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ABSTRACT 

An Abelian variety of rank r can always be mapped 

birationally on the sets of an involution of order r on 

a Picard variety. One method of generating such an 

involution is by means of a finite linear group operating 

on the independent variables of the underlying Abelian 

function field, In particular, if the involution is not 

compounded of a Pioard involution (an assumption which 

involves no loss of generality) and if some plurigenus of 

the Abelian variety is non-zero, the corresponding 

involution can always be generated in this fashions 

This thesis investigates the Abelian threefolds of 

geometric genus one in terms of these linear groups.  
Since the geometric genus is one, the homogeneous part of 

each substitution must be modular. This fact, together 

with the existence of a sextic characteristic equation for 

any substitution, determines the possible forms for the 

homogeneous groups obtained by omitting the constant vectors.  
The Riemann matrices (eaoh with an associated function 

field and Picard threefold) which admit these groups are 

next determined as admitting appropriate complex multiplic-

ations, Finally, the matrices determine the forms of the 
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constant vectors in the non-homogeneous groups. 

It is found that there are 64 possible homogeneous 

groups. For a selection of these, which covers all the 

types, the sets of matrices and non-homogeneous linear 

groups are found in full. In all other cases it is 

established by example that matrices admitting the group 

exist. 
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UHAPT:Idi 1. ABELIAN FUNCTIONS AID ABELIAN THR7 FOLDS  

3. `cope of the chapter. The first part of this chapter 

describes, without proofs, the general theorems of the theory 

of Abelian functions and Eiemann matrices of genus three. 

The outline follows the development in the treatise of 

Conforto (4), to which reference may be made for full details. 

Oonforto in fact deals with functions of arbitrary genus p, 

but since we shall not require p to exceed three the results 

are given hero for p 
	This theory leads to the introduction 

of Abelian threofolds in the second part of the chapter. 

Abelian functions of genus three  

Definition. An Abelian function of genus three is 

a meromorphie function of throe essential independent complex 

variables possessing six linearly independent periods. 

3 Fundapental neripds. Let the variables ui , 	u3  

form a oolumn vector u so that u = (u1 „ u2„ u3 ), the denoting 

transposition, and let f(u) be an Abelian function m. Then 

there are six linearly independent vectors 44 with 

,, 	such that 

f(u 	gu 	f(u) 
	

= 1 11444o4o1,0 

Any sum of integral multiples of the (A L  is also a. period. 

The vector u may be represented by the point in a real 

* In the general theory-of the first two chapters we 
use the variable u, but for the work of later chapters it is 
convenient to go over to veriabler, x, y, z. 
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Euclidean space of six dimensions, S6 , whose coordinates are 

the real and imaginary parts of the components of u. The 

periods la are represented in S6  by a discrete set of points; 

for otherwise the set would admit a finite limit point and 

this may be shown to imply infinitesimal periods and further 

that the variables are not "essential", contrary to the 

definition. 

We can choose, in an infinity of ways, a. set of , six 

periods such that every other period is obtained as an 

integral combination of these periods; such a set is termed 

a fundamental or Primitive set of periods. The periods of 

a primitive set are represented by linearly independent points 

of S6 which, together with the origin, determine a fundamental  

co of non-zero volume; the points of the cell are all 

those whose coordinates are of the form 

Zkoh,„ 	0-1/1‘,41, i = 1,2,...,6. 

As a corollary it 
	

seen that f(u) cannot admit more than 

six independent periods. 

4. Riemenn matrices. The period vector 0 a primitive 

set may be arranged to form the columns of a 3x6 matrix 

W,9 Wit W16  

This is a Riemann matrix of genus three. A Riemann matrix 

is any matrix whose columns form a primitive set of periods 

for some Abelian function. The matrix is a Riemann matrix 

for f(u)0  and f(u) is attached to 1-2 



If PI is any other Riemann matrix for (u) the columns 

of 	are expressible integrally in terms of those of Q and 

vice versa. Thus 

TA 

where ise 6x6 unimodular  matrix, i.e. a matrix with integral 

elements and determinant II, 

5, Change, of variable, If a new variable vector u' be 

taken, given by the equation 

= A u 

where A is a non-siagular 3x3 matrix with complex elements 

then f(u) becomes f' (u') and a Riemann matrix for ft(u ) is 

given by A 	Any other Riemann matrices for f,(A9 ), (a) 

are related by an equation 

A M 
	

(1) 

where the 6x6 matrix 11 is unimodular, 

Two Riemann matrices Q, E-2,  satisfying an equation of 

the form (1) where A is a non-singular complex 3x3 matrix 

and M is a 6x6 unimodular matrix are said to be ecuivalent.  
The relationship is reflexive, symmetric and transitive, and 

divides the Riemann matrices of genus three into equivalence 

classes. Any two equivalent matrices are period matrices 

for two Abelian functions related by a non-singular linear 

transformation of variable. 

6, Intermediary functions, Cousin's theorem states that 

Every meromorphic function f(u) may be expressed as the  

quotient of two entire functions cA(u),*(u) which have no 



common diviaor at any point and which vanish simultaneously 

only at the points of essential indeterminacy of f(u)  

The functions OW) and %ha) are determined only to within 
a factor which is a non-vanishing entire function, i.e. c(2) 

andlia) may both be multiplied by a factor of the form 

eG(a)  
where G(u) is an entire function. 

Applying this theorem to an Abelian function 
	

) with 

ann matrix 
	t follows that 

0(u + wi) 	e946°0(u) 
f(u) 
	

f(u + 	
*(1) 	e9L(14)*(a) 

where the &(2) are entire functions. It can be shown that 

for a suitable choice of G(u), the gL(a) all reduce to 

non-homogeneous linear functions of u and we write 

L(u) 	nitiKu + )1), 	• 164 

codex 3-vectors h may be arranged as a matrix 

=((al) = Du), 
	h = 1,2,3; 

= 1,2,...,6, 
which is the second period matrix of (i)(u),,k(u) Q being 

their fArst period matrix - and the A: give a complex 6-vector y, 

with ingt (4), which is the parameter of 44u) *(u). Such 

functions OW, iir(a) for which the g;, (t„) are linear, are 

Called intermediary funetions. Two intermediary functions 

with the same 0,A. and y are said to be "of the same tyve". 

? The Existence theorem for Abelian functions, By 

evaluating, ti)((u + cod +1j) and ci)((u + iO4 ) + N4.) and equating, 

it is found. that Q and A. must be so related that 



N = 

is an integral skew-symmetric 6x6 matrix. The matrix N is 

uniquely determined by f(u) and ,. and is a characteristic  
matrix of f(a); it is found to satisfy the condition 

Sa N-I 	= O. 	(2) 

`urthor, for f (u) tto exist as a non-degenerate function it 

is necessary that 

N- 	u > 0, for all non-zero 11. (3) 

The bar — denotes a complex conjugate. The matrix L = i 

is Hermitian, 1,e, I. = L, and (3) asserts that the corresponding 

Hermitian form or, more briefly the matrix. itself is. 

positive definite; .we write simply 

i 5x N 	> 0* 	(4) 

conditions 	and (4) are also sufficient for &4 to 

be a iemann matrix. Since P = V7 is a rational matrix, 

there is no loss of generality in multiplying by some integer 

to give an integral matrix. 7e can then state the following 

Existence, theorem ,for Abelian functions of genus three: 

The necessary and sufficient condition for a 3x6 matrix Q  

to, be the period matrix of some Abelian function of genus  

three, t.e, to be a Riemann matrix of genus three. is that  

there exists an into a ral skew -a  etric 6x6 matrix l such that 

	

(I) 	P 	= 0; 

	

(ii) 	is P 	O. 

The relations (i) and (ii) are the Riemann equelitY  

and Riemann ine9ua 	respectively. The matrix- It is a 

principal matrix of 	Thus is a Riemann matrix if and only 
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if it possesses a principal matrix. There is no loss of 

generality in assuming that the elements of P are relatively 

prime. A given principal matrix P gives rise to en infinite 

sequence of characteristic matrices sr (s = 1,2,...) where 

4 with k the positive rational number such that N is 

integral with relatively prime elements. 

8. Isomorphic Riemann matrices. A 3x6 matrix It is 

said to be isomprphtp with a Riemann matrix of genus 3 

when there is a relation 

0' =AQR 

where A is a non-singular complex 3x3 matrix and R is 

a non-singular rational 6x6 matrix.  

If P is a principal matrix for Q it may be verified 

that Pt = 	is a principal matrix for Dt• Thus 0 is 

also a Riemann matrix, The relationship of isomorphism is 

reflexive, symmetric and transitive. In particular, for 

our purposes, we note that to ensure that a given matrix 

satisfies the Riemann conditions, i.e. admits a principal 

matrix, it suffices to verify this fact for some isomorphic 

matrix, 

9. Compound Riemann matrices. A matrix of the form 

= 2, 0 	. Q 

0 	,--, ..,, 	. 	• 	0 

. 	. 	« 

 

  

 

0 0 / 
where they, are Riemnnn matrices is said to be compound, 



and is itself a fliemann matrix. If Pi, aro principal matrices 

for the 	then a principal matrix for le given by 

0 	0 

0 

12. 
:le shall be concerned later with rim trices isomorphic 

with compound niatriees and the Riemann conditions will be 

known to be satisfied by virtue of the fact that the 

component matrices are known to be Riemannian„  

10, Cignonical :arms 	kA. and Y. On transforming 

from to an equivalent Riemann matrix Q = = A Si Ms  we find 

J1 t = 21A 	t = 	M 	P = trP 174  

The matrices N, N'  and also P, 	are unimodular eon ruent  

From a theorem of Frobenius it follows that Li may be so 

chosen that. (dropping the dash) 

P 1 0 n 

-B 0 

where 	 B = bt  0 0 

0 b2  0 

\ 0 	0 b3 • 
and 1 = bi jb,lb3 , the latent roots of P being equal in pairs 

to bit b,, b3, 

The general characteristic matrix sN of the sequence 

becomes 

( 	° 
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where n = sb3. We shall denote this general matrix by N simply. 

The choice of variable is still at our disposal, and 

permits the reduction of te to canonical form. When the above 

value for N is substituted in the Riemana inequality, it is 

seen that the first 3x5 matrix in Q must be non.singular. 

Hence by a change of variable this 3x3 matrix *an be 

transformed to any other desired non-singular matrix, in 

particular to nie The Riemanu equality now shows that 

the final 3x3 matrix in Q must be symmetrio; and finally 

the Riemann inequality shows that the reel part of this 

matrix must be negative definite: 

= Ode 

rit h '7" = = rrl+ Vr" 'r1< o. 
If now we multiply the 	ermedi 	ions +(u) 

lk(a) by an exponential whose exponent 

quadratic in a and consider 

USg 
(u) = 0ni -- +(u), 	4t (3t) 

is a homogeneous 

= 	+(u), 

where is a complex 5x3 matrix, then 4 (u) +t(u) are again 

intermediary functions with principal matrix P and the whole 

of the above reduction is unaffected. By suitable choioe 

of S, the second period matrix may be reduced to the form 

where E is the unit 3x3 matrix. 

It remains to consider the parameter Yi• The functions 

cr(u) 827tigil  4' (u  + 
	

4r  " (a) 
	eZragu ,4#t 	+ 

intermediary with the 	 P and N as 40, *4, but 
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by suitable ohoioe of the 3-vectors o 
	

their parameter 

be redu od to any desired forrow  We choose the form 

Tis the spur vector of T. 

with 41, and Y in the above canonical forms, an 

expression may be obtained for any corresponding intermediary 

function, but before proceeding to this we note the existence 

of a certain invariant of an intermediary function, 

11. The determtnanp of apL iqermediary.fanotion. From 

the first and second period matrices g, A, or an intermediary . 

function we form the determinant 

S P. 

  

  

The absolute value IS! is the determinant of the intermediary 

function, and is invariant on transforming to an equivalent 

matrix GI, Since 

( * ii  
it follows thatISlis the absolute value of the pfaffian of N 

It is a non-zero integer and, in the above notation, is given 

0 Y  

by 
.151 = 	= 

b, b2  b3 
b3 b3 
—. — s  1 
b, b 

12. Theta functions. The canonical forms found for the 

matrices associated with a given intermediary function lead 

us to seek a function 0(u) satisfying the equations 
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(Ka 	= Cu), 

Cu + eh) = e 	
u + sp7) 

+tu 

1,2,3, 

h = 112,3, 

(e being the column vector whose h-th component is 1, the 

others being zero). 

It is found that Cu) must be expressiblelinearly in 

terms of the 161 functions 

[g] (a) =E (Ea + 	) niT( m *Bg) t 2u1 

where the sum is over all 3-vectors m 
in, 2 1,*21:41, 4141., 

arld 
= (fit  • gzo  113 ) where 04 ig h< bh = r • 	h = 13 1 2o . , 

The function Cljg1(u) is a theta function of order n. 

13. Abelian functions. It may now be proved, using the 

above representation of an intermediary function, that if 

+(u) is a suitable intermediary function of non-zero 

determinant attached to a Riemann matrix cz then the vector 

may be chosen such that 

f(u) = 4i a+ SO 442  
V(u) 

is an Abelian function attached to Q 

14. Fields of Abelian functions. Let Q be a Riemaam 

mntrix and let fl iu), fL(u) be any two meromorphic functions 

admitting the columns of as periods. Then the sum, 

difference, product and quotient of ft (m), f2  (u)(hD) are 

again meromorphic functions admitting these same periods. 

Thus the totality of such functions constitutes a field 

which is termed the Abelian Function Field attached .to 1.2  
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Since is a Riemann matrix there do e;;ist functions of the 

field for which the column of Q form a primitive set of 

periods, But besides these functions the field includes 

other Abelian functions for which the columns of Q are not 

primitive periods, and includes also degenerate functions  

which depend effectively on fewer than three variables and 

which therefore remain constant as u varies along some of 

the period vectors to in 86 ; in particular, the function 

field contains the field of complex constants, It is 

necessary to admit these degenerate Abelian functions in 

order to obtain the field, 

The essential properties of the function field are 

independent of the particular coordinate system chosen; and 

within that system the period matrix may be subjected to 

a unimodular substitution, Thus one field of Abelian 

functions is associated with en equivalence class of Riemann 

matrices, 

Abelian threefolds  

15. e algebraic relation between ,five intermediary.  

functions of the same typo, The product of m intermediary 

functions all admitting the first period matrix U but with 

°Gond period matrices A,,and parameters Yy (r = 1,2,.1,1m) 

is en intermediary function admitting the matrix Q and with 
_. 

second, period matrixEstiv  and paramotor L, Y.y. In particular, 
T al 	 Ys)  

the product of m intermediary functions of the same typo with 

period matrices 1:1„ 	parameter Y, characteristic matrix N,  
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x, = Of 	 V, 

be five intermediary functions of the same type with 

determinant 1S1 4 0. The number of products of degree  
x00 	x. is (m  I 4). These products are all intermediaXY 

functions of the same type with determinant mNS4 and so 

belong to a linear system determined by OSIline rly 

independent functions. For m sufficiently large 

I II 
4\ 2161 ,  

4 

since the left-hand aide eontains a posttive to 

t follows that for such a value of m there is at east one 

form of degree m 

which vaniahes identically in u on substituting 	) for xL  

If 	is reducible, then at least one of its factors must 

vanish identically as a function of u, and so we may take 

to be irreducible as a function of the xL: 

The same result holds for degenerate intermediary 

functions of the same type; for multiplying all by a suitable 

non-degenerate function we obtain non-degenerate functions 

for which the result holds and some power of the multiplier 

and determinant ISt =ATI (*0) is an intermediary function 

admitting the periods of Q, with second period matrix MA, 

parameter MY, characteristic matrix mN and determinant 

fiqa =m  I r = a3JS1. 
Vow let 

3r6 VZ  OAU 

M4 
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may than be t 	out as a factor. Thus 

Given any 5 intermediary functions (1).(u) ....41/4.(u) of 

gex us 3 and qf the same type, there is an irreducible form 

x. 	x whi h on sub 
	

OS 

identically a function of u. 

  

If fl  (R 	.., fit(u) are Abelian funs-41one of a field 1-1  

they may be represented as quotients of intermediary functions 

of the same type all with the same denominator (on taking 

a suitable common denominator), and the form for these 

intermediary functions gives rise to a polynomial in 4 

variables which, on substituting the fL(u) for these variables, 

vanishes identically as a function of u. Thus 

Any d, Abelian functions of genus 3 of the 	ield  

satisfy an algebraic equatOn• 

16 Abelian threefolds. Consider, in an affine space 

Sr  (y;  , .., y6 ) or in the corresponding projective space with 

coordinates (x„ xl 	xe ), the variety W represented 

parametrically by 

= 4(u) 

in terms of Abelian functions and by 

= 43i.(u) 

in terms of intermediary functions. The variety W is called 

an Abelian variety. Congruent points u give rise to the same 

point of the variety so that only the points of a fundamental 

cell need be considered. 

If the fi,(2) are chosen ouch that some 3 of the a 
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algebraically independent then W together with its limit  

points gives all the points of an algebraic threefold - en 

Abelian threefold - Which is otherwise defined by the algebraic 

equations satisfied by the TE(g). In future W will be 

understood to include these limit points. A general point 

of the:threefold W arises from a finite set of points of.tho 

fundamental cell, i,e, from a finite bet of incongruent points. 

If there are -r pants in this set then the threefold is said 

to be of'rank r. We shall not have 'occasion to consider the 

situation where a general point of W arises from an infinite 

set of , points,of the fundamental cell and W is of dimension 

less than 3.  
17. Picard. 	threefolde.  In the particular case when 

a general point .of the threefold '4 arises from 'a single point 

of the fundamental cell, I is celled a Ricard 'threefold; we 

denote this by 'V.  
If the parametric equations of a Picard threefold in 

terms of Abelian functions are 

Y1 = ri(u), 	i =1,2„., 

then soma three of the , f L (u) are algebraically independent 

and hence every other Abelian function f(u) of the field is 

an algebraic function of these and so is an algebraic function 

of they 	Further, since f(u) is a one-valued function of u 

and so of the yc , it must be a rational function'of the yi. ; 

and conversely, a rational function of the yL  is an Abelian 

function of the field. Thus 



-l9- 

unc tions,of an Abelian function field are rational  

,ons on a _Picard threefeld associated with the fie1d,  

and conversely. 
In particular it follows that  

Any two P.iva,rd threefolds associated With an Abelian 

function field are ' irationally equivalent 

7e can thus refer to the Picard threefold of an Abelian 
function field. This abstract threefold may be represented 

by any one of an infinity of birationally equivalent models,  

It may be shown that 

A model Of the Picard threefold may be chosen which is  

non-eingular andyhoseiloints are,in unexceptional (11)  

gPorresnondeneewiththe 'points of the fundamental coll. 

The Picard threefold is, of course, independent of the 

choice of fundamental cell, which does not enter into the 

definition. In fact, if W and Q1  =la 	uninodular) are 

equivalent matrices, then to each point of the fundamental 

*ell determined.  by one corresponds ono congruent point of 

the cell .determined by the other - the basic property of 

a fundamental cell. 
Again, if Q and Q' = A ()AI* 0) are equivalent matrices 

under the change of variableu* = A,u, then the Picard 

threefold V' for the field associated with ''is:a 	represented 

parametrically by Abelian functions of u' and hence by Abelian 

functions of u, and so is a rational transform of the Picard 

threefold V of the field associated with - and vice versa. 



3 at Oil 
u 	= 1,2,3*, (6) auk 
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Rene V and V,  are birattonally equivalent. 
Thus the Picard threefold is independent of the coordinate 

system and particular fundamental cell chosen. This is in 

accord with the earlier remarks that the properties of an 

Abelian function field are independent of the coordinate 

system chosen and that one field eorroeponds to all the 

Menem matrices of an equivalence class,  
MIL  esriire d threefold. 

   

Consider a model of the Picard threefold associated with 

a field 5- and represented parametrically in an affine space 

.9,p  by 

(u) 	= 1,2,3,4, 

we can assume that the first three fiAa are algebra e31  

independent, whence for these fiAR) 

ui  

and,_ since S # 0*  those equations may be inverted to give 

the dui 	at( The 	) are functions of the field 1' and so are 
au; 

rational functions of the four yi, *  and thus we obtain 
3 

E nkp. , I., y3 , yodyi. 	= 1,295  
L=I 

where the Ry are rational functions of the 	Integrating*  

we obtain the uj as everywhere finite integrals on the Picard 

threefold*  i.e. as Picard integrals of the first kind. Since 

each point (y0 of the Picard threefold arises from a set 
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of congruent points u- the values of one of these integrals 

taken from a point Pe  to P along different paths may differ 

by a component of a period generated by 	and only by such 

a component. 

The three Picard integrals are linearly independent, 

i.e. no linear combination with constant coefficients is 

equal to a constant. There are no further linearly independent 

Picard integrals of the first kind. For, using (5) and (s), 

such an integral may be expressed in the form 

v = f jEg (u) duj  3- . = ffo 

where the gj(2) are functions of the Abelian field; and 

since the integral is to be everywhere finite, the meromorphic 

functions gj (u) must be entire functions and so constants 

(the only entire functions belonging to an Abelian field). 

Thus v is linearly dependent on the three uj. Hence 

A, Picard thrtitefoldposseeses precisely three linearly  

independent Picard integrals of the first kind  

The Picard threefold is thus of superficial irregularity 3 

19. The Geometric genus of a Picard threefold. The 

geometric genus of a threefold is defined transcendentally 

as the number of linearly independent everywhere finite 

triple integrals on the variety. If in such an integral on. 

the Picard threefold 

R(71 , Y. • Y3  yit  ) 	dix 
where R i.s rational, we substitute for the yl i.n terms of u, 

we obtain an integral 
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bfg(a) du1 dutdu3  

where g(u) is an Abelian function and, as in the last section, 

the integral is everywhere finite if and only if g(u) is 

constant. Thus on the Picard threefold every such integral 

is a multiple of 

5fi 4ulau-2503, 

and the,Pleard threefold is .of geometric genus 1. 

207  Improperly Abelian and pseudo-Abelian threefolds.  

It is convenient to define here two other types of threefold 

which appear in our work. The study of both is due to Roth. 

An Abelian threefold is said to be improperly Abe]4en 

it can be represented, simply or multiply, on a product 

of Abelian varieties of genera less than 3. It consequently 

admits a parametric representation by means of algebraic 

functions of Abelian functions of genera less than 3 (15, , 6; 

see also 7). 

A RaeudQ.Abelian threefold of type 	= 1,2) is one 

biratiommlly equivalent to a non-singular threefold possessing 

a continuous commutative wt  group of automorphisms whose 

trajectories are elliptic curves when q = 1 and hyperelliptic 

surfaces when q = 2. The pseudo-Abelian threefold is termed 

elliptic or hyperelliptic accordingly (13, 14; see also 12). 

An improperly Abelian threefold may, in particular, be 

elliptic or hyperelliptic. 

21., Ordinary .automorphisms of a bard threefold. Let /' 

be an Abelian function field and let V be a non-singular, 



= u + .. (mod 

transformation of the fundamental *ell into n 

.23. 

unexceptional model of itt,  Picard threefold given by 

parametric ,  equations 

= ft  (u) 	= 

Any rune ion 	field is a rational function of the ft  (u). 

Gon ider the linear transformation of u determined by 

= u + 

where e is a constant vector. Congruent points of the u space 

transform into congruent points, and so we may also write 

itself. Correspondingly, we have an autombrphiam of V, since 

YL 	(at) = ft (u + Li 
is . a, rational. function. of the yl ; and vies versa sri. is 

.a:rational,functionof the 511 

The product of the transformations Gorresponding to 

vectors c, ga. is the transformation corresponding to the 

vector + oz. Aa c varies (mod 0 we obtain a continuous 

003  commutative group.of automorphisms of V.. These transform 

ations aro said to be of the first kind (Roth, 17, 166). 

There is precisely one automorphism of the group transfo 	g 

any given point P into any given point PI: there are no 

exceptional points, and the group is said to be absolutely  

transitive. 

qe --obtain a second 003  system of automorphisms of V from 

the linear transformations 

.2.  

of the aeon d kind. They do not 	 a group alone 



but do 	in conjunction conjunction with the automorphisms of the first 

kind. 

e possession of the Group of automorphisms of the 

first kind is characteristic of a (non singular) Picard 

threefold, 1.94 

non-singular, algebraic threefold which possesses an 

inuous commutative group, of automorphisms which is 

absolutely transiti7g_is a Picard threefold. 

The automorphisms of the first and second kinds are 

termed ordinary.  

S 
	card threefold. 

Every 	ard threefoldadmits 	 above ordinary automorphisms 

which impose no condition on the Rieman: matrix Q. Any other 

automorphism of a :Picard threefold will be represented by 

a linear substitution on u 

le =Au+ 0 	(7) 
where A ( *E) is a non-singular 3x3 matrix, For (7) to 

represent en automorphism we must first ensure that congruent 

points u transform into congruent points uf. This implies 

A 2 = Q R 	(8) 

where R is a non-singular integral 6x6 matrix. alien 

condition (S) is satisfied one point u (mod Q) gives rise to 

one point ui (nod g), To ensure further that the converse 

is true we.require that 

= S";, 	 (9) 

ii 	an into gra,l 6x6 matrix. From (8) and (9) it follows 



that Rl = R.4  whence R must be unimodular. If this is so 

then one point 	(mod U) corresponds to only one point u 

(mod 0 Thus (7) represents en automorphism of the Picard 

threefold it and only if (e) is satisfied with R unimodular. 

The relation (8) is a particular instance of a Hurwitp  

relation, .ore generally, such a relation holds for en 

arbitrary algebraic correspondence but A and R need not 

then be non-singular. The cases when A = 	and 

A 10E3 
	pE6  are termed trivial.o require a particular 

type of non-trivial relation to be satisfied. A general 

Riemann matrix Q does not admit any non-trivial Hurwitz 

relation. When the matrix does admit such a relation#  the 

corresponding function field is said to admit comRlex 

multi:131i ation by A;  if f(u) belongs to the field so also 

does f(A u). The terminology derives from the case of one 

variable when is then neces arily a complex multiplier. 

m Possibly between two different threefolds, in which 
case, on the right, the matrix a is replaced by some other 
Riemann matrix Qt• 



CHAPTER 2. INVOLUTIONS.ON A PICARD THREEFOLD 

J. The oneration of involutions on, a Picard threefold. 
Let V be the Picard threefold associated'with an Abelian 

function field 9-  and let f be an Abelian threefold of rank r 

associated with this field. Then W is a rational transform 

of V and ie represented on V by an involution I,. of order r 

One method of generating an involution on V is by means of 

a finite group of automorphisms. It is fundamental to our 

work that under certain conditions; it can be asserted that 

the involution I, may in feet be generated in this manner, 

The result is arrived at in the following series of three 

theorems. 

Theorem 1 	f I,. possesses 00/  coincidences then the  

peometric genus and plurigenera of W are all zero. 

The proof is due to Roth (16). By hypothesis, there is 

a coincidence surface on V and hence a branch surface B on W. 

Consider, then a general linear system kV of surfaces on W; 

this maps an irreducible system ICJ on V, which belongs to I,-

and whose ad joint system Wlis equivalent to the sum of the 

transform of IC'! and the coincidence surface. Now since 

V has a canonical surface of order zero, we have CI' 0, 

whence it follows that C r  Ct + B; that is to say, W 

possesses an anticanonteal system (12). Hence, on W, the 

process of successive adjunction always terminates (12) so 

that I must have geometric genus and plurigenera zero. 
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Theorem 2, Any Abelian threefold W of superficial  

Ir 	ari 3 is a Picard threefold and he involution 

=rein .it on, another Picard threefold V can , be generated 

automorphisms of the first kind, 

As above, let the Abelian threefold W be mapped on the 

involution I,. on the Picard threefold V possessing integrals 

of the first kind ui (i = 1,2,3) and associated with the 

Riemann matrix 	Let W lie in an 54, (Y; , 	5r3, 4) and 

let three linearly independent Simple integrals of the first 

kind on W be 

5(R07, 4 111245r2. 	Rodi3  ), 	$ 0 

where the RED  are rational functions of y, Yz O 13 I 74. 

Substituting for the yi their values in terms of the ui, we 

obtain three linearly independent simple integrals of the 

first kind on V and we may take these to be the ui  themselves 

so that 

+ i3dyz  + R13dy3  = dui,* 	= 1,2,3. 

If u and ue are points of a set of the involution Iv, the 

left-hand side of (1) is unaltered when we replace u by u', 

and therefore 

dul = dui, 	I = 1,4,3, 

whence 	121, = 	+ ci, 	I = 1,20, 

or 	u,  =u+ c* 

Thus the involution on V is generated by a finite group 

of automorphisms of the first kind. The corresponding group', 

I', of linear substitutions on u eentaine all those generated 



.28. 

by the columns of the Rieman matrix Q. Nom the Abelian 

functions in the parametric representation of W are invariant 

under all the substitutions off whence it follows that r 
may be generated by 0 substitutions, the constant vectors 

of which give the columns of a Riemann matrix Q1 ; A general 
point of W arises from one point u (mod Q ), and so W is 

a model of the Picard threefold associated with 	This 

completes the proof of Theorem 2 

Theorem 3. If the Abelian ,threefold W h.as some pl  

genus peater than zero and the involutionmassing V on 

a :'icard threefold V is not _compounded of a i,card involutional,  

then-I, can be flpneratgq by a finite group of automorphisms  

This theorem for varieties of.arbitrr dimension is 

due to Andreotti. (1) The proof in the case of surfaces was 

given by De Franchis (5) thus removing a restrictioni  which 

was earlier found neeessary in Bagnera-De Franchis (2) 

In proving the theorem for threefolds (the procedure 

for any dimension is the same) the first step is to show 

that no point of V is fundamental for the involution I,, i.e. 

no point corresponds to a curve or surface in the involution. 

This follows from a consideration of the tensorial form 

That is, an involution whose model is a Picard 
old. 

It was found necessary to assume the non.-existence 
of fundamental curves far the involution; their exclusion 
in (5) was by the method given here in the text. 
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shown by K&hlor (8) to be associated with the non.zero 

plurigenus, pn  say, of W. Under the rational transformation 

between V and V this form becomes the tensorial form 

corresponding to the n-th plurigenus of V, and this form 

may be written 
“u,„ u„ u3 )  
(s, 	sz t Ss 

the III  being h simple integrals of the first kind on V 

and the sL  auxiliary variables. 

The expression (2) must thus be invariant on passing 

from the neighbourhood of a point u to the neighbourhood 

of a point u" conjugate to u in the involution, and hence the 

Zacobian of u with respect to u" must equal an n-th root of 

unity and so must be non-zero. This excludes the possibility 

of fundamental points.  

From this result and Theorem 1 it follows that the 

groups of the involution 1,. which contain united points are 

«7' at most and that the oorrespoding locus in the real S4 of 

the u is at most a real surface, D say.  

Now suppose V to lie in an S*  with non-homogeneous 

coordinates x = (x,, 	x*). Let the parametric equations 

of V be 

xL  = fl(u), 	i = 1,2,3,4, 

where the fL belong to the matrix U. 

Let x° and x'°  with respective parameters u°  and u'° be 

two points conjugate in the involution. Then in some 

neighbourhood of x", the x! are arelytic functions of the xL 

(2) 



in some neighbourhood of x°; and hence of u. These 

functions can be extended analytically to every point of 

the S/  except points of the real surface D corresponding to 

coincidences in the involution. Further, every closed path 

in the St  may be reduced to zero keeping one point fixed, 

without meeting be surface D, whence the functions are 

meromorphic. 

If, then, u describes a closed cycle in the S6  not 

meeting D, the xt return to their initial values. On the 

other hand, if the point a describes a closed cycle on V, 

this corresponds in general to increasing the u by some 

period dependent on 9. and not to a closed cycle in the a 

space, and the effect in general will be to permute the 

points conjugate to x in the involution. However, since 

the order of this permutation must be a factor of r!, if 

the cycle on V is described r! times the identical substit-

ution on the points of the set must result, In other words 

if u is increased by any period from the matrix r!Q, the xt 

are unchanged. Thus the xt are Abelian functions of u for 

which r!Q is a period matrix; though not necessarily 

a fundamental period matrix. This matrix is fundamental 

for the functions 	so that if V is the variety, 

birationaily identical to V, which is defined by the equations 

= 	( '174k) 

	
i = 1,2,3,4, 

it follows that the xt (u) are rational functions of the Fit  

and hence that the integrals ut are expressible linearly in 
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terms of the -T, i.e. in terms of the lit. 
T. 

ae have therefore 

Au # tt (mod (3).  

where !AI * 0.  

Consider the set of all linear substitutions by which 

we pass from the parameters of one point of the group to 

those of another point of the group. These form a group C} 

containing all the above substitutions (3) and also the 

substitutions which au ent u by any period dependent on Q 

since these latter leave all the points'of the group invariant. 

In G the set of all substitutions of the form 

ut = u + v 	(4) 

form a subgroup F. Since the coordinates of a point on W,  

as functions of u, are invariant for G and so in particular 

for r, this latter group admits a set of 6 generating 

substitutions, say 

who  h = 1,2,..,S, (5) 

where 	= (wh) is a Riemann matrix. If Z is the :Picard 

variety attached to the matrix DI, then 

(i) the coordinates of a point on W, as functions of u, 

admit 	 and so are rational functions of the coordinates 

zL(i = 1,..,4) of a model of Z in Slo 

(ii) the coordinates zL  of a point on Z, as'funotions 

of u, admit the matrix Q, since the substitutions (4), as 

noted, include all those dependent on 	Thus the zt  are 

rational functions of the xL. 
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By hypothesis, the involution I. on V is not compounded 

of an Abelian involution of rank 1, whence the transformation 

from V to Z must be binational, and 

Sgt = Q. 

therefore, in any substitution of G we increase the u by 

any period dependent on U s  the u/ must also increase by 

a period dependent °nib  for otherwise (5) would not represent 

the generating substitutions off'. Thus the equations for 

the substitutions of a are satisfied mod £ and so represent 
birational transformations of V. This is the required theorem: 

In a discussion of threefolds W representable on 

involutions on Picard threefolds V, the condition required 

in the proof of the last theorem that the involution should 

not be compounded of a Picard involution can always be met 

by replacing V by Z when necessary. Thus, for our purposes, 

there is no loss of generality in supposing this condition 

to be satisfied and this we shall do in future. 

That the theorem is not universally true without this 

condition is demonstrated by a counter-example in (1). 

2, The, linear group on u*  We have seen that two trans-

formations of the group G which have the same A have c which 

differ only by a period generated by 9, Therefore if we 

consider the finite group G (mod 0, i.es the factor group 

cyT, this group is isomorphic with the homogeneous linear 
group consisting of substitutions of the form 

of = Au. 

* The orders of the group of automorphisms and of the 
group of substitutions G (mod u) equal the order of the 
involution. 
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We investigate the possible forms of this group, and to this 

end consider the various conditions which A satisfies. The 

homogeneous group will also be denoted by G. 

3. The geometric genus of V The geometric genus is 

determined b the following theorem: 

The threefold W has geometric fcenus 1 if and only if  

each substitution of G .ins modular: when G contains  

a non-modular substitution the Aeometrio genus is zero. 

The geometric genus is given by the number of linearly 

independent everywhere finite triple integrals on. When 

the parametric expressions for the coordinates are substituted, 

each such integral gives rise to a similar integral on V, and 

linear independence is preserved. Thus the geometric genus 

of W cannot exceed that of V and so can have only the values 0,1. 

Suppose first that W possesses one everywhere finite 

triple integral 

11fR(7; , 71 * 13 * 	)d71 

On substituting for the yl in terms of u we obtain the unique 

everywhere finite triple integral on V which is 

111dul duldu3  

apart from an arbitrary constant footer. Hence, dividing 

R by the appropriate oonstant, we can write 

D(y, , 	11 13 )  
1101 ) 	 a* I 

uz, u3) 

for all u, where the second factor on the lett is the 

Jacobian of the yL  with respect to u, Writing of for u 
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where the two points belong to a set of the involution does 

not alter 11(YJI Hence we must have 

D(Y; P 72. Y3 ) 	D(Y; • Yx  • y3 	D(Y, • Yx  y3 	D(1171 U tz,) 
3  17(4,/-ut, u:f 	D(ut „ 	u3 ) 	u!, 	10).1)(u,, u„ u ;(6)3) 

from which it follows that 

D(u:, ut.,  u') 
	3 	I I 11 D(ul , ul, u3 ) 

and the substitution transforming u into u' is modular, This 

must be so for every substitution of the group G. 

Conversely, if each substitution of G is modular, then 

(G) shows that the :acobian 

D(Yi • 3rx  P 7.3 
Iquis 	u3  

hich is an ,Abelian function admitting the eriods of Q 

takes the same value at all the points of a group of I, It 

Is therefore a rational function of Yi • Y1, 73  • y, end so 

we can write 

D(3r, it 71  ft 73 ) 

= 
R(Yi , 	# 73 $ 	) 

and 	du, du,du3  = R(7; yz, 5r3  • y,. )dy, dyt dy3  

Thus the right-hand side of this equation gives an everywhere 

finite triple integral on W, and the geometric genus of W is l• 

In all other oases the geometric genus of W must be zero.  

4, The superficial irreLularity of W.  This is given by 
the number of linearly independent everywhere finite simple 

integrals on W. Since each of these gives rise to a similar 

integral on V, linear independence being preserved, the 
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superficial irregularity of W cannot exceed that of V, 

namely 3. We have already eliminated the case where this 

irregularity equals 3 and W is consequently a Picard threefold.  

When the superficial irregularity of W is 2 we can 

choose u such that the integrals on V oorresponding to the 

chosen ones on W are 	uz. 	If nil  ul belong to the same 

set of the involution I.. on V it then follows that 

	

du: = du, , 	duz  dux  

and so 	uT = 1.11 + a 	ul = uz+ oz. 

In thisCan®   ev,r7 substitution of G may be put in the form 
u: = u, + el  

ul = uz  + cz, 

U3 otocu, +puz  + tru3  
Similarly, when W has superficial irregularity 1, the 

expression for u: in every substitution may be put in the 

form 

uT = u, + a, 

if u is suitably chosen. 

Conversely, when the group can be thrown into one or 

other of the above forms, the threefold W is superficially 

irregular.  

4Reduetion of one substitution of G to a standard form 

Any particular substitution of G genera:tes a finite °Talc 

group (modji), isomorphic with the homogeneous linear group 

obtained by ignoring the constant terms, and hence homomorphie  

with a finite cyclic, plane projective group. Now any such 
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group possesses at least one set of three non-collinear 

invariant points and, referred to such a set as vertices of 

the triangle of reference, the projective group takes the 

form of a multiplication on the variables. Further, starting 

from any one or two invariant points we can find the remainder 

to make up a triad 

Thus, using the reductions of the last section, we see 

that wheal is of superficial irregularity 2, one substit 

ution of 0 may be put in the form 

xi! = u, + cl , 

111 = u, + c„ 

114 = A 3 u3  + 03 , 

with 11 3  1# 1. Replacing u3  by u3  + 

be come 

3 the last equation - A, 

u: = A3 u3. 

Similarly, when W is of superficial irregularity 1,  
'substitution, of 4 may be reduced to the form 

= ul  + el  

= A02„ 

u: = A3 u3, 

with A„, A3  not both equal to 1. 

When V is superficially regular, one substitution of 

may be reduced to the form 

ul = A01,, 

ul  = Aoxt, 

us 
3 = /13 U3 
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with A l , A xil  Aa  not all equal to 1,0 If, of course, this 

cyclic group eonstttutes the whole of the group G, then 

none of AI' Alt A3  can equal 1 

Threefolds W of gegmetric genus 1. In proving 

Theorem 3 aboVe it was necessary to assume that some pluri-

genus or vi was greater then zero. "rpm now onwards we shell, 

restrict our attention $o those threefoldS W which are of  

geometric mnus one, and so this condition. will be satisfied. 

In the linear group G every substitution must now be 
modular, and when the substitution is reduced to 

.
a standard 

form we must have 

A, A z A, 	1. 	 (7) 
It is now seen that the variety of eometrio ;genus 1 

cannot ,be 

= A, 

 

regularity 2. For otherwise we could make 

and then by (7) we should also have A3  = 1, 

 

and G would contain a substitution of the first kind, 

a situation we have shown can be excluded. 

74t  The characteristic equation of a substitution of  

the group G. Consider a substitution of G reduced, as is 

always possible, to the form 

ut = A, u, + 

ul = Azul, 
u: 
	

A3  1.1.3  

where 	A3  * 1 and A, may or may not equal unity. The AI  

are termed the multipliers of the substitution. Since G 

does not contain any substitutions of the first kind it 

C i 

(8) 
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/A, 0 01 

0 A, 0 

\0 0 A3/ 

( 9 ) 

where 
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follows that if u is increased by a period from 0 then also 

u' must increase by a period dependent on U. This leads to 

the equation 

and R is a 6x6 integral atrix;  (9) is the ffurrritz relation 

of the automorphism,  

The complex conjugate of (9) gives.  

A 	R 

R be .n 	Hence 

( R 

which it follows that 

is the transform of by 

'his implies that' 

xj131fia $s31 = 

being the unit matrix of order r 

The sextie equation 

La xE 
	

(10) 

as before. 

1 '0* 

which has integral coefficients, is the haracte s 
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equation of the substitution (8). From (10) it is seen that 

the roots of the characteristic equation are 

AI  0 A z  * A3  AI 	-"A z  1 7A3  
Further, since the characteristic matrix (R 	is the 

transform of 

xE3) 

by a non-singular matrix the ranks ofthese two matrices 

are equal when any parti ular value is substituted for x. 

Since, when any root of the characteristic equation is 

substituted in the latter matrix the rank is reduced by  

multiplicity of the root, i.e. by the maximum possible 

amount, this also occurs for the eharacteristie matrix. 

We have therefore the following three facts: 

(i) in addition to the multipliers, their complex conjug 

ates are also roots of the characteristic equation; 

(ii) any real root of the characteristic equation must be 

of even multiplicity; 

(iii) if two or all three of the roots are equal their 

value, if complex, is a double or triple root of the char-

acteristic equation and, if real, is a quadruple or sextuple 

root; and when substituted In the matrix 	 4) the 

rank of this matrix is reduced to 4$  3, 2 or 0 respectively.  

The n-th power of the substitution (8) has multipliers 

,A; and, if the substitution is of period n, these 

must all be equal to 1. In addition, if A, = 1 so that 



possibly c, co 	must hate 

(no, , 0, 0) n Q  (media). 

8. 	 0 primitive m...th roots of pity. In applying the 

above considerations to determine possible sets of multip-

liers, the following observation on the roots of unity is 

needed. 

Lot tom  be a prix itivem-th root 	and consider 

the polynomial x m 
	

n xm  1 is expressed as a product 

of factors irreducible over the field of rationale R, wry, is 

a root of the equation obtained by equating one of these 

factors, f(x) say of degree a, to zero; f(x) is the 

characteristic polynomial of w,,. The field ii(tom) obtained 

by adjoining, wm  toR is of degrees and is isomorphic with 

the field of polynomials in x over R, modulo f(x), ( 103), 

Every primitive m-th'root of unity belongs to this field, 

and each such root determines the same field. Thus all 

such roots are roots of the equation f(x) = 0. Further, 

f(x) has no other zeros; for if one such zero were 

a primitive mP...th root. of unity where ml divides in, it would 

follow that f(x) was a factor of xm"- 1, and tom  could not 

bo a primitive m-th root, contrary to hypothesis. 

Let 0(m) be the Gauss-Euler function of m, i.e. the 

number of integers not greater than m and prime to m. Then 

w We shall generally use wm  in this sense; but 
primitive cube and fourth roots will, as customary, be 
denoted by e and i respectively, 
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there are 0(m) primitive m-th roots of unity, and the degree 

s of f(x) equals cilm). 

9, Scope of the following chapters. The next chapter 

combines the theory developed above with that of ternary 

linear groups to determine all nodular homogeneous groups G 

which can give rise to involutions of the required type on 

Picard threefolds. Chapter 4 oonsiders improperly Abelian 

threefolds and sets out the associated preliminary results 

concerning elliptic curves and hyperelliptio aurfaoes which 

are required in the discussion of these and other threefolds. 

Chapters 5.8 investigato the Blemann matrices for the Picard 

threefolds on which involutions can be generated by the 

various types of homogeneous group. Some oases are worked 

out in full to illustrate the techniques involved, while 

for the remainder one matrix is given in each eaoe to e tab-

lish that involutions can be obtained from, all the groups.  

Chapter 9 is devoted to the problem of finding for the 

matrices which admit any given homogeneous group all the 

non-homogeneous groups admitted by each of these matrixes. 

Again, although the principles are general, their applioation ,  

in a particular instance can bo lengthy and require special 

arguments, and so they are illustrated by reference to the 

cyclic groups and a selection of other groups. The chapter 

is followed by a list of the 64 homogeneous groups which 

give rise to Abelian threefo3.ds of geometric genus one. 



THE HOMOGEICOUS LINEAR GROWS 

.. .Finitemodular ternary linear Frou 
ternary linear groups are in (1,1) or (3,  

with plane projective groups according as 

contain the substitution with multipliers 

plane projective groups were investigated  

The modular 

1) correspondence 

hey do not or do 

c o  e. The finite 

completely by 

PS. 

Jordan (7) and Val entiner (19) and completely by Dlichfeldt 

(3; or 11). A brief summary of the results is contained in 

Van der Waerden (20). It is convenient for our present 

purpose to distinguish five types of finite plane projective 

group; the authors mentioned were concerned only with the 

last of these - the primitive - since the general structure 

of the other types is either easily arrived at or else 

reduces to that of binary groups. 

A plane projective group is seid to be reducible when 

it leaves invariant a point or line; it then also leaves 

invariant in addition a line or point respectively, in each 

case the point not lying on the line. Thus in all reduoible 

plane eases we have a non-incident invariant point and line. 

In some cases the group is further reducible and the line 

contains two points each of which is invariant, giving three 

invariant points. In the other reducible cases we have 

a binary group on the line, and the possibilities here are 

well-known (9, 11). In this work we recognise three types 

of reducible group: 

(A) Cyclic groups, concerning whose nature nothing 
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need be said; 

Multiplicative groups. This term is used to denote 

those groups, other than cyclic groups, leaving three points 

invariant. They are obtained from two or more cyclic groups 

leaving these three points invariant; 

(C) Deducible ternary groups of the regular solids. In 

all reducible groups other than those covered by (A) and (13) 

the group determined on the invariant line is the binary 

group corresponding to ono of the groups of the regular 

solids: dihedral tetrahedral, octahedral, icoodhedral, 

A projective group is said to be imOrimitive when the 

space 'on which it operates can be expressed as a sum of 

subspaces which are permuted b the group, Such a group is 

either reducible or else the subspaces are all of the same 

dimension, and when this dimension is zero the group is said 

to be monomial. In the case of plane groups the only irred-

ucible imprimitive groups are monomial ones, and these 

constitute our fourth type 

(3D) Monomial,grouPs. These leave invariant a triad of 

points but no individual point of the triad. 

All remaining groups fall into the fifth class: 

(E):Zritoltive groups. These do not leave invariant 

any point or triad of points. 

We now obtain in turn the linear groups G belonging to 

the above five categories and satisfying the conditions 

implied by the existence of a characteristic equation for 

each substitution. 
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2. Notation. 	shall use 0, to denote any group of 

order 	 The speeifia groups found below will be denoted 

by Roman numerals*  and so we shall write, for example, 

06(IV)„ or simply .G(IV) if we are not concerned with the 

order. It will be convenient from now onwards to replace 

the variables Uf , UL, U3  by x, y,  z, The substitution 

= A,x, ys = Axy, z' = A3z 
will be denoted by 

S(,Aix„Aly, 

and further (*relic substitutions by Sit  81., 

(A) Cyclic  

mposed ©11 ..the 	1 	From the 

results 	 last ohapter, the multipl 
	

AL  of a goner- 

ating substitution are roots of a sextic characteristic 

equation, and if AL is a primitive m-th root of unity 

d(m) 4 6* 

The values of m. for which this is so, together with the 

corresponding values of ch(m) are as follows 

m 	2 3 4 5 6 7 6 9 10 12 14 18 
41(m) 1 2 2 4 2 6 4 6 4 4 6 6 

Assume Al, AI., A3  to be ordered so that 

mi 4 m2. 4 in3  

the least common multiple of mi , m, be m. Then since 

A3  
allows that m3 	and the substitution is of period m* 

case of a ternary modular substitution, the period 
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is given by the index of the multiplier of highest index. 

Possible orders for the group are therefore the values of m 

in the table above. 

The following four facts are constantly needed, 

(1) 	 AIA3 = 1. 

(ii) If one AL takes the value +1 or .1, this is a double 
root of the characteristic equation and the remaining two 

multipliers are at most quartic irrationalities. 

(iii) If two AL are equal, their characteristic polynomial, 

being a repeated factor of the.characteristic equation, is 

at most a cubic, so that Al= wm  Where m = 2,3,4, or 6. 
( iv) If two of the are m-th roots of unity where ctqm >3 a f-0 

M = 5, 7, 8, 9, 10, 12, 14, 18,  
they cannot be conjugate roots. For both must be simple 

roots of the characteristic equation and so, if conjugate, 

would lead on substitution in equation,(9) of the last chapter 

to the (determinate) ratios of the elements of one row of CI 

being the complex conjugates of the corresponding ration for 

another row. With a suitable change of variable we should 

obtain a matrix one of whose rows consisted entirely of real 

elements, and the representative points in the S6  of 

Chapter 1.3 would all lie in a prime, contrary to the fact 

that they must be linearly independent. 

In listing possible triads of multipliers, the order 

in a triad is of no significance, and further we give only 

one generating triad for each cyclic group. 



4A  Enumer on Of _cyclic ,groups,  If A,= Al= A, there 
is one possibil 7• 

G3(I) 	(ex 	ez). 

If two AL  are equal, say Ax = A.0  there are three 

possibilities, 

Gx(II) S(x, z 

S( 

G6  ( ) 
	

(ix. `"eY, -ez). 
That there are no further,possibil es fellows from (i i). 

If all three AL are different we find the following oases. 

(a) One multiplier, say A I, equals 1. The other two mat 

/pliers must be complex conjugates and so by (iv) there 

are - excluding G(II) above 

G3(V) 	S(x, ey, ez); 

GOV') S(x, iy, -iz); 

G6(VII) 8(x, -Ey, -ez). 

(b). The above seven groups are of orders 2,3,4 or 6 We 

show now that there is only one further group with ono of 

these orders. The multipliers of such a group must be 

Chosen from 

+1, ±e, *et, ±i. 

It one multiplier is +1, one of the other two must be -1, le 

or i, giving four oases all enumerated above. If no mult- 

iplier is +1 , or -1, then all three must be chosen from 
±e, tez, and we obtain I or TV. If one multiplier is -1 

then, apart from II and III, we have one further group, namely 
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G6  (VIII) 	s(imP 

(c) The remaining groups are discussed according to order.  

For a Gs, noting (a) above, we see that each multiplier 

must bee primitive fifth root of witty. But then two of 

these multipliers must be complex conjugates, and this is 

ruled out by (iv) Thus there are no, modular groins of 

order 5 of the required type: and hence, also. no modular  

groups of order 10, 

For a G7  the multipliers must be distinct primitive 

seventh roots of unity. Calling any particular multiplier 6), 

the other two must be 4, 4, and we have one possibility. 

G(IX) S(wi x, w:y, 4s). 

For a 0, 1  ono multiplier must be a primitive eighth 

root of unity, say w, where we can assume wal = i The other 

two multipliers are powers of w8, other than w8, w, 1, th 

sum of whose exponents is 7. There are two possibilities 

Gd  (X) 	S(-2c, wa y, iwa  z); 

Ga(XI) 	S(ix, wa y, .-w a z). 

For a Glio  one multiplier must be a primitive ninth 

root of unity and so, since 4(9) = 6, the multipliers must 

be three distinct primitive ninth roots, no two of which 

are conjugate, and the sum of whose exponents is G. These 

primitive roots being of the form 
X * 5  m 7 8  tog I 01$ wit 	

m $ 	$ 	$ 

it s seen that the conditions cannot be fulfilled and so 

there are no modular cyclic) groups of order 9 of the required 



-48- 

and also no such groups of order 18. 

The next possibility is a Gm, Ono multiplier must be 

a primitive twelfth root of unity, say wm  where we can take 

ta m = iE By (iii) and (iv) no two multipliers can be equal 

or complex conjugates, Two possibilities are 

Gm(III) 	x ley, ielz); 

G,jXIII) 	ex, ley, -iez) 

Two other apparent possibilities are the groups 

generated by 

x 	lEz) 	and 	St.ex, iy, iEz), 

but, these may be dismissed; for in each case the multipliers 

can only be obtained from an octavic characteristic equation 

and not from a sortie 

Finally, for a 0m.„ since 0(14) 	each multiplier is 

a primitive fourteenth root of unity. The six primitive 

roots are of the form 
3 	5 	9 	13 

On, I 	0)4 	(4) 	W14- t 	(1)J4. • 

As each exponent is odd it is impossible to choose three 

such that the num of the exponents is unity, Thus there are 

no modular cyclic groups of order 14 of the required type.  

The above thirteen groups are all the cyclic groups 

which can possibly lead to Abelian threefolds of geometric 

genus one, 
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(,) Multiplicative groups  

3. BODM0a4t010,4 as a.direct product These groups 

are arrived at by considering in turn the possible values 

for the period of the substitution of highest order belonging 

to the group. Since.all.multiplicative groups are Abelian 

they can be represented as direct products of,ozalio jqoupa., 

i.e. for each multiplicative group there exists a set.of 

cyclic groups. such that any substitution of the multiplieativi  

group can be written uniquely as theprOduct - of. a set of 

substitutions, one from each of the cyclic groups (10, 140 

or 11, 87). The order of the multiplicatiire group is the 

product of the orders of the cyclic groups.' We shall give 

a set of generating substitutions and state what values the 

multipliers.can assume in each ease. 

(a) Substitutions of period 2. There is a single group. 

G4 (XIV) 	S(-x, y, -z), SAx 	y, 	); 	A,. 	3. 

(b) Substitutions of period 3. Every substitution of 

the group, other than identity, must be of period 3, for 

otherwise the group would contain substitutions of period 

exceeding 3. In all there are 9 possible modular substitutions 

and, bearing in mind the expression as a direct product, we 

see that the only possibility is the entire group of order 9. 

GI(XV) 	Mex$  ey, ez), 	cy, e z); " A, = 1,e,e1  
) Substitutions of period 4. Every substitution of 

the group is of period 4, 2 or 1. In all there are 16 such 

modular substitutions and possible orders for the group 



are 8 and 16. To obtain a G8  we must multiply the {(III) 

or Gil.(VI) by a Gz  of type II - with the multipliers in any 

relative order* This leads to a single Geo 

MITI) S(wX, 144 iz), 	y, ..z ); 	 = ±1" 	= ±1,±1. 
There is also the group of order 16v 

Gm(IVII) 	S(-x„ iy, iz) 	SAix, -y, iz);  Ai , Ai  = *11*i. 

(d) Substitutions of eriod 6. Every substitution of 
the group is of period 6, 3, 2, or 1* There are 36 such 
modular substitutions, and possible orders for the group 

are 12, 18, and 36.  
Multiplying G6  (VII)or 06  (VIII) by the Gz  with mult-

ipliers -1, 1, -1 (or -1, -1, 1) we obtain, a G. 
G,(XVIII) 8(.24 cy, .ez), 81(.34 7 z); A, = ±1, 

Al  = *1,±E o*c2" 

If, on the other hand, we multiply (IV) by either 

of these Gz  s we obtain a different Gm, 

Gm(XIX) 	S(ex -ey, 	z 	y, -z); A,= tlate,±e2, 
A,= ±A, 

Consider next the effect of multiplying a Gg  by a G3  

Multiplying G6  (VII)or G6  (VIII) by G3(1) we obtain a Gio 

Gw(XX) 	S(ex -ey, 	S,(x, ey, E2  z); Al= 1,€,e, 2  
Az= ±1,e0+e • 

If either of these two G6 s is multiplied by the G3  with 

multipliers e i  1, e or e, es  1, we obtain again this same 

group; and likewise if we multiply G4(117) by either of 

these G3 s or by G3(V), 

The only other group is that of order 36.  

Gu(XXI) 	s(ex .cy, Ez), SA-x„ ey,  •-elz); 	±1,*elel. 
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(0) Substitutions of period 8. Every substitution of 

the group is of period 8, 4, 2 or 1. There are 64 such 

modular substitutions, and possible orders for multiplicative 

groups are 16, 32 and 64. Groups may be formed by multiplying 

G8  (X)or 08(X1) by 02(II), Gip(III) or Git.(VI)„ in each case 

with the muItip Jeri taken in any order, or by se multiplying 

G(x) by (XI)*. In all cases where the cyclic group is 

extended to a multiplicative group it is found that the 

resulting group oontains the substitution with multipliers 

1, 1 	But this implies that the groups resulting from 

G(X) and G() contain respectively'the substitutions with 

multipliers 1, we, -1w8  and -1, w8, w8 ; and as the cyclic 

groups generated' by these sets of multipliers are not included 

in the wilt groups 	found earlier, we conclude that 

no multiplicative groups containing substitutions of 

period 8 are admissible. 

(f) Substitutions of s+eriod 12, Possible periods for 

for substitutions are 12, 6, 4, 3, 2, 1. There are 144 such 

substitutions. Groups can arise from Ga(XII) and Ga(XIII). 

As in the last paragraph, any extension containing the 

substitution with multipliers -1, 1, .4 (or .1, 1 1) is 

excluded since this implies also the presence of the 

substitutions with multipliers 1, is, -ie and -e, is, is 

* In some of these cases the two generating groups have 
substitutions in common so that the resulting group is 
btained explicitly as a direct product. This is 
event here, The same remark applies when considering 

substitutions of period 12, 
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respectively, and these do not swear in any of the cyclic 

groups. 

The only remaining possibility arising from (1: II) is 

obtained on multiplying by G3(I) (or by MTV) or by the 

groups generated by the substitutions with multipliers 

e, 1, el  or e 1 -Pei ); but this group contains the 
substitution with multipliers ..t o  1E i and so is ruled out. 

Similarly the only possible group arising from Ga(XIII) 

is obtained on multiplying by G3(V) (or equally by Gi(VII) 

or by. the groups generated by the substitutions with 

multipliers e 1, el  or e -1, -el; this group contains 

the substitution with motipliers t o 	i and so it also 

is ruled out, 

Thus no multiplicative groups containing substitutions 

of period 12 are admissible, and this concludes the discussion 

of all the periods found for the cyclic substitutions. 

(C) Reducible,ternary groups of the regular solids  

6, The tooaahedral group.  It was shown in the discussion 

of ayaIic groups that no substitution of period 5 is admiss.. 

ibis. Since the icesahedral group contains such substitutions 

it is thereby excluded - both in its reducible and irreducible 

ternary forms. The remaining reducible groups are the 

dihedral, tetrahedral, and octahedral, and these are 

considered in turn. 

7. Dihedral groups. These groups are obtained on 

extending a cyclic or multiplicative group by the adjun 
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otasubstitution interchanging two of the united points of 

the group. There is no need to oonsider the effect of 

adjoining more than one transposing substitution. For the 

set of all multiplicative substitutions in the resulting 

group would constitute one of the groups I-I1I; and the 

product of two transposing substitutions would belong to 

this subgroups 

When the multipliers of the groups I XXI are taken  
the orders given above, it is necessary to consider 

suecessively the interchange of the three possible pairs cif 
united points. For the moment, however, a substitution 

transposing y and z will be taken, and the question of 

reducing this to one of a sot of standard forms investigated 

Consider then a transposing substitution 

x* 	y' = az, z' = py• 	(1) ap 

Keeping the same triangle of reference so as not to alter 

the forms of the cyclic groups, choose new variables 

X, Y, Z, given by 

z=Xr y = ,/;;;(11', z =~z.  

The substitution (1) now assumes the form 

X* = 	/1 = -pZ, Z' = pro 

where p = 	Equally we can choose variables such that 

p =..,.a;41 

Alternatively, if we choose X, r$ Z given by 

x = X, y 22,FY, z =1/7Z0 

the substitution (1) takes the form 
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X 	/1 	ipZ, ,g' = ip * 

where again p = J.T.74Tp; and equally we can make p = 

Thus the substitution depends on the one parameter p 

and, reverting to the old variables, may be taken in either 

of the equivalent forms 

I' = t-11-x, y' = -p z, z' = py 	(2) 

Zt =-127x, 	zt = ipy. 	(3) 

To determine the possible values for 1)0  observe that 

the square of (2) or (3) is the substitution 

$(01 -P Y, -Pz.z) 	(4) 

Possible values for pL  are thus 

1 l 
	2_ 2. 1, 

For p we need only consider one of the square roots in each 

ease, and we choose the values 

1, i ex
, iex  e, le, moll , two  

n view of the presence of the substitution (4) in the group, 

the possibilities which need to be considered may be reduced. 

Thus when, p = e, we see that the product of the transposing 

substitution and the corresponding substitution (4), to the 

cube of the transposing substitution, is that transposing 

substitution for which p = 	In this way the above values 

for p may be reduced to one or other of 

1, S411 -.l.(48  • 

The first of these we shall use with the ansposing substit-,  

ution in the form (2) and the other two with the substitution 

in the form 3) Thus we have three transposing substitutions 
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which may be denoted by' 

(x„ -zo  y)„ 	T(-xo z,  y), 	T( iv -4)8 z, batt y) 

respectively, As remarked. earlier, in each case the'two 

corresponding Substitutions involving a multiplication on 

y or z must also be considered. We examine the groups 

arising from. the three types of substitution in turn. Each 

group can, of course, be generated in more than one way and 

may contain a number of the substitutions T as will 

become apparent in the dissuasion. 

Note that if in a oyclio group, themultipliers of two 

variables .are always equal, a substitution transposing 

these variables'need not be'considered since by a change of 

variable any resulting group can be reduced to a multiplicative 

form which must have been determined already, 

8 j)thedralArma whose generators include T(xc z. Y)  

or;T(zo 	11(-Y, x. z).  The,substitution Tz  is of 
period 2, whence groups of odd order, i.e. groups I, V, IX 

and XV, need not be considered. 

GX(II) gives rise .to one group, containing also - G4(XIV). 

GB(: I)S(x, -y .z),  T(-y, xo  z). 

giires rise to one group, containing also G, 	) • 

G32.  XXIII) 	S(..x, iyo  iZ), T(-y, x, z). 

G6(IV) gilies rise to one group, containing also GJXI )1, 

G-14. 1.XIV) 	S(cx. 	-ez), T(-1-8  x, z). 

G, (VI) gives rise to one group 

Ge(XXV) 	iy, -1z), T(X'►  -zo  y). 



A second possibility is the group generated by 

S(x, ly, -1z) 	x, z)* 

but this coincides with 031(12III). 

G6  (VII) g ves rise to two groups* 

Gm(XXVI) S(x, 	 y, -ez), T(x, -z, 

Gu(XXVII) 	s(x, 	lys  ocz)„ T(.1, x, z)* 

This last group contains G36(X2I). 

G6  (VIII)gives rise to two groups. 

6(-x, ey, 	T(x, -z, y), 

G36(IX) 	x ay,  -clz), T(z,  y, 

The first contains Gm(XVIII); and the second Gia(XX) 

x, y interchanged* 

A third possibility is the group generated by 

$(-x, cy, -ez), 	x, z); 

but his coincides with Gu(XXVII). 

G8  (X) and G8  (II)each give rise to one group. 

G4(XXX) 	(-x, w9 y, iw,z), T(x, -z, y); 

016(XXXI) 	8(ix, (48 y„ 	T(x, -z, y). 

In each case the group obtained by adjoining instead 

T(-y0  x, z) contains a substitution of period 16 and is 

ruled out. 

Gix(XII) and G12.(XIII) each give rise to one group. 

G24(1 111I) 	S(-x*  icy, Utz), T(x, -z, y); 

a,$xxxXII) S(cx, icy, -iez), T(x, -z, y). 
In each case the group obtained by adjoining instead 

T(-y, x, z) contains a substitution of period 24 and is 
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ruled out.  

We have noted in passing the most ample multiplicative 

group contained in each dihedral group found. Consideration 

of the effect of adjoining one of the three Vs at present 

under discussion to the multiplicative groups shows that in 

fact only one 40W group arises and this from Go(XVI). 

Gm( 1:01V) S(-x 	iz), SA-x, yo 	)0  T(x -z,  y). 

In all other cases earlier dihedral groups are obtained, 

possibl with the variables permuted. 

orators include T (.x. z., y,)  

or T(z. ty, x) or T(y. 	-rd. Here all the groups XII 

must be oonsidered, inoluding those of odd order. 

The first group to give a new dihedral group is G3(V)0  

from which we obtain two oases, the second containing G9(XV). 

G6(2XXIT) 	S(xo  ey, el  z), T(4.14 z,  y); 

0,8(,aLvI) 	S(x,  eyo  el  z), T(y,  x, -z). 

G,,(VI)„ G6(Vii) and G4(VIII) each give rice to one group. 

G„(XXXVII) 	S(x, iyo  -1z), T(-x, z, y); 

S(x, 	-ez), T(-x, z, y); 

CL 4311X) S(-x, ey ez), T(z, -y, x). 

This last group contains Gm(XX) - with x, y permuted - but 

differs from G36(X11X). 

Adjoining any substitution T to G/(IX) leads to substit- 

utions of period 14 which are inadmissible. 

G8(X) gives rise to one group, 

GJII) S(-x w8  y, iw8z), T(-x, z, 

Pot Dihedral groups whose 
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Adjoining instead T(7, 	-z) leads to substitutionsof 

period 16 and so the resulting group is ruled out.  

Adjoining T(-x, z, y) to G„ (I1) and c.,,(Xai) we obtain 

a 0 14  and Gin which S21 is given by 

(x, iz*  iy) and (x, -iz„ -iy) 

respectively, whence these groups ooincide with Gm(XIXI) 

and 04.(xya1I); the second generators being taken in the 

alternative form*  Adjoining instead T(Y4 x*  "z) leads to 

substitutions of periods 16 and 24 respectively and so 
these groups are inadmissible* 

G12.(XIII) gives rise to one group. 

CUXLI) :(ex, icy, -isz)*  T(-x, z, y). 

Adjoining instead T(y, x, -z) leads to substitutions of 

period 24 and so the group is inadmissible.  
The result of adjoining T(-x, z, y) to Gii.(XIV) is the 

same as that of adjoining T(x, -z, y), which has already 

been considered; and similarly for T(z, -y, x) and 

T(y, x, -z). Thus nothing new is obtained from GliAXIV) or 

from any group of which it is a subgroup. This loaves 

G9 (XV) and GmCXX 	From 09  (XV) we obtain only Ga(XXXVI). 

From Gut(IX) we obtain qu(XXXIX) - with x and y permuted - 

and Gix(MCVII). 

10. Dihedral groups whose generators include  

wit  z, weY1, 9r T(_Wo,x iY. wpX) or T(Wora wa. iz).  The 
substitutions T2.  ere respectively 

(-x, iy, iz), 	ix -7 iz), (ix* iY*  -z)* 



and we need only consider a given T in association with 

the groups from I-XXI Which contain the corresponding e 
In this way all possibilities will be met, Thus we consider 

groups III*  XI, XII, XVI and XVII. 

The possibility arising from G4,(III)*  namely the group 

generated by 

iy*  iz), T(ix 	we  y 

Tli 

From G8  (XI) we have the group generated by 
s(lx*  w y*  "W8Z), T(tx, w8z*  wa y), 

which is G4(nrxT). 

GJIII) gives rise to one group. 

G14(IIII) 	El( x lay*  lez)*  T(ix wil z*  wa y). 

From Gs(XVI) we have the group generated by 

	

S(-x* iy,  iz), 	y,--z), T(ix*  w8 z, ►sy). 

By a change of variable we can interchange the roles or the 

last two generators while leaving the first generator 

unaltered. Thus taking 

	

X = x* 	= y zs 	= y + z*  

we have the group generated by 

5(-X iY*  iZ)*  T(.4*  Z, Y), S,(iX, -w8Y11  w82)1  

and this is G4(XXXI) with the generator T in the alternative 

form. 

Gi4(XV ) gives rise to one group 

Gm(II) 	S(-x*  171 iz),  T(w9y,  w8 x,  iz), 
The same group is obtained on adjoining instead either of 

to since 



the other other 0 substitutions Ts The second generator of 

G,6(XVII) is not needed, and the group is in fact obtainable 

from G4(III) directly as the above generators show, but was 

not derived earlier because T' is not contained in G4(III) 

so that consideration of this case was deferred. 

This completes the enumeration or the possible ho mow 
geneous modular ternary dihedral groups 

11 Reducible tetrahedral groups 	terms of 

er 0 on a line, the tetrahedral group may be '  

generated by the two substitutions 

i( 0 	1) 
0' =-o and el = 	 

1. 0 

Hence for our purpose we may take the modular generators of 

the ternary group to be 

y 	z) 

U(ITIcr i(3.44)15(7 + z), 6411.40Y 41' z)). 
We shall need to know the resulting forms for some 

other substitutions of the group. Thus 
3 U (-141X, 40p3Y, -ez), 

eq7x# t(1-1)pcy i(l+i)ez, 1-1)psy + 

eyrz, 	p6z), 
UB(-45.x.i(l+i)cy(Y z), -i(l-i)ap(y + 2)), 

(US )3  (-41x, i(oc ia ) 3 y. i(ay )3  z) 

In reducing the possible forms for U we shall have 

occasion to interchange the variables y and z; henee in 

order to cover all oases we must not also interchange these 

variables in the reduction of S. We must consider then 



the following seven possibilities for a 

1, a'ap ip Wit p et  -e ll  iEs  

any other pe 	b e value fora giving the same cyclic 

group as one 	e e. 

From the form of the substitution U3  we see that 

possible values for p2  are 

*1, * *c, ±c 

However, the last four values imply that U is of period 9 or 

18 and so these are ruled out. The first four values for fi3  

lead to the following twelve values for p 

*1, tet  ±e2- *  ft, ±ie, *is'' . 

The last four values for p give substitutions U of period 12 

in which the multiplier of x is -e or -eit Carrying out 

a dhange of variable on y end z to reduce U to the standard 

cyclic form does not alter the multiplier of xi, Since 

there is no permissible cyclic substitution of period 12 

one of whose multipliers is -c  or -e2", it follows that 

these four values for p are ruled out. From the form for 

U 4, and hence for U 7, we see that p = 	lead to the same 

group, so that p = i'may be omitted. 

/f we make the change of variable 

X = z, Y = iz, Z = 7, 

in Us  we find that the substitution takes the form 

(717.7 	Ni+i)fis(1-  z), 4(1.4)e-r  Y # z) • 
This showd that p = c*  e give the same group; and so also 

do p = -e, -c 
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We are thus left with five possibilities for p 

1, 1, c, —e, 

the periods of the corresponding substitutions U being 

6, 3 6, 3, 12*  

Taking now the value we  fora with any of these five 

values for p we see that in (US )3  the multipliers of y and 

z are both equal to we  or -0) or -146; none of these is 

permissible and so a = we  is ruled out. This leaves six 

values for a, namely 

e -es  ic, 

the periods of the correspond ng substitutions S being 

2, 2, 4, 6 6, 12. 

These must be considered in conjunction with. the above five 

values for p, 

A number of combinations are eliminated by considering 

the substitution US. Thus for example, if 0( = £, p = 1 ,  

US is of period 12 and the multiplier of x is -e; which is 

inadmissible*  Again when p = 1 or e, the form of U3  shows 

that a = 1, -I give rise to the same group, as also do 

= e, -le; and the same result follows from U6  when p= 

Using these facts we find that the combinations remaining 

for consideration are 

p = 11  « = 1, is 	p = -1, a = 1, -1, i., ie; 

= 1, ic; 	p = .E, a = 1, lc; 

The.orders of groups arising may be found by observing how 
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bstitutions give rise to the identical substitution 

on the line YZ when the group is regarded as a projective 

one, and multiplying by 12, the order of the projective 

tetrahedral group. 

The value p= 1 gives rise to three groups, which we 

take in the order corresponding to- oc= i 1, t since the 

first is a subgroup of the other two. 

G(XLIV) 	S(x, iy iz)t  U(x, i(l+i) 	+ z 	-i(1-i)(y 	z)); 

GJXLV) 	S(-x, y, -z)i U(x, i(l+i)(y + z), -4(17i)(y z)). 

042.(XLVI) 	S(ext  ley, ..fez), U(x, -17(1+1)(y + z)14(1-i)(y 	z)). 

When (3 = -1 and 0(= 1 -1 or i, iet  the substitutions 

(US)4  or (US)3  respectively are given-by (xs 	-z) so that 

these groups coincide with those considered under /3 = 1. 

The values p = 	i give rise to a new group. 

G 	S(x, ly, -is), 17(exa(lfi)c(y + z),4(1-i)e(yz)).  
When p = e, « = ie, .S3  is given by (ex, ey„ ez), and the 

group coincides with that given by p = 1, a = lc. 

When p'.= 	and OL=1, it, the substitutions et  S6  

respectively are given by (x, -y, -z) so that the resulting 

groups coincide with those considered under p= & 

When 	-it  U3  is given by (-xt  -iyt  -iz) and it 

follows that the groups given by p = .1, 0(= 1 and /3 = .4, 

oc = i both coincide with that given by p = a = 1. When 

(3 = .1, « =e, so that S *  is given by (ex, cy, ez)t  the group 

contains the substitution for which = -ie, and this has 

been seen to be inadmissible. 
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In all, therefore, there are four reducible tetrahedral 

groups to be considered further each of which is generated 

by two substitutions. 

It remains to see whether groups can be obtained 

requiring three or more generators but still determining 

a tetrehedral group on the line YZ of the projective plane. 

Such a group must contain substitutions of the forms of S 

and U above and hence must contain one of the four groups 

found already. If to one of these groups we adjoin a substit-

ution, U, say, similar to U'  then OS, VW' is a substitution 
in the standard cyclic form. Multiplying this by the 

substitution S already in the group we obtain anew substit 

ution SI 	and from SI  and substitutions of the original 

group we can conversely, obtain Ul . Hence we need only 

consider the adjunction of substitutions of the form of the 

first generator S. This implies that these substitutions 

must, in tact, be the substitutions S already determined, 

so that a group of the type sought must arise from combining 

two or more of the groups G(XLIV) G(XLVII). 

Now G()LLIV) is a subgroup of both G(XLV) and G(XLVI), 

so that it gives nothing new when combined with either of 

them. Again, a group containing both G(XLV) and G(XLVI) 

would contain the substitution with multipliers •e t  Ise, le, 

and so is inadmissible. 

The only remaining possibility 	 to combine G(XLVII) 

with one of the first three groups How G(XLVII) is a subgroup 



of G( 	) o that ese two together give nothing new, 

Taken with G(XLIV 0(XLVII) gives G(XLVI); and taken with 

G(XLV), we obtain again the inadmissible substitution with 

multipliers -et  is,  
This exhausts the possibilities and we onelude that 

the 	are no further reducible tetrahedral groups calling 

for consideration, 

12 Reducible octahedral Apues,, In terms of 

a parameter e on a line, the octahedral group may be 

generated by the two substitutions 

/9' = 10 	and 	
1(6,  + I) 

. 0 

The square of the first generator here gives the first 

generator used earlier for the tetrahedral group. In 

modular ternary form, the first generator may be written 

S(*xt ia, Yz). 
It is convenient to regard the octahedral group as obtained 

by adjoining S to one of the four tetrahedral groups 

'Perusal of the cyclic groups shows that the values 

for y which must be considered are 

I, -1, it  -it  we, e -le* 

S nee each of the tetrahedral groups contains the substitution 

(x, -y, -z) the second and third values for ' may be omitted. 

Again, either of the last two values for ' taken with any 

of the tetrahedral groups implies a multiplicative group 

containing substitutions of period 12, and no such group is 



-66- 

a 	ible. We are left with the three values for ' 

1, -4, we. 

The groups generated by the substitutions S corresponding 

to ' 1, i differ only in the interchange of the variables 

7, z. Now in the reduction of the tetrahedral group it was 

found that a suitable multiplication on the variables 

followed by an interchange of y and z led to U5  assuming 

the same form as U but with 10 replaced by p‘. In all eases 
the cyclic subgroup is symmetrical in y and z and is 

'metered; for the first three oases, the form of U is 

also unaltered, but for the final ease the effect is to 
replaces by ez . Therefore, with the sole proviso that in 
G(XLVII) we must consider both p = e $  e we may carry out 
the change of variables and so reduce the values of b,  which 
must be considered to 

1, we  

G(XLIV) gives rise to two groups. 
Gu(XLVIII) 	S(-ix, iy,  z), U(x, ?(l+i)(y + z),-*(1-1)(y z))* 

The first generator of O(IIIV) is not needed. The group 

also contains G(A1V). There are four substitutions giving 

the identical transformation on the projective line YZ, 

whence the group is of order 4x24 = 96* 
GJILIX) 	(-x,iweylw ez), tqx, 	+ z), 4(1-1)(y z))* 
Again the first generator of Gi4AXLIV) is not needed. 

Adjoining S(-ix, iy, z) to 0,4/1,V) gives G$6(ILITIII) as 
noted above; adjoining instead S(-x, Wa y, we z) gives 
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a group containing the substitution Mx, two', -09z) which 

is inadmissible. 

AdjoiningS,(-ix, iyo  z) to G.71(XLVI) gives a group 

containing 32A-ex, ley, -Uzi adjoining SA x iw$  yr. to z) 

the substitution S,V is of period 24; and so both are 
inadmi  es ible 

Adjoining 	iy z) o Gmpui gives a group 

containing Sx.( x, y, -z) and implies an inadmissible 

tetrahedral group. Adjoining SA-x, 	w9z), (A )4  is 

Sx(ex, sy, ez) and the group coincides with the second 

considered under gapliVI). The same conclusions hold when 

the p of GvpIXII) takes the value ez  instead of e. 

Both octahedral groups found may be obtained from 

a2Jnr7), Any further octahedral group must thus be 

obtainable by adjoining more than one substitution Si te 

GvAIIIV) and so must in fact arise as the combination of the 

two groups already found. But the resulting group contains 

31(x, iwe y, -tosz) and so is ruled out. Hence there are no 

further admissible reducible octahedral groups, 

pt Monomial groups  

13. Preliminary results. The group leaves invariant 

a triad of points, which we take as vertices of the triangle 

of reference, and is easily seen to contain a substitution 

permuting cyclically the three points of the triad, Consider 

then, a substitution in the cyclic form 

s(ax, p to o-iir  z) 
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a pe.rnruting substitution which we may take n the form 

P(417, Bz')•,  

We find 
Iw ( —I— #X 0(y 13Z). ocp 	0 

PSICI  (Pxs RIFT, 0( X), 

Thus-if the group contains the substitution wi multi Bern 

ki Al, A 3 , it also contains those with multipliers A,, A, $ A 2. and 
A3 , A,. Among groups I XXI we need only consider further 

IX, XIV, XV, XVII, XIX and XXI, and among the dihedral 

groups we need only consider those whose maximal multiplicative 

(or cyclic) subgroup is one of these seven; these dihedral 

groups are XXII XXIII, XXIV, XXVII, XXXVI, and XLIII, 

No further groups will be obtained by adjoining 

a second permuting substitution PI  , for PJ-IP is of the cyclic 

form, whence the resulting group can be obtained by adjoining 

only P to ,a suitable, possibly more ample, group.  

14. Groups arisinfel  from cyclic and multiplieatiVe  

g;oups. In the ease of a cyclic or multiplicative group we 

*en at once reduce the substitution P to a simple form.  

Choosing new variables X, Y, Z given by 

X 12 Hz, T = ICy, Z = Lz, 

we find that P now takes the form 

H --13 	L Z 	.•••••••1. ) 
K L HAB 

and taking H, K, L such that 

H:K:L=1:A: AB,  
the substitution P becomes 



Crs, Z, x). 
change of variable does not alter the form of the 

multiplicative group* e take the seven cyclic and multipli 

cativo groups in turn. 

The cyclic group G3(1) gives nothing new since the 

group obtained by adjoining P can be reduced to the mu2tip 

oative form, 

The other six groups lead respectively to the following. 

Gx,(L) S(wl x, 4y, 4z), P(y z, x); 

Gtx(1,1) 	S(x 	y 	z), P(y, z, x); 

Gx7(LII) 	8(x,  cy, ez), P(y., z,  x); 

fqx iy, iz), P(y„ z„ x); 

Gu(IIV) 	8(cx, imey, -ez), 	20  x); 

Gioe(LV) 	S(-x„ cy, .c'z), P(y, z, x). 

No further generator is needed in any of the last five 

cases, as easily follows from the earlier remark that the 

substitutions obtained by permuting the multipliers in S 

neoessarily belong to the group. 

15. Grams arisinA from dihedral groups.,The above 

reduction of P cannot be applied when dealing with dihedral 

groups since the change of variable would destroy the form 

of the transposing generator. For the first four of the six 

relevant dihedral groups the transposing substitution is 

T(-y, x, z). 

Thus the permutingsubstitution P may be replaced by 
B A 

P-IT2(x, 	.y) 
A 
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since, as is easily verified, the substitution 8,== (PTi'TP) 

is of -the standard cyclic form and so belongs to the original 

group, and SI(P ITP)T4  is the substitution 

(Jr,  
AB 

which, on 	ation by (z,  -y, -z) which belongs to 

the dihedral groUp gives the substitution P. Thus adjoining 

either P or P-1TP to the dihedral group leads to the same 

monomial group. 

On choosing mew vari,abvariables X, 	Z given by 
13_ 

1: = x„ Y = 7.0  z=  .. z, 
A 

the form of the dihedral.group is unaltered 	P'TP assdmes 

the form 

(X, Z Y). 

We consequently obtain from G(XI), G(XIIII), G(XXIV) and 

0(XXVII) the following four monomial groups, where T i s now 

used as the general sign for a transposing substitution. 

0.2(LVI) 	T(-y, x, z), Ti(x, -2, y). 

This group contains G4(XIV) as a subgroup. The first 

generator S of G(XXII) is not needed. 

Gu(LVII) 	S(-x, ty,  iz), T(-y„ x, z), TAx, -z, 7); 

S(cc, cy, ez), T(-7, x, z), 	-z, y)1 

0.216(LIX) 	S(x„ sy„ elz), 	x, z), T,(x, -z, y), 

The last three groups contain G4(XVII), 0.12.(XIZ) and Guial) 

respeotively as subgroups.  

The four groups contain, in addition to the subgroups 
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noted, the G6  rearranging the variables in all possible 

orders, whence the orders of the groups are as written. 

In the,  dihedral group Ols(XXXVI) t  the transposing 

generator is T(y x, .z). We , find that P'1IP is given by 

TA-at las, #) 

and S, = PTT, iii,given by 
.2.4)  

whence 	Si Ti T = P. 

Since $I , T already belong to the dihedr group, we ay 

thus again replace P by T, • Ohoosing new variables X0  Y, Zr 

as in the last instance, TI  takes the form 

Z„ Y). 

Therefore from Gm(XXXV ) we obtain the following group. 

GJLX) S(s cy,  elz)„ T(y, x, 	 TA-s, z, 

This group contains G9(V) as a subgroup. 

Finally we have the dihedral group 	By an 

argument similar to the last, it is seen that the permuting 

substitution, P may be replaced by the transposing substitution 

TAis, wsz, wa), 

and the following group arises. 

Gu(LXI) T(we y, west  lz)„ TAis, wet,  wa). 
This group contains 016(XVII) as a subgroup, , The generator 

iy, iz) of 	is not needed here, being 

obtained as the square of T1. 



Gios(IXII) 	$(x, ey, ezz), T( 7, x, 

, 
E 	 C 

 , 	, 
tx + + 	1 (x + cy + e z), + cz)) 

.72. 
(E) Primitive groups  

t stb 0,modUlar linear representations. 

References to the authors who have determined the primitive 

groups were made at the beginning of this chapter. The work 

of Blichteldt (3 IL) shows that there are six primitive 

ternary projective groups. When represented by modular 

linear groups, the repro entations for tour of these six 

necessarily contain the substitution (ex, cy, cz) and so 

the correspondence is (3,1); the other two can be represented 

by modular linear groups with which they are in (1, 1) 

eorrespondence, and a second representation in (3, 1) 

correspondence is obtained by adjoining the substitution 

(ex, Ey, ez). The groups are as follows. 

Of order 36 as a projective group. 

G246(1,1111) 	S, T, V as above,  

- 
or 	y e z), 	(x + cy + c2) Ernes 

3. 	
ex + y + ez)) 

Of order 

G64.9  St  

Of order 

presence 

group is 

one on a 

The  

72 as a projective group. 

To  V as above, tlw9 x, w9  y, 4z), w,9  =1. 
216 as a projective group . the Hessian group. The 

of the substitution IS of period 9 shows that this 

inadmissible for generating an involution of genus 

Picard threefold. 

groups 4109  and Gm are normal divisors of the Hessian 
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gxoup, and the Gstf generated by 

Sy T as above, TA-x, 	y) 

is a normal ivisor of all three. The remaining types of 

primitive group are simple.  

Go  Of order 60 also as a pro sotive group the icosahedral 

group. This group is inadmissible for our .purpose since 

it contains substitutions of period 5. 

GIs. The group obtained by adjoining the substitution 

(ex, 	 ez) to the (1, 1) representation of the icosahedral 

group likewl. inadmissible. 

0.102,,Of order 360 as a projeotive group - Valent es group 

This is also , obtained by adjoining a further generator to 

the icosehedral group Got  and so is inadmissible.  

G/68(1,21V) 	S(wx, wly, ter.) 	P(y, z, 

U: 	xt = h(( w*  - (43 )x + (te- 	tdr)y 	(46 )z). 

y,  = h((w2 	wc)x +.(to co6 )y + (te w3  )Z4 

e = h((w w6  )x + (w*  w3  )Y + 	ws-)z), 

h 	+ te" + (44  - (46  - to g 	3) =AT, 

u = l. 

Of order 168 as a projective group -aleinis group. 

0.5011. The group obtained by adjoining the substitution 

(ax, ey, ez) to the above representation of Main's group. 

This group is ruled out as it contains substitutions of 

period 21, 
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CHAPTER 4. IMPROPERLY ABELIAN THREEFOL 	D HYPERELLIPTIO, 

IMAGES 

1 Abelian threefolds W of superficial irr9gularity 1. 

In the oases of four of the cyclic groups and of G(XXV), 

G(XVI) and G(XLIV) one particular multiplier of every 

substitution of the group is equal to unity. Most of the 

remaining groups possess one of these seven groups as 

a subgroup, We consider now the implications of this unit 

multiplier for the threefOlds W and the matrices associated 

with the groups. The results obtained also provide 

starting points for the other groups referred to. 

In Chapter 2 it was soon that when the group can be 

put in a form in which one multiplier is always unity, the 

threefold W is of superficial irregularity 1; this is 

therefore true of the present groups. It may further be 

shown that W is elliptic. For every substitution on, say, 

the first variable can be put in the form 

x' = 	co  

and it immediately follows that W is invariant under the 001  

group of substitutions of th© first kind obtained by 

allowing a to vary continuously. The trajectories are 

curves on each of which the group acts in a completely 

transitive manner, whence they are elliptic curves and W is 



en elliptic threefold. 

Also W is improperly Abelian. For the Pic and threefold 

V carrying the involution must also contain a congruence of 

elliptic curves, namely those, giving  rise to the trajectories 

on vi v it is said to be special Of type 1. It consequently 

(17, 107) cOntains, also a pencil of hyperelliptie surfaces 

(and is equally special of type 2).andihis gives rise to a 

penal of surfaces- on*. Now both the congruence of curves 

and the pencil Of surfaces on I are Abelian whence Vt may be 

represented multiply on the product variety Of an Abelian 

surface and curve' (17, '1134 -and admits a parametric' 

representatiOn by means of algebraic functions of Abelian 

functions of genera 2 and I, i.e. V is improperly Abelian. 

Thereforei the :Abelian threefelds,of geotetriegenu6 1  

and superficial irregularity I are elliptic improperly Abelian,  

An Abelian threefold of geotetric genus 1 cannot be 

hyperelliptic, for thii would imply its being. of superficial 

irregularity 2 and we have observed that this is impossible 

We return now to the Picard threefold V carrying the 

involution giving rise to an elliptic threefold W and which, 

as we have seen, must be special. The following theorem holds. 

when a Picard threefold V carries an involution which  

is mapped by an elliptic threefold of geometric genus ones  
mann matrix of V is e•uivalent to a matrix of the form 

/i r o o c v1 
4)11 1132.2. 

1431 1431, 

rii  

  

(1) 
1 = 2,3, 

/I = 3,4,5,6, 
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where (r t)  is a Riemann matrix of genus 2.  

For the involution is generated by one of the four 

cyclic groups above or by G(XXV), G(XXVI), G(ILIV), and we 

consider one substitution in the standard form with 

multipliers A, = 1, A App In each case +1 is precisely 

a double root of the characteristic equation; and when 

substituted in the characteristic matrix must reduce the rank 

to 4 (Chapter 2), This last fact may be seen directly: for 

otherwise the ratios of the elements of the first row of 

the Rieman matrix would be (determinate and) reel, which is 

impossible. Thus, corresponding to the multiplier tl we have 

precisely four linearly independent reel integral linear 

equations connecting the elements of the first row of the 

Rieman matrix. By virtue of these equations the elements 

of the row may be expressed . integrally in terms of submult 

iples of two of them. If these two independent periods, 

say wH, w,,, are chosen such that the representative , points 

in the plane x of a real S6  are at the two smallest distanees. 

from the origin, with 10.0.dwml, then the representation of 

the remaining elements must be integral, in w1;, wm. . For 

otherwise we could Make 

(013 = ocw,, + 

with 
	

0 < 

whence 
	

1(4,31 < 	ilwii1 <ju12.1, 

with strict inequality since the points representing wn, ca,x  

are not collinear with the origin; and this contradicts 

the definition of we 



Subtracting suitable multiples of the first two columns 

of the matrix from the remaining four, we can now make 

0, 	I = 3,4,5,6, 

and replacing ,x by ton x we obtain the form (1 with r = w12/w„ 

2x4 matrix •( 	) is a Riemann matrix for the Abelian 

functions when regarded as functions of y, z only. This 

concludes the proof of the theorem stated above. The 

reasonong holds squall if the 3x6 matrix admits a substitution 

in whiCh precisely one multiplier equals 	as in 04.(III). 

In cases where the matrix admits a group containing one 

of the above types as a subgroup, the reduction again holds, 

but here the 2x4 matrix (rki ) admits a larger group. 

general this group . for ( rq ) will not be modular. 

that we shall need to know the Riemann matrices o 

In 

follows 

us 2 

which admit a finite group, modular or not. Se need also 

the corresponding results for matrices of genus 1.  

Riemann matrices of genus 1 which admit finite 	uRs 

There are two types of Riemann matrix of genus 1 admitting 

finite groups (other than that generated by x' = -x, which 

imposes no condition on the matrix). These matrices, 

which are well known from the theory of elliptic curves, are 

equivalent to the following 

(1, e) admitting the group generated by x' = sx, 

and also that generated by 	x/ = fix; 

(1, i admitting the 	up generated by x 
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metric o genus 2 which admit finite groups. 

For matrices of genus 2 it is necessary in some cases' to note 

more than one form for each matrix, these forms being 

progressively simpler but calling for changes of variable 

which we shall not always find it advantageous to carry out, 

It is convenient to adopt slight variants of the forms found 

by Bagnera-De Franohis in their study of such matrioes (2); -

our forms were also obtained byr Scorza 12). The forms 

assumed by the Riemann conditions for the ma rioes are else 

given where these are not trivial 

with 

(1) 	= ex 

cw t. 

(1311°13 

Choosing raw variables X, Y given by 

x = 	= tollYs 

the matrix assumes the form 

e T Er , 

(11 	E Ti  CT'; 

alternatively, choosing new variables given by 

x = w,' + woY, 

the matrix assumes the form 

1 c 

0 0 

7 = 141.1x 

0 0 

& 

 

   



ii) 	x' 	Y, 

w iwn W13 icon 

k wx, 	(0 .3   1.0" 
where 	W0.023  mi. Wa02, # O. 

Choosing new variables as in (i), the matrix assumes 

respectively the forms 

r 
r' 

i 

1. 	01 ) 0 0 1 
= EX, 	= e Yr 

80 	Xt  = 	ye 	Y, 

(
6,2-  tom  02.1 	e 1  4)/1 	4)13  

goosing  new variables X, T given by x = wil lt 

matrix becomes 

LW,, 	4313 	C(413 

r er 

( 	r I  er` • 
The Riemann conditions are that for some integral a p, P, q, 

(iv) 

p T T' 
 (p + 	(Or 	(p + eq )1-1  cc = 0, 

+ 

x' 

( WI/ 

t411)2.1 

Pq + 

ix, 

iwo  

dwit42., 

?C, 
37 	= -iy, 

w,3 	
1
W,3 

1023 	Aiwito 23 • 

Choosing new variables as in (iii), the matrix becomes 

 

) 

1 i .7--  IT 

1 .1 r' ...±r' 

 

  

  

dittons are that for some integr P• q• 



LI) 13 

6313 

4.14 11 

prrt 	(p iq)r (p + Wry .0( = 0 

p2. 4.  (12. 4.  cy>. 0 
	ri 	f 

(v)  

First 

y' 

14.1 11 

Wn  

= 4.iy; 

Ian 

44W0  

b).13 

4.63" 

7, 	ys  = 4.FX. 

111) 13 

tau  

) 

or, dividing each variable by ton)  

1 i r 1.7 

r .4.1" 1 i 

The Biemann conditions imply that far some integral Pt  41 

(p  . 1.07- 2-  + car = (p 4- 1.4) = 0. 

A second matrix admitting the group is 

Where 14  2 • = 

(

sal. WO 1°13 

(141 "41141 W2,3 i423  

(1 + i)(413, 	4)13  = (1 + i)w„ 

Dividing each variable by w")  writing w13  /w„ = 	and making 

a substitution on the columns of the matrix leads to 

	

(1 + 	ir 	+ 	r I) 

-r 	1+i..ir 1 r i.+r 

The Riemann conditions imply that for some integral a, b, a, 

(a 	+ 	+ b 	s) + i(a + b.+ e)lr 	(a + is) =a. 

(vi) xt = ex, 7' = ey, 	x" = YI 7' 
	usX 

or, dividing each variable by w")  
1 

1 e 

r sir- 



(viii) 

have 

OS 

where 

This re 

- (1 + 1)6313, 

n (v). 

-81 - 

For some integral p, q, s„ we must have 

(p + alq)e-  + 2sT (p eq) = 

(vii) Y/  = 44Y; 

+1)(x + 7), yt = 4(1- x 

(

(on 	ion (4,3 	ita i3 

co21 	•40,41 U123 	44023 

0 	wzz 0 	Co.12.2.  

during respectively to 

	

wz3 W  (1 + i)(s)n 	a • 

Y t  = 

w it 	0 	1,013 	0 

w12.  1(1-04021  et012, 

1413 0 

(ix) x' 

Bagnera-De 

10r0 

1 

= wear, 

Fre:aphis 

)

o 0 c 

Log y, 

t find it 

r 

2. 
408 

necessary for their 

purpose to seek a complet0 set of non-equivalent matrices 

adMitting this group, since from one matrix (to Which all 

the others were isomorphic) it was possible to show that the 

surfaces ,mapping the involutions were all, rational. Here 

we must investigate the matrices more fully. 

The square of the substitution has multipliers i, -i,  

and so from (iv) on dividing the variables by suitable 

constants, the matrix takes the form 

1 i r it 

( 3. di 	/ (2) 



.82- 

Exp 	ct that the first column admits the 

multipliers 038, 8 and solving the resulting equations, 

we find 

r = W 8 + h + ik 	• 	+ h ik • • 	(3) 
1 + im 	1 - im 

with , .k, 1, an integral These values for r, rt also ensure 

that the second column admits the multipliers (4**  iw*  
For the third, and so also the last, column to admit 

these multipliers we must have 

War = rm  + ir32_ 

1w31 = 113 1.1  ir3 	1133r1  
Substituting for r in the first t f these equations anti  
equating the real and imaginary rational and irrational 

parts, we obtain the following four equations whioh must 

be satisfied by h*  k, 1, an: 

1r31  

Mr31 

r34.= k. 

The last two equations serve to determine r33, r34. Substitu 

these values in the first two equations and writing r3, 

r3;L = b, we have that h, k, 1, m are not arbitrary integers 

but must satisfy the two equations 

al . bm =:k2-  ..h2" 	am + bl = 1 - 2hk, 	(4) 

for sm integral a, b. The equation satisfied by rt leads 

to these same two conditions. 

hr33o  

rm, kr33, 



To investigate the Riemenn conditions we observe that 

the matrix (2) in which 7-1  r'. have the values given by (3) 

is isomorphic with the matrix 

1 i we  iw, 

iwo  w„ 

The con .hone are those found in (iv) above, 	we find 

on zubstituting ruios, 	= log, 

= 	p m 41)  

and then the 	q 	ty is satisfied an choosingp,« sueh 

that 

oc 2  > . 

Thus the Riemtann conditions are always satisfied. 

In conclusion, e matrices admitting the group are of 

the form (2) where 	 are given by (3) subject to the 

conditions (4). it may be noted that the above work does 

not involve any further change of variable to modify the 

matrix (2), but only an evaluation of To  rt. 

(x) 	Xt = wa x, y/ = .wor• 

The discussion of this group is similar to that just given. 

The involution on the Picard surface is rational, and so 

possible forms for the matrix were not investigated by 

Bagnera-De rrannhis. Arguing as in the last ease, we find 

that the matrix must be equivalent to one of the form 

1 i r it 
1 i r' ir, 

• 
where 	+  h. + ik 	rt = -w +  h + ik 

im 	+1m 
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m being ntegers satisfying the equations 

al - bm = kI 	I 	am + bl = 1 2hk 

for some integral a, b. Herne, again, these results follow 

	

simply from an evaluation of 	 0 without any change of 

variable after the matrix has been thrown into the above form 

(xi) tx 71  = 
The remarks made for the last group apply. The matrix is 
found to be equivalent to one of the form 

	

( 1 

	i r 
it 

1 i, r tr' , 
where 

T 211 	h + ik 	0  = c + h  
l+im 	l+im 

h IS, 1, m being integers satisfying the equations 

al - bm = le 	h ... 1, 	am + bl = k - 2hk,  
ter some integral a0  13. 

(xii) s'. = lex, 3,4  = -icy, 

Again this group is similar to (ix). The matrix is equiv- 

alent to one of the form 

1. i r it 

	

1 	r' aoiri) 2 

where 	c +  h  +  ik 	e h ik 
= 	 - 

1 	1.1M 
	1 . ta 

hp  lc, 1, m being integers satisfying the equations 

al - bm = le . h2  + h 1, 	am + bl = k 

for some integral a, b. 
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(Xiii) 	x' = Wg X, 	iwit y; 	X1 = *yip 	= a.  
The groups (v) and (ix) are subgroups of the present group. 

We require to find for What values of r the two matrices 

found in (v) will admit the group (ix). Taking these 

matrices in the forms 
4 

1 i r it i r , it 

r IT 1 i Uzi 1402.1 023 "41413 

Where 	wzj  = 1 . (1 + i)r, 	wx3 = (1 + i) 	it, 

the reasoning of (ix) may be applied with the single change 

that the second:row is now multiplied through by a constant,  

i.e. the r,  of (ix) is replaced by .1/r in the first matrix 

and by wawm  in the second matrix, and the bottom roils are 

then multiplied by r, wm  respectively, Thus r in the present 

matrices must assume the form found in (ix) and -l/Q and 

w/Wm  must take the form found there for 7-1, 

For the first 'matrix this implies 

 

iw, +h-1k -(1 + it)  

+ h + ik 

which leads to 

 

h = k„ 	+ 	= 1 . 	(5) 

	

The conditions (4) imposed on h, k, 1, m 	(ix) now become 

al . bm = 0, 	am 4. bl = 1 - 2h1 „ 

and are satisfied by taking 

a = m, b =1, 

Shen conditions (5) are satisfied. 

The solutions of (5) are 

k = 0 and either 1 = ±1, m = 0 or 1 = 0, m = ±10 



the form 

3. 

For t 

we need only take the two matrices 

lug  ) 	1 	i 	we 	iw8  

second of the two matrices written earlier we have 

1 + 	it 
r* 1 + sjr $ 

1448 	(08 
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and the corresponding values for r are 

*woo  *lows. 

The matrices obtained from r= -us  • -iwe  differ from those 

obtained from r = w8  I  We  only in the interchange of the rows 

(and the signs of two °alumna). Thus, since are  y can be 

interchanged in the equations of the group without changing 

or 	 nrr* 	rt 	it + (1 + 1, j O. 
Substituti for r, r' their values from (ix), we find " that  

he  Ice  1, in must satiety the equations 
k 	1 az O. 	+ 	+ 12-  + ma" » lh + lk mh mk 

substituting for h in the second equation we obtain 

2ka" + 2k(1 m) + (3.2' + m2" lm - 1) = 0*  

For real k we must therefore have 

(1 	121) . > 2(r + m2-  - 	.1)1  

or 	 12-  + ma" - 2 < 0 • 
The solution 1 = m = 4 may be eliminated since, in (ix), 

r must be finite; alternatively, we note that these values 

lead to a non-integral value for k, There remain 12 sets of 

values for he  ke  3. m namely 
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h 0 0 1 1 1 1 0 0 1 .1 c t3 

k 0 0 -1 1 0 0 -1 1 0 0 1 

0 0 0 0 1 -1 1 1 1 .1 1 .1 

1 1 1 1 0 0 0 0 1 1 3. 

The corresponding values for r are 
tw +1 

± 	ito, + (1 	1), it; 	• ±' 	it  -.4....J 
1 + i 1 + 

Thus there are two matrices of the first type and 

twelve matrices of the seeond type 

(xiv) xf = Lx, 7 	1Y 	x* = y, y' = x. 

From (iv), the matrix can be put in the form 

ton 	it.31, 	43 	14013 ( 

W11 	2 (023 1°23 * 

Now (wall  wil ) ate, are periods. Hence, following methods used 

by Bagnera.De Frenchis in discussing group (v), we observe 

that we must have 

	

(42.1  = pton  + qw131 	(4.3  = rwfl  4- S(413$ 	(6) 

and (7) 

	

(40  = D(.4,1  + Tio,3, 	tam  = :fa)" + 30)", 

where p$  q v  ri, s are integers in the ring [1, ij and the bar 

denotes the conjugate 

The determinant D = ps . qr cannot be zero, for otherwise 

we should have a relation between the elements of the seeond 

row from (6), and the same relation between the elements of 

the first row from (7)4 For the same reason, on substituting 

from (6) in (7) we must obtain identities, For otherwise 

on substituting from (6) in (7) we should obtain a relation 



(8) W" = + z3• 

[a = kd + i(b-hd)JQn  + lie + 2i(alc+bh) hl  +k2" )id]Q,3, 
(13) 

Q11 

213 ids„ + [a kd i(b.hd)_413. 
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best Teen the elements of the first row, and on substituting 

from (7) in (6) we should obtain the name relation between 

the elements of the second row. 
It fellows that on solving (6) far 	wo  ate must 

obtain (7): the solution is 

Hence 	
a 	 = 4 	(9) 

It follows that IDI = 1, and since D is an integer in the 
ring [1, 1] we must have D = *1, ±1,  

If we put 

011 = 1Q", 	On 	(024 	"Um, 	wa3 

we find the effect is to change the sign of D. So we need 

only consider D = 1, 

(a)IL:ta,  From (9) 
p = a + 	s = a . lb, q = ic, raid, 

and 
	

D = ps qr = 	+b'' + cd = 1. 

So 	tom 	(a + ib)Wn  + law*. 	(143 	6all 4'  (a •• ib)(013, 

with 	 az  + bz  + ad = 1. 

Putting 

(10)  

(11)  

W" = Q,1 + (h + ik)Q,3, 	W,3 = Q13 

437-1 = Q2, + (h 	ik)Q", 	(013= Q23, 

we find that the relations between the gq  are 

(12) 



If instead we put 

then we f 

(413 

W33 

= (h + 	1 + 

= (h ik)Q41  + guy 
(14) 

[a....azt  	ka + 1(b+ho)]un 	logo  (15) 
P.23 = jid + 21( ak.bh ) 	(1? +1e" )c] 	+ [a ke w  1( b+hat)]Li 

First, say that neither c nor d is zero. Then, in view 

of (13) and (15), VD can reduce a, b by multiples of o, d; 

in this process either one of c o  d beoomes zero and we then 

proceed as later, or else we can make 

lal 1bl < *101, *I$1 

Now equation ( 1) may be written 

a' + . 1 = ed. 

Say 101011 (otherwise we work in terms of Id() , Then if 

a or b is non-zero 

+ b 	4. 11 = a' + 	- 1 	11-101 2-  di* 1, 

and 	1- ad( > 101' 

whence 	101 2- l0 1 I  

which is impossible. Hence 

a = b = 0 

and so 	c=d=1 	or 	a = d = 1. 

The second possibility reduces to the first on taking 

periods Qwhere 

= fjno 	Wn = 	Un; 	W.2.1 = 02.0 	211' 
We thus obtain here a first matrix, namely 



1(413 

"4"1,W 13 ) 

( 	1A3  II 1W11 w,3 iWn 

14)11 w ,, '4(413 4"6 )13 AokiWn 	w,3 

1w,, 	W13  

( 

(411 

WI I 

-80- 

(

on  ion  on  io,3  

ion W,3 iWn  oll • 

Next we must eonsider the possibility (still with B = 1) 

that one or other of e, d, say o, is zero. Then from (11) 

a=±1, b = 0 or a=4, b * 1, 

If ire put 

2.0 	oxa  = 	1Q23, (16) on = 	w,3 13; - IL 

the effect is to change the signs of a, b, a, d in (10), 

Hence we need only consider 

a = 1 b = 0; a = 0, b = 1 

After this e see from equations (15) that we can make 

d = 0, 1. 

In the same way, starting from d = 0 we obtain the same 

two sets of possible values for a, b and then, by (13), we 

can make 	c = 0, 1, 

The four matrices in which one or other of a, d is 

non-zero reduce to the matrix found earlier. Thus if 

a = 	= 1, b = d = 00  putting h = 0, k = 1 in (15) gives 

the required result; and similarly for the other three eases. 

We are thus left with two of the present matrices, namely 

making three in all arising from the value D = 1. 

In the last of these matrices we take ion  as a new on; 

this changes the sign of D and reduces the matrix to the form 

Wn  Ian  4)13 

14)13 13 
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(b) D 	From (9) 

P = a + ib, s = b + la, q= o(1 	r 74(1 - 1) 

with D = ps qr = i(a + ib)(a ib) c4(1 i)1  = i 

So 
21 	(a + ib )w„ + 	i)wn, 

(17) 
4113  = du # ihou  + (b + a)w131  

al  + bl  t 1.1cd = 1. 	(18) 

king the substitution (12) we find 

024  = 	4(h.k) + t(b + 4(b+k))]C;" 

+ 	+ ath"k) 	b(h+k) 	d(hl+k1 )](14)Qa, (19) 

Q13 = d(144)U„ + [b 	d(h+k) 	i(a - d(b-k))iWn. 

and making instead the substitution (14) we find 

Q, = [a + o(h+k)  + i(b 	+ c(1-1)g u. 
P,3 = Ed . a(h+k) + b(h.k) 	o(1?+kl)](1 1)Q„ 	(24) 

+ [b - c(h.k) + i(a + c(h+k))]Q0* 

If d is non-zero, then putting h-k = 1 in (19) w see 

that we can replace a, b by 

a - 14, 	b + (1 + 2k)d, 

and so we can make 

Jai 	j41, 	Ibl < 141. 	(21) 

If now c is non-zero, then using (20) we can make 

ILO s 11101, 	Ibis Ici. 	(22) 

Proceeding thus we find either that one of c, d bpoomes 

zero or else we can satisfy both (21) and (22) simultaneously. 

In the latter case say 10I0d1(if not we work in terms of idi); 

then from (18) we have 

al  + bl 	2cd, 

with 
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and so a, b cannot both be zero, whence 

732.  -11 	"1.31 4" 101 2- 

ff- 101 2-  -1. 

Also 	2ed1 = 210101d1 	21012' 

Hence 	21e1 . 	- 
which i,s Impossiblo. 

It follows that at least one of c, d must be zero. 

Then from (18) 

a = *1 	b = 0 	or 	a= 0, b = 

and again using the substitution (16) these reduce to 

a = 1, b = 0; 	a = 0, b = 1 

Yo1lowing, this, we see from (1c) and (20) that we can 

reduce the remaining one of co  d to zero. We have left 

two matrices the second of which reduces to the first on 

interdhanging ton  and w,3, and so from I) = i we obtain 

finally the single matrix 

	

(

w11 	 it1311 

	

4)11 	'wel4411 
)

1406 	W13 4 

W13 

Choosing new variables X, Y given by x =b4Xft  1r —n —= 

and writing con/to„ = rt  the four matrices found become 

1 

ir ( 

1 

i 

r 

i 

r 

1 

r 

it 

it 

1 

it 

T 

P 

1 

1 

I 

1 

i 

-i 

i 

i 

r 

r 

r 

iT 

ii' 

.13-  ) 

it 

r 

* 

• 

The Riemann oonditions stated in (iv) may be applied to 
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the present matrices if (as is seen by multiplying the 

second row by a suitable constant), we take respectively 

1*-117* 	r , ir. 

It is found that the required integral oc, 0, p„ q always 

exist,, the only condition effective being the last, r' :Of 

which implies for the first matrix that Ini 0 1, for the 

second and third that r is not real, and for the fourth 

that T is not a real multiple of (1 - i). This concludes 

the disouusion of Riemann matrices of genus 2. 

4. Some Apnaral considerations relating to oompound  

Riemann matrices of genus three. The results of this chapter 

permit us in many oases to write a matrix in the form (1), 

with (rq) a known matrix of genus 2 and r either arbitrary 

or equal to i or e. The problem of specifying the permissible 

matrices then reduces to that of determining the possible 

forms for wait  ton." 	w32.• We shall find that the matrix is 

isomorphic to the compound matrix 

1 o o o o\ 

0 0 
(r4j) 

o 0 / g 
whence, by the result proved for compound matrices in 

Chapter 1, the Biemsnn conditions for the matrix of genus 3 

are satisfied when the conditions are satisfied by the 

component matrices. For (TO the conditions are as stated 

in the present chapter and for the matrix of genus 1, (1,r.), 

the condition is simply that T is not real, Hence for the 
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matrices of this type the Riemann conditions need not be 

considered further. 

The determination of the values of the four wLi  and the .  

reduction to a minimum set of non-equivalent matrices depends 

on simple . arithmetie and algebraic arguments which- must, 

however, to a large extent be developed specially for each 

group, It does not appear necessary or desirable to pet but .. 

these arguments in full; detailed consideration and/or 

enunciation of results will be restricted to reprepentative 

oases, points of particular interest, ,and to those groups 

- whose matrices are required as a starting point for later 

groups. For each of the remaining groups it will be estab—

lished by example that matrices do exist which admitthe group; 

and application of the methods illustrated will yield the 

complete set of nciliequivalent matrices. 

It may be noted here that among the .matrices' found  in 

the following chapters, - some have fixed uniquely determined 

elements while others contain parameters, which can vary • 

continuously subject to the Riemann conditions. •In staving -

results no distinction will be drawn between the two - cases, 

5.., Coincidences of the involutions. Some remarks may . 

be made concerning the nature of the . loal of coincidences 

of the involutions on-the Picard threefolds V, and their. 

relation to the threefold Vi. Justification and illustrations 

are to be found .in the general .restilts. already given .and in 

the explicit groups later shown to exist. We have seen that 
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the Abelian threefold may be elliptic, or superficially 

regular; Picard threefolds hove been eliminated and 

hyperelliptic threefolds cannot arise. It follows, 

incidentally, from the proof of Theorem 1 of Chapter 2.1 

that the pure canonical surface of an Abelian threefold of 

geometric genus 1 is of order zero, since it is mapped on 

the Picard threefold by such a surface. Hence the arithmetic 

genuS, P,, of W equals 1, end so the tridimensional irreg-

ularity is zero. The superficially regular threefolds W 

are therefore completely regular. 

Consider first an involution generated by a cyclic 

group. The generating substitution may be put in the 

form (8) of Chapter E.7, Coincidences are obtained when 

the two sides of (B) are congruent, mod LI. When the three-

fold W is elliptic, A, = 1, and the involution has no 

coincidences unless el = 0, in which case the coincidence 

loci are curves obtained by varying the first parameter 

while the last two parameters take values for a coincidence 

in the substitution group determined on these. Such 

coincidences always exist, and thus a set of Curves belonging 

to the congruence of elliptic curves on V is obtained. If 

if is completely regular, AI * 1 and o, ='0. A finite not of 

coincidence points is always obtained. 

Next consider a 'threefold W arising from a group other 

than a cyclic group. Whon'W is elliptic, the substitutions 

on the first variable can all be reduced simultaneously to 
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the form of (8) with A1 = 1, and for any particular cyclic 

subgroup the last tiro substitutions can also be put in the 

form of (8). Coincidences are .obtained only if for some 

substitution el = 0, and then, as before, the loci are curves 

of the congruence of elliptic curves on V which gives rise 

to the congruence on W. new, however, an involution giving 

rise to a completely regular threefold W may contain elliptic 

subgroups. It follows that on V there may be no coincidences 

or a finit number of eoincidennes or a set of coincidence 

curves (belonging to one or more congruences) or there may 

be both curves and isolated points. An example of a completely 

regular threefold represented by en involution without 
coincidences may be constructed from group Gii.(XIV) Thus 

the matrix 

0 0 0 0 

0 	rt 0 0 

0 000 1 

admits the non-homogeneous group, G*, generated by 

S( -x, y + 	-z)„ 	SAx + it  .y, -z + i); 

and it is easily verified that the resulting involution, 

on the Picard threefold V has no ooincidencii. (On the other 

hand, when the homogeneous group is taken, the coincidence 

loci are curves from the three congruences on V.) The only 

general conclusion is that if there are any isolated 

coincidences the threefold V must be completely regular. 

Coincidences will give rise to multiple points and 
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curves on a projective model of W unless particular steps 

are taken to resolve these, To investigate the possibilities 

would call for detailed examination of the parametric 

representation of w.  
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CHAPTER 	MATRICES ADMITTING CYCLIC GROUPS  

1.. GI  (I). S(cx. cy l  czlo  Here c is a triple root 

of the characteristic equation 

R » xE41 = 0 

and the matrix (R tE 6 ) is of rank 4 (2.7). We show that 

the matrix R may be reduced to the form 

0 1 
.1 »1 

0 1 
(1) 

0 	3. 

-1 -1 

The method is that of Bagnera»De Franchis (2►  293 et seq.). 

Choose new periods given by he modular substitution 

Tai 	s 	.W« 	- a- top I 

Then in the new matrix 	only the elements of the a-th row 

and p-th column differ from those of R: in particular, for 

# p, 'mato  is replaced by rota, a-rpy. Hence, by the use of 11:-:  
we can arrange that 

0 < rib 4 Jr,6 1 ; 

and then by the use of Tra. we can reduce the absolute value 

of 2 16. By repetition we make r,6  = 0. In the same way s  

using in succession pairs of substitutions T.:(-p  we make 

	

ric 	r34  r„‘  = 0 ; 	ras = r3s = 0 
rot  = ra,,= 0 ; 	r,3 = 0 

0 



0 0 0 r„ 0 

r,, 

r3, 	r33. 

rett  

ra3  0 0 

0 0 

0 

r3.3 
	

raw 

r4.3 	r„.,t, 	riks  

ry 	I 	r„.3 	163-4 Tsr 

r" r61 r63 ro. 	Ass- - r“ 
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The ma x R is now of the form 

Now rut  * 0, for otherwise the characteristic equation 

would resolve into two instead of three real factors; and 

also rot  * 0, r56  # 0, for otherwise 	or r64  would be a roal 

root of the (thereat° tette equation. Consider then the 

determinant obtained from IR .c 61 by omitting the fourth 

and sixth rows and the first and fifth columns: this must 

vanish, and so 

whence 

similarly 

r ,r sr a 2.3 3,.rs6 = 0  

r23  = 0. 

r4s. = 0 

The characteristic equation is now the product of 

three real quadratic factors obtained from the second order 

determinants along the leading diagonal. The first of these 

gives, 

x 

x 

s x + x + 1$  

since the zeros must be e t  el. Hence 

+ r = 1, 

ritrxi = 1 

(2)  

(3)  

s 	xR 	ir„ 	xx 	 16,, fax 	rm xhx, 
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Dieing T1:, T.: we can make rn  suoh that 

whence. 	4r, 4 irj.jrzl ii 

From (2) and ( ) we have 

rir + rn  + rmr„, + 1 = 0, 

so that 	4r: 	IrjOrad 4 	+ !rid .+ 1, 

It follows that 	=t?, 

and then from (2) 	— 1 
From (3) 
	

rmrm  = 1, 

so that either 

r,, 	= 1 	or 	r,„ = u•rai  

In the first case we have 

EV.1 	 (33  

end in the second ease 

cal = laL, Ca. = to, - tax; 
and on replacing 6.)„ by -6,, these latter - equations reduce to 

the former. 1e can therefore take 

	

rlf = 0, 	r,2 = 1412! = 	= 1 • 

Precisely the same reduction may be carried out on the other 

two second order matrices on the leading diagonal. 

Next oonsider the determinant obtained from /II eF„,/ 

by suppressing the second and third rows and the first and 

sixth columns, On expansion, since the value is zero, we find 

	

2.54  = rs, + r4  = s 	se, y. 	-1.53 = t 	say. 

Using TL we make r64, r53  = 0, and then. using Vs.3  we make 

rSlf = r.53 0, Finally, using 14, es, and then Tio, T3  we make 
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the last four elements of the first and second columns 

vanish. The matrix R is now in the -desired form (1). 

The linear relations connecting the periods take the 

form 

CV, = AO 	= V.10 CL. 401  
We must have 

to 3  (44 	0, 

for otherwise the R emann matrix would be of rank less than 3 

Choosing new variables X, Y, Z given by 

'3 or ) 

Riemann ma 	x reduces to the:Corm 

(1 0 0 0 0\ 
001c 00 
\00001c/ 

The Picard variety attached ,  to this matrix is the 

product of three equianharmonic 	curves, The method 

„of reduction applies quite generally when a Pleard variety 

is invariant under a substitution all of whose multipliers 

are equal to e; these varieties have been termed 

eauianharmgnio by Soorza (18, 336), 

In eonclusion:_ all matrices admitting the group 

MI) 	ilex, ey, ez) are equivalent to the matrix 

0 0 0 0 
1 e 0 0 
0 0 1 



1 	r' 	r" 
r  0 r" 

I p r 	x'r") 
pirn xy")  

i(0( + 8r'  + rr") 
vit 4  P . fi

r." + 21,77)  
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,.MI 1•) 	 z).  Two roots of the charact- 
eristic equation are equal to +1, and the matrix may be 

put in the form 

/1 
W21 	W22. 

  

\ 0131 	w32. 	0 	S 	' 	# 

where the bottom right 2x4 matrix is a general Riomann 

matrix and the variables y, z have been chosen to reduce 

this to the canonical form of Bagnera-Do Franchise 

Consideration of the first row of the above matrix 

Shows that in the matrix R we must have 

r„ 	= 1, 	= 0. 

"'Wm  = wm  + 0 + ro  + 0 + ivr3  + r -it'''. 	, 
4"W31 = 4)3j  + 6 + 0 + rn„,-k + 	" + rurnI; 

with similar equations for (422, w3,,,* It follows that, by 

adding multiples of the last tour columns to the first two, 

we can reduce the matrix to the form 

0 0 0 

where c4  • ti 	oc' p i s ty' c4,1,0(i = 0, 1. 
Now we can always make di  = 0 by subtracting column 1 

(001, 1) from col. 2 or interchanging these, columns it 

necessary. Also a 1 +71  in col. 2 may always be reduced to 
(a new) r' by adding col. 3 to col 5. After this there 



r 0 0 0 

• 
1 0 

r" r ill 4.  LTC( 0 , 	e 1E, = 

r 0 0 

= 0010 . 

ce, * 04 

0,1, 

1 0 

8 r" p 
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remain six possibilities for co102, namely 

,( 
r+ r

n 
 ). 

r 	r 

0 
0 0 11 

For each of these forms for the second column we must consider 

how far the first column may be reduced. In this reduction 

we may subtract the second column from the first or, in 

some oases, interchange the two, reduce s  + rug  to r% and 

reduce 1 + r" to ru  where this has not already been done 

to simplify the second column. It is found that the above 

forms for the second colnmu yield respectively 8, 5, 3, 3,  
2 and 2 forms for the first column, omitting repetitions, 

With suitable ordering of the first two columns we can say: 

there are 23 matrices admitting the group 

0 

T1  

ru 

G,(II) 0(s, -y, 

( 1 	 r  
a r 

\ OE; r"ex 

1400 

irnea  
r el  

namely 

0 

1 

0 

0 

0 

6 / 1  ete, ,e „s3  = 
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3. qp(III) S(-x. iy , iz).  From the theorem of 4.1 

and the form of the matrix of genus 2 given in group (ii) 

of 4.3, it follows that with a suitable choice of variables 

ny matrix for the present group can be put in the form 

(.421 

4)31 (032.  

0 

1 

0 

0 

1 

0 

0 

0 

1. 

0 

0 

1 • 
From the first row, we see that in the matrix R 

rm  = 	= .1 	rm  = 2911  = 06  

Thus the w satisfy equations 

+ r13 + = 

iw, = 	• 0)21,  + r,3  + 

iw = w w31
+  r,5 + irn  0 

iw,= 	w 	+ rur + iru  

solving for tov  we see that if rn, r, are both odd or both 

even, then w.,  may be reduced to zero on adding suitable 

multiples of 3019,3 and 4, and that otherwise w2, may be 

reduced to 	+ i); and similarly for the other -6 This 

gives the possibilities 

1 	r 0 0 0 

ic(l+i) 111(1+i) 1 1 0 : 

( Y(1+1  ) iiS (1+1) 	0 	0 	1 	i i t  alo ptila = 0,1. 

If cx, p are not both zero, we can make p = 0. Then 

if S= 1, we can make X = 0. Since the second and third 

rows, as also the first and second columns, may be inter-

changed, this leaves tour cases: 

( 
\ 



y S=0; d-1, 

p='=0; 	a = y = 11  
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The second case is obtained from the last by subtracting 

the second row from the third and then adding cols .5 and 6 

to 3 and 4 reapeotively# Hence 

there ere 3 matrices admitting the group 

G4(IIX) S(.x 

ie (1+ ) 

/ 

	

:1 

iy, iz), namely 

0 	1 	i 0 	0 

\ 	0 ee,(1+1) 	0 	0 1 	i e,e, so 0,1. 

4. 	0,4111r1 _5(e;xt  »eyo  .ez). The cube of this substit 

Ution has multipliers 1 .1, 1, the first row admits the 

multiplier e, and last two rows the multipliers t 	whence, 

by a suitable multiplication on the variable x and choice 

of variables y z, the matrix can be put in the form 

	

0 	0 	0 0 \ 

‘142,_ 1 e 0 0 

3 	4/32. 0 	0 	1 	E / 

Since the matrix also admits the substitution with multipliers 

e t, E $  we see that we can take 

wxt  = swz1, wu = ew 31. 

Next, since the matrix admits the substitution with 

multipliers 1, .1, .1 we have (from cola) 

zl = wm  + a + be, 

whence 	(132.1 
	(p + qt), 

and using cols .3 and 4 we can make p, q = 0, 
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In the same way we can take 

cam  = l(p e 	gee). 	p', q' =• 0, 1, 

If, now, q = 1 it can be reduced to zero either by 

interchanging the second and third rows (if q' = 0) or by 

subtracting row 3 from row 2 (if q' = 1); after this latter 

operation the last four columns can again be reduced to 

the form already given. Thus we can make q = 0. 

If p = 0, we have four possibilities for wv, 1430  namely 

0, 0; 	i de; 	ie. eel ; 	Ne-Pel ) 

The third possibility reduces to the second on adding co1.4 

to co1.3, co1.6 to co1.5, dividing rows 2 and 3 by c, and 

finally re-ordering the last four columns. Similarly, the 

last possibility, which is in fact 	?; also reduces 

to the seeond. Thus when 

wzl = 12. = 

there are two possibilities for w31, ton, namely 
0, 0; 	, 

If p = 1, we can always make p' = 0. If also q' = 0 • 

we obtain the second of the oases lust found on interchanging 

rows .2 and 3. If q' = 1, we add co1.6 to co1.5 and divide 

row 3 by e. This gives us the case with p' = 1, q' = 0, 

which in turn reduces to p' = q' = 0. 

No further reduction is possible without altering the 

form of the generating substitution. Thus 

there are 2 matrices admitting the group 

MIV) 	-cy, ..ez), namely 



1 0 0 0 

0 0 1 0 0 
ice 0 0 e 	0,1, 

5. 	G3 (V) S(x, 	z),  In view of Chapter 4.3s(iii), 
atria may be written 

0 0 0 0 \ 

w2., 	14 2.1 	1  

w" 032. 1 C2  

Considering the transforms 

we find  

rt Cr' 

1-Et 	,r/ 

of cols.]. and 2 under 3, 

e m  = wm  + r,3  + eri4  + r4.0 + Cr4r1 „ 

C cosi 	033, + 	+ 	+ r,sr" + &2":16 .1,. 
with similar equations for 4)2.0  (432.6  

Solving for wij  and writing 

rn  + 	= p* 	+ ra  = q, 	= r„ r,s = 

with similar p', 	r', 0, we find 

= 3 CP(10.0 - 3r + ry (q(1-e ) 	Ze )i s, 

4431 = 3[P(1-e2" ) - 3r + rn(q(1-e ) 	36)] 

w2.2. 	1509(1-c) - 3rt 	rt(q1(1-e) 

= 359  (1-e2  ) 	3r' + 7-110 (1-el ) 	* 

Now r, rl, s, s' reduce to zero on adding suitable multiples 
of cols0 and 5; and similarly p, p',  q„ 0 are made to 

assume the values 0, 1 or 2. This gives the matrices 

1 	 r 	 0 0 0 	0 \ 

4ilsse)(17  VI) 411"0(1°  q'r') 1 e 	eT4  

\I-(1-e)(p + qr") 	 + qtr") 	1 	rtt 	el  
Po P'o  q, q' = 0,1,2. 
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If both p, p' are non-zero, then either they are equal 

or their sum is 3, Thus in every case we can make p' = Os 

Then either q' = 0 or, by changing the sign of the second 

column and adding (201,5 co1,6) if necessary, q' can be 

made equal to 1. if q' = 1 we can make q = 0; and then 

either p = 0 or we can make p = 1. 

There remain the cases for which, p' 	= 0, Here 

we have p, q = 0,112, giving nine cases. The eases for which 

p = 2 reduce to those for which p = 1 on changing the sign 

of the first eolumn, The case p = 0, q,= 2 similarly 

reduces to p = 0, q = 1; and p = 0, q = 1 (q' = 0) becomes 

p = q = 00  q' = 1 on interchanging the first two columns. 

So far, without any change to the last four,  columns, 

we have reduced the possibilities to six, namely (p' being 

always zero) 

p = q = qt = 0; 	p = 1, q = qt = 0; 	p =, q = Os  qt, = 1; 

p = q' =1,  q  ='0;  p = q= 1, q' 	 0; p = 1, q = 2, q' = 0 

On changing the signs of the last two columns, the 

last set can be reduced to the fifth, and on adding 0010,3 

and 4 to cols,5 and 6 respectively, the fifth reduces to the 

third, Finally, on dividing rows 2 and 3 by rs, r" 

respectively, the third reduces to the second set, This 

leaves three sets 

p = q = q* =0;  p = 1, q = q* = 0; p = q* = 1, q = Q, 

Thus: there are 3 matrices admitting the group 

03( 	9(x ey, ez z), namely 



0 	0 

rt arl  
rn ern 

(iii) e = el  
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1 	r 	0 

16(1-0 3ee,(1-0.0 1 E 

ie(1-el) feel(1-el)rn 1 e2" 

(I) E u al  0; 	(11) e = 1, el  

Q. 047I) SjX, AY5. •-tz).  Dismission of this group 

is on precisely the name lines as that of the previous one, 

and we conclude that 

there are 3 matrioss admitting 	 group 

1z)„ namely 

r 	0 0 0 0 

tr i  

g 
(1) e u e, int 0; 	(ii) a In 1, el  = 0; 	(iii) a = e, 

7,• 	S(x,-ear. -e121.  The fourth power of 

this substitution has multipliers 1, e, e, and the 

dismission of G3(V) applies. The first of the three 

matrices found there elearly admits the present group. It 

is easily verified that neither of the other two admits 

the substitution with multipliers 1, -1, .1, and so both 

are excluded here. Hem, 

there is only one matrix admitting the group 

G6(VII) S(x, -ey, -elz), namely 

1 r 0 0 0 0 \ 

0 0 1 a rt art 

0 0 1 e 	er / 

Gii,(TI) Six iy 

( 	

1 

is(l+i) EE,(1+i)T' 1 

(1-1) eel(1-i)r" 1 



1 0 rf 0 

010e 

0 0 0 0 

1 0 r 0 
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8. Ok(VIII) 8(.x. £pi. -e zz).  It is convenient to 
interchange the first two variables and consider the 

substitution S(exo  -y, .ez z), reverting eventually to the 

original variables. The cube of the substitution now has 

multipliers 1, -1, .lo  and since also the first variable 

admits the multiplier c o  the first row of the Riemann 

matrix may be reduced to (1 e 0 0 0 0). 

The bottom right 2x4 matrix of the Riemann matrix 

admits the multipliers .1 -ez, and so also 1, &* By 

Chapter 4.3.(viii) it is therefore of one or other of two 

forms, and we have the two possible types of matrix 

O 	/1 e 0 0 0 0 

(b) 

	

It 	1422. 

	

\ 6331 	4132 

/1 

(1)Z2 

\ (0,1 	W32. 	0 	1 	1(1—e) 	e 	• 

Type (a).  Expressing that the first two columns admit 
the multipliers Es  .1, -el, we find that Lovo  w.z, are expressible 

integrally in terms of 1, r', and hence may be reduced to 

zero; and wv, w32  can be put in the forms 

	

wm  = 	v.), 	ton 	(p '+ q + pe), p o q = 0,1. 

The four pairs of values are 

	

0, 0; 	.N"; 
	

le, L; 	-Let e; 

the last being a reduced form of that arising from p = q = 1. 

Using the fourth and sixth columns, the minus signs may be 



0 
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eliminated and then multiplying the third row by E, E2" 

respectively, the second and fourth oases may be reduced 

to the third; cols.4 and 6 being rearranged to take their 

original forms. 

Hence, taking the variables in their origina3. order, 

we have two matrices 

/1 r 4 0 0 

0 0 1 e 0 

\ 0 	0 isc 	e 2. e 	e = U,l.  

Type 0).  The reduction follows that of type (a). First, 
w and w_ reduce to zero. It then follows that in the 

equations satisfied by wo (Duo  the coefficient of 3(1-e) is 

zero, and this leads to the four pairs of values for w3i, w3.2.  

again, These reduce to two pairs as before, it being 

necessary only to observe that the 1(1.e) can in each 

instance be retained. 

Taking the variables in their original order, we obtain 

the two matrices found above with the single change that 

32
= 4(1.e), 

Hence: there are 4 matrices admitting the group 

S(-z, ey, 	tamely 

r 

0 

le (1,..e. ) 3 

0 

1 

tie 

0 

c 

iei  

0 

0 

1 

0 \ 

0 

c / , 	e,e, = 0,1, 
( 

1 

0 

0 



( 1 	w, 	w 
1 ail to,* wit' w, 03,73  

‘.47' 

1 wl* w„ 	44,2" W • 

c. 	ii,W7X11 

.112. 
* 

worA w,z). Let (wn, w31 ) be any 

period. Then (woon, w7 w2„, w:wv ), #60, (w, w,(46)21 9 4401 

obtained by suceessive multiplications of the components 

by wil  w,, w: respectively, are also periods, and the six 
periods are linearly independent. It follows that no 

component can be zerot and on choosing wax, wily,  w312 as 
new variables, the periods may be combined to give the 

period matrix as written at the end of this section. Any 

fundamental period matrix is isomorphic with this one. 

That the matrix is in fact a Riemann matrix, i.e. that 

Abelian functions admitting the substitution S exist, is 

assured by the fact that Klein's quartic curve gives rise 

to such functions (1S1 0  4; 10', 471: these papers also 

show, it may be observed, that the matrix is equivalent 

to a compound one). 

It is an interesting question whether, for a suitable 

choice of the initial period, the matrix as written is 

always fundamental. This is well known to be so for the 

similar matrix of genus 1 (which is equianharmonic), and 

can be shown to be so in the case of genus 2 (where the 

multipliers of the group are complex fifth roots of unity). 

At present, however, the question remains open for the matrix 

of genus 3. Thus we state 

one matrix which admits the group 

Gi(IX) S(wi x, 	4z) is 
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10* 	GB  X) S t-xt  wRY, iwpz). The square of this 

substitution has multipliers 1, 1, i* Hence, from G(VI) 

and Chapter 4.5*(ix), the Riemann matrix must be of one or 

other of the three forms 

/ 	1 	r 	0. 	 0 	0 

le(1+i) iegAl+i)rl .1 i r' in 

ic(1-4) 	iseA14)r" 3. 	c ,c = 0,1, 

where 	= w 8  +h+ik +h-ik  
1+im. 	1-im 

with 	al - bM = e h 	am + bl = 1 . 	(4) 

hilkol om,a,b being integral. 

When e = el = 0, the matrix is compound and clearly 

admits the group* 

When e = 1, el = 0, we must consider the effect of the 

multipliers -1, wo, iw, on the first column. we require 

wij(l+i) = 4(1+1) + 0 + rn  + ir, + (ws +h+a)(ru. + iru ) 
1+im 

and a corresponding equation for the first element of the 

third row which, however, yields nothing further. The 

equation written is equivalent to the four integral equations 

1 = r,5 + rm, 	0 = -i(1-m) + rnl r4m + rich - ruk, 

-m = rm  rm, 	0 = .1(1+m) + rnm + 	+ rmk + rmh. 

Solving for the ra  

= L(1-m) 	r,6 = 	(5) 

rn  = i(1-h+k), 	r = 	(6) 

From equations (5), 1 and m are either both even or both odd, 
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and from the second of the equations (4) it follows that 

they must both be odd. Equations (6) show that of h, k, 

one is even and the other odd. Thus for this matrix the 

following further conditions are imposed on rt, tt 

1, my  h+k odd. 

Now observing that 

al bm m am + bl + a(l.m) b(l+m), 

we see that, if 1 and m are both odd, al • bm and am + bl 

are of the same parity; and since_the seoond is odd, by (4), 

so also is the first. Hence h+k is necessarily odd if 1, m 

are, and the third condition above may be dropped. 

Consider finally the matrix for which e = el = 1. The 

conditions last found must be satisfied. In addition, 

applying similar oonsiderations to the second column, and 

using equations (4), we find that a+b must be even. From 

the second of equations (4), a and b must then both be odd. 

But now aa balam are all odd and so the left-hand side of 

this equation is even, which is inadmissible. Hence this 

matrix does not admit the group. 

That the previous matrix, for which e = 1, el  == 0, can 

effectively exist is seen by taking 

h = 1 = m = la  

In conclusion 

there are 2 matrices admitting the group 

09  (X) 5(.x, w y, iwe z), namely 
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1 

e(1+1) 

Le(1-i) 

w +h+ik 	ica +h-ik 9 

141A * 	louiM 

with 	el w  brn = 1c . 	am + bI = 1 . 2hk, 

a,b,h,k,1 being integral. In addition when e = 1, 

are both odd* 

1,_ Ge( 	S 	41,1, k  '"t08,2)*  Using Chapter 44 	x), 

and in view of the first multiplier of S, the Riemann matrix 

may be redueed.to the form 

/ 1  i 0 0 0 

. 	632.z 1 1 rf ir,  

W3I °at 1  1  rn ir“ / • 

where 
	we+h ik 	. 

1+im 	1+im 

with 	bm = 311  - ha., 	am + bl = I . 2hk, 

at b•htkpl,m being integral. 

Applying the multipliers -1, 1, i to the first two 

columns we find that, after reduetion, there are four forms 

which must be ooneidered, namely 

1 	1 	1 

ie(l+i) L-ee,(1+1) 	?z(l+i) N1+1)1-I 

ie(1+1) 	lee,(1+i) 	?(1+i) 	i(1+i)rn 	e 	= 0,1, 

These cannot be reduced further without altering the 

elements of the first row* 

r 0 0 0 0 

0 1 i rt irt 

0 1 r" ••ir" c = 0 1 • 



0 0 0 0 	\ 

1 1 rt irt 

1 1 r" ir" 

i 

e(l44) 

ie (1+i ) 

(I) s = 0; 	(ii) e = 1; 

where 	rt 

with 
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When e = el = 0, the matrix is compound and admits 

the group. 

then e = 1, el = 00  we find, arguing as for the last 

group, that we must have 1 m odd and h+k even. As pointed 

out there, this is not possible, and so this matrix is 

ruled out, 

en 6 = el 	we find we must have 

both odd. 
'i.nal .y, 

 
for he fourth matrix we find 

l+m odd, h+k even 

(which imply also a+b odd). To verify that this is possible, 

we observe that one solution is given by 

h = k = 1 = -b = 1 	a = m = 0. 

In conolusiOn 

there are 3 matrices admitting the group 

MX') S(ix0  tad*, •-14),z), namely 

1 m 

0 0 0 0 

1 i rt irt 

1 i r" ir"/ 

1(1+1)r' 

N1+i)r" 

we +h+ik 	swe+h+ik 
1+im 	1+im 

= le •h'', 	am + bl = 1 - 2hk, 
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a,b0hok,lom being integral. In addition, we have 

for matrix (ii) 	1, m, h+k odd; 

for matrix, (iii) 	1+m odd, 	h+k even. 

12, GALLI)  S,S.!.xk  tcy. Uz).  Using Chapter.403.(x1) 

and reducing iom, 	uln as in the last group (with the • 

simplifidation that 4112.  has no longer to be maintained equal 

to.1), we find that any matrix must be equivalent to one of 

the three ,  

0 0 0 

ic(1+i) 	ce,(1+i )re ( 1 Jr' 

ie(1+1) 	ee,(1+1)r" 1 i rn it I  e ve, 0,1, 

where 	are as specified at the end of this section, 

When e el = 0, the matrix is compound and admits 

the group. 

For the other two matrices, consider the effect of 

multiplying the first column by the multipliers 1, c o  e 

)'or the resulting expression to be a period VD must have 

1+m even, h+k odd, 

Addition of the two conditions already imposed on hokolom 

in specifying 74, r", leads to 

a(l+m) + b(1-m) = k(k+1) h(h-1) 2hk - 1. 

Since the right-hand side is odd, this shows that l+m also 

must be odd, and so the two matrices are ruled out. Thus 

there is only one matrix admitting the group 

Gm(XII) S(..x, ley, lelz), namely .  
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1 r000 0' 

0 1 i rt irt 

\ 	0 0 	1 i r" 11" 

where r• = c+h+ik 0  e+h+ilc 
1+1/41 1+Mn 

with b3. = k 2hk, bm = . 	+ h 

a pb,h,k,l,m being integr 

13. 	Gsz(XIII) u ( 	ley. 	c ).  Starting from 

Chapter 44At(xii) end asoning as in the last three cases 

we find that 

there are 2 matrices admitting the group Gm(XIII), 

namely 

1 t 0 0 O. 	\ 

ie(3.44) t 	)1-1  1 

c(2-1.) 1 au. .irft / E = O,1, 

where 	t e+h+ik -" e+h-ik T 	SZ ••=1,10,M.40~. i  0 	, 	IS . • v. . . • .0 • 0 ... . • 	t 
1+im 	1.im 

with 	am + bi = k . 2hk„ 	al - bm = le - hl  h - 1, 

at bdi,k11,m being integral. In addition, when £ = It  we 

have 

h+k even, 
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CHAPTER 6. MATRICES ADMITTING MUITIKIOATIVE GROUPS  

1, G4XIlir S(**x __TA  4.. pjx. 0T. .02)2 Ai, AA = *1 • 

In view of the multipliers 1, the elements of each row of 
the Riemaxm matrix satisfy four integral linear relations, 

and the matrix may be put in the form 
/1 

xI 

W3, 

4111. 

4)32. 

0 

1 

W33 

0 

r* 

03o 

. 0 

0 

1  

0 

r  " • 
Consideration of the transforms of the first two 

columns shows that at,, (42.z  may be reduoed to one or other 
of the three pairs 

0, 0; 	14 0; 	to trt* 

For eaoh of these oases the possible values for w wvo. and 
them, to.31 , 033x  may be determined; they are all found to be 
reducible to 0, i or ir", It is not propoted to list all 
the resulting matrices of which there are 18. 

2, ,G.(XV) Sjcx, Ey,  ez), §,(x. Ey. e$)1 A,, A4 = l isle, 
From the first generator and the fact that there is a subst- 

itution in which any particular multiplier equals 1 (and 

the other two take the values c, e), we see that the matrix 
can be put in the form 

/1 c 0 0 0 o \ 

r Er 1 E o 0 
rt crt r" er" 1. e / • 

Applying the multipliers E2 , 1, E to the third column, 



1 	6 	0 

3e(1-e) 	1 
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we must have 

er" = r" + a + be, 

whence 	r" = f(b . 2a 	a + b)e), 

or, using the last two eolumns, 

r" = l(b 	2a)(1..c}. 

Values of b 2a need only be considered modulo 3, so that 

we have the three values 0, 1, -1• For the last of these 

we change the signs of the third and fourth columms and 

that of the second row, thus converting the -1 to +1, Hence 

= 0, 1(1.4) 

The same reduction applies also to re 

The possible values for 0 are now determined by 

applying the multipliers 1, el, c to the first oolumn* 

After allowing for the fact that some of the resulting 

matrices (namely those in which just one of ro  re)  r" is 

nonzero) differ only by an interchange of rows and columns, 

we arrive at the following eight matrices, 

1 	E 	0 	0 0 01 

0 	0 	1 	a 	0 	0 	etc, = 

	

fec(1-e) 4cce(1...e) fe(1-e) 3ee(1.4) 1 	0,1; 

1 	e 	0 

1(1.0 3e(1.e) 1 

le(1-e) lee(lsie) 	0 3 	3 

r# 	Cr' 	3(1-e) 

= 

0 0 0\ 

e 0 0 

0 1 e e = 1,-1; 

0 0 0\ 

6 0 0 

ie(1« ) 1 



j, cz), SAx, ey, elz); 	A2= loepel s  namely 

6 	0 	0 0 \ 

0 
	1 	e 0 0 

TCEF I  (1.°0 3c(1-e) 3ee(1 ) 1 

.121. 

The fifth of these reduces to the fourth on ()hanging 

the sign of the third row and last two columns. The seventh 

and eighth reduce to the sixth on choosing ez, ez respect-

ively as a now third variable and adjusting the last four 

aolumnsi Thus 

there are 0 matrices admitting the group 

Gi(XV) S(ext  

1 

0 

fec(1.e) 

(i) e = 

(iv) 441-e 3e(1.4) 

\ f(1-e) le (1-e ) 3 

/ 
1 	e 

(v) 1(1-e) e(1-e) 

el = 0; 	(ii) e = 1, e,= 0; 	(iii) e = e, = 1; 

/ 1 
	e 0 0 0 0 

1 e 0 0 

0 0 1 e 

0 0 

1 e 

3. qa(AVI). SS.x.. iY. iZ)kSbiat,  y, i-z)t /),1= *1. 
A2.=  ±1.*1.  The matrix can first be put in the form 

Applying the first generator to, the first two columns 

in turn and using cols..3 and 4 we find that we can make 

0 

0 0 

0 0 

\ 	23- 	.-Te 
1 
	3(1 *+c) 	4e(1.e) 	1 	e 

The matrices have been numbered (1)-(v) for later 

reference. 

1 	r 	0 	0 	0 	0 \ 

kozi 	0.7.2. 	1 	i 	0 	0 

C43 I 	Li.) 3 2. 	r 	i r" 	1 	i / 	. 
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= 0, 1(l+1), 

The oases where wu. = i(1+1) are eliminated by interchanging 

the first two columns or else subtracting 0°101 from 0°1.2. 

Applying the second generator to the third column we 

• r" 	136 
	 t(144) 

and the third of these reduces to the second on multiplying 

the third row by 1 (by choosing is as a new variable). 

To determine wu, again apply the first generator to 

the first column We find 

when 	= 0 	 W31 = 0* (144); 

when W21 	) 	W31 = i(144)7", i(144)(1 + r") 

The second generator applied to the first column &owe that 

when w, = i-(14-1.) we cannot have r" = is 

As we have seen, we can make 	= 0; then 	for 

31 we find that 

3 = 0, i(1+1) 
It is convenient to consider the above possibilities 

in three groups, First when co, 

we can make 

(au  = 0, L(1+1), 

giving six matrices. 

villen colt 	(422_ = r" 

= 4322. = 0, r" = 0, 	11(10.), 

= 0, then if (43)  = t1132.  = 0, we 

have one of the last matrices with rows 2 and 3 interehange4, 

and the other three possibilities reduce to the two where 

4;30  wu  = (1+1), 0; 	0, i(1+1), 
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Flnallyi when 	= 1(1+1), (42.2. = 0, 	(144) we 

again reduce the possibilities to two 

wv  = 1, Wiz = 0, 1(1+1 

Interchanging the first two columns of the two matrices 

of the first set for which w, = 1(144), re' =.0, (1+1), we 

can say 

there are 10 matrices admitting the group • 

09(XVI) 'S .x„ tY,  iz), 	x y, "ex); A = *1, k= *1,±i,  
namely 

	

1 	r 	0 4 0 0 \ 

6E1(114 ) 	0 	1 	i" 0 0 

	

0 	1a(1+1) 0 0 1 1l 

	

(i) E = el m (); 	(ii) a = 1f  E, = 0; 	(iii) a 	a = 1; 

r 0 0 0 0\ 

0 l' i 0 

0 0 0 1 i / P 

r 0 0 0 0\.  
0 1 i 0 0 

0  ii 3. i / 

(v) e = 0; 	(v1) E = 1; 

( 

1 	r 	0 	0 

e(1+i) 	0 	1 	i 

is 	.16,(1+0 	1(i+i) 	?A-1+i) 	i 	i I t 

(vii) a •= e, = 0 	(viii) a = 1, el  = 0; 

(ix) a = 01  el  = 1; 	(x) a = el  = 3.. 
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G LxjLJP. 	 ±1. 
The matrix first reduces to the form 

/1 	0 0 0 0\ 

1 1 0 0 tom WIZ  

C.6131 	ta)3Z 	r" 	jr " 	1 	1/ 

Applying the multipliers i, i, -1 to the first column 
shows that we can take 

(13 33 = ;w31 • 4)12. 	(024, 

Again, applying .1„ 1, i and 1, '.1, i to the first and third 

columns we find we can make 

w 	r" = 0, ?(1+i); 

and further, when ukgr" 0 we can make 

4)31 = 0* ?.111-14)* 

and when call  = r" = i(1+i) 

(431  2: is 114 

When w3, = i(l+i), we can change wiz  from .wm  to 1w31, 

and this shows that the three cases rhen two of 	wv, r" 

are zero and the remaining one equals 1(14.1) are equivalent, 

differing only by a permutation of rows and eolumns. 

The case com  = i becomes com  = on multiplying the last 

row by .i and adjusting the last four columns; and we can 

then make wiz  = 	Hence 

there are 5 matrices admitting the group 

Ga(XVII) 	S(-x, iy, iz), 802, -y, iz); 	A,Ax  = ±1,±i, namely 
/ 	1 	1 0 0 0 0 

1 1 0 0 
te(l+i) 	ie(-14.1) ie(l+i) -e(-1+i) 1 i e = 0,1; 



Gsz(XVIII) 

= +1, ,± 

ez), 	—71 z); = 
, namely 
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/ 	i 	0 	f 	0 	0 \ 

	

11(144) 	N-144)11.00 

	

ie(l+i) 	is  (i-1+1) 	0 	0 	1 	1/ 

/ l 

(l+i) 

t 

=0,1; 
i 

i(-1+1) 
X 2 

0 

1 

i(141) 

0 

1 

Nas1+1) 

0 

0 

1 1. • 

In these matrices, as in some for the previous group, 

some elementAllave been written i(-14.1.) to display one 

column as derived from the preceding one in a particular 

manner; these elements clan easily be transformed to t(l+i) 

with, except in the case of the last matrix, no change to 

the other elements of the column. 

er„ 	S)  ('.Z q ziLA. = *11  
= +1.0e)t*e.  The matrix first reduces to the form 

/ 1 r 0 0 0 0 \ 

War wax. 1 c 0 0 

W31 W32 rr el  r Et  / 

and we then find that the war' may be reduced to zero. 

Applying the multipliers -1, -1, 1 to the third column, we 

find 

r" = Ot  it  iel t 

and the last two reduce to the second on dividing the third 

row by el, E respectively and using ools65 and 66 Hence 

there are 2 matrices admitting the group 



0 0 0 0, 

1 & 0 0 

0 0 1 e e ,e, = 0,1; 

use 

e 0 0 0 0 

0 1. e 0 0 

* cE 

1 
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r .0 0 0 0 

0 0 

e = 0,1 

 

6, G (IX) ex, -ey'. 	z), Sit'a% 	'wZ)) 	= 	•±eez  . 
saion follows the lines , of the preceding A = 0"  The dis 

ones and leads to the conclusion 

there are 4 matrices admitting the group Gm(XIX), namely 

7t  G.fXX) S(tx„ yfi  _.tz) 3(x, cy. esth A.= ltece  
/12.= *1,+c„±e,  We find that 

there are 2 matrices admitting the group Ga(XX), namely 

/1 e 

0 0 ,  

\ 0 	0 

GuVICIX) Stu. -tY, 	SA.x, eyt  -c2z1;  
A,,Aa  = *14*E„e„  Of the two matrioes admitting the last 
group, that for which e = 1 does not admit the present group, 

whenoe 
there is only one matrix admitting the group G34  (XXI)InaMelr 

1 t 0 0 0 0 
0 0 1 e 0 0 
0 0 0 0 1 e • 

0 

1 

fa (1-a ) 

0 

e 

lee (1-6 ) 3 

0 

0 

1 

\ 

0 

e/ e= 0,1.  



0 

0 J 	(1) 

-127- 

Tr 	,TRIGES ADMITTING REDUCIB TERNARY GROUPS  

OF THE REGULAR SOLID  

(a) Dihedral groups  

1. Groups to be considered in detail. There are 22 

dihedral groups but we do not propose to consider all these 

at length. We shall restrict ourselves to a full examination 

of 7 of them; these will provide results necessary for 

later work and will also illustrate the methods required 

in dealing with the remainder. For these remaining groups 

we quote in each instance one matrix which establishes that 

such groups are possible on a Pieard variety. The groups 

dealt with fully are XXIV, XXV, XXIX, XXX XXXII'', XXXVI,XXXVII. 

G e (II) 	-Y siz)k,T( 	XA  zjs The following 

matrix admits this group. 

1 r 0 0 0 

0 0 1 r 0 

0 0 0 0 1 

34 	G32. (XXIII) S(aaa iY, 1Z)., ITtyi  xp z). The 
matrix (1) with r= r" = i admits this group. 

4, GAAWV) S(exA_ -sr. -cz). T(-Y, X 1, This group 

contains G(XIX) as a subgroup. We note that in considering 

matrices for the present group, we cannot interchange either 
• 

of the first two rows and the third row since this would 

alter the form of the substitutions of the group. Also we 

cannot divide both the first and second rows by arbitrary 



0 

0 

0 
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constants for the same reason, so that only one of these 

rows can be taken initially in its simplest form. Thus 

instead of the 4 matrices found for G(11X), we must here 

consider the 5 matrices, 

/ « 	e« o a o 	\ 

	

ice 1 
	

0 

iehe 	0 	0 	1 
	

C oe, = 0,1, 

0 0 

0 0 
	

0 

\ 	* 
	

1 

For the three matrices in which wv  = wax = 0, we have 

that«, t« are expressible integrally in terms of 1, c, and 

conversely. 	Hence 

1 = + kg«, 

and so 

so that 

E = 

h 

-k 

he0( 

h 

k 

ke ze< 

k 

= •kcx + (h • kje«, 

- bk + k2  = 1 

since 	hz  bk + kz  > (1hI 	1k1)2- 

and the transformation is unimodular. 

The possible values for h, k are 

±1, 0; 	0, +1; 	1, 1; 

leading to the values for « 

*1, *e„ *e. 
Two of the corresponding matrices, namely 

0 
c 

lee 

0 
0 
1 

0 1  
0 

e 01011), 

1 e 0 
0 0 1 

ge 	Le 



/ 1  r 0 0 

(011 wax  1 i 

I\ Ed31 w. rl .irl 

0 	0 
r/ Ir/ 

i 	• 
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do admit the group; each of the remaining matrices is 

either reducible to one or other of these or else can be 

seen to be inadmissible by oonsideration of the transform 

of the first column by the second generating substitution. 

For the two matrices in which wm  = 	wmL = ie, we 

find, arguing as earlier that 0( can take the values 

±ie, 14e 

Again two of these matrices, namely 

0 0 0 o \  

	

IzE 1 e 	0 

?see 	0 	0 	1 	e/.,= 0,1, 

admitthe group, and eaoh of the remainder may be ruled out 

or is equivalent to one of these. Bence 

there are 4 matrices admitting the group 

Gut(XXIV) S(ex, may, -ez), T( y x, z)„ namely 

e 0 0 a 01 
0 1 e 0 0 

ice we iee 1 E / e rt d. 
0 0 

ie 

 0 \ 

I e 0 0 

** 0 0 1 e / = 0.1. 

pp oApixv)  Six,  x, *biz), T(x -z, y).  By Chapter 
(v)„ the matrix is equivalent to' one or other of 



w32 

Is 	6)12, 0 

w31  

0 

1 + 	irt 

0 	0 	0 
rl 	i + 0 	rt - 1 

l+ i - 10 1 0 i + r+/ 
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and the problem is to determine the %pi 

For the first matrix the initial reduction is similar 

to that of GM, and we find that, by virtue of the matrix 

admitting the substitution. 8, we can make 

= 	+ qr,), 	wsz  i(l+i)qtr4, 
w31  g B(1-i)(p0 	q), 	(432_ = .. (1-i) 

six sets of values for p, q, 

p 0 1 1 0 1 0 

q 0 0 0 1 1 0 

qt 0 0 1 0 0 1. 

The last set becomes the fourth on interchanging the first 

two columns of the matrix, so we need only consider the 

first five sets. 

The matrix corresponding to the first set is compound 

and clearly admits the group. The matrix obtained from 

the second set does not admit the group. For the transform 

of the first column by T is 

(1, -i(1.1)0 0  

and so we require 

.. (1,-i) 	 (1+i) + (h+ik) + (144m)r/. 

(l+i) = i(14)14  + (h-a)r,  (11m)0  

with. h, k, 1, m integral. Eliminating rt leads to 

2h+1 r + 	+ 21+1. + 2m-1 	, 



p 0 1 1 0 1 

0 0 0 0 1 

q' 0 0 1 1 0, 
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which is impossible Thus the second set of parameters, 

and likewise the third set, is ruled out, The fourth set 

leads to this same equation with the signs before the units 

in the first and last brackets changed, and so these 

parameters are also ruled out, 

The two linear equations in 0 implied by the fifth 

set of parameters are satisfied identically on taking 

h = m=00  k 1 = 

Hence we obtain two matrices from the first ofthe two 

matrices written at the beginning 

Consider now the second matrix at the beginning, It 

will be recalled that the bottom right 2x4 matrix is 

obtained from' 

by a transformation of the columns. Using this form for 

the matrix, the values for wu  are found to be 

w, = ip(1+1) + 21(1+i).0 	, 	w”.= siql(1+1).0 

to31  = ip[1.1.2r9 + iq[2.(1+i )rg , (432.  = L0 [2.(j+i )0] 
Where the values of pp  q, q' are 

1 	i. 

( 	

r t 	irf 
1.(1+1)14 	.111.(1+1)rig 	(1+1),-ir' 	-1[(1+1)- 7-] 

The above sets of values ensure that the matrix admits 

the substitution So It may be verified that the transforms 

of the first two columns under the substitution T are also 



0 
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expressible in terms of the columns of the matrix, so that 

all five sets are permissible. Hence 

there are 7 matrices admitting the group 

G, (XXV ) S x iy -1z); T(x, -zo  y), 'namely 

0 0 0 

A(1+1. )(1+rt ) 	0 1 r,  

\ 2e  (3....i)`(rt-1) 	6 0 .irt 

(i)& 0 (it) £= 

1' 

ie(1+1) 	ici(1+i)rt  

-10 a i-2rq 	1.2- (1+1 )rq 

(iii) E = = 0 

(v) 6 =0, E,=1, 

0 	0 	0 

14-r' 

1+1-ir' 1.r' 

(iv) e = 1 0  Et = 0; 

(vi) E = E, = 1; 

1 	r 	0 	0 	0 	0 

(vii) I 2114.1)(14.r1 	0 	1+i-irt 	14.e rt-1 

g [3-4-'( 344 )1-13 	0 	.1-' 	141...ir' 1-r' i+-r'  

6, A01XXVILS(x, 	-ez). T(x, 	7). 
following matrix admits this group. 

0 	0 	0 .  
E 	rt 	E r1  
er .1 -et 

• 

7/  Glp.(XXVII) 	-Ely, 	T(-y. x. z).  The 
equianharmonle matrix admits this group, 

8. G2*(XXVIII) S(-x, ey. -Elz)i  TSx -z1  Y116 The 
following matrix admits this group. 

/ 1 r 0 0 0 0\ 

0 0 1e00 

0 0 0 0 1 c/ 

1 r 0 
0. 0 1 
0 0 r 
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9. G3A IXIX) 8(-x, ey. -el z). T(2, Y. .xl.  This 

group contains 0(XX) as a subgroup, the only change being 

that the first two variables are permuted. Hence we have 

to consider the matrices 

ea 0 0 0 0 

0 	0 	I e 0 0 

) 	fee (1-E ) 	0 	0 	3. 	c 	6 = 0,1. 

When e = 0 we see, arguing as in G(IXIV), that we can 

take a= 1, and the matrix admits the group. 

When e = 1, we note that a, ea can be expressed 

integrally in terms of 1(1-c), e(1- ), 1, e and hence in 

terms of the first two, and conversely. This leads to six 

values for a, which may be written 

t3(2+e), ±4(1-e), *3(3.+2e). 

Consider the first of these, a = 4(2+e). Then 

ea = 1(2e+e) = -1(1-c). 

4e have that (4(1-c), 0, -1(24e)), obtained as the transform 

of the first column by T, must be a period, whence 

.1(24,e) = -le (1-e) + p + qc, 

= -1(1+2e) + p + 

which is impossible with integral p, q. In a similar way 

the other five possible values for a may be eliminated. Thus 

there is only one matrix admitting the group 

0, 36(XXIX) s(-x, ey, -ez), T(z, y, -x), namely the 

equianharmonio matrix. 
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Ot  G4LX-44 S(.44 9i7. 1.4.192)k  TSX6 	y).  This 
group contains G(XN) as a subgroup so that in the first 

place the matrix'is of one or Other of the two forms qUoted 

at the beginningofsection 5. Further, the bottom right 

2x4 matrix now admits the group of Chapter 4.3.(xiii), and 

so the possible valUes ter 0 are the 2 and 12 values found 

there for the two matriees respeetively. After this, the 

first two columns Of the matrices of genus 3 reduce to 

the 2 and 5.possibilities.  found in G(XXV) for the two types 

of. matrix. It remains to Investigate whether these matrices 

now admit the substitution S, i.e. G(X); and the only 

questionable columns are the first two. 

The fir matrix (e = 0) and third matrix (c = el  == 0) 

are compound and admit the group for all relevant values of r'. 

In the cases of the remaining matrices, since we are 

here concerned with a cyclic group, we can multiply' the 

last two variables by constants thus reducing the matrices 

to the forms considered in G(X) (at the cost of destroying 

the particular form of the last four columns which is 

irrelevant for the moment). Further, we need in fact only 

consider the elements of the second row since in G(X) the 

third row imposes no extra conditions. 

For the second matrix, therefore, we add cols.3 and 4 

to 0012.5 and .6 respectively and divide the second row by 

1 + rf For clarity let us denote the rf of G(X) by Ti to 

distinguish it from the re of the present group. Then when 



L 	[1(kz-h2) 
+ 7111  
1 K = -k, M = 	r  

lz+ M2 

where = + m(1.2hk).], 
+ 
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= w8, we have 

TI 	 1 

 

- I 

  

I + w, 

 

1 + I 
and this Ti patio es the three conditions specified at 

the end,of G(X), and hence the matrix admits G(X) and so 

also the present group. The same conclusion is reached 

when 71  = 1448 4  

The third matrix having already been seen to be 

admissible, we come to matrix (iv) of G(XX7). Here 1=1  = 
The conditions that h+k, 1, m be all, odd are satisfied by 

the last four of the twelve values for 	but not by the 

first eight. 

For matrix (v), Ti is the reolprooal of r'. Hence 

1+rt 	im 	ws + H + iK 

cos + h + ik 	L + iM 

Here H+K, L, M are odd for the middle four sets of values 

of rt only. 

For matrix (vi), we have r' = r', Hence, as in G(X), 

none of these matrices is admissible. 

For matrix (vii) 

l+ im 

+ (h+l) + i(k+m) 



where 

H = .(h+1), 

—(k+m), 

-1Z6 

1[(k+m)1 	(h+l)zi + m[1 - 2(h+ )(k+171)] 

11 +7312- 
E (k+m)2- 	h+ 	+ 1E1 - 2(2+1)(k+m)] 

/ 
12 "I'M  

Here H+K, L, M are odd for the first four values of rl only. 

Thus in all we obtain 2+2+12+4+4+4 = 28 matrices, and 

there are 28 matrices admitting the group 

GIJXXX) S( x wil y, 	) 
	

T(x, -z, y), namely 

[ 	1 	r 0 	0 	0 	0 \ 

te(l+i)(1+ri 0 1 i r'  IT' 

\N(1-Wewl) 0 r' .ir' ►1 	i / 

r' 	= w$  $ 	1408  ; E. = 0,1; 

/ 1 • r 0 0 0 

te(l+i) 0 1+1.tie i+r' 

C (1•4402Te) 

= 

0 4.0. 7 

iiw +1 ; £ = 0,1; 
1+1 1+i 

0 	0 	0 	0 \ 

	

0 	1E (1+1)e 	1+1-ire 	r' 	i+r,  e.1 

	

\ 0 	it [20*( 1+i )79 	.1-1 	14.1.1r* 1.r1  ii-rei 1  

71 
= +We  +10  ±Ws  iwi; c = 0,1; 

1 
e(l+i)(1+1-1 

t-e.D.1.(3+i)r'j 
( 

r 
0 

0 

0 
1+1.171  

-r' 

0 
r' 

144-ie 

0 
1.4-1-' 

1-r' 

0 
1-'4 

i-t-r' 

r = ±iwa  , t wg +(1-1); e = 0,1. 



1 i 0 0 0 

0 0 1 i ws  

0 ,  0 i 1. iw, 
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11. Gm(XXII) S(ix, w,y. -w,z), T(x. -z, y 	The 

following matrix admits this group. 

12. G4,(,.=1/) $(-x, i€i, ielz). T(x. 	The' 

following matrix admits this group. 

/ 1 r 0 

001e 

00 1 

0 0 0, 

i te 

• 

13. Gzit i23214) S(cx,_ 1Ey k 	Ti -z, Y).  The 
following matrix admits this group. 

/ 1 	e 	0 	0 	0 	0 

0 0 1+i-1s 	i-e -e-1 

0 	e 	1+1 -de 1+e 	i-e / 

14. 04(121V ) $j-x, tY. lz). Si-ax. Y. -z). _1(,x. 	Y)s  

This group contains G(XVI) as a subgroup and so we must 

consider the 10 matrices found there, but with the second 

or third row multiplied through by a constant. Since y and 

z appear on an equal footing in the present group, the 

interchange of the second and third rows made at one point 

in the reduction of G(XVI) is still valid and does not call 

for any further matrix to be considered, 

For the first four matrices, in which w33  = w34  = 0, 

we see, as in G(IXIX), that we can take the multiplier to 



be unity, and the matrices as written in G(XVI) admit 

the group. 

For the next two matrices of G(LVI), we insert a mutt.

ip ier «in the third row and find that 1«, Vii«  are 

expressible integrally in terms of 1, 1, and conversely; 

whence we obtain 

a = *2, ±2i. 

The matrices arising on choosing the negative signs are 

equivalent to those arising from the positive, whence we 

need only take the latter. 

For the last four matrices of G(XVI), we multiply the 

second row through by«; and then find we must have 

±1(1+1), *i( -1+i). 

The corresponding values for 411, are 

}lei, +e, 	e = 0 ,1. 

For all tour values of « the last four columns can be 

rearranged to make the bottom right 2x4 matrix 

(

1(1+1) i(-1+i) 0 0 

i(1+i) t(-1+i) 1 i 

and then the values for wv  reduce to only 
J . 1 ale 1 , 2.€ • 

This gives 6 matrices all of which admit the group. Hence 

there are 14 matrices admitting the group 

Gu(XXIIV) S( -x, iy, iz), 8(-x, y, —z), T(x, -z, y namely 

1 	r 0 0 0 0 
1-14) 0 1 i 0 0 

0 	we (1+i) 	0 	0 	1 ij 	= 0,1; 



01 

0 

:1 / 

0 
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0 0 0 

0 1 i 0 

0 0 0 1 

0 0 0 

0 1 i 0 

0 3. 1 2 

0 , 0 0 

0 1 i 0 

0  1 3. 2 

21 • e 0.1; 

0 \ 

0 

21. 	= 0,1; 

E • = 0 

1 

15, G$ V.XXV) $(x, 	ez), T(-x. 	Y).  The 

following matrix admits this group. 

/1 r 0 0 0 0 

0 0 1 t 	Er' 

° 0 I 	it e'rt 

16 	014,( 0c1VI) .9(x• esr• elz). T(5fc xk  -z) 	As in 

G(1), the matrix may be put in the form 

0 0 0 0 

1 e 0 0 
r" Cr" 1 e / 

Co( 

T Er 

14  et* 
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and, changing if necessary the signs of the first two rows 

and columns, we can ensure that 

T 	O f  i(I-e) 
Man r 0, we must have 

a = 	e f  +e, 
and these values 	reduce to m = 1, with possibly a new 

value for t', 

When r = 4(1-e), then, by an argument similar to that 

of G(XXIX), we have the possibilities 

±.13-(1+2e)„ ±-1(2+k), 

i.e. 	= *1(1-c), ±-4(1-01  4s2"(1.0. 

when cx takes one of the middle two values, we multiply all 

three rows of the matrix by e. This makes « = 

The last two columns at once reduce to the original form. 

Intorohanging cola.3 and 4, adding the new 4301.3 to 0°1,41  

and then changing the sign of co1.4 reduoes ools.3 and 4 to 

the_original form. Finally, adding the new co3s.3 and 4 

to ools.l and 2 respectively, restores the form of wm, wzo  

i.e. brings them to 1(1-). le(1-s). Corresponding 

operations apply if m has ono or other of the last two values. 

Thus we need only consider 

= **(1-e). 

In all the above, the last two elements of ools.l and 2 

are left in the form rt f  cr, 	Consider the possibilities 

for 	When r= 0 (so that 0L= 1), we can have 
rt = 0, ±4(1-e 
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Applying the substitution T, we see that 

r" = 

and thus there are two matrices for which rgg 0, namely 

the equianharmonio matrix and 

0 	0 0 0 

0 

\ "3(1-e) 	-4e (1-E ) 	) 	iE(lobE) 	1 	e 

0 	0 

Mien r = 3(1 ), then as indicated in considering 
), which is a subgroup of the present group, we find 

values for 	depending on the value of r" as follows 

if r" = 0, 	0, *-1(1-e); 

if r" rt 	4e2- 
3, 3-t 3 	• 

The case r" = 0, r' = .4(1-e) reduces to r" = 0, 

= 4(1-0 on changing the signs of the third row and of 

the last two columns. When r" = 1(1.e), 	= le, we 
multiply the third row by el  This makes (431  m 4, tan  = lei 

0°10,5 and 6 at once reduce to their original form; and 

cols.3 and 4 are so reduced using cols,5 and 0. A similar 

argument holds when 0 = sex. Thus when r= 4(1-e) we have 

at the moment the six possibilities 

= 01-4) with Tt = el la 0; or 

or 

= 1(1.4), r" = 04 
rf = f, r" = 1(1-e), 

These matrices admit the substitutions of G(XP); it remains 

to find whether they admit the generator T of the present 

exoup. It may be verified that the two matrices corresp-

onding to 



0 

• 
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a = rt = 1(1.e), r" = 0; a = = 1, 	3 r" = 1(1-c) • 3  

do not admit the group since the transform of the first 

columns under T are not expressible in terms of the columms 

of the matrix The other four matrices do admit the group. 

Hence 

there are 6 matrices admitting the group 

Gm  XXXVI) S(x, ey,  ez), T(y, x, -z), namely 

1 

o 	0 	1 

-4(1-c) .3ee(1-e) fe(1-e) 3ce(1-e) 
(i) e = 0;. (ii) e = 1; 

3ec(1-c) o 0 o 0\ 
fe(1-e) 1 e 0 0 

0 	0 0 0 1 e 
(iii) e = 1; (iv) c = 

1-c) 	(1-e) 0 0 0 0 
(v) 
	

1(1-e) c(1-c) 1 e 0 0 
\ 1(1-e) 	4e(1-e) 0 0 1 e ; 
3(1-e) -fe(1-e) 0 	0 0 

\ 

0 0 

le (1-e ) 3 

YE 

1 	C 	0 
3(1.4 ) le (1-e ) 	1 

l!7 	G$(XXXVII) SSXc iYe -izi. T(-x. zo  y).  The last 
four elements of the first row of the Riemann matrix may 

be reduced to zero and then, by virtue of Chapter 443.(xiV), 
there are four possible forms for the bottom right 2x4 matrix. 



0 

1 

we have thus to consider matrices 

i 

0 	0 	0 

rt Jr,  

U31 	(4  32- 	14 33 	i(433 	(435 

where the four possible pairs of values for 4)33 	are 

tri p  i; 1, r4; i v  irv; 1, irt. 

Applying to the last two elements of each of the first 

two columns oonsideratione similar to those in G(V), we find 

we tan make, by virtue of the substitution So  

wsl = i(l+i)(p + qrv) 	to„= i(l+i)qvri v  

U31  = 111"4)-(p 39 + qw35), 	63.32.  Sirg  i(1.4 )(1, 3,1 

p, q, qv = 011. Taking the transform of the first column 

Under the substitution To  

must be a period, 	

+ cir$)) (-1 i(1 i)(pta)33 + 

When 4)33  = Irt o  Cd3s = i, we have therefore 

1+i)(prt,  + q) 	4(1+1)(p + qrf) + (h+ik) + (1+im)rf 

or 	(l+i)(p s q)(1 + r*) a  (h+ik) + (1+im).0 

= (th+k)r,  + (11+m), 

the last expression being obtained from the elements of 

the third row, These equations must be satisfied identically, 

for otherwise the last four columns of the Riemann matrix 

would be linearly dependent, Hence we must have 

p = q = 0 or 1, 

Similar considerations applied to the second column show 

that qv = 0 ,  
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For the second and third pairs of values for w33,  was,  

we find that the substitution T imposes no condition on the 

values of pt  q, q 
	

Then as in G(VI), these values for p, 

q, q' may be reduced to the three sets 

p = q = go = 0; p = 1#  q = go =0; p = 	= 1, q 0. 
In making this reduction it is necessary in some cases to 

divide the second and third rows by rt, thus milking 71,7 a new 
ro; or, again, to add eols.5 and 6 to cols.3 and 4 resgeot-

ively and then divide the last two rows by 1 + r', 

Again for the fourth matrix the. substitution T imposes 

no further condition. Here, however, the bottom right 

2x4 matrix is not symmetrical in the 1 and ro and the 

reductions indicated for the last two matrices cannot be 

carried out. The only reduction possible is to interchange 

the first two columns when p = ql = 0, q = 1, thus obtaining 

p = q = 0, q' = 1; there axe then 5 matrices remaining. In 

all we have 2+3+3+5 = 13 matrices, and 

there are 13 matrices admitting the group 

G,(XXWII) S(x, Sy, -1z), T(-x, z, y), namely 

0 

1 
0 

i 

0 

r' 
0 

iv' 
irt r' 1. 1 / C = 0,1; 

0 0 0 0 \ 

1 1 r' irt 

1 .i r' .irti 	e,e,= 0,1; 



e r" 

rl 

.145- 

0 o o 

lissAl+i)r 1 i r 

2"6sAl+i ) rt I I ii' 

0 0 o 

01+0.14  1 i ri 

isi(l+i)Tt  1 i irt 

0 \ 
1r1  

T' / t e ye, = 0,1; 

0 
irt 

ry 1, e ,e, = 0,1; 

	

r 0 	0, 	0 	0 \ 

	

1 	i 	 i 
iTt 

8*  GAXXXVIII) 8(x, 

 

), T(z, 2. y).  The 

 

following matrix admits this group. 

1 ( 

0 0 1 

0 0 1 

190 Op XIII 	8(44r, cTlk  ■vezZ)„, lq 	x*  The 

equ enharmonic matrix admits this, group. 

GI,C21A) 	1,w 2 z). T(n-x, 	Y)* The 
following matrix admits this group., 

where 

/ 1r000 

0 	0 	1 

0 	0 	Jr' 

w 	+h(2+i) 

1 
ry 

with2h Z 1 

rl 

i 

0 \ 

in 

1/ 

= 12- 
1+im 

m being integral. 
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21. GI.*(XLI) S(Cx, icy. A.ez)c  T(.x. z. y).  The 
following matrix admits this group. 

0 

r* 

1 c 0 0 

0 0 1 i 
0 0 1 J. 

where 	r* 
c+h 

with 

 

a h, 1 being integral 

22. G (XLII 	S(-xt.  1e7t, is z). 	wiz. wsY). 
The following matrix admits this group 

	

/ 1 	i 	0 	0 

	

0 	0 	1 	1 

0 

rt 

0 	\ 

it 

where 
° 	0 	las  r fart  

= e+h+ik 

9  / 

1+im 

with 

114  kt  1, 

h'• - 	h + 1 + 21m 

eing integral 

k 2hk + 	mi" 

23* Gi,AILIII) S.( x. iy. /2)i  T(w.Y. wax. iz).  The 
following matrix admits this group, 

iw. 	0 0 0 0 \ 

0 0 1 i 0 0 

1 0 
	0 	0 0 1 i / 

This concludes the discussion of the dihedral groups 

and we turn to the reducible tetrahedral groups, the second 

of our three types of reducible ternary group. 
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tp) Reducible tetrahedral groups  

IAA  Gl.„(XLINq fgx 	U(x.i(1.filjY+z).-i1.4)(r-z))  

This group and the next, but not the final two of this type, 

will be considered in detail. 

The present group contains G(XXV) as a subgroup and 

hence we have to consider the 7 matrices found there. 

Further, the bottom right 2x4 matrix must admit the tetra-

hedral group of Chapter 4.5.(vii), whence only the last 

5 matrices of G(T) are possible. We therefore investigate 

whether the first two columns of these matrices admit the 

present group. 

The first of these matrices, (iii), clearly does admit 

the group. In the case of matrix (iv), applying the substit-

ution U to the first column (1, 1(1+1)(1-710 2(1-i)(i+rq) 

must be a period, whence 

(l+i) 	= ?s(l+i) + a(l+i-iT1 + be+ 0(1+71 + d(T1-1) 

-Nlybigi+1 = *(1.1.271 - Eve+ 13(1+1401 + 0(1.0-1 + d(1-1-0 

These equations are satisfied on taking 

a = .b = .13 = d = 

It follows that the equations cannot also be satisfied by 

integral values of a, b, c, d, for otherwise the columns of 

the bottom right 2x4 matrix would be linearly dependent. 

Hence matrix (iv) is ruled out. 

Similar reasoning eliminates the remaining matrices,  

and so 
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there is only one matrix adz itting the group 

0, 1 1)1=V) S(x,iy,-iz), Vlx„i(1+1)(y+z 	1-1)(yd,z)), 

namely 

1 r 0 0 0 0 	\ 

0 1+1..irt rt i+rt 0-1 

0 1+1-irt i+rt / • 

25. 	O61 (,XLV)  Si ,y.-z), Ui,x1k(1+1) (7+0.4(1-1)47-z) )6 

This group contains G(IIXIV) as a subgroup and so we must 

examine the 14 matrices found there to see if they admit 

the generatoriL 

Applying U to the third column of the first four matrices 

we have that (0, is(1+1)„ 4(1.1)) should be a period; this 

is not so and hem, these matrices are excluded, Similarly, 

the next two pairs of matrices are excluded, on the other 

hand, we verify that the bottom right 2x4 matrix common to 

the last six matrices does admit U, This 2x4 matrix is 

i(l+i) i(-1+i) 0 o 

( (1+1) (-1+i) 1 i 

whiCh„ on multiplying both rows by 1+1 and oarrying out 

a substitution on the columns, becomes 

(

0 1-i 1 .1 

-(1-i) 0 1 1 6 

In this form, the matrix is obtained from that found for 

the previous tetrahedral group, G(XLIV), which is a subgroup 

of the present group, by putting r,  =2 14. It follows that 

the remaining elements of the second and third rows of the 

/ 



1 r 0 0 0 0 \ 

0 0 0 1-1, 1 

0 -(14 ) 0 

Gin  (XIX) (mIC ye*Z) 	U(Xpi(144)(y+13), g(1is1)(70..z)), namely 

/ 
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atrix must be zero, and so 

there is only one matrix admitting the group 

2d. 0.72,QM 	S(ex. 	tx4t1+i)(7+ ).-ii  

Matrices admitting this group 	also admit G(rav) and 

G(XXXIII) which are subgroups* In particular it may be 

verified that the following matrix admits the group* 

/ 1 	e 	0 	0 	0 

0 ci 1+ 	c 1.4. 
\ 0 	0 	e 	1 +le 1+e 

27*  G,IXIATII) Sjx*Lrepaz), Inex.i(14-1)(Y+z)*-(1...*(7-0). 
The following matrix admits this group* 

/ 1 e 0 0 0 

0 0 1 i. e+iel  

\ 0 0 e+iel  el  -le -1 i. • 

( ) Reducible ootahedral grouse 

28. 	U(x itl+i)(Y+z)04(1.4)(y  

This group contains G(XLV) as a subgroup and so there is 

only one type of matrix to be considered. Thiel matrix must 

now admit the substitution C  above, and hence in the matrix 



0 

itra a 	i(1+ tee) 	lw, 

1+1+w„ 	1 iw e 	1(1+w„)/ 

we can make r= i; it is then at once verified that the 

result n matrix admits the group This matrix is 
1 0 0 
0 C1 0 1 
0 0 -(1.i) 0 i 

101x.i(l+i)(+z).41-1)(r.x)) 
The discussion of this group, which will not be pursued, 

follows on from the existence of the subgroups G(XXX) and 

G(XLIV)• In particular the following matrix admits the 

group. 	, 

290  000(XLIX) 4,,iLog Ye G} 8 

 

  

1 r 0 

0 0 4148  

\ 0 0 .1(08  
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CI 	8, 	TRICES ADMITTING MONOMIAL D PRIM ITIVE GROUP E')  

(a) Monomial Arcups  

1, Group to be considered in detail, There are twelve 

monomial groups, G(L)-G(LXI), We shall consider in detail 
G(LX) which illustrates the, type and which is also required 

for, the discussion of two primitive groups. We quote for 

each of the other groups one matrix which admits the group, 
2, Gn(L) S(wix 	w,Itz) k 	x).. The following 

matrix admits this group., 

/ 	 2 	3 	4 	S 
W7 W I  W, WI  W7  

W/ 4) W.,6 W.7 Wi W7 

\ W7
4 	

W IY  W72 	W
6 	

(47
3  

• 

3. Groups G(LI)-G(LIX)  These are: 

Go.(LX) S(x,  opy, -z), P(y, z,  x); 
017 (LII) S(x, eyt  ez z), P(y )  z, x); 
G its, (Lin) S(xt  lyt  -1z). P(r, z,  x); 
G36  (LIV) 5(Ex, *icy, ...sz), P(y,  zt  x); 
%B  (LIT) 3(-xt  cy, -c z) 	zt  x); 
GlJLVI) 11(-y, x,  z), Tota l  -zt  y); 
G 46  (LVII 	S(-xt  iy, iz), T(-y, x, z), Vat  -zt  y); 
G uALVIII) S(cart  cy, sz), T(-y, x, z), TI(K, -zt  y); 
G2,6 (LIX) S(x, cy, c z), T(-y, x, z),  T,(x,  -zt  y). 

Each of these groups is admitted by one of the matrices 

/ 1c0000 /1 i. 0 0 0 

0 0 1 c 0 0 0 0 1 i 0 0 
\ 0 0 0 0 1 e f, \ 0 0 0 0 1 1 
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41. Gs  (LX) S(x),, ey, Elz), Tiyk  x. 	T4-x, z. y). 
The first two substitutions generate the group G( VI), and 

so we must consider the six matrices found there. In view 

of the existence of the third generator for the present 

group, either the last'row or else the first two rows of 

the matrices must be multiplied through by a constant. Thus 

the first two matrices we take in the forms 

	

r 	er 	0 	0 	0 

	

0 	0 	T 	Er 	0 

\-4e(1,..e) 	e(1-E) 	4c(1-E) 	3ee(1-e) 	1 	E I,e = Oil. 
When E = 0 then, as in G( 	IT), we find the possible ,  

values 

r = *1, *Es  *el  

and all these cases reduce to r = 1. 

When s so 1 then, as in G(XXIX), we find the possible 

values 

r = ±4(1-e), *-1(1+2E), *1(2+E), 

	

1.•e• 	r = 13(1-e), +le(1-0, tiel(1-e). 

For the third and fourth values of r we multiply each row 

of the matrix by c2, i.e. each variable by e, The matrices 

are then reducible to those for the first two values of r; 

and similarly for the last two values of T. Consider then 

Under the third generator, the first criumn 

transforms to (-7 3(1-e), 0), So we must have 

-1(1-e) = 	ar 	+ bcr 

0 = 3(1-e) + al(1-e) + bie(1-e) + Q + de 

r = *Ttisit:/e 



-1e(1- e) 0 0 0 

le(1-e) 1 0 0 
( 
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These equations can be satisfied when r f(1-4)„ but not 

whet r= -1(1 ), and it is easily verified that the matrix 

arising from the first value of r does admit the group, 

We turn now to the second two matrices of G(XXXVI), 

which we take in the form 

4e(1-0 

1(1-0 

0 

These must admit the substitution (-z, -y, -x), which is 

the transform of the second generator by the third. Hence, 

arguing as for the first matrix of this group, we can take 

r = 1(1-e). 

But then (1( -e), 0 0) must be a period; and since this 

cannot be expressed integrally in terms of the columns of 

the matrix, these two matrices are excluded. 

The next matrix of Q(XXXVI) we take in the form 

4ce(1-0 o a 0 b 

fe(1-e) 1 c 0 0 

0 0 0 r er / e lig *1 

-1(1.4) 	e(1-e) 

-fe(1 ) 

0 0 0 0 \ 

3. e 0 0 
) 	4er(i.e ) 	o 	0 	r Er i / • 

Possible values for r may be reduced to *1, and of these 
only r = -1 is admissible. 

The final matrix of G(XXXVI) we consider in the form 

ler 	3zr(1-4) T er a 

SS ble values for r are found to be 



0 0 
c 0 
0 1 

0 
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(1-e), -c(1 -e) (1-e), 

and tor. each of these values the finial four columns of the 
matrix can be reduced to the form shown in (1v)-(vi) below, 
Hence 

there are 6 matrices admitting the group 
G s.,t (LX) 	ear, € 3-2), T(y, x, -z), 	z, y), namely 

(i) 

e 0 0 0 0\ 
0 1 e 0 0 

0 0 0 0 3. c1 e 

/ 1(1.'4) 	-e(1-e) 	0 	0 	0 
0 	0 	3(1-e) 	le (1-e)0 
1.4) 	-1c(1-e) 	f(I e) 
I -1(1-0 	(lm.) 	0 

3c(1-c) 1 
\ -4(1-c) 	e(1 -e) 	0 

/ -1(1-e) 	(1-c) 	0 	0 	0 
3(1-e) ke(i-e) 1 

I 1 

1 

o 

\ -17(1-e ) -3er(1-e) l c 	1-e e(1-e)/ 
(iv) r 10,  1; 	(v) 	c; 	(vi) r 132  e2- . 

G96 (jai) TiwiY, (48x, is). 	w8 z, (4),y).  The 
following matrix admits this group, 

iw„ 0 0 0 0 
0 0 1 i 0 0 

1 0 0 0 0 w a  ita, 



,6. 	101(LXII) pOrk  ey 

(x + y + z), 
-WrI "7- 	-z),  

elz) 	(x + el  + ez)). *El (x + 
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fb) Primitive ,,groups  

The 44.5.4  generated by S, T and TA-x z, -Y) is, as was 

noted in Chapter 3.16, a subgroup of the present group. 

This subgroup differs from Grit  (Lx) only in
. 
 choice of 

variable, and the latter assumes the form of the present 

G.5, on choosing -y as a new second variable. For the G,0,, 

therefore, we must consider the 6 matrices found for G(LX), 

.but the signs of the elements of the second row must be 

changed. 

In finding if these matrices admit the substitution V 

it is convenient to write the coefficient 	in the 

alternative form fe(e4). Applying V to the first column 

of the first matrix we see that for this matrix to admit 

the group 

(fe(e.61), fe(g..1), le(g-1)) 

must be a periodi and as this is not so the matrix is 

ruled out. 

For the second and third matrices it may be verified 

that the transform of each column is again a period, and 

both these matrices admit the group. 

For each of the three remaining matrices, consideration 

of the transforms of the columns (the first and fifth 

columns suffice) shows that the matrix is inadmissible. 



(x + eLy + ez)), 

ey, etz), T(.y, -x 

z),+ cy + exz) Si 

3E(1-e) 	0 o \ 
0 
1 c 

0 

46(1-0 

Goe(LXII) S(x, 

+ 7+ 

namely 

/ 4(1-E) 
(i) 	0 

\-.11(1-e) 
i(1-c) 

-i(1-0 

1 3e(1-e) 
-.4(1-e) 
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Hence, (after changing the signs of some columns), we have 

there are 2 matrices admitting the group 

f(1-e) 3e(1-t) 

3(l -s1 	3e(1-e) 

4(1.4) 3e(1-e) 

o 0 0 0 
1 e 0 0 

001e 

7., 8,Aulla/XI) Sx l,„, V as in the previous group,  

wca. (x + y + ELZ), 	x(X + Ey + EZ), -L. (EX + y + ez)). e-gl 	 e-ex  

We must consider whether the two matrices found for the last 

group admit the further generator W. It is easily verified 
that they do, and hence 

the 2 matrices found for G(LXII) admit GIJIXIII). 

8. 016.(111V) S(wx, ?7, Lez), P(7. zo  x).  

its 	x' = h((444  ...Jw3 )x + 10)2. 	to')Y + (co - (4‘)s),  
7' = hk(wl  wr)x + (w w)7 + (w 4  W3  )z).  

zt = h((w • w6 }x  + (w*  w3 )X: + (w l 	ws)z).  

h 	= 7W + tIS + (A) if W 	 S' A.  4) 3 ) = 1:7 4  

ISM 

The matrix given for 024(1.) in Section 2 of his Chapter 

admits G 16 8  (LXIV 
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'R 9. THE NON-HOMOGENEOUS LINEAR GROUPS 

1. The problem. In general the equations of the linear 

g up which generates the seta of some, involution on 

a Picard threefold will be non-homogeneous.' In some oases 

the constant terms can all be made to vanish by a suitable 

choice of variables; in particular, this can always be 

achieved for a cyclic group in which each multiplier of 

a generating substitution differs from unity. Apart from 

this ease, it is necessary, in order to determine the 

properties of the involutions, to investigate what forms 

the constant vectors can assume. The key fact is that ,  

whenever a product yields a substitution whose homogeneous 

part is the identical substitution, the constant vector 

must be zero, modulo periods. Additionall there may be 

some latitude in choosing variables which do not alter the 

forms of the homogeneous group and matrices already 

determined, but which permit simplification of the constant 

vectors. 

The cyclic groups calling for consideration (other 

then Gz(II) whichwill be omitted) are G(T), G(VI) and 

G(VII). In addition, we shall examine the multiplicative 

group G(XV), the dihedral group G(XXIVI), the monomial group 

G(LX), and the primitive groups G(LXII), G(LXIII), which 

form a sequence with each a subgroup of the next' 
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2, The non-homogeneous G4(y).  The generating substit- 
ution must be taken in the form S(x 	sy, slz) The form 

of s3  shows that (30, 0, 0) must be a period, whence 

= f(a + br). 

Using the period matrix we ensure that 

a, b = 0, 1, 2,  

and a translation of the variables y, z maintains the forms 

of the substitutions on these variables.  

Considering the 3 matrices found for G(V) in Chapter 5,5, 

we now see that 

(0, ale(1-a) + bice,(1-s)ri, aie(1-el) 	blec(1.E.1 )74) 

must be a period, Since this must be expressible in terms 

of the last four fundamental periods, it must be the null 

period. Hence 

as = bee, = 0, 

and so a (=A ) = 0 	or 	a = 0 with b = 0.  or a, 

Except in the case of the homogeneous group (a = b = 

el = 0, and the value of o may always be reduced to 4r. 

=ie•thua obtain two groups from G3(V), (including the 

homogeneous one which will, of course, always arise), namely 

those given by 

= 0 	admitted by all 3 matrices; 

o = fr admitted by the matrices (i), (ii). 

3, The non-homogeneous Gw(VI). The generating substit- 

ution is of the form S(x+c, iy, -ix), and so (4ci 0, 0) is 

a period. The discussion is similar to that of the previous 
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group, G3(V), and we find the following values for c 

0,r 	admitted by all 3 matrices; 

c 	Trr 	admitted by matrices (i), (ii); 

= is  i +-4-.r 	admitted by matrix (it). 

4. The non-homogeneous G6(VII). Tho generating 

substitution is of the Dorm s(x+0, .ey, -ez), There is only 
one matrix and the constant e may take the values 

0, -6.17 -  • fr • fir, 	+ 3r•  

5, The non-homogeneous Gq(XV).. The generators of this 

group must be taken in the form 

S(ex, ey, ez), 	S,(x+c, ey + cz  ez + 03  ) 

From the form of S; we see that 

(3c, 0, 0) 	0, mod Q. 	(1) 

Again, since SS, and S,S have the same multipliers,their 

constant terms must be congruent. The condition is 

((l.e )4; 	(1.e )oz  (1-e )03  ) 	0, mod k. 	(2) 
Using this condition we can express any product of S and SI  

in the form SmS," and then, using (1), we can ensure that 

m, n<3. Thus there are no further independent conditions 

to bo satisfied by the cL. 

Taking the value of al  modulo periods, (1) gives the 

possibilities, considering only this first element, 

ci  = 	+ be), 	a, b = o, 1, -1; 

and then 	ci (1-e) = i(a + b 	(a . 2b)e), 

and using ( ) 	a + b 0, mod 3. 

Hence 	a, = 0, 411-e), -11(1-c) 
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Changing the signs of all three variables, the third value 

for ci reduees to the second. We now verify that for these 

two values, (3421 , 0, 0) is a period with the exception 

that el 	3(1-e) is not permissible with matrix (v). 

Substituting in (2) the two values found for a, leads 

to the values of ex; and then use of (B) again leads to 

the values of 0.3 r In finding the vectors (el , 02 , 423 ) we 

desire to maintain the forms of the equations of the group 

and of the matrix under consideration and to retain only 

one of a set of equivalent vectors. Depending on the 

matrix, we ean- multiply the variables by some of -1, te, 

te'; and for matrices symmetrical in two rows we elan 

eliminate some vectors on inspection by interchanging two 

variables. In this way we arrive at the following table 

of vectors and corresponding matrices. Further ways of 

eliminating redundant vectors are discussed below. 

Table 1 

Vector 
Matrices 

, ca.  03  

0 
() 

0, f(1.) (i)-(v) 
3(1-e) 3(1-e) (i), 	(iv) 

—j3-(3...e) (iv)  
..., 3  (it), 	(iii), 	(v) 
..ic t 	.1-Ez (v)  

3(1.04) o 0, f(l*e) (10 
f(10.e) • i(1.4) (1) 

, . 3 (ii) 
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Table 1 'cont. 

k(1-e) i(1-e) 
s'i(l'e) 

*--- 3 

ji 

0, 

"I 
4(1 

. 
1  ) 

(iiI.) 

(iii)  

(iv)  

Next consider the, effeat of a translation of variables. 

Take new variables X, Y, where 

X =x + ki , Y = y + kl• 	z + k3. 

Then 	S(EX + k l(1-E) EY + k,(1 ) 	k3  (1-E)) 

and 	SAX + CI  EY + c, + k,(1-c), E1Z + e3  + k3(1-e)). 

We therefore require 

(k1 (1-e), kx(1-01 k3(1-0) 	0 mod 	(3) 

and then the vector (ei  , cz, e3 ) is replaced by 

	

(0, , 01 	ki(lgoe), 03 	k311•421)0 	(4) 

For matrices (ii) and (iii), taking 

= 0, kx  = 	= -3, 

we find that where c3  = 1(1-E) it may be reduoed to zero; 

and changing the signs of the 	03 	3 (1'4) is similarly 

reduced to zero. 

For matrix (iv), taking 

k, = -i(1-e210 	kl  = k3  = ".3) 

we find that (0, 1(1-E), -4(1-E)) and (0, 4(1-E), 4(1-E)) 

may be reduced to zero and (0, 0, 3(1-E)) respectively. 

For matrix (v), taking 

= -f(1-e), k, - « 3M  k.3  = -f(1-e), 

we find (0, 4(1-0, -fe) reduces to zero: taking 

	

ki  = 0, 	kx  = 4(1-E2 ) 	k3  = 4, 
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the same reduction follows when 03 	41131 E instead of 

Table 1 may now be replaced bar Table 20  

Table 2 

Vector 
Matrices 

GI  01  G3  

0 0 0 (1)00(V) 

3(1̀ 'c) (1), 	(iv), (v) 

4(1-e) 1(1-c)  (i)  

.5 (Li), 	(iii) 
3(l-e) 0 0 (ii)  

fa -0 i(l-c) CO 

./ 
3 (iA) 

1 
3 (iii)  

[ —1(1 -c) 0 (iii) I 
I I 

..# 3  .1.3 (110 

Finally, .We recall that the homogeneous group G9(XV) 

is symmetrical in the three variables and that in the 

matrices (1)-(v) we chose to make zero four elements of 

the first row and two elements of the second row. From 

symmetry, the rows on which the zeros are imposed can be 

chosen in any ways, and the generator ;may be replaced 

* An exception occurs in the case of matrix (ii), 
where in the reduction we had occasion to interchange rows, 
CorrespondingAy although, as can be seen, we may transpose 
the second and third rows we cannot transpose any other pair. 
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by one in which the multipliers 1, c, el  appear in the 

corresponding order,. In achieving this permutation of 

the roles of the variables in the second generator, these 

variables may need to be multiplied by constants, and 

possibly subjected to a translation. The result of such 

a permutation is that the vector (c, cl , 03 ) is replaced 

by a new vector which must itself be reducible to one of 

the entries in Table 2, But this may bee different entry,  

showing that some vector may be discarded. 

The change of variable needed to bring about any given 

permutation can be quickly determined by trial. For the 

present group each now vector obtained is found to be 

equivalent to the one from which it arose except in the 

case of matrix (iii), and the examination of this matrix 

will illustrate the procedure. 

For matrix (iii), then, we propose to interchange 

the roles of the variables x and z, By inspection, we 

decide to multiply the variables by 3(1-e), -1, 1-el  resp-

ectively, The period matrix now takes the form 

/ f(1-c) e(1-e) 	0 	0 	0 	0 

0 	0 	-e 	0 	0 

1 	1 e 1-el  e-1 

Subtract 0018,1 and 2 from 0°18,3 and 4 respectively. 

subtract (2xco1.1 + col 2) from col ,5 and (col.2 4- cola) 

from 001.6. Change the signs of the last four columns, 

The matrix is now in the required form. 
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The substitution S is unaltered but S, becomes 

I = x + 1(1-e)cl , yt = ty 

and eS; becomes 

xf = ex ill- 1 ) 	Zit ey 	02.  g  

z,  = ez + (1 

zl 	1-el  )ol  
Here the multipliers are in the order E2, c, 1, and so this 

substitution in to be taken as the new second generator. 

The vector (cl , ex, 433 ) is thus replaced by 

(1-cz  )03  , ea* , 	)o, 
The particular vector (1(1-c), -4(1-0, 0) in replaced by 

(0, -it(1-c), 4.3), Changing the signs of all 3 variables 

and subtracting the period (0, c, 3e(1.))„ we get 

(0, 411-0, 3(1-2e)). Adding the period (00  0, 0, we 

have (0, 1(1-0, -le), and, on choosing c times the third 

variable as a new variable, we have (0, fa ), -1). This 

is the second vector found for matrix (iii), and so the 

fourth vector (*(1 ), -3(1-e), 0) may be discarded. 

As remarked earlier, no other vectors are found in 

this way to be equivalent. Thus the non-homogeneous groups 

arising from Gq(XV) are as determined by Table 2, omitting 

the penultimate case which is shown in brackets. 

6, The non-homogeneous 01.(IlIVI). The generators 

must be considered in the forms 

S(x+0, ey, t'z), 	T(y+c, x+cx, ..z+c3 ). 

We remark first that in the reductions made below it is 

important for later work to restrict ourselves wherever 

possible to changes of variable which consist of translations 
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multiplying all three variables by the same constant, 

and to note where other substitutions prove necessary. 

If we choose x+ki , y+ki, z+k3  as new variables, the 

equations of 8 are unaltered, nod ill  provided 

(0, kx(1-C), k3(1 
	

)) a 06  mod W 3 	(5) 
and (of  , 	i 03  ) la replaced by 

(el + (ki  kx), ez 	(ki - kz)„ 
3 
	 I • 

Taking ki  -c, k 	k3  = 0 we see that we can always 

make el = 0; and , this is retained if afterwards we always 
take .k, = k the form of the vector now being 

(0, cz, e3  + 2k3 ). 

bye shell take cl = 0 in. future. 

Since 	83  a Tz = 

we have 	(3e, 0 0) a 0 mod. Q 

and 	(et, 02., 0) a 0, mod 

Again, from a consideration of the homogeneous parts, 

(TS)1  = (ST)2- 6 	(10) 

and so the difference in their constant vectors is 

congruent to zero: 

(e(1-e), -(e + cz )(1-c), 3ec3 ) 0 0, mod R. 	(11) 

e can now show that there are no further conditions 

imposed on the constants. For if (8), (9) and (11) are 

satisfied then (I) and (10) hold, and by considering 

products of S and T, taken r at a time where .r is success- 

ively 1, 2, 	we ind that every product can be reduced 
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to one of the following eighteen: 

I S 	(ST)1  S(ST)1  TST (STS)1  TSzT STSZT 
T ST ler STS eTS TS SZTS1  TS1  sTS4  

These form the entire group, every product of the generators 

being equivalent to one of them: consequently no further 

conditions can arise. 

'Using the three conditions found and making only 

changes of variable whioh maintain the forms of the 

generators and of the matrix under consideration, the 

following possibilities are obtained for c, ex, 0.3  (cl = 0 

always). 

Table 3 	• 

cl 3  Matrices 

0 0 0. (i)"(V 	) 

3 (1), 	(iii 	V) 

f(l-c) otf (iii)  

3(1-c) 0 Oti (1) 

--7-1(1-e) (ii) 
i 
3 0 Ovi (iv)  

-4(1-) 	. 

-- 4(1-e) (v)  

} ± - f(1-c) 

In reducing the possibilities to those of Table 3, the 
only change of variable needed which is not of the types 

mentioned at the beginning of the section is a choice of -z 
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as a new variable with x, y unaltered This is needed to 

change 03 	to +i in the three oases where a 4(1-c) 

for matrix (i), cl  = 3(l-e) for matrix (iii), and 0 = 

for matrix (iv). Of these only the first arises in the 

discussion of the next group, G(LX). 

Finally, since x, y appear symmetrically in the 

homogeneous group, it is possible to interchange the first 

two rows of any matrix and the roles of x, y. For all 

matrices this may, in fact, be. effected after taking -z 

as a new variable. The generators 0 and T must be replaced 

by the new forms of TST and T, namely 

TST(cx tax, y + a + c„ elz - (1.41 )03  

T(y, x + 01, -z - 03 )1  

Since (ec„ ex, 0) is a period, the cc, and 0, may be 

removed from the equations for TST. After this, taking 

y 	ex  and z.+ a3  as new variables, the new generators 

become,  

TST(ex, y + el  ez), 	T(y+ cl, x, -z + 03 ), 

which are the original forms with the roles of x and y 

interchanged. Thus in all cases the set of Constants c, 

ax, 03  is equivalent to itself, and the table given does 

not reduce further. 

In conclusion, the non-homogeneous groups arising 

from G(AAINI) are as determined by Table 3. 



7, The non-homosoneous O ttLX). The firsttwo 

generators of the group generate Go(XXXVI). The six 

matrices of the present group arise from the six for 

G(XXXVI) as follows: (i), (11)„ (iii) from (i), (ii), (v) 

respectively (iv)-(vi) from (vi); the relevant factors 

for multiplying the rows are to be found in the discussion 

of the homogeneous group. 

The work done for G(XXXVI) may be applied at , once to 

the present group, except that in discussing matrix (1) we 
do not use the change of sign of the single variable z 

since we wish to preserve the form of the third generator. 

Thus the generators may be taken in the forms 

S(x+o„ en's  e2z)„ 	T(y, x,  -z+03  )11 	z+dl, y+d3  ) 

The table of constants a, 	 becomes the following. 

Table 4 

o 03  Matrices 

0 

i(1144) 

I 
3 

0 
1 
3 

0, # i 

19 (1-e) 

I+ 9(1-e) 

--31+ +(lase) 

(1)-(vi) 

(i), (iii) 

(i) 

(ii), (iii) 

(iii) 
} 

The only pair whose form calls for explanation is the pair 

I, i(1-e) for matrix (ii). Here the constants are first 

obtained as -fe l  -71(1-e). Subtracting cola of matrix (ii) 
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from the right-hand side of S, we have 

S(x-f, ey, Elz + f(1-E)), 

Now choosing x+1, y+i as new variables, we have 

E;(x-i, Ey + 3(1-E), Elz + 3(1-E)), 

and, from (6) of the previous section, the form of T is 

unaltered. Using co1.4 of matrix (ii), the constant vector 

in S reduces to (-I, 0, 0), and changing the sign of each 

variable we have the form quoted for the constants. 

To investigate the possible forms for the constants 

di  dzio  d3, we require the generating relations satisfied 

by St  T, T, . qe have 

= S3  22: Tz 	(TS)1  (TS1  )2-  • 

these being the relations found in the last section (with 

the third in en equivalent form); and aleo 

I = 1%2  = (ST)1  = (TTI)3  = (STTI)3. 	(12) 

'Using these relations, it may be verified that every 

product of 7 (or more) generators can be expressed as 

a product of fewer generators, and in fact that every 

product may be reduced to one of the 54 which follow. 

These give the 54 substitutions of the group and so there 

can be no further relations to be satisfied. The substit-

utions are: 
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I S 	(ST)1  (ST)Is TST (STS)'-  WIT STSIT 
T ST 32-T STS 	ITS T'S SIT? TS" srs z  
Ti 	ST, 	T,S 	( ST )2  Ti  VST 	TSTT1  Tents TS2 TT1  ;MI T 
TITTi  STITT:  TISTT, srartr VST1 	TSTIT SVTIS PVT TiTTp 
TT, STT, SITTI  ST3T1 	T'A'SeriT TST, ?Tap TT,S 	STT,S 

wrir T,ST rpm 	VS 	STITS STiirS2  TTisTT, VS2  

The equations (12) imply the following congruences. 

(0, d,, + d3 , di  + d3 ) is 0, mod a, 	(13) 
(0, edi  + 43 , di  + e2 d3 ) Ei 0, mod 	(14) 

(03 -di  +di-d3*  -(c3 -di  +di-d3  ) o3 	+di.43  ) E  0 smodO, (15) 
( e+e-  ac3  -di  +d -e2 d3 , -e ( c+el  c3  -di  +di  -42  d3  )1, 

otel  03  -di  +di  -ez  d3  ) IMOCIQ (16) 

The congruences (13) and (14) serve to determine di  and 43 ; 

and (15) then gives di  The values so found must satisfy 

(16) or, what is often more convenient to use, the, congruence 

obtained by subtracting (15) from (16). In this wv *  and 

simplifying do  43  and then di  as tar as possible without 

altering o, c3 , we arrive at Table 5, given on the next page. 

Consider now the effect of a translation of variables* 

if when di  = -di  = 43  = 3(1-e) for matrix (1) we take 

z - 3(1-e) as a new variable, S is unaltered, in T we obtain 

03  = -.32(1..e) (which is congruent to 4-(1-e)), and in T, we 

now have di  ms 43  = O. Again, when di  = -d3  = 3 for 

matrix (ii), we take x + 4-1  y + f, z +1 as new variables. 

Then S is unaltered*  in To  o3  is increased by 3 , and in Ta 



(ITT), 

( 
( 3'i).12  + 	-,31- 

( V't )11  + 3fib 

(91.116' + f - 
43-t* + T3-f 

(3-T) 	++4. 

(3-1)4.. + 3f 
© 0 (3-tq +-7- (3-.004,  +f 

(34-t), + 	taf 
(3-t)# 4- 31: 

(u),  
T 
£ 

T..  (3-T)1, 	+-f- 
(3--04-.  + 	,3T-  

43-1) 	-4- 31- 
£ l' (2.-T).- +1- 

(ITT) 	'(TT)1 (3--E) -.1i- z-- 
0 t 	*1”- (3.-T”- E 

CT) 0 0 --i* 1 £ 
T4*  ( 3"'W 

(WO 0 0 T3f 431- gf £ 

(TA)'(41) 0 0 "E 

(TT) 
e 
T461' 1 pf- 	12j-" 	'-f- 

(TIT) 	'(rT) o 0 
4T) (3- )1- 4 'Of- 4 3-T)T- 

4TA)-4T) 0 0 •0 0 0 
EMOTZ4,13yi Et) I 1 p  £ 

-VAT- 
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dl  is increased by t and (11, d3  become zero. Similar 

results can be obtained When dx  = 3 = -I for matrix (ii). 

It follows that we can always take 

(11  = d3  = 0, 

and the possible constants are given below. 

Table 6 

        

        

a 

 

03  

    

Matrices 

0 

3 
	) 

3 

   

  

"'r 3  

  

    

    

     

      

        

Finally, the present group, in the homogeneous form, 

is symmetrical in x and z. It may be verified that in the 

case of each matrix the forms of the first and third rows 
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may be interchanged by manipulation of columns, We therefore 

require to investigate the constant vectors obtained in the 

non-homogeneous.forms of the group when the roles of x and z 

are interchanged. The roles of the generators T and Ti ara 

interchanged and S must be replaced by 

	

STS2T(ex + e, y + 2to„ z 	(1 .el  )(fa  

Choosing 

x 3(1-c)c, y 1(1 )o 	z d3  4(1.c)o, 

as new variables, we find, on using the tact that (0, c, 0) 

is a period, 

STS2-T(clx, cy, z 	(1.41 ) 

T(y, x, .z + 03 	2d3  r  1(1-00, 

TA-x + di. 1(1.0c, z + dz  + d3, y). 

Hence, corresponding to the original oonstants o, c3, 

we have, since dz  d3  a 0, 

.(1-cl  )0 I 	d, -  (1.0E,  )03, 	03 	3(log)Q: 

It may now be verified that in each case the now constants 

reduce to those from which they arose, provided suitable 

multiplications and translations of variables are carried 

out, Thus Table 6 is not reduced further. 

In conclusion: the non-homogeneous groups arising 

from G54 (11) and the matrioes admitting them are as shown 

in Table 6. 

S. The non homogeneous Gi0FAXII). The group G.5.4 (1.1.) 

becomes a subgroup of the present group on choosing -y as 

a new variable. It follows that the generators for the 
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non-homogeneous G108(LXII) may be written 

S(x+c Ey, el z), 	T(-y, 	-z+413 ), 

V: x' = e 	(x + y+ z) + el  
y,  = 

goot' 
(X ey + e2  z ) + ez  

e =1  X + ely + ez) + 03  

we have 	 VI  = Ti , 
where TA-x 	) is the third generator of. G(LX) with -y 

as a new variable. The two possible matrices (i), (ii) 

arise from (ii), (111) of G(LX), and so from Table 6 there 

are 14 possible triads to be considered for a, ej , di  (where 
d, is expressible, in terms of the ei ). 

We now require the set of conditions satisfied by the 

constants here, The subgroup Gs,, being of index 2, any 

substitution of the present group may be written 

VA 	 17) 
where A is a product of S, T, Ti , If we have expressions 

whereby the products 

SV and TV 

can be written with the V on the left, then any product can 

be reduced to a power of V postmultiplied by a substitution 

of Gs4  and so, using the relation V z  = Ti  the expression 

assumes the form (17). The conditions imposed on the 

constants are therefore those found under G(LX) (which ate 

already satisfied), together with those implied by the 

expressions for SV and TV and by the relation VI  = Ti  

There are thus three new vector conditions to be satisfied. 
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By evaluating the homogeneous parts we verify that 

SV = rni  and TV = 

The conditions imposed in making the constant vectors 

equivalent are respectively 

3e(1-e)(03  - d, ) +a 1 Si O. mod 

ex  (1-E) + fe(1-E)(el c3  - Ed ) 
\ -03  (1-ez  ) + 	(1.4 )(Ec3 	) 

and + 	e(1-e)(c d,) 

el  + ez  +•i-E(1-E)(c - di  ) 

203 	+ fe(1.4)(c 	di  ) 	12 3  / 
The condition imposed by the relation VI  = Ti  is 

 + 03 ) 

♦ E.02.  + £1 03 ) 

+ Ez ei  + £03  ) 

+ - e, + d, \ 	0, mod a, 
. ex  

e3 
A further condition results from expressing the fact that 

V*  = I M This is found to be  

0 

( 2(01  - 03  ) \ 	

modQ. 

-2 (0z . e3 )i -- 

— 
(21) 

Condition (21) is not, of course, independent of the 

previous ones, being a consequence of (20) and the earlier 

T,2'= I, but its simplicity makes it more convenient than 

the stronger condition (20) in those oases where it proves 

adequate , 

The relation (18) serves to determine ez  and 03  which 

must then satisfy (21) x, Following this, (19) determines 

(18)  

(19)  



e,, and finally (20) must be satisfied.* It is found that 

most of the 14 triads c, (13 , d, are ruled out by the form 

of the first element of (18) or of the third element of (19) 

or by (21). The only group, other than the homogeneous 

one, which is permissible arises from c =i t  c3  = 	9(1.e), 

di  = is + 9(1.$) and then in the ease of each of the two 

matrices we can have 
• 

el  = 	ez  = e3  = 

Thus for the nonhomogeneous Gios(LXII) we have the two 

groups determined by the following table of constants, each 

group being admitted by both matrices (i) and (ii). 

Table 

3  el ez 3 

0 0 0 0 0 

1 I 	I 1 4 if. 
3 74- 	4(1mie) TE T T 

The Haan-.homogeneous G AALXIII). The generators 

are 5, T, V as in the last group together with 
=.1.T.(x y alz) # fi  e-e 

it = 	(x + ey + ez) + Pzs  
zt = 	+ y + ez) + f3  

The conditions which must be satisfied by the constant 

vectors, beyond those for G(LXII), are the ones involving 

the fc We find 

• W1  = T,S 	and 	= I, 	(22) 

W: x' 



.177- 

where Ti  is as in the last section. 

Again, the subgroup 008(LIII) being of index 2, any 

eu itution of the present group may be written 

.VA 

where now A belon to G(LxtI). Ae in the last section, 

the remaining conditions are to be found by obtaining 

expressions for 

SW, TW, 

in which the W appears on the left. We find, from  

consideration of the homogeneous parts, that 

Sw = gTTI S, TN = IST, , VW MT, TT, (23) 

The congruences imposed by (22) are 

	

+ al  + e(1-e)(fl 	) 	141 	mod 

	

3s(1..e)(f, 	efx + "3 ) 

	

3e(1-E )(et% + Tx 4" eta' ) 	f3 
0 	1 a 9., mod 

..2(fx  

2(ef, o f3) 

(25) being a consequence of (24) and earlier conditions. 
The congruences imposed by (23) are 

-f, (1-e) + fe(1.4)(co 	ed, + ce3  ) 
\-f3  (1.4) + 3c(1.4)(0 	di  + E411) 

) + 3s(1.4)(0 + di  ) 

(1% 	+ 	) + 3  c(1-c )(a + di  ) 
-2f3 	-.§LEI  (lave )(0 + d,) + 03 / 

(24) 

(25) 

5 0 mod 0, 

( 28) 

re; 0, mod 0, 

(27) 
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/ 	2+e ) (e ( c+di)-03 +d1).-ic (1.4 ) (e;Fez+e20.3 	3 ) 	+f, 

4( 2+c ) (c 2-  ( 0+0 46e2-  03 +0 -le (1-e ) ( e;i-e ez  +ce3-fre 	2 f3  ) 	+; 

-i( 2+e ) 	(0+81)-03  +el  ds)-ie (l'i'e) (eete2+ee3  -frefx-ef3  )-e3+f3/ 

a 	mod as 	(28) 

must consider the two sets of values found for a, c3  

ex, e3  in the last section. When these are all zero, 

conditions (25), (26) and (27) lead to the conclusion that 

in the ease of each of the two matrices we must have 

= 	f3  = 0; 

and these clearly satisfy the remaining conditions. For 

the coaond possible set of constants e, 	03 , condition (26) 

leads to 3 pairs of values for f2, f3  in the case of each 

matrix, but none of these pairs satisfies (25). 

Thus, in the case of G114(LXIII), all the constant 

vectors must be zero and the only group is the homogeneous 

one. 
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LIST OF HOMOGENEOUS GROWS .GaffiATING INVOLUTIONS • OF  

GEOMETRIC Gurus ONE. ON P IQ A.RD THREEFOL  

(A) Crate kraut's  

G3(I) 	fgex, Ey, cz) 
MIL) S(x 	z) 

y lz) 

G6  (IV) 	S(ex, -cy, -cz) 

G3(V) 	S(x, cy, elz) 

G*(VI) 	S(x, iy, '4z) 

G6  (VII)S(x, -cy, -ez) 

113) Multip 

G6  (VIII)eyr ..El z) 

s(coi x, calAy, 4t) 
8(-x, w e  y, iwsz) 
S(ix„ w81,  swsz) 

S(-x, icy, iez) 

S(ez, icy, -icz) 

ea ve groups 

ct,,(13:v) 	y -z), Si(x, 	-z), AI, A z  = *1 
Gq(XV) 	S(ex, ey, cz), Si(x, ey, e2-z), A,'  A,_ l oe oe 

G8  (XVI) 	S(0•Xt  iy, iz), Si(ma it  y, -2),A1 = ±1, 	=*1,±i 

Gu(XVII) 	S(-x,iy„ iz), 	1z), A,, At  = ±1,±i 

Gix(XVIII) St-x, 	z), 	*19 /Ix= *1 fie t+E2.  

a1201X) 	S(cx, -ey, .cz)S,(-x,. y, 	±1,±c,*il-,111.= ±,f1, 

Gia(XX.) 	S(cx, 	-ez)„ 81(x, cy, elz),A,= l oc,e1042= ±1„*c,±ez  

G34(XXI) 	S(E.x, 	..ez)• 	ey, -ez), As, Ax = ±10±e,te 

(0) Reducible ternary groups of the regular solids  

(a) Dihedral gaups  

G9(X2II) 	S(x, -y, 	T(-y, x z) 

GJXXXII) S(-x, iy, iz), T(-y 	z) 



(b) Reducible tat 
GI J/LIV) 	S(x, 
Go3POLV ) 	S , 

ILTI ) • 	S(cxo  
GJXLVII) S(x, 

rahedral group( 

1Y, -.1.z), U(z, El+i)Cy + z 4(1.4)(Y 

7, -z), 11(x, is(l+i)(y + z), 4(14)(y 

icy, -icz), U(x9i(144)(7 	z),44(1-i)(7-z)) 

-iz), 117( zoi(l+i)e(7 	z),-*(1-1)e(Y-z)) 

XXIV ) 

Gs  (XXV ) 

Ga( XXVI ) 

aj WI I• ) 

Ovii XXVIII ) 

423 4( XXIX ) 

016 (XXX) 

G,6(XXXI ) 

014(XXXLX) 

a,6 ( 	) 

G6  XXXV ) 

GIs  ( XXVI ) 

G 8  ()aria') 
Gm(XXIVIII) 

c36( 
xnax) 

al6(xL) 
amfixia) 

G32.(XLIII) 

0(£x, .Eyo  .ez), T(.7, xo  z) 

S(x, iy, -iz), T(xo  -zo  y) 
S(xo  ..c xyo  -cz), T(xo  —z o  y) 

S(x, -e2 yo  —ez)1  T( y xo  z) 
cyo 	T(x, 	y) 

C7o -ez), T(z, y, 

wa y, iwoz4 	.z, 7) 
cos y, -w8z), T(x apzo  y) 

icy, iclz), T(x, 	y) 

icy, -iez), T(m, 	y) 
iy, iz), 	y, -z)1  T(x, -zt  7) 

r, ez), T(-x, z, y) 
y, elz), T(yo  x, 

S(x, iy, -iz), 	15, 7) 

S(x, .c zyo  -cz), T(—xo  zo  y) 
S(-x, cy, —e zz), T(zo  —yo  x) 
S(—xi 438 y. iws z). T(—x, zo  y) 
S(cxo  icy, .icz)-*  T(-x, zo  7) 

ityt  iez), T(ixo  wt zt  w87) 

S(-x, iy, iz), T(wg yo  wa x, iz) 
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(a) Reducible octahedral ,groups  
Gu(XLmi) 5(.41, iy„ z), U(x, i(1+1)(y +' z), 4(1-i)(y z)) 
Go(XLIX) 

Gm(L) 

Gia.(LI) 
GAL"' ) 
04.8(LIII) 
034(LIV) 
Gioe (LV) 
Ga4SLVI) 
Gu(LVII) 
G7AVIII) 
G2.16  (LIX) 
G54(LX) 
G96(LX1) 

G,08 (LXII 

G2.16  (LXIII 

C1.149 	 V )  

S(-x, lwOrs ws x), U(x. i(1-14)(71-z)1 4(14.)(9..z)) 

SD) Housman' groups  

S(w, 	 z,  
Six 	-24 (9, z, x) 

ezz), P(y, 
s(x, ty, 04z), P(y, z, x) 

S(ex. 	P(y, z, x) 
S(-x, ey, -ezz), P(y, z, x) 
T(.0y, x, .z), T,(x,  -z, y) 
(-x, iy, iz), 1(-y, x, z), Ti(x 'z,  y) 
(ex, ey, ez), 	x z) Ti(x 	z, y) 

8(x, ey, e - z), T(-y, x, z), T,(x, -z, y) 
5(x, ey, ez), T(y,  -x, .z),  TA-x, z, y) 
T(coe y, w8  x, iz), Ti(ix 638 z wil y) 

(E) Primitive gaups  

S(x, Ey ez), T(-y, -1, z), 
V(40(x+y+z), rar(x+ey+ez), 4.(x y+ez)) 

T, V as above, 
1

e   -...r(x+y+ea- z), ...,r(x+ey+ez), Cal4 	-e 
S(wx0 	ez), 	z, x), 

h( (w*  .• W3  )1. + (4,01  a. Ws: )y + 	w6  )z) 
(4). 	w 6  )y 	fb,(a) 3  )z) 

(Ea* (43  )y + Ste w9z), 
w 6 	co s- 	) = -77_, w 7 

E (ex+y+ez)) -e 

y/ h((wa.  
Z t  11( (14 "" W 6  )X 

h -1-/.(43 + w2.  + W 
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( bai « kendieouti d jiatematica e delle sue applica-
zioni », Serie IT, Vol. XI, Faso. 1-2, llama 1952) 

Some types of irregular threefold 
by RAYMOND HALL (a Londra) 

Few examples of irregular threefolds have so far been given : 
Severe, in his fundamental paper (I) on threefolds, discusses two ty-
pes, one being the topological product of a curve and a surface, at 
least one of which is irrational, and the other the,  topological. pro-
duct of triads of points of an irrational curve; and Maxwell (2) has, 
discussed the irregular primals of S4  of order 7c A having • a k ple 
point at each of the A4  points of intersection of four primals of 
order A. 

In this paper we, give further examples of irregular threefolds, 
the projective models of which are primals of 84  with suitable mul-
tiple elements. 

The arithmetic genus Pa  of each such threefold is the virtual 
number of linearly independent canonical surfaces calculated for the 
model considered by using postulation formulae. The geometric ge-
nus Pg  is the actual number of linearly independent canonical stir-
faces and must be found in each case by ad hoc methods. Here we 
use methods based on_ the extended form of Noether's theorem due 
to Torrelli and Giambelli (3), and it is the justification of these me-
thods which constitutes a considerable part of the work. The diffe-
rence P, — Pn  is the tridimensional irregularity gi  .. Again, the irre-
gularity of a generic (4) surface on the threefold is a constant for 

(4) F. SEVER', Rend. Ciro. Mat Palermo, 28 (1909), 33-87 : see also L. Rom, 
Rend. di Mat. (5) tO (1951), 297-346. • 

(2) E. A. MAXWELL, Proc. Cambridge Phil. Soo. 32 (1936), 185-93. 
(3) R. TOitum.i.i, Atti Aim Torino 41 (1905), 224-34; G. Z. GIAMBELLI ibid. 

235-58. 
(4) The snrfaoe must belong at least to a net whose free characteristic curve 

is irreducible; ofr. SEVER', The. cit. 
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the threefold; this is the superficial irregularity q2  , and may be 
calculated by considering a generic prime section. 

- - 1. Primals possessing a multiple curve. — Consider, in 84  , a 
primal V" , of order a , whose unly singularity is an r-ple irreduci-
ble non singtilar curve eCv , of order v and genus e  . The canonical 
system (if any) is cut on V" by primals of order n — 5 passing r — 2 
times through eV a The virtual postulation of CI' for these primals 
is given by the formula (5) 

(1) 	3) v (n — 5) — 5 ( 
4 
	

g4 )+ (r 4-4 1(v  — 1)  ' 

Subtracting this postulation from the total number of linearly 
(n-1\  

4 
	, we 

have the arithmetic genus Pa  . 
We take as the curve C the complete intersection of three ge- 

neral primals, each of order m, with equations A , = 0, A2  = 0, 

A 3  = 0 j the curve is of order m3 and genus p = 	m3(10 — 1) — 

— (m3  — 1) . Equating ,to zero a general form of degree r in Al  , 
A 2 , A3  ,with constant coefficients, we have the equation of an irre-
ducible primal V''" , of order r m on which C is 2' ple. The cano 
nical system of IT"' is cut by primals Vr1H-5  passing r — 2 times 
through C . By (1), the arithmetic genus is given by 

pa  = (r-
4 
 1) (

r 3 
r )m3 (1, nt  _ 5)  + 5 m3  ( 7-4  )± 

—  

2113  (3  m 	5)  4 	(r 44- 	• 

To find the geometric genus we use the method developed by 
Maxwell '(s). The argument applies here at once on making the ob-
vious modifications. First, by the theorem of Torrelli and Ciambelli, 

(5) B. SEGRE, Proc. Cambridge Phil. Soo. 38 (1942), 368 77 
(6) E. A. 111Axwnr.i., op. nit. 

independent primals of S, of order a — 5 , which is 



q2 2 
(r —  1) (r —  2) 
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the equation of any one of the required adjoints May be written in 
the form 

2-' 31  Aa 	A Y  =0,  ctigy 1 2 3   

where a + 13 + 	r 2 and /1/0, is of degree 2 in — 5 . To ob- 
tain the linearly independent members of this system we must, fol-
lowing Maxwell, write M a py  in the forth 

14,,+ ()Ai + 0A2 + P".213 , 

where e , 0 , 	are general forms of degree in — 5 and Marrly  consi- 
sts of the remaining linearly independent terms of Mc*  . Thus the 

— 	3  ( — number of terms in Ma'fly 	(2 nt
4 	—  in 

4 1) . The equation 

of an adjoint primal, expressed in terms of the linearly independent 
members (7), may now be written in the form 

(2) 	.2' /If A1 2  a  Afl  	+ 	A l A2   A3  = 0 ay? 	 stu  

()4 ±fl+7=--r— 2 

s 	t 	it 	r — 1 

where ilic,',6, in defined as above and ed,, is a general form of degree 
r m — 5 . Since there are (2 
	 2 

polynomials /Wafly  and (r  + 1) polyno- 

mials estu , we have that 

pg 	(12.  )i 2 in 4 — 1\ 3 	— 4 1 \ 	(r +2  11 (m 4 
4  1

1 
) 	 ) 	) 

The tridimensional irregularity is given by 

— (r — 1) (r — 2) 
ql=P9 — P a = 2 

Taking a generic prime section of the threefold we have a 
surface of the first type considered by Maxwell, whence the super- 
ficial irregularity is given by 

(7) That the members displayed in this form are linearly independent - is 
proved below. 
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It remains to be proved that the members exhibited in (2) are 
linearly independent; actually we shall .prove a more general result 
than that required here. 

Consider, in Sn  , a set of 1 (< n) general prima's P1  , P2  , 
of the same order m and a primal of order (r 	m + a (0 S < in) 
passing r.ply through their intersection. If Qs  denotes a general po- 
lynomial of degree s m + 	the equation of this primal is of the form 

ek (P)r= 0  , 

where (P)r  denotes a homogeneous product of total degree r in the 
Pas . To ensure that no two members of this are identical, we write 
the equation in the form 

(3) 2  e;, (P),. T 2 e;s_i (P)r+1 + + I Oi (P)r+k—i 	eo (P)r+k = 0, 

where es' denotes the terms which arise when es  is expressed in 
the form 

+ 	Os-1 (P)1 • 

We now prove that the members of (3) are linearly independent. 
Suppose that ,all the terms involving 00 , Oi 	, O p'_ ], are li- 

nearly independent but that, when we introduce' Op , we haVe a 
near identity : then this is of the form 

(4) 2 (P)r+k—p 	Yip—i(P)r±k—p-o= 0 , 

where the second sum consists of terms involving 	, 00  . 
We first cancel out any common factor Pi which appears throughout 
(4). Now take any Pi , say P1  , which appears in a Op'  term in (4); 
collecting all the terms independent of P1  on the left, we have 

-Z  °Pi  (P2 • • • Nr+k—p + 2 Vip—i (P2 • • • Pl)r+k—P+1 

P7 {I 8[3(P)r-}-k—p—a + I Wp_i. (P)r+k-P+1--.) , 

where a > 0 and where there are terms 0;, on the right. Now the 
left-hand side, equated to zero represents a primal passing r k — p 
times through P2  . P2  . . Pi and hence so does the bracket on the 
right. We have therefore 

Op (P)r+k—p—a 	Ylp—i(P)r-Fk—p-F1—a = I Yip—a (P)rd-k—p 



[171] 	 Some types of irregular threefold 	 5 

and, absorbing the terms on the right into the second sum on the 
left, we have another identity of the form (4) with r replaced by 
r 	(< r) . We can therefore repeat the process. Proceeding in this 
way we arrive either at an identity involving only one term 
O or else at a value of r such that r 	—p is less than the 
number of P, s remaining in the Op terms of the identity. In the 
latter case we choose one of the Pi  s which appears in some but 
not all of the Op terms, and so reduce the number of 0i, terms in 
the next identity obtained. With these processes of reducing r , eli-
minating e; terms and cancelling any Pi  which appears throughout 
(4), we can always obtain eventually au identity 

49;)(P)r-Fic—p + I Wp-1( 11r+k—p+1=---- 0  

involving only one el, term, by choosing at the last stage a Pi 
which appears in only one ei; term. 

We can now, by the above method, eliminate each 'Pi  from the 
e' term of this identity and obtain finally 

Op +I vp_imi = 0 • 
Since this contradicts the definition of OP we conclude that the 

members of (3) must be linearly independent. 

2. Prima is with a multiple surface. — We consider a type of 
threefold with a double surface, the surface consisting of two irre-
ducible components. The threefolds have equations of the type 

(5) pz u2 	v2) 	(q2 	-F-2) = 0 . 

where P, Q are general forms of degree -m , and U, V are general 
forms of degree n . This type of equation has been used by'Pedoe (8) 
to obtain irregular surfaceS in S3  . On the threefold the surfaces 
I'm', given by P = Q = 0 , and lin', given by U=. V= 0 , are 
double. Canonical surfaces are cut by primals of order 2 (vi n) — 5 
passing simply through Fin' and F'E  . We show that any such pri-
mal has an equation of the form 

(6) U (Ai  P A2 9) + V (P13 P + A 4  9) = 0 , 

where Ai is of degree vi n — 5 . 

(8) D. PER, Proc. Cambridge Phil. Soc, 31 (1935), 48-9. 
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By the extension of Noether's theorem, the equation of any 
adjoint primal (which must contain P"), is of the form 

A U+BV=O, 

where A , B are of degree 2 in + n — 5 . Write this, with an obvious 
notation, in the form 

(A' + Ai  P A 2  Q) U+ (B' + A 3  P A4  Q) V 0 . 

To, obtain (6) we require to show that any member of the system 

(7) 
	 U+B' V=0 

which contains Pm' is included in (6). For any member of this 
system which contains F"42  we have an identity 

A'U-F.B1 V - LP+111Q, 
or 

A' U---=-LP+MQ—B'V, 

whence 	0 passes through the curve P = Q = V 0 . Since 
U does not contain .this curve it follows that A' must contain it 
and so, remembering the definition of A', we have an identity of 
the form 

A' ------- H V ; and similarly B' 	K U . 

With these values in (7) the equation becomes 

(if + K)UV-=0; 

and if the primal so represented contains I'm', we must have 

hence this primal is included in (6), which therefore gives the en-
tire system. 

We may note that the proof applies, with trivial modification, 
to the corresponding problem in three or any higher number of 
dimensions. 
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To find Pg we require the number of linearly independent terms 
in (6 . There is no loss of generality in assuming n 	; let 
n=cm+d where 0 < d < in, let co, denote a polynomial of degree 
s m 	d — 5 and let (P), (0, denote products of degree sin P, Q 
and in U , V respectively. We write (6) in the form 

2 A' (P),(U), 	0, (P)2  ( U)1 	0 (P), (U)2  ------ 0 , 

where 0 is of degree in — 5 , and then in the form 

I 	(I')1 (U)2 	{1 (P),(U)1 + 2•40w12(u), + 
(8)  
+ 2 	(P)3  (U)1 	. . 	2' 01(P)0+1 (U)1  + 100  (P),+2  (U)1) = 0, 

where 00  is zero if d < 5 . 
To show that the terms exhibited in (8) are linearly indepen- 

dent, we absorb the 	terms in the A' terms and write the 
equation as 

	

E A* (P),(U), 	2' 0',(P)2 (U), 	. . . 	2' el (P),4_1 (U), 
(9)  

+ E °() (1) )0+2 (V)' = 
Written in this form; the set of terms having U as factor are 

linearly independent, by the result obtained at the end of § l and, 
similarly, so are the terms having V as a factor. Suppose now that 
a combination of terms of the former set, which we can write as 

(10) U(2 A*(P)1 + 00(P)2), 

is identical with a combination of terms from the latter, which will 
possess the factor V. We must then have an identity of the form 

2' A* (P), 2' 0, (P)2  _= 	(P)/  

which may be rearranged as 

(11) P(A*+00 P+V0):_-_----_Q(Af+10,(P),-1-V0,1; 

this shows that the bracket on the left has Q as a factor, and so 
we have an identity -of the form 

A*  -I- 2' ec  (P)i + V-0.   
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From the definition of /1*,,  such an identity is only possible if 
each 0,, in it is zero. This proves that there is no term in P2  in 
(10). Similarly there is no term in Q2. To see that there is no terra 
in P Q we deal as above with the bracket on the right of (11). A 
similar argument holds for the set of terms baying V as a factor; 
and as a result we have established that any linear dependence in 
(9) involves only the A* terms. To express these. in terms of linearly 
independent members it is easily seen, by anl argument of the above 
type, that we must write them as in (8); and this proves the result. 

To find the number of terms in (8) , let N (9') denote the 
number of terms, in e', and so on. The required number is then 

(12) 

where 

and 

6 N (0) ± 2 12 117- (A') + 3 N(64) + 4 _AT (eic-1) + • • • 

+ 	+ 2) N(eD ( 0  + 3) Y(e0) I , 

(0,) 	1v-  (0 + 2 7V- (e'e--1) + 3  Ar  (0;-2) + • • 

+ 	-3T (19i) 	+ 1 ) 	(0) 

(A) 	N (A') + 2 N (0) + 2 117  (e;) + 3  -A7- (0-1) + • • • 

+ 	37  (e) + (0  + 2) Ar (e0) 

Substituting for N (A') in (12) and using the expression for 
T (00 , we find that (12) reduces to 

4 117 (A) — 2 AT (pc) — 2 ./17  (0) . 

Thus the geometric genus is given by 

n 	 — 1\ 2  (nt - 
4 	 4 ) 	4 • 

To find the arithmetic genus we require the virtual postulation 
for V2("'-En)-5  of a surface Fin', of arithmetic genus equal to the 
number of linearly independent primals of order 2 m — 5 i. e. 
(2 — 

4 	
, and sectional genus p = m3  — 2 m2  + 1 together with 
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a surface /"'a  having corresponding characters, the two surfaces mee-
ting in m2  tt2  points. Using the postulation formulae we have 

2 m + 2 n — 	 m + 2 a — 4) 
Pa = 	 4 	— {0112  + n2 ) 2 

— (2 in ± 2 a — 5)(90 + 0 — 2 nt2 — 2 n2 ) 

+ (2 nt 4-1) ± (2 	+ 2  1 ±
4 /I 

	no n2.  

The tridimensional irregularity is given by 

n14 	4 qi-=-Pg —  Pa= 12 	n — 10 (nt3  

+ 35 (m2  + n2) — 50 (ni n)+ 36) . 

Taking a general prime section of the threefold, we have a 
surface whose equation may be written in the form (5); the equa-
tions of the adjoint surfaces are of the form (6), where now the 

. 	are of degree an + n — 4 . By an analysis similar to the above 
we find that the geometric genus of this surface section is given by 

pg==  4  tm + n — 1 \ 2  (n. — 1\ 2  tin —.1\ 
k 	3 	) 	k 3 ) 	k 3 ) 9  

and from the postulation formulae the arithmetic genus is given by 

— pa 	3 + 2(
n 
 3

. 1  + 2 ("I —3 1) + 2 nt n (nt + n — 4) . 

Thus the superficial irregularity of the primal -is given by 

q2 	Pg Pa == 1  • 

One interesting result may be singled out. The sextic threefold 
primal possessing a double plane and double Segre quartic surface 
(obtained when .P, Q are linear and U, V quadratic) has characters 

1 , Pe = 0, and' may be obtained from a sextic threefold posses-
sing a double Segre surface, for which Pa  = Pg .= 0, by making this 
contain further a double plane. The imposition of this additional 
double locus thus increases the arithmetic genus by unity. 



THREEFOLDS POSSESSING AN INFINITE GROUP OF 
BIRATIONAL SELF-TRANSFORMATIONS 

R. HALL*. 

[Extracted from the Journal of the London Mathematical Society, Vol. 29, 1954.] 

The algebraic curves and surfaces invariant under an infinite group of 
birational transformations have been investigated in great detail; some 
threefolds with this property have been well known for some time and 

* Received 12 January, 1954; read 21 January, 1954. 
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others have been considered recently by Roth ([10], [11], [12]). In this 
paper we survey the possible types of such threefold and examine the 
question of their existence. 

The set of all (birational) transformations leaving a threefold invariant 
forms a group which may be, or contain, a finite continuous group, or 
contain continuous series of transformations, or else be (strictly) discon-
tinuous. These possibilities are considered in turn. 

1. Finite continuous groups. We first remark that, if an algebraic 
variety is invariant for a finite continuous group of transformations, it is 
necessarily invariant for a group in which the parameters figure algebraically. 
Further, it is always possible to find a sub-group of this group which is 
commutative (and in which the parameters still appear algebraically). 
These two results are given by Painleve ([6], 257, 266) with particular 
reference to surfaces, but his method is quite general. Thus we need only 
consider algebraic groups ; in §4 we use the fact of the existence of com-
mutative sub-groups. 

2. One-parameter groups. In this case the trajectories of the group 
are the cot rational or elliptic curves of a congruence*. We show that if 
the curves are rational the threefold is scrollar, i.e. birationally equivalent 
to a line-ruled threefold. For this purpose we require to determine a 
surface unisecant to the curves of the congruence; the transformation to a 
line-ruled threefold is then classical. 

Now the col group of transformations determined on a general curve 
of the congruence consists of all the projectivities with two fixed united 
points or else all the elations with one fixed united point. In the latter 
case, the locus of this single united point gives the unisecant surface desired. 
When the united points are in general distinct, their locus is a bisecant 
surface. We show that this surface must degenerate into two unisecant 
surfaces. To see this, we apply the result of Painleve ([6], 270 et seq.) 
that if a surface is invariant for a rational col group of transformations 
the locus of united points (assumed distinct) consists of two curves each 
unisecant to the (rational) trajectories. 

Let the congruence of rational curves on the threefold, V3, be mapped on 
the points of a surface F. To a curve on F corresponds a surface on V3  
compounded of the congruence and, by Painleve's result, the locus of united 
points on this surface degenerates into two curves, these lying on the 
surface, (I) say, the locus of united points on V3. Now let I C I be an 
co' (r > 1) linear system of irreducible curves of positive grade on F. 
To I C I corresponds a rational system of surfaces on V 3. Further, 

* We intend always a congruence of index one. 
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r general points of V3  determine r curves of the congruence and so r points 
of F ; and these points determine a unique curve of C I to which corres-
ponds a unique surface of the rational system on V3  passing through the 
r chosen points, i.e. the system of surfaces is of index one, and so is linear. 
This linear system of surfaces will meet the surface l in a linear system of 
curves, each curve of which degenerates into two variable components. 
This system is not compounded of a pencil since it has positive grade. By 
Bertini's theorem, this situation is impossible on an irreducible. surface. 
We conclude that (I) degenerates into two unisecant surfaces, and hence 
that V3  is scrollar. 

When the trajectories of the group are elliptic curves there is a birational 
correspondence between the points of any one of these curves and the 
operations of the group, or the points of a curve mapping the group. Thus 
all the curves have the same modulus, and any surface compounded of the 
congruence is an elliptic surface. A finite or infinite number of the curves, 
considered as members of the congruence, may be reducible; each of these 
will be a multiple curve as is seen by considering one of the elliptic surfaces 
through it. Such threefolds have been termed elliptic by Roth [11]. 

So, finally, 

A threefold invariant under an ool algebraic group of birational trans-
formations is scrollar or elliptic. 

3. Two-parameter groups. If a threefold is invariant for an cot algebraic 
group, the trajectories of a point may be rational curves, or the rational, 
hyperelliptic or elliptic* stroller surfaces of a pencil. 

In the first case, the group leaving a general point invariant is col and 
so, as above, the threefold is scrollar. 

If the trajectories are rational surfaces,. we show that the threefold is 
planar, i.e. birationally equivalent to a plane-ruled threefold. We first 
determine an col rational sub-group of the given group. To this end we 
consider the oo2  group as operating on any particular one of the rational 
trajectories, say A. 

Since A is a regular surface, we can determine a birational transform 
A of A such that the corresponding transformations of A are projective. 
For on A consider any simple linear, or more generally continuous, system 
of curves. The transforms of these curves under the o02  group form a 
continuous system which must be contained in a complete (simple) linear 
system, as the surface is regular. This linear system is invariant for the 
002  group, and its projective model gives the desired surface A. This 
technique is due to Fano (cf. [5]). 

• If the transforms of a point lie on a general serollar surface, the trajectories must 
form the pencil of rational curves on the surface, and so we have, in fact, a congruence of 
rational curves as trajectories; the same remark applies in §4, 



422 	 R. HALL 

Now given any cot group, we can determine many col sub-groups ; 
and further, if the group is both algebraic and projective, a sub-group 
may be found which is also algebraic. This follows from the fact that 
any cot group is integrable (since a non-integrable group must contain 
an co3  simple sub-group) and the integrable projective groups have all 
been classified* ; when algebraic, such a group contains a descending 
chain of invariant algebraic sub-groups. (It may be noted that a group 
which is algebraic but not projective does not necessarily contain col 
algebraic sub-groups ; thus the group for the general Picard surface cannot 
do so, for otherwise the surface would contain a pencil of rational or elliptic 
curves.) 

The col rational group which we have just found operates on the 
particular trajectory A chosen, when we transfer back from A to A. If 
each transformation of A arises from one transformation of the original 
group for the entire threefoldt, we have at once the col rational sub-group 
desired. It may, however, happen that a given transformation of A arises 
from a finite number n> 1 of transformations of the threefold; this will 
occur if there is some transformation, other than identity, leaving A totally 
invariant. In this case, the transformations of the original group giving 
rise to the col group on A form an algebraic group, which may be reducible. 
In any case, it consists of m (1 < m < n) components ; each component is 
of dimension 1; and one (at least) must contain the identity and will be 
a continuous algebraic group. This theorem for a reducible algebraic 
group is proved by Enriques and Chisini (Teoria geometrica 	Vol. III, 
250-1) ; the fact that the transformations there are homographies is 
incidental and does not enter into the proof. Since the trajectories on A 
of this continuous group are rational curves, the group must itself be 
rational ([2], 243), and so in every case we have the required sub-group. 

The trajectories of the ool group are rational curves, col of which lie 
on each rational surface. By means of this group, the threefold may be 
transformed into a line-ruled threefold, say a cone, and the pencil of 
rational surfaces transforms into a pencil of cones. The generic surface 
section of the threefold cone thus contains a pencil of rational curves and so 
is scrollar. Transforming this surface into a scroll, we have the original 
threefold transformed into a none generated by col planes. Algebraically, 
assuming that the threefold V3  lies in S4  (x0 , 	x4 ), the first trans- 
formation gives an equation which can be put in the form 

* See the account of 002  groups of projective transformations given in §§ 9, 10 of 
Enriques-Fano, Annali di Mat. (2), 26 (1897), 59-99. 

This always happens when the trajectories are elliptic curves or hyperelliptic surfaces 
(cf. [10], 400); any other situation is only possible with rational trajectories, 
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and the second transformation which is of the form 

xi" 	 fi(xo' , 	x3') 	(i = 0. ..., 3). 

x4" = x4 'n 

where n is the degree of the forms A, leads to an equation 

V"(x0", x1", x2") = 0, 

representing a plane cone, whence 

Any threefold which is invariant under an cot group whose trajectories are 
rational surfaces is birationally equivalent to a plane-ruled threefold. 

When the trajectories of the o02  group are hyperelliptic surfaces (of 
rank 1) there is one transformation under which a point P of a general 
surface of the pencil transforms into a given point P' of the same surface. 
There is thus a birational correspondence between any surface of the pencil 
and a surface mapping the transformations of the group, and so a corres-
pondence between any two surfaces of the pencil. A finite number of 
the surfaces of the pencil may be multiple, consisting of an irreducible 
surface counted a certain number of times. These threefolds have been 
studied by Roth [10], who terms them hyperelliptic. 

The remaining possibility is that the trajectories of the cot group are 
elliptic scrollar surfaces. In this case the transformations leaving the 
rational curves invariant form an col sub-group and the threefold is a 
particular case of a scrollar threefold. So 

A threefold invariant under an cot algebraic group of birational trans-
formations is scrollar, planar or hyperelliptic. 

There are, of course, particular cases, e.g. birational threefolds. 

4. Three-parameter groups. The trajectories of an o03  algebraic group 
may be rational curves, rational or elliptic scrollar surfaces, or the group 
may operate transitively on the threefold. 

In any of the intransitive cases, earlier methods at once show that the 
threefold is scrollar or planar. 

When the group is transitive but not commutative, we can, as pointed 
out in §1, obtain an ool or cot commutative sub-group; the threefold may 
then be treated by the methods of §§2, 3. 

There remains the case of an co3  transitive commutative group. This 
type of threefold has been considered in detail by Severi ([13], 166), who 
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shows that it is either an Abelian threefold of rank 1 or else is birationally 
equivalent to the product of an Abelian variety and a flat space, i.e. a hyper-
elliptic surface and line or an elliptic curve and plane or a (point and) solid. 

A particular case of an Abelian threefold is that in which the para-
metric representation is by functions of genus less than three ; the threefold 
is then termed improperly Abelian ( [12], 406). If the functions are of 
genera two and one, the threefold contains a pencil of hyperelliptic surfaces 
and also a congruence of elliptic curves ; it is thus both hyperelliptic and 
elliptic. If the functions are all of genus one, the threefold contains three 
congruences of elliptic curves and so may be regarded as elliptic in three 
different ways. 

5. The above results may be summarized thus : 

A threefold invariant under a finite continuous group of birational trans-
formations is birational, planar, scrollar, Abelian, hyperelliptic or elliptic. 

6. We next consider threefolds invariant for a continuous series of trans-
formations but not for any finite continuous group. There are no algebraic 
curves or surfaces with this property. 

The possibilities are that the transforms of a general point lie on a curve 
or surface or are not restricted to any algebraic sub-variety. When the 
transforms lie on a curve, this must be rational or elliptic; we prove that 
the former case can arise, but not the latter. 

The threefolds of the required type are those containing a congruence of 
rational curves which cannot be transformed into lines, provided always 
that a finite continuous group does not arise in some way unconnected 
with the congruence. For the curves of the congruence may be reduced 
to conics on a suitable transform*, and then a prime of the space determines 
a pair of points on a general conic of the system and so an involutory trans-
formation having these for double points; these involutions and their 
products give the required series. One such threefold is the "Enriques 
primal " V36  of S4  ([9], 267). This possesses six double planes, the inter-
sections two by two of four primes, four triple lines and a quadruple point ; 
the generic prime section is a regular Enriques surface with geometric 
genus zero and bigen us one. If we fix on a pair of " opposite " double planes 
(i.e. planes meeting only in the quadruple point), then, through any simple 
point of the primal, there passes a unique plane meeting these planes in 
lines and so meeting the primal residually in a conic, in general irreducible. 
These conics form a rational congruence (of index one) ; each of the three 
pairs of opposite double planes gives rise to a different congruence. Now 

See [33, 268 for a discussion of this reduction. 
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the primal is unirational but not birational and so the rational congruence 
of conics cannot be transformed into a congruence of lines, for if this were 
possible it would establish the birationality of the primal. Thus this 
primal illustrates the type in question. In this case the curves of the 
congruence are already conics on the model considered. 

To see that the transforms of a point cannot lie on an elliptic curve we 
remark that any surface compounded of such a congruence would be an 
elliptic surface. On this surface, a transformation of the second species, 
given on one of the curves, determines a unique transformation, and 
hence a unique transformation on each of the curves of the pencil. On 
the threefold, then, choose a general curve C of the congruence and a 
pencil of (elliptic) surfaces compounded of the congruence and each 
containing C. Every transformation of the elliptic group on C determines 
a unique transformation of the other curves of the congruence, whence the 
threefold is invariant under this one-parameter group, contrary to 
hypothesis. Thus the curves of the congruence cannot be elliptic. 

7. If the transforms of a point under a continuous series of transforma-
tions are restricted to a surface, this surface must be rational, scrollar, 
elliptic or hyperelliptic. The scrollar and elliptic surfaces give congruences 
of invariant curves, which have been considered in the previous section; 
the elliptic scrollar surface is no exception since those transformations 
leaving the rational curves invariant must still form a continuous series. 
There remain the rational and hyperelliptic surfaces. The existence of 
threefolds of the required type containing pencils of such surfaces is 
suggested, but not definitely established, by the following considerations. 

In an attempt to obtain a threefold on which the transforms of a point 
are necessarily restricted to a rational surface (as opposed to the example 
given at the end of §8 below), we may make use of Baldassarri's result 
([1], 397) that, given a -173"m  of 84  with an (m-3)-ple plane, there exists a 
system of curves unisecant to the cubic surfaces of the pencil determined 
by primes through the plane. Each curve determines an involutory 
transformation, by projection from the points where it meets each surface, 
and so we have a continuous series of such transformations. Unless every 
such threefold is planar, and so birational, we thus obtain models not 
invariant under a finite continuous group. 

That no example of this type can be constructed containing a pencil of 
quadric surfaces, follows from Conforto's result ([3], 279) that a threefold 
with a pencil of quadric surfaces is necessarily planar. 

In the case of a threefold containing a pencil of hyperelliptic surfaces, 
the obvious type to look for is that in which the surfaces are of varying 
moduli and have a continuous system of unisecant curves ; the two points 
determined on a surface by any two curves taken in one order or the other 
would give a unique transformation of the second species. More generally 
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the curves might be multisecant, giving sets of points the sums of whose 
parameters are not equivalent (cf. [4], 669). It would be desirable to 
construct the parametric equations of such a variety, if one exists. 

8. Turning to types for which the transforms of a point invade the 
whole variety, we have Fano's result [5] that a threefold which is unirational 
but not binational cannot admit finite continuous groups of transformations. 
The general non-singular cubic primal in 84  certainly admits continuous 
series of transformations, for example those obtained as products of pro-
jections from the points of the primal, and to show that there are no finite 
continuous groups would be equivalent to proving the irrationality of the 
primal; this has been pointed out by Snyder ([14], 344), who bas con-
structed various series of transformations. By taking only the products 
of projections of the cubic primal from the points of a plane section, we 
have a continuous series of transformations leaving invariant the surfaces 
of the pencil through this plane. 

9. Threefolds with an infinite discontinuous group of transformations 
(but no continuous series). Here, as before, the transforms of a point 
may lie on a curve or surface, or not be restricted to any algebraic sub-
variety. 

If a threefold contains a congruence of rational curves, we have seen 
that it possesses continuous series of transformations. On the other hand, 
a variety with a congruence of elliptic curves may give rise to a discon-
tinuous group. Examples of such varieties are the qua rtic primal with 
two nodes, the V38  and VP given by Roth ([8], 127), and the product of a 
curve of genus greater than unity and any surface with a pencil of elliptic 
curves invariant for a discontinuous group; for references to the literature 
on such surfaces see [15]. 

10. When the threefold contains a pencil of invariant surfaces not 
compounded of a congruence of elliptic curves, these surfaces may be 
rational, hyperelliptic or surfaces (with all their genera equal to unity) 
of the type invariant for a discontinuous group ([4], 665). 

An example of the last kind is immediately provided by the product of 
such a surface and a curve of genus greater than 1. 

There are no known examples of threefolds of this type which contain 
a pencil of rational or hyperelliptic surfaces ; one possible construction for 
the latter is similar to that indicated at the end of §7, except that now only a 
finite set of secant curves is called for. By analogy with Enriques's con-
struction ([4], 669) for surfaces with a pencil of elliptic curves, we might 
specify such a, threefold by imposing on hyperelliptic surfaces the con-
ditions of meeting given curves in specified numbers of points so as to 
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reduce the freedom to one ; but it would be preferable to have a parametric 
representation. 

11. Finally we have the case of a discontinuous group where the trans-
forms of a point are not restricted. An example is provided by a quartic 
primal with a finite number (> 4) of nodes, not all lying in the same plane. 
The transformations are obtained as products of the projections from the 
nodes. Other examples may be obtained as generalizations of the surfaces 
given by Painleve [7]. Thus the threefold given (in non-homogeneous 
coordinates in H5) by 

xl  = 6o(u1), x 2 = P(u2), x3= P(u3), x4= 	 x — 6i(t62)  
to' (u2Y 	(u3)' 

each point of which corresponds to two non-congruent sets of parameters 
of the form (ui, u2 , u3), ( —u1, 	—743 ), is invariant under the trans- 
formations 

ui' = ao  u p  

where the a1, are integers such that I ail l= +1. 
To see this, we observe that the threefold is invariant for the sub-

stitutions permuting the parameters, changing signs, and also for 

-HIT, 112 = 112, 213'  = U3, 

and five similar substitutions, i.e. those adding any row of the column-
vector of the ui  (and so any integral multiple of a row) to any other 
row. We have to show how to build up the above matrix (ao ) from 
these substitutions or, what is equivalent (since the inverse of one of 
these substitutions is of the same kind, or a product of substitutions 
of the same kind), how to obtain the unit matrix from (ac ) by means of 
these substitutions. 

Since au ( ±1, the elements of the third column cannot have any 
common factor and so, by suitable operations, we can make a33  = 1; and 
then make a13  = a23  = 0. In the new matrix, a12 , a22  must be co-prime 
and so we can make a22  = 1; and then a12  = 0. It now follows that 
an = ±1, and so can be made +1. The matrix now has the form 

1 0 0 

an 1  0  ; ( 
a. an  1 

we make a„ = 0 and finally make an  .--- a32  = 0. This proves that the 
threefold is invariant for the group stated ; it will also be invariant for 
other transformations involving half-periods. 
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ON ALGEBRAIC VARIETIES WHICH POSSESS FINITE 
CONTINUOUS COMMUTATIVE GROUPS OF BIRATIONAL 

SELF-TRANSFORMATIONS 

R. HALL* 

[Extracted from the Journal of the London Mathematical Society, Vol. 30, 1955.] 

An algebraic variety V., of dimension n, invariant under a finite 
continuous con commutative transitive group of birational transformations 
is either a Picard variety (when the group is absolutely transitive) or else 
is birationally equivalent to the product of a Picard variety and a linear 
spaoet (when the group is only generally transitive). This theorem was 
proved by Severi ([7], 166) subject, apart from particular cases, to a certain 

* Received 10 November, 1954; read 25 November, 1954. 
t A variety invariant for a generally transitive group is termed quasi-Abelian by 

Seven; in particular, the variety may be birational. 
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hypothesis, which he has since shown to be unnecessary [8]. The object 
of the present note, which continues a previous one [2] in this Journal, is 
to deduce from Severi's theorem that 

an algebraic variety V., invariant for a continuous co' commutative group 
whose trajectories are of dimension r' (<n), is birationally equivalent to 
the product of a linear space S (0 < d <r') and a variety V n--d which,  
when d < r`, is pseudo-Abelian of type r' —d*. 

The assumption that the group is commutative is made in Severi's 
work in order to invoke a result of Picard ([4], 246) which establishes the 
existence of a certain system of linearly independent simple integrals when 
this condition is satisfied ; the inversion of the system then leads to the 
parametric representation of the variety. In the present work, the com-
mutative property ensures further that any subgroup which arises is 
invariant in the original group. This result is necessary for the step by 
step reduction of §4. 

There remain for consideration the continuous non-commutative 
groups. Now any continuous group leaving an algebraic variety invariant 
is contained in an algebraic group with the same property ([3], 257) ; so 
there is no loss of generality in restricting attention to algebraic groups. 
Moreover, any such group necessarily contains continuous algebraic com-
mutative subgroups ; but it seems that the exploitation of these gives only 
partial results. For further progress it may be necessary to consider 
the structure of the groups in detail. In the following work, however, all 
groups are assumed to be commutative. 

1. In the first place we observe that Severi's theorem holds equally 
when the transitive group for F. is of dimension n' > n ; for the simple 
integrals of Picard's work are obtained a fortiori in this case ([4], 248). 
When n' > n, the classification according to absolute or general transitivity 
fails ; Vn  must be equivalent to a product variety possessing a linear com-
ponent of dimension greater than zero, while the group may or may not 
be absolutely transitive. 

2. Algebraic varieties V invariant for an cor commutative algebraic group. 
We know that the trajectories of the group must be either Picard varieties 
or else quasi-Abelian (in particular, birational) varieties of some dimension 
r' < r ; and, in the case requiring investigation, r' < n. When they are 

* A variety Wffi, is said to be pseudo-Abelian of type q (1 < q < p-1) when it contains 
an ccP-q system of index one of Picard varieties V5 which are the trajectories of an cog commu-
tative group of birational transformations. The group acts in an absolutely transitive manner 
on any irreducible trajectory, and any two such trajectories are each equivalent to the group 
(regarded as a variety) and so to each other ( [5], 363). See also [6]. 
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Picard varieties, r' = r; the group then operates in a simply transitive 
manner on the general trajectory, and V,, is a pseudo-Abelian variety of 
type r ( [5], 363). 

When the trajectories are quasi-Abelian we begin by fixing our attention 
on any simple irreducible trajectory A. The group determined on A is 
of dimension r"(r' <r" <r). Consider first the case when r" = r, so that 
each transformation of A arises from a finite number of transformations 
of Vn. By Severi's theorem, A is birationally equivalent to the product, 
say A, of a Picard variety V9  and a space 	Regarding the group as 
acting on A, we see that it contains a subgroup corresponding to those 
transformations which determine the identical transformation on V,. 
This subgroup thus acts on 05,:_p, and so is equivalent to a projective group, 
whence it contains a rational ool subgroup ( [1], 67). 

Now the corresponding transformations of A arise from an col algebraic 
group for V.. If this is reducible, it consists of a finite number of com• 
ponents, each of dimension 1, and of these one, at least, is a finite con-
tinuous group, determining a congruence of rational trajectories on V7, 
([2], 422). In order to transform V. into a line-ruled variety whose 
generators correspond to these trajectories, we require to construct a variety 
unisecant to these curves. 

3. Varieties invariant for an col rational group. To obtain a unisecant 
to the rational trajectories, we proceed by induction from Painleve's 
theorem ([3], 270) that, in the case of a surface, the locus of the two united 
points, if distinct, on the trajectories, degenerates into two unisecant 
curves ; our proof generalizes that given in [2] for threefolds. 

Assume the corresponding theorem to hold for a V1L _1, and consider a 
17„ invariant for an ool rational group. If the generic trajectory contains 
only one united point, we have at once the desired unisecant. When there 
are two united points, the locus is a bisecant variety, and there is no loss 
of generality in assuming that this is a pure variety of n-1 dimensions, 
say Un_1, for it will become so on transforming by all the primals of 
sufficiently high order passing through it. By considering the trajectories 
as points of a variety, it is seen that we can construct on V. a linear system 
of Vn_1, compounded of the congruence of trajectories, whose generic 
member is irreducible and such that n-1 members have a free intersection 
consisting of curves of the congruence. 

Each variety V„.1  meets Eln.._1  in a variety U, _2 which, by hypothesis, 
degenerates into two components. Therefore the linear system Vn_11 
meets U7 _1  in a linear system I Un_21 each variety of which degenerates 
into two variable components ; and the free curves of intersection of the 
Vn _.1  give rise to free points of intersection of the U,. Now by Bertnu's 
theorem, a reducible linear system without fixed components on an 
irreducible variety must be compounded of a pencil, and so cannot have 
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positive grade. We conclude that 	must be reducible, and so consists 
of two varieties unisecant to the curves of the congruence. This completes 
the inductive proof since, for n = 2, the theorem is that of Painleve. 
Therefore, in every case Vn  may be transformed into a line-ruled variety, 
in particular into a cone. 

4. Since, by hypothesis, the original group for Vn  is commutative, 
every subgroup, and in particular the above col subgroup, is invariant. 
This implies that the congruence of generators of the cone is invariant for 
the entire group, any transformation of which determines a birational 
transformation acting on the curves as elements. Therefore the general 
prime section of the cone is invariant for a group induced by that operating 
on the generators, and the trajectories of the former will have dimension 

—1. 
	considerations of §§2, 3 may be applied in turn to this prime section. 

We continue to reason thus for r' stages in succession unless, at some inter-
mediate stage, on taking a further section, we obtain a pseudo-Abelian 
variety. Suppose we proceed for d stages (d < r') before obtaining, as 
section, a pseudo-Abelian or (as happens when d = r') a variety on which 
no infinite group is induced. We then have 17,,, expressed as the product of 
d lines and a variety Vn_d ; and the product of d lines is itself equivalent to 
a linear space Sid. When d <r', the variety V n_d  is pseudo-Abelian of type 
r'—d ; when d = r', nothing can be said concerning V„_d, which is quite 
general. We have thus established our theorem in the case when the 
dimension r" of the group on a trajectory is equal to the dimension r of the 
group for V„ itself. 

5. In the case when r" < r, an col group on a trajectory no longer arises 
from an 031  group for Vn, and the argument at the end of §2 fails. In this 
case the identical transformation on A arises from 00""  transformations 
of V„; these form an algebraic group which either is or contains a con-
tinuous algebraic group (of dimension r —r"). The trajectories of this group 
constitute a congruence of which the original trajectories are compounded ; 
in particular, the two sets of trajectories may be the same. 

These new trajectories are quasi-Abelian, and not Picard, varieties since 
those which lie on A are totally invariant for the group. If the group 
determined on one of these trajectories has dimension r —r" , we can, by 
§2, find an col subgroup for Vn , and this will be an invariant subgroup of 
the entire group of dimension r. 

On the other hand, if the group on a trajectory has dimension less than 
r —r" , we can apply again the method of this section and obtain a con-
tinuous group of still smaller dimension. After a finite number of steps 
either we arrive at a group for Vn  such that the group determined on its 
(quasi-Abelian) trajectories is of the same dimension as the former, and 
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then proceed as in §2, or we obtain as trajectories a congruence of curves 
invariant for a group of dimension greater than unity operating on Vn. 
In this latter case the curves must therefore be rational. If, now, we choose 
those transformations leaving a general point of one of these curves invariant, 
we impose one further algebraic condition, and obtain a subgroup containing 
a continuous group of dimension one less than the previous group. Hence, 
by imposing successive invariant points, we obtain, as before, an col rational 
group. 

Thus in every ease we have an col rational group by means of which 
Vn  is transformable into a line-ruled variety, and our theorem is established 
in all generality. 
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