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Abstract

In order to improve the hover performance and maximum lift capabilities of the helicopter,
modern rotor designs are incorporating high levels of blade twist - a design parameter which
is known to have a significant effect on the aerodynamic loading and vibration levels of the
rotor. The helicopter industry as a whole is currently unable to predict rotor vibration to
acceptable levels of accuracy, nor is it able to capture the effects of blade twist on vibration
levels - severely limiting its ability to exploit twist fully within new rotor designs.

Recent literature has highlighted the potentially powerful effect that improved wake
modelling could have on the prediction of vibrational loads. The primary aim of this
research has been to assess the benefits of improved wake modelling, both in terms of the
accuracy of predicted vibratory loads and in terms of sensitivity to blade twist.

The Vorticity Transport Model (VITM), developed by Brown, is a grid-based compu-
tational fluid dynamic code which provides a comprehensive description of the generation
and evolution of helicopter wakes. Integration of the VI'M with an industry-standard
structural dynamics code has allowed the benefits of improved wake modelling to be ex-
plored.

The capabilities of the VI'M itself have also been enhanced with the introduction of
a new adaptive grid system and Fast Multipole algorithm for evaluating the velocity field
throughout the computational domain. The predicted wake geometries, aerodynamic load-
ing and rotor dynamics have been validated against experimental data for both hovering
and forward flight. A detailed study of Harris™ experimental work using the VI'M has
provided further insight into the primary physical mechanisms that control the evolution

of rotor wakes in forward flight.
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Nomenclature

Rotor System

A . rotor disc area, mR?

c . blade chord

Oyl : blade loading coefficient

Cp : drag, scaled by %/}(52]?)2(*

CrL : lift, scaled by %/)(QR)Q('

Car : moment, scaled by %/}(SZR)Q(’2
Cr : rotor thrust, scaled by pA(QR)?
h . aerofoil plunge velocity

M : hub moment M = My + M. cos ) + M, sin
M : mean hub moment

M. : cosine component of hub moment
M, . sine component of hub moment
Ny : number of blades on rotor

r . radial position, scaled by R

q . aerofoil pitch rate

R . rotor radius

O . aerofoil incidence

3 : rotor flapping 3 = [y + Fiecos + Fissin g
3o : rotor coning

Bie . rotor longitudinal flapping

B1s : rotor lateral flapping

A : rotor inflow scaled by QR



0 : control angle 6 = 6y + 0. cos v + 14siny

to . collective

01 . lateral cyclic

015 . longitudinal cyclic

o : rotor forward speed scaled by QR
Il . rotor vertical speed scaled by QR
o . rotor solidity

Q : rotor rotational speed

(0 : azimuthal location

Fluid Dynamic Model

F . intercell vorticity flux

M : Mach number

N : number of grid cells

P : pressure in the flow

S : vorticity source

t : time

u . flow velocity

wp, : flow velocity relative to blade
V . cell volume

At : timestep

Ax . cell edge-length

1% . kinematic viscosity of the flow
P : flow density

w : vorticity

wp - bound vorticity

Q : solution domain
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Structural Dynamics

q

U
W

. dissipation

: Lagrangian of the system
. generalised coordinates

. kinetic energy

. potential energy

. work

Fast Multipole Method

aj
by
K
Ks
L

mp

o

D5

. k" Taylor coefficient of K

. k" Taylor coefficient of ¢g

. Biot-Savart kernel

. regularised Biot-Savart Kernel
. Interaction List

. k" moment of vorticity

. kernel smoothing parameter

. error

. regularised Newtonian potential

Mathematical Notation

a-b
axb
AeB
AcCB
ANDB
AUDB

. scalar product of a and b
. vector product of a and b
: member A of B

: subset A of B

. intersection of A and B

: union of A and BB



Abbreviations

BVI
CKFD
FMM
TVD
VTM
WAF
WHL

: Blade Vortex Interaction

: Computational Fluid Dynamics
. Fast Multipole Method

: Total Variation Diminishing

. Vorticity Transport Model

: Weighted Average Flux

: Westland Helicopters Ltd.



Chapter 1

Introduction

Helicopters are, in general, plagued by high levels of vibration. The magnitude and fre-
quency of the vibration can seriously degrade the working life of the components of the
aircraft, not to mention the ride quality experienced by the passengers. The primary source
of vibration on helicopters originates from the aerodynamic loads generated by the rotor.
The prediction of the vibratory loads generated by the rotor system is further complicated
by the complex dynamic response of the rotor system and fuselage, and the coupling of this
response back into the aerodynamic forcing of the rotor. Indeed, an industry-wide survey,
performed by Hansford and Vorwald [1] in 1996, showed that the helicopter industry as a
whole was unable to predict vibration levels to an accuracy greater than 50%. In order to
minimise the effects of vibration, industry has been forced to integrate vibration suppres-
sion devices into the helicopter, incurring significant penalties in terms of cost, weight and
the performance of the aircraft. Although the capability of these vibration suppression
devices has improved greatly in recent years, with the technologies evolving from simple
passive mechanical devices to the sophisticated, actively controlled, vibration suppression
devices used on modern helicopters, these devices are essentially parasitic devices whose
only purpose is to ameliorate deficiencies elsewhere in the rotor system.

Accurate prediction of the vibratory loads generated by the rotor would allow the rotor
to be designed to minimise vibration at the source. thereby reducing, or even eliminating,
the need for vibration suppression devices. Any improvements in vibration prediction has
the potential therefore to bring about significant improvements in the overall performance,

cost and reliability of helicopters.



The problem is further compounded by the conflicting requirements placed on heli-
copter manufacturers for improved rotor performance. The demand for improved hover
performance has forced manufacturers to integrate increased levels of twist into their blade
designs. However, the optimisation of the rotor in hover leads to a degradation of per-
formance in forward flight, most significantly in the form of increased vibration levels.
Furthermore, the link between blade twist and rotor vibration is not fully understood, nor
can it be modelled accurately using the methods currently employed by industry.

The study by Hansford and Vorwald suggested that the current inability of the methods
used by industry to predict the vibratory loading of the rotor system stemmed principally
from an overly simple description of the rotor aerodynamics and the structure of the ro-
tor wake. Since the major source of vibration in the rotor system originates from the
acrodynamic loading of the rotor blades, a comprehensive description of the aerodynamic
environment surrounding the rotor is therefore required for the accurate prediction of vi-
bration [2]. The aerodynamic models used within most industrial vibration prediction
codes generally employ a number of simplifying assumptions, regarding the structure and
evolution of the wake, in order to reduce the computational cost of simulations. However,
with the increases in computational processing power provided by modern computer hard-
ware, it is now feasible to remove many of these assumptions, and to assess the potential
benefits of improved wake modelling on the accuracy of vibration predictions.

Computational Fluid Dynamic (CFD) models, through their fundamental treatment
of the flow physics, present a unique and powerful tool for analysing the aerodynamics of
helicopter rotors. CFD methods do, however, have limitations which, if not properly ad-
dressed, limit the success of these techniques in modelling rotorcraft related flows. Given
that the environment in which a helicopter rotor operates is dominated by complex and
persistent vortical structures, any method selected to model a rotor wake needs to preserve
the integrity of the vortical structure of the wake over significant periods of time. Stan-
dard CFD methods, that rely upon a primitive variable formulation of the Navier-Stokes
equations, i.e. in terms of velocity and pressure, are susceptible to excessive numerical
dissipation of vorticity [3]. If not controlled. this dissipation leads ultimately to the loss
of coherence of vortical structures within the flow. A further limitation of CFD methods
lies in their rather intensive use of computational resources. Excessive use of the available

computational resources constrains the maximum resolution, and hence the range of flow-
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scales, that can be simulated. This limits the accuracy that can be achieved using these
methods - an issue which becomes particularly relevant for problems, such as vibration
and acoustics, which are dependent on the fine-scale features of the flow.

This thesis describes the development of a CFD-based method for modelling rotor aero-
dynamics. The method is based upon the Vorticity Transport Model (VIM), originally
developed by Brown [4]. By describing the flow in terms of a time-dependent vorticity
distribution, rather than in terms of the primitive variables, velocity and pressure, the
VTM is able to conserve implicitly the vorticity of the flow. The VTM is therefore able to
preserve indefinitely the strength of vortical structures in the flow, making it particularly
suited to the modelling of rotor aerodynamics.

However, the implementation used by the original version of the VI'M places significant
demands on the available computational resources, and forces concessions to be made
regarding the resolution at which the model can be run. This diminishes the effectiveness
of the model when analysing problems which require the flow to be resolved to very fine
length scales, as is required for vibration prediction. A key element of the work presented
in this thesis relates to the development of efficient algorithms and modelling strategies for
the purpose of improving the computational efficiency of the VI'M. These improvements
permit the VI'M to exploit the available computational resources more efficiently, and
hence increases the range of flow-scales that can be resolved by the model.

The enhanced VI'M code provides a level of fidelity which has the potential to sig-
nificantly improve upon the description of the rotor aerodynamics provided by the aero-
dynamic models currently employed by the helicopter industry for vibration prediction.
The latter half of this thesis is devoted to an evaluation of the capabilities of the en-
hanced VTM, particularly in terms of its potential to improve the accuracy of vibration

predictions.

1.1 Synopsis

The structure of the thesis is arranged as follows. Chapter two presents a comprehensive
description of the theory and implementation used by the original version of the VI'M. A
number of deficiencies and limitations in the original formulation are highlighted. These

relate mainly to the model’s inefficient use of computational resources, as well as its
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treatment of far-field boundary conditions.

Chapters three and four address the excessive computational cost of the original for-
mulation of the VI'M. Chapter three presents a new semi-Lagrangian adaptive grid system
which permits significant increases in grid resolution, with minimal impact on computa-
tional cost. The method relies upon the fact that, when modelling using the vorticity-
velocity form of the Navier-Stokes equations, only those regions of the flow that contain
vorticity need to be retained within the computational domain. The new grid system
uses adaptive cell generation and destruction to track regions of vorticity in the flow as it
evolves through time. This approach minimises the number of grid cells, and hence the
computational resources, required to model the rotor and its wake. A powerful feature of
the new grid system is that the solution domain is essentially unbounded - the grid is free
to expand in size with the rotor wake, thereby eliminating the need for far-field boundary
conditions.

Chapter four describes the development of a highly efficient algorithm, based on the
Cartesian Fast Multipole Algorithm, which is used to evaluate the velocity field through-
out the computational domain. The similarities in the algorithmic structures of the Fast
Multipole Method and the adaptive grid system lead to a particularly efficient numerical
implementation. In particular, both methods use an octree-based hierarchical decom-
position of the computational domain and therefore can share common data-structures,
yielding considerable savings in terms of memory usage and computation time.

Having integrated the new grid system and velocity calculation into the VI'M, the
performance of the new code is assessed in chapter five. The code is validated against
the well known experimental data of Harris [5] and of Caradonna and Tung [6]. These
data sets allow the accuracy of the predicted wake structure, aerodynamic loading, and
low-frequency dynamics of the rotor, in hover and forward flight, to be analysed.

In chapter six, the analysis of Harris” experimental data is extended in some detail
in an attempt to understand the origins of some interesting features contained in the
experimental data. From a detailed analysis of the predicted wake structures and inflow
distributions, the study provides significant insight into the structure and evolution of
rotor wakes in forward flight.

In chapter seven, the potential of the VIM to improve the accuracy of vibration

prediction is assessed. The ability of the VIM to capture the effects of blade twist on the
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acrodynamic forcing of the rotor is confirmed. In an attempt to quantify the improvements
in vibration prediction that can be realised using the VI'M, the model is integrated with
an industry-standard structural dynamics code. The performance of the resulting code is
evaluated by comparing its predictions against flight test data.

Finally, in chapter eight the thesis concludes with a discussion and suggestions for

future work.

1.2 Publications

A number of elements of the work presented within this thesis have been published previ-
ously.

In September 2003, a paper (7] outlining the use of the Semi-Lagrangian adaptive grid
and Fast Multipole Method (FMM) for modelling rotor wakes was presented at the 29"
European Rotorcraft Forum in Friedrichshafen, Germany. The paper described the basic
theory and implementation of the new version of the VI'M and presented the validation
of the code in forward flight.

In June 2004, two papers [8] [9] were presented at the 60" Annual Forum of the Amer-
ican Helicopter Society in Baltimore, USA. The first paper presented the ongoing work on
the development of the VI'M, including the use of the adaptive grid and FMM for high res-
olution wake modelling, the validation of the code in hovering flight and several examples
of the code’s capabilities and performance. The second paper presented the preliminary
results from numerical simulations of full aircraft simulations in descending flight. The
work examined the interference effects of the fuselage and tail rotor acrodynamics on the
performance of the aircraft upon entering vortex ring conditions.

Finally, a further paper has been submitted for publication in the AIAA journal. This
paper provides a complete and comprehensive description of the new version of the VIT'M,
including validation of the wake geometries, blade loading and low-frequency blade dy-
namics predicted by the code. The paper also presents several extensions to the model,
including an efficient approach to modelling rotors in ground effect using a simple mod-
ification to the FMM, and the introduction of a simple panel-based description of the

fuselage aerodynamics to the VI'M for modelling rotor-fuselage interference effects.



Chapter 2

Model Description

2.1 Introduction

The wake of a helicopter rotor is a particularly challenging flow to model. Even in the
simplest of flight conditions, the highly interactive nature of the vorticity contained in the
rotor wake leads to the creation of exceptionally complex flow structures. In terms of rotor
vibration, possibly the most significant source of vibration occurs when a blade impacts
directly with the vortical structures in the wake. Accurate modelling of these so-called
Blade Vortex Interactions (BVI) places significant demands upon any model employed
to investigate rotor vibration. Not only must the model be capable of predicting the
unsteady aerodynamics of the rotor blades from low-speed reverse flow conditions up to
transonic speeds, but it must also capture the non-linear structural dynamics of the entire
rotor system, whilst simultaneously modelling the evolution of the rotor wake. The task
of developing such a numerical model is further complicated by the inherent differences in
time scales between that of the motion of the rotor and that of the evolution of the wake.

Arguably the most rigorous numerical approach for modelling fluid flows are provided
by grid-based Computational Fluid Dynamic (CFD) models. By solving directly the
equations that govern the fundamental physical processes via which the flow evolves, CFD
methods present a particularly faithful and general description of the flow physics. The
vast majority of CFD methods use a primitive variable formulation, in which the flow is
described in terms of a velocity and pressure field. Although primitive variable schemes

are by far the most mature, they do not, in general, explicitly conserve vorticity. Indeed,
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the presence of numerical diffusion in such schemes will ultimately lead to the destruction
of vorticity. It is therefore unlikely that a scheme which does not address the issues of
vorticity conservation will be able to preserve the strength of vortical structures in the

flow for the lengths of time required for rotor wake modelling.

2.2 Governing Equations

The Navier-Stokes Equations governing the flow surrounding the rotor can be written in

primitive variable (velocity-pressure) form as

i 1
g—tu—ku-Vzl — ~;V1}+uvgu (2.1)

WVaiufs—1H( (2.2)
if it is assumed that the flow is incompressible. This assumption is reasonably well justified,
except perhaps near to the tips of the blades or in the cores of the wake vortices where
higher flow velocities may introduce compressibility effects.

Taking the curl of equation 2.1 yields the unsteady vorticity transport equation

0 2

—wHu-Vw—w-Vu=v Vuw (2.3)
ot

where the vorticity, w, is defined as w = V xu. Equation 2.3 describes the flow as a vorticity

distribution which evolves under the influence of the velocity field, u. The vorticity and

velocity fields are coupled by the Biot-Savart relationship, which can be expressed in its

differential, or Poisson, form as
2
v‘-U = “T XWw. (24)
In the limit of zero viscosity, the viscous term on the right hand side of equation 2.3

becomes non-zero only on surfaces immersed in the flow, and can be replaced by a local

vorticity source.
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Hence, for the high Reynolds number flows relevant to most rotor aerodynamic prob-
lems, the vorticity transport equation can be written as

‘

J

—wHu-Vo—-—w-Vu=S§, (2.5)
ot

where the source term S accounts for the vorticity production accompanying the genera-

tion of aerodynamic loads on the rotor blades.

2.3 Vorticity Transport Model

The Vorticity Transport Model (VIM), developed by Brown [4], is a grid-based CFD
model for simulating the aerodynamic evolution of rotor wakes and associated flows. Un-
like primitive variable approaches, the VI'M describes the aerodynamic environment sur-
rounding the rotor in terms of vorticity and velocity. Since the rotor wake is a vorticity
dominated flow, it seems reasonable to represent the flow as a time-dependent vorticity
distribution. Indeed, for the purposes of simulating rotor wakes, this approach presents a
number of practical and numerical benefits over primitive variable schemes.

Most significantly, vorticity is explicity preserved within the vorticity-velocity formula-
tion. Numerical diffusion and dissipation can in no way lead to the destruction of vorticity,
allowing the strength of vortical structures in the flow to be preserved indefinitely. Any
numerical diffusion present within the scheme will however lead to the spatial smoothing of
the vorticity distribution, thereby reducing the compactness of vortical structures. These
effects are minimised within the VI'M through the introduction of appropriate flux limiter
functions to yield a scheme with Total Variation Diminishing (TVD) properties.

Since the vorticity conserving properties of the vorticity transport approach are explicit
within the formulation itself, the strength, or circulation. of the wake is independent of grid
resolution. Consequently, the V'I'M has the flexibility to run at a resolution relevant to a
given problem. Situations requiring only the prediction of gross flow features, such as flight
mechanics simulations, can be modelled successfully using very coarse grid resolutions
(10]. Conversely, in cases where small-scale flow features become significant, such as in
the modelling of blade-vortex interactions for acoustics or vibration prediction, the code

can be run at higher resolution to expose the detail of those fine vortical structures.
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The model has been used previously to investigate a variety of rotorcraft problems,
including the generation of linearised models for flight mechanics [10], the onset of the
vortex ring state [11],[12], and the sensitivity of rotorcraft to encounters with aircraft
wakes [13].

Unless otherwise stated, all results presented throughout this thesis can be assumed
to have been produced using the VTM. In addition, the original version of the VI'M, as

developed by Brown in [4] will be referred to simply as the ‘original VI'M’.

2.4 Numerical Implementation

The following section describes the finite volume formulation used by the VIM to numer-
ically solve the vorticity transport equation given in equation 2.3.

The governing equations are solved from an Eulerian frame of reference, upon a struc-
tured grid which is fixed with respect to the hub of the helicopter’s main rotor. The grid
is created by partitioning the solution domain into a finite number of control volumes, or
cells. Each cell contains a distribution of vorticity along with a description of the local
velocity field. The evolution of the solution through time is discretised into contiguous
timesteps of duration At, such that the time at the start of timestep n € N is given by
t = nAt.

Integration of equation 2.3 over a cell with volume, V. vields
[w']”*l — W] = [w.VUu]A; — [u.Vw]A + [1/.V2u]2, + [S)A: (2.6)

where the operators

lg]" = /q(.r.n_\t) dv (2.7)
J.
and
n+1
la)A: = / [q" dt (2.8)

perform the integration of a flow variable, ¢(x.t). over the cell volume and timestep re-
spectively. Approximation of each operator using a suitable numerical method yields a set

of algebraic equations in terms of local flow variables, which then allow the solution to be



2.4. NUMERICAL IMPLEMENTATION 28

evolved through time. In the current formulation of the VI'M, all operators, except the
vorticity source, are approximated using explicit numerical methods.

Starting from the vorticity distribution at time ¢ = nAt, the velocity field u" = u([w]")
is first evaluated by inversion of equation 2.4. Each integration operator in equation 2.6 is
then applied sequentially using the operator splitting approach to construct the vorticity

field at time t = (n + 1)At:

W = [w]"+ [S]A
W = [w]"+ [w.Vu]i,
W™ = [ - [u.Vu]a,

W = (W] + V2R, . (2.9)

The stretching operator, [w.Vul},. is evaluated using Runge-Kutta integration, and
the advection operator, [u.Vw]},, is evaluated using the Weighted-Average-Flux (WAF)
scheme of Toro [18]. A full description of the WAF scheme is presented in section 2.4.3.
The diffusion term is included here solely for completeness. In practice the diffusion term
is neglected for the reasons described previously in section 2.2. The operator splitting
approach was shown by Brown [14] to be second order accurate as long as the numerical

approximation of each integration operator is of at least second order accuracy.

2.4.1 Grid Structure

The grid system employed by the original version of the VI M is a simple, uniform resolu-
tion, Cartesian grid. As illustrated by figure 2.1, the solution domain, Q ¢ R?, is defined
by a regular cuboid which contains the helicopter and the surrounding flow. The domain
is populated throughout with cubic cells with edge-length Az and volume V. The edges
of the cuboid are aligned with the Cartesian directions and have an edge length equal to
N;Ax, where i € [x,y, z] is the relevant Cartesian direction. The resulting grid therefore

contains a total of N = N, N, N cells.
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Grid Cell, V

Solution Domain

Figure 2.1: Definition of solution domain.

When modelling a flow via a vorticity transport approach, only those regions of the
flow that contain vorticity need to be included within the solution domain. The grid
system described above however, does not exploit this feature, resulting in a particularly
inefficient implementation in terms of storage requirements.

Figure 2.2 shows an example wake geometry, calculated using the original version of the
VTM, generated by a 4-bladed rotor in forward flight. The grid used for this calculation
contained a total of 8.07 million cells of width Az = 0.0175R, where R is the rotor radius.
However, the number of cells that actually contained vorticity was just 1.2 million (14.8%
of the total number of cells). This clear inefficiency severely limits what can be achieved,
in terms of grid size and resolution, using the available computational resources. The non-
vorticity-containing cells present within the grid serve only to (a) provide space for the
future evolution of the wake, and (b) to fill the solution domain to allow the application of
boundary conditions at its edges. The uniform-resolution nature of the grid also prevents
any adaptation or refining of the solution, limiting the ability of the model to expose the
fine-scale flow features which are crucial for accurate prediction of rotor vibration and

acoustics.
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Figure 2.2: Wake visualisation of a 4-bladed rotor at p, = 0.147.

These limitations of the original grid system, along with other deficiencies to be de-
scribed in section 2.4.5, have motivated the development of an alternative grid system

which will be presented in Chapter 3.

2.4.2 Flow Variables

The VI'M uses a staggered arrangement of flow variables throughout the grid, an approach
first introduced by Harlow and Welsh [15]. As described by Figure 2.3, the velocity field
is evaluated at the centre of the rear faces of each cell rather than at the cell centre as in a
collocated arrangement. In addition, each cell contains a uniform distribution of vorticity,
leading to a piecewise constant description of the global vorticity field.

Use of the staggered arrangement presents a number of benefits, both in terms of
accuracy and convenience, over the collocated arrangement. Evaluation of the intercell
vorticity fluxes requires the velocity normal to each cell face. For the staggered arrange-
ment, these velocities are readily available, whereas for the collocated arrangement they

must be interpolated from the cell centres of neighbouring cells. As discussed in the texts
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Figure 2.3: Staggered arrangement (left) and collocated arrangement (right)

of the velocity field.

of Ferziger and Peric [16] and Peyret [17], the errors introduced by this interpolation pro-
cedure can develop into spurious oscillations in the velocity and vorticity fields. Indeed,
previous experience using the collocated arrangement within the VI'M has resulted in

oscillatory solutions.

2.4.3 Weighted Average Flux Scheme

The advection operator introduced in equation 2.6, which accounts for advection of vor-
ticity through the interface between two adjacent cells, is evaluated using the Weighted-
Average-Flux (WAF) method of Toro [18]. The WAF method is a second-order accurate,
one-dimensional Riemann solver for hyperbolic conservation laws. It was developed pri-
marily for shock-capturing in compressible gas dynamic problems [19]. However, its ability
to resolve the steep gradients in flow properties in the neighborhood of shocks makes it
equally suitable for resolving the steep vorticity gradients found within the rotor wake.
Consider the cell 7 shown in figure 2.4. In the absence of diffusion and vorticity
sources, any variation in the vorticity contained in i must be due to the advective flux, F,

of vorticity through cell i’s boundaries.
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Figure 2.4: Stencil for calculation of intercell vorticity fluzes.

A numerical scheme for the calculation of the advective fluxes can be derived directly

from the non-linear advection equation

0
5" +u-Vw=0, (2.10)
obtained from equation 2.5 by omitting the stretching and source terms. Integration of

equation 2.10 over the cell volume and again over a time interval of size At leads to

Ay

= e (2.11)

i+5 1—

1
2 2

where F, 1 is the vorticity flux through the interface between cells ¢ and 7 + 1. The
2

advection operator therefore becomes
) (2.12)

The intercell flux can be evaluated using the solution to the piece-wise constant Riemann
problem at the cell interface.

The WAF scheme constructs the intercell flux as

- ~eid0b r (2 «
Fiy3 =WiE) +WoFD) (2.13)
2 2
where
! et |
Wi=>(1+v) Wy=-(1-v) (2.14)
FU = yfwy) F2) = ulwi]” (2.15)
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and v is the cell Courant number, defined as

uAt

Az e,

V=

As a second order scheme, the WAF method is however susceptible to spurious oscilla-
tions in the region of large vorticity gradients. These oscillations are removed by making
the scheme Total Variation Diminishing (TVD) through the application of suitable flux
limiter, or wave amplification, functions to the fluxes defined in equation 2.15. The Total

Variation, TV"™(w) = TV ([w]"), of the vorticity field is defined by Harten [20] as

VB / g—:! dz . (247)

For a discretised representation of the vorticity field, equation 2.17 can be written as

TVMw) =Y | wisa]" = [wi] ], (2.18)

i€Q)

leading to the requirement that
TV (w) < TVR(w) (2.19)

for a fully TVD scheme. The derivation of a number of wave amplification functions which
satisfy equation 2.19 is presented by Toro [21] and [22].

Introduction of flux limiter functions does however increase the size of the stencil to
include the two cells either side of the interface. The relevance of this observation will
become clear when the adaptive grid system for the new VITM is developed in Chapter 3.

The scheme is extended to three dimensions using the space-operator splitting ap-
proach of Strang [23], in which the three-dimensional problem is decomposed into three
one dimensional problems. Full multi-dimensional versions of the WAF scheme have been
developed recently by Billett and Toro [24], [25]. However, these schemes are not strictly
TVD and hence do not guarantee a compact representation of the vortical structures in

the flow.
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2.4.4 Vorticity-Velocity Coupling

In incompressible flow the velocity and vorticity fields are coupled by the Biot-Savart
relationship, the differential form of which is given by equation 2.4. From a known vorticity
distribution, inversion of equation 2.4 provides the required velocity field.

In the original version of the VTM, the inversion process is implemented by first
applying a finite-difference approximation to equation 2.4 on each cell to produce a system
of linear equations. This system of equations is then solved using the method of Cyclic
Reduction, developed by Schumann and Sweet [26], [27], to yield the velocity field. For a
grid containing N cells, the method of Cyclic Reduction performs the inversion procedure
in O(N log N) operations.

An altemalive approach can be derived by integrating equation 2.4 over the solution

domain, €, using the integral form of the Biot-Savart relationship

u(z) = /1\'(:1,‘.3/) xw(y) dy , (2.20)
[

with the Biot-Savart kernel defined by
1 (z—1y)
K(z,y) = ————"%. 2:21
) = S B (2.21)
The integral formulation is presented here as it forms the basis of a family of solution
methods, called Multipole methods, which will be developed in chapter 4 as an alternative

to Cyclic Reduction.

2.4.5 Boundary Conditions

Due to the elliptic nature of the Biot-Savart relationship. all vorticity present in the flow
has an influence, via the velocity field, everywhere throughout the flow. However, for
standard grid-based CFD approaches it is rarely practical to generate solution domains
which contain the entire vorticity field of the flow.

As described in section 2.4.1, the solution domain employed by the original version
of the VI'M is constrained to contain only a finite region of the flow. Consequently,
for non-trivial flows it is inevitable that vorticity will be lost from the solution domain.

Since it is, by definition, impossible to model the evolution of vorticity that is located
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outside of the solution domain, its whereabouts and strength are essentially unknown.
Hence, any vorticity that passes out of the solution domain is forbidden from re-entering.
Furthermore, failure to reconstruct the velocity field induced by any external vorticity
on the rest of the flow will result in non-physical solutions. It is therefore essential that
suitable far-field boundary conditions are applied to the solution domain. Within the
original VTM, the velocity field induced by vorticity outside of the solution domain is
reconstructed approximately by forcing zero-curvature of the velocity and vorticity fields
at the domain boundary.

Although experience has shown this approach to be very effective for the majority of
flight conditions, it does have its limitations. Indeed, spurious flow features are known to
be produced by the boundary conditions when the wake-induced velocities are similar, or
greater, in magnitude compared to the freestream velocity, i.e. in low speed flight and in

hover.

(@) (©)

Figure 2.5: Evolution of a solution contaminated by invalid boundary condi-

tions.

An example of a solution which has become contaminated by the boundary conditions
is illustrated in 2.5, in which the wake is visualised as contours of vorticity magnitude
on a vertical slice through the rotor hub. The simulation begins with the rotor in a low-
speed vertical climb (a) before slowing into a hover. During the transition from axial
flight to hover, (b), the far wake is destabilised, producing a net up-flow at the lower grid
boundary. This up-flow attempts to draw vorticity back into the domain from the outside
- vorticity that can in no way be reconstructed. From this point onwards, the VI'M is
unable to describe accurately the vorticity field close to the lower boundary. The resulting
velocity field forces the far-wake sideways and upwards, as shown in (c¢), to produce a wake

structure which resembles the wake produced by a rotor hovering in ground effect, rather
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than out of ground effect.

This deficiency of the model has motivated the development of a fully boundary-free
grid formulation which eliminates the need for any explicit far-field boundary conditions.
The introduction of such a boundary-free approach into the VITM is presented in Chap-

ter 3.

2.5 Structural Dynamics

Modern helicopter rotor systems consist of a highly complex arrangement of hinges, link-
ages, springs and dampers. Accurate modelling of the structural dynamics of such systems
is therefore particularly challenging and numerically expensive. The problem is further
complicated by the coupling of the rotor and fuselage dynamics.

To limit the complexity and cost of the structural dynamic model, the VI'M employs
a somewhat simplified description of the rotor system, in which many of the hub compo-
nents are replaced with simplified representations or ignored completely. For example, a
conventional articulated rotor system is described within the VI'M as a collection of rigid
or flexible blades, each free to move about a number of hinges, accompanied by a number
of idealised springs and dampers, as illustrated in figure 2.6. Although the capability
exists within the VI'M, for the sake of simplicity the coupled fuselage dynamics are not
included in the calculations presented here. Instead, the rotor hub is simply assumed to
remain fixed with respect to the aircraft trajectory.

Of course, there exists a wide variety of rotor designs, from the relatively simple tee-
tering rotors to the more complex articulated and elastomeric designs. Furthermore,
seemingly subtle changes to a design, such as the reordering of the flap-lag-feather hinges
along the rotor radius, can have a significant effect on the dynamical nature of the sys-
tem. With this in mind, it seems sensible to adopt a flexible and generalised approach to
the modelling of the structural dynamics. Consequently, within the VI'M the structural

dynamics are modelled using an approach derived using Lagrangian dynamics.
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Figure 2.6: Simplified representation of an articulated rotor.

For a system with n € N degrees of freedom, the problem can be completely defined
in terms of n generalised coordinates, ¢ = q(q1.q2.....qn,t) and their time derivatives,
q = dq/dt, from which the total kinetic and potential energy, the dissipation and work

done on the system can be constructed.

Kinetic Energy = T(q,q) (2.22)
Potential Energy = U(q.q) (2.23)
Dissipation = D(q.q) (2.24)
Work = W(q,q). (2.25)

For a rigid blade, the generalised coordinates are taken to be the azimuth angle of the blade,
along with the flap, lag and feather angles. For a flexible blade, additional coordinates
must be introduced to capture the additional torsional and bending degrees of freedom.

The modified Lagrangian of the system at time ¢ is defined as

to+t
7= i ] +/ D. dr, (2.26)

to

where Dy = 0D /0t is the rate of dissipation in the system and tq is the time at which

the system was initialised. Hamilton’s principle of minimisation of action states that the
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variation of £* — W is minimised along any trajectory of the system on the manifold (g, q).
This can be expressed as

to+At
/ (6L* — W) =0, (2.27)
tg

)
where W is the work done on the system by external generalised forces ). For example,
Q) could be the work done on the system by aerodynamic forces. Substitution of equation

2.26 into equation 2.27 yields the Euler-Lagrange equations

d [OL oL oDy to+t gp, .
= = ] e i — dt=Q, 2.28
dt <(’)(j> dq aq /, S i ( )

0

where £ = T—U is the conventional Lagrangian of the system in the absence of dissipation.

Expanding the first term of equation 2.28 as

d (0L Ol O GF
= ) S e (2.29)
dt \ 0q 0¢;0q; 0q;0q;
produces a system of equations
2 2 s to+t ¢ D
GAE LGB L R GIm DI o

e K e i o el P
()(],‘()(1]‘ ]J ()(1,’()(]] IJ ()(1,‘ ()(11‘ to 0(11

which, after evaluating all the derivatives and the integral numerically, can be solved
directly for the accelerations ¢. Finally, the generalised coordinates at the next timestep

are evaluated using Euler integration:

qn*l ol (171 E1S (}”Af (231)

(]n+1 — (]n it (.]'“Af . (232)

The power of the Lagrangian approach lies in its generality. Not only is it capable of
handling complex, highly coupled non-linear systems, but its formulation makes jt very easy
to accommodate changes in the mechanical design of the system. In contrast to standard
approaches, which require the full equations of motion to be derived for each new system,
only a straightforward modification of the generalised coordinates and associated energy

of the system is required by the Lagrangian approach.
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2.6 Blade Aerodynamics

The vorticity source operator in equation 2.6 models the generation of vorticity by the
surfaces immersed within the flow, in other words by the rotor blades. However, evalu-
ation of the vorticity source is complicated by the fact that the timestep used to evolve
the dynamics of the wake is typically several times larger than that required to capture
the unsteady aerodynamics and high-frequency structural dynamics of the rotor. To ac-
commodate this disparity in timescales, a substepping approach is introduced. The global

timestep, At is first partitioned into m € N contiguous substeps, such that

m—1

ANy = NN (2.33)
i=0
The vorticity generated over each of the substeps is then summed to give the vorticity
source for the global timestep

m—1

ISR SR SIRae (2.34)

i=0

The number of substeps is chosen to (a) ensure that all required timescales of the rotor
acrodynamics and dynamics are captured accurately, and (b) to satisfy any stability and
accuracy requirements of the numerical method employved to model the blade aerodynam-
ics.

A variety of methods can, of course, be utilised to evaluate the vorticity source S. At
present, the VI'M employs a single-panel lifting surface model of the blade aerodynamics,
based upon the Weissinger-L method [28]. The method was developed as a computation-
ally efficient alternative to panel methods for the analysis of swept wings. The method was
later extended to include compressibility corrections by DeYoung [29] and Stevens [30],
who both used the method to analyse wings with arbitrary sweep, planform and twist.

The method is implemented by first partitioning the blade into a finite number of
discrete panels along the span of the blade. As illustrated in figure 2.7, each panel consists
of a bound horseshoe vortex attached at the 1/4-chord, a collocation point at the 3/4-chord
and a separation line. As the blade sweeps through the flow over the course of a substep,
a vortex panel containing trailed and shed vorticity is deposited into the flow from the

separation line. The resulting vortex lattice grows over subsequent substeps, whilst being
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Separation Line
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Collocation Point
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Figure 2.7: Blade aerodynamic and inner wake model.

freely convected by the local flow velocity. At some distance downstream of the blade, the
vorticity on the rearmost panels of the lattice is interpolated into the grid, forming the
vorticity source S.

The strength of both the bound vortex and the newly created panels is evaluated as
follows. The local flow velocity, u;, at each collocation point is calculated as the sum of
the wake induced velocity, the free-stream velocity and the structural motion of the blade.
Setting the velocity component normal to each collocation point equal to zero yields a set
of algebraic equations that can be solved for the strength of the bound vorticity, wj, and
the strength of the trailed and shed vorticity produced over that substep. The vorticity

generated by the blade can then be expressed in terms of the shed and trailed vorticity as

S=——wp+upV-wyp, (2‘55)

where the first term represents the shed vorticity and the second term the trailed vorticity.
Locating the bound vortex and collocation point at the 1/4- and 3/4-chord respectively

leads to the idealised lifting-line lift-curve slope for an infinite aspect ratio panel of exactly



“This approach accounts only for the circulatory component of the loading. Any non-circulatory con-

tribution to the loading is calculated independently of the Weissinger-L blade model.
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2. From knowledge of the real aerofoil properties, the zero through-flow boundary condi-
tion applied to each collocation point can be modified to capture the full 360° performance
of the aerofoil, including Mach Number, M, and Reynolds; Number, Re, effects. Inclusion
of the full 360° aerofoil properties is crucial for the accurate treatment of the high angle of
attack and reverse-flow conditions experienced by the retreating blade in forward flight.
From the flow conditions at the start of the time-step, the lift-coefficient, C (o, Re, M),
is obtained from aerofoil look-up tables or from curve-fits through experimental data¥
When compressibility data is not available, the lift coefficient can be modified through

application of an appropriate compressibility correction
Cr(a, Re, M) = Lg[CL(c, Re), M] , (2.36)

normally taken to be the Prandtl-Glauert correction

Ci
L3[CL, M| = ——— .
A e

The resulting lift coefficient can then be used to pre-condition the collocation point bound-

(2.37)

ary condition, before calculating the bound vorticity as described previously. Aerofoil look-
up tables, or curve fits through experimental data, are again used to evaluate sectional
drag and pitching-moment coefficients.

This approach does however rely upon the use of two-dimensional aerofoil data, and is
therefore incapable of capturing certain three-dimensional flow features, such as the effect
of blade rotation on the boundary layer profile and the associated stall-delay. A number of
empirical stall models have been developed to account for these three-dimensional effects
(primarily for the analysis of wind-turbine blades), such as the models of Corrigan [31],
Du and Selig [32],(33], and Corten [34]. Although not implemented within this work,
introduction of such a model may be beneficial, particularly for the analysis of highly
loaded or highly twisted rotors.

The blade aerodynamic model must also be capable of capturing dynamic stall, a
separated flow regime associated with the shedding of a vortex from the leading edge of
an aerofoil under conditions of high incidence and rapid pitch rate. The presence of the
vortex above the aerofoil’s upper surface postpones the stall of the aerofoil, leading to
lift coefficients in excess of the maximum lift coefficient experienced under static condi-

tions. Dynamic stall also introduces significant pitching-moment variations which can be
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a significant driver of vibration in the rotor system. The dynamic stall model used by the
VTM is based on the model of Beddoes [35], [36] and [37], in which a first-order time delay
postpones the loss of lift above the stall angle-of-attack. In spite of the model’s simplicity.

it is capable of capturing the primary loading features induced by dynamic stall.

2.7 Proposed Model Improvements

As highlighted at various points throughout this chapter, the original VI'M suffers from
a number of deficiencies which may limit the model’s ability to tackle the particularly
challenging problem of vibration prediction.

As discussed in Chapter 1, successful prediction of vibration is likely to require a signif-
icant increase in grid resolution such that the fine-scale flow features, such as vortex cores
and BVI, can be captured. The current grid system, employing a fixed, uniform resolution
grid does not present the most efficient means with which to obtain such resolutions. This
certainly motivates the development of a more efficient grid system which will facilitate
such increases in grid resolution.

It is also crucial that the wake system is free to evolve naturally under the wake’s
own self-induced velocity field. As discussed in section 2.4.5, it is possible for the solution
to become contaminated as a result of poorly posed boundary conditions. Although it
may be possible to derive more representative boundary conditions, this approach would
not eliminate the problem entirely since it is, by definition, impossible to reconstruct the
velocity field induced by vorticity located outside of the solution domain. A more effective
and justifiable strategy would be to develop an approach in which the entire vorticity field
of the flow is retained within the solution domain, removing the need to provide far-field

boundary conditions.

2.7.1 Semi-Lagrangian Adaptive Grid

A new grid system, the Semi-Lagrangian Adaptive Grid, has been developed to address
the deficiencies of the grid system employed in the original VI M. The system exploits a
useful feature of the vorticity transport approach, which requires that only those regions

of the flow which contain vorticity need to be represented explicitly within the solution
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domain. A process of adaptive cell generation and destruction is used to create cells around
these vorticity-containing regions, and to track them as the flow evolves. This approach
minimises the number of cells required to enclose the vorticity present in the flow, leading
to a reduction in cell count by roughly one order of magnitude compared to the original
grid system. The new grid system also permits the use of nested grids of varying resolution
to focus computational effort into particular areas of the flow, i.e. near to the rotor. The
adaptive cell generation and nested grid features of the new system together present the
flexibility to generate unbounded solution domains, thus removing the requirement for
far-field boundary conditions. A full description of the new grid system is presented in

Chapter 3.

2.7.2 Cartesian Fast Multipole Method

A drawback of the adaptive, unbounded nature of the new grid system lies in the added
complexity introduced when evaluating the velocity field using the Method of Cyclic Re-
duction (described in section 2.4.4). The Method of Cyclic Reduction is at its most efficient
when applied to a uniform, structured domain with simple boundaries. Although, it is
possible to use the method with the Semi-Lagrangian adaptive grid system, it would re-
quire a separate solution domain to be defined and initialised at every timestep, incurring
a considerable cost penalty.

As a result, the Method of Cyclic Reduction has been replaced with the Fast Multipole
Method (FMM). The FMM can be applied easily to unstructured and unbounded grids,
and has been demonstrated to yield large improvements in efficiency over the Method of
Cyclic Reduction. For a grid containing N grid cells, the velocity field can be evaluated
in O(N) operations using the FMM, compared to O(N log N') operations for the Method
of Cyclic Reduction. A full description of the Fast Multipole Method is presented in

Chapter 4.
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2.8 Summary

The VI'M is a comprehensive rotor code for modelling the dynamics and aerodynamics of
a rotor system. The evolution of the rotor wake is modelled via a numerical solution of the
vorticity transport equation using a TVD finite-volume scheme. Representation of the flow
field in terms of a time-varying vorticity field bypasses the issue of vorticity conservation
which is often problematic for primitive variable formulations. The rotor blades are treated
as sources of vorticity, and are modelled using a variation of the Weissinger-L method along
with look-up tables of aerofoil performance data. The dynamics of the rotor system are
captured using a Lagrangian dynamics approach, which provides a particularly flexible
framework that can be used to model a variety of rotor configurations.

A number of deficiencies of the original VI'M have been identified which are likely
to limit the model’s ability to simulate accurately the evolution of the rotor wake at
the very high resolutions required for vibration prediction. These include the potential
contamination of the solution due to inappropriate far-field boundary conditions and the
inefficiency of the existing grid system. These limitations will be addressed through the
introduction of a new boundary-free grid system and velocity calculation using the Fast

Multipole Method.



Chapter 3

Semi-Lagrangian Adaptive Grid

3.1 Introduction

As described in the previous chapter, the existing grid system suffers from a number of
deficiencies, namely the excessive cost of the grid system when using very high resolutions,
and the potential contamination of the solution as a consequence of the truncation of the
wake at the grid boundaries. The grid system described within this chapter has been
developed to eliminate these deficiencies and to provide an efficient, flexible and reliable
formulation capable of modelling a wide range of rotor flows.

The Semi-Lagrangian Adaptive Grid system, through its boundary-free formulation
and use of adaptive cell generation, provides all the necessary structure to eliminate the
aforementioned problems. Since the evolution of the flow is modelled using equation (2.5).
only regions of the flow that actually contain vorticity need to be contained within the
computational domain. The number of computational cells, and hence the the memory
required by the calculation, can be minimised by using a grid that contains a variable num-
ber of cells that are adaptively generated and destroyed to allow the vorticity-containing

regions of the flow to be tracked as the solution evolves through time.
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3.2 Boundary-Free Formulation

The method employs a virtual Cartesian stencil or framework, upon which cells can be
created and destroyed. Each location on the stencil is a cube, with edge-length A, that
can be occupied by a single computational cell. The stencil is fixed in the frame of reference
of the rotor hub and extends to infinity in all directions to encapsulate the entire space
surrounding the rotor. The stencil thus provides an infinite number of discrete locations
that can be occupied by cells at any given time. Crucially, since the stencil is entirely
boundary-free, the grid can enclose all of the vorticity present in the flow throughout the
entirety of the simulation. The rotor wake can therefore grow in size arbitrarily, without
the vorticity field being truncated by grid boundaries, thereby eliminating the need for
any far-field boundary conditions on the vorticity field.

The vorticity generated by a vorticity source, S, (assumed here to be the rotor blades),
is captured within the grid by creating cells at the appropriate locations on the stencil.
To allow the vorticity to advect through the grid during the next timestep, the immediate

neighbours of any newly created cells must also be created, as shown in figure 3.1.

New cell created as vorticity is

D sourced into grid at t=t,
Neighbour cells created
— Vorticity distribution evolves over timestep At

Cells that are no longer neighbours to
vorticity-containing cells are destroyed, and
new neighbour cells are created. t=t,+At

— Vorticity distribution evolves over timestep At

Figure 3.1: Adaptive grid generation and destruction tracks regions of vor-

ticity within the flow.
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Assuming that the velocity is known at every cell interface, this grid structure is
sufficient to allow the VI'M to evolve the flow according to equation (2.5). At successive
timesteps, additional neighbour cells are generated around all vorticity-containing cells to
allow the new vorticity distribution to evolve. Simultaneously, any cells that no longer
contain vorticity are destroyed. This process of cell generation and destruction is repeated
at every timestep to allow the flow to evolve freely. It can be seen that, at any point
during the simulation, the solution domain, €2, is simply defined as the support of the
vorticity field, i.e. those regions of the flow where the vorticity field is non-zero. Regions
of the flow which do not contain vorticity are ignored by the calculation, thereby reducing
the required number of cells to a minimum. The Lagrangian nature of the method is now
obvious since the resulting grid effectively tracks the vorticity distribution as it evolves

through time.

(@)

(o)

Figure 3.2: Adaptation of the grid structure as the rotor wake evolves.
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Figure 3.2 shows the grid and wake structures, viewed on a vertical slice through the
rotor hub at two points during a simulation of a four-bladed rotor in accelerating forward
flight; the wake is visualised using contours of vorticity magnitude. The top image shows
the wake and grid structures shortly after the startup of the rotor; the starting vortex of
the rotor can be clearly seen to the right of the figure. The advance ratio or the rotor
at this point is g = 0.04. The lower image shows the grid structure at a later time, by
which point the forward speed of the rotor has increased to = 0.07. These snapshots of
the grid structure illustrate clearly how the grid structure has adapted to track the un-
derlying vorticity distribution. It should be noted that the method can not be described
as fully Lagrangian though since the computational cells are fixed in an Eulerian frame of

reference, and are not themselves transported by the flow.

3.3 Octree Data Structure

Octree data structures are extensively used for grid generation and management within the
new grid system. Due to their simplicity and efficiency, tree-based methods have gained
considerable popularity for both two and three dimensional grid generation, see Wang
[38], Zeeuw and Powell [39], and Berger et al [40], [41]. The key benefits of tree-based grid
generation can be summarised as follows:

e Since a typical grid may contain several million cells, it is essential that the cell data
can be accessed and sorted efficiently. This is of even more importance for methods
that use adaptive cell generation and destruction since they are normally forced to
arrange cell data in an unstructured fashion within computer memory. Tree-based
data structures provide access to a number of particularly efficient search and sorting
algorithms which can be applied easily to both structured and unstructured data,
see Knuth [42].

e Their recursive structure can be exploited to (a) develop fully automated grid gen-
eration techniques and (b) implement recursive numerical methods.

e When applied to simple geometries, such as regular Cartesian grids, tree-based data
structures provide a straightforward means by which to introduce grid adaptation

and refinement.
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In the case of the VI'M, the octree system also provides the essential infrastructure
required to evaluate the velocity field via the Fast Multipole Method. Significant improve-
ments in efficiency and performance can therefore be achieved by exploiting the same
octree data structure within both the grid system and the velocity calculation.

Generation of the octree data structure takes place as follows. At the lowest level of
the octree lie the cells themselves. The next level of the octree is formed by collecting
together the cells in eight neighbouring cell locations to form a parent cluster, as shown in
figure 3.3. This process of clustering is repeated on each level of the octree until a level is
reached on which there exists one single cluster which contains the entire computational

domain.

Level 2
A=4A,
Level 1
A=2A,

M
Level 0 1
A=A, 1]

Figure 3.3: Cell locations organised into an octree data structure.

The octree is stored as a linked list of data structures. Each element in the octree
contains links, or pointers, to its parent, up to six immediate neighbours and up to eight
children. However, due to the adaptive nature of the grid. not all of an element’s neigh-
bours or children will always exist. Since the tree has a finite depth, at the lowest level of
the tree, the elements are the actual cells and will not have any children. Similarly, the

clement at the root of the tree will not have a parent.
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3.4 Nested Grids

As a consequence of utilising a boundary-free formulation, it is feasible that the growth of
the grid structure will eventually exhaust the available computer memory, prohibiting the
grid from growing any larger in size. From this point onwards, the grid has boundaries
upon which boundary conditions must be applied for the simulation to proceed. Since the
new grid formulation does not support the application of far-field boundary conditions,
the simulation is forced to terminate prematurely.

The growth rate of the grid in terms of cell count can, however, be constrained by
adapting the resolution of the grid. The vorticity close to rotor may be resolved on a high
resolution grid, whilst the resolution can then be reduced systematically on moving away
from the rotor into the far-wake. This strategy is certainly justified since the vorticity in
the far-field has a minimal contribution to the near-rotor flows. and does not therefore need
to be resolved with the same fidelity as the near-rotor flow. Indeed, from a computational
efficiency standpoint, it is certainly desirable to focus computational effort on to the area of
most interest, namely the region of flow immediately surrounding the rotor. Furthermore,
the ability to enhance locally the grid resolution, either to expose fine-scale flow features
or to improve accuracy, is certainly a valuable feature.

Arguably the most straightforward way to achieve a variable resolution capability is
to partition the grid into a number of nested grid levels of varying resolution. Using this

approach, the solution domain can be expressed as the union of a number of sub-domains,

=) @ (3.1)

where N, is the number of nested grid levels, and the subset ; contains all the vorticity
located on grid level 1.

The octree data structure presents a particularly convenient means with which to nest
erids of varying resolution. First, the rotor is positioned within the lowest grid level, . in
which the vorticity-containing cells have side-length Ay - equal to that of the underlying
stencil. At some distance from the rotor, the resolution of the grid can be reduced by
simply reducing the depth of the octree so that the vorticity-containing cells now lie on

level 1 of the grid, €5, and have side-length 2A. This process can then be repeated to
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Figure 3.4: The rotor is embedded within a nested grid structure that de-

creases in resolution with distance from the hub.

generate any number of grid levels. A schematic representation of a computational domain
with such a nested grid structure is shown in figure 3.4.

Since the cell width doubles on moving up a level of the tree, the width of a cell on
grid level 7 is 2'Aj. This exponential growth rate in cell size allows the growth rate of the
erid, in terms of cell count, to be constrained to manageable levels. The rate at which
computational storage is consumed by the simulation is therefore retarded and the wake

structure is free to evolve over the course of a simulation (of finite duration) without ever

encountering grid boundaries.

3.4.1 Courant-Friedrichs-Lewy Condition

A powerful feature of the nested grid approach relates to the maximum stable rate at which
the computation can be advanced on each grid level. For the explicit WAF scheme, the
stability requirement, expressed in terms of the timestep. cell size and local flow velocity.
is set by the Courant-Friedrichs-Lewy (CFL) condition

ult

—1|<1. :
N 1 (3.2)
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The CFL condition essentially states that the timestep and cell width should vary in
proportion to each other. Hence, since the cell width doubles on moving up from one
level to the next, so too should the timestep. Practically, this means that the flow on
grid level 7 can be evolved using a timestep 2' times that used on the finest grid level.
The computational cost of evolving the flow on the coarse grid levels is therefore reduced,
allowing the available computational resources to be focussed not only spatially, but now
also temporally, onto the near-rotor flow.

As a consequence of the above strategy, the timestep At essentially fixes the size of
the timestep on all grid levels. Hence, Aty must be carefully chosen so that the CFL
condition is not violated on any of the grid levels. The maximum stable timestep, At?,

that can be used to advance equation 2.5 through time on grid level i is

Ax
At = — | 3.3
Tl (3.8)
where
|lull; = max [u| . (3.4)

1

Since the cell width doubles on moving up a level of the tree, equation 3.3 can be
expressed as

2iA
AN ===
[[ull;

Furthermore, since At} = 2'Atf), the maximum value of At is effectively dictated by the

minimum value of At} given by equation 3.5. Atj can therefore be expressed as

(A Ag
Aty = min —— = — | (3.6)
€N [lufli [full
where [|lu]| is the maximum absolute velocity in the entire solution domain. Equation 3.6

provides a rigorous upper limit on the timestep Aty that can be used to evolve the solution

through time.
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3.4.2 Grid Level Boundaries

Due to the different spatial and temporal resolutions used on the various nested grid levels,
great care must be taken to preserve the accuracy of the solution near to the interfaces
separating neighboring grid levels. In particular, it is essential that advection of vorticity
across a grid interface conserves not only vorticity, but also the second order accuracy and
TVD properties of the WAF scheme.

Berger and Leveque [43] developed a strategy for achieving conservation and second
order accuracy at grid interfaces. The method described below extends their approach to
preserve also the local TVD properties of the solution.

First, a small overlap region is introduced between two adjacent grid levels at the
grid interface. The structure of the overlap for a one-dimensional grid is illustrated in

figure 3.5.

Overlap Region

cidi | | | t‘l!

L ‘ Grid i+1

Figure 3.5: Overlapping of adjacent grid levels for a one-dimensional grid;

shaded cells represent ghost cells.

oxtending the same approach to the full three-dimensional case leads to the grid struc-
ture as shown in figure 3.6. These overlapping cells, or ghost cells, provide all the necessary
cell structure to maintain the required solution properties.

Figure 3.7(a) shows the underlying cell structure at the grid interface whilst figures
3.7(b) and (c) show the representation of the same interface as seen by the coarse and fine

erid levels respectively.
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Figure 3.6: Overlapping of the grid level boundaries provides both second or-

der accuracy and monotonicity; shaded cells represent ghost cells.

From a known vorticity distribution at time ¢, the ghost cells are initialised by making
a copy of the vorticity field from the underlying grid cells. Next, all intercell fluxes on
the finer grid level, F', are evaluated and then used to reconstruct the fluxes throughout

5. The conservation of vorticity is explicitly

the coarse overlap region, i.e. Fl_*A, and Fli
2

2
enforced by reconstructing the coarse fluxes such that

(3.7)
t=to

where Af is the timestep used to evolve the fine grid level. The time summation accounts
for the fact that the fine grid level is evolved at twice the rate of the coarse level. Equation
3.7 effectively states that the fluxes of vorticity across the grid interface, as observed on
both the coarse and fine grid levels, are identical.

Finally, the vorticity contained in the coarse cells either side of the interface at the
next timestep can be evaluated by replacing the intercell flux in equation 2.11 with the
appropriate reconstructed flux F*. Taking for example the coarse cell i in figure 3.7(b),

the left-flux £, 1 is replaced with the reconstructed flux F,,‘W to yield

[SIE

‘ At
SEG L= e i s _* ‘
[wil™! = il = = (Fray — Fry). (3.8)

As discussed in section 2.4.3, the wave amplification functions used to make the solution

TVD require data from the two cells either side of a cell interface. Since all the fluxes
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Figure 3.7: Strategy for preserving vorticity conservation, second order accu-
racy and the TVD properties of the solution at grid interfaces.

Shaded cells denote ghost cells.

throughout the overlap region are evaluated upon the higher resolution grid level, it can
be seen that the structure of the overlap region provides all the necessary data for the
calculation of the wave amplification factors. Hence, the TVD properties, and also the

second order accuracy, of the WAF scheme are preserved throughout the overlap region.

3.5 Grid Performance

A comparison of the new and old grid system, in terms of cell counts, for a number of
representative rotor calculations is presented in table 3.1. The data presented for the new
grid system is based upon a grid of resolution on the finest grid level of Az = 0.02R,
and four levels of grid refinement; the grid level boundaries are located at distances of

2R, 4R, and 6R from the rotor hub. The data presented for the original grid system is
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based upon a grid resolution of Az = 0.02R with the grid boundary located a distance of

approximately 3R from the rotor hub.

Cell Count
Case Old Grid System | New Grid System
Hover 8,000,000 1,700,000
Forward Flight p = 0.15 6,048,000 592,700
Forward Flight p = 0.37 6,048,000 431,200

Table 3.1: Cell count comparison between old and new grid systems.

The new grid system consistently yields reductions in cell count of roughly an order
of magnitude. The corresponding savings in terms of memory allow sizeable increases in
the grid resolution to be achieved using the new method. Furthermore, as a result of the
bounded nature of the old grid system, the wake structure would often be truncated. In
contrast, by retaining all the vorticity in the flow. the rotor wake need never be truncated,
leading to a more accurate description of the flow.

Figure 3.8 shows an example rotor wake generated by a four-bladed rotor at an advance
ratio of p = 0.12. The grid consists of three nested levels, with transitions between levels
located at 2.3R and 4R. The resolution used on the finest grid level is Az = 0.016R. The
use of nested grid levels to progressively step down the resolution on moving away from
the rotor into the far-wake can clearly be seen. Furthermore, by tracking the the entire
vorticity distribution over the course of the simulation, the grid has been able to retain
the entire wake history of the rotor, all the way back to the starting vortex produced by
the impulsive start-up of the rotor at the beginning of the simulation.

Table 3.2 illustrates how the vast majority of cells are contained within the finest grid
level, indicating the success of the grid nesting strategy at focussing the computational

effort into modelling the most important region of the flow.
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Starting Vortex

Grid Level
Boundary

Grid Level
Boundary

Figure 3.8: Use of nested grid levels to reduce progressively the resolution into

the far wake; = 0.12, Azg = 0.016R

Cell Count as
Grid Level | Cell Count | Percentage of Total
1 767,000 77.4%
2 150,000 15.2%
3 71,000 7.2%
1 2,000 0.2%
TOTAL 990,000 100.0%

Table 3.2: Distribution of cells throughout grid levels.
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As a second example, figure 3.9 shows the calculated wake geometry generated by
a two-bladed teetering rotor in the vortex ring state. The flow is visualised by plotting
contours of vorticity magnitude on a vertical plane located at the rotor hub. The rotor can
be seen at the bottom of the figure, with a highly disordered and unsteady wake streaming
out above it. In the vortex ring state, the key flow features evolve on timescales roughly
an order of magnitude larger than the timescales associated with the rotation of the rotor.
Consequently, a substantial wake structure is formed which must be contained within the
simulation for the system to be modelled accurately. The use of multiple grid levels, as

illustrated in the figure, allows the entire length of the wake to be retained within the

computational domain.

A=4Ao

A=2Ap

A=Ay

Figure 3.9: Visualisation of the wake of a two-bladed teetering rotor in vortex

ring conditions.
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In the example shown, a total of four nested grid levels are employed; the cell size on
the finest grid level is Az = 0.10R. The wake shown in the figure has a length of over 25
rotor radii but is captured using just 156,000 cells. 64% of the cells used by the simulation
are contained within the finest grid level surrounding the rotor, showing how the method
is able to concentrate computer resources into the the area of most interest.

Finally, due to the efficiency of the octree data structure, the computational cost of
implementing an adaptive grid generation approach is minimal. The runtime required to
implement the grid adaptation is typically less than 5% of the total runtime. These results
highlight the point that the entire wake history can realistically be retained within the
erid, through use of the boundary free formulation, at minimal extra cost compared to a

bounded-grid approach.

3.6 Summary

The Semi-Lagrangian Adaptive Grid system has been developed to replace the grid system
of the original VI'M. The original grid system suffered from a number of limiting deficien-
cies, stemming from its particularly memory intensive implementation and the difliculties
associated with deriving accurate boundary conditions. The key features of the new grid

system include:

e the elimination of far-field boundary conditions through use of a boundary-free so-

lution domain;

e the minimisation of cell count through use of an octree-based, adaptive approach
to cell generation and destruction which tracks only those regions of the flow that
contain vorticity;

e the ability to vary the grid resolution throughout the wake by using nested grids.

The new grid system has been shown to be significantly more efficient that the original

system, typically reducing cell counts by over an order of magnitude, thus allowing the

available computational resources to be used more effectively than in the original version

of the VI'M.



Chapter 4

Cartesian Fast Multipole Method

4.1 Introduction

Multipole methods are a family of approximate methods for evaluating potential fields.
Systems that are governed by potential fields can generally be described in terms of a
number of particles, each of which generates a force, or potential, at every other particle
in the system. Simple examples of such systems include a collection of charged particles
and their associated electrostatic potential field, or a collection of massive bodies and their
induced gravitational field. For a system containing N particles, a total of N? particle-
particle interactions therefore exist. The problem of evaluating the potential at each of
the particles in the system is known as the N-body problem. Direct summation of all
particle-particle interactions throughout the system leads to a computational algorithm
with O(N?) cost.

Multipole methods all employ some form of hierarchical decomposition of the solution
domain to group together particles into clusters. This allows multiple long-range particle-
particle interactions to be replaced by a smaller number of particle-cluster or cluster-cluster
interactions. These interactions are approximated by describing the interaction in terms of
a truncated algebraic series. A comprehensive review of multipole methods can be found
in Pringle [44].

Arguably the first multipole method was developed by Appel [45] who used a simple
monopole expansion to approximate multiple particle-cluster interactions. The method

of Barnes and Hut [46] extended Appel’s method by introducing arbitrary order mul-
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tipole series expansions to approximate particle-cluster interactions. Methods based on
the approximation of particle-cluster interactions are generally known as Treecodes due to
their use of tree-based data structures for hierarchically decomposing the solution domain.
Treecodes typically reduce the cost of the N-body problem to O(N log N).

The computational cost can be reduced further however by making use of cluster-
cluster interactions, which are once again approximated using a multipole series. The
Fast Multipole Method (FMM), developed by Greengard and Rokhlin [47] [48], makes use
of both particle-cluster and cluster-cluster interactions to reduce the cost of solving the
N-body problem to just O(N). Although the original FMM of Greengard and Rokhlin
was based upon Taylor series expansions of the interactions, a wide range of alternative
multipole series can also be used. The choice of multipole series is often related to the most
convenient coordinate system for the given problem. Later versions of the FMM replaced
the Taylor series with spherical harmonics and their associated Legendre polynomials,
[49]. More recently, Hrycak and Rokhlin [50] have demonstrated significant performance
improvements using exponential series.

Multipole methods, and the FMM in particular, have gained popularity for modelling a
wide range of potential field problems. Dehnen [51] used the FMM to model the evolution
of large gravitational systems and also developed a version of the FMM which implicitly
preserves the momentum of the system. Warren and Salmon, who also used the FMM
to model large-scale gravitational systems for astrophysics [52], have made a number of
valuable contributions to the development of multipole methods in general. They were
the first to development a parallelised version of the FMM [53] which has been applied
to generalised potential field problems, including Smooth Particle Hydrodynamics (SPH)
and incompressible fluid dynamics [54]. They also carried out a rigorous error analysis
of the Fast Treecode method [55]. Further examples of how the FMM has been applied
to SPH problems include the work Hernquist [56], and Monaghan [57]. The FMM has
also been used extensively to evaluate electrostatic and electromagnetic fields for (a) mod-
elling molecular dynamics and quantum-mechanical systems for protein modelling [58] and
molecular chemistry [59], (b) calculating the stiffness of materials [60], (¢) structural mod-
elling of nanostructures [61], and (d) extracting the capacitance and inductance properties

of electronic components [62] [63].
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Multipole methods were first used for modelling incompressible fluid flow by Anderson
[64], who used a treecode-based method to calculate the velocity field induced by a collec-
tion of vortex particles. Lindsay and Krasny [65] used a Taylor-series based treecode to
investigate the evolution and stability of vortex sheets, whilst Dracgicescu and Dragicescu
developed a treecode for use within vortex filament methods [66]. More recently, Marshall
et al used a treecode method within a grid-based CFD model to model the flow past a
sphere at low Reynolds numbers [67].

This chapter presents an O(N) Cartesian Fast Multipole Method that has been inte-
grated into the new version of the VI'M for evaluating the velocity field throughout the
grid system. The formulation presented here differs somewhat from standard FMM imple-
mentations; in that, instead of describing the system as a collection of discrete particles, a
continuous grid-based description of the vorticity field is used. The octree-based nature of
the adaptive grid system used in the new version of the VI'M allows several pre-existing
data structures to be shared by both the grid management and FMM algorithm, leading
to more efficient use of computational resources. Finally, to reflect the inherent Cartesian
structure of the computational grid used by the VIM, a Taylor-series formulation of the

FMM has been developed.

4.2 Theory

The Cauchy-Stokes decomposition theorem [68] allows the velocity field of a flow to be split
into an irrotational component and a rotational, or solenoidal, component. In the context
of rotor simulations, the irrotational component is simply the free-stream velocity field,
which is known at any point during the simulation. The rotational component is coupled
to the vorticity field by the Biot-Savart relationship. stated previously in its differential
form in equation 2.4, and its integral form in equation 2.20. This section presents the
theory underlying the Fast Multipole Method, which is used within the new version of
the VI'M to evaluate the rotational velocity field throughout the flow. From this point

onwards, the rotational velocity field will be referred to as simply the velocity field.
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Defining the solution domain Q C R? as the support of the vorticity field of the flow,
at any point x € R3 the velocity u(x) induced by the vorticity contained in Q can be

evaluated as

u(x) = /K(x.y) x w(y) dy , (4.1)
Q

where the Biot-Savart kernel is defined as

L0 ) (4.2)

T

Within the VI'M, the solution domain is populated throughout with N computational

cells, Vi, such that
Nq
Q=i (4.3)

1=1
The integration in equation 4.1 can, therefore, be split into Nq integrations over the

volume of each computational cell:

Nq

uG) = > [Klxy) xw(y) dy. (1.4)

i=1%,
There is no straight-forward method with which to evaluate the velocity field induced by

an isolated cell of vorticity. Although a series solution exists, it is far too expensive to

implement numerically *. The integral in equation 4.4 can however be approximated using

/K(x.y) x w(y) dy =~ K*(x,yc) x [wi] , (4.5)
&
where K* is a regularised Biot-Savart kernel. y. is the geometric centre of the cell volume,
and [w;] is the total vorticity contained within cell i. The derivation of the regularised

kernel is discussed in the following subsection.

“An analytic solution can be derived using the theory derived in section 4.2.3. A cell containing a uni-
form distribution of vorticity can be represented as a cluster containing an infinite number of infinitesimal
cells, each containing equal vorticity. This description allows the velocity field induced by the cell to be

written as the limit of a multipole series. This approach is not pursued any further here.
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Equation 4.4 can therefore be approximated by

Nqo

u(x) ~ ZK*(x.yc) X [wi] , (4.6)

1=1

which forms the starting point for the derivation of the Fast Multipole Method.

4.2.1 The Rosenhead-Moore Kernel

Regularised kernels were first used in vortex methods to remove the singularities in the
velocity field which come about as result of the discontinuities in the curvature of the
vorticity field, see Vanden-Broeck [69] and Krasny et al [70]. Representing the flow in
terms of infinitesimal particles of vorticity (vortex singularities) generally leads to unstable
numerical methods. By regularising the Biot-Savart kernel, the description of the flow in
terms of vortex singularities is effectively transformed to one in which the vorticity of a
particle is distributed over a small, but non-zero, region of space, thereby removing the
singularities in the induced velocity field. A vast number of possibilities exist for defining
the distribution of vorticity throughout the ‘smoothed’ particle, or blob. A review of some
of the more popular formulations are discussed by Cottet and Koumoutsakos [71] and
Chorin [68].

The regularised kernel developed by Rosenhead [72] and Moore [73] is used in the
new version of the VI'M to approximate the velocity field induced by a cell containing a
uniform distribution of vorticity. Krasny used the Rosenhead-Moore kernel extensively in
his study of vortex sheet dynamics and stability, see [74] and [75]. The Rosenhead-Moore

kernel,

HHES) = S e ¢ (4.7)

makes use of an artificial smoothing parameter 6. which upon setting § = 0 restores the
singular Biot-Savart kernel in equation 4.2. A comparison of the velocity fields generated
by the singular Biot-Savart kernel and the regularised kernel of Rosenhead and Moore is
shown in figure 4.1.

The smoothing parameter § effectively sets the size of the vortex blob. The stationary

points in the velocity field induced by an isolated vortex blob located at a2 = 0, evaluated
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using the Rosenhead-Moore kernel are located at
(4.8)

where x4, is the distance from centre of the blob. Hence, the location of the stationary

points can be controlled through the choice of 4.

ui(x)

( - Vortex Singularity —— Rosenhead-Moore Kernel

Figure 4.1: Comparison of the Biot-Savart and Rosenhead-Moore kernels.

By aligning the geometric centre of the cell with that of the blob, and positioning the
stationary points to lie on the cell boundary, i.e. i, = Ax/2, the Rosenhead-Moore kernel
can be used to approximate the velocity field induced by a cubic vorticity-containing cell.

The required value of the smoothing parameter therefore becomes
9 gl S 4
Ot— 3 (Az)” . (4.9)

It should be noted that the Rosenhead-Moore kernel is non-harmonic ', which prevents
the use of the Rosenhead-Moore kernel within the traditional multipole methods based

upon the use of spherical harmonics.

'A harmonic function is defined as any real function with continuous second partial derivatives which

s . : 2
satisfies Laplace’s equation, V-u = 0.
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4.2.2 Point-Particle Interactions

A point-particle interaction is defined simply as the velocity induced at a point x by a
I A ] A

vorticity containing cell, 7, and is given by
u;(x) = Ks(x,y;) X [wi] , (4.10)
where y; is the centre of cell i.

4.2.3 Point-Cluster Interactions

Cluster t

Figure 4.2: Point-cluster interaction.

A cluster is defined as a vorticity-containing region of the flow, 7 C €2, consisting of N
cells. The cell centres are located at y;.i € [1,...,N;], and the vorticity-weighted centre
of the cluster lies at y,. Using the Rosenhead-Moore kernel as the regularised Biot-Savart
kernel, the velocity u; induced by the vorticity contained in 7 at a point x outside of 7
can be approximated as

N,
ur(x) & Y Ks(x.y;) x [wy] . (4.11)
j=1
Expanding the right hand side of equation 4.11 in a Taylor series about the cluster centre

leads to

N, N,
Y Ksx,yi) x lwj] = Y Ks(x,yr + (yi — yr)) x [w)]
2= =
o ZZ QD:Kd(x.y,—)(yj —yr)¥ x [w)]
j=1k=0
DO N,
)2 k! DYKs(x.y7) x Y _(v; = y=)'lwj] (4.12)

k=0 j=1
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where k is the order of the Taylor series expansion. Note that the Taylor series expansion
used in equation 4.12 is a three dimensional expansion. The index of each term of the
Taylor series is therefore a vector, k = (ky.ko.k3). Hence D;,‘ = 8/03/;‘"1('),1/5?0'1/:’;’3. k! =
kilkolks! and xK = .1:'1‘" ;1:2"'2.1'5“ where k; > 0 and the subscripts 1, 2 and 3 refer to the
Cartesian directions.

Truncation of the Taylor series in equation 4.12 after the p’th term leads to

ll
u,(x) &~ Zak(x.yr) x my(7), (4.13)
k=0
where
1
aw(x,y,) = ED‘;K(;(x.yT) (4.14)

are the Taylor series tensors and
my () = > (y; — yr)*[wj] (4.15)

are the vorticity moments. Equations 4.12 and 4.13 effectively decouple the point-cluster
interaction into two independent components: the tensors and the moments. The tensors
are simply the weighted derivatives of the Rosenhead-Moore kernel and are a function of
the interaction distance alone. The moments simply describe the internal distribution of

vorticity throughout the cluster, and are independent of the interaction distance.

4.2.4 Error Analysis

The error associated with the the truncation of the Taylor series in equation 4.13 after the
p’th term is given by the Lagrange Remainder of the Taylor series
o
ep=| > ax(x,yr)xm() | . (4.16)

k=p+1

Using the mean-value theorem, this can be simplified to

€p = | ak+1(X,y") X myg1(7) |, (4.17)
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where y* is some pointed located in a circle of radius d; = max|y; —y-|, j € [1,...,N;],
with its centre located at y”. This measure of the error is clearly not convenient since it
requires calculation of additional terms in the Taylor series for its evaluation. Instead, a

heuristic estimate of the error, based on the analysis of Lindsay and Krasny [65],

(pi +

ez
Ep = max{ 43{1? |I§l0 l ,1=1,2,3 } (4.18)

. 1 ) !
is used, where R = (|x — y.|*> + 0%)2. By specifying a required level of accuracy, €p,
equation 4.18 can be solved to determine the order at which to truncate the Taylor series

for each cluster interaction.

4.2.5 Tensor Calculation

The tensors, ag, defined in equation 4.14 can be evaluated efficiently using a recursion
formula which has been used previously by Lindsay and Krasny [65] and Dragicescu and
Dragicescu [66]. The recursion formula is based on the properties of the regularised New-

tonian potential,

1 1
ps(x,y) = — , s 4.19
bs(X,y) y VY (4.19)
which can be written as the gradient of the Rosenhead-Moore kernel,
K;(x,y) = Vxos(x,y) = —Vyos(x,y) . (4.20)
Defining the scaled derivatives of the Newtonian potential as
be(x,y) = EDko(s(x y) (4.21)
with by = ¢5(x,y) and by = 0 for k; < 0, successive values of by are related by
3
Ikl|R% — (2lkll = 1)) (@i — yi)bk—e, + (k[ - 1) Zbk = (4.22)
1=1 i=1

where R? = |x —y|? + 62, ||k|| = k; + ko + k3 and e, is the i Cartesian basis vector. This

result is derived in full by Krasny [65]. Having calculated all by up to the required order,
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the Taylor series tensors ai can be reconstructed using

3
ar(x,y) = — > (ki + 1)bire®i - (4.23)

i=1
4.2.6 Moment Calculation

Consider a cluster, 7 C Q, which is partitioned into a number of smaller clusters, or child
clusters, «, each of which contains N, vorticity-containing cells. The total number of cells
N,. The moments of cluster 7 are

ained in 7 is therefore N. =
contained in 7 is therefore N; =3

N:
my(7)1= D (75— vo) il (4.24)
j=1

where y, is the centre of 7. Splitting the summation in equation 4.24 into summations

over each of 7’s child clusters leads to

‘No
m(r) = > ) (v;—yr)¥wjl

€T j=1
]\'(l

= > > ((¥j = Ya) + (Ya — ¥2))*wj] , (4.25)
a€T j=1

which can be written as the binomial sum

k
= k k
mk(T) = E § Cn(yn -yr) mk—n(n) ) (426)
aeT n=0
where y, are the centres of the child cluster, and CK = (f,IICfszf‘l“ Hence, the moments
of a cluster can be written explicitly as a binomial sum of the moments of its children.
When evaluating the moments of large clusters, equation 4.26 leads to a significant re-

duction in the computational cost compared to the direct method given by equation 4.24.

4.2.7 Cluster-Cluster Interactions

In section 4.2.3, the point-cluster interaction was defined in which the velocity induced at
xo by a cluster of vorticity-containing cells was approximated using a truncated Taylor
series. A natural extension of the point-cluster approach involves the calculation of the
derivatives of the velocity field about the point. xq. in addition to velocity itself. This

extra information then allows the velocity field to be projected to other points near to xg.
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Consider the two clusters in figure 4.3, in which the source cluster, 7, induces a velocity
field throughout the target cluster. The centres of the source and target cluster are located

at y, and xg respectfully.

n B
X\)[L/I‘/ly
— 0

7\
ieref Source

Figure 4.3: Use of multipole expansions of vorticity and velocity field in a

cluster-cluster interactions.

The velocity induced by 7 at x¢ can be evaluated directly from equation 4.13. The
derivatives of the velocity field at xy can be obtained by differentiating equation 4.13 with

respect to xg to produce

P
D2u(xg) = Z 1 7 (X0, ¥7) X Mien(7) (4.27)

The velocity at a nearby point x can then be approximated by projecting the velocity field

from xg as

P
u(x) ~ u(xo) Z ki u(xo)(x — xo)¥ . (4.28)

In a similar fashion the derivatives of the velocity field can also be projected from xq to

X using

DMu(x) ~ D2u(xo) Z Ca 1) Xu(xp) (cxp |, (4.29)
k=n+1

It can be seen that equation 4.29 reduces to equation 4.28. and that equation 4.27 reduces

to equation 4.13 for the case n = 0.
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4.3 Implementation

This section describes how the theory presented in the previous section is utilised by the
FMM to efficiently evaluate the velocity field throughout the solution domain. It should
be noted that the FMM can only be used to calculate the velocity at points within the
erid structure. In cases where the flow velocity is required outside of the grid, a treecode
algorithm is used instead. A full description of the implementation of the treecode is
presented in section 4.3.3. Key to the implementation of both the FMM and treecode is

the concept of well separated interactions, which will be presented in section 4.3.2.

4.3.1 Octree Data Structure

A crucial component of both the FMM and treecode algorithms is the hierarchical decom-
position of the solution domain. The computational cells are first collected together to
form clusters, which in turn are collected together to form larger clusters, and so on until
the entire solution domain can be contained within a single cluster. Arguably the most
efficient strategy available for generating the required hierarchy of clusters is to employ
an octree data structure.

As highlighted in chapter 3, the octree data structures used to generate and manage
the grid system in the VI'M are perfectly suited for generating the hierarchy of clusters
required to implement the FMM and treecode. The vast majority of FMM implementa-
tions found in literature are forced to generate a tree structure from scratch every time
the algorithm is called. This is not the case for the VI'M - the octree structure need
only be modified to capture the changes in the spatial distribution of vorticity-containing
regions of the flow. As a result, the dual use of the octree data structures by both the grid
system and FMM generates valuable savings in terms of computational memory require-
ments and runtime. A detailed description of the octree generation process can be found

in section 3.3.
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4.3.2 Well Separated Interactions

All multipole methods rely upon a crucial characteristic of potential fields, namely that the
strength of an interaction decays rapidly as the distance of the interaction increases. As
a result, multiple long-range interactions can clustered together and approximated using
a truncated multipole series. A criterion is therefore required which determines whether
the loss of accuracy resulting from an approximation is acceptable. If an approximation
for an interaction is valid, then the interaction is said to be well separated.

A minimum interaction distance is set by the requirement that the multipole expan-
sions converge. As illustrated by figure 4.4, the multipole series used to approximate the
velocity field induced by a cluster converges only at points exterior to a circle of radius

R, =max|y; —y-|, i =1,..., N, with its centre located at y,.

1 By,

T —

Cluster r

Figure 4.4: Region of convergence of multipole series.

The larger the distance of the interaction, the faster the rate of convergence of the
multipole series, and hence the more accurate the multipole approximation becomes. The
accuracy of an interaction is also a function of the cluster size, as defined by R,, and
the magnitude of vorticity contained within the cluster. The condition which is used to
decide whether a cluster interaction is well separated or not is known as the Multipole
Acceptance Criteria (MAC).

Many different forms for the MAC have been proposed. For treecodes the MAC de-

veloped by Barnes and Hut [46] is arguably the most popular. It defines a well separated
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interaction as one which satisfies

r> (4.30)

R’T
T
where r = [x—y,| is the distance of the interaction, and # < 1 is a user specified parameter
used to control the accuracy of the interaction. The smaller the value of . the more strict
the criterion, and hence the number of multipole terms required to evaluate the velocity
must increase.

Salmon and Warren [76] and Grama et al [77] both carried out in depth studies of the
accuracy and efficiency achieved using a variety of MACs. They both concluded that the
most effective approach was to base the MAC on an analytic measure of the interaction
error rather than one based solely on the distance of the interaction.

A bounded analytic measure of the error of a truncated multipole series was first de-
rived by Greengard and Rokhlin [47]. Although not directly applicable to the FMM pre-
sented in this work, their work highlighted the need for rigorous control of errors within
any FMM algorithm. Within the VT'M, the MAC used is based upon the error measure
derived by Lindsay and Krasny [65] given previously in equation 4.18. By specifying a
maximum acceptable error and a maximum order p,,,.. equation 4.18 is used to establish
the lowest order, p. for which the error is reduced to below a pre-specified level. For
interactions in which no p can be found to achieve the required accuracy, then the inter-
action is not considered to be well separated. The use of variable order approaches, such
as this one, have been shown not only to minimise the computational cost of achieving
the required accuracy, but to also reduce the standard deviation of the error throughout

the solution domain [76], [77].

4.3.3 Fast Treecode

A limitation of the FMM is that the velocity can be evaluated only at locations contained
within the grid structure, i.e. within the solution domain. Situations do arise however in
which the velocity exterior to the solution domain is required. For example, it is feasible
that a rotor blade will pass through a region of the flow which does not contain any
vorticity, i.e. external to the solution domain. In order to calculate the aerodynamic

loading of the blade, a method which allows the velocity to be evaluated outside of the
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computational domain is therefore required. The Fast Treecode algorithm presented here
is a multipole-based method which can be used to evaluate the velocity at any point in
the flow, internal or external to the solution domain. The treecode makes use of the same
underlying theory as the FMM and requires no additional information or code structure
over that already available for the FMM.

The velocity induced at the point x = (x1.x2.23) C R? by all the vorticity contained

in the solution domain is
Nq

u(x) =Y ui(x), (4.31)

i=1

where u;(x) is the velocity resulting from the point-particle interaction between x and the
cell 7. The treecode accelerates the summation in 4.31 by replacing suitable point-particle
interactions with point-cluster interactions. The velocity at x can then be approximated
as

u(x) = u(x)+ Y u(x), (4.32)

TES, 1€SH

such that Q = S;USs. Sy is a set of well separated point-cluster interactions, and S5 is the
set of all point-particle interactions which are not suitable for approximation with point-
cluster interactions. The generation of the interaction sets S; and Sy and the evaluation
of the point-cluster and point-cell interactions are implemented during a recursive sweep
up and then down through the octree.

The upward sweep through the octree calculates the moments of every cluster in the
octree. The sweep begins from those clusters which parent the computational cells. The
moments of these clusters are evaluated using equation 4.15. The moments of the remain-
ing clusters are evaluated by applying equation 4.26 to each cluster on moving upwards
through the octree.

The downwards sweep of the octree starts from the root cluster, which by definition
encapsulates the entire solution domain. If the root cluster is well separated from the
point x, as defined by the MAC, then only the point-cluster interaction between x and the
root cluster interaction need to be evaluated to produce u(x). In this case, S| contains
just one cluster, the root cluster, and S, is empty. If the root cluster is not well separated
from x, then the treecode descends down one level of the hierarchy of the octree and the

MAC is tested on each of the cluster’s children in turn. This process is repeated until a
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cluster is located which satisfies the MAC, at which point the cluster is added to S; and the
point-cluster interaction is evaluated using equation 4.13. Obviously, once a well separated
cluster is located, the treecode does not need to descend any further down the relevant
branch of the octree. If however the treecode reaches the bottom of a branch without
identifying any well separated clusters, then no point-cluster interactions exist which can
provide the required accuracy. These interactions must therefore be evaluated directly
as point-particle interactions using equation 4.10. All such point-particle interactions are
added to So. Once the downward sweep is concluded, the calculation of u(x) is complete.
The velocity at any other point can then be evaluated by repeating the downwards sweep:
the upwards sweep does not need to be repeated unless the underlying vorticity distribution
has changed.

For a solution domain containing N computational cells, the set S = 57 U Sy contains
O(log N) interactions. Therefore, a total of O(N log N) interactions must be evaluated to

obtain the velocity throughout the entire solution domain.

4.3.4 Fast Multipole Method

As in the treecode algorithm, the first stage of the FMNM involves an upward sweep through
the octree, during which the moments of every cluster in the octree is calculated. The
procedure is identical to the one used within the treecode (see section 4.3.3) and need not
be described again here.

The second stage of the FMM involves a sweep back down the tree. This sweep is
responsible for generating and refining the velocity field on each level of the tree. Unlike
the treecode, which must perform a complete downward sweep N times to calculate the
velocity at N different points, the FMM uses just one downward sweep to evaluate the
velocity at all N points simultaneously.

A key feature of the FMM is the use of interaction lists to control the decomposition
of the solution domain. The velocity field at any point within a cluster or cell can be
considered as the sum of a near-field, an intermediate-field and a far-field component.
Figure 4.5(a) illustrates how these components are used to construct a cluster’s interaction
list. For clarity the two-dimensional interaction sets have been shown, but the diagram

extends easily to three dimensions. The near-field is defined as all the nearest neighbours
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Figure 4.5: Decomposition of the vorticity field in to the far field (white),
intermediate field (dark grey), near field (light grey) of cluster i.

of i. The intermediate-field contains all those clusters which are children of the nearest
neighbours of i’s parent and which are not contained within the near-field. All clusters
which are not contained in the near- or intermediate-fields make up the far-field. A cluster’s
interaction list contains all those clusters contained within the cluster’s intermediate-field.
In three-dimensions, the interaction list contains a total of 189 clusters, and 27 in two-
dimensions.

The implementation of the FMM is described as follows. Assume that the multipole
expansion describing the velocity far-field is known for the cluster i on level n of the
octree. The contribution from the intermediate-field is added by evaluating the cluster-
cluster interactions contained within cluster ¢'s interaction list. Note that the contributions
from the near-field are not evaluated at this stage. The combined intermediate-field and
far-field components of the velocity field are then translated to cluster i’s children using
equation 4.28. As illustrated in figure 4.6, this translated field is identical to the child
cluster’s far-field. This process of evaluation and translation is repeated on all clusters on
level n of the grid, before descending to level n — 1 and repeating the entire process.

The FMM starts its downwards descent of the octree from the root cluster. Note that
both the far-field and intermediate-field component of the velocity field of the root cluster,
and also its children, are by definition zero. This provides enough information to initiate
the recursive descent of the octree, as described above. Once the lowest level of the octree
has been reached, the far-field of every cell is known. The calculation is completed by
adding the contributions from each cell’s intermediate and near-fields, all of which are

evaluated as point-cluster interactions using equation 4.13.
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Grid level n

Grid level n-1

Figure 4.6: Refinement of velocity field through hierarchical decomposition.

Figure 4.7 illustrates the effective decomposition of the solution domain associated
with the calculation of the velocity on the shaded cell using the FMM. The structure of

the interaction lists can clearly be seen.

tHH

Figure 4.7: Effective interaction list of the shaded cell
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4.3.5 Mutual Cluster-Cluster Interactions

The implementation of the FMM can be accelerated further using mutual cluster-cluster
interactions, which allow the velocity fields induced by two clusters on each other to be
calculated simultaneously. They exploit the inherent symmetries of the Rosenhead-Moore
kernel to accelerate the process of evaluating multiple cluster-cluster interactions.
Consider the two clusters, a and /3, shown in figure 4.8. The centres of each cluster

are located at x, and x3 and the distance between the two clusters is r = x5 — X,.

R - Xy

o = o

Cluster « Cluster g

Figure 4.8: Fvaluation of the mutually induced velocity fields generated by

two clusters.

From equation 4.27 the velocity field induced by a on 3 can be expressed as

°. k!
Diu(xg) = (-1)" Z m

k=n

ax(xg,Xa) X mg_n(a), (4.33)

and similarly, the velocity field induced by 7 on a as

Dlu(xa) = (-1 3 X

P
&)1 (X %) X myc_n () . (4.34)

k=

The tensors in the above two expressions are however related by
k ar
ak(Xa, x3) = (—1)%ak(x3, xq) (4.35)

due to the inherent symmetry of the Rosenhead-Moore kernel. Hence, by evaluating the
interactions between clusters o and 3 simultaneously, rather than separately, the lengthy
procedure associated with calculation of the Taylor series tensors (see section 4.2.5) can

be reduced by a factor of two.
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A consequence of using mutual cluster-cluster interactions within the FMM is that the
interaction lists can be halved in size. All of the clusters marked with a cross in figure 4.9
can be removed from the interaction list because the contribution from those clusters will
be accounted for when their own intermediate-field is evaluated. Using this approach in
three dimensions, the number of clusters contained in the interaction list is reduced from

189 to 95, and from 27 to 14 in two dimensions.

X

x
~.

x{x{xix|x|x
x| x| x
x

Figure 4.9: Interaction list for cluster i using mutual cluster-cluster interac-
tions; far field (white), intermediate field (dark grey), and near
field (light grey).

Dehnen [51], who first introduced the concept of mutual cluster-cluster interactions,
found that they not only improved the performance of his algorithm, but also allowed
him to preserve implicity the momentum of the system. Comparisons between the mutual
cluster-cluster approach and the direct cluster-cluster approach, carried out using the new
version of the VI'M, have demonstrated the former method to produce speed improvements

of roughly 40% with no loss in accuracy.

4.4 Computational Cost

The CPU time required to evaluate the velocity on all the cell interfaces within a com-
putational domain consisting of N vorticity-containing cells is shown in figure 4.10. The
data was produced on a PC equipped with a 2.0GHz Intel Pentium-4 CPU and 1 gigabyte

of memory. The figure clearly demonstrates that the FNNI quickly converges on its O(N)



Although the accuracy that can be attained by the FMM can be chosen arbitrarily
by varying the order of the multipole expansion according to equation 4.18, it should be
noted that the memory requirements of method scale with p*. An upper bound on the
accuracy is therefore imposed by the size of the available computer memory. Consequently,
the multipole expansions used for the simulations presented in this work was limited to
2nd order. Tests carried out on simple arrangements of vortex filaments indicate that this

constraint corresponds to an mean error of O(1074).
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theoretical cost as the number of cells contained in the computational domain is increased.

104
——FMM
— —0O(N) i
3 .
0 — - O(N log N) e
- - - O(N?) e

—
o
N

N
Of

—_
o
=}

Calculation Time (seconds)

Cell Count (N)

i’y
(=)
=T,
(@]
w

104 10° 108

Figure 4.10: Computational cost of the FMM.

4.5 Summary

A Fast Multipole Method has been developed to evaluate the velocity field throughout
the computational grid. For a grid containing N cells, the FMM allows the velocity
field to be approximated on each of the N cells in O(N) operations. The accuracy of
the algorithm is controlled rigorously through the application of an error criterion to all
particle-cluster and cluster-cluster interactions. The performance of the algorithm has
been further improved through the introduction of mutual cluster-cluster interactions,
which allows multiple cluster-cluster interactions to be evaluated simultaneously.

In addition to the FMM, a fast treecode, of computational cost O(N log N), has also
been developed to allow the velocity at any point exterior to the computational grid to be
calculated.

Octree data structures are used extensively within the new version of the VI'M, playing

a crucial role in the implementation of the grid system and in the velocity calculation.



Chapter 5

Model Validation

5.1 Introduction

This chapter describes the validation of the new version of the VIM against two well
known sets of experimental data. The first set of experimental data was obtained by
Caradonna and Tung [6], who measured the aerodynamic loading and wake geometry of
a two-bladed rotor in hovering flight. The second set of experimental data was obtained
by Harris [5], who studied the low-frequency dynamics of a four-bladed rotor in a wind
tunnel environment over a range of foward flight speeds. His work identified a somewhat
unexpected variation in lateral disc tilt with forward speed - a feature which many compu-
tational wake models have had difficulty in capturing accurately. Whitehouse and Brown
[78] successfully predicted the variation in lateral disc tilt using the original version of the
VTM however. Validation of the new version of the VI'M against the Harris data set
therefore provides an indication, not only of the accuracy of the model, but also of its
performance relative to the original version of the VTM. This second validation exercise
identified some particularly interesting flow physics which may provide an explanation
of the physical mechanisms driving the variations in the lateral disc with forward speed.
A detailed study of Harris” work, based on these observations, is presented separately in

chapter 6.
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5.2 Caradonna & Tung’s Experimental Data

5.2.1 Experimental Setup

Caradonna and Tung’s experimental work was one of the first to include simultaneous
measurements of both the blade loading and the wake geometry for a rotor in hovering
flight. The experiments were carried out in the US Army Aeromechanics Laboratory
Hover Test Facility, which is equipped with special ducting to minimise recirculation of
the flow within the test chamber. The experiments were performed using a simple two-
bladed model helicopter rotor, into which were integrated sixty pressure tubes allowing the
chordwise and radial pressure distributions on the blade to be measured. The locations of
the tip vortices were acquired using hot-wire probes placed beneath the rotor. A number
of tests were carried out covering a range of thrust conditions and rotational speeds. A

detailed breakdown of the rotor geometry and operating conditions is shown in table 5.1.

Number of Blades 2

Rotor Radius (m) 1.143

Blade Chord (m) 0.1905

Blade Aspect Ratio 6

Blade Twist 0°

Tip Geometry Rectangular
Aerofoil Section NACA 0012
Rotational Speed (rpm) 650, 1250, 1750, 2279
Tip Mach Number 0.226. 0.434, 0.607, 0.794

Table 5.1: Description of Caradonna and Tung’s experimental setup.

5.2.2 Numerical Simulations

Given that the Prandtl-Glauert compressibility correction used by the VTM cannot be
guaranteed to provide a rigorous representation of the high Mach number and transonic
features on the blade, only the 2 = 650rpm (M, = 0.226) cases have been considered

within the validation study.
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All the numerical results were generated using 32 blade collocation points in a cosine
distribution along each blade. The grid used four nested levels, with grid level boundaries

located at 1.5R, 3.0R and 6.0R. The cell size on the finest grid level was Az = 0.025R.

5.2.3 Blade Loading

Figures 5.1 and 5.2 compare the calculated lift coefficient and blade loading distributions
along the rotor blade with the experimental data. The blade loading coefficient is defined

as

Cpr(r) = CL(r) <EIQ%$))M (5.1)

where u(r) is the local flow velocity at the radial location /R = r. Although the exper-
imental data is relatively sparse, and the associated error does not appear to have been
quantified in the original reference, the predictions from the VTM simulation are in close
agreement with experiment, both in terms of magnitude and in terms of the general shape

of the spanwise distributions.
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Figure 5.1: Comparison between experimental and calculated lift coefficient:

Cr = 0.0079, QR = 150ms~"'.
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Figure 5.2: Comparison between experimental and calculated loading coeffi-

cient: Cp = 0.0079, QR = 150ms~!.

5.2.4 Wake Geometry

The calculated wake structure, in terms of the location of the tip vortices in the flow
downstream of the rotor, is compared with Caradonna and Tung’s experimental data
in figure 5.3. The bars attached to the numerical data represent the estimated error
associated with extracting the exact vortex core locations from the discrete, cellwise-
constant, representation of the vorticity that is used in the VTM.

The calculated vortex positions compare well with the experimental data, particularly
over the first 270 degrees of vortex age. Beyond this point, the unsteadiness in the far-
wake of the hovering rotor, caused by the development of a vortex pairing instability
between adjacent vortex filaments, manifests itself as an increase in scatter of the data.
This increase in scatter can also be seen in the original data presented by Caradonna and
Tung which is reproduced in figure 5.4.

To obtain a better quantitative measure of the accuracy of the VI'M’s predictions of the
wake geometry, figure 5.3 also includes a comparison against Kocurek and Tangler’s widely-
used empirical wake trajectory [79]. Although the predictions of the VI'M lie between the
experimental data and the predictions of Kocurek and Tangler's empirical model, the

axial vortex locations produced by both experiment and the VIM are consistent with
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Figure 5.3: Comparison in wake geometry between Caradonna € Tung’s ex-

perimental data and VTM prediction.

an over-prediction of the contraction rate of the wake by Kocurek & Tangler’s model. It
is however possible that the experimental data may be contaminated by the presence of
the rotor support tower, or more likely, by the inadequate far-field boundary conditions
provided by the design of the test facility.

Figure 5.5 shows three example snap-shots of the calculated wake structure produced
during the VTM’s simulation of Caradonna & Tung’s rotor, visualised here by plotting
contours of vorticity magnitude on a vertical plane through the rotor hub. The develop-
ment of the vortex pairing instability in the far wake of the rotor, mentioned previously

in association with the scatter in the observed tip vortex locations, can be seen clearly.
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Figure 5.5: Visualisations of the predicted wake geometry.
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5.3 Harris’ Experimental Data

5.3.1 Experimental Setup

Harris measured the flapping behaviour of a four-bladed model rotor over a range of
flight speeds and shaft tilt angles. The experiments were carried out on a CH-47C model
helicopter in the 20ft x 20ft Boeing V/STOL wind tunnel. The front rotor of the tandem
model was removed and all measurements were taken from the rear rotor. In all of the
tests, the rotor was trimmed to a preset thrust coefficient, the cyclic control angles were
held fixed, and the free response of the rotor in flap was measured. Details of the rotor

geometry are summarised in table 5.2.

Number of Blades 4
Rotor Radius (ft) 2473
Blade Chord (ft) 0.191
Solidity 0.0892
Blade Twist i -9.14°
Tip Geometry Rectangular
Root Cut-out (ft) 0.525
Aerofoil Section V23010-1.58
Tip Speed (ft/s) 450

Table 5.2: Description of Harris™ experimental setup.

5.3.2 Numerical Simulations

Numerical results were produced using 20 blade collocation points in a cosine distribution
along each blade, and by resolving the rotor radius across 25 computational cells at the
finest grid level. When using the new version of the VTM, four levels of grid expansion
were used, with transitions between grid levels positioned at 2R, 6R and 10R from the
rotor hub. To investigate the convergence of the results. three further simulations were
carried out using the new version of the VI'M, but with the number of collocation points
increased to 32 and the underlying grid resolution increased to resolve the rotor radius

across 62.5 cells.
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5.3.3 Disc Tilt

Figure 5.6 compares the lateral and longitudinal disc tilts measured by Harris” with the
predictions of both the old and new versions of the VI'M. The error bars in figure 5.6

represent the experimental error of the data, estimated by Harris to be +0.25°.
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Figure 5.6: Comparison of new and old versions of the VI'M against Harris’
experimental data: lateral disc tilt (top), longitudinal disc tilt

(bottom).

Simulating Harris” experiments has proven to be a significant challenge to compu-
tational methods in the past, but both old and new versions of the VI'M show good

agreement with the experimental data for both the lateral and the longitudinal tilt of the
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rotor. Although marginally lower than the experimental values, the values of the lateral
disc tilt predicted by the new version of the VTM lie within the experimental error bounds
over the full range of flight speeds.

The new version of the VI'M produces somewhat improved correlation than the old
version at low forward speeds. The overall trend in lateral disc tilt over the speed range is
also captured more accurately using the new version of the VI'M. The poor performance
of the original VI'M at low speed, which can be seen clearly in the over prediction of the
longitudinal disc tilt below g = 0.04, is believed to originate from the contamination of
the solution by the boundary conditions on the vorticity field.

The consistent behaviour between the two versions of the code in slightly over-predicting
the longitudinal tilt at high forward speed (x> 0.20) is indicative of a deficiency in the
present blade aerodynamic model at high advance ratio, most likely in its treatment of
the post-stall lift variation in the reverse-flow region on the retreating side of the rotor.

Figure 5.7 compares the predicted wake structures, for the p = 0.12 case, produced
using grid resolutions of Az = 0.04R and Az = 0.016R. The visualisation of the wake pro-
duced using the lower resolution grid shows some distinctly under-resolved flow structures
compared to the higher resolution result. The effect of the different spatial resolutions
is clearly visible in the aerodynamic loading of the blades, as shown in figure 5.8. The
BVI features in the blade loading distribution only become exposed in the high resolution
predictions. In spite of its lack of spatial resolution, the low resolution simulation still pre-
dicts almost identical rotor flapping as the high resolution simulation. This observation
can be explained as follows. Since the flapping behaviour of a rotor blade is controlled
primarily by the integrated aerodynamic moment about the flap hinge, only the gross
features of the inflow distribution need to be captured in order to predict the flapping
behaviour of the rotor. The fine scale features in the inflow are effectively filtered out
when the aerodynamic loading is integrated over the blade radius.

The vorticity conserving approach employed by the VI'M guarantees that the distri-
bution and strength of the vorticity present within the wake is largely independent of grid
resolution. The gross features of the wake-induced inflow distribution can therefore be
captured accurately even at very low resolutions. Consequently, in cases where only the
low-frequency dynamics of the rotor are required, these results suggest that the VI'M can
be run at significantly lower resolutions than are required. for example, for modelling rotor

vibration or acoustics.
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Figure 5.7: Wake structure for the jp = 0.12 case, resolved using cell sizes of

(a) Az = 0.04R, and (b) Az = 0.016R.

5.4 Summary

The new version of the VI'M has been validated against two sets of experimental data. The
first set of experimental data, produced by Caradonna and Tung, includes measurements
of the aerodynamic loading of the rotor as well as measurements of the wake geometry,
in terms of tip vortex locations, for a rotor in hover. The spanwise distribution of aero-
dynamic loading along the rotor blade is predicted well by the new version of the VTM,

both in terms of magnitude and in terms of the shape of the distribution. The axial de-
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Figure 5.8: Comparison of predicted blade loading using grid resolutions of

(a) Ax = 0.04R, and (b) Az = 0.016R.

scent rate and vertical descent rate of the tip vortices is captured accurately over the first
270 degrees of wake age, beyond which the radial contraction rate appears to be slightly
over-predicted.

The second set of experimental data, produced by Harris, investigates the free response
of an articulated rotor with fixed control inputs over a range of forward flight conditions.

The variation in disc tilt of the rotor over the speed range is accurately captured by the



5.4. SUMMARY 992

new version of the VI'M, improving upon the predictions of the original version of the
VTM. The model does however still show a slight over-prediction in the longitudinal disc
tilt at advance ratios greater than p = 0.20; a deficiency which is likely to be attributable
to deficiencies in the existing blade aerodynamic model in capturing accurately the loading

of the rotor within the reverse flow region.



Chapter 6

A Detailed Study of Harris’
Experimental Work

6.1 Introduction

In the previous chapter, a validation exercise was carried out against the experimental
data of Harris [5]. This case has proven to be a significant challenge to computational
methods in the past; however, both versions of the VI'M show good agreement with Harris’
experimental data for the variation of both the lateral and the longitudinal tilt of the rotor
with forward speed.

As shown in figure 6.1, prediction codes using simple wake models, such as low-order
inflow models or prescribed wake models, have, in general, significantly under-predicted
the lateral disc tilt at low advance ratios. Only those models which capture the free
evolution of the wake system have successfully matched Harris’” experimental data.

The physical mechanisms which drive the variation in lateral disc tilt are, however,
not thoroughly understood. Johnson [80] and Quackenbush [81] both carried out detailed
studies of Harris’ experiments using vortex-filament free-wake methods, and identified the
wake structures which they believed were responsible for the high level of lateral flapping
of the rotor at low advance ratio.

Johnson first highlighted the important role played by the wake geometry in determin-
ing the lateral flapping of the rotor at low advance ratio. He observed how the tip vortices
held a position close to the rotor disc rather than descending rapidly below the rotor, as

is predicted by simple wake models. He demonstrated that the presence of these vortices
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Figure 6.1: Lateral disc tilt predictions using a uniform inflow model and a

three-mode dynamic inflow model.

close to the rotor disc introduced non-uniformities in the inflow distribution, increasing
the downwash over the rear of the rotor disc and thus increasing the lateral flapping of
the rotor.

Quackenbush later reinforced Johnson’s conclusions by investigating the effect of climb
velocities on lateral flapping. In climb, the tip vortices tended to be convected downstream,
away from the rotor, thus reducing the lateral flapping. In descent, the vortices were held
closer to the rotor, thus augmenting the effect. Indeed. it was observed that the maximum
lateral disk tilt shifted to higher advance ratios for climbing flight and to lower advance

ratios in descending flight.
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Furthermore, as a consequence of the proximity of the wake to the rotor at low ad-
vance ratio, Johnson and Quackenbush both observed significant changes in the inflow
distribution at the sides of the rotor disk, which they attributed to the rolling up of tip
vortices behind the rotor. In particular, by linking the non-uniformities in the inflow dis-
tribution directly to the lateral flapping of the rotor, Quackenbush demonstrated how the
magnitude of the inflow features associated with the roll-up of the wake behind the rotor
correlated closely with the amplitude of the lateral flapping of the rotor.

Nevertheless, neither Johnson’s or Quackenbush’s analyses identified the physical mech-
anisms which caused the wake structure to evolve in this manner, nor did they explain
why these mechanisms are prevalent at low forward speeds and have maximum effect at
an advance ratio of g = 0.08. This chapter documents the findings of a detailed numerical
study of Harris’ experiments using the new version of the VI'M. The study builds on the
analyses of Johnson and Quackenbush, and includes a comprehensive examination of the
rotor inflow distributions and wake structures. The primary aim of the study is to iden-
tify the flow features and physical mechanisms which govern the evolution of the wake in
forward flight.

Unless otherwise stated, it can be assumed that all numerical results presented through-
out this chapter were produced using the new version of the VI M. In all cases the compu-
tational grid contained four nested levels with level boundaries located at 2R, 4R and 8R
from the rotor hub. The cell size on the finest level was Az = 0.016 R and the blade aero-
dynamics were captured using 32 collocation points, distributed in a cosine distribution,

along each blade.
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6.2 Flap Dynamics

The equation of motion describing the flap dynamics of a rotor blade [82], which can be
derived by considering the effect of the inertial, centrifugal and aerodynamic moments

acting about the blade flap hinge, can be written as
~ it 1 [}
B+ Q[ =— / F.(r)r dr, (6.1)
I3 Jo

where F.(r) is the aerodynamic force generated by the blade acting normal to the blade,
and I is the moment of inertia of the blade about the flap hinge. In deriving equation
6.1, it has been assumed that (a) the blades are rigid, (b) the flap hinge of the blade is
located at the rotor hub, (c) there is no coupling of the lag or feather motion with the flap
motion, and (d) there is no mechanical stiffness or damping about the flap hinge.

A general solution of equation 6.1 can be derived by expressing the flap angle of the

blade, in terms of azimuth location, using a Fourier series expansion:

B(¥) = Bo + Piecosy + [F1ssiny + higher order terms . (6.2)
In steady flight conditions the coeflicients of the series are time-invariant. Under these con-
ditions, the coefficients in the Fourier expansion can be evaluated by multiplying equation

6.1 by the series of operators, 1, cost, sinv ..., and integrating over a rotor revolution

to yield the sequence

1 27 . i
__,/ (3 + Q2B) dip = / / )r dr di (6.3)
Qﬂ‘ Jo ../l[j

l 2 o n
”/ B0 cont i 7.1._/ / Yrcosp dr di (6.4)
(1504 0 "

1 2r y
: / (B4 Q2B)siny dy = / / Jrsiny dr di . (6.5)
T Jo “]i 0

For the purpose of analysing Harris” data, in which only the first harmonics of the rotor

flapping response are of interest, the higher order terms can be neglected.
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Substitution of the general solution into this sequence and performing the integration

leads to

il 27 prl
2mls Jo /o AL ¢ (6.6)
1 27 rl

/ / F.(r)rcosv dr diy =0 (6.7)
mlz Jo Jo

1 27 pl
/ / F.(r)rsiny dr dy = 0. (6.8)
713 Jo Jo

These results demonstrate how the first harmonics of the inertial and centrifugal terms on
the left hand side of equation 6.1 cancel exactly. Crucially, this leads to the requirement
that the first harmonics of the aerodynamic forcing on a rotor in equilibrium must be zero.
The orientation of the rotor disc in space, defined by the values of ;. and ;5. is driven
simply by the requirement for zero net aerodynamic moment about the rotor hub, whilst
the coning of the rotor, [y, is driven by the mean aerodynamic force being generated by
the rotor.

For small angles of incidence, F, can be assumed to be equal to the lift being generated

by the blade. Assuming linear aerodynamics, the lift can be expressed as
: 1 2 3
F,(r) = Ep(z('(ufr(? — upuT) , (6.9)

where ut and up are the velocity components tangential and perpendicular to the disc

plane, and « is the aerofoil’s angle of incidence, as shown in figure 6.2.

Figure 6.2: Definition of aerofoil flow angles.
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To first order, the tangential velocity component can be written as the sum of the
rotational and freestream velocity, whist the perpendicular velocity component can be
written as the sum of the wake-induced inflow, the flap velocity and the Areestream
component:

ur = Qr+ psiny (6.10)

Ar,¥) 4+ rB + Bucosy . (6.11)

up

Substituting these definitions into equation 6.7 and equation 6.9 leads to

2 2 4 2l )
Bis(Leh %) = 61c(1 + %) ar /TO“ F 7‘_/0 /0 A, )r? cos v dr di | (6.12)

after some manipulation, where /35 is the first sine harmonic of the flapping motion and
0. is the first cosine harmonic of the pitch-control input.
Equation 6.12 can be further simplified to
p* . 4Bou
)+

, 12
Brs(1 + ?) = 01c(1 + )

1
2 4/ Aic(r)r? dr , (6.13)
3 0

where \j.(r) is the first cosine harmonic of the inflow distribution at the radial location 7.
It can be seen, therefore, that the lateral flapping response of the rotor is driven primarily
by the longitudinal variation in inflow, the lateral cyclic and the coning contribution to
the blade incidence.

The coning of the rotor, as shown by Prouty [83],

Cr/oc mgR?
a 21502

~

!

Bo = (6.14)

Wi

is a function of the rotor thrust and the inertial properties of the blade. Since Harris’
experiments were all carried out at the same thrust coefficient, the coning of the rotor
should remain constant for all cases. Indeed, Harris” measurements show that the coning
of the rotor was nominally 3.3° for all advance ratios. Furthermore, since all the controls
of the rotor were held fixed throughout the experiments, the #,. term in equation 6.12 is
also constant. Consequently, within the limits of the analysis, any non-linear variations in
lateral tilt with advance ratio must originate from the first cosine harmonic of the inflow

distribution.
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6.3 Inflow Distribution

A reconstruction of each term of equation 6.13, using the inflow distributions predicted
by the VI'M model, is shown in figure 6.3.

Although discrepancies between the reconstructed flapping and the experimental re-
sults still exist, these results strongly suggest that the variation in lateral flapping seen in
Harris” data is likely to be accountable to the cosine variation in the inflow distribution,
as predicted by equation 6.13. Indeed, discrepancies between the reconstructed flapping
and the experimental results are to be expected due to the simplicity of equation 6.13 and

the various assumptions made in its derivation.

Lateral Flapping
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0.00 8o-® - : : |
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Figure 6.3: Components of lateral flapping according to equation 6.13.

Figure 6.4 compares the mean inflow, \g, given by Glauert’s forward-flight extension

to momentum theory [84],

(6.15)

with that predicted by the VI'M simulations. Up to an advance ratio of g = 0.08 the

mean inflow predicted by the VI'M and Glauert’s theory agree closely. However, above
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u = 0.08 the calculated inflow diverges abruptly from the momentum theory result, with

the VI'M predicting a considerably larger mean inflow.

Inflow
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Figure 6.4: Calculated mean inflow compared to Glauert’s inflow model.

The sudden divergence from Glauert’s theory results at g = 0.08 further supports the
idea that the flow undergoes a fundamental change close to u = 0.08.

The excess mean inflow at high speed can however be explained by considering the
derivation of Glauert’s momentum theory. By approximating a rotor in high speed forward
as a circular wing, the wake induced inflow can be calculated from the analytic solution
for an elliptically loaded wing. However, due to the rotation of the rotor blades and the
influence of the root cut-out the loading of the rotor is far from elliptic. Consequently,
for a conventional rotor in high speed flight, it is sensible to expect Glauert’s model to
underpredict the wake induced inflow.

Figures 6.5 and 6.6 show the variation in the radially integrated inflow,

1
/ A(r,v) dr, (6.16)
0

with azimuth for each advance ratio. In hover the integrated inflow is effectively constant

around the azimuth (the weak 4/rev component seen in the signal originates from the
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longitudinal cyclic input 6, = 0.73° which was applied to the rotor at all advance ratios
during Harris® experiments). As the forward speed of the rotor increases, the magnitude
of the integrated inflow generally decreases, although not uniformly. Gradually, two peaks
in the inflow develop close to 80° and 280°, leading to the formation of a broad trough in
the integrated inflow over the front half of the rotor. Visualisations of the wake structure,
to be presented later in this chapter, clearly show that the peaks in the inflow at 80° and
280° are closely related to the roll-up of the wake behind the rotor - further supporting
the observations of Johnson and Quackenbush.

The development of the fore-aft asymmetry in the integrated inflow from hover to
1 = 0.08 introduces a strong 1/rev cosine component in the inflow. Based on the simple
analysis presented in the previous section, it can be seen that the growth of the 1/rev
component of the integrated inflow should lead directly to a steep rise in the lateral
flapping of the rotor at low speed.

The magnitude of the lateral peaks in the integrated inflow distribution are largest at
an advance ratio of = 0.08. As the forward speed of the rotor is increased past g = 0.08
the integrated inflow continues to decrease in magnitude, particularly over the rear of the
disk. As a consequence of the reduction in inflow over the rear of the disk, the strength of
the 1/rev component slowly diminishes, leading to the drop off in lateral flapping above
o= 0.08.

Interestingly, figures 6.5 and 6.6 show that the amplitude of the peaks in the inflow
distribution at 80° and 280° does indeed vary with the lateral flapping of the rotor, as
proposed by Quackenbush. Whether or not these roll-up features force directly the lateral
flapping of the rotor can be confirmed by expressing the inflow contribution to the lateral

flapping in equation 6.12 as

1 27 27 rl
/ Ae(r)r? dr = / J(Y) dyp = / / I(r,y) dr dy , (6.17)
Jo Jo Jo Jo

where

1
J() = / I(r,%) dr, (6.18)
Jo

and

I(r, ) = Mr,v)r?cos v . (6.19)
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Figure 6.5: Integrated inflow plotted as a function of azimuth, 0 < u < 0.08.
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Figure 6.6: Integrated inflow plotted as a function of azimuth, 0.08 < p <
0.20.
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Examination of the variation of I(r,) and .J(?) around the azimuth allows the inflow
features which contribute directly to the lateral flapping of the rotor to be identified.
Figures 6.7 and 6.8 show the azimuthal variation of J(%)) for 0.0 < p < 0.08 and 0.08 <
p < 0.20 respectively. As a result of the 72 cost) weighting of J(3), it can be seen
how insensitive the lateral flapping of the rotor is to the inflow features at the sides
of the disk. Therefore, although the roll-up mechanism is clearly a dominant feature
of the wake structure, it has negligible influence on the lateral flapping of the rotor -
in direct contradiction to the significance attached to to these features by Johnson and
Quackenbush.

Closer examination of figure 6.7 indicates clearly that the steep rise in lateral flapping
at low advance ratio is driven by features located around the front of the disk and not at
the sides. In hover, J(%) varies with the cosine of the azimuth angle, simply because the
inflow distribution is effectively constant around the azimuth. Yet, increasing the forward
speed of the rotor by even a small amount leads to a significant decrease in the magnitude

of J(7) between 90° and 270°.
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Figure 6.7: Variation in J(v) over a rotor revolution, 0.0 < p < 0.08.
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Beyond g = 0.08 no further drop off in J(v)) over the front of the rotor disk is seen.
Instead, a gradual reduction in J(v) develops over the rear of the disk. The distinct change
in the way J(1) varies with advance ratio, influencing only the front of the disk below
i = 0.08 and only the rear of the disk above p = 0.08, suggests that the flow surrounding
the rotor undergoes a marked change in character close to u = 0.08. Further analysis
of the inflow distributions and wake structures, presented later in this chapter, suggests

strongly that this is indeed the case.
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Figure 6.8: Variation in J(v) over a rotor revolution, 0.08 < pu < 0.20.

By examining the radial and azimuthal variation in I(r, ), it is possible to expose the
exact features in the inflow distribution which are responsible for the drop-off in .J(¢/) over
the front of the rotor disk at low advance ratio. Figures 6.9 to 6.18 show the predicted

distributions of A(r, %), and the inflow factor, I(r, ), for each advance ratio.
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Figure 6.11: Distribution of (a) inflow and (b) I(r.v)) for u = 0.04.
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Figure 6.12: Distribution of (a) inflow and (b) I(r.7) for = 0.06.
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Figure 6.13: Distribution of (a) inflow and (b) I(r,<) for p = 0.08.
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Figure 6.14: Distribution of (a) inflow and (b) I(r,v) for = 0.10.
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Figure 6.16: Distribution of (a) inflow and (b) I(r,)) for u = 0.16.
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Figure 6.17: Distribution of (a) inflow and (b) 1(r.v) for = 0.20.
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Figure 6.18: Distribution of (a) inflow and (b) I(r,1) for p = 0.24.

Immediately, it can be seen that the inflow distribution over the rotor is highly de-
pendent upon advance ratio. At very low speeds, the inflow is nearly symmetric, but as
the forward speed is increased the inflow becomes progressively dominated by a series of
BVI-induced ridges associated with the proximity of the rotor disc to vortical structures
in the wake. However, due to the r%cos nature of [ (r,7), only those features located
towards the tips of the blades, and located either over the front or rear portions of the disc
contribute to the lateral flapping of the rotor. As can be seen from the plots of I(r, ), in
which much of the fine detail of the inflow distribution is effectively filtered out, the lateral
flapping of the rotor is more sensitive to the subtle variations in the gross inflow features,
rather than the high-frequency features associated with individual BVI. The fact that the
results from the low resolution VI'M simulations (presented in chapter 5), which do not
have sufficient resolution to resolve individual blade vortex interactions, match almost as
closely with Harris™ results as the calculations at much higher resolution is explained by
this observation.

More importantly. it is now possible to pinpoint the features in the inflow which drive
the steep increase in lateral flapping from hover to = 0.08. Arguably the most prominent
feature of the inflow distributions at low speed is the development of an upwash region
along the front edge of the disk which grows in size with advance ratio. The presence of
the upwash region at the front of the disk leads directly to the drop off in the magnitude
of I(r,v) with forward speed, which in turn leads to the characteristic changes in J(v))

over the front of the disk shown in figure 6.7.
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The fact that the upwash region extends round the sides of the rotor disk suggests that
the upwash may also be linked to the roll-up of the wake at the lateral edges of the rotor
disk. This may explain the correlation that Quackenbush saw between the magnitude of
the peaks in the inflow distribution, associated with the wake roll-up, and the magnitude
of the lateral flapping of the rotor.

The presence of an upwash at the front of the rotor disk can be seen clearly in the
resultant structure of the wake. Figure 6.19 shows the wake structure, visualised using
contours of vorticity magnitude on a vertical slice through the rotor hub, for a range of
advance ratios. In figures 6.19(a), (b) and (c) the tip vortices generated at the front of
the disk can be seen to rise above the rotor disk under the influence of the upwash at the
front of the rotor, before being pulled back through the rotor under the effect of the mean
downwash.

A subtle feature present in figures 6.19(c) and (d), but not (a) and (b), is the kink in
the underside of the wake as it passes beneath the rotor hub. Since the vortices contained
in the underside of the wake originate from the front of the disk, their trajectories will
be strongly coupled to the strength and size of the upwash region at the front of the
disk. Indeed, the formation of the kink in the wake structure appears to coincide with
the emergence of the 1/rev variation in the inflow at 4 = 0.08 (see figures 6.5 and 6.6).
Over the front of the disk the inflow is relatively low in magnitude compared to that
seen over the rear of the disk. Hence, as the wake convects from the front to the back
of the rotor, it sees a sudden increase in the downwash beneath the rotor, leading to the
formation of the kink in the wake structure. Furthermore, the fact that the tip vortices are
transported upwards first by the upwash at the front of the disk then downwards by the
mean downwash at the rear of the disk implies that the wake will remain in the vicinity of
the rotor for longer than it would if the upwash region was not present. This explains, to
an extent, why the wake tends to flatten, or ‘hang up close’ to the rotor, as observed by
Johnson and Quackenbush. By remaining close to the rotor at high speed, the proximity
of the wake to the rotor will naturally lead to a net increase in the inflow seen by the
rotor, as observed previously in figure 6.4.

Arguably the most general observation that can be made regarding the wake structures
shown in figure 6.19 relates to their stability. At low advance ratio the wake structures are

much more unsteady and are less well ordered than those at high advance ratio. In figures
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6.19(a) and (b) the products of instabilities in the flow can be seen clearly in the form
of vortex pairing and vortex merging in the wake a small distance below and behind the
rotor. Yet in figures 6.19(c) and (d) these features do not manifest until far downstream
of the rotor. A detailed analysis of the wake structures, presented later in this chapter,
certainly suggests that the stability of the wake structure may explain why the peak lateral

flapping occurs at an advance ratio of = 0.08.
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Figure 6.19: Visualisations of the wake geometry on a vertical slice through
rotor hub at various advance ratios: (a) = 0.04 (b) p = 0.06
(¢) p=0.08 (d) p=0.10.
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6.4 Linear Inflow Models

It is interesting to note that the lateral flapping of the rotor at high forward speed,
1t > 0.08, can be predicted accurately by assuming the inflow distribution to vary linearly
from the front to the back of the disk. This approach was first proposed by Glauert [84],

who defined the inflow distribution as

A(r, ) = Ao(1 + kgrcosy + kyrsiny) (6.20)

where \g is the mean inflow as predicted by equation 6.15. and the k, and k,, terms are the
longitudinal and lateral linear inflow gradients. Interestingly, Glauert suggested a value
for k, of 1.2, independent of p, which generates a small upwash at the leading edge of the
rotor.

A comparison of the lateral flapping predicted by the VI'M and by Glauert’s model
is shown in figure 6.20. At advance ratios greater than g = 0.08, the predictions from
Glauert’s model are only marginally worse than the predictions from the VTM. However,
the inability of the Glauert model to capture the variation in lateral flapping at low
speed highlights the limitations of a simple linear inflow approximation of the form of

equation 6.20.
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Figure 6.20: Comparison between the predictions of the VTM and Glauert’s
model (k. = 1.35, k, = 0.0).
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Numerous extensions to Glauert’s model have been developed in an attempt to account
for the higher-order non-linear components. These methods express k; and k, as functions
of wake skew angle, v, and advance ratio; the expressions used by some of the most popular
linear-inflow models are listed in table 6.1. A useful overview of these methods can be
found in Leishman [85] and further information regarding the derivation of these methods
can be found in Johnson [82]. The value of k, given by each of these models is plotted as
a function of advance ratio in figure 6.21: the effective value of k., inferred from Harris’
experimental results is also plotted.

In general, these models are derived from simple descriptions of the wake structure,
such as prescribed vortex wake models, in which the mutual distortion effects of the vortical
structures in the wake are neglected. Although most of these models improve upon the
predictions of Glauert’s original model, it can be seen from figure 6.21 that none of the
models are able to predict accurately the lateral flapping over the full range of forward

speeds.

Author(s) kz ky
Coleman et al.[86] tan(x/2) 0
Drees [87] (4/3)(1 — cos x — 1.8u%)/ sin x =241
Payne [88] (4/3)(1/ Mo/ (1:2 + /o) 0
White & Blake [89] V/2sin x 0
Pitt & Peters [90] (157/23) tan(x/2) 0
Howlett [91] sin? x 0

Table 6.1: k, and k, factors for Glauert’s inflow model.

By including the first harmonic component of the inflow distribution, the linear inflow
models are able to capture the primary aerodynamic feature that drives the lateral flapping
of the rotor, and consequently they achieve significant improvements in accuracy compared
to uniform inflow models. However, analysis of the inflow distributions predicted by the
VTM suggests that the assumption of a linear variation in inflow along the rotor radius

is certainly not adequate. For example, the upwash region seen at the front edge of the
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rotor at low speed flight, which is believed to drive the rapid increase in lateral flapping

at low speed, can not be resolved faithfully using a linear inflow assumption.
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Figure 6.21: Comparison of k. for the methods presented in table 6.1.

Furthermore, by describing the system in terms of a wake skew angle and a mean
inflow, the linear inflow models make a number of assumptions regarding the structure
of the wake and its induced velocity field. These models rely upon Glauert’s theory to
evaluate the mean inflow. As demonstrated earlier in section 6.3, the mean inflow seen
by the rotor diverges from Glauert’s result above p = 0.08. Furthermore, as can be seen
from the wake structures shown in figure 6.19, it is difficult to define rigorously a wake
skew angle for a real helicopter wake, particularly at high forward speed. Methods which
describe the wake system in terms of simple geometric measures, such as wake skew angle,
therefore run the risk of missing out some of the subtle yet important features of the rotor
wake.

The fact that none of the linear inflow models predicts successfully the lateral flapping
of the rotor over the full range of flight speeds suggests that the distortion of the wake by
its own self-induced velocity field, and the high-order variation in inflow along the rotor

radius need to be captured for the lateral flapping of the rotor to be predicted accurately.
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6.5 Wake Topology

A number of observations have been made throughout this chapter which indicate that
the wake structure undergoes a significant transition close to g = 0.08. By examining the
wake structures in detail, it may be possible to explain the characteristic trend in Harris’
data in terms of the topological evolution of the rotor wake.

Calculated wake geometries for a range of advance ratios, visualised using an iso-surface
of vorticity magnitude, are shown in figures 6.22 to 6.27. In order to expose as much detail
as possible, each figure contains a number of images from varying perspectives and using
different contour levels. Note that only the vorticity contained in the finest level of the
grid is shown in these figures. During the course of this section it may be useful to refer
back to the wake visualisations presented previously in figure 6.19.

At a forward speed of u = 0.02 the wake initially evolves as it does in hover, forming
a helical column of vorticity which descends beneath the rotor. Roughly one rotor radius
beneath the rotor the wake structure breaks down as a result of the inherently unsteady
dynamics of rotor wakes at low speed; these dynamics or instabilities in the wake manifest
through vortex pairing and vortex merging mechanisms (see figure 6.22). Consequently,
the far wake is a highly unsteady flow, dominated by highly complex and contorted vortical

structures.

Figure 6.22: Visualisation of wake structure at j = 0.02.
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Increasing the forward speed to p = 0.04 leads to significant changes in the overall
topology of the wake. Behind the rotor the wake is highly unstructured, consisting of
irregular and distorted vortical structures. Although aspects of the tubular hover-like
wake can still be seen, the wake is arguably dominated by the roll-up of the wake at the
sides of the disk into two large counter-rotating vortical structures. The integrity of these
structures, however, is particularly weak and does not appear to persist far downstream
of the rotor.

The effects of the upwash region on the wake structure can be seen in figures 6.23(b)
and 6.22(b) in which the vortices located at the front of the disc are convected initially
up over the front of the disk before being pulled back through the rotor by the mean
downwash. Indeed, this feature can be seen at all advance ratios, as expected from the
inflow maps shown previously in section 6.3. Figure 6.23(b) shows a similar effect occurring
behind the root cut-out of the rotor, in which the root vortices are convected some distance

above the rotor before being pulled back through the rotor.

Figure 6.23: Visualisation of wake structure at ji = 0.04.

Aty = 0.08 the wake acquires a well defined structure which is dominated by the
formation of two large vortical structures trailing from the sides of the rotor disk, somewhat
analogous to the wake structure produced by a circular wing. For this reason, the vortical
structures generated by the roll-up of the wake from the sides of the rotor will be referred
to as wing-tip vortices. Nearly all of the unsteadiness seen at lower speeds has disappeared
to yield a regular and periodic wake structure. This apparent onset of a stable, wing-like
structure coincides with the maximum lateral flapping experienced by the rotor in forward

flight (see figure 6.1).
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Figure 6.24: Visualisation of wake structure at = 0.08.

Figures 6.24(c) and (d) show that the internal structure of the wing-tip vortices consists
of an intricate series of concentric vortex spiraling about a strong central core. The initial
roll-up of the wake into these spiral structures originates close to the lateral edges of the
disk, at roughly 80° and 280°azimuth. The peaks seen in the inflow distribution at the
sides of the disk (see figures 6.5 and 6.13), identified by both Johnson and Quackenbush,
appear as a direct consequence of this roll-up process.

Increasing the forward speed further produces no obvious changes in the overall geom-
etry of the wake. The wake structure remains stable and is dominated, as at g = 0.08, by
the roll-up of the wake behind the rotor into the wing-tip vortices. Although the dimen-
sions of the wing-tip vortices do however vary with advance ratio, becoming progressively
tighter as the advance ratio is increased, they are topologically identical at all advance
ratios p¢ > 0.08. In fact, it appears that the topology of the entire wake structure remains

unchanged for advance ratios greater than p = 0.08.
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Figure 6.25: Visualisation of wake structure at p = 0.10.

The internal structure of the wing-tip vortices is exposed particularly well in figures
6.25(d) and 6.26(b). The outermost spirals forms from the roll-up of the underside of
the wake, i.e. from those vortices produced at the front of the rotor disk. The innermost
spirals forms from the roll-up of the top-side of the wake, i.e. from those vortices produced
at the rear of the rotor disk.

A more subtle feature of the wake, which is present at all of the forward flight cases
where g > 0.08, is the formation of a strong vortex emanating from the root of the advanc-
ing blade. This vortex can be seen clearly in figure 6.26(c) sitting below the main wake
structure. The strength of the vortex grows with advance ratio; however, its contribution

to the overall evolution of the wake is not entirely clear.
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Figure 6.26: Visualisation of wake structure at jp = 0.12.
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Figure 6.27: Visualisation of wake structure at j = 0.16.
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6.6 Summary

A detailed study of Harris” experimental data has been carried out, building on the work
of Johnson [80] and Quackenbush [81]. By examining in detail the inflow distribution and
wake structure at each advance ratio, the key flow features controlling the lateral flapping
of a rotor in forward flight have been identified.

Arguably the most important flow feature driving the variation in lateral flapping is
the growth of an upwash region at the front of the rotor disk. The presence of the upwash
at the leading edge of the disk forces the wake to remain closer to the rotor disk than it
would if the upwash was not present. The resulting proximity of the wake to the rotor
increases the mean inflow seen by the rotor, particularly over the rear of the disk, resulting
in high levels of lateral flapping.

The trend seen in the lateral flapping can be explained, in part, by the topological
evolution of the wake. Below p = 0.08 the wake has no well defined topology; it is highly
disordered, highly distorted and unsteady, but retains elements of a tubular, hover-like
wake. Between hover and g = 0.08 the wake undergoes a gross transition from the tubular
wake seen in hover, to the flat, rolled-up. wing-like wake seen at high forward speed.
Above p = 0.08 the wake acquires a well defined topology: dominated by the roll-up of
wake behind the rotor into two distinct wing-tip-like vortices. The internal structure of
these wing-tip vortices has been shown to be highly intricate, consisting of a number of
concentric spirals orbiting around a central core.

The maximum lateral flapping seen in Harris® experiments occurs at an advance ratio
close to p = 0.08. This coincides closely with the transition from the unsteady, disordered
wake structure seen at low speed to the highly organised, steady wake structure seen
in high speed forward flight. It is plausible that this transition is driven by the stability
characteristics of the high speed wake topology, i.e. starting from high speed and gradually
reducing s, a point will be reached at which the products of instabilities in the flow. such
as vortex pairing and vortex merging, are no longer convected downstream sufficiently fast

to preserve the overall structure of the wake.



Chapter 7

Vibration Prediction

The helicopter industry as a whole lacks the capability to predict accurately the vibration
levels of helicopter rotors. The AHS dynamics workshop, performed in 1996, carried out
a blind comparison of various state-of-the-art prediction methods used throughout indus-
try and academia. In their analysis of the workshop results, [1], Hansford and Vorwald
remarked that none of the methods considered could predict the vibration levels to within
50% of flight test data.

Hansford and Vorwald also analysed the improvements in accuracy produced as the
complexity of the models was systematically increased. In this way, they were able to
identify those modelling strategies which resulted in the largest improvements in accu-
racy. Their analysis suggested that the largest improvements in accuracy were related to
improvements in the fidelity of the aerodynamic modelling of the rotor, and most signifi-
-antly, to the introduction of free-wake models.

This chapter presents an assessment of the new version of the VIM in terms of its abil-
ity to improve the accuracy of vibration prediction. The chapter begins with an analysis
of the effects of blade twist on the aerodynamic forcing of the rotor system. In an attempt
to improve the hover performance of their rotors, helicopter manufacturers are incorporat-
ing larger amounts of twist into the design of their rotor blades. The optimisation of the
rotor for hover is achieved at a cost to the performance in forward flight. The relationship
between blade twist and vibratory loads is not thoroughly understood however, mainly
because the wake models employed for analysing rotor vibration do not have sufficient

fidelity to capture the changes to the wake structure as blade twist is varied. Hence, the
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ability of the VTM to capture the effects of blade twist on the aerodynamic forcing of the
rotor system will provide an indication of its ability to improve the accuracy of vibration
predictions.

Two of the most significant forward flight conditions, as far as rotor vibration is con-
cerned, are found at transitional (u &~ 0.15) and high (x> 0.3) speeds. At transitional
advance ratios, the aerodynamic loading of the rotor is dominated by numerous BVIs
which excite the high-frequency dynamics of the rotor. At high speed however, the ro-
tor vibration is driven by the strong asymmetry of the aerodynamic loading around the
azimuth.

In an attempt to assess the actual improvements that can be gained from the in-
troduction of the VIM into a vibration analysis, the VITM has been coupled with an
industry-standard structural dynamics model called R150, which was developed by West-
land Helicopters Ltd. (WHL). A further motivation for coupling the VI'M with R150
was to gain further understanding of the relationship between blade twist and rotor vi-
bration, thereby allowing blade twist to be used more effectively as a design parameter.
The second half of the chapter documents the initial results from this integration task,
and presents a number of recommendations to further improve the performance of the
integrated R150-VTM code.

The AHS dynamics workshop considered two flight conditions, one at p = 0.15 and an-
other at 1 = 0.37. The numerical results of the various prediction methods were compared
against flight test data, produced using the Lynx XZ170 research aircraft. A detailed de-
scription of the aircraft can be found in [93] and a basic description of the main rotor
geometry is provided in table 7.1.

For consistency, all of the numerical simulations presented throughout this chapter are
based upon the XZ170 main rotor. Furthermore, all results presented correspond to either
the g = 0.15 or 1 = 0.37 flight conditions considered in the AHS dynamics workshop. In
all cases the main rotor is trimmed to specified rotor thrust and hub moments. The trim

conditions for each of the advance ratios are listed in table 7.2.
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Number of Blades 4

Rotor Radius (ft) 21.0

Blade Chord (ft) 1.296

Blade Aspect Ratio 16.2

Blade Twist 8°

Root Cut-out (ft) 5.943

Tip Geometry Rectangular

Aerofoil Sections NPL9618, NPL9615, NPL9617
Hub Design Semi-rigid

Tip Speed (ft/s) 700

Table 7.1: Description of the rotor of the Lynz XZ170 Main Rotor.

p=0.15 =037

Rotor Thrust (Ibs) 8662.0 9284.0
M, (Ibs ft) -19020.0 -6858.0
M (Ibs ft) -3792.0 [ -20820.0

Table 7.2: Trim conditions for each of the flight conditions used by the AHS

dynamics workshop.

7.1 Sensitivity to Blade Twist

Blade twist plays a crucial role in governing not only the aerodynamic loading of the
rotor, but also the vibration levels. The modifications to the aerodynamic loading and
wake structure associated with changes in blade twist can lead to significant alterations
to the vibration levels of the rotor. Modern rotor designs are incorporating larger levels of
blade twist in an attempt to improve hover performance. However, the design tools used
by industry do not, in general, have the ability to capture the effects of blade twist on

vibration levels. As described in the introduction of this chapter, this deficiency is believed
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to stem from the simplicity of the wake models used for analysing rotor vibration. The
performance benefits resulting from increases in blade twist are therefore achieved without
a solid understanding of the implications for rotor vibration.

As a first step in analysing the potential improvements in vibration prediction that
might be achieved by improved wake modelling, this section analyses the ability of the
VTM to capture the effects of blade twist on the aerodynamic loading of the rotor. The
XZ170 rotor, with 8° of linear twist, is used as a baseline from which to introduce paramet-
ric changes in the blade twist; the blade twist was varied from 6° to 20° in 2° increments
(only linear twist distributions have been considered for this initial study). The study
assumes that the rotor blades are rigid and hence any structural response originating from
the flexibility of the blades is ignored. Both the g = 0.15 and p = 0.37 cases from the AHS
dynamics workshop are analysed in this study. In all cases the blade aerodynamics were
resolved using 32 collocation points, arranged in a cosine distribution along the blade, and
the the cell size on the finest grid level was Ax = 0.025R.

Figure 7.1 show the calculated time-histories of rotor thrust over a single revolution
for blade twists ranging from 6°to 20° at an advance ratio of u = 0.15. It can be seen
that increases in blade twist lead to significant increases in the magnitude of the thrust
oscillations experienced by a blade. A Fourier analysis of the thrust time-history is shown
in figure 7.2 in which the magnitudes of each harmonic are plotted relative to the values
for the blade with 8° twist. As the twist is increased the strength of the N/rev harmonic
appears to increase almost linearly with the twist of the blade. For the blade with 20° twist,
the strength of the N/rev harmonic is so strong that the high-frequency component of the
signal can barely be seen.

Figures 7.3 and 7.4 show the thrust time-history and its Fourier decomposition for
the high speed case. In contrast to the low speed case, at u = 0.37 it appears that no
significant changes to the thrust history can be seen as the twist is increased. However, as
shown in the harmonic analysis of the thrust. the frequency components above N/rev are
clearly sensitive to changes in the blade twist, and the changes in the strength of these
components will ultimately lead to modifications to the vibratory loading of the rotor.

These results clearly show how sensitive the aerodynamic loading of the blade is to

variations in blade twist.
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Figure 7.1: Variation in rotor thrust due to changes in blade twist, u = 0.15.
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Figure 7.2: Harmonic content of rotor thrust relative to 8° blade, 1 = 0.15.
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-0.02 0.02 0.06 0.10 0.14 0.18 0.22 0.26 0.30 0.34 0.38 0.42

Figure 7.5: Effect of blade twist on blade loading pu = 0.15; (a) 8° twist, (b)
12° twist, (c) 16° twist, and (d) 20° twist.

Further insight into the effects of blade twist on the aerodynamic loading of the rotor
can be gained by examining the variation of the blade loading as a function of azimuth
and radial position. Figures 7.5 and 7.6 show the calculated blade loading distributions
as a function of radius and azimuth position at advance ratios of u = 0.15 and p = 0.37
respectfully. Direct comparisons of the radial blade loading distributions at 45° increments
around the azimuth can be found in appendix A.

The aerodynamic loading of the rotor undergoes a number of key changes as the twist of
the blade is increased. The primary effect of increasing blade twist, as might be expected,

is to shift the aerodynamic loading of the blade inboard - an effect which appears to be
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more prominent on the advancing side of the disk. At g = 0.15 the peak loading at
1 = 90° shifts from roughly 95% radius for the blade with 8° twist, to 70% radius for the
blade with 20° twist. As the loading shifts inboard, the loading at the tip of the blade
progressively reduces. For the blade with 20° twist, the loading at the tip of the blade
becomes negative between ¢ = 100° and ¢» = 160°. For the high speed case, the inboard
shift of the loading is more pronounced. At 1) = 45° the peak in the loading shifts from
roughly 80% radius to 50% radius, dramatically altering the overall shape of the loading
distribution. Furthermore, a sizeable negative loading region can be seen to develop on

the advancing blade as the twist is increased.

-0.15 -0.08 -0.01 0.05 0.12 0.19 0.26 0.33 0.40 0.46 0.53 0.60

Figure 7.6: Effect of blade twist on blade loading p = 0.37; (a) 8" twist, (b)
12° twist, (c) 16° twist, and (d) 20° twist.
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Arguably a more significant effect, as far as vibration is concerned, is the gradual
reduction in the magnitude of the loading peaks associated with BVI with increase in
blade twist. For the baseline blade at g = 0.15, four strong BVIs can be seen over the
front of the disc. However, by increasing the twist to 20°, only two BVIs can been seen
in the predicted blade loading distributions. Similarly, at high speed the dominant BVI
located between 1 = 90° and ¥ = 180° weakens significantly as the blade twist is increased.

These tests confirm that the new version of the VITM does indeed have the ability to
capture the effect of blade twist on the aerodynamic loading of the rotor. The study has
shown that increases in blade twist bring about significant modifications to the aerody-
namic loading of the rotor, both in terms of the distribution of aerodynamic loading and
the harmonic content of the overall rotor thrust. It can therefore be expected to lead to

sizeable changes in the vibration characteristics of the rotor system.

7.2 Model Development

The AHS dynamics workshop was conducted to assess the capabilities of various vibration
prediction models used throughout industry and academia. The study showed that none
of the codes were able to predict rotor vibration levels to an accuracy greater than 50%
compared to the experimental measurements. In their conclusions, Hansford and Vorwald
highlighted the potential improvements that might be offered by improved wake models.

It was these findings that motivated directly the coupling of the VI'M with an industry-
standard structural dynamics code. This section describes the integration of the wake
model of the VIM into the vibration prediction code, R150, developed by Westland He-
licopters Ltd. (WHL). The section begins with an overview of the theory and implemen-
tation of R150, followed by a description of the integration of the two codes.

The two codes are integrated in such a way that a tight coupling between the aerody-
namics and structural dynamics is produced. i.e. the aerodynamic loading and structural
response are calculated simultaneously, as opposed to the commonly-used loose-coupling
approach which iterates independent aerodynamic and structural dynamic calculations to
converge towards the required solution. Although the loose-coupling approach is popu-

lar due to its straightforward implementation, it is not as robust as the tight-coupling
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approach. In manoeuvring flight or in cases where large portions of the rotor is stalled,
the loose-coupling approach may have difficulty converging onto a stable solution. Tight
coupling between the aerodynamic loads and structural response of the rotor is not only
more physically representative, but it also avoids any convergence issues and can therefore

be applied to arbitrary flight conditions.

7.2.1 Structural Dynamic Model

R150 models the structural dynamics of the rotor using a modal approach. The structural
response of the rotor is calculated by first linearising the equations of motion of the system
and then decoupling the resulting equations using an eigenvalue analysis - the eigenvalues
and eigenmodes represent the natural frequencies and mode shapes of the system. The
resulting set of linear equations describe the system in terms of a number of modal degrees
of freedom. For simple systems, the dynamics of the system caliemodelled accurately
using just a small number of modes. A detailed description of the underlying theory and
implementation can be found in [94], [95] and [96].

For the structural design of the rotor system. the frequencies of most interest, as
far as the structural design of the helicopter is concerned, are generally in the range
2/rev to 2N/rev. If the structural dynamics of the rotor system are be assumed to be
linear, these frequency components can be captured using a relatively small number of
modes. In the case of R150, the Lynx rotor system is described using a total of eight
coupled modes; four flap, three lag and one torsion. This description of the modes is
however slightly misleading. For example, although the first flap mode is dominated by
the flap deformation, it is also includes small pitch and lag deformations. The approach is
therefore able to capture the coupled pitch-flap-lag dynamics of the rotor blades.
Although the mode shapes and natural frequencies can be extracted from experimental
measurements, they are normally evaluated from a separate numerical analysis of the blade
dynamics. Once the mode shapes and the aerodynamic forcing of the system are known,
the modal equations of motion are discretised and marched through time using an explicit
scheme.

R150 models only the dynamics of a single blade and its associated control linkages. It

also assumes that the rotor hub is rigid: the structural response of the fuselage is therefore
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neglected. This is somewhat inconsistent with a more modern view which considers the
dynamics of the rotor and the fuselage to be inseparable. The Coupled Rotor-Fuselage
Model (CRFM) is a much more sophisticated model used by WHL for structural loads
prediction, see [94], [95] and [96]. In addition to capturing the coupled rotor-fuselage
dynamics, it also includes a sophisticated pilot model for analysing vibrational loads in
manoeuvring flight, as well as for analysing flight dynamics. However, the underlying
theory and implementation of the structural dynamic model within R150 and the CRFM
are very similar. The decision to integrate the VI'M with R150, rather than the CRFM,

was taken simply to avoid the added complexity of the CRFM.

7.2.2 R150-VTM Integration

This section describes the integration of the VI'M wake model into R150. The combined
R150-VTM code uses the original R150 code as the platform for the integration, with the
blade aerodynamic model and wake model of the VTM being linked into the code structure
of R150. At the start of a timestep the aerodynamic loading calculated by the VTM wake
model and blade aerodynamic model, described in terms of sectional lift, drag and moment
coefficients, is passed to R150. The modal forcing induced by the aerodynamic loading is
calculated and used to force the structural dynamics of the rotor. The structural response
of the blade, described in terms of its position and velocity at a number of points along
the span, is then passed back to the VIM. The blade loading at the end of the timestep
is then calculated, the trailed and shed vorticity is sourced into the computational grid,
and the structure of the wake is evolved. This process is repeated until the rotor achieves

the required trim state; typically ten revolutions of the rotor are required to achieve trim.

7.2.2.1 Implementation

Several major modifications to the VI'M were required in order to overcome some of the
differences in structure between the two codes. Arguably the most significant difference is
that R150 models the dynamics of just a single blade, whereas the VTM uses a multi-blade
approach. This problem is resolved by storing the position and velocity data for the R150
‘reference’ blade at each azimuthal station. The dynamics of the remaining blades are

then reconstructed from the stored data, lagged by an azimuth angle of 277 /N, where i is
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the blade number and Nj is the number of blades. However, the aerodynamic loading of
each blade is calculated independently for each blade - the aerodynamic coupling between
the blades is therefore captured completely. Note that this approach can only be applied
when the steady-state solution is required, and hence one of the major advantages of the
VTM, its ability to capture the unsteady evolution of the rotor wake, is sacrificed.

The current version of R150 is constrained in both its spatial and temporal resolution.
The number of collocation points that can be used along the blade to represent the blades
aerodynamics is fixed at 25, and the azimuthal resolution is limited to either 1° or 5° incre-
ments. The timesteps employed by the VIM are typically 0.25°; this level of resolution is
required primarily to capture accurately the unsteady aerodynamics of the blades. The use
of excessively large timesteps reduces the accuracy of the blade aerodynamic model. Fur-
thermore, the fastest stable rate at which the vorticity transport equation can be evolved
is governed by the Courant-Friedrichs-Lewy condition, shown previously in equation 3.3.
Ideally, the timestep should be allowed to vary in proportion to the cell size used in the
computation. The restriction of a large, fixed timestep limits the maximum grid resolution

that can be achieved using the coupled code.

7.2.2.2 Blade Aerodynamics

The blade aerodynamic model used by the VI'M does not model the aerofoil pitching
moments because it is normally assumed that the blades have infinite torsional stiffness.
For the prediction of vibration this assumption is no longer valid. Indeed, the unsteady
acrodynamics of the rotor blades are known to play an important role in the aeroelastics
of helicopter rotors [97]. The aerofoil pitching moments provide torsional damping, which,
if neglected, will lead to high-frequency torsional deformations which may destabilise the
simulation. Accordingly, the blade aerodynamic model was upgraded to include a simple
model to predict the pitching moments. The model is derived from quasi-steady thin

acrofoil theory [85] and expresses the pitching moment as

- AL o vC 3 TP
Cm(a,c, hy M) = Cpo + Cr(a, &) + Cr (&, hy M) | (7.1)
where )0 is the static pitching moment, C§, is the circulatory pitching moment, and gL

is the impulsive (added mass) pitching moment produced from changes in blade incidence
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and plunge rate. A detailed description of the calculation of each term can be found in

Beddoes [36] and Leishman [85].

7.2.2.3 Fuselage Aerodynamics

The aerodynamic interaction between the fuselage and the rotor is known to modify to
the vibration levels on the rotor, particularly the magnitude and phasing of the 2/rev
aerodynamic forcing. A simple source-based representation of the fuselage aerodynamics
exists within R150 and is retained within the R150-VTM code. However, due to incom-
patibilities between the fuselage model and the wake model of the VITM, the model does
not currently account for the deformation of the wake by the fuselage. Only the fuselage
upwash seen by the rotor is captured. In spite of its weaknesses, the use of the fuselage
model within the R150-VTM has yielded improvements in the phasing of the loading in

the two AHS dynamics workshop cases.

7.3 AHS Dynamics Workshop

Having integrated the VI'M into the R150 structural dynamics model, the predictions of
the resulting R150-VTM code were compared directly against the Lynx XZ170 flight test
data as well as the predictions of the original R150 model.

Hansford and Vorwald’s study constrained its analysis to just two forward flight con-
ditions: g = 0.15 and g = 0.37. In order to limit the contamination of the vibration
measurements from the structural response of the fuselage and manoeuvre loads, each test
was carried out to ‘performance standard™ *. Each rotor blade was fitted with a total
of 15 strain gauges, taking measurements of the flapwise and lagwise bending moments
at seven locations along the blade radius, and one further gauge to measure the load-
ing within the pitch link. The hub loads could not be measured directly on the aircraft

and were therefore reconstructed using the method of Strain Modal Synthesis (SMS) [98].

*Performance Standard: the rotor loading and forward speed are held constant over the two minute

duration of the test, during which measurements of rotor speed, rotor torque and aircraft altitude must

remain steady.
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7.3.1 Convergence Study

Before comparing the predictions of the R150-VTM code with the flight test data. a con-
vergence study was carried out to evaluate the sensitivity of the solutions to the resolution
of the computational grid. The convergence tests were carried out on the high speed case
(;e = 0.37) analysed in the AHS dynamics workshop. The resolution of the computational
grid was varied from 10 cells per radius (Az = 0.10R) to 50 cells per radius (Az = 0.02R).

As demonstrated previously in Chapter 5, the gross features of the aerodynamic load-
ing can be captured accurately using very low resolutions, whereas the fine-scale loading
features, associated with BVIs, are only exposed using higher grid resolutions. The results
of this study are consistent with this observation.

The aerodynamic loading of the rotor produced in the high speed flight condition is
dominated by a single BVI located between v» = 90° and ¢» = 180°, see figure 7.6. Figure
7.7 shows the distribution of the predicted normal force coefficient along the blade radius
at ¢ = 135°. Using a grid resolution of 10 cells per radius (Az = 0.10R), the strong BVI
at 65% radius is not exposed at all. As the resolution is increased to 50 cells per radius
(Ax = 0.02R), the BVI feature is resolved more sharply .

However, in regions of the azimuth where no strong BVI exist, for instance at ¢ = 45°,
shown in figure 7.8, the blade loading is predicted accurately using all of the resolutions
considered by the study.

The convergence properties of the VIM are governed strongly by the compatibility
between the resolution of the blade aerodynamic model and the resolution of the compu-
tational grid. All the vorticity contained in the computational grid originates from the
blade aerodynamic model, and the resolution of that model therefore dictates the range
of length-scales of the vortical structures entering the wake. For a fixed number of collo-
cation points, the predicted blade loading will converge as the grid resolution is increased.
Once the resolution of the grid becomes sufficient to resolve all the length scales of the
flow, the solution will become insensitive to further increases in grid resolution. For the
case studies here, in which the blade loading is calculated at 25 stations along the blade
radius, the results suggest that a grid resolution close to Az = 0.02R is required to obtain
convergence. It is therefore essential that the resolution of the blade aerodynamic model
and the computational grid are matched to ensure that the level of detail achieved by
the blade aerodynamic model is preserved when the information is transferred into the

computational grid, and visa versa.
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Figure 7.7: Sensitivity of blade loading to grid resolution 1 = 135, p = 0.37.
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Figure 7.8: Sensitivity of blade loading to grid resolution ¢ = 45, p = 0.37.
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The sensitivity of the predicted structural loading to changes in the grid resolution
has also been investigated by examining the predicted flapwise and chordwise bending
moments induced by the aeroelastic deformation of the blade. Plots of the predicted time
histories of the flapwise and lagwise bending moments at various stations along the blade
can be found in appendix B. Figure 7.9 is representative of these results. In spite of the
inability of calculations using low resolution grids to capture the loading features induced
by BVIs, these calculations were still able to predict very similar structural loads as the
calculations using high resolution grids, both in terms of the magnitude, phasing and

frequency content of the loading.
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Figure 7.9: Sensitivity of flapwise bending moment to grid resolution at 64%

radius, = 0.37.

These results suggest that the R150 structural model may not have the fidelity or
sensitivity required to capture the high-frequency components of the aerodynamic forcing.
There are a number of potential sources for this deficiency.

Firstly, the current version of the R150-VTM code allows the aerodynamic loading to

be sampled at only 25 points along the blade. The aerodynamic forcing of each structural
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mode is then calculated as
1
/ w(r)Fy(r) dr, (7.2)
0

where F,(r) is the aerodynamic loading distribution along the blade and w(r) is the mode

shape. The flap components of the eight mode shapes used by R150 are shown in figure

7.10.

1.25

Figure 7.10: Flap components of the R150 mode shapes.

Arguably, these mode shapes only have sufficient spatial resolution to extract the
gross features of the radial loading distribution, i.e. the aerodynamic loading features
induced by BVIs will be of such a small scale compared to the modal wavelength, that

their contribution to forcing of the low-order structural modes will be minimal. Hence,
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for a structural model which uses only low-order modes, once convergence on the low-
order components of the aerodynamic loading has been achieved, the dynamic response
of the rotor will be largely insensitive to further increases in grid resolution. In order
to capture the aerodynamic forcing originating from BVIs, additional modes will need to
be introduced. For instance, in a recent publication by Datta and Chopra [99] [100], it
was found that a total of nine flap modes were required to predict accurately the 4/rev
vibratory loads on the UH-60A helicopter.

Another potential limitation of the current model lies in the resolution of the blade
acrodynamic model. The number and distribution of the collocation points play a crucial
role in determining the resolution of the wake that can be achieved by the model. All
the vorticity contained in the computational grid originates from the blade aerodynamic
model. and the resolution of that model therefore dictates the resolution of the vortical
structures entering the wake. The number of collocation points also governs the resolution
at which the velocity field, and hence aerodynamic loads, can be sampled. It is therefore
essential that the resolution of the blade aerodynamic model and the computational grid
are matched to ensure that the level of detail achieved by the blade aerodynamic model is
preserved when the information is transferred into the computational grid, and vise versa.
Ultimately, failure to match the resolutions of the inner and outer aerodynamic models
leads to an inefficient use of computational resources.

The current R150-VTM model uses 25 collocation points to capture the acrodynamic
loading of the blade. Given that the VI'M can be run at grid resolutions in excess of 100
cells per radius using the current standard of computer architecture, it seems likely that
increases in the resolution of the blade aerodynamic model will be required to fully exploit

the capabilities of the VI'M.

7.3.2 High Speed Case

No direct measurements of the aerodynamic loading of the blades were made during the
flight tests. The only on-blade measurements available were the flapwise and lagwise
bending moment distributions. Figures C.35 to C.39, found in appendix C1, compare the
predicted and measured flapwise bending moments as a function of azimuth at a number

of radial positions. The corresponding lagwise bending moment comparisons are shown in
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figures C.40 to C.42, also to be found in appendix C1.

In general, the VI'M produces improvements over the predictions of the original R150
model for both the flapwise and lagwise bending moments. The R150-VTM code appears
to capture the phasing and frequency content of the loading more accurately than the
original R150 code. However, the overall results are quite mixed. None of the predictions
correlate well with the flight test data over a full rotor revolution; at any radial position,
it is generally found that the loading is predicted very well over part of the azimuth, but
not very well over the remainder.

Figures 7.11 and 7.12, respectively, show arguably the best and worst correlations

between the R150-VTM predictions and the flight test data.
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Figure 7.11: Flap moment at 5.2% Radius y = 0.37.

In figure 7.11, it can be seen that the R150-VTM code produces very good predictions
over the first 225° of the azimuth, particularly in terms of the magnitude of the loading,
although a small 15° phase lag is present on the advancing blade.

The predicted lagwise bending moments are in general less well predicted than the
flapwise bending moments. Figure 7.12 shows the lagwise bending moment predictions at

64% radius. Other than the pseudo-agreement at v» = 180, the overall correlation is very
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Figure 7.12: Lag moment at 64.0% Radius p = 0.37.

poor, both in terms of magnitude, frequency content and phasing. The poor prediction of
the lagwise bending moments suggests a deficiency in the modelling of the blade drag. In
the current version of the R150-VTM code, the profile drag is calculated using a simple

empirical model developed by Prouty [83], which expresses the profile drag coefficient as
Cp =1.03 — 1.02 cos 2cx . (7.3)

This approach to modelling the profile drag is clearly too simple and misses out the
subtle variations in drag with incidence and Mach number. The use of real aerofoil data
should significantly improve the accuracy of the lagwise bending moment predictions.

Another area which is likely to benefit from improvements in the modelling of the
blade aerodynamics is the prediction of the control rod loads. Figure 7.13 compares the
predicted control loads with the original R150 predictions and the flight test data.

The structural loads experienced by the control rods are largely governed by the tor-
sional loading of the blades, and hence are particularly sensitive to the aerodynamic pitch-
ing moments generated by the blade. It is believed that the strong 1/rev component seen
in the R150-VTM predictions is associated with a deficiency in the modelling of the aerofoil

pitching moments. The current version of the R150-VTM model assumes that the static
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Figure 7.13: Control loads pp = 0.37.

component of the pitching moment coefficient is constant for all operating conditions, see
equation 7.1. In reality, the pitching moment of an aerofoil is sensitive to changes to the
incidence of the aerofoil as well as to Mach number. Upgrading the blade aerodynamic

model to reflect these dependencies should significantly improve the accuracy of the control

rod load predictions.

7.3.3 Low Speed Case

Figures C.44 to C.48, to be found in appendix C2, compare the predicted and measured
flapwise bending moments as a function of azimuth at a number of radial positions. The
corresponding lagwise bending moment comparisons are shown in figures C.49 to C.51,
also to be found in appendix C2.

The results from the low speed case largely support the conclusions reached in the
previous section. At some radial positions the bending moments are predicted very well
over certain portions of the azimuth. For example, at 64% radius, the predicted bending
moments correlate very closely with the flight test data between 270° and 90°, as shown
in figure 7.14. However, accurate correlation with the flight test data over a complete

revolution is not achieved at any of the radial stations.
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Figure 7.14: Flap moment at 64.0% Radius p = 0.15.

A particularly curious result can be seen in the predicted bending moments at 31%
radius, shown in figure 7.15, in which the signal is contaminated by a strong 5/rev com-
ponent. This high frequency contamination of the predicted loading was also experienced
by some of the free wake models that were evaluated during the AHS dynamics workshop.
The natural frequency of the first torsion mode and third flap mode of the Lynx blade
are very close to 5/rev. When forced at close to its resonant frequency, the magnitude
of a mode’s response is dictated by the level of damping of the mode. For the torsional
mode, the damping is provided almost entirely from the aerodynamic pitching moments.
Hence, poor prediction of high frequency components of the aerodynamic forcing will in-
duce significant errors in the predicted structural response of the rotor. The high frequency
contamination of the predictions seen in figure 7.15 indicates that, once again, deficiencies
exist in the blade aerodynamic model.

Examination of the predicted control rod loads at z = 0.15, shown in figure 7.16, again
shows a dominant 1/rev component in the predicted loading, as seen in the high speed

case, further highlighting the need for a more accurate modelling of the aerofoil pitching

moments.
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7.4 Model Evaluation

Although the R150-VTM code has demonstrated improvements in the accuracy of the
predicted vibration levels when compared the original R150 code, these improvements are
not achieved consistently throughout the results. It is therefore very difficult to determine
whether the overall accuracy of the model has been improved by the introduction of the
VTM. Hence, Hansford and Vorwald’s statement regarding the effect of wake modelling
on vibration prediction remains an unproved assertion. However, the current work has
identified a number of deficiencies in the R150-VTM hybrid code, which, once removed,
will help to clarify the benefits of improved wake modelling on vibration prediction.

Although the blade aerodynamic model used in the current version of the R150-VTM
model produces representative values for the aerofoil lift, drag and pitching moment, it
appears that a more accurate approach is needed to capture accurately the sectional
drag and pitching moments. Indeed, these findings support the views of Bousman [2]
who highlighted the importance of accurate prediction of aerofoil pitching moments for
vibration prediction.

One potential solution is to use real aerofoil data, perhaps by using look-up tables
rather than the empirical models currently used for the prediction of the drag and pitching
moments. Further improvements could be achieved by using a multi-panel lifting surface
model rather than the single-panel model currently used. A multi-panel approach will
provide a more physical description of the pitching moment characteristics of the blade,
and should provide a more accurate description of the torsional damping of the blade
dynamics.

A further alternative would be to replace the lifting surface model used in the cur-
rent version of the R150-VTM code with a CFD model of the blade aerodynamics. Both
Potsdam [101] and Sitaraman et al [102] have achieved significant improvements in the
accuracy of their vibration predictions by modelling the blade aerodynamics using a CFD
approach. In addition to comparing the predictions of lifting-line methods with CFD
methods, Sitaraman et al also compared the predictions of two different CFD-based ap-
proaches. The first used two-dimensional CFD to model the sectional aerodynamics along
the length of the blade. The second used three-dimensional CFD modelling of the entire
blade. They discovered that the use of full blade CFD improved the phasing of the rotor

vibration compared to the sectional approach, suggesting that the three-dimensional flow
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effects present on the rotor play an important role in driving rotor vibration.

There are also deficiencies in current version of the R150-VTM code in terms of the
modelling of the fuselage aerodynamics. Although the primary interference effects of the
fuselage are captured by the model, inclusion of the wake deformation effects are certain
to bring about improvements in the accuracy of the aerodynamic forcing of the rotor.
Realistically, this can only be achieved by incorporating a comprehensive fuselage model
into the VI'M wake model.

In terms of the structural model, the results of the convergence study suggest that
a more complete basis of structural modes is required to capture the fine-scale features
of the aerodynamic loading induced by BVIs. The inability of the structural model to
capture the contributions from the fine-scale loading features will significantly constrain
the accuracy of the vibration predictions that can be achieved using the current model.

Additionally, it should be noted that the modal approach is not capable of capturing the
non-linear dynamics of the rotor system, i.e. the changes to the mode shapes and natural
frequencies resulting from deformations of the blade. Tt would therefore be sensible to
assess the implications of the assumption that the dynamics are linear by employing an
approach which has the fidelity to capture all of the non-linearities present in the structural
dynamics of the rotor system.

Even if the structural dynamics of the rotor system can be modelled legitimately using
a linear model, the non-linearities present within the fluid dynamics of the system will be
sufficient to introduce coupling between the structural modes. Given that the evolution of
the low surrounding the rotor is governed by the Navier-Stokes equations, linear changes in
the structural dynamics of the rotor will induce non-linear variations in the wake structure,
acrodynamic loading and ultimately the forcing of the structural dynamics. For example,
introduction of additional torsion modes will alter the description of the twist of the blade.
As demonstrated in section 7.1, modifications to the twist of blade will bring about gross
changes in both the loading of the blade and the wake structure, which will, in turn,
modify the aerodynamic forcing of all the structural modes. In order for these effects
to be captured accurately, a comprehensive description of the blade dynamics is required.
This can only be achieved with the introduction of additional structural modes. Indeed, it
is highly unlikely that the torsional deformations of the blade can be described adequately

using just a single mode, as used by most industry standard models.
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Finally, in order to develop accurate analysis tools it is essential that the experimental
data used to validate new codes is designed so that any deficiencies of a code can be easily
identified. Most of the conclusions and recommendations made throughout this chapter
have been based on intuition and experience rather than on solid evidence. Since no ex-
perimental measurements of the aerodynamic loading on the blades were obtained during
the flight tests, it is impossible to state conclusively whether the deficiencies in the R150-
VTM model originate from the modelling of the aerodynamics or the modelling of the
structural dynamics. The Lynx flight test data is also far too complex and inadequately
defined for it to be used to assess the performance and accuracy of individual components
of the numerical model. For example, the R150-VTM is only capable of modelling the
dynamics of a single blade attached to a fixed hub. In contrast, the flight test data con-
tains contributions from the multi-body dynamics of the full aircraft and the aerodynamic
interference of the fuselage and the tail rotor. It is impossible to quantify how these addi-
tional factors manifest within the experimental data, nor whether the assumptions made
by the R150-VTM code are valid in this respect.

If the deficiencies of the R150-VTM model are to be overcome, and if a sophisticated
understanding of the physics of rotor vibration is to be acquired, a more methodical and
scientific approach to code validation and development must be employed. Experiments
must be well conditioned, and designed in such a way to allow the individual components
of a model to be scrutinised independently. The current situation, in which the complexity
of the experimental setup forces the modeller to assess the performance of his/her code in

its entirety, rather than in terms of its constituent parts, is far from ideal.
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7.5 Summary

Future rotor designs are likely to incorporate high levels of blade twist in an attempt to
improve hover performance and lift capability, possibly leading to unwanted increases in
vibration levels generated by the rotor in forward flight. It is therefore essential that any
vibration prediction tool is able to capture the effects of blade twist on the aerodynamic
loading of the rotor. The VTM has successfully demonstrated that it can capture the
effects of blade twist, and has identified the primary changes to the aerodynamic loading
of the rotor induced by increases in blade twist.

The helicopter industry as a whole suffers from an inability to predict accurately the
vibration levels of rotors. In order to assess the potential improvements that can be gained
from coupling a CFD-based wake model with a structural dynamics model, the VITM has
been coupled with Westland’s in-house dynamics code, R150. The resulting R150-VTM
code has been validated against the same flight test data as was analysed by Hansford and
Vorwald during the AHS dynamics workshop. Although the R150-VTM model appears
to produce some improvements in the prediction of the vibratory loading of the rotor,
inconsistencies in the results do not allow any conclusive statements regarding the benefits
of improved wake modelling to be made. The coupled R150-VTM has the potential to
provide significant insight into the physics and modelling requirements of rotor vibration.

The results of the validation study suggest that the current model contains a number
of deficiencies, but due to the nature of the flight test data, it is not possible to pinpoint
the specific deficiencies of the code. It is believed however that further improvements
in the accuracy of the predictions might be achieved through improvements in the blade

aerodynamic model and through introduction of additional structural modes.



Chapter 8

Conclusions

The primary objective of this research was to develop a sophisticated computational fluid
dynamic (CFD) model for simulating the aerodynamics of helicopter rotors. The model,
based on the Vorticity Transport Model (VTM) of Brown [4]. describes the flow in terms of
a time-dependent vorticity distribution - an approach which provides a particularly faithful
representation of the complex vortical structures present within rotor wakes. A number
of limitations within the original VI'M have been overcome through the introduction of a
new adaptive grid system and efficient velocity calculation.

A semi-Lagrangian adaptive grid system has been developed which employs adaptive
cell generation and destruction to track regions of the vorticity in the flow. Most signifi-
cantly, the adaptive nature of the new grid system allows all the vorticity in the flow to
be retained within the solution domain throughout the entire calculation, eliminating the
need for far-field boundary conditions. The approach also incorporates nested grid lev-
els to vary the resolution of the grid throughout the computational domain, allowing the
available computational resources to be focussed onto the region of most interest. Com-
pared to the grid system used in the original version of the VTM, the new grid system
typically produces a reduction in cell count by an order of magnitude.

The method used in the original version of the VI'M to evaluate the velocity field
throughout the solution domain has been replaced with the Cartesian Fast Multipole
Method (FMM). For a grid consisting of N vorticity-containing cells, the FMM allows
the velocity to be evaluated at each of the N cells in O(N) operations, compared to the

O(N log N) cost of the method of cyclic reduction used in the original version of the VI'M.
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The new version of the VI'M has been validated against two sets of experimental
data. The first set of experimental data, produced by Caradonna and Tung, tested the
VTM’s ability to predict the aerodynamic loading of the rotor as well as measurements
of the wake geometry, in terms of tip vortex locations, for a rotor in hover. The second
set. of experimental data, produced by Harris, tested the VI'M’s ability to predict the
low-frequency dynamics of an articulated rotor with fixed control inputs over a range of
forward flight conditions.

The validation of the VI'M against Harris™ experimental work was later extended to
investigate the fundamental physical mechanisms associated with the evolution of the
rotor wake in forward flight. The study identified the existence of an upwash region over
the front edge of the rotor, which is responsible, almost entirely, for the steep rise in
lateral flapping between hover and j = 0.08. Close to p = 0.08, a distinct change in the
structure of the wake is seen, from the tubular, hover-like wake seen at low speed, to the
flat, rolled-up, wing-like wake seen in high speed forward flight. The transition between
these two regimes coincides with the maximum lateral flapping of the rotor and also an
abrupt increase in the mean inflow produced by the rotor. The transition is believed to
be related to the stability characteristics of the rotor wake. At low speed the products of
instabilities are held close to the rotor and introduce significant unsteadiness into the flow.
Above = 0.08, the growth rate of the products of instabilities is significantly reduced by
the effect of the larger freestream velocity, leading to a highly-ordered and steady wake
geometry. A detailed analysis of the stability characteristics of the flow field, along with
further analysis of the associated wake topologies. could provide an invaluable insight into
the physical process governing the evolution of rotor wakes in general.

A further aim of this work was to investigate the potential benefits that a comprehen-
sive model of the rotor aerodynamics, such as the VI'M, might have on the accuracy of
rotor vibration predictions. A parametric study investigating the effects of blade twist on
the aerodynamic forcing of the rotor was first carried out. The study illustrated that the
VTM is indeed capable of capturing the link between blade twist and the high-frequency
dynamics of the rotor system. Variations to the blade twist have been shown to introduce
significant changes in the harmonic content of the aerodynamic forcing of the structural
dynamics.

In order to assess the ability of the enhanced version of the VIM to improve the
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accuracy of vibration predictions, the VIM was integrated with an industry-standard
structural dynamics code (R150). Validation of the R150-VTM hybrid code against flight
test data indicated some improvements in the accuracy of the predicted vibration
levels compared to the existing prescribed wake model. However, inconsistencies in the
results do not allow any definitive conclusions regarding the potential benefits of improved
wake modelling to be made. The study identified a number of limitations and deficiencies
in the R150-VTM code which, if addressed. could dramatically improve the fidelity and
accuracy of the model.

In the author’s opinion, the most significant limitation relates to the number of modes
used to describe the structural response of the rotor. Even if the structural dynamics of
the system can be modelled legitimately using a linear model, the non-linearities present
within the fluid dynamics of the system will be sufficient to introduce coupling between
the structural modes. In order for the non-linearities in the fluid dynamics, and hence the
coupling of the structural modes, to be captured accurately. a comprehensive description
of the blade dynamics is required. This can only be achieved with the introduction of
additional structural modes. This deficiency of the R150-VTM code, explains to an extent
why the predicted structural response of the rotor appears to be insensitive to changes in
the grid resolution used to capture the rotor wake.

A number of the limitations of the R150-VTM code relate to the modelling of the
blade acrodynamics and fuselage aecrodynamics. A deficiency in the modelling of the aero-
foil properties is the most likely source of the the poor prediction of the lag response of
the rotor, as well as the over-prediction of the 1/rev component of the pitch link loads.
Improvements in the modelling of the sectional aerofoil properties should bring about im-
provements in the accuracy of the predicted structural loads. The use of real aerofoil data,
through the introduction of look-up tables, will eliminate some of the deficiencies in the
prediction of aerofoil pitching moments and drag coefficients present in the current model.
Specifically, this should lead to improvements in the prediction of the torsional damping,
the control loads and the lag response of the rotor. Major improvements may however re-
quire full CFD modelling of the blade aerodynamic, rather than the current lifting surface
approach. Although considerably more expensive and challenging to implement than the
lifting surface approach, full-blade CFD has the potential to model faithfully the complex

flow features seen on rotor blades, including blade vortex interactions, dynamic stall and
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radial flow effects.

The work presented in this thesis has demonstrated how the improvements in the
fidelity and efficiency of the VIM can be exploited to provide further insight into the
physics of rotor aerodynamics. Once the remaining limitations of the VI'M are removed,
the code will provide a powerful base from which to tackle the challenging problems of

rotor vibration, acoustics and interactional aerodynamics.
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Appendix A:
VTM-R150 Twist Study



A1l. High Speed Case p = 0.37

0.70

0.60

0.50

0.40 -

Cn

0.30

0.20 A

0.10

0.00 8 T T T T T -
0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0

—o—8 Degree Twist ~&— 12 Degree Twist
—0—16 Degree Twist —x—20 Degree Twist

Figure A.1: Normal force distribution v = 0°, p = 0.37.
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Figure A.2: Normal force distribution v = 45°, u = 0.37.
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Figure A.4: Normal force distribution v = 135°, p = 0.37.
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A2. Low Speed Case p = 0.15
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Figure A.9: Normal force distribution v = 0°, pp = 0.15.
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Figure A.10: Normal force distribution v» = 45°, p = 0.15.
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Appendix B:

VTM-R150 Convergence Study

B1. High Speed Case p = 0.37
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Figure B.17: Predicted flap moment at 81.0% Radius p = 0.37.
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Figure B.18: Predicted flap moment at 64.0% Radius p = 0.37.

6000

4000 A

2000 -

Flap Moment (Ib.ft)

-2000

-4000 |

Azimuth

-6000

li__A\-=o,ozR ———Ar=004R —-— Ar=008R -~---: Av=0.10R

Figure B.19: Predicted flap moment at 48.0% Radius p = 0.37.
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Figure B.20: Predicted flap moment at 31.0% Radius p = 0.37.
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Figure B.21: Predicted flap moment at 3.2% Radius p = 0.37.
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Figure B.22: Predicted lag moment at 64.0% Radius p = 0.37.
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Figure B.23: Predicted lag moment at 31.0% Radius p = 0.37.
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Figure B.24: Predicted lag moment at 6.8% Radius 1 = 0.37.
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Figure B.25: Predicted control loads pn = 0.37.
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B2.

Low Speed p = 0.15
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Figure B.26: Predicted flap moment at 81.0% Radius p = 0.15.
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Figure B.27: Predicted flap moment at 64.0% Radius pn = 0.15.
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Figure B.28: Predicted flap moment at /8.0% Radius p = 0.15.
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Figure B.29: Predicted flap moment at 31.0% Radius p = 0.15.
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Figure B.30: Predicted flap moment at 3.2% Radius = 0.15.
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Figure B.31: Predicted lag moment at 64.0% Radius p = 0.15.
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Figure B.32: Predicted lag moment at 31.0% Radius ju = 0.15.
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Figure B.388: Predicted lag moment at 6.8% Radius ju = 0.15.
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Figure B.34: Predicted control loads p = 0.15.
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Appendix C:

AHS Workshop Results

C1. High Speed Case p = 0.37

Flap Moment (Ib.ft)

-5000

4000

3000 |

2000

-2000 -

-3000 -

-4000

Azimuth

——o— Test Data ===—R150 === ViIM

Figure C.35: Flap moment at 81.0% Radius p = 0.37.
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Figure C.36: Flap moment at 64.0% Radius p = 0.37.
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Figure C.37: Flap moment at 48.0% Radius pu = 0.37.
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Figure C.38: Flap moment at 31.0% Radius p = 0.37.
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Figure C.89: Flap moment at 3.2% Radius p = 0.37.
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Figure C.40: Lag moment at 64.0% Radius pn = 0.37.
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Figure C.41: Lag moment at 31.0% Radius p = 0.37.
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Figure C.42: Lag moment at 6.8% Radius p = 0.37.
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Figure C.43: Control loads p = 0.36.
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C2. Low Speed Case ;= 0.15
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Figure C.44: Flap moment at 81.0% Radius p = 0.15.
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Figure C.45: Flap moment at 64.0% Radius p = 0.15.
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Figure C.46: Flap moment at 48.0% Radius . = 0.15.
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Figure C.47: Flap moment at 31.0% Radius p = 0.15.
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Figure C.48: Flap moment at 3.2% Radius p = 0.15.
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Figure C.49: Lag moment at 64.0% Rodius p = 0.15.



Lag Moment (Ib.ft)

Lag Moment (Ib.ft)

8000

6000 -

4000 -

2000 -

-2000 -

-4000 -

-6000

-8000

20000

15000

10000

5000 -

-5000

-10000

-15000

-20000 -

—o— Test Data

==Ri150

—VTM

Figure C.50: Lag moment at 31.0% Radius = 0.15.
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Figure C.51: Lag moment at 6.8% Radius pu = 0.15.
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Figure C.52: Control loads pp = 0.15.
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