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ABSTRACT

Many control problems reduce to the minimization of a
scalar valued function f over a convex and compact subset
Q of a Hilbert space.

The thesis is concerned with algorithms for solving
such minimization problems for cases ( of practical
importance ) for which some structural properties of f
(e.g. bounds on the Hessian of £ ) are known. ‘

An existing feasible direction algorithm obtains search

directions by minimizing exactly lower approximations £°

to f on Q. Global convergence results exist for it.

. . . s . s
However sometimes +the minimization of £~ on Q cannot be

done exactly. The effects on convergence rate of

approximately minimizing £° on Q are investigated and new

results derived. These results show that iterating on the

subproblem min { fs(z) t z2€Q } improves the bounds for

iteration on +the main problem min { £f(z) : z€Q }. When
£2 is strictly convex the convergence results involve the

ratio between second and first order- effects for f .
Properties of the ratio are stated and proved and a mixed

stopping criterion for the overall algorithm derived.
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Applications %o Classical Optimal Control Problems are

considered.

Then another type of minimization algorithm is

considered for the case where Q is a subset of RY . At
each iteration, it minimizes f on a subset of Q, actually
a convex polytope approximating Q, and then it extends the
subset. Application to a Non-Classical Optimal Control

Problem is considered.

Algorithms where £f° is either an upper approximation to
£ or a lower approximation derived from an upper
approximation are investigated and convergence rates
obtained.

The problem of minimizing a convex function over an
unbounded cone is considered. Algorithms to solve this
problem are studied. A convergence rate depending on the
ratio between the smallest and the largest eigenvalues
( or appropriate bounds to them ) of the Hessian of f, is

derived.
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CHAPTER 1

INTRODUCTION AND OUTLINE OF CONTRIBUTIONS

1.1 - INTRODUCTION
A non-linear programming problem can basically be

described by: .

(1.1) min{ v(x) : xe€Q }

where v 1is a non-linear functional and Q is the set of
points which satisfy all the constraints. In general, the
optimum of a non-linear programming problem will not be at
an extreme point of +the constraint set (unlike for the
linear programming case) and may not even be on the
boundary. Also, the problem may have local minima distinct
from <+the global minimum. These properties are direct
consequences of the non-linearity. Nevertheless there is an
important type of potentially non-linear problem for which
all local minima are global minima: the convex programming
problem. This thesis is about solving sucﬁ problenms.

Convex programming problems are characterized by an

objective function v which is convex and by a constraint



set Q that is also convex (and compact in order to ensure

existence of solutions).

(1.2) DEFINITION[1]: A set of points is said to be convex
if, given any ¢two points in the set, the line segment

joining them is also in the set.

(1.3) DEFINITION[{1}: A function v is said to be convex if
the 1line segment drawn between any two poiants in the
epigraph of the function never lies below the epigraph.

An important result in convex programming is the

following.

(1.4) THEOREM({21]: Any local minimizer of a convex

programming problem is a global minimizer.

This 1is important because it means one can stop
optimizing once any local minimizer has been found, as it
is automatically a global minimizer.

Note that <the problem may have a numbexr of points
x € Q at which the globally minimal value of v is achieved.
The set of all such points is actually coavex.

Although convexity 1is desirable, many real world
problems t‘turn out to be non-convex. In addition, there is
no simple way to test a non-linear function for convexity.

However <+the importance of studying convex programming is

not diminished since:



{i) many significant problems of practical interest are
actually convex.
(ii) many algorithms for non-convex problems require the
solution of a convex sub-problem at each iteration.
(iii) theoretical analysis is relatively easy for convex
problems, and yields deep understanding of what might
be possible for non-convex problems, perhaps in a weakened
form.Convexity +thus plays a role much the same as that of
linearity in the study of dynamical systems. Many results
derived from linear theory are used in the design of, for
example, non-linear control systems. .
Many, if not most, existing methods of non-linear

programming fall roughly into three main categories[3]:

- Methods of centers

- Methods of feasible directions

- Penalty function methods

In +this thesis, methods of feasible directions will

be of fundamental relevance. These methods embody the
same philosophy as techniques for unconstrained
minimization but are constructed to deal with inequality
constraints, Briefly, the idea is to pick a starting peint

satisfying +the constraints and to find a direction such

that

(a) a small move in that direction violates no
constraint, ’

(b) the objective function improves in that direction.

One then moves some distance in this direction

obtaining a new and Dbetter estimate and repeats the



procedure until a point is obtained such that no direction
satisfying both (a) and (b) can be found.

There are many ways of choosing such directions,
thus there exist many methods of feasible directions, e.g.
the method of Zoutendijk, the gradient projection method
of Rosen etc.

This +thesis 1is concerned mostly with methods for
which +the search direction for each iteration is obtained

by selving a subproblem defined by:

(1.5) min{ vs(xj,x) t x€Q ¥

L

S . . . -
where v~ is some lower or upper approximation to v. Such a

ve is called here a lower—approximation for v if

vs(xj,x)év(x), Vx € Q, and an upper-approximation if
vs(xj,x);v(x), Vxe Q. Ideally a vs should be used so that

v® is a good approximation to v and so that problem (1.5)
is easy to solve,.
In Chapter 2 an existing feasible direction

algorithm [4] that obtains search directions by minimizing

exactly lower approximations v" to v on Q is considered.
Global convergence resulis exist for it. However sometimes

the minimization of v~ on Q cannov be done exactly. The

-

effects on convergence rate of approximate minimization of

v® are investigated and new results derived. These resultis
show +that improving the accuracy with which subproblem

(1.5) is solved improves the bounds for the convergence of

The study of such methods was motivated by an optimization problem

lcontinued on page 10)



the iteration for solving the main problem (1.1). When v
is strictly convex the convergence results involve the

ratio between second and first order effects when

minimizing v©=. Properties of +the ratio are stated and
proved and a mixed stopping criterion for the overall
algorithm derived. Applications to classical optimal
control problems are considered.

Then another +type of minimization algorithm is
considered, in Chapter 3, for the case where Q is a subset

of R®. At each iteration, it minimizes v on a subset of

Q, actually a convex polytope approximating Q, and then it
extends the subset. This is done in such a way that the

resulting sequence xj converges to a global minimizer of v

on Q. The convex polytope 1is defined by its vertices,

which are found from past values of xj. A mechanism is
incorporated to test for redundant vertices .
The case where v(x)=||x||§ is considered in detail

as that arises in some important new optimal control
problems (e.g. for dominant output feedback).

In general tverms it can be said that while in
feasible direction algorithms one seeks to define search
directions along which minimization of v is carried out,
for the algorithms considered in this Chapter the aim is
to define a search set (a convex polytope) over which

minimization of v 1is considered. With this perspective,



the feasible direction algorithms of Chapter 2 can be seen
as particular cases of these set—-approximation algorithms.

In Chapter 4 and for v a general quadratic, several
algorithms are presented differing basically only in the

way the search direction is found. In fact,the

approximation v® to v is now either an upper approximation
or a lower approximation which is derived from an upper
approximation function. Several approachs are considered
and convergence rates derived. One of the results obtained

shows +that a similar rate is obtainable independently of

€

whether v- is a lower or an upper approximation.
Also methods to derive lower approximation functions
v from available upper aproximations are presented.

A new approach is used leading to a non sharp bound

A

for the "distance" v(xj)—v(x), where x 1is a global
minimizer of v on Q. A rate of convergence for the case
when xj is far away from x is obtained.

Finally Chapter 5 is about a special type of convex
programming problem for which Q 1is the c¢losed and

unbounded set:

(1.6) cone[lr12f{ ax : ae RT , xel 3

where I' is a compact convex set and O0¢ I . Allwright [S)
shows +that, for +the case where v is a norm function, an
equivalent problem, with the same solution, can be derived

wherein minimization of v is now carried out over a new,



compact convex and bounded, set S5, actually a suitably
truncated version of conelTl']l. A generalization of
Allwright’s results %o the case where v is a general
quadratic 1is presented and a convergence rate is derived
which depends on +the ratio between the smallest and the
largest eigenvalues of +the Hessian of v. For the case
where v 1is a general convex function, whose Hessian is
upper and lower bounded, it% 1is shown +that a similar
equivalent problem can also be formulated. An algorithm to
solve +the equivalent problem is stated and a convergence
rate, depending on both lower and upper bounds of the
Hessian, is derived. ’
Chapter 6 contains some concluding comments on the

thesis.
1.2 - MAIN CONTRIBUTIONS OF THE THESIS

We list below the main contributions and we refer to

the Lemmas and Theorems which are related to them:

Chapter 2

- Derivation of an upper-bound on the " distance *

between the approximate optimum of £° and the

exact optimum of f.:Lemma (2.20)..

- A stopping condition for the main algorithm :

heorem .24



- A stopping condition for the iteration on the

subproblem (SP) : Lemma (2.26) , Theorem (2,.32).

- A property of the new search direction hj=y(zj)—zj

Lemma (Z2.34).

- Convergence rate information for the case when S5>0

Theorem (2.37).

- Convergence rate information for the case S > nl ,

n>0 revealing dependence on the ratio 43 between

second and first order effects on fs :

Theorem (2.54).

- Properties of the ratio function 43 :

Theorems (2.66) , (2.67) , (2.68) , (2.69) and
(2.70).

— An application example : Example (ii).

— Discussion of the connections between Gilbert’s

results and Allwright’s.

Chapter 3

- Discussion o©of the connections between a feasible
direction algorithm and a set—approximation type
of algorithm : algorithm 1la.

- Methods to generate inner approximations and

resulting algorithms: algorithms 1b and 1lc ,

Lemma (3.22), Theorem (3.24).



- Methods +to find the closest face of a convex

polytope : Lemma (3.29), Theorems 3.31 and
{3.32).
Chapter 4

- Convergence rate information regarding the
unconstrained minimization of a convex function v
using a search direction obtained by minimization
of a 1local upper approximation to v : algorithm
(4.9) , Theorxem (4.14).

— Convergence rate information regarding the
constrained minimization of a quadratic v ﬁsing a

search direction obtained by minimization of :

—an upper approximation vU to v: Theéremg&.ZB).

-a lower approximation v to v constructed from

an upper bound: Theorem (4.46).

v to v:Theorem (4.63).

-Properties of an algorithm which finds hj by

s . (¢ 4
-a lower approximatvion v

e e . . s U
minimization of an upper approximation v to v:

Lemmas(4.76),(4.79),(4.80),(4.81),(4.82),(4.83) and

Theorem (4.84).

-Derivation of upper and lower bounds on

respectively the ‘lmax and Amin of positive

definite matrices C=C’': Theorem (4.99).
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Chaptexr S

-Minimizing a quadratic over a cone generated by a
convex, compact setbt :
-A relation between the diameter of a set S and
the geometry of I' : Lemma (5.23).
-Formulation of an equivalent problem:
Theorem(5.28).
-A convergence rate :Theorem (5.29).

-Generalization to a convex function:

-Formulation of an equivalent problem: -

Theorem(5.46).
-A convergence rate :Theorem (5.50).

Continuatian of foatngte 1 sf page 4
arising in optimal output feedback, outlined in Section 3.6 , for which
the feasible set Q is the convex hull of the image, under a nonlinear
function, of the unit sphere. That feasible set does not seem to be
describable in the conventional form Q = {x ¢ rRY: g(x) ¢ 0, h(x)=0}, so
most of the existing optimization algorithms are not applicable. One
cannot even determine whether a given point is in Q, one can only compute
points known to be in Q by finding contact points for supporting
hyperplanes. Hence methods which do not maintain feasibility also do not
seem to be applicable. Computation of contact points corresponds to
minimization of vs(xj,y) with respect to y from @, with S = 0 - a special
case of S » 0. That is the reason why, for S » O, most of this thesis is
devoted to feasible direction algorithms based on minimization of vs(xJ y)
with respect to y from a set @ which is not necessarily described by '
inequalities g(x) ¢ O and/or equalities h(x) = O

Other cases for which minimization of vs(x.,y) with respect to y from
Q 1s relatively easy include S » O and either Q]a polytope [generally
solved by linear programming when S = 0 and generally solved by quadratic
programming when S » O (but also see Example (1) of page (46)] or Q the

convex hull of a hyper-ellipse (e.g. Example (1i) of page (48)).
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CHAPTER 2

FEASIBLE DIRECTION ALGORITHMS FOR CONVEX

PROGRAMMING - GLOBAL CONVERGENCE RESULTS

2.1 MOTIVATION

Many practical problems in optimal control are either
convex (i.e. have a convex objective function and a convex
feasible set) or can be approximated closeiy by another
convex problem.

Consider +the constrained optimizatvion problem (P) of
minimizing a convex function f ¢ H—+R on a closed and
bounded convex subset Q of a Hilbert-Space H, where f is

twice continuously differentiable on Q with second

derivative sz satisfying:

(2.1) S ¢ sz { S+MI for all z €Q

for - some known S=S*;O and some M{x® , where S* denotes the

Hilbert—-Space adjoint of the operator S.
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For solving problems of +this type there exists a
group of well known algorithms including [1] methods of
centers, feasible direction algorithms such as those of
Zoutendi jk and Pironneau and Polak as well as the
Goldstein-Levitin-Polyak gradient projection method [2Z].
However the convergence results available for these
algorithms are either asymptotic or give a decreased rate
as the number of constraints increases.

Allwright [3] has studied the convergence properties
of a feasible direction algorithm which employs Q directly
for choosing feasible descent directions. The feasible
descent direction is obtained by solving exactly (at each
iteration) a subproblem with quadratic or linear objective
function. The deduced convergence rate' is either
independent of +the geometry of the constraint set (when
the objective function of +the subproblem is a strictly
convex quadratic) or simply depends on its diameter (when
the objective function of the subproblem is linear or is a
convex, but not strictly convex, quadratic).

However the exact solution of <+the subproblenm,
eventhough possible for some cases of pracvical
importance, tuxrns out to be not possible in other cases
raegardless of their simple structure.

Then it is important to investigate what happens when
only an approximate solution of the subproblem 1is

available. That is studied in this Chapter.
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2.2 ALGORITHMS: CONVERGENCE RESULTS

2.2.1 - A FEASIBLE DIRECTION ALGORITHM

To solve problem (P) Allwright [3] describes a
feasible direction algorithm where the feasible descent
direction 1is determined by solving exactly the subproblem

(SP) defined at iteration j as:

(SP)7:

(2.2) min { fs(zj,y) 1 yeQ?
with

(2.3)  £5(25,7)3E(2)4< Vf(zj),(y—zj)>+%<(y-zj),S(y—zj)>
and where

(2.4) y(zj)eargmin { fs(zj,y) t yeQ 3y

The algorithm described in [3] will be denoted

Algorithm-1 and is stated next:

Algorithm = 1

step (i) Choose zer and set 3=0
step (ii) Solve exactly (sp)’
svep (iii) Define the search directvion hj by

(2.5) hy= y(z;) - z,
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step (iv) Minimize approximately with respect to 1A
the function f(zj+ A hj) by £finding the
smallest integer (> 0 such that:

l 1
(2.6) f(zj+ 3 hj) £ f(zj)+ > g < Vf(zj),hj)

[
and then setving A = B, pe(o1)

{an Armijo type rule)

step (v) Set z = z.+A.h.e Q
2 J 2

j+1
(zj+1<sQ because 1€[0,1] and Z 5 y(zj)eQ )
zj+1 is optimal STOP, otherwise seb

j=3i+1 and GO TO (ii).

(2.7) REMARKS: (i) Algorithm-1 is based omn the intuitive
idea that if +the gquadratic approximation £ is a
reasonably good approximation to £ themn y(z) should be a

fairly good approximation to z.

(ii) If f is actually quadratic then Aj can obviously

be found analytically and the minimization involved in
step (iv) can be carrxied out exactly.
(iii) The exact solution of (SP) in step (ii) is only

possible for some cases.
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Z2.2.2 CONVERGENCE RESULTS

In [3] is given a convergence rate, for the sequence

{f(zj)} generated by Algorithm-1 which 1is either
independent o©of +the size and geometry of Q (when £° is
quadratic with S>0) or only dependent of the diameter of Q

(when £f° is linear, i.e. S=0, or when 8520 but 5)0).

(2.8) THEOREM [3]: Suppose that O0{S{NI;ilx-yll i)l(cmeerfio

Then {f(zj)} — f(z) for the sequence genexated by

algorithm-1 and convergence ratve information is provided

by:

(a) If
(2.9) [£(z,)- £0z)] 2 (Mt 2 N)pP= Ny
then

My? ¢ 3 LMz 5)=£(2)]

Ni-

(2.10) [f(zj+1)—f(z)]$

(b) If

(2.11) [£(z)- £(2)1 < Mp?

then

A PN 1 [f(zj)-f(z)]
- £(z)] £ [f(zj)—f(z)]{l—zﬂ

(2.12) [f(=z }.

j+1 M+ M) 2

where (3 is the Armijo parameter
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(2.13) REMARKS: The result of (a) reveals that the

"digtance" from f(z) is at least halved in the first

iteration if (2.9) holds and is small if M, a measure of
the error between S and sz, is small. Indeed if M=0

then f(zl) = f(z) which is plausible since in that case

the quadratic approximation fs(z,y) to f(y) is exact.

(2.14) THEOREM [3]: Suppose that S> nl for n’>0.
Then for algorithm-1:

(2.15) [£(z)~f(2)] < Q-[B(1- 36)/(1+ D13 0e(z)2F(2)1.

(2.16) REMARKS: (i) The convergence rate result of theorem
(2.14) is completely independent of the geometry of Q.

(ii) If +the minimization of f(zj+A hj) with respect

to A is exact then theorems (2.8) and (2.14) apply with

2.3 RESULTS WHEN (SP) IS SOLVED ONLY APPROXIMATELY

2.3.1 AN ALGORITHM

As was said before and will be illustrated later,

there are cases of interest for which exact minimization

of fs(z,y) on Q can not be achieved in practice.
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Consider then y(zj) to be an approximate solution for

~

(SP)J - approximate in that y(zj) satisfies:

(z.17>05[f5<z5,y(zj>>-f5(zj,y(zj))35 € [f(zj)—fstzj,y(zjm

for a pre-specified €¢[0,1).
The corresponding algorithm is denoted algorithm-2,

which follows:

Algorithm - 2

step (i) Set Z5€ Q , 3=0

b

step (ii) Solve (SP) approximately by finding a

§(zj) which satisfies (2.17).

step (iii) Define the search direction hj
(2.18) hjz y(zj)—zj
step (iv) Minimize approximately f(zj+ A hj) as in

step (iv) of algorithm-1.

= zj+Ajh..

step (v) Set z_ 3

i+l

If satisfies a stopping condition

Z541

STOP, otherwise set j=j+1 and go to (ii).
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2.3.2. STOPPING CONDITIONS

A stopping condition 1is needed for the approximate
solution of (SP)J, so +that one can tell when a y(zj)

satisfying (2.17) has been found and another stopping

condition is needed for the solution of (P).

(i) STOPPING CRITERION FOR (P)

(2.19) LEMMA [3]
£5(z,7(z)) ¢ £(z) , VzeQ

Proof: The Taylor formula for second—-order expansions

gives:
! 2
f(y)=f(z)+(Vf(z),(y—z))f/(l—t)((y—z),V fezt+tiy-2])(y—-2z)>4%

o]

and as by (2.1) szgs,

1

f(y)> f(z)+<Vf(z),(y-z)>+j’(1—t)<(y—z),S(y—z)>dt
0

f(z)+(Vf(z),(y—z)>+%<(Y‘z)r5(Y‘z)>

fs(z'Y) .
Hence fs(z,y) £ f(y) Vy,zeQ ;
consequently,

£5(z,y(z)) = min £5(z,y) < min £(y)= £(z)
YeQ yeQ
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(2.20) LEMMA For y(zj) satvisfying (2.17)
2.21 z ) -5z, 7 - Sz )=f5z,,7(z.)) ]
( ) £( j) 74 y(zj)) > (1-€) [ (ZD) { JrY(ZJ)).!

Z50

Proof: Consider

1

. s A ~
[f(zj)— £z, 7(z))] tf(zj)—fsczj,y(zj))z

+ [fs(zj,y(zj))—fs(zj,y(zj))]

([Ra

< ~
[f(aj)-f (Zj,Y(zj))]

S A
+ g [f(zj)—f (zj,y(zj))J

™ by (2.17)
an

-5 o .5 -
(1=€) [£{z )= (z5,7(z,))1 & f(z,)-f (z5,7(z5))

3
-

Q.E.D.
(2.22) REMARK : LEMMA (2.20) provides a lower bound on
the "distance” between the approximate optimum of f5 and

f(zj).
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In order to keep +the iterative process finite, it
might be acceptable +to cease iterating once an 6 -
approximation has been achieved, for a pre specified small

positive 8, in that

(2.23)  f(z;)- £(2) &

However f(z) 1is not known apriori and so some
indirect test has to be developed. The following theorem

gives the basis for such test:

(2.24) THEOREM - For 6>0 and €¢[0,1):

s ~
If f(zj) 4 (zj,y(zj)) £ 5 (1-€)

then £(z;)-£(2) < 8

Proof: By LEMMA (2.20)

P 1 ~
- £3 ~£5 z.))1.
£lz )= £ (z5,7(25)) & o LE(zy)-1 (25,7(25)
Now by assumption
s ~
f(zj)-f (erY(zj)) L (1-€) s
Consequently
£z )=£7(z,7(z,)) <5
3 jr¥tEg) 2
implying by LEMMA (2.19)
£z )—f(z) < ) —£5 v
(z.)-f(z) ¢ f(zJ) £ (zj,y(zj)) A

J

Q.E.D.
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(2.25) REMARK: Theorem (2.24) reveals that for a smaller
€ (corresponding +to a better estimate of the subproblem

beeing obtained) <the number of iterations j(:?%dEd by
.23

algorithm-2 +to satisfy the stopping conditionj decreases -
since a smaller € corresponds to a bigger 6§ (1-€) so

that the condition
£(z )-£5(z_,y(2,)< 5(1-€)
j 3 i'=

is less stringent and might be satisfied for a smaller j.

(ii) A _STOPPING CRITERION FOR QSP)J

I+ has been assumed that iteration on the subproblem
stops when an €-approximation y(zj) to y(zj) is achieved,

in that

[£7(z,,7(25)) £ (25,7(25))] & € [£(z)~F7(25,7(2;))]

However +the fact +that fs(zj,y(zj)) iz not known
doesn’t allow the direct use of the expression above %o
test the quality of +the estimate y(zj). Some sort of

indirect test has %o be wused. The following Lemma and

Theorem give the basis for such a test.
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(2.26) LEMMA: For given Y, € Q, let

(2.27) ()(y,yk)= fs(zj,yk)+< Vyfs(zj,yk),(Y“Yk)> VyeQ

and
(2.28) §(yk) € axrgmin { @(y,yk) : yeQ 3.
Then
- s A
(2.29) ()(Y(Yk)'yk) £ f (zj,y(zj))

Proof: By the definition of §(Yk)

O(yiy, )iy, £ Oly,y,) VyeQ

and hence from the definition of ®(.,.)

s - 5 _
(2.30) <V&f (zj,yk),(y(yk)-yk)>5<V&f (zj,yk),(y Yk)>‘VY€ Q
: s _ - .
Now since V}f (zj,yk)— sz(zj)+S(yk zj) and by replacing
Y by y(zj) in (2.30),
(2.31) <[Véf(zj)+ S(Yk—zj)], (Y(Yk)-Yk)>

£ <£vif(zj)+S(yk-zj)J, (y(zj)-yk)>

Consider now the Taylor expansion of fs(zj,y(zj))

around Yy !

-

fs(zj,y(zj)) = fs(zj,yk)+([sz(zj)+S(yk—zj)],(y(zj)-yk)>

1 ~ >
+§ ((y(zj) yk),S(y(zj) Yk) >
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Now since S>0 and by (2.31)

s ~ .S >
4 (zj,y(zj)) > £ (zj,yk)+<[sz(zj)+S(yk-zj)J,(y(zj)—xk)>

s -
> f (zj,yk)+<[V'zf(zj)+S(yk zj)J,(y(yk)-yk)>

and hence fs(zj,y(zj)) > (3(;(Yk)ryk) Q.E.D.

(2.32) .THEOREM:
If

(2.323) [£7 (25,7, )= OU¥(T) /7)) L €LE(z)~F (2 ,7,)]
s s a s »
then (£ (zj,yk) £ (zj,y(zj))] £ €[f(zj) £ (zj,Y(zj))]
Proof: N S(z. - - _S
Eroof: Now £7Mz5iyp)= OU¥iv),y,) S €lflz)~f (2 5,7,)]
implies by Lemma (2.28), that
A =)
[fs(zj,yk)-fs(zj,y(zj))] S ELE(z =T (25,7 )]
i s v < £2(z )
and so since £ (zj,y(zj)) < j’Yk '

[is(zj,yk)—fs(zj,;(zj))] { € Ef(zj)—fs(zj,y(zj))l Q.E.D.

Continuation of Faotnote 1 of page 28.

of Algorithm 2 of page 26. For, by Theorem 2.8, for the function fs(zj,y)

S

S -

~

Also, by [3, paget2], for ay of Algorithm 2, step 5:

if ay < 1 then
(2.32d)  £2(z.,y,.,) € £20z,y,)-1/2<0 £2(z., v, ), ($(v,) v, )52/ T ¥*A___[S] ]
’ ' k+1 7'k ¥ jrik k' ‘k max
else
(2.32e)  £5(z..y...) < £3(z.,y.)41/249 £5(z.,v.) ) (3(¥e) =y )>

. Jl k+1 ]l k Y J, k 1 k k .
From (2.32d-e), it can be seen that (2.32c) holds only if
<vyfs(zj,yk),(§(yk)—yk)> converges to zero
. . S - 5 -
i1.e. 1f £ (zj,yk)—a(y(yk).yk)=—<vyf (zj,Yk)‘(y(yk)_yk)) converges to zero.

Hence (2.32a) must hold after a sufficient number of iterations k.
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Algorithm-Z 1is restated with the stopping mechanisms
included:

Algorithm-2

Step (i) Set z € Q, 3=0 and choose 46>0 and small

Step (ii) Solve (sp)? approximately by:

step 1 ~ Choose €>0 and small

set yo=zj, k=0
step 2 - Find ?(yk) such that

;(yk) e argmin { @(y,yk): yeQ 3
step 3 - Stopping test

- 1
If yly,) satisfies (2.32a)set

y(zj)= Yy and GO TO step (iii),

otherwise CONTINUE.

step 4 — Define a search direction dk

de= Y)Yy
step 5 — Minimize approximately with respect to

: =
@ € [0,1] the function £ (zj,[yk+akdk])

-

Let a, be the approximate solution

k
step 6 - Setb Ye41™ Yk+ akdk

Set k=k+l1l and GO TO step 2

1

Condition (2.32a) will eventually be satisfied by a ¥, generated by step (11)

250

{continuea an paae
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Step (iii) Stopping test
If [f(zj)-f5<zj,y(zj>>] < 5(1-€) STOP,
otherwise CONTINUE.

Step (iv) Define the search direction hj

Step (v) Minimize approximately f(zj+ A hj)
as in step (iv) of algorithm-1

Step (vi) Set z_

VLA YN P A

and GO TO step (ii)
2.3.3 NEW CONVERGENCE RESULTS

The fact that the subproblem (5P) 1is solved
approximatvely affects the convergence results obtained by
Allwright [3].

In order +to facilitate +the derivatvion of the new

convergence results, the following result is helpful .

(2.34) LEMMA:

For €€[0,1) and the €- approximation y(zj) of (2.17):
(2.35) <Vf(25),hj> £ (l-e)tf(z)—f(zj)l £ 0

where hj= y(zj)—zj
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Proof: By +the definition of fs(zj,y) and the fact that
y(z.)=z .+h.
y(zJ) zJ j
£5(z.,7(z.)) = £(z )4 VE(z.),h>+ = < h
§rY %5 j j7 50T 2

Using LEMMA (2.20) and the fact that 5>0
f(zj)+ < Vf(zj), hj> £ f(z)+-€[f(zj)—f(z)]

Hence <(Vf(z,), h,> < (1-€) [£(z)=f(z;)] ¢ 0 Vz,eQ

Q-E-D-

€

({2.36) REMARK:: The Lemma (2.34) shows thab'hj is a
descent direction and establishes a negative upper bound

on £ Vf(zj), hj>.

The following Theorem gives global convergence rate
information for algorithm-2 when +the approximation

function is convex.
(2.37) THEOREM: Suppose 0<{S<{ NI , M= %N+M

Iix=yli1{ y< > Vx,yeQ

Then {f(zj)}-f(§> and

A 1 1,..2_ 1 =2
(2.38) (a) If [£(z;)-f(z)1) 7o (MiZN)p= 7o¢ My

(2.39) then [f(zj+1)-f(z)l £ € [f(zj)—f(z)]+ Z My

5(9§3) [f(zj)—f(;)l
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A 1 -
(2.40) (b) If [f(zj)-f(z)]( T-¢ My

then

2 [f(zj)—f(z)]}

Y/

A A 1
(2.41)[f(z_,  )-f(2)]L[f(z )-f(2z)]{1-5R(1-€)
i+l J 2 (M+N)p

(2.42) REMARKS: (i) With €=0 the results provided by
theorem (2.37) are consistent with those of theorem (2.8),

as would have been expected because the algorithms are

identical.

(ii) The resul%s of theorem (2.37) show that using a

smaller € for the subproblem improves the convergence rate

€

bounds for the main algorithm.
(iii) Theorem (2.37) reveals that eventually after atb

most k iterations [f(zj)—f(z)]< I%E ﬁyz where k is the

smallest integer greater than or equal to:

M2
(l-G)Ef(zo)-f(z)]

log £§l

log

Proof of Theorem (2.37)

The Taylor formula for second order expansions gives:

+Ah.)=f(z. B, )
£z #Ah,)=f (2 ) +AVE(25) hy)>

2 ! - & N
+ A‘L(l—t)(hj, f(zj+t.lhj)hj>dt
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and hence by (2.1)

(2. 43)f(z +41h ) £ f(z )+.&(Vf(z ), h >+ %Az(h ,Sh >+zl My

Consequently

(2.448) f(z +.lh y £ f(z Y+ 5 ,l(Vf(z Y, h >

-<{Vf(z.),h.> N ~
(2.45) if 0 ¢4 ¢ a3 2 A
¢, Sh >4My

a) If Aj 2 1 vhen (2.44) is savisfied for allAe(0,1] and
the value of Aj chosen (according to the Armijo type rule)

will be Aj=1.

A

So, if A;>1, (2.44) gives:

f(z 1)- f(z +h )

~ 1 1,2

¢ £(z ) HVE(Z ) ,h O+ 2<h5,5h >t 3 My
= £~ (z ,y(z 1)+ % Myz .

Consequently, from Lemma (2.20)

£(z.,.) < £(Z)+ €Lf(z.)-F(2) 1+ & Mp2
jH1’ = 3 z v
Hence 3
(2.86) [£(z.,,)-F(z)] < € [£{z )-E(Z)1+ = Mp?
. i1 = b 2z 7
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Now from (2.45) 1531 iff

~ o~ ~ 2
(Vf(zj),hj> 2 (hj'Shj>+MV

or, equivalently, iff

~ 1,0 o 1,0 o 2
(2.47) (VE(z,),h )0~ 5 <hy,Shy> > 3 <hy,Sho>4My
But as 0<S< NI (2.47) will hold if
~ 1,7 o 12,2 =2
{2.48) (VE(z3),h = 5¢hy,Sh> > 2 NpPaMy®= )

with M = %N+M.

Now by Lemma (2.20)

NI

5 e "~ ~ e
f (zj,y(zj)) f(zj)+<Vf(zj),hj>+ (hj,Shj>

< £(2)+ € L£(2,)-1(2)]
i.e.
~ 1 ~ o~ A
(2.49) (VE(z),h>- 3 <h,Sh> 2 (1@ f(z)-f(2)]

Hence from (2.48) and (2.49) it follows that

(2.50)  if (1€ [f(z;)-£(2)1 > M)° then 1

Now (2.50) +together with (2.46) give result (a) of

theorem (2.37), i.e.



if [f(z;)-£(2)] 2

then

[f(zj+1)-f(z)]

The converse

[P

I~

€Lf(z)-F(z)]+
E[f(zj)—f(;)3+

e[f(zj)—f(2)1+

-32-

€+l
( 5 )Cf(zj)

of the

(2.37) (a) is not true, as

(2.51) if [f(zj)—f(;)] <

1-€

then Aj can be either >1 or <1 .

1 =
My~ ,

N[
k<4
~

NI

N

-£(z)])

implication

z

(1-€)Ef(zj)—f(;)]

in Theorem

€

(b) If Aj<1 the algoritvhm will choose Aj savisfying

Aj >

BA.

2

0

and since (Vf(zj),hj> £0, (2.44) yields

f(zj+Ajhj) £ f(zj)+

I

f(zj)+

f(zj)—

[P

f(zj)-

NI

NI N+

N

A

b

< Vf(zj),hj

>

A, ) ohs
BA;¢ VE(z5) hyd

B

B

(Vf(zj),hj>

z

— >
¢h,Sh My

(Vf(zj),hj>

2

(MN) 2
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But from Lemma (2.34)

(2.52) (Vf(zj),hj)

Hence

(2.53) [f(zj+1)

So the result

when Aj<1. It

A

even if ljzl in
and then:

f(z £ f(zj)+

j+1)

I

f(zj)—

[Py

f(zj)-

[P

f(zj)-

since by (2.51)

[£(z)-£(2)] < g¢ My

(1-6)[f(zj)-f(;)3

= h - n1-
£(z54y)=E(z54A5h5) & £(z5)- 5B(1-€)

~£(2)1SE (2 5)~£ (2) 1{1-36(1-€)

2y t-e? trz-£(211% 3y 0

A2
2 [f(zj)—f(z)]

(M#N) 2

z[f(zj)—f(z)]}

(M4N) p2

of part (b) has been proved for the case

remains to be shown that (2.53) will hold

which case the algorithm will choose Aj=1

1 ~
z (1-e)tf(zj)—f(§)1 (by Lemma (2.34))
% ﬁ(l—é)[f(zj)-f(;)] (since f €[0,1))

R (1—e)tf(zj)—f(§)1
B(1-€)[£(z,)~£(2)]

N

(M+N)V2

z I%E (M+N)V2 so that

[ PN

1-€

~
[y

(M#N) p2

This concludes the proof of theorem (2.37).
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When the approximation function fs(.,.) is strictly
convex, global convergence results for algorithm-2Z2 are

provided by the following theorem:

(2.54) THEOREM: Suppose S>nl for n>0.

Then whenever:

(2.55) zje argmin { £(z) : z€Q }
. R B(1- 36)
(2.56) [f(z.,.)-f£(z)] £ [(£(z.)-f(z)]{1-(1~-¢€) ¥
3+ - J v_(1+ ¥y
3 n
where
. <ﬁ.,s§j>
(2.57) VAW (z,,y(z5))= 2 =
—<Vf(z_ ),h.>
J J
and hj= y(zj)-zj

(2.58) REMARKS: (i) The fact that under assumption (2.359)

the scalar valued ratio function ?3 only takes values in
{0,2] will be shown later when properties of ?3 are

discussed.

(ii) The result of theorem (Z.54) shows that
improvement on the global problem bounds will be achieved
by decreasing the pre—-specified € and by iterating on

the subproblem until Wj lies in the interval (0,1+u] with

M small, which can always be done (see theorem (2.70)).
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Proof of theorem (2.54)

Since S*=SZnI for n>0, S has a symmetric self-adjoint

1/2

square root S >0.

Applying the second order Taylor formula yields:

£(z #Ah )= £(z,)+A< VE(z,),h >
1 ~ — ~
+AZI (1—b)(51/2hj,s 1’zvzf(zj+mhj)s
0
Hence, since S>nI n>0 and also

-1/251/zgj>dt

0¢ FE-S < MI

~ ~ M
(2.59) f(zj+Ahj)$f(zj)+A<Vf(zj),hj>+ ZA (hj,Shj>(1+

5)

= " _ 1,2 M .2
-f(zj)+ (Vf(zj),hj>[1 zA 43(1+ n)J zj(l)
Therefore

~ 1 ~
f(zj+Ahj) £ f(zj)+ 2.1(Vf(zj),hj>

(2.60) if 0 (Ag —i—0m = A,
Yo(1+ =) 7
2 n

as  (1#%)21 and ¥ € (0,2] (shown later), ome of the

following three conditions must always be true:

(2.61) (i) 1/(14M/n) < ¥,< 1
(2.62) (ii) vy < 1/(14M/n) ¢ 1

(2.63) (iii) 1/(1+M/n) < 1 < ?3
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Consider first case (i). Now Aj is +the exact

minimizer of aj(A).

If Aj €1 iv is easy vo see that the algorivhm will

choose Aje (ﬂﬁj,lj) and hence, from (2.59)

f(zj+)5hj) L o8 43(1+M/n)) L2500 T347n)
. 3 3 3
since T+M/n S 43(1+M/n)S Aj

€

and aj becomes more negative as Aincreases when.le[O,Aj] .

Therefore:
h.) = _B__ -
(2.64) £z 4Ah) = £(z ) & oy (fpog ¢ i-e
o . L g2 .
B -1 _ B oy ¢yf(z.),h>
£z 500 V482 o7y <VE (2500052 B TTamymy TiSVE(Es) R
_ Ny -1 .2 1
CE(Z. ) H<VE(Z.) he> B(1- 36)
- b1 b R 2 (14M/n)
since ¥.(1 and (VE(z),h> ¢ O,
Next from a result of Lemma (2.34)
N . B(1- @)
(2.65)  [f(zj,,)-£(2)] & [£(z)~f(2)1{1-(1-€) —gqgred
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Consider now case (ii):

1

Since O0<VY.< m

3 {1, it follows from (2.60) that 1521.

Therefore +the algorithm will chooselj=1 and so, from
(2.99)

1 B
54T M7’ S 25 TeMrn)

f(zj+Ajhj)= f(zj+1) £ zj(l)g 2
so +that the bound of (2.64) established for case (i) will
be valid for case (ii) as well. Consequently (2.63) is

valid for case (ii).
Finally consider case (iii):

1
14M/n

< 1K« Wj £ 2
In this case the algoxrithm will choose A s.t.

B3
Wj(1+M/n)

f(zj ) ( ) and then, from (2.59)

I~

+1 3

1
B(1- 3B)

flz ¥, (11M/2)

< f(z )+ <VE(z3),h >

541’ j

B(1- %m
43(1+M/n)

I

f(zj)—(l-e) [f(zj)—f(z)] .

Thus a general bound valid for the three cases is:

1
B(1- 36)

[£(z ,,)-f(z)] & [£(z;)-f(2)1{1-(1-€) §§71+M/n)}

with 0¢ ¥ ¢z .
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2.3.4 PROPERTIES OF THE RATIO FUNCTION qg

<(Y(zj)“zj),8(y(zj)-zj)>

Now W.2 W(z.,y(z.))= =
J ? ) —(VE(Z,5), (¥(25)=2,))

where zj,y(zj)e Q
Recall that y(zj) is the constrained global minimizer
s .

of £ (zj,y), on Q, i.e

y(z;) ¢ argnin { fs(zj,y) t yeQ }={y(z )},

The 1last equality occurs owing to the convexity of Q and

the positive definiteness of S.

Let y*(zj) be the unconstrained global minimizer of
s .
£ (zj,y) on H, i.e. let

* *
y (z,) e argmin { fs(zj,y) oy e H =iy (z,)}

(2.66) THEQOREM: Assume S>0. Then
gj= 0 iff zje argmin { £f(z) : ze€Q }
Proof:
(1) Proof that: [z, eargmin { £(z) : z¢Q }] =g>[§j=03
Now

zZ; € argmin { f(z) : zeQ } = f(zj)=f(;)

A
and from Lemma (2.20) with zj=z

A N A

£5(z,y(z)) ¢ £(2).
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But by the definition of y(z)

A A A A N A

f (z,y(z)) £ f (z,y{(z))

and by [3]

A A A

£° (z,y(z))= f(z)

So:

A A A A M A

f(z)— £° (z,y(z)) £ £° (z,y(z)) £ f(z)

therefore

A A A A N A

£5 (z,y(z))= £5 (z,y(z))= f(z)

and so «

(VE(Z), (y(2)-2) >+ % <(y(z)-2),S(y(z)-2)>=0

Now if +the quadratic term is greater than zero the

linear term has to be smaller than zexro which contradicts

optimality of =z.
Therefore the quadratic term has to be zero which

implies (since 5>0)

y{z)-z=0 i.e. hj=0

(ii) Proof that: [;j=03 = [zje argmin { f(z) : zeQ 3]
Suppose gj= ;(zj)—zj 0. Then f£° (z y(z )) = f(zj) since
s ~ _ ~ _
f (zj,y(zj))—f(zj)+<vf(zj),(y(zj) zj)> +

1 ~ ~ -
+ 2 <(Y(zj) zj),S(y(zj) zj)>.
But by Lemma (2.20)

£5(z. ,y(z )) £ f(z)+-6£f(z ) f(z)]
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So
s ~ _ A _ A
£ (zj,y(zj)) = f(zj) < f(2)+6'£f(zj) f(z)]
i.e. [f(zj)—f(z)] £ e[f(zj)-f(z)] .
But for €#0 +the previous inequality only holds when
f(zj)=f(z).

Hence

zje argmin { f(z) ¢+ z€eQ } .

(2.67) THEOREM 1If zjﬁ argmin { f(z) :2eQ } and S>0 then

<h.,Sh.>

y 2 22— <(0,2]
7~ (vE(z.),h.>
J 2

Proof: The fact that ?332 can be established by just

noticing that, from (2.17)

s ~ s ~ s ~
f (zj,y(zj)) £ £ (zj,Y(zj))+ €[f(zj)~f (zj,y(zj))]
s A
ef(zj)+(1 ef (zj,y(zj))
S,Ef(zj)+(l—€)f(zj)= f(zj)

and hence, from the definition of fs(.,.),
((y(zj)—zj),S(y(zj)~zj)> < —Z(Vf(zj),(y(zj)—zj)) .

Hence, since from Lemma (2.34) and assumption on zj
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VE(z3), (ylz;)=25)> <0,
this yields 4352
To show that q&)O, note that from theorem (2.66) hj¢0

since here it is assumed that zje argmin { £(2) : ze€Q I.

So <hj,Shj> > 0 and as above (Vf(zj), hj> <0 .
Hence ?3 > 0 .

Consequently ?3 e(0,2] .

QIE'DI

(2.68) THEOREM: If y*(zj)e Q and zj¢argmin{ f(z) : ze€Q %,

A *
then W(zj,y(zj)) = lP(zj,y (zj)) =1

for y*(zj) of page 38

Proof: Since fs(.,.) is convex, a necessary and sufficient
condition for y*(zj) to be an unceonstrained minimizer of
fs(zj,y) is:

Jd s _

Equivalently

]
o

*
Vf(zj)+S(Y (zj)—zj)
and hence

* *
<[Vf(zj)+5(y (zj)—zj)],(y (zj)-zj)> =0
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implying
* * *
—(Vf(zj),(y (zj)—zj)> = <(y (zj) zj),S(y (zj) zj)>
- * —
i.e. W(zj,y (zj)) 1
*
Since S>0 and Q is convex, if y (zj)e Q then
A *
y(zj) =y (zj) .
Consequently

A *
W(zj,y(zj)) -W(zj,y (zj)) =1 .

Q-EnD-

L4

(2.69) THEOREM: If y*(zj)e Q and zjeargmin{ f(z) : zeQ },
then W(zjry(zj)) 1

A
Prxoof: From the definition of y(zj)

Jd .s A
(ﬁy £ (zj,y)l R ' (y(zj) y)> £ 0 VYeQ
y—y(zj)
But <2 £5(z.,y) = VE(z.)4+5(y(z.)-2,)
Y j'Yl . 51¥8(y(z5)-2
Y=y(zj)

s0 <[Vf(zj)+S(Y(zj)-zj)),(y(z).)—y)) £ 0, VyeQ .

For y=zj, this gives

<(y(zj)—zj),8(y(zj)—zj)) £ —<Vf(zj).(y(zj)—zj)>

consequently by the assumption zje argmini £(z) : z€Q 1},
<Vf(zj),(Y(zj)—zj)> < 0 .

Hence w(zj,y(zj)) 1 . Q.E.D.



-43 -

(2.70) THEOREM:
If [Yk(zj) -*-y(zj)] and [zje argmin{ £(z2) : z€Q }]

then for any M>0, there exists N(M)<{ o such that

(2.71) W(zj,yk(zj)) £ 1+pm for all k>N(m)

Proof: 1If Yk(zj)'_’ y(zj) then W(zj,yk) —_— w(zj,y)

i.e., for all M>0 there exists N(M) such that for k>N(M)

] W(zj,yk)- ‘P(zj,y(zj))! { M

l’u(zj'yk) L4 ‘P(zer(zj))‘I"P

So, since by Theorxrem (2.63) W(zj,y(zj)) L1,

W(zj,yk) £ 1+pm
Q.E.D.
(2.72) REMARK: Consider algorithm-Z with the stopping
conditvions for +the subproblem being that both conditvions
(2.17) with a pre-specified € and condition (2.71) for a
pre-specified M are satvisfied. Then from theorems (2.54)

and (2.70):

R R (1—6)6(1-%0)
Lflz.,.)-£(z)] & [£(z.)-F(z)I{l- ¥
I+l 3 (1+»>(1+§)
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2.4 APPLICATION TO AN OPTIMAL CONTROL PROBLEM

Application of Algorithms 1 and 2 to a basic open
loop control problem is considered here.
Consider +the control constrained linear gquadratic

problem of choosing a control ueQ to minimize
a 1 u u
f{u) = 3 {<x (t) Kz (t)>+<u(t),Ru(t)>rds
T
for a finite-dimensional linear dynamic system,

£(6) = AxU(E)4Bu(e) ¢ xT(v ) = xg .

where
Q = { square integrable u : T — QcR™3

. m
Q 1s a convex subset of R

K=K’>0 R=R’>0

T=[t0,t1] tl-to(m

This problem can be considered as a particular case

of +the problem stated in 2.1. If sz could be shown to be

bounded on a similar way and an approximation fs(u,v) to
f(v) wexe available then either algorithm 1 or 2 could be
used. In fact Mayne, using a strong variation approach,
finds exact and approximate expressions for

(2.73) Af=f(v)-£f(u) ’

where neither v nor u have to be optimal. An estimate of

Af is known [4] to be:
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(2.74) Af =/ [H(x(t),v(t), A% (%), 0)-
T

Hix%(t),u(t), A% (t),t)1dt

where H(x,u,A,t) is the Hamiltonian and Au is the solution
to the usual adjoint differential equation evaluated at

u
x L

Now by choosing an appropriate Hilbert Space (in fact

thto,tll with an induced inner product) the system

u .
response X <can be written:
u_ s
x =x"+ HWu
5 . . s ca s . . .
where x is +the initial condition contribution and W is

the input-output map (a convolution operator).

The cost funtion can now be expressed as:

(2.75)  f(uw) = £ %, k" % <u, R ud
= %(xS,J{, x53+ <u, WK x5+ ?lz' Cu, [ RN WIuY
where [XxT1(6) = KxP(b) a.e. teT
[Rul(t) £ Ru(t) a.e. vt eT
=30 R=8%0
and <u, Ru> éj <u(t),Ru(t)> dt

T

where u is a function belonging to Q and u(t) is a vector

-

in R® belonging to Q .

From (2.75)

sz(u)= R +w*3c, W .
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Now since the gradient is known to be given by:

[VE(u)I(t)= HIx (t),v, A (t)rﬂqv:u(t)

and the Hamiltonian is defined as:
a 1 1
Hlx,u,A,%] = 2 <{x,Kx>+ 2 {u,Ru>+<A,Ax+Bu>

we get from (2.73) and (2.74) an estimate of f(v) given

by:

A

£u,v) = £(u)+ <VE(u),(v-u)>+ % <(v-u), R (v-u)>
and then, for § = R

£(u,v)=£%(u,v) . .

For this choice of S, M can be chosen to be:

*
M=1172E(u) - R11=1 1W KW
and then the control problem can be viewed as a spacial
case of the general problem of 2.1.

In certain particular conditions the approximation

function fs(u,v) can be minimized exactly and <then
Algorithm—-1 can be used. This is the case for the
application example considered by Allwright [3], which

will be reviewed next. Another example will be considered

later for which exact minimization of £~ is not possible.

Example (i) [3]

Let 2= {ueR" : lugll }

R= diag{rll,...,rmm})o
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In this case it 1is easy to minimize fs(u,v) with

respect to ve Q as:
£5(u,v) = f(u)+ {r{<[Vf(u)3(t),[v(t)—u(b)3>
+ 2<Iv(b)-ul(t)],RIV(E)-u(6)]>3dt
and i;(u)}= argmin { fs(u,v) :rveQ ¥
i e.
{Iv(w)1()} = argmint <IVE(u)I(t),[v-ult)I>
+2<Iv-u(6) 1, RIV-u(£)1> ; v(t) e Q3
Due to the diagonality assumptvion for R, theiproblem

of finding ([v(u)l(t) € Q c R® splits into the m simpler

problems of finding

s : Jf (u) -
Lv;(u)1(%) eargmin { <[ Ju, 16y, Dvy-u ()13
1 2
+ 3 rii[vi—ui(b)] :olv; 141 b

The solution for each value of i involves minimizing
a quadratic on a 1line segment. That is easy tvo do. The

result is that

[vi(u)1(t) if (vii<i
1 1 -
[v. (W) 3ty = 1 if v
vi u)l( = i vi
-1 if vk € -1
1l

where

[v} (W) (v)=u, (b)- S S

.. u.
11 J 1
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Then [vi(u)](t) can be expressed in closed form as:

A _ _ 1 _@2f(u)
[v (W) 1(t) = sat{ u (%) riit 7 1(t) 3

so that finally

[v(u)I(t)= sat{ u(t)-R T[VE(u)I(t) }
where sat is defined by

u,  if lugl< 1l Vi

Sat{u}i= 1 if ui>l for any 1 .

-1 if ui<~1 for any 1

Eventhough this exact closed form solution has been
obtained under severe assumptions on R and Q , they happen

to be of practical interest.

Example (ii)
m
Let Q= { ueR ¢ |lullgl ?}
R=diag{r11,...,rmm}>0

Now again the problem consists of finding [v(u)l(t)

s0O

[v(u)1(t) ¢ argmin{ <LVE(u)l(t),[v-u(t)I>

1

+3

C[v=u(t)],R{v-u(v)]> : v(t)e Q}
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or consequently:
[;(u)](b) e argmin{ <{([VE(u)l(t)-Ru(t)),v>

+ <v,Rv> : |ivilIg1l }

N

Again the unconstrained solution will be given by:

Cv™(u)I(t)= -R™*¢{ [VE(u)I(t)-Ru(t) }

and then
* *
(v (u)l(%) if v 1141
Lfv(u)l(t)=
A A . *'
v with |ivli=l if fiv 1>l
and
5 A A
éz—ithl—‘ A= [VE(u))(t)-Ru(t)4Rv = —a v
v=v for some a; 0
Hence

[v(u)J(t)=-[R+ aI1 1{ [VE(u)](t)-Ru(t) } for some a)0
such that: livil =1

A
The conditvion |i{v]|i=1 is equivalent to

2

(2.76) <g,[R+ a1) “g> =1

where g = [VEf(u)l(t)-Ru(t)

As R is diagonal (2.76) is equivalent to:

-

2

\ g?
(2.77) ZE: —l— =1

. 2
i (rii+ a)

_c0f(u) -
where gi—[ ﬁui 1(%) r.s ui(t)
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For i=Z2 the equation (2.77) 1is of ch degree and

eventhough an exact closed form solution is available it’s
complexity is such +that an approximate solution is

preferable in most cases. For i>2 only an approximate

solution a can be found., Then we will get the situation of

(2.17).

REMARK: The assumption on +the diagonalitvy of R can be
relaxed since (i) inner products (and hence norms) are
invariant under orthogonal +transformations and (ii)

because R 1is positive definite, an orthogonal change of

basis ensuring diagonalization of R is possible.

2.5 MINIMIZING A NORM OVER A CONVEX SET

GILBERT CONVERGENCE RESULTS

The particular case with the function f(.) having a
simple and known structure is discussed here. If f(.) is a
quadratic, some of the results, derived in [3] and in the
present chapter, will apply if the appropriate
identifications are made.

Let f(.) be the quadratic
(2.79) f(z) = <z,Qz> -

where Q'=Q > 0

and consider the following identifications:

§=0, N=0, M=2 i__ [Q]
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and
f7(z_.,y) = £ (z.,y) = £(z.)+<VE(zZ.) (y=-z.)>
3’ 3! J it j

The results of theorem (2.8) are valid for this case
and for +the sequence generated by Algorithm-1 global

convergence rate information is given by:

(a) If  [£(z;)-f(2)] 2 z;?.xm Q3

ax ; then

Lol 2 1 A
(2.80) [f(zj+1)—f(2)] £y Amax[QJS E[f(zj)—f(z)]

~ 2
(b) If [f(zj)—f(z)] < 2y Amax[Q]
(2.81) f(z )—f(;)<[f(z )—f(;)]{l~———£————72[f(z )—f(;)]}
' j+l = J 41 (Ql b
max .
Consider the case Q=I. This corresponds to the

function f(z) being the usual Z2-norm of z:

(2.82) f(z)=<z,Iz>=IlzII2

Then the above resuldts (a) (b) will assume the form

(a) 1f iz i1?-nz0? ) 2y, then
2 A~ 2 2.1 2 o~ 2
(2.83) Nz, 2=z 2 cvie ganzgné-nzn
(b) If ||zj||2—||z||2 < 2p%, then
2 ~ 2 2 A 2 1 -2 2 ~ 2
(2.88) 11z, 111121180 1Z500=1121 D=3V 20zg1 -11211)3
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(2.85) REMARK: § has been taken equal to 1 since
minimization of a quadratic on a line segment can be done

exactly.

Gilbert's Results

Working on the extension by Fancher [5] of an idea by
Ho [6], Gilbert [7] proved convergence of an iterative
procedure for computing the minimum of a quadratic form on
a convex set. The proof is based on a algorithm which is
essentially algorithm-1 but where the objective function
is a squared noxrm as in (2.82) .

The basic problem (B.F) stated by Gilbert [3] is

essentially:

(B.P.) Given K, a compact and convex set ih En, find a

point

~ A 2 . Z
z € K such that {1zill = min{ ||z]l": zeK }

In order to define the iterative procedure to compute
the solution of (B.P.), Gilbert introduces the function
s{.) as a specific contact function of K and defines the

function ((.):

|1z~s(~2)11%¢z, (z=s(-2))>  if z-s(-z)#0
(2.86) B(z)=
0 if z-s(-z)=0
whose geometric significance is as fellows:
x=2z+B(z)(s(-z)-z) 1is the point on the line L(z ; s(-2z))

with minimum euclidean norm.
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The iterative procedure considered by Gilbert defines

a sequence of vectors {zk} by:

where z, is an arbitrary point in K and the scalars «, are

0 k

selected arbitrarily from the closed interval I(z),
(2.88) I(z)=[minidfB(z),1%, min{(2-8)B8(=z),1%}]

where  0< éd =fixed number ¢ 1

For +the case under consideration it can easily be
shown how similar Gilbert’s and Allwright’s procedures

are. In fact let s(—zj) be, as in [7], the solutiof of:
(2.89) max{ <-zj,y> 1 YyeK

or equivalently of:

(2.90) mind{ (zj,y> : yeK ?}

If it 1is remembered that for the particular case
under study Vf(zj)= sz and that s{wy)=s(y) for any we R+
(a property of +the contact fumction) then s(—zj) can be

said to be the solution of:

min{ <Vf(zj),y> : yeK 3
or finally of

(2.91) mind £(z;)4<VE(z,),(y-2z4)> = fo(zj,y) : yeK

and so the equivalence between s(—zj) id [7] and y(zj) in

[3] is obvious.
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Again 1in order to emphasize the connections between
the +two approaches, an outline of Gilbert’s proof of
convergence for the algorithm is presented and comparative

comments made.

Consider the functions [(z) and A(z;a) defined by [(71]:

lzi12=112112

e

(2.92) raz)
and

(2.93)  Alzja) 2 [(z)-T(ztals(-z)-2])
where acl(z)

Now A(z;a) can be expressed as
2 2 T2
(2.94) Alzja)= 2 alllzll"—<s(-2),z>]-a llz-s(-2)||

Because the coefficient ofcg is not positive,
min{A(z;a):acl(z)} is attained at one of the end points of
I(z).
Also it is readily shown that
Alz;88(z))= A(z;(2-8)R(2z))
Thus from the definition of I(z)

(2.95) Alz;8B8(z)) if &8B(z)€1

min{ A(z;a) 1 acl(z) =

Alz,1) if 5B(z)21

This result is used by Gilbert to derive a lower

bound on Alz; a ), aecll{z), as follows. From (2.86) it

follows that
-2 2 2
(2.96) Alz;8B(z))=11z=s(~-2z)l| “[Kz,(z-s(=-2))>]17(28-8")

> p 1<z, (z-s(~2))>1%
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since 296 —52>6 ;, where py is the diameter of K defined in

the usual way.

Now, by definition of [(z)
[iz)= 11z11%-112112

I[z—zllz+2<z,(z—z)>

21 lz-2| 1 24242, (z-2)>

[Py

= 2(2,(2‘2))

£ 2<¢z,{(z-s(-2))> by the definition of s(-2)

and then :
(2.97) ¢z, (z-s(-2)> > 3 ['(=z)

Using this result in (2.96) yields
(2.98) Alz;86(z)) 2 % v~ 25 1'%(z)

Now consider A(z;1l).
If ((z)21 then, from (2.86), <z,(z-s(-2))> > llz-—s(—z)ll2
and consequently from (2.94) it follows that

(2.99) Al(z;1)= 2(2,(2—5(—2))>—|Iz—s(—z)ll2

fwv

<z,(z-s5(-2))>

I'iz) by (2.97)

Iv

1
2
Using this result and (2.98) in (2.95) yields:

Alz;ja) > mintd v 251 %(z), £ (23
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and finally by seting z=z, and using (2.87) it can be seen

k
that
(2.100) A(zk,ak)=szk)-szk+1)
1 -2 L2 1
2mintz ¥ "8 [tz ),5 [(z,)120

This is +the lower bound on A derived by Gilbert.

Clearly the sequence {Tsz)} is decreasing and since it is

bounded from below by zero, has a limit point. Passing to
the 1l1limit on +the left side of (Z2.100) gives zero and

therefore from the right sideAF(zk)->0.

L4

Connections between Gilbert’'s resultvs and Allwright’s

Now since 6 expresses the effect of not minimizing

exactly llzllz along the line L(z,s(-z)) and'as this can

be done exactly, take d=1.

Suppose that Isz) 2 Zyz.
2 2
Then <z, ) 2 2y F(zk)
1 -2 .2 1
and so 3 ? Tz 25 Tz

Hence, from (2.100) it follows

1
I'(z £ 5 I'iz))

k+1)

N2-11z11%3 ¢

iz 1 2=11z11%)

[ MY g

i.e. from (2.92) [IIZk+1

which is exactly +the same result as +the one, (2.83)
obtained by Allwright under the same assumption.

Considering now that

[(z,) ¢ 2 p?
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1 ,-2.2 1
Then 3V Tz &5 Tz

and from (2.100) it follows that
(2.101) [z, ,.) € [z )1 41- = p72 (2,13
' k1) & Iz 2 K

again the same as (2.84) obtained by Allwright under the
same assumption.

However by considering +the upper bound to the rate
given by:

-2 1 .-2 -
v Tz )1 ¢ 11+ 3 v Tiz)]

[1- 1

wi-

Gilbert presents a convergence result in closed form:

_ 1 -2 -1 _ 2_, .22
THEOREM [7] -Let Bk— 90(1+ 7Y 9°k) ' Oo- Lz 11511zl

and assume that Ilzollzé IIZ|IZ+2yz.

Then for the segquence {zk} generated by the algorithm

the following inequalities hold for k20:
/ -~
itz 11 <\/9 +Hzl|2
k = k

2, -z | ;\ﬂi:

It is now clear that for the particular case under
consideration both procedures, 1i.e. Gilbert’s [7] and
Allwright’s [3]), have similar features and the convergence
results, eventhough obtained using different approaches,
are the same. However Allwright’s r;sults apply to a

larger class of problems (i.e. for objective functions

which are more general convex functions).
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CHAPTER 3

INNER APPROXIMATION ALGORITHMS

3.1 METHODS INVOLVING APPROXIMATION

OF THE FEASIBLE SET

Consider the constrained optimization problem:’

(3.1) min { £(z) : zeQ %

Suppose that Q, Qn belong to some overall sebt. In

many methods for constrained optimization, the feasible

set Q 1is approximated by a sequence of sets Qn and the

following sequence of problems is solved

(3.2) min { f(z) : zeQn ¥ n=0,1,...
Under certain assumptions on f£(.), Q and the sequence
Qn' problems (3.1) and (3.2) are equivalent in the sense

that the limit of the sequence of minimal values for (3.2)

is the minimal value for (3.1). In detail:
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(3.3) THEOREM [1]

Let Q be any set in Banach space E and let f(z) be a

=g

Q_ and

functional satisfying a Lipschitz condition on g1 9

bounded from below on ¢ in that

(3.4) inf £(z) = £° > - o
zeQ

Suppose «® minimizes f approximately on Qn in that

(3.5) £(x") ¢ inf f(x) + €_
ern )
where lim €, = 0
n—= 0o

and where Q and Qn have the properties that

(3.6) lim inf {lx-yil =0 xeQ
N> yeQn

(3.7) lim 1inf llxn—xll = 0
n——o e
. n *
(3.8) then lim f£(x7) = £ .

R 0

(3.9) REMARKS: (i)(3.6) means that by taking n big enough

one can get arbitrarily near any x€Q with a y in Qn'

(ii) (3.7) means that by taking n big enough one can
get arbitrarily near xneQn with an x from.Q.

(iii) If the approximation sets Qn are "outer sets"

(i.e. QnDQ VYn ) then 3.6 is obviously satisfied. If the
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approximation sets are "inner" (anQ Vn) then (3.7) is

satisfied automatically.

(iv) the set sequence Qn can be chosen in advance (as
in +the Ritz metheod) or the next Qn can be determined from

the results of previous problems (as in the cut -off

methods).

The set approximation approach consists essentially
of a restatement of a given problem in an alternatiwve form
that is equivalent but hopefully more amenable to
solution. Associated with this type of approach there are
usually some specific aims like:

(1) To isoclate familiar special structures embedded in a
given problem.

(ii) To induce linearity in a non-linear problem via
judiciocus approximatvion.

(iii) To induce separation.

Amongst the most popular devices used in pursuit of
these objectives arxre Dualizaticon, Projection and Ianner
(outer) Linearization. The last two are particular cases
of set approximation methods. Inner linearization will be

v

the main subject of interest in the following.
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3.2 INNER LINEARIZATION

Rockafellar {23 distinguishes between two
representations of a closed convex set Q, which are dual
to each other. Q is said %o be externally (outerly)
represented 1if 1t 1is defined as the intersection of all
half-spaces +that contain Q. Q is said to be intermnally
(innerly) represented if it is defined as the union of all
d-dimensional simplices whose vertices belong to Q, where
d=dim Q. ‘

For convex functions, equivalent representations

. . . n - . .
exist since convex functions on R can be identified with

1 (their epigraphs). A function

certain convex sets of Rn+
approximation will be "inner" ("outer") if the epigraph of
the approximation function lies entirely within (outside)
the epigraph of the approximated funcbtion.

A convex set Q is said to have been linearized if the
approximating set 1is a convex polytope and a convex
function f is said to be linearized if the epigraph of the
approximating function is a convex polytope. If the convex
polytope 1is defined as the convex hull of a finite set of
points (called a base) belonging to Q (or epi f), then the
set Q (the function f) is said to be "inner" linearized.

Inner 1linearization 1is +then an approximation to convex

functions and sets which is conservative in the sense that
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it does not underestimate the value of a convex function
or include any points outside the approximated convex set.

The accuracy of the approzimation can be made as
great as desired by making the density of the base
sufficiently large. However from theorem (3.3) it is known
that +the approximating sets only have to be accurate in a
neighbourhood of the optimum, this suggests the
desirability of a procedure %o generate base points as
actually needed 1in the course of computationally solving

the inner linearized problem.

3.3 A_FEASIBLE DIRECTION TYPE OF ALGORITHM VERSUS

AN SET-APPROXIMATION TYPE OF ALGORITHM

Consider +the conceptual algorithm that results from
using the iterative method presented in section 2.2.1. to
solve problem (P), when the optimal steplength is used
along each search direction. This conceptual algorithm can
be given a different interpretation with enphasis on its
decomposable mnature - Polak has already pointed out the
decomposable nature of methods of feasible directions
since +they effectively replace the original problem by a
sequence of simpler problems [3] pp. 173.

In fact +the algorithm solves (P) by decomposing it
into two complementary problems which are solved

alternately through sucessive rounds. These two
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subproblems associated with algorithm-1 will be denoted

(Pl) and (Pz) and at iteration j are defined by :

—_— (Pl) Find y(zj) such that
(3.10) y(z;)e argnin { fs(zj,y) : yeQ 3}
where

<(y—zj),S(y—zj)>

NI

S = -
(3.11) ¢ (zj,y) f(zj)+<Vf(zj)y(Y zj)>+

—_— (Pz) Find zj+1 such that
(3.12) zj+1e argmin { £(z) : Z€EQj+1 ¥ ‘
where
(3.13) Qj+1= conv { {zj}LJ{y(zj)} } .

(3.14) REMARKS: (i) There exists a conceptual connection

between (Pl) and (Pz). In fact for (Pl) the feasible set

is kept exactly as defined for (P) but the objective
function 1is replaced by a gquadratic (or linear) outer

approximation. For (PZ) the objective function is exactly

the same as in (P) but the feasible set is now a linear
inner approximation to the original feasible set.

(ii) (Pz) can be viewed as a partvial version of (P),
i.e., +the original problem solved over a linearized

version of Q.
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(iii) Qj is an "inner—approximation" (since Q is
convex and both solutions to (Pl) and (Pz) are feasible)

and 1is defined to be the convex hull of the union of the

last solution to (Pz) and the latest solution to (Pl)'

In the light of +this new interpretation, +the
conceptual algorithm of Section Z2.2.1 can now be restated

as follows:

Algorithm=-1la .

Initialization: let zer, Qoé {zo},

set 3=0.

(i) Solve (Pl)' thereby finding y(zj). If solution is

optimal for (P), STOP, otherwise CONTINUE.

(ii) Define the next "inner” approximation Q

j+1!
Qj+1= conv{ {zj} U{y(zj)} 3,
(iii) Solve (PZ) by finding a zj+1 which minimizes f on
Qj+1.

(iv) Set j=j+1 and GO TO (i) .

(3.15) REMARK: It 1is now obvious +that the iterative
procedure of 2.2.1. 1is a member of a class of set

approximation methods.
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3.4 A NATURAL EXPANSION

Eventhough (P,) and (P,) are problems which are

1 2
simpler to solve than (P) - because the feasible set in
(PZ) has a linear structure and the objective function in
(Pl) has a quadratic (or linear) structure = solving.(Pl)

remains computationally expensive (even in simple cases

e.g. fs(.,.) linear and Q stricly convex). The number of

times (Pl) has to be solved depends on how much cost
reduction the solutvion of (Pz) gives. Intuitively this
will tend to become larger if Qj is a better approximation

to Q.

Consider then replacing Qj (as defined previously) by
Sj (a convex subset of Q) such that
(3.16) ng_sjc Q

Obviously this will imply

Sj Qj
3.17 . 4 .
{ ) £(z;7) L £(zy7)
where
S.
(3.18) sz € argmin{ f(z) : ze S, }
9
(3.19) zj ¢ argmind f(z) : zsst ¥},
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3.4.1 Generating an Inner Approximation Sj

In (3.13) the 1inner approximation Qj is defined as
the convex hull of +the last solution to (PZ) and the

latest point generated by (Pl):

Qj= convi {zj_l} U{y(zj_l)} ¥

where {z__

j 1} is a singleton subset of Qj_

1l
A natural way of generating an Sj satisfying (3.16)

is to set

= ol A
Sj— convi Sj_1 U {y(zj_l)}} ' SO QO .

where z_._

j-y € argmin { f(z) : ze Sj—l .

In fact, if zy= ;O' implying

2 n=-g 2 (3
tzy} 8 Q= 5,5 1z

0 Fa

then:

Q,2 conv { {zy} U{y(z )} = convi {z 3 Uiy(z, )t 12 S

0

>
mn

é o I, T A
Q2 conv { {zl} U{y(zl)} } € convi S1 U{y(zl)} ¥

Carrying further +this argument, on a step by step
basis, it is obvious that
S.2AQ. j
52095 Vi .
An extended version of the conceptual algorithm-la

-

can now be stated:
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Algorithm-1b

Initialization: let =z

4

set 3=0
(1) Solve (Pl) by minimizing fs(zj,y) with respect to

y e Q. If +the solution 1is optimal for (P), STOP

otherwise CONTINUE.
{ii) Define an "inner" approximation Sj+1 .

S = conv { Sj U {y(zj)} ¥ .

3+l

(iii) Solve (P,) by finding a =z, which minimizes f on

2 i+l

Si4

(iv) Set j=j+1 and GO TO (i) .
(3.20) REMARKS:

(i) In algorithm-1a, dim Aff[QjJ=1 for all 3j. 1Inmn
algorithm-1b, dim Aff[Sj] can increase %o n.

(ii) In algorithm 1b it 1is not necessary to store the

convex hull but merely the base points.
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(iii) From remark (i), it can be seen that with algorithm
la the maximum number of base points to be stored at
each 1iteraction 1is +two,while with algorithm-1b it
can be j.

{iv) Remark (iii) reveals the desirability of a method
(based on some kind of redundancy) which allows the
dropping of peoints which are not needed for the

solution (i.e. a method for base reduction).

3.4.2 A First Method ‘

From theorem (3.3), the approximating sets only have
to be a good approximation to Q in a neighbourhood of the
optimum. The idea 1is then, before starting iterating on

(Pz), to assess which subset of the original set Q is

worthwhile approximabting.

Let zj be the last available solution to (Pz), i.e.
zje argmini £(z) : ze Sj ¥
where Sj= conv b(Sj)
and b(Sj)={y1,...,ym}.
Then, assuming Z is not optimal for (P), we require
a zj+1 satisfying:

f(z

s41) S Tz
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A necessary condition for a certain 2z +to be a

candidate for zj+1 is:
< . -z.)> < 0 ,
Vf(z:,),(z ZJ) 2
This means that the candidates for zj+1 are the
elements of the subset Bjc Q defined by:
Bj= { zeQ : <Vf(zj),(z—zj)> £073% .

Only this set is worthwhile approximating.
One possible criterion is to keep from the previous

inner approximation only those points belonging %o Bj,
vielding the set fj defined by:

F.2S5.nB, ={ zeS5, &+ <VE(z.),(z=-2z.)> < 0 }
J 2 J 2 J J =

or

Fj={zesj:<Vf(zj),(z—zj)>=0} U{zeSj:<Vf(zj),(z—zj)><0}.

However since zj is the exact solution of:

min{ £(z) : zeSj ¥

the set { 2z € Sj : (Vf(zj),(z-zj)> { 0} is empty and
hence:
(3.21) Fj = { z¢€ Sj : (Vf(zj),(z—zj)> = 0 3}
the set Fj, denoted the "optimal face" of_Sj,together with
the latest solution to (Pl) - which certainly belongs to

Bj - defines the next inner approximation Sj+1
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Sj+1= conv { Fj U {y(zj)} ¥
It will be shown next that the vertices of Fj are

those of Sj which are in Bj'

{(3.22) LEMMA: Let Sj= conv b(Sj) where blSj)={y1,...,ym}.
Then Fj= conv b(Fj) where

(3.22a) b(Fj)={ Ye b(Sj) : (Vf(zj),(y—zjy> =0%.

Propof: Since Sj= conv{yl,...,ym}, any erj can be written
as x= Alyl+...+.1mym where 0 ¢ Ai £1 i
and A 4.+ A =1,

1 m

Hence, by the definition of Fj, if =z eFj +hen

X=A +.'l+ A-mym

174

and (Vf(zj),(x-zj)> = 0 .

-— =.A - o s 8 -4 .
But X zj 1(y1 zj)+ +.lm(ym 23) and so

(3.23) 0O 4 Vf(zj),(x-zj)>

Al( Vf(zj)y(yl-zj)>+...+.1m< Vf(zj),(ym—zj)>.
Since zj minimizes f on Sj and yl,...,ymezsj

(Vf(zj),(yi-zj)> 20 Vi .

So, from (3.23) if for any i

<Vf(zj),(yi-zj)> >0 ’
then Ai=0, VxeFj.Hence every x € Fj can be written asz,liyi

i = A = -—
where Aigo,‘VL,E:li 1 and i 0 when (Vf(zj),(yi zj)> >0 .
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Consequently ch conv b(Fj).

Now from (3.21) and (3.22a) it is easy to see that

b(Fj)C Fj and since Fj is a convex set conv b(Fj)C Fj.

Hence F.) = conv b(F:‘) . i.e.

.= { .y o . -z.)> =

FJ conv Y eb(SJ) <Vf(zJ),(y zJ) 0 3}

and the base for Fj is then obtained by rejecting all the
elements of the base of Sj that do not satisfy:

<Vf(zj),(y—zj)> =0

]

This will be called a base reduction. - .

By incorporating +this base reduction philosophy in
algorithm-lbtafqiesults the conceptual algorithm-lc:
Algorithm-1c

ca s . 4 A
Initialization: Let zg€ Q ., FO—{ZO} ' SO—{zO}

b(FO)={zo} ' b(So)={z ¥, 3=0 .
i) Solve (Pl)

If solution 1is optimal for (P) STOP, otherwise

CONTINUE.
(ii) Define b(5j+1)={ b(Fj)lJ{y(zj)} ¥

and S = conv { b(Sj+1) ¥} .

j+1
(iii) Solve (Pz) .
(iv) Find b(Fj+1) by base reduction .

{(v) Set j=j+1 and GO TO (i) .
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3.4.3 Convergence Results

Due +to +the 1initial step of algorithm-lc and to the

way in which Fj is constructed

z.cF. Y3 >0
2 J =

and so for each 3j :

S:H_lé convi Fj U {;(zj}-}g con% {zj}LJ{;(zj)} y & Qj+1.

These facts 1imply +that the conceptual algorithm-lc
will perform in +the worst case as well as concepbtual
algorithm -1a and +that 1t will hopefully perform‘better
than algorithm-~1a in some cases. This means that the
convergence rates obtained by Alwright [4] and' in Chapter

2 of this thesis will apply with (=1 (8=1 because only the

case when subproblem (Pz) is seclved exactly has been

considered so far).
3.4.4 A Second Method

The first storage reduction method described
previously is very much based on the assumption that it is

possible +to solve exactly subproblem (Fz). When this is

not so, the way in which the "optimal" face is defined may
leads us to drop points which are important or to keep in
points which are irrelevant. To drop points which are

important will lead to wrong results or to non
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converging sequences while keeping in irrelevant points
may lead to the storage of an unnecessarily large number
of points.

P

In method one it was shown that points[sabisfying av

iteratvtion J the condition (Vf(zj),(p—zj)> > 0 could be

removed where zj was the exact solution of (Pz). However

~

if what 1s known |is zj, as an approximatvion to zj, the

same procedure cannot be used.

In +the present situation, two sorts of problems
should be considered: (i) How to avoid removing important
points (ii) How to avoid keeping irrelevant points;
Consider problem (i).

It will be shown that, at least in certain cases,
sufficient conditions can be established to ensure that

important points are not rejected.

(3.24) THEOREM: Let f(x) be a convex function with

al < VéE(x) < M.I , 10 >0

Suppose +that z is an approximation to the unknown zj
which minimizes f on Sj'

Then {(p—-z.), V£f(z_.)> > 0 , and p can be discarded,
J J
%ron1l)(58)

if <(p-z),VE(z)> > 0 and

<(p-z),VE(z))>

(3.25) Ilz.-2z11<
J Ml ip-2z1]|
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Proof: If

llz—j-zll < <(g-z)12f(2))

Milp-zl|

then

ﬁllzj-zll ¢ p=z) ,VE(z))

1p-zl]

s0

HVE(z)-VE() 1] ¢ ﬁ|1zj-z||
implies

IVE(z)=-VE(Z) 1] < (p=z),VE(z)> ]

l1p-2zll|

and then
or

(3.28a) <(p-z),VE(z)> > —((p-;),[Vf(zj)—Vf(;)]> .

Now since <(z—zj),vf(%?> 20 ( as zj minimizes £ on Sj)
(3.24a) yields

<(p—§>,Vf(§)>+<(§—zj),Vf(zj)> > =<(p=2), [VE(25)-VE(2) D>
Le.<(p—§>,Vf(§)>+<(p—§),EVf<zj)-Vf(§)3>+<(§—zj),Vf(zj)> > 0

i.e.((p-z),Vf(zj)>+<(z—zj),Vf(zj)> > 0.

Hence

((p-zj),Vf(zj)) > 0 and p can be discarded from b(fﬁ).

Q.E.D.



-76—

3.5 MINIMIZING A NORM OVER A CONVEX SET

Consider again the case where the objective function

is

f£(z)=11z112

and consider minimizing f(z) over Q where Q is a convex

and compact subset of R® which does not include the origin

(the solution would be trivial in that case).

In the 1light of +the approach considered in this

chapter, the problem of minimizing f(z) over Q will be

replaced by a sequence of simpler problems to be solved

alternately. They are defined by:

——-(Pl) min fo(z,y)
yeQ

where fo(z,y)=f(z) + Kvi(z),{y-z)>

(let y(z) denote a global minimizer of fo(z,y) with

respect to y Q).

— (PZ) min f(z)
z e

where Slj is a inner linearised version of Q (a polytope)

defined as the convex hull of a finite number of points.
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Algorithm-2a

Initialization: Letbt zoe Q

1= é
Set j=0 and 520 {zo} .

(i) Solve (P,) over Q, i.e. determine a global minimizer

1

;(zj) for the problem

min fo(zj,y) .
yeQ

(ii) Set £25+1= conv{IQjU{y(zj)}}.

(iii) Solve (P.) over i)j+ i.e. find a =z. which

2 1 j+1

minimizes f(z) over !2j+1’

{iv) Set j=j+l1 and go to (i) .

Algorithm—-2a here may involve the storage of a large
number of points since at each of its iterations a new
point generated at (i) will be added by (ii) to the inner
approximation.

In order +to help reduce the number of points to be

stored S)j could be updated by replacing it by its closest
face CFj where CFj is defined as the intersection between
£2j and the support hyperplane tangent to 125 at zj and

with outward normal zj/llzjll ( see figure 3.1 ).
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support hyperplane

figure 3.1

3.5.1. Finding the closest face CFj

As was mentioned previously, if zj is the exact
solution of (Pz), finding the closest face is easy as it
only requires +the removal from (25 of all points p
satisfying

<Vf(zj)p(P-zj)> > 0

The remaining points will satisfy

(Vf(zj),(p—zj) > =20

and their convex hull will define the closest face.
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However the exact solution zj of (PZ) may not be

available and an estimate zj must then be used instead.

In +that case a different method for finding the

closest face 1s needed, and will be developed next.

Let {zlj} be a sequence inSQj of approximations to z,

which converges to zj.

Introduce the sets S; and B; defined as follows

(3.26) S* 2 ¢ 2zer®: 11z11% ¢ 11z 11%and <z,z5> > <y, 2zl
J = 3J 2 = J J

where

(3.27) Y; e argmin { <y,z;> : ye£25 3

figure 3.2
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and

2

Iip

i _ n, 1 i, ,2_ i i 2 .1
(3.28) Ej izeR7:llz zjll £ lezjll 2<zj,yj> r (Bj) }

i ) .
where Bj is a closed sphere centered in z; and whose

- i i
radius r(Bj) goes Yo zero when zj converges to zj.

figure 3.3

(3.29) LEMMA: (i) zjeB;

i
R ii . €8
(ii) zJ € 3
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Proof:
. i, 2_ 2 i 2 _ i
(i) llzj zjll = Ilzjll +Ilzjll 2 <zj,zj>
i 2 i . 2 i 2
. - - - . S N
£ lezjll 2(23'23> since llzJII L I|lel
£ lezgllz- 2<z;,y;> since, from (3.27),

i i i
(yj,zj> L4 (z,zj> Vzer.

So, from (3.28):2545B;

(11) 112501 ¢ 1125117 by definition of z,.

Also

i i i i
(zj,zj> 2 (yj,zj> by (3.27) and so, by (3.26) zjesz

Q.E.D.

(3.30) REMARKS: (i) The result just proved for zj extends
k . .
to any zj with k 2 i+l .,

(ii) When zt 1z, obviously z-z- —0 and B: — {z_.},
J J J J J

(3.31) THEOREM: Suppose £2j= conv{pl,...,pr}.
If p e{py,...,p } and

<b,p> > <b,p, > ,  k=1,...,r

-

for all b eB;, then 5 does not belong to the closest face,

CFj, of ﬁg and can be eliminated.
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Proof: By Lemma (3.29) zje B; and hence if E maximizes

(over all pk) the function (b,pk> for all besB; then

<zjlp> > <ZJ'pk> Vpk* P.
Since zs is the closest point to 0 in !)j and since
each pieSQj

2
(zj,pi> 2 1 Z .

Hence

- 2_
<zer> > llzjll = f(zj) .

Since the closest face, CFj, is defined by

A

é . t—4
CFj { zes}j. <z,zj> Mz 11" 3,
we see that Be CFJ. .
Q-E-D-
(3.32) THEOREM: Suppose
a.(zl) = <z%,p> - max_ <z:i,p.> > 0
by B J = "%k
P, ¥P
Then <z,§> - max_ <z,pi> >0
P; ¥p
i .
. a.(z.) .
for all zeS & { z : ||z-z5]|( —2= 2 £ r_(z))3,
11Bl1+ max_ lip, || 7

P, P
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Proof: Suppose

<z%,5>— masx <z%,p >= a.(z%)>0 .
3 *‘Jk 3 73
P,T P

Consider now a perturbation 0z from z;. Then

((z; +8z),p>- max_ <(z;+8z),pk)

Pt P
2 (z;,ﬁ) + (52,5) - max_ <z;,pk> - max _ (52,pk>
p,¥ P P,? P
= a.(z%) + <52,§> - max <&z,p, > .
7 p.# D k
K
> a.(z3)-118z11 11plt - 118211 max_ {ipl|
3 J *
P ¥ P
N o ; a.(z)
and hence if |18z1! & |iz-z1| < 2_J

ilSII+ max_|lp, 11
- k
P,* P

i.e. if z €5, then

<z,p> - max <z,p> >0 .
PP

(3.33) REMARK: S 1is an open sphere centered at z; whose

radius converges to

@.(z.)
r (z.)é 2 J

- ¥ 0 as z, — z. .
lpll+ max 1lp, Il
P ¥p
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A procedure can now be considered to test +the

vertices of§2j

(i) Iterate until
<z§,§> > (z:ij,p> Vpip .
(1i) Evaluate the radius r(B?) of B; .
(iii) Evaluate the radius rs(zi) of S . )
If r(B?) L4 rs(zz) and since zje B; it will imply

zje S and then

(zj,§> - max <z_.,p> > 0

p*p
1e. <z.,p> > max < > 2 Z
. Z;1P max <z ,p> 2 I|zjll
pP¥p
and then 5 can be discarded.
. ) da
I1f rs(z;)< r(B;) either p is not discag@le or

on t furmer'

iterationJ(has to proceed A before discardability of p is

revealed.

Incorporating +this procedure into algorithm-2Za it

results algorithm-2b:
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Algorithm-2b

Initvialization; Lev zer , set j=0 and §2O={zo}=CFO

(1)

(ii)

(iii)

(iv)

(v)

(3.33a)

Solve (Pl) over Q

y(zj) € argmin £ fo(zj,y) t yeQ ¥

Set!2j+1= conv {CF, Uiy(z;)3F .

Solve (Pz) over Q:H-l

z € arg min { £(z) : ze!?5+1

i+l

Find CFj+1 .

Set j=3j+1 and go to (i) .

REMARK: It should be emphasized that even if an

upper limit on the number of points to be stored is fixed,

the

algorithm must work at least as well as the Allwright

- feasible direction algorithm when function evaluations

are expensive,
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3.6 - APPLICATION TO A NON-CLASSICAL

OPTIMAL CONTROL PROBLEM

3.6.1 - A Linear Quadratic Problem

Consider +the 1linear time invariant system described

by the model
¥(b)= A x(t) + B u(t) : x{(0)==x

y(t)= C x(%t)

n’ Y(t)éERr and A is assymptotically stable,

[

where x(t)e R

with the additional constraint on the control

uf{t)= F y(b) where u(t) e R™.

Let J be the quadratic cost defined by:

J=‘[{x’(t)Q x(t) + u(t)’'R u(t)? dt
0
with Q=Q’ > 0 R=R’>0

The closed-loop system is described by the model
¥(t)= [A+BFC] x(t) : x(0)=xO

=1}

x(bt)=exp[A+BFC]lt . X0

The cost can now be written as:

-]
(3.34)30x,,Fl=x"(0)[ eLAYBFCI Y i FrRFC e

0
(3.33) =x'(0) K(F) x(0)

[A+BFC]tdt]x(o)
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[A+BFC]bdt

@™
where K(F)=‘[e[A+BFC] YrQ+C’F'RFCe

o
satisfies the Lyapunov equation:

[A+BFC]'K(F)+K(F)[A+BFC]= -Q-C’F’'RFC.
(3.36) REMARK: The expression (3.35) above emphasizes the

dependence of J on both F and xz(0).

3.6.2 - The Levine Athans Approach

Obviously, for any particular x one could attempt

0'

€

to find an F which minimizes J{xO,F], but an F which is

good for many initial conditions is really needed. Levine
and Athans [S5] took the view that the expected.value of J
should be minimized, assuming that +the initial state x(0)
is a random variable distributed on the surface
of the n-dimensional ,unit sphere, i.e. assuming that

E{xo}=0 E{x(0)x’(0)}= Xo > 0 .

The expected cost is then given by:

E{J¥=E{x ' (0)K(F)x(0)} = trace[K(F)XO]
this approach however only guarantees that

trace[K(F*)Xo]é trace[K(O)Xo]r

*
where F denotes an F which minimizes trace[K(F)Xo]and

K(O)Xo is for the open loop (F=0) case.
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It doesn’t guarantee that

* 4 * . ’ ¥ 4
J - XOK(F )I-O < }‘OK(O) uO 4 V}to

*
i.e. doesn’t guarantee that the closed loop cost for F
will not be greater than the open loop cost (for F=0) for

some initial conditions.

3.6.3 - Allwright’s Dominant Output Feedback Approach[b]

(3.37) DEFINITION:

F is said to dominate F iff K(F) < K(F)

where K(F) ¢ K(F) denotes

x'K(F)x ¢ x'K(F)x  Vze R"

with =x’K(F)x < x’K(f)x for some x .

The approach considered involves generating a

sequence {Fk} with the property that

K(F, ) & K(F,__,) k= 1,2,... .

*
The limit F of the sequence {F, } (if it exists) will

k

then satisfy

’ * ] .
on(F )xo < xOK(FO)xO on

- *
i.e. the optimal feedback F dominates +the initial

feedback (usually F0=O, for the open-loop system) .
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(3.38) REMARK: Obviously if

x! K(F)xo £ x’

0 K(Fo)xo on

0
* .
then trace K(F ){trace K(F), but the converse is not true.

This has relevance to the expected cost when XO=I.

To generate the solution, Allwright applies a
steepest descent type of algorithm which at each iteration
determines a search direction by solving a subsidiary
problem (SP) with non—-differentiable convex cost and non
convex constraint set:

k

(SP) min A LY M.H.]
peB, DaX g=y T E

where Bk { peRk s JjMb=1 3

x
]

nxn
H{e R and

Amax[D] denotes the most positive eigenvalue of

D=D’,
Allwright has shown that in certain conditions the
solution of (SP) reduces +to +the solution of a simpler

problem (SPI) where the cost is convex and the constraint

set is convex and compact:

(SPl) min llzllz with 0¢Q
zeQ
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The constraint set Q is defined by Q = conv{g(Bn)} where
Q(Z)=[<Z,H1z>, ey <z,sz>]T € Rk.

Hence it seems that Q cannot be expressed in terms of a set of
equalities and/or inequalities and so conventional algorithms are not
applicable.

Also, for this particular set Q it turns out that a global minimizer
for min{<z,0> : o & Q} is relatively easy to find and is given by
é = p[v] were v is a normalized eigenvector associated with the largest

eigenvalue of [ zka.

These facts about Q suggest the use of the algorithm of Y.C. Ho [7],
as presented by Gilbert [8], for solving (SP).

Since each iteration of the Ho-Gilbert algorithm involves some
expensive computations, it would be useful to apply a potentially

improved algorithm - such as algorithm-2b. This is one area in which

the work of this Chapter might be useful.
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CHAPTER 4

PROPERTIES OF SOME ALGORITHMS

WHICH FIND SEARCH DIRECTIONS BY MINIMIZING UPPER BOUNDS

AND FUNCTIONS DERIVED FROM THEM

4.1 - INTRODUCTION

In order to determine search directions, it seems
necessary to have a local approximation to the cost v. The
Allwright algorithms depend on a local approximation which
is everywhere lower than v (i.e. one which we may think of
as an outer approximation). Unless v has an especially
nice structure, findirg such a lower bound will be hard
(or impractical). However , finding an upper-bound (i.e.
which we may think of as an inner approximation) is much
easier.

This can be clarified by considering the simple case

of a quadratic v:

(4.1) v(x)=a+<b,x>+%(x,Cx) : C'=C > 0 .

To obtain a non-linear lower-bound for v seems to

require knowledge of Amin [C] or a lower—-bound for it -

which are relatively hard to find. However,an upper-bound
for v can be found relatively easily. For example,an upper

bound for Amax[C] is the Frobenius norm



-94 ~

(8.2) HClig=t T T c2 /2
i 3 I

which is easy to evaluate.
As another example, consider again +the optimal

constrained problem introduced in Chapter 2.

*
(4.4) Let C=R+W KXW (R#J)
with the usual optimal control interpretations of R, ‘W and
ng

Then we could define U by

(4.5) W= R+ 11WHRWII>C
This 9 could be a good approximation to C and is ‘easy to

invert as

(W zye)=r R + 1IWRWIIT 17 Y2(%) vt .

This fact alone justifies considering methods to find
search directions other <+than +the ones based on the
existence of a lower bound for the second order derivative
matrix.

In Section 4.2, the use of upper bounds for choosing

search directions for unconstrained problems is

considered, when Vzv(x) has the following properties:

(4.6) al <v2v(x) < bI , VxeH with a>0
and also
(4.7) v2vix) < U , Vxe H yielding

-1/2 _2 U—1/2S

(4.7a) al < U vV v{x)

BI , VxeH

for suitable 0 <2 @8 .
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Then in Sections 4.3 and onward, constrained problems
are considered and search directions found by optimizing

various local approximations to v(x).

4,2 - AN ALGORITHM TO SOLVE AN UNCONSTRAINED PROBLEM

Consider minimizing v(x) on a Hilbert—-Space H, where
v(x) is a general +twice continuously differentiable
strictly convex function satisfying (4.6) and (4.7), using
a search direction obtained by minimization of a local

approximation to v defined by:
(4.8) v, 1) =v(x) 44TV (x), (y=x) >+ 2 <(y-x),U(y=%)>

with U*= u>»o

{4.9) Algorithm: The algorithm is described by:

xj+1=xj+ﬂjhj Pox € H
where
(4.10) hj---'y*(xj)—xj is the search direction , with
X - u
(4.11) {y (xj)}= argmin {v (xj,y) t yeH ¥

and Aj is chosen using the Armijo scheme:

Choose M>1 and 46¢(0,1).

Increase p, from 0, in unit steps until

P
M (Vv(xj),hj> .

N =

P
(4.12) v(xj+ M hj) 2 v(xj) +
Then increase q, from 0, in unitb steﬁs until

q ,P lsa P
(4.13) v(x5+8 M hj) < v(xj)+ > M <Vv(xj),hj>

and set Aj =59 pp .



-96~

The following theorem gives convergence rate

information:

(4.14)THEOREM:

For the sequence generated by algorithm (4.9):

(4.15) [v(xg,)-vx™] & [vix;)-v(x")141- 5 &

j+l

where o and 3 are as in (4.7a) and

(4.16) {x*} = argmin £ v(x) ¢t xeH } .

Proof: The Taylor formula for second order expansions
gives:

2 | 2
v(xj+lh5)=v(xj)+A(Vv(xj),hj>+A .[(l—t)(hj,v v(xj+thj)hj>dt .

0
Since U*= U > 0, U has a symmetric self-adjoint

1/2

square rootv U and

(4.17)v(xj+Ahj)=v(xj)+l<Vv(x ),hj>

3
1

+Azf(1—t)<01/2hj,U—llzvzv(xj+thj)U-llzullzhj>dt
()]

1

£ v(xj)+ ALVV(x ),hj>+ 2

2
3 A“B¢hy,Un > by  (4.7a)

Now from (4.8), (4.10) and (4.11) it follows that

(4.18) h = U lpvix,)

3

and so (4.17) becomes:

(4.19) v(xj+Ahj) s V(Xj)—<Vv(x ),U-1Vv(xj})[1~ %Azﬂ]=a(1).

b
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[N
—t > -
13 1?/2 A \‘\ A
siope = <V V(xj), hj> vixj)+ 3 AV VX)), hj>
figure 4.1

1
Choosing A according %o Armijo scheme we getb AjAS(E),

where 1/ is the unconstrained minimizer of a(A).

So

(4.20)v(xj+1)- v(xj+Ajh )

b

1
s v(xj)+ 2 A5<Vv(xj),hj>

) -1
(4.20a) s v(xj)— T (Vv(xj),U Vv(xj!> [from (4.18)])

and since 1

5 2 8(1/B).
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Now , use of +the Taylor formula for second order

expansion about xj, yields:

v(x)=v(xj)+<Vv(xj),(x-xj)>
' 2
+/(1—b)((x-x.),V vix_.+tlx—x.])(x—x.)>d%
0 J J J J

1
;v(xj)+<Vv(xj),(x-xj)>+§a<(x xj),U(x xj)> xeH

by (4.7a) .

Then

v(x*)= min{ v(x) : xeH }

v

- 1
mzn{v(xj)+(Vv(xj),(x xj)>+za<(x xj),U(x xj)%. x € H}

1 -1
v(xj)— i:;(Vv(xj),U Vv(xj)>
and hence
-1 *

(4.21) (Vv(xj),U Vv(xj)> 2 Zcr[v(xj)—v(x Yl .

Now use of (4.21) in (4.20a) yields

Sa 3

Vi ) £ vixs) - [vix )=vix )]

and consequently

& * a
(4.22) [v(xj+1)—v(x Yl £ [v(xj)-v(x yJj{1i- 86}

Q.E.D.
(4.23)REMARK: (i) If U is chosen to be a scalar multiple of
I, say U=MI , then algorithm (4.9) becomes a steepest
descent algorithm. Then aand £ of (4.7a) can be taken %o

be a and b of (4.6), and typically b >> a.
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(i1) If x is the sequence associated with the

b]

steepest descent version of algorithm (4.3) then:

y=v(x™)] «

(4.23a)  [v(xy,, <

- ~% a
[v(xj)—V(x )1{1 55} .

(4.24) REMARK : If an U # MI can be found easily and such

that U- Vzv(x) is small, then a and # of (4.73) will be
approximately 1.

Hence,(A.ZZ) becomes

y=vix™)1 ¢

(4.24a)  [vixg,, 4

[v(xj)—v(x*)]{l- dF.

Since, +typically, (1- 5% ) > ( 1- &), this means

that algorithm (4.9) with U # MI may be preferable %o

steepest descent in some cases.

4.3 - A CONSTRAINED PROBLEM
Consider now the problem
(4.25) min{ v(x) : x€Q }

where v(x) 1is +the quadratic defined in (4.1) and Q is a

compact convex subset of Rn, with diameter p .
(4,26) Algorithm: The algorithm is described by:

xj+1=x5+ljhj : X, € Q

where Aje argmin{ v(x +Ahj) : A€[0,1]%}

b

hj is the search direction .,
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The main objective of +this chapter is to study
properties of algorithm (4.26) when the search direction

hj is found by optimizing different local approximations

to v(x).

4.4 - DEFINITION OF hj BY MINIMIZATION

OF AN UPPER APPROXIMATION TO v(x)

Suppose U’=U > C=C’' > 0
hy=y(x;)=xy
~ . U
(4.27) {y(xj)}= argmin{ v (xj,y) 1 yeQ 3}
where
v Py -
{(4.27a) v (xj,y)— v(xj)+<vv(xj),(y xj))
+£((y—x Y, Uly=%x.)> &
Z jv! J
(4.28)THEOREM:
For hj=;(xj)—xj and §(xj) defined as in (4.27) ,

algorithm (4.26) has the following convergence properties:

(a) If vixg)-vix)2p® A, [U] then
(2.29)  vixy ., )-vix) & FIVIx;)=v(X)]
(b) If v(x;)-v(x) <% A, (U] then
A a 1 [v(xj)—v(;)l
(4.30) v(xj+1)-v(x) é[v(xj)—v(x)]{l— 2 3 }

Y Amax[UJ
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Proof: Now

A A 1 ~ N
v(x)—v(xj)+<Vv(xj),(x—xj)>+ 5 <{x xj),C(x xj)>

s0

v(X) 2 v(x )+ <Vvix ), (x-x;)>  and hence
(4.31) 0 2 VIX)-vix5) 2 TVxg), (x=x)>.

Also

(x40 & vO(xL,7(x))
Vixs? 2 5'¥%5
< min{vU(xj+a(;—xj)): @e[0,11}
(4.31a) = min{v(xj)+a<Vv(xj),(;—xj)>
+2 22((x-x.),U(x-x.)>t @c[0,11}
2 b J ' ‘

Let a*e argmin{vu(xj+a(x—xj)) : aeR+}.

Then from (4.27)

VVIX.)  (x-x.)>
(4.32) a¥= - —1370FS .
<(x—xj),U(x—xj)>

Now o™ is either <1 or 1.

(1) If o*)1 the ae[0,1] that minimizes v [x ta(x-x)]

is a=1, so from (4.31a)

A 1 A A
(4.33)v(x )év(xj)+<Vv(xj)(x xj)>+2 <(x ?j),U(x xj))

j+1

VX 45TV (x) (X-x)> from (4.32),since a’>1

§ vix)- § [vix)-v(x)] by (4.31)
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and hence

A 1 A
(4.33a) vz )mVx)E SIvixg) vix)] .
ii)y If a*(l then the ; €[0,1) which minimizes

vU[xj+a(x—xj)] is a =a" and consequently

A 2
<Vv(xj)(x xj)>

i
(4.34) vi(x_.,.)  vix.)- 5 = = from (4.31a)
I+17= 3T 2 C(x=x.),U{x-x.)>
J J
1 [v(xj)-v(;)]2
é v(xj)— 3 vy 3 from (4.31)
llx-xjt! Amax[UJ
y [vix-vix 12
é v(xj)— 3

2
y Amax[UJ
and hence

[v(xj)-v(;)]

Z
4 ’Hnaxl:uzI

¥

N

(2.382) vixg, )-v(x) ¢ [v(xy)-v(x)1{1-

It will now be shown that if

2

~ *
v(xj)-v(x) 2 Amax[U] then a 1.

Now, since p is the diameter of Q

N 2 A N
(4.39) v(xj)—v(x) 27 Amax[U] 2 <(x—xj),U(x-xj)>.

A ~ 1 A A
Also v(x) v(xj)+<Vv(xj),(x xj)>+ {(x xj),C(x xj)>

2
s0
A N 1 -~ ”A
(4.36) v(xj)—v(x) (Vv(xj),(x xj)> 3 <(x xj),C(x xj)>
Hence, from (4.393)
A 1 A ~ A A
(Vv(xj),(x-xj)> - Z<(x xj),C(x xj)> 2 ((x-xj),U(x-xj)>.
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Rearranging gives

A A ~ l A- A-_ p
(Vv(xj),(x xj)> > ((x xj),U(x xj))+z<(x xj),C(x xj)> 2 0

* . * .

Therefore, from (4.32), a 21. Since ¢ 21, (4.33a) is
valid and (4.29) holds.

Next, if
(4.37)  v(x)-vix) < p%A___ [U]

) 3 max

* X
then o is either <1 or 21

If a* <1 then (4.34a), and hence (4.30), holds

* ¢
If o 21 then from (4.33)

V(xg,,) § vix5)- 3 [v(x5)-vix)]

[v(xj)—v(;)lz

v(xj)~ 2 3

4 ADEX[UJ

by (4.37)

A

and ¢bthen (4.30) holds as well. Hence (4.30) is valiad

whether a*21 or <1

Q.E.D.

{4.38) REMARKS: (i) The convergence ratve information
given by theorem (4.28) 1is similar to that obtained by
Allwright [1] when using a lower approximation to v(x)
i.e. an L<KC instead of an U>C. This meaning that in all

cases where +to obtain U 4is easier than +to obtain L

algorithm (4.26) is preferable .
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(ii) Theorem (4.28) does not claim convergence of

A
v(xj) — v(x) . However, the proof 1is much %vhe same as

in [3] (Section 1.3.3}.

4.5 — DEFINITION OF hj BY MINIMIZATION OF A LOWER

BOUND v(x) TO v(x) CONSTRUCTED FROM AN UPPER-BOUND

Suppose U and L are known with U > C > L > 0. Then

U=C+E for some E ) 0. Suppose also that an F is known such

L

that F > E. L, U, F, are all self-adjoint.
L o 1
(4.39) Let v (x,y) = v (x,y)+ 2 {{y-x), L (y-x)>

where vo(x,y)=v(x)+< Vv(x)(y-x2)> 1is a lower first order
approximation to v(y).
Now let

1

(4.430) 6(x,y)=vu(x,y)— 7 <(y-x),Fly-x)>

and consider

(4.41) viy)-vl(x,y)= % <(y-x),[C-L1(y-x)>
and
(4.42) viy)-v(x,y)= % <(y-x),[C-U+F1(y-x)>

then ;(x,y) will be a better approximation to v(y) than

VL(x'y) if

(C-U+F] < [C-L]
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or equivalently if
(4.43) U > F+L
which will hold if, for example

(4.44) Amin[UJ 2 HIFHI+LILHE
Now convergence rate information for algorithm (4.26)

when ;(xj) is defined by:

(4.45) §(xj)e argmin{ V(x5,y) : yeQ 3

is given by the following theorem:

(4.46) THEOREM: For hj=y(xj)—xj and y(xj) defined as

in (4.45), algorithm (4.26) generates a sequence xj

satisfying
" o Amax[F] }
vix_.,.)=v(x) £ [vix)=-v(x)]{ ——— .
i+l = b Amin[U]

Proof: Let

((y-xj)[U~FJ(y-xj)>

N~

;(xj,y)év(xj)+(Vv(xj),(y—xj)> +

{y(xj)}= argmind{ ;(xj,y) : yeQ ¥
then

5;(xj,y)

¢ ay Y=Y(xj)

x-y(x))> 20  VxeQ

([Vv(xj)+(U—F)(y(xj)-xj)],(x—y(xj))) 20 Vx € Q
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R this

so for x=xj and hj=y(xj)-xj A vields:
Now
(4.48) v(x_ +A h. )= v(x_.)+A <Vv(x.),h >+ i Az<h Ch.>

* 3 ) j 373 2 3'735
(4.49) £ vix.)+A (vvi{x_),h >+ 1 A2<h Uh.>

: = b ) 37773 2 TS
(4.50) { vixi)=A <h.,[U=FIh >+ 2A%¢h_,Un.>

' = 3 b j 2 b R

by (4.47).

So the 2 which minimizes the right hand side of (4.50)

[ 4

and the 3 which minimizes the right hand side of (4.49)

are given by

<h. - -
hJ,[U F]h2>
(hj,Uhj)

b
n

(4.51) <1

<Vv(xj),hj> N 447
<h_,Uh_> 24 by (447).

2
I

(4.52)

Since A > A, the right hand side of (4.49) atv 1 will

be less than or equal to its value at A,
Hence, from (4.49)

(hi![U~F3h.>
(hj,Uhj)

(4.53)v(xj+1)§ v(xj)+ . (Vv(xj),hj>

[(hj,[U-Fth>JZ -
<h,,Uh 3% + $hy,Uhyd

4+

NI

(hj,[U—F]hj)

=v(x_. )+ 1
3 <h,Uh>

[{Vvix »]

3 J
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On the other hand
(4.54) viy) 2 V(xsy) Vx,yeQ .

So, by minimizing each side of (4.54) with respect to y

vi{x) 2 v(xj,y(xj))
- 1 -
= v(xj)+ (Vv(xj),hj>+ > <hj,[U F]hj>
qu then
% > + 2
(4.59) v(x)—v(xj) 2 <Vv(xj),hj 3 (hj,[U—F]hj> .
By using (4.55) in (4.33)
(hj,[U—F]hj> - .
v(xj+1) £ v(xj) - (hj,Uh5> [v(xj)—v(x)]
- - <hj,[U—F]hj)
i.e. v(xj+1)—v(x) £ [v(xj)—v(x)lil— (hj,Uh3> .
Now
(hj,[U—Fth> oy <h.,Fh.> 1 - Amax[FJ
<hj,Uhj> (hj,Uhj> = Amin[U]
and so finally
A [(F]

[vix,, )-v(x)] & [vix)-v(x)]{ 2253} |
341 ; A_;, LU

Q.E.D.

(4.56) REMARK: If F is such that IIFlI2 is small , then

convergence to v(x) will be fast.
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4.6 - DEFINITION OF hj BY MINIMIZATION

OF A LOWER BOUND vaU(x.v) FOR v(x).

Suppose an U > C is available. I% will be shown that
under certain assumptions it is possible to find an
a€(0,1) such that aVU < C.
Let U = C+E. Them U > E, since C > 0, and
consequently [IUll > |IEl]I.
Now consider a such that

(4.57) aU ¢ C i.e. aU ¢ U-E
Now since U-E > U-1I|EIII,

(4.57) will hold if

{(4.58) alU £ U=} IEIII
i.e. if
(4.59) (1-2)U > |IE|II

But (4.59) will hold if

(1=a)A_, [V 2 11EI|

i.e. if

14.60) ag 1-XLU¥%3 <
min

[y

For E small enough a can be positive, i.e. for U
near C , 2€(0,1).

Suppose now that alU  C for some a<(0,1) and let
(4.61) vaU(x. y)=vix . ) H{Vv(x )(y—x.)>+l a{{y-x.),U{y-x.)>
3’ b 3 itte it! 3

(4.62) {;(xj)} = argmind{ vaU(xj,y) tyeQ } .
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Then convergence rate information 1is given by the

following theorem:

(4.63) THEOREM: For ae(0,1) giving aU & C , hy=y(xj)-x,

and y(xj) defined as in (4.62), algorithm (4.2Z6) generates

a sequence xj, satisfying

[vixg,,)-v(x)] & (1-a)v(x;)-v(x)] .
Proof: By definition of ;(xj) in (4.62)

- ([Vv(xj)+ aU(y(xj)—xj)],hj)

6vau(x5,y)

A
= { ~ (x-y(xs))> 2 0
Y y=v(x.) b J
J
and so
al
Also v(y) 2 v (xj,y) Vy € Q

since aU{C and consequently, by minimizing each side with
respect to y
-~ aU A
vix) 2 v x5, 7(x;5))

1
)’hj> + "a<h.,Uhj)-

Y+ Lvvi(zx 3 p

= v(x

J 3

Hence

» 1
(4.65) vix) v(xj) 2 (VV(xj)'hj> + 5 a(hj,Uhj> .
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Now
(4.66) vix.+ Ah.)= v(x.)+ AKVv(x_.),h.> + 1,2 <h.,Ch.>
3 3 b j J 2 3I'T5
(4.67) ¢ vix. )+ A<Vvix.),h.> + = A%¢h.,Uuh.>
= bl b A A '35
(4.68) < vix)-Aach,,Uh >+ 22%¢h_,Un >= 2(4)
b) b A A b R *

Since a<(0,1) and since Aj minimizes v(xj+Ahj) with

respect to Ae{0,1]

V(xj+1)= v(xj+Ajhj) é v(xj+ ahj) .

Hence, from (4.66-68)

2

1
vix ) £ v(xj)+(1(Vv(xj),hj> + 7 @ (hj,Uhj)

if1
1 ,
= v(xj)+<l[<vv(xj),hj> + > a(hj,Uhj>]
< Vix5)+ alvix)-v(x;)] by (4.65)
and hence:

[vixg g 1-vix)] £ (A= lvix)-vix)]

Q.E.D.
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4,7-SOME PROPERTIES OF AN ALGORITHM WHICH FINDS hj BY

MINIMIZATION OF AN UPPER APPROXIMATION VU(x.v) to vi(y)

Consider now Uu>cC >0 and

Y A - 1 - -
v (xj,y) = v(xj)+ <Vv(xj),(y xj)>+2 {(y xj),U(y xj)>

{yl(xj)}= argmin { vU(xj,y) :yeQ ¥

»

(4.69) h.= yl(xj)—xj .

j
Then ¢
vix.+ Ah.) € vix.) + A<Vv(x.),h.> + = A%¢h.,Un.>
3 i’ = 3 b R 2 b A
A =SVv(x_.),h. >
1= 3 J 54
<h.,Uh. > 2
31703
So A.=1 and 1
5 vixs) £ ViR + 5 Tv(xg),h) .

In order +to find a convergence rate, one needs to
obtain a lower bound for v(x). To find such a lower bound
from vU(x,y) a new approach is considered.

Letv v au(x,y) be as defined 1in (4.61) where a is

chosen so all < C and let

A

(4.70) y (x.)e argmin { vau(x.y) :yeQ ?
a J J
(4.71) y:(xj) € argmin £ vaU(xj,y) : ye‘Bn}

(4.72)  y= y (x5) + ( 21y ! vvixs)

a

* _ I § . Y . n
(4.73) yl(xj)— X5 U Vv(xj)eargm1n {v (xj,y) : yeR '},
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Figure 4.2 shows +the cost contours for vU and vaU

together with the vectors defined above. The cost contours
for v were not drawn in order to make the picture more

clear

COSst contours
for vV

U

figure 4.2
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Since al < C

viy) 2 v*Pixs,y) VyeQ
and
A . . aU
(4.74) v(x)= min v(y) 2 min v (xj,y)
yeQ veQ

Consider now vaU(xj,y), regarded as
al * *
v (xj,tzx(xj)+(y ya(xj))]) .

Since y:(xj) is the unconstrained global minimizer of

vaU(xj,y) with respect to y ‘

*
Ny-vatx )12,

Nl

al _ .au *
v (xj,y)— v (xj,Ya(xj))+
The cost contours for v aU(xj,y) are obviously

*
centered on ya(xj) — as shown in figurxe 4.2 ,

From (4.74) and (4.71)

N

~ . al *
(4.75) v(x) 2 min {v (xj,ya(xj)) +

* 2
Ply=y (x 11,2}
veQ a 3 al

al * 1 ” _Jx 2
v (xj,ya(xj)) + 5 Ilya(xj) ya(xj)llaU
In order to express this lower bound in useful terms,

i.e. in terms of hj 2 number of Lemmas and a theorem will

be stated and proved.

(4.76) LEMMA .

0 ¢ <[Y1(xj)-y1(xj)3,U[y1(xj)—y1(xj)] >

A *
< CTV(x ), Ly () =y (x5)))
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Pxoof: Now

(4.77) ([yl(xj)—yl(xj)],U[Yl(xj)—Yl(xj)]>
(Y ()= )= (Y () =x )1, VLT, (=2 )= (Y (=20 1>
Yy Uxy)mx 0=y (X507% 50 4y AT R AR R
A A A *
=Y (%) =%5),U(Y ) (x5)=%5)>=2< (Y (x5) =% 5)  U(F] (x 5)=x5))
x *
On the other hand, by the definition of ;1(xj)

v, Vg . (7-¥4(x5))> 2 0 Vyeq
y=y1(xj)

L4

and so, for y=xj

<[Vv(xj)+ U(Yl(xj)-xj)], (x

5'Y1(x5))>.; 0.

Hence
(4.78) <[y1(xj)-xj],U[yl(xj)-xj]> £ —(Vv(xj),(Yl(xj)—xj)>.
Use of (4.78) in (4.77) yields
<ty —y T (x)1,ULY, (x )=y (x,) 1>
Ly, (x5)-yy (x5)1,Uly, (xy 7y(x4)]

A A *
<Vv(xj),(yl(xj)—xj)>— 2<(yl(xj)—xj),U(yl(xj)—xj)>

A
1

+ < (y:(xj)—xj),U(y:(xj)—xj))

(Vv(xj)p(Yl(xj)—xj)) + 2 (Vv(xj),(yl(xj)—xj)>
+ <wvixy), U ovix,)>
i’ j
~ -1
(Vv(xj),[yl(xj) xj+U Vv(xj)]>

A R
= (Vv(xj),[yl(xj)-yl(xj)]> Q.E.D.
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The next Lemma states that the o factor moves the

center x:(xj) further from yl(xj).

(4.79) LEMMA

A X A » * 2
1Yy (x5)=yy (x ) 1120 & Ny x)-y i) 115y

Proof:

A * A * * *
Clearly yl(xj)—ya(xj)= (yl(xj)-yl(xj))+(y1(xj)—ya(xj)) .

Now y:(xj)= xj—U-1Vv(xj)
* 1 ..-1
ya(xj) 57 o U Vv(xj)
S0
A * A * 1-a, -1
Hence:

A * 2_ Lol _* l:g“l 2
llyl(xj)-ya(xj)||au—ll(Yl(xj) yl(xj))+( A VV(xj"'au

A x 2 ~ *
IlYl(xj)—yl(xj)llaU + Z(l—a)<vv(xj),[Yl(xj)~y1(xj)3>

+ 115 vlovix 2

A X » %
2 1Yy (xgdmyy (k) 112 + 2(1-a v ) [Y, (x5)-y) (x5) 1>

A * 2
2 !lyl(xj)-yl(xj)llau by Lemma (4.76) and the fact that
a<l,
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The facts that the cost contours for vU

and vaU have

the same shape,and that yl(xj) is located relatively to

to +the center y:(xj) in the same position as ; relatively

to y: , explain the following result.

(4.80) LEMMA

VVU(Xer) A = % Vvau(ley) -
Y‘Yl(xj) Y=y
Proof:
al -
Vv (x.,Y) _=Vv(x )t aU(y—-x.)
b} v=y b/ bl

= V(x5)+ aUl(y, (x5)-x 04 (R0 vv(xg))
= Vv(xj)+ aU(;l(xj)-xj)+(a—1)Vv(xj)
=aVv(x )+ aUly, (x;)-x,]

= a [VV{x ;) HULY, (x5)-x,]]

= avwix_, 1| .
7 dy=y, (xy)

(4.81) LEMMA .

(Vv(xj
y=y1(xj)

y,u?t VVU(xj,y) - >2 0 .

Q.E.D.
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Proof: Now

Vv (x . ,y) —Vv(x.)+U(; (x.)-x.)
!Y‘Yl(x ) J 1 J 2

s0

TV ix;),v “1ovYix. ,y)’ >= (Vv(xj),U—1Vv(xj)>
~y (x )

+(Vv(xj),(y1(xj)-xj)>
= 1 -
(Vv(xj),[U Vv(x5)+y1(x5) ij>

A *
=< Vv(xj),(yl(xj)-yl(xj))> 2 0 by (4.73) and Lemma (4.76).

€

Q.E.D.
(4.82) LEMMA
«U
(Vv (xj,y) ,(y-y)>=<[Vv(x )+aU(y-x )1, (y-y)> 20 VyeQ
Y=Y
Proof: Since yv-y = (y- Yl(xj))+ ( ) ] 1Vv(xj),and by
Lemma (4.80),we have that
W) _otyp= eyl . S tyere

y=y y=y1(xj)

= a<vvix )+ Uy, (x )—xj)],(Y'Y)>

J

A A §- -
@ <LTVx )+ ULTy (x)-x ) T, Ty=7, (x4 (U vz D>

a([Vv(xj)+ U(yl(xj)—xj)ly(Y'Yl(xj))>

.-.1 _ ~ _
+(1 a)(Vv(xj),U Vv(xj)>+(1 a)(Vv(xj),(yl(xj) xj)
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..1 A
(1—a)<Vv(xj),U Vv(xj)>+(1—a)<Vv(xj),(yl(xj)—xj)>

v

_1 A
(1—a)<Vv(xj),U [Vv(xj)+U(y1(xj)—xj)]>

(l—a)(Vv(xj),U_1VvU(x.,y) N > 2 0 by Lemma (4.81).

J =
Y yl(xj)

Q.E.D.

* 2 - x 2 _ A K 2
lly--ya(xj)llaU 2 Y-y, t 4= Ilyl(xj) yl(xj)llaU VyeqQ.

Proof:

* 2 - - % 2
Hy=y, (x )11 p= THy=y)H Y-y (x50 1]y

- = - % - Kk,
Hy=-7 11242 a<ty=1), UG-y (x50 + Hiy-vhtx 113,

1 2

- - - - - %
y=711 24 20<0y=7) UtF=-2 5+ 2 UT0wix00> + 11T-v,11 2,

- 2 - - - % 2
Ply=yit, ,t 2a<(y-y),[Vv(xj)+aU(y-xj)J> + 1y-Yall,y

- 2 oU - - * 2
||y—y|lau+ 2alVv (x.,7) _ry-y)> ¢+ IIY-YallaU

) Y=Y

- %
Hy—yalliU by Lemma (4.82) .

v

It remains to be shown that

- % ~ *
lly‘yallzu= Ilyl(xj)—y 1(xj)ll:U K
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Now

HT-ya 2=y, o+ ST ov -t g= S v 2y
=||§1(xj)+U-%Vv(xj)— %;U_le(xj)-xj+ %UClVV(xj)":U
=1|§1(xj)-xj+U-1Vv(xj)!!:U
=117, (x0-y (x0 112 Q.E.D..

(4.84)THEOREM: For hj as defined in (4.69) and a such that

aU(C,

1 1

A 1 1 -
v(x)~v(xj)ga<Vv(xj),hj>+—a<hj,Uhj>+§(a—a)<Vv(xj),U

5 Vv(xj)>

Proof: From (4.795)
i al *x ) x 2
vix) 2 v odxg,y, (25004 21y, (x5)=y (x )11
and use of the result of Lemma (4.83) with y=ya(xj) yields

~ al * 1 > * 2

1 -1 1,2 * 2
= v(xj)— 22 <Vv(xj),U Vv(xj)>+ E"Yl(xj)—yl(xj)|lau
- _ 1 -1 i1,.2 _ 2

v(xj) 2 (Vv(xj),U Vv(xj)>+ zllyl(xj) lelau

A 1 -1
+ a((yl(xj)—xj),Vv(xj)>+ 3 a(Vv(xj),U Vv(xj))

1
v(xj)+ 2 a(hj,Uhj>+-a<Vv(xj),hj>

+ 1

NI+

1 -
(@= 3)€ Vv(x;),U" vvix >

A
1
(4.85) v(x)-v(xj) 2 a(Vv(xj),hj>+ 2 a(hj,Uhj)

-+
N
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. U ~
Now since v(xj+1) £ v (xj,y(xj)>
it follows that
(4.86) vi(x )—v(g) < vU(x ;(x ))—v(;)
’ i+l = b J )

In order to find a convergence rate, one would seek a

®@ € [0,1] such that.
(2.87) v (xg,7(x))-v(x) & 6 [vixg)=v(x)] ,

However, as the bound (4.85) is non-sharp (i.e. when

xj — X the bound doesn’t go to zero ) there is not such a

A

© near x. The alternative is +then +to see iftsuch aoe

exists when one is a long way from the optimum.

4,7.1 - Rate of Convergence far from the Optimum

Now
(4.88)vu(x. ;(x.))—v(;)=[v(x )—v(§)3+<vv(x.) h.>+l(h Uh.>
37 3 3 b M MRS R |
>From theorem (4.84) it follows that:
(4.89)<vvi(x.),h. >+ 1 <h.,Uh,> ( l[v(;)—v(x Y]
373 2 T3N3 = a 3
2
l,a7-1 -1
2( Z )(Vv(xj),U Vv(xj)>
and since
U * 1 -1
(4.90) v (xj,y (xj)) v(xj) 2 (Vv(xj),U Vv(xj)>
(4.89) becomes: .
(4.91) <Vv(x.),h.>+:<h.,Uh.> € > [v(x)=vix:)]
. xj hy243<h,,Uhy S z L[vix)-v xj

1-a 1§ *
+( YIv(x)=v (x.,y{(x.))] .
@l 3 b A
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Now,using (4.91) in (4.88), yields

A A A 1 N
(4.92) v(xj,y(xj))—v(x) £ [v(xj)—v(x)]+ > [v(x)—v(xj)]
2
1-a _‘J *
+( az )[v(xj) V(xj,y(xj)] .

It can, however, be argued that if lej—;ll is big
(i.e. away from the optimum) then
(2.93)  vVoxg, v (x50 3 vix)
and hence:

U * o
(4.94) v(xj) v (xj,y (xj)) < v(xj) vix) .

Then,(4.94) together with (4.92) and (4.86), .give
(4.95)  vix,,0-vix) & (35 = firvix-vin]
) bL 31 2l J

= 6[v(xj)—v(;)]

where ©> 0 since%)ifor a1

[ 4

and 6< 1 for o> —%+‘/-—§-=o.s1e :
The significance is that if there is an o) 0.618 for
which aU ¢ C then, under assumption (4.93), the algorithm

will satisfy (4.95).

(4.96) REMARK: It has not been possible to obtain very
strong results, because the bound of (4.85) turmns out to
not be sharp, but neverthless some - new information

regarding the behaviour of the algorithm has been found.
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4.8 - COMMENTS ON BOUNDS FOR THE EIGENVALUES OF
POSITIVE DEFINITE MATRICES C=C.

r
In the Introduction +to this Chapter it was refered to
the practical difficulties associated with the

determination of lower bounds for Amin[C]. However in

the context of matrices C=C’, a lot can be said about

Amin[C] andﬂmaxtC] by considering the diagonal entries of

Cl P

(4.97) THEOREM ( Gershgorin’s theorem) [2]
The eigenvalues of an nxn complex matrix C.lie in the

union of the discs

n

Is-c ;1 & ;§1 leg 51 o i=1,2,...,n

J#i
and also in the union of the disecs

n

ls-ciil é ‘z lcji‘ [ i=1'2"|.'n .
=1
I#i

(4.98) REMARK: Gershgorin’s theorem says that there is an

eigenvalue A near the entry Cigc
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From theorem (4.97) the following result was derived:

(4.99) THEOREM: For C=C’>0 , CeR%*"

n

Amax[C] £ max { cii+ .z le. .l ¥ = M(C)
i j=1

J#i

n
Amin[C] 2 max { min L c;5 ~ Z le. <11 , 0 ¥=N(C) .
#

7

Proof :By Gershgorin‘’s Theorem

and since c..=c..eR , c..20 , it yields

ji i3 ii
n n
UL (e;.— Y le;.1),(e..+ 3 le..1)] ‘
i it 4o, i3 ii’ oy i) _
J#i jti
n n
=[ min ( e,.- > lec.:1), max (c..+ 2 le..1)]
i il 55 ij i 117 oy 713
j#i j#i

and since A1>0,it follows immediately:

n
Anax(C) & max { c .+ 3 le;,1} = M(C)
i j=1
J#i
and
n
Amin[C] 2 max { min { €y~ .§:|°ij|) , 0 3 = N(C)
i i=1
J#i
Q.E.D.
(4.100) REMARK : At first sight, these results seem to

contradict what has been said about the difficulties in

obtaining lower bounds for Amin[C]. However, the fact is
that the 1lower bound forlmin[C] given by theorem (4.99)

will often be zero which is not telling us anything new.
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CHAPTER S

ALGORITHMS FOR OPTIMIZING A FUNCTION OVER A CONE

5.1 - STATEMENT OF THE PROBLEM

Consider the constrained optimization problem defined
by: ‘
(S.1) min { v(x) 1 x econelI'] I}

where v(x) is a convex function, I'is a convex, compact

subset of Rn with 0¢I and where conell']l] is the conical

hull

cone[rl]l= conv { ay : aeR+, yer %
where conv {A} denotes the convex hull of a set A+ @ . This

type of problem was introduced in [1].

It will be assumed that x*e cone[I'] where x* is the

unconstrained minimizer of v(x), i.e.
*
x € argmin { v(x) : x eR%} .

If x*econe[F] the solution is trivial.

Also it will be assumed that:

-

(i) real numbers nmin and nmax exist and are known, so

that:
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{(5.2) 0« nmin S min { Jixil ¢ xeTl 1}
(5.3) n_, 2max { lixll ¢+ xel I},

(ii) for each sesRn, the minimizatvion subproblem:
(5.4) min { <s,y> ¢ per?
has an easy and exact solution.

It is also assumed that (3.1) has a solution.

5.2 - MINIMIZING A NORM OVER A CONE

Allwright [1) has presented an algorithm and

corresponding rate of convergence, for approximating the
solution x of (5.1) when v(x) is the norm function:
2

(5.5) vix)= |lz=x1|

That algorithm for approximating x on the unbounded
set cone[ '] is based on the fact that x is also the
solution of an equivalent problem:
(5.6) min { v(x) : xe€8 }

where 8 1is a bounded set, actually a suitable truncated

version of conelrl].

When v(x) is as in (5.5) the fundamental result that
justifies the equivalence between (5.1) and (5.6) is

stated next.
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(S.7) THEQOREM: [1]

i
nmin

Let 7= S =4{ay ¢ aecl0,n]), yel }

Then S is a convex set and x € §, where

A

x eargmin { v(x) : x e conel[rI'] ¥} .
Proof

(1) The convexity of S may be verified easily.

A
(1i) Since S ccone[TI']}l, x will minimize |lz-x]| on S

provided xe S. Clearly |ixl] £ |1zl|!. Because x ¢ conelrl,

X may be written as x = Oy for some © 2> O and some pe .

Due to assumption (5.2) it follows that

iyt 2 mp .o
and hence
I 1x1] HEAN
(5.8) e < < =1
= Hpspn = Mpig

Consequently x€ S .

Q:E-D-
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cost contours for

/ v(x)=||z-x||2

figure 5.1
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The algorithm, due +to Allwright, for finding an

~ A
acceptably—-accurate approximation x to x by minimizing v

on S is stated next:

{5.9) Algoxithm [1]
(1) Initial step

Set x0=0 y 1i=0 .

(ii) Find a Y; € argmin { (Vv(xi), (y-xi)> 1t yeS}

by finding a .

yieargmin { (Vv(xi),y> tyerl?

and setting

X if (Vv(xi), Vi> > 0

=] i =
(5.10) ¥;= ny; otherwise

(iii) Compute a lower bound for v(x)

li= v(xi) + (Vv(xi), (yi— xi)> .

Compute li' the beét lower bound for v(x) found so far
li= max { 11_1, i

If v(xi)—li satisfies a stopping condition set X=X

and STOP, else CONTINUE.

{iv) Find X;4q using

i{x }= argmin { v(x) : %x €cone [line {xi,yi}]}.

i+1

Set i=i+1 and GO TO (ii) .
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(5.11) REMARK: X;4q MY be found simply and exactly due
to the simple nature of the set cone[line { X0 ¥y }). In

fact, suppose

x:+1eargmin { v(x) : xelinear subspace spanned by xi,yi}.
Then x*,. i to find
en x,., is easy to find.
X -
I1f X;4q4 € Ccone [line { xi,yi}], then the problem is

solved. Otherwise, the best of the best points in the rays

through x; and Y must then be the global solution.

(5.12) REMARK: It should be noticed that in algorithm
(5.9) the search direction 1is found by optimizing the

lineaxr function <Vv(x;),p> over [ instead of over S.

Consider the determination of Y; in step (ii) of
algorithm (5.9). B8tep (iv) ensures that, for i>0, X
minimizes v on the ray through Xge So, since X5 o,

L4 Vv(xi),xi)=0, Vi ;' 0. Also, as any yec S may be

expressed as y=68y for some €€[0,7] and some yerl,

min (Vv(xi),(y—xi)> = min min 6<Vv(xi),y >
yeS 0c[0,n] verl

ﬂ(Vv(xi),v1> if (Vv(xi):vi> <0

0 otherwise

-

The above minimal value for <« Vv(xi),(y—xi)> is
achieved by Ys of (5.10) which proves that Y5 minimizes

(Vv(xi),(y—xi)) on S.
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Convergence rate information for algorithm (5.9) was

determined by Allwright [1] and is given by:

[vix;)=v(x)]

(5.13)  [vi(x;, ) -v(x)] § [v(x)=v(x)1{ 1 - s }
where

& 2
(5.14) D= llvv(x)ild + 4

and 4 is the diameter of S, i.e.

lix=yll £ 4, Vx,yeS .

5.3 — MINIMIZING A GENERAL QUADRATIC OVER A CONE

To solve the problem min{ v(x) : x5 } ,with v(x) a
general quadratic ,an algorithm with the same gtructure of
algorithm (5.9) may be used.

A rate of convergence c»uld then be obtained using
(for this particular case) the results obtained by

Allwright either in [1) ox [2].

Let
{3.15) vix)= at+ <b,x> + % {x,Cx> ; C=C’ > 0
and
(5.16)  v==0 Y= vix.) + <VV(x.),(y-%x.)>
then

2 =
(5.17) 0 < Viv(x)= C £ Amax[c] I
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In these circumstances convergence information would

be given by [2]:

a)  If [vix)) - vix)1 2 a®a__ (C]

max
then
(5.18) Cvix; 4= vix)] £ % Cvix;)- v(%)] .
~ 2
b) If [v(xi)- vix)] < 4 Amax[C]
then
A A 1 [v(xi)_ V(;:)]
(5.19)  [vix; )-vix)] £ [vix;)=-vi(x)]l{ 1= 5 5 3
4 A nax €l

Another way of finding the rate would be to coansider
an approach similar to that of Allwright in (1].

First consider

1
vix)= v(xi)+<Vv(xi),(x—xi)>+§<(x~xi),C(x-xi)>

v

v(xi)+<Vv(xi),(x-xi)> [ fxrom (5.15)]
s0

v{x)= min v(x) > min { v{x.)+<UVv(x.),(x-x.)> }
£ i i i
xeS xe8

v(xi)+<Vv(xi),(yi-xi)>
and hence

(3.19a) v(x)—v(xi) 2 (Vv(xi),(yi—xi)> .

-

Consider now v(x) expanded about +the constrained

minimizer ;, i.e.
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A A A 1 A A
v(xi)= vix) + <Vv(x),(xi-x)> + ((xi~x),C(xi—x)>

2z
(5.19Db) s v(;) + D where
(5.20) D= Ilvv(x)lld + 5 a® A__ [c1 .
y/ max
Also, let
v(xi+1)= min { v(x) : x € conel[line {xi,yi}]}

£ min { v(xi + a[yi—xij): ae [0,1] 3} .,

The last inequality results from the fact that

line { X075 } ¢ conel line { X:1¥5 3]

Let a_, be the value of o which minimizes v(xi + afyi—xi])

i
*
with respect to ae[0,1] and a; be the unconstrained

global minimizer:

x _(VV(xi)'(Yi_xi))

(5.21)  ay= Cly;-x,0,Cly,~x 1>

(1) if a} €[0,1] then a,=a} and
2
[<Pvix.),(y.=x.)>]
vix.,.)¢ vix,) - % L T
i+1'= i 2 ((yi-xi),C(yi—xi)>
1 [v(xi)- v(;)]2
é v(xi) -3 3 [fxrom (5.1%a)]
IIYi—xill Amax[C]
1 [v(xi)—v(x)l2
BEARS B
4® A [C) .
max
[vix,)-v(x)1?
{ v(x.) =~ 1 i
= i 2 2D
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and hence

- o [Vix, )= v(x)]
(5.22)  [vix;,)-v(x)] £ [vix;)= vix)l{ 1 - D }

(1) If a; >1 then o.= 1 and

)

A

v(xi+1 v(xi+1[yi—xi])

= - 1 - -
= v(xiH(Vv(xi),(yi xi)>+2<(yi xi)’C(Yi xi)>

. *
& v(x)43¢Uv(x, ), (y;-x;)> [since a} > 1]
£ vix,)- l[v(x.)-v(;)] [ from (5.19a)]
= i 2 i
[vix,)-v(x)1? ‘
S v(xi)— aD [ from (5.19Db)]

and so (5.22) holds again.

Neither (5.19) nor (5.22) reveal dependence of

convergence rate information on the conditioning of C.

In the next section using a different approach, a

rate depending on both Amin[C] and Amax[C] is derived.

A

5.3.1 - A New Rate of Convergence

Before considering the determination of the new rate
of convergence for the case where algorithm (5.9) is used
to minimize a general quadratic, an intermediate result
revealing the relation between the diameter of S and the

geometry of ' will be stated and proved.
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(5.23) LEMMA:
Let d=max { |Ix-yl| : x,ycS } denote the diameter of

the set S, then

n
n

max

x
(5.24) d £ 211x 11|
min

where IT . and Il are as defined in (5.2) and (5.3).
min max

Prxoof:
d= max { Ilc!Vx—Blel Povgriy € ri: «,800,1713
£ max {lla}’xll + HBVYH L Vyeri a,B [0,n]2
£ max {Ilayxll : yxer,aetoml} +
max {118 v_Il ¢« v el , B e[0,n]}
Y Y
= max {{ max IIa)&II tae[0,n] ¥ 1 Py € riy

+ max {{ max IIBVYII : Bel0,n]} : }}G ry

max { nll;&il : )&e r: +

max { eri
ﬂll)}ll x}&
S. =
(5.24a) 29m _,
IT
=2 |1x"11 5955 [ from (5.8)] .
min

Q.E.D.

(5.25) REMARK: The Lemma (5.23) establishes an upper bound

on the diameter of S that depends on I', through Hminand

nmax‘
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Consider then the problem of minimizing v(z) on

conel[T') where

(5.26) Jiz)= <(z"-z), C (z"-2z)> = llz*—zllg

(5.27) C=C’ >0 and z*e conell] .

The following theorem establishes that by a suitable
change of basis +the problem of minimizing a general
quadratic over a cone +transforms into <the problem of
minimizing & norm over a new related cone. The type of

transformation of I' used next was introduced in [1].

(S.28) THEOREM: For v(z) as defined on (5.26) and under

assumptions (5.27),

min { v(z) : z econe[F] }= min {v(x) : x e conel[r]l}

where vixy= 1ix™=x11? ' x*= ct/2 z*, x=C/?2z ana

1/2z =

r=cl/?2r - ¢ s zel ¥ .

Proof: Since C=C’>0, C has a symmetric self adjoint

square root Cllz.
Then v(z)= |lz"~z11%= <(z"-2),C(z"~2)>
= «c/2(3*-2), c/%(z*-2)>
= IlCllzz*-Cllzzll2
= Hx™-x112= vix) .
So min { v(z) : zccone(l') }= min { v(;) t x € cone(l'] J

Q.E.D.
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Now the next theorem gives convergence rate

. . . - * 2
information for the minimization of v(z)= |lz -zllC.

(5.29) THEOREM:

Consider minimizing viz) by generating a sequence z;

defined Dby zi=C—1/2xi where X is the sequence generated

by applying algorithm (5.9) to v(x) [ of theorem (5.28)].
Convergence rate information is given by:

2

a) If v(zi)—v(z) 2 24 Amax[C]
then
- - A 1 - - A
(5.30) tv(zi*l) viz)l £ 3 L viz )= v(z)],
-— - N _Z
b) if v(zi)- v(z) < 24 Amax[C]
then
(5.31)
- —a A [v(z;)= v(z)] A, [C]
[viz;  ,1-v(z)ILIv(z,)-v(z)]{1- e 72 12 a [C](Amax[C3)}.
max max
Proof: By Theorem (5.28)
min{ ;(z) : zecone[FJ }= min{ v(x) : xe conel[lI')}.
: X 2
Now since v(x)= |Ix -xI|l", by theorem (5.7) it is
known thatv
{;}=argmin { v(x) ¢ x econelr] }=argmin'{ vi(x) ¢t x€ 8 }
L1x™
where S =4{ap: acl[0,n] , verI } and 7N = nx
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Consider applying algoxrithm (5.9) to v(x).

First consider v{(x) expanded aboutb X4

vix)= v(xi) + (Vv(xi),(x-xi)> + le—xillz
2 v(xi) + (Vv(xi),(x-xi)> .
Then
v(;)=min{ v(x) : xeS} 2 mind v(xi)+(Vv(xi),(x—xi)> 1 xeS }
Let Y; € argmin { v(xi) + (Vv(xi),(x-xi)> : xS} .,

Hence

(5.32) (Vv(xi),(Yi-xi)> $ v(;) = vix;)

giving a lower bound for v(x)- v(xi) .

Now

v(ix.

1+1)= min { v(2) : x ¢ cone(line {yi, xi}]}

{ min { v(xi +(z[yi—xi]) tae[0,1] 3
. 2 2
(5.32a)=m1n{v(xi)+a<Vv(xi),(yi—xi))+a ||yi—xill tae[0,11%.

Letcf be the unconstrained minimizer of v(xi+ a[yi—xij)z

—LKVvix, ), {y.-x.)>
*_ i i1
(5-33) a = Z .

leyi— xill

Now either a* { 1 or a* 21 .
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(1) It will be shown next that:

(5.33a) If a"< 1 , then
(5.33b)
Ivix ) -v(x)] A_. [C]
~ A 1 i min
[vix )=vi{x)ILIvix. )-vi{x)]{l- T% —=5— ( Y}
i+1 2 i 16 52 52 4 (o7 ‘maxtC]
max max

A

~ *
Suppose o™ ¢ 1. Then a = o where a denotes the

value of a€[0,1] that minimizes v(xi + (z[yi— xi]).

Also
2 ¢
<Vv(xi),(yi—xi)>
(5.343) v(xi+1) < v(xi) -2 Y ||2
¥i7%3
vix)- v .
(5.35) £ v(xi) -3 dz by (5.32),
where d denotes the diameter of S.
From Lemma (5.23)
I
a gz x) Bar
min
and hence
A A
3 [v(xi)-v(x)] 2
{(3.36) v(xi+1) £ v(xi) - 1€ * 2 32 ‘ITmin
Hix 117 I
max
Now, from (5.28)
* * *
(5.37)  1ix"11%= et %212 ¢ iM% A el

max
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and from (5.3)

nmax= max { lixl| ¢ el %

= max { llCllzzll : zeT 3}

= 1/2
(5.38) £ Mpax 4 maxtCJ
where
I =max { |lzll : zel }
max
Also from (5.2)
nmin= min {l]lx|l ¢ xeT}% '
= min € 116 2%2)1 1 zeT 3
o 1/2
(5.39) PR LA e -3

Now use of (5.37), (5.38) and (5.39) in (5.36) yields

[vix,)-v(x)1? s
vix...) £ vix:) = F¢ s — (ar-. _A_. [C])
i+l i 16 iz IIZ néax Aiax[c) min "min

A 2
(x.) - 1 [v(xi)-v(x)] (Amin[CJ
MARE 16 72 2 by

—===)
[cl
T Mpax *max[C1 max

which proves that (5.33b) holds.

(11) It will be shown next that:

If a* 21 then

A 1 A
(5.40) [vix; 4)-vix)] & 5 [vix)-vix)] .
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Suppose a* 21 . Then oa=1 and from (5.32a)

2
v ( v(xi) + (Vv(xi)(yi~xi)> + Ilyi-x.ll

1

A

Xi41)

But since a* ; 1 it follows from (5.33) that

Ny =x; 112 & = 3 <Tvix(y=x)>
1
and so VX, 4) S VIR 5 KVVIx ), (Y% )0
1 A
$ vix )= 5 [vix;)- vix)] [from (5.32)]
and then .
(5.21)  [vixg,, )= V(D] & 3 [vix, )= vix)]

which proves that (5.40) holds.
(111i) It will be shown next that:

. & <2 *
(5.42) if v(xi)— vix) 2 2 4 Amax[C] r them o 21 .

From (5.32) it is known that:

v(xi)— vix) £ (Vv(xi),(yi—xi)>

. A =2
Now if v(xi) vix) 2 2 4 Amaxtcl then

2 2

- 2
- <Vv(xi)'(yi—xi)> ; 2 4d Amax[C] ;z d z 2 l'xi- Yi!’

where the central inequality occurs because

d%= max € 11x-%11%2 : x,5<8 3

§ max { Ilz—;llz‘lmEXCCJ : 2,28 }

<2
= d Amax[C]
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Then, from (5.33), a" 2 1, which proves (5.42).

{iv) It will be shown next that:

(5.43) if v(xi)— v(g) < 2 52 Amax[C] then (5.33b) holds.
Suppose
i <2
(5.44) v(xi) vix) < 2 d Amax[C].

Clearly either a*< 1 or a*; 1.

if a®¢ 1 , then (5.33b) holds , from (S.33a).

*
Next , suppose o 2> 1 . Then

€

[v(xi)— v(;)] [from (5.40)]

N

vixs,) & vix) -

[vix, )~ vix)12

< vixg) - 2 —2 [from (5.44)]
a 3% ___1c3
max
L vtz - v(ni?

< vix,) - 3z [from (5.243)]
= i 16 =2 ﬁZ 1 [cl

1 max max

fvix,)-v(x)1%  a_. €3
AL %E =2 —; (lmln[c])

" nmax Amax[C] max

showing that (5.33b) holds.

* *
Hence,whether « 2 1 or a < 1 , (5.33b) holds ,which

proves (3.43).

{v) In order to conclude the proof of the theorem it will
be shown ¢that (5.33b) and (5.40) imply (5.31) and (5.30)

respectively.
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This will be done by showing that G(zi)=v(xi) Vi.

~1/z, Vi

Now, by assumption z;= C i : then
- _ *- 2
v(zi) = ||z zi"C
x
= < cllz(z*—zi),cl’z(z ~z,)>
= IICllzz*—Cllzzill
x .
= ||Ix -Xill = v(xi) Vi .
QnE-D-

S.4 - GENERALIZATION TO A CONVEX FUNCTION v(x)

Now consider the problem
min { v(x) : x e conel(rl %
whexe I is as before but v(x) is a convex function with

second derivative matrix satisfying:
(5.45) 0 < nI ¢ C=C’ < vZv(x) ¢ MI

Here again the iterative procedure to approximate the
minimizer ; of v on the unbounded set conel[l'] is based on

the fact that ; is also the minimizer of v on a bounded

set S —as before a suitably truncated version of conelr].
In order +to define +the new set S, when v(x) is a

general convex function, the following theorem 1is of

importance.
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(5.46) THEOREM: For any x € conell],

~

*
Pix | a(x,x )
let n= + L where
nmin nmin
~ * ~ X
(S5.47) a(x,x )=[§(v(x)-V(x ))]1/2,

which is a computable gquantity.
Suppose S = {ay :1aecl[0,n), yerl }
Then S 1is convex and x ¢S, where x is the global

minimizer of v on conell]

Proof: (i) Convexity of S

Consider arbitrary Sy szess

then

51=‘ﬂ?1' 52=(EV2 for uqu[O,n] and for some }3,}ber.
Now let 32 @ s,+(1-8) s, where e [0,1]
then if 8= fay,+(1-B)eay,eS , S is convex.

Now by the convexity of T

Byl + (1—5>y2 er where e [0,1]

implying

(5.47a) afﬁyl +(1—§)y2]e al ¢S for some ac[0,7]
- ay B

Choose 3= i e [0,1] and

a(1-8) + a B

@= & (1-0) + a, B eL0,7]
Then from (5.473)

Ppo(l=f)+ 2, B y, =35 5

Hence S is convex .,
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{(11i) Proof that x €8

Take any x € conelrI]

then

(5.88)  v(x) £ v(x)

Now use of +the Taylor formula for a second order

-

*
expansion about the unconstrained global minimizer x of v,

vields:

1
vix)y=vizx™) + f(l—t) Ux-x™), Vv (x e (x-x*) ) (x-xF)rae
0

€

n 112-x*112  [from (5.45)]

N

;v(x*) +

and hence

R, | A x
nx-x"112 ¢ 2 tvin- vie™n
2 it X
s y [vix)- vi(x )] [from (5.48)]
Also, since I|;||= llx*+;—x*ll,
» X A %k
Mixil £ Tix 11+ Jix=x || .

Therefore, finally

nxit g ™+ 2 o= va®mt/e

l.e.

- * v %
Pixil £ 1tx 1) + alx,x )

-

Now since x e conel[l'], it follows that x=6 y for some

9<5R+, yverl .
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Then from (5.2), llxll=9|ly|l;6nhin and consequently

* ~ %
lix 11 , a(x,x ) =7

lix1|]
min nmin nmin

@ <

A

Hence x = 08 y € S .
QlEID'

Consider now a new version of algorithm (9.9)

(5.49) Algorithm .
(1) Initial step ’

Set xo=0 , i=0 .

X
Lix®yy o, 2%er* !
Compute n= I + 5 .
min min

(ii) Find a Y€ argmin {<Vv(xi),(y—xi)> :t ye S}
by finding a

)& € argmin {<Vv(xi),y> s yerl 3}
and setting

_ x5 if <Vv(xi),;&> 20

¥ n¥; otherwise

(1i1) Compute a lower bound for v(xz) and STOP if v(xi)

satisfies a stopping condition. Otherwise CONTINUE.
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{iv) Compute an approximate solution X541 to
min { v(x) : x e cone[line {xi,yi}] ¥
by solving min { v(xi + A(Yi—xi)) :1[0,1] 3}

using an ARMIJO TYPE xule, where the Aiesto,ll that

minimizes approximately v(xi+.A(yi—xi)) will be chosen to

be B[ for the smallest integer [ 0 such that:

{ 1 ./
v(xi+ 3 (Yi-xi)) £ v(xi)+ 5 3 (Vv(xi),(yi-xi)>

€

where 8 € (0,1) and is independent of 1i.

(v) Set i=i+l and GO TO (ii).

Convergence rate information regarding algorithm

{5.49) is given by the following theorem:

(5.50) THEOREM: For algorithm :5.49), glcobal convergence

rate information is given by:

A 1 .,2.2
(a) If v(xi)—v(x) 2 a M a
Then Cvix; 4= v(x)] < % [v(xi)—v(;)]
Sl L 242
(b) it v(xi) vix) < a M™da

then

tv(xi)-v(Q)]
z 2
nmﬂx

[Vix, )= viX)] § [vix)~ vix)] € 1- ip (23

b

M7
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Proof: The Taylor formula for second order expansions
gives

vix)= v(xi) + <Vv(xi),(x-xi)>
' 2
+L}1-t)((x—xi),v v(xi+t[x—xi])(x—xi)>db

1
;v(xi)+<Vv(xi),(x-xi)>+§((x—xi),C(x—xi)>[by (5.45)]
;v(xi)+<Vv(xi),(x—xi)> since C > nI > 0 .

Hence

min{ v(x)

xe8} > mind v(xi)+<Vv(xi),(x-xi)> ! X €8}

and so vix) 2 v(xi) + (VV(xi)’(Yi—xi)) .
i.e.
(5.51) vix)- v(xi) 2 (Vv(xi),(yi—xi)>

Also

{(5.52) v{x ) £ min { v(xi+ A(yi-xi)) : 2€[0,1]%,

i+l
Minimization of v(xi+i(yi-xi)) with respect toAel[0,1]
is done approximately.
Then the Aie[o,lj that minimizes approximately
v(xi+ A(yi~xi)) will Dbe chosen to be B' for the smallest
integer |2 0 such that:

| 1.1
(5.353) v(xi+ 3 (Yi_xi)) £ v(xi)+ 2 ] (Vv(xi),(yi—xi)>

-

Now, using the Taylor formula

v(xi+1tyi—xi])= v(xi)+A(Vv(xi),(yi—xi)>

1 -
2 2
-klél-b)((yi xi),V v(xi+tl[yi-xil)(Yi-xi)>dt
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172

Since C=C’>0, by (5.45), C >0 exists, so

V(xi+ A[Yi—xi])= V(xi)+.1<Vv(xi),(yi—xi)>

1
+Az](1-t)<c“(yi—xi),c ol (x +oaly, -x, 1DCTC (y, —x 1>t
0

CI

- 1, M - -
< v(xi)+A<Vv(xi),(yi xi)>+2 a ((yi xi),C(yi xi)>

= zi(l) .
Consequently
(5.54) vix + ALy -x;1) & vixg) + %.l(Vv(xi),(Yi“xi)>
if
1,2 M -

VIx I+ ATV(x, ), (y;=x)> 4 EA S lyg=x),Cly;=x.)>
< VX H 2 ACTVIx, ), (Y. -%,)>
= i 2 i i7i
i.e. if
(S.54a) 0 -<Vv(xi).(Yi-xi)> . 3 _ A:

((yi—xi),C(Yi—xi)>
where A: is the unconstrained minimizer of ai(A).

(1) Now if A? 2 1 then (5.54) holds for all Aie(0,1] and

the ARMIJO rule will choose A=1 and from (5.52) and (5.54)

A
NI

v(xi) + (Vv(xi),(yi—x.)>

MEITER i

[v(x;,)-v(x)] [from (5.54)]

NI

%8

v(xi) -

-

and hence

[vix)=v(x)]

NI

(5.55) [vix,, ) - v(x)] ¢
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(i1) 1If A: < 1,the value chosen by the ARMIJO TYPE rule
will satisfy ;> 6 A:. In fact (5.54) will be satisfied
for all Ae[O,A:] and as A will be chosen as the largest

number of the form BI(IQO) it cannot be smallex than {8 A:.
Again from (5.52) and (5.54)

1
vix £ v(xi)+ A.(Vv(xi),(yi xi)>

i+1! z1

[P

*
R li<Vv(xi)Ayi—xi)>

N

v(xi)+

<Vv(x ). (y -X. )) ‘
(y;-x;) C(y =NE G

i~

B

N+

v(xi)-

[vix,)- vix)1?
6 > (
M a

)

NI

é v(xi)-

k4]~

where 4 is the diameter of S.

Hence
A A 1 [V(xi)-v(x)]
(3.56) [vix, ,)-vix)ILIvix;)-v(x)]{l- 3f a2 (q'?
. L vix)=v(0d |
g[v(xi)—v(x)]{l— §B " 53 (ﬁ)}
n Il
max
bg (5.24a)

where 7 is as in theorem (5.46).
It will now be proved that if

2,2
~ M™d
(5.57) v(xi)— vix) 2 a

then ATyt
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From (5.51)
v(xi)-v(x) £ - <Vv(xi),(yi—xi)>
and by (5.57) and (5.45)

M“d M 2
—_— > (n) M HYi xill

- (Vv(xi),(Yi—xi)> = 2

v

v

M
a ((Yi xi)'c(yi Xi)>

and so, from (5.54a) A: > 1

Now, if
2.2 ’
~ M~d
(5.58) v(xi) vix) < a
* . .
Ai is either ; 1 or < 1

If A: < 1 then (5.56) holds.

*
If Ai

liv

1 (5.56) holds again since as A will be chosen

equal Yo 1:

1
v(xi+1) £ v(xi) + 3 < Vv(xi),(yi—xi)>
¢ vix,) - = [vix.)-v(x)]
= i 2 i
1 [v(xi)~-v(x)]2 n
£ vixg) -3 6 2 (!

Md

[v(xi)-v(;)]
Z

as B ¢ (0,1) and (ﬁ) <1 (from (5.58)]1 .

M d

QlEoD.
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CHAPTER 6

CONCLUSIONS

6.1 -~ Here some general comments about the thesis are
given and some topics for future research are mentioned.

As was emphasized earlier, many optimal control
problems can either be formulated as convex proéramming
problems (e.g. the classical open-loop optimal control
problem introduced in [1] analysed in Chapter 2) or their
solution involves the solution of a convex programming
problem (e.g. the non—-classical dominant output feedback
problem [2] considered in Chapter 3).

In +this +thesis, feasible direction algorithms or
extended versions of feasible direction algorithms (e.g.
set approximation algorithms) are studied for convex
programming problems. Each iteration of a feasible

direction method can be decomposed into the solution of

two subproblems, (Pl) and (Pz). The solution of one of

these minor problems (Pl) gives the search direction that

-

generates the feasible set over which the other minor

problem (P_,) 1is going t%to be solved. Finding search

YA

directions i= a fundamental step of a feasible direction
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algorithm., Very often search directions hj are found by

optimizing over the constraint set Q an approximation f5

to the objective function f, e.g.

(6.1) hj= y(zj)— zj where

(6.2) ;(zj) € argmin { fs(zj,y) t yeQ}

Algorithms based on this sort of approach were

considered by Allwright [1] and rate of convergence

information derived for the case where y(xj) is the exact

€

solution of
(6.3) min{ fs(zj,y) : yeQ 3.

In Chapter 2 is investigated what happens when exact

solution of (6.3) is not possible and only an €-
approximation y(zj) to y(zj) is available . The effects on

the convergence behaviour of the algorithm were studied in
detail and new results presented. It was shown that
improvement of the global problem convergence rate bounds
will be achieved by iterating further on the subproblem.
For the case where S>0 it was revealed that the
convergence rate depends on the ratio between second and

first order effects on fs

and properties of this ratio
where studied. An optimal control problem where +the
results obtained in Chapter-2, seem +to0 have full

applications was outlined.
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As mentioned before feasible Adirection methods

involve the solution of two subproblems, (Pl) and (Pz)s

(Pl) — The optimization, of an approximation £° %o £, over

the feasible set.

(Pz) - The optimization of the objective function over the

seaxrch line obtained from the solution of (Pl)'

Intuitively, if (PZ) were solved over a larger set,

L4

containing the search line, a bigger cost reduction could
be expected and consequently a faster convergence. Based
on this intuitive idea a connection betwegn feasible
direction algorithms and set—-approximation methods was
introduced on Chapter 3. Methods to generate inner sets
(search sets) as convex hulls of sets of base points were
envisaged. At each step of the algorithm, some new points
are added and others dropped, updating the basis and hence
the inner sets over which the optimization is going to be

carried out. Particular cases of interest were studied. So

far it has been assumed +that f_ is lower than f
everywhere. However, nobv always is such an approximation
available or easy to derive. Chapter 4 is then dedicated

to the study of methods of feasible direction where the

search direction is found by optimization of an £° that is

either an upper approximation +to f everywhere or is a
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lower approximation derived from an available upper

approximation. Rate of convergence information for the

related algorithms were derived. It was shown that when £
is an upper approximation the rate of convergence is of
the same type as that obtained by Allwright in [1] for an

fS

which was a lower approximation. In fact the result
tells us that close to the optimum the two approaches are

U

equivalent. By introducing a lower bound £*Y derived from

an upper bound fU a non-sharp bound for the "distance"
from the optimum was derived and convergence rate
information obtained for +the case where one is too far
away from the optimum,

Eventhough +this new approach didn’t give very strong
results it seems to be interesting.

Chapter S5 deals with a special ¢type of convex
programming problem whexre the feasible set is a convex,
closed but unbounded cone generated by a convex and
compact set . The results obtained by Allwright [3] for
an objective function which was a norm were extended first
to the case of a general quadratic and then to a general
strictly convex function. The solution considered in [3]
involves the formulation of an equivalent problem where
the unbounded feasible set is replaced by another bounded
set actually a truncated version of the'original one. It

was shown that for the more general case an equivalent

problem can also be formulated. When +the objective
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function 1is a quadractic, the convergence rate obtained,
using a coordinate transformation, shows dependence on the
ratio between the smallest and the largest eigenvalues of
the second-derivative matrix. This is interesting since

the dependence on kmin is not aparent when one uses the

results of Allwright [1], [3].

In this thesis it has been assumed that the objective
functions to be optimized were either twice differentiable
and convex (with second derivative satisfying some
properties) or had a particular quadratic nature.

One pqgible extension of the work containediin this
thesis regards consideration of objective functions of a

different nature [4], perhaps:

f(u)= h(v(u))
where v is a vector of convex functions and h is monotone
(e.g. f(u)= exp vl(u) + vz(u)) .

This is relevant in a control context because control
problems may have several scalar valued performance

measures vi(u) which are conflicting, describing +the

performance 1in such a way that the objective is best

achieved when vi(u) is minimal (Vi). If no single control

exists which satisfies that aim, it 1is reasonable to

construct a scalar valued objective f from the Vi using a
monotone h, as +then f decreases whenever any vi(u)

decrease and the others do not increase.



(1] -

(2] -

{31 -

(4] -
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