
CONVEX PROGRAMMING FOR OPTIMAL CONTROLs
ALGORITHMS AND CONVERGENCE RATES

by

JOAO JOSE DOS SANTOS SENTIEIRO

A Thesis submibbed for bhe Degree of 
Docbor of Philosophy

Sepbember 1985

DEPARTMENT OF ELECTRICAL ENGINEERING 
IMPERIAL COLLEGE OF SCIENCE AND TECHNOLOGY
UNIVERSITY OF LONDON



ABSTRACT

Many control problems reduce to the minimization of a 
scalar valued function f over a convex and compact subset 
Q of a Hilbert space.

The thesis is concerned with algorithms for solving 
such minimization problems for cases ( of practical 
importance ) for which some structural properties of f 
<e.g. bounds on the Hessian of f ) are known.

An existing feasible direction algorithm obtains search

directions by minimizing exactly lower approximations f5 
to f on Q. Global convergence results exist for it.

However sometimes the minimization of fS on Q cannot be 
done exactly. The effects on convergence rate of

approximately minimizing fS on Q are investigated and new 
results derived. These results show that iterating on the

subproblem min •£ fS(z) j z  e Q > improves the bounds for 
iteration on the main problem min i f(z) : zeQ >. When

f is strictly convex the convergence results involve the

ratio between second and first order' effects for f . 
Properties of the ratio are stated and proved and a mixed 
stopping criterion for the overall algorithm derived.
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Applications to Classical Optimal Control Problems are 
considered.

Then another type of minimization algorithm is

considered for the case where Q is a subset of Rn . At 
each iteration, it minimizes f on a subset of Q, actually 
a convex polytope approximating Q, and then it extends the 
subset. Application to a Non-Classical Optimal Control 
Problem is considered.

Algorithms where fs is either an upper approximation to 
f or a lower approximation derived from an upper

r

approximation are investigated and convergence rates 
obtained.

The problem of minimizing a convex function over an 
unbounded cone is considered. Algorithms to solve this 
problem are studied. A convergence rate depending on the 
ratio between the smallest and the largest eigenvalues 
( or appropriate bounds to them ) of the Hessian of f, is
derived.
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CHAPTER 1

INTRODUCTION AND OUTLINE OF CONTRIBUTIONS

1.1 - INTRODUCTION
A non-linear programming problem can basically be 

described by: *

(1.1) min-C v(x) : xeQ >

where v is a non-linear functional and Q is the set of 
points which satisfy all the constraints. In general, the 
optimum of a non-linear programming problem will not be at 
an extreme point of the constraint set (unlike for the 
linear programming case) and may not even be on the 
boundary. Also, the problem may have local minima distinct 
from the global minimum. These properties are direct 
consequences of the non-linearity. Nevertheless there is an 
important type of potentially non-linear problem for which 
all local minima are global minima: the convex programming 
problem. This thesis is about solving such problems.

Convex programming problems are characterized by an 
objective function v which is convex and by a constraint
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set Q that is also convex (and compact in order to ensure 
existence of solutions).

(1.2) DEFINITION 111: A set of points is said to be convex 
if, given any two points in the set, the line segment 
joining them is also in the set.

(1.3) DEFINITIQNC11: A function v is said to be convex if 
the line segment drawn between any two points in the 
epigraph of the function never lies below the epigraph.

An important result in convex programming is the 
following.

(1.4) THEOREMT2!); Any local minimizer of a convex 
programming problem is a global minimizer.

This is important because it means one can stop 
optimizing once any local minimizer has been found, as it 
is automatically a global minimizer.

Note that the problem may have a number of points 
x e Q at which the globally minimal value of v is achieved. 
The set of all such points is actually convex.

Although convexity is desirable, many real world 
problems turn out to be non-convex. In addition, there is 
no simple way to test a non-linear function for convexity. 
However the importance of studying convex programming is
not diminished since:
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(i) many significant problems of practical interest are 
actually convex.
(ii) many algorithms for non-convex problems require the 
solution of a convex sub-problem at each iteration.
(iii) theoretical analysis is relatively easy for convex 
problems, and yields deep understanding of what might 
be possible for non-convex problems, perhaps in a weakened 
form.Convexity thus plays a role much the same as that of 
linearity in the study of dynamical systems. Many results 
derived from linear theory are used in the design of, for 
example, non-linear control systems.

Many, if not most, existing methods of non-linear 
programming fall roughly into three main categoriesC3]:

-  M e t h o d s  o f  c e n t e r s

- Methods of feasible directions
- Penalty function methods

In this thesis, methods of feasible directions will 
be of fundamental relevance. These methods embody the 
same philosophy as techniques for unconstrained 
minimization but are constructed to deal with inequality 
constraints. Briefly, the idea is to pick a starting point 
satisfying the constraints and to find a direction such 
that
(a) a small move in that direction violates no 

constraint,
(b) the objective function improves in that direction. 

One then moves some distance in this direction
obtaining a new and better estimate and repeats the
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procedure until a point is obtained such that no direction 
satisfying both (a) and (b) can be found.

There are many ways of choosing such directions, 
thus there exist many methods of feasible directions, e.g. 
the method of Zoutendijk, the gradient projection method 
of Rosen etc.

This thesis is concerned mostly with methods for 
which the search direction for each iteration is obtained 
by solving a subproblem defined by:

(1.5) mint vS(x.,x) : xeQ >
€

where vS is some lower or upper approximation to v. Such a 

vs is called here a lower-approximation for v if 

vs(Xj,x)<v(x), Vx e Q, and an upper-approximation if

vS(x^,x)2v(x), VxeQ. Ideally a v5 should be used so that

5v is a good approximation to v and so that problem (1.5)
1is easy to solve.

In Chapter 2 an existing feasible direction 
algorithm [4] that obtains search directions by minimizing

exactly lower approximations v to v on Q is considered. 
Global convergence results exist for it. However sometimes

the minimization of vs on Q cannot be done exactly. The 
effects on convergence rate of approximate minimization of

v are investigated and new results derived. These results 
show that improving the accuracy with which subproblem
(1.5) is solved improves the bounds for the convergence of

The study of such methods was motivated by an optimization problem
( c o n t i n u e d  o n  p a g e  1 0 )
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the iteration for solving the main problem (1.1). When vS 
is strictly convex the convergence results involve the 
ratio between second and first order effects when

minimizing vs. Properties of the ratio are stated and 
proved and a mixed stopping criterion for the overall 
algorithm derived. Applications to classical optimal 
control problems are considered.

Then another type of minimization algorithm is 
considered, in Chapter 3, for the case where Q is a subset

of lRn. At each iteration, it minimizes v on a subset of
€

Q, actually a convex polytope approximating Q, and then it 
extends the subset. This is done in such a way that the 
resulting sequence x^ converges to a global minimizer of v

on Q. The convex polytope is defined by its vertices, 
which are found from past values of x .̂ A mechanism is

incorporated to test for redundant vertices .
2The case where v(x) =!IxI Î  considered in detail

as that arises in some important new optimal control 
problems (e.g. for dominant output feedback).

In general terms it can be said that while in 
feasible direction algorithms one seeks to define search 
directions along which minimization of v is carried out, 
for the algorithms considered in this Chapter the aim is 
to define a search set (a convex polytope) over which 
minimization of v is considered. With this perspective,
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In Chapter 4 and for v a general quadratic, several 
algorithms are presented differing basically only in the 
way the search direction is found. In fact,the

approximation vs to v is now either an upper approximation 
or a lower approximation which is derived from an upper 
approximation function. Several approachs are considered 
and convergence rates derived. One of the results obtained 
shows that a similar rate is obtainable independently of

whether v is a lower or an upper approximation.
Also methods to derive lower approximation functions 

v from available upper aproximations are presented.
A new approach is used leading to a non sharp bound

A  Afor the "distance” v(x..)-v(x), where x is a global 

minimizer of v on Q. A rate of convergence for the case
Awhen x^ is far away from x is obtained.

Finally Chapter 5 is about a special type of convex 
programming problem for which Q is the closed and 
unbounded set:

(1.6) c o n e [ r ] = {  ax : a e R* , x€T }

where i" is a compact convex set and 0 £ r . Allwright [5] 
shows that, for the case where v is a norm function, an 
equivalent problem, with the same solution, can be derived 
wherein minimization of v is now carried out over a new,

the feasible direction algorithms of Chapter 2 can be seen
as particular cases of these set-approximation algorithms.
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compact convex and bounded, set S, actually a suitably 
truncated version of cone[ r ]. A generalization of
Allwright's results to the case where v is a general
quadratic is presented and a convergence rate is derived 
which depends on the ratio between the smallest and the 
largest eigenvalues of the Hessian of v. For the case
where v is a general convex function, whose Hessian is 
upper and lower bounded, it is shown that a similar
equivalent problem can also be formulated. An algorithm to 
solve the equivalent problem is stated and a convergence 
rate, depending on both lower and upper bounds*' of the 
Hessian, is derived.

Chapter 6 contains some concluding comments on the 
thesis.

1.2 - MAIN CONTRIBUTIONS OF THE THESIS

We list below the main contributions and we refer to 
the Lemmas and Theorems which are related to them:

Chapter 2
- Derivation of an upper-bound on the " distance "

between the approximate optimum of f5 and the 
exact optimum of f.:Lemma (2.20).*

- A stopping condition for the main algorithm : 
Theorem (2.24).
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- A stopping condition for the iteration on the 
subproblem (SP) : Lemma (2.26) , Theorem (2.32).

- A property of the new search direction h^»y<z^)-z^ 

Lemma (2.34).
- Convergence rate information for the case when S>0 

Theorem (2,37).
- Convergence rate information for the case S > nl , 

n>0 revealing dependence on the ratio ^  between

second and first order effects on fs :
fTheorem (2.54).

- Properties of the ratio function ^  s

Theorems (2.66) , (2.67) , (2.68) (2.69) and
(2.70).

- An application example : Example (ii).
- Discussion of the connections between Gilbert's 
results and Allwright's.

Chapter 3
- Discussion of the connections between a feasible 
direction algorithm and a set-approximation type 
of algorithm : algorithm la.

- Methods to generate inner approximations and
resulting algorithms: algorithms lb and lc ,
Lemma (3.22). Theorem (3.24).
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- Methods to find the closest face of a convex
polytope ; Lemma (3.29), Theorems (3.31) and
(3.32) .

Chapter 4
- Convergence rate information regarding the
unconstrained minimization of a convex function v 
using a search direction obtained by minimization 
of a local upper approximation to v : algorithm
(4.9) , Theorem (4.14).

- Convergence rate information regarding the
constrained minimization of a quadratic v using a 
search direction obtained by minimization of :

-an upper approximation vU to vs Theorem(4.28).

-a lower approximation v to v constructed from 
an upper bound: Theorem (4.46).

-a lower approximation v to v:Theorem (4.63).
-Properties of an algorithm which finds h.. by

minimization of an upper approximation v^to v:
Lemmas(4.76).(4.79).(4.80).(4.81).(4.82).(4.83) and
Theorem (4.84).
-Derivation of upper and lower bounds on
respectively the A and A . of positive* 1 max m m
definite matrices C=*C': Theorem (4.99).
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Chapter 5
-Minimizing a quadratic over a cone generated by a

convex, compact set :
-A relation between the diameter of a set S and 
the geometry of r  : Lemma <5.23).

-Formulation of an equivalent problem:
Theorem(5.28).

-A convergence rate :Theorem (5.29). 
-Generalization to a convex function:

-Formulation of an equivalent problem: «■ 
Theorem<5.46).

-A convergence rate :Theorem (5.50).

£££ii.Q£.iil£Il £l J.££.il!£i£ 1 £l ££££ _L
arising in optimal output feedback, outlined in Section 3.6 , for which
the feasible set Q is the convex hull of the image, under a nonlinear
function, of the unit sphere. That feasible set does not seem to be
describable in the conventional form Q = {x e Rn : g(x) < 0, h(x)=0}, so
most of the existing optimization algorithms are not applicable. One
cannot even determine whether a given point is in Q, one can only compute
points known to be in Q by finding contact points for supporting
hyperplanes. Hence methods which do not maintain feasibility also do not
seem to be applicable. Computation of contact points corresponds to 
. . . Sminimization of v (x^,y) with respect to y from Q, with S = 0 - a special 

case of S ) 0. That is the reason why, for S ) 0, most of this thesis is
Sdevoted to feasible direction algorithms based on minimization of v (x y)

D i
with respect to y from a set Q which is not necessarily described by
inequalities g(x) < 0 and/or equalities h(x) = 0

SOther cases for which minimization of v ( x ^ , y )  with respect to y from 
Q is relatively easy include S > 0 and either Q a polytope [generally 
solved by linear programming when S = 0 and generally solved by quadratic 
programming when S ) 0 (but also see Example (i ) of page (46)] or Q the 
convex hull of a hyper-ellipse (e.g. Example (li) of page (48)).
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CHAPTER 2

FEASIBLE DIRECTION ALGORITHMS FOR CONVEX 
PROGRAMMING - GLOBAL CONVERGENCE RESULTS

2.1 MOTIVATION

Many practical problems in optimal control are either 
convex (i.e. have a convex objective function and a convex 
feasible set) or can be approximated closely by another 
convex problem.

Consider the constrained optimization problem (P) of 
minimizing a convex function f : H-HR on a closed and 
bounded convex subset Q of a Hilbert-Space H, where f is 
twice continuously differentiable on Q with second 

2derivative V f satisfying:

(2.1) S i  V2f i S+MI for all z eQ

for some known S=*S >0 and some M<oo , where S denotes the

Hilbert-Space adjoint of the operator S.
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For solving problems of this type there exists a 
group of well known algorithms including [1] methods of 
centers, feasible direction algorithms such as those of 
Zoutendijk and Pironneau and Polak as well as the 
Goldstein-Levitin-Polyak gradient projection method [2]. 
However the convergence results available for these 
algorithms are either asymptotic or give a decreased rate 
as the number of constraints increases.

Allwright [3] has studied the convergence properties 
of a feasible direction algorithm which employs Q directly 
for choosing feasible descent directions. The feasible 
descent direction is obtained by solving exactly (at each 
iteration) a subproblem with quadratic or linear objective 
function. The deduced convergence rate is either 
independent of the geometry of the constraint set (when 
the objective function of the subproblem iB a strictly 
convex quadratic) or simply depends on its diameter (when 
the objective function of the subproblem is linear or is a 
convex, but not strictly convex, quadratic).

However the exact solution of the subproblem, 
eventhough possible for some cases of practical 
importance, turns out to be not possible in other cases 
regardless of their simple structure.

Then it is important to investigate what happens when 
only an approximate solution of the subproblem is 
available. That is studied in this Chapter.
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2.2 ALGORITHMS: CONVERGENCE RESULTS

2.2.1 - A FEASIBLE DIRECTION ALGORITHM

To solve problem (P) Allwright [3] describes a 
feasible direction algorithm where the feasible descent 
direction is determined by solving exactly the subproblem 
(SP) defined at iteration j as:

(SP)j:

(2.2) min ■£ fs(z.,y) : y e Q  >

with

<2.3) fs(z .,y)=f(z .)+< vf <z . >,<y-z .)>+=< <y-z.),S<y-z.)>J  J  J J *• J  J

and where

(2.4) y(z^) e argmin i fs(z^,y) : y cQ >

The algorithm described in C 3 3 will be denoted 
Algorithm-1 and is stated next:

Algorithm - 1

step (i) Choose ZqgQ and set j=0

step (ii) Solve exactly (SP)3

step (iii) Define the search direction h^ by

(2.5)
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step (iv)

( 2 . 6 )

Minimize approximately with respect to A 

the function f(z^+ A h^) by finding the 

smallest integer /> 0 such that:
/ i /f(z.+ |3 h.) < f(z.)+ ■= 13 < 7f (z.) ,h.>J j  ~~ J & J j

and then setting A^= (3̂ , fie (0, 1)

(an Armijo type rule)

step (v) Set z..= z. + A.h.eQj+1 D J J

*Zj + l 6 Q b e c a u s e  A e [ 0 , 1 3  and z . J ( 2 . ) e Q  ) 
If is optimal STOP, otherwise set

j=j+l and GO TO (ii).

(2.7) REMARKS: (i) Algorithm-1 is based on the intuitive

idea that if the quadratic approximation f is a
Areasonably good approximation to f then y(z) should be a

Afairly good approximation to z.
(ii) If f is actually quadratic then A^ can obviously

be found analytically and the minimization involved in 
step (iv) can be carried out exactly.

(iii) The exact solution of (SP) in,step (ii) is only 
possible for some cases.
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2.2.2 CONVERGENCE RESULTS

In [3] is given a convergence rate, for the sequence 
■Cf(Zj)} generated by Algorithm-1 which is either

independent of the size and geometry of Q (when fS is 
quadratic with S>0) or only dependent of the diameter of Q

(when fs is linear, i.e. S=0, or when S>0 but S?0).

(2.8) THEOREM [33: Suppose that 0<S<NI; I Ix-yI I < y < co;V Y / x
AThen -£f(ẑ )> — ► f(z) for the sequence generated by

algorithm-1 and convergence rate informationtis provided 
by:

(a)

(2.9) 

then

(2.10) [f(zj+1)-f(z)]< | My2 < | [f(Zj)-f(z)]

(b) If

(2.11) [f (z ̂ )- f (z) ] < My2 

then

a a , Cf<z >-fU>3<2.12) [f<z...)- f(z>] < [f <z .)-f <z )K1-=I3 ----2--- =—  >•
3 + 1  3  2  < M  +  U ) y 2

where (3 is hhe Armijo parameter

If

[f (z . ) -  f(z>] > (M+ | N ) y2— My2
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(2.13) REMARKS: The result of (a) reveals that the
A"distance" from f(z) is at least halved in the first 

iteration if (2.9) holds and is small if M, a measure of
2the error between S and V f, is small. Indeed if M=0

Athen f(z^) - f(z) which is plausible since in that case

the quadratic approximation f (z,y) to f(y) is exact.

(2.14) THEOREM [33i Suppose that S> nl for n>0.

Then for algorithm-1:
€

( 2 . 1 5 )  [ f < z - > - f < z > ]  < U - [ I 3 ( 1 -  | ( 3 ) / ( 1 +

(2.16) REMARKS:(i) The convergence rate result of theorem
(2.14) is completely independent of the geometry of Q.

(ii) If the minimization of f(z^+A h^) with respect

to A is exact then theorems (2.8) and (2.14) apply with 

13=1.

2.3 RESULTS WHEN (SP) IS SOLVED ONLY APPROXIMATELY

2.3.1 AN ALGORITHM

As was said before and will be Illustrated later, 
there are cases of interest for which exact minimization 

sof f (z,y) on Q can not be achieved in practice.
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(SP)

Consider then y(z^) to be an approximate solution for
ft#- approximate in that y(z..) satisfies:

<2.17)0<[fs<z..,y<z.>)-fs(zj,y<z..)>K e [f fz^-f' <*3»y<*3>>3

for a pre-specified ee[0,l).
The corresponding algorithm is denoted algorithm-2, 

which follows:

Algorithm - 2

step (i) 

step (i i)

step (iii) 

(2.18) 

step (iv)

step (v)

Set Zg e Q , j=0

Solve (SP)^ approximately by finding a
•wy(z..) which satisfies (2.17).

ft#Define the search direction h..

h j *  y ( z j ) - z j

Minimize approximately f(z^+ A h^) as in

step (iv) of algorithm-1

Set z ., * = z .+A.h .. 
7+1 7 7 7

If satisfies a stopping condition

STOP, otherwise set j*j+l and go to (ii).
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2.3.2. STOPPING CONDITIONS

A stopping condition is needed for the approximate
M

solution of (SP)"*, so that one can tell when a y(z^)

satisfying (2.17) has been found and another stopping 
condition is needed for the solution of (P).

(i) STOPPING CRITERION FOR (P)

(2.19) LEMMA [3] f

fs(z,y(z)) < f(z) , V z e Q

Proof: The Taylor formula for second-order expansions
gives:

f(y)=f(z)+<Vf(z),(y-z)>+f(l-tX(y-z),V2f<z+t[y-z])(y-z)>dt
•'o

2and as by (2.1) V f>S,

f (y) > f (z) + <\7f (z), (y-z)>+ f (l-tX(y-z) ,S(y-z)>dt
'o

= f(z)+<7f(z),(y-z)>+|<(y-z),S(y-z)>

= fS(z,y)

Hence fs(z,y) < f(y) Vy/zeQ ;

consequently,

f5(z,y(z)) = min fS(z,y) < min f(y)- f(z) 
yeQ yeQ

Q.E.D.



-21-

(2 . 2 0 )  L E M M A  F o r  y(z..) s a t i s f y i n g  ( 2 . 1 7 )

( 2 . 2 1 ) f ( z 5 ) - f S ( z . r y ( z . ) ) > ( 1 - 0  [f ( z j ) -  f S ( z , y ( z ..) ) ]

P r o o f : C o n s i d e r

[f <Zj>- fS(zj,7 (z;j) )] = Cf (zj)-fS(zj,y(zj))T

+ [fS(zj,y(2j))-fSU ;j,y(zj))]

= Cf(zj)-f5 (zj,y(zj))]

+ € c f >3
by (2.17)

T h e n

(l-€) [f ( z . . ) - f 5 (z_.,y(z..) ) ] < f ( z .)- f 5 ( z . , y ( z .) )

Q . E . D .

( 2 . 2 2 )  R E M A R K  : L E M M A  ( 2 . 2 0 )  p r o v i d e s  a l o w e r  b o u n d  o n

5
t h e  " d i s t a n c e ' ’ b e t w e e n  t h e  a p p r o x i m a t e  o p t i m u m  o f  f a n d
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In order to keep the iterative process finite, it 
might be acceptable to cease iterating once an 8 - 
approximation has been achieved, for a pre specified small 
positive 8 , in that

<2.23) f(z..)- f(z) < 8
AHowever f(z) is not known apriori and so some 

indirect test has to be developed. The following theorem 
gives the basis for such test:

€

(2.24) THEOREM - For S>0 and £s[0,l):

If f(z .)-fS(z .,y(z .)) < S (1-6)

then f(z^)-f(z) < 8

Proof: By LEMMA (2.20)

f (2s)- *“ ( v ? ( * 3)) i  71^7

Now by assumption

f(zj)-fS(zj,y(z >) <(1-C)<5

Consequently

f(Zj)“f5 (Zj,y(Zj)) < S

implying by LEMMA (2.19)

f(zj)-f(z) < f ( z . ) - f S (z.,Y U..) ) < <5

Q. E. D.
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(2.25) REMARK: Theorem (2.24) reveals that for a smaller
£ (corresponding to a better estimate of the subproblem

beeing obtained) the number of iterations j needed by
j (2.23)

algorithm-2 to satisfy the stopping condition/decreases - 
since a smaller £ corresponds to a bigger 8 (1-6) so 
that the condition

f(z )-fsr(zj,y<zj>< 5(1-6)

is less stringent and might be satisfied for a smaller j.

€

(ii) A STOPPING CRITERION FOR (5P)j

It has been assumed that iteration on the subproblem
» Astops when an 6-approximation y(z^) to y(z^) is achieved, 

in that

[fs(Zj,y(z^))—fs(z^,y(z^))] < £ [f(z^)-fs(z^,y(z^))]

s AHowever the fact that f (ẑ .,y(ẑ )) is not known

doesn't allow the direct use of the expression above to

test the quality of the estimate y(z^). Some sort of

indirect test has to be used. The fallowing Lemma and 
Theorem give the basis for such a test.
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(2.26) LEMMA: For given y^e Q, let

(2.27) 0<y,yk>= fs(zj,yk)+< vyfs<zj,ylc), <y-yk>> V y £ 0 

and

(2.28) y(yk)eargmin l 0<y,yk) ’• yeQ >.

Then

(2.29) 0 <y(yk>,yk-> < fs(zj,y(zj))

Proof: By the definition of y(yk)

0(Y<Yk>rYk> < 6<YrYk> V y  £ Q 
and hence from the definition of 0 (. ,. )

(2.30) < vyfs(Zj,Yk)r(y(yk)-yk)><<vyfs(zjfyk),(y-yk)> Vy e Q

Now since V7fs(z.,y. )= Vf(z.)+S(y.-z.) and by replacing y j k z j tc j
Ay by y(z^ ) in (2.30),

(2.31) <[7zf(zj)+ S(yk-zj)3, <y(yk>-yk>>

< <cy(z.)+S(yk-zj)], (y(zj)-yk)>

s AConsider now the Taylor expansion of f (z^,y(z^)) 

around yk:

fs(zj,?(zj)) = fs(zj,yk) + <[V2f(zj)+S<y)c-z;j):,(y(z;.)-yk)>

+| < <y (z..)_yk )fS(y(Zj)-yk > >
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Now since S>0 and by (2.31)

f S (z^ ,7(2^.  >) > f S (z^ , r k >+<c ( 2^ ) + S ( y J{- 2 i  ) ] ,  (y (2^ ) - y J{) >

> f S ( z j , y lc) + <CVz f  ( 2 ; j ) + S ( y )t- 2 ;. ) ] ,  ( y f y ^ - y ^  

a n d  h e n c e  f  ( z  y Y i z ^ ) )  > 0 ( y  ( Y k > r  7 k  > Q . E . D .

(2.32) -THEOREM:
I f

( 2 . 3 2 a )  [ f S ( 2 ^ 7 l c ) -  6 < y  ( 7 ^ ) / Y ^ )  3 < €  C f  ( 2 ^ ) - f 5  ( z  ^ , y k ) 3 

t h e n  [ f S ( 2  . , y ,  ) - f s ( z  . , y ( z  . ) ) ]  < € C f ( z  . ) - f s ( z  . , y ( z  ) ) ]
J  J  J  J  J J

P r o o f :  N o w  f s ( 2 j , y ) t ) -  0  < T « T k  > ,  y k  ) < £  C f  ( 2  j  > - f :3  ( 2  }  ,  y k  ) ]

implies by Lemma (2.26), that

C f s ( 2 j , y l c ) - f s ( 2 j , ? ( 2 j ) ) ]  < 6  C f  ( 2 j ) - f s ( z j , y l t ) ]  

s  A s
a n d  s o  s i n c e  f  ( z . , y ( z . ) )  < f  ( 2 . , y .  ) f

J  J  “  j  *■

C f S ( 2  j » y k ) ~ f S (-z j  » y < z 3 ) ) 1 < e  C f  ( 3  j ) - f S ( 2 j , y  ( 2 ^ )  > ]  Q . E . D .

£.2.QilJ2J±£il.£Il 2,1 E l l i H i l  1 2.1. 2.13.1  l £ j .

• sof Algorithm 2 of page 26. For, by Theorem 2.8, for the function f (z^,y) 

(2.320 fS (Zj,yk) - fS(zj,y).

Also, by [3, page12], for of Algorithm 2, step 5:

if a, <1 then 
k

(2.32d) fS (z.,yk+1) < fS (Z3,Yk)-1/2<VyfS(z^,yk),(y(yk)-yk)>2/[ y 2 ^ m a x[S] ]

else

(2•32e) fS(zj»Yk+1) < fS(Zj,Yk)+1/2<VyfS (z.,yk),(y(yk)-yk)>.

From (2.32d-e), it can be seen that (2.32c) holds only if
S<Vyf (Zj,yk),(y(Yk)-yk)> converges to zero 

S - ci.e. if f (Zj,yk)-8(y(yk),yk)=-<v^f (ẑ  yk),(y(Yk)-yk)> converges to zero. 

Hence (2.32a) must hold after a sufficient number of iterations k.
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Algorithm-2 is restated with the stopping mechanisms 
included:

Alqorithm-2

Step (i) Set z^e Q, j=0 and choose <$ >0 and small 

Step (ii) Solve (SP) 3 approximately by:

step 1 - Choose 0 0  and small 
set yQ=z.., =̂0

step 2 - Find y(y^) such that

step 3

y(yk) e argmin { 

Stopping test
0 (7r7k> s 7 €

1
If y(yk> sa^isfies <2.32a)set

Q }

y(z.) = y. and GO TO step (iii), 
D  It

otherwise CONTINUE.

step 4 - Define a search direction d.

y<yk )-y.

step 5 - Minimize approximately with respect to

e [0,1] the function f (z.,[y

Let be the approximate solution

Step G - Set yk+1- yk+ «kdk

Set k=k+l and GO TO step 2

Condition (2.32a) will eventually be satisfied by a ŷ  generated by step (ii)
( c o n t i n u e d  on p o o ?  2 t '

1
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Step (iii) Stopping test

If [f(zj)-fS(zj/y(zj))] <5(1-6) STOP

otherwise CONTINUE

Step (iv) Define the search direction h^

Step (v) Minimize approximately f(z^ + X h^)

as in step (iv) of algorithm-1

Step (vi) j=j+l

and GO TO step (i i)

2.3.3 NEW CONVERGENCE RESULTS

The fact that the subproblem (SP) is solved 
approximately affects the convergence results obtained by 
Allwright [3].

In order to facilitate the derivation of the new 
convergence results, the following result is helpful .

(2.34) LEMMA:
a*Force[0,1) and the 6- approximation y(z^) of (2.17):

(2.35) <Vf(zj),hj> < (l-e)Cf(z)-f(z..)] < 0

where
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Proof: By the definition of f5<z^,y> and the fact that

y(z..)=z..+h..

fs (z.,y(z.)) = f(z .)+< \7f (z .) ,h .>+ \ < h.,Sh.>J J  J J  J  J  J

Using LEMMA (2.20) and the fact that S>0

f(zj)+ < Vf(z.)f hj> < f<z)+€ [f(zj)-f(z)3 

Hence < Vf(z.)r h^> < (1-6) [f(z)-f(z^>] < 0  V z^e Q

QiEtDa

t

M(2.36) REMARK: The Lemma (2.34) shows that h. is a

descent direction and establishes a negative upper bound 

on < 7f(z.), h .>.

The following Theorem gives global convergence rate 
information for algorithm-2 when the approximation 
function is convex.

(2.37) THEOREM: Suppose 0<S< NI , M= |n+M

I I x-y | | < y < oo Vx,y e Q

Then if (z ..)}-*-f (z) and

<2.38) (a) If CfU^-f <z>]> jre<M+|N)p2= Mp2

<2.39) then £f <z ,+1)-f <z> ] < € [f < z .)-f < z > ] + | My2

< < ^ >  tf<zj)-f< z) 3
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(2.40) (b) If

then

(2.41) [f (zj+1)-f (z) ]Uf (z.. )-t (Z) jti-j(3(l-£) 2 Cf<Zj)-f(z )33(M+N)p2
(2.42) REMARKS; (i) With 6=0 the results provided by
theorem (2.37) are consistent with those of theorem (2.8), 
as would have been expected because the algorithms are 
identical.

(ii) The results of theorem (2.37) show that using a
smaller 6 for the subproblem improves the convergence rate

€

bounds for the main algorithm.
(iii) Theorem (2.37) reveals that eventually after at

 ̂ 1 - 2most k iterations [f(z^)-f(z)]< Y^e where k is the

smallest integer greater than or equal to:

Proof of Theorem (2.37)
The Taylor formula for second order expansions gives:

log
( l - O C f  ( z Q ) - f  ( z ) 3

f (z .+Ah . )=f (z . )+A<(7f (z .) ,h .) > 
7 7 7 7 7
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and hence by (2.1)

<2.43)f (z .+Ah .) < f (z .)+ A <Vf (z .) ,h .>+ ^A2<h . ,Sh->+|a2M 2 
D D D D J &  J  D **

Consequently

(2.44) f(z.+ Ah.)
D D

(2.45) if

< f (z .)+ | A <Vf (z .) ,h >
j  ** J  J

-<Vf(z .),h .>
0 < A < ^ ---hj = A •

<h . ,Sh . >+M j> D

a) If A^ > 1 then (2.44) is satisfied for allAe[0,1] and

the value of Â  chosen (according to the Armijo type rule)

will be A.=l.
D

A

So, if A. >1, (2.44) gives:

f (z. ) =  f(z .+h .) D+l D  D

< f  ( z  . ) + < 7 f ( z . ) , h  . > +  i < h . r S h . > +  \  M y z
J  J  J  &  J  J  &

- fs (zj/y(zj>>+ | M f2 ■

Consequently, from Lemma (2.20)

f(z^+1) < f(z>+ 6 Cf (ẑ  )-f (z) ]+ | My2 •

Hence

<2.46) [f<z,+1)-f(z)] < € [f(z ,)-f<z)3+ | U y 2
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Now from (2.45) .K>1 iff

-<Vf(z.),h.> > <h . ,Sh . >+M y2 
D D “  D D Y

or, equivalently, iff

(2.47) -<Vf (z .) ,h .)>- | <h . ,Sh .> > \ <h.,Sh.>+My2
D D &  j  J  £  J  j

But as 0<S< NI (2.47) will hold if

(2.48) -<Vf (Zj) ,hj>- i|<h ̂ ,Sh > | Ny2+My2= My2 

with M = ^N+M.

Now by Lemma (2.20) ,

f5(z.,y(z.)) = f(z . ) + <7f(z .),h .>+ | <h.,Sh.>
J  J  J  J  J  J  J

<f(z)+e£f(z^)-f(z)3

i. e.

(2.49) -<VC <z .),h .>- I <h.,Sh.> > < 1-6) [f (z . >-f <z> ] 

Hence from (2.48) and (2.49) it follows that

(2.50) if (l-e)Cf (zj)-f (z)] > My2 then ^>1

Now (2.50) together with (2.46) give result (a) of
theorem (2.37), i.e.
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i f

then

[ f ( Z . ) - f < Z > ]  > My2,

[f(z >-fU>3 < 6 Cf (z 3)-f (z) ]+ | My2

1 - 2< € [f(z . )-f(z)]+ 2 My

< 6 [ f ( 2 j > - f ( Z ) ] +  |  < l - 6 ) [ f ( Z j ) - f ( z ) ]

= (z.)-f(x > D

The converse of the implication in Theorem
t

(2.37) (a) is not true, as

(2.51) if [f(z.)-f(z)3 < My2 ,

then A., can be either >1 or <1 .

(b) If AXl the algorithm will choose Â  satisfying

Aj > (3Aj > 0

and since <7f(z^),h^> <0, (2.44) yields

f(zj+Ajhj) < f(Zj)+ | Aj< 7f(z.),h.>

< f (z.)+ % (3 A . < Vf(z.) ,h . > - D 2 J D J

<Vf (z.) , h . >
= f(z )- ± (3 ~ ---i---

J <h.,Sh.>+My

<Vf(z ),h > 
< f ( z . ) “ % (3 -----2--7T—(M+N)y‘



-33-

But from Lemma (2.34)

(2.52) <Vf(2j),hj >2 > <l- € ) 2 [f(z..)-f(z) ] 2 > 0

Hence

„ 1 2  Cf(z.)-f(z)3f (zj+1)=f (zj+Ajhj) < f(zj)- |(3 (1-6) ---- —̂(M+N) y

i. e.

. . i 2[f(z )-f(z)3
(2.53) [f (z ... )-f <z)]<Cf (z .)-f(z)]{l-£(3(l-e)*-------- =— >

3 + 1 - 3  Z (M+N))/
So the result of part (b) has been proved for the case

A €when A .<1. It remains to be shown that (2.53) will hold 
D

Aeven if A^>1 in which case the algorithm will choose A^=l 

and then:

f(zj+1> < + | <7f<z3 >,h3>

< f(z.)- | (1-6)[f(2 .)-f(z)] (by Lemma (2.34))

< f(z.)- | G(l-e)Cf(z.)-f(z)] (since (3e[0,l)>

A (1—6) [f(z.) —f (z) 3
< f(z.)- | (3(1—£)[f(z.) —f (z) 3 -------- *- 5-----J Z 3 (M+N) y

since by (2.51)

[f(zj)-f(z)3 < My2 < (M+N)y2 so that

(l-6)Cf(zj)-f(z)3 
(M+N)v2

< 1

This concludes the proof of theorem (2.37)
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When the approximation function f (.,.) is strictly 
convex, global convergence results for algorithm-2 are 
provided by the following theorem:

(2.54) THEOREM: Suppose S>nl for n>0.

Then whenever:
(2.55) Zj ? argmin { f(z) : z eQ >

(2.56) [f<zj+1)-f<z)] < Cf(zj)-f(z)]^l 

where

<h.,Sh.>
(2.57) V.= V i z . , y < z  . ) ) =  ------- 2----- ^ —

3 3 3 -<Vf(Z;.>,h3>
mmand h .= y(z . )-z .

D 1 3 D

(2.58) REMARKS: (i) The fact that under assumption (2.55) 
the scalar valued ratio function ^  only takes values in

(0,2] will be shown later when properties of ^  are

discussed.
(ii) The result of theorem (2.54) shows that 

improvement on the global problem bounds will be achieved 
by decreasing the pre-specified £ and by iterating on 
the subproblem until lies in the interval (0,1+AO with

P small, which can always be done (see theorem (2.70)),

5

(3(1- S3)(1-6) -----~->
< f M l +  -)3 n
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P r o o f  o f  t h e o r e m  ( 2 . 5 4 )

V̂c
S i n c e  S  = S > n I  f o r  n > 0 ,  S  h a s  a  s y m m e t r i c  s e l f - a d j o i n t  

1/2
s q u a r e  r o o t  S  > 0 .

A p p l y i n g  t h e  s e c o n d  o r d e r  T a y l o r  f o r m u l a  y i e l d s :  

f ( z j + A h j ) =  f ( z .  ) + A <  7 f ( z ^ ) / h j >

+ A 2 f { l - t ) < S 1 / Z h j , S ~ 1 / 2 V Z f ( z ; . + t A h j ) S ~ 1 / Z S 1 / 2 h j > d t  

'o

H e n c e ,  s i n c e  S > n l  n > 0  a n d  a l s o
—  e

0 < ^ f - S  < M I

( 2 . 5 9 )  f  ( Z j + A ^ J ^ f  ( z j ) + A < V f  ( z j ) , ^ > 4 -  | A 2 < h  ^ , S h  ( 1 + - )

= f ( z . ) +  < V f  ( z  . )  , h - > C A -  | a 2 ^ . ( 1 +  ^ ) ]  = 0 . ( A )J J J « J I* J
T h e r e f o r e

f  ( z  . + A h  . > < f ( z - > +  I  A < V f  < z  . )  , h - >J J “ J " J  J

90

(2.60) if 0 < A < ------rr— = A
~ “ ^ d +  j) D

A s  ( 1 + - ) > 1  a n d  * F .  e  ( 0 , 2 ]  ( s h o w n  l a t e r ) ,  o n e  o f  t h e  
n  — j

f o l l o w i n g  t h r e e  c o n d i t i o n s  m u s t  a l w a y s  b e  t r u e :

( 2 . 6 1 )  ( i )  1 /  ( 1 + M / n ) < W A  1

( 2 . 6 2 )  ( i i )  ^  < 1 / ( 1 + M / n )  < 1

( 2 . 6 3 )  ( i i i ) 1 /  ( 1 + M / n )  < 1 < «P
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C o n s i d e r  f i r s t  c a s e  (i). N o w  A^ i s  t h e  e x a c t  

m i n i m i z e r  o f  o ^ ( A ) .

I f  A. < 1 it i s  e a s y  t o  s e e  t h a t  t h e  a l g o r i t h m  w i l l  

c h o o s e  e ((3A^,A^) a n d  h e n c e ,  f r o m  ( 2 . 5 9 )

f (z .+ X.h .) < a .((3 1 ) < 0̂ (13 ? -} — )j j j - j ( 1 + M / n ) - j 1 + M / n

13
s i n c e  i + M / n  -  1 + M / n ) -  A j

a n d  aj b e c o m e s  m o r e  n e g a t i v e  a s  A  i n c r e a s e s  w h e n  A  e [0, A_.] .

T h e r e f o r e :

( 2 . 6 4 )  f ( z j+ A jh j ) =  f <z j + 1 ) < ® j  <
(3

1 + M / n ) , i . e

f(zj+i> ^ < V +T r f e <vf(V ' iy - § ( i l iw

<f(xj ) + < V f U ;5),hj> (3(1- |(3) rI“ 75T

s i n c e  *f^<l a n d  < V f ( z ^ ) , h ^ >  < 0.

N e x t  f r o m  a  r e s u l t  o f  L e m m a  ( 2 . 3 4 )

(3(1- |(3)
( 2 . 6 5 )  [f ( z j + 1 )-f ( z ) 3  < Cf (Z j )-f ( z ) ] { l - ( l - 6 )  <f.t.M 7 n 7 >
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Cons ider now case (ii):

it follows from (2.60) that A^>1

Therefore the algorithm will choose Â =l and so, from

(2.59)

d<l+M/n>- 0j(l+M/n
so that the bound of (2.64) established for case (i) will 
be valid for case (ii) as well. Consequently (2.65) is 
valid for case (ii).

Finally consider case (iii):

In this case the algorithm will choose A s.t.

j( W j(1+M/n) ) and then, from (2.59)

(3(1- |(3) <Vf(zj),hj>^( 1+M/n)

< f(zj)-(l-6)
(3(1- |(3)

[f(zj)-f(z)3 .^( 1+M/n)

Thus a general bound valid for the three cases is

[f <z.+1)-f<z>3 < [f(z )-f (z)Kl-(l-e)
. (3(1- |(3)

V.(1+M/n>}

with 0 < V . < 2 
D -
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2.3.4 PROPERTIES OF THE RATIO FUNCTION ip
M  M<(y(z . )-z .),S(y(z . )-z .)>Now 'F(z.,yiz .)) = ----- -̂--2_-----2---2--

3 3 3 -<Vf(Zj),<y(zj)-zj)>

where z .,y(z .) e Q
ARecall that y(z^) is the constrained global minimizer 

of fS<zj tY) r on Q, i.e
A g  Ay(z..) e argmin i f (z..,y) : ye Q >={y(z^.)>.

The last equality occurs owing to the convexity of Q and 
the positive definiteness of S.

Let y <zj) be the unconstrained global minimizer of 

fS(Zj,y) on H, i.e. let

y*(z^) e argmin -C f5(z^,y) : y eH >=Iy*(z^)>

(2.66) THEOREM: Assume S>0. Then

h^= 0 iff ZjG argmin -C f(z) s zeQ }
Proof:

(i) Proof that*, [z^ e argmin { f(z) i zeQ >] [h^=0]
Now

Az^ g argmin { f(z) : zeQ > f(z..)=f(z)
Aand from Lemma (2.20) with z .**zD

-  A ~  A Af <z,y(z) ) < f <z) .
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ABut by the definition of y(z)
- A A A  -  A  «*• af (z,y(z)) < f (z,y(z))

and by [3]
— A A  A Af (z,y(z))= f (z)

So:

f<£>= fS(z,y<z)) < fS(z,y<z)) < f(z)

therefore
- A A A  »  A »  A Af (z,y(z))= f (z,y(z))= f(z) 

and so ,

< V f (z),(y(z)-z)>+ | <(y(z)-z),S(y(z)-z)>=0

Now if the quadratic term is greater than zero the 
linear term has to be smaller than zero which contradicts

optimality of z.
Therefore the quadratic term has to be zero which 

implies (since S>0)
" A  A  ~y(z)-z=0 i.e. h^=0

(ii) Proof that: [ĥ .=0] =£> [ẑ  e argmin i f(z) : zeQ }]
W M gSuppose h .= y(z.)-z.= 0. Then f (z.,y(z.)) = f(z.) since 

D D 3  3 3 D

fs(z.,y(z .) )=f <z.)+<Vf (z.) , <y (z.)-z .)> +J J J J mf

+ | <<y(z.)-z.),S(y(z)-z.)>.« J J J J

But by Lemma (2.20)

fs< z . ,y(z .)) < f(z)+£ [f<z3>-f(z)]
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So

fs <zjfy(zj)) » f(Zj> < f(z)+6[f(z.)-f{z)]

i.e. [f (z..>-f U)] < e [f <z..)-f (z)] .

But for the previous inequality only holds when

f(zj)=f(z).

Hence
Zj€ argmin i f (z) : z e Q > .

<2.67) THEOREM If z .£ argmin -C f < z) :z e Q > and S>0 then7 «

<h^ Sh^
- <Vf<z .),h .>

€(0,2]

Proof: The fact that ^ < 2  can be established by just

noticing that, from (2.17)

f*(z.,y(zd)) < fs(z5,y{z5))+ e C f <z^)-fs <zj , ^ (z ^ ))]

= e f (z.. ) + (l-€)fS (z.. ,y (z^ ) )

<£f(z.) + (l-£)f(z.)= f(z..)

and hence, from the definition of fS (.,.),

<<y<zj)-z;.) ,S(y(zj)-zj)> < -2<Vf <z j ) , <y < * )-z ) > .

Hence, since from Lemma <2.34) and assumption on z^
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<Vf<Zj>,(y(zj)-zj>> < 0 ,

this yields .̂<2 
1 D ~

To show that ^>0, note that from theorem (2.6S) h^O 

since here it is assumed that  ̂argmin < f(z) : zeQ >.
M M  **So <ĥ .,Sĥ > > 0 and as above <Vf(z^)f h^> <0 .

Hence > 0 .

Consequently ^  €(0,2] .

Q.E.D.

(2.68) THEOREM: If y*(z.) € Q and z jgargmin-C f (z) Z  € Q }
A  y|pthen lF(Zj,y(zj)) = W(z.,y (z )̂) = 1 

_ A  vfor y (z^> of page 38

Proof: Since fS(.,.) is convex, a necessary and sufficient
yipcondition for y (z.) to be an unconstrained minimizer of

1 3

fS(z^,y) is:

_£
d l

fs(z-ry) A
y=y

o

Equivalently

Vf(z . )+S<y*(zj)-zj) = 0 . 

and hence

<[Vf (zj )+S(y*(zj)-z j) ] , (y’lt(zj)-z j)> = 0
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i m p l y i n g

- < V f ( z . . ) , ( y * ( z . . ) - z ^ ) >  =  < ( y * ( z . . ) - z ^ )  , S ( y * ( z ^ ) - z ^ ) >

i. e. V { z . , y  { z . ) ) = l

S i n c e  S > 0  a n d  Q i s  c o n v e x ,  i f  y  ( z ^ )  € Q t h e n

y ( z j > »  y  ( z . . )

C o n s e q u e n t l y

W ( z ^ , y  ( z  ) ^ ( z ^ y  ( z ^ ) )  =  1 .

Q .  £ .  D

( 2 . 6 9 )  T H E O R E M :  I f  y  ( z ^ )  ^ Q a n d  z ^ g a r g m i n - C  f < z )  : z e Q  >

t h e n  y ( z ^ , y ( z . ) ) < 1

P r o o f : F r o m  t h e  d e f i n i t i o n  o f  y ( z ^ )

< £  fS<v*> , (y(z^)-y)> < 0  v Y e Q
y = y ( z ^ )

But J j fS<zj'y) = V f ( Z j )+S(y<z,)-z^)
y = y ( z j )

so <[Vf (z^)+S(y(z^)-z^)3, (y(z^)-y)> < 0, V y e Q  

For y=z^, this gives

< ( y ( z ^ ) - z ^ ) , S ( y ( z ^ ) - z . ) >  < - < V f (z ^ ) , ( y (z ^ ) - z ^ )> 

c o n s e q u e n t l y  b y  t h e  a s s u m p t i o n  z ^  <$. a r g m i n l  f ( z )  : z e Q  }

< V f  { z . ) , (y (z.. )-z^ ) > < 0

•F(z^,y (z^) ) < 1H e n c e Q . E . D .
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(2.70) THEOREM:
AIf [y. < z .) — y (z .) 3 and [ z . t argmin-C f ( z) : z e Q > ] k j 3 D

then for any M>0, there exists N(iM)<co such that
(2.71) V(z . ry. (z .) ) < 1+M for all k>N(M) ̂ K J

A AProof: If " y (z j) then ^ < z ̂ , ŷ. > — - ^(z^y)

i.e. for all ju>0 there exists N(ju) such that for k>N(Ju) 

I V (z.,y(z.))I < M

i.e.
€

'f'iZjrY k> < 'F(zj,Y<Zj)>+»

ASo, since by Theorem (2.69) V7 (z^,y (z^)) < 1,

^(zj,yk) < l+>i

Q. E • 0 *
(2.72) REMARK: Consider algorithm-2 with the stopping
conditions for the subproblem being that both conditions
(2.17) with a pre-specified € and condition (2.71) for a 
pre-specified M are satisfied. Then from theorems (2.54) 
and (2.70):

 ̂ * (1-€)(3(1-|(3)
tf (z... >-f <Z>] < [ f l Z . H U U U ---------- T7—

3+1 3 (1+J1> ( l + j j )
>
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2.4 APPLICATION TO AN OPTIMAL CONTROL PROBLEM

Application of Algorithms 1 and 2 to a basic open 
loop control problem is considered here.

Consider the control constrained linear quadratic 
problem of choosing a control u e Q to minimize

f(u> = | / (<xU(t),KxU(t)>+<u(t),Ru(t)>>dt* JT
for a finite-dimensional linear dynamic system, 

xU(t) = Axu(t)+Bu(t) s xU<ts) = xs

where

Q = { square integrable u : T — ► fic]Rm>

Q is a convex subset of lRm 
K=K'>0 R=R'>0

T=[t0,t1] V V ° °
This problem can be considered as a particular case

2of the problem stated in 2.1. If V f could be shown to be

bounded on a similar way and an approximation fs<u,v) to 
f(v) were available then either algorithm 1 or 2 could be 
used. In fact Mayne, using a strong variation approach, 
finds exact and approximate expressions for
(2.73) Af=f(v)-f(u)
where neither v nor u have to be optimal. An estimate of 
Af is known [43 to be:
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(2.74) Af = ( [H(xU(t),v(t), AU(t),t)-

H(xU(t),u(t), AU(t),t)]dt

where H(x,u,A,t) is the Hamiltonian and AU is the solution
to the usual adjoint differential equation evaluated at
u x .

Now by choosing an appropriate Hilbert Space (in fact 
L2^0'^l^ an induced inner product) the system

response xu can be written:
u s, tt x =x + Wu

where xs is the initial condition contribution and W is 
the input-output map (a convolution operator).

The cost funtion can now be expressed as:

(2.75) f(u) = | <xU ,Xxu>+ | <u,iu>

= !<xS,Xx5>+ <u,W*XxS>+ | <u,[Jl+W*XW)u>

where [Xxu](t) = KxU(t) a.e. t eT
C Jlu](t) = Ru( t) a.e. t eT

X=X*>0 *.-*.*>0

and <u,jlu> = I <u(t),Ru(t)> dt
JT

where u is a function belonging to Q and u(t) is a vector

in lRm belonging to Q .

From (2.75)

v 2f  (u)= 31 +W*X w
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Now since the gradient is known to be given by: 

CVf(u)](t)= H[xu(t),v,Au(t),t]
VI v —U  \ P  /

and the Hamiltonian is defined as:

H[x,u,A,t] = | <x,Kx>+ | <u,Ru>+<A,Ax+Bu>

we get from (2.73) and (2.74) an estimate of f(v) given 
by:

f(u,v) = f<u)+ <Vf(u),(v-u)>+ | <(v-u), & (v-u)> 

and then, for S = &

f<u,v)=fs(u,v) .
For this choice of S, M can be chosen to be:

M= | |V2f (u)-Jl| 1 = 1 |W*CK,W| |
and then the control problem can be viewed as a special 
case of the general problem of 2.1.

In certain particular conditions the approximation

function fS(u,v) can be minimized exactly and then 
Algorithm-1 can be used. This is the case for the 
application example considered by Allwright [3], which 
will be reviewed next. Another example will be considered

later for which exact minimization of fs is not possible.

Example (i) [33

Let n = i u 6 JRm : lu. I <1 >

R= diag{rllf...,rmni» 0
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In this case it is easy to minimize f5(u,v) with 
respect to v e Q as:

f5(u,v) = f(u) + I K L V f (u)3(t),[v<t)-u(t)3>
JT
+ |<[v(t)-u(t)],R[v(t)-u(t)3»dt

and Jv(u)} = argmin < fs<u,v) : veQ } 
i .‘e.

{[v(u)](t)^= argmin-C <[7f(u)3(t),[v-u(t)3>

+|<[v~u(t)3fR[v~u(t)3> ; v(t) e Q >

€Due to the diagonality assumption for R, the problem

of finding [v(u)3(t) e Q c lRm splits into the m simpler 
problems of finding

[v. (u) 3 <t) e argmin i <[^|^U '-3 (t) , [v.-u.(t)3>ui

+ ~ r..[v.-u.(t) 32 : Iv.|<1 >2 h  i l i -
The solution for each value of i involves minimizing 

a quadratic on a line segment. That is easy to do. The 
result is that

[ v * ( u ) 3 <t) if 1v * l <1

A AC v i ( u ) 3 (t) = 1 if V - > 1 1
-1 if V* < -l1

C v * ( u )  3 (t  )»u. I df
(t>- r..CI I 1
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Then [v^(u)](t) can be expressed in closed form as: 

[v. < u) ] (t) = sat { u. (t)- ~ ~ C U* ] < t> >i i rii
so that finally

[v(u)]{t>= sat{ u(t)-R~1[V,f (u) ] (t) >

where sat is defined by

u. 1 if 1u±1< 1 Vi
1 if u. >1l for any i 1

-1 if u. <-l 1 for any i

Eventhough this exact closed form solution has been 
obtained under severe assumptions on R and Q , they happen 
to be of practical interest.

Example (ii)

Let Q = { ue Fm: | |u| I<1 }

R=diag-£r.. , . . . ,r >>0 
a 1 1 9 9 mm

ANow again the problem consists of finding Cv(u)](t) 
so

Cv(u)](t) g argmin-C < [ V f  (u ) 3 (t ) , [ v-d < t ) ] >

+| <[v-u(t) ] ,R[v-u(t) ]> : v(t)Gn>



- 4 9 -

o r  c o n s e q u e n t l y :

[ v ( u ) ] ( t )  e argmin-C < ( [ ? f  ( u )  ]  ( t ) - R u ( t )  ) , v >

+  |  < v , R v >  : I | v I  I < 1  >

A g a i n  t h e  u n c o n s t r a i n e d  s o l u t i o n  w i l l  b e  g i v e n  b y :

C v * ( u ) ] < t ) »  - R - 1 {  C V f ( u ) ] ( t ) - R u ( t )  > 

a n d  t h e n

C v ( u ) ] ( t ) =

C v * ( u ) ] ( t ) i f  I I v * | | < 1

v  w i t h  I I v I  I = 1  i f I I v * H  > 1

a n d

df5(u,v)
d v

A= [7f(u)](t)-Ru(t)+Rv = — a v 
v=v for some a > 0

H e n c e

C v ( u ) ] ( t ) = - C R +  a l ] - 1 < [ V f ( u ) 3 ( t ) - R u ( t )  > f o r  s o m e  a > 0  

s u c h  t h a t :  I I v I I  = 1

T h e  c o n d i t i o n  | | v | | = l  i s  e q u i v a l e n t  t o

(2.76) <g,CR+ <*l]“2g> = 1 
w h e r e  g = [V f(u)](t)-Ru(t)

A s  R i s  d i a g o n a l  ( 2 . 7 6 )  i s  e q u i v a l e n t  t o :

( 2 . 7 7 )

2
= i

i  ( r . . +  a  )  li

w h e r e
„ d f  ( u )  ,  % , v

S i = c - ? ^ “ m ) - r i i  V * >



- 5 0 -

For 1=2 the equation (2.77) is of degree and
eventhough an exact closed form solution is available it's 
complexity is such that an approximate solution is 
preferable in most cases. For i>2 only an approximate

solution a can be found. Then we will get the situation of
(2.17).

REMARK: The assumption on the diagonality of R can be
relaxed since (i) inner products (and hence norms) are
invariant under orthogonal transformations and (ii)*
because R is positive definite, an orthogonal change of 
basis ensuring diagonalization of R is possible.

2.5 MINIMIZING A NORM OVER A CONVEX SET 
GILBERT CONVERGENCE RESULTS

The particular case with the function f(.) having a 
simple and known structure is discussed here. If f(.) is a 
quadratic, some of the results, derived in [3] and in the 
present chapter, will apply if the appropriate 
identifications are made.

Let f(.) be the quadratic
(2.79) f(z) = <z,Qz> 
where Q' = Q > 0

and consider the following identifications:
S=0, N=0, M=2 A [Q]' ' max
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and

f 5 ( 2 ^ r y )  = f ° ( z ^ , y )  55 f  ( z ^  ) + < v f  ( z . . ) , ( y - z ^  ) >

The results of theorem (2.6) are valid for this case 
and for the sequence generated by Algorithm-1 global 
convergence rate information is given by:

v

(a) If [f <z ̂ )-f < z ) ] > 2 y then

(2.80) [f <z ... >-f u n  < y x  [Q3< kflzJ-f(s)] 3+1 max - 2 J

(b) If [f(z.)-f<z)] < Zy A CQ] j max

<2.81) f (z j+1)~f (z)<[f (z^-f (z)Hl- jj— ■ (Zj)-f (z) 3>max

Consider the case Q=I. This corresponds to the 
function f(z) being the usual 2-norm of z:

(2.82) f<z)=<z,Iz>=||z||2
Then the above results (a) (b) will assume the form

(a) If I Iẑ | |2-| Iz| |2 > 2y2, then

(2.83) I|zj+1l|Z-|IzlI2 < y2< |<l |z..| |Z-| Izl |2>

<b) If  ||z ||2- | | z l I 2 < 2k2, then

3+1l l-l |z| |2<< I |zj| |2-| Izl n i l ~ y ~ 2{ I |zj| f-l |z| f)>(2.84)||z
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(2.85) REMARK: (3 has been taken equal to 1 since
minimization of a quadratic on a line segment can be done 
exactly.

Gilbert's Results
Working on the extension by Fancher [5] of an idea by 

Ho [6], Gilbert [7] proved convergence of an iterative 
procedure for computing the minimum of a quadratic form on 
a convex set. The proof is based on a algorithm which is 
essentially algorithm-1 but where the objective function 
is a squared norm as in (2.82) <

The basic problem (B.P.) stated by Gilbert [3] is 
essentially:

(B.P.) Given K, a compact and convex set in En, find a 
point

z e K such that I I z I I min-C } I z I I 2: z e K >

In order to define the iterative procedure to compute 
the solution of (B.P.)r Gilbert introduces the function 
s(.) as a specific contact function of K and defines the 
function (3 ( . ) :

(2.86) (3 (z) =
Iz-s(-z) <z (z-s(-z))>

0

if z-s(-z)^0

if z-s(-z)=0
whose geometric significance is as follows:

x=z+(3 ( z ) (s(-z)-z ) is the point on the line L(z ; s(-z))
with minimum euclidean norm.
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The iterative procedure considered by Gilbert defines 
a sequence of vectors tz^* ’•

(Z,87) zk+l=zk+‘V s(-zk)_zk> k=0,1, . . .
where ẑ  is an arbitrary point in K and the scalars are

selected arbitrarily from the closed interval I(z),
(2.88) I(z) = [mintS/3(z) ,1>, mint < 2-<$)f3 < z ) , 1> ] 
where 0< <$=fixed number < 1

For the case under consideration it can easily be 
shown how similar Gilbert's and Allwright's procedures 
are. In fact let s(-z^) be, as in [7], the solution of:

(2.89) maxt <-z..,y> : y eK >

or equivalently of:
(2.90) mint <z..,y> s y eK }

If it is remembered that for the particular case

under study 7f(z^)= 2z^ and that s(wy)=s(y) for any we ]R*

(a property of the contact function) then s(-z^) can be

said to be the solution of: 
mint <7f(z^),y> : yeK >

or finally of

(2.91) mint f(z^)+<Vf(z^),(y-z^)> = f°(z^,y) : y e K  }
Aand so the equivalence between s(-z.) ill [7] and y(z.) in

D D

[3] is obvious.
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Again in order to emphasize the connections between 
the two approaches, an outline of Gilbert's proof of 
convergence for the algorithm is presented and comparative 
comments made.
Consider the functions F(z) and A(z;a) defined by [7]s

(2.92) r<z> = IIzl|2-l Izl I2 

and
(2.93) Z \ ( z ; a )  = r ( z ) - r ( z + c * [ s ( - z ) - z ]  ) 
where a e I (z)

Now A( z;a) can be expressed as

(2.94) A(z;a)= 2 a [llzl |2-<s(-z) (z>]-<*2| lz-s(-z).l | 2

Because the coefficient of a is not positive,
min-CA(z;ar) :ael (z)> is attained at one of the eijd points of
I(z) .

Also it is readily shown that 
A(z;5f3(z)) = A(z;( 2-£)(3(z)>

Thus from the definition of I(z)
(2.95) A( z; <5 (3 (z ) ) if 5(3(z)<l

mini A(z;a) : ael(z) } =
A(z,l) if 5 (3 ( z ) >1

This result is used by Gilbert to derive a lower 
bound on A(z; a ), ael(z), as follows. From (2.86) it
follows that

A( z ;5  (3 ( z ) ) = I I z - s ( - z ) I I 2 [ <z , ( z - s ( - z )  ) > ] 2 ( 2<5-<$2 )

> y~2S [<z, (z-s(-z) )>]2

(2.96)
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since 28 -8*>& , where y is the diameter of K defined in 
the usual way.

Now, by definition of z)

T( z) = - z

z-zII +2<z,(z-z)>

< 2 | | z - z | | 2 + 2 < z , ( z - z )>

A= 2<z,<z-z)>
< 2<z,(z-s(-z))> by the definition of s(-z)

and then

(2.97) <z,(z-s(-z>> > | T(z)

Using this result in (2.96) yields

(2.98) A(z;3|3(z)) > | Y~ZS r 2(z)

Now consider A(z?1).

If (3(z)>l then, from (2.86), <z, (z-s(-z) ) > > ||z-s(-z) | | 2 

and consequently from (2.94) it follows that

(2.99) A(z;l)= 2<z,(z-s(-z))>-1 Iz-s(-z)I I 2
> <z,(z-s(-z))>

> | f(z) by (2.97)

Using this result and (2.98) in (2.95) yields: 

A(z}a)
<*el(z)

> min{| V 2<$r2(z), | JT(z)>
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and finally by seting z^z^ and using (2.87) it can be seen 

that
(2.100) A<zk(ak > = r<zk>-r<zk+i>

>min{| V~ZS rZ(zk),| r<zk)>>0

This is the lower bound on A derived by Gilbert. 
Clearly the sequence {.Hẑ )}- is decreasing and since it is

bounded from below by zero, has a limit point. Passing to 
the limit on the left side of (2.100) gives zero and 
therefore from the right side F(z^)-^0.

€

Connections between Gilbert's results and Allwriaht's
Now since S expresses the effect of not minimizing 

2exactly llz|| along the line L(z,s(-z)) and*as this can 
be done exactly, take 5=1.

2Suppose that /"(ẑ ) i .

Then r2<zk> 2 2y2 T(zk>

and so | v 2 r 2<zk> * 1 r<zk>
Hence, from (2.100) it follows

r < W  * ! r <*k)

i. e. from (2.92) [1izk+i
? A 2 11 -i izi ri 1 | Cllzkl|2-I a 2 i izi r]

which is exactly the same result as the one, (2.83)
obtained by Allwright under the same assumption. 

Considering now that

n z k > <  2  v 2
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Then | V_ZrZ< V  4 | r<zk>

and from {2.100) it follows that

(2.101) r u k+1> i H z kHi- | r~2 r<zk )}

again the same as (2.84) obtained by Allwright under the 
same assumption.

However by considering the upper bound to the rate 
given by:

ci- \ y~zn zkH  i [i+ 5 v-2r(zk>]-1

Gilbert presents a convergence result in closed form:
€

THEOREM [7] -Let 0k= 0Q(1+ | y“20ok)_1, I IZQI I2-| IzI I 2

and assume that llz l|2< llzl|2+2y2.

Then for the sequence generated by the algorithm

the following inequalities hold for k>0:
/_ ~ '

I lzk l I i\/0k+l Izl I

I lzk~zl I
It is now clear that for the particular case under 

consideration both procedures, i.e. Gilbert's [7] and 
Allwright's [33, have similar features and the convergence 
results, eventhough obtained using different approaches, 
are the same. However Allwright's results apply to a 
larger class of problems (i.e. for objective functions 
which are more general convex functions).
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C H A P T E R  3

I N N E R  A P P R O X I M A T I O N  A L G O R I T H M S

3 . 1  M E T H O D S  I N V O L V I N G  A P P R O X I M A T I O N  

O F  T H E  F E A S I B L E  S E T

C o n s i d e r  t h e  c o n s t r a i n e d  o p t i m i z a t i o n  p r o b l e m : '

(3. 1 )  m i n  I f ( z )  : z e Q  >

S u p p o s e  t h a t  Q, b e l o n g  t o  s o m e  o v e r a l l  s e t .  I n

m a n y  m e t h o d s  f o r  c o n s t r a i n e d  o p t i m i z a t i o n ,  t h e  f e a s i b l e  

s e t  Q is a p p r o x i m a t e d  b y  a s e q u e n c e  o f  s e t s  a n d  t h e

f o l l o w i n g  s e q u e n c e  o f  p r o b l e m s  i s  s o l v e d

(3. 2 )  m i n  { f ( z )  : z e Q  > n = 0 ,1,.. .n

U n d e r  c e r t a i n  a s s u m p t i o n s  o n  f (.), Q  a n d  t h e  s e q u e n c e  

Q ^ ,  p r o b l e m s  ( 3 . 1 )  a n d  ( 3 . 2 )  a r e  e q u i v a l e n t  i n  t h e  s e n s e

t h a t  t h e  l i m i t  o f  t h e  s e q u e n c e  o f  m i n i m a l  v a l u e s  f o r  (3. 2 )  

is t h e  m i n i m a l  v a l u e  f o r  ( 3 . 1 ) .  I n  d e t a i l :
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(3. 3 )  T H E O R E M  [1]

Let/ Q b e  a n y  s e t  in B a n a c h  s p a c e  E a n d  l e t  f ( z )  b e  a

GO
f u n c t i o n a l  s a t i s f y i n c r  a L i p s c h i t z  c o n d i t i o n  o n  U. Q a n dn — 1 n

b o u n d e d  f r o m  b e l o w  o n  Q in t h a t

( 3 . 4 )  in f  f ( z )  =  f *  > - c o  
z e Q

S u p p o s e  ::n m i n i m i z e s  f a p p r o x i m a t e l y  o n  in  t h a t

( 3 . 5 )  f ( x n ) < i n f  f ( x )  + £
= xeQ n

w h e r e l i m  6 nn-*-oo
= 0

a n d  w h e r e Q  a n d  Q n h a v e  t h e  p r o p e r t i e s  t h a t

( 3 . 6 ) l i m  i n f ! 1 x - y 1 1 = 0  x e Q
n.-*-oo y e Q n

( 3 . 7 ) l i m  i n f  
n-^co x e Q

0
 

ii1w

( 3 . 8 ) t h e n l i m  f ( x n ) =  f ^  .
n-^oo

( 3 . 9 )  R E M A R K S ; ( i ) ( 3 . 5 )  m e a n s  t h a t  b y  t a k i n g  n b i g  e n o u g h

o n e  c a n  g e t  a r b i t r a r i l y  n e a r  a n y  x e Q  w i t h  a y i n  Q q .

(ii) (3. 7 )  m e a n s  t h a t  b y  t a k i n g  n b i g  e n o u g h  o n e  c a n

g e t  a r b i t r a r i l y  n e a r  x ne Q  w i t h  a n  x f r o m , Q .n

( i i i )  If t h e  a p p r o x i m a t i o n  s e t s  a r e  " o u t e r  s e t s "

( i . e .  Q  o Q  V n  ) t h e n  3 . 6  is o b v i o u s l y  s a t i s f i e d .  If t h e
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appro a imati on sets are "inner" (Q^cQ Vn) then (3.7) is 

satisfied automatically.
(iv) the set sequence can be chosen in advance (as

in  t h e  R i t z  m e t h o d )  o r  t h e  n e x t  Q  c a n  b e  d e t e r m i n e d  f r o mn
t h e  r e s u l t s  o f  p r e v i o u s  p r o b l e m s  (as in t h e  c u t  - o f f  

m e t h o d s ).

T h e  s e t  a p p r o x i m a t i o n  a p p r o a c h  c o n s i s t s  e s s e n t i a l l y  

o f  a r e s t a t e m e n t  o f  a  g i v e n  p r o b l e m  i n  a n  a l t e r n a t i v e  f o r m  

t h a t  i s  e q u i v a l e n t  b u t  h o p e f u l l y  m o r e  a m e n a b l e  t o  

s o l u t i o n .  A s s o c i a t e d  w i t h  t h i s  t y p e  o f  a p p r o a c h  t h e r e  a r e  

u s u a l l y  s o m e  s p e c i f i c  a i m s  l i k e :

(i) T o  i s o l a t e  f a m i l i a r  s p e c i a l  s t r u c t u r e s  e m b e d d e d  in a 

g i v e n  p r o b l e m .

(ii) T o  i n d u c e  l i n e a r i t y  i n  a n o n - l i n e a r  p r o b l e m  v i a  

j u d i c i o u s  a p p r o x i m a t i o n .

( i i i )  T o  i n d u c e  s e p a r a t i o n .

A m o n g s t  t h e  m o s t  p o p u l a r  d e v i c e s  u s e d  in p u r s u i t  of 

t h e s e  o b j e c t i v e s  a r e  D u a l i z a t i o n ,  P r o j e c t i o n  a n d  I n n e r  

( o u t e r )  L i n e a r i z a t i o n .  T h e  l a s t  t w o  a r e  p a r t i c u l a r  c a s e s  

o f  s e t  a p p r o x i m a t i o n  m e t h o d s .  I n n e r  l i n e a r i z a t i o n  w i l l  b e  

t h e  m a i n  s u b j e c t  o f  i n t e r e s t  in  t h e  f o l l o w i n g .
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3 . 2  I N N E R  L I N E A R I Z A T I O N

R o c k a f e l l a r  [2] d i s t i n g u i s h e s  b e t w e e n  t w o  

r e p r e s e n t a t i o n s  o f  a c l o s e d  c o n v e x  s e t  Q, w h i c h  a r e  d u a l  

t o  e a c h  o t h e r .  Q  is s a i d  t o  b e  e x t e r n a l l y  ( o u t e r l y )  

r e p r e s e n t e d  if it is d e f i n e d  a s  t h e  i n t e r s e c t i o n  o f  a l l  

h a l f - s p a c e s  t h a t  c o n t a i n  Q. Q  is s a i d  t o  b e  i n t e r n a l l y  

( i n n e r l y )  r e p r e s e n t e d  if i t  is d e f i n e d  a s  t h e  u n i o n  o f  a l l  

d - d i m e n s i o n a l  s i m p l i c e s  w h o s e  v e r t i c e s  b e l o n g  t o  Q, w h e r e  

d = d i m  Q. '

F o r  c o n v e x  f u n c t i o n s ,  e q u i v a l e n t  r e p r e s e n t a t i o n s

e x i s t  s i n c e  c o n v e x  f u n c t i o n s  o n  IRn  c a n  b e  i d e n t i f i e d  w i t h

c e r t a i n  c o n v e x  s e t s  o f  R  ( t h e i r  e p i g r a p h s ) .  A  f u n c t i o n  

a p p r o x i m a t i o n  w i l l  b e  " i n n e r "  ( " o u t e r " )  if t h e  e p i g r a p h  o f  

t h e  a p p r o x i m a t i o n  f u n c t i o n  l i e s  e n t i r e l y  w i t h i n  ( o u t s i d e )  

t h e  e p i g r a p h  o f  t h e  a p p r o x i m a t e d  f u n c t i o n .

A  c o n v e x  s e t  Q  is s a i d  t o  h a v e  b e e n  l i n e a r i z e d  if t h e  

a p p r o x i m a t i n g  s e t  is a c o n v e x  p o l y t o p e  a n d  a c o n v e x  

f u n c t i o n  f i s  s a i d  t o  b e  l i n e a r i z e d  if t h e  e p i g r a p h  o f  t h e  

a p p r o x i m a t i n g  f u n c t i o n  is a c o n v e x  p o l y t o p e .  I f  t h e  c o n v e x  

p o l y t o p e  is  d e f i n e d  a s  t h e  c o n v e x  h u l l  o f  a f i n i t e  s e t  o f  

p o i n t s  ( c a l l e d  a b a s e )  b e l o n g i n g  t o  Q  (o r  e p i  f) ,  t h e n  t h e  

s e t  Q  ( t h e  f u n c t i o n  f) is s a i d  t o  b e  " i n n e r "  l i n e a r i z e d .  

I n n e r  l i n e a r i z a t i o n  is t h e n  a n  a p p r o x i m a t i o n  t o  c o n v e x

f u n c t i o n s  a n d  s e t s  w h i c h  is c o n s e r v a t i v e  i n  t h e  s e n s e  t h a t
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it d o e s  n o t  u n d e r e s t i m a t e  t h e  v a l u e  o f  a c o n v e x  f u n c t i o n  

o r  i n c l u d e  a n y  p o i n t s  o u t s i d e  t h e  a p p r o x i m a t e d  c o n v e x  s e t .

T h e  a c c u r a c y  o f  t h e  a p p r o x i m a t i o n  c a n  b e  m a d e  a s  

g r e a t  a s  d e s i r e d  b y  m a k i n g  t h e  d e n s i t y  o f  t h e  b a s e  

s u f f i c i e n t l y  l a r g e .  H o w e v e r  f r o m  t h e o r e m  ( 3 . 3 )  it is  k n o w n  

t h a t  t h e  a p p r o x i m a t i n g  s e t s  o n l y  h a v e  t o  b e  a c c u r a t e  i n  a 

n e i g h b o u r h o o d  o f  t h e  o p t i m u m ,  t h i s  s u g g e s t s  t h e

d e s i r a b i l i t y  o f  a p r o c e d u r e  t o  g e n e r a t e  b a s e  p o i n t s  a s  

a c t u a l l y  n e e d e d  in t h e  c o u r s e  o f  c o m p u t a t i o n a l l y  s o l v i n g  

t h e  i n n e r  l i n e a r i z e d  p r o b l e m .
€

3 . 3  A  F E A S I B L E  D I R E C T I O N  T Y P E  O F  A L G O R I T H M  V E R S U S  

A N  S E T - A P P R Q X I M A T I Q N  T Y P E  O F  A L G O R I T H M

C o n s i d e r  t h e  c o n c e p t u a l  a l g o r i t h m  t h a t  r e s u l t s  f r o m  

u s i n g  t h e  i t e r a t i v e  m e t h o d  p r e s e n t e d  i n  s e c t i o n  2 . 2 . 1 .  t o  

s o l v e  p r o b l e m  (P), w h e n  t h e  o p t i m a l  s t e p l e n g t h  is u s e d  

a l o n g  e a c h  s e a r c h  d i r e c t i o n .  T h i s  c o n c e p t u a l  a l g o r i t h m  c a n  

b e  g i v e n  a  d i f f e r e n t  i n t e r p r e t a t i o n  w i t h  e n p h a s i s  o n  i t s  

d e c o m p o s a b l e  n a t u r e  -  P o l a k  h a s  a l r e a d y  p o i n t e d  o u t  t h e  

d e c o m p o s a b l e  n a t u r e  o f  m e t h o d s  o f  f e a s i b l e  d i r e c t i o n s  

s i n c e  t h e y  e f f e c t i v e l y  r e p l a c e  t h e  o r i g i n a l  p r o b l e m  b y  a  

s e q u e n c e  o f  s i m p l e r  p r o b l e m s  [3] pp. 1 7 3 .

I n  f a c t  t h e  a l g o r i t h m  s o l v e s  (P) b y  d e c o m p o s i n g  i t  

i n t o  t w o  c o m p l e m e n t a r y  p r o b l e m s  w h i c h  a r e  s o l v e d  

a l t e r n a t e l y  t h r o u g h  s u c e s s i v e  r o u n d s .  T h e s e  t w o
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s u b p r o b l e m s  a s s o c i a t e d  w i t h  a l g o r i t h m - 1  w i l l  b e  d e n o t e d  

(P ) a n d  (P_) a n d  a t  i t e r a t i o n  j a r e  d e f i n e d  b y  :
1 w

A—  (P„ ) Find y(z.) such that1 D

A s
( 3 . 1 0 )  y(z..)e a r g m i n  { f ( z ^ , y )  : y e Q  } 

w h e r e

( 3 . 1 1 )  f s ( z . , y ) = f ( z . ) + < 7 f ( z  ) , ( y - z . ) > +  | < ( y - z  ) , S (y - z  .)>D j j J £ j j

—  (P^) F i n d  s u c h  t h a t

( 3 . 1 2 )  z ^ +1 e a r g m i n  i f ( z )  s z e Q . + 1  > 

w h e r e

( 3 . 1 3 )  Q j + 1 =  c o n v  * U -Cy (z..) > > .

( 3 . 1 4 )  R E M A R K S : ( i )  T h e r e  e x i s t s  a c o n c e p t u a l  c o n n e c t i o n

b e t w e e n  (P^) a n d  f ° r  (P^) t h e  f e a s i b l e  s e t

i s  k e p t  e x a c t l y  a s  d e f i n e d  f o r  (P) b u t  t h e  o b j e c t i v e  

f u n c t i o n  i s  r e p l a c e d  b y  a  q u a d r a t i c  ( o r  l i n e a r )  o u t e r  

a p p r o x i m a t i o n .  F o r  (P^) ° ^ ^ e c t>ive f u n c t i o n  is e x a c t l y

t h e  s a m e  a s  in (P) b u t  t h e  f e a s i b l e  s e t  i s  n o w  a l i n e a r  

i n n e r  a p p r o x i m a t i o n  t o  t h e  o r i g i n a l  f e a s i b l e  s e t .

(ii) ( P J  c a n  b e  v i e w e d  a s  a p a r t i a l  v e r s i o n  o f  (P),

i . e . ,  t h e  o r i g i n a l  p r o b l e m  s o l v e d  o v e r  a  l i n e a r i z e d

v e r s i o n  o f  Q.



- 6 5 -

(iii) is an "inner-approximation" (since Q is

convex and both solutions to (P̂ ) and (?£> are feasible)

and is defined to be the convex hull of the union of the 
last solution to an<* latest solution to (P^).

In the light of this new interpretation, the 
conceptual algorithm of Section 2.2.1 can now be restated 
as follows:

Aloorithm-la

Initialization: let zqg Q, Qq= *z0>, 

set j=0.

(i) Solve (P^), thereby finding y(z^). If solution is

optimal for (P), STOP, otherwise CONTINUE.
(ii) Define the next "inner" approximation Q ,

Q^+1= conv-C iz j > U <y (z .) > }.

(iii) Solve ^y finding a z^^ minimizes f on

Q3+l-
(iv) Set j=j+l and GO TO (i) .

(3.15) REMARK: It is now obvious that the iterative 
procedure of 2.2.1. is a member of a class of set 
approximation methods.
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3.4 A NATURAL EXPANSION

Eventhough (P̂ ) and ^2^ are Pr°blems which are
simpler to solve than (P) - because the feasible set in 
(?2> has a linear structure and the objective function in

(P̂ ) has a quadratic {or linear) structure - solving. (P̂ )

remains computationally expensive (even in simple cases

e.g. fs<.,.) linear and Q stricly convex). The number of 
times (P^) has to be solved depends on how mucfti cost

reduction the solution of ^ 2  ̂ 9^ves‘ Intuitively this
will tend to become larger if is a better approximation

to Q.
Consider then replacing Q.. (as defined previously) by

S. (a convex subset of Q) such that 
D

(3.16) Q.cS.cQ

Obviously this will imply 
S Q,

(3.17) U z . J) i f(z.J) 

where
S.

(3.18) 7. P  e argmin-C f(z) : ze S.. >

Q.ẑ  e argmin-C f(z) : z e > .(3.19)



-67-

3.4.1 Generating an Inner Approximation 5 .̂

In <3.13) the inner approximation is defined as 

the convex hull of the last solution to (P2) an<̂ 

latest point generated by (P̂ ):

Q^= conv-C -Cz > U iy < zj_^ > * *

where iz . , > is a singleton subset of Q. - .j-l 3 J-l

A natural way of generating an S.. satisfying (3.16) 

is to set

S.= conv-C Sj_1 U ■Cy(ẑ _1)>> , SQ^ QQ

where z^_^ e argmin -C f(z) : ze *

In fact, if Zq= z ,̂ implying

< V  = Qo= s 0g {z0>'
then s

Q^- conv { -Cz0> U-Cy < zQ) > >= conv-C izQ> U -Cy < z^) > >= S1 

Q2- conv -C -Cẑ l U'CyCz^)} > C conv-C U ,Cy(z1)> > - S2 •
Carrying further this argument, on a step by step 

basis, it is obvious that
S.DQ. 

3 ~  3
V j .

An extended version of the conceptual algorithm-la
can now be stated:
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Alqorithm-lb

aInitialization: let z^eQ r Sq=-CZq >,

set j=0

(i) Solve (P̂ ) by minimizing fs(z^,y) with respect to

y e Q. If the solution is optimal for (P), STOP 
otherwise CONTINUE.

(ii) Define an "inner” approximation S..^

S.,. = conv -C S. U £y (z .) > > • 2+1 D 1 D

(iii) Solve (P^) ^y finding a z..^ wbich minimizes f on 

Sj+1 *

(iv) Set j=j+l and GO TO (i) .

(3.20) REMARKS:

(i) In algorithm-la, dim Aff[Q^]=l for all j. In

algorithm-lb, dim Aff[S^] can increase to n.

<ii) In algorithm lb it is not necessary to store the 
convex hull but merely the base points.
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(iii) From remark (i), it can be seen that with algorithm 
la the maximum number of base points to be stored at 
each iteraction is two,while with algorithm-lb it 
can be j.

(iv) Remark (iii) reveals the desirability of a method 
(based on some kind of redundancy) which allows the 
dropping of points which are not needed for the 
solution (i.e. a method for base reduction).

3.4.2 A First Method '

From theorem (3.3), the approximating sets only have 
to be a good approximation to Q in a neighbourhood of the 
optimum. The idea is then, before starting iterating on 
(P2)/ to assess which subset of the original set Q is

worthwhile approximating.
Let z. be the last available solution to (P ), i.e.

D «
ẑ  e argmin-C f ( z) z € S. > 

D

where S.= conv b(S.) 
3 3

and

a z . satisfying:
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A necessary condition for a certain z to be a
candidate for z..„ is:3+1

<Vf(z^),(z-z ̂ )> i 0 .

This means that the candidates for zj+i are

elements of the subset B^c Q defined by:

B { zeQ : <Vf(z ),(z-z^)> < 0 > .

Only this set is worthwhile approximating.
One possible criterion is to keep from the previous 

inner approximation only those points belonging to B^,

yielding the set F.. defined by:

F.= S . n B .  ={ zeS. : <Vf (z .) , (z-z . )> < 0 >3 3 3 3  3 3

or

F . = <zeS .:<Vf(z .),(z-z . >>=0> U(zeS .:<Vf(z .),(z-z . )><0>. 3 3 3 '  3 3 3 ' 3

However since z. is the exact solution of:3

min-C f (z) : zeS.. >

the set { z € S. : <Vf(z .),(z-z .)> < 0 > is empty and3 3 3

hence:

(3.21) F. = { zeS. : <Vf ( z .) , ( z-z .) > = 0 > - F .3 3 3 ' 3 3

the set F^, denoted the "optimal face" of S..,together with

the latest solution to (P̂ ) ” which certainly belongs to

B. - defines the next inner approximation S ., „ :3 3 + 1
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AS ., = conv { F. u {y(z.)> > .D + l  3 3

It will be shown next that the vertices of F^ are

those of S. which are in B ..
3 3

(3.22) LEMMA s Let S..= conv b(S..) where b ' S.. ) = i y 1, . . . ,ym> . 

Then F^= conv b(F..) where

(3.22a) b (F .
3
)={ yeb(S^) : <Vf(z^),(y-z^/> = 0 > .

Proof: Since S .= conveyw ...,y >, any xeS. can be written 
3 J 1 J m 3

as x = A-Y-+...+ A y where 0 < A. < 1 ' 
1 J1 mJm = i =

and Ai+. ..+ A = 1. m
Hence, by the definition of F., if xeF. then3 3

x= A^+.-.t Amym

and <Vf(z .),(x-z .)> = 0 
3 3

But x-z .= A (y -z .) + ...+ A (y -z.) and so
3 1 1  j m m  j

(3.23) 0 = < Vf(z.),(x-z.)>

= Ax< 7f(zj),(y1-z.)>+. . .+ Am< ^f (zj), (ym-zj)> .

Since z. minimizes f on S . and y ,...,y e S .J J ® ^
<vf (ẑ .), <yi“zj)> l o Vi .

So, from (3.23) if for any i
<Vf(Zj),(yi-2^)> > 0

then A.=0, VxeF..Hence every xeF. can be written as 2 A.y.i  J  3  1 1

where Vi,ZA^=l and A^sQ when <Vf ( z^ ) , (y ̂-z.) > > 0 .
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Consequently c conv b(F^).

Now from (3.21) and (3.22a) it is easy to see that
b(F.)cF. and since F . is a convex set conv b(F.)cF.<

3 3 3 3 3

Hence Fy = conv b ( Fj) , !*£•
F..= conv ■£ yeb(S^) : <Ff(z^),(y-z^)> = 0 >

and the base for F,. is then obtained by rejecting all the

elements of the base of S. that do not satisfy:
3

< v f  ( z . ) ,  (y-z..)> = o
t

This will be called a base reduction.
€

By incorporating this base reduction philosophy in
therealgorithm-lb a  results the conceptual algorithm-lc: 

Alaorithm-lc
Initialization: Let Q , Fq=-£Zq> , Sq=-Czq>

b<FQ> ={zQ> , b(S0) = -CzQ} , j=0 .

i) Solve (P1)

If solution is optimal for (P) STOP, otherwise 
CONTINUE.

(ii) Define b(Sj+1>={ b(Fj) Uiy(zj)} }

and S...= conv ■£ b(S.,« ) } . j+1 7+1
(iii) Solve <P2> .

(iv) Find b(F^+1> by base reduction .

<v) Set j*j+l and GO TO (i) .
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3.4.3 Convergence Results

Due to the initial step of algorithm-lc and to the 
way in which F^ is constructed

z . G F . Vj > 0
D J

and so for each j :

S .,. - conv{ F.u iy (z - > > 2 cont -Cz.>U{y(z.)}} = Q-,-,* 
7 + 1  j  7 7 7 7 + 1

These facts imply that the conceptual algorithm-lc
will perform in the worst case as well as conceptual
algorithm -la and that it will hopefully perform better
than algorithm - la in some cases. This means that the
convergence rates obtained by AHwright [4] and' in Chapter
2 of this thesis will apply with (3=1 ((3=1 because only the
case when subproblem (P^ ) is solved exactly has been

considered so far).

3.4.4 A Second Method

The first storage reduction method described 
previously is very much based on the assumption that it is 
possible to solve exactly subproblem (P^). When this is

not so, the way in which the "optimal" face is defined may 
leads us to drop points which are important or to keep in 
points which are irrelevant. To drop points which are 
important will lead to wrong results or to non
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converging sequences while keeping in irrelevant points 
may lead to the storage of an unnecessarily large number 
of points.

In method one it was shown that points itisfying at

same procedure cannot be used.
In the present situation, two sorts of problems 

should be considered: (i) How to avoid removing important
points (ii) How to avoid keeping irrelevant points. 
Consider problem (i).

It will be shown that, at least in certain cases, 
sufficient conditions can be established to ensure that 
important points are not rejected.

<3.24) THEOREM: Let f(x) be a convex function with

iteration j the condition < V f (z^),<p-z^)> > 0 could be

removed where z. was the exact solution of <P_). However

if what is known is z , as an approximation to z^, the

nl < V2f(x > < M.I n > 0

Suppose that z is an approximation to the unknown z .

which minimizes f on S..
D

Then <(p-Zj), 7f(Zj)> > 0 , and p can be discarded
\«rom b (Sj) 
if <<p-z),V f (z)> > 0 and

<3.25) M z ;*<»>>
3 Milp-z||
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Proof: If

then

< <(P-2), V f (z)> 
MI|p-z||

J I I p - z I  I

so

I |7f(zj)-7f(z)! | < Ml Iz^“ZI |

implies

I IV f (z . >-7f(z >I I < <<P~Z> <z>>
3 I I p - z I  I

and then

< ( p - z ) , 7 f ( z > >  > l l p - z l l  I W f ( z . ) - V f ( z ) | |  

or

(3.24a) <(p—z)r V f (z)> > -<(p-z),[Vf(zj)-Vf(z)]> -

Now since < (z-z..) , Vf (z.) > > 0  ( as ẑ  minimizes f on S^)

(3.24a) yields

< < p - z ) , V f ( z ) >  +  < ( z - z . . ) , V f ( z j )> > — < (p — z ) f C V f (z ̂ )— V f (z )3>

i.e.<(p-z) ,Vf (z)> + <(p-z) ,[Vf (zj)-7f (z) ]> + <(^-Zj) ,Pf (zj)> > 0

i.e. < (p-z) , Vf (Zj ) > + < (z-z . ) ,Vf (Zj ) > > 0.

Hence
< (p-z^ ) , Vf ( ẑ  ) > > 0 and p can be discarded from b(Sj).

Q.E.D.
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3.5 MINIMIZING A NORM OVER A CONVEX SET

Consider again the case where the objective function

and consider minimizing f{z) over Q where Q is a convex

(the solution would be trivial in that case).
In the light of the approach considered in this

€

chapter, the problem of minimizing f(z) over Q will be 
replaced by a sequence of simpler problems to be solved 
alternately. They are defined by:

is

f(z)=!I z I |22

and compact subset of lRn which does not include the origin

where f°(z,y)=f(z) + < v f(z),(y-z)>
A 0 (let y(z) denote a global minimizer of f (z,y) with

respect to y e Q ) ,

m m f (z)

where is a inner linearised version of Q (a polytope)

defined as the convex hull of a finite number of points.
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Aloorithm-2a 
Initiali zation Let z_ e Q 0

Set j=0 and *

(i) Solve (P̂ ) over Q, i.e. determine a global minimizer
Ay(Zj) for the problem

m m  f ( z ., y) . yeQ J

*  *(ii) Set Q  ., = conv-C Q  .U-Cy (z .) >> .
7+1 7 7

(iii) Solve (P_) over i.e. find a z . , . which
Z 7+1 7+1

minimizes f(z) over •

(iv) Set 7 =7+1  and go to (i) .

Algorithm-2a here may involve the storage of a large 
number of points since at each of its iterations a new 
point generated at (i) will be added by (ii) to the inner 
approximation.

In order to help reduce the number of points to be 
stored Q ^  could be updated by replacing it by its closest

face CF. where CF. is defined as the intersection between 
7 7

and the support hyperplane tangent'to Q . at ẑ  and 

with outward normal z^/llz^ll ( see figure 3.1 ).
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figure 3.1

3.5.1. Finding the closest face CF .̂

As was mentioned previously, if z^ is the exact 

solution of (P2 )/ finding the closest face is easy as it 

only requires the removal from Q ^  of all points p 

satisfying
<Vf(Zj),(p-Zj)> > 0 .

The remaining points will satisfy 
< V f ( z j ) ,(p~zj) > = 0

and their convex hull will define the closest face.
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However the exact solution z .
3 of (P2  ̂ maY no^

available and an estimate z. must then be used instead.
3

In that case a different method for finding the 
closest face is needed, and will be developed next.

Let Iz1j> be a sequence in £3̂  of approximations to z . 

which converges to z ̂ .

Introduce the sets and defined as follows

(3.26) S1 ^
3

where

(3.27) i

z||^ < llz^ll^and <z,z^> > <ŷ ,ẑ !>} 
3 3  =  3 3

in -C < y , z \ >  : y e Q ^  >

figure 3.2
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and

<3.28) B 1. ={zeRn: 
D

11z-z^1I2 i  21 Iẑ l 12-2<z^ »yj> - rz(B ̂ ) >

where is a 
J

closed sphere centered in and whose

radius r(B^) goes to zero when z \  converges to ẑ .

figure 3.3

(3.29) LEMMA: (i) z .€B‘

(ii) Z . * S \
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Proof:

(i) 11zj“zj112= 1 1V 2+l \ z l.\ I2 - 2 <z^,z .> 3 ' 3

< 21il z ̂ 11 | 2 - 2 < z ^ ,z .> 3 3 since 11z^11\2 i  1 1 Zj i 1 2

£ 21 ! |.2 „ , i iv I - 2<z^,y since, from 0.27) ,

< y ̂ , z *. > < < z, z ̂ > V z e  Q  . • 
1D r D — 9 3 3

So, from (3.28): z^eB^

(ii) llz^ll2 £  llz^ll2 by definition of z... 

Also

< z ^ , z \ >  2 <yj f zj> by (3.27) and so, by (3.26) z . eS^
Q.E.D.

(3.30) REMARKS: (i) The result just proved for z .  extends

to any ẑ  with k 2 i+1 .

(ii) When z1.— ► z. obviously z-z^— ^0 and — ► I z  .> ,j D J 3 7

(3.31) THEOREM: Suppose Q^= conv{p^,...,p^}

If p g •Cp1, . . . ,pr> and

<b,p> > <b,pk> , k=l,...,r

for all b eB!, then p does not belong to the closest face,

CF., of Q .  and can be eliminated.
3 3
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Proof: By Lemma (3.29) z ̂ e and hence if p maximizes

(over all p^) the function <b,p^> for all b eB^ then 

<zjfp> > <zj;pk> \/P^ P-
Since z. is the closest point to 0 in Q .  and since 

D J

each p. € Q  .* 1  j

<z^,pi> 2 || z j  II2.

Hence
*

< z .  ,p> > I I z .  I I 2= f <Z j ) .

Since the closest face, CF^, is defined by

C F i z e Q ^  : <z,Zj> = I I z^ 1 I 2 >,

we see that p £ CF. #
*  D

Q.E.D.

(3.32) THEOREM: Suppose

a.(z^) = <z^,p> - max_ <z*:,p. > > 0 
j j j _ j «■pk^p

Then <z,p> - max_ <z,p.> > 0
Pi*P 1

. - C t A  z \ ) 'for all zeS = i z : llz-z^lK — -------2-------- = r (z*)>,
I IpI I+ max_ I |pk| | 5 J

PktP
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Proof; Suppose 
i -<z.,p>- max <z ., p. >= O C A  z . 
3 „ . r  J it 3 D

>>0 .
V  p

Consider now a perturbation 8 z  from z1.. Then

< { z \  + 5z),p>- max_ < ( z*+5z ) , p, >
v k *  P

> < z * , p >  +  < 5 z , p >  - m a x _  < z * , p , >  -  m a x  _  < 5 z , p . >  
3 _  / _  3  K _  l _ itV  p pk4 p

= O C ^ { z \ ) + <§z,p> - max_ <5z,pk>
V  p

> a . < >- i i 5z11 11pi - I | 5 z | | max_ | I p |
pk* p

and hence if I 16zI I - I Iz-ẑ j <VV
IpI I+ max_||p

Pk* 5
i.e. if z e S, then

<z,p> - max <z,p> >0 
P+P

Q.E.D

(3.33) REMARK: S is an open sphere centered at z \  whose

radius converges to

r  ( z  . )  = -s J I pi I + max I I p.
£ 0 as z . — z . .

3 3
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A procedure can now be considered to test the
vertices of Q .3

(i) Iterate until

<z^,p> > <z*,p> Vp£p .

( i i > Evaluate the radius r^B2!) of B1.
3 D

(iii) Evaluate the radius r (z.) of Ss j

If r(B1!) < r (z3!) and since z . e B* it will imply 3 s' j J D  * 1

z .e S and then 3

<z.rp> - max <z.,p> > 0
3 p*p 3

i.e . <z.,p> > max <z.,p> > llz.
3 p*p 3 " 3

and then p can be discarded.
id d

If rs<z^)< r(B^) either p is not discaijple or

/o n  t /fu rther

iteration\ has to proceed/\ before discardability of p is 
revealed.

Incorporating this procedure into algorithm-2a it 
results algorithm-2b :
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Alqorithm-2b
Initialization ; Let zQe Q , set j=0 and D 0 = {z0>=CFQ

(i) Solve (P̂ ) over Q

A 0y(z^) g argmm < f (z^,y) : yeQ > .

(ii) Set Oj+1= conv -CCF.. U iy ( ẑ  ) >}

<
(iii) Solve (P̂ ) over

zj+1 € arg min { f(z) : zef2..+1 }

(iv) Find CF .3+1

(v) Set j=j+l and go to (i)

(3.33a) REMARK: It should be emphasized that even if an 
upper limit on the number of points to be stored is fixed, 
the algorithm must work at least as well as the Allwright 
- feasible direction algorithm when function evaluations
are expensive.
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3.5 - APPLICATION TO A NON-CLASSICAL 
OPTIMAL CONTROL PROBLEM

3.5.1 - A Linear Quadratic Problem
Consider the linear time invariant system described 

by the model

x(t)=Ax<t)+Bu<t) : x (0)=Xq

y(t)= C x{t)

where x(t)e]Rn, y(t)elRr and A is assymptotically stable,
€

with the additional constraint on the control

u(t)= F y(t) where u(t) € Rm.
Let J be the quadratic cost defined by:

J= f Cx'(t)Q x (t) + u<t)'R u<t)> dt 
with Q=Q' > 0 R=R'>0

The closed-loop system is described by the model 

x(t)= [A+BFC] x(t) : x(0)=xQ

so
x<t)=exp[A+BFC]t . x̂

The cost can now be written as:

<3.34) J[x0,F]=x' (0) [f eCA+BFC:i '^CQ+C'F'RFCDe^^^dtlx <0)
■'o

<3.35) - x '(0) K(F) x < 0)
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where K<F>= ( e[A+BFC]'̂ Q + C 'F 'RFC3eCA+BFC]fedt 
Jo

satisfies the Lyapunov equation:
[A+BFC]'K(F)+K(F>[A+BFC]= -Q-C'F'RFC .

(3.36) REMARK: The expression (3.35) above emphasizes the 
dependence of J on both F and x(0) .

3.6.2 - The Levine Athans Approach

Obviously, for any particular x ,̂ one could attempt
€

to find an F which minimizes J[Xq ,F], but an F which is

good for many initial conditions is really needed. Levine 
and Athans [5] took the view that the expected-value of J 
should be minimized, assuming that the initial state x(0) 
is a random variable distributed on the surface
of the n-dimensional ,unit sphere, i.e. assuming that 

E{xq>=0 E{x (0)x '(0))= XQ > 0 .

The expected cost is then given by:
E{J>=E-Cx/(0)K(F)x (0)> = trace[K(F>XQ]

this approach however only guarantees that

trace [k < F*)Xq] £  trace [k (0)Xq] ,

where F* denotes an F which minimizes trace [k (F)Xq]and 

K(0)Xq is for the open loop (F=0) case.
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It doesn't guarantee that

J*= x'K(F*)x0 < xQK(0) y.Q  , \ / x Q

*3̂Ci.e. doesn't guarantee that the closed loop cost for F 
will not be greater than the open loop cost (for F=0) for 
some initial conditions.

3.6.3 - Allwriaht's Dominant Output Feedback Approach[6]

(3.37) DEFINITION:
€

F is said to dominate F iff K(F) < K(F) 

where K(F) < K(F) denotes

x'K(F)x £ x'K(F)x Vxe R n 

with x#K(F)x < x'K(F)x for some x

The approach considered involves generating a 
sequence CF^l the property that

K<Fk) < K(Fk-1> k= 1,2,...

The limit F* of the sequence IF^} (if it exists) will

then satisfy

xoK(F )xo * x6K(Fo )xo Vx

i.e. the optimal feedback F* dominates the initial 
feedback (usually Fq=0, for the open-loop system) .
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( 3 . 3 8 )  R E M A R K : O b v i o u s l y  if

x ' o  K ( F » : o i  x ' o  K ( F o , x o V:

then trace K(F )(trace K(F), but the converse is not true

This has relevance to the expected cost when Xg=I.

To generate the solution, Allwright applies a 
steepest descent type of algorithm which at each iteration 
determines a search direction by solving a subsidiary 
problem (SP) with non-differentiable convex cost and non 
convex constraint set:

(SP) m m
jueB,

k
i C X M H 3 
m a x  * 1

where = ■£ » | | ju | j =1 >

nx nH. = Hie F andl l

A [D] denotes the most positive eigenvalue of

D=D‘.
Allwright has shown that in certain conditions the 

solution of (SP) reduces to the solution of a simpler 
problem (SP^) where the cost is convex and the constraint

set is convex and compact:
(SP^) min I |z| i ̂  with 0 ? QzeQ
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The constraint set Q is defined by Q = conv{g(Bn)} where 

g(z)=[<z,H^z>, <z ,Ĥ z>]T e R̂ .

Hence it seems that Q cannot be expressed in terms of a set of 

equalities and/or inequalities and so conventional algorithms are not 

applicable.

Also, for this particular set Q it turns out that a global minimizer 

for min{<z,g> : q e Q} is relatively easy to find and is given by 

q = Q[v] were v is a normalized eigenvector associated with the largest 

eigenvalue of E ẑ Ĥ ..

These facts about Q suggest the use of the algorithm of Y.C. Ho [7] 

as presented by Gilbert [8], for solving (SP).

Since each iteration of the Ho-Gilbert algorithm involves some 

expensive computations, it would be useful to apply a potentially 

improved algorithm - such as algorithm-2b. This is one area in which 

the work of this Chapter might be useful.
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CHAPTER 4
PROPERTIES OF SOME ALGORITHMS 

WHICH FIND SEARCH DIRECTIONS BY MINIMIZING UPPER BOUNDS 
AND FUNCTIONS DERIVED FROM THEM

4.1 - INTRODUCTION
In order to determine search directions, it seems 

necessary to have a local approximation to the cost v. The 
Allwright algorithms depend on a local approximation which 
is everywhere lower than v <i.e. one which we nray think of 
as an outer approximation). Unless v has an especially 
nice structure, finding such a lower bound will be hard 
(or impractical). However, finding an upper-bound (i.e. 
which we may think of as an inner approximation) is much 
easier.

This can be clarified by considering the simple case 
of a quadratic v:

(4.1) v(x)=a+<b,x>+|<x,Cx> s C'= C > 0 .

To obtain a non-linear lower-bound for v seems to 
require knowledge of .A  ̂ CC] or a lower-bound for it -

which are relatively hard to find. However,an upper-bound
for v can be found relatively easily. For example,an upper
bound for A [C] is the Frobenius norm max
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<4.2) IICIlF=< I I Cij>1/Z
i j

which is easy to evaluate.
As another example, consider again the optimal 

constrained problem introduced in Chapter 2.

<4.4) Let e = J l + ‘U)*X‘W  CR.̂ 3)
with the usual optimal control interpretations of jl, ID and
JC.

Then we could define'll by 

<4.5) "IL = &  + || I IJ > e
This SJL could be a good approximation to C and is easy to 
invert as

( cUT1z) (t) = [ R + ||W*KW||I ]"1z(t) Vt .
This fact alone justifies considering methods to find 

search directions other than the ones based on the 
existence of a lower bound for the second order derivative 
matrix.

In Section 4.2, the use of upper bounds for choosing 
search directions for unconstrained problems is

2considered, when v v(x) has the following properties:

(4.6) al <y2v(x) < bl , Vx e H with a>0

and also

(4.7) V2v(x) < U , Vx e H yielding

(4.7a) al < u”1/2 V2v (x ) U_1/2< (31 , Vx e H

for suitable 0 < a < (3 .
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Then in Sections 4.3 and onward, constrained problems 
are considered and search directions found by optimizing 
various local approximations to v(x).

4.2 - AN ALGORITHM TO SOLVE AN UNCONSTRAINED PROBLEM
Consider minimizing v(x) on a Hilbert-Space H, where 

v(x) is a general twice continuously differentiable 
strictly convex function satisfying (4.6) and (4.7), using 
a search direction obtained by minimization of a local 
approximation to v defined by:

(4.8) vU( x ,y )=sv( x ) +<W( x ) , (y-x ) >+ | < (y-x ) ,U(y-x ) >

with U > 0
(4.9) Algorithm: The algorithm is described by*

x € H o
where

(4.10) h.=y*(x.)-x. is the search direction , with
J 1 D D '

(4.11)

Choose P>1 and <$£(0,1).
Increase p, from 0, in unit steps until

Then increase q, from 0, in unit steps until

and set A. = <5̂ ^  . 
D
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The following theorem gives convergence rate
information:

<4.14)THEOREM:
For the sequence generated by algorithm (4.9):

( 4 . 1 5 )  C v ( x j + 1 ) - v ( x * ) ]  i  [ v ( x . ) - v ( x * ) ] { l - 8  2 }  

where a and (3 are as in (4.7a) and

(4.16) <x > * argmin i v(x) : x eH > .

Proofs The Taylor formula for second order expansions 
gives:

v(x .+Ah .)=v(x.)+A<vv(x,),h.>+A2 ( (1-t)<h.,v^v(x .+th .)h.>dt .3 j D j 3 Jq j J j j

Since U - U > 0, U has a symmetric self-adjoint

square root U* 2̂ and
(4.17) v(x .+Ah . )=v(x . )+A<Vv(x.),h .>7 7 7 j ' 7

+ A2 f(1-t)<U1/2hj,U_1/2V2v(xj+th.)U"1/2U1/2hj>dt
'o

i v(x .) + A<w(x .) ,h .>+ |AZ/3<h .,Uh .> by (4.7a). 

Now from (4.8), (4.10) and (4.11) it follows that

(4.18) h - U “17v(xj) 

and so (4.17) becomes:

(4.19) v(x.+Ah.) < v(x.)-<vv(x.)fu“‘1W(x.)>CA- |a2(3]=*0(A).7 j 84 J 7 7 Z
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f i g u r e  4 . 1

Choosing A according to Armijo scheme we get X^S(^) ,

where 1/(3 is the unconstrained minimizer of 0(A).
So

(4.20)v(x^+1)■ v(x^+A^h^)

4 v(x3>+ | Ai<7v(x3>,hs>

(4.20a) £ v(x3>- ^  <W(Xj) ,U_1vv(x .)> [from (4.18)]

and since A^ > 5 (1/(3).
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Now r use of the Taylor formula for second order 
expansion about x^, yields:

v(x)=v(Xj)+<Vv(x^),(x-x^)>

+|(1-t) < (x-x.. ) , V2v(x^+t[x-x.j] ) (x-x >dt 
Jo

>v{x.)+<7v(x.),(x-x.)>+|a<(x-x.),U(x-x .)> xeH 
— D J J £ J J

by (4.7a) .
Then

v(x*)= min-C v(x) : xeH >

> min-£v( x . )+<Vv(x .) , (x-x .) >+i<*< (x-x .) ,U(x-x .) >#: x e H> 
=  J D J *  J j

= v(x.)- =V<Vv(x .> ,U_1W(x .)>J C l U - J J

and hence

(4.21) <Vv(x^),U 17v(x^)> 2 Za[v(x.)-v(x*)] .

Nowfuse of (4.21) in (4.20a) yields
fir* "hv(x ) < v(x.>- -g- [v(x.)-v(x )3 

and consequently

(4.22) Cv(xj+1)-v(x*)3 < [v(ij)-v(x*)](l- 4jj>

Q. E. D.
(4.23) REMARKi(i) If U is chosen to be a scalar multiple of 
I, say U-MI , then algorithm (4.9) becomes a steepest 
descent algorithm. Then a and (3 of (4.7a) can be taken to 
be a and b of (4.6), and typically b >> a.
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(ii) If x is the 

steepest descent version of 

(4.23a) [v(x ,+1>-v(x*)] <

sequence associated with the 

algorithm (4.9) then:

[v(x-)-v(x*)Kl-^|> .

(4.24) REMARK : If an U ^ MI can be found easily and such 
2that U- 7 v(x) is small, then a and (3 of (4.7a) will be 

approximately 1.
Hencef(4.22) becomes

€

(4.24a) [v(Xj+1)-v(x*)3 £ [v(x^)-v<x*)]II- S }.

Since, typically, (1- s g ) > ( 1- S ), this means

that algorithm (4.9) with U ? MI may be preferable to 
steepest descent in some cases.

4.3 - A CONSTRAINED PROBLEM
Consider now the problem

(4.25) mini v(x) : xeQ >
where v(x) is the quadratic defined in (4.1) and Q is a

compact convex subset of 1R , with diameter y .
(4.26) Algorithm: The algorithm is described by:

x ...*x ,+A.h . 3+1 j 3 3 X 6 Q o
where A_. e argmini v(x,.+Ah..) : Ae[0,l]}

h . is the search direction » 3
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The main objective of this chapter is to study 
properties of algorithm (4.26) when the search direction 
h^ is found by optimizing different local approximations

to v(x).

4.4 - DEFINITION OF h.. BY MINIMIZATION 

OF AN UPPER APPROXIMATION TO v(x)

Suppose U#ss U > C*C' > 0
€

h5=y<x3>-xj 
A U(4.27) <y(Xj)>= argmin-C v (x..,y) s yeQ >

where

(4.27a) vU(x^,y)± v(x^)+<vv(x^),(y-x^)>

+|<(y-xj),U(y-x;.)> .

<4.28)THEOREM;
A  AFor h^»y(x^.)-x^ and y(x^) defined as in (4.27) , 

algorithm (4.26) has the following convergence properties:

(a) If v(x.)-v(x) > y2 A [U] then3 — ' max

(4.29) v(x^+1)-v(x) < |[v(x . )-v(x)]

(b) I f  v (x j )— v (x ) < y2 A m a x  CU ] t h e n

AA A 4 Cv(x . )-v(x)]v (x ., * ) — v (x ) <[v(x ,)-v(x)311- -= -=— --------
3 + 1  3 2 y 2 X [ U]max

(4.30) }
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Proofs Now

v(x)=v(x.)+<^v{x.),(x-x .)>+ I <(x-x.),C(x-x . )>J J 3 " J 3

so
A av(x) > v(x^)+ <7v(x^),(x-Xj)> and hence

(4.31) 0 2 v(x)-v(x^) 2 <Vv{x.),(x-x^)>.

Also

V<xj+1> i vU(x.,y(x.)>

< miniv^(x̂ .+ar(x-x̂  )) s <*€[0,1]>
€

(4.31a) = min-Cv( x . )+<*<7v( x .), (x-x .) >
3 3 3

+5 a2<<x-x .) ,U<x-x .)>: <xe[0,l]> .« J J
^  U  A +Let> a e argmin-Cv (x ̂+<*( x-x ̂ )) : «e]R >.

Then from (4.27)

. <Vv(x .),(x-x.)>
(4.32) * ------*--2----3T-2--- ‘<(x-x^),U(x-xj)>

Now a is either <1 or 2*■
*■ n A(i) If oc >i the a e [0,1] that minimizes v [x..+<*(x-x^) ]

Ais «=1, so from (4.31a)

(4.33) v(x j+1 )iv(x^) + <Vv(x^) <x-x..)>+| <(x-x^> fU(x-Xj)>
1 A  ^<v(x.)+r(Vv(x.)(x-x .)> from (4.32),since a >1 

s  3 *  3 3

£  V ( X ^ > -  |  [ v ( X  2 ) - v ( X ) ] by (4.31)
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a n d  h e n c e

( 4 . 3 3 a )  v * x j + l ) “ V ( x ) <  2 ^ v ( x ^ ) - v ( x ) ]  .

i i >  I f  <* <1  t h e n  t h e  a  e [ 0 , l ]  w h i c h  m i n i m i z e s

M A  A ^
v  [ x  j + e * ( x - x  j )  ]  i s  oc =ar a n d  c o n s e q u e n t l y

- <Vv(x .) (x - x .)> 
( 4 . 3 4 )  v ( x j + 1 ) <  v ( x j ) -  |  — 7------2 ----------- 7 T —

< ( x - x j ) f U ( x - x  ^ ) >
f r o m  ( 4 . 3 1 a )

- [v(x . )-v(x)32 
< v(xj)- | ■7 - - -— -----

I I x - x  . I i  A [ U ]  
j  m a x

f r o m  ( 4 . 3 1 )

i v(xj>_ 2 “ 2
1 C v ( x ^ ) - v ( x ) ]

V  A [ U ]  
m a x

a n d  h e n c e

A
^ [ v ( X  , ) - V ( x ) ]

( 4 . 3 4 a )  v ( x . . , ) - v ( x )  < [ v ( x j - v ( x ) ] { l -  4  — 5— ^------------------>
3 K2 A„.C03

I t  w i l l  n o w  b e  s h o w n  t h a t  i f

v ( x ^ ) - v ( x )  £  y Z  A m a x C U ]  t h e n  a *  > 1 .

N o w ,  s i n c e  y  i s  t h e  d i a m e t e r  o f  Q

( 4 . 3 5 )  v ( x ^ ) - v ( x )  £  y Z  A m a x C U ]  £  < ( x - x ^ ) , U (  x - x . . ) > .

A l s o  v ( x ) *  v ( x . )  +  < V v ( x . ) , ( x - x . ) > +  |  < ( x - x  . ) , C ( x - x  . ) >
J  J  J 6  J J

S O

( 4 . 3 6 )  v ( x ^ ) - v ( x ) =  -  <Vv(Xj), ( x - x ^ ) > - |  < ( x - x ^ ) , C ( x - x ^ )> 

H e n c e ,  f r o m  ( 4 . 3 5 )

<Vv(x^),(x-x^)> -  ^<(x—x^) ,  C ( x-x. . )  > > <(x-x^) ,U(x-x^)>
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Rearranging gives

-<Vv( x .) , ( x-x .) > > < (x-x .) ,U(x-x .) >+i< < x-x .) ,C( x-x'.) > > 0 
D D ~  D J &  j  J  ~

Therefore, from (4.32), a >1* Since a >1, (4.33a) is 
valid and (4.29) holds.

Next, if

(4.37) v (x .) —v(x ) < y2 Anax CU3

then a* is either <1 or 21

If a* <1 then (4.34a), and hence (4.30), holds

If or* >1 then from (4.33)

v(xj+l) 1 v(Xj) 1
2 Cv(Xj)-v(x)3

i v(Xj) 1 Cv(x..) A 2 -v(x)3*
2 r2 a cujmax

then (4.30) holds as well. Hence

whether <**>1 or <1

by (4.37) 

(4.30) is valid

Q.E.D.

(4.38) REMARKS: (i) The convergence rate information 
given by theorem (4.28) is similar to that obtained by 
Allwright [1] when using a lower approximation to v(x) 
i.e. an L<C instead of an U>C. This meaning that in all 
cases where to obtain U is easier than to obtain L 
algorithm (4.26) is preferable .
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<ii) Theorem (4.28) does not claim convergence of
Av<Xj) — ► v(x) . However,the proof is much the same as 

in [3] (Section 1.3.3).

4.5 - DEFINITION OF h; BY MINIMIZATION OF A LOWER

BOUND v (x) TO v(x) CONSTRUCTED FROM AN UPPER-BOUND

Suppose U and L are known with U 2 C > L; > 0. Then

U=C+E for some E > 0. Suppose also that an F is known such
*

that F > E. Lf U, F, are all self-adjoint.

<4.39) Let vL(x,y) » v°<x,y)+ | <<y-x), L (y-x)>

where v°(x,y)=v(x)+< Vv(x)<y-x)> is a lower first order 
approximation to v<y).

Now let

(4.40) v(xry)=vU(x,y>- | <(y-x),F(y-x)> 

and consider

(4.41) v(y)-vL<x,y)= | <(y-x),[C-L](y-x)> 

and

(4.42) v(y)-v(x,y)= | <(y-x),[C-U+F](y-x)>

then v(x,y) will be a better approximation to v(y) than 
vL(x,y) if

[C-U+F3 < [C-L]
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or equivalently if
(4.43) U > F+L
which will hold if, for example
(4.44) A . CU3 > I I FI I + | |L| | .m m  —

Now convergence rate information for algorithm (4.26)
Awhen y(x^) is defined by:

A *(4.45) y(x^) e argmin-t v(x^,y) s yeQ > 

is given by the following theorems

(4.46) THEOREM: For h^ytx^-x^ and y(x^) defined as

in (4.45), algorithm (4.26) generates a sequence x^ 

satisfying

v<xj+l>-v<x) < [v(x^)-v(x)3<
Xmax
■̂ min

CF3
CU3 >

Proofs Let

v(x .,y)^v(x .) + <7v(x .),(y-x .)> + | <(y-x .)[U-F3(y-x .)>
J  J  J  J  *• J  J

A  _iy(x^)>= argmin* v(x..,y) : y e Q  >

then

^v(x^,y)
J y A . .,(x-y(x.)>> > 0  V x e Q  y=y(x^)' 1 d *

i . e.

<CVv(xj)+(U-F)(y(xj)-xj)3,(x-y(xj))> > 0  VxeQ
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thisAso for x=x . and h.«y(x.)-x. A yields:
7 7 7 7

(4.47) <W(xj),hj> < -<hj,[U-F]hj> .

Now

(4.48) v (x . +A h . ) = v (x .) + A <Vv(x.),h.>+ \ A2<h.,Ch.>
7 7 7 7 7 *• 7 7

(4.43) £ v(x.)+A <W(xj),hj>+ | A2<hj(Uh3>

(4.50) £ v(x.)-A <h,,CU-F]h.>+ |AZ<h.,Uh.>

by (4.47).
ASo the A which minimizes the right hand side of (4.50)

€ 
m0and the A which minimizes the right hand side of' (4.49) 

are given by

(4.51) A=

(4.52)

<hj,[U-F]hj>
~ < h y V h . >

< 1

A= - <Vv(x .),h .>
<hTTuhTT2- i  * bX <4'W

7 r 7

« A »Since A > A, the right hand side of (4.49) at A will

be less than or equal to its value at A.
Hence, from (4.49)

<h .,[U-F]h .>
(4.53) v (x .,, ) < v(x )+■ — ^ -nr— . <7v(x.),h.>7+1 - 3 <h^,uh^> 7 7

[<h ,[U-F3h > r
+ 2 <hj,Uhj>i <h.,Uh . > 

7 1 7

<h ,[U-F]h >
^v(xj)+^ 7D^ -C<7v(xj),hj>+|<hj,CU-F]hj>3
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*

On the other hand

(4.54) v(y) > v(x^,y) Vx.,ye Q .

So, by minimizing each side of (4.54) with respect to y
A _  A

v(x) 2 v(xj,y(x^))

= v(x.)+ <7v(x.),h.>+ \ <h ., [U-F]h . >
j j  j  &  j  j

and then

(4.55) v(x)-v(x.) 2 <Vv(x .) ,h-> + 5 <h.,CU-F3h,> .

By using (4.55) in (4.53)
<h .,[U-F]h.>

v(xj+1) i v(x3) ----Uh >J " Cv(x.)-v(x)] .

A  A  <h ,[U-F]h >i.e. v(x.,1)-v(x) < [v(x . )-v(x) 3-C1- — yr--rrr—j+1 <hj,Uh.j>

Now
<h.,[U-F3h.> <h -, Fh . > A CF3_2 I___ 2  s i —  2—- 2— > l —   __<h . ,Uh .> <h . ,Uh .> * A . [U3D' D Dr D minL

and so finally

Cv(xj+l)“v(x>] « Cv(xj)-v(x)3< A
A [F3 max y
m m CU3

Q. E. D.

(4.56) REMARK: If F is such that l|F|| is small,then
Aconvergence to v(x) will be fast.
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4.6 - DEFINITION OF h.. BY MINIMIZATION

OF A LOWER BOUND yaU<x,v) FOR v(x).

Suppose an U > C is available. It will be shown that 
under certain assumptions it is possible to find an 

ac e (0,1) such that aU < C.
Let U = C+E. Then U > E, since C > 0, and

consequently I IUI I > I IE| I.
Now consider a such that 

<4.57) orU<C i.e. aU < U-E
€

Now since U-E > U-||E||I,

(4.57) will hold if 
<4.58) aU < U-| |E| 11

i.e. if
<4.59) (l-a)U > I|E|II

But <4.59) will hold if

For E small enough a can be positive, i.e. for U 
near C , oc e (0,1) .

Suppose now that aU < C for some <*'€<0,1) and let

<l-a)A. CU] > IIEII m m  —
i.e. if

14.60)

<4.62)
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Then convergence rate information is given by the 
following theorem:

(4.63) THEOREM: For <*€(0,1) giving <*U < C , hj=y(xj)-xj
Aand y(Xj) defined as in (4.62), algorithm (4.26) generates 

a sequence x ,̂ satisfying

[v(xj+i)-v(x>] £ (l-<*) [v(x^)-v(x) ] .

Proof: By definition of y(x^) in (4.62)

< [ 7 v ( x . . ) +  < * U ( y ( X j ) - x ^ ) ] , h j >

= <
a <*U . v dv (x.j,y)

d l y=y(xj)
, (x..-y(x̂ ) )> > 0

and so
(4.64) <W(xj),hj> < - <*<hj,Uhj>

a UAlso v(y) £ v~w(x^,y) Vy e Q

since aU<C and consequently, by minimizing each side with

respect to y
aUv(x) £ v (x̂ ,y(x..) )

v(x^)+ <Vv(x:.),hj> + 2 a <h j •

Hence

v(x)-v(x^) £ <W(x^),h..> + 2 «<h^,Uh^>(4.65)
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Now

<4.66) v(x.+ Ah.) = v(x.) + A<7v(x.),h.> + \ &  <h
3 3 3 3 3 2

(4.67) 1 v(x.) + A <Vv (x .) ,h .> + | AZ<h.

(4.68) ^ v(x .)-Aa<hi(Uh3>+ |A2<hj(Uh3 

Since <*e (0,1) and since Â  minimizes v(x^+Ah

respect to A e [0,13
v(x.,J|)= v(x.+A.h.) < v (x .+ or h .) .

J + l  3 3 3 =  3 3

Hence, from (4.66-68)

V<Xj+l) = v(x.)+a<Vv<x.),h.> + | <*2<ĥ ,Uh..>

*  v ( x ^ ) +  a  [ < 7 v ( x ^ )  , h ^ >  +  | a r < h ^ , U h ^ > ]

i v(x^)+ a[v(x)-v(Xj)] by (4.65)

and hence:

C v < x j + 1 > - v ( x > 3  < ( l - < * )  [ v ( x . .  ) - v ( x  ) 3

j'Ch 5 >

f Uh .> 
r 3

► = 0(A). 

.) with

Q.E.D.
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4.7-SOME PROPERTIES OF AN ALGORITHM WHICH FINDS BY

MINIMIZATION OF AN UPPER APPROXIMATION v°(x.v) to v(v) 

Consider now U > C > 0 and

vU(x.,y) = v(x.) + <Vv(x .),(y-x.)>+| < (y-x .) ,U(y-x .) > 
j  j  j  j & j j

* U•Cyi<x^)>= argmin { v (x^,y) s yeQ >

(4.69) hj= y1(xj)-xj 

Then
1 ,2v(x.+ A h . )  < v  ( x .) +  A < V v ( x  .) ,h .> +  % A*<h .,Uh .>

D  =

a -<Fv(x ),h > A— J j<hj/Uhj > > 1

So Aj=l and v<x.+i) £ v(x.) +  ̂ <?v(x^),h^>

In order to find a convergence rate, one needs to

obtain a lower bound for v<x). To find such a lower bound

from v^(x,y) a new approach is considered.
ot ULet v (x,y) be as defined in (4.61) where a is 

chosen so aU < C and let
A cx\J _(4.70) y (x.)e argmin -tv (x.y) : y e Q >
a  j  9  D

(4.71) y*(x^) e argmin i vaU(x^,y) s yelRn>

(4.72) y= yx < x .) + ( ) U_1 fv(«.)

y*(x^)= x.- U \v( x^ )g argmin -C vU(x^,y) s y e R n>.(4.73)
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Figure 4.2 shows the cost contours for and va  ̂
together with the vectors defined above. The cost contours 
for v were not drawn in order to make the picture more 
clear

~ 7

/

figure 4.2
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Si nee c*U < C

v(y) 2 v"U(x.,y) Vy € Q

and
orU(4.74) v(x) = min v(y) £ min v (x.,y)

yeQ yeQ

a\JConsider now v (x^,y), regarded as

v ^ x ^ C y ^ x ^  + ty-y^U^H)

Since y^(x^) is the unconstrained global minimizer of 

va^(x^,y) with respect to y

V  ( X j , y ) =  V  u 3,ya <*3>>+ 2 lly-ya (*j>llaU .

«UThe cost contours for v (x^,y) are' obviously 

centered on y (x.) - as shown in figure 4.2 .
a J

From (4.74) and (4.71)
A  -,11 JL \ 7(4.75) v(x) l min ivau(x . ,ya (x )) + \ Ily-y <x.)I I

yeQ J J J

= v“u(xj,y*(*3>) + | llya (*j)-y*<x3)llfu .
In order to express this lower bound in useful terms,

i.e. in terms of h . .a number of Lemmas and a theorem will
D

be stated and proved.
(4.76) LEMMA

0 & <[y1(xj)-y*(xj)],U[y1(xj)-y*(xj)3 >

< < ̂ 7v ( X j )  , ( y ^ ( X j )  ~y ̂  ( x j  ) ) >
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Proof, s N o w

(4.77) <[y1(xj)-y*(xj)]fUC?1(xj)-y*(xj)]>

as<C<y1 (x^ ) - x ^ ) - ( y * < x ^  J - x ^ ) ] ,  U [  ( y 1 ( x j ) - x j ) - ( y * ( x j ) - x j ) ]> 

®<(y1 ( x ^ ) - x j ) , U ( y 1 ( x ^ - x j ) > - 2 < ( y 1 ( x ^ ) - x  . ) , U (y*( x ^ ) - x j )> 

+ < ( y * ( x j ) - x :j) , U ( y * ( x j ) - x j )> .

AOn the other hand, by the definition of y^x^)

<V„ vU(x.ry)| A ,(y-y, <*.,>>> > 0 Vy € Q
y 3 ly^iOtj) 3

€

and so, for y=x^

< [Vv( x . . )  + ( x ^ ) - x  j> 3 r ( x ^ - y 1 ( x ^ ) ) >  > 0 .

Hence

(4.78) <Cy1(xj)-xj],Ui;y1(x j)-xj3> i -<Vv( x ), (^ (x ̂ )-x.) > . 

Use of (4.78) in (4.77) yields

<Cy1(x;.)-y*(x^) 3 ,U[y1(x^)-y*(xj) ]>

< -  < V v ( x ^ ) , (Yx ( x ^ ) - x ^ ) > -  2 < ( y 1 ( x ^ ) - x ^ ) , U ( y * ( x ^ ) - x ^ ) >  

+ < ( y * ( X j ) “ X ^ ) , U ( y * ( x ^ ) - x ^ ) >

* - <\7v(Xj), (y^(Xj)"“X^)> + 2 < w ( x .), (y1(x^)-x:})>

+ <7v(x^),U *Vv(x^)>

■ <7v(x^),[y1(x^)-x^+U 1vv(x^)3>

■ < V v ( x  ̂ ), [y^x j)-y*(Xj) 3> Q. E. D.



- 1 1 5 -

The next Lemma states that the a factor moves the

center y (x.) further from y.(x.).
a  j J- J

(4.79) LEMMA

1 lyl<X;S>_yl<X;SH ]aV ^ 1 lyl<X3)_y*<Xj)l !aU •

Proof:

Clearly <x j >“Y* { x j >= (yl<x j)”yl(x 5) )+(yi(x j>“Y*<x )

Now y*(x^)= xj-U”17v(x^)

so

Hence:

y*(x.) = x - - U 17v(x.)
* a  J 3 a  D

yl(xj)“ya(xj)= (y1<Xj)“"yl<Xj> )+ (̂ T )U lvv<xj> •

1 , y l < x j )- y a ( x j >l ‘f u 521 1 !« U

* I ly1(xj)-y*<xj) | + 2(l-a)<w(xj),[y1(xj)-yJ(xj)3>

+ ll(^) U“17v(xj)||2u

> I lY1<xj>“-y*<x 1 + 2(l-a)<W(x:.),Cy1(xj)-y*(xj)]>

> I I y ^ ( x ^ ) - y * ( x j ) l b y  L e m m a  ( 4 . 7 6 )  a n d  t h e  f a c t  t h a t

at <1.
Q. E. D.
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The facts that the cost contours for and have
Athe same shape,and that y^(x^) is located relatively to

’ft wto the center ŷ (x..) in same position as y relatively

to y* r explain the following result.

(4.80) LEMMA 
UVv (x .jf Y > I|y«y1(x

1 „ a \ J . . .
= a V v  < v y) - ly"Y

Proof:
all -

V v  ( x . , y ) |  _ =  7 v ( x . ) +  a r U ( y - x . )
3  Iy=y J  J

=  V v  ( x . . )  +  a U C  ( y 1 ( x ^ ) - x ^ ) +  ( “ ~ ) U  ^ v t x ^ ) ]

= Vv<Xj)+ aU(y1(x^)-x^) + (a-l)Vv(x^)

= < * V v ( x . . )  +  < * U [ y 1 ( x ^ ) - x . . ]

= a  [Vv(x^)+UCy1(x^)-x^33

=  a  V v U ( x  , y ) 1 A

3 ly*Y1<xj)
Q.E.D.

(4.81) LEMMA

< V v < x , > , U _ 1  r v U ( x  . , y > I  *  > 1 0

3 ly*y1<*3)
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Proof: Now

VvU(x.,y)| „ =Vv<x.)+U<y <x.>-x.)
3 ly=y1<xj) 3

SO

<Vv(x .) ,u“1W U(x . ,y) 1 * >=<Vv(x.),U 1V7v(x.)>
3 3 ly=y1 ( xj ) 3

+<w(x M y 1<Xj)“*j)>

=<Fv(x^),[U 17v(x^ (x.. )-x^]>

=< 7v(x.),<y.(x.)-y?(x.))> > 0 by (4.73) and Lemma (4.76).

Q. E. D.

(4.82) LEMMA
<VvU(x.,y)| (y-y) >=*<[W(x .)+aU(y-x .) 3 , (y-y)> 1 0  Vy e Q

3 I y=y

Proof : Since y-y = (y~y^j))+ ( ~ “) U 17v(x^),and by

Lemma (4.80),we have bhab

<VvU(x.,y)| ,(y-y)>= * <?vU(x ,y>| A ,(y-y)>
3 ly=y l y ^ U ^ )

*a<[Vv(x^)+ U(y1(x^)-x^)],(y-y)>

»«<[Vv(xj)+ U(y1(xj)-xj)3rC(y-y1(x:}))+ (~^)U~17v(x j) 3>

= <*<[W(x..) + ^(y^ (x j )~x^ ) 3 , (y-y^ (x ̂ >) >

+ (l-c*)<Vv(x..) ,U~17v(x^ )>+(!-«) <Vv(x^ ), (y1 (x̂ . )-x^>
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£ (1-cr) < W ( x  . )  ,U \ v  ( x .) >+( 1-ar) <Vv ( x  ̂) , (y^ < x^ ) - x ^  ) >

= ( 1 - a )  < V v ( x ^ ) , U  ^ [ V v ( X j ) + U < y ^ ( X j ) - X j ) ] >

= (l-a)<7v(i.),uV(i.,y)| * > > 0 by Lemma (4.81).
3 3 lyssy1 <xj )

Q.E.D.

(4.83) LEMMA

" r - r * < V " a u i  1 lyl<Xj)_yl( V ' * U  Vy€<3

Proof:

1i y - Y * < x j ) l i*u= 11<y-?>+<iHr£<*j>>i i*y

= iiy-yiiau+2 a<(y-y)»u(y-y*(x3>)> + 11y—y*<*3)1i * v

= I ly-y I lfu+2a<(y-y) ,U(y-x:-+ | U 1 V v ( x . ) ) >  + lly-y*ll^u

= I 1 y—y I I ^ u+ 2 a < ( y - y ) f CV7v(x5 ) + a U ( y - x ^ ) 3 >  + I I Y~y*  I I

= lly“yllf„+ 2 a < v v u (x .,y)j _,<y-y)> + lly-y*!!^
!y=y

> N y y * ! ! ^  by Lemma <4*82)

It remains to be shown that

" ^ " a l T  1 l y l <Xj ) - y * i <X3> l l aU
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N ow

1 ' y - y * " a u =l  1 > - ( * . -  K W 3 j ) i

= 1 ly1(xj)+U_1W ( x j>- iu_1W ( x j)-x;j+ jU-1Vv(x..) I l ŷ 

= 1 ly1(xj>-x j+U-1W ( x j) I I

= 1 1 y i (x j ) - y *  < x ^ ) 1 1 q . e . d . .

( 4 . 8 4 ) T H E O R E M : F o r  h . .  a s  d e f i n e d  i n  ( 4 . 6 9 )  a n d  a  s u c h  t h a t  

alKC,

v < x ) - v ( x  . ) 2< * < V v ( x  . )  , h  , > + | a < h  . , U h 3 > + | < a - | ) < V v ( x ^ ) , U _ 1U v ( x 3 >>
t

P r o o f : F r o m  ( 4 . 7 5 )

vU> l  v a U ( x j , y * ( x j ) ) + h  ly (x . >-y*(x .)I |
2  a J a j

2
a  U

A
a n d  u s e  o f  t h e  r e s u l t  o f  L e m m a  ( 4 . 8 3 )  w i t h  y = y  ( x . )  y i e l d s

J a  j

* ,̂11 J. i  ̂ 4r ?
v ( x )  > V  ( x . . ^  ( x . . ) )  +  |  I l y 1 ( x j ) - y 1 ( x j ) 1

■  v ( x . ) ~  ~  < 7 v ( x j ) , U ‘ V v ( x . ) > +  I 1 , y l ( x j ) _ y l ( x 1 ! a U

=  V ( X . ) -  I ;  < W ( X . ) , U - 1 V V ( X ; J) > +  | l i ; i ( « s ) - « j l l f u

+  a<(y1 ( X  . ) - x  . )  , V v ( x  . ) > +  \  &  < V v  ( x . )  , U  V v ( x . ) >
A  J  J J “  J  J

*  v ( x . ) +  h  <*<h . , U h  . > +  a  < w ( x  . )  , h  . >
D ^ D D J  J

+  |  < « -  | ) <  V v < x . ) , U _1 V v < x . . > >

i. e.

(4.85) v(x)-v(x.) > a < v v ( x . ) , h  .>+ -  a < h  . , U h  .>
D "" j j L 3 j

+  | <“ -  |)<VV(x . )  ,U_1rv(x . ) >  Q . E . D .
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U ANow since £ v

it follows that

(4.86) v(x^+1)-v(x) £ vU(x..,y(x̂ ) )-v(x) .

In order to find a convergence rate, one would seek a 
0 e [0,1] such that.

(4.87) vU(x^,y(Xj))-v(x) £ 0 [v(x^)-v(x)] .

However, as the bound (4.85) is non-sharp (i.e. when
Axj — ► x the bound doesn't go to zero ) there is not such a

A  €
0 near x. The alternative is then to see if such a0 
exists when one is a long way from the optimum.

4.7.1 - Rate of Convergence far from the Optimum 
Now

(4.88) vU(x. ,y(x.))-v(x) = [v(x . )-v(x)]+<?v(x ),h ->+|<h . ,Uh .>
j  j  j  j  j  &  J  j

>From theorem (4.84) it follows that:

<4.89)<Vv(x •),hj>+ | <h;j,UhJ> £ |[vU)-v<xj> ]
Z_.

- = ( 2- = i X V v ( x  .) ,U v v ( x  , )>  
* 3 3

and since

(4.90) vU(x.,yA(x.))”V(x.)a - | <Vv(x.),U 1Vv(x.)>
J j j  "  J J

(4.89) becomes:

(4.91) <vv(xj),hj>+|<hj,Uhj> £ | Cv(x)-v(xj)3

+ ( — [ v ( x  . ) - v U (x . , y  (x  . ) )  ] .
or 3  3 3
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Now,using (4.91) in (4.88), yields

(4.92) v(x.,y(x .))-v(x) < [v(x . )-v(x)]+ \ [v(x)-v(x .)3J J “ J U J

1 - a2 V *
+ ( -—5— ) [ v ( x . ) - v ( x . , y ( x .)3  .

j  j  j

AIt can, however, be argued that if llx^-xll is big 

(i.e. away from the optimum) then

(4.93) vU(xj(y*<x .)> 1 v(x) 

and hence:

(4.94) v(x.. )-vU(x^,y*(x^)) < v(x^)-v(x) .
t

Then,(4.94) together with (4.92) and (4.86), -give

(4.95) v(x..1)-v(x) £ [-« - -3Cv(x ,)-v(x) ]
3 t 1 — q  £• a  j

where 0 > 0 since -~
a *

and 0 < 1 for <* > -

>

1
2

1
a

+

0 Cv(xj)-v(x)] 

for ct < 1 

^  = 0.618 .

The significance is that if there is an <* > 0.618 for 
which aU < C then, under assumption (4.93), the algorithm 
will satisfy (4.95).

(4.96) REMARK: 
strong results, 
not be sharp,

It has not been possible to obtain very 
because the bound of (4.85) turns out to 
but neverthless some - new information

regarding the behaviour of the algorithm has been found.
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4 . 8  -  C O M M E N T S  O N  B O U N D S  F O R  T H E  E I G E N V A L U E S  O F  

P O S I T I V E  D E F I N I T E  M A T R I C E S  C=C.'

I n  t h e  I n t r o d u c t i o n  t o  t h i s  C h a p t e r  it w a s  r efe^/ed to

t h e  p r a c t i c a l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e

d e t e r m i n a t i o n  o f  l o w e r  b o u n d s  f o r  A CC]. H o w e v e r  i nm i n

t h e  c o n t e x t  o f  m a t r i c e s  C = C ', a  l o t  c a n  b e  s a i d  a b o u t

A . [C] a n d  A CC] b y  c o n s i d e r i n g  t h e  d i a g o n a l  e n t r i e s  o f  m m  m a x  1 3 3

( 4 . 9 7 )  T H E O R E M  ( G e r s h g o r i n ' s  t h e o r e m )  [2]

T h e  e i g e n v a l u e s  o f  a n  n x n  c o m p l e x  m a t r i x  C • l i e  i n  t h e  

u n i o n  o f  t h e  d i s c s

n
I s~c. . I ( I c. . I f i—l f 2, . . • , n

11 "  j = l  J
j * i

a n d  a l s o  i n  t h e  u n i o n  o f  t h e  d i s c s

n
I s - c . . | ( 2  I <3 .i I r i - 1 , 2 , . . . ,n .

j = l  
j * i

( 4 . 9 8 )  R E M A R K : G e r s h g o r i n ' s  t h e o r e m  s a y s  t h a t  t h e r e  i s  a n  

e i g e n v a l u e  A n e a r  t h e  e n t r y  c ^ . .
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/

F r o m  t h e o r e m  ( 4 . 9 7 )  t h e  f o l l o w i n g  r e s u l t  w a s  d e r i v e d :

( 4 . 9 9 )  T H E O R E M : F o r  C = C ' > 0  , C  elRn x n

n
W C] < max i  c . .+  Y  lc..| > = M- 11 l 31 3 =  1

Dt i

= M  (C)

A  . CC] > m a x  -C m i n  [ c. . -  Y  | c . . | ]  , 0 > = N ( C )  .
m i n  =  j. 11 fix 13

35*1
/

P r o o f  iBv G e r s h g o r i n ' s  T h e o r e m

a n d  s i n c e  c . . a c. . elR , c . . > 0  , i t  y i e l d s  
3 1  13 n  1

n n
U  C (c -  I  lc l ) , ( c  +  I  lc l>]
i 11 j = l  D 3 = 1  D

i *i j*i
n  n

=  [ m i n  ( C . . - Y  | c . . | ) ,  m a x  (c. .+ Y  | c . . | ) 3
1 1  1 3  . n  / v  1 31 j=l 1 3=1

D ? i  j*i
a n d  s i n c e  A > O ri t  f o l l o w s  i m m e d i a t e l y :

A  CC] < m a x  { c. .+ 7  |c. . I> -  M ( C )m a x  =  n  ~  ' 1 3l 3=1

a n d

. . CC] 2  m a x  < m i n  ( c. £  lc. ,|> , 0 > -  N ( C )  min — . 11 13
1 3 = 1

Q . E . D .

( 4 . 1 0 0 )  R E M A R K  : A t  f i r s t  s i g h t ,  t h e s e  r e s u l t s  s e e m  t o

c o n t r a d i c t  w h a t  h a s  b e e n  s a i d  a b o u t  t h e  d i f f i c u l t i e s  in

o b t a i n i n g  l o w e r  b o u n d s  f o r  A . C C]. H o w e v e r ,  t h e  f a c t  i sm m

t h a t  t h e  l o w e r  b o u n d  f o r A  . CC ]  g i v e n  b y  t h e o r e m  ( 4 . 9 9 )m m
w i l l  o f t e n  b e  z e r o  w h i c h  i s  n o t  t e l l i n g  u s  a n y t h i n g  n e w .
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C H A P T E R  5

A L G O R IT H M S  F O R  O P T I M I Z I N G  A F U N C T IO N  O V E R  A C O N E

5 . 1  -  S T A T E M E N T  O F  T H E  P R O B LE M

Consider the constrained optimization problem defined
by: €

(5.1) min { V  ( X ) : x € coneCr] >
where v(x) is a convex function, ris a convex, compact

subset of lRn with 0 £ r and where coneCr] is the conical
hull

coneCr]38 conv i ay : aeR*, yer>
where conv IA> denotes the convex hull of a set A*f 0 . This 
type of problem was introduced in [1].

It will be assumed that x*g coneCr] where x* is the 
unconstrained minimizer of v(x), i.e.

x*e argmin { v(x) s x €lRn> .

If x*econeCr] the solution is trivial.
Also it will be assumed that:

(i) real numbers n . and JT exist and are known, somin max '
that:
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(5.2) 0 < n . < min i I I x I I : x e r >m m  =
(5.3) n > max < I IxI I : x € r >,max = '

(ii) for each selRn, the minimization subproblem:
(5.4) min -C <s,y> : y e r>
has an easy and exact solution.

It is also assumed that (5.1) has a solution.

5.2 - MINIMIZING A NORM OVER A CONE
t

Allwright [1] has presented an algorithm and 
corresponding rate of convergence, for approximating the

Asolution x of (5.1) when v(x) is the norm function:

(5.5) v(x)= ||z-xI|2
AThat algorithm for approximating x on the unbounded

Aset cone[ r ] is based on the fact that x is also the 
solution of an equivalent problem:
(5.6) min { v(x) : xeS >
where 3 is a bounded set, actually a suitable truncated 
version of cone[r].

When v(x) is as in (5.5) the fundamental result that 
justifies the equivalence between (5.1) and (5.6) is
stated next.
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(5.7) THEOREM: [1]

Let T)= f S - i ay : ae[OfJ|] , ye r >
n min

AThen S is a convex set and x eS, where
A.x € a r g m i n  -C v (x ) : x e coneC r] > .

Proof

(i) The convexity of S may be verified easily.

A(11) Since S c cone[ r], x will minimize I Iz-x I | on S
A  A  Aprovided x € S. Clearly I|x| I < | |z|I. Because x e cone[r],

A  A  A  Ax may be written as x =* for some 0 > 0 and some y e r  • 

Due to assumption (5.2) it follows that

^ n m i :

and hence

(5.8) e <= n mm n Vmin

Consequently x e S .
Q.E.D.
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//
//

/

figure 5.1
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The algorithm, due to Allwright, for finding an
»  Aacceptably-accurate approximation x to x by minimizing v 

on S is stated next:

<5.9) Algorithm [1]
(i) Initial step

Set Xq=0 , i*0 .

(ii) Find a y. e argmin i <Vv(x.), (y-x.)> : y eS }

by finding a ,
y^eargmin •£ <Vv(x.),y> iyepy

and setting

<5.10)
if <7v(xi), Ki> 2 0 

r)y otherwise
A(iii) Compute a lower bound for v(x)

1 i= V<Xi> + <^v<x£>r (Yi" xi>> •

Compute 1^, the best lower bound for v(x) found so far

1 ^= max { 1.^, 1^ > •

If v(x^)-l. satisfies a stopping condition set x*xi

and STOP, else CONTINUE.
(iv) Find xi+  ̂using

<xi+i>» argmin i v<x) : x e cone [line -Cx^y^}])-.

Set i=i+l and GO TO (ii)
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(5.11) REMARK: may be foun<* simply and exactly due

to the simple nature of the set cone[line i x^, y^ >]. In 

fact, suppose

x.+1eargmin i v(x) : xelinear subspace spanned by x^y.l. 

Then x._^ is easy to find.
jpgIf x.^ e cone Cline { xiry^>], then the problem is

solved. Otherwise, the best of the best points in the rays 
through x. and y. must then be the global solution.

(5.12) REMARK: It should be noticed that in algorithm
(5.9) the search direction is found by optimizing the 
linear function <w(x^),y> over r instead of over S.

Consider the determination of y^ in step (ii) of 

algorithm (5.9). Step (iv) ensures that, for i>0, x.̂

minimizes v on the ray through x^. So, since x̂ ** 0,
/< Vv(x^) ,xi>=0, Vi > 0. Also, as any y €S may be

expressed as y-9y for some 0e[O,r}] and some yeT,
min <Vv(x.),(y-x.)> * min min ©<7v(x. ), y >yeS 1 1 ee[0,i/3 ye T 1

TKVv(xi),yi> if <W(xi),yi> < 0
0 otherwise

The above minimal value for < 7v(x.),(y-x^)> is 

achieved by y. of (5.10) which proves that y^ minimizes 

< V v ( x i ) ,(y-xi)> on S.
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Convergence rate information for algorithm (5.9) was 
determined by Allwright [1] and is given by:

a * [V(x.)-v(x>]
(5.13) [v(xi+1>-v(x)] £ Cv(xi)-v(x)]{ 1 -------^ -----}

where

(5.14) D= I |\7V(x) | Id + d2 
and d is the diameter of S, i.e.

I I x-y I I < d , Vx,y e S ,

5.3 - MINIMIZING A GENERAL QUADRATIC OVER A CONE
t

To solve the problem mint v(x) s xeS } ,with v(x) a 
general quadratic ,an algorithm with the same structure of 
algorithm (5.9) may be used.

A rate of convergence could then be obtained using 
(for this particular case) the results obtained by 
Allwright either in [1] or [2].

Let

(5.15) v(x)= a+ <b,x> + | <x,Cx> ; C*C' > 0 

and

(5.15) vS‘“°(xi,y)= v(*i) + <rv(xi ), (y-xi ) > 

then

o < p2v<x)= c < i(5.17)
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In these circumstances convergence information would 
be given by [2]:

a) If [v(x. > - v<x>] 1 dZ A v[C]x m q x
then

(5.18) tv<xi+i>- v(x)3 < | [vtx^- v(x)3 .

b) I f  t v ( x . ) -  v ( x ) ] < d 2 ^ m = „ [ C ]i max
then

* * l Cv(x.)- v(x)3(5.19) [v(x . ,. )~v(x ) 3 < [v(x . )-v(x ) 31 1“ « ---5 *----- >•
1 + 1 1  2 d2i - [C]max

Another way of finding the rate would be to consider 
an approach similar to that of Allwright in [13*.

First consider

v(x)= v(x . )+<Fv(x. ) , (x-x. )>+-<(x-x . ) ,C(x-x. )>1  X X a  X X

> v(x^)+<Vv(x^),(x-x^)> C from (5.15)3

so
Av(x)=® min v(x) 2 min *£ v(x. )+<7v(x.), (x-x. )> > xeS xeS 1 1 1

53 v(xi) + <7v(xi) r ( y i “ X i )>

and hence

(5.19a) v(x)-v(xi) 2 <Vv(xi ) , (ŷ .-x̂ )̂ > .

Consider now v(x) expanded about the constrained
Aminimizer x, i.e.
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v(x.)= v(x) + <*7v(x ) , (x .-x > > + I < ( X . -X ) ,C( X . -x ) >X 1  ^  X 1

<5.19b) 1 v(x) + D where

(5.20) D= I IVv(x) | Id + 5 d2 A [C] .z max
Also, let
v<xi+i>= min < v(x) : x € coneCline •Cxi,yi>]>

< min i v(x^ + a [y ̂-x^ 3 ) ! <*€[0,1] > .

The last inequality results from the fact that 
line { x.,y. > c cone[ line -C x^,y. >]

Let be the value of a which minimizes v(x. + aTy^-x^])

with respect to a e [0,1] and <** be the unconstrained 

global minimizer:

<5.21)
— <\7v(x . ), (y. -x. ) >

a . l l
i <<yi-x.),C<yi-xi)>

* ^<i) if <*̂ e [0,1] then <*̂ = and

x  [ < 7 v < x i ) , < y i - x i ) > ]  

v(xi+l)= v<xi> “ 2 < < y . - x . ) , C ( y . - x . )>l l i l 
2

£ v<xi> - 2
[v(xi>- v(x>:

"yi-xil,2 AmaxCC:l
[from (5.19a)]

- [ v < x . ) - v ( x ) ]  

£ v<xi) ■ 2 ~ -------d X CC] max

1 [v<x )-v<x)] 
< v(x.) - I ----i-------2D
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and hence

(5.22) [v(xi+1)-v(x)3 £ [v(xi)- v(x)]{ 1
l v ( * i ) -  v ( x )]

4D

(ii) If a* > 1 then <*.= 1 and

v(xi+i> < v(xi+l[yi-x.])

[ from (5.19a)]

Cv(xi)-v(x) ] 2
C from (5.19b)]

and so (5.22) holds again.

Neither (5.19) nor (5.22) reveal dependence of 
convergence rate information on the conditioning of C.

In the next section using a different approach, a
rate depending on both A . [C] and A [C] is derived. e min max

\

5.3.1 - A New Rate of Convergence

Before considering the determination of the new rate 
of convergence for the case where algorithm (5.9) is used 
to minimize a general quadratic, an intermediate result 
revealing the relation between the diameter of S and the 
geometry of r will be stated and proved.
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(5.23) LEMMAi
Let d=max { I |x-y| I s x,y g S > denote the diameter of 

the set S, then

(5.24) d £ 2 1 1 * * 1 1 - ^
Hmin

where J7 . and n are as defined in (5.2) and (5.3). m m  max

Proof;
d= max { II -Gyy | I : Vxr Vy e T ; »,j3 e [0,T)]>

<a max <1 u v xi | + Ilf3v 11 S F „ e r i  a,l3e[Or»J3} 
y x y

i max i 1 1 a vx | |
#

S Kxe r/QrG[0/T?]> +

max i 1113 vy i1 S Vye r r p G [0,T?]>
a max {■C max ilav || : a g [0,^3 } I FeT}'X X
+ max ii max 1lflyy l 1 i (3g[ < M 3> : Vye r>
s max < n l 1 1i s v g r> +

X

max i 1 1 V 1i * yvE r >y y
(5.24a) = 2  r)Tl' max

= 2 1 1 x*II £ from (5.8)] .

(5.25) REMARK: The Lemma (5.23) establishes an upper bound 
on the diameter of S that depends on r , through /7m n̂and
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Consider then the problem of minimizing v(z) on 
conetr] where

(5.26) v(z> = <<z*-z>, C <z*-z)> « ||z*-zl| 2

(5.27) C* C  > 0  and z*£ coneCT] .
The following theorem establishes that by a suitable

change of basis the problem of minimizing a general
quadratic over a cone transforms into the problem of
minimizing a norm over a new related cone. The type of
transformation of r used next was introduced in [1].

<

(5.28) THEOREM; For v(z) as defined on (5.26) and under 
assumptions (5.27),

min ■£ v(z) : z econeCT] >= min -Cv(x) : x e.cone[r]>

where v(x)= | | x*-x I | 2 , x*= C*^2 z*, x=C^2z and

r= c1/z r = i c1/2z s zer > .
Proof: Since C*C#>0, C has a symmetric self adjoint

4. r-1/2square root C

Then v(z)= | |z*-zI I2= <(z*-z),C(z*-z)>

= <C1/2(z*-z>, C1/2(z*-z»
cl / 2z*_cl/2 2

= Ilx*-xl|2= V(X) .

So min { v(z) : z g cone[f] >=* min { v(x) : x e cone[r] >

Q.E.D.
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Now the next theorem gives convergence rate
* 2information for the minimization of v(z) = llz -zll̂ ,.

(5.29) THEOREM:

Consider minimizing v(z) by generating a sequence z.̂
—1/2defined by z^=C x̂  where x^ is the sequence generated

by applying algorithm (5.9) to v(x) [ of theorem (5.28)3. 
Convergence rate information is given by:

a) If v<z,)-vU> > 2dZA V[C] i = max

(5.30)

then

Cv(zi+1>_ ^(z)3 < | C v(z.)- v(z) ] .

b) If v(z.)- v(z) < 2d2 A CC3 i ma i
then

(5.31)

^  A

tv(zi+l>~v(z)3iCv(zi>~v(z)311- 

Proof: By Theorem (5.28)

[v(z.)- v(z)3 Am. [C3 l  ̂ m m  ^̂
16 V2 n2 A [C3 AnaxCC] max max

min-C v(z) : z e  c o n e f r ]  > =  m i n {  v ( x )  : x e c o n e [ r 3 > .

k  2
N o w  s i n c e  v ( x ) =  I I x  - x I  I ,  b y  t h e o r e m  ( 5 . 7 )  i t  i s

known that

{x>=argmin ■£ v(x) : x econe[r3 l^argmin < v(x) : xg S > 

where S = ■£ ay : ae[0,»?3 , ve r > and V = lzmin
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Consider applying algorithm (5.9) to v(x).

First consider v(x) expanded about x̂

v ( x )= v ( x i > + <Vv ( x i ) , ( x - x i )> + I I x —x £ I I 2 

> v(xi) + <Vv(xi),(x-x.)>

Then
Av(x)=mint v(x) : xeS> £ mint v (x . ) + <7v ( )  , (x-x.̂ ) > s xeS > 

Let e argmin i v(x^) + <Vv( ) , ( x-x^)> s x eS> .

Hence

(5.32) <7v(x.),(yi~xi>> £ v(x) - v(xi>
A

giving a lower bound for v(x)- v(x^)

Now
v(x..,)* min i v(x) s x g cone[line ty., x.>]> i+l i i

< min ■£ v(x^ + « Cy^~x. ]) s [0,1] > 

(5.32a)=mintv(xi)+a<7v(xi),(yi-xi)>+a2 |ly^-x.|I 2 s e[0,1 ] } . 

Let a be the unconstrained minimizer of v (x.+ a [y.-x.3):l ' i l

. -<Vv(x.),(y.-x.)>(5.33) or a -----i---- ---
21 I y ±-- x.lt

Now either a < 1 or a > 1
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(i) It will be shown next that!

(5.33a) If a*< 1 , then 
(5.33b)

a a i Cv(x )-v(x>] J j [C]
[v(xi >-v(x)]Stv<x. )-v(x)]{l- „■ --------(. rr,)>

1 + 1  1 16 n Z A CC] Am ax [C ]max max
A  A  ^  ASuppose oc < 1 . Then oc = a where a  denotes the

value of ae[0,1] that minimizes v(x^ + a [y - x^]).

Also

<Vv(x.)r(y.-x.)>2
(5.34) v<xi+i> i v<xi> - 5 "

I I Y £ I I

(5.35)
. Cv(x.)- v(x)] 

i V ( x i> "  4 ------- ZZ--------- by (5.32),

where d denotes the diameter of S. 
From Lemma (5.23)

*.. ^maxd < 2 ||x || nmin
and hence

- [ v ( x . ) - v ( x ) ]

(5.36) v<xi+i> a v(xi> - Ys *, ,2 _2
I lx I r  nmax

Now, from (5.28) 

(5.37)

n 2 .m m

* . . 2  . ,_l/2 * . , 2  . .. * , , 2  . ___x II * IIC z II £ llz II AmaxCC]
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and from (5.3)
fl * max •£ I I x | I : x e r > max

« max -t I |C1/2z| I : z e r >

(5.38)

where

< fi a 12 [C]= max max

n = max ■£ I I z I I • z e T > max
Also from (5.2)

n . * min -Cljxll : xe D  min

= min i ||C*^2z|I : z e r }

(5.39) l  n . A 17!.m m  m m
Now use of (5.37), (5.38) and (5.39) in (5.36) yields

2• [v<x.)-v(x)] 
v(xi+i) i v(x.) - J g  -----------

I | z*| | 2 n 2 A2 [C3II ' max max
(H2. X . [C]) m m  m m

. [  v  ( x . ) -  v  ( x ) 3 A  . [ C 3_ , . l ____ l__________  , m m- v(x.) - lg 2 2 (, r̂ -,)7“ X CC] AmaxCC]max max
which proves that (5.33b) holds.

(11) It will be shown next that:

If  ̂ £ 1 then

[ v < x i + i > - v < x )3 ^  2 C v ( z i ) - v ( x ) 3  •(5.40)
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A ASuppose a £ 1 . Then <2=1 and from (5.32a)

v(xi+i> < v(x.) + <7v(x.>(y.-x^)> + !lyi“Xil| 2 

But since or > 1 it follows from (5.33) that

I I Y i~x i I I ̂  1 “ | <̂ 7v(xi),(yi-xi)>

and so v(x.+1) i v(x.) + ^ <Vv(x.),(y.-x.)>

£ v(xi)- 2 Cv(x.)- v(x)] [from (5.32)]

and then

(5.41) Cv(xi+i>- v<*>3 < | [ v U ^ -  v (x ) ]
which proves that (5.40) holds.
(ill) It will be shown next that:

(5.42) if v(x.)- v(x) > 2 d2 A [C] , then a* > 1 . 

From (5.32) it is known that:

v ( x i ) ~  v ( x ) £  -  < F v ( x . ) , ( y i - x i ) >

Now if v(x.)- v(x) 2 2 d2A [C] then 1 — max

- <7v(xi>,(yi-xi)> £ 2 dZAmaxCC] £2 dZ£ 2

where the central inequality occurs because 
2 — 2 —d = max { | |x-x| I : x r x eS }

£ max { I I z-z| | 2 A maxCC] : z,zeS >

[C]

:. — y - I I 1 1 1

d2 Amax
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Then, from (5.33), a* £ 1, which proves (5.42).

(iv) It will be shown next that:

(5.43) if v(x.)- v(x) < 2 d^ A [C] then (5.33b) holds. i max
Suppose

(5.44) v(x.>- v(x) < 2 d2A [C].i max
1% AClearly either a < 1 or a 2. 1 .

if a*< 1 , then (5.33b) holds , from (5.33a).

Next , suppose a* > 1 . Then
r

v<xi+l) * v(xi) " I Ev<x.>- v<*>3 [from <5.40)]

. [v(x.)~ v U ) ] 2
< v(x.) - •= ----35-------- [from (5.44)3

1 z 4 dz A [C3 max

i  v< V

4 v<xi>

1 Cv(xi)- v(x)3
TjZ n 2 \ [C3max max

[ f r o m  ( 5 . 2 4 s ) ]

1 C v ( x i ) - v ( x ) 3 A i CC]I m m  ^
16 A m t [ c ]  A " » x CC1

showing that (5.33b) holds.

Hence,whether a* > 1 or < 1 , (5.33b) holds ,which 

proves (5.43).

(v) In order to conclude the proof of the theorem it will 
be shown that (5.33b) and (5.40) imply (5.31) and (5.30) 
respectively.
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This will be done by showing that v(z^)=v(x^) Vi.

—1 / 2Now, by assumption ẑ  = C x̂  V i ,  then 

V(Z- ) = IIz*-z.I I 5X X w

= < C1/2(z*-z.),C1/2<z*-zi)>

= IIC1/2z*-C1/2z,||

= I Ix -X.ll = v(xi) V i

Q. £. D.

5.4 - GENERALIZATION TO A CONVEX FUNCTION v(x>

Now consider the problem
min ■£ v(x) : x e coneCr] >

where r is as before but v(x) is a convex function with 
second derivative matrix satisfying:

(5.45) 0 < nl < C=C' < V2v(x) ^ MI

Here again the iterative procedure to approximate the
Aminimizer x of v on the unbounded set coneCr] is based on

Athe fact that x is also the minimizer of v on a bounded 
set S -as before a suitably truncated version of coneCr].

In order to define the new set S, when v(x) is a 
general convex function, the following theorem is of 
importance.
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(5.46) THEOREM: For any x econeCf],

let ' + §i=uA.
' nm. nm4l>mi n m m

where

" JL y ~ ^ 1/2(5.47) a(x,x )=[-(v(x)-v(x ))] ,

which is a computable quantity.
Suppose S = i ocy : « g y e T >

A  AThen S is convex and x e S, where x is the global 
minimizer of v on coneCf]

Proof: (i) Convexity of S
Consider arbitrary s^, s2 6 s

then
s l =  V l r S 2 =  a2 ? Z  f o r  o t ^ C O , ^ ]  a n d  f o r  s o m e  yl f y2 € r .  

N o w  l e t  s =  (3 s ^  +  ( l - ( 3 )  s 2  w h e r e  (3 € [ 0 , 1 ]  

t h e n  i f  s =  (3 a  y + ( l - ( 3 ) a  y 2  e  £  , S  i s  c o n v e x .

N o w  lay t h e  c o n v e x i t y  of  r

^ y^ *  d-$)Y 2 s f w h e r e  (3 € [ 0 , 1 ]
i m p l y i n g  
5 . 4 7 a  ) « C l y ^  + ( 1-13 ) y2 ] e or f c s  for s o m e  are [ 0 , 7 ]

C h o o s e 13 = <*t  13

a2(l-<3 ) -H ar1 13 e [0,1] and

a = ^(1-13 ) +■ a t3 e [0 , fj]
T h e n  f r o m  ( 5 . 4 7 a )

V 2 a2{ 1 ~ {l ) +■ ai f3 ^  - s e S

H e n c e S is c o n v e x
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<li) Proof that x eS
A#

Take any x e cone[r3
then

(5.48) v(x) i v(x)

Now use of the Taylor formula for a second order

expansion about the unconstrained global minimizer x*of v, 
yields:

1
v(x)=v(x*) + f(1-t) <(x-x*),?2v(x*+t(x-x*))(x-x*)>dt

o

>v(x*> + | n ||x-x* | | 2 [from (5.45)3 

and hence

I Ix-x I I < I [v(x)~ v(x )3* n

< 2 [v(x>- v(x*>3 [from (5.48)3* n

Also, since 11x11= ||x*+x-x*||,

I I X|I < I Ix*|| + I Ix-x*||

Therefore, finally

I IX I I 4 I Ix II + [v(x)- v(x )33 '

i .e.

I Ix|I i IIx*|I + a(x,x*)
A A ANow since xe cone[r3f it follows that x=9 y for some 

+ A0 e R , y e T .
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Then from (5.2), I I x I I —© I I K I l ieiTmin and consequently

q  < 1 I * 1 I < I 1 x*M + a (x f x*)
= n  - — itmin m m n = 7/

m m

Hence x = © V e S .
Q.E.D.

Consider now a new version of algorithm (5.9)

(5.49) Algorithm 
(i) Initial step

Set xQ=0 , i=0

(ii)

ll**i| a(*0 'x >Compute *) = ~z---- + — Z-----nmin ]1min
Find a y.e argmin i<Vv(x^),(y-x^)> y e S )

by finding a
ŷ  e argmin -£<Vv(x̂  ), y> s Fe F } 

and setting

yi
x. if <Vv(x.),y.> > 0 
rjŷ  otherwise

(iii) Compute a lower bound for v(x) and STOP if v(x^)

satisfies a stopping condition. Otherwise, CONTINUE.
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(iv) C o m p u t e  a n  a p p r o x i m a t e  s o l u t i o n  x . ^  to 

m i n  l v(x) : x e c o n e C l i n e  -Cx^,ry ^ > ]  }

b y  s o l v i n g  m i n  i v ( x i + A ( y ^ “ X^)) : A € [ 0 , 1 3  >

u s i n g  a n  A R M I J O  T Y P E  r u l e ,  w h e r e  t h e  A. e [0,13 t h a t

m i n i m i z e s  a p p r o x i m a t e l y  v ( x . +  A ( y . - x . ) )  w i l l  b e  c h o s e n  t o
1 1 1

b e  (3̂  f o r  t h e  s m a l l e s t  i n t e g e r  / 2  0 s u c h  t h at:

v ( x . +  (3̂  ( y . -x . )) < v ( x . ) +  | (3̂  <7v(x. ) , (y -x. )>i i i —  i u  i i i

w h e r e  ( 3 6 ( 0 , 1 )  a n d  is i n d e p e n d e n t  of i.

(v) S e t  i = i + l  a n d  G O  T O  (ii).

Convergence rate information regarding algorithm
(5.49) is given by the following theorem:

(5.50) THEOREM: For algorithm {5.49), global convergence
rate information is given by:

(a) If v ( x . ) - v ( x )  > - M ^ d ^  i * n

T h e n C v ( x i + i )- v ( x ) 3 < |

(b) If * 1 2  2 v(x. )- v (x ) < - M a  i n

t h e n

[ v ( x l + 1 )- v ( x ) 3  < [ v ( x . ) -  v ( x ) 3  i

C v ( x i ) - v ( x ) 3

[ v ( x i ) - v ( x )3
w 2 2M n  [J 1 m a x

< s > }
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Proof : The Taylor formula for second order expansions
gives

v(x) = v(x.) + <7v(xi>r(x-x.)>

+ f( 1—b) < (x-xi ) , 72v(xi+t[x-xi ] ) (x-x.̂ ) >dt 
Jo

>v(x.)+<Vv(x.),(x-x.)>+|<(x-x.),C(x-x.)>[by (5.45)3-  1  1 1 m 1 X

>v(x^)+<?v(x^),(x-x^)> since C > nl > 0 .

Hence
min-C v(x) s xeS> > mint v(x^ )+<Vv(x^) , (x-x. )> : x e S3-

Aand so v(x) > v(x^) + <W(xi ) , (yi~xi ) >

1  • 6  •

(5.51) v(x)- v(xt) l <7v(xi),(yi-xi)>

Also
(5.52) v*xi+i* = min * v<xi+ A (y.-x.^ ) s A £ [0,1 ]> • 

Minimization of v(x.+A(y.-x.)) with respect toAe[0,13

is done approximately.
Then the A. e [0,13 that minimizes approximately

v(x^+ A(y^-x^)) will be chosen to be |3* for the smallest 

integer I > 0 such that:

(5.53) v(X.+ I31 (y.-Xi)) < v(Xi>+ | (31 < W ( Xi), (yi-X.)>

Now, using the Taylor formula 
v(xi+A[y.-x.3)ss v(xi)+A<7v(xi),(yi-x.)>

+ A2Al-t)<(yi-Xi),V2v(Xi+fcA[y.-XiD)(yi-Xi)><lt
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1 / 7
S i n c e  C = C ' > 0 ,  b y  ( 5 . 4 5 ) ,  C > 0  e x i s t s ,  s o  

v ( x i +  A C y i - x . ] ) =  v ( x  i ) +  A < 7 v ( x i ) , ( y i ~ x i ) >

+ A 2 [< 1 - t ) <C*t (y .-x ) ,C _!lV 2 v < x . + t A [ y . - x  i ] > C -i4C h < y .-x  t > > d t
Jo

1  2 M1 v(xi)+A<Vv(xi),(yi-xi)>+2A - < > ,C(yi“Xi)>

= fi^Q)
C o n s e q u e n t l y

( 5 . 5 4 )  v ( x t +  A C y i - x i 3 )  i  v ( x t ) +  |  A < W ( X i  ) ,  ( y . - x ^  > 

i f

1 2 M
v ( x i ) +  A < 7 v ( x . )  ,  ( y i - x . ) >  +  2 A n  < ( y i ” x i  )  , C (  Y i “ x i )>

< v ( x . ) +  |  A < r v ( x . ) , ( y . - x . »
— 1 Z 1 1 1

i . e .  i f

- < 7 v ( x  ) , ( y  - x  ) >
( 5 . 5 4 a )  0  < A < — --------------  “  =  A

=  < ( y i - x . ) , C ( y i - x i ) >  M

w h e r e  A .  i s  t h e  u n c o n s t r a i n e d  m i n i m i z e r  o f  0 ^ ( A ) .

(i) N o w  i f  A *  £  1 t h e n  ( 5 . 5 4 )  h o l d s  f o r  a l l  A e [ 0 , l ]  a n d  

t h e  A R M I J O  r u l e  w i l l  c h o o s e  A =1 a n d  f r o m  ( 5 . 5 2 )  a n d  ( 5 . 5 4 )  

v ( x i + i )  i  v ( x i ) +  |  < y v < x . ) ,  ( y i - x i ) >

£  v ( x i ) -  |  C v ( x i ) - v ( x ) 3  [ f r o m  ( 5 . 5 4 ) ]

a n d  h e n c e

( 5 . 5 5 )  t v ( x i + l *  “  v ( x ) ]  < |  [ v ( x i ) - v ( x ) ]
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<ii) If A^ < l,the value chosen by the ARMIJO TYPE rule 

will satisfy A^> (3 A ̂ . In fact (5.54) will be satisfied

for all Ae[0,A^3 and as A will be chosen as the largest

I *number of the form |3 (120) it cannot be smaller than (3 A..

Again from (5.52) and (5.54)

v(xi+i> i v(x.)+ | A i < ^ v ( x i ) r ( y 1 - x i ) >

< v(xi)+ | (3 A*<7v(xi)f(yi-xi)>

1 „ <Vv(x.)/(yi-xi)> n 
< v(xi) 2 ® <(y.-x.),C(y.-x.)> <M>w i  1  r w x x

. [v<x.)- v(x>]2
i v<xi>- I 13 d2-----  ^

where d is the diameter of S. 
Hence

 ̂ [v(x.)—v(x)3<5.56) Cv<xi+1)-v<x)H[v(xi)-v<x>]{l- |<3 ----1 j----<S>>
M d

* n C v ( x . ) - v ( x ) 3 _
iCv(x.)-v(x)3U- |(3 ---— ”2-----(|)>

Mr/" n max
where »? is as in theorem (5.46).

It will now be proved that if

t)} (5.24a)

2 2
(5.57) v (x . ) — v(x) >l — n

A. > 1 .l =then
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From (5.51)

v(xi)-v(x) i - <V7v(xi ) , (Yi"Xi >>

and by (5.57) and (5.45)

MZd2 ,M<Vv{x.);(y.-xi)> I ± (5) M | lYi-xil

> £  « y t - x  > , C ( y  - x  »

and so, from (5.54a) A^ > 1

Now, if
2 2

(5.58) V(x. >-vU) <i n

A^ is either > 1 or < 1

If A. < 1 then (5.56) holds.

If A- > 1 (5.56) holds again since as X will be chosen

equal to 1:

v<xi+l* 4 v<xi> + 2 < V v(xi> '

< v(xt) - | [v<x.)-v(x)3

- [ v ( x . ) - v ( x ) ]

i v<xi) - § 13 — — 2—  <§>

[v(x.)-v(x)3as (3 e (0,1) and ----*--- =-------(^ )  < 1 [from (5.58)] .
M a M

Q.E.D.
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CHAPTER 6 

CONCLUSIONS

6.1 - Here some general comments about the thesis are
given and some topics for future research are mentioned.

As was emphasized earlier, many optimal control
rproblems can either be formulated as convex programming 

problems (e.g. the classical open-loop optimal control 
problem introduced in Cl] analysed in Chapter 2) or their 
solution involves the solution of a convex programming 
problem (e.g. the non-classical dominant output feedback 
problem [2] considered in Chapter 3).

In this thesis, feasible direction algorithms or 
extended versions of feasible direction algorithms {e.g. 
set approximation algorithms) are studied for convex 
programming problems. Each iteration of a feasible
direction method can be decomposed into the solution of 
two subproblems, <P^) and (P£). so^u^i°n one
these minor problems (P̂ ) gives the search direction that

generates the feasible set over which the other minor 
problem {P^) *s to b® solved. Finding search

directions is a fundamental step of a feasible direction
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algorithm. Very often search directions h. are found by

optimizing over the constraint set Q an approximation f5 
to the objective function f, e.g.

A(6.1) h .= y(z.)- z. where
D  D  J

A 5(6.2) y(Zj) e argmin { f <z^,y) s ye Q >

Algorithms based on this sort of approach were 
considered by Allwright [1] and rate of convergence

Ainformation derived for the case where y(x..) is the exact 

solution of '

(6.3) mini fS(z^,y) : y eQ }.

In Chapter 2 is investigated what happens when exact 
solution of (6.3) is not possible and only an 6-

Aapproximation y(z^) to y(z^) is available . The effects on

the convergence behaviour of the algorithm were studied in 
detail and new results presented. It was shown that
improvement of the global problem convergence rate bounds 
will be achieved by iterating further on the subproblem.
For the case where S>0 it was revealed that the
convergence rate depends on the ratio between second and

first order effects on f5 and properties of this ratio 
where studied. An optimal control problem where the
results obtained in Chapter-2, seem to have full 
applications was outlined.
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As mentioned before feasible direction methods 
involve the solution of two subproblems, (P^) and ^2^*

s(P̂ ) - The optimization, of an approximation f to f, over 

the feasible set.
(P2> - The optimization of the objective function over the 

search line obtained from the solution of <P^>.

Intuitively, if (P£> were solved over a larger set,
€

containing the search line, a bigger cost reduction could 
be expected and consequently a faster convergence. Based 
on this intuitive idea a connection between feasible 
direction algorithms and set-approximation methods was 
introduced on Chapter 3. Methods to generate inner sets 
(search sets) as convex hulls of sets of base points were 
envisaged. At each step of the algorithm, some new points 
are added and others dropped, updating the basis and hence 
the inner sets over which the optimization is going to be 
carried out. Particular cases of interest were studied. So

far it has been assumed that fs is lower than f 
everywhere. However, not always is such an approximation 
available or easy to derive. Chapter 4 is then dedicated 
to the study of methods of feasible direction where the

search direction is found by optimization of an f5 that is 
either an upper approximation to f everywhere or is a
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srelated algorithms were derived. It was shown that when f 
is an upper approximation the rate of convergence is of 
the same type as that obtained by Allwright in [1] for an

f5 which was a lower approximation. In fact the result 
tells us that close to the optimum the two approaches are

a\]equivalent. By introducing a lower bound f derived from

an upper bound f^ a non-sharp bound for the “distance" 
from the optimum was derived and convergence rate 
information obtained for the case where one is too far 
away from the optimum.

Eventhough this new approach didn't give very strong 
results it seems to be interesting.

Chapter 5 deals with a special type of convex 
programming problem where the feasible set is a convex, 
closed but unbounded cone generated by a convex and 
compact set . The results obtained by Allwright [3] for 
an objective function which was a norm were extended first 
to the case of a general quadratic and then to a general 
strictly convex function. The solution considered in [3] 
involves the formulation of an equivalent problem where 
the unbounded feasible set is replaced by another bounded 
set actually a truncated version of the original one. It 
was shown that for the more general case an equivalent 
problem can also be formulated. When the objective

lower approximation derived from an available upper
approximation. Rate of convergence information for the
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function is a quadractic, the convergence rate obtained, 
using a coordinate transformation, shows dependence on the 
ratio between the smallest and the largest eigenvalues of 
the second-derivative matrix. This is interesting since 
the dependence on X not aparent when one uses the

results of Allwright [13, [33.
In this thesis it has been assumed that the objective 

functions to be optimized were either twice differentiable 
and convex (with second derivative satisfying some 
properties) or had a particular quadratic nature.

One p<^4ible extension of the work contained .in this 
thesis regards consideration of objective functions of a 
different nature [43t perhaps: 

f<u)= h(v(u))

where v is a vector of convex functions and h is monotone

(e.g. f(u)= exp v^(u) + v2<u)) .

This is relevant in a control context because control 
problems may have several scalar valued performance 
measures v^(u) which are conflicting, describing the

p e r f o r m a n c e  i n  s u c h  a  w a y  t h a t  t h e  o b j e c t i v e  i s  b e s t  

a c h i e v e d  w h e n  v ^ ( u )  i s  m i n i m a l  ( V i ) .  I f  n o  s i n g l e  c o n t r o l

exists which satisfies that aim, it is reasonable to 
construct a  scalar valued objective f from the v^ using a

monotone h, as then f decreases whenever any v^(u)

decrease and the others do not increase.
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