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We introduce stable real-space invariants (SRSIs), topological invariants
defined from adiabatic deformations between Wannier states, generalizing
previously discovered local and composite real-space invariants. SRSIs are 7Z-
and 7Z,-valued (n = 2, 4) linear combinations of Wannier state multiplicities
characterizing the stable equivalence of atomic insulators. We enumerate all
SRSIs in nonmagnetic space groups with and without spin-orbit coupling.
Z.SRSls are in one-to-one correspondence with momentum-space symmetry
data and thus determine symmetry indicators of topology (Sls). Z, SRSIs
capture real-space information beyond momentum-space symmetry data and
SlIs. Applying SRSIs to split elementary band representations (EBRs) whose
symmetry data decomposes into positive sums of other EBR symmetry data,
we diagnose the topology of all 211 cases across 51 space groups except for 8
exceptions in 5 space groups. Our results solidify Topological Quantum
Chemistry beyond Sls and momentum-space symmetry data. Finally, we use

SRSIs to diagnose an obstructed atomic insulator in a realistic material.

In topological quantum chemistry (TQC)"’, bands that cannot be
expressed as a positive-integer linear combination of atomic limits,
also known as elementary band representations (EBRs), are considered
topological. Such bands are often characterized by nontrivial sym-
metry indicators (SIs) calculated from momentum-space symmetry
data, which include the representation of bands at high-symmetry
momenta in the Brillouin zone (BZ)'*?'. The combination of TQC and
SIs with first-principles calculations has enabled the discovery of
numerous topological material candidates? . One corollary of TQC is
that when an EBR splits into disconnected bands, some of these bands
must be topological. Refs. 29-32 highlighted that, in specific cases, one
group of bands in a split EBR may appear trivial-sharing identical Sls
with an atomic limit—while the other group of bands is indicated as
topological, both by TQC and by SIs, as its momentum-space sym-
metry data is inconsistent with that of sums of atomic limits. While

TQC provides a conceptually more general real-space framework,
many known examples suggest that Sls often reproduce the same
diagnosis in practice, including but not limited to the case of split
EBRs. This raises the question of whether TQC and SIs yield identical
results, and more importantly, when TQC can, in principle, distinguish
a broader class of topological phases beyond Sls alone. It is known, for
instance, that Sls do not capture all aspects of band topology, espe-
cially in cases involving fragile or non-symmetry-indicated stable
topological phases. Moreover, Sls do not distinguish between distinct
trivial atomic insulators that cannot be deformed into each other,
despite their topological inequivalence’™,

In this work, we introduce stable real-space invariants (SRSIs) to
address these limitations. By generalizing the previously discovered
real-space invariants (RSIs)**~, SRSIs provide a comprehensive clas-
sification that accounts for the (stable) adiabatic equivalence of bands.
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SRSIs enable the identification and characterization of both trivial and
topological phases beyond the information contained in momentum-
space symmetry data or Sls. We systematically derive and tabulate all
SRSIs, which are of two types: Z- and Z,-valued SRSIs (ZSRSIs and
7.,SRSIs, where n = 2, 4) in the 230 space groups (SGs) with and
without spin-orbit coupling (SOC). Notably, ZSRSIs determine the full
set of SIs, and Z,SRSIs provide additional information about band
structures not captured by momentum-space symmetry data and Sls.
Hence, the formalism of TQC with SRSIs contains, but goes beyond,
that of Sls.

After introducing the general framework, we demonstrate the
application of SRSIs to band topology. For atomic insulators, we show
that SRSIs provide both a classification and a diagnostic of stable
equivalence. Specifically, we prove that if two atomic insulators have
the same values for all Z and Z,SRSlIs, then they can be adiabatically
deformed into each other in the presence of auxiliary trivial bands. For
topological insulators, we demonstrate that ZSRSIs can be assigned
based on the mapping between momentum-space symmetry data and
7ZSRSls, with their fractional (i.e., rational numbers that are not inte-
gers) values implying nontrivial Sls. While Z,SRSIs cannot be directly
assigned to topological bands, they can still serve as indicators of
topological gaps that cannot be diagnosed using Sls. Specifically, we
investigate the situation where disconnected parts of a split EBR
appear indistinguishable from atomic limits based on momentum-
space symmetry data (SlIs) alone. Even in such cases, the real-space
framework of TQC reveals an obstruction to both split parts being
atomic limits>****"3%, Using SRSIs, we analyze all 211 split EBRs in 51 SGs
where TQC implies band topology beyond SIs***~*, Notably, we show
that constraints arising from Z,SRSIs can be used to diagnose band
topology in all split EBR cases except for only 8 cases across 5 SGs,
highlighting the power of SRSIs in capturing band topology beyond
the scope of Sls. This demonstrates the existence of many topological-
only systems where at least some bands have to be topological (either
stable or fragile), regardless of the model parameters. Finally, we
illustrate our results using simple tight-binding models, where we use
the Wilson loop to confirm the band topology. In addition, we
demonstrate the material-level applicability of SRSIs by presenting a
concrete example of the symmetry-based diagnosis of an obstructed
atomic insulator in Y3Al,.

Results

Real-space invariants

Before we introduce the SRSIs, let us review the local RSIs derived in
refs. 34,35. To define RSlIs, let us consider topologically trivial, atomic
bands, which transform under a representation of a space group
induced from site-symmetry representations (or exponentially loca-
lized and symmetric Wannier orbitals) at WPs within a unit cell. Recall
from refs. 2,6,30,46 that for each WP W, the site-symmetry group Gy
consists of symmetries that leave W invariant, and the site-symmetry
irreducible representations (irreps) pi, (i=1,...,Nj,) are defined
for Gw.

Local RSIs are defined locally at each WP W in the unit cell, in
terms of the multiplicities m(p},) of site-symmetry irreps at W for a
given set of bands. For a WP W, we first consider all WPs connected to
W, meaning those WPs with coordinates that can be continuously
tuned to those of Wwhile preserving all crystal symmetries>®. The local
RSIs remain invariant under adiabatic processes that deform occupied
site-symmetry irreps between W and the connected lower-symmetry
WPs without breaking the symmetries of the SG G and without closing
a gap to other bands.

The full set of local RSIs in the 1651 magnetic SGs was computed in
ref. 36, where it was found that there are both Z- and Z ,-valued (n = 2)
local RSIs. Earlier works**® identified related local RSIs for specific
point-group settings, such as rotation and (roto)inversion symmetries.
These works provide early examples of local RSIs in restricted

symmetry settings. To compute the local RSIs at a WP W, we first
analyze the induction relations between the site-symmetry group Gy,
of W and the site symmetry groups of all connected lower-symmetry
WPs. These relations determine how direct sums of irreps of Gy
decompose into irreps at lower-symmetry WPs, corresponding to
possible adiabatic processes. As detailed in Section 2 of the Supple-
mentary Note (SN 2), local RSIs can be systematically derived using the
Smith decomposition of the matrix enumerating these adiabatic
processes.

Local RSlIs fall into two distinct categories: those defined at max-
imal Wyckoff positions (WPs) and those defined at non-maximal WPs.
A WP W is maximal if all connected WPs have lower site-symmetry
groups than Gy; otherwise, W is non-maximal. The local RSIs at max-
imal WPs are topological invariants under all adiabatic processes,
whereas the local RSIs at non-maximal WPs are invariant only under a
subset of adiabatic processes. That is, local RSIs associated with non-
maximal WPs are not strictly topological invariants when arbitrary
adiabatic processes are considered. In contrast, we will demonstrate
that SRSIs are robust topological invariants under all adiabatic pro-
cesses, addressing these subtleties comprehensively. This motivates
the need for SRSIs as a comprehensive framework for real-space
topology.

As an example, let us consider the SG Pmm21’ (No. 25) with spin-
orbit coupling (SOC) in two dimensions (2D). This SG is generated by x-
and y-flipping mirror symmetries, My, = {m,,|0}, time-reversal sym-
metry 7, and two translations {£|1, 0} and {£]0, 1}. Here, m, (m,) flips the
X (y) coordinate, and E is the trivial point-group element. (Note that
while Pmm?21’ is a 3D SG, it can be viewed as the trivial direct product of
the 2D wallpaper group p2mm1’ with translations along the z-direction.
As such, in what follows we suppress the z-translations for simplicity.)
See Fig. 1afor the unit cell structure. The WPs and site-symmetry irreps
are summarized in Table 1. In this SG, the direct sum of two (E), , irreps
at maximal WP 1d can be adiabatically deformed to ({E2E)ror (AE%E),
at connected non-maximal WP 2f or 2h, as shown in Fig. 1b, c. Thus, we
define the equivalence relation, 2(E),; <= (E2E)sq2p. For these
adiabatic processes, m[(E ),4] Mod 2 remains invariant and serves as a
local RSI at WP 1d. Similarly, by considering the adiabatic deformation
between (\E2E),r ® (\E2E)yrand (AA),;, the local RSI at WP 2fis defined
as m[(*E2E),] mod 2. In the same way, the local RSI at WP 2h is defined
as m[(*E2E),;] mod 2.

There is a crucial difference between the local RSIs at maximal and
non-maximal WPs. Local RSIs at maximal WPs remain invariant under
all adiabatic processes and are thus topological invariants. In contrast,
local RSIs at non-maximal WPs W’ may change when site-symmetry
irreps are moved from W’ to another connected maximal WP W. The
irreps at WP W may further be moved to another non-maximal WP W'
connected to W. For example, (£2E), at 2f(x, 1/2) can be moved to
1d(1/2, 1/2) by tuning the free real parameter x without breaking any
symmetry, as shown in Fig. 1c. Then, this irrep can be deformed to
2(E),4- Moreover, 2(E),; can be further deformed to (\E%E),, as the WP
2his connected to WP 1a (see Fig. 1c). During this adiabatic process, the
local RSI at WP 2f (2h), m[(*E2E),/ (m[(E?E),,]) mod 2, changes from 1
(0) to 0 (D).

The above example demonstrates why local RSIs at non-maximal
WPs cannot serve as topological invariants. Below, we introduce the
SRSIs that address this issue. For a detailed review of local RSls,
see SN 2.

Stable real-space invariants

To define true topological invariants, we introduce and calculate SRSIs
that remain invariant under all adiabatic processes in an SG. SRSIs fully
contain the local RSIs at maximal WPs and also include additional
topological invariants formed as linear combinations of site-
symmetry-irrep multiplicities at multiple WPs, including both max-
imal and non-maximal positions. Similar to local RSIs, both Z- and
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Fig. 1| Real-space invariants (RSIs) in the SG Pmm21’ (No. 25). a Unit cell
structure in 2D. There are four maximal WPs (1a, 1b, 1c, 1d), four non-maximal WPs
(2e, 2f, 2g, 2h), and non-maximal, general WP 4i (not shown). b A single Kramers pair of
site-symmetry irreps forms the irrep (E),, at the maximal WP 1d”, which cannot be

moved away from 1d. This is encoded in a nonzero local RSI, 6,; = m[(E),4] mod 2=1,
which is also an SRSI. ¢ A pair of Kramers pairs forms the irrep 1E2E at the WP 2f, which
can be adiabatically moved to the WP 2h. This process changes the local RSIs at WPs 2f
and 2h, {m[('E?E),y], m[(*E*E),,]} mod 2, from (1, 0) to (O, 1).

Table 1| Wyckoff positions (WPs) and site-symmetry irreps in
the SG Pmm21 (No. 25) in 2D

WP W Gw ow
1a(0, 0) {m,J0}, {m,|0} (E)a
16(0, 1/2) {m,jo}, {m,|0, 1} By
1c(1/2, 0) {my1, 0}, {m,|0} E)e
1d(1/2, 1/2) {m1, 0}, {m,|0, 1} g
2e(x, 0) {m,|0} ('E2E)e
2f(x, 1/2) {m,I0, 1} ('E?E)>
29(0, y) {m,|0} (E2E)yg
2h(1/2, y) {m,1, 0} ('E2E),,
4i(x, y) {E10, O} (AA)y

The first column indicates the type of WP and its representative position for each WP W. When W
has a multiplicity larger than 1, other positions are generated by the full symmetry group. The
second and third columns denote the site-symmetry group generators at the representative
position and the site-symmetry irreps, respectively. For the second column, nontrivial generators
are provided. The WPs 1a, 1b, 1c, 1d are maximal. For non-maximal WPs 2e, 2f, 2g, 2h, 4i,x and y
are free real parameters.

Z,-valued SRSIs exist. However, while Z,-valued local RSIs exist only
for n =2 both with and without SOC, Z,,-valued SRSIs exist for n =2, 4.
Notably, Z,-valued SRSIs appear in only 4 SGs, all with SOC. While
7Z,-valued local RSIs arise due to either time-reversal symmetry (pro-
tecting Kramers pairs if SOC exists) or the presence multiple adiabatic
processes (that hinder the emergence of Z-valued RSIs)***¢, Z,-valued
SRSIs require both (though their presence is not guaranteed even
when both conditions are met). For a detailed examination on
Z4-valued SRSIs, see SN 3C. In what follows, we define SRSIs, establish
their relation to other RSls, and derive their key properties. Figure 2
provides a schematic overview of this framework.

To calculate the SRSIs, we first define the symmetry-
representation vector p associated with a set of trivial (atomic limit)
bands. The vector p lists all site-symmetry irrep multiplicities at all
WPs:

.
p=|m(piy,). m(pyy), ... m(Piy,), .| @

where the irrep multiplicity m(p’,) (j=1, ..., N, is the multiplicity of
the j-th irrep of the site-symmetry group at the WP W, and m( p’,'d,) isa
non-negative integer. The total length of p is 3", N5, =N{ ., which is
the total number of distinct site-symmetry irreps defined within a unit
cell (UC). Adiabatic processes can be characterized by changes in the

irrep multiplicities by Am( p’;A,) associated with moving orbitals,
consistent with the symmetries; collecting the Am( ij), we can
associate to each adiabatic process a column vector g, which
represents the change to p under the adiabatic process m,
i.ep>p+gm

For any SG (either with and without SOC), we can find a finite basis
set that generates all adiabatic processes. Such a basis is constructed as
follows: site-symmetry irreps at non-maximal WPs W' can always be
deformed into direct sums of irreps at the WPs connected to W’ with
larger site-symmetry groups. For all site-symmetry irreps at all non-
maximal WPs W', we list the adiabatic processes that deform the irrep
from W’ to all connected high-symmetry WPs. Then, we define a matrix
of adiabatic processes g, whose component (q);, represents the
change to the i-th entry of the symmetry-representation vector p by
the m-th basis of the adiabatic process. Here, i=1, ..., N runs over all
site-symmetry irreps for every WP in the unit cell (including the general
WP), and m=1, ..., Nagia runs over all adiabatic processes. The entries of
the columns of g are integers that specify the change in irrep multi-
plicities under the adiabatic process: when an adiabatic process
deforms an irrep at W’ into a linear combination of irreps at a con-
nected high-symmetry WP W, the corresponding column of g contains
a negative integer reflecting the decrease of irrep multiplicity at W’
and positive integers indicating the increases of irrep multiplicities at
W. Note that only integer multiples of the columns of g correspond to
valid adiabatic processes.

To extract meaningful invariants that remain unchanged under
adiabatic processes, we perform the Smith decomposition:

g=L-A-R, )

where L and R are N{,. x N{;. and Nagia X Nagia Unimodular matrices,
respectively. A is an N{,. x N4, matrix with non-negative integers on
the diagonal and zeros for all entries off the diagonal. We will always
choose L and R such that the distinct diagonal entries A,4',1”, ... of A
are sorted in decreasing order,A>A'>1" ... >0. The nonzero diagonal
entries of A are known as the elementary divisors of g. Notably, the
number of elementary divisors of g is equal to the rank(g).

A linear combination of adiabatic processes changes the
symmetry-representation vector p by Ap = q - z with z € 7= a vector
of integers specifying the adiabatic process. It follows that under any
adiabatic process the quantities

-1 .
0, { (L™ - p); mod A; fori<rank(q) 3)

Lt py for i>rank(g),
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Beyond symmetr fmmmm— - N
y da:la y : Local RSls at non- 1 RSls
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Fig. 2 | Schematic relationship between SRSIs, local RSIs, composite RSIs,
symmetry indicators (SIs), and symmetry-data vectors. ZSRSIs are in one-to-one
correspondence with the symmetry-data vector and therefore fully determine all
Sls. ZSRSIs also encode information that can be further processed into indicators
for quantities such as fragile topology***” or filling anomaly*>®'. Z,SRSIs may

capture additional topological information that is invisible to momentum-space
data, including topology associated with split EBRs and other non-symmetry-
indicated phases. Both local RSIs at maximal and non-maximal WPs, as well as
composite RSIs formed from them, can be obtained as linear combinations (LCs)
of SRSIs.

are invariant under all adiabatic processes, i.e., Af; = 0. This follows
from the fact that

AG;=(L7"-q-2);=Ay(R - 2);. )
Since R is unimodular, (R - z); € Z and thus A8; € A;Z, which vanishes
for all i according to Eq. (3). Eq. (3) constitute our definition for the
SRSIs. The first and second cases in Eq. (3) correspond to 7, SRSls and
ZSRSIs, respectively. We refer to Z, SRSIs collectively as Z,SRSlIs.
Practically, for 7Z,SRSIs, we only consider i with A; > 1, as Z,SRSlIs are
trivial. For further details on the algorithm obtaining SRSIs and the
exhaustive listing of SRSIs in all SGs with and without SOC, see SN 3 and
SN 7A, respectively.

In the example of SG Pmm21, the algorithm described above
yields one ZSRSI and three 7Z,SRSlIs. (For a step-by-step procedure, see
Constructing SRSIs from adiabatic processes in “Methods” and SN 3C.)
These SRSIs are given by

6, =m[(E)yq) + m{(E)yp) + m(E)yc]+ mI(E)yq]
+2m[(‘"E*E)ye] + 2m[("E*E)y] + 2m{('E*E )]
+2m('E2E)yy] + 4mi(AA) ),

0, =m[(E);,l mod2, 6;=m(E),.] mod2,

0, = m[(E);z)mod2.

(©)

A unique ZSRSlI, 6,, corresponds to half the total number of electrons
per unit cell, which is invariant under any adiabatic process and fixed
by the number of bands. In other SGs, multiple ZSRSIs may exist,
providing information beyond this physical invariant. More generally,
SRSIs are linear combinations of site-symmetry irrep multiplicities that
can involve contributions from multiple WPs, including both maximal
and non-maximal ones.

Finally, let us comment that local RSIs at maximal WPs are a subset
of SRSIs. In the case of SG Pmm21, the Z,SRSIs 6,, 65 and 6, are
identical to the local RSIs at the maximal WPs 16, 1c and 1d, respec-
tively. The local RSI at the maximal WP 1a can be obtained from the
linear combination,

6,+0,+0;+6, mod 2=m[(E);,Jmod 2. (6)

While a local RSI at a non-maximal WP is not a topological invariant, the
multiplicities of irreps at non-maximal WPs appear in the definition of
SRSIs (such as 6,), reflecting the consideration of all adiabatic
processes that involve multiple WPs.

Stable equivalence of band topology

We will now argue that the SRSIs are intimately connected to the
notion of stable equivalence of bands. We will start by considering
atomic insulators induced from localized orbitals that transform as
direct sums of site-symmetry irreps. Consider two site symmetry
representations, p; and p,, and their corresponding (E)BRs, p;*G and
p>1G. These BRs are stably equivalent if they can be adiabatically
deformed into each other in the presence of auxiliary trivial bands
corresponding to the (E)BR p,,.*G. Importantly, p; G and p,™G can be
stably equivalent even if they are inequivalent, i.e., even if they cannot
be deformed into each other (and are therefore topologically distinct).
The stable equivalence between p;*G and p,™G can be denoted as
P11G @ Pau™G = PG @ PG,

One crucial property of SRSIs is their ability to indicate the stable
equivalence between atomic insulators. We prove in SN 3B that two
atomic insulators are stably equivalent if and only if they have
matching ZSRSIs and Z,SRSIs. This property justifies the name of
SRSIs: if p;™G and p,?G are two atomic insulators that are not
equivalent but have matching SRSIs, then they are (adiabatically and
hence topologically) equivalent in the presence of additional trivial
bands. This is analogous to the case of fragile topology, which
becomes equivalent to trivial bands in the presence of additional (tri-
vial) bands. Topologically trivial bands in the same stable equivalence
class must have the same SRSlIs.

To illustrate the idea of stable equivalence, we will consider two
examples. Let us first consider the simplest case where the adiabatic
deformation between two sets of site-symmetry irreps with matching
SRSIs does not require auxiliary bands. In the SG Pmm21’ with SOC, let
us focus on the two band representations induced from distinct site-
symmetry irreps, (E),, and (E),,. Their ZSRSI and Z,SRSIs, computable
from Eq. (5), are given as

(E:)la 1G:
(Edp 1 G:

(6,,6,,65,0,)=(1,0,0,0),

) %)
(61,6,,05,0,)=(1,1,0,0).
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Since the SRSI vectors differ, we know that these irreps cannot be
deformed into one another, even with the addition of auxiliary irreps
Pawo 1€ (E)1q ® Paux ® (E)ip ® Pauye fOT any pay.. Physically, a single
(E),q irrep corresponds to a Kramers pair of two orbitals with opposite
mirror (M, or M) eigenvalues located at (0, 0). At any position, time-
reversal symmetry imposes that orbitals form Kramers pairs. Thus,
moving orbitals at (0, 0) to another position while preserving SG
symmetries requires at least two Kramers pairs to move together, such
as to WP 2g with positions (0, y) and (0, -y) (see also Fig. 1a). Hence, a
single Kramers pair at WP 1a cannot move to any other position. The
same argument applies to the irrep (E);,. However, because 0, is a
7,SRSIs, the SRSIs of 2(E;,) and 2(E,;,) are same, meaning that they can
be deformed to each other. For example, 2(E;,) at (0,0) can be
deformed to (\E2E),, at (0, y) and (0, -y), and further deformed to
2(Eyp) at (0, 1/2) by tuning y from 0 to 1/2.

Now, we consider a case with two distinct band representations
that are inequivalent but stably equivalent, requiring auxiliary irrep(s)
for deformation between them. Such band representations can be
induced from either the same WP or different WPs. For simplicity, we
focus on the case where they are induced from the same WP, specifi-
cally in SG /432. (For cases where stably equivalent band representa-
tions are induced from different WPs, see SN 4D.)

Specifically, consider the two band representations induced from
the irreps (B,)pq and (B3)yy, at the maximal WP 12d(1/4, 1/2, 0). As
distinct irreps at the same maximal WP, they cannot be deformed into
each other, making them topologically inequivalent. In SG /432, we can
define seven ZSRSlIs (6;) and three Z,SRSIs (6,,) (see also SN 3C).

Table 2 | WPs 12d and 24i and site-symmetry irreps in the SG
1432 (No. 211)

WP W
12d(1/4,1/2, 0)

Gw

CZx: Cz,y+z: CZ,yfz

Pw
(Aragr (Brhrag:
(Ba)ipg: (Ba)rog

24i(1/4, z+1/2, 2) (A)24i, (B)aai
The second and third columns denote the generators of the site-symmetry group and site-
symmetry irreps at the representative position, respectively. Note that.
Ca={210010. 1,0}, Cy s, ={20n11/2,1/2, —=1/2}, Cy,._, ={2011[1/2,1/2,1/2}, which transform
the coordinates (x, y, 2) to (x, =y +1,-2), (-x +1/2, z+1/2, y = 1/2), and (~x +1/2, ~z +1/2, -y +1/2),
respectively. z is a free real parameter.

CZ.Y+Z

Notably, the band representations induced from both (B,),,, and
(B3)124 have matching SRSIs:

6,=(1,0,1,11 —1,0), 6, =(0,0,0), 8)
indicating their stable equivalence.

The stable equivalence can be understood through the con-
nectivity between the maximal WP 12d and the non-maximal WP 24i.
(For the site-symmetry groups and irreps at these WPs, see Table 2.)
For the WP 12d, with representative position X;»q = (1/4, 1/2, 0), there
are four points in the WP 24i that are connected to X,4, explicitly given
as Xo4i1,..4 = (1/4, 2+ 1/2, 2), 1/4, -z + 1/2, -2), (1/4, z, -z + 1/2), (1/4,
-z+1,z-1/2), where z is a free real parameter. (See Fig. 3a.) A pair of
site-symmetry irreps (A) at X,4;7 and X4;,> can be deformed to the
linear combination of (4;) and (Bs) irreps at X;»4, as shown in Fig. 3b.
Alternatively, as shown in Fig. 3¢, a pair of (4) irreps at X4;3 and X,4; 4
can be deformed to the (4;) and (B,) irreps at Xp»4. Thus, the two
different deformation processes considered involving the (A),4; irrep
imply the following equivalence relation,

(Boad ® Paux <= (B3)1q ® Pauxr 9
where pg,. = (A)124. This establishes the stable equivalence between the
EBRs (B,);4 1 G and (B3)pq + G in the presence of bands pgntG
induced from the auxiliary site-symmetry irrep pg.. This example
demonstrates how SRSIs capture subtle aspects of band topology,
such as stable equivalence, that go beyond simple adiabatic deforma-
tion arguments. We note that this /432 example was tabulated in
refs. 3,33 as a case where distinct site-symmetry irreps at the same WP
induce band representations with matching momentum space little
group representations, i.e., they are irrep equivalent in the language of
ref. 33. Here we see that the physical origin of the irrep equivalence
comes from the stable equivalence of the band representations.

ZSRSIs are determined by symmetry-data vector

We now establish a crucial property of SRSIs: the ZSRSIs are in one-to-
one correspondence with the momentum-space symmetry data of
bands in every non-magnetic space group. We first explain this map-
ping for atomic insulators and then extend this concept to show how
ZSRSls can also be assigned to topological phases. To construct the
mapping explicitly, let us define the symmetry-data vector B. The
symmetry-data vector B is composed of the multiplicities of little-

L (2'-2'+1/2) N k
N
® (2+12,2),7
AN \4’/

\
N

Cc

Y
.{\\(1/2,0>
Y

Y
7/
\
212,27 )

4 \
k (-z'+1,2~1/2) 3
N 7

Fig. 3 | Stable equivalence in SG /432 (No. 211). The site-symmetry irreps at WP 12d
and 24i are shown on the (y, 2) plane with a fixed x-coordinate, x = 1/4. Unit cells are
indicated by the solid black lines. The schematic is depicted in reduced coordi-
nates, where the length in both the x- and y-directions is 1. a A representative
position X;54 = (1/2, 0) of WP 12d (marked as a black dot) is connected to four

positions of WP 24i (marked by red dots with black arrows). b A pair of (A) irreps at
,2)=(z'+1/2,2')and (-2’ +1/2, — z') are deformed to a sum of (4;) and (Bs) irreps
at Xppq, by tuning 2’ to 0. ¢ A pair of (A) irreps at (z/, — 2’ +1/2)and (-2’ +1,2/ —1/2)
are deformed to a sum of (A;) and (B,) irreps at X;»4, by tuning 2’ to 1/2.
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group irreps at all high-symmetry momenta in the BZ, which we write
as

)
B=[m(pk).m(p}), ... m(pk ), m(p}), .|, (0

where the nonnegative integers m(p§) denote the multiplicity of the
irrep p& (@=1, ..., N}). The length of Bis Ny, =5, N&. The vector Bis
determined by the symmetry-representation vector p in Eq.(1) as
B=BR- p, where BR is N§, x N{,. band-representation (BR) matrix. The
columns of BR are indexed by each irrep pi, of the site-symmetry
group of every WP W, and the corresponding column vectors give the
symmetry-data vector for the BR induced from pi,.. By introducing a
pseudoinverse BR* of BR, we find

szRI B+ Dyer, g Y
where py., pr is a general vector in ker BR, i.e., BR- py pr=0. By
expressing the ZSRSIs in the second line of Eq.(3) as 8,=0 . p,
collectively, we have

6,=09.BR" . B+09 . pr s 12)
In a similar way, we represent B as
B=BR-[0] -0, +BR - pyo; oo (13)

In all SGs with and without SOC, ©© - py, 5z =0 and BR - p,, 50 =0
(see SN 3B). This establishes a one-to-one mapping between symmetry-
data vector B and ZSRSlIs for atomic insulators. We give further details
of the construction and explicit examples of the one-to-one mapping
between 7ZSRSIs and symmetry data vectors in SN 3B and SN 3C.

Let us comment on three key implications of this one-to-one
mapping. First, for any atomic insulators A/, and Al, with the same
symmetry-data vector, there exists some integer A" such that NA/; and
NAI,, are stably equivalent. We can choose N by demanding that
N8; =0 for all the Z,SRSIs in the space group.

Second, all composite RSIs are determined by ZSRSlIs. Local RSIs,
particularly at non-maximal WPs, are not mapped uniquely to
symmetry-data vectors due to their failure as topological invariants. To
address this, ref. 36 introduced composite RSIs, which are linear
combinations of local RSIs across multiple WPs that can be determined
from the symmetry-data vector. However, the definitions of composite
RSIs rely on ad hoc methods, leaving their organizing principles still to
be found. By contrast, ZSRSlIs incorporate composite RSIs as a subset,
providing a systematic framework based on the one-to-one mapping.

Finally, while our discussion so far has focused on atomic insula-
tors with symmetry-representation vectors composed of non-negative
integers, the linear nature of the one-to-one mapping ensures that
ZSRSIs can be assigned to topological phases. This includes symmetry-
indicated fragile or stable topological phases, where Eq. (11) yields a
symmetry-representation vector p having negative integers or rational
fractions for a given symmetry-data vector, respectively. As ZSRSlIs are
directly calculable from symmetry-data vectors, they remain well-
defined even for symmetry-indicated topological phases.

SRSIs determine SIs

The SIs determine whether a given set of bands is necessarily (sym-

metry-indicated) stable topological bands. They are expressed in

terms of the symmetry-data vector B as
Kk=A-Bmod w, (14)

where k is the N,-dimensional vector of Sls, A is a N, x N5, matrix

defining the SIs (as derived in ref. 18), and w € N is a N,-dimensional

vector. A non-zero k indicates that the corresponding bands must be
stably topologically nontrivial. For symmetry-indicated stable topolo-
gical phases, where the symmetry-representation vector p takes
fractional values, the ZSRSIs calculated from B, take fractional
values®*®, Since ZSRSIs are in one-to-one correspondence with
symmetry-data vectors, the fractional values of ZSRSlIs fully specify
all nontrivial SIs. In general, using Eq.(13) combined with
BR - Pyer, o0 = 0, We can write

k=A-BR-[0] .0, mod w. (15)
In SN 7B, we provide a comprehensive list of the quantitative rela-
tionship between ZSRSIs and Sls in all 230 SGs with and without SOC.

Topological band splitting indicated by 7Z,SRSIs

In contrast to ZSRSIs, there is no straightforward way to extend
Z,SRSIs to topological bands since they are not determined by
momentum space symmetry data. Despite this, we demonstrate that
7.,SRSls provide a sufficient criterion for band topology, even in cases
where symmetry-data vectors or Sls fail to diagnose nontrivial topol-
ogy. The key idea is as follows: Suppose we assume that a given set of
bands is topologically trivial, allowing the assignment of position space
orbital multiplicities and Z,SRSIs. If the assigned 7Z,SRSIs violate
certain consistency conditions, this assumption of trivial topology is
invalidated, indicating that the bands must exhibit nontrivial topology.

As a concrete illustration, let us consider a set of valence and
conduction bands separated by a band gap. Denote the Hilbert spaces
spanned by the valence and conduction bands as Vand C, respectively.
We assume that the full Hilbert space H,, =V & C is topologically
trivial, and so induced from orbitals at some WPs. However, the
valence and conduction bands corresponding to V and C can indivi-
dually be atomic, fragile topological, or stable topological. (If either of
V or C is stable topological, then both must be stable topological.)

Now, let us compare the symmetry data vectors of the full,
valence, and conduction bands. They must satisfy

B[H, 1= BIV]+ BIC]. (16)
Similarly, let us denote the SRSIs of a set of bands X by 6[X]
X=C,V,H;q:). The ZSRSIs 6,[X] can be computed from the
symmetry-data vector of X. If at least one of 6,[X](X=C, V) takes a
fractional value, the corresponding bands must be stable topological
and have nontrivial SIs. Otherwise, the band splitting is either trivial or
non-symmetry-indicated topological (NSIT), implying that either Vor C
is topological, but its topology is not indicated by the symmetry-data
vector.

We now show how Z,SRSls can provide sufficient conditions to
detect NSIT band splittings. Suppose that V and C have integer-valued
ZSRSlIs. Let us temporarily assume that both V and C correspond
to atomic insulators with well-defined 7Z,SRSIs. Under this
assumption, the full set of SRSIs is well-defined for V, C, and H,,, and
must satisfy

07,[H14]=67,[V]+0; [Clmod n. 17)
If Eq. (17) is not satisfied, it indicates that our initial assumption—that
both Vand C are trivial - is incorrect. Instead, the gap between Vand C
must result in band topology not captured by Sls, implying that either
V or C must be fragile or NSIT. Below, we explicitly demonstrate how
7,SRSIs can identify a topological band gap using a tight-binding
model in the SG P41'.

Z,RSIs and split EBRs
A central result of ref. 1 is that when any EBR is separated into multiple
sets of bands by band gap(s), at least one of these sets must be
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topological. This holds true even if the symmetry-data vector of the
gapped sets of bands can be decomposed into those of other EBRs.
Previous works*°? have studied cases where the bands constituting
an EBR are split by a band gap, and the (stable or fragile) Sls of each
resulting gapped sets of bands are nontrivial.

However, there are instances where an EBR (denoted as £BR) has a
symmetry data vector that is identical to the symmetry data vector for
a sum of other EBRs. This is expressed as

BIEBR)=BIEBR,]+ BIEBR,] + ... @18)

Nontrivial solutions to Eq. (18) exist in 51 SGs. In such cases, the split-
ting of EBR is NSIT since symmetry-data vectors fail to capture the
nontrivial topology of gapped band sets of split EBRs. In SN 7C, a
detailed list of all 211 split EBRs with NSIT band splitting (with and
without SOC) is provided, occurring in 51 of the 230 SGs.

Since 7Z,SRSIs provide a sufficient criterion even for NSIT band
splitting, it is natural to ask how effectively Z,SRSIs can diagnose all
split EBR cases. For this, we generalize Eq. (17) for the putative EBR
decomposition implied by Eq. (18) as

0, [EBRI="0; [EBR,]+ 6, [EBR,]... mod n. 19)

We find that violations of this condition are sufficient to diagnose NSIT
in all but 8 solutions to Eq. (18) in 5 SGs (all in the presence of SOC).
That is, except for these 8 exceptions, violation of Eq. (19) implies that
the splitting Eq. (18) cannot imply an (adiabatic) equivalence of band
representations. The eight exceptional cases arise in cases where EBR is
stably equivalent (but not equivalent) to a sum of EBRs. In these cases,
the fact that the split EBR [EBR in Eq. (18)] and its hypothetical EBR
decompositions, EBR; ® EBR, ® ..., have matching SRSIs, including
7.,SRSIs, means that there exists some auxiliary band representation
BR..x such that EBR @ BR,ux = EBR; ® EBR, ® --- ® BR,, could be true
(see SN 4D). Nonetheless, the ability of 7Z,SRSlIs to diagnose almost all
split EBR cases—except 8 exceptions—underscores the power of SRSIs
in capturing band topology beyond the limitations of symmetry-data
vectors and Sls. Note, however, that while SRSIs allow us to exclude the
existence of an adiabatic equivalence of split EBRs (in all but 8 cases),
they alone do not rule out the theoretical possibility of rewriting an
EBR as a sum of other EBRs through a large gauge transformation (i.e.,
a non-trivial change of basis that cannot be carried out adiabatically).
In many cases, Wilson loop techniques such as those employed in
ref. 33 can be used to rule out the existence of such large gauge
transformations. We currently know of no cases where a pair of EBRs is
equivalent under such a large gauge transformation, and we
conjecture that no such cases exist. We defer a more thorough
investigation of this point to future work.

Tight-binding model in SG P41’

We now discuss an example of a split EBR with NSIT and demonstrate
how 7Z,SRSIs diagnose this case. Specifically, we consider the SG P41’
(No. 75) with SOC and time-reversal symmetry (TRS) in 2D. The spatial
symmetries of this SG include twofold and fourfold rotations, C,, and
C4, as well as two translations, {£|x} and {E|y}. Note that C,, and C,
transform (x, y) to (-x, -y) and (-y, x), respectively. We focus on the
maximal WP 1a and the non-maximal WP 2¢c. The WP 1a is located at (O,
0), and its site-symmetry group, generated by C,,, has two irreps:
(‘E{2E )10 and (\E,2E,)1,. The WP 2c consists of the positions (0, 1/2)
and (1/2, 0). At these positions, the site-symmetry group are generated
by {E|y}C,, and {E|x}C,,, respectively. This group has a unique
irrep (AE2E),.

For a split EBR with NSIT band splitting, let us consider a putative
EBR decomposition:

(‘E’E),. 1+ G="("E;*Ey),, 1 G ® ('Ey%Ey) ), 1 G. (20

This decomposition satisfies the symmetry-data vector condition in
Eq. (16). However, a unique Z,SRSI (see SN 7A), 05 = m[(E%E),]
mod 2, reveals that the decomposition in Eq.(20) is invalid.
Specifically, we find

Os[("E*E)yc1=1,
05[("E,%E)1,]=0,

Os[("E*E )41 =0, @

contradicting Eq. (17). Consequently, a gap separating the two sets of
bands identified as (\£,2E,);,7G and (E,2E,)1,1G requires at least one
set of bands to be either fragile or non-symmetry-indicated stable
topological. Physically, the decomposition in Eq. (20) is impossible
because two (1E2E),. irreps can be symmetrically moved away from the
WP 2¢; however, a single (\E2E),. irrep alone cannot.

As a concrete example, consider a tight-binding Hamiltonian
where the full Hilbert space #,,, is spanned by the irrep (AE2E),.. The
basis orbitals for this irrep consist of two Kramers pairs of s-like orbi-
tals possessing opposite spins, located at Xx/2=(1/2,0) and
3/2=(0,1/2) of WP 2c in each unit cell. Denoting the unit cells by
Bravais lattice vectors R, we label the basis orbitals in each unit cell as
IR,a)=(IR+Xx/2, 1),IR+Xx/2, | ),IR+Y/2, 1),IR+Y/2, | )y (@ =1,
..., 4). To achieve a band splitting described in Eq. (20), we construct
trial Wannier states transforming under the EBR (\E;2E;)1,1G (see SN
5A). These states can be used to construct a tight-binding
Hamiltonian®***°, We choose the trial states |®g ) with the following
(unnormalized) Fourier transforms:

.1 ke . ke k, .k,
= =X _ ==X 2 _sin2 22
Uyy ﬁ<cos > isin > cos 5 sin 2) (22)

1k ke . K k,
ey b = S = 23
Uy, ﬁ( isin 2 Ccos 2 sin 5 Ccos 2>a, (23)

where k = (ky, k) lies in the BZ. The tight-binding Hamiltonian is then
constructed as

[H(K)]op = E(Uq Uy + Uy liyp), (24)
with the energy scale .

This model hosts two exact zero-energy flat bands and two
dispersive bands, as shown in Fig. 4a. In position space, Eq. (24)
represents the hopping processes between trial states, i.e.,
[HR)]o5=> gt(IDg ) (®g |+ |Dg)(®g ). This means that the bands
spanned by these trial states become dispersive. Thus, the dis-
persive bands correspond to the EBR (1E;%E,)1,1 G, as determined by
the representation of the trial states |®g). Since the full Hilbert
space corresponds to ({E2E),.1G, the gapped flat bands, which are
spanned by the complement of the trial states correspond to
(E2E),G © (\E}2E))1,1G, whose symmetry-data vector matches
that of (E,2E,)1,™G. As indicated by Eq.(21), this band must be
topological - either with fragile or non-symmetry-indicated stable
topology.

The Wilson loop spectrum of the two flat bands exhibits double
winding, indicating fragile topology protected by C,,T symmetry> ¢
(see Fig. 4b). In contrast, the Wilson loop of the dispersive bands is
trivial, consistent with the fact that they correspond to an EBR.
Notably, a phase transition could subsequently induce stable 7,
quantum spin hall topology in each of the valence and conductance
bands, as shown in Fig. 4d (see SN 5A for more details). However,
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Fig. 4 | Tight-binding models in SG P41'. a Energy spectrum of H(k) in Eq. (24).
There are two degenerate zero-energy flat bands and two dispersive bands. The
dispersive bands form the EBR (*E,2E),, * G. b Spectrum of the k,-directed Wilson
loop Wy(k) for the two flat bands. The double winding, protected by C,.T sym-
metry, implies fragile topology. The Wilson loop of the two dispersive bands does
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not wind (not shown). ¢ Energy spectrum of the model in the 7Z,-odd phase dis-
cussed in SN 5A. Each band is doubly-degenerate. d k,-directed Wilson loop spectra
of the valence and the conduction bands. The windings indicate the Z,-odd
topology of both the valence and conduction bands. Wilson loops were computed
using the algorithm of ref. 82.

unlike the standard Z, models like the Kane-Mele model*” and the
BHZ model*®, where both sets of bands can be trivialized via band
inversions, it is impossible to remove the windings of both the sets as
this model still realizes a split EBR and violates Eq. (19). A hint of this
can be seen in the relative m-phase shift between the spectra of the
valence and the conduction band Wilson loops, as shown in Fig. 4d. A
comprehensive study of this phenomenon is deferred to a
future work.

SRSI-based diagnosis of a real material

To illustrate how SRSIs enable the identification of symmetry-
protected phases beyond Sls, we consider obstructed atomic insula-
tors (OAls). Although OAls are characterized by trivial Sls, they can
exhibit nontrivial boundary phenomena, which have been linked to
enhanced catalytic functionalities®**. OAls, therefore, provide a well-
defined and physically meaningful class of materials for which SRSI-
based indicators can be constructed systematically.

In general, once the atomic WPs of a material are specified, one
can construct Z- or Z,,-valued (m=>2) OAI indicators as linear com-
binations of SRSIs that necessarily vanish for any unobstructed phase
in that material. A nonzero value of such an indicator implies that at
least one Wannier orbital must reside on a WP not occupied by the
constituent atoms, thereby diagnosing an obstructed limit. The
general construction of these SRSI-based OAI indicators is descri-
bed in SN 6.

As a concrete material example, we consider the compound Y3Al,
[Inorganic Crystal Structure Database (ICSD)®° collection code
609643], crystallizing in SG P4,nm (No. 102). In a conventional unit
cell, the crystal contains twelve Y atoms and eight Al atoms, occupying
the 4b and 4c WPs of this SG. Using the symmetry data for this material,
we evaluate the relevant ZSRSI for SG P4,nm. Combining this ZSRSI
with the information that the atoms occupy the 4b and 4c WPs, we
obtain a 7Z,-valued OAI indicator, which is nonzero for Y3Al,. This
establishes that Y3Al, realizes an OAL. See SN 6 for the detailed analysis.
We note that Y;Al, has been previously identified as a filling-enforced
OAI®' by exploiting local RSIs along with a set of filling constraints.
While such approaches rely on specific filling constraints, the SRSI-
based diagnosis presented here does not depend on filling-enforced
conditions and applies more generally. Specifically, a main advantage
of the SRSI-based diagnosis is that it depends only on symmetry data
and the atomic WP configuration of a material within any SG. This
highlights the broader applicability of SRSIs as a real-space framework
for diagnosing topology beyond Sls.

Discussion

In this work, we introduced SRSIs as a novel framework that extends
the capabilities of TQC beyond Sls. While SIs have been instru-
mental in identifying topological materials using momentum-space
symmetry data, SRSIs offer a complementary perspective by
incorporating position-space information. Both 7ZSRSIs and

Z,SRSIs provide more information than Sls; ZSRSlIs are one-to-one
mapped to symmetry-data vectors and determine the Sls, while
symmetry data cannot determine 7Z,SRSIs, meaning that Z,SRSIs
have information not encoded in the symmetry-data vector. More-
over, 7,SRSIs enable the diagnosis of NSIT band splittings (with
only 8 rare exceptions in 5 SGs), which cannot be diagnosed by Sls
or symmetry-data vectors.

In addition, SRSIs enrich the TQC framework by highlighting the
importance of stable equivalence of band representations and offering
a more comprehensive classification of both topological and trivial
phases. We demonstrated how distinct EBR can be shown to be adia-
batically connected in the presence of auxiliary trivial bands, implying
their stable equivalence, based on matching SRSIs. This stable
equivalence is important in several situations. For example, when
studying the topology of bands, extending the set of bands with
additional trivial bands (by considering energetically close bands)
necessitates a classification scheme based on stable equivalence,
ensuring that the classification remains independent of such exten-
sions. Also, in 3D photonic crystals, Maxwell’s equations often give rise
to singular band structures for transversely polarized modes®**. To
regularize this singularity, additional auxiliary bands can be
introduced® ¢, The stable equivalence relation between bands thus
naturally arises in the classification of photonic bands, ensuring the
independence of the classification from the choice of auxiliary bands.
The application of SRSIs provides a framework connecting stable
equivalence and topological classification, which is directly applicable
to bands in 3D photonic crystals as well®’. This underscores the prac-
tical utility of SRSIs in identifying and classifying topological phases in
both electronic and metamaterial systems. Beyond classification, we
note that SRSIs are connected to known topological and geometric
responses in crystalline systems. Fractional SRSIs are tied to bulk
topological response coefficients via nonzero SIs™**¢, while local RSIs
contained within SRSIs control quantized defect-bound and geometric
responses®®®’,

We also briefly comment on the relation between our approach
and the classification scheme based on K theory’®”.. The number of
ZSRSIs and 7,SRSIs matches the group structure of the Eéyo page in
the real-space Atiyah-Hirzebruch spectral sequence introduced in
ref. 71, where the equivalence classes are defined by adiabatic defor-
mations of site-symmetry orbitals. Thus, the SRSIs provide a sys-
tematic way to compute this £2-page, and our formulas for the SRSIs in
SN 7A give an explicit construction of the elements of the Eéyo page
that was not provided in earlier references.

A further natural follow-up to our work would be the general-
ization of SRSIs to magnetic space groups’”’. As a concrete
example, we analyzed the magnetic SG F43c in SN 3C, demon-
strating that our formalism can be directly extended to magnetic
systems. More broadly, recent works based on K theory”® suggest
that magnetic SGs may host new types of adiabatic equivalences
beyond those in nonmagnetic cases. Connecting these ideas with
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SRSIs may offer an interesting direction. It would also be interesting
to develop an efficient algorithm for calculating the SRSIs from
density functional theory, enabling high-throughput material sear-
ches based on SRSIs and SRSI-derived OAl indicators, as well as the
split EBR tables provided in SN 7. Since SRSIs do not distinguish
between topologically distinct but stably equivalent (E)BRs with
auxiliary trivial bands, the derivation and characterization of fragile
RSIs, which address these distinctions, represent an important
avenue for future study. Finally, additional research is required to
definitively exclude the existence of large gauge transformations
that could signify equivalences between split EBRs and a linear
combination of EBRs.

Methods

Constructing SRSIs from adiabatic processes

We illustrate the construction of stable real-space invariants (SRSIs)
using the space group (SG) Pmm21' with spin-orbit coupling. The
Wyckoff positions (WPs) and site-symmetry irreps are summarized in
Table 1. The distinct site-symmetry irreps defining the site-symmetry
representation vector p are

(E)la' (E)lbr (E)lcr (E)Idr (IEZE)Ze'

ARl e Sl T T (25)
(E?E)yp, ((E?E)yg, (CE*E)yp, (AA)y,

giving N{-=9. To construct the adiabatic-process matrix g, we
identify 12 adiabatic processes that span the space of all possible
adiabatic deformations in this SG. As explained in the main text, for
example, two (E),4 irreps can be adiabatically deformed into either a
(E2E)y or a (\E2E)yy, irrep. Similarly, two (E) irreps at the maximal
WPs 14, 1b, 1c can be adiabatically deformed into a (AE2E) irrep at the
connected non-maximal WPs (2e, 2g),(2f, 2g), and (2e, 2h),
respectively. The remaining four adiabatic processes deform the
(AA),; irrep at the general WP 4i into two copies of the irrep 1E2E at a
WP 2y (y = e, f, g h). We therefore find N,qi, = 12. For these 12
processes, the adiabatic-process matrix g is

2 2 0 0 0 0 0 0 0 O o0 o
o 0 2 2 0 O O O O O 0 O
o o o o 2 2 0 0 0 0 0 O
o o o o 0 0 2 2 0 0 0 O
gqg=|-1 0 0 0 -1 0 0 O 2 O O o0,
o 0o -1 o 0 0 -1 0 0 2 0 O
0O -1 0 -1 o 0 0 0O 0O 0 2 O
o o o o 0 -1 0o -1 0 0 0 2
o o o o o o 0o o0 -1 -1 -1 -1

(26)

where the row basis is ordered as in Eq. (25), and each column repre-
sents an adiabatic process described above. For instance, the first
column of q represents the adiabatic process, 2(E),, <= (1E2E)s,,
which creates (removes) two (E),, irreps while removing (creating) a
(LE2E) irrep.

The Smith decomposition of the integer matrix g is given by
L-A-R,where L and R are integer unimodular matrices. In the present

example, the matrices L, A, and R are given by

2 2 0 -4 2 -1 0 2 -1
o o0 2 0 -2 1 -1 0 O
O 0 0 4 -2 2 0 -3 0
O 0 0 2 0 O 1 -1 o0
[={-1 0 0 2 O O O O -11,
0O 0 -1 o 0 O O O o
O -1 0o 0 0O O O o o
o 0o 0 -1 1 -1 0 1 O
0O 0 0 -1 0 0 O 0 1
1000 0O0OOOOOO
01 0O0O0O0O0O0OO0OO0OOQO0OO 0
001 0O0O0O0O0O0O0O0OO0
0001 0O0O0OO0OOOOO
A={0 O O O1T 00 OO0 OO0 0],
0 00O0O200O0UO0OO0OO0ODO 27)
00 0O0O0OO20U00O0O0T0
00 0O0O0OO0OO0OZ200O00O0
0 00O0OOOOGOOO OO
100 0 1 0O O O 2 2 2
0101 0 OO0OO0OO0OUO -2 0
001 0 0 01 0 0-2 0 O
000 O O 0O O0O 1 1 1 1
o000 -2 010 -11 -3 1 -1
R= o000 -1 -1101 1 -1 1 -3
o000 O -1 01 2 0 0O 0 -2
000 0 -100 1 1 1 1 -1
o000 O -1 00 2 0 0 0 -2
000 O O OO0 0O 0 1 0O O
000 O O O0OOOOTU O 1 O
000 O O OO O0OO0O 0 o 1
The diagonal entries of A are
diag(\)=(1,1,1,1,1,2,2,2,0)". (28)

From this, we find that rank(q) = 8. According to the definition in
Eq. (3), this decomposition yields three 7Z,SRSIs and a single ZSRSI,
since N{’JC — rank(g) =1. We discard the rows i corresponding to A; =1,
as these generate trivial Z;SRSIs and therefore contain no physical
information. The remaining three rows, corresponding to A; = 2, imply
the existence of three Z,SRSIs. To construct the SRSI matrices expli-
citly, we compute the inverse of L:

11 1 11 2 2 2 2
00 0 00 O -1 0 O
00 0 00 -1 0 0 O
11112 2 2 2 3
L*=]1 0 1 02 0 2 1 3 (29)
21 1 14 2 4 0 6
00 -1100 0 -20
221 2 4 4 4 2 6
11 1 12 2 2 2 4

Let us denote the three Z,SRSIs (6y, 6,, 85) and the ZSRSI 6, as

(6,,6,, 93)T =0%. P, 0,= 0. p. (30)
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Then, following the definition of SRSIs in Eq. (3), we obtain

0@

11
01
01

O =

0 0 0O
0 0 0O
0 0 0O

S O O

0
(L™)6,75mod2=| 0
0
1

0 = LMHy=(1111 22 2 2 4).

@1

Note that the matrices ©© and 6@ are not unique, since they may
always be redefined by unimodular transformations. For example, by
performing the Hermite decomposition” of ©®, we obtain the rede-
fined matrix

1 -1 0
0R, = 0 0 1|-0?%
0 1 -1
32
010000O0O0GO0O (32
= |/001000000
0001000O0GO0DO

Using the ZSRSI together with the 7,SRSIs defined by 6 and 63,
we recover the same expressions for the SRSIs in SG Pmm21’ as those
presented in Eq. (5) of the main text. A more detailed discussion of the
algorithm for obtaining SRSIs and their possible redefinitions is pro-
vided in SN 3A, and additional examples for other SGs are presented

in SN 3C.

Data availability
The data supporting the findings of this study are available from the
corresponding author upon request.

Code availability
The code supporting the findings of this study are available from the
corresponding author upon request.
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