9°‘=0

is characterized by supersymmetry parameters such that

80, = ey = a e* = 0 ;
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Each of these two equations can be solved for one of the original variables , respectively

0% and €%, in terms of the others , and when those solutions are substituted in the

supersymmetry transformation law
8x0 = ie* (I 0P = ie®3 500 |

one finds that the three terms of type €*6% which are left come with strictly positive

coefficients of the type (1 +(a0t)2 ) . This implies 5x0# 0 for whatever choice of GT

and thus contradicts the original existence hypothesis for such a "temporal " cordinate .

If , however , we relax the reality condition on the superspace coordinates 6%, and
thus on the a, , we immediately find solutions for two independent complex 0, and,as
aresult, we are able to induce a " space "+"time" canonical decomposition on the 0 sector
of Minkowski superspace , which then extends to the whole of it . The resulting canonical

superhypersurfaces are the ones defined by 6,.=0 and x0 = constant , and the canonical

superfield variables or canonical superfields are functions on those .

The price to be paid is thus the complexification of the superspace coordinates 0 .
This consistently implies the complexification of the coordintes x™ but only of their
purely Grassmann or "soul” component , the underlying real number spacetime
coordinate , referred to as the "body"” of x™, remaining the same . The resulting
superspace is referred to as soul-complex ( Scomplex ) Minkowski superspace , to
distinguish it from the original or real version . The fact that only the soul components of
the superspace coordinates need be complexified is crucial , in so far as that does not
affect the component field content of general superfields ; in order to preserve Grassmann

differentiability , these admit a unique domain extension from real to Scomplex variables .

One could have guessed such complications from the fact that minimal spinors in

3 Euclidean and 4 Minkowski dimensions have the same number of components , four .
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This derives naturally from the theory of real Clifford algebras which will be discussed
later in some detail . Alternatively , one can think of it as a manifestation of the fact that,
in 3 Euclidean dimensions , there do not exist Majorana spinors . In any case , it follows
that the O sector of real 3d Euclidean superspace can never be identified as a proper
subspace of the O sector of real 4d Minkowski superspace , an essential requirement for

the canonical decomposition of the latter .

From a perhaps more immediate point of view , the necessity of considering
complex coordinates 6 in order to construct an Hamiltonian formalism in superspace

arises in the following way :

Suppose we are given an action integral over full real Minkowski superspace ,
8= J L [F] d*x d%0 d%©

where d20 = 1.d0'de? and d%9 = 1 d62dp!
2 2

as in the two component Weyl spinor notation of [3 , Wess & Bagger]

and F denotes a full superfield . In particular , we could consider as an example the

superspace action integral for the chiral multiplet , where

L[D] = DD .

We know that such Lagrangian density describes dynamical component fields , one scalar
and one chiral spinor . Yet, at superfield level there are absolutely no explicit derivatives

whatsoever , which makes it impossible to define any kind of conjugate momentum to @ .

One could argue , though , that the diffilcuties in this case are due to the fact that the
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Lagrangian density L is written in terms of constrained superfields , @ and @ . After
all , even a variational principle can not be applied to £ in that form. But suppose,

then , that we write @ and L in terms of an unconstrained superfield potential F as

® = DDF and L[F] = DDFDDF .

There are still no explicit time derivatives in £ but we can make them appear using
the hidden dynamical character of the spinor covariant derivatives D 0 and D b which

manifests itself in their anticommutators
(D,.Dj) =2i(9,-95) and ({D,,Dj)}=2i(@,+9,)
Thus, for instance , we can rewrite L, modulo a total superspace divergence , as

L[F] = DDFDDF + 4iD_Fo_F + 160™Fo_F ,

D =1D. pY
where Dm_TDp(ﬁm) Dy.

The same happens with the action integral for the abelian vector multiplet , expressed

in terms of an unconstrained but real superfield potential V=V ,

LIV] = L(WPDV + Wﬁl-)bV)
4

where W, = - 1 DD D,V . Here the Lagrangian density can also be rewritten , modulo
4

a total superspace divergence , as

L[V] = LDDVDDV +d™va_V
8
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where again we have made time derivatives explicit . Clearly , this conjuring with time
derivatives , made possible by the hidden dynamical character of the spinor covariant
derivatives D 0 and D b implies that there exists no immediate natural definition for the
conjugate momenta at full superfield level .

The logical conclusion is then that one must first be able to recombine the spinor

covariant derivatives in a way that only some of them are dynamical , the rest being
kinematical . Once such recombination is achieved and the superspace coordinates 6

associated with the dynamical directions Dy, are integrated over in the superspace action

integral , the Lagrangian density that results , expressed in terms of a reduced type of

superfields dependent only on the kinematical 6 coordinates , contains d,, as the sole
dynamical derivative . From there , the conjugate momenta , themselves reduced

superfields , could be defined in the usual way , without ambiguities .
Integrating over a superspace 6 coordinate is equivalent , modulo a total divergence

term am , and an eventual sign difference , to differentiating the integrand £ with the

corresponding spinor covariant derivative Dy and evaluating what results at 0 =0,

J‘Lde ™ (D, L
- 9 )|e=o'

This technique is of direct conceptual significance within the program of identifying and

integrating over the dynamical 0 coordinates , since it turns out that one can do no better

than a recombination of the original spinor covariant derivatives for which
{(D.Dj} = (D Dy} =2i9,

plus kinematical anticommutators of the form {D,D} and {D,D}. We infer from this
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that no actual dynamical x kinematical decomposition is possible within real Minkowski
superspace . To avoid spinor covariant derivatives anticommuting to the time derivative
d,y » one would have to integrate over either the 65 or the 85 , £ =LII, something which

would ultimately involve the non-sensical operation , say
( )I 550

while keeping 05 #0. Thus the need for Scomplex Minkowski superspace , in which
0% and 85 areindeed independent complex coordinates , not any more the mere complex

conjugates of each other .

The construction of Somplex Minkowski superspace , plus its canonical
decomposition in both the null-plane and the usual orthonormal coordinates , and the way
the canonical superfield variables of a superspace field theory are then identified , are

discussed in chapter § 3 of this thesis .

Chapter § 2, on the other hand , concerns the systematic construction , for space-
time signatures s-t=3 mod4 , of what has been named as the holomorphic SuSy algebras .
These correspond to a new type of supersymmetry algebras , an example of which is the
3 dimensional Euclidean "spatial" supersymmetry algebra that results from the canonical

decomposition of Minkowski superspace .

The discussion here makes extensive use of the theory of real Clifford algebras , for

which a comprehensive set of references is compiled in [12] .

The universal real Clifford algebra SRst associated with spacetime signature (s,t)

is a real associative algebra with identity 1. ‘.Ks ¢ has dimension 29 , where d=s+t, and
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an orthonormal set of generators e, m=12,..d satisfies the fundamental relations
{em’en} =2 nmn 1
where m_  is diagonal with signature Gs,0) .

The Clifford algebra 9%8’[ comes equipped with a copy of the original orthogonal
space R%'. This is a particular subspace of the Clifford algebra which we refer to as the
space of vectors X . Other crucial subspaces of Sﬁs’t are its minimal left ideals ©,
which we refer to as the spaces of spinors . In this respect , some general notes will

perhaps be helpful .

Consider a real associative algebra A . A leftideal L is any proper subspace of A

which is overall invariant under the left multiplication by elements in A,

AL cL

Left ideals are thus natural representation spaces for the associative algebra A , acting via
left multiplication . We shall denote by T  the representation of A carried by the left
ideal L. Naturally, the representation T_ is irreducible whenever £ is minimal, i.e.

contains no proper subspace which is itself a left ideal in A .

An associative algebra A is simple if it has no proper two-sided ideals . Simple
associative algebras of finite dimension have the remarkable property of having only one

irreducible representation , modulo equivalence . This essentially unique irreducible
representation of a simple associative algebra -4 must therefore coincide , again modulo

equivalence , with its irreducible representation T_ on a arbitrary minimal leftideal L.

According to the nature of their irreducible representations T, on the minimal left

ideals ©, the real Clifford algebras R_, divide into three main categories :
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i) Signatures s-t =0,1,2 mods These are the so-called Majorana signatures ,
when the Dirac matrices admit a Majorana
or real representation .

The irreducible representation T, covers the whole of End © , i.e. the real associative
algebra of all linear maps on © . The commutator of the representation , thatis the
subalgebra of End ® which commutes with the entire representation , consists solely
of the multiples of the identity map I, and it is thus isomorphic to the real numbers . As
aresult, SRS’I is realized as the real matrix algebra R(D), where D= 21421 s the real
dimension of the minimal left ideals © . For this reason , these signatures are also

referred to as the real structure signatures .

i) Signatures s-t = 3,7 mod8 , or s-t = 3 mod4

The commutator of the irreducible representation T, , which in this case does not cover
the whole of End © , is isomorphic to the complex numbers . Indeed , the Clifford

algebra element

= 2_ .
e, =¢€6,.8 (cL) =-1

commutes with every other element in EKSJ and the linear map on © which represents
e, acting via left multiplication , denoted I, =T(e,) , plays the role of imaginary unit in
the commutator of the representation . In this case , thus, ‘.Rs,t is realized as the complex
matrix algebra C(Dy,) , where Dy, = 2[92] g the complex dimension of the minimal left
ideals © . For this reason , these signatures are also referred to as the complex

structure signatures .

ili) Signatures s-t = 4,5,6 mod8

The commutator of the irreducible representation T_, which again does not cover the

whole of End © , is now isomorphic to the quaternions . As a result, 93“ is realized
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as the quaternionic matrix algebra Q(D/,) , Where Dy, = 21921~ 1 js the quaternionic
dimension of the minimal left ideals © . For this reason , these signatures are also

referred to as the quaternionic structure signatures .

Comment : In signatures s-t=1mod4 the Clifford algebra R, is not simple and ¢, is
represented by +I. As aresult, there will be two , instead of one , equivalence classes

of irreducible representations of SKS £ corresponding to those two possibilities . In other

words , there will be two inequivalent types of minimal left ideals © .

We hope to have provided , with the preceding notes , a useful rough idea of the
very rich structure of real Clifford algebras , together with an introduction to the kind of

technical jargon that is used . With that in mind , we return to the contents of chapter 2 .

There , a constructive scheme is introduced through which appropriate types of

spinor scalar products , depending on the spacetime signature (s,t) , are used to
characterize both real and holomorphic SuSy algebras , making use of the underlying
structure provided by the real Clifford algebra R_, .

Central to the construction are the real valued "Majorana" spinor scalar products ¢,
which constitute a generalization for arbitrary signature of the scalar product of Majorana
spinors , defined only when s-t=0,1,2mod8 . Each available Majorana spinor scalar
product naturally characterizes the symmetric product law of a real Lie superalgebra ,
which is referred to as the real SuSy algebra associated with ¢ . This real SuSy algebra

is defined over the vectors and spinors in R__ , thatis, over X & @, and the

s,t’

symmetric product law in question is of the form
(6¢) = -2¢6Mp)e

where € and ¢ are spinors in a minimal left ideal © and the I =T(e,) represent
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the Clifford algebra generators e, »actingon © via left multiplication .

One other crucial element in the constructive scheme we introduce is the idea of a
complex structure on a real vector space . This has in fact already been mentioned ,
though only implicitly , when commenting on the complex matrix realization of the

Clifford algebras in signatures s-t=3mod4 . It can be understood as follows :

Let V denote a real vector space of dimension n and let T c EndV be some
particular subalgebra of the full real associative algebra of linear maps on V. Tipically,
T consists of a class of linear transformations on ¥V which are of special interest in some
particular context . Suppose , then , that there exists a non-singular linear mapon ¥,
denoted S, which squares to minus the identity map I and, moreover , which

commutes with all linear mapsin T,

ST=T3 , forall Te T .
We say that § induces a complex structure on the real vector space V , relatively to T .

The justification for such nomenclature is that , indeed , one can use S to define a

" multiplication by 1" onvectorsin V,

w:i=8v , forall veV

And since § commutes withall Tin T,

T(1v) = 1(Tv)

as one would expect of a multiplication by 1.

Once the real vector space V' has been equipped with a complex structure , it can
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also be regarded as a complex vector space . However , not all of the original R-linear
maps on V will necessarily be C-linear. Among those who will , of course , are the
elements of T. An R-linear map on V isalso C-linear if and only if it commutes with

the complex structure map S .

A complex basis for V is a minimal set of elements in terms of which all vectors
in V can be written as a linear combination , with complex coefficients . Naturally , a
complex basis for 1 will have only n/, elements . A choice of a complex basis {fg}
for V associates to each of its C-linear maps , and only those , an n/,xn/, complex
matrix in the usual way : the &t column of the matrix associated to 7" consists of the

complex number coefficients in the complex basis expansion of T- fy -

A particular instance in which such concepts are of relevance is when the original
real vector space is itself an associative algebra A , a real Clifford algebra for example .
There one is naturally interested in those linear maps on A which correspond to the left
multiplication by an element u in A,

Tv:=uv |, forall ve A .

In this case , the algebra of all such T plays the role of T and , if there exists an

element u, in A for which

2_ —-
u’= 1 and uv=vu ,

then the non-singular linear map ‘l'ut plays the role of 3.

This is precisely what happens with the real Clifford algebras R, associated with

spacetime signatures s-t=3mod4 . There , the ordered product of all the Clifford algebra

generators e =ee,..e; has the required properties above , in that it commutes with
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all other elements in 91“ and squares to minus the identity , (el)2 =-1. Therefore, in
signatures s-t=3mod4 the Clifford algebra R_, has a natural complex structure ,
induced by e, . Correspondingly , the minimal left ideals © also have a complex

structure , induced by I, , relatively to the left action of R,

This complex structure , which is available to the real Clifford algebra in spacetime
signatures s-t=3 mod4 , can sometimes be incorporated in the Majorana spinor scalar
products ¢ and in their associated real SuSy algebras . Indeed , some of the Majorana
spinor scalar products in signatures s-t=3mod4 admit an extension to complex valued
holomorphic spinor scalar products , bilinear with respect to the complex structure and of
the form ¢, =G +1¢g . The original Majorana spinor scalar product ¢ not only remains
the real part of its holomorphic extension ¢, , but also uniquely determines the imaginary

part ¢' from the requirement that ¢, be bilinear with respect to the multiplication by 1.

The SuSy algebra naturally associated with the holomorphic spinor scalar product
G, corresponds itself to a holomorphic extension of the original real SuSy algebra
associated with ¢. Its product laws are bilinear with respect to the complex structure
and , as a result , the holomorphic SuSy algebra can be regarded as an algebra over the

complex numbers .

A significant consequence of this is that the holomorphic SuSy algebra can then be
described , via a choice of a complex basis , with half the number of supersymmetry
"charges" as the original real SuSy algebra , a fact which is of crucial importance in the

context of the canonical decomposition of Minkowski superspace .
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Appendix to § 1

In this appendix we provide a summary of some basic aspects of the usual or
real superspace in an arbitrary spacetime signature , with emphasis on the interrelated
properties of complex conjugation and differential calculus over Grassmann variables .
The systematic use of a real spinor representation , a type of generalized Majorana
representation available in every spacetime signature , makes our presentation of real
superspace somewhat unconventional but has the merit of being better adapted to both the
construction of the canonical decomposition of Minkowski superspace and the general

characterization of holomorphic SuSy algebras , which are the subject of this thesis .

The brief notes that follow are by no means a review of real superspace , for many
review texts are already available in the literature . The intention here is essentially that of
establishing a common language , at both conceptual and practical levels , before engaging
in the description of this or that particular model or result pertinent to the development of
canonical methods in superspace . At the same time , we have tried to present a compact
sample of the technical jargon , notation ,conventions and even some of the main themes
that we shall develop later . Emphasis is put on the clarity of the statements and general

arguments are either replaced or accompanied by simple illustrative examples .

Introductory notes on real superspace , our notation and conventions

1. The spacetime signature is denoted (s,t) meaning (s " plus" signs,t" minus"
signs) and the spacetime dimensionis d=s+t. We associate " spatial " directions with
"plus " signs in the metric signature and " temporal " directions with "minus" signs.
Therefore , a d dimensional Minkowski signature is of the form (s=d-1,t=1) anda
d dimensional Euclidean signature is of the form (s=d,t=0). The two outstanding
examples are , of course , the 4d Minkowski signature (3,1), thatis (+1,+1,+1,-1)

and the 3d Euclidean signature (3,0), thatis (+1,+1,+1).
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Note : In the text we shall frequently refer to these two particular signatures simply as

Minkowski ( for 4d Minkowski ) and Euclidean ( for 3d Euclidean ).

X is an infinite dimensional complex Grassmann algebra equipped with an anti-
involutive complex conjugation denoted ( )*. Tipically, x and 6 will denote elements
of X which are respectively evenandodd: xx'=x'x , 00'=-0'0 , x0=06x .

In these introductory notes , moreover, x and 6 will mostly be taken real . Note that due
to the anti-involutive character of the Grassmann algebra complex conjugation , the product

of real 6 and 6' turns out to be imaginary : (0 * = (0)* ®*=6'0=-06".

Besides appearing as even and odd Grassmann algebra elements , x and 0 have
a handful of other roles in this thesis . In this respect, the interpretation of the notation
follows two basic principles : 1. characters x,y always denote vector-like objects , with
components x™, y" , while characters 0,¢ always denote spinor-like objects , with
components 8%, q)B ; 2. objects written in italic have ordinary numerical components

while objects denoted by plain characters have Grassmann algebra valued components .

Here is a brief notational guide : In this introductory chapter , x™ and 6% denote the
real Grassmann coordinates of real superspace . In § 2, we use x,y for elements of
the orthogonal space R and x,y for the associated vectors in the real Clifford algebra
‘Jis’t . In the same way , 8, ¢ are used for spinors in R st All these objects have real
numerical components , denoted x™,y" and 6%, ¢P in the case of Clifford algebra
vectors and spinors . In § 3, on the other hand , x™ and Oﬁ‘ denote the real , first,

and later soul-complex Grassmann coordinates of Minkowski superspace in the Majorana

representation .

2 . The usual orreal N=1 superspace Si’t associated with spacetime signature (s,t)

is described by real (even,odd) Grassmann coordinates (x™,0%), with m=1.2,...d
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and a=12,..D. The range of vector and spinor indices depends upon the spacetime

signature (s,t) as

2[d/7—] when s-t=0,1,2 mod8
d=s+t  and D = ( (LA

2ld/2}+1 otherwise

where [d/z] denotes the integer part of d/s . Thus , for instance , the real Minkowski
superspace Sg’l is described by four real even Grassmann coordinates x™ , m=0,1,2,3

and four real odd Grassmann coordinates 0%, a=1,234.

Another example of interest is the real superspace Sg'l of supersymmetric quantum
mechanics - the original spacetime has one "temporal" coordinate only. Sg'l is described

0

by one real even Grassmann coordinate x° =t and two real odd Grassmann coordinates

0%, a=1,2. Note that the same coordinate structure appears in the N=2 version of S;'O .

3 . Superfields F are Grassmann algebra valued functions over superspace , that is
F(x™0% e X . In this work, superfields are always assumed to be smooth , in the
sense of Grassmann differentiability - see for instance [4, De Witt] . Superfields are also
generally taken to be either even or odd , which is indicated as (-1)F =x1. Duetothe
requirement of Grassmann differentiability plus the nilpotence of the coordinates 6%,
superfields present a characteristic power expansion , affine in each of the 8%, whose
coefficients or component fields are smooth Grassmann algebra valued functions of the

even superspace coordinates x™ only .

In order to illustrate the general features of differentiation , integration and complex

conjugation of superfields without unnecessary generalities , let us consider the simplest

real superspace of all , S;'O , described by the pair of real Grassmann coordinates (x,0) .
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Superfields on S;'O have the component expansion
F(x,0) = AX) +0B(x) = Ax) +(-1)BB(x) 0 (1.A.2)
where the parities of superfield and component fields relate as (-1)F = (-1)A = - (-1)B .

Generally speaking , the differential and integral calculus over even real Grassmann
variables reduces almost entirely to that of ordinary real variables . This is discussed in
detail in § 3.2 . The case of odd real Grassmann variables , on the other hand , is much

less familiar . In these notes , we follow closely the approach in [4, De Witt] .

In each case Grassmann differentiation is defined through

5 F = 8x 3 F) 8,F = 30 Q,F) . (1.A3)

It follows that , while the even differential operator ax acts componentwise on the

superfield F and satisfies the usual Leibnitz rule ,

axF = axA+98xB ax(FG) = (8XF)G+F(8XG) , (1.A4)

the odd differential operator dy , in turn , extracts the 6 component of the superfield F

and satisfies a graded Leibnitz rule,

dyF = B 9,(FG) = (3,F)G + (-1)F F(3,G) . (1.A.5)

Both the differential operators d, and 89 satisfy the standard chain rule,

— ¢l _ dz
aZ.F =] BZF , where J = = (1.A.6)
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where z stands for either x or 6. Note that the Jacobian matrix J is even in each case .

Integration with respect to an even real Grassmann variable x reduces as well to

componentwise integration , which can be shown to be contour independent ,

X X X
2 2 2 for consistency , dx
Fdx = Adx+6] Bdx ( must be manipulated ) . (1A
Xy X X

as an even quantity

In the case of an odd real Grassmann variable 0, only indefinite Integration is defined .

It is essentially an algebraic procedure based upon the formal rules

Jlde =0 _[9 de =1 (1.A.82)

from which follows that

for consistency , d0
( must be manipulated )
as an odd quantity

dee = - (-1F,F (1.A.8b)

The requirement that the formal integration rules (1.A.8a) should be preserved under a
change of variable 8 — 6', implies a non-standard transformation rule d6 — d6' for the
corresponding integration "measure” . In fact, while in the case of an even Grassmann

variable x we have the standard transformation rule

X2 X5
dx' = (det J)dx or j F (detJ) dx =J. Fdx' , (1.A.9)

t
281 X

in the case of an odd Grassmann variable 0,

de' = (detJ)'de or JF(detJ)'l do = J. Fdo' . (1.A.10)
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As an example , consider the change of variable ' =c@ , where c is some invertible

even Grassmann constant. Then J=c and

je'de' = _f (cB) cldo = _[e o =1 . (LA.11)

Though the superspace variables (x,0) are real, superfields and component fields
may be complex valued . The Grassmann algebra anti-involutive complex conjugation
( )* induces in the usual way a complex conjugation ( ) of Grassmann algebra valued

functions and differential operators . In the first case , complex conjugation acts as
F(x,0) = Ax)+B(x)0 = A®) +(-1)B0B(x) . (1.A.12)

The complex conjugation of differential operators is perhaps less obvious . Its properties

follow from the basic conventional rules

©,P = @)F ©QF) = (1) (@y)F (1A.13)

which reflect the even and odd nature of d_ and d respectively , together with the anti-
involutive character of the Grassmann complex conjugation . Since differentiation with
respect to the real even variable x commutes with complex conjugation , it follows from

(1.A.13) that the even differential operator ax isreal . On the other hand , since

@F) = B from (1.A2) and 9yF =-(-1)) B from (1.A.12) ,

the conventional rule (1.A.13) implies that the odd differential operator d, is imaginary ,

even though 0 itself is real,

(1.A.14)
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4 . The N=1 real superspace Si" associated with spacetime signature (s,t) is further

characterized by the vector fields

P =-d and Q= -(9+icI™,56P )

m m
(1.A.15)
with P =P, .  QY=-Q
and their real supersymmetry algebra
(QypQpl = -21(6T™ya Py, (1.A.16)
where the ' are DxD real matrices satisfying (see also &)
(I} =20, 1 (1.A.17)

My 1S diagonal with signature (s,t) and ¢ is a non-singular DxD real matrix , either

symmetric or antisymmetric , and such that all the matrix products (¢ I) are symmetric,

¢T=xg , x=#1 and (T )T =c¢l_ . (1.A.18)

Note : The fact that the general form of N=1 real supersymmetry algebras is indeed as

(1.A.16) will be justified in § 2.4 plus, for computational details, the Appendixto § 2.

The real superspace Sg’l of supersymmetric quantum mechanics is once more
convenient for the illustration purposes . It corresponds to the 1d Minkowski signature

(0,1) , which implies that D=2 and (1"0)2 =-1 . Accordingly , we take

r0=[(1"01}=-10 . (1.A.19)



-37-

As with all Minkowskian signatures , the conventional choice for ¢ relatively to a set
of orthogonal matrices I’ is ¢ = I, . From the algebraic point of view of (1.A.18),

though , this is just one among several possible choices for ¢. In the case of §g'l ,

(23] o s=[39]
S=l,0] ° $=|o0 , forinstance ,

would equally validate (1.A.18) . Behind the conventional choice ¢ =TI, liesa
physical reason : in a d dimensional Minkowski signature , the matrix products I, 1"j ,
with j=1,2,..d-1 , are traceless , since FO l"j = - I‘j (FO I‘j) I‘j and (1"].)2 =+1.

Thus , taking the trace of (1.A.16) with ¢ = l"0 , one obtains
Q,Q, = -iDPy =DE (1.A.20)

where €= iPV= iao . Upon quantization , the imaginary vector field £ becomes the
hermitian Energy operator and , in much the same way , the imaginary vector fields Q,,
are themselves associated with hermitian operators . Consequently , (1.A.20) expresses
the Energy eigenvalues as a sum of squares of the real eigenvalues of the operators Q_ .
Naturally , this means that the Energy eigenvalues are necessarily non-negative in super-

symmetric field theories over d dimensional Minkowski spacetime , provided ¢ =TI,!

Returning to the discussion of S>!, with T, asin (1.A.19) and ¢ = T},.
The real superspace coordinates are (xOEt, 91, 62) and the vector fields (1.A.15) are

explicitly

P =-9, , Q =-(3,;+i0'9) , Q, =-(3,+i6%3) . (LA21)

The real supersymmetry algebra anticommutators (1.A.16) are then
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{QpQ} =-2iP, = {QQ,) (Q.Q} =0 . (1.A.22)

This precisely coincides with the N =2 version (without central charges) of the real
supersymmetry algebra (1.A.16) associated with Si’o , as we have already mentioned .
We note , however , that this is so due to the choice ¢ =T, . Different choices for ¢

would entail real supersymmetries algebras for Sg’l other than (1.A.22).

§ . Consider a general superfield F(x™,6%) over Sz’t and a general infinitesimal

superspace diffeomorphism &,
§: p=Gx"0% o p=p+8p = (x™+5x™,06% +56%) (1.A.23)

where the necessarily real infinitesimal displacements 8x™ and 86% are, in general ,
smooth local functions of the real superspace coordinates x™ and 6% . (Strictly
speaking , the diffeomorphism & is one in which the defining finite displacements &x™

and 80% have both been scaled down by an infinitesimal numerical factor 1) .
The diffeomorphism & induces an infinitesimal (scalar) superfield transformation
8: F - F'=F+dF accordingto F'(p)=F(p) . (1.A.24)

This allows us to relate the original superfield F and its transformed F' at the same
point p of superspace, since
F'(p) = F'(x™ +8x™,0% + 86%) =
= F'(p) + &M3_ F'(p) + 86%9,F'(p) + 0@ = (1.A.25)

= F'(p) + 5x™3_F(p) + 86*3 F(p) + O (8
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There follows that
8F(p) = F'(p)-F(p) = - (™9, + 86%9,) F(p) (1.A.26)

where the even vector field - (8x™ am + 30¢ aa) is referred to as the generator of
the diffeomorphism &. Note that, according to the conventional rule (1.A.13) for
complex conjugation , real superspace diffeomorphisms (8x™,80%) are necessarily

generated by real even vector fields , since

(8xM9 F) = (9, F) (5x™) = (9, F) &™ = &x™9_F

(1.A.27)

(86%3,F) = (3, F) (86%) = (-3, F) 6% = 56%3_F

where we have assumed F to be even , for simplicity .

The two most basic diffeomorphisms of the real superspace S:'t are the

translations and the supersymmetry transfs.
5x™=u™ , 30%=0 Bx™ =ie®(GI™)ga0F , §0%=e®
(1.A.28)
8F = u™P ) F - OF = (e%Q)F

with infinitesimal global real parameters u™ (even) and €% (odd) , respectively .

There follow the Lorentz transformations of Si" , generated from the real vector fields

J =x.0 -xnam-(Emn)“ﬁGBBa , where X

mn mn

=1, [T »

mn
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Lorentz transfs.

oxM = yM 0 x" , 86%= I, v m“)"‘B oB

(1.A.29)
OF = (1/2 anJmn) F

with infinitesimal global antisymmetric real parameters v (even) .
Altogether , the global diffeomorphisms (1.A.28 ,29) constitute the superPoincaré

algebra of transformations of real superspace , a Lie algebra generated by the real even

vector fields of the form
m 01 mn
utP_ + e5Q, + W, v (1.A.30)

and whose properties follow from

[P,.P.] =[P, .Q,]=0
(Qq-Qp) = -2i (GI™ya Py,
Unne Pl = Mag P = Mg P (1.A.31)
Uon Qo = Con®, Qg

UinnsTpg] = Mg Inp * Map Img = Mmp Ing = Mg Tmp -

According to our definitions , the commutation relations [J mn’P q] and [J__,J D q] have

mn’

precisely the same form as the matrix commutators [X_,

rJand [Z 5 1.

To appreciate the effect of supersymmetry transformations at the level of component
fields let us once more consider the elementary case of S;’O , see (1.A.2). Thereal

superspace coordinates are (x,0) and the global supersymmetries dx =ief , 66 =¢ ,
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specified by an infinitesimal real parameter €, are generated by the vector fields

eQ = -e(ae+i98x) ; therefore, since F=A+0B,
(1.A.32)

0F = €QF = -e(B+ibd A)
which means that, at component field level , the supersymmetry transformation rules are
8A =-eB , 0&B =ied A . (1.A.33)

® . The covariant derivatives of the real superspace S:" , relatively to the translation

and supersymmetry generators P and Q, , consist of the vector fields

d and Dy = -9 -1GTMeoPa)

m a
(1.A.34)
with Op =9, -~ (D)=-D,
whose anticommutator algebra
{Da’DB} = -2i(g1“““)mﬁam (1.A.35)

coincides with the real supersymmetry algebra (1.A.16) witheach P_ and Q replaced

by the corresponding covariant derivative .
The derivative operators am and D, are covariant in the sense that they anticommute

with the translation and supersymmetry generators P and Q o In the case of the spinor

covariant derivatives D, , for instance , one can easily verify that

(DpeQg) = 0 . (1.A.36)
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At component field level , the covariance of the D, means that the supersymmetry

representation carried by D F is a simple derivation of the basic supersymmetry

representation carried by the superfield F .

To illustrate this point , take the elementary case of S0 continued from (1.A.32)

and (1.A.33). There, the spinor covariant derivative D is explicitly

D = -(9y-160,) and,since F=A+06B,
DF = (-B)+0(id, A) . Therefore, (1.A.37)

d(DF) = (eQ)DF = (-isaxA)+6(-ieaxB)

Thus , at component field level , the supersymmetry representation carried by DF is

5B = ied A , 3(,A) =-ed B (1.A.38)

which is clearly derivated from the basic transformation rules (1.A.33) .

7 . Real superspace action integrals have the general form

3 = J L d% dPe

(1.A.39)
where d¥% = dx9...dx%dx! s

doPdeP!...d6%2de' when D =0,1 mod4

dPe = (
id6PdeP!..d6%2de' when D =23 mods

and the real even Lagrangian density L is constructed from the basic superfields of the
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theory plus the two covariant derivative operators am and D o Note that , in natural
units , each odd superspace coordinate © has mass dimension -, and thus both d, and

dé have mass dimension Y, .

It is common practice in the description of superfield theory models to make use
of complex recombinations of the real superspace coordinates 8% and their associated

vector fields Q. In other words , one deals with a complex representation of the real
superspace in question , instead of the defining real representation (x™,8%). In the case

of Sg’l , see (1.A.21,22), the conventional complex representation (x0.=_t, 8,8) is

0 =1 '+i0? §=1@0"'-i0e%
V2 V2

and thus (1.A.40)

9y = L (9, -i0 3, = L (3, +id,) = - (9,
o = 5 Y1719 5 = 55 G119y = -(d)
Accordingly , the spinor covariant derivatives are chosen as
D=1¢(D,-iD,) D=-1(D,+iD,) (1.A41)
2o o2 212
so that GaDa=9D-§5 ,

plus identical relations for the supersymmetry generators QI,Q2 — Q,Q . Therefore,

D =-(9,-169,) D =03;-i09, ,
(1.A.42)
Q = -(3,+i03) Q = 9;+i09,

The Jacobian matrix J of the coordinate change 6,6, — 8,0 consists of
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20 20
6! 962 _ ,
J = - , detJ = -1 and accordingly
-]
08! 06?2
(1.A.43)
d%0 = id6?de! = (detJ)?! d6?de! = dBd6 so that |
j (60) d0 do = j (-1010%) ide?de! = 1
As a result, an action integral over Sg'l is expressed as
3 = J L did®® = I L idtde®de’ = '[ L dtd6do . (1.A.44)

8 . If one chooses to think of the T as being real Dirac matrices - which they strictly
are only in the Majorana signatures s-t=0,1,2mod8 - then ¢ plays the role of a real charge
conjugation matrix . There exist , nevertheless , significant differences between the DxD

real matrices I’ m and the conventional [d/2] X [d/2] complex Dirac matrices Y :

While the T'_~are necessarily linearly independent , they do not always generate the
full DxD real matrix algebra. This happens only in the Majorana signatures s-t=0,1,2
mod8 . Otherwise, the completion of the generating set consists of one (s-t=3,7mod8) or
two (s-t=4,5,6 mod8 ,see Note) extra matrices r which , together with the original I'm s

correspond to the matrices I, of the nearest higher dimensional Majorana signature ,
. T_,T , (T Ty) = 2my I - (1.A.45)

Consider , for instance , the signature (s=0,i=1) of type s-t=7 mod8 . The nearest
higher dimensional Majorana signature is (s=1,t=1) of type s-t=0mod8 . The extra I is

thus of "spatial" character, thatis (f‘)2 =+I.
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Another interesting example is the 4d Euclidean signature (s=4,t=0) of type s-t=4
mod8 . The nearest higher dimensional Majorana signature is (s=4,1=2) of type s-t=2

mod8 . The two extra I are thus of " temporal" character , that is (f‘l)2 = (f‘z)2 =-1.

Note : In signatures s-t=1mod4 , or equivalently s-t=1,5mod8 , the product sequence

l"l =IT,..T reduces to +I. In other words , any one of the I’ coincides with

the product of all the others, modulo a sign . In the case of signatures s-t=5mod8 , thus,

one of the ' must be left out and the completion of the generating set as in (1.A.45)

made in relation to the remaining ones . Naturally , the nature of the two extra I* will

depend on these and thus on which particular T is left out. In summary , the procedure
extracts from the original signature s-t=5 mod8 a lower dimensional signature of type
s-t=4,6 mod8 and then looks for the nearest higher dimensional Majorana signature

relatively to the latter .

The matrices I' | can always be chosen orthogonal or "standard" . The same holds
for the eventual extra matrices . In Table I:s-t= 0,1,2 mod8 and Table Il : s-t=3,7 mod8 ,
presented in § 2.3, we compute the matrices ¢ associated to an arbitrary set of standard
matrices I'_ . The remaining signature group s-t=4,56mod8 is left out because it is
computationally more involved and of no immediate relevance to the constructions of

holomorphic SuSy algebras and canonical superspace , which are the subject of this thesis .



- 46 -

§ 2 Holomorphic SuSy Algebras
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§ 2.1 Imeroduction amd Preview

To our knowledge , the terminology " holomorphic supersymmetry " has first been
used in a recent overview (111 of supersymmetry algebras in flat spacetime of arbitrary
signature (s,t) . There, it was observed that the usual N=1 real supersymmetry algebras
do sometimes admit a " holomorphic plus anti-holomorphic decomposition " in so far as
one is able to find appropriate linear combinations of the original supersymmetry
generators which trivialize the anticommutators {Q Q) and transfer their content to the
holomorphic and anti-holomorphic anticommutators {Q Q} and {QQ}, related by

complex conjugation .

This can be shown to occur for a variety of signatures , including ones associated
withreal (s-t=2mod8), complex (s-t=3mod8) and quaternionic (s-t=4,5,6 mod8)

structures on the real Clifford algebra R, .

A particular example of such a decomposition which has emerged independently in

1] occurs in the

work by the author on the development of Canonical Superspace [
3 dimensional Euclidean case (s=3,t=0). The associated N=1 real supersymmetry

algebra has the conventional form
{Qéva} =i(A0")éb Pj ’ j=123 , ab=12

where (A) ab = 1, (o'j)ab are the Pauli matrices , (—) denotes complex conjugation

and 13j = Pj . If , however , we rearrange the supersymmetry generators as

QIEQ1+iQé ’ Qi=Qi'iQ2

Q=Q-iQ; . Qp=Q;+iQ
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we obtain the holomorphic plus anti-holomorphic decomposition

(Q¢.Q=0 ., &L=1n (2.1.1a)
and
(Qg. Q) =-2i (g0 P, " (2.1.1b)
(Qz. Q) =-21G g P . (2.1.1c)
where QECE[? ;] and (Gj)ét; are the Pauli matrices .

The term decomposition is suggestive but somewhat misleading , as it does not
refer to an actual direct sum decomposition of the real supersymmetry algebra . This is
the real linear span of the translation generators P (even sector) and the supersymmetry

generators Q,Q (odd sector) and thus does not contain any purely holomorphic or anti-

holomorphic elements , meaning linear combinations of only the Qg orthe Q £

The odd sector of a real supersymmetry algebra is therefore not a holomorphic plus
anti-holomorphic direct sum in an essential way . Besides , the even sector does not

decompose correspondingly in any sense .

The correct reference of the term decomposition is that the product laws of the real
supersymmetry algebra can be fully described using only half the original number of
supersymmetry generators , either just the Q§ orthe Q - From this point of view , the

occurrence of the holomorphic plus anti-holomorphic decomposition suggests the

presence of a complex structure in the real supersymmetry algebra .

This suggestion is strengthened by the realization that the 3 dimensional Euclidean

signature (s=3,t=0) is actually a particular case of the s-t=3mod4 signatures , for
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which the associated real Clifford algebras SRS ; have a natural complex structure . Since

the real SuSy algebras - the abstract models of the real supersymmetry algebras - can all
be constructed within these , it is plausible that in signatures s-t=3mod4 they naturally

inherit the complex structure present in the underlying real Clifford algebras .

Indeed , it is the subject of the present chapter to show that the real SuSy algebras
associated with signatures s-t=3mod4 can in some cases be made to absorb the available
complex structure in R st via an extension of their even sector which , when it exists ,
is unique . The product laws of the resulting holomorphic SuSy algebras can then be
described with a complex basis consisting , at the actual supersymmetry algebra level , of

all the original P; but only either the Q; or the Qé .

We note , however , that our discussion of holomorphic supersymmetry algebras is
restricted to signatures s-t=3 mod4 =s-t=3,7 mod4 and is thus not presented as providing
an exhaustive understanding of the precise mechanisms underlying the holomorphic plus
anti-holomorphic decomposition of [11]. It should nevertheless provide some insight
into what those mechanisms are since ultimately , we believe , they must involve some

kind of complex structure reduction , just as does our scheme .

The material in this chapter § 2 is organized as follows :

§ 2.2 consists of a concise and somewhat informal review of those basic
constructions in real Clifford algebra theory which will be frequently used thereafter .
The geometric or intrinsic aspects are gratifyingly simple and effective in structuring the
main ideas in this work , and we will emphasize them together with the more
computational or basis related ones . For our purposes , references [12] have been

particularly useful .

§ 2.3 is devoted to the definition and computation of a class of real valued spinor
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scalar products ¢, which we refer to as Majorana spinor scalar products . In signatures
s-t=3mod4 , some of these admit a natural extension to complex valued spinor scalar
products ¢, which are holomorphic, that is , bilinear with respect to the complex

structure present in the underlying real Clifford algebra 918 ¢

In the following section , § 2.4 , we discuss the way in which real and holomorphic
SuSy algebras can be associated to each available Majorana and holomorphic spinor scalar
products , respectively . The constructive scheme we utilize differs significantly from the
one originally proposed in [14] , being simpler in formal terms and computationally better

adapted to the characterization of the holomorphic extension process .

§ 2.4 begins thus with the definition and properties of the real SuSy algebra
associated with a Majorana spinor scalar product ¢. Then , assuming that this ¢ admits
holomorphic extension , we construct in an analogous way the holomorphic SuSy algebra
associated with the holomorphic spinor scalar product ¢, and show that it corresponds to
a holomorphic extension of the original real SuSy algebra associated to G, thatis, an
extension which has incorporated the complex structure available in the underlying real

Clifford algebra .

Finally, in § 2.5, we present the detailed application of the holomorphic extension

scheme to the 3 dimensional Euclidean case .
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§ 2.2 Real Clifford Algebras

Notationwise... : (s " plus " signs , t " minus " signs) and d =s+t stand for the
signature and dimension of spacetime . Latin characters m,n,p,q=12,...d are used for
vector indices and greek characters o,8=1,2,..,.D are used for spinor indices ; D depends
on the signature (sgt) asin (2.2.15). The commutator [ , ] and anticommutator { , }
products , with a comma , are the ones built from the underlying associative product in

the usual way .

Let R st denote the real Clifford algebra for the orthogonal space R = ®Y, n,

where d=s+t and 7 is the canonical non-degenerate symmetric bilinear form on RY

with signature (s,t) . ‘.Kst isareal 24 dimensional associative algebra with identity 1

and comes equipped with an injective linear map

p:RS"—>ERS,t , X = x = pX)

such that
{x,y} = 2nxy)1 (2.2.1)

and
X =Imp generates the whole of R, .

The d dimensional subspace X c ‘.RSI is thus , through the map p, a copy of the

orthogonal space RS'. In particular , X inherits from RS' the metric structure n,
nxy) = ny)

Accordingly, X is referred to as the space of vectors x,y € X . Inturn, the space of

real multiples of the identity R1c R st is referred to as the space of scalars .

Let {e_,m=1,.,d} denote an orthonormal basis for X, that is one for which the

m’

metric matrix elements Npn = n(cm,en) are diagonal and unimodular with signature (s,t) .
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Then , the Clifford algebra structure relations (2.2.1) take the usual form
{em,en] 2z D Mol - 2.2.2)

The set B of the 29 different irreducible ordered products of the generators €

B={ ()" (e)) 2 ... 6", with k=01}
(2.2.3)
where (cm)o =1 and (em)1 =e,

forms a basis for the Clifford algebra ‘.KS ¢ In particular , the basis set B includes the
identity 1 and the longest irreducible ordered product e, =e,e,...e; . Thisis used to
construct the 1 and d dimensional subspaces Re, and e X, which are respectively

referred to as the spaces of pseudoscalars and pseudovectors .

Let us now return for a moment to the orthogonal space of vectors X and examine
more closely some features of its inherited metric structure M , namely the notion of dual

basis to { e} and the basic characterization of both group and algebra isometries of X :

Since 7 is non-degenerate , there exists in X a unique basis {e™)} dual to (e}

in the sense that neMe) = Smn X (2.2.4)

This dual basis {€™} is, of course , within the linear span of the original {em} . Thus,

hmn

writing €™ =hM"e_ for some , implies

nmn = n(em’en) = hmpn(cp’cﬂ) = hmp Spn = hmn

andthus  e™=n""e .
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A similar argument leads to e =1 e" and,asaresult, n™P Ny = 3m

mn n’

The orthogonal group O, isthe 1;,d(d-1) dimensional Lie group of non-singular

linear maps

Ae Ost:X—>X such that

(2.2.5)

N(Ax,Ax) = N(x,x) & n(Ax,Ay) = n(x,y)

With respect to an orthonormal basis {em} for X , the matrix elements A'“n of
the Lie group isometries A are defined by A(e,) = Amn e, - Inasimilar way , the
matrix elements Am“ of the same Lie group isometries A with respect to the dual basis

{e™) aredefined by A(e") = A_"e™ . They satisfy
n(e™, Ae ) = n(Ate™e) and thus A" = @ah ™ 226
The orthogonal algebra Os[ is the l/zd(d-l) dimensional Lie algebra of linear maps

LeOst:X—>X such that

(2.2.7)

X ox+y

n(x,Lx) =0 - n(x,Ly) + n(Lx,y) =0

One can easily verify thatif L, and L, are orthogonal algebra maps , then so is their Lie

bracket commutator [LI’L2] = L1 L2 - L2L1 . The Jacobi identities follow automatically

from this definition of the Lie bracket .

the

- m
With respect to the orthonormal bases {e m} domain and (e }comm domain *

of the Lie algebra isometries L are defined by L(e)) = L, _e™ .

matrix elements Lm 0

n

They satisfy
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-L__ . (2.2.8)

n(e,.Le ) + n(Le,.e,) = 0 and thus Lmn am

The linear span of [X,X], denoted Qc R isa 1,d(@-1) dimensional subspace

s.t’
of the Clifford algebra . Q is referred to as the space of bivectors w,w e Q. Moreover,

the 1/zd(d-l) independent bivectors Oun = 1/4[em,en] form a basis for Q .

The space of bivectors  plays a crucial role within the Clifford algebra structure .
Consider , to begin with , the commutation relations
[cmn, opq] = nmq onp + nnp "mq - nmp onq - nnq °mp (2.2.9)
They mean that Q, equipped with the commutator product [ , ], has the structure of

a Lie algebra . Furthermore , 2 acts naturally on the space of vectors X through the

linear maps

L, (ep) = [Gmn’ep] = Mp®m ™ Mmp©n
(2.2.10)
for which ul (ep Lg__ ep) =0.

The linearmap L,  associated to the bivector 6 is thus an orthogonal algebra
isometry of X, thatis L; € O st Moreover , the 1;,d(d-1) independent linear maps
Lg__ are linearly independent and satisfy commutation relations identical to (2.2.9) .
They must therefore span the 1;,d(d-1) dimensional orthogonal algebra OS,t , just as the

O, Span the space of bivectors Q.

In summary , what we have constructed through (2.2.10) amounts to a Lie algebra
isomorphism between the space of bivectors Q and the orthogonal algebra O, of

linear maps on X satisfying (2.2.7),
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bivector we Q ¢> linearmap L e O,
Lm(x) = [w,x] satisfying (2.2.11)

n (x,me) =0

Due to universality , the linearmaps x € X — +x extend uniquely to involutions
or anti-involutions of the whole Clifford algebra Sis.t. Operationally , it suffices to
understand how these involutions and anti-involutions act on the ordered products of
generators e in the Clifford algebra basis B : involution - replaces each e_ by *e_ ;

anti-involution - the same , followed by an inversion of the product order .

The Clifford algebra has a natural Z, grading R, = SRZ (©® R, induced by the so-

called main involution

(7) :ue R, — U extended from e — -e_. (2.2.12)

Also of importance are the two anti-involutions B_ , so-called reversion and conjugation ,

B, :ue EKS,t - Bi(u) extended from e _— e . (2.2.13)

Examples : Consider the real Clifford algebra C‘RI,I and a generic element u € 9{1,1
u=ul+ue +ue,+ue ,» Where e =e e, ; then,
u = uyl-uje) -uye, +ue
B+(u) = U l+uje, +uye)-ne ,

B.(w) = us1-uje -uye,-ue, .
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The non-isotropic vectors 7 € X, 1(7,7) = 7220 , generate a multiplicative sub-
group of the Clifford algebra called the Clifford group I';,. Any of its elements s € |

is expressible , not neccessarily uniquely . as a finite product of non-isotropic vectors 7, ,

= 2 _ .
s=Tr1, , (t)?=n(r,7)120 . (2.2.14)

There is a natural way to associate a scalar valued norm to each element s of the Clifford

group. Given se T define its norm N(s) to be

s,t

N(s) = B (s . (2.2.15)

The norm N coincides with the original norm 1(:,) 1 over the non-isotropic vectors

7 € X and extends it to all other elements of the Clifford group I‘S,t , which they
generate . Indeed , it follows from (2.2.14) that N(s) = IIN(z) = II(r,)* and
thus the norm N over the Clifford group 1"3,t is both scalar valued and non-zero . Itis

actually a group homomorphism from I, to the multiplicative group of non-zero scalars,

N@)=1 , N(s')=N@GNGE) , N@EH=N@E?! . (2.2.16)

Consider now a non-isotropic vector 7 € X and the associated linear map

. m pxEl = y - oKD
AT.X—>X , Ar(x).-txz' =X 211(1’1)7

2.2.17)
for which T](A,tx,ATx) =n(x,x) ,

1
n(%.7)

linearmap A, performs a reflection in the hyperplane orthogonal to 7 : any vector x € X

where we have made use of Tx=-x7 +2n(,7)1 and 71= 7 . Clearly, the

can be written x =x,+A7 , where A is a real number and M(x,,7) = 0 ; asaresult,
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A (xg+AT) = A(t) +AA(T) = x,-AT . (2.2.18)

The linear map A associated to the non-isotropic vector 7 is thus an orthogonal
group isometry of X, thatis A € OS’t . On the other hand , every orthogonal group
isometry A in Os,t is the composite of a finite number of hyperplane reflections A, -
see for instance [12, Porteous p.256] . In other words , every A in OS’t can be regarded
as the orthogonal group isometry A, = IIA; associated to an element s = IT 7, of

the Clifford group I, .

In summary , what we have constructed through (2.2.17) amounts to a Lie group
homomorphism from the Clifford group I to the orthogonal group Ost of linear
maps on X satisfying (2.2.5),

Clifford group element s€ I',, — linearmap A € 0st
A (x) = sx3-1 satisfying (2.2.19)

N(Ax, A x) = n(x,x) .

Notice that we have mentioned "homomorphism" and not "isomorphism" as in the Lie
algebra case (2.2.11). Infact, all Clifford group elements differing by a non-zero real
number A engendre the same orthogonal group map , A, = A; . That this is all that

can happen follows from the fact that

if ux = xu forall vectors xe€ X, then u isascalar . (2.2.20)

In face of this situation , one immediately thinks of imposing some sort of normalization
condition on the Clifford group elements s in order to make the correspondence (2.2.19)
as univocal as possible . This can be achieved straightforwardly with the help of the

norm N defined in (2.2.15). Indeed, it follows from N(As) = AZN(s) thateach
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class of Clifford group elements related by a non-zero real factor {As} can be reduced

consistently to the two elements +s, which have unimodular norm , N(s;) = N(-s)) =£1.

The group Ping, is defined to be the (normal) subgroup of I'y, consisting

t
of those elements se I” st of unimodular norm, N(s) =+1. It follows that the Lie
group homomorphism s € Pin st Age Os't has kernel {+1} and constitutes a
double covering of the orthogonal group OS’t by Pi“s,t . This classical result in real
Clifford algebra theory is what lies at the origin of the notion of spinors and spinor

representations .

In a similar way , the group Spin_, = Pin_, 1 ‘K: . double covers the special

0

orthogonal group SOS’[. The connected component of Spins’[ , denoted Spins’t ,

coincides with exp(£2) , the group of exponentials of bivectors exp(w) = k§owk/k!

()

The unit norm subgroup of Spin, , denoted Sping, ,

SpinS6t = (se Spin,, 1 N(s)=1 }

double covers the connected compoent of the special orthogonal group , SOS°t . Apart

from the few lower dimensional cases listed below , the unit norm subgroup Spinsat
coincides with the connected component Spin ), ,
Spinoo,0 = Spin 16,0 = Spinoo’l = {+1}
(2.2.21)

Spin161 ={al1+b e ,with a,b € R and a=i\}1+b2} .

Consider now the Euclidean signatures (s=d,t=0) : for d=2 both SOd and Spin 4 are

connected and Spin 4 is simply-connected for d=3 . The same is true in the case of the
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inverse Euclidean signatures (s=0,t=d) . For proofs and further properties of the Spin
groups we refer the reader to [12, Porteous p.257,268,427 ana Atiyah , Bott & Shapiro p. 9]

in particular .

Note : Consider the two real Clifford algebras 9(“ and ER[ s » Telated by a signature

inversion , with orthonormal generators e and e_ . Both the even sectors %:t and

+ . . ' .
R {g &€ themselves real Clifford algebras, the bivectors o, and o, = playing tl_m role

n
of orthonormal generators . Now suppose , without loss of generality , that the relative
location of plus and minus signs in the diagonal metric matrices M_ - and m__ has been
chosen in such a way that (c:m)2 =- (cl'“)2 . It is then clear that (O'm n)2 = (c&‘r'nn)2 and ,
as a result , we conclude that ER'S*’t and RY s areisomorphic . Accordingly , the even
are equally isomorphic ,

groups Spin , and Spin

t t.s

+ _ qpt . Qe
SRs,t = 91[,5 and Spms’t = Spmt,S

This is not so , however , in the case of the full real Clifford algebras R st * Ry »as

well as in the case of PinS 7 Pin[ G"

The minimal left ideals ® of the Clifford algebra 93“ all have the same

dimension
2102]  \when s-t=0,1,2 mod8

b = (2.2.22)

pld2l+l otherwise

A minimal left ideal © is referred to as a space of spinors 6,0 € ® . Via left
multiplication , each spinor space © constitutes a natural irreducible representation

space for R, . These irreducible representations of the Clifford algebra , denoted T,

are all faithful and equivalent when 9?“ is simple , i.e. when s-t#1mod4 . Otherwise
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they are two-to-one ( although still faithful over ‘ﬁ;’ ;) and divide into two equivalence
classes , depending on whether e is represented by I' =+I , plus or minus the identity

transformation on © .

In the above spinor representations T, of the Clifford algebra 9Ts , We denote by
I 1 0e ®—e_ 6 the representative of the generator e acting on © via left
multiplication . A basis {fa,a=1 ..... D} for @ associates to I"m a DxD real matrix

whose matrix elements (I'm)o‘B are defined by
I‘m(fB) = (I‘m)o‘B f, » (2.2.23)

that is, (I“m)"‘B is the component of I’m(fﬁ) along fa . We say that the basis {fa}
is standard if all the matrices I'_ are orthogonal . Such standard bases can always be

found , which is of significant practical importance .

We finish this section with a technical note on how spinor spaces © ¢ ERS ; can

be constructed from a given set of orthonormal generators e :

An idempotent pe R s’ p2 =p, is said to be primitive if it can not be writen as the sum

of two mutually annihilating idempotents p; and p,, p;p, =p,p; =0 . And...
Fact: if p isa primitive idempotentin R, then © = (R, )p is a minimal left ideal .

Primitive idempotents , and thus their associated spinor spaces , can be obtained through
the following technique : to every Clifford algebra element u such that u? = +1, we can
associate an idempotent p = 1/2(1 +u). Now,take B asin (2.2.3) andlet B +C By (1)
consist of (d - log,D) mutually commuting basis elements which square to +1. Such

subsets B always exist ( they are maximal when SR“ is simple ) . Then ...

Fact : the product of the idempotents associated to the elements of B_ is a primitive

idempotent in R_ .
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Summary : we have described the Clifford algebra R st and , within it ,

the 1 dimensional space of scalars R1

the d dimensional space of vectors X

the l/zd(d-l) dimensional space of bivectors Q

"

plus the " pseudo " version of each , constructed via left multiplication , say ,
with either one of the two unimodular pseudoscalars e,

the D dimensional spaces of spinors ©®

0
S,t

the Lie groups  Spin_, < Spins’t c Pins’ c I‘S’t ,

t

with their vector and spinor representations

As:xeX—éx'Est'l

sely, = (2.2.24)
§S:0e0@ — 0 =50
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§ 2.3 Majorana and Holomorphic Spimor Scalar Products

Having developed the basic real Clifford algebra vocabulary we need , we can now
pass to the characterization of the Majorana spinor scalar products and their holomorphic

extension .

Let © be a spinor space in SRst . Spinor scalar products or sspS on © are

non-degenerate bilinear forms which we shall take to be either real or complex valued .

Areal valuedssp ¢ : (6,¢) — ¢(6,¢) € R is said to be Majorana if it is either

symmetric or antisymmetric

(0.9 = xg(9,6) , x=tl (2.3.1a)

and such that , for all vectors x € X, the bilinear form ¢(-,X-) is symmetric,

6(6,X¢) = ¢(¢,X06) , (2.3.1b)

where X represents the vector x actingon © via left multiplication .

Majorana sspS are objects intrinsic to the spinor space © . Nevertheless , it is
convenient for computational purposes to consider them in matrix form and this involves ,
as usual , refering to some basis choice : abasis {f,} for © associates to a Majorana
ssp ¢ areal DxD non-singular matrix with ¢ op = o(f a’fB) for which

=x¢ , xk=tl and T ) =¢l ,m=12..d , (23.2)
S m

m

where , as before , the T" represent an arbitrarily chosen set of orthonormal generators

e, actingon © via left multiplication .
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Note : In signatures s-t=0,12mod8 the I'  constitute a Majorana representation for the

Dirac matrices and thus ¢ plays the role of a real charge conjugation matrix .

A crucial property of Majorana sspS is their invariance under the action of Spins°[

on the spinor space © . This means that the real valued Majorana scalar product ¢(6,0)

of any two spinors 6,9 € © remains unchanged under the action of Spins°t ,

c(56,5¢) = ¢(6,¢) , forall se Spins‘tt , (2.3.3)

0

where , as usual , § represents the Spinst

group element s actingon © via left
multiplication . As in the case of the I’m or , for that matter , of any linear map on ®,
a basis {fa} for © associatesto S a DxD real matrix whose matrix elements S°‘B

are defined by S(fB) = SO‘B f, . Tovalidate (2.3.3),the S"‘B must satisfy

G(Sty,Sf3) = qlfpfy)  andthus ST, g5 8% = cug

or, in matrix terms, STg S=¢ . (2.3.4)

This can be proved as follows :

Let W represent the bivector w acting on © via left multiplication . In matrix terms ,
since W is of the form W =TT, we obtain from (2.3.2) that WT=-¢W ¢!, Thus,

with §=exp(W) , there follows that ST = G s g’l or, equivalently , ST ¢S=g.

In Tables I (s-t=0,1,2mod8) and II (s-t=3,7mod8) we list all the available
Majorana sspS on an arbitrary spinor space © of SKS (- Table I refers to the simpler
case of the real structure " Majorana " signatures s-t=0,1,2 mod8 , while Table II refers to

those involved in our discussion of holomorphic SuSy algebras , the complex structure

signatures s-t=3mod4 . In both tables an arbitrary choice of a standard basis {fa} for

© is understood and the matrices associated to the T~ are used to specify , modulo an
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arbitrary positive real normalization factor , the matrices associated to the symmetric and

antisymmetric Majorana sspSon © .

The computational scheme involved in the construction of Tables I and II is as follows :

Let © be a spinor space in ‘Rs,t and let I (respectively I'_) denote any of the I
which square to +I (respectively -I). Furthermore, let I . denote the ordered
product of all the ' which squareto +I, IT_=T',..I, (or IT_ =T if s=0) and
let TI_ denote the ordered product of all the I' whichsquareto -I, TI_ =T,..I'¢,,

(or II_=1I if t=0), so that 1"l = 1'I+I'I_ . In a standard basis {fa} for ©, in which

the matrices associated to the I"_ are orthogonal ,

(I )T < H+ when s =0,1 mod4 (I )T ( H- when t =0,3 mod4
+ — ’ _ —
- H+ when s =2,3mod4 - H_ when t=1,2 mod4

and the matrices associated to Majorana sspS must satisfy
(;T =k¢§ , k=%l

(2.3.5)
¢I,=xI_¢, ¢l =-xI'_¢

+

We have then to search for such matrices ¢:

Table I

In signatures s-t=0,1,2mod8 the spinor representation of the Clifford algebra R ¢ covers
the whole of End © , the set of all linear maps on ® , and therefore the matrices ¢
will necessarily lie within the matrix algebra generated by the I’ . Moreover , and since

the ¢ matrices will have to either commute with every I, and anticommute with every
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I (x=+1) orvice-versa (x=-1), the list of plausible candidates is restricted to IT , and
I1_ (and linear combinations thereof ) . This list is further reduced in signatures

s-t=1mod8 , when I' ~I, meaning they differ at most by a sign , and so II_~TI_.

The groups of four (s,t) specifications presented on the left of Tables I and II are given mod8

Each (s,t) specification has a twin consisting of (s+4,t+4)
Twins considered , each group corresponds to all possible (s,t) subcases of its s-t signature specification

s-t = 0 mod8

(s=0,t=0) +I1 -

(s=2,t=2) +IT,
(s=3,1=3) —- -

s-t = ] mod8

(s=1,t=0) +IT, ~ 11 -
(s=2t=1) +1, ~ +I1_
(s=3,t=2) - —
(s=0,t=3) — -

s-! = 2 mod8

(s=2,t=0) +I1 +IT,
(s=3,t=1) +I1

(s=0,t=2)
(s=1,t=3) +T1 —-
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Table II

In signatures s-t=3,7mod8 the spinor representation of the Clifford algebra 915 . does
not cover the whole of End ® and there always exists an gxtra real DxD orthogonal

matrix 1" R
either I N with (f‘ +)2 =+I, when s-t=7mod8,

or f’_ with (f‘ _)2 =-I, when s-t=3 mod8,

which anticommutes with all the T’ . and , together with them , generates the full real
DxD matrix algebra . This extra I is not unique ; indeed, if a particular matrix I has
the properties above , then so do the matrices (a I+ I‘L)IA‘ ,with ab e R, a?+b%=1.
As far as the search for matrices ¢ is concerned , the effect of all this is to double the list

of plausible candidates we had previously , by adding to it IT_ I" and IT I.

s-t = 3 mod8
K=+1 x=-1

(s=3,t=0) +IT @I, +bID) I
(s=0,t=1) -—- +IT
(s=1,t=2) <11,
(s=2,t=3) @I +bI) T £T1,

s-1 = 7 mod8
(s=0,t=1) @I, +bID) T, +11
(s=1t=2) +T1, (@I, +bI)I,
(s=2t=3) +1I,

(s=3,t=0) +IT —--
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We now wish to concentrate on signatures s-t=3 mod4 , for which the unimodular
pseudoscalars +e not only commute with every element of the Clifford algebra R st
but also have (* el)2 =-1. In these signatures , then , the Clifford algebra has the
natural complex structures

lu :=teu , Ue ERS,t (2.3.6)
which we shall refer to as the holomorphic (+) and the anti-holomorphic (-) complex
structures on R s ( This is clearly not an intrinsic identification , since which complex
structure is called holomorphic or anti-holomorphic depends on the choice of the ¢ ).

In what follows we shall deal exclusively with the holomorphic complex structure , with

the understanding that all constructions have analogous for the anti-holomorphic case .

Let © be a spinor space in SKst . Being a left ideal , it automatically inherits the
complex structure on R st We say that a complex valued ssp ¢, : (6,4) = ¢, (6,9)e C

is holomorphic if its real part is Majorana and the full ¢, is C-bilinear with respect to the

complex structure on O,

G, = 6+1g  where ¢ is Majorana

and (2.3.7)
¢, (160,9) = ¢, (6,19) =1¢,(6,9¢)

The holomorphic conditions (2.3.7) imply that

i) the Majorana ssp ¢ that forms the real part of a holomorphic ssp ¢, has to be such

that I, is self-adjoint :

S(T,6,9) = ¢(6.T,9)
(2.3.8)

or, in matrix terms , FLT(; =¢l|
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ii) the imaginary part ¢' of a holomorphic ssp ¢, is fully determined by the real part ¢ :

< (8,9) = -g(8,T,¢)

(2.3.9)
or,inmatrix terms, ¢ = -G¢I' .

Moreover, ¢' is then automatically a Majorana ssp itself , with the same symmetry x as

¢ and also such that T, is self-adjoint .

If a Majorana ssp ¢ satisfies the constraint (2.3.8) we say that it admits a
holomorphic extension , which we have shown to be unique , to the holomorphic ssp

¢, =G +1g, where ¢ isasin (2.3.9). The holomorphic sspS are therefore in one-to-

one correspondence with such Majorana sspS .

In a standard basis for a spinor space © , the I, self-adjointness constraint
(2.3.5) becomes simply {¢ ;L } =0. This means that, going back to Table I , the
Majorana sspS which admit holomorphic extension are those whose associated matrices

involve the extra 1" .

To summarize , we have started with the definition of Majorana sspS and , in
Tables I and II, provided complete lists of those available in an arbitrary spinor space of

the Clifford algebra _, , for both the real (s-t=0,1,2mod8) and complex (s-t=3,7 mod8)

s,it’
structure signatures . In this latter category we went on to define the holomorphic sspS,
bilinear with respect to the complex structure on @ , and proved that each of them is the

holomorphic extension of one in a subclass of Majorana sspS , which we then identified in

Table 11 .

One last comment is in order : since in signatures s-t=3mod4 we have

[e,:€,] =0, the whole spinor representation of the Clifford algebra EKS , on aspinor
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space © is in fact linear with respect to the multiplication by 1 and , by definition , the
holomorphic ssps are bilinear with respect to it . Therefore , a complex matrix
representation is appropriate : a complex basis {fg ,E= I,II,...,1/2D = old/2] } for @
associatesto I'  and ¢, the 1/2Dx 1/2D complex matrices whose entries (I‘m)gc and

(Gpley are,as usual , defined by

) = (rm)ic £ and et = Slfefp) - (2.3.10)
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§ 2.4 Real and Holomorphle SuSy Algebras

Consider a arbitrary spinor space © in the real Clifford algebra 3 ¢ - One of the
significant features of the Majorana sspS ¢ is that they can be used , in a very natural and

direct way , to define vector valued symmetric products of spinors on ©,

{0¢}g = {(j)G}g e X , 0,0 ©®

On the other hand , such vector valued symmetric products of spinors form the core of the
product structure of real SuSy algebras , the abstract models of the real supersymmetry
algebras. In summary , each available Majorana ssp on © naturally characterizes the
product structure of a real SuSy algebra constructed over X @ ©.

These real SuSy algebras , which are almost trivial examples of real Lie superalgebras (131,
lie thus within the real Clifford algebra 93” . Moreover , the underlying structure of 918,‘
intervenes in their construction . However , the product structure of the real SuSy algebras
thus constructed is absolutely independent of the underlying associative Clifford product,

that is , the vector {9¢}g # the spinor {6,¢} !

We begin with the construction of the real SuSy algebra associated to a Majorana
ssp ¢ and we discuss its properties . Then, in the special case of signatures s-t=3 mod4

and Majorana sspS ¢ which admit holomorphic extension , we construct the holomorphic

SuSy algebra associated to ¢, and conclude that it corresponds to an extension of the real

SuSy algebra associated to ¢ which has incorporated the underlying complex structure

on the real Clifford algebra R, .

Let © be a spinor space in ‘.Kst and ¢ a Majorana ssp on © . The real SuSy

algebra associated to ¢ is defined over X @ © to be
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xyl] =0 , [x6] =0
and (2.4.1)
(09} = -2¢(0T™Pe,, ,

where the e constitute some arbitrarily chosen set of orthonormal generators and the
™ represent the dual e™ acting on © via left multiplication . Notice that there is no
comma in this new Lie graded product [ }, as opposed to the Clifford commutators

and anticommutators [,] and {,}.

One could appropriately ask whether the characterization of the real SuSy algebra

associated to a Majorana ssp ¢, as defined in (2.4.1), is dependent upon the choice of a

reference set of orthonormal generators € , and thus of the corresponding I'  or rm,
This is not so . The vector valued non-degenerate bilinear form ¢(-, ™) e, remains
unchanged for whatever other choice of orthonormal generators e . Indeed, since the

e, mustrelate to the original e by some orthogonal group isometry e =A (e ) ,

SCT™) e = [AT G, TP)] [4% e ] =
(2.4.2)
= (A6, TP)] [ e ] = o, TP)8 e =g, T") e

m

where we have used Aqm = (A'l)mq asin (2.2.6).

A crucial property of real SuSy algebras is their covariance under the simultaneous
action of the connected component of Spins"[ on both X and ® . This means that

if x={6¢} denotes the vector product of two spinors 6,¢ then the action of Spins"t

is such that x'= {8’ ¢’} , where the primes are as in (2.2.24) .

This can be proved as follows :
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We already know from (2.3.3) that Majorana ssps are invariant under the action of

Spins°t on the spinor space © and thus
(09} = -2¢(S6,T™Sp)e_ =
(2.4.3a)
= -2¢(6,5T™Sp) e '
The S'I™S represent the

sleMs = Ay, ™ = A;l(em) = (A;l)nm e

acting on © via left multiplication . Therefore, S!1I™S§ = (A;l)nm I and

(6¢') = -2¢6T") (A;h) Me

(2.4.3b)
= -2¢(6I") (A)™ e, = -246I") ¢, = (09)
where we have used (A;l)nm = (As)mn asin (2.2.14).
In a basis {fa} for ®, the non-trivial product law (2.4.1) reads
{fafﬁ} = 'Z(QFm)a[& en (2.4.4)
With the identifications e, < iP m and f o © Q o’ this expression becomes
{Qa’QB} = -2i(g I‘m)mB P, (2.4.5)

which coincides with the general form (1.8) of real supersymmetry algebras presented in
the introductory notes to real superspace , back in § 1. In fact, it suffices to denote

™m -Yf\ril N and Qa - Qg to obtain the standard Majorana representation
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of real supersymmetry algebras in signatures s-t=0,1,2mod8,
(QpQp} = -2 Ny Pyy - sccalso §3.2 . (2.4.6)

In the remaining signatures , with complex Dirac matrices ¥, , the real supersymmetry

algebras have the standard form

{Q'a’ Qb} = i(A 'fn) éb Pm ’ a)b = 1,2,...,1/2D )
(2.4.7)

with the (A7) hermitianand P_=P_ ,

but can nevertheless be shown to be ultimately of the same type (2.4.5) , simply by

choosing an appropriate imaginary basis for the Q sector , namely
(Q,) = (i(Q;+Q,).(Q4-Q)) (2.4.8)

remembering a has twice the range of a. For details , see the Appendix to § 2.

Now , once more , we wish to concentrate on signatures s-t=3 mod4 .
Let © be a spinor space in R, and ¢ a Majorana sspon © which admits holo-

morphic extension to ¢, . The holomorphic SuSy algebra associated to ¢ is defined

over (X®@1X)® O tobe
(zz], =0 , [z26],:=0
and (2.4.9)

(04}, = -2 (6I™Pe_

forall z,ze (X®1X) and 6,¢e ©. Sinceboth ' and ¢ are linear or bilinear
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with respect to the multiplication by 1, the holomorphic SuSy algebra (2.4.9) possesses

the complex structure available in R, , thatis,

{(10) ¢}h = [9(1¢)}h = 1[9¢}h - (2-4~10)
Moreover , the non-trivial product law (2.4.9) can be rewritten as

(09}, = -2¢(6,T"¢)e +2¢(68, T ¢)1e (2.4.11)

and it is thus clear that {8 ¢} and {6 ¢}h differ only by a pseudovector component ,

whose presence in the holomorphic SuSy product law makes it compatible with the

underlying complex structure , as in (2.4.10) .

In a complex basis {fa} for ®, the non-trivial product law (2.4.9) reads

(fe frdy = -20, Tgr ey, - (2.4.12)

Since {6 ¢} = vector component of {6 ¢}, , the relations above do also describe the
original real SuSy algebra associated to G, the real partof ¢, , and yet the fg are only

half as many as the fa .

The anti-holomorphic extensions of a Majorana ssp ¢ and of its associated real
SuSy algebra [ } can be obtained from the holomorphic ones simply by replacing 1
with -1. This comes from the fact that the anti-holomorphic analogue of (2.3.9) hasa
"plus" sign on the right hand side and thus the holomorphic and anti-holomorphic spinor
scalar product extensions of ¢ are the complex conjugates of each other . Nevertheless ,
the associated SuSy algebra extensions of [ } are actually the same , simply because
e in the holomorphic case is the same as -1e_ in the anti-holomorphic one ; they

both correspond to the same pseudovector ¢, e_ .
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§ 2.5 The 3 dimensional Euclidean Example

To finish , we will now discuss how the holomorphic extension scheme applies to

the specific case of the (s=3,t=0) signature :

Here d=3, the vector indices m,n are customarily substituted by i,j=1,2,3 and 9?3 0

has orthonormal generators

(€)? = (ep)? = (e5)* = +1

The spinor spaces © in 913 o » Which are all equivalent , have dimension

p=232+1_4 | sothat aB=1234 .

From the orthonormal generators above we construct the Clifford algebra basis
B={1 1€ €y,€3,€.€),E,€3,€C3,€ =€.C3 } o,
from which we choose , for instance ,
B + o {63}

Thus , p = (1 + e5) is a primitive idempotent in 913,0 and © = 9T3,Op is a minimal

left ideal .

Directly from Bp = {bp, be B}, we choose the following maximal subset of linearly

independent elements :

fi=l(l+e)=p , f,=l(e, +e89)

=1 =1
f3 = /2(e2 + e2e3) , f4 = /z(ele2 + et)
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This basis {f,} for © associates to the I’j the matrices

—
o
o
[}
—
(=]
]
—

these are all orthogonal and thus the basis {fa} is standard .

As the extra f’_ , we choose the orthogonal antisymmetric matrix

1 0
A 0 -1
r
B -1 0

, for which (" )2 =-T and [rj,f*_} =0 .

0 1

Then , the matrix ¢= H_f‘_ =1 f’_ = f‘_ is associated , in the basis (f a} , with an

antisymmetric Majorana ssp on ® which admits holomorphic extension .

The product laws (2.4.2) of the real SuSy algebra associated to ¢ are
{(fi £} ={f,£,) =- {f; f3}=-{f, ) =-2¢e,
{fif)=-{f,f;}=-2¢, (2.5.1)

(f, f5) = (£,£,) =2,

The complex structure induced on ® by e, 1s given by
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The complex basis {fI =f,,f;=1f,} for © associates to the Fj and to

Gp(*») = 6(+,*)-16(-,T*) the matrices

- [01] r I:O-l:l r [10] I:o-l:l
"Ly od” 2L, o 37 Lo 4 ’g"-tol

The product laws (2.4.6) of the holomorphic SuSy algebra associated to ¢, are

(), =-2(,-te) ,
(fr fd=-2(ey +1e) (2.5.2)

frfdp=-21e4

The other non-trivial product laws of this algebra , for instance (f, f,}, ,canall be
obtained from the ones above simply by making use of the linearity with respect to the

multiplication by 1:
(£, ) = (£ QD) =1 {f, £}, =-2 (e, +1ey) .

Note how , in the holomorphic extension from [ } to [ }h , the vector component of

the product of two spinors has remained the same , only a pseudovector component has

been added .

With the identifications & & in and fg © Qg already mentioned , plus now 11,

the product laws (2.5.2) take on precisely the form of the 3 dimensional Euclidean

holomorphic supersymmetry algebra (2.1.1b) .
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§ 2.6 Swmmary and Comclusioms

We have set up a constructive scheme for (N=1) real SuSy algebras within the
general formalism of real Clifford algebra theory . The scheme is based on a class of real

valued spinor scalar products here referred to as Majorana ssp® , all of which we have
listed in the cases of signatures associated with real (s-t=0,1,2mod8) and complex

(s-t=3,7mod8) structures on the Clifford algebra R_, .

The constructive scheme we have introduced differs in a significant way from the

one originally proposed in [14], which is based on the spinor scalar products induced by

[12, Lounesto 19811 | Thege are not necessarily Majorana - the

the two anti-involutions B,
spinor scalar product induced by B . insignature (s=3t=1) isn't, for instance - and it
would therefore be interesting to establish the precise relation between the two schemes .
In particular , one could take further our analysis by undertaking an actual classification of
the real SuSy algebras we have listed here and then compare such classification with the

onein [14].

The main topic of this chapter , however , was the characterization of the natural
holomorphic extension which a subclass of Majorana ssp® and their associated real SuSy
algebras admit in signatures s-t=3mod4 . The resulting holomorphic SuSy algebras were
then identified with supersymmetry algebras of a new type which are relevant ( see next

chapter ) in the development of canonical or Hamiltonian methods in superspace .

The case of signatures s-t=4,5,6 mod8 , for which the associated real Clifford

algebras ‘JTS . have a natural quaternionic structure , has not been specifically addressed

here but constitutes the most promising and straightforward sequel to the work

presented . The issue is whether in those signatures some of the available Majorana ssp®

and their associated real SuSy algebras admit a quaternionic extension along the same

lines as the holomorphic extension in signatures s-t=3,7 mod8 .



-79-

Quaternionic structures in real supersymmetry algebras have indeed already been
mentioned in [11]. Within the context of our scheme , however , the analysis of the
quaternionic signatures s-t=4,56mod8 offers particular technical difficulties of its own,
essentially arising from the existence of not one but two extra I, making the computation
of the Majorana ssp® more involved , plus also the non-commutativity of the quaternions

and the associated issue of ordering .



-80-
Appendix to § 2
Let R(?D) denote the real associative algebra of Dxp real matrices . Similarly , let
C(D) denote the real associative algebra of ©xp complex matrices . The identity matrix
isdenoted I. R(?) acts naturally on R?, while C(?) acts naturally on c? .
A typical element of C(D) is denoted
M=M +iM, (2.A.1a)
where M_, M, arein R(?). On the other hand, a typical element of C? is denoted
B =v, +iv (2.A.1b)

where v_,v; arein R?. The action of C(p) on C? may thus be decomposed as

MO =(M, +iM;)(v, +iv,) =

(2.A.2)
= (M, v,-M;v.) +i(M,v,+M,v,) .
Define the map p: C(p) - R(2D) as being
M, ‘M'»]
L) = [Mi, M, (2.A.3)

One can easily show that [ is a real associative algebra homomorphism from C(2)

to R(2?D), that is

REM) = tp(h) , ROL+MY =p(L) +10L)  (2Ad)



-81-

and

L M) = RO ROL (2.A.4b)

forall re R. Note that the map W is certainly not surjective , since the real dimension

of R(2D) is twice the one of C(p) . Indeed, with

ss;uu)=[14] , 2.A.5)

eq. (2.A.4b) implies that 3 commutes with all 202D real matrices in the image of W .

One can define an associated map fi: C?— R?? as being

vf
Mm:[“]. (2.A.6)

This time , {1 is in fact a real vector space isomorphism between C? and R??.

Furthermore , it follows from (2.A.3) that
ALY =pn@DA®) . (2.A.7)

The original map [ has yet two other important properties : given M non-

singular , it follows from (2.A.4b) that

pMth =pent, (2.A.82)

and, forall M,
ph =pepT . (2.A.8b)
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Consider an arbitrary spacetime signature (s,t) and let D= 204/2] | where d=s+t.

A Dirac matrix algebra D, consists of C(?) equipped with a specific set of

matrix generators (ym)ab for which
(Yo ¥o) =27, T - (2.A.9)

Two comments are in order :

1. The above definition for a Dirac matrix algebra D is, of course , based on

the well known fact that any set of Dx» complex matrices satisfying (2.A.9) will then

automatically generate , over C, the whole of C(2) .

2. A Dirac matrix algebra D_, is usually referred to as a particular representation

for the relations (2.A.9), considered in abstract .

Since the Dirac matrices 7, generate the whole of C(?) , any other matrix in C(D)

which commutes with all of the ¥ is necessarily proportional to the identity I. Then,

consider the matrix

Y =YY Yy when s-t=0,1 mod4 , (’Yt)z =41

iyL when s-t=2,3mod4 , (yl)2 =-1 .

In odd spacetime dimensions , 77, commutes with all of the Dirac matrices ¥, and thus
differs from the identity I at most by a sign , which we indicate 7z ~I. Asaresultof
this , whereas in even spacetime dimensions all Dirac matrix algebras '.DSt are equivalent

(through similarity transformations of the form y_— 7 = Ty a1 ) in odd
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spacetime dimensions there are two equivalence classes of Dirac matrix algebras D,

corresponding to the two possibilities 7, =+I.

We say that a Dirac matrix algebra D_, is standard if all the matrices v, are

unitary . Every Dirac matrix algebra is equivalent to a standard one .

Let (A) ab be an hermitian or antihermitian matrix in C(2) for which all the

matrices (A Y™) are hermitian , that is

Al =xa , x=#1 (2.A.10a)
and

Aayy = @aym . (2.A.10b)

In the Table below , we list all the possible matrices A in each signature (s,f) . An
arbitrary choice of a standard set of Dirac matrices Y is understood , in terms of which
the matrices A are specified modulo an arbitrary positive real normalization factor . Since
the matrices A will necessarily lie within the matrix algebra generated by the v, the
computational method employed in the Table below is identical to the one already used in

constructing Table I, presented in § 2.3 .

Table

Let _ denote the ordered product of all the y_ which square to +I, T + =YY
(or T =1 if s=0) andlet T_ denote the ordered product of all the Y Which square

to -I, W =9, 1Y (or T =Lif t=0),s0that ¥y =TT _T_.

The groups of four (s,t) specifications presented on the left of the Table are given mod4

Each group corresponds to all possible (s,t) subcases of the its main s, t specification



S even , t even

(s=0,t=0)
(s=0,t=2)
(s=2,t=0)
(s=2,t=2)

s even, t odd

(s=0,t=1)
(s=0,t=3)
(s=2,t=1)

(s=2,t=3)

s odd , t even

s odd, t odd

(s=1,t=0)
(s=1,t=2)
(s=3,t=0)
(s=3,t=2)
(s=1,t=1)
(s=1,t=3)
(s=3t=1)
(s=3,t=3)
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T
+iT
+7T

+iTC_

+T, ~£TC_
£, ~ T
£, ~£TC

T el
1T, ~£1T0_

T
7T
ilTC+

o
_17C+

T, ~£TC_
i, ~+iTC
T, ~+TC

T, ~+iTC_

+7C
£iT
+7T

170
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Now , consider spacetime signatures other than the Majorana s-t=0,1,2 mods .

In those signatures , real supersymmetry algebras have the general form

(QQp) =i(AY™,, P, ab=12..0 2.A.11)

where , as usual, () denotes complex conjugation and I—’m =P_ .

Let ¢ =p(A) and Fm = W (Y,) - Tothese R(D=22) matrices we assign the  _

index structures (Q)GB and (I“m)o‘[3 , where oB=12,..,D=20. From (2.A.4b),

we know that L (AY_ ) = ¢ Fm . Furthermore , let

(Q,) = (i(Q;+Q,),(Q;-Q,)) 2.A.12)
by which we mean that Q_, = i(Qé+ Q,) and Q,_,., = Qé-Qa .
Now , it follows from (2.A.11) and (2.A.12) that
(Queg» Qo) = (1(Q4+Q,),i(Qy+Qy) ) =
(2.A.13a)
= -21((AY)s ) gp P = - 21 6 T)aza,p=b Pm
and
{ Qa=a, QB=b+D } = { i(Qé"' Qa) ’ (Qb-Qb) } =
(2.A.13b)

= +2i((A'Ym)i,)éb Ph=-2i( I-‘m)(1t=a,[3u=b+1) P
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where we have made use of (2.A.10b) inits version (A Y™) ba = ((ay™ 3b ).

Similar computations show that the two remaining cases reduce to the first two ,

{ Quearo Webeo} = { Quea» QB=b } (2.A.13¢)
and

{ Queasn’ YP=b ) = - { Queas Yoo} - (2.A.13d)
We conclude , thus, that (2.A.11) can be put in the form
(QuQp) = -2i (G T™ggP,,

as stated in § 2.4, in reference to (2.4.7) and (2.4.8).
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§ 3 Canonical Superspace
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§ 3.1 Imtroduction amd Preview

A primary issue in the development of superspace canonical methods as regarding
(N=1 say) supersymmetric field theories in 4 dimensional Minkowski spacetime is the
question of whether the 3+1 canonical decomposition can actually be extended from
ordinary spacetime to full superspace . Ideally , this would involve a foliation of the latter
in such a way that , first , the superhypersurfaces be themselves superspace extensions of
the usual constant time hypersurfaces of ordinary spacetime and , second , that the
foliation be compatible with the superPoincaré group action on superspace , i.e. that the
Lie algebra of translations and rotations along the superhypersurfaces be a subalgebra of

the full superPoincaré Lie algebra of transformations .

Soon enough , however, one realizes that such a picture , in direct analogy with the
canonical decomposition of ordinary Minkowski spacetime , is not exactly what one

should expect in superspace .

In ordinary spacetime , the vector representation of the Lorentz group SO, on
the coordinates x™ , when restricted to SO; , not only reduces but also acts as the

: , preserving its value , be it zero or otherwise . That is not so in the

identity on time x
case of the spinor representation of S pin3’1 on the odd superspace coordinates 6%; it
either does not reduce at all when restricted to Spin3 (real case) or else it does reduce

(complex case) but into two non-trivial representations of Spin3 . As aresult of that,

the O sector of Minkowski superspace does not admit any foliation , parametrized by

some " temporal " coordinates 6, with respect to which Spiny acts consistently in a

" spatial " manner , parallel to the hypersurfaces of constant 6. throughout the foliation .

Nevertheless , one may hope to obtain a foliation of Minkowski superspace ,
parametrized by x0 and 8 , whose model superhypersurfaces , the ones with 6.=0,

are overall invariant under spatial translations Pj , spatial rotations Jij and a kinematical ,

i.e. not producing time shifts , subclass of supersymmetries . Here we use the term
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"subclass " and not subalgebra or subgroup simply because the supersymmetry

generators do not anticommute to themselves .

If such a canonical decomposition of Minkowski superspace could be achieved ,
one would then be able to identify the canonical superfield variables of theories with full
superspace action integrals simply by integrating over the superspace coordinates 6.,
"normal " to the canonical superhypersurfaces . In the resulting Lagrangian densities ,
the spinor covariant derivatives would all be of the kinematical type , " parallel " to the

canonical superhypersurfaces , and the only dynamical derivative would thus be 80 itself .

This procedure is to be contrasted with the one adopted in [16] , in which the
canonical variables , although still functions over full superspace , are identified in a
supersymmetric non-covariant manner , with the consequence that all manifest

supersymmetry is lost .

This chapter , which is basically about how the canonical decomposition of N=1

Minkowski superspace can indeed be implemented , is organized as follows :

In § 3.2 we briefly review some of the basic facts and formulae of the usual or
real Minkowski superspace Si’l in an arbitrary spinor representation . For our
purposes , references [3,4] have been particularly useful . We also introduce
soul-complex Minkowski superspace Sg'l , a type of complex extension of the real
version which will later (§ 3.4) be an essential tool as the appropriate arena for the
canonical decomposition of superspace in Minkowski , i.e. orthonormal , coordinates .

§ 3.3 deals with the null-plane Hamiltonian approach , in which x* =1/ ¥ (x0 + x3)

is regarded as the dynamical parameter . There , the canonical decomposition of real
Minkowski superspace turns out as straightforward as it could possibly be : in the Weyl

spinor representation , the canonical foliation is parametrized by (x*, 02, 52) and each

canonical superhypersurface has coordinates !, x%,x,0!, 81); infinitesimal
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canonical supersymmetry transformations are those for which £2=8%=0.

In § 3.4 we discuss the usual Hamiltonian approach , with x0 as the dynamical
parameter . In contrast with the null-plane case , here every real supersymmetry
transformation produces time shifts 5x0 . Itis in fact hardly surprising that no -
appropriate superhypersurfaces can be found with less than all the four real Grassmann
spinor coordinates of real Minkowski superspace ; the reason being that the spinor
representations of the real Clifford algebras 9{3,1 and 913’0 (and of the corresponding
Spin groups ) have the same real dimension 4 , implying that both the corresponding

real superspaces Si'l and Si’o have thus four real 6 coordinates .

However, essentially by exploiting the fact that 9?3,0 admits a 2x2 complex matrix
representation while 913,1 does not , it is possible to construct a holomorphic version of the
3 dimensional Euclidean supersymmetry algebra, see (2.1.1b), whose associated
superspace Sg'o is described by two complex 0 coordinates , instead of the four real
O coordinates of Si’o. The basic result in § 3.4 is then to identify in Sg'l an appropriate
choice of two complex "temporal" coordinates BTI , 6% such that each of the one

parameter family of constant time superhypersurfaces 9; = 93 =0 isacopy of Sﬁ'o .

In this way we achieve the canonical decomposition of Minkowski superspace,even
though the relevant versions of the 4 dimensional Minkowski and 3 dimensional Euclidean

superspaces turn out to be not the usual Sg'l and Si'o , but instead §z’1 and Sﬁ’o .

Finally,in § 3.5, we develop the Hamiltonian superspace formalism which results
from the canonical decomposition of Minkowski superspace . This we do in the context
of two simple supersymmetric models , the free chiral multiplet and the free abelian vector
multiplet . In each case , the canonical superspace formalism reproduces the Hamiltonian

structure of the ordinary field theory of which the model is the supersymmetric extension.
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§ 3.2 Real and ‘Complex Minkowski Superspaces

Minkowski spacetime signature is 1 = diag(-1,+1,+1,+1) and the Dirac matrix
algebra is [ym,yn} =21, 1. Vectorindices are mnpq=0123 or ijk=123,
while spinor indices are o,y=1,2,3,4 . Dirac matrices have index structure (Y ) B
In each representation ¥y, there exists a non-singular matrix ¢, unique modulo a non-
zero scalar factor , such thatall (G, ) are symmetric matrices. Such ¢ has index

structure (G) ap -

X stands for an infinite dimensional complex Grassmann algebra , which comes
equipped with an anti-involutive complex conjugation ( )*. The even and odd sectors
of R aredenoted by X™  n-0.1, respectively. Let also X denote the real sector of

the Grassmann algebra X .

In a Majorana (i.e. real ) orthogonal representation Y;{’ , the usual or real
Minkowski superspace Sg'l has real (even,odd) X valued coordinates (xm,eg) .
Let F=& ?(h) denote the space of smooth X =& ™ valued functions over real
Minkowski superspace . Note that the term smooth is meant in the sense of Grassmann
differentiability - see [4,De Witt] . The elements of F are the so-called general (scalar)

superfields , while those of F® are referred to as even or odd (scalar) superfields .

As is well known , the requirement of Grassmann differentiability, together with the
full nilpotency of the superspace coordinates 93 , implies that every superfield Fe F

is necessarily affine in each of the 6;: ,

_ m 1\k 2,k 3\k 4.k
F (x™0%) = k§o,1 I N o N Gl CM M

(3.2.1)
(egosl and (eg)lseg ,
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where the X valued Smooth functions f i loksk (x™) are referred to as the component
1 3™4

fields of the superfield F.

Vector fields over real Minkowski superspace map superfields to superfields and
thus , in particular , they inherit the Even @ Odd decomposition of F. The basic
Poincaré vector field superalgebra G of real Minkowski superspace is the X-linear span

oftheeven P_,J . andodd Qg vector fields

’“mn

Pm = - am (32.28.)
Q) = - (A +i (6, Tgp 05 3 (3.2.2b)
Joo = - (0 - %00, + (crr“:m)m[3 93 ) (3.2.2¢)

. . M -
where ¢, is chosen to be numerically the same as Y, and o = y YY) -

It follows that ,

[P.P] =[P.Qy =0 (3.2.3a)
(QpQE} = -2 (6, })op P (3.2.3b)
UmnPqd = MngPm = Mg Fn (3.2.3¢)
U Qi = (opa )P, QY (3.2.3d)
Unnoqd = Mg np + MapTmq = Mrmp Ynq = Mng “mp (3.2.3¢)



-93.

Spinor covariant derivatives are

Dy = - (-1 (5, Vg 829, (3.2.42)
'so that

(DY.DR) = - 2i (6, WDop O - (3.2.4b)
and

(OyQf) =0 . (3.2.40)

The properties of complex conjugation in the Grassmann algebra X carry over to
that of X valued functions , which we denote ( ). Thus, complex conjugation in F

is such that, for Fe jF(h) and Ge ?(h') s

(F+G) =F+G and (FG)=GF=(C1D)™FEG . (3.2.5a)

Moreover , let E, O be even and odd vector fields , respectively . Then, for Fe F®,

the complex conjugation of vector fields is chosen to be such that

(EF)=FEF and (OF)=(-D"CF . (3.2.5b)

Accordingly , complex conjugationin G is

(nP_):=n"P , (n]

m m

(3.2.6)

(n QW) :=- (- n* Qy ., thesamefor DY
where ne X®™ and ( )* denotes the Grassmann algebra complex conjugation .

The Lie algebra gf’) , the real even sector of G, referred to as the superPoincaré
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Lie algebra of real Minkowski superspace , is the set of all vector fields of the form

m @AM, _mn
n P +n Qa +n Jmn , 3.2.7
with xg’) coefficients n™, n™® for the even vector fields P ,J , and Nf({”

coefficients nﬁ for the odd vector fields Q:l‘ )

%0) generates the superPoincaré Lie algebra of transformations in Sg’l :

Under infinitesimal translations and Lorentz rotations , scalar superfields F=

= F(xm,eg) transform as , respectively ,

OF = (u™ Pm) F (3.2.8a)
5x™ =u™ , 867 =0
and
SF = (I,y™J_)F (3.2.8b)
5x™M = vmn S 59;3(l =1, ymn (0;:“)0‘B 93

with infinitesimal N]({O) global parameters u™ and v™ (antisymmetric) .

Under infinitesimal supersymmetry transformations , the transformation laws are

5F = (2 QW F (3.2.8¢c)
8x™ = ied (6, Yp 08 . 865 = ef

M

with infinitesimal X{" global parameters € .

A change of representation , from the Majorana v, toa "New " representation Y, ,

viaa (complex) invertible matrix (T)O‘B , amounts to
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YM-_)YN=T-1’YMT ’ gM_)QN=TTgMT

a o _ -1yo o
0% - 6%=(T1)% 0P ., the same for ¢ ,

(3.2.9)
Dé‘; - Dg = (T)Ba DE‘ , the same for QI': ,

and therefore preserves the general form of eqs. (3.2.1) to (3.2.4) and (3.2.8),
except of course for ¢=1,, since ¢ and ¥y, transform differently . We shall refer to
three specific representations : Majorana (M), Weyl (W) and canonical (C) - all about

them in the Appendix to § 3.

So much for the usual or real Minkowski superspace . As we shall discuss in the
next section § 3.3, the full real supersymmetry (3.2.8c) does incorporate a subclass of
transformations which are kinematical with respect to the null plane "time" x*. Those

kinematical supersymmetries have parameters constrained by 51\14 = 83{ , 83 =¢* and

M
correspond to translations parallel to a foliation of the 0 sector of real Minkowski
superspace parametrized by the two real "temporal" coordinates ol = 6:( - 63 and

T
.n2=p02_p4
eT—eM eM :

When we come to § 3.4, however , we soon realize that Minkowski superspace in
its real form can never accommodate a canonical decomposition into copies of the real 3
dimensional Euclidean superspace §g’0 ; one reason being simply that real Minkowski
superspace , and specificly its 0 sector, is in any event far too small . In both signatures
(3,1) and (3,0) spinors have ( the equivalentto) four real components and thus such
must be the number of real 0 coordinates of the corresponding real superspaces. So,
we are confronted with the immediate obstacle that the 6 sector of Sg’o can never be

identified as a proper subspace of the 0 sector of Sg'l .
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The way round the problem is two-fold :

On one hand , there is the construction of the 3d Euclidean holomorphic
supersymmetry algebra (2.1.1b) , whose corresponding superspace §g’0 is described
by two complex 0 coordinates instead of the four real ones describing the usual real
superspace Si’o . Such construction has already been discussed in chapter § 2 and is
based in that %3'0 , the real Clifford algebra associated with signature (3,0) , admits a
natural complex structure ( not so for 9?3’1 ). Then, via the essential role played by
933,0 which serves as an underlying space in the construction of the 3d Euclidean
SuSy algebra , this can be made to incorporate the complex structure of 933,0 and the
supersymmetry transformations associated with the resulting 3 d Euclidean holomorphic
supersymmetry algebra may then be described with only two vector field generators Q,

associated with two complex € parameters .

On the other hand , there is a natural way to double the real 6 dimension of
Minkowski superspace without enlarging the class of smooth superfields defined on it
and so having no drastic effect on the degrees of freedom content of Minkowski
superspace field theories . The end product of such construction , which we shall refer
to as the soul-complex (Scomplex) Minkowski superspace §3'1 , will have four
independent complex 6 coordinates , of which a particular pair will correspond to

kinematical 6 directions .

In simple geometrical terms , one can imagine the © sector of Sg’l as being a
real 8 dimensional vector space with two very special real 4 dimensional subspaces :
one corresponds to the 0 sector of the original Si'l , whose natural embedding in its
Scomplex extension consists of the real valued domain of the four generally complex 6
coordinates ; and the other, " at an angle " with the first , corresponds to the 6 sector of

S%}’O and defines the 3+1 canonical decomposition of Scomplex Minkowski superspace .
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It is with the construction of this latter Sz’l that we shall deal next. Before we

proceed , however , a word about nomenclature and some basic results :

The infinite dimensional complex Grassmann algebra X is generated by the

identity 1 and the mutually anticommuting generators ( 4> @=L..o. A general element

n of X has a unique decomposition
n=n,+n , ne R

where n, is a complex multiple of the identity 1 ( though sometimes we use =, to
denote the ordinary complex number coefficient itself ) and n_ is all the rest,
proportional to the generators { , and their products of arbitrary degree . Following

[4,De Witt] , wecall =, the "body" of n and = its "soul". Because we are dealing

with an infinite dimensional Grassmann algebra , souls in X@ are not necessarily

nilpotent . Odd elements of X are, of course , pure soul .

X_ , the real sector of X, is not a subalgebra , since the product of two odd

elements of R_ is in fact imaginary :
0, 00 =" ©®) =06 =-0_6
One does get a subalgebra of X including X with the set
R = { n.=n +in where both . and n arereal but n is pure soul}
X_ isindeed a subalgebra of X . Atan abstractlevel, X can be regarded (171 4

areal Z, graded associative algebra generated by the identity 1 e N((:O) and the mutually

anticommuting generators { 2 &b € Nf:l) , together the extra product law
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CaCb = 'éaéb

The soul sector of X . ('set of all pure soul elements of X ) clearly admits the complex

- structure

ig =

|
v
—
M
)
u
)
i

which takes us back to the complex Grassmann algebra origins of X o

We shall refer to the elements of X c as soul-complex ( Scomplex) so as to best

contrast them with the real elements of RR .

Now we come back to introducing Scomplex Minkowski superspace Sg'l :
simply take egs. (3.2.1) to (3.2.9) and allow the originally X p valued coordinates

xm 93 and parameters u™, sf“ ,vmn

to assume generally Scomplex values . In

other words , take everything that has been said from the beginning of this section up to
(3.2.9) inclusively , and consistently change "real (R)" to " %complex (C)". Only
the Majorana representation 'f;‘ , whose matrix elements are ordinary real numbers and

not real Grassmann algebra elements , remains unchanged .

The reason why such Scomplex extension is well defined resides on the fact that
there exists a one-to-one correspondence between smooth superfields on real and
Scomplex Minkowski superspaces , a correspondence which commutes with

differentiation and with an appropriately generalized complex conjugation of functions .

To see this we refer again to [4, De Wiu] , where it is shown that X valued smooth

functions on N;O) and Kg) , respectively , necessarily have the form

fx) = T L (x)¥ f9x) (3.2.10a)
=
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f) = n+0m (3.2.10b)

where x e N}(!O) , Be &S) , m,n are arbitrary constant elements of X and f(xB) is

a X valued smooth function on the real line R. Eq. (3.2.10a) , in particular , implies

that every X valued smooth function on R can be uniquely extended toa X valued

smooth function on the whole of NS)) , in a way which amounts in fact to a Taylor
expansion around x_ , in powers of x. This infinite series contributes , at each level of
the Grassmann algebra generators Ca and their products , with only a finite number of
terms and therefore no convergence problems arise . One can further show that the R to

X }({O) domain extension process commutes with differentiation , that is

) = 3 L )f 5 Vx) . (3.2.10¢)
dx k=0 k!

The basic fact behind the idea of Scomplex Minkowski superspace is then that in
(3.2.10) it doesn't actually make any difference whether x. and 6 are real or complex .
Indeed , eqgs. (3.2.10) would still hold true were x and 6 elements of X . instead of
NR . Note , however, that its only x g which can be complexified in this way and not the
numerical core of the variable x , its body X, which must remain real . This is why the

properties of functions over Réo) are still much the same as those of functions over xff’) ,

or indeed over R itself.

Itis clear from (3.2.10a) that smooth functions over X éo) depend solely on the
variable x_ and not on its complex conjugate . This is one of a number of analogies that
smooth functions over N((:O) have with ordinary analytic functions of one complex
variable . However , for reasons which we have already pointed out , such analogies are
invariably rather superficial and , when refering to functions over Néo) , we shall thus

continue to use " differentiable” and " smooth" rather then " analytic", which is much
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more appropriate in characterizing functions over the whole of X@ [4.DeWit]
We remark , though , that since Rg) = XM | functions over NS) of the form

(3.2.10b) are properly analytic , which is how they are referred to in [4, De Wi .
However , as a common characterization for functions over Rg‘) , we think that

"smooth " correctly emphasizes the crucial fact that x, is still real .

To summarize , then , we have concluded that the smooth functions over either

Ng)) or Nfzo) are in one-to-one correspondence , through (3.2.10a) , with the smooth
functions on the real line R. As aresult, they are also in one-to-one correspondence

with each other . For the case of an even variable x, this is expressed in

. had . k k
f(x,) = f(x, +ix) = kzot (ix) ad;g(xR) (3.2.11a)

whereas , for an odd variable , the soul is fully nilpotent and so the corresponding

expression only has the first two terms ,

£(6,) =£(8, +i0) =£(8 ) + (i6) dié_(ek) : (3.2.11b)

The theory of integration over XS’) can also be extended to Ng‘) without
modifications . Integration with respect toanodd X_ or X _ isa simple algebraic

procedure in any case , based upon the formal rules
Jide =0 , [ea6 =1
supplemented by the convention that d0 be manipulated as an odd quantity ,

ndd = (D)"dOn , ne &M and do de' = - de' do



- 101 -

It follows that

[t@)do = m' , f@)=n+Bm=n+mO . (3.2.12a)

On the other hand , as it is shown in [4,De Witt] in the real case , integration with respect

toaneven X _ or X _ variable is independent of the particular contour ,

X

J 2f(x) dx = F(x,) - F(xl) (3.2.12b)

X

where F(x,) is an indefinite integral of f(xB) .

Suppose , in particular , that (xl) =" (xz)B =-o0 and that f(xB) is a smooth
function vanishing at the end points . Its derivatives t‘k)(xB) are then likewise , and thus

{4, De Witt] that the

f(x) itself is a smooth function vanishing at XX, o It follows
integral (3.2.12b) is actually independent of the souls of the end points x,,x, . The
contour can thus be displaced to coincide with R, so that (3.2.12b) is after all nothing

other than the real line integral

400
[ f(x,) dx,

This is why , in the action integral of superspace theories , there is no ambiguity in

passing from integrals over R to integrals over xff’) or xg’) .

The Scomplex extensions (3.2.10) and (3.2.11) do also commute with an
appropriately generalized definition of functional complex conjugation : given an X

valued function on Ng‘), f: Nf:h)—> X , define
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£ (n) = (f(n.")* (3.2.13)

where n_e Réh) . According to this definition , a real function f=f associates, as
usual , real images to real values of the domain variable . However , the image under

f=Tf ofageneral Scomplex element of Ng‘) will in general be Scomplex as well .

Despite apparences , perhaps , the definition (3.2.13) is in fact quite natural when
considering functions of a complex variable . Take for example a C-linearmap T ona
complex vector space . Asusual,, T can be represented by a matrix with complex entries
and one would expect its complex conjugate map to be represented by the complex
conjugate of such matrix . This is precisely what results from definition (3.2.13).
Another instance in which (3.2.13) is the appropriate functional complex conjugation to
choose is the case of analytic functions of a complex variable . There , (3.2.13) assures
that f is also an analytic function , which would not be the case had we used the more

direct complex conjugation @) =f@)*, appropriate for functions of a real variable .

An important conclusion to be drawn , combining (3.2.11) and (3.2.13),is thata
function on XM is real if and only if its restriction to X™ is so. This commutativity
of the Scomplex extension process with the generalized complex conjugation (and with

differentiation too) is what justifies the validity of (3.2.6) in Scomplex superspace .

To illustrate what has been said , take as a simple example the real superspace Sg'l
of supersymmetric quantum mechanics together with its Scomplex extension Sg’l. The
superspace coordinates (x9=t,61,62) are either NI(;") or xf:h) valued depending on
whether we are considering the real or the *complex version of the superspace . Take the

latter : an even, say , superfield F has component expansion
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F(1,01,6%) = A@® + 6! B(t) + 62 C(t) + 61 62 D(1)

where the component fields A(t), etc are Scomplex extensions of the original fields
A(t) , etc present in the component expansion of F as a superfield on the original real
version of this superspace . The component fields in Scomplex superspace are thus as

many, and carry as much information, as the original ones in real superspace .

Using the generalized complex conjugation (3.2.13),
F(1,01,6%) = (F(t*,01*,02*)* = A®)- 61 B(t) - 62 C(t) - 61 62 D(r)

As one can easily verify , we would have got the same answer if we had complex
conjugated while still in the original real superspace and performed the Scomplex

extension afterwards .
Now , consider the new set of superspace variables

7 (1,801,060 = t-0! 62

0 ©,05)=1 (8! +i6?
\2
6 (61,6%) = (8(61*,6%%))* = L ®!-i6%
2

Note that 8 is different from 8% =1, 2 ®'* -16%*) ; the same happens with

T=t+0!6° , which is different from ™ =t* +0l* 2% . Only in the real sector of
Scomplex superspace (i.e. real superspace) is it the case that T = T or 0 =0%.

In general , ® and B are totally independent complex variables , as are 6! and 6.
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The one thing which makes all the difference between the real and Scomplex
versions of Minkowski superspace is that superPoincaré translations and rotations of the
latter are naturally much richer than the ones of real superspace . In Scomplex superspace,,
Scomplex transformations (3.2.8) do explore every new (imaginary) direction that has
been introduced . In particular, and since the € parameters are pure soul in any case , the
Scomplex extension as doubled the number of supersymmetries available : apart from the
original real supersymmetries , with 8;' = (eg . » there are also the imaginary super-

(4]

symmetries , with eg =1 (83)1 , and indeed any combination of the two , with & =

(€, +i (€Y, -

It is only within this wider Minkowski supersymmetry that a subclass of
0

transformations kinematical with respect to time x° may in fact be identified ; it consists
of the Scomplex supersymmetries with parameters constrained by e:{ =i e}: , 831 =i 83{ .

Note that this would be impossible were we restricted to Ngl) valued € parameters .

In the end , one important question remains : is it the case after all that , given a
particular real Minkowski superspace field theory , all this new symmetry is already

there ? The answerisyesandno: "yes" because, as we explained , the action integral

of such theory can be equally written as an integral over Scomplex superspace and thus

Scomplex transformations of the form (3.2.8) will necessarily leave it invariant ; " no
because the basic real degrees of freedom (either at superfield or component field level)
from the original real superspace field theory do not accommodate a representation of the
full Scomplex superPoincaré symmetry of Scomplex Minkowski superspace , but only of

the subclass generated by real vector fields , corresponding to the superPoincaré

symmetry of the original real superspace .

In fact , under a general Scomplex superPoincaré transformation real superfields
(as real component fields) get imaginary increments as well : take for example a real

superfield V=V on Scomplex superspace ; the effect of an infinitesimal Scomplex
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supersymmetry transformation is such that

V) =T QIV) = €H* QI V = &V .

M
Another way of saying it is that , for a general superfield F on Somplex superspace ,
(8F) = &F

As far as the component fields are concerned , the supersymmetry representations carried

by F and F are still the same with respect to the real parameters (g%, but are minus

one another with respect to the imaginary parameters (eg)[ .

As aresult, what one obtains after the Scomplex extension of a field theory in real
Minkowski superspace is a Scomplex superspace field theory in a gauge , the real
gauge , where the basic superfields are either real or appear in pairs F,F. The real
gauge is preserved under real superPoincaré transformations , the ones of the original real
superspace , but is broken by general Scomplex superPoincaré transformations , in which

real superfields get complex increments and F and F transform independently .
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§ 3.3 The Null-plane Camomical Decomposition

Even though null-plane canonical superfields ( usually known as light-cone super-

(18] we thought it worthwhile to discuss them here in this new

fields ) are no novelty
context of canonical superspace decomposition because the null-plane case provides a
simple illustration of the methods and a good comparison material with what is to follow

in§ 3.4.

The null-plane vector indices are myn=+,12 or (=12 , where

+ _ 04,3
ve=l (0Wxv’) and v =1 (v xv,),
such that
+_ m — 7t - [, —_
Vo= v and viv =viv Vv +Vvy=-2v vtV

Between the null-plane coordinates xt,x* is conventionally chosen as the dynamical

parameter.

In relation to the null-plane "time" x*, extending the ordinary (flat) spacetime
canonical decomposition to real Minkowski superspace does not involve any problems .
This is because there exists a two real parameter subclass of kinematical supersymmetries
whose generating vector fields , together with the ones generating the kinematical

translations and rotations , span a subalgebra of the real superPoincaré vector field Lie

algebra C_ifzo) :

From real (3.2.6¢),

Sx* = %@;-agxeg‘- 03) + J_z(ej-eﬁ)(e;- 0
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which means that real supersymmetries with parameters constrained by eTl =gl- 83 =0

M
and E% = 83[ - e;:" =0 donotinvolve "time" shifts 8x* throughout the whole 8 sector
of real Minkowski superspace , in which they induce the foliation BTI = 9:‘ - 63 = const.

and 93 = 93[ - 9]: = const. .
The Weyl representation ( see also the Appendix to § 3) , with

@hH*

1 _ 2 .o i ol 3
0 =;_(6M+0M)+;_(9M+9M)

(3.3.1)
92

-L@)-0)+ L @%-0 = @

is thus a good representation to work with . Note that, with this choice of notation , the
derivatives 9/0x! and 9/08! are both naturally denoted by d, ; the same happens with

0, . In the sequel , however , we shall have no need to use symbols 9, and d, in their

new role of spinor derivatives and thus they will invariably stand for 9/9x! and 9/9x?.

In the Weyl representation , a full real supersymmetry transformation (3.2.6¢c) is

generated by (-eP Q _+ €0 Q.), p=12 , produces 56°P =¢”, 58P =8P and
P P
Sx* = V2 (282 + £202) . (3.3.2)

The basic Poincaré vector field superalgebra (3.2.2) reads, explicitly ,

(non-trivial relations only)

(Q.Qj) =2¥2iP. , (Q,Qs =2\2iP,
(3.3.3a)

(Q.Q3}=-2i(P-iPy) , (Q,Qj}=-2i(P,+iPy)



- 108 -

and (3.3.3bl)
P, P. P, P, Q Q, Q; Q;
*
Uyp ] P, Py ";‘Ql —;—Qz ;——1 ‘%Qz
01| B, P 1q,  -lo, 19 -1y
Uypr ] Py P, 52 ‘\,1—2(_22
.5 1 P P A -iQ
+2 2 + ‘JzQZ ") 2
U1 P, P -712.Q1 '3%61
[J-2’ ] P2 P_ -ViEQl %Ql
and
[J+1’J-2] = [J-I’J+2] = le ’ [J+1’J-l] = [J+2’J-2] = J+-
U, d=-&1) (3.3.3¢c)
Uppled=-Jyp » Upplinl =ty

Canonical supersymmetry transformations form a subclass of real (3.2.6¢) , with

1

parameters €, ! freeand e2=82=0. They are generated by (- gl Q,+ gl Q i) and

produce kinematical displacements 8xf, 8x™ and 86! =¢!, 86! =€! along the super-

hypersurfaces of constant x*, 62,82 .

The kinematical subalgebra of the superPoincaré vector field Lie algebra %0) is

therefore the appropriate (refer to real (3.2.5)) span of

P[,P_,QlyQisjlzaJ_[ s
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J,_ is out because it does generate dynamical shifts : from (3.2.6¢),

oxt = vkl v+ xt

Once canonical superspace has been identified, it can be used to obtain the canonical
variables of a superspace field theory , the basic canonical superfields and their conjugate
momenta , in a way which is covariant with respect to canonical supersymmetry : let 3

be a real Minkowski superspace action integral ,

g = J’L[F] d*x d%e d29
(3.3.42)

where d20 = 1.d0'do2 and d%8 = 1 d62dd!
2 2

and F stands for a , or a set of , Minkowski superfield(s) . If the integration with

respect to the dynamical coordinates 82, §2 is performed , the original full superspace

where the resulting canonical superspace Lagrangian density is a kinematical functional ,

ie. involving only derivatives 9, ,9_, (Dl)l , (D l-)l of the canonical superfields

(F)I ;_ (D;D, -D,Dj) F)l
(3.3.5)
(D, F)| D; F)|

and their "time" derivatives 0 . above and throughout this section , ( )| always

means ( ) .
02-6%=0
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Each of the canonical superfields in (3.3.5) , generically denoted f, transforms

covariantly under canonical supersymmetry ,
5f=(-¢ Q) +E'Qp|)f " (3.3.6)

while dynamical supersymmetry , i.e. parameters €2, €2, rotates the canonical

superfields and their " time " derivatives amongst themselves . The precise form of the
transformation rules is not essential here and can be deduced straightforwardly from

(3.3.3) and the Weyl representation versions of (3.2.1), (3.2.2), (3.2.3) and (3.2.6) .

The same holds for the transformation properties of the canonical superfields

(3.3.5) under dynamical Lorentz rotations , i.e. the ones associated with parameters v*~

and v*‘. As for the kinematical Lorentz rotations ,i.e. those associated with parameters

v12 and v, it suffices to say that they do not involve any "time" derivatives o o

The identification of the conjugate canonical supermomenta can be done directly
from (3.3.4b) in the usual way : roughly speaking , as the coefficients of the " time "

derivatives of the basic canonical superfields (3.3.5).

We finish this section with two simple examples of what canonical superspace
Lagrangian densities (3.3.4b) look like : in the Weyl representation , with spinor

indices p,y=12,

i) A chiral Minkowski superfield ® , D ﬁ‘b =0 , produces only two

independent canonical superfields (3.3.5),

o = (CD)I and V¥ = i_ (Dpr <I>)| = %(D1>| (D, <I>)| : (3.3.7a)
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where ¢ and Wy are both constrained canonical superfields , since
G| ¢ =By v=0

It is simply more convenient to use Y than (D, <I>)| itself ; one can switch from one to

the other through (3.3.7a) and its inverse
D,®) =-L1L@ +id,)(D) o - L O v . 3.3.
(D, @) = - L@ +id) @[ ¢ - L Bp| ¥ (3.3.7b)
The anti-chiral @ , D, ® =0 , similarly only produces

(<T>)| = ¢ and % (D;DP @) = -;_(I')l-)l (D5 cT>)| =y . (3370

The original Minkowski superspace action integral , as in [3, Wess & Bagger] ,
8 = f&xb d*x d%0 d29 (3.3.8)
reduces to the canonical superspace action integral

s=fl(i>gcp +\TJLw)d4xd@id91 (3.3.9)
242 0. 0.

— m
where 0 =070 _ .
Above , the canonical supermultiplet structure of the propagating and non-propagating

degrees of freedom shows up very distinctively . The fact that the canonical superfields

¢ and y are both constrained , however , does not allow for straightforward functional
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differentiation ; derivatives (Dl)l and (13i)| must be inserted at appropriate places .

ii) The case of the real (abelian) Minkowski superfield V, V=V , does not
have such problem . It produces four real , but otherwise unconstrained , canonical

superfields

(3.3.10)
v = (D,V) 7= (ﬁiv)l

and the original Minkowski superspace action integral , as in [3, Wess & Bagger] ,

3 =f-1_(WP D,V + Wbl—)bV)d“xdzedz'(:) =
4

(3.3.11)
= f (L D.DPVDYD_V + 3™V 3_V ) d*x d%6 d*>®
g P Y m
reduces to the canonical superspace action integral
s=[ 5 (B,00, + %L v,) e e (3.3.12
2«/2( LRI €. c)
where the basic canonical superfield content is encoded in
V =1 DO)dlv + L @,+i0,)d_u
p = L@ v+ L@ +idnd
(3.3.13)
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Above, d_ = %ﬁi)l (Dl)l . Therefore , d_= -\liz'(Dl)I l_)l-)l and

d -d =2ad.
This is very similar in structure to the action integral for an ordinary gauge field v_,

J'-l_vm“vmn d*x = J;_(u;au; + VU U ) d*%

where v = am v, - Bn v, » (=12 and

(3.3.14)

U, = %8mv_m = oV, + E;_-(8\&8_-8[8[)[ -a.v,

Comparing (3.3.13) and (3.3.14), one concludes that the canonical superfields v, 7

correspond to the propagating v [ » that u corresponds to the gauge degree of freedom

v_ and U parallels the Lagrange multiplier v_.
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§ 3.4 The Minkowski Camomical Decomposition

Now we turn to the Minkowski , i.e. orthonormal , coordinates (xo,xj) and again
the question of whether Minkowski supersymmetry (3.2.6c) admits a corresponding

kinematical subclass .

The fact is that no supersymmetries exist , either in real or Scomplex Minkowski
superspaces , which do not involve time shifts 8x0 . Thisis very simply because ¢ 1})
is , in any representation , an invertible matrix ( as opposedto ¢y* , whichisn't);
it can be thought of as the matrix of a non-degenerate spinor scalar product , and therefore
no non-zero set of supersymmetry parameters £* exists such that 5x0=ie® (< Yo)aﬁ of

is null for all possible values of the superspace coordinates 6% .

So, we shall somewhat loosen the sense of " kinematical " and ask instead whether

there exists a subclass of supersymmetries , associated with a foliation of the 0 sector of
Minkowski superspace into hypersurfaces 6. = constant, involving no 8x0 shifts at

least in the model hypersurface 6, =0.

In this sense kinematical supersymmetries do exist but only in Scomplex superspace .

To see this , take real superspace first and consider any foliation of its © sector into

hypersurfaces ( of real codimension 2, say )

1 _ o
91, = Aa BM const. (3.4.1a)

2 _ o _
GT = Ba OM = const.

where the ordinary number coefficients A, B are real ; in real superspace they have
to , since the 63 are real and we want the equations for model hypersurface , A 9:: =
=B o Oﬁ =0 , to make sense . These equations must be solvable for two of the 93 , say

e qu and Of{ , in terms of the other two ; thus, in the model hypersurface 6% = G:T" =0,
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o) =a0l+b0y (3.4.1b)
2 _ 3 4
0, =cO,+d0O

where a,b,c,d are again real numbers .

The supersymmetries parallel to the foliation (3.4.1a) have parameters constrained

by eTl =A o 83 =0, e% =B o ef: =0 ,i.e. satisfying equations identical to (3.4.1b).

Now , we have from (3.2.6¢) and M= ,Ytg that

0_ ..«
8x0 = ie%3,, 60
and therefore , under a supersymmetry along the model hypersurface , (3.4.2))

0_: 2\ 33 . 2 2\ -4 nd . 3 4 4 n3
ox -1(1+az+c)z-:MeM +i(1+b°+d%)e, 6 + 1(ab+cd)(eM9M+eM9M)

Since a,b,c,d are real , as we are in real superspace , it is clear that 5x9 must forcibly be
non-zero , whatever the foliation we consider . And this would still be the case had we

considered hypersurfaces of real codimension 3.

However , what (3.4.2) implies is that kinematical supersymmetries do exist in
Scomplex superspace ; there , the foliation (3.4.1a) can be defined with complex number

coefficients A o’ B o and a,b,c,d so that, from (3.4.2), the general solution to
8x0=0 is

at+b*=-1, c=tb , d=-(a) . (3.4.3)

In Scomplex Minkowski superspace , each solution of (3.4.3) defines a particular
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canonical hypersurface (3.4.1b) along which Scomplex supersymmetry is kinematical .
Yet other canonical hypersurfaces exist : they correspond to foliations (3.4.1a) for
which the model hypersurface equations 9; = 63 =0 can not be solved with respect to
9:( , 913 asin (3.4.1b) but instead with respect to some other pair of coordinates 9:: .
Nevertheless , it is straightforward to show that no canonical hypersurfaces exist with

complex codimension 1.

A particularly simple solution of (3.4.3) is b=c=i, a=d=0 , for which
the corresponding foliation of the 8 sector of Scomplex Minkowski superspace is
parametrized by

1_pnl :n4d 2_n2 :n3 .
E)T=9M-16M R 9T=9M-19M :

thus , Scomplex supersymmetries with parameters constrained by

2=

1_
€ =

1 ;.4 _ 2 .3 _
S€,-1g, =0, eT=¢g, -ig ;=0
preserve the foliation and , in the canonical hypersurface 9% = 8% =0, do not involve

time shifts 5xC.

The canonical representation ( see also the Appendix to § 3 ), with

4)

M

I _ 1,:04 al o _ 1 .
61 O =1 (0, +i6) 5 O =L ©,;-i0
and (344)

COERNCRESTM oo =1 @F-i6)

is thus an appropriate representation to use ; note that we are in “complex superspace and

so 6% and 8% ,E=LII, are totally independent complex coordinates .
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In the canonical representation , a full Scomplex supersymmetry transformation
(3.2.6¢) is generated by (ei Q§ -5 (_2;;) , produces 505 = 5 , 885 =25 and
50 = iElal+efo+glel+glpl) | - (3.4.5)

The basic Poincaré vector field superalgebra (3.2.2) reads, explicitly ,

(non-trivial relations only)

(QpQ} =-2 (P, +iPy) = {QQp)

{QII’QH} =2 (Pl -i Pz) = {QI’QI}

(3.4.6a)
{QI’QII} =2 P3 =- {QI’QH}
{QI’QI} = {QH'QH} =2i PO
and
QI QII QI QH
*

[J129 ] ;_QI -;_QH ';—QI ;—QH
[J13: ] ;—QH ‘I—QI —%—QH _%QI

i i iQ:  -iQ: 3.4.6b
[J23: ] 2—QII —E—QI TQH 5 QI ( )
Do 1 ;—_i ';—Qi] '—;—QI ;—Qn

1 0. .1 0. 21 21
Uyy | g g Lo Lo
[J03, ] 'i(—zn -;_QI %QH ;_QI

plus the usual Poincaré algebra commutators (3.2.2¢) and (3.2.2¢).
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Comment : If we change the Scomplex superspace time coordinate
X0 5 v =x0-i@'e +0lEl (3.4.7)

where (8 gl ol ?)I.[) is a pure soul Lorentz scalar , then a ‘complex supersymmetry
transformation with é’g =0 involves no dynamical shift &t anywhere in the 6 sector of
Scomplex Minkowski superspace , as can easily be deduced from (3.4.5) . This
coordinate change (3.4.7) corresponds , as usual , to a change in the coset-space

parametrization of Scomplex superspace
m _8t0: ip. BEO.
™ P e(eé Q:-05Qp 1 — e(FPo+XxP) eeé Q 85 Q¢ .

So, in Scomplex Minkowski superspace with time coordinate 1, the vector fields Qg

are truly kinematical while the Qg are dynamical .

The overall picture is then the following : within Scomplex Minkowski

superspace , canonical supersymmetry transformations form a subclass of Scomplex

(3.2.6¢) , with parameters €5 free and E5=0. They are generated by (s-:é Qr;) and

produce kinematical displacements
5x =1¢eb (< Gj)gc 8t , 86%=¢s

0

along the canonical , i.e. with 85=0 , superhypersurfaces of constant x- ; above,

0 -i 3 . .
Sec -[ - ] and (0'3.) ¢ are the Pauli matrices .

The kinematical subalgebra of the superPoincaré vector field Lie algebra géo) is
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thus the appropriate ( referto complex (3.2.5)) span of Pj , Q§ , Jij . In fact,

making use of the notation

3 )=( )lé'&:o ,

the vector fields 3Pj , 3Q§ and ¥J jj precisely realize the 3d Euclidean holomorphic
supersymmetry algebra (2.1.1b) . Therefore , the canonical superhypersurfaces in Sg’l

0

with constant x- are copies of the 3d Euclidean holomorphic superspace Sg’o .

Consider now a field theory with Scomplex Minkowski superspace action integral

3 = jL[F] d*x d%0 d29
(3.4.82)

where d%0 = 1 do'de! and 426 = 1 dollde!
2 2

Despite apparences , this coincides with the action integral S in (3.3.4a). In fact,

the Weyl and canonical representations relate in such a way that the full d%0 4?8 is the
same - see (3.4.12). Asaresult, the Lagrangian density that results from the full
integration is essentially the same in (3.4.8a) and (3.3.4a), the sole difference being
that the former is the Scomplex extension of the latter . But since , by construction , they
coincide over the ordinary real number range of the spacetime coordinates x™ , which is
all that matters in superspace action integrals as we have pointed outin § 3.2, we arrive

at the desired conclusion .

Integration with respect to the dynamical 8% coordinates in (3.4.8a) produces

3= f -L ®yb; ) ¢ d'x de'lde! (3.4.8b)
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where the resulting canonical superspace Lagrangian density is a kinematical functional ,

i.e. involving only derivatives Bj , 3D§ of the canonical superfields

(3.4.9)
§o= @ F)

and their time derivatives 80; throughout this section , ( )l always means ( )| 5&-0'

Under canonical supersymmetry , each of the canonical superfields (3.4.9),

generically denoted f, transforms covariantly
5f = (c5 Qf (3.4.10)

while under dynamical supersymmetry ,

59 = -éi(_fl - dlg) + Eﬁ(-fn - dlg)
5fl = &l(-@,-19)g - d'f!) + €1 (-G + 3,9 - d"f1)
Sf1=el(G + 3,9 - d'f) + £ (@, +id,g - d¥fT)

5G = 8 (@, -i0)f + 3, f1 - dlG) + & (@, +id)f' - 3§71 - dl&)
where d5=2i6°9,.

Under a Scomplex Lorentz rotation generated by J i the canonical superfields g

and G transform as scalars , while j& transforms as a 3 dimensional spinor,

I 59 = T;9 3G = T.G

ij
(3.4.11)
5§ = T £& + (3°ij)§§ 5
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where 3°ij =1 [O'i,O'j] and (O'j)éC are the Pauli matrices . On the other hand , under
4

dynamical Lorentz rotations , the transformation laws are , for example ,

To, ! 59 =Jy 9 +;_elf1-;_eﬂj“
8G =]

0 G + _;__(Bljll+aufl) -i@'o, fT - oa,

8" =3, f - 99+ i6'9, g - ;_ena
81 = 5y, 1 + ioyg + 1679, g - ;_ela

where J =x 90 - x_0

In the superspace field theory (3.4.8), the supermomenta conjugate to the basic
canonical superfields (3.4.9) can be identified from (3.4.8b) in the usual way . They

will also transform covariantly under canonical supersymmetry , as in (3.4.10).

The two simple examples of superspace field theories - the free chiral multiplet and

the free abelian vector multiplet - discussed in § 3.3 in the null-plane coordinates , here

go as follows :

Relating the canonical and Weyl representations , one obtains

91=71_(—62+i§i) §I=j_(-§2-iel)
2 2
(3.4.122)

ol=1 (8! +id2) gl=1 gl-ig2
N2 V2

sothar 0'01818" = 91628182 , and
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D=1 @,-ib) By=L ®;+iD)
(3.4.12b)
Dp=1(D;-iDy By=1(Dj+iDy

Relations (3.4.12a) also apply to parameters € and spinors W in general , while

(3.4.12b) apply equally to vector fields Q.

i) A chiral Minkowski superfield ® , D @ =0, satisfies

D:

j® =-iD;®@ Bﬁcb =iD,® (3.4.13a)

and @ , being anti-chiral, D o ® =0 , correspondingly satisfies

D;®=iD;® Dy®=-iD;d . (3.4.13b)

Thus , @ produces through (3.4.9) only one independent canonical superfield , (D)] .
This , as a canonical superfield , is unconstrained , which contrasts with the null-plane
case . Similarly , @ only produces (CT))| . In what follows , though , we shall take as

basic canonical superfields

~ .

0= L(@®)+@)) wd §=L(@-@) . (3.4.14)

From the component field expansion of @ asin [3, Wess & Bagger] , we obtain

I, 1 m, 1 _olgl -
d=A -Llovy +‘/1_29 y - 060 (F-idyA)

R 2

(3.4.15)

~ I i I I I qll .
¢=Al-%6\yl-%6 ot - ole(F +idyA,) .
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There is thus one independent real degree of freedom for each component of the canonical

superfields ¢ and ¢ . By which we mean , not only that the original component fields as
chosen in [3, Wess & Bagger] carry as many real degrees of freedom (8) as there are
components in the canonical superfields ¢ and ¢, but also that those original component
fields can all be locally reconstructed from the components of the canonical superfields ¢
and @, and vice-versa. As aresult, the variational principles applied at canonical
superfield level should be equivalent to (i.e. lead to the same on-shell system
configurations as ) the variational principles applied at the original component field level ,

just as happens with full Minkowski superfields .

Here , the canonical superspace version of (3.3.8) is
3 = J. (i30,0 - 109,80 + 0°A0 + 3°AF ) d*x do'l e’ (3.4.16)

where ‘A=_1 D, D].
2

Note that the canonical superspace action integral 3 above leads to a dynamical structure
similar to the one of an ordinary spinor field y , with the characteristic first order (in d))

coupled differential equations for the pair ¢, § .

ii) A real Minkowski superfield V, V =V | produces through (3.4.9) the four

canonical superfields

u= (V) U= ( (]_)I‘I]_)i‘ﬁi_Dﬁ)V)l

1
2
(3.4.17)

T
I

= (ﬁéV)I
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From the component field expansion of V asin [3, Wess & Bagger] , we obtain
w=[C]+ 0 [Z] +6T[XT] +0l6M [N+iv,]

L(uran) = Livg] - oA + 13201 - oM [AT - 19,1 -
- o'e"[D - 99,C - id,M]

d=[-2]1-6'[M+vy;+i9,C]-6"[v, -iv,] -
-otell 2l + 3 + 837(1]
(3.4.18)
A= [-x0] -0 [v, +iv,] - 6T [M- v, +i9,C] -
-ote 2T + ax™ - 3, %]

Again , there is one independent real degree of freedom for each component of the

canonical superfields u, +, .

The canonical superspace version of (3.3.11) is here

g = J %(-amJamv“ + ;_aozﬁbg(uwAu) +
(3.4.19)

+ 1 vAv + L (U+Aw) AU +A) ) d*x doTT do!
4 4

where v = EDC +.

Note that , this time , the canonical superspace action integral 3 above leads to a
dynamical structure similar to the one of an ordinary vector gauge field v_ : A carry the
propagating degrees of freedom and #, U play the double role of v, , # as the natural
variable for the (partial) gauge fixing analogue to v, =0 and U acting as the Lagrange

multiplier for a constraint similar to & Vo = 0.
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§ 3.5 The Caomomical Superspace Formalism

In the last section , we have described the identification of canonical superspace
within the canonical decomposition of Minkowski superspace , plus the way in which
field theory action integral formulations reduce from full Minkowski superspace to
canonical superspace . Here , we proceed to develop the resulting canonical superspace
formalism , meaning canonical formalism in superspace , as applied to the free chiral

multiplet and the free abelian vector multiplet .

To begin , though , we have organized a Formularium describing , in its first part,
some specific notation and formulae which we have found of practical use in manipulating
spinorial expressions within canonical superspace . An introduction to the two component
notation in the canonical representation can be found in the Appendix to § 3. The second
part of the Formularium presents the basic facts of Poisson bracket calculus in canonical

superspace , including a discussion of Dirac & functions and functional differentiation .

Formularium

Vector indices i,j=1,23 are placed indistinctly contravariantly or covariantly , vi= v,

while contravariant and covariant spinor indices & =11 relate as follows :

Y =- \yn » Y= \yI , the same for dotted spinor indices .

Henceforth , the superscript X ) will be omitted , though still remaining implicit :
D—-D and A-A

9=0,+id, and 9=9,-id,

I 11 I Iy
Dy=-(3 - 8'3 + 8"3,) , Dy =-(3, +6'3; + 6"3)
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DD;=-0 , DIIDII=3_ ’ %{DI’DII}=83

The two differential operators
D = ()% D, and A= ;_Dé Dy = LyDy
reccur rather frequently . The following are useful relations involving them :
Djﬁbka + (jok) = -4m,A
D, Dy = D Dy - 4 A
D;A=-AD; =3,D}, , D°D =-DD, =29,

2= = é j = -
A= AA ajaj , Dj Dlé 6A

Given a general canonical superfield f = A + o'B + 6lCc + 616D

Af=D +6'(3;B+3C) + 6" (IB-9;C) + 6'6"39,A

The free field equations for a (Majorana) spinor y are

(Y’;':‘)QB 0 m \VE =0 or, in two component notation ,

BV = -i @)% AWt B vE = i) 0 T
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Dirac 8 Functions and Functional Differentiation :

i) Of an even variable x

Let f: x—f(x) beaneven orodd valued function.

The parity , i.e. the even or odd character, of f is indicated by the exponent of -DF,
which takes values (-1)%! depending on whether f is even or odd , respectively .
When a sum is indicated in the exponent , it is meant mod2 .

The Dirac " function” &: x = 8(x) is even valued and defined so that

M: 8(x)=08(-x) and @: f(x) = j f(y) 8(y - x) dy

Let 08: x > 0d(x) denote the derivative of 8. Then,

(1) = 9d(x)=-00(-x) and (2) = Of(x) =-I f(y) 9d(y - x) dy

In the proof of (2) = ... above,
we have used partial integration and the fact that &8(y - x) = 93(y - x) .
But what does @’8(y - X) mean , exactly ?

Let z: (xy)—>zXxy):=x-y and Z: (x,y)— Z(xy) ==y -Xx ;
Then, &'8(y - x) denotes &(8°z) evaluated at (x,y) , thatis,

F8(y - x) = (80z) (x,y) = 98 (Z(x,y)) Pz (x,y) = 98(y - x) (+1) = 9d(y - x)
which simply means 98 evaluated at (y - X) .

In the same way , one can deduce
3y -x) = -F(x-y) = 98(y - x)
which is sometimes a useful variable interchange in Poisson bracket calculus .

Let F: f—F[f] beaneven orodd valued functional .
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Functional differentiation is defined as

SF[f] = Lim F[f(y)+€6(y-x)] - F[f(y)]
Sf(x) €0 €

SEG) _ OF o yFpdG

from which follows the Leibnitz rule

5f  S8f
S _ 3 of(y)
d - , —27 = - ,
an 5500 3(y - x) 5500 93(y - x)

where it shows clearly that the operator as the same parity as f.

(%)

It follows that

J fy)gy)dy = g(x) , J. of(y) g(y) dy = - dg(x)

5f( ) 5f( )

where g: x — g(x) isaneven or odd valued function .

i1l) Of an odd variable ©

Let f: ©—>f(0)=a+6b beaneven orodd valued function .

In any case, of =const.=b.
The Dirac function &: 6 — 8(8) is odd valued and defined directly as
o(0) :=
There follows
56) = -5¢6) and £O) = | £6) 50 - ) do

where we have used the standard integration rules J 1d0 =0, je d =1 .

Furthermore , since 33 =const. =1 , we have
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95() = 95(-0) and 9f(®) =- (-1)f J () 95(9 - 0) d .

Along the same lines as before , one obtains here the variable interchange formula
Po(-0) = P8O -0) = 350 -9) .

Let F: f—F[f] beaneven orodd valued functional .
Functional differentiation is defined as

OF[fl _ [i, FL@)+e3(6-6)] - FIf(¢)]

5£(8) e 3
from which follows the Leibnitzrule 2000 = O ¢ (-1)@DF p2S
of of of
3@ _ 3 9f(9) £+1
, —— = (-1)""3%(¢-8
566) 3(¢ - 6) 550) -1 (¢-9)
where it shows clearly that f and the operator have opposite parities .

It follows that

2 [awewrdo = c0Fe® . —— [ afe) @) do = (1) 350

Sf(e) Sf(e)

where g: 0 —g(0) isaneven orodd valued function .

iii) Of the canonical superspace variables X = (i’,_é) = (xi,e"’%)

Let f:X—> f()_f) be an even or odd valued canonical superfield .
8X) = d(xhHsx3)8(x3)s(eHseM)

dX = d3x do! do!
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Composing the individual properties of 8(x) and 6(6) asin i) and ii),
one obtains

8(X) = 8(-X) and f(X) = _[ f(¥) 8(Y - X) d¥
plus also
98(%) = -98(-X) and 98(X) = -3:8(-X)
which we indicate , in general , as

38X) = - 95(- X)

where 0 stands for aj , ag or Dg.
Correspondingly, 9f(X) =- (-1)“’_[ £(Y) 98(Y - X) dY .
The variable interchange formula is here
MY -X) = -F8X-Y) = (Y -X) .

Functional differentiation is defined as before . There follows

the Leibnitz rule S(EG) = OF G + (-1)“’1:61
of of of
wmd B 57z, 2O yeasi.
8f(X) 3f(X)

where it shows clearly that the operator has the same parity as f.

8£(X)

It follows that

o
S(X)

[@e@ et = e® . 2= [ @ s@ a¥ = - 1P o)
Of(X)
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where g: X — g(X) is an even or odd valued function .

Poisson Brackets :

Consider a system described by the basic canonical superfield variables q%, q°
and their conjugate momenta p,, p, - The indices e= 1,2,..N® and 0=172,.N°

enumerate the even and odd valued phase space variables , respectively .

Let F,G be even or odd valued functionals of the canonical superfield phase space
variables (q“,pe,q°,po) . The Hamiltonian H, even valued , is one of such functionals .

The Poisson bracket algebra , which we denote {,}, is defined to be

8G OF
{F,G} : j -y
[ (5q°(Y) 5pe(v) 5q“(v) 3pe (V)

8F &G c 8G
+ (DF — - k(-1 d¥
( 8q° (¥) 8p, (V) 8q° (¥) 8po ) ]

where x=(-1)FC.

In this way , the Poisson bracket algebra has all the standard properties
of a Lie superalgebra , that is

Graded antisymmetry {F,G} = - -1)F®{G,F}

{F.G} + {F,G"}

Graded linearity {F.G+G'}
e{F,G} = {¢F,G} = {F,eG} = {F,G}e

o{F.G} = {0F,G} = (-1)f {F,0G} = (-DF°{F,G}o

where e (respectively o) isaneven (respectively odd ) constant,

plus also the Graded Jacobi Identity
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DY A{L{F,G}} + (D {F{GL}} + (D {G{LF}} =0
where the position of the brackets is always the same ,
the three functionals L,F,G are always in the same cyclic order
and the (-1) parity factors always refer to the first and last of them .
Furthermore , the Poisson brackets satisfy a product rule
{LFG} = {LIF} G + (-DF*F{L,G}

andthus D, : F—{LF} isaderivation, with the same parity as L.

The same appliesto  D;: F— {F,R} ,provided that R is even valued .

Indeed , one other crucial property of the Poisson brackets is

9,F = {F.H}

where a weak equation A =B indicatesthat A and B
differ at most by a linear combination of the constraints .

The chiral multiplet

From the canonical superspace action integral (3.4.16),

S=_[Ld§

with (3.5.1)

L=i¢0y0-i09;0 + 0A0 +$AD

we derive the Lagrangian equations of motion

dy¢ =iA% and 9,9 =-iA¢ . (3.5.2)
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The conjugate momentato ¢ and ¢ are respectively

oL aL

T, = =i¢=7m and = —=-i¢p=T . (3.5.3)
CICR) "5 3@y
There are thus the primary constraints
p=m-i¢p , ¢=T +i¢p . (3.5.4)

The existence of primary constraints as above implies that the Hamiltonian density

H=00MT+@HT-L

is not uniquely determined as a function of the phase space variables ¢, ¢ and T, T ,

one form of H differing from another by a linear combination of the primary constraints.

The general form of # , the so-called primary Hamiltonian density 3{_, is then

H,=-(040+FAF) +2o + 13 =
(3.5.5)
=-0A0-FAF + A(T-i) + X(K +io)

where the Lagrange multipliers A and A are,as yet, arbitrary functions of the basic

canonical superfields ¢, ® and their conjugate momenta T, TC .

The particular choice of a "radical " in the primary Hamiltonian density, which above
was -(0AG + $A Q) ,issometimes referred to as the canonical Hamiltonian

density H .
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For systems without a local gauge symmetry , as is the case of the chiral multiplet , one
particular form of Hamiltonian density assures the propagation of all the constraint
equations , which is an essential consistency requirement in the Hamiltonian description .
To find out what that particular form is , i.e. what is the appropriate choice for the
Lagrange multipliers A, A in the primary Hamiltonian H_ , one evaluates the Poisson
brackets of the primary constraints with the general H, and , in imposing that they

should at least weakly vanish, one obtains equations specifying the Lagrange multipliers .

Sometimes , though , not all such equations can be validated by an appropriate choice of
the Lagrange multipliers , in which case secondary constraints are obtained . The cycle
should then be repeated until a final set of constraints is reached , final in the sense that all
constraints have at least weakly vanishing Poisson brackets with the Hamiltonian . For
systems like the chiral multiplet , with no gauge degrees of freedom , this requires the

specification of all the Lagrange multipliers , and thus of the Hamiltonian density .

The canonical superspace description of the chiral multiplet is , however , rather simple

and the primary constarints are all that is needed .

Indeed , with H, = j H, dX ,

9o = {oH} =2A0 -2i% , 9,9 = {§H} =247 +2id ,

n

from which follows immediatly the complete specification of the Lagrange multipliers ,

A=-iA¢ and A=iAD , (3.5.6)

guaranteeing that the constraint equations @ =@ =0 are propagated through the time
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development of the system . In other words , if those constraint equations are satisfied by
the phase space configuration of the system at some initial time , they will remain so at

each moment in time thereafter .

With the resulting fully determined primary Hamiltonian H_ , in which A and ‘A are as

in (3.5.6) , we obtain the Hamiltonian equations of motion

dy ¢ = {o,H } = iAd and J,T = {Tt,Hp} =A¢d
(3.5.7)
%% ={oH} =-iA¢ and 9, = {TH} =AD

which are , of course , ultimately redundant due to (3.5.3) , and equivalent to the

Lagrangian equations of motion (3.5.2).
Finally , we evaluate

{op ®).pX)} = -2i8(X-X")
to conclude that both the constraints ¢, ¢ are second class .

The canonical superspace formalism of the chiral multiplet is thus , and in all respects ,
parallel to the Hamiltonian description of the original field theory of which it , the chiral
multiplet , is the supersymmetric extension : the (free) chiral fermion , whose ordinary

spacetime Lagrangian density is

=-1 (i 3T + i TE e 9. W
L ?(IWF’(T)QQBOW "'l\l’ém;’g oV® t

+ Y @D Ve - @ T )
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which may be abbreviated as
L=u%(WM%W+Wﬁ%w+w&%w-W@%W).

Indeed , the constraint and propagating structure of the above original field theofy and of
its supersymmetric extension are precisely the same when the latter is formulated in
canonical superspace . In both cases , there are two primary second class constraints and ,
in making appropriate use of the Formularium plus of the component field expansion
(3.4.15) , one can straightforwardly check that , for example , the Lagrangian equations
of motion (3.5.2) for the chiral multiplet do contain the correct component equations of

motion , in particular the ones for the chiral fermion .

The vector multiplet

The canonical superspace action integral (3.4.19) can be rewritten as

3=JLdi

with (3.5.8a)
L=- vﬁé1 v

o3

1
4
where
vo =9 h +_i_D§(‘U+Au)
0 0 2

(3.5.8b)

€ = . §,,i
v, _%(ajvﬁ _;_D v)

and vl ED’};?)C .
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From the action integral 3 above , we derive the Lagrangian equations of motion
= 0 1 j 1 pl C =

=0y + _;_D;;Av - ;_Dgao(‘llhﬁu)) =0

(3.5.9)
Sq = Dg”o‘;’ = aov -iA(U+Aw) =0

Q
1l

A(Sgy) =0 , where vEDC'z};.

The theory is invariant under local gauge transformations which , in the original full

Minkowski superspace formulation , took the form 8V = iy (@ - @) , for some

arbitrary chiral superfield parameter @ . Correspondingly , in canonical superspace ,

du=79
8 = -D% ¢ (3.5.10)
SU = - 2id,0 - AP

Under these gauge transformations , the vmé are invariant . Furthermore , the Bianchi

Identities associated with the two local gauge symmetries ¢ and ¢ are

D5(84)-9,(Sg) =0 and S, =A(3y) .

The canonical superfield u is clearly a spurious variable in the vector supermultiplet : its
equation of motion is superfluous and , moreover, u# could be absorbed in a simple

A
redefinition of U, of the form U — Us=-i/, (U+A ). The gauge transformations

of the remaining fields % and U would then depend exclusively on ¢ .
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Another point of view would be to opt for the gauge fixing # =0, which is consistent
with the Lagrangian equations of motion , and contains the partial "radiaton" gauge

fixing vy =0. Inthatcase, the gauge symmetry would be severely curtailed , but not
fully eliminated . Indeed, an exam of (3.4.15) reveals that the condition ¢ =0 does '

not imply ¢ =0, but only restricts ¢ to be of the form
o=A4,-06"6"FE , 9, A =0 .
This residual gauge symmetry , at component field level , corresponds precisely to

Sv, =-9,A, and M =-F

J R °

We conclude that the partial gauge fixing # =0, which is consistent with canonical
supersymmetry , is thus the appropriate analogue of v, =0 in canonical superspace .
In relation to the standard Wess-Zumino gauge in full Minkowski superspace , which is
also partial but does break full supersymmetry , the gauge fixing #=0 eliminates the

same component fields except for v, , which is also put to zero, and M, which is not.

We now pass to the Hamiltonian description of the vector multiplet in canonical

superspace . The conjugate momenta to 7 and u, U are respectively

__o _
Ty = 8(30”5) =5V T ﬁf;
(3.5.11)
__oL . _ - oL 0=
T, = a(aou) =0=x |, Ty a(ao 0=1I1

There are thus the primary constraints
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o= , O©=1II . (3.5.12)

As a consequence , the Hamiltonian density

H = Q)T + @I T, + QU Ty - L

is once again not uniquely determined . For the canonical Hamiltonian density we choose

H,C = néné - ;_DE(ZHA u)ﬂ:a + ;_vjévJé

and thus the primary Hamiltonian density is

Hp=}£c+k°(p+k°<b=

(3.5.13)
= ngné - ;_Dg(‘u-x-Au)n'& + %vjéng + lq’n + kd,l"[

where A and A_ are, as yet, arbitrary functions of the basic canonical superfields *,
() ]

u, U and their conjugate momenta Ttg , T, IT.

Contrary to the case of the chiral multiplet , though , the vector multiplet possesses gauge
degrees of freedom and , in such case , when the final set of constraints is reached , with
all constraints having weakly vanishing Poisson brackets with the primary Hamiltonian ,
this remains partly undetermined due to the persisting arbitrariness of the Lagrange

multipliers associated with a subset of the constraints , the first class primary constraints .

The canonical superspace description of the vector multiplet , in particular , will
accumulate those features with the presence of a secondary constraint , something that

may occur for all singular systems , gauge and non-gauge , and which we have already
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commented on .
Proceeding as before , we evaluate

- - i 13 - = i
) (p={(p,Hp}=-?A(D Te) . 9@ = {®H} = 7(1)51::‘5)

only to obtain the secondary constraint

X = Déng : (3.5.14)

And when the process is repeated , we find that the Poisson bracket of X with H

weakly vanishes identically ,

SH

9% = {X.H,} = -D5( 67;) =

_ i ¢ - ¢ -
=2_33D¢(a’e§§ D Dy ) v* = (0)v° = 0!

dueto Db ng =2 aj . The propagation of the constraint equations ¢=0=X=0
therefore requires no specifying conditions on the Lagrange multipliers X@ A o Lhey,

and with them the primary Hamiltonian H_ , remain undetermined .

First class constraints , primary or secondary , are those which have identically zero
Poisson brackets with all constraints . Since , by definition , each constraint is invariant
under the canonical transformations generated by first class constraints , these do not lead
off the constraint surface , the region of phase space defined by the constraint equations ,

and they are thus of particular relevance in the case of singular systems .

In the case of the vector multiplet , the Poisson Bracket between any two of the
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constraints @, ®,X isclearly identically zero . Therefore , they are all three first class
constraints . The canonical transformations that they generate have the form

(non-trivial transformations only)
su=-{fOg,u} =1

5, U=-{[®,U} =1, (3.5.15)

[

5, =-{J]ox.P}=-D5,

i

where the Lagrange multipliers 7\." »A,»A, play the role of independent arbitrary

parameters . The original gauge transformations (3.5.10) are thus contained in the
above canonical transformations generated by the first class constraints , a standard
(though not necessary) feature in the relation between the Hamiltonian and Lagrangian
descriptions of gauge freedom . This relation is generally somewhat ellusive and the
interested reader is recommended to the discussion in [5, Sundermeyer] , page 89

(generalities) and 134 (the case of the electromagnetic field) .

With the primary Hamiltonian H_, we obtain the Hamiltonian equations of motion

n
o

80 U= {u,HP} = 6@ u and aon

n

{r.H }

n
o

mn

9,U={UH} =8 U and J,IT= {[LH}

(3.5.16)

3, = {(FH} =275 - ;_D’i(u+Au)

and

e = (M H,} = 2_33(31.1;1& + ;_D'gDCij) = ;_(ajaj % + ;_DgAv)
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which , together with the constraint equations @=® =X =0 , are equivalent to the

Lagrangian equations of motion (3.5.9).

It is once again the case that the canonical superspace formalism for the vector multiplet
essentially parallels the Hamiltonian description of Maxwell's theory of the
electromagnetic field , of which the vector multiplet is the supersymmetric extension .
The structure of the action integral is evidently similar in both cases , and in both one
finds primary and secondary first class constraints of respectively the same types .
Also , the component content of the canonical superfield equations of motion is once

again correct .

True that , in the above canonical superspace description of the vector multiplet , one
finds two primary constraints of the type T = 0, instead of the single one in Maxwell's
theory , 70 =0. This is due to the presence of the spurious canonical superfield variable
u, which collects all the lower dimensional and gauge dependent auxiliary degrees of
freedom , indispensable for full supersymmetry but , as we have pointed out , not so for
canonical supersymmetry . Indeed , if one chooses to incorporate « in a redefinition of
U, the analogy between Maxwell's theory and the vector multiplet in canonical
superspace becomes absolute . Otherwise , the canonical superspace formalism with both
u and U present resembles somewhat the null-plane description of the electromagnetic

field, where v_ and v_ play respectively similar roles (see end of §3.3).
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§ 3.6 Summary amd Comclusions

We have examined how the 3+1 canonical decomposition of Minkowski spacetime

can be extended to N=1 Minkowski superspace .

For that purpose we have introduced Scomplex Minkowski superspace Sg'l ,a
type of complex extension of the usual or real Minkowski superspace S;’;'l which
contains it in a natural way : Sg'l corresponds to the real sector of Sg’l , whose
coordinates (xm,eﬁ) take their values in the subalgebra X c of all real " bodied ", but
complex "soulled" elements of an infinite dimensional complex Grassmann algebra X .
It was shown that the analysis on X is identical to theoneon X_, the real sector of
X , and the functional extension formulas plus their implications for superspace field

theories were discussed .

In the null-plane case , the dynamical parameter being x*, real Minkowski
superspace does accommodate a canonical foliation into superhypersurfaces of constant

x*, 82,82, each of which with two real © coordinates , represented by 0!, Bl .

When the dynamical parameter is x¥, however , the superhypersurfaces must have
four real 6 coordinates - so that 9?3’0 and/or Spin3 can be represented on them -
which is as much as for full real Minkowski superspace itself . Here , the way to achieve
a canonical decomposition of Minkowski superspace involves considering not the usual
orreal 3 dimensional Euclidean superspace Sg'o , but instead the holomorphic version
S ?]'O associated with the holomorphic supersymmetry algebra (2.1.1b), and which
therefore has two complex coordinates 0%, E=LII. The canonical decomposition
consists then in identifying in Scomplex Minkowski superspace Sg'l an appropriate one

parameter family of constant time superhypersurfaces , each of which is a copy of Sg’o .

Finally , we have discussed in two simple examples , the chiral and the abelian

vector supermultiplets , how the canonical decomposition can be used to identify the
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canonical superfield variables of a superspace field theory in a way which preserves the
manifest realization of canonical supersymmetry . The method is based on decomposing
each general 4 dimensional scalar superfield into three canonical superfields : two 3

‘dimensional scalars and one 3 dimensional spinor .

Encouragingly enough , we have found for both the test models above that their
Hamiltonian structure in canonical superspace explicitly reproduces the Hamiltonian
structure of the ordinary field theories of which they are the supersymmetric extensions .
To achieve this , the formalism keeps some time derivatives inside the basic canonical
superfields - see for example (3.4.15) - but only , it seems , up to an order for which
they can still be expressed as the momenta conjugate to the basic component fields in the
supermultiplet . Even though this mechanism may still require some further
understanding and/or refinement in cases where component fields of mass dimension less
than 1 are present, as in the vector supermultiplet , it clearly has the merit of not
producing undesirable higher derivative theories (in d,) at the canonical superfield

level for the supersymmetric extension of perfectly well behaved ordinary field theories .

Although we have dealt exclusively with flat superspace , a vector space , there
should be no serious obstruction to the Scomplex extension of non-trivial real
supermanifolds ( here , by " supermanifold " we implicitly mean smooth DeWitt
supermanifold , as also " manifold " will stand for smooth manifold ) : the standard
extension construction of all real supermanifolds over a particular ordinary or body real
manifold M - see for example [4, Rogers 1985] and references therein - essentially relies
on the way the original transition functions uniquely extend from the real line to Réo) ,
and this would work as well for Réo) ; therefore , we expect every real supermanifold to
be the real sector of a corresponding unique Scomplex supermanifold . In particular,
then , the methods of canonical superspace analysis developed in this work should be

applicable to superspace supergravity theories with non-trivial body manifolds , as long

as these admit a canonical decomposition themselves .



- 145 -

Appendix to § 3

MNion =diag (-1,+1,+1,+1) , {‘Ym,’yn} =2 Mmn I , mn=0123
Majorana representation (M) , real orthogonal
10 — 10
0 -1 0 -1
both ¢, and ¥ =| _; o V= o
I_O 1 1 0
w_| 10 —l Y 0-1
N “L 0 1‘| =1
10 0 - .
— m M _ o _ M.
am = 9d/ox , aa = a/aeM = -(aa)
In real superspace (only) (93)* = 6;‘
Weyl representation (W), complex unitary
1 -ii -1
i 111

Change of representation (M) — (W) via complex unitary matrix Q=1 Laiil
2 -1 -i i

-i 11 -

Ql =Qf detQ = 1

0 -i

S oi | ™ 70'[11 ] YJ'[-

-i0

. . 1 -i 1
where O'j , j=1,2,3 , are the Pauli matrices [1 :l R [i ] , [ _1:|
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Two component notation in the Weyl representation , as in [3, Wess & Bagger] :

The identity 1 is grouped with the Pauli matrices S; in the 4 dimensional Pauli matrices

= 1 = . . *
(c,) oy = (1, S; )  whose complex conjugates are (G, ) by = (o) 0 Y)

where p,y=1,2 and the following general notational rule is employed :

Rule t
" Complex conjugation interchanges barred and unbarred , dotted and undotted " .

Spinor indices are lowered and raised , always on the left , with

01

0 -1
= PY = pT =8P .
€y [1 0] and € [-1 0] , sothat € er, y

Thus  y, = epYuﬂ , Y= e""\vY and P A==V, AP

Exactly the same applies to dotted spinor indices ,

i E.. = £PY _ £PY
ie. EPY EPY and € ghi .,

Thus , in particular , one can show that (Bm)pY = gPT MM (G, in = (1,- S; )

The basic four component index structure of the Dirac matrices , (Yx)aﬁ ;

is replaced by

YW = [ i(Gm)P"/}
m i(‘('fm)bY
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and correspondingly
Gw -0
1
2 0
o Ll % [ o]
= —_ . =
w 3 al .
6} 8 L o _I
4 =2
- 0, - L 9~

p¥ = [p¥ oy p¥p¥] - [p, o, B; B; ] = [p° ﬁb]‘

Idem for parameters € and spinor fields y in general (same as for 8 )

and for vector fields Q (same asforD).

. a1
Since Gg—(Q )& eg ,

B
the coordinate change 6:4 , 61\24 , 63{ , 9:'{ — -9%,0',08!,82
has Jacobian matrix

J, = Q! andthus det J, = 1

It follows that

0l62030! = (-6%0'8!0?

M MM

4  _ 1a4 103 402 1al _ 482 48l anl ar a2y — 258 12
d'e, = d6*de3de2de! = do°de'de’d(-6%) = -44’64d%

= p Y = - 9/98P
ap = 0/06 , (8p) 0/09

In real superspace (only) (8P)* = g
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Canonical representation (C), complex unitary (not the Dirac rep.!)

1010
. . . . 0101
Change of representation (M) — (C) via complex unitary matrix H=‘11_ 0 -i0i
2 -
-i0io0
H! = Hf detH = 1
0 -i 0 i
io -i 0 o;
S = 0 i and ’ﬁ)= 0 -i fi= G.X
. : J
-i0 io

Two component notation in the canonical representation :

The Pauli matrices o; are given the index structure (crj)gC , where EL=1]II .

Accordingly , the complex conjugated Pauli matrices O'j* have index structure (Bj)gé .

Furthermore , we define

The conventions to lower and raise spinor indices are identical to
the ones in the Weyl representation , that is

Ea;;[?ﬂ and S&E[Ol] . ey = 85,

Wzg:egg“’g ’ \V};:eéc\l’c . YRR ='W§7‘-§

and idem for dotted spinor indices .
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The basic four component index structure of the Dirac matrices , (yl‘]?])o‘B s

is replaced by

ity @)%
[l ' :
iT (6_]) c

and correspondingly

— 1 = — ] =
eC 0

2

eC

3 3

6 6

Leg_ | it

D¢ = [pf o p§ bS] - [p, D -B; -B;] = [Dg -1')&]

Idem for parameters € and spinor fields y in general (same as for 6)

and for vector fields Q (same asforD).

Since 6% =(H™)% 08 |
the coordinate change 9:4 , 93 , 93( , 9;‘{ - ol e, 8!, 8"
has Jacobian matrix

_ r-1 _
J. = H™ and thus detJC =1

It follows that

el 62 63 e:; = eI eIIgIéII

M M M

an 4 113 102 anl =1 45l all 4l _ 25 12
d‘e, = do; do3 de2de! = aodp'de"de' = -44%6 d%
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From the Pauli matrices (Gj)éc , We construct

~
QA
~—
gy
e
1
|
T 1
[
—
—
—
| e
\
—
[
—
—_
) 1
p—t
—
| S |

ey (9
yoT ECX("j)gx - :1-1] : [-i -J ’ 1 -1]

e (ol = [1 1: , [_i‘] , [1_1] :

Thus, (Gj)éc and (o-j)€C are symmetric matrices and

a

Iw
e
|

~

Q.

e
i

€ex ("J‘)XC

the (csj)gg correspond to the Pauli matrices transposed :

@ =y, (©)F=)% ., ©@)=©)% .

= 9/006% 3.) = - 9/08%
ag_ 0/08> (aé)— 0/09

In real superspace (only) (89)* =85
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