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Abstract

Despite the increasing need for computationally efficient, predictive, and low-dimensional (low-
order) plasma models, these have remained elusive so far. The crucial need for such models stems, in
part, from the breakthroughs they can enable in scientific research into yet-unresolved plasma
phenomena. Furthermore, these models can boost the efforts toward realizing fusion energy and can
revamp the development of advanced plasma-based technologies. Machine-learning (ML) and data-
driven (DD) methods can play a transformative role toward achieving predictive, generalizable, and

interpretable reduced-order models (ROMSs) for plasma systems.

Motivated by the above, the overarching objective of this thesis is to explore the landscape of ML/DD
techniques for physics modelling and to examine a subset of approaches among those with the highest

promise to realize predictive plasma ROMs.

Toward this goal, a critical literature review is performed. Accordingly, two categories of DD
algorithms are down-selected. The algorithms in the first category learn and predict the time evolution
of global structures (modes) underlying the data. From this category, the Optimized Dynamic Mode

Decomposition (OPT-DMD) method is chosen.

The second selected category comprises local dynamics discovery algorithms, where the methods
discover the differential equations governing the dynamics. A novel method belonging to this category,

termed “Phi Method”, is established and extensively assessed.

The predictive performance of ROMs from OPT-DMD and Phi Method is evaluated across a wide
array of test cases with varying dynamics complexity. Both approaches demonstrate remarkable
potential for forecasting the plasma state. However, by the merit of its local dynamics learning, Phi
Method presents a higher degree of flexibility for ROM development. Moreover, the Phi Method ROMs
accurately discover parametric dependencies of the dynamics, a crucial aspect for any fully

generalizable plasma model.

To conclude, the next advancement steps on Phi Method and some promising future research

directions in ML-enabled plasma modelling are outlined.
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Chapter 1  Background and problem statement

Plasmas constitute 99 % of the visible matter in the universe, and span across vast length
scales, from the cosmological down to the laboratory size. Often regarded as the “fourth state
of the matter”, plasmas manifest in many natural phenomena (from the Pillars of Creation in
the Eagle Nebula to the auroras and the lightning) and play a fundamental role in a myriad
of human-made technologies (such as fusion reactors and the plasma propulsion devices for

spacecrafts).

Despite the widespread occurrence and applications of plasmas, and decades of rigorous
research since the mid-20th century, many unknowns yet persist regarding the intricate and
complex plasma behaviors. A primary reason of this enduring challenge is that the necessary
predictive and cost-efficient simulation models and analysis toolset are still lacking to enable
comprehensive studies of the multiscale, multidimensional, and often multiphysics
phenomena in plasmas. The absence of these numerical capabilities restricts our ability to
justify and generalize theoretical predictions and experimental observations, further

hindering the advancement in plasma science.

The knowledge gap in plasma physics represents a significant shortcoming, as the unresolved
questions have great implications on our ability to understand, predict, and control the
plasmas across vast scales. Answering the persisting questions will revolutionize the basic
science with respect to how, for instance, the stars are born and die, and how the solar flares’
plasma interacts with and affects the Earth’s magnetosphere environment. The scientific
breakthroughs will also have major applied significance. These will, for instance, enable
harnessing the power of nuclear fusion and will underpin the transformation and upscaling
of spacecraft plasma propulsion technologies toward realizing mankind’s ambitions in
exploring the solar system and beyond. The quest for predictive plasma models is thus well

warranted and crucial in order to further advance plasma science and engineering.

In this Chapter, we start in section 1.1 by taking a close look at plasmas and reviewing some
of their fundamental characteristics and properties. This will elucidate why plasmas are
notoriously difficult to understand, predict and control. Section 1.1 also discusses some of the
most important and tangible applications of plasmas, including the Hall thruster technology.

A Hall thruster is not only an industrially important technology for spacecraft propulsion but
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is also an optimal proving ground to study plasma processes of broad scientific and applied
significance. Taking Hall thrusters as a reference, section 1.2 elaborates on how predictive
models of plasma systems can aid in answering the outstanding scientific questions and can
as well facilitate and streamline the design and development of plasma technologies. To
clarify the reasons due to which predictive plasma models have remained out of reach, the
status quo of numerical tools used today for plasma studies is reviewed in section 1.3. Section
1.4 provides an overview of the reduced-order particle-in-cell (PIC) scheme, a novel high-
fidelity kinetic simulation approach that drastically reduces the computational cost of kinetic
plasma codes, allowing for cost-efficient generation of extensive high-fidelity datasets.
Finally, section 1.5 briefly describes how machine-learning (ML)/data-driven (DD) approaches

can open novel pathways toward predictive plasma models.

The above introductory discussions illustrate the motivations behind this research, which are
summarized in section 1.6. In this same section, the specific objectives of the work are

discussed, and what this thesis has done to meet the defined objectives are enumerated.

1.1. Plasmas: universally ubiquitous, challenging to understand, predict and

control

1.1.1. What is a plasma and what are its main characteristics?

In simple terms, plasma is an ionized gas, comprised by negatively charged particles — electrons —
and positively charged particles — ions. The term “plasma” was coined in 1928 by Irving Langmuir [1].
Plasma is often referred to as the “fourth state of the matter” alongside solids, liquids, and gases.
Plasma can be notionally thought of as a superheated matter, i.e., at such elevated temperatures that

the electrons are detached from the atoms, thus forming an ionized gas.

In a more scientific sense, plasma is defined as “a quasi-neutral gas of charged particles showing
collective behavior” [2][3]. It is necessary to further clarify this description because it will cast light on
some characteristic features of the plasmas. There are two inherent features of plasmas: (1) quasi-
neutrality, and (2) collective behavior. The former implies that, within a plasma at equilibrium, the net
global charge density is almost zero despite the fact that the plasma is made up of free electrons and
ions. The latter feature means that, in the presence of a charge disturbance in the plasma, all the plasma
particles respond in such a way to “mask” the potential arising from the charge disturbance, thus,

keeping the plasma globally quasi-neutral.

The distance beyond which any charge disturbance in a plasma is masked by the plasma patrticles,
especially the electrons (because of their lighter mass, and hence, higher mobility), is a characteristic
length scale of plasmas, referred to as the “Debye length”. Debye length is usually denoted by the

notation 1, and is defined as
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€okpTe
Ap = . Eq. 1.1
b ’ e’n, a

In Eq. 1.1, ¢, is the permittivity of the free space, kg is the Boltzmann constant, and e is the unit

charge. n, and T, are two characteristic properties of plasmas. n, denotes the electron (plasma) number

density, i.e., the number of particles per unit volume, and T, denotes the electron temperature.

The inverse of the time that it takes a charged particle to traverse a distance equal to the Debye
length is called the “plasma frequency (w,)”, which is a characteristic time scale of plasmas.

Accordingly, we can think of electron plasma frequency (wy.), and the ion plasma frequency (wy;).

2 2
e“n, e“n;
wpe = , wpi = . Eq 1.2
EgM, €Egm;

Referring to Eq. 1.2, it is noted that, for a quasi-neutral plasma, n, = n;, and so the difference

between the electron and the ion plasma frequencies is effectively equal to the ratio of their masses

(m,: electron mass, m;: ion mass). Also note that, in the definition of the w,;, the ions are assumed to

be singly charged.

The presence of a magnetic field can notably alter the trajectories of the plasma particles. If the
plasma is immersed in a magnetic field, and assuming that the electrons and the ions do not have a
thermal (random) velocity component along the magnetic field lines, the trajectories of the particles’
motion will be closed circles around the field lines. In case the particles also exhibit a certain velocity
component along the field lines, their trajectories turn into helices. In other words, the center of the
circular trajectory (the so-called “guiding center” [4]) moves along the magnetic field line while the

particle gyrates around the field line.

The radius of the particles’ circular motion around a magnetic field line is another characteristic
length scale for the plasmas immersed in magnetic fields. This radius is called the gyroradius or the
Larmour radius [2], which is defined as per Eq. 1.3 for the electrons and the ions.

TLe = M, TLi = M Eq. 1.3
eB, eB,
In Eq. 1.3, B, is the intensity of the magnetic field. The v,y ., and the v, ;, are the thermal velocity
components of the electrons and the ions, respectively, in a plane perpendicular to the magnetic field
line. vy, is often defined as \/W [5], with T and m representing the temperature and the mass of

either the electrons or the ions.

The frequency of the particles’ gyration around magnetic field lines is a characteristic time scale for
the plasmas immersed in magnetic fields. This frequency is called gyrofrequency or cyclotron frequency
[2][6] and is given for the electrons and the ions by the relations in Eq. 1.4.

_eBy eB,

Qe e Q= - Eq. 1.4
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Referring to Eq. 1.3 and Eq. 1.4, itisimmediate that r,, = v, /Qce , and ry; = vy, /O Itis also
evident that the Larmour radius scales directly with the mass of the particles, and as such is much

smaller for the electrons than the ions.

A plasma is said to be fully magnetized in case both the r;, and the r,; are much smaller than a

TLe TLi

characteristic length (L) of a plasma system, i.e., TR 1. If only TLTE « 1, the plasma is said to be

partially magnetized.

The real-world plasma systems may have other characteristic time and length scales of importance
as well. For instance, the frequency of the collisional interactions between electrons and ions (so-called
“Coulomb collisions” [2][7]) or between electrons and neutral atoms can be important in certain plasma
applications. In addition, if the plasma deviates from spatial uniformity due to, e.g., non-uniform spatial
distribution of an externally applied magnetic field or the plasma being in contact with a surface, the

gradient length scales of the plasma properties can become important as well.

1.1.2. Classification of plasmas (types and regimes)

There are many ways to classify plasmas based on various properties and/or phenomena of interest.
For example, plasmas can be classified based on the degree of ionization [8] (percentage of charged
particles to neutral atoms) or depending on the method of plasma generation [9] (e.g., direct current

electron bombardment, electrical breakdown [10], radiofrequency excitation).

A typical, widely used classification, however, is with reference to the temperature of the plasma
species. In this regard, plasmas are divided into two general categories of “high-temperature” plasmas
(HTPs) and “low-temperature” plasmas (LTPs). Fusion plasmas belong to the first category, where the
electron and the ion temperatures are nearly equal and typically on the order of 108 K (equivalently, ~
10 keV") or higher [11]. The plasma regime in many industrial plasma applications, including for
spacecraft propulsion, falls in the second category, i.e., the LTPs. Low-temperature plasmas have T,

values typically in the range of 1 to 10s of eV [11].

The LTPs can themselves be subdivided into two rather distinct categories. One main difference
between the two LTP categories is regarding how the T, compares against the T; and the temperature
of the neutral particles (T;,). For the so-called “thermal (equilibrium)” plasmas [11], T, = T; = T,,, with
the temperatures typically on the order of 10* K (< 1 eV) [12]. Atmospheric plasmas used for medical

purposes or for the hazard waste treatment are common examples of thermal plasmas.

In case that the T, » T;, the plasma is referred to as “non-thermal” (non-equilibrium) [12]. The T,
for the non-thermal plasmas reaches the upper limit of the typical temperature range for LTPs, i.e., on
the order of 10 eV. In-space plasma propulsion technologies or the devices used in the manufacturing
industry for material processing (e.g., etching or coating) are some applied examples of the non-thermal

plasmas.

1 Electronvolt (eV) is a unit of temperature very often used in plasma physics. Electronvolt is the amount of
energy change in a unit charge if it experiences 1 V of electric potential difference. 1 eV is equal to 11,600 K.
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Another classification approach, which aids to paint a more complete picture of the ubiquity of
plasmas, can be pursued by considering both the electron temperature and the plasma number density.
In this regard, plasma types can range from low-density, low-temperature regimes found in interstellar
space and auroras to high-density, high-temperature regimes observed in the stars (including the Sun)
as well as in the fusion devices. The use of the adjectives “low” and “high” is valid in a relative sense
here.

A visual representation of the plasmas classification based on temperature and density is presented
in Fig. 1.1. This figure, which is inspired by a similar illustration from Contemporary Physics Education
Project [13], highlights the universal presence of plasmas and the vast ranges of temperature and
number density properties that they exhibit across different settings and applications.
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Fig. 1.1 Density and temperature characteristics of typical plasmas; image credit: Laboratoire de Physique des

Plasmas (LPP), URL: https://www.lpp.polytechnigue.fr/Our-research-in-a-few-words?lang=fr, available on

public domain.

1.1.3. Overview of the plasma applications

Arguably, the first and the oldest technological application of plasmas dates back to more than 100
years ago, when plasmas were used in lamps to provide light. Today, plasma applications have
expanded to a diverse range of industries. The high-temperature plasmas are at the core of nuclear
fusion reactors, and the research on the HTPs in pursuit of the almost limitless source of clean energy

is rigorously ongoing.

The LTP applications range from plasma etching of electronic chips and plasma-assisted additive

manufacturing to plasma biomedicine and in-space plasma propulsion [14]. LTP technologies in the
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manufacturing industry support the supply chain for automotive, aerospace, food packaging, health,

and microelectronics industries.

A particular category of LTP technologies consists of the so-called “cross-field” plasma devices. In
these devices, an often partially magnetized plasma is immersed in a perpendicular orientation of the
electric (E) and the magnetic (B) fields. The term “cross-field” stems from this mutually perpendicular

fields’ configuration.

Cross-field (or ExB) plasma technologies have found industrially crucial and important applications
[15]. These applications include the magnetrons [16][17], which are devices that are central in the
manufacturing industry, especially toward development of (silicon) microchips for computer processors.
Another prominent example of the industrial applications of ExB plasmas is the Hall thrusters for
spacecraft propulsion [18][19]. Hall thrusters are today the most widely in-use electric propulsion
solution for satellites. They are also prime candidates to enable the next generation of near-Earth and

interplanetary space missions.

Besides their applied significance, ExB plasmas have received a remarkable scientific attention as
well over the past decades [15][20]. This is partly because the cross-field plasma discharges exhibit a
complex and rich underlying physics that, in certain respects, resemble the phenomena occurring in the
other areas of applied plasma physics, such as fusion energy. Nevertheless, the ExB plasma
technologies are more accessible to study and much less costly to test than the fusion reactors.
Therefore, investigating the plasma phenomena in ExB devices can serve as a cost-effective approach

to derive useful insights for the research to realizing fusion.

In addition, the operation of the ExB technologies is strongly influenced by the underlying plasma
processes. Most notably, the efficiency of an ExB device is largely dependent on the effectiveness with
which the applied magnetic field can hinder the current of the electron species across the magnetic field
lines. However, there are a myriad of physical phenomena that “undesirably” [from an applied
perspective] enhance the cross-magnetic-field motion (transport) of the electrons, most of which are yet
not fully understood (more details in subsection 1.1.4). This close coupling between the engineering
and the physics of operation of ExB technologies gives the scientific research into these devices a
critical applied importance. This has been another main driver of academic interest in investigating

plasmas in ExB devices.

In order to study many of the yet-unresolved plasma physics questions, and also for the endeavors
aimed at realizing reliable and predictive plasma models, the Hall thruster configuration has presented

itself as a suitable proving ground over the past years (e.g., Refs. [21]-[27]).

To briefly describe this plasma propulsion technology, Hall thrusters are designed to ionize a neutral
gas injected into their discharge channel, typically via DC electron bombardment, and to accelerate the
resulting plasma ions in order to generate thrust [18]. The discharge channel is often in annular shape
and made of ceramic. The geometry of a Hall thruster is such that the centerline of its discharge channel,

which is usually parallel the thruster's axis, determines the axial coordinate. The direction along the
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channel circumference indicates the azimuthal coordinate, and the wall-to-wall direction of the channel

is the radial coordinate, which completes a right-handed coordinate system.

The laboratory-scale ExB plasma in a Hall thruster exhibits several important processes and
behaviors that are present in other plasma regimes as well, such as in fusion plasmas and in space
plasmas. Moreover, a Hall thruster offers a relatively convenient accessibility and affordability for
numerical and experimental physics studies over other industrially relevant types of plasma sources
while closely matching their plasma configuration. Lastly, the complexity of the physics in a Hall thruster
implies that a model (or modelling approach/methodology) capable of predicting the spatiotemporal
evolutions of the plasma in this device in an accurate and generalizable manner effectively paves the
way to achieve the long-sought-after predictive models across the plasma science domains. All these
factors underline why Hall thrusters have become an important test bed for fundamental physics studies

as well as for advancement in the computational capabilities.

To have a quantitative sense of the typical properties of the plasma in Hall thrusters, some of the
main characteristic length and time scales are provided in the following. The plasma number density
(n, =n; = n,) is 0(10'®) m™3, and the electron temperature (T,) is typically 0(10) eV [28]. The peak
intensity of the applied magnetic field is 0(10) mT [28][29]. The most used propellant today for Hall
thrusters is xenon with the ion mass of 2.18 x 1072° kg. With these values, we can estimate using the
equations in subsection 1.1.1 the order of magnitude of the Debye length, Larmour radii, plasma
frequencies, and the cyclotron frequencies as: A, =~ 0(10) um, 1, = 0(1)) mm, r,; = 0(1) m, w,, =

1—10 GHz, wy; ~ 1 — 10 MHz, Q,, ~ 0(100) MHz, and Q,; ~ O(1) kHz.

The typical characteristic length of the plasma system in a Hall thruster (L) is on the order of a few

centimeters. Noting this, we can immediately deduce that, for the Hall thruster plasma, ”Te « 1, and

%» 1. Therefore, the plasma in a Hall thruster is partially magnetized. Due to this partial
magnetization, the plasma ions are accelerated in the thruster's electrostatic field with a minimal

influence from the applied magnetic field.

It is highlighted that the plasma properties in a Hall thruster feature strong spatial variations
(gradients) [18][19][28][29]. This is because of the spatially non-uniform topologies of the applied
magnetic field as well as the presence of the channel walls that lead to the formation the so-called
“plasma sheaths” [2] — a non-quasi-neutral region formed whenever the plasma is in contact with a
surface. As a result, the values of the plasma properties and the characteristic length and time scales
vary often notably throughout a Hall thruster domain, but they mostly remain within the ranges of values

reported above.

1.1.4. Fundamental knowledge gap in the physics of Hall thrusters’ plasma

As shared among the broader family of ExB plasma discharges and technologies, Hall thrusters
have a highly complex, multiscale, and multidimensional underlying physics [15][20]. The cross-field
configuration of the plasma in Hall thrusters leads to strong anisotropies in the properties of the

magnetized electrons with respect to the directions along and perpendicular to the magnetic field lines.
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These anisotropies and the strong spatial gradients in the plasma properties result in the excitation of
a diverse range of plasma instabilities and turbulence that span over a broad range of spatial and
temporal scales [19][30]. The development of instabilities can be an inherent response of the plasma
to the conditions imposed on it and a way for the plasma to attempt returning to an equilibrium state
[31]. As the instabilities excite, grow, and saturate, they can strongly interact with the plasma species
and influence their spatiotemporal dynamics. The instabilities can also interact with each other,
exchanging energy, and cause the formation of larger, possibly turbulent, global plasma structures. This

is an intriguing phenomena that is referred to as “inverse energy cascade” [32][33].

In a Hall thruster plasma, various types of instabilities and oscillations can exist. The overall
dynamics of the plasma is affected by the so-called “breathing mode” oscillations. These are low-
frequency longitudinal oscillations with the frequencies in the range of 5 — 25 kHz and wavelengths that
can be comparable with the axial extent of the thrusters’ channel [34][35]. The breathing oscillations
are a characteristic response of the Hall thruster plasma and manifest as a back-and-forth motion of
the plasma discharge in unison during one oscillation cycle. Another important axially propagating
instability mode is the so-called “lon Transit Time Instability (ITTI)” [36][37]. As the name suggests, the
waves associated with this instability propagate at the speed of the accelerating ion beam. The ITTI

frequency is on the order of 100 — 500 kHz.

There are also important and influential instabilities exciting along the azimuthal direction of a Hall
thruster. These include the Electron Cyclotron Drift Instability (ECDI) [38][39] — a short wavelength
(0(1) mm), high-frequency (= 5 — 10 MHz) instability mode [40] — and the Modified Two-Stream
Instability (MTSI) [41][42] — a relatively longer wavelength, lower frequency instability mode than the
ECDI with frequencies in the range of 2 — 5 MHz [20][43]. The ECDI and the MTSI are demonstrated to
have notable impacts on the transport of the plasma species and their heating [44]-[51]. A relatively
low-frequency (25 — 100 kHz) large-scale azimuthal instability have also been reported to exist in the
high-neutral density regions of a Hall thruster domain, which has been termed “(rotating) spoke
instability” [52]. This instability has also been observed to induce notable cross-field current of electrons
[63][54].

Further details on all the plasma instabilities relevant to a Hall thruster discharge can be found in
Refs. [20][34]. In any case, the brief overview in the preceding paragraphs is sufficient to evidence the
broad range of time and length scales associated with the dominant plasma instabilities in a Hall
thruster. This scales disparity of the plasma phenomena has served to strongly hinder comprehensive

studies of the plasma behaviors. We will return to this point in section 1.3.

There are many fundamental questions not yet answered concerning the characteristics and the
evolution of the instabilities mentioned above despite extensive prior research efforts [15][20]. These
primarily revolve around the three-dimensional effects [15], the interactions and transition dynamics
between the axial and azimuthal instability modes [55][56], and the pathways and mechanisms for
energy transfer across instabilities spectrum over time that can instigate inverse energy cascade and

“self-organization” behaviors [32][57].
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Another crucial and outstanding question regarding the underlying physics of Hall thrusters pertains
to the problem of “anomalous” cross-magnetic-field transport of electrons. The “anomalous” electron
transport in Hall thruster's physics context refers to the observations, made experimentally [58] and
numerically [59], that the rates at which the electrons diffuse across the lines of magnetic field are much
larger than those predicted by the classical collision theory [19]. This “anomalous” transport is an
example of the yet-not-fully-understood phenomena in Hall thrusters’ plasma that extend in terms of
relevance to across the plasma science domains where the plasmas interact with the magnetic fields
[60], from the magnetic confinement fusion reactors to the processes that lead to the creation of

supernovae.

Even though decades of research has revealed many aspects of the electrons’ dynamics and
transport characteristics in Hall thrusters, such as the significant role that the instabilities can play in
this phenomenon [15][20], the overall puzzle has still many important missing pieces. This is particularly
because of two factors: (1) the spatiotemporal variability of the dominant mechanism(s) behind the
electrons’ cross-field transport, and (2) the unanswered questions regarding how the instabilities’

contributions to the electrons’ transport vary during the various phases of their evolution.

1.2. The need for predictive models of plasma systems

Toward answering the long-standing questions in plasma physics, to realize revolutionary plasma
applications such as nuclear fusion, and to expedite and streamline the development of advanced

plasma technologies across the industries, predictive plasma models serve as indispensable tools.

Before delving into how these models can contribute to progress on the above fronts, it is essential

to clearly establish what we mean by a predictive model.

Essentially, a predictive plasma model is one that can self-consistently resolve the spatiotemporal
evolution of the plasma across its involved scales. The term “self-consistency” refers to the ability of the
model to provide predictions without the need for ad-hoc parameters that require tuning on a-priori

information from the system (often experimental).

There are additional factors that, when considered in addition to the predictive capability, will
augment the utility and expand the use cases of a predictive plasma model. These factors include cost-

efficiency, generalizability, and interpretability.

In this thesis, a model is defined as being cost-efficient when it features a “low” computational cost
(e.g., in terms of CPU-hours) to provide reliably accurate solutions. By referring to “low” computational
cost, we qualitatively imply a time-to-solution that makes the simulations repeatable and enables

carrying out extensive studies within practically meaningful timeframes.

The generalizability refers to a model’s ability to perform well across different scenarios. In our
context, this involves the model's capacity to reliably resolve the parametric variability of the plasma
dynamics across the space of relevant state variables. Interpretability refers to the ease of

understanding a model’s structure and predictions. By the model’s structure, we mean the relationships
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that the model establishes between the involved variables. The interpretability feature of a model is

often linked to the generalizability in that a generalizable model can often be interpretable as well.

A general-sense example of interpretable and generalizable models is the Newton’s second law of
motion (F = ma). This model is easily interpretable in the way that it correlates force (F) to mass (m)
and acceleration (a). However, the model is also generalizable to a vast range of scenarios, from the

falling of an apple to the motion of the planets around the Sun.

Ultimately, the model that we strive to achieve and that can effectively contribute to the scientific and
engineering advances in plasma physics will not only need to be predictive, but also cost-efficient,
generalizable, and interpretable. Such a model can aid the fundamental studies and the engineering

applications as are described in the subsequent paragraphs.

From the scientific research perspective, a predictive model with the characteristics emphasized
above will be the long-desired versatile analysis toolset that opens the door to novel approaches and
frameworks to study plasmas, with the aim of answering the so-far-unresolved questions. One such
approach, which is enabled by predictive plasma models, consist of performing methodical parametric

investigations of plasma systems.

It is recalled from the discussions in subsections 1.1.3 and 1.1.4 that the interconnected and
multifaceted nature of the underlying physical processes in Hall thrusters’ plasma (and in other similar
plasma configurations) gives rise to a greatly complex overall picture. Hence, to be able to fully
comprehend the complicated global picture of plasmas behavior, an effective pathway entails breaking
down the overall complex picture in order to study and understand the effects and contributions that
each specific factor influencing the plasma have to the overall behavior and plasma response. Piecing
these understandings together, we may solve the mysteries that still surround various plasma
phenomena, some remained unanswered from the 1960s such as the problem of “anomalous” electron

transport.

With the above in mind, through reasonable simplifications to the overall complex picture of the
problem, and by performing predictive parametric simulations in the simplified setups, one will be able
to set the foundational knowledge on the effects of the parameters of interest. Building upon the insights
derived from the simplified parametric studies, we can methodically progress toward setups that are
increasingly more representative of the real world, and ultimately discover the complete picture of the

plasma processes in realistic settings, including the dependencies on various factors and parameters.

The parametric studies using fully predictive, cost-efficient models are also essential to complement
the experimental research. The simulations provide a more controllable environment of study in which
various effects that normally influence the plasma behavior simultaneously can be isolated and
investigated more closely. In addition, the simulations enable access to information regarding the
underlying plasma processes that might not be readily accessible in an experimental setting due to the
spatiotemporal resolution limitations of the diagnostics and/or the physical accessibility constraints
related to the device being tested. As a result, performing parametric sweeps of different plasma

discharge parameters using predictive models can aid explaining the experimental observations and/or
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enriching the results of the test campaigns. Such parametric simulations also serve as a viable method
to stress-test the available theoretical descriptions of the plasma to determine the extent to which the
theoretically driven correlations between the characteristics of the plasma phenomena and the
discharge properties are consistent with the numerical observations. This endeavor may lead to the

development of better, more comprehensive theories for plasmas.

On the side of the applied (industrial) applications, predictive plasma models hold immense potential
to revamp the design and development processes, yielding groundbreaking advances, and ultimately
catalyzing the transition of the plasma industries to more efficient digital engineering practices [61]

based on digital tools such as system models/threads/twins [61] (also refer to section 7.2.3).

Predictive models will underpin computer-enabled optimization-based design approaches. These
are currently unachievable due to the limitations of the state-of-the-art simulation tools (refer to section
1.3). Thus, plasma industries today heavily rely on empirical design approaches that involve several
design, manufacture, and test iterations, resulting in significant time and cost burdens. Nevertheless,
the high-dimensional design parameter space typically associated with the plasma technologies makes
it impractical to achieve the most efficient solutions through trial-and-error methods alone, emphasizing

the necessity for optimization-based practices using predictive, cost-effective modelling tools.

Predictive models can, additionally, inform optimal experimental design methodologies [62], which
enable planning of the experiments effectively to extract maximum information about plasmas behavior
with minimal resources. These methodologies aid identifying the critical parameters and experimental
conditions, leading in turn to more cost-efficient and informative test campaigns. It is evident that
realizing optimal experimental design approaches for plasma systems on the back of predictive plasma

models equally supports advancement within the fundamental scientific research.

Another area where the predictive plasma models can play a crucial role is complementing the
results of the characterization/qualification test campaigns by filling gaps in experimental observations.
By simulating plasma behavior over unobserved conditions or scenarios (the so-called “what-if’
analyses), predictive models enhance the comprehensiveness and reliability of the experimental data.
In the specific case of Hall thrusters, for instance, since they are designed for on-orbit operation, their
on-ground testing is performed within vacuum test facilities. However, these facilities struggle to exactly
replicate the on-orbit operation environment [63][64]. As a result, the complementary data from
predictive Hall thruster models can particularly augment in this case the trustworthiness and extensibility

of the on-ground test results with respect to the on-orbit operation.

Finally, predictive plasma models will greatly advance our capabilities in controlling plasmas. By
integrating real-time data with the predictive models, in particular, control algorithms can dynamically
adjust operating parameters to maintain desired plasma characteristics, enhance process stability, and
optimize energy efficiency. The groundbreaking plasma control strategies enable industries to achieve
consistent and high-quality plasma processes while minimizing operational costs and possible
environmental impacts. Returning to our reference example of a Hall thruster, computer-enabled control

enables compatibility of the thruster’s operation with the autonomy requirements of the next-generation
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(potentially Al-enhanced) in-space missions and applications, from near-Earth on-orbit servicing to

robotic and manned exploration of the Moon, Mars and beyond.

1.3. Status quo of the computational approaches to study plasmas

Through the discussions so far, it was alluded a few times to the fact that the current capabilities to
simulate plasmas have major limitations that have hindered the realization of predictive plasma models,

which are as well cost-efficient, generalizable, and interpretable.

In this section, an overview of the state-of-the-art numerical tools for the study of plasmas is provided
to better clarify the above statement. The discussions are aimed at presenting some of the main
limitations and issues associated with the plasma models in use today. Noting this context of the
subsequent discussions, and for the sake of conciseness, we focus on the simulation practices being

typically used to model partially ionized plasmas in cross-field configurations, including Hall thrusters.

Conventional plasma modeling approaches for the cross-field plasmas can be generally divided into

three main categories [65]:

1.  Fluid simulations: these models are based on solving a system of partial differential
conservation equations for the continuity, momentum and energy of the flow of plasma species
and, often, the neutral particles. In essence, fluid plasma simulations can be thought of as a
generalization of Navier-Stokes equations in fluid dynamics by including the electromagnetic

force terms and coupling the equations to the Maxwell laws.

The fluid equations for plasmas are derived by taking various velocity moments [66][67] of the
plasma kinetic equation [8] for each species. By taking these velocity moments, the
dimensionality of the problem in the most general case is reduced from 3D3V (three
dimensional in configuration (physical) space and three dimensional in velocity (kinetic) space)
to 3D. As such, plasma fluid equations can be considered as “reduced-dimension” or “reduced-
order” models (ROMs) in the context of plasma modelling. Whereas this order reduction is, in
theory, advantageous as it “reduces” the computational requirements, it comes at the expense

of losing the ability to resolve important kinetic phenomena that occur within the velocity space.

The fluid conservation equations are coupled through various source and sink terms that
represent various phenomena such as ionization, collisional momentum and energy transfer,
etc. Fluid system of equations require closure models so that the effects of higher-order
moment terms as well as the nonclassical behaviors can be incorporated in the equations. In
the Hall thrusters simulation context, (typically ad-hoc) closure models [19][65] are most often
employed to describe the momentum change in the electrons’ flow due to the interactions with
the thrusters’ channel walls and with the plasma instabilities. Both types of interactions can in

fact play important roles in enhancing electrons’ cross-magnetic-field motion [19].

2. Kinetic particle-in-cell (PIC) simulations: these high-fidelity simulations are a way to directly
solve the plasma kinetic equation. A PIC simulation is a statistical model whose results satisfy

the governing Vlasov-Poisson (Maxwell) system of equations for plasma systems [65][68][69].
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The PIC method follows a Lagrangian approach where the motion of several ensembles of real
particles, called macroparticles, is followed by integrating the equations of motion for each
macroparticle in the presence of electric and magnetic fields [68][69]. The fields themselves

are solved on a Eulerian grid [68][69].

The macroparticles can be defined in a more scientifically accurate manner as well. A plasma
species macroparticle is a statistical sample of an important property of that plasma species,
which is called the “distribution function” [8]. A distribution function is essentially and in the most
general sense a seven-dimensional histogram of the particles of a plasma species. It quantifies
how many real plasma particles with 3D velocities within a certain range are present at a
specific location in the 3D configuration space. The seventh dimension is time, as the

distribution functions can evolve over time as well.

Based on the above definition, by kinetically tracing the temporal evolution of the macroparticles
of different plasma species, a PIC simulation resolves the evolution of the plasma species’

distribution function, which is the solution to the plasma kinetic equation.

As the PIC approach is resolving the variations in the particles’ distribution functions, it is
capable of capturing kinetic plasma phenomena. Despite this highly desirable feature, the
computational cost associated with the PIC simulation approach can be enormous depending

on the application, as we will shortly see why in more detail.

3. Hybrid fluid/PIC simulations: As a compromise between the computational cost and the
fidelity of the simulations, hybrid fluid/PIC codes typically treat the ion and the neutral species
kinetically, whereas the fluid description is used for the electrons [65]. The hybrid models are
thus capable of resolving the ions’ and the neutrals’ distribution functions self-consistently.
Hence, these models are useful to investigate the kinetic phenomena that is affected and/or
driven by the dynamics of the heavy plasma species, e.g., the ion bombardment of the Hall
thrusters’ channel walls and the consequent erosion. Nevertheless, as the electrons are
regarded as a fluid, the limitations of the fluid modeling approach, most importantly the need
for transport closure models and the fundamental inability to resolve the electrons’ kinetic
processes, such as wave-particle interactions, still applies to the hybrid simulations. In this
regard, the electrons’ cross-field transport and the associated phenomena, e.g., may not be
accurately captured, because the results’ fidelity is dependent on the accuracy of the model(s)

used to incorporate the unresolved behaviors in the hybrid simulation.

With the above overview of the common plasma modelling approaches today, we can now point out
the reasons why none of these approaches can currently realize predictive plasma models for the

scientific and industrial needs, which were described in section 1.2.

We start by the plasma fluid models, which offer the highest computational cost advantage over the
kinetic PIC simulations and the hybrid models. Recalling from the overview of the fluid modelling
approach, the fluid simulations can only be self-consistently predictive if the effects of the missing and
unresolved phenomena in these simulations can be incorporated in them through closure terms and/or

models. However, despite years of effort and multitude of approaches pursued [23][25][26][70][71],
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rigorous and generalizable closure models that would not be reliant on a-priori assumptions or tuning
on experimental data from the physical system are still unavailable [72]. Even recently developed
advanced fluid models with first-principles closure terms are highly simplified and are not applicable to

all plasma configurations and/or conditions [15].

The same lack of rigorous and generalizable closure models that hinders the predictiveness of the
common fluid simulations of plasmas also impedes the hybrid plasma models from being self-
consistently predictive. The most significant challenge in deriving the required closure models is posed
by the not-yet-fully-understood problem of “anomalous” electrons’ cross-field transport, which plays a
maijor role in determining the behavior and global response of the plasma. The open physics questions
surrounding this phenomenon, as were described in subsection 1.1.4, have particularly limited the
generalizability and robustness of the first-principles closure terms/models proposed so far for the

electrons’ transport across the magnetic fields [72][73].

Kinetic PIC simulations have inherently an advantage over the fluid/hybrid models in that, if they
hypothetically resolve the full 3D3V distribution functions of the plasma species over time, no closure
models are required, and all the kinetic processes will be self-consistently captured. Thus, in theory, a
PIC simulation is predictive by construction. However, what impedes a PIC simulation from addressing
the scientific and industrial needs for predictive plasma models (section 1.2) is the enormous
computational resource demand of this simulation approach [69]. In fact, following conventional PIC
modelling methodologies, 3D3V simulations immediately become computationally intractable as one
attempts studying full-size plasma technologies/devices. Even lower dimension 2D3V kinetic
simulations will be prohibitively expensive for real-scale devices if the use of any unphysical scaling is
to be avoided [55][74]; for instance, a 2D PIC simulation of a Hall thruster that captures the plasma
dynamics along the axial coordinate for a representative period of 150 us simulated time without any
scaling of the physical or geometrical parameters requires a run time of about 1 year using 1500 CPUs

[75]. A 3D PIC simulation of this same problem will be at least an order of magnitude more costly.

At this point, one may wonder why a PIC simulation is so computationally demanding, particularly
for the practical purpose of modelling real-world technologies. This question is answered for the specific
reference example of a Hall thruster. As was described in subsection 1.1.4, the plasma in a Hall thruster
evolves globally along the axial direction over a time scale of 0.1 — 1 ms, which corresponds to the
typical range of frequencies of the global breathing mode oscillations. As a result, a representative PIC
simulation of a real-world Hall thruster shall at least be able to resolve the evolution of the plasma for
this time duration. Nevertheless, for the sufficient statistical representativeness of the results, it is
typically desired to resolve the plasma evolution over several breathing cycles, therefore, typical
simulation times of 1 — 10 ms. It is noted that resolving the axial dynamics of a Hall thruster discharge
is important because several critical plasma processes, including electrons’ transport, are regulated by
this global oscillation [76]. It is also recalled from subsection 1.1.3 that the typical length scales of a Hall

thruster are on the order of a few centimeters.

Keeping the above information in mind, we need to also look at the numerical requirements of a PIC

simulation. The traditional PIC implementation, often referred to as “explicit, momentum conserving
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PIC”, has stringent stability and convergence requirements. In more detail, the timestep of the
simulation must be smaller than the electron plasma frequency [68][69], which was reported in
subsection 1.1.3 to be typically in the range of 1 —10 GHz (1 — 10 ns) for Hall thrusters’ plasmas.
Another stability criterion is that the simulation macroparticles shall not travel more than a cell length
during each timestep [68][69]. As the timestep is limited by the electron plasma frequency, and that,
during one electron plasma oscillation, the particles travel a distance equal to the Debye length, the cell
size should be typically smaller than this characteristic length. Recalling from subsection 1.1.3, the

typical Debye length for Hall thrusters’ plasmas is on order of 10 um.

It now immediately follows that a PIC model developed to simulate the plasma in a real-size Hall
thruster over the real-world characteristic evolution time scales can have 0(10%) computation cells
along each involved spatial coordinate and may need to progress for iteration numbers of 0(10%).
Adding to this already huge computational demand, the statistical convergence of a PIC simulation
requires that a certain minimum number of macroparticles for each plasma species be present within
each computation cell. To provide a quantitative sense for this, Ref. [75] adopted an initial
macroparticle-per-cell count of 400 for a 2D PIC simulation. Therefore, that PIC simulation needed to
track the spatiotemporal evolution of 4 x 10® microparticles at the beginning of the simulation alone.
Exacerbating the computational cost, during a typical Hall thruster simulation, the plasma number
density and electron temperature vary temporally and spatially by about an order of magnitude, meaning
that the plasma frequency and the Debye length become more stringent over time. Thus, the common
practice is to choose the cell size and the timestep of a PIC simulation to be equal to the smallest values
expected for the w,, and 1, over the simulation time. It is noted that the total macroparticles count also

changes proportionally with the change in plasma number density as the simulation progresses.

The above discussions clarify why PIC simulations are enormously costly and, hence, cannot
answer the need for predictive plasma models. In part, the enormous computational cost of the
traditional PIC simulations strongly limits their applicability to perform parametric investigations (for
science studies or engineering design iterations) and to produce statistically representative high-fidelity

datasets (as training data, e.g., for ML/DD algorithms).

1.4. Reduced-order particle-in-cell scheme: a cost-effective kinetic tool for

high-fidelity data generation

Let us assume for the moment that ML/DD methods and architectures can indeed open viable
pathways toward achieving predictive plasma models that are cost-efficient, generalizable, and

interpretable. We will elaborate on this premise within section 1.5 as well as in Chapter 2.

In any case, ML/DD methods can only deliver the potential they may hold toward realizing the
desired predictive plasma models if sufficiently varied, statistically representative, high-quality
databases of plasma systems are available. In this respect, although kinetic PIC simulations offer
sufficiently high levels of fidelity, the inadequacy of the traditional PIC schemes for extensive dataset

generation due to their significant computational cost represents a major shortcoming. This emphasizes
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the prerequisite nature of a simulation tool that enables cost-effective access to high-fidelity, detailed

plasma data for the advancement in ML/DD-enabled plasma modelling.

In recent years, several efforts have been aimed at tackling the computational cost issue of the PIC
simulations. These efforts include the development of implicit and/or energy-conserving PIC algorithms
[77][78], GPU implementation of the PIC method [79], the sparse-grid PIC scheme [80], and the
reduced-order PIC scheme [81][82]. The last approach — the reduced-order PIC — has been developed
at Imperial Plasma Propulsion Laboratory (IPPL) by Reza [83] as a computationally efficient, high-
fidelity kinetic plasma simulation tool. Reza’s approach features unique flexibility and extensibility
characteristics that set it distinctly apart from the approaches pursued by other authors in Refs. [77]-
[80] toward lowering the cost of PIC models.

The innovative reduced-order PIC scheme and the code developments surrounding it allowed
effective generation of sufficiently large high-fidelity plasma datasets for the data-driven modelling

investigations reported on through Chapter 3 to Chapter 6.

The quasi-2D (Q2D) implementation of the reduced-order PIC scheme forms the basis of a PIC
code, which is termed “IPPL-Q2D” [84]. This code has been extensively verified against rigorous
benchmark cases available in the literature [81][84][85]. These benchmarks involved 2D configurations
representative of a Hall thruster geometry along its axial-azimuthal [86] and radial-azimuthal planes
[43]. Furthermore, IPPL-Q2D is successfully benchmarked in a 2D Penning discharge configuration
[87], in which, due to the formation of a large spoke-like rotating structure, the principal directions of the
involved physical phenomena constantly changes (see subsection 1.1.4 for information on the spoke
instability) [85]. The Penning benchmark demonstrated that the formulation underpinning the reduced-
order PIC is seamlessly extensible to problems in which the principal directions of the underlying
processes may not be aligned and/or evolve with respect to the directions used for the domain
decomposition.

The high-fidelity data generated from the PIC simulations of all these benchmark/verification cases
using IPPL-Q2D particularly constitute the database used for the assessments of data-driven plasma
ROMs in Chapter 3 and Chapter 4. The setup and conditions of the corresponding simulations are

elaborated on within these chapters.

1.5. Machine learning for cost-efficient predictive modelling of plasmas:

promises and challenges

With increased computational power and abundant generation of data over the last decades, the
traditional paradigms of simulation and analysis across sciences have undergone a fundamental
transformation. Machine learning (ML) has emerged as a cornerstone of contemporary research,
offering novel ways to analyze large and complex datasets, extract insights, and develop predictive
models. Machine-learning techniques depart from the conventional reliance on predefined models or
theoretical assumptions. Rather, these techniques process data to uncover the underlying patterns,

information, relationships, and trends that might otherwise remain obscure. These approaches have
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proven particularly powerful where the traditional approaches fall short, such as complex systems with
high-dimensional data spaces, or situations where first-principles generalizable equations are

challenging/unfeasible to establish.

Plasma modelling and understanding the physics of plasmas are areas that can markedly benefit
from machine-learning approaches. In particular, ML-enabled reduced-order models (ROMs)
approximate a system’s behavior using a reduced-dimensional representation while preserving the
essential dynamics, hence, alleviating the common computational burden/intractability of the high-
fidelity kinetic plasma simulations. The reduced-order system representations enable faster simulations,
real-time control, and optimization of complex systems. The reduced-order representation also helps
our understanding of the complex interactions between various processes in the plasma, such as
instabilities, by distilling the high dimensional dynamics and providing a more interpretable and lower

dimensional description.

Let us focus a bit further on the concept of ROM. A ROM is an approximate model of a system’
behavior (dynamics) with a reduced set of degrees of freedom. Reducing the degrees of freedom
necessary to describe a system lowers the dimensionality of the model. For example, as was mentioned
in section 1.3, plasma fluid equations are derived by taking integrals of the plasma kinetic equation over
the velocity space. This in turn reduces the problem’s dimensionality from 3D3V in phase space to 3D

in configuration space. As such, plasma fluid equations fit the description of ROMs.

From the above example, it is evident that ROMs are not a new concept. Indeed, they have been
around for decades, if not centuries. As such, deriving ROMs do not necessarily involve machine
learning, and there are classical approaches widely in use today to develop ROMs for various physical
systems. The most prominent example perhaps is the POD-Galerkin projection method. The premise
of this method is rather straightforward. Proper Orthogonal Decomposition (POD) finds the dominant
orthogonal modes underlying the data from a system. These modes constitute a bespoke hierarchical
coordinate system, creating a linear subspace to approximate the data. If the system of equations
describing the dynamics of the system is known, the equations can be projected (Galerkin projection)
onto the n-dimensional coordinate system defined by the n dominant modes of the system. The
projected system of equations are in the form of ordinary differential equations (ODEs), resolving the

time evolution of the amplitudes of the dominant modes of the physical system under study.

Machine learning allows us to surpass the capabilities of the classical ROM development
approaches. Referring to the same example of the POD-Galerkin method, ML approaches may derive
a much more compressed (lower dimensional) representation of the system beyond what is feasible
with POD. In addition, machine learning enables the “discovery” of the dynamics describing a system’s
evolution. This is a crucial capability because, for most of the complex physical systems of applied
interest today, the governing system of equations is either fully or partially unknown. The latter is in fact
true for the plasma fluid equations for which self-consistent and generalizable closure models for the

kinetic and nonclassical effects are not yet established.

Machine learning, a subclass of Artificial Intelligence (Al), comprises a broad array of algorithms

which aim to learn from data without the need for explicit mathematical models [89]. Machine learning
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is closely related to the “data-driven (DD)” framework, where the methods also seek to derive
information/models from data. The term “data-driven” can be thought of as a general terminology
encompassing both classic statistics/regression methods as well as modern generalized regression and

machine-learning approaches.

ML has a rich history that dates back to the 1950s and 1960s. In fact, two significant developments
occurred in those years. One was the emergence of the concept of “cybernetics”, as articulated by
Wiener in 1965 [90], which aimed to mimic the thinking processes of the human brain. The other was
efforts to develop “machines”, such as the perceptron [91], with a focus on automating tasks such as
classification and regression. The latter development has particularly laid the groundwork for modern
machine learning, with ongoing relevance and impact in contemporary research. Research on ML and
the broader field of Al saw a major drop in interest from the early 1970s to the late 1980s, following the
criticizing report of Sir James Lighthill in 1974 [92] on the failure of Al to deliver on its grand promises.
The interest in Al and ML, especially in neural networks, was reawakened in 1986 after the development
of the “back-propagation” algorithm by Rumelhart et al. [93]. This was because the back-propagation
algorithm enabled the training of neural networks with multiple layers. The links established by various
authors [94][95] around the same time between machine learning and statistical mechanics also

contributed to the resurged interest.

Machine learning continued to evolve and advance over the past decades [96], with significant
interest and attention gathered in the past few years from the scientific and industrial communities

toward incorporating the ML approaches in science discovery and technology development.

Today, ML is in fact extensively applied to data from simulations and experiments for the analysis,
modelling, control, and optimization of physical systems. Two main areas in which ML is being
rigorously used are “pattern/feature extraction” and “dynamics modelling” [96]. Concerning the latter,
ROM development represents only one of the applications. Indeed, ML can be also applied to
enhance/accelerate computationally costly, high-fidelity simulations [97] as well as to derive closure
models for the fluid system of equations [97]. As the application of ML for physical systems’ modelling
is the main theme of this thesis, a more extensive review of the various possibilities on this front will be

provided in the next Chapter.

A few remarks are, however, important to be underlined here before moving on. First, despite the
great promises that ML offers for science and engineering, there are still several challenges to be
addressed so as to realize the full potentials. Some of the most important challenges regard the
amounts of data needed, the robustness of the ML algorithms to work with often noisy and sparse data,
and the interpretability and generalizability of the ML-enabled models. The data from complex physical
systems of real-world applied interest are commonly quite expensive to obtain either numerically or
experimentally. As such, the datasets are typically rich only along a single dimension. For example,
high-fidelity simulations’ results typically feature high resolution in space but are sparse in time.
Contrarily, experimental data can cover long time durations but with low spatial resolution and often
high levels of noise. It is, thus, essential to develop and mature ML algorithms that can robustly and

reliably work with limited and noisy data. Interpretability and generalizability are also crucial for most
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scientific and engineering applications, especially in scenarios where decision making is involved based
on the model’s outcomes/predictions. Interpretability facilitates understanding the workings of a model,
and generalizability can significantly lower the cost of its development by expanding the range of
conditions and situations to which the single ML model is applicable. Toward addressing many of these
challenges, the incorporation of the known physics of a system in terms of, e.g., the conservations,
symmetries, and invariances, provides an important and viable pathway [97]. This is why the theme of
“physics-informed” [98] and, more broadly, “physics-consistent” [96] machine learning is being

rigorously researched today.

Second, ML applications in plasma physics are still nascent and have remained relatively limited in
scope. This is whereas the closely related, adjacent field to plasma physics — fluid mechanics — has
seen a major increase in ML-enabled applications for a wide variety of purposes in recent years. This
significant progress in ML-related applications within fluid mechanics together with the notable overlaps
in tools and practices that exist among these fields provide an excellent opportunity for the cross-
transfer of knowledge and capabilities in terms of ML algorithms and use cases to plasma physics. In
fact, the mapping of the already demonstrated promising applications of ML for fluid flows modelling to

plasmas comprises a main objective of Chapter 2.

Nevertheless, at this point, one may wonder what reason(s) might have led to the creation of the
present gap between the two adjacent fields of fluid mechanics and plasma physics in terms of ML
applications. Of course, different explanations can be provided for this status quo. However, a
fundamental root cause can be traced to the scarcity of large enough volumes of data from plasma
systems to support ML research for plasma physics. In this regard, according to the discussions
presented in sections 1.1.3 and 1.3, the complexities associated with the plasmas behavior, including
the greatly multiscale, multidimensional spatiotemporal characteristics of the involved dominant
phenomena, has made the generation of sufficiently varied, statistically representative, and high-quality
data a grand challenge in plasma physics. On the one hand, the high-fidelity numerical tools have been
largely computationally costly to simulate the real-world geometries of plasma devices over their large
relevant parameter spaces of operation. On the other hand, plasma experiments have been highly
complicated due to various challenges including accessibility and the cost of operation of the devices,

in addition to issues concerning the spatiotemporal resolution and sensitivity of the diagnostics.

As a result, whereas “big data” has become a reality in fluid mechanics over the past decade due to
extensive efforts and progress in high-performance computing and experimental measurement
capabilities [96][99], similar advances have just begun to manifest and influence the plasma physics
research, meaning that plasma physics is still away from the realm of “big data” so that ML can be
exploited in the field to its fullest potential. In any case, community-wide efforts and coordination initiated
within plasma physics communities in the past years to address the computational cost issue of high-
fidelity plasma simulations as well as to improve the employed diagnostics have been changing the
circumstances. This implies that ML research for plasma physics, toward which this thesis has made

pioneering steps, is today greatly timely and indeed essential for further advancements of the field.
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1.6. Problem statement: research motivations and objectives

According to the discussions presented within this Chapter, this thesis is motivated by the fact that,
even though the need for predictive plasma models is critically felt today in the academia as well as the
industry, such models are not available. Furthermore, conventional plasma simulation approaches are
incapable of realizing predictive models that are computationally efficient, robust, interpretable in form
and in predictions, and applicable to a broad range of scenarios and plasma conditions. Therefore, as
machine-learning techniques have transformed the world in previously unimaginable ways, toward both
how we live our lives every day, and how we study and analyze complex systems, it is warranted to

examine the promises and potentials of these algorithms in the plasma science domain.

Consequently, the overarching objectives of this PhD research have been to: (a) rigorously
investigate the pathways that ML/DD algorithms can open to realize predictive plasma models, including
how the advances in ML research in adjacent fields to plasma physics, such as fluid dynamics, can be
mapped to the field and inform the applications of ML/DD methods in the context of computational
plasma physics, (b) identify and demonstrate in detail select ML/DD methods and/or methodologies for

plasma state forecasting.

On the path to achieving the PhD’s overarching objectives, three general tasks were pursued in

series, with the second and the third tasks thus defined on the basis of the outcomes from task 1:

Task 1: a detailed, critical literature survey to establish a rigorous knowledge basis of and a well-
informed perspective on ML/DD techniques for the analysis and reduced-order modelling of physical

systems,

Task 2: assessment and stress-test analysis of the identified global data-driven approach, optimized
dynamic mode decomposition, toward dimensionality reduction and state forecasting of plasma

systems,

Task 3: development and detailed testing of a data-driven local dynamics discovery approach for
reduced-order modelling that surpasses the available techniques in terms of the ease of time
forecasting of the dynamics as governed by partial differential equations — in other words, obviating the
need for a-posteriori numerical solution of the discovered differential equation as is common among

local dynamic discovery algorithms.
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Chapter 2  State-of-the-art review on machine learning for

physical systems modelling

In this Chapter, the aim is to present a detailed survey of the landscape of machine learning
for the analysis and modelling of physical systems. Machine learning provides a vast array of
tools and architectures that enable transforming data from simulations and/or experiments
into useful and explainable science, hence, augmenting the domain knowledge. ML-
enabled/enhanced modelling can revamp scientific computing for real-world complex
engineering systems, yielding unique opportunities to examine in detail the operation of the

technologies as well as to automate their optimization and control.

In recent years, there has been a significant rise in ML applications across science domains.
Particularly relevant advances have occurred within fluid mechanics, with special attention to
how the ML techniques can enhance computational modelling of fluid flows. Contrarily, ML
applications within plasma physics research have remained relatively limited in extent.
Nevertheless, the closely related nature of the two fields of fluid mechanics and plasma
physics provides a great opportunity to establish a roadmap of how the advances in ML for
fluid flows modelling, in particular, can be cross-transferred to computational plasma physics.

This is the overall approach that will be pursued in this Chapter.

Accordingly, section 2.1 starts by discussing some general fundamental aspects of ML. An
overview is then presented of various ways by which the ML algorithms have been applied to
computational fluid dynamics. This will be done through a review of several insightful efforts
on this front. As a disclaimer, the ML algorithms and applications reviewed in this Chapter
shall not be construed as exhaustive. Rather, these serve as key highlights of the different

directions of research being currently pursued.

Considering that the overall focus of this thesis is on reduced-order plasma modelling,
sections 2.2 and 2.3 review the prominent ML approaches that can underpin the main
composing elements of ROM development, namely, dimensionality reduction/coordinate
transformation on the one hand, and dynamics discovery (system identification) on the other.
Finally, section 2.4 provides an overview of the applications that ML has recently found for

plasma systems modelling.
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2.1. General overview

The discussions begin here by reviewing some fundamentals of machine learning.

ML provides a powerful and versatile information processing framework [96], the primary aim of
which is to enable learning from data without the need for explicit programming and/or underlying
mathematical model. At the core of ML lies the concept of a “learning machine”. A learning machine is
an algorithm that iteratively learns patterns, structures, or relationships from data, allowing it to make
predictions, classifications, or decisions based on new, unseen data. Examples of learning machines
include neural networks, decision trees, support vector machines, and Bayesian networks. Cherkassky
and Mulier [100] in 2007 defined the learning problem itself as “the process of estimating associations

between inputs, outputs, and parameters of a system using a limited number of observations” [96].

ML algorithms can be categorized into three main types based on the nature of the learning process
and the extent to which external supervisory information is available to the learning machine: (1)
supervised learning, (2) unsupervised learning, and (3) semi-supervised learning. We will describe in
the following each of these learning categories and provide an overview of the most common algorithms

belonging to each.

(1) Supervised Learning: In supervised learning, corrective information are available to the
learning machine. Simply put, the algorithm is trained on a dataset consisting of input-output
pairs, where each input is associated with a corresponding output or label. The goal is to learn
a mapping or function that predicts the output for new, unseen inputs based on their comprising
features. The parameters of the learning machine are determined through the process of
minimizing a defined loss function, which is commonly in the form of an L2-norm error between
the model’'s prediction and the “ground-truth” input data. Common architectures for supervised
learning are:

i. Linear and generalized linear regression: Linear and generalized linear regression are
foundational techniques in statistics as well as machine learning, providing interpretable
models for understanding the relationship between variables and making predictions based
on the observed data.

Linear regression [101] is a widely used method for predicting a continuous output based on
one or more input features. It assumes a linear relationship between the predictors
(independent variables) and the target (dependent) variable. This method is particularly
effective when the relationship between variables is or can be approximated as linear.

Generalized linear regression [102] expands upon the linear regression by accommodating,
e.g., nonlinear relationships between variables. It encompasses a broader class of models,
where the target variable follows a distribution from the exponential family, for instance,
Gaussian, binomial, Poisson. It enables modelling relationships between variables that may
not be strictly linear. It can also handle various types of target variables, including binary

outcomes and continuous variables with non-constant variance. Generalized linear
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regression provides a flexible framework for modelling diverse datasets, hence, serving as
a versatile tool in data analysis and modelling.

ii. Support vector machines (SVM): SVMs [103] are versatile algorithms typically used for
classification and regression tasks. SVM finds the optimal hyperplane that separates
different classes or fits the data with a minimal margin of error. In the context of classification,
SVMs sit adjacent to another widely used algorithm, the random forests [104]. SVMs have
been one of the most successful supervisory data-mining algorithms in the last few decades
[101]. The emergence and rapid advances of deep neural networks (see Point iii below),
however, implies that when sufficient data is available, SVMs are superseded by the deep
neural nets.

iii. Neural networks: Neural networks (NNs) are computational architectures that are loosely
inspired by the biological networks of neurons in a human brain. They serve as powerful
nonlinear function approximators and are commonly used in supervised learning. They
consist of interconnected neurons organized in layers, where each neuron processes inputs
through an activation function to produce an output. The modular structure of neural
networks allows for flexibility in combining neurons into various architectures that are tailored
to different problem domains and data types. NNs are closely connected to the universal
approximation theorem by Hornik et al. [105], which states that any function can be
approximated by a sufficiently large and deep neural network. Deep neural networks
(DNNs), which consist of several “hidden” layers of neurons between the input layer and the
output layer, have shown remarkable capabilities, largely due to their ability for hierarchical
learning. This means that whereas the initial layers of a DNN recover the simple and basic
relationships in the data, deeper layers use a combination of the extracted information to
derive more abstract relationships. This is highly relevant for physical systems since many
such systems also exhibit hierarchical behavior, enabling NNs’ modularity to be effectively
exploited for tasks like nonlinear coordinate embedding and dimensionality reduction.
Feed-forward NNs are one of the most common architectures. Optimization methods,
facilitated by back-propagation [93], adjust network weights to minimize the error between
predictions and labeled training data. In a neural net, if the activation functions are comprised
by convolutional kernels, the network is called a convolutional neural network (CNNs) — a
powerful architecture renowned for image and pattern recognition tasks [106].

Recurrent neural networks (RNNs) are another type of NNs that are pivotal for the
processing of sequential information, such as the time-series data. They retain memory of
past inputs through recurrent connections, allowing them to capture temporal dependencies
inherent in sequential data. However, traditional RNNs face challenges with vanishing or
exploding gradients during training. The introduction of long short-term memory (LSTM)
algorithms [107] addresses these issues by incorporating memory cells and gating
mechanisms, enabling efficient transmission of long-term information. Extensions like multi-
dimensional LSTM networks (MD-LSTM) [108] further enhance their capability to handle

high-dimensional spatiotemporal data.
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In addition to RNNs, alternative architectures like echo-state networks [109] (belonging to
the broader category of “reservoir computing”) have also emerged as potent tools for
predicting dynamical systems.

(2) Unsupervised Learning: Here, the learning task is to extract patterns and structures from
unlabeled data without explicit supervision in order to discover hidden patterns, groupings, or
clusters within the data. The typical problem types encountered in unsupervised learning include
clustering and dimensionality reduction. Some common architecture are:

i. K-means clustering: This is the most common and widely used algorithm for clustering,
i.e., the task of dividing data into different groups based on similarity or distance metrics. K-
means clustering partitions the data into k clusters, resulting in the transformation of the data
space into several Voronoi cells [96].

ii. Proper orthogonal decomposition (POD): POD, also referred to as linear principal
component analysis (PCA), is dimensionality-reduction technique that projects high-
dimensional data onto a lower-dimensional subspace while preserving the maximum
variance in the data. POD/PCA algorithm has been playing a central role in reduced-order
modelling for decades. This is because POD enables deriving the dominant modes
underlying data from a system. We will discuss this algorithm in more details in section 2.2
and in Chapter 3, where we will present its application to data from a plasma system.

To link POD or the linear PCA to machine learning, we can imagine the algorithm as a
shallow neural net with linear activation functions.

iii. Autoencoders: These are NN architectures designed to learn efficient, compressed

representations of the input data by first encoding it into a lower-dimensional space (latent
space) and then decoding it back to the original input. Autoencoders are used for tasks such
as feature extraction and denoising. The autoencoder architecture is a nonlinear
generalization of the POD method, achieved by extending the number of layers and
incorporating nonlinear activation functions. A closely related architecture is variational
autoencoder [110], which can be considered as generative ML because it produces new
outputs from the reduced-dimension latent space representation of the input data.
The power of autoencoders to learn nonlinear manifold coordinates to represent the data
can enable achieving improved compression in the latent space [97]. As such, autoencoders
can play a crucial role in ROM development and, hence, we will have a closer look at these
architectures as well in section 2.2.

(3) Semi-supervised Learning: The algorithms belonging to semi-supervised learning learn under
partial supervision, meaning that either the amount of labeled data is limited, or the corrective
information are received directly from the learning environment. Generative adversarial
networks (GANs) [111] and Reinforcement Learning (RL) algorithms [112] are the main semi-
supervised learning algorithms.

i. Generative adversarial networks (GANs): GANs are learning algorithms designed to
produce generative models capable of generating data that closely resembles the

distribution of the training data. The essence of GANs lies in a dynamic interplay between
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two neural networks: the generative network and the discriminative network. In this setup,
the generative network generates candidate data samples, while the discriminative network
evaluates these samples to distinguish between real and synthetic data. The training
process resembles a zero-sum game [111], where the generative network aims to produce
data examples that deceive the discriminative network into misclassifying them as real data.
Conversely, the discriminative network tries to accurately differentiate between real and
generated data. Through this adversarial learning process inspired by game theory, the
networks iteratively refine their parameters to improve their performance.

The adversarial training paradigm inherent to GANs allows the networks to learn from each
other without the need for explicit supervision, leading to a so-called “self-supervised”
learning process. While this training approach adds to the interest and appeal of the GANSs,
there remains a challenge in ensuring convergence to an equilibrium point in the adversarial
game. Although larger datasets can enhance the training process, convergence is not
guaranteed [96]. This highlights the need for further research on GANs.

ii. Reinforcement Learning (RL): RL is a mathematical framework [112] designed for solving
complex problems through goal-directed interactions between an agent and its environment.
Unlike supervised learning, where the agent learns from labelled information, RL operates
in a semi-supervised manner, where the agent learns from its own experiences, guided by
infrequent and partial rewards. The primary objective of RL is not merely to uncover patterns
in actions or in the environment but to maximize long-term rewards. In RL, two fundamental
components are the agent’s policy and the value function. Agent’s policy defines the
mapping between states of the system and optimal actions. The value function assesses
the utility of reaching a particular state for maximizing long-term rewards.

RL poses significant computational challenges due to the large number of episodes required
to effectively account for the agent-environment interaction. Additionally, a core challenge
in RL is the long-term credit assignment problem, especially when rewards are sparse or
delayed over time [96]. This challenge involves inferring causal relations between individual
decisions and rewards from a long sequence of states and actions. Efforts to address these
issues include augmenting sparsely rewarded objectives with densely rewarded subgoals
[113], aiming to enhance the learning process and facilitate effective decision-making in

complex environments.

Following the introductory discussions above on the ML fundamentals and the main categories of
architecture, we next review the primary contexts for the application of ML to physical systems and, in

turn, look into the applications particularly related to systems’ modelling.

2.1.1. Primary areas of ML applications to physical systems

When applying ML algorithms to physical systems, we may intend to solve several types of problem.
One problem type can be the discovery of new physics and/or new physical correlations/relationships,

for which governing equations may not exist or that may be difficult to develop using first-principles.
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Model discovery, where the aim is to derive models describing the dynamics of a system under study,

is one of the ML applications that falls, at least partly, within this category.

Another problem type is resolving cost-efficiently physics that are expensive to capture. ROM and
surrogate model developments are prominent examples of ML applications in this category of problems.
ML can also be used to complement an existing system of equations for a physical system by finding
relations and/or models for the physics that are not captured, hence, reconciling the simulations and
the real-world behaviors. This application (problem type) is often referred to as “discrepancy modelling”
[114], where we may, e.g., aim to find “closure” terms for the system of equations or intend to augment

the system of equations by enabling it to capture multiphysics interactions.

Selection of the problem type that we intend to solve using ML consequently affects the data that
needs to be curated as well as the choice of the ML architecture from the general categories of
architecture reviewed above. Two aspects closely linked to ML architecture selection are the definition
of a loss function (for instance, an L2-norm error between the predictions and the ground-truth for
supervised learning) and the choice of an optimization algorithm. The optimization acts to minimize the

defined the loss function during the architecture’s training by adjusting the ML model parameters.

It is emphasized that, in the recently emerged framework of “physics-informed” ML [98], the primary
objective is to embed prior knowledge of physics into the learning machine so as to achieve higher
levels of generalizability, robustness, and interpretability. As were pointed out in section 1.5,
conservations, symmetries, and invariances constitute various ways by which physics can be
incorporated into ML. Another relevant consideration for physics embedding is the concept of model
“parsimony”, which is inspired by the observation that all generalizable and interpretable physics laws
we currently have (Newton’s second law or Maxwell’s equations, e.g.) feature as few terms as
necessary to describe the relevant phenomena. The incorporation of the physics into ML can be
manifested within the loss function definition and/or within the optimization algorithm. The former
embedding acts to “promote” physics because the physics-related loss term(s) would be competing
against other loss factors, for instance, the L2-norm error. Whereas, the latter physics embedding
approach serves to “enforce” physics in the learning process of the machine. Nevertheless, embedding

physics within the optimization procedure is usually effort-intensive.

When considering physical knowledge embedding within ML as part of the architecture’s loss
function, a well-known and prevalent family of ML algorithms are physics-informed neural networks
(PINNSs) [96][115][116]. Pioneered by Raissi et al. [115], PINNs offer an elegant approach to solving
partial differential equations (PDEs) by incorporating the satisfaction of the underlying physics of the
problem directly into the loss function of a neural network. This method leverages deep learning
principles to tackle complex PDEs, utilizing automatic differentiation within the back-propagation
algorithm to compute partial derivatives and formulate the equations to be enforced through the loss
function. PINNs have been used for a wide variety of applications, including turbulence modeling [117],
developing ROMs [118], and accelerating traditional solvers [119]. PINNs have shown notable
capability in handling noisy data [120], enabling robust predictions in scenarios where data uncertainty

is present. One notable challenge with PINNs is their underlying assumption that the system of

Imperial College London, Department of Aeronautics




DOCTORAL THESIS — FARBOD FARAJI

equations describing a system’s evolution is fully known so that satisfying the equations can be included
within the loss function of the architecture [121]. Despite this, PINNs can be effective for discrepancy
(closure) modelling in case the problem can be formulated as an inverse problem or system
identification, which PINNs can handle [121].

2.1.2. Select examples of ML applications to computational modelling

When it comes to the integration of ML into computational modelling, we can distinguish three
promising pathways, along each of which interesting and insightful efforts have been carried out over
the past years: (1) accelerating high-fidelity, computationally heavy simulations, (2) closure model
development (more broadly, discrepancy modelling), and (3) reduced-order modelling. We briefly
discuss each of these pathways here and review some of the most relevant prior research from fluid
mechanics, aiming to paint an overall picture of the opportunities for cross-disciplinary transfer of ideas

and advances into computational plasma physics.
2.1.2.1. Accelerating high-fidelity simulations

Starting with the acceleration of high-fidelity simulations, several efforts in fluid dynamics have
focused on improving the cost-efficiency of direct numerical simulations (DNS). DNS is the highest
fidelity modelling approach in computational fluid dynamics (CFD), which aims to solve the Navier-
Stokes system of equations for the fluid flow across all relevant spatiotemporal scales, from the smallest
turbulence scale to the largest and, hence, requires very fine-resolution grids. The computational cost
of a DNS simulation roughly scales with the third power of the Reynolds number [122] and, thus, the
method is computationally burdensome even for moderate values of Reynolds number. Accordingly,
researchers have aimed to accelerate these simulations using ML along two main paths: (i) improving

the discretization schemes, and (ii) developing correlations to link fine- and coarse-grid simulations.

Before looking at some examples of prior work along each path, it is important to underline one point.
For plasmas, it is often difficult for a fluid system of equations to properly describe the behaviors and
the dynamics. In many applications, plasmas are in thermodynamic nonequilibrium, exhibit strong
anisotropies, and their global response is majorly affected by the underlying instabilities and/or
turbulence. As a result, with some exceptions such as the case of ideal magnetohydrodynamics (MHD)
[123], a system of equations for plasmas that may (partly) resemble Navier-Stokes will not be able to
generally describe a wide range of plasma conditions. In fact, plasma fluid systems of equations for
most practical applications and scenarios lack closure models to represent the missing kinetic effects
(moment closures) and the nonclassical effects, such as the influence of instabilities (transport

closures).

In any case, methods to accelerate DNS using ML may still be applied in plasma physics modelling
from different perspectives. In particular, MHD simulations, where applicable, and other high-fidelity
grid-based models, such as direct-kinetic simulations that aim to solve the Vlasov-Maxwell equations
in an Eulerian manner [124], can benefit from ML-enhanced discretization schemes as well as ML-

enabled correlations to map the results of a low-resolution simulation to a high-resolution one.

Imperial College London, Department of Aeronautics




DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

With the above remarks in mind, some notable examples of accelerating high-fidelity simulations
using ML approaches in fluid dynamics are now reviewed. In this regard, toward improving the
discretization schemes, the method of “stencil learning” was pursued by authors such as Bar-Sinai et
al. [125] and Zhuang et al. [126], who used deep learning to estimate the spatial derivatives such that
the learned numerical discretization retains high accuracy even with low-resolution computation grids.
Stevens and Colonius [127][128] and Jeon et al. [129] worked to enhance the accuracy of the classic
finite-difference and finite-volume schemes using ML and deep learning. In particular, Stevens and
Colonius proposed the FiniteNet [128] — an architecture based on Convolutional and LSTM neural

networks — to improve solving time-dependent PDEs.

Toward developing correlations to link fine- and coarse-grid simulations, a prominent work has been
carried out by Kochkov et al. [130], who pursued the ideas of super-resolution from image processing
to derive a deep-learning-based correction that enables resolving detailed features of a turbulent flow
evolution with a coarse-grid simulation (Fig. 2.1). Their method enabled capturing the results of a high-
resolution reference simulation with mesh resolutions that were 8-10 times coarser along each
dimension [130]. A similar work has been performed by Fukami et al. [131], who employed CNNs to
reconstruct high-resolution turbulent flow fields from highly under-resolved field data. In addition, there
have been other efforts to improve the performance of PDE solvers on coarse grids, e.g., by Li et al.
[132].
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Fig. 2.1 Sample figure from the work of Kochkov et al. [130] (super-resolution acceleration of numerical
simulations). The plot shows the time evolution of the vorticity field from simulations with a fine (top row) and
a coarse grid (bottom row) as well as a coarse-grid simulation enhanced with ML (middle row). The vorticity

field evolution is shown at four different time instants, and some key vortical structures in the flow are specified

by yellow square boxes. Reproduced from Ref. [130], available under CC-BY NC-ND license.

It is noteworthy at this point that, although traditional kinetic PIC simulations for plasma physics do

not provide any evident pathway to use the super-resolution ideas — due to the stringent requirements
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on their spatiotemporal resolutions — the reduced-order PIC [81][82] (section 1.4) can greatly benefit
from super-resolution ML enhancements in order to further augment the cost-efficiency of the approach.
In fact, as the computation grid associated with the reduced-order PIC comprises “regions” that can
amount to a coarse mesh, super-resolution ideas, such as those reviewed above from fluid dynamics,
may be used to account for the details of the physics that might be lost due to the order-reduction

treatment. Further discussions on the prospects of this approach are provided in Ref. [83].

Before moving on, it is pointed out that ML has been employed as well to solve Poisson-like
equations, which are encountered in fluid dynamics, and are evidently of high relevance in plasma
physics. For example, Tang et al. [133] have assessed developing deep-learning-based Poisson
solvers, and Ajuria et al. [134] have applied deep learning to solve the Poisson-type corrector step in

the incompressible flow simulations.
2.1.2.2. Discrepancy modelling and closure model development

Discrepancy modelling involves addressing errors and inaccuracies in traditional (first-principles)
physics-based models used for simulations and predictions. These errors can, in part, arise from
missing physics, which, in turn, can significantly affect the predictions of complex physical systems
using the models. ML techniques have, thus, been developed to learn models for these discrepancies.
For example, Levine and Stuart [135] recently proposed leveraging recurrent neural networks (RNNs)
to model hybrid problems in non-Markovian settings, demonstrating the potential of ML in capturing

missing physics and, hence, improving dynamical models.
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Fig. 2.2 Schematic diagram of discrepancy modeling as an alternative path to inform ML-based dynamics
discovery with known physics so as to facilitate learning unknown physics and effects that may be difficult to
model via first-principles methods.

By augmenting known first-principles models with discrepancy models learned from data, it is
possible to improve the accuracy and reliability of dynamical models (refer to Fig. 2.2 and the description
in the figure’s caption). Historically, early models of systems were often coarse approximations of the
underlying physics, leading to discrepancies between the model and reality. While computational

advancements have enabled more detailed simulations (models), model-measurement mismatch has
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remained a challenge across various fields. This challenge has been especially pressing for plasma
systems due to the complexities of the physics in realistic settings, on the one hand, and the

computational burden and/or incompleteness of the plasma simulation tools and models, on the other.

In modern applications, discrepancy modelling has become increasingly relevant, especially for use
cases such as digital twins, where precision is crucial. As we will return to in section 7.2.3, predictive
and scalable digital twin technologies will rely on computational models. However, if derived from first-
principle physics solely, these underpinning models will at least in plasma physics fail to accurately
match reality. This is where discrepancy modelling becomes crucial because it enables improving the

models in order to ensure that they align increasingly better with real-world observations.

ML techniques, such as neural networks, have emerged as powerful tools for learning the
discrepancy models directly from data, providing a data-driven framework to address model
inaccuracies and enhance predictive capabilities. In this respect, whereas Levine and Stuart [135]
derived discrepancy models using NNs in a dynamical representation, e.g., in the form of differential
equations, Ebers et al. [114] considered a broader class of ML/data-driven techniques and also explored
learning a discrepancy model in the state space. Their work demonstrated the versatility and potential

of different DD approaches in capturing and modelling discrepancies in physical systems [114].

Developing closure models for the system of governing equations can be considered as a
subcategory of discrepancy modeling. Data-driven closure finding represents significant opportunities
for plasma systems. This is particularly because the closure problem is an active subject of research in
computational plasma physics, and that several approaches pursued so far [23][25][26][70][71][136]
have not yet succeeded in achieving generalizable and self-consistent closure models for the plasma
fluid equations. This is whereas plasma fluid descriptions are of interest due to their higher

computationally affordability compared to kinetic simulation approaches, such as PIC.

In the most general terms, the closure problem in plasma physics refers to two aspects: first, models
that can represent higher-order moments of the particles’ distribution function (capturing deviations from
an isotropic, Maxwellian distribution function [67][137]) in terms of the lower-order moments (density,
mean velocity, and pressure tensor); this is referred to as “moment closure”. The second aspect of the
closure problem is to develop models that resolve the nonclassical effects of plasma phenomena, such
as instabilities and turbulence, on the momentum and energy transport of plasma particles; this aspect

of closure can be called “transport closure”.

In fluid mechanics, when the Navier-Stokes equations are valid (continuum fluids in thermal
equilibrium), the closure problem is often synonymous to finding a turbulence model that obviates the
need for highly fine-resolution DNS simulations. In this respect, turbulence models for the Reynolds-
averaged Navier-Stokes (RANS) equations try to correlate the so-called “Reynolds stress tensors” to
the mean flow properties. Turbulence closure models for the Large Eddy Simulations (LES) aim to
resolve the effects of the flow turbulence that cannot be captured because they fall below the grid
resolution. In any case, moment closure problem can also arise in fluid mechanics, for instance, in case
of the rarified and/or non-equilibrium gases, for which the Navier-Stokes equations can become less
valid [138].
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Accordingly, despite certain differences in what constitutes a closure problem in fluids vs plasmas
modelling, the ML applications toward closure finding in fluid dynamics can still be relevant and
beneficial in plasma physics domain. In this regard, two specific examples of prior work in fluid
mechanics are reviewed. A more detailed, excellent review of ML for closure modelling of fluids is

provided by Duraisamy et al. in Ref. [139].

The first example showcases how the incorporation of partial knowledge of the physics improves
the accuracy and performance of the ML-derived closure models. Ling et al. [140] developed a deep
neural network architecture that featured a multiplicative layer with an invariant tensor basis in
conjunction with the last hidden layer of the network before a merged output layer [140]. The inclusion
of this multiplicative layer enforced the closure model learned for the Reynolds stress tensor to respect
Galilean invariance, meaning the model was valid in any inertial frame of reference. By embedding this
physics into the network, the authors showed an improved performance of their RANS closure model,
better than any traditional model, even for the cases that are challenging to predict with the RANS
models [140].

As for the second example, Novati et al. [141] followed an agent-based approach (Reinforcement
Learning) to estimate and determine more accurately the free parameter (coefficient) of a subgrid scale
(SGS) model in a coarse-grid LES simulation. Several RL agents were deployed at various fixed grid
locations within the simulation domain. These agents computed the values of the SGS model’s
coefficient at their grid locations over time and learned under the influence of a policy and a reward.
The policy depended on the state of the agents that incorporated both local and global variables [141].
The reward, which was also dependent on the local and global variables, was received based on the
accuracy of the simulation [141]. The RL-based approach pursued by Novati et al. [141] exhibited good
generalization characteristics across different grid sizes and flow conditions. The outcomes from this
work open interesting prospects for closure finding and subgrid modelling, as appropriate, in plasma

simulations’ context.
2.1.2.3. Reduced-order modelling

Reduced-order modelling is a powerful technique, which is used to simplify the descriptions of
complex systems by representing their essential dynamics in a lower-dimensional space, typically by
focusing on dominant coherent structures underlying the system’s evolution. The ROMs are intended
to provide the best trade-off between accuracy and computational cost (refer to Fig. 2.3 and the
descriptions in the caption). As these models are faster alternatives to high-fidelity, more expensive
simulations, they can enable rapid predictions for tasks such as optimization and control. Traditionally,
the great computational efficiency of ROMs has come at the cost of the models having limited range of
applicability. However, enhancing the generalizability of ROMs with ML is currently an active area of
research, toward which embedding prior and/or partial knowledge of the physics is believed to play a
critical role [97]. Interpretability (through the principle of parsimony, in particular), reduced data
demands, and physics consistency comprise additional targets to achieve with ML-enabled “physics-

informed/inspired” ROMs.

Imperial College London, Department of Aeronautics




DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

Generally speaking, ROM development consists of two main steps: first, finding a suitable reduced
coordinate system (set of dominant modes) and, second, discovering a dynamical system model (a set
of ordinary differential equations (ODEs) for instance) in the identified reduced coordinates. For
example, from high-fidelity, high-dimensional simulation data, a dimensionality-reduction technique,
such as POD, can extract the dominant modes (structures) underlying the data. Then, a dynamics
model can be constructed that describes how the amplitudes of these dominant modes evolve over
time. Such a model is reduced order because instead of needing to resolve a large number of degrees

of freedom, it now just resolves the time evolution of the amplitudes of a few spatial coherent structures.
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Fig. 2.3 Graph of the computational cost vs accuracy for various possible plasma physics models. The kinetic
simulations represent full order models (FOMs), whereas fluid models and ML/DD models are reduced-order
models (ROMs). Incorporation of “physics-inspired” constraints [in particular, low-dimensionality and sparsity

(parsimony, subsection 2.3.1)] into learning can promote accuracy (and generalizability) while maintaining

computational cost at the level of ML/DD models purely based on data.

In the case of plasmas, the view toward reduced-order modelling shall be rather more nuanced
compared to the descriptions above. Plasmas generally evolve within a 6-dimensional phase space and
over time. As a result, if one succeeds in establishing a closed 3D system of partial differential equations
for a given plasma system, such system of PDEs can still be interpreted as a ROM. As a result, we can
argue that deriving a dynamical system model directly from the high-fidelity data in the high-dimensional
space in order to construct a set of governing PDEs amounts to reduced-order modelling as well for
plasmas. Nonetheless, a 3D system of PDEs would still correspond to a significant computational cost
(Fig. 2.3), preventing the model’s applicability to design optimization and control tasks, e.g. Therefore,
deriving predictive ODE-like ROMs for plasmas is warranted and in fact necessary for most practical

applications.

It is emphasized as well that there are classical approaches for reduced-order modelling, too. As
was also mentioned in section 1.5, one widely employed approach in ROM is the POD-Galerkin method.
POD learns a low-dimensional coordinate system from data, enabling the representation of the

dominant structures. A dynamical system is obtained within the POD-identified reduced subspace via
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performing a Galerkin projection of the governing equations (the Navier-Stokes equations for fluids
e.g.), onto these modes. While the POD step is data-driven, Galerkin projection requires a functional
numerical implementation of the governing equations [97]. Additionally, it often necessitates custom
modifications to the numerical solver, making it rather intrusive [97]. The advancements in ML and data-
driven techniques allow us to expand the capabilities of the classical ROM development methodologies.
Indeed, in the two subsequent sections, we will see how ML can aid each of the two main constituting
elements of reduced-order modelling, namely, dimensionality reduction (coordinate transformation) and

dynamics discovery (system identification).

2.2. ML for dimensionality reduction and coordinate transformation

Enhancing the coordinate system used to represent the reduced dynamics serves as a major
opportunity for integrating ML into ROM development. In fact, POD [142] and the underpinning concept
of Singular Value Decomposition (SVD) provide an orthogonal set of modes, comprising a linear
subspace for approximating data. However, many physical systems evolve on nonlinear manifolds. ML
and deep learning, thus, present a potent method for generalizing dimensionality reduction from

learning linear subspaces as with POD/PCA/SVD to learning coordinates on curved manifolds.

Fig. 2.4 Schematic representation of an autoencoder network. The encoder (¢ (x)) reduces the dimensionality
of the data (x;, € R™), finding the latent space variables ({;) belonging to a reduced subspace R?, with
typically p & n. The decoder ((¢)) maps the latent variables of the autoencoder back to the high-dimensional
R" space. The network is trained by minimizing the loss between the input data to the encoder (x;) and the
output data of the decoder (xy).

In particular, autoencoder networks [97] open viable pathways to learn nonlinear data embeddings.
Fig. 2.4 shows a schematic representation of an autoencoder with multiple hidden layer (7 in this case).
The hidden layers of an autoencoder can include fully connected layers with nonlinear activation

functions, convolutional layers, etc.

As is shown in Fig. 2.4, autoencoders feature an input and output layer that matches in size the

high-dimensional system state and a bottleneck hidden layer that reduces the state to a low-dimensional
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space, consisting of one or more latent variables ({). The encoder part (¢) of the network maps the
high-dimensional state (x,, k being a time instant for time-series data, e.g.) to the latent space.
Autoencoders belong to the unsupervised learning category. As a result, even though it is the latent
space representation at the bottleneck of the autoencoder that we are interested in, the decoder part
that reconstructs an estimate of the high-dimensional state (k,) from the latent space is crucial for the
unsupervised training of the network. A common loss function for the autoencoder architectures is the

L2-norm error between the decoder’s state reconstruction and the original input state.

A shallow autoencoder with single-layer encoder and decoder as well as linear identity activation
functions is closely related to SVD/POD. However, the modular nature of the autoencoders, similar to
any neural net, enables expanding the number of layers as well as employing nonlinear activation
functions. Hence, the network can learn nonlinear manifold coordinates, potentially improving

compression in the latent space.

The use of autoencoders have gathered significant attention from across sciences, including in fluid
mechanics [143][144]. Lee and Carlberg [145] demonstrated the effectiveness of deep convolutional
autoencoders in enhancing classical ROM techniques based on linear subspaces [146]. Additionally,
promising data-driven methods for constructing ROMs on spectral submanifolds (SSMs) have been

proposed [147].

Clustering and classification are not directly related to dimensionality reduction but are used in
innovative ways to aid reduced-order modelling. Classification algorithms, such as the K-nearest
neighbors (KNN), can enable detecting and categorizing various dynamical regimes and/or operating
conditions of a system. As a result, a potential application may be building a library of ROMs from which
a specific relevant ROM compatible with the dynamics regime of the system as represented by the data

and distinguished by the classifier would be chosen and used for prediction and/or control.

With regards to clustering, the k-means algorithm has proven effective in various fluid dynamics
applications in particular. K-means were employed by Kaiser et al. to develop a data-driven
discretization of the high-dimensional phase space for the mixing layer of a fluid flow [148]. Their
approach yielded a low-dimensional representation (a small number of clusters). This facilitated the
creation of tractable Markov transition models for the flow evolution from one state to another over time.
Amsallem et al. [149] used k-means clustering to partition the phase space into distinct regions. Within
these regions, local reduced-order bases were constructed, leading to enhanced stability and

robustness against parameter variations.

The above utilizations of k-means clustering highlight the potential applicability areas of clustering

in general for reduced-order modelling and analysis.

2.3. Data-driven discovery of the dynamics

There are many ML architectures and data-driven algorithms that can be used to learn from data
how the state of a certain system evolves over time, i.e., to construct a model for the system’s dynamics.

Many, if not all, of these architectures and methods can be combined with dimensionality-reduction
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techniques, such as POD and autoencoders, to discover the dynamics in a suitably identified reduced
coordinate system (subspace of underlying modes/structures), hence, yielding computationally efficient

reduced-order models.

In this section, a high-level overview of various categories and examples of linear and nonlinear
dynamics discovery algorithms is first provided, followed by a closer look at some of the promising and

interesting methods and architectures in subsection 2.3.1.

Development of linear-dynamics models or linear representations of the nonlinear dynamics are of
particular appeal in science and engineering because linear systems offer analytical tractability and
there are a wide range of established techniques for their evaluation and analysis. Two well-known
data-driven approaches that aim to construct linear time-dynamics models/representations for physical
systems are the dynamic mode decomposition (DMD) [150][151] and the more general, closely related

framework of Koopman analysis [152].

Various neural network architectures enable effectively capturing nonlinear dynamics. Some notable
examples include the LSTM [153] and echo-state networks [109] along with GANs [111]. Among these,
the applications of GANs have been limited but promising enough to warrant further exploration [154]-
[156]. Alternative regression techniques exist as well to derive nonlinear dynamical system models.
Cluster Reduced-Order Modeling (CROM) [148] has been demonstrated as a straightforward yet robust
unsupervised learning method. The CROM approach decomposes time-series data into a few number
of representative clusters and then yields models for the transition-state probability between these
clusters. Another approach is the operator-inference method [157], which resembles Galerkin projection
and aims to learn neighboring operators from data. Sparse Identification of Nonlinear Dynamics (SINDy)
[158] learns a parsimonious model by fitting the observed dynamics from data to the fewest terms in a

library of candidate functions.
2.3.1. Closer review of several dynamics discovery methods

A. Dynamic mode decomposition: DMD is a data-driven technique that was introduced by
Schmid [150] in fluid dynamics to decompose a flow field into series of coherent spatiotemporal
modes with exponential time dynamics. Due to its simplicity of implementation and
interpretability, the DMD method has gained remarkable popularity and has been used in various
applications, particularly in the field of fluid dynamics [152][159]-[163].

Several variants of the DMD method have emerged over the years as well, including multi-
resolution DMD (mrDMD) [164], high-order DMD (HODMD) [165], and parametric DMD [166].
The recent developments of the optimized DMD (OPT-DMD) [167] and the bagging optimized
DMD (BOP-DMD) [168] algorithms have significantly changed the potential of DMD to perform
critical modeling tasks due to the robustness of these new algorithms to noise. Importantly, OPT-
DMD can be used to constrain best-fit linear models to be stable by construction.
Physics-informed DMD (Pi-DMD) [169] aims to constrain the DMD’s linear regression of the data
by imposing known physics of the problem such as the existing symmetries. The constrained

regression underpinning Pi-DMD limit the search space of the optimization to the subspaces (or
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the manifolds) that respect the symmetry of interest. This has been shown in Ref. [169] to yield
significant performance improvements over the basic, unconstrained DMD implementations.
The DMD method presents major promises for plasma physics applications, in particular with
regards to the extraction of spatiotemporal coherent structures (instability modes, e.g.) as well
as for reduced-order modelling. As a result, in Chapter 3 and Chapter 4, we focus on
demonstrating these promises in several test cases that represent different plasma
configurations and involved dynamics.

B. Koopman analysis/transformation: Many dynamical systems of applied interest exhibit

nonlinear and/or transient dynamics. The Koopman analysis framework, based on the Koopman
theory [170], aims to find a coordinate transformation (embedding) in which the nonlinear
dynamics can be linearly represented.
The Koopman operator, a central concept in this framework, involves defining an infinite-
dimensional operator that acts on observables (functions) of the state vector from a finite-
dimensional nonlinear dynamical system. By applying this operator to suitable observables, the
dynamics can be described linearly in the observables space. The Koopman operator lifts the
dynamics from a finite-dimensional state space to an infinite-dimensional function space, where
the evolution of the original system becomes linear. Despite being an abstraction, the Koopman
theory suggests that such a mapping exists, although identifying the appropriate observables to
achieve this linear representation is nontrivial and a subject of ongoing research. In this regard,
several researchers, e.g. in Refs. [171]-[174], have attempted using deep-learning architectures
and autoencoders, like the one illustrated schematically in Fig. 2.5, to identify nonlinear
observables and/or coordinate embeddings that may realize Koopman linear representation of
nonlinear dynamics.
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Fig. 2.5 A schematic representation of deep Koopman networks for the simultaneous discovery of the

linear embedding of nonlinear dynamics (Koopman transformation) and the associated time-stepping
operator K.
The DMD method is closely related to the Koopman analysis framework, and efforts have been
made to extend DMD with nonlinear observables [175][176] in order to find an approximation for

the Koopman operator.
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The Koopman analysis and the related DMD implementations serve as powerful tools for ROM
development of nonlinear systems and, thus, these ideas are further described in subsection
3.2.1.1 along with presenting some results for plasma systems in Chapter 4 and Chapter 5.

C. Parsimonious (sparse) nonlinear models: ML/DD techniques are increasingly utilized to
develop parsimonious nonlinear models that strike a balance between predictive accuracy and
model complexity. This is meant to mitigate overfitting while ensuring interpretability and
generalizability of the derived model.

One approach to parsimonious ROM development is “symbolic regression” based on genetic
programming [177]. Genetic programming within symbolic regression works by generating
random populations of mathematical expressions, which are then evolved over successive
generations through processes such as mutation, recombination, and selection to optimize a
specified fitness criterion (“survival of the fittest”). Schmidt and Lipson in 2009 demonstrated
genetic programming for the discovery of conservation laws and governing equations [178].
Another approach involves sparse regression, with one of most prominent examples being the
SINDy algorithm. SINDy has been employed to identify various dynamical systems [158] as well
as partial differential equations [179][180]. Particularly relevant to the paradigm of physics-
informed/constrained ML, Loiseau and Brunton in 2018 identified sparse ROMs for various flow
systems while enforcing energy conservation as a constraint [181].

Both symbolic regression and sparse model identification methods like SINDy utilize Pareto
analysis to identify models that offer the optimal trade-off between the predictive accuracy and
model complexity as quantified by the number of included terms. Remarkably, in scenarios
where the underlying physics is known, these approaches often uncover the correct governing
equations, leading to superior generalizability compared to other prominent machine learning
algorithms [96].

Nevertheless, contrary to the computationally expensive symbolic regression, SINDy offers a
more cost-effective alternative via sparse regression on a predefined library of candidate terms,
which can potentially describe a system’s dynamics [158]. Thus, some more words are spent in
the following to further describe SINDy.

The SINDy algorithm uses time series data to extract dynamical system models best describing
the data. As was pointed out above, this is done by performing a sparse regression on a library
(®) of candidate linear and non-linear terms such that the resulting dynamical system model
best approximates the time derivatives (X ) of a system’s state variables (X). The sparse
regression finds the coefficient values of the minimum number of “active” terms in matrix ©. The
terms in matrix ©® can include arbitrary functional forms of the state variables, such as
polynomials, spatial derivatives, and/or any combination of these. The derivatives are computed
from the data following standard discretization approaches like finite differencing or equivalent.
The derived dynamical systems from SINDy can take the form of PDEs as well as ODEs. In the
latter case, SINDy is coupled to an autoencoder (see Fig. 2.6). The autoencoder finds the latent
space of the data, and SINDy then learns an ODE in that space which best describes the time

evolution of identified dominant underlying modes [coefficient values (a;s) in Fig. 2.6] [182].
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Fig. 2.6 Schematic visualization of the SINDy algorithm as the dynamics discovery method in the
latent space of an autoencoder.

Multiple variants of SINDy have been developed since the algorithm’s introduction in 2016 [183]-
[188], and the approach is used across science and engineering applications (e.g., in Refs.
[189]-[191]). Recently, SINDy has been combined with Bayesian autoencoders in order to
augment the simultaneous discovery of the latent space and the dynamics with uncertainty
quantification [192].
Shallow Recurrent Decoder (SHRED): SHRED is an ML framework introduced in 2023
[193][194] that optimally combines the power of the LSTM networks for dynamics discovery
(time-series learning) with the reconstructive advantages of the decoders.
The aim of SHRED is to establish a mapping between the time history of sparse, minimal sensor
measurements (at three randomly placed spatial points) and the high-dimensional
spatiotemporal data [194]. To this end, the LTSM learns the time dynamics from the sensors’
trajectory information (time-history measurements), whereas the decoder learns the spatial
mapping between the latent output space of the LSTM and the high-dimensional state space of
the data. In practice, the latent outputs of the LSTM are mapped to a compressive representation
of the high-dimensional data as encapsulated within the rank-r truncated matrix of right singular
values (V) from singular value decomposition (SVD) of the data (X = UZV*), where the
superscript * denotes conjugate transpose (refer to section 3.1 for more information). This
mapping to compressive (truncated) representation improves the computational efficiency and
overall performance of the SHRED architecture.
The extracted latent space representation from the LSTM network is agnostic to sensor
placement, which is a great advantage of SHRED over other state-of-the-art methods with
similar purposes [194]. Moreover, the fully connected nonlinear decoder architecture is by
construction noise-robust, hence, drastically improving the quality of reconstruction over linear
methods, such as POD.
Fig. 2.7 shows a schematic diagram of the SHRED architecture, illustrating how it can
reconstruct full spatial maps of various plasma properties from the time history of local probe

measurements of a single property — in this case the electron number density (n,). Local density
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probes collect measurements at three spatial points, which are then processed through an LSTM
network. The latent outputs of the LSTM are passed to decoder networks, with each decoder
mapping the LSTM’s latent variables to the ¥V matrix of the SVD of the data corresponding to a
specific plasma property. The reconstructed V matrix for each property is projected to the high-

dimensional space using the precomputed SVD modes of that property.
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Fig. 2.7 Schematic visualization of the SHRED architecture as applied to data from the simulation of a
2D plasma discharge representative of a radial-azimuthal cross-section of a Hall thruster [48][195].
Reconstruction of full spatial maps of all plasma properties from the time history of local probe

measurements of a single property.

The SHRED approach can be thought of as the nonlinear ML generalization of the classical
method of separation of variables for solving linear PDEs [195]. In this respect, the incorporation
of the time-history measurements from the sensors at specific spatial locations into the learning
process (system identification problem) serves to make the solution unique, in much the same
way that the general form of the solution to a linear PDE from separation of variables is anchored
by imposing the initial conditions (local values at all spatial locations at one time instant).

SHRED has been successfully applied for dynamic discovery in a wide range of problems
[193][194]. In particular, the authors in Ref. [193] have demonstrated that SHRED can use
extremely limited sensor trajectories to provide an “on-the-fly” compressive representation of the
dynamics as well as to provide predictions of systems’ full state based on the sensor

measurements.
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2.4. Prior applications of ML/DD techniques in plasma modelling

The interest in ML/DD applications for plasma modelling and simulation has surged over the past
years. This rise in community attention has been accompanied by the emergence of a range of research
efforts. These can be mainly categorized into enhancing/accelerating plasma simulations, on one side,

and system identification (dynamics discovery) and reduced-order modelling, on the other side.

In this last section of Chapter 2, we aim to provide a demonstrative overview of some of the main
prior efforts on the above two fronts. The overview presented here is not meant to be exhaustive.
Rather, it aims at painting a picture of the landscape of applications that ML/DD techniques have already
found in computational plasma physics. Detailed reviews have been recently published in the literature
on data-driven plasma science [196] as well as on ML promises for modelling and analysis of low-
temperature plasmas [197]. Additionally, in Ref. [198], the authors have provided an in-depth description
of the ML fundamentals for plasma applications, particularly for LTPs, and have discussed some
specific use cases of ML to study LTP systems. All these publications, and the references therein, can

be referred to for a more extensive reading.

We start by looking at several examples of prior research where the authors have investigated ML
enhancement and/or acceleration of high-fidelity PIC simulations. In this context, machine learning and
data-driven techniques have often been employed to substitute a specific, computationally intensive
module of PIC codes, e.g., the Poisson solver [199]. Aguilar and Markidis [200] employed deep learning
(in the form of a fully connected neural network and a CNN architecture) to enhance a PIC simulation
by learning a mapping between the electric field and the phase-space information of the particles. They
assessed their DL-PIC algorithm against the two-stream instability test case, observing that the code
provides good predictions in this case [200]. However, they reported that their DL-PIC does not
conserve momentum and energy, requiring explicit enforcing of these in the DL field solver as the next
step [200]. Kube et al. [201] proposed the use of neural networks to accelerate implicit, energy-
conserving PIC algorithms (e.g., see Ref. [77]) by reducing the number of GMRES (generalized minimal
residual) iterations required to advance the PIC solution in time. Nicolini et al. [202] and later Nayak et
al. [203] aimed at accelerating the field-solve step of the PIC simulations by substituting the high-
dimensional field solver with reduced-order models for the electromagnetic fields. Nicolini et al. used
POD for this purpose [202], whereas Nayak et al. employed the DMD method [203]. Despite promising
results, the generalizability of the derived ROMs for electromagnetic fields in extrapolation, whether in
time or in parameter space of a plasma system, was highlighted as a challenge that needs to be
addressed [202]. In Ref. [204], Nayak et al. used the DMD method with a sliding window to identify the
system state transition from transient to equilibrium, allowing the identification of the limit cycle, and
hence predicting the electric field evolution and the resulting plasma particles dynamics. The authors
discussed the implications of this approach for accelerating PIC simulations [204]. Badiali et al. [205]
proposed the application of ML-based models to speed up the multiphysics modules of a PIC simulation,

such as the collisions operator.
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In a separate context to the above efforts but still with the aim of accelerating plasma simulations,
Zhong et al. used PINNs in Ref. [206] to solve stationary and time-dependent PDEs governing thermal

plasmas, particularly 1D arc discharges.

We now shift our attention to some examples of ML/DD applications for reduced-order modelling,
dynamics discovery, and closure model development for plasmas. Dynamic mode decomposition has
been used by several researchers toward reduced-order plasma modelling. Sasaki et al. [207] applied
DMD to the simulation data of the Kelvin-Helmholtz instability [208] in order to extract the underlying
dominant plasma structures and develop models for the time evolution of these structures (modes). The
time dynamics of the DMD modes was calculated using an approach based on “convolution-type
correlation integrals” [207]. The authors observed that the derived time dynamics reflects the essential
physical behaviors much better that what can be achieved with Fourier analysis [207]. Taylor et al. [209]
and Kaptanoglu et al. [210] applied the DMD method to the experimental and simulation data from the
HIT-SI fusion experiment. Both studies provided interpretable insights into the dominant patterns
underlying the data. Taylor et al. recovered the three dominant modes of the HIT-SI plasma using DMD
[209]. The application of DMD by Kaptanoglu et al. [210] enabled uncovering several coherent magnetic
modes from the data, which subsequently allowed a previously unrecognized three-dimensional
structure in the simulations to be discovered. Maddaloni et al. [211] used DMD to analyze the dynamics
of the global discharge oscillations in a Hall thruster plasma using the data from a hybrid fluid/PIC
simulation. Kohne et al. [212] employed a data-driven clustering method — the self-organizing maps —
to analyze the data from the full kinetic simulations of the plasmoid instability [213], observing that the
identified clusters reflect the existing knowledge concerning the characteristics of this instability mode.
Even though clustering is not a ROM development method per se, the authors in Ref. [212] pointed out
the potential applicability of their method to represent the transition between various models (including

ROMs) describing the plasma.

Dynamics discovery and system identification for plasmas has seen a number of interesting efforts
in the past few years as well. Kaptanoglu et al. investigated the first-principles and data-driven
approaches toward reduced-order modeling of a class of MHD plasmas, comparing the performance of
the classical POD-Galerkin method against POD-SINDy and evaluating the effects of imposing physics
constraints on the ROMs [214]. Recently, Kaptanoglu et al. have examined in Ref. [215] the applications
of sparse regression methods, such as SINDy, to various tasks in plasma physics, including system
identification, compressed sensing, and design optimizations. The SINDy algorithm has been used for
plasma dynamics discovery by several other authors as well. The weak (integral) form of the SINDy
algorithm was employed by Alvez and Fiuza in Ref. [216] to recover from PIC simulation data the known
differential equations such as the Vlasov and the MHD equations. The authors demonstrated the
importance of using the weak-form SINDy so as to robustify the model discovery to the discrete-
simulation-particle noise [216]. In Ref. [217], Abramovic et al. applied SINDy to data from the
simulations of drift-wave turbulence [218] based on the Hasegawa—Wakatani and modified Hasegawa—
Wakatani models. They reported the efficacy of SINDy as a sample sparse regression method to derive

the governing nonlinear PDEs accurately describing the evolution of the system [217].
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Connecting dynamics discovery and closure model development, Donaghy and Germaschewski
[219] employed SINDy to derive from kinetic PIC simulation data of a magnetic reconnection
configuration — the “collisionless Harris sheet reconnection problem” — a ten-moment fluid system of
equations for the plasma with a closure model for the tenth moment term, aiming to improve the
“Hammett—Perkins closure”. The salient finding was that even though the closure term from SINDy was
improved over the Hammett—Perkins closure for the nonlinear phase of the system evolution, it was not
adequate for the linear phase [219], hence, warranting further work along the direction of closure

discovery with SINDy.

Further to the application of ML for closure model discovery, van de Plassche and collaborators
[220] developed a fast feed-forward neural network, QLKNN, to find ML closure (surrogate) models for
the heat and particle transport fluxes from a tokamak’s core from a database comprising 300 million
flux calculations of “the quasilinear gyrokinetic transport model QuaLiKiz.” Integrating these ML models
into a tokamak modelling framework and a control-oriented tokamak transport solver, they reported
orders of magnitude speed-up while maintaining a good accuracy [220]. Heinonen and Diamond in Ref.
[221] applied a deep neural network to data from a direct numerical simulation of the 2D Hasegawa-
Wakatani plasma system in order to derive mean-flow closure terms for the turbulent transport fluxes,
showing promising results. In the context of Hall thruster plasmas, Jorns followed symbolic regression
to find a functional relationship for the “anomalous” electron collision frequency in terms of the local
plasma properties [26]. The derived data-driven symbolic function showed a predictive capability as
well as a quantitative improvement over five first-principles models of the anomalous collision frequency
[26]. The limitations of the approach, partly in terms of the extensibility of the derived functional forms

to parameter spaces notably outside the training range, were examined and discussed [26].

According to the above overview, the integration of ML/DD techniques into plasma modeling has
demonstrated notable potential in various respects. These advances highlight the transformative impact
of ML/DD and warrant further progress and consolidated efforts, particularly on reduced-order plasma

modelling, as this thesis aims to accomplish within the subsequent chapters.
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Chapter 3  Proper orthogonal decomposition and dynamic
mode decomposition for the plasma data

analysis and pattern extraction

Informed by the detailed review of the landscape of scientific ML in Chapter 2, this first
technical Chapter of the thesis starts by focusing on dynamic mode decomposition and its
underpinning method, proper orthogonal decomposition/singular value decomposition, in
the context of data analysis and mode identification for plasma systems. We assess how
POD/SVD enables understanding the low-dimensional representability of data. Moreover, we
intend to evaluate the DMD’s application for pattern (mode) extraction from high-

dimensional simulation data.

The discussions begin by providing a review of the theory behind POD/SVD in section 3.1.
Section 3.2 presents the DMD concept and introduces several DMD variants that will be tested
and assessed in this thesis. Section 3.3 provides the details of the 2D plasma problem that are
adopted to demonstrate the POD/SVD and two of the DMD methods introduced in section
3.2, namely, the basic DMD, and the Optimized DMD (OPT-DMD). Section 3.4 discusses the
results of the application of POD/SVD to the data from high-fidelity simulations of our test
case. The performances of basic DMD and OPT-DMD toward reproducing the original dataset
by extracting the underlying dominant coherent structures and patterns in the data are
compared in section 3.5. Informed by the outcomes from section 3.5, the application of OPT-
DMD to the data are presented in section 3.6, where the results in terms of the identification

and extraction of dominant spatiotemporal modes underlying the data are discussed.

3.1. The theory of the proper orthogonal/singular value decomposition

Proper orthogonal decomposition, also referred to as Principal Component Analysis (PCA) in
statistics, is a technique used for dimensionality reduction, data compression, and noise reduction. It
aims to capture the dominant patterns or modes present in a dataset. In POD, we start with a set of
data often represented as snapshots or measurements taken over time or space. The goal is to find a
reduced set of basis functions, also called modes, that can accurately approximate the original data.
These modes are determined based on the statistical properties and the correlations of the data. The

POD modes are also orthogonal (perpendicular) to each other, which helps in capturing effectively the
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most important variations in the data. POD is closely related to the singular value decomposition (SVD)
[101], which is a matrix factorization technique that enables computing the basis modes (see also

section 2.2).

SVD decomposes a data matrix X € C™™, the columns of which can be measurements in space or

time, into three matrices, U € C™™*™, £ € R™™ and V* € C™™, thus,

X =Uzv-. Eq. 3.1

In Eq. 3.1, n denotes the dimensionality of the data, and m represents the number of measurements
or snapshots. In addition, the superscript * indicates conjugate transpose of matrix V. The columns of
matrix U are the left singular vectors, which represent the SVD (or POD) modes. The SVD/POD modes
are orthonormal and form a basis for the column space of X. These modes capture the correlation
between the columns of matrix X (different snapshots), and they are arranged in a hierarchical order
from left to right based on the extent of the correlation they represent. Matrix V contains the right singular
vectors. Similar to U, the vectors in VV are orthonormal as well and provide a basis for the row space of
X. The columns of V capture the correlation between the rows of X and, hence, in a time series data,
they represent the temporal pattern. X' is a diagonal matrix with non-negative entries g;, i = 1,2,...,m
along its diagonal. The g; entries are the singular values associated with the SVD/POD modes. The
singular values are arranged in a descending order and represent the “strength” or “importance” of the

corresponding singular vectors in the matrices U and V.

In practice, it is not necessary to retain all the SVD modes (i.e., full U, V, and X matrices) to be able
to represent the data. In many cases, the data matrix can be well approximated by a lower-rank matrix
because the dominant patterns and significant information in the data are captured by a subset of the
SVD modes. The dominant patterns are captured by the larger singular values and their corresponding
singular vectors in SVD. Therefore, we can truncate the SVD by considering only the most significant
singular values and their corresponding columns in the matrices U and V. This reduces the
dimensionality of the data while retaining its important features. Besides, real-world data often contains
noise or insignificant information represented by smaller singular values. By truncating these smaller
singular values and their associated modes, we can effectively remove the noise and irrelevant

information, focusing on the more significant patterns.

The low-rank truncation and the determination of how many ranks to retain are performed by looking
at the distribution of the singular values (o;). The ratio given by Eq. 3.2 determines the proportion of the
total variance in the data that is captured by the first k singular values and their corresponding modes.

k
i=10i
K =

Eq. 3.2

2100
Typically, we aim to retain around 90-95% of the total variance to capture the most important

features. The rank-r approximation of the data (X,.) is obtained by keeping the first r columns of U (u;)

and V (v;) and the first r singular values (o; ) as per Eq. 3.3.
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.
£ = Zuiai v; = OS7", Eq. 3.3

INEq. 3.3, UeC™, £eR™, and V € C™, with r < m.

3.2. Dynamic mode decomposition: basic formulation, optimized DMD, and

parametric DMD

DMD is a technique to decompose the dynamics of a system into a combination of several
spatiotemporal modes with arbitrary spatial bases and linear time dynamics. Therefore, unlike Fourier
transform, which assumes purely harmonic basis functions, DMD modes are specific to each system
and are driven directly from its data. The time dynamics of the DMD modes are constrained to be linear,
which means that each spatial mode is associated with a complex frequency representing an oscillatory

behavior with possibly a growth or damping rate.

DMD can be thought of as an alternative dimensionality reduction technique to the SVD/POD.
Indeed, the SVD/POD modes are orthogonal and, therefore, provide an optimum set of bases for
representing the data [101][151]. However, the SVD/POD modes do not contain any temporal evolution
information. In contrast, DMD provides dynamical information about the system at the expense of the
fact that the modes are no longer orthogonal because they are now constrained by the linearity of the

time dynamics.

3.2.1. The basic DMD algorithm

The central idea of DMD is to find a best-fit linear-dynamics approximation of the spatiotemporal

data from either a linear or nonlinear system. The basic algorithm of DMD is outlined in the following.

The collected time-series data representing the time evolution of the system (which can come from
either an experiment or a high-fidelity simulation) are rearranged into data matrices X and X’ € R™™~1

I | | I | |
X = 51 (‘5‘2 e Sk - Sm_l 52 53 e Sk+1 - Sm .

) X’:

Each column of X (S;) represents an n-dimensional state vector at time step t;, where k =
1,2,..,m—1, and the corresponding column in X' is the system’s state vector at the subsequent time
step t,,1. In the context of the discussions in this Chapter, the §, is a snapshot of a plasma flow field
at each time step of the simulation rearranged into a column vector. The DMD algorithm finds the
optimal linear transformation/operator (A) that approximates simultaneous advancement of all data one

time-step forward such that

X' ~ AX, Eq. 3.4

with 4 defined as,

A =argmin [|S; 4 — ASil, )

Eq. 3.5
A q
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The solution of the above minimization problem is

A=X'XT=Xx"vi U, Eq. 3.6
where X1 is the Moore-Penrose pseudo-inverse of X obtained using the SVD of matrix X.

Typically, the data snapshots are high dimensional such that n » m. This means that matrix 4 €
R™ will be prohibitively large to compute and store. As such, DMD relies on SVD/POD to project matrix
A onto a reduced-dimensional subspace defined by r POD modes so as to find a reduced rank
approximation of the full matrix A, which is denoted by A € R™". Therefore, a practical step toward
calculating DMD is to take the SVD of the data matrix X and project matrix A onto the rank-r truncated

SVD modes, U, to obtain A

A=U0'AU =0TX'VE L, Eq. 3.7

Having obtained A, we compute the eigendecomposition of this matrix to obtain the DMD spatial

modes and their time dynamics

AV = AV. Eq. 3.8
In Eq. 3.8, A is a diagonal matrix containing the eigenvalues (1;, i =1,2,..,7) of A. These
eigenvalues coincide with the r leading eigenvalues of the full matrix A. The columns of matrix V are

the eigenvectors of 4, which can be expanded to reconstruct the eigenvectors of A using the relation in

Eq. 3.9. The eigenvectors of A are represented by the columns of matrix ¥ (y;, i = 1,2, ...,7).

Y= X'V, Eq. 3.9
Each eigenvalue-eigenvector pair (4; and ;) represents a distinct spatiotemporal DMD mode, where
the y; characterizes the spatial behavior and the A; describes temporal evolution of the mode. The

reconstructed time series of the state vectors from the DMD modes is obtained through their linear

combination

.
Ser © leibil’f —WBAY, k=12 Eq. 3.10

i=1
where, matrix B is a diagonal matrix containing the initial amplitudes of the DMD modes (b;
corresponding to the i-th DMD mode). The modes’ initial amplitudes are obtained by projecting the data
att = 0 (5,) onto the DMD modes

B =w¥ts,. Eq. 3.11

Eq. 3.10 represents the discrete form of the dynamics describing the evolution of the system over
discrete time intervals At corresponding to the time step at which the measurements are taken. This

equation can also be written in the continuous dynamics form as in Eq. 3.12.

,
S(t) ~ Z Y;b; exp(w;t) = ¥Bexp(Nt). Eq. 3.12
i=1
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In Eq. 3.12, 2 is a diagonal matrix that contains the continuous-time eigenvalues (w;, i =1,2,...,7)

on its main diagonal. w; and A; are related through the relationship below

w; = In(4;) /At. Eq. 3.13

Eq. 3.12 and Eq. 3.13 can be used to forecast the system’s behavior at future times.
3.2.1.1. DMD application to multi-property state vectors with linear and nonlinear variables

Through the discussions so far, we have considered applying DMD to the spatiotemporal data
(signals) corresponding to individual state variables of a system. However, DMD can also work with
multi-property state vectors. Assembling a multi-property state vector comprised by several physical
properties can amount to representing the full state of the system. This will then allow us to develop a
linear ROM using DMD that best describes the time evolution of all the properties (state variables)
simultaneously. The enhancement of the state vector in this manner enables capturing the
interdependency between the physical properties and is, thus, expected to improve the predictive

performance of the derived ROMs.

To develop a DMD model based on a multi-property state vector, the only necessary change
compared to what was presented in subsection 3.2.1 is to construct the matrices of the time-series data

snapshots X and X' as per Eq. 3.14.

I | | I | |
X = xl xz e Xk e xm_ll ) X’: x2 X3 e Xk+1 . xm . Eq 3.14

Referring to Eq. 3.15, each column X in X represents a column-wise stacking of the rearranged

snapshots of several plasma properties at the time ¢t,, S, ,, with p denoting the index of a single specific
property, and p = 1,2,..,P. 8, is a snapshot of the p-th property at the time ¢, (k=1,2,..,m —1)
rearranged into a n-dimensional column vector. Also, m indicates the number of timesteps over which

the data is collected from the system under study.

X = [T ST SE] Eq.3.15
The corresponding column of X in X', i.e., X\, is the system’s state vector at a subsequent time

step ty4q-

Besides the above, another point is worth highlighting at this stage. A limitation of the basic DMD
algorithm is its underlying assumption of the linearity of the time dynamics (Chapter 10 of Ref. [151]).
Nonetheless, nonlinearities can be introduced into a DMD model by expanding the state vector’s space
so that it includes nonlinear observables (functions) of the state variables as well. To this end, the state
vectors, XS, in the data matrices X and X' can be augmented to include the state variables as well as

their nonlinear observables, g;, i = 1,2, ...,N (Eq. 3.16).

T
X =[Sk STir s SEr 91(SE), 92(SE), o, gu(SD)] Eq. 3.16

where,

Imperial College London, Department of Aeronautics




DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

Se=[8T STi o SE] Eq. 3.17

The above approach is inspired by the Koopman theory, which refers to representing a finite-
dimensional nonlinear dynamical system using an infinite-dimensional linear transformation known as
the Koopman operator [170]. The Koopman operator acts on an infinite-dimensional state space that

includes all the possible nonlinear observables of the physical state variables of the system.

The concepts of an infinite-dimensional operator and state space are, however, an abstraction. In
practice, we need to find a finite-dimensional approximation of the Koopman operator by choosing a
finite observable subspace. Choosing an appropriate subset of the observables, which enables to best
approximate the full Koopman transformation, may require expert knowledge. In the absence of an a-
priori knowledge, techniques such as Kernel-based methods and, in particular, Support Vector
Machines (SVM) [222]-[225], as well as deep neural networks (refer to section 2.1) can be used to find

the optimal subset of observables (see also subsection 2.3.1).

3.2.2. Optimized DMD method based on variable projection

In the previous subsection, it was pointed out that one limitation of the basic DMD algorithm is its
underlying assumption of the linearity of the time dynamics. Another, perhaps more major, limitation of
the basic DMD algorithm, which is also referred to as “Exact” DMD, is its susceptibility to bias errors
from noisy data. This can lead to poor model fits and unstable forecasting capabilities. The sensitivity
of Exact (basic) DMD to noise arises from the fact that DMD considers the relationship between the
consecutive snapshot pairs in the dataset. Therefore, the presence of noise can misinform the pairwise
relation between the snapshots, which can in turn disrupt an accurate identification of the underlying
patterns and modes in the data. Moreover, the identified modes can involve notable growth or damping
rates resulting in the model predictions to either vanish to zero or go to infinity over longer prediction
time windows. In this regard, noting that most real-world data contain certain noise levels, the standard
Exact DMD algorithm leads to unstable and inaccurate models, which are incapable of reproducing

data over practically desirable long durations.

The optimized DMD algorithm based on variable projection [167] represents a remarkable
advancement over the Exact DMD method. The OPT-DMD particularly circumvents the limitation of
Exact DMD with respect to noise-induced bias, making the DMD method more stable, robust, and
predictive. OPT-DMD mitigates the sensitivity to noise by accounting for the relationship among all
snapshots collectively rather than relying exclusively on pairwise connections. This algorithm allows us
to minimize the real part of the eigenvalues, thus, constraining the modes to have purely oscillatory
dynamics and as a result stabilizing the model which will be in turn capable of excellent reconstruction
of the original (ground-truth) dataset. Additionally, OPT-DMD can function with non-equispaced

shapshots in time, which is another notable improvement compared to Exact DMD.

OPT-DMD relies on variable projection technique to efficiently solve the following nonlinear least-

square optimization problem to find 2 and Yz = ¥B [167]
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mlll_? ”X_‘pB eXp(-Qt)Hz . Eq. 3.18
» TB
The full mathematical details of the OPT-DMD method and the approach to solve the optimization

problem given by Eq. 3.18 are available in Ref. [167].

To apply the OPT-DMD algorithm to the data from the test cases assessed in this Chapter, as well
as in Chapter 4 to Chapter 6, the open-source MATLAB code of Ref. [167] was adopted and used. This
code is available at the URL indicated in Ref. [226].

3.2.3. Parametric dynamic mode decomposition

In a “parametric” system, the dynamics is not only dependent on the state variables of the system
but is also influenced by some additional parameters. The inclusion of these additional parameters is
necessary to obtain a comprehensive and adaptable representation of complex systems that could be
applicable to a broad range of scenarios. In this section, a parametric extension to the DMD algorithm
is presented. The results from the “parametric DMD” method will be presented and discussed in Chapter
6.

The parametric DMD implementation is intended to enable the development of ROMs for dynamical

systems that exhibit parametric dependencies, i.e., systems described by the following equation

dx(t)
dt

= F(x(t); w). Eq. 3.19

In Eq. 3.19, x is the state vector, and u is the “parameter vector” containing the individual parameters

(u; with j = 1,2,...,n,) that the system’s dynamics is dependent on, hence,

= [,ul,yz, . .,ynp]T. Eq. 3.20

Multiple variants of parametric DMD are proposed in the literature [166][227], which rely on
interpolation to achieve “parameter realization”. The proposed algorithms are different from each other
in the way that they interpolate between the parameters. In the following, the specific parametric DMD

implementation that is used for the studies in this thesis is described.

We start by gathering the data snapshots, X*s, that correspond to different sets of values of the
parameter vector (u) for the parametric dynamical system described by Eq. 3.19. These different sets

of values are denoted as u; e M (s = 1,2, ..., S), where

M = {u,, u,, ..., us} Eq. 3.21
The arrangement of the spatiotemporal data in the matrix X#s is identical to that described in
subsection 3.2.1 for the basic (Exact) DMD method. Thus, X*s comprises the time series of column-
wise rearranged snapshots, X#s € R"™~1 where n represents the dimension of each data snapshot,

and m specifies the total number of snapshots.
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We then apply the OPT-DMD algorithm (subsection 3.2.2) to the individual datasets, X#ss, to
determine the eigenvalues (A*s) and the eigenfunctions (W#s) of the DMD’s operator A#s for each

parameter realization such that
X'Hs = ABs XPs, Eq. 3.22
where, X'#s represent the data matrix X#s shifted by one time step forward. The amplitudes of the

modes corresponding to each parameter value set (B*s) are also directly obtained from the OPT-DMD

algorithm (subsection 3.2.2).

The matrices A, ¥, and B contain the eigenvalues, the spatial modes, and the modes’ amplitude,

respectively, corresponding to each parameter realization

A1 Y BH1
n n n

A= M e Y B=|BT. Eq.3.23
Abs whs Bbs

For a new parameter vector u, M, the eigenvalues (A*4), the spatial modes (¥*4), and the
corresponding amplitudes (B*4) are obtained by evaluating the Lagrangian interpolation between the
respective quantities of the neighboring parameter vectors to p,,. Interpolation can be performed using
linear, cubic, or any higher order Lagrange interpolant polynomials. Following the interpolation, the time

series data for the “query” parameter vector u, can be reconstructed using the relation in Eq. 3.24

xta|p ., = WHa Bta APa, k=12,... Eq. 3.24

It is emphasized that the interpolation would result in a reasonable estimation of the dynamics only
if the variation of the spatiotemporal modes is smooth across the parameter space. Strong nonlinear
dependencies of the DMD modes to the systems’ parameters can cause significant discrepancy
between the interpolated and the “true” spatial and temporal characteristics of the modes for the query

parameter-vector u,.

In the parametric DMD implementation described above, OPT-DMD is used as the core DMD
algorithm that is applied to the datasets of the individual parameters. Besides this, the parametric DMD
scheme of this thesis has minor differences with respect to the “reduced eigen-pair interpolation (rEPI)”
approach that was followed by Huhn et al. in Ref. [227] for the interpolation among the spatial modes.
In this regard, another noteworthy difference is that, whereas we directly interpolate the DMD modes
(W*) for a new parameter realization, in Ref. [227], the eigenvectors (V*#) of the DMD’s operator and the
spatial POD modes (U*) were interpolated separately. Subsequently, the DMD modes were computed
as Wha = [JHa VHa [227].

Another parametric DMD algorithm has been presented in Ref. [227], which is called “reduced
Koopman operator interpolation (rkKOIl)”. This algorithm involves interpolating the reduced DMD

operator A* directly and then calculating the A*a and W*4 from the eigendecomposition of A*a.

Finally, a rather different parametrization technique is suggested by Ref. [228]. In this approach, all

data matrices for the different parameter realizations (X*s) are stacked column-wise in an augmented
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data matrix X € R™>*™*m=1 The DMD is then applied on the augmented data matrix X [228]. A major
limitation of this approach is that, while the spatial modes and their amplitudes are specific to each
parameter realization, the eigenvalues (time dynamics) are shared and assumed constant across the

entire parameter space.

3.3. Description of the adopted test case: a cross-field plasma discharge in a

2D radial-azimuthal geometry

The setup of the “ground-truth” reduced-order quasi-2D simulations carried out using IPPL-Q2D
[81][229][230] represents a 2D cross-field plasma discharge configuration that resembles a radial-
azimuthal cross-section of a Hall thruster. The computational and physical parameters of the
simulations summarized in Table 3.1 closely follow those of the benchmark problem by Villafana et al.
in Ref. [43].

Parameter Value [unit]

Computational parameters

Domain length (L, = L,) 1.28 X 1072 [m]
Virtual axial length (L,) 1x 1072 [m]
Cell size (Ax = Az) 50 [um]
Number of cells in each direction (N; = N) 256
Time step (ts) 1.5 x 10711 [s]
Total simulated duration (t;,) 30 [us]
Initial number of macroparticles per cell (Npy,) 100

Physical parameters

Initial plasma density (n;,) 5 x 10 [m™3]
Initial electron temperature (T o) 10 [eV]
Initial ion temperature (T; o) 0.5 [eV]
Electric potential at the walls (¢,,) 0[V]

Table 3.1 Summary of the computational and physical parameters used for the quasi-2D simulations of the
radial-azimuthal test-case problem.

The simulations of the radial-azimuthal test case were carried out in a domain that corresponds to a
2D x — z Cartesian plane. The adopted domain is illustrated in Fig. 3.1. As it is shown in this figure, the
x-coordinate is along the radial direction, and the z-coordinate represents the azimuthal direction. The
y-axis is along the axial direction. The domain is 0.0128-m long along both the radial and the azimuthal

coordinates.
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Fig. 3.1 Schematics of the coordinate system, the computational plane, and the applied constant electric and
magnetic fields corresponding to the radial-azimuthal test-case simulations.

An overview of how the simulations were set up follows: at the beginning of the simulations, the
electrons and ions are sampled from a Maxwellian distribution at 10 eV and 0.5 eV, respectively, and
are loaded uniformly throughout the domain as pairs. To limit the growth of the energy of the azimuthal
waves and the particles in the simulations [23], a virtual axial extent with the length of L, = 0.01 m is
considered [43]. The particles crossing a domain’s boundary along the axial direction are resampled
from their initial distribution and are re-injected onto the simulation plane, maintaining their azimuthal
and radial positions. In all simulation cases, a zero-volt Dirichlet boundary condition is used for the
electric potential at the walls. A periodic boundary condition is considered in the potential solver for the
nodes at the two azimuthal ends of the domain. Moreover, particles that exit the domain along the

azimuth from one side are re-introduced into the domain from the opposite side.

The domain decomposition associated with the reduced-order PIC scheme [81] was carried out
using 50 vertical regions (M) and 50 horizontal regions (N). This specific domain decomposition
translates into quasi-2D simulations with a five-fold reduction in the computational cost compared to

corresponding conventional full-2D PIC simulations [84].

The radial-azimuthal simulations feature a temporally invariant cosine-shaped ionization source
along the radial direction with the peak value of S. This ionization source serves to compensate for the
flux of plasma particles lost to the walls [43][48]. The simulations also include an applied constant axial

electric field (E, ) and a constant radial magnetic field (B,) [43][48].

The various test cases in this Chapter correspond to simulations of the radial-azimuthal discharge
problem with different values of the parameter S, which is equivalent to various plasma number densities
at the system’s quasi-steady state. The sets of plasma conditions, i.e., the values of the parameters S,

E,, and B,, associated with these test cases are summarized in Table 3.2.

For each test case, the total number of plasma properties’ snapshots is 2000, corresponding to 30
us of simulation time. Each snapshot additionally represents an average over 1.5 x 1072 us (1000

simulation timesteps). The first 5.25 us (350 snapshots) of the simulations, which captures the initial
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transient of the system, is excluded from the dataset. This leaves us with a 1650-snapshot

training/testing dataset for each test case.

Test case S value E, value B, value
1 (Baseline) So=8.9x%x10*m™3s71 E, = 10,000 Vm™? By =0.02T
2 1/32 5, E, By
3 1/16 S, E, By
4 1/8 S, E, By
5 1/4 S, Ey By
6 1/2 S, E, By
7 3S, Ey By
8 65, E, By

Table 3.2 Summary of the values of the plasma conditions for various radial-azimuthal test-case simulations;

the baseline case has the S value equal to that of the radial-azimuthal benchmark reported in Ref. [43].

3.4. Application of the POD/SVD to understand the low-dimensional
representability of the data

In this section, the results of the application of SVD to the data from the radial-azimuthal test case
are presented. The primary aim is to demonstrate an example of how the results of SVD (equivalently,
POD) allow us to gain insights into the structure and dimensionality of our data and to investigate
whether the data can be represented with low-enough number of ranks. We discuss the influence of
the truncation rank (r) and the training data ratio on SVD. We also evaluate the effects of noise on the

low-rank representation of the data using SVD.

For the analyses in this section, we have focused on the baseline radial-azimuthal test case (see
Table 3.2) and, unless stated otherwise, have taken the axial electron current density (J,) data as a
representative plasma property. The selection of the J., data was because the effects of the main
instabilities and the dynamical processes ongoing in the radial-azimuthal plasma setup are well

reflected in the J,,, signal.

Fig. 3.2(a) and (b) present, respectively, the normalized distribution of the singular values
(0,/ X124 0;) and their normalized cumulative sum (X7, o; / X%, 0;) in SVD of J,,, vs the number of rank.
From these plots, we can identify the significance of each mode and how much of the variance within
the data is captured by keeping the first  ranks. The maximum number of ranks is equal to the number

snapshots (m), which is equal to 1650 for the radial-azimuthal simulations’ data.

Fig. 3.2 illustrates that the entire ranks (or the SVD modes) are not necessary to faithfully reconstruct
the original signal. In fact, the “knee” point in the profiles of the singular values indicates that a major

part of the useful information within the data are represented by the first 400-500 modes.
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Fig. 3.2 The distribution of (a) normalized singular values and (b) normalized cumulative sum of the first r

singular values in SVD of axial electron current density (/,,) data.

To quantitatively determine the minimum SVD rank necessary for a high fidelity reconstruction of

the original data, there are two possible approaches: (1) we can consider the minimum r value (ryg0;)

as the fewest number of modes that carry at least 90% of the total variance in the data, i.e., % >0.9.

i=1%1
(2) Gavish and Donoho (Ref. [231]) introduced the “Optimal Hard Threshold” of 4/+/3 for singular values
of the SVD of a data matrix. This threshold serves to determine the noise floor of the data and
corresponds to a number of ranks (r,,,) beyond which the modes represent the noise. The number of
necessary ranks determined by either of these criteria are shown as dashed lines in Fig. 3.2. The
Optimal Hard Threshold (dashed blue line) suggests r = 450 for the low-rank approximation of the data
matrix. This is much smaller than ryy, (dashed red line), which gives a required rank of about 900.
Regardless, it will become clear later in this section that, even with a much lower number of ranks than

those given by either criterion, we can still reconstruct the original data with sufficiently high fidelity.

Before that, it is of interest to assess the effectiveness of the SVD bases in representing unseen
(“test”) data, i.e., data which has not been included in the “training” dataset for which the SVD is
calculated. In the context of SVD, testing implies whether the projection of the unseen data onto the
SVD modes calculated using the training dataset can provide an accurate low-rank representation of

those unseen data.

For this purpose, we divide the entire data into a training and a test set with three different
proportions of R, = 0.2, 0.5, and 0.8. R, denotes the ratio of the length of the training set to the total
dataset. The SVD is calculated on the training dataset, and the reconstruction of the training data is
obtained from the rank-r truncated SVD as given by Eq. 3.3. The average reconstruction loss (Lg,4)
with respect to the original data for different number of ranks is then calculated using Eq. 3.25. In Eq.
3.25, |I8;l denotes the Frobenius norm of the i-th data snapshot (S;), N; and N; are the number of grid
points along the horizontal and vertical directions, respectively, and s;; represents the value of the /.,

at each node ij.

1 m ”Sitrue _ SiSVD”F

m lsee]]
i=1 L F

Lavg = , ISllF = Eq. 3.25

Sk‘r = UrUZ‘csk Eq 3.26
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The test data snapshots (S, ) are next projected on the SVD modes (U,.) according to Eq. 3.26, which
yields the rank-r reconstruction of the test data. Similar to the training set, the average loss of

reconstruction of the test data with various SVD modes is computed using Eq. 3.25.

Fig. 3.3 presents the results in terms of the variation against the number of ranks of the losses in
the reconstructed training (plot (a)) and test (plot (b)) datasets. It is evident from Fig. 3.3 that the loss
in data reconstruction is smaller when using larger dataset to calculate SVD. This is because, with
larger R, values, more statistics of the signal are made available to the algorithm, which results in the

identification of more representative and accurate modes to describe the data.

10° — 10° ;
! —R =0.2
v ] t
2 . —R =05
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a ]
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Fig. 3.3 Variation vs rank number (r) of the average loss factor (Eq. 3.25) between the ground-truth data (axial
electron current density, J., ) from radial-azimuthal baseline test case and the reconstructed data from SVD.
Various curves correspond to different ratios of the training to test data (R;). Plot (a) represents the variation in
the loss on the training data, whereas plot (b) shows the loss factor variation over the test data. The vertical
dashed lines indicate the r,,, for each R; case based on the criterion by Gavish and Donoho [231].

To further demonstrate the efficacy of SVD in approximating the data in a reduced-order coordinate,
we present in Fig. 3.4 a comparison between the time series of the spatially averaged values of the
reconstructed /., with various number of ranks and R, ratios and the original signals from the PIC
simulations. The time evolutions of the instantaneous loss between the individual original and

||Sitrue_SiS'VD ”
E

reconstructed snapshots are superimposed. The instantaneous loss is calculated as 5]
i F

R,=0.5 R,=0.8

t [us] t [1zs] t [ps]

Fig. 3.4 Time evolution of the spatially averaged axial electron current density (J,,,) from the quasi-2D PIC
simulation of the radial-azimuthal test case with the baseline conditions (solid black lines) and the
reconstructed signal from the SVD (dotted red lines) using different number of ranks and training-to-test data
ratios. Superimposed on each plot is the time evolution of the instantaneous loss factor for the corresponding

(r, R;) value pair. Dashed blue lines indicate the training end time.
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Itis highly interesting that, when a large enough dataset is used to calculate SVD (R, = 0.5 and 0.8),
even 10 ranks can capture the main information content so that the reconstructed /., signal can follow
closely the original signal. With 50 ranks, the reconstruction is almost in perfect agreement with the
original signal for R, values of 0.5 and 0.8. Beyond 50 ranks (as observed for instance with 100 ranks),
any further enhancement in accuracy becomes negligible. The reconstruction of the test data in the
case of R, = 0.2 is rather poor and includes noise. This is because the statistical information of 20% of

the signal has not been sufficient for the SVD modes to be representative of the entire signal.

In Fig. 3.5, the reconstructions of a sample “true” 2D snapshot with different ranks and R, ratios are
provided. The reference 2D snapshot is randomly selected from the test window (within the time interval
of 25-30 us). The plots in Fig. 3.5 convey similar information to those inferred from Fig. 3.3 but in a
more visual sense. The reconstructed snapshots with 50 ranks capture all features of the original
snapshot (labeled as True). We further observe that the reconstruction quality in the case of R, = 0.2 is
poorer than the other two cases with R, values of 0.5 and 0.8. In addition, it is noticed that the true
snapshot has some noise superimposed on the main features. However, when we truncate SVD at
lower ranks than the maximum rank of the data matrix, we remove the modes which represent the noise
embedded within the data. Consequently, this process leads to the removal of noise from the data,
which is another important application of SVD. This denoising effect is clearly observed from the

reconstructed snapshots in the cases of R, = 0.5 and 0.8 across various ranks.
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Fig. 3.5 Comparison of the reconstructed 2D snapshots of the axial electron current density (/,,,) from SVD

using different number of ranks and R; ratios against the corresponding ground-truth snapshot (last column)
from the quasi-2D PIC simulation of the radial-azimuthal baseline test case.

For the case with R, = 0.5, Fig. 3.6 additionally presents the sum of contributions of the remaining

SVD modes which are not used for the reconstruction of the data at each truncation rank (X =

Zlivz";"des o;u; v, where N,,,4.s represents the total number of SVD modes). We can see that after
removing the leading modes that carry the essential information, the modes in the tail of SVD spectrum
(e.g., after rank 100) represent noise with no meaningful information content. The impact of the

artificially added noise on the performance of SVD is assessed in the subsection 3.4.1.

It is recalled from section 2.2 that there is a connection between SVD and the autoencoder

architecture. In fact, the autoencoder is a nonlinear generalization of the SVD method, achieved by
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extending the number of layers and incorporating nonlinear activation functions. Although autoencoders
and similar machine learning methods are not the focus of this thesis in terms of results, for the sake of
completeness, we demonstrate the above stated connection between SVD and the autoencoder
architecture in Appendix A.1. Moreover, we will show in the Appendix that learning nonlinear manifold
coordinates to represent the data using autoencoders leads to much improved faithful compressions of

the data in the latent space compared to linear decomposition methods like SVD.
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Fig. 3.6 Comparison of contribution of the remaining SVD modes of the axial electron current density (J.,,) with
R, = 0.5 (corresponding to middle row of Fig. 3.5), which are not used for reconstruction of the data at each
truncation rank (X = 2?’;’;"‘1"5 o; u; v7) in the radial-azimuthal baseline test case. The scale of the figures is
normalized.

To conclude this section, we have shown in Fig. 3.7 a set of SVD spatial modes calculated for the
axial electron current density (/. ) as well as for the azimuthal electric field (E,) data from the baseline
radial-azimuthal test case. The modes shown are among the first 50 SVD modes, which represent
distinct patterns within the data. The illustrated modes capture the most prominent structures in the
data, which resemble the Electron Cyclotron Drift Instability (ECDI) and the Modified Two Stream
Instability (MTSI) [refer to subsection 1.1.4 for some descriptions and relevant references on the ECDI
and the MTSI modes]. In particular, among the plotted modes of the azimuthal electric field (E,) (plot
(b)), the first mode with purely azimuthal oscillations corresponds to the ECDI, the third and fourth
modes are associated with the radial-azimuthal structures of the MTSI, and the remaining modes
capture the transition states between the two instabilities. In any case, it is once again emphasized that
SVD modes are static and do not inherently capture the evolution of the recovered patterns over time.
Whereas the DMD modes are dynamic, which implies that DMD is a more suitable approach to extract

the spatiotemporal coherent modes as it will be demonstrated in the subsequent sections.
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Fig. 3.7 Visualization of seven distinct SVD modes of the ground-truth data from the radial-azimuthal baseline
simulation when using r = 100 and R, = 0.5 for the SVD. (a) Modes corresponding to the axial electron current

density (/,,) data, (b) modes corresponding to the azimuthal electric field (E,) data.

Imperial College London, Department of Aeronautics

Jey [norm. amp.]

77



DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

3.4.1. Sensitivity of SVD to added Gaussian noise

To investigate the impact of noise on the low-rank representation of the data using SVD, we
introduced Gaussian noise with various standard deviations (o), ranging from 0.01 to 0.2, in the
normalized axial electron current density signal (J., ) from the radial-azimuthal baseline test case. The
singular value spectrum for the J,, with various noise levels and the reconstructions of a sample

snapshot with different number of truncation ranks are presented in Fig. 3.8 and Fig. 3.9, respectively.

100 (a) 100
No added noise
-1 o =0.01
10 \ o o =0.02
o] 210 1 o =0.05
2 =01
10 o=02
(b)
107 1072
0 500 1000 1500 0 500 1000 1500
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Fig. 3.8 The distribution of (a) normalized singular values and (b) normalized cumulative sum of the first r

singular values in the SVD of the normalized axial electron current density (/.,) data with added Gaussian

noise of different standard deviations.
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Fig. 3.9 Comparison of the reconstructed 2D snapshots of the normalized axial electron current density (/)
from the SVD using different number of ranks against the ground-truth snapshot (last column) corresponding
to J,,, signal from the quasi-2D PIC simulation with different levels of added Gaussian noise.

Fig. 3.8 shows that, as we add more noise to the data, the magnitude of the singular values in the
tail of the singular values distribution become increasingly larger, and the knee point, which separates
the essential information content of the data from the noise, shifts towards smaller ranks. However, we
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observe that, even in the presence of modest levels of noise, the leading singular values, which capture
the most important feature in the data, remain nearly unaffected by the noise. As a result, SVD is still
able to identify the main patterns and to reconstruct the original signal while denoising it as is observed
from Fig. 3.9.

At very high noise levels (o = 0.2), the few first ranks are still intact from the effect of noise and,
therefore, only a very low rank reconstruction of the signal (r < 20) can separate the noise from the
data. However, the higher ranks are corrupted by the strong noise, and this is seen to have led to the

loss of some important information carried by the corresponding modes.

3.5. Basic DMD and OPT-DMD for data reconstruction

In this section, the aim is to evaluate and compare the ability and performance of the DMD models
obtained from the Exact (basic) and OPT-DMD methods toward reproducing the original dataset by

extracting the underlying dominant coherent structures and patterns in the data.
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Fig. 3.10 Time evolution of the spatially averaged J,,, for the radial-azimuthal test case with the baseline
conditions. The rows from top to bottom correspond to different lengths of the training signal (or, equivalently,
number of snapshots (m;)). The left and right columns, respectively, correspond to two different DMD ranks of

75 and 150. Ground-truth traces from the PIC simulation are illustrated as solid black lines, solid red lines
show the OPT-DMD predicted traces, and the solid blue lines are the predicted traces from the Exact DMD.
To this end, we computed Exact DMD and OPT-DMD of the /., dataset from the baseline radial-

azimuthal test case with various number of snapshots (m;), corresponding to different lengths of the
averaged J., signal. The respective DMD models were then used to reproduce the data using 75 and
150 DMD modes (or, alternatively, the truncation rank, r). The OPT-DMD models are obtained by
constraining the eigenvalues of the modes such that their real parts are minimized (as close to zero as

possible) through the optimization.
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The time evolutions of the spatially averaged reconstructed and original data are shown in Fig. 3.10.
The plots show that, only for short time duration (m, = 400) and with relatively large number of modes
(r = 150), the Exact DMD model yields similar reconstruction capability as the OPT-DMD model.
However, over longer durations (larger m, values), the Exact DMD model immediately approaches a
steady value corresponding to the constant mode representing the mean of the data and fails to follow
the trend of the ground-truth. Whereas, the OPT-DMD model with either 75 or 150 modes successfully

reproduces the overall behavior in the signal across all the tested time durations.

The inability of the reconstructed signal from the Exact DMD models to persist over extended times
is because the modes’ eigenvalues exhibit relatively large negative real values. This results in rapid
damping of the oscillatory modes. It is recalled from Eq. 3.12 that the time dynamics in the DMD method
is represented as exp(w;t), hence, it is the real frequency component in this context that denotes growth

or damping.

The constraining of the modes’ eigenvalues in OPT-DMD to lie on the imaginary axis stabilizes the
associated model. As a result, the OPT-DMD modes are sustained over arbitrarily long durations
without vanishing to zero or growing indefinitely over time. To better illustrate this, Fig. 3.11 compares
the imaginary vs real frequency of the modes obtained with the Exact DMD and the OPT-DMD methods

applied to the /., data of the radial-azimuthal baseline test case.
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Fig. 3.11 Distribution of the eigenvalues over the complex frequency plane from the Exact DMD and the OPT-
DMD algorithms. The eigenvalues correspond to the DMD of the J,,, data for the radial-azimuthal baseline test
case with the rank of 150 and the training snapshots number of 1650 (Second-column, last-row plot in Fig.
3.10).

The presented results through Fig. 3.10 and Fig. 3.11 highlight that OPT-DMD is notably more
reliable than Exact DMD for data reconstruction and pattern extraction. Thus, we will base the remainder

of this section and Chapter, as well as the rest of the thesis, on various investigations using OPT-DMD.

3.5.1. Convergence of OPT-DMD vs truncation rank

The DMD convergence vs the number of modes (or the truncation rank of the underlying SVD) is an
important consideration when approximating complex dynamical systems. The number of modes

chosen for the DMD determines the accuracy and fidelity of the resulting approximation. Therefore, in
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this subsection, we evaluate the convergence characteristics of the OPT-DMD model as the number of

modes increases.

Here, we are not concerned with the predictive capability of the OPT-DMD model beyond the training
dataset as this aspect will be addressed in Chapter 4, section 4.2. Rather, our current focus is on
evaluating the loss associated with the reconstruction of the dataset with various number of modes. To
this end, we present in Fig. 3.12 a comparison between the time evolutions of the spatially averaged
Jey data from the radial-azimuthal baseline test case reconstructed with different number of DMD modes
and the respective ground-truth data. In addition, samples of a 2D snapshot reconstructed with various

number of DMD modes corresponding to those shown in Fig. 3.12 are depicted in Fig. 3.13.
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Fig. 3.12 Time evolution of the spatially averaged axial electron current density (/,, ) for the radial-azimuthal
baseline test case from the PIC simulation (solid black line) and the OPT-DMD model (solid red line) with

various number of DMD ranks.
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Fig. 3.13 Visualization of a sample reconstructed snapshot of electron axial current density (J.,,) from the
radial-azimuthal baseline test case using the OPT-DMD model with different number of ranks. The subplot

labeled as “True” represents the same snapshot from the PIC simulation.
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From Fig. 3.12 and Fig. 3.13, we can observe that, as the number of modes increases, the DMD
algorithm captures finer details present in the data. This allows a more accurate representation of the
system’s behavior. Selecting too few modes leads to underfitting, resulting in an oversimplified
representation of the system and the loss of critical information. For instance, in the cases with r = 35
and 75, the lower energy modes such as the short wavelength azimuthal oscillations superimposed on

the main radial-azimuthal patterns are not adequately captured.

It must be noted, however, that too many number of modes can also lead to overfitting, where the
model fits the noise in the data rather than the true underlying dynamics. This might cause spurious
oscillations or divergence of the models’ forecast beyond the training data. Thus, finding the optimal
number of modes involves a trade-off between capturing the complexity of the system and avoiding
overfitting. The cross-validation by assessing the ability of the DMD model to generalize well to the
unseen data is an indication of a proper selection of mode number. This is particularly relevant when
considering the application of DMD model for forecasting, which will be extensively explored in Chapter
4,

To summarize the conclusions of the above discussions, Fig. 3.14 represents the convergence of the
OPT-DMD’s average loss (Eq. 3.25) vs the number of modes used to reconstruct the data. The loss
factor continuously decreases with increasing r value, and the rate of decrease in the reconstruction

loss also increases for higher number of DMD ranks, especially from about r = 150 forward.
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Fig. 3.14 Variation vs rank number (r) of the average loss factor (Eq. 3.25) between the ground-truth /., data
from the PIC simulation of the radial-azimuthal baseline test case and the reconstructed J., data from the

OPT-DMD model.
3.6. Optimized DMD for data-driven identification of dominant plasma

instability modes

It was emphasized through the discussions so far that the DMD method identifies the dominant
coherent structures (patterns, or modes) in the data and associates each derived mode with a linear
dynamics, i.e., a complex frequency with the imaginary part representing the frequency of the mode’s
temporal oscillations and the (potential) real part representing growth or damping of that mode. The
power of the OPT-DMD method was highlighted to partially lie in the fact that the real frequency
component of the modes can be minimized and/or eliminated through the optimization process of the

algorithm, thus, enabling the OPT-DMD-derived modes to remain fully stable.
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In this section, we present a novel and practically significant use case of the pattern extraction using
OPT-DMD. Through comparing the discrete frequency spectra of the DMD modes against the
continuous temporal fast Fourier transform (FFT) spectra of the time evolution of the plasma properties
across various radial-azimuthal test cases, we demonstrate that OPT-DMD allows us to derive
information on the spatiotemporal characteristics of the involved plasma phenomena, such as
fluctuations and instabilities, in a more accessible and comprehensive manner beyond what is feasible

with conventional FFT analyses.

Before delving into the results, we would underline that the generic spatial vector bases that the
DMD method employs to reconstruct and represent a dataset allows this method to circumvent certain
limitations of the spatial FFT analysis, which is carried out to determine the wavenumber characteristics
of the plasma oscillations. Most notably, DMD is not limited by the FFT’s strict requirement for data

periodicity in space [56][232].
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Fig. 3.15 Comparison of the temporal FFT spectra of the azimuthal electric field (E,) for different radial-
azimuthal test cases against the distribution of the DMD modes’ frequency. The solid black lines represent the
FFT of the ground-truth data from the PIC simulations, whereas the red dots correspond to frequency spectra
of the E, DMD modes. Depending on the plasma density across various test cases, the number of DMD ranks

used vary between 80 to 150.
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Moving to the results, in Fig. 3.15, the frequency spectra of the modes obtained by applying OPT-

DMD to the E, data for various radial-azimuthal test cases are superimposed on the temporal FFT

spectra of the same data. It is noticed that, for all the cases, the frequency spectra of OPT-DMD and

FFT are highly consistent. In particular, there are distinct frequency peaks associated with the dominant

modes from OPT-DMD that coincide with the FFT frequency peaks. This superimposition of the

frequency spectra allows us to pinpoint the OPT-DMD modes that correspond to dominant and distinct

instability/fluctuation modes in the plasma discharge. Following this identification, the frequency

information, and the spatial structure of the OPT-DMD modes enable a comprehensive, simultaneous,

and quantitative spatial-temporal characterization of the instabilities.
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Fig. 3.16 Visualization of the dominant DMD modes of the azimuthal electric field data for several radial-

azimuthal test cases. The illustrated DMD modes are those whose frequencies coincide with the peaks in the

temporal FFT plot of each test case.
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This is better illustrated in Fig. 3.16, in which, for each radial-azimuthal test case, we have shown
the spatial structure of the dominant OPT-DMD modes whose frequencies coincide with the peaks in
the FFT plot of each test case. From these 2D mode structures, the wavelength of each specific mode
can be readily determined. Plots similar to those shown in Fig. 3.16 can have a remarkable applied
significance in that they allow informing experiments by, for instance, providing information on the
spatial spacing needed between electrostatic Langmuir probes along each physical direction of the

system to experimentally capture a specific fluctuating pattern.
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Fig. 3.17 Comparison of the temporal FFT spectra of the axial electron current density (J,,,) for different radial-
azimuthal test cases against the distribution of the DMD modes’ frequency. The solid black lines represent the
FFT of the ground-truth data from the PIC simulations, whereas the red dots correspond to frequency spectra
of the /., DMD modes. Depending on the plasma density across various test cases, the number of DMD ranks
used vary between 80 to 150.
The information presented by the plots in Fig. 3.15 and Fig. 3.16 fully support the findings of Ref.
[48], in which the influence of the plasma number density (the value of S) on the characteristics of the
ECDI and MTSI modes had been assessed. In that work, the spectral analyses relied solely on the

spatial and temporal FFT of the PIC simulations’ data. Fig. 3.15 and Fig. 3.16, however, provide the
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same insights in a more visually accessible and easier-to-comprehend manner. In fact, aligned with the
outcomes of the study in Ref. [48], it is evident from the plots in Fig. 3.16 that, at low plasma densities
(S values from S,/32 to S,/8), the MTSI-like patterns are the only present modes, whereas at high
plasma densities (S values of 35, and 6S,), a long-wavelength mode appears that coexists with a

spectrum of shorter-wavelength wave modes.
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Fig. 3.18 Visualization of the dominant DMD modes of the axial electron current density data for several
radial-azimuthal test cases. The illustrated DMD modes are those whose frequencies coincide with the peaks
in the temporal FFT plot of each test case.

Another important point to highlight is regarding the plots of Fig. 3.15. We notice that, occasionally,
a single frequency peak in the FFT corresponds to several DMD modes. These are manifestations of
the DMD “rank inflation” due to the travelling nature of the waves in our plasma system. The influence
of the rank inflation on the derived spatiotemporal characteristics of the instability modes using OPT-

DMD will be assessed in subsection 3.6.2.
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The plots in Fig. 3.17 and Fig. 3.18 convey similar information as those pointed out concerning Fig.
3.15 and Fig. 3.16, but from the application of OPT-DMD to the /., data of various radial-azimuthal test
cases. From Fig. 3.18, in particular, the dominance of the MTSI-like structures in cases with the S values
from S,/32 to S,/8, and the appearance of long-wavelength modes for cases with the S values of 35,

and 65, can again be clearly discerned, as was also reported in Ref. [48].

Itis mentioned that, toward fully understanding the underlying processes in a system, applying OPT-
DMD to different plasma property data can be advantageous since certain physical information and

patterns may be best represented within the evolution data of a specific plasma property.

Furthermore, it is emphasized that although, in the demonstrated test cases so far, the FFT and
OPT-DMD may appear as equally well suited for spatiotemporal characterization of observed oscillatory
phenomena, in cases where the underlying physics is less known and/or the FFT might become
crowded with numerous peaks, OPT-DMD finds its main advantage. To clarify this statement, we
present an example where the DMD method can provide insights into the coexisting modes that cannot
be easily derived using the FFT analysis. This example focuses on a radial-azimuthal test case from
Chapter 4, for which the setup is similar to the one described in section 3.3 but the value of the applied

axial electric field is E, = 5E, = 50,000 Vm™! (test case number 4 in Table 4.4).

A comparison between the temporal FFT and the DMD spectra of the azimuthal electric field for this

test case in addition to the corresponding spatial FFT spectrum are shown in Fig. 3.19.
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Fig. 3.19 (a) Spatial FFT spectrum, and (b) the temporal FFT spectrum of the azimuthal electric field (E,) for
the radial-azimuthal case with E, = 50,000 Vm ™. In plot (b), the distribution of the frequency of the DMD

modes is compared against the temporal FFT spectrum.

We notice that, while the spatial FFT displays four distinct peaks representing multiple harmonics of
the ECDI, the temporal FFT exhibits numerous peaks. The crowdedness of the temporal FFT spectrum
makes it challenging to infer the frequencies associated with the peaks observed in the spatial FFT plot.
In contrast, OPT-DMD (Fig. 3.20) offers simultaneous access to both the spatial and the temporal
information for each mode, providing a clear understanding of the association between the frequency

and the spatial structures, including specific wavenumbers.
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Fig. 3.20 Visualization of the dominant DMD modes of the azimuthal electric field data for a radial-azimuthal
test case with E,, = 50,000 Vm™?.

The presented example is indeed a simple one with a rather known physics, which we used to
demonstrate a situation where DMD can offer a significant advantage over the FFT analysis. This
advantage can be further appreciated in more complex cases where the underlying physics and,
consequently, the principal instabilities within the system, are less understood. In such situations where
the dispersion relations of the observed instabilities might not be available or well established, it
becomes increasingly challenging to establish a connection between the spatial and the temporal

spectra of the instabilities through classical FFT analyses.

3.6.1. Analysis of the sensitivity of the DMD-identified spatial modes and frequencies

to the number of ranks

In this subsection, the sensitivity of the OPT-DMD-identified modes and their spatial structures and
frequencies to the truncation rank is assessed. We performed OPT-DMD on the /., data of the baseline
radial-azimuthal test case with different number of ranks and compared the characteristics of the most

dominant DMD modes that correspond to four distinct peaks in the temporal FFT spectrum of the data.

Fig. 3.21 illustrates the spatial patterns of the modes, their corresponding frequencies, and the
discrete DMD spectra with different number of ranks (r). It is first observed that, for each value of r, the
DMD spectrum agrees with the FFT plot, and that the high-energy modes coinciding with the FFT peaks
are represented. Second, the spatial structures of the modes are similar when DMD is calculated with
different number of ranks. Third and last, the frequencies associated with each mode show a variation

of around 1-6 % across all the cases.
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Fig. 3.21 Effect of the number of ranks on the DMD frequency spectra and on the shape of the sample
dominant frequency modes. The DMD spectra are compared against the temporal FFT plots. The radial-
azimuthal test case corresponds to the baseline conditions. The FFT and the DMD are applied to the /., data.

Based on these observations, it is concluded that the spatiotemporal characteristics of the modes
exhibit a very low sensitivity to the number of ranks for the DMD model. This implies that the most
significant features are captured even when the number of retained modes varies. The consistency of
the modes’ characteristics regardless of the chosen rank underscores the robustness of the OPT-DMD

method for the task of dominant patterns extraction and modes identification.

3.6.2. Analysis of the effect of rank inflation on the DMD-identified spatial modes

A well-known fundamental limitation of the SVD/POD-based approaches, such as DMD, is their
ineffective treatment of translational/rotational invariances in the data. The reason is that SVD relies on
the correlation between the rows and the columns of the data matrix, and any misalignment in the data
can lead to an overestimation of the rank of the data due to the extra variations induced by translation
and/or rotation. This has an implication for the effectiveness of the dimensionality reduction we hope to
achieve with the SVD-based methods for data that features fundamentally low-rank objects but shifted
through space. In such cases, SVD struggles to accommodate the shifts or translational invariances in
the patterns, and instead represent the object with an increased number of ranks, leading to an artificial

rank inflation. A relevant example of this in the plasma applications is the existence of travelling waves.
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Looking at the DMD spectra in Fig. 3.15 and Fig. 3.17, we notice that, around the FFT peaks, the

DMD spectra often contain multiple modes. These instances correspond to dominant travelling waves,

to represent which DMD requires several modes.

Here, for the baseline radial-azimuthal test case, we demonstrate the rank inflation by showing in
Fig. 3.22 the spatial patterns of a group of modes that represent the first four dominant DMD modes of
the /., data calculated using 200 ranks. Each row in Fig. 3.22 illustrates a set of modes with close

frequencies to a certain peak in the FFT spectrum (Fig. 3.21, last row), hence, representing a single

wave.
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Fig. 3.22 Demonstration of the effect of DMD rank inflation, and the similarity of the shape of the DMD modes
at close frequencies. The distinct /., DMD mode numbers 1 to 4 correspond to those on the bottom row of Fig.

Itis evident that each group of modes share similar spatial characteristics except that they are shifted
along the azimuthal direction. Therefore, although the rank inflation due to presence of travelling waves
artificially increases the dimensionality of the system’s dynamics as captured by the OPT-DMD method,

it does not raise any concern regarding modes identification since selecting any mode from a “mode
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3.21.

cluster” equivalently provides similar information about the spatial structure of the wave.

3.7. Chapter conclusions

In this Chapter, a practical introduction was provided to the concepts and the mathematical
foundations of SVD/POD and DMD. We underlined the relationship between these data-driven methods
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and presented their applications toward dimensionality reduction of high-dimensional plasma

simulations’ data as well as for pattern extraction and modes identification.

Regarding SVD/POD, we demonstrated that the method enables understanding the nature of the
data in terms of low-rank (low-dimensional) representability and can be used for data compression and
de-noising. It was also shown how the SVD’s capability to represent and reconstruct unseen (test) data
based on the reduced coordinates it has learned from the ground-truth data varies with the training-to-

test ratio.

Concerning DMD, three principal variants of the method were introduced, namely, Exact (basic)
DMD, OPT-DMD, and parametric DMD with the OPT-DMD algorithm at its core. We additionally
discussed the possibility of applying DMD to multi-property state vectors of plasma systems that may

include linear state variables as well as their nonlinear observables (functions).

We focused on the Exact DMD and the OPT-DMD variants in this Chapter applied to single-property
state vectors. The performance of Exact DMD and OPT-DMD were compared toward low-rank
dynamics representation of the ground-truth data. We observed that OPT-DMD is much more reliable
to carry out this task. This was highlighted to root in the fact that OPT-DMD enables constraining the
eigenvalues (frequencies) associated with the modes to near the imaginary axis. This constraining of
the eigenvalues allows the OPT-DMD-derived modes to remain stable over arbitrary time durations and
not tend to zero or diverge to infinity as is often the case with the Exact DMD method when applied to
noisy data of real-world systems. These results emphasized the noise robustness of OPT-DMD, which

makes this variant well suited for applications to the plasma systems’ data.

For OPT-DMD, we evaluated the convergence characteristics of the algorithm against the number
of ranks. It was pointed out that, even though increasing the truncation rank improves consistently the
similarity between the OPT-DMD-reconstructed and the ground-truth data, a very high rank number can
lead to overfitting the training data by forcing the algorithm to learn the noise as well. This may in turn
affect the forecasting accuracy of an OPT-DMD model, an aspect that will be discussed in detail in
Chapter 4. However, too few number of ranks leads to the loss of important information in the data. It
is for these reasons that the selection of the optimal number of DMD ranks comes as a trade-off between

the accuracy of reconstructing training data and predicting the test data.

We presented a novel application of OPT-DMD to complement and/or augment the spectral
analyses conventionally carried out using FFT technique. We demonstrated the consistency between
the frequency spectra of the modes from the OPT-DMD and the FFT of plasma data (azimuthal electric
field and axial electron current density) across various radial-azimuthal test cases. This illustrated how
OPT-DMD enables a more visually accessible, simultaneous characterization of the spatial-temporal
properties of the plasma instabilities and fluctuations. The important benefits of the use of OPT-DMD
for spectral analyses of data in terms of informing the experimental characterizations of plasma

oscillations were underlined.

Finally, we analyzed the sensitivity of the spatial structure and the frequency of the identified OPT-

DMD modes to the number of DMD ranks. It was shown that the modes’ characteristics from OPT-DMD
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are highly robust with respect to the truncation rank. We also assessed the influence of rank inflation
on the identification of physically meaningful dominant coherent structures in the plasma data using
OPT-DMD. We showed that different DMD modes with frequencies around any specific peak in the
temporal FFT plot of the data feature very similar spatial distributions. This underlined that the rank
inflation does not affect the reliability of OPT-DMD as a powerful tool to infer the spatiotemporal

characteristics of the instabilities.
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Chapter 4  Optimized dynamic mode decomposition for

the plasma state forecasting

In the previous Chapter, Optimized DMD (OPT-DMD) was demonstrated to enable a robust
identification of the dominant spatiotemporally coherent modes underlying the data. This
was done across various test cases that corresponded to different plasma conditions of a
cross-field radial-azimuthal simulation configuration. It was emphasized that OPT-DMD
significantly improves the analysis of complex plasma processes, revealing information that
cannot be derived using conventionally employed spectral analyses such as FFT. Because OPT-
DMD can be constrained by construction to produce stable ROMs, we extend the application
of the method in this Chapter and investigate the capabilities of the linear ROMs from OPT-
DMD toward forecasting in time of the plasma dynamics in several plasma configurations.
The demonstration test cases correspond to cross-field plasmas in 2D Hall-thruster-
representative axial-azimuthal and radial-azimuthal geometries as well as in a 2D Penning
configuration. The predictive capacity of the OPT-DMD-derived ROMis is assessed primarily in
terms of short-term dynamics forecast or, in other words, for large ratios of training-to-test
data. However, the utility of the ROM for long-term dynamics forecasting is also presented
for an example case in the radial-azimuthal configuration. For this same example case, we
further assess the predictive performance of the OPT-DMD ROM when used for long-term,

simultaneous forecasting of a multi-property state of the plasma system.

This Chapter comprises four sections. Section 4.1 provides an overview of the setups and
conditions of the high-fidelity simulations performed to generate the training and the test
data for OPT-DMD evaluations. Section 4.2 discusses the performance of the OPT-DMD ROMs
toward forecasting the plasma state across the various adopted demonstration cases. Section
4.3 assesses the sensitivity of the OPT-DMD ROMSs to noise and, finally, section 4.4

summarizes the main results and findings.

4.1. Description of the adopted demonstration cases

The setups of the test-case simulations in this Chapter follow, in general, those of the recent
benchmark problems defined within the ExB plasma community for code-to-code verifications of PIC

plasma models. These benchmark problems represent cross-field plasma discharges in various 2D
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configurations, namely, a configuration that resembles an axial-azimuthal cross-section of a Hall
thruster [86], a configuration representing a radial-azimuthal cross-section of a Hall thruster [43], and a
Penning-trap-representative configuration [87]. As was mentioned in section 1.4, the IPPL-Q2D code
has been verified in detail against all these benchmark cases [81][82][84][85]. The axial-azimuthal and
the radial-azimuthal benchmark setups were additionally used to perform extended parametric studies
using IPPL-Q2D on the influences that various physical factors have on the physics of instabilities and

electron transport in the plasma configurations of these benchmark problems [48]-[51].

All these verification efforts and studies allowed us to generate an expanded set of high-fidelity data
that spans over a broad range of plasma conditions. The data to be used in the present Chapter for the
demonstrations of the predictive performance of OPT-DMD ROMs correspond to a subset of our
extensive dataset. The plasma conditions associated with the selected data subset will be clarified in
the following subsections, where we will also provide some details on the setups for the different test-

case simulations.

4.1.1. Axial-azimuthal Hall-thruster-representative configuration

This test-case problem captures certain dynamics of a Hall thruster plasma along an axial-azimuthal
cross-sectional plane of the thruster. These include the propagation of azimuthal instabilities and the
spatial transition of small-wavelength instability waves to longer-wavelength modes as we cross the
plane of maximum radial magnetic field intensity (vertical dashed red line in Fig. 4.1). The computational
domain is a Cartesian x — z plane as depicted in Fig. 4.1(a), with the dimensions of 0.025 x 0.0128 m.
The x-axis is along the axial coordinate and the z-axis is along the azimuth. The y-coordinate represents

the unresolved radial direction.

Periodic boundary

vy
=
I~
N
Cathode boundary

Anode boundary
o=

0 0.5 1
x/Lx
(a) (b)

Periodic boundary

Fig. 4.1 (a) Schematics of the coordinate system, the computational domain, and the applied electric and
magnetic fields corresponding to the axial-azimuthal test-case simulations. (b) Axial profiles of the imposed
magnetic field (B, ) and the ionization source (S;).

The quasi-2D axial-azimuthal “ground-truth” simulations feature an imposed temporally invariant
ionization source (S;) with a cosine-shaped profile along the x-direction and a peak value corresponding
to the total axial ion current density (J), which is set as a simulation parameter [86]. The applied radial

magnetic field (B, ) follows a Gaussian axial distribution with the peak value of 20 mT. The profiles of

the imposed ionization source and the magnetic field are presented in Fig. 4.1(b).
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The various axial-azimuthal test cases differ from each other based on the selected value of J. Table

4.1 provides the values of this parameter for each of the test cases.

Test case J value
1 1/8 Jo =50 Am™2
2 1/4 Jo = 100 Am™2
3 1/2 Jo =200 Am™2
4 (Baseline) Jo =400 Am™2

Table 4.1 Summary of the values of J corresponding to various axial-azimuthal test-case simulations; the

baseline case has the J value equal to that of the axial-azimuthal benchmark [86].

In the following paragraphs, we provide an overview of how the test-case simulations were set up.

To initiate the simulations, the electron and the ion particles are loaded uniformly throughout the
simulation domain with a density of 5 x 10'® m~3. The particle species are sampled from a Maxwellian

distribution function at 10 eV for the electrons and 0.5 eV for the ions.

Dirichlet boundary conditions are implemented for the plasma potential. The boundary conditions in
the axial direction are 200 V at x = 0 (domain’s anode side) and 0 V at x = 0.025 m (domain’s cathode
side). In the azimuthal direction, a periodic boundary condition with a zero-volt reference potential has

been applied to both ends.

With regards to the particles’ boundary conditions, both the ions and the electrons reaching either
the anode or the cathode side are removed from the simulation. However, to maintain the discharge,
electrons are constantly injected into the domain from the cathode side. The number of electrons to
inject is obtained using the so-called “quasi-neutrality” approach, more details on which can be found
in Refs. [75][83]. The cathode electrons are sampled from a Maxwellian distribution at 10 eV. The
azimuthal direction is periodic, and the particles leaving the domain at one end are injected back from

the other end.

Table 4.2 summarizes the values of the main computational and physical parameters used in our

axial-azimuthal test-case simulations.

The ground-truth data for the different axial-azimuthal test cases (Table 4.1) are obtained from PIC
simulations using with IPPL-Q2D [81][82] with a domain decomposition of M = 40 and N = 20.
Compared to equivalent full-2D simulations, the quasi-2D ones have a computational gain by a factor
of about 6 [81].

4.1.2. Penning discharge configuration

The setup and conditions of the ground-truth simulation performed for the Penning discharge test
case are identical to the corresponding benchmark problem [87]. The benchmark is based on recent
numerical research into the physics of plasma within the Penning trap configuration, e.g., in Ref. [52],
in order to investigate the formation and the characteristics of large coherent structures called the spoke
modes [see also subsection 1.1.4]. In the Penning discharge case, after an initial transient, a large

coherent spoke-like structure forms within the simulation domain that exhibits a counter-clockwise
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rotation. The discharge evolution, hence, represents a quasi-periodic behavior at the system’s steady

state.

Parameter

Value [unit]

Computational parameters

Axial domain length (L,)

2.5 % 1072 [m]

Azimuthal domain length (L)

1.28 x 1072 [m]

Cell size (Ax = Az) 50 [um]
Number of cells along the axial direction (N;) 500
Number of cells along the azimuthal direction (Ny) 256
Time step (ts) 5x10712 [s]
Total simulated duration (t;,,) 30 [ps]
Initial number of macroparticles per cells for axial grid (Npp., ) 150
Initial number of macroparticles per cells for azimuthal grid (Np,.,) 375

Physical parameters

Initial plasma density (n; ) 5 x 10 [m™3]

Initial electron temperature (T ) 10 [eV]
Initial ion temperature (T; ) 0.5 [eV]
Discharge Voltage (V) 200 [V]

Table 4.2 Summary of the computational and physical parameters used for the quasi-2D simulations of the
axial-azimuthal test-case problem
The simulation domain of the Penning discharge test case corresponds to a 2D Cartesian plane in
the x — y coordinate, with x denoting the axial direction, and y representing the radial direction. Fig. 4.2

shows a schematic of the simulation setup.

Grounded wall
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SIS S
Grounded wall

Fig. 4.2 Schematic of the setup of the Penning discharge simulations; adopted from Ref. [87] and re-

illustrated.
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The length of the simulation domain is the same along the x and the y directions and is equal to
0.05 m, i.e., L, = L, = 0.05 m. The total simulation time is 500 us. A uniform, constant magnetic field is
externally applied. A virtual ion density probe is placed within the simulation domain at the coordinates
ofx =0.0125mand y = 0.

As a summary of how the simulation was set up, the simulation domain is initially empty. A cylindrical
particle injection source with a radius of 5 mm is envisaged in the center of the domain that injects
helium ions and electrons at fixed rates throughout the simulation time [85][87]. The injected electrons
and ions are sampled from Maxwellian distribution functions at the temperatures of 15 eV for the
electrons and 0.025 eV for the ions. All four boundaries of the domain are electrically grounded and are
perfectly absorbing. Thus, a zero-volt potential boundary condition is applied to all sides of the domain,

and the particles crossing any of the four domain boundaries are removed from the simulation.

Table 4.3 presents a summary of the physical and the numerical conditions used for the Penning

test-case simulation.

Parameter Value [unit]

Computational parameters

Domain length (L, = L) 5x 1072 [m]
Number of cells in each direction (N; = N;) 256
Time step (ts) 4x 1071 [s]
Total simulated duration (t;,) 500 [us]

Physical parameters

Intensity of the applied magnetic field (B, ) 10 [mT]
Radius of the injection source (R;y;) 5 [mm]
Electron injection current (1,) —20 x 1073 [Am™1]
Electron injection temperature (T o) 15 [eV]
Ton injection current (I;) 8x 1073 [Am™1]
Ion injection temperature (T; o) 0.025 [eV]
Electric potential at the boundaries (¢,,) 0[V]

Table 4.3 Summary of the computational and physical parameters used for the ground-truth quasi-2D PIC

simulation of the Penning discharge test-case problem

Quasi-2D simulation of the Penning test-case problem was carried out using IPPL-Q2D [81][85] with
a domain decomposition of M = N = 45 along the axial and the radial directions. This approximation
order faithfully captures the essential underlying physics of the problem [85] and is, thus, suitable from

the fidelity perspective for our purposes of demonstrating OPT-DMD in subsection 4.2.2.
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4.1.3. Radial-azimuthal cross-field discharge configuration

The setup of the radial-azimuthal test-case simulations was presented in detail in section 3.3. For
the radial-azimuthal simulations, the coordinate system is defined such that the x-axis represents the

radial direction, the z-axis is along the azimuth, and the y-axis shows the unresolved axial dimension.

As was pointed out in section 3.3, the test-case simulations feature a temporally constant ionization
source with a cosine distribution along the x-direction and the peak value of S. The ionization source is
imposed to compensate for the flux of particles lost to the walls. Furthermore, for all the test cases, a

constant axial electric field (E, ) and a constant radial magnetic field (B,) are applied.

The various radial-azimuthal test cases in this Chapter differ from each other based on the set of
values chosen for the ionization source peak, the axial electric field, and the radial magnetic field. Table

4.4 reports the values of these plasma conditions for each adopted test case.

Test case S value E, value B, value
1 (Baseline) Sp=89x10*2m™3s! E, =10,000 Vm™! By =0.02T
2 So 0.5E, By
3 So 3E, By
4 So 5E, By
5 So E, 1.5B,

6 1/16 S, E, By
7 1/8 Sg E, B,
8 35, E, By
9 6So E, B

Table 4.4 Summary of the values of the physical parameters (plasma conditions) used for the radial-azimuthal
test-case simulations; the values of the plasma conditions for the “Baseline” case are equal to those of the

radial-azimuthal benchmark [43].

All test-case simulations are run for 30 us. Case 1 (the baseline) is also run for a longer duration of
135 us. This long-run was to generate the data for the investigations in subsections 4.2.3.1 and 4.2.3.2.
The set of values of the physical parameters S, E,, and B, for the test case 1 correspond to the

conditions of the radial-azimuthal benchmark [43].

The plasma in the adopted radial-azimuthal configuration exhibits a complex behavior that is
primarily influenced by two instability modes, the ECDI and the MTSI (see subsection 1.1.4). Following
the nonlinear development of these instabilities during the transient phase of the discharge evolution, a
quasi-steady state is reached, which is characterized by the nonlinear interactions between the ECDI
and the MTSI. These nonlinear interactions lead to the periodic mitigation and growth of these
instabilities. This dynamics is reflected in the time evolution of the macroscopic plasma properties,
particularly the ion number density and the radial electron temperature, in terms of a cyclic rise and
drop [43][48][84].
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The complex nature of the system’s dynamics and the dominant role of the underlying instability
modes in determining the global system response make the radial-azimuthal problem an interesting

one to assess the predictive performance of reduced-order models from OPT-DMD.

4.2. Performance of OPT-DMD for plasma dynamics forecasting

We assess the utility of OPT-DMD to derive reliable ROMs for plasma systems that enable

forecasting the time evolution of the dominant spatiotemporally coherent structures in the data.

The emphasis here is on gauging the extent of predictiveness of the linear models from the OPT-
DMD algorithm across a range of plasma test cases with varying degrees of nonlinearity in the

underlying processes and interactions.

The performance of the OPT-DMD ROMs is assessed through comparing the ground-truth and the
predicted temporal evolutions of the spatially averaged plasma properties in each test case.
Additionally, the 2D snapshots of plasma properties from the OPT-DMD model for each test case are
juxtaposed against the snapshots from the corresponding ground-truth simulation at sample time
instants within the test window. This provides a visual means of comparing the extent of similarity
between the OPT-DMD models’ prediction and the ground-truth data.

The difference between each ground-truth snapshot from the PIC simulation and the predicted one
from the OPT-DMD model is also quantified in terms of a loss factor (£), which is defined as per Eq.
4.1. This equation represents the instantaneous equivalent of Eq. 3.25, which was used to calculate the

average reconstruction loss (Lg).

3 ”Strue _ SDMD“F

L )
llsereelle

Eq. 4.1

In Eq. 4.1, ||S||» denotes the Frobenius norm of the data matrix that represents a 2D plasma property
snapshot from either the ground-truth simulation (]|St%¢||z) or the OPT-DMD model (||S?MP||+). The
Frobenius norm is calculated using the relation in Eq. 3.25. Loss factor definition like that provided in
Eq. 4.1 aligns with the standard approach widely accepted and used in the machine learning community
(see, e.g., Refs. [193] and [227]).

It is noted with regard to the loss factor, however, that reduced-order models, such as those from
DMD, operate in lower-dimensional spaces by focusing on dominant modes and disregarding minor
details, including noise. This dimensionality reduction inherently causes some information loss, making
the loss factor sensitive to accumulated discrepancies across dimensions and often resulting in
relatively large values, even when the model successfully captures essential patterns. Since ROMs are
purposefully designed to omit less significant data, including noise, a higher loss factor does not
necessarily indicate poor predictive quality; rather highlights the trade-off between quantitative precision

and capturing dominant dynamics.

Consequently, throughout this work, the loss factor serves primarily as a comparative indicator rather

than an absolute measure of accuracy. This has been in particular used to ensure loss remains bounded

Imperial College London, Department of Aeronautics




DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

over time in the ROMs’ predictions in this Chapter, as well as to compare the performance of the OPT-
DMD and the Phi Method models in Chapters 5 and 6. The importance of visual inspection, such as

comparing shapshots, is highlighted to effectively assess the predictions’ quality.

4.2.1. Axial-azimuthal test cases

To present the performance of the OPT-DMD models in the axial-azimuthal test cases, we first look
at the time evolution plots of the spatially averaged azimuthal electric field (E,) shown in Fig. 4.3 for
various values of the total ion current density (/). We compare in this figure the ground-truth and the
OPT-DMD-predicted E, signals for the different test cases. A DMD truncation rank of 55 is used to
develop ROMs from the E, data. We have also superimposed on the plots of Fig. 4.3 the time variations

of the loss factor between the ground-truth and the reconstructed data in each test case.

It is evident from the time evolution plots in Fig. 4.3 that the E, signal becomes increasingly more
complex with the increasing total ion current density. As is shown from previous works in the literature
[24][75][82][229], the higher complexity of the E, signal at higher ] values roots in the stronger presence
of underlying nonlinear and transient processes at these values of J, such as the development of the

ECDI and its transition to the ion acoustic waves.
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Fig. 4.3 Time evolution of the spatially averaged azimuthal electric field (E,) for the axial-azimuthal test cases
representing four different values of the total ion current density (J). Ground-truth traces from the quasi-2D
simulations are illustrated as solid black lines and the OPT-DMD-predicted traces as solid red lines. The green

traces represent the time variation of the loss factor (Eq. 4.1). Dashed blue lines indicate the training end time.
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Nevertheless, the linear models from OPT-DMD are observed to provide reasonable predictions of
the ground-truth data evolution, especially at lower ion current densities of 50 and 100 Am~2, where the
OPT-DMD-predicted traces follow the ground-truth very closely. The loss factor also varies quite
gradually in time from the training to the test window, and it remains stable and bounded throughout the

training and testing.

For the axial-azimuthal test case 1 (J = 50 Am~2, Table 4.1), for which the OPT-DMD model is
noticed from Fig. 4.3 to present a great predictive capability, we have shown in Fig. 4.4 the effect of the
length of the training time window. This is done by comparing the time evolution and the 2D snapshots

of the azimuthal electric field from the ground-truth PIC simulation and the OPT-DMD model.

Referring to the time evolution plots (Fig. 4.4(a) and (b)), we observe that, with a larger training set,
the OPT-DMD model can more closely predict the ground-truth signal. This is further evident by referring
to the comparison of the snapshots at four random test time instants. It is indeed clear that the predicted
2D snapshots from the ROM trained on a larger dataset are quite more similar to the ground-truth

snapshots, particularly in terms of the details of the spatial distribution of the azimuthal electric field.

In any case, the model trained on a smaller dataset also captures the main spatial patterns in the
data, and its predicted E, signal largely follows the overall evolution trend of the ground-truth data as

well.

DMD DMD
True (with larger training set) (with smaller training set)

[norm. amp.]

[norm.amp.]  [norm.amp.]

[norm. amp.]

[norm. amp.]

x/Lx x/Lx x/Lx

Fig. 4.4 (Left column) time evolution of the spatially averaged azimuthal electric field (E,) for the axial-
azimuthal test case with ] = 50 Am~2 and two different lengths of the training window: (a) larger training set of
6 — 24 us, (b) smaller training set of 6 — 17 us. Ground-truth traces from the quasi-2D simulation are illustrated
as solid black lines and the OPT-DMD predicted traces as solid red lines. The green traces represent the time

variations of the loss factor (Eqg. 4.1). Dashed blue lines indicate the training end time. (Right column)

Comparison between the 2D snapshots of E, from the ground-truth PIC simulation and the OPT-DMD model

obtained with the larger and smaller training windows.
Concerning the above observations, we would emphasize that for OPT-DMD to correctly learn the
dynamics, the training window needs to be long enough to capture the important features within the

data with sufficient statistical representativeness. In this regard, for both of the cases compared in Fig.
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4.4, the training window is sufficiently long to enable the model to capture the important modes.
However, in the case of a longer training window, the learning can be more accurate simply due to more
statistics available. Furthermore, the non-stationary nature of the signal can also influence the impact
of the training data size on the accuracy of the model. The larger the training dataset is, a better fit can

be found to represent data that is not fully periodic.

4.2.2. Penning discharge test case

For the Penning discharge test case, we applied OPT-DMD to the spatiotemporal data of two plasma
properties of interest, namely, the ion number density (n;) and the radial component of the electric field
(Ey). OPT-DMD was applied to time-series data of these two properties from 200 us forward to ensure
that the system has arrived at its quasi-steady state [85][87]. We used a DMD truncation rank of 100 to
derive the ROMs for the n; and the E,, properties.

Fig. 4.5 and Fig. 4.6 compare the predicted dynamics of the n; and the E,, from the OPT-DMD ROMs
against the ground-truth dynamics of these properties from the quasi-2D PIC simulation. Superimposed
on the plots of Fig. 4.5 are the time evolutions of the instantaneous loss between the

reconstructed/predicted snapshots of each property and the corresponding ground-truth snapshots.

Before discussing the observations from Fig. 4.5 and Fig. 4.6, we point out that, even though the
truncation rank is the same between the OPT-DMD ROMs for the n; and the E,, properties, the length
of the training window is different. This is because OPT-DMD was found to require more statistics of
the n; data to provide its best forecast compared to when the method was applied to the E,, data. This
point roots in the inherent difference that may exist between the different plasma properties in terms of

the complexity of the associated spatiotemporal data.

x 101° ——OPT DMD

(a)

Ni probe

(b)

Ey,mecm

Fig. 4.5 Time evolution of the plasma properties from the Penning discharge test case: (a) ion number density
at the location of the density probe (n; ,-ope), (b) spatially averaged radial electric field (E,, ymeqn ). Black traces
represent the ground-truth signals from the quasi-2D PIC simulation, whereas the red traces are the
reconstructed/predicted signals from the OPT-DMD models with the truncation rank (r) of 100. The green
traces represent the time variations of the loss factor (Eq. 4.1). The vertical dashed blue lines indicate the end

of the training windows.
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Fig. 4.6 Comparison between the 2D snapshots of plasma properties from the ground-truth quasi-2D
simulation of the Penning problem and the OPT-DMD models at four time instants within the shared test
window for both plasma properties (360 to 500 us); (a) ion number density (n;), (b) radial electric field (E,,).
The selected time instants represent one full rotation cycle of the spoke structure.

Now, in Fig. 4.5(a), we have compared the time variations of the predicted and the ground-truth n;
signal at the location of the virtual density probe. As the ion density measurements using this virtual
probe were important outputs of the Penning discharge benchmark [87], and considering that the high-
number-density region in the Penning problem has a rotating nature, the most appropriate measure to
verify the accuracy of the n; predictions is by comparing the OPT-DMD-predicted and the PIC-simulated
n; evolutions at the probe location. With this in mind, we observe that the predicted n; signal within the
test window is quite consistent with the ground-truth, exhibiting a similar oscillation frequency and

overall comparable amplitudes.

Moreover, in Fig. 4.6(a), we have juxtaposed the predicted and the “true” (ground-truth) 2D
snapshots of the ion number density at four time instants within the test window that correspond to one
rotation-cycle of the spoke structure. The OPT-DMD-predicted snapshots are seen to closely resemble

the ones from the PIC simulation, capturing the main spatial features.

Similar statements to those mentioned above regarding the ion number density results can also be
said with regard to the predicted and the ground-truth E,, data. Indeed, the true time evolution of the
spatially averaged radial electric field from the quasi-2D PIC simulation is observed from Fig. 4.5(b) to
be quite closely captured by the OPT-DMD model. The predicted and the ground-truth 2D snapshots
of the E,, in Fig. 4.6(b) also show a reasonable degree of resemblance to each other in terms of both

the spatial structure and the magnitudes across the four sample time instants.
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4.2.3. Radial-azimuthal test cases

We begin by presenting a number of radial-azimuthal test cases in which the OPT-DMD models
demonstrated remarkably good predictiveness. In this regard, Fig. 4.7 shows the time evolutions of the
spatially averaged plasma properties from the ground-truth PIC simulations (black lines) and the OPT-

DMD models (red lines) for the test cases with the axial electric field intensity (E, ) of 0.5E, and SE,.

In each of these two test cases, and for all the plasma properties shown, we used the data in the
time window of about 5-22 us for the training of the OPT-DMD model, which was subsequently tested
over the timeframe of about 22-30 us. It is recalled from subsection 4.1.3 that the total duration of the
radial-azimuthal test-case simulations was, in general, 30 us. Across the two cases and all the plasma
properties, we used a truncation rank (r) of 50 to 60 in OPT-DMD. The data from the first 5 us of the

discharge evolution was discarded for the training as it represents the initial transient of the system.

We observe from Fig. 4.7 that, in terms of the time evolution of the plasma properties, the traces
corresponding to the OPT-DMD models closely follow the ground-truth traces within both the training

and testing time windows.

The time evolutions of the loss factor (£, Eq. 4.1), illustrated as green lines in the plots of Fig. 4.7,
show an expected sudden variation when moving from the training window to the test, but they remain
stable and bounded for both the training and the test datasets. The stability and boundedness of the
loss of OPT-DMD’s forecasts were also observed from the axial-azimuthal and the Penning discharge

test cases.

We highlight that, in the section 4.3, we present an analysis of the sensitivity of the OPT-DMD ROM

to the noise in data for the 0.5E, case as an example.

E =0.5E, E =5E,

t[pus] t[ps]

Fig. 4.7 Time evolution of the spatially averaged plasma properties for two test cases with the axial electric
field values of E,, = 0.5E (left column), and E,, = 5E, (right column). First-row plots represent the azimuthal
electric field (E,) signal, second-row plots show the axial electron current density (/. ), and third-row plots
correspond to the radial electron current density (/). Ground-truth traces from the PIC simulations are shown

with solid black lines, OPT-DMD-predicted traces with dotted red lines, and the green traces represent the
time variations of the loss factor (Eq. 4.1). Dashed blue lines indicate the training end time.
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In Fig. 4.8, we have compared the 2D snapshots of the azimuthal electric field (E,) and the axial
electron current density (J., ) from the ground-truth simulations and the OPT-DMD models for the test
cases of 0.5E, and 5E, at three randomly selected time instants within the test window. The predicted
snapshots of either plasma property are seen to be closely representative of the ground-truth ones in

both test cases and at all three time instants.

Another radial-azimuthal test case, in which the derived ROM from OPT-DMD exhibited great
predictive capability, is the case with B, = 1.5B,. Comparisons of the OPT-DMD model predictions
against the ground-truth for this test case in terms of the time evolution of the averaged plasma
properties and their 2D snapshots are shown in Fig. 4.9. Similar to the test cases with E,, = 0.5E, and
5E,, we used the time window of about 5-22 us for OPT-DMD training and an r value of 50-60 across

the different plasma properties shown.

It is observed from Fig. 4.9 that the OPT-DMD predictions within the test window are highly
consistent with the ground-truth data. This is true considering either the time evolutions of the plasma
properties or the 2D snapshots at sample time instants. We note that, in this test case, the variation in
the loss from the training set to the test is more gradual and does not feature the step change that was
observed for the 0.5E, and 5E, test cases from Fig. 4.7. In any case, the loss factor variation over time

is again seen to be bounded.
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Fig. 4.8 Comparison of the 2D snapshots of plasma properties from the ground-truth radial-azimuthal
simulations and the OPT-DMD models for two values of the axial electric field at three randomly selected time
instants within the test window (~22 — 30 us). (Left column) azimuthal electric field (E,), (right column) axial

electron current density (/., ). The first three rows correspond to E, = 0.5E,, whereas the second three rows

are for the simulation with E,, = 5E,.
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Fig. 4.9 (Left column) time evolution of the spatially averaged plasma properties, E, J,, and J.,, for the

radial-azimuthal test case with the radial magnetic field intensity of B, = 1.5B,. Ground-truth traces from the

quasi-2D simulation are shown with solid black lines, OPT-DMD-predicted traces with dotted red lines, and the

green traces represent the time variation of the loss factor (Eq. 4.1). Dashed blue lines indicate the training

end time. (Middle column) Comparison of the 2D snapshots of the E, from the ground-truth simulation and

the OPT-DMD model at three randomly selected time instants within the test window (~22 — 30 us). (Right

column) Comparison of the 2D snapshots of the /., from the ground-truth simulation and the OPT-DMD

model at three randomly selected time instants within the test window.

For the test cases presented so far, a common feature among the time evolution plots of the spatially

averaged plasma properties (Fig. 4.7 and Fig. 4.9(left column)) is that the signals are rather periodic.

This implies that, under the simulations’ setup conditions corresponding to these test cases, the system

exhibits a relatively quasi-steady behavior after its initial transient.

We will demonstrate next in several test cases that the predictive performance of the linear OPT-

DMD models is to some extent reduced for the cases where the signal evolution becomes less regular,

i.e., when the plasma system is characterized by strong underlying transient processes and highly

nonlinear interactions.

In this respect, Fig. 4.10 compares the time evolution signals of the spatially averaged axial electron

current density (Jey mean) from the PIC simulations and the OPT-DMD models for six different sets of

plasma conditions that correspond to the test cases 1, 3, and 6 to 9 in Table 4.4. Noting the specificities

of the discharge evolution in each test case, which are evident from the different temporal variation

characteristics of the /., m.qn across the test cases, the end time of the training window varies between

about 17 to 22 us for the various cases, and the r value used has been between 100-150.

We observe from Fig. 4.10 that, even though the OPT-DMD predictions may not be at the same

level of accuracy as those shown before for the test cases 2, 4, and 5 (Table 4.4), they still provide a

reasonably close approximation of the ground-truth data. Given the simplicity and minimal

computational cost of the models obtained from the OPT-DMD algorithm, on the one hand, and the

complexity of the involved physics, on the other, the models’ accuracy is deemed acceptable. In

addition, we note that the loss factor once again remains bounded for both the training and the testing.
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Fig. 4.10 Spatially averaged axial electron current density (/¢ meaqn) Signals for the radial-azimuthal test cases
with various setup parameters (plasma conditions): (a) baseline conditions with axial electric field (E, ) being
Ey, and the peak amplitude of the ionization source (S) being S,. (b) E;, = 3Ey, S =Sy, (¢) Ey = E, S = f—‘; (d)
E,=Ey S= %" (e) Ey = Ey, S =358, and (f) E,, = E,, S = 65,. Ground-truth traces from the PIC simulations
are shown with solid black lines, OPT-DMD-predicted traces with dotted red lines, and the green traces
represent the time variations of the loss factor (Eq. 4.1). Dashed blue lines indicate the training end time.

We highlight that OPT-DMD can be sensitive to the time at which we truncate the data as the end
of the training interval. The extent of this sensitivity varies from case to case and is related to the
periodicity characteristics of the data. For the cases shown in Fig. 4.7 and Fig. 4.9, which exhibit quasi-
periodic behaviors with small enough frequencies to enable capturing enough cycles during the training
interval, we found this sensitivity to be minimal. As a result, for these cases, we used nearly identical

training durations.

Nonetheless, the cases presented in Fig. 4.10 exhibit different periodic behaviors from each other
in terms of either the time scales of the periodicity or the level of similarity between various cycles in
the signal. In this respect, we found that, although a training window of about 5-22 us is sufficient in
these cases to train OPT-DMD, the corresponding models are more sensitive to the alterations in the
training interval compared to the previous cases of Fig. 4.7 and Fig. 4.9. As a result, minor adjustments

to the training window of 5-22 us were made to obtain the most optimal OPT-DMD model performance.

Despite the differences observed from Fig. 4.10 between the time evolution signals of the J,,, from
the OPT-DMD models and the ground-truth simulations, the predicted 2D snapshots in Fig. 4.11 and
Fig. 4.12, presented for four randomly selected time instants within the test window, show a high degree
of resemblance to the corresponding ground-truth data for all the test cases 1, 3, and 6 to 9 (Table 4.4).
Indeed, we observe that the main features in the ground-truth data are captured by the predictions of

the OPT-DMD models, and the magnitudes are quite similar as well.
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Fig. 4.11 Comparison between the 2D snapshots of the axial electron current density (J,,,) from the ground-
truth PIC simulations and the OPT-DMD models for three sets of setup parameters (plasma conditions); (left

column) baseline conditions, E, = Ey, S = S,, (middle column) £, = 3E,, S = S, (right column) E,, = E,,
S = f—g. For each set of plasma conditions, the snapshots along the rows correspond to various instances of

the system evolution within the associated test window (from the dashed blue line in Fig. 4.10 until t = 30 us).
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Fig. 4.12 Comparison between the 2D snapshots of the axial electron current density (J,,,) from the ground-
truth PIC simulations and the OPT-DMD models for three sets of setup parameters; (left column) E,, = E,,
S = %’ (middle column) E;, = E,, S = 35, (right column) E,, = E,, S = 6S,. For each set of setup

parameters, the snapshots along the rows correspond to various instances of the system evolution within the
associated test window (from the dashed blue line in Fig. 4.10 until t = 30 ps).
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4.2.3.1. An example of long-term dynamics prediction

At this point, we would like to assess the stability and the predictive capability of an OPT-DMD model

for long-term predictions of the dynamics. This investigation is done for test case 1 from Table 4.4.

We have used the data from the extended quasi-2D PIC simulation of test case 1 (with 135 us
duration) and have evaluated the performance of three OPT-DMD models obtained with different values
of the truncation rank (or, equivalently, the number of DMD modes), namely, r = 55, r = 150, and r =
400. For the models with r =55 and r = 150, the training time window is from about 5 to 22 us. For the
model with r = 400, we needed to extend the end time of the training window to about 98 us. This was
necessary because the relatively large truncation rank of 400 requires sufficient number of training data
snapshots as well so that the corresponding model will still be learning the physical patterns in the data

(rather than the noise) and will thus not overfit the training data.

Fig. 4.13 shows the evolution of the spatially averaged J.,, from the ground-truth PIC simulation and
the OPT-DMD model with = 55 over the timeframe of 5-135 us. It is observed that, even with a training-
to-test ratio of about 0.15, the predicted signal from the OPT-DMD model remains fully stable over time,
and it follows the general trends of the ground-truth throughout the test window. The stability of the
predicted signal from OPT-DMD is indeed remarkable in itself because, as was discussed in detail in
section 3.5, obtaining a stable and, hence, reliable DMD model is quite often challenging with the
original version of the DMD method (basic/Exact DMD).

>§4oo .|.| !* 'ilb’[”-l;'_nlk’l‘I\Jk'{“‘ w ‘W'L{ “\ Mlllh' lﬂl" W‘.-"l.l‘\,“'”m' ﬂ”«'“' '{\_1‘
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Fig. 4.13 OPT-DMD model with the low-rank approximation (r = 55) trained over a short-duration dataset (t =
5-22 us). (a) Time evolutions of the spatially averaged axial electron current density (/) from the PIC
simulation (solid black line) and from the OPT-DMD model (solid red line). (b) zoomed view on plot (a) over
the time window of 5-60 us. (c) zoomed view on plot (a) over the time window of 60-135 us. The setup
parameters correspond to those of the radial-azimuthal baseline test case. Dashed blue line indicates the

training end time.

When increasing the number of DMD modes from 55 to 150, the time evolution plots of the averaged

Jey in Fig. 4.14 illustrate that, whereas the model now better fits the training, its prediction within the test

window follows less closely the ground-truth compared to the model with r = 55. The predicted signal
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still has the same mean value as that of the ground-truth and remains stable over time, but it is overall

out of sync with the signal from the PIC simulation.
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Fig. 4.14 OPT-DMD model with the moderate-rank approximation (r = 150) trained over a short-duration
dataset (¢t = 5-22 us). (a) Time evolution of the spatially averaged axial electron current density (J,,,) from the
PIC simulation (solid black line) and from the OPT-DMD model (solid red line). (b) zoomed view on plot (a)
over the time window of 5-60 us. (¢) zoomed view on plot (a) over the time window of 60-135 us. The setup
parameters correspond to those of the radial-azimuthal baseline test case. Dashed blue line indicates the

training end time.
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Fig. 4.15 OPT-DMD model with the high-rank approximation (r = 400) trained over a long-duration dataset (¢t =
5-98 us). (a) Time evolution of the spatially averaged axial electron current density (J,,,) from the PIC
simulation (solid black line) and from the OPT-DMD model (solid red line). (b) zoomed view on plot (a) over
the time window of 5-60 us. (c) zoomed view on plot (a) over the time window of 60-135 us. The setup
parameters correspond to those of the radial-azimuthal baseline test case. Dashed blue line indicates the

training end time.
For the case of r = 400, the averaged J.,, signal from the OPT-DMD model is noticed from Fig. 4.15

to capture the main evolution trend of the training data, and this behavior is also exhibited by the
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predicted signal into the test window. However, we can again observe that the prediction falls frequently

out-of-sync with the ground-truth signal.

The time evolutions of the loss factor in /., between the ground-truth data and the predictions of the
OPT-DMD models with different r values are shown in Fig. 4.16. It is again observed that, for all the
OPT-DMD models, the loss remains bounded, which is particularly interesting for the models with r =

55 and 150, which were tested over a notably extended timeframe.
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Fig. 4.16 Time evolution of the loss factor (from Eq. 4.1) between the predicted axial electron current density
(Jey) from the OPT-DMD models with different values of the truncation rank (r) and the ground-truth PIC

simulation. Dashed blue lines indicate the training end time.

We would point out that comparing the values of loss across the different models might be, in any
case, rather misleading. In fact, it is recalled that increasing the DMD’s truncation rank enables the
model to capture more of the patterns underlying the training data. This reduces the loss factor, which
is calculated by comparing the ground-truth and the reconstructed snapshots point-by-point. However,
as is seen from the time evolution plots of the /., in Fig. 4.14 and Fig. 4.15, a higher rank model does
not necessarily perform better in terms of the time variation of the spatially averaged data over the
testing window. This can be in part explained by the fact that DMD assumes the underlying modes to
remain invariant over time. Thus, the higher the number of DMD modes retained during training, i.e.,
for larger r values, the more probable it is in real nonlinear systems, that feature transient behaviors,
that some of the learned modes would not exist within the test set. This can consequently impact the

ability of the model to properly trace the evolution trends in the ground-truth beyond the training window.

To conclude this subsection, we refer to Fig. 4.17 and Fig. 4.18 in which, for the OPT-DMD models
with » = 55 and 400, respectively, we have compared the predicted 2D snapshots of the /., against the

ground-truth at several time instants within the test interval.
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Fig. 4.17 Comparison between the 2D snapshots of the axial electron current density (J,,,) from the ground-
truth PIC simulation and the OPT-DMD model with the rank of r = 55 over several test-window time instants.

The setup parameters correspond to those of the radial-azimuthal baseline test case.

It is noted that generally, for both cases, the predicted snapshots feature the main patterns of the
ground-truth, and the magnitudes are also overall comparable. However, the OPT-DMD model with r
= 400 has expectedly captured finer details of the spatial distribution. This has, in turn, resulted in an

increased degree of resemblance between the DMD-predicted and the ground-truth data for this case.
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Fig. 4.18 Comparison between the 2D snapshots of the axial electron current density (J,,,) from the ground-
truth PIC simulation and the OPT-DMD model with the rank of » = 400 over several test-window time instants.

The setup parameters correspond to those of the baseline radial-azimuthal test case.

4.2.3.2. An example of simultaneous forecasting of a multi-property plasma state

In subsection 3.2.1.1, we pointed out that DMD can be also applied to augmented data matrices that
comprise the spatiotemporal data (time-series snapshots) of several plasma (physical) properties. We
mentioned that this augmentation of the system’s state vector to which DMD is applied can enhance
the predictive performance of the DMD model by enabling it to capture the interdependency between

various physical properties. In this subsection, we aim to assess whether applying OPT-DMD to a multi-
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property state vector of the radial-azimuthal plasma system as an example can improve the predictive

performance of the resulting ROM for this problem.

To the above end, we have once again used the data from the long-duration PIC simulation of the
radial-azimuthal test case 1 (the baseline case, Table 4.4). As per the approach described in subsection
3.2.1.1, the data matrix to which OPT-DMD is applied now comprises the time-series snapshots of
several plasma properties, namely, the electrons’ axial drift velocity (Vg ), the electrons’ radial drift
velocity (V). the electrons’ azimuthal drift velocity (V. .), the radial electron temperature (T,,), the
azimuthal electron temperature (T,,), the electron number density (n,), the radial electric field (E,.), and
the azimuthal electric field (E,). A DMD truncation rank of 150 is used, and the OPT-DMD model is

trained over the time window of 30-90 us.

Fig. 4.19 compares the time evolutions of the spatially averaged values of the above plasma
properties from the ground-truth PIC simulation against the signals obtained from the OPT-DMD ROM.
The OPT-DMD model has simultaneously learned the time dynamics of all the properties and has, in
turn, provided a simultaneous prediction of their time variations over a rather extended time window of
45 us (90-135 us).

It is remarkable to observe that the predicted signals from the OPT-DMD model remain fully stable
over time and are quite closely following the ground-truth signals across all the properties. Since the
agreement between the predicted and the ground-truth signals seems to be overall very good, we have
looked more closely in Fig. 4.20 at how well the OPT-DMD-predicted signals compare against the
ground-truth. Fig. 4.20 provides zoomed-in views on the plots of Fig. 4.19 over a time interval around
the end of the training window, i.e., t = 90 us. Moreover, an additional comparison is shown in Fig. 4.20
between the ground-truth data and the OPT-DMD ROM predictions in terms of the time variations of

the local values of the plasma properties at the mid-point within the radial-azimuthal domain.

The zoomed-in plots on the left column of Fig. 4.20 show that the OPT-DMD-predicted signals
faithfully follow the ground-truth traces for all the plasma properties. In particular, the predicted time
dynamics (oscillations’ frequency) remains consistent with the ground-truth from the training into the
testing interval. This is a marked improvement in predictions compared to the results shown through
Fig. 4.13 to Fig. 4.15, where the predicted signals were observed to fall out-of-sync with the ground-
truth after a rather short time into the test window, especially for the moderate-to-high truncation ranks
of DMD.

The time evolution plots of the local values of the plasma properties (Fig. 4.20(right-column)) also
show an overall good agreement between the predictions and the ground-truth, with the main oscillation
patterns of the ground-truth signals being captured by the OPT-DMD-predicted signals. It is emphasized
that the ability of a data-driven model to provide rather accurate predictions of the local behaviors of
complex systems is most often a major challenge. However, the OPT-DMD model trained on a multi-

property state vector is seen here to overcome this challenge in an effective manner.
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Fig. 4.19 Time evolutions of several spatially averaged (over the entire domain) plasma properties; (a)
electrons’ axial drift velocity (Vg ), (b) electrons’ radial drift velocity (Vg x), (C) electrons’ azimuthal drift
velocity (Ve 2), (d) radial electron temperature (T, ), (e) azimuthal electron temperature (T,,), (f) electron

number density (n.), (g) radial electric field (E,), (h) azimuthal electric field (E,). Black traces represent the
ground-truth signals from the radial-azimuthal PIC simulation, whereas the red traces are the
reconstructed/predicted signals from the OPT-DMD model with the truncation rank (r) of 150. The vertical
dashed blue line indicates the end of the training window, which corresponds to t = 90 us. Plots (g) and (h) are
zoomed-in views on the E, and E, signals within the time intervals of 60-120 us and 80-100 us, respectively, to

aid better distinguishing the ground-truth and the predicted evolutions.
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Fig. 4.20 Time evolutions of several plasma properties; (left column) zoomed-in views on the temporal
variation plots of the spatially averaged plasma properties from Fig. 4.19. The zoomed-in plots are over the
time interval of 70-110 us (20 us before and after the training end time) for all the plasma properties, except for
the E, and the E,. For these two properties, the zoomed-in timeframes are, respectively, 75-105 us, and 85-95
us. This is done to aid better distinguishing the ground-truth and the predicted evolutions. (right column) time
variations of the local values of the plasma properties included within the multi-property plasma state vector.
The signals’ duration for all the properties are consistent with those of the plots on the left column.

To provide a quantitative comparison between the OPT-DMD predictions and the ground-truth data

from the PIC simulation, Fig. 4.21 shows the time variations of the instantaneous loss factor calculated
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as per Eq. 4.1 between the predicted and the “true” snapshots corresponding to the signals that were
compared in Fig. 4.19. The most notable observation is again the stability and the boundedness of the
loss over the entire duration of the signals. Also, for all the plasma properties, the loss factor shows a

very gradual increase from the training into the test window.
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Fig. 4.21 Time evolutions of the loss factor (from Eq. 4.1) between the simultaneously predicted plasma
properties from the OPT-DMD model and the ground-truth data from the PIC simulation. The range of the y-
axis values is the same for the plots under the same columns. Dashed blue lines indicate the training end
time.
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Fig. 4.22 Comparison between the 2D snapshots of several plasma properties from the ground-truth radial-
azimuthal PIC simulation and the OPT-DMD model at three randomly selected time instants within the test
window (90-130 us); (a) azimuthal electric field (E,), (b) electron number density (n,), (c) radial electron
temperature (T,,), (d) electrons’ radial drift velocity (V. ), (€) electrons’ axial drift velocity (Vg ), (f) electrons’

azimuthal drift velocity (Vg ;).
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To additionally have a visual qualitative assessment of the performance of the OPT-DMD ROM for
simultaneous forecasting of a multi-property plasma state vector, we refer to Fig. 4.22. This figure
compares the predicted 2D snapshots of several plasma properties from the OPT-DMD ROM against
the ground-truth snapshots at three randomly selected time instants within the test window (beyond the
90-us mark in Fig. 4.19). Across all the time instants and plasma properties, we observe a remarkable

degree of similarity between the OPT-DMD-predicted and the ground-truth snapshots.

4.3. Sensitivity of the OPT-DMD performance to added Gaussian noise

In this section, we evaluate the sensitivity of OPT-DMD to noise in the data. This has been assessed
by adding artificial Gaussian noise with a wide range of standard deviations (o = 0.01 to 0.5) to the
normalized axial electron current density (J., ) data from the radial-azimuthal test case with E,, = 0.5E,
(testcase 2 in Table 4.4). This particular test case is selected just as an example. We would nonetheless
remind from subsection 4.1.3 that the OPT-DMD model demonstrated an excellent predictive

performance for this test case in the absence of any artificially added noise.
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Fig. 4.23 Comparison between the OPT-DMD’s prediction and the ground truth data of the normalized axial
electron current density (/. ) with different levels of added Gaussian noise from the radial-azimuthal simulation
case with E,, = 0.5E, in terms of (a) the time evolution of the spatially averaged signal, and (b) reconstruction
of a sample 2D snapshot. In the plots of column (a), the ground-truth traces from the PIC simulation are shown
with solid black lines and the OPT-DMD-predicted traces with dotted red lines. The green traces represent the

time variations of the loss factor (Eq. 4.1). Dashed blue line indicates the training end time.
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The results of the robustness analysis on OPT-DMD are illustrated in Fig. 4.23. In this figure, the
time variations of the spatially averaged /., data with various degrees of noise as predicted by the OPT-
DMD model are compared against the corresponding ground-truth. Moreover, the reconstructions of a
sample 2D snapshot of the /., from the OPT-DMD model in the presence of various noise levels are

compared against the respective “true” 2D snapshot.

Considering the various comparisons shown in Fig. 4.23, OPT-DMD is observed to exhibit great
robustness to noise. It is indeed able to successfully identify the dominant dynamics and to produce a

stable model with good predictive performance even for highly noisy data.

4.4. Chapter conclusions

This Chapter focused on assessing the applicability of OPT-DMD to provide reliable and predictive
reduced-order models of plasma systems. We evaluated in various test cases the performance of the
linear data-driven ROMs from OPT-DMD to predict the temporal evolution of the plasma state and the

spatial distribution of the properties.

The adopted test cases corresponded to 2D configurations representative of an axial-azimuthal and
a radial-azimuthal cross-section of a Hall thruster as well as a 2D Penning discharge configuration. The
axial-azimuthal and the radial-azimuthal test cases each involved several sets of plasma conditions

(setup parameters), whereas the Penning test case involved only one set of setup parameters.

We overall observed that the OPT-DMD ROMSs have a promising predictive potential across all the
test cases, with a remarkable ability to predict the ground-truth data in cases where the plasma system
exhibits relatively quasi-periodic behavior. We additionally noted that the OPT-DMD models provide
stable predictions over time, and that the loss factor between the ground-truth and the
reconstructed/predicted data remains bounded throughout the training and the test windows for all the

cases tested.

For the majority of the test cases, we examined the short-time predictive capacity of the OPT-DMD
models. This was because short-duration dynamics forecasting is the most prudent use of a data-driven
algorithm such as dynamic mode decomposition that provides linear dynamics models under the
assumption that the underlying patterns (modes) in the training data remain invariant over time. This
assumption can in fact be a stringent one for real-world plasma systems, such as Hall thrusters and the
broader family of ExB discharges, for which nonlinear, highly transient processes and interactions often

take place.

Nevertheless, for a radial-azimuthal test case, we investigated the behavior of the OPT-DMD model
for long-term prediction of the dynamics. We noticed that models developed using three different DMD
truncation ranks all present great stability and can acceptably reproduce the time evolution trends of

the ground-truth data as well as the spatial structures in the 2D distributions of the plasma properties.

A remarkable improvement in the predictive performance of the OPT-DMD ROM was observed
toward time-extended dynamics forecast, in particular, when OPT-DMD was applied to a multi-property

state vector of the radial-azimuthal plasma system as an example. We highlighted that the enhanced
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predictive capability roots in the fact that the data matrix in the case of a multi-property plasma state is
augmented by the time-series information of several plasma properties, and this enables the OPT-DMD
model to capture the interdependency between various physical properties and not be solely reliant on

the spatiotemporal correlations in the data of a single property.

To elaborate a bit further, the capability of OPT-DMD to capture interdependencies among plasma
observables when multiple observables are incorporated into the data matrix enables the method to
analyze their joint dynamics. By including multiple observables, OPT-DMD extracts dynamic modes
that reflect the relationships among various observables. Each observable in the data matrix indeed
resembles a state variable, and by expanding this set of state variables, OPT-DMD captures the
interdependencies in the time evolution of each variable. In this way, each observable’s dynamics can
reflect the influence of others, effectively embedding these interdependencies within its learned

dynamics.

This is conceptually linked to the Koopman operator framework [170], where the high-dimensional
space of observables can enable a linear representation of nonlinear interactions. In the context of
OPT-DMD, including multiple observables in the data matrix enables the method to approximate this
Koopman space, where the interactions among observables are captured as part of the identified
dynamic modes. Thus, OPT-DMD, when applied to a multi-observable data matrix, can approximate

the dynamics by taking into account the couplings between various observables.

Lastly, we demonstrated in this Chapter that OPT-DMD is greatly robust to noise in the data. The
method was proved to be able to reliably identify the dominant modes underlying the data and provide
stable ROMs even when the training data featured high levels of added Gaussian noise (large standard

deviations).
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Chapter 5 Data-driven local operator finding for reduced-

order modelling of plasmas

In Chapter 3 and Chapter 4, we observed how the robust OPT-DMD algorithm enables the
identification of dominant “global” modes (patterns) underlying the data of a plasma system
and yields linear time-dynamics models that best describe the time evolution of the global
modes. In this Chapter, the focus is turned to a data-driven method for “local” dynamics
discovery. We introduce a novel algorithm that is developed through this thesis work and is
termed the “Phi Method”. Phi Method enables learning the discretized form of differential
equations describing a dynamical system and, thus, allows straightforward time forecasting
of the system’s state. The performance and broad applicability of Phi Method toward deriving
reliable and robust ROMs are demonstrated for three test cases — the Lorenz attractor
problem, the flow-past-a-cylinder problem, and a 1D Hall-thruster-representative plasma
problem. In the fluid and the plasma test cases, the performance of the ROMs from Phi

Method is compared for reference against the performance of OPT-DMD-derived ROMs.

The concept of Phi Method and its underlying formulation are described in section 5.1. The
method is then tested in section 5.2 on the canonical problems of the Lorenz attractor and
the fluid flow past a cylinder. Section 5.3 assesses Phi Method’s performance when applied to
the data of the plasma test case, and section 5.4 evaluates the sensitivity of Phi Method to
noise in the data in comparison against OPT-DMD. The noise robustness analyses of section
5.4 are carried out using both the fluid and the plasma test cases. Section 5.5 summarizes the

main observations and findings from this Chapter.

5.1. Phi Method: a novel approach for the discovery of discretized PDEs

Phi Method is a novel data-driven dynamics discovery technique, which finds the discretized form of
the PDEs governing a system’s dynamics. In other words, the algorithm is designed to discover the
involved dynamics and the optimum discretization stencil simultaneously. This, hence, yields an

optimum local operator that acts as a time stepper, advancing the system’s state vector through time.

The data-driven finding of the optimum discretization stencil that is embedded within Phi Method is
inspired from the general “stencil-learning” research in fluid dynamics [125][126], where ML/DD

approaches have been pursued to relax the stringent stability requirements on solving the differential
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equations with nonlinear terms (representing turbulence, e.g.) that make the numerical solutions

computationally burdensome (refer also to subsection 2.1.2.1).

The underlying formulation of Phi Method is presented in the following. For simplicity, and without
losing generality, we describe the formulation for the case of a system with one-dimensional (1D) spatial

variations.

Consider the relation in Eq. 5.1, which describes the dynamics (time evolution) of a generic system

dx(t)
dt

- .‘F(x(t)), Eq. 5.1

with x denoting the system’s state vector. x can represent all the physical properties of interest from
the system. We aim to discover the discretized form (in time and space) of Eq. 5.1, which can be written

as follows

x1 = F(yH)o. Eq. 5.2
In Eq. 5.2, @ represents the linear discrete-form counterpart of the continuous-time operator F (Eq.
5.1), which we would like to find, hence, the name of the algorithm, “Phi Method”. The relationship in
Eq. 5.2 is applicable to all the nodes, i, inside a computational domain (i = 2,3, ..., N, — 1, with N, being

the total number of computational grid nodes), and all the time steps k = 1,2,...,m — 1.

Referring to Eq. 5.3, x¥ is the system’s state vector comprised by P variables (x;f_i, p=12,..,P)on
the i-th node and at the time step k. y* represents the set of state vectors on node i and on its

neighboring nodes at the time step k.

L= yi=1Ix, xf xfal Eq.5.3

Here, in the definition of y, we have included only the immediate adjacent nodes to node i along a
single dimension, i.e., nodes i —1and i+ 1. However, the definition can be readily generalized to
contain arbitrary number of surrounding nodes along all the dimensions possibly involved in the

system’s dynamics.

The inclusion of farther neighboring nodes (e.g., nodes i — 2, i + 2, etc) allows capturing higher-
order spatial derivatives (if present) as well as to obtain higher accuracy discretization of the lower-
order derivatives. The schematic of the spatiotemporal computational stencil corresponding to Phi

Method in a 1D configuration is illustrated in Fig. 5.1.

In Eq. 5.2, F represents a library of candidate terms that includes the linear and nonlinear

“observable” functions of y, and is defined as below

T
Loy fitx )|
F(y,) = 2 :yi ’ fiy) = fi(xp) ;1=1,2,...L, Eq.5.4
£, fixi)
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where L denotes the total number of distinct observable functions (f) in the library.
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Fig. 5.1 Schematic of a 1D spatiotemporal stencil of computational nodes corresponding to Phi Method.
j denotes the nodes’ index, and t; denotes the timestep.

To determine @ from a system’s data, i.e., in the training phase, we construct the data matrices X

and Y (Eq. 5.5 and Eq. 5.6), which, respectively, contain the state vectors x and y evaluated on different
nodes and over several time steps

T
— 2 2 2 3 3 3
X = [xz,x3, SIS TORRYE C15 = FUNNE N P , X0 X, ...,xﬁg_l] , Eq. 5.5

T
Y = [y%,y%, OOV 75 T, /I PR, Lt ¢ it ...,yﬁg‘_ﬂ] : Eq.5.6

The above data matrices establish the following system of equations

X =00, 0=F() Eq.5.7

The coefficient matrix @ is obtained by performing a least-squares regression on both sides of the

system of equations given by Eq. 5.7, thus,

o =otx Eq. 5.8

where 0 denotes the Moore—Penrose pseudo-inverse of matrix . The schematic representation of the

training phase of Phi Method, as was just described, is illustrated in Fig. 5.2.
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Fig. 5.2 Schematic of the fraining phase of the Phi Method algorithm; matrix X contains the state vectors at

time step k + 1, matrix © represents the library of candidate terms, and matrix @ is the coefficient matrix.
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Once @ is obtained, Eq. 5.2 is used as a time stepper that advances the entire state vector forward

k

in time from a specified initial condition (x}, i = 1,2, ..,Ng) and given the boundary conditions, x; ,

where i), denotes the index of the nodes on the boundaries, e.g. i, = 1, N, in a 1D domain.

We highlight that, in its current implementation, Phi Method does not incorporate a sparsity
promoting regularization as is included in some other dynamics discovery algorithms like SINDy (refer
to subsection 2.3.1). However, a sparse regression can be used in a similar manner to that in SINDy,
for example. In this way, the Phi Method algorithm would select as few terms as required from the library
matrix © by zeroing out the coefficients of the unnecessary library terms. Sparse regression can further
prevent overfitting the data, and the resulting “parsimonious” model will be more generalizable and
interpretable. This can be particularly important for the cases where an a-priori knowledge of the
functional forms of the nonlinear observables of the system does not exist. In such cases, the library of
the observables must be large enough so as to ensure accounting for the involved nonlinearities in the
system. As a result, it is necessary to find a sparse set of terms that can best represent the dynamics

out of the constructed large library.

According to the descriptions provided so far, the methodology behind Phi Method sits in between

the SINDy and the DMD algorithms (sections 2.3 and 3.2, respectively).

Similar to SINDy, Phi Method discovers a nonlinear system of differential equations by regressing
on a library of terms, which are evaluated using the local values of the system’s state vector data.
However, Phi Method features an advancement over SINDy in that, in Phi Method, we simultaneously
find the system of equations and the optimal discretization stencil. As a result, unlike SINDy which
derives the continuous form of the governing differential equations [158], Phi Method provides the
discretized version of the system of equations. This implies that, in Phi Method, we no longer need to
pre-evaluate the spatial differential terms in the library (on a finite difference stencil, for instance) as is
done in SINDy [158]. Instead, we evaluate the candidate terms on each grid node and on its neighboring

nodes separately and store these values as individual terms in the library (0).

A similar approach is followed to treat the temporal differentiations. In SINDy, the time derivatives of
the state variables appear on the left-hand side of the equations for which the right-hand-side terms are
to be found [158]. Phi Method, however, directly relates the state variables at a subsequent time step,
ty = k + 1 (which represent the left-hand-side terms of the equations), to the values of the state

variables at the present time step, t, = k.

From the above perspective of learning the discrete time-dynamics, Phi Method shares some
similarities with DMD, particularly in the case that the DMD’s state vector (X) would represent a broader
set of observables that also include nonlinear terms (see subsection 3.2.1.1). Like DMD, Phi Method
finds the best-fit linear operator, which maps the state vector of the present time step to the next. The
key distinction between the methods lies in the fact that the Phi Method’s operator (®) is a local operator
that links the state vector at a certain spatial location to that of the immediate surrounding, i.e., the

values of the state vector on the neighboring nodes. Whereas, the DMD’s operator (A) is, by definition,
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global and, hence, it establishes a connection between the value of the state vector on each node to

the corresponding state vector values on the entire computational domain (an entire snapshot).

5.2. Assessment of Phi Method in canonical test problems

In this section, we evaluate the predictive performance and the characteristics of the ROMs from Phi
Method in two test cases, namely, the Lorenz attractor problem, and the problem of a fluid flow past a
2D cylinder.

In the canonical Lorenz attractor test case, our aim is to show the Phi Method’s capability to recover
dynamics from trajectory data that are governed by a system of nonlinear ordinary differential equations
(ODEs). The fluid flow problem is another canonical test case that has been used as a benchmark in
the literature for the verifications of different ML/DD algorithms (e.g., in Refs. [158][166][179][181]). The
dynamics in the fluid flow problem is governed by a system of PDEs. For this problem, the goal is to
assess the performance of a Phi-Method-derived ROM toward forecasting the fluid flow field in

comparison against an OPT-DMD-derived ROM.

For each test case, we first provide an overview of the problem description and the corresponding
setup that we had used to perform the ground-truth simulations. Next, we present and discuss the
predictions and the behavior of the ROMs from Phi Method. For the fluid flow test case, the robustness

of the Phi-Method-derived ROM to noise in the data is assessed in section 5.4.

5.2.1. Lorenz attractor test case

5.2.1.1. Description of the problem setup

The Lorenz attractor is a well-known dynamical system introduced by the meteorologist Edward
Lorenz in 1963 as a simplified model to study atmospheric convection [233]. The Lorenz system exhibits
chaotic behavior, which is characterized by strong sensitivity to the initial conditions and the formation
of a butterfly-shaped attractor. The Lorenz attractor describes the evolution of a system in three-

dimensional space using a set of three coupled nonlinear ODEs (Eq. 5.9).

dx _
P oy — 0X,
d
d—{:px—xz—y’ Eq59
dz _
prie xy — Bz.

In Eq. 5.9, x, y, and z are the state variables representing the system’s evolution over time (t). o, p,

and g are positive constants that characterize the behavior of the system.

Due to its simple and well-represented dynamics description, the Lorenz attractor serves as a
common benchmark case for the data-driven techniques. This is why, before proceeding to higher
dimensional test cases, we begin by the Lorentz attractor problem and test the Phi Method’s ability in

recovering the dynamics from the simulation data of this problem.
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To generate the data, we have numerically integrated the Lorenz system of ODEs with the time step

(dt) of 1 ms, and with the following values of the constant parameters: ¢ = 10, p = 28, and 8 = 8/3.

The Phi Method’s library of candidate terms (0) for this test case includes the linear state variables

and their quadratic functions. Hence, Eq. 5.2 in this example becomes

x-T
[y] =[xyzx?y?z?xy yz xz],®. Eq. 5.10
Zg+1

It is noted that, since the state of the system for the Lorenz test case does not have a spatial
distribution, i.e., there are no spatial derivatives and, hence, the dynamics is represented by a system

of ODEs, x and y in Eq. 5.2 are equivalent.

To train the Phi Method model, the left-hand-side vector and the library matrix in Eq. 5.10 were
evaluated using the first half of the data points collected from our numerical solution of the Lorenz
problem. Following a regression on the resulting “ground-truth” training dataset, the coefficient matrix

® € R%*3 is determined.
5.2.1.2. Results

Table 5.1 shows the values of the entries of the obtained ® matrix. These entries correspond to the
“non-zero” coefficients in Eq. 5.10 after the training of Phi Method. The @& matrix entries not shown in
Table 5.1 all had values below 1075, which effectively amount to zero because they are about two

orders of magnitude smaller than the values of the smallest coefficients shown.

Phi Method True Error [%]
Dy 9.9018 x 1071 9.9 x 107! 0.018
D, 9.9455 x 1073 1x1072 0.545
D, 2.7955 x 1072 2.8x 1072 0.161
@, , 9.9910 x 1071 9.99 x 1071 0.010
Dy, | —9.9604 x 107* —-1x1073 0.396
D35 9.9735 x 1071 9.973 x 107! 0.005
@, 5 9.9318 x 107* 1x1073 0.682

Table 5.1 The values of the non-zero entries of the ® matrix from Phi Method compared against the
respective true values from Eq. 5.11. The corresponding errors are also provided. The error represents the
difference between the learned and the true values of each coefficient normalized with respect to the true

value.

In order to compare the learned coefficients’ values against the analytical values, we discretized the
time derivatives in Eq. 5.9 using first-order finite difference scheme. This leads to the discretized system

of equations in Eq. 5.11.
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x* = (1 — odt) x* 1 + odty* 1,
y® = pdt x*71 + (1 — dt)y* ! — dt (xz)*71, Eqg. 5.11
zF = dt(xy)* 1 + (1 — pdt)zF L.
Substituting the values of dt and the system’s parameters (o, p, and ), the analytical values of the
coefficients are obtained and are presented in Table 5.1 as well. By comparing the Phi-Method-derived

coefficients against their true values, we verify that Phi Method has effectively learned the dynamics,

as evidenced by the fact that the errors in all the coefficients are below 1%.

In Fig. 5.3, the Phi Method’s prediction of the trajectory of the Lorentz attractor is compared against
the true trajectory as obtained from the numerical integration of Eq. 5.9. This comparison further
illustrates the consistency between the predicted dynamics by the Phi Method ROM and the ground-

truth dynamics.

30 50
20 ’ 40
10 v-’/
30
> 0 N
10 20
-20 — phi method (training) 10
—phi method (testing)
-30
20 -10 0 10 20 20 10 0 10 20
X X y

Fig. 5.3 Comparison between the learned trajectory of a Lorenz attractor using Phi Method and the ground-
truth trajectory obtained from the solution of the system of equations in Eq. 5.9 along (a) y — x, (b) z — x, and

(c) z — y planes.

5.2.2. Fluid flow past a cylinder test case

5.2.2.1. Description of the problem setup

We now extend the demonstration of Phi Method to the discovery of spatiotemporal dependencies
in a dynamical system that is governed by a PDE. Accordingly, the present test case involves a 2D
unsteady fluid flow around a cylinder in the vortex-shedding regime. This example represents a classic
fluid dynamics phenomenon, which is characterized by the formation of alternating vortices in the wake
of a cylindrical object placed in front of a fluid stream. In this case, as the fluid flows around the cylinder,
vortices are periodically shed from either side of the cylinder. This leads to the formation of a distinctive
oscillatory pattern in the vorticity field (known as von Karman vortex street), which is comprised by

vortices of opposite signs.

Under the assumption of an incompressible and barotropic flow, the spatiotemporal evolution of the

vorticity field (Q) is given by

20 1
—+ (V. =—T72Q, Eq.5.12
ot +( ) Re a

Imperial College London, Department of Aeronautics 126




DOCTORAL THESIS — FARBOD FARAJI

where, Re represents the Reynolds number of the free stream, and V is the local flow velocity vector.
Reis a dimensionless quantity defined at UL/v, with U denoting the characteristic velocity, L the
characteristic length, and v the kinematic viscosity. Reynolds number is usually used to determine the

regime of the flow — laminar, turbulent or transitional.

For the ground-truth data generation, the open-access “ViscousFlow” module [234] was used.
ViscousFlow is a software package written in Julia language and enables simulating viscous
incompressible flows around arbitrary body shapes. The 2D Cartesian domain of the simulation
comprises a rectangular box in the x — y plane with the dimensions L, = 6cm and L, = 4cm. x and y
represent the involved simulation directions along and perpendicular to the free stream velocity,
respectively. A cylindrical object with a diameter of 0.01 m is placed into the domain with its center
being 0.01 m from the left boundary. The left boundary serves as the flow inlet, where the Reynolds
number of the freestream is 300. A time step of 1 ms is adopted, and the number of nodes along the x
and y coordinates of the simulation domain are N; = 300 and N; = 200, respectively. The total simulated
duration is 100 s. We output the flow properties from the simulation every 0.1 s, which resulted in a total
of 1000 snapshots. The boundary conditions include a no-slip condition on the cylinder surface and the

far-field conditions at the outer boundaries.

We used the collected data from the “ground-truth” simulation to train and test Phi Method as well
as OPT-DMD for the spatiotemporal evolution of the vorticity field. We discarded the initial 45 s of the
simulation, which represented the transient of the system. This left us with the next 55 s duration of the
simulation for the training and testing of data-driven ROMs. This 55-second duration is shown as the
time interval of 0 - 55 s in the results plots of subsection 5.2.2.2. The first 25 s within the 55-second time
window was used for the training of the models, whereas the rest was reserved to validate the forecasts

obtained from the developed ROMs.

To apply OPT-DMD to the data snapshots of the vorticity field, the number of retained DMD ranks
(section 3.2) in the model was 14. The OPT-DMD ROM serves as a comparison reference for the Phi-
Method-derived ROM.

For the application of Phi Method in this test case, we considered two “scenarios” in terms of the

candidate library terms:

A. The first scenario involves a “linear” model, where the terms in the library are the system’s
state vector only. Thus, the candidate library terms include the components of the flow velocity

field along the x and the y directions, denoted by V,(x,y) and ¥, (x, y), respectively, as well as

the vorticity field Q(x,y). In the case of the linear model, ®; € R*>*!, and Eq. 5.2 becomes

T

Q17 [ Vyi'l—l
Qi—1,j Vxl—l,] Yi-1,j
— . . 4
‘Qi.]' k4l ‘Ql'] Vxl,] Yij P;.. Eq.5.13
Qi in+1] V;/H_l_j
Q. .
ij+1 V.. .
] Xi,j+1 yi,j+1 x
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In Eq. 5.13, each of the inner vectors of the matrix on the right-hand side characterizes a state
variable on the node (i, j) and on its neighboring nodes. These vectors were represented by y;
in Eq. 5.2. Note that, for a linear model, f;(y;) =y;, and [ =1,2,...,P, where P is the total

number of state variables.

B. The second scenario involves a “nonlinear” model, which, in addition to the linear terms —
Ve(x,¥), V,y(x,y), and Q(x,y) — includes some quadratic nonlinear functions of the state vector
as well, namely, QV,(x,y) and QV, (x,y). Choosing these specific nonlinear terms have been in
accordance with the terms that appear in the dynamics PDE in Eq. 5.12. The impact of
considering a broader set of terms in the library that includes all the quadratic functions of the
state variables will be discussed in the following subsection. Eq. 5.2 for the nonlinear Phi Method

model takes the following form

Ot [Fija] [P [ e [701]
Q_q; V;ci_l,j I/3’1'—1,j Qin-Lj QVyi—1,j
;) Kl Q) in‘j Vyi,j Qin,j QVyl-J- OIS Eq. 5.14
Qity,j V;Ci+1,j I/yi+1‘j QVXHLJ’ QV3’1‘+1,j
_ Qi jr1 Veije Vi) )/ W) )

where &y, € R?5%1,

In order to avoid possible numerical issues due to the discrepancy in the order of magnitudes of the
different state variables (flow properties), each state variable was normalized with respect to its
maximum value over the entire spatiotemporal data. The ® operators for the “linear” and the “nonlinear”
models, i.e., @, and &y, respectively, were obtained by performing regression on the data matrices in
Eq. 5.13 and Eq. 5.14. The data matrices were constructed by evaluating the left-hand sides of the Eq.
5.13 and Eq. 5.14 along with their respective library terms over a sufficiently large number of data points

during the training interval.
5.2.2.2. Results

The obtained linear and nonlinear ROMs from Phi Method (as represented by the operators ®; and
®yL, respectively) were used to reconstruct the vorticity field data within the training window, starting
from a given initial condition, and to forecast the vorticity field beyond the training dataset. The results
in terms of the time evolution of the spatially averaged vorticity (Q,,..») @nd the local value of the vorticity
field (Q,,:4) at the center of the domain (x = 0.03 m and y = 0.02 m) are presented in Fig. 5.4. The
corresponding predicted traces from the OPT-DMD ROM are superimposed on the plots in Fig. 5.4 for

comparison.

The instantaneous loss (£) of the predictions from the Phi Method ROMs and the OPT-DMD ROM
with respect to the original ground-truth data are calculated according to Eq. 4.1, shown below again
for convenience. The time evolution of the loss factor corresponding to each DD model is also plotted
in Fig. 5.4.
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. ||Strue — SROM| Eq. 4.1
= Istree|l, (repeated)

It is recalled that, in Eq. 4.1, ||S||z denotes the Frobenius norm (Eq. 3.25) of the data matrix that

represents a 2D snapshot from either the ground-truth simulation (]|St%¢||) or the data-driven ROM
(ISROM i)

—True
—Phi method (with linear terms)
—Phi method (with linear & nonlinear terms)
- —OPT DMD
%107

%107

1 1 L Il 1

%10

(© 82

0 10 20 30 40 50
t[s]

Fig. 5.4 Comparison of the linear and nonlinear ROMs from Phi Method and the ROM from OPT-DMD against
the ground-truth simulation for the fluid flow test case; time evolutions of (a) spatially averaged normalized
vorticity (Qpeqn), (b) local value of the normalized vorticity at the mid-location within the simulation domain

(Qmiq), and (c) the loss factor over the entire domain. Dashed yellow lines indicate the end of the training

interval.

From Fig. 5.4, we see that even the Phi Method’s linear model provides a notably good
approximation of the original data, which is particularly evident when looking at the time evolution plot
of the local value of the vorticity. This point is further evidenced by referring to Fig. 5.5, in which we
have compared the predicted 2D snapshots of the vorticity field from the Phi Method linear ROM against

the true snapshots.

In terms of the spatially averaged vorticity (Q,,.4»), however, Fig. 5.4(a) shows that the inclusion of
the nonlinear terms leads to improvement in the accuracy of the Phi Method model. The time evolution
of the loss factor in Fig. 5.4(c) shows quantitatively the degree of improvement achieved by the Phi
Method nonlinear ROM. In particular, the loss factor for the nonlinear model is almost half of that for the

linear model.

Another interesting observation from Fig. 5.4 is that the Phi Method linear model exhibits the largest
loss when the absolute value of the average vorticity reaches the maximum in each cycle. Contrarily,

the linear model’s loss is minimum when the average vorticity is close to zero. A similar variation in the
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loss factor is also noticed for the nonlinear ROM, albeit with a smaller amplitude. The loss associated
with the OPT-DMD model, nevertheless, remains nearly constant throughout the entire duration of the
signal (from the training into the test window). The mean loss of the Phi Method nonlinear model is
about 1.4 times that of the OPT-DMD model. Finally, for all the models, the level of loss is seen to

remain consistent between the training and the test intervals.

Phi method Phi method

True (linear model) (nonlinear model) OPT-DMD
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Fig. 5.5 Comparison of the linear and the nonlinear ROMs from Phi Method and the ROM from OPT-DMD
against the ground-truth simulation for the fluid flow test case; snapshots of the normalized vorticity field at
three different time instances within the test interval.

In Fig. 5.5, we have shown the predicted 2D snapshots of the normalized vorticity field from each
derived ROM at three sample time instants beyond the training duration. The “true” 2D snapshots from
the ground-truth simulation are also shown for reference. The overall patterns in the snapshots from all
the models are almost indistinguishable from their true counterparts. To illustrate, however, the subtle
discrepancies not readily apparent in the snapshots of Fig. 5.5, Fig. 5.6 presents the absolute-difference
plots between the true snapshots and the corresponding predicted ones (Si“¢ — SROM) at the three
sample time instants. From this figure, it is evident that the error of the Phi Method linear ROM is the
highest among the models presented, whereas the errors associated with the Phi Method nonlinear
model and the OPT-DMD ROM are within a comparable range.

Also, we notice from Fig. 5.6 that the patterns in the difference plots corresponding to the Phi Method
linear and nonlinear ROMs are different from the difference-plot patterns for the OPT-DMD model. For
OPT-DMD, the non-zero error is confined to the downstream wake region, whereas for Phi Method, the
error extends across the entire flow field. This distinction arises from the inherent differences between
the Phi Method and the OPT-DMD models. OPT-DMD yields a “global” model, and its error represents
the sum of the discarded DMD modes (i.e., beyond rank 14, where we truncated the SVD/POD
expansion). In this regard, although the upstream and the lateral regions of the flow are fully represented
by the leading DMD modes that we retained, the wake exhibits higher dimensionality which requires a
larger number of modes for a complete representation. The Phi Method models, on the contrary, are

“local” operators that best fit the dynamics across the entire flow field because a single PDE is expected
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to govern the dynamics everywhere in the flow. Hence, for the case of Phi Method, the error arises from
a dynamical term not having been entirely captured by the model, thereby resulting in prediction errors
throughout the entire domain.

Phi method Phi method

(linear model) (nonlinear model) OPT-DMD
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Fig. 5.6 Comparison of the linear and the nonlinear ROMs from Phi Method and the ROM from OPT-DMD
against the ground-truth simulation for the fluid flow test case; plots of the absolute difference between the true
and the predicted normalized vorticity snapshots at three different time instants during the test interval.

Moving on with the discussions, we have so far used the data from the quasi-steady oscillatory state
of the system for the training of the data-driven models, excluding the initial transient behavior from the
dataset. However, there might be scenarios in which the dynamics does not feature a steady state, or
the system takes a long time to reach a quasi-steady state. In these scenarios, our only option would
be to train a data-driven model using the transient data of the system. Accordingly, to evaluate Phi
Method’s capability to learn the dynamics from transient data, we trained both the linear and the
nonlinear models on the initial 0-25 s duration of the simulation time during which the flow exhibits a
highly transient behavior. This 25-second time window falls within the initial 45-second interval (see
subsection 5.2.2.1) that we had discarded before for the results discussed through Fig. 5.4 to Fig. 5.6.

The outcomes of the above exercise are provided in Fig. 5.7 in terms of the time evolutions of the
predicted vorticity field signals from both the linear and the nonlinear Phi Method models as well as the
time evolution of the associated loss factors. It is observed that the models’ predictions of the mean and
the local vorticity values are reasonably consistent with the original (true) data. Furthermore, the mean
loss of the models when trained on the transient-state data is only about 1.7 times that of the
corresponding models when trained on the steady-state data. This verifies that Phi Method is indeed

able to identify the optimal ® operator from the transient data as well.

It is highlighted that, since the characterization of the transient phenomena is a well-known limitation
of the DMD-based (POD-based) approaches (refer to section 3.6 for more details), OPT-DMD could
only be reliably trained on the quasi-steady data and, hence, the predictions of the OPT-DMD model

are not shown in the plots of Fig. 5.7.
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Fig. 5.7 Comparison of the linear and nonlinear Phi Method models trained on the transient-state data against
the ground-truth simulation for the fluid flow test case; time evolutions of (a) spatially averaged normalized
vorticity, (b) local value of the normalized vorticity at the mid-location within the simulation domain, and (c) loss
factor over the entire domain. Dashed yellow lines indicate the end of the training interval.

As the final discussion in this section, we have provided in Fig. 5.8 the visualizations of the @, and
the @y, matrices (operators), corresponding respectively to the linear and the nonlinear Phi Method
ROMs. We have visualized the @, and the &y; matrices from the Phi Method training on both the
steady-state (45 — 65 s) and the transient-state (0 — 25 s) data. It is noted that, although the ®s are

column matrices, we have illustrated a rectangular rearrangement of them in Fig. 5.8.

Apart from the &; and the &y; matrices that were discussed up to this point, a ® matrix
corresponding to another nonlinear model is also visualized. This new nonlinear model incorporates
extra terms, namely, V2(x,y) and Vyz(x,y), in addition to the terms that were present in the so-far-
analyzed nonlinear model (Eqg. 5.14). The ® matrix associated with this new model (®ygr) is also

visualized from the model’s training on the steady-state and the transient-state data.

The matrices @, @y, and Oy pr correspond to the Phi Method ROMs with increasing levels of

complexity as is determined by the number of candidate terms in the respective libraries of the models.

Several points can be highlighted from the comparisons among the various ® matrices in Fig. 5.8:
first, at each complexity level (each row), the main characteristics of the & operators are shared
between the models trained on the steady or the transient data. This includes the structure of the

operator, which represents the dominant terms identified and the discretization stencil.

Second, across the complexity levels (column-wise comparison), the coefficients corresponding to

each specific term are very similar. This provides confidence that the addition of extra terms in the
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library, which may not be necessary to describe the dynamics, will not significantly impact the
coefficients found for the essential and dominant terms. In practice, to achieve a balance between
model’s fidelity and complexity, we can plot the Pareto front of the loss factor vs the number of involved

dynamical terms and identify the optimum model.

Training during steady state Training during transient state
05 ———— g 05
i, j+1 < i, j#+1 5
= 2
i#1.] ® i+, &
2 £ ) g
@ g ¢ o B j. o o
z g 2 g
1. z i1, =
S . 5
i = i, j-1 z
0.5 0.5
Ve, Q v, v,
05 05
i, j+1 g i, j+1 i
2 =
i1, j = i+1, j . g
[ g o g
6) £ ol 0 3 : vl o 3
=z g =z g
- A'R E
i, j+1 2 i, -1 S
05 05
Q V., V., Qv v Q V.V OV Qv
X ¥ x y X Y X ¥
0.5 . 05
i, j+1 4 i, j+1 <
3 3
= 4 =
o E 2 g
(C) 2 i~j. 0 o g “J. 0 5
= 8 3
Nl E :
i, -1 2 i, 1 2
05 QO VoV Qv Qv 2 2 0%
@V, VOV av 2 Vi 0V, V, V0V 22
Term Term

Fig. 5.8 Rearranged normalized representations of various coefficient matrices (operators, @) from the Phi
method’s application to the fluid flow test case; (a) visualization of the ®; matrix, (b) visualization of the @y,
matrix, and (c) visualization of the @y, gt matrix that represents a larger library of terms compared to the ROM
corresponding to ®y;.. (left column) models’ training performed on the steady-state data, (right column)
models’ training performed on the transient-state data. i and j represent the node’s indices along the x and the
y directions, respectively.

Third, it is emphasized that, by looking at a ® operator (matrix), we can infer information about the
discretized dynamics in terms of the relative importance of the candidate terms and their optimal
discretization stencil. To be able to compare the obtained data-driven coefficients with their analytical

values, we rewrite Eq. 5.12 in the following form

00_ ooV, o0V, oV, 0V, 1(629 azn) co 515
=— — . q. 5.

- ax oy ax P9y TRe\aaz T oy?
According to Eq. 5.15, the terms that appear in the dynamics include Q, QV,, and QV,,, which are also

the terms with the dominant coefficients as can be seen from Fig. 5.8.

Now, we discretize Eq. 5.15 using first-order Euler scheme in time and second-order finite difference

in space, and obtain

Imperial College London, Department of Aeronautics 133




DATA-DRIVEN REDUCED-ORDER MODELLING
OF THE PLASMA SYSTEMS DYNAMICS

20t 7 1 1 At 1 1
K+1 _ K k k K K
Qi = (1 ~ Re <_Ax2 + —Ay2>> O+ Re <—Ax2 (Qi+1,j + Q‘i—l,j) + NG (O‘i,j+1 + Q‘i,j—l))

= At N " Eq.5.16
24 ((va)ﬁl'j - (QV;C);(_L]') - m((m@)i.jﬂ - (QVJ’)i,j—l) g
At K X At . )
* 32 (Kb = hiy) + mﬂﬁj (Vyi,jﬂ - Vyi_j_l)-

Referring to the relation in Eq. 5.16, we point out that, in the current implementation of Phi Method, all

constituent variables of a library term are evaluated on the same node. Accordingly, the terms such as

OVy oVy . « ” ; k yk k vk k k
QE and QE’ which appear as “cross-node” terms (i.e., for example, O Vainjr QijVaiy o Qi Vyi,j+1’

and Q{fjl/yfj_l) in the discretized relation of Eq. 5.16 are not represented in a Phi Method model. As a

result of this, a direct comparison between the learned coefficients and their analytical counterparts is
not straightforward. In fact, for the fluid flow test case, Phi Method is effectively finding an alternative
model that can optimally represent the data. Despite this point, a symmetrical pattern (with respect to
node (i,j)) can be overall observed in the ® matrices depicted in Fig. 5.8. This symmetrical pattern is
reminiscent of the finite difference stencil, which has indeed been the underlying discretization stencil

that was used for the simulation that generated the training and the test data.

5.3. Assessment of Phi Method for the prediction of a plasma discharge

dynamics

The goal in this section is to demonstrate the utility of the ROMs from Phi Method for plasma systems
and toward simultaneously forecasting the plasma state variables. This is done by applying Phi Method
to the data from a plasma problem that represents the 1D azimuthal dynamics of a Hall thruster
discharge. Similar to the fluid flow test case of the previous section, the aim here is also to verify the

Phi Method’s ability to recover PDEs that describe the time evolution of the system.

An OPT-DMD model is also presented for the plasma discharge test case. This is primarily to have
a comparative point of reference for the performance of the Phi Method model. In addition, applying
OPT-DMD to this test case allows us to further illustrate the effectiveness of the method for ROM
development in plasma applications, adding to the demonstration cases that were presented for OPT-
DMD in Chapter 3 and Chapter 4.

Following the same order of discussions as that pursued in section 5.2, we will first present the
problem description and the corresponding setup that we had used to perform the ground-truth
simulations. We then discuss the predictions and the characteristics of the ROMs from Phi Method in
comparison against the OPT-DMD models. The robustness of the Phi-Method-derived ROMs to noise

in the plasma data is assessed in section 5.4, alongside the same analysis in the fluid flow test case.

5.3.1. Description of the test-case problem setup

The setup of our plasma discharge test case is inspired by the well-defined setup that Lafleur et al.

used in Ref. [23] for their physics studies. The test case corresponds to the problem of fluctuations in
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plasma properties along the azimuthal coordinate of an E x B plasma discharge. The azimuthal direction
(z) is perpendicular to the directions of the externally applied electric and magnetic field vectors, hence,
along the E x B direction. In this test case, the electric field is along the axial (x) direction, and the
magnetic field is along the radial (y) direction. The physics of the problem involves the development,
growth, and saturation of the ECDI waves (see subsection 1.1.4), which exhibit nonlinear behaviors

during the growth and saturation phases [23].

For the data generation, a 1D electrostatic PIC simulation using IPPL-1D code [229][230] was
performed. The simulation solves the Poisson’s equation along the azimuthal direction using a direct
tridiagonal matrix solve algorithm (Thomas algorithm) given the charge distribution from the plasma
species (electrons and ions), and in turn computes the self-consistent azimuthal electric field. The
positions and the velocities of the plasma particles are updated at each time step of the simulation
according to the electromagnetic forces at the particles’ location [68][69]. The details of the simulation

setup and conditions are described in the following.

The domain of the “ground-truth” simulation represents a 0.5 x 10~2 m-long extent of the azimuthal
coordinate of a Hall thruster. A uniform radial magnetic field (B,,) with an intensity of 20 mT is applied.
Also, an axial electric field (E,.) with the magnitude of 2 x 10* Vm™! is imposed with a uniform distribution
across the domain. The simulation’s initialization involves sampling the electrons and the ions from their
initial Maxwellian distributions at the temperatures of 2 eV and 0.1 eV, respectively. The sampled
particles are then loaded throughout the domain with a uniform density of 1 x 107 m~3. The domain is
discretized along the azimuthal (z) coordinate using N, = N; = 100 nodes. At the simulation’s start, the
number of macroparticles per cell for either the electron or the ion species is 200. The time step is
5 x 107125, and the total simulated time is 10 us. The plasma properties are averaged over every 500-

time steps (2.5 ns) and recorded in our dataset. Thus, the total number of plasma snapshots is 4000.

A fictitious axial extent with the length of 0.01 m is considered. This axial extent provides a means
to represent the axial convection of the instability waves, which is important to properly capture their
saturation [23]. The axial extent also enables limiting the growth of the charged particles’ energy [23].
The electrons or the ions that leave the domain from one of the axial boundaries are resampled from
their initial distributions and are reloaded at the opposite axial end of the domain, retaining their

azimuthal position.

Along the azimuthal direction, a periodic boundary condition is applied on the particles. No boundary
condition is applied on the particles along the radial coordinate, and the particles move freely in this
direction. Note that, despite assuming a finite axial length, the simulation still represents a 1D problem,
since the Poisson’s equation is only solved along the azimuthal coordinate. An azimuthally periodic
solution for the plasma potential is ensured by imposing zero-volt Dirichlet conditions at both azimuthal

ends of the domain.

The test case is collisionless. This assumption is to simplify the involved dynamics and, hence, to

limit the number of candidate terms that may need to be accounted for in the Phi Method’s library.
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For the present test case, we aim to use Phi Method to discover a system of discretized PDEs that
describes the spatiotemporal evolution of multiple plasma properties simultaneously. These plasma
properties, which constitute the output vector of the Phi Method ROM, are the electron number density
(n.), the electrons’ azimuthal and axial drift velocity components (V,;., and V,.,), and the azimuthal

electric field (E,).

The library of candidate terms consists of the state variables in the output vector themselves (the
above quantities) in addition to a few other nonlinear functions of them, namely, n,V,.,, n.Vi.,, n.E;,
and n,T,,. The last term, n,T,,, represents the electron pressure, I1,, = kzn.T,,, where kg is the

Boltzmann constant, and T,, is the azimuthal electron temperature.

Accordingly, for the plasma test case, ® € R?***, and Eq. 5.2 is expressed as

N, T T T T T
[Vd ez-] nei—l T Vd'ezi—l Ezi—l Vd’exi—l (n@Vd.EZ)i—l r (nevdzreZ)i_l (neEz)i—l r (neTeZ)i—l !
Ez- ! = nei Vd,ezi Ezi Vd.exi (neVd,ez)i (nede,ez)i (neEz)i (neTez)i D. Eq 51 7
lVd ’ J ne“'l Vd,ezHl Ezi+1 Vd,exH_1 (neVd,ez)Hl (nchfez)iH (neEz)Hl (neTez)i+1
exi

e+l

The choice of the considered dynamical library terms in Eq. 5.17 is informed by the conservation
equations for the electrons, namely, the continuity equation (Eqg. 5.18) and the 1D momentum equations
along the axial and the azimuthal directions (Eq. 5.19 and Eq. 5.20). Additionally, the chosen library
reflects a balance between capturing the dominant dynamics and maintaining reasonable model
complexity. As will be demonstrated in subsection 5.3.2, the model as defined per Eq. 5.17 exhibited
acceptable performance for the utility demonstration purposes of this thesis regarding Phi Method.
However, it is acknowledged that the omission of certain terms, such as n,V, .V, ., as well as other
possible dynamical terms, leaves open the possibility of further improving the predictions. Further

investigations along this line to maximize the performance of Phi Method ROMs are left for future work.

on, 0NV,

at 0z
d(MeVaex) 0(neVaexVaez) Il
qByneVae, = me eat =+ me : anx = — qn.E, + asz' Eq. 5.19
d(neVaez) o(n.Vz.,) Tl
—qByneVgex = m, % + me% —qneE, + OZZZ' Eq. 5.20

In the above equations, q and m, are the elementary charge and the electron mass, respectively.
I,, and II,, are the pressure tensor components (I1;;), which are defined as the second moments of

the electrons’ velocity distribution function (f,(v)) according to

I;; = mef (v—Vae) (v— Vd,ej) f.(»)d3v. Eq. 5.21

Similar to what was done for the fluid flow test case, the data corresponding to each plasma variable
is normalized here with respect to its maximum value. This ensures the order-of-magnitude consistency
across the involved terms. The initial 2 us of the data is disregarded as this time period represents the

transient phase of the system corresponding to the excitation and the growth of the ECDI. This was to
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enable the application of OPT-DMD to the data for the purpose of comparisons between the OPT-DMD-
derived and the Phi-Method-derived ROMs.

To train the Phi Method model, the output vector and the terms in the library matrix were evaluated
on several data points during the training interval that spanned from 2 to 6 us. The ® matrix was
obtained following a regression on the resulting data matrices (on the left-hand and the right-hand sides
of Eq. 5.17). The rest of the simulation data corresponding to the timeframe of 6 — 10 us were reserved

for testing the model.

With regard to the OPT-DMD model, in order for it to be comparable with the Phi Method ROM, we
used the same terms in the Phi Method'’s library to construct the augmented state vectors (X, ) for OPT-
DMD (refer to subsection 3.2.1.1). The X ;s comprise the rearranged snapshots of the normalized state
variables, in addition to their relevant nonlinear observables, according to Eq. 3.16. OPT-DMD was
applied to the augmented matrix X (Eq. 3.14), which contains the state vectors X, with k € [800, 2400)
corresponding to the training interval of 2 — 6 us. The leading 25 DMD modes were retained for the
OPT-DMD ROM.

5.3.2. Results and discussions

Fig. 5.9 shows the time evolution signals of the output state variables (n,, V. ,, E,, and Vg, ,) at the
mid-location of the domain from the Phi Method and the OPT-DMD ROMSs. The time variations of these
variables are reconstructed during the training interval and are forecasted within the test period. The

predicted signals are compared against the ground-truth from the PIC simulation.

True

True

——Phi method OPT DMD

il

t{us] t[us]

8 10

Fig. 5.9 Comparison of the predictions from the Phi Method (left column) and the OPT-DMD (right column)
ROMSs against the ground-truth data for plasma test case; time evolutions of the local values at the mid-
location within the simulation domain of (a) normalized electron number density (n.), (b) normalized electrons’
azimuthal drift velocity (V, ¢,), (c) normalized azimuthal electric field (E,), and (d) normalized electrons’ axial

drift velocity (Vg ., ). Dashed blue lines indicate the end of the training interval.
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Moreover, in Fig. 5.10, the predictions of the data-driven ROMs regarding the full spatiotemporal

evolution of the output plasma state variables are provided and compared against the original data.
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Fig. 5.10 Comparison of the predictions from the Phi Method and the OPT-DMD ROMs against the ground-
truth data for the plasma test case; spatiotemporal evolution plots of (a) normalized electron number density
(ne), (b) normalized electrons’ azimuthal drift velocity (V; ¢, ), (c) normalized azimuthal electric field (E,), and

(d) normalized electrons’ axial drift velocity (V; ., ). Dashed black lines indicate the end of the training interval.

We would highlight that, in advancing the Phi Method ROM from one time step to the next, all the
input variables named in subsection 5.3.1, i.e., the library terms in Eq. 5.17, were obtained from the
model itself except for the n,T,,, which was fed into the ROM from the PIC simulation data. With this
exception, the model-predicted values were used to update the other library terms for the prediction of

the output state vector at the subsequent time step.

In theory, achieving a closed system of equations is possible by also including T,, as a state variable
and finding an equation for its dynamics as well along with the other variables. Prediction using a closed
system means that all variables are predicted simultaneously by the model itself. However, in practice,
advancing in time with a fully self-consistent system of equations derived by Phi Method (or any data-
driven method) poses challenges. Minor errors in the learned coefficients, likely and primarily due to
noise in the data, amplify the predictions’ error propagation across variables and over time. Any
inaccuracies in the prediction of one state variable directly impact the predictions of all others. Over
time, these compounded errors can grow, leading to an accumulation that destabilizes the solution.

Therefore, for the purpose of the Phi Method’s demonstrations in this thesis, fully self-consistent
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predictions were not attempted, leaving this as a subject for future work (refer also to subsection
7.21.2).

Besides the above remarks, to reflect the azimuthal periodicity in the data, Eq. 5.2 was used with

the following redefinition of the y vectors at the boundary nodes

- T
K
XN;i-1

| x%

Therefore, the boundary values are computed within the Phi Method ROM itself given the initial

conditions.

The OPT-DMD ROM is fully self-consistent, i.e., the values of the complete state vector (X) are

computed within the model at each time step.

As was mentioned in subsection 4.2.3.2, the ability of a data-driven ROM to provide reliable
predictions of the local values of the state variables of a plasma system is a challenging task. This is
because the local values of the plasma properties are affected by an array of intricate plasma
phenomena and interactions. In this respect, Fig. 5.9 and Fig. 5.10 clearly illustrate that Phi Method
reliably manages to handle this task as it is evidenced by the remarkable agreement between the Phi

Method ROM’s predictions with the corresponding ground-truth data.

Furthermore, when evaluating the performance of the OPT-DMD model, one must consider its
inherent self-consistency as well as the challenging aspect of predicting the system’s dynamics in the
absence of a fully periodic behavior, which we extensively discussed in Chapter 4. Despite these
factors, OPT-DMD is seen in Fig. 5.9 and Fig. 5.10 to provide a reasonably accurate prediction of the

system’s state vector.

For a more quantitative comparison between the accuracy of predictions from the Phi Method and
the OPT-DMD ROMs, we refer to Fig. 5.11. This figure shows the time variations of the loss factor
associated with the data-driven models’ predictions of the various plasma properties. The loss factor is

computed with respect to ground-truth data and over the entire domain in accordance with Eq. 4.1.

From the plots in Fig. 5.11, we observe that, first of all, the mean of the loss over time corresponding
to the Phi Method ROM is smaller than the mean loss corresponding to the OPT-DMD ROM for all the
plasma properties except for the V; ., (Fig. 5.11(d)), where the models from both methods exhibit

comparable mean loss values.

Second, the Phi Method’s loss in the forecasting window remains at a similar level to that during the
training. In contrast, the OPT-DMD’s predictions experience a slight increase in loss factor during the
test window. This difference in the loss factor behavior between the two models stems from their

inherently distinct nature as was also explained in subsection 5.2.2.2. The fundamental assumption of
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Phi Method is that the dynamics of a system can be characterized by a unique set of (partial) differential
equations throughout the evolution of the system. Once these equations are identified through the best-
fit operator @, they are presumed to effectively capture the system’s evolution, whether reconstructing
the observed data during the training phase or forecasting the unseen data beyond the training interval.
OPT-DMD also assumes that the spatial modes and their dynamics remain constant throughout time.
However, while the assumption of the constancy of PDEs is a realistic assumption for physical systems,
the time-invariability of the DMD modes is only strictly valid for a fully periodic system. Accordingly, due
to slight variations in the existing DMD’s spatiotemporal modes from the training to the test interval, the

observed increase in the OPT-DMD’s loss beyond the training point is expected.
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Fig. 5.11 Comparison of the ROMs from Phi Method and OPT-DMD for the plasma test case; time evolutions
of the loss factor calculated over the entire domain corresponding to (a) normalized electron number density
(ne), (b) normalized electrons’ azimuthal drift velocity (V; .,), (c) normalized azimuthal electric field (E,), and

(d) normalized electrons’ axial drift velocity (V; ..). Dashed blue lines indicate the end of the training interval.

Third, we observe from Fig. 5.11 that some plasma properties are predicted with a higher accuracy
than the others. Furthermore, the relative accuracy between the Phi Method and the OPT-DMD ROMs
varies across different plasma properties. In particular, the loss associated with the Phi Method’s
predictions of the n, is the smallest among the various state properties and remains below 0.05 at all
times. The Phi Method and the OPT-DMD models show the largest disparity in their loss levels toward
predicting the E,, with the OPT-DMD’s loss being more than three times that of the Phi Method’s. In
addition, both models exhibit nearly identical loss levels (below 1 on average) for the V, ... The loss
factor for the V, ., represents the highest value relative to the loss factors associated with the other

predicted plasma properties.
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5.3.2.1. Impacts of the size of the library on the Phi Method ROM

In this subsection, we study the impacts that the size of the library of candidate terms may have on
Phi Method, assessing the extent to which the number of candidate library terms can affect the learned

operator ®.

For the purpose of the above analysis, we focused on a particular plasma property, namely, the
electrons’ axial current density (J., = —qn.V4.,). This quantity is of particular interest since it represents
the aggregate contributions of various effects to the phenomenon of electrons’ transport across the
magnetic fields. The lack of an accurate prediction of this quantity has constrained the self-consistency

of the fluid-based plasma simulations so far (refer to section 1.3 for more details).

We have trained two distinct Phi Method models for the ], property using the simulation data, with
each model being represented by a different set of library terms. The first model is characterized by a
small library of terms that includes only the four essential terms that appear in the governing PDE (Eq.

5.20). These are n,Vy,,, n.E,, n.T,,, and n,Vs,,.

The second model features a large library that consists of the relevant plasma state variables and
their nonlinear observables, including the product of the linear and the quadratic functions of the plasma
variables. For this model, the terms in the library are the following: n,, V4 ez, Tex, Ez, NeVa ez, NeEz, NeTez,
NV ez NeEZ, Ml NV ez, NeE7, NETez, VaerEzs VaerTezs ExTers ViezEzs VaezEz s VierTers VaerTows E Tezs

and E,T2.

Accordingly, the matrices of the coefficients are represented by ®g; € R?*! for the Phi Method

model with a small library (SL) and by ®;; € R%%*! for the model with an expanded large library (LL).
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Fig. 5.12 Comparison of the Phi method ROMs for the normalized electrons’ axial current density (J.,) when
regressing over a small and a large library of terms in the plasma test case; (a) &(b) time evolutions of the
local values of the J,, at the mid-location within the domain from the ground-truth simulation and from the Phi
Method models, plot (a) with a small library, plot (b) with a large library of terms. (c) Time evolutions of the loss
factor calculated over the entire domain associated with each ROM. Dashed blue lines indicate the end of the

training interval.
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The predicted time evolution signals of the J,, at the midpoint of the domain from the above two Phi
Method ROMs are compared against the true data in Fig. 5.12(a) and (b). In addition, Fig. 5.12(c)
presents the temporal variations of the loss factors associated with the two models. The loss factors
are calculated over the entire domain. It is evident from the plots in Fig. 5.12 that the predictions of the

two ROMs are nearly identical.

In Fig. 5.13, the rearranged representations of the ®g; and the @;; matrices (operators) are
illustrated. Detailed interpretations of the obtained coefficients and their comparison with the analytical

values from the discretization of the governing PDEs are discussed in Chapter 6.

Here, we would point out from Fig. 5.13 that, even in the presence of numerous dynamical terms in
the library, Phi Method can identify the dominant term(s) which, in this special case, is the n,T,,. Also,
the relative magnitude of the coefficients of the terms that are shared between the two models are
comparable. Nonetheless, for the model with the larger library, the weight of the pressure contribution
(I1,,) is distributed among all observables that have been functions of both the n, and the T,,. In other
words, a portion of the pressure contribution is captured within the n, T2 and the n2T,, terms, apart from
the main share, which is attributed to the n,T,,. As a result, the algorithm assigns non-zero coefficients
to the terms n, T2 and n2T,,, even though they are not essential for the representation of the dynamics.
This observation is a consequence of the least-square regression (L2-norm minimization)
corresponding to the current Phi Method’s implementation. The L2-norm minimization promotes

uniformity among the optimized coefficients of the various terms.
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Fig. 5.13 Rearranged normalized representations of the coefficient matrices (@) from the Phi method’s
application to the J,, data of the plasma test case; (a) ®@g;, visualization (small library of terms), (b) @y,
visualization (large library of terms). The bottom row is a rescaled version of the top row. The dashed box
encompasses the terms shared between the two Phi Method models.

The uniformity-promoting behavior can be avoided by promoting sparsity in the discovered model,
which can be achieved by imposing constraints that encourage the algorithm to incorporate as few
terms as required in the model. While the presented case here suggests that both models have
equivalent predictive capabilities (from Fig. 5.12), the model with fewer terms is not only more
interpretable but also likely to demonstrate better generalizability across a diverse range of scenarios
by minimizing the risk of overfitting to the data. Thus, the main purpose of encouraging sparsity is to

improve the interpretability and generalizability of the model.
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Incorporating a sparsity-promoting regression in the Phi Method’s algorithm will be a subject for

research beyond this thesis and is, thus, discussed in some more detail in section 7.2.1.

5.4. Noise robustness of Phi Method: comparative analysis against OPT-DMD

The effects of noise in the data on the performance of the ROMs from Phi Method are investigated
in this section for the fluid flow and the plasma test cases (sections 5.2.2 and 5.3, respectively). The
noise robustness of Phi Method is assessed comparatively against that of OPT-DMD, which was

demonstrated in section 4.3 to exhibit strong noise robustness characteristics.

To perform the noise robustness analyses, artificial Gaussian noise was added to the simulation
data of the fluid flow and the plasma test cases, and the data-driven models were trained on the resulting

noisy data.

5.4.1. Fluid flow around a cylinder test case

For this test case, we added Gaussian noise with the standard deviation of ¢ = 0.03 to all the flow
properties. The characteristics of the Phi Method and the OPT-DMD ROMSs used here are kept the
same as those described in subsection 5.2.2.1. The “nonlinear” Phi Method ROM (Eq. 5.14), whose

library featured both linear and nonlinear terms, is assessed in this subsection.

Fig. 5.14 and Fig. 5.15 present the predictions of the data-driven ROMs trained on the noisy data.
The predictions are shown in terms of the time evolutions of the spatially averaged vorticity and the
local value at the mid-domain-location of the vorticity field in Fig. 5.14. Fig. 5.15 presents the predicted
snhapshots of the entire vorticity field at a few sample time instants within the test window. The true data
in these figures represents the simulation data after the introduction of noise. In Fig. 5.16, the absolute-

difference plots between the true and the predicted vorticity field snapshots are additionally illustrated.

True
——Phi method (with linear & nonlinear terms)
——OPT DMD

t[s]

Fig. 5.14 Comparison between the predictions of the Phi Method and the OPT-DMD models with respect to
the ground-truth data in the presence of a Gaussian white noise in the fluid flow test case; time evolutions of
(a) spatially averaged normalized vorticity, (b) local value of the vorticity at the mid-location within the

simulation domain. Yellow lines indicate the end of the training interval.
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Fig. 5.15 Comparison between the predictions of the Phi Method and the OPT-DMD models with respect to
the ground-truth data in the presence of a Gaussian white noise in the fluid flow test case; snapshots of the
normalized vorticity field at three different time instants during the test interval.

These results show that both the Phi method and the OPT-DMD ROMs can effectively learn the
underlying dynamics in the presence of noise. This is not a surprising outcome for OPT-DMD because
the noise is largely excluded after performing a low-rank (r = 14) truncation of the POD expansion of
the data as part of the DMD algorithm. However, it is a notable observation that Phi Method is also able

to maintain its predictive capability without featuring a significant noise level in its predictions.
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Fig. 5.16 Comparison between the Phi Method and the OPT-DMD models in the presence of a Gaussian
white noise in the fluid flow test case; plots of absolute difference between the true and the predicted

normalized vorticity snapshots at three different time instants during the test interval.
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5.4.2. Plasma discharge test case

Gaussian noise with a standard deviation of ¢ = 0.05 is added to the full dataset corresponding to
all the relevant plasma properties obtained from the PIC simulation of the 1D azimuthal plasma
discharge test case. It is emphasized that the original PIC data inherently contains a certain level of
(statistical) noise, and the Gaussian noise is added on top of that pre-existing noise. As a result, this
case represents a more extreme scenario than the one analyzed in the previous subsection, noting also

that the introduced noise has a higher amplitude.

The Phi Method and the OPT-DMD models, whose details were presented in subsection 5.3.1, were
trained on the dataset with augmented noise. The time variations of the predicted values of the plasma
properties at the midpoint of the domain, and the complete spatiotemporal maps of the plasma
properties, from the Phi Method and the OPT-DMD ROMs are provided in Fig. 5.17 and Fig. 5.18,
respectively. We observe that OPT-DMD effectively filters the noise and is able to provide a relatively
consistent representation of the system. For the case of Phi Method, however, the presence of high-
level noise in the data affects the obtained ROM, resulting in the prediction of lower-amplitude
fluctuations in the plasma properties’ signals compared to the ground-truth. This is because certain
dynamical information within the data is obscured by the noise. Nevertheless, apart from the amplitude,
the main traces of the signals and the frequencies of the fluctuations across the different properties are
consistently captured by the Phi Method ROM.

True —True
—Phi method OPT DMD
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> 12r
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Fig. 5.17 Comparison of the predictions from the Phi Method (left column) and the OPT-DMD (right column)
ROMSs against the ground-truth data in the presence of a Gaussian white noise in the plasma test case; time
evolution of the local values at the mid-location within the simulation domain of (a) normalized electron number
density (n.), (b) normalized electrons’ azimuthal drift velocity (V; .,), (¢) normalized azimuthal electric field
(E2), and (d) normalized electrons’ axial drift velocity (V; ., ). Dashed blue lines indicate the end of the training

interval.
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Fig. 5.18 Comparison of the predictions from the Phi Method and the OPT-DMD ROMs against the ground-
truth data in the presence of a Gaussian white noise in the plasma test case; spatiotemporal evolution plots of
(a) normalized electron number density (n,), (b) normalized electrons’ azimuthal drift velocity (V;; .,), (c)
normalized azimuthal electric field (E;), and (d) normalized electrons’ axial drift velocity (V. ). Dashed black

lines indicate the end of the training interval.

5.5. Chapter conclusions

We introduced in this Chapter a novel data-driven local operator finding algorithm termed “Phi
Method”. Phi Method is developed to enable the discovery of the discretized form of differential
equations describing a system’s dynamics and, thus, to allow straightforward and fast time forecasting

of the system state variables.

The underlying concept and formulation of Phi Method was presented in detail. It was pointed out
that Phi Method belongs to the category of the ML/DD algorithms that identify the local dynamics
operators and, hence, discover the differential equation(s) that describe the time evolution (dynamics)
of a system. An example of such data-driven algorithms was mentioned to be SINDy. It was highlighted
that Phi Method is, in essence, an extension to SINDy algorithm to enable the simultaneous discovery

of the dynamics and the optimum discretization stencil for the involved dynamics variables.
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We demonstrated the remarkable potentials and generalizability of the Phi Method approach to
enable the development of accurate and predictive data-driven ROMs across three test cases: (1) a
canonical Lorenz attractor problem, (2) a widely adopted canonical 2D fluid benchmark problem
corresponding to the case of viscous flow around a cylinder, and (3) a 1D E x B plasma problem
representative of the azimuthal dynamics of a Hall thruster discharge. The involved dynamics in the first
test case is governed by an ODE, whereas the evolution of the system in the fluid and the plasma test

cases are governed by a system of PDEs.

To have a comparative reference for the predictive performance of the Phi-Method-derived ROMs,
we applied OPT-DMD as well to the data of the test cases 2 and 3 and presented the predictions of the
resulting ROMs.

Across all the three test cases, Phi Method was shown to reliably learn the involved dynamics, and
the obtained ROMs from this approach featured a great predictive capacity. With regard to the most
notable observations and outcomes, in the Lorenz test case, we verified the interpretability of the Phi
Method'’s learned operator (the ® matrix). We showed that the dominant coefficients of the ® matrix
had values that compared with a difference of less than 1 % against the analytical coefficients from the

discretized ODE that describes the dynamics of the Lorenz attractor.

In the fluid flow test case, it was shown that a linear Phi Method ROM, which excludes the nonlinear
terms that are present in the PDE describing the evolution dynamics of the vorticity field, provides a
reasonably well representation of the dynamics and provides predictions that compare closely with the

ground-truth data, especially in terms of the time variations of the local vorticity values.

It was also demonstrated that Phi Method can learn the underlying dynamics from the data of the
transient state of the system, and the resulting model also provides accurate predictions. In this sense,
Phi Method exceeds the capabilities of DMD-based data-driven techniques, which are inherently limited
in their ability to properly represent the transient phenomena. The capability of Phi Method to work
seamlessly with the transient data is particularly beneficial for the dynamics discovery of systems that
may not exhibit a quasi-steady state or that for which the generation of statistically representative high-
fidelity data of the quasi-steady state of the system may be computationally burdensome, such as the

case of a Hall thruster discharge.

In the plasma discharge test case, the ROMs from Phi Method and OPT-DMD were both
successfully demonstrated toward a simultaneous forecasting of several plasma properties. Phi Method
was overall observed to provide a more accurate prediction of the variations in the local values of the
plasma state variables compared to OPT-DMD throughout the training and test period, an observation
that was linked to the inherently local learning of the dynamics associated with the Phi Method

algorithm.

The noise robustness of Phi Method was assessed for both the fluid flow and plasma discharge test
cases, again in comparison against OPT-DMD. In the fluid flow test case, both Phi Method and OPT-
DMD demonstrated effective noise robustness, accurately capturing the dynamics in the presence of

added noise. The fact that Phi Method maintained its predictive accuracy without significant noise
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interference in the results was particularly notable. In the plasma discharge test case, where higher
levels of Gaussian noise were added, OPT-DMD continued to filter noise effectively, providing
consistent predictions. Phi Method, however, displayed slightly reduced amplitude in its predictions, as
the higher noise levels partially obscured dynamical information. Despite this, Phi Method accurately
captured the key patterns and frequency characteristics, demonstrating its capacity to handle

substantial noise without significant performance degradation.
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Chapter 6  Phi Method for the data-driven learning of

parametric dynamics

The dynamics of many real-world systems is dependent on a set of parameters. These
parameters are either intrinsic to the system and inherently evolve over time, or that are
external and can be modified to control the system’s behavior. A fully generalizable model

(data-driven or otherwise) shall be able to reliably represent these parametric behaviors.

Plasma technologies serve as an example of parametric dynamical systems. For instance, in
a Hall thruster, the dominant plasma phenomena governing the device’s global dynamics
change as the “self-sustained electric field” parameter varies over one characteristic cycle of
the system. In addition, changing the control parameters, such as the intensity of the
externally applied magnetic field or the applied discharge voltage can majorly alter the

dynamics of the thruster.

In the present Chapter, the aim is to demonstrate that Phi Method can effectively learn the
parametric dynamics so as to provide accurate predictions of systems’ behavior over unseen
parameter spaces. We describe how the Phi Method’s implementation from Chapter 5 can be
adapted for the purpose of learning parametric dynamics. These adaptations to the Phi
Method'’s formulation yield the “parametric Phi Method” and the “ensemble Phi Method”
techniques. The test cases of fluid flow past a cylinder and the Hall thruster plasma discharge,
discussed in Chapter 5, are adopted here as well. For the fluid flow test case, the performance
of parametric Phi Method is compared, for reference, against that of parametric OPT-DMD,

which was introduced in subsection 3.2.3.

Section 6.1 describes the parametric Phi Method and its variant, ensemble Phi Method.
Sections 6.2 and 6.3 evaluate the performance of parametric/ensemble Phi method in the
fluid flow and the plasma test cases, respectively. Section 6.2 also presents a comparison
between the performance of the ROMs from parametric Phi Method and parametric OPT-

DMD. The main takeaways from the discussions in this Chapter are provided in section 6.4.
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6.1. Description of the Phi Method’s implementation for parametric dynamics

learning

Like most dynamical systems, plasmas can be described by a set of partial differential equations.
The plasma PDEs capture the evolution of key physical quantities, such as the densities, velocities, and
temperatures of the plasma species (electrons and ions) as well as possibly the electromagnetic fields.
A key challenge in accurately describing the plasma dynamics through PDEs arises from the inherent
variability in plasma behavior under different conditions and operating regimes, which serve as
additional parameters on top of the system’s state variables. Parametric PDEs address this by
introducing parameters to represent diverse conditions. These parameters can represent physical or
geometric properties, the environmental factors, and/or the external control inputs. Particularly in
plasma devices, the important parameters can be the operating conditions such as the applied voltage,
and the magnitude and topology of the externally applied magnetic field, or the intrinsic state variables
like the average operating density and temperature, the ions’ type (hence, their mass, ionization energy,
and collision frequencies), and the material properties of the surfaces of the device that are in contact

with the plasma.

Despite the near real-time capabilities of most data-driven ROMs to generate forecasts, their often-
limited adaptability to parametric variations presents a significant challenge to achieving broader
generalizability for the models. As a result, parameter embedding emerges as a crucial consideration
in data-driven ROMs. Otherwise, when faced with variation in parameters, the model needs to be rebuilt
through training on the data related to the new parameter, which serves as a major drawback for any
practical reduced-order model intended for real-world applications.

In subsection 3.2.3, we presented a parametric extension to OPT-DMD, obtaining the “parametric
OPT-DMD” method. Here, we describe how Phi Method can be adapted for data-driven reduced-order
modeling of parametric dynamical systems. Recalling from subsection 3.2.3, a parametric dynamical

system is a system described by the following general-form differential equation

dx(t)
dt

= F(x(t); w). Eq. 6.1

In Eqg. 6.1, x is the state vector and u is the “parameter vector” containing the individual parameters

(u; with  j=1,2,..,n,) that the system's dynamics is dependent on, hence,
T
H= [:ul':uZ'"uunp] .

We would remind from section 5.1 that Phi Method discovers discretized differential equations
describing a system’s evolution (F in Eq. 6.1). The discretized dynamics is encapsulated within the

linear operator @

X = F(yH)o. Eq. 6.2

In Eq. 6.2, x¥*1 represents the state vector of the system on node i at time step k + 1, y¥

encompasses the state vectors on node i and on its neighboring nodes at time step k, and F is the
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library of candidate terms that can include linear and nonlinear observables (f;(y;), l = 1,2, ...L) of the
state vector variables. As was discussed in detail in section 5.1, Eq. 6.2 is assumed to be valid for every

node within the computational domain (i = 2,3,...,N, — 1, for a 1D domain) and for all times (k =

1,2,..).

To train a Phi Method model, we pointed in section 5.1 that we evaluate the x¥** and the F(y¥) for
all the nodal points i and at all the time steps k within the training interval and store the values in two
matrices X and 0, respectively (Eq. 5.7). In case the number of training data points is very large, we
can consider a randomly sampled subset of the points in space and time for the model training. Matrix
@ is determined by performing a least-squares regression as per Eq. 6.3.

® = arg min ||X — 00|, = 01X

Eq. 6.3
® q

The parametric extension to Phi Method (“parametric Phi Method” implementation), which enables
the discovery of the dynamical systems given by Eq. 6.1, is straightforward. The only modification to
what was described above involves incorporating additional observables into the library of candidate

terms (F) such that

X = Fl, 1) Pparam- Eq. 6.4
The additional observables can be expressed as various functions h;(y;, ), j = 1,2, ..., ], of both the

parameters and the state variables of the system. Therefore,

Fiyo i) = [f10), F200), e, FLOVD), hy(yio ), by (v ), ---.hj(J’i.ll)]- Eq.6.5

Another approach to use Phi Method for reduced-order modelling of dynamical systems is the so-
called “ensemble Phi Method” approach. Ensembling techniques are commonly used for data-driven
and machine-learning-based ROM developments [168][183][235]. Ensembling is the practice of
aggregating multiple individual models to achieve an improved performance. By leveraging the diversity
among the individual learned models, the ensembling approach aims to mitigate overfitting, to enhance

generalization, and to increase the models’ robustness to varying data patterns.

In the ensemble Phi Method, instead of training a single model on the complete dataset that covers
the whole parameter space, we train individual models on the data that correspond to each set of values
of the parameter vector within our training set (u,, subsection 3.2.3). This leads to S independent
models, with S being the total number of realizations (sets of values) of the parameter vector u in the
training dataset. To aggregate the resulting models, we compute the average over S number of

coefficient matrices, @, s = 1,2, ...S, associated with each model, i.e., ®g,s = ! S_, ®,. The average

s
coefficient matrix (operator) &g, represents the ensemble Phi Method model, which is then used for

the predictions as per Eq. 6.4, with ®p,.,, replaced with &g
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6.2. Comparative evaluation of Phi Method’s performance against parametric

OPT-DMD in the canonical problem of a flow past a cylinder

The predictive performance of parametric ROMs from Phi Method are assessed in this section in
comparison against the performance of the ROMs from parametric OPT-DMD. Before proceeding
further, however, it is important to highlight an inherent difference between the parametric extensions
to Phi Method and OPT-DMD.

In the PDE-discovery techniques, to which Phi Method belongs, the parameters are directly
incorporated into the model. This explicit treatment of parameters allows PDE-based models to naturally
adapt to changes in parameters. It also provides a more direct and generalizable representation of how
the system may respond to different parameter values. On the contrary, whereas POD-based models,
such as those from OPT-DMD, have proven successful in capturing dominant modes in the data and
reducing the data dimensionality [207][210][236], they may not be the optimal choice when the focus
would be on explicitly modeling parametric dependencies. Indeed, in extending the DMD algorithm to
accommodate parametric variations, a common approach entails employing interpolation techniques
between the modes associated with the neighboring parameter values [166][227] (see also subsection
3.2.3). Nonetheless, the interpolation between the modes assumes a smooth transition in the parameter
space among the different parameter values. Accordingly, in the cases where a system’s behavior
undergoes significant changes across the parameter space, this interpolation approach to realize
parametric POD-based ROMs will become impractical because of the substantial training dataset that
will be needed to adequately sample the parameter space. This remark will be further clarified through

the discussions in this section, as well as those in section 6.3.

6.2.1. Description of the problem setup

The fluid flow test case represents the evolution of a 2D flow around a stationary cylinder, which is
characterized by the recurring shedding of vortices in the downstream wake of the cylinder. The vortex
shedding phenomenon is strongly influenced by the Reynolds number of the flow [237] — beyond a
certain Reynolds number, the flow becomes unstable as it passes over the cylinder and small
perturbation of the flow leads to the wake instability and the periodic formation of the vortices. In the
intermediate range of Reynolds numbers, the flow is laminar, whereas it transitions to a turbulent state

once the Reynolds number exceeds a specific threshold [237].

The dynamics of the vorticity field (Q) in the flow-past-a-cylinder problem is governed by the PDE

given by Eq. 5.12, provided below again for convenience.

Eq.5.12

a0 1
— 4+ (V.V)Q = —TV2Q,
Re (repeated)

at
Eq. 5.12 represents a parametric dynamical system with the parameter being the freestream’s

Reynolds number (Re).
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As was pointed out in subsection 5.2.2.1, the ground-truth simulation data are generated for this test
problem using the “ViscousFlow.jl” software package [234]. Particularly, for the data-driven modelling
of the parametric dynamics, flow simulations were performed across an intermediate range of Reynolds

numbers, where the flow exhibits the oscillatory vortex-shedding pattern while remaining laminar.

The simulations’ setup and conditions are overall the same as those described in subsection 5.2.2.1.
Briefly, the computational domain is 0.06 x 0.04 m 2D box discretized using 300 x 200 nodes. A cylinder
of 0.01-m diameter is included in the domain, with its center positioned 0.01 m away from the left
boundary. The free stream of the flow enters the domain at a specific pre-determined Reynolds number.

Each simulation was run for a total duration of 100 s, with the flow data collected at 0.1 s intervals.

The simulations were performed over a broad set of Reynolds numbers, namely, Re € {100, 150,
175, 200, 250, 275, 300, 350, 400, 425, 450, 500}. All of the data corresponding to this broad range of
Reynolds numbers were divided into the training and the testing sets in two fashions: one, Re;4in €
{100, 200, 300, 400, 500} and Re.. € {150, 250, 350, 450}, and two, Re;.q:, € {100, 150, 200, 250,
300, 350, 400, 450, 500} and Re,.,; € {175, 275, 425}. The first division of the data is referred to as
“‘dataset 1” or DS1. The second division, which represents finer increments in the parameter space for
the training, is called “dataset 2” or DS2. In general, we have used DS1 for the training and testing of

the ROMs in the fluid flow test case unless it is explicitly stated otherwise.

For either dataset, the initial 45 seconds of the simulations, representing the transient state of the
fluid system (subsection 5.2.2.1), were excluded from either the training or the test data. This was to
enable deriving reliable ROMs from the OPT-DMD application to the data. It is recalled from the
discussions in subsections 3.6.2 and 5.2.2.2 that the POD-based methods, including OPT-DMD, work

reliably only when applied to the (quasi) steady-state data from a system.

The parametric OPT-DMD was trained on the time-series snapshots of the vorticity field belonging
to the training parameter set. We would highlight that, in the parametric DMD, determining the optimal
number of ranks in the underlying SVD (or, equivalently, the number of DMD modes to retain) involves
a compromise between two aspects: (i) the percentage of information captured in the resulting low-rank
representation on the training data points, and (ii) the accuracy of the interpolation in the parameter
space on the test data points. In this regard, retaining a higher number of DMD modes improved the
closeness of the predictions of an individual OPT-DMD ROM to the original training data corresponding
to each specific parameter. However, we observed that the quality of the interpolation between the
DMD bases degraded as the number of DMD modes increased. Having identified the optimal trade-off

between the above two effects, we retained 10 DMD modes for this test case example.

In the case of Phi Method, the library of terms (®) can include both linear and nonlinear observables
of the system’s state vector as well as the involved parameter(s), which is the Re for the present test
case. The library terms considered for the fluid flow test case are seen from Eq. 6.6. In subsection
5.3.2.1, we presented a thorough analysis of the impacts of the size of the library and the inclusion of
extra terms. Hence, we have focused here only on the minimum set of dynamical terms that are

essential to properly represent the dynamics of fluid flow system. Accordingly, Eq. 6.4 becomes
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Before training the Phi Method models, each flow property was normalized with respect to its
spatiotemporally maximum value over the entire dataset that corresponds to all the simulated
parameters. The left-hand side of Eq. 6.6 as well as the terms in the library were then evaluated on

various nodes (i =2,3,..,N;—1, j=2,3,..,N;—1) and time steps (k=1,2,..m—1) using the
normalized data across the training parameter space. é included in the last term within the library,

captures the parametric dependency in the resulting PDE that describes the evolution of the vorticity.
The optimal matrix of coefficients ®p,.,,, associated with the parametric Phi Method ROM was obtained

by performing a regression on both sides of Eq. 6.6.

We also derived an ensemble Phi Method ROM for the fluid flow test case. For the ensemble ROM,
the individual models were trained separately on the simulation data corresponding to each Reynolds
number of dataset 2 (DS2), i.e., Reyqin €{100, 150, 200, 250, 300, 350, 400, 450, 500}. This resulted
in S = 9 independent models. Taking an average over the coefficient matrices of the individual models,
the coefficient matrix (operator), ®,., of the ensemble ROM was obtained. The library terms used to

drive the ensemble ROM were the same as those shown in Eq. 6.6.

6.2.2. Results

The predictions of the trained parametric ROMs on the test sets of the Re parameter are presented

and discussed in this subsection.

Fig. 6.1 shows the forecasts of the parametric Phi Method and the parametric OPT-DMD ROMSs over
the test Re parameters of DS1 (Re,,;: € {150, 250, 350, 450}). The results are presented in terms of the
temporal evolution of the spatially averaged vorticity (Q,,..») and the local value of the vorticity field
(Q:4) in comparison to the ground-truth data from the simulations. The local vorticity value corresponds
to the value at the mid-location of the domain (x = 0.03 m and y = 0.02 m). Fig. 6.1(right column)
additionally presents the time variations of the ROMs’ loss factor. The loss factor quantifies the extent
of error (or deviation) in the models’ predictions relative to the true data. The loss is calculated as was

described in subsection 5.2.2.2.

The plots of Q,,,;4 (Fig. 6.1(middle column)) evidently show that the predictions of the parametric Phi
Method ROM closely align with the true data. In contrast, the predictions of the parametric OPT-DMD
ROM exhibit a relatively high level of discrepancy. According to Fig. 6.1(right column), the loss
associated with the forecasts of the parametric Phi Method ROM is, on average, about four times

smaller than that of the parametric DMD ROM across the test parameters.
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Fig. 6.1 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs

against the ground-truth data for the fluid flow test case across the test Reynolds numbers belonging to DS1;

time evolutions of the spatially averaged normalized vorticity (left column), and local values of the normalized

vorticity at the mid-location within the simulation domain (middle column). (right column) Time evolutions of

the loss factor calculated over the entire domain.
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Fig. 6.2 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs

against the ground-truth data for the fluid flow test case across the test Reynolds numbers belonging to DS1;

2D snapshots of the normalized vorticity field at three different sample time instants for the test parameters of
(a) Re = 150, (b) Re = 250, (c) Re = 350, and (d) Re = 450.
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The fully reconstructed 2D snapshots of the normalized vorticity field from the parametric Phi Method
and the parametric OPT-DMD ROMs at three different time instants are illustrated in Fig. 6.2 for the
test Reynolds numbers of DS1. Furthermore, in Fig. 6.3, the absolute-difference maps between the

predicted snapshots and the respective “true” snapshots are plotted.
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Fig. 6.3 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs

for the fluid flow test case; absolute-difference plots between the true and the predicted normalized vorticity

snapshots at three time instants for the test parameters of DS1, namely, (a) Re = 150, (b) Re = 250, (c) Re =
350, and (d) Re = 450.

The close resemblance between the Phi Method ROM’s snapshots and the ground-truth further
demonstrates the ability of Phi Method to reliably capture the parametric dependency in the dynamics
and, hence, to provide successful predictions of the desired quantity across the parameter space.
Contrarily, the parametric OPT-DMD does a rather unsatisfactory job in embedding the parametrization
underlying the dynamics. This is evident from the relatively significant discrepancies observed between
its predicted snapshots and the ground-truth. In this respect, although we noticed in subsection 5.2.2.2
that the OPT-DMD exhibited a slightly better performance compared to Phi Method toward time
forecasting of the fluid flow system at a fixed parameter value, the present results from Fig. 6.2 and Fig.
6.3 underline that the parametric Phi Method provides substantially more accurate predictions when the

defining parameter of a system undergoes variations.
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In Fig. 6.4, we have compared the true and the interpolated spatial modes corresponding to the first
four leading DMD bases across the test Re parameters of DS1. The true bases (modes) are obtained
by applying OPT-DMD directly to the data associated with each specific test Reynolds number. It is
evident from the plots in Fig. 6.4 that, in some cases, the interpolated modes are significantly different

from their true counterparts.
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Fig. 6.4 Visualization of the first four interpolated DMD modes associated with the parametric OPT-DMD for
the fluid flow test case over the test Reynolds numbers of DS1. The interpolated modes are compared against
the corresponding true DMD modes. (a) Re = 150, (b) Re = 250, (c) Re = 350, and (d) Re = 450.

We would emphasize that the “poor” performance of the parametric OPT-DMD in the fluid flow test
case is not a limitation of the OPT-DMD itself as a data-driven method, but rather it is related to the
limited accuracy of the interpolation between the DMD bases. In this regard, it should be noted that the
optimality of the DMD modes is not preserved through the interpolation. In other words, the resulting
interpolated modes may no longer represent the best low-rank approximation of the system that

satisfies the linearity of the time dynamics.

When the variation of the DMD modes in the parameter space occurs on a non-smooth and strongly

nonlinear manifold, or when the two parameters between which we are interpolating the DMD modes
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are too far apart, the interpolated modes can exhibit a larger extent of deviation from their optimality
condition. This argument is further supported by the results shown through Fig. 6.5 to Fig. 6.7. To obtain
these results, the parametric OPT-DMD, in addition to the parametric Phi Method, are trained on dataset
2 (DS2). As was pointed out in subsection 6.2.1, DS2 corresponds to more samples of the parameter
space associated with the fluid system. The training set of DS2 includes the simulation data for Re,,.4;, €
{100, 150, 200, 250, 300, 350, 400, 450, 500}. The ROMs are tested on the set of Reynolds numbers
corresponding to Re,.,: € {175, 275, 425}.

Fig. 6.5 shows the predicted time evolutions of the Q,,.,, and the Q,,;; in comparison against the
ground-truth. The figure also presents the time evolutions of the loss factors associated with the models’
predictions. Fig. 6.6 compares the predicted and the true snapshots of the vorticity field at three sample
time instants. Fig. 6.7 shows a comparison between the true and the interpolated spatial modes

corresponding to the first four leading DMD bases across the test Re parameters of DS2.
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Fig. 6.5 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs

against the ground-truth data for the fluid flow test case across the test Reynolds numbers belonging to DS2;

time evolutions of the spatially averaged normalized vorticity (left column), and local values of the normalized

vorticity at the mid-location within the simulation domain (middle column). (right column) Time evolutions of

the loss factor calculated over the entire domain.
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Fig. 6.6 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs
against the ground-truth data for the fluid flow test case across the test Reynolds numbers belonging to DS2;
2D snapshots of the normalized vorticity field at three different time instants for the test parameters of (a) Re =
175, (b) Re = 275 and (c) Re = 425.
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Fig. 6.7 Visualization of the first four interpolated DMD modes associated with the parametric OPT-DMD for
the fluid flow test case over the test Reynolds numbers of DS2. The interpolated modes are compared against
the corresponding true DMD modes. (a) Re = 175, (b) Re = 275 and (c) Re = 425.

Focusing on the parametric OPT-DMD ROM, the above outcomes from the method’s training and
testing on DS2 show that a smaller increment between the training parameters that sample the
parameter space of the system improves the quality of the model. Referring to Fig. 6.7, in particular,
and comparing the plots against those in Fig. 6.4, we see that the discrepancy between the true and
the interpolated spatial DMD modes is reduced when the model is trained on DS2. We underline that a
“sufficient” number of parameter samples is case-specific and depends on the extent to which the DMD

modes vary within the parameter space of a certain system.

Besides expanding the training dataset, employing more advanced interpolation schemes may also
improve the quality of the parametric OPT-DMD ROM by allowing for the interpolation to be reliably
performed between more widely spaced parameters. These advanced interpolation schemes include
techniques that utilize an intermediary linear subspace called “Grassman manifold” to perform the

interpolation and then transfer back to the subspace of the POD modes [238].

In Fig. 6.8, the spatiotemporally averaged losses of the predictions from the parametric Phi Method
and the parametric OPT-DMD ROMs with respect to the ground-truth data of the fluid flow test case are
plotted for various Reynolds numbers. The results are presented for the ROMs trained on DS1 and on
DS2.

Referring to Fig. 6.8, the spatiotemporally averaged loss of the Phi Method ROM is seen to remain
identical between the training on DS1 and DS2 across the range of Re values. Additionally, for Phi
Method, the ROM'’s loss level remains similar among the training and the test data. However, in the
case of the parametric OPT-DMD, the loss in predicting the test data is considerably higher than the
loss associated with the reconstruction of the training data. Moreover, it is again observed that the
number of samples of the parameter space that are included in the training greatly influences the

disparity level between the loss of the parametric OPT-DMD ROM on the training and on the test data.
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Fig. 6.8 Comparison of the predictions from the parametric Phi Method and the parametric OPT-DMD ROMs
for the fluid flow test case; plots of the time-averaged (mean) values of the loss factor vs. the Reynolds
number from the ROMs trained on (a) dataset 1 (DS1), and (b) dataset 2 (DS2). The loss factor is calculated
over the entire domain.

The difference between the accuracy of the parametric Phi Method ROM and the parametric DMD
ROM lies in a fundamental difference between these two techniques. In fact, by identifying the local
relationships and correlations within the data, Phi Method approximates the underlying PDE describing
the data. Consequently, this method, like any other data-driven PDE-discovery technique, enables the
explicit incorporation of the parametric dependencies present in the system into the model. In contrast,
POD-based approaches, such as DMD, do not explicitly account for the parametric dependencies in
their formulation. They identify the modes based on the covariance of the dataset without differentiating
between the different parameter values. Accordingly, for the parametric DMD, although a distinct set of
modes is associated with each parameter, there is no explicitly quantified relationship between the
specific parameter regimes and their corresponding modes. This “implicit” treatment in parametric DMD
limits the model’s ability to capture the intricate relationships between the parameters and the system’s

response.

We have illustrated in Fig. 6.9 the rectangular rearrangement of the matrices of coefficients
(Pparam € R3%%Y, or ®p,..m € R5¥C after rearrangement) for the parametric Phi Method ROM when
trained on DS1 and on DS2. It is noticed that the matrices (operators) of the two models are almost

identical.

The last column of the matrices in Fig. 6.9 captures the parametric dependency of the dynamics on
the Reynolds number, as was represented by the right-hand-side term in the theoretical relation
describing the dynamics of the vorticity (Eq. 5.12). Discretizing this term in Eq. 5.12 using a finite

difference scheme, we obtain

— Eq.6.7
Re Ax? a

1 720 = i Qi’€+1,j _ Zﬂi‘{,j n Qi'(—l,j +i Qi'c,j+1 _ ZQ?J +Q§j—1
Re Re Re Ay?\ Re Re Re

where, Ax and Ay denote the cell sizes of the grid discretizing the domain along the x and y directions,

respectively.
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Fig. 6.9 Rearranged normalized representations of the coefficients matrices (®p,amS) of the parametric Phi
Method ROM for the fluid flow test case; (a) from training on DS1, and (b) from training on DS2.

Given that Ax = Ay for the data used to train the ROMs, we could expect a nearly uniform distribution

of coefficients for the :—e term across the surrounding nodes of the node (i, j). However, looking at Fig.

k k

6.9, it is interesting that this is not the case. In fact, the magnitude of the coefficients for and ;’:1

k k
are larger than those corresponding to e “ and :‘” This disagreement between the coefficients

matrices of the two Phi Method ROMs visualized in Fig. 6.9 and what is prescribed by the finite
differencing can imply that the identified stencil by Phi Method is an alternative optimal stencil for the
discretization of the governing PDE. This must, of course, be considered in conjunction with the

coefficients of the other library terms and their associated discretization stencils.

We also point out that the rest of the columns of the visualized matrices in Fig. 6.9 (those that do
not reflect the parametric dependence on the Re) are closely aligned with the @ matrices obtained from
application of “basic” Phi Method to a single-parameter dataset as was discussed in subsection 5.2.2.2
(Fig. 5.8(b)).

As a final point of discussion, we recall from subsection 6.2.1 that we also developed an ensemble
Phi Method ROM for the fluid flow test case. This was done by averaging individual ® matrices that
were obtained by training Phi Method on single datasets associated with the individual Reynolds
number values within DS2. We present in the following the rearranged representations of characteristic

matrices corresponding to the ensemble Phi Method model.

Fig. 6.10(a) shows the &g, matrix of the ensemble ROM, which is the mean of the ® matrices of
the individual ROMs. Fig. 6.10(b) illustrates the normalized standard deviations of the coefficients of
the library terms across the individual models. From Fig. 6.10(a), the &g, operator is very similar to the
®param associated with the parametric Phi Method ROM (Fig. 6.9) in terms of the coefficients learned
for the library terms. This implies that, for the fluid flow test case, the ensemble ROM is rather equivalent

to the “standard” parametric ROM.

In addition, from Fig. 6.10(b), we notice that, across the individual Phi Method models constituting
the ensemble ROM, the coefficients of the library terms that have been found as dominant and important
for the dynamics (larger absolute values/darker shades in Fig. 6.10(a)) show very small standard
deviations (values toward -1 on logarithmic scale/ colormap toward darker blue shades in Fig. 6.10(b)).

This means that the coefficients of the dominant terms are determined with very high confidence.
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Fig. 6.10 Rearranged normalized representations of the characteristic matrices corresponding to the
ensemble Phi Method ROM for the fluid flow test case. (a) ®g,s matrix (mean of the ® matrices of the
individual constituent models), (b) normalized (by the absolute values of the @, matrix) standard deviations
of the coefficients of the library terms across the individual models. The individual models constituting the

ensemble ROM were trained on the dataset 2. The colormap in plot (b) is in logarithmic scale.

Referring to Fig. 6.10, it is highlighted that the term %, which captures the dependency of the

dynamics on the Re parameter is not shown in the rearranged matrix representations. This is because
the coefficients of this terms were found to be much smaller than the coefficients of the other terms in
the Phi Method models’ libraries.

6.3. Assessment of the cross-parameter predictive performance of Phi Method

in the plasma discharge problem

We now look at the performance of Phi Method toward predicting the parametric dynamics in a
plasma discharge test case. We will follow the same order of discussions as that in section 6.2: first
describing the problem setup, and then presenting and discussing the results. The discussions will
revolve around the predictive performance of the parametric ROMs and the interpretability of the

associated coefficients matrices (operators).

Before proceeding further, we underline that, for the fluid flow test case of section 6.2, the variability
of the problem’s dynamics across the parameter space as represented by the Reynolds number was
sufficiently smooth so that the interpolation associated with the parametric OPT-DMD would produce
meaningful results. For the plasma discharge problem, however, the parametric OPT-DMD was found
to not be a suitable choice due to the strong variations observed in the system’s behavior (dynamics)
across the parameter space. As a result, the parametric OPT-DMD method failed to provide reasonable
interpolations of the modes between the parameters. Consequently, in this section, we exclusively

present the results from Phi Method.

6.3.1. Description of the problem setup

The adopted test problem represents a 1D azimuthal geometry of a Hall thruster. The plasma in this
test case evolves in the presence of externally applied, mutually perpendicular electric (E') and magnetic

(B) fields. As was pointed out in subsection 1.1.3 as well, E x B plasma configurations like that in a Hall
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thruster are of remarkable scientific interest across various plasma science domains. This is largely
because of the rich underlying physics of the E x B plasmas that is characterized by a broad spectrum
of instabilities and turbulence that interact with the plasma species. In particular, a long-standing
universal question in the physics of E x B plasmas regards the “anomalous” transport of the electrons
across the magnetic field (see also section 1.2). Anomalous transport refers to the enhanced mobility
of the plasma particles compared to what is predicted by the classical theories. In recent years,
numerous studies have pointed to the significant contributions of plasma instabilities to the anomalous
transport of the electrons [15][20]. However, a universally applicable model to predict the instabilities
and their induced transport is yet to be achieved [72][239][240].

The 1D setup of the plasma test case serves as a simplified but representative geometry that
captures instabilities and fluctuations as well as the interactions of these with the plasma particles. The
characteristics of the instabilities and their impacts on the plasma vary with the magnitudes of the
applied electromagnetic field. As a result, the applied axial electric field (E,) and the radial magnetic
field (B, ) act as the parameters of the dynamical system represented by the adopted plasma discharge
configuration. Our plasma discharge problem provides an ideal plasma test case to demonstrate that
the Phi Method ROM can capture these parametrizations and to also illustrate the generalizability of

the derived relationship(s) from Phi Method to a broad range of parameters.

IPPL-1D PIC code [229][230] was used to simulate the plasma in this adopted test case and so to
generate a dataset corresponding to various values of the E, and the B,.. The simulations’ setup follows
what was described in subsection 5.3.1 except for a few modifications. An overview of the setup here
is provided below.

The simulation domain is a Cartesian section along the azimuthal (z) direction of a Hall-thruster-
representative geometry. The z-direction is perpendicular to the directions of the applied electric field,

that is along the axial coordinate (x), and the applied magnetic field, that is along the radial coordinate

)

To ensure that the domain size remains larger than the characteristic length of the instabilities across
the entire simulated range of the E, and the B, parameters, the azimuthal extent of the domain is
increased to 0.02 m compared to the 0.005-m azimuthal extent used for the ground-truth simulation in
section 5.3. The simulations here have N; = 400 computational nodes, with a time step of At =
5 x 1071%2s. The total simulated time for all the simulations is 10 us. The collected data from the
simulations are the relevant plasma properties averaged over every 500 timesteps (2.5 ns). The initial
2 us of the simulation data during which the system exhibits highly nonlinear transient behaviors is

discarded.

Along the azimuthal direction, a periodic boundary condition is applied to the particles motion as well
as to the electric potential in order to mimic the periodicity along the azimuth. While the electric potential
is resolved only along the azimuthal direction (1D problem setup), the particles’ trajectories are traced
along all the three dimensions. A finite extent of 0.01 m is assumed along the axial direction to limit the

growth of the energy of the system [23]. The particles crossing an axial boundary of the domain are
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resampled from their initial distributions and reintroduced into the domain from the opposite axial
boundary. The initialization conditions of the simulations are identical to those presented in subsection
5.3.1.

We carried out PIC simulations over a wide range of electric fields, E, € {10, 12.5, 15, 17.5, 20, 22.5,
25, 27.5, 30, 32.5, 35, 37.5, 40} kVm™", at a fixed magnetic field of B, = 20 mT. Similarly, multiple
simulations were performed for various magnetic field values, B, € {10, 12.5, 15, 17.5, 20, 22.5, 25,
27.5, 30, 32.5, 35, 37.5, 40} mT, with the electric field being fixed at E, = 20 kVm™!. The data
corresponding to these simulations were used to train and test both parametric and ensemble Phi
Method ROMs.

The aim of the test case is to assess the Phi Method’s ability to re-discover from the simulations’
data the parametric PDE given by Eq. 6.8. This equation describes the spatiotemporal evolution of the
electrons’ axial flux density (/)

a(neVd,ez) a(neVdZ,ez)

oll,,
—qByJex = Me—o  tme——— =—"— qn.E, + FP Eq.6.8

In Eq. 6.8, Jo = n.Vy ., Where n, and V, ., are the electrons’ number density and axial drift velocity,
respectively. The terms on the right-hand side of Eq. 6.8 represent different force terms that contribute
to the electrons’ axial flux density. The first and the second terms represent, respectively, the
contributions of the temporal inertia and the convective inertia. The third term captures the contribution

of the azimuthal instabilities [229], and the fourth term corresponds to the pressure, with 11, = kgn,T,,.

According to Eq. 6.8, we have defined the library terms for Phi Method to be n,V, .., n.E,, n.T,, and
n.V3.,. Although the underlying physics of this plasma test case and, hence, the distribution of the
plasma properties in general depends on both the E, and the B,, the E, does not appear explicitly in
Eq. 6.8. To capture the explicit parametric dependency on the B,, nonetheless, we represent the term
ByJ.. on left-hand side of Eq. 6.8 as a variable for which we would like to develop a ROM using Phi
Method. In this sense, once the ROM is trained, to obtain the J., at a certain value of the B,, we first

evaluate the B, /., term from the model and then divide by the B,, value.

We have developed two “standard” parametric Phi Method models with slightly different libraries.

The first model, called “parametric model 1 (PM1)”, is described by the relation in Eq. 6.9

(neVd,ez)i—l ! (neEz)i—l r (neTez)i_l r (nede,ez)i—l ’
[(By]ex)i]k = (neVd.ez)i ‘ l (neE,); (meTez); (nede,ez)i Dppg- Eq. 6.9
(MeVaez)ivr] [(MeEz) i (MeTez)iva (MeViEen)ist
It is underlined regarding Eg. 6.9 that, for PM1, the left-hand side of the equation and the library on
the right-hand side are both at the same time step k, which is in line with Eq. 6.8. This means that the
derived relation from PM1 ROM establishes the correlations that exist at each time step among the

specified terms in the model.
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Whereas PM1 includes the term n,V, ., it does not account for the time derivative of this quantity,
which does appear in Eq. 6.8. To address this, we include the term n,V, ., at both the current time step
(k) and at the preceding time step (k — 1). This modification yields a variant of PM1, denoted as

“parametric model 2, PM2” and given by Eq. 6.10

(neEz)i—l
(neEz)i

(neEz)i+1

(meT.,); (nede,ez)i Dppz- Eqg. 6.10
(neTez)i+1 k l(neVliz‘ez)i+1JkJ

In subsection 5.3.2.1, we assessed the sensitivity of the predictions from Phi Method ROMs to the

(neVd EZ)L 1 (neVd,ez)i—l !
[(By]ex)i]k (TL Vd ez) (neVd,ez)i
k k-1

(TL Vd ez)1+1 (neVd,ez)Hl

2 T
! |:(neTez)i—1]T (neVd‘ez)i—l
k

size of the library for the same plasma test case as adopted here. We observed that the inclusion of
additional terms in the library does not significantly affect the model’s predictive capability as long as
the essential terms are included in the library of candidate terms. However, the presence of
unnecessary terms can deteriorate the interpretability of the Phi Method model because the model will
no longer be sparse. The inclusion of extra terms can also alter the values of the coefficients found for
the essential terms. A sparse model is more likely to be generalizable to various scenarios beyond the
training dataset. In any case, it is also noted that when an expert knowledge might be lacking and,
hence, it would not be possible to identify the relevant (essential) dynamical terms a-priori, the library
size will inevitably need to be large. The expansion of the library in such cases ensures that sufficient
flexibility is embedded within the model so that it will be able to effectively capture the correlations
present in the data. The lack of model sparsity in the cases of large library terms can then be addressed
by using sparsity-promoting techniques that aim to optimize the coefficient matrix @ in the sparsest
possible way so as to effectively eliminate the non-essential terms [101][215]. This aspect will be also

discussed in section 7.2.1, where we outline the next steps to further mature Phi Method.

Considering the above arguments, and for the sake of the demonstrations in this section within the
plasma discharge test case, we chose to include in the Phi Method’s libraries the minimum set of terms

which was needed to represent the dynamics.

The parametric Phi Method models PM1 and PM2 were trained on a dataset comprised by the
simulation data corresponding to the parameters set of E, ;,4:, € {15, 20, 25, 30, 35} kVm™" and B, 14in
€ {15, 20, 25, 30, 35} mT. The remaining data from the simulations with the other values of the E, and

the B, were reserved to be compared against the ROMs’ predictions for testing purposes.

For the test case here, ensemble Phi Method ROMs were also developed. Two ensemble models
with the libraries corresponding to those for the PM1 and the PM2 were trained on the exact training
dataset as that for the “standard” parametric ROMs. The ensemble ROMs were derived using the
approach detailed in subsection 6.1. The coefficients matrices (operators) associated with the two

ensemble ROMs are denoted as ®gy; and Ogy,.
6.3.2. Results

Once the Phi Method models were trained, the derived data-driven relations were used to predict

the spatiotemporal evolution of the J,, over the unseen (test) parameter set. The predictions of the PM1
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and PM2 as were defined by Eq. 6.9 and Eq. 6.10, respectively, exhibited indistinguishable similarity.
Moreover, PM1 predictions were found to be closely representative of the predictions of the ensemble
model EM1 as well. This will be evidenced later in this subsection. Therefore, to avoid redundancy in
presenting the results and for the clarity of discussions, Fig. 6.11 to Fig. 6.13 present the predictions of
the PM1 only.

The predicted time evolutions of the normalized local /., value at the center of the domain for various
values of the applied E, and B, belonging to the test parameter set are provided in Fig. 6.11. The
predicted signals are compared against the ground-truth data from the PIC simulations. Additionally, in
Fig. 6.12 and Fig. 6.13, the complete spatiotemporal maps of the J,, as predicted by the PM1 are
compared against the “true” 2D maps from the PIC simulations for the various test values of the E, and
the B,, respectively. For all the results shown, the normalization factor for J,, is 6.0625 x 10%* m~2s~1,

corresponding to the maximum electron flux density across various E, and B, parameter values.
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Fig. 6.11 Predictions of the parametric Phi Method ROM (PM1) for the plasma discharge test case compared
against the ground-truth data; time evolutions of the local value of the normalized electrons’ axial flux density
(Jox) at the mid-location within the simulation domain for various test values of the axial electric field (E,, left

column) and for various test values of the radial magnetic field (B,,, right column).
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Fig. 6.12 Predictions of the parametric Phi Method ROM (PM1) for the plasma discharge test case compared
against the ground-truth data; spatiotemporal maps of the normalized electrons’ axial flux density (/. ) for the
test values of the axial electric field (E,): (a) E, = 10 kVm™?, (b) E, = 12.5kVm™1, (¢) E, = 17.5 kVm™1, (d)
Ey =225kVm™t, (€) Ey = 27.5 kvm™, (f) E, = 32.5 kVm™1, (g) E, = 37.5 kVm™?, and (h) E, = 40 kVm™2.

Looking at Fig. 6.11 to Fig. 6.13, it is evident that the parametric ROM is able to predict the time
evolution of the J,, as a function of the plasma properties included in the Phi Method'’s library. In
addition, the parametric data-driven relationship recovered between the target quantity — /., — and the

candidate terms in the library is applicable to a wide parameter space, which emphasizes the
generalizability of the model.
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Fig. 6.13 Predictions of the parametric Phi Method ROM (PM1) for the plasma discharge test case compared
against the ground-truth data; spatiotemporal maps of the normalized electrons’ axial flux density (J.,) for the
test values of the radial magnetic field (B, ): (a) B, = 10 mT, (b) B, = 12.5mT, (c) B, = 17.5mT, (d) B, =
22.5mT, (e) B, = 27.5mT, (f) B, = 32.5mT, (g) B, = 37.5mT, and, (h) B, = 40 mT.

In Fig. 6.11 to Fig. 6.13, the eight extreme cases corresponding to the lowest and the highest values
of the applied electric and magnetic fields, namely, E, = 10, 12.5, 37.5, and 40 kVm™?, and B, =10,
12.5, 37.5, and 40 mT, fall outside the range of the parameter space over which PM1 had been trained.
These cases, thus, represent extrapolation scenarios. In this regard, toward the lowest and the highest
magnetic field values, the PM1’s accuracy degrades, with the deviations being mainly noticeable around
the signals’ peaks and dips. However, the predictions are still reasonably aligned with the ground truth.
For the extreme electric field cases, the accuracy of the PM1 predictions remains at the same level as
that in the intermediate-parameter regimes.
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To have an overall assessment of the variations in the ROMs’ accuracy across the investigated
parameter space, the spatiotemporally averaged predicted values of the J,, from the PM1 and the EM1
models are plotted in Fig. 6.14 against the E, and the B,. Fig. 6.14(a) and (c) show the variations vs
the E, and the B, for the PM1. Fig. 6.14(b) and (d) show the same variations for the EM1. The
corresponding “true” J,, values from the PIC simulations are also shown in these plots as red dots. We
have superimposed on the plots of Fig. 6.14 the spatiotemporally averaged losses of the J,, predictions

with respect to the true values from the simulations.
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Fig. 6.14 Predictions of the PM1 (left column) and the EM1 (right column) for the plasma discharge test
case; spatially and temporally averaged normalized electrons’ axial flux density (J.,) values from the ROMs
(predictions) and the simulations (ground-truth) against: (a) and (b) the various electric field values, (c) and (d)
the various magnetic field values. The associated predictions’ loss factors are also plotted. The normalization
factor for J,, is 6.0625 x 102* m=2s71,

The plots in Fig. 6.14 indicate that, across various values of the E,, the loss factors associated with
the PM1 and the EM1 models remain almost constant, whereas they exhibit notable variations across

the different B, values. The PM1’'s and the EM1’s loss increases toward the two bounds of the

investigated B, range.

Comparing the plots (b) and (d) in Fig. 6.14 against plots (a) and (c), we observe that the predictions’
accuracy of the EM1 is quite comparable to that of the PM1 overall. Accordingly, we can conclude that,
for this 1D plasma discharge test case, either training a single model over a large dataset or combining
multiple models trained over subsets of the data lead to nearly equivalent ROMs in terms of their

predictive performance.
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6.3.2.1. Characteristics and interpretability of the coefficients matrices for the parametric and the

ensemble Phi Method ROMs

Here, we examine closely the obtained & matrices (operators) corresponding to the different DD
ROMs discussed so far, namely, the PM1 and PM2 (“standard” parametric Phi Method ROMs), and the
EM1 and EM2 (ensemble Phi Method ROMs). We recall from subsection 6.3.1 that ®py; and dgy; €
R1?*1 whereas ®py,, Ppyz € RY°*L. For the demonstration purposes in this subsection, these Phi
method operators are rearranged into matrices with the dimensions of 3 x 4 and 3 x 5 for the PM1/EM1

and the PM2/EM2, respectively. The rearranged ® matrices are illustrated in Fig. 6.15.
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Fig. 6.15 Rearranged normalized representations of the coefficients matrices (@) corresponding to the
parametric Phi Method ROMs (PM1 and PM2) and the ensemble Phi Method ROMs (EM1 and EM2) for the
plasma discharge test case; (a) ®pm1, (b) Pem1, (C) Ppmz, (d) PeMmz- The bottom row plots are the rescaled

visualizations of the top row plots.

It is observed that the ® matrices of the four models exhibit notable similarity in terms of the relative
significance of their respective entries. In particular, the variations of the coefficients’ values along the
horizontal axis, which shows the relative importance of the dynamical terms, present a common trend

among the matrices of the various ROMs.

Along the vertical axis, i.e., for each term, the relative magnitudes of the coefficients represent the
optimal discretization stencil learned by Phi Method for that particular term. In this regard, the &gy, and
the @\, matrices (Fig. 6.15(b) and (d)) are seen to have identified slightly different stencils for certain
terms compared to the parametric ROMs (Fig. 6.15(a) and (c)). The differences are the most

distinguishable for the n,T,, and n,V, ., terms.

Furthermore, the coefficients associated with the term (neVd,ez) L in PM2/EM2, which is absent in

k—
PM1/EM1, are vanishingly small. The similarity of the magnitudes of the coefficients shared among the

various models suggests that the inclusion of the additional term (neVd,ez) ) does not have a notable

k_
impact on the Phi Method ROM.
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Fig. 6.16 presents the normalized standard deviations of the coefficients of the library terms across
the individual models that yielded the ensemble Phi Method ROMs. The standard deviation of each
coefficient is normalized with respect to the magnitude of the ensemble mean of the corresponding

coefficient over the individual models.

Node
Normalized magnitude

2 2
neVez neE; neTy, neVe (neVer)ik (MeVezdi—1 NeEy MeTez eV

Term Term

(a) (b)

Fig. 6.16 Normalized standard deviations of the coefficients of the library terms across the individual models

constituting the ensemble ROMs; (a) standard deviations across the individual models of EM1, (b) standard

deviations across the individual models of EM2. The normalization is performed by the absolute value of the
mean coefficients matrices (®Pgy; and Pgyp,)-

From Fig. 6.16, the largest variability (standard deviation) among the coefficients of the matrices of
the individual models is observed for the coefficients of the n,V, ., term. The rest of the terms show
lower levels of variability in their coefficients’ values over the individual models, especially for the
neighboring nodes of i — 1 and i + 1. This analysis shows that the coefficients associated with the more
dominant terms are determined with a higher level of confidence. Whereas, the determination of the
coefficients related to terms that contribute minimally to the dynamics involves the highest degree of
uncertainty. This observation had also been pointed out from a similar analysis in the fluid flow test case

in subsection 6.2.2. In the plasma test case here, the least contributing terms are the n,V, ., for EM1

and the (nVye;), and (n.Vae),_, for EM2.

k—

As the last discussion, we aim to compare the data-driven coefficients of the Phi Method ROMs
against the analytical counterparts from the discretization of Eq. 6.8. To this end, we rewrite Eq. 6.8 in

a discretized form using the finite differencing scheme

_qne,mameax Vd,exmax (ne B Vd,ex)

me

= Ene,maxvd,ezmax At(ﬁeVd,ez) - qne,masz,max (ﬁegz) Eq. 6.11

K S Me 2 5 P2
+ Ene,maxTez,max Az(ne Tez) + Ene,maxvd,ezmax Az(neVd,ez)

In Eq. 6.11, A, denotes first-order-accurate temporal discretization of the time derivative (i.e.,
A (AeViez) = (AeVaez), — (ReVaez),_,)- A is the second-order-accurate discretized spatial derivative
(e.9., A, (A Te,) = AeTozlivs — AeTezlio1)- Az represents the size of the cells used for the discretization

along the z direction, and At denotes the timestep between two consecutive data snapshots. Any

quantity labeled with the subscript “max” represents the spatiotemporal maximum of that quantity across
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the entire dataset. The quantities marked with the caret symbol (*) on the top indicate the normalized
properties with respect to their maximum value. Rearranging Eq. 6.11 as in Eq. 6.12 results in a
theoretical relation among the normalized properties, which is equivalent to the data-driven relation from
the Phi Method models

Bjoy = C14:(RVde,) + Co(AE,) + C34,(RT.,) + Cod (R VEe,). Eq. 6.12

The coefficients in Eq. 6.12 are defined as

me Vd ez
G =——F——F%—, Eq.6.13
! quade,exmaxAt a
C, = Ez,max Eq. 6.14
2 Bmade,exmax '

e Ko mar Eq.6.15

: qumade,exmax Az '
- MVier Eq.6.16

* qumade,exmaxAZ '

In order to directly compare the above theoretical coefficients with the Phi Method’s learned
coefficients, we needed to derive the equivalent Phi Method’s approximations of the theoretical
coefficients C;, C,, C3, and C, from the ® matrices. To approximate the coefficients of the terms that
involve spatial derivatives, i.e., 4,(#.T,,) and 4,(A.VZ.,), we computed the average of the coefficients
of the nodes i — 1 and i + 1. For the terms not involving derivatives such as #A.E,, we considered the
average of the coefficients over the three neighboring nodes of i — 1, i, and i + 1 as a representative of
the terms’ coefficient. For the temporal derivative term, At(ﬁe?d,ez) that was included in the library of
PM2/EM2, the respective coefficient was approximated as the average difference between the

coefficients of (,V,.), and (eVu..),_, across all the three neighboring nodes i — 1, i, and i + 1.

According to the above paragraph, the relations between the approximated coefficients from
PM1/EM1 and PM2/EM2 (denoted by superscript 1 and 2, respectively) and the entries of the respective
rearranged matrices of the models (®* for PM1/EM1 and &2 for PM2/EM2) are defined as

3
1
i ~ 5(2(% - cbzz)). Eq. 6.17
i=1

. 3 1 3 Eq 6.18
G~ §<Z(¢’32)> Cs = §<Z(¢123)> ’
i=1 i=1
Ci=~ E(q)ls + d)§'3), i~ 2 (be4 + CD§'4) ’
) 1 ) . , 1, ) Eq. 6.20
Cy = E(CD a4t CD3,4-)' Ci = 2 (CDLS + CD3'5) )

In the above equations, @; ; indicates the entry at the i-th row and the j-th column of the rearranged

& matrix for PM1/EM1 or PM2/EM2.
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In Fig. 6.17(a) and (b), the evaluations of the coefficients C; to C, from PM1, PM2, EM1, and EM2
are compared against the corresponding analytical values of the same coefficients. Moreover, in Fig.
6.17(c) and (d), the errors defined as the normalized differences between the Phi Method coefficients’
values and the corresponding analytical ones are plotted. The normalization factor has been the
analytical values of the coefficients.
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Fig. 6.17 Comparison of the learned coefficients of the terms in Eq. 6.12 from the parametric and the
ensemble Phi Method against the respective analytical values of the coefficients for the plasma discharge test
case. Plots (a) and (b) show the magnitudes of the coefficients for the PM1/EM1 and the PM2/EM2 ROMs,
respectively. Plots (c) and (d) show, respectively, the normalized error of the obtained coefficients relative to
the analytical values for the PM1/EM1 and the PM2/EM2 ROMs.

The plots in Fig. 6.17 indicate that, first of all, all the studied Phi Method ROM variants have identified
the coefficients C; to €, within a 40 % range of the corresponding analytical values. It shall be noted
that, while we have termed the difference between the analytical and the learned coefficients as “error”,
this does not necessarily imply an inherent error in the model. In fact, in order to derive the analytical
coefficients themselves, as well as to obtain the approximations of the equivalent coefficients from the
@ matrices, we assumed the finite difference discretization stencil. However, the Phi Method’s premise
is that it finds the optimal discretization stencil, which might be different from that of the finite difference
method. Furthermore, it is important to note that we used PIC simulations for the dataset generation in
the plasma test case. The PIC method does not explicitly solve Eq. 6.8. This means that the finite
difference scheme was not part of the solution that led to the generation of the dataset. The absence
of the finite difference scheme in the solution process underlying the dataset supports the hypothesis
that this scheme does not necessarily serve as the optimal discretization stencil for the present test
case. Nonetheless, we would also mention that the presence of noise in the PIC simulation data can
slightly impact the inference of the optimal coefficient matrix, which can also partly account for the

observed disparity between the learned and the analytically calculated coefficients.

As the second point, the coefficients obtained from the ensemble models appear to align more

closely with the “theory”. However, this apparently higher level of agreement might be misleading,
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considering our above argument regarding the caveat of assuming the finite differencing stencil to
translate the coefficients of the ® matrices back to the coefficients of Eq. 6.12. This is especially true
for the terms involving spatial derivatives because, during the translation of the learned coefficients
based on the finite difference stencil, the contribution of the middle node (node i) would be ignored. In
this regard, and as an example, we can see from Fig. 6.15(b) and (d) that, while the middle node’s
coefficient for the n,T,, term is as large as that on the neighboring nodes, there is no obvious way to

include its contribution in the approximation of the C; coefficient.

Despite the above remark, the improved agreement between the ensemble ROMs’ coefficients and
the analytical ones can also be, at least partly, due to the statistical benefits of the ensembling approach.
In general, the ensembling can average out the biases and errors of the individual models, leading to a
more representative estimation of the underlying data patterns. Therefore, despite the equivalent
prediction accuracy observed between the “standard” parametric Phi Method ROMs and the ensemble

ROMs, the ensembling could have improved the estimation of the coefficients matrix.

6.4. Chapter conclusions

In this Chapter, we presented the application of Phi Method toward the discovery of parametric PDEs
— equations that describe the time evolution of systems with parametric dependency of the dynamics.
This capability of Phi method was demonstrated in two test cases: (1) a 2D fluid flow around a cylinder
with parametric dependence on the Reynolds number of the freestream, and (2) a 1D Hall-thruster-
representative E X B plasma discharge, in which the underlying phenomena and the global dynamics

are largely dependent on the values of the externally imposed electric and magnetic fields.

It was discussed that, to learn a data-driven ROM for the dynamics of a parametric system using Phi
Method, two distinct approaches are possible: one approach is that of the “standard” parametric Phi
Method, which involves learning a single model trained over a range of values of the parameter(s)
associated with the system. The other approach — the “ensemble” Phi Method — consists of developing
individual data-driven models for each specific parameter value and then obtaining an aggregate model
by averaging over the individually trained models. This aggregate (ensemble) model can then be used

for the predictions of the dynamics over the unseen parameter space.

In each test case investigated, the ROMs from the parametric and the ensemble implementations of
Phi Method were well able to recover the governing parametric PDE from the data of the simulations
performed over a training set of values of the relevant parameter(s) (Reynolds number for the fluid

system, and the electric and the magnetic field intensities for the plasma system).

The parametric Phi Method ROMs also presented a remarkable performance in predicting the
systems’ dynamics over the unseen sets of parameters, confirming the generalizability of the learned

dynamics over the parameter space.

In the plasma test case, it was shown that the predictive performance of the ROMs from the

parametric and the ensemble Phi Method is quite comparable. The ® matrices obtained from either
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approach were also very similar, particularly in terms of the identified relative importance of the

dynamical terms. This observation was also confirmed in the fluid flow test case.

The equivalent learned coefficients of the PDE describing the time evolution of the electrons’ axial
flux density in the plasma test case from the parametric and the ensemble Phi Method approaches
compared rather closely with the analytical coefficients obtained from the finite-difference-discretization
of the same PDE.

It was highlighted, nonetheless, that the ensemble Phi Method approach provides certain benefits
over the “standard” parametric Phi Method. In this respect, the ensemble Phi Method provides, on the
one hand, statistical insights into the derived ROMs. For instance, from both the fluid flow and the
plasma test cases, we understood using the ensemble Phi Method that the coefficients of the terms that
dominantly contribute to the dynamics of a system are determined with a high confidence level (small
standard deviations across the individual models). On the other hand, the aggregation technique that
underpins the ensemble Phi Method can lower the biases and/or errors of the individual models, hence,

improving the reliability and robustness of the resulting ensemble ROM.

In the fluid flow test case, we also applied the parametric extension of the OPT-DMD algorithm
(subsection 3.2.3) in order to compare the performance of this POD-based approach in representing
the parametric dynamics against the performance of Phi Method. The parametric OPT-DMD provided
unsatisfactory predictions of the dynamics over the test parameter set. However, the predictions
improved in the case where the algorithm was trained on an expanded dataset corresponding to a larger
set of training Reynolds numbers. In contrast, the parametric Phi Method was seen to not require a
large dataset representing many samples of the parameter space so as to be able to properly represent
the parametric dynamics. This observation highlights a strong merit of Phi Method as a local operator-

finding algorithm for parametric dynamics discovery over POD-based approaches like DMD.

It is finally emphasized that, even though for the adopted test cases in this Chapter, the parametric
dynamics and the relationship among the involved state variables and parameters were known, the
great performance of Phi Method in recovering the involved parametric dependencies of the dynamics
and the demonstrated generalizability of the associated ROMs have important applied implications.
Indeed, the results underline that Phi Method can be reliably applied to the scenarios where the
underlying parametric PDE(s) may not be fully or partially known, or the cases where one may be
interested in finding correlations between a certain state variable and the quantities of the system that

can be readily experimentally accessible.
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Chapter 7 Conclusions and future work

7.1. Overview and summary of the thesis

Plasmas, ubiquitous from cosmic to laboratory scales, and pivotal in various applications ranging
from fusion energy to in-space propulsion, have remained shrouded with many mysteries. The intricate
dynamics of plasmas, characterized by multifaceted underlying phenomena across various scales, has
long posed major challenges toward understanding and predicting them, impeding us from harnessing

plasmas for fusion energy or from leveraging them for revolutionary propulsion technologies.

Against this backdrop, the primary question of the present thesis was: “How can machine learning
(ML) establish innovative pathways to address the persisting challenges in plasma physics, thus,

facilitating our ability to understand, predict, and control plasmas?”

Toward answering this research question, Chapter 1 presented an overview of the basics of plasma
physics so as to aid understanding the complexities of plasmas and the ensuing challenges for their
predictive modeling. By examining the limitations of existing simulation methodologies and tools,
primarily in terms of computational cost and/or self-consistency, the crucial need for novel, accurate,
and efficient simulation models was underscored — models that are not only capable of resolving the
persisting unknowns surrounding plasmas behavior but that can also be effectively integrated into the
design and development processes of advanced plasma technologies. The overall promises of machine
learning to this end were reviewed, including the acceleration of high-fidelity simulations and the
development of reduced-order models. We followed by viewing a picture of the existing opportunities
to cross-transfer well-demonstrated ML applications in fluid mechanics to plasma physics. Importantly,
it was emphasized that cost-efficient kinetic simulations play a critical, pre-requisite role in generating
extensive high-fidelity datasets for ML, the lack of which has been a main contributing factor to the
limited advance of ML in plasma physics. The breakthrough reduced-order PIC scheme by Reza [83]

was highlighted as a notably promising enabler in this regard.

Chapter 2 delved deeper into the ML applications for the analysis and modeling of physical systems.
The ML's capacity to transform data from simulations (and experiments) into actionable insights, thus
enriching domain knowledge was highlighted. The significant uptake of ML approaches across various
scientific domains, especially in the adjacent field to plasma physics — fluid mechanics — paves the way
for a rapid adoption and integration into plasma research of the most promising ML methods.
Establishing this mapping was a principal aim of Chapter 2. Important fundamental ML concepts were
discussed and the three main categories of learning by machines, i.e., supervised, unsupervised, and
semi-supervised were reviewed. An introduction of several main algorithms belonging to each category
was next presented. The areas where ML has been integrated into computational fluid dynamics were

assessed, with a particular emphasis on dimensionality reduction and dynamics discovery as two crucial
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components for developing ROMs. The POD approach and the autoencoders were discussed as
prominent ML (data-driven) dimensionality-reduction techniques and the DMD (more generally
Koopman) method, SINDy, and SHRED were presented as important examples of dynamics discovery
(system identification) algorithms. Finally, recent ML applications in plasma systems modeling were

analyzed, which offered a glimpse into the evolving landscape of ML-driven research in plasma physics.

Following on the state-of-the-art review in Chapter 2, the work started from Chapter 3 to investigate
different ML methodologies across various plasma configurations and setups, which covered a broad

range of complex plasma dynamics.

Chapter 3 looked closely at the applications of DMD alongside its foundational method, POD/SVD,
to plasma systems’ analysis and mode identification. The Chapter was kicked off by describing in detail
the theory behind POD/SVD and then demonstrated its role in understanding the low-dimensional
representability of data, in data compression and de-noising, and finally to reconstruct unseen data
based on the learned reduced coordinates. Various DMD variants were then introduced, including the
basic (Exact) DMD, and the Optimized DMD (OPT-DMD). The performance of these two DMD methods
was compared toward reproducing the ground-truth datasets using the identified dominant coherent
structures. OPT-DMD exhibited much greater reliability in capturing low-rank dynamics representation
due to its ability to constrain the eigenvalues associated with the derived modes to near the imaginary
axis, hence, ensuring stability of the modes over arbitrary time durations. Evaluating OPT-DMD’s
convergence against rank number, a trade-off was pointed out between reconstructing training data
accurately and predicting test data reliably, emphasizing the importance of selecting an optimal number
of ranks. Additionally, a novel application of OPT-DMD for spectral analyses in complementarity to FFT
techniques was introduced. The consistency of the OPT-DMD results with those of FFT was noted and
the benefits of OPT-DMD over the FFT method in yielding a simultaneous spatial-temporal
characterization of plasma instabilities were emphasized. This advantage of DMD hugely aides the
experimental investigation of instabilities. Lastly, the robustness of OPT-DMD’s identification of spatial
structures and frequencies of dominant instability modes with respect to rank inflation issue was

affirmed.

Chapter 4 assessed the predictive capabilities of OPT-DMD-derived ROMs across various plasma
configurations and test cases. The ROM’s performance in forecasting the plasma state over both short
and long timeframes was evaluated, observing the stability and reliability of predictions with bounded
errors. Despite the inherent assumption of temporally invariant patterns associated with the DMD
method, OPT-DMD ROMs demonstrated great predictive potential, particularly in scenarios featuring
quasi-periodic plasma behavior. Enhancing the state space of OPT-DMD with the spatiotemporal data
of multiple plasma properties, a remarkable improvement was observed for long-term forecasts. This
was linked to the improved learning of OPT-DMD on multi-property state vectors because such state
space enhancement enables the algorithm to capture the interrelations among the plasma properties.
OPT-DMD ROMs exhibited robustness to noise as well, reliably identifying the dominant modes even
in noisy datasets. It shall be kept in mind that, in the context of ROM development, the accuracy and

the computational cost come as a trade-off. In this regard, the OPT-DMD models are of negligible
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computational cost compared to the PIC simulations, enabling very fast predictions of the plasma
behavior. However, their accuracy was noticed to be changing across various plasma configurations
and conditions depending on the complexity of underlying dynamics. Regardless, the results showed
that, in general, the OPT-DMD serves as a reliable method to derive models for applications such as
operational control and digital twin development, where the models are first and foremost intended to
be predictive over short timeframes — timeframes that correspond to the acquisition and receipt of new

datasets from the physical system that enable updating the ML model.

Within Chapter 5, “Phi Method” was introduced — a novel data-driven local operator finding algorithm
that was developed within this PhD research. By learning the discretized form of differential equations
governing the dynamics via a constrained regression on data that is informed by well-established
numerical discretization schemes, Phi Method enables straightforward time forecasting of systems’
state. Contrary to OPT-DMD, which provides a global representation of the dynamics in terms of the
time evolution of dominant structures in data, Phi Method learns the “local” spatiotemporal dynamics,
leading to the discovery of the governing system of equations. Through detailed demonstrations across
three distinct test cases — the Lorenz attractor problem, a flow-past-a-cylinder problem, and a 1D Hall-
thruster-representative plasma problem — the Phi Method's performance in constructing reliable and
robust ROMs was showcased. Most notably from the method’s demonstrations in this Chapter, it was
shown that Phi Method enables learning the dynamics from the transient data of a system, exceeding
the capabilities of OPT-DMD and similar methods that are inherently limited in working with transient
data. This advantage of Phi Method is highly valuable for systems that exhibit unsteady/transient state
evolutions, or that for which generating representative data of the (quasi-)steady state can be
computationally challenging, for instance, plasma systems like Hall thrusters. The interpretability of the
Phi-Method ROMs was demonstrated in the Lorenz test case by showing that the coefficients of the
learned operator by Phi Method compares very closely against the analytical coefficients of discretized
Lorenz system. The noise robustness characteristics of Phi Method were also analyzed, for the fluid

flow and the plasma discharge test cases that involved different levels of added Gaussian noise.

The application of Phi Method was expanded in Chapter 6 to learning parametric PDEs — equations
that describe the time evolution of systems with parametric dependency of the dynamics. Two test
cases were examined: a 2D fluid flow around a cylinder with parametric dependence on the Reynolds
number, and a 1D Hall-thruster-representative plasma discharge, where the dynamics is heavily
affected by the imposed electric and magnetic fields. We explored two pathways for learning parametric
ROMs using Phi Method: the “standard” parametric Phi Method, and the "ensemble" Phi Method. In
adopted both test cases, ROMs from parametric and ensemble Phi Method effectively recovered the
governing parametric PDEs from simulation data. They demonstrated remarkable predictive
performance over unseen parameter sets, indicating the generalizability of learned dynamical
relationships across parameter space. Comparative analysis between the two approaches revealed
comparable predictive performance and overall similar learned operators. The ensemble Phi Method
offered statistical insights into the derived ROMs and reduced biases/errors, enhancing reliability. For
the fluid test case, Phi Method'’s performance was compared against the parametric extension of OPT-
DMD. Whereas parametric OPT-DMD had relatively good predictions only with expanded datasets, Phi
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Method did not require extensive training data, which underscored its superior efficacy in learning
parametric dynamics over POD-based approaches. The results and discussions in Chapter 6
demonstrated Phi Method’s capability in recovering parametric dependencies of the dynamics and the
generalizability of the models, making the approach highly promising for scenarios where the underlying
parametric PDEs are partially known or that correlations between system variables and experimentally

accessible quantities are of interest.

7.2. Future works and research directions

Machine learning and data-driven techniques represent an exciting landscape, ripe with potentials,
for advancing computational plasma physics, in general, and to develop predictive and cost-effective
reduced-order models, in particular. ML/DD applications in plasma physics are still limited in scope and
in extent, meaning that there is significant room for follow-on research on the basis of the results and
outcomes of this thesis. Many high-potential use-cases of ML (explored in Chapter 2) can be imported
into the field from fluid mechanics with regards to both simulations and experiments. Of course, we did
not touch upon ML for experimental plasma physics in this thesis although this area stand to equally

benefit from ML approaches by the extension of the methods employed in experimental fluid mechanics.

With the above in mind, a roadmap is sketched in this Chapter for how the outcomes of this thesis
can be built upon. The Chapter also suggests some promising directions toward which the research on

ML in plasma physics for scientific and applied purposes can be headed.

In Section 7.2.1, the next steps to further improve the Phi Method implementation are discussed,
specifically with respect to augmenting its noise robustness as well as incorporating parsimonious
learning into the algorithm. Section 7.2.2 shares the author’s perspectives on how two highly promising
ML methods of SINDy and SHRED (subsection 2.3.1) can be used toward enhancing scientific
discovery in plasma physics and revamped plasma modelling capabilities. Finally, Section 7.2.3 sets
out a vision for the encapsulation of the ML research in plasma physics within the groundbreaking
framework of the digital twin technology. The digital twin concept will be briefly introduced and its
revolutionary promises for plasma science and engineering will be described, highlighting that the
realization of these promises is largely entangled to advances in ML-empowered plasma simulations

and reduced-order models.

7.2.1. Toward fast and predictive plasma models using Phi Method

Two pathways of development for Phi Method beyond this thesis are envisioned: one consists of
improving the robustness of the algorithm to noise in the data, and the other involves embedding
sparsity in the Phi Method’'s implementation. The following subsections discuss each of these

development/improvement pathways.
7.2.1.1. Optimization-based regression for augmented robustness to noise

Section 5.4 showed that the presence of noise in the data can affect the quality of the reduced-order

models obtained from the Phi Method algorithm. This was particularly seen to be the case for the plasma
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discharge test case (subsection 5.4.2), where the noise content were rather substantial. It is important
to note that, for a time-forecasting ML algorithm, even small inaccuracies in the learned coefficients of
the dynamics model can accumulate to large discrepancies when stepping forward in time. This can

lead to the instability and divergence of the predictions.

To improve the robustness of the predictions to noise, the model’s prediction window during training
can be extended. This approach involves minimizing a loss function that considers the model’s
predictions over longer time horizons, rather than focusing solely on the immediate next step. By doing
so, the model learns to account for the cumulative effects of errors over extended periods. This can in

turn enhance the model’s stability despite the presence of noise.

As was explained in section 5.1, in the baseline Phi Method implementation, the & matrix is derived

by performing a least-squares regression on the data such that
® = argmin [|X - 09|, = 07X. Eq. 7.1
D

The involved data matrices in Eq. 7.1 were described in section 5.1. The ® solution obtained from
this equation can be taken as the initial guess for a subsequent optimization problem which aims to
minimize the error between the model’s prediction and the ground-truth data over an extended time

period, e.g., the entire training interval

my Ng

o = argminz znxl" — 6ok| . Eq.7.2
R ==

In Eq. 7.2, x; is the ground-truth data on the i-th node and at the time step k, 89 represents the input

library terms corresponding to node i evaluated at the initial time step, N, is the total number of grid
nodes, and m, is the number of training time steps. 8 ®* represents the Phi-Method model’s prediction

at the k-th time step (note that ®* means @ to the k-th power).

As a way of assessing for the future the efficacy of the above optimization approach, it was tested
preliminarily for the case of the 1D azimuthal E X B discharge problem, which was described in
subsection 5.3.1. The aim here has been to predict the time evolutions of the electron number density

(n.) as a function of various sets of library terms.

Fig. 7.1 compares the results from baseline models obtained using Eq. 7.1 and models obtained
from solving the optimization problem as given by Eq. 7.2. It is evident from the various model
comparisons in Fig. 7.1 that accounting for an extended prediction window in the optimization problem
can significantly improve the models’ robustness to noise and remarkably enhance the stability of their
predictions across different scenarios. These are highly encouraging results that underline the potential
effectiveness of the optimization-based implementation of Phi Method for augmenting the stability and

robustness of the models from this approach.
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Fig. 7.1 Comparison of the Phi Method models for the electron number density (n.) in the 1D azimuthal E x B
discharge problem (subsection 5.3.1). For various input library terms, the comparisons are made between
baseline Phi Method models obtained from solving Eq. 7.1 and “optimized” Phi Method models obtained from

solving Eq. 7.2.

7.2.1.2. Sparse regression for closure model discovery and self-consistent predictiveness

The general importance of the concept of sparsity (parsimony) in the context of physics-inspired
data-driven model discovery, particularly toward increasing the interpretability and generalizability of
the learned models, was discussed in subsections 2.1.2.3 and 2.3.1. With regards to Phi Method, in
particular, it was pointed out in subsection 5.3.2.1, as well as in subsection 6.3.1, that sparsity-
promoting optimization can enhance the interpretability of the learned operators, leading to models that
only include the essential terms to represent the systems’ dynamics even in the presence of expanded

libraries of candidate dynamical terms. This is important with respect to both data-driven closure model
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discovery (discrepancy modelling) and self-consistent predictiveness of the discovered system of
governing equations. Accordingly, future work on Phi Method to further mature the approach will involve

the incorporation of the sparsity-promoting optimization within the algorithm.

The common approaches to incorporate sparsity in the model include L1 regularization (LASSO)
and thresholding techniques, such as Sequential Thresholding Least Squares (STLS) [182] and the
Sparse Relaxed Regularized Regression (SR3) [241]. In L1 regularization, an additional penalty term
is added to the standard loss function of the model, which is proportional to the sum of absolute values
of the model’s coefficients. This penalty term encourages some of the coefficients to be zero, effectively
selecting a subset of the library terms. The thresholding techniques involve eliminating the terms with
coefficients below a certain threshold [182]. Hard thresholding sets the coefficients below a pre-defined

value to zero, whereas soft thresholding shrinks the coefficients’ values toward zero.

7.2.2. Perspectives on the applications of SINDy and SHRED

Among the various types and flavors of ML algorithms for physical systems modelling, which we
extensively reviewed in Chapter 2, some perspectives for future applications are shared in this section
for two specific architectures — SINDy and SHRED. Both of these architectures have demonstrated high
versatility in various use cases and represent a strong promise and utility potential for plasma

applications for both scientific and applied purposes.

We start by SINDy. As it was pointed out in subsection 2.3.1, in addition to the inherent power of
SINDy for developing generalizable and interpretable dynamics models, which largely roots in the
underlying sparse regression, many variants of this approach have emerged over the last years to
robustify the algorithm and facilitate its working with limited and noisy data. Of particular note are
Ensemble SINDy [183] and Bayesian SINDy [242] (also Bayesian-autoencoder SINDy [192]), all of
which provide pathways for uncertainty quantification as well. Moreover, it is demonstrated that
enforcing physics-informed constraints on top of SINDy’s sparse learning further improves the
generalizability and physics consistency of the learned dynamics. Learning the weak-form of the
dynamics has additionally proven beneficial to address the numerical issues associated with spatial-
temporal differentiation of noisy data [216]. All these factors and progressive improvements contribute
to making SINDy a promising candidate with which to explore the possibilities of addressing plasma
modelling challenges, including the self-consistency of plasma fluid system of equations and the

realization of computationally fast, fully predictive plasma models.

Prior applications of SINDy to high-fidelity data from plasma and fluid systems has demonstrated its
applicability to recover known nonlinear PDEs, such as the Vlasov’'s equation [216] and the Navier-
Stokes equation [158], based solely on the data. This promise can be extended to the discovery of the
unknown plasma dynamics and system of governing equations that obviate the reliance of the current-
generation fluid-based simulations on experimentally defined, ad-hoc, and highly case-specific

transport coefficients.

The SINDy-derived PDEs can potentially feature rigorous closure models. In this respect, there can

be the flexibility to determine the moment of the plasma species’ distribution function at which to close
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the system of PDEs (e.g., pressure, heat flux, etc.). Additionally, the SINDy algorithm can provide a
trade-off by construction between the complexity (number of appearing terms) of the discovered closure
models and error over test data. Hence, at the rather low complexity limit, the DD closure models are
likely to recover the known terms from the classical theory and/or from prior research efforts. Increasing
the models’ complexity, the discovered closure may include previously unknown nonlinear terms that
represent the missing kinetic and nonclassical effects in the conventional plasma fluid models. PDE
plasma descriptions has the general advantage of being rather easy to interpret and enabling to
distinguish various physical mechanisms through the terms appearing in the system of equations. PDE
“parametrization” can be applied to SINDy as well (similar to parametric Phi Method, section 6.1), which
may provide the data-driven system of equations the flexibility to account for the variation in the

dominant phenomena over various behavioral regimes of the plasma.

The plasma PDEs will be highly effective to advance fundamental studies in plasma physics.
However, for the engineering applications, such as optimization-based design and predictive control,
computational efficiency (ultimately, real-time solutions) is key. This is where ODEs (and generally
ROMSs) come into play. Coupling SINDy with autoencoder [182] or Bayesian autoencoder networks
[192] can enable an effective and joint discovery of the dominant modes underlying the data and the
time evolution of these modes. Parameter embedding can also be applied in the autoencoder-SINDy
architecture to improve the generalizability of the derived ODEs. Besides their engineering value, the
parameterized ODEs can aid scientific discovery by allowing us to understand the evolution and
interactions of global coherent structures across various operating/plasma conditions characterized by

the embedded parameters, e.g. the electric and the magnetic field intensities.

We now turn our focus to SHRED. Prior demonstrations of this architecture [193]-[195] have proven

that it can play a central role in several areas of ML-enabled plasma modelling.

The first possibility is to reconstruct and/or to forecast the high-dimensional spatiotemporal evolution
of several plasma properties using sensor trajectories of a different property that is dynamically coupled
to them. For example, we can measure the electron number density using plasma probes (which can
be rather straightforward/inexpensive) and use SHRED to reconstruct the fields related to the electron
temperature, electron velocities, etc. The dynamic coupling among the properties is key for this kind of
mapping. This roots in the fact that a system of n coupled PDEs (each describing the spatiotemporal
evolution of one property) can be represented as a single nonlinear PDE of order n, to solve which
SHRED can be applied. It is recalled from subsection 2.3.1 that the SHRED architecture is a nonlinear
generalization of separation of variables for linear PDE solving, which makes use of the time-history

measurements rather than full initial conditions over entire space to make the solution unique.

The capability to reconstruct and/or forecast the often-extended state variables of plasma systems
in the way that is offered by SHRED can be highly advantageous in plasma research because usually

a specific plasma field is easier and/or more accessible to measure.

Another area of application for SHRED is toward super-resolution, i.e., the mapping of a low-
resolution field (e.g., from a coarse-grid simulation) to a high-resolution one by filling in the missing

details. We recall the discussions in subsection 2.1.2.1 on how super-resolution and subgrid modelling
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frameworks have been followed to enhance/accelerate high-fidelity simulations. Often, the CNNs have
been used for flow-field enhancement purposes, but SHRED also stands as a promising candidate
architecture to this end. Applying SHRED for super-resolution amounts to simply increasing the number

of sensors to match the number of grid points of the coarse mesh.

Since SHRED can map local sensor-measured data to full high-dimensional states, it may be applied
toward discrepancy modelling as well (see subsection 2.1.2.2). The real-world measurements can be
used within SHRED to update and possibly correct a plasma simulation that gives predictions of high-
dimensional state variables, potentially identifying a model for the source(s) of discrepancy. As
discrepancy modelling is, in general, an important application area, exploring the use of SHRED’s

capabilities along this direction is warranted.

Lastly, the features and characteristics of SHRED position it as a highly promising architecture for
plasma digital twins, particularly because of the unique interface that it offers between real-world sensor

data and the computational models underlying the twin.

7.2.3. Digital twins: the next game-changer for plasma science and technology

One of the most relevant — and perhaps strong motivators for — industrial applications of physics-
informed ML and the ML/DD ROMs is the transformative technology of digital twins (DTs). ADT is a
concept that has been around under different names and terminologies since the 1990s [243]-[247],
and some authors have even traced it back in some forms to the Apollo era [248]. However, the DTs
have only emerged as a viable and practically revolutionary technology in the last decade. This digital
technology has seen a surge in its appeal across the industries over the past few years along with the
significant increase in computational power and the rapid advances in ML algorithms and

diagnostics/sensing capabilities that all serve to strongly empower the DTs.

Inspired by a definition proposed by the Digital Engineering Integration Committee of the American
Institute of Aeronautics and Astronautics (AIAA) in 2020 [249], a digital twin is a virtual representation
of a real-world (physical) counterpart that is able to mimic the behavior of the physical asset (twin)
accurately, has predictive capability, is “personalized” to the specific device, and is dynamically updated
by receiving data from the physical twin throughout the device’s life cycle. The predictiveness
characteristic of a DT, i.e., its ability to forecast behavior beyond the available spatiotemporal span of

data, enables the digital twin to inform decisions that in turn realize value.

The DT concept extends beyond the conventional notion of simulation and modelling, which are
considered static, by the merit of a bidirectional interaction between the digital and the physical twin.
This bidirectional interaction allows the dynamic evolution of the DT and comprises feedback flows of
information from the physical system to the virtual representation and from the virtual back to the
physical system to enable decision-making and control. A DT is particularly powerful for the “what-if

scenario” analysis in a way that far exceeds what is feasible/practical to do through experiments alone.

The DT concept has generated an immense interest in recent years across fields of science and
engineering due to the many benefits that DTs can offer to the applications involving complex,

multifaceted, and interconnected systems (engineering, health, societal, etc.). Focusing on the
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engineering applications, the use of DTs is motivated by three general objectives: (i) to drive down the
cost and time of design and development/manufacture, (ii) to increase the fidelity, efficiency, and
monitorability of the entire development process before product delivery, and (iii) to enable effective

asset management during the entire product’s life cycle.

Today, prominent intended use cases of DTs within engineering can be divided into “pre-delivery”
uses and “operational/lifecycle management” uses [250]. The pre-delivery usage refers to the role that
DTs can play in product design and manufacturing processes [250][251]. The asset management
application includes damage detection and structural/system health monitoring. Of particular relevance,

the use of DTs for asset management have been proposed for nuclear fusion reactors in Ref. [252].

The promises of the DT technology for the plasma industry revolve around two pillars: (i)
streamlined, efficient, and methodical computer-aided design and development processes, (ii) robust
autonomous operation and control of the plasma system. In this regard, recalling the discussions
presented in section 1.2, the DT technology is closely aligned with and in fact build upon the predictive
plasma models. Because of the continual exchange of data that exists between the physical and the
digital twin, however, the DT can transcend and expand the capabilities and use cases of predictive
plasma models. Moreover, as the DT aims to replicate the behavior of its physical twin as closely as
possible (ideally, in an identical manner) and because the integration of physics-based/informed
predictive models under the hood of a DT in principle enables extensive interrogation and probing of
the processes ongoing during the device’s operation, DTs also open novel, unprecedented pathways

for scientific inquiry.

Accordingly, the reason why the last section of this thesis has been discussing the DT technology is
that, in the author’s opinion, the pursuit of fully fledged DTs for plasma technologies provides an optimal
overarching framework of both academic and industrial relevance for the ML research in plasma
physics. In fact, ML/DD ROMs that can cost-effectively and accurately describe the plasma system’s
time dynamics by learning from the simulation and/or experimental data are essential enabling elements
of the DT technologies. In this regard, the concept of “discrepancy modelling” [114] (subsection 2.1.2.2)
and the role of ML in increasing the representativeness between the digital representation models and
the physical asset based on a stream of real-world data serve as crucially important and pertinent lines
of research. Even beyond the immediate scope of ML studies, the continual verification/validation (V&V)
and uncertainty quantification (UQ) that are necessary to ensure the trustworthiness and reliability of
the digital twin predictions for decision making can promote further progress and maturation of the
current V&V and UQ practices and methodologies in the field, benefiting the broader plasma physics

research.

This PhD research represented a significant step forward in leveraging ML and DD techniques to
advance plasma modelling and simulation, including toward DT'’s realization. The findings underscored
the enabling role that ML can play in realizing robust and predictive ROMs for plasma systems, which
can help address fundamental plasma questions, on one side, and revamp the plasma engineering
practices, on the other. While there are still challenges for ML in physical systems modelling and

analysis that need to be addressed, transformative advancements in plasma science and technology
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using ML is within reach via a continued research and innovation at the cross-section of plasma physics

and machine learning.
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Appendix

A.1. Nonlinear dimensionality reduction of data using autoencoders

In this appendix, following on the results and discussions in section 3.4, we aim to demonstrate the
capabilities of autoencoders in providing a highly low-rank (low-dimensional) representation of data
from a complex plasma system in comparison against what was shown to be achievable using SVD in

section 3.4.

We have used the same dataset as that described in sections 3.3 and 4.1.3. We recall that this
dataset is from a high-fidelity quasi-2D PIC simulation of the radial-azimuthal benchmark test problem
[43] (see section 3.3 and the information of test case 1 in Table 3.2). Similar to section 3.4, we have
applied the autoencoders to the data of the electrons’ axial current density (J.,,, representing electrons’
cross-magnetic-field transport). The Q2D output data of the /., were reconstructed on a 2D grid with
the size of 256 x 256 along each direction of the domain (radial and azimuthal). Hence, the total

dimensionality of the “ground-truth” snapshots is n = 256 x 256 = 65536.

The results of applying SVD to this dataset is identical to those presented and discussed at length
in section 3.4. In that section, we observed that a rank-100 truncated representation of the data overall
yields highly faithful reconstructions, which compare very closely against the ground-truth data.
Considering the dimensionality of the original ground-truth snapshots, a rank-100 representation implies

that the dimensionality is reduced by a factor of more than 600.

With this in mind, we compare the performance of SVD against three autoencoder architectures with
an increasing number of fully connected hidden layers and a progressively reduced number of latent
variables in the autoencoder’s bottleneck layer. The three autoencoder architectures are schematically
illustrated in Fig. A.1. Through the comparison of the performance, we primarily aim to evaluate the
extent to which we can further lower the dimensionality of our data using nonlinear autoencoders without

losing the ability to have an accurate reconstruction of the ground-truth.

Before that, however, according to the discussions in section 2.2, the shallow linear autoencoder
architecture depicted in Fig. A.1(a) shall be the same as SVD, with the SVD rank number (r) being
equivalent to the number of latent variables (n;) in the bottleneck layer of this autoencoder. Attesting
this statement, Fig. A.2 illustrates that the reconstructed J., snapshots from the shallow linear
autoencoder with n; = 100 represent an identical resemblance to the SVD-reconstructed snapshots.

Moreover, the shallow autoencoder provides an excellent reconstruction of the ground-truth, consistent

with the SVD results presented here in Fig. A.2 as well as through the figures in section 3.4.
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Fig. A.1 Schematic representation of the autoencoder networks applied to the data from the radial-azimuthal
plasma test case; (a) shallow linear autoencoder, which is equivalent to SVD, (b) autoencoder with 5 hidden

layers and 10 latent variables, (c) autoencoder with 7 hidden layers and 3 latent variables.
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Fig. A.2 Comparison of the reconstructed normalized 2D snapshots of the electrons’ axial current density (/)
from the shallow linear autoencoder (top row) and the SVD (middle row) with » = n; = 100 against the
ground-truth snapshots from the PIC simulation (bottom row). Each column represents a random sample time
instant within the test window. The horizontal and vertical axes represent the radial and the azimuthal
directions, respectively.

We now refer to Fig. A.3, where we show snapshots of the /., data from the PIC simulation and from
the autoencoder architectures of Fig. A.1 at several randomly selected time instants within an adopted

test window.

Comparing the reconstructed snapshots from the shallow linear autoencoder with various numbers
of latent space variables against the ground-truth ones, we observe that, with n, = 10, substantial loss
of detailed information in the data occurs, and with merely 3 modes, the reconstruction is inadequate
and not at all similar to the ground-truth. These comparisons clearly show that the reconstruction quality
of the shallow liner autoencoder (essentially SVD) is poor with a low number of latent variables, failing

to capture the essential details of the plasma data.

To address this, we utilize deeper nonlinear autoencoders. We see from Fig. A.3 that a 5-layer
nonlinear autoencoder can reduce the dimensionality to 10 latent variables while maintaining an
accurate representation of the data. The reconstruction quality has significantly improved with the 5-
layer autoencoder with n; = 10 compared to what was observed with 10 modes from the single-layer
architecture. The 5-layer autoencoder with n; = 10 has reduced the data dimensionality by more than

6000 times.

By employing a 7-layer nonlinear autoencoder, we can further reduce the dimensionality to 3 while
still achieving a remarkably good representation of the data. This degree of compression corresponds
to more than 20,000 times reduction in data dimensionality. Indeed, comparing against the ground-
truth, the reconstructed snapshots of /., from the 7-layer autoencoder are seen to have retained a high
level of detail. This demonstrates the capability of sufficiently deep networks to effectively represent

complex plasma states in highly compressed latent spaces.
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The great efficacy of deep autoencoders in providing a highly reduced nonlinear embedding of the
data, as demonstrated here for a sample case of seemingly high-dimensional plasma data, underlines
how these architectures can serve as an essential component for developing physics-inspired ML-
based ROMs that can be interpretable and readily generalizable (refer to the discussions in subsection
2.1.2.3).
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Fig. A.3 Demonstration of the data reconstruction from compressive representations obtained using the
different autoencoder architectures shown in Fig. A.1 at several random time instants within the test window;
(top subplot) reconstructions of the /., data using a single-layer linear autoencoder with varying number of

latent variables compared against the ground-truth data snapshots, (bottom subplot) /., reconstructions

using nonlinear autoencoders with different hidden layers and latent variables.
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