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Abstract

An adaptive high dimensional model representation (HDMR) is used to decompose the
response parameter kg into a superposition of lower dimensional subspaces which are
in-turn projected on to a polynomial basis. These projections are evaluated using an
adaptive quadrature scheme which is used to infer the polynomial orders of the basis.
The combination of adaptive HDMR and adaptive quadrature techniques results in
a sparse polynomial expansion which has been optimised to represent the variance of
the response with the minimum number of polynomials. The combined application of
these techniques is illustrated using UOX and MOX pin cell problems with evaluated
nuclear covariance data. We show that this approach to calculating the variance in kg
is an order of magnitude more efficient when compared to Latin hypercube sampling
with the same number of samples for problems involving up to 988 random dimensions.
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1. Introduction

In recent years there has been significant interest in developing computationally ac-
curate, yet efficient, uncertainty quantification methods that can model both small and
large parametric uncertainties. The polynomial chaos method has attracted significant
interest as it can model both small and large parametric errors whilst also being com-
putationally efficient, accurate and able to be applied to a very wide range of physical
problems. This technique has been used for a variety of applications including reactor
physics [1, 2, 3] and neutron transport [4, 5, 6, 7]. This paper aims to determine the
computational accuracy and efficiency of polynomial chaos methods when applied to
uncertainty quantification in nuclear criticality problems. More specifically, this paper
focusses on the determination of the uncertainty of the effective multiplication factor
(kesr) due to uncertainties in the microscopic neutron cross-sections.
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The technique known as polynomial chaos was originally proposed by Wiener [8].
In this approach, a random process is expanded using Hermite polynomials in terms of
Gaussian random variables. This work was later generalised by Xiu and Karniadakis [9]
who associated an optimal polynomial basis from the Askey scheme to the probability
weight of the underlying random process. The statistics of the random process are cal-
culated directly from the coefficients in the polynomial chaos expansion (PCE). The
PCE coefficients can be determined using one of two ways. The first is the intrusive
approach. Here the random process is replaced explicitly in the governing equations
with a PCE. A Bubnov-Galerkin projection is then performed yielding a set of coupled
equations for the coefficients, see [10] for a complete description. The second is the
non-intrusive approach which is performed either by projection [11] or regression [12].
The non-intrusive approach is the method we adopt here since it requires no modifica-
tion to existing modelling codes. In the non-intrusive approach the PCE is computed
by strategically sampling the space of all the uncertain inputs in a similar manner to
Monte Carlo approaches but at prescribed collocation points in stochastic space.

The number of polynomials, N, in a PCE depends upon the number of random
dimensions, M, and the order of the polynomial expansion, p, as follows:

(M + p)!

Ny 1=

(1)
As we can see from Eqn.(1), the number of terms increases rapidly with M and p.
There are some techniques which a-prior: reduce the number of terms N,. One such
method, known as a low rank set [13], limits the number of multivariate polynomials
in the expansion. i.e. only bi-variate or tri-variate polynomials would be admissible.
This approach does not converge to the true model response as p — co. For example,
considering only bi-variate terms would exclude all tri-variate and higher interactions.
Another method computes a so called hyperbolic set [13]. This approach restricts the
polynomial order p to below a hyperbola which reduces the growth rate of N,. As
p — oo the hyperbolic set converges to the true response. The success of both of these
PCE construction methods relies upon prior knowledge of the random process. If the
structure of the process is unknown, then these constructions may be inefficient.

As we have mentioned, it is the non-intrusive approach that we adopt in this work.
More specifically, we will be using the projection based approach. Here the random
process is projected onto each polynomial basis in order to calculate the expansion
coefficients. This projection involves an M dimensional integral which is most com-
monly performed using a quadrature scheme. The immediate approach to building a
multidimensional quadrature is to use a tensor product of one dimensional quadrature
rules. However, this results in the computational effort increasing exponentially with
M. This exponential dependence was alleviated to some extent by using a sparse grid
construction method [14]. However, this approach has no knowledge of the structure
of the function being integrated and may ultimately be inefficient and/or inaccurate.
The sparse grid construction was later generalised by Gerstner and Griebel [15, 16]
and combined with an adaptive strategy which iteratively builds a set of integration



points in multidimensions. This generalised construction optimally integrates a func-
tion and can be used to infer its structure. As such, it has been used by Gilli [17]
to build a sparse polynomial chaos expansion. In this approach the structure of the
function inferred by the adaptive quadrature scheme has been used to calculate the
polynomial basis required for each dimension and between combinations of dimensions.

In the work by Gilli [17], the number of dimensions of each sub-grid in the sparse
grid construction was increased iteratively until an error threshold was met. In this
work we use an alternative but analogous procedure known as high dimensional model
representation (HDMR) [18, 19, 20, 21, 22, 23] to describe the multivariate interactions
in the integrand. The HDMR method is used to capture high dimensional relationships
between input and output model parameters using a hierarchical expansion of increas-
ing dimension. If the cooperative effect of many input parameters upon the output is
weak then the HDMR provides a very efficient representation of the system response
allowing the integrand to be expressed using only low order component functions.

For some engineering applications [22] it is stated that component functions of
order 3 or greater are negligible but this is obviously problem dependent. To tailor
the truncation of the HDMR expansion to specific problems, adaptive strategies have
been used [24]. The adaptive cut-HDMR expansion has also been used for problems
with a discontinuous response function [25] where an adaptive sparse-grid quadrature
method was used to compute the HDMR component functions. The adaptive quadra-
ture method used a local hierarchical basis combined with the Smolyak algorithm. The
statistical moments were calculated directly from quadrature hence the solution was
not projected onto a polynomial chaos basis.

In summary, the objectives of this work are to use an adaptive HDMR technique
to identify all of the important dimensions and interactions that contribute to the
uncertainty in keg. The component functions in the HDMR expansion will be evaluated
using an adaptive quadrature rule. This will in turn be used to indicate the order of
polynomial basis required in the construction of a PCE. The aim of combining these
three techniques is to build a sparse PCE in M dimensions that accurately represents
the uncertainty in k.g whilst minimising the number of model evaluations in the non-
intrusive approach.

2. Description of the Problem

In this work we are concerned with determining the uncertainty in the calculation
of keg due to the presence of uncertainties in the input nuclear data. The calculation
of keg involves the solution of an eigenvalue problem; the eigenvector in this case
describes the distribution of neutrons in space, angle and energy. As such, appropriate
discretisations of the space, angle and energy variables must be performed for the
problem to be amenable to numerical solution. The energy variable is discretised using
the multi-group technique [26] and upon application of this, the eigenvalue problem



for keg is written as [27]
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where
e (2 is the direction of neutron travel.

7 the spatial position of the neutron.
14 is the angular neutron flux in group g.

Yty and Xy, are the total and fission macroscopic cross sections in group g re-
spectively. X 54 is the differential macroscopic scattering neutron cross section
from group h into group g.

7 is the average number of neutrons produced per fission and is expressed by
V=U,+ E Vid
i

where v, is the average number of prompt neutrons produced per fission and
U, q 1s the average number of delayed neutrons from delayed precursor group ¢
produced per fission.

X is the steady state fission spectrum and is expressed as

X = ll—zl:ﬁi

where f3; is the fraction of fission neutrons emanating from delayed precursor
group 4, Xp is the prompt neutron fission spectrum and x; 4 is the delayed fission
spectrum from precursor group .

Xp + Z 51’Xi,d

The deterministic nuclear criticality (keg) calculations have been performed using a
code based upon the second-order even-parity form of the neutron transport equation.
This code is called EVENT and employs a geometry conforming finite element dis-
cretisation of the spatial domain and rotationally invariant spherical harmonic basis
for discretising the angular domain [28].

To model the uncertainties present in the nuclear data, the variation is represented
parametrically using a set of independent, identically distributed (IID) random vari-
ables £€(0) = {&(0),&(60),...,&m(0)}. Here 0 is a random event belonging to the
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probability space of & and M is the total number of stochastic/random dimensions in
the problem. In this work it is assumed that the uncertainties are in the microscopic
neutron cross-section data and any uncertainties in the number densities, associated
with the macroscopic neutron cross-sections, are negligible.

The uncertain nuclear data parameters considered in this work are now represented
as sets of random numbers describing the uncertainty of that parameter in each en-
ergy group. For example, the total cross section is the set ¥;(r, &) = {X;4(r,&);9 =
1,--+,Ng}. The nuclear data are thus a random process [29]. If all of the random
variables in a random process are uncorrelated, then the set & of standard variables
may be defined in the same probability space as that input field. If, however, the
random variables in a random field are correlated then & must be defined on a Gaus-
sian probability space. For non-Gaussian correlated random fields this necessitates a
transformation to the Gaussian field. These transformations will be discussed later.
For the moment we focus on the representation of a Gaussian field in terms of the set
of IID standard Gaussian variables &.

2.1. Modelling Correlated Uncertainties

We assume that all of the random processes in this work are real valued and indexed
by E on the bounded domain I' € R*. The symbol E denotes the piecewise continuous
energy variable and I' is the domain of allowed energies. For any fixed value £ € T,
the function X(F;-) is a random variable. For a fixed event 6, the function (-, £(0))
is called a realization of the random process. All realizations (-, §) are assumed to be
in the Hilbert space Ly(I") and all random variables are assumed to be in the Hilbert
space Lo(©, B, P). The second assumption implies that all random variables have a
finite variance.

The mean value in energy group g of a random process describing the uncertainty
in the nuclear data is defined as

S, = / S(E,.€) pl(€)d
— E[S(E, £ (3)

where p(&) is the joint probability density function for the random variables & and the
expectation operator E[-] is defined as

E[]= /@ -p(€)d€ (4)

For the case of independent Gaussian random variables with zero mean and unit vari-
ance, the PDF is defined as follows

p(€) = lﬁ \/127 exp {—%6?} (5)
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For any two random processes ¥, %' € Ly(©, B, P) x Lo(I') the covariance between
energy groups g and h is defined as follows:

Coves(By, En) = E [[2(E,, €) — S[Z (B, €) — 5] (6)
We may also define the relative covariance

COVEE/(EQ, Eh)

I'COVEE/(EQ, Eh> = ——
g X

and the correlation
COVZZ/ (Eg, Eh)
VEDRVESA

pEE’(Eg’ Eh) =
where the variance vy, is defined as

vs, = E [¥*(E,, §)] - (9)

If the random processes 3, ¥ comprise a sum of other random processes in energy,
namely

Y= Z&iai Z/ = Zﬂjbj (10)
i J

where the sets {a;} and {b;} are random process and «; and (; are deterministic
coefficients, then the covariance defined in Eqn.(6) is written as follows

COVEE/(Eg, Eh) = Z Z OfiﬁjCOVaib]. (Eg, Eh> (11)
i

2.1.1. The Karhunen Loéve Fxpansion
For a random process indexed on a bounded domain with finite second order mo-
ments (variance), we may expand as follows [30, 31]

N (Ey,0) = ig + Z \/)‘_iq)i(Eg)fi(e) (12)

here 3, is the mean value of the random process at energy E,, as defined by Eqn.(3),
and M is the number of random variables in the random process. The random process
has been split into a deterministic function of energy and a random component which
has been expanded using the following parameters: ®;(E) which describes the modes
of variation as a function of energy, A\; which describes the magnitude of each mode and
& ={&, -+, &y} which is a set of independent random variables. The values \; and
®,(E) are the eigenvalues and eigenvectors of the covariance matrix and are solutions
to the following matrix equation:
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The expansion in equation (12) is optimal in the mean square sense. This means
that when truncating the expansion after a number of terms Mgy < M the resulting
approximation of the random process minimizes the mean square error. This error
decreases monotonically with the number of terms retained in the expansion at a rate
that depends on the decay of the spectrum of the covariance matrix C. The higher
the rate of spectral decay the smaller the number of terms needed in the expansion.
Specifically, the number of terms to achieve a specified error threshold depends on the
correlation structure of the random process. The more correlated the random process
the smaller the number of terms needed to achieve the desired threshold. Conversely,
if the random process is poorly correlated, a higher number of terms is needed.

The random variables in equation (12) can be found using the following expression:

1
&= / S(E,€)0(E)dE (14)

where it is straightforward to show that the variables &; have zero mean and are mu-
tually uncorrelated, namely

El&] =0  E[&&] =i (15)

where §;; is the Kronecker delta. However, even if the variables are uncorrelated, they
are only independent for the case of a Gaussian process.

2.1.2. Transforming to Uncorrelated Standard Gaussian Variables

For the uncertainty quantification methods used in this work we must transform
the set of correlated multi-group parameters, which we denote by ¥ = {3(E,,0);g =
1, Ng}, to a set of uncorrelated standard Gaussian variables €. The transform from
non-Gaussian correlated variables to uncorrelated standard Gaussian variables is de-
noted as follows & = T'(X) with the reverse transformation defined as ¥ = T—!(¢).
These transforms are generally non-linear and may be calculated with one of the fol-
lowing: Rosenblatt [32], Nataf [33], or Box-Cox [34]. To avoid these complicated
transforms, which often require numerical treatment, we assume that the correlated
variables 3 are either Gaussian or log-normally distributed. In theses cases closed
form expressions for the transform 7" and its inverse can be found.

It is a well known fact that a linear combination of Gaussian random variates is

itself a Gaussian variable. In this case the inverse transform 7! will simply consist of
a shift and a scaling of the set of standard Gaussian variables &, namely

Si =i+ > Ly (16)
J

here L is a coefficient matrix formed from a decomposition of the covariance matrix of
the variables ¥ and u; = E[X;] is the mean value of the Gaussian random variable %; .
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Using the Karhunen Loéve expansion from Eqn.(12), the components of the coefficient
matrix L;; are given by

Li; = V/Ni®:(E;) (17)

If we now assume that ¥; and &, are log-normally distributed then we may transform
back to the space of Gaussian variables by taking logarithms. Using this fact and
Eqn.(16) we may now write

(%) = pi+ Y L In(&) (18)

or alternatively

Y, = exp (,ui + Z L. ln(fk)> (19)

k=1

In Eqns.(18) and (19) p; is the mean value of the parameter in the space of Gaussian
variables and L is the coefficient matrix in the space of Gaussian variables. Since
In(§) are Gaussian distributed, we note that Eqn.(19) is the inverse transform: ¥ =
T~1(In(¢)). In order to use Eqn.(19) we must calculate p and L from the known mean
and coefficient matrix in the space of log-normal variables. We denote the covariance
matrix in the space of Gaussian variables and log-normal variables as C™) and C'“N)
respectively. The covariance matrix C™ can be calculated from C*V) using the
following

(LN)

(N) ij
CV =1In [—E[Z +1 (20)

Y B3]

Once the covariance matrix C™Y) has been obtained, the mean values of the Gaussian
process may be found with the following:

E[%;)?
Y + E[x]

p; = In (21)

It is important to stress that the transform in Eqn.(20) is undefined for values of
(EN)

R RS S L
2.1.3. Calculation of statistical moments via Latin Hypercube Sampling (LHS)

Once an appropriate representation of the random input parameters has been con-
structed, what remains is to calculate the uncertainty in the response parameter; which
in this case is keg. One of the simplest and most robust techniques for performing this
analysis is the Monte Carlo sampling method. Here the input parameters are randomly
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sampled according to their probability distributions and a value of k.g calculated for
each realization of the input parameters. The statistical moments of this ensemble
of response values can then be used as an approximation of the mean and variance
due to the input uncertainty. The advantage of this approach is that the convergence
rate is independent of the number of random dimensions in the problem. The down-
side, however, is that Monte Carlo sampling will require a large number of samples
to achieve a good representation of the statistics of the input parameters. Combining
this with a long execution time for each k.g calculation makes this method undesirable.

An improvement to the basic Monte Carlo method is the Latin Hypercube sampling
(LHS) method [35]. In this method each dimension is split into d equiprobable intervals
forming a vector of possible samples. Each of the M vectors is then randomly shuffled.
Pairing all M vectors then forms a set of equiprobable sampling locations distributed
across the M dimensional space. Thus the number of samples is equal to the number of
partitions d. This technique has been extensively used for uncertainty quantification in
many fields for several decades. For a thorough review of applications and the history
of the development of LHS see [36].

2.2. Nuclear Data Covariances

The uncertainties in the nuclear data are tabulated in an evaluated nuclear data
library in the form of covariance matrices. For these data to be compatible with a
reactor physics or criticality code, the file must be processed using a nuclear data
processing code such as NJOY [37]. For the case of a deterministic criticality code,
which uses the multi-group scheme, NJOY performs the necessary tasks to produce
group condensed uncertainties in the form of covariance matrices. The covariance li-
brary used in this work was very much a “test” library compiled from various different
nuclear data evaluations such as: ENDF/B-VI.8 ENDF/B-VIL.0, JEF-2.2, JEFF-3.1,
JENDL-3.3 and TENDL-2008. The library was produced with three group schemes:
3, 9 and 26 energy groups.

The covariance matrices available in the library were produced for each available nu-
clide (MAT number in ENDF format) and for every available reaction for that nuclide
(MT number). NJOY also produces covariance matrices for the mutual covariances
between reactions. However, no data is present for any potential correlations between
nuclides which are therefore assumed to be independent.

The covariances are produced at infinite dilution, which means that the weighting
spectrum does not include any effects of resonance absorption. Not considering these
effects in the calculation of the covariances means that the uncertainties are overes-
timated. This is due to the damping effect that the resulting flux depressions from
resonance absorption have on the multi-group constants. In an attempt to account
for this, we made the assumption that the shielded and un-shielded covariances have
the same relative uncertainties. In other words, the relative covariances produced by
NJOY (see equation (7)) are used and re-normalised using mean values which have



been corrected for resonance absorption.

The mean values of the multi-group nuclear data were generated using the reactor
physics code WIMS [38]. The Method of Characteristics code CACTUS [39], which
is a part of the WIMS code suite, was used to condense the 172 group WIMS data
library to the 3,9 and 26 groups required for the EVENT calculations. The subgroup
method was used to calculate the effect of the resonance absorption for U235 , U238
and Pu239; for all other nuclides equivalence theory was used [40].

As we have mentioned, the covariances are produced per reaction per nuclide;
this may not, however, correspond directly with the reaction cross sections used in
a criticality code such as EVENT or CACTUS. Thus we must define the relationships
between the reactions output by NJOY to those used in the reactor physics code and
process the covariance data accordingly. The microscopic absorption and scattering
cross sections for a given nuclide are defined in CACTUS and EVENT as

0, =05+ 0, (22)
Oy = Oc + Oip + 209, + 303, (23)

where we have defined the total capture cross sections o, as

0. = Z Oc; — Oop, — 203, (24)

From the definition in (24) we can see that the total capture cross section is equal
to the sum over many capture reactions such as (n,p), (n,d), (n,t) etc. For the sake
of simplicity, and to minimise the amount of data that needs to be processed, we only
consider the following MT numbers:

(n,n) : Elastic scattering o, (MT=2)
(n,n’) : Inelastic scattering o;, (MT=4)
n,2n) : Production of two neutrons oy, (MT=16)
(n,3n) : Production of three neutrons o, (MT=17)
(n,7) : Radiative capture o, (MT=102)
(n, f) : Total fission oy (MT=18)

nu-bar : Average total number of neutrons per fission 7 (MT=452)
The total capture cross section is now reduced to the following:
O =04 — 02y — 203, (25)

We may now use Eqns.(22), (23) and (25) to produce appropriate covariances for
use in calculations. This can be achieved using Eqn.(11), for example:

Covio., o¢] = Covio,, of] — Cov]oae,, o¢] — 2Cov|[os,, 0f] (26)
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A final covariance matrix for each nuclide, which we denote C is produced detailing the
covariances of each reaction and the cross covariance between reactions. The symmetric
matrix C' has the following form:

Covlo.,0.] Covlo.,os] Covlo.,os] Covlo.,7]|
Covlos, 0. Covlos, o] [ v

—

ovios,o¢] Cov]os, U
Covloys,0.] Covloys,os] Covios,or] Covioy,?]
Covlp,0.] Covlp,os] Cov[p,of] Cov[7,7]

C:

QQ

(27)

Examples of matrix C', normalised to give correlations, are given in Fig.(1) for U*® for
the microscopic unmodified NJOY data. Here we can see that the 7 data is completely
independent of all the reaction cross sections.

The eigenspectrum of the covariance matrix C defined above has been computed

e W
[ | [ | ) n
A% T LS

3 Group 9 Group 26 group

-1.00E+00 -6.00E-01 -2.00E-01 2.00E-01 6.00E-01 1.00E+00

Figure 1: Correlation matrix C from Eqn.(27) of U?3® for 3, 9 and 26 groups.

for hydrogen, Pu®?, Pu?*?, U?% and U?3®. These eigenspectra have been normalised
and are plotted in cumulative form in Fig. (2). From this figure we can see that the
eigenspectrum of hydrogen, H, decays very quickly and the majority of the variation
may be expressed with the first eigenvalue. This is in contrast to U?*®, for example,
whose eigenspecturm has a much lower rate of decay with a much lower proportion of
the variation contained within the first eigenmode.

3. Polynomial Chaos

One approach which has been widely used in the past few decades for uncertainty
quantification is the method of polynomial chaos. This technique approximates the
response of a model due to random input parameters using a spectral expansion of
orthogonal polynomial basis functions. The basis functions are known as polynomial
chaoses and are defined in a suitable finite dimensional basis. The spectral expansion
of the random model response is known as a polynomial chaos expansion or PCE.
The original polynomial chaos method, also termed homogeneous chaos or Wiener
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Figure 2: Cumulative graph of the eigenspectra of H, Pu?3Y Pu?4?, U235 and U?3® for the covariance

matrix defined by Eqn.(27). There are 26 energy groups for each reaction and nu-bar. Only the first
30 eigenvalues have been plotted.

chaos, was first developed by Wiener [8]. Homogeneous chaos is used to expand a
second order random process in terms of Hermite polynomials using Gaussian random
variables, namely

X(:B> €> = XO FO + Z le Fl 611

11=1

Y S n @ ) (28)

i1=112=1

co 11 2

+ Z Z Z X“ZWS F3 521 ) 522’ 513)

i1=1179=1143=1

where I',,(&;,, - -+ , &) denotes the polynomial chaos of order n. For notational conve-
nience we may write

X(@,8) = ) Xa(@)Pal(€) (29)

acAM

where there is a one-to-one correspondence between the functions I',(&;,,- - ,&;,) and
Do (€). Here AM is the set of all polynomial indexes which is defined as AM = {a €
NM} where M is the number of dimensions. The multi-index « is defined as o =
(v, -+ ,apr) where « is the index of a univariate polynomial; this results in the
following form for the functions @, (&):

Pa(€) = [] 0a.(6) (30)



which is a product of the appropriate one-dimensional polynomial basis. These basis
functions are orthogonal which implies

M
<(I)Ow (I)ﬁ> = H Ngiaaiﬁj (31)
=1

where 4,5, is the Kronecker delta and N2 is a normalisation constant. The term
(+,+) denotes the ensemble average which is the inner product in the Hilbert space of
variables & and defined as

(X(, ). Y (2. £)) = / X(a, €)Y (, €)p(€£)de (32)

where p(&) is the probability density function of the random variables &.

For the purposes of numerical computation, the series given by Eqn.(29) must be
truncated. The most commonly used approach is to restrict the maximum total order
of the multivariate polynomial basis to < p. This imposes the following restriction on
the index sets

M
AP = e N ol <p} 5 llelhi= > a
=1

The response function X(x, &) is now approximated by the following expansion:

X(z, &) ® Y  Xal@)Pal(€) (33)

acAMp

For a number of random dimensions M and maximum polynomial order p the total
number of coefficients in the expansion given by (33) is as follows

(M A+p)! (M+p
Np+1—W— Y (34)

Equation (34) shows that there is an exponential increase in the number of coefficients
in the PCE with the number of dimensions M. Using this index set requires many
thousands of coefficients even for a modest number of dimensions. This method of
constructing the PCE is completely ignorant of the stucture of the stochastic process
which it is representing. In other words, polynomials will be present in dimensions
which may have little or no variation with the dependant variable &, the converse may
also be the case for dimensions with a significant amount of variation. This results
in a polynomial expansion which may have a large amount of redundancy in some
dimensions and an inadequate representation in others.

According to the Cameron-Martin theorem [41], the homogeneous chaos expan-
sion can approximate any functionals in the continuously differentiable L, space and
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converges in the Lo sense. This means that the homogeneous chaos expansion con-
verges to any stochastic process with finite second order moments. However, it has
been demonstrated that the optimal convergence rate is obtained only for Gaussian
processes. For non-Gaussian processes an extension to Wiener’s chaos using the Askey
family of orthogonal polynomials has been proposed [9]. Here the underlying random
variables are chosen according to the weighting function of the polynomial chaos. For
example, for a Gaussian probability weight the Hermite polynomials are used as in
Wiener’s original work and for a uniform probability weight the Legendre polynomials
are used. The normalisation coefficients from Eqn.(31) and associated weight functions
for these polynomials are as follows:

=5 MO=3 el-1:1 (3)
N =i p<§>:¢12_ﬂexp{‘7x2} £ € [~o0: o0 (36)

If the polynomial chaos expansion is used with its corresponding stochastic process,
optimal (exponential) convergence is observed [9] with respect to the polynomial order
p. This extended method is known as Wiener-Askey chaos or generalised polynomial
chaos (gPC). In the case where the uncertain input parameters are described using
different probability distributions, a mixture of the optimal polynomials may be used
to construct a basis [42].

The main benefit of representing the response variables in the semi-analyitcal form
of Eqn.(29) is the ability it provides to perform analytic manipulations on the solution.
Once the coefficients in the PCE are known, the mean, variance and covariance may
be calculated using the following relations:

X(z) = xo() (37)

Var(a:):( Z Xo@a(f)) — X(z)?
acAM.p
= D xa(@)N; (38)
acAM.p
Cov(z,x') = Z X ()Xo (2 )N2 (39)

acAM.p

here AMP in this case is an arbitrary index set which may be formed using either
Eqn.(33) or iteratively using the techniques defined in Section (3.2) and Section (4.2).
Expressions for higher order moments such as skew and kurtosis may also be calcu-
lated [43].

To obtain a graphical representation of the PDF, the random response X repre-
sented by a PCE may be simulated using a Monte Carlo scheme. This provides an
ensemble of response quantities {Xj, -+, Xy} which are then used to construct a his-
togram. In practice a large number of samples are required to obtain an accurate
representation, say N=10,000 - 100,000.
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3.1. Non-Intrusive Spectral Projection

The Non-Intrusive Spectral Projection (NISP) approach computes the coefficients
in a PCE by minimising the mean square approximation error of the model response
X(x, &) by the polynomial chaos surrogate. The coefficients in the PCE are obtained
by using the following expression:

EX(@. &0 (¢)]
¢ E[®Z(€)]
The denominator in Eqn.(40) is given by the normalisation constant for the particular

polynomial basis. The numerator, however, involves a multidimensional integral of
following form

Vae AMP (40)

1) = [ f)da (41)
QM
where () is the M dimensional domain of integration. The integrals are approximated
using a quadrature rule which is a weighted sum of the function f(x) evaluated at
different points (nodes) in the parameter space. This approximation is written as
follows:

I(f)~ szf(iﬂz)
_U,f (42)

where U,, denotes a quadrature rule with n points.

We now draw on two important distinctions when deciding between quadrature
rules for this work; whether successive quadrature rules are nested and whether the
nodes in each rule are constrained. A sequence of quadrature rules is nested if the
nodes of Uy, are a subset of the nodes of U,; for j > i. Nested schemes allow the re-use
of existing function evaluations which is important for implementing efficient adaptive
strategies.

The accuracy of the integration scheme is obviously important and a rule is said
to have a degree of polynomial exactness equal to d if it is exact for all polynomials of
degree < d. The degree of polynomial exactness for constrained rules lies somewhere
between n < deg(U,,) < 2n — 1 depending on the order of the interpolating polynomi-
als. Examples of constrained methods are Newton-Cotes type rules where the nodes
are chosen to be equally spaced. The advantage of using a constrained rule is that it
may be nested by construction. The optimal degree of accuracy, 2n — 1, is obtained
with unconstrained, Gaussian-type rules.

Gaussian type rules are available for [0,1] (Gauss-Legendre) and R (Gauss-Hermite)

but are not nested. For Gauss-Legendre rules, an n+1 point extension to an n-point
rule is available [44](known as a Konrod extension or Gauss-Patterson rule). This
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produces a 2n+1 point rule that is nested by construction. This rule has a degree
of accuracy deg(U,) = 3(3n + 1) for odd n which is lower than the regular Gauss-
Legendre rule but does have the advantage of being nested. An analogous procedure
for the Gauss-Hermite rule on R has been proposed [45] and is known as the Genz-
Keister rule. This method is available for rules with n=1,3,9,19 and 35 and has an
accuracy of deg(U,) =~ 2n.

An alternative parameter used to characterise a quadrature rule is the level. The
number of nodes corresponding to a given level, which we denote L, depends on whether
a quadrature rule is nested and whether it is open, closed or semi-open. For a closed
rule, nodes are allowed on the boundary of the domain, whereas, open rules never have
nodes on the boundary. Semi-open rules are a combination of both open and closed.
For a given level, in one dimension, the number of nodes, ny, is calculated using a
growth rule:

2L 41 Closed rules

PACRI | Open rules L=1 (43)

For L=0 ,n;=1.

3.1.1. Smolyak Sparse Grids

The most straight-forward way to extend a univariate quadrature rule to M di-
mensions is to use a tensor product. For a number of points in the univariate rule n
this results in n™ points in the multivariate rule. This exponential growth in the num-
ber of points limits the use of this method to low numbers of dimensions. To reduce
the number of points in a multivariate quadrature rule without adversely affecting the
accuracy, the sparse grid construction was proposed [14]. Sparse grids are built upon
tensor products of hierarchical difference sets of one dimensional quadrature rules, Uy,
as follows:

Ak = Uk - Uk—l with UO =0 (44)

for £ > 1. A univariate quadrature rule can then be built from a summation of these
difference sets, namely

L
m=1

The Smolyak construction A(L, M) for a M dimensional quadrature rule of total level
L is

M
AL =Y ®as (46)
ki <M+L—1 i=1

here |k|; = S, k; is the 1-norm. Thus, out of all the possible sets k € N, only those
are chosen whose 1-norm is smaller than a constant. For numerical purposes it is more
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convenient to rewrite (46) in terms of the univariate rules Ug. The tensor product of
the difference sets Ay for an index set k is given by [46]

M M
QUi —Usm) = D (=D Q) Uk,—a, (47)
i=1 ac{0,1}M i=1

: EERIRIEIE °
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Figure 3: Example of a Smolyak sparse grid construction with L = 3 using a Newton-Cotes formula.
Allowed indices are below the red line.

If we let k; = j; + «;, the right hand side of Eqn.(46) can be replaced with (47)
provided the index set v is subject to the following constraint: |a| < M + L —1—|j].
Equation (46) is now written

AL, M)f =b(M+ L —1—|k|, M) <®Uk> f (48)

where

bab)= S (-~

ae{0,1},|a|<a

o (") (49)

Using (49), (48) now has the form

AlLM)f= 30 ()M (\%:2) (®Uki>f (50)

M<|kl <L+M—1
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The construction of a sparse grid using Eqn.(50) is illustrated in Fig.(3). Here
we can see that only those indices on the simplex |k|; < M + L — 1 are used in the
construction. Since M = 2 and L = 3, the norm |k|; < 2 thus only the following
indices are allowed: (1,1); (1,2); (1,3); (2,2); (2,1); (3,1).

3.1.2. Adaptive Sparse Grids

For highly anisotropic multivariate functions, the ability to use a different order
quadrature scheme along different dimensions can improve both accuracy and efficiency.
The fundamental idea behind adaptive sparse grids is to place different emphasis upon
different dimensions. One approach is to replace the conventional sparse grid index
set: |k|; = L+ M —1 with a-k < L+ M —1 where a is a weight vector [47]. Here the
weights were chosen based on the exponential convergence rate of the integral in each
direction with respect to the number of quadrature nodes. This method was shown [47]
to perform well (using Clenshaw-Curtis rules) for problems up to 121 dimension when
compared with conventional Monte Carlo sampling approaches. However, it may not
be possible to estimate the vector a accurately a-prior: and a-posteriori error estimates
can be difficult to evaluate for practical problems. An alternative approach proposed
in [15, 16] uses a self adaptive algorithm to iteratively build the optimum index set for
the required integral. This construction leads to what is known as a generalised sparse
grid.

To describe the theory behind the generation of a generalised sparse grid, it is useful
to firstly define the admissibility condition on the index sets, viz

k:—ejEI for ].Sng, k?j>]_ (51)

where e; is a unit vector in the direction j and Z is the set of all chosen indices k.
Equation (51) says that, for a new index k, the previous order along each direction in
k must already exist for the new index to be allowed. As an example we consider a
graphical representation of a two dimensional adaptive integration in Figure (4). Here
active and current indexes are only placed in positions when their left and bottom
faces are connected to a member of the old index set, i.e. a member of the old set is in
the backward neighbourhood of the proposed index. Admissible forward neighbours
are denoted with an arrow.
With the admissibility condition in (51), the generalised sparse grid is defined as

AT =) QA (52)

kel i=1

Equation (52) is not immediately useful in its current form, it is more practical to
use Eqn.(47) and express A(Z) in terms of the univariate quadratures U;, namely

AD =Y | Y )Pk +a) ®Uk (53)

keZ \ ac{0,1}M
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. Active Set Current Index . Old Set

Figure 4: Example of an adaptive sparse grid procedure showing the active and old index sets. The
current index is also shown with the admissible forward neighbours.

where the indicator variable yz is defined as

1 ifke?
xz(k) = (54)
0 else

In order for the adaptive algorithm to be successful, there must be some way to
predict the importance of an index k. In essence, these importance or error measures
control the adaptive refinement of the algorithm. If the error measure of an index k is
below some threshold then there will be no more refinement in the forward direction
of this index. This criterion assumes that the error associated with an index decreases
monotonically in the forward direction.

The error indicator for index k is denoted by g and depends on the differential
integral of the function we are integrating. The differential integral is given by

Apf=Upf—Upaf (55)

which is the value of the integral including the new index k less the previously calcu-
lated indexes. In the majority of uncertainty studies, it is the variance of a function
which is the quantity of interest and therefore the adaptive procedure must be tuned
to calculate this quantity. As such, we also use the square of the differential integral,
namely

Apf? =Upf? — U1 f* (56)

The quantity in (56) tells us by how much the square of the integral has changed when
the newly calculated index k has been added. The final accuracy of the integral of
this absolute measure is of course problem dependent and may result in large relative
errors if the value of the integral is small. As such, we have chosen to use the square
of the differential integral relative to the square of the integral, viz

O ARf?
Uk—1f*

Ik (57)
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In [15] the authors defined an adaptive generalised sparse grid algorithm for com-
puting high dimensional integrals. We reproduce this algorithm in Algorithm(1) for
convenience, the only fundamental difference being the use of a different error measure.
In words, the algorithm proceeds as follows: Firstly, the active set, A, is initialised
with the index corresponding to the nominal value of the function which is assumed
to have already been calculated. The old index set, O, is empty, the total error, r, is
set to the error of the nominal index, and the integral value, I, is initialised with the
contribution from the nominal index. The adaptive algorithm will proceed while the
total error is less than a predefined threshold 0. To begin with, within the iterative
loop, the index with the largest error, g, is chosen from the active set. This index
is then removed from the active set, appended to the old set and its associated error
removed from the total error. The next part of the algorithm computes the admissible
forward neighbours of the current index. Each allowed index is added to the active
set, its contribution to the value of the integral is appended and its associated error,
which is calculated using Eqn.(57), added to the total.

Algorithm 1 Adaptive sparse grid

k=1(0,0,---,0)
0=

A= {k}
=0k
I'=Apf

while » < 6 do
Choose k € A with largest gg
O=0UEk
A=A\k
r=r-—g
for 1=1 to M do
J=t+te
if j—e,€Oforall ¢g=1,---,M then
A=AU{j}
I =14+ Agf
r=r-+g;
end if
end for
end while

3.2. Combination with Polynomial Chaos

When the adaptive generalised sparse grid algorithm has finished successfully, it
yields the integral of the function f using a sparse grid index set which is optimal with
respect to the error measure gg. This set of indexes may be used to infer information
about the structure of the integrand in question. i.e. a larger number of quadrature
points selected along one direction suggests a higher polynomial behaviour than a di-
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rection with fewer quadrature points.
In this section we propose a method of building a PCE directly from the sparse grid
quadrature levels. From the level indexes of the sparse grid quadrature rule we infer

the orders of the polynomials in the PCE. To do this, we start with the polynomial
exactness of the univariate quadrature methods from section (3.1), viz

1
deg(U,,) = 5(371 +1) Gauss-Patterson (58)
deg(U,,) = gn Genz-Keister (59)

where n is the number of points in the quadrature rule. We now insert the expression
for the growth rules from Eqn.(43) into (58) and (59) which yields

1

deg(U,) =3 <2L - 5) Gauss-Patterson (60)
1

deg(U,) =3 <2L - 5) Genz-Keister (61)

we now have an expression for the degree of exactness of the quadrature rule in terms
of its level L. Since the quadrature rules are being used to perform a projection of
a random response on to a polynomial basis, the maximum polynomial order of the
integrand will be twice that of the basis we are projecting onto. In other words, the
maximum polynomial order of the basis is half the degree of polynomial exactness of
the quadrature rule. We now have the following expressions

1

p=3 <2L1 — 6) Gauss-Patterson (62)
1

p=3 <2L1 — 4_1) Genz-Keister (63)

The growth rate of the polynomial order in Eqns.(62) and (63) is too fast and results
in an excessive number of polynomials. Therefore, based upon the above analysis, we
use the following expression for the growth rate of the polynomial order

p=2"" (64)

Equation (64) is an underestimate of the total polynomial exactness of the quadrature
scheme but we will show that it still provides sufficient accuracy at a reduced number
of polynomials.

4. High Dimensional Model Representation (HDMR)

In this section we introduce the basic properties of the HDMR expansion and show
how it may be combined with a polynomial chaos expansion to produce a surrogate
model of the response surface X(&). First, let X(&) : R — R be a real valued smooth
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multivariate stochastic function where & = {&;,--+ , &y} are a set of IID random vari-
ables with M being the number of stochastic dimensions. The stochastic function X(&)
may also be a function of some other deterministic parameter space, i.e. X(x, &), but
we omit the dependence on x for now to simplify the notation. X(&) may also be
multivariate, i.e. X(&) = {X;(&), -, X;(&)}, but since the focus of this work is on
criticality calculations we need only consider a univariate response.

The influence of the input variables on the response can be independent and/or
cooperative. Therefore, in some situations, it is more convenient to express the mul-
tivariate function in terms of a hierarchical correlated function expansion in terms of
the input variables. This is known as the Sobol expansion or the HDMR expansion
and is written [18, 19, 20, 21, 22, 23] as:

M
X(&) =X + ZXZ(&L) + Z Xiqia (52’17&2) +oeee X(gin&za T 7€iM) (65)
=1

1<i1<ia<M

The term x;(&;) is a first order term representing the effect of the variable ; act-
ing independently, and in general, non-linearly upon the response X(£). The function
Xiyip (i1, &y ) 18 a second order term that describes the cooperative effects of the variables
&, and &, on the response. Higher order terms represent the effects of an increasing
number of variables with the last function describing the cooperative effect between all
M parameters. Usually the higher order terms in Eqn.(65) are negligible [22] so that
typically HDMR with only a few low order terms is adequate to describe the output
behaviour. Inclusion of only the first and the second order terms results in fast con-
vergence of the expansion. However, the importance of higher order terms is of course
problem dependent.

From now the derivation will follow the notation given in [25]. Eqn.(65) is written
using a more compact notation as follows

X&) = xu(éu) (66)

uCD

for a given set w C D, where D := {1,--- , M} denotes the set of coordinate indices
and x¢(&y) = xo. The cardinality of the set u is defined as v and &, denotes the
v dimensional vector containing those components of & that belong to the set wu, i.e.
&€u = (&)icu- The cardinality v is also referred to as the order of the HDMR component
function.

Now let us define the following

M

du(€) = [ [ du(&) (67)

i=1
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which is an M dimensional product measure defined on Borel subsets of Q. The
measure dpu determines the particular form of the component functions and induces
the projection operator P, : QM — Q¥ namely

PX(E) = [ X(@pou(dunn© (65)

where dup/u(§) = Hz‘GD,igéu dpi(&:) and ppju(§) = Hiep,igu pi(&). Here p(&;) is the
probability density function of the random variable &. The terms x,(&,) in (66) can
also be defined recursively by

Xu(&u) = PuX(&u) — Z Xy (&v) (69)

vCu

At this point we note that there are several forms of HDMR associated with dif-
ferent measures. In [21] the Lebesgue measure du(€) = d(&) = [[X, d& is used.
With this choice of measure the decomposition in Eqn.(65) is known as the ANOVA-
HDMR where ANOVA stands for the ANAlysis Of VAriance. A significant drawback
of ANOVA-HDMR is the need to compute high dimensional integrals, for example, the
computation of the zero order term xq takes the form

xo= [ X(6- (e (70)

which is an M dimensional integral. The ANOVA method is usually computed using
sampling or the Fourier amplitude sensitivity test [48] but more recently has been
computed using the coefficients of the polynomial chaos expansion [49]. To avoid
the large number of multidimensional integrals involved in ANOVA-HDMR, a more
computationally efficient method known as the cut-HDMR method was developed [21,
22]. In this method the measure is chosen as the Dirac measure located at a reference
point ¢ € QM ie. du(€) = Hf\il 0(& — ¢;)d€; which, from (68), induces the following
projections

PuX(&u) = X(&)le=c/t. (71)

where we use the notation X(&)|e=cre, = X(c1,---,&, -+ ,cm). The terms of the
cut-HDMR decomposition are thus related to the terms of the classical ANOVA de-
composition in the sense that all integrals are replaced by point evaluations at a fixed
anchor point ¢ € QM. As such, this approach is also referred to as anchored-ANOVA.
This decomposition represents X(&) as a superposition of its values on lines, faces and
hyperplanes, etc, which intersect the cut point ¢ and are parallel to the coordinate
axes. In the convergence limit, where all the correlated functions in Eqn.(65) are con-
sidered, cut-HDMR is invariant to the choice of the reference point ¢. However, in
practice, the choice of reference point ¢ is very important for cut-HDMR especially if
only low order interactions are considered. In [50] the authors show the optimality of
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different reference points (also called anchor points) using numerical simulation. Other
authors [19, 51] suggest that the cut-HDMR expansion usually leads to a satisfactory
approximation within a desired accuracy if the reference point is chosen as the mean
vector.

The component functions in the HDMR expansion are orthogonal with respect to
the inner product induced by the measure p, namely

[Xu@Xu€)dn(e) o wrto (72)

Computing the expectation of the cut-HDMR expansion only requires multidimen-
sional integration equal to the order of the component function, namely, the mean
value of the response function can be computed using

= Z Elxu(&u)]

uCD

=) % (73)

uCD

where

Ru = E[X(€)le=cren] = Y %o (74)

vCu

In other words, a third order cut-HDMR, component will require a three dimensional
integration. The variance of the response function X(&) may also be represented using
a hierarchical expansion, to derive this we start with the familiar expression for the
variance:

Var[X(€)] = E[X*(€)] — E[X*(&)]*. (75)

Inserting (66) into (75) we have

(Z Xu(éu))] (76)

Using the recurrence relation from Eqn. (69) and the Dirac measure for the cut HDMR
expansion from (71) we have

Var[X(§)] = E (Z (X(é)lsc/su - va(ﬁv)>> (77)

uCD vCu

B Z <X(£)|£=c/§u - ZXU(&,))] :

Var[X(g)] =E (Z Xu(&u))

uCD
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Expanding the squares in (77) and using the orthogonality relation from Eqn.(72), we
have

VarX(€)] = D (B [X*(&)le=ese] — E [X*(€)le=c/e.]) (78)
- Z E in(Ev) —E va(sv)]
which may be written as
Var[X(€)] = ) o, (79)
where
= Var[ |£—C/£u Z Oy (80)
and
Var[X(€)|s=c/su] ZE[ ?(8)le=c/en] — E[X(&)le=c/e.]? (81)
E [} (&)] — E [x(&)]" (82)

The notion of order when referring to the cut-HDMR expansion should not be con-
fused with the order of a Taylor series expansion. It has been shown [18], however,
that a first order cut-HDMR component function of a single input parameter is equal
to the sum of all Taylor series terms involving that parameter only. Likewise, in the
general case of M input parameters, the cut-HDMR component function is equal to
the sum of all Taylor series terms involving all M parameters [19]. Unlike a Taylor
expansion of a given order, the cut-HDMR, expansion does not limit the non-linearity
of the response function. Thus, any truncated cut-HDMR expansion provides a better
representation of the response than any truncated Taylor expansion.

4.1. Adaptive HDMR

The total number of terms in the full cut-HDMR expansion is 2. To be computa-
tionally feasible for large M, this expansion must be truncated. There are two ways to
do this: limit the number of variables in each component function and limit the num-
ber of component functions for a given HDMR order. The first restriction defines the
truncation dimension N; and the second defines the superposition dimension Ny, for
a number of dimensions ¢. These numbers describe roughly the number of important
dimensions and the order of important interactions respectively. The total number of
terms can now be calculated by

2M

Ny
N=1+>_N,
=1
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In practice, the truncation and superposition dimensions are not known a prior:
and in order to calculate them all 2 terms in the full cut-HDMR expansion would be
required. This would be impractical since it would require more computational effort
than integrating the response function X(&) directly. In this work we would like to
minimise the total number of terms in the HDMR expansion and hence minimise the
total number of quadrature points needed to compute the integral in Eqns.(74) and
(80). Therefore, we would like to look at adaptive strategies that automatically detect
the truncation and superposition dimensions. The adapted cut-HDMR expansion is
written as follows:

X(g) = Xo + Z Xz(fz) + Xiig (511 ) 512) + Z Kiyigis (521 ) &27 513)

i€ F (il,iQ)Efg (i1,i2,i3)6.7:3

+ -+ Z Xiyoois (&iys - ;fz‘Nt) (83)

(i1, ing )EF N,

which can be written in a more compact form

X(&) = qu(su) (84)

ueF

where F is the union of all the sparse index sets JF;, namely

Nt
F=Jx
1=0

Each of the sparse index sets F; are calculated adaptively with the cardinality
of each equalling the superposition dimension for that truncation dimension, viz.
|Fi| = Ns,. Every component x,, in Eqn.(84) has an associated weight 7, > 0 which
describes the contribution of x,, to the full expansion. The adaptive strategy consists of
computing the superposition dimension Ny, for each set F, successively for increasing
expansion order until the relative change in expansion approximation, according to a
predefined measure, falls below some threshold. To this end, the zeroth and first order
expansions must be constructed. This is the minimal amount of computational effort
that is required to start the adaptive procedure and it scales linearly with the number
of dimensions M. The weight n; for all of the first order terms are calculated and the
sparse set JFp is formed. There are several alternatives in the literature [24, 25] for
calculating the weight 7. Since we are mainly concerned with the convergence of the
second order statistics, we have chosen the weight based upon the variance contribu-
tion of each first order component relative to the variance attributed by all first order
components, namely

_ Var(x;)
ij\il Var(x;)

Each first order function describes the sole interaction of that dimension upon the
output when it is acting independently of all other dimensions. This quantity can be

ni (85)
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thought of as a sensitivity measure for the ith dimension. The importance of any given
dimension can then be defined when the weight 7; is above some threshold 6. A similar
weight is defined for the higher order interactions 7, as follows:

|Var(x,,)|

> Var(x,)

VEF|y|,|v|<v—1

Nu = (86)

The weights 1 can be used to determine the superposition dimensions {Ny ;k =
1,--+, Ny}. The truncation dimension N, is determined when p; < 6 where the weight

p is determined using the following:

> Var(x,) — Y. Var(xy)

v<p v<p-1

> Var(xy)

v<p—1

Py = (87)

The adaptive HDMR algorithm is given in Algorithm (2). The computation pro-
ceeds as follows: To begin, the zeroth and first order terms are calculated. The first
order sparse set JFj is a tuple of the index ¢ and associated weight ;. The indexes of
the intermediate-second order set R (also a tuple) is now formed from all of the allowed
index subsets of the Cartesian product F; x F;. An associated weight 7 is calculated
for each of the index subsets of R based upon the weights of F;. For example:

(1,2) = The = mim2

The weights 1 provide a prediction of the importance of the second order terms based
upon the calculated importance of the first order terms. The set R is now sorted
in ascending order according to the predicted importance 7. Each member of R is
computed until its calculated weight 7 falls below the threshold 6. The sparse set F;
is now formed from all those members of R whose calculated weights n are above the
threshold #. The above process is repeated for all of the higher order interactions until
the weight p, < 6. For the case of M = 5, the adaptive procedure is illustrated in
Fig.(5).

The proposed algorithm assumes that the actual importance 1 decreases monotoni-
cally with the predicted importance 7. Therefore, the accuracy of the adaptive pro-
cedure is dependent upon the quality of the predicted importance. The accuracy is
also dependent upon the rate of decay of the values of n. If the multivariate terms
decay very quickly, Algorithm (2) will be very efficient. If , however, the contribution
of these terms is isotropic, then the algorithm may finish before enough of the terms
have been computed.

4.2. Combination with Polynomial Chaos

The computation of the expectation of the response surface using HDMR defined in
Eqn.(84) consists of a series of integrations along cuts and hyperplanes in the stochas-
tic space. This procedure can easily be extended to produce a surrogate model of the
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Figure 5: Graphical example of the adaptive HDMR strategy.

Algorithm 2 Modified adaptive HDMR

Calculate xq, x; Vi € {1,--- ,M}
Fi1= {(Zvﬁl)vz =1,-- 7M}
=2
while p > 6 do
R ={(v,n) € Fi.y x F1;v € D}
Re-order the set ‘R in ascending order according to 7
Fi=10
while v € R and 7,, > 0 do
Calculate X, 02 and weight 7, associated with set u
Fit = (’u” Uu)
end while
Calculate p
t=1+1
end while

response function X(&) by projecting each of the HDMR component functions x,, onto
its own candidate polynomial basis. Combining the adaptive HDMR and PCE ap-
proaches in this manner allows a sparse PC representation to be built which optimally
represents the response function.

Starting with the expression for the PC coefficients using the non-intrusive approach
from Eqn.(40)

< OOXEpE) > EB,EXE)]
GE TR > N Jed (88)

where A is the set of all polynomial chaos indexes. We may now insert the expression
for the adapted HDMR expansion from Eqn.(84) into (88) to yield

B |2, T xuléu)]

ueF

NG

(89)

Oéj:
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Using the recurrence relations in (69) we may replace the integration over the compo-
nent x,(&,) with one involving the response surface X(§)

1
a5 = FJQE CDJ(E) 1; (X(Su) - vczuxv(sv))]
=3 ( | =Y E[®(€u)x a,,)]) (90)

From Eqn.(90) we can see that each v dimensional quadrature over the response
function requires the subtraction of all v dimensional projections onto all subsets of u.
For example, consider the bi-variate polynomial basis spanning the two dimensional
surface described by the variables & and &. The surrogate model for this surface is
then defined by the coefficients «; where 5 = (1,0),(2,0), (1,1),(0,1),(0,2). The first
coefficient a9y can be calculated as follows:

NiNZauo = [ @)X (@l
¥ ( | [oeoxi e gads - [ @(&)X(fl)p(&)d&)

+ higher order projections

L.e. the coefficient for the one dimensional polynomial spanning dimension 1 has
contributions from the univariate term in the HDMR expansion, x;(&;), a contribu-
tion from the two dimensional term x12(&1,&2) and all other higher dimensional terms
involving dimension 1.

5. Results

In this section we present the results of the application of the above theory to
two test cases and a set of criticality problems. The two test cases are performed in
order to verify the implementation of the numerical methods and to also show their
behaviour in an idealised situation. The criticality calculations are performed on an
infinite array of Uranium-Oxide (UOX) and mixed-Oxide (MOX) pin cells. The nuclear
data uncertainties used in these calculations are taken from evaluated libraries.

5.1. Sparse polynomial chaos expansion from adaptive quadrature

In this first test, the adaptive sparse grid quadrature scheme is used to determine
the polynomials in the PCE of the response. In particular, we have calculated the
variance of the response using the PCE and compared it to exact results. The variance
of a function with respect to the probability measure p(¢) is calculated using

Varlf] = [ f(€p(e)de - { / f(&)p(é)dsr (91)
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The function that we have chosen is the following:

M

f&) =1Ia+¢ (92)

i=1

which is a tensor product of linear polynomials in each dimension. Analytic expressions
for the variance of the function in Eqn.(92) with respect to the Gaussian probability
weight, the uniform probability weight and a mixture of the two are given as follows:

Var| fun] = /ﬁ(w&)zp(&)d& - [/ﬁ(1+§i)p(§i)d§i]2
O

M
Var| fuorm] = /H (14 m;)2p(m:)dn; — [/H (14 n;)p(n; dn,]
i=1

oMy (94)
Vol fus] = | (ﬂ(l + m>2p<m>> (ﬁ(l + &)%(@)) i

- [ / (ﬂ(l " m)p(m)) (ﬁ(l n mp(si)) d&dm]

=1 =1

iy (g)m 1 (95)

where the probability density functions p(&;) and p(n;) are given by Eqns.(35) and (36)
respectively.

We now calculate a PCE for Eqn.(92) using the three different probability weights.
For the numerical calculations we choose M = 4 and m; = my = 2. The coefficients
of the PCE are calculated using the non-intrusive approach defined in Eqn.(40). The
orders of the polynomials in the expansion, which make up the set A in Eqn.(40),
are calculated using Eqn.(64) for both the generalised and conventional sparse grid
integration schemes. The results of these simulations are presented in Figures (6) and
(7); in Figure (6) the relative error is plotted versus the number of integration points
and in Figure (7) the relative error is plotted versus the number of polynomials in
the PCE. In both Figures (6) and (7), the quadrature level used in the conventional
sparse grid, labelled “SG” | has been printed near to the corresponding data points. The
results shows that the adaptive construction significantly out-performs the conventional
approach for this particular function. The reason for this is that the adaptive procedure
allows all indexes in the tensor product of one dimensional indexes and quickly captures
the high monomial order cross terms in Eqn.(91) viz. [[X, &

In Figures (6) and (7) the results for uniformly distributed uncertainties are more
accurate than the results for Gaussian uncertainties. This is due to the fact that the
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Figure 6: Convergence of the variance calculated using a polynomial chaos expansion built with
conventional sparse grid and adaptive sparse grid indexes versus the number of quadrature points N.
The value of L corresponds to the conventional sparse grid level.

Gauss-Patterson quadrature rules have a greater accuracy per node than the Genz-
Keister rules. The mixture of both lies somewhere in between the two.

5.2. HDMR with Adaptive Quadrature

In this example, the adaptive quadrature method is combined with the adaptive
HDMR technique and applied to a simple test function. The following test function
was chosen

1
X(§) = T oS ande & € [-1,1] (96)
with
ay, = exp{—|k|/l} (97)

The terms oy control the contribution of each random dimension through the parameter
[. The parameter [ is referred to as the structure parameter for the remainder of
this example. The larger the value of [ the slower the set {a} decays and the more
dimensions contribute to the non-linear function X(&). The parameter o is the standard
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Figure 7: Convergence of the variance calculated using a polynomial chaos expansion built with
conventional sparse grid and adaptive sparse grid indexes versus number of polynomials Np. The
value of L corresponds to the conventional sparse grid level.

deviation which controls the magnitude of the variation in the random input. The
random variables &, vary uniformly between [—1,1]. The number of dimensions M =
10, the standard deviation is ¢ = 0.1 and the structure parameter [ = 2.0. For the
following example we have used the relative error which is defined as

_IX(©) - @)l
X

where X is the approximate solution calculated using the HDMR expansion. The ref-
erence solution is calculated using the LHS method with 10® samples.

In this investigation, the variance of Eqn.(96) was calculated using Eqn.(79) where
the integrals of the components in Eqn.(79) were calculated using adaptive quadrature.
The nested Gauss-Patterson rules were used for all of the integrations. In Fig.(8) the
relative error in the variance is plotted versus the number of realisations N. In Fig.(9)
the relative error in the variance is plotted versus the adaptive HDMR tolerance 6. In
both figures the integrals of the HDMR components were performed using a range of
adaptive integration tolerances from § = 10™% — 107! which correspond to the dashed
lines and for non-adaptive quadrature using levels L = 2 — 6 which correspond to the
solid lines. The adaptive HDMR tolerance was decreased from 6 = 0.5 — 1071,
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Figure 8: Error versus the number of realisations (N). Values of o = 0.1 and [ = 2.0 have been used
whilst integration has been performed with Gauss-Patterson rules. Values of L are used to control
the accuracy of the conventional sparse grid and ¢ controls the accuracy of the adaptive sparse grid.

In Fig.(8) we can clearly see that the use of the level L=5 and L=6 non-adaptive
sparse grid quadrature rules are far less efficient than any of the adaptive procedures.
From Fig.(9) we can see that the reduction in the relative error versus adaptive HDMR
tolerance 6 is very similar for the adaptive integration tolerances 6 = 10~7 and 1078
and the Level L=4 regular sparse grid. However from Fig.(8), the adaptive quadratures
are more efficient than the non-adaptive ones; in fact, the 6 = 10~7 results are about
an order of magnitude more efficient than the L=4 quadratures. The results in both
Figures (8) and (9) show that in order to improve the accuracy of the HDMR solution
both the adaptive HDMR tolerance (6) and the adaptive quadrature tolerance () must
be decreased simultaneously. If the correct combination of # and ¢ are chosen, HDMR
with adaptive quadrature is far more efficient than its non-adaptive counterpart.

5.8. Adaptive HDMR versus Adaptive Quadrature

In this section we compare the use of the combined adaptive HDMR - adaptive
quadrature method to the purely adaptive quadrature method or stochastic colloca-
tion method (SCM). Both approaches are used to build a sparse polynomial chaos
expansion (PCE) of the response function. The test function used for this investi-
gation is defined in Eqn.(96) with the number of dimensions M = 10, the standard
deviation is o = 0.1 and the structure parameter [ = 2.0. The number of coefficients
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Figure 9: Error versus adaptive HDMR tolerance (6). Values of 0 = 0.1 and [ = 2.0 have been used
whilst integration has been performed with Gauss-Patterson rules. Values of L are used to control
the accuracy of the conventional sparse grid and § controls the accuracy of the adaptive sparse grid.

in the PCE is increased by decreasing either the adaptive HDMR tolerance or the
adaptive quadrature tolerance. The variance in the PCE of the response parameter is
calculated using Eqn.(38). The relative error in the variance is then plotted against
the number of quadrature points, N, in Figure (10) and against the number of polyno-
mials in the PCE, Np, in Figure (11); these results are for HDMR with adaptive and
non-adaptive quadrature and also for the stochastic collocation method (SCM) with
adaptive and non-adaptive quadrature.

The results in both Figure (10) and (11) give an indication of the relative effi-
ciency of each approach. The results show that the SCM with adaptive quadrature is
consistently the most efficient although, with the appropriate choice of # and ¢, the
HDMR approach with adaptive quadrature is still competitive in terms of accuracy
per realisation/polynomial. We also note that HDMR using the conventional sparse
grid of level L converges to the non-adaptive SCM with the same level as the adaptive
HDMR tolerance # — 0. A more decisive factor in the choice of HDMR with adaptive
quadrature over the use of the SCM with adaptive quadrature, is the execution time of
the algorithms. The relative error in the calculated variance is plotted versus execution
time for both HDMR and SCM with adaptive quadrature for 10 and 20 stochastic di-
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mensions, M, in Figure (12). Here we can see that increasing the number of dimensions
from 10 to 20 results in greater than an order of magnitude increase in the execution
time of the adaptive SCM, whereas the adaptive HDMR is comparatively insensitive
to this change. However, the implementation of the adaptive quadrature scheme may
not be the most efficient due to the high level programming methods that were used.
Efficient data structures for the adaptive quadrature algorithm have been proposed
in [16] and may go some way in reducing the execution time.
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Figure 10: Comparison of conventional and adaptive sparse grids with the HDMR method using
conventional and adaptive sparse grids. The relative error in the calculated variance is plotted versus
the number of realisations (N).

5.4. Rowlands’ Pin Cell Problems

The Light Water Reactor (LWR) Rowlands’ pincell benchmarks are a set of pincell
problems described in an OECD report by J.L. Rowlands [52] for benchmarking LWR
lattice physics codes. There are two pincells described in the report, the first is a simple
PWR square Uranium Oxide (UOs) pincell problem without leakage and the second is
a geometrically similar Mixed Oxide (MOX) pincell. They are both three region cells
consisting of a central fuel region, a zirconium clad region and water coolant region.
The outer radii of the fuel and clad regions are denoted r; and r, respectively and the
size of the square coolant region denoted by (z4,yq) which are widths of the x and y
dimensions respectively. The geometries of the problems are specified by the following
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the number of polynomials in the PCE (Np).
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Figure 12: Relative error in the

calculated variance versus execution time for HDMR and the SCM

using adaptive quadrature.

values:

UOX: 71 =0.40cm 79 =0.450cm x4 = y; = 1.20cm
MOX: r; =0.41lcm 7y =0.475cm x4 = yg = 1.26cm
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The temperature of the each pincell is assumed to be a homogeneous value of
293.16K. A schematic of the problems is shown in Figure (13) and the material com-
positions are given in Table (1).

Yd

Fuel

Coolant

ZTd

Figure 13: Two-dimensional xy geometry of the LWR Rowlands Pincell problem

Material | Composition | Number density (atoms.barn™'.cm™')
UOX | MOX UOX MOX
Fuel Usss | Usass | 7.0803 x 107* 5.1050 x 10~
Usss | Uasg | 2.2604 x 1072 2.0370 x 1072
O15 O16 4.6624 x 1072 4.5880 x 1072
Puass 4.6690 x 10°
Puasg 1.4650 x 1073
Puayg 5.6910 x 1074
Puga; 2.7130 x 1074
Pusgo 1.4130 x 10~*
Am241 3.0280 x ].0_5
Clad Zr Zr | 4.3241 x 1072 3.8800 x 10~
Coolant | H H |6.6988 x 1072 4.7440 x 1072
O15 O16 3.3414 x 1072 2.3720 x 1072

Table 1: Material compositions for the fuel, clad and coolant regions of the Rowlands’ PWR, square
pincell problem

The clad region of the Rowlands’ pin cell problem is composed of zirconium which
is formed from 5 naturally occurring isotopes according to Table (2).

As was mentioned in Section (2), all kg calculations for the uncertainty analysis
have been performed using the even parity transport code EVENT [28]. The energy
discretisation used 3, 9 and 26 energy groups. The angular variation in the neutron
flux was modelled using a Pj3 spherical harmonic expansion and the scattering was
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Isotope | Abundance (%)
Zr? 51.45
Zrot 11.22
Zr%? 17.15
Zr% 17.38
7% 2.80

Table 2: Isotopic abundance of Zirconium

assumed to be isotropic. The low angular discretisation and the assumption of isotropic
scattering were prescribed in order to minimise the execution time of the simulations.
The pin cell is modelled in zy geometry using one eighth symmetry to reduce the

Figure 14: Discretised geometry of the Rowlands’ pin cell problems for EVENT calculations.

number of unknowns in the problem. The geometry of the pin cells was discretised
using the finite element method using 100 linear triangles in the fuel region, 100 bilinear
quadrilaterals in the clad region and 100 bi-linear quadrilaterals in the coolant region
as shown in Fig.(14). As a consequence of using linear triangles and quadrilaterals,
the mesh is a polygonal approximation to the exact circular geometry of the fuel and
clad regions in the pin cell. Therefore, in order to preserve the fissile, clad and coolant
areas, the radii need to be modified. The relationship used to modify the radii of the
two-dimensional finite element approximation of the sector of the circle is given by:

, 0

The symbol R’ is the new radius, R is the old radius, N is the number of divisions
on the arc and 6 is the angle of the arc of the circle being meshed in radians.

The convergence of EVENT kg calculations with respect to the reference CACTUS

solution are given in Fig.(15). The CACTUS reference solution used 11 azimuthal
angles and 7 polar angles with a track spacing of 0.005. The spatial domain was
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Figure 15: Convergence of EVENT calculations for the UOX and MOX Rowlands’ pin cell problems
with space and angle.

split 30x30 in the x-y directions. The problem has also been modelled using diagonal
Symmetry.

From Fig.(15) we can see that both UOX and MOX problems converge to the CAC-
TUS solution as the angular representation of the flux is increased. The justification
for using the lowest, P3 representation was to minimise the execution time making
many hundreds of thousands of realisations for Monte Carlo sampling feasible. The
P53 solution with a 10x10x10 mesh, a splitting of 10 along each line of each region in
Fig.(14), takes fractions of a second to compute whereas the higher spatial and angular
representations take in the order of 5 minutes. As a result of the low fidelity represen-
tation a systematic error will be present in each EVENT calculation. We do not expect
this systematic error to have any significance on the quantification of the uncertainty
on the nuclear data when comparisons are made between Monte Carlo sampling and
the polynomial chaos methods.

For all of the following problems, the input random processes (the correlated uncer-
tain nuclear data) are represented using a Karhunen Loéve expansion. The number of
terms in the Karhunen Loéve expansion is truncated when the cumulative sum of the
eigenvalues in the decomposition = 1. Truncating the expansion in this way represents
all of the random information contained in the random process whilst removing any
degeneracy.

5.4.1. HDMR versus Latin Hypercube Sampling (LHS)

The purpose of the following numerical experiments was to look at the efficiency
of the HDMR method compared to LHS. To this end, a set of test cases was devised
using the Rowlands’ pin cell problems which had an increasing number of uncertain
input parameters. This hierarchy of test cases is detailed in Table(3).

The number of random dimensions in each problem is varied by assuming different
nuclides are uncertain. For example; the UOX;, problem in Table(3) only considers
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Groups UOX MOX
Name Covariance Data M Name Covariance Data M
UO0X12 U23° 12
3
UOX 4y U+H+ O+ Zr 42 MOX;14 U+ Pu+ Am?*! + H+ O + Zr 114
UOX3g U2 36
9 MOXogs U + Pu+ Am?4! 288
UOX 36 U+H+0+7r 136 MOX342 U+ Pu+ Am?*! + H+ O + Zr 342
UOX 104 U235 104 MOX416 UZ% + U238 + Pu?® + pu?0 416
26 MOXg32 U + Pu + Am?4 832
U0X364 U+H+O+7Zr 364 MOXggs U4+ Pu+ Am**' + H+ O + Zr 988
Table 3: Hierarchy of Rowlands’ pincell problems with differing numbers of uncertain input parame-
ters. U=U23 + U238 Pu=Pu?3® + Pu?¥® + Pu?¥ + Pu?*! 4 Pu?%?
uncertainties on U?3® and all other nuclides are deterministic. This set of test problems
provides a spread in the number of dimensions from 12 - 988. The number of uncertain
parameters is given as a subscript in the problem name. All of the input uncertainties
are assumed to have a Gaussian distribution which is a standard assumption.
To investigate the efficiency of both the LHS and HDMR approaches, the relative
error is plotted against the number of realisations. The number of realisations was
determined during run time of the HDMR method; once found, this number of Latin
Hypercube samples was performed for three different random number seeds. An error
was computed for each of the seeded LHS computations. The average error for each of
these calculations was also computed. The relative error requires a reference solution,
this was computed using 10° Latin Hypercube samples. The results of the reference
solutions are given in Table (4) below:
UOX MOX
Groups - -
Name Mean Variance R(%) Name Mean Variance R(%)
UOX12 1.3876 | 2.2277B4 | 1.0757
3
UOX 4o 1.3876 | 2.7559E-4 | 1.1964 | MOXi1s | 1.2157 | 1.5015E-4 | 1.0079
UOX3g 1.3831 8.8523E-5 0.6802
9 MOXsgs 1.2003 3.6955E-5 0.5064
UOX136 1.3831 1.1482E-4 0.7747 MOX342 1.2003 3.8520E-5 0.5170
UOX104 1.3829 8.7052E-5 0.6746 MOX416 1.2001 3.2026E-5 0.4715
26 MOXs32 1.2001 3.5750E-5 0.4982
UOX364 1.3829 1.1300E-4 0.7686 MOZXggs 1.2001 3.7203E-5 0.5082

Table 4: Mean, variance and relative standard deviation R of kg for the problems defined in Table
(3). These are the reference values calculated using 10 Latin hypercube samples.

The HDMR results were computed using an adaptive HDMR tolerance of 8 =
10~° and an adaptive quadrature tolerance of § = 107°. The relative error has been
computed for the mean and the variance of k. for each problem and the results are
plotted in Figures (16) and (17) respectively. The number of realisations used in each
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of the HDMR and LHS results are given in Table (5). The results for the mean show
that the HDMR error remains largely constant whilst the LHS error steadily decreases.
The error in the HDMR calculation of the mean is consistently lower than the average
LHS error for all values of M. The HDMR calculation of the variance is about an order
of magnitude more accurate then the average LHS calculation for all of the problems
up to 988 dimensions.

! ! ! ! ! ! ! ! !
Q LHS - Average X
1 ; ; ; ; ; ; ; LHSseed1 [1]
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Figure 16: Relative error in the mean calculated using HDMR and LHS versus number of stochastic
dimensions M for the problems in Table(3).

Groups UOX MOX
Name M N Name M N
3 UOXi2 12 55 MOXj14 114 279
U0Xy2 42 149
9 U0X36 36 89 MOXogs 288 603

UOX136 136 | 297 | MOXasu | 342 711
UOX 104 104 | 215 | MOXuy6 | 416 855
2 MOXss2 | 832 | 1691
UOXs6s | 364 | 739 | MOXgss | 988 | 1985

Table 5: The number of realisations used in the HDMR and LHS calculations presented in Figs. (16)
and (17) for the Rowland’s pin cell problems.

To assess the effectiveness of the adaptive HDMR procedure, the relative contri-
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Figure 17: Relative error in the variance calculated using HDMR and LHS versus number of stochastic
dimensions M for the problems in Table(3).

bution of the variance from each HDMR order, v, (not to be confused with nu-bar,
the average number of neutrons produced per fission) has also been calculated. This
relative variance is defined as follows:

> Ou
_Jul=v
Var, = Varn (99)

where Vary is the total variance represented by the HDMR expansion and o, is the
variance of the HDMR component for dimensions uw. The variance ratio defined by
Var,, in Eqn.(99) gives the variance attributed by all HDMR components with a number
of dimensions equal to v. The variance ratio for all of the problems in Table (3) are
plotted in Fig.(18) along with the relative number of HDMR components, which is
denoted n(v = 1,2,etc), and the relative number of realisations which is denoted
N(v = 1,2,etc). In other words n(v = 1) is the ratio of one dimensional HDMR
components to the total number in the expansion, and N(rv = 1) is the ratio of the
number of samples required to calculate the one dimensional terms to the total number
of samples. We have also plotted the relative contributions to the polynomial chaos
variance for each polynomial order p which we denote Var,. The set of polynomial
chaos indexes A was computed iteratively using the adaptive HDMR and quadrature
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methods. The variance ratio for polynomial order p is defined as

>, Naxg
acA;|al=p
Var, = S N2 (100)

acA

The relative number of polynomial coefficients which is denoted Np(p = 1,2, etc) has
also been calculated where N,(p = 1) is the ratio of linear polynomials to the total
number in the polynomial expansion and Np(p = 2) is the ratio of quadratic polynomi-
als etc. In Fig.(18a) results of variance ratio and number ratio for v = 1 and p = 1 are
plotted. Here we can see that the first order (v = 1) HDMR components contribute
at least 60% of the total components and contribute greater than 99.97% of the calcu-
lated, total variance. The same is also true for the PCE variance ratio. In Fig.(18b)
results are plotted for v = 2 and p = 2. Here we can see that the relative number
of components and realisations are in the range of 0.1% — 10% for all problems but
the variance ratio of the HDMR components is of the order of 1072% — 1072%. This
means that, in the best case scenario, 0.1% of the work results in a 1072% contribution
to the variance and in the worst case, 10% of the work results in a 1073% contribution.
Even in the best case, the utilisation of the computational effort results in a small
contribution to the final result. A similar trend is observed in the results for the PCE
variance ratio. In Fig.(18¢) results are plotted for v = 3 and p = 3. Again, as with
the results for v = 2, the relative number of components and realisations are in the
range of 0.1% — 10% for all problems but in this instance the variance ratio of the
HDMR components is as low as 107°%. We note that only four problems computed the
third order HDMR components resulting in the discontinuities in the HDMR variance
ratio. For al other problems, the algorithm decided three variable terms unimportant.
Values of the PCE variance ratio for p = 3 do exist for all problems since it is the
adaptive quadrature algorithm that determines these values and sufficient non-linear
behaviour may exist in any of the HDMR terms. Although no restriction was placed
on the maximum order v, no fourth order (v = 4) components were calculated by the
algorithm for any of the problems.

For all of the problems in Table (3), each component in the HDMR expansion
of the k.g response surface was projected onto its own polynomial chaos basis using
Eqn.(90). The resulting sparse PCE’s were then used to calculate a PDF; one PDF
was calculated for each polynomial order p. These PDF’s are plotted in Figure (19)
alongside the PDF calculated using the reference Latin Hypercube solution. Here we
can see that there is no visible difference between PDF's for different values of p. Since
the PCE variance ratios for p = 2 and p = 3 in Fig.(18) are insignificant, very little
difference between the PDFs was expected. We also note that the p = 1 PDF, i.e.
linear polynomials only, provides a sufficient representation of the reference solution.

5.4.2. Log-Normal versus Gaussian Distributed Uncertainties
For all of the pin cell problems studied in section (5.4.1), the uncertainties in the
nuclear data were modelled using a Gaussian distribution. This distribution supports
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Figure 18: Relative contributions of the variance of each HDMR, order v, the variance of each poly-
nomial order p, the relative number of HDMR terms, the relative number of quadrature points and
the relative number of polynomials.

negative numbers and as such, it allows negative values of the nuclear data to be re-
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alised when sampling; this is obviously un-physical. An alternative distribution, which
is closely related to the Gaussian distribution, is the Log-Normal distribution. This
distribution is sometimes preferable to the Gaussian as it removes any possibility of
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generating negative valued samples.

In this section a comparison is made between Log-Normal and Gaussian distribu-
tions for one of the Rowlands’ pin cell problems, namely UOXj,. The covariance data
is again sourced from evaluated data and processed in the same way as in the previ-
ous section. There is however, an additional processing step which is required before
the correlated nuclear data may be sampled according to the Log-Normal distribu-
tion. The covariance matrices must be transformed from a Log-Normal to a Gaussian
space using Eqn.(20). The resulting Gaussian covariances were then decomposed using
the Karhunen Loéve method; correlated samples were generated in the usual way and
transformed back to the Log-Normal space using Eqn.(19).

To look at the efficiency of the HDMR method when using Log-Normal and Gaus-
sian uncertainties, the relative error is plotted versus the number of realisations in
Fig.(20). The reference solution is calculated using LHS with 10° samples. The ac-
curacy and hence number of function evaluations required in the HDMR expansion
was varied by decreasing the values of 6 from 10~ — 107!, The adaptive quadrature
method was used with a value of § = 107°. The results in Fig.(20) show that the
HDMR method is more efficient when using Gaussian distributed uncertainties when
compared to Log-Normally distributed uncertainties for this problem. The results for
the Gaussian uncertainties have fewer points since the number of terms which con-
tribute a proportion of the variance above the threshold 6 is small hence the algorithm
only calculates a small number of components.

: : : : : : !
T o o o o o © Normal F
] ‘ ‘ ‘ ‘ ‘ ‘ LogNormal |
10'3 e —
)
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Figure 20: Relative error versus number of realisations for the UOX42 Rowlands’ pin cell problem
using Log-Normal and Gaussian distributed uncertainties.

To explain the differences in computational expense for the two different probabil-
ity distributions, the variance ratio from Eqn.(99) is plotted for each distribution and
the first three HDMR orders (v = 1,2, 3) in Fig.(21). In Fig.(21a) we can see that as
the adaptive HDMR threshold 6 decreases, the variance contribution of the first order
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terms for Gaussian uncertainties remains constant at a value of approximately 100%.
This is compared to a value of approximately 97% for the LogNormal uncertainties.
We also note that the number of components for the Gaussian case does not depreci-
ate substantially with 6, whereas, the number of components for the Log-Normal case
drops to around 10%. In Fig.(21b) the variance ratios and the component ratios for the
second order HDMR components are plotted. Here we can see that the second order
components contribute approximately 3% when using LogNormally distributed uncer-
tainties whereas the contribution when assuming a Gaussian distribution is 1072%. We
also note the increase in the relative number of second order components of the Log-
Normal case which corresponds to this decrease in the first order terms. In Fig.(21c)
the third order components are plotted. The variance contributions are of the order
of 0.1% and 10~* for Log-Normal and Gaussian uncertainties respectively. We also
note that the threshold 6 for the inclusion of third order Gaussian components is a lot
lower than Log-Normal since the values of the components themselves are a lot smaller.

The reason for the increased contribution of the second and third order terms is
probably due to the additional processing of the covariance data and the additional
non-linearities which are introduced when sampling from a Log-Normal distribution.

6. Summary and Conclusions

In this work, an adaptive HDMR method has been combined with an adaptive
sparse grid quadrature scheme to iteratively compute the coefficients in a polynomial
chaos expansion via projection.

In Section (5.1) the adaptive sparse quadrature method was used to calculate a
sparse polynomial expansion for a test response function. The results were for a prob-
lem with four random dimensions using Gaussian distributed uncertainties, uniform
distributed uncertainties and a mixture of both. In all cases, the construction of a PCE
using adaptive quadrature was far more efficient that the conventional sparse grid.

In Section (5.2) the adaptive sparse grid quadrature rules were used to calculate the
components in the adaptive HDMR. The variance of a test response function was cal-
culated in this way for a range of adaptive HDMR thresholds 6 and also using a range
of adaptive quadrature tolerances 0 and non-adaptive quadrature levels L. The results
showed that HDMR with adaptive quadrature is more efficient than with non-adaptive
quadrature and as the tolerance 6 is decreased, so must the adaptive quadrature tol-
erance 9.

In Section (5.3) the adaptive HDMR method was compared to the adaptive quadra-
ture algorithm by computing the variance of a test response function. The results
showed that the adaptive quadrature is slightly more efficient than adaptive HDMR
with adaptive quadrature. However, when the number of random variables used in
the problem increased from 10 to 20, the adaptive quadrature algorithm took 10 times
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Figure 21: HDMR component and variance ratios for the Rowlands’ UOX;5 problem using Gaussian
and Log-Normal nuclear data uncertainties.

longer to compute the solution whereas, the HDMR method was comparatively insen-
sitive to this change.
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In Section (5.4.1), the adaptive HDMR method was used to compute the variance
in kog due to evaluated nuclear data covariances for 12 Rowlands’ pin cell problems.
The number of uncertain parameters in these problems ranged from 12 to 988. HDMR
solutions were compared to those computed using LHS with an equivalent number of
samples. The results showed that the HDMR method was an order of magnitude more
accurate than LHS when computing the variance for all problems up to 988 random
dimensions. For all of these problems, where the uncertain nuclear data are described
by a Gaussian distribution, the vast majority (> 99.7%) of the calculated variance is
due to the first order (uni-variate) HDMR components. The computation of the sec-
ond and third order terms are inefficient for the Rowlands’ problems when considering
the contribution they provide to the final result and the number of calculations they
require.

In Section (5.4.2) the variance in keg is calculated for one of the Rowlands’ pin
cell problems as in Section (5.4.1) but with the assumption that the uncertainties are
described by a Log-Normal distribution. The results showed that the contribution to
the variance of the second and third order terms were larger than those calculated for
the case of Gaussian uncertainties. The second order terms contributed around 3% of
the total variance for Log-Normal uncertainties and therefore should not be ignored.

In further work, we wish to investigate differential parameters such as reaction
rates and leakages which may be subject to uncertainties other than nuclear data
covariances. The purpose of this further work is to ascertain if response parameters
other than k.g exhibit non-linear dependencies that require high order HDMR terms for
the accurate determination of response statistics. The inclusion of higher order terms
in the HDMR expansion increases the computational cost prompting re-investigation
of the efficiency of adaptive HDMR versus Latin Hypercube. We expect, with the
inclusion of high order HDMR terms, that the efficiency of the HDMR approach will
decrease making LHS more competitive. The exact number of dimensions, where the
HDMR is still more efficient than LHS, will depend upon the number of non-linear
HDMR terms and will hence be problem dependent.
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