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ABSTRACT

" An Ahelian‘variety or rank r can elways be mapped
birationally on the sets of an involution of»order,r on
8 Pleard #ariety. ' One method of generating such en
involution is by'means of & finite linear group operating
on the independent variebles of the underlying Abelian
- funetion field, In particular, if the invelution 15 not
compounded of a Pioérd involution (en assnmpfion which'
involves no loss of gener&lity)iand if some plurigenus ﬁf
the Abellen variety 1s non-zero, the correspoﬁding
involution ean always be genérated in this fasﬁion.

 This thesis investigates the Abelian threefolds of
geometric genus one in terms of these linsar groups.
Since the geometric genue is one, the homogeneous par€ of
each substitution must be modular, This fact, together
with the existence of & sextic chnractériatic equation faf
any subatifution, determines the possible forms for the
homogeneous groups obtained bty omitting the constant veetoré.
The Riemenn matrices (each with an assosiated function
field and Picard threefold) which admit these groups are
next determined as admitting appropriate complex multiplic~
ations, Finslly, the metrices determine the forms of the



-

constant veotors in the non-homogeneous groups.

It is found thét therc are 64 possiblé honogeneous
groups. For e sclection of thesec, which covers all the
types, the sets of matrices end non~homogeneous lineer
groups are found in full, In all other ceses it is
established by example that matrices mamitting the group

exist,
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CHAZTVI 1

ABELI AN FUNCTIONS saRD ADELIAN THRLEFOLDS

1. Seopo of the chapter. the first part éf this chapter
deseribes, without preofs, the g@neral‘theotems-of the theoxry
of Abtelian functions and Liemann matreices of gonus throo,

Tho outline follows the developmont in the treatise of
Gontorto (g), to whiech roferenos may be made for full Gotalls.
Conforto in fect deals with funotions éf arbitrary genus p,
but since we shall not require p to oxceed thrae the results
. are given here for p=2, This theory 19&&5 to the introduction

of Abelian threofolds in the second part of the chapter,

i

Abalgan runctionﬁ afl gavua threo

&y Eefinitian. in Abelion funetion of penus thres is

a meromorphic function of throe essential independent complex

varieblos possessing six linearly independent periods.

3 Fundamental periods., 1e% the variables u,, u,, u,

~F

forn a column vestor u so that @ = {(u,, u,, u;J, the ~ denoting
| transpositilon, anﬁ»let flu) be an Abelien funetion “. Then
‘there ere six linearly indepondent vectors w;, with
Gi= (lw,i, Wy )y Buch that -

£l + w;) = £ul, 1= 1,2, 000,00
Any sum of integrel multiples of the yw; is also e period,

Tha vactoblg,may be ropresented by the point in & reasl

% In the gonaral theory of thoe first two chapters we
use the variablc u, but for the work of later cheptors it is
ccnvaniant to go over to v;rinbleh X Ty v



. ,
Euelidean space of six dimensions, S, , whose coordinates are
the reai end imaginary parts of the components of u. The
periods w are ropresented in S by a discrote set of points;
for otherwise the set would admit a finite limit point and
this may be shown to imply infinitesimal periods and further
that the variables are not "essential™, c&itrary to the
definition. R

We can choose, in an infinitf of Qays, é.set~of,aix
'pariﬁas such that gvery other period is obtained as an
integral gombination of thesé péricﬁs;, éuch'a aét is termed
a fundamental or primitive set of pariods,'~The‘periods of
‘a primitive set arekreﬁraeented by 1inaariy,1ndependent points
of S, which, together with the origin, determine a fundamentsl
eell of non-zero volume; the points of the eell are all
those whose coordinates are of the orr |
| STAw s OSa<l, 1 = 1,2, 0006
As @ corollary it is seen that f(u) cannot admitvmore then
six independent periods. | |

4, Riemann hatrgges. The period veetors of a primitive

set may be arranged to form the columns of a 3x6 matrix

£= (@, 8, B, B 85 B) = W, W, ¥; b, w0, w:f '
Wy Wy, Wy Wy, Wyo Uy
Wy, Wy, W3 Wy, ui,, 'w,“ .
This is & Riemanﬁ matrix of genus three, A Riémann.matrix
is any matrix whose columns form & primitive set of periods
for some Abelien function. The matrix ¢ is a Riemann matrix

- Tor f£(u), an&' fl{u) is _@ttaéhe_g to Q.
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If &' is any other Riemann matrix for f{u), the eolumns
of g' are expressible integrally in terms of those of g and
vice versa., Thus ‘

g=4¥ |
where I is a ‘Gxﬁ unimodular metrix, i.e. a matrix with integral
elements end determinant zx1.

B, Change of varisble, If a new variable veetor u' be
taken, given by the equation

=41

where A is a nonesingular 3x3 matrix with complex elements,
then fig) becomes £'{u'} and & Rlemann matrix for £'(u') is
given by A . Any othor Riemenn matriees for f'(au'), f(u)
are related by an equation

| g =agl (1)
where the 6x6 matrix gj 1s unimodular.

Two Riemenn matrices £, @' satisfying an equation of
the forn (1) where _f,_g is & non-singular complex 3x3 matrix

and M is a 6x6 unimodular metrix are said to be pguivalent.

The relationship 1s reflexive, symmetric and transitive, and
difiﬁes the Riemann matrices of genus three into equivalence
elasses, Any two equivalent matrices are period matrices
for two Abellan funcetions related by a none-singular linear
transformation of variable,

6, intermediary funetions, Cousin's theorem states that:

Lyery meromorphie funetion flu) may be expressed as the

aquotient of two entire funotions ¢(u), ¥{u) whieh have no



gommon divisor at any point end whieh vanish simultaneously
only at the points of essontial indeterminacy of filul,

The funetions ${u) end ¥(u) arc determined only to within

a faotor which is & non-vanishing entire function, i.c. é{u)
and ¥{y) may both be multipliod by a factor of the forn
Glu) - “
e
where G(u) is an entire funection.
Abplying this theorem to en Abelisn function f{u) with
Rieomann matrix 2, it follows thet
d(u + wi) e’”“)tﬁ(g)
=
| vig+ @) ey’
where the gi.{u) sre entire funections., It can ts shown that

f(u) = flu+w)=

- oo &

1=1,2,044,6,

for a sultable choiec of G{u), the gi(u) all reduce to
non-homogensous linear functions of u, and we write
gilu) = 2nd@u + %)y, L1 = 1,2,404,6
The six eomplex 3~vectors J; may be arranged as a matrix
| A== BIhBE
which is the sgeond period matrix of é{u), ¥{u) - 2 being
their first period matrix - and the y give a complex é-vector ¥,

with Y= ( %}, which is the parameter of ¢{g), 41(3). Sueh

‘funetipns ¢{u), ¥lu), for which the gi{u) are linear, are
called intermediary funoctions, Two intermediary functions

with the same J,A and y are said to be "of the same type“.

7, The Existence theorem for Abelian functions. By
evaluating ¢{(u + wi) +1) and $({u + w;) + ;) and equating,
1t is found that L and A must be so related that
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&
is an 1ntagral skew-symetric 6x6 matrix. The matrix H is
uniquely determined by f(u) and g and is a characteristic
matrix of f{u); 1t is found to satisfy the condition
o | gE'g=o, e
Further, for f(u) %o cxist as a non-degenerate function it
is necessary that
- | i ﬁgﬁ"?;ig > 0, for ell non~zero u. {(3)
The bar — denotes a complex conjugate. The matrix L =1 £ ﬁ"ﬁ
is Hermitian, i.é._ __i = L, and {3) asserts that the correspandmg
Hermitian form or, more briefl?, the métrix‘itself is.
positive definite; we write aimply' )
| 1o 8 > o, (4)
| The conditions (3) anﬁ‘(é) are aisc sufficieﬁt for & to
bo 8 Rlemann mebrix. Since 2 = 1~ is a rational matrix,
thers :ls‘na loss of generslity in multiplying by soz:nev ihﬁégér
to give sn integral matrix., ¥e can then state the fo;lowing

Existence theorem for Abelian functiohs of genus three:

Tne necegsary and sufficient condition for a Bx6 matrix &
to be the periocd matrix of somo Abelien function of genus -
threc, 1.e, to be a Riemann matrix of genus three, is that

there exists an integrsl skey-symmetric 6x6 metrix P such that
(1) 9B %= 0; |

— -

R

fenl Ix

he relations (i) and (i1) arc the Riemenn equélijzx

and Riemsnn inequelity respectively, The matrix 2 is a

prineipal matrix of g. Thus § is & Riemann matrix if end only
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ir it possesses a prinoipal matrix., There is no loss of
generslity in assumin@ that the elements of 2 aro relatively
prine, A glven prmcipél matrix P glves riée to an infinite
sequence of e’zarauteﬂatic matrieaé sii (s =1 8,.")» where

kP with k the positive rational number such that N is
Antegral with rolativoly primo elements.<

8, Isomorphic Riemann metrices. 4 éxa matrix ' 1is

said to be isomorphic with a Riemann matrix & of genus 3

when theke is & relation
- 8 =A9R |
where A 1s & non~-gingular complex Zx3 matrix and R is
a non-singuiar rational 6x6 matrix. ,1
. If P 4s e prineipal matrix for g 1t may be verified
that B' = g’g é:; is é prineipal matrix for 2'. Thus §' is
also a Riemann matrix., The rzlationship of isomorphisn is
reflexive, symmetric and transitive. In particular, for
our purposes, we note that to ensurs that a given matrix
satisfies the Riemann con&itions,' 1,0, adnits a prineipal
matrix, it suffices to verify this feect for some 1somoiphic
matrix. ' |
9. Compound Riemann matriees. A matrix of the form
Q=/g 0 . * 0
9 8 .« .« 0

» * [ ]

[

O . .« @

where the &: are Rlemann matrices is said to be gompound,



=]l

and is 1taelf.a.Riemann matrix. Iﬁ‘gj ars prineipal matrices.
for the 2, then a prineipsl matrix for & 1s glven by
| B=[B, 0 . . O\
9 B, - . 0

L L g *

9 9 .+

vy ]

- ‘k‘}

We shall be geoncerned later with mmtrices isomorphic
with compound metrices and the Riaménn gonditions will be
known to be satisfied by virtuo of the fact that the
conponent mabtrices are known to be Riemannian,

10, Canonical forms for (, A and Y. On transfarmiﬁg

from i to en equivalent Riemann mabrix @' = A @ M: we £ind

- -

Tho matrices N, N' end also £, E' arc unimoduler congruen .

From a theorem of Frnhaniun it follows that 1 may be se

A
At =Kay, @ =fxy, 2 =xpi,

chosen that (éropping the dash)

£2=/0 B
fg g/,
G

whers : B

i
Ko

and 1 = b |, ]b,, the lstent roots of P being equal in peirs.
to b, b,, b,. |
The general characteristic matrix sli of the sequence

becomes »

&

nfo
B-l

o 1
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where n = gby,. e shall denote this general matrix by N simply.

The 'choiw of variatle ic still at our disposal, and
pemws the reduotion of & to cenonical form, When the above
value for 3:{ is substituted in the Riemann inequ&lity, it is
gseen that the first 3x3 watrix in g must be ‘nénwsingular.
Hence by a chenge of variable this Bx3 matrix can be
transformed to eny other desired nonesingular matrii;, in
gartidﬁl&r to ﬁi_@".. - The Riemann equality now svhawsv'_that
the final 2x3 metrix in & must be symmetrieg ﬂa;uﬁ' finany,
the Riemenn inequelity shows that the real part of this
matrix must be negative definite: |

Q= (MB T

witn T =T =T+ 477, T<0.

If now we multiply the mtermediary funetions ﬂu),
¥{u) by an exponentiel whose exponent is & homogeneogs :

quadratic in u, and eounsider

pria) = "B grn), i) = MYy,

where S is a eomplex 3x3 metrix, then (w), ¥'{u) erc again
intermediary funetions with prinecipal matrix 2 and thé whole
of the sbove reduotion is unaffected., By suitable cholce
of S, the seoond periocd matrix may be reduced to the form

. _ . A= (Q!-Ffﬁa)’ |
wilére &, is the unit 8x3 matrix.

It remains to consider the parameter ¥+ The functione

) = B grw v g), Y@l = &*E Yy 4 g)

are intermediary with the same u, A, E and N as ¢, ¥, but



]l 3=

by suitable choloc of the S-veetors o, ¢, their parameter
may be raau¢ed to any desired form, e ochoose the form
L= S
| “ ST
where Sp T is the spur vector of T, ’

With }3, A and Y in the above canonlcel forms, en
expression may te obtained for any corrésponding intarmadiany
tuaotion,‘but before proceeding to this we note the existence
of a'certain invarient of an'inxermediary function, |

1, Ths determin of an int rﬁad fungtion. From
the first and second period matrices &, 4 of 4an intermediary .
funotion we form the determinant | -
5 =g

.

———

The absolute value [§| 4s the determinant of the intermediary
funetion, and is invariant on transforming to an equivalent

m&trix .Q;.‘ . f;ime

it follows that ISl 15 the absolute value of the pfaffian of K.

It is s non-zero integer and, in the above notation, is given

by | n? b, b
,8' = = 53- ““3 » "‘"3 s 1.
b, b, b, b, b,

12, Thete funetions, The canonical forms found for the
matrices assoclated wi‘th a given intermediary function lead
" use to seck a funection 4’(33) satisfying the equations
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dlu +%ﬁ) = ¢{ul, h=1,2,3,

-angylu + 2 SDTM ), h-.lzs

$lu +’1‘eh) = g
| (eh being the column vector w?mse heth componant is 1, the
others being zem}.

It s foumi that ${u) must be expreesible linearly in

terms of the |81 tunctions
J- .
®, [&] (w) =2, 0B ""gB)n[T(E& +7Bg) + 3_4],_

whare the sun is over all 5~vaetara m, | ,
B=(m, n, m3)y,  m = 0,31,42,...,

end_ n _sb -
E= (g, €, g) where Ocecy, =Ftr B =125

The function () [g](u) is a theta funotign gf order n.

13, Abelian fumtions. It may now be proved, using the '

above representation of an intermediary function, that if
${u) is a suitable intermediary funetion of non-zero
determinent attached to & Riemann matrix {, then the veetor ¢

mey be nhasen such that
o ‘ élu + g} dlu -~ 2}
fly) s ————————
| ¢*{u)
is an Abelian funetion attached to .

14, Flelds of sbelian functions. ILet £ be a Riemenn

matrix and let £, {u), £,(u) be any two meromorphic funotions
admitting the columns of § as periods, Then the sum, g
difference, product and quotient of f, (u), £,(u) (¥0} are |
again meromorphic funetions admitting these same periods,
Thus the totality of such functions constitutes s field ”
which is termed the Abelian Iunotion Field attmched to Q.
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Since ¢ is a Riemenn matrix there do exist funetions of the
field for which the eolumns of ¢ form a primitivo set of
perinﬁs.’ But teaides these functlons the field ineludes
other Abelian funetions for whiah the columns of ¢ are not
primitive »erioda, and ineludes also egenerate funotions
whieh dopend effectively on fewer than three variables and
whiah thararore remain constant as u var;es along some of
the period vectors g 1nls‘; in particular, the function
£1eld contains tho fleld of complex comstants, It 1is
necessary to admit these degenerate Abelian functions in
order to obtain the field.
' Tno essential properties of tho function fleld are
independent of the particular conrdinate'system chogen; and
rwithin'thst gysten the period matrix mey be.subjacted to
a unimodular substitubion, Thus one field of Abelian
functions is associated with en equivalence ¢lass of Riemenn

maﬁfices.

Abellan threefolds

5. The elgebraic reletion between five intermediary

funetions of the same typo. The produet of m infermediary

functions all admitting the first period metrix g but with
5@30&6 period matrices A, and paraneters Y, (r =1 s Sy nnyt)

is an 1n$ermediary funntion admitting tho matrix ¢ and with |
second period matrixj[}A. and narametarZ:fr,, In partieular,
the product of m Intermediary functions of the seme type with

peried matrices g, A, parameter Y, characteristic maetrix N,
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and aétemimnt Isl n,/—@ (#0) 15 an intermediary function
admitting the periods of Q,‘ with second period maﬁrix"m,
parameter mny, eharaotaristic matrxx mi, and ﬁeteminant ,
| f—j = m./——— = o ’8! |

 Tow let

x. = $aludy m o= Bludy . e 5 ox = du),

be fivo intermediary functions of the seme type with
determinant 1§/ # 0, The number of products of ﬁeéree m in
Koy ouy Xy 18 (m ;4). Thase products are sll intameﬁiary
funotions of the same type with determinant wmlsl, and so
belong to & 1inear system determined by mlSI linearly_'

independent funections, Form mzrz‘ieiently large R

( n Z 4) > m3'8 ‘ - |
ss.ncc the lei‘t-hand side oontains a poaitlve tern m m .‘
It follows that for such & value cr n ’chere zs at least one
form of degree m | -

'4.5(:.,', vesy %)
which vaniéhas tdentically in u on substitubing ${u) for x;.
it & 15 redueible, then at least one of its factors must ,4
vanish identiocally as é function of u, and 80 we me;y take &
to bo irreducible as a funetion of the x;.

‘The same result holds for degenerate mtemedia:yk |

functions of the same type; for multiplying ell by a suitable
non-degenerate funetion we obtain non~degenerate functions

- for which fhevmsuit holds and some power of the multipliar
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may then be taken out as e factor. Thus

“ Glven eny 5 intermediary funetions ${u), .., $«{u) of
genus 3 and of the seme type, there is an irredueible form
PXo s oay Xu) whigh, on substituting $:i(u) for x;, vanishes

vi&ent;callx as_a function of u.
| If £,(u), «sy £,({n) are Absllan functions of a riald %

‘they may be represeatad as quotients of 1ntarmediary functions
of the same type all with the same denominator (on taking

a suiﬁabla gommon denominator), end the form $ for these
 intermediary funotions gives rise to a polynomiel in 4
variables which, on substitubing the f; (u) for these variables,
vanishes fdentically as a funotion of u. Thus

- Any 4 Abellen functions of genus 3 of the same field -
gatisfy an algabraic'aguatgon.

16, Abelian threefolds. cbnsider, in an affine spaoce

8, (¥, y esy 7.} or in the corresponding prajéctivé space with
coordinates (x,, X,y ey X.), the variety i represented
parametrically by -
_ | i = fi‘ﬁ)
in terms of Abelian functions and by

- | x; = $i{n)
in terms of intermediary funotions, The variety W is called
. an Abelian veriety. Congruent points u give rise to the séme
point of the varlety so that only the points of a ruﬁdameﬁtal
goll need be considered.

If the £ {(u) are chosen such thet some 3 of them are
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algebraiecally independent then W together with its 1imit
points gives all the points of an algebraic threefold - an
Abélian‘thrnefgld‘~ Which is otherwise defined by the algebraic
equetions satistied by the f;(y). In future W will be
.“ un&erat¢ad to include these limit points. A general point
| of tho threefold W arises from a finitavaet of points of.the
fundamentel oell, i.e. from a finits set of incongruent points.
If there ere T points in this set then the threefold is said
‘to be of rank r,~.We'sha11_not have ‘occasion to consider the
vsituatien Where a general poinf of 7 arises from an inrinite
set of points of the fundemental cell and W 1s of dimension
less than 3. .

17, Pinérd thggarolds. In the partiocular case when

a ganeral point of the threetold % erises from a single point
of the tnndamental oell, W is enlled a Piocard threecfold; we
denote thla by V.

If the parametric equetions of a Piaarﬁ threefold in
terms ot Abelian runetions are . _

y, = £, (u), 1 =1,2,.,t,
then some threec of the f, (u) are algebraiecelly independent
and hence every other Abelian funection f(u) of theAfield is
an algeﬁraie tuncfion of theée and so is an algebreie function
of the y, . Further, sinee f(u) 1s a one-valued function of u
- and so of the y, , it must be a rational funstion of the Y.
and conversely, a retionsl funotion of the y, is en Abelian
funotion of the field. Thus
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Funetions of sn Abelian funection field are rational
functions on g Picard threcfold asacwiated with the ;ﬁ_._e_;_‘

and ngnversalx. ‘ _
In partieular it fallows that

Any two Ficard threefolds aasociated w;th an Abelgan

functlon fleld are birationally aquivalenﬁ.

We can thus refer to the Ficard threefold of an Abellan
~ function field, This s{bstmct threefold mey be represented
by any one of an infinity of biratwnaliy‘e:guivalgﬁ‘& models,
It may be shown that R |
4 model of the Plcard threefold mm be ehosen which m_i‘.__

non-singular end hoss points are in unexcéptional (1.1
gorrespondense with ihg points of the fundamental cell.

Tha Pleard fhraerola is, of eourse,,independent of the
choice of fundamental eéll, whieh does not eﬁter into the
gefinition, In fact, if @ end @' = g M (¥ unimodular) are
equivaleht matrices, then o each point of the fundamentsl
¢ell determined by one corresponds one congruent pcint‘ of
the cell determined by the other -~ the basic property of
a fundamental cell. : - -

Again, 4f g and @' = A o (]al# O) are equivalent matri‘ces
under the chahg& of varisble u' = A u, then the Picard |
threefold V' for the field asséciated with g' is represented
parametrically by Abelien funotions of u' and hence by Abelian
functions of u, and 8o is & rational transform of the 'ﬁ*icai&

threefoid V of the fleld assocliated with g; and vlee versa.
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Hence V anﬁ V' are birationally equivalant.

Thusvthe Pioard threefold is independent of the coordinate
system and p‘articulaiﬁfundamental e2ll choson, This 48 4n
accord with the earlier remarks thet the properties of en
Abolien function field are independent of the eoordinate
ﬁ?étem ehoséh and that onc flold corresponds to all tho

Riemenn matrices of an equivelencc elass,

- 18, The superficial irresuiarity of a'Pinarﬂ threcfold.
Conslaer:a model of the Picard threefold assoelated with
a field ¥ and represented parametrically in an affine space
/5“ by - ‘ | \
- v, = £,(u), 1=1,2,3,4. (5)
We can assume that the first three £, (u) are élgebraically,

‘independent, whence for these £, (u)

7= Iaf clall o,
ou;
. M
Then . o of: {u) : ’
: dy, =) o= v, 1=1,25,; (6
, d=t J

an&, since T #+ 0, these equations may be inverted to giﬁe

the du;+ The o%; (3‘}
duj

yrational functions of the four ¥, , and thus we obtain

, ZRsJ(Ya s Y3 T3 Yu)dm J = 1,2,3,
where the R; are rational funetions of the y;. Integrating,.

are functions of the field 7 and o are

we obtain thé u; as everywhere finite integrals on the Picard

threofold, 1.6, s Picard integrals of the first kind. Since
each point ?(y, ) of the Plcard threefold arises from a set
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of congruent painxs'g, the values of one of these integrals
taken from a poilnt ¥, to ¥ gloag differcnt éaths may differ
bty a component of a perlod generated by &, end only by suech
a component,

The three Ploard 1ntegralé'are linearly indepsndent,
1.e, 10 linear combinatlon with constent coefficients is
ecusl to a constant, There are no further linearly independent
Pleard 3ntegxals‘e£ the first kind., Tor, using {(5) and {8),
sueh an integral may be expressed in the form

, .
v ""“!LJZ,@:' (u) dy;

where the g;(u) are funetions of the Abelian fleld; and
since the 1ntegra1‘is to be everywhere finite, the msromorphie
funetions gﬁtg) must be entiré funetions and so constants
(the only entire funotions belonging to an Abalian field],
Thus v is linearly dependent on the threo u;. Hence

5 Pleard threefold possesses precisely three linearly
independent Picard integrals of the first kind,"

_ The Pleard threefold ic thus of sugerficial irregularity 3.

19, The geometric genus of a Picard threefold. The

geonetric genus of a threefold is dofined transéendantally

as the number of lineerly independent everywhere finite

triple integrale on the varlety. If in such an integral on

‘the Picard threefold | |
ety s 7.0 9,0 %) &, dra8y,,

where R is rational, we substitute for the y; in terms éf‘g,

we obtain an integral



| [eta) av, du, au,
where glu} 13 an Abelian funotion and, as in the last section,
‘the integral is everywhare finite if and only if g(u) is
aonatant. Thug on the Pleard threefcld every sush 1ntegra1
is a multiplo of
JIf au, au, au,,
and the Picard threarola is of geometric genus 1.,

2&, Imgrogar&x Abelian and naeudo-ﬁbelian threerolds;

It 15 conveniont to define here two other types of thteefold

whieh appear in our work. The study of both is Gue to Bcth¢

An Abelian threefcld is saiﬁlté'be;gggrugerlz Abelien
if 1t can be representéd, simply or multiply, on a,product
of Abelian varieties of genera less than &, It consequently
admits a parametric representation by mesns of algebraie
functions of Abelien functions of genera less than 3 (15,‘;“,
sec also 17). , o

4 pseudo-ibelien threefold of type g {q = 1,2) is one

birationally aquivalent to a non-singular threefold possessing
a contlinuous eommutative <n‘group of automorphisms whose |
trajectcriea are elliptic curves when g = 1 and hyperelliptic
surfaees when ¢ = 2, The psecudo~Abelian threafold is termed
elliptic or hyperelliptic accordingly (;g,,;g; see also 17).

An improperly Abelian threefold may, in particular, be
ellipﬁié or hyperelliptic. '

21, Ordinary sutomorphisme of s Piecard threefold., let F
be an Abelian runbticn:field and let V bo a nén»eingular,
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unéxeeptional model of 1%s ?icard‘threeféla given by
parametric~eguatiaﬁa _ | . ;,‘
- ¥ o= filw), 4= 1,2,.0,8.
Any funntion of the field is a rational funetion of the £; (u}.

ﬂonsiﬁer the linear transformation of u determined by |

. u'=usgp |

where ¢ is é e&nﬁﬁant'#eetcr. congruanx paints of the u sgaea
tranérarmfinto cangrﬁenx'painta, and so We ney also write
| A, - ”,A u' =u+ g (mod g)z' ‘”“
giving a (1,1) tranarormation of tha fundamental uall into
| itmelf, Correspondingly, we have an. automorphisn of V, gince
| y‘*ﬂr(g)=f£u+g)‘
is : ratienal funntion of the y, ; ana viee versa y. 1=
.a ratioﬂal fuﬁetian of th@ y;

The prn&uat of the fransformatianx esrraaponding to
vegtors c,, g& i{s the transrormation eorresponding to the
vector‘g,+ 8ye 4B G varies (mod ) wo obtain a continuous.

0o gormutative gzoup of automorphisnms of V, These tranaform~'
ations arc said to be of the first kind (Hoth, 17, 106).

There is precisaly one~automorphism of the group  transforming |
any given point ¥ into any given point P': there are no
excoptional points, and the group is said to be absblute;z
trénsitive, | '

ie oktaln a second o0 systen of automorphisms of V from
the 1incar transformations | |

u' = -un + gg

'theae are of tho seaanﬁ kinu. They do not form a group &lone,
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" but do so in conjunction with the subomorphisms of tho Pirst
kind. | | | |

The possession of the group of automarphismﬁ of the
first kind is ch&rae*&eristic of a (rion-vsingularj Pieard
throefold, i.c.

A none-singular algebraic threcfold which nosscesses an

oo® continuous commutative gmun of automorphisms which is

ahsamtew transitive is a Pleard threefold.
The autamarphism of the £irst and seconﬁ kinds are

tormed ordinary. , |
22, Singu omorphisms of & Pigard threofold.
;.wery :E*iaard threefold admits the above ordinary autonorphiams
- which impose no aan&ition on the Riemmm matrix Se Any othar
' sutomorphism of a Ploard threefold will be representea by |
a linear substitution on 1 '
- ' =Aun+ g : (7)
where A (# £E) is a non~singular 3x3 matrix., TFor (7) to
represent an aﬁtomorphism wo must first ensure that congruent
points u transform into congruent points u'. Thié implies
42=2R o t8)
where R is a non-singular intogral 6x6 matrix, Ghen
condition (8) 1s satisfied onc point u (mod £) gives rise to
one point u' (mod g}. To ensure further that the cénvers‘e
is true we .require that ‘
A'g=gB o (9)
with R' an integral 6x6 matrix. From (8) and (9) it follows
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thet E' = R, vhence R must be unimodular. If this is so

~ then one point u' (mod Q) carresgnnﬂa to only one point u

(mod s;).. Thus (7) mpre*‘ents en sutomorphisnm of the Ficard
thraetold if and cnly if (B8) 45 setisfied with R unimadular;
- The reletion (8} is a partiuular mstanea of a Hurwitz

. relation, lore generally, suoh a relation holds for an

' arbitrary algebrale correspondence but A and R need not

‘ then ke non-singular» The cases when 4 = 0, g = 0 and |
A =pE 30 R=pE, are termed trivial. e require 2} pafticular
t'ype of nen~‘.;r1via1 mla:bion to be satisfied, 4 genéral
" Riemann matrix { does not admit any non~trivial Iurwitz
reletion. Vhen the mafrix does adumit such a relation, the
‘eerrespénding fumtion fi0ld 1is said tcs" 'a&mﬁ: gcomplex
nultiplication by A; 4f £{u) belongs to the fleld so also

B does {4 u)s The teminology derivos from the case of one

variable when 4 is then necess arily a complex multiplier.

» Possibly between two different threerolds, in which
case, on the right y the natrix g is replaeed by some other
Rlemann matrix Q'
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CHAPTER 2, INVOLUTIONS ON A PIGARD THR;UFGLD

1. The gencration of involutions on a Piecerd threetold

et V bte the Pleard threefold assoclated with an Abalian
ffunction field % and let i be an Abelien threefold of rank r
associsted with this £ield. Then W 4is a rational transform
of V and ia represented on V by an inwolution I, of order r.
One method of generating an 1nvolution onV 13 by means of
'a rinite graup of automnrphisms‘ It-is fundamental to our
work that, under certain econditions, it cen be asserted that
tho 1nwolution>zf may 1n faot be generated 1n ‘this manner.
The result is arrived at in tho fallawing series of threa
theorems. | ' ’
, Theorem 1. If I. possesses o coingidences then the
geametric genus and plurigenera of W are all zerc.
The proof is due to Roth (;g),_ By hyyothasis, there is

a ecinaidence surface on V and hence a brench surface B on W,

Consider, then, a génaral linear system [0/ of surfaces on W
this mape an irreducidle system [C,| on V, which belonge to I;
and whose adjoint system [0} is equivalent to the sum of the
‘t?&nsroxm of [CY and the coineldence surfase. Now since

¥V has a cenonical surface of order zero, we have C! = O, ,
whenee it follows that C = C' + B; that is to say, W '

- possesses an anticanonical system (12). Henaé, on W, the
process of successive adjunction always terminates (12}, so

that ¥ must have geametric genus and plurigeners zero,



Theorem 2. Any Abelian threefold W of suporficiel
irregularity 3 is a Picard threefold and the involution

mapping it on another Plcard threofold V_can be generated
by sutomorphisms of the first kind,

| . AS abdve, let the Abelian threefold W be mapped on the
1nvolu‘b16n I, on the Picard threefold V possessing integrals
of the first kind u; (§ = 1,2,3) and associated with the
Riemenn matrix L. let W lie in an S,P (Y, Tus Vs s ¥, ) end
let three 1linesrly independent simple integrals of the first
kind on ¥ be - -
| [{R, 8y, + R,dy, + Rudy, ), 1= 1,23,
where the Ru are rational funsctions of Vis Vos Yas Yo
Substituting for the y; their values in terms of the u;, we |
obtain three '11neax1y'-1ndepenﬁant simpie integrals of the
£irst kind on ¥V and we may teke these to e tho u themselves
so that | ‘ |

R, dy, + R.-zdyz" + R,dy, = du;, i=1,8,3, (1)',

If u and u' are points of a Set of the involution I,, the
lleft-hand slde of (1) is unsltered when we replace u by u', |

and therefore

du! = du;, ‘ 1=1,2,3,
whenee u! =u, ¢+ o, i=1,2,3,
or ’ » ut =u+ c.

Thus the involution on V is generated by & finite group
of sutomorphisms of the first kind. The corresponding group,

', of linear substitutions on u contains all those generated
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‘by the 601umns of the Riemann matrix Q. Now the Abelian
"funetions 1n the paremetric repranantatinn of W are invariant
under all the substitutions of I whemoe it follows that [
may be generated by ¢ substitutions, the constent vectors

of waich give the columns of a Riemann matrix g': A generel
point of &’%" arisés from one point u (mad g_" ); and so W is |
a moaél of the Pieard threefold associated with {': This
complotes the proaf of Theorem &,

. Iheorem 3, If the Abellen threefold i§ has Some plurie
'yenus greater then garo and the inrolution I, mepping W on

' Ploard threcfold V is not gompounded of a Picard 15ya1ution’,

then Iy can bo generated by e finito group of sutomorphisms
of V. -

" This thearém for varicties of arbitrary dimension is

due to‘Andreotti (1); The prcof in the case of surfaces was
'given by De Franchis (5), thus xemoving a restriction; whieh
was earlier found necessary in Bagneranﬁe Franchis (2).

In proving the theorem for threefolds (the procedure
for any dimension 1s the same) the first step is to show
that nu point of V is fundamental for the involution I,., i.e.

- no point gcorresponds to a curve or snrraoe in the involution,

This follows from a consideration of the tensorisl form

o x That is, an involution whose model 19 a Piaard
threefold¢ ,

E It was found nececsary to assume the nonwexistence
of fundamental eurves for the involution; their exelusion
1n (5) was by ﬁhe method given here in the text.
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shown by Kéhler (8) to be assosiated with the nonezero
plurigenus, p, say, of W. Under the rational transformation
between W and V this form becomes the temsorial form
corresponding to the n-th plurigenus of V, end this form

may Be written

b1
of{u,, u,, u, )

3(8,, B,y S,) , {2)

the u; being thé.aimpla integrals of the first kind on Vv
and the s, auxiliaiy variatles,

The expression (2) must thus be 1nvariant‘on,passing
from the neighbourhood of a point u to the neiéhbouﬁhaa&
uf'a_poinxng con jugete to u in the involution, éna hence the
Jacobian of u with respeet to u' must equal an n-th root of
unity and so must be non-zero. This excludes the possidbility
of fundemental points, ,

From this result and Theorem 1 it follows that the
groups of the involution I, which contain united points are
o' at most end that the»oorrespoding loous in the feal S, . of
the u is at most a resl surface, D say. |

Now supposge V to lie in an S, with non-homogeneous
coordinates X = (X,, s0y X,)e Let the parametric equations
of V be ,

‘ x; = £;{u}, i+=1,2,3,4,
where the f; belong to the metrix {. |

Let x° and x' with respeetive parameters u° and u'° be
two points conjugate in the involution. Then in some

neighbourhood of x'°, the x! are analytic functions of the x;
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in some neighbourhood of x°; and hence of u. These
funotions ean be extended analytically to every point of
the S, exeept points'of the real surface D corresponding to
coincidences in the involution. Further, every closed path
in the SGV may be reduced to zero keei‘:ing one point fiked,
without maefing the surfaee D, whenece the funetions ars
meromorphic, |
If, then, u desoribes a closed oyscle in the 5, not

meeting D, the x! return to their initial values, On the
other hand, if the paiﬁt x deseribes a closed ayels on ¥V,
this corresponds in gexiaral to 1noreasingithve 1 by some
period dgpenaent_ on £ and not to a c¢losed eyelé in the g
space, and the effeot in gen&ral will be to permute the .
points conjugate to x in the involution, However, since
the order of this permutation must be a factor of rf, if
the oyole on V is desoribed r! times the identiocel substite
ution on the points of the set must result, In other words,
if u is inoreased by any period from the matrix r'g, the x!
are unchanged. Thus the x! are Abelian funetions of u for
which r!i is a period matrix; though not necescarily
a fundamental period mat;rix.' Thie matrix 4is fundamentel
for the funotions f£,(), so that if ¥ is the variety,
birationally identic&l to V, which is defined by the équa‘aiona

% =t(5), 1 =1,2,5,4,
it follows that the x!(u) are rational funotions of the X,
and hence that the 1ntegrals u! are expressihle linearly in
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terms of the f—,, 1.6, in terms of the u;.
e have therefore | |
| ' =Au+g (mod rig), {3)
where |Al # 0. _ |
Consider the set of ell linear substitutions by whiech
~we pass froin the ‘p&ramef:ers' of one point of the group to
those of enother point of the group. These form a group G
eantaining all the sbove substitutions (3) end also the
‘substitutions which augment u by any period dependent on 9
sinse these latter leave all the painés‘of the group invariant,
In G the set of all subsiitutions of the form
| | - 11.‘ =3 +g ‘ , (4)
form a subgroup ', Since the coordinates of a point on W,
as funotions of u, are invariant for G and ‘'so in particular
for [, this latter group admits a set of & generating
. subatituﬁiém , BBy o
| | u'=u+w, b= 1:‘2;“56‘:' (5)
‘wh'e_re &t = {w,) 45 2 Riemann matrix, If Z is the Ploard
variety attached to the matrix &', then 4
(1) the soordinates of a point on ¥, as functions of m,
admit g' end so are rational functions of the ooorainaﬁes
%1 = 1,00,4) Of & model of % in S, ; |
{11) the goordinstes z; of a point on %, as' functions
of u, admit the matrix Q, since the substltutions (4), as
noted, include all those dependent on Q.- ‘I‘hus"the Z; are
rationsl funetions of the X;.
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By hypothesis, the involution I, on V is not compounded
of an Abclian involution of rank 1, whence the transformation
from V to 7 must be birational, end

a' = Q. _

.If, therefore, in eny substitution of G we inerease the u by
. any parj.bﬂ dspendent on g, the u' must also 1nai'ease by
a perlod dependent on 2, for otherwise (§) would not represent
the generéting.substitutiona of [« Thus the equations for |
tho substitutions of G are satisfied mod g eand so represent
‘birational transformations of V. This 1s the required theorem®
In & discussion of threefolds W representable on
involutions on Picard threefolds V, the sondition required
in the proof of the last theorem that the involution shquld |
not be compounded of a Plgard involution can always be met
by)replaoing,v by Z when necessary, Thus, for our purposes,
there is no loss of generality 1n'supposing_thiarﬁondition.
to be sétisfiad and this we shall do in future. .

That the theorenm is not universally true without this

condition is dcmonstrated by a counter-example in (1).

2, The linear group on u, We have seen that two trans-
formations of the group G which have the same A have g whigh
airfer'only by a period generated by 4. Therefore 1f wo
eoﬁéider the Tinite group G (mod g), 1.6, the factor group

G/r, this group is isomorphic with the homogeneous linear
group aonsistins of substitutions of the form
u' = Au,

» The orders of the group of automorphisms and of the
group of substitutiona G (mod g) equal the order of the
involution.
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e investigate the possible forms of this_grbup, and to this
end consider the various conditions whieh‘ﬁ satisfies, The
homogeneous group will also be denoted by G.

3. The peometric genus of e The geometric genusvis -

determined by the following theorem:

The threefold ¥ has geometric genus 1 if and only if

gach substitution of G is modular; when G gontains

g _non-~modular substitutlon the geumétrzc genus is zero.
The geometrie gemus is given by the number of linearly

independent everywhere finite triple integrals on W. When
the parametric expressions for the coordinates sre substituted,
each such integral gives rise to azsiﬁilar integral on V, and
lincar independence is preserved, Thus the geometric genus
- of W cannot exaeea that of v and so can,hévs only the values 0,1,
ASuppose first that W posaésses one everywhere finite

triple integral

B3 s 720 ¥ s % )ay, 072 8y; o |
On substituting for the y; in terms of u we obtein the unique
everywhere finite triple integral on V whiech is

 [faw, au,au, |

apart from an arbitrary constant factor. Hence, dividing
"R by the appropriate constent, we can write

D(Yl ’ 'yzy 5'3) ’
D{u,, u,, u;)

‘ R(YLI ) ’A 1

for all u, where the seecond factor on the left iz the

Jecobian of the y; with respeect talg, Writing u! forgg



where the two points belong to a set of the involution does
not alter Riy; }.» Hence we must have

D(?.,zruygigmy',,y,,yg) ply, , %, v, ) D(u!, u!, u!) (6)
Dlu}, ui, uj) Dlu,, u,, u,) Dlul, ul, ulj Du,, v,, w,)’

from which it follows that

bB{u , u! Ly ul)
D{u,, u,, u,)

and the substitution transforming u into u' is modular, This
must be 80 for cvery substitution of the group G,

z‘i[ul'

3 Gonvarsely, if each substitution Of G is moduler, then
| (5) shows that the Jacobian

D(y, th%’
D(u,,u ,n)

| .wh&eh is en Abelian funetion adnitbing the periods of 8 |
‘tekes the same value at all the points of a group of I,. It

18 the;*a:t‘are a rationel function of y,, v,, ¥, ¥, &nd go
‘we ecen write | |
Dlu,, u,, u,;)
BRI A ANE A 4

and au,du,du, = Ry, , V,, ¥, %, )4y, dv. v, »
\‘I'hus the right-hand side of this eguation gives an everywhere

=R(Y, , .3 Vs Y. b

- finite triple integral on W, and the geometric genus of W is 1.
) " In all other ocases the geometric genus of W must be zero.
| 4, The superfisisl irregularity of W. This is given by
the number of linearly independent everywhere finite simple |
integrals on W, Since each of these glves rise to a similar

;.ntegrai qn V, linear independence being preserved, the



;suﬁerrieiel irregularity of V cannot exceed that of v,
nemely 3. Ve heve elready eliminated the case where this
~imaular5.ty equals 3 and W is aﬁnaequently a Pmam threafold.
mmn the superfioclal :!.rregularity of ¥ 4s 2 we ean
choose 4 such that the integrals on V correspcnding to the
.»ahoaan ones on W are u,, u,. If u, u' belong to the same
sot of the involution I, on V, it then follows that
 al=dw, , Gul=dy,,
- and 80 ut = u,.+'ve, «,: ul = u,+ 0,.
In this case gyery substitution of & mey be put 4in the form
| u!' =u, + o9, |
u' =4, + 6,

- u! = oy, +pu +;u + .0,

Si.mﬂarly, when ¥ has snperfieial irregularity 1, the
expression for u' in gvery substitution may be put in the
forn | | I |

| ul = u, +¢,,
if u is mitably ohosen. ,

convaraely, when the group can be thrm 1nto one or

othar of the above fornms, the thmerola W is superﬂeially
irregular, ,
’Any particular substitution of G generates a finite eyelie |
group (‘mod ’g),',xsomorphia with the _hemogexieous linear group
obtained by ignoring the constant terms, and hence homomorphic
with a finite éyalic plane 'projaativs gz;oup.  Now eny such
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gmuy possesms at least one set of three non-collinear
invariant pamts anﬁ, referred to such a set as vertices of
the triangle of refsrence, the projectiva group takes the
form of a multiplicetion on the veriables, Further, starting
‘ \‘mm eny one or two inverient points we can f4nd the remainder
to make up & triad, "

| ‘Thus ’ using the reductions of the last section, we see
fhat whan W is of superfioial 1rmgular1ty %, one substit-
uti@n of G may be put in the form

ul =u, + ¢,

u! = U, + €,y
. ’ n§ = Au, + 6,
with ), # 1., Replasing u, by u, +

beoones

QBA s Yhe last equation

— 3

ut ..../\u,.

3 ,
Bimilarly, when w is of supernoial irregularity 1 y ON6
subati.tution of G may be reduced to the form
'u‘,' =u, + ¢,
ul = AU,
| | ut! = d,u,,
with A, A, not both equal to 1.
When W is superficially regulsr, one substitution of G
‘may be reduced to the form
u! =4, u,,
u! = A,u,,

u! = A, u,,
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with A,, A, , A, not all equal to 1, If, of course, this

eyelic group sonstitutes the whole 6: the group G, then
none of A, A, , 4, can equal 1, o

6. Threefolds ¥ of geometric genus 1. In proving
Theorem 3 sbove it was negessary to assume that some ﬁluxim
genus of i was greater then zero. From now onwards we shell

Testriet our attention to those threefolds ¥ which are of
pometric penus one, and so this cordition will be satisfied.

. In the linear group G every substibtution must now be
modular, and when the substitution is reduced to a stendard
form we must have ' - |

AAd, = 1. {7)
It is now seen that the variety ¥ of geametria genus 1
gamnot be of irregularity 2. Tor otherwise we could meke
f'A = A, = l; and then by (7) we should also have A, = 1,
aamuaWmunamuumﬂmormenmtmm, |

a situstion we have shown c¢an be excluded,

7+ The oharacterist;a equation of a substitution of

the group G. Gonsider a substitution of ¢ reduced, as is
‘elways possible, to the form

u! = du, +e¢,

Ul = AUy, ' (8)
= Mu,,
where ),, A, # 1 and A, may or may not equal unity. The
are tormed the multipliers of the substitution. Since G
does not gontain any substifutions of the first kind it
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follows that 1f u is increased by e period from g then also
u! mist 1naraase by e per&ea depanﬂent on ¢. This leads %o

" the aqnation

o A&=§§. S (e)
where A= &HG 0 l |
¢ A, 0
0 ¢ A

‘end R is a 6x6 integral matrix; (9) is the Hurwitz reletion
of the automorphism.‘ | o ‘

 The nomglex aanjugata of {©) gives

| )

um

=2 R,

g;béing real, Hence

is the transform of R by

.‘ This implies that - , } ‘
| }A»ﬂ!]h»melﬂoﬁJ;.  (10)
E, being the‘unit‘matrix of order r as before,
- The sextie equétioh
| |R - x2 ol =‘G,

, whieh has integral aeefficiants, is the gharactaristi
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gquation of the substitution (8}, From (10) it is seen that

the roots of the characteristic equation are
A A Ae A Aa Ay
Further, since the gharacteristic matrix (B ~ xE, ) is the

transfora of
.(‘.""‘ga 0

o 2 -z,
by a non-singular matrix, the ranks ;f these two matrices
are equal when any bartioular value is substituted for x.
Singe, when any root of the charasteristic equation is |
substituted in the latter matrix the rank is rsﬂuaed by tha
muitiplicity of the root, i.e., by the maximum'gcssible

“amount, this also dacurs for the characteristio matrix."

‘W& have tﬁexarara'the follnwlﬂg'three‘factsé
(1) 4n addition to the multipliers, their complex comjug-

. ates ére also roots of the characteristic eqﬁation;

(11) any real root of the ocharacteristic equation must be
of even multiplicity;

(4i1) 1if two or all three of the roots are équal their

" value, if complex, is a double or triple root of the char~

acteristic equation and, if real, is a‘quadrupie or sexfuple

'_ root; and when substituted in the matrix (ﬁin Xg,} the

rank of this matrix ié roduced to 4, 3, 2 or 0 respectively.

The n~th power of the substitution (8) has multipliers

My Als A, end, if the substitution is of period n, these
must all be equal to 1. In addition, if A =1 so that
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éas&ibly ¢, # 0, weo mnsﬁ have
{ne,, 0, 0} = 0 (mod g).
B» The primitive meth roots of unity. In applying the

above eunsiﬂeratiens‘tc deternine possible sets of mltipe
liers, the follawing observation on the reots of unity is
needed, A 4 |

Let w, be & primitive m-th root of unity®, and consider
the polynomiel x" - 1, when x" = 1 is expressed as & product
‘of factors irreducible over the field of rationals R, w,, is
a root of the eéuatiah ohtaiﬁea by equating one of these
fééturs, f(x) say of degree s,’to zero; f£(x) is the
characteristic polynomiel of w,. The rielde(w ) obtainsﬁ
by adjoining w,, tofR 15 of dogroe 5 end is iaomorphia with
the field of polynomials in x over R, modulo f{x), (6, 108),
Every primitive nm=-th root of unity belongs to this fial&,
and each such root determines the same fleld, Thus all

‘such roots are roots of the equation £{x) = 0, Further,
£{x) has no other zéros; for if one such zero were
'é primitive m!éth’roct:Of‘unity where m* divides m, 1tvwould
follow that £{x) was a factor of x" - 1, and w,, could not
be a primitive meth root, contrary to hypothesis,

Lot #{m) be the Causs-Tuler funotion of m, 1.6.'tha ”
nunber of integers not greater then m and prime'to e xhaﬁ

x Ve shall generally use w,, in this sense; but
,primitive ecube and fourth roots will, as customary, be
denoted by € and 1 respectively.



‘thers are ¢(m) primitive nm~th roots of unity, and the degree
s of £x) equals ¢{n). |
9. Saeope of the following chapters. The next chapter

combines the theory developed above with thet of ternary

' 1inéaf groups to determine all modular homogeneous groups G
which ecan give rise to involutione of the required type on
Pioarﬁ threefolds, Chepter 4 gonsiders improperly Abelisn
‘threefolds end setis out the asacaiate& preliminary results
concerning elliptie curves and‘hyperelliptie surfeces which
are required in the diaaussian of these and other threefolds.
Chepters 5-8 investigate the Riemann natrices for the Plecard
threefolds on which invelutions cen be generated by the
various types of homoganeous group., Some. cases are worked
out in full to illustrate the techniques involved, while

for the remainder one matrix is given in each case to estob-
. lish tﬁat_inwnluxions can Se obtained from all the groups,
Chepter 9 is devoted to the problem of finding for the
matrices which admit any given homogeneous group all the
non-homogenasous groups admitted by eaoh;of these matriaas.‘
Lgain, slthough the principles ere gemersl, their applic&tion',
in a partiau;ar instance can bec lengthy and require speaial
arguments, and so they are illustrated by reference to the
eyelic groups and & selectlon of other groups. The chapler
48 followed by & 1ist of the 64 homogeneous groups which
give rise tb Abelian threefolds of geemetric gehﬁs one,
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QHAPTER 3, THE HOMOGENEQUS LINEAR GROUPS

1, Finite modular ternary linear groups. The modular

ternary linear groups are in (1, 1) or (3, 1) correspondence
with plane projective groups seccording as they do mot or do
contain the substitution with m‘ultapimrs &, £, €4 The finite
plane projective groups were investigated incompletely by
Jordan (7) and Velentiner {18) ané sompletely by Blichfeldt
{3; or 11), 4 brief summary of the results is contained in
Vanlder Waerden Qgg)., I% is convenient for our preéent
purpose to distinguish five types of finite plane projective
group; the authors mentioned were concerned only with the
lest of these - the primitive - since the general structure
of the other typea is elther eésily arrived at or else
reduges to that of binary groups.

A plane projective group is said to be yedueible when
1t leaves ;nvariant'a point or 1line; it then also leaves
invariant in addition a lins or paini respectively, in eech
case the point ndt lying on the 1ine. Thus in all reducible
plane cases we have a non-ineident invariant point and iins.
In aome‘cases the group is further reducible and the line
eontains two points each of which is invarisnt, giving three
inveriant points, In the other reducible cases we have
& binary group on thevliné, and the possibilities here are
well-known (8, 11l). In this work we recognise three types
of redueidble groups

{A) © olic_ roups, aoneerning'whose nature nothing
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further need be said; |

(B) Inltiplicative groups. This term is used %o denote
those groups, other than eyelic groups, leaving three points
inveriant. They are obtained from two ar:mara:ayclic grouﬁs
leaving these three points invarient; -

(C) B edua'bla te roups of the regulér solids, 1In
8ll reducible groups other than those aoverad by (A) and (B},

the group aeterminsd on tha inwariant line is the binary
group narresyanﬁing to ono or‘tha gmuups of the regul&r'
solids: dihaaral, té@:&h@ﬂralg cetahédxal, icosahedral,

A.grajaativs group is sald to be gggr;mafiva when the
apace‘on'whichlit»operatea ean be éxpresaed as & sum of
subspaces whioh are permuted bﬁ‘tha group. Such & gﬁnﬁp‘is
either reducible or elae’the subspasces are all of the same
dimension, and when thiz dimension is zero the'group 1s said
to be monmomial. In the ease of plane groups the only 1rred§
ucible imprimitive groups are monomial ones, and these
constitute our fourth type. |

(D) Monomisl groups, These leave invariant a triad of
poluts but no individual point of the triad. ’

All remalning groups fall into the £ifth cless:

.\(E)'Frimitiva groups. These do not leave invariant
any point or triad of goints. |
~ iie now ohtain in turn the linear groups G belonglng to

the above five eategoriaa and satisfying the conditions
1m@11ad by the existenne of a dharaateristic equation for
each subaﬁitutian‘ |
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2, Notstion., We shall use G, to denote any group of
order r. The spé‘ci‘fio groups found below will be denoted
by Roman numerals, end so we shail write, for example,

Gé (1v), or simply G{IV) if we are not concerned with the

arﬂer. I?: wil:t be ecnvanient from now onwaréa to replaoe

the variables , , u,_, u, by Xy T %o Tha substitutlon
x* = A x, ¥ =AY, z‘ = A,z

will be demoted by -

o o 8{Ax, A, ¥, A,2),

and further cy&l*;d substi.tuﬁona‘ BY S,y 5,5 o0 o

m Cyelle groups
S gp_nﬂit;oﬁ m osed on the m:wig.; iars. From the

results :ln the last ohapter, the mxltj.puem Ai of & generu

ating substitution are roots of a sextic charactaristic

equation, and 1f Ais a primitive m-’bh root of unity
$(m) <

The values of m for which this is so, together with the

éormsponding ‘valuaa of ¢$(m) are as follows

m 2 3% 4 5 & 7 8 % 1o 12 14 18
d{m) 2 2 2 4 2 6 4 6 4 4 6 6

Assume A, A,, A, to be ordered so that
| m, o< @, <My
Let the least common multiple of m,, m, be m. Then sinse
s
it follows that m, = m; end the substitution is of period m.
Thus in the case of a ternary modular substitution, the period
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is given by the index of the multiplier of highest index.
Possiblo orders for the group are therefore the values of m
in the table above?

The following four facts are constantly needed,
(1) A = 1,
(11) If one A tskes the value +1 or -1, this is a double
root of the characteristic equation and the remeining two
maltipliers ére at most quartic irrationalities,
(111) If two A, are equal, their characteristic polynomial,
being & repeated factor of the characteristic equation, is
at most a cubie, so that A = w, where m = 2,3,4, or 6.
{(iv) If two of the ), are m-th roots of unity where $(m)>3,1.0.

, m=5, % 8,9, 10, 12, 14, 18,

they cannot be conjugate rnofs. For btoth must ba simple
roots of the characteristic equation and eo, if conjugate,
would 13&& on substitution in equation (8) of the last shapter
to the (determinate) retios of the elements of one row of 9
being the complex conjugates oflthe cérreapunding ratios for
another row. vith & suitable change of varieble we should
obtain & matrix one of whose rows consisted entirely of real
elements, and the representative points in the Sé of
Chapter 1.3 would all 1ie in s prime, contrary to the faet
that they must he‘linearly indspendent.

In 1listing possible triads of multipliers, the order
in a triad is of no significance, and fu:ther we glve only

one generating triad for each ¢yelic group.
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, 4,'Egggeratign of eyelic groups. If A = da= A, there
is one possibility. | |
G, (1)  slex, ey, ez}, |

1; twﬁ'A;are equel , say A.= A, therétare three
possibilities,
G,(I1)  S(x, «y, =2);
G, (IIT) . S(~x, iy, 1z);
G, (IV) S{ex, ~ty, ‘»az); |
That there are‘nc,rurther.possibilities,fallbws from (111).
If‘allythrae A, are different we find the following cases,
{a) One multiplier, say A, equéls 1, The other two mult-
ipliers must be complex conjugates and so by {iv) there.
are - excluding G(II) above -
G, (V) Slx, ey, £°2);
G,(vi) s(x, Ly, =iz);
G (VII) S(x, =y, =€ 2],
(). The«ahsve soven groups are of orders 2,3,4 or 6., We
show now that there is only one further group with one of
' these orders, The multipliers:of such a group must be
chosen from .
+1, =€, <€, #+i, S

- If one mnltipliei is +1, onc of the other two must be -1, £a
or i, giving four cases all onumerated atove. If no multe
iplier 1s‘él‘or «1, then all three must be chosen from l
- %z, #€, and we obtain I or IV. If one multiplier is -1
thén, apart froﬁ I1 end III, we have one further graup; nemely
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G, (VIII) 8(=~x, €7, =€ 2)s

(o) The remaihing groups ars disoussed according to order,
For a G,, noting (a) above, we see that each multipliex

must be & primitive £ifth root of unity., But then two of

these multipliers must be complex conjugates, and this is

ruled out by (iv). Thus there are no modular groups of

order B of the required type; and hence, slso, no modular
groups of order 10,
For a G,, the multipliers must be distinet primitive

seventh roots of unity. Calling eny particular multiplier w,
the other two must be w,, ', and we have one possibility.
G, {IX}) Ss{w,x, wy, w¥z).
’ For a G,, one multiplier must be a primitive oighth
root of unity, say w, where we can assume w," = i. The other
two multipliers are powers of w,, other then w,, w,, 1, the
sum of whose exponents is 7. There are two possibilities,
G, (X)) Sl=x, w7, lw,32);
G (XI) 8ix, w7, =w, %)

For a G,, one multiplier must te a primitive ninth
root of unity and so, sinee ¢(9) =6, the multipliers must
be three distinet primitive ninth roote, no two of which
are conjugete, and the sum of whose exponents is ¢, These
primitive roots being of the form

Wy s m:, m:} w:; Wy's W'y

1% is meen that the conditions camnot ke fulfilled and so
there are no modular eyelic groups of order 2 of the required
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Xype; end 150 _no such groups of order 18,
- The next possibility is a G,, One multiplier must be

a primitive twelfth root of unity, sey w, where wo cen teke
w, = i€, By (1i1) and {iv) no two multipliers ¢an be equal
or complex conjugates, Two possibilitiocs are
G.(XII) S{=x, 1ey, 1" z);
G{XIII) Slex, ley, =icz},

Two other apparent possibilities are the groups
generated by

S{e*x, =iy, 1ez) and S{-c"x, iy, iez),

but these may be dismissed; for in each case the multipliers
can only be obtainsd from an cotavic characteristic equation
and not from a sextic,

Finelly, for a G,, sinee $(14) = 6, each multiplier is
a primitive fourteenth root of unity. The six primitive
roote are of the form

W ¥ w:, y Wy Why Wiy m,f. |

As each exponent is odd it is impossible to choose three
such thet the sum of the exponents is unity, Thus there ere
no modular eyelie groups of order 14 of the reguired type.

The abovs thirteen groups are all the eyclie groups
" whieh can yossibly lead to Abellan threefolds of geonetric

f£enus one,
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{B) Multiplicative groups

5. Bepresentation as a direct product. These groups

" ave arrived at bty considering in tumn the gossible values

for the period of the substitution of ﬁiéhaat'ardar belonging
to the group. Sinee all multiplieative groups are Abslian
they can be répreaented.aa gg__g;_produota'ar eyclic groups,

i.e, for each multipliocative group there exlsts & set of |
eyclic groups such that any substitution of the mnltiplicative |
group can be written'uniqualy as the product of a set of
substituticns, one fram eagh of the eyelio graups (10, 140
or 11, 87), The order of the multiplicative group is the
produect of thé orders of the eyelic gronpa“‘wa shalivgifa
a set of generating substitutions and state what velues the
multipliers cen assume in each ease, |
{a) Substitutions of pericd 2. There is a aingle’géouﬁ.
G, (XIV) - S(=x, ¥, =2}, 8(x, =¥, =z); A, Ay = %1a |
(b)VSubatitutions of pericd 3, Every substitution of

the group, other than identity, must be of period 3, for
otherwise the group would contain substitutions of periocd
exceeding 3, In all there are 9 pdssible mpdular substitutions
and, bearing in mind the expression as a direst product, we
see that the only possibility is the entire group of order 9.
G, (xV) slex, ey, £2), S(x, ey, € 2)3 Ay h = 1,6,e%.

(e) Substitutions of period 4. Every substituﬁion of
the group is of period 4, 2 or 1. In all there are 16 such

modular substitutions, and possible orders for the group
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are © and 16, To obtain a G, we must multiply the G, (III)

or'G*(VI) by & G, of type II -« with the multipliers in any

relative order, This leads to a single G,. |

G, (2vI)  S{=-x, 1y,‘iz), (=X, ¥y =2} .A = 11, A, = 21,41,
. Thefe 'is elsc the group of order 16,

@, (xvIT) 8({-x, iy, iz}, &(ix, -y, iz); A,,A = 1,43,

| (&) Substitutions of period 6. Evary substitutian.of

the'gxouP is of period 6, 3, 2, or 1. There are 36 such
modular subétitutldns, and possitle orders for the group
aré’12, 18, end 36. o

Mnltiplying G, (VII) or G,(VILI) by the G, with mult-
ipliers -1, 1, =1 (or =1, =1, 1) we obtain a G,. |

6,(XVIII) ©(-x, ey, =e"z), S(-x, =y, z}; 4 =41,
; , : M= 41 S, %",

| If, on the other hend, we multiply G,(IV) by either
of these G,s we obtein a dlfferent G,.

6,(X1X) S(ex, -ey, =£2z), Sl=x, ¥, =z); A, = +1,tc,2c?,

2® e
Consider next the effeet of multiplying a G, by a G,.
Multiplying G, (VII} or G (VIII) by G,(I) wo obtain a G,.

Gw(XX) s(ex, ~ty, =£2z), 8(x, €y, €' 2); A = 1,e,e*, |
A= 1 1&,1& .

If either of these two G,s is multiplied by the G, with |
multipliers €, 1, € or ¢, ¢, 1, we obtain sgain this same
group; end likawiae Af we multiply G‘(IV) by either of

- these G,s or by G, iV).

The only other group 1s that of order 36.

G (XXI) . S(ex, -y, =-£z), S(-x, £y, € 2)s A, A, = +1,4€ 48",



(e} Substitutions of periocd £. Every substitution of
the group is of period @, 4, 2 or 1, There are 64 such
modular substitutions, and possible orders for multiplicative
groups are 16, 32 and 64. Groups may be formed by multiplying
G, {X) or G,{XI) by G,(II), G»(III) or ¢,(VI), in each ecase
with the mulﬁipiiaré taken in any e&dar,ler ﬁy,sé'@ﬁitiplying’
G{x) Ey'G{XI!E.' In all ceses where the eyclic'groﬁp is
) éxtenéea to a multiﬁliaativé gkpup it ia'found‘that the
resulting gréu? umnﬁainé the suﬁstitutian.with mnltiﬁliers 4
~1, l,f—i" Bﬁt this implies that the groups résulting from .
QCX) and G(Xi) contain respectively the substitutions with
miltipliers 1, W,y ~dw, and =%, Wy Wy 3 and as“tha §ye1£e
gronpa generated by these sots of multipliers are not 1neludaé
‘in £he syclic groups I-XIII found earlier, we conelude that
no multiplicattva groups containing subetitutions of
period 8 are admissible. L ., ,

{f) Substitutions of pericd 12, Possible periods for
for substitutions are 12, 6, 4, 3, 2, 1. ‘mhers'axe 144 such
subsfitutions. Groups cen erise from G,(XEI) end G,(XIII),

As in the last paragreph, eny exiension éontainihg’thé‘ )
sﬁbstitutian with mnltipliers «1, 1, =1 {or -1, «1, 1) 1s
'excludad oinee this implies also the presenee of the
gﬁbstitutians‘with mulfipliers 1, ig, =ic

* and -¢, ie, ic

# In some of these cases the two generating groups have
~some substitutions in common so that the resulting group is
not obtalned explieitly as a direat product. This is
irrelevant here, The same remark applies when cousidering
substitutions of period 12, -
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raspaetively,‘and these dc not appear in any of‘the.éyalie
gxoup#;' | . | |
. The oniy remeining possibility_arising from ¢, (XIT) is
obtained on multiplying by GB(I) {or by G‘{XV) or by the
groups generated by the substitufiens with multipliers
€, 1, € or g, =1, =€*); but this group contains the
s&bsﬁitution.with,muitiﬁliern -, i€*, 1 and so is ruled out,
Similarly the only possible group arising from G, (XI11)
1s‘obta1ned.on,mnltiplying-by G3QV)'tor equally by'ag(vxi)
or by the groups generated by the substitutions with
multipliers €, 1, €* or €, =1, -€*); this group contains
the substitution with multipliers &, ie”, -&; and so it also
is ruled out, | | |
Thﬁékgn multiplicative groups containing substitutions
of period 12 are admissible, and this concludes the discussion
of &ll the periodéirouna for the cyelie substitutions,

-

(C}) Redueible tarﬁégz_ggggps of the regular solids

6. The icosahedral group, It was shown in the discussion

of oyelic groups that no substitution of periocd 5 is edmisse
ivle, Since the ifcosshedral group contains such substitutions
it is thgreby'exaluae& « both in its reducible and irreducible
ternary forms, The remsining reducible groups are the
dihedral, tetrshedral, and ootehedral, and these are
considered in turn. _

7. Dihedral groups. These groups are obtained on
extending a ayelie or multiplicative group by the adjunotion
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erﬁasubstitutiou interchanging two of the united points of
the group. There is no need to consider the effect of
8d joining more then one transposing substitution, For the
set of all multiplicative substitutions ;n the resulting
‘group would constitute one of the groups I~Xxi§ and the
product of two trensposing substitutions would belong to
‘this subgroup., S | o
© When the multipliers of the groups I-XXI are taken in
the orders given above, it is necessary to consider
successively the interchange of the three passible paira of' 
ﬁnitea pointé. For the moment, hawevar, a substitution :
transpoaing y and z will be teken, and the questicn of
.raﬂuaing this to one of & sot of standard forms 1nyestigated.
Conslder then a transposing subatltu%ion
| xt = -'~;'p-x, y! m«z,A‘z‘ ¥/9’y. ' {"1)"
Keeping the seme triangle of reference so as not to alter
the forms of the syelie groups, choose new variables
X, ¥, 2, given by | . ,
x=X, y=J/=Y, z=/p2,
The substitution (1) now assumes the form N
| | Xt = sz T = -pZ, 2Z' = pY,
where p = /=4, Equally we oan choose variables such that
D= o mXBe |
~ Alternatively, if we choose X, Y, Z given by
x =X, y=/<Y, ZT""«/—F.Z:

the substitution (1) takes the form
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X' = 5K, Y o=ipz, 2! = ipY,

where again p = /[=xg; and equally we can meke p = =/=ap,

Thus the substitution dcpends on the one peramster p
and, reverting to the old variasbles, may Ye taken in either
of the equivalent forus |

. - x* =-P—;x, y' = =pz, z' =Dy ; {2)

x! = k*x’ ¥yt = ipz, z' = ipy. : (3)

To determine the possible velues for p, observe that
the square of (2) or (3) 1s the substitutian ' |

', st ,x, -p* y, -p z}. | (4)
Possible valuae for p* are thus
| 1, =1, €, ~£, €7, =&, 4, =i,
For p we need only consider one of the square roots in each
case, and we ahceae'the‘values‘ -
\ 1, -1, €%, 1e¥, £, 1, =w,, ~lu,.
In view of the presonce of the substitution (4) in the group,
the possibtllﬁias which need to be aonsidared may be reduced,
. Thus whén P = el, we see that the produet of the transposing
substitution and the corresponding substitution (4), i.e, the
cube of the trensposing substitution, is that transposing
subsfitution for which p = -1, In this way the above values
for p may be reduced to one or other of

1, -1, =iw,. _

‘The f£irst of these we shall use with the btransposing substit-
‘ution in the form (2) and the other two with the substitution

4n the form (3). Thus we have three transposing substitutions
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‘which may te denoted by

T(x, 2, ¥), T(=xy 2y ¥), T(1x, Wy Zy W¥)
respeotively, As remarked eerlier, in each gase the two
enrreaponﬂing ‘substitutions 1n#olving a multiplieatian on
¥y or z mast alse be aonsidared. #e examine the groups
arieing from the thréc types of substitution in turn, Xach.

group ocan, of gourse, be generated in more then one way and

' mey contain a number of the subatitutians T - as will

begome apparant in the diaouasion.
. Note that if in a eyelic group the multipliers of two
variables\are always equel, & auhstitution transpasing

these variables need not be considered since by a change of

variable eny resulting group cen be reduced to a mltiplicative
rohm which must have been determined already.

8 »Dihadfal' rouns whose generators 1nciuae T{x

or Tz, ¥, »x) or P{=y, x, z). The substitution 7% is of

" period 2, whense groups of odd order, 1.e. graués i, v, IK‘ :

, and XV, need not be considened.

G,(I1) gives rise to one group, eontaining also G, (XIV)‘

G (a1)  six, =y, =2), T{~y, %, 2z)»
 G,(III) gives rise to ome group, containing also G“(KYII)aV

G, (XXIII}  S{wx, 1y, 1z), T(-y, X, z). S

G, {IV) glves rise to one group, oontaining alsc G, (XIX),
GZ»{X;}CIV) S{ex, =-ey, =£z), T(-y, x, ,Z}‘

G, (V1) glives rise to ahe group ’
g, (xxv) 8(x, iy, ~iz), T;x, -Zy T
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A‘secan& poséibiiitj is thé group geﬁerated by
| S(x, iy, =1z}, T(-y, x, z);
but this #oincidés ¥ith G (XTI},
G, (VII) 5iveﬁ rise to two groupa,
G, XXV ) s(:, -£"¥, -az), T(x, -2, ¥)}
GHAKXYII) s{x, ~£ 'y, €2}, T(uy,’x, Z)s
This last gmonp aonxains (XXI).
G, {VIIX) gives riae to two groups.
'Gz.,(mm 5(-x, ey, =*2), T(x, 7, ¥)§
| G“(XXIX)' u(-x, ey, ~£ 2}, Tz, ¥, =X)s |
The first contains GﬁjXVIII), end the second G (XX) ~ with
x, y interchenged, .
A third possibility is the group generated by
8{~x, €y, ~€72), T{~y, Xy 2)3
but this coinciaes with G LXVIT)
G,(X) and G, (XI) aaﬁh give rise to one group.
¢, (XxX) S(ex, 0¥y, w2}, T(x, =z, 7)4
G, (XXx1) S(ix,ﬂmsy; -y Z) s T(x, “Zs ¥)a
In each case the group obtained bty adjoining instead
T(~y, x, z) contains a‘substitﬁtian of périod 16 and is
ruled out., | |
G, (¥XII) and GmelII) each. give rise to one grnub..
G, XXXII) S(-x, iy, i€7z), T(x, =z, ¥);
G&JKXXIIi) S(si, iey, =iez), T(x, =z, ¥}
InAeéah cése the érbné cﬁtainad ﬁy a&Joiﬁing instead
T{=y, X, z)>eonta1ns a substitution of period 24 and is
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ruled aut.

We have note& 1n passing the most ample mnltiplieativa
group contained in eaah dihedral group found, Consideration |
of the effect bf‘a&jeining:oné of the three T's at present .
under discussion to the multiplicative groups shows thet in

. Pact only oue new gruup arises, and this from G, {ZEVI)e

G“(XIXIV) S{-x, iy, iz), Sle=x, ¥, =z), T(x, «Zy Vs
3 In all other cases earlier dihedral gronpa are abtaineﬂ,
1passib1y'w1th the variables permted,

O Dihe&ral ggggga whgsa gensrators 1nulude Tgngi Z, ¥)
" or T!z, =y, X) or Ty, x, =z}, Here all the groups I~XXI

must be considered, inoluding those of odd order. |
’ The rirst group to give = new dihedral group is G, (v),
from whinh we obtain two cases, the second aantaining G, (ﬁv).
(M) S(x, ey, €*2), T(-x, 2z, 7)1
G (xxxv1) 8(x, ey; e*z), T(¥, X, =2}
@, (VI), G,{VII) and G,(VIII) each give rise to one group.
'GG(XXXVIi) 'S(i,.iy;'~1z), T(=x, z; v
G, (XXXVIII) S(x, -e*y, -z}, T(-x, 2, ¥);
‘ijxXIX) 'S(wx, ey, ~€%z), T(z, ¥y X)a
' This last gXOup contains Gw(xx) - with x, y permuted - but
differs frcm G (XXIX)
|  Adjoining eny substitution T to G,(IL) leads to substit-
| ﬁfipns of period 14 which are inadmissible,
G,{X) gives rise to one group.

Qs(XL)‘ S(=x, w,¥, tw,2)y (=X, Z, ¥)o



Adjoining instend T(y, x, -z) leads to substitutions of
period 16 and 86 the reéulting group is ruled out.

Adjoining T(-x, z, ¥y) to G, (XI) and ¢, (XII) we obtain
a G, end G,,in which S*T is given by

(x, 1z, iy) and (x, =iz, -iy)
respectively, wheneo these groups eoineide with G, (XIXI)
and G, (XXXII), the seoond generators being teken in the
alternative form. Adjoiniﬁg instead Ty, x, =z} leads to
substitutions of periods 16 and 24 respectively and so
these groups are inadmissible.

G, {XIII) gives rise to one group.

G XLI) Slex, ley, =1lez), T{=x, %, 7). |
Adjoining instead T{y, x, ~z) leads %o substitutions of
period 24 end co the group is inadmissible.

The result of adjoining T{-x, z, y) to G, (XIV) is the
same as that of edjoining T(x, -z, ¥y), which has alreedy
been eonsidered; and similarly for T(z, -y, X) and
T(y, x, =z}, Thus nothing new is obtained from G, (XIV) or
from any group ¢f which it is arsubgreup.~ This leaves
G, (XV) and G,{(XX). From G,(XV) we obtain only G, (XXXVi).
From G, (XX) we obtain G, (EXXIX) -~ with X and y permuted -
and G, (XXVII),

16, Dihedral groups whose gensrators include

T(ix, w,2Z r T{w, 2, v, wsX) or T{w wsX, 1z}s The
substitutions T" are respectively

(=%, iy& iz)’r (ix, «y, iz), (ix, iy, -z},
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and we need only ooﬁsidér & given T 1n‘association with

‘the groups from I~XXI ‘which sontain the corresponding T,

In tm.s way all posslhilﬁ;ies will be me‘h t{'}:ms we consider
gmups III. xx. XX, AVI and XVII,

The paasibiuw erising from G (III). namely the group
genemte_,d by , |
s(-x, iy. 12), T(ik, W, Zy W T |
18 ayanu singe 8 = T°, . . |

Frem G (ﬁ} we hava the group generated by

| s(ix, ® y, -maz), T{1x, ©,7, way),
whieh is G, (xm). |
| (KII) gives rise to one groups,
G (XLII} 8(=-x, :u-:y, 1e* z), T(ix, w, %, W, ¥)s
Fro:m G, (XVI) we have the group gamrated by
s(wx, iy, 1z), S(-x, ¥Ys-2), T(iX, 0,3, 0, ¥},
By a change of variable we oan interchange the roles of the
© last two generators while leaving the z‘irstgeneéator
uneltered, Thus beking | |
o X#x, Ysy-z,ﬁZzzy«e-z.v
we have the group generated by |
B(~%, iY, 12), T{(=X, Z, Y), s,(s.x, .-wsY, wsZ) s
- and tliis 1e G,;(XXXI) with the generator T in the alternative .
form, .
‘G,‘(XV:;I) gives rise to one group.
G (XIXII) s(-x;iy; iz), w7, w;xy L2).
The same group is obtained on adjoining instead either of
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the other two substitutions T, The second generator of
G,(XVII) 18 not needed, and the group is in fact obtainable
from G (111} directly as the above gensratora shcw, but was
not derived earlier because T is not contained in G (III)
so that consideration of this case was deferred.

This eomplatea_the,ennmaratzon of the possible homow
geneous modular ternary dihedral groups. - o

11, Redueible tetrshedral groups. In terms of
‘@ paramoter 6 on a line, the tetrahedrel group may be |

generated by the two substitutions o
i{o+ 1) .

9'21&9 and 9’ BE  evvewassonmaos

l1-@
Hence for our purpose we'may,fake the médulai genérafors of
the ﬁernary‘grnup to bte
3(‘*;'::3, XYy 4“2)1
U(Fx, 314 )ply + 2), =2H1-1)p(y = 2))o
Ve shall need to know the resulting forms for some
other substitutions of the group. Thus
v’ (F,,x. -6’y =p’2),
u’ (Grex, £(1-1)p%y = %(1+1}P z, ${1-1)p°y + 3(1+1)p z),
U(zx.,@v, gzl
US(~- (ppz, i+l )oply = 2), =3(1-1)ap(y + 2)),
(US)° (=afyxy 1lap )y, 1lxp ) 2).
In reducing the possible forms for U we shall have
occasion to interchange the veriebles y and z; henee in
order to cover all cases we must not also interchange these

variables in the reduction of S, ¥e must consider then
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the following seven possibilities for «
| i, «1, 1, w,y &, ~£, 1€,
any other permissibie value for « giving the same cyelic
group as one of these, | |
 Frou the form of the substitution U’ we see that
possible velues for g’ are |
| - 1, 41, 2, 1€,
However, the last four values 1mpiy that U i3 of periocd 9 or
16 and so these are ruled oubt, The first four values far'ﬁs
lead to the following twelve values for s
| | 41, 4, 4€”, 21, +ie, #e”,
The last faur‘values}forla giie sﬁbstitutions U of period 12
in which the multiplier of x is =t or ~g%s Carrying out
a chenge of varisble on y and z to reduce U to the standard
eyolic form does not alter the mﬁltiplier of ¥, Since
there 1s no permissible cyelic substitution ufvperiod 1z
one of whose multipliers 1s - or ~e“, 1% follows that
thess four values for g are ruled out. From the form for
U‘, and hence for U7, we seec that £ = i, ~1 lead to the same
group, so that g = {1 ‘may be omitted.
If we meks the change of #artable
L=x, Y=12, 2 =y,
in U* we £ind that the substitution takes the form
(77X, Z+0) 7T + 2), =3(1=1) 65X = 2))s
This shows that 8 = ¢, ¢ give tho seme group; and so also

do g = -, =€,
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We ere thus left with five possibilities for'p

| 1, ~l, €, =&, ~1,
ﬁhe periads of the eorresponding subatitutionﬁ U being

| . &, 3, 6, 3, 12,

Teking now the value w, for « with any of these five
values for p'wq see that in (ﬁs)3 the multipliers of y and
7 are both equal to w, Or =w, or ~iw,; nome of these is
permiasiﬁie gné 80 « = w, 1= fuled out; This leaves six
valuas rér m,;ngaaly‘ | |
| 1, =1, 1y &, =€, i,
the pericds of tha eorrespon&ing substitutions S being

2, 2, 4, 6, 6, 12,
These must ba soneidered 1n anﬁjunatiun with the abava five
values for g. _

A number of combinations are eliminated by considering
the substitution US, Thus, for example, if o = £, p=1,

US is of period 12 and the multiplier of x is =e; which ie
inadmissible, Again when g= 1 or ¢, the form of U’ shows
that « = 1, =1 give rise o the same group, as also 4o
«=¢, -€; and the same result follows from U° when p= =i,
Using these faots we find'that the combinations romaining
for sonsideration are . ‘ ‘
p=1, a=1,1,14€; A=, «=1, =1, 4, de;
p=E, x=1,1e;  p=eg, =1, 1&;
P =l xa=1,14, &,
Tha;ar&ers of gruuyslarising'ma? be found by observing how
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meny substitutions give rise to‘the identical substitution
on the line YZ when the group is regardad as & projective
one, and multiplying by 12, the order of the projective
_totrehedral group, .

The value g = 1 gives rise to three groups, whiech we
take in the order aorresponﬁing to =1, 1, ¢ since the
‘ﬂrst is & subgroup of the other two. ‘ . .
G XLIV)  S(x, iy, -iz), Ulx, ity + 2), -3{1-1)(y ~ 2));
G 4XIV)  S(=x, ¥, ~z), Ulx, H1ei)ly + z), $2-1)(y - 2));
Gn(xmn 5(ex, ey, ~iez), U(:x; F(141){y + 2),~B(1=1)(y - 2))

 When f# = -l and x= 1, ~1 or i, ie¢, the substitﬁtions

(Us)* or (Us)’ respectively are given by (x, ~¥s =2) 50 #ha’c
those groups eainaide wiﬁz those considered under f=1.

The values g = e, a=4 glve rise to a new ZToUp « .
6, (XIVII) s(x, iy, -4z), Ulex,3(1+ilely + 2),={1-1)ely - 2)h
When g = a; X = 1£,~S is given by (e* x, ey, £°2), end the
group eoixﬁciﬁes with that given by g=1, = 1&g, |

 When p= =¢ and «=14, ic, the substitutions 8°, s*

mspectively are given by {(x, -y, =-2) s0 fhat the resulting
groups coincide with those considered vunder B=E,

When g = -1, U’ is given by (-x, ~ly, -iz) and it |
follows that the groups given by = =1, X=1 and g = -1,
o = 1 both coincide viith that given by g = =1, When
p = -1, «=t, so that 8" s given by (ex, ey, e2), the group
contains the substitution for which f = -ic, and this has
been seen to be inadmissible. |
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In all, therefore, thers are four redusible tetrehedral
groups to ba considered turthar, each nf which is genarated
by two substitutions,

It ramaina to seeo whether groups can be obteined
raquiring ﬁhree ar more genaretors hut 8411l determining
a tetrahadral group on the line Y2 of the prajective plene,
Such a group must contain substitutiona of tha forms of S
and U above and henqe mgst aontainlons of the rcu: groups
found already. If to onﬁlor'these gﬁuﬁps we adjoin a substite-
ution, U, qay,vsimilér'to U” then (T, )"ﬁr is a substitution
in the stendard cyoclie form. mnltiylying this by the
aubatitutien s already in ths group we obtain a new substite
ution S, ; and from S, end substitutions of the m:iginal
group wo can, conversely, obtain U . Hence we need only
‘ aonsi&er the adjunotion of aubstitutiens of the form of the
rirst generator S This 1mplies that these substitutions
must, in raotg be the substitutions S alraady dotermined,

80 that a grnup of the type sought must arise from combining
twv or more or the groups G(XLIV) - G{XIVII),

Now Q(ﬁLIV) is a subgroup of both G(KLV) and G{XILVI),
'so thét iﬁ gilves nothling new when combined with either of
them. Again, a group containing both G(XLV) and G(XLVI)
would contein the substitution with multipliers =&, ie, it,
and so is inadmissible,
| The only remeining possibility is to combine G(XLVII)

- with one of the first threc groups, XNow G(XLVII) is a subgroup



-65,
of G(Xl?i) 50 that theso two together give nothing new .
Taken with G(XLIV), G(XﬂVII) gives G(AILVI); eand teken with .
G(x1v}, we obtain again the 1nadmissible aubatitutian with
mnltipl&ers £, 1e, 1z,
N Thic exheusts the passibilities and we acnclude that
thexe are no further reducitle tetranedral groupa calling

for conaideratian. :

12, Rﬁdﬂgihle octahedral ggégg6* In terms of
a paramater 6 on a line, thevoctahedrai group may be

geﬁerated by the two substitutions
” | |  4{6+ 1)

6t =16 end 6! =
. oy

L

The square of the first genarator here sivas the first
generator used eariier for the tetrahedral graup. In
modular ternary form, the first generatcr may be written

- SlaEx Ly, gzl
It is aanveniant to regard the octahedral group as obtained :

by*adjoining S to one of the tour tetrshedral ETroups.,
. ‘Perusal of the eyellc groups shows that the values

for y which must be considered are
| | 1, -1, 1, -1, u,, &, e, |
Since each of the tatrahedral groups contains the substitution
{x, =y, =z}, the second and third values for y may be omitted,
Again, elther of the last two values fer Y takeﬁ with any
of the tetrshedral groups implies a mnltiplicativé group
N canfaining substitutions of period 12, and no such grbup is
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admissible, Ve are left with the threo velues for y
,1 -1, U o
The gxbuys gensrated by the substitutians S corresponding
to J'u 1, -l ﬂirfer'anly in the interchange of the variables
¥, %: Now in the reduction of the tetrahedral group it was
found that a suitable multiplisation on the varisbles
followed by an interchenge of y and z led to U° assuming
the same form as U but with ﬁ raplaee& byva. In all cases
’the eyelic subgroup is symmatrieal 1n y and z and is
unaltered; for the rirstrthreg cases, the form of U is
also unaltered, but for the final case the effect is to
replace € by c*., Therefore, with the sole proviso that in
G(XIVII) we must comsider both g = ¢, ¢, we may carry out
the change of variables and éa reduce the values of y which
mugt be considered tg
1, Wy e
| G (XLIV) gives rise to two groups.
G (XIVIII)  8(-ix, 1y, z), Ulx, HI+1)(y + 2z),=3(1-1)(y - 2)).
The first geneéator of G (XLIV) is not needed. The group
 also conteins G, (XIV). There are four substitutions giving
the identical transrormatian on the projestive line Y2,
whenee the group is of order 4x24 = 96,
G, ZLIX) 8(=x,1u,7,0,2), Ulx, i)y + 2), -%(1-1)(31' - z)).
Agein the first generator of G,(XLIV) is not needed.
Adjoining S(-ix, iy, z) to G,(XLV) gives G,(XLVIII) as

noted above; eadjolining instesd S{-x, iw,y, w,z) glves
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a group ﬁantainihg‘the substitution 8, {x, tw,y, ~w,z), which
is inadmissible.
| Adjniningvﬁ(-ix, iy, z) to G (XLVI) giva« a group

containing S, (~ex, -icy, ~icz); edjoining S(~x, iw ¥, w,z)
the substitution SU is of period 24; and so both are
inedmissible. - |

AdjJoining S(-ix, iy, z) to G, (XLVII) gives a group
containing S, (~x, ¥y, ~z) and implies an inadmissible |
tetrahedral graup; A&jdiniﬁg S{~xy lu,¥, w,2}, (US ¥ s
8, lex, ay, sz) and the group coinecides with the second
considered undar G, (XLVI). The same connluaians hold when
the g of G, (XLVII) takes the velue £ instead of e.

Both oetehedral groups found may be obtained from
G, (XLIV), Any further ostshedral éraup mst thus be
obté;nable'by adjoining more than one subatitutionls,to
6, (X1IV) and so must in fact arise as the combination of the
two groups already found., But the resuiting group contains
S;(x; 10,7y =w,2) and so is ruled out. Hence there are no

further admissible reducible ootahedral groups,

{D) Monomial groups

13, Preliminary results. The group leaves inveriant

a triad of poiunts, which we take as vertices of the triangle
of reference, and is easily seen to contain a>subst1tution
permuting eyelieally the three points of the triad. Consider,
then, a substitution in the eyelic form

S(xx, py,&'—p—zj
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and a permuting substitution which we mey take in the form
o P{ay, Bz, K,Ex)‘

ve find . BN
P L‘\*«’J(____x‘ o(y’ pz)'

PSP (px,dp Vs % %)e
Thus 54 th@ ‘group eantains the substitutian wi-&h multipliers
A,«, Ay Ay, At alao auntaina thosa with multipliers Ay A, Az. and
A,y Ay Aye  Among groups I-XXI we need only consider further
I, IX, XIv, XV, XVII, XIX and XXI, and among the dihedral
" groups we need only consider those whose maximal multiplieativa
{or oyelie) subgroup is one of these seven; these dihedral
groups are XKII, XXIII, XXIV, XXVII, XXXVI, and XLIII.
- No further groups will be vabtaimd hy adjoining
~a seecond permuting substitution ¥, , for P"P is of the eyeliﬁ
ram, wheneec the resulting group ean be obtained by aﬁjaining
only ¥ to a suitable, possibly more ample y EPOup.
4. Grogps arising from evelie and mnltinlica’c;_ze
roups. - In the case or a e¢yelic or multiplioative gmup we

¢an at once reduce the substitution P to a sinple form,
Choosing new varisbles X, Y, 2 glven by

X =131x, ¥ =Ky, 2r=Lz,
we f£ind that P now takes the form |

K. L
p(-m', -Ba, % ABM’

and taking H, K L such that
" H:K:L=11A: &B,

the substitution P beconmes
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, ; (¥, 2, £).
'This ehange of variable does not elter the form of the
miltiplicative group, We teke the seven cyelic and multipli-
cative groups in turm, o

The eyelic group G,(I) gives nothing new sinece the
group obtained hy‘adjoihiné P e¢an be reduced to the multipli-
oative form, -
| The other six groups lead resgeatively to the following.
G, (L) S{w,z, w'y, wz)y, Ply, 2, x);

G.(LI) S(x, -y, -z), Py, 2z, x)a
G.{LII) 8(x, ey, e*z); Ply, z, X)3
G (LIII) 8(x, 1y, -tz), Bly, 2, x);
G, (LIv) 8(ex, -y, -€z), Ply, z, x)3
G, (LV) 8{-x, ey, =t"2), Py, 2, X).

No further generator is needed in ény of the last five
cases, as easily follows from the earlier remark that the
substitutions obtained by permuting the multipliers in S
necessarily belong to the group.

15, Groups_arising from dihedral groups. The above
reduction of P cannot be spplied when dea;ing with dihedral

groups since the change of variable would destroy the form

of the transposing generator. For the first four of the six

relevant dihedral groups the trensposing substitution is
T(=y, X, 2), ‘

Thus the permuting substitnt&onl? may ba raplaeea by

B
P ’1‘5?(:&, iy u-V}:
A B



since, as is easily verified, the substitution S = (PTF TP)
is of ‘the standard cyclic form and so belongs to the original
group, and S(F TP)T .is the substitution

(4, ~Bz,—$-x)

whiah, on mult:l.yli.cation by (x, Yy =2} - whwh belangs to
't;he dihedml Zroup = gzvas the subetitution P. Thus adjaining
either P or ? Ipp to tha dihedral group :mads to the same |
monomnial gx*oup.

on alwosing :new variablas X, Y,, 7 given by

X*‘ x’ Y y’ Z"""}E‘z’

the form of the dihedral pgroup is uneltered, but P TP assumes
the form | | -
(X, =Z; ¥)s

We consequently obtain from G{XXII), G(XXIIT), G{XXIV) end
G(XXVII) the following four monomial groups, whers T is now
used as the general sign for a trensposing substitution.
G (I} -y, x, 2), Tix, =z, ¥},
This group contajns G, (XIV) as a subgroup, The first
generator S of G(XXII) is not needed. |
G%(LVII)_ S{wx, iy, 12), Tl-y, x, 2}, T{x; =z, ¥}}
G, (IVIXT} S(ex, ey, ez}, T{-y, x, 2), I{x, =%, ¥)}
G, (LI1X) S(x, ey, €'z}, Tl-r, x, 2), Tf{x, =2, ¥)s
The lest threc groups contein G, (XVII), G,(XIX) end G, {xxX)
respectively és'subgmups. ' | '

The four groups contain, in addition to the subgroups



nnteﬁ, the Gé.rearrangxng the variables in all possible
orders, whenge the orders of the grnup# are ag‘wgitten.

. In the‘&ihadrgl‘group G, (XXXVI), the transpoaing
_genorator is T(y, x, -z}, Ve find that F'TP is given by

ﬂ(wx,‘gg,.%y}

and S5, = PT7, 48 given by

| “’Ax)‘”ﬁyl“ﬁ?g)i
whence N 8 T,T =",

Sinee 8, 4 T already belong t& the dihedral growp, we may
thus ﬁgain replaée P by T,} Gﬁoasing new varlables X, Y, Z
a8 in the last instance, T, takes the form

| (=X, 2, Y)o |
Therefore from G, (ZXXVI) we obtain the following group,
6, (1x) S(x, ey, £'2), Ty, x, =z}, T(=x, 2z, 7).
This group cantainé'G,(xv)‘as a subgroup.

Finally we have the dihedral group G, (X1IIX)s By an
argument similar to the last, it is seen that the permuting
substitution P may be repleced by the transposing aubstitut;on

T(ix, w2, W, ¥), |
and the following group arises,
G, (LX) T(w,¥, w,X, 1z), T(ix, 0,2, ©,¥).
This group conteins G, (XVII) as & subgroup, .The generator
8(=~x, iy, 12) of G,,(XLIII) is not needed here, boing

obtained as the square of T, .
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() Primitive groups
;g, Admissible modular lineasr renrasentatisns.

Referanﬁas to the authors who have determined the primitive

groups were msde a# the beginning of this chepter. The work
of Bliochfeldt {3,A;;) shows that there are six primitive
ternary projeetive groups. When represented by modular
linear greups; the representatlons for four of these six
necessarily contsin thersﬁbstitutian {ex, ey,Aez} and so
the correspondence is {3,1)3 fhe other two can be represented
by modular linear groups'wifh whichﬁthey arc in (1, 1)
gorrespondence, and a sesond representation in (3, 1)
correspondence is obtained by adjoining the substitution
(ex, ey, €2}« The grougs Are as follows.

G, (LXII) 8ix, £y, €*2), Tl~y, =X, =z},

V1~3¥;(x +y+ 2),-3La(x'+ £y +rezz).«~5u;lx + &7y + €z)).
EwE ‘ U geg , . E=E

0f order 36 as a projeetive group.

G, (Lx111) 8, T, V as above,

1 : : 1 1
Wl (x + ¥+ e*z), == (x + &y + £2), = (ex Yy £2)).

- 0f ordex 72 as a projective groupe.

G B, T, V as above, U(wqx,‘wqy, m:z), wf =1,

s48
Of order 216 as a projective group ~ the Hessian group. The
presence of the substitution U of perlod 9 shows that this
group is ina&missible for generating an involution of genus
one on & Ploard $hrecfold.

‘The groups G“w and G,,, are normal divisors of the Hessian
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group, and the G, generated by
S, T as above, T(~x, =z, =y)
is a normal divisor of all %hreef The rama;ning typas of
primitive group are simplo. _ | |
G, of order 60 also as a prpséetive group - the icosahedral
group, This group is insdmipsible for our purpose since
it conteins substitutions of period 5,
Gma.Thu group abtainad hy a&join&ng the auhstitutian
(ax, £V, £2) to the {1, 1) reprasentatien of the igossehedrel
groug is likewise 1naﬁmisaib1e.
G, OF order 360 as & projestive group - Valentiner's group.
This 45 also obtained Ly edjoining a further gonerator to
the 1cosahedrel group G, and so iz inadmissible.
6, (1XI7)  S{wx, v'y, w*z2), Ply, 2, x), |
U x' = h((w%tu‘w3}x + (o' -~ 0w’ )y + (v - w’liz),
' = h{{0” -0’ )x +.(0 -y + (0* - w’)z),
7' = h{{w - v')x + {0* =’ )y + {w* - wlz),
B o=t + o + 0 e eu -w’) = 17,
w' = 1.
| 0f order 168 as a projeetive group « Kleint!s group.
G, The group obtained by adjolining the subatitution
(ex, ey, €z} %o the above representation of Klein's group.
This group is ruled out as it contains substitutions of
period 21,
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CHAPTER 4, IMPROPERLY ABELIAN THREEFOLDS AND HYPERFLLIPTIC
SURFACES

1, sbelien threefolds v of superfioial irregularity 1.
In the cases of four of the c¢yslic groups and of G(XXV),

G(XXVI) and G(XLIV) one particular multiplier of every
substitution of the group is equal to unity., HMost of the

remaining groups possess one of these soven groups as

a subgroup, Ve gonsider now the implications of this unit
miltiplier for the threefolds ¥ and the matrices associated
with the groupa; The results obtained also provide
starting points for the other groups referred to,

In Chaepter 2 it was secn that when the group can be
put in a form in which one multiplier is always unity, the
threefold ¥ is of superfigiel irregularity 1; this is
therefore true of the present groups, It may further bte
shown that W is elliptiec, Forvevery substitution on, say,
the first variable can te put in the form

x*=x+ ¢,
and 1t’1mmeéiately follows thét # is invariant under the oo*
group of substitutions of the first kind obtained by
allowing é to vary ocontinuously., The trajectories are
ourvas'on each of which the group acts in a completely

transitive manner, whence they arc elliptlioc surves and W is
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an elliptic threefold.

Also W is improperly Abelisn. For the Pisard threefold
v carrying‘the involution must élﬁa gontain a songruence of
al:iﬁtia curves, namely thnse‘giving‘risé'tm the téajéotories
‘on Wy 4% ie said to be speciel of type 1., It consequently
{17, 107} contains also & peneil of hypaielliptie surfaces
{and is equally special of type 2) and this gives rise to a
penceil of surfaces on W, Now both the congruence of ourves
and'the‘penatl of surfaces on ¥ arc Abelien, whenee W may be
represented multiply on the product variety of an Abelien
surface and eurvaf(;z;‘llai; snd admits & paremeiric
represtentation by meana of algebraie funetions of Abelian
funetions of geners 2 and 1, 1,0. ¥ is improperly Abelien.

Therefore: ihe Abelian threcfolds of geometrie genus 1
end superficial irresularity 1 ars elliptie improperly Abelian,

An Abelian thresfold of geometric genus 1 cannot be

hyperelliﬁtia, for this would imply its belng of superfiocisl
irregularity 2 and we have observed that this is impossible.
e return now to the Picard threefold V c¢errying the
involution giving rise to an elliptic threefold ¥ and which,
as wo haeve seen, must be speciel. The following theorem holds,
%hen & Pigard threefold V carries an involution whigh

is mepped by an elliptic threofold of geometric genus one,
the Riemann matrix of V is eguivalent to_a matrix of the form

1l r g 0 ¢ 0

W, w | | (1
1 22, (sz) 1 =2 )
=23

Wy Way : s



whoere !qu is a Riemann matrix of genus Lo

For the involution iB generated ty one of the four .
~eyclic groupe abtove or by G(XAV), G(XxvI), G{iLIV), end we
consider onarsubatitution in the standard form with
A'mnltipliars A= 1 A;,Aa. In each case 41 1s'pbeéisely
& dauble root of the charscteristic equation; and when
substituted in the characteristic ‘matrix must reduee“the rank
to 4 (chaptax 2), This 1astlraet may be seen direetiﬁé for
- otherwise the ratios dr the elements of the first row of
the Riemenn maetrix wou;d‘be (detexminate and) real, whichlis
*imyoaaible.l Thus,'ebrrasponaing to the multiplier +1 we have
preniaely four 11near1y independent real integral linear
aquationa oonneeting the elements of the first row of the
Riemann matrix, By virtue of these equations tha‘elementa
_ of the row may te expressed integrally in terms of submuli-
iples of two of them., If these two 1ndapenﬂent_perioda,‘
say w,, W, &re chosen such that the representative points
in the planc x of a real S, are at the two emallest distonces
from the origin, with luwl<lw,/, then the representation of
the remaining elements must be integral in w,, w,. For
otherwise we could make

@, = aw, + AW,
with | 0 < lxl,ipl < I,
whence ‘ | |w3l<:%lw”l+‘%1wnl<1w;5
with striet inequality since the polnts representing mh; m#;
are not collinear with the origing and this contradiets
the definition of w | |

1*
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~ Subbracting suiteble multiples of the first two columns
of-the metrix from the';amainina four, wo -0an now meke

- Cw =0, 1= 3,4,5,6,
and raplacing x by w"# we obtain the form (1) with 7 = w,/u, .

The 2x4 matrix ( 7y ) 45 a Riemenn matrix for the Abelian
runntiann whsn regardad as funotians of ¥y, % only. This
concludes the proof of the theorem stated above, The /
reasonong holds equally if the 3x6 matrix a&mits a auhstitution
in uhteh preaisaly one mnltiplier aquals ~1. es in G (III).'

In cases where the matrix eduits e graup nankain&ng one
of the ahove typas 88 a subgroup, the reduntiun again holds,
but here the 2x4 matrix () admits a 1argar gruup, in
general this group rar { 7 ) will not be,mo&ular. It Tollows
that we shall need to know the Riemann“matriaesﬁéf:geﬁus 2
‘whiah edmit & finite group, modular or n9$.  Ve need also
‘the aarrespanding resulta for matrioes of genus 1.

2, Rlemann matr;ees of genns 1 which admit finite groups.
~There are two types of Riemenn matrlx of genmus 1 admitting

finite groups (othar then that genaratéd by x' = ~x, which
imyases no conditlon on the metrix). These matriges,
which are well known from the theory of elliptie ouxves, are N
equivalent ‘o the tbllowing |
| {1, &) admitting the group genaratad by x’ = £X,
and also that generated by x! = ~EX}

(1; i} a&mitting the groﬁp genarateé by x' = ix,.
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3. Rienann matrices of genus 2 ﬁhinﬁ admit finite £rouns.

For"matriaes ot gaﬁus 5 it ié necessary in some cases to note

-more than one form ror sach matrix, these rcrms being
grogressively simpler but ealling for changes of variable
whieh we shall not always find it advantegeous to carry out.
.It is sonvenient to adopt slight veriente ¢f the rorms-founa
by_Bagnera~De‘annahis 1@ their study of such metrices (2); -
our forms were also obtained by Seorze (18). The forms
agsumed by the Rismann eonditions for the matricea are also
glven where these are not trivial, o |
() x' = ex, ¥y =gy,
(w,, ew, ®, €w,
A, €y, ,mlslamu),
with - - 'w;,wu - {Q,amx, #* G,
ChooBing naw variaﬁles X, ¥ given by
- x=uX ¥=u),
the matrix assumes the form
1 ¢ T ér‘v
1 ¢ 7 37);
‘alternatively, ahoosing new variables given by
X = 0,% + w7, ¥ = wX+wl,

the natrix assumes the form



T

{11) Xt = 1x, y' = iy,
@, 1&,, W, iw'-‘!
wy  dey, w,, Ly,
whars ' W, W, - Wy, # O

. Choosing new varisbles as in (1), the matrix assumes

respectively the forms

11T \1r) 11 0 o
(1 g o1, 0 o 1 1).
(111) x* =ex, y' =€y,
and also  x' = -x, y' = <y,
w, &', w, azm,_a) .

Choosing new variables X, Y glven by x = 0, X, y = o, ¥, the

matrix becomes
1 e 1T er
1 g T e,

The Riemenn conditions are that for some integral «, Bs Dy Gy

PTT = {p + £ q)r = (p + £q)r’ =x =0,
p* 4+ " ~pg+eap >0, T 2T,
{iv) x' = ix, ¥y = -1y,
w, io, w, i,
(wz, ~iw,, W, ~iw.s .
Choosing new variables as in (41i), the matrix becomes
1 & 7™ 47 |
1 -4 7 oer'f,
The Riemenn conditlons are that for some integrel «, g, p, q,
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prt = (p = 1g)7 = (p + 4q)7" = x =0,

pr gt 4 xp >0, TV $T,

(v} =x'=1x, y' = «iy; =y, ¥y =%,
First ' Wy, iw, Wy, lw,)
), el -, 1“54' )

or, aivxaing eagh varleble by @,
| 1 01 ¢ it}
(T =17 »lr i) .
The Riemenn conditions imply that for some integral p, q, S,
(p = La)r™ + 287 = (p + iq) = O, |
A second matrix admifting the group is |
w, dw, w; v,
(wz, -tw,, W, -m,,g) .
where w, =w, = {1+ i.)m,a, w,= {1+ 1w, - lw,.
Dividing each variable by w, , writing w, /w, =7, and making
a substitution on the columns of the matrix leads to
1+ 1 =47 T 447 Tel
( -T 143 «47 1aT 1*"’).;

The Riemenn conditions imply that for some integrsl a, b, 8,
(8 ~1b)7*+ [(a+ b =8)+ila+b+s)r«-(a+is) =0,
(vi) x'=cex, ¥ o=c'y; x' =y, y' ==X,

W, Ew, W, &,

(mB £ w,, =W, ~a*w”) ’

or, dividing each veriable by w,,

1 £ T  ET
T &7 a1l =gt .
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For some integral p, q, 8, we must have
(p +e*q)r™ + 257 = {p + eq) = 0,
(vi1) ' =dax, y'o=ey;
Cx =iz +y), ¥ o= ~31-i)(x - ),
‘(w,, | ?.w,, oWy, ':ho,g ) R

\
‘o
\
\

Lo
l

where mz,s-w“(u (1 + i)w

| w,, -:lw,_,' W, =iw,; [ v
iy Wy = (1 # i)w,, - 1w,
This xeduaea 8s 1n (v). - ‘
‘ (vili) x’-=,x, y' =€y,
‘We have , '
| ,»'.m,, ‘G‘ Cw, o 0} w, O | -w,3 o
| : (‘3 Wy, O €Wy, ) s ( 0 w,, 3(l-¢ )@zz Ewu) ’

rbﬁueing respactively to

1 0 * ol 1 o r ol.
lo 2 o ¢f, 0 1 41-e) e/ .

(1x) ' = w,x, ¥ =107, o =1 (o, =L(14)).

Bagnera-Do Frﬁnohié 414 not f£ind it necessary for their
~ purpose to seek = qomplgté set of noneequivalent matrices
admitting this group, since from one matrix (to which all
jthe ‘others werv isomorphic) it was poaeibla to show that the
surfaces mapping the inyolutians were all rational. Here
’we must investigate the matrices more fully,

‘Ths'square of the substitution has mult¥ipliers 1, -1,
and so fron (iv), on d;vidiug the variables by auitabla
aanatanta, the matrix tekes the form

1. 12 T ar o | \
1o« e, (2)
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Expressing the fact that the first column admits the
multipliers w,, iw,, and solving the resulting equations,

we find | -
" T;wa*h*ik. thiws*h-ik’ (3)

, 1+ im . 1 =im
with h, k, 1, m integral, These values fér T, T'. eglsc ensure
that the second column admits the multipliers w,, iw,.
For the thirﬁ, end. so also the 1ast,! column to admit

thase nmlt.t;zliers we must have
| wr=r3,4~1r + 7+ dr,T,
- g, =r, = ir, + r 7 - ir, o
Subatimtmg for v in the first of these aq,uatiam end
equating the rea}. and 1magznary rational end irratianal
:parta, weo ebtain the fcllwing four equations which mst :
" be satisfied by h, k, 1, m:
Ary, - nr,, = krz,k - hr,.,
mr,, + ir, =1 = hr, = kr,,,
, -h, *
: X, = k.
The last two squations serve to determine r,,, r,. Substituting
thaaa values in the first two equations and writing r,, = s,
.= b, ‘we have that h, k, 1, m are not arbitrary integers
: but must sa‘tisry the two equations |
6l = bm =k* = h”, 'am-t-blr:i-ahk, (4)
:‘.‘mf_éaina intagral &’, b. The aquation satiaﬁsd by 7' leads
- to these seme two aqnditinﬁa.
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- To mvestigate the Riemann aonditions we observe that
‘the matrix (2) :m which 7, 7' have the. values given by (3)
15 1smmorphic with the matrix

1 1 waz' dw, |
1 =1 10, ws | e
‘The conditions are these found in (iv) above. ‘and we £ind
on 'mﬁstituting ~rw;m,,‘f? = 30,
| o= =8, D =4q,
and then the mequality is mtistied on choasins P. o such
that
‘ 2t e’ > G. .
Thus the Riemenn conditions are alwaya aatisﬂea.

In conelusion, the matrices admitting the graup are af
the form (2) where T, T' are given by (3) subjeet to the
conditions (4} It may be noted that the sbove work does
a0t involve eny fni-thar ghange of variable to modify the
‘matrix (2), but only an evaluation of T, T, o

_(X)‘ - x! = w,x, yﬂwoay. S
The discussion or thie group is similexr to that Just given.
The mvalution .on the Pleard surface is rational, and so
possible roms for the matrix were not. investigated by
- Bagnera~De Franchis, Arguing as in the lest cage, wo ﬂnd
that the matrix must be equivalent to one of the form

| | 1 04 r ar ) o
(1 S S € S
whe&p 4‘ . w, + h + ik y g a-wg +h+ 1k ,
l1+4im o 1+ 4m
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B, , 1, m being integers satisfying the equations
ol = bm=k*~n, em+bl=1leamk,

far some 1ntegral a, b, Kere, again, theae rasults rallaw
aimply rrom an avalu&tion of T, ™ without any change of
variable after tha matrix has been thrcwn~into the above form,

(xi} . x' = fex, y' = iy, |
The ramaxka made for the last group apply. The mﬁtriz 1s>
found to ba eqnivalenx to one of the form

o ﬂl 3 T AT ,

. | L o
where r= & *h+ ik , = E +h+ ik ,
1+ i - 14+ in

'ih, X, 1, m being integers satisfying the équatibns
aln'hmak - n* 4+h-1, em+bl=k~mk
for some integral a, b. | | |
{x11) x' = lex, y' = iy, |
Agaln this group is similar to {ix). The matrix 15 aquiv# '
alent to‘ona of the form . | |

whers - _ ¢ 4+h+ 1k , L€+ haik
. T = ™ T =
, 14 4m B - 1lein
| h,‘k,,l; ul being integers satisfying the eéﬁétions
S eletm=k'~h +h-1, am+bl=k- 2k,

?

o rur some . intagral 8 be -
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{xiil) x' =%, ¥ = duy; x' = -y, y*‘= X,
The groups (v) and (ix) are subgroups of the present group.
Ve require to find for whet values of r the two matrices
found in (v) will admit the group (ix). Teking these
matriees,in the forms | |
1 i‘ T s 1 1 L S S
( U L ) , ( Wy e, wy =,
where w, =1=(1+1)r, w,= (1 +1) =17,
the reasoning of (ix) msy be applied with the single ochange
that the second .row is now miltiplied through by a eonstant,
1,6, the 7t of (ix) is replaced by «1/r in the first matrix
and by w,/w, in the second matrix, and the bottom rows are
than,multiplied by T, w, respectively, Thus r in the present
natrices must assﬁmaithe‘fbnm found in (ix) and «1/r and
,,/w,, must teke the farm!:munﬁ there ror‘r'.

For the first matrix this implies .
io, +h =ik _ -(1 +4m) | |
lein we + h + 1k

which leads to

h =k, 1 +n" =1 «20", (8) .
The sonditions (4) imposed on h, k, 1, m in (ix) now become

al -« bm = 0, am 4 bl =1 « 2,
and are satisfied by taking
a=m b=1,
. when conditions (5) are satisfied,.
The solutions of (5) are

h=k=0 &ndelther 1 =41, m=0 or 1= 0, m=#,



o

éml the ‘ooriesponding values for T are

| | | oy y  Fhg e o
The matrices obtained from T = -w,, =-iw, 4iffer from those
obtained from 7= Wy 5 m,, only in the 1ntamhange or the rows
(am} the aigna of two uelumna}. Thus, since x, ¥y can be
. Mteremanged in t?ae equations of the g,mup without ohanging
the rarm, we need only teke the two matrices
R S T 700 U N SR SRR TR T3l

o o, <1 1|, |io, w, 4 1.

For the seaond of the ‘two matrices written earlier we have

Wy (L+1) -1 |

Tta:::'él-(l-&i}r}
or B (1+1}'rr*-r.*-11‘+(1+1)==0.
Substituting for 7, T' thelir values from tix}, we fznd *&hat
| h, k, 1, n mst satiary the aquaﬁons

hek=1=0, W +k* 41 +n° =1h+1k=mh -mk =1 =0,

]

'subsnmmg for h in tlie second equation we obtain
| 2k* 4+ (L =) + (1 +n° =lm=1) =0,
For real k we must therefore have |
| (1-m)" > 21" +m" -1 ~1),

or . 1 smre-2g o0, |

The solution 1 = m = 0 may be eliminated sinee, in (ix),
T mast be finite; alternatively, we note that these values‘
lead to a non-integral value for k., There remain 12 sets of

values for h, k, 1, m, namely



R 0 0 =1 1 1 «1 ¢ ©0 1 -2 0 0O
kK 00 -2 106 0 <1 10 0 -1 1
1 00 0 01 =1 1 =1 1 «1 1 «1
m 1 -1 10 0 ¢ 01 «1 =1 1

-1

The soxrresponding values for T gre

| e g, + 1 4lw, + 1
*h‘}sl +iw, + U—"“i); 4, + 1, tw, - 4, ’ .

| 1+ 1 1+
Thus there are two matrices of the first type and
'twelve matrices of the second type. a
(xtv) x'=14x, y' =-ly; =x'=y, ¥ = x,
From (1v); the matrix can be put in the form
1,5 o, |

iw

n "

W
W, ~iw, W, ~kuw, .
ﬁDW‘(mM, w, ! ete, are periods. Hence, following methods used
by Begnera-De Franchis in discussing group {v), we observe
that we must have |
- @y, = PW, + QW,, Way = TW, + 8w, ()
and w, = B, + Gu,, w, = Tw, + 8w, (7)
where p, q, r, 6 are integers in the ring [1, i] end the bar
danbtes the conjugate.,.

The determinant D = ps - qr cannot be zero, for otherwise
we should have a relation between the elements of the second
row from (6), and the seme reolation between the elements of
the first row from (7). For the seme reason, on substituting
from (8) in (7) we must obtain identities, For otherwise

on substituting from (6) in (7) we should obtain a relation
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betwaen the elemsnts of the first row, and ozi substituting
trom {7) in (8) we should obtaln the same mlation between
the elements of the seeona row,

It follows that on solving (6) for W, s W, we muat ,
,a‘btain (7): the solution 1s |

. B ) o ' :
Wy, ﬂ_"ﬁ‘"“u - %ﬂzst W, = "-I-;’le + '%ﬁza‘ ' (8)
Hence s . r 3 |
B L o— 2 B . P PR .1_’ - m‘:-"-" § = g
) Ps S q’ ) ) D | ( )

It follaws that D] = 1, end sinee D 15 en integer in the .
ring [1, 4] we muet have D = 41, 1

" If we put

o w, = 1G,, 'w = Qyy - = =i, W, = 8,
we ﬂnﬁ the et‘teﬁt 13 to change the silgn of D. So we nesd K
_only consider D = 1, 4. ” |
(a) D=1, From (9)

.p=a+ib, B =a«4ib, q = ig¢, raid,

’and' ‘ Daps-qrua*-rb’“-redal.
So w, = (a+ ib)_m"' + 1ow,, W, = idw, + (& -ib)w,g, (10)
with | 8" +b +od=1. (11)
" Putting | |

w, =8, + (h + i) , Wy = Ry
w, =Q, + {h ~1k)o., w,=0,
we find thet the relations betweon the R are
G, = [a =~k + 4(bena)]n, + [lo + 21{ak+bh) - (04K )1an,3,
Gy =  tdp, + [a - ka - d(bha)e,. %)

(12)
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If inatoand we put

w, = Q,, w, = {h + 1k)Q, + Q,,
: {14)
m:u = Q:u! wza = (h - m)gll + 913! ‘
then we find. ‘
g, = ‘ [a. = ke + 1(b+he)]u, + 1og, (15)

9, = [14 + 21(ak~bh) = 1(* 4K )e]e, + [a = ke = 1(b+ne)]q,,.

First, say that neither ¢ nor 4 is zero., Then, in view
of (13) and (15), we can reduce a, b by multiplés\af‘c, a;
in this process elther one of ¢, d'beéomns zoro and we then
proceed as later, or else‘we can make

lal, I8l < 3lel, %lal.
Noi equation (11) may be written
| g +1b «1=-od. 4

Say [e/<|d| (otherwise we work in terms of |4]/). Then if
aorbis non=-zero

la* + v* =1] = a" +t* =1 s el =1,

end [~ eal > i,
whence | lel™ < Zlel*=1 3
which is impossitle. Hence
a=b=0 | -
and so o =4d=1 or e=dd= -1,

The segond possibility redueces to the first on taking
periods Q. where
W, = 4y W, = = {3 Wy = Sy Wyy & = &g

#e thus obtaln here a first matrix, namely



Q0w

w iw, w:; - i,

y
1w; w, iw, W, | .
Hext we muut sonaider the possibility (still with D=1)
that one or other of ey d, say o, is zern.' Then from (11)
‘a=+1, b=0 or a=0, b=&l,
If we put | | | | ' | ‘. o :
wuy 19”, W, = 4G,; Wy = - 16,,, wl = - 1Qu, (16)
the effect is %o ahange the signs of a, h, c, 4 in (10).
Hence we need only consider | |
| a=1, bwD*‘q=% b= 1.
Ar%ér this we see froum éQuations {15) that we can meke .'
| | a=0, 1. o

In the same way, starting fxom a = 0 we obtein the same
two sets of possible values fcr a, b and than, by (13), we
' aan,maka ‘8= 0, 1,

The four matrices in which one or. other of ¢, a. 15
nonezerc reduce to the matrix fonnd eerlier. Thus Lf ‘
a=o=1, b=4d=0, putting h = 0, k =1 4n (15) glives
the required results and aiﬁilarly for the other three cases,

fe are thus left with two of the present matrices, nemely

w, - 16“  Wi I A w, 1w”_ W), iw,
w, ~iw, w; =lw,/, 1u, w, ;iwé “dy |
‘meking three in all arising from the value D = 1.

In the.lést of these matrices we take lw, as a new @3

this chéngestthe sign 6{ D and reduces the matrix to the form
W, dw, W, Lw,s

iw, w, dw; wy/o
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(b) D=3, From (9) |
p=a+ib, s=b+le, qgq=c{l -1}, r=d4(1 - 1),.'
with D= ps8 « qr = 1(a + 1t){a ~ 1ib) = aﬁ(l - i) = 1,

So | = {a+ iblu, + ol - 1):»,3.
(17)
mu = d4(1 - Ljw, + (b + 1a)ww, | N
with x 8" + b + 2ed = 1. - (18)

Making the substitution (12) we rind
2, = [& = df{h=k) + L{b + d(hﬂc))]{.,,
+ [o + alh=k) = blh+k) = a(n +x* )] (1-1)Q,, (19)
Q, = a{1-1)g, + [b + alhex) + ila - d(h-rk))]sa,a,
and meking instead the substitution (14) we find
2, = [a + olhtk) + 4(b = c(huk))]gu + oll=1)a,,
0, = [@ = a(m;:) + blhek) - o(n"+k"}] (1-t), {20)
+ [b = elhek) + t{a + c(h—!—k))]ﬁ
If 4@ is non~zero, then putting hek = 1 in (19) we see
that we e¢an replace a, b by
| a=~1d, b+ (1+ k)4,
and so we can meke — | - |
| lal < Blal, Iv] < lal. qa)

If now ¢ is non-zero, then using {20) we can meke
la| < lel, bl < lel, (22)

Proceeding thus we £ind either that one of e, & bosomes
zorc or clse we ocan satisfy both (21) and (22) siﬁultanaously’
In the latter case say |e¢/<|d){if not we work in terms of |d]};
then from (18} we have

| g + b =1 =~ 204,
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end so &, b cannot both be zero, whence
l&* + v* = 1| < Lfol" + JoI -1
| ==lol” - 1,
slso |- 2ed| = 2lel.la] » 2lei*,
Henoe | | 2lel” < %lelz - 1;, |
which 1s impossible. _
It follows that at least one of e,‘ﬁ mist be zero.
Then from (18) .) o
' a=#l, b=0 or a=0, b=l
and aéain using the substitution (16) these reduce ‘to
a=1, b=0; a=0, b=1, |
. Following this, we See from (10) and (20) that we oen
reduce the remaining one of. g, & tc zero. Ve héva loft
two matrices, tho scooud of which reduces to the f£irst on
interchanging w, and W,y
£inally the single matrix
| w, iw, w, i,
(w T h TA W, [
Choosing new veriables X, Y given by x = u, X, ¥ = ¥,

and so from D = 1 we obtain

n n

and writing o,/w, = v, the four matrices found become

1 1 T ir 1 1 T ir ,

D 1 1/, 1 i T {7 [
/1 1 T AT 1l i T 4T

i 1 4T T, 1 =i 4T "l’ .

The Riemann ponditions stated in {iv) may be applied to
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tha«preéanx matrices if (as is seen by multiplying the

second row by a suitable constent), we téke respectively .
| T'”;‘-‘t?’s"”t ire | |

It 1s found that the required integral «, g,.p, q elways

exist, the onlyvconditién.affective being the last, ' # 7T,

which implies for fhe rirst matrix that JTl % 1, for the

segond and thtrﬂ that T 1s not reel, and for the rourth

thet 7 1s not a real miltiple of (1 - 1). This conoludes

the diaauuaion of Riemann matrices of genus 2,

4, Somo gensral aonnideratinns relating to compound
Riemann matrices of genus thrae. The results of this ohspter

permit us in meny cases to write a matrix in the form (1),
with (7;) @ known matrix of genus 2 and r either arbitrary
or equal to 1 or €, The problem of specifying the permissible
matrices then reduees to that of determining the pomsidle
forms for wﬂ; W, s W,y We We shall f£ind tpat the metrix is
isomorphic to the compound matrix
| | 1 T 0 0 0 ©

o o0

o o (r) '
whence, by the result proved for compound matrices in
chaptar l, the Riemann conditions for tha matrix of genus 3
are satisfied when the conditions are satisfied by the
ecomponent matriceg. For (Tg) the uonditions are as stated
'in the present chapier and for the matrix of genus 1, (1, 1),

the condition is simply that T is not real, Hence for the
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métrieaa of this type the Riemann cqnditionﬂ néea not be
éonsidered further. | | ’ o | A

The determination of theuvaldes of the,faux'wy-and the
reduetion to'a'min;mum set of’noanquivaient natrices depénds
on nimpla.arithmefic énd aléabraic arguments ﬁhich’mﬁat.  )
however, to a 1éraa‘éxtent be daveioﬁed;spéé;ally.ror eaeh )

- group. _If doas‘nbt abpéar negessary or_desirable to»aet out

~ these arguments'in full; ‘detaiiéd oonéiderationxand/or .
‘ennnciation or results will be reatriotad to repreeentetiva

 ,0&593, points of particular 1nterest, anﬁ to thoae groups

. ‘whose matrices are requzrea as a atarting pq;nt‘ro: later

grouﬁ#. For each or thé iemaining groupk‘it will be estab-

11ished by example thet matrices do exist which admit the group;

ond applieation of the m@thuds 111ustrated will yield the
complete set 0r non»equivalent matriees. ,

It may be noted here that among the matrioes found 1n f-a
the following chaptera, aeme have fixed uniqnely detarminea
elements while otherq contain parameterg,which dan vary -

- eontinuonsly subzect to the R;emann sond;tio#s‘ -Ih stating';
rosults no distination‘will te drawn hetweanwthe two cases, ;‘:

B 001nciaences of the 1nvolutionn Soﬁé remarks may ‘
"~ be made coneerning the nature of the loci of coinui&enaoa
" of the 1nvolutians on the Piuard threefolds V, and their
‘ relation to thq thre@rold Vie Juatification and illuatratians
are to be round in the general results already given and in

the axplicit groups‘latar ghown,to exist, We have secen that
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the Abelian threefold W may be elliptiec or superficially
regular; Picard threefolds have besn elimineted and
hyperelliptic threefolds connot arise. It follows,
incldentally, from the proof of Theobem 1 of Chapter 2,1
that the pure c¢snonical surface of an Abelien threefold of
geometric gonus 1 is of order zefo, since it is mapped on
the Pigard threefold by sueh a surface. Hence the arithmétie
genus, P_, of W equels 1, end so the tridimensionsal irreg-
ularity ie zéro. The éuperrieially regular threefolds W

are therefore gompletely regular.

‘Consider first an involution generated by a eyellc
group, Thoe generating substitution may te put in the
form (8) of Chapter Z.7. Coineidences are obtained when
the two sides of (B) are congruent, mod g. When the three-
£0ld W is elliptis, A = 1, end the involution has no
coincldences unless ¢, = 0, in whioh case the coineidence
loel are curves obtained by varying the first paremeter

while the last two parameters teke values for a coineidence

in the substitution group determined on these, Such
goinoidences alwaye oxist, and thus a set of curves belonging
to the eongruence of elliptie curves on V is obtained. If
i is completely regular, A # 1 and ¢,= 0, A finite sot of
eoinoidence points 1is always obtasined.

Next consider a threefold ¥ arising from a group other
then & eyelie group. vwhen W is elliptic, the substitutions

on the first variabtle cen all be reduced simultansously to



the form or (8) witn A =1, aiz for any partzcular oyelic
sabgroup the last two aubstituticns can alao be put in the ,
fbrm of‘ta). boincidanoea are ebtalnad only if for some -
auhstitutian ¢ = 0, and then, as bcfbre, the loel ore curves
of the eongruenee_or ellipﬁic curves on V whieh‘givaa rise
to the congruence on ‘#4 ‘Now, however, en involution glving
rise to a completely reguler threefold W may contain elliptic
| ‘subgroups. It follows that on V there may be no aoinciaenaes"'
or a finité number of coinoidences or a aet of coinaidanee
auﬂes (helangmg to one cr mom eongme:wea) or tlwre may
be hoth curvea and isolateﬂ points, An example of a aompletsly
- regular threefola repreaented by an 1nvalution without o
eoinaidenoes may be constructed from grbuy G, (XIV)‘ Thus
the matrix '
/1 + o0 o0 o0
¢ 6 1 r 0 o |
0o o .0 0o 1 ™
admits the ﬁénuhombganeous grnﬁp, G*,.genarafédrby ;
g{=x, ¥ + 3, ~z), 5(x + &, Qf, .z + )y
~ end 1t is easily verified that the rsanlting 1nwolution, I,
on th@ Pieard threefold ¥ has no ooinciﬁenuoﬂ. (on the aihar‘>
hend, whan the homogeneous group is teken, “the eoinoiden&é;
loel are ourves from the three eongruenges on, Vel The only
ganeral uonoluaion is that 1f there are any 1solate&
_goineidendes tha thr&erold W mnst ba eomplately regular. o
~ Ooin&idencea will give rise to mnlt&ple poinxa anﬂ
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gurves on & projestive mpdél of ¥ unless particular steps
are teken to resolve these, To investigate the possibilities
would eall for detalled examination of the parametric

representstion of W,



CHAPTER 5, MATRIGES ADMITTING CYGCLIC GROUPS

1. G;i(X), Slex, ey, €z), Here ¢ is a triple root

of the characteristic equation
| IR - xE | =0
and the matrix (R - ¢E,) 1s of rank 4 (2,7), We show that

the maﬁri;x R may be redueed to the form

¢ 1
Q
w]l =l
_— 0 1 '
e e o)
0 1
e
"'1 -1 LA

The method .is that of Bagnera-»})e Franchis (2, 293 ot seq.).
Choose new pariods given by the modular substitution
‘J!‘ap s ~t_o_“=w ---a-w‘(3 Ql T W, i#rot
Then in the new matrix R! only the elements of the rx«-th row '
end p=~th .oolumn differ from those of R: in partieular, for
Yy * B, T.,1s replaced by I, = or,. Hence, by the use of Tj,
we oan arrenge that
o<, Ll g |
and then by the use of T,, we can reduce the absolute value
of r,. By repetition we make r,, = 0, In the same way,
using in succession pairs of substitutions '1'; we meke
r

W=, =2 T,,=0 3 g = L= 5, =0 3

Ty = =0 3 r; = 0,
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The matriz R 18 now of the form

Lo g

r, r, 0 O o o
r, T, T, 0 0 O
r, r, 1, r, O 0
Y, T T, D T O

I Fe Iy o, FPoo Ty

\ T, To Ty By T Ty |

tiowr,xg,,- * 0,‘_‘;‘;‘01: otherwise the charscteristio equation
would resolve into two instead of three resl factors; and
also », # 0, r, # O, for sﬁhorwise r,,' or r, kould be & roal
root of the oharacteristic equatibna. Consider then the |
determinant obtained from [R = £, by omitting the .rciurth
_and sixth rows end the firet and fifth ealum;xsg this must
vaniah, and 80t

r,l‘i'la.rauar;‘ = 0,
whence o r, = O,
Similerly , o= Oa ,

The oharacteristic equetion is now the produst of
three resl quadratic factors obtainsd from the sesond order
daterminants along the lesding diagonel, The first o: these
gives T

. 2
r, =X r, = X e~ (I, + P, )X+ D0, -5,

= x4+ x+1,
since the zeros must be ¢, £*. Henoe
r, +r,==1, ‘ (2)

A2

rr, -rr =1 , (3)

n s



 Using T,, T, we can meke r, such that
Ir,) < &lr,0, 3z,
whence . ar; < Irole|r,ls
From (2) and (3) we have

'r,7'+1',,+1‘,1r1,+1==0,

so that cary < Irglale,l s 2) o4 el o+ 1,
It followe that e, =0,
and then from (2) r,= -1,

From ) r,r, =1,

80 that either
| r, =5, =1 or P, = »r,;,ﬁ - 1. ‘~
In the f£irst cese we have -
Cw, = W,y EW, = =, =Ey,,
vana' in the second ¢ase | |
| €, = Wy €W, ®w, = €.}
end on replaeing w, by ~w, these latter“equatiﬁns' reduce td
" the former. We cen therefore take | |
| | r, =0, Ir,=aep, =, =1,
?moissl\y‘ the same reduction may b'ev carried out oil the other
two second order matrices on the leading disgonal,
Next bo‘mamex"‘ the determinant obtained from |R - i,/
by suppressing the second and third rows and the first and
sixth oolumns. On expansion, since the value is zero, we £4na
r, = T+ r, =8 8ay, I, ==r,=1% B&Y,
Using T, we make I, = r,, = 0, and then using T,, we meke

r, = T, =0, Finally, using 'I'J, T, and then T:,, T, we méke .
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the last four elements df the first and seoond oolumns
vanish. The‘ matrix R 1s now in the -desired form (l ) |
The linear relations oonneot;ng tha‘ periods teke the
form - ‘ | '
| €W, =W,y W, =W, Ew, =,
. We must have
- |9, &, wel #0,
for otherwise the Riemann matrix would be of remk less than 3,
Gﬁooaxng new variables X, Y, 2 gii’en by

N o= (e el

Y| | Y|

2 , | -4
the Riemann matrix reduces to the form

1 | e 0O 0 O ¢

6 0 1 & o© 0

| o 0 0 o° 1 ¢/ ., e
The Pieard variety attaoheé‘tc this matrix is the A
pmduct of three equignhamanlc elliptic curves, The method
?af.reductian applies quite generally when a Ploard variety |

 1s inverient under a substituiion all of whose multipliers |
are equal to €; these varieties have teen termed |
egquianharmonio by Soorza (18, 336).
©  In conclusion: all matrices admitting the group
6, (1) S(ex, ey, £3) are equivalent to the matrix

1 & 0 0 0 0
O 6 1 & © o0
0 0 0 o 1 £/ .
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Ze G”;I—) S(x. =Y. -zz. Two roots of the charoct-

eristic equation are equal to +1, and the matrix may be

put in the form

] n m

Wy, | w, © T 7T T '
wheré the bottom right 2x4 matrix is a general Riémann
matrix and the variables y, ¢ have btecn éhoaen to reduce
this to 'hh_e‘ canouical form of Bagnera=-De Franochis,
Consideration of the first row of the above matrix
shows that in the matrix R we must have
r,=r,=1, r, =2, =0,
Hence
-, =@, + 0+ r, +0+7r.1 +r1",
5, =w, + 0+ 0+ 1L+t 41"
with similar equations for w,,, w,. It follows that, by
adding multiples of the last four columns to the first two,

we can reduge the matrix to the form

1 T G 0 o 0

Blo+ pr'a ym) o'+ pT 4 yT") 1 o
1 y n " ! i ' "
-5’;-(%+ BT’ + yr™) %_-(fé_ + A" o4 ylt™) o + ' T

where o, g, yyo'y g’y 'y oty = 0y 14

How we can slways make | Cy' = 0 by subtragting column 1
(eols 1) from ocol, 2 or interchanging these columns if |
necessary. Also a ]l + T’ in eol, 2 may always be reduced o

(a new) ' by adding col., 5 to ocol. 5. After this there



w103

remain six possibilities for col,2, namely

r T T T T T
, | O | ,
©o & o & 3T
. } ] " ] "
0 o #x &% T g+ ).

For each of these forms for the second golumn wo must gonsider -
how far the first uoltimn ni&y be redueed. 1In this redudtion
we may subtreet the sesond column from the first or, in

i

some oases, interchange the two, reduce ++ T  to T, and

| redqca 1+ 7 to 7" where this has not alreedy been done

to‘aimpliry»the ; second eolumn, It 1s found that the above

forme for the second solumn yield respectively 8, 5, 3, 3,

2 and 2 forms for the first column, omitting repetitions,

#ith a»uitable‘ur‘daripg of the first two columns we can say:
there are 23 matricss admiiting the group

G,(I1) S(x; -¥, Qz’)‘, nemely .
1 - “rl o
te 37, + 37%, 1

ut

‘%‘éel %7”6,. "' T €, 0 é T T y €9€, 4€.,4€E, = Q;lﬁ

0 0 0
0 - "

1 r 0 o0 © 0
3T+ de 3 1 o o
Ul e dfe, 0 £ T TU/[, e =01,
1 r o o0 0 ©
Lr'e Y, 1 0o r' 1" €48 = 0pdy
tetre 0 o ¢ ), e s
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3s G, (IIT) Sf-x, iy, iz). From the theorem of 4.1

+

and the form of the natrix "af genus 2 given izi mup {(41)
of 4.3, 1t follows that with a suitable &hqiua of variables
Yy 2y z;ny matrix for the pé:esent group ean be pui: in the form
1l T 0 0 0 0
t w 1 1 0 ¢

2) 22

W 'w ¢ 4] 1 i .

3 32

From the first row, we see that in the matrix R

1'" = ““:lz,%= ’1’ rlz, = r).’ = 0,

Thus the w satiefy equations

1wﬂ.l = - wu + r‘a + j'r“" 4
i, = -, + I, + ir, | '
i"‘)g,» = oW, | + P4 11‘,‘ »
iw# = - W, +r.+1r, .

Solving for w, we see that 1f r,3; r are 'bot}i o0dd or both

"
even, then w,, may be reduced to zero on sdding suitable
multiples of ¢ols.3 end 4, and that otherwise w, mey bte
reduced to 3(1 + i); and similarly for the other W e This |
gives the possibilities |
1 T O 0 0 ¢
P«1#1) 3A(141) 1 1 0 O |
br(z+g) 35(244) 0 0 1 1] , xypys = 0,1,
If x, g are not both zero, we can meke g = 0, Thevnr

if § =1, we can meke § = O, OSince the second and third
rows, as &lso “the ﬂ.xs# and second columns, may be 1ntéz'-

changed, this leaves four cases:
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«=pey=s=0; o«=1, p=y=6=0]

% = § &,i’ p=y a‘Gg x=y = 1, f=6§=0,
uThe aauan& case 1s obﬁained from the laat by subtracting. ;
the secand row from the thira and then adding 0018.5 and 6
to 3 and 4 respectively. Hemce
' there are 3 matrices admitting the group
6,(1I1) S(-x, iy, 1z), nemely

1 ¢ 0 0o o o\
%e(1+1) 0 1 1 o .0 |
"0 %ee(1+1) 6 0 1 1 ,_e,e;s 0,1,

| 4, G (X } S(ex, =EYs -€2). Thél¢ubé of this substit~
ution has miltipliers 1, -1, =1, the first row admits the .
mnltiplier €y and last two rows the multipliers ¢, €, whanoe,
by e suitable multiplioatian on the variable x and ghoiue
.‘or vnriables ¥y %, the matrix cen be put in the form
1. ¢ 0 0 0 0
‘wz,""wu 1 e 0 o
njal' Wy, 0"0'71 e/ o o
Since the matrix elso admits the substitution with'mnltipliars
€, &, €, wo see that we oan take
| w,, = Ew, | W, = €W, e
Next, since the natrix admits the substitution with
mnltipliers 1, -1, -1, wo have (from eol.l)

, + &+ be,

‘Wll
whence . "' W, = %{D + qe),

. and using céls,S‘and 4 we can make p, g,n 0, 1.
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In the same way we can take
. w, = 3(p* + q'e), p'y @' =0, 1,
7 if, now, g = 1 it can Be reduced to zero elther Ly
interchanging the second and third rows (if q' = 0} or by
aubtracting row 3 from row 2 {if Q' = 1); after this latter
operatioﬁAtne last four columns can again be reduced to
the form elready givens Thus we gon meke q = ¢,
Ifp= ¢, we have four possibilities for W,y W,, Damely
0, 05 By des de, et Blase), Hese ),
The third possibility reduses to the second on adding col.4
to ool.3, 001;6 to 001.5, dividing rows 2 and 3 by a; énd
finally re=ordering the 1a§t four columns. Similarly, the
last possibility, which is in faot -%a‘, -%; also reduces
to the aeecné; Thus when |
| | | W, = W, =0
there are two poasibllities for uw,, w,, namely
\ 0, 03 %, e
If p =1, we can always meke p' = 0, If also q' = O,
we obtain the second of the sases just found on 1nté;nhqng;ng
rows 2 and 3., If g' =1, wo add col,.6 to ¢ol.5 and &1vide
row 3 by €. This gives us the case with p' = 1, q' = 0,
which in turn reduces to p' = q' = 0,
No tuxther reduetion is possible without altering the
form of the generating substitution., Thus
there are 2 matrices admitting thé group

G, (IV) S(ex, ey, «£2), namely



1 e 0 0 ¢ o
0 0 1 & 0 0
2¢ e 0 o0 1 &/, €=o0,1,

By G, (V) S(x‘_gxi;s;gi.‘ In view of Chapter 4.5;(i11);
the metrix may be written |
{1 r o 0o o . o
W, Ww, 1 € T oeTr
w, W, 1 € ™ etrw .
Considering the transforms of cols.l ana'z under S,
‘we find |
Ew, =W, + I, + er, + r,v" + €I, ',
';a‘mm =W, + I, + e + r;r"'+'exg;r“,
with similar equations for w_, w .
Solving for w; and writing
r,+r,=p, I, +I, =q, P, =r, T, =85,
- with similar p', o', r', s', we find
| w = %[pu*é} - 3r + ' (q(leg) = s8}],
w,, - i[p(1-e*) = 3r + r(g(1-e*) - 2s5)],
w, = 3+[P'(1-€) = Br' + T'(q'(l-c) - 38')],
v W, = L[p' (1" ) - 3r* + r(q'(lee*) - Ba?)],
Now r, »', .8, 8' reduce to zero on adding suitaﬁle maltiples
of 0ols.3 end 53 and similarly p, p’, q, ¢' are made to
assume the values O, 1 or 2, This gives the matrices
1 A T c 0o 0 0
T(1-e)(p + qr')  Ha-e)(p' + ') 1 e ert
F(1-e*)(p + am)  L(I~e™)(p* + q't") 1 €* 1 gire
P, P'y 4, Q' = 0,1,8, | | |
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If both p, p' are non-zero, then either they are equal
or their sum is 3, Thus in every case we can meke p' = 0.
Then either q' = O or, by changing the sign of the second
column end adding (00l.5 =~ 00l.6) if negessary, q' can be
made oqual to 1, If q' = 1 we can meke q = 0} and then
either p = 0 or we can make p = 1,
| There remain the gases for which p' = q' = 0, Here
we have p, @ nAa,i,z, giving nine cases, The cases for wﬁich
p = 2 reduce to those for whieh p = 1 on pchanging the sign
of the first columm, The cese p = 0, g.= 2 similarly
reduces top =0, q=1; end p =0, q =1 (q*' = 0) becomes
Pp=gqg=20, q' = 1 on interchanging the'first<two‘o§1umns¢
So far, without any change to the last four eolumns,
- we have reduced the possibilities to six, neamely (p' being
always zero) '
Pp=q=q"=0; p=1,q=q'=0; p=gq=0,q'=1;
P=q'=1,q9=0; p=q=1,q'=0; p=1,q=2, q"'=0,
0n>chanéing the signs of the last two columns, the
last set can be reduced to the fifth, and on adding cols,.3
and 4 to c¢ols.5 and 6 respectively, the £ifth reduces to the
third., Finally, on dividing rows 2 and 3 by rt, "
respectively, the third reduces to the second set, This .
leaves three séts
p=q=q'=0; p=1,q=g"=0; P=q' =1, ¢=0,
Thus: there are 3 matrices admitting the group

'GB(Y) S(x, EY, £ 2), namely
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1 . T o 0 0 Y
jellee)  jegflee)r' 1 e r* T
%

%e ‘1_39.) ‘ 3"5&,(1-'5" ’T" 1 ‘ A I‘r" e""r n s .

(1) e=g=0; (HM)e=1,€6=0; (ii1)eme=1,

| 8 Gg‘Vil S{x, iy, =iz). Disocussion of this gxoup

is on praeinely the same lines ss that of the praviaus one,
and we conclude that |

there are 3 matriees‘admittihg the group
| ¢, (VI) s(x, iy, =-iz), namely

1' ' T o 0 0 0

Jell+1) Jegfl+t)r' 1 4 v 4rt
| del1-1)  Zega-t)rr 1 4 e aare)
(1)e=€e=0; (41)e=1, e=0; (iil)e =¢ =1.

P G(VIT) B8(x, ey, =c*z), The fourth power of
this substitution has multipliers 1, €, ¢*, and the

~ disoussion of G,(V) apﬁlies. The firat of the three

matriéea_tound there clearly admits the present group. It .
is easlly verified thaf neither of the other two admits
the substitution with multipliers 1, -1, =1, and so both
are exeluded here. Henece | «
there is only one matrix admitting thovgxonp
G,{VII) é(x, -y, =£*2), namely
‘ i1 r 0 0o 0 o0
o 0 1 e ™ er?

0. 0 1 € gn gr*rn/ |
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Be G (VIIT) S(wx, ey, =€*2), It is convenlent to
interchange the first two variables and consider the

substitution S(ex, -y, =e*z), reverting eventually to the
original variebles, The oube of the subatitufion now hes
multipliare 1, -1; al, and since also the first variable
‘admita the mnltzplier £, the rirat row of the Biemann
matrix mey be reduced to (L € 0 O O 0).
Tha bottom right 2x4 metrix of the Riemann matrix
adnits the multipliers -1, -g? , and so also 1, €. By
chapter 4.3.(?111) it is therefore of one or other of two
forms, and we héva»the two possible typeavdf matrix
la) 1 '€ 0 0 0 o\ |
| W, Wiy 1 0 ' o
, W, w, 0 1 0 €/ 4
® /1 e o o o o
| | @, w, 1 0o v 0]
o\, w, 01 $l1-e) $‘ .
gzgé ga!. E:pressins that ﬁhe first two eolnmns admit'
the multipliers ¢, =1, =¢*, we find that ,, w, are expressible
integrally in terms of 1, ', and hence may be reduced to
zero; and w, , w, cen be put in the forms . | H
 w,=3p+a), w,=kp+a+pe), p,a=0,1.
The four pairs of values are | -
| 0, 03 }, =ke"y e, i3 -deY, fe5
the last being & reducod form of that arising from p = q = 1.
Using the fourth and sixth ¢olumns, the minus signs may be
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eliminated, and then multiplying the third row by ¢, €
respectively, the second and fourth cases may be reduced
to the third; cols.4 and 6 being rearranged to take their
original forms.,
- Henee, taking the variebles in their originsl order,

we hﬁve two matrices

1 r 0 6 0 ©
© 0 1 & 0 0
0 o0 dee e 1 e/, e=0,1,

Type {(b). The reduction follows that of type (a),  First,
w, ond w, reduce to sero. It then follows that in the
equationé satisfied by W,y w,, the coefficient of ;(l-c) is
zero, and this leads to the four pairs of values for uw,, w,
again‘ These rédime to two palrs &s before, it being
neéesaary oniy to observe that the §(lee) can in each
instence te rotained, |

Taking the variabtles in their original order, we obtain
the two‘matrices found atove with the single change that

W, = '5"(1"8);

22
Hence: there are 4 matrices admitting the group
G, (VIII) 48(-x,ray, -¢" 7}, namely
1 T ¢ - 0 06 O
¢ 0 1 e 0 O

0 Lle{il-e} deg de, 1 €/ , €, =0,1,
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9. Go(IX) Slu,x, wiy, wiz). Let (w,, w,, w, ) te any

period. Then (w,w,, w'w,, W, )y eons (W0, 0w, w'o, ),
obtained by-sueceaéive multiplications of the components
‘by’mﬁ, wly w:-reépeatively, are also peridds, and the six
periods ere linearly independent, It follows that no
component can be zera,;ana, on ohoosing w,X, w,¥, wﬂz'as
new variables, the parieda‘may be combined to give the
period matrix as wrﬁtten at the end of this seetion. Ahy
fundamental period matrix is isomorphic with this one,
That the matrix is in faot a‘Riemannimatrix, 1.0, that
Atelisn funetions admitting the substitution S exi&t, is
assured by the faect that Klein's quartlo'curvé gives rise
to suech funetiona'(igl, 43 10', 471y these papers selso
show, it may be ohaervad, that the matrix is equivalenﬁ
to a eompound one},

It is an intéresting question whether, for a suiteble
ohoice of the initial period, the matrix as written is
always fundemental, This is well known to be so for the
‘similar matrix of genus 1 (which is equianharmonie), and
can be shown to be so in the case of genus 2 (where the
multipliers of the group are complex fifth roots of unity).,
At present, however, the question remains open for the matrix '
of genus 3. Thus we state

one matrix which admits the group

G,(IX}) S(w,x, w'y, w'z) is
- 1w, w oW
1w o w w  w,
L owt ow, w ow ow /e
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10 Gplx) S(ex, @y, lw;z). The square of this
substitution has multipliers 1, i, =i, Hence, from G(VI)

and Chapter 4,3,{1x), the Riemann matrix must be of one or |
_ other of the three forms |
/oo . c. 0 o0 0

3e(l+4) Zega+t)r 1 4 Tv Tt |

le(1-1) Jeefl-1)" 1 -4 T arv] | e, =0,1,

where | o= ’w,+h4~1k ﬁ, "= iw,+h-1k
| ) 1+im leim
with el ~bm=X* =h*, am+ bl =1 = 2nk, (4)

h,k,1,m,8,b being integral,
When € = € = 0, the nmfrix is compound and olearly
‘admits the groups N |
‘When € = 1, € = 0, we must consider the effect of the

multiplioi's =1, w,; iw, on the first ocolumn. We require
(w, +h+ik)
1+im

and a corresponding ,eciuation for the tirst element of the

w, 3{141) = ~}3(1+1) + 0 + r, + ir, +

{r, + ir,) ;

third row whioh, however, yields nothing further. The
equation written 1s equivalent to the four integral cquations
l=r +1r, - O0=-}{lem)+r,l~rmn+rrh-nrk,
“m = F, - r,, 0=}l + r,m+ 1,1+ 5k + rh,
‘Solving 1'0# the I,
T = £(l-m) , r, = ;{1+m) , (5)
&, = 5{1en+k), 1, = ${1-h-k). (6)

From equations (5), 1 and m are either toth even or both odd,
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and from the seoond of the equations {4) it follows that

‘they must both be odd. Equations (6) show that of h, k,
one is even and the other odd. Thus for this matrix the
following further conditions are imposed on t', T
| | 1, m, btk odds
How obaérving thq€ t
gl ~bm=am+ Bl + a{len) - b(l+m);
we Beo tnat; if 1 and m are both oAa; al « bm and am + bl

" are of the same parity; end sinco the second is odd, by (4),
8o also 15 the first, Hence h+k is necessarily odd 1f 1, m
_are, and the third condition above may be droppads

Constder finelly the matrix for which € = ¢ = 1. The
conditions just found must be satisfied, In addition,
applying similar oonsiderations to the saeand'ealumn, and
using equations (4), we find that a+b must be even. From
the second of equations (4), a and b must then both be odd,
But now a,b,1,m are ell odd and 8o the left-hand side of
this equation is even, whish ie inadmissible. Hence this
matrix does not admit the group. |

That the previous matrix, for which e = 1, € = 0, ocan
‘effeotively exist is seen by taking | |

| h=l=m=1, k=0,

 In connluﬁionA

there are 2 matrices aﬁmﬁtting the group
G, (X) 8{-x, a,y, iw,z), nemely



| l r 0 0 0 0
fe(144) 0 1 14w g |

- . wythik 1, +h=1k
wham T' = » T" = '}
R , o 1+¥im leim
with el = tm=k* -h', am+ bl =1 - 2k,

a,b,h,k, 1,m being 1ntagra1. In addition when € = 1,
1 m are both odd. .

1, G,jzlz‘ S(ix, w.¥, um,z}. Using chapter 4;5.(x),
and In view of the first mnltiplier of S, the Rlemann matrix
may be roduoeﬁ to the form

1 1 0 0 o© 0
'w;,,. w,, 1 41 g7
w, w, 1 4 v are/

wy +h+ik i), thtilk

Whﬂl'e ' = -—-——-i--—" T 7 2 s s
“ ; C 1snm 1#m
with el - btm =k* = h*, am+ bl =1 - 2nk,

a,b,h,k,1,m being integral, |
| ﬁpplyﬁng:the miltipliers «1, 1, 1 to the £irst two
ecolumns we £ind that, efter reduction, there are four forms

‘whioh must be considered, namely

s S | 1 1
- 3el{l+d)  Zeegll+t) F(1+1)  2(1+4)r?
le(14) %E(lﬂ) SEE-1 R B 75 P2 B T LN ,e =0 1.‘

These aannat be reduced further without altering the

elements or the first row,
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When € = €, = 0, the matrix is compound and admits
the group. | '
| ~ When € = 1, € = 0, we fiﬁd, arguing as for the last
group, that‘wé must have 1, m odd and h+k oven. As pain&eé
out thers, this is not possible, and so this matrix is |
Tuled outs )
| wh@n‘s =g =1, wo find we must have
- 1,nm both odd,
Finally, for the fourth matrix we find
“ 1 'addg - h+k even
(whieh imply also e+b odd), To verify that this is possidle,
we observe that one solution is given by
h=k=1l=«b=1l, a=un=0,
In eonelusion |
there are 3 matrices admitting thé group
G, (XI) s(ix, w,¥, =, 2z), namely | |
1 | 1 0 0 o 0
Je(1+41) Ze(l41) 1 1 A7t
éﬁ(1+1) e(l+4) 1 1 i/,
(1) e=0; (1) e = 1;
1 i 0 0 © 0
(111) | Ha+t) st 1 1 T 4p
Hi+d)  H(a+d) 12 4 ™ art [,

where e Wedhtik , Tt m,:siiﬁﬁif.,‘
- ~ 1+im 14im

with 8l - tm = k* - h*, am + bl = 1 ~ 2hk,



«l1l7= /
a,b,h,k,l;m being integral., 1In addition, we have
for matrix (41) 1, m, htk odd;
for matrix (1ii) | l+m o0dd,  h+k evon.

12, anxix) S(ex, dcy, ie*z), Using Chapter 4,3,(x1)
and reducing w,, s, wn_as’in the last group (with the

~ simplification thet w, has no longer to be mainteined equal
to. 1), we £ind that any matrix must be equivalent to one of
the three A |
S ¢ 0 o 0

Je(1+1)  Beefl+t)r 1 1 v gr |

Je(141)  deg(a#r)rm 1 4 ™ et ), e,6=0,1,
whers ', " are as speaified ai the‘enﬂ of this section,

When € = €, = 0, the matrix 1is ocompound and admits
the group, | |

* For the athaf two matrieas, consider the effect of
multiplying the first ecolumn by the multipliers 1, =, £*.,
For the resulting exprésaion to be a period wo must have
l1+m even, h+k odd,
Addition of the two oonditiqns.alreaéy imposed on h,k,1l,m
in specifying ', =", leads to
a(l+m) + b(lem) = k(k+1) = h(h~1) = 2Zhk - 1.
Singe the right-«hand side is odd, this éhowa that l+m also
~ must be odd, and»éo the two matrices are ruled out. Thus
" there is only one matrix admitting tha‘grcup |

G,{xI1) S(ﬁx; 1ey, 1€*z), namely
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1 0 0 0 O
0 0 1 1 Tt ar
6 0 1 4 T 4"
. ’e4h#ik.; rﬁ L etantik
1+4m . Cledm |
with . am+ bl =k - Zik, el - bm=k* - h* +h-1,
4a§b;h,k,1;m being 1§tegra1a | |

where S

‘15 | G XIIi Slex, iey, =~icz). Starting rrom |
Ghapter 4¢3.(xiil anﬁ reasoning as 1n the last thxee eaaea |
 we find that . | '
| - there are 2 matrices éamittihg the group GHIXIII),
namely | - | | '

1 6 o 0o o
%5(1+i) %eﬁi+1)vf S U SR ir? - |
Jel-1) Be@-i)rm 1 4 T etrv ), e=0,1,
| s+h»ik" - e+h-ik
, ' l+in 1wim ,
with  em + bl = k - Zhk, el - bm = Xk -n + n 1,
a,b,h,k,1,m being integrel, In addition, when € = 1, we

where - ™ = ’

have

h+k aven,
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CHAPTER 6, MATRICES ADMITTING MULTIPLICATIVE GROUPS

1, Gu(XIV) S(ex, v, ~z), 8(x, =y, =2)5 Ayl = 31,
In view of the multipliers 1, the elements of each row of

the memaxm matrix satisfy four integral linear relations '
and the matrix may be put in the mm

1 r 0 0 0 0
| w, 1 - 7 0 0

ma.n

W w32— w!S | w3l} 1 T " ’

3
Consideration of the transforms of the first two
columns shows that w,, w, may be reduced to one or other
of the three peirs | | |

- Oy 03 &, 03 %, &%

For esmch of these cases tho possible values for w,, w,, and
then w, , w, mey be determined; they are &11 found to be
redusible to 0, 3 or 37", It is not proposed to list all

the resulting matrices of which there are 18,

2e G (XV) Slex, ey, €z), S{x, ey, €"2)s N A= 1,e.e",

From the first generator and the fact that there is a subst-
itution in which any particular multiplier equals 1 (and
the other two teke the values &, £*), we see that the matrix

can be put in the form

™ gTY " gT" 1 ¢ N

~ Applying the multipliers €, 1, € to the third column,
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we must have
| | | et = ™ + a + be,
whence ; ™ = (b - 2a -~ {(a + ble),
or, using the last two eolﬁmns, |
| o= 4(b - 2a)(1e€).
Values of b -~ 2a n@ad only be considered modulo 3; 80 that
- we have the three values 0, 1, ~1. For the last of these
we change the signs of the third emd fourth columns end
yfhatmor fha-second row, thus conyerting the «1 to +1, Hénce .
| =0, t{le€),
The same raéuot&on.applies also to 1.
The possible valuaa for v are now datermlnad by
applyins the multipliers 1, ¢, ¢ to the first column,
After allowing for the fact that some of the resultine
matrioea (namely those in which Just one of r, r*, " 15
nonézerbj dirfer only by an interchange of rows and oolumns,
_we arrive at the following elght matrices.
1 £ S ¢ G ¢ 0
¢ ¢ 1 e _ 6 o €€ =

tee(l=e] geece(l-e) le(l-e) fee(l=e) 1 €/, 0,1

1 € 0O 0 0 0
1(1-e) Le(i-e) 1 e o o)
le(l-c) Jee(l=c) 0 0 1 e/ , € =1,-1;
1l £ 0 o Y
é(léel Lle(lee) 1 € o 0
™ ert Fl-e) Le(l-e) 1 €/ ,



] 2]e

The t}.ﬁ:h of these reduces to the fourth on changing
the sign of the third row and last two cclumnS. The seventh
and eighth reduce to the sixth on choosing ¢* 2, €2 respéct-
ively as a new third variable and adjusting ﬁhé lest four
eolumns, Thus | | |
" there are 5 matrices admitting the group
¢,(XV) S(ex, ey; e2), S{x, ey,‘azz}; Ay A = 1,8,6° , namely

N S B o o o)
0 0 1 e 0o 0
7ee(lee) Jeee{lwe) Je(lec) geell=e) 1 ¢/,
(i)e:s/e,s:O; (11)&:&1, € =03 (3i1) e =¢ = 1;

1l £ 6 ¢ 0 O
(iv) +(l~c} Le(l-e) 1 & 0 ©
(l-e} Le(lee) 0o 0o 1 e/,
F £ 0 0 0 ¢
{v) | ${1-e) 3e(1-e) 1 £ 0 o
L le Hiee) Fe(l=e) 1 € /.

The matrices have been numbered (1)-(v) for later

rafasrencec,

Bs Ga(ZVI) S(ex, iv, iz), Sl=x wz)2 A= 4]

Ay = +1,+¢3, The matrix can first be put in the form

1 T 0 0 0 0
w, w, 1 i c 0
& w " i 1 1/ .

31 >

Applying the first generator to the first two columns

in turn and using ¢ols.3 and 4 we find that we can make
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W, W, = 0y 2(1+1)s
The cases where w, = 3(1+1) are eliminated_hy.interehanging
the first two aolumns or elsc subtracting ¢ol.l from eol,.2.
Applying the»aeaand‘generator to the thiré golumn we
£1nd - | o
| X S 0, By ,,,3., ’;'3.‘(1‘&1); '
and the third of theso reéuaea to the saoonﬁ on multiplying
the third row by =3 {by choosing iz as a new variable).
To detqrmine w, s 2gain apply the tirst generator to
the first columm, We £1nd
when w,, = 0, = 0 %(1+1); |
when u, = H(1#i), . w, = 3(1+t}r", H1#)(QL + ).
Thd'aeoond ganerntor applied to the first column shows that
ﬁhgn w, = 3{1+1) we csnnot have r" = T
As we have 3een, wo can nmake wu, 0; then, as for
.+ We £ind that |
w, =0, H1+),
If'ia asonvenient to oconsider the above pesaibilitiea
‘in three groups, First, when w, = w, = 0, " =0, 3, #{1+),
we oan make :
yma, =0, 3(1+1), w,= 0,) :

giving eix matrices,

When w, = $(1+i), w,, = " = 0, then if w, = w, = 0, we
have one of the last matrices with rows Z and 3 interchanged,
.and the other three passibilities reduce to the two where
W, , o, = §(1+L), 03 O, é(l-ri). |

3
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Flnelly, when u;, = 3{1+1), w, = 0, r = 3(1+1), wo
again reduce the possibilities to two o -
o w, =y cw, =0, Hiv)e N
."Inw‘rchanging the first two columns of the wo matrices
‘of the first set for which w, = 3{1+i}, r" =0, %(1+1), we
ean safy'l‘ F . | , , '
, “thex«é are 10 matrices admitting th?e,grouy. .
6, (IVI) S(=x, 1y, 12), S(=X, ¥, ~2); ), = #1, A, = 41,31,

namely , .
o 1 -+ 0.0 00
%ee&l+i) 0 1 1706 0o
0 () o o 1 1/,
M)e=e=0; (i1)e=1,6=0; (i1)e =¢=1;
- 1 T 0*‘0 0 .0 | '
(1v) [ 3a+t) o0 1 L o o
o ¥iv4) o o o0 -1 i/,
1 r 0o o o o
0 | 0 1 1 0 0
delart) o 3 B o1 1/,
o (v) e = 0; .'(vi)e#l»;
1 N 0 0o 0
C3e(l+) 0 1 i _Q_, o
le deld)  MIe) Maw) 1 o1/,

(vil)e=g=0 ; (vill)e= 1, g = 03
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G (XVIT) S(-x, iy, 12), S(ix, =y, 12)3 A A= 411,
The matrix first reduces %o the form '
1 &1 o0 o 0 0
. Wy, 1 i o 0
w, w, 7 4r" | l. 1/ .

Applying the mnltipliers i, i, =1 to the first column

W

shows that we can teke
| | w,, = lw,,, | w. - -y, v
Again, applying -1, 1, iand i, -1, 1 to the first and third
columns we find we can meke |
 w,, " =0, ¥1#)
and further, when w, r" = 0 we oan make

| w, = 0y 2a+), .

and when w, = r" = %.(1-!-1)
| e, =3 B

When w, = 3(1+i), we cen ehange w, from =u, to i,
and this shows that the three cases vhen two of w,, w,, "
are zero and the 'remaining one equals 2{1+1) are equivalent,
differing only by a permutation of rows and eolumns,

The case w, = 31 becomes w, = 3 on miltiplying the 1aat
row by -1 and adjusting the last four columns; and we can
then make w, = 3. Hence

there are 5 matriges admitting the group |
G (XVII) s{-x, iy, i2), S(ix, =y, 12)} A4 ,A, = £1,+1, namely

1 o o 0 0
4] Q- 1 i ¢ ¢
fe(1+1)  de(-141) Ze(1+#4) Je(-144) 1 1/, e =0,1
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1 1 © o o 0
1{1+4) M-144) 1 1 o 0 )
1 4/ , € =0,1;
0 0 ©

fe(1+1) de{-11) o0 O
s § o
{141)  3(-141) 1 1 0 o
: 3 i) BMes1) 1 1/,

In thpaa maﬁriees, as in ao'me, for the previous g;'oup .
some elements have beon written i({-1+41) to display one
bqlm as derived from the preceding one in & particular
maxmair; thése aimnta een eééily. be transformed to £(1+1)
iith, except in the case of the last matrix, mo ohange to
the other elements of the cclumn. |
| Be G,,g"xv;;,x) S(=x, €y, =£"2), S{w=x, =y, 2}: A = 41,

Ay = -.tl,:te,' ££” , The matrix firsi:/ reduces to the form
| 1 r o o 0 o
w, W, 1 € 0 0
w, w, " €r" 1 £ ,
and we then find that the w; may be reduced 'to zero.
Applying the multipliers =1, =1, 1 to the third column, we |
ﬂnd | |
| | ™ = 0, 5, 387, wig,
and theyklast two reduce to the seecond on dividing the third
row by €, € respectively and using 0613.5 end 6, Hence
there are 2 matrices admitting the group
G, (XVIII) S(wk, ;y?», ~€ %), S,(-x, i-y, z)3 X,= ES

A, = #1, #€, %", namely



0 0 %e e 1 e/, e=0,1.

B G.;{XIX) S(ex, =ey, =t S =X 7. =2)s A = 41, de se”
h,.w &A, The disapaaion follows the lines of the preceding
ones ‘and lsads to the ccnclusion

there are 4 matrices admitting the group G,z(m) ’ namely
| i € o0 o o o
¢ e 1 e 0 o] -
zee, €eg 0 0 1 e/ , e, =0,13

1. £ 0 ¢ 0 ©
o ¢ 1l & O ]
% % le 1 e (.
T G,,gxxz 8(6:, £y, =£2), S{x, z, e* z)z A= 1,88 o et

A= s:;,a:a,-.ea + e find that
there are 2 natrices admitting the group G,(XX), namely
1 ¢ 0 0 o o
0. 1 3 0o 0
0 0 Je(l-e) jee(l-e) 1 €/, € =0,1,

Ba -Gaé (XXX ) Ss‘ EX, =t¥, «€2), S{-x, £y, - z);

g Aa = 41 4e.4c*, OFf the two matrices admitting the 1ast

g,mup, that for whioh € = 1 does not admit the present group,

whence
them iz only one matrix edmitting the group G, (m),namer
1 & 0 © 0 0
¢ O 1 € © 0
4 0 0 0 1 £ .
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CHAPTSR 7. MATRICES ADMITTING REDUCIBLE TERNARY GROUPS
9F THE RUGULAR SOLIDS

(a) Dihedral groups
1; Groups to be ednsgdgred in deteil. There'ara 22

ﬂihadrai groups but we do not propose to eonaiéer all these

at length, Ve shall restriet ourselves to a’full examination

of 7 of them; these will provide results necessary for

later work end will also illustrate the methods required

in demling with fhe remainder, For these remaining groups

we quote in each instance one matrix which éstablishes that

sugh groups are ppnaible on a Piecard variety., The groups

dealt with fully are XAIV, XXV, XKIX, XX, XKXIV, XXXVI ,XXXVII.
2. G (XTI} S(x, =y, =z}, T{~y, x, Z}, The following

metrix admits this group. o . \

1 r 0 0 0 0
O 1 T 6 ¢ (1)
o 0 0 o 1 "/ .

Bs G (XXIIT) S(ex, iy, 12}, T{~y, X, 2}, The

natrix (1) with 7= r* = 4§ admits this group.

4 G {XXIV) Slex, =€y, =-c2z), T(-y, X, z). This group
contains G(XIX) as a subgroup. Ve note that in considering

matrices for the present group, we cannot interchenge either
’orrthe first two rows and the thi;ﬂ row sinee this would
aiter the form of the substitutions of the group, Also we
cannot divide both the first and second rows by arbitrary
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"nénstan’cs for the same reason, so fhat only one of these
rows ean be taken initially in its simplest rorm. -Thus
instead of the 4 matrices found for G(XIX), we must hers
oonﬁider.the 5 mgtricaﬁ.
- « e 0 0 0 0
;‘;a lee 1 € o0 o0
‘Vi%qﬁ, ,%é,e 0 0 1 ¢
o - ‘aoc 0 ¢ O O
o o 1 e 0 O
ok 3 ok 1 e) .

For the three matrices in which W, = W, = O, ue have

/ a2 €,€ = 0,1,

that <, &€x are expressible 1ntegra11y in tarma of 1, €, and

oonyarsely. Henoe

l = hx + kex,
and 80 € = hex + ke'x = wko+ (h = k)ex,
80 that h k| =n" =nk+%x" =1,
. %k h-Xk
since h‘v < bk + kK* > (lhi' - 1x/) > o,

and the transformetion is unimoduler,
The possible values for h, k are
#1, 03 ‘0/, #1;3 1, 13 <1, «1;
leading to the values for «
| | 11, +E, 2,
Two of the corresponding matrices, namely

s 6. 6 0 o
¢ 0 1 € o6 o0

t¢  fee e dee 1 e/ , € = 0,1,
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do admit the group; eamch of the remaining matrices is
either reducible to one or other of these or else cen be
seen to he'iﬁédﬁiaa;ﬁl& by consideration of the transfnxm‘
of fha first eolumn by the seabnd genargtingrhubtfitutibn.
" For the two metrices in which w, = ¥, w, = 3¢, we
£ind, arg@iﬁg as earlier, that « ean.taxa”the va1ues
| 43, 23e, +ie" . |
Aga&n two of thnse matrieea, namaly
| 3 3 o o 0 0\
£ #€ 1 e o o |
, 3e %se‘ 0 © 1 € ’ €=0'1',
admit the group. and each of the remainder may be riled out
ar is equivalent to one of these. Henna |
there are 4 matrices admitting the group -
G,, (XXIV) s(ax, -y, =£2), T(=y, X, 2); namely
1 e o o o o)\

e jee 1€ %ee X e/, € = 0,1;

2 4 0 0 0 ©
% % 1 & 0 0
Je % 0 ¢ 1 €/, €=0,1,
G S{x, & : T(x A M By chapter -

,4.3.(v). the mntrix 1s equivalent to one or other of
, , 1 .o . o 0
W, Wy 1 4 Tt Ar
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1 F 0 , 0 o 0

W, @, 1+1«1r ™ 1+ -1
W, Wi -7t l4+41 47" 1wttt L1

and the problem is to determine the w;. ‘
| For the first matrix the initial reduction is similar
_to that of G(V), and we find that; by virtue of the matrix
admitting the substitution S, we can meke |
w, = H1Hp + ar'),  w, = FH)a',
w, = Hi=1)(pr* « a), w, = ~3(1-1)q',
with six sets of values for p, a, q',
P 0 1 1 O 1 O
g 0 0 0 1 1 ¢©
| ¢t 0 0 1 0 0 1.
» "fhe lea'c‘ set beoomes the fourth bn interchangihg the first
two golumns of the matrix, so we need only consider the
- first five sets. |
The matrix corresponding to the first set is oomp'ound‘ -
and olearly admits the group. The matrix qbtained from
the second set does not admit the group. For the transfom
of the f£irst columa by T is
(1, -3(1e1)r7, $(141)),
a:qdl 80 we requirs
“H1eg)7t = 3(1+1) + (RHIK) + (Letm)rt,
3(1+1) = $(1=1)7" + (hetk)7" = (1-im),
with h, k, 1, m integral, Eliminating r' leads to
.(2h+1}’f"+ (2x+1) + (21+1)" + (ﬁ,’m--nl)"L =0,
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which is impossible, Thus the scoond set of paramatera,
and likewise the ﬁhira set, is ruled out, The fourth set
leads to this same equation with the signs before the units
in the first and last braaketé changed, and so these ‘
paramaters are also ruled out, |
The two linaar equations in r' implied by thse rirth
set of parameters are satisriad iaenxiaally on taking
| h =m0, k=1=a,
Henece woe obtain two matriaes trom the firat af the two
matriaea written at the haginning.
Consider now fhe segond matrix at the baginning. 1t
will be raoalled that the bottom right Zx4 matrix is
~ obtained from’ | | -
o S I R
1-(1+4) 7" wa[2«(1+8)rr] (144 )t ‘~1[(1+1}~11-ﬂ,
by a;transrbrmation of ghé-columns. Using this forn for
the ﬁatrlx,'the\values’ror w; are found to be
w, = Ip(1+1) + Fa(l+i)r? e LT ¢ T § L
w, = p[1~1-271] + 1q[a~(2+1)r] o, = $a'[2=(1+1)r],
where the vealues of p, g, q' are ,
R p 0 1 1 o0 1
L, o 0 0 o 1
q* ¢ © 1 1 o,
The above sets of values ensure that the matrix adnits
tho substitutian.s‘ It mey be verified that the transforms
of the rirat two columns under the substitution T are also
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eipre?gible in "terms of the columns of the matrix, so that
all five sets are permissible. Hence | |
there are 7 matrices admitting the group
G;(m)‘- S(::;,,iy,:.-iz)v,‘ﬁ T(x, =z, ¥}, “naz'qely
1 r 0 .0 0 o0
Cde()(3+m) 0 1 4 A
%t(.‘l!.-i ):(.T'-;l) 9 R A E I R N ,
| | (1) e =03 (11) ¢ =13 |
e o e e 6o
” %¢(1+1) e (141)r ';fisir" jfrf _ 1+r',,T-1
fe[1-1-2r7 e [2-(1+1)r] -1 R 1a-ir' Slert g
| (1ii) e =€ =0 (iv)esl,e,ao .

vle=0,6=1; (vi)e=¢=1;

| 1 r 0o 0o 0o 0
(vit) [ 3(2+1)(1+r) 0 Leieir' | ' g4 el
3—[3-1-(5&)1"] 0 ' L#geir!  ler'  is+T

6. -JHVI) S(XJ_"EL__.._.L_'I'.L&_...;_I). The.

following matrix admits this group. : '
‘ hi r O 0 ¢ - 0O
0 0 1 3 Tt eT?
0 0 T' €Tt -1 =€t/

e G (xfxvx:q S(x, -£*y, =£7), T(~y, x, z).
equianharmonic matrix admits this group.
8. Gz.,(XXIVIII) S(=x, £y, =€*2z), T('x. =2, Y)o The

rollowing matrix admits this group.
' 1 = 0 © 0 0

0 0 1 & 0 ©
0 0 0 0 1 e/ .
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9. G (XXTX) S(ex, ey, ~e’z), T(z, y, ~x). This
group contains G{XX) as e subgroup, the only change being

that the first two veriables are permuted, Hence we have
to consider the matrices ) |
| " ex 0o 0 0 o
o 0o 1 €& 0 0
3€(1l=e) tee(le-g) “ 0 0 1 e . € = 0,1,
| VWhen € = 0 we see, arguing as in G{XXIV), that we can
| teko « = 1, and the matrix admits the group,
When € = 1, we note that x, ex .can be expressed
integrelly in terms of i(1-¢), le(1-€), 1, € and hence in
- terms of the first two, and conversely. This leeds to six
values for <, which mey be written
x3(2+e), +i(lee), +H1+2e), |
Consider the first of these, < = 3(2+c), Then
| gx = 3{2e4€" ) = «l(1l~g),
'ﬁe have that {i{l-c)}, 0, =-i(2+c)), obtained as the transform
 of the first column by T, must be a period, whence
| ~3{2+e) = =le(l-c) + p + q&,
| | = =5(142¢) + p + g,
which is impossible with integral p, ¢« In @& similer way
the other five possible values for « may be eliminated, Thus
there is only one matrix aedmitting the group
.G“ (xx1x) S(-x, €y, -€*z), T(z, y, =x), nemely the
equianharmonio matrix. ‘ |
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10, Gu(XXX) S(ex, 0oy, lwsz), Tgx;'-z,‘xzﬁi This
~ group gontains G(XXV) as a sﬁpgrbup so that in the first
place thgvmatrix'ia of one or other of the two forms quota&
| at the beginhing of se’qf_ion 5, Further, the bottom right
zxé-matrix'nbw admits the group of Chapternéoﬁ.(xlii), and
80 the possible valuea for r' are the 2 and 12 values found
there for the tun mﬂtriaeu respeativaly. After this, the
rirst two ualumna of the matrieces of genus 3 reduce to
_the 2 and 5 possibilities found in G{XXV) for the two types
of matrix, It remains to ‘i,giébtigate whether these matrices
now admit the aﬁbstituﬁ&on S‘ 1.4 G(X); and the oniy |
questionabla eolumns are the Tirst two. |
o The rirat matrix (e = 0) and third matrix (e =¢ = 0) ,
are compound and admit the group for all relevant values of r'.
In the cases of the remaining matriees, since we are
here conoerned with a cyalio group, we ¢an multiply the
'1ast two variables by constants thus reducing tha matrices
to the forms considered 1n G{X) (at the cost of aestroying_
the particulur torm of the last four columns which is
1rrelevant for the mnment). Further, we need 1n fact only
'aonaidar the elements of the éeeon& row since in G(X) the
third row imposes no extra conditions, _
For the sccond matrix, therefore, wo add cols.3 and 4
to 00185 end 6 réspeotively and divide thé second row.by
1+ r*. TFor alarity lot us denote the *' or G(x) by ™ to
distinguish it frcm the t* of the present graup; " Then when
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™ = w,, We have
e 1 =w -1

l+w, =1+ 4

 d

and this ™ satisfies the thres sonditions speeified at
the end .of G(X),‘ and hence the matrix admits G(X) and so
" also the present group. The same conslusion is reached
when 7' = 1y, |

~ The thira matﬁx having already been seen to be
admisaible, we ¢ome to matrix (m of G(m). -Here 1" = 1Y,
The nonditiana that h*k, 1, m be all odd are satiaﬁaﬁ by .
the last four of the twelve values ror ™, but not by the
first eight, -

~ For matrix (v), T 48 the recipméalof T, Hence

pa .1+ 4m - w,+ H + 1K
= =

T

w,+ b + ik L+ M o
where H=«h, L=_1 [1(k"-—h‘ ) + mu-zmc)],
. r + m '
K=k, M= ______,[-m(k ) + 1(1-2hk)].
| 1+ m

Hei'e H+K, L, M are 0dd for the mlddle four sets of values
of 7% only. |
‘For matrix {vi), we have T = T, Hence, as in G{(X),
- nons of theaé matrices is admissible.
For matrix (vii)
o1 1+4m _w+ H+ K

147w, + (h+l) + i(k+m) LN
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where . .
H=a(htl), L= 1[(x+n)” - (h+1}] + m1 - 2(h+1)(k+m)] .
‘ . 17"+m23 ,
K = -(ktm), 1 gvm[ﬂmzv’ + (042)%] + 1[1 = 2(ne1)(xem)] |
1 4m®

Here HM+K, L, M are odd for the first four values of r' only.
Thue in all we obtain 2+24¢12+4+4+4 = 28 métrises, and
there are 28 matrices admitting the group

G, (xxX) 8(ex, w,¥y, lw,z), T(x, =z, ¥}, namely

. ‘1T r 0o 0 0 o0
fe(i+i){1+r) O 1 i ™ 4T’
fe(lei)(r'=1) O 7' ir' ) 1/,

™ =w,, w3 € = 0,13

1 ¢ 0O 0 0 -0
fe(1+41) 0 1+ieir 4T el
2e{l-d=2r) O - 1+i=ir' 1= 447/,
o= :Em,-i'l’ i1w3+1; e = 0,13

1+ 1+1
T 0 0 0 0
0 e (1+4)r 1+i-47' d 1477 1=l

0 3e[g-(14+4 )] - L4dedrt  Jer' d4r' ),

' o= dw +l, tw, -1} € = 0,13

1 r ) 0 0 0
e (1+1)(1+1) 0  1+i-ir ! 147" el
Ye[3-1-(3+1)7'] © T l4iedrt 1er' 4T/,

=, , e, +(l-1); € = 0,1,
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1. X)) S(ix, 0.y, =wez), Tz, =2, y). The
‘following matrix admits this group,
14 0o o o 0
00 1 1 e i
0 0 =1 1 luw, =,/

12, 0, (000I) S(-x, fey, 1e’s), T(x, =z, y). The’
following matrix admits thie group,

R 1 r 0 0 o0 -0

0 0 1 e i fe

6 0 1 1" Q1 -t/ .

13 (XXXIII) Slex, i€y, =iez)s T(x, =z, v). The
rollowing matrix admita this group.

i ¢« o0 o - o0 0
0 0 l+iele €  1-€ egel |
¢ 0 & l+i-lc 14€ i-¢ / &

14, G (XXXIV) S(ex, iy, iz), S{-x, v, -z). T(x
This group contains G(XVI) as a subgroup and so we must
consider the 10 matirices found there, but with the second
’ or th;iﬂ Trow multlplieé.thrbugh by a constent, Since y and
vz appear on an‘eQual footing ;n the present group, the : |
'interahange of the second and third rows made st one point
in the reduoction. of G(XYI) is still valid and doez not eall.
for eny further metrix to be considered, |

-For tha first four matrices, in which u, = w, = 0,
we gee, as in G(XXIX),‘that we can teke the multiplier o
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be unity, and the matrices as written in G(XVI) admit
thé groap.g o | f  |
For the next two matrices of G(XVI), we 1naeft'a Ml
iplier o in the third row and £ind that =, Mo are
expressible integrally in terms of 1, 1, and conversely;
whensce we obtain , .
| o x = *2, &ki..,
| ‘Tha matriues ariaing on ehooa&ng ths negative signa are.
eqnivalent to those arising from the poait!va, whance we
' need only take the latter. |
| For the last four matrices of G(Xvi). WQ‘mnlttply the‘
zsgqond row throﬁgh by «x; and then Tind we must have
| | o = 23(141), sh(=241)s
The oorrasFGnding values for w, are |
| +3ed, Fie, : 3 =-d,1.
For all‘rqurfvalues,of o« the lasf four eolumns gan be
rearranged to make the bottdm right 8x4'matr1x
[ 3ae) Her) o o
$141)  B(-141) 1

. and ﬁhpn the values for u, reduce to only

-

S let, Ze.
Thié7giv$a 8 matrideé all of which aémit the group. Hence
:there are 14 matrices admitting the. group
Gﬁ(xXXIV), S(~x. 1y, 1z), S(-x, ¥, -z)y T(x, =2, Th namely
| a1 r 0o 0 10‘ o '
see(l+i) o 1 & 0 0 |
0 le(#) 0o o 1 1/ ,ee=0,1;
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1l r 0O 0 0 ©
Hivd) o 1 1 o0 o
é(i+1) © .0 o 1 4/
1 T O 0 O -0,
o 0o 1 1 0 . 0
e(1+1) 0 1 1 2 =21/ , € =0,1;
1+ 0 0.0 0
6 o0 1 4 o o
L e(l+d) ° 1 1 | 2 2/ ., € =0,13
1 r o . 0 o 0
0 Mas) Melet) o o |
se  gliv1)  B+1) M(ea41) 1 1/, €5 =0,
/1 r 0 0 o o
M 0 M) Hew) o o0 |
& fe(1+1)  B(141)  E(~14) 1 1/ , € =0,1.

' '15, G, {AXXV) S(x, €7, e"zl, T(-x, 2z, x).A The

following matrix admita' this group.

18y G(XXXVI) S(x, ey, e*z), T{y, %, =z), As in
G(3V), the matrix mey be put in the form
x  gx O o ¢ o0

T ET 1 3 0 0

T » ET' e e‘-r" 1 g ,
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and, changing if necessary th@ gigns of the first two rows
and columms, we can cnsure that

Ty T = 0, 3{1-).
Wthen T = 0, we must have
x = +1, 4£, %€,

and thase values all reduce to « = 1, with poseibly a new
value for .

When T = 3(1l=£), then, by an argument similar to that
of G(XXIX), we have the possibilities |

= +H{leg ), 23(1+2e), £5{24E),
1,0, = all1-e), sle(lee), tie* (1),
When « takes one of the middie two velues, we multiply all
three rows of the matrix by £, _Th;s makes x = +3(1=t ),
The last two columns at once reduce to the original form.
Interghanging cols,s and 4, adding the new 00l.3 to col,4;
and then changing the sign of col.4 reduces ¢ols,3 and 4 to
the originel form, Tinslly, adding the new cols,3 and 4
to ools.l and 2 respectively, restores the form of w,, W,
1.0, brings #ham to $(1-e), Sc(1l~c). Corresponding
| operations apply if « has onc or other of the last two values.
Thus we need only consider
x = +1(let )

In all the atove, the last two elements of cols,l and 2
are ieft»invthﬁ form 7', €', Consider the possibilities
for v, VWhen T= 0 (so that x= 1), we can have

Tt = 0, +1(1=g),
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Applying the substitution T, we seec that
A | ™" = «7%,
and thus there are two matrices for which 7= 0, nsmely
the equianharmonie matrix and
1 : & 0 0 0 0
0 0 1 K 0 o
w3(lee) . ~3e(lee) F{lee) Fe(lee) 1. £/ .
When T = 3{l-¢}, then as indiscated in considering
G(XV), which 1s a subgroup of the present group, we find
values for 7' depending on the value of T" as follows
irf ™ =0, ™ = 0, 25{l=c);
if ™= 5(lee), =4, de, 3'-&'.1.
The ¢ase 7" = 0, T = =-{(lec) reduces to r" = @,
™ = $(leg) on changing the signs of the third row and of
the last two columns, When 7" = f(leg), ™ = 3ié., we
multiply the third row bty ¢*. This makes w, = 4, w, = {e,
Cols.5 end 6 at once reduce to thelr original form; and
pols.3 and 4 are so reduced using cols.5 and 6. A similar
argument holds when r' = 4¢°, Thus when 7 = {1eg) weAhave
at the moment the six possibilities
x = 2i{leg) with " = ™= 0; or ™ = +{1l-g), ™ = 03
or ' = 3, ™ = 3(1-c).
These matrices admit the substitutions of G{XV); it remeins
to £ind whether they admit the generator T of the present
group. It may be #erifiad that the two matrices corresp-
6ndiug' to |
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x = TV o= 3{lee), " =03 o« =3(lee), ' =4, "= %(i-E).'
do r;dt admit the group since the transform of the first
| ca;l.irmna under T are not expressible in terms of the columns
of +the matrix, ‘l‘he other four metrices 4o adnmit the gmup.
;Hen#e | | | | |
there are 6 matrices admitting the group
G,(XXXVI) S(x, ey, e*z), T(y, X, =2), namely
1. (4 0 ' ¢ - 0 0
o 0 o E.. 0 0
~j6(1me) ~fee(l-c) fell-e) Jee(l-e) 1 ¢/,
| (1)e=0; (44)e=15
[3+e{l-e) Jeel(lee) 0 O € O
${lee) fe(lee) 1 € 0 O |
'0_ 0 0o 0 1 ¢/,
(114) e =13 (iv) € = «1}
. _,31('1,3,  -ie(lee) O O O O
{v) Hlee) - def(l-e) 1 ¢ 0. 0O
| CHiee) le(l-e) 0 O 1 €

e

~H{l=e) ~je(l-c) 0 0 0 0
(vi) 3(l-e)  {e(le-t) 1 € 0 0
4 le (1ee) Ze(l=e) 1 e/ .

17, G, (X0OVII) S(x, iy, -iz), T(-x, 2z, ¥}, The last

fdur alementa' of the first row of the Riainann matrix may
be reduced to zero and then, by virtue of Chepter 4.3.(xiv),

there are four poaslblé forms for the bottom right 2x4 natrix,



=14 3=
e have thus to consider matrices |
| 1 ‘T‘. 6 o0 0 c
1 4 ir"

wil wzz

W, . “"31 w *1(&333 W35 K "'ma.s; ’

3
where the four pnsslble pairs of values for wu; w, are
i, 43 -1, rry 4, i'r‘- 1, i, ‘
Applying to the last two elemenxs of each of: the first
two columns opnaideratione similar to those in G(V), we find
we can make, by virtue of the substitution S, |
w, = M) + ar')y o, = B,
= é(1~1)(w,3 + qu), W, = a(hl}q'w”,"
Py 4y Q' = 0,1, Teking the transform of %he rirat column
under the substitution o, ' ‘ '
(-1, %(1-1)(1%»33 + qma,); %(l-t—i)(p + qr'))
must be a pariod. ,
' When wa; =1r', w, = 1, we have therefore - |
Fa+1)(pr* + q) = =3(141)(p + Q7') 4 (neik) 4 (L+tm)rr,
or %(i+i)(p.+ g1l + 7) = (h+ik) + f1+1m)r' |
' = (th+k)m + (11+m),‘
the last expraasion being obtainsa from the elemsnts of
the third row., These equations rust be setisfied 1dentiaa11y,
for otherwise the laat four columns of the Riemann matrix
would be linearly dependent, Hence we must hawa ‘
» p=qg=0o0r1l,
Similar‘eoneiderations,épplied to the seeond golumn show.
that q' = O, | | ‘
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For the socond and third peirs of values for w , w,,
we £ind that the substitution T inzpoﬁea no condition on the
values of p, q, q'« Then as in G(VI), these velues for o}
Q, q'imay te reduced to the three sets . ,
p=q=q'=0; p=1l,q=q =03 p=gq'=1,q=0,
in making tms mdﬁatioxi it is neeeaaary in some cases to
divide the second and:third rows by r', thus meking —T'-: a new
Tty or, againl, té add vqela“.i' and 6 to ©0ls.3 and 4 raspéct-
ively and then divide the last two yows bty 1 + 17,
Again for the :fqurth natrix thé, substitution T imposes
no further cqndit!.on._ Here, however, the bottom right
2x4 metrix is not symmetrieal in the 1 and dnd the
raduétzann indicated for the last two matrices -cambt te |
carried out, The only reduction possible is fo 1ntem}ianga
the first two ecolumne when p = q' = 0, q = 1, thus obtaininé
pe=gq=0, g' = 1; there are then 5 metrices remaining. In
all we have 2+3+3+5 = 13 matrices, ai:d
there are 13 matrices admitting the group
G, (XXXVII) s{x, iy, =iz), T(=-x, z, y), namely
1l T 0 0 ¢ 0
'3},6(14*1')(1'%1")» o 1 1 ™ AT
%ﬁ(l—t-i}(i—i—r’) o i 7™ 1 1/, € =0,13
1 o 0 0 © 0
te(l+1) Zeefi+i)r 1 1o ir
le{l-1) Jeeflei)r* 1 4 T' ATt/ |, e,€, = 0,13
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1 r o 0 0 Q0
le(1+41) Jeefd+i)r' 1 4 Tt 47
Je(+l) eg(l+l)rt 1 1 4T T/, e,e = 0,13
‘l / : T 0 ¢! 0
‘és(1+1]:4 Pe(l+d)rt 1 4 T T

2e(l-4)  Zeflet)rt 1«4 AT TV [, €, = 0,13
. . 0 0 0 4,0
 %(1&1)(1+T') 01 S A

Z(l=4) + £(1+4)rY O 1 -1 iT? T/,

38, GL(XOXVIII) S(x, «c'y, «ez), T(ex, 2, y). The

following matrix admits this group.
1 r 0 0 0 0

9 0 1 & 1™ ert
o o 1 g T g*'rv/,

9. G (XXXIX) 8(eX, £y, =£ 2}, Tl2, ~v. X}, The
equianharmonic matrix admits this group. |

20, G”gXL) Sg-x, We¥s Sty 2}, T(-x, Zs z]. The

following matrix admits this group.

i + 6 0o 6 0
© 0 1 1 ™ ir?
¢ 0 4Tt T 4 1
‘where ot =le BN @ o121 4o,

1+im
n, 1, m being integrel,
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2Le G, (XLI) S(ex, iey, ~iez), T(~x, z, y). The
following matrix admits this group. -
1 & 0 o 0 0
6 0 1 & rt  4irr
0 0 1 -4 7t airt
g+h

wWhore . 7' 2 wmee - With @l =« h® + h -1,
I , ~ Ly

ay h, 1 being integral.

22, G, (XTIT) Sjax, ey, 18‘32. T(;x; ggz,'wgzis

The following matrix admits this group.

1 1 0 o o0 o
0 © O S g7t
¢ O iw,%' -, TV oww, =i,
where | v m Ethtik
144im

with 1" =Xx*  «h+1+2m=0, Xe2hk+1 =n =0,
B, k, 1, m being integrel,
23y Go (XLITT) Swx, 3y, 12), T(w.¥, wyX, iz). The
following matrix admits this group, -
w,. 4w, O 0 0 O
0 0 1 1+ o 0
0 0 6 0o 1 1/,

This concludes the discussion of the dihedral\groups
and we turn to the reduecible tetrahedral groups, the segond

“of our three types of reducible ternary group.
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{b] Redugible tetrshedral groups _
24, GH;XL V) S{x,iv,=iz), U(x $(1+4)(y+7) ~h(I~t)(y=2]),

This group and the na:t, but not the final two of this typa,
will be considered in detail,
The present group contains G(XXV) as & subgroup and

henca we have to consider the 7 matriaea found there.
Further, the battom right 2x4 matrix must admit the tetra-
hedral group of Chapter 4.3.(vii), whence only the last

§ matrices of G(XKY) are possible. We therefore investigate
whether the first two aolumns of these matrices adrit the
present group .

The first of these matrices, (1ii), clearly does admit
the group., In the case of matrix (iv), applying the sudbstit-
ution U to the first oolumn, (1, 3(1+4)(1=r), ~A(1—1)(1*r0)
must ba 8 period, whence

%(1+1)(1~r9 = %(1+1) + a(l+d-1r7) + b+ e(i+7) + d(r'=l)
«3{1e1)(147) = F(1mia2r) = ar' + B(l+dedr’) + e(ler) + A(4+r),
These equations are satisfied on teking |
| a= wb=w=a=13, o
It follows that the equations cannot also be satisfied by
inxégral values of a, b, ¢, 4, for otherwise the columns of
the bottom right 2x4 matrix would be linearly dependent.
Henoe matrix (iv) is ruled out.

similar reasoning eliminates the remeining metrices,

and so
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there is only one matrix admitting the group
¢, (XLIV) S(x,iy,=12), U(x,3(1+1)(y+z),=3(1=1)(y~2)),
namely , | } |
1 r 0 0 o 0

0 0 l+deir? Tt gart el
¢ 0 -t 1+i-drt  A-rt LTt/

BBy G, (XIV) S(ex,y,~z), U(x,2(143)(y+z) wi{lei)(y~2)).
Thiu group eontains Q(XXXIV) as a aubgroﬁp and so we must
exemine the 14 matrices found there to see if they admit
the generator U, | -

Applying U to the third column of the first four metrices
we have that (O,‘%tl+;), i5{1~1)) éhould be a period; this
is no€ 80 and héﬁdéviheae matrices are éxaiude&.’ Similarly,
the next‘two‘pairs of matriges are excluded. én tﬁe other
_hend, we verify that tho bottom right 2x4 matrix common to
the last six matrices does admit U, This 2x4 matrix is

3a+1)  Me1#1) © O
| Haed)  B(-141) 1
whish, on multiplying both rows by 1+i and carrying out
- a aubﬂfituxion on the eolumns, becomes
0 lei 1 =i
~(lei) 0 1 1.
In this form, the matrix is obtained from that found for
- the previous tetrahedral group, C(XLIV), whieh is a subgroup
of thevpresent group, by pubting o= lei, It»followé that‘

the remaining olements of the second and third rows of the
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3x6¢ matrix must be zero, end so

there 1s only one matrix admitting the group
G,, (XLV)} S{e=x,y,=2), Ulx,3(1+4){y+2),~3(1«1){y~2}), namely
1 T ¢ 0 0 0

Mﬁtricea.aamitting this group must alsoc admit G(XLIV) and
G(XXXIII) which are subgroups. In partiocular, it may be
verified thet the following matrix admits the group.

1 ¢ o 0 0 o
0 0 - 1+i4ile -g feg wgel
0o 0 . & 14444 1+8  deg / .

27, GulXIVIT) S(x,dy.~1z), Ulex, 341 My+z) ~b(1e1 ky=z)],
The following matrix admité this group.

1 € ] O 4] 0
o 0 1 i e+4e* -£* 34

0 0 c+ie* g*-ic -1 RS S

 {8) Reduoible ootahedral groups

28,  GoXLVIII) S(w~ix. iv,z), U 1+1 ) (y+z 1wi ) (yoz
 This group contains G(XLV) as & subgroup &nd so there is
~only one type of matriz to be considered, This matrix must

naw-aﬂmit‘the substitution & above, and hense in the matrix
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wo can make T = 1; 1t is then at once vorified that the

resulting matrix Qdmits the group. This matrix is
[ A T C S o o
0.0 . 0 1.4 1 -
0 o «{1-4) o 1 1/,

The diﬂ¢uastdn of this group, whioh’wiil not ﬁe puxsﬁed,

follows on rrom the axiatence of the aubgroups G{XXX) and

| G{XLIV}). In partieular. the tbllowina matrlx admita the
. group, o o
1T o 0 o o

00 Itk du, o 4(14,)  dw,-l |
0 0 el s,  d-lw,  4(+,) ]
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GHAPTER 8, MATRICES ADMITTING MONOMIAL AND PRIMITIVE GROUPa

gg} Mbnoggal,gggugu

1. Group to be oonsidered in deteil. There are twelve
monomial aroﬂps,,G(L)na(LXII. Ve shall consider in detail
_G(Lx) which illuatrates the type and whioch is also required

for the dlncuaslun.or two primitive groups. We quote for
eagh of the other gxuuga one matrix whieh admits the graup.

2y GﬂgL[ sgu,z, qu, zgz, Py, 2z, X)e “The following

matrix admits this group.

2 E R N 4 ¢

gﬁ,gggggg,gigglzgggggl. These are:
G.(11) 8(x, -y, -z}, Ply, 2, x)}
G, (LI) &(x, ey, e*z), Ply, =z, x);
G#E(LIII) S(x, iy, -1z}, Ply, 2z, x);
G, (LIV) s8(ex, -ey, =€2), \P(y, Z, X)3
G,,(LV) S(-x, ey, -t*2), Py, 2, x);
G,, (1v1) T(-y, x, 2z}, T(x, -z, ¥);
lG.,‘ (Lvi1) s{-x, iy, iz), T(-y, x, 2), ':-’,(x: -2, ¥)3
¢, (LVIII) sS(ex, ey, €2), T{-y, x, 2), Tix, =2, ¥);
G, (LIX) - 8(x, €y, €' 2), T(-y, X, 2), T x, =2, ¥)¢
Eagh of these groups 1is admitted by one of the matrices
1 e 0 0 0 0 1 & 0 0 0 0
6 0 1 € 0 o) o 0o 1 1 0o o
©o o o o 1 e/, \o o o o 1 1/.
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4, G, (1X) s{x, ey, é*z}, Ty, X, =2), Tﬁ-x; Zs Y1
The first two substitutions generate the group G(XxXxVi), and
80 we must gonsider the six matrices found there. In view
of the existence of the third generator for the present
group, either the last row or else the first two rows of
the matrices must be multiplied through by a constant, ‘Thug’
~ the £irst two matrices we take in the forms |

r er 0 o o o
o o T eT o o
e »»%&3(1~s§ geﬁlua) 3€e (1=t ) 1 & /,e =0,1,

When € = O then, as in G{XXIV}, we find the pésaiblef
values

| T o= 3], 4€, 2£°,
and all these eéaas reduce to r =1,

When € = 1 fthen, as in G(XXIX), we find the possible
values . , |
. v o= ai(lee), +3(142e), si(24c),

i.e, T o= +i(leg), +1e{l=g), +ie* (1= ).
For the third and fourth values of T we multiply edch row
of the matrix by ¢*, ;.e; each variable by €, The metrices
~ are then reduclble to those for the first two values of 13
and aimilarly for the last two values of 7. Consider then
T n'¥%(1-a). Under the third gemerator, the first cflumn
transforms to (~7, -3(1-£), 0)s So we must have
~3{leg) = ar 4+ ber o,

0= $(leg) + af(l=e) + bic(le=e) + ¢ + dc .
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' These equatione can be satisflad when 7 = 3(1~£), but not
when T = -3{l-t ), and it is easily verified that ‘the matrix ,
arising from the first value or T does adnmit the group.
Wd;turnlnow to the second two matrices of G(XXXVI),
whiéh ﬁe take in the form |
tell-e) lee{l-e) o0 o0 o )
3{1-e) fe{l-e) 1 € 0 0O
| 0 0 o 0 T e/, e= £1,
‘ Theée‘muat admit the substitution (=2z, =¥, ox}, which is
the iransfarmyur -the second generator by the thiré. Henco, ,
arguing as for the first matrix of this group, we can take
_ , T = 3(1-e), |
But then tétlua}, 0, Q) must be & period; -and since this
cannot be expressed 1njégra11y in terms of the coiumns'of'
the matrix, these two matrices are excluded, o
The next matrix of G(XXXVI) we take in the form
~5{lee) ~fe{lec) ©0 0 0O 0
'~3'-(1-c) 4e(l=e) 1 € 0 0
3IT(1=e) FET(lmg) o o T er /.
- Possible values for T may be reduced to 1, and of theqe
only 7 = -1 is admissible., |
The final metrix of G(XXXVI) we consider in the form

w3{leg) ~te{leg) ) 0 0o o
5(1-e)  de(1l-g) 1 £ 0 0
v der 3r(1ee) JeT(i-e) T er/.

Admissible values for T are found to be
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T = «(leg), ~e(leg), -&*(1-¢),.

end for each of these velues the final four eolumns of the
matrix can be'reducad to the form shown in (iv)~(vi) below,
Henoce o |
there are © nmatrices admitting the group
¢, (1X) S(x, ey, €*2), My, x, -2), T(-x, 2, ¥}, nemely
o 1 € 0 0 0 0

(1)  loe 0o 1 e o o
Vo o o o 1 e/,
3(1-e) fela-) o 0 )

0
(11) 0 0 5{1-e) 3e(l-e) " 0
=3(leg) =te(lec) Hlee) Lte(lee) 12
-3i-e) ~fe(2-£) 0 0 o o\
(411) Hi-e) de(1-e) 1 ¢ )
| “3(l-c) ~lg{lee) 0 O 1 = ’
“j{lee) -d€(l=e) © O @ 0
H1-¢) je{l=) 1 e o0 . 0O
-

~iT(1-g) =deT(l-g) 1 €& 1lee e(l-c)/ ,
{(iv) T = 1;' (v) T=¢e3 {vi) T=2¢",

| S5, Goo(1LXT) Tlw x, iz), T{ix, w2 + The
following metrix admits this group. '

@, e, O O O 0

©o © 1 1 0o 0

0 0 0 0 wy R/
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(b} Primitive groups

Bs G (IXIT) s(x, efy €2}y Twy, =x, =2),

1 1l 2 1 o2 R
Y(Etga(x +¥ + z), ETE?(1'+‘sy + e*z), E:Ei{x + €y +ez)).

The'Gg“ generated bty S, T and T(-x, -z, «y) 18, as was
| noted in Chaptor 3,16, a subgroup of the present group.
This subgroup d4iffers from G, (LX) only in choice of |
'yaxiable, and the latier assumes the form of the present
G;, on choosing -y as,é new second variable, For the G,
therefore, we must consider the 6 matrices found for G(LX),
‘but the signs of the élqmsnts of the second row must be
chenged, | |

In finding if these matrices admit the substitution V

1

it is nonrenient to write the eoefrieient *:Ei in the

alternative forn 7e(g=l), Applying V to the first column
of the first matrix we see that for this matrix to admit
the group |
- (fele=l), fele-1), fele-1))

must be a period; and as this 1s not so the metrix is
ruled out, |

For the second and third matrices it may be verified
that the transform of each ecolumn is again a period and
both these matrices admit the group.

For easch of the three remaining matriees, éonsideration
of the transforms of tha'columns'(the first end fifth
aolumna.suffica) shows that the matrix 1s inadmissible.
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- Hence, (after changing the signs of some columns), we have
there are 2 matrices admitting the group
:oe(mx:{) s{x, ey, e*z), T{-y, X, =2}, ‘
V( == -a (x+y+z),-—--(x+ EY + € z),.l..(x+sy+ez)),
nenely |
| %(1&3) éa(;-s) 0 0 0o 0
(1) o 0 . Hlee) de(1-e) o o
~3(1=e) ~fe{lee) ~5(1-e) -je({l-e} 1 €. ,
, [ H1ee) de(1-e) 0 o o o) |
(12) H1ee) deflee) 1 € 0 o0
) H1leg) 3'5(1-&:) 0 0 1 €/ .

7 LXIII) S, T, V as in the previous group,
W(.é.!-..(x-ry-crez),-L(x*ay*zz),-i-(ax+y+ss)).

We must consider whether the two matrices found for the last
group admit the further genex?ator He It 18 agsily vari:ied‘
~ that they do, &nd hence. | |

the 2 matrices found for G(LXII) admit G, (LXIII),

B, G (LXIV) Slwx, w'y, w*z), Ply, 2z, x},
Up x' = h({w* e w’)x + (w' =)y + (weu)z),
r=nlfe’ = wi)xs (0= wlly s (e = o'le),
2 = h{{w - w')x + (w* —_Q__)_[+ (w? -t;z’)g_L._

B =Tlo+ o'+ =o' =0 «w)=F7,

"

o = 1. ) '
The matrix given for G, (L} in Seetlon 2 of this Chapter
admits G, ,(LXIV), |
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CHAPTER 9, THE NON-HOMOGENTOUS LINEAR GROUPS

;; The grabiém. In genersl the equations of the linear
~group which generates thq‘sétﬂ of aeme_invoiution on
- a Plcard threefold will be non-homogeneous, In some oases
the eonatapt terms can all be made to vanish by a suitable
choiae 6: variables; 1in particular, this can always be
 éeh1e#9ﬂ for a cyalio"grduﬁ in which each multiplier or“
- a g@nergting aubstitut;on differs from unity. Apart from
‘this case, 1t 1s neueséary, in order to determine the
properties of the ilnvolutions, to investigate what.rorms
‘the constant vect#ra'can assume. The key fect is that.
whenever & pradueé‘yielas a substitution whose homogeneous
 pars 18 the 1dentieal substitution, the sonstant veetor
_muat,be 28X0, ﬁndulo péfiads. Additioh@lly, there may be
soms latitude in choosing varisbles which do not alter the
forms of the.hompganéous group end matrices already
. determined, but which permit simplitieation of the constent
vectors, - | | ) | B
. CThe oyolie groups calling for consxderatioﬁ (other
- then G,(II) which will be omitted) are G(V), G(VI) end
G(VII). In addition, we shell examine the multiplicative
group G(XV),4the dihedral group G(XXXVI), the monomial grcup
G(LX), and the primitive groups G{LXII), G(LXIII), which.

form & seQuenee with each a subgroup of the next,
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2, The nonfhcmogenaous G;{(V). The generating substite
ution must be taken in the form S(x+e, ey, £*z). The foém |
of 8’ shows that (8c, 0, 0) must be & period, whence

e = 3(a + br).
Using the period matrix we ensure that

a, t=0,1, 2,
. end a translation of the variables y, z maintains the forms
of the substitutions on these variables,

Considering the 3 matrices found for G(V) in Chapter 5,5,
we now seo that '

(0, aje(lec) + bleg(l~c)t?, aze{lee*) + bleg(1=e* )7Y)
muat be & period, Since this must be expressible in terms
of the last four fundsmental periods, it must be the il
period. Hence | |

at = bee, = O, |
and 80 € (=.¢ ) =0 oxr a=0 with b =0 or =20,
Except in the case of the homogeneous group (a = b = 0),
€ = 0, and the value of ¢ may always be reduced to ir.

Wie thus obtaln two groups from G,{V), (ineluding the
homogensous one which will, of coursc, always ariaé), namely
those given by |

e =0 .admitted by all 3 matrices;
¢ =37 admitted by the matrices (i), (ii).

‘3. _The non=homogeneous G,(VI}, The generating substit{-

~ ution is of the form S(x+e, iy, ~-iz), and so (4e, 0, 0) is

a period., The disoasﬁion is similar to that of the previous
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group, ‘G, (V), and we £ind the following values for o
e =0, 37  admitted by ell 3 matrices;
AT | admitted by matrices (1), (41);
e=3%, £+ 47 admitted by matrix (ii).
4. The non-homogensous G,(VII). Tho generating
substitution 1s'br tha'rorm S(x;o, -y, «~t£*2), There is only

one matrix and the sonstent ¢ may take the values

1 1

' Oy gy 3Ty 8Ty ¥ +3T0
5, The non-homogensous G,(XV). The generators of this
group must be taken in the form B
S(ex, ey, €z}, S{x+e, , EY + €, €72 + e, ).
From the form of S’ we see that
| ~ {8¢,, 0, 0) =0, mod‘g. o (1)
Aga&n,vaincatss, and S5, S have the seme mnltipliera, their
constant terms must be congruent, The condition is
((1-€)o, , (1=t)e,, (1=c)o,) & 0, mod g.  (2)
Using this condition we can express any produet of S and 8,
in the form S S and then, using (1), we can ensure that
m, n<3. Thus there are no further independent conditions
fa_ba satisried'by the 8; »
Taking the value of o, , modulo periods, (1) gives tho
’ poasibilitiea,'considering only this first element,

e, =3la + be), a, b =0, 1, ~1;
and then ¢ (l-¢) =4(a+ b - (a - 2b)g),

~ end using (2) a+ b =0, mod 3,

Hence f"ic, = O, é(l—e); -é(l-&),
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chéﬁging tha:signs of all three varisbles, the'third.value o
for a,reduéea\to the second. e now verify that for thése'
“_Afﬁo valnea,'(sa,;'e, 0) is a period\with theAexceétion
\that,c, = éignz} is not permisaidble iiﬁh mafrxxf(v).
. thatithtiﬁg in (ej”fhe‘two values fouhd-qu,e,laads
%o the values of ¢,; and then use of (2) ggain léadg to
 the valuéa of o, . In finaing the veotore (c,; o,, 0,) we
‘desire to maintain the forms of the equatioh# of t#e group
and ofﬁtha matrix nnﬂer‘considerétion ana ib retain only
aga:of a set of e@uivalent vebfors;' Depén&ing‘on the |
- matrix, we can-multiply the variables by some or-~i, +£
E-a zand ror”matfiees symmetricél inytwo\rows we caﬁ
: alim;nate some véetoralbn 1nspection by 1nterehang1ngvtwa g
variebles. In this way we arrive at the following table
of vectors and corresponding metrices, Further ways of

'_éliminating :edundéntvveetors are disoussed below,

Table 1
Yector -
Matrices
e, ¢, e, . .
b Jo |o, Hie) | (1)=(v)
| $1-g) | F(1me) 1 (1), (1v)
| -3{1-e) | (1v). B
-3 {11), (111), (v)|
o "3'5, ".%52' (v) ‘ . -
Hi-e) [0 0y 3(1-t) (1)
 |3la-e) | F(1ee) | (1)
' S 1 (41)
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Teble 1 ‘¢ont.

| str-e) |[3(1ee) |3 . | (111)
~3(1-e) |0, 3(1~e), ~3(l~c) | (111)
(3v)

Wjm

ko

wim
L

| dNaxt conaiaer’tha,erfect of a translation of variables.
Teke new variables X, Y, Z where -
| Xw£+&,”Y#y¥&, Z=z+Kk,.
: Then S{eX + k,(1~e), €Y + k,(1~e), €2 + k_(1-€)),
énﬁ ~a(x‘+ ¢ €Y+ ¢, + k (1), €72 + o, + X (1=c*)),
Ve therefore require - |
| (k, (1~€), k, (1=}, k,(1-€)) = 0, mod g, (3]
and then the veetor (o,, o,, ¢,) 1s replaced by
| (e, 0, + X, (1=e), o, + k {lec*)), - (4)
For metrices (11) and (411), teking |
kK, =0, k, =~31lee"), k, = L
we find that where e, = 5{1-€) 1t may be reduced to zero;
and changing the signs of the k,, ¢, = «3{1l-¢) is similarly
redueed to zero,
For metrix (iv}, teking
| k, = =3(lee*), k, =k, = -3,
we £ind that (0, 3(1=g), -3(1=c)) and (0, 3(1~e), 3(lec))
may be reduced to zero and (0, O, 1(1-g)) respectively.
For matrix (v), taking
k, = ~5(1=e™), k, =<4, k, = -3{1-e*),
we‘fina (0, 3({1l=g), =32 ) reduces to zero: teking
k

, =0, k, = 3{l-e”), k, =4,
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‘the same reduction follows when o, = =3, ~it instead of ~je”,

iT%hle 1 may now be repléaed by Table 2,

Teble 2
Vector :
' Matrices
. eI 51 a_"! . . '
o |o 0 ()=lv)

| e [ (), (av), (v)
sl1-e) | 3(1~) | (1)

| -3 (11), (111)
|3Qeedfo o | (11)
FH1-e) | 3(1~e) | (1)
| -4 (11)
| 4 ()|
[ -i(1-€)| © (111) 1
-t | -3 {4v) |

B Finallj,.we réoall thet the homogpneohs‘groug G, (XV)
' is.aymmetrieal'iﬁ\the three variables end that in the
matrices (1)=(v) we chose to make zero faur‘eléments of
the firat row end two elements of the second row, ?rom
Symmatry, the rows on which the zeros are imposed can be

\ahosén in any way!, and the generator S may be replaced

' % An exception oecurs in the case of matrix (11),

. where in the reduction we had occasion to interchange rows,
Correspondingly although, as ¢an be seen, we may transpose
the second and third rows we cannot transposc any other psir,
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by one in whieh the multipliers 1, €, € appesr in the
cérrasgohﬂing orﬂer.’ In achieving this permutation of
the roles of the variadbles in the second geﬁarator, these
variebles may nsed to be multiplied by constents, and
possibly subjeeted to a translation, The result of such
a pérmutation is that the vector (¢, , ¢,, ¢,) 18 replaced
by a new veector which must itself be reducible to one of
the entries in Tatle 2, But this mey be e different entry,
showing that some vector may e discarded. o
The change of varieble needed to bring about any given
permutation can be qu;ekly detarmihed by triel. For the
present group each new vector obtained is found to be
equivalent to the one rrém which it arose exocept in the
case of matrix (111), and the examination of this matrix
will {llustrate the procedure.
For matrix (411), then, we propose to intershange
the roles of tha'vatiables x and %« By inspection, we
decide to multiply the variebles by i{lec), =1, l-€* resp-

ectively., The period matrix now takes the form

Hiee) de(lee) . 0 © 0 0
o 0 ]l =€ 0 0
1 € 1 € leg® &=l / .

Subtraet cols,)l and 2 from cols,3 and 4 respectively.
Subtract (2xeol.l + col,2) from ¢0l,5 and (col.2 =~ col,.l)
from 00l,6., OChange the signs of the last four columns,

The matrix 12 now in the required form.
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‘The substitution S is unaltered but S, becomes
X' e x4 3(1-e)o,, Yy = Ey - cz,' z' =gz + iloel)cs,

end 58" tecomes | o

xt = e“x - 3(i~z‘)c;, b Ad = EYy + Eq, s' 2 2 - (1-z Je, .
Here the mnltipliara are in the order c* s E4 1, and so this
substitution is to be taken as the new second gensrator.
The vector (e, 4 ¢,y 0,) is thus r@plaqa& by

o (=(1eg* )8, s eo,, ~3{1-e)e, ). |
The particular veotor (3 (1»2), ~3{1=E ), O) is replaced by |
(0,“~;e(1-s}, ug). Changing the signs er~ali'3'variablea ’
and éuhtraéting the period (0, €, 7e(l=c)), wo get

(0, 3(L=t}), é(l-ZE))¢ Adding the period ‘0, é; e), wo
ha#a;(o; %(1~é),'-§a‘), end, on choosing € times the tiird
variable as & new”variable, we have (0, 3(lee), ~3).. Thia
is the second veetor found for matrix (111), and so the
fourth veotor (3(1-5), 3(1-5), 0) may be discarded,

As remarked eaﬁlier, no other veotors are found in |
thiafway to be equivalent. Thus the non-homogeneous groups
‘arising from G,(iV) are as determined by‘Table'a,'ohitting
the penultimate case which is shown in brackets.

Sy The nonggomogggpous G (XXVI)e The geneiators
must be considered in the forms -

| S(x+e, ey, €72),  T{y+e,, x+0,, =z+0, ). :
We remark first that in the reductions mede below it is
importent for later work to restrict ourselves wherever |

possible to ahangea of variable whieh eonsist of translations
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or of miltiplying all three variebles by the same constent,
~.and to note where other substitutions prove necessary.

If we ohoose x+k,, y+k,, 2z+k, as new variablea, the

- equatians of S are unaltered, mod g, provided

(0, k,(1«¢), k,(1-6%)) = 0, mod g_; . {8)
end (c,, v 9;) 1o replaced by - '
(e + (k - k*). g, - {k,=~k ), o, + zk ).
’Taking k =0, K, =k, = 0, wo 8ce that we gen always
lmake o= O3 and this is. retained i artorwards we always

- -take k= k_,  the form of the veetor now being

(0, oz, o, + 2 ). - .'- , (6)

Wa ahnll teke ¢, = 0 in future. - | | o
snwev 8= =1, ' v=' )
‘wehave (3, 0, 0) = g, wod g (8
end (e, 6,0 =0, mdg. (o)

Again, trom a canaideration of the homogeneous parts,
| {r8)" = (s1)", ; - (10)

and so fhe diffarenba in their constant vectors is
‘songruent to zero: | | .
| (e(Ll=-t), -(q_»-r e, )(1-c), 3c¥0,) = Q, mod 2.  (11)

7ie aan now show that there are no further conditions
;1mpoaed’bn the sonstants, For if (8}, (9) anaf(il) are
‘satisfied then (7) and (10) hold, and by eonsidering
“produats or 8 and'T. taken r at a time where r is success-

1vn1y 1, 'y see w0 £ind that every product can be reduced
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Yo one of the following eighteen:

I s 8 (sT) s(sT) T®ST (STS)* s*T  sSTSAT
T 8T 8'P STS s*Ts s s'rs® 18t O osTS
‘These form the entire group, every product of the generators
being equivalent to one of them: eonsequently no further

conditions cen arise. o |
" Using the three conditions found end making only

ohanges of varieble which maintein the forms of the

generators and of the matrix under ¢0nsidération, the

following possibilities are obtained for e, e¢,, o, (¢ =0

always).
Table 3 : )
e e, e, Matrices "
0 0 0 (1)=(v1)
3 | 4), (311)=(v)
F(l-e)| 0,% (411)
5{l=e) | O | O3 (1)
-3(1=t) (41)
3 10 0,3 (iv)
| ~3(1-t)
-t = §(1-e) (V)
3= 3(le€)

In redueing the possibilities to those of Table 3, the
only change of variable needed which is not of the types

mentioned at the beginning of the section is & cholce of =z
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as a now variable with X, y unaltered., This is needed to
change és = -1 %0 4. 1n the three cases where ¢ = j{l-¢)
for matrix (1), ¢, = 3(1l-c) for matrix (111), and ¢ = 3
for matrix>ﬁ1v)¢ 0f these only the first arises in the
discussion ar‘thé next gxcup, G(LX). | |

Finally, ainee Xy ¥ appear symm@trically in the
hemugenaaua group, 1t 1a poaszble to interchange the tirst
two rows of eny matrix end the rulea of x, Yo For all
matrices this may, 1n raot, be effeoted after taking -2
as a new variabla. Tha generators S and T must be replaeed
by the new forms of TST and T, namely

. TST(ex + ge,, y+ e+ o, e'z - (let’)g, ),

My, x + oy =z = 0], |

Since (€e,, o,, 0) is a period, the co, and ¢, may be
- removed from the equations for TST, After this, takiﬁg
N 9 91 end z + ¢, as new variables, the new generators
becoms | |

TST(ex, y + o, £*z), T(y + ¢, X, =z + ¢, ),
which are the original forms with the roles of x and y
interchanged, Thus 1n'a11 cases the set of constents C,
| e;,léa‘is equivalent to itself, and the table giyen does
- not reduce further,

In conolusion, the non~homogenooﬁs groups'érising
fﬁom G(XXXFI) are ae determined by Table 3,
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' 9, The non-homogeneous G, (1X). ‘The first two

‘gonerators of the group generate G,(XXVI). ‘The six .

matrices of the present group arise from the six for
“G{XXAVI) as tallawa; (L), (11), (111) from (;), (11), {v)
respectively, (1v)~(v1) from {vi); the relevant factors
ror mnltiplying tha rows are ta bte tound in the disouasien ;
of the hemosenaoua gxoup.

' The work aona for G(XKXVI) may be appliea et once to
tha prmaant group, axoept that in discusalng matrix (1) we .

"‘da nnt use the ehange of slgn of tha aingla varlable

since we viah to preserve the form of the third generator.
Thua the gansrators mey be taken in the ronms o
© 8{x+e, £y, €*z), Tly, x, =z+e, ), T(ex+d,, 2+d,, y+d,).

‘The table oficonatanﬁd ¢, ¢, becomes the following,

Table 4

e e, Hﬁtrices
o |0 (1)=(ve) |
4 (1), (411)
3(1-c) |0, 3 (1) o
3 (1) (11), (411)
s -:';(1-5) }’(m)
-3+ 5(1l=€) .

The only pair whose form calls for explanation is the psir

—(l-s) for matrlx (11), Here the sonstants are first

L»'-—

. obtained ag =g, q(l-e). Suhtracting ¢ol,l of matrix (11)
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from the right-hend side of S, we have
8(x=+, £y, £2 + 3(1=)),
Now choosing x+§, ¥+3 as new variebles, we have
S{x=4, ey + 3(1=e), €'2 + 3(1-€)),
end, from (6) of the provious section, the form of T is
uneltered. Using col.4 of matrix (1i), the constent vecetor
in S reduges to (-4, 0, 0), and changing the sign of cach
variable we have the form guoted for the constants,
To investigete the possible forms for the gonstents
4, d,, d4,, we require the generating relations satisfied
by S, T, T, . ie have
I=58"=1"= (1) (T8*)",
these being the relations found in thé iast sestion (with
the third in en equivalent form); and also
I=1 =(s1)" = (L) = (s1T). - (12)
Using these relations, it may be verified that e#ery
produet of 7 (oxr more) geﬁarators ean be expfessed as
a produet of fewér generators, end in fact‘that every
product may be reduoed to one of the 54 which follow.,
These give the $4 substitutions of the group and so there
ean be no further relations to be satisfied. The substit-

utions are:
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s 8% (s1)* (sT)*s TST (srs)* T'T  STS'T
sr  8'T SIS s*1s TS : s*rs* TS sTs?
ST, T8  (ST)'T, TIST  T8TT, TS'TIS TS'TI, TIS'T
TTT, STPT, TSTT STSTT  TIST, TSTT STRIS  TIST  TITS
T, SIT, S'TT, STST, TTSTY. TST, S'TTS  TIS  SITS
TF SPr - TST TSTS ms STTS STIs®  TISTT, TIS"

The equationa (13) imply the tollowing congxuenoes.
(0d+da,d + 4 )= =0, mod g, (13)
- {0, ad +4,, 48, +¢€ d) __,moag, - {14)
(o, =8, 48,0, , =(0, 4, 44,4, o ©,~8,+8,~4, ) = 0,modg, (15)
(o+e o, -d +d -e a,, »e(e+a ¢, ~d, +4,~£"4,),
o+e? o,~d, +4 ~€* 4, ) = O,madﬁ,(lﬁ)
The ¢ongruenneé (13) and (14) serve to determine 4, end 4,3
and (15) then gives &, ., The values so found must satisfy
(16) or, what is often more convenient to ﬁse,‘the,congruence
obtained by subtracting (15) from (16), In this way, and
eimplifying d,, 4, end then 4, es far as possible without
 eltering o, ¢,, we arrive at Table 5, given 6n the next’pagé.<
Consider now the effect of a translation of variables.‘
If when 4, = =4, = 4, = L(1-¢) for matrix.(i)}We take
z - 4(1l-e) as a new variable, S is uneltered, in T we obtain1 '
o, = =%{l-c) (which is congruent to -3'-(1-&:)), end in T, we
now have d' = 4, = 0. Again, when &, = -4, = for ‘ H
‘matrix (i1), we take x +L, 7+ 3, 2+ % a8 new variables.

Then S is unaltared, in T, o, is increased by- +, and in T,



Table 5 | |
e, | 4, 4, 4, Matrices
0 0 o 0 (1)=(vi)
H1-e) | =31-e)| $(1-e) (1)
0 o [(11), (114)
=3 =38, =€ |3 |=1 (11)
1 0 0 {(iv)=(vi)
3 [ hie, ket o 0 (111)
-4 -1 0. 0 (1)
Hl-e) | H(1ee) 0 0
~H1~e) L e, (411)
$(1-e) | |
-t+ F(1e) |3 -4
-l + 7(1-)
~i* + 7(1-)|
e dee) |- |p [OM
1 + 7(leg)
o 4€* 4 3(1-e)
3',* 7{1=€) | 3+ F{1-¢) 0 0
le + Hl-g)
1e* + 3(lwg)
Jmt 4 L(leg)|=1+ L(1-e) (414)
-3€ + 3{1-)
-ig* + 7(le-g) )
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4, 1s inoreesed by 5 and 4,, 4, beacome zero, Similar

results cen be obtained when 4, = =4, = - for matrix (i1),

It follows that we cen always take
4, =4, =0,

_ and the possible constants are given below,

Table 6
e (e;‘ ﬂ,. Matricos
0 o 0 (4)=(vt)
3{1-e) (11), (111)
| 1 (1v)=(v1)
| e (1) (1
s e ke ), (111)
Hiee) | =1 -1 (1)
3 T(1eg) H{1-€)
) | ~i(lee)
7(1lee)
$4$(1e) | L+ 4(1me)
36 + 7{l-e) [H11), (111)
1e* + 7(1-€)
—td (deg) | =3+ F{1ee)
| -le + H1-e)
~le* 4+ F(1let) |}

Fipail#, the present group, in the homogeneous form,
is symmetricsl in x and z, It may be verified that in the

case of each matrix the forms of the first and third rows -
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may be 1ntardhangad by manipulstion of eolumns. We therefore

requiro to investigate the constant veatorsvobtained”in the )
non~homogeneous. forms of the group when the roles of x end z
are interchanged. The roles of the gemerators T end T, are .
interchanged and S must be raplaeeé by
sTs*Pleix 4'§, ey + 260, % - {1~s‘)e3).
Ghooaing  | | \ | ' |
x - 3(l=€)e, ¥ = 3(l~t)g, 2z ~d, - —(1~s}a,
es new variables, wo rind on using the fact that (0, 3&3, 0)
18 a pariod, R
sTs'T(e*x, ey, z - (1-¢* e, ),
’T(y, X, =z + 0, = 26 - §{1-g)e),
| T(wx + 4, = {{lec)e, z + a, + da, y).‘
Hence, oorrespanding to the original oonntants a. 5 q,,
| we have, since &, = 4, = 0, o

~{1-e*le,  8-3(1-e)s, o, - let)e,

3
- It may now be veritied that in each caae the now constanta
reduce to thoae from whioh they arose,;providad suitable.
multiplications and translstions of variables are'carriad"ﬁ
out, Thus Table 6 is not reduced rﬁrther; | |
In conelusion: the mon~homogsneous groups erising
from G, (LX) and the mgtrices admitting thémAara as shown
in Table G, | o o
8 The non-gomogeneoua GW“SLXII}. ‘The group G,#(LX)

begcomes & subgroup of the present group on choqsing ~y as

a new variable, It follows that the generators for the
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non~homogeneous G, (LXII) may bte writien
S{x+e, cy, € 2), T{«y, =X, =z+g, },
V: x' = Eésr(x +y+z)re,

y' = d(x + £y + £%2) + e,

Ei£“ ‘

ot 2

z =.E:Er(x + ey +em)+o.
We have vi=r1,,

where T(~x, =z, «y) is the third generator of G(LX) with -y
as a new veriaeble, The two possible matrices (1), (ii)
arise from (11}, (111) of G(IX), and so from Table & there
are 14 possible triads to be considered for ¢, ¢,, 4, (where
@, is expressible in terms of the ¢, ).

e now require the set of conditions satisfied by the
constants here, The subgroup G, being of index 2, any
subatitution of the'preéent group may beo written

| VA | ()
where A is & produet of S, T, T, , 1f we have expressions
whereby the products |

8V and TV

can be written with the V on the left, then any produet can
be reduded to a power of V postmultiplied by a substitution
of G, and so, using the relation V' = T, , the expression
aseumes the form (17)., The conditions imposed on the
sonstants are therefore those found under G(LX) (whiech ate
already satisrie&), together with those implied by the
expressions for SV and TV end by the relation V' =T, ,

There are thus three new vector conditions to be satisfied.
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By eveluating the homogeneous parts we verify that
SV = VT, and TV = VIS.
The conditions imposed in making the constant veetors
equivalent are resﬁeativaly | ‘
|  3el1-e)le, -a,)+0\ =g, ma g,
-0, (1=e) + te(l-c)(cc, = £4q,) (18)
-0, (=" ) + fe(l-€)(co, - €74, ) |
end /e, + e, + te{l-e){c = Q) Eé,md&
| e +e, +ic(i-e)lc = a, ) (19)

2, +de(l-e){c - 4,) - o,

The condition imposed by the relation V* = T, 1is
je{l=€)(e, + e, + 0,) -5 + 4\ =0, md g
ie{l-t){e, + co, + £'e ) = @, - {20)
$e(lee){e, + £, + £0,) - @, | ”

A further condition results from expressing theAfaat thet
V' = I. This is found to be |
0 =0, mod g,

-9,) - {21)

-2(e, = e, )

2(e,
Condition (21) is not, of course, independent of the
previous ones, being & consequence of (20) and the earlier
T* = I, but 1ts simplioity mokes it more convenient then
the strong@r condition (20) in those cases where it proves
adequate._
The relation (18) serves to determine e, and e, whiehl

must then satisfy (21), Following this, (19) ﬁetezm1nsa
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e , end finally (20) must be satisfied, It is found that
most of the 14 triads ¢, ¢,, 4, are ruled out by the form
of the first clement of (18) oi of the third element of (19)
or by (21). The only group, other than the homogeneous
one, whiah is permisaible ariaea from e=1,0 = 3+ q(lue),
a4 =3¢+ (l-s), end then in the ecase of eagh of the two
matrioces we san have
= éé, e, =o, =2,

2 3
Thus for the non~homogeneous G, (LXII) we have the two

log

groups determined by the following table of coziatants, each
group being admitted by both metrices (4) and (i1),

Table 7
e e, e e, |8,
0 0 oclofo
T | 3+ 3(1-e) |de |2 | &

8. The non-homogeneous G, (LXIII}. The generators

‘are 5, T, V as in the last group together with
Wr xt =E-3-?_-(x + y+e*z) + f .,
y! ==.......,_..(x+ ey + sz) + f,

z'n__...!.(ex+y+az)+f.
Ewt

The eonditions which must be satisfied by the constant

vestors, boyond those for G(LXII), are the ones involving
the £, , We find | |
” W' =TS and VW' =1I, {22)
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‘whem T, is a8 in the last section.
” Again, the subgroup G,aa
aubatitunon of the pmsant gmup may be written

S WA | o
where now A belongs to G(I)XI’I). As 1n the last seotian, 3
the remaining ¢onditt¢na are to be found by obtaining |
'expmastona for , _
' - 8W, T‘#, VW o
in which' the @ éﬁéears on the 1left. Ve -ﬂﬁd, from"'
: oonsmeratian of the homcgeneous parts, that

.ru‘ms, TH = 48T, , VN = VST, 1T, . (as) .

The eongruences 1mpased by (22) are . |

-c+d +—a(1—e){r + 1, + L) -1 ‘sg,‘modg,

Je(leel(s, +ef, ver) =1, | (24)
gau-e)(st, +f, +ef) -2, | -
0 =9, m;sd‘g_" |
-alg, =€) (25)
2ef, - 1,) | |

a (25) ‘being a qcnseqﬁeneé of (24) end eai'lier. oonditiiona.v
' The ocongrusnces imposed by (23) are

je(le)o = 8, +¢e%0,) -o)| =g, mag,

~f, (1=} + g'e:_(;-e)j(eé -ed +¢ee,) | (286)

| '-’r3 (1~g) + 1e{letc){c = 4, %saa)v N
-(f + £, ) + 3e{l~e){c + 6, ) &0, mod Q,
g, + £,)+ feQeele+a) | ez

I ol

s ‘—e (1-g){c + @4,) + ¢,

(L:&II) he!.ng of index .?. any
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slave )(e(erd) o, +a)=ic (1t ) (ope, 46" 0, =F=T, =T, )=, +1,
s(2+e ) (e® (e+d) e 0, +8)~1e (1 ) (opce, +E0, =Latl, =€ £, )-8, +1,
3242 ) (™ (e+d)mo, 4" Q) =3 (Lot ) (cope, te0, ~fme ' £, waf Jme 41,
£ g, mod Q. {28)
e must consider the two sets of values found for o, L
8,4, ©,, ¢; 1n the last seetion, when these sre all zero,
aonditions (25) s (26) and (27) lead' to the conelusion that
in the case of each of the two matrieces we must have
£, =t = =03
and these olearly satisfy the remaining conditions, For
the socond possible set of constents ¢, .., 6,, condition (26)
leads to 3 pairs of values for f.s £, in the ¢ase of each
matrix, but none of these peirs satisfies (25).
Thus, in the case of ¢, (LXIII), all the constant
'vectors must bo zero and the only group is the homogeneous

one,
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LIST OF HOMOGENEQUS GRQU}:’ GENERATING INVCLUTIONS OF

G&QE&TRIG GIRUS ON OIJ PI(}ARD THK&EFOLD,.;

| (A)_cralte groups
' G,(I) 5(ex, €y, €2) | ‘G‘ (VI}:I) S{~x, e{y, -aiz)
G,(I1)  S(x, =y, ~2) e IX)  slu,x, W'y, w'z)
G, (1II) _“'VS(-»x‘, 1y,,iz) G {X)  S{-x, vy, 1“’33) -
@, (1v) S(sx,'vey, -<z) | GG(XI')‘ ,.I‘S(ix, W, ¥y =W, 2}
6,(v)  s(x, ey, e*2) | c,;(m) s(~£. iey, 1e*z)
6, (VI) s(x, iy, -iz) . G (XIII) S(ex, icy, -icz)

G (VII) S(x, -y, =€*z)

G, (xv)  sS(-x, ¥
¢ (V)  S(ex,
G, (XVI)  s{-x,
G,‘(VXVIJV‘.)‘  8(=x,
G, (XVIII) S{ex,
6. (x1x)  sfex,
¢, (xx)  Slex,
G Xx1) 8(ex,

B) Multipl dative ups

', mﬁ)' 8(x, -Y¥s uz), f\,, L j:]_ | v
EYy £2), S(xv €y €°8)y Ay A = 146,80
1y' 12), S(‘x’ y. “'2) a = il, A = il,ii

1y, iz), S(ix, ~¥y 18]y sk = :.».1,*1

EY, =£ z), 5(-::, “¥y Zlg A= A1, A = :tl,:ks,:t?.
"“:Yv"“‘:z)v S(=x, ¥, v"z))":“" #l,4e,46" , A= + 4,

-y, =£3), S(x, ey, slz),ﬂ,a 1,e,e" A= 41 ,4€ 48"

-€y, =€z}, S(-x, €y, -<*2), ‘A’.; Ay = #1,3€,3e”

- {0) Reducible fem groups of the regular solilds

GQ(XKII) S(x, ¥y o-z), ‘I'(-y, x, z)

6, (XXI1T)  8(-x,

iy, iz). (-y, x, 2}
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6 \LIV)  S(ex, -y, -t2), -y, ¥, z)

5 G, (XxV) - S(x, iy, -—12), {x, ~2, y)
@, (xxvr) s(x, -t*y, =€z), T{x, -z, ¥y)

G, (XXVIL) S(x, -e: Vs -ez), T{=y, x, )
G, (XXVIII) 8(—»1, ey, -£°%), 'I‘(x, ~Zy ¥)

0, (XXIX)  8(-x, £7, ~*z), T(zs ¥, -x)
,Gls‘m) - .S.{*,x’ Wy Yv 1‘“32“ 'ﬂx' -z, ¥)
GAEXI)  B(1x, 0y, ~,2) T(x, -2, ¥)

' ‘gw(xm;:)v 8(-x, ley, 1 s"z)‘, T(x, -z,v'y} ‘
|G, (XxxIII)  S(ex, ey, -lez), T(x, -z, vl
,G,;(xmv)_ | _S(#—x, 1y, 12z), S(=x, v, =2), T(x. -z. y)
G (xxuv)  S(x, ey, €'z), T=x, 2, ¥) |

G, (xxxvI) . S(x, ey, &2, iy, x, -2)

0, (XVIT)  S(x, 1y, ~12), T(-x, 7, ¥)
}G,l(mxn) .S(;?:, 'sfg’“y, ~£2), T{=x, 2z, ¥) -
Gutmmx) ,S(?x' ey, =€'z), T(z, =¥, x)

G,‘(XL) | : B(ex;, 0,7 ?maz), T(-gﬁ, z‘,.y) )
G, (XI) Slex, 1cy, -1ez), T(-x, 2, ¥)
G, (XLII)  S(ex, ey, 1c7z), T(ix, 0,% w,7¥)

O, aIIT)  S(-x, iy, 12), Mo, T, 0%, 12)

(b) Reducihle tetrahedral groups , ,
G,L,,(xm;V) six, iy, -iz), Ulx, 2(1+1)(y + z). -%(1*1)(:; - z))

e (xv)  s(ex, ¥, =2), Ulx, #(1+i){y + 2), “31et)ly = 2)) -
G (XVI)  Slex, ley, ~iez), Ulx,2{1+)(y + z),-%(l-i)(y-z))
'G;,(xlﬂl) - 8(x, iy, -iz), Ulex, 3144 )¢ (y + z).-%(l-ﬁﬂyw)) .
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( 8) &ﬂgcihle ootahedral . grouga :

G, (XLIX)

6, (1)

G, (L1)
G, {L1I)
G, (LIII)
G,(LIV)

G

108

(V)

G, {IVI)

G (VII)
G, (LVIII)

G

L Até

(mx)

a,,(1X)
6, {1x1)

0,,, (LXII)

‘G (mn)

216

a,, (LAIV)

6, (XIVIT)  S(=ix, 17, 2), Ulx, 3(11)(y + 2), ~hl1-1)(y ~ 2))
8l=x, 10,7, w,2), Ulx, 3(1+1)(y+z), ~3(1e1)(y-2))

~ {D) Monomial aroups

" Slw, x, w, ¥, w'z), By, 2z, X)

six, =y, =z), Py, 2z, x)
S(x, eyY; 3%5'); P(Y: zt‘*) -

s(x, iy, =iz), Ply, 2, x) .

- 8(ex, -ty, . -€z), ?(y, 2, x)
S(ux, rey,.-e’“z), ?(y, Z, x)

("Y; Xy Z), (x: ""zt Y)

ls"’x! 1?3 1z), T(-y, x: Z)o T‘xy "3: Y) 7
. s(a:x, ey, €2), T{=y, X, 2}, T,(x, %y V)
-8(x, ¢y, £%2), M=y, x, 2), T(x, ~z, ¥)
 s(x, &, é*z’), ™y, x, =5), T(~X, z, ¥)

" Tlw, ¥y WX, iz), T(ix, W, By W, ¥)

{E) Primi#ive £roups

si{x, By, £*z), T("Yg ~Xy "5)1 .
V(-;E-my*z). —;F(x-rezm z), ---;-(xﬁ :r+ez)) "

| ,f(.....,.(x-cy*s z), -—.,-(:—rey—rez), u«r(exivy«mz))

Slux, W'y, w'e), P(y, Zy X), |

U; x* = hi(w* « 0’ )x+ (0* - ')y + (muw‘)z) |

-y = hin® e wf)x 4 (w - w)y 4 (0¥ - w)z)
2t = hi{{w - w')x + (0" ~0’)y + (0* -~ 0)2),

h =

, ,
Flw + 0+ w* . w ew -w )==f_,w" =1,



2,

Se

=~182-

REFERENCES

As Andreotti, scta Ac, Pont. Se., 14(1952), 107-16.

G. Bagnere and M. De Franéhis,(&bm; Soe. 1t. Seienze,
{3)15(1908), 251=343, ‘

H. F. Blichfeldt, Trens, Amer, Math, Soc., 5(1904),321-5

' pnd Math, Annaelen, 63(1907), 55272,

4o

F. Conforto, Abeléohe/Funktionﬁn und Algebraische

| Géomatrie, Berlin,llgsﬁg this is an edited translation

S,
6.

of Funzionl Abelians e Matriei di Riemann, Rome, 1942,
Y, De Franchis, Rend, Lincel, (6)24(1938), 3-8,
Wes Vo Do Hodge and D. Pedoe, Methods of Algebralc

~ Geometry, Vol. 1, Cambridge, 1947,

7.
8.
9.

¢. Jordan, J. reine angew, lath., 84(1878), 89-215,
E. Kéhler, Mem, Acc, d'Italia, 3(1932), 5-19,
F. Klein, Lectures on the Icosshedron, Trensiation,

" Reprint, New York, 1956.

10,

W Ledermann,'Introduction to the Theory of Finite

" Groups, Edinburgh, 1949,

’

10",
11,

12,
13,

14,

15.

S. Lefschetz, Trans. Amer. lMath. Soc., 22{(1921),327-482,
G. A. Miller, H. F. Blichfeldt and L. E. Dickson, Theory
and Applications of Finite Groups, Reprint, New York,1938.
L. Roth, Proc, Camb, Phil. Soc., 48(1952),:233~48.

~ = , Rend, Palermo, (2)2(1953), 14158,

- = , Proe, Camb, Phil, Soc., 49(1953), 397-409,

~'~ ", Rend, a1 Mat., (5)12(1953), 387-425,



=183~

16+ L. Roth, Rend, Sem, lat., Padove, 23(1954), 277~89.
17, = « , Algebrale Threefolds, Berlin, 1955,
18. G. Seorza, Rend. Palermo, 41(1916), 263=379.
187 - - , Attl Ace. Gloenia, (5)10(1917), Memoria XVI,4.
19, H. Valentinar, Skr, widansk-aelsk. Kopenhagen,
| (6)5(1889). 64235,
20, B. L. van der Haerden, Gruppen von linearen Transforme-

. ationan, Raprint, Hew Ybrk, 1948,



¢ Dai « Rendiconti di Matematica e delle sue appl@cu-
zioni», Serie V, Vol. XI, Fasc. 1-2, Roma 1952)

Some types of irregular threefold

by RAYMOND HALL (s Londra)

Few examples of irregular threefolds have so far been given:
Severi, in his fundamental paper (1) on threefolds, discusses two ty-
pes, one being the topological product of a curve and a surface, at
least one of which is irrational, and the other the topological pro-
duct of triads of points of an irrational curve; and Maxwell (?) has,
discussed the irregnlar primals of S, of order kA having-a % ple
point at each of the A points of intersection of fonr primals of
order 4. .

In this paper we.give further examples of irregular threefolds,
the projective models of which are primals of §,; with suitable mul-
tiple elements.

The arithmetic genus P, of each such threefold is the virtual
number of linearly independent canonical surfaces calenlated for the -
model considered by using postulation formnlae. The geometric ge-
uns Py is the actual number of linearly independent canonieal sin-
fuces and must be found in each case by ad hoc methods. Here we
use methods based on the extended formm of Noether’s theorem due
to Torrelli and Giambelli (3), and it is the justification of these me-
thods which constitutes a considerable part of the work. The diffe-
rence P, — P, is the tridimensional trregularity q,. Again, the irre-
gularity of a generic (%) surface on the threefold is a constunt for

(1) F. Seveni, Rend. Cire. Mat Palermo, 28 (1909), 33-87 : see also L. RoTH,
Rend. di Mat. (b) L0 (1951), 297-346, .
' (*) E. A. MaxwkLL, Proe. Cambridge Phil. Soe. 32 (1936), 185-93.

(3) R. TORRELLI, Atti Acc Torino 41 (1903), 224.34; G. Z. GiaMBELL] ibid.
235-58.

(4) The snrface mnust belong -at least tn a net whose free ch’u‘aotenstlc curve
s :rreduolble, ofr. SEvVERI, loc, cit,
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the threefold; this is the superficial irvegularity ¢,, and may be
calculated by considering a generic prime section, '

1. Primals possessing a multiple curve. — Congider, in §,, a
primal V", of order », whose only singularity is an r-ple irreduei-
ble non singualar curve ¢Cv, of order » and genus g. The canonieal
system (if any) is cut on V" by primals of order n — 5 passing r — 2
fimes through Cv. The virtual postulation of C¥ for these primals
is given by the formula (%)

R L es I

'Sul_)tracl:ing.this postulation from the total number of linearly

. . . . —1
independent primals of §, of order » — &, which is (n 4 ), we
have the arithmetic genus P, . .

We take as the curve € the complete intersection of three ge-

neral primals, each of order m, with eguations 4,=0,4,=0,
' . 3
A4, =03 the curve is of order m® and genus psz?'{m—l) —

— (m® —1). Bquating to zero a general form of degree » in 4,,
4y, Ag ,with constant coefﬁcieilbs, we have the equation of an irre-
ducible primal V' of order v m, on which € is » ple. The cano
 nical system of V7 is cubt by primals Vrm—5 pagsing » — 2 times
thliOllgll-C. By (1), the arithmetic genus is given by

P,,,=(“nf1)-—(,.13)m3<v-m——5>+‘5m3(;’)%
o)1)

To find the geometric genus we use the method developed by
Maxwell '(8). The argument applies here at once on making the ob-
vious modifications. First, by the theorem of Torrelli and Giambelli,

Toah
P

(5) B. Smenre, Proo. Cambridge Phil. Soc. 38 (1942), 368 77
() E. A. MaxwRLL, op. oif.
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the equation of any one of the required adjoints may be written in
the form ' ‘

LY I A
ZMaﬂy Al A2 A3 _0,

where oo 8 4-y =+ —2 and M, is of degree 2m — 5. To ob-
tain the linearly independent members of this system we must, fol-
lowing Maxwell, write M, in the form

Mo, +- @A1+¢A2+ ¥4,

* where -@, @, ¥ are general forms of degree m — 5 and Mg, consi-
sts of the remaining linearly independent terms of Mg, . Thus the

4 4
of an izdjoint primal, expressed in terms of the linearly independent
members (7), may now be written in the form

. ;o [2m— —1 .
number of terms in g, Isl( " 1)— 3 (m ) The equation

@ TH, a4 ze, 4 aareo | TITTTITE

2) IM, A" 4 444 =o,

] By ©1.72 473 st 1 2778 s—}—t—}—u:r—l

where M,g, in defined as above and Oy, is a general form of degree
. " 9 1

m — 5 . Since there are (; ) polynomials M, and ( _L_ )polyno-

mials Gy, , we have that

e e !

The tridimensional irregulavity is given by

—(r—1(r—2)
3 .

(lizl)g_Pa=

Taking a generic prime section of the threefold we have a
surface of the first type considered by Maxwell, whence the super-
ficial irregularity is given by

1) (r—2
qu(v 1)2(r )

(") That the members displayed in this form are linearly independent is
proved below.
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It remains to be proved that the members exhibited in (2) are
linearly independent; actually we shall prove a more general result
than that required here.

Consider, in 8,,, a set of I (=< «) general primals P, , Py ,..., P
of the sume order m and a primal of ovder (r + k)m -+ (0 << 8 < m)
passing r.ply thfough their intersection. If &, denotes a general po-
lynomial of degree s m -} 4, the equation of this primal is of the form

260, (P),=0,

where (P), denotes a homogeneous product of total degree r in the
P;s. To ensure that no two members of this are identical, we write
the equation in the form ‘ ’

(3)Z 0 (P)y + = Oy (Pl F o Z 01 (Phrgsos -+ 3 6y (P = 0,

where O, denotes the terms which arise when &, is expressed in
the form :
O + 2 6, (D), .

We now prove that the members of (3) are linearly independent.

Suppose that all the terms involving 6,, 6[,...,0;_, are li-
nearly independent but that, when we introduce’ 6, we have a li-
near identity: then this is of the form

(4) 20 (Pryr—rp+ 2 Vpu (Phryprppn=0,

- where the second sum consists of terms involving Op_(,..., 6.
We first caneel! out any common factor P; which appears throughout
(4). Now take any P;, say P, , which appears in a @) term in (4);
collecting all the terms independent of P, on the left, we have

Z0p(Pyyeees Phrgip+ 2 ¥p1(Pyyee oy Plryrpna

= P { 3 05 (P)rir—rp—a + 2 Vo (Phrth—pti—al s

where a > 0 and where there are terms ®; on the right. Now the
left-hand side, equated to zero represents w primal passing +-+k—p
times through P,.P;...P; and hence so does the bracket on the
right. ' We have therefore

2z 92'1 (P)r+k—p—a + > Tp—l (P)r-l-k—p+1—a =2 Tp—a (P)r+k—p ’
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and, absorbing the terms on the right into the second sum on the
left, we have another identity of the form (4) with » replaced by
r—a (< 7). We cun therefore repeat the process. Proceeding in this
way we arrive either at an identity involving ouly one term .
Op or else at a value of » such that » -+ % — p is less than the
number of P, s remaining in’ the ©p terms of the identity. In the
latter case we choose one of the P;s which appears in some but
not all of the ©, terms, and so reduce the number of ©, terms in
the next identity obtained. With these processes of reducing r, eli-
winating @, terms and cancelling any P; which appears throughout
(4), we can always obtain eventually an identity '

. Oy (P Drth—p 2 Vot (Pygpo—pt1 =0,

involving only one @, term, by choosing at the last stage a P;
which appears in only one @) term. '

We can now, by the above method, eliminate each P; from the
O, term of this identity and obtain finally )

Op -+ 2 W,_,(P), =0.

Since this contradicts the definition of @, we conclude that the
members of (3) must be linearly independent. :

2. Primals with a multiple surface. — We consider a type of
threefold with a double surface, the surface consisting of two irre-
ducible components. The threefolds have equations of the type

) P02 TH o QH(UE— T =0,

" where P, @ are general forms of degree Vm, and U,V are general
forms of degree n . This type of equation has been nsed by Pedoe (8)
to obtain irregular surfaces in S;. On the threefold the surfaces
Fm | given by P=Q =0, and F*, given by U=V =0, are
double. Canonical surfaces are cut by primals of order 2 (m -+ n) — b
passing simply through F** and F**. We show that any such pri-
mal has an equation of the form .

6 UMD+ 4, Q+ V(A P+ 4,0 =0,
where A; is of degree m - n —5.

(8) D. Pepor, Proc. Cambridge Phil. Soe, 31 (1935), 48-9,
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By the extension of Noether’s theorem, the equation of ‘my
adjoint primal (which must contain F*'), is of the form

AU+BV =0,

where 4, B are of degree 2m +n—5. Write this, with an obvious
~ notation, in the form

(A +4, P+ 2, QU+ (B + 43P+ 4,Q V=0.
' To obtain (6) we require to show that any member pf the system

M AUL+B V=0
which contains F»* is included in (6). For any member of this
system which contains F*' we have an identity

AU+BV=LP+MQ,
or ) .
AU=LP4+MQ—BYV,

whence 4’ U = 0 passes through the curve P= @ = V' =0. Since
U does not contain .this curve it follows that 4’ must contain it
and so, remembering the definition of A’, we hwe an identity of
the form

A'=H V; and similarly B =K U.
'With these values in (7) the equation becomes
(H4+E)UV=0;
and if the primal so represented contains F»*, we must have
H+K=XP+ YQ;

hence this primal is included in (6), which therefore gives the en-
tire system.

We may note that the proof applies, with trivial modification, -

to the corresponding problem in thxee or any higher number of
dimensions, ' '
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To find P, we require the number of linearly independent terms
in (6. There is no loss of generality in assuming n>>m; let
n=c¢m 4 d where 0 <<d < m, let O, denote a polynomial of degree
sm~+d—>5 and let (D), (U), denote products of degree s in P, Q
and in U, V respectively. We write (6) in the form

4P U>1+2@(P W42 8 (D), (U), =0,
-where & is of degree m — 5, and then in the form

& D0 (Vg + {24 (P) (U)+ Z0,(P), (U), +

+ 20 (Pl (T)g +- -+ + T 01 (Pler (U); 4 2 0 (Pheyz (0)y) =0,
where €, is zero if d <5, '
To show that the terms exhibited in (8) are linearly indepen-

dent, we absorb the & terms in the A’ terms and write the
equation as
z A%, (U), + 2@;(P)2(U), + .+ 2O1(Pla (U), +
(9)
+ 2 @ c+2 (U

Written iu this form, the set of terms having U as factor are
linearly iindepehdent, by the result obtained at the end of § 1 and,
similarly, so are the terms having V as a factor. Suppose now that
a combination of terms of the former set, which we can write as

(10) U(Z 4"(P),+ = 0, (D)},

is identical with u combination of terms from the latter, which will
possess the factor V. We must then have an identity of the form

ZANP) + 20, = VDD,
which may be rearranged as
(1) P(A*+ 6, P4V} =q (4t 20, (P), -+ V Dy};

this shows that the bracket on the left has @ as a factor, and so
we have an identity of the form )

A Z6,(P; L VE=0.
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From the definition of 4%, such an identity is only possible if
each O, in it is zero. This proves that there is no term in P? in
(10). Similarly there is no term in Q2. To see that there is no term
in PQ we deal as above with the bracket on the right of (11). 4
similar argument holds for the set of terms having V as a factor;
and as a result we have established that any linear dependence in
(9) involves only the A* terms. To express these in terms of linearly
independent members it is easily seen, by an argument of the above
type, that we must write them as in (8); and this proves the result.

To lind the number of terms in (8), let N (6) denote the
number of terms in @, and so on. The required number is then

6N(P)+2{2N(4)+3N(O) +4N (i) +---

(12)
+ (¢ + 2) N (0]) 4 (¢ 4 8) N (8},
where . , '
N (0 = N (6:) + 2 N (0¢—1) + 3 N (0g—) +...
+ ¢ N (61) - (¢ -+ 1) N (6,)
and .

N(A)=N(4)+2N(D)+ 2N () + 3 N(6:-1) +- - .
~+ (¢ + 1) N (1) + (¢ + 2) N (6o) -

Substituting for N (4') in (12) and using the expression for
N (0., we find that (12) reduces to

AN (4) —2N(6,) — 2N (D).

Thus the geometﬁc genus is given by

y g fmtre—1_(a—1 _(m—1
19_4( N 2 N 2 R

To find the arithmetic gémls we require the virtnal postulation
for V2m+m-5 of a surface F™', of arithmetic genus equal to the
number of linearly independent primals -of order 2m —5 1i. e.
(2 m—1

A ), and sectional genus p = m® — 2m? + 1, together with
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a surfuce F" having corresponding characters, the two surfaces mee-
ting in m? %% points. Using the postulation formulae we have

m-L 29— 2m - — '
P, — (2 m —|—4 n 1) . {(11@2—}- ") (Z m -+ 2 n 4)_

—2m + 20 —08)(m® 4 nd — 247)12 —2 n‘g)
+(2m4—1)+(2n4— 1)—}— 2}—}—1;;2712.

The tridimensional irregularity is given by

12 {mt 4 nt — 10 (m3 4 w)

=P, — P, =
Qi g a 1

—+ 85 (m? 4 a%) — 50 (m + n) - 36} .

Taking a general prime section of the threefold, we have a
surface whose equation may be written in the form (5); the equa-
tions of the adjoint snrfaces arve of the form (6), where now the
. A; are of degree m +n — 4. By an analysis similar to the above
we find that the geometric genus of this surface section is given by

m n—1 n—1 m—.1
po=a (") a5 2",

and from the postulation formulae the arithmetic genus is given by

pa=3—{—2(n_3—.1)—{—2(m3_1>+2mn(m—{—n—4).

Thus the superficial irregularity of the primal -is given by

o =pPg—Pa=1.

One interesting result may be singled out. The sextic threefold
primal possessing a double plane and donble Segre quartic surface
(obtained when P, @ are linear and U, V quadratic) has characters
P, =1,P,=0, and may be obtained from a sextic threefold posses-
sing a double Segvre surface, for which P, = £, = 0, by making this
contuin further a double plane. The imposition of this additional
double locus thus incremses the arithmetic genuns by unity.



THREEFOLDS POSSESSING AN INFINITE GROUP OF
BIRATIONAL SELF-TRANSFORMATIONS

i R. HaLr*.

[Extracted from the Journal of the London Mathematical Society, Vol. 29, 1954.]

The algebraic curves and surfaces invariant under an infinite group of
birational transformations have been investigated in great detail; some
threefolds with this property have been well known for some time and

* Received 12 January, 1954; read 21 January, 1954,
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others have been considered recently by Roth ([10], [11], [12]). In this
paper we survey the possible types of such threefold and examine the
" question of their existence.

The set of all (birational) transformations leaving a threefold invariant
forms a group which may be, or contain, a finite continuous group, or
contain continuous series of transformations, or else be (strictly) discon-
tinuous. These possibilities are considered in turn,

1. Finite continuous groups. We first remark that, if an algebraic
variety is invariant for a finite continuous group of transformations, it is
necessarily invariant for a group in which the parameters figure algebraically.
Further, it is always possible to find a sub-group of this group which is
commutative (and in which the parameters still appear algebraically).
These two results are given by Painlevé ([6], 257, 266) with particular
reference to surfaces, but his method is quite general. Thus we need only
consider algebraic groups; in §4 we use the fact of the existence of com-
mutative sub-groups.

2. One-parameter groups. In this case the trajectories of the group
are the oo? rational or clliptic curves of a congruence*. We show that if
the curves are rational the threefold is serollar, i.e. birationally equivalent
to a line-ruled threefold. For this purpose we require to determine a
surface unisecant to the curves of the congruence; the transformation to a
line-ruled threefold is then classical.

Now the ool group of transformations determined on a general curve
of the congruence consists of all the projectivities with two fixed united
points or else all the elations with one fixed united point. In the latter
case, the locus of this single united point gives the unisecant surface desired.
When the united points are in general distinet, their locus is a bisecant
surface. We show that this surface must degenerate into two unisecant
surfaces. To see this, we apply the result of Painlevé ([6], 270 et seq.)
that if a surface is invariant for a rational co! group of transformations
the locus of united points (assumed distinct) consists of two curves each
unisecant to the (rational) trajectories.

Let the congruence of rational curves on the threefold, V,, be mapped on
the points of a surface . To a curve on F corresponds a surface on ¥V,
compounded of the congruence and, by Painlevé’s result, the locus of united
points on this surface degenerates into two curves, these lying on the
surface, ® say, the locus of united points on V;. Now let |C| be an
o (r > 1) linear system of irreducible curves of positive grade on F.
To [C| corresponds a rational system of surfaces on V,. Further,

* We intend always a congruence of index one.
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r general points of V, determine r curves of the congruence and so r points
of F'; and these points determine a unique curve of | C| to which corres-
ponds & unique surface of the rational system on V, passing through the
r chosen points, i.e. the system of surfaces is of index one, and so is linear.
This linear system of surfaces will meet the surface ® in a linear system of
curves, each curve of which degenerates into two variable components.

This system is not compounded of a pencil since it has positive grade. By
Bertini’s theorem, this situation is impossible on an irreducible surface.
We conclude that @ degenerates into two unisecant surfaces, and hence
that ¥V, is scrollar.

When the trajectories of the group are elliptic curves thereis a birational
correspondence between the points of any one of these curves and the
operations of the group, or the points of a curve mapping the group. Thus
all the curves have the same modulus, and any surface compounded of the
congruence is an elliptic surface. A finite or infinite number of the curves,
considered as members of the congruence, may be reducible; each of these
will be a multiple curve as is seen by considering one of the elliptic surfaces
through it. Such threefolds have been termed elliptic by Roth [11].

'So, finally,

A threefold invariant under an ool algebmw group of birational trans-
formations is scrollar or elliptic.

3. Two-parameter groups. If a threefold is invariant for an c0? algebraic
group, the trajectories of a point may be rational curves, or the rational,
hyperelliptic or elliptic* scroller surfaces of a pencil.

In the first case, the group leaving a general point invariant is co! and
so, as above, the threefold is scrollar.

If the trajectories are rational surfaces, we show that the threefold is
planar, i.e. birationally equivalent to a plane-ruled threefold. We first
determine an co! rational sub-group of the given group. To this end we
consider the co® group as operating on any particular one of the rational
trajectories, say 4.

Since A4 is a regular surface, we can determine a birational transform
A4 of A such that the corresponding transformations of 4 are projective.
For on A consider any simple linear, or more generally continuous, system
of curves. The transforms of these curves under the «? group form a
continuous system which must be contained in a complete (simple) linear
system, as the surface is regular. This linear system is invariant for the
o0? group, and its projective model gives the desired surface 4. This
technique is due to Fano (¢f. [5]).

- If the trunsforms of a point lie on a general serollar surface, the trajectories must
form the penecil of rational curves on the-surface, and so we have, in fact, a congruence of
rational curves as trajectories; the same remark applies in §4,
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Now given any o2 group, we can determine many oo! sub-groups;
and further, if the group is both algebraic and projective, a sub-group
may be found which is also algebraic. This follows from the fact that
any oo? group is integrable (since a non-integrable group must contain
an oo® gimple sub-group) and the integrable projective groups have all
been classified*; when algebraic, such a group contains a descending
chain of invariant algebraic sub-groups. (It may be noted that a group
which is algebraic but not projective does not necessarily contain ool
algebraic sub-groups; thus the group for the general Picard surface cannot
do so, for otherwise the surface would contain a pencil of rational or elliptic
curves.)

The ool rational group which we have just found operates on the
particular trajectory A chosen, when we transfer back from A to 4. If
each transformation of A arises from one transformation of the original
group for the entire threefoldt, we have at once the ool rational sub-group
desired. It may, however, happen that a given transformation of 4 arises
from a finite number # > 1 of transformations of the threefold; this will
occur if there is some transformation, other than identity, leaving A4 totally
invariant. In this case, the transformations of the original group giving
rise to the co® group ov A4 form an algebraic group, which may be reducible.
In any case, it consists of m (1 <{m < n) components; each component is
of dimension 1; and one (at least) must contain the identity and will be
a continuous algebraic group. This theorem for a reducible algebraic
group is proved by Enriques and Chisini (T'eoria geometrica ..., Vol. III,
250-1); the fact that the transformations there are homographies is
incidental and does not enter into the proof. Since the trajectories on 4
of this continuous group are rational curves, the group must itself be
rational ([2], 243), and so in every case we have the required sub-group.

The trajectories of the co! group are rational curves, oo! of which lie
on each rational surface. By means of this group, the threefold may be
transformed into a line-ruled threefold, say a cone, and the pencil of
rational surfaces transforms into a pencil of cones. The generic surface
section of the threefold cone thus contains a pencil of rational curves and so
is scrollar. Transforming this surface into a scroll, we have the original
tbreefold transformed into a cone generated by co! planes. Algebraically,
assuming that the threefold V,; lies in 8, (xy, 2y, ..., 2,), the first traus-

formation gives an equation which can be put in the form

Vi, ...y 23")=0,

* See the account of %? groups of projective transformations given in §§9, 10 of
Enriques-Fano, Annali di Mat. (2), 26 (1897), 59-99.

t This always happens when the trajectories are elliptic curves or hyperelliptic surfaces
(cf. [10], 400); any other situation is only possible with rational trajectories,
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and the second transformation which is of the form

@ =flxy, ..., ') (=0, ..., 3),

where n is the degree of the forms f;, leads to an equation
Vll(xoll, xlll’ x2//) — 0’
representing a plane cone, whence

Any threefold which is invariant under an co? group whose trajectories are
rational surfaces is birationally equivalent to a plane-ruled threefold.

When the trajectories of the co? group are hyperelliptic surfaces (of
rank 1) there is one transformation under which & point P of a general
surface of the pencil transforms into a given point P’ of the same surface.
There is thus a birational correspondence between any surface of the pencil
and a surface mapping the transformations of the group, and so a corres-
pondence between any two surfaces of the pencil. A finite number of
the surfaces of the pencil may be multiple, consisting of an irreducible
surface counted a certain number of times. These threefolds have been
studied by Roth [10], who terms them hyperelliptic.

' The remaining possibility is that the trajectories of the «o? group are
elliptic scrollar surfaces. In this case the transformations leaving the
rational curves invariant form an co! sub-group and the threefold is a
particular case of a scrollar threefold. So

A threefold invariant under an oo? algebraic group of birational trans-
formations is scrollar, planar or hyperelliptic.

There are, of course, particular cases, ¢.g. birational threefolds.

4. Three-parameter groups. The trajectories of an oo® algebraic group
may be rational curves, rational or elliptic scrollar surfaces, or the group
may operate transitively on the threefold. -

In any of the intransitive cases, earlier methods at once show that the
threefold is scrollar or planar.

When the group is transitive but not commutative, we can, as pointed
out in §1, obtain an oo! or oo? commutative sub-group; the threefold may
then be treated by the methods of §§2, 3.

There remains the case of an oo® transitive commutative group. This
type of threefold has been considered in detail by Severi ([13], 166), who
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shows that it is either an Abelian threefold of rank 1 or else is birationally
equivalent to the product of an Abelian variety and a flat space, i.e. a hyper-
elliptic surface and line or an elliptic curve and plane or a (point and) solid.

A particular case of an Abelian threefold is that in which the para-
metric representation is by functions of genus less than three; the threefold
is then termed improperly Abelian ([12], 406). If the functions are of
genera two and one, the threefold contains a pencil of hyperelliptic surfaces
and also a congruence of elliptic curves; it is thus both hyperelliptic and
elliptic. If the functions are all of genus one, the threefold contains three
congruences of elliptic curves and so may be regarded as elliptic in three
different ways.

5. The above results may be summarized thus:

A threefold invariant under a finite continuous group of birational trans-
formations is birational, planar, scrollar, Abelian, hyperelliptic or elliptic.

6. We next consider threefolds invariant for a continuous series of trans-
formations but not for any finite continuous group. There are no algebraic
curves or surfaces with this property.

The possibilities are that the transforms of a general point lie on a curve
or surface or are not restricted to any algebraic sub-variety. When the
transforms lie on a curve, this must be rational or elliptic; we prove that
the former case can arise, but not the latter.

The threefolds of the required type are those containing a congruence of
rational curves which cannot be transformed into lines, provided always
that a finite continuous group does not arise in some way unconnected
with the congruence. For the curves of the congruence may be reduced
to conics on a suitable transform*, and then a prime of the space determines
a pair of points on a general conic of the system and so an involutory trans-
formation having these for double points; these involutions and their
products give the required series. One such threefold is the “ Enriques
primal ”* V.8 of 8, ([9], 267). 'This possesses six double planes, the inter-
sections two by two of four primes, four triple lines and a quadruple point ;
the generic prime section is a regular Enriques surface with geometric
genus zero and bigenus one. Ifwefix on a pair of “ opposite ’” double planes
(¢.e. planes meeting only in the quadruple point), then, through any simple
point of the primal, there passes a unique plane meeting these planes in
lines and so meeting the primal residually in a conie, in general irreducible.
These conics form a rational congruence (of index one); each of the three
pairs of opposite double planes gives rise to a different congruence. Now

* See [3], 268 for a discussion of this reduction,
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the primal is unirational but not birational and so the rational congruence
of conices cannot be transformed into a congruence of lines, for if this were
possible it would establish the birationality of the primal. Thus this
primal illustrates the type in question. In this case the curves of the
congruence are already conics on the model considered. -
To see that the transforms of a point cannot lie on an elliptic curve we
remark that any surface compounded of such a congruence would be an
elliptic surface. On this surface, a transformation of the second species,
given on one of the curves, determines a unique transformation, and
hence a unique transformation on each of the eurves of the pencil. On
the threefold, then, choose a general curve C of the congruence and a
pencil of (elliptic) surfaces compounded of the congruence and each
containing C. Every transformation of the elliptic group on C determines
a unique transformation of the other curves of the congruence, whence the
threefold is invariant under this one-parameter group, contrary to
hypothesis. Thus the curves of the congruence cannot be elliptic.

7. If the transforms of a point under a continuous series of transforma-
tions are restricted to a surface, this surface must be rational, scrollar,
elliptic or hyperelliptic. The scrollar and elliptic surfaces give congruences
of invariant curves, which have been considered in the previous section ;
the elliptic scrollar surface is no exception since those transformations
leaving the rational curves invariant must still form a continuous series.
There remain the rational and hyperelliptic surfaces. The existence of
threefolds of the required type containing pencils of such surfaces is
suggested, but not definitely established, by the following considerations.

In an attempt to obtain a threefold on which the transforms of a point
are necessarily restricted to a rational surface (as opposed to the example
given at the end of §8 below), we may make use of Baldassarri’s result
([1], 897) that, given a Vg™ of S, with an (m—3)-ple plane, there exists a
system of curves unisecant to the cubic surfaces of the pencil determined
by primes through the plane. Each curve determines an involutory
transformation, by projection from the points where it meets each surface,
and so we have a continuous series of such transformations. Unless every
such threefold is planar, and so birational, we thus obtain models not
invariant under a finite continuous group.

That no example of this type can be constructed containing a pencil of
quadric surfaces, follows from Conforto’s result ([3], 279) that a th;reefold
with a pencil of quadric surfaces is necessarily planar.

In the case of a threefold containing a pencil of hyperelliptic surfaces,
the obvious type to look for is that in which the surfaces are of varying
moduli and have a continuous system of unisecant curves; the two points
determined on a surface by any two curves taken in one order or the other
would give a unique transformation of the second species. More generally
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the curves might be multisecant, giving sets of points the sums of whose
parameters are not equivalent (¢f. [4], 669). It would be desirable to
construot the parametric equations of such a variety, if one exists.

8. Turning to types for which the transforms of a point invade the
whole variety, we have Fano’s result [5] that a threefold which is unirational
but not birational cannot admit finite continuous groups of transformations.
The general non-singular cubic primal in S, certainly admits continuous
series of transformations, for example those obtained as products of pro-
jections from the points of the primal, and to show that there are no finite
continuous groups would be equivalent to proving the irrationality of the
primal; this has been pointed out by Snyder ([14], 344), who has con-
structed various series of transformations. By taking only the products
of projections of the cubic primal from the points of a plane section, we
have a continuous series of transformations leaving invariant the surfaces
of the pencil through this plane.

9. Threefolds with an infinite discontinuous group of transformations
(but no continuous series). Here, as before, the transforms of a point
may lie on a curve or surface, or not be restricted to any algebraic sub-
variety. :

If a threefold contains a congruence of rational curves, we have seen
that it possesses continuous series of transformations. On the other hand,
a variety with a congruence of elliptic curves may give rise to a discon-
tinuous group. Examples of such varieties are the quartic primal with
two nodes, the V8 and V38 given by Roth ([8], 127), and the product of a
curve of genus greater than unity and any surface with a pencil of elliptic
curves invariant for a discontinuous group; for references to the literature
on such surfaces see [15].

10. When the threefold contains a pencil of invariant surfaces not
compounded of a congruence of elliptic curves, these surfaces may be
rational, hyperelliptic or surfaces (with all their genera equal to unity)
of the type invariant for a discontinuous group ([4], 665).

An example of the last kind is immediately provided by the product of
such a surface and a curve of genus greater than 1.

There are no known examples of threefolds of this type which contain
a pencil of rational or hyperelliptic surfaces; one possible construction for
the latter is similar to that indicated at the end of §7, except that now only a
finite set of secant curves is called for. By analogy with Enriques’s con-
struction ([4], 669) for surfaces with a pencil of elliptic curves, we might
specify such a threefold by imposing on hyperelliptic surfaces the con-
ditions of meeting given curves in specified numbers of points so as to
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reduce the freedom to one; but it would be preferable to have a parametric
representation.

11. Finally we have the case of a discontinuous group where the trans-
forms of a point are not restricted. An example is provided by a quartic
primal with a finite number (> 4) of nodes, not all lying in the same plane.
The transformations are obtained as products of the projections from the
nodes. Other examples may be obtained as generalizations of the surfaces
given by Painlevé [7]. Thus the threefold given (in non-homogeneous
coardinates in Sg) by ’

— ¢ (uy) 7 — ' (uy)
P'(us)’ TP ' (ug)’

T = 60(“1):/ Ty = p(uy), x3=p(us), %4

cach point of which corresponds to two non-congruent sets of parameters
of the form (u,, w,, #3), (—%,, —u,, —1us), is invariant under the trans-
formations

’
Uy = Oy Uy

where the a;; are integers such that |a;,;| = +1.
) To see this, we observe that the threefold is invariant for the sub-
stitutions permuting the parameters, changing signs, and also for

’ ’ !
ul - u1+u2, Uy = o, Uy = u:;,

and five similar substitutions, i.e. those adding any row of the column-
vector of the «; (and so any integral multiple of a row) to any other
row. We have to show how to build up the above matrix (a;) from
these substitutions or, what is equivalent (since the inverse of one of
these substitutions is of the same kind, or a product of substitutions
of the same kind), how to obtain the unit matrix from (a;) by means of
these substitutions. '

Since |a;|= +1, the elements of the third column cannot have any
common factor and so, by suitable operations, we can make a,;=1; and
then make @3 = @53 = 0. In the new maftrix, a,5, @,, must be co-prime
and so we can make gy, = 1; and then a,=0. It now follows that
@,; = +1, and so can be made +1. The matrix now has the form

1 0 0
ay; 1 0
@31 G35 1

we make @, =0 and finally make a, = a;,=0. This proves that the
threefold is invariant for the group stated; it will also be invariant for
other transformations involving half-periods.
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ON ALGEBRAIC VARIETIES WHICH POSSESS FINITE
CONTINUOUS COMMUTATIVE GROUPS OF BIRATIONAL
SELF-TRANSFORMATIONS

R. HarLr*,

[Exztracted from the Journal of the London Mathematical Society, Vol. 30, 1955.]

An algebraic variety V,, of dimension #, invariant under a finite
continuous oo™ commutative transitive group of birational transformations
is either a Picard variety (when the group is absolutely transitive) or else
is birationally equivalent to the product of a Picard variety and a linear
spacet (when the group is only generally transitive). This theorem was
proved by Severi ([7], 166) subject, apart from particular cases, to a certain

* Received 10 November, 1954; read 25 November, 1954.
t A veariety invariant for a generally transitive group is termed quasi-Abelian by
Severi; in particular, the variety may be birational.
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hypothesis, which he has since shown to be unnecessary [8]. The object
of the present note, which continues a previous one [2] in this Journal, is
to deduce from Severi’s theorem that

an algebraic variely V,,, invariant for a continuous oo commutative group
whose lrajectories are of dimension r' (< n), s birationally equivalent to
the product of a linear space Sz (0 <{d <r') ond o variety V,_; which, .
when d < r', is pseudo-Abelian of type r' —d*.

The assumption that the group is commutative is made in Severi’s
work in order to invoke a result of Picard ([4], 246) which establishes the
existence of a certain system of linearly independent simple integrals when
this condition is satisfied; the inversion of the system then leads to the
parametrie representation of the variety. In the present work, the com-
mutative property ensures further that any subgroup which arises is
invariant in the original group. This result is necessary for the step by
step reduction of §4.

There remain for consideration the continuous non-commutative
groups. Now any continuous group leaving an algebraic variety invariant
is contained in an algebraic group with the same property ([3], 257);s0
there is no loss of generality in restricting attention to algebraic groups.
Moreover, any such group necessarily contains continuous algebraic com-
mutative subgroups; but it seems that the exploitation of these gives only
partial results. For further progress it may be necessary to consider
the structure of the groups in detail. In the following work, however, all
groups are assumed to be commutative.

1. In the first place we observe that Severi’s theorem holds equally
when the transitive group for V, is of dimension n’ > n; for the simple
integrals of Picard’s work are obtained a fortiori in this case ([4], 248).
When n’ > n, the classification according to absolute or general transitivity
fails; V,, must be equivalent to a product variety possessing a linear com-
ponent of dimension greater than zero, while the group may or may not
be absolutely transitive.

2. Algebraic varieties V,, invariant for an o™ commutoiive algebraic group.
We know that the trajectories of the group must be either Picard varieties
or else quasi-Abelian (in particular, birational) varieties of some dimension
7" <<r; and, in the case requiring investigation, ' <<n. When they are

* A variety W, is said to be pseudo-Abelian of type ¢ (1 < ¢ < p—1) when it contains
an «?—7 system of index one of Picard varieties V, which are the trajectories of an wo? commu-
tative group of birational transformations. The group acts in an absolutely transitive manner
on any irreducible trajectory, and any two such trajectories are each equivalent to the group
(regarded as a variety) and so to each other ([5], 363). See also [6].
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Picard varieties, #' =r; the group then operates in a simply transitive
manner on the general trajectory, and V,, is a pseudo-Abelian variety of
type r ([5], 363).

When the trajectories are quasi-Abelian we begin by fixing our attention
on any simple irreducible trajectory A. The group determined on 4 is
of dimension (' <7 <r). Consider first the case when '’ =, so that
each transformation of 4 arises from a finite number of transformations
of V,,. By Severi’s theorem, 4 is birationally equivalent to the product,
say 4, of a Picard variety V,, and a space Sy_,. Regarding the group as
acting on 4, we see that it contains a subgroup corresponding to those
transformations which determine the identical transformation on V.
This subgroup thus acts on 8,,_,, and so is equivalent to a projective group,
whence it contains a rational co! subgroup ([1], 67).

Now the corresponding transformations of 4 arise from an co! algebraic
group for V,. If this is reducible, it consists of a finite number of com-
ponents, each of dimension 1, and of these one, at least, is a finite con-
tinuous group, determining & congruence of rational trajectories on V,
([2], 422). In order to transform ¥, into a line-ruled variety whose
generators correspond to these trajectories, we require to construct a variety
unisecant to these curves.

3. Varieties tnvariant for an oo! rational group. To obtain a unisecant
to the rational trajectories, we proceed by induction from Painlevé’s
theorem ([3], 270) that, in the case of a surface, the locus of the two united
points, if distinet, on the trajectories, degenerates into two unisecant
curves; our proof generalizes that given in [2] for threefolds.

Assume the corresponding theorem to hold for a V,_;, and consider a
V, invariant for an co! rational group. If the generic trajectory contains
only one united point, we have at once the desired unisecant. When there
are two united points, the locus is a bisecant variety, and there is no loss
of generality in assuming that this is a pure variety of n—1 dimensions,
say U,_;, for it will become so on transforming by all the primals of
sufficiently high order passing through it. By considering the trajectories
as points of a variety, it is seen that we can construct on ¥V, a linear system
of V,_,, compounded of the congruence of trajectories, whose generic
member is irreducible and such that n—1 members have a free intersection
consisting of curves of the congruence.

Each variety V,_; meets U,_, in a variety U,_, which, by hypothesis,
degenerates into two components. Therefore the linear system |V, |
meets U,_; in & linear system |U,_,| each variety of which degenerates
into two variable components; and the free curves of intersection of the
V-1 give rise to free points of intersection of the U, _,. Now by Bertini’s
theorem, a reducible linear system without fixed components on an
irreducible variety must be compounded of a pencil, and so cannot have
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positive grade. We conclude that U,_; must be reducible, and so consists
of two varieties unisecant to the curves of the congruence. This completes
the induective proof since, for n =2, the theorem is that of Painlevé.
Therefore, in every case V, may be transformed into a line-ruled variety,
in particular into a cone.

4. Since, by hypothesis, the original group for V, is commutative,
every subgroup, and in particular the above oo! subgroup, is invariant.
This implies that the congruence of generators of the cone is invariant for
the entire group, any transformation of which determines a birational
transformation acting on the curves as elements. Therefore the general
prime section of the cone is invariant for a group induced by that operating
on the generators, and the trajectories of the former will have dimension
r'—1.

The considerations of §§2, 3 may be applied in turn to this prime section.
We continue to reason thus for #' stages in succession unless, at some inter-
mediate stage, on taking a further section, we obtain a pseudo-Abelian
variety. Suppose we proceed for d stages (d <r’) before obtaining, as
section, a pseudo-Abelian or (as happens when d = ') a variety on which
no infinite group is induced. We then have V,, expressed as the product of
d lines and a variety V,_q; and the product of 4 lines is itself equivalent to
a linear space S;. When d < ¢, the variety V,,_, is pseudo-Abelian of type
¥ —d; when d=1', nothing can be said concerning ¥ ,_, which is quite
general. We have thus established our theorem in the case when the
dimension 7’ of the group on a trajectory is equal to the dimension  of the
group for V,, itself.

5. In the case when " < r, an oo group on a trajectory no longer arises
from an oo! group for ¥V, and the argument at the end of §2 fails. In this
case the identical transformation on 4 arises from oo™ transformations
of V,; these form an algebraic group which either is or contains a con-
tinuous algebraic group (of dimension r—#"’). The trajectories of this group
constitute a congruence of which the original trajectories are compounded ;
in particular, the two sets of trajectories may be the same.

These new trajectories are quasi-Abelian, and not Picard, varieties since
those which lie on A are totally invariant for the group. If the group
determined on one of these trajectories has dimension r—r"', we can, by
§2, find an co! subgroup for ¥V, and this will be an invariant subgroup of
the entire group of dimension 7.

On the other hand, if the group on a trajectory has dimension less than
r—r'', we can apply again the method of this section and obtain a con-
tinuous group of still smaller dimension. After a finite number of steps
either we arrive at a group for V, such that the group determined on its
(quasi-Abelian) trajectories is of the same dimension as the former, and
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then proceed as in §2, or we obtain as trajectories a congruence of curves
invariant for a group of dimension greater than unity operating on V,,.
In this latter case the curves must therefore be rational. If, now, we choose
those transformations leaving a general point of one of these curves invariant,
we impose one further algebraic condition, and obtain a subgroup containing
a continuous group of dimension one less than the previous group. Hence,
by imposing successive invariant points, we obtain, as before, an ! rational
group.

Thus in every case we have an oo! rational group by means of which
¥V, is transformable into a line-ruled variety, and our theorem is established
in all generality.
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