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ABSTRACT

The overall objective sought in this research work is , broadly,
the improvement of techniques for simulating observed annual streamflow
sequences and at the same time the substitution of rather cumbersome ané
costly Monte Carlo techniques used in the design of water resource systems,
by exéct or approximate analytical expressions which yield the same results,

In particular, the small sample properties of various parameters,
namely, the variance, the standard deviation and serial correlation
coefficients are analytically treated and necessary expressions derived
for normal stationary processes only. Furthermore, the small sample
expectations of variables intimately related to Hurst's law are analytically
derivéd;among such variables are the range of ocumulative departures,Rn, from
the sample mean and the rescaled range, Rn/S. The distribution of gb/s,in
the case of a known population mean value of the underlying generating
process has been given, and the g(s analysis for deciding whether a process
is short-term or long-term persistent is analytically documented.

A new model which is referred to as the white Markov process is
proposed for modelling Hurst's law., All of the necessary statistical
relationships for the application of this new model to annual streamflow
sequences are fully presented. Moreover, the multivariate case of the
white Markov process for preserving the spatial correlations as well as the
temporal correlations is developed, The vwhite Markov pfocess is an

to Fractional Gaussian noise.

approximation

The study of the small sample properties of hydrological processes
is presented from a Bayesian point of view and the necessary formulation
for applying a Bayesian approach in estimating the parameters of the

ARIMA(1,0,1) process is given.
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LIST OF SYMBOLS AND ABBREVIATIONS

Some of the most frequently used symbols and abbreviations are given

in the following list as a supplement to the main text whereas others are defined

in the main text wherever they firat appear.

>

ARIMA

1o Q

o

o

(mxm) matrix of coefficients in multivariate case,
Abbreviated form of 'Autoregrgssive Integrated Moving Averaga!',
Lower bound of a log-normally distributed random variate,

Lower bound of a log-normally distributed random variable at
site i,

& parameter for the Broken Line process,

Amount of bias in'a biased estimate,

(mxm) matrix of coefficients in multivariate case,
Abbreviated form of 'Broken Line',

Ordinary Brownian motion- at time t.

Practional Brownian motion at time t;

Dérivative of fractional Brownian motion at time t.

Magnitude of bias associated with the variance in the case of
the Markov process, '

Magnitude of bias associated with the variance in the case of
the ARIMA(1,0,1) process,

Regression coefficient,
(mxm) matrix of coefficients in multivariate case,

Initial storage of a reservoir, needed to avoid shortages or
deficiencies,

Magnitude of storage at the end of the i-th time period.
Minimum capacity required to meet all demands,
(mxm) matrix defined in terms of 4, B and C.

Total demand withdrawn from a reservoiw. In chapter 5 it
denotes the historical data.

Cumulative sum of the demands up to time period k.

Volume of demand over time period from i - 1 to i.
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Abbreviated form of 'discrete fractional Gaussian noise!,
Infinitesimal incrament of ordinary Brownian motion.
Expectation operator. |

Denctes expected value of quantity within brackets in samples
of size n,

Exponential,

Distribution function for the random variable x.

General bias correction factor for the wvariance,

Abbreviated form of 'fractional Gaussian noise’,

Abbreviated form of 'fractional Brownian motion',

Bias correction factor of the variance in the case of .
independent process,

Bias correction factor of the variance in the case of the
Markov process,

Bias correction factor of the varianoe in the case of the
ARTMA(1,0,1) process,

Bias correction factor of the standard deviation in the case
of independent process, '

Estimate of Hurst's coefficient.

Mean of ten values of H.

Population value of Hurst's coefficient.

Identity matrix,

Total inflow into a reservoir over n year period.
Cumulative sum of the inflows up to time period k.
Jacobian of a transformation.

Estimate of Hurst's coefficient,

Likelihood function,

Abbreviated form of 'left-hand side!,

(mxm) matrix of lag-zero covariances of the Markov component
of white )Markov process,

(mxm) matrix of lag-one covariancesof the Markov component of
white lfarkov process,

(mxm) matrix of lag-two covariances of the Markov component of
white Markov process, '



I
o

St S

V5§

~10=

(mxm) matrix of lag-zero covariances of the white Markov
process, :

(mxm) matrix of lag-one covariances of the white Markov process,

(mxm) matrix of lag-two covariances of the white Markov
process, ‘

(mxm) matrix of lag-three covariances of the white Markov
process,

Maximum water impounded in a reservoir,

Abbreviated form of 'mean square error!,

Number of sites, |

Minimum water impounded in a reservoir,

Normalizing factor.

Abreviated fbrm of 'Normal Independent Procesa’,

Sample duration in discrete time,

Equivalent length of independent observations,

Value of n at which break to h = 0,5 law occurs in pox diagram.
Largest surplus,

Peak value in the sequent peak algorithm.

" Abbreviated form of 'Probability distribution function'.

Prior pdf of random variable @ .

Posterior pdf of paiameter w e

Greatest deficit.

A parameter for the BL process,

Monthly flow value at month i.

Adjusted range of cumulative départures from sample mean,
Population range of éumulative departures from sample mean,
Rescaled adjusted range.

Rescaled population rangé.

Abbreviated form of 'right hand side’,

Abbreviated form of 'random variable!,
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Small sample estimate of population variance,
Small sample estimate of standard deviation,
Unbiased estiméte of the standard deviation,
Sample duration in continuous time,
Time.
Variance of some random variable,
Abbreviated form of 'white Markov'
Markov component of the WM process,

Designates the WM process,

Parameter of the white Markov proceas.
Parameter of the white Markov process,

Coefficient of skewness,

Normal and independent random variable,

A simple BL process.

Normal and independent random variable with zero mean and
variance,

Chi-square distribution,

Parameter of the white Markov process,

Population mean value of a random variable,
Estimate of the population mean value,

Lag-one autocorrelation coefficient,

Lag-one autocorrelation coefficient.

Eatimate of population autocorrelation coefficient,
Population standard deviation of a random variable,
Estimate of the population standard deviation,

Population variance of a random variable,

Estimate of population wvariance,

unit
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Time 18.3‘.
Weights in an autoregressive process,

Parameter of the ARIMA(1,0,1) process,
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INTRODUCTION

In Stochaatic hydrology it is necessary ito use the statistical
properties of a necessarily limited series of obse:vations. Based oﬁ these
properties, synthetic sequences are then generated in such a manner that they
are statistically indistinguishable from the historic record i.e, they
statistically resemble the historiec record.- In maintaining the statistical
resemblance between historie and synthetié seQuences the small sampleifrbperties
as well as the population properties of the parameter estimates of a model
play an important rdle{ ‘It is not always analytically possible to find exact
or even approximate mathematical expressions for small sample properties of
an estimate, in which case hydrologists 6ften resort to rather cumbersome and
expensive Monte Carlo techniques on a digital computer. On the other hand,
the results obtained by Monte Carlo techniques will always be valid for a
specified set of parameters; moreover even a slight change in one or more
parameters might invalidate the result and require further Monte Carlo
eiperiments. Because of this tedious and cumbersome approach even an
approximate analytical formula is most welcome for the same purpose.

The main objective of this study is to avoid the Monte Carlo techniques
as far as possible.v The small sample properties of the parameters can, in
general, be treated from two different points of view; one involves the
employment of the classical statistical approach, especially the random
sampling theory which has been extensively exploited in synthetic hydrology
to date ; the other, a relative newcomer to hydrology, is the Bayesian approach
which, when coupled with a decision making procedure, promises to be a
powerful alternative in the design of a water resources system, The classical
statistics method makes use of the information conveyed by the historic record
only, whereas the Bayesian method combines this information with that obtained

from other
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sources and eSpgcially personal experience acquired by the hydrologist,
80 as to yield an improved level of information on which the estimates
of pérameters can be based,

In recent years much attention has been directed to thé remarkable
discovery of Hurst(1951,1956) who studied the long-term fluctuations
within a large number of geophysical records and found that Rn/s,-nh where
B is the range of cumulative departures from the sample mean and S is the
estimate of standard deviation, On the other hand, the small sample
properties and the population properties of the range, Q{ and the rescaled
range,Ru/S which are intimately related to the above referred remarkable
discovery, have been analytically derived for various processes and their
verification has been accomplished through using the Monte Carlo technique.
In the context of reservoir storage, the importance attached 1'.03,1 is,
because it represents the size of an ideal ;eservoir where there is no
spillage or shortage over the economic life of the structure; The rescaled
iange,Rh/Shas been proposed as a measure of the long-term persistence
in empirical observations and in turn related to the parameter O<h<1,
which governs the duration and intensity of periods of above and below
average flow, The most remarkable fact concerning h is that its overall
average value for various empirical records has been found to be Q.73 by
Hurst(1951),which does not conform to the value of h=0.5 predicted by
classical stochastic processes, This disagreement between the tﬁo values
of h has been labelled the Hurst pherPmen®n and has led both hydrologists
and statisticians alike to search for a model that could account for
h>0,5.

Mandelbrot {1965), Mandelbrot and Van Ness(196B) beceme interested
in the Hurst phenomenon and presented a mathematical framework to explain

Hurst's finding., This led t0 a new model of annual streamflow called

discrete time fractional Gaussian noise (dfGn) which is based on the
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fraotional Brownian motion. This process made it possible to model a

measure of long-term persistence speoified by 0.5< h< 1, Mandelbrot and
Wallis(1969,a,b,0,d,e) proposed}approximations to dfGn for generating
synthetic sequences on a digital oomputer. In order to overcome somﬁ of

‘the difficulties met in‘these approximations Mandelbrot (1971) and Matalas

and Wallis (1971b) proposed,fast and filtered dfGn approximations respectively.

However, the practical applioation of the above mentioned models
is still rather éxpensive and cumbersome; therefore research for a simple
stochastic model with the necessary long-term behaviour has become .
inevitable and eventually such a model was proposed by 0'Connell (1971)
under the label of the ARIMA(1,0,1) process which is shown to be an
alternative to dfGn for modelling the Hurst coefficient h, The white Markov
ﬁrocess,WM, which is proposed in this thesis is closely related to the
ARTMA(1,0,1) process and has all the latter's advantages.

However, theoretical work on the properties of the range and rescaled
range and the small sample properties of parameter-estimates for various
processes has been found lacking to date., Although these properties have been
in some cases derived by Monte Carlo techniques they are in no way a - |
subatitute for analytical resulté which are more general and which give
more insight into the problem. An analytical approach is adopted here
and some new resultis are derived,

Chapter 1 gives a review of synthetic hydrology and the stochastic
models currently available in the hydrological literature, The assumptions
and simplifications necessary for applying the theory of stochastic processes
t0 a hydrological process, have been presented. Finally, the relevant
procedures for identifying a model suitable to represent the historical
record have been reviewed,

The small sample expectations of the statistics Rn and Rn/s for

various stochastic processes have been studied in Chapter 2., Firstly, a

review of work relating to B or Rn/S has been presented and four different
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types of statistics have been distinguished, These are, namely, thé
population range, Rp s the adjusted range, Rn y the rescaled population
range, Rp/S and the rescaled adjusted range, Rn/S. The asymptotic
expectations of the population and zdjusted ranges have previously Eeen
derived for the Normal Independent Process (NIP) only, by Feller (1951).
For the NIP, the small sample expectations of Rp and Rn have been given
by Anis and Lloyd (1953) and Solari and Anis (1957). However, by pursuing
a different kind of methodology to those authors which is discussed in
chapter 2, the small sample and asymptotic expectations of Bp and R, for
any normal stationary process have been derived, Moreover, the analytical
small sample and asymptotic expectations of Rp/S and RH/S have also been
derived by using the same'methodology. As a result the analytical
expressions found - for E(Rp/S) and E(Rn/S) avoid any expensive computer
investment through Monte Carlo techniques for studying the behaviour of
Rp/S and Rn/S. In addition, the asymptotic distribution of the rescaled
population rahge, RP/S ’ has been obtained and the Rn/s analysis which helps
to decide whether a process is short-term or long-term persistent has been
;nalytically investigated. In this context some deductions of Mandelbrot.
and Wallis (1979e) have been analytically confirmed.

Chapter 3 relates more directly to the generation of synthetic
sequences and after a review of existing work on small sample properties
of some parameters, the small sample expectations foﬁ the variance, 02,
the standard deviation, 0 and the lag-k serial correlation, p , have been
explicitly described for normal stationary stochastic processe:;at large,
The small sample expectation of the estimate of population standard
deviation is derived and its application to the ARIMA(1,0,1) process is
shown. The small sample properties of the estimate of the population
serial correlation have been mathematically treated and necessary approximate
relationships have been derived. These results can be used to provide bias

correction algorithms for estimates of parameters,
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Chapter 4 deals with the development and application of the white
Markov. (WM) process which can preserve the Hurst coefficient, h, for a |
length of synthetic sequence comparable with the longest geophysical records
available First of all, the statistical properties of the WM process have
been studied and then the equivalenoe of this process to the ARIMA(1,0,1)
process has been shown., On the other hand, the WM process has been shown
to be a simple approximation to dfGn and to model the Hurst coefficient, h,
sufficiently. The small sample properties of various parameters of the
process have been analytically treated and the necessary formulae derived.
More&ver, the non-Gaussian case of the WM process has been developed and
the procedures for generating log;normal WM variates have been illustrated
where the preservation of skewness has been considered. In addition to
this, a multisite WM process with the required temporal and spatial
correlation structures is . developed and the analytical expressions necessary
to determine the elements of unknown matrices are given. The generation
of multivariate log-normal sequences is also considered.

The Bayes theorem and the estimation of the parameters of a
stochastic model by Bayesian approach forms the subject matter of chapter 5.
The three necessary ingredients of the Bayesian approach which are the
prior probability distribution function (pdf), the maximum likelihood (ML),
function and the posterior pdﬂ)are studied in general. In particular,
the application of this approach is given for the ARIMA(1,0,1) process
and for the appropriate parameter values, the general analytical expressions
derived are shown to reduce to those for the lag-one Markov process derived
by Lenton et al (1973). Only the marginal posterior pdf of one model
parameter, ¢ , is derived based on varying assumptions about the remaining
parameters,

Chapter 6 comprises the main conclusions of the thesis and proposals

for future research,
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Chapter 1
SYNTHETIC EYDROLOGY

1.1 General

In general, the science of hydrology is concerned with thé
hydrological processes such as the rainfall, streamflow, infiltration,
groundwater etc, all of which interact over a catchment area. The main
objective of a hydrologiat is to quantify the very complex
behaviour of these hydrological processes and relationships existing
among them, -

Hydrologists have attacked the problem of investigating hydrological
processes from two different points of view. One of these is to regard
a complex natural process as occurring according to a definite aet of
physical laws, where no law of uncertainty is involved; this approach
will be referred to as the deterministic approach. An alternative approach
is to consider such a process as a product of sbme underlying random
mechanism, which can only be treated by empléying the laws of uncertainty
and by making use of several branches of mathematics such as probability
%heory, the theory of stochastic processes, statistics etc. In order to
apply gither one of the approaches the first step is to represent the
hydrological processes in a quantitative manner on which the fufure studies
concerning the same process can be based. This quantification is achieved
by sampling the process either continuously or discretely over equal
intervals, along the time or space axis whichever one is the reference
system; so that a sequence of observations is obtained, Although all of
the hydrological processes have been existing and continuously evolving
since the creation of the universe unfortunately their actual measurement
ha=s started at the earliest about one or two centuries ago; in fact most of
them started only very recently. As a result there exists a sequence of
observations taken at a finite set of time points, which represents an

inadequate set of data insofar as the design of a water resource system is
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concerned, However, the conaidération of each observation as a random
"variable helps the hydrologist to infer the population probability structure
of the process concerned, and to assess the inherent risks and uncertaintieg
associated with the hydrological design in the light of the probability
theory and statistics., The branch of hydrolqu dealing with’the above
referred studies 13 termed the stochastic hydrology which gives a scientific
deacription of the structure of hydrological processes,

The general @efinition of a stochastic process can be given as a .
random phenomenon which evolves along some reference system which may be
either time or space. In this thesis the terms stochastic processes and
hydrolbgical processes will be used interchangeably so.that all of the
.known facts about stochastic processes will remain to be applicable to
hydrological processes bearing in mind the assumptions which will be given
in the following section. Notationallx a stochastic process is'represented‘
by [X(t,w ): te T, weﬂ] where t is an element of the time variable T and
Q is the sample space for the random variable X(t, W) for each value of t,
emphagizing the fact that for a fixed time instant there is a set of random
variables. In general, the index set T can._assume values as T= E::-CD<t< +ch|
continuous but for a stochastic process specified at a set of discrete
~ time points the index set is defined as T= [}: 0,31, 32, ;3,..........3 .
‘As far as the hydrological processes are concerned the index set T can
take on positive values only., Particular importance is attached to the
time index when the two random variables, X(t1,u» and X(tg’uﬂ ‘where t1ft2
are interdependent, that is, the random variable X(t1,u)) exerts an
influence on  the r,v, X(tz,u;) to some extent, otherwise the brdering
of the random variables is immaterial.

In the case of the lack of interdependence between the random
variables the probabilistic structure i.e. the probability distribution
function (pdf) of the random wvariable will be sufficient to represent

the hydrological process entirely; this pdf is then referred to as the
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probabilistic model of the hydrological process. On the contrary, the
model of the hydrological process where the random variasbles are interrelated
will be referred to as the matﬁematical or stochastic model, As a result
the probabilistic model is a special kind of stochastic model where
interdependence between the random variables does not exist, A stochastic \
process can be thought of as a.collection of equi .~ likely realizations
which is known as an ensemble; in practice, only one of such a realization
iz observed over a finite time period which cénstitutes a time series,
It is this 561e time series from which a set of parameters representing
the pfobabilistic strueture of the uhderlying random variables and the
iﬁterdependenée between the random variables of the hydrological process
is obtained by the method of estimation which is referred to in chapter 3
of this thesis, The incorporation of this set of parameters in a
suitably chosen stochastic model for the hydrological pfocess will then
give the hydrologist the ability for generating other equally likely
realizations of the ensemble., This generating scheme is the basis of the
synthetic hydrology which has brought new insight into the design of water
resource systems., Synthetic hydrology makes it possible to assess the
performance of a hydrologicalsystem , such as a reservoir storage and flood
control structures design etc., by attaching a quantitative risk to each
realization routed through the system.
| Synthetic hydrology is one of the few means at the disposal of.the
hydrologist who strives to overcome most of the inadequacies and
uncertainties associated with the désign of water resource systems. If
a finite historic record were available only, then it would be inadequate
in the sense that (a) its length might not be equal to the projected life
of a water resource system and (b) the design value obtained from historic
record will be uncertain in the sense that it is but one of the desigr
values whose merit relative to the Opt%mal design is not known. However,

by the use of synthetic sequences of the same probabilistic structure as
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the historiec record, it is possible to generate any length of sequences
compatible with the actual life of the water resource system so that, this
gets rid of the above mentioned inadequacy (a), whereas the generation

of an ensemble of equally likely flows eliminates the uncertainty referred
to under (b). One important remark at this stage is that, the generation |
of an ensemble of equally likely sequences by the employment of synthetiec
hydrology does not create new information but provides an effective means
of utilizing information conveyed by the historic observations. Therefore,
the synthetic sequences are entirely based on the historiec record,

The ﬁain concern of this thesis will be confined to annual streamflow
sequences only, for which the underlying generating mechanism is not known
exactly, but it can be apﬁroximated by the application of the theor& of
stochastic processes available in the statistics literature to the historie
record, To this end some fundamental assumptions concerning the statistical
behaviour of the hydrological process have to be made beforehand, One of
the most important assumptions is that the underlying process of streamflow
is a stationary stochastic process where stationary implies that the
statistical properties of the process are independent of absolute time.
Several types of stationarity are encountered in the theory of stochastic
processes; strictly stationary stochastic processes constitﬁte a class
.ﬁhere all of the statistical parameters of the process are independent of
absolute time, buf a function of the time difference only or in another
sense these processes have any order of multivariate probability distributions
independent of absolutg time, This property is tantamount to a statistical
equilibrium of the process‘which will be reflected in the synthetic sequences
based on the historic record. Unfortunately, it is almost impossible to
observe any strictly stationary hydrological process in nature, hecause
some of the external factors, such as artificial changes by man etc., cause
the characteristics of the process to vary with time and hgnce a non-

stationary process emerges., Non-stationary processes are difficult to
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handle, because stochastic process theory has been devised almost entirely
for dealing with stationary stochastic pr&cesses only and very little work
relates to non-stationary processes, Another class of stationary processes
has lower order moments up to a certain order k which are independent
of absolute time, in which case the process is referred to as a k-th order
stationary stochastic process, Hence, second order stationary stochastic
process which is sometimes called a weakrgtationary process, has its mean
and covariance function independent pf absolute time. It is this last
class of stationarity which is mostly employed in synthetic hydrology.
- Therefore, the time series of a hydrological process is either assumed to
be at least second order stationary in the case of negligible changes with
time in the statistical parameters or by applying a convenient transformation
such as the Pourier analysis, trend analysis etc, to the original sequence
of observations to render the series second order stationary. If the
underlyiﬁg random variable of a second order stationary stochastic process
is normally distributed, then the process automatically becomes a strictly
stationary stochastic'process.
Another very important assumption in synthetic hydrology is that
the hydrological process concerned is ergodic, This property assures that
the time averages are equal to the ensemble averages., As a result the time
averages calculated from the historic record which is a sole realization
‘available out of the ensemble characterizing hydrological process, replace
the ensemble averages., Hence, the ergodicity assumption enables hydrologists
to measure various probabilistic characteristics, such as the mean, covariance
function, one or multi dimensional distribution functions etc. from a sequence
of observations, i.e. the time series e¢f a hydrological process. The two
major assumptions made above, namely, stationarity and ergodicity of a
stochastic process are fundamental to symthetlie hydrology, and permit the
hydrologist to generate an ensemble of equally likely synthetic realisations

over the actual projected life of a water resource system and in turn, for
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assessing the risks associated with the design, In the following section
a brief review of stochastic processes currently used in synthetio hydrology

will be presented.

1.2 Models Used in Stochastic Hydrology

Althoﬁgh the underlying generating mechanism of a hydrological
process remains unknown an approximation to it based on extractable
information from the historic sample of observations from the process can
be proposed, To this end; first of all the historic record is represented
in a quantitative and compact manner by a set of statistieal parameters
of which the most prominently used ones in hydrological studies are,thé
ﬁean, p , the standard deviation, g, the coefficient of skewnesyyY , the
first order serial correlation, q , and the Hurst ccefficient h., Each §ne
of these parameters depicts an important feature of the hydrological process;
the mean is the value around which the pattern of the observations of the
process fluctuates, the vériance is a measﬁre of the variability of the .
fluctuations i.e. the deviation of observations about the mean value; the
coefficient of skewness is a measure of the deviation of the pdf of the
underlying random variable from a symmetric distribution; the first order
serial correlation coefficient gives a quantitative measure of the degree
of linear dependence between the observations one time unit apart from each
other, The magnitute of, p , decreases as the time interval between the
two successive observationl increases, Consequently one would expect the
daily flows to be more dependent than the monthly flows etc. Some of the
parameters may not be sensitive to a particular design situation and in
such a case the preservation of the parameters in the generating scheme is
immaterial,

| A  purpose of a stochastic model is to generate synthetic sequences
such that they will have the same statistical properties as a historic

record., Therefore, the above mentioned prominent parameters of a hydrological
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process must be preserved in any model that gives rise to thé generation
of synthetic sequences, As the number of the parameters to be preserved
in a generating scheme increases, the structure of the model becomes more
sophisticated. The earliest and the simplest stochastic model employed
in hydrological studies is the Normal Independent Process (NIP) which
preserves the two prominent parameters, namely, p and U2on1y (Barnes, 1954).
The NIP completely ignores the interdependence among the observations, as
a result of which the water resource system will be either overdesigned or
underdesigned. For instance, in the case of reservoir design, if the
interdependence is ignored then the resulting size of reservoir will be
underdesigﬁed. | |

The first method which took into account the dependence of
observations is apparently due to Thomas and Fiering (1962) who were also
pioneers in using an eléctronic digital computer and the sampling‘of random
variables on the computer in the modelling of a hydrological process. The
model they used was based on monthly flows which took into account the
seasonality in the monthly means, standard deviations and lag-one

autocorrelation coefficients and may be given as,

= +b(qg- )+c (1 ) E
R R i By SR (1.1)
where q, , and q, are the flow values during the (i+1)-th and i-th months

respectively;Lﬁ amdu.j1 are the mean monthly flows for month j and j+1
+

where j=1,2,3,450000000412, b, is a regression coefficient resulting from

J
regressing the flows of month (j+1) on those of month j, and finallye.

i+1
is the random term independent of ;. In the case of normal monthly flows,
€i+1 is also a normal random variable with zero mean and unit variance.

The relationship between the regression coefficient, bj and the lag-one

autocorrelation coefficient may be given as

Ji1

By substituting Eq.(1.2) into Eq.(1.1) and inen dividing both mides by O



the following form emerges

g .-u. g.-p.
e IV 2,
j i+1

% ) 9
or in terms of standardized variables
Z. - z - 2 1/2 1.

which reveals the lMarkovian nature of the underlying generating process
given in Eq.(1.1).
In its basic form the lag-one Markov process has been defined by

Matalas (1967) as

)1/20

- - + _2
(xt-ux)'g?(t-‘l w )+ P “oce | : (1.4)

where x, and x denote the events at time instances t and t -1, respectively,

t t-1
ux and ox are the mean and standard deviation of xt respectively, px

ig the lag-one serial correlation coefficient for xtand finally €, is a

, t

random component which is independent of xt and has zero mean and unit

variance. The parameters ux ’ ox and Px are unknown, but they may be

egtimated from a given historic recoxrd. If these éstimates, namely, ﬁ ,’c} and
XX

6 are incorporated into Eq.(1.4) instead of h, » Oy and Py respectively

X X
then a sequence of synthetic observations statistically indistinguishable
from the historic observations can be generated. As a result, the synthetic

~
observations will resemble the historic observations in terms of fl. s O
X

X
and 3 .
X ' ‘ . :
However, if the resemblance is to be maintained in terms of
coefficient of skewness,‘vx as well as ‘J'X y Oy and p>< then the random

torm, €, in Eq.(1.4) has to be replaced by 'qt' which is defined as

2
:_2__ 1 at __Y"]__ - .2_ 1.
Y, ('Yn 5 36 ) Y, (1.5)

where the ckewness of -qt s denoted by Y'fl y is related to ihe skewness, yx

of ths process Xt ty

: (1-p2 /2 (1.6)

X Y’q
(1-@3)
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In the case of a norma;ly distributed term gtwith zero mean'and unit
variance, then nt will be approximately distributed as gamma with zero

mean, unit variance and coefficient of skewness equal to Y.YI +« An estimate

of \% ’ Qﬂ , can be obtained from the estimate of IYX ’ ?; s abstracted
from a historic sample through Eq.(1.6) and then by using Eq.(1.5) 1n z.v's
are generated which replace et in Eq.(1.4) to yield flows which are t
approximately distributed as gamma,

Matalas>(1967) has formulated the generation of synthetic flows which
conform to a three parameter log-normal distribution and resemble historic -
flows in terms of px ’ dx ’ px and Yx + If 'a' is the lower bound
of a r.v. X, and (Xt-a) is log-normally distributed then Yt=1n(xt-a) will
be normally distributed. The relationships between the lower order moments

of the r.v's X, and Y, have been derived by Aitchison and Brown (1957) as,

t
&,
ux:a+exp( +uy) (1.7)
02-exp 2(624u ) - exp(02+2u )
X~ y 'y y Ty (1.8)

and

(i.9)

exp(3a)2/) - 3exp(6§) + 2
Y = —
X 2 3/2
[exp(dy) - 1]

If it is assumed that the flows Y, are generated by a lag-one Markov process

t
then the relationship between QV and Qx has been given by Matalas (1967)

as,

exp(a2py, - 1)
0= ployPy - 1)
% (1.10)
exp(cr)z,)-1

y

which may be solved for p provided that ¢, and Qx are known. The
Yy ' _
flows generated in Y-space will have a lag-one karkovian nature, whereas

their transformation into X space will constitute a non-linear process,

The lag-one serial correlation coefficient, q s 15 directly related

to high frequency behaviour and may not represent the low frequency behaviour
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of a hydrological process. As the autocorrelation function of the lag-one
Markov prooess is specified b& % y its main drawback is that it fails
to preserve low frequency effects which are synonymous with long term
persistence, Persistence in an observed sequence is referred to as the
tendency for hign flows to follow high flows and low flows to follow low
flows., In the case of the existence of persistence in a hydrological
process the dependence between far distant observations can be very small
but such that the cumulative effect of such correlations is not negligible.
A quantitative measurement of long-term persistence is achieved by the
Hurst coefficient, h, which has its origin in the studies of Hurst (1951,1956).

An empirical result given by Hurst states that

R
_n _ .h 1.11
< n (1.11)

where %113 the range of cumulative departures which is exclusively studied

in chapter 2, and S is the standard deviation, both obtained from a histéric
sequence of length n, On the basis of empirical studies of 800 time series
pertaining to streamflow, rainfall, tree rings, mud varves and temperature,
Hurst (1951) found an average value for h of 0.73, This is contféry to -
h=0.5 which is the value yielded by the NIP and lag-one Markov process, As
a result it can be said that neither the NIP nor the lag-ohe Markov process
can account for the lontherm persistence and therefore these iwo processes
can not preserve a h value which lies in the range 0,5<h< 1. The deviation
of thé empirical h from the theoretical value of 0.5 led hydrologisis to seek
new models which would be capable of preserving not only the set of parameters
1 yw d , Y and ? but also the Hurst coefficient,h. For this
purpose Fiering (1967) tried to preserve h by using multi-lag Markovian
processes and he conc\uéedf that in order to preserve h over a span of 60
years it would be necessary to employ 20 lags in his mcdel., This resuld
agrees with Mandelbrot and Wallis (1969a) who found the transient period

before the 0.5 law holds to be three timea the memory of the process,
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Later, Mandelbrot (1965) and Mandelbrot and Van Ness (1968) became
interested in explaining Hurst'é result and they proposed a model called
Fractional Gaussian Noise. By considerations from the well known Brownian
process, Mandelbrot and Van Ness (1968) introduced fractional Brownian motion
the increments of which give a stationary Gaussian process which is called
fractional Gaussian noise., They have then defined fractional Brownian motion

(£Bm), Bh(t) from ordinary Brownian motion B(t) by the following integral

transformation, 0
B (t) a(oi ! [(t u)h'o'5<u>h'o'5] dB(u)
- —— - -\~ u
- h h vh+05 ' '
b4 ©
- h-0.5
+f(t-u) dB(u) O<h<1
o -

(1.12)

wherevdB(u) is an infinitesimal increment of ordinary Brownian motion,

One of the most appealing properties of tﬁis process is the fact
that it is self-similar. This means that [%h(t)_Bh(oi] has the same
distribution as T O [Bh(tT)—Bh(O)] . This property implies the fact that
the mean range of cumulative departures of equally spaced increments of this
process pursuésa behaviour similar to Hurst's law given in Eq(1.11).

The process Bh(t) as such has no derivative, because of the fact that
the local behaviour of Bh(t) is very erratic., In order to circumvent the
lack of derivative of the process, Bh(t) is smoothed by introducing a new
process as

t+5
B(t,b):'—/B(s)ds §>0
h ﬁt h

: domoiin
This type of smoothing produces an alteration in the high frequency/such

that the increments of this new process are now stationary, Hence ihe

stationary derivative
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B/(t.ﬁ): 5! [B(t+5)- B(t)] (1.13)
h h h .

is known as fractional Gaussian noise, A discrete time fractional Gaussian

noise can be defined as

AB = - B(t -1 .
h(t) Br(]t) h( ) (1.14)

where t takes only integer values,

Two approximations to fractional Gaussian noise have been proposed
by Ménéelbrot and Wallis (1969a) for computer simulation. The type 2
approxiﬁation is difficult to formulate and time consuming.in the computer
but is better than type 1 which is a cruder approximation. The mathemgtical

form of the type2 approximation is given as

t-1 .
~-3/2
X(t)=(h -0-5) > (t - e (1.15)
izt-M ! - :
where M is a very large integer value denoting the memory, g is the NIP

!
with mean e and " yiriance qgﬂ, A further approximation to discrete
fractional Gaussian process has been developed by Wallis and Matalas (1967).
This approximation is referred to as a filtered type 2 approximation which

is given as

pt-1
X(=(h -05) 3 (pt - )" ¥ C(1.16)

i=pt-M I
where p >1 is an integer. It is evident that the r.v. X(t) given in Eq.(1.16)
is equivalent to sampling values at times pt from the type 2 approximation
expressed by Eq.(1.15). The mean, variance and coefficient of skewness of
the type 2 approximation are the same as foxr the filiered process and

these have been derived by Matalas and-Wallis (1971b) as,



h-3/2
uz(h - 05) » (M -i) K (1.17)
i=0
M -1
| 2 2h - 3
a"’:(h-o.s)z (M-i) g (1.18)
i=0
and
M1 3n-.as
%(M- i)
Y— I= - (1'19)

) [" . 2h-311.5
E(M i) ]

However, the relationship betiween the autocorrelation functions is given
as,
Pkb': Pk (k=01,2,3----...)

%here ﬂ( and p are the k-th order autocorrelation coeffiﬁients of the
filtered type 2 approximation and original type 2 approximation respectively.
However either process is time consuming to gemerate on a computer.

Aftér the appearence of dfGn in the hydrological literature, because
of its requirement of large computer investment, hydrologists have begun
to grapple with the problem of replacing approximations to dfGn such as the
type 2 and filtered type 2 by simple and fast processes, One such process
has been introduced into hydrology by 0'Connell (1971) which is referred to
as the ARTNA(1,0,1) prodess of which mathemutical foundations have been laid
down by Box and Jenkins (1970). . The ARTMA(1,0,1) process is a mixture of a
first order moving average and a first order autoregressive process and is

expressed as

XFPXt1* & =08 _y (1.20)



‘1’: (¢ -0)(1-¢0)" : (1.21)
(1+ 62- 209) '

P = '

k= PP 1 (1.22)

Although the ARIMA(1,0,1) process lies within the Brownian domain of
attraction for which h=0.5, it has been shown by 0'Connell (1974) that for
suitably chosen values of ¢ and © the process maintains good
agreement with Hurst's law with h>0,5 for values of n as large as 10000;

‘ propecties :
as a result both short - and long-run/may be modelled simultaneously,
The ARINA(1,0,1) process can be regarded as an approximatioch to dfGn., For
the purpose of generating synthetic sequences the ARIMA(1,0,1) process may

be formulated as

(-Xt ) ux):w(xf- i ux) * 0’xo;:(at ) eat-‘l) (1.23)

1
where ux and q& are the mean and sfandard deviation of the process
respectively., The term € is an independent random variate with zero
mean and unit variance and _ %: is defined as
2 (1 - @)
%* 2 (1.24)
(1+ 6°-290) *

If the observed skewness of the historic sequence is to be preserved in the
generating scheme then the random component Et in Bg.(1.23) is reilaced

by ﬂt given in Eg.{1.5). The relationship between the skewness Y% of the
process Xt and the skewness Yﬁ of the tarm ﬂt has been derived by

0'Connell (1974) as,
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(1 - \p3+ 3np62—3np2é) (1+ \92- 2 90 )3/2

Y
I - Wl n
¢v7) (1 - ¢°) (1.25)

The estimate Qn of Y can be obtained fron Eq(1.25) provided that the

.Y:
X (1

estimate Q& of the skewness w& is obtained from a given historic sequence.

A further new model known as the Broken Line (BL) process has been
introduced into hydrology by Mejia et al (1972). The simple 3L process was
introduced by Ditlevsen (1969) in order to check, by the Monte Carlo method,
some results in first passage theory. Because of the following two properties
the BL. process has been claimed to be a possible model for geophysical time
series,

(a) the existance of a second derivative at the origin of its
correlation function

(b) the possibility of modelling long spans of dependence amoﬁg its
components in such 5 manner that the simulation of the resulting érocess is'
faster than for any other process

The mathematical formulation of a simple BL process has been given

by,
_ ® . (“n”' “n)(t -na) (1.26)
t-kaz Y o I(t)
el 4 " a [na,(mﬂa]
1=0
where Y are independent and identically distributed r.v's with zero mean_

N
and variance d’2 s kK is a r,v. uniformly distributed over the interwval (0,1),
is an
Ea,(nﬂ)c-_ll

'a’ is the distance in time saparating the 1 ‘'s, andI(t)

indicator function which satisfies

1t ) }1 for na<t <(nha+1)a
E‘G.(NG”il " |0 otherwise (1.27)

The simple BL process given in Eq(1.26) is a coniinuous time process and its

. mean, variance and correlation function are given as follews,



E [E(t)J:O o C (1.28)
var [ee)] <€ [E0)] = 262 . (1.29)
and 2 '
1 '%(la) [2—(%—] tor O a
1 1 - 3 . .
plt)-= T [2-<E-)] for a<t<2a (1.30)
0 for 1>2a

The addition of m independent simple BL processes gives the general BL

process, as

m m
X (t) = Zgi(t) (1.31)
i=1

1 !
independent superimposition of m simple BL processes, the variance and

where E(t) is a simple BL process with 4 and ¢, . Because of the
l

\

autocorrelation function of Xp(t) becomes

' m 2m 2 '
\% [x (t)] :-—3—'2 o (1.32)
. 1=1 . :
an
m
(z) iz;]d?pﬁt)
p =
X % "12 _(1.33)
iz

p(t)  is the correlation function of ‘E"u(t) . Nejia (1971) has applied
[
the folleoving restrictions to the parameters
i-1

a :ajq 4 where q>1
i

a0S /1 05 | |
RERC

and

The memory of the process, which is egqual to the time lzg for which the
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not
correlation function is]zero, is given by 2a which is controlled by
q and m, Mejia et al (1972) have shown that the BL process may be

derived as an approximation to dfGn. A:detailed review of the

process has been given by 0'Connell (1974).

1.3. Model Identification.

Confronted with the problem of generating synthetic annual
streamflow sequences, the main task of the hydrologist after
having extracted the estimates of the necessary statistical parameters
suchas 4 , 0 4 Y » p and h from given historic data, is to
identify a model among the currently used hydrological proceSses cited
in the previous section, in such a way that it best represents the
historic record, Some of the parameters are not sensitive to the
model identification procedure, such as H , O and Y which can be
preserved by most generating models using a suitable distribution
fuﬁc?}on as mentioned in the previous section,

However, there remains P and h only to provide guidance in
the ijentification scheme both of which are directly related to the -
autocOrrelation structure of the process concerned. Moreover, p
is intimately related to the behaviour of the correlogram for small
lags whereas, h pertains, to the behaviour of the correlogram for
large lags. On the other hand in terms of frequencies p is
representative of high frequencies while h is related to low
frequency effects in hydrologic sequences. i’hen long-term persistence
is absent in a sequence that is to say h=0.5 then the autocorrelation
function, acf, will be the primary means of identification. A
complementary identification tool, the partial autocorrrelation -
function explained by Box and Jenkins (1968) and Jenking and wWattd
(1968) can also be used,

Various types of stOchastic processes can be distinguished
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according to their theoretical acf, In the case of the NIP the acf
is equal to unity for lag-zero whereas, for all the other lags its
value is zero, If the sample acf obtained from a historic sequence
conforms to this type of theoretical acf then the underlying generating .
mechanism is identified as NIP. However, numerocus tests for establishing
statistical independence in a hydrologic sequénce are available in the
statistics literature; a selectionis given by Matalas (1967). One
of the most powerful tests is proposed by Anderson (1942) who shows the
distribution of the estimate P for NIP to be normal with mean -1/(n-1)
andvvariance (n—2)/(n-1)2, hence the confidence limits for p is given
oy A _ 1/2
C.L.(p) = [-1 + Lo (n-2) ]/(n-ﬂ (1.35)
where Zu_is the standard normal deviate correcponding to a probabﬂA&g
level a . For instance, if 6 value lies within the 95% confidence.
limits, then it can be concluded that the process is NIP,

Another two broad classes of stochastic processes are the pure
moving average process of order q given as

X =0 -8ay, -8ap 570 0 -8pay g (1.36)
where 91 ’ 92 yeses O are the weights, for which the acf is terminated,
being zero after q lags and the autoregressive processes, such as the
lag-one Markov process given in Eq.(1.4), which are characterized by
attenuation of the acf, Thus the acf is a useful tool in deciding
whether the process is pure autoregressive or pure moving average.

The a2c¢f can be used more precisely by considering its estimation properties.
As was stated by Carlson et al (1970) a useful simple approximation

is to assume that the estimate ﬁ( is normally distributed with zero

mean and variance 1/n. If all ﬁ values beyond lag q lie within,

say, 957 confidence limits of 1.96/n £ then it can be decided

that the process is moving average of order q., In same situations it

may not be entirely clear whether the acf terminates or attenuates,
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In sﬁch a case the partial acf will be helpful as a complementary tool
because of the fact that the acf of an autoregressive process attenuates
and the partial acf of the same process truncates, the reverse is valid
for the moving average processes, If both the samples acf and partial
acf attenuate, then a mixture of moving average and autoregressive
process, such as the ARIMA(1,0,1) process results., Hence, the

model whose theoretical:” acf is very close to the estimated acf of a
given sample will be identified as the best model that suits the data.
The paucity of hydrological data limits the application of acf in
identifying the underlying generating mechanism.

However, the acf mentioned above tends to fit a model to historic
data in the high frequency domain only, whereas most §f the low frequency
effects are ignored. Therefore, to have a more realistic identification,
long-term persistence measured by the Hurst coefficieut h, must also be
-preserved in the generated sequences . In the case of h>0,5 the processes
that might be used to simulate annual streamflow sequences are the
approximations to dfGn, In practical situations, if éumbersome and
expensive computer simulations are not to be undertaken then simple
approximations to dfGn can be used; among such simple models is the
ARTMA(1,0,1) process.. |

In order to distinguish bétween short-term and leng-term
persistence processes, a new test referred to as the Rn/S analysis
proposed gy Mandelbrot and Wallis. (1969e). A detailed study of Rn/S

analysis is deferred to chapter 2,

1.4 Summary

The properties of hydrological procecses and the assumptions
necezzary to initiate a generating scheme by using the theory of
stochastic processes are reviewed, Koreover, various types of shori-term

and long-term persisient processes currently employed in synihetic hydrology
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and their advantages and disadvantages are discussed., In addition to this,

the methods for identifying a suitable process are briefly te\“ew%f\'
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Chapter 2.
RANGE, RESCALED RANGE AND HURST PHENOMENON
2,1, General

One of the fundamental problems in the design of a reservoir
storage capacity is the investigation of its behaviour when subject to a
given input sequence and a demand pattern. It is one of the purposes
of this chapter to treat this problem in detail. The demand will always
be assumed to be equal to either the populafion mean value, L , or the
sample mean, X ; of the input sequence. 'The case where U is known,
is an idealized situation,

The first treatment of such a problem to appear in the hydrological
literature is due to Rippl (1883) who analyzed the cumulative mass curve of
a historical record to find the reservoir size which would cope with the
sequence of flows without causing any spillages or water shortages over the
veriod of the historical record. The results obtained from such a mass
curve provide useful information in the case of low yield reservoir coupled
with the within year storages, but unfortunately its use is questionable
for over-year atorage calculations, The deficiencies of mass curve analysis
have been cited by Fiering (1967) as follows,

(1) Nass curve analysis has solely been based on the historical record
whose recurrence in the future is highly unlikely.

(2) Mass curve analysis does not provide any information as to the risks
of water shortages during periods of low flows, and

(3) Mass curve analysis yields a reservoir size which increases with
inereasing length of historical record considered. liOreover, the length of
historical record is highly likely to differ from the actual projected life
of the structure; therefore, the calculated reservoir size may not be

compatible with the actual life of the reservoir,
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The use of synthetic hydrology overcomes these deficiencies by
generating an ensemble of synthetic fldw sequences with length, equal to the
egonomic life of reservoir. Each one of these sequences, can be routed -
through a mass curve analysis so that a set of repreaentative reservoir
sizes is obtained. From such a set, various statistical properties of
reservoir size can be caléulated. In this chapter the long-run average
of reservoir size will be analytically treated for various currently used
stochastie proceases in hydrology, whereas for the verification of the
derived analytical results, techniques of synthetic hydrology together
with the sequent peak algorithm which is a sophisticated form of mass curve
analysias will be used extensively. The formulation for evaluating the
reservoir size using this approach has been developed by Wallis and Matalas
(1972). Let the sequence of flows and demands be denoted by X 49 xza......,xn
and 4 , dpeeesess,d, Tespectively. Hence, the total inflow I =D X.

n =1
and the total demand D= 2: diare related to each other as

121

D :all O (2.1)

where 0 < u|<: 1 denotes the level of development, In the case of 01:1
there is full development, otherwise partial development is to be considered.
Let minimum capacity required to meet all demands be denoted by Cm which
corresponds to Ct.l =1, If Co denotes the initial storage necessary to avoid
storage deficiencies, then the magnitude of the storage at the end of the

i-th time period, Ci , may be calculated as

C. =min [Cm, (x.-d.+ C. . ):I | (2.2)
1 i g [ 1 =1 :

and the wazste water W, at time i is given by
1
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Qi: ma x [O, (x;-d; = Cot Ci-1)] (2.3)
' R

Let the difference beiween the sum of inflows and demands at a time instant

k, be given as

k .
z, -21 (x - d) | (2.4)

where 2, represents water surplus when Zk:> 0, and in the case of Zk < 0a
water deficit occurs, Hence, the sequence, Z1, Z2""”"’Zn consisting of
a mixture of surpluses and deficits is obtained, If the largest surplus
and the greatest deficit are notationally represented by Pn and Qn

reapectively, then

P =max Z ' 5

N Ocken | (2.5)
Q= min Z (2.6)
N 0<k<n _

The range of cumulative departures from the given demand pattern is defined

as

Rn=F - Qp (2.7)

As noted earlier for al = 1, Rh- Cn and CO = Qn in which case there occurs
no spillages or deficits over n years perioa.

The minimum design capacity, Cm » may be obtained by the sequent
peak algorithm proposed by Thomas and Burden (1963) as follows. For the sake
of operational convenience both the input and demand sequences are assumed
to be extended over a second cycle which has no physical sigrificance at

all, Therefore, the operational time period becomes 2n instead of n, with
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the extension of X - and di = dn+1 where i = 1,2,,000000e0y0. The
necessary steps for the solution for qm are as follows,
(1) The differences Xy - dJ are calculated for all J = 1,2,ceeeyMyacssy2ne

(2) The net cumulative inflows, Z,, are calculated for all . .

J

J - 1,290000,11’..-00,,2110

(3) The sequent peaks P., Poyeesesess,P_ are located such that
2 m

1’
P1< P2< ooo'0i~o‘-< Pﬂ. .

(4) The sequence of troughs Ty » Ty seceeccecses, T, i3 located between
sequent peaks, where s = 1,2;..,......,(m - 1)

(5) The sequence of P, - T, is formed. The minimum design capacity, Cpo

is given

- - (2.8)
Crn mgx (Ps TS)

The random nafure of inflow sequence causes Cm’ to be a random variadle,
The expectation of Cm for various stochastic models is one.of the objectives
of this chapter. Throughout the chapter, fhe_level of development al is
assumed to be equal to one and the demand is considered as being equal to
either the samfle mean or the population mean value in'which case Cm becomes
identical to the range Rn.Rn has a very attractive interpretation in terms
of hydrological design which involves the concept of ideai reservoir storage.
The definition of the ideal reservoir has been given by Mandelbrot and
Wallis (1969b) as a storage which fulfils the following four conditions,
(1) that thé outflow is uniform
(2) that the reservoir ends the period as full as it started it
(3) that the reservoir never overflows
(4) that the capacity is the smallest compatible with conditioms (1), (2),
and (3).
Such an ideal reservoir storage for a future n years can suitablg be

designed when the data necessary to design it, are already available for n
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years, The combined effect of aii four conditions is that an ideal reservoir
must get almost dry at some point in time and full at some other point iﬁ
t;me.

In sections (2.2) - (2.3) all of the hydrological literature related
to the adjusted range and the population range are reviewed, The definitions
of Hurst's 1aﬁ, the Hurst coefficient and Huﬁst phenomenon are given in
section (2.4). In this context, the estimates of Hurst coefficient are
reviewed, A general analytical expression for the small sample expectation
of the adjusted range is derived in section (2.5) by using a new methodology
and in the subsequent sections the applications of this formula are
illustrated for the case of the NIP, the lag-one Markov, the ARIMA(1,0,1)
and the 4fGn processes, Section (2.6) accounts for the general analytical
expression of expected value of population range. |

Section (2.7) gives the analytical expectations of both the rescaled
adjusted range, Rn/S:and rescaled population range BP/S for various currently
employed stochastic processes in the case of small sample sizes as well as
in the case.of the population situation, The relationships befween the
expectations of the population and the adjusted ranges and their rescaled
counterparts are obtained and moreover it is shown that, asymptotically,
the expected values for the ranges and rescaled ranges are identical whatever
the underlying gemerating piocess is.

In section (2.9) firstly a literature review concerning Rn/S analysis
is given and then on the basis of analytical expressions derived for E(E%/S)
various deductions proposed by Mandelbrot and Wallis (1969e) are analytically
confirmed; in this way it is shown quantitatively whether =z hydrological

process is short-term or long-term persistient.

Finally, in section (2.10)the analytical pdf of rescaled population

range is asymptotically derived for the case of a NIP.
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2.2 The Ad justed Range

For the purpose of theoretical éonsiderations, the demand from a
reservoir over any one year period can be assumed to be equal to the sample
mean, in' of the available sequenée of input volumes of length n years. If
this is the situation the total demand over the first k-year period can

be written as

D =kXx | (2.9)

or, more explicitly

K g
Dk: 'n_gxi . (2-1.0)

On the other hand, the amount of water flowing into the reservoir over the

same period can be expressed as,

Ik;ixi | (2.11)
=t
Or, alternatively in te:ms of the mean, ik’ of the first k flow values
Eq.(2.11) can be re-written ;s, '

Ikz k>‘<k (2.12)
where ik is a function of the time period, k, and will be referred to as
the successive mean,

Now, the amount of water that remains in the reservoir after the
passage of the first k-year period is given as,

ZKIK- Dk

or, by substituting Eq.(2.10) and Eq.(2.11) into this last expression, the

following equation is obtained, that is

Z —Zx.——k—Zx | (2.13)
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Or, by considering Eq.{2.9 ) and Eq.(2.12) a more revealing form of Eg.(2.13)

can be written as

zk: kxk- kxn
or
k(X - X (2.14)
Zk k( K xn) , .

which is a convenient form for later work in this chapter. It is apparent

from Eq.(2.14) that the amount of water remaining in the reservoir after

any fime period, say k, is a function of the successive means, ik’ of the

inflow sequence. Since the inflow sequence is a random gample, its function

ik’ is also a random variable whose statistical properties can be related

to the statistical properties of this inflow sequence, In the same way

statistical behaviour of z, can be evaluated in terms of the random variable

ik‘ |
With the notion used in this section the new forms of Eq.(2.5 ) and

Eq.(2.6) are as -

P = max | k(X - X ) (2.15)
n osksn[ K n]
and
Q = min [k(x,-% )] (2.16)
" o0<ksn |

Hence, by substituting Eq.(2.15) and Eq.(2.16) into Eq.(2.7 ) the range of

cumulative departures from the sample mean, denoted by Rn’ becomes,
Rp= max [k(S(‘k- Rn):!- min [k(szk- X )] (2.17)
O<k<nh n

where Rn is referred to as the adjusted range. The statistical properties

of R were first investigated by Feller (1951) and Hurst (1951) independently
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for the case of NIP and the following asympiotic results were obtained,

. _ T i
E(Rn)’- >no | (2.18)

2

V(Rp) :(%_%)n (2.19)
Furthermore, tﬁe asymptotic-pdf of Rn was also derived by Feller (1951) by
considerat{ons from the theory of Brownian motion. Unfortunately, this
pdf and Eq.(2.18) and Eq.(é.19) do not provide any practical spplications
because of the finite length of hydreological records, Therefbre, the small
‘ sample properties of R.n needed to be evaluated, The original study towards
this end is due to Solari and Anis (1957) who derived the small sample |
expectations of R.n in the case where the underlying process is normal and

independent with zero mean and unit variance as
R 12 12
- =1/
E(Ry)=yzg 1 "2n - 1) | (2.20)
i=1 ‘ ’ :

which has the asymptotic value given by Eq.(2.18) as derived by Hurst (1951)
and Feller (1951) independently,

In a later section of this chapter Eq.(2.18) and Eq.(2.20) have
been rederived using a different methodology. Moreover, the expectation '
of %1 in both asymptotic and small sample situations have been derived
for a number of normal stationary stochastic processes currently used in

hydrological literature,

2.3 The Population Range

In an ideal situation when the population mean, W , is known in
advance then a theoretical formulation of the rarge emerges where the demand
can be taken to he equal {o this populzaiion mean value. In such a2 situation

he underlying r.v's can bte transformed by applying a shifting opsrator
ying PPRiyivg P ’
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to have.a zero expectation., Throughout this chapter such a transformation
is assumed to be perfofmed on the original r.v. in the case of known
population mean only, hence a - -zero population value introduces no loss
of generality,
However; the amount of inflows over the first k-year period remains
the same as it is provided by Eq.(2.11) or Eq.(2.12), Hence the amount of

water that is impounded in the reservoir is given from Eq.(2.13) as

k
: kZ %

1

or, shortly.

2 FkXy | | | (2.21)

The maximum and the minimum of variables 2, over n time period are denoted - -

by Mn and my respectively whose expressions are given as

M :On:?(x (kik) | | (2.22)
SKSN

m_ = min (kX ) (2.23)
O<k<n

In fact, in relation to the work of Anis and Lloyd (1953) Mn and m_ can be
inferpreted as the maximum and minimum of partial sums of random variables
respectively. Finally, the definition of the population range, denoted as

Rp, parallels the definition of the adjusted range and emerges as
Rz=M-m (2.24)
p
or more explicitly

R=max(kX,6)- min(kX,)
P o<k<n K O<k<n K (2.25)
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where Rp is the range of cumulative:&epartures from the known population
mean and is sometimes referred to as the population range.
According to Feller (1951) the sampling stability of Rp is better
than that of R,» Again the same author has studied the asymptotic statistical
properties in great detail and he has given asymptotic expectation and the

variance of Rp as

E( Rp) =2 ‘/—T%- no (2.26)

and

_ o o, |
V(R,) = 4n (logz n) | (2.27)

A theoretical derivation of the asymptotic pdf of Rp was also
provided by him, but unfortunately none of these asymptotic results are
directly applicable to hydrology where there are small samples available
6n1y.

However, in relation to the small sample properties of R.p the first
study in this area was conducted by Anis and Lloyd (1953) for the cése'
wﬁere the underlying variates are independent and normally distributed,

amp\e

They have shown the mean value of Rp for finite/and independent variates

with a common normal distribution is

S |
E(R ’WBE i-12 (2.28)
P T
1:=1 :

—

which for very large n values assumes its asymptotic value given in Eq.(2.26).
A very nice interpretation of E3.(2.28) is that it is the expected ideal
reservoir size in the cane where the demand is egqual to the known population
mear, |

By manipulating Eq.(2.28) together with the incorporation of a clever
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guess ,Yevjevich (1967) succeeded in deriving the expectedApopulation range
value for normal stationary processes in general., In particular E(Rp) for

the lzg-one Markov process is given by him as,

| 2 En: 1+b 2p(1—pi) V2
E(R ):\/—n: gy i~1/2 [ r - 12_] (2.29)
n - 1-p, '(1"ﬂ)

.

where q is the first order serial correlation coefficient, When p=z O
is substituted in Eq.(2.29) then it reduces to Eq.(2.28) which is the NIP case,
Yevjevich has verified Eq.(2.29) through the use of Monte Carlo techniques.,

A logical derivation of Eq.(2.29) will be presented in section (2.6.2)

2.4 Hurst's Iaw, Hurst Coefficient and Hurst Phenomenon
Out - - of the original works of Hurst (1951,1956) in relation to the
long-term storage requirements on the Nile river, emerged one of the most

important statistics of streamflow which is given from Eq.(1.11) as

R h
. .n

.S

where S denotes the sample stgndard deviation of the time series of length

n, Rn has been previously defined by Eq,(2.17) and h is a coﬁstant power.,

The expression given by Eq;(1.11) has been empirically developed on the

basis of 900 annual time series comprising streamflow and precipitztion
records, stream and lake levels, tree rings, mud varves, atmospheric pressure
and sunspots,

In general, the statistic RH/S has been referred to as the rescaled
range by Mandelbrot and Wallis (1969b) without making any distﬁ;tion whether
ad justed or population range is used in Eq.(1.11). Such a distinction will
be étrictly observed in this thesis. Hence, if the adjusted range of
Bq.(2.17) is adoned, then the corresponding rescaled range will be called

rescaled ad justed range, whose explicit form can be obtained by dividing both sides
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of Eq.(2.17) by S which gives,

o .

n 1 - —_ 1 . - -
— = max k(X — X ) }*—{)mmlk(x~ X ) }
s S {os@'[ K “] Sb<ken K ”]

or, equivalently

X — X ) X, - X
—SRL: ma x [k—k—”] - min rl:k_k_”] (2.30)
O<k<n -

On the other hand if Eq.(2.25) is adopted as the definition of the range,
then, the resulting rescaled range will be referred to as the rescaled
population range of which the general expression convenient for later work

in this study is given as

R X X
—SE’: ma x (-——k) — min (—s—k) (2.31)
O<k<n S O<k<n

The general expression given in Eg.(1.11) is usually referred to as
Hurst's law, and in addition to this, the constant power, h, has been named
as the Hurst coefficient, This coefficient, h, is a function of the rescaled
range which is a2 random variable, therefore h itself is a random variate,
As a result, theoretically h should have its own pdf and in turn, descriptive
parameters such as the expectation, variance ete, Moreover, like any other
statistical coefficient in stochastic hydrology, an estimator for h is
inevifable. So far in the hydrological literature thexre exists trwo types
of estimates of h, One was proposed by Hurst (1951), where he wroite Eq.(1.11)
in an equality form by assuming the propertionality factor to be equal to 1/25

Hence,



% - ‘(;)K (2.32)

where K denotes the resulting estimate of the population coefficient, h,
When Eq.(2.32) is solved for K, then the estimate of h for a given historic

record becomes,

log(RyL/S) (2.33)
log(nrs2)
or
logRp - log$S
logn - log 2 (2.34)

For the 900 annual time series investigated by Hurst (1951) the mean value

of K was found to be 0.73 and the standard deviation as 0,092 over all series.
The lengths of these time series varied from 30 to 2000 years, Mandelbrot
and Wallis (1968,19696) have pointed out the shortcoming of Hursi's estimator
K, that is, only the full length of sample is used to estimate h, and

assumes that the line defining the estimate of h always passes through the
point of aﬁscissa log?2 zrd ordirate log?l which is equal to zero, A more
general alternative estimation procedure of h has been given by Mandelbrot
and W2llis {1949b,d), This estimate is denoted by H and the method of
estimation has been given by the same authors, Wallis and Matzlas (1970)
have made a series of extensive computef simulaticn expcriments io ascess

the small semple properties of both K and H, Acéording to their work, for



-51-
a Gaussian indépendent process both K and H are biased estimators; although
K has relatively greater bias than H, its variance is found to be smaller
than H. However, the effect of bias on both estimators slightly decreases
with increasing sample size,
According to the value that h assumes the hydrological processes

can broadly be divided into two classes, Those processes which yield a
value of h equal to 0.5, are said to be short-term persistent and procésses
giving rise to a value of h in the range 0.5« h« 1, are said to be long-
term persistent. The tendency of natural time series to yield h values
greater than 0.5 is referred to as Hurst phenomenon. The difference between
the average Qalue of X, 0.73, and the exponent in Eq.(2.18), 0.5, puzzled
many hydroloéists and statisticians at the time, and following this a number
of suggestions were put forward és to the cause of discrepancy. In general,
three explanations of the Hurst phenomenon have been offered

(1) marginal distribution

(2) transience

(3) autocorrelation
The first of these explanations can be discarded in the light of a work by
Mztalas and Huzzen (1967) who carried out an exhaustive computer experiment
to obtain the expected value of estimate of K, E(K), for the normal and, then,
a group of log-normal distribution function with different skewness coefficient
Yy in the range 0.2 < Y < 2. They found that skewness had not a
significant influence on the values of E(K) and therefore concluded that
skewness does not explain the Hurst phenomenon, hence confirming the deduetion
by Langbein (1956) who stated that skewness was an urlikely explanation as

was serial correlation of a Markovian nature. Morsover, Langhein suggested
that the autocorrelation structure of data used by Hurst was of a very complex

nature.
However, the theoretical works, concerning the small sample vroperties

of adjusted and population ranges, by Anis and Lloyd (1953), Anis (1955,1956)
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and Solari and Anis (1957) are not sufficient to explain the Hurst
phenomenon, because all of these theoretical studies were based on an
underlying normal indeéendent processes for which h=0.5 In addition, Hurst
had considered the statistic RH/S rather than Rn or Rp’ whose expectations
are not the same at least for small samples. This assertion will be
analytically confirmed later in this chapter, It was deduced by Moran (1964)
that for moderate n values, the Hurst phenomenon could be explained by a
highly skewed distribution with very large second order moments about the
mean value. Unfortunately, he was concerned with Rp’ therefore the same
conclusions could not be valid for Rn/S Both Lloyd and Moran have léng been
considering the behaviour of either Rn or RP for a poésible explanation of
Hurst's original law, where, in fact Hurst worked with the rescaled range,
Rn/S only.

However, to the best of the author's knowledge there has not yet
appeared any analytical expression as to the expectation of Rn/S in the
hydrologic literature so far, In later sections, the expected values of
both rescaledzzgﬁusted range will be analytically derived for models currentily
used in hydrology for simulating annual streamflow sequences. The analytical
expressions obtained for E(RH/S) will replace the expensive data generating
method for explaining the behaviour of E(Rn/S). The same expressions make
it possible to apply Rn/S analysis analytically to determine whether a

process is short-term or long-term persistent.

2,5 Small Sample Evpectation of the Adiusted Bange, (R)

3

he general expression for the adjusted range has already been given

in section (2.2) by Eq.(2.17) as

For a normally distributed underlying random variable,:-c1 and ¥, are also

L
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normally distributed, in general , as N(O, qg ) and N(O, a2 ). respectively.
X

X
The mean values of these random variates, name%y, ik and X, are equal to zero
because of the assumpbion that the underlying random wvariate is shifted to
the origin. In this section interest lies with the expected value of the

ad justed range, therefore taking expectations of both sides of Eq.(2.17) leads

to,

E(R_) = E{ max [k(?( - X )]}- E{ min Lk(i - X )]} (2.35)
n 0<k<n k n < ks k n

oi, because of the symmetric property of normal pdf the following equality,

in expectation, is valid, that is,

E{ max [k(ik—-‘i )]}: —E{ minik(?c-i )]}
o<k <t n < .k n

Yence, by substituting this expression into Eq.(2.35)

E(R)= 26 max [k(')‘( - % )] (2.36)
n o<k<nl * M

It is clear from this last expression that when the exrected value of r,v.
max k(?R-)_S'I) over the time period (0-n) is known, then E(Rn) follows

<SKS
1mmedigte1y. Let this r.v. be denoted by e and hence

y = max[k(?—‘i )] ' (2.37)
n O<k<n k n’ :

where subscript n, in Ypo emphasizes the fact that N is the maximum

cunulative departure from sample mean over n-year period for a given time
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series., Furthermore, let the r.v. whose maximum is sought be denoted by,

- - ' : 2,38
zk,n'k(zk ?n) (2.36)

where subscripts k and n denote the dependence of r.v. Z, n OO two time
’

instances, A first glance at Eq.(2.38) reveals that both of the terms, kik

and kin, on the iight-hand side are normally distributed variables whatever
the values of k and n are, but if the underlying r.v. is non-Gaussian then
in the light of the central limit theorem the two terms are again normally
distributed but for large values of k and n only. As a result of this fact,
their difference zk,n is normally distributed, hence the mean and the

variance of z will suffice to describe this normal distribution.

Therefore, by taking the expectation of Eg.(2.38)
E = - E(X
(Zk‘n) ,kliE(Rk) E(Xn)J
where E(ik)=0 and E(in)=0, hence
E@z z
. k,n) o
and the variance, in general , turns out to be

V(zk,n) =k2 [v(i k) -2Cov(>*<k,in) + V(X n)] (2.39)

“here V(ik), V(in) and Cov(ik,in) are all dependent on the nature of the



hydrological process adopted,
The methodology applied here for finding the expectation of the maximum

of rev. z over the n-year period is as follows. The two most important

k,n
facts which constitute the basis of the methodology pursued are,

(1)that the discrete r.v's, can be thought of being sampled at regular
intervals from the corresponding continuous r.v. Therefore,.the discrete
cumulative variable zk,n is obtained from the continuous cumulative variable,
z(k,n) by sampling at regular intervals as shown in Figure (2.1). Moreover,
as the length of interval goes to zero, the discrete variable converges to its
continuous counterpart, |

(2) that the situation of the maximum of Zk,n for a given historic record
has associated with it two uncertainties, One of these uncertainties is
connected with the time instant at which the maximum occurs whereas the
other source of uncertainty is the magnitude of the maximum,

_ As a result there are two jointly distributed r.v's for completely
describing the position of the maximum, Let this joint ﬁdf be denoted as
f(m',t') where m' is the r.,v, associated with the uncertain magnitude of

maximum and +' is the r,v. associated with the time instant. Hence, the

gxpected value of this Joint pdf can be written as,

® @
E(M):/fm’ t' f(m’, t')dmdt
00

or, alternatively

¢
E(M) =fE(Mlt')f(t’)dt' ‘ (2.40)
o)

where E(M]|t') denotes the conditional “expectation of the maximum cccurring at
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K - n
Figure (2,1) - The sampling of discrete cumulative variables, z from
a continuous cumulative variable z(k,n) at regulal time
intervals.,
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a given time instant. Furthermore, E(M|t') is the expectation obtained from
the cumulative departures of a continuous r.v. In this section, this
continuous r,v, is considered to be given by Eq.(2.38) whose pdf can be

written as

) 1 | .Y (2.41)
< X - .
T NIz, ) 0T 2V, ) ke

L)

f(zk

For any fixed value of n, this pdf represents a kind of Brownian motiom,
with zero mean and variance given by Eq.(2.39) for successive k values,
According to Lévy (1965) the following sequence of equalities are valid for

any symmetric distribution function, that is

Pr(M>E) 22Pr(M>E,x>E):2Pr(x>E)=Pr(IXI>E) (2.42)

where x represents a Brownian motion and I is the maximum of this variable
over a definite period of time., 3y considering the firsi and last terms

in this string of equalities, it can be concluded that the pdf of maxima

" is the same as the pdf of the absolute value of the r.v. In this section
only the normal distribution is considered therefore the pdf of maxima is

the 2bzolute normal distribution which is given by Lévy (1965) as

-X
exp

2
0< X< (2.43)
V2nt \ 2t -

f(x )=

An assumption regzrding Fq.(2.43) is that it is concidersd ac being a
conditionel rp2f of 2 given iime neriod t morscver it do=z rot zlier the
quantitative value of Eg.{2.43) whether t is thought 2s a time instant or

time period., Therafore, the above referred corditional pdf can be written
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from £q.(2.43) as-

2
fx|t): 2 expl- = (2.44)
21Nt 2t

In general, the relationship between a normal r.v. x and absolute normal r.v.

z is given as

f(z)=2f(x) (2.45)

where-P< x<r® and 0 < 2@ « Therefore, the absolute pdf

corresponding to Eq.(2.41) turns out to be,

1 2 .
f(‘z'l ): 2 exp{- —m (2.46)

Zz
N NTwE, ) 2V(zy ) KM

2

have been given by Papoulis (1945) as

172
1.3, ... .. - : =
(n-1) [V(Zk,n)] for I=2m

The moments of z
k,n

T (2m+1)/2 (2.471)
J;—_ 2 m![V(szn)] | for 1z2m+1

Hence, the expectation of EZq.(2.46) can be given from Eq.(2.47) with 1=1, as

Edz "(l n) =

N :
E(lz 1) "\/T vz, | (2.48)

"Thias is a conditional expectation given k and n, So, at each time instant
k < n there is an expectation associated with it given by Eq.(2.48). One

assumption at this stage is that, the occurrence of the maximum associated
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with different time points are independent from each other. Therefore, the
probability of ocourrence of maxima at each time instant can be constructed
as follows.‘ At the first time instant there can occur: two events only,

one is a maximum and the other is the minimum and these can be represented

as in figure (2.2)

h41
| Figure (2.2)
0 . l1.
m
1 ,
Therefore, the probability associated with the maximum at time instant k=1
is
1
Pyz ——
1= 21

vhen two time instances are considered then figure (2,3) results

M, My
l l Figure (2.3)
0 l1 le
m
" 2

In this situation there are four possible events and the probability of

maximum occuring at k=2 is given as

1

Pz — —
2.2

In zeneral, when n time instances are considered as illustreted in figure (2.4)
M M ' M ‘
" ,.2 3 n-1 Tn
Fig. (2.4
n

ma M3 Mn_1 Mp
then there are 2n equally likely events arnd the occuxrence of the greatest

-maximum at time instant n, hzs a probability of
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On the other hand Eq,(2.40) can be written for discrete variables and new

variables as

n
= (2.49)
EM) I;E(lzkl.n) P |

after substituting Eq.(2.48) and the above calculated probabilities into

%q.(2.49) leads to

n
12 z, ) 2,50
E(M)-—z—ﬁ-z n (2.50)

or, because of the fact that
E(R,)=2E(M) (2.51)

insertation of Fq.(2.50) into Eq.(2.51) yields,

, n
_ 22 ’Vizk )
: k:1

Tnis iz thc general expression for the expeciation of adjusied ravnge for

small

“

amples and it is valid for auy type of hydrolegical process provided

[

c+
ot

bat it i stationzry 2nd normal irrespeciive of its zutlocorrelation structure

beczuse in the derivation of ©q,.(2.52) no assumption as to whether the
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underlying process is independent or dependent has been made, So far, to
the best of the author's kﬁowledge, no such general expression for the
expectation of the adjusted range has appeéred in the hydrological literature.
As an explanation of Eq.(2.52) results quoted earlier given by Eq.{2.28) and
Eq.(2.29) will be obtained in the following sections.

A fina) remark at this point is that the sum of probabilities, Pys in
Eq.(2.49) does not add up to one when overall averaging is considered but
if figures (2.2) -~ (2.4) are considered individually then one can see that

the probabilities, P

? axe properly defined.

2.5.1 The Normal Indevendent Process. (NIP)

In relation to the Hurst phenomenon, all of the theoretical studies
of the range, in general, have been based on the NIP which corresponds to
the value of h=0.5. If the inflows inito a2 reservoir have the nature of NIP
then the expected adjusted range in this special case can easily be worked
out from the general expression of Ig.(2.52), To do this first of all the
variance inEq.(2.39) has to be found., - For the case of WIP the following

equations are valid

V(X ) o?
k™ k
2
- g
V(xn)- T

M)
A
[ 1
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where 02 is the variance of the input sequence, The substitution of these

last three equations into Eg.(2.39) leads to

Viz )=k -k o2 (2.53)
k,n n

and furthermore the substitution of Eg.(2.53) into Eq.(2.52) gives the

required result which is expressed as,

E(R ) \[T}:(

or by considering the following equality | '. | .

1/72 '
) |  (2.50)

112

ZZC ) \FZ[‘“”‘“’]_W | (e.55)

then Eq.(2.54) becomes,

E(R,) = g kv (n—k) 172 (2.56)

This is the expected value of the adjusted range for small samples of NIP
which was derived by Solari and Anis (1957) as was previously given by
Eg.{2.20). The same authors hzve also shown thai the asympiotic velue of
Eq.(2.56) i.e. its behaviour for large n bscomes the asymptotic adjusted
range given by Feller (1951). Tn order to cbiain this concluszion ihe

summation in the Eg.(2.56) is replaced by the approximate integrel, that is,
n-1

[k_wz(n 1072 g

1
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On making the substitution n@ =k this integral becomes,
1-1/n
/51’2(1 _e) de
1/n
which converges to B(%,3)= m as n tends to infinity. Thus the expectation

of the asymptotic adjusted range is given as,

118
E(Rn) = v—2—n g

This last expression shows the rederivation of an already known formula due
to Feller (1951) and it is given by Eq.(2.18), When a short time span is
considered to be the economic life of a reservoir then Eq.(2.56) will give

the size of the ideal reservoir with independent sequences,

2.5.2 The Izg-One Yarkov Process,

Tre simplest model used in hydrology to preserve the interdependence
'among the successive observations of streamflow is the 1ag;cne Markov
process. Interdependence among observationg exe;ts great effect on the
final product, such as the reservoir size, ‘in any water resource system
design., It will be analytically proved later in this chapter that in the
case of correlated inputs the capacity tends to be greater than the one
where the inflews are independent. As a result of this property a simulation
process of streamflow might result in an overdesign or underdesign relative
to an optimal design.

The autocorrelation function of the lag-one XNarkov process is given

P =P | (2.57)

With this autocorrelation function the terms necessary to find the expected
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adjusted range through employing the general formula given in Eq.(2.52)

are derived in appendix (2.1) as

2 2p
)- % + o — [k(-1~ )-(1- k)]g (2.58)
v(‘):—d-z oo [nt1=p) - _"]g 2,59
X 2 k. )2[n( p)-(1—p) (2.59)
and
K n o
Cov(xk X )- ﬂhﬂl (2.60)
j=1 i=1

By inserting these three terms into Eq.(2.39), V(zk,n) is derived ﬁhich in
turn may be inserted Eq.(2.52) to give the expected adjusted range in small
samples for the lag-one Markov process. The verification of this analytic
solution has been achieved by computer sirmulation technigues, and very good
agreement between the 2nalytical and simulation results have been observed

as is evident from figure (2.5). The same analytical result gives the

ex¥vected value of the ideal reservoir size in the caame of Karkovian inflows
with an unknown ropulation mean value. It can also be observed in figure (2.5)
that the E(Rn) of the lag-one }arkov process is slways greater than that of
the MIF case. When p=0 is substituted in E(Z ) then I7.(2.20) which is

velid for the NIF caze is obilained,
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Figure (2.5) - The expected adjusted range of
various processes,
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2.5.3 The ARIMA(1,0,1) Process.

Many of the existing processes which have appeared recently in the
hydrological literature have originated from the desire to preserve Hurst's
coefficient exactly or approximately. The ARIMA(1,0,1) process which has
been proposed by O'Counell (1971) for simulating annual streamflow sequences
provides such an approximation and simple process for modelling Hurst's
law,

By using Eq.(1.21) and Eq.(1.22) in the algebraic development of
appendix (2.2) the following terms necessary for finding the expected

adjusted range for the ARIMA(1,0,1) process are obtained.

a2 g 2p K|l
VX )z —s + ——= [k(1-¢9)-(1- (2.61
()2 <5 | ke 2o [k-0)-(1- g )];. )
.
=5 9 2p n
V(Xn)- ?2n""(1—.¢3§ [n(1TFP)'(1"P )]g (2.62)
and
Cov(X X )= —C-I-E- k*é e Ii-j-'ll (2.63)
kK’ n nk EE:IE: ®
i=t j=1 :

i£]

The substitution of these final equations into Zq.(2.52) yields t.he desired
result for E(Rn). Zence, it is clear that () is obtainad merely when a4 g=o
inforzztion on the autocorrelaiion struciure is zvailable only. ¥hen 9= PL

iz substituted in the expression for E(Iln) then it reduces to itheti fer lag-

one Larkov process caze and the substitution of @ = @ gives the LI case

for which E(Rn) is given by Eq.(2.20).
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2.5.4. Fractional Gaussian Noise

For the theoretical fractional Gaussian process the following

" equations are given by Mandelbrot and Wallis (1969Db)

V(R )=C, k2h-2 (2.64)

V(Xp)=C,n2h+2 (2.65)

In the light of these expressions the following quantity can easily be

xl)] (2.66)
1.

evaluated

or

i=1 1z1 iz k+
or finally
' _ Cn 2h 2h 2h (2.67)
Cov(Rk,in)-Ek—E [n —(n-k) —+k ]

The incorporction of Eq.(2,64), E3.(2.65) and 2q.(2.67) into Tq.(2.52) yields

1/2
2h-1 2h-1
2 Lh-2. n="" (n- kF" & k2h-2
TS, 3 b
(2.68)
where C.'1 iz the stundard deviation of £Gn. For h=0.5 ©7.(2.68) riduces io the

cace of HIP for which z(an) has been given eerlier by Eq.(2,56).



-68-

2,6 Small Sample Expectation of the Population Range. (R_)
P4

An idealized situation occurs when the population mean, 1 , of a
time series is assumed to be known, In such a case the assumption that the
population mean is equal to zero causes no loss of generality and the

general expression of IRp is given by Eq.(2.25) as

R = max(kX ) - min(kX )
osksn K o<k<n
where :':k is distributed according to N(O, a; )o A first glance at Eq.(2.17)
shows that Eq.(2.25) is a special case of itlif in is set equal to zero, |
Hence, all of the formula obtained for E(Rp) in the previous sections will
be valid when - in=0 is inserted into them. Therefore, the expectation of
Rp can be obtained from Eq.(2.36) as

E(Rp) = 2 max(kik) (2.69)
O<k<n ’

In the same manner the counterpart of %3.(2.39) in this case will be given

-2 y(w
\/(zk) =k V(xk) (2,70)

the subzeript n has besa dropped out because of the fact that the sample mean
iz 2ssumad to e known and irndependent of the sampls length n. The =szme
methndolegy ~rplied in section (2.5) remainz zpplicaidle in this situation,
lepce, frem £e.(252 ) the generzl expected value of Rp can be obiained simply

Y by V(zk). lience, in gcneral,

n
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Or, substitution of Eq.(2.70) in the above expression yields

n
2 —
E(Rp) =‘ﬁn Eﬂwx k) (2.71)

This result is applicable to any stationary normal hydrological process. The
same equation has been given by Yevjevich (1967) on the basis of a clever
guess and manipulating Eq.(2.28) which was first derived by Anis and

- Lloyd (1953).

2.6.1 The Normal Independent Process

After having got the general expression in Fg.(2.T71) it is , then,
straightforwafd to make an application of it to various hydrological processes.
The only parameter is the variance of the subsample mean, V(ik), which for
the NIP is given in section (2.5.1) by E3.(2.53) and by inserting this

equation into 2q.(2.71), E(Rp) becomes

2 =12 (2.72)
—of — z :k
E(R )= - g

which kas been derived by Anis and LLoyd (1953) a2nd given in Eq.(2.28).
However, the asymptotic expected value of RD has been given by
Teller (1251)., 1In ordsr to obtain the same result, the summation in Zyg.{2.72)
iz replacz? by the approonriate integral given as
n n
fk_“2dk :l-2 k"zl
0 0

vhich becomes equal 3o 2\/n and therefore

2
E(Rp)=2‘/nn-d
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This is the expression given in Eq.(2.26).

2,6,2 The Lag-One Markov process,

The variance of the mean of a lag-one Narkov process sample of length ,
k, has been given in Eq.(2.58), the substitution of which into Egq.(2.71)

gives

[2 L w2l 1+p 2p(1- p*) V2
E(R )z=gq/— 0 K—/2[ M L ] 2.73

This expression has been derived previously by Yevjevich (1967) who has
shown its correctness by exhaustive computer experiments,

The asymptotic expected populatién range can be obtained from
Eq.(2.73) by expanding the second factor under the summation sign, into a

Binomial series, hence

L 172
2(1+p) =172 [1 _ 2p(7 -J‘)]

E(Rp): TI'.('] -p) T k("1'_p2)'

or

N )
_[200+p) _1/2[1 _o0-8% . 4p2(1-gf .
B(Ry):= \ =0 d ;k k(1-p2) 3IK(1-p2 ]

by ignoring second and subceguent terms in the hrackeils, the following

formula is obttained foxr ve lzrge n values
[=) y

n
. _ 2(1+p) —1/2
E(Rp)-‘/——-——n“_p) o'E K
k=1
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by applying the appropriate integral to the summation in this last expression

as applied in the previous section, the following asymptotic value results,

) 200+p) n ¢ | |
E(Rp)- 2 ‘/——m“_ ) (2.74)

A'simple relationship between the asymptotic expected population ranges of
the lag-one Markov process and NIP can be given by comparing Eq.(2.74) and

Eg.{2.28) a8,

ER )I (2.75)

where subscripts M and I refer. to the lag-one Markov and NIP respectively., X
The factor is always greater than unity provided that P >0, as a result

(1+ p ) > 1 and (>1- p )<1, Hence,

Therefore, Tq.{2.75) analytically confirms the fact that the size of a
reservoir in the case of dependent inflow sequences is. greater than that of

indepszndent inflow sequence.

2,007 The ARTVA(1,7,1) Procecss

Azain the asympiotic E(Rp) for this process will be obtained from the

;eneral expression of Ig.(2.71) after substituting Fe.(2.64) into it, which
& ) 3 g raq ’

L
_ Ky 7172
E(R )=‘/—2 ¢ E k-"2[1 2% _ 2p1 “")] (2.76)
p T o -9 k(1- )2

yi=slds
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which is valid for small samples. The behaviour of Eq.(2.76) can be
approximately found by the application of the Binomial expansion to the

brackets on fhe~right-hand side , hence,

n
1'¢+2p 1,2[ 2p(1-¢K) ]1/2
E(R —_— 1-
( )\[ \/ k ; k(1-@+2p)(1- o)

or, after ignoring second and subsequent terms in the expansion'and applying
the appropriate integral as in the previous section, the asymptotic expected

population range of the ARIMA(1,0,1) process is obteined as

E(R)= 2‘[2“(1‘_’*2”) K o (2.77)

‘The comparision of this equation with Eq.(2.28) yields

- p
E(RDA)A. ‘f T+ ¢ E(RD)I (2.78)

where the factor on the right-hand side is always greater than unity provided
that @Y >0, which is the czze employed in hydrclogy. A comparision of the

lag-one Markov process and the ARINA(1,0,1) process on the basis of the

zaynptotic exnected population ranges ecan be achieved through the use of

,-.
4

.( .T74) a2nd Tq.{2.77) which yields

E(R ) = J(‘H 12" )J—_EE(R ) (2.79)
-P 1'0p DM

for p =¢ , 5(R), = (& )... The factor ascumes the following velues
! *Uplid ©



>1 for P

\/( 2p)1_p
1+
1-p ep

Hence, as a result when ¢ > p y then the size of ideal reservoir

4<1 for p>w¢

in the case of an ARIMA(1,0,1) input sequence will be larger than in the case

of lag-one Markov process but if WY<p then the converse will be wvalid,

2.6,4 TFractional Gaussian Noise

The substitution of Eq.(2.64) into Eq.(2.71) directly gives the

expected .p0pulafion range for the small sample in the case of fGn as,

. n . .
E(Rp)-vnch kz1k '

For h=0,5 %q.(2.80) reduces to the NIP case as given by Eq.(2.26).
The asymptotic E(Rn) fdi theoretical fGn can be obtained by

substituting the summation in Eg.(2.80) by an appropriate integral as follows,

h h
fkh‘1dk:i| <N
S hi lo
which equals -% kh hence Eq.(2.80) becomss for the asymntotic casze
_1 02 h
E(RP)'T ~C, Kk (2.81)

ot T T T nday = - £ 4y oo i
rhich for F=0.5 gives Zg.(2.26) of the IIIP crese,
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2.7 Small Sample Expectation of the Rescaled Range of Various Hydrological

Processes
In section (2.4) two types of rescaled range have been introduced;
one is associated with the unknown mean which is estimated by the sample
mean value and the other one is associated with the known mean or the
population mean value.

2.7.1 The Rescaled Adjusted Range

When the range of cumulative departures from sampleimean is
substituted in the original Eurst's empirical formula of Eq.( 111 ), then
the stztistic, Rn/S is obtained, thch has alrezdy been referred to as
the rescaled adjusted range whose general expression for a single time series

is given in Eq.(2.30) as

- X,— X X, —X
Bn. max [k - min[k ~Kn ”]
S o<k<nt O<k<h

where S is the estimate of population standard deviation. In this case the
" r.v, of which the maximum over range (O,n) is sought, is denoted by z and

- gilven as

4
- k,n
Z=: —_E;—_ (2.82)
rherez is a new ».V. given by
k,n
z =k(X—%)
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The r.v.g , 1s normally distributed with mean equal to zero and variance

given by Eé.(2.39) which can be written as
V(z, )= k?|V(X ) -2COW(X ;X ) +V(X )
k,n k K" n n
or, because of zero mean
-12le(x%2y - oE(RX . % %2 (2.83)
V(zk,n) =k E(xk) 2E(xk, xn) + E(xn)

The standardized r.v., u', is obtained by dividing u by its standard deviation,

that is

U= .:EBQIL___

V'W( Zk n)

vhere u' is distributed-accordiﬁg to N(0,1). In term of this stendardized z.v.

u', 5q.(2.82) becomes,

z ;\/V(zk’n).si

or by further manipulation,

- vn
z=\Vz, ). "
kn V.S c

o]
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.VV(Zkn) dVn | (2.84)

Z
g v
where
2._ nS2
V o ———
gl

and v2 is distiributed according to )L-(Chi-square) distribution with n
degrees of freedom, A very useful theorem due to Foel (1965) is brought into
the aréﬁment at this stage which states that if u' is normally distributed
with zero mean and unit variance and v2 is a - distribution with n
degrees of freedom and in addition u' andv are independently disiributed

then the random variate,

tn= —~ (2.85)

has a Student's t-distribution with n degrees of freedom of which the

functional form is given by

ne+ 1 n+1

f(t)= 1 ) r( z ).- 1+ t2 - 2
Vem T K

(2.86)

The variate tn has 2 symmetric distribution which taecomes normal for large

values of n. With this new variable, t , Eq.(2.30) can be re-written as

R VV(Zy , Z
Lo max( V%K”)t)—nﬂnKVV(fm)t ) (2.87)
O<kgn k/- O<ke k

where tk iz the t-distributed r.v. acssccisnted with time instsnt k., The
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assumption of linear independence of the mean and the standard deviation
for any autoregressive process is shown %o be valid in appendix (2.3).

By considering that the t-distribution is symmetric and then taking

the expectation . of both sides of Eq.(2.87) and assuming that

E mGX(L(Z_I_()n_) th):’-E mln(Mt ) (2.88)
o<k<n o<k<n "

then,Bq.(2.87) reduces to \

(____"V(zk-”) tn) (2.89)

R
E(—Sn)z 2E| ma x
O<k<n

ferice, the only problem now, is to find the expectation of the maximum of

random variate

. - V' V(Zk,n)
k= g ty (2.90)

over a time interval (O,n). In order to find the expectation on the right-
sand side of £4.{2.,89) a logical aszumption deduced from the cese of a .
normally distributed r.v. is that the distritution of the maximum of tk is

an z2oselute t-distribution given zs

n+1

n+1 u

r 2 2

f(1tl) = 2 . ( 2 ).(1+ t ) O<tsm (2.91)
Ve Ry A

Tg.(2.91) con be written as 2 consequence of & resull derived by Tspeulis(1945)

]

waich stctez thot i $he pdf of any r.ove is even thon the abzolute pAL of the

ey

zzme r.v, i3 twice the original pdf provided that the sbsolule valus of the
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4

r.v. iz considered to vary from zero to infinity. For any given time instant,.

k, the expected value of |tk| becomes

2 _ r—s ]
Vrn T'(--2Q n-1

E(Ité) =

or by taking the expectation of Iq.(2. 90)

2VVZ) (2 e
2

E:(IZPJ) =

When Eq.(2.92 ) is substituted into Eq.(2.89 ) for the expectation of the

maximum the following result is obtained.

n+1 : :
E(Eﬂlk)-4 V(i) < z ) 1 (2.93)
S g 1 [—(_n n-1
2

£q.(2.93 ) is a conditional expectation on the time instant k and use of the

averaging scheme described in section (2.5) by Zg.(2.49 ) leads to

n+t . n
£Bny. 2 vV r(z)z

< —_— =
Vicg (-1 ¢ 2) —~

(2.94)

This is the general expression for the expected valus of the rescaleld adjnsted
range. ™o the other hand the relationship befwean the adjusted range znd
rescaled adjusted range can be found simply by the compardsion of Tq.{2.52 )
with that of T0.(2.94 ) which yields '
n+1
van M757)

R
E(=D) - :
S e r(—%) E(R) | (2.95)
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2.7.2 _ The Rescaled Population Range

In the case of known population mean, the range associated with
Eurst's fundamental expression of Eq.( 1. 11) is referred to as the population
range whose definition is gi&en by Eq.(2.25 ) for a time series and the
resul ting statistic Rp/S is termed the rescaled §0pu1ation range. The

general expression for Rp/S is provided by Eq.(2.31) as

R - _
?p = max(kx—) - min ( ﬂ)
O<k<n' S o<ksm\ .

In the light of manipulations performed in section (2.7.1) the general
expression for the rescaled population range can be derived by setting
in=0 in each one of the expressions of section (2.7.1). Hence,

straightforwardly,

n+1

no

"Dy - . . .

B s Thon I_(_%)kz ‘/V(xk) (2.96)
. =1

The comparision of Eq.(2.71) with that of Eq.(2.96 ) reveals that the

rescaled population range is related to the population range through a

constant as follows

van  resh
(n-1)o F(jiﬂ

E(jip) =

3o

-E(Rp) (2.97)

2.8 Application of Rescaled Range to Hydrological Prccesses

In this section the application of the rescaled range expressions
derived in the previous rection will be perform=d, To do this the only

information required is thz a2utccorrelation function of the process concerned,
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2.8,1 The Normal Tndependent Process

a) The Rescaled Adjusted Range

In order to find the expectation of the rescaled adjusted range for
small samples in the case of NIP Eq.(2.85% which gives the equivalent value

of V'(zk n)fis substituted into Eq.(2.94 ), hence,
?

: r(n+1 n _ '
E(_R.n): 2 . (2.98)
STUVRm) rl) £ V

In addition , the relationship between the adjusted range and

rescaled adjusted range for NIP is given by Eq.(2.97 ). It has been.shown,
in appendix (2.4) that the product term of Eq.(2.97 ) converges to one as
n goes to infinity hence confirming the correctness of the deduction by
1andelbrot and Wallis (1969e) that for very large valueé of n E(RU/S) and

E(Rn) are virtuﬁlly equal. Therefore,
E(%")zE(Rn) | (for large n)

29.(2.98 ) has been verified through Monte Carlo techniques and the reéults
of both the theoretical and experimental approaches are presented in |
figure (2.6 ). To obtain each one of the eXpefimental points ig figure (2.6 )
500 samples were generated, A vary gool agreement between the theoretical |

~nd exparimental rssults can be observed from these figures.

b) The Tescaled Porulation Hange

Two ways exist of deriving the expeciation of ihe reccaled populztion
. < . . . 2/
range. It can either be obtained by sulstitutirg V(3 k) which g /u
irnto thz gonexal expression of ©3.(2,96 ) or by cubctituting the elrezady

mowa formula for exnected population range in the case of NIP given by

Ta.(2.72) into Za.(2.9%-). GHence, the result becomes,
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Figure (2.6) - The expected rescaled adjusted range
versus sample length for NIP.
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(2.99)

Vn rsh) & 12
E(-R—D 2Vn Z K=

S FVem-n rg)

»

k=1

For very large n values E3.{2.99 ) reduces to Eq.(2.26 ) which is the expected

J
valqe of the population range.associated with the NIP. For small sample
'sizes,E(Rp) and E(RP/S) are slightly different from each other in the case
of normal distribution. Again Egq.(2.99 ) haslbeen verified by the Monte
Carlo method and the results are presented in figure (2.,7) and a good
agreement is obseived between the theoretical and experimental methods.

!

2.8.2 The lLag-One Markov Process

a) The Rescaled Adjusted Range

In the light of gemeral formula given in Eq.(2.94 ), it is only a
matter of expressing V(zk,n) in terms of the lag-one Markov correlation
function, to derive the value of E(Rﬁ/s) for the sams process, The elements
of V(Zk,n) have'already been given by Eg.(2.58), E5.{2.59) and Eq.(2.60);
therefors substitution of these equations into Eg.(2.83) to find V(zk’n)
and in turn, the incorporation of V(Zk,n) into Eq.(2.94 ) results in a very
large expression, which has been numerically evaluated and presented in
figures (2.8 ) - (2,9 ). The results obtained from 500 synthetic samples
prove a good agreement between the. experiment2l and theoreticzl approach

Furthermore the same relationship between the adjusted range axnd

MO

reacaled adjusted range given by Zg. (2.97 ) remzins valid znd asymptotically

they tecome equel as shown in zppendix (2.4)

(9]
b

Tne Hoserled TPopulation onge

Tn a similar way the exnectation of the rozcalad vopuletion rangs for
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small samples and for the lag-one lMarkov process is obtained by employing

either Eq.(2.96 ) or Eq.(2.97 ). The expression of V(x, ) for this process

is given by Eq.(2.58 ), which on substitution into Eq.(2.96 ) yields

R 2VA I T v N
E(EP) - n__. SNk 2[ —=pa 2,100
S Vr(n-1) r(?) E 1-p k(1-p)2 | ( )

This expression,apart from a constant>is similar to the corresponding
expécted population range given in Eq.(2.73 ) and when p= 0 is substituted
it reduces to 2q.(2.99 ) which ig the NIP case. The numerical evaluation

of Eq.(2.100) and its verification by generating 500'samp1es for each

particular n value on the computer, is given in figure (2,10) - (2.1 ),

2.8.3 The ARTVA(1,0,1) Process

2) The Rcscaled Adjusted Lange

The incorporation of Eq.(2.61), Eq.(2.62) and Eq.(2.63) into Eq.(2.83)
gives the necessary expression for V(zk,n), the substitution of which into
%n0.(2.94 ) yields a very long formula for the exnected rescaled adjusted renge.
Although this huge expression can explicltly be wrltten, this has been avoided
in this section but the numerical evaluatlon of this huge expression can

easily be accomplished on a digital computer.

b) The Rescaled Population Range,

The substitution of Eq.(2.61) into the general cxpression of

£q.{2.96 ) results in,

) 1/2
| ) 2 &
- ova "3 ZkV?[ 920 _ 2600, kt;%] (2.101)
Vi(n-1)  [(3) k=1 ’

vhezre E({v/s) denotes the expeciation of rescaled population range for
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Figure (2.7) - The expected rescaled population range
versus sample length for NIP.
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Figure (2,.8) - The expected rescaled adjusted range
versus sample length for lag-one
Markov process with p =0.4.
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Figure (2,9) - The expected rescaled adjusted range
versus sample length for lag-one
Markov process with p = 0.6,
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Figure (2,10) - The expected rescaled population
range versus sample length for lag-
one Markov process with @ = 0.4,
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Figure (2.11) - The expected rescaled population
range versus sample length for lag-
cne Karkov process with P = 0.7.
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small samples in the case of the ARIMA(1;O,1) process ., Vhen Y = p is
substituted into Eq.(2.101) then the result for the lag-one lMarkov process
given by Eq.(2,100) is obtained and for pP=0 and =0 Eq.(2,101) reduces
to the NIP case,

2.8.4 TFractioral Gaussian Noise

a) The Resc~2led Adjusted Range

Again, by subsiituting Eg.(2.68) in the general expression of

Eq.(2.97 ) provided that R, is replaced by R which yields,

n+1 2h-1

© Vr(n-1) FT—-)

172

: r( h- 2 - _

kr1 k
(2.102)

YWhen h=0.5 is inserted into Eg.(2,102) then the expected rescaled adjusted

range for the NIP given in 7g.(2.98 ). is obtained.

b) The Recczled Population Range

A straightforward derivation of the expeciztion of the reccaled
population range is obtsined by the substitution of Eq.(2.80) into Eq.(2.9% )

wnich leadoc to

R vn r2sh A
Ry 2vn Vol 2,103
E(ZP) = Zk ( )

Vr (n=1) F(E?)

»
[ ¢]
o
—
2
P
(D]
@]
14
m
b
o
[p]
(]
9]

to ¥3.(2.99 ) for 1=0.5.

2,2 R /5 janalysis

fre of the fundamental problems in the analysis of historie records

is the scientific measurement and investigation of noncyclic very long run
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statistical dependénce that may exist in these records, A number of
techniques for this'purpose and their relative merits have béen assessed
by Mandelbrot (1972). One of these technigues, to be called 'Rn/SAnalysis'
very effective in this context, has been propoéed by Mandelbrot and
Wallis (1968; 1969a,c,d). It has also been shown by them that the dependénce
of E(Hn/s ) upoh rn can introduce the concept of Q(S intensity, which is
one precise and useful measure for the intensity of noncyelic very long-run
statistical dependence, The measure of Hdﬂsintensity has been provided by
the quantity h - 0.5 with 0< h < 1 and particularly h = 0.5 corresponds
to the absence of noncyclic very long run dependence,

Jowever, in relation to the long-term persisﬁence of a record
two new concepts, namely, the Noah and Joseph effect, have been intfoducedn
into hydrology by }Mandelbrot and Wallis (1968). The Joseph effect describeé
" the fact that a long period of high orllow precipitation or streamflow can
be extremely long whereas the Noah effect designates the fact that extreme
precipifatiﬁn éan be very extreme indeed, It is the Joseph effect which is
intimately relatéd to the noncyclic verynlong-run dependencehso in a way
Rn/S may possibly measure how sirongly the Joseph effect is present in a
given hydrological phenomenon. | |

The superiority of RH/Sanalysis over other technigques, zuch as the
variance-iime curves intreduced by G.I.T=ylor in 1921, the spectral ,
correlogram and range =nalysic, in the same context, is becauze of the fact
thot the siotistic q(s is comparatively more robuct than other sististics as

" -

w2s poiatadl out by lfandelbrot aud T2llis (196%). On the other hand, as

claimed bty Leadelbrot and %sllis (19593) tne unigue virius of R /Ssnzlyeis

lice in its being 'Dlind’to ithe Loah ellect, that iz, in ifts veing cruelly

non-
applicatle tofGaussizan wecords and {o records witi o oirong Im2h effect.
The =zame zutbors msde o dafiniition in ordexr o suaviiiatively declare &

srocecs az, either being long-iterm pcrzictient or she:
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follows., A random process will be said to satisfy the %/sh.n loaw in the

mean if the expression

5
Nn-® )

exists ( that is , is well defined ) and is positive and finite. In more
intuitive terms this no'5 law means that the graph of the function of
log E(Q{S) versus log n 1is asymptotically a straight line with slope 0.5,
_On the other hand, if the n°"2 law in the mean fails to hold then two cases
can occur,

(1) the limit operation given in 1q.(2,104) tends to no limit

(2) the same limit tends to zero or to infinity.
These two possibilities amount to saylng that the above mentioned graph
“does not possess a linear asymptotic sloze of 0.5. As a2 result, those
procecsses for which the no'5 law in the ﬁean holds are shorti-term persmistent
otherwise they are long-term —ersistent i,e. exhibit noncyclic long-term
statistical dependence,

The application of the definition given above can bec undertaken by

using the analytical expressions derived for E’BN/S)in previous sections,

2) The Formal TrAdemnendent Process,

rezczleld =djustsd revge and the rescaled posulation rarge. Fixesly, let

it bz 23plied o E(EW/S) given in Zq.(2.98 ) , tencs,

+1 n
. 05 o g rm )Z -k =
(m n - : 0 A N 2
o Ve (-0 redy Yok (Y

Therefore ithe recult which confirms zn already known {fact is that the NIP
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r

is short-term persistent because the limit is positive and finite,
On the other hand, a similar result is obtained when the rescaled

population range is employed in the limit operation, Hence, by using Eq.(2.99 )

—os[ 2vm_ M) N i

i ' n - -0 |2
m : DK ] '21,"‘
o | " [ W) G i

which also confirms that NIP is short-term persistent, that is h = 0,5.

b) The Lag-Cne Farkov Process

Tn this case the limit operation by the use of rescaled population

range yields,

+ 1/2
lim |p 022V réshs Z“’%P 2p(1-pk)] , [ZTe)
n—s@ Vr(n-1) r(—) 1-p m-p)z o)

which is positive for any p value, hence shows that the lag-one Yarkov

process is short term persistent. The same conclusion could be arrived at
by the use of reseczled adjusted renge but this has not been tackled here

because of the tedious algebraic calculations.

c¢) ke ARTVAL1,0,1) Process

This time %g.(2.101) is cucstituted into the expression given in |
Eq.(2.104) which leads to

1/2

+ n |
o0 2 IO Shcfiote  d]

lim n 2
- —_ 1- -
o Vr(n-1) ¢ =) b P k(1 -9)*

=2J 2(1-9+2p)
T (1-9)
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which is always positive and definite hence the ARIMA(1,0,1) process is also

short-term persistent,therefore h = 0.5.

d) Fractional Gaussian Process

The application of Eq.(2.104) to Eq.(2.103) yields

n .
Vo5 2ve  rh h-1| 1 5 h-0.5
lim {n~ T—— . A K = — [Zn
rb.oo \GE(”‘1) ré_-) k_1 h T

2

for values of 0.5< h « 1.0 this expression tends to infinity, which means
that fGn does not comply with the nO.S law as expected. Therefore, this
process is long-term persistent except for h = 0,5, in which case the same
limit tends to 2 finite value, reducing the process to the NIP case,

~

2.10 The Asymptotic Iistribution of Resczled Topulztion Range for NIP.

Through a computer experiment cearried out by Mandelbrot and Wallis
(19693) it has been confirmed that the distribution of the rescaled range
Rh/s is highly skewsd in the case of small samples. 3eczuse of this fact
it does not suffice to know the lower order moments only, such as Z(RH/S)
and E(HT/S)2, to use Rn/S as a test of statistical iniependech;'the whole
distribution needs to te known. IJo znalytical resulis aprarently exist

N

for the distributien of R /3, although it can be spproximately found through
L.

AN

-iI‘ :a

[T
[
&]

roCcesse oYid

<

tonte (erlo cimulztion techniguas for any

'g
H

firnide szmple

ngih, This spproach hao been undertskeon by Wallis and 0O'gennell (1973).

T om
L€ i

owevor, the acyaviotic pdf of staiistic Rp/g, has been derived

[

in this section, by msking use of the asymptotic pif of the population range

—
T
7.(2,25 ) 2nd tuc standzrd deviation arc indepenlerily distrituted from each
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other. This assumption is so important that withoﬁt it a solution of the
problem would be very‘complicated. Another point is that because the pdf
" of the asymptotic population range exists for NIP only, the pdf derived below
will also be for NIP. As a result, it can be deduced that, ip order to
derive the pdf of Rp/S for small samplés, the first step must be to derive
the pdf of Rp for small samples, then in 2 similar fashion, the small sample
@istribution of RP/S could perhaps be attained,

| The main theoretical development of the pdf of Rp/S has been given

in appendix (2,5). The finz2l result is trensferred from appendix (2.5) as,

n+1 00 1/m.
-1 —-—(n-+1)
f(y)z.?_r(:%—)_ n" Z(-ﬂk k2(n2.Kk2y2)2 (2.105)
T r(§) k=1

where y reprecentis the rescaled population range, R?/S, and n is the length
of time period considexred, This expression is ve2lid for any value of n
provided that the underlying r.v., is continuous., Otherwise, when the
underlying r.v. is discrete, it remeins vilid zgymntotically that is for
very large values of n. A partial verification of Eg.(2.105) may be achieved
by finding the exnected value of the I'eVe, ¥, which sould be equal to
Feller's celebrated result for the expected value of asymptotic population

range rederived =¢ 33.(2.26). The expectcd value of Zg.(2.105) is,

n+1
4n rcz)

VEG-D

wnich at 2 Tirst glones loes not reveal the cauivelence o Z2.(2.26 ), bui

after - Yinit operzstion by extending w o infiniiy this exrresoien Becocomes,
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12
E(y)= 2 J—nn

which is the exPectéd rescaled population range for large n values given by
E¢.(2.26 ). Tae higher order momenis of ¥, could be worked out from
£3.{2.105) but this has ndt been attempted here. Unfortﬁnately, the
distribution function derived is not very helpful to hydrologists who are
mosgtly concerned with small samples, an unknown population mean and discrete:
variables., In sugh & case the distribution function would be vexry helpful

as this would allow a suitable test of significance for long-term persistence

to be formulated,

2,11 Summary

A general methodology for deriving the small sample expectations
of the range and rescaled_range have been presented and its applications
to various processes currently used in hydrology have also been shown, The
agymptotic equivalence of expected.éange and rescaled range variates has
guantitatively been proven, The ﬁéS test for statistiical independence in a
process has first been reviewed-andvsubsequently an analytical framerork of
this test for 2 varieiy of procecses has ﬁeen rroposad; in this wzy the NIP,

Tag-onz rrkov zud the ARTNA(1,0,1) rrocess have an2lyticzlly besn shown to

~a- .- - o e 4 2 EalE R ~ -3 3 e IR 2 9 - - - o -
Jinally, the soymriotic pif of thc rzscolad neorulziicn ronge Lis towa

Jeriveld, Thiz reprezenis ¢ sie~ Jurthcsr townrds formuwlaiing a cuitzdl:

teat of cignilicance for valuss of /g obizinzd Trom finite

nydrol-gicnl
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Chapter 3
SMALL SAMPLE PROPERTIES OF PARAMETERS OF STATIONARY PROCESSES
1. General

The small sample propertieé of stationary stochastic proceases
occupy a very importantlplace in synthetic hydrology becguse of the paucity
of hydrological data. Ideally, hydrologists would like to repeat the
experiments from which they derive their data under the same conditions,
until stable estimates of all the parameters are obtained, Unfortunately,
this is not poaﬁible in the case of streamflow or precipitation and hydrologists
therefore, have to be satisfied with the data collected up to the time of
analysing any particular hydrological event which in most cases consists of _
a short sequehce of hydrologiéal observations, MNoreover, most of the
hydrological data on annual streamflow have a length on éverage of about
40 to 50 obaervations; in developing countries even shorter sequences are
usually available, This lack of data is a major drawback both in deducing
the precise pdf associated with the generating mechanism and in identifying
the model which is most suitable to represent this underlying generating
mechanism, Even if the pdf and the generating mechanism were known accurately,
then the estimates of model parameters, such as the variance, the standard
deviation, the serial correlation coefficients etc,, based on a small sample,
will not, in general be equal to their respective population values,

However,the estimates of model parameters hare {0 be effectively
obtained from a historic sequence before a generating process may be applied
to any water resources design, The method of moments has been employed by
Matalas (1967) for estimation purposes where the small =ample moments of any

parameter, say, Gn y which is obtained from a historic record of finite
length, n , is equated to its population counterpart, g . The underlying

assumption of such a procedure is that,

E(8,)= @ (3.1)
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which means that the estimate ar] is statistically ﬁnbiased; this is a
desired property of a parameter estimation procedure. Otherwise, when an
estimation procedure does not satisfy Eq.(3.1) then it is said to be
statistically biased Wallis and Matalas (1972) have shown that in the
presence of persistence the moment estimate of the variance is biased and thia
can be eliminated by using procedures that will be outlined in section (3.5).
Wallis and Matalas (1970,1971) have shown that Zq.(3.1) is not justified
with respect to estimates of lag-one serial correlation coefficient and the
Hurst coefficient.' The bias 3a{fects the resemblance that is to be maintained
between historic and synthetic sequences and as a result is likely to
influence the system design in an undesirable manner unless some small
sample bias corrections are applied to the estimates, In order to illustrate
this point the small sample properties of generating processes must be
considered;%jﬂe,tqa the maiﬁ objéctive of this chapter. The processes
'considered in this chapter are assumed to be stationary stochastic processes
with Gaus=sian r.v's and thus, the generating mechanism is assumed to beA
known,

In section (3.2) the effect of bias on some very important parameters
will be mentioned and it will be shown quantitatively for the moment estimate
of the variance in the case of NIP which is {ihe simplest case of all with no
persistence, Section (3.3) gives an account of the resemblance that is
desirable between a historic and synthetic sequence whereas in section (3.4)
a review of the various estimating procedures have been given in general., In
2ddition to this again a review of the =mall sample prOpertiesjﬁﬁe variance
of various types of processes has been briefly presented for processes
currently used in hydrology. In section (3.5) a new contribution is presented;
that is some small sample properiies of the standard deviations of differeﬂt
procesaes, which should be useful to hydrologists who are concerned with the

effects of bias in estimates of this parameter., The =small sample properties

of p have been analytically derived, in section (3.7) and in particular
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the expressions for small sample estimates of p for the ARTMA(1,0,1)

process have been given,

3.2, The Bias Effect

An assumption which is a prerequisite in an& simulation scheme is -~
that the historic data collected in the field represents a finite random sample
from an underlying population. It is not possible to have full information
on a r,v, unless all of the values of this r.v. are considered, Since this
is not the case for hydrological sequences, the information in each sequence
will be lacking in some way and as a conseguence of this the estimates of all
the parameters describing the distribution function concerned will be

operationally biased, that is

where Grl ia the estimate and Q@ is the corresponding population value., This
‘bias can sometimes @affect important hydrological variables, such as the size
of a reservoir, which, in the case of an ideal reservoir is equél to the
expectéd value of range as shown in chapter 2. For instance, the ideal
reservoir size, corresponding to a given Gauss-Markov inflow sequence of zero
mean and unit variance is given by Eq.(2.73) which is a function of p only,
for a given n, Therefore as a result,the substitution of an estimate, 6 ’
which is different from p , will yield an estimate of the ideal reservoir
size which inturn be different from the one given by Eq.(2.73).

However, the effect of bias in p on the reservoir size for various
levels of development in the case of a Gauss-Markov input sequence has been
investigated by Wallis and Matalas (1972) by employing lonte Carlo computer
experiments. They have shown that wifhout correcting p for bias the

reservoir size to meet a given demand is underestimated, A similar study was

carried out by $en (1972) for the ARMMA(1,0,1) process for which the effect
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of bias in p on reservoir size is more pronounced than in the case of the
Markov process, So as a consequence of this argument,one can conclude that
if the estimates of model parameters were not corrected for bias, then in
general any hydrological design variable based on a model with biased
parameters will, on average, either be overestimated or underestimated
relative. to the design associated with the unbiased parameters,
Correspondingly, the water resource system design will be overdesigned or
underdesigned, both cases.of.which incur losses in the sense that if it is
overdesigned, the maintainance and structuring costs of the system will be
too large and in the case of underdesign insufficient water will be available
to meet the demand and water will have to be obtained from other sources.

A very infﬁrmative example of the bias effect can be given as the
sample variance, which is the second order central moment, proposed és an

estimate of the population variance. 3By definition

3

2_ 1 _2 |
S -T . (x _x) . | (3-3)

where n is the length of the sample and X is the estimate of the population

mean value, given as

n
%=—Y X (3.4)
" n i 3
i=1
where x is a normal r.v. with mean M 2and variance ¢g. For repeated random
samples of size n from the NIP, there is, so to speak, a transformed r,v.
that is S2 given in Eq.(3.3). Hence, S2 has itself a pdf, the expectation
of which is hopefully 62- However, expanding the square in Eg.(3.3) and

then taking expectations leads directly to the result,
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n-1 2

E(SZ) =——— 0 (3.5)

The striking faect is that the expected value of the estimate of the second
central moment, E(SZ) , 13 not equal to its population counterpart. On

the average over.many different samples of fixed size, S2 will not equal

the value of ¢1?, and as a result a definition of biased estimators can be
given after Benjamin and Cormell (1970) ''Estimates, like SQ, whose expected
values are not equal to the parameter they estimate, are said to be biased -
estimates'’,

In order to eliminate the bias in 82 given by Eq.(3.3) it is convenient
to introduce the concept of a bias correction factor, of which frequent
mention will be made in the following sections, In this thesis it will, in
general, be defined as the ratio of the expected value of the estimate for
emall samples to its population value. Hence for the example given above

this turns out to be,

2
E(S®) _ (n-1)
f(n) s = —— (3.6)

where f(n) denotes the bias correction factor and the argument n emphasizes
that it is a function of the sample length only, Therefore, to find the bias
correction factor associated with any estimate, it is necessary first to find
the expected value of this estimate for small samples and then divide it by
its population value, The division of the biased estimate by corresponding
bias correction factor gives an unbiased estimate; for the veriance of NIP

from Eq.(3.3) and Eq.(3.5) this becomes
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x2 g2 1 C 2
S = = P (3-7)
fn)  (n-1) Z(xi x)
i= |

To see that this Yatter estimate is unbiased all that is needed is to expand

the square in Eq.(3.7) and take expectations which reduces to
E(S )= ¢ (3.8)

which is equal to the population variance whatever the sample size is. The
procedure mentioned so far is»applicable to any kind of estimator for various
parameters such as the standard deviation sy 0 and the lag-one serial
correlation coefficient, p . Sometimes it may be necessary to consider the
amount of bias which is a measure of the deviation of the biased estimate from

its population values For the case of the variance this can be written as
2 ‘
B = 02-E(S%) | (3.9)

where B denotes the amount of bias. In the case of positive B values, the
estimate is said to be biased downwards otherwise it is biased upvards. Some
estimates encountered in hydrology have been found to have a downward bias
such as the variance for the lag-one Markov process as observed by Wallis
and Matalas (1972). It is obvious that Eq.(3.9) is relevant only before the
bias correction has actually been applied; when the estimator has been
corrected for bias then B will always be equal to zero, whatever the sample
length, n , is,

Although, the elimination of bias in an estimate might appear desirable,
the unbiased estimate may not necessarily be a '"'better'' esiimate than the

biased one. In order to compare a biased estimate with an unbiased estimate
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or two estimates that have different amounts of bias, a useful criterion is
the mean square error, MSE, of the estimate, measured from the population value
which is being estimated. In general, if é is the biased estimate and 5(5) is
the population mean value of r.v., ©O s then the MSE is defined as E [é -E(éz]
A meaningful interpretation of MSE will be provided in chapter 5 in connection
with the Bayesian estimation of model parameters, More explicitly, MSE can be

written as
2 ' 2

5] :E{[@'-é} [3 -a@')]} 2

E(® -é)2+2[8-s('éils(”e’- 8) {’é -E('é)]
A2 [ 2

Hence, the cross product term vanishes since E( @ - 8 ) = 0. Or, Eq.(3.10)

can be expressed as
’ . o L2
MSE = (vVariance of 8)+ (Bias) (3.11)

So, by employing Eq.(3. 10)the comparision of any two estimates can be achieved

on the basis of minimum MSE. Unfortunately, a bias correciion procedure does

create a new estimate and hence.in turn 2 new r,v, and it can be such that

the MSE for the biased estimate is smaller than for the unbiased one, Thereforsg

the conclusion that can be drawn is that the unbiased estimate is desirable only

when it is accompanied by a smaller MSE. - : S R
However, this chapter is confined to finding unbiaczd estimates

and hence to the bias correction factors, thus leaving the questinn of the MSE

out of its framework,
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3,3, Parameter Estimates

Synthetic hydrology suffers from the_éffliction of inadequate data,
resulting frequently in biased parameter estimates and in addition large
associated standard errors. By no means is it possible to extract the
exact value of the populétion parameters of the underlying pdf from a finite

~sample, Therefore, the transition from observed raw data to the necessary
parameters is achieved only by an assumption which states that the sample
estimates of the parameters are assumed to be equal to their poﬁulation
counterparts, If the estimate obtained from a single finite set of daia is
not equal to its population counterpart then it is referred to as being
operationally biased., There is a gross error involved in the above assumption
the magnitude of which diminishes as the length of the sample increases,

but for small sample sizes it always exists and it is impossible to get rid

of it entirely.

However, operational bias.can, by some means, such as regionalization
techniques proposed by Benson and Matalas (1967), be reduced to a minimal
value, The basis of the regionalization method is to derive a general
relationship between the statistical pargmeters of events at various sites
and the hydrological characteristics of the drainage basin such as the
drainage area, the slope of the main stream, climatic variables etc.. The.
nmultiple regiession method is usually employed in the derivation of such
a relationship, Quite distinct from operational bias which is due to
sampling variability, is the statistical bias associated with parameter
estimates. If the underlying generating mechanism of the hydrological variable
concerﬁed were known .a priori, then the estimates of parametera drawn from
the finite historic seduence could first be corrected for bias and then
these corrected estimates could be assumed to be the equivalents of

corresponding parent population parameters.

However, the central idea in synthetic hydrology is to generate
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equally likely synthetic sequences such that they will resemble the historic
observations with respect to certain‘parameters. As suggested by Matalas and
Wallis (1973) two types of statistical resemblance can be achieved between
historie and synthetic sequences, The first type of resemblance is
asymptotically satisfied for large samples; although for small samples
bias may exist in some eatimates, and small sample resemblance may not be
satisfied. If 6 denotes the estimate of any desired parameter dérived
from the historic data, then 6 plays the role of a population pa:ameter‘and
if 15 is the estimate of the same parameter from a generated synthetic
sequence, then-the historic and synthetic sequences are said to resemble
each other asymptotically provided that '5 -—Pé as the length of synthetic
sequence n —» 0. On the contrary, when dealing with a finite historic
sample, it would appeax more;1ogic§1_t9”maintainrthe‘resemblancé for small
samples . . Thi§:k;nd‘ofbre§embianc; isndéfined in terms of an ensemble
of m synthetic sequenéés éf length h; from each one of these finite-length
sequence an estimate of the parameter is extracted and the estimates are
then averaged over the ensamblgvﬁo give an overall estimate denoted by-Q§; H
then né‘:]———’é as the number of.'sequence M~—>»0 . The first type of
resemblance will be referred to as type A and the second type as type B
after 0'Connell (1974). 1In this chapter tﬁe resemblance for small sample
sizes has been fully considered, whereas all of the forthcoming analytical
expressions derived for biés corrections remain  wvalid for large sample
sizes although this is not necessary.

Moreover, the asymptotic value of tﬂe bias correction factor has
to be equal to uni%y, which ensures that the historic and synthetic
sequences resemble each other asymptotically as well as for the small
samples, The bias js referred to as the statistical bias, which, contirary to

the operational bias can be completely eliminated through suitable

analytical expressions, in fact by the concept of a bias correction factor.
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The view taken in this thesis is that wherever possible an estimate will
be corrected for bias.
The magnitude of bias in estimates of parameters of a stochastic

process is dependent -on the following factors.

(1) the marginal pdf

(2) the autocorrelation structure

(3) the type of estimate employed

(4) the length of sequence

(5) whether or not the mean of the process is known or has to be
estimated, |

Here, only the normal pdf will be considered as a marginal distributipn.

The relationships between the bias and the autocorrelation structures of
various stationary stochastic processes will be studied in detail, As
far as the types of pérameter\estimates are concerned, there exist three
widely used alternatives which are

(1) The moment estinate

(2) The maximum likelihood estimate, and

(3) The Bayesian estimate
The moment and maximum likelihood estimates of parameters are the classical
statistical methods based on historic data only,whereas the Bayesian method
of parameter estimation incorporates information obtained from both the
historical data and other resources related to these data., A very brief
description of these estimates will be given in the following sections
whereas a detailed study of the Bayesian estimate is deferred to chapter 5,
In the case of both the mean and the variance, the moment and the maximum
likelihood methods are equivélent when the underlying generating mechanism

is NIP, On the other hand, three of the most commonly used estimates of

the serial correlation coefficient will be presented in section (3.7).
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As the length of the sample increases, the amount of bias will

decrease, giving a closer estimate to the population counterpart., Finally,
if the mean of the underlying generating mechanism is known the amount of

bias in the estimate of the variance, the standard deviation and the serial
correlation coefficient will be smaller than that of the unknown mean case,

because an estimate of the mean will introduce a further bias.

3,4, Methods of Estimation

After having hypothesized the type of model the next problem of the
hydrologist is the estimation of the parameters from the available data in
such a way that the model fits the observed pattern in some statistical
sense, In general, a parameter estimate can be defined as being. a function
of the sample. Therefore, the estimates themselves represent transformed
r,v!'s of the observed sequence,

However, because of their unique role in fitting a model to the
hiStor;cal sequence they deserve to be examined more closely. Generally,-
two types of uncertainties are recognized in stochastic hydrology. Firstly
there is the certainty that the underlying generating mechanism of the
phenomenon is unknown and secondly the failure to estimate the model
parameters with precision which is referred to as statistical uncertainty
and is treated in detail in the following sections on the basis of the

assumption that the underlying generating process is known.

3,4,1, The Nethod of Moments

This is the most widely used and simple method of estimating
parameters where the central idea is that the moments calculated from a
given sample are assumed to be equal to the moments of the parent pdf. The
number of sample moments employed is equal to the number of unknown
parameters and in this way a unique solution for the parameters in terms of

the sample moments is possible, As stated by Cramer (1966) under fairly
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general conditions, the distribution of an estimate of this kind will be
asymptotically normal for large n and the mean of the estimate will tend to
be different from the true value by a quantity of order n-1, and the standard
deviation will be asymptotically of the form c/\/ﬁi In general, by a simple
operation the bias in moment estimates can be removed and an unbiased
estimate obtained. Although the method of moments yield asymptotically
sconsickank estimates that is the estimate converges to its population
counterpart as the length of.sample increases,'they do not have the smallest

possible variance.

3e4.,2, The Maximum Likelihood Method

Theoretically, this is the most important general method applied
2 portant, gonc PP pemaent
to estimate parameters of a given stochastic process, If a sequence of /r.v's
x1,x2,x3,x4,........,xn were given which are characterized by a set of

unknown parameters, then,'a kind of multivariate pdf of the r.v. is given

as

f(x » yeeceees |1O) = . X Cerneres 3.12)
(x1 X0 X3 19) f(x1)f(x2)f(x3) f(xn) (

where the left hand side of this expression reads as the multivariate pdf of
the r.v. given O if © were known. However, this is not the situation
encountered in practice because of the fact that by observing a random
vhenomenon one getis a sample of which the paiameters are unknown and to

be estimated. Therefore, the r.h.s. of Eq.(3.12) can be considered as a
function of © only, for a given sample and the likelihood function is

defined as,

n

L (®> X Xy x3;-~--;xn) = I |1f(xil9) (3.13)
1=
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The method of ma:ximum likelihood now consists of choosing, as an
estimate of the unknown popuia.tion value of 8 , the particular value
that rendersl as large as possible. Since logl attains its maximum for the
same value of 8 , as 1'.-, it is thus only necessary to solve the likelihooci
equé.tion |

6Logl
60

=0 (3.14)

"with respect to © , Any solution of the likelihood equation through .
Eq.(3.14 ) will then be called a maximum likelihood estimate of ©. The
importance of the method is clearly shown by Cramer (1966) who states:

(i) 1If an efficient estimate 8-of O exists, the likelihood eqﬁation
will have a unique solution egqual to 8 N

(i1) If a sufficient estimate 6 of © exists , any solution of
the likelihood equation will be a function of é .

(1ii) It is also shown by Cramer that under certain conditions, ihe
likelihood equation given in Eq.(3.17 ) has a solution which converges in
probability to the true value of © , as n —»00 . This solution is

an asymptotically normal and efficient estimate of @ ., 1In addition, the

MSE is thecretically found to be asymptotically equal to

1

var(®) =-
52Logt(x!e)

nE
502

which diminishes as n increases,

Z2e4e3. Bayesian Bstimation

This alternative method of parameter estimaiion basically requires

three essential ingredients, namely, the prior distributiom of the parameters
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concerned, the data which give some additional information through the
likelihood function and finally an objective function. The mixture of the

- prior pdf and the likelihood function is achieved by employing Bayes theorem,
in order to yield a posterior distribution of the parameter. Bayes theorem

states that,

P@Ix) a P(0)-1(xI8) (3.15)

where P( © | x) is the posterior pdf; P( © ) is the ,érkn- . pdf of the -
parameter, © and l(xle) is the likelihood function which represents the
data. The Bayesian estimate qf apy.parameter is obtained by optimizing the
loss function, For example, if the loss associated with an estimation error,
(e - é ), is assumed proportional to the squared error ( 0 - 6 )2 then
the optimal deeision is to.use the mean of the posterior pdf of 6 as an
estimate. The Bayesian estimation of the para meters of the ARIMA(1,0,1)
process and thence the decision making procedure will be presented in greater
detail in chapter 5.

_ 2
3.5. Small Sample Expectation of the Population Variance, ( 97 )

In the literature the small sample estimation of d2has apparently
beeﬁ explored to a greater extent than for some other parameters. An
unbiased estimate of the variance as mentioned in section (3.2 ) for the case
of NIP is given by Eq.(3.7), but in the case of dependent r.v's the same
estimate yields a biased value because as explained in section (3.3) another
source of bias, that is the autocorrelétion structure, comes into play.
Therefore, the bias correction function given in Eq.(3.6) will, apart from
the size of sample, n, be a function of the autocorrelation function, In
the caze of the lag-one Markov process, it is a function of p which specifieé

the autocorrelation function completely and for the ARIMA(1,0,1) process ¢
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and © which also specify the autocorrelation function of the process
completely, The general expected value of 82 for an autocorrelated process

is found by manipulating Eq.(3.6) as in appendix (3.1) which gives

2, _ 2
E(S) =0 [1- —— 1)2 Z “_JI] (3.16)

=1 j=1

i#

Hence, the bias correction factor in general becomes, from Eq.(3.6)

n  n
...... w)=z1—- . 3.17
f(n; p > p2, p3> p ) = n(n 1) |Z=1: JZ pII-JI ( )

A
Moreover, the amount of bias can be found by substituting Eq.(5.15) into

Eq.(3.9) which leads to

‘s Nenanes w) = —— : 3.,18)
B(n,% P A3 pn n(n 1) 21: 121: Pii—iji (
- i

i£)

The double summation operates over the off-diagonal terms of the .
autocorrelation matrix, and because of the symmetry of this matrix, Eq.(3.16),

Eq.(3.17) and Eg.(3.18) can be re-written in more compact forms as

n-1
2
E32 = 2[1- _— = (3.19)
()= o o i§_1;<n .)p;]

2 .
f P3P IPyee--- 3 ):1 —_— (3.20)
(nPJP27P3 pn e 1)2_ (n—-l)pi
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and finally

n-1
B(n;p > psps----up )= E (n—np 3,21
1 23 n" " ntn-1) (3.21)

Hence, the only information needed to work out various bias properties of the
variance is the autocorrelation struéture of the underlying generating
mechanism, The expected Qalue of the variance for small sample sizes, when
the generating mechanism is a lag-one Markov process, has already been derived -

by Matalas (1967) as

- :
2 2f. _ 2p [n(1--p)-(1-p )] .
E(S™) =0 {1 Yoy (1 - p)2 ( (3.22)

if p =0, then E(Sz) -(12 which corresponds to the NIP case, while if

P > 0 then the bias correction factor

2p ' n(1-P)-(1-pn)] (3 23)
f(n;p)=1- ' !
(n;p) nn-1) [ 1 -0)2

is positive and the magnitude of the bias obtained from Eq.(3.22) as,

—p)-(1-o"
B(n;p) = 2p [ n(1-p)-(1-p") 02] (3.24)
n(n - 1) (1 -p)2 ,

which confirms the fact that the effect of bias increases as P increases
for a fixed n, and as n decreases when P is fixed. In the case of the

lag-one Markov process the unbiased estimate of the population variance

becomes
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2 s2

—— (3.25)
f(n;p)

where P is the lag-one autocorrelation coefficient, By taking the

expectation of both sides of Eq.(3.25)

2 ED | (%.25A)
E(S") =——— ~
. f(n;p)

*2
so that S will wvanish,

In the same manner, the small sample expectation of the variance of
the ARINA(1,0,1) process can be obtained from the general expression given
in Eq.(3.19) by substituting the autocorrelation function of this process
- provided in Eq.(1.21) and Eq.(1.22) which leads to an expression already |

derived by 0'Connell (1974) as

' ’ n
E(s?) = o2f1 - 2P [ n-9)-0-¢ )] (3.26)
n(n-1) (1~ ¢)?

Moreover, the bias correction factor and the amount of bias for the

ARTMA(1,0,1) process becomss,

- _(1...N
f(nipr9) = 1 — 2p [ n(1-¢)-(1-¢") :] (3.27)
n(n'1) (1 "‘-P)2
and
2 n
B(n;p,¢) = 2pe [ n“"")'“'“"v)] (3.28)
n(n-1) (1-9)°
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where P and‘ ¢ specify the autocorrelation function of the ARIMA(1,0,1)
process, The amount of bias analytically provided in Eq.(3.28) decreases with
increasing n, and increases with both increasing p and ¢ .

It has been noted by 0'Connell (1971) that values of ¢ in the range
0.85 < ¢ < 0,95 are of interest in modelling long-term persistence., For
such'values of ¢ and " values of p usually encountered for annual streamflow,
the bias in 32 is generally large, Bias correction factor for the afGn
process can be found from the general expression of Eq.(3.19) which is left

outside of the framework of this thesis,

3.6, Small Sample Expectation of the Population Standard Deviation. ( O )

So far, in the hydrological literature, to the best of the author's
knowledge no analytical small sample results for the standard deviation have
appeared even though this parameter is more frequently used in the structure
of any mathematical models than the variance, Hence, no facility exists
for removing bias in estimates of the standard deviation. Howeier, an
approximate method of getting rid of the bias effect in the staﬁdard .
deviation is developed in this section,and it has been checked by the Monte
Carlo simulation technique.

Firstly, although the_standard deviation, S , is the sduare root
of the variance, unfortunately the same transformation is not valid for the

bias correction of the two parameters, That is to say, although,
>N 2
E(SF) =f(n;p)o

but

E(S).;&\/ f(np) 0

or



4=
E(S) £ VE(SD)

. Thus a separate procedure is necessary to correct S for bias, The question
as to whether it is best to correct the variance rather than the standard
deviatiOn-will not be resolved here, It is hoped here, that the bias
correction procedure proposed in this chapter for the standard deviation
will provide some useful information for hydrologists who attach an
importance to a biaé correction for S,

For a given sequence of observétions x4 ,x2,......,xn the variance
‘which is the measure of the spread of these observations about the mean
value is expressed by Eq.(3.7). The r.h.s. of this equation can be expanded

to give

> 1 —~ 2 1 [~V (3.29)
S

Although, 82 is uniquely determined from a sequence of events, when an
ensemble of the sequences of the same length n is considered, 82 is obviously
a r.v. with a distribution function for each value of n. Let Eq.(3.2) be

written as,

S ~ (3.30)

where

n
.1 2 _ 1
A s (n-1) in n ( xi) (3.31)
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The pdf of the r.v. A can be centered round'zero,‘by using the following
linear transformation provided that the expected value of Sz, E(Sz), which
is very simple to calculate and its general analytical form for various

. processes has been given in the previous section., The linear shifting

'procedure already referred to is given as
a= A -E(A) : ' (3-'32)

Here, Q is a newly defined r.v. which has exactly the same pdf as A in shape.
but its moments are ielated to the mqments of the r,v, A through Eq.(3.32).
Therefore, the expected value of A is zero, From Eq.(3.32) A is solved for

~and ‘then substituted into Eq.(3.30) which leads to
S2 =z a+ E(A) (3.33)

By taking the square root of both sides, Eq.(3.33) becomes,

S =Va+E(A)

or,
a 12
-  — (3034)
S = VE(A) [l E(A):l

The second product term on the r.h.s. of this last expression may be expanded
into a Binomial form as,
2 3

' 4
S = VE(A) {n s g, g 5d

2E(A)  BEXA) 16EXA) 128E%A)

------

(3.35)
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By taking the expected value of both sides, Eq.(3.35) becomes,

£(S) - VEG) |1 » _E@ __Ea® |, _EG) _ ®d
2E(A) B8E2(A) 16EXA) 128E%A)

(3.36)

The second term in the brackets is zero because of the fact that E(a) = O,
If it were easily possible to calculate the second and higher order cenfral
moments of the r.v., a , then Eq.(3.% ) expression would yield an exact _
value of E(S) and hence provide the amount Qf bias, that is o - E(S), for
a given generating process as well;

" In order to simplify the algebra,higher order moments greaierr than
two will be.negledted in the expansiﬁn; consequently the following simple

approximation is obtained.

- 2
E(S)=VEQA) | ~ —E9) C(3.37)
8E2(A)

The only_quéntity that remains to be found is the value of E(c?) which is

expressible in terms of the moments of the unshifted r.v., A , as follows.

From Eq.(3.32) by'squaring both sides and then taking the expectations
E(a2) = E(A%) - 2E(A)E(A) +E 2(A)
or,
E(a2) = E(A%) - E2(A)

where the r.h.s. is equal to the variance of A, Hence,
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E(a®) = V(A) | ‘ (3.38)

Thus the variance of A which is'in turn the varianoe of 82 satisfies the

following equations

Ha2)= V(A)=v(S3) (3.39)
On substitution, Eq.(3.37) takes its final form as

V(S) - (3.40)

E(S) = E(SQ) 1—EE2-(§2—)-

which is a general expression which is thought to be valid for every kind of

stationary stochastic process. The only unknown term in Eq.(3.40) is V(Sz),

because E(Sz) has been given in its general form by Eq.(3.16). On the other

hand the general formula given by ﬁq.(3.40) can be applied to derive E(S) for
autocorrelated processes., The general form of the variance of the variance,

V(Sz) has been provided for'any autoregressive process by Bayley and

Hzmmersley (1946) as

V(S2) -2 44 (3.41)

(ri-1)

*
where n is given by the same authors in its general form for an autoregressive

model as follows
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=n : | . (3042)
n-1

1 + | }E: p

(n-1) i

ll

A reasonable approximation to Eq.(3.42) has been also given by the same

authors as

S n . 4
2
70 J
*
where n is referred to as the effective number of independent observations
in an autocorrelated series.
Hence, the derivation of the general expression for E(S) can be

carried out using the above expressions. To do this,the following abbreviation

for the expressions of E(S2) given in Eq.(3.22) and 1q.(3.26) is employed

E(S%:= o?F (3.44)

where F has a apecific value for a specific autoregressive model., Substitution

of Eq.(3.44) into ka.(3.40) then gives,

E(S):o\/i-:[1- 1 ] (3.45)

4(d-1)F2
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a) The Normal Independent Process

The exact expression for V(Sz) in the case of NIP has been given in

almost all textbooks of statistics in relation to random sampling as,

V@) 2 ¢2 . (3.46)

which is a function of the sample length, n , only. Substitution of Eq.(3.46) |

and E(Sz) - 02 into £q.(3.40) yields

1

S) = ——
E(S) =a |1 D)

whence the bias correction factor and the amount of bias associated with the

standard deviation can be written as,

f(n)=1—- —1 (3.47)
4(n-1)
and
B(n) = ——1—— o : ' (3.48)
4(n-1)

These expressions reveal the two important facts one of which is that as the

sample size increases the amount of bias, B(n), tends to zero and therefore

lim E(S) = ¢

n—~
which means thazt the estimate, S , is asymptoticzlly efficienit, The second
fact is that the bias correction factor given in Eq.(3.47) is not the square

root of the bias factor for the corresponding variance given by Eq.(3.6)
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) *
However, if an unbiased estimate S. of S is required then by employing

Eq.(3.7) the following form of estimate can be suggested in lieu of Eq.(3.7)

n 1/2
¥ ! 1 o]
> 1 (n-1) 2 (x;—=X) (3.49)
[ 4(n—1)] 1= .

which, by taking the expectations of both sides yields
*
E(S)= ¢

confirming the fact that the estimate proposed in Eq. (3. 49) is unbiased,
However, it should be noted that such an estimate yields a biased estimate of
the variance, as by taking first the square and then the expectation of both

sides of Ig.(3.49)

g2

1 | 2
[ 4(n-1)]

" Thus one very important conclusion that can be drawn is that it is not

B =

possible to have simultaneously unbiased estimates of 82 and S in a generating
process, When one is required to be unbiased, the other remains biased. This
is true for small sample sizes only; as the szmple length, n , tends to
infinity the two estimates propoéed in Eq,(3.7) and E3.(3.49) converge to
their population values, hence confirming that eithexr equation gives unbiased
estimates of the variance and standard deviétion simultaneously.

The small sample expectation of S for the NIP given by Eq.(i.ﬂg) has
been verified experimentally using the lonte Carlo technique and the result is
plotted in figure (3.1). For production of this figure, 3000 synthetic

sequences were generated independently from each other for each of a set of
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sample sizes of 2,3,4,5,6,7,8,9,10,15,20,25,30,35,40,45 anq 50. The"
agreement between the theoretical and experimental results is completely

perfect as is seen on figure (3.1).

b) The Lag-One Markov Process

-

The only information needed to find the corresponéing expression of
Eq.(3.40) for any stationary stochastic process is its autocorrelation
structure. The autocorrelation structure of the lag-one Markov process is
the exponential form given in Eq.(2.57). Therefore, the summation terms in
the expression for n* given in Eq.(3.42) can be caiculated in terms of this
autocorrelation function as follows

AT SRR

:pz'r p4+ P§..,._“’p2(n-1)

=92E+ p2+ p4+ . . . +p2<n-2)]

The summation in brackets is a geometric progression; hence

n-1 2 21- p2(n-1) (3.50)
p. =P
j 2

Substituting £q9.(3.50) into Eq.(3.42) gives

2(n—1)]

(n-1)(1-03+ p2 |1 .
ﬁ":n{ i P [ P (3.51)

(n-1)+p2[l-np2(n’1)] )

*
If the approximate version of n given in Eq.(3.43) is considersd, then
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2
1 -
LR n( p°)

(3052) :
(1- p2n)

The value of F for the lag-one Markov process is given from Eq.(3.22) as

20 N1 -p)-(1-p")
F=1-— . .
an-1 | (1-p002 (3.53)

Hence, after having found all the necessary terms of the general expression.
given by Eq.(3.40) the small sample expectafion of S for this process and
thence the bias correction factor and the amount of bias can easily be derived
either by using the exact or approximate value of n*. The explicit form of
these quantities have not been given here because the expressions are rather
'large..

On the other hand, Monte Carlo simulations have shown that the -
approximate form is very successful even for very small sample sizes such as
n = 2, A series of experiments were carried out in order to check the
analytical results for various p values; some of these results have been
displayed in figures (3.2) - (3.5). The number of samples used in this
experimental scheme is 4000. The general conclusion drawn from these figures
is that for small values of P, £3.(3.40) gives a perfect match with the
experimental ones, even for very small sample sizes, n , but as P increases
the results are not so conaistent for very small sample sizes but they
impréve quickly as sample size increases, Considefing the small sample
sizes used in hydrology, that is mostly in the range n = 10 to n = 40 the
bias correction factors found through the use of'general analytical eXpressioﬁs

give a satisfactory result even for large p +values, which do not occur
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widely for annual streamflow sequences, For example, the serial correlation
coafficient of annual streamflow sequences are on average of the order of 0.2-
0.3 as quoted by Yevjevich (1963) and as a result this hydrological fact

makes the suggested analytical expressions quite attractive,

¢) The ARIVA(1,0,1) Process

The autocorrelation structure of this process is given by Eq.(1.20)
and Eq.(1.21) which are functions of p and ¢ only. By usiﬁg this
autocorrelation function the value of n* for both the exact and approximat-

forms are

2 2 2(n-1)
-1\ - + 1 -
ﬁ“:n{(n )a-¢) p[ M ] } (3.54)
Lin-1)(1 -9)+ np2[1 - p2(n-1)]
and
2
= n n1 - e7) (3.55)

{1-0-e2f - ¢2n-1]}

respectively. The expression of F can be obtained from Eq.(3.26) as

2p n(1-9)-(1 -¢M)
n(n-1) (1-¢)2

(3.56)

By substituting Eq.(3.54) or Eq.(3.55) and Eq.(3.56) into the general
expression of B3.(3.40) the value of E(S) is obtained and has bean plotted
against n in Figures (3.6) and (3.7) . TFor two sets of parameier velues on
the same figures the experimental results are also shown for the zake of

comparision,
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However, it was found for the ARIMA(1,0,1) process that the bias
correction factors are not equally good for the entire range of the parameters
@ and © , but it is fortunate that the analytical expressions provided
are valid on the ranges of ¢ and © 1likely to be used in synthetic

hydrology,

3.7. Small Sample Estimation of p

One of the most important features of hydrological time series is that
the successive observations are serially correlated with each other, This
property is known as persistence in hydrological processes. By a further
consideration this persistence can be split up into two parts; shori-term
persistence which has so far been measured by the first order serial
correlation coefficient, p , and long-term persistence a measure of which
is achieved by the Hurst coefficient, h. From a sequence only a single
estimate of both p and h can be obtained and they have been shovm to be
biased in small samples bY Wallis and iatalas (1970).

It is the main objective of this section to derive an approximate
analytical expression for the small sample expectations of the estimate of
lag-k serial eorrelgtion coefficient and in turn the amount of bias associated
with the serial correlation coefficients of stationary stochastic processes in
general but in particular of the ARIMA(1,0,1) ﬁrocess. The most commonly used
estimating p:ocedures of P and associated bias affects have been reviewed by
Wallis and 0'Connell (1972). They have considered the lag-one Markov process
only and proposed a bias correction procedure which with scme consiraints
gave a satisfactory solution. Apart from this O'Connell (1974) found the
expected value of p in small samples for the ARIVA(1,0,1) process by
employing lLionte Carlo techniques which reguire a iarge cemputer investment,
whereas analytical expressions for the same purpose have been derived in the

followving sections. -
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In hydrology the most commonly used estimate of qi for a given sequence of

observations is given by

n_k n'K n- k

’inxhk - —k) le§x

K = n-k ~2]/2[n-K — K (3.37)
n n- N~ p ]/2 a
> :&2— L (ZX) > ;x.2 - (2 X ){

=1 | (n‘-K) i1 ! i1 bk (n-k) =1 i+k

This expression is an open-series approach in the sense that the first part
of the series of length n - k , is used for x4 and the last part of length
n -k is used for X5 41 Another way of estimating p is by the circular-
series approach, in which the end of a2 sample series is assumed to be
followed by its beginning, and the general form of which is given by
Kendall (1954)

(3.58)

Finally, a third alternative method of estimating 1( is provided by

Jenkins and Watts (1968) and Box and Jenkins (1970) as

(3.59)

which is claimed to be a more efficient esiimate of P than the two previous
estimates., This last estimate is also referred to as the maximum likelihood
estinate of p. In their work Wallis and 0'Conuell (1972) have shown

through computer experiments for the lag-one liarkov process only that Zq.(3.59)
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yields estimates of q that have greater bias and smaller variance than those

provided by Eq,.(3.57) , .

3.7+1s ©Small Sample Expsctation of Pk;

So far, in the literature on time series analysis to the best of the
authoré knowledge no exact results have been derived for the amount of bias in
estimates of % . However, a few approximate bias correction procedures
exist that are currently employed.

One of the earliest approximate procedures was presented by
Quenouille (1956) but it is only a rough method of removing bias in the
estimate of the first order correlation coefficient and is expressed as,

Aq2

-
- ——

A 3 . (3.60)
+ P
1,2)

>

1 A
T(%
‘To apply the correction, the time series is divided into itwo equal halves each
providing an estimate 6“ and 61 201‘ the first order serial cor;‘elation. If
61 is the estimate of Jp1 for tI:e whole series, then éq is supposed to dbe
an unbiased estimate of the lag-one serial correlation coefficient, This
bias correction procedure is independent of the underlying process, As stated
by Wallis and 6'Conne11 (1972), on the average, the vériance of“ﬁq is greater
than the variance of an unbiased ﬁ estimate by an alternative procedure
proposed by Kendall (1954) which is not universally applicable to any process.
However, if many short realizations of the same process were available then

1

correction procedure given by Kendall (1954) requires the time series

the mean value of ﬁf‘ would provide an acceptable estimate of B . The bias

considered to be normal and stationary. He also assumed the estimates of B

1

to b2 normzlly distributed and was able to derive general analytical resulis

to order n-1. It is through using this latier method that unbizsed estimates

of p for the ARDMA(1,0,1) process are derived in the following sections.

1
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One justification for the assumption that the estimate of % is normally
distributed is that the mathematical procedures employed are rendered into
compératively simple forms,

All of the est;mgjes proposed in the previous section for the
estimation of the autocorrelation coefficient from a given finite length of

sample can in general be written as.

S — (3.61)
VBV

where 3 denotes the small sample estimate of the k-th order autocorrelation
coefficient, A is the k-th order covariance function and B and C are the
variances of the two overlapping subsections of the actual series, It is
obvious that A,B and C are all r.v's for a given length of historic sequence;
hence they have their own pdf's and associated moments., Let the first order
moments of A,B, and C be represented by B(A), E(B) and E(C) respectively. The
terms on the r.h.s. of Eq.(3.61) can be written in another form which

incorporates the first order moments of A, B and C and is given by

A E(A)+a (3.62)
K VE(B)+b VE(C)+c

where @, b and ¢ are new r,v's obtained by measuring the original r.v's about
their respective mean values., Therefore, the r.v'sQ, b and ¢ will 211 have
exPectationé equal to zero. However, the r.h.s. of Eq.(3.62) can be expanded
into an infinite summation form by applying the Binomial expansion formulae
to each term both in the numerator znd denominator so that it will be easy
and straightforward tc take the expectation of both sides,

First of 2ll Eq.(3.62) can be rewrittem as
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—172 -1/2

3k=[E(A) +a] [E(B) + b] [:E(C) + c]

or

1/2

1/2 =
1+ ¢
E(C)

When the Binomial expansion is applied to the last two product terms on the

A :_—_———Elfil——— 1+ a 1 +——9—-
T TVEB)L.EWC)|  E(A) E(B)

r.h.s, and the necessary algebra is performed then the following result is

obtained

3 =1 - - + < - —b_, be
k" 2E(C)  gEZC) 2E(B) 4E(B)E(C)
2 312 o2 c?
3b C c a ac

+

8E2(B) 16EAB)E(C) G4EABIEAC) E(A) 2E(MEE)

. 3ac? _ ab R abc _ 3ab 2
BE(A)EAC) 2E(A)E(B) 4E(A)E(BEC) 16E(AE(REXC)

3<:b2 _ 30b2c - 9c:b2é2
8E(A)EXB) BE(A)EZ2(B)E(C) B64E(A)EABIEXC)

(3.63)

-+
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A further simplification of Eq.(3.63) can be made by assuming that B = C. .In
the case of the maximum likelihood estimate given by Eq.(3.58) and the circular-
series estimate given Sy Eq.(3.59),'this equivalence is perfectily valid but

it is an approximation when the estimate is provided by the open-series

approach given by Eq.(3.§7)
E(B) = E(C) , E(t%) = E(c?)=E(bc)=Varb

Therefore, by taking expectations of both sides of Eq.(3.63), by making the
necessary substitutions and by neglecting third and higher order terms the

following result is obtained.

@y~ EA) | E(b) E(a,b)
K E(B) E2(B) ' E(A)E(B)

which yields,

E(A) Cov(a,b) E(A)Vvarb
E(I\ )z - L + (3064)
“ E® E2m) EX(B)

This last eXpressidn gives the approximate small sample expectation of 6 for
any kind of normal stationary process. The same result has been given by
Kendall (1954) without a derivation and he has applied it to lag-one and
higher order autoregressive processes and to simple moving average processes,
Kendall (1954) presented a bias correction to order 2! based on the
definition of ﬁ( given in £q.(3.57) which for the lag-one Markov process

becomes,
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1 1
L (1—pk) + 2kpk (3.65)

A _ k_
B =P~ 00 |72,

which for the first order autocorrelation coefficient, p » reduces to

1 .
cpe — (143 3,66
E(p)=p (n_”( p) | ( )

The bias correction to order n-1 for the circular series definition given in

53.{3.58) has also been given as

EB) =k L Pk v 3kpk - kp"K (3.67)
K D 1-p

and in particular for k = 1 and ignoring higher order terms,
A 1,, .68
E(B) =p - —(1+4p) (3.68)

A bias correction 21lgorithm has been proposed by Wallis and O'Connell (1972)

by rearranging Eq.(3.68) as

E®) +(1/n) - | (3.69)
1 -(4/n)

When the zample esiimate of P obtained through Eg.(%.59) is scubstituted for

x{ 6 ) in 2g.(3.69) then an unbiased estimate of p , denoted by 6 is
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obtained, For those who postﬁlate that thé generating mechanism of a
hydrological process can be gdequately approximated by the lag-one Markov
model, the following steps are recommended for generating synthetic sequences
which yield unbiased lag-one serial correlation coefficients

(1) Estimate p from a given historical record by using Eq.(3.58).

(2) PFind an unbiased 3 value from kq.(3.69) by replacing E( 6 ) by
the sample estimate found in step (1)

(3) Generate synthetic traces using lag-one Markov process given in
Eq.(1.4)., As a result generated synthetic traces will be unbiased as far as
the lag-one serial correlation coefficient is concerned. When Eq.(3.57) 15
employed as estimate of p +then the following bias correction is applied

first:

- E(a) +1/(n-1) (3.70)
1 - 3/(n-1)

and the steps given above will be repeated for generatiﬁg unbiased synthetic
sequences,

In short, it can be said that if the generating mechanism is known
to be the lag-one Markov process then for maintaining resemblance between
historic and synthetic sequences in terms of p , bias correction procedures
_ given by Eq.(3.69) and Eq.(3.70) will be considered whichever one serves for

the purpose,

3,7,2. Small Szmple Expectation of P for the ARIVA(4,0,1) Frocess,

The general expression given in Eq.(3.64) for finding the small sample

A
expectation of pk can also be applied to the ARIVA(1,0,1) process, First

the open-series definition of estimation given in Eq.(3.57) is tazken into

; . . A -1 .
consideration; hence, the small sample expectation of p +to order n  is

k
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found in 2ppendix (3.2) to be

2 k-1 2, k-1
A - ~p+2p)(1+9-2 -pl1- -
EB) =p 1 (1- 9+ 20)(1+ 9-20°8 ) -pti-¢)g cokpl 2
(n-k) (1- ¢

(3.71)

for k = 1 this expression reduces to

_ 1 (1-@+ 2p)(1+ ¢ - 2¢2)
EB)=p - .
| (n-1) 1- ¢2) P

(3.72)
where n is the size of sample considered, ¢ and © are the model parametexrs
for the ARIMA(1,0,1) process, When §® = p is substituted in Eq.(3.72)
then the lag-one Markov process case given by Eq.(3.66) results,

However, if the circular definition given in Eq.(3.59) or Box and
Jenkins definition given in Eq.(3.58) are taken as estimates of p then the

small sample expectation derived in appendix (3.3) becomes,

A k-1 2 k-1
k-1 1 [(-9+2p(- ) - q 4
Ep) =pe - — PEPTPY 2 kolor200d kT TP p)

k (1-¢) (1 - &)

A (3.73)

which for p reduces to
200 -
E(f)zp — L -9+2p) (1-p) +3p+ip_(Lp_2_pL (3.74)
| nE (1-¢) (1- ¢°)

Furthermore, when ¢ = p is substituted in Eg.(3.74) it then reduces to
Eg.(3.68) which is corresponding expression for the case of the lag-one
warkov process, Tae bias correction procedure for the ARINA(?,C,1) process

becomes rather complicated partly because of ths fact that there are now two
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parameters, namely, ¢ and p , which control the autocqrrequion function
and ﬁartly because of the non-linear appearances of Eq.(3.72) and Eq.(3.74).
. This difficulty can be eased to a greater extent by assuming that the
population value of Y 1is known or its estimate Q) extracted from a given
historic record is assumed to be the population value, If this is the case
then the following bias correction procedure to obtain an unbiased p value
can be pursued,

Aithougﬁ it is not possible to solve Eq.(3.72) or Eq.(3.74) analytically
in terms of p » their numerical solutions can easily be found on a digital
compﬁter; hence, tables for given values of a set consisting ¢ , 9 , p
and n can easily be prepared, One example of such a table is given for @Y=0.85
and various values of 8 , p and n, in Table (3.1). In order to show how
to use the -tables to obtain an unbiased estimate of 6 when population ¢
value is knéwn a numérical example will be discussed. Let the estimate of p ,
0] . and © from a given historical record, using the estimation methods
given by 0'Connell (1974) for the ARIMA(1,0,1) process be 3 = 0,218,

$

Q@ = 0.680 for a given sequence of length n = 40, By assuming $ =0,850 to

0.850 and automatically because of the relationship given in Eq.(1Q20)

be the population value, in Table (3.1) and column 5 E(f) =0.218 is observed
correspondingly from column 1 the estimate 6 =0,360 and from column 2

© = 0,600 are obtained; hence an unbiased estimate ? is obtained. As a
result by employing these newly found set of parameters in the generating
schene synthetic sequences which resemble historical sequence in terms of P
can be bbtained. This bias correction procedure can be applied only when the
population ¢ wvalue is known, Otherwise, ﬂb must be estimated from the
given historic data as the estimate of ¢ may be bizsed, The above bias
correction procedure may not yield'an unbiased esiinate of p . On the
other hand, if the population value 6f 0 is known.then tabvles similar to

Table (3.1) can be prepared and similar kind of bias correciicn procedure be
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applied.

Thé comparisen of the bias corrections of the ARTMA(1,0,1) process
with that of the laé-one Markov process, on the grounds that both havg the
same P will confirm the fact that the former model suffers from larger bias
effects than the latter one, Another important point which has been alféady
presented by Wallis and 0'Connell (1972) for the lag-one Markov process is
that sampling error in the uncorrected estimates may lead to corrected values
of the lag-one serial correlation coefficient which is greater than one, As
a result there appears to be upper and lower constraints for uncorrected
serial correlation coefficieng} Another alternative to avoia such a result
is to include higher order terms in the bias correction algorithms, The
similar situation has been encountered in the case of the ARIMA(1,0,1) process

but the derivation of such a constraint has not been undertaken iﬁ this thesis,

3,8, Summary

The small sample properties of estimates of three parameters, namely,
the variance, the standard deviation and the lag-one serial correlation
coefficients are analytically investigated., First of all a literature feview
pertaining to the small sample properties of stationary normal processes has
been given and the definition and the sources of bias are presented. Then
general analytical expressions for bias corrections of standard deviation
and the lag-one serial correlation coefficient are derived and bias correction

procedures of theae parameters are proposed.
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¢ =.85
P e
n=20 n=30 n=40 n=50 n=100

1 2 3 4 5 6 7
.203 .700 .005 .071 . 104 .124 . 163
.218 .680 011 .080 . 115 135 | 177
«250 670 023 «099 « 137 . 159 205
.298 .640 .043 .128 171 .196 . 247
.329 .620 .058 . 149 . 194 .221 275
« 360 .600 075 .170 .218 .246 «303
406 .570 .102 .203 .254 .284 «345
« 503 . 500 . 184 « 295 «350 .383 450
.619 «400 .286 « 397 452 .486 552
. 706 « 3500 « 396 «499 «551 .582 644

Table (3.1) - E( p ) values for the ARTHA(1,0,1)

process
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Chapter 4
THE WHITE MARKOV PROCESS

4,1 General

The number of stochastic processes that are applicable to
hydrological phenomena kas\been increasing recently, because of the
need to preserve the most important desciiptive properties of a historic
hydrological sequence which constitutes a time series., It is necessary
to employ an appropriate stochastic process to generate equally likely
synthetic flow sequences that are statistically indistinguishable
from the observed sequence, in the sense that, the statistical
parameters obtained from both the ensemble of synthetic sequences and the
observed sequence tend to be the same in the long-run.

As noted in Chapter 1, 2 number of models have been developed
for modelling annual streamflow. Anmongst these, the ARIMA (1,0,1)
procesa is one of the more desirable because of its suitable long-term
and short-term properties. In particular, its small sample properties
can be derived either by analytical or Monte Carlo techniques.

An intriguing property of -this process is that its autocorrelation
function is identical to that of a process consisting of the superposition
of a lzg-one ilarkov process and NIP which is referred to hore as
the White larkov process, - Consequently, its properties are of interest in
modelling annual streamflows,‘particularly the nultisite formulation
with which some difficulties were encountered for the ARIMA (1,0,71)
process,

In section {(4.2) the statistical properties of the Wil orocess
are studied and the necessary relationships between the model purameters
and the low order moments of the p.d.f are obteined., In this context, it
is shown thot the ARTA (1,0,1) process and the Wi process are completely

identical to each other on the basis of their autocorrzlation functiions.
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Moreover, relationships between the autocorrelation functions of
these processes which provide the transition from one process to another
are derived, The adequency of the WM process to model Hurst's law
" is discussed in section (4.3) and through "pox diagrams" a good
agreement of the process with Hurst's law is observed. Small sample
properties of the standard deviation, variance and serial correlation
coefficient are studied analytically in section (4.4). Section (4.5)
mentions the application of the Wi process to non-Gaussian annual
atreamflows, where the preservation of coefficient of skewness is
impoitant.in the generating scheme, In the case of log-normally
distributed annual streamflow sequence the application of the Wi process
to such a situation is shown in section.(4.6). The mulfiVagiate
case of the model is studied in section (4.7), and a comparison with the

multisite ARIMA (1,0,1) model is made,

4.2, Description of the White Markov Process.

The appeal of this process as a potential model in synthetic
hydrology defives mainly from two functions, Firstly, it is computationally
simple and may be expressed as a recurrence relation and secondly the
estimates of two most important parameters namely the first order serial
correlation, Pys and the Hurst coefficient, h, can be preserved in
generated sequences. Those two properties have also been fulfilled by
the ARIMA (1,0,1) process because the Wl process is very closely related
to the ARIMA (1,0,1) process. Forbthe Wi process, although it lies
within the Brownian domain of attraction, by couvenient choice cf its
porzameters, it is possiblé to rreserve high values of h when P is
émall as will be shown later in this chapter. The VI process can also

be considered to be one of the simplest fast fractional Gaussian
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process noise approximations-which has been proposed by Nandelbrot
(1971) to model Hurst's law for hydrologically long sequences. As with
other processes belonging to the Brownian domain of attraction, the

WM process also yields h=0.5 asymptotically for very large sequence
lengths,

However, basically the médel is a mixture of two very well.known.
stochastic processes, namely the normal independ@nt process, NIP, or
white-noise and the lag-one Markov process, The operation ﬁerformed to
get the mixture is to superimpose the white-noise process independently

which
on to the lag-one Markov component . can be written as

X -np = X - dWV1- o2 (4.1)
L VAL VS HAbl VIR

where Xt and X are the variate values &t time points t and t-1

t-1
“repectively, gt is ar.,v., at time t and independent of Xt-1’ K

and ¢ denote the mean and the standard deriation of the process
respectively, and finally p is the first order autocorrelation
coefficient of the Markovian process., The random component Et of Eq.
(4,1) is normally and independently distributed with zero mean and unit
varisnce, The second constituent of the WM process is a process of
normally and independently distributed r.v's, 1 with zero mean and

unit variance, The independent superimposition of white noise onto

Markov process defined by Eq. (4.1) leads to

Z = X (4.2)
£ Nt Py
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where B- is a model parameter representing the standard ééviation of the
independently superimposed white noise component.
By substituting Eg. (4.1) into Eq. (4.2) a more explicit

description of the new model emerges, that is
- X - ¢ Vi-o (4.3)
L VM T VI VA SRl VL S L P

The reason for giving subscripts to %A and-al\,1 is because of thg fact

- that the overall autocorrelation function and standard deviation of the
WM process will be different from that of its Markovvcomponent as will
be shown in the following section. However, the actual statistical
parameters of the process will be a function oi‘cJ'Nl ’phd and B only.
In order for a process to be applicable in practical situations, its
parameters must be related to parameters estimated from 2 given
historical record because of the fact that these historic parameters
must be reproduced in the synthetic sequences so that the statistical
resemblance between the two will be achieved. In the derivation of

the statistical properties of this process Eq. (4.2) will be considered;

hence by taking the expectation of both sides,
E( Zt) z E(xt) + BE(nt)

and because of E( 19 ¢)=0» the result becomes

E(Zt) = E(Xt)
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which states that the population mean value of the WM process in its
form given by Eq.(4.2) is equal to the mean value of its Markov component

denoted by ;14 . Hence,

p=E(Z):=p (4.4)
t M
where | denotes the population mean value of the Wil process,
To find the variance first the square of both sides of Eq. (4.2)

is taken and the expectation operator is then appliéd.
2 2 2
=E(X 2 X E
B(Zy) = (X)) +2BE(X, 1)+ FEM)
where

2

2y _ 2,
E(xt)'dM oV

and the product term is eaqual to zero because of the fact that Markov
conponent, Xt’ and the WM component, ni , are superimposed independently.

Hence, the above expression turns out to be

2 21- .
U_GM92 | (4.5)

therefore . the variance of the WM process is equal to the sum of
the veriances of the tvo main constituents.
To find the autocorrelation function for lag %, in general,

the following apvrosch is adopted. The value of the process at time
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and at the time instant t+k is given as

Zt+k: xt+ k+ pn’hk

By multiplying corresponding sides of these two last expressions and

then taking expectations the result becomes

2
E(Z-Z ) =E(X-X )+pE(X7m )+BE(X - 1) +8 E(n: )
t &k t t+k e ! Kk : t+k1lt PR

t t te t teK
where
| E(Z;2, ) = o?p
E(X: X ) =z=ag2pk

t t+k M M

and because of the independence of 71 from Xy

t

E( = = E( =
XM T B ) B, Q=0

Therefore,
k (4.6)

This eguation is the relationship between the autccovariznce of the
overall process ard the autocovariance function of iis Markov constituent.

hs a result the autocorrelation function of the ¥i prccesza becomes,

"2M ok (4.7)
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Substitution of Eq.(4.5) into Eq.(4.7) leads to

T x
pk:1 5 P (4.8)
+(5—)
M

By defining a new variable @ as,

1 (4.9)

)2

14 (

™M
which is a function of the ratio of the standard deviation of the white
noise and Markov constituents, Eq.(4.8) can be written in 2 more concise

‘form as

p =ap
k M

At first glance it is obvious from this last equation that the autocorrelation
structure of the WM process is very similar to the ARIMA (1,0,1) process
autocorrelation structure given in Eq.(1.21) and Eq.(1.22). In fact,

for the first order autocorrelation coefficient EQ.(4.10) yields

p=ap , (4.11)
M

By re-writing Eq.(4.40) in terms of P the following is reached

o= ppk4 (4.12)
k M

Then, by comparing Eq.(4.11) and Eg,(4.12) with the ART¥A (1,0,1) 2uto-
correlation structure given by Eg.(1.21) and Eg.(1.22) the following
equalities %etween the parameters of the iwo processes become apparent,

these are

(4.13)
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and

_P (4.14)

where p is the first order autocorrelation coefficient to be pfeserved
by the two processes and its relation to the ARIMA (1,0,1) process
parameters ¢ and © is given by Eq.(1.21). Hence, considering

Eq.(4.14)

cr,:(‘I - 98) (9 -6) (4.15)
9(1+02-2¢0)

Therefore, Eq.(4.13) and Eq.(4.15) show the full correspondence
of the autocorrelation structure of the two processes, As a result
all of the advantages claimed for the ARIMA (1,0,1) process for
modelling Hurst's law by 0'Connell (1974) will also be valid for the
WM process. In the case of the WM process the most prominent factor
that plays an important-role in the long-term behaviour of a sequence
generated by the process is the lag-one autocorrelation coefficient
PKA , of the Narkov conatituent whereas, for the ARIMA (1,0,1) process
this is the parzmeter ¢ . On tﬁe other hand a logical interpretation

of the parameier Q of the Wil process can be furnished by investigating

%q.(4.8) more closely. By introducing a new variable as

5 .
\ = B (4.16)

62
where A slways assumes o non-negative wvalue because of the fazct that

it is the ratio of two variances which are alwsys pocitive £g.(4.9)
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can be re-written as

1
1+A

a:c (4017)

Eq.(4.16) reveals the fact that o is a positive value changing between
zero ahd ‘one' depending on the value that A takes. There exist two possible
extreme situations, One is that'b is actually zero, in which case the WM
model is merely egual to the lag-one Markov process., The same situaiion
exists when the ratio B%/did is approximately zero, which requires that
O’M is very large compared with B , and as a result of this situation

from Eq.(4.16) A becomes zero and in turn from Eq.(4.17) @ is equal to 1.
The second extreme case can occur, either when ¢ = 0 in which case the

WM process is the same as the white noise process or if B is very large
compared with %Vl so that A Dbecomes, theoretically, infinite; as a result
| ad = (0. Between these two extremes, there exisis a mixture resulting in a
WM process. A graphical description of these extremes and their mixtures
have been given in figure (4.1). Various combinations associated with @

or A value can easily be depicted from such a graph. Thus it becomes
apparent that the key parameter is either A which will be called the
mixing ratio or its function, @ , defined by Eq.(4.17) and referred to here
as the mixing factor. Therefore, knowledge of the value of any one of these
two related parameters will represent the relative effect of components on
the final process, that is the Wil process, When @ is closer to zero this
is tantamount to saying that the white noise behaviour is more pronounced

in the WM process which in turn means that the process is richer in high
frequencies and a result it can be concluded that the transient effect in
Huyrst's law will be shorter. On the contrary, if a is closer to one, that
is the Karkov behaviour is predominant in the ¥ vrocess, the low frequencies

will be abundant in the overall process, which is quantitatively ejual to
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saying that the transient effect in Hurst's law increases, Consequently,
by increasing the mixing factor, @ , only, and keeping ;idfixed, it
becomes possible té‘obtain a2 more persistent WM process and conversly for
a fixed @ value, by increasing %ﬁ, the WM process can again be made more
rersistent, or a variable combination of @ and p can be combined to
obtain a more persistent WM process,

However, in choosing the parameters a and p in order to preserve
a fixed overall p. value there appears to be a restriction imposed on a
and pM . The relevant relationship among these three parameters is given by
Eq.(4.11) and for various constant p values the plotting of ‘}A versus Q
has been given in figure(4.2) which indicates the relevant ranges of @ and .
%4 in order to obtain a fixed p wvalue., Each one of the curves shown in
Figure(4.2) is a rectangular hyperbola. For the sake of argument only, if P
were found to bé equal to 0,2 then, it is clear from this figure that the

restrictions on @ and p are 0.2 < q , P < 1.0 and in general the

M
parameters restriction is given by
p <ap < 10 (4.18)
M
a and %v1 are chosen in such a way that their product will be equal to P

as given in Eq.(4.11)

4,3, Fresexvation of Burst's law

The V! process which theoretically lies within the Brovmian domain
of attraction, is characterized by an asymptotic n value equal to C.5.
However, the finite memory considerations of the szme process will yield
estimates of h that are greater than 0.5 over long transients and on the
besis of this fact the process con ke claized to be adequote to msdel Hursti's

law, @z in the case of the ARINA(1,0,1) process proposed by O'Connell (1971).
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Figure (4.2) - Parameter restriction
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In order to illustrate the ability of the WM process to model Hurst's
law for values n of comparable with the longest geophysical records available
a2 simulation approach first proposed by Mandelbrot and Wallis (1969b) has
been adopted here, A set of a and p values of interest have been
employed in generating 9000 synthetic observations for consiructing a ''pox
diagram'' (Mandelbrot and Wallis, 1969b), The fitting of a straight line to
the pox diagram has been achieved by the least séuares procedure used by
Wallis and Matalas (1970) and hence the slope of the pox diagram which
provides an estimate, H , of the population Hurst coefficient, h , has been
calculated, About a'hundred _pox diagrams for various combinations of @
and %V1 have been plotted by computer and only five of them have been
presented in figures (4.3) - (4.7). The visual inspection of these five
graphs confirms an overall agreement of thé WM process ﬁith Hurst's law,

While it must be realized that h equals to 0,5 ultimately for the Wi
process, but as figures (4.3) - (4.7) reveal the estimate H is greater
than 0.5 over a finite initial transient of length 0o When n, is exceeded
then the population h = 0.5 will be attained. From the‘definition of the
autocorrelation function of the WM process given by Eq.(4.12) it is obvious
that p controls the ''effective memory'' of the process which is defined
as the lag-k, at which pk becomes effectively zero., It can be said at this
point that p vplays the same role on the autocorrelation structure of the WM
process as ¢ for the ARIMA(1,0,1) brocess. As p decreases, so does nos
and as a result o is intimately related to the effective memory. Another
conclusion obtained for the ARTI'A(1,0,1) process by O'Connell (1974) states
that forx smali values of H, By in general tends to exceed the effective
memory; however, for largsr V:I&eS'bf H,~n§ zrproaches the '' eiffective
memory'', This couclusion is valid also for the WM nroecess; a  similar
result has 2lso been obtained for the~type T arproximation to dfGn by

Nandelbrot and Wallis (1969b),
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Figure (4.3 ) - Pox diagram of 1n(R_/5) versus 1n(r) (time) for a series of
9000 values from a WM process with Q@ =.222
The mean values of R_/S have been plotted as 1ittls sguares,

Jote that ®, iz denoted as By
The selectad values of subzurple lengths ware %,4,5,7,10,20,
40,70,100,200,400,700,1000,2002,4000,70C0,9007, TFoxr evsry
valus of B> 500, the subsample starting time waz made

equal to 1,100,200,..4..,1400, For every value of n_y 500,
the subeample starting time was mede equal 1o 1000,2000,...8000
or (9000 - n_ + 1) whichever was the emaller {22 us:d by
llandelbrot ahd Walliz 1959b),
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Tigure (4., 4 ) - Pox dizagram of ln(Rn/S) versus In(n) (time) for a series
9000 values from a = WM process with a = .211
Details are as for figure (4.3 ).
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10552
|
H = 0.8Z
R1i 0.40
1052 A= .45
o= 0.

Pigure (4.5 ) - Pox diagram of In(R_/S) versus la(n) (time) for a series of
9000 values from a ™ process with a = ,310
Tetails are as for figure (4.3 ).
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Tne ''pox diagrams'' are governed solely by the autocorrelation
function i.e. for a given correlogram and n value there corresponds one
pox diagram and in turn one estiimate H only, whatever the underlying
generating process is. Correépondingly all of the results obtained for the
ARINA(1,0,1) process by O'Connell (1974) can be used for the WIM process
provided that the necessary conversidns of Y and © in terms of q and
p are considered as given by Eq.(4.13) and Eq.(4.15). Therefore, an
eglimate, B, of the population h value for n « n: in the case of WM
process can be obtained from the simulatlon work carrled out by 0'Connell (1974)
which gives table (4.1). In this table H has been derived as the mean of ten
values of H, each defined as the slope of a pox diagram for n £ 1000. 1In the
design of water resources, the economic time horizon is usually 50 - 100
Years, in which case it should be sufficient to use.épproximations to dfGn
with memories of the order of a few hundred years for generating synthetic
sequences, For this purpose, like the ARTVA(1,0,1) process, the Wi process
will also be sufficient, A good agreement with Hurst's law is achieved with
values of p in the range 0,80 - 0,95 as can be seen from the pox diagrams,
For any particular value of qv1, the value of 0 decreases as @ decreases ,

hence the approximation to dfGn becomes poorer,

4.4, Small Sample Properties of Estimates of 02 . 0 , P and h

For the purpose of generating synthetic sequences by using an
approximate model to simulate long-run properties of z historic sequence of
length n, the model rarameters, 02(or g ), p =nd h have all to be
estimated from this given finite historic rescord, However, the corresponding
estimates S2(or s), 6 and X or H are known to be biased and consequently
any historic record estimates of 02‘} g » p and h reqguire 2 bias

correciion based on the assumpiicn of a particular generating mechanism,

Somz of these bias correction procedures have been already examined in

chapter 3.
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.99 .08 .97 .95 .90 .85 .80
p .11 051 .026 000 | -.038 | -.076 | -~.094
a .112 .052 .027 .000 | -.042 | -.089 | -.117
H - 737 576 .634 576 . 490 439 403
P .350 .205 .139 .073 .000 | ~.042| -.076
a .352 .210 44 | L0717 .000 | -.049 | -.095
H 839 | LT8T| LT3T | 873 | 576 1 L5151 472
p . 562 .384 . 287 .179 . 061 ,000| -.044
a .570 .391 .295 .189 L067 .000| -.055
H .892| .840| .800| .735| .83%9 | .5716| .529
p .706 540 433 L300 140 057 .000
a W71 .550 446 .315 . 155 067 .000
H .920 .875 .839 .782 .687 .623 .576
p <7917 .659 .558 .418 .229 .126 .055
a .806 .670 .572 .438 .253 . 149 .069
H 937 .897| .864 | .812| .123 | .661 614
o] .857 . 745 657 +523 322 .203% . 119
a 869 .760 .678 .550 .358 .238 .149
H 947 911 .881 833 .750 .690 .645
p .895 .807 .731 .G12 411 .282 .188
a .905 .822 756 645 468 332 235
H .953 .920 .890 .848 . 770 114 570
P .921 .851 .789 .684 <4973 L350 250
a L2365 .870 810 .720 549 424 325
H 955 .925 L9920 .858 LT85 .73 .é01

Tsble (4.1) - Values of Hand P for a selection of values

of P and a . Bach value of # is the mzan of
ten values of H, each derived az the slope of
a lezst souzrcs lirne fitled to the meen values
of nﬁ/s for velues of n <1007, The total

sample size in all cazez wacs 9000,
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The variance O2was estimated according to Eq.(3.7) and the

expectation of this estimate, 82, for the WM process is obtained as

n
' 2a n(1-p,)-0-8
E(S2):0231 =M (1 -k -0 - B (4.19)
_ n(n-1) (1 - pra_)
M
which reduces to the lag-one Markov case when @ = 1 which is given in

£9.(3.22). When pM> 0 then the bias correction factor

2 1- - (1-¢"
apH n( pNg (1 pM)

f(nps»a)=1- (4.20)
pM n(n-~-1) (1_‘?.) :
M
is positive and the magnitude of bias becomes
2a n(1-p)-(1-p")
B(n;p.a) = pM_ M M_ (4,21)
n(n-1) (1- p'\zd)

wvhich confirms the fact that the bias effect decreases as n increases, The
unbiased estimate of the population variance for a given length n can be

achieved by substituting £g.(4.20) into Eq.(3.25) which yields

2
2 S
Fe. - (4.22)
f(n',pMG)
Ly taking the expectation of both zides of Eq.(4.22)
€3 = o2 (4.23)

*D . :
so that S © will te unbiased provided that the underlying gencrating

Re)
+
O
Q
0]

s is known to be the WM process.

The populatlion standard deviaticn, g , was estimated ac the sguare
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root of 82 given in Eq.(3.7) and its approximate expectation for small

samples has been given in general by Eq.(3.45) as

1

E(S) =aVF |1~ W

where F is eguivalent to the bias correction factor for 02 given in Eq.(4.20)
*
and n can be obtained from the general expressions of Eq.(3.42) and Eq.(3.43)

for the WM process as,

DA -2) +a2p2 [1-p2n-1)
1)1 +
e {(n ¢ pN? “g [1 v ] _ (4.20)
(n-1) +a2 p2 [1 _ p2(n-1)]

M

or approximately

(1- qa )

(4.25)
M

A =n

The substitution of Eq.(4.24) or Eq.(4.25) into Eq.(3.45) yields the
analytical form of the expected standard deviation for the WM process, The

bias correction factor for J becomes

! (4.26)

a(np , @) =VF |1 -
M 4(r* 1)F?

or the amount of bizs associated with the small sample estimate of d can

be given as

1
pya)z0(1-VF) 1o — (4.27)
Bmes © 4( A-9F2

The unbiased 2ztimate of the standard deviation is obtained as
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g :—S- (4.28)

gxnﬂihaJ

which by taking the expectation of both sides becomes
E(H =g y (4.29)

and hence confinﬁing the unbiased nature of S*.
In addition, the small sample expectation of the lag k serial
correlation coefficient, when the open-series definition given in Eq.(3.57)

adopted Dbecomes

L

2k 2
E(B)=p L * (1*‘}\4) FI’\A E*QCLPM-pM(‘]-Qa)] 5 ka oK
K 'k R tekap
(n-k (1-p2) M
M (4.30)

which for { @ =1; p = pM ) reduces to the result for lag-one Markov

process case given in Eg.(3.65). TFor k = 1 Eq.(4.30) reduces to

a (1+pr?- Pug [1+2p-pr?4(1—2a)]

E(6)=p-m p2 +2p
. 1-05)
( M (4.31)
When ( @ =13 p = p ) is substituted into Eq.(4.31) than the lag-ome

Markov process case given ia E3.(3. 66) is obtained,
If the circular definition of the serial correlation as well as the

Box and Jenkins definiiion are considered then the small sample expzciztion

Kk
o] K k. n-k_ 2 g 2%p(1-ag})
E(BK)-F:("}T kCLPM—-a;h-kapM +2 ke - Mp) il +1

(4.32)

vhich, for k¥ = 1, reduces to
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E@®):p- ~1_ 2plar1) - 4&' (4.33)
n (1-p,) . |

A similar bias correction procedure to that obtained for the
ARTIA(1,0,1) process can be prepared by numerical solution of either Eq.(4.31)
or Eq.(4.33). Even the tables for the bias correction of 3 in the case
of the ARIMA(1,0,1)‘process can directly be applied to the WM process
provided that the conversions between (p ,¢ ) and (a JJP1) are considered.

Both H and K defined in chapter 2 are known to be biased estimates
of the population Hurst coefficient, h , So far in the hydrologic literature
there exisfs no analytical expression for small sample bias corrections for
estimates of ﬁ. Therefore, the only way of assessing biases in estimates of
h may be guantified through Monte Carlo simulation omnly if h itself is known.
Some hydrdlogical processes such as ap?roximations to the dfGn do not yield
themselves to simulation experiments because of a probihifi&e investment in
computer time,

However, the bias correction procedure for K and H in samples of size
n can be achieved by defining E(K)n or E(H), provided that the underlying
generating process is known., Because of the lacking analytical expressions
for E(K)n and E(H)n they can be defined bty Monte Carlo simulation technique.
The simplicity of the WM process makes it feasible to employ Monte Carlo
techniques on the computer. The estimate, H or K, of the Hurst's coefficient,
h , can be preserved in the synthetic seguences by maching the cbserved
value of L from a historic sequence of size n with E(X) or E(H), hence
reproducing lov frequency properties of the observed seguence, In addition,
to this the i1 process also allows the high frequency properties of the
observed sequence'to be modelled by preserving 6.

In defining the =small sample properties of ectimates of 1 for a rrocess
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a choice muat be made between H or K. In general,'as mentioned in Chapter 2,
H exibits smallexr bias but large; variance than K. Alihough the deficiencies
that K suffers have been pointed out by Mandelbrot and Wallis (1969e) it is
guicker to compute than H. On the other hand the choice of a set of sub-
samples to be used in the pox diagram from which the estimate H is found
is rather subjective and tﬁere is no definite universal rule which serves
this purpose, As a result X was adopted in the simulation experimentis to
define E(K)n for the WM process which was the case for the ARINMA(1,0,1)
process (0'Connell, 1974).

However, the simulation experiments for defining E(K), have not been
carried out for the Wi process, but because of the equivalence of this process
to the ARTMA(1,0,1) process, the computer experimenis have been converted to
WM process case through using Eq.(4.13) and Eq.(4,15). In this way table(4.2)-.
(4%) have been prepared éo that @ and p can be selected to preserve a
specified E(K)n value, It is evident from these tables that for sample sizes
25,50 and 100 the range of X values which cen be modelled for all the selected
values of @ and g4 is approximately 0.65 - 0.87 which covers most of the
observed values of X and p that are encountered in streamflow sequence. The

useiigese tables will be illustrated in a later section,

- 4.5, The Non-Gaussian Case

It frequently occurs that streamflow values, in histogram form, do
not conform with the normzl distribution., When such a situation exists, the

coefficient of skewmecs, Y used in W process, which is a mezsure of the

W

davization of z diciribution function from the normzl one must alzo be prescrved

in oymthetic sequences. This is tantamount to saying that the synthetic
o 1

X . . A A
flow sequence will resemble the historic one with respect to W , o 3 ,

N , A . s . - .
h and in addition to these Y vwhich is the ectimate of the skewness

coefficient,
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=0.96
q%
Al ) A
B(K), E(p ),
n
a o 25. 50 . 100 25 50 100
060 .058 «654 661 .657 |-.005 .005 .025
<152 . 146 .683 679 .698 |[-.005 .038 .030
<260 .250 .681 704 724 .0C0 .083 .132
374 . 357 693 137 JT67 .069 .160 .227
<475 .457 .718 .752 .781 L099 | -.196 .264
.568 «545 « 735 JT76 .811 144 .259 .366
646 .520 .756 .796 .827 .219 .310 A44
.710 .682 .763 .818 .843 .243 .382 . 504
.765 T34 .791 .823 .855 | .300 424 .567
.808 776 .803 .825 .861 .353 | ..475 .621
.850 .818 .801 .852 .866 377 .565 647
Table (4.2) - Values of E(K) and i p , for selected values
of and Q .
M
=092
%4
wy A
B(K), 5P ),
n 25 £ 10

a o 25 50 00 25 50 100
053 .049 657 664 554 Neltk 012 nzi
124 114 .GR7 LOR0 L5368 L0N5 NG 079
295 . 188 L6895 705 709 LT3 077 123
292 ?GP '::")7 T:/.; ‘71"5 .O’—"“ 016(\ ."V')K'.a
379 | 243 725 | W7ot | L T7ES 115 179 40
o557 o427 740 o792 L0 LD = %52
.5-4.'-) o‘-‘-}\/ 077:’ l?j o",\ﬁ oﬂ/i -:QC‘ o?gn
519 550 17 [BE n07 277 354 L3237
630 €15 74 @20 P75 .205 L4302 517
Tzble (4.3) - Values of E(K)n and E( P ), for celscted values

of p and

a L]
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=0.88
™M
A
E(K), E( P ),
n .

a 0 25 50 100 25 50 100
.052 .046 .659 665 .551 .005 .041 .026
L1320 .102 .689 .678 .G76 .012 .050 .078
.188 .165 .588 .703 696 .080 .097 .117
265 .233 .703 .728 .728 .091 .158 .196
L A20 .370 742 772 764 .176 . 262 .309
.495 435 I 72 . 778 . 223 «302 .363
.562 495 | .T71 .788 .782 | .278 «356 407
.625 .550 174 .808 .802 «291 416 .481

Table (4.4) - Values of E(K)v1 and BE( 6 )n for selected values
of P and .
M a
p =0.84
nl r A
B(K), E( P ),

@ o n 25 50 100 25 50 100
.052 044 660 .563 647 .007 016 .029
L1114 095 .590 676 558 016 L0565 077
. 182 .154 .688 L899 .OB7 036 099 .113
.255 214 .705 .729 714 .02 L1586 182
.330 277 125 746 77 L1142 2053 2%7
.88 .325 .753 749 JT47 .19n 245 .299
« 487 . 409 .753 .755 753 0255 . 208 oo
.557 JA54 761 LT84 L7 20 755 406

A
Tablae (4.5) - Values Ep for melect=d values

p
‘M

of E(K)q'and 3
end a .
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=0 80
M
A
B(K), B B,
n
a 25 50 100 25 50 100
p
069 | .055 | .666 | .657 | .549 |-.006 | .022 | .041
. 139 .119 .685 .5694 .678 .056 .079 .098
.235 | .188 | .708 | .698 | .708 | .114 | .103 | .166
+325 . 260 . 736 <727 .719 «J39 « 192 .227
413 331 . 737 . 750 741 . 175 « 247 .289
. 500 .400 .756 764 L7456 .263 «315 . 343
Table (4.6) - Values of E(K) and i( 6 )n for selected values
of and Q.
pM
=0.75
pM
By (B )
n

a |, 25 50 100 | 25 50 100
072 .054 LG55 .555 645 |-.004 .023 .041
. 153 115 584 .682 571 +059 072 035
«240 . 179 =107 .091 693 A7 102 . 151
329 | W246 ) WT33 | W719 707 | 141 | .19 | .219
.419 .313 <7139 740 728 77 240 277
. 500 377 <751 754 32 254 307 <5729
Tetle (4.7) ~ Values of E(K)n ard E( p )n for seleccizd values

of p_ an

M

d a .




-171-

The modification needed. in the model structure to preserve /\\( yas
well, have already been presented for the lag-one Markov process, the type'1
approximation to the dfGn and the ARIMA(1,0,1) process by Matalas (1967),
Matalas and Wallis (1971) and O'Connell (1974) respectively, It is the third
order moment that makes a distribution function skewed if that moment's value
ig other than zero, Therefore‘, by considering Eq(4.2) the following result

will be vzlid
E(Zt)=0 (4.34)

E(Z) = o% af4+ £ | (4.35)

and
3y- 3., 2 . R 3 3 | .36
E.'(Zt)-E.'(Xt) 3pE(Xt'qt) Bﬁ (XtT?t) g E(~qt) (4.36)

If the normality of the lag-one Markov component, Xt s 18 assumed then

recalling the property of independent superimposition Eq.(4.36) reduces to,
E(zf) - 335(1@)

Or, more specifically

3/2 (4.37)

wiiceh means that ihe szkewness , y, , of streamflow s=2zuence, 7, , can
Z : - T
ertirzly be accountzd ouly bty the skewness coefficient, y ,cf the white-noise

component, M, of Wi process provided that the lz=g-one Narkovian component
of the process is normally distributed, Hence, if the process Zt is raquired

to have a skewness \% then  this may be achievod through replacing ithe term

| in #q.(4.2) by an independent r.v, st which may be defined by the Tilson~
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Hilferty transformation as follows,

3

2
e o2 | Mt Y| 2 (4.38)
tT Y 6 36|

where nt is NIP(0,1) and the r.v. g, will have zero mean, unit variance and

t
skewness Yé' VMacMahcn and Miller (1971) have observed that for values of
\E greater than about 0.3 qu(4.38) is inadequate. A modified transformation
has been proposed by Kirby(1972) which overcomes the problem. The flows
generated by using the above procedure will have an approximate gamma
distriﬁution

After haviﬁg abstracted the estimates of p , ¢ , v , p 2nd h
from a historic sequence of length n two types of resemblance, either type A
and type B, as mentioned in chapter 3 can be maintainedibetween synthetic and
historic sequences as quoted by 0'Connell (1974) for the ARIMA(1,0,1) process.

a) Type A Resemblance

. A .
In this case the estimates ﬁ. s O, 'ﬁ ’ Q and h derived from

an available historic sequence of length n are assumed to play the role of the
unknown population counterparts; then synthetio sequences of infinite length
are generated and the estimates of the same parameters are abstracted this
time from the synthetic sequences of infinite length. If the two sets of
estimates are equal to each other then resemb]ance of type A is said <o be
maintained. Unfortunatelj, all of the approximations to dfGn that fall within
the Brovnian demzin of attraciion give a populstion value of h = 0.5,
therefore resemblance of type A cannot be maintained in terms of h for the

Wil process. Thic fact is true of any finite memory appreximaticn to dfGn.
Eowever, resemblance in terms of an estimate of h czn be maintained within

finite synthetic sequences, The following € - step trocedure is to be followed

\
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to maintain a type A resemblanceé
. A A A .
1) find the estimates f, , g , p , y and K from a given historic
sequence of length n,

2 ) By considering n and assuming that
E(K) =K | (4.39)
n .

and

find the corresponding model parameters a and ew from Tables (4.2) - (4.7).
Interpolation may be necessary here,

3) Pind the estimate of A from Eq.(4.17) as

NP | (4.40)
a .

and subgequently the estimates of ¢ ,and f can be calculated frem the

M

simultaneous solution of Ta.{4.5) and Eq.(4.16) which gives

Q>

g =——2 - (4.41)

M~ V1§

and

Yo (4.42)

£} o A L - r
4 ) The estinated skewnsess yzls then ussd to define an ecztimets of Y
€

ueing . (4.37) which yields

A Q '
pA— 2 (4.43)
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Tﬁé term Et can then be generated using Eq.(4.38).

5) The quantities f = ﬁ , %% , 6 and ﬁ are then incorporated
M

into Eq.(4.1) and Eq.(4.2),

6 ) whence a sequence of lag-one Markov component values, Xt’ of a desired
length is generated ?y using Eq.(4.1). This sequence is then independently
superimposéd on to the white-noise component et , generated in step 4,

- acecording to the following relation
Z.= X, +B€ | , 4.44)
t tﬁt_ : (

b) Tyve B resemblance

In this case resemblance is maiﬁtained in terms of estimates of
parameters obtained from both historic and s&nthetic sequences of the same
length n. The small sample properties of the coefficient of skewness are
unknovn. Therefore it will not be included in maintaining this type of
recemblance., The necessary stgps in the procedure are as follows.

1) Find the estimates {i , g, ﬁ and X from a histoiic sequence

of length n.

2) From tables (4.2) - (4.7) identify values of @ and p such that
M

E(K) =K
n
and

E(P)~p
n‘

Azain some interpolation will bte invelved,

3) F9.(4.19) and E£9.(3%.45) can be re-written as

2 . 2oy
E(S9) = o f(n,;lqa) ( 4.45)
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and

E(S) = g gln;ps@) (4.46)
n

where the analytical forms of f(un, p. s @ ) and g(n, p » a ) are given by
: M

Eq.(4.20) and Eq.(4.26) respectively, After having obtained G and p
) Y

under (2) an unbiased estimate of o? or Qémay be defined as
Z :

2 9
92 - , (4.47)
' f(n;;Ha) B

and
o
o = (4.48)
g (n; Ry a) ‘
. respectively.

(4) The estimates of a‘-, q% and ﬁ are found by making use of
Bq.(4.40), Ea.(4.41) and Eq.(4.42) respectively. |

(5) The quantities ﬁM= m , ’C}M . 6 and ﬁ are then incorporated
into Eq.(4.3) whence synthetic flows may be generated, On some occasions
the estimates p and K may not be compatible with the values of E( 3 )n and -
E(K)n in tables (4.2} - (4.7) thus preventing the required resemblance
from being maintained: In such a case either one of the parameters can be

reserved in synthetic sequences and thus an approximate resemblance czn be
D Y 1 PP

maintained,

4,5, The Loz-Mormal Wi Process

If historie flows conform to a log-normal distributica ithen ithese

flows can be transformed into a normal space through using

Yt :log(Xt-a) | (4.49)
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where Q@ is a lower bound of r.v. X,. The new r.v. y can be assumed to
be a Wi process, The relationships between the parameters of \% and Xt are

given by Aitchison and Brown (1957) as,

. 02 .
uxz a+ex p(-aY- + uY) (4.50)
| 2
Of( :exp[?(oY +uY)] - exp(0i+2uY) (4.51)

exp(30‘$) - 3exp(o‘$)+2
'Y:
X exp(o? ) -1]¥2
[exp@ > 1]

(4.52)

The relationship between the first order autocorrelation coefficient, eK and

Y t

the lag-one Markov process as

P of variates X, and Y, respectively has been given by lMatalas (1967) for

2
expl(p,d,) - 1
o - A % (4.53)
X exp(as)-1

This result has been shown to be process free by O'Connell (1974). Once
estinates u><, Gi_ and \5( are obtained from a given historic seguence then
the simultaneous solution of g.(4.50), E1.(4.51) and Ea.(4.52) gives the

T q$ and @ . If the r.v. \1 iz assumed to be genarated by

a Wi proceas with parameters within the parametie

estimaties of

e covered by tables (4.2)-

+
]
kel
©
[¢]

(4.7) then long-term persistence will also be precerved in X-space., The model
parameters @ end p can be obtained by using either the type 4 ox iype B

procedure for maintzining resemblance beiween historic and synthetiic soquences.
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By replécing the estimate of g( into £9.(4.53) an estimate of p can be

| | Y
obtained, Although resemblance of type B can be maintained in Y-space,
there is no guarantee that such a resemblance will be maintained in X-space

because of {the non-linear transformations relating X, and Y

t t*

4.7. The Multivariate Case

Up to this poinf only the information that is yielded by a record at
a single site has been taken into consideration, However, a model prgserving
the =patial correlations between sites in addition to the temporal
correlations at each si%e is fre@uently"réquired. When the events at each
site within a catchment agea are entirely independent from eaéh other then
the single site model could be applied independently at each site. On the
other hand, if a2 catchment area is considered then the process that takes
place on it is generally sampled at various distinct sites and time instances.,
Therefore, one usually expects that all the records at these distinct sites
are interdependent which is tantamount to saying that the records are
spatially correlated apart from thé correlation in the structure of each
record which is referred to as the temporal correlation. The spatial
dependénce can be specified in general by the cross-correlation between
pairs of rgcords at distinct =sites; therefore in particular the lag-zero
cross correlation corresponds to the linear dependence beilween the records,
vhen 21l the observations in the two records are considered concurrently. If
a1l the cbosrvations of one record zre shifted bty one time unit with respect
to the observations of the other record ihen the lsg-one cresc-correlation
resulis, In the same way higher order leg creoss-correlation czn be conceived,

The formulation of a stochastic model can be devised in such a way
that it takes into account both temporal and spatisl correlatious; in this

form it is frequenily refexred to ac a muliivariete generating process,
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Consequently, the purpose of a multivariate version of a stochastic model is
to ensure the statistical resemblance between the historic and synthetic
records at various sites is maintained, on the basis of thé means, varianceas,
serial correlations of each record and in addition to these the crosa-
correlations among. the records,

A detailed review of the multivariate models developed and used in
synthetic hydrology so far, and then the necessary.algebric calculations
for the multivariate ARTMA(1,0,1) process are given by 0'Comnell (ﬁ974). The
multivariate Mérkov process was first devised by Matalas (1967) and Matalas
and Wallis(1971) specify a multivariate 4Gn model,

Although one tends to expect the expressions for the multivariate WM
case to be rather similar to those for the multivariate Markov process , they
are indeed very different from each other as will be appreciated from the
following equations. They also differ from the equations for the multivariate
ARTIA(1,0,1) model, This latter aspect is of particular interesi as some
difficulties were encountered in de&eloping the multivariate ARIMA(1,0,1)
model (0'Comnell, 1974).

The general form of the multivariate case of the Wil process can be

written as

+Be, +Cny | (4.54)

where 2, is an (mx1) column matrix of synthetic flows, the i-th element of

wlag aly 4 s (l) (') 3 Par A S as +

which is equal to 2y - W ,A iz an (mxm) square matrix of ccefficients,
2 =

Xt 1 is an (mx1) column matrix of the lag-one lMarkov ccmponsni, lgtand nt

are both (mx1) column matrices of independent r,v's which are clso indepsndent

from each other, B and C zre (nxm) matrices of coefficients and finally m

1

denotes the number of sites censidered., It is the main objad

section to evaluate the elements of the ccefficient matrices A, 2 2nd C in
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terms of the means, variénces, serial correlation coefficients of individual
records and low order cross correlation ccefficients among them, such that'
the required resemblance will be maintained between historic and synthetic
sequences in terms of A , B and C, Although it is mathematically feasible to
construct a multivariafe model that preserves all the lag correlations it is
practically impossible to estimate higher order lag correlations relizbly from
a given set of historic data of finite length. It is because of this
difficulty that hydrologists are interested in the devélopment of multivariate
models which necessitates the use of low order moments only.

| In order to find the elements of the matrices Ay B and C the following
élgebra is necessary. First of all both sides of Ea.(4.54) are postmultiplied
by the transpoze, gi » of the matrix Z and then by taking expectation
T T T A (4.55)

Z) TAE(X, ,Z) + BE(g,Z) +CE(3, Z)

t
T
where from Eg,.(4.45), Z, is obtained as

T T T .
B +1C (4.56)

T
£
= =

T T
Z A+
- - t

= X
t "t

~1

By substituting £q.(4.56) into the r.h.s. of the Eq.{4.55) and after making

the necessary simplifications the following equation emerges

E(Z zT) AE( ><T )AI BBT c:cT (4.57)
....t—t -— _t-‘]—t_‘].f-'_—.."—_—
or, by denciing
Z T
- (4.58)
_MO E(tht) 4
MX:EQ( gT) - (4.59)
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t
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and Mg are the lag-zero covariance matrices of the random variates

respectively. In the case of m sites both of the matrices are

- (mxm) square matrices whose explicit forms can be given as follows

]
) A
e2"?
(H’B

M- = '
—0 .

md
£(ZVZ) EC

1N _(2 :
E(it zti’ S

E(f?zmt)) E(,f";)zc?) o -E(f‘?f’??

£m)_(2)
Zt Zt )

Ecz‘t"ch‘i |

™M

(4.60) -

where the diagonal elements are the lag-zero covariances of individual

record, and the off-diagonal elements are the lag-zero cross covariances

of any two records.

variables at each site are assumed to be standardized as

n )
m Zy <
%t .&

i GCI)

where u.(' ) and

In order to have a more compact form of Eq.(4.60) the

(4.61)

<§|£re the mean and standard deviation of sequence at site i

(]
and i; is the non-standardized form of the variable. By the virtue of this

standardizing procedure 23.(4.50) becomes

y4
o
12(0)
Z
pleO)'l
me= |
0

Z
p
13(0)

Z
P
B

Z
P
2m

(4.62)
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where the diagonal elements are all equal to unity because of the fact that
they ere the variances of the standardized variables at individual sites,
The off-diagonal elements are the lag-zexro cross correlations between the

records, Once the set of historic records have been provided each of the

2
0

quantity. As can be seen from Eq.(4.62), Mg is a symmetric matrix. In

elements of M, can be estimated and consequently the matrix is a known

has got the same meaning as gz but pertains to the

Eq.(4.59) the matrix M. >

0

Markov component and can be explicitly written as

X X
1 QSO) qgo) Ce e e ?G)}

NR
Ef‘
-—
R
w3gX
~t
©
o
S

X 2 . 2m
- . . ; . 4.6
Mg . ' . (4.63)
PO) }€EJ P 1
mr w2 g

where the off-diagonal elements correspond to the lag-zero correlation
coefficients of the lag-one Markov component of Wi process. These elementas
cannot be eztimated from.a given set of data, therefore Eg is an unknown

matrix, Finally, Eq.(4.57) can be re-written as,
M-aMA . egdocc (4.64)

Y
where A, ®, C and Mg are unknown terms, hence in orcer to find 2 uniaue
solution for them another further three cquations are required,

A second equation can be obtzined by post-multiplying EB1.(4.54) by
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the transpose, §$+1 s of §t+1 and taking expectations of both sides which
leads to
T, T. T T, T 4.65
E(Zy Zy,p AE(X ;XA + BE(gX{)A (4.65)

By incorporating the following equations

M= (2,20 | (4.66)
X T
- 4,6
MizE(Xy 1 Xy) C - (4.67)
and
T |
= 068
é = E('E‘tz(‘t) (4 )
Fq,.(4.68) becomes,
7 .
M -aM A . pBd - (4.69)
- where g% , has the lag-one serial correlation coefficient of the records as

its main-diagonal elements and the lag-oue cross correlations between the

X . .
records as the off-diagonal elements, M} is the lag-one cross correlation
matrix of the Markov component,

. 7 .
Each one of the elemznis of matrix M. can be estimated from a2 =zet

sf given hictoric records and therefore it is a known quantity. The explicit
rd
o

7 °an be given 253

” o mit
Toxrm of the wateix M
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6%1) 521) SZ PZ
i S "

Z z
s | 2P pzz(? 54 W (4.70)

N O B

where sub-subscripts outside the brackets denote the lag value. In Eq.(4.69)

2
1

component of the model itself; as a result it is an unknown quantity. The

MX has just the same siructure as the M, matrix, but relates to the Markov

Z
1

because of the fect that in general

major properties of matrices I and EX are that they are non-symmetric

z Z o |
for !
g =+ 8 ] (4.71)

To obtain the further two equations required Zg.(4.54) is postmultiplied by
m 7 i velv '
the transposes §t+2 and §t+3 of §t+2 and Zt+3 respectively and then the

expectations are taken which leads to

Mgzg_zgfggfg (4.72)
and
VIRV PN (473

~ e

In both of thece two last equations the mairices M, and M; have the =same
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interpretations as the previous Mg and @? matrices, the only difference
being with respect to their lags, -
fhe‘four basic equations Eq.(4.64), Eq.(4.72), Eq.(4.69) and
Eq.(4.73) are the equations necessary to solve for the four unknowna , 4, B,
C and yg, but among the t&rms corresponding to the Markov component, of

these four equations, there exist the following relationships, in general,
M?f =A'M3< (4.74)

and in particular

0

X 2 X
= M .76
M2 A__O (4.76)
Mx: AB_MX (4.77)

3 0

By substituting these last three equations into the basic equétions a new

system of basic equations is obtained as,

Z T T T
M :AMABB-CC (4.78)
~0 0

Z 2 T TT
M1=A.MXOA + BBA (4.79)

2 0 = (4.80)
Z 4 XT TT |
M=AMA + BBA (4.81)
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It is obvious that the last three basic equations do not include
the matrix C and it is because of this property that thé solution can be
split up into two parts. In the first part, the three unknowns 4, B and My
can first be evaluated by using the last three basic equations, whereas in
the second part, which follows on completion of the first part, the only
remaining unknown C can be solved from the first basic equation that is
Eq.(4.78). Another property is that the second terms on the r.h.s. of the
last three basic equations are the same aﬁd can be eliminated by taking the
difference of any two equations, Hence, substraction of Eq.(4.80) from

Eq.(4.81) gives
M-M=A3 A - A % | (4.82)
M 5 8 M2 ]

and of Eq.(4.80) from Eq.(4.79) gives

Z 2 XT 3 T :
:tAMA - AMA .8
5 5 5 (4.83)

I<

VA
M -
1

By premultiplying Eq.(4.83) by the matrix A and then substracting it from

Eq.(4.82) a solution for A is obtained as

) 7 1
. (MZ2-AM3> (Mf i M_i’ (4.84)

where the r.h.s. is known from the given historic data.

Let a new matrix, D , be denoted as,

rvf(A (4.85)

which is symmetric and when if is substituted in Eq.(4.83) then the result

becomes
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M - Mz aD +&D=(A +£)D
or
-1 -1 Z Z
pxr-aia’ o - M) (4.86)

= =1 =2

where I is a unit matrix., Hence the calculation of D by Eq.(4.86) in terms

of Known quantities makes it possible to solve for the matrix } from

Eq.(4.85) as

X -1 T.-1 -
M= ADC((A)

which is a symmetric matrix., Eq.(4.87) can be re-written more explicitly by

substituting the equivalent of D which ieads to
-1 -4 2 Z -
Mz A (T - A TA(M -M) () (4.88)

Eq.(4.72) gives

Tl B XT T -1
Bb = (MZ'A_OA)(A )
or
T T3 KT T
BB = - A A(CA
BE = M (a) - Apfaca)
where AT(AT )-1=l and hence

e :Ma - B - (4.89)
1, @]
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38T in Eq.( 4.89) is a symmetric matrix confirming that the r.h,s, of the same .

equation is also symmetric. Hence by defining a symmetric matrip, §1 s as
=Y S, ' (4.90)

therefore a unique solutién of matrix B can be obtained only by assuming
that E is a lower triangular matrix, This gives the same number of non-zero
coefficients m(m + 1)/2 as required to specify S,. The solution is obtained
by expanding Eq.(4.90) into m(m + 1)/2 equations that define the matrix
equation, Subsequently the elements of B are found recursively,

Finally, the solution of matrix C is obtained from Eq.(4.64) as

T Z X T T |
CC=M,-AMA -BB (4.91)

where again QQT is a symmetric métrix and its solution is also achieved by
lower triangularization.

As a result thére appears to be the same difficulty in the solution’of~
the multivariate equations of the WM process as was the case for the ARINA(1,0,1)
ﬁrocess; because of the reatriction as to the assumption of lower order
triangularization of matrices __§ and C. The total number of non-zero
elements of unknown matrices is |

m(m+1) s m(m+1) . m(m=+1) . e (4.92)
2 2 ' 2

whereas the total number of elements of . known matrices is given as

m(m=+ 1)
———2— + m2 + vm2 + m2 (4.93)

As a result there are not enocugh elements to define the elements of matrices

Ay B, Coend Ky
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4.7.1. MNultivariate Log-Nbrmal WM Process,

In the case where the variates, Xi(t), at each site conforms to a three
parameter log-normal distribution then Zi(t) = 1n[in(t) - Gi] will follow
a multivariate normal distribution, where Cl.l denotes the lower bound of
variable Xi(t) at site i, A multivariate normal WM process, discussed in the

previous section can then be applied to Zi(t) which can be written as

z(t) = Ax(t-1)+ Be(t)+ Cn(t) (4.94)

where z(t) and x(t - 1) are vectors of standardized normal variates with

elementa

Z.(t) - i
z(t) = — d; ' | | (4.95)
, >(i(t"1) - lfi A
x(t -1) = = _ (4.96)

where xi(t - 1) is the lag-one Markov component of the overall Vil process..

]
The matrices A', B'and C'must be defined from the correlation matrices Moz ’

R z! z!
Ny s My and M,

of the process Z(t). Moreover, by considering the

] ] 1
logarithmic transformation the elements of the matrices Mg ’ @? ’ Mg and
Eg'o é}O) , 5?1) . Sk?) andé}3) respectively, must be defined from

i) 1) z 7

the corresponding counterparts of matrices @g ’ M? ,'QQ and M through the

3
following equations given by O'Connell (1974)

’ ’ z'
[e X p(o.I ¢ ;ia,‘(o))-ﬂ]

[exp (Clli2 ) - 1]]/2[exp(dj2) -1]1/2 (4.97)

o7 (0) =
y 0) =
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[exp(é.l‘ o'j. p;h ))-1]

F’z(1 ) = (4.98)
ij - 2. 2 2 1/2
[exp(o,i) - 1] : [exp(aj )-1]
o7 2) = [exeté a{/ﬁm) 1] e (4.99)
. [exp(é'i2 ) -1] I:exp(éj2 ) -]
and
A exp(d d. pA3)) -1
pi?(B) z [ 1 J i ] (4.10‘0)

[ex p(&iz ) —1]1/2 [ex p(éj2 ) - 1]1/2

The estimates of the elements of Mg ’ M? ,gg and_mg may be inserted into

equations (4.97) - (4.100) which in turn yields estimates of elements of Eg',;
? ] 1 - ’ ’ s
@ﬁ' ’ MZ and M? . In addition the estimates of u , g , ~and 4, can
o - - l . . .

] : |
be obtained by employing equations (4.50) - (A.52). After having obtained all

_ 2! 2! 2!
of the elements of matrices @0 y M

- 3

t
.C'and @g can be solved for as discussed in the previous section.

1
, W5 and M then the matrices A', B!,

4.8, Summary

A ﬁodel referred to as the white Mafkov process has been devised t§
simulate  annual streamflow sequences and its long-term behaviour has been
examined uéing computer simulation experiments which revealed that the WM
process can be used to approximate the behaviour of loﬁg geophysical records,
On the other hand, the preservation of the lag-one autocorrelation coefficient
shows the fact that the short-term properties of the process are modelled in
addition to the long-term properties,

| The small sample properties of the model have been analytically derived
and they have been used in formulating the process to maintain the required

statistical resemblance between historic and synthetic sequences, Finally,
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the necessary equations for the application of the WM process to a multisite
situation have been derived, However, the soclutions obtained may prove

alightly restrictive,
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Chapter 5
BAYESIAN APPROACH TO AUTOREGRESSIVE PROCESSES

5.1. General

In the design and operation of water resource systems, hydrologists
bhave been trying to estimate the parameters of the appropriate model for
their purpose, by using classical statistical methods very frequently.
However, recently a new mode of estimation has become popular that is the
Bayesian estimation of parameters which allows the hydrologist,apart from
the historic evidence, to incorporate his own experience about the |
hydrological event concerned. In addition the Bayesian approach has an advantage
for small samples whereas for large samples both the classical and Bayesian
estimates yield the same result, I£ is hoped that the Bayesian estimates
will be more realistie than their classical counterparts because of the fact
that the latter has only one information source, that is the historiec
performance of the hydrological event, whereas, the fofmer has in addition
to this historic data, the experience enjoyed by the hydrologist as well.

A statistical inference about any one of the parameters of a
hydrological model can be achieved in two wayss either by the application
of the sampling theory or by use of Bayes theorem. The methods employed in
Chapter 3 in connection with the small sample properties of various parameters
fall within the sampling theory framework., However, the main purpose of
this chapter will be the derivation of the necessary expressions which
make it possible to apply the Bayes theorem in general and in particular
to ta2 ARTNA(1,0,1) process, The general formulae derived in this chapter
are all readily redueable to the Markov process czse, for whicu som2 resultis
have besn given by Lenton et. 2l. (1973).

An extensive exploitation of the Zayesian approach io peramcier

estimation appears in the ecounometrics field, where a detziled stuly hes bLsen
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given by Zeiiner (1971). In_his tréatise a very comprehensive consideration
of various aspects of Bayesian inference has been given, such as univariate
and multivariate»regression analysis and particularly first order Gaussian
autoregressive processes,

In hydrology, an account of Bayesian parameter estimation and inference
have been givan by Lenton et. ai. (1973) for the lag-one autocorrelation
coefficient, P , only on the basis of the Markov process and world-wide
prior information about P . Another work that appeared in the hydrological
literature is that of Conover (1971) who also applied the Bayesian approach
to estimating P , on the basis of hypothetical prior information about p
'stating that p 1is nermally distributed which is not a realistic assumption
in practice,

However, a topic related to the Bayesian approach , that is Bayesian
decision theory has been more extensively applied to hydrological design
systems. To this end Tschannerl (1970) studied various efficient uses of
data sources within a decision framework, when he applied Bayesian decision
making to the population mean value of lMarkovian annual streamflows. By
éssuming the population mean as a r,v., he assigned a normal pdf to it and
then digitized this pdf in order to find the ' " probabilities
associated with a set of poésible mean values and subseguently through the
use of an appropriate loss function , a mean value minimizing this los=s
function is decided on,

Lecision theory could also be used for the choice of the underlying
distribution function as was advocated by Fiering and Jackson (1971) who
considered two distribuiion functions only and gencrated synthetic streamflows
based on each distribution:so.tﬁai an optimai design value azacciated with
each distributibn %2z obtained through an econcmic objective funciion.

Lcreover, the consequences of accepling the design corresronding to the
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first distribution, assuming that the second were the true distribution is
evaluated in terms of economic loss, Conversely the economic loss involved in
assuming the second.distribution when the first was, in fact the true one

must be evaluated, The optimal design will then consequentily suggest the
appropriate distribution for the flows.

In section (5.2) a general review of Bayes theorem is given., The
marginal prior pdf of P which is one of the model parameters of the
ARINA(1,0,1) process is :ierived in section (5.3). The likelihood function
which is representative of information contained in the historic data is
dealt with in section (5.4) and a generzl expression is derived for it on
the basis of an assumption that the underlying generating process 1is
ARIMA(1,0,f). The combination of the prior pdf and the likelihood function
30 as to give én improved information level named the posterior pdf is

achieved in section (5.5) through Bayes theorem, Ioreover, in the subsections.
of section (5.5) the posterior pdf of the paruzmeter WY is obtained for
various si£uations, where first H and J are botﬁ considered to be

random variables, then one of them is zllowed to be a r.v, vhereas the

other one is taken as a constant aqd finally both K and O are thought of
as being ¢ nstants., A very brief review of Bayesian estimates is given in

cection (5.6).

bayes theorem vhich is also referred to in the probability literature,
as the principle of inverse predability, ie a mcans whereby historie

information i.e, recorded data and prior infoxrmztion about the event bafore

M

the data is recorded, can be combined togethsr to give more detziled
information ecalled the posterior information.
After the identificztion of the model that gives rise fo ine recorded

nistoric observations, the data are thsn rcgarled as being gomerated b
] & s o
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this mocdel whose parameters are assumed to be unknown. In the Bayesian
approach the unknown populaiion parameters are all assumed to be r,v's, and
as a result of this assumption the parameters will have individual and
in addition joint pdf's, Therefore, the above mentioned prior and posterior
informations will be expressed formally in terms of pdf's, The prior pdf is.
denoted by P(w ), where  is a set of values that the parameter of the
model can assume and the historic inforﬁation that is the observed data is
represented by 1( D I(u‘) which means_that given a set of w  values, in
addition to the model itself, then, there exists only one pdf reflecting
the random nature of the historic sequence, i.e, it is a kind of conditional
pdf. As a result the joint pdf of the data with the parameters may be

expressed in two different ways as follows

P(D,w) = P(w).I(D |w) (5.1)

and

P(Dw) = P( D)HwliD) (5.2)

Thease two equations yield the same result and therefore by setting the r.h.s's

egqual to each other

P(D)(wID) = P(w)l(Dlw)

and by aividing both sides by P( D )

6lD) = Plw).{Dlw) (5.3)
P(D)

The denominstor of this last equation is a fixed value for a given et of
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historic observations and mbreover,_its main role is to give a standardized
pdf in fhe sense that the area uﬂaer the function [(u)l[) ) is equal to
unity. Hence, by demoting |(w | D) by P(w | D) Bayes theorem can be
re-written as

PwiD)ea P(w) I(Dlw) _ (5.4)

or, in an equality form as

P(wlID) = N-P(w)4(Dlw) ' (5.5)

vhere N is a standardizing factor and the remaining terms in Eq.(5.5) have
the following meanings

P(w | D ) : Fosterior pdf of the parameters

Plw) : Prior pdf of the parameters

1{D|w) : Likelihood function

Eq.(5.4) is the genexral form of the posteribr pdf.  When the lag-one Markov
process is adopted to represent the hydrological event then %q.(5.4) becomes

in terms of the parameters of this model

P(HadaPID)ClP(Ll)d,p)-|(Dl|.L,d,p) (5-6)

whore P(ll s O 9 PIID) is the joint posterior pdf of the varamelers of the

lag-one iarkov procces, P( Ly, ds P ) is the joint prior »df in general, of

the same parameters and lasily 1 iz the likelilcoe
T Hs s P

Tor the AiT:A{1,0,1) process which ie the main concern of iiiis chapter the

posterior pIf is given by

P(ho@®ID)a P(paye 6)I(Dipdy 8) (5.7)
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where the terms have A similar interpretations to the terms in Eq.(5.6)

Some propertiss of these terms must be derived , before a detailed
study of them can be given for a particular process, First of &1l the
prior pdf, P{ w ), is independent of the historic data and the model to be
employed in the generating scheme, this is because of the fact that the
sources of inférmation for the prior pdf can be derived from any one of the
following areasa

- i) The experience gained by the hydrologist sbout the phenomenon from
previous similar studies

ii) Consideration of all the recorded data all over the world, the
extractionAof an estimate of the parameter from each set of data and then
frequency analysis of the estimates obtained, té vhich subsequently a
taeoretical pdf curve can be fitted ; see Lenton.ét. al. (1973)

iii? Mere theoretical cousiderations, such as a normalityAassumptioq
for the prior pdf of the parameter in order to render a complicated derivation
into a tractable form ; see Conover (1970)

A concrete example of a prior pdf is provided as foilows. Assuming
that attention is confined to the historic sequence of annual streamilows at
a fixed site in a éiven catéhment area, the Bayesian estimate of the mean
value of this sequence is to be calculated., TFrom the streamfléw messurements
made at various points of the main river and its tributaries, a sat of
sequences each attached to one site in the drainzge basin is obtained,
Obviously, when the mcan of the streamflow sequence at each zite is found
they will differ from each other to scome extent., Howoever, thers are two
assumptions that can be mades at this stage; one is to as=sume that all of the
means will eventually éonverge to the =ame population vzlue as the length of
sequences incréase, in which case it is irrelevant to tiiink of a pdf of this
unique pepulation value, Thersfore, the prior pdf of population mean is a

conctant as 2 result of which from ¥q.(5.4) it can be said that viriually
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the posterior pdf will be prOportionai t0o the likelihood function only, froﬁ
which the qstimate of the mean can.be extracted in the classical way that is
by finding the value which maximizes the likeiihood function;

However,‘on the contrary, the assumption may be that each of the mean
values, at‘different sites in the same catchment area,.will converge
ultimately as the sample size increases td different population values which
consequeﬁtly illustrates the idea of the prior pdf of the population mean
over that catchment area, The way to obtain this prior pdf is to fit a
suitable theoretical pdf to the frequency distribution of these distinct
population means, In a similar way the éame argument can be pursued in order
to find the pdf of any other parameter, such as.the standard deviation, ¢ ,
the lag-one serial correlation coefficient, p , ete, In a work presented by
Tschannerl (1970) the prior pdf of the mean of a2 streamflow sequence has been
assumed to be a normal pdf without any practical justification .

Another constituent of-Bayes theorem is the likelihood function which
has already been mentioned briefly in chapter 3. A1l of the information
included in an obzerved sequence iz guantitatively represented by the
likelihood function. The combination of the prior pdf and the likelihoqd
function through Eq.(5.4) yield the posterior pdf., As it is evident from
Eq.(5.4) when the prior pdf of a parameter is assumed to be a mere.Constant,
then the posterisr pdf becomes equal to the likelihood function, and as a
rezult Bayes theorem is no longer valid but instead the sampling theory comes

into play.

5.%2. Thz Prior pgf of P,

There are various sources of ind-tendent infermation about @ that
give seme insig:t into it3 prior pdf, P( ¢ ). Firsi of 2ll, although
theoretically @ varies between -1 221 +1 in hydrelogy for the annu=l

streamflows, ¢ tizkes values mostly between 0 and +1, In addition o tais,
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as noted by O'Connell (1974) in relation to the agreement with Hurst's law
obtained with the ARIMA(1,0,1) process, ¢ might be expected to lie in the
range 0.80 - 0,95. Therefore, the expected value of the prior pdf could be
assumed to be equal to any appropriate value between 0.80 and 0.95., Another
very useful source of information would be a frequency diagram of
which could be obtained from 140 annual sfreamflow saquences given by
Yevjevich (1963). A theoretical curve fitted to this histogram would yield a
prior pdf of ¢ , but this i= not the approach adopted in this chapter.
However, by virtue of the relationship among ¢ , 6 and p ’given.

as

1-98) (p-86) - |
- (1-98)(p-6) (5.8)
1+ 02 296 -

the prio? pdf of ¥ can be obtained from the érior pdf of p through
Eq.(5.8) under the assumption that ©& is a fixed value. Lenton et, al,
{1973) gave the prior pdf of P on the basis of the world wide data presented
by Yévjevich (1963), as the beta distribution on -1 to +1, which is expressed
as

fCpr=(tap) (1) " (5.9)

The first two moments of this diziribution are

m = ar -1 (5.10)
t

02: 4[‘(":-!") (5.11)
t2(t+ 1)

where the rarazmeiers r and t can be estimated from the data supnlied by

i
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Yevjevich (1963) by means of the method of moments, The values of r and t

found by Lenton et. al. (1973) from Yevjevich data are

r=15.499
and

1=226.387

As a result, in this particular case the Beta distribution becomes

Ky Ky
f(pla(1-p) (1+p) . (5.12)

where k1 =t-r-1=29,888 and k2 =r - 1= 14,499, 3By substituting
Eq,.(5.8) in Bq.{5.12) the joint prior pdf of ¢ and © is obtained as

Ky Ko
(1-90)(p-0) (1-98)(p-08) |

f(l.P e ) =N |1 - ) (1 - 2
1+06°-2¢90 1+6%-290

(5.13)

Because of the difficulty encountered in dealing with the numerical
caleulation of a bivariate pdf given in Eq.(5.13) a simplification assumption
will be made by regarding one of the-variables as & constant quantity so as

to examine the performance of the other variable., However, btecause ol the
fact that ¢ apparently plays a more important role thr: © in the long-
term mroperties of the ARTWA{1,0,1) process, all of the following work assumes

S} to be a fixed to some preseleccted value between -1 and +1 thus leaving

Ui

the Bayezian properties of ¢ only for examination. slternatively, inlerest

could be centered on the Payesian behaviour of the paramcter © by lJixing P

ct

o a preselected value, and then by using the znzlytical eupmoorisns of the
subsequent section, finding the posterior pdf of S only, 2zlthough it is
rot a very tediour work to undertake, the lzticer zpproach is not zalopisd in

this thesis, the only difference between the two being numerical integration
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with respect to either @ or © as necessary.

However, a third alternative, which entails the combined Bayesian
behaviour of ¢ and © can be considered, that is, to allow both @Y and ©
to vary, in which case the numerical integration necessary to derive the
contours of the joint posterior pdf of ¢ and e becéﬁe enormous, although

not impossible to tackle. This approach has not been adopted here,

5.4, The Likelihood Function of the ARTMA(1,0,1) Process,

After the prior pdf the second component of Bayes theorem leading to
the posterior pdf is the likelihood function, 1(D| w ). The explicit form

of the ARIMA(1,0,1) process has been provided by 0'Connell (1974) as

= u(l- + X + d(n -© )
xt u(~ )+ ¢ -1 L N (5.14)
‘where p and d are the mean and standard deviation of the process
respectively, whereas ® and © are parameters relzated to the autocorrelation
structure given by &q.(1.21) and Eg.(1.22) and finally nt. and.'qt ,a=e
normally and independently distributed r.v's at time instances t and t - 1,

with zero mean and variance given by

. |
g2 - 5 (5.15)
(1+86°-2¢06)

The. first siep to be taken in search for the likelihood function of the
ARTVA(1,0,1) process, is to find the cxprescion of the likelihool function
of the random component, 1, which can be written without any difficulty

tecouse the no, LR PO ERELERREREEITE | are normally =2nd independenily
1 2 n

disiributed, One imporiant point to concider is thei, for goweraling n

observations by using Eq.(5.14), (n + 1) wvalues of nt's exe woguirad,
including the initial r,.v, Mersfore, the generzl form of the

no’
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likelihood function becomes because of independence .

. n
1, RN E TR )| | f(n. ) (5.16)
m n2:n3 ﬂn ﬂo no nl
: | =
where the f( ni ) have normal pdf's given as ’
| ’ i (5.17)
f(n.)z ——= exp(— ) .
| \/21‘!:(112 262
K 1

As a result by substituting Eq.(5.17) in Eq.(5.16),

n
f(1p) 1
GRS RN FEERTRRINY | ln)=—n——0— exp(-—-—2 E 11,2
1 2 3 n O 2n62 : 2dn. !
| M =1

Various assumptions concerning the pdf of ﬂo, denoted by f( no), will be

considered in a later section, but it is useful at this stzge to think of
Eq.(5.18) as being conditional on 1°

low, it cen be deduced from Eq.(5.14) that, when a tranéition from
the variables W, to the actual observations, X, , is performed the ni's
in Eq.(5.18) will 211 be a function of both the parameters of the model
namelyﬁ ¢ and 6 and the observations themselves. Such a2 transition will
te achieved first by ﬁorking out the Jacobian of the transformation of M to

t

Xt which can be calculated as

/0 0 o . . .. 0
e¢/a 1/o o. .. ..0
[d ( Tl‘l ) 7]2’ ""'ﬂln) -
) B(X:X------»X ) '
1 2 n)
0] 0 o ... . Vo

7~
un
*
-
o}
Sy
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The Jacobian is an (nxn) lower triangular matrix whose determinant is equal

to the product of the elements of the main diagonal only., Therefore,

1Jl = — - (5.20)

The likelihood of the ARIMA(1,0,1) process, thus turns out to be conditional

on two initial variables, namely, XO and nb; in general

n
f(ny) f(x.)
o 0’ _
I(><1, X ,xnlno‘xo)a i on exp 202 1:1(><1 » Xeye X )
1 LI
(5 21)
where f(X ) is the pdf of the initial observation Xy and ﬁz(x1, XpyonevesX )

is the new form of the r.v's in terms of the given observatlons. In writting
Eq.(5.29% an implicit assumption made is that T, and X, are independente
from each other, Otherwise the joint pdf of no and Xb should appear in
Eq.{5.21). -

However, in order to bring Egq.(5.21) into a more reveaiing form , the
terms in the exponent must be explicitly written in terms of the given'
observations, Tnis is achieved after some considerable algebra., First of all,
to facilitate the algebra, instead of the actual observations their
stzndardized counterparts will be assumed, Hence, with the standardized

obzervations 23.(5.14) can aimple be re-written as,

Py + M - 07 (5.22)

% * t -1 t t-1
hare
x -
y =t~ % | (5.23)
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is the standardized observation, With these standardized values the nifs
are now a function of Yor Y1r Voreseseecea Yo The next step is to express
the individual .n. in terms of standardized observations and Yor y 9 and
® . . From Eq.65.22) given L Yoo 9 2and © the r.v's, 1y, may be

|
expressed as

1]1 :Y<| -¢y0*9ﬂ0
=y +(0-y) ;e( y-67)
nz )& P % ~‘P%S q)

2
2y, + (8 -9)(y+0y) - 8(p y-0n)
N R AR Yt MR

(5.24)
o : 2 n-2 n-1
Ny Yt (O-0y, #O%, 2Oy 320 ) -8 (oy 82 )
By defining a new variable as
= - e (5-25)
A ®Y T

the cubstitution of £3.(5.25) into Zq.(5.24) gives

=y -A
1 71

= O - -0
n, y2+( q:)y1 A
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2
nE Y +(6-up)(y2+ 6y1) -0°A
' (5.26)

' | ' N2 n-1
sy +(0-gly 28y _+8y 4+ -.. .48 y)-8 A
"n yn (©-¢) yn—1 yn-2 yn -3 y1 .
Now,-by taking the.square of each eqdation in the above system of equatiohs
given by Eq.(5.26) and then adding them all together to form the summation in

Eq.(5.21) the likelihood function of the ARTMA(1,0,1) process becomes

o f(ng) f(xg)
yeros ¥ ] JdJ Je 0 -
(X0 XX 10X 0 1. 009,0) @ o e L N T
| N
n n-1. n-j
2 -1
E(Xl.-'u) +2(6-LP)E e E (x.l-u)(xm- i)
121 J=1 21
2
2n ! J j=1 -1
+(0 - ) E e (xi-u) —2AE & (x -u)
)21 bi=1 ' | =
n o4 2n
-1 - 1-86 e o
—2A(6—up)§ o Ze"(x, -u)+A2__2__. (5.27)
4 . J=1 1-8
122 122

whers the standardized variables have been converied back into the original
variables, Safore precocling furiher the form of the pdfts of Toth M oud

t 3 vt vey Sr =)
mist be specified, In . fact, bothr no and Xy are nornally distributed

o

%
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and furthermore Xo will be agsumed to have the same mean and standard -
deviation as the observations Xt and in the same way the mean énd standard

deviation of the initial r.v. W will be the same as r.v. W . With these
i
assumptions Eq.(5.27) becomes

2
1 (XO— IJ.) .

I(x,x X Ino»x. L0910 ) a pur dn” exp T
. n ° ] )

, - n 5 n-1g.1n-j '
0 N i,
- - - +2(0 - Z Z(x.-u)(x, -u)
ke Y ox-w 9) . .
1 v L= izt i=d

0 Iy . i-1
+(e ) z' E J*'(x_-u)-zAE o (x -1
]
=1 i=1

1 - e2n

: ] j-i .

i 2

-2A(0 -9) 2 ' x - u )+ A ———I- (5.28)
J: i=2

Therefore, the general expression of the posterior pdf defined by Eq.(5.7)

becomes

2
L
10,9, 0 Xy u52 0
P(d>9,01D, x) a P(‘lfm Lprm) exp{ 3
00 ¢ ¢ 02 20
n M

| n n-1 . n-j
— E (x> 20-90% 8 Y (x-u( )
2 62 02 xi—u) ! Lp J P xi— u x.l'fj_ u

1 Li=1 j=1 iz1

n-1 J 2 n
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2n
Z "Z 1-0 (5.29)
-2A0-9) 6 (>< -u)+A &2

which can be written in a more compact form as shown in appendix (5.2 )

: P(el18) .
P(u,o,0 |1, x,0,D)a exp(-P)
00 o nN+2  _n+1
g an

where the huge expression of P has been displayed in appendix (5.1),

5.5. The Posterior pdf of P,

By definition, the posterior pdf of a parameter is proportional
to the product of the prior pdf of the same parameter and the likelihood
function of the generating procesé. In the case of more than one parameter
the prior and posterior distributions will be the joint pdf's of the
parameiers concerned, For the ARTMA(1,0,1) process the joint posterior pdf
of the paraﬁeters Ly 0» p » and © cannot be found until the form of
the joint prior pdf of the parameters is specified., It is almost always
impossible {0 proposze a single joint prior pdf and because of this, ways of
sinplifying the joint prior nif concerned are sought,

The zimplest form would be o assume all the rarametcrs to be
independently distributed from each other ﬁrior to obtaining the ds

this would be a very unrcalisiic asszumption, esprecislly for the AkTwal1,0,1)

A

5 dicproved by 27.(5.8

e

praceas whers the independence of @ and @

eeretically, the mean and the standerd deviation ars indereni-ul from each

A

other for the normal procesces ag was chovm in gppendiz (2.2). In nractice,
the asnaxption of inderendence belwsen ibe moan and the nlandard deviation

cannet be juctilied becauce of the fact that rivers with loxge memns iend 1o

ta, but
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have large variances and as quoted by Lenton et., al. (1973), the coefficient
of variation of all rivers tend to be concentrated around the value 0,.2-0.3.
Therefore, when the inverse of the coefficient of variation is adopted, which
is given as v=n /¢ , which does not vary very much in the case of
streamflow, the independence of v and 0 can be deduced (Lenton et. al. 1973).
It is reasonable to assume that ¢ and O . are independent from | and O
and hence, from v because of the fact that, all of the knowledge about ¢ and
© do not give any information about W and ¢ and vice versa.

By taking into account all the above points the joint pdf of the

ARTA(1,0,1) process parameters can be re-written as product of variocus pdf's:

P(v,0,9,6) = P(v)-P(0d).Ple,B) ‘ (5.30)

where P(v) and P( ¢ ) are the prior pdf's of the coefficient of variztion and
the standard deviation respectively. The joint prior pdf , P( p » O ) of ¢
and O on the r.,h.s., of Eq.(5.30) can be thought of as a conditional pdf as

explained in Section (5.3). Therefore,

P(vog 8)=P(v)P(o)P(glo) (5.31)

is the final form of the prior pdf where F(¢@ | 8 ) is the conditional prior
pdf of ¢ given @ , which can be found numerically from Eq.(5.13)

and then iancoxporated in Bayes theorem as

Plv,0,9 I ,x,0,D) a P(V,d,9,0) 1 (X, Xs:-x IM,%x,V,0,96)
0 0 0 0 ’

1 2 n
(5.32)
whers the l.h.s. denotes the Jjoini jpocterior pdf of itkne peramsters v, ¢ and
¥ and the data itself, ror snnual oydiolcogical sirszznflow zegoeuces the

distribution of v is assumcd to be a constant. As to the prioxr pdf of €
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there exists no hydrological work but it has been borrowed here from the
probability theory as suggested by Jeffreys (1961) the logarithm of o is
assumed to be uniformly distributed over the range (0, + 0 ), indicating a

complete ignorance about the behaviour of ¢ . Hence,

-1
P(og)a o (5.33)
In the general expression of the posterior pdf, all of the terms that include
11 have to be converted into v before the integration is executed, As a
result, by substituting Eq.(5.33) and Eq.(5.28) into Eq.(5.32) the general

form of the joint posterior pdf of B , O and ¢ is obtained as

P(y|©) ) (x5 ) 1
P ") 0
P(u.,a,cpl'q,x,e’D — - _exp{- -

00 ) o JTQUR+] 202 202

: n n-1 . n-j :
——— (x -p.)2+2(e-np) GM (x -@wix )
22 g2 Z Z: Z '| jaj 0
1 1=1 j=1 1=1 :

2

na1j .. n .
2 J-1 1-1
+(0 - y) & (x;-w -2AE o (Xi-u)
J=1 1=21 i=1
no . j .. 2n
)1 -1 1 -
2AB-9) ) 6 ¢ ' (x - +A2___9_2_ (5.34)
‘ -1 1-86

j=2 i=2
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In this form Eq.(5.34) seems to be difficult to integrate with respect to
or ¥. To reduce it into a more'manageable form it is necessary to introduce
some constants by expanding each of the terms in the brackets of the exponent

one'by one as shown in appendix (5.2), resulting in

| P(v)P(g]6) < |
P(v,o,¢l Tlo,xoyelD)U. T2 Nt exp -é—c_%_;é— (ov -E])e+ D1
(5.35)
where
E ol (5.36)
1 ° _27: | ]
A 2.
D = _( B, ) | (5.37)
c, 2.C, ‘

where A1, B1 and‘c1 are given in appendix (5.2). The joint prior pdf of the
parameters pw , o0 and p of the lag-one Markov process cén be obtained by
substituting no =0, © =0and ¢ = p into Eq.(5.35).

5.,5.1. FProcess with Three Unknown Paramcters ( B , d , ¢ )

In the following evaluations all of the numerical constants are
absorbed into the proportionality sign. In the most general form the
parameters MK , g , ¢ and © for the ARIMA(1,0,1) process will all be
assuned as r.v's with prior pdf's attached to them. In the previous sections

) has alrezdy been assumed to be constant, hence, in general, the joint

¢

ren by Fg.(5.35) where

3 gLV

4

posterior pdf of the remaining thres parametsrs

v ir omnloyed insiead of W

et

O

-y

'.J
3

js

r

However, che individaal zosterior 7df of =uy one ol th

parameters U7.(5.25) has to be integrated wiik rerpect to the other two



-210-

parameters, hence eliminating their effects., With the assumption that v has

a uniform prior pdf over the range (- ,+0 ), then Eq.(5.35) becomes,

+®
P(gi0) G, G, 2
1X0. e X pt- exp - (gv-
P(O,tphlo XOG D)GW D( 201?02 P 54252 aVv E1) d
. | -

~ (5.38)

where P(v) has been absorbed into the proportionality sign. The integral in

Ec.(5.38) has been' evaluated in appendix (5.2) by Zq.(45.25) giving

P(910) C,D,
P(U;\P“l ,X,G,D)C{ M2 Nt (‘——5——2" _ (5039)
0 0 VC, o o 2d %

In order to derive the postei‘ior pdf of ¢ only, Eq.(5.35) has to be

integrated with respect to ¢ , as given in appendix (52 ) by EQ.(A5-51 )

Ply|®) - ~-(n+1)/2

Plpln,x,6,D)a  (5.40)
7']0 6 ’ _ \/c1 1
wnere
2 ' .
A LBt o (5.41)
1 1 4¢C, :

In tas derivation.of Eq.(5.40) the initial r,v. W was assumed to be equal
to zero, without any prior pdf., Fowever, cn the contrary if m_is azsumed
=~ b2 normally and independently disiributed with zero mean and variance

cqual to 02 , then, a further coustant, t, chould bte zdded to A4y, which is

given Ly

n . n . .
t =124 8 Efe'"1<x—u)+e ©- )E eHZ o ' (x -u)
-710"' 710 i 710 LY 21
j= 2 i=2

iz1

2n 1-62n

+2¢endxo——1——e—2—

1 -

.42
62 (5.42)

on
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and the term that is to be added to B1 is

y-e°"
u=20¢pn —— (5.43)
0 1-82

To check the correctness of the posterior pdf given by Eq.(5.40), it
suffices to insert © = 0 in the formula, Hence, it reduces to the lag-one
Markov process case for which the equivalent expressionz have been given by
Thomber (1967).

| To get the posterior pdf Eq.(5.40) can be readily evaluated
numerically, for any desired set of parameters u , o , @ ; @ s N »
ﬂo and X,. TFigures (5.1) - (5.4) show the graphicai representation of the -
prior pdf of Eq.(5.13), the likelihood function of £q.(5.28) and the posterior

pdf of Eq.(5.40) under the assumption that the iniiial r.v. M. is equal to

0 .
zero. A first glance at figures (5.1) - (5.4) gives the expected impression
that although the prior pdf which represents all the available information
before the data is obtained has 2 greater variance, the combiration of this
prior knowledge with the like€lihood function, representative of informétion
provided by data, results in a ﬁosterior pdf which has relatively smaller
variénce indicating that there has been some reduction in the uncertainiy
compared with the.prior pdf. In oxder to see the effect of sample size

zrious postérior ~df's with different sample sizes have been plotied in
figares (5.5) - (5.8), 2= it is evideont from these figurcs 23 the sample size
inereases ithe variance of ithe posterior pdf decrezscs thus eucuring a petter
Dsycoian esiimate of the parametler.

Cne very useful property of the Eaysesian estimation procclure is that

it is pozzible {o revise the estimale using additional daiz, in which caze

the previously found posterior pdf will assune the role of the new prior

~31 belfore the additional dats bvecome available, The whnle zehnms iz- then

repexted to arrive at a new postericr ndf which it iz hoped will heve a
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smaller variance than the previous posterior pdf, indicating a reduction in

the amount of uncertainty.

5.5.2.  Process with Two Unknown Parameters (0,9 )

One of the approaches taken to the Bayesian estimation procedure by
Thornber (1967) is to assume one of two of the population parameters to be
known exactly. The applicatioﬁ of this approach td the ARIMA(1,0,1) process
with two unknown parameters is effected by assuming either |1 or o to be
known and then studying the combined effect of two remaining parameters ( ¢ 'y @ )
or { [, ¢ ) on posterior pdf of '@ . In this section the population mean
has been assumed to be known leaving O as a Tr.v. with a prior pdf defined
by Eq.(5.33).

Therefore, all of the product terms are a function of K only, and
¢an be eliminated from Eq.(5.29) by assuming them to be constants and absorbed
in the proportionality sign. The posterior pdf of ¢ i=s obtained after
integrating Eq.(5.36) with respect to ¢ only, which leadé to as shown in

appendix (5.3)

P (l9)
E§n+1)/2

Plo|n,x,6.D)a (5.44)

The numerical solution of Eq.(5.44) and the likelihood function for a given

K value have been plotted with the prior pdf in figures (5.9) - (5.12).

In addition to these, the effect of sample size has been shown in figures (5,.13)-
(5.16). Again the same conclusions reached in th¢ 3-parameter case remain

valid, that is the variance of the posterior pdf is smzller than the variance

of the prior pdf and moreover the increase in the sample size shows itself as

a decrease in the variance,



5.5.3. Process with Ova Te'movn Paramstor (@ )

By armsuning, both the mean and the standard deviation of the
ARTIA(1,0,1) process to be known ithe poaterior pif of ¢ can sinply be
thought of teing equal to Fg.(45.22) in appendix (5.2) without further
wiificaticnz and is given az

P(910) C 2
P{p,0,9 Inozxo)e;D)a B gn exp{_Z?T? (n-E)+D,
- 0

]

(5.45)

Ti:is ecquation-has been evaluated numerically leading to the plottings of
figures (5.17) - (5.24) which show a vexry strong effect of the likelihood
function on the posterior pdf.

In Qrder to be able to compare all of the three approachs, the
corresponding posterior pdf's, with the same =et of parameters, have been
plotted on the same diagram as showm in figures (5.25) - ( 5.28). One of the
prdminent featurez of these figures is fhat as the number of knovn parametexrs
increaées ihe information content, which is measured by the inverse of the
variance as first proposed by Matalas and Langbein (1962) will be increaszing,
this is because of the fact that each one of the known parameters reduces the
anount of uncertaiﬁty resulting in the final product, which is the posterior
pdf in this special case, Mnother property that can easily be deduced from
these figures is that the amount of uncertainty reduced by the assumption that
d' is known is comparatively smaller than the case when both g and p are
knovn. As a result the assumption of known | has far more greater reduction '-
in uncertainty .than known 0. These properties can be quantitatively
accounted for by comparing the means and the standard deviations of various
posterior probability distribuiion as given in table (3.1). As -a conclusion
it can be said that ithe estimate of the mean is rather important to the
estimation of ¢ , the prominent control parameter of the long-term

persistence of the ARTIIA(1,0,1) process.
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In order to be ablé to compare,quantitatively, the three types of
posterior pdf's their means and standard deviations have been éalculated and
presented on table (5.1). It is evident from this tablé that type-I and typell
posterior pd{ parameterz are very close to each other whiéh suggesets ihat
they are characteristically extremely similar to each other. This property
confirms an already made assertion, that is , the effect cf standard deviation
on Y 1is very small indeed, On the other hand, the typedit posterior pdf
is distincily different from the other two posterior pdf's, hence, confirming

the importance of the mean in estimating the parameter P .

5,6. Bayes Estimates

The two prerequisites in the Bayesian estimation of any parameter are
the posterior pdf of the parameter. concerned and the loss function, 1(y , $ )y
which can theoretically assume any form of function provided that it is
non-negative for all values of lpi and $ and ,has a unique zero value when
P = $ only. The loss function is a r.v, for finite lengihs of obsexved
sequences and concequently the loss function will have itls own statistical
proverties such as the mean, the variance etc. 1In the Bayesian framework,
the value cf Q?n that minimizes the mathematical expectation of the losa

function will be referred to aa the Bayes estimation of the parameter

¢ =MIinEll(¢8)=min [1(¢ ¢). P(ein,x,8,D)de
& |8 o0
R

iz the rcgiou over which ¢ can sssume valucs, that iz, for the

3
)
o
H
4]
d
[

AETA(1,0,1) procens -1 <<+,

Tt is 2 very Mfficult famk i

o find 2 practiczl loss ITunction that
conforus with reslity; because of thiz, so far in the Wydrological lilerzturs,

only theoretical locs functions have been used, One very frequently used loss
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function is the quadratic loss function which is expressed as
A 2 ‘ .46
e, 8= (-3 ) | (5.46)

It has been shown by Zellner (1971) that when a quadratic loss function is
considered then the Bayes estimate of the parameter is equal to the mean value '
of the posterior pdf, The posterior distribution of ¢ in all the above cases
-is conditional on © . However, what is desired is the overall optimal
choise of 9 and © i.e. corresponding to minimum expected loss, Assuming

a losé function is avaiiable for @ the losses associated with various valués
of ¢ can be worked out fer a particular value of © usitig the posterior

pdf in Eq.(5.40). For the evaluation mentioned above the following table

can be very usefull

@

o\l | %1% |% | - | ®n
Ol | W2 | 3] ha ] - hn
O] L1l ol b3l bal T T | T 1n
O3 131 132] I33 Iz ~{3n
Oml'm1 |'m2!'m3|!m4| " 'mn

where l'j are the losses associated with q)i and ej. If,l?’4 is the
|

minimum loss then the Bayesian estimates of ¢ and © turn out to be \%

and 93 respectively.
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7. Summa
A general approach leading to the marginal probability distiribution
functions of various parameters of the ARIMA(1,0,1) model have been presented
based on some simplifying assumptions, In particular the posterior pdf of ¢
which is >the conirolling parameter of long-term behaviour of am ARIIA(1,0,1)
procesc has been derived, 411 of the analytical expressions obtained i»n this
chapter can simply be reduced to the lag-one Markov process case, provided

that @ = p and Oz O are substituted in the derived equations,



Fig. (5.1) - Type-]

— — —. Maximum Lik,
~———. Prior pdf
Posterior pdf

= 10.0
= 5.00
= 0,90

QO © a F.

= 0,65
‘N = 10

= 0,0
"o

x—Nu »02)

Fig- (5'2) - Type-1

————— Maximum Lik,
———=Prior pdf

Posterior pdf
W= 10.0

g = 3,00

@ = 0,90

0 = 0.65

N =20

- 0.0

—N( p 0?)

*o

104

.81

-217-




Fig, (5.3) - Type-1I

——.—. Maximum Lik.
—~—o— = Prior pdf

Posterior pdf

K = 10.0
d = 3.00
P = 0,90
6 = 0,65
N = 30
110= 0.0

xo———*N( 11 ,02)-

Fig. (5.4) - Type-1I

— e Maximum Lik,

—— — — Prior pdf

Posterior pdf

L = 10.0

g = 3,00

¢ = 2,20

® - 0.¢5

N = 40

"lo = 0,0

x, N( u, 02)

1.2

1.0

-218-




-219-

Fig. (5.5) = Type-I 1.0 -
p- = 10.0
d = 3.00

.8 1
¥ =0,90
e = 0065 i
N = 0,0 ) -6 1
0

xo N( [T 62) 1

4
2
0
9
Fige. (5.6) = Type=-1I 1.0-
L o= 10,0 |
0 = 3000
8
P = 0.80
O = 0.60 |
M= 0.0 h
xo-——-N( B, 62) .
4 4
.2
0
d 10




~-220-

Fige (5.7) - Type-1I 104

u, = 10.0 J

o = 3,00 - N

‘P = 0090

0 = 0,70 |
= o.o . .6"

o

xo_‘—’N( '_L s 62) ~

. '2-
.
0
0
N = 40
Fig. (5.8) - Type-T 10 N = 20
p = 10.0
g = 3.00
.8 -
© = 0.50 -

1= 0.0 6 s

xo-——-—~N( T 62)




Fig. (5.9) - Type-II

S Maximum Lik.
~——~— Prior pdf
Posterior pdf

= 10,0

3.00

= 0.99
= 0065

= O 6 a ¥

a 10

T| = 0.0
0

.xo N(U-’dz)

Fig. (5.10) - Type-II

—_— Maximum Lik.
—~—=——Prior pdf
Posterior pdf

L = 10,0

d = 3.00

Y = 0,90 °
& = 0.65

N =20
'qo= 0.0

x—i( g , 02)

10+

-221- .




Fig. (5.11) - Type-IT

- ——. Maximum Lik,
——— —~Prior pdf
Posterior pdf

L = 10,0
d = 3,00
® = 0.90
® = 0.65
N =30

1 = 0.0

xo—"N( Ko 62)

Pig. (5.12) - Type-II

—_—— Makimum Lik,
e———_ Prior pdf

Posterior pdf

= 10,0

1)

d = 3.0

P = 0,90

6 = 0.5%5
= 40

TIO = 0.0

1.0+

-222-

1.0 -




Fig. (5.13) - Type-IT
B = 10,0
= 3,00
= 0,90

lp
© = 0.65

= Ooo
nO

Fig, (5.14) - Type-II

» = 10,0
g = 3.00
Lp = O.BO
6 = 0.60

= 0.0
R

-223%-

10+

10




Fig. (5.15) - Type-II

L = 10,0

g = 3,00
\P = 0.90
e = 0.70

= 0,0
"o

xo—-——*-N( T 02 )

Fig. (5.16) - Type-II

L = 10.0

g = 3.00
Y = 0,90
8 =0.20
'qoz 0.0

104

-224-

*T
Y

10

20




-225-

Fig. (5.17) - Type-TII 1.0 4 /_,—--\
——.—MNaximum Lik, - /' \
—~——_Prior pdf /' \
— ____Posterior pdf 8 - / \
H = 10,0
d = 3,00
lp = 0190
e = Ouss
N = 10
’ = 0,0
nO
xO N( Ko 02)
Fig' (5018) - Type-m 10- ro\
——.—. Maximum Lix. | |
~———Prior pdf f |
Posterior pdf 8 4 ’ |
|
H = 10.0 “
g = 3000 |
6 - !
9 = 0,90 l
0 = 0.65 | ‘
= 20 : 4+ “
T]O = 0,0 l
x—11( 5 62) 5]
0




Fig. (5.19) - Type-ITT

______ Maximum Lik,
—~——— Prior pdf

Posterior pdf
= 10,0

3,00

0.90

O 6 a ¥
]

= 0.65
N = 30

= 0,0
"o

Fig. (5.20) - Type-ITT

————Maximum Lik,
———_Prior pdf
Pomterior pdf

L = 10,0
g = 3.00
@ = 0.90
8 = 0.65
¢ =40

7 = 0.0

226~




-227-

Fig. (5.21) - Type<[IT 1.0
u. = 10.0 '
g = 3,00 ~ 1z 10 P
@ = 0,90 47
e = 0065 | |
= 0.0 ~ 7 ‘= -
no 6 N = 50
xo——hN( KL 02) "
A J
N = 20
24
4
0
) 2
Fig. (5.22) - Type-ITL 1.04
|.|. = 10,0 d
d = 3,00 N V
g - = 100 >
Lp = 0.90
O = 0,65
) 1 N = 50
)= 0.0 6 e
4
N =20 ~
'2 4
0



Fig. (5.23) - Type-THI
KL = 10,0
d = 3,00
¢ = 0.90
® = 0,70
"IO= 0.0

xo_"" N( [T 02)

Fig, (5.24) - Type-TTT
K = 10,0
g = 3,00
P = 0.90
e

]

0.50

Ll 0.0

0 2
Xo_’N( TR g )

it

-228~

1.0 ﬂ
. N = 100
.BJ ‘\\\\\\\\\\\\\\\\\\\\\
N = 50
.64
4 .
N =20
2
O L4 i 1 & L T
0 2 4 @ .6 8 1.0
N = 100
1.0 ﬂ
8
N = 50
6
r\
N = 20
21 \
0
0 2 4 ¢ B 8 1.0



Fig., (5.26) -
u = 10.0
g = 3.00

“P = 0090

@
]

0.55

M = 0.0

Xo'_—’N( B,d

_229;

1.0 1
.84
64
Type-TIT
41 Type-T
Type-I
24
0
0 .2 7;)
104
8 4
6
| Type-IT1
, -
) 4 Type-IT
. Type-1
2
o \
2 Y




Fig. (5.27) -
L = 10,0
0 = 3.00
9= 0,90
6= 0,80
N = 20
1]0- 0.0

XN p,0?)

Fig. (5.28) -
L = 10.0
g = 3,00
Y = 0,90
© = 0.80
= 40
no= 0.0

1.0 -

~230-

Type-I11

Type-TTT

Type-I1

Type-T




SAMPLE POSTERIOR H POSTERIOR a

size | ™pe-I| Type-I| Type-Il| Type-I| Type-I| Type-[
(9, 1,0 (o, 0)| (@) [(o, 1, (o, 0)]| ()
10 . 704 «720 .645 . 131 . 135 «200
20 <133 . 746 .864 « 101 . 108 .067
50 .720 .755 .885 .094 .098 .057
40 « 740 -779 .918 .078 .084 +033
50 | .745 | .743 | .924 | .069 | .072 | .032

Table (5.1) - Mean and variance of the posterior pdf the

3 Bayesian approaches,
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Chapter 6

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

6.1, General Summary

During the course of this study various interrelated aspects of
stochastic hydrology have been examined with particular reference to the
small sample properties of several currently used simulation models. Among
such properties are the small sample.expectation of the estimates of the most
commonly employed parameters which are the lag-one autocorrelation coefficient,
the standard deviation? the variance and the Hurst coefficient., Moreover, the
rescaled range which is a measure of the long-term behaviour of a historic
record has been analytically investigated and the expected value of it has
been derived in small samples for a number of processes, All of the analyticai
expressions derived in this thesis have been checked by simulation methods
on a digital computer,

A simple stochastic model with desirable long-term properties has
been proposed and fully developed for simulating annual streamflow sequences
either at a single site or a number of sites on a catchment area so as to
p?eserve spatial as well as temporal correlations. The quantitative
equivalence of the WM process to the ARIMA(1,0,1) process has been shown and
small sample expectation of WM parameters have been analytically derived.

The posterior pdf of parameter- ¢ of the ARIMA(1,0,1) process, which
is a prerequisite for finding the Bayesian estimate of the same parameter has

been derived on the basis of various simplifying assumptions

6.2. General Conclusions

The primary theme of this thesis has thus been the problezms amsociated
with small samples of hydrological variates and the Hurst phenomenon and the
interaction between both, Some theoretical contributions to both aspects have
beean derived which shed further light on the gencration of synthetic
streamflows, The primary conclusions that might be drawn can be listed as

follows
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1) In general, the small sample properties of some vital paiameters
used in hydrology have bsen closely investigated and advances in agglytical
results have been‘achieved which should advance the understanding‘[the
behaviour of Small samples of hydrological variates to a greater extent,

2) A considerable advance over the existing analytical results on the
range of cumulative departures from the mean has been achieved, General
expressions have been derived for the expectéd values of the adjusted and
rescaled ranges which can be applied to any stationary stochastic processes,

In particular{

a) The only difference between the analytical expressions for the
expected value of range and rescaled range, irrespectife of whether adjusted
or population, is a mere constant factor for =mall samples whose value
converges to unity qsymptotically for large samples; hence the asymptotic
expecfation of the range is equal to that of the rescaled range.

- b) The statistical properties of the rescaled range are distribution
free by virtue of the central 1limit theorem mentioned in chapter 2,
Furthermore, the rescaled range is a function of a t-distribution whose
statistical properties are depeﬂdent on the sample length only.

c) As can be seen from an inspection of the analytical expressions given
in chapter 2 the expected value of an ideal reservoir size which is equal to
the range, increases with increasing lag-one autocorrelation coefficient;
hence it is smallest when the inflows into the reservoir are coming from a
NIP., Finally, the asymptotic distribution function has been obtained for the
rescaled population range, However, because of the small samples available in
hydrology it is not of a great interest but represents only a start. The same
distribution for small samples would serve as a test of significance in
practice,

3) The small sample properties of‘the.lag-k serial correlation coefficient

has been derived with particular reference to the ARIMA(1,0,1) process,
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Moreover, the small sample exﬁectation for the standard deviation has been
analytically derived for any normal and stationary hydrologic process, In
short, these expressions will give the hydrologist the ability of maintaining
small sample statistical resemblance between synthetic and historic sequences
without resorting to the cumbersome lMonte Carlo techniques for deriving the
small sample properties,

4) The white ilarkov process which is almost identical to the ARIMA(1,0,1)
process except for the multivariate case has been fully developed for generating
synthetic annual streamflows, In particular,

a) The WM process is a simple and adequate approximation to dfGn,

b) The observed long-term persistence in geophysical records can be
successfully modelled by the WM process in adition to the simultaneous
preservation of short-term persistence.

¢) The small sample properties of the process have been analytically
derived,

d) The multivariate case equations of this process are different from that
of the ARTMA(1,0,1) process but have the same difficulty as regards the
solution of them,

5) The generalvexpressions for the posterior pdf of the parameters of the
ARTMA(1,0,1) process are obtained as a prerequisite for the Bayesian approach
to the parameteriestimation procedure, It has been shown that it does not
make a great difference whether the mean 1s - known-or
unknown with regard to the estimation of the model parameter ¢ .

The idea of incorporating information other than that contained in the
historic record to obtain a better estimate of a parameter is attractive, but
in this thesis, formidable theoretical difficulties are encountered which limit

this approach,
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6,3, Suggestions for Future Research

Related to the aspects treated iﬁ this thesis there appear to be
various potential areas that need further study in order to understand the
stochastic proceases involved in a better way and their use in the design
and operation of water resources systems. These research zreas can be given
as follows,

1) The small sample expectation of the range or the ideal reservoir size
has been derived analytically for the case of full development only; in the
light of the work presented in chapter 2 of this thesis, the same expectation
could also be derived analytically for the case of partial development.

2) Although the asymptotic distribution of the rescaled population range
is obtained in chapter 2, it is not adequate to provide a formulation of a
teat of significance for long-term persistence because of the shortness of
hydrological records, Therefore, one would hope to derive the distribution of
the rescaled range in small samples.

3) The analytical expression to define the expected value of h in small
samples could be derived on the basis of the analytical expressiﬁn for
E(Rh/S) which has already been derived in chapter 2 of this thesis,

4) In thé absence of the pdf of RH/S for small samples, by making use
of E(Rn/S) only, the process that gives rise to the observed sequence could
be identified, To this purpose curves of E(Rn/S) versus n for the same
lag-one autocorrelation coefficient but different processes could be plotted
and then the estimate of Rn/S is extracted from a given historic sequences;
whichever curve is closer to the estimate of Rn/S will then suggest a
generating process, |

5) The Vi process could be developed to simulate monthly and daily
streamflows either by applying the model directly or by the disagszregation
of the annual streamflows as suggeated by Valencia and Schaske (1972).

6)a comparision of the Bavesian approach and the classical approach to
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| estimating the parameter ¢ could be achieved through various types of loss
functions,

7) The prior pdf of ¢ could be obtained from information other than
that based on world wide data. To this end the information derived from a
atudy of physical properties of the catchment area could be incorporated into
the prior pdf, Some work in this direction has been performed by Moss (1972).

8) The Bayesian approach presented in this thesis could be extended to

cover the optimum esatimation of p , ¢ and ¢ .
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Appendix 2.1

The Adjusted Range [for Izg-One Markov Process

In this aprendix the values of quantities of V(ik)’ Cov(ik,in)
and V(in) in Eq.(2.39) are calculated for the lag-one Markov process.
The autocorrelation function of this process is ¢ functiosa of the

first order autocorrelation coefficient, p , as given in Eq.(2.57). lence,
K
v o1 2
V(X )z—sx .
( k) k2E(iz—1 X;)

Ma exranding the r.h.s of this expression,

K k. K
1 2y . (A2.1)
VR g }z_jsfxi) TZ; %E(xixj)
I#

2 J)Ii—jl

;.2 2 . ‘
where L{xi) = 0% is the vzriance and E’xixj) =0 p is the covariance

of the underlying process, Therefore, the substitution of these expressions

into Eq.(A2.1) gives

o . o2 k& Hi~j1
V(Xk)-—z k'i'. Zp
k iz1 j=1

i
Or, by considering the symmetric property of the autocorrelation matrix the

second term in the brackets on the r.,h.,s can be written in a more compact

form which yields

2 k-1 :

V(R =2 ka2 ST(k-1)p!

(Xk—-—lz—z' + 21 -1)p
1=

Or, more explicitly
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V&Q:

!:k+ 2k§1:p. —22|p (42.2)

where the first summation term in the brackets is a geometric progression

whose sun is given as

k-1 oK1

Z o' :p (42.3)

iz1

The second summation term is related to the derivative of firat one as follows

k-1 i k-1 -
> e -p—-( ?:p)
i =1

By substituting Eq.(A2.3) into this last expression
k-1
¢ b -
PDLELT T
P =p—=\"—
bp (1__
121 : p~
and taking the derivative the following result is obtained

k~1

_kok ) -
pl p(l Kp )2 P)"‘? P (42.4)
1:1 (1-p)
Finally, the substitution of Eq.(A2.3) and Eq.(A2.4) into Eq.(A2.2) results

in

g2
k2

(A2.5)

<\ 2P v (1. K
V(R =5 K=l | k(1= p)- (1 - )]

The calculations required for V(in) are the same provided that k is replaced

by n. Hence



X )
X = G + 2p - - - n A2.6
V(Xn:) -_nT n m[\(’l p) (1 4] ):]‘ ( )

co
Now, the/variance between ik and x is given as

T Y LN

12 =

which can be raduced to
1 & & |
X X )s— X X) ' .
Cov(R,X ) =— > ZE( : j) | | (42.8)
=1 j=1 :
or by substituting E(xixj) -ctzpIi =il

M-

k
- g2
Cov(xk TR |Z1:

——
"
-—

I_f this last expression is considered in a rectangular matrix form, thén the

following explicit result can be written

n-k-1
2Z:(n k- 1)(pk++I n-k- I)’f(n k) 229 for(n—-k)<k

NkCov(X, X _)={ (42.9)

k-1
Z(k—l)(pn k*' k l) kg 2ZP for (n-k)>k
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Appendix 2,2

The Adjusted Range for the ARIMA(1,0,1) Process

From the autocorrelation function of this process given by Eq.(1.21 )
and Eq.(1.22), the terms V(ik), Cov(ik,in) and V(in) can be calculated as '
follows, As is obvious from these expressions the autocorrelation structure
of the ARIMA(1,0,1) process is a function of two parameters namely ¢ and ©
or equivalently ¥ and p . Therefore, the expected adjusted range will
also be a2 function of Y and p . h 1
Firstly from Eq,(A2.1) by substituting E(xi") = 02 and E<xixj) =0’29¢ K

for i % j, the following expression can be written,

_ g2 k1 . vi-1-l
V(xk):—F;k+2pz1:(n—l)tp |
= ’

.

By manipulating the necessary expansions as in the previous appendix (2.1)

) ,
V(E“)z d? %k»f 2P2[k(1-tp)-(1-«pk§|z (42.10)
‘ 0~ (1-¢)

In the same way, replacing k by n

(42,11)

v _d S + 2P I:n(1-np)-(‘l-tpn)]
V(_xk)' 2 ()2

and the covariance of Eq.(A2.8) can, in the same manner as in appendix (2.1)

be obtained

2 K .
_ o li=j=11
Covﬁwxn)?—j[}*PE: E:Q ]

n
K i=1 j=1
i

or in an explicit form
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n -k-1 2k-n
po Z(n L L WY SO et
i=1 for(n-k)<k

K KipX )=
n Cov(xk xn) ‘ (42.12)

k-1 ' n-2k
n-K+i- 1 k-1-1
o k- v e )+kp o2 21: &1 for (n-KkPk
= 1=
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Appendix 2,3
Linear Independengeof the Sample Mean and Sample Standard Deviation

- The purpose of this appendix is to show that the mean and the
standard deviation of a sequence of finite length are linearly independent
under some assumptions and restrictions, The first restriction is that
the underlying r.v. is standardized and normally distributed.

If two r,v's are independent then functions of them are also independent.
As a result 1f in and 82 are proved to be linearly independent, then in

turn in and S are independent, The covariance between in and 32 is given as
s <2y <2
Cov(XpST)=E(X,S™)

where in is a r.v, defined by

7("-_-—1_.
N n ¢«

N
X,
]

1=1

and 32 is also a r,v. defined by

n .
- 2
s2 13 (x—x,)"
’ n 1 l

The product of these last two equations yields

n n ’
- <2_ 1 2
> [EXJ L 1"%‘?&]

i=1 z

the expansion of which leads to

Rnszzﬁkéxi) (lzr;xf) - %(inﬂ (42.13)

The terms in the brackets can be expanded as follows
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n n n- | n ' n o
(A0 23 2% (12,10
=1 ! i=1 i=1 ' i=1 Jj=1
i;£j4
and
n 3 n n n 2 n n n
( xx) :Z x|3 432 in X; “62 E Exixjxk

i=1 i=1 iz1 j=1 i=1 j=1 k=1 (A2.15)

If the expected forms of Eq.(A2.14) and Eq.(A2,15) are substituted in
Eq.(42.13) and then the expectation of both sides is taken, it is seen that
this expectation is zero, because all the terms 6n the r.h,s, of Eq.{A2.15)
are of third order, and as long as the variable, x, is Gaussian the

expectation of these odd order moments are all equal to zero, hence
E(X:5%=0

from which it can be deduced that
E(X:5)=0 (42.16)

This is valid for the case of underlying Gaussian r.v's only.
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Appendix 2,4

The wquivalence of Range and Rescaled Range

In the following, the limit, as n tends to infinity, of the
constant which oconstitutes the relationship between the range and adjusted
range as given in Eq.(2.95 ) will be evaluated, This limit operation can be

written as

Leiim VED  TCRSh (42.17)
n-o (n-1) r(_g.)

In order to find this limit the Gamma functions, [, must be replaced by

their approximations given by .Stirling's formula (Feller, 1968), that is
a -
frMa)=vVar e aa V2

Hence, the ratio of the two Gamma functions in Eq.(A2,17 ) becones,

n+1 n/2-1/2 ,n+1.,n/2
r(—5") i Vor e =)
r(%) Vor e+n12 (_g_)n12-1l2
Or
n+1 12
r=") [n 1.n
5 = e (1+ —n-) (42.18)
rg) L

Substitution of this expression into Eq.(A2.17) gives,

n v
- iim | V2R vn (o L2
n-» {(n - 1) V2e n

. . 1\n .
As n tends to infinity the term (1 + ﬁ) converges tc tha exponential, e,

hence
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L=1Ilim 1 . 1 (1_,1_” =1
n-=0 (1-%) ve V'

Therefore, from Eq.(2.95 ) it follows that asymptotically

E(—g'n) =E(Rp)

which is also valid for the rescaled population range case.
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Appendix 2.5

The asymptotic Distribution of the Rescaled Population Range

The distribution sougﬁt is a mixture of the asymptotic distribution
of population range given by.Feller (1951) and the distribution of the
standard deviation, Thege two r.v's are assumed to be independent from
each other on the basis of appendix (2.3). |

The asymptotic distribution of population range is given by

Feller (1952) as

12 -1 .
f(r;m=(2/m)  r Lt (rr2nV?) (42.19)

where 1r' denotes the population range and

®
L(z)=1-2 Z(-n‘” exp(-2k2z9) (42.20)
k=1
The derivative of Eg.(42.20) is

L'(z)-szZ(-‘l) K2exp(-2K22) (42.21)

The rescaled population range , RF/S , is denoted by a new r.v. y which is

or
Y= (42.22)

wheze v =Vn »' and v =V 3. The r,v, v is districuted acceoxding lo
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2
gvy=2av™teV? (42.23)
where @ is a constant given by
n/2
a=12 I'(—z'l) (42,.24)

First of all it is necessary to find the distribution function of r by the
method of transformation of r.v's given bj Papouliz (1965). If a r.v. £
is transformed into a new r.v. as y = ag then the pdf, fY(y) of y is

obtained from the pdf ,'ﬂz(e) of € as

ey
fY(y)- a fE(—o—')

Therefore, by virtue of r =Vn r' and Eq.(A2.19) the following can

immediately be written:

f(r"n)'(2lrcgl2 L 1
;n)= \/'n_(\/'ﬁ) L'(r/2n)

0, in moxc comrict form

12 _
f(r;n)=(2/n) " r 1!.'(r/2n) (12.25)
o, by cengidering the diciribution of a rstioe, dn tho caze o insrendeonce

of the mmarator and the deneminaior, & given by Fr-oulis (1703), the

Aigtriuilion of 7 given in 73.(A2.22) becomes
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®
2

. n-1. 4
fy)=fv.2av e’ /2(2/n9/2(yv) U(yv/i2n)dv
0

or by substituting Eq.(42.21) into this last expression

y: ne 2
2
Ky v2)dv

/2 k-1 2 +
fly)= 80(——) 1 (-1) fv expl- ——=—
Z -

Finally, the integral is evaluated to give
n+1
8r( {n-1)/2
fly)= 2) n' E -1 k224 k2y?) (42.26)

where 0<y < +00

This gives the asymptotic distribution of the rescaled population

range, Rp/S. The expectation of r.v, y, can be found as follows,

r er(ﬁg) S k-1 mg 2,2 «(n-0/2
EW)=[yf (y)dy=—=—Fn" D "¢1) kyn +k%y<) ydy
\/_r(——)
0 2 K 1 (12.27)

The integral to be evaluated is

@®
= y(n2+
0]

wanich, by the following change of variables becomes,

-(n-1)/2
K2y2) dy

W2=n?+ K¥y2 . udu=k2ydy and ydy= Ui;
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Hence,
© o
1 (-n 1 1 -n+1
Tefu s e R
n n
or,
! ﬁn*‘l
" Ke(n-1)

By substituting this into Fq.(42,27)

. pely ® -
E(y)-‘/n_r(ﬂ) P E (-1) (A2,28)
' "2 k=1

The summation in Fg.{A2,28) is given as equal to 1/2 by Feller (1968),

therefore,

E(y)= . ’ (42.29)

For large values of n, this turns out to be

E(y):%/% n - _ (A2.30)



Appendix 3.1

Small Sample Expectation & the Estimate of Variance

- The expression for the unbiased estimate of variance in the case of

NIP is given in the main text by Eq.(3.7), that is,
§ n
=—— Y (x.-X) o (a3.1)

By expanding the square term on the r.h.s. and then manipulating the summation

operation the following result emerges

n
which by virtue of ux = - x; takes the form
iz1 '

el 4 4 (E)

=1

By expanding the second term

2 1 &2 1 ARL
A — E X = — E _;_ X X
: -1) i
n n(n 1)i ! i1 J
i)

zné taking the expectation of both sides

n 1 n n
2 1 2 \
E(S™) =t — E(x”) - —— E A3.2

1#]
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Substitution of
2 2
E(x,2 N T
|
and

E(xixj) = Cov(xi,xj) + u2

into Eq.{(A3.2) gives,

i1 j=1 =1 j=1
i 'y
(43.3)
By considering that
n n
Z Zu2=n(n-1)u2
=1 j=1
ESJ]
and
2 -
spn_jl- ¥ COV(_xi’xj)
#3.(43,3) becones,
1 n n
2 2
E(S™) =071 - ————— ..
(% 2 o?[1- =3 Do) (43.4)
=1 j=1
1#]

This general formulae can be applied to any kind of norm2l siatlionary process

provided that its aulocorrelation function p, | is known for that process,

=i
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In the case of a symmetric autocorrelation function the above expression

can be re-written in a more compact form as,

n
2y 2. 2 -3
E(S°) =0 [1 Y ; (n-1) pl] (a3.5)

Eq.(A3.5) is valid whatever the underlying marginal distribution is, because

no assumption as regards the distribution function of the r»,v., X9 is made,
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Appendix 3.2 .

Small sample Expectation of the Lag-k Serial Correlation Coefficient

for the ARIMA(1,0,1) Process

a) Open-Series Definition of Pk

Kendall (1954) has given the result of the small sample expectation
R .
of q(without a derivation and has applied it to various normal stationary

A
processes, The general expression for E( q( ) is given by Kendall as

EG) = E(A) Ccz)v(cl,b)+ E(A)Varb (43.6)
K~ E(® EXB) EXB)

the derivation of which has been given in section (3.7) of the main text.
When the open-series definition of the estimate given in Eq.(3.57) is

considered then the following expressions are valid,

n-k n-k
— (43.7)
(n k) l:1xx +k (n-k?(‘z e~ |+k)
, n-k 2
A3,8
(n k)Z (n_k){ZxJ . ( )
i=1 i=1
and
‘ -k n-k 2
. A3.9
g Z - (o) (15:9)
=1

As pointed out in section (3.7) it was assumed that B = C and hence
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two variates remain to be considered; let these be denoted by A and B. Only
the oxpected values and the covariance of these two variables are required

in the application of Eq.(A3.6). Let n - k = v in the above expressions

and by taking the expectation of both sides of Eq.(A3.7)

v : v v )
__"_,,E: o 2: z: (43.10
E(A) = v, E(xi xi+k) »E ' X . Xk
1=1 1 =1 1 =1

The second expectation of the r.h.s, can explicitly be thought of like a two

dimensional, ( vxv ), array as
[E(xx ) +E(x x )+ -+ +EXx )]
1 Kk 1 k+ 2 1 k+v

+E(x2xk+1)+ E(x2 xk+£+ ... +E(><2 X )

B Ex] | - el

L"E(xvxk,1)”E(xv xk+£+ - -« +Elx x )

 kevld
(A3.11)
wnere for a normal stationary process
E(x.x, )=Cov(x.x )+E(xX)E(x ) =Cov(x, x, )+u.2
Ii+kK I 1+K | 1+K 0+
(A3.12)

The substitution of E3.(43,12) into Eq.{A%11) can be irzgined as the summation
of two arrayc one consisting of the covariances and the other of ths means only

as, i 1,.(43.11) is sucecinctly denpted by L thea



where each one of the arrays has a dimension of (.vxVv ).

-

Cov (xkaJ +-

s Covix x )+ -
2 kst

L

) S

:C ov (vak+1

-255=-

- -+C ov(xix
Oax,

- + Cov(x x

)

+V

)

, 2 kav

.+ Cov(xvx

the very well known expression given as

or,

COV(xi,xi-i-K)_
k g2

_ 2
Cov(xl.,xl . k) =0,

)

K+ Vv

+ ﬁ? + ug- . . -+u?

(43.13)

Furthermore, if

(a3.14)

is substituted into the first array on the r.h.s. of Eq.(43.13) this gives

+ H+
Pk pk+1
+p + p+
k-1 K
L :d2 _
+ + + -
. F’k+1-v pk+2-v

..... + 17T 2
k+v-1 B
+ +|J.2
k+v-2
* +
+ p +p.2
k 1 L
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On the main diagonal of the first array there are V times p  elements, on

the first off-diagonals there are (Vv - 1) times 0 and p elements, and
k-1

k+1
in general on the i-th off-diagonals there exist ( v - i) times p and
k-1
p elements; hence, the overall summation is
k+i

2
L=d |vp+(v-1)(p +p ) +(v-2)(p *+p )* = - = -
[ Kel k-1 ) ‘?(+2 pk-2
+(p +p )]+ V2p.
Or more succinctly, K+v-1 K-v+
L=o vpk+ i21(\.'-1)(pk+i+ pk-)i + VvV (43.16)

On the other hand, the first summaticn term, on the r.h.s. of £q.(A310) can

be re-written by making use of Eq.(4312) and Eq.(414), which leads to

E(x x K) = vc!")pk'rvu2 (43.17)

Finally, the substitution of Eq.(A3.1%) and Bq.(43,17) into Eq.(A3,10)leads to

02

v-1

vp |+ E (v-i)p *+p ) —npn2

v?e . i kil "
1= 1

E(A)=02p + uz-

or

# | 1 !
- “1)p - — - o+ (43.18)
E(A) = |(v-1)p - — Z(g JIYRE IS
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One important remark is that Eq.(43.18) is valid even in the case of a non-
z€ro mean,
Similar algebraic calculations can be carried out in deriving the

expectation of r.v. B given in Eq.{A3.8), which leads to
E(B):1-—--=5 ) (v-i)p (43.19)

Eq.(A3.18) and Eq.(A3.19) are general forms applicable to any type of normal
stationary stochastic processes provided that the autocorrelation structure
of the process is given, Here the ARIMA(1,0,1) proéess is considered
whose autocorrelation function has been given earlier in Chapter 1 by

EQ.(1.21) and Eq.(1.22). Hence,

P, =q¢“1 (43.20)
i

By making the necessary substitution and after some tedious algebra,

1 . 0 ( tpk 1_¢k-1
O M ~v-1¢"
k (1-9) Lﬂ—qﬁ (1- 9)
; K
k-1 -
p 1- (k-1) P - 1
S S L — ——(v - k)
v (1-¢) (1 -¢) (1-¢) v
k -1 v-Kk-1
1 -9 1 1-9 k-
_i (v -k) _ —(V-—k-1)q)v k-1
v (1-9) (1-9) | (1-9)
(A3.21)

By ignoring terms higher in order than n ! Eq.(43.21) becomes
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- 2 1
E(A) = pq:k 1 P__ _ (43.22)

v(1-¢) v

Again in the case of the ARIMA(1,0,1) process after tedious algebra Eq.(43.19.),

in general, becomes

v-1 p v-1

1 2 1 - 1-¢ - -1
E(B) = —)(v-1)-=|vp2® _ _ vl
v v (1- o) (1-¢) 1-¢
o (43.23)
or, by ignbring higher order terms Eq.(A3.23) reduces to
E(B)z1 -— 2P (43.24)
TvY Vi-g) )
An algebric division of Eq.(A3.22) by Eq.(A3.24) leads to
E(A) k-1 (-pg“H(1+2p-¢)
— -p¢ - (A3.25)

E(B) V(1 -¢)

which is the first term in the r.h.s. of Eq.(A3,6). The other two terms

necessary in the algebriec calculation of E(S)are given by Kendall (1954) as
K

Cov(a,b) 2 Z'«oo
ovia T e—
’ v pi piv'k

1=-00

(A3.26) .

and
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(04]
varb =—= 5 p2 (43.27)
Vi |

Both of these two last expressions are valid for any type of normal stationary

process; for the ARIMA(1,0,1) process they become,

K
-1 - P
Cov(a,b)=—2— mPk *kpzwk 2+2p2———2- (A3.28)
v (1 -¢9)
and
2 2
Varb = 1 P (43.29)

v (1-¢)

Finally, when a2ll of the relevant equations are substituted into the r.h.s, of

Eq.(A3.6) and the necessary algebra performed then the expec'ted value of the
serial correlation coefficient for small sample and the open-series definition

of ?} given by Eq.(3.57) becomes
k

- . _2p2pK"] k-1
E(B )=p¢k 1.1 (1 kP+20)(1+2\p 2p°y )—p&p +2Kp2sp
K v (1-¢%)

k-2

(43.30)
However, hydrologists are mostly interesied in the first order serial

correlation coefficient; hence, by setting k = 1 Ig.(23.30) reduces to

E(a) = p _i (1 "‘92)*9(1"‘ 29-4p)+9p(2p-y) + p| (43.31)

v (1 -¢)
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The verification of Zq.(A3.31) against the corresponding formula given for
the lag-one Markov process by Kendall (1954) can be achieved simply by

substituting $Y =p .

b) Circular and Maximum Likelihood Definitions.of al{.

Here, the small saméle expectation of 6 will be presented for
the circular definition given in Eq.(3.57) and the maiimum likelihood
Adefinition given in Eq.(3.58) by pursuing a similar sort of algebraic approach
as taken in the firét part of thié appendix,

The only difference from the open-series approach is that here A is

given as
n n ~
A :iz XX - _1_(2 x.) (A3.32)
n 7

which is quite distinct from Eq.(A3.7). When the necessary operations are

executed as previously, then the expected value of 4, in generai, becomes,

1 1 n-1
E(A) =—{(n-k)p + kp ——|n+2 X (n-i)p | (43.33)
n K n-k| n2 i=1 !

and in particular for ithe ARIMA(1,0,1) process Eq.(43¢33) turus out to be

1 - “lo -
E(A) = — (n—k)pwk 1+I<;>q>“ k-1 (£3.34)
n
n-1 | v-1
1 1-¢ P11~ -1
——5 N+2 np - hd —(v-1)¢
n 1-9 (1-9) (1-¢)
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By ignoring the higher terms Eq.(A3.34) can be written in a more compact form

as,

p—

U k-1 n-k-1| 1 2p
E(A) =—|(n -k) —— — Pk (A3.35)
n PP  +K¢ 0 n(1-90)

The same expressions, given in the first part of this thesis, for E(B), Vvar(b)
and Cov{(a,b) are applicable also in this part; hence the substitution of
Eq.(43.35) and other relevant equations derived in the first part, into

2q.(A3,6) yields

k-1 1 (1 -kp+2p)(1-pc3"1)

E(B) =p - rkple+2p) g2
K n (1-¢)
k-1
e 4p2¢
-k p" K, ez (0P (43.36)
"

For the case of kX = 1 Eq.(4 3.36) becomes

A 11 O-9+2p)(1 -p) | 46%(9- p)

E(B)=p - (43.37)
n (1 -9) (1-92)

+3p
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Appendix 5.1

The likelihood Function of the ARTIA(1,0,1) Proces=s

The purpose of ithis aprendix ic to write the general expression of
the likelihood function given by Lq.(5.28) in z more compact form, The

exponent in Eq.(5,28) can be written as

P:M1+ M2M3 (A5.1)
whexe ]':‘!1, i and M3 are
2 2
- "
1 242 20
L
M 1 (45.3)
2 2¢2¢2
n 5 n-1 i J
M3: Z (xi-u)+2(9-¢)ze Z (xi-u)(xi+j—u)
i1 j= i1

2 A& LI
+(0 - L - - -
9) ,Z:, lZ‘ o (x;-w)| -24 378 (x-w)
- = 1 =1

D J j-i 2 1 92n
- - z: Z: B - _ 4544
2A (8 kp). 29 ' 29 (xMu)fA - ( )
)= &

-

respectively, 25.{45.1) cun be shortsned by introducing new variacbles an
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follows, Firsily, with the new variables defined in Eq.(A5.1) the 1likelihood

function becomes

1
X PRI ’ TR 7 e X (-P (ASaS)
I( X3 X3 xnln0 X m 0r¢90)a dmao‘?ﬂ P )

How each one of the terms on the r.h.s: of B3.(A5.4) will be considered one

by one, Ience,

n o N n

e T )
: . . |

121 1= 121 '

where only W is a r.v. and the rest is constant for a given sample, therefore

the following constants are iniroduced as

n
a3 x?

iz1 |

Substituting these in Fq.(45.6) gives
n
2 (
E (xl"u) - a.l"bju-,’ C1u-2 (‘\5.7)
iz1 :

Juzt in the zaue way the next term in Fq.(45.4) can be expandsd as
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n n-j n-1 ..  n-j
j-1 )
G (x—u)(xw- H = e
Jj=1 i=1 ) =1 1=1
n=1 n:1
- i GJ (X+XJ)+2E (n-j)o
=1 j=1
By introducing another set of constants as
n-1 n-j
) -1
a.:- e X X
2 T
J =1 =1
ne . n=j
)-1
b =- e Z:(X.+ X )
2 | 1+]
j =1 i=
n=
J-
c ::E:: (n-j)o
2 ¢
j=1

and substituting them in Zq.(a5. 8) the result is

n-1

ihe sumration in the thixd term in Eq.(A5.4) can be sxpanded as

(45.8)

n-j :
:E:: :E:: | . 2
9 (xi-u)(x.l-:i- p.)-a2+ b2u+c2p.

}=

(45.9)



n-1 ) 2n-1 "j—\2(' . D)k
j~i J-1
> |3 o] 2 2 z zxk
) =1 i=1 j=1Lli=z1
k;él
n-1 J ] )
- 2)-k-l
SIS &2 230y 8
i K|
) =1 i=1 k=11:z1
. k£l
[ ) < ] 2j-k-I
2() - . J-K-=
~2LLZ 0 ) X, +Z Z 0 (x-rxl)
J=1li=1 k=1 1=1
k£ 1
n-1r J ... ) ) .
,,uzz [Zé’m-') +2 Zezj_k_\] ~ (#5.10)
j=1Li= k=1 1=1
k¥ |
llence the constants in this case become
-1 J ..
2()-1) -
S [0y s
|
I k=1 1=1
k!
n-1 J J
S DI b 3
3771 (xi><p
}J=1 Li=1 k=1 1=1
K|
n-1r j . ) )
D33 3o
I 1=1 k=1 [=1
: k£l

L)

By subztitating these last three expressions in Eq.(A5.10 )

n-1 ) 2
)= - = + 2 .11
Z [ZG (x_‘ p.)j\ zag b3u C31.l (A5.11)

j:1 |:1

The fourth term in the exponent of Eq.(A5.4) is
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n . n
| -1 i-1
- = -l -6d -
Az © (xj- [p(xo K VIOJ[ o x. nu]

121 i=1

n
i-1
:mpu2+(nedno-mpxo—np- exi)u

i=1

LI L. -
i-1 -
§ : X - z : (£5.12)
+(pro 2] i eono e xl,)
i=1 =1

The constants are denoted by

. " .

a zex Zeiqx Z I

2~ % 04 i ~PIM L0 X
=1 1 =1

n ,
i-1
b = noBo -nYx - 0 x
4 o "% “’Z
i=z1

c,=ne
Therefore,
n .
AE o' (x -p)za +b pac, 2 (45.13)
- i 4 4" 4 )
| =

The fifth term in Eq.(A5.4) iz given by
n n j

3 &Y TN ()3 105 STANS
J

=2 i=2 j=2 i=2
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j=2 1=2
n , - n . )
- -1 -1 -
+ (Bdn - xo) GJ <] -¢Z GJ Zej l><| :
j=2 1 =2 j=2 1=2
0 AL
+ (9 Ze E o'y 2 (45.14)
j=2 1=2 '

where the constants zre given by

n i
a:( oan )5S & o
= X - :
5 ?7% %M Z Z: Xia
)=2 i=2

n . i n .. ..
Jj-1 j=1 )= ) -1
b = (8oy - x)E 2 E - z E
5 T]o M 0 © ® © © xi-1
j= 2

i:z2 j=2 iz=2

n j1j -1
=@ e GJ

j=2 i=2

s

Therefore, from Lq.(A5.14)
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oo

j-) j=i
A e 0 u)- 2 (A5.15)
‘ Z (% _ - W)=agr bgu +qu
)=2 1=2

And the final term in - Eq.{A5.4) is given by

2
1 -02" 2 g2"
Az —— | 9o(x -p)-060dn

1 82 0 0

2n
2 2 2 2 2 211-6
(9 x~ ~2060 2] 02 -
[}P 9 nonp x0+ 710) +2q>(901|0 (pxo)u.p u}-—2-1 >

Therefore, the constants are given as

2n
2 2 2292 1-6
= -260
a6 (upxo 2 notpx +Gan0)

1 - 02

b =2¢(007M - X ¢) ———
6 0 0 1 -2

5 1_e2n
\p'——_

- %
-a6+ b6u. +c6u. (45.16)

ard the firsi tera of Eg,(45.1) can be simplified a=
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2 2
(x -H) X 2
0 . O—XH#“
2 o 0
The constants are
2
a =X
7 02
n X
b7 5
c =1/o
7
Therefore Eq.(A5.2) becomes
( )2
X - u
—— ta +b C A5.16
> A L (45.16)

fter all the above manipulations and simrlifications EZq.(A5.1) can be re-

written in a more compact form as

a +b7u-+c7u? n2 1
P- + o_, a+bpu+cpu+
d2 202 5 02d2 1 1 1
M M

+2(0 -\p)(82+ b

2 2
oMt c2u)+(6—up)(a3+b3u * CH )-2(a4+b4p, + c4 &)

2 2
-2(6 - a+b C + + .1
@) 5t Dot 5u)+ (a6 b6u c6u)] (A5.17)



-270-

LAppendix 5.2

Three- Parameter FProce=zs - Type-1

The general expresaion for the posterior pdf for this case has z2lready

been represented in Section (5.5) by Eq.(5.34) which can be written as

P(yplO)

—_ v - (A5.18
d’\+200+1 XP( P) )

P(pg,el no;xdG,D) a

where P has been given by Eg.(45.17).
The purpose of this appendix is to integrate Eq.(A5.18)‘with respect -
to p (or to v ) and then with respect to 0 , so that the posterior pdf
of ¢ , will be attained. Ior the former integration everything save W
is assumed constant therefore I3.(A5.17) can be brought into a quadratic form
which is given as
1

2 2
P:——s—35 [7c+c 20-9)cs(0-9)°¢ -2¢ -2(0-g)C_+C
22 52 [w A A T ¥ 4”

2

2 | 2
+ E"‘ b+ b+ (8 - )b+ (0 - )by -2b,-2(6 —up)b5+b6] m

2 2 ‘
+ an +d2 +a +@-¢la+(6-9la -2a -2(0-¢)a +a
[n7 ot HTT TS R T eIeTeYy 98 6:|
(45.19)

my iutreducing a nev coi of conztanis an

2 ' 2
C] z c1+2(e-‘p)c2+(e -¢)c3- 2(:4-2(e-q>)c5+ c6+ dT\C7
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2 .
B:=b+ 6- +(0 - - -2©-Pb+b *Ugb
: bl 2( @)b2 ( \P)b3 2b4 ( \9)5* s “n

A -a +2(8-¢la +(B-yla -2a -2(6-ypla_+a +02a +02n
1 2 4 5 6 3w 7 0
A8 a result Zq.7A5.19) can be re-writien as
1 (A5.20)

2
—— — (A+
P 5 4262 (A}Bu+Cu)
M

where Aqy B‘I

given data. Bg.(A5.20) can be written in a more convenient form as

and C, are the funciions of ¢ , ¢ , 9 , % TIO and the

__ & 2 o (a5.21)
P 2020112 [(u-E,) +Dl] |
where
E:_ _ﬂ
1 2C]
2

A B
2 )
B 2C]

Therefore, ihe posterior pdf of T3.(45.18) can be writicn as

| PlplB) C 2
y U ' 3 :e) ——————————— --'_]_'( "E “'D
P(udxpnoxo D)a 2 ne exp 20201? [u ") ]]
"
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or, in terms of the inverse of the coefficient of variation , v= p / a ,

Eq.(A5.22) can be expressed as

, P(o!8) G -
P(v,d,xpl'qo, xo, e.D)a P2y nl exp —26262 Evd - EI}'-» D;l (A5.23)
1 1

where v varies between -Q0 to +@ . Now, Eq.(A5.23) must be integrated

with respect to v, which gives

+
: \ 2
Pl 16) C,D Clov -E,)
P(d,tpl'q X €,D)a ""2‘ T -1 € X ‘_']—“‘_——J—dv
0 " 20261? 20%¢2 |
@ (A5.24

4 change of variable is introduced as

- (ov—E)‘/——
\/_dd

from which the following resulis

v - V2g g,
- Z.’
VvC d
and
dv = 2 ¢ dz
ve
By subctituting thins new veriable in Ig.(45.24) it becomes
+ D 5
8)co
Plo,pln ,x,6:D)«a Plo 19) 0y ex . Siby e~? dz
00 VC.gN*2gN+! 2¢2g2
1 L LI
or
Pl0 11 x 46,0 ) Plol6) __CiDy_ (45.25)
0 VC dn+20n+] 202(15
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The posterior pdf of Ppcan be arrived at after integrating Eq.(A5.25) with

respect to o . Therefore

+c0
. P(ypl© Cy D
Ploln % ,6,0) a1 f 1 expl-—S21 | 44
o 0 Vo ! gn+2 5 62 2
im0

N (45.26)

where C1 and b, are independent of ¢ . By considering a change of variable

as

1 -1/2 ., ' 1 _-3/2
Z T — 5 g=Z gz=-— 2

and by incorporating these in kq.(A5.26)

+0
0 0 VCo ~ 2g° !
" o 1
(45.27)
By using the following standard integration
0y
n F(n+1)
x exp(-ax)dx z —— 7 — (45.28)
n+1
0 a
b3.{45.27) becomes
19 ‘
P(q:lwbax s6:D)a Plet®) (45.22)
0 VT, (c,p)™M1)/2 |
1717
where , °
2 _
F:CDzA-—2L (15.30)
1 11 1 4C
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Therefore, finally

I (‘p ll UXIe) F

Eq.(A531 ) can be reduced by substituting © = 0, 1)= 0 and

(45.31)

$=pP in

all the previous equations and then 33.(4531 ) takes the following form for

the llarkov process

| -(n+1)/2
| P(p) B2

P(pl —_— - 21
P ?)’D) a C1/2 A1 4C,

where

n(1- p)2+ (!-pg)

O

i1}

‘ N
1 -2(1 - p) [xo(h p) +Z (x.l- pxi_.‘)
i=1

n
2,.2 2
- (1- E -
AX1 = (1-p%) xo + (xi p xi-1)
121

ite derivation of .4.(43.32) mas firct been given by Thornbzr
Yowever, apart from the calculaiions given hers for the

If of @ a zimilar mort of algebric zimplification could b~

"(45.32)

(A5.33)

(45.34)

(A5.35)

(1967).
noaterior

1.2
aghisved

cxior péf of W or d , by integrating Lg.(A).18) with

for
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Appendix 5.3

Two-Parameter Process - Type-2

a) Known mean

If one of the three parameters, namely, p , g ,  were known,then,
there remains two unknoﬁn parameters which can be treated by Baye= theorem to
find their posterior pdf. There are three alternative ways of picking up
two parameters among three values, only two of thess alternatives will be
con=idered here ; one is in the case of known mean and the other one is the
knovn standard deviation. In the case of known mean the population mean
is considered to be fixed while ¢ and P are azsumed to be r.v's; The
behaviour of the posterior pdf for ¢ is then examined. The Joint

posterior pdf of ¢ and @ is easily =een from Eq.(A5.18) to be

P(p109)

gN+2 gn+1 xp(-P) (45.36)

P(d,mlno,xdu,e,D)a

A new compact form of P czn be developed by introducing a2 set of constants

which include W az a fixed value., These constants are as follows

alz (x -u)2

n
u2= z (xi-u)
i=2
n-1 : )
0 2(0-9) ) O Z(x S (X -
| i+j
}=1 i=z1
n-1 i 2
2 )=
czz(e-up) Ze (x-p)
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n
-1
=-2 5] -
05 A E . (><i B
121

n . J ..
-1 -
a = -2A(©B-¢) E eJ E %) |(x_-u)
6 4 4 i1
j=2 iz 2

i -
a:A2__6.__
7 1-62

and as a result Eg.(45.17) cen be re-written as

7
1
pz____(a2a+an+§ @, (45.37)
2¢g2¢g2 W1 0 i)
m i=2
by inserting thic cxpression in Zg.(%5.36) the following result in obtained '
' 7
F’Gple) Oilffé%Csz:cﬁ
P(g,¢ln,x,t6,D)a exp - =2 (45.38)
m 1

The cimple cace where M _is assumed to be ecgual to zero is now considered,

Herea 2g.0.5.38) reduces to

02 7
Pl® a ¢ Z“
P(o"‘p l 'xlulelD)a (‘P ) e X - Tl 1 :2l (“15.59)
L n
cxr oy intrgrating wiih rerpect to d
7
® 32 @
P(ple) ) a +Z:2 i , .
P(elx,m8,D)a ‘Pﬂ exp - LI (45.40)

0 n
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Wwith the introduction of a new constant as

2
£q.(A5.40) becomes
' 04]
-— = dog  (45.41)
Plolx p®D)a na [dn+2 exp =2 ,
0
Now, by chaiuging variables as
1
Z:= B —= 0= 512 z-tl2
T g24g2 d
n : n
~1/2
dd:--jz——— i3/2
20
1

Again by the use of the standard integration given in Eq.(A5.28)

1o |
P(plx pnoeD)a Plol®) .(A5.42)

B(n+1)/2

This is the geneial form for the posterior pdf of the ARIMA(1,0,1) process
when the necessary substitutions are done the corresponding form of Eq.(A5.42)

for the lag-one ilarkov process can be obtained.
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b) Rnown Siandard deviation

This is the case of fixed standard deviation where the mean K and
@  are treated as r,v's, Therefore, the integration of Eq.(A5.22) with
respect to H will lead to the posterior pdf of ¢ given that d is fixed.

So the result can straightforwardly be obtained from Zq.(A5. 25) as

C,D
Plp In,x,0,8,D)a Plelo) expl-—A—L_5 (45.43)
0 CV26n+20n+1 2¢2 g2
| n

where all of the necessary constants appearing in Fg.(4543 ) have already been

given in anpendix (5.1)
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