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Abstract

Electric power systems are undergoing a fundamental transition from synchronous gener-
ator (SG)-dominated systems to inverter-based resource (IBR)-dominated systems. Grid-
following (GFL) inverters are widely deployed as interfaces for renewable generation. The
large-signal stability properties of IBRs differ substantially from SGs. More importantly,
the stability assessment tools that have served well in SG-dominated systems, such as
the equal-area criterion and global energy functions, cannot be directly applied to IBR-

dominated grids.

This thesis tackles three key stability questions: (i) how might energy function methods
be adapted for use in IBR grids, (ii) how can large-signal stability of mixtures of GFL and
GFM inverters be analyzed, and (iii) how can models of IBR with multiple nest control

loops be simplified for analysis.

First, the large-signal stability of PLLs is investigated in depth using both manifold theory
and energy functions. A new energy function tailored for proportional-integral controllers

is proposed.

Second, this thesis elucidates the interaction mechanisms among heterogeneous invert-
ers—including GFL, grid-forming (GFM), and grid-supporting (GSP) types. It is proven
that no energy function exists for such systems. To overcome this barrier, a manifold
theory is employed to accurately determine the region of attraction (ROA). To address
the computational complexity, reduced-order models of the inverter are used. The metric

- stability radius (SR) - is defined to evaluate the large-signal stability margin.

Third, to analyze the large-signal coupling between PLL and outer control loops such
as DC-link voltage control (DVC) and terminal voltage control, an asymptotic analysis
approach, termed the bandwidth separation method, is proposed. Through this method,
it is revealed that there is a tradeoff between phase-angle stability and DC-link stability
in PLL-DVC bandwidth configuration. Optimal bandwidth configurations are identified

under various grid fault conditions.

Power hardware-in-the-loop and control hardware-in-the-loop experiment platforms are

built and used to validate all theoretical analyses.
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Chapter 1

Introduction

This chapter introduces the motivation for and importance of studying the transient stabil-
ity of inverter-based resources (IBRs). Particular emphasis will be placed on grid-following

(GFL) inverters, how they are represented and methods for analyzing large-signal stability.

Against the backdrop of rapid renewable energy development and the increasing pene-
tration of power-electronic inverters, GFL inverters are playing an increasingly important
role as a key interface for renewable energy integration into modern power systems. The
fundamental differences in synchronization mechanisms exist among GFL inverters, syn-
chronous generators (SGs), and grid-forming (GFM) inverters, and those differences give
rise to stability challenges for GFL inverters. In this chapter, current research progress on
large-disturbance synchronization stability and transient analysis methods is reviewed, and
the key challenges and research gaps for analyzing power systems with high penetration of
GFL inverters are summarized. The main contributions of this thesis are outlined, followed

by the organization of the subsequent chapters and a summary of related publications.

1.1 Background and Motivation

1.1.1 Trend toward IBR-dominated power systems

In response to the challenge of climate change, carbon emission reduction has become a
consensus within the international community. Many countries are actively developing
clean energy supply systems with renewable energy as the core [1], thereby facilitating the
transition of human society from industrial civilization to ecological civilization. Against
this backdrop of energy transition and environmental concerns, renewable energy resources
(RES), particularly wind and photovoltaic energy, have experienced rapid development.
The installed capacity of RES has grown significantly and it has become the primary

means of global energy growth.

Global cumulative installed capacity of RES increased rapidly from 0.64 TW in 2015 to
3 TW in 2024, accounting for 46.2% of total electricity capacity, with an average annual
growth rate of over 20%, as shown in Figure 1.1 [2]. In the UK, RES capacity has more
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Figure 1.1: Renewable energy installed capacity trend (2015-2024) [2].
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Figure 1.2: Power systems with high penetration of IBRs.

than doubled over the past decade. By 2024, the installed RES capacity reached 50 GW,
including 32 GW of wind power, which represented the highest share in the national
electricity mix to date at 35.8%.

This remarkable growth of RES has propelled IBRs to the forefront, such that they have
become the dominant interface in modern power systems. IBRs can realize efficient grid
connection of RES and are steadily replacing SGs on the generation side. Besides this
change in generation, power electronic inverters are also rapidly expanding in transmission,
distribution, and consumption, driving modern power systems toward inverter-rich archi-
tectures (an illustrative schematic diagram is shown in Figure 1.2). On the transmission

side, advanced technologies such as HVDC and flexible AC transmission are increasingly

13



deployed for offshore wind integration, long-distance power delivery, and interconnection
of grids (e.g., Germany’s DolWin3 offshore project [3] and the UK-Belgium Nemo Link
[4]). On the distribution side, microgrids leverage power electronic inverters to coordinate
local sources, storage, and loads, while on the consumption side, electrified transportation,
large data centers, and residential demand are also increasingly enabled by power electronic
inverters. As a result, the system is evolving from the traditional SG-dominated paradigm
toward an IBR-dominated system, exhibiting richer and more complex dynamics under

disturbances, which poses significant challenges for dispatch, operation, and control [5].

IBRs are composed of semiconductor power devices, with a hardware architecture funda-
mentally different from that of synchronous machines. Unlike SG, whose port character-
istics are determined by electromagnetic structures, the behavior of IBRs is dominated
by diverse software-based control strategies [6]. Regarding small-signal stability, although
these control strategies vary significantly, the approach of linearizing the relevant equations
around an operating point remains applicable to inverter-dominated power systems. This
methodology has been extensively studied and is now well established, yielding substantial
results [7, 8]. In contrast, for the more complex issue of transient stability, the govern-
ing mechanisms differ: whereas the transient characteristics of synchronous machines are
driven by rotor electromechanical dynamics, those of IBRs are primarily dictated by the

transient response mechanisms of various synchronization control strategies.

Based on their synchronization principles, IBRs can be classified into GFL inverters and
GFM inverters. A GFL inverter detects the phase of the voltage at the Point of Common
Coupling (PCC) using a classical phase-locked loop (PLL) and this is how synchronization
with the power grid is achieved. It typically does not regulate system frequency or voltage
and is commonly modeled as a current source in parallel with a large impedance [9]. In
contrast, a GFM inverter actively synthesizes a reference voltage with a phase and magni-
tude set according to the power synchronization control (PSC) loop, thereby participating
in system frequency and voltage regulation. A GFM inverter is typically modeled as a

voltage source in series with a small impedance.

The synchronous reference frame PLL (SRF-PLL) is the most widely adopted configura-
tion in practical GFL inverters. To enhance robustness under asymmetrical or distorted
grid conditions, various advanced PLL structures have also been proposed, including the
decoupled double synchronous reference frame PLL (DDSRF-PLL) [10, 11] and the double
second-order generalized integrator PLL (DSOGI-PLL) [12, 13]. However, their synchro-
nization dynamics can be interpreted as a modified SRF-PLL with additional filtering
dynamics, and under symmetrical faults or positive-sequence-dominated operating condi-
tions, they are effectively equivalent to those of an SRF-PLL [14, 12]. Unless otherwise
specified, this thesis select SRF-PLL as a representative and analytically tractable syn-
chronization mechanism, owing to its simple structure, widespread adoption in large-signal
and transient stability studies [6], and well-understood dynamic behavior. The large-signal
analysis of SRF-PLL provides fundamental insights into PLL-induced instability mecha-

nisms and offer a theoretical basis that can be extended to more advanced PLL variants.
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Figure 1.3: Two fundamental types of IBRs and their variants.

At present, most grid-connected equipment in power systems still adopts GFL control. It
has been found that performance of PLL-synchonised GFL depends strongly on the grid
strength [8]. In weak grids, the coupling between the PLL and grid impedance becomes
pronounced, sharply increasing the risk of instability [8, 6, 15]. GFM inverters can address
the synchronization-stability issues of GFL units under weak grids; by emulating the SG
rotor dynamics / active-power—frequency droop, they can achieve synchronization behavior
comparable to SGs, and even surpass them in some respects. Nevertheless, operating GFM
inverters typically necessitates power headroom in order to provide grid support, leading to
renewable curtailment and revenue reduction, or else requires installation of energy storage
and additional costs, thus, GFM operation is not always economically reasonable [16, 17].
The literature [8] also indicates that the GFM and GFL inverters will coexist long-term in

future power systems, and GFL remains indispensable.

Building on these two fundamental IBR, categories, some additional variants have been
developed in both academia and industry. Figure 1.3 presents a conceptual classification
of IBRs into four families, according to their grid services provided and synchronization
mechanisms. GFM inverters are capable of providing both frequency and voltage support,
whereas typical GFL inverters primarily operate in a power-tracking mode and do not
inherently provide both of such supports [9]. To enhance grid support while retaining the
grid-following (GFL) synchronization structure, AC voltage regulation can be incorporated
into GFL schemes; such inverters are referred to as grid-supporting (GSP) inverters |18,
19].

1.1.2 Need for New Transient Stability Analysis for Power Systems with
GFL Inverters

Transient stability is defined as the ability of a power system to maintain synchronism

following a large disturbance [20, 21|. Such disturbances, commonly referred to as contin-
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Figure 1.4: Schematic phase-plane illustration of transient stability. The shaded gray
region denotes ROA of the post-fault system; the black dashed curve represents the fault-
on trajectory; fault clearing at state 1 leads to a stable post-fault trajectory (shown in
blue), whereas fault clearing at state 2 results in a unstable post-fault trajectory.

gencies, typically include short circuits, loss of generation units, loss of significant loads,
line outages, or phase jumps caused by sudden power flow changes. Since the system
exhibits non-linear behavior under such conditions, transient stability is also called large-
signal stability, particularly in the context of IBRs [8], in contrast to small-signal stability

analysis, which relies on linearization around an operating point.

Transient stability assessment in power systems is commonly carried out by estimating the
stability region, which is also referred to as the region of attraction (ROA) or the domain
of attraction (DOA). All of these terms describe the same concept in nonlinear control
theory and the context of this thesis. When the system is subjected to a large disturbance,
it evolves along the "fault-on trajectory" until the fault is cleared. If the "fault-clearing
state" lies within the ROA of the corresponding post-fault stable equilibrium point (SEP),
the system will converge back to that SEP, and the post-fault system is deemed to be
transiently stable under the considered contingency. Otherwise, the post-fault system is
deemed to be transiently unstable, which leads to severe consequences for the entire power
system, including cascading outages [22| or even large-scale blackouts [23]. The above
concepts of transient stability and stability region (i.g. ROA) are illustrated schematically
in Figure 1.4. This geometric interpretation highlights that transient stability is jointly
determined by the system state at fault clearing—which depends on the fault trajectory
and its duration—and the size of the corresponding ROA. The ROA size will be quantified
later in this thesis through the definition of the stability radius (SR).

In recent years, with increasing penetration of IBRs, especially GFL inverters, blackout
incidents have become more frequent, causing substantial economic losses. On September
28, 2016, in South Australia, extreme weather triggered transmission faults, and many
wind farms disconnected due to inappropriate inverter protection and control settings,
leading to severe generation loss, interconnector tripping, and a state-wide blackout under
low-inertia conditions [24]. On August 16, 2016, during the Blue Cut Fire in California,
multiple transmission faults caused about 1,200 MW of solar PV to disconnect or enter

momentary cessation due to poor PLL disturbance rejection and limited low-voltage ride-
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Figure 1.5: Comparison of SG, GFM and GFL dynamics under large disturbance [8, 17,
20, 21].

through capability, resulting in significant frequency fluctuations [25]. On April 28, 2025,
the Iberian Peninsula suffered a massive blackout when a voltage surge and cascading trips
caused the loss of over 15 GW of generation, with the system characterized by extensive
reliance on GFL photovoltaic generation. Available evidence points to voltage regulation
deficiencies, and adverse interactions between GFL inverters and the grid during large
disturbances as key contributing factors to the cascading instability and eventual system

collapse [26].

Motivated by the critical necessity of practical applications, the transient stability of IBRs
has become a research hotspot in academia [6, 27, 28, 29]. The diversity of control al-
gorithms and the fast response of controllers have significantly influenced the dynamic
behavior of modern power systems and as a result, transient stability in today’s power
systems exhibits novel characteristics, making traditional modeling and analysis methods,
developed based on conventional AC system properties, less suitable for emerging grids
and their operational requirements. In particular, since the synchronization mechanism of
GFL inverters (relying on PLLs) fundamentally differs from that of GFM inverters and
SGs, transient stability assessment and stability region characterization for systems with

GFL inverters require new approaches.

There are various control loops for an inverter and, to simplify design, they are designed
to operate on distinct time scales defined by their bandwidth settings, as illustrated in
Figure 1.5. The timescale of the inner control loop is typically within 10 ms, and under large
disturbances, it usually converges rapidly owing to its high bandwidth, thereby exerting
only a minor influence on the overall dynamics. Large-disturbance behavior is instead
dominated by outer loops [6, 27] and for this reason, most studies of large-signal disturbance
neglect inner-loop dynamics, modeling GFM inverters as controlled voltage sources and
GFL inverters as controlled current sources. Since synchronization is the cornerstone of

stable operation in three-phase AC systems, and the PLL is the core synchronization
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mechanism of GFLs, the research community has concentrated on PLL dynamics as the
basis for modeling GFLs, while neglecting inner-loop, DC-link voltage control (DVC),
and AC terminal voltage control (TVC) dynamics. Moreover, under severe grid faults,
GFL inverters usually operate in constant-current mode or with saturated current output.
Consequently, academic studies have predominantly modeled GFLs by focusing on PLL
dynamics, while neglecting the inner-loop current control. When the DVC is relatively
slow, such simplifications appear reasonable, however, the bandwidth settings of outer
control loops remain unsettled, and in fault scenarios, GFLs are not always able to detect
grid faults or switch to fault-specific control modes, highlighting the necessity of multi-loop

interaction analysis [30].

GFL, GFM, and GSP inverters often coexist within the same system and so PSC loops
and PLL loops coexist, which complicates analysis. The incorporation of voltage control
further complicates large-signal interactions. Traditional principles for analyzing large-
signal interactions developed for SGs are no longer applicable [8]. It is therefore essential to
investigate the large-signal interactions introduced by GFL inverters from a multi-inverter
perspective, and to develop new methodologies for transient stability assessment of power

systems with GFL inverters.

1.1.3 Challenges of Transient Stability Analysis for Power Systems with
GFL Inverters

For traditional SG-dominated power systems, the direct method, which avoids the com-
putationally expensive time-domain integration of the post-fault system dynamics, is well-
established and has become one of the classic approaches for transient stability analysis
[23]. The essence of the direct method is to estimate the stability region (ROA) through
an energy function (or Lyapunov function). An energy function has been viewed as an ex-
tension of, or a special case of, the Lyapunov function, tailored for global system analysis.
Unlike a Lyapunov function, which must be positive definite with a locally non-positive
derivative, an energy function requires its derivative to be non-positive globally, while its
value does not need to be strictly positive. The ROA can be estimated by using the level
set
Qe ={z|W(r) <c},

where W (z) denotes a Lyapunov or energy function [31]. The set 2. contains the stable

equilibrium point (SEP) of the system and satisfies Q. € D, where
D={z|W()<0}

is the region in which the derivative of W (x) is non-positive. For energy functions, the
value at a relevant unstable equilibrium point (UEP) is chosen as the critical energy (since
the energy function attains a minimum at UEP on the stability boundary). The ROA is
then typically estimated by the level set, that is, all states whose energy is less than or equal

to this critical energy. By contrast, Lyapunov functions are generally valid only locally,
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and for ROA estimation it is necessary to ensure that W(w) < 0 throughout the level set,
i.e., Q. < D. This requirement makes it analytically challenging to determine the critical
energy (or level). It should also be emphasized that the existence of an energy function
(with a globally non-positive derivative) does not imply global Lyapunov stability, since
boundedness of the trajectories is not guaranteed. Instead, a level set definition can bound
trajectories and ensure positive invariance. In classical SG-dominated systems, however,

analytical energy functions can often be readily constructed.

To operationalize the direct method, several well-known techniques—such as the closest
UEP, the controlling UEP (CUEP), and the boundary-of-stability-region-based CUEP
(BCU) methods—have been developed to locate the critical energy more reliably, thereby
improving the estimation of the ROA [32]. A key prerequisite for these methods is the
availability of analytical energy functions for transient stability analysis. In lossy networks,
however, the transfer conductance introduced by resistance makes constructing both energy
functions and Lyapunov functions difficult [33, 34]. Moreover, it has been rigorously shown
that energy functions do not exist in the presence of such transfer conductance [35, 23].
Given that the transfer conductance is typically small, even considering the losses, there
are still various methods or remedies, such as numerical approximations [23], methods
based on the extension of the invariant principle [36], and dissipative systems theory [37],

which can mitigate this issue.

In IBR-dominated power systems, constructing an energy function is particularly challeng-
ing: GFL inverters operating as PLL-synchronized controlled-current sources introduce

cosine terms in the network coupling that manifest as transfer-conductance effects [19].

As an illustration, consider a multi-inverter system comprising j GFL inverters and k GFM

inverters, as shown in Figure 1.6.

The GFL inverters are modeled as controlled current sources synchronized by PLLs. For
the ¥ GFL inverter, the PLL dynamics (in a frame rotating at the nominal frequency)

are approximated by a proportional law:
01 = kpi,iUqgi (1.1)

where U, ; is the g-axis PCC voltage input to the PLL of the ith inverter, 01; denotes
the PLL angle deviation of the i** GFL inverter, and kpn; is the proportional gain. This
expression follows from neglecting the integral branch of the standard proportional-integral
(PI) regulator, i.e., the PLL is assumed to be dominated by its proportional term, for

analytical simplicity.

The GFM inverters are modeled as controlled voltage sources synchronized by PSC. Under

power-frequency droop, the it GFM satisfies:
6m,i = kdroop,i (Pm,i - Pe,i) (12)
where 6, ; is the GFM phase angle, P, ; the active-power setpoint, P, ; the measured /exported
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active power, and Kgroop,; > 0 the droop gain.

The synchronization mechanism is abstracted in Figure 1.6 (b). The current output of the
GFLsis Iy = [Il,l e Il,j]T, and the voltage output of GFM is Upq = [Uml e Um,k]T.
After I, and Uy, are injected to the network G, the GFMs measure the d-axis current (for
power computation) and GFLs measure the g-axis voltage (as the PLL input) for their re-
spective synchronization loops. The matrix G is derived from the nodal admittance matrix

and satisfies

Im | _ Y11 Y12 Um (1.30)
Ir Y21 Y22 Ur
—_—
nodal admittance matrix
I U
Mil=g| ™™ (1.3b)
Ur I

GFL 1 1
[l 1ej511 =+ é i 6,1 Um,le](S 1
. q,l? % i .
GFLi X o - GFM k
I ;e + & NetworkG P, U,,e’
4]

(a) Power systems containing j GFL inverters shown as controlled-current sources on the left of the network
g and k£ GFM inverters shown as controlled voltage-sources on the right.

Uq Inverters
> GFL
P, > GFM
U, 1,(P) Y
Phase T S -
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(b) Abstracted block diagram of synchronization mechanism in which the GFL synchronize by detecting
a voltage at the point of connection to network G and the GFM synchronize by detecting a current. The
GFL and GFM then inject currents and voltages into the network.

Figure 1.6: Multi-inverter system containing both GFM and GFL inverters shown as a
generic single-line network diagram in part (a) and as a control block diagram in part (b).
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where Inq and Uy denote the GFM current and the GFL voltage, respectively. The inputs
to (1.2) and (1.1)—the GFM active power and the GFL g-axis voltage—are given by

J k
Ugi = 2 ‘grﬁlc‘ I, cos (51,1 — O — ¢2£) — Z ’gj\‘,w‘ Up,s sin (5171 — Oms — ¢§{4£) (1.4)
r=1 s=1
transfer con(;gctance effect
and

J k
P = *Z |92 | Lix cos (815 — 01 — dPaq) + Z |G| U.s sin (01 = Om.s = dum)
— s=1

r=1
.

transfer conductance effect

(1.5)
When the network is lossless (conductance in transmission lines neglected), ¢ = 0 in the
above. It can be observed that the GFL inverter will introduce a cosine term of the angle
difference in the differential equations, similar to the characteristics of transfer conductance.
From a nonlinear systems viewpoint, these cosine terms break the symmetry/gradient
structure required by classical energy-function constructions; indeed, it has been proved
that no energy function exists for this nonlinear system [23, 35|. Moreover, the cosine
interactions induced by GFL inverters are typically much larger than those caused by actual
transfer conductance, further exacerbating the difficulty. As a consequence, an energy
function does not exist for power systems containing GFL inverters, and—so far—there
are no effective remedies, which leads to the breakdown of the traditional direct method
in IBR-dominated systems. The detailed discussion of this issue is provided in Chapter 3,
where a manifold-based geometric perspective is adopted and the stability radius (SR) is

introduced for transient stability assessment without relying on an energy function.

One alternative to the energy function approach in multiple inverter systems is manifold
theory [38], which uses the geometry of the manifold to determine or estimate the stability
boundary of a power system. The manifold theory is less dependent on the structural form
of the models and therefore offers broader applicability. However, for high-order systems,
it still suffers from limited computational efficiency, making model reduction a necessary

step for its practical application.

The difficulties encountered in analyzing multi-inverter setting has been discussed above

but even a single GFL inverter presents challenges. The PLL-based synchronization mech-
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anism itself has not been fully analyzed, and the characterization of its stability region
and its nonlinear analysis remain at an exploratory stage. Although a GFL behaves as a
PQ node at steady state, in practice, it contains multiple coupled outer control loops (not
only the PLL but also DVC and TVC loops). These couplings raise the effective order and
nonlinearity of the model; as a result, different bandwidth allocations, even under identical
steady-state setpoints, can lead to markedly different transient responses and stability mar-
gins, which further complicates the use of traditional direct methods. Therefore, nonlinear

model-reduction analysis is also particularly important in this scenario.

1.2 Literature Review

Recognizing the challenges discussed above, many researchers have investigated the tran-
sient stability of power systems with GFL inverters. We review the latest research at-
tempts, directions, and methodologies, and these are organized into two parts: the first
focuses on transient stability analysis of a single GFL inverter, and the second addresses
transient stability of systems with multiple GFLs. Each part contains a discussion of both

methodological approaches and research subjects.

1.2.1 Large-signal stability of single GFL inverter system

Research on a single GFL inverter can be broadly summarized in Figure 1.7. Items high-
lighted in blue mark the themes that will be developed in the subsequent chapters of this
thesis. It is widely accepted that a GFL inverter can be modeled as a PLL-synchronised
controlled current source [39, 27, 40, 6, 41].

| Nonlinear / ~Energy Function

bifurcation analysis
Direct methods

- - .
-Other Lyapunov Function

Numerical construction
~ e.g. T-S fuzzy, SOS

—_—

Single GFL Inverter ROA assessment

~———

~ Time domain & Phase portrait
—EAC

—Manifold theory

Non-Lyapunov
based method
Inner current

control
Outer control loop
e.g. DVC, TVC

\_ Other numerical algorithm

e.g. IEAC, critical trajectory, perturbation

Control-loop
interactions
| —

)
Controller

nonlinearities

L Stabilizing control

| —

Figure 1.7: Research scopes on a single GFL inverter system. (Blue blocks indicate topics
that are explicitly studied in this thesis, while white blocks represent related areas reviewed
for completeness.)

Based on this model, one major scope of study isnonlinear analysis and the characterisation
of such systems with manifold [42, 43, 44, 45, 46, 47, 48]. Specifically, [42] shows that the

differential equations of a PI-controlled PLL can be written in the form of a swing equation,
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whose dynamics share structural similarities with those of GFM inverters or SGs (see Fig.
5 in [42]). Building on this, [47] further analyzes the swing-equation representation of
GFL inverters, deriving how different parameters affect their damping and inertia, and
providing an initial discussion of the manifold properties. Meanwhile, [46] offers a more
detailed study of the bifurcation behavior of the GFL inverter manifold. Negative damping
and the emergence of unstable limit cycles in GFL inverters have been studied [44, 45|,
highlighting a significant contrast with SG and GFM inverters, which do not exhibit such
limit cycles [49]. Additionally, the presence of negative damping in GFL inverters can
undermine the accuracy of stability estimations using the Lyapunov function method, as
discussed in [48]. However, existing research primarily focuses on GFL inverters, with

limited exploration of GFL inverters operating as rectifiers.

Another important research aspect is the characterization and assessment of the stability
region, namely the ROA. Although this can be evaluated through time-domain simulation
this approach typically suffers from very high computational cost, making it difficult to
calculate critical clearing times (CCT) and other indices in a reasonable period. Never-
theless, it has the advantage of widespread applicability. For example, [50, 51, 52| employ
time-domain simulations to estimate the ROA of high-order GFL systems with multiple
control loops, thereby avoiding the difficulty of constructing a Lyapunov function in the
direct method. The phase portrait method, which is also based on time-domain simulation,
has been widely adopted in the literature such as in assessing large-signal stability of PLL,
[53], GFM inverter transients [54], DC-voltage-controlled GFM inverters [55], and GFL in-
verters with multi-loop coupling [56]. This approach can provide some qualitative insights
into how transient stability changes with parameters, but again, this is computationally

expensive.

In the single SG system, the swing-equation ROA can be approximated by the equal area
criteria (EAC). Works such as [47, 27| extend EAC to PLL scenario. EAC can be viewed as
a special case of using a Hamiltonian energy function for single-machine ROA estimation
[57]. However, as [27]| points out, the PLL structure can exhibit negative damping, so EAC
cannot give a fully accurate estimation of ROA. Moreover, EAC is also not suitable for
over-damped PI designs of the PLL. Therefore, in GFL large-signal studies, EAC is usually

used for qualitative analysis only and in combination with a PLL angle—voltage curve.

As introduced above, the energy—function—-based method is the classic approach to assess
the transient stability of traditional power systems, but the construction of the energy
function is model-dependent and relies on the system structure having certain properties.
Several works have already applied energy functions to the nonlinear structure of PLLs
[48, 58, 57, 41, 59, 60, 61]. In [58, 57, 60|, the traditional Hamiltonian energy function
was directly applied to PLL dynamics, and it was found that the damping is not always
positive, which is a major difference compared with GFM inverters and SGs. [41] extended
this structure of energy function to a two—GFL inverter system; however, as analyzed in
Chapter 3 Section 3.3, this type of energy function degenerates to a local Lyapunov function

due to the transfer conductance effect (which causes the the derivative of energy function
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to be no longer non-positive), and thus its ROA estimation becomes overly conservative.
To mitigate this drawback, [61] took up the idea of a generalized energy function [62] and
applied it to a two-GFL inverter system. The positive-damping region is enlarged but still
does not cover the entire phase plane; therefore, the critical energy and the level set of the
energy function that crosses this value—used to estimate the ROA—must be determined
explicitly, rather than by simply using the UEP as the critical energy. In the single-inverter
case, [48] proposed a new Lyapunov function by taking the PLL angle and the integrator
output of the PI controller as the state variables, rather than the PLL frequency. To
facilitate the construction of energy functions, |63, 59| introduce an approach based on an
equivalent-circuit to define the energy function, which makes the energy function easier to
construct and provides clear physical meaning. However, in practice, most energy functions
constructed through this method still contain path-dependent terms, and thus it cannot

be guaranteed that their derivative is strictly non-positive.

In the direct method, another way to construct a Lyapunov function is through numerical
approaches such as the Takagi—Sugeno (T-S) fuzzy method and sum-of-squares (SOS) pro-
gramming. T-S fuzzy method decomposes a nonlinear system into multiple sub-models and
casts them as local linear representations; a common quadratic Lyapunov function is then
obtained via LMI-based convex optimization to estimate the ROA, thereby avoiding re-
liance on the nonlinear differential-equation structure for energy-function construction |64,
65, 66]. However, this method incurs a computational burden that grows rapidly with sys-
tem dimension, and tends to be conservative due to the quadratic Lyapunov assumption.
Similarly, SOS programming also avoids reliance on the nonlinear differential-equation
structure by numerically constructing local polynomial Lyapunov functions and enlarging
their invariant level sets to estimate the ROA. Specifically, the positivity and derivative
conditions of the candidate polynomial Lyapunov function are enforced through SOS con-
straints, which admit equivalent semidefinite programming (SDP) formulations [67]. The
ROA is then refined via an iterative procedure that alternates between feasibility SDPs
and Lyapunov function reconstruction. With higher-order candidates it is often less con-
servative than T-S/LMI [68, 69, 70]. Before using SOS, the model need to be re-casted in
polynomial form. Numerical Lypunov functions typically suffers from a heavy computa-
tion cost that grows fast with state dimension and polynomial degree, and the Lyapunov
function coefficients come from numeric optimization, so it is hard to explain how changes

in system parameters affect the ROA.

In addition to the direct method, numerical approaches exist that do not rely on construct-
ing an energy function. References |63, 57| propose an iterative EAC algorithm, where the
damping effect is equivalently superimposed onto the power/voltage—angle curve of the
conventional EAC. Through iteration, the critical angular velocity at different angles can
be obtained. In essence, this method still searches for the critical trajectory, which serves
as the ROA. References |71, 72| develop critical trajectory approximation methods. Path-
dependent terms that are not explicitly represented, or damping that is not captured in the

original formulation, are estimated geometrically by evaluating the dissipated energy (or
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the path-dependent contribution) along the trajectory from the ideal stability boundary
to the UEP. This yields a less conservative ROA estimate. This method have been applied
to both single-machine GFM and GFL systems, but they still require a candidate energy
function as the baseline on which the path-dependent terms are estimated. In addition,
some works adopt the perturbation method to derive analytical time-domain expressions
of the post-fault angle dynamics for single-machine GFM [73] and GFL systems [74|. The
resulting expressions are series expansions with respect to system parameters and do not
require numerical integration. However, this method is valid only under transiently sta-
ble conditions; if the system becomes unstable, the analytical expressions are no longer
applicable. Although [74] assesses stability by checking whether the post-fault analytical
solution converges, this criterion is essentially equivalent to the existence of an SEP after

the disturbance, and thus does not provide a stability boundary characterization.

Another important stream is manifold theory [38], originally proposed by Chiang et al.
[23, 32|, which indicates that the ROA of a wide class of nonlinear systems (including
power systems) is the region encircled by the stable manifolds emitted from all UEPs of
the system. This result is general and yields the true stability region, but it is computa-
tionally demanding: all UEPs must be located and reverse integration must be performed.
Compared with brute-force time-domain simulation, however, the computational effort is
still significantly lower.[43] applied this method in the single GFL inverter. Our previous
work [19] applied this method to two-inverter systems in combination with model-order
reduction, and proposed the stability radius as a transient-stability index. Similarly, in
order to obtain more analytical ROA estimates, |75, 76] adopts the hyperplane approxima-
tion method. Since the stability boundary is formed by the stable manifolds of the UEPs,
the local tangent hyperplane at the UEP can be used for estimation. This avoids reverse
integration but still requires identifying UEPs and their stable eigenvectors. The resulting

ROA estimates are, however, overestimates of the true stability region.

Before moving to other research scopes and multi-inverter cases in the next subsection, we
summarize the large-signal stability assessment methods (including multi-machine scenar-
ios) in Table 1.1, based on the above discussion. The phase-portrait approach provides
only qualitative insight. In multi-machine systems, the EAC is extended to the Extended
Equal-Area Criterion (EEAC) [77, 78|. The key idea of EEAC is to identify a critical
cluster of machines (based on electrical distance, initial acceleration, or prior simulation
experience) and to partition the original multi-machine system into two groups, which as
a result, reduced to an equivalent critical two-machine system. The EAC is finally applied
to this reduced two-machine system to evaluate transient stability. EEAC has been widely
used for SG systems [79]. However, as noted earlier, in GFL systems, due to the pres-
ence of non-positive damping, EAC methods itself tend to overestimate ROA along certain
state-space directions and therefore remain qualitative rather than quantitatively accurate
(such overestimation can be observed and explaned in detail in Chapter 2, Section 2.3.1).
More fundamentally, for multi-GFL inverter systems, the energy function generally does

not exist. Since EAC is intrinsically based on the equivalence between kinetic energy and
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Table 1.1: Comparison of transient stability assessment methods

Method Accuracy Computational Extendability Usable as
complexity (multi-mach. /loop) metric?
[Runtimes® "]
Time-domain Fully accurate Extremely high Yes No
(incl. phase portr.) [39.645] (qualitative)
EAC Often inaccurate® Low Multi-mach.: EEAC  Yes
(over/under estimate) [0.60s] Multi-loop: No
Analytical energy /  Relatively accurate Moderate Hard to construct Yes
Lyapunov fun. (conservative) [0.615] or may not exist
Numerical Lyapunov Relatively accurate Relatively high Yes No
(conservative) [26.7s]
Manifold theory Fully accurate Moderate — high Yes No
(w/ system order)
[1.735—4.79 5]
Other numerical Relatively accurate Relatively high Not yet explored No
algorithms

# All runtimes are obtained on an Intel i7-1185 CPU using MATLAB 2022a.
> Unless otherwise stated, reported runtimes correspond to two-dimensional system examples.
¢ Misleading in GFL settings.

critical potential energy, directly applying energy-based EAC formulations leads to inac-
curate ROA estimation in this context (which will be discussed in detail in Chapter 3,
Section 3.3). Other numerical methods, while applicable, typically offer limited physical
insight and estimation of ROA is under estimated. For systems of low order, manifold
theory can compute the exact stability boundary with manageable effort, but it requires a

metric to be established for multi-GFL systems.

Transient stability analysis of IBRs, particularly in multi-inverter settings, remains a fron-
tier research topic and is not yet fully resolved. Nevertheless, this thesis makes an original
attempt to implement and apply the assessment methods summarized in Table 1.1 to two-
and three-dimensional examples!, with representative computational runtimes to provide
practical insight into the relative computational burden of different approaches. As for
time-domain simulation, its computational cost is mainly determined by the resolution of
the fault-clearing time and the length of post-fault integration. Although the fault-on tra-
jectory is computed only once, each candidate clearing instant requires a sufficiently long
post-fault simulation to assess stability, since stability of each candidate fault-clearing state
cannot be determined a priori. In practice, a bracketing search is therefore used to reduce
exhaustive enumeration. With a 1 ms clearing-time resolution, the runtime in our imple-
mentation is still as long as 39.64 s, which mainly comes from repeatedly integrating the
post-fault dynamics. As for the manifold-theory-based approach, the computation follows
Algorithm 2.1 introduced in Chapter 2. The computational cost mainly consists of two
parts: locating UEPs by solving nonlinear algebraic equations, and constructing manifolds

via numerical integration. Compared with time-domain simulation, the number of numeri-

'For the EAC and analytical energy-function methods, two-dimensional examples are chosen as two-
GFM-infinite-bus system with parameters identical to those in Table 3.2 and Table 3.7 in Chapter 3.
All remaining methods are evaluated using the same GFL-GFL test case in Chapter 3, with parameters
identical to those in Table 3.2 and Table 3.3. In particular, for the manifold-theory-based method, a
three-dimensional case is considered, corresponding to the case study presented in Figure 3.6 in Chapter 3.
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cal integrations is greatly reduced, and real ROA can be obtained. For the two-dimensional
case, the total runtime is 1.679 s, including 0.525 s for algebraic equation solving and 1.204 s
for numerical integration. For the three-dimensional case, the runtime increases to 4.786 s
(2.6697 s for algebraic equations and 2.1163 s for differential equations). As the sys-
tem dimension increases, the computational burden grows accordingly, with the dominant
cost arising from the UEP search. As for the EAC and analytical energy-function-based
methods, the ROA is obtained in analytical form. Consequently, apart from locating the
relevant UEPs, the computational cost is negligible, and the total runtime in our test cases
is about 0.6 s. In traditional large-scale SG systems, the computational efficiency can be
further improved. The BCU method [23] can be employed to accelerate UEP location in
energy-function-based methods. Compared to energy-function-based methods, EEAC ben-
efits from machine grouping and system reduction, leading to a significantly lower effective
system order and computational burden. As for the numerical Lyapunov approach (take
SOS programming as an example), the computation is dominated by solving a sequence of
SDPs, as the algrithm introduced above. In our implementation, the algorithm converges
after 12 iterations with a total runtime of 26.7 s. Although computationally intensive,
it remains significantly faster than time-domain simulation, and the resulting ROA is an

intrinsic property of the post-fault system, independent of the fault-on trajectory or fault

type.

In practice, the PLL-controlled ideal current-source assumption does not hold exactly.
Several studies include controller nonlinearities: a PLL frequency limiter can constrain
frequency excursion during faults, therefore making the system more stable [80]. For the
voltage limiting, 81| shows that with a circular limit, over-modulation does not degrade
synchronizing stability, since the inverter behaves more like a voltage source. Moreover,
[82] reports that during post-fault resynchronization, the terminal of GFL can experience

over-voltage if the PLL angle undergoes a 27 rotation.

Beyond the PLL itself, many studies examine loop interactions in GFL inverters. As for
large-signal stability considering the inner current loop (not only the PLL), [83, 66, 84, 85,
86| study this scope. |86] shows that in extreme cases—such as low current-loop bandwidth
and small filter inductance—current-loop dynamics do affect the dynamic of large-signal
disturbance; [87] also supports this result. [84] further gives a qualitative reason: when a
deep voltage sag occurs, the sudden drop of grid voltage introduces a perturbation inside the
current loop that causes a temporary increase of current, which in turn worsens transient
(synchronizing) stability. Based on this, [83] uses an iterative EAC algorithm based on
EAC and [66] uses the Takagi—Sugeno approach to estimate ROA with the current loop
included. [85] shows that when the current loop has high bandwidth, it can be singularly
perturbed and decoupled: if its small-signal dynamics are stable, it behaves like an algebraic
current source in the large-signal study. In practice, the current loop bandwidth is usually
much higher than the PLL bandwidth, and with the application of wide-bandgap devices
in the future, the bandwidth keeps increasing with switching frequency [88|. Further, [83]

points out that with proper feedforward and decoupling design, large grid disturbances
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have little impact on the current loop. In small-signal analysis, a close bandwidth between
the inner current loop and the PLL can also trigger instability[9]. Overall, the inner current
loop does influence the ROA—especially under weak grids and during severe sags—but in
typical designs with a fast, well-tuned loop it is not the main bottleneck for transient
stability.

Another line of work on loop interactions focuses on the outer control loops of GFL in-
verters—PLL, DVC, and TVC. In the small-signal stability domain, these interactions
are well studied: e.g., [89, 90, 91| analyze coupling among the outer loops and how their
bandwidths shape stability margins. The selection of these bandwidths remains an open
problem even in small-signal stability studies, with no consensus tuning rules. In practice,
they are chosen conservatively (e.g., below ~20 Hz) to avoid interaction with the current
loop and validated through small-signal analysis. In contrast, large-signal analysis involv-
ing multiple control loops has only been covered in a few papers [51, 50, 56, 92, 93, 82,
94, 95, 59]. Reference [92, 93] modifies the differential equation of a PLL to incorporate
the impact of the DVC loop on PLL, but the dynamics of the DVC loop itself are not
considered. Although the instability caused by the variation of input power is discussed in
[96], the influence of control parameters and the underlying instability mechanism are not
analyzed. Reference [56| investigates the effect of DVC parameters using phase portraits
from simulation studies, but focuses solely on relative stability without examining the
impact on the stability region. In [82, 94], the instability of the DVC control loop is stud-
ied; however, the PLL dynamics and their interactions with the DVC loop are neglected.
Nevertheless, these studies collectively indicate that transient instability cannot be solely
attributed to the loss of synchronization of the PLL. In [50, 51|, GFL inverters with all
three outer control loops are modeled, leading to fifth-order nonlinear ordinary differential
equations (ODEs) that describe the system dynamics. In [95], the PLL is regarded as
the fastest control loop and its dynamics are ignored, which is similar to our previously
proposed method [30]. However, the combination of bandwidths and their effect on large-
signal stability are not discussed. Due to the difficulty of performing theoretical analysis
on high-order nonlinear ODEs, all these works rely on numerical methods for stability
analysis. An analytical simplification approach for high-order inverter models has yet to
be established. To address this issue, a bandwidth separation method was first proposed
for GFL inverters in our previous work [30] to reveal the instability mechanism of the GFL

inverter considering multiple control loops.

Many studies propose stabilizing controls for GFL transient stability. For the PLL, re-
ducing bandwidth and adopting an overdamped design (kp o » kipn) improve robustness
[97, 42]. Active-current reduction has been suggested—either voltage-drop—based or PLL-
frequency-error—based [98, 99, 100]—and PLL freezing during faults has also been explored
[101, 102]. However, modifying active power can conflict with fault-ride-through require-
ments, and PLL freezing is unsuitable for phase or frequency jumps [103]. A broad body
of work supports overdamped PLL design [104, 105, 106, 53, 107]; e.g., [106] adapts the

integral gain using an estimated frequency change, and [53, 107, 108] recommend switch-
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ing to proportional-only control (instead of PI) under large frequency deviations or during
faults. Nevertheless, a mature stabilizing strategy that explicitly accounts for interactions

among multiple outer loops is still lacking.

1.2.2 Large-signal stability of multiple inverter systems containing GFL
inverters

The landscape of multi-inverter research can be organized into the branches illustrated in
Figure 1.8. In this section, the representative papers within each branch are highlighted and
distill the specific transient-stability assessment techniques they employ which correspond

to Table 1.1 summarized earlier.

~ Multiple GFLs

Containing GFL —— GFL+GFM
(N Y, +
[Multi-lnverter System . GFL+SG
( \ (GFM+SG
No GFL -
h 7 ~Multiple GFMs

Figure 1.8: Research directions in transient stability of multi-inverter systems. (Blue blocks
indicate topics that are explicitly studied in this thesis, while white blocks represent related
areas reviewed for completeness.)

At present, the literature is still largely centered on two-inverter systems. The classic
insight of [77] shows that multi-machine dynamics can often be reduced to the interaction
between two coherent clusters. This motivates the focus on two-inverter configurations
as a natural first step toward understanding general multi-inverter behavior. Building on
this idea, [109, 110, 111] investigate aggregation in, respectively, multi-GFL systems and
mixed GFM-GFL systems, where similar inverters are combined into an equivalent unit

to reduce model order and facilitate transient-stability analysis.

The large-signal stability of two GFL inverters infinite-bus settings has been examined in
[112, 113, 114, 41, 115, 116]. The cases where multiple GFL units tied to the grid are
also analyzed in [28, 117|. Oscillation modes arising from parallel connection of large-
and small-capacity inverters are characterized in [112], while current-injection strategies
for the lower-capacity units are studied in [113, 114]. Among these, [117, 114, 28] adopt
quasi-static analyses centered on the existence of a stable equilibrium point (SEP), without
assessing the surrounding ROA. In [113, 112], the equal-area criterion (EAC) is used for
qualitative assessment, treating the second inverter as a disturbance. [41] employed the
traditional Hamiltonian energy function without carefully examining its applicability; as
discussed in Chapter 3, Section 3.3, transfer-conductance effects reduce it to a local Lya-
punov function, yielding an overly conservative ROA estimate. Building on generalized
energy ideas [62], [61] extends the approach to two GFL inverters: the positive-damping
region is expanded but still does not cover the entire phase plane, so the critical level can-

not be set by the UEP and must be specified explicitly (see the earlier discussion). [115]
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adopts a perturbation-based approach to derive the post-fault angle trajectory of the GFL
inverter and examines how parameters affect its convergence; however, as noted earlier,
this method cannot quantify the ROA. [116] employs an iterative EAC to obtain a conser-
vative boundary estimate which is not the exact stability region, and cannot characterize

instability modes.

Lierature [118, 29] examine systems where GFL inverters operate in parallel with an SG
feeding the grid, neglecting the GFL dynamics under the assumption that the GFL is
faster than the SG. In [119], the transient behavior of an induction motor in a microgrid
is analyzed during faults; the GFL is presumed stable, and only the motor transients are
studied. For islanded systems composed of a GFM and a GFL, [120]| analyzes the swing-
equation and the impact of parameter variations on overall stability, while [121, 122] apply

the EAC to the swing equation—both being qualitative in nature.

In summary, when GFLs are present, effective methods for estimating the domain of at-
traction and characterizing instability modes are still lacking; most existing approaches
are qualitative or rely on very strong assumptions—e.g., weak coupling between the two

inverters or a second inverter that is negligible relative to the first.

In the absence of GFL inverters, energy-function-based methods remain applicable in
multi-machine systems. Compared with SGs, GFM inverters are characterized by larger
and tunable damping [71], which has motivated several extensions of classical energy-
function approaches. For example, [123] directly applies an energy-function framework to
a two-GFM system by incorporating a damping-related energy term originally proposed
for SGs [124], leading to improved stability region estimation. In [125], the energy-function
method is refined by estimating the damping energy of GFM inverters via critical-trajectory
approximation, while [126] constructs an energy function that accounts for reactive power
control loops and can be extended it to multi-machine GFM systems. From a mecha-
nistic perspective, [127] shows that, in mixed systems, a first-order GFM inverter can
provide effective damping energy to a second-order SG. However, as further discussed in
[128], increased damping does not always enhance transient stability; in certain cases,
higher damping in lagging units may cause fault-on trajectories to deviate further from
the stable equilibrium, since the transient stability is determind by both ROA and fault-on
trajectory. Compared with GFL-dominated systems, classical methods developed for SG
systems, such as EEAC, can still be adapted to GFM-based systems, as demonstrated in
[129]. Overall, while GFM inverters introduce additional modeling and analysis challenges
in multi-machine settings, these challenges can be addressed within existing analytical

frameworks.

1.3 Research Gaps, Problem Statement, and Research Ob-

jectives

From the foregoing literature review, GFL inverters—owing to their synchronization mech-

anism fundamentally different from GFM inverters and SGs—pose critical challenges to
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transient stability analysis. Despite considerable progress, several gaps remain:

(1) Single-inverter, PLL-based nonlinear analysis. Despite extensive research, how
PI parameters and operating mode affect the stability region, invariant manifolds, and bi-
furcations, and modeling choices influence ROA estimation has not yet been systematically
summarized or synthesized. (a) Modeling: While model—-detail requirements have been ex-
tensively articulated in traditional power-system studies [130], GFL modeling practice is
less uniform: most works adopt a PLL-driven controlled-current-source and consider line
dynamics; whereas studies adopt simplified phasor models without line dynamics 28, 120,
131]. This approach is common for GFMs [6] and SGs. How these alternative choices
affect ROA estimation has yet to be systematically clarified. (b) Operating mode: GFL
operation as a rectifier remains underexplored, and its consequences for the above manifold
properties and ROA are not well characterized. (c) Controller parameters: How PI pa-
rameters in the PLL shape manifold, trigger bifurcations, and expand/contract the ROA
remain to be summarized. (d) Energy functions: The energy function can still be applied
to a single-inverter scenario. The construction of the classic energy functions are typically
based on the second-order swing-equation, they naturally fit low-pass-filter (LPF)-type
synchronizers but not PI-based PLLs. Recasting the PLL dynamics into swing form in-
troduces negative damping, making the derivative of the energy function not non-positive
and often unreliable for ROA estimation. To date, an energy-function formulation tailored
to Pl-based PLL dynamics has not been established.

(2) Multi-inverter systems with GFL inverters. This line of research remains at
an early stage. Our prior work [19] shows that, in multi-machine settings, introducing
GFL inverters leads to the nonexistence of an energy function, which breaks classical
direct methods. Many studies have attempted, in a trial-and-error fashion, to construct
energy functions but without success. Others reuse existing energy-function forms: either
their conservatism cannot be guaranteed and ROA is overestimated, or they are overly
conservative and fail to capture the ROA characteristic. Numerical ROA algorithms face
similar limitations, as summarized in Table 1.1. Other studies transform two-inverter
systems into single-inverter systems, by neglecting the dynamics of the second inverter,
or treating the second inverter as disturbances. These methods are based on very strong
assumptions, that is, the two inverters are not tightly coupled, or the second inverter is less
significant than the first inverter. Among current ROA assessment tools, ROA computation
based on the manifold theory is one of the promising approaches because it gives the exact
stability boundary; however, it still (i) incurs a high computational burden and (ii) like

other numerical approaches, calls for a suitable metric to assess large-signal stability.

(3) Multi-control-loop interactions. Despite extensive small-signal results, large-
signal interactions remain preliminary. In terms of the large-signal stability mechanism,
the literature shows that GFL transient instability cannot be attributed solely to PLL
loss of synchronism. In steady state, GFL units act as P—V or P—Q nodes; under the

same steady state, different bandwidth allocations across the control loops can materially
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alter the stability region, yet the associated instability mechanisms have not been clarified.

In terms of Methodology, most studies rely on qualitative or quasi-steady analyses, and

available tools are limited for high-order nonlinear models with multiple coupled loops. An

analytical simplification framework for large-signal stability of high-order inverter models
has yet to be established.

Based on the above research gaps, this thesis addresses the following objectives:

Q1:

Q2:

Q3:

Q4:

Q5:

Q6:

QT:

Q8:

PLL large-signal stability revisiting. Revisit the large-signal stability of PLLs
and the origin of negative damping; then systematically assess how line dynamics
impact the ROA estimation, and Pl-controller gains, operating mode (rectifier vs.

inverter) shape the stability region, manifolds, and bifurcations.

Energy function constructions for PI-based synchronization. Review existing
energy/Lyapunov functions and investigate whether an energy-function formulation
tailored to PI-controlled nonlinear systems can be established; apply such a construc-

tion to PI-based synchronization loops (e.g., PLL).

Existence of energy functions in multi-inverter systems with GFL. Deter-
mine the existence (or nonexistence) conditions of energy functions in multi-machine

power systems containing GFL inverters.

If energy functions do not exist: ROA framework and evaluation metric.
When the above existence fails, develop a framework for ROA estimation in multi-

inverter systems and define a quantitative large-signal stability margin.

Instability modes and interactions (two-inverter case). Building on the ROA
framework, analyze large-signal instability modes and interaction mechanisms in two-

inverter systems.

Multi-loop GFL: model reduction and ROA analysis. Propose a model-
reduction and large-signal ROA analysis framework for GFL inverters with multiple
coupled loops (PLL, DVC, TVC).

Mechanisms and stabilization via bandwidth design. Using the above frame-
work, reveal instability mechanisms in multi-loop GFL control and devise transient-

stability enhancement measures based on bandwidth allocation/design.

Hardware validation. Ensure that all proposed models, methods, and findings
are thoroughly validated through Electro-magnetic transient (EMT) simulations, and
real-world hardware experiments [including control-hardware-in-the-loop (CHIL), and

power-hardware-in-the-loop (PHIL)].
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1.4 Research Approaches, Original Contributions, and The-

sis Structure

1.4.1 Research Approaches

Based on the above research problems, this thesis adopts the following research approaches

across different chapters.

One of the core methodologies is the manifold theory. The manifold theory is not depen-
dent on a global energy function and therefore can be applied to IBR-dominant systems.
Another nonlinear tool employed in this thesis is singular perturbation theory [132, 31,
133], which allows model order reduction in systems exhibiting multiple time scales, so

that complex nonlinear dynamics can be approximated by their dominant dynamics.

In Chapter 2, manifold theory is applied to single-inverter systems to numerically compute
the ROA and manifold features (such as the existence of limit cycles) under different
modeling assumptions, PI controller parameters, and operating modes. In addition, a
review of existing energy functions is provided, and a new formulation tailored to PI-based
controllers is proposed, which ensures positive damping across the entire phase plane and
thereby enables accurate and tractable stability-region estimation for PLLs. The results are
validated via CHIL experiments, EMT simulations, and cross-comparisons among different

modeling approaches.

In Chapter 3, manifold theory is further extended to two-inverter systems to analyze their
transient stability. Compared with single-inverter cases, multi-inverter systems face sig-
nificant challenges in computing and visualizing the stable manifolds due to their higher
order. To address this, model order reduction is performed via multiscale analysis, enabling
the application of manifold theory to two-inverter systems. This extension makes it possi-
ble to examine the large-signal interaction between heterogeneous inverters (GFL, GFM,
and GSP). Furthermore, a stability metric, termed the stability radius (SR), is introduced
to assess the large-signal stability margin. SR provides a conservative but generalizable
stability index, independent of fault location and type. With SR, the contributions of
different inverter types to system stability are quantified, and the instability modes under
strong inverter interactions are systematically analyzed. Applied to two-inverter systems,
the framework quantifies SR variations across GFL-GFL/GFL-GFM/GFL-GSP pairings,
classifies the dominant large-signal instability modes, and summarizes the regimes of strong

inter-inverter interaction.

In Chapter 4, we observe that the bandwidth design of multiple control loops naturally
exhibits a singular-perturbation structure. Based on this, a bandwidth separation method
was first proposed in our previous work [30] to explain instability mechanisms of GFL
inverters under multiple coupled loops. In this thesis, the proposed bandwidth separation
method is further extended to a more general range of parameter configurations, and a more
detailed analysis is presented. Under various categories of bandwidth settings, the proposed

method yields a reduced model that makes it easier to compute the ROA (also referred to
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directly focuses on the coupling effects of different control loops, the proposed method first

intentionally separates the bandwidths of the outer control loops. This separation enables

a clearer understanding of how bandwidth configurations influence transient stability and

provides insight into the interaction mechanisms among the loops. Using this method, the

stability region can be readily derived.

Finally, PHIL and CHIL experimental platforms are developed in the laboratory to support

and validate the proposed models, analysis approaches, and findings throughout the thesis.

The conceptual diagram of this thesis is illustrated in

1.4.2 Original Contributions

In Chapter 2, our contributions are as follows.

e Derive the model for rectifier mode and find that the intrinsic positive damping
introduced by line dynamics exist in the GFL rectifier, which is different from the
inverter case. And the impact of line dynamics is discussed for rectifier mode and

inverter mode.

A detailed analysis of manifold characteristics and bifurcation behavior of GFL rec-
tifiers under varying control parameters. Additionally, it is rigorously proven that no

limit cycle exists under rectifier operation, in clear distinction to the inverter mode.

Propose the new type of energy function tailored for the PI controller, which can
be used to estimate the ROA of PLL, and it can also be applied to other types of

inverters that utilize the PI controller to realize synchronization.

Development of a hardware-in-the-loop (HIL) experimental setup, with comparative
analyses conducted across theoretical, phasor, and EMT simulation models, verifying

the theoretical findings.
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Parts of this chapter have been accepted for publication in [134].
In Chapter 3, our contributions are as follows.

1) Derivation of the generalized large-signal expression for different kinds of inverters,

and indication that there is no energy function for a system containing GFL Inverters;

2) Proposal of a combination approach with both manifold theory and model order
reduction, and introduction of the metric stability radius (SR) to assess the transient
stability.

3) Study of large-signal interactions in various two-inverter systems leading to identifi-

cation of various new oscillation patterns;

4) Investigation of the similarities between GSP inverters and GFM inverters, revealing

the role of voltage support in enhancing system dynamics.

Parts of this chapter have been submitted to IFEE Transactions on Power Electronics

(under review). A preliminary version is available on arXiv [19].
In Chapter 4, our contributions are as follows.

1) Propose the bandwidth separation method that utilize the characteristic of control

loop bandwidth to realize the model order reduction in a GFL inverter.

2) The adverse interaction between the DVC and PLL degrades overall stability; more-
over, a trade-off exists between phase-angle stability and DC-link voltage stability,
governed by the relative bandwidths of DVC and that of PLL.

3) A sufficiently high TVC bandwidth enhances transient stability: it enlarges the ROA
of both angle and DC-link dynamics and attenuates the adverse interaction between

the PLL and DVC.

Parts of this chapter have been published in [30]; an extended journal version has been

submitted to IEEE Transactions on Power Electronics and is currently under review.

Finally, Chapter 5 concludes the key findings of this thesis and suggests directions for

future work.
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Chapter 2

Manifold Property and Revisiting of
Energy-Function-based Method for
GFL Inverter

The manifold theory is emerging as a prominent analytical tool for transient stability of
GFL inverter. While most studies have focused on the inverter mode, the transient stability
characteristics and bifurcation phenomena in rectifier mode remain relatively unexplored.
This Chapter investigates and summarizes the manifold characteristics and bifurcation
behaviors of GFL converters, highlighting key distinctions between inverter and rectifier
modes. It demonstrates that commonly used phasor models neglecting inductive line dy-
namics lead to inaccuracies, specifically causing an overestimation of the ROA in inverter
mode and an underestimation in rectifier mode. Furthermore, rigorous proof is provided
that limit cycles cannot exist in GFL rectifier mode, which is different from the inverter
mode scenario. This chapter compares various modeling approaches, including phasor
models, EMT averaging models, and experimental validations. Additionally, hardware-in-

the-loop (HIL) experiments are performed to confirm model validity.

This Chapter also revisits Lyapunov- / energy-function-based methods for GFL analy-
sis. It is emphasized that the traditional energy function, although naturally compatible
with LPF-type controllers, is not well-suited for Pl-controlled systems due to the state-
dependent nature of their equivalent damping. To resolve this issue, a PI-controller energy
function is developed. This formulation explicitly incorporates the PI control structure,
resulting in less conservative ROA estimates for single-GFL systems and allowing the UEP
critical energy to serve as a valid level set. Furthermore, the Pl-controller energy func-
tion is not limited to PLL-based GFL inverters but can be generalized to other nonlinear
systems with PI control, which is demonstrated later through the example of a DC-voltage-
controlled GFM inverter.
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Figure 2.1: (a) Modeling of PLL in Grid-following converter. (b) Relationship of variables
in different frames.

2.1 Modeling of PLL

Figure 2.1 (a) shows the diagram of a single-GFL-converter infinite-bus system and the
structure of the PLL. The grid is represented by U, with frequency wg. As analyzed
in the Introduction, the inner current control loop is typically designed to operate at a
bandwidth that is much higher than that of the PLL. This clear separation of time scales
allows the overall system to be interpreted within a singular perturbation framework [85,
40], in which the current-loop dynamics evolve much faster than the PLL dynamics and
therefore have a limited impact on the slow synchronization behavior. With appropriate
feedforward decoupling, the interaction between the current loop and the PLL can be
further reduced [83]. It is well accepted that, under these assumptions, a GFL converter
can be modeled as an ideal controlled current source for large-signal transient stability

analysis [6]. This thesis adopts the same modeling assumption.

In PLL, the dg transform is used as a phase detector, and a proportional-integral (PI)
controller is used to drive the observed g-axis voltage v, to zero. The nonlinear dynamics

can be expressed as follows:

Ting,pll = Ki,pll Vg
W = Tint,pll + kp,pll Vq

2.1
vg = —Ugsiné + 13Xy + IgRy + IgLgw/wg (2.1)

Szw—l—ws—wg

In (2.1), v, is defined as the voltage on the g-axis in PLL’s reference frame. I; and I, are

37



the reference currents of the GFL converter in the PLL frame. I; is positive in inverter
mode and is negative in rectifier mode. The base frequency is denoted as ws. Zingpn is
the integral term in the PI controller. The PLL phase-angle deviation § is defined as
the difference between the PLL-estimated phase angle and the actual grid voltage phase
angle, i.e., § = O, — b, as illustrated in Figure 2.1(b). With this definition, a positive §
indicates that the PLL reference frame leads the grid voltage vector, whereas a negative §
indicates a lagging PLL frame. At steady state, the PLL achieves zero steady-state phase

error with respect to the terminal voltage v, resulting in v, = 0.

The sign conventions for the dg-axis currents follow the generator convention throughout
this thesis. Specifically, a positive d-axis current Iy > 0 corresponds to active power
injection from the inverter into the grid (inverter mode), whereas I < 0 represents active
power absorption from the grid (rectifier mode). The g-axis current I, is defined as positive

when reactive power is injected into the grid and negative when reactive power is absorbed.

Normally, the grid frequency equals to base frequency, which is wy — ws = 0. (2.1) can be
further rearranged to (2.2), which has a similar form to the swing equation of a typical

synchronous machine.

§ =w
(2.2)
Meglo =X,Ig + RyI, — Uysin§ — Degw
Where,
1— kppuLygl k
M., = p’é’“ olajess Dey = kp’p“ U, cosd — IyLy/ws (2.3)
i,pll i,pll

In this second-order swing equation form, M, (with the unit of s?) denotes the equivalent
inertia and D, (with the unit of s) denotes the equivalent damping. However, compared
with the second-order swing equation of SG or GFM inverter, the equivalent damping term
D, for PLL is not constantly positive, which will cause the existence of the limit cycle [44,
46]. More precisely, the sign of D., depends on the value of J, the operating condition,

and the control parameters of the PLL. D, is non-negative when

IqLg/ws ki IiLyJws ki
de [— arccos(dg/w . ’pH> , arccos(dg/w . PH)} _
Ug  Fppn Uy kppn

When 6 lies outside this interval, Do, becomes negative. It should be noted that ¢ is a

periodic variable with a period of 27, and the above condition applies modulo 2.

In the phasor model, the inductive line dynamics are ignored to simplify the modeling, as
it is considered much faster than PLL [120, 28, 131|. Under this circumstance, the term
IjLyw/ws in (2.1) is omitted, and My, Dy in (2.2) can be represented by

1 kp.pi

Moy = ——, Deg = Ugcosd (2.4)
Ei pn Ei pn
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2.1.1 Manifold Theory and ROA

The stability region (ROA) is calculated by manifold theory herein. The manifold theory
regarding the ROA, as proposed by Chiang [23, 32|, is articulated as follows. Consider any

nonlinear autonomous dynamical system described by:

C;—fzf(w), xeR" (2.5)
If (2.5) meets the following criteria: 1) All the equilibrium points (EPs) on the stability
boundary are hyperbolic; 2) The stable and unstable manifolds of EP on the stability
boundary satisfy the transversality condition; 3) Every trajectory on the stability boundary
approaches one of the critical elements as ¢ — o0, and these assumptions are commonly
satisfied in power systems with IBRs. Then the stability boundary of a SEP, denoted
0A (Zgep), is the union of the stable manifolds of UEPs, W?* (xycp ), and the stable manifolds

of closed orbits (), W?* (v):

0A (Tsep) = U W? (Tuep,i) U W? (v;5) (2.6)

J

Moreover, the stable manifolds of the UEPs are tangent, at the UEPs, to the eigenvectors
corresponding to the stable eigenvalues. In practice, one can compute branches of W? (zyep)
by integrating the system backward in time from initial conditions perturbed along the

corresponding stable eigenvectors in phase space.

For completeness and clarity, the practical implementation procedure for computing the

ROA based on manifold theory is summarized in detail in Algorithm 2.1.

Algorithm 2.1 Manifold-based real ROA computation

1: Input: Nonlinear system & = f(z)

2: Output: Stability boundary 0A(zsep)

3: Solve f(z) = 0 from multiple initial guesses (e.g., grid-based sampling) to obtain
distinct EPs; classify them via the Jacobian eigenvalues.

4: for each boundary-relevant UEP z¢p; do

5: Compute Jacobian J = %L . and the stable eigenspace £°(xyep,i)-
uep,i
6: Select unit perturbation directions d within £%(zep,i) and generate nearby initial
conditions xg = Tyep,; + €d.
7 for each selected initial condition xy do

Integrate £ = — f(z) by ODE solver.
Terminate if the trajectory enters a prescribed EP neighborhood; otherwise stop
when integration horizon is reached.

10: Record and update the minimum distance from the trajectory to zscp (used later
as SR in Chapter 3).

11: Store the resulting trajectory as a branch of W*(zyep,i)-

12: end for

13: end for

14: Aggregate the stored branches to construct 0A(zsep).

Inparticular, for two-dimensional systems, the UEPs located on the stability boundary are

39



either type-I or type-II !, and the boundary is formed by the stable manifolds of type-I
UEPs. Accordingly, the real ROA is obtained via backward-time integration along the
stable eigenvector(s) of each type-I UEP in the phase plane.

2.1.2 Impact of Modeling Choices

Herein, two modeling choices that affect the stability region (ROA) and the associated in-
variant manifolds are compared. Figure 2.2 illustrates a comparison of stability boundaries
when the line dynamics are considered (black curves) versus when they are ignored (blue
curves). The grey-shaded area surrounded by black curves represents the actual stability

region.

To quantitatively compare between the ROA area obtained by considering and ignoring
line dynamics, a quantitative error based on the ROA width along the § axis has been

introduced

Aéno—line
AéWith*linC
specifically, Ad denotes the width of the ROA projection onto the § axis at w = 0. These

AROA; = 1

)

quantitative deviations for each operating condition are also annotated in Figure 2.2.

For inverter mode, since the equivalent damping D, when ignoring line dynamics is larger
than the actual value, the stability region without line dynamics appears larger than the
actual stability region. As shown in Figure 2.2 (a)(b)(c), the blue curves extend outside the
grey-shaded area, and the ROA error AROA; increases from 0% to 11.8% and further to
165%, respectively. However, in rectifier mode, since the D., when ignoring line dynamics
is smaller than the actual value, the stability region without line dynamics is smaller than
the actual stability region. Figure 2.2 (d)(e)(f) show the blue curves inside the grey-shaded
area, with the ROA error AROA decreasing from 0% to —11.1% and —29%, respectively.
When kj, ;i and grid impedance X, are small, the error caused by ignoring line dynamics
is relatively minor, as seen in Figure 2.2 (a)(d). However, as k; ) increases or X, rises,
the difference between the two cases becomes significant. This is especially noticeable in
Figure 2.2 (f), where the real stability region is constituted by a limit cycle but is defined
by the stable manifold of the UEP when ignoring line dynamics, resulting in a substantial
stability domain error. Moreover, it can be proven that there is no limit cycle when ignoring

line dynamics.

Proposition 2.1. (nonezistence of limit cycle when ignoring the grid dynamic) When the

grid dynamic is ignored, the limit cycle cannot appear.

Proof. Define an energy function W (4, w),

1 .
W (5,w) = (W + kppnU, sin d — kp pnlaXy — kppnlyRy)?
2k pn (2.7)

—Ugcosd — Xg130 — Rygly0

'The type of a UEP is defined by the number of its unstable eigenvalues. In particular, a type-I UEP
has exactly one unstable eigenvalue, whereas a type-II UEP has two unstable eigenvalues.
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Figure 2.2: Stability region with respect to the line dynamics. (kppn = 10 - 27, Ig = 1,
I,=0,R;=0,U;=1pu)

The derivative of this energy function with respect to time, under the dynamic system

represented by (2.2) and (2.4), can be expressed as follows:

% = —kppit (Xgla + Ry, — Uysind)® <0 (2.8)
It can be seen that dW /dt is non-positive. Moreover, W (¢) = 0 if and only if the trajectory
is confined to the EP, ie., (6(t),w(t)) = (Ouep,0) or (dsep,0). Nontrivial trajectories,
including periodic orbits, necessarily satisfy W(t) < 0 over a finite time interval. That is,
dW /dt = 0 does not contain the whole trajectories of the system represented by (2.2) and
(2.4). Assuming the existence of a closed orbit I', the following line integral is taken along

a trajectory:

78 doy + L dog =W (51,52) — W (51,(52) =0 (29)
061 062
r

This implies W (d1,02) = 0 along this limit cycle. However, this contradicts the fact that
W is equal to 0 only at EP. Thus, the proposition is proved. O

Consequently, when the grid impedance or integral gain k; p; in PI controller is large, the
phasor model can introduce relatively significant errors in the modeling process. While,
under an overdamped PLL or a relatively strong grid, the phasor model provides a good

approximation.
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Figure 2.3: Bifurcation of GFL inverter (parameters: kppn = 10 - 27, Iy
R, =0,U,; =1 pu).

1, I,

2.2 Manifold and Bifurcation Properties

2.2.1 Inverter Mode

The manifold and bifurcation of the GFL converter have been covered in [44, 46, 47|, and
they indicate that with increasing grid impedance X and integral gain in PI controller &; i,
the stability region of the system decreases, and finally, the limit cycle will appear. This
Chapter reviews the bifurcation and manifold of the GFL inverter, which are summarized in
Figure 2.3. In each case of Figure 2.3, the SEP and UEP are plotted as black and magenta
hole dots. The black and red lines represents the stable manifold W# and unstable manifold
W" of UEP. The unstable periodical orbit (UPO) is drawn in a blue dotted line, and the

grey-shaded area represents the stability region.

It can be observed from Figure 2.3 (a), bifurcation regions are jointly determined by the

ratio ki pn/kp pn and the grid strength, and this ratio plays a key role in shaping the large-
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signal stability properties. With the increase of X, and k; p11, the manifold property changes

from region to region.

In the region @, the stability region is enclosed by two UPOs, as shown in Figure 2.3 (b).
This region exhibits the largest stability domain, with the ROA extending over § € [—7, 7].
For example, when X, = 0.5 pu, maintaining k; pn/kppn < 25 ensures that the system

remains in this favorable region.

As ki pi increases, the upper UPO get close to UEP and its stable manifold, and finally, the
UPO is annihilated and the stable manifold W*® and unstable manifold W* overlap with
each other to form a homoclinic orbit, as shown in Figure 2.3 (c). In this case, a homoclinic
bifurcation occurs. Then, with further increase of k; i, W*® and W* will separate, as shown
in Figure 2.3 (d). When the state is outside the stability region but above the UPO in
Figure 2.3 (d), 6 and w will diverge to +00, and when the state is below the UPO, § and

w will diverge to —co0.

In Figure 2.3 (e), when k; pyi is large enough, stable manifolds W?* and unstable manifolds
W will overlap with each other again and constitute a homoclinic orbit. If k; y increase
further , the limit cycle will emerge, as shown in the blue dotted line in Figure 2.3(f).
When D, at SEP is not positive, there is no SEP as shown in Figure 2.3 (g).

From these results, it can be concluded that an overdamped PLL design (i.e., ki pn < kp pi)
is beneficial to transient stability, since it provides the largest ROA. In this case, the stabil-
ity region of ¢ can span from the left UEP to the right of the SEP. Moreover, the integral
gain in the PI controller primarily serves to gradually eliminate the steady-state error in
grid frequency deviation, and therefore a small k; py is sufficient. In practice, overdamped
PLL designs are common in engineering applications. Under such an overdamped condi-
tion, the influence of line dynamics on the overall stability margin is also very small (as
shown in Figure 2.2). As a result, in the following chapters, the PLL is designed to be
overdamped. In contrast, the present chapter considers cases where k; 1 is not necessarily

small, in order to facilitate academic rather than practical discussion.

2.2.2 Rectifier Mode

Following the generator convention adopted in this thesis, rectifier operation corresponds
to Iy < 0. In the equivalent damping term, —IjL,/ws, however, contributes a positive
component. The manifold property of the GFL rectifier is summarized in Figure 2.4.
According to Figure 2.4 (a), the manifold property changes from region to region under
different X, and k; pn. When £; o1 is small and X, is not too small, the stability region is
enclosed by UPO as shown in Figure 2.4 (b). If the state is outside the stability region (grey-
shaded area), 6 and w will converge to a stable periodical orbit (SPO), leading to instability.
With the increase of k; pni, the homoclinic bifurcation occurs, as shown in Figure 2.4 (c).
And then, the stability region is constituted by a stable manifold of UEPs, as shown in
Figure 2.4 (d)(e). If ki pi increases further, the SPO will get close to the stability region,
and finally, the SPO will annihilate as illustrated in Figure 2.4 (f). In Figure 2.4 (g), the
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stability region is the whole phase plane; this is because M., becomes small and D, is

dominated by —IjLg/ws, and the system can be considered as an overdamped system.

It can be observed that, unlike in inverter mode, the parameter &; ;i does not exert a sig-
nificant negative impact on the stability region in rectifier mode, and no limit cycle arises
in this case. The limit cycle has been recognized as an important dynamic characteristic
of PLLs, and its existence has been rigorously proven in [135]. Proposition 2.1 further
indicates that the emergence of the limit cycle originates from the negative damping in-
duced by line dynamics. Nevertheless, the subsequent proposition demonstrates that such
a limit cycle does not exist in rectifier mode, which distinguishes it from the inverter-mode

behavior.

Proposition 2.2. (nonexistence of limit cycle in rectifier mode) If the GFL converter

works as a rectifier (that is, I; < 0), no limit cycle exists for any parameter configuration.
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Figure 2.4: Bifurcation of GFL rectifier (parameters: kppn = 1027, Iy = —1, I, = 0,
R, =0,U, =1 pu).
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Proof. Assume there exists a limit cycle I" in the system, as shown in Figure 2.5. On any
trajectory of (2.2) and (2.3), we have dj/dt = f5 and dw/dt = f,. Therefore, along the

limit cycle I', we have

ff fo (6,0) d8 — f3 (6,0) dw = 0 (2.10)
r

Since the vector field is continuously differentiable in the considered region, and the closed
curve under consideration is piecewise smooth; therefore, Green’s theorem is applicable.

This implies, by Green’s theorem, that

[[ERORS

:L <f Deqwdd + f —Deqwd5> =0
Meq \JABCD AHGD

Here S is the region enclosed by the limit cycle I'. S can be divided into the region enclosed

by the arc ABC'D where w is greater than 0, and the region enclosed by the arc AHGD

where w is less than 0. Now, consider the terms on the right side of the above equation.

(2.11)

Applying the mean value theorem for definite integrals, we obtain:

f Deqwdd = | — Deqwdd + | — Deqwdd + fﬁ Deqwdo
ABCD AB BC CD
0B dc dp
= w1 Deqdé + wo Deqd(S + w3 Deqdé
da gz dc

(2.12)

Where wi, wo, and w3 are values between points A and B, B and C, C and D, respectively.
Since the arc ABCD is convex, D, is positive between B and C, but negative between A

and B, C and D. Define wyi, = min {w;, wy,ws}. Thus

B Sc Sp
f Deqwdd >wmin ( Degds + | Degdd + Deqd5>
ABCD oA 0B oc
S (2.13)
=Wmnmin Deqd5
dA

According to the expression of D¢, in (2.3), since I < 0 in rectifier mode, it is easy to

derive that 64 < 0p < —m/2 and ép > d¢ > 7/2.

Due to the system having a period of 27 in §, dp — d4 < 27 and thus sindp —sind4 > 0
(Equality cannot occur unless é6p = d4 + 27, in which case the two trajectories would
be tangent to each other, contradicting the uniqueness of trajectories in an autonomous

system). Therefore, we can derive

9p D kp pll
Degdd = *—Ugcosd — IqLg/ws | do
da

5a i,pll (2.14)

k
— kp’pll Uy (sinép —sinda) — IgLg/ws (6p —64) >0
i,pll
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Similarly, we have

f_\ —Deqwds > 0 (2.15)
AHGD

Consequently, these results contradict the assumption that the expression equals zero. The

proposition is therefore proved. O

T TG wd

cycle

D(6p, wp)

AN

T
\
D

>0 D.q<0

INIE]

0
& (rad) 2

Figure 2.5: Limit cycle of the studied system.

2.3 Energy-Function-based Method for PLL

The energy-function-based method has long been recognized as a classical approach for
analyzing transient stability in power systems, and numerous studies have attempted to
extend this framework to the analysis of PLL [42, 48, 58, 57, 41, 59, 60, 61|. Although
Chapter 4 has demonstrated that a global energy function does not exist for multi-machine
systems containing GFL inverters, the energy-function-based approach remains applicable
in single-machine systems, making it a valuable analytical tool and an active topic of

current research.

In this section, we provide an overview of the Energy-Function-based method and compare
the resulting ROA estimates derived from different Lyapunov functions. Furthermore, we
abstract an energy function tailored for PI controllers. Unlike the traditional energy func-
tion, this formulation is more suitable for capturing the dynamics of PLLs. Importantly,
the proposed energy function is not limited to PLLs but is also applicable to a broader
class of nonlinear systems employing PI control. To illustrate its generality, we also present
an application to a DC-voltage-controlled GFM inverter, which further demonstrates the

effectiveness of the proposed energy-function construction.

2.3.1 Overview of the existing energy function for PLL

According to the “swing equation” of the PLL, given in (2.2), the traditional energy function

[23] can be applied, as demonstrated in previous studies [58, 57, 60]. The energy function
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can be expressed as

1
W(o,w) = §Meqw2 + :XgIdé — Uy cosd, (2.16)
-

kinetic energy

potential energy

and its derivative is obtained as
W = —Degw?, (2.17)

which represents the dissipative damping power.

However, unlike the situation in SGs or GFM inverters, the derivative of the energy function
is not always non-positive. As a result, the level set used for estimating the ROA must be
restricted to the region where D¢ remains positive, as illustrated by the red solid line in
Figure 2.6. In Figure 2.6, the region where D., > 0 is indicated by the grey-shaded band
(as annotated), while the remaining area corresponds to D¢, < 0. If the energy at the UEP,
W (Ouep, 0), is directly adopted as the critical energy (following the traditional approach
in SGs), the resulting ROA estimation will be overly optimistic, as indicated by the red
dotted line in Figure 2.6 (where part of the red dotted level set extends outside the real
ROA). Consequently, the ROA estimated using the traditional energy/Lyapunov function
is overly conservative. It is also worth noting that, in essence, EAC can be interpreted
as an energy-based method in which the critical angle corresponds to zero kinetic energy
and is associated with the UEP. As a result, EAC yields the same ROA estimate as the
traditional energy-function-based approach and therefore inherits its limitations valid for

ROA estimation in such systems.
200
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Figure 2.6: ROA estimation by traditional energy / Lyapunov function?.

In order to enlarge the estimated ROA, [48] proposed a Lyapunov function, which we
arrange under the (J,w) states as follows:
1 kp pll . 2
W(6,w) =5 Meqw — 7 — (Xglqg — Ugsind) — Lyly (6 — sep)
i,pll

— Meq (Xg146 4+ Ugcosd)

(2.18)

ZNote that the phase space is 2r wrap-around and the phase angle § is 27-periodic. For clarity, all
ROAs in this subsection are illustrated within a single 27 interval.
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and the derivative is obtained as:

. k ki
W= —k‘#’“ (XyIg — Uy sin 6) [ngd ~ Uysind + P T (5 — 5sep)] (2.19)
i,pll p,pll

To ensure that the derivative of the Lyapunov function is negative, both terms (X,Iq — Uy sind)

and [X gla — Ugsind + ’]:;21111 LgIq(6— 5sep)] must be positive simultaneously. The first con-

dition is satisfied when ¢ < dyep, While the second condition is satisfied when 6 < §*. 6*

is implicitly defined by U,sind* — X Iq = ]]ji’pllll Lyl (0" — dsep) and can be solved nu-
P,p

merically, and the boundary ¢* is also illustrated in Figure 2.7. It can be observed that

the estimated ROA is significantly enlarged compared with the result obtained from the

traditional Lyapunov function.
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Figure 2.7: ROA estimation by Lyapunov function (2.18).

One type of energy function, termed the generalized energy function, was proposed in [62]
and applied to a two—grid-following inverter scenario in [61]. In this work, the generalized

energy function is applied to the PLL scenario. The energy function is

1
W(s,w) = §Meqw2 — XyI46 — Uycos§ — BMeqw (XyIq — Uysin §) (2.20)

where (8 is a tunable parameter.

The derivative of this energy function is:

T
| Xaela=Uysing 8 —38Deq Xgla = Ugsing (2.21)
w —1BDeq  Deq — BMcqUy cosd w

To ensure that W < 0, the parameter 8 must satisfy

Dy,
2 + MeyUg cosd

0<p<

D2 = ﬁmax-

4

In Figure 2.8, the solid line represents the estimated ROA obtained from the Lyapunov /energy
function (2.20), while the dotted lines correspond to W = 0 from (2.21). Different shades
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of red indicate different values of 3. For each 3, the largest level set for estimating the
ROA is obtained when the solid line (level set) is tangent to the corresponding dotted line,
which guarantees that the derivative of the energy function remains negative inside the
level set. As shown in Figure 2.8, the estimated ROA is much less conservative compared
with the traditional method. This also means that, unlike the traditional energy function
approach where the critical energy is determined directly by the UEP, the critical energy

in the generalized energy function is not easy to determine.
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Figure 2.8: ROA estimation by Lyapunov function (2.20).

2.3.2 Pl-controller energy function

The nonlinear system with controller can be abstracted to Figure 2.9. There are two
mainstream controllers: one is the low-pass filter (LPF) controller and the other is the
proportional-integral (PI) controller, as illustrated in Figure 2.9 (a) and (b). The nonlinear

system is represented by f(0).

For the LPF controller, it is straightforward to emulate the swing equation. The time
constant and the gain of the LPF act as the equivalent inertia and damping. Specifically,

the swing equation of the system in Figure 2.9 (a) can be written as

§=w

Jw = [yref —f (5)] — Dw

(2.22)

where yf — f(9) serves as the synchronizing torque. The LPF therefore naturally realizes

damping and inertia. The corresponding classical energy function is

1
W= S —f[yref — f(8)]dd (2.23)
v - v
kineticenergy potentialenergy
with derivative
W~ _pu? (2.24)

In the GFM inverter, y.of = Pof represents the power reference, and the nonlinear system
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Figure 2.9: Control block diagram of the nonlinear system.

corresponds to the active power b;(Ug sind. In this case, the energy function (2.23) reduces
g

to the typical form

EU,
W = %Juﬂ — Pt — ng cos 0.

The PI controller, shown in Figure 2.9 (b), is another widely used controller. The input
Y = Yret — f(0) is fed into the PI controller instead of the LPF. The integrator output is
denoted as xint, and the sum of the integrator and proportional parts is then passed to
another integrator and then the nonlinear system f(d). The corresponding swing equation
is

5

= W

1. ky 0f (5)

B T 2.25
w 0= S0 e (2.25)
—— —_——

Jeq Deq

Here, the equivalent damping D, is not constant but depends on a,(;%a)_ As a result, if the
classical energy function is directly applied, the derivative of the energy function becomes

indefinite and not necessarily non-positive, owing to the variation of De,.

To address this issue, we propose a dedicated energy function for the PI controller:

1

W = Q—kixinﬁ — f [yret — f (0)]d6 (2.26)

Compared with (2.23), the kinetic energy is ﬁxint? The derivative of the energy function
(2.26) is
W = —kp [yret = f (9)]? (2.27)

which is always non-positive.

It should be noted that the PI-controller energy function proposed in this thesis is general
and is applicable to any nonlinear system equipped with a PI controller whose structure
follows Figure 2.9 (b).

One typical example is the PLL. Since the PLL employs a PI controller instead of an LPF|

the structure in Figure 2.9 is equivalent to the control structure of the PLL. In this case,
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the input of the PI controller y = yef — f(J) corresponds to the g-axis voltage v,, where
ngId
vg = Xglqg+ Ryly — Ugsind +

which implies yef = Xglqg + Rgly and f(6) = Ugsind — wi}gld.

S

If the line dynamics are neglected, f(d) = Uysind, and the energy function of the PLL
derived from (2.26) is

W = g%ixintz — (Xglg+ Ryly)6 — Ugcosé,

which is identical to (2.7). If the line dynamics are considered, f(d) = Ugsind — wlo Id,

Ws

and the energy function (2.26) becomes

w :g%ixinf - J (XgId + Ryly — Ugsind + wlg Id) ds
(2.28)
:%’%(W N kp,pnvq)Z — (Xglag+ Rylg) 6 — Ugcos 6 — jwigsld s,

ngId

where zing = w — kppuvy, and vy = Xglg + Rgly — Ugsind + as defined above. In

(2.28), the term § wags fa g6 is path-dependent, arising from line dynamics. One method to
approximate this path-dependent term is the ray approximation [23, 59|, where the integral
is represented by a straight line (ray) passing through the SEP. Specifically, it is expressed

as

f”ﬁﬁdamgw—wwﬁw%h. (2.29)

Ws

While the ray approximation yields a reasonably large ROA estimate, it does not guaran-
tee strict conservativeness. As shown by the blue curve in Figure 2.10, there is a slight
overestimation along a certain direction, occurring in a small region of the phase plane near
the UEP and visible as a minor ‘leakage’ beyond the real ROA. This leakage is confined to
a small wedge near the UEP, whose projections are 0.116 rad on the -axis (about 6.67°)
and about 9.09 rad/s on the w-axis; and over-estimation can only occur when the fault-on

trajectory passes through this wedge.

Herein, we adopt the critical trajectory approximation [125]. In this method, instead
of using a ray through the SEP, the path-dependent term is represented by the critical
trajectory passing through the UEP. Precisely, in the critically stable case, the post-fault
trajectory approaches the UEP along the stability boundary C (i.e., the stable manifold
of the UEP). This boundary segment from (§,w) to the UEP is approximated by the
straight line £ connecting (8, w) and (dyep,0), such that the integral {wdd reduces to the
area of a triangle with base (duep — 0) and height w in the (d,w) plane. Accordingly, this

path-dependent term can be expressed as

Lyl Lyl
J wdwdé——f cidwdé
C:(6UGP7O)_)(67L’J) S C:(67w)_>(6‘lepy0) S
(2.30)
2‘] Lla s @@up—08) Lyla
L:(8,w) = (uep,0)  Ws 2 Ws
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Figure 2.10: ROA of PLL estimated by proposed PI-controller Energy function.

As a result,

Ouep — 0
2

1
2k;

Lyl

Eq. (2.28) <
ws

(w — kp’puvq)2 — (Xglg+ Ryly) 0 —Ugcosd +w (2.31)
Equation (2.31) ensures a conservative estimation of the ROA by using the level set crossing
the energy at the UEP, as the red line plotted in Figure 2.10, since the estimated energy

is always larger than the exact energy that contains the path-dependent term.

2.3.3 More applications of the PI-controller energy function

The DC-voltage-controlled GFM inverter—also referred to as the matching-control or
voltage-forming (VFM) inverter—has become a recent research hotspot, as it enables both
DC-voltage regulation and active-power tracking compared with the traditional GFM in-
verter [136, 55, 137]. The control structure of the VFM inverter is illustrated in Figure 2.11.

Inverter
Pm o
- -5 Z~jX, R,
" NI )
'Udc_ Cdc ..I +NW\ l @
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Sl e
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PWM| dal. Voltage
ete. | |abe I« Control Edf/
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([On) ) p
s [T] A v 2] | X
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_ ATt
I 2
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Figure 2.11: control structure of VFM inverter (DC-voltage-controlled GFM).
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Figure 2.12: ROA of VFM inverter (DC-voltage-controlled GFM).

Unlike the traditional GFM inverter where the controller is implemented by a LPF, the
VFM scheme can be realized by a PI controller, as shown in Figure 2.11. The voltage
angle is driven by the PI output; the DC-link capacitor serves as the integrator, and the
power feedforward acts as the proportional part. The feedforward with gain £, provides
damping to the overall system, while the DC-voltage control gain k;, achieves DC-voltage
regulation [136, 55, 137].

For a single VFM-infinite-bus system as shown in Figure 2.11, the parameters are chosen
as kpp = 2-2m pu, ki = 1- 27 pu, DC-link capacitor Cg. = 12.5 pu, DC-voltage reference
Vicret = 2.5 pu, and grid impedance 0.55 + 0.05 pu. The real ROA is shown by the
gray-shaded area in Figure 2.12. The vertical axis denotes the error of the squared DC
voltage, i.e., A(vgc)? = v3, — Vd2c,ref' According to the proposed energy function in (2.26),
the energy function for the VFM inverter is

C 2
W = 1 k:l-p[A(vdc)] — J(PZ —p)dd
(2.32)
C > X, R,UZ2 RULE .
= Z klp[A(/UdC)] — Pm(s - m EUg cosd + R; I Xg2 o — R; i Xg2 Sln5,
and its derivative is
W= = kpp (Pin _p)z’ (2.33)

which is non-positive.

The ROA estimated by the proposed energy function is shown by the red-shaded region in
Figure 2.12. The estimation is reasonable and conservative, which is desirable for stability

assessment.

2.4 Results of HIL Experiment and EMT Simulation

The EMT simulation is implemented in MATLAB/Simulink, where the EMT averaging

model is employed to represent the converter by neglecting the detailed switching behaviors
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Table 2.1: Simulation and HIL experiment parameters

HIL experiment

Parameters Simulation (pu)

SI pu
Grid impedance Z; 0.15 + 0.01 0.152mH + 4.8m 0.1 + 0.01
Grid impedance Z, 0.4 + 0.044 0.606 mH + 19.2m€) 0.45 + 0.04
PLL parameter &, o1 10 - 27 10 - 27 —
PLL parameter k; pn 100 - kp pun 100 - kp o -
Current control bandwidth 600 Hz 600 Hz -
Switching frequency Averaging model 10kHz —
Control frequency - 10 kHz -
LC filter Ly 0.05 75.7 uH 0.05
LC filter Cy 0.02 133.7 uF 0.02
DC capacitor Cyg, 12.5 83 mF 12.5
d-axis current reference I 1, —0.8 1449 A, —1159 A 1, —0.8
g-axis current reference I 0, +0.6 0, +870 A 0, £0.6
Fault resistance le—3 0.48 mQ2 le—3
DC voltage Vg 2.5 1725V 2.5
Grid voltage U, 1 690V 1
Base Capacity Sp 1 1MW 1
Base voltage Vi 1 690V 1
Base Frequency wy 50Hz 50Hz -

of power electronic components such as IGBTs and SiC MOSFETs [130]. The hardware-
in-the-loop (HIL) experiment is realized using an OPAL-RT real-time simulator (OPAL-
5707), leveraging the embedded FPGA core within the eHS toolbox. This setup achieves
a simulation timestep of up to 200 ns, enabling highly detailed real-time modeling of
the converter. The overall configuration of the HIL system is illustrated in Figure 2.13,
where a DSP controller generates PWM signals to control the converter. The relevant
simulation and experimental parameters are listed in Table 2.1. Both the converter’s
switching frequency and DSP control frequency are set to 10 kHz. It should be noted that

this thesis focuses on transient stability and large-signal control dynamics, rather than

eHS FPGA core

CPU core

Ts =200 ns

. _.E} _‘e} LC filter
Ly
gt
#:J' rmr\_rr
S, 7,7, ) SN
o 4 o %‘L 111 =
T T .T1T>

ifabe

Vpee,abe

detailed inverter part
Digital
Input
PWM

lgabe

1 " . S

DSP TMS320F28379D controler

OPAL-RT 5707 real-time simulator

Figure 2.13: HIL Experiment Setup.
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of Inverter Mode under critical fault clearing time, and comparison

on detailed converter hardware design and modulation. Accordingly, this representative

and broadly adopted

switching frequency is selected, which is applicable across different

inverter types and power ratings, as commonly adopted in IBR transient stability studies

(e.g., [50, 27, 43, 138, 139]). In this context, the switching frequency primarily affects

control delay and the design of the inner current-loop bandwidth.

At t = 0.1 s, a three-phase-to-ground fault is simulated on one of the parallel transmission
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Figure 2.15: Results of rectifier Mode under critical fault clearing time, and comparison of
different models (phase portrait).

lines, as indicated in Figure 2.13. After a specific fault-clearing time (tgu11), the affected

transmission line is cut.

When the converter operates as an inverter (with I; > 0, supplying active power to the
grid), the CCT is approximately 0.061 s. Comparative results of different models for
fault-clearing times of tguy = 0.06 s and 0.062 s are presented in Figure 2.14. The PLL
output frequency is denoted as fpon = (w + ws)/27m. When g = 0.06 s, the real system
remains stable, whereas it becomes unstable at g,y = 0.062 s. The phasor model, which
neglects line dynamics, overestimates the ROA, erroneously predicting stability even when
the real system becomes unstable. As shown in Figure 2.14 (d), the real system becomes
unstable, whereas the phasor model still predicts stability, indicating that the phasor model

overestimates the ROA in inverter operation.

The bandwidth of the inner current control loop is set relatively low at 600 Hz. Compared
to theoretical calculations, the EMT simulation includes the dynamics of the current con-
trol loop in Simulink. As noted in [84], the transfer function from § to I acts similarly to
a high-pass filter with positive gain, causing an increase in § or w to induce a small positive
perturbation on I;. This perturbation exacerbates acceleration, thus reducing the system’s
transient stability. The HIL experimental results closely reflect the actual inverter behav-
ior—including factors such as switching losses, voltage limits, etc.—while, compared with
the EMT trajectories, exhibiting slight delays and more pronounced harmonic distortions.
These discrepancies are mainly attributed to controller delays and non-ideal PWM switch-
ing effects under large disturbances. Nevertheless, the difference in CCT between EMT
simulation and HIL experiments is less than 0.001 s around the numerical CCT of 0.061 s,

indicating that the overall transient stability behavior and conclusions remain consistent.

When configured as a rectifier (I; < 0), absorbing active power from the grid), the converter

is tested with a power factor set at 0.8 and a reactive current (I;) of +0.6 pu, injecting
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Figure 2.16: Time-domain HIL results of rectifier Mode under critical fault clearing time,
and comparison of different models.

or absorbing reactive power, respectively. The results under these conditions are depicted
in Figure 2.15 and Figure 2.16. Notably, with I, = 0.6 pu (absorbing reactive power),
the CCT significantly increases to around 0.09 s, whereas it decreases to approximately

0.078 s when I, = -0.6 pu (injecting reactive power), along with a corresponding reduction
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in the ROA. This behavior is primarily attributed to the resistance of the transmission
lines; a positive I, is advantageous for preventing the rectifier from decelerating, a scenario

common in distribution networks with relatively high resistances.

Additionally, Figure 2.15 and Figure 2.16 reveals that the phasor model, neglecting line
dynamics, exhibits less stability than the actual system, resulting in a reduced ROA and
thus underestimating the transient stability of the GFL rectifier. As shown in Figure 2.16,
the real system remains stable, whereas the phasor model predicts instability, indicating

that the phasor model underestimates the ROA in rectifier operation.

Similar to the inverter scenario, inclusion of the current control loop in simulations shows
that a slight decrease in ¢ introduces a negative perturbation on I, thereby improving
stability. Consequently, simulation waveforms precede the theoretical waveforms. Finally,

the HIL experimental results, accounting comprehensively for realistic operational factors,
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Figure 2.17: EMT simulation results with FRT, compared with the corresponding non-FRT
cases under identical system parameters and fault conditions. All cases are consistent with
Figure 2.14 (b),(d), with the same fault-clearing time tgy = 0.062 s. FRT strategy 1
maintains active power during the fault, whereas FRT strategy 2 enforces zero active
power.
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align closely with the EMT simulations.

Although fault-ride-through (FRT) strategies during grid faults are not the main focus of
this thesis, their potential influence on transient stability is briefly examined to clarify the

underlying stability mechanism.

The same system parameters and fault scenario as in Figure 2.14 (b),(d) are considered.
In the baseline case without FRT, the system becomes unstable when the fault duration
reaches 0.062 s. It is now assumed that the GFL inverter is able to detect the fault and
apply a grid-code-compliant FRT strategy. According to the relevant grid code [140], no
explicit requirement is imposed on active power during the fault, except that active power

output must be restored immediately after fault clearance.

First, an FRT strategy that maintains active power while injecting rated reactive current
during the fault is examined. The corresponding phase portrait and time-domain responses
are shown in Figure 2.17 (a),(c). Compared with the non-FRT case, reactive current
injection significantly slows down the fault-on trajectory, such that the fault-clearing state
lies inside the ROA of the post-fault system. As a result, the system remains stable. The
theoretical critical CCT increases from 0.062 s to approximately 0.068 s. This behavior can
be explained by the PLL swing equation (2.2). In the presence of non-zero line resistance,
I, reduces the acceleration of the PLL state during the fault, thereby delaying its departure
from the stability boundary. If the line resistance were negligible, the stabilizing effect of

reactive current injection would theoretically diminish.

An additional FRT strategy is then considered, in which active power is reduced to zero
during the fault. The corresponding results are shown in Figure 2.17 (b),(d). In this case,
the fault-on trajectory evolves much more slowly, and the system state remains close to
the pre-fault equilibrium at the same clearing time of 0.062 s. The theoretical critical CCT
increases to 0.23 s. The trajectory is observed to move toward decreasing phase angle 9.
Literature [141] also indicates that, with appropriate alignment of current components and

grid impedance, the PLL state may theoretically remain stationary during the fault.

It is emphasized that the key principle underlying this thesis remains unchanged: transient
stability assessment can be decomposed into (i) the ROA of the post-fault system and (ii)
the system state at the fault-clearing instant. If the resulting clearing state inside the

ROA, the system is transient stable.

Finally, although some FRT strategies such as PLL freezing may keep the system state
close to equilibrium during the fault, small grid-frequency deviations can introduce phase
mismatches at fault clearance [142]. If such deviations lie outside the ROA, instability may
still occur, further highlighting the importance of an ROA-based interpretation of transient
stability.
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2.5 Summary

In this chapter, the manifold characteristics and ROA of PLL in GFL converter have been
comprehensively investigated, with emphasis on the effects of operating mode (inverter
or rectifier), modeling choices (with or without inductive line dynamics), and controller
parameters. Specifically, line dynamics cause an overestimation of the ROA under inverter
operation, while causing an underestimation of ROA under rectifier operation. A rigorous
theoretical proof has also been provided to establish that limit cycles cannot occur in
rectifier mode, in contrast to inverter mode where limit cycles may arise. It was found that
increasing the integral gain of the PLL (k;pn) consistently reduces the ROA in inverter

mode, and the overdamped PLL design is a better choice for GFL inverters.

Furthermore, this chapter has revisited existing Lyapunov-function-based approaches for
analyzing the PLL and then proposed a dedicated energy function tailored for PI con-
trollers. This PI-controller energy function enables the estimation of ROA of a PLL in
a single GFL inverter. Compared with the traditional energy function, it provides less
conservative ROA estimates and allows the energy at the UEP to be conveniently used
as the critical energy level. In addition, the proposed energy function is not limited to
PLL-based GFL inverters but is generalizable to other nonlinear systems with PI control.

As an example, its applicability is validated on a DC-voltage-controlled GFM inverter.

Finally, a HIL experimental platform was established to validate the theoretical analysis
and simulation results. The comparative results clearly indicate the differences between the
theoretical model, phasor model, EMT simulation, and actual HIL experimental outcomes.
The EMT simulations closely match the theoretical predictions, with minor deviations
attributed to the inner current control loop dynamics. The HIL experimental results,
accounting comprehensively for practical considerations such as switching behavior, control
delays, and hardware constraints, closely align with the EMT simulation results, thus

confirming the effectiveness and accuracy of the presented analysis.
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Chapter 3

Large-Signal Stability of Power
Systems with Mixtures of GFL,
GFM and GSP Inverters

This chapter elucidates the interaction mechanisms of inverters with heterogeneous control,
covering GFL, GFM, and GSP inverters, to determine the stability boundaries of a system
with mixtures of inverters. The generalized model for large-signal dynamics of two-inverter
systems with various inverter combinations are derived. This establishes that no energy
function exists for systems containing heterogeneous inverters, implying that traditional
direct methods of stability assessment cannot be applied to such systems. To overcome this
barrier, a manifold theory is employed to accurately determine the ROA of such systems.
To address the computational complexity of the manifold theory, reduced-order models of
inverter are used based on multiscale analysis. The large-signal stability margin is assessed
by the shortest distance from a stable SEP to the boundary of the ROA, which is called
the stability radius (SR). Bifurcation phenomena are also observed in systems of GFL
inverters and are studied, which shows that the limit cycle and periodical stable orbit
emerge, introduced by GFL inverter. The manifold analysis, verified by EMT simulation,
demonstrates that GFM and GSP inverters significantly enhance the large-signal stability
of a two-inverter system where the other inverter is GFL, with GFM being slightly better
than GSP. Such stability enhancement is attributed to the voltage support effects of GSP
and GFM inverters. The improvement is maximized if the GFM or GSP inverter is placed
at the mid-point of the transmission line, where the voltage is lowest. All findings in
this chapter are validated through both EMT simulations and power hardware-in-the-loop
(PHIL) experiments.

3.1 Modelling and Order-reduction of Two-Inverter Systems

The manifold theory has been applied to single-inverter systems in Chapter 2, but obsta-

cles are encountered in multi-inverter systems, due to the difficulties in computing and
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visualizing the stable manifolds of high-order systems. In this chapter, we first perform
model order reduction on inverters based on multiscale analysis and thereby extend the

manifold theory to two-inverter systems.

This section establishes a generic reduced-order model for two-inverter systems with dif-
ferent combinations, and then applies the manifold theory to identify the ROA of these

systems to assess their large-signal stability.

3.1.1 Large-signal modeling and order reduction of different inverter
types
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(b) modelling of GFL inverters. (c) modelling of GSP inverters.

Figure 3.1: Large-signal modeling of different types of inverters.

Building on the basic concepts introduced in Chapter 1, the control blocks and large-
signal modeling of a GFM, GFL, and GSP inverter are depicted in Figure 3.1 (a), (b),
and (c), respectively. The order reduction method we use is based on the multi-timescale
characteristics of inverter control [143, 30]. The inner loops of inverters are usually very
fast and therefore can be represented as controlled current or voltage sources. Furthermore,
we assume that the PLL of the GFL inverters and the droop control of GFM inverters are
overdamped. Specifically, in the GFM inverter, the time constant 7, of the low-pass filter
in the p-w droop control (PSC) is set to be small to make the angle dynamics overdamped
[6]. As such, the droop control is treated as an algebraic gain with no state, so the order

of the model is reduced to a single state d as below

0= kdroop(Pref - P) — Wwo (31)

where ¢ is the internal voltage angle of the GFM inverter, and wg is the nominal angular
frequency of the grid. In the GFL inverter, the PLL is designed as proportion dominant,
i.e. kipn < kpn, where &; o and kpp are the integral and proportional gain of the PLL. This
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makes PLL overdamped helpful for the angle stability of GFL inverters [53, 144]. Under
this assumption, the output of the integral controller in the PLL, w;, can be assumed fixed
to the prefault value during the transient, that is, w; ~ wg. As a result, the model of an

GFL inverter is also reduced to a single state
5= kpnvg + wi — wo ~ kpnvg. (3.2)

where ¢ is the internal PLL angle. On top of the GFL inverter, the GSP inverter incorpo-
rates TVC—i.e., a vg-iq voltage control with gain £, to enhance voltage support through
reactive current injection. This is an approximation of V-i, droop as per grid codes [145,
140], provided that PLL angle is aligned with grid voltage implying vy ~ v; where v; is the
magnitude of grid voltage measured at the inverter terminal. The time constant 7, of the
low-pass filter in the vg4-iq voltage control is also assumed to be small [82], which means

that the voltage control does not introduce extra states in the model.

IBRI by X
ﬁ} (511 Vll ]1 r A A
1 > S 5\ U
IBR2 2 @
. X,
02 Vo, I m’ ,_ /360N Infinite
_"fp} > 3 4 Bus

Figure 3.2: Two-inverter system.

3.1.2 Complete two-inverter system

In summary, the GFM, GFL, and GSP inverters in our large-signal analysis can all be
reduced to first-order models with § being the sole state. This leads to the reduced-order

model for the two-inverter-infinite-bus system displayed in Figure 3.2:

{51 =/€1 [Cl — A1 sin (51 — 52) — B1 sin 61 + D1 COS((Sl — 52) + 6] (3 3)

52 =ko [CQ — Ao sin (52 — (51) — Bysindy + Do COS((Sl — 52)]

This system contains two IBRs, i.e. IBR1 and IBR2, each configured to operate in either
GFL, GFM, or GSP mode. For any combinations of GFL, GFM, and GSP, the model has
the same format but the coefficients are different, which are summarized in Table 3.1. In
the GFL inverter, I; denotes the d-axis current reference. The terms V; or V5 represent
the terminal voltages of the GFM inverters, while Viet denotes the voltage reference used
in the voltage control of the GSP inverter. Some auxiliary symbols are used in (3.3) to

simplify notation, as defined below

X1 Xo+ X1 Xg+X2X X1 Xo+ X1 Xq+X2X, X1 Xo+ X1 Xg+X2X
XA12 = ng gv XAgl = X2g 97 XAgZ = Xlg .
Xy1 = X1+ Xy, X2 = Xo+ X, (3.4)

X, X X, X
Xiyoyg = X1+ 5575 Xoqyyy = X0+ 57

If a GSP inverter is present in the system, a small residual term e appears in Eq.
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Table 3.1: Coefficients of the Expression of Two-Inverter System

IBR1 [IBR2| ki Ay B ol Di e | ks Ay B Cs D,
GFM |GFM | kaoopt 3o 3t Pren 0 0 |karoope ¥AZ AL Parer 0
GFM |GFL | kdroop 0 e Per  ZERVE 0 |kt 52Vi 21U, Xojielee O
GFM |GSP | karoop 202 ;ﬁ Pres 0 emp| Kon  2EVI 22U, Xogiyglae 0
GFL |GFL | kpm 0 Uy Xsila  Xglos 0 | ki 0 Uy Xsila  Xgla
GFL |GSP | kpnt Vet 22U; Xipoyolar 0 e | koo 0 Uy Xsolex Xgla

(3.3). These terms are typically small and are associated with the voltage control gain k.

Specifically, they can be expressed as

Eip =€v191 (01 — 02) + €phi (61 — 02)

(3.5)
Emp =€v292 (61 — 02) + €pnha (61 — d2)
where €;,, and &, represent the residual term e for GFL-GSP and GFM-GSP combinations

1 N
ko Xxo+1 kyXoy1//4+1)

epn is PLL error ey = vg2, and g and h are error functions whose detailed expressions

respectively, €,s are voltage control errors defined as €,7 = and €,9 =
are given in [146]. If kppyo is sufficiently large, implying that the PLL dynamics of the
GSP inverter are faster than those of IBR1, €, can be considered negligible. Moreover,
if k, approaches infinity, €, approaches zero, indicating that the GSP inverter behaves
equivalently to a GFM inverter under ideal voltage regulation. The detailed derivation of
the two-inverter model presented in (3.3), (3.5) and Table 3.1 are illustrated in Appendix
Al

The model order reduction approach used here seems radical, but it turns out to have good
accuracy, as is to be validated later in Section 3.6.2. This is due to the fact that the angle
dynamics of inverters (PLL of GFL and angle swing of GFM) can be designed overdamped
thanks to the high controllability of inverters.

3.2 Non-existence of Energy Function in the System Con-

taining GFL inverters

For simplicity, the effect of transfer conductance is first neglected and the network is
assumed to be lossless. If the system comprises only GFM, the differential equations
describing the system dynamics contain only sine terms, such as A;sin(é; — d2). In two-
inverter case, there is a global energy function in the form of
iy G By

01 — ——09 — cos (01 — d3) — — cosd1 — By cos 09 (3.6)

W (01,02) = = Ay As Ay Aa

For power systems comprising both SGs and GFM inverters, assume there are m GFM

inverters and n SGs, where n € N, m € N, and m + n € N*t. The model of each apparatus
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is illustrated in (3.7a) and (3.7b), in which (3.7a) represents the dynamics of SG, while
(3.7b) represents the dynamics of GFM inverters. The voltage of the k-th GFM inverter
is denoted as V.

(Si =W; — Wnp

n m
Mzwz :Pi — Diwi — Z EzE]Bw sin ((52 — 5J) — Z EzWle sin (51 — 51)

\ = (3.7a)
j#i,j=1 1#i,l=1
oW (6,w)
= T aAs Dz’ 7
a0; “
51(: —kdroop k Pk — Z VkVBkl sin (5k — 51 Z VkE Bkj sin (5k —0; )
I#k,I=1 j#k,j=1 (3.7b)

oW (0,w)
= - kdrOOp’kT

Thus the energy function of mixed SG and GFM inverters system can be expressed as

follows:
n n n+l
W (6,w) = ZPZ@ Z Z E;E;B;j cos (0; — 0;)
=1 i=1j5=1+1

> ViViBijcos (8 — 6) — >, > ViEiBy cos (0 — 6;) (3.8)
=1 l=k+1 k=1i=1

D)= 3 2 2D, <0 (3.9)

which is non-positive. To sum up, in mixed SG and GFM inverter systems, there exists an
energy function, and thus the direct method developed for legacy SG-based power systems

can be applied.

On the other hand, if the system includes at least one GFL inverter, a cosine term of the
form D; cos(d; — d2) appears in the nonlinear differential equations. Chiang [35] showed
that if the system dynamics, as described by (3.3), involve cosine terms, then no energy
function exists. Accordingly, the proposition for systems containing GFL inverters is re-

stated as follows:

Proposition 3.1. As for the nonlinear dynamic system represented by Eq. (3.3), if there

exists a cosine term, the energy function does not exist.

Proof. The general process to construct an energy function in the GFM and SG systems
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is to find W (-) that satisfies

5 ow
T (3.10)
§y = —kp 2 '

2 2 055

However, when Eq.(3.3) contain cosine term D; cos(d; — d2), Eq.(3.10) cannot be satisfied.
Because Eq.(3.10) and Eq.(3.3) violates Poincaré’s Lemma [31, 147], that is

L oo _ cos (61 — d2) + Dy sin (01 — d2)

Arky 00 A (3.11)
1 8(52 . D2 .

Y cos (01 — 02) , sin (91 — d2)

As a result, the energy function construction procedure cannot be applied to a nonlinear
dynamic system represented by Eq. (3.3). Moreover, Figure 3.7 (d) and Figure 3.8 (d)
in Section 3.4 demonstrate that a closed orbit (limit cycle) emerges in certain cases for
systems containing GFL inverters. This contradicts the fundamental property that systems
admitting an energy function cannot exhibit closed orbits. Consequently, even in the
absence of transfer conductance, no energy function exists for systems that include GFL

inverters. [

All of these necessitated the development of a new approach for assessing large-signal

stability with a high penetration of GFL inverters.

3.3 Stability Radius (SR) based on Manifold Theory

For the two-dimensional system analyzed in this chapter, the UEPs on the stability bound-
ary are either type-I or type-II. Following the manifold theory (introduced in Chapter 2
Section 2.1.1), the real ROA is obtained by backward-time integration along the stable
eigenvector(s) of each type-I UEP in the phase plane; it is shown as the black curve in
Figure 3.3. The stability radius (SR) is then used to measure the large-signal stability
margin, defined as the shortest distance from the SEP to the ROA boundary, highlighted
by the red circle in Figure 3.3.

Figure 3.3 contrasts the SR with other stability assessment methods for the two-inverter
system. Notably, the critical clearing angle (CCA) is indicated by the projection of the
real ROA onto the d1, d2 coordinates, depicted as dccai,2 and can also by the intersection
between the sine function U, sind and the blue solid curve. Due to the existence of in-
teraction terms [e.g. cos(d2 — d1) in (3.3)], there is the difference between the blue solid
curve and the ideal dotted lines [e.g. constant value C 2 in (3.3)], highlighted by the blue
shaded area. Previous methods, cited in [148, 113], use the CCA of one critical GFL as a
large-signal stability index, but this often overestimates the ROA and overlooks the other
inverter, as shown in the grey rectangle area in Figure 3.3'. In particular, if two inverters

are connected to an infinite bus individually, then the ROA is square, decoupling é; and

'The angle variables §; and 83 are 2m-periodic; for clarity, only one fundamental period is shown in the
figure.
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Figure 3.3: Comparison between SR and other large-signal stability assessment methods.
On the phase-plane plot, the ROA is shown with a solid black line (manifold theory), gray
rectangular shading (CCA method), and green line (local Lyapunov method). The SR is
a red dashed line. The SEP is an open blue circle.
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02, and the SR being the minimum of dcca1 and dccaz. The local Lyapunov function to
estimate the ROA is also plotted as the green curve in Figure 3.3, which is an approach to
address the situation where the global energy function does not exist. It can be seen that
the local Lyapunov method usually produces an under-estimate of the ROA, and is more
conservative than the real ROA and SR.

The calculation of SR is straightforward: it requires recording the shortest distance to the

post-fault SEP during the process of reverse integration, and no need for storing shape
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Figure 3.5: Procedure for ROA and SR computation in multi-inverter systems.

information of stable boundaries which is convenient to implement. More specifically,
as shown in Algorithm 2.1, only the minimum distance between the manifold and the
SEP needs to be recorded, which directly yields the SR. Furthermore, critical clearing
time (CCT) can be estimated based on SR. The specific steps to estimate CCT are: 1)
Integrate the fault-on trajectory ¢ (x,t); 2) At the time tgr, ¢ (z,tsr) is outside of the
circle of SR, but ¢s(x,tsr — At) of the previous time step is inside of the circle of SR; 3)
The tgg is the CCT estimated by SR. Figure 3.4 illustrates the relationships between SR,
tsr, real ROA, and the estimated and real CCT. Since the SR is entirely inside the real
ROA, the CCT estimated by SR, tsg, is conservative and guaranteed.

The complete procedure for this analysis framework is illustrated in Figure 3.5. SR provides
a conservative but generic estimation of the stability margin, as it is independent of the
location and type of faults. It is also less conservative than local Lyapunov-function bounds
since it can capture the true stability boundary. Moreover, SR directly evaluates the
stability margin as a single geometric scalar, which is easier to compare than the full ROA
shape. Using SR, we quantify the contributions of different inverters in improving the

large-signal stability amid inverter interactions in the subsequent analysis.

If fault clearing occurs at a time that gives a position outside the ROA of the SEP, the
trajectory will not converge to this SEP. It should be noted that, even though sometimes
the trajectory may converge to a different SEP that is one period away from the original
SEP, this is considered unstable in engineering terms [149, 127]. This case is analogous to
the pole slipping of a synchronous generator and can compromise distance protection|[150,
151], cause reverse power flow [144], over-voltage, and voltage oscillations [82] in inverters.
This pole slipping phenomenon of inverters will be explained in detail in the following

large-signal interaction between different types of inverters.
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In summary, the manifold theory completely describes the dynamic behavior in the phase
plane, and the SR is utilized on the basis of the manifold theory, which can access the

large-signal stability, as an extension of CCA in a high-dimensional space.

Generalize the concept of SR

Although not a central focus of this Chapter, the concept of SR can be extended, from a
theoretical perspective, to general high-dimensional nonlinear systems. Since direct visu-
alization of high-dimensional ROA is inherently nontrivial, a three-dimensional system is
used here solely as an illustrative example to demonstrate the general applicability of the
SR concept. The test system is the three-IBR infinite-bus network shown in Figure 3.6 (a),
where IBR1 operates as a GFL inverter and IBR2-IBR3 are configured as GFM inverters.
The system parameters are kpi = Kdroopt = Kdroop2 = 10 - 2w, Y19 = Yoo = Y30 = j 2 pu,
and Y19 = Yo = Y13 = 5 0.5 pu. Under this configuration, the calculated SR is 2.26 rad.

The numerical results are plotted in Figure 3.6 (b)?. The grey shaded surfaces represent
the real ROA boundary, which is formed by the stable manifolds of type-I UEPs, while
the grey trajectories lying on these illustrate representative stable-manifold flows. The
ROA is obtained following the same procedure as in Algorithm 2.1. The computation of
the SR follows the same procedure described earlier in this Section. The resulting SR is
illustrated as a red sphere centered at the SEP, which is fully contained within the ROA
and tangential to the stability boundary. In practice, the SR is obtained by recording only
the minimum distance from the stable manifold to the SEP, without reconstructing the
high-dimensional stability boundary, making it potential applicability for characterizing

stability margins in large-scale systems.
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Figure 3.6: Ilustration of the SR concept for a three-dimensional system: (a) three-IBR
infinite-bus network; (b) visualization of the ROA and SR, where the grey surfaces represent
the real stability boundary (boundary of the ROA), and the red sphere denotes the SR
centered at the SEP.

ZSimilar to the two-dimensional case, the three angle variables (61, 02,03) are also 2m-periodic. For
clarity of visualization, only one period is displayed in the figure.

69



3.4 Manifold Property and Bifurcation Phenomenon in Two-

Inverter System

Bifurcation refers to changes in equilibrium points (EPs), periodic orbits, or their stability
as a parameter is varied [152, 153|. This section investigates bifurcation phenomena in

two-inverter systems containing GFL inverters.

3.4.1 Bifurcation in two GFL inveter system [D; # 0, Dy # 0 in (3.3)]

Figure 3.7 illustrates the bifurcation in a system with two parallel GFL inverters. The
impact of parameters such as grid impedance X, and the ratio of PLL gains in two IBRs,
ko / kpn2, on bifurcation is depicted in Figure 3.7 (a). The system parameters are as follows
(as an example): I1y = Iyg = 0.8, X1 = X3 = 0.1. The manifolds corresponding to different
parameter regions, divided by Figure 3.7 (a), are shown in Figure 3.7 (b), (c), and (d).
Here, SEP, Type-I1 UEP, and Type-II UEP are indicated by blue, magenta, and red hollow
points, respectively. The stable manifolds of UEPs, represented by black solid lines, outline
the stability region of SEP. Grey arrows represent the vector field. Herein, the nullcline
concept [31] is introduced. The dp-nullcline is defined as {d1,02 : f1(d1,02) = 5 = 0}

2
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Figure 3.7: Bifurcation diagram for two GFL inverter systems. [kpm = 2.5 x 27, kpng =
10 x 27, that is, kplll/kpll2 =0.251in (b), (C), (d)]
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plotted as purple lines, while the do-nullcline is defined as {d1,d2 : f2 (d1,02) = 5y = 0}
plotted as blue lines in Figure 3.7 (b), (c), and (d). These two types of nullclines divide
the phase plane into four regions (A, B, C, D), each representing different directions of the
vector field. The basic direction of the vector field in region A is upper left, region B is

lower right, region C is lower left, and region D is upper left.

For small X, neither limit cycles nor periodic orbits exist. When kp1 = Epna, increasing
X, causes the SEP and a type-II UEP to approach and eventually annihilate, consistent
with region @ in Fig. 3.7 (a). When the two GFL inverters have unequal control gains
or unequal line impedances (X; # X3), a stable periodic orbit (SPO) emerges (green
trajectory in Fig. 3.7 (c)); trajectories starting outside the ROA are attracted to this SPO.
As X, increases further, a pair of limit cycles appears: the SEP becomes enclosed by an
unstable limit cycle, while the type-II UEPs are enclosed by a stable one (Fig. 3.7 (d)). A
still larger X, eliminates the SEP.

3.4.2 Bifurcation in the GFL and GFM inverter system [D; = 0, Dy # 0
in (3.3)]

Figure 3.8 shows the bifurcation for a system with GFL (IBR1) and GFM (IBR2) inverters,
with the effects of X, and the ratio kpi/kdroop on bifurcation depicted in Figure 3.8 (a).
The other parameters are X; = 0.66, Xo = 0.2, I14 = 1, P,.y = 0.6 (as an example). The
phase plane manifolds for different parameter regions, divided by Figure 3.8 (a), are shown
in Figure 3.8 (b), (¢), and (d). SEP, Type-I UEP, and Type-II UEP are indicated by blue,
magenta, and red hollow points, respectively, while the d;-nullcline and do-nullcline are

represented by purple and blue lines, respectively.

Similarly, for small X, no limit cycle or periodical orbit exists. As X, increases, the do-
nullcline fails to stretch across the phase plane, and the SPO appears (green trajectory in
Figure 3.8 (c)). Further increases in X, lead to the emergence of an unstable limit cycle
(Figure 3.8 (d)). Beyond this point, no SEP remains.

3.4.3 Existence of SPO

The foregoing analysis shows that the SPO attracts trajectories in the phase plane and
drives the state unbounded, thereby jeopardizing stability. Based on the vector-field direc-

tions defined by the nullclines, we state:

Statement. A trajectory cannot cross the d; — nullcline from right to left, nor the do —

nullcline from bottom to top.

When the ds-nullcline can stretch from §; = —oo to §; = 400 in the phase plane, there is
no SPO, as shown in Figure 3.7 (b) compared to Figure 3.7 (¢). In this scenario, regions B
and C, where 52 < 0, stretch across the entire plane, preventing any potential SPO from
spanning from do = —o0 to do = 4+00. Consequently, the absence of SPO is guaranteed if

the d1-nullcline and the do-nullcline extend across the phase plane.
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Figure 3.8: Bifurcation diagram for paralleled GFM and GFL inverter systems. [kp; =
1.5 % 27, Kdroop = 2.5 x 2, that is,kpi/kdroop = 0.6 x 27 in (b), (c), (d)]

In the two-GFL inverter system, the sign of 51 corresponds to the g-axis voltage of IBR1
v1g, and the sign of 55 corresponds to the g-axis voltage of IBR2 vy,. According to the
statement above, sufficient condition for the non-existence of SPO can be expressed as
follows:

Vép3d1 st v1g <0 and V01362 s.t. vyq <0, (3.12)

This condition is equivalent to:

(3.13)

U, — X1
Xg<min<glld>

Ig + Iog

U,—X1I14

Tt Tog ) = 0.575, corresponding to the dash

Under the parameters in this section, min <

point line in Figure 3.7 (a).

3.5 PHIL Platform and EMT Simulation Setup

To validate the findings in the following sections, a power-hardware-in-the-loop (PHIL)
platform was built, as shown in Figure 3.9. The two-inverter configuration in Figure 3.2

is realized in Figure 3.9 (a). In the PHIL setup, the system is partitioned into two parts:
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the portion to the left of Bus 3 in Figure 3.2—mamely IBR1 and its line impedance X
(i.e., Z1)—is implemented as physical hardware, while the remaining network is executed
on a real-time simulator. The platform employs three-phase power converters built with
BSC052N08NS5 MOSFETs. One converter serves as the physical IBR1, followed by an
LC filter (parameters in Table 3.2) and the line impedance Z;. The second converter
operates as a power amplifier, interfacing the physical plant with the real-time simulation.
Both the power amplifier and the real-time simulator run at 50 kHz, which is also the
current and voltage sampling rate, allowing high-fidelity emulation. The time axis in the
following sections is referenced to the fault event, with ¢t = 0 denoting the fault inception.
The experiments use the RTScale real-time simulator [154], which also executes the IBR1
controller. IBR1 is a physical inverter with a switching frequency of 10 kHz. The system
bases and ratings are listed in Table 3.2. The RTScale simulator communicates with a host
computer for controller programming and system monitoring. All experimental data are
logged on the host computer, and electrical quantities in the physical plant are measured

with an oscilloscope.
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Figure 3.9: PHIL experimental platform.
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Table 3.2: System Parameters in PHIL Platform

Parameters Value

Base capacity Sy 60 V-A

Base voltage V;, 228V

Base current I 2.6 A

Base impedance Z 8.64 Q

Base frequency wg/27m 50 Hz

LC filter of IBR1 Ly 1.7 mH (0.0618 pu)

LC filter of IBR1 CYy 10 pF (0.027 pu)

Line impedance Z; 5.5 mH + 55 m (0.25 + 0.006 pu)

or 13.8 mH + 100 mf2 (0.55 + 0.01 pu)
DC-link voltage of two 3-ph converters Ug. | 54 V (2.4 pu)

Switching frequency of IBR1 10 kHz
(converter #1)

Switching frequency of power amplifier 50 kHz
(converter #2)

Timestep of real-time simulation 20 ps
IBR1 control frequency 10 kHz

In this chapter, we also construct an EMT simulation platform that uses exactly the same
per-unit (pu) values as the PHIL experiment. The EMT model is implemented in MAT-
LAB/Simulink, and simulations are performed to complement the experiments, to facilitate
comparison with the experimental results and mutual validation, and to benchmark the
outcomes against the theoretical calculation. Both the EMT and experimental detailed
models follow the configuration shown in Figure 3.9 (a). For later reference, Figure 3.9 (a)
also annotates relevant electrical quantities, including relay indices and the symbols used

for voltages and currents.

3.6 GFL-GFL Interaction

In the study of this Section, both IBR1 and IBR2 of Figure 3.2 [or Figure 3.9 (a)| are

initially configured as GFL inverters.

The PLLs of two inverters are designed to be over-damped, with the integral gain k; 1 set
to one-tenth of the proportional gain kpy. Under this configuration, the contribution of
the integral term is negligible, and the proportional term primarily governs the dynamic
behavior. The line impedance X, is set to either 0.35 pu or 0.4 pu and is composed of two
parallel lines of 2X,. A short-circuit fault is applied in the middle of one of the two lines
and that line is removed at fault clearance, giving a doubling of the effective impedance
between busses 3 and 4 and a new operating point for the system. The fault initiates at
time 0 s and is of variable duration. Detailed system parameters for the PHIL experiment
and the EMT simulation are given in Table 3.2 (mentioned before and applicable to all
subsequent PHIL cases) and Table 3.3, respectively. Both the EMT simulation and the
PHIL experiment are conducted to validate the manifold theory for finding SR, and the
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Table 3.3: Detailed System Parameters in GFL-GFL Inverters System

Parameters Value (pu)
Grid voltage U, 1

LC Filter of IBR2 Lyj + 1y 0.055 + 0.001
LC Filter of IBR2 Cy 0.02

Inner current control loop bandwidth 1.2 kHz
PLL controller of IBR1 ki 10 x 27
PLL controller of IBR1 ki pi1 2w

PLL controller of IBR2 kpj2 10 x 27
PLL controller of IBR2 k; pi2 27
Frequency limit of PLL wiimit +0.2
Current reference of IBR1 Iy 0.8

Current reference of IBR2 I 0.4

Line impedance Z; 0.25 4+ 0.006
Line impedance Z» 0.27 + 0.002
Line impedance Z, 0.355 or 0.45
Fault resistance Ry 0.02

The EMT simulation and PHIL experiment share the same per-unit parameters.

Table 3.4: Comparison between SR-based CCT estimation and the theoretical CCT ob-
tained from the real ROA

Grid impedance SR SR-based CCT tgg theoretical CCT
Xy =0.4pu 0.53 rad 0.131 s 0.137 s
Xy=035pu  0.90 rad 0.212 s 0.240 s

estimate of CCT from SR (tsr).

3.6.1 Large-Signal Instability Mode versus Grid Inductance

The SR-based CCT estimation results are summarized in Table 3.4, which provide a con-
servative estimate of the CCT. In the case of X; = 0.35 pu, the calculated metrics are: SR
of radius 0.90 rad and a CCT estimated via the SR of tgg = 0.212 s. The fault clearing
time is set at two values: 0.212 s to match the estimated CCT and 0.25 s to exceed it.

In the case of X; = 0.4 pu, the SR is decreased to a radius of 0.53 rad and CCT reduced to
tsg = 0.131 s. The fault clearing times are set to 0.131 s to match and 0.212 s to exceed.

Using the manifold theory, the ROA can be drawn in terms of §; and d2 phase-plane as
shown by the gray shading in Figure 3.10. The ROA is shown for the two choices of X, and
two choices of fault-clearing time. The pre-fault stable equilibrium is marked with a solid
blue dot. During the fault, as the two PLLs are perturbed, the system follows the phase-
plane trajectory of the red line according to the d; and do found in the EMT simulation.
Under this is a black dashed line, and closely resembling it, which is the trajectory found

by numerical integration of the simplified (theoretical) model.

The SR is indicated by the red dashed circle and it can be seen that the location at fault
clearance (yellow triangle) is on the SR circle if the fault clearing time is set to tgau; = tsR,

c.f., sub-figures (a) and (c). When tg,1¢ > tsgr, the yellow triangle is outside the SR circle,
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Figure 3.10: Phase portraits of two GFL inverters for four test conditions as assessed by the
manifold theory. Pre-fault SEP is marked with a solid blue dot, the post-fault SEP with
a hollow blue dot, and the fault clearing point with a yellow triangle. The dashed black
line represents the analytical trajectories. Trajectories generated by EMT simulations are
represented as red lines during the fault and blue lines post-fault. The green dashed line,
where it exits, is a stable periodic orbit. This color convention is applied in subsequent
similar figures.

c.f., sub-figures (b) and (d).

Post-fault, the system trajectory (blue solid line) moves to a new® SEP marked by an
hollow blue dot for gt = tsr, and diverges for teu > tsr. The effectiveness of the SR
in predicting behavior is confirmed. The divergent trajectories may converge to a different
SEP elsewhere on the phase plane, but this is considered unstable in practical terms in
the same way as pole-slipping of a synchronous machine. PHIL experiment results for
the X, = 0.35 pu case and two clearing times are shown in Figure 3.11 (a) and (b). In
Figure 3.11 (a)—(b), the angle (d1, d2) and angular speed (w1, wa) traces by EMT simulation
are overlaid as orange dashed lines for comparison with experimental measurements. The
PHIL results closely match the EMT simulations, thereby validating both the experimental

platform and the simulation model.

3New because the line impedance is doubled.
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Figure 3.11: PHIL experiment results of two paralleled GFL inverters under X, = 0.35 pu.

The theoretical model on which SR is based ignored the dynamics of the inner current

loop and the integral terms in the PLL, so it is approximate. However, the comparison
of EMT results (in red and blue lines) with the reduced-order model (in the dashed black

line) shows that there is little impact on the results.
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Figure 3.12: PHIL experimental results of two paralleled GFL inverters under X, = 0.4 pu,
traut = 0.212 s.

In the case of X, = 0.4 pu, Fig. 3.10 (c) and (d), a stable periodical orbit (SPO) is present
in the post-fault system and has been shown by a green dashed curve in the phase plane.
The SPO is an additional instability mode in this case, and if the fault trajectory leaves
the ROA, as it does for tgyy > tsg in Fig. 3.10 (d), the trajectory converges to this
SPO, leading to continuous divergence of d; and sustained oscillations in ds. The results
of the PHIL experiment are recorded in Figure 3.12, which aligns closely with the EMT
simulation. This instability mode is different from the instability mode under X, = 0.35 pu.

Although not the primary focus of this chapter, a brief analysis is provided to explain the
implications of inverter pole-slipping. The ratio of the fault current from the grid side (j fg)
and the inverter side (j i) for traue = 0.25 is shown in Figure 3.11 (c) in terms of phasor.
At time 0.7s, the angle of I fq leads I ri by approximately 90 degrees, which can result in
the misoperation of Relay 34 [the location of which is illustrated in Figure 3.9 (a)], as noted
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in [150]. Additionally, the impedance measurement by Relay 1 is shown in Figure 3.11 (c),
with the measured impedance becoming capacitance, signaling a fault in the transmission
line between bus 1 and bus 3 in Figure 3.9 (a) (or Figure 3.2). During this pole-slipping
process, the IBR will suffer from reverse power injection, which is not permissible. In
addition, in the experiment, a slight increase in the DC-link voltage is observed during
pole slipping; this rise is limited because the DC side is supplied by a regulated constant-
voltage source in the PHIL setup. Moreover, as seen in Figure 3.11 (b), the GFL inverter
output current becomes briefly uncontrolled around ¢ ~ 0.3 s due to over-modulation at
the instant of slip. In power systems, the pole-slipping also normally triggers out-of-step
tripping (OST), leading to the disconnection of the GFL inverter from the grid [155, 156].
Consequently, pole slipping is inadmissible in practical applications, both for power systems

and for the safe operation of the inverter.

3.6.2 Validation of the Order Reduction Approach

Now we validate the accuracy of the order reduction approach introduced in Section II-A.
The PLL is configured with different integral gains k; i and the EMT simulation results
are presented in Figure 3.13. The duration of the faults is shown by the pink shading. For
both cases in (a) and (b) with different X, and tg1, the EMT simulation shows a good
match between the results with and without integral gains (ki pn = 0 and k; pn = 0.1 - kpn).
Moreover, quantitative comparison shows that the difference in the real CCT with and

without the integral gain is less than 2% in both cases. Specifically, the analytically

Integral gain 4, in PLL:
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(a) Xy = 0.35 pu, tgauy = 0.212 s.
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— 80
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(b) Xy = 0.4 pu, trame = 0.131 s.

Figure 3.13: Comparison of EMT simulation results with different %; ,;; in PLL for different
Xy and teauie-
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computed real CCTs are 0.137 s for X, = 4 pu and 0.240 s for X, = 3.5 pu, while the
corresponding EMT simulations, in which k; = kpp is added, can maintain stable when
trautt 1S 0.135 s and 0.235 s, respectively. This indicates that the reduced-order model
neglecting the integral control in PLL presents a good approximation, provided that the
PLL is designed to be overdamped. Additionally, since the SR-based CCT estimation is
inherently conservative, the theoretically computed CCT based on SR guarantees stability
in EMT simulations, as consistently verified across all the case studies throughout this

chapter.

3.7 GFL-GFM(GSP) Interaction

The effect of voltage support on the large-signal stability of a system that includes a GFL
inverter was investigated in this section. Referring to Figure 3.9 (a), IBR1 is configured as
a GFL inverter, and IBR2 is set as either a GFM or a GSP inverter. The transmission line
parameters are set as follows: X; = 0.5 pu, Xo = 0.15 pu, and the grid impedance X, is
0.3 pu under pre-fault conditions, increasing to 0.6 pu after the fault is cleared. Detailed

system parameters are provided in Table 3.5 and Table 3.2.

3.7.1 Comparison of GFM and GSP inverters

The results of the CCT estimation based on SR are summarized in Table 3.6, providing

conservative CCT estimates.

Equations (A.4) and (A.7) in A.1 reveal that when the voltage control gain k, in the GSP
inverter is large, both the GFM inverter and the GSP inverter exhibit similar dynamics
so similar transient stability of a neighboring GFL inverter might be expected. For a fair
comparison, when IBR2 is configured as a GSP inverter, its PLL gain is set to kpno =
kdroop/ X2, so that the equivalent gain of IBR2 [ky in general expression (3.3)| remains
consistent whether it operates as a GFM or a GSP inverter. A three-phase-to-ground fault
is initiated at 0 s, with the fault located 80 % of the distance along X, from the infinite

bus.

The phase portraits of the system before, during, and after the fault, with IBR2 configured
as either a GFM inverter or a GSP inverter, are shown in Figure 3.14. Again, the ROA
is shown as a gray-shaded area, the trajectories of the IBRs obtained from numerical
calculations on the simplified analytical model are shown as black dashed lines, and the
fault-clearing points are marked with yellow triangles. The trajectories obtained from
EMT simulations are shown as red lines during the fault and blue lines post-fault. The

EMT simulation results closely match their corresponding numerical calculations.

Figure 3.14 (a) shows phase-plane results for IBR2 configured as a GFM inverter. The
SR has a radius of 0.65 rad, and the CCT estimated by the SR is tsg = 0.28 s. When
teault 1S set to this value, the post-fault trajectory of the EMT simulation converges to the

post-fault SEP, confirming that tgr is a good and slightly conservative estimate of the
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Table 3.5: Detailed System Parameters in GFL - GFM(GSP) Inverters System

Parameters Value (pu)
Grid voltage U, 1
Impedance Z; 0.5j+0.025
Impedance (include virtual one) Zs 0.1j+0.002
Impedance 27, 0.6j+0.03
Fault resistance Iy 0.001
Fault position (from the infinite bus) | 0.8

IBR1 - GFL

Inner current control loop bandwidth | 1.2 kHz
PLL controller kpiq 2.5 x 21
PLL controller k; i 0.2 x 27
Frequency limit of PLL wyjmit +0.2
Current reference Iy 1

IBR2 - GFM

p — w droop gain Kgroop 2.5 x 21
Power reference Py 0.6 in Section 3.7.1, 0 in Section 3.7.2
AC Voltage V5 1

Inner voltage control loop bandwidth | 200 Hz
Inner current control loop bandwidth | 1 kHz

LC filter of IBR2 Lyj + 7y 0.2j+0.02

LC filter of IBR2 C 0.1

Current limit Iy;.,:¢ 5

p — w droop time constant 7, 1/(25 x 27)

IBR2 - GSP

Voltage droop k, 1 or 4 in Section 3.7.1,2 in Section 3.7.2
Voltage reference Vief 1

Current reference Iz 0.6 in Section 3.7.1, 0 in Section 3.7.2
Voltage droop filter time scale 7, 1/(50 x 27)

PLL controller k2 Edroop - %2

The EMT simulation and PHIL experiment share the same per-unit parameters.

critical clearing time. The conservativeness is seen from tgyut = 0.4 s also being stable.

The system is unstable at tgq¢ = 0.7 s.

The corresponding PHIL experimental results are shown in Figure 3.15 with g = 0.28 s
seen to be stable in Figure 3.15. (a) and tgy¢ = 0.7 s unstable in Figure 3.15. (b). The EMT
simulation traces are overlaid for comparison with the experimental measurements, and the
discrepancies are small. Furthermore, Figure 3.15 (¢) shows the phase difference between
the currents through Relay 34 (Iy;) and Relay 43 (Iy4) exceeds —90° and approaches
—180°, which would lead to mal-operation of distance protection relay|[150] and is why this

Table 3.6: Comparison between SR-based CCT estimation and the theoretical CCT for
different IBR2 configurations

IBR2 configuration SR SR-based CCT tgr theoretical CCT

GSP k, =1 0.27 rad 0.155 s 0.156 s
GSP k, =4 0.66 rad 0.28 s 0.283 s
GFM (best) 0.65 rad 0.28 s 0.56 s
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Figure 3.14: The phase portrait of the system before, during and after the fault for var-
ious tuit as marked on the figures. Color scheme for lines and markers follows that of
Figure 3.10.

condition is dangerous.

Turning now to IBR2 configured as a GSP inverter. Figure 3.14 (b) shows results for when
the voltage control gain is small, k, = 1. Compared to Figure 3.14 (a), the SR is much
smaller which is 0.27 rad, and tgg is 0.155 s. An SPO outside the ROA is plotted in green
dashed curves. If tgq = 0.28 s, the trajectory converges to this SPO, rendering the system
unstable. The corresponding time domain results, shown in Figure 3.16 (a) demonstrate

the divergence of §; to positive infinity and oscillation of ds.

If the voltage control gain is increased to k, = 4, the ROA is expanded as shown in
Figure 3.14 (c). The SR at 0.66 rad becomes comparable to that of the system in which
IBR2 operates as a GFM inverter and tgg becomes 0.28 s. A difference is that with the
GFM inverter, the ROA is larger along the d;-axis. For instance, when tgyr = 0.4 s
the system loses stability with the GSP inverter but remains stable when using the GFM
inverter despite the near identical SR and tsgr. The PHIL experimental results for tgu =
0.28 s are presented in Figure 3.16 (b), showing that a higher k, provides enhanced voltage
support, maintaining the terminal voltage of IBR2 even under severe fault conditions.

Again, the experiment results align with the EMT simulation.
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Figure 3.15: PHIL experimental results for the case where IBR2 is realized by GFM

inverter.

Figure 3.17 illustrates the ROA of the GSP inverters under different voltage control gain k,
and PLL gain kpna. As k, increases, the ROA expands, improving the system’s large-signal
stability. Under large k,, the ROA is very near the ROA of the system where IBR2 is a
GFM inverter depicted by the black line. The ROA is even closer to that of the GFM case
if bandwidth of the PLL2 kpy2 is high, as seen in Figure 3.17 (b). This indicates that a
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GFL inverter with voltage control can provide very similar transient stability enhancement

to a GFM inverter when the PLL dynamics are fast and the voltage control gain k, is large.

3.7.2 Impact of the location of GFM and GSP inverter on transient
stability enhancement

The impact on ROA and SR of varying the connection point of the IBR2 acting as a GSP
inverter was investigated by testing variations of grid impedance X, and X; but with the
total transmission line impedance (Xs; = X1 + X; = 1.1 pu) kept constant. The fault

type is changed to a remote fault simulated as a voltage sag of 0.1 pu at the infinite bus
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Figure 3.16: PHIL experimental results under tq¢ = 0.28 s for the case where IBR2 is
configured as a GSP with two different values of k,. (continued)

and the fault duration is set to 0.1 s and 0.25 s.

The resulting ROA for six cases are illustrated in Figure 3.18. The left column has results
for a GFM inverter and the right column for a GSP inverter. The top row is for the IBR2
(GFM or GSP inverter) near the IBR1 (GFL inverter) and is further away in the middle
and bottom rows. Examining Figure 3.18 shows that, regardless of whether the IBR2 is a
GFM or GSP inverter, when it is placed in the middle of the transmission line, it is most
beneficial to the large-signal stability of the system. When the IBR2 is too near to the grid,
its ability to improve voltage regulation is diminished because of proximity to an infinite
bus. In the extreme case, when it is connected to the grid directly, there would be no

interaction between the IBR2 and IBR1. Conversely, if the IBR2 is positioned too close to
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Figure 3.17: The change of ROA with respect to voltage control gain k, and PLL bandwidth
of GSP inverter.

IBR1, the impedance between the IBR2 and the grid denoted as X, becomes large. Since
the IBR2 must absorb active power from IBR1 and transfer it to the grid, this large X,
reduces the transmission capacity from IBR2 to the grid and can lead to instability in the
IBR2 itself. As illustrated in Figure 3.18 (a) and (b), the SEP is very close to the upper
boundary of ROA, which results in small SR and tgg. In particular, when IBR2 is placed
at the same location as IBR1, the system even lacks an equilibrium point. Additionally,
it is important to note that if there is no IBR2, the system becomes unstable even though
the IBR1 is configured as a GSP inverter. This indicates that voltage control in the GSP
inverter, while ineffective for improving the stability of the GSP inverter itself, can enhance
the stability of other IBRs. The enhancement is maximized if it is placed at the midpoint

of the transmission line.

3.8 GFM-GSP Interaction

This section investigates the impact of voltage support provided by a GSP inverter on the

large-signal stability of a GFM inverter.

Referring to the arrangement in Figure 3.9 (a), IBR1 is configured as a GFM inverter,
feeding power to the grid via the transmission line X; + X, = 1.1 pu. The output power
of IBR1 is set to Pt = 0.8 pu IBR2 is configured as a GSP inverter and is connected
to the transmission line through quite a small impedance X5 = 0.1 pu. Detailed system
parameters are provided in Table 3.7 and Table 3.2. A three-phase-to-ground short-circuit

fault is applied 80% of the distance along the transmission line X, from the infinite bus.

The effect of voltage control of GSP inverter was tested by comparing performance with
three choices of voltage control gains k, of 0, 2 and 4 and the resulting phase portraits are
shown in Figure 3.19 (a), (b) and (c). The results about CCT estimation by SR under
different voltage control gains are summarized in Table 3.8. The CCTs estimated by SR
of the reduced-order model for the three cases are tgg = 0.15 s, 0.31 s, and 0.45 s, and

the fault clearing time is set to these values, that is, tfut = tsr. The red solid lines are
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Figure 3.18: The EMT simulation results, ROA and SR under various locations of IBR2
(tgauit=0.4 s, 1 s). Color scheme for lines and markers follows that of Figure 3.10.

trajectories while the fault is applied and the blue solid lines are the post-fault trajectories,
both from EMT simulation. The trajectories are also found from the integration of the

reduced-order model and are shown as black dashed lines. It is seen that increasing k, leads
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Table 3.7: Detailed System Parameters in GFM - GSP Inverters System

Impedance 7 0.5j+0.025
Impedance Z5 0.1j+0.002
Impedance 27, 0.6j+0.03
Fault resistance Iy 0.001
Fault position (from the infinite bus) | 0.8

IBR1 - GFM

p — w droop gain Kgroop 2.5 x 2w
Power reference P 0.8

AC Voltage V1 1

Inner voltage control loop bandwidth | 200 Hz
Inner current control loop bandwidth | 1 kHz

Current limit i 5

p — w droop time constant 7, 1/(25 x 2m)
IBR2 - GSP

voltage control gain k, 0,2, or4
Voltage reference Vief 1

Current reference Iz 0.2

Voltage control filter time scale 7, 1/(50 x 27)
PLL controller k2 6 x 27

to a corresponding increase in SR, thereby enhancing the system’s large-signal stability.
Without voltage control (pure GFL inverter), Figure 3.19 (a), the SR and tgg is much
smaller and making the system prone to instability, and adding voltage support in the
transmission line of GFM inverters lessens the risk of large-signal instability. The results
also further confirm SR can provide conservative and accurate estimations of large-signal
stability.

Figure 3.20 shows how the ROA and SR change with system parameters. The change of
ROA with increasing k, is shown in subplot (a) (other system parameters remain constant)
and subplot (b) is the corresponding change in SR with the system becoming more stable
for large k, and approaching the situation where IBR2 was a GFM inverter. Although
the large k, in the GSP inverter enhances large-signal stability, it introduces a trade-off
with small-signal stability. In particular, excessively high voltage-control bandwidth may
destabilize the system due to interactions with the inner current control loop [157], which
makes high k, impractical and thus, GFM inverters remain superior to GSP inverters in
this context. All parameters chosen in this thesis are verified through small-signal stability
analysis first. Subplots (c) and (d) show the effect of the location of the GSP inverter on
the ROA and SR. The value of X, is varied while keeping the total impedance for IBR1,

Table 3.8: Comparison between SR-based CCT estimation and the theoretical CCT ob-
tained from the real DOA under different GSP voltage gains

IBR2 configuration SR SR-based CCT tgr theoretical CCT

GSP k, =0 0.70 rad 0.15 s 0.155 s
GSP k, =2 1.57 rad 0.31s 0.32 s
GSP k, =4 (Best) 1.89 rad 0.45 s 0.46 s
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Figure 3.19: The phase portraits of GFM inverter and GSP inverter with three choices of
voltage control gains. Fault duration set to estimated critical clearing time for each case
(tgaut = 0.15's, 0.31 s, and 0.45 s respectively). Color scheme for lines and markers follows
that of Figure 3.10.

X1 + X, constant at 1.1 pu. The results show that when IBR2 is placed too close to
either IBR1 or the infinite bus, the ROA decreases. The ROA and SR are maximized

when X1 ~ X, consistent with the conclusions drawn in Section 3.7.2.

3.9 Summary

This chapter recognizes the non-existence of a global energy function for systems containing
GFL inverters and discusses the difficulties in large-signal stability analysis that follow from
that non-existence. A manifold theory was applied to reduced-order models of IBR to give
an accurate estimation of the ROA which defines the limit of large-signal stable operation.
The method is computationally efficient compared to EMT simulation and the accuracy of
the method has been established in comparison to simulation. To evaluate the large-signal
stability of multiple inverter systems, an assessment metric termed the stability radius (SR)
has been proposed which is a circle centered at a SEP that exactly touches the ROA. The
effectiveness of SR in giving a conservative estimate of the critical clearing time of faults for

various combinations of GFL, GFM, and GSP inverters and variations of connection points
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has been confirmed by comparison with both PHIL experiment and EMT simulations.

The large-signal stability of pairs of inverters, GFL-GFL, GFL-GFM, and GFL-GSP was
assessed with the manifold theory and confirmed by both PHIL experiment and EMT sim-
ulation. By accurately depicting the manifold between these inverters, a new large-signal
instability mode was identified when the trajectories converged to a stable periodic orbit
(SPO). Compared to a GFL inverter, a GSP inverter can provide voltage support, which
improves the large-signal stability of the other IBR, whether GFM or GFL, particularly
when that inverter is connected to the grid via weak transmission lines. The improvement
is maximized if the GSP inverter is placed at the mid-point of the transmission line. When
one of the two IBRs is configured as a GFM inverter, compared to a GSP inverter, im-
proved voltage control is observed. Although with high voltage control gain k,, the GSP
case can approach the GFM case, but high droop gain is known to degrade the small-signal
stability.
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Chapter 4

Consideration of Control-Loop
Interaction in Transient Stability of

Grid-Following Inverters using
Bandwidth Separation Method

Simple analysis in which outer loop controllers are idealized is not sufficient, and inter-
actions of the non-linear dynamics of PLL with the dynamics of the DVC and, where
present, the TVC. An asymptotic analysis approach, termed bandwidth separation method,
is proposed in this Chapter. This method enables simplification and order reduction of the
original differential equations when sufficient bandwidth separation exists. Through this
method, the interaction between the DVC and PLL is explicitly characterized, revealing
that such adverse interaction degrades system stability and shrinks the stability region.
The analysis also indicates that voltage collapse, rather than PLL loss of synchronization
alone, is often the root cause of transient instability. Optimal bandwidth configurations
for PLL and DVC are identified under various grid fault conditions: a larger PLL band-
width improves resilience to phase jump faults, while a larger DVC bandwidth enhances
tolerance to power fluctuations. In addition, the influence of the TVC loop is analyzed,
showing that a high TVC bandwidth can mitigate the destabilizing effects of PLL-DVC
interaction and further improve transient stability. All analytical findings are validated

through HIL experiments.

4.1 Proposed Bandwidth Separation Method

4.1.1 Modelling of Multiple Control Loops in GFL Inverter

The diagram of a single-machine infinite-bus system and control loops in the GFL inverter,
including PLL, DVC, and TVC, is shown in Figure 4.1. The grid is represented by U, with

fundamental frequency ws. In general, the control bandwidth of the outer loop is much
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Figure 4.1: System diagram of grid-following inverter.

less than that of the inner current loop, and thus a grid-following inverter can be modeled
as a controlled current source (that is, iq = i4 ref, 99 = iqref) When analyzing its transient
dynamics [50, 6]. Typical formats of outer loop control will now be discussed. As for
PLL, a PI controller is used to drive the observed g-axis voltage v;q to zero, as shown in

Figure 4.1 (b). The nonlinear dynamics can be expressed as follows:

d

35 = kp,pllvt,q + Lint,pll
d

& Lint,pll = ki,pllvt,q (41)

Vo = Xyia + igRy — Uysind + igd Ly /ws

where iy p11 is the output of the integrator inside the PI controller and § represents the

angle difference between the PLL and the grid.

The DVC is illustrated in Figure 4.1 (c). The variable A (vqe)? is defined as the deviation
between the square of the actual DC-link voltage and its reference, given by Uﬁc — VdQC,ref,

and PI controller is then employed to regulate the voltage by adjusting the d-axis current
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reference |92, 6]. The nonlinear dynamics can be expressed as follows:

Lig = ki gve A (vac)? + kp,dvc#/ws (Pin, — p)
#4 (vac)’ = o2 (Pin — p) (4.2)

P = Vidq" - ldq = 1aUg cosd — iqUysin d + iflng

In terms of TVC, droop control with a low-pass filter is typically employed to regulate
the injection of reactive current according to grid codes [145, 140, 158|, as shown in Fig-
ure 4.1 (d). This control approximates the standard vs-iq droop characteristic, assuming
the PLL angle is aligned with the grid voltage such that v 4 ~ v;, where v; is the terminal
voltage measured at the PCC in Figure 4.1 (d). In this figure, wiy. denotes the cut-off
frequency of the low-pass filter, and k, is the voltage control (droop) gain in TVC. The

nonlinear dynamics can be expressed as follows:

Wtve

. %Zq = _iq + (Ut,d - W,ref) ' kv (4 3)
Ved = Ugcosd + igRy — igXg + g0 Lg/ws ’

Equations (4.1), (4.2), and (4.3) can be re-written in ordinary differential equation (ODE)

format as:
. Tint,pll
1 d [ d ] _ [ JoL1 (5,%4, “wpn ) ] (4.4a)

wpn dt

Tint,pll fp11,2 (5, id, wmt,pn)
1 ) i 1d _ fdvc,l <57 tdq> Wave A (Udc) ) (4 4b)
Wdve dt decA (/UdC)2 fde,Q (57 idq) .
1 d . .
m . alq = ftVC (6, Zq) (44C)

in which the resistance of the grid impedance has been treated as negligible.

In the system defined by (4.4), the control bandwidths of the PLL, DVC, and TVC loops
are denoted by wpil, Wdve, and wiye, respectively. Their values are given by wpy = kp i,
Wave = #/ws - kp dve- The derivation of the bandwidth expressions, the controller designs
and the detailed mathematical expressions for all functions appearing in (4.4) are provided

in Appendix B.1.

Eq. (4.4) constitutes the full-order model of the outer loop control system and it can be seen
that it is 5" order, which is relatively high, and includes several nonlinear terms introduced
by the PLL, the power calculation, and the dq transform. Thus, it is not straightforward
to analyze the transient stability of the full system model and an appropriate approach is

required to simplify and reduce the order of the ODE model.

4.1.2 Bandwidth Separation Method and Analysis Steps

The proposed method is underpinned by singular perturbation theory [132, 31, 133], which

enables the decomposition of a dynamical system into slow and fast subsystems under
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sufficient time-scale separation. A standard singularly perturbed system takes the form:

X = f(X,Y,¢) (4.5)
€Y = g(X,Y,¢) .

where ¢ is a small positive parameter, and X and Y denote slow and fast variables, re-

spectively. As € — 0, the system reduces to a differential-algebraic form:

X = f(X,Y,0)

0 =g(X,Y,0) (46)

According to Tikhonov’s theorem (Theorem 11.2 in [31]), if the fast subsystem is expo-
nentially stable for fixed X, the solution Y quickly converges to the algebraic constraint
9(X,Y,0) = 0, and the reduced-order differential-algebraic equation (DAE) approximates
the full system with an O(e) error. In addition, Theorem 16-8 in [32] shows that the stabil-
ity boundary of the full system can be approximated by combining the stability region of
the slow subsystem with the union of stable manifolds of the fast subsystem. This implies

that if both subsystems are individually stable, the full system is also stable [159].

It can be seen that the ODE model represented by (4.4) has the explicit singular pertur-
bation structure of (4.5). When the bandwidths of the three outer loops of a GFL inverter
are very different, the singular perturbation theory can be applied to can be applied to
separate the system into fast and slow subsystems, enabling the derivation of a reduced-
order DAE model to capture the system dynamics. In this framework, the control loops
with the larger bandwidths can be regarded as the fast subsystem, and the reciprocal of
this bandwidth serves as the time-scale parameter € in (4.5) of the fast subsystem. Loops
whose reciprocal bandwidths are O(g) or smaller are included in the fast subsystem, while

the remaining loops constitute the slow subsystem.

A time-domain simulation comparison is carried out in Section 4.2, which demonstrates
that if the bandwidths of outer control loops in GFL inverters differ by a factor of 7-8, then
a good approximation of the DAE model can be obtained. Such bandwidth separation may

be prevalent in the industry so that the loops can be tuned independently of each other.
The analysis steps in next Section are as follows:

1. Determine the stability region € of the fastest control loop. At this stage, the
variables in the other two loops are treated as slow variables and approximated as

constants.

2. Determine the stability region €2, of the intermediate-speed control loop. At this
stage, the fastest loop is reduced to an algebraic equation, while the slowest loop

variables remain constant.

3. Determine the stability region €2, of the slowest control loop. At this stage, the other

two control loops are considered fast and reduced to algebraic equations.
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4. The overall stability region of the full-order ODE system is the intersection of the

three individual stability regions, i.e.,

Qoverall = Qf N Q0 Q.

5. Repeat the above steps for all possible bandwidth separation choices.

For each loop’s analysis, the reduced-order DAE is of order no more than two, which

simplifies the derivation of stability regions and provides physical insight.

4.2 Control Loops Analysis based on Proposed Method

In subsection 4.2.1 and subsection 4.2.2, only PLL and DVC control loops are first con-
sidered regardless of the dynamics of TVC, where i, is treated as a constant (typically
ig = 0). The effect of TVC is discussed in subsection 4.2.3.

4.2.1 Bandwidth sequence: wpy sufficiently larger than wgy.

With wpy sufficiently larger than wqye, the PLL subsystem (4.1) is considered as a fast
subsystem, and rapidly converges to the algebraic equation (4.7a). The DVC subsystem
(4.2) is treated as the slow subsystem. Substituting (4.7a) into (4.2) yields a reduced-order
model for the DVC dynamics, expressed in (B.8) and rearranged as (4.7b). This reduced
model accurately captures the system behavior, and approximates the original full-order

system with an error of order O(e). The full derivation is given in Appendix B.2.1.

Xyi

g

d = asin( d) (4.7a)

%id = kp,dvc#/ws [Pz - P (Zd)] + ki,dVCA (Udc)2 (4 7b)
%A (de)Q = #/W’s [Pin — p (iq)]

where,

p(ia) = ia\/Uy% — (1aX,)? — iaigX,

Stability analysis

It can be shown that p (ig) is a convex function, which typically intersects the input power
P, at two points: one is a SEP, denoted iqgep, and the other is an UEP, denoted 74 yep-
An example characteristic curve of p (iq) is illustrated with the solid line on upper axes
of Figure 4.2. The corresponding ROA, is shown as the shaded area on the lower axes
in Figure 4.2. The ROA is bounded by the stable manifold of the UEP according to the
stability region theory in [32].

To ensure that the PLL subsystem remains stable while acting as a fast loop, the current
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as derived in (B.4). This constraint, which ensures convergence of PLL dynamics, is also
plotted as a vertical black line in Figure 4.2, which usually lies outside the DVC’s stability
region. This means that the stability of the PLL does not guarantee overall system stability
if the DVC dynamics lie outside their stability region. This highlights that the slow loop can
dominate the full-system behavior even when the fast loop is well-behaved. Furthermore,
configuring k; pn = (pn - kp,pn results in an overdamped PLL, which expands the allowable
range of 0 from (—27+0yep,pll; Ouep,pll) (Where dyep pi represents the UEP in PLL subsystem,
see Figure B.1 in Appendix B.2.1 or analysis in Section 2.2.1 Chapter 2). In summary, all

these mean that the stability region for i4 is shrunk compared to the standalone PLL.

Herein, the maximum output power of grid-following inverters is also discussed. The
maximum value of output power is p(ig)max = U7 /2Xg at iq = U,/(v/2X,) when there is
no g-axis current injection, i, = 0. If Py, < p(ig)max, namely U, < \/m, does not
satisfy, there is no equilibrium point, and the DVC will be unstable first before PLL. This
observation aligns with the small-signal constraints on X, and P, discussed in [90]. In

addition, a negative i, can lift the curve of p(iq), thereby expanding the stability region.

Herein, the maximum output power of grid-following inverters is also discussed. The

maximum value of output power is p(iq)max = Ug/2Xy at iq = Uy/(v/2X,) when there is
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Figure 4.3: Theoretical and simulation results under wpy = 15 Hz x 27, wqve = 2 Hz x 27,
with a 0.9 pu voltage sag fault. The corresponding CCT is approximately 0.16 s.

no g-axis current injection, i, = 0. If P < p(ig)max, namely Uy < /2P, X, does not
satisfy, there is no equilibrium point, and the DVC will be unstable first before PLL. This
observation aligns with the small-signal constraints on X, and Py, discussed in [90]. In

addition, a negative 4, can lift the curve of p(ig), thereby expanding the stability region.

Model validation

To verify the accuracy of the model reduction, numerical results from the original ODE
model (4.4), the reduced DAE model (4.7), and EMT simulations implemented in MATLAB
/Simulink are compared, which are shown in Figure 4.3. Detailed simulation parameters
are listed in Table B.1 in Appendix B.3. The PLL bandwidth is configured as 15 Hz, while
the DVC bandwidth is 2 Hz. The critical clearing time (CCT) is found to be tgt = 0.16 s;

when the clearing time increases to 0.17 s, the system becomes unstable, as illustrated in
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Figure 4.3 (a).

From the time-domain comparison in Figure 4.3 (b), the reduced-order model (orange
dotted line) closely matches the full-order ODE model (black dotted line) and the EMT
simulation (blue solid line). Specifically, for the iy time-domain trajectory in Figure 4.3 (b),
the maximum deviation between the reduced-order model and the original ODE model is
0.0194 pu, corresponding to 1.44%, while the maximum deviation between the EMT sim-
ulation and the original ODE model is 0.041 pu (3.03%). By performing a more refined
time-domain scan of the fault clearing time, the theoretical CCT of the original ODE model
is 0.163 s, the CCT predicted by the reduced-order model is 0.164 s, and the EMT simula-
tion yields a CCT of 0.163 s. The discrepancy among these results is within 1 ms, indicating
excellent agreement in both trajectory prediction and stability margin estimation. For the
variable d, the full-order model (black dotted line) rapidly converges to the algebraic ap-
proximation (4.7a) (orange dashed line), confirming the fast dynamics’ behavior. For iy
and A (vge)? = V3, — ‘/(iQCJef, the reduced model (4.7b) achieves an O(e) approximation of
the full-order model. To improve accuracy at the initial instant, an initial value correction
is applied. The rapid decay of the fast dynamics can be regarded as a small initial-value
perturbation acting on the slow subsystem, yielding O(£?) accuracy. Specifically, the ini-
tial values for iy and A (vge)? are corrected as iq(0) — i7(0) and A (vae)? (0) — i%(0) and
[A (v4e)?]*(0), respectively. The expressions for i%(0) and [A (vac)?]*(0) are provided by
(B.9) in Appendix B.2.1, accounting for the boundary-layer dynamics induced by the fast
convergence of §. It should also be noted that as the PLL bandwidth is further reduced,
the approximation accuracy of the reduced-order model gradually deteriorates. When the
PLL bandwidth decreases to 10 Hz (corresponding to approximately five times the DVC
bandwidth), the maximum time-domain i4 trajectory error increases to 0.22 pu (14.38%),
and the CCT deviation grows to about 8 ms (exceeding 5%). A further reduction of the
PLL bandwidth ultimately leads to the breakdown of the reduced-order approximation.

The minor discrepancies between the original model and the Simulink simulation are pri-
marily attributed to unmodeled dynamics such as the inner current control loop and the

LC filter, which are not captured in the reduced-order formulation.

4.2.2 Bandwidth sequence: wy,. sufficiently larger than wy
Stability analysis

With wgy. sufficiently larger than wpy, the DVC subsystem (4.2) is considered as a fast
subsystem, and rapidly converges to the algebraic equation (4.8a). The PLL subsystem
(4.1) is treated as the slow subsystem. It can be shown (see Appendix B.2.2) that when
—7m/2 > § > w/2, the DVC subsystem is globally asymptotically stable, since DVC is
linear with respect to its state variables, 74 and A (vgc)?. Substituting (4.8a) into the PLL
dynamics (4.1) yields a reduced-order model for the slow PLL subsystem, described in

(4.8b). This reduced model provides an accurate approximation of the full-order system,
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PLL (lower axes) when wqye » wpi.

with an error of order O(g).
Py +igUysing

4.
Uy cosd (4.82)

iq

5 = k)f)(’g;l ’ [XQBW —h (5)] + % * Lint,pll

. ki
Lint_ pll = ,\(31)1 ) [Xgpm —h (5) + })inLg : xint,pll]

(4.8D)

where,

Uy? Uy?
h () :79 sin 26 — g X Uy sind = 79 sin26 (if ig = 0)

A(0) =Ugcosd — kppiiLg/ws - (Pin + iqUg sin )

The function X,P;, and the curve h(d) are plotted in Figure 4.4. The two intersection
points, dsep and dyep, correspond to the SEP and UEP, respectively. It can be shown that
A(9) remains positive due to the limitation for current and PLL bandwidth. Compared to
the standalone PLL system, the sinusoidal function is reduced to a period of 7 instead of
27, resulting in dgep € (0,7/4) and dyep € (7/4,7/2). The corresponding stability region of
the reduced-order system, bounded by the stable manifold of the UEP [32], is shown as the
gray shaded area in Figure 4.4. Relative to the standalone PLL case, this stability region
is visibly reduced. Additionally, the feasible region of § defined by the stability condition
of DVC subsystem, —7/2 > ¢ > 7/2, is indicated by the vertical black line. Typically, this

constraint lies outside the reduced-order system’s stability region.

Model validation

Similarly, to verify the accuracy of the model reduction, numerical results from the orig-
inal ODE model (4.4), the reduced DAE model (4.8), and Simulink-based simulations
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Figure 4.5: Theoretical and simulation results under wpy = 2 Hz x 27, wgye = 15 Hz x 27,
with a 0.9 pu voltage sag fault. The corresponding CCT is approximately 0.2 s.

are compared, which are shown in Figure 4.3. Detailed simulation parameters are listed
in Table B.1 in Appendix B.3. From the time-domain comparison in Figure 4.5 (b), the
reduced-order model (orange dotted lines) closely matches the full-order ODE model (black
dotted line) and EMT simulation (blue solid line). Specifically, for the § time-domain tra-
jectory in Figure 4.5 (b), the maximum deviation between the reduced-order model and the
original ODE model is 0.89 degrees, corresponding to 2.1%, while the maximum deviation
between the EMT simulation and the original ODE model is 0.52 degree (1.2%). Moreover,
under a more refined time-domain scan, CCTs identified from these three models also differ
by less than 1 ms, indicating a high level of consistency in transient stability assessment.
For the variable ig4, the full-order model (black dotted line) rapidly converges to the al-
gebraic approximation (4.8a) (orange dashed line), confirming the fast dynamics behavior
of the DVC loop. To improve accuracy at the initial instant, an initial value correction is

applied. The rapid decay of the fast dynamics can be regarded as a O(e) small initial-value
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perturbation acting on the slow subsystem, yielding O(¢?) accuracy. Specifically, the initial
values for § and iyt pni are corrected as 6(0) —0*(0) and zing pn(0) — xi*nt,pu(O), respectively.
The expressions for §* and iL‘i*nt,pH are provided by (B.9) in Appendix B.2.2, accounting for
the boundary-layer dynamics induced by the fast convergence of 4.

4.2.3 Impact of TVC control loop

According to (4.4), the TVC loop has no direct influence on the PLL, as the PLL dynamics
are independent of i;. Therefore, the TVC primarily affects the DVC subsystem. Con-
sequently, the bandwidth relationship between the DVC and TVC loops becomes critical.
If the TVC bandwidth is lower than that of the DVC, i, can be regarded as quasi-static
from the perspective of the DVC dynamics and thus has negligible impact on the analysis
presented in the previous two sections. However, when the TVC bandwidth exceeds that

of the DVC, there are two possible scenarios:

Bandwidth sequence: wi,. and wpy » Wave

As shown in Appendix B.2.2, regardless of whether the PLL bandwidth is higher or lower
than that of the TVC, the TVC subsystem always remains stable. As a result, the PLL
and TVC loops can be jointly treated as a fast subsystem and represented by a set of
algebraic equations (4.9a) and (4.9b). By substituting these algebraic expressions into the
original DVC model (4.2), a new reduced-order differential equation for the DVC dynamics

is obtained, as expressed in (4.9c).

. Xgtq
0 = asin ( g > (4.9a)
Ug
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Ky

—lq = m . (‘/ref - Ug COS 5) (49b)

Lig= kp,dvcﬁ/ws [Pin — 7' (ia)] + FidveA (vac)® (4.9¢)
LA (vac)” = ﬁ [Pin — P’ (ia)]

where,

U,V 1 1 U 2
/ gVref . g .
pl= 2 sing 4+ (- —— ) Z%sin2
&+wf“5<& &+w)2815

synchronous power saliency power

1 , 5 kX, ,
- iU, - (isX w9y
Xy +1 ngg)+m@+1rwd

_

p(iq)

Compared to (4.7), the power function p(ig) in (4.9) is modified to p'(ig), as shown in
Figure 4.6. The curve of p/(i4) is elevated relative to p(ig4), without altering the steady-state
operating point of the system. As a result, the stability region of the reduced-order system
is expanded, as illustrated in Figure 4.6. The expression of p’(iy) structurally resembles
the power expression of a salient-pole synchronous generator [20]. In this analogy, 1/k,
can be interpreted as an additional impedance on the d-axis, and Vief acts as the internal
voltage reference. The deeper blue curve represents the ROA with a larger voltage control
gain k,. As k, — o0, the terminal voltage is well regulated to Vi, and the output power
p’ approaches a straight line through the SEP: i4 - V,¢r. In this sense, the DVC subsystem

becomes decoupled from the PLL and remains always stable.

Bandwidth sequence: wiye » Wave » wWpil

Under this bandwidth configuration, both the DVC and TVC loops can be approximated

by algebraic equations, as given in (4.10a) and (4.10b). Substituting these expressions into
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the original PLL dynamics yields the reduced-order differential equation in (4.10c).

P +i4,U, sin 6

i = 4.10
' Ug cosd ( 2)
. Ky
—’Lq = m . (‘/'r’ef — Ug COS 6) (410b)
5 k b in
6= ;{5;1 : [Xg-Pzn - h/ (5)] + % ' xint,pll (4100)
jjintipll = lf\'(f;)l)l : [Xng — N (6) + f)inLg . -Tint,pll]
where,
ko X
W) =—"9 v, inéd+ ——— . h(s
Q) T3 byx, VrerUssind + o b )

Compared to the expression in (4.8b), the nonlinear term h(d) is replaced by h/(), as
shown in Figure 4.7. The curve of h/(9) is elevated relative to h(d), an expanded stability
region for the PLL. The deeper blue curve represents the ROA with a larger voltage control
gain ky. As k, — o0, h/(9) is the sinusoidal function with a period of 27 resembling the
conventional PLL model, which contrasts with the original h(J), which is a m—periodic

sinusoidal function.

Model validation

To further validate the accuracy of the model reduction with TVC included, comparisons
are made between the reduced-order models (4.9), (4.10), and EMT simulations in MAT-
LAB/Simulink. The resulting trajectories are shown in Figure 4.8. It is evident that the
inclusion of the TVC loop enlarges the stability region compared to the cases without TVC.
In both Figure 4.8 (a) and (b), the trajectories of the reduced-order models (orange dotted
lines) closely match the simulations (blue solid lines). Specifically, under critical stabil-
ity conditions, the maximum deviation between the reduced-order model and the original
ODE model is limited to 0.078 pu (5.3%) for the i4 trajectory and 1.3 degrees (2.6%) for

----- reduced-order model 02H <--o- reduced-order model 2
3H = Simulink r.esults. unstable ——— Simulink results unstable
A fault-clearing point A fault-clearing point ffm(.)lt 0
= 15} =011s
— ault 08 S 0-15 teaue = 0.1 g
2, foaut = 0.77[8 =
> 2 01
a =
3 / \ z
\% 0 stable f 0.05 stable
4 ‘ 0| ROA of +SEF / UERS
\ | reduced-order system |
0 0.5 1 15 2 25 0 T 5
ta(pw) J (rad)
(a) wave = 2 Hz x 27, wpn = 15 Hz x 27. (b) wpn = 2 Hz X 27, wave = 15 Hz x 27.

Figure 4.8: The phase portrait comparison between simulation and reduced-order model,
with a 0.6 pu voltage sag fault, wyye = 20 Hz x 27, k, = 2.
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the d trajectory. The EMT simulations exhibit minor oscillations, while showing consistent
transient stability behavior. Moreover, the CCT identified from the reduced-order models
and EMT simulations agree well, at approximately ¢t = 0.77 s and 0.1 s for the two

scenarios.

4.2.4 Stability region (ROA) versus bandwidth configuration

According to the results of the analysis, the stability regions are summarized in Table 4.1.
The overall stability region is shrunk compared with the PLL-alone system. In summary, a
higher bandwidth DVC enlarges the region mainly along the DVC-state subspace [states iq
and A (vdc)z], whereas a higher bandwidth PLL enlarges it along the PLL-state subspace
[states angle difference § and ﬂfint,pll]- Including a fast TVC mitigates the adverse effects
of PLL-DVC coupling on transient stability.

Table 4.1: ROA Comparison and Parameters Feasible Region under Different Control Loop Con-
figurations

Bandwidth sequence Bandwidth sequence
Parameter F"LL—alone Wpll > Wdve Wdve > Wpll
(iq is fixed)
No / slow TVC | Fast TVC | No / slow TVC | Fast TVC
Grid voltage Uy Uy > ia Xy Us > v/2Pin X, mitigated Us > V2P Xg mitigated
[worse] [worse]
ROA of DVC state | %q < %d.max reduced mitigated whole DVC whole DVC
' phase plane phase plane
same as same as o
ROA of PLL state | ¢ < duep,pll PLL-alone PLL-alone reduced mitigated

L “mitigated” indicates that the inclusion of the TVC enlarges the ROA in some extent, while adverse

effects associated with fast PLL (reduced DVC stability) or fast DVC (reduced PLL stability) may
still persist.

4.3 ROA Trends with Changes in Control-Loop Bandwidth

Even though, in practice, the bandwidths of different control loops may not always be
ideally separated, the proposed analysis method can still indicate trends in characteristics
and guide the design choices of control loop bandwidths. In this subsection, we examine
how the ROA varies with changes in control loop bandwidths, thereby offering further

qualitative insights into their relationship.

For simplicity of analysis, we assume that both PLL and DVC are implemented as over-
damped first-order controllers (i.e., proportional control only), rather than PI controllers.
Specifically, the damping factors are set to (pn = 0 and (qve = 0 (definitions given in
Appendix B.1). Under this assumption, the system dynamics (4.4) reduce to:

1 d
C—0 = d,14,0 4.11
ol dt fpll,l ( ) U ) ( a)
1 d . .
—iq = fave (6,74q,0) (4.11b)

Wdve ‘ dt
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- i = fc (8.1
The bandwidth separation method is applied, and the effect of TVC is neglected first. In
this case, the PLL dynamics in (4.11a) and the DVC dynamics in (4.11b) are analyzed
jointly, and their ROAs are projected onto the §—iy phase plane by using the manifold

(4.11c)

theory, as shown in Figure 4.9 (a) and (b).

In Figure 4.9 (a), the black curve is the stability boundary (ROA) when the PLL and DVC
have identical bandwidths. Deeper blue indicates a larger PLL bandwidth. The locations of
the SEP and UEP are unchanged by the PLL bandwidth. As the PLL bandwidth increases,
the ROA contracts along the ig direction but expands along the § direction, approaching
the red dashed limit. The red dashed segments correspond to the proportional-control limit
discussed for Figure 4.2: the segment parallel to the § axis enforces the DVC constraint

iq < id,uep, While the slanted segment is the PLL constraint that a SEP must exist for the
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given ig. In Figure 4.9 (b), the black curve again denotes the equal-bandwidth baseline,
and deeper blue indicates a larger DVC bandwidth. Increasing the DVC bandwidth causes
the ROA to extend essentially without bound in the iy direction, while compressing in
the ¢ direction, until the red dashed boundary is reached. This limit coincides with the
first-order (proportional PLL) case in Figure 4.4: 6 must remain below its UEP, whereas
iq can, in principle, span the whole plane. In Figure 4.9 (c), a fast TVC is included. As
the voltage control gain k, increases (deeper blue), the overall ROA enlarges and the UEP

moves outward.

These trends, once again, are consistent with the preceding analysis and Table 4.1: increas-
ing DVC bandwidth enlarges the stability region along the DVC-state subspace, whereas
increasing PLL bandwidth enlarges it along the PLL-state subspace. Taking this further,
the key insight is that there is a trade-off between phase-angle stability and dc-link stabil-
ity in large-signal stability; a sufficiently fast TVC relaxes this trade-off by expanding the
ROA of both.

4.4 Analysis under Various Faults and HIL Experiment Re-

sults

In order to verify the above theoretical analysis and investigate the interaction among
control loops, hardware-in-the-loop (HIL) experimental results are discussed in this section.
The experimental platform is shown in Figure 4.10. The setup employs the OPAL-RT real-
time simulator OP5707XG equipped with the eHS FPGA-based toolbox, which can reach

eHS FPGA core T,=200ns CPU core
LC filter
4Pin - 49} 4&} .
Power #3 Ly . ; PCC/—/ZL U,
variation T —— gape | ) | O_b
PO S Vdc 1 I |
in Vs abe Voltage sag |
L 7 L 1 Phase jum
i
t detailed inverter part grid part
Digital Input 4 ;
PWM .
Analog | =
Output
Host Computer
: OPAL-RT OP5707XG U
@ Real-time Simulator ; ¢
g
‘ ig,dq Vdc
o, w b Uy
DSP TMS320F28379D —F F»
based Controller Oscilloscope

(a) Tested system and configuration.

Figure 4.10: HIL experimental platform.
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Figure 4.10: HIL experimental platform. (continued)

200 ns real-time step, enabling highly detailed real-time modeling of the inverter. The
1 MVA GFL inverter system is built inside the OPAL-RT real-time simulator, as depicted
in Figure 4.10 (a). The studied GFL inverter is representative of the grid-side inverter
in Type-IV wind turbines. The detailed system parameters are listed in Table B.1 in
Appendix B.2.3. Three typical faults, including voltage sag fault, phase jump, and input
power variation are emulated inside the OPAL-RT real-time simulator. The controller is
implemented by the DSP TMS320F28379. The controller acquires analog signals from the
OP5707XG and generates PWM signals to drive the power electronics devices of the GFL
inverter. Both the switching frequency and the DSP control frequency are set to 10 kHz.
Key signals, including grid voltage Uy 4, output current 4, ,, terminal voltage at PCC vy,
(all phase A), and the deviation of the DC-link voltage vgec — Ve ret are measured by the
oscilloscope. Other control variables, such as angle difference between the PLL and the
grid 6, frequency of PLL fyy, and 44, 74 are monitored via the host computer through DSP

data upload. All results presented in this section are obtained from HIL experiments.

4.4.1 Voltage sag fault

In Figure 4.11, the system is PLL standalone, that is, there are no DVC or TVC control
loops. Under this configuration, the system remains stable even when the grid voltage
drops to 0.6 pu without fault clearance. However, when both PLL and DVC loops are
included, a 0.9 pu voltage sag under a weak grid [short circuit ratio (SCR) of 2.1 herein]|
results in the absence of an equilibrium point (EP), and the system diverges during the
fault. This is because the existence condition for an EP becomes U, > \/m = 0.97 pu
when both DVC and PLL exist, which is more restrictive than the standalone PLL case
where U, > 14X, = 0.47. For instance, in Figure 4.12 (b), if the DVC loop is considered
and the fault clearing time exceeds tg.qr = 0.24 s, the system will lose stability. This

indicates that it is usually not easy for the PLL alone to cause system instability, but the
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Figure 4.11: PLL standalone system under 0.6 pu voltage sag fault with wpy = 16 Hz x 27,
ig = ldsep to achieve P, = 1 pu active power output.

interaction between DVC and PLL is the main factor for the instability. The previous
works [27, 58, 42, 39, 53, 47, 160] do not take this situation into account.

In Figure 4.12 (b), the DVC is added, and the 0.9 pu voltage sag fault occurs at 0 s and is
cleared at 0.24 s. Even though TVC is added, guaranteeing the existence of SEP during
fault, the system may finally destabilize. This is because the bandwidth of TVC is too
low for i, to be adjusted effectively before the system becomes unstable. Precisely, in
Figure 4.12 (b) configuration, the bandwidth of DVC is 2 Hz much smaller than that of
PLL, and the CCT is nearly 0.24 s. After the fault is cleared, the DVC loop becomes
unstable first, eventually causing the PLL and the whole system to lose stability.

The key mechanism of this large-signal instability is the adverse interaction loop between
iq and 0 and the consequent voltage collapse. Even when the fault is cleared, the DVC
controller tends to inject more iy in an attempt to regulate the DC voltage. The increase
of ig will cause § increase, which will, however, decrease the terminal voltage vy, even after
the fault is cleared. The reduction of vy leads to a decrease in output power and a further
attempt to increase in i4. This instability mechanism is illustrated in Figure 4.13 (b). As
seen in Figure 4.12 (b), v; continues to decline and 44 increasing finally to its limit 3.1 kA.
Once iq > Uy/Xg4, the PLL subsystem then also becomes unstable. The DC-link voltage

finally oscillates around 2 kV due to the DC chopper circuit, and cannot be restored.

In Figure 4.12 (c), wpp is reduced to 0.4 Hz at 0.35 s after the fault is cleared. This renders
DVC the fast subsystem and extends its stability region across the whole phase plane, as
seen in Figure 4.12 (a). Since d remains within the ROA of the PLL subsystem at 0.35 s,
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Figure 4.12: GFL inverter under 0.9 pu voltage sag fault with slow TVC. wiy. = 0.3 Hzx 27,
wpil = 16 Hz x 27, waye = 2 Hz x 27, and fault clearing time tg,u1=0.24 s.

and the DVC states are also within their new ROA, the system converges to its SEP. The
reduction in wpy limits the rapid growth of 4, thereby interrupting the adverse interaction

that would otherwise reduce v;.

Compared to Figure 4.12 (b), the change in Figure 4.14 is the increase of TVC bandwidth to
20 Hz, which is significantly higher than DVC. This allows i, to respond rapidly before the
system becomes unstable, maintaining overall stability even without fault clearance. The
injected ¢4 helps sustain the terminal voltage v;. As discussed in Section III, when &, — o0,
vy becomes tightly regulated to Vief, and the increase of ¢ due to i4 no longer reduces power
output. This breaks the adverse interaction loop as illustrated in Figure 4.13. Therefore,

voltage instability is the fundamental cause of instability in GFL inverters with DVC. A
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higher TVC bandwidth improves v; regulation and contributes to transient stability. This

benefit is also consistent with the small-signal analysis in [90].

In Figure 4.15, the bandwidths of PLL, DVC, and TVC are set to 2 Hz, 15 Hz, and 20 Hz
respectively, which is the same as the configuration in Figure 4.8 (b). The UEP is located
at duep = 80.3° and the CCT under 0.6 pu voltage sag fault is 0.1 s. In Figure 4.15 (b), the
DVC loop is significantly faster than the PLL. When the fault is cleared at tgut = 0.1 s,
the system remain critically stable with § staying below dyuep. The trajectory projected
onto the DVC state phase plane is plotted in Figure 4.15 (a). Since the DVC acts as the
fast subsystem, its states can stabilize over the entire phase plane as long as the slow PLL
remains stable. By contrast, in Figure 4.15 (c), the DVC bandwidth is reduced to 0.4 Hz,
making it the slowest control loop. At the fault clearing point, the projected trajectory in
Figure 4.15 (a) shows ig4 exceeding 2 pu, which lies outside the ROA of the DVC subsystem
in its slow configuration. Consequently, the system under a slow DVC configuration loses

stability. The underlying mechanism is as follows: when wqy. is high, i4 can respond rapidly
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Figure 4.15: GFL inverter under 0.6 pu voltage sag fault with fast TVC. wiy = 20 Hz x 27,
wpl = 2 Hz x 27, wave = 15 Hz x 27, and fault clearing time #g,1,=0.1 s.

to regulate the DC voltage, with § remaining relatively constant. However, when wqy. is
low, the PLL becomes comparatively faster. In this case, the increase in i4 leads to a rapid
rise in d, which in turn reduces v; and the output power. As illustrated in Figure 4.15 (c),

this destabilizes the DVC control loop, resulting in a DC voltage rise toward its upper limit
and eventual system instability.

4.4.2 Phase jump

This section investigates the system response under phase jump disturbances. The band-
widths of the PLL and DVC are initially set to 1Hz and 8Hz, respectively, placing the PLL
as the slowest control loop. According to the previous analysis, this configuration yields a
UEP at dyep = 54°, corresponding to the smallest stability region in Figure 4.16. When
the phase jump value A is 15°, 19°, 21°, 25°, and 48°, the system trajectories are plotted
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Figure 4.17: Time-domain results for GFL inverter under 25 degree phase jump fault with
Wave = 8 X 2.

in Figure 4.16 as blue lines. These results align with the theoretically derived ROA of the
reduced-order system under the wqye » wpn configuration.

By increasing the PLL bandwidth to 20Hz, the system can remain stable even under a

° phase jump as shown by green trajectories in Figure 4.16. Figure 4.17 compares time-
domain simulations under a 25° phase jump with wpy at 1Hz and 20Hz, respectively. In
Figure 4.17 (a), due to the relatively high bandwidth of DVC, iy rises rapidly following

the phase jump in an attempt to regulate output power and DC voltage, which leads to a
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subsequent increase in §. This, in turn, further boosts 74, eventually pushing it to its limit
of 2.5 pu, thereby causing the system to destabilize. In contrast, when the PLL is faster,
as shown in Figure 4.17 (b), ¢ is quickly adjusted by the PLL first, allowing the DVC then
to follow the correct regulation. As a result, the system remains stable. Alternatively,
even without modifying the PLL bandwidth, adding a fast TVC loop can expand the ROA
of the DVC subsystem. However, this improvement is limited, with the UEP boundary
extended only to dyep = 80°. In Figure 4.16, the system becomes marginally unstable for
a 48° phase jump as evidenced by the orange trajectory. In comparison, simply increasing
the PLL bandwidth, without TVC, significantly enlarges the stability region, theoretically
extending beyond dyep > 90° and approaching that of a standalone PLL system.

It is also important to note that the ability to suppress phase jump disturbances depends
primarily on the relative speeds of the PLL and DVC loops. Similar stabilizing effects can
be achieved by reducing the DVC bandwidth either. Overall, a relatively fast PLL loop is

more effective in enhancing transient stability under phase jump conditions.

4.4.3 Input power variation

This section analyzes synchronization loss caused by large power steps. Initially, the PLL
and DVC bandwidths are set to 18 Hz and 3 Hz, respectively, i.e., wpn » wgve. Accord-
ing to the previous analysis, this configuration corresponds to the smallest ROA for the
reduced-order system in the DVC state phase plane in Figure 4.18. When input power
steps from 0.45 pu to 1 pu, the original SEP lies outside the new SEP’s ROA, leading
to transient instability illustrated by the blue trajectory in Figure 4.18. This behavior is
further illustrated in the time-domain response in Figure 4.19 (a), where the GFL inverter
attempts to increase 74 to maintain DC voltage. However, due to the fast PLL, the in-
crease in 0 leads to power delivery failure. Around 0.7 s, the inverter can no longer sustain
1 pu power output, resulting in rapid terminal voltage saturation and subsequent system
instability. This phenomenon reflects large-signal instability, differing from small-signal
cases reported in [91]. From the voltage response, the volatege is "first swing" stable but

eventually unstable, and this instability mode is not captured in {94, 96].

When the PLL bandwidth is reduced to 0.4 Hz while keeping the bandwidth of DVC
unchanged, the system achieves the largest ROA in the DVC state phase plane. In this
configuration, the system can remain stable when the input power steps from 0.2 pu to
1 pu, as illustrated by green trajectories in Figure 4.18 and the corresponding time-domain
results in Figure 4.19 (b). The relatively slower PLL alows the DVC to regulate i4 before
0 significantly increases, and then the PLL slowly tracks the new SEP. Additionally, fast
TVC can also increase ROA in the DVC phase plane, as seen in Figure 4.18, but the
improvement is limited compared to directly reducing PLL bandwidth or increasing DVC
bandwidth. Even with TVC, stability cannot be guaranteed for more severe disturbances

such as inverter restarts.

After major grid faults, the grid-side inverter may shut down and later restart. During

restart, the DC voltage is initially near its upper limit (e.g., 3 pu) due to the chopper
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Figure 4.19: Time-domain results of the GFL inverter under input power step changes.

circuit, and the output power jumps from 0 to 1 pu. If the PLL bandwidth remains high,
instability occurs even with fast TVC during restart, because the initial point lies outside
the ROA of SEP. In Figure 4.18, with wpy reduced to 0.4 Hz and TVC added, the inverter
trajectory (orange line) starts from iq = 0, A (vge)? = =03 — Vch rof = 2.75 pu and converges
to SEP. The time-domain results are shown in Figure 4.20. The overall control sequence
is that the PLL converges first, and then its speed slows down, after which the DVC is
added to let the DC voltage move to the SEP.
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4.5 Summary

This Chapter proposes a bandwidth separation method to analyze the transient stability of
the GFL inverter, considering the interaction among three outer control loops: PLL, DVC,
and TVC. By using this asymptotic analysis approach, the model order can be reduced,
which provides physical insight into the nonlinear dynamics under large disturbances. The
ROA for each subsystem can also be derived systematically under sufficient bandwidth
separation. The analysis reveals that the interaction between PLL and DVC loops signifi-
cantly degrades system stability and reduces the overall stability region. A relatively large
PLL bandwidth enlarges the ROA along the PLL-state subspace but narrows the ROA
in the DVC state subspace, and can induce voltage collapse through adverse interaction
with 4. Conversely, a relatively large DVC bandwidth enlarges ROA along the DVC-state
subspace but narrows the ROA in the PLL state subspace. That is, there is a trade-off
between phase-angle stability and dc-link stability in large-signal stability. A fast TVC
loop, when configured with a higher bandwidth than the DVC, can effectively mitigate this
adverse interaction between PLL and DVC, and expand the stability region in both PLL
and DVC subspace.

Under voltage sag conditions, the root cause of instability is identified as voltage collapse,
arising from the aforementioned adverse interaction between PLL and DVC. This mech-
anism highlights that GFL inverters are more vulnerable to losing stability than what
conventional PLL-only analyses suggest, a factor often overlooked in prior studies. Incor-

porating a fast TVC loop is shown to weaken this adverse interaction and enhance the
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inverter’s output power capability under transient stability. Moreover, the study identifies
optimal bandwidth configurations under different disturbance types. A fast PLL improves
resilience to phase jumps, while a slower PLL or a faster DVC is more effective in han-
dling power variations, restart scenarios, and voltage-sag ride-through. An adaptive PLL,
which is slow in general but accelerates during a phase jump, is suggested as the best way.
The addition of a fast TVC loop further improves stability by reinforcing terminal voltage

regulation and alleviating the PLL-DVC adverse interaction effects.

All theoretical results are validated through HIL experiments and simulations, confirming
the accuracy of the reduced models and the findings of the proposed analysis method.
Even though sometimes the control loop bandwidths may not be ideally separated in all
inverters, the proposed analysis method can still indicate trends in characteristics and

guide the design choices of inverter control loop bandwidths.
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Chapter 5

Conclusions and Future Work

5.1 Contributions and Conclusions

In terms of methodological advances, this thesis has set out the following:

1. An analysis framework combining manifold theory and model-order reduction was
created to analyze multi-inverter systems containing GFL inverters. A measure
named stability radius (SR), derived from this framework, is proposed for assess-

ing the extent of the transient stability region.

2. A bandwidth separation method was proposed for GFL inverters with multiple outer
control loops (PLL, DVC, TVC). By exploiting time-scale separation, reduced-order
models were obtained, which provide physical insight into nonlinear dynamics un-
der large disturbances. The ROA of each subsystem can be derived providing that

sufficient bandwidth separation exists.

3. A new energy function tailored for PI controllers was designed and it enables accurate
estimation of the stability region of a single GFL inverter. The energy function was
generalizable to other nonlinear PI-controlled systems and was demonstrated on a
DC-voltage-controlled GFM inverter.

Using the analysis tools described above approaches, the following findings have been

obtained:

1. The manifold characteristics of GFL inverters strongly depends on their operating
mode (that is, inverter vs. rectifier), on the line dynamics, and on individual con-
trol parameters. Inductive line dynamics introduce negative damping for inverters
(leading to over-estimation of the ROA if ignored) but positive damping for rectifiers
(leading to under-estimation of the ROA). Further, a rigorous proof was found that
GFL rectifiers are not susceptible to limit cycles under any conditions, which stands

in contrast to GFL inverters, where unstable limit cycles may occur.

2. Increasing the integral gain k; ,i of the PLL in a GFL inverter reduces the ROA in
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inverter mode; hence, an overdamped PLL design for GFL inverter is recommended.

3. In multi-inverter systems containing GFL units, global energy functions do not exist,
ruling out classical direct methods of stability analysis. Manifold-based reduced-order
analysis provides accurate ROA estimation with significantly lower computational

cost.

4. Manifold analysis reveals new instability modes such as convergence to stable periodic
orbits. GSP inverters enhance large-signal stability of companion inverters, with
maximum benefit when placed at line mid-points. GFM inverters provide stronger

support, though high droop gains may harm small-signal stability.

5. Bandwidth separation analysis identifies adverse PLL-DVC interaction as the main
cause of voltage collapse after fault. Fast PLL bandwidth narrows the DVC-plane
ROA, while fast DVC bandwidth narrows the PLL-plane ROA. That is, there is a
trade-off between phase angle stability and DC-link stability.

6. A sufficiently fast TVC loop mitigates the PLL-DVC negative interaction, enlarges
the ROA of both subsystems, and enhances overall transient stability.

7. Disturbance-specific bandwidth guidelines were identified: a fast PLL improves re-
silience to phase jumps, a slower PLL or faster DVC helps with power variations and

restarts, and a fast TVC consistently reinforces voltage regulation.

All theoretical findings were validated through EMT simulations, CHIL experiments, and
PHIL experiments.

5.2 Future Work

The following items of work have been identified to deepen or extend the outcomes pre-

sented in the thesis.

1. Extend the proposed analysis framework by combining manifold theory with model-
order reduction in order to tackle further examples of IBR grids, including different
inverter types (e.g., GFM variants and hybrid synchronization controls) and further

examples of topologies (e.g., grids with SG dynamics or islanded power systems).

2. Apply the proposed Pl-based energy function to multi-inverter systems composed of
DC-voltage-controlled GFMs (i.e., without GFL units), finding controlling UEP or
critical energy, and evaluating the accuracy of the energy function results against
manifold-based ROA boundaries.

3. Apply the bandwidth separation analysis framework and reduced-order model of a

GFL inverter with multi-control loops to multi-inverter systems.

4. Develop higher-order (that is, beyond first-order) singular-perturbation models to
improve quantitative fidelity; this can be applied to GFM systems with line dynamics
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and to GFM architectures with an outer voltage loop, so that high-bandwidth inner-
loop effects are captured via the slow-state derivatives while keeping the reduced

order equal to that of slow states.

. For large-scale power systems, the proposed analysis framework can be combined
with power system grouping (e.g., following practices commonly adopted in EEAC)
and aggregation techniques at the system level, such that the stability analysis is per-
formed on a reduced system representation. At the numerical level, efficient nonlinear
algebraic solvers can be employed to accelerate UEP identification as the system di-

mension increases.
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Appendix A

Appendix for Chapter 3

A.1 Derivation for Two-Inverter Systems

A.1.1 Both IBRs are GFM inverters

When both the two IBRs in Figure 3.2 are GFM inverters, the nonlinear differential equa-

tions describing the system are as follows:

.S ‘/ ‘/ S‘]l 6 76 l/ l/ :

1 k:gtml P ref L X’l (11 2) le gl Sln(s ( )
h ‘/ ‘/ Sin 6 _6 L L . ’
5‘2 - kgfm PZT‘@f 172 X ( 2 1) )(2 g S1n (52

The expression of Xa12, Xag1, Xag2 is as follows:

X1X9 + Xng + X2Xg

Xa1z = ;
Xg
X1 X0+ X1 X, + XoX
Xagl = 1227 )1(2 g T2 g (A.2)
X1X9 + Xng + XQXQ
Xag2 = X .

In (A.1), 1, 62, and Pyycf, Pores represent the power angles, and the power references of

the two GFM inverters respectively. V1 and V5 are the voltages of two GFM inverters.

A.1.2 Both IBRs are GFL inverters

When both the two IBRs in Figure 3.2 are GFL inverters, the nonlinear differential equa-

tions describing the system are as follows:

{51 =kpn1 [X1sumI1d + Xglaq cos (02 — 01) — Ugsin 41 ] (A.3)

52 :kpng [XqumIQd + ngld COS ((51 — (52) — Ug sin (52]
The expression of X1gum, Xosum are
Xy1 =Xy -I-Xg, Xs9 = X9 -I-Xg
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In (A.3), 01, 02, and I 4, Is4 represent the angles of PLL, and the current references on

d-axis of the two GFL inverters respectively.

A.1.3 Combination of a GFL and GFM inverter

When IBR1 is the GFL inverter and IBR2 is the GFM inverter in Figure 3.2, the nonlinear

differential equations describing the system can be expressed in (A.4)

. X . X .
51 :kpll {X1+2//glld - XQsZm V2 sSin ((51 - 52) - m(]g sin (51:|

(A.4)

. X, I U, Vs
82 =kdroop [me 4 fo7ld Vo cos (01 — d2) — 2 gin 62]
XZsum 2sum
where X9/, and Xy,//, are defined as
XX Xy X4
Al = At gy Rl = A e

A.1.4 Combination of a GFL and GSP inverter

When IBR1 is the GFL inverter and IBR2 is the GSP inverter in Figure 3.2, the nonlinear
differential equations describing the system can be expressed jointly by (A.5) and (A.6).

{51 :kplll [XZlfld — Ug sin (51 + XQIQd Ccos ((52 — 51) — nggq sin (52 — (51)] (A 5)

52 kang [Xzz[gd — Ug sin 0o + XgIId Ccos (51 — (52)]

{vm =U, cos dy — X,I14cos (81 — 82) — XyT1gsin (61 — 82) — Xsumalag (A6)
Ing =kq (Vad = Vrey) ‘

where k, is the droop coefficient in TVC, and the d-axis voltage and its voltage reference
of the GSP inverter (IBR2) are denoted as Vo4 and Vs respectively. Combining €, =
1/(kyXs9o 4+ 1), (A.5) and (A.6), the equations can be rearranged as

. XgVier . XU, .
(51 :kplll X1+2//gId1 — J / S1n ((51 — 52) — 279 S11 (51 + Elp(k‘v, /{pug, ((51 — 52))
XZQ XEQ

52 Zk‘pug [XEQIdQ + XgIdl COS ((51 — 52) — Ug sin 52]

(A7)
where
€lp =€vg1 (01 — 02) + epLLha (61 — b2)
X, X, _
g1 (01 — 02) =—Vyepsin (01 — 02) + ———Ugy cos da sin (d2 — 1)
X2 X2 A8
2 )
+ Xigfdl sin ((52 — (51)2
X2

X
h1 ((51 — (52) :T; COS ((51 — (52)

In (A.8), the definition of €, = 1/(k,Xs2 + 1) represents the voltage control error. The
€pPLL, = 52/kp112 = vg2 represents dynamics of the difference between the angle of PLL in
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IBR2 and its steady state. When kpy2 is large enough, which means that the dynamic of
PLL in IBR2 is much faster than PLL1 in IBR1, the perturbed term epyy, can be regarded
as zero. Also, when the voltage control gain k, is large enough, indicating more effective
voltage control with smaller error, the term e, is approximately 0. Under this case (e, ~ 0,
eprr, ~ 0), the sets of Equations (A.4) and (A.7) are identical, and they share the same
form as shown in Eq. 3.3 in Chapter 4, which is:

. X , X .
51 :kplll |:X]_+2//glld — X—;Vref Sin (51 — 52) — X7;2Ug S1n 51]

52 =ko [02 — Ug sin 09 + I1ng CcoS (51 — 52)]

(A.9)

where Cy represents a constant.

A.1.5 Combination of GFM and GSP inverter

When IBR1 is the GFM inverter and IBR2 is the GSP inverter in Figure 3.2, the nonlinear
differential equations describing the system can be expressed jointly by (A.10) and (A.11)

. X, I X, I
01 deroop [Pref + J 2dV1 coS (52 — 51) E— 2qV1 sin (52 — 51)
X5 X1
_Uh sin 51] (A.10)
1

: X . X
k(51 Ikpu [X2+1//912d — X7§1V1 S11 ((52 — 51) — Xil

Uy sin 62]
1

X, X1
v9g =—>—Vicos (0 — 1) + —U, cosdy — X I
20 =5V (02 — 01) Xy U0 00992 = Ko T2g (A.11)

IQq :kq (UQd - U'r’ef)

which can be simplified to

V;”e V i 5 —6 V : (5
51 :kdroop [PTef — f 1SID( 1 2) o 1Ug S1n 01

+ Emp<k1)7 kplla (51 - 52))]

X X
¥ VAlZ XALgfl (A12)
52 =k 1 [X Idg — 971 sin 52 — 51 — 279 Sin52:|
pil | Xo11//g o ( ) X
where
Emp =€v92 (01 — 02) + epLrha (01 — d2)
X, .
g2 ((51 — (52) = — m‘/&Z COS ((51 — (52) Sin (51 — (52)
X1 .
_ mvgvl cos 02 sin (01 — d2) (A.13)
Vl‘/ref .
01— 0
Xan2 sin (91 = 32)
ho (61 — 62) =—V1 Coi((él %)
A12

In (A.13), the definition of €, = 1/(kyXo,1//, + 1) represents the voltage control error.
The epy, = 52 / kpn = vg2 represents dynamics of the difference between the angle of PLL
in IBR1 and its steady state. When kpy is large enough, which means that the dynamic
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of PLL is much faster than GFM, the perturbed term epyy, can be regarded as zero. Also,
when the voltage control gain k, is large enough, indicating more effective voltage control
with smaller error, the term ¢, is approximately 0. Under this case (e, ~ 0, epr, ~ 0), the
sets of Equations (A.12) and (A.1) are identical, and they share the same form as shown
in Eq. 3.3 in Chapter 4, which is:

{51 :]{;1 [Cl —Al sin ((51 —52) _Bl Sinél] (A 14)

52 =k‘2 [CQ — AQ sin (52 — 51) — B2 sin 52]

where C1, Co, Ay, As, By, By represent constants.

A.2 Source Code and Simulations

All EMT simulations and code for the calculation of ROA in this Chapter can be found in
[146].
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Appendix B

Appendix for Chapter 4

B.1 Full-Order ODE Model of GFL Inverter

In this chapter, the PLL is designed to be over-damped, while the DVC and the inner
current loop are implemented as typical second-order systems. The PI controllers are
designed in the small-signal domain. The closed-loop transfer function of the PLL is given
by

A0 kp o + Kipu/s

G — =
pi(s) AVy s+ Va(kppn + Eipn/s)

according to [97]. Assuming V; ~ 1 at steady state and neglecting the integral term,
o =—3dB.
Wpll =Rp,pll

This overdamped setting is commonly adopted since the small integral term and large

which corresponds to an overdamped PLL design, we have Gpn(jwpn)|

proportional term are beneficial to transient stability (see Chapter 2). Such an overdamped
design has also been adopted in [144, 53, 107, 108]. In this Chapter, we define (pn =

ki pn/kp pit-
The closed-loop transfer function of the DVC is:

kp,dvc + ki,dvc/s

dec(s) - SCdc/Ws + kp,dVC + k‘i,dvc/s

Cyc/ws Cye/ws 9
% “wWdve and k; dye = Cdvc% - Wave~- When

and the gains are selected as kj, qve =
Cave = 1/4, the DVC becomes a critically damped second-order system [9], with G gye(jwave) &

—3 dB. The same PI design approach is also applied to the inner current loop.

By substituting the above expressions for loop bandwidths, the nonlinear differential equa-
tions in (4.1),(4.2), and (4.3) can be reformulated as (4.4), and the detailed expressions in

(4.4) are as follows:

. Tint,pll Xgid - Ug sin 0 + xint,pll/wpll
Joi1 | 9,4, =

pll 1- kp,plng/ws ' id (Bla)

id — Ug sind + l‘int,pllidLg/ws

X
0,14, T; = J
fon,2 (0,9d, Ting pi1) =Cpn T oy on Ly s - i
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Figure B.1: Stability region of PLL subsystem under different iy (wpn = 15 Hz x 2m).

fdve,1 (5, idq, WydeA (de)Q) =Py, —iqgUgcosd + iqUysind

C'dc / Ws
+ 2

Cdvcwdch (Udc)2 (Blb)
2

fdvc,2 (57 qu) Zm

(Pin — iqUg cos 6 + iqUy sin §)

Jve (0,3q) = —ig + koUgcos§ — kyigXy — kyVies (B.1c)

B.2 Reduced-Order Model Derivation

B.2.1 Bandwidth sequence: wp) larger than wgyc

The PLL (4.1) is considered as fast subsystem, and defining ¢ = wLn (1= kppiLlg/ws - iq),
P
It clear that as wp — o0, € — 0. Introducing the fast time-scale 7 = ¢ /e, the fast subsystem

equations become:

Ol (B.2)

d _ . . xint_pll
40 = (Xgiqg — Uysing) + ==
d . . .
T Tintpll = Cpit(Xgia — Ugsind + ing piLg/ws - 1q)

Since wpy is large, Tingpi/wpn ~ 0. Under a fixed iq4, this subsystem rapidly converges to a
SEP defined by:

_ X
(5 = asin ( L‘?Zd) a'fint,pll =0 (BS)
g

The SEP is uniformly exponentially stable if the following conditions hold:
U 92 - (Xgid)2
Cplng/ws

g < ,id < Ug/Xg,id < l/prLg (B4>

And the stability region for different ¢4 is illustrated in Figure B.1. Following singular

perturbation theory, we represent the fast dynamics as:
§(t)=0(t) +6* (1) + 0 (e) (B.5)
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where the boundary-layer dynamics satisfy:

d . . ) . Xyig «
Ed (1) = Xg4iq — Ugsin (asm < [ji > +4 (T)) (B.6)

g

The DVC loop is the slow subsystem. Following the asymptotic expansion methodology
of O’'Malley and Smith [132, 133], the slow variables are expanded as:

ig =1q+eiy (1) + O (e) (B.7)

where ig and A (vdc)2 satisfy the reduced-order slow subsystem equations:

iq | wdveSdve,1 (S,idq,wdvcﬂ (Udc)Z) (B.5)
dt ’

Avae)? | fave (6, iaq)

with 6 = asin (X[%d) substituted from the equilibrium of the fast subsystem.

The boundary-layer correction terms—ei’(7) and E[A(vdc)z]*fdescribe the rapid decay of
the fast dynamics. They are O(e) in magnitude and vanish on the fast time scale 7; hence,
they do not modify the reduced-order differential equations. They act only as initial-value
corrections to the slow subsystem immediately at fault clearance. These corrections are

approximated as:

0% (1) = = | Javen (500) + 67(7)siaal0), saved (000 )

- fdvc,l <5(0)7 Z.dq(0>, Wdve (Udc)2 (O)) dr (B9a)
& k’p,dch,QdUg’L.d( ) sin (5( ) 5U(Oios g((g)) —Ug cos §(0)T
¢ g

[A ] ) = = [ fovea (300)+6% (1) iag (0) comedd s )

— fovez (3(0)iaq (0) waveA (vac)® (0) ) dr (B.9b)
~ 2 . LI 5 (O) 5 (0) —Uyg cos
A C—dCngd (0)sin o (0) - 7Ug 03 (0) Ug cos 5(0)-

where §(0) denotes the initial post-fault value, differing from §(0) which determined by

the initial value of slow variables.

B.2.2 Bandwidth sequence: wgy. larger than wyy

The DVC (4.2) is considered as fast subsystem, and defining ¢ = 1/wqye, It clear that as
Waye — 00, € — 0. Introducing the fast time-scale T = t/e, and do variable substitution

0 = Waye - A (de)Q, the fast subsystem equations become:

%id = (P, —tqUgcosd +iqUgsind) + CdCT/wSCdVCU (B.10)
%a = C%C (Pin — iqUg cos 0 + iUy sin o) '
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It is a linear differential equation for fixed 9, and it is easy to prove that if cosd > 0,
the Jacobian is negative, which means that the fast subsystem is globally asymptotically

stable. They rapidly converges to ig and &:

Py —igUgcos6 + iUy sind = 0,6 =0 (B.11)

Similarly, following singular perturbation theory, the fast-subsystem dynamics can be ex-
pressed as:
Z'd(t)zgd(t)-i-id(T)-‘rO(E) (B.12>
oc(t)y=a(t)+o(r)+0(e)

where the boundary-layer dynamics satisfy:

{ ihia* (r) = —ia" (7) Uy cos 3 (0) + g o™ (1) (B.13)

Lot (1) = _C%Cid* (1) Uq cosd (0)

The PLL loop is the slow subsystem. Following the asymptotic expansion methodology
[133, 132| the slow variables are expanded as:

d(t)=0(t)+ed* (1) + O (e)

Ting pll () = Tint,pn (¢) + exfy oy (7) + O (€)

(B.14)

where 6 (t) and Zint pn satisfy the reduced-order slow subsystem equations:

[ 5 ] _ [ wpll fpil,1 ((Wd, fi‘iﬁ,’ﬁ“) ] (B.15)

Ting,pll Wpll fpl,2 (9, id; Ting,pil)

with i4 substituted from the equilibrium of the fast subsystem.

The boundary layer correction terms €6* (7) and ez, pll

decay rapidly on the fast time scale 7; thus do not affect the reduced-order slow-subsystem

(1) are O(e) in magnitude and

differential equations. They serve only as initial value corrections, representing the tran-
sient effect of boundary-layer dynamics on the slow subsystem immediately at the fault

clearance. These corrections are approximated as:

®© % Lin 0
0 (1) =— prJ fpii1 <5 (0),143, tpn()> dr

“pl (B.16)

o0
T pnn (T) = — wpnf fon2 (6 (0) 4, Zing pu (0)) d7

B.2.3 Stability analysis of TVC subsystem

Since the DVC loop does not affect the TVC loop, only the influence of the PLL is consid-
ered. The differential equation (4.3), which governs iy, is a linear system with ¢ serving as
the input. It is globally exponentially stable uniformly in §, and therefore input-to-state

stable (ISS) according to Lemma 4.6 in [31]. In particular, if §(¢) converges to a constant,

138



then i4(t) asymptotically converges to the corresponding steady-state value. In summary,
if 0 can be stable, then (4.3) is stable.

B.3 System Parameters

If not specified, the system parameters used in Chapter 4 are listed in Table B.1.

Table B.1: Parameters in Simulation and HIL Experiment

Parameters Value?
Simulation HIL Experiment
Base capacity .Sy 1 1 MVA
Base voltage V;, 1 690V
Base current I 1 1.45kA
Base frequency wg/2m 50 Hz 50 Hz
Grid voltage Uy, 1 pu 690V
Input power P, 1 pu 1MW
Short circuit ratio (SCR) 2.1 2.1
Grid impedance Z, 0.477 + 0.002 pu 0.72mH + 0.95m¢2
DC voltage reference Vyc ref 2.5 pu 1725V
DC capacitor? Cye 12.5 pu 83 mF
DC voltage limiter Vg limit 2-3 pu (£20%) 1380 - 2070V
kppin = wpl
PLL PI controller ki;il _ Cpi Koy Con = 1/4 same
DVC PI controller Fp.ave = wave * Cac/20s same
ki ave = Ep dve - Wave/4
Droop gain in TVC k, 2 pu same
TVC voltage reference Vit 0.81 pu 560 V
Inner current control
loop bandwidth 1kHz same
Current limit3 L 2.5 pu 3.1 kKA
LC filter Ly 0.05 pu 75.7 uH
LC filter Cy 0.01 pu 66.8 uF
Equivalent switching frequency? averaging model 10 kHz
DSP control frequency — 10 kHz

! The pu values in simulation and experiment are exactly the same.
2 In practice, electrolytic and film capacitors are paralleled in the DC-link, resulting in
negligible ESL and very small ESR; thus, ESL is neglected, and ESR is set to 0.001 pu.

3 Rectangular current limiter.

4 For MW-scale SiC converters, switching frequencies on the order of 10 kHz are gen-
erally achievable. Alternatively, by adopting multilevel topologies (e.g., five-level con-
verters), 750 V 1.9 kA Si-IGBT power modules (such as the Infineon FS950R08A6P2B)
can be operated at a switching frequency of 5 kHz, while achieving an equivalent
switching frequency that is effectively doubled [88].
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B.4 Source Code and Simulations

The EMT simulations and all numerical calculations in this Chapter are also available
online at [161].
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