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ABSTRACT 

The overall objective sought in this research work is , broadly, 

the improvement of techniques for simulating observed annual streamflow 

sequences and at the same time the substitution of rather cumbersome and 

costly Monte Carlo techniques used in the design of water resource systems, 

by exact or approximate analytical expressions which yield the same results. 

In particular, the small sample properties of various parameters, 

namely, the variance, the standard deviation and serial correlation 

coefficients are analytically treated and necessary expressions derived 

for normal stationary processes only. Furthermore, the small sample 

expectations of variables intimately related to Hurst's law are analytically 

derived;among such variables are the range of cumulative departures,Rn, from 

the sample mean and the resealed range, Rn/S. The distribution of R /S in 

the case of a known population mean value of the underlying generating 

process has been given, and the 1(s analysis for deciding whether a process 
is short-term or long-term persistent is analytically documented. 

A new model which is referred to as the white Markov process is 

proposed for modelling Hurst's law. All of the necessary statistical 

relationships for the application of this new model to annual streamflow 

sequences are fully presented. Moreover, the multivariate case of the 

white Markov process for preserving the spatial correlations as well as the 

temporal correlations is developed. The white Markov process is an 

appro:ri,T1:.,tion to Fractional Gaussian noise. 

The study of the small sample properties of hydrological processes 

is presented from a Bayesian point of view and the necessary formulation 

for applying a Bayesian approach in estimating the parameters of the 

ARIMA(1 0,1) process is given. 
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LIST OF SYMBOLS AND ABBREVIATIONS 

Some of the most frequently used symbols and abbreviations are given 

in the following list as a supplement to the main text whereas others are defined 

in the main text wherever they first appear. 

A 	(mxm) matrix of coefficients in multivariate case. 

ARIMA 	Abbreviated form of 'Autoregreasive Integrated Moving Average'. 

a 	Lower bound of a log-normally distributed random variate. 

Lower bound of a log-normally distributed random variable at 
site i. 

a
i 	

A parameter for the Broken Line process. 

B Amount of bias in a biased estimate. 

B (mxm) matrix of coefficients in multivariate case. 

BL 	Abbreviated form of 'Broken Line'. 

B(t) 	Ordinary Brownian motion at time t. 

Bh(t) 	Fractional Brownian motion at time t. 

NI(t,6) 	Derivative of fractional Brownian motion at time t. 

*1p P ) 	Magnitude of bias associated with the variance in the case of 
the Markov process. 

B(n, p, tp) 	Magnitude of bias associated with the variance in the case of 
the ARIKA(1,0,1) process. 

bj 	Regression coefficient. 

C 	(mxm) matrix of coefficients in multivariate case. 

Initial storage of a reservoir, needed to avoid shortages or C0 
	deficiencies. 

C
i 	

Magnitude of storage at the end of the i-th time period. 

C
m 	

Minimum capacity required to meet all demands. 

D (mxm) matrix defined in terms of A, B and C. 

D Total demand withdrawn from a reservoir. In chapter 5 it 
denotes the historical data. 

D
k 	

Cumulative sum of the demands up to time period k. 

d. 	Volume of demand over time period from i - 1 to i. 
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dfGn 	AbbreViated form of 'discrete fractional Gaussian noise'. 

dB(u) 	Infinitesimal increment of ordinary Brownian motion. 

E(.) 	Expectation operator. 

E(.)11 	Denotes expected value of quantity within brackets in samples 
of size n. 

exp 	Exponential. 

PX.(m) 	
Distribution function for the random variable x. 

General bias correction factor for the variance. 

fGn 	Abbreviated form of 'fractional Gaussian noise'. 

fBm 	Abbreviated form of 'fractional Brownian motion'. 

f(n) 

f(n, p) 

gut P 43' ) 

g(n) 

Bias correction factor of the variance in the case of. 
independent process. 

Bias correction factor of the variance in the case of the 
Markov process. 

Bias correction factor of the variance in the case of the 
ARMA(1,0,1) process. 

Bias correction factor of the standard deviation in the case 
of independent process. 

H Estimate of Hurst's coefficient. 

Mean of ten values of H. 

h Population value of Hurst's coefficient. 

I 	Identity matrix. 

I 	Total inflow into a reservoir over n year period. 

Ik 	
Cumulative sum of the inflows up to time period k. 

J Jacobian of a transformation. 

K Estimate of Hurst's coefficient. 

L(.) 	Likelihood function. 

l.h.s. 	Abbreviated form of 'left-hand side'. 

mX 	(mxm) matrix of lag-zero covariances of the Markov component 
-0 	of white Markov process. 

X (mxm) matrix of lag-one covariancesof the Markov component of 
-1 white Markov process. 

(mxm) matrix of lag-two covariances of the Markov component of 
white Markov process. 
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(mxm) matrix of lag-zero covariances of the white Markov 
process. 

0 	(mxm) matrix of lag-one covariances of the white Markov process. 

2 	(mxm) matrix of lag-two covariances of the white Markov 
process. 

M3 	(mxm) matrix of lag-three covariances of the white Markov -3 	process. 

M
m 	

Maximum water impounded in a reservoir. 

MSE 	Abbreviated form of 'mean square error'. 

m 	Number of sites. 

m 	Minimum water impounded in a reservoir. 

N Normalizing factor. 

NIP 	Abreviated form of 'Normal Independent Process'. 

n Sample duration in discrete time. 

ri 	Equivalent length of independent observations. 

n
m 	

Value of n at which break to h 0.5 law occurs in pox diagram. 

Pn 	Largest surplus. 

Pi 
	

Peak value. in the sequent peak algorithm. 

pdf 	Abbreviated form of 'Probability distribution function'. 

P(w 	Prior pdf of random variable w . 

P( WI D) 	Posterior pdf of parameter w 

Qn 	Greatest deficit. 

q. 	A parameter for the BL process. 

q 	
Monthly flow value at month i. 

i 

Rn 	
Adjusted range of cumulative departures from sample mean. 

Rp 	Population range of cumulative departures from sample mean. 

R/S 	Resealed adjusted range. 

RJS 	Resealed population range. 

r.h.s. 	Abbreviated form of 'right hand side'. 

r.v. 	Abbreviated form of 'random variable'. 
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S
2 Small sample estimate of population variance. 

S Small sample estimate of standard deviation. 

S Unbiased estimate of the standard deviation. 

T 	Sample duration in continuous time. 

t Time. 

v(.) 	Variance of some random variable. 

WM 	Abbreviated form of 'White Markov' 

X. 
	

Markov component of the WM process. 

Zt 	
Designates the WM process. 

a 	Parameter of the white Markov process. 

Parameter of the white Markov process. 

Coefficient of skewness. 

Normal and independent random variable. 

g(t) 	A simple BL process. 

1 	Normal and, independent random variable with zero mean and unit 
t 	variance. 

X2 	Chi-square distribution. 

X 	Parameter of the white Markov process. 

Population mean value of a random variable. 

a 	Estimate of the population mean value. 

Lag-one autocorrelation coefficient. 

p 	Lag-one autocorrelation coefficient. 

A 	Estimate of population autocorrelation coefficient. 

Population standard deviation of a random variable. 

A 
a 	Estimate of the population standard deviation. 

d2 Population variance of a random variable. a  2 
Estimate of population variance. 
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T 	Time lag. 

44 	Weights in an autoregressive process. 

Parameter of the ARLMA(1,0,1) process. 



-13- 

INTRODUCTION 

In stochastic hydrology it is necessary to use the statistical 

properties of a necessarily limited series of observations. Based on these 

properties, synthetic sequences are then generated in such a manner that they 

are statistically indistinguishable from the historic record i.e. they 

statistically resemble the hiStoric record. In maintaining the statistical 

resemblance between historic and synthetic sequences the small sample properties 

as well as the population properties of the parameter estimates of a model 

play an important role. It is not always analytically possible to find exact 

or even approximate mathematical expressions for small sample properties of 

an estimate, in which case hydrologists often resort to rather cumbersome and 

expensive Monte Carlo techniques on a digital computer. On the other hand, 

the results obtained by Monte Carlo techniques will always be valid for a 

specified set of parameters; moreover even a slight change in one or more 

parameters might invalidate the result and require further Monte Carlo 

experiments. Because of this tedious and cumbersome approach even an 

approximate analytical formula is most welcome for the same purpoie. 

The main objective of this study is to avoid the Monte Carlo techniques 

as far as possible. The small sample properties of the parameters can, in 

general, be treated from two different points of view; one involves the 

employment of the classical statistical approach, especially the random 

sampling theory which has been extensively exploited in synthetic hydrology 

to date ; the other, a relative newcomer to hydrology, is the Bayesian approach 

which, when coupled with a decision making procedure, promises to be a 

powerful alternative in the design of a water resources system. The classical 

statistics method makes use of the information conveyed by the historic record 

only, whereas the Bayesian method combines this information with that obtained 

from other 
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sources and especially personal experience acquired by the hydrologist, 

so as to yield an improved level of information on which the estimates 

of parameters can be based. 

In recent years much attention has been directed to the remarkable 

discovery of Hurst(1951,1956) who studied the long-term fluctuations 

within a large number of geophysical records and found that VS nh  where 

M'is the range of cumulative departures from the sample mean and S is the 

estimate of standard deviation. On the other hand, the small sample 

properties and the population properties of the range, 14  and the resealed 

ranget rin/S which are intimately related to the above referred remarkable 

discovery, have been analytically derived for various processes and their 

verification has been accomplished through using the Monte Carlo technique. 

In the context of reservoir storage., the importance attached toRn is, 

because it represents the size of an ideal reservoir where there is no 

spillage or shortage over the economic life of the structure. The resealed 

range,Rn/Shas been proposed as a measure of the long-term persistence 

in empirical observations and in turn related to the parameter 0< h< 1, 

which governs the duration and intensity of periods of above and below 

average flow. The most remarkable fact concerning h is that its overall 

average value for various empirical records has been found to be 0.73 by 

Hurst(1951),which does not conform to the value of h=0.5 predicted by 

classical stochastic processes. This disagreement between the two values 

of h has been labelled the Hurst pheripmenon and has led both hydrologists 

and statisticians alike to search for a model that could account for 

Mandelbrnt'1965), Mandelbrot and Van Nees(196B) become interested 

in the Hurst phenomenon and presented a mathematical framework to explain 

Hurst's finding. This led to a new model of annual streamflow called 

discrete time fractional Gaussian noise (dfGn) which is based on the 
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fractional Brownian motion. This process made it possible to model a 

measure of long-term persistence specified by 0.5<:h4C1. Mandelbrot and 

Wallis(1969,a,b,c,d,e) proposed approximations to dfGn for generating 

synthetic sequences on a digital computer. In order to overcome some of 

the difficulties met in these approximations Mandelbrot (1971) and Matalas 

and Wallis (1971b) proposed,fast and filtered dfGn approximations respectively. 

However, the practical application of the above mentioned models 

is still rather expensive and cumbersome; therefore research for a simple 

stochastic model with the necessary long-term behaviour has become . 

inevitable and eventually such a model was proposed by O'Connell (1971) 

under the label of the AR1MA(1,0,1) process which is shown to be an 

alternative to dfGn for modelling the Hurst coefficient h. The white Markov 

process,WM, which is proposed in this thesis is closely related to the 

ARIMA(1 0,1) process and has all the latter's advantages. 

However, theoretical work on the properties of the range and resealed 

range and the small sample properties of parameter estimates for various 

processes has been found lacking to date. Although these properties have been 

in some cases derived by Monte Carlo techniques they are in no way a 

substitute for analytical results which are more general and which give 

more insight into the problem. An analytical approach is adopted here 

and some new results are derived. 

Chapter 1 gives a review of synthetic hydrology and the stochastic 

models currently available in the hydrological literature. The assumptions 

and simplifications necessary for applying the theory of stochastic processes 

to a hydrological process, have been presented. Finally, the relevant 

procedures for identifying a model suitable to represent the historical 

record have been reviewed. 

The small sample expectations of the statistics Rn  and Rn/S for 

various stochastic processes have been studied in Chapter 2. Firstly, a 

review of work relating to IA or Rn/S has been presented and four different 



types of statistics have been distinguished, These are, namely, the 

population range, R , the adjusted range, Rn , the rescaled population 

range, Rp/S and the resealed adjusted range, Rn/S. The asymptotic 

expectations of the population and adjusted ranges have previously been 

derived for the Normal Independent Process (NIP) only, by Feller (1951). 

For the NIP, the small sample expectations of R and Rn have been given 

by Anis and Lloyd (1953) and Solari and Anis (1957). However, by pursuing 

a different kind of methodology to those authors which is discussed in 

chapter 2, the small sample and asymptotic expectations of R and R
n for 

any normal stationary process have been derived. Moreover, the analytical 

small sample and asymptotic expectations of Rp/S and Rn/S have also been 

derived by using the same methodology. As a result the analytical 

expressions found for 2(Rp/S) and E(Rn/S) avoid any expensive computer 

investment through Monte Carlo techniques for studying the behaviour of 

Rp/S and HIS. In addition, the asymptotic distribution of the resealed 

population range, Rp/S , has been obtained and the Rn/S analysis which helps 

to decide whether a process is short-term or long-term persistent has been 

analytically investigated. In this context some deductions of Mandelbrot .  

and Wallis (1979e) have been analytically confirmed. 

Chapter 3 relates more directly to the generation of synthetic 

sequences and after a review of existing work on small sample properties 

of some parameters, the small sample expectations for the variance, a2, 

the standard deviation, U and the lag-k serial correlation, p , have been 

explicitly described for normal stationary stochastic processes at large. 

The small sample expectation of the estimate of population standard 

deviation is derived and its application to the ARIMA(1,0,1) process is 

shown. The small sample properties of the estimate of the population 

serial correlation have been mathematically treated and necessary approximate 

relationships have been derived. These results can be used to provide bias 

correction algorithms for estimates of parameters. 
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Chapter 4 deals with the development and application of the white 

Markov (WM) process which can preserve the Hurst coefficient, h, for a 

length of synthetic sequence comparable with the longest geophysical records 

available First of all, the statistical properties of the WM process have 

been studied and then the equivalence of this process to the ARRIA(1,011) 

process has been shown. On the other hand, the WM process has been shown 

to be a simple approximation to dfGn and to model the Hurst coefficient, h, 

sufficiently. The small sample properties of various parameters of the 

process have been analytically treated and the necessary formulae derived, 

Moreover, the non-Gaussian case of the WM process has been developed and 

the procedures for generating log-normal WM variates have been illustrated 

where the preservation of skewness has been considered. In addition to 

this, a multisite WM process with the required temporal and spatial 

correlation structures is. developed and the analytical expressions necessary 

to determine the elements of unknown matrices are given. The generation 

of multivariate log-normal sequences is also considered. 

The Bayes theorem and the estimation of the parameters of a 

stochastic model by Bayesian approach forms the subject matter of chapter 5. 

The three necessary ingredients of the Bayesian approach which are the 

prior probability distribution function (pdf), the maximum likelihoodOL), 

function and the posterior pd4)are studied in general. In particular, 

the application of this approach is given for the ARIMA(1,0,1) process 

and for the appropriate parameter values, the general analytical expressions 

derived are shown to reduce to those for the lag-one Markov process derived 

by Lenton et al (1973). Only the marginal posterior pdf of one model 

parameter, .p , is derived based on varying assumptions about the remaining 

parameters. 

Chapter 6 comprises the main conclusions of the thesis and proposals 

for future research. 
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Chapter 1 

SYNTHETIC HYDROLOGY 

1.1 General 

In general, the science of hydrology is concerned with the 

hydrological processes such as the rainfall, streamflow, infiltration, 

groundwater etc. all of which interact over a catchment area. The main 

objective of a hydrologist is to quantify the very complex 

behaviour of these hydrological processes and relationships existing 

among them. • 

Hydrologists have attacked the problem of investigating hydrological 

processes from two different points of view. One of these is to regard 

a complex natural process as occurring according to a definite set of 

physical laws, where no law of uncertainty is involved; this approach 

will be referred to as the deterministic approach. An alternative approach 

is to consider such a process as a product of some underlying random 

mechanism, which can only be treated by employing the laws of uncertainty 

and by making use of several branches of mathematics such as probability 

theory, the theory of stochastic processes, statistics etc. In order to 

apply either one of the approaches the first step is to represent the 

hydrological processes in a quantitative manner on which the future studies 

concerning the same process can be based. This quantification is achieved 

by sampling the process either continuously or discretely over equal 

intervals, along the time or space axis whichever one is the reference 

system; so that a sequence of observations is obtained. Although all of 

the hydrological processes have been existing and continuously evolving 

since the creation of the universe unfortunately their actual measurement 

has started at the earliest about one or two centuries ago; in fact most of 

them started only very recently. As a result there exists a sequence of 

observations taken at a finite set of time points, which represents an 

inadequate set of data insofar as the•  design of a water resource system is 
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concerned. However, the consideration of each observation as a random 

variable helps the hydrologist to infer the population probability structure 

of the process concerned, and to assess the inherent risks and uncertainties 

associated with the hydrological design in the light of the probability 

theory and statistics. The branch of hydrology dealing with the above 

referred studies is termed the stochastic hydrology which gives a scientific 

description of the structure of hydrological processes. 

The general definition of a stochastic process can be given as a, 

random phenomenon which evolves along some reference system which may be 

either time or space. In this thesis the terms stochastic processes and 

hydrological processes will be used interchangeably so that all of the 

known facts about stochastic processes will remain to be applicable to 

hydrological processes bearing in mind the assumptions which will be given 

in the following section. Notationally, a stochastic process is represented 

by pt,w): te T,WES1 where t is an element of the time variable T and 

Q is the sample space for the random variable X(t,(0) for each value of t, 

emphasizing the fact that for a fixed time instant there is a set of random 

variables. In general, the index set T can_assume values as T=[-!:-OXt4: +0] 

continuous but for a stochastic process specified at a set of discrete 

time points the index set is defined as T= [t: o,;1, ;2, 71.3, 	 

As far as the hydrological processes are concerned the index set T can 

take on positive values only. Particular importance is attached to the 

time index when the two random variables, X(t1,(0 and X(t2,w) where t1i=t2  

are interdependent, that is, the random variable X(ti,w) exerts an 

influence on the r.v. X(t
2'to) to 

some extent, otherwise the ordering 

of the random variables is immaterial. 

In the case of the lack of interdependence between the random 

variables the probabilistic structure i.e. the probability distribution 

function (pdf) of the random variable will be sufficient to represent 

the hydrological process entirely; this pdf is then referred to as the 
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probabilistic model of the hydrological process. On the contrary, the 

model of the hydrological process where the random variables are interrelated 

will be referred to as the mathematical or stochastic model. As a result 

the probabilistic model is a special kind of stochastic model where 

interdependence between the random variables does not exist. A stochastic 

process can be thought of as a collection of equi 	likely realizations 

which is known as an ensemble; in practice, only one of such a realization 

is observed over a finite time period which constitutes a time series. 

It is this sole time series from which a set of parameters representing 

the probabilistic structure of the underlying random variables and the 

interdependence between the random variables of the hydrological process 

is obtained by the method of estimation which is referred to in chapter 3 

of this thesis. The incorporation of this set of parameters in a 

suitably chosen stochastic model for the hydrological process will then 

give the hydrologist the ability for generating other equally likely 

realizations of the ensemble. This generating scheme is the basis of the 

synthetic hydrology which has brought new insight into the design of water 

resource systems. Synthetic hydrology makes it possible to assess the 

performance of a hydrologicalsystem such as a reservoir storage and flood 

control structures design etc., by attaching a quantitative risk to each 

realization routed through the system. 

Synthetic hydrology is one of the few means at the disposal of the 

hydrologist who strives to overcome most of the inadequacies and 

uncertainties associated with the design of water resource systems. If 

a finite historic record were available only, then it would be inadequate 

in the sense that (a) its length might not be equal to the projected life 

of a water resource system and (b) the design value obtained from historic 

record will be uncertain in the sense that it is but one of the design 

values whose merit relative to the optimal design is not known. However, 

by the use of synthetic sequences of the same probabilistic structure as 
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the historic record, it is possible to generate any length of sequences 

compatible with the actual life of the water resource system so that, this 

gets rid of the above mentioned inadequacy (a), whereas the generation 

of an ensemble of equally likely flows eliminates the uncertainty referred 

to under (b). One important remark at this stage is that, the generation 

of an ensemble of equally likely sequences by the employment of synthetic 

hydrology does not create new information but provides an effective means 

of utilizing information conveyed by the historic observations. Therefore, 

the synthetic sequences are entirely based on the historic record. 

The main concern of this thesis will be confined to annual streamflow 

sequences only, for which the underlying generating mechanism is not known 

exactly, but it can be approximated by the application of the theory of 

stochastic processes available in the statistics literature to the historic 

record. To this end some fundamental assumptions concerning the statistical 

behaviour of the hydrological process have to be made beforehand. One of 

the most important assumptions is that the underlying process of streamflow 

is a stationary stochastic process where stationary implies that the 

statistical properties of the process are independent of absolute time. 

Several types of stationarity are encountered in the theory of stochastic 

processes; strictly stationary stochastic processes constitute a class 

where all of the statistical parameters of the process are independent of 

absolute time, but a function of the time difference only or in another 

sense these processes have any order of multivariate probability distributions 

independent of absolute time. This property is tantamount to a statistical 

equilibrium of the process which will be reflected in the synthetic sequences 

based on the historic record. Unfortunately, it is almost impossible to 

observe any strictly stationary hydrological process in nature, because 

some of the external factors, such as artificial changes by man etc. cause 

the characteristics of the process to vary with time and hence a non-

stationary process emerges. Non-stationary processes are difficult to 
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handle, because stochastic process theory has been devised almost entirely 

for dealing with stationary stochastic processes only and very little work 

relates to non-stationary processes. Another class of stationary processes 

has lower order moments up to a certain order k which are independent 

of absolute time, in which case the process is referred to as a k-th order 

stationary stochastic process. Hence, second order stationary stochastic 
Ly 

process which is sometimes called a weak stationary process, has its mean 

and covariance function independent of absolute time. It is this last 

class of stationarity which is mostly employed in synthetic hydrology. 

Therefore, the time series of a hydrological process is either assumed to 

be at least second order stationary in the case of negligible changes with 

time in the statistical parameters or by applying a convenient transformation 

such as the Fourier analysis, trend analysis etc. to the original sequence 

of observations to render the series second order stationary. 	If the 

underlying random variable of a second order stationary stochastic process 

is normally distributed, then the process automatically becomes a strictly 

stationary stochastic process. 

Another very important assumption in synthetic hydrology is that 

the hydrological process concerned is ergodic. This property assures that 

the time averages are equal to the ensemble averages. As a result the time 

averages calculated from the historic record which is a sole realization 

available out of the ensemble characterizing hydrological process, replace 

the ensemble averages. Hence, the ergodicity assumption enables hydrologists 

to measure various probabilistic characteristics, such as the mean, covariance 

function, one or multi dimensional distribution functions etc. from a sequence 

of observations, i.e. the time series cf a hydrological process. The two 

major assumptions made above, namely, stationarity and ergodicity of a 

stochastic process are fundamental to synthetic hydrology, and permit the 

hydrologist to generate an ensemble of equally likely synthetic realisations 

over the actual projected life of a water resource system and in turn, for 



-23- 

assessing the risks associated with the design. In the following section 

a brief review of stochastic processes currently used in synthetic hydrology 

will be presented• 

1.2 Models Used in Stochastic Hydrology 

Although the underlying generating mechanism of a hydrological 

process remains unknown an approximation to it based on extractable 

information from the historic sample of observations from the process can 

be proposed. To this end first of all the historic record is represented 

in a quantitative and compact manner by a set of statistical parameters 

of which the most prominently used ones in hydrological studies are,the 

mean, p , the standard deviation, a, the coefficient of skewnesvY , the 

first order serial correlation, p , and the Hurst coefficient h. Each one 
1 

of these parameters depicts an important feature of the hydrological process; 

the mean is the value around which the pattern of the observations of the 

process fluctuates, the variance is a measure of the variability of the 

fluctuations i.e. the deviation of observations about the mean value; the 

coefficient of skewness is a measure of the deviation of the pdf of the 

underlying random variable froth a symmetric distribution; the first order 

serial correlation coefficient gives a quantitative measure of the degree 

of linear dependence between the observations one time unit apart from each 

other. The magnitute of, p , decreases as the time interval between the 
1 

two successive observations increases. Consequently one would expect the 

daily flows to be more dependent than the monthly flows etc. Some of the 

parameters may not be sensitive to a particular design situation and in 

such a case the preservation of the parameters in the generating scheme is 

immaterial. 

A purpose of a stochastic model is to generate synthetic sequences 

such that they will have the same statistical properties as a historic 

record. Therefore, the above mentioned prominent parameters of a hydrological 
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process must be preserved in any model that gives rise to the generation 

of synthetic sequences. As the number of the parameters to be preserved 

in a generating scheme increases, the structure of the model becomes more 

sophisticated. The earliest and the simplest stochastic model employed 

in hydrological studies is the Normal Independent Process (NIP) which 

preserves the two prominent parameters, namely, p. and o2only (Barnes,1954). 

The NIP completely ignores the interdependence among the observations, as 

a result of which the water resource system will be either overdesigned or 

underdesigned. For instance, in the case of reservoir design, if the 

interdependence is ignored then the resulting size of reservoir will be 

underdesigned. 

The first method which took into account the dependence of 

observations is apparently due to Thomas and Fiering (1962) who were also 

pioneers in using an electronic digital computer and the sampling of random 

variables on the computer in the modelling of a hydrological process. The 

model they used was based on monthly flows which took into account the 

seasonality in the monthly means, standard deviations and lag-one 

autocorrelation coefficients and may be given as, 

q. -+ b.(q.-p. )+a. (1- p2)1/2c 	 (1.1) 1+1-  j +1 J 	 j 	 j+1 	J 	i+1 
where gill  and qi  are the flow values during the (i+1)-th and i-th months 

respectively; PJ  .and 11)+1 
 are the mean monthly flows for month j and j+1 

where j=1,2,3,4,. 	12,b3  is a regression coefficient resulting from 

regressing the flows of month (j+1) on those of month j, and finally E. 
1+1 

is the random term independent of qi. In the case of normal monthly flows, 

is also a normal random variable with zero mean and unit variance. 
Ei+1 

The relationship between the regression coefficient, b and the lag-one 

autocorrelation coefficient may be given as 

b.= p. cIrti +1  
J 	-• 

J 
(1.2) 

By substituting Eq.(1.2) into Eq.(1.1) and then divlAing both si(3es by a 
J +1 
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the following form emerges 

li • 

	

+1 	'41 = p 	$(1  _ p? /2 

j+1 	J 	j 	j 	isi a 

or in terms of standardized variables 

2. 	D z 	_ n2
1 
 2 c. 	 (1.3) 

	

1+1 	" ri 	1+1 
which reveals the Markovian nature of the underlying generating process 

given in Eq.(1.1). 

In its basic form the lag-one Markov process has been defined by 

Matalas (1967) as 

(x 	) = p(x - 	) (1 -P2  )"2  t X X t-1 X 	X 	CIX Et (1.4) 

where x and x 	denote the events at time instances t and t -1, respectively, 
t 	t-1  

g and a are the mean and standard deviation of x respectively, p 
X 	x 	 t 	X 

5_8 the lag-one serial correlation coefficient for x and finally E is a 
t 	t 

random component which is independent of x
t 
 and has zero mean and unit 

variance. The parameters g , 0 and p are unknown, but they may be 
X 	X 	X  

A A estimated from a given historic record. If these estimates, namely, g )a and 
X x 

0 are incorporated into Eq.(1.4) instead of g
x 

, a
x 

and p respectively 
X 	 X 

then a sequence of synthetic observations statistically indistinguishable 

from the historic observations can be generated. As a. result, the synthetic 

A 
observations will resemble the historic observations in terms of g 	a 

and "0
•  X 
However, if the resemblance is to be maintained in terms of 

coefficient of skewness, y 	as well as vi,
x  • a 	and p

X 
 then the random 

X   

term, c
t 
 in Eq.(1.4) has to be replaced by 1

t 
• which-is defined as 

3 
y2 

1  - 
Y  
2 ( 4. y Et __I__) 	 ( 1.5) 

f 	1 6 	36 	V 
1 

where the skewness of 	, denoted by y 	, 

of the process Xt  by 

(1- r30 (  )312  

X  (1 p3) 
X 

is related to the skewness,y•x  

(1.6) 
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In the case of a normally distributed term E with zero mean and unit 

variance, then lit  will be approximately distributed as gamma with zero 

mean, unit variance and coefficient of skewness equal to yl 	An estimate 

A 	 A 
of y 	y 	, can be obtained from the estimate of y.,x  , -■;( , abstracted 

1 	1 
from a historic sample through Eq.(1.6) and then by using Eq.(1.5) 	r.v's 

t 
are generated which replace E in Eq.(1.4) to yield flows which aro 

approximately distributed as gamma. 

Matalas (1967) has formulated the generation of synthetic flows which 

conform to a three parameter log-normal distribution and resemble historic 

flows in terms of g
x 

, O
x 

, p
x 

and y
X 
 . If 'a' is the lower bound 

of a r.v. Xt and (Xt-a) is log-normally distributed then Yt./n(Xt-a) will 

be normally distributed. The relationships between the lower order moments 

of the r.v's X
t 
and Yt 

have been derived by Aitchison and Brown (1957) as, 

a2 
I.Lx= a ex p

2 	Y 
+4,,) 	

(1.7) 

ax
2 
 =exp 2(d2

Y
44

Y 
 ) - exp(ct2

Y
424

Y  ) 
	

(1.8) 
and 

exp(3a2  ) - 3ex p(cf2  ) 
( 1.9) 

Yx: 	 13/2 [ex p(cl? ) - 1 j 

If it is assumed that the flows Yt are generated by a lag-one Markov process 

then the relationship between p and px  has been given by Matalas (1967) 

as, 

exp(iPy  - 1 ) 

ex p (a 2  ) -1 

which may be solved for p provided that oy  and fpX are known. The 
y 

flows generated in Y-space will have a lag-one Markovian nature, whereas 

their transformation into X space will constitute a non-linear process. 

The lag-one serial correlation coefficient, p 	, is directly related 

Px  (1.10) 

1 

to high frequency behaviour and may not represent the low frequency behaviour 
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of a hydrological process. As the autocorrelation function of the lag-one 

Markov prooess is specified by p , its main drawback is that it fails 

to preserve low frequency effects which are synonymous with long term 

persistence. Persistence in an observed sequence is referred to as the 

tendency for hign flows to follow high flows and low flows to follow low 

flows. In the case of the existence of persistence in a hydrological 

process the dependence between far distant observations can be very small 

but such that the cumulative effect of such correlations is not negligible. 

A quantitative measurement of long-term persistence is achieved by the 

Hurst coefficient, h, which has its origin in the studies of Hurst (1951,1956). 

An empirical result given by Hurst states that 

Rn nh 

where R is the range of cumulative departures which is exclusively studied . 

in chapter 2, and S is the standard deviation, both obtained from a historic 

sequence of length n. On the basis of empirical studies of 900 time series 

pertaining to streamflow, rainfall, tree rings, mud varves and temperature, 

Hurst (1951) found an average value for h of 0.73. This is contrary to 

h=0.5 which is the value yielded by the NIP and lag-one Markov process. As 

a result it can be said that neither the NIP nor the lag-one Markov process 

can account for the long-term persistence and therefore these two processes 

can not preserve a h value which lies in the range 0.5<h<1. The deviation 

of the empirical h from the theoretical value of 0.5 led hydrologists to seek 

new models which would be capable of preserving not only the set of parameters 

a , y and p but also the Hurst coefficient,h. For this 

purpose Fiering (1967) tried to preserve h by using multi-lag Markovian 

processes and he conctulect-  that in order to preserve h over a span of 60 

years it would be necessary to employ 20 lags in his model. This result 

agrees with Mandelbrot and Wallis (1969a) who found the transient period 

before the 0.5 law holds to be three times the memory of the process. 



+i (t - u)h  - a 5d B(u)  C)<:h4c1 

o 	 (1.12) 

co —Co 

-28- 

Later, Mandelbrot (1965) and Mandelbrot and Van Ness (1968) became 

interested in explaining Hurst's result and they proposed a model called 

Fractional Gaussian Noise. By considerations from the well known Brownian 

process, Mandelbrot and Van Ness (1968) introduced fractional Brownian motion 

the increments of which give a stationary Gaussian process which is called 

fractional Gaussian noise. They have then defined fractional Brownian motion 

(fBm), Bh(t) from ordinary Brownian motion B(t) by the following integral 

transformation, 	0 

:: 	
1 h - 0-5 

B (t)- B(0) 1  	[ 	-u)h-O.5-(-u) 	dB(u) 
h h OT-1157T 

where dB(u) is an infinitesimal increment of ordinary Brownian motion. 

One of the most appealing properties of this process is the fact 

that it is self-similar. This means that [/.3h(t)-Bh(0)] has the same 

distribution as T-h [1.3h(tT)-Bh(0 . This property implies the fact that 

the mean range of cumulative departures of equally spaced increments of this 

process pursue a behaviour similar to Hurst's law given in Eq(1.11). 

The process Bh(t) as such has no derivative, because of the fact that 

the local behaviour of Bh(t) is very erratic. In order to circumvent the 

lack of derivative of the process, Bh(t) is smoothed by introducing a new 

process as 

t +5 
B,5 )= •B (s)ds 
h 	6 

t 
 h 

dornot:tn 
This type of smoothing produces an alteration in the high frequency/such 

that the increments of this new process are now stationary. Hence the 

stationary derivative 

5>0 



-29- 

BI(t,5)= 	[8(t4.6) - B (td 
h 	h 

(1.13) 

is known as fractional Gaussian noise. A discrete time fractional Gaussian 

noise can be defined as 

AB (t): B(t) - •Ba -1) 	 (1.14) 

where t takes only integer values. 

Two approximations to fractional Gaussian noise have been proposed 

by Mancielbrot and Wallis (1969a) for computer simulation. The type 2 

approximation is difficult to formulate and time consuming in the computer 

but is better than type 1 which is a cruder approximation. The mathematical 

form of the type2 approximation is given as 

X(t)=(h - 0.5) 	(t 	
i ) h -3/2 	 (1.15) 

i=t41 

where M is a very large integer value denoting the memory, E. 	is the NIP 

with mean tti.  and _variance vi?! , A further approximation to discrete 

fractional Gaussian process has been developed by Wallis and Matalas (1967). 

This approximation is referred to as a filtered type 2 approximation which 

is given as 

pt-1 
h -3/2 

X(t)=(h -0.5) E (pt - i ) 	E. 
i=pt-M 

(1.16) 

where p >1 is an integer. It is evident that the r.v. X(t) given in Eq.(1.16) 

is equivalent to sampling values at times pt from the type 2 approximation 

expressed by Eq.(1.15). The mean, variance and coefficient of skewness of 

the type 2 approximation are the same as for 	the filtered process and 

these have been derived by Matalas and-Wallis (1971b) as, 
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M-1 
- 0.5) E(d _ )h - 3/2

11 

i=0 

(1.17) 

M -1 2 2 	 2h - 3 2  
a 	- 0.5)E (m_ 	ac 

1:0 

(1.18) 

and 

(1.19) 

1=0 

However, the relationship between the autocorrelation functions is given 

as, 

P P 
kp k 

( k=0,1,2,3•••• • • -) 

where p 	and p 	are the k-th order autocorrelation coefficients of the 
1q3 

filtered type 2 approximation and original type 2 approximation respectively. 

However either process is time consuming to generate on a computer. 

After the appearence of dfGn in the hydrological literature, because 

of its requirement of large computer investment, hydrologists have begun 

to grapple with the problem of replacing approximations to dfGn such as the 

type 2 and filtered type 2 by simple and fast processes. One such process 

has been introduced into hydrology by O'Connell (1971) which is referred to 

as the A1iIKA(1,0,1) process of which mathematical foundations have been laid 

down by Box and Jenkins (1970). The ARIMA(1,0,1) process is a mixture of a 

first order moving average and a first order autoregressive process and is 

expressed as 

X 	 -Ge t 1̀)Xt-1+  t 	t-1 (1.20) 
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(LP - 9)(1 - PG) • 
P = 	 (1.21) 
1 (1+ e2 - 2e9) 

P ' 
k 	k -1 (1.22) 

Although the AR1VA(1,0,1) process lies within the Brownian domain of 

attraction for which h=0.5, it has been shown by O'Connell (1974) that for 

suitably chosen values of tp and 9 the process maintains good 

agreement with Hurst's law with h>0.5 for values of n as large as 10000; 
pro?&HEter, 

as a result both short. - and long-runimay be modelled simultaneously. 

The ARIMA(1,0,1) process can be regarded as an approximatidh to dfGn. For 

the purpose of generating synthetic sequences the ARIMA(1,0,1) process may 

be formulated as 

(X - 	)= tp(X 	- µ ) + Q a (e - 9e 	) 
t 	x 	t - 1 	x 	xE t 	t -1 ( 1.23) 

where 4
X 	X 

and d are the mean and standard deviation of the process 

respectively. The term e is an independent random variate with zero 
t 

mean and unit variance and a is defined as 
e 

Q2-  (1 - 

(1+ 92 - 2kpA) 
(1.24) 

If the observed skewness of the historic sequence is to be preserved in the 

generating scheme then the random component E in Eq.(1.23) is replaced 

by 1 given in Eq.(1.5). 	The relationship between the skewness y 	of the 
X 

process Xt  and the skewness y
1 
 of the term 1 has been derived by 

O'Connell (1974) as, 
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(1 -!3 ...3q)02 - 3 (P2G) 	(1 (kP 2 - 2 kpG )
3/21 

Y
X 

= 	 •Y 

(1.25) 

A 
The estimate y 	of y

A 
can be obtained from Eq(1.25) provided that the 

A 
estimate y 	of the skewness y is obtained from a given historic sequence. 

X 	X 
A further new model known as the Broken Line (BL) process has been 

introduced into hydrology by Mejia et al (1972). The simple BL process was 

introduced by Ditlevsen (1969) in order to check, by the Monte Carlo method, 

some results in first passage theory. Because of the following two properties 

the BL process has been claimed to be a possible model for geophysical time 

series, 

(a) the existance of a second derivative at the origin of its 

correlation function 

(b) the possibility of modelling long spans of dependence among its 

components in such a manner that the simulation of the resulting process is 

faster than for any other process 

The mathematical formulation of a simple BL process has been given 

by, 

,fin   
	(1.26) 

a) 	• 	(-11 	- 1 ) (t - n a ) 
n4 1 	n  ga - ka):. E  	 I(t)[na (n4 1)a]  a 

.1=0 

where 1 are independent and identically distributed r.vis with zero mean_ 

and variance 	d
2 
, k is a r.v. uniformly distributed over the interval (0,1), 

'a" is the distance in time saparating the 1 's, and I(t) is an 
Emt (n+l)c] 

indicator function which satisfies 

1 	for 	 na t(na4 1)a 
I(t) 

El. a, (na+ 1 	 0 	otherwise 	 (1.27) 

The simple BL process given in Eq(1.26) is a continuous time process and its 

.mean, variance and correlation function are given as follows, 
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E ig(t)1 =0 
	 (1.28) . 

Var (t)]= E e(t)]
= 202 

3 ( 1. 29 ) 

and 2 
1   4 (6) Hi)] 

p(t).= 	1  [2-(-q3  4 	cli 
0 

f or 0<t< 

for ci<t<2C1 (1.30) 

for t >20 

The addition of m independent simple BL processes gives the general BL 

process, as 

m m 
X (t) = Ek(t) 

1=1 I 
( 1.31) 

where E(t) is a simple BL process with a and a. . Because of the 

independent superimposition of m simple BL processes, the variance and 

autocorrelation function of f(t) becomes 

V [Xrn( 	= 2  En1  er? 
J 3 i=1 I  

and 

a pkT) 
n  (I ) : 	1=1 I I  
rX 	m E g 

= 1 	' 

 

(1.33) 

 

R(T) 	is the correlation function of E(t) . Mejia (1971) has applied 

the following restrictions to the parameters 

ai = a q1-1 	where 	q >1 

and 

a  )0.5 ( 1 )0.5 
cr L., of  7.0 -r-- 
I 	di  1 qi-1 ( 1 . 34 ) 

(1.32) 

The memory of the process, which is equal to the time lag for which the 
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AA. 

correlation function isIzero, is given by 2a which is controlled by 

q and m. Mejia et al (1972) have shown that the BL process may be 

derived as an approximation to dfGn. A:detailed review of the 

process has been given by O'Connell (1974). 

1.3. Model Identification. 

Confronted with the problem of generating synthetic annual 

streamflow sequences, the main task of the hydrologist after 

having extracted the estimates of the necessary statistical parameters 

such as g o a o -y o p and h from given historic data, is to 

identify a model among the currently used hydrological processes cited 

in the previous section, in such a way that it best represents the 

historic record. Some of the parameters are not sensitive to the 

model identification procedure, such as 4 , a and y which can be 

preserved by most generating models using a suitable distribution 

function as mentioned in the previous section. 

However, there remains p and h only to provide guidance in 

the ieentification scheme both of which are directly related to the 

autocorrelation structure of the process concerned. Moreover, p 

is intimately related to the behaviour of the correlogram for small 

lags whereas, h pertains, to the behaviour of the correlogram for 

large lags. On the other hand in terms of frequencies p is 

representative of high frequencies while h is related to low 

frequency effects in hydrologic sequences. When long-term persistence 

is absent in a sequence that is to say h=0.5 then the autocorrelation 

function, acf, will be the primary means of identification. A 

complementary identification tool, the partial autocorrrelation 

function explained by Lox and Jenkins (1968) and Jenkins end WattS 

(1968) can also be used. 

Various types of stochastic processes can be distinguished 
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according to their theoretical acf. In the case of the NIP the acf 

is equal to unity for lag-zero whereas, for all the other lags its 

value is zero. If the sample acf obtained from a historic sequence 

conforms to this type of theoretical acf then the underlying generating 

mechanism is identified as NIP. However, numerous tests for establishing 

statistical independence in a hydrologic sequence are available in the 

statistics literature; a selectionis given by Matalas (1967). One 

of the most powerful tests is proposed by Anderson (1942) who shows the 

distribution of the estimate a for NIP to be normal with mean -1/(n-1) 

A 
and variance (n-2)/(n-1)2, hence the confidence limits for p is given 

by 	

C. L. ( 	= 	Z a  (n-2 )112] (n- 1) 	 ( 1 . 3 ) 

where Za  is the standard normal deviate corresponding to a probab■lAy 

level a . For instance, if a value lies within the 95% confidence 

limits, then it can be concluded that the process is NIP. 

Another two broad classes of stochastic processes are the pure 

moving average process of order q given as 

Xt at 	e2at-- 	-eq at- q 	 (1.36) 

where e1 
	2 9 e 90000 e are the weights, for which the acf is terminated, 

being zero after q lags and the autoregressive processes, such as the 

lag-one Markov process given in Eq.(1.4), which are characterized by 

attenuation of the acf. Thus the acf is a useful tool in deciding 

whether the process is pure autoregressive or pure moving average. 

The acf can be used more precisely by considering its estimation prop 

As was stated by Carlson et al (1970) 	a useful simple approximation 

is to assume that the estimate 

mean and variance 1/n. If all 

say, 95, confidence limits of 

A 
p is normally di 

A p values beyond 

1.96/n then i 

stributed with zero 

lag q lie within, 

t can be deci:led 

that the process is moving average of order q. In same situations it 

may not be entirely clear whether the acf terminates or attenuates. 

erties. 
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In such a case the partial acf will be helpful as a complementary tool 

because of the fact that the acf of an autoregressive process attenuates 

and the partial acf of the same process truncates, the reverse is valid 

for the moving average processes. If both the samples acf and partial 

acf attenuate, then a mixture of moving average and autoregressive 

process, such as the ARIMA(1,0,1) process results. Hence, the 

model whose theoretkalC acf is very close to the estimated acf of a 

given sample will be identified as the best model that suits the data. 

The paucity of hydrological data limits the application of acf in 

identifying the underlying generating mechanism. 

However, the acf mentioned above tends to fit a model to historic 

data in the high frequency domain only whereas most of the low frequency 

effects are ignored. Therefore, to have a more realistic identification, 

long-term persistence measured by the Hurst coefficient h, must also be 

preserved in the generated sequences . In the case of h:>0.5 the processes 

that might be used to simulate annual streamflow sequences are the 

approximations to dfGn. In practical situations, if cumbersome and 

expensive computer simulations are not to be undertaken then simple 

approximations to dfGn can be used; among such simple models is the 

ARIMA(1,0,1) process. 

In order to distinguish between short-term and long-term 

persistence processes,a new test referred to as the Rn/S analysis 

proposed by Mandelbrot and Wallis (1969e), A detailed study of Rn/S 

analysis is deferred to chapter 2. 

1.4 Summary  

The properties of hydrological processes and the assumptions 

necessary to initiate a generating scheme by using the theory of 

stochastic processes are reviewed. Moreover, various types of short-term 

and long-term persistent processes currently employed in synthetic hydrology 
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and their advantages and disadvantages are discussed. In addition to this, 

the methods for identifying a suitable process are briefly reviewell. 



Chapter 2 

RANGE, RESCALED RANGE AND HURST PHENOMENON 

2.1. General  

One of the fundamental problems in the design of a reservoir 

storage capacity is the investigation of its behaviour when subject to a 

given input sequence and a demand pattern. It is one of the purposes 

of this chapter to treat this problem in detail. The demand will always 

be assumed to be equal to either the population mean value,.!. , or the 

sample mean, x , of the input sequence. .The case where 4 is known, 

is an idealized situation. 

The first treatment of such a problem to appear in the hydrological 

literature is due to Rippl (1883) who analyzed the cumulative mass curve of 

a historical record to find the reservoir size which would cope with the 

sequence of flows without causing any spillages or water shortages over the 

period of the historical record. The results obtained from such a mass 

curve provide useful information in the case of low yield reservoir coupled 

with the within year storages, but unfortunately its use is questionable 

for over-year storage calculations. The deficiencies of mass curve analysis 

have been cited by Fiering (1967) as follows, 

(1) Mass curve analysis has solely been based on the historical record 

whose recurrence in the future is highly unlikely. 

(2) Mass curve analysis does not provide any information as to the risks 

of water shortages during periods of low flows, and 

(3) Mass curve analysis yields a reservoir size which increases with 

increasing length of historical record considered. Moreover, the length of 

historical record is highly likely to differ from the actual projected life 

of the structure; therefore, the calculated reservoir size may not be 

compatible with the actual life of the reservoir. 
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The use of synthetic hydrology overcomes these deficiencies by 

generating an ensemble of synthetic flow sequences with length, equal to the 

economic life of reservoir. Each one of these sequences, can be routed 

through a mass curve analysis so that a set of nepresentative reservoir 

sizes is obtained. From such a set, various statistical properties of 

reservoir size can be calculated. In this chapter the long-run average 

of reservoir size will be analytically treated for various currently used 

stochastic processes in hydrology, whereas for the verification of the 

derived analytical results, techniques of synthetic hydrology together 

with the sequent peak algorithm which is a sophisticated form of mass curve 

analysis will be used extensively. The formulation for evaluating the 

reservoir size using this approach has been developed by Wallis and Matalas 

(1972). Let the sequence of flows and demands be denoted by x1, x,„ 	 
`n 

and di  , d2, 	tdn respectively. Hence, the total inflow I = E X. 
n 	 i=1 1 

and the total demand D= 2  dare related to each other as 
i.--1 

,x n 

D = all 
	

(2.1) 

where 0 < a < 1 denotes the level of development. In the case of 0:1-1 
1 

there is full development, otherwise partial development is to be considered. 

Let minimum capacity required to meet all demands be denoted by Cm  which 

corresponds to al  = 1. If Co  denotes the initial storage necessary to avoid 

storage deficiencies, then the magnitude of the storage at the end of the 

i-th time period, Ci  , may be calculated as 

C. = min [Cpi  , (x.-d.+ C. 	) 
	 (2.2) 

and the waste water w. at time i is given by 
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co.= max CO , 	- Cm+ C• 1-1 i 
(2.3) 

Let the difference between the sum of inflows and demands at a time instant 

k, be given as 

Z
k 
.E (xl - di) 
	

(2.4) 
i =1 

where Zk  represents water surplus when Zic:> 0, and in the case of Zk  < 0 a 

water deficit occurs. Hence, the sequence, Z1, Z2, 	,Z
n 
consisting oi 

a mixture of surpluses and deficits is obtained. If the largest surplus 

and the greatest deficit are notationally represented by Pn  and Qn  

respectively, then 

P =max Z 
n 	k< n  k (2.5) 

C) = min Z 	 (2.6) 
n 0<:k5n k 

The range of cumulative departures from the given demand pattern is defined 

as 

R = P - 0 — n n (2.7) 

As noted earlier for al  = 1, Rn. Cm  and Co  = Qn  in which case there occurs 

no spillages or deficits over n years period. 

The minimum design capacity, Cm  , may be obtained by the sequent 

peak algorithm proposed by Thomas and Burden (1963) as follows. For the sake 

of operational convenience both the input and demand sequences are assumed 

to be extended over a second cycle which has no physical significance at 

all. Therefore, the operational time period becomes 2n instead of n, with 
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the extension of x
i =  xn+i and di = dn+1 where i . 1,2, 	,n. The 

necessary steps for the solution for Cm  are as follows, 

(1) The differences xj  - d are calculated for all j = 1,2, ....,n,....,2n. 

(2). The net cumulative inflows, Zj, are calculated for all 

j 	110 2g e o es pn, 	 12n, 

(3) The sequent peaks P1,  P2, 	,Pm  are located such that 

P1 < P
2 	* 	< pm. ' 

(4) The sequence of troughs T1 , 
T2 , 	,Ts  is located between 

sequent peaks, where s = 1,2, 	 t(m - 1)• 
(5) The sequence of Ps  - Ts  is formed. The minimum design capacity, Cm, 

is given 

Cm= max (P - Ts ) s  s s 
(2.8) 

The random nature of inflow sequence causes Cm, to be a random variable. 

The expectation of Cm  for various stochastic models is one of the objectives 

of this chapter. Throughout the chapter, the level of development al  is 
assumed to be equal to one and the demand is considered as being equal to 

either the sample mean or the population mean value in which case Cm  becomes 

identical to the range 'tn.% has a very attractive interpretation in terms 

of hydrological design which involves the concept of ideal reservoir storage. 

The definition of the ideal reservoir has been given by Mandelbrot and 

Wallis (1969b) as a storage which fulfils the following four conditions, 

(1) that the outflow is uniform 

(2) that the reservoir ends the period as full as it started it 

(3) that the reservoir never overflows 

(4) that the capacity is the smallest compatible with conditions (1), (2), 

and (3). 

Such an ideal reservoir storage for a future n years can suitably, be 

designed when the data necessary to design it, are already available for n 
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years. The combined effect of all four conditions is that an ideal reservoir 

must get almost dry at some point in time and full at some other point in 

time. 

In sections (2.2) - (2.3) all of the hydrological literature related 

to the adjusted range and the population range are reviewed. The definitions 

of Hurst's law, the Hurst coefficient and Hurst phenomenon are given in 

section (2.4). In this context, the estimates of Hurst coefficient are 

reviewed. A general analytical expression for the small sample expectation 

of the adjusted range is derived in section (2.5) by using a new methodology 

and in the subsequent sections the applications of this formula are 

illustrated for the case of the NIP, the lag-one Markov, the ARIMA(1,0,1) 

and the dfGn processes. Section (2.6) accounts for the general analytical 

expression of expected value of population range. 

Section (2.7) gives the analytical expectations of both the resealed 

adjusted range, Rn/S:and resealed population range Rp/S for various currently 

employed stochastic processes in the case of small sample sizes. as well as 

in the case of the population situation. The relationships between the 

expectations of the population and the adjusted ranges and their resealed 

counterparts are obtained and moreover it is shown that, asymptotically, 

the expected values for the ranges and resealed ranges are identical whatever 

the underlying generating process is. 

In section (2.9) firstly a literature review concerning Rr/S analysis 

is given and then on the basis of analytical expressions derived for E(Rn/S) 

various deductions proposed by Mandelbrot and Wallis (1969e) are analytically 

confirmed; in this way it is shown quantitatively whether a hydrological 

process is short-term or long-term persistent. 

Finally, in section (2.10)the analytical pdf of rescaled population 

range is asymptotically derived for the case of a NIP. 
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2.2 The Adjusted Range  

For the purpose of theoretical considerations, the demand from a 

reservoir over any one year period can be assumed to be equal to the sample 

mean, Rn, of the available sequence of input volumes of length n years. If 

this is the situation the total demand over the first k-year period can 

be written as 

D
kn 
	 (2.9) 

or, more explicitly 

Dk n u  x. 	 (2.10) 

1=1 

On the other hand, the amount of water flowing into the reservoir over the 

same period can be expressed as, 

k 
1/4=E x i 	 (2.11) 

1=1 

Or, alternatively in terms of the mean, 3ik, of the first k flow values 

Eq.(2.11) can be re-written as, 

1k= k7c k 
	 (2.12) 

where Ric  is a function of the time period, k, and will be referred to as 

the successive mean. 

Now, the amount of water that remains in the reservoir after the 

passage of the first k-year period is given as, 

Z I - D k k 	k 

or, by substituting Eq.(2.10) and Eq.(2,11) into this last expression, the 

following equation is obtained, that is 

(2.13) 
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Or, by considering Eq.(2.9 ) and Eq.(2.12) a more revealing form of Eq.(2.15) 

can be written as 

or 

Zk  =KR,: 	
H 

kR.„, 

 

 

Z k  =k(A - 5?) k n 
(2.14) 

which is a convenient form for later work in this chapter. It is apparent 

from Eq.(2.14) that the amount of water remaining in the reservoir after 

any time period, say k, is a function of the successive means, 7ck, of the 

inflow sequence. Since the inflow sequence is a random sample, its function 

k' is also a random variable whose statistical properties can be related 

to the statistical properties of this inflow sequence. In the same way 

statistical behaviour of zk can be evaluated in terms of the random variable 

FE
k 

With the notion used in this section the new forms of Eq.(2.5 ) and 

Eq.(2.6) are as 

Pn = max [k(3-(k- 3-(n)] 
	

(2.15) 

and 

Q
n

= min [k(Rk  xn)] ) 
0<k:C.n 

(2.16) 

Hence, by substituting Eq.(2.15) and Eq.(2.16) into Eq.(2.7 ) the range of 

cumulative departures from the sample mean, denoted by Rn, becomes, 

Rn= ma x [kO?k - n 	m in [k CRk- Rnd 
0<k<n 	 0<k<n 

(2.17) 

where Rn is referred to as the adjusted range. The statistical properties 

of Rn were first investigated by Feller (1951) and Hurst (1951) independently 
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for the case of NIP and the following asymptotic results were obtained, 

E(Rn ):: 1114.7n n o 	 (2.18) 

V (fRn  ) = it2- TC:  )1 n 6 	2 	 (2.19) 

Furthermore, the asymptotic pdf of Rn  was also derived by Feller (1951) by 

considerations from the theory of Brownian motion. Unfortunately, this 

pdf and Eq.(2.18) and Eq.(2.19) do not provide any practical applications 

because of the finite length of hydrological records. Therefore, the small 

sample properties of Rn  needed to be evaluated. The original study towards 

this end is due to Solari and Anis (1957) who derived the small sample 

expectations of nin the case where the underlying process is normal and 

independent with zero mean and unit variance as 

n-1 
—1/2 E(Rn ):: 	cza 	(n - 0-1/2 

1=1 

( 2.20) 

which has the asymptotic value given by Eq.(2.18) as derived by Hurst (1951) 

and Feller (1951) independently. 

In a later section of this chapter Eq.(2.18) and Eq.(2.20) have 

been rederived using a different methodology. Moreover, the expectation 

of R in both asymptotic and small sample situations have been derived 

for a number of normal stationary stochastic processes currently used in 

hydrological literature. 

2,3 The Population Range  

In an ideal situation when the population mean, 4 , is known in 

advance then a theoretical formulation of the range emerges where the demand 

can be taken to be equal to this population mean value. In such a situation 

the underlying r.v's can be transformed by applying a shifting operator, 



-46- 

to have a zero expectation. Throughout this chapter such a transformation 

is assumed to be performed on the original r.v. in the case of known 

population mean only, hence a - .zero population value introduces no loss 

of generality. 

However, the amount of inflows over the first k-year period remains 

the same as it is provided by Eq.(2.11) or Eq.(2.12). Hence the amount of 

water that is impounded in the reservoir is given from Eq.(2.13) as 

Z k=Ex. 
. 
1=1 

or, shortly. 

Z
k
=kR

k 
	

(2.21) 

The maximum and the minimum of variables Zic, over n time period are denoted • • 

by Mn  and ran  respectively whose expressions are given as 

M = max (kR
k
) n 0<k<n 

min: min (kRk) 
0< k<n 

(2.22) 

(2.23) 

In fact, in relation to the work of Anis and Lloyd (1953) Mn  and mn  can be 

interpreted as the maximum and minimum of partial sums of random variables 

respectively. Finally, the definition of the population range, denoted as 

R , parallels the definition of the adjusted range and emerges as 

R 	- m 
p n n 

or more explicitly 

(2.24) 

R = max (kR,) - min (kTc ) 
P 0<k<n 	0<k<n 

(2.25) 



and 

) V(R ) 4n (log2 - 2 
P (2.27) 
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where R is the range of cumulative departures from the known population 

mean and is sometimes referred to as the population range. 

According to Feller (1951) the sampling stability of Rp  is better 

than that of Rn. Again the same author has studied the asymptotic statistical 

properties in great detail and he has given asymptotic expectation and the 

variance of R as 
p 

E( R P ) = 2 	Tt 
— n (2.26) 

A theoretical derivation of the asymptotic pdf of R was also 

provided by him, but unfortunately none of these asymptotic results are 

directly applicable to hydrology where there are small samples available 

Only. 

However, in relation to the small sample properties of R the first 

study in this area was conducted by Anis and Lloyd (1953) for the case 

where the underlying variates are independent and normally distributed. 
armAt 

They have shown the mean value of R for finite/
l
and independent variates 

with a common normal distribution is 

E(R P  ) = — a 	I 5- E  -1/2 (2.28) 

I = 1 

which for very large n values assumes its asymptotic value given in Eq.(2.26). 

A very nice interpretation of Eq.(2.28) is that it is the expected ideal 

reservoir size in the case where the demand is equal to the known population 

mean,. 

By manipulating Eq.(2.28) together with the incorporation of a clever 
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guess,Yevjevich (1967) succeeded in deriving the expected population range 

value for normal stationary processes in general. In particular E(R ) for 

the lag-one Markov process is given by him as, 

1,12 

E
:(F? ) = 

11-2— 
- 	' 

i-1/2 [_1+P1 	2p1( 1  - p1) 	(2.29) 
n 	7i- 	1-pl 	- p

1 )2  
i=1 

where p is the first order serial correlation coefficient. When pr. 0 

	

1 	 1 
is substituted in Eq.(2.29) then it reduces to Eq.(2.28) which is the NIP case. 

Yevjevich has verified Eq.(2.29) through the use of Monte Carlo techniques. 

A logical derivation of Eq.(2.29) will be presented in section (2.6.2) 

2.4 Hurst's Law, Hurst Coefficient and Hurst Phenomenon  

	

(Nit 	of the original works of Hurst (1951,1956) in relation to the 

long-term storage requirements on the Nile river, emerged one of the most 

important statistics of streamflow which is given from Eq.(1.11) as 

Rn nh 

where S denotes the sample standard deviation of the time series of length 

n, R has been previously defined by Eq.(2.17) and h is a constant power. 

The expression given by Eq.(1.11) has been empirically developed on the 

basis of 900 annual time series comprising streamflow and precipitation 

records, stream and lake levels, tree rings, mud varves, atmospheric pressure 

and sunspots. 

In general, the statistic RJS has been referred to as the resealed 

range by Mandelbrot and Wallis (1969b) without making any dist44ion whether 

adjusted or population range is used in Eq.(1.11). Such a distinction will 

be strictly observed in this thesis. Hence, if the adjusted range of 

Eq.(2.17) is adopted, then the corresponding resealed rang's,  will be called 

re64:J.01:16 adjusted range, whose explicit form can be obtained by dividing both sides 
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of Eq.(2.17) by S which gives, 

1 n max k (R.  - )] —{3m in r k("g 3n] 
S 	0<k 	k n 	S <k<  k n 

or, equivalently 

Rn  
= max  [k 

- g 
k 	nl  min  n[k 

0<k< 

X— X 1 
k (2.30) 

C:11(< n S 

On the other hand if Eq.(2.25) is adopted as the definition of the range, 

then, the resulting resealed range will be referred to as the resealed 

population range of which the general expression convenient for later work 

in this study is given as 

Rn 
= max .k) 	57k 

S
) 

( K 	— 	(  min k s 
0 < k<n 	0<k< n 

(2.31) 

The general expression given in Eq.(1.11) is usually referred to.as 

Hurst's law, and in addition to this, the constant power, h, has been named 

as the Hurst coefficient. This coefficient, h, is a function of the resealed 

range which is a. random variable, therefore h itself is a random variate. 

As a result, theoretically -h should have its own pdf and in turn, descriptive 

parameters such as the expectation, variance etc. Moreover, likeany other 

statistical coefficient in stochastic hydrology, an estimator for.h is 

inevitable. So far in the hydrological literature there exists two types 

of estimates of h. One was proposed by Hurst (1951), where he wrote Eq.(1.11) 

in an equality form by assuming the proportionality factor to be equal to 1/2t(  

Hence, 



logRn  - logS 
K - 

logn - log 2 (2.34) 
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Rn 	"(2-1)1< 
S 

(2.32) 

where K denotes the resulting estimate of the population coefficient, h. 

When Eq.(2.32) is solved for IC, then the estimate of h for a given historic 

record becomes, 

K 
	log(Rn/S) 	

(2.33) 

log(n/ 2) 

or 

For the 900 annual time series investigated by Hurst (1951) the mean valUe 

of K was found to be 0.73 and the standard deviation as 0.092 over all series. 

The lengths of these time series varied from 30 to 2000 years. Mandelbrot 

and Wallis (1968,1969d) have pointed out the shortcoming of Hurst's estimator 

K, that is, only the full length of sample is used to estimate h, and 

assumes that the line defining the estimate of h always passes through the 

point of abscissa log2 and ordinate logl which is equal to zero. A more 

general alternative estimation procedure of h has been given by Mandelbrot 

and Wallis (1969b,d). This estimate is denoted by H and the method of 

estimation has been given by the same authors. Wallis and Matalas (1970) 

have made a series of extensive computer simulation experiments to asE7esa 

the small sample properties of both K and H. According to their work, for 
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a Gaussian independent process both K and H are biased estimators; although 

K has relatively greater bias than H, its variance is found to be smaller 

than H. However, the effect of bias on both estimators slightly decreases 

with increasing sample size. 

According to the value that h assumes the hydrological processes 

can broadly be divided into two classes. Those processes which yield a 

value of h equal to 0.5, are said to be short-term persistent and processes 

giving rise to a value of h in the range 0.54c h4( 1, are said to be long-

term persistent. The tendency of natural time series to yield h values 

greater than 0.5 is referred to as Hurst phenomenon. The difference between 

the average value of K, 0.73, and the exponent in Eq.(2.18), 0.5, puzzled 

many hydrologists and statisticians at the time, and following this a number 

of suggestions were put forward as to the cause of discrepancy. In general, 

three explanations of the Hurst phenomenon have been offered 

(1) marginal distribution 

(2) transience 

(3) autocorrelation 

The first of these explanations can be discarded in the light of a work by 

Matalas and Huzzen (1967) who carried out an exhaustive computer experiment 

to obtain the expected value of estimate of K, E(K), for the normal and, then, 

a group of log-normal distribution function with different skewness coefficient 

y in the range 0.2 < y < 2. They found that skewness had not a 

significant influence on the values of E(K) and therefore concluded that 

skewness does not explain the Hurst phenomenon, hence confirming the deduction 

by Langbein (1956) who stated that skewness was an unlikely explanation as 

was serial correlation of a Markovian nature. Moreover, Lan;ein su --xested 

that the autocorrelation structure of data used by Hurst was of a very complex 

nature. 

However, the theoretical works, concerning the small sample properties 

of adjusted and population ranges, by Anis and Lloyd (1953), Anis (1955,1956) 
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and Solari and Anis (1957) are not sufficient to explain the Hurst 

phenomenon, because all of these theoretical studies were based on an 

underlying normal independent processes for which h=0.5 In addition, Hurst 

had considered the statistic Rn/S rather than Rn  or Rp, whose expectations 

are not the same at least for small samples. This assertion will be 

analytically confirmed later in this chapter. It was deduced by Moran (1964) 

that for moderate n values, the Hurst phenomenon could be explained by a 

highly skewed distribution with very large second order moments about the 

mean value. Unfortunately, he was concerned with Hp, therefore the same 

conclusions could not be valid for Rn/S Both Lloyd and Moran have long been 

considering the behaviour of either Rn  or R for a possible explanation of 

Hurst's original law, where, in fact Hurst worked with the rescaled range, 

R /S only. 

However, to the best of the author's knowledge there has not yet 

appeared any analytical expression as to the expectation of Rn/S in the 

hydrologic literature so far. In later sections, the expected values of 
and 

both rescaledZadjusted range will be analytically derived for models currently 

used in hydrology for simulating annual streamflow sequences. The analytical 

expressions obtained for E(1111/S) will replace the expensive data generating 

method for explaining the behaviour of E(Rn/S). The same expressions make 

it possible to apply R/S analysis analytically to determine whether a 

process is short-term or long-term persistent. 

2.5 Small Sample E3_,:pectation of the Adjusted Range. (RI.)  

The general expression for the adjusted range has already been given 

in section (2.2) by Eq.(2.17) as 

Rn:  max [k(Rk— 3-(n)] - min [k(R-k  --3Z n  )1 
0<k<n 	 k<n 

For a normally distributed underlying random variables - -Tlz and xn are also 
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normally distributed, in general , as N(0, d2 ) and N(0, a2 ) respectively. xk 	Xn  
The mean values of these random variates, namely, Ric  and Rn  are equal to zero 

because of the assumption that the underlying random variate is shifted to 

the origin. In this section interest lies with the expected value of the 

adjusted range, therefore taking expectations of both sides of Eq.(2.17) leads 

to, 

E(Rn) z EI max [k(3ik
—xn)1 ELmin

k—n
) 	(2.35) 

0<k<n 	 <k< 

or, because of the symmetric property of normal pdf the following equality, 

in expectation, is valid, that is, 

E{ max [k(R— 	-E{ min n[k(R— )] 
k n 

0<k<n 	 0<k< k n  

Hence, by substituting this expression into Eq.(2.35) 

E(F2n): 2E m a x [k(5 t-- 	 (2.36) 
0<k<n 

It is clear from this last exnression that when the expected value of r.v. 

max k(g k n—g_) over the time period (0-n) is known, then E(R ) follows 
0.5_ksn 
immediately. Let this r.v. be denoted by yn, and hence 

y = max [k(R —3R ) n  
0<k<n k n  

(2.37) 

where subscript n, in yn, emphasizes the fact that yn  is the maximum 

cumulative departure from sample mean over n-year period for a given time 
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series. Furthermore, let the r.v. whose maximum is sought be denoted by, 

z 	( — 7 ) k, n
L 	

k 	n 
(2.38) 

	

where subscripts k and n denote the dependence of r.v. z. 	on two time 
ic o n 

instances.A first glance at Eq.(2.38) reveals that both of the terms, laic  

and la
n' 

on the right-hand side are normally distributed variables whatever 

the values of k and n are, but if the underlying r.v. is non-Gaussian then 

in the light of the central limit theorem the two terms are again normally 

distributed but for large values of k and n only. As a result of this fact, 

their difference z, is normally distributed, hence the mean and the 

variance of z will suffice to describe this normal distribution. 

Therefore,by taking the expectation of Eq.(2.38) 

E.(zk,n)= +(Rd - EtR 

where E(R
k
)=0 and E(Rn)=0, hence 

E(z) 0 k, n 

and the variance, in general , turns out to be 

	

V(zic an) 
=k2 

 [V(7( k) -2Cov(3-(k,7n ) +V(3-(n) 	
(2.39) 

where V(Rk'  ) v(2 n) and Covg:k'n) 	dependent on the nature of the 
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hydrological process adopted. 

The methodology applied here for finding the expectation of the maximum 

of r.v. zkn 
over the n-year period is as follows. The two most important 

t 
 

facts which constitute the basis of the methodology pursued are, 

(1)that the discrete ray's, can be thought of being sampled at regular 

intervals from the corresponding continuous r.v. Therefore,.the discrete 

cumulative variable zkn is obtained from the continuous cumulative variable, 

z(k,n) by sampling at regular intervals as shown in Figure (2.1). Moreover, 

as the length of interval goes to zero, the discrete variable converges to its 

continuous counterpart. 

(2) that the situation of the maximum of zk,n  for a given historic record 

has associated with it two uncertainties. One of these uncertainties is 

connected with the time instant at which the maximum occurs whereas the 

other source of uncertainty is the magnitude of the maximum. 

As a result there are two jointly distributed ror's for completely 

describing the position of the maximum. Let this joint pdf be denoted as 

f(m',t') where m' is the r.v. associated with the uncertain magnitude of 

maximum and t' is the r.v. associated with the time instant. Hence, the 

expected value of this joint pdf can be written as, 

CO Ct3 

E(M)::ffm' t' f(rni,r)dm'dt 
0 0 

or, alternatively 

Op 

E(M) = f E(Mtts)f(t)dt.' 
	

(2.40) 

0 

where E(MIt') denotes the conditional -expectation of the maximum occurring at 



z(k,n) 

z 
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n 
Figure (2.1) - The sampling of discrete cumulative variables, zk n  from 

a continuous cumulative variable z(k,n) at regulaF time 
intervals. 
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a given time instant. Furthermore, E(MIV) is the expectation obtained from 

the cumulative departures of a continuous r.v. In this section, this 

continuous r.v. is considered to be given by Eq.(2.38) whose pdf can be 

written as 

1 	 1 
x p - 	z2 (2.41) 

k 
f(zk,n ) 	827tV(zm 	 k,n ) 	2 V(z) k.n 

For any fixed value of n, this pdf represents a kind of Brownian motion, • 

with zero mean and variance given by Eq.(2.39) for successive k values. 

According to Levy (1965) the following sequence of equalities are valid for 

any symmetric distribution function, that is 

Pr(M>E) =2Pr(M>g ,x>1)=2Pr(x>E)=Pr(lxl>g) 	( 2.42) 

where x represents a Brownian motion and M is the maximum of this variable 

over a definite period of time. By considering the first and last terms 

in this string of equalities, it can be concluded that the pdf of maxima 

is the same as the pdf of the absolute value of the r.v. In this section 

only the normal distribution is considered therefore the pdf of maxima is 

the nbsolute normal distribution which is given by Levy (1965) as 

x2) 
f(x )= 	

2 	
exp 	 

2t 
0<x< 00 ( 2.43) 

An assumption re,;arding Eq.(2.43) is that it is considered as being a 

condition-1 rdf of a given time .neriod t moreover it dos s rot rlter the 

quantitative value of Lo.(2.43) whether t is thought as a time instant or 

time perio3. Therefore, the abo7e referred conditional parr can be written 
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from Eq.(2.43) as 

f(x)t):  2  exp(
2 

2 	 2t if-7C t 
(2.44) 

In general, the relationship between a normal r.v. x and absolute normal r.v. 

z is given as 

f(z ) = 2f(x) 
	

(2.45) 

where—(D< x<4. 03 and 0 < z OD 	. Therefore, the absolute pdf 

corresponding to Eq.(2.41) turns out to be, 

k,n   exp f(Iz1 	2 	 1 	z2 
	(2.46) 

It2rcV (z Kn) 

The moments of zk,n 
have been given by Papoulis (1965) as 

1/2 
1.3...... 	.(n - 1) [V(z ,n)1 	for I=2m 

2mmi  [V( zkjn  )] 
(2m + 1)/2 
	( 2.47) 

for 	I=2m +1 

Hence, the expectation of Eq.(2.46) can be given from Eq.(2.47) with 1=1, as 

E (I z 	r.fit— V ( z
k, n

) 
	

(2.48) 

This is a conditional expectation given k and n. So, at each time instant 

k < n there is an expectation associated with it given by Eq.(2.48). One 

assumption at this stage is that, the occurrence of the maximum associated 
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with different time points are independent from each other. Therefore, the 

probability of occurrence of maxima at each time instant can be constructed 

as follows. At the first time instant there can occur two events only, 

one is a maximum and the other is the minimum and these can be represented 

as in figure (2.2) 

mi  

Figure (2.2) 
0 

m 
1 

Therefore, the probability associated with the maximum at time instant k=1 

is 

Pi Z., 

2.1 

when two time instances are considered then figure (2.3) results 

1 	M2 

Figure (2.3) 

1 

1 
	

2 

nn nn 
1 	• 	2 

In this situation there are four possible events and the probability of 

maximum occuring at k=2 is given as 

P 
1 

2.2 

In general, when n time instances are considered as illustreted in figure (2.4) 

	

M1 	M2 	M • • 

	

3 	Mn-1 	M n 
	 Pig. (2.4 

0 	1 	2 	3 	(n-1) 	n 

	

m1 	m2 	m3 	mn-1 	mn 
then there are 2n equally likely events and the occurrence of the greatest 

• maximum at time instant n, has a probability of 



k, n 
k2  k=1 • . 

or, because of the fact that 

E(Rn ) = 2 E (M) 

E(M) -  2 n 1--\--‘ P Z.4 
(2.50) 

(2.51) 

Pnz 1 

-so- 

2.n 

 

On the other hand Eq.(2.40) can be written for discrete variables and new 

variables as 

E(M) =EE(lz ) P 
k,n k 

k=1 

(2.49) 

after substituting Eq.(2.48) and the above calculated probabilities into 

Eq.(2.49) leads to 

insertation of Eq.(2.50) into Eq.(2.51) yields, 

     

E(R n) k n 
k 2  

(2.52) 

k=1 

This 	icneral expression for the expectation of adjusted rsri„-e for 

small samnles and it is valid for any type of hydrological process provided 

that it is stationary sni normal irrespective of its aut000rrelation structure 

because in the derivation of Eq.(2.52) no assumption as to whether the 
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underlying process is independent or dependent has been made. So far, to 

the best of the author's knowledge, no such general expression for the 

expectation of the adjusted range has appeared in the hydrological literature. 

As an explanation of Eq.(2.52) results quoted earlier given by Eq.(2.28) and 

Eq.(2.29) will be obtained in the following sections. 

A final remark at this point is that the sum of probabilities, Pk, in 

Eq.(2.49) does not add up to one when overall averaging is considered but 

if figures (2.2) - (2.4) are considered individually then one can see that 

the probabilities, Pk, are properly defined. 

2.5.1 The Normal Independent Process. (YIP)  

In relation to the Hurst phenomenon, all of the theoretical studies 

of the range, in general, have been based on the NIP which corresponds to 

the value of h=0.5. If the inflows into a reservoir have the nature of NIP 

then the expected adjusted range in this special case can easily be worked 

out from the general expression of Eq.(2.52). To do this first of all the 

variance in -Eq.(2.39) has to be found. For the case of NIP the following 

equations are valid 

cr2 

V (T<
n ) 

and 

cr2 
Cov(7 	)= 

k n 

n 



n — k )1/2 
E(R n ) r-j12_,( 

kr-1 
nk 

(2.54) 
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where a 2 is the variance of the input sequence. The substitution of these 

last three equations into Eq.(2.39) leads to 

— 	6_2 
V( z k,n

) k  n 
	k 

 (2.53) 

and furthermore the substitution of Eq.(2.53) into Eq.(2.52) gives the 

required result which is expressed as, 

or by considering the following equality 

n -I ,n 	1.12 2  EL.. . 	Irn—E[k(n—k) 
n K k=i 	 k=i 

—1/2 
(2.55) 

(2.56) 

then Eq.(2.54) becomes, 

n-1 
1  / 2( .n 	kr  112 

E(Rn) 22na  

k=1- 

This is the expected value of the adjusted range for small samples of NIP 

which was derived by Solari and Anis (1957) as was previously given by 

Ea.(2.20). The seine authors have also shown that the asy7rtotic value of 

Eq.(2.56) i.e. its behaviour for large n becomes the asymptotic adjusted 

range given by Feller (1951). In order to obtain this conclusion khe 

summation in the Zq.(2.56) is replaced by the approrimate integrnl, that is, 

n-1 
k-1/2(n  _ kr-1/2 i 	dk. 
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On making the substitution ne =k this integral becomes, 

1-1/n 

f61/20  6)/239  

1(11 

which converges to B(i,i)= It as n tends to infinity. Thus the expectation 

of the asymptotic adjusted range is given as, 

E(R n) r. 2n a 

This last expression shows the rederivation of an already known formula due 

to Feller (1951) and it is given by Eq.(2.18), When a short time span is 

considered to be the economic life of a reservoir then Eq.(2.56) will give 

the size of the ideal reservoir with independent sequences. 

2.5.2 The Leg-One Mar%ov Process. 

The simplest model used in hydrology to preserve the interdependence 

among the successive observations of streemflow is the lag-ore Markov 

process. Interdependence among observations exerts great effect on the 

final product, such as the reservoir size, in any water resource system 

design. It will be analytically proved later in this chapter that in the 

case of correlated inputs the capacity tends to be greater than the one 

where the inflows ars independent. As a result of this property a simulation 

process of streamfiow might result in an overdesign or underdesign relative 

to an optimal design. 

The autocorrelation function of the lag-one Markov process is given 

as 

Pk = P
k 	

(2.57) 

With this autocorrelation function the terms necessary to find the expected 



Cov(Tek, Ycn): — 
nk EE 

1:1 

2  k n 
(2.6o) 

adjusted range through employing the general formula given in Eq.(2.52) 

are derived in appendix (2.1) as 

cr 2  
k+ 	

2p 	
{k(1 - p ) - (1 - pk)] 	(2.58) 

(1 — p)2  

(2.59) a2 	2 p 	
d V(xn) 	

n2 {
n+ • 	 4 [n(1—p) - (1—P

n 

(1—p) 

and 

By inserting these three terms into Eq.(2.39), V(zk,n) is derived which in 

turn may be inserted Eq.(2.52) to give the expected adjusted range in small 

samples for the lag-one Markov process. The verification of this analytic 

solution has been achieved by computer simulation techniques, and very good 

agreement between the analytical and simulation results have been observed 

as is evident from figure (2.6). The same analytical result gives the 

exroctee value of the ideal reservoir size in the case of Markovien inflows 

with an unknown rovulation mean value. It can also be observed in figure (2.2) 

that the E(Rn) of the lag-one Y.arkov process is always greater than that of 

the ?SIP case. When p =0 is substitutes' in E( _n)then 71.(2.20) which is 

wild for the NIP case is obtained. 
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0 	20 	4.0 	60 	80 	100 
n 

Figure (2.5) — The expected adjusted range of 
various processes. 
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2.5.3 The ARIMA(1,0,1) Process.  

Many of the existing processes which have appeared recently in the 

hydrological literature have originated from the desire to preserve Hurst's 

coefficient exactly or approximately. The ARIMA(1,0,1) process which has 

been proposed by O'Connell (1971) for simulating annual streamflow sequences 

provides such an approximation and simple process for modelling Hurst's 

law. 

By using Eq.(1.21) and Eq.(1.22) in the algebraic development of 

appendix (2.2) the following terms necessary for finding the expected 

adjusted range for the ARIMA(1,0,1) process are obtained. 

and 

0.2 
1/(7

k 	
k+ 	

2p 	[k(1 - tp) - (1 - (2.61 ) 

(2.62) 

(2.63) 

lc` 	(1 - 

v(— ) 	cr2 
	

n+---,T213 = 

2 

[n(17rp)-(1-tpq 

kk 
k spEE tp"-j--11 

.xn_ 

2 	I 
—flak Coy(711e 3Z n) = 

i=1 j=1 

The substitution of these final equations into :-q.(2.52) yields the desired 

rer:;ult for ED). Hence it is clew that 7:,(h) is obtained rerel:i when ah! goo 

information on the autocorrelation structure is ovailable only. 'Then 4)= 

is nubstitutod in the expression for E(L) then it reduces to t):n:.46 for lag-

one L:arkov process case and the substitution of Lp = e gives the NTP case 

for which E(1,n) is given by Eq.(2.20). 
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2.5.4. Fractional Gaussian Noise  

For the theoretical fractional Gaussian process the following 

equations are given by Mandelbrot and Wallis (1969b) 

V(7
k

)=C
h 

k2h- 2 	 (2.64) 

v(x n)::chn2h--2 
	

(2.65) 

In the light of these expressions the following quantity can easily be 

evaluated 

or 

k 	n 
Cov( 	n) = 
	x) x

i
)] 5Z 	Ch r) E[(E 

1r.1 	1::1 • 

k 2 
C o v (xie—xn)---Ch 

E 
 RE 

k 	xi  Ex-  Di)] 
1.7.1 	 i=1 	i=kit 

(2.66) 

or finally 

Cov(R,,,X
n 
 ) = 2kh [n212 t _ ,n -- k ) . .2h 	k2h (2.67) 

The incorpor•-, tion of Eq.(2.64), ,E4.(2.65) and 1q.(2.67) into 17q.(2.52) yields 

1/2 
ECR 

2h 2h-1 2h-2 k 	k  - n
2h-1 (n-k)IL 	[ 2h-2 

n
I =  n- 	n 	

k n  

7,71.(2.68) 	

(2.66) 
where C is the stindare deviation of fGn. Fo 	rc2aces to the 

case of NIP for which E(1: r) has been given earlier by 7  .(2.56). •  
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2.6 Small Sample Expectation of the Population Range. (Rp)  

An idealized situation occurs when the population mean, p. , of a 

time series is assumed to be known. In such a case the assumption that the 

population mean is equal to zero causes no loss of generality and the 

general expression of R is given by Eq.(2.25) as 

R = max(k7) - mu-1(0Z ) 
0<k<n k  0<k<n k 

, 
where 2k  is distributed according to N(0, cix

2 
 ). A first glance at Eq.(2.l7) 

shows that Eq.(2.25) is a special case of it if n is set equal to zero. 

Hence, all of the formula obtained for E(R ) in the previous sections will 

be valid when Rn=0 is inserted into them. Therefore, the expectation of 

R can be obtained from Eq.(2.36) as 

E(R ) = 2E[rnax(kRk) 
0<k<n 

(2.69) 

In the same manner the counterpart of Eq.(2.39) in this case will be given 

as 

V(zk) =k2 V(-5-(k ) 
	

(2.70) 

the subscript n has been dropped out because of the fact that the sample mean 

is assumed to be known and independent of the sample length n. The same 

methodology applied in section (2.5) remain: app icabl^ in t1 ,4 c situation. 

:_encc, from Lc.(252 ) the general expects:I value of R can be obtained simply 

replacing V(zk n 
 ) by V(zk  ). Hence, in general, 

`  

E(R ) 



— 	
k.. .-1/2 

E(R P) =   
kt1 

(2.72) 
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Or, substitution of Eq.(2.70) in the above expression yields 

n 
E(R ) =jEoThri 

P 	Tt 	k 
k::1 

(2.71) 

This result is applicable to any stationary normal hydrological process. The 

same equation has been given by Yevjevich (1967) on the basis of a clever 

guess and manipulating Eq.(2.28) which was first derived by Anis and 

Lloyd (1953). 

2.6.1 The Normal Independent Process  

After having got the general expression in Eq.(2.71) it is , then, 

straightforward to make an application of it to various hydrological processes. 

The only parameter is the variance of the subsample mean, V(Rk), which for 

the NIP is given in section (2.5.1) by Eq.(2.53) and by inserting this 

equation into Eq.(2.71), E(Rp) becomes 

which has been derived by Anis and Lloyd (1953) and given in Eqc(2.28). 

However, the asymptotic expected value of RD  has been given by 

Feller (1751). In order to obtain the same result, the summation in E-J.(2.72) 

is replace'' by the appropriate integral given as 

n 	 n  

fk _1/ 2dk 	0/21 

0 0 

which becomes equal to 207 snd therefore 

)::2rncf  Tr 
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This is the expression given in Eq.(2.26). 

2.6.2 The Lag-One Markov process.  

The variance of the mean of a lag-one Markov process sample of length , 

k, has been given in Eq.(2.58), the substitution of which into Eq.(2.71) 

gives 

E(R ) 	Ek-1/2 1 ")  
P 	 L 1-p 	

2p(1- p
k 1/2 

)1  
k( 1 - p)2 	

(2.73) 
k=1 

This expression has been derived previously by Yevjevich (1967) who has 

shown its correctness by exhaustive computer experiments. 

The asymptotic expected population range can be obtained from 

Eq.(2.73) by expanding the second factor under the summation sign, into a 

Binomial series, hence 

n _ tic)  1 /2 
E(Rp)...il  Tt2(( li  pp)) 	Ek_1,2 	2p(1  

km1 	
• k(1 - p2)

-1  

or 

n 
2(1+p) 

E(R
P

)2 	-p) 	 -  13(1-14() 	4P2(1-P11 

k=1 	
k(1-p 2) 	31  1Z'(1- p2)2.‘ 	• 

by ignoring second and subsequent terme in the brac%ets, the following 

formula is obtained for very large n values, 

n 
E( R) = 	_ 

2(1+p) 	 a 
Ek_1/2 

p   
k=1 	- 
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by applying the appropriate integral to the summation in this last expression 

as applied in the previous section, the following asymptotic value results, 

E(R 	2 11  2(1+p)  n a  
p n(1- p) (2.74) 

A simple relationship between the asymptotic expected population ranges of 

the lag-one Markov process and NIP can be given by comparing Eq.(2.74) and 

Eq.(2.28) as, 

E(R ) = 	E(R p) 	 (2.75) pm  i-p pI 

where subscripts M and I refer. to the lag-one Markov and NIP respectively. 2C 

The factor is always greater than unity provided that p>o, as a result 

(1+ p ) >1 and (1- p ) <1. Hence, 

1+p >1  

1- p 

Therefore, 2q.(2.75) analytically confirms the fact that the size of a 

reservoir in the case of dependent inflow sequences is greater than that of 

indepsndent inflow sequence. 

A2r:A(1.^4 1) Process  

Again the asymptotic E(R) for this process will be obtained from the 

general expression of :q.(2.71) after substituting Pq.(2.61) into it, which 

yields 

n 
a  2:: k_1/21-1 - (P +2p 	2p(1 - ty) 

k 1/2 
E:( R ) = ip=7 

p L 1 '4) 	k(1- 41)2 j 	
(2.76) 
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which is valid for small samples. The behaviour of Eq.(2.76) can be 

approximately found by the application of the Binomial expansion to the 

brackets on the right-hand side , hence, 

if 	1 - (1)+2p  E  k_1/2[1 	 
P- 

E(R 	n 	
2(1-tpk) 	] 

P 	 1_ 
1/2 

4) 

	

	 k( 1-tp+2p)(1-ip) 
k=1 

or, after ignoring second and subsequent terms in the expansion and applying 

the appropriate integral as in the previous section, the asymptotic expected 

population range of the ARIMA(1,0,1) process is obtained as 

)=2 12(1-tps2p) 
k Cr E(R

P 	n(1-ip) 
(2.77) 

The comparision of this equation with Eq.(2.28) yields 

2p 
E(R ): 	E(R ) 

PA 	1-tp 	p (2.78) 

where the factor on the right-hand side is always greater than unity provided 

that tp >0, which is the case employed in hydrology. A comparision of the 

lag-one Markov process and the ARTZt,(1,0,1) process on the basis of the 

asymptotic expected population ranges can be achieved through the use of 

Le7,.(2.74) and 7q.(2.77) which yields 

E(R ) = 11(1+ 2p \ 
LIR  

E(R ) 
PA 	1-4)) /4P 	P M 

(2.79) 

for p = tp , 	), = -211 	The factor nsnumes the following values 
A 	P 
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	  > 1 for 	P<tp 
2p 11(1+ 	).11+-pp  

< 1 for 	p >tp 

Hence, as a result when LP > p 	, then the size of ideal reservoir 

in the case of an ARIMA(1,0,1) input sequence will be larger than in the case 

of lag-one Markov process but if 11<p 	then the converse will be valid. 

2.6.4 Fractional Gaussian Noise  

The substitution of Eq.(2.64) into Eq.(2.71) directly gives the 

expected .population range for the small sample in the case of fGn as, 

E(R
p 

 )= 1127ch  Ek" 	 (2.80) 
k=1 

For 	Eq.(2.80) reduces to the NIP case as given by Eq.(2.26). 

The asymptotic E(R ) for theoretical fGn can be obtained by 

substituting the summation in Eq.(2.80) by an appropriate integral as follows, 

h 	 h 

f 	kh[h 0 0 

which equals 1 h T;  k hence Eq.(2.80) becomes fcr Vne asymntotic case 

1  E(R.)= h —Ch h  k (2.81) 

whicll for 1'=C.5 eiv 	Eq.(2.26) of the 	cse, 
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2.7 Small Sample Expectation of the Resealed Range of Various Hydrological  

Processes  

In section (2.4) two types of resealed range have been introduced; 

one is associated with the unknown mean which is estimated by the sample 

mean value and the other one is associated with the known mean or the 

population mean value. 

2.7.1 The Resealed Adjusted Range  

When the range of cumulative departures from sample mean is 

substituted in the original Hurst's empirical formula of Eq.(1.11 ), then 

the statistic, Re/S is obtained, which has already been referred to as 

the resealed adjusted range whose general expression for a single time series 

is given in Eq.(2.30) as 

— 37n  1  -n- = m a x [k k 	m in [k 	k—(n  
S 	S k<n_ 	 0<k<n 

where S is the estimate of population standard deviation. In this case the 

r.v. of which the maximum over range (0,n) is sought, is denoted by z and 

given as 

— 
z = k 

xk 	n  
S 

or, in abbreviated form, 

z = 
z k, n 
S 

(2.82) 

wherez is 1 new r.v. given by k,n 
z 	k(7•

k  --3? ) 
 n 



n .S 
	cc 

a 
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The r.v.z , is normally distributed with mean equal to zero and variance 
kin 

given by Eq.(2.39) which can be written as 

V(z
k 
 )= k2[V(3-c

k 
 ) - 2C ov(3:

kn
) +V(R 

,n  

or, because of zero mean 

V (z kin) :k2 
[ 
E(Rk2) - 2E (xk, Rn).+E(R2) 

n 

The standardized r.v., u', is obtained by dividing u by its standard deviation, 

that is 

U= 
zk n 

where u' is distributed according to N(0,1). In term of this standardized r.v. 

u', Eq.(2.82) becomes, 

zV(zk sui  

or by further manipulation, 

z =VV(zkn) 

(2.83) 

PI": finally 
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Z \r/771-----") 1-11rn- 
a

V  (2.84) 

where 

v2:  nS2 
a2 

and v
2 
is distributed according to 14,-(Chi-square) distribution with n 

degrees of freedom. A very useful theorem due to Heel (1965) is brought into 

the argument at this stage which states that if u' is normally distributed 

with zero mean and unit variance and v2 
is a 	-pi- distribution with n 

degrees of freedom and in addition u' and v are independently distributed 

then the random variate, 

ViT tn 	v (2.85) 

has a Student's t-distribution with n degrees of freedom of which the 

functional form is given by 

a 	
n +1 

1 	r('—)) 	t2 	2 f) =  	1+ 
vTri 	n 

2 
(2.86) 

The variate to has a symmetric distribution which locomes normal for large 

values of n. With this new variable, tn, Eq.(2.30) can be re-written as 

rfzEi) 
ti.) min 

r(zk,n) 
 tk 

(2.87) --0- max  x S 	a 	 a k<n 	- 0<k< 

where tk 
is the t-distributed r.v. associated with time instont k. The 
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assumption of linear independence of the mean and the standard deviation 

for any autoregressive process is shown to be valid in appendix (2.3). 

By considering that the t-distribution is symmetric and then taking 

the expectation of both sides of Eq.(2.87) and assuming that 

--E m in 
0<k<n 

If- zk,n) (2.88) 

(2.89) 

E[max  ": n)  tn 
 0<k<n( 

then,Eq.(2.87) reduces 

2E 

to 

V( 	n) 
0 

 max 
	a

max( 	t  

Hence, the only problem now, is to find the expectation of the maximum of 

random variate 

V77171C7T  z k- 	 t a (2.90) 

over a time interval (0,n). In order to find the expectation on the right-

hand side of Eq.(2.89) a logical assume Lion deduced from the case of a. 

normally distributed r.v. is that the distribution of the maximum of tic  is 

an 	t-distribution given as 

nt 1 

f(Iti )= 	2  
VTIET1 

r  n +1 , 
2 	)t 2  ) 2  0 < t<4 co 	(2.91) 

r(-2 ) 

Tc.(2.91) can be written as e consequence of e result derived by 1,ipoulis(19(25) 

which state th.7t if the pdf of any r.v. in even than the. absolute rdf  of the 

r.v. is twice the origin7il ;cif pray-Lica that the ib:71atc 	of the 



n +1 

r(  2 )  Ecaro  
S (n-1)ci 	r(i) 

E(R ) (2.95) 
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4 

r.v. is considered to vary from zero to infinity. For any given time instant„ 

k, the expected value of Itic l becomes 

n+1 
E( It j) = 

" 	 " n-1 

or by taking the expectation of Eq.(2. 90) 

n 21/V(zk,n) 	r( n21) 
 - 

E(1z 1) = 
cr 	 1-(21) 1 

2 

(2.92) 

When Eq.(2.92 ) is substituted into Eq.(2.89 ) for the expectation of the 

maximum the following result is obtained. 

, n 
T

1 ) 

S 
411  nV(zk,n)  r k --  E ( 	.7 a k)— 

n-1 r(2) 
 

( 2.93) 

tq.(2.93 ) is a conditional expectation on the time instant k and use of the 

averaging scheme described in section (2.5) by Eq.(2.49 ) leads to 

2 	 r( n21 ) 1+ V( kn 
S 	%fit  a (n - 1) r(n) 4-3  2 	k2 

(2.94) 

This is t'ae general expression for the expected value of the rescaled adjusted 

range. On the other hand the relationship between the adjusted range and 

resealed adjusted range can be found simply by the comparasion 	of Eq.(2. 52 ) 

with that of Ea.(2.94 ) which yields 
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2.7.2 The Resealed Population Range  

In the case of known population mean2 the range associated with 

Hurst's fundamental expression of Eq.( 1. 11) is referred to as the population 

range whose definition is given by Eq.(2.25 ) for a time series and the 

resulting statistic R/S is termed the resealed population range. The 

general expression for RJS is provided by Eq.(2.31) as 

Rp  
S - max (k 3(k) - min  k 

0:5.•kn 	0<k<n 
( 

In the light of manipulations performed in section (2.7.1) the general 

expression for the resealed population range can be derived by setting 

R
n
=0 in each one of the expressions of section (2.7.1). Hence, 

straightforwardly, 

n*1 n 

E(-p 2  V -r ( )  
\r  

S 	Via (n-1) 	r(-14)ilii--/(3"  
k=1 

(2.96) 

The comparision of Eq.(2.71) with that of Eq.(2.96 ) reveals that the 

rescaled population range is related to the population range through a 

constant as follows 

il-frT r( r4)  E(SP) n  E(Rp) 
(n-1)c1 

( 2.97) 

2.8 Application of Resealed Range to Hydrological ?'recesses  

In this section the application of the resealed range expressions 

derived in the previous section will be performed. To do this the only 

inforration required is the autccorrelation function of the process concerned. 
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2.8.1 The Normal Independent Process  

a) The Resealed Ad,usted Range 

In order to find the expectation of the resealed adjusted range for 

small samples in the case of NIP Eq.(2.83)3  which gives the equivalent value 

of IT(z
kn

)is substituted into Eq.(2.94 ), hence, 

2 	
r(  n2+1 )  n 

n - k 
E(—Rn)= 

S VrT(n-1) F(11) 	k 
2 k.71 

(2.98) 

In addition , the relationship between the adjusted range and 

resealed adjusted range for NIP is given by Eq.(2.97 ). It has been shown 

in appendix (2.4) that the product term of Eq.(2.97 ) converges to one as 

n goes to infinity hence confirming the correctness of the deduction by 

Mandeibrot and Wallis (1969e) that for very large values of n F(Ry/S) and 

E(Rn
) are virtually equal. Therefore, 

E(S)=E(Rn) 
	

(for large n) 

Eq.(2.98 ) has been verified through Monte Carlo techniques and the results 

of both the theoretical and experimental approaches are presented in 

figure (2.6 ). To obtain each one of the experimental points in figure (2.6 ) 

500 samples were generated. A vary good agreement between the theoretical 

and eyleerimental results can be observed from these figures. 

b) The T.eeceled Population Hange  

Two weys exist of deriving the expectation of the recc:lc d ponulation 

range. It can either be obtained by substituting 7(7-k 
 ) which is a /k 

`- 

into the gmerel expree,sion of :a.(2.96 ) or by cub2titeeting the already 

!mown formula for exnected populationerange in the case of NIP given by 

74.(2.72) into 	hence, the result becomes, 
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Figure (2.6) - The expected resealed adjusted range 
versus sample length for NIP. 

• 
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,nt 
2V 	

i )  n 
I-N 1/2 

k  E:(-Z-13  )- Vi(n-1) Nit-) kr1 
(2.99) 

For very large n values
)
Eq.(2.99 ) reduces to Eq.(2.26 ) which is the expected 

value of the population range associated with the NIP. For small sample 

sizesjE(Rp) and E(RJS) are slightly different from each other in the case 

of normal distribution. Again Eq.(2.99 ) has been verified by the Monte 

Carlo, method and the results are presented in figure (2.7) and a good 

agreement is observed between the theoretical and experimental methods. 

2.8.2 The Lag-One Markov Process  

a) The Resealed Adjusted Range  

In the light of general formula given in Eq.(2.94 ), it is only a 

matter of expressing V(zko) in terms of the lag-one Markov correlation 

function, to derive the value of E(Rn/S) for the same process. 	The elements 

of V(zk,n) have already been given by Eq.(2.58), Eq.(2.59) and Eq.(2.60); 

therefore substitution of these equations into Eq.(2.83) to find V(zic,n) 

and in turn, the incorporation of V(zkn) into Eq.(2.94 ) results in a very 

large expression, which has been numerically evaluated and presented in 

figures (2.8 ) - (2.9 ). 	The results obtained from 500 synthetic samples 

prove a good agreement.between the experimental and theoretical approach 

Furthermore the same relationship between the adjusted range and 

resealed adjusted range given by =A. (2.97 ) remains valid and a2-mptotionlly 

they become equ?l as shown in appendix (2.4) 

1:1) Ihe 	Fo7,1tic,r  

In a similar way the exnectation of the ro.acal.7d population range for 
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small samples and for the lag-one Markov process is obtained by employing 

either Eq.(2.96 ) or Eq.(2.97 ). The expression of V(Rk) for this process 

is given by Eq.(2.58 ), which on substitution into Eq.(2.96 ) yields 

„1/2 
R 	2"4/71 	

nt 1, 	n _ 	1  
1/2 rip  r(-2-)  Ek 	2p(1- p'`) I E(RP) 	 , (2.100) S 	 n 1 	 1-p 	k(1- p)4  -I 1 rt(r,r7 -- i) 	11-2-f 	k,..1. 

This expression apart from a constanys similar to the corresponding 

expected population range given in Eq.(2.73 ) and when p= 0 is substituted 

it reduces to Eq.(2.99 ) which is the NIP case. The numerical evaluation 

of Eq.(2.100) and its verification by generating 500 samples for each 

particular n value on the computer, is given in figure (2.10) - (2.11 ). 

2.8.3 	The ARr.TA(1,0, 1) Process  

a) The Resealed Adjustel Mange  

The incorporation of Eq.(2.61), Eq.(2.62) and Eq.(2.63) into Eq.(2.85) 

gives the necessary expression for V(zkn)' 
the substitution of which into 

Eo,(2.94 ) yields a very long formula. for the expected resealed adjusted renge. 

Although this huge expression can explicitly be written, this has been avoided 

in this section but the numerical evaluation of this huge expression can 

easily be accomplished on a digital computer. 

b) The Resealed Population Range.  

The substitution of Eq.(2..61) into the general expression of 

Eq.(2.96 ) results in, 

E(-P)- 	
2Arn  n 	1 n k_1/2[1 -9+2P 2 p(1 - tpk) 

1/2 
(2.101) 

S 	VT-c (n-1) r( r21)  1 -Li) k(1 -kp)4  
k=1 

where E(a75) denotes the expectation: of rescalc1 popule,tion range ±or 
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n 

Figure (2.7) - The expected rescaled population range 
versus sample length for NIP. 
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Figure (2.8) - The expected rescaled adjusted range 
versus sample length for lag-one 
Markov process with 	P =0.4. 
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n 

(2.9) - The expected resealed adjusted range 
versus sample length for lag-one 
Markey process with p = 0.6. 
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Figure (2.10) - The expected rencaled population 
range versus sample length for lag-
one Markov process with p = 0.4. 
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Figure (2.11) - The expected resealed population 
range versus sample length for lag-
one Larkov process with p = 0.7. 
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small samples in the case of the ARIMA(1,0,1) process . ."hen tp = p is 

substituted into Eq.(2.101) then the result for the lag-one Markov process 

given by Eq.(2.100) is obtained and for p-zo and 4)=0 Eq.(2.101) reduces 

to the NIP case. 

2.8.4 Fractional Gaussian Noise  

a) The Resealed Adjusted Range  

Again, by substituting Eq.(2.68) in the general expression of 

Eq.(2.97 ) provided that Rp  is replaced by Rn  which yields, 

1/2 
n 	 2h 2h-1 

E(-Rn)_  21/TT 	 
S 	Vii(n -1) 	1-( 2-) 	" 

, E  [2h-2 nal-2  (n-k) k 	2h-2] 
vC,, K  - - 

k 	kn 	
k + n 

	

2 	k=1 

When h=0.5 is inserted into Eq.(2.102) then the expected resealed adjusted 

	

range for the NIP given in Lc.(2.98 	is obtained. 

b) The Repco-Jed Population Range  

A straightforward derivation of the expectation of the revealed 

population range is obtained by the substitution of Eq.(2.80) into Eq.(2.97r ) 

which leads_ to 

n+1 
2Irri 	I-  ( 	

1  
-2-1 	h-1 

E(§ 	
%I 

P) = 	 VET; 2.4  k 
n (n-1) 	r(i) 

(2.103) 

7711oh also - ,aces to 7:1.(2.99 ) for h=0.5. 

0  0 R /3 

Cae of the fundamental problems in the a:lalysis of historic records 

is the scientific measurement and investigation of noncyclic very long run 

(2.102) 
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statistical dependence that may exist in these records. A number of 

techniques for this purpose and their relative merits have been assessed 

by Mandelbrot (1972). One of these techniques, to be called q111/sAnalysis' 

very effective in this context, has been proposed by Mandelbrot and 

Tallis (1968; 1969a,c,d). 	It has also been shown by them that the dependence 

of E(Rn/S ) upon n can introduce the concept of VS intensity, which is 
one precise and useful measure for the intensity of noncyclic very long-run 

statistical dependence. The measure of Ripintensity has been provided by 

the quantity h - 0.5 with 04C h <1 and particularly h = 0.5 corresponds 

to the absence of noncyclic very long run dependence. 

However, in relation to the long-term persistence of a record 

two new concepts, namely, the Noah and Joseph effect, have been introduced. 

into hydrology by Mandelbrot and Wallis (1968). The Joseph effect describes 

the fact that a long period of high or low precipitation or streamflow can 

be extremely long whereas .the Noah effect designates the fact that extreme 

precipitation can be very extreme indeed. It is the Joseph effect which is 

intimately related to the noncyclic very long-run dependenceo in a way 

Rn/S may possibly measure how strongly the Joseph effect is present in a 

given hydrological phenomenon. 

The superiority of 2n/Sanalysis over other techniques, such as the 

variance-time curves introduced by G.I.T7vlor in 1921, the snPctral 

correlogram and range analysis, in the snme context, is because of the fact 

thot the statistic l(S is comparstively more rol)uct than other statistics as 

was pointed out by Tlandelbrot aild all is (1969e). On the other hnnd, as 

clnirned by :,:ondelbrot and Wzilis (12,S9d) the tinique virtue of Rn/Sanalysis 

in its being 'blind'to the :',0ah effect, that is, 	e 	c7 1Z  y 
nco- 

asnlicable tolGaussian records and to records with t strong Nooh effect. 

The same sunors 	J: definition in order to ,y.7.rtilatively declare a 

nrocess as, either being long-term persistent Cr short-term neroistent, as 
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follows. A random process will be said to satisfy the 1;0,-n°.5 
 
law in the 

mean if the expression 

( -0.5 
Urn 	E(Rn 5)1' 
n.co I 

(2.104) 

exists ( that is , is well defined ) and is positive and finite. In more 

intuitive terms this n0*5  law means that the graph of the function of 

log t(qS) versus log n is asymptotically a straight line with slope 0.5. 

On the other hand, if the n°.5 
 
law in the mean fails to hold then two cases 

can occur, 

(1) the limit operation given in Eq.(2.104) tends to no limit 

(2) the same limit tends to zero or to infinity. 

These two possibilities amount to saying that the above mentioned graph 

does not possess a linear asymptotic slo:e of 0.5. As a result, those 

processes for which the n0.5  law in the mean holds are short-term persistent 

otherwise they are long-term 7ersistent i.e. exhibit noncyclic long-term 

statistical dependence. 

The application of the definition given above can be undertaken by 

using the analytical expressions derived for 17(10)in previous sections. 

,) 71e Y.orrlal Inderendnnt Process.  

The limit ope=tion given in Eo.(2.104) can be performed for both the 

re2cale:] r-.:.(ljusted reeve an the rescalr3 pc7ulation rnrge. 	11,1=t1;;, let 

it be an wed to If- /0) given in 2,q.(2.98 ) , hence, 

—0.5 2 1 r( 11+1 n  
Iim 	n 	IA-  (n-1) 	r()  2 k=1 

Therefore te result which confirms an alrew7y known fact is that the NIP 
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is short-term persistent because the limit is positive and finite. 

On the other hand, a similar result is obtained when the resealed 

population range is employed in the limit operation. Hence, by using Eq.(2.99 ) 

141)  n  1/2] 
I irn 	n 

-0.5[  2 Vri 	r(  -  . E It 
Vrrt n -1) 	1-(2-1 ) 2 	k=1 n-•co 

  

=2 
T1 

   

which also confirms that NIP is short-term persistent, that is h = 0.5. 

b) The Lag-One Larkov Process  

In this case the limit operation by the use of resealed population 

range yields, 

n+1t  n -0.5 21in-  r(-2-/E-iz I irn n 
TVLTF177-0 	k=1 

1/2 
1+ra 	2 p(1-pl  2 112(1+p) 

1-p 	k - p)4 	n(1-p) 

which is positive for any p value, hence shows that the lag-one Markov 

process is short term persistent. The same conclusion could be arrived at 

by the use of resealed adjusted range but this has not been tackled here 

because of the tedious algebraic calculations. 

., c) 11% 	Process  

This time Eq.(2,101) is substituted into the expression given in 

Eq.(2.104) which leads to 

I t rn n 
-0.5 	21/nT 	r( 1-  P)  Ek-1/ 2 [1 -(p+2p 	2 p(1 -  

vn(n -1) 	No-) 	1- (4) 	k(1 -tp)2 
n-.03  2 k=1 

1/1 

11  
=2 	

2(1 -pp +2p) 

It ( 1 - tp) 



-93- 

which is always positive and definite hence the ARIMA(1,0,1) process is also 

short-term persistent, therefore h = 0.5. 

d) Fractional Gaussian Process  

The application of Eq.(2.104) to Eq.(2.103) yields 

1 um  r10•5 2V-n- r(v) n 
n..00 	vi-t(n-1) 	r( 

 n  )  . Ekh-i ... 1 iii- 4,-0.5  

2 	k_i 	h 	Tc 

for values of 0.54( h <1.0 this expression tends to infinity, which means 

that fGn does not comply with the n0.5  law as expected. 	Therefore, this 

process is long-term persistent except for h = 0.5, in which case the same 

limit tends to a finite value, reducing the process to the NIP case, 

2.10 The Asymptotic Distribution of Resealed. Terulation Renge. for NIP.  

Through a computer experiment carried out by Mandelbrot and Wallis 

(1969d) it has been confirmed that the distribution of the resealed range 

lietiS is highly skewed in the case of small samples. Because of this fact 

it does not suffice to know the lower order moments only, such as gan/S) 

and F(2. /a)2, to use 2 /S as a test of statistical independence; the whole 
n 	n 

 

distribution needs to be known. No analytical results apparently exist 

for the distributi.en of Rp, although it can be epproximately found through 

t,onte 	simuletion techniques for any desired process :71-,c3 finte sample 

:Hs 	roach ha been  been undertakn by.  7Tallis and 0,cennell 1973). 

Eowevcr, the aeymptotic pdf of statistic R20/5, has been derived 

in this section, by ..=king use cf the aeymptotic pAf of the population range 

given by Feller (1951), and an assumption which states that the population 

" 	7 	been eh-,w1 to be a 're,c4ion of the ample mr,an, xic, in range, , 

Eq.(2.25 ) and thc standard 0=viation are independently distributed from each 



-94- 

other. This assumption is so important that without it a solution of the 

problem would be very complicated. Another point is that because the pdf 

of the asymptotic population range exists for NIP only, the pdf derived below 

will also be for NIP. A3 a result, it can be deduced that, in order to 

derive the pdf of R100/S for small samples, the first step must be to derive 

the pdf of R for small samples, then in a similar fashion, the small sample 

distribution of Rp/S could perhaps be attained. 

The main theoretical development of the pdf of R/S has been given 

in appendix (2.5). The final result is transferred from appendix (2.5) as, 

8r(  n+1,, 	00 
f(y) = 	

n-1) k-1 	 --(1̂  2 	E(-1) k22  +k2 y2 	
(2.105) 

k7.1 

where y represents the resealed population range, RIS, and n is the length 

of time period considered. This expression is valid for any value of n 

provided that the underlying r.v. is continuous. Otherwise, when the 

underlying r.v. is discrete, it remains valid asymptotically that is for 

very large values of n. A nartial verification of Eq.(2.105) nay be achieved 

by finding the expected value of the r.v., y, which sould be equal to 

Feller's celebrated result for the expected value of asymptotic population 

rna,ge rede:2ived 7r :,7.(2.26). The expected value of :q.(2.105) is, 

n +1 
E(y):. 4n  

NVE(n-1) r(i) 

which at a first glance lee:: not reveal the er;.uivnce to :.(2,26 ), but 

after n 1171t operation by exten3ing 1, '1,0 inft:ity this o: res'ic: bcccnes, 



-95- 

E(y) = 2 Ter  fl  

which is the expected resealed population range for large n values given by 

Eq.(2.26 ). 	The higher order moments of y, could be worked out from 

Eq.(2.105) but this has not been attempted here. 	Unfortunately, the 

distribution function derived is not very helpful to hydrologists who are 

mostly concerned with small samples, an unknown population mean and discrete 

variables. In such a case the distribution function would be very helpful 

as this would allow a suitable test of significance for long-term persistence 

to be formulated. 

2.11 Summary  

A general methodology for deriving the small sample expectations 

of the range and rescaled range have been presented and its applications 

to various processes currently used in hydrology have also been shown. The 

asymptotic equivalence of expected range and resealed range variates has 

quantitatively been proven. The 10 test for statistical independence in a 

process has first been reviewed and subsequently en analytical frame-ork of 

this test for a variety of processes has been proposed; in this w,?;,,  the NIP, 

lac,-ona ':rrkov an the :._:_''..`h(1,0, 1) rrocecs have analytically bean shown to 

be short-tcrm persistent processes cheractelizcH 	h = 0,5. 

the as;,n-totic pf,f of tLc rescalea nr-nla. tion range has 

This represents a step further towr.rds formulating a suitable 

tecA sf significancE: for values of Is obtaind frrn finite Ilyilrolrgical 

tine sr-rirs. 



-96- 

Chapter 3 

SMALL SAMPLE PROPERTIES OF PARAMETERS OF STATIONARY PROCESSES 

3.1. General  

The small sample properties of stationary stochastic processes 

occupy  a very important place in synthetic hydrology because of the paucity 

of hydrological data. Ideally, hydrologists would like to repeat the 

experiments from which they derive their data under the same conditions, 

until stable estimates of all the parameters are obtained. Unfortunately, 

this is not possible in the case of streamflow or precipitation and hydrologists 

therefore, have to be satisfied with the data collected up to the time of 

analysing any particular hydrological event which in most cases consists of 

a short sequence of hydrological observations. Moreover, most of the 

hydrological data on annual streamflow have a length on average of about 

40 to 50 observations; in developing countries even shorter sequences are 

usually available, This lack of data is a major drawback both in deducing 

the precise pdf associated with the generating mechanism and in identifying 

the model which is most suitable to represent this underlying generating 

mechanism. Even if the pdf and the generating mechanism were known accurately, 

then the estimates of model parameters, such as the variance, the standard 

deviation, the serial correlation coefficients etc., based on a small sample, 

will not, in general be equal to their respective population values. 

However,the estimates of model parameters hare to be effectively 

obtained from a historic sequence before a generating process may be applied 

to any water resources design. The method of moments has been employed by 

Matalas (1967) for estimation purposes where the small sample moments of any 

A parameter, say, a
n 

, which is obtained from a historic record of finite 

length, n , is equated to its population counterpart, a . The underlying 

assumption of such a procedure is that, 

Ettn ) = a 
	 (3.1 ) 
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which means that the estimate an is statistically unbiased; this is a 

desired property of a parameter estimation procedure. Otherwise, when an 

estimation procedure does not satisfy Eq.(3.1) then it is said to be 

statistically biased. Wallis and Matalas (1972) have shown that in the 

presence of persistence, the moment estimate of the variance is biased and this 

can be eliminated by using procedures that will be outlined in section (3.5). 

Wallis and Matalas (1970,1971) have shown that 2q.(3.1) is not justified 

with respect to estimates of lag-one serial correlation coefficient and the 

Hurst coefficient. The bias a*fects the resemblance that is to be maintained 

between historic and synthetic sequences and as a result is likely to 

influence the system design in an undesirable manner unless some small 

sample bias corrections are applied to the estimates. In order to illustrate 

this point the small sample properties of generating processes must be 

considered -v., is the main objective of this chapter. The processes 

considered in this chapter are assumed to be stationary stochastic processes 

with Gaussian r.v's and thus, the generating mechanism is assumed to be 

known. 

In section (3.2) the effect of bias on some very important parameters 

will be mentioned and it will be shown quantitatively for the moment estimate 

of the variance in the case of NIP which is the simplest case of all with no 

persistence. Section (3.3) gives an account of the resemblance that is 

desirable between a historic and synthetic sequence whereas in section (3.4) 

a review of the various estimating procedures have been given in general. In 
04 

addition to this again a review of the small sample properties the variance 

of various types of processes has been briefly presented for processes 

currently used in hydrology. In section (3.6) a new contribution is presented; 
that is some small sample properties of the standard deviations of different 

processes, which should be useful to hydrologists who are concerned with the 

effects of bias in estimates of this parameter. The small sample properties 

of p have been analytically derived, in section (3.7) and in particular 
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the expressions for small sample estimates of p 	for the ARIMA(1,0,1) 

process have been given. 

3.2. The Bias Effect  

An assumption which is a prerequisite in any simulation scheme is - 

that the historic data collected in the field represents a finite random sample 

from an underlying population. It is not possible to have full information 

on a r.v. unless all of the values of this r.v. are considered. Since this 

is not the case for hydrological sequences, the information in each sequence 

will be lacking in some way and as a consequence of this the estimates of all 

the parameters describing the distribution function concerned will be 

operationally biased, that is 

an # a 
	 (3.2) 

A 
where an is the estimate and a is the corresponding population value. This 

bias can sometimes effect important hydrological variables, such as the size 

of a reservoir, which, in the case of an ideal reservoir is equal to the 

expected value of range as shown in chapter 2. For instance, the ideal 

reservoir size, corresponding to a given Gauss-Markov inflow sequence of zero 

mean and unit variance is given by Eq.(2.73) which is a function of p only, 

A 
for a given n. Therefore as a result the substitution of an estimate, p 

which is different from p,will yield an estimate of the ideal reservoir 

size which inturn be different from the one given by Eq.(2.73). 

However, the effect of bias in p on the reservoir size for various 

levels of development in the case of a Gauss-Markov input sequence has been 

investigated by Wallis and Matalas (1972) by employing Monte Carlo computer 

experiments. They have shown that without correcting p for bias the 

reservoir size to meet a given demand is underestimated. A similar study was 

carried out by $en (1972) for the AR1MA(1,0,1) process for which the effect 
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of bias in p on reservoir size is more pronounced than in the case of the 

Markov process. So as a consequence of this argumentl one can conclude that 

if the estimates of model parameters were not corrected for bias, then in 

general any hydrological design variable based on a model with biased 

parameters will, on average, either be overestimated or underestimated 

relative, to the design associated with the unbiased parameters. 

Correspondingly, the water resource system design will be overdesigned or 

underdesignedi both cases of which incur losses in the sense that if it is 

overdesigned, the maintainance and structuring costs of the system will be 

too large and in the case of underdesign insufficient water will be available 

to meet the demand and water will have to be obtained from other sources. 

A very informative example of,the bias effect can be given as the 

sample variance, which is the second order central moment, proposed as an 

estimate of the population variance. By definition 

2 
L.  1 
	

- 2 S — E ( x 	) 
i= 1 

(3.3) 

where n is the length of the sample and x is the estimate of the population 

mean value, given as 

n 
1 

x =  Ex. 
n 

1 = 1 

(3.4) 

where x is a normal r.v. with mean g and variance a. For repeated random 

samples of size n from the NIP, there is, so to speak, a transformed r.v. 

that is S2 given in Eq.(3.3). Hence, S
2 
has itself a pdf) the expectation 

of which is hopefully d2. However, expanding the square in Eq.(3.3) and • 

then taking expectations leads directly to the result, 
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E(S
2
)= n-1 

6
2 	 (3.5) 

The striking fact is that the expected value of the estimate of the second 

central moment, E(S
2
) , is not equal to its population counterpart. On 

the average over many different samples of fixed size, S
2 
 will not equal 

the value of a 2, and as a result a definition of biased estimators can be 

given after Benjamin and Cornell (1970) "Estimates, like S
2 

whose expected 

values are not equal to the parameter they estimate, are said to be biased 

estimates". 

In order to eliminate the bias in S
2 
given by Eq.(3.3) it is convenient 

to introduce the concept of a bias correction factor, of which frequent 

mention will be made in the following sections. In this thesis it will, in 

general, be defined as the ratio of the expected value of the estimate for 

small samples to its population value. Hence for the example given above 

this turns out to be, 

E(S2) 	(n-1)  
f(n) = 	 02 n 

(3.6) 

where f(n) denotes the bias correction factor and the argument n emphasizes 

that it is a function of the sample length only. Therefore, to find the bias 

correction factor associated with any estimate, it is necessary first to find 

the expected value of this estimate for small samples and then divide it by 

its population value. The division of the biased estimate by corresponding 

bias correction factor gives an unbiased estimate; for the variance of NIP 

from Eq.(3.3) and Eq.(3.6) this becomes 



..0(2 	s2 	1 

f(n) 	(n-1) E (xi-302 
1=1 

S (3.7) 
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To see that this latter estimate is unbiased all that is needed is to expand 

the square in Eq.(3.7) and take expectations which reduces to 

*2 2 
E ( S ) (3.8) 

which is equal to the population variance whatever the sample size is. The 

procedure mentioned so far is applicable to any kind of estimator for various 

parameters such as the standard deviation , 	and the lag-one serial 

correlation coefficient, p . Sometimes it may be necessary to consider the 

amount of bias which is a measure of the deviation of the biased estimate from 

its population value. 	For the case of the variance this can be written as 

B = 2
- E(S

2
) 
	

(3.9) 

where B denotes the amount of bias. In the case of positive B values, the 

estimate is said to be biased downwards otherwise it is biased upwards. Some 

estimates encountered in hydrology have been found to have a downward bias 

such as the variance for the lag-one Markov process as observed by Wallis 

and Matalas (1972). It is obvious that Eq.(3.9) is relevant only before the 

bias correction has actually been applied; when the estimator has been 

corrected for bias then B will always be equal to zero, whatever the sample 

length, n is. 

Although, the elimination of bias in an estimate might appear desirable, 

the unbiased estimate may not necessarily be a "better" estimate than the 

biased one. In order to compare a biased estimate with an unbiased estimate 



E A -E(E5)] = +- _f[g -E(8) 
2 	 2 

or two estimates that have different amounts of bias, a useful criterion is 

the mean square error, MSE, of the estimate, measured from the population value 

which is being estimated. In general, if g is the biased estimate and E(g)is 

the population mean value of r.v., 6 , then the MSE is defined as E Ce —E(6) ] 

A meaningful interpretation of MSE will be provided in chapter 5 in connection 

with the Bayesian estimation of model parameters. More explicitly, MSE can be 

written as 

2 
E(e - )2+2[g - 	ECei  - 	l[16 -E(e) 

.E(r3-g)2+ [A-Eai) 2 
	

(3.10) 

A 
Hence, the cross product term vanishes since E( 	- e ) = O. Or, Eq.(3.10) 
can be expressed as 

	

MSE = (Variance of A) +(Bias)2 	 (3.11) 

So, by employing Eq.(3.10the comparision of any two estimates can be achieved 

on the basis of minimum MSE. Unfortunately, a bias correction procedure does 

create a new estimate and hence in turn a new r.v. and it can be such that 

the MSE for the biased estimate is smaller than for the unbiased one. Therefor 

the conclusion that can be drawn is that the unbiased estimate is desirable only 

when it is accompanied by a smaller MSE. - 

However, this chapter is confined to finding unbiased estimates 

and hence to the bias correction factors, thus leaving the question of the MSE 

out of its framework. 
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3.3. Parameter Estimates  

Synthetic hydrology suffers from the affliction of inadequate data, 

resulting frequently in biased parameter estimates and in addition large 

associated standard errors. By no means is it possible to extract the 

exact value of the population parameters of the underlying pdf from a finite 

sample. Therefore, the transition from observed raw data to the necessary 

parameters is achieved only by an assumption which states that the sample 

estimates of the parameters are assumed to be equal to their population 

counterparts. If the estimate obtained from a single finite set of data is 

not equal to its population counterpart then it is referred to as being 

operationally biased. There is a gross error involved in the above assumption 

the magnitude of which diminishes as the length of the sample increases, 

but for small sample sizes it always exists and it is impossible to get rid 

of it entirely. 

However, operational bias can, by some means, such as regionalization 

techniques proposed by Benson and Matalas (1967), be reduced to a minimal 

value. The basis of the regionalization method is to derive a general 

relationship between the statistical parameters of events at various sites 

and the hydrological characteristics of the drainage basin such as the 

drainage area, the slope of the main stream, climatic variables etc. The. 

multiple regression method is usually employed in the derivation of such 

a relationship. Quite distinct from operational bias which is due to 

sampling variability, is the statistical bias associated with parameter 

estimatos. If the underlying generating mechanism of the hydrological variable 

concerned were known.a priori, then the estimates of parameters drawn from 

the finite historic sequence could first be corrected for bias and then 

these corrected estimates could be assumed to be the equivalents of 

corresponding parent population parameters. 

However, the central idea in synthetic hydrology is to generate 
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equally likely synthetic sequences such that they will resemble the historic 

observations with respect to certain parameters. As suggested by Matalas and 

Wallis (1973) two types of statistical resemblance can be achieved between 

historic and synthetic sequences. The first type of resemblance is 

asymptotically satisfied for large samples; although for small samples 

bias may exist in some estimates, and small sample resemblance may not be 
A 

satisfied. If A denotes the estimate of any desired parameter derived 
A 

from the historic data, then 8 plays the role of a population parameter and 

if e is the estimate of the same parameter from a generated synthetic 

sequence, then the historic and synthetic sequences are said to resemble 

each other asymptotically provided that g 8 	as the length of synthetic 

sequence n 	Oo. On the contrary, when dealing with a finite historic 

sample, it would appear more logi,cal to maintain the resemblance for small 

samples 	. This kind of resemblance is defined in terms of an ensemble 

of m synthetic sequences of length n; from each one of these finite-length 

sequence an estimate of the parameter is extracted and the estimates are 

then averaged over the ensemble to give an overall estimate denoted by (3n ; 
1̀ 4* 	A 

then en —oe as the number of sequence 311-----110100 . The first type of 

resemblance will be referred to as type A and the second type as type B 

after O'Connell (1974). In this chapter the resemblance for small sample 

sizes has been fully considered, whereas all of the forthcoming analytical 

expressions derived for bias corrections remain valid for large sample 

sizes although this is not necessary. 

Moreover, the asymptotic value of the bias correction factor has 

to be equal to unity, which ensures that the historic and synthetic 

sequences resemble each other asymptotically as well as for the small 

samples. The bias is referred to as the statistical bias, which, contrary to 

the operational bias can be completely eliminated through suitable 

analytical expressions, in fact by the concept of a bias correction factor. 
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The view taken in this thesis is that wherever possible an estimate will 

be corrected for bias. 

The magnitude of bias in estimates of parameters of a stochastic 

process is dependent•on the following factors. 

(1) the marginal pdf 

(2) the autocorrelation structure 

(3) the type of estimate employed 

(4) the length of sequence 

(5) whether or not the mean of the process is known or has to be 

estimated. 

Here, only the normal pdf will be considered as a marginal distribution. 

The relationships between the bias and the autocorrelation structures of 

various stationary stochastic processes will be studied in detail. As 

far as the types of parameter estimates are concerned, there exist three 

widely used alternatives which are 

(1) The moment estimate 

(2) The maximum likelihood estimate, and 

(3) The Bayesian estimate 

The moment and maximum likelihood estimates of parameters are the classical 

statistical methods based on historic data only,whereas the Bayesian method 

of parameter estimation incorporates information obtained from both the 

historical data and other resources related to these data. A very brief 

description of these estimates will be given in the following sections 

whereas a detailed study of the Bayesian estimate is deferred to chapter 5. 

In the case of both the mean and the variance, the moment and the maximum 

likelihood methods are equivalent when the underlying generating mechanism 

is NIP. On the other hand, three of the most commonly used estimates of 

the serial correlation coefficient will be presented in section (3.7). 



-106- 
As the length of the sampi'e increases, the amount of bias will 

decrease, giving a closer estimate to the population counterpart. Finally, 

if the mean of the underlying generating mechanism is known the amount of 

bias in the estimate of the variance, the standard deviation and the serial 

correlation coefficient will be smaller than that of the unknown mean case, 

because an estimate of the mean will introduce a further bias. 

3.4. Methods of Estimation  

After having hypothesized the type of model the next problem of the 

hydrologist is the estimation of the parameters from the available data in 

such a way that the model fits the observed pattern in some statistical 

sense. In general, a parameter estimate can be defined as being. a function 

of the sample. Therefore, the estimates themselves represent transformed 

r.v's of the observed sequence. 

However, because of their unique role in fitting a model to the 

historical sequence they deserve to be examined more closely. Generally, 

two types of uncertainties are recognized in stochastic hydrology. Firstly 

there is the 'certainty that the underlying generating mechanism of the 

phenomenon is unknown and secondly the failure to estimate the model 

parameters with precision which is referred to as statistical uncertainty 

and is treated in detail in the following sections on the basis of the 

assumption that the underlying generating process is known. 

3.4.1. The Method of Moments  

This is the most widely used and simple method of estimating 

parameters where the central idea is that the moments calculated from a 

given sample are assumed to be equal to the moments of the parent pdf. The 

number of sample moments employed is equal to the number of unknown 

parameters and in this way a unique solution for the parameters in terms of 

the sample moments is possible. As stated by Cramer (1966) under fairly 
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general conditions, the distribution of an estimate of this kind will be 

asymptotically normal for large n and the mean of the estimate will tend to 

be different from the true value by a quantity of order n
1 

and the standard 

deviation will be asymptotically of the form cAfF. In general, by a simple 

operation the bias in moment estimates can be removed and an unbiased 

estimate obtained. Although the method of moments yield asymptotically 

,vanis-kevAtestimates that is the estimate converges to its population 

counterpart as the length of sample increases, they do not have the smallest 

possible variance. 

5.4.2. The Maximum Likelihood Method  

Theoretically, this is the most important general method applied 
■vmNe?evideA 

to estimate parameters of a given stochastic process. If a sequence of/r.v's 

xx
2'
x
3'
x
4' 
	,x

n 
were given which are characterized by a set of 

unknown parameters, then, a kind of multivariate pdf of the r.v. is given 

as 

f(x
1 
 x 

2 
 x,. 	 le) =f(x

1 
 ).f(x 

2 
 )4(x 

3
) - 	f(x

n
) 
	

(3.12) 

where the left hand side of this expression. reads as the multivariate pdf of 

the r.v. given e if 9 were known. However, this is not the situation 

encountered in practice because of the fact that by observing a random 

phenomenon one gets a sample of which the parameters are unknown and to 

be estimated. Therefore, the r.h.s. of Eq.(3.12) can be considered as a 

function of e only, for a given sample and the likelihood function is 

defined as, 

n 

1(92 x 	x 	) = TF(x10) 
1:1 

1 ' 2 	3 	n 	 i 
(3.13) 
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The method of maximum likelihood now consists of choosing, as an 

estimate of the unknown population value of e , the particular value 

that renders 1 as large as possible. Since logl attains its maximum for the 

same value of 9 , as t, it is thus only necessary to solve the likelihood 

equation 

81_ og 1 
	 =0 69 

(3.14) 

with respect to e . Any solution of the likelihood equation through 
Eq.(3.14) will then be called a maximum likelihood estimate of E). The 

importance of the method is clearly shown by Cramer (1966) who states: 
A 

(i) If an efficient estimate e of e exists, the likelihood equation 
A 	• 

will have a unique solution equal to e 
A 

(ii) If a sufficient estimate A of 0 exists , any.solution of 

A 
the likelihood equation will be a function of e. 

(iii) It is also shown by Cramer that under certain conditions, the 

likelihood equation given in Eq.(3.13) has a solution which converges in 

probability to the true value of A , as n 	. This solution is 

an asymptotically normal and efficient estimate of e . In addition, the 
SSE is theoretically found to be asymptotically equal to 

1 
Var(0) 

[62  Log i(x 
nE 	  

8e2 

which diminishes as n increases. 

3.4.3. Bayesian Estimation  

This alternative method of parameter estimation basically requires 

three essential ingredients, namely, the prior distribution of the parameters 
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concerned, the data which give some additional information through the 

likelihood function and finally an objective function. The mixture of the 

prior pdf and the likelihood function is achieved by employing Bayes theorem, 

in order to yield a posterior distribution of the parameter. Bayes theorem 

states that, 

P(01x) a P(A)•I (xle) 	 (3.15) 

where P( E)1 x) is the posterior pdf; P( e ) is the prior 	pdf of the 

parameter, 9 and i(xl e) is the likelihood function which represents the 

data. The Bayesian estimate of any parameter is obtained by optimizing the 

loss function. For example, if the loss associated with an estimation error, 

A , 	 A ( 	- 	), is assumed proportional to the squared error ( e - 9 )2  then 

the optimal decision is to use the mean of the posterior pdf of 9 as an 

estimate. The Bayesian estimation of the para meters of the ARIKA(1,0,1) 

process and thence the decision making procedure will be presented in greater 

detail in chapter 5. 

, ,2, 3.5. Small Sample Expectation of the Population Variance. t 	)  

In the literature the small sample estimation of a2has apparently 
been explored to a greater extent than for some other parameters. An 

unbiased estimate of the variance as mentioned in section (3.2) for the case 

of NIP is given by Eq.(3.7), but in the case of dependent r.v's the same 

estimate yields a biased value because as explained in section (3.3) another 

source of bias, that is the autocorrelation structure, comes into play. 

Therefore, the bias correction function given in Eq.(3.6) rill, apart from 

the size of sample, n, be a function of the autocorrelation function. In 

the case of the lag-one Markov process, it is a function of p which specifies 

the autocorrelation function completely and for the ARIMA(1,0,1) process (.1) 
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and e which also specify the autocorrelation function of the process 

completely. The general expected value of S
2 

for an autocorrelated process 

is found by manipulating Eq.(3.6) as in appendix (3.1) which gives 

Hence, the bias correction factor in general becomes, from Eq.(3.6) 

n n 

E E P • • 
1=1 j=1 

	ir -ji 
	(3.17) 

i+j 

Moreover, the amount of bias can be found by substituting Eq.(3.16) into 

Eq.(3.9) which leads to 

n n 
B ( n ; 	)p) 

	

n 	n(n-1) E E 	(3.18) 

i=1 j=1 
ij 

The double summation operates over the off-diagonal terms of the 

autocorrelation matrix, and because of the symmetry of this matrix, Eq.(3.1 6), 

Eq.(3.17) and Eq.(3.18) can be re-written in more compact forms as 

E(S2 ) 0'2 [1 
2 n-1 

n(n-1) Ei =1 (r1-1)Pij (3.19) 

n-1 
f(n;p p p 	,p) =1 	2  

n(n-1) (n—i)p 1 2 3 
1=.1 

(3.20) 

f(. 	p3) 

 

,p ) = 1 
1 

 

n(n - 



and finally 

trz n-1 
B(n;p p p 	) =  	(n—i) p. 

1 2 3 	n 	n(n -1) 1=1 
(3.21) 

Hence, the only information needed to work out various bias properties of the 

variance is the autocorrelation structure of the underlying generating 

mechanism. The expected value of the variance for small sample sizes, when 

the generating mechanism is a lag-one Markov process, has already been derived 

by Matalas (1967) as 

E(S2) 
n(n-1) L 

2 	F n(1 -p)-(1_pn) 

(1 - p)2  
(3.22) 

if p = 0, then E(S2  ) .c12  which corresponds to the NIP case, while if 

P > 0 then the bias correction factor 

2p r  n(1- p)- (1- pn) 1 
f(n;p)= 1—  

n(n -1) [ 	(1 - p)2  
(3,23) 

is positive and the magnitude of the bias obtained from Eq.(3.22) as, 

B(nip) 	
2p 	- 	-(1 - pn)  (12] 

n(n -1) L 	(1 - p)2 
(3.24) 

which confirms the fact that the effect of bias increases as p increases 

for a fixed n, and as n decreases when p is fixed. In the case of the 

lag-one Markov process the unbiased estimate of the population variance 

becomes 
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2 s2  
S = 	 

f(n;p) 
(3.25) 

where p is the lag-one autocorrelation coefficient. By taking the 

expectation of both sides of Eq.(3.25) 

E(S ) =  E (S2) 

f(n;p) 

(-7,.25A) 

*2 
so that S will vanish. 

In the same manner, the small sample expectation of the variance of 

the ARIMA(1,0,1) process can be obtained from the general expression given 

in Eq.(3.19) by substituting the autocorrelation function of this process 

provided in Eq.(1.21) and Eq.(1.22) which leads to an expression already 

derived by O'Connell (1974) as 

2 p 	n(1 -4) -(12 t.pn)1 
E(S2 ) = a2{1 	 (3.26) 

n(ri-1)L 	(1,02 	-1  

Moreover, the bias correction factor and the amount of bias for the 

ARIMA(1,0,1) process becomes, 

2 p 	r  n(1 -tp) - (1 - 01) 
f(n;p)p) = 1 	 (3.27) 

n(n-1) L 	(1- (4) )2  

and 

	

2 pc/ 	n( 1 -tp) - (1-  Lpn)  
B(nip,(P) = 	 

n(n-1) L 	(1-Lp)2 

 

 

(3.28) 
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where p and tp specify the autocorrelation function of the ARIMA(1,0,1) 

process. The amount of bias analytically provided in Eq.(3.28) decreases with 

increasing n, and increases with both increasing p and cp . 

It has been noted by O'Connell (1971) that values of tp in the range 

0.85 < tp < 0.95 are of interest in modelling long-term persistence. For 

such values of tp and values of p usually encountered for annual streamflow, 

the bias in S
2 
is generally large. Bias correction factor for the dfGn 

process can be found from the general expression of Eq.(3.19) which is left 

outside of the framework of this thesis. 

3.6. Small Sample Expectation of the Population Standard Deviation. ( d ), 

So far, in the hydrological literature, to the best of the author's 

knowledge no analytical small sample results for the standard deviation have 

appeared even though this parameter is more frequently used in the structure 

of any mathematical models than the variance. Hence, no facility exists 

for removing bias in estimates of the standard deviation. However, an 

approximate method of getting rid of the bias effect in the standard . 

deviation is developed in this section,and it has been checked by the Monte 

Carlo simulation technique. 

Firstly, although the standard deviation, S , is the square root 

of the variance, unfortunately the same transformation is not valid for the 

bias correction of the two parameters. That is to say, although, 

E( S2) f( n;p) 02  

but 

E(S)A,F671;17) 

or 
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E( S ) 1E7; 

Thus a separate procedure is necessary to correct S for bias. The question 

as to whether it is best to correct the variance rather than the standard 

deviation will not be resolved here. It is hoped here, that the bias 

correction procedure proposed in this chapter for the standard deviation 

will provide some useful information for hydrologists who attach an 

importance to a bias correction for S. 

Fora given sequence of observations x1  ,x2, 	,x
n 

the variance 

which is the measure of the spread of these observations about the mean 

value is expressed by Eq.(3.7). The r.h.s. of this equation can be expanded 

to give 

n 	
1 

n 2  
52. (n1-1) [ E x2 — i 	n 	xi) ] 

i=1 	 1=1 

(3.29) 

Although, S
2 is uniquely determined from a sequence of events, when an 

ensemble of the sequences of the same length n is considered, S
2 
is obviously 

a r.v. with a distribution function for each value of n. Let Eq.(3.29) be 

written as, 

S2  = A 
	 (3.30).  

where 

(3.31) 
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The pdf of the r.v. A can be centered round zero, by using the following 

linear transformation provided that the expected value of S
2
, E(S

2
), which 

is very simple to calculate and its general analytical form for various 

processes has been given in the previous section. The linear shifting 

procedure already referred to is given as 

a=A -E(A) 
	

(3.32) 

Here, a is a newly defined r.v. which has exactly the same pdf as A in shape 

but its moments are related to the moments of the r.v. A through Eq.(3.32). 

Therefore, the expected value of Q is zero. From Eq.(3.32) A is solved for 

and then substituted into Eq.(3.30) which leads to 

S2 = a+ E(A) 	 (3.33) 

By taking the square root of both sides, Eq.(3.33) becomes, 

S =Va + 

Or, 

1/2 

S = 
a  (3.34) %/FAT; [1 -p 

E(A) 

The second product term on the r.h.s. of this last expression may be expanded 

into a Binomial form as, 

S= 1EA 	 1+ 
a a2 	a3+  	

5-04 
	 + 	 

8E2(A) 16E3(A) 	12 8E4(A) 	• 2E(A) 

(3.35) 
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By taking the expected value of both sides, Eq.(3.35) becomes, 

E(S) = E(A) 1 + 	
4 

E(a) 	E(a2) 	E(a3)  E(a4)  a4) 
III 	E 

2E(A) 8E2(A) 16E3(A) 12 8E4(A) 

(3.36) 

The second term in the brackets is zero because of the fact that E(a) - 0. 

If it were easily possible to calculate the second and higher order central 

moments of the r.v., a , then Eq.(3.35) expression would yield an exact 

value of E(S) and hence provide the amount of bias, that is 1 - E(S), for 

a given generating process as well. 

In order to simplify the algebra higherorder moments greater than 

two will be neglected in the expansion; consequently the following simple 

approximation is obtained. 

E(S ) 	 E(a2)  7VEV 1 [ 	,) 
8Ec.(A) 

(3.37) 

The only quantity that remains to be found is the value of E(d) which is 

expressible in terms of the moments of the unshifted r.v., A , as follows. 

From Eq.(3.32) by squaring both sides and then taking the expectations 

E( a2) = E(A2) 2E(A)E(A) 4 E 2(A) 

or, 

E(a2) = E( A2) - E2(A) 

where the r.h.s. is equal to the variance of A. Hence, 
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E(a2) = v ( A) 
	 (3.38) 

Thus the variance of A which is in turn the variance of S
2 
satisfies the 

following equations 

E(a2)= V(A) =V( 52) 
	

(3.39) 

On substitution, Eq.(3.37) takes its final form as 

 

E( 5 ) =trE(52) 1 	V(S2)
8E2  ( 

 

(3.40) 

   

which is a general expression which is thought to be valid for every kind of 

stationary stochastic process. The only unknown term in Eq.(3.40) is IT(S2), 

because E(S2) has been given in its general form by Eq.(3.16). On the other 

hand the general formula given by Eq.(3.40) can be applied to derive E(S) for 

autocorrelated processes. The general form of the variance of the variance, 

V(S
2
) has been provided for'any autoregressive process by Baley and 

Hammersley (1946) as 

V( 52 ) = 	2 	4 	 (3.41) 
( rr- 1) 

where n is given by the same authors in its general form for an autoregressive 

model as follows 



n 
1  E  p  2 

(n -1) 
j =1 

n-1 
p2.  1 + 	 

n - 1) 171 

1 

(3.42) 
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A reasonable approximation to Eq.(3.42) has been also given by the same 

authors as 

n (3.43) n-i  
E 2 p.  

1=0 

where n is referred to as the effective number of independent observations 

in an autocorrelated series. 

Hence, the derivation of the general expression for E(S) can be 

carried out using the above expressions. To do this)the following abbreviation 

for the expressions of E(S2) given in Eq.(3.22) and Eq.(3.26) is employed 

E(S2) 2' a2F 
	 (3.44) 

where F has a specific value for a specific autoregressive model. Substitution 

of Eq.(3.44) into 14*(3.40) then gives, 

E(S)=Yil-F-11 
1 

4( (lc- 1)F2  
(3.45) 
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a The Normal Independent Process 

The exact expression for V(S
2
) in the case of NIP has been given in 

almost all textbooks of statistics in relation to random sampling as, 

\f() 	2 	a2 	 (3.46) 
(n -1) 

which is a function of the sample length, n only. Substitution of Eq.(3.46) 

and E(S2) = Cl2  into Eq.(3.40) yields 

E(S) = cl[ 
1  4( n-1)] 

whence the bias correction factor and the amount of bias associated with the 

standard deviation can be written as, 

f(n)=1 1  (3.47) 
4( n-1) 

and 

13(n )= 
1 

a (3.48) 
4( n -1) 

These expressions reveal the two important facts one of which is that as the 

sample size increases the amount of bias, B(n), tends to zero and therefore 

lim E(S) = a 

which means that the estimate, S , is asymptotically efficient. The second 

fact is that the bias correction factor given in Eq.(3.47) is not the square 

root of the bias factor for the corresponding variance given by Eq.(3.6) 
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However, if an unbiased estimate S. of S is required then by employing 

Eq.(3.7) the following form of estimate can be suggested in lieu of Eq.(3.7) 

1/2 
n ip 	1 	1 

Sz 	 (x. --X )
2
] 

1 	1 [(n  -1) 14E: 	1 

[1
i-71 4(n -1)  

which, by taking the expectations of both sides yields 

(3.49) 

E(S) = 

confirming the fact that the estimate proposed in Eq. (3.49)  is unbiased. 

However, it should be noted that such an estimate yields a biased estimate of 

the variance, as by taking first the square and then the expectation of both 

sides of Eq.(3.49) 

E( S 2) = 
d2 

[1 	1 	.]2  
4(n-1) 

Thus one very important conclusion that can be drawn is that it is not 

possible to have simultaneously unbiased estimates of S
2 
and S in a generating 

process. When one is required to be unbiased,the other remains biased. This 

is true for small sample sizes only; as the sample length, n , tends to 

infinity the two estimates proposed in Eq.(3.7) and Eq.(3.49) converge to 

their population values, hence confirming that either equation gives unbiased 

estimates of the variance and standard deviation simultaneously. 

The small sample expectation of S for the NIP given by Eq.(3.49) has 

been verified experimentally using the Monte Carlo technique and the result is 

plotted in figure (3.1). For production of this figure, 3000 synthetic 

sequences were generated independently from each other for each of a set of 
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sample sizes of 2,3,4,5,6,7,8,9,10,15,20,25,30,35,40,45 and 50. The 

agreement between the theoretical and experimental results is completely 

perfect as is seen on figure (3.1). 

b) The Lag-One Markov Process  

The only information needed to find the corresponding expression of 

Eq.(3.40) for any stationary stochastic process is its autocorrelation 

structure. The autocorrelation structure of the lag-one Markov process is 

the exponential form given in Eq.(2.57). Therefore, the summation terms in 

the expression for n given in Eq.(3.42) can be calculated in terms of this 

autocorrelation function as follows 

n-1 

E P • P1 	 3+  
j.1 I  

	

p2, rs4,  p9. 	 ...,p2(n -1 ) 

p2 Ei p 	p4  • • • + 132(n -21 

The summation in brackets is a geometric progression; hence 

n-12 
	2  1 - P 2(n -1)  

P. "p 
1:1 	1 - p2 

(3.50) 

Substituting Eq.(3.50) into Eq.(3.42) gives 

n 
	(n -1)(1 - p2) s  p2 

 E p2(n-1)1 

(n -1) 4 p2D _ np2(n-1)j 
(3.51) 

If the approximate version of n given in Eq.C3.43) is considered, then 
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10 n(1 - p2 ) 
n 	 

_ p2n)  
(3.52) 

The value of F for the lag-one Markov process is given from Eq.(3.22) as 

F - 1 	2p 	[n(1 	- Pn )  
n(n -1) 	( 1 - p )2  

(3.53) 

  

Hence, after having found all the necessary terms of the general expression 

given by Eq.(3.40) the small sample expectation of S for this process and 

thence the bias correction factor and the amount of bias can easily be derived 

either by using the exact or approximate value of n*. The explicit form of 

these quantities have not been given here because the expressions are rather 

large. 

On the other hand, Monte Carlo simulations have shown that the 

approximate form is very successful even for very small sample sizes such as 

n = 2. A series of experiments were carried out in order to check the 

analytical results for various p values; some of these results have been 

displayed in figures (3.2) - (3.5). The number of samples used in this 

experimental scheme is 4000. The general conclusion drawn from these figures 

is that for small values of p, Eq.(3.40) gives a perfect match with the 

experimental ones, even for very small sample sizes, n , but as p increases 

the results are not so consistent for very small sample sizes but they 

improve quickly as sample size increases. Considering the small sample 

sizes used in hydrology, that is mostly in the range n = 10 to n = 40 the 

bias correction factors found through the use of general analytical expressions 

give a satisfactory result even for large p values, which do not occur 



F =1 	
2p 	[  n(1  - kl)) -(1 - Li3n)] 

n(n-1) 	(1 - Li) ) 2  
(3.56) 
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widely for annual streamflow sequences. For example, the serial correlation 

coefficient of annual streamflow sequences are on average of the order of 0.2-

0.3 as quoted by Yevjevich (1963) and as a result this hydrological fact 

makes the suggested analytical expressions quite attractive. 

c) The ARIMA(1,0,1) Process  

The autocorrelation structure of this process is given by Eq.(1.20) 

and Eq.(1.21) which are functions of p and Li) only. By using this 

autocorrelation function the value of n for both the exact and approximat,  

forms are 

(n -1)(1 _ q? ) p2 	tp2(n-1)] 
nom = n 	  (3.54) 

(n-1)(1 -(p) ,, n p2 	_ 4p2 (n -1)  

and 

rik= n 
n(1 - i.p2 ) 

 

(3.55) 
{1 tp p2 E _ 4,2(n-1} 

respectively. The expression of F can be obtained from Eq.(3.26) as 

By substituting Eq.(3.54) or Eq.(3.55) and Eq.(3.56) into the general 

expression of Eq•(3.40), the value of E(S) is obtained and has been plotted 

against n in Figures (3.6) and (3.7) . For two sets of parameter values on 

the same figures the experimental results are also shown for the sake of 

comparision. 
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However, it was found for the ARIMA(1,0,1) process that the bias 

correction factors are not equally good for the entire range of the parameters 

9 and e , but it is fortunate that the analytical expressions provided 

are valid on the ranges of tp and e likely to be used in synthetic 

hydrology. 

3.7. Small Sample Estimation of P  

One of the most important features of hydrological time series is that 

the successive observations are serially correlated with each other. This 

property is known as persistence in hydrological processes. By a further 

consideration this persistence can be split up into two parts; short-term 

persistence which has so far been measured by the first order serial 

correlation coefficient, p , and long-term persistence a measure of which 

is achieved by the Hurst coefficient, h. From a sequence only a single 

estimate of both p and h can be obtained and they have been shown to be 

biased in small samples by Wallis and Matalas (1970). 

It is the main objective of this section to derive an approximate 

analytical expression for the small sample expectations of the estimate of 

lag-k serial correlation coefficient and in turn the amount of bias associated 

with the serial correlation coefficients of stationary stochastic processes in 

general but in particular of the ARIMA(1,0,1) process. The most commonly used 

estimating procedures of p and associated bias affects have been reviewed by 

Wallis and O'Connell (1972). They have considered the lag-one Markov process 

only and proposed a bias correction procedure which with some constraints 

gave a satisfactory solution. Apart from this O'Connell (1974) found the 

expected value of p in small samples for the ARIMA(1,0,1) process by 

employing Eonte Carlo techniques which require a large computer investment, 

whereas analytical expressions for the same purpose have been derived in the 

following sections. 
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In hydrology the most commonly used estimate of pk  for a given sequence of 

observations is given by 

1 n-k n-k n-k 
	 Ex,Exi+k Ex. x. 

ifk 	(n -k) 1:1 1 1=1 
int-k x2_ 	( n-k 121/2 	2_ 	(n-kx  r1/2  
Liz1 	

( ii _ lok 	i/ 	i+k (n-k AL' i+k 
1=1 

i=1  

This expression is an open-series approach in the sense that the first part 

of the series of length n - k , is used for xi  and the last part of length 

n - k is used for x 	Another way of estimating p is by the circular- 
k 

series approach, in which the end of a sample series is assumed to be 

followed by its beginning, and the general form of which is given by 

Kendall (1954) 

3.57) 

k
: 

( 1 	\ 	1 

xi-7  frf )(11  "41T 7-1  
n 

E 
.1 	n

=1 

(3.58) 

Finally, a third alternative method of estimating p is provided by 
k 

Jenkins and Watts (1968) and Box and Jenkins (1970) as 

xi-(
n1:1 	(xj+k-1-_, Exi) 1 

" i_1 Pk  = 	• 	 .n  1 n 
)2  

I n  i =1 	1:1 

(3.59) 

which is claimed to be a more efficient estimate of pk  than the two previous 

estimates. This last estimate is also referred to as the maximum likelihood 

estimate of 	p. In their work Wallis and O'Connell (1972) have shown 
k 

through computer experiments for the lag-one Markov process only that Eq.(3.59) 
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yields estimates of p that have greater bias and smaller variance than those 

provided by Eq.(3.57) 

3.7.1. Small Sample Expectation of 	Pk.  

So far, in the literature on time series analysis to the best of the 

authors knowledge no exact results have been derived for the amount of bias in 

estimates of p . However, a few approximate bias correction procedures 
1 

exist that are currently employed. 

One of the earliest approximate procedures was presented by 

Quenouille (1956) but it is only a rough method of removing bias in the 

estimate of the first order correlation coefficient and is expressed as, 

Aq_ A 
P -2 p --  1 	1 

1 A A 
(p 	P ) 

2 	11 	1,2 
(3.6o) 

To apply the correction, the time series is divided into two equal halves each 

A

11 	

A

1 2 
providing an estimate p and p of the first order serial correlation. If 

1 ,  
Aq 

ri 	
is the estimate of p

1 
 for the whole series, then p is supposed to be 

an unbiased estimate of the lag-one serial correlation coefficient. This 

bias correction procedure is independent of the underlying process. As stated 

A
1
q 

by Wallis and O'Connell (1972), on the average, the variance of p is greater 

than the variance of an unbiased 0 estimate by an alternative procedure 
1 

proposed by Kendall (1954) which is not universally applicable to any process. 

However, if many short realizations of the same process were available then 

Aq 
the mean value of p would provide an acceptable estimate of 	. The bias p 

1 
 Th 
 

correction procedure given by Kendall (1954) requires the time series 

considered to be normal and stationary. He also assumed the estimates of el  

to be normally distributed and was able to derive general analytical results 

to order n-1. It is through using this latter method that unbiased estimates 

of p for the ARIMA(1,0,1) process are derived in the following sections. 
1 
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One justification for the assumption that the estimate of p
1 
 is normally 

distributed is that the mathematical procedures employed are rendered into 

comparatively simple forms. 

All of the estimates proposed in the previous section for the 

estimation of the autocorrelation coefficient from a given finite length of 

sample can in general be written as 

A A  
P - r- 

vC
r-

k _ vB  
(3.61) 

A 
where p denotes the small sample estimate of the k-th order autocorrelation 

coefficient, A is the k-th order covariance function and B and C are the 

variances of the two overlapping subsections of the actual series. It is 

obvious that A,B and C are all r.v's for a given length of historic sequence; 

hence they have their own pdf's and associated moments. Let the first order 

moments of A,B, and C be represented by E(A), E(B) and E(C) respectively. The 

terms on the r.h.s. of Eq.(3.61) can be written in another form which 

incorporates the first order moments of A, B and C and is given by 

E(A)-P a  
P

IC 	b VE(C) +c 
(3.62) 

wherea, b and c are new r.v's obtained by measuring the original r.v's about 

their respective mean values. Therefore, the r.v's 0, b and c will all have 

expectations equal to zero. However, the r.h.s. of Eq.(3.62) can be expanded 

into an infinite summation form by applying the Binomial expansion formulae 

to each term both in the numerator and denominator so that it will be easy 

and straightforward to take the expectation of both sides. 

First of all Eq.(3.62) can be rewritten as 
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-1/2 	-1/2 
A 
PkfE(A) + c] [E:( E3)-1. 1-10 	[E(C ) + 

or 

1/2 	-1/2 

	

E( A)1+ 
 + 	ci 	1  + 	

c 
Pk VE(B),E(C )[ E(E(A)[ 	 [ E(C) 

When the Binomial expansion is applied to the last two product terms on the 

r.h.s. and the necessary algebra is performed then the following result is 

obtained 

1 	 

	

c2 	 bc 
?)k

:: 	
2 E(C) 	8E2(C) 

	

3 ID2c 	9 b2  c2 a 	CI c 3b  
+   + 	, + 

8E4( B) 	16 E2( B)E(C) 	64E2(B)E4(C) E(A) 2E(A)E(B) 

3a c2 	a b 	a b c 	3a b c2  
8E( A)E2(C) 2E(A)E(B) 4E(A)E(B)E(C) 16 E(A)E(B)E2(C) 

3 a b2 	3a b2c 	 go b2c2  
8E(A)E2( B) 8E(A)E2(B)E(C) 	64E(A)E2(B)E2(C)t  

(3.63) 

2E(B) 4E(B)E(C) 
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A further simplification of Eq.(3.63) can be made by assuming that B = C. In 

the case of the maximum likelihood estimate given by Eq.(3.58) and the circular-

series estimate given by Eq.(3.59), this equivalence is perfectly valid but 

it is an approximation when the estimate is provided by the open-series 

approach given by Eq.(3.57) 

E(B) = E(C ) , E(b2  ) = E(c 2  ) = E( b c) = Varb 

Therefore, by taking expectations of both sides of Eq.(3.63),by making the 

necessary substitutions and by neglecting third and higher order terms the 

following result is obtained. 

E{p ) E(A) 	E(b2) E(a,b)  
k E(B) E2(B) E(A)E(B) 

which yields, 

A 	E(A) 	Cov(a,b) 	E( Va r b  
E(p )  

	

k E(B) 	E 2(B) 	E3(B) 
(3.64) 

A 
This last expression gives the approximate small sample expectation of P for 

any kind of normal stationary process. The same result has been given by 

Kendall (1954) without a derivation and he has applied it to lag-one and 

higher order autoregressive processes and to simple moving average processes. 

Kendall (1954) presented a bias correction to order n
1 based on the 

A definition of p given in Eq.(3.57) which for the lag-one Markov process 

becomes, 



E(P) +(1/n)  
P = 

1 - (4/n) 
(3.69) 
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1 
E(0 ) = 	 - pk) + 2kpk 

(n 

1 

 -k) 	1 - 

+ p 

p 
(3.65) 

  

which for the first order autocorrelation coefficient, p , reduces to 

E(p ): P 	1 (1+3p) 
(n - 1) 

(3.66) 

The bias correction to order n-1 for the circular series definition given in 

Eq.(3.58) has also been given as 

P 	pk) 3k pk kpn-k 
1 -.p 

(3.67) 

  

and in particular for k = 1 and ignoring higher order terms, 

E(0) = p - i(1 +4p) 
	 (3.68) 

A bias correction algorithm has been proposed by Wallis and O'Connell (1972) 

by rearranging Eq.(3.68) as 

When the sample estimate of p obtained. through Eq.(3.59) is substituted for 

. ( A 
)
\ 

P  in q.(3.69) then an unbiased estimate of p 	denoted by P is 
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obtained. For those who postulate that the generating mechanism of a 

hydrological process can be adequately approximated by the lag-one Markov 

model, the following steps are recommended for generating synthetic sequences 

which yield unbiased lag-one serial correlation coefficients 

(1) Estimate p from a given historical record by using Eq.(3.58). 

(2) Find an unbiased P value from Eq.(3.69) by replacing E( p ) by 

the sample estimate found in step (1) 

(3) Generate synthetic traces using lag-one Markov process given in 

Eq.(1.4). As a result generated synthetic traces will be unbiased as far as 

the lag-one serial correlation coefficient is concerned. When Eq.(3.57) 'is 

employed as estimate of p then the following bias correction is applied 

first: 

P= 
E(P) t 1/(n-1)  

1 - 3/(n-1) 
(3.70) 

and the steps given above will be repeated for generating unbiased synthetic 

sequences. 

In short, it can be said that if the generating mechanism is known 

to be the lag-one Markov process then for maintaining resemblance between 

historic and synthetic sequences in terms of p , bias correction procedures 

given by Eq.(3.69) and Eq.(3.70) will be considered whichever one serves for 

the purpose. 

3.7.2. Small ample Expectation of p for the ART7A-(1,0,1) Process.  

The general expression given in Eq.(3.64) for finding the small sample 

A 
expectation of p

k 
can also be applied to the API ..A(1,0,1) process. First 

the open-series definition of estimation given in Eq.(3.57) is taken into 

A 
consideration; hence, the small sample expectation of p to order n

-1 
is 
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found in appendix (3.2) to be 

1 
E(p) 

2 	k-1 
1-tp+ 2 p)(1+tp-2p2t41(-1) -0-9 )q: 	

+21(p2t4-2 
(n - 

for k = 1 this expression reduces 

1 
E(ip' ) = p 

k) 

(1- 

to 

9+ 2 p)(1+ 

(1- tp2) 

- 2p2) 
+ P] 

(3.71) 

(3.72) 
(n - 1) 2 (1- tp 	) 

where n is the size of sample considered, tp and 0 are the model parameters 

for the ARIMA(1,0,1) process. When tp 	p is substituted in Eq.(3.72) 

then the lag-one Markov process case given by Eq.(3.66) results. 

However, if the circular definition given in Eq.(3.59) or Box and 

Jenkins definition given in Eq.(3.58) are taken as estimates of p then the 

small sample expectation derived in appendix (3.2.) becomes, 

k-2 n-k-1 4P
2
9

k-1 

E(P) = pq)k
-1 1 (1- tp42p)(1-pljk-1) 

+kp(tp+2p)tp -kpcp 	 (tP -P) 
k n 	0- (p  ) 	 (1 - Lp2) 

(3.73) 
which for P reduces to 

[ 

E(P):,p 	1 (1-9+20(1-p) 
+3p+ 

 4p24-0 

n 	(1  ... ,p) 	 (1- cp2 ) 
(3.74) 

 

Furthermore, when tp = p is substituted in Eq.(3.74) it then reduces to 

Eq.(3.68) which is corresponding expression for the case of the lag-one 

iarkov process. The bias correction procedure for the ARIMA(1,0,1) process 

becomes rather complicated partly because of the fact that'there are now two 
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parameters, namely, tro and p , which control the autocorrelation function 

and partly because of the non-linear appearances of Eq.(3.72) and Eq.(3.74). 

This difficulty can be eased to a greater extent by assuming that the 

A 
population value of 9 is known or its estimate kp extracted from a given 

historic record is assumed to be the population value. If this is the case 

then the following bias correction procedure to obtain an unbiased p value 

can be pursued. 

Although it is not possible to solve Eq.(3.72) or Eq.(3.74) analytically 

in terms of 	p, their numerical solutions can easily be found on a digital 

computer; hence, tables for given values of a set consisting 	, e 	p 

and n can easily be prepared. One example of such a table is given for 4)=0.95 

and various values of e 	p and n, in Table (3.1). In order to show how 

to use the tables to obtain an unbiased estimate of p A  when population tp 

value is known a numerical example will be discussed. Let the estimate of p 

tp and e from a given historical record, using the estimation methods 

given by O'Connell (1974) for the ARIMA(1,0,1) process be p = 0.218, 

= 0.850 and automatically because of the relationship given in Eq.(1.3) 
e = 0.680 for a given sequence of length n = 40. By assuming 	=0.850 to 

be the population value, in Table (3.1) and column 5)0)=0.218 is observed 

correspondingly from column 1 the estimate I) =0.360 and from column 2 

9 = 0.600 are obtained; hence an unbiased estimate 	is obtained. As a 

result by employing these newly found set of parameters in the generating 

scheme synthetic sequences which resemble historical sequence in terms of p 

can be obtained. This bias correction procedure can be applied only when the 

population 9 value is known. Otherwise, lip must be estimated from the 

given historic data 	as the estimate of tp may be biased., The above bias 

correction procedure may not yield an unbiased estimate of p . On the 

other hand, if the population value of e is known than tables similar to 

Table (3.1) can be prepared and similar kind of bias correction procedure be 
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applied. 

The comparison of the bias corrections of the ARIMA(1,0,1) process 

with that of the lag-one Markov process, on the grounds that both have the 

same p will confirm the fact that the former model suffers from larger bias 

effects than the latter one. Another important point which has been already 

presented by Wallis and O'Connell (1972) for the lag-one Markov process is 

that sampling error in the uncorrected estimates may lead to corrected values 

of the lag-one serial correlation coefficient which is greater than one. As 

a result there appears to be upper and lower constraints for uncorrected 

serial correlation coefficient; Another alternative to avoid such a result 

is to include higher order terms in the bias correction algorithms. The 

similar situation has been encountered in the case of the ARIMA(1,0,1) process 

but the derivation of such a constraint has not been undertaken in this thesis. 

5.8. Summary  

The small sample properties of estimates of three parameters, namely, 

the variance, the standard deviation and the lag-one serial correlation 

coefficients are analytically investigated. First of all a literature review 

pertaining to the small sample properties of stationary normal processes has 

been given and the definition and the sources of bias are presented. Then 

general analytical expressions for bias corrections of standard deviation 

and the lag-one serial correlation coefficient are derived and bias correction 

procedures of these parameters are proposed. 
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P e 

y = . 635 

n=20 n=30 n-40 n=50 n=100 

1 2 3 4 5 6 7 

.203 .700 .005 .071 .104 .124 .163 

.218 .680 .011 .080 .115 .135 .177 

.250 .670 .023 .099 .137 .159 .205 

.298 .640 .043 .128 .171 .196 .247 

.329 .620 .058 .149 .194 .221 .275 

.360 .600 .075 .170 .218 .246 .303 

.406 .570 .102 .203 .254 .284 .345 

.503 .500 .184 .295 .350 .383 .450 

.619 .400 .286 .397 .452 .486 .552 

.706 .300 .396 .499 .551 .582 .644 

Table (3.1) - E( p )n  values for the ARIMA(1,0,1) process 
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Chapter 4 

THE WHITE MARKOV PROCESS 

4.1 General 

The number of stochastic processes that are applicable to 

hydrological phenomena 65-been increasing recently, because of the 

need to preserve the most important descriptive properties of a historic 

hydrological sequence which constitutes a time series. It is necessary 

to employ an appropriate stochastic process to generate equally likely 

synthetic flow sequences that are statistically indistinguishable 

from the observed sequence, in the sense that, the statistical 

parameters obtained from both the ensemble of synthetic sequences and the 

observed sequence tend to be the same in the long-run. 

As noted in chapter 1, a number of models have been developed 

for modelling annual streamflow. Amongst these, the ARIMA (1,0,1) 

process is one of the more desirable because of its suitable long-term 

and short-term properties. In particular, its small sample properties 

can be derived either by analytical or Monte Carlo techniques. 

An intriguing property of this process is that its autocorrelation 

function is identical to that of a process consisting of the superposition 

of a lag-one Markov process and NIP which is 	referred to hire  as 

the White Markov process. Consequently, its properties are of interest in 

modelling annual streamflows, particularly the multisite formulation 

with which some difficulties were encountered for the ARITr.A (1,0,1) 

process. 

In section (4.2) the statistical properties of the WM process 

are Studied and the necessary relationships between the model parameters 

and the low order moments of the p.d.f are obtained. In this context, it 

is shown that the A1:01.1A (1,0,1) process and the ',M process are completely 

identical to each other on the basis of their autocorrelation functions. 
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Moreover, relationships between the autocorrelation functions of 

these processes which provide the transition from one process to another 

are derived. The adequency of the WM process to model Hurst's law 

is discussed in section (4.3) and through "pox diagrams" a good 

agreement of the process with Hurst's law is observed. Small sample 

properties of the standard deviatiOn, variance and serial correlation 

coefficient are studied analytically in section (4.4). Section (4.5) 

mentions the application of the WM process to non-Gaussian annual 

streamflows, where the preservation of coefficient of skewness is 

important in the generating scheme. In the case of log-normally 

distributed annual streamflow sequence the application of the WM process 

to such a situation is shown in section (4.6). The multivariate 

case of the model is studied in section (4.7), and a comparison with the 

multisite ARIMA (1,0,1) model is made. 

4.2. Description of the White Markov Process. 

The appeal of this process as a potential model in synthetic 

hydrology derives mainly from two functions. Firstly, it is computationally 

simple and may be expressed as a recurrence relation and secondly the 

estimates of two most important parameters namely the first order serial 

correlation, p1, and the Hurst coefficient, h, can be preserved in 

generated sequences. Those two properties have also been fulfilled by 

the ARIMA (1,0,1) process because the WY process is very closely related 

to the ARIMA (1,0,1) process. For the WM process, although it lies 

within the Brownian domain of attraction, by convenient choice of its 

rarameters, it is possible to preserve high values of h when p 1, is 

small as will be shown later in this chapter. The WY process can also 

be considered to be one of the simplest fast fractional Gaussian 
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process noise approximations which has been proposed by Mandelbrot 

(1971) to model Hurst's law for hydrologically long sequences. As with 

other processes belonging to the Brownian domain of attraction, the 

WM process also yields h=0.5 asymptotically for very large sequence 

lengths. 

However, basically the model is a mixture of two very well,known-. 

stochastic processes, namely the normal independent process, NIP, or 

white-noise and the lag-one Markov process. The operation performed to 

get the mixture is to superimpose the white-noise process independently 
Luhloh 

on to the lag-one Markov component 	can be written as 

X - p. 	p ( X - p. ) + 	c 
t M 	t-1 MM M t 

(4.1) 

where X. and Xt-1 
are the variate values at time points t and t-1 

repectively, Et  is ar.v. at time t and independent of Xt_i, 

and cr denote the mean and the standard deriation of the process 
M 

respectively, and finally p is the first order autocorrelation 
M 

coefficient of the Markovian process. The random component E of Eq. 

(4.1) is normally and independently distributed with zero mean and unit 

variance. The second constituent of the v process is a process of 

normally and independently distributed r.v's, 1 with zero mean and 
t 

unit variance. The independent superimposition of white noise onto 

Markov process defined by Eq. (4.1) leads to 

Z
t 	

X
t 
 + 131 
	 (4.2) 
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where f3 is a model parameter representing the standard deviation of the 

independently superimposed white noise component. 

By substituting Eq. (4.1) into Eq. (4.2) a more explicit 

description of the new model emerges, that is 

zt 1-'1\4 4  qvi( 	"m) 4 am 141:71-"t74 et 4 Plit 
	(4.3) 

The reason for giving subscripts to p and  and -a is because of the fact 

• that the overall autocorrelation function and standard deviation of the 

VM process will be different from that of its Markov component as will 

be shown in the following section. However, the actual statistical 

parameters of the process will be a function ofa and 3  only. M 'PrA 
In order for a process to be applicable in practical situations, its 

parameters, must be related to parameters estimated from a given 

historical record because of the fact that these historic parameters 

must be reproduced in the synthetic sequences so that the statistical 

resemblance between the two will be achieved. In the derivation of 

the statistical properties of this process Eq. (4.2) will be considered; 

hence by taking the expectation of both sides, 

E(Zt ) = E(Xt)+ pm-y 

and because of E( 	t).0, the result becomes 

E(Zt) = E(Xt) 
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which states that the population mean value of the WM process in its 

form given by Eq.(4.2) is equal to the mean value of its Markov component 

denoted by pm  . Hence, 

= E(Z
t 
 ) = p, M 
	

(4.4) 

where µ denotes the population mean value of the WM process. 

To find the variance first the square of both sides of Eq. (4.2) 

is taken and the expectation operator is then applied. 

_2 2 
E(Z2 ) = E(X2) + 2 PE(X

tt
fF ) + 1E( t) 

where 

E(X) = ci
M  
2 	p,2  

M t  

and the product term is eaual to zero because of the fact that Markov 

component, Xt, and the WM component, lt , are superimposed independently. 

Hence, the above expression turns out to be 

(4.5) 

therefore 	the variance of the WY rocess  is equal to the sum of 

the variances of the tro main constituents. 

To find the autocorrelation function for lag k, in general, 

the following approach is adopted. The value of the process at time 

instant t is 

Z = X -p 13 11 t t 



k 

a2 
Pk P = 	 a2 M 

(4.7) 
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and at the time instant t+k is given as 

Zt+ Xt+ k+ lit + k 

By multiplying corresponding sides of these two last expressions and 

then taking expectations t%e result becomes 

E(Z •Z ) r-E(X.X ) + pm./  )4 	- 	+ p2 	
) 

t t+ k 	t t 	+ k 	t t+k 	t+ k t 	t t4 k 

where 

E(Z
t
-Z

t+ k) 	a2
Pk  

E(X X 	) 0,2 p  
t t+ k M N4 

and because of the independence of 1 from Xt  
t 

	

E ) 	E (X 	) = E (q -q 

	

t t+ k 	t+ k t 	t t+ 
0 

Therefore, 

2 k a2 
Pk 

7. 
 alvl

PM (4.6) 

This equation is the relationship between the auto(;ovarianoe of the 

overall process and the autocovariance function of its Markov constituent. 

As a result the autocorrelation function of the WM process becomes, 
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Substitution of Eq.(4.5)into Eq.(4.7) leads to 

1 	\4.  
P P 2 'P3t'A  

0m 
1 + () 

By defining a new variable a as, 

(4.8) 

1 	 (4.9) 
P  

1 + ( 	) 
2 

a N4 
which is a function of the ratio of the standard deviation of the white 

noise and Markov constituents, Eq.(4.8) can be written in a more concise 

form as 

p =apk  
k M 

(4.10) 

At first glance it is obvious from this last equation that the autocorrelation 

structure of the WM process is very similar to the ARIMA (1,0,1) process 

autocorrelation structure given in Eq.(1.21) and Eq.(1.22). In fact, 

for the first order autocorrelation coefficient Eq.(4.10) yields 

p=ap 
	

(4.11) 
M 

By re-writing Eq.(4.0) in terms of p the following is reached 

P= P Pk1 
	

(4.12) 
k M 

Then, by comparing Eq.(4.11) and Eq.(4.12) with the ARIMA (1,0,1) auto-

correlation structure given by Eq.(1.21) and Lq.(1.22) the following 

equalities ')etween the parameters of the two processes become apparent, 

these are 

a =. 

P 
	 (4.13) 
M 



4)(1 + 02  - 2 tp0 ) 
a (1 - tpe)(Lp - e)  (4.15) 
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and 

(4.14) 

where p is the first order autocorrelation coefficient to be preserved 

by the two processes and its relation to the ARIMA (1,0,1) process 

parameters tp and 0 is given by Eq.(1.21). Hence, considering 

Eq.(4.14) 

Therefore, Eq.(4.13) and Eq.(4.15) show the full correspondence 

of the autocorrelation structure of the two processes, As a result 

all of the advantages claimed for the ARIMA (1,0,1) process for 

modelling Hurst's law by O'Connell (1974) will also be valid for the 

NM process. In the case of the WM process the most prominent factor 

that plays an important role in the long-term behaviour of a sequence 

generated by the process is the lag-one autocorrelation coefficient 

Pm  , of the Markov constituent whereas, for the ARIMA (1,0,1) process 

this is the parameter tp. On the other hand a logical interpretation 

of the parameter a 	of the NM process can be furnished by investigating 

174.(4.0 more closely. By introducing a new variable as 

(4.16) 

Clere X 	always acsumos a non-negative value because of the faat that 

it is the ratio of two variances which are always positive Eq.(4.9) 



can be re-written as 

a 
	1 
	

(4.17) 
1+ A  

Eq.(4.16) reveals the fact that a is a positive value changing between 

zero and 'one' depending on the value that A takes. There exist two possible 

extreme situations. One is that p is actually zero, in which case the WM 

model is merely equal to the lag-one Markov process. The same situation 

2 
exists when the ratio 13

2
/
/ 
 am  is approximately zero, which requires that 

am  is very large compared with p , and as a result of this situation 

from Eq.(4.16) A becomes zero and in turn from Eq.(4.17) a is equal to 1. 

The'second extreme case can occur, either when am. 0 in which case the 

WM process is the same as the white noise process or if R is very large 

compared with am  so that A becomes, theoretically, infinite; as a result 

a = 0 . Between these two extremes, there exists a mixture resulting in a 

WM process. A graphical description of these extremes and their mixtures 

have been given in figure (4.1). Various combinations associated with a 

or A value can easily be depicted from such a graph. Thus it becomes 

apparent that the key parameter is either A which will be called the 

mixing ratio or its function, a , defined by Eq.(4.17) and referred to here 

as the mixing factor. Therefore, knowledge of the value of any one of these 

two related parameters will represent the relative effect of components on 

the final process, that is the WM process. When a is closer to zero this 

is tantamount to saying that the white noise behaviour is more pronounced 

in the WM process which in turn means that the process is richer in high 

frequencies and a result it can be concluded that the transient effect in 

Hurst's law will be shorter. On the contrary, if a is closer to one, that 

is the Markov behaviour is predominant in the NM process, the low frequencies 

will be abundant in the overall process, which is quantitatively equal to 
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Figure (41) -Various WM processes 
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saying that the transient effect in Hurst's law increases. Consequently, 

by increasing the mixing factor, a , only, and keeping p fixed, it 
M 

becomes possible to obtain a more persistent WM process and conversly for 

a fixed a value, by increasing pm, the WM process can again be made more 

persistent, or a variable combination of a and pm  can be combined to 

obtain a more persistent WM process. 

However, in choosing the parameters a and p in order to preserve 
M 

a fixed overall p value there appears to be a restriction imposed on a 

and...The relevant relationship among these three parameters is given by 

Eq.(4.11) and for various constant p values the plotting of p versus Ct 

has been given in figure(4.2) which indicates the relevant ranges of a and 

pis4  in order to obtain a fixed p value. Each one of the curves shown in 

Figure(4.2) is a rectangular hyperbola. For the sake of argument only, if p 

were found to be equal to 0.2 then, it is clear from this figure that the 

restrictions on a and p are 0.2 < a p < 1.0 and in general the 
tvl 

 
M 

parameters restriction is given by 

p < ajpm  < 1.0 	 (4.18) 

a 	and p are chosen in such a way that their product will be equal to p 
N4 

as given in Eq.(4.11) 

4.3. Preservation of Hurst's Law  

The VIM process which theoretically lies within the Brovrnian domain 

of attraction, is characterized by an asymptotic h value equal to 0.5. 

However, the finite memory considerations of the same process will yield 

estimates of h that are greater than 0.5 over long transients and on the 

basis of this fact the process can be claimed to be adequate to mode/ Hurst's 

law, an in the case of the AaIMA(1,0,1) process proposed by O'Connell (1971). 
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Figure (4.2) - Parame ter restriction 
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In order to illustrate the ability of the WM process to model Hurst's 

law for values n of comparable with the longest geophysical records available 

a simulation approach first proposed by Mandelbrot and Wallis (1969b) has 

been adopted here. A set of a and p values of interest have been 

employed in generating 9000 synthetic observations for constructing a "pox 

diagram" (Mandelbrot and Wallis, 1969b). The fitting of a straight line to 

the pox diagram has been achieved by the least squares procedure used by 

Wallis and Matalas (1970) and hence the slope of the pox diagram which 

provides an estimate, H , of the population Hurst coefficient, h , has been 

calculated. About a hundred pox diagrams for various combinations of a 
and p have been plotted by computer and only five of them have been 

N4 
presented in figures (4.3) - (4.7). The visual inspection of these five 

graphs confirms an overall agreement of the WM process with Hurst's law. 

While it must be realized that h equals to 0.5 ultimately for the WM 

process, but as figures (4.3) - (4.7) reveal the estimate H is 	greater 

than 0.5 over a finite initial transient of length nm. When nm  is exceeded 

then the population h = 0.5 will be attained. From the definition of the 

autocorrelation function of the WM process given by Eq.(4.12) it is obvious 

that p controls the "effective memory" of the process which is defined 
M 

as the lag-k, at which p becomes effectively zero. It can be said at this 

point that p plays the same role on the autocorrelation structure of the WM 
M 

process as (4) for the AHIMA(1,0,1) process. As p decreases, so does nm, 
M 

and as a result n
m 
is intimately related to the effective memory. Another 

conclusion obtained for the ARIMA(1,0,1) process by O'Connell (1974) states 

that for small values of H, nm' in general tends to exceed the effective 

memory; however, for larger values Of H n approaches the " effective 
m 

memory". This conclusion is valid also for the ;,-V, process; a 

result has also been obtained for the type 1 approximation to cif‘.;n by 

Mandelbrot and Wallis (1969b). 

similar 
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Figure (4.3 ) - Pox diagram of ln(RiS) versus ln(r.) (time) for a aerie s of 
9000 values from a VIM process with a ..222 
The mean valuer of k/S have beer, plotted an little squares. 
Note that p ‘i is den6ted as R1. 
The selected values of subrumple lengths were 3,4,5,7,10,20, 
40,70,100,200,400,700,1000,2000,4000,7000,9000. For every 
value of n 	500, the subsample starting time was made 
equal to 1;100,200, 	,1400. For every value of 	500,  
the subsamnle starting time was made equal to 1000,2'i00,...9000 
or (9000 - n + 1) whichever was the smaller (ae urd by 
Mandelbrot and Wallis 1969b). 
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Figure (4. 4) - Pox diagram of ln(Rn/S) versus ln(n) (time) for a series of 
9000 values from a WM process with a . .211 
Details are as for figure (4.3 ).  
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Figure (4.5 ) - Pox diagram of ln(R /s) versus ln(i) (time) for a reries of 
9000 values from a aWM process with a = .310 
Details are as for figure (4.3 ). 
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Figure (4.6 ) - Fox diagram of ln(Rr/S) versus ln(n) (time) for a series of 
9000 values from a ITZ process with a -.408. 
Details are as for figure (4.3 ). 
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I Cr:, 

TIME 

Figure (4.7 ) - Pox diagram of ln(Rr/S) versus ln(n) (time) for a neries of 
9000 value7 from a WM process with a = .703. 
Detail n are an for figure (4.3 ). 
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The "pox diagrams" are governed solely by the autocorrelation 

function i.e, for a given correlogram and n value there corresponds one 

pox diagram and in turn one estimate H only, whatever the underlying 

generating process is. Correspondingly all of the results obtained for the 

AHIMA(1,0,1) process by O'Connell (1974) can be used for the VIM process 

provided that the necessary conversions of tp and e in terms of a and 

p 	are considered as given by Eq.(4.15) and Eq.(4.15). Therefore, an 
M 
estimate, R , of the population h value for n < nm  in the case of WM 

process can be obtained from the simulation work carried out by O'Connell (1974) 

which gives table (4.1). In this table R has been derived as the mean of ten 

values of H, each defined as the slope of a pox diagram for nm  1000. In the 

design of water resources, the economic time horizon is usually 50 - 100 

years, in which case it should be sufficient to use approximations to dfGn 

with memories of the order of a few hundred years for generating synthetic 

sequences. For this purpose, like the ARIMA(1,0,1) process, the TT. process 

will also be sufficient. A good agreement with Hurst's law is achieved with 

values of p in the range 0.80 - 0.95 as can be seen from the pox diagrams. 
M 

For any particular value of pm  , the value of nm  decreases as a decreases , 

hence the approximation to dfGn becomes poorer. 

4.4. Small Sample Properties of Estimates of
2 
, 	P and h 

For the purpose of generating synthetic sequences by using an 

approximate model to simulate long-run properties of a historic sequence of 

length n, the model parameters, a2(or a ), p and h have all to be 

estimated from this given finite historic record. However, the corresponding 

A 
estimates S

2
(or S), p and K or H are known to be biased and consequently 

any historic record estimates of cy2 	a , p and h require a bias 

correction based on the assumption of a particular generating mechanism. 

Some of these bias correction procedures have been already examined in 

chapter 3. 
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oltINN  

.99 .98 .97 .95 .90 .85 .80 

P .111 .051 .026 .000 -.038 -.076 -.094 

a .112 .052 .027 .000 -.042 -.089 -.117 

H .737 .676 .634 .576 .490 .439 .403 

P .350 .205 .139 .073 .000 -.042 -.076 

a .352 .210 .144 ".077 .000 -.049 -.095 

Fi .859. .781 .737 .673 .576 .515 .472 

P .562 .384 .287 .179 .061 .000 -.044 

a .570 .391 .295 .189 .067 .000 -.055.  

H .892 .640 .soo .735 .639 .576 .529 

P .706 .540 .433 .300 .140 .057 .000 

a .711 .550 .446 .315 .155 .067 .000 

H .920 .875 .839 .782 .687 .623 .576 

P .797 .659 .558 .418 .229 .126 .055 

a .806 .670 .572 .438 .253 .149 .069 

H .937 .897 .864 .812 .723 .661 .614 

P .857 .745 .657 .523 .322 .203 .119 

a .869 .760 .678 .550 .358 .238 .149 

H .947 .911 .881 .833 .750 .690 .645 

P .895 .807 .731 .612 .411 .282 .188 

a .905 .822 .756 .645 .468 .332 .235 

H .953 .920 .890 .848 .770 .714 .670 

P .921 .851 .789 .684 .493 .360 .260 

a .936 .870 .810 .720 .549 .424 .325 

H .956 .926 .900 .353 .75 .752 .6,91 

Table (4.1) - Values of H and p for a selection-of values 

of 11  and a . Each value of H is the mean of 
ten values of H, each derived as the slope of 

a least souarcs line fitted to the repn values 

of R/.3 for values el n <1000. The total 

sample size in all cac,en wac 9000. 
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The variance 0
2was estimated according to Eq.(3.7) and the 

expectation of this estimate, S
2, for the WM process is obtained as 

[ 	  E( s2)  :: ci2  11 	Zap 	n(1  n(1 - pm) - (1 - Prr,"1.4  ) 	} 
(4.19) 

) 	n( n-1) 

which reduces to the lag-one Markov case when a = 1 which is given in 

Eq.(3.22). When p >0 then the bias correction factor 

2ap 	[ n(1- pry) - (1- pn  )1 
f(mp a) 1 - 

n(n,1)  
(4.20) 

is positive and the magnitude of bias becomes 

  

2ap 	n(1 -p ) -(1 - pn  ) 
B(n; p Jet) = 	M  

M 	n(n -1) 	(1 	p2  ) 

 

(4,21) 

   

which confirms the fact that the bias effect decreases as n increases. The 

unbiased estimate of the population variance for a given length n can be 

achieved by substituting Eq.(4.20) into Eq.(3.25) which yields 

2  S  S = 	 (4.22) 
f(r )pqa) 

taldng the expectation of both sides of Eq.(4.22) 

E(S ) = a 2 	 (4.23) 

*9 
so that S - will be unbiased provided that the underlying L:orp:ratirt,  

process is known to be the WM process. 

(1 - p21:4) 

The population standard deviation,. 	was estimated as the square 



1 
g(nip , a) ../F 

4( e- 1)F-2  
(4.26) 

4( rf- F 2 1 
[3(11;p a ) = all - tff. ) 1 	

ti 
 

1 ( 4.27 ) 
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root of S2  given in Eq.(3.7) and its approximate expectation for small 

samples has been given in general by Eq.(3.45) as 

E(S ) IrF-11 
1  4( rik-1)F2  

where F is equivalent to the bias correction factor for a2  given in Eq.(4.20) 

and n can be obtained from the general expressions of Eq.(3.42) and Eq.(3.43) 

for the WM process as, 

nom=
n (n-1)(1 -p2) + a2p2  [1_ p2(n-1)1 ). 

M  
(n-1) +a2 M 

L
p2 	_ p2(n-1)] 

(4.24) 

or approximately 

n (4.25) 
( 1 a 2 p 2 n ) 

 

The substitution of Eq.(4.24) or Eq.(4.25) into Eq.(3.45) yields the 

analytical form of the expected standard deviation for the WM process. The 

bias correction factor for d becomes 

or the amount of bias associated with the small sample estimate of a can 

be given as 

The unbiased estimate of the standard deviation is obtained as 
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? =  S  
g(nip ,  a) 

which by taking the expectation of both sides becomes 

E(e) = cr 

(4.28) 

(4.29) 

and hence confirming the unbiased nature of S . 

In addition, the small sample expectation of the lag k serial 

correlation coefficient, when the open-series definition given in Eq.(3.57) 

adopted becomes 

	

a 	(111 ptl i  [1+ 2a pm  -p4(1-2a)] 
Ea )= p 

k k 	(n-k) 
	 + 2 ka pk 

(1- p2  ) 
(4.30) 

which for ( a = 1 ; p = pm  ) reduces to the result for lag-one Markov 

process case given in E;.(3.65). For k = 1 Eq.(4.30) reduces to 

(1+ 	p 	[1+ 2p- p2(1 - 2a)] 

1) 
	 +2p 

(1 - p2) 	 (4 
 

	

When (Q. 1 ; p = p 	) is substituted into Eq.(4.31) than the lag-one 
M 

Markov process case given in Eq.(3. 66) is obtained. 

If the circular definition of the serial correlation as well as the 

Box and Jenkins definition are considered then the small sample expectation 
A 

of 	P 	beco-aes 
k 

E0,.)L-p k 
1 

i 	k 	n-k 	2 	k 	Zap  11 - pid 
" +] kapm-ap- kap 	+2 a kpm+ 

M 	M (1- p ) 
M 

(4.32) 
which, for k = 1, reduces to 

E(p) =p kn-1) 
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[2p(a+1) - 4P2] E0) z P- 	
(i -P ) M 

(4.33) 

A similar bias correction procedure to that obtained for the 

ARIMA(1,0,1) process can be prepared by numerical solution of either Eq.(4.31) 

A 
or Eq.(4.33). Even the tables for the bias correction of p in the case 

of the ARIMA(1,0,1) process can directly be applied to the WN1 process 

provided that the conversions between (p op) and (a ,p M ) are considered. 

Both H and K defined in chapter 2 are known to be biased estimates 

of the population Hurst coefficient, h . So far in the hydrologic literature 

there exists no analytical expression for small sample bias corrections for 

estimates of h. Therefore, the only way of assessing biases in estimates of 

h may be quantified through Monte Carlo simulation only if h itself is known. 

Some hydrological processes such as approximations to the dfGn do not yield 

themselves to simulation experiments because of a probihitive investment in 

computer time. 

However, the bias correction procedure for K and H in samples of size 

n can be achieved by defining E(K)n  or E(H)n  provided that the underlying 

generating process is known. Because of the lacking analytical expressions 

for E(K)
n 
and E(H)n 

they can be defined by Monte Carlo simulation technique. 

The simplicity of the WM process makes it feasible to employ Monte Carlo 

techniques on the computer. The estimate, H or K, of the Hurst's coefficient, 

h , can be preserved in the synthetic sequences by maching the observed 

value of h from a historic sequence of size n with L(K)n 
or E(H)n 

hence 

reproducing low frequency properties of the observed sequence. In addition, 

to this the UM process also allows the high frequency properties of the 

observed sequence to be modelled by preserVing 

In defining the small sample properties of estimates of h for a rrocess 
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a choice must be made between H or K. In general, as mentioned in chapter 2, 

H exibits smaller bias but larger variance than K. Although the deficiencies 

that K suffers have been pointed out by Mandelbrot and Wallis (1969e) it is 

quicker to compute than H. On the other hand the choice of a set of sub-

samples to be used in the pox diagram from which the estimate H is found 

is rather subjective and there is no definite universal rule which serves 

this purpose. As a result K was adopted in the simulation experiments to 

define E(K)n  for the WM process which was the case for the ARIMA(1,0,1) 

process (O'Connell, 1974). 

However, the simulation experiments for defining E(K)n  have not been 

carried out for the WM process, but because of the equivalence of this process 

to the ARIMA(1,0,1) process, the computer experiments have been converted to 

WM process case through using Eq.(4.13) and Eq. (4.15). In this way table(4.2)- 

(44) have been prepared so that a and p can be selected to preserve a 

specified E(K)n  value. It is evident from these tables that for sample sizes 

25,50 and 100 the range of K values which can be modelled for all the selected 

values of a and p is approximately 0.65 - 0.87 which covers most of the 

observed values of K and p that are encountered in streamflow sequence. The 

useitese tables will be illustrated in a later section. 

• 4.5. The Non-Gaussian Case  

It frequently occurs that streamflow values, in histogram form, do 

not conform with the normal distribution. When such a situation exists, the 

coefficient of skewness, y used in WY process, which is a measure of the 

deviation of a distribution function from the normal one must also be preserved 

in synthetic sequences. This is tantamount to saying that the synthetic 

A flow sequence will resemble the historic one with respect to 	, a 	p 

A 
h and in addition to these y which is the estimate of the skewness 

A 	A 

coefficient. 
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polA  .:.. 0.9 6 

E(On  E( 	ii, 	)n  

a >IN.,N.  25, 50 100 25 5o 100 

.06o .058 .654 .661 .657 -.005 .005 .025 

.152 .146 .683 .679 .698 -.005 .038 .090 

.260 .250 .681 .704 .724 .000 .083 .132 

.374 .357 .693 .737 .767 .069 .160 .227 

.475 .457 .718 .752 .781 .099 .196 .264 

.568 .545 .735 .776 .811 .144 .259 .366 

.646 .620 .756 .796 .827 .219 .310 .444 

.710 .682 .763 .818 .843 .243 .382 .504 

.765 .734 .791 .823 .855 .300 .424 .567 

.808 .776 .803 .825 .861 .353 .475 .621 

.850 .818 .801 .852 .866 .377 .565 .647 

Table (4.2) - Values of E(K)n  and. E( p )n  for selected values 
of pM  and a . 

p
IA 

.-: 0.9 2 

E(K)n 
_ 

-11;( 	P 	)n  

a IINN 
25 50 100 25 5o 100 . 

.053 .049 .657 .664 .654 .001 .012 .n22 

.134 .114 . 	97 .600 .686 .(-)5 .46 .079 

.205 .138 .616 .705 .78rl ..:7:f .  n17 .123 

.292 .268 .6n2 .755 .745 .0? .16r .'709 
"Y,::- ./ ,...0 .751 .75:: .11,-, .1,m-; .240  

..4. 7  .42r) .740  .7 	'-' •7 	- 1:-.-1 77., /. 	_ 

.54n 
.,06 

 '-1 	,•-■ 
• 1 • 	, 

. •:;r)f-.1 • ''' 	' 
7 n.c, 

• ,. 
7 on 

.S10 .5.So .777 
,- 

.1...- ;7'07, .,-)77 .5 ,1 .477 

.G:30 '.616 .774 091 •' 	- P'7"," • -) •,-, 	) 
17n 
• “1. . ; ,-_ .517 

Table (4.3) - Valuen: of E(K)n  and E( P ), for selected values 
of p and a  . 
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pill  :0.8 8 

E(K)n  A E( p )n  

a 
P 

25 50 100 25 50 100 

.052 .046 .659 .665 .551 .005 .041 .026 

.130 .102 .689 .678 .676 .012 .050 .078 

.198 .165 .688 .703 .696 .080 .097 .117 

.265 .233 .703 .728 .728 .091 .158 .196 

.343 .302 .729 .745 .737 .126 .198 .225 

.42o .37o .742 .772 .764 .176 .262 .309 

.495 .435 .771 .772 .778 .223 .302 .363 

.562 .495 .771 .788 .782 .278 .356 .407 

.625 .550 .774 .808 .802 .291 .416 .481 

Table (4.4) - Values of E(K)n  and E( P )n  for selected values 
of p and 	a. 

p 	-.: 0.8 4 
M 

E(K)n E( P ) n 

m -N\‹- N.  
P 

25  50 100 25 5o 100 

.052 .044 .660 .663 .647 .007 .016 .029 

.114 .09 .690 .676 .662 .016 .056 .077 

.123 .154 .688 .699 .627 .026 .099 .113 

.255 .214 .705 .720 .714 .09.2 .156 .129 

.330 .277 .725 .746 	' .753 .142 .203 .2Y7 

.389 .325 .753 .749 .747 .190 .245 .290 

.427 .409 .753 .766 .753 .24 .22 .7,:,0  

.55 .454 .761 .724 .77 .274 .7::,5 .4r)6 

A 
Table (4.5) - Valuo3 of E(1) 	p E( 	)n fox 77!:'10-,t'7-.:1 valuen 

of - p and 	a  . 
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p 	:0 80 
M 

E(K)n  E( O )n  

a 
II  ;r\N 

25 50 100 25 50 100 

.069 .055 .666 .657 .649 -.006 .022 .041 

.139 .119 .685 .694 .678 .056 .079 .098 

.235 .188 .708 .698 .708 .114 .103 .166 

.325 .260 .736 .727 .719 439 .192 .227 

.413 .331 .737 .750 .741 .175 .247 .289 

.500 .400 .756 .764 .746 .263 .313 .343 

Table (4.6) - Values of E(K)n  and E( p )n  for selected values 

of p and a . 
M 

p 	: 0.75  
M 

E(K)n  A 
3( 	I) 	) 

a PN`IN 
25 50 100 25 50 100 

.072 .054 .6,r,5 .655 .645 -.004 .023 .041 

.153 .115 .684 .689 .671 ,059 .079 .096 

.240 .179 .707 .691 .693 .117 .102 .161 

.329 .246 .733 .719 .707 .141 .189 .219 

.419 .313 .739 .740 .723 .177 .240 .277 

.500 .377 .751 .754 .752 .--, .507 .-')29 

A , 
Tatle (4.7) - Valueo of E(K)n  and E( p )  for nel,Ictz-1 tialues 

of pM  and a. 
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A 
The modification needed in the model structure to preserve y ,as 

well, have already been presented for the lag-one Markov process, the type 1 

approximation to the dfGn and the ARIMA(1,0,1) process by Matalas (1967), 

Matalas and Wallis (1971) and O'Connell (1974) respectively. It is the third 

order moment that makes a distribution function skewed if that moment's value 

is other than zero. Therefore , by considering Eq(4.2) the following result 

will be valid 

and 

E(Z
t
)7:0 

E(Z2 ) d2.= 

E(Z 3)= E(X3  ) +313E(X2  71 )4.3 [32(X 	) 4  p3EN) t 	t 	t t 	t t 

(4.34) 

(4.35) 

(4.36) 

If the normality of the lag-one Markov component, Xt  , is assumed then 

recalling the property of independent superimposition Eq.(4.36) reduces to, 

E(z3):-.. (33  E(7t) 

Or, more specifically 

3/2 
y 	-y 
z 

(4.37) 

which moans that the skewness , y , of streamflow se:luence, Zt  , can 

entirely be accounted only by the skewness coefficient, y ,cf the white-noise 
1 

component, q , of 	process provided that the lag-one Markovian component 

of the process is normally distributed. Hence, if the processZt  is required 

to have a skewness y then this may be achieved through replacing the term 

Tit  in H;q.(4.2) by an independent r.v. E which may be defined by the 7ilson- 
t 
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Hilferty transformation as follows, 

3 

	

2 	Yelt 	2 
e 	— 

	

t YE 	6 36 Ye  
(4.38) 

where 1 is NIP(0,1) and the r.v. E will have zero mean, unit variance and 

skewness yE. MacMahon and Miller (1971) have observed that for values of 

y 	greater than about 0.3 Eq.(4.38) is inadequate. A modified transformation 

has been proposed by Kirby(1972) which overcomes the problem. The flows 

generated by using the above procedure will have an approximate gamma 

distribution 

After having abstracted the estimates ofp,d,y,pand h 

from a historic sequence of length n two types of resemblance, either type A 

and type B, as mentioned in chapter 3 can be maintained between synthetic and 

historic sequences as quoted by O'Connell (1974) for the ARIMA(1,0,1) process. 

a) Type A Resemblance 
A 	A 	A 	A 

In this case the estimates p, a,p,y and h derived from 

an available historic sequence of length n are assumed to play the role of the 

unknown population counterparts; then synthetio sequences of infinite length 

are generated and the estimates of the same parameters are abstracted this 

time from the synthetic sequences of infinite length. If the two sets of 

estimates are equal to each other then resemblance of type A is said to be 

maintained. Unfortunately, all, of the approximations to dfGn that fall within 

the Brownian domain of attraction give a population value of h = 0.5, 

therefore resemblance of type A cannot be maintained in terms of h for the 

WM process. This fact is true of any finite memory approximation to dfGn. 

However, resemblance in terms of an estimate of h can be maintained within 

finite synthetic sequences. The following 6 - step procedure is to be followed 
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to maintain a type A resemblance 

A 
1 ) find the estimates a 

sequence of length n. 

2 ) By considering n and assuming that 

E(K 	K 
n 

and 

A y and K from a given historic 

(4.39) 

p 

find the corresponding model parameters a and p from Tables (4.2) - (4.7). 

Interpolation may be necessary here. 

3 ) Find the estimate of A from Eq.(4.17) as 

A X-7:— -1 
a 

(4.40) 

and subsequently the estimates of 0 and p can be calculated frcm the 

simultaneous solution of Eq.(4.5) and Eq.(4.16) which gives 

 

A 

am 7'. 	 

FIT 

(4.41) 

and 

nn 
(4.42 ) 

4 ) The estinnted skewness y is then used to define an estimate of y 

Ll.(4.37) 	yields 

A 
	

(4.43) 

(1-a)3/2 
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The term E t  can then be generated using Eq.(4.38). 

A 	A 5 ) The quantities p. = 	t a 4 and 	are then incorporated 
M M 

into 'Eq. (4.1)  and Eq.(4.2), 

6  ) whence a sequence of lag-one Markov component values, Xt, of a desired 

length is generated by using Eq.(4.1). This sequence is then independently 

superimposed on to the white-noise component E , generated in step 4, 

according to the following relation 

Z
t  Xt

•pc 	 (4.44) 

b) Tyre B resemblance  

In this case resemblance is maintained in terms of estimates of 

parameters obtained from both historic and synthetic sequences of the same 

length n. The small sample properties of the coefficient of skewness are 

unknown. Therefore it will not be included in maintaining this type of 

resemblance. The necessary steps in the procedure are as follows. 

A 	A 1) Find the estimates 	, a , p and K from a historic sequence 

of length n. 

2) From tables (4.2) - (4.7) identify values of a, and p such that 
M 

K E(K)n ge,  

and 

n 

Again some interpolation will be involved. 

3) Eq.(4.19) and Eq.(3.45) can be re-written as 

ECS2: 	d2f(n;p,a) 	 ( 4.45) 
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and 

E(S)
n 

d g(r 	ct ,pi  
M 

(4.46) 

where the analytical forms of f(n, p. a ) and g(n, p 	a  ) are given by 
tvl 

Eq.(4.20) and Eq.(4.26) respectively. After having obtained a and p 
M 

under (2) an unbiased estimate.  of (0? or a may be defined as 

and 

G cr2 	2-  
f(n;p7a) 

(4.47) 

 

(4.48) 

 

g (n;fivi, a) 

respectively. 
A - 

(4) The estimates of A. , aral  and 	are found by making use of 

Eq.(4.40), Eq.(4.41) and Eq.(4.42) respectively. 
A 

(5) The quantities µM = µ 	 aM 	Oand 	are then incorporated 

into Eq.(4.3) whence synthetic flows may be generated. On some occasions 

A 
the estimates p and K may not be compatible with the values of E( p )n  and 

E(K)rL 	in tables (4.2) - (4.7) thus preventing the required resemblance 
• 

from being maintained. In such a case either one of the parameters can be 

preserved in synthetic sequences and thus an approximate resemblance can be 

maintained. 

4.6. The Log-!Tormal WM Process  

If historic flows conform to a log-normal distribution then these 

flows can be transformed into a normal space through using 

Y
t 

=log(Xt-a) 
	

(4.49) 



Y
X

= 	  
{ex p (a2  ) -13/2  

exp(3ay2) - 3exp(0,21,) 42 

px = 	
ex p(ay2  )- 1 

ex p(py  ay) - 1 
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where a is a lower bound of r.v. X. The new r.v. y can be assumed to 

be a WM process. The relationships between the parameters of Yt.  and Xt  are 

given by Aitchison and Brown (1957) as, 

a2 
p.
x

= a + ex p(---Y- 	) 
2 Y 

(4.50) 

a2  =exp P(02 Y 	Y _exp(c?p.Y+2 ) X 	Y  (4.51) 

(4.52) 

The relationship between the first order autocorrelation coefficient, px  and 

PY  of variates Xt and Yt respectively has been given by Matalas (1967) for 

the lag-one Y.arkov process as 

(4.53) 

Thin result has been shown to be process free by O'Connell (1974). Once 

2 	 • 
estimates 	, cfx  and 'Nix are obtained from a given historic sequence then 

the simultaneous solution of Lq.(4.50), Eq.(4.51) and Eq.(4.52) gives the 

estimates of 	a2  and QIf the r.v. Y is assumed to be generated by _ 

a MI process with parameters within the parameter space covered by tables (4.2)-

(4.7) then long-term persistence will also be preserved in X.-space. The model 

parameters a and p can be obtained by using either the type A or type 12 

procedure for maintaining resemblance betwecn historic and synthetic s-quences. 
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By replacing the estimate of p
X 
 into Eq.(4.53) an estimate of p

)( 
 can be 

obtained. Although resemblance of type B can be maintained in Y-space, 

there is no guarantee that such a resemblance will be maintained in X-space 

because of the non-linear transformations relating Xt  and Yt. 

4.7. The Yultivariate Case  

Up to this point only the information that is yielded by a record at 

a single site has been taken into consideration. However, a model preserving 

the spatial correlations between sites in addition to the temporal 

correlations at each site is frequently required. When the events at each 

site within a catchment area are entirely independent from each other then 

the single site model could be applied independently at each site. On the 

other hand, if a catchment area is considered then the process that takes 

place on it is generally sampled at various distinct sites and time instances. 

Therefore, one usually expects that all the records at these distinct sites 

are interdependent which is tantamount to saying that the records are 

spatially correlated apart from the correlation in the structure of each 

record which is referred to as the temporal correlation. The spatial 

dependence can be specified in general by the cross-correlation between 

pairs of records at distinct sites; therefore in particular the lag-zero 

cross correlation corresponds to the linear dependence between the records, 

Then all the observations in the two records are considered concurrently. If 

all the observations of one record are shifted by one time unit with respect 

to the observations of the other record then the lag-one croc-correlation 

results. In the same way higher order lag cross-correlation can be conceived. 

The formulation of a stochastic model can be devised in such a way 

that it takes into account both temporal and spatial correlations; in this 

form it is frequently referred to as a multiveriate gener:,Lii,e; process. 
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Consequently, the purpose of a multivariate version of a stochastic model'is 

to ensure the statistical resemblance between the historic and synthetic 

records at various sites is maintained, on the basis of the means, variances, 

serial correlations of each record and in addition to these the cross-

correlations among the records. 

A detailed review of the multivariate models developed and used in 

synthetic hydrology so far, and then the necessary algebric calculations 

for the multivariate AB1MA(1,0,1) process are given by O'Connell (1974). The 

multivariate Markov process was first devised by Matalas (1967) and Matalas 

and Wallis(1971) specify a-multivariate dfGn model. 

Although one tends to expect the expressions for the multivariate WM 

case to be rather similar to those for the multivariate Markov process they 

are indeed very different from each other as will be appreciated from the 

following equations. They also differ from the equations for the multivariate 

ARIMA(1,0,1) model. This latter aspect is of particular interest as some 

difficulties were encountered in developing the multivariate AHIMA(1,0,1) 

model (O'Connell, 1974). 

The general form of the multivariate case of the WM process can be 

written as 

z  t = 	) t--14  -E--t 	t 
	 (4.54) 

where 7t 
 is an (r4x1) column matrix of synthetic flows, the i-th element of 

= 

which isequal to zt(-) µl)  ,A ,A is an (msu) saaare matrix of coefficient's, 
Z 

is an (mx1) column matrix of the lag-one Markov component, 	and 3 t-1 	 t 
are both (mx1) column matrices of independent r.v's which are ,7,1so independent 

from each other, B and C are (mxm) matrices of coefficients and finally m 

denotes the numl:er of sites considered. It is the main objective of this 

section to evaluate the elements of the coefficient matrices A, B  and C in 
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terms of the means, variances, serial correlation coefficients of individual 

records and low order cross correlation coefficients among them, such that 

the required resemblance will be maintained between historic and synthetic 

sequences in terms of A , B and C. Although it is mathematically feasible to 

construct a multivariate model that preserves all the lag correlations it is 

practically impossible to estimate higher order lag correlations reliably from 

a given set of historic data of finite length. It is because of this 

difficulty that hydrologists are interested in the development of multivariate 

models which necessitates the use of low order moments only. 

In order to find the elements of the matrices A, B and C the following  

algebra is necessary. First of all both sides of Eq.(4.54) are postmultiplied 

by the transpose, Zt  , of the matrix Z and then by taking expectation 

	

E(Ztt 
Z )=AE(Xt 

	t  
Z ) + BE(e

tt  
Z )+CE(3t Z

—t) —   

where from Eq.(4.45)
, Zt is obtained as 

T T 	T TT 
Z 
T 
 =X A +e 

T 
 B +1C 

	

—t-1— —t 	t 

(4.55) 

(4.56) 

By substituting Eq.(4.56) into the r.h.s. of the Eq.(4.55) and after making 

the necessary simplifications the following equation emerges 

T 	 TT 	T 	T 
E(Z

t  Z t 
 ) =AE(X X )A +B B+CC 

or, by denoting 

M
0  
Z 	Z ) 

t t 

(4.57) 

(4.56) 

M0= E( X
—t  X

T
) 

— 	— t 
(4.59) 
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where Mg and !
0  XX  are the lag-zero covariance matrices of the random variates -0  

Z Land X
t 
 respectively. In the case of in sites both of the matrices are 
 

(mxm) square matrices whose explicit forms can be given as follows 

mz 
o 

E  (11) zC2 	E(t) 1 
t 	 t 

E (f)zc2) . . 	E Ft t'irn3 t t  
• (4.6o) 

E (Z(rnY1  E( ZCM  
z(2 ), 

t t 	t ) t Ec irtffizcm3 

where the diagonal elements are the lag-zero covariances of individual 

record, and the off-diagonal elements are the lag-zero cross covariances 

of any two records. In order to have a more compact form of Eq.(4.60) the 

variables at each site are assumed to be standardized as 

Z 
Ci) 19) 

Ci) 	_ 
= 	

Zt 
Ci) 

(4.61) 

6) 	iI) where p and 	o are the mean and standard deviation of sequence at site i 

and L. is the non-standardized form of the variable. By the virtue of this 

standardizing procedure Eo.(4.60) becomes 

Z 	Z 	 . . Z 
P CO) 	P (0) ----- 	CO) TI  12 	13 

1 

4?)  Tif91) mop 

z 
	

z 
2(0) 1 
	

P (0) 
21 
	

23 

z 
P CO) 
2m 

1 

(4.62) 
-1\-4-o= 
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where the diagonal elements are all equal to unity because of the fact that 

they are the variances of the standardized variables at individual sites. 

The off-diagonal elements are the lag-zero cross correlations between the 

records. Once the set of historic records have been provided each of the 

elements of 0 can be estimated and consequently the matrix is a known 0 

quantity. As can be seen from Eq. (4.62), M is a symmetric matrix. In 

Eq.(4.59) the matrix 14 has got the same meaning as M(Z)  but pertains to the 

Markov component and can be explicitly written as 

X X 1 
	O) Pe) • 	- 	e(D) 

X 
mo 

X 
C PO) 2m Pe

23 
so) 1 	) PCO 

X 	X X 	 
Pn913 	PrW2 

(4.63) 

1 

where the off-diagonal elements correspond to the lag-zero correlation 

coefficients of the lag-one Markov component of WM process. These elements 

cannot be estimated from.a given set of data, therefore 	is an unknown 

matrix. Finally, Eq.(4.57) can be re-written as, 

MZ  =A NiNr  + B + C CT  
-0 — 0 

(4.64) 

where A, ?, C and lc are unIcnown terms, hence in order to find a unilue 

solution for them another further three eauations are required. 

A second equation can be obtained by post-7ultiDlying Ea.(4.54) by 
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the transpose, ZT 
+1 ' of Zt+1 

 and taking expectations of both sides which 
t  

leads to 

E(Zt 1 	
T 

Z 	= A E( X X
T 
 )A BE(e.tXt

T 
 )A

T  
——t4   

By incorporating the following equations 

M

- 

1 E(Z
t—Zt-F1) 

(4.65) 

(4.66) 

a(zE( X X - 1 	—t-1— t 

and 

BT= E: (c tt 

Ea.(4.68) becomes, 

MZ  = AN 4 B EU 

(4.67) 

(4.68) 

(4.69) 

where 	 , MZ  has the lag-one serial correlation coefficient of the records as 
1  

its main-diagonal elements and the lag-one cross correlations between the 

records as the off-diagonal elements. NrX  i s the lag-one cross correlation 

matrix of the Markov component. 

Each one of the elements of matrix Mi  can be estimated from a set 

of 6:iven historic records and therefore it is a known Quantity. The explicit 

;or m: of the matrix M- -1 can be given as 
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• • z 
R
z 	

Pr 3 	Pr r 

where sub-subscripts outside the brackets denote the lag value. In Eq.(4.69) 

1‘11  has just the same structure as the MZ  matrix, but relates to the Markov 1 

component of the model itself; as a result it is an unknown quantity. The 

major properties of matrices M-1  and 01 
 are that they are non-symmetric 

because of the fact that in general 

Z 
P C1) 	P.C1) 
1 	)' 

for i#j (4.71) 

To obtain the further two equations required Eq.(4.54) is postmultiplied by 

the transposes Zi+2  and Zt+3  of Zt+2  and zt+3  respectively and then the 

expectations are taken which leads to 

mZ 	X ATt  B  T T A -2 	 2-  
(4.72) 

MZ  = 

PSI) Pr 	PSI) 1 

2
11) 

    

PQ) 
1m 

P2CM 

mm 

 

     

    

(4.70) 

     

      

r3nd 

Z 
M =Am A

T
1BBA 

TT 
-3 —3-  

(4.73) 

In both of there two last equations the matrices M2  and 	have the same 
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interpretations as the previous 0 and 0 matrices, the only difference 
0 	 1 

being with respect to their lags. 

The'four basic equations Eq.(4.64), Eq.(4.72), Eq.(4.69) and 

Eq.(4.73) are the equations necessary to solve for the four unknowns , A, B, 

C and Ado, but among the terms corresponding to the Markov component, of 

these four equations, there exist the following relationships, in general, 

	

X i X 	 (4.74) 

and in particular 

-1\41 z 
	X 	 (4.75) 

X 2 X 
M =AM 2 -0 

(4.76) 

X 3 M= A MX  
3 -0 

(4.77) 

By substituting these last three equations into the basic equations a new 

system of basic equations is obtained as, 

T T T 
M = AM

X 
 A BB+CC 

- 0 -0-  
(4.78) 

Z 2 X T 	TT 
M= A MA + BBA 

1 --0-  
(4.79) 

M

- 2

= TT .& E. IBA (4.80) 

Z 4 XT 	TT 
M =AMA 4 B BA 
3 0 

(4.81) 
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It is obvious that the last three basic equations do not include 

the matrix C and it is because of this property that the solution can be 

split up into two parts. In the first part, the three unknowns A, B and 4 

can first be evaluated by using the last three basic equations, whereas in 

the second part, which follows on completion of the first part, the only 

remaining unknown C can be solved from the first basic equation that is 

Eq.(4.78). Another property is that the second terms on the r.h.s. of the 

last three basic equations are the same and can be eliminated by taking the 

difference of any two equations. Hence, substraction of Eq.(4.80) from 

Eq.(4.81) gives 

M   - -
M  
 
=A --  -AAX8 

and of Eq.(4.80) from Eq.(4.79) gives 

mZ mZ2=.  AVAT A 3 
 Mx  AT  

-1 - -0 

(4.82) 

(4.83) 

By premultiplying Eq.(4.83) by the matrix A and then substracting it from 

Eq.(4.82) a solution for A is obtained as 

A = (MZ- MZ .,Z 	Z, -1 
)(m - M) -2 -3 -1 	2 

where the r.h.s. is known from the given historic data. 

Let a new matrix, D , be denoted as, 

D = A a(  AT  - -0- 

(4.84) 

(4.85) 

which is symmetric and when it is substituted in Eq.(4.83) then the result 

becomes 
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M
1 
 - MZ= AD +/JD =CA + A2  )D 

2 

or 

- 	 Z D 	I 4 A)
1 
A

-1 
 (Mi

Z 
 - L12 ) (4.86) 

where I is a unit matrix. Hence the calculation of D by Eq.(4.86) in terms 

of known quantities makes it possible to solve for the matrix 4 from 

Eq.(4.85) as 

M
X
0: 

A 
	( A

T -1 	
(4.87) 

which is a symmetric matrix. Eq.(4.87) can be re-written more explicitly by 

substituting the equivalent of D which leads to 

X -‘1 	 7- Mo:: A ( I - 	) ( 114.4  -M2) CAT  ) 1 	(4.88) 

Eq.(4.72) gives 

°3 	1  
0,„Z_ A3,

"
1(

1'1
AT„ AT )-1 

" 12 	0 

or 

where A
T T -1 

( A ) =I and hence 

(4.89) 
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BBT  in Eq.( 4.89) is a symmetric matrix confirming that the r.h.s. of the same 

equation is also symmetric. Hence by defining a symmetric matrip, Si  , as 

BBT7. 

51 
	 (4.90) 

therefore a unique solution of matrix B can be obtained only by assuming 

that B is a lower triangular matrix. This gives the same number of non-zero 

coefficients m(m + 1)/2 as required to specify S1. The solution is obtained 

by expanding Eq.(4.90) into m(m + 1)/2 equations that define the matrix 

equation. Subsequently the elements of B are found recursively. 

Finally, the solution of matrix C is obtained from Eq.(4,64) as 

T Z 	X T 	T 
CC = Mo  - A M0A - B B 	 (4.91) 

where again CQ
T is a symmetric matrix and its solution is also achieved by 

lower triangularization. 

As a result there appears to be the same difficulty in the solution of 

the multivariate equations of the WM process as was the case for the ARIMA(1,0,1) 

process; because of the restriction as to the assumption of lower order 

triangularization of matrices B and C. The total number of non-zero 

elements of unknown matrices is 

M(M41 	m(m + 1) 	rn( M + 1) 	m2 
	

(4.92 ) 
2 	 2 	 2 

whereas the total number of elements of .known matrices is given as 

m(mf 1) 
	  m2 * m2 m2 

2 
(4.93) 

As a result there are not enough elements to define the elements of matrices 

A , B , C and Mo X. 



Z' 	Z' 
logarithmic transformation the elements of the matrices M0 ' 1 ' M

z' and 
- 	-2 

z 
_ 3
' 
 , P(0) , P(1) , p(2) and p(3) 	respectively, must be defined from 

ij ,z 	z . z 
the corresponding counterparts of matrices 10  , M. 	IL and M

z through the 
1 
 , 
	 2 	 3 

z' 
The matrices A', B'and C'must be defined from the correlation matrices M 0 ' 

1 	M
z' and  M

z' of the process Z(t)„ Moreover, by considering the .z' 
 -3 
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4.7.1. Multivariate Log-Normal WM Process. 

In the case where the variates, Xi(t), at each site conforms to a three 

parameterlog-normaldistributionthen&M=1n) - Q 	will follow 

a multivariate normal distribution, where Q. denotes the lower bound of 

variable ( X_1 
 t) at site i. A multivariate normal WM process, discussed in the 

previous section can then be applied to Zi(t) which can be written as 

Z( t ) = Art x ( t - 1 ) t B'E( t ) + 	t ) 
	

(4.94) 

where z(t) and x(t - 1) are vectors of standardized normal variates with 

elements 

Z.( t ) - P 
zi(t) = 	I  

d' (4.95) 

X i( t -1) - 1-1.1; 
(4.96 ) 

d' 

when!,  x.(t - 1) is the lag-one Piarkov component of the overall WM process. 

following equations given by O'Connell (1974) 

[exp(ci. 
P-(0) - 

{expO )- i 

cr-I  P(0))  -1  i]  

1  1/2[ 	, expo. ) 
1 

(4.97) 
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and 

P 	= 	[e xP(..  el.• P41 ))-1] 
1 ij (• ) 	,21/2 ) 4/2 

ex p (a. ) - 1] • [e xp (d 

[ex p(cf. 4:1— 42)) - j  P.( 2 ) = 
IJ 	

lj
,( 62 ) - ,d1/2 [expo  2 ) A1/2 

(4.98) 

(4.99) 

	

[e x p( d. 0'. 	3)) -1 J 
U Pij ( 3) = 

	

[ex p(cii2  ) -11/2 	p(62 ) _111/2 	(4.100) 

The estimates of the elements of 41 	and M; may be inserted into 

equations (4.97) - (4.100) which in turn yields estimates of elements of Mo  

M' 2  
M
z'
and M

z' 
• 

In addition the estimates of p. 	a  , 	and CL can 
- 	 3  

be obtained by employing equations (4.50) - (4..52). After having obtained all 

M2= 	
z 

of the elements of matrices 
z'  , z'  , y '  2  and y3'  then the matrices A', B', 

.C'and N-
Y 
 can be solved for as discussed in the previous section. 

4.8. Summary  

A model referred to as the white Markov process has been devised to 

simulate: annual streamflow sequences and its long-term behaviour has been 

examined using computer simulation experiments which revealed that the WM 

process can be used to approximate the behaviour of long geophysical records. 

On the other hand, the preservation of the lag-one autocorrelation coefficient 

shows the fact that the short-term properties of the process are modelled in 

addition to the long-term properties. 

The small sample properties of the model have been analytically derived 

and they have been used in formulating the process to maintain the required 

statistical resemblance between historic and synthetic sequences. Finally, 
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the necessary equations for the application of the VIM process to a multisite 

situation have been derived. However, the solutions obtained may prove 

slightly restrictive. 
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Chapter 5 

BAYESIAN APPROACH TO AUTOREGRESSIVE PROCESSES 

5.1. General  

In the design and operation of water resource systems, hydrologists 

have been trying to estimate the parameters of the appropriate model for 

their purpose, by using classical statistical methods very frequently. 

However, recently a new mode of estimation has become popular that is the 

Bayesian estimation of parameters which allows the hydrologist,apart from 

the historic evidence, to incorporate his own experience about the 

hydrological event concerned. In addition the Bayesian approach has an advantage 

for small samples whereas for large samples both the classical and Bayesian 

estimates yield the same result. It is hoped that the Bayesian estimates 

will be more realistic than their classical counterparts because of the fact 

that the latter has only one information source, that is the historic 

performance of the hydrological event, whereas, the former has in addition 

to this historic data, the experience enjoyed by the hydrologist as well. 

A statistical inference about any one of the parameters of a 

hydrological model can be achieved in two ways; either by the application 

of the sampling theory or by use of Bayes theorem. The methods employed in 

chapter 3 in connection with the small sample properties of various parameters 

fall within the sampling theory framework. However, the main purpose of 

this chapter will be the derivation of the necessary expressions which 

make it possible to apply the Bayes theorem in general and in particular 

to the AR-EjA(1,0,1) process. The general formulae derived in this chapter 

are all readily reducable to the Yarkov process case, for v.hich some results 

have been given by Lenton et. al. (1973). 

An extensive exploitation of the Bayesian al-4.-)roch to rarmoter 

estimation arrears in the econometrics field, 	a cltgile 	hor bscn 



given by Zellner (1971). In his treatise a very comprehensive consideration 

of various aspects of Bayesian inference has been given, such as univariate 

and multivariate regression analysis and particularly first order Gaussian 

autoregressive processes. 

In hydrology, an account of Bayesian parameter estimation and inference 

have been given by Lenten et. al. (1973) for the lag-one autocorrelation 

coefficient, p , only on the basis of the Markov process and world-wide 

prior information about p . Another work that appeared in the hydrological 

literature is that of Conover (1971) who also applied the Bayesian approach 

to estimating p- , on the basis of hypothetical prior information about p 

stating that p is normally distributed which is no-La realistic assumption 

in practice. 

However, a topic related to the Bayesian approach , that is Bayesian 

decision theory has been more extensively applied to hydrological design 

systems. To this end Ischannerl (1970) studied various efficient uses of 

data sources within a decision framework, when he applied Bayesian decision 

making to the population mean value of Markovian annual streamflows. By 

assuming the population mean as a r.v. he assigned a normal pdf to it and 

then digitized this pdf in order to find the 	' probabilities 

associated with a set of possible mean values and subsequently through the 

use of an appropriate loss function , a mean value minimizing this loss 

function is decided on. 

Decision theory could also be used for the choice of the underlying 

distribution function as was advocated by Fiering and Jackson (1971) who 

considered two distribution functions only and generated synthetic streamflows 

based on each distribution'to that an optimal design value as2cciated with 

each distribution was obtained through an econo:aic objective function. 

1;:creovr, the com3equences of accepting the dosicn cor=roning to the 
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first distribution, assuming that the second were the true distribution is 

evaluated in terms of economic loss. Conversely the economic loss involved in 

assuming the second distribution when the first was, in fact the true one 

must be evaluated. The optimal design will then consequently suggest the 

appropriate distribution for the flows. 

In section (5.2) a general review of Bayes theorem is given. The 

marginal prior pdf of (p which is one of the model parameters of the 

ARIMA(1,0,1) process is derived in section (5.3). 	The likelihood function 

which is representative of information contained in the historic data is 

dealt with in section (5.4) and a general expression is derived for it on 

the basis of an assumption that the underlying generating process is 

ARIMA(1,0,1). The combination of the prior pdf and the likelihood function 

so as to give an improved information level named the posterior pdf is 

achieved in section (5.5) through Bayes theorem. 'Moreover, in the subsections. 

of section (5.5) the posterior pdf of the parameter tp is obtained for 

various situations, where first g and d are both considered to be 

random variables, then one of them is allowed to be a. r.v. whereas the 

other one is taken as a constant and finally both 4 and a are thought of 

as being c nstants. A very brief review of Bayesian estimates is given in 

section (5.6). 

5.2. Bayes Theorem  

_bayes theorem which is also referred to in the probability literature, 

as the principle of inverse probability, is a mans whereby historic 

information i.e. recorded data and prior information about the event before 

the data is recorded, can be combined together to give more detailed 

information called the posterior information. 

After the identification of the model that gives rise to the recorded 

historic observations, the data are then regarded as being generated by 
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this model Whose parameters are assumed to be unknown. In the Bayesian 

approach the unknown population parameters are all assumed to be r.v's, and 

as a result of this assumption the parameters will have individual - and 

in addition joint pdf's. Therefore, the above mentioned prior and posterior 

informations will,be expressed formally in terms of pdf's. 	The prior pdf is 

denoted by P( w ), where w is a set of values that the parameter of the 

model can assume and the historic information that is the observed data is 

represented by 1( DI w ) which means that given a set of w values, in 

addition to the model itself, then, there exists only one pdf reflecting 

the random nature of the historic sequence, i.e. it is a kind of conditional 

pdf. 	As a result the joint pdf of the data with the parameters may be 

expressed in two different ways as follows 

P(D,w) L- P(w)•1(Diw) 
	 (5.1) 

and 

P(D,w) = P( D ).1(to ID) 
	 (5.2) 

These two equations yield the same result and therefore by setting the r.h.s's 

equal to each other 

P(D).1(wID) .= P(w),I(DIw) 

and by dividing both sides by p( D ) 

1(wID):: 
P(w).1(D1w) 

(5.3) 
P(D) 

The denominator of this last equation is a fixed value for a given set of 
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historic observations and moreover, its main role is to give a standardized 

pdf in the sense that the area under the function L(wI D ) is equal to 

unity. 	Hence, by denoting 1(w 1 D) by P(W 1 	Bayes theorem can be 

re-written as 

P(wID) a P(w) I(D1w) 	 (5.4) 

or, in an equality form as 

P(EolD) = N.P(w)-1(D1w) 	 (5.5) 

where N is a standardizing factor and the remaining terms in Eq.(5.5) have 

the following meanings 

P(w I D ) : Posterior pdf of the parameters 

W ) 	: Prior pdf of the parameters 

1( D I w ) : Likelihood function 

Eq.(5.4) is the general form of the posterior pdf. 	When the lag-one Maxkov 

process is adopted to represent the hydrological event then ISq.(5.4) becomes 

in terms of the parameters of this model 

P(p.,d,p1D) a P(1-1)diP)-1( DII.L)cr,p) 
	 (5.6) 

where P(p, , d , p I D) is the joint posterior pdf of the 1.arlmeters of the 

lag-one 1,:arkov process, p( 	d , p ) is the joint prior -oil' in general, of 

the sane parameters and lastly 1( D I 	, p ) 121 the liko 	function. 

IP= the AIM:A(1,0,1) process which iE the main concern of this chapter the 

posterior pf is given by 

P(p. aq:101D)a P(µ d cp e) 	dy 0) 
	(5.7) 
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where the terms have 	similar interpretations to the terms in Eq.(5.6) 

Some properties of these terms must be derived , before a detailed 

study of them can be given for a particular process. First of all the 

prior pdf, P( w ), is independent of the historic data and the model to be 

employed in the generating scheme, this is because of the fact that the 

sources of information for the prior pdf can bederived from any one of the 

following aieas, 

- i) The experience gained by- the hydrologist about the phenomenon from 

previous similar studies 

ii) Consideration of all the recorded data all over the world, the 

extraction of an estimate of the parameter from each set of data and then 

frequency analysis of the estimates obtained, to which subsequently a 

theoretical pdf curve can be fitted ; see Lenton et. al. (1973) 

iii) Mere theoretical considerations, such as a normality.  assumption 

for the prior pdf of the parameter in order to render a complicated derivation 

into a tractable form ; see Conover (1970) 

A concrete example of a prior pdf is provided as follows. 	Assuming 

that attention is confined to the historic sequence of annual streamflows at 

a fixed site in a given catchment area, the Bayesian estimate of the mean 

value of this sequence is to be calculated. From the streamflwir.  measurements 

made at various points of the main river and its tributaries, a set of 

sequences each attached to one site in the drainage basin is obtained. - 

Obviously, when the mean of the streamflow sequence at each site is found 

they will differ from each other to some extent. However, there are two 

assumptions that can be made at this stage; one is to assume that all of the 

means vill eventually converge to the name population value as tho length of 

sequences increase, in which case it is irrelevant to think of a pdf of this 

unique population value. Therefore, the prior pdf of population mean is a 

constant as a result of which from Eq.(5.4) it can be raid that virtually 
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the posterior pdf will be proportional to the likelihood function only, from 

which the estimate of the mean can be extracted in the classical way that is 

by finding the value which maximizes the likelihood function. 

However, on the contrary, the assumption may be that each of the mean 

values, at different sites in the same catchment area, will converge 

ultimately as the sample size increases to different population values which 

consequently illustrates the idea of the prior pdf of the population mean 

over that catchment area. 	The way to obtain this prior pdf is to fit a 

suitable theoretical pdf to the frequency distribution of these distinct 

population means. In a similar way the same argument can be pursued in order 

to find the pdf of any other parameter, such as the standard deviation, d  , 

the lag-one serial correlation coefficient, p , etc. Ina work presented by 

Tschannerl (1970) the prior pdf of the mean of a streamflow sequence has been 

assumed to be a normal pdf without any practical justification . 

Another constituent of Bates theorem is the likelihood function which 

has already been mentioned briefly in chapter 3. 	All of the information 

included in an observed sequence is quantitatively represented by the 

likelihood function. The combination of the prior pdf and the likelihood 

function through Eq.(5.4) yield the posterior pdf. As it is evident from 

Eq.(5.4) when the prior pdf of a parameter is assumed to be a mere constant, 

then the posterior pdf becomes equal to the likelihood function, and as a 

result bayes theorem is no longer valid but instead the sampling theory comes 

into play. 

5.3. Thz,  Prior oaf of 	LP. 

There are various sources of indendent inforation about tp that 

give sc:ne insiClt into its prior pdf, P( ep ). First of all, although 

theoretically 'p varies between -1 and +1 in hydrology for the annual 

strcamflows, ip takes values mostly between 0 and +1. 	In addition to this, 



1. (32  -2(pe 
(1 -tpe) (tp 

P (5.8) 

as noted by O'Connell (1974) in relation to the agreement with Hurst's law 

obtained with the ARIMA(1,0,1) process, if might be expected to lie in the 

range 0.80 - 0.95. Therefore, the expected value of the prior pdf could be 

assumed to be equal to any appropriate value between 0.80 and 0.95. Another 

very useful source of information would be a frequency diagram of 

which could be obtained from 140 annual streamflow sequences given by 

Yevjevich (1963). A theoretical curve fitted to this histogram would yield a 

prior pdf of LP 	but this is not the approach adopted in this chapter. 

However, by virtue of the relationship among p 	e and p given 

as 

the prior pdf of P can be obtained from the prior pdf of p through 

Eq.(5.8) under the assumption that e is a fixed value. Lenton et. al. 

(1973) gave the prior pdf of P on the basis of the world wide data presented 

by Yevjevich (1963), as the beta distribution on -1 to +1, which is expressed 

as 

f( p ) 	(1 	p) 	(1 -
p) t-r-1 	

(5.9) 

The first v:.o moments of this distribution are 

m = 
	2 r 	

1 
	

(5.10) 
t 

2 	4 r(t -r) 	 (5.11) 

t 2(t+1) 

where the farameters r and t can be estimated from the data sapnlied by 
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Yevjevich (1963) by means of the method of moments. 	The values of r and t 

found by Lenton et. al. (1973) from Yevjevich data are 

r=15.499 

and 

t=26.387 

As a result, in this particular case the Beta distribution becomes 

f(p ) a (1 -p)
1  (1 +p)

k2 	
(5.12) 

where k1 = t - r 1 = 9.888 and k2  = r - 1 = 14.499. By substituting 

Eq.(5.8) in Eq.(5.12) the joint prior pdf of p and e is obtained as 

k2  k  

f(41  0) =N 
(1-y0)(y -0) 	

1 
	] [ 	(1- ye) (y -e) 

1+82 -2ye 	1 +e2 -2ye 
(5.13) 

Because of the difficulty encountered in dealing with the numerical 

calculation of a bivariate pdf given in Eq.(5.13) a simplification assumption 

will be made by regarding one of the variables as a constant quantity so as 

to examine the performance of the other variable. However, becense of the 

fact that p apparently plays a more important role then e in the long-

term 72operties of the AaIMA(1,0,1) process, all of the following rork assumes 

e 	to be a fixed to some preselects -.)-alue between -1 and +1 thus leaving 

the 3ayesian properties of (4) only for examination. 	;,lternativly, 

could be centered on the T3ayesian behaviour of the raramete 6 bJ ii.}. n6 

to a preselected value, and then by using the analytical v7.p7777: of the 

subsequent section, finding the posterior pdf of e only. .1 though it is 

not a very tediour work to undertake, the latter approach is not adorted in 

this thesis, the only difference between the two being numerical integration 
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with respect to either T or e as necessary. 

However, a third alternative, which entails the combined Bayesian 

behaviour of T and e can be considered, that is, to allow both y and 0 

to vary in which case the numerical integration necessary to derive the 

contours of the joint posterior pdf of LP and 0 become enormous, although 

not impossible to tackle. This approach has not been adopted here. 

5.4. The Likelihood Function of the ARIMA(1,0,1) Process.  

After the prior pdf the second component of Bayes theorem leading to 

the posterior pdf is the likelihood function, l(DI W ). The explicit form 

of the ARIMA(1,0,1) process has been provided by O'Connell (1974) as 

X
t

= p.(1 - co) + tp X t - 	
(11

t-Bit-1) 
	

(5.14) 

where y and d are the mean and standard deviation of the process 

respectively, whereas tf) and 0 are parameters related to the autocorrelation 

structure given by 24.(1.21) and Eq.(1.22) and finally 1 and q 	are 
t-1 

normally and independently distributed r.v's at time instances t and t - 1, 

with zero mean and variance given by 

2  	if2 (5.15) 
(1 +e2 -24pe) 

The.first step to be taken in search for the likelihood function of the 

ARITa(1,0,1) process, is to find the expression of the likelihood function 

of the random component, 	, which can be written without any difficulty 
t 

tecuse the 	>7 , 	, m 	, 	'1 	are normally and in]ep,andcrtly 
0 	1 	-1 2 

distributed. 	One important point to consider is that, for generating n 

obse::vations by using Eq.(5.14), (n 	1) values of 1 	2.22C ::.'7:C7L1±1-26, 

including the initial re v. 110  . Therefore, the general form of the 
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likelihood function becomes because of independence 

I( 	, ).--- • • ,71 I 	) 	f ( en )7 	) 

	

1 2 3 	n 0 	0 	i 
i=1 

where the f( 1, ) have normal pdf's given as 

2 

	

1 	

( 	) 

1  
f (11. ) 	 e x p 

57--ccr 	 cf2  

(5.16) 

(5.17) 

As a result by substituting Eq.(5.17) in Eq.(5.16), 

n 
f (Y10) 	1 	"S"'"‘ .2 

I ( 1 , 1 . 1 ,•• .. •-..,1 I 71 ) = n 	ex p(-- 

	

1 	2 	3 	11 0 	2n 	2d2  cf2 	2 Cr 2 ‘--d I 
11 i =1 11 

(5.18) 
Various assumptions concerning the pdf of 10, denoted by f( -no ), will be 

considered in a later section, but it is useful at this stage to think of 

Eq.(5.13) as being conditional on 	. 
0 

"low, it can be deduced from Eq.(5.14) that, when a transition from 

the variables 1 to the actual observations, Xt  , is performed the 	l's 

in Eq.(5.18) will all be a function of both the parameters of the model 

namely LI) and A and the observations themselves. Such a transition will 

be achieved first by working out the Jacobian of the transformation of 1 to 
t 

t which can be calculated as 

1/a 	0 	0 	. .0 

tp/a 1/a 	0 	. .0 

	

J = 	
( , 	

" 	= 
6(x , 

1 	2 

0 0 0 



1 (5.20) IJI = dn 
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The Jacobian is an (nxn) lower triangular matrix whose determinant is equal 

to the product of the elements of the main diagonal only. Therefore, 

The likelihood of the ARIKA(1,0,1) process, thus turns out to be conditional 

on two initial variables, namely, X0  and 10  ; in general 

	

1( x , x2  • • • • ,x
n 

,x a  1(11° ) f (x° )   ex p 	Eiji  (xi , l  
0 	do an 	2a2  

11= / 

(5.21) 

	

where f(X,v) is the pdf of the initial observation X0  and 
	i(X1, X2, 	,Xn) , 

is the new form of the r.v's in terms of the given observations. In writting 

Eq.(5.24i an implicit assumption made is that 1
0 
 and X0  are independente 

from each other. Otherwise the joint pdf of 10  and X0  should appear in 

Eq.(5.21). 

However, in order to bring Eq.(5.21) into a more revealing form , the 

terms in the exponent must be explicitly written in terms of the given 

observations. This is achieved after some considerable algebra. First of all, 

to facilitate the algebra, instead of the actual observations their 

standardized counterparts will be assumed. Hence, with the standardized 

obcervatiot-7_ Es.(5.14) can simple be re-written as, 

yt  = LPYt-1 -t 	
eIt-1 
	 (5.22) 

;.h ere 

Xt - (5.23) 
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is the standardized observation. 	With these standardized values the l.'s 

are'now a function of yo, yi, y2, 	,yn. The next step is to express 

the individual Al.  in terms of standardized observations and y0, 1 	, q) and 
1 	 0 

e 	. From Eq.(5.22) given 10 , yo, 9 and e the r.v's, -r , may be 
I 

expressed as 

'11=Y1 -4)Y09el0 

2 Y2 	1 
4  - LP) Y e y

0
-e 

0) 

= y + (e 	lisey) - e
02

OP 
3 3 	2 1 	0 (5.24) 

2 	n-2 	n -1 
n=Yn-o(e- tp)(Y +eY +eY +•••+e Y) -0  (Lpy 	) n-1 n-2 n-3 	1 	0 0 

By defining a new variable as 

A =q)yo  - e 

sabstitution of El.(5.25) into Lq.(5.24) gives 

=y -A 
1 	1 

en
2
:: y

2
+ (O-9)y -eA 

(5.25) 
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X13 = Y3  +(e - Lp)(y2 	1+ ey ) -e
2
A 

(5.26) 

11n n+ - 1̀)"n-l+eYn-2•FesY 	• • n  
n-2 	n-1 

- +e y1 ) - e A 

Now, by taking the square of each equation in the above system of equations 

given by Eq.(5.26) and then adding them all together to form the summation in 

Eq.(5.21) the likelihood function of the ARIMA(1,0,1) process becomes 

	

f(x0) 	1 
2 
[ 

1(x , x 1-- 	p. ,x 	,a,cp,e) a 	Oc)i
ndn 	ex 	2 0 	 2a-(1  

1 

n 	 n-1 	n- j 
2 	 j-1 ,...Ex.-p.) +2(e_ip)E. 	E(x._...)(x.._ ) , 	 , 	if, 

J., 	J.., 	J.., 

2 [ 

	

.2  n-1 	j 	j_i 	 n 	i..1  

1(e-tp) E Ee (x-p.) -2AEe (x,-p.) 

	

j•1 	1=1 	 1=1 

n 	I 2n 

j-i 	- e2  
-2A(e-tpE e 	e (x - p.) +A2  1-  e  

I-1E 

i=2 

(5.27) 

th,,? standardized variables have bcen converted. back into the original 

ariable:L. 3,-fore 	fxher  tEle form of the mdf's of Loth 1 cLd 0 
0 

must be snecified. In fact, 	both- 1
0 
 and X0  are normally distributed 
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and furthermore X0 
 will be assumed to have the same mean and standard. 

deviation as the observations X. 
and in the same way the mean and standard 

deviation of the initial r.v. 1 will be the same as r.v. 	. With these 
0 

assumptions Eq.(5.27) becomes 

I t xi, x2, • • •,xn l -n, xo, 	,d t.p 	) a 
1 X( 0- P. )2. exp 	 

262  cln+1 n+1 
11 

2 

	

1
o 	1 	 2 	

n-1 	n-j 
1-1 

2d2 	262 02  [E 	-11) .t2(61-q))Ee'l  E (xl•-11)(xl+111)  

	

11 	11 	1 7-1 	 3=1 	1=1 

	

n-1 	[ 	j 	 n 

	

4 	 P(e."P)2E 	 (x. 	AE 

	

j =1 	1=1 	 i=1 

2 

n 	. j 	 2 1  - 021 
-2A(6 - gyp) 	

1-1 	J-1 
E 	(x. - 	)+ A 

	

i-1 	1 -02 

=2 	1=2 

(5.28) 

Therefore, the general expression of the posterior pdf defined by Eq.(5.7) 

becomes 

p(pod,t 	
P(,04,0)  

4),8 I D3 	x) 	
p.  

) a 	n+1 0 0
n  

exp 
(x 

2v 2 

2 
o 

202 
11 

1 
n-1 

2 d2 	(12 [E (x111)2+ 2(6-47E 8)-1

-j 	
( J.- ) 

1
1=1 	 j 	1=1 

n-1[ j 	. . 	2 
+(e  

p-e ( x - p,) - 2 AE (x.- 

j=1 	i =1 	 1=1 



n 	j 	 2n 
-2 A(0- 	

J 
Lp) 	

-1 	0J -1(x 	+42 1  - e 	(5.29) 
E 0 i-1 	- e2 
j = 2 	i=2 

which can be written in a more compact form as shown in appendix (5.2 ) 

P(pie)  
p(p,,c,tp I , x ,e,D) a 

cin+2 an+1 
exp (-P) 

0 0 

where the huge expression of P has been displayed in appendix (5.1).  

5.5. The Posterior DU' of 	ti).  

By definition, the posterior pdf of a paraMeter is proportional-

to the product of the prior pdf of the same parameter and the likelihood 

function of the generating process. In the case of more than one parameter 

the prior and posterior distributions will be the joint pdf's of the 

parameters concerned. 	For the ARIMA(1,0,1) process the joint posterior pdf 

of the parameters iL , 0 	, and 0 cannot be found until the form of 

the joint prior pdf of the parameters is specified. It is almost always 

impossible to propose a single joint prior pdf and because of this, ways of 

simplifying the joint prior rdf concerned are sought. 

The simplest form would be to assume all the parameters to be 

independently distributed from each other prior to 	obtaining the data, but 

this would be a very unrealistic assumption, especially for the -a:T7.A1,o,i) 

process where the independence of e and tp is disproved by Eq.(5.e). 

:hecretically, the mean and the standard deviation arc inc en,_" pit from each 

other for the normal processes ao was shown in appendix (2.3). 7n rractir,e, 

the asaamrtion of inderendcnce between the moan an,I. the standnd :77&vin.tion 

cannot be justified because of the fact that rivers viith large means tend to 
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have large variances and as quoted by Lenton et. al. (1973), the coefficient 

of variation of all rivers tend to be concentrated around the value 0.2-0.3. 

Therefore, when the inverse of the coefficient of variation is adopted, which 

is given as v = p / d , which does not vary very much in the case of 

streemflow, the independence of v and 0 can be deduced (Lenton et. al. 1973). 

It is reasonable to assume that Li) and 0 are independent from p. and 0 

and hence, from v because of the fact that, all of the knowledge about tp and 

e 	do not give any information about p and d and vice versa. 

By taking into account all the above points the joint pdf of the 

ARra(1,0,1) process parameters can be re-written as product of various pelf's: 

P(v,a,tp,e) 	P(v)•P( a).P(Lp,e ) 	 (5.30) 

where P(v) and P( 0 ) are the prior pelf's of the coefficient of variation and 

the standard deviation respectively. The joint prior pdf P( Lc,  e ) of kr) 

and e on the r.h.s. of Eq.(5.30) can be thought of as a conditional pdf as 

explained in Section (5.3). Therefore, 

P(v a tp e): p(v)p( a ) inple) 
	 (5.31) 

is the final form of the prior pdf where F( 	0 ) is the conditional prior 

pdf of ti) 	given 	which can be found numerically from Eq.(5.13) 

and then incorporated in Byes theorem as 

P(v,d )tp 11 ,x
0
,e) r)) a P(v,0,4),E)) 1(x x,...)x 11,x,v,a,0) 

0 	 1 2 nO0 

(5.32) 

wliere the 1.h.n. denotes the joint posterior pdf of the rerameters v, 0 and 

(4) 	7,nd the data itself. •Inr annual h,idrological stre=f1o7; T;cqJences the 

distribution of v is assumed to be a constant. As to the prior pdf of 6 
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there exists no hydrological work but it has been borrowed here from the 

probability theory as suggested by Jeffreys (1961) the logarithm of a is 

assumed to be uniformly distributed over the range (0, + 00 ), indicating a 

complete ignorance about the behaviour of a . Hence, 

1 
P( a) a 

	

	 (5.33) a 

In the general expression of the posterior pdf, all of the terms that include 

p 	have to be converted into v before the integration is executed. As a 

result, by substituting Eq.(5.33) and Eq.(5.28) into Eq.(5.32) the general 

form of the joint posterior pdf of p , a and tp is obtained as 

(x-p 	110  P(4)1e)   ex - P(p-,a,LP 	,x,e,o) a 	n+2 n+i 	P 	2,°  3 ? 2 	2a2 0 	a CIA 

n-1 	n-j 
2(12 02  Dx 	2 

+2(e-tpE  6j-1 Ex -4)(x - P) 
i4j 

11 	i=1 	 j =1 	i=1 

n-1 	j 
? 	 j_i 

   	
i-1 

+(8 - LP) 	Ee x.- - 2 AE e  w 
1 

 
i =1 

n 	. 	
2 	

2n e  
1-1 	- 82 

j=2 	i =2 I

( 5.34) 
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In this form E6(5.34) seems to be difficult to integrate with respect to 4 

or V. To reduce it into a more manageable form it is necessary to introduce 

some constants by expanding each of the terms in the brackets of the exponent 

one by one as shown in appendix (5.2), resulting in 

P(v,a,p I 

	

	P(v)P(tple) 	C1  ,x 
0 0 	n+2

0 	
a 

n+i e xP 	-2 -2 (av -E1f  4 D1 
a 	

11 	 a  ll  

(5.35) 
where 

	

E = B1 
	

(5.36) 1 	2 C1  

D- 
Al 
 (

B' 2 
 

\ 2 .C1  
(5.37 ) 

where Al' 	and C1 are given in appendix (5.2). The joint prior pdf of the 

parameters g , 0 and p of the lag-one Markov process can be obtained by 

substituting n
0 
 = 0, e = 0 and 	= p into Eq.(5.55). 

5.5.1. Process with Three Unknown Parameters ( 4 , cf , W )  

In the following evaluations all of the numerical constants are 

absorbed into the proportionality sign. In the most general form the 

parameters 11 , a , 	and e for the ARIMA(1,0,1) process will all be 

assumed as r.v'o with prior pdf's attached to them. In the previous sections 

e 	has already been assumed to be constant, hence, in general, the joint 

po-sterior pdf of the remaining three -narametero is given by Fa. (5.35) where 

v is em,,loyed instead of 	µ . 

Rowever, to fin: she 	:tpstorior Taf of 	one of the 

parameters i1.(5.75) has to be integrated with res7ect to the othr:r two 



(5.38) 

where P(v) has been absorbed into the proportionality sign. The integral in 

P(a,q)11 ,x,e,D)a 	
P(ip le) 	 20C21a2 (civ _ E )2 d  

dn+20nil - ?( P 202a2 	ex p - 	 
0 0 	 1 

-CO 
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parameters, hence eliminating their effects. With the assumption that v has 

a uniform prior pdf over the range (-al ,+(:0 ), then Eq.(5.35) becomes, 

+CD 

Eq.(5.38) has been evaluated in appendix (5.2) by Eq.(A5.25) giving 

1 
P( 	

tple) 
ct,tplil >t, 8 C))a 	

K 	(21() 

0 	oni2 	exP( 2a2  02 	(5°39)  
(31  

In order to derive the posterior pdf of cp only, Eq.(5.35) has to be 

integrated with respect to 	, as given in appendix (5.2) by Eq.(A5.31 ) 

where 

N 	
P(tple) 	-( n +1)/2 

0 
tp I 	x, e,D )a 

1  0   

2 
= 

1231 
Al

F  
1 	4 C1  

(5.40) 

(5.41) 

In the derivation of Eq.(5.40) the initial r.v. I was assumed to be equal 
0 

to zero, without any prior pdf. Fowever, cn the contrary if to  is assumed 

to ba normally and independently distributed with zero mean and variance 

.equal to (72, then, a further constant, t, should be added to 	which is 

given by 

n 	n 

	

e  

	j 	. 

	

1 	 1  
t =12

4 el 	(x.-  0 ,31 ce -toE e 	e ( x - p, ) 
° 
i _1 	 j=2 	1=2 

02n 	1 - e2n 
r,,2 2  1 -  +2Lpe .x 	 

0 o 1 - 	-1 	e2 
(5.42) 
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and the term that is to be added to B1  is 

- e
n 

u 

	

	 (5.43) 
0 1- 02  

To check the correctness of the posterior pdf given by Eq.(5.40), it 

suffices to insert e 	0 in the formula. Hence, it reduces to the lag-one 

Markov process case for which the equivalent expressions have been given by 

Ihornber (1967). 

To get the posterior pdf Eq.(5.40) can be readily evaluated 

numerically, for any desired set of parametersg,d, tp , e , N , 

1 	and X
0. 

Figures (5.1) - (5.4) show the graphical representation of the 	• 

prior pdf of Eq.(5.13), the likelihood function of Eq.(5.28) and the posterior 

pdf of Eq.(5.40) under the assumption that the initial r.v. 10  is equal to 

zero. A first glance at figures (5.1) - (5.4) gives the expected impression 

that although the prior pdf which represents all the available information 

before the data is obtained has a. greater variance, the combination of this 

prior knowledge with the likelihood function, representative of information 

provided by data, results in a posterior pdf which has relatively •smaller 

variance indicating- that there has been some reduction in the uncertainty 

compared with the prior pdf. In order to see the effect of sample size 

v7...rious posterior pdf's- with different sample sizes have been plotted. in 

figures (5.5) - (5.8). As it is evident from these figures as the sample size 

increases the variance of the posterior pdf decreases thus ensuring a better 

3a onian estimate of the parameter. 

One very useful -,:roperty of the Zayesian estimation nroceJure is that 

it is possible to revise the estimate using additional data, in which case 

the previously found posterior pdf will assnae the role of the new prior 

pdf before the additional data become available. 	the whole schime is- then 

repeated to arrive at a new posterior pdf which it is hoped will hsve a 
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smaller variance than the previous posterior pdf, indicating a reduction in 

the amount of uncertainty. 

5.5.2. Process with Two Unknown Parameters ( CI _gyp )  

One of the approaches taken to the Bayesian estimation procedure by 

Thornber (1967) is to assume one of two of the population parameters to be 

known exactly. The application of this approach to the ARIMA(1,0,1) process 

with two unknown parameters is effected by assuming either µ or a to be 

known and then studying the combined effect of two remaining parameters ( d , (I) ) 

or ( p , (1) ). on posterior pdf of .p . 	In this section the population mean 

has been assumed to be known leaVing a as a r.v. with a prior pdf defined 

by Eq.(5.33). 

Therefore, all of the product terms are a function of ti only, and 

can be eliminated from Eq.(5.29) by assuming them to be constants and absorbed 

in the proportionality sign. The posterior pdf of tp is obtained after 

integrating Eq.(5.36) with respect to d only, which leads to as shown in 

appendix (5.3) 

P(tp I j ,x,e,D)a 
P(tplA) (5 . 4) 

13(n÷1)/2 

The numerical solution of Eq.(5.44) and the likelihood function for a given 

p 	value have been plotted with the prior pdf in figures (5.9) - (5.12). 

In addition to these, the effect of sample size has been shown in figures (5.13)- 

(5.16). Again the same conclusions reached in the 3-parameter case remain 

valid, that is the variance of the posterior pdf is smaller than the variance 

of the prior pdf and moreover the increase in the sample size shows itself as 

a decrease in the variance. 
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5.5.3. Proc,77 wit'a 	17-ema-;,in 7Pranat -?r ( P 1  

By arouning, both the mean and tha standard deviation of the 

ARIMA(1,0,1) process to be known the posterior pdf of tp can simplY be 

thought of being equal to Eq.(A5.22) in appendix (5.2) without further 

mr):::ificritien: and is given as 

F)  (tp 
n  
leo  e x q 	C1  	p.  {( _ E )24. u,-, i 1} 

IN II)" 110 )X0)e)p)a 	2 an4d-ii 	2u21  c  
11 	 11 

(5.45) 
This equation-has been evaluated numerically leading to the plottings of 

figures (5.17) - (5.24) which show a very strong effect of the likelihood 

function on the posterior pdf. 

In order to be able to compare all of the three approachs, the 

corresponding posterior pdf's, with the same set of parameters, have been 

Plotted on the same diagram as shown in figures (5.25) - ( 5.28). One of the 

prominent features of these figures is that as the number of known parameters 

increases the information content, which is measured by the inverse of the 

variance as first proposed by Matalas and Langbein (1962) will be increasing, 

this is because of the fact that each one of the known parameters reduces the 

amount of uncertainty resulting in the final product, which is the posterior 

pdf in this special case. 	Another property that can easily be deduced from 

these figures is that the amount of uncertainty reduced by the assumption that 

Cr 	is known is comparatively smaller than the case when both a and µ are 

known. As a result the assumption of known 'J. has far more greater reduction 

in uncertainty than known 	a. These properties can be quantitatively 

accounted for by comparing the means and the standard deviations of various 

posterior probability distribution as given in table (5.1). As a conclusion 

it can be said that the estimate of the mean is rather important to the 

estimation of tp , the prominent control parameter of the long-term 

persistence of the ARIM1(1,0,1) process. 
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In order to be able to compare,quantitatively, the three types of 

posterior pdf's their means and standard deviations have been calculated and 

presented on table (5.1). It is evident from this table that type-I and typeZI 

posterior pdf parameters are very close to each other which suggests that 

they are characteristically extremely similar to each other. This property 

confirms an already made assertion, that is , the effect cf standard deviation 

on ' is very small indeed. On the other hand, the typeglEposterior pdf 

is distinctly different from the other two posterior pdf's, hence, confirming 

the importance of the mean in estimating the parameter (pi 

5.6. Bayes Estimates  

The two prerequisites in the Bayesian estimation of any parameter are 

A 
the posterior pdf of the parameter- concerned and the loss. function, 1(c) , tp ), 

which can theoretically assume any form of function provided that it is 

non-negative for all values of pi  and G and,has a unique zero value when 

(4) 	= 	only. The loss function is a r.v. for finite lengths of observed 

sequences and consequently the loss function will have its own statistical 

properties such as the mean, the variance etc. In the Bayesian framework, 

the value cf 
A* 
 that minimizes the mathematical expectation of the loss 

function will be referred to as the Bayes estimation of the parameter 

=mAinE1(4),) =minfltip D)dtp 

R 
0 0 (5.46) 

where ' is 	Ic04_on over .`Lich tp can eisn'tne values, that is, for the 

-)roceen -1 <a 

Ti i P -very lifacult task to find a Drc.ctical lose :unction that 

confol.:.o with reality; because of this, so far in the hydrological literature, 

only theoretical loss functions have been used. One very frequontly need loss 
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function is the quadratic loss function which is expressed as 

1(tp , 	= 	)2 
	

(5.46) 

It has been shown by Zellner (1971) that when a quadratic loss function is 

considered then the Bayes estimate of the parameter is equal to the mean value 

of the posterior pdf. The posterior distribution of tp in all the above cases 

is conditional on e . However, what is desired is the overall optimal 

choise of tp and 0 i.e. corresponding to minimum expected loss. Assuming 

a loss function is available for tp the losses associated with various values 

of tp can be worked out fer a particular value of e using the posterior 

pdf in Eq.(5.40). For the evaluation mentioned above the following table 

can be very usefull 

;I\ 91 92 93 44 • • • 9n 

e1 111 112 113 114 • ' ' 11n 

62 121 122 123 I_ 
24 

• • • I2n 

el .., 131 132 1 33 
, 
134 

• • • , 
3n 

em 1ml 1m2 'm3 1m4 • • 1mn 

wherel,are the losses associated with Lp. and 	0.. 	If 1
34 

is the 
1 

minimum loss then the 3ayesian estimates of tp and e turn out to be 
4 

kf) 

and 03 respectively. 
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5.7. Summary  

A general approach leading to the marginal probability distribution 

functions of various parameters of the ARIMA(1,0,1) model have been presented 

based on some simplifying assumptions. In particular the posterior pdf of ip 

which i3 the controlling parameter of long-term behaviour of an ARDLA(1,0,1) 

process has been derived. 	of the analytical expressions obtained in this 

chapter can simply be reduced to the lag-one Markov process case, provided 

that LI) = p and A r. 0 are substituted in the derived equations. 
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SAMPLE 

SIZE 

POSTERIOR 	R POSTERIOR 	d 

Type-I 

(LP, Pid) 

Type-If 

(kP 1 d ) 

TYPeDI 

( t4)) 

TYpe-I 

(LP, 11, cl) 

Type-I 

OP, a ) 

Type-Tr 

( ki)  ) 

10 .704 .720 .645 .131 .135 .200 

20 .733 .746 .864 .101 .108 .067 

30 .720 .755 .885 .094 .098 .057 

40 .740 .779 .918 .078 .084 .033 

50 .745 .743 .924 .069 .072 .032 

Table (5.1) - Mean and variance of the posterior pdf the 

3 Bayesian approaches. 
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Chapter 6 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH 

6.1. General Summary  

During the course of this study various interrelated aspects of 

stochastic hydrology have been examined with particular reference to the 

small sample properties of several currently used simulation models. Among 

such properties are the small sample.expectation of the estimates of the most 

commonly employed parameters which are the lag-one autocorrelation coefficient, 

the standard deviation, the variance and the Hurst coefficient. Moreover, the 

resealed range which is a measure of the long-term behaviour of a. historic 

record has been analytically investigated and the expected value of it has 

been derived in small samples for a number of processes. All of the analytical 

expressions derived in this thesis have been checked by simulation methods 

on a digital computer. 

A simple stochastic model with desirable long-term properties has 

been proposed and fully developed for simulating annual streamflow sequences 

either at a single site or a number of sites on a catchment area so as to 

preserve spatial as well as temporal correlations. The quantitative 

equivalence of the WM process to the ARMA(1,0,1) process has been shown and 

small sample expectation of WM parameters have been analytically derived. 

The posterior pdf of parameter- p of the ARIMA(1,0,1) process, which 

is a prerequisite for finding the Bayesian estimate of the same parameter has 

been derived on the basis of various simplifying assumptions 

6.2. General Conclusions  

The primary theme of this thesis has thus been the problems associated 

with small samples of hydrological variates and the Hurst phenomenon and the 

interaction between both. Some theoretical contributions to both aspects have 

been derived which shed further light on the generation of synthetic 

streamflows. The primary conclusions that might be drawn can be listed as 

follows 
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1) In general, the small sample properties of some vital parameters 

used in hydrology have been closely investigated and advances in analytical 
of 

results have been achieved which should advance the understanding Lthe 

behaviour of small samples of hydrological variates to a greater extent. 

2) A considerable advance over the existing analytical results on the 

range of cumulative departures from the mean has been achieved. General 

expressions have been derived for the expected values of the adjusted and 

resealed ranges which can be applied to any stationary stochastic processes. 

In particular, 

a) The only difference between the analytical expressions for the 

expected value of range and resealed range, irrespective of whether adjusted 

or population, is a mere constant factor for small samples whose value 

converges to unity asymptotically for large samples; hence the asymptotic 

expectation of the range is equal to that of the resealed range..  

b) The statistical properties of the resealed range are distribution 

free by virtue of the central limit theorem mentioned in chapter 2. 

FUrthermore, the resealed range is a function of a t-distribution whose 

statistical properties are dependent on the sample length only. 

c) As can be seen from an inspection of the analytical expressions given 

in chapter 2 the expected value of an ideal reservoir size which is equal to 

the range, increases with increasing lag-one autocorrelation coefficient; 

hence it is smallest when the inflows into the reservoir are coming from a 

NIP. Finally, the asymptotic distribution function has been obtained for the 

resealed population range. However, because of the small samples available in 

hydrology it is not of a great interest but represents only a start. The same 

distribution for small samples would serve as a test of significance in 

practice. 

3) The small sample properties of the lag-k serial correlation coefficient 

has been derived with particular reference to the ARIMA(1,0,1) process. 
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Moreover, the small sample expectation for the standard deviation has been 

analytically derived for any normal and stationary hydrologic process. In 

short, these expressions will give the hydrologist the ability of maintaining 

small sample statistical resemblance between synthetic and historic sequences 

without resorting to the cumbersome Monte Carlo techniques for deriving the 

small sample properties. 

4) The white Markov process which is almost identical to the ARIMA(1,0,1) 

process except for the multivariate case has been fully developed for generating 

synthetic annual streamflows. In particular, 

a) The VIM process is a simple and adequate approximation to dfGn. 

b) The observed long-term persistence in geophysical records can be 

successfully modelled by the WM process in adition to the simultaneous 

preservation of short-term persistence. 

o) The small sample properties of the process have been analytically 

derived. 

d) The multivariate case equations of this process are different from that 

of the ARIMA(1,0,1) process but have the same difficulty as regards the 

solution of them. 

5) The general expressions for the posterior pdf of the parameters of the 

ARIMA(1,0,1) process are obtained as a prerequisite for the Bayesian approach 

to the parameter estimation procedure. It has been shown that it does not 

make a great difference whether the mean 	IS 	known or 

unknown with regard to the estimation of the model parameter p . 

The idea of incorporating information other than that contained in the 

historic record to obtain a better estimate of a parameter is attractive, but 

in this thesis, formidable theoretical difficulties are encountered which limit 

this approach. 
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6.3. Suggestions for Future Research 

Related to the aspects treated in this thesis there appear to be 

various potential areas that need further study in order to understand the 

stochastic processes involved in a better way and their use in the design 

and operation of water resources systems. These research areas can be given 

as follows. 

1) The small sample expectation of the range or the ideal reservoir size 

has been derived analytically for the case of full development only; in the 

light of the work presented in chapter 2 of this thesis, the same expectation 

could also be derived analytically for the case of partial development. 

2) Although the asymptotic distribution of the resealed population range 

is obtained in chapter 2, it is not adequate to provide a formulation of a 

test of significance for long-term persistence because of the shortness of 

hydrological records. Therefore, one would hope to derive the distribution of 

the resealed range in small samples. 

3) The analytical expression to define the expected value of h in small 

samples could be derived on the basis of the analytical expression for 

E(RJS) which has already been derived in chapter 2 of this thesis. 

4) In the absence of the pdf of Rr/S for small samples, by making use 

of E(RIS) only, the process that gives rise to the observed sequence could 

be identified. To this purpose curves of E(Rn/S) versus n for the same 

lag-one autocorrelation coefficient but different processes could be plotted 

and then the estimate of Rn/S is extracted from a given historic sequence; 

whichever curve is closer to the estimate of Rn/S will then suggest a 

generating process. 

5) The Li process could be developed to simulate monthly and daily 

streamflows either by applying the model directly or by the disacgregation 

of the annual streamflows as suggested by Valencia and Schaake (1972). 

6)A comparision of the Bayesian approach and the classical approach to 
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estimating the parameter 4) could be achieved through various types of loss 

functions. 

7) The prior pdf of ti) could be obtained from information other than 

that based on world wide data. To this end the information derived from a 

study of physical properties of the catchment area could be incorporated into 

the prior pdf. Some work in this direction has been performed by Moss (1972). 

8) The Bayesian approach presented in this thesis could be extended to 

cover the optimum estimation of g , a and 	. 
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Appendix 2.1 

heAd'L gT liz - eforta-OneTvTarkovProcess 

In this appendix the values of quantities of IT(3i1,), Cov(Rk,in) 

and IT(R ) in Eq.(2.39) are calculated for the lag-one rarkov process. 

The autocorrelation function of this process is c function of the 

first order autocorrelation coefficient, p , as given in Eq.(2.57). Hence, 

1 V(R )= 	E( 	x •) 
2 

k k22_,  1 1=1 

0a exnanding the r.h.s of this expression, 

k 	k k 
VCS: )= k " [E(x2) 	E EN; x i)] 

.7.1 	I 	L.-1 1:1 
i!j 

(A2.1) 

. 	• 
where 	= CI

2 
is the variance and E(xixj) = a

2 pii— j1 
4 the covariance 

of the underlying process. 	Therefore, the substitution of these expressions 

into Eq.(A2.1) gives 

cf 
V(R- k )= 	k +E E i-j I] 

k 

2 [ k 

1=1 j=1 

Or, by considering the symmetric property of the autocorrelation matrix the 

second term in the brackets on the r.h.s can be written in a more compact 

form which yields 

2 	k1 
Wick) 	[k+2 E( k- P

i
] 

1=1 

Or, more explicitly 
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2 [ 	k-1 	k-1 a 
V(-.0k k2  )- 	2kEp 

i=1 	1=1 

(A2.2) 

where the first summation term in the brackets is a geometric progression 

whose sum is given as 

. 
1 13k-1  

E P - p 	 
1-p i=1 

(A2.3) 

The second summation term is related to the derivative of first one as follows 

k1 	. 	k-1 . 
E if)! -zpz_( 
1-1 5  

By substituting Eq.(A2.3) into this last expression 

k-1 
P-) 

oA 	p 

and taking the derivative the following result is obtained 

k1 iP P , E 	k pk-1) (A-6 P-04  
1= 1 	(1 -p )2 (A2.4) 

Finally, the substitution of Eq.(A2.3) and Eq.(A2.4) into Eq.(A2.2) results 

in 

	

d2 	2P 	p)- (1-Pk)] 

	

V(3-(k)=   k2- 	iT7T2  
( A2.5) 

The calculations required for V(111) are the same provided that k is replaced 

by n. Hence 
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2 
VCR )----2-  n+ 	[1(1- p) - (1 -pn) 

Tv , 	ri 	(1 - p) 

co 
Now, the variance between 	and i

n 
is given as 

(A2.6) 

1 	k 
Cov (R 	)= k  E( x. n n 

1=1 
(A2.7) 

which can be reduced to 

k n 
C o v (31 en) = — n k i E EE'x x)  i=1 J=1 	J  

- or by substituting E(xixi) =02 pli A  

k
+ 
 n 	. . 

cov(xklRn) -riE sk 2..; 
i 

(A2.8) 

If this last expression is considered in a rectangular matrix form, then the 

following explicit result can be written 

ctr-12-k-10...k_0(pk+1 pn_k_i),(n_k)cf2tk-npn.k_i 
for (n-k)<k 

i=1 	 1=0 

n kC ov(3? en) = 	 (A2.9) 

n-  2k 
2  \--` 	n-k+ 	- 
za(k-  )(p 	p  k ).1.ka2Epr`a" 
1=1 	 i=0 

for (n-k)>k 
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Appendix 2.2  

heAdtmjteelastLortlT Ra leARIMA101Process 

From the autocorrelation function of this process given by Eq.(1.21 ) 

and Eq,(1,22), the terms V(Ric), Cov(2k,in) and 11(Rn) can be calculated as 

follows. As is obvious from these expressions the autocorrelation structure 

of the ARIMA(1,0,1) process is a function of two parameters namely 	and e 
or equivalently 	and p 	Therefore, the expected adjusted range will 

also be a function of (P and p . 

Firstly from Eq.(A2.1) by substituting E(xi
2  
),=0'

2 
and E(xixj) ... a2P ti) 

for i / j, the following expression can be written, 

11-il 

112 	k-1 . 
V(7 ) = 	k t 2p E (n-1)9 

-1 
k k2  

1:1 	 S. 

By manipulating the necessary expansions as in the previous appendix (2.1) 

d2 
V(7t‘ 	—r127 1 k 	[k(1 -tp) - (1 - tpl) (A2.10) 

In the same way, replacing k by n 

a2 in 	rn(1-tp)- (1 - tpri ) V(gk) -721 + 0-4:0-  L 

(A2.11) 

and the covariance of Eq.(A2.8) can, in the same manner as in appendix (2.1) 

be obtained 

d 2 	k 	n 	. . 11-j-111 
Cov(3? 31 ) .7,—, E(t pE le n k 	i=1 j=1 

itj 

or in an explicit form 
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nkCov (R k,3-<n ) 1 

n-k-1 	 2k-n 
p 62 E(n x‘pk+i-1+ tpn-k-1-1)4pa20.1 _ 	tpn-k+i-1 

1=1 	 i =1 	fOr(n-k)<N 

(A2,12) 

k-1 n -2k . k. 	n- +i-1 k-i-1 E (k-i)(tp 	+ 	)+kpa2  E ,i)k.1-1 for (n-k)>k 
1=1 	 i=1 



Appendix 2.3  

Linear Independenceof the Sample Mean and Sample Standard Deviation  

The purpose of this appendix is to show that the mean and the 

standard deviation of a sequence of finite length are linearly independent 

under some assumptions and restrictions. The first restriction is that 

the underlying r.v. is standardized and normally distributed. 

If two r.v's are independent then functions of them are also independent. 

As a result if I
n and S

2 
are proved to be linearly independent, then in 

turn 	andd S are independent. The covariance between in and S2  is given as 

COV(RntS2 )=E(7(nS2) 

where in is a r.v. defined by 

T.
(n 1 x. n 1=1 

and S
2 
is also a r.v. defined by 

	

2 1 	 2 

	

5= — 	( x i—Rn ) 
n .1=1  

The product of these last two equations yields 

n 	n 
3-(nS2  =-77  [Ex] [E(x.—R nz 	I 	n i=1 	i=1 

the expansion of which 

7(  s2 :: 	1 

leads to 

1÷ x2 
kz—d 	/ 

i=1 

1 	(s--.x.)31 (A2.13) ,LIS 
i=1 	' 

n n2 n 	if 

The terms in the brackets can be expanded as follows 
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and 

n n n n n 
E(Ex.x x2).E..., 2E Ex,x1  i.1 	i, 	1.1 	i=1 ,:.1 

i#j 

(A2.14) 

n 3  n 	n 

	

k(Ex,) 	fi
n
` 	

n n n 
E
n 

.3E,+6EE  x.x j  x ,E„3  	„x.   
i = 1 	i=1 	i=1 j=1 	i =1 j=1 kr.1 	(A2.15) 

ij 	i*jk 

If the expected forms of Eq.(A2.14) and Eq.(A2.15) are substituted in 

Eq.(A2.13) and then the expectation of both sides is taken, it is seen that 

this expectation is zero, because all the terms on the r.h.s. of Eq.(A2.15) 

are of third order, and as long as the variable, x, is Gaussian the 

expectation of these odd order moments are all equal to zero, hence 

M•S2)=0 

from which it can be deduced that 

E(Rn S ): 0 
	

(A2.16) 

This is valid for the case of underlying Gaussian r.v's only. 



Or 

n41 	 1/2 
r(  2 )  In 	1 I 

= 	(1 —4. )n 
r(2) 2e n 
'2' 

(A2.18) 
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Appendix 2.4 

Thet it ava RaneandRescaledRae 

In the following, the limit, as n tends to infinity, of the 

constant which constitutes the relationship between the range and adjusted 

range as given in Eq.(2.95 ) will be evaluated. This limit operation can be 

written as 

L=Iim 
1./TI T 
	n41 	 (A2.17) 

n-.03 (n- 1) 	r(i) 

In order to find this limit the Gamma functions, r, must be replaced by 
their approximations given by Stirling's formula (Feller, 1968), that is 

r(a)V-2-77 ea  aa-1/2  

Hence, the ratio of the two Gamma functions in Eq.(A2.17 ) becomes, 

n +1, 	 n/2-1/2 n + 1 n12 r(  2 ) 	115; e 	(-2—) 

r(1
) 
	 2 

e+n/2 ( \n/2-1/2 1_
1 ' 

substitution of this expression into Eq.(A2.17) gives, 

1/15 	1 n/2] L = lim   	 (1+ 
n-Ko (n - 1) 	 " 

As n tends to infinity the term (1 + bu  converges tc the exromentia1, e, 

hence 
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L = lim 	1 1  

	

n-•03 	_4-1) - 1—ve 11(1  +1)n  .7: I  

Therefore, from Eq.(2,95) it follows that asymptotically 

E( I-) ::E(R n) 

which is also valid for the rescaled.population range case. 
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Appendix 2.5  

The _Asymptotic Distribution of the Resclled Population Range  

The distribution sought is a mixture of the asymptotic distribution 

of population range given by Feller (1951) and the distribution of the 

standard deviation. 	Theae two r.v's are assumed to be independent from 

each other on the basis of appendix (2.3). 

The asymptotic distribution of population range is given by 

Feller (1952) as 

1/2 -1 
f(r",n)=(2/n) r' L (r72n1/2) (A2.1) 

where r' denotes the population range and 

L(z) = 
co 

- 2 E(-1)k-1 exp(-2k2z2) 
k=1 

(A2.20) 

The derivative of Eq.(A2.20) is 

co 
12(z): 8zE(-1)k-1 k2exp(-2k2z2) 

	
(A2.21) 

k=1 

The resealed population range 	, is denoted by a new r.v. y which is 

jiven 

r' 
Y -- 5 

or 

r 
Y-= 	 ( A2.22 ) 

r --1/17-rt and v =1/77 S. The r.v. v is dist:.ibl.te-3 acceisz; to 
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g(v )=2 avn-1 ev2/2 • 	 (A2.23) 

where cLis a constant given by 

n  
a= 1/ 2

n/2 
 N

2  
1:-) (A2.24) 

First of all it is necessary to find the distribution function of r by the 

method of transformation of re v's given by Papoulis (1965). If a r.v. 

is transformed into a new r.v. as y = ae then the pdf, f1(y) of y is 

obtained from the pdf , E(E) of e as 

1 E a 
v f 

a  

Therefore, by virtue of r .i/T7t and Eq.(A2.19) the following can 

immediately be written: 

f(r;n)=.(2/Tc
)/2

.-J Cf r  1 
- r—   1/n 	

(-12n) 

in morc coryrct form 

f(r;n) = (2/n)
1/2

rL( r/ 2n) 
	

(A2.25) 

	

Lj con:' iering 	e.i.,:trn:Aion of P r,=.7tio, in thc czts 	nce 

of 	ani 	c7enominator, 	b;),  

:liotrib_:.tion of y g-ivu:1 in - .(A2.22) becomes 
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co 

	

-1 2/0 	I  
f(y)fii.2av

n 
 ev  "12/TEr(yv)

1  
 (y v/2 n)dv 

0 

or by substituting Eq.(A2.21) into this last expression 

co 	 co 	
2 2 y  2 

	

2 1/2 E  k-1 2f 	 + k 
f(y): 8a(—) 	(-1) k vn ex P( 

n 	v2) dv 

	

n 	 2 n2 
k=1 	0 

Finally, the integral is evaluated to give 

n+1 	C° 
1  	n 	k-1 2 2 2 411-1)/2  a°  f(y)= 	 n 	(-1) 	k (n + k y

2 
 ) 

NEC r(-2-) 
k=1 

( A2.26) 

where 0.( y <7 +CO 

This gives the asymptotic distribution of the resealed population 

range, R/S. The expectation of r.v. y, can be found as follows, 

co 

	

 n+1 	co 	 co , 
2 2 2 -(n-1)/ 2 k 

E(y)=fyf (y)dy= 8r(
-- 2-) nn 	

(-1)
-1 
 ki(*n +k y ) Ydy 

VTL r
(

21) 
0 	 2 	k 1 	0 (2.27) 

The integral to be evaluated is 

co 
izfy (n2+k2 y2(n-1)/2

dy 

0 
which, by the following change of variables becomes, 

u2=n2+ k2y2 	; udu =k2  ydy 	and ydy= udu  
k2 



n -1 

n 
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Hence, 

oo 

I= 1 ,-)fu-ndu= 
k`.  

n 

or, 

   

 

ri-  n+1 

  

 

k2(n -1) 

 

By substituting this into Fq.(112.27) 

•  v aro
n 
 , 

)  n 
 OD 

k-1 

E(y)=_,__ 	 (-1)
k-1  

fir(-) n 
2 	

k =1 

(A2.28) 

The summation in Fq.(A2.28) is given as equal to 1V2 by Feller (1968), 

therefore, 

n+1 

E(y )= ViiTr(2) 	
n -1 

	 (A2.29) 

For large values of n, this turns out to be 

E(y )= 2 	n (A2.30) 
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Appendix 3.1  

Small Sample Expectation of the Estimate of Variance  

The expression for the unbiased estimate of variance in the case of 

NIP is given in the main text by Eq.(3.7), that is, 

S2=  1 (x.- 702  
( n-1) `—‘ 

(A3.1) 

By expanding the square term on the r.h.S. and then manipulating the summation 

operation the following result emerges 

S2 =  1 	2 (x - 27x.+ 2 ) (n-1) i=1 

whichbyvirtueofnEi.Ex.takes the form 

i=1 

S2=  1   LrEl  x2- 
(n-1) • =1  

in 2 

ni  (Ex)] 1=1 

By expanding the second term 

n n 
52 1 n  2 	1 =E x 

n =1 i 	n(n-1) • =1 j=1xix;  
i*j 

and takinE the ex-pectation of both sides 

n 	 1 n n 
2 E(S) 	E(x2) 	E EE(x. x.) (A3.2) 

n(n -1 = 1 	 1=1 	j=1 	I 



Substitution of 

2 
E(x2) = a

2 
, 	— 

and 

j 
E(x.x.) = C ov(x.,x) 	11

2 

into Eq.(A3.2) gives, 

2 2  2  1 n n 
E(S ) = 	- 	n(n-1) 1) E 	 I 	n(n-1) 

Ecov(x.‘x.) 	1  

i=1 	j= 1 

By considering that 

n n E  
izi J=1 

(A3.3) 

n n 

E µ = n( n -1 ) 
1=1 	j=1 

it  j 

and 

5COv(X0X) 
I 

El.(A3.3) becomes, 

 

n 	n 
1 

n(n-1) • • 
=1 j=1 

 

E( S2) = a 2 [1 ( A3.4) 

 

This 6.:-neral formulae can be applied to any kind of normll stationary process 

provided that its autocorrelation function p, 	is known for that process. 
11-j1 
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In the case of a symmetric autocorrelation function the above expression 

can be re-written in a more compact form as, 

E(S2) = 62 [1 2 
n(n-1) 	(n 	Pi] 

(A3.5) 

Eq.(A3.5) is valid whatever the underlying marginal distribution is, because 

no assumption as regards the distribution function of the r.v., xi, is made. 
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Appendix 3.2.  

Small sam•le EX ectation of the La -k Serial Correlation Coefficient 

for the ARIMA(1,0,1) Process  
A 

a) Open-Series Definition of Pk  

Kendall (1954) has given the result of the small sample expectation 

A 
of p without a derivation and has applied it to various normal stationary 

A 
processes. The general expression for E( p ) is given by Kendall as 

k 

E(p) - E(A) 	Cov(a b)
* 
 E(A)Varb  

k 	E(B) 	E2( B) 	MB) 
(A3.6) 

the derivation of which has been given in section (3.7) of the main text. 

When the open-series definition of the estimate given in Eq.(3.57) is 

considered then the following expressions are valid, 

n-k 1 	 in-k 
1   A z 	x.x. 

( n -k) E I l+k (n - k)2 	xiAExi+k) 1=1 	 i=1 
(A3.7) 

n -k 
1 	2 B = 	x. 

(n - k) .1 
(A3.8) 

and 

1 n- k 	1 	n- k 	2  
C =  	x2 

(n - k)Z 14-k (n - k)2  (Exil.  k) 
1 =1 	 i =1 

(A3.9) 

As pointed out in section (3.7) it was assumed that B = C and hence 



1 	 (A3.1.) EEO(i x
i+ k

) - 

i 

E (A) = v2E[(X) ( 7  Xi+ k  
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two variates remain to be considered; let these be denoted by A and B. Only 

the expected values and the covariance of these two variables are required 

in the application of Eq.(A3.6). Letn-kftV in the above expressions 

and by taking the expectation of both sides of Eq.(A3.7) 

The second expectation of the r.h.s. can explicitly be thought of like a two 

dimensional, ( vxv ), array as 

E(x x ) + Ex x )+ - - +E(x 
1 k+1 	1 k+ 2 	 1 ki-v 

Etx.) 
1.71 I fix.  

=62 
+E(x2xki.1)4 E(x2  xki.d 	. +E(x x ) 

2 k+ v 

  

   

..+E(xvxk+1)+ E(xv  xk+ d+ - - - +E(x xkdi  

(A3.11) 

where for a normal stationrlry process 

E(x.x. ) =Cc)v(x.x.+ 
k  
) +E(x.)E(x. +k ) = Cov(x. x 

+k  
)4.

2 
+k 	I I  

(A3.12) 

The substitution of EI.(1':5.12) into Eq.(All) can be imacined as the nn7mation 

of two arrays one consistillo of the covariances and the other of the means only 

as, if i.S.(A5.11) is succinctly denttcd by L then 



2 
t+ 	 

2 

+p? ,L2+ 

2 	2 	 2 + 	p,+ - • 	- • +p, 

-255- 

Cov(x
1
,x

k+ 
 ) + 
1 

L 

CoV(X X )+ 
2 k+1 

+ Cov(x x ) 
2 k+v 

2 + p,2  + t.L+ . - - + 

+C ov(x
i
x

+k
)
v 

2 	2 
+ 	' • • +p. 

+C ov(x
v
x

k+1
)+. . + Cov(x x ) 

v k+ v_ 
+ 112  + 1.1.3 . . 	+p,.2  

(A3.13) 

where each one of the arrays has a dimension of (..\0(V ). Furthermore, if 

the very well known expression given as 

C ov(xAx. ) 
+ k 

2 
P= 
k 

or, 

Cov(x
l
ix

' + k
) .7ci2p

k 
	 (A3.14) 

is substitutei into the first array on the r.h.s. of Eq.(A3.13) this gives 

P
k 
	p+ 	 +p 

k+ 1 	k+v-1 

. . +p 
k+v-2 

- 

- 
k 

L =d
2 

+p + 
k+1-v 

•
-+pk 

 P+ • - 
k+2-v 

(A3.15) 



On the main diagonal of the first array there are v times pk. elements, on 

the first off-diagonals there are (v - 1) times p 	and p 	elements, and 
kr1 	k+1 

in general on the i-th off-diagonals there exist ( v 	i) times p 	and 
k-i 

p 	elements; hence, the overall summation is 
k+ i 

L = d2  vp +(v -1)(p +P ) +(v -2)(1) 	)+ k+1 k-1 	k+2 k-2 
• 0,  

Or more succinctly, 

2 ►( p 	4-P 	v2  
k+v-1 k-v+1 

[  2 	

v-1 
L = d vi:)+k E(11-i)(pk+i+  Pk 1  . 1=1 

2 2 v (A3.162) 

  

On the other hand, the first summation term, on the r.h.s. of Eq.(A510) can 

be re-written by making use of Eq.(0.12) and Eq.(A14), which leads to 

EE(x x ) = vo2p +vp? 
i i+k 

1=1 

(A3.17) 

Finally, the substitution of Eq.(A3.16) and Eq.(A3.17) into Eq.(A3.10)leads to 

E(A)=a2P 
2 + 

2 vp[ v-1 
E(v-i)(p P 

P.

k+ 
1=1 

k-i v 2  

or 

E(A) = 
452 

1 
v_i 

P k+i 
(A3.18) 



(v - 1 ) tpv] 

(A3.21) 
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One important remark is that Eq.(A3.18) is valid even in the case of a non-

zero mean. 

Similar algebraic calculations can be carried out in deriving the 

expectation of r.v. B given in Eq.(A3.8), which leads to 

v -1 

E(13)=.1- 1  
2 E(v - p 
v2 

l=1 

(A3.19) 

Eq.(4.18) and Eq.(A3.19) are general forms applicable to any type of normal 

stationary stochastic processes provided that the autocorrelation structure 

of the process is given. Here the ARIMA(1,0,1) process is considered 

whose autocorrelation function has been given earlier in Chapter 1 by 

Eq.(1.21) and Eq.(1.22). Hence, 

P = P
1 

p1-1i 	 (A3.20) 

By making the necessary substitution and after some tedious algebra, 

k k -1 

EX,07. 1 p  _2_ v  ,pk-1 - 	1.1) 	1 - 

v 	k  v 
(1-kp) 	(1 -tp) 	(1- 4)) 

P 

v 

v(1- ti-1) 	( k - 1) 	- 1 

k-1 

(1 - 	) 	(1 

k -1 
1 	-gyp 

k --P 	(v - 	) 

- tp ) 	(1 

1 

- t.p 	) 

v- 
1 

- tp 

(1 -tp) (1 	-qp) 40  (1 	-) 

By ignoring terms higher in order than n-1  Eq.(A3.21) becomes 
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k- 
E( A) = P

1 	2 p 	1 
 

v(1 -tp) 
(A3.22) 

Again in the case of the ARIMA(110,1) process after tedious algebra Eq.(A3.19), 

in general, becomes 

v V - 1 + (P• V -] 

(A3.23) 
or, by ignoring higher order terms Eq.(A3.23) reduces to 

2p 
E(B):: 1 - 

	

	 (A3.24) 
v(1 -gyp) 

An algebric division of Eq.(A3.22) by Eq.(A3.24) leads to 

E(A) 
7.Pc) 

k-1 (1-ptpk-1 )(1+2p-tp) 
E(B) 	 v(i -tp) 

(A3.25) 

which is the first term in the r.h.s. of Eq.(A3.6). The other two terms 

necessary in the algebric calculation of E(t)) are given by Kendall (1954) as 

2 41°)  C o v( ci,b) =— E p p. v 
(A3. 26) . 

E(B) = 	(v-1 ) —2  vPi 	
 v-1 	P 	1 -- cp v -1 

v 	(1 - tp) 	(1 -gyp) 	1 - tr) 

1 

and 
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Var b 2  2, P. 2 
	

(A5.27) 

Both of these two last expressions are valid for any type of normal stationary 

process; for the ARIMA(1,0,1) process they become, 

and 

2 	k-1 	2 k-2 	
k 

 Cov(a,b)z— ptp 	kp 	+2p2  
(1 -1p2) ] 

(A3.28) 

Varb = 2  [ 1+ 	2p  
v 	(1 - t 2 ) 

(93.29) 

Finally, when all of the relevant equations are substituted into the r.b.s. of 

Eq.(A3.6) and the necessary algebra performed then the expected value of the 

serial correlation coefficient for small sample and the open-series definition 

A of p given by Eq.(3.57) becomes 
k 

)= ptpk-1_ 1 	(1 --Lp+2p)(1+T-2p2 tpic-1 ) 
E(P PLP +2kp2 Lpk-2 

(1 - (1)2 ) 

(A3.30) 

However, hydrologists are mostly interested in the first order serial 

correlation coefficient; hence, by setting k = 1 Lq.(A3.30) reduces to 

E(p ) 
p 	1 	(1 -(42) +p (1+ 24)- 4p)+tpp(2p-p) 	p 	(A3.31) 

- tp2 
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The verification of Lq.(A3.31) against the corresponding formula given for 

the lag-one Markov process by Kendall (1954) can be achieved simply by 

substituting LP = p . 

b) Circular and Maximum Likelihood Definitions.of  

Here, the small sample expectation of O will be presented for 
k 

the circular definition given in Eq.(3.57) and the maximum likelihood 

definition given in Eq.(3.58) by pursuing a similar sort of algebraic approach 

as taken in the first part of this appendix. 

The only difference from the open-series approach is that here A is 

given as 

1 n 
A =—E x.x. 

i+k 
1 / n 
	2 

n2  ki =1 I)/ 
(A3.32) 

which is quite distinct from Eq.(A3.7). When the necessary operations are 

executed as previously, then the expected value of A, in general, becomes, 

n-1 
E(A) = 1 (n-k)p +kp 	- 12 n 2 	 (A3.33) 

k n-k 

and in particular for the ARIMA(1,0,1) process Eq.(A3.33) turns out to be 

k E(A)= 1 (n- k)ptp -1 
 kPtPn-k-11 (A3.34) 

1 	1 - T 	P 	1 - n-1 	 v-1 	[ 	v n+2 np 

	

	 (v-1)(p -] 
T n2 	1 - 	(1- T) (1-T) 
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By ignoring the higher terms Eq.(A3.34) can be written in a more compact form 

as, 

E(A ) 	(n k) p 	+KLP 
k-1 n-k-1 1 

n( 1 -Li)) 

2p  1 
•••• 

(A3.35) 

The same expressions, given in the first part of this thesis, for E(B), Var(b) 

and Cov(a,b) are applicable also in this part; hence the substitution of 

Eq.(A3.35) and other relevant equations derived in the first part, into 

Eq.(A3.6) yields 

E( k) zpipk-1 	1 	(1- tp4.20(i_ pti -1) 
-Pkgt.p+2p) -2  

(1 - tp) 

p2 tpk-1 
-kpcpn-k-1+ 	 (4) - P)] 

(1 - tp2  ) 

(A3.36) 

For the case of k = 1 Eq.CA 5.36) becomes 

E(p)=p 

[ 

1 	(1 -qp-1-2p)(1 -p) 	4p2(tp- p)
+3 p 	(A3.37) 

n (1 - tp) 	(1 -ip2) 
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Appendix 5.1  

The likelihood Function of the ARTA(1,0,1) Process  

The purpose of this appendix is to write the general expression of 

the likelihood function given by Eq.(5.28) in a more compact form. The 

exponent in Eq.(5.28) can be written as 

P = Mi+ M2
M

3 

where 1̀'  "G  and 3 
are 

(xA-g)
2 

M 	..7. 	u + 
2 

1 

(A5.1) 

(A5.2) 
1 2 0 2  202  

1 

1 
= (A5.3) 

2 2 02  02  
1 

2 	
j 

 

	

M
3

= E ( xi 	42(e_t.p)E 	E x._ 	x. 
14j 

i z 1 	 j z 1 	i =1 

	

n-1 	j 	 2  
2 	

n 
j-i 	 i-i 

-ice- toE E e (x. - 4) -2A E e ( x.- ii) 

	

 j =1 	i=1 	 1=1 

. 	j 	. . 	 2n 
J  

-2A(e- E
n 

e -1 	
ej  (x. 	A

2 - e 
1-1 	-e2 

j=2 	i=2 

(5.4) 

reopectively. 	_,..(A5.1) can be shortned by introduci:z nsw variables ap 
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follows. Firstly, with the new variables defined in Eq.(A5.1) the likelihood 

function becomes 

1(x
1
,  x

2  x
,•• -,x 	

0 
x,p.,a,tp)e)a 

3 	n 0  

1 
e x p (-p) (A5.5) n42 n41 

a 	
011 

Now each one of the terms on the r.h.s: of Eq.(A5.4) will be considered one 

by one. Hence, 

2 
) 	x 

i=i 

n 
(A5.6) - 2 p. 	x +nµ2 

i = 1 

where only p is a r.v. and the rest is constant for a given sample, therefore 

the following constants are introduced as 

a =Ex? 
i _1  

b =- 2 E 
i=1 

c n 
1 

SubrAitating thsse in Fq.(A5.6) gives 

E (x i - µ)2= al  + b1  
2 

1=1 

(A.5.7) 

Juct in ti:e ca:::e way the next  term in Fa.(A3.4) can bz,  ex-mindd as 
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n-j 

E ( x.-1.1)(x14.J._ 
i =1 

n-1 	n-j 
/ -1  

2 E6 Ex x. 
14.) 

j :1 

n=1 	n=j Eej \--, 
(x.+x ) 

I 	I J 

j =1 	1=1 

n=1 
2E (n 

= 1  

j-1 
(A5.8) 

By introducing another set of constants as 

n-1 	n-j 
J -1  a2 ::E 9 Ex. x.1  . 1, 

j =1 	i =1 

nc1 	n=j 
b = 	

eJ
E (x.4 x. ,) 

2 	 1.+j 
j =1 	i =1 

n=1 
c =E (n -De 
2 

j=1 

and substituting them in Eq.(A5. 8) the result is 

n-1 

j =1 

j-i 
e 

n-j 
(x.—p.)(x. 	11): 	62 114c2112 

1=1 
( A5.9 ) 

the ,:uriration in the third term in Eq.(A5.4) can be expanded as 
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n-1 	j 	2 ri..1 	j 	 . 
.1 	i 2j-k-1 E 	 ,z  

e 	=E 2)2()-1()  x.-p, +2E Ee ( ciz  p.) (xi 0 [ 1 

	

j= 1 	i = 1 	i 
k=1 1=1 j =1 	1=1 

141 
n-1 	j 	 i 	i 

E 	e(  j-i) x i +2E Ev-k -l.kxj 
J=1 	i =1 	 k =1 1=1 

41 n-1 [ j 	 i  
V% 0 ..j 

)xi  +E 
E  e j-K-(lx  4 

xi)  -2p.E Lae 	x. 

	

1 	 k 	1 j=1 i=1 	k=1 1=1 
101 

. 	i 	.1  4.1.1.2n-1 	j- ,  E 	 e _ ,) 42E Ee2 j-k -1 

	

j =1 	i=1 

[ 

k=1 1=1 

 

 

(A5.10) 

Hence the constants in this case become 

n-1 	j 

a3- e
2 (j.  - )

x
2
. t 	E 

j-k-lx
k

x
1 

j =1 	1=1 	 k=1 1=1 
k1 

n-1 
b3=-2E 

j =1 
+E E exx (+ j  2J-k -1 

k 
k=1 1=1 

kp 

jj  
c3  =E E e0 -0 12E 

j _ 1:1 	k=1 1=1 

By substituting these last three expressions in Eq.(A5.10 ) 

n-1 2 
x. - p. )1 = a b„P. c P.2  3 	3 

(A5.11 ) 

The fourth term in the exponent of Eq.(A5.4) is 
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A E 	( xi  - p.) = ( xo-  - G cr Tloi [E xi - nd 
i =1 	 i =1 

n 
-1 ntpp.2 +(nectri - npx - 	1 x.)Il 0 	0 	i 

i = 1 

n 	 n 
- 	 1-1 .4.( tpx

0E0i  ixi _ea.,0EA xi  ) 
i=1 	 i = 1 

The constants are denoted by 

( A5,12 ) 

4 
a =tpx01-1 I x. -Gan E e x.  

i=1 	Oi  

n 

4 	
i b = new - ntpx

o 
_tpE 9 x 

1=1 

c4= 4 

Therefore, 

Oi -1 (x. -p.) =a + b 	p,2  
4 4 .9.  

i =1 
(A5.13) 

The fifth term in Eq.(45.4) i5 given by 

n 	j n 	j 
AE (31-in ( xi ..i. µ) 	

-1 
Al- p,) -end {Ee- E   

1 1 - 
i_i 	 J_, 

J=2 	1=2 	 j=2 	i=2 
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n 	j 	. . 

ej -1E 
i =2 

n 	j E  :-.(tpx0-edio ) 	ei 	ej  
1-1 

j=2 	I=2 

n 	j 	. 	n 
j ej-1 z  (ed,0 , _x 0)E 9 	k_k) 

	

i =2 	jt.2 

n 	J. . j-1 	J.-1  
tP Le 	e ) µ2  

j=2 	i=2 

where the constants are given by 

n 	j. . 
1 -1  z _1 

a = ctpx -edi 	e 	a x. 
5 	0 	0 	 1-1 

j=2 	1=2 

n 

j-1  
b = (Gni - t.p x ) 	ej 	e 	- tp 5 	0 	0 

j=2 	i =2 

n. j 0 
0 	

. 

L9= 	
-i 

e5 
j =2 	1=2 

(A5.14) 

n 	. 	j . . 
e x. 

1-1 
j=2 	i=2 

Therefore, from 	.(A5.14) 
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n-1 
e 	

1 

	

j 	j_i 
+C 	(A5.15) AE 	E e -11)=a5  b5 5 

j=2 	i=2 

And the final term in - Eq.(A5.4) is given by 

2 
1 - 0

2n 2 	-821  
	rt  A2 1  tp(x -p.)-0a71 _ 	i  _02 	 c] 

2n 
2 2 [ 	 2 211-0 .z(kp2  x2  -20a1 kpx 40 a 1) +2tp(Oal - tpx)+q) 11  --2-  

	

0 	0 0 	0 	0 	1 -9 

Therefore, the constants are given as 

	

.2 2 	 2 2 2 1  -0  a 	x -2ecrq 0 Lpx +0 a
o
) 	 6 	0 	 -8 2 

1 -e2n 
b= 29(061 - x tp) 	 
6 	0 0 	1 -92  

2  1 - 02n 
c 
6 	t -A2  

Lence 

1 - e2n 
A 

1 -0 2 =a64 b
6
µ+c

6
p, 	 (!5.16 ) 

2n 

and the first ter i of Eq.(A5.1) can be nimplified an 
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(xo- 
2 

x 	+ 
2 	2 	0 	2 

The constants are 

a7= = /2  

b = -0u 

c = 1 /2 
7 

Therefore Eq.(A5.2) becomes 

2 
( x - 1.L ) 

2 
	- a

7+ b7µ + c
7 

 p. (A5.16) 

After all the above manipulations and simrlifications Eq.(A5.1) can be re- 

written in a more compact form as 

a 4 b7µ+ c
7

112 
10
2  

1 
+  

ci 

	

	
+ 	 a +bil+cp.+ 

2 2 02 ,12 [ 1 	1 	1 2 0 2 
1 	1 

42(0 - tp) (a
2

+ b
2

II -P c
2
p.) +(e - tp)

2
(a3+ b3 + c3p.2)- 2 ( a +b µ+c 	) 

4 4 4 

-2(e -io(a
5  b5 

 + c
5 
 ) 4 (6 6 + b 

6 
 p. + c5µ) I 	(A5.17) 
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Appendix 5.2  

Three-Parameter Process - T e-1 

The general expression for the posterior pdf for this care has already 

been represented in Section (5.5) by Eq.(5.34) which can be 	written as 

P(tple)  exp(-P) 
P( p.,(1,q)1110,x6e)D ) a  cp+2 n+1 

1 

(A5.18) 

where P has been given by Eq.(A5.17). 

The purpose of this appendix is to integrate Eq.(A5. 18) with respect - 

to p (or to v ) and then with respect to d , so that the posterior pdf 

of (17) , will be attained. For the former integration everything save 

is assumed constant therefore Lq.(A5.17) can be brought into a quadratic form 

which is 6ivrn as 

1 
P = 	 d

2
c + c +2(e-tp)c+ (e-Lp)2-c -2 c -2(0-'0 c+ c µ2

262  d2 	11 7 1 	2 	3 	4 	5 6 
A 

2 
E + 	b + b + ce -(p)b24  ( e - tp)

2
b 	 561 

1 7 	1 	
3 -2b4-2(e -Lp)b+b P. 

 
+ 

[ o2a7 	

2 
+d 1 +a 

1 
 +(e -ip)a

2 
 + (e -qp)

2  
a3 	4 

-2a 	
5 

-2(0 -tp)a 4  a
6  1 	0 	 ] 

(A5.19) 

Ty il_tro3uc:!.1-,g a. aa7 cot of constants an 

2 	 2 
C 1 = c 

1  + 2(e-tp)c
2
+(e - )c

3 
 - 2c

4 
 - 2 (A - Lp)c

5
+ c d

1
c
7 
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2 
6 

B1 = b1 + 2(9-(1))b
2

+(e-Lp)b3 
	4  
-2b - 2(0-tp)b

5 
 +b +0210 

 1 7 

A =a +2(9-T)a +(e-1p)a
2  
 - 2a -2(e-T)a +a +a 2a +02i I 1 	2 	4 	5 6 7 0 

As a result Lq.',A5.19) can be re-written as 

26262 	(AtBlp.+C") 
71 

where A B1 and C1 are the functions of 0 , T 

(A5.20) 

, e , xo, Tio  and the 

given data. Eq.(A5.20) can be written in a more convenient form as 

P = 	2 [(P"-Ei)2 2cPa  

where 

E =- 	B1  
1 	2 C 1 

2 
D = 

Bl 	2C1 

Therefore, the poterior pdf of Eq.(A5.18) can be written as 

(A5.21) 

P(ii,c,Tli,x,e)D) 
0 0 	dn42d n+i 	2 02 0  ex 2 

1 ( -E1)2+Di]l P toe)  

1 (A5.22) 
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or, in terms of the inverse of the coefficient of variation,v.11/0, 

Eq.(A5.22) can be expressed as 

P(v,ci,tp I 1.1 , x, et,D) a 
0 0 an 2(d 

)  e x p 	 [va - E1 Y+ D1  ...11 (A5.23) 
d n 	2 02 0 2  

T1 

where v varies between -00 to + CD . flow, Eq.(A5.23) must be integrated 

with respect to v, which gives 

+co 
P (Li) le) 	1 CDfe ex p 	

v- E)1 P(a,tp 	x 	 - 
0 0

,e,D) a 	4. (1"2 n1 ex p 
20--- 62 	20202 dv  

-co 	(A5.24 
! change of variable is introduced as 

(ay -E ) _ f--- 	 vCi  

from which the following results 

d yi 	El V = Z 

and 

Nrf  dv = 	d dz 
VC 1  

By .s.u-octitzting thin new variable in 'Eq.(Af;.24) it 1),,:comes 

co  f 
P(Cypli ,Xie)D ) a 	ie)dl 	 e _z2dz  exp 	 

0 0 	VE-i dn420 11 + 1 	20202 
1_0)  

or 

P(kple) 	CID PW,LP 11,x ,e,D ) a 	 e xp - 
0 	Ve-  an +20n+1 	2 02 a2 

(A5.25) 

z= 
r2d a 

1 
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The posterior pdf of can be arrived at after integrating Eq.(A5.25) with 

respect to 0 . Therefore 

4 CO 

Ktpie) 	1  
ex p 	

Ci 
,x 43)D ) a 	 t dd

D1  
0 0 	Irdan 41 	 2d a2  an+ 2 

1 	0 	 1 (A5.26) 

where C
1 
and D1 

are independent of d . By considering a change of variable 

as 

1 	 - 	. Z = 	; 	d Z1/2 	dd = - 1 z-3/2dz 
1 d2 	 1 	 2 1 	1 

and by incorporating these in hq.(A5.26) 

+co 
Pl)  f (-1)12 P(tpli x 	(Lpe  e, D) a  	z1 	exp- CiD 

0 0 	an41 	 2a  
1 0 	 1 

By using the following standard integration 

CO 

dz 
1 

(A5.27) 

f n ex P(-0x)dx 

0 

r (n41) 

a 
n;1 

(A5.28) 

L4.(.5.27) becomes 

P(kPle) 
P(  11101)(01e1D) a 4)   VC D)(n4i)/2 

1  

( 

where , 

F= 
1 

D=A 
1 	1 

Bj 
4C1  

(,=5.30) 



B1  r. -2(1 - p) [x0  (14 p) 4E (x._ px. 1-1 
i 

(A5.34) 
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Therefore, finally 

P(TIO) 	_(n41),(2 
0 0 
,x.19,D)a C112  F1 

(A5.31) 

Eq.(A51 ) can be reduced by substituting e = 0, 	o= 0 and T = p in 

all the previous equations and then Eq.(A531 ) takes the following form for 

the llarkov process 

 

-(n÷1)/2 

P(plx,D) a 	P( p)  A 
0 	c1/2 [1 4C1  

s(A5.32) 

where 

= n(1- p)2 + (1 -p2) (A5.33) 

n 
2 A 	(1 - p2) x 4 E (.. _ p x.1-1  ) 0  

1=1 
(A5.35) 

iho derivation of 	.(A5.32) hao firct been given by Thornber (1967). 

':70v-,ever, apart from the calculntiono given here for the po3terior 

y:f of p a similar sort of :11gcbric oimplification could bo ooh_-vo:1 for 

th! -o7t_rior pdf of II or 	, by intograting Lo.(P.;.18) with 

J.,:,5-iLcL to the rer':-lining 
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Appendix 5.3  

Two-Parameter Process - Type-2  

a) Known mean  

If one of the three parameters, namely, p , a  , p were known, then, 

there remains two unknown parameters which can be treated by Bayes theorem to 

find their posterior pdf. There are three alternative ways of picking up 

two parameters among three values, only two of these alternatives will be 

considered here ; one is in the case of known mean and the other one in the 

known standard deviation. In the case of known mean the population mean p. 

is considered to be fixed while 0 and tp are assumed to be r.v's. The 

behaviour of the posterior pdf for 9 is then examined. 	The joint 

posterior pdf of U and 9 is easily seen from Eq.(A5.18) to be 

P(tp le) 
P(d1911 0,x0,p.)e,D)a 

 do
+ 2 

 ci 	
exp (-P) 

n41 
(A5.36) 

A new compact form of P can be developed by introdacing a set of constants 

which include p as a fixed value. These constants are as follows 

a
2

= E (xi - p.)
2 

i=2 

n-1 	j 

a =2 (e -4))E -1  E(x.- µ)(x,
3 	 i4j 

j=1 	1=1 



exp (A5.40) 
n+1 	n+2 

0 

P( Li) 	)a 
0 
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n 

a - -2A 	 (x1 -1.1.) 
5-  

i =1 

n. 	j 	. 
J-1 E J-1 

a = -2A(9-14))E8 	9 (x - p.) 
6 	 1-1 

j = 2 	i= 2 

2  1  -e  
2n 

a =A 
7 	1 - 9 2 

and an a result Eq.(A5.17) can be re-written an 

7 

P= 2 
62 62 ( 6,r at+ 6 10+E ai 

	 (A5.37) 

7, 	 i= 2 

by inserting this expret.nion in ,q. ("3.36) the following result is obtained 
7 

P We) 	 a2  cgi Ea. 
T1 1 + 	0+  1=2 I  P( a,Lp 11 ,x , p..90) a 	 exp 

a 	a 	 2a202 0 0 	 n42 n+1 
 

The simrle care where 10  is assumed to be clu21 to zero is now consid,-red. 

anc7 2q... .38) reduces to 

7 

P(a,LP 
1  

I ,x 
0 
 p.,9,D)a 

P(tp le)  

an+2an +1 
Ti 

exp 

2 ci a 
Ti 	+ -z 2 ( A5.39 ) 
202 a2 

T1 

ex 	rcsect to 0 

(A5.38) 
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With the introduction of a new constant as 

2 	• 
c2a 4 41- 1 1  iz  B = 

2 

Eq.(A5.40) becomes 

oo 
F)410) 

P(g)lx g D) a 	exp 	 d 	(A5.41) 
an 	f 	cf n -p 2 	02(1 2 

0 

Now, by changing variables as 

1/2 _ to= B 	z-1/2 Z: 	B  —(.1-271-2-- 
a 

11 	 Ti 

dc= E
1/2 

-3/2 
2d 
1 

Again by the use of the standard integration given in Eq.(A5.28) 

P(.pIx 	D)a 
P(iple) (A5.42) 

(n +1 )/ 2 

This is the general form for the posterior pdf of the ARIMk(1,0,1) process 

when the necessary substitutions are done the corresponding form of Eq.(A5.42) 

for the lag-one Markov process can be obtained. 
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b) Known Standard deviation  

This is the case of fixed standard deviation where the mean p and 

(4;1 	are treated an r.v's. Therefore, the integration of Eq.(A.5.22) with 

respect to g will lead to the posterior pdf of tp given that d is fixed. 

So the result can straightforwardly be obtained from Eq.(A5. 25) as 

Pttp Irk x cr,e,D )a 	
P(09) 	exp 	

CID 	(A5.43) 
0 0 	 c1 /2 dn+ 2 a 	 2 c1 2 d2 

where all of the necessary constants appearing in Eq.(A543 ) have already been 

given in a,?pendix (5.1) 
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