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Abstract

The exponential increase in the use of composites for structural applications in the

past decades comes with a constant need to increase their performance for them to

remain an attractive substitute to conventional metals. In particular, despite their

lightweight and high specific stiffness and specific strength, composites generally suffer

from a lack of damage tolerance. Their brittle nature restrains the use of composites

in industry, or at least leads to over-conservative designs.

This work aimed at designing and modelling novel discontinuous microstructures,

inspired by damage tolerant naturally-occurring discontinuous composites. This was

achieved by considering discontinuous hybrid and discontinuous hierarchical micro-

structures.

In a first part, a virtual testing framework was developed to perform virtual testings

of non-hybrid and hybrid aligned-fibre discontinuous composites. The virtual frame-

work, made of analytical models combining statistics and micromechanics, captured

and explained different effects such as hybrid effects, size effects, and the effect of vari-

ability. The models were used to identify microstructures which maximise the strength,

failure strain and stiffness of hybrid discontinuous composites.

In a second part, hierarchical discontinuous carbon-fibre reinforced polymers were

designed, modelled numerically and tested experimentally. They exhibited a stable

failure mechanism and dissipated energy stably, before failure, through diffuse damage

(unlike most conventional composites). This study also showed that non-self-similar

microstructures could achieve better damage tolerance and provide a clearer warning

before failure than self-similar microstructures.

This work shows the potential for different types of discontinuous composites to

overcome the inherent brittleness of conventional composites. The models developed

throughout this work can be used to support material design, perform parametric

studies and identify optimal designs.
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Chapter 1

Introduction

1.1 Motivation for bio-inspiration

Due to their high specific strength and specific stiffness, the use of composites in

industry has increased remarkably over the last decades. Composites are typically used

when high performance and lightweight are required. Therefore, they are commonly

used in the transport industry [1], renewable energy industry [2,3], and sport goods [4].

Composites are primarily attractive for saving weight (e.g. up to 40% of the weight of

an aircraft wing compared to a metallic equivalent) [5], which explains why they are

used in more than half of the weight of the last civilian aircraft produced (e.g. 53% of

the weight in the new Airbus A350-XWB airliner) [6, 7].

However, conventional metals such as aluminium, steel or titanium continue to

improve due to new manufacturing processes [8–10], leading to an increase of their

strength, and a decrease of their weight and cost. Therefore, there is a need to con-

tinue improving composites for them to remain a competitive alternative to metals in

industry.

In particular, a main drawback of composites (compared to conventional metals)

lays in their inherent brittleness, triggering catastrophic failure with no damage warn-

ing, and leading to over-designed structures. This is mainly due to the microstructure

of conventional composites – with continuous stiff and brittle fibres embedded in a soft

polymeric matrix – which promotes localisation of damage and leads to brittleness [11].

Great efforts have been made in understanding the mechanics of composites to make

them more “ductile” and “damage tolerant” [12], which would not only allow for a

more efficient use of composites, but would also expand their range of applications.

One way to improve the damage tolerance of composites is to study naturally-

occurring composites (e.g. nacre, bone). Although naturally-occurring composites are
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also mostly composed of brittle constituents, they are able to combine competing prop-

erties such as strength and toughness [12]. These remarkable, yet not fully explained

mechanical properties of natural composites, are believed to be due to their micro-

structures, and numerous studies have been carried out in the literature to further

understand the mechanics of such materials.

1.2 Discontinuous composites

The first feature that can be observed in various naturally-occurring composites

is the presence of discontinuities [12–15], which is often seen as an “elegant way to

combine stiffness, strength and toughness” [12]. Natural composites with discontinu-

ous microstructures can achieve stiffness and strength properties comparable to those

of continuous equivalent composites, but increase significantly their tolerance to dam-

age [14,15]. Nacre, for instance, composed of 95% of stiff mineral platelets embedded in

5% of a soft organic phase, exhibits a 3000-fold increase in toughness compared to the

platelets, while maintaining reasonable stiffness and strength [16]. Experiments with

man-made discontinuous composites have been successful in showing increased non-

linearity and toughness, and also showed the potential of tailoring the discontinuous

architecture to achieve different failure mechanisms [16–19].

Discontinuous composites also have better manufacturability than continuous-fibre

composites, as the fibres may be able to flow in the matrix during curing; this allows

discontinuous composites to be manufactured through automated processes, it reduces

the manufacturing time, and it allows for more complex-shaped components to be

manufactured [20]. Moreover, recycled composites – which will become essential as

composite production keeps increasing – have inherently discontinuous fibres [21,22].

The potential of discontinuous composites found both in Nature [16] and in ex-

perimental works [16–19] motivated numerous attempts to model such microstruc-

tures [23–27]. However, a few challenges remain, among which is the need for models

capturing different effects related to discontinuities (size effects, variability, ...) in order

to improve their design, as well as the need to scale up existing manufacturing processes

for industrial applications.

1.3 Hybrid composites

Another feature observed in natural composites is the use of different types or re-

inforcement within the microstructure. Hybridisation consists of combining different

types of inclusions varying in geometry (e.g. fibre diameter) and mechanical proper-
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ties (e.g. fibre strength of stiffness) [28]. This was replicated in man-made composites

and became a widely known strategy to achieve ductile and damage tolerant compos-

ites. These synthetic hybrid composites can be regrouped in three main categories:

(i) Interlayer (or interlaminated) configuration, with a layer by layer arrangement, (ii)

Intralayer (or intraply) configuration, with a yarn by yarn arrangement, (iii) intrayarn

(or intermingled) configuration, with a fibre by fibre arrangement [28,29].

Hybridisation offers numerous advantages, among which are the possibility to in-

clude a cheaper type of reinforcement to reduce the cost, the ability to tailor the

properties of the composite for specific applications, an improved fatigue life, impact

resistance [30,31], and the existence of various synergistic effects within a hybrid com-

posite [28].

However, the mechanical behaviour of hybrid composites often shows hybrid effects

which cannot be modelled by simple Rule-of-Mixtures (RoMs) and are therefore chal-

lenging to predict and explain. There is a need for models which can capture such

effects [28] in order to understand their mechanics and investigate how they can be

used to improve the composite further.

1.4 Hierarchical composites

Finally, one last feature largely observed in naturally-occurring composites is the

use of hierarchies: these composites are reinforced across a range of scales varying from

2 (e.g in nacre [32–34]) to 7 (e.g. in bone [16,35,36]).

The role of hierarchies in these composites is not fully explained yet [37], but is

believed to be crucial to achieve damage tolerance [38]. In nacre for instance [39],

the combination of hierarchies and discontinuities leads to larger process zones during

failure, yielding more damage diffusion and energy absorption.

Hierarchical composites have been intensively modelled in the literature [34,36,40–

44], but the presence of hierarchies makes the mechanics of composites particularly

challenging to understand and model. For instance, hierarchical natural composites

seem to have an optimal number of hierarchies, which depends on the material proper-

ties [36]. One common way to model and design hierarchical composites is to assume

self-similarity, which consists of homogenising the material properties at each hierarch-

ical level [36, 42]. However, although such assumption simplifies both the modelling

and the design process, it appears that most natural microstructures are actually non-

self-similar [35,45,46].

Although hierarchical microstructures have been known and studied for decades,

there is still a lack of engineered materials with a true hierarchical microstructure [47].
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This is because, even though Nature produces such complex architectures with ease,

it remains extremely challenging to produce synthetic hierarchical composites as they

combine a large range of scales. There is therefore a need to develop methods to

manufacture hierarchical composites for structural applications.

1.5 Objectives

This research project aims to expand the general understanding of discontinuous

composites, and to develop routes towards novel discontinuous microstructures. This

will be done by addressing the following challenges:

� Develop an analytical Virtual Testing Framework (VTF) to accurately model

hybrid and non-hybrid aligned discontinuous composites in a computationally

efficient way;

� Use the VTF to understand the behaviour of Hybrid Aligned Discontinuous Com-

posites (HADCs), carry out parametric studies, and provide guidelines for optim-

isation and material design;

� Develop numerical and experimental methods to explore the effect of hierarchies

in discontinuous composites;

� Investigate self-similarity when designing / modelling hierarchical discontinuous

composites, and provide insights on the limits of self-similarity.

1.6 Thesis outline

To achieve the objectives presented above, this thesis has been separated in two

parts. Part I, consisting of Chapters 2 to 4, presents a set of analytical models for

predicting the stress-strain response under tension of hybrid and non-hybrid aligned

discontinuous composites.

For that purpose, Chapter 2 develops the VTF for aligned discontinuous composites

(ADCs). The VTF is validated against experimental results from the literature, and

virtual experiments are carried out to study the effect of fibre length on the stress-strain

response. The model suggests that well tailored microstructures can achieve ductility

while maintaining relatively high strength and stiffness.

Chapter 3 presents a shear-lag based model to calculate the Young’s modulus of dif-

ferent hybrid discontinuous composites. Predictions are experimentally validated, and

are used to highlight and explain the presence of a negative hybrid effect on the Young’s

modulus of HADCs. This model is extended in Chapter 4 to predict the full stress-
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strain curve of hybrid discontinuous composites, and captures and gives explanations

for other hybrid effects found experimentally in the literature.

Part II of the thesis consists of Chapters 5 and 6, and investigates the potential

of hierarchical discontinuous Carbon-Fibre Reinforced Polymers (CFRPs) for damage-

tolerance applications. Chapter 5 reveals that well tailored Hierarchical Brick-and-

Mortar (HiBaM) composites could diffuse damage throughout the microstructure.

Chapter 5 also investigates the validity of the self-similar assumption when modelling

morphologically self-similar hierarchical composites. Chapter 6 explores how non-self-

similar microstructures could enhance damage tolerance in hierarchical composites.

Finally, the overall conclusions of this work are summarised in Chapter 7, and

suggestions for further extensions of the work are listed in Chapter 8. For each part of

the thesis, the relevant literature will be introduced at the beginning of each chapter.
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Chapter 2

A virtual testing framework for

aligned discontinuous composite

2.1 Introduction

Aligned discontinuous composites are found in Nature, and can provide a combin-

ation of hight strength, stiffness and toughness [16]. Moreover, they can lead to better

manufacturability [20], cost reduction and recyclability [21, 22] than conventional con-

tinuous composites, which make them attractive for industry.

However, many problems arise when modelling discontinuous composites. The first

one, also present in continuous-fibre composites, is the stochastic variability of the fibre

strength, which can be captured by Weibull’s continuous probability distribution [48–

50]. However, most models for discontinuous composites either neglect fibre failure [24],

use a deterministic fibre strength [51], or assume a uniform stress field in the fibres [49,

50], which is not true in discontinuous composites due to the presence of fibre-ends.

Another challenge while modelling discontinuous composites is the failure of the

matrix or fibre/matrix interface. Gao et al. [52] identified two main approaches to this

problem: a first group of models [23, 53] considers a maximum shear stress criterion

and uses shear-lag models to derive the stress-transfer between neighbouring fibres.

The second group of models [54] regards debonding as a particular case of fracture

mechanics; however, conventional linear elastic fracture mechanics requires knowing in

advance the orientation and the length of a pre-existing initial crack [54], and neglects

the non-linearity of the matrix. Recently, Pimenta and Robinson [24] developed an

analytical model for the response of discontinuous “brick-and-mortar” composites for

any shear constitutive law of the matrix, which bridges the strength and toughness-

based approaches.
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The issue of modelling the microstructure of discontinuous composites and in

particular the location of fibre-ends has been tackled in different ways in the lit-

erature [24, 55–62]. A first widely used approach is to consider perfectly staggered

fibres [24, 55–57,61], in which case the overlap length between two neighbouring fibres

is half the fibre length. Other authors recommend using an average value for the overlap

length, which corresponds to a quarter of the fibre length [58]. However, predicting ac-

curately the effect of overlap lengths in discontinuous composites requires more realistic

architectures, considering randomly-located fibre-ends [59,60,62,63].

Most models in the literature [24,61,62] consider that the strength of discontinuous

composites coincides with the maximum average stress that the material can withstand,

but experiments [64] show that composites fail when a cluster of damage reaches a crit-

ical size and propagates unstably in the material, leading to catastrophic failure. This

observation suggests that final failure of composites can be approached as a fracture

mechanics problem [63,65]. This requires being able to predict the toughness of discon-

tinuous composites [50, 66], which can be done for instance by calculating the energy

dissipated through the formation of pull-outs with a given stochastic distribution of

lengths [50]. In any case, many authors highlighted the importance of accounting for

debonding and friction during the pull-out process [52,67,68].

An alternative method to model discontinuous composites is Finite Element (FE)

simulations, which have the advantage of representing more realistic stress fields without

the assumptions made in analytical models. However, being computationally expens-

ive, FE models are generally limited to the fibre/interface scale [54, 68] or to small

Representative Volume Elements (RVEs) [61, 62, 69–71], and cannot be used to model

full-sized specimens.

Overall, there is still a need for models able to predict accurately and efficiently

the mechanical response of discontinuous composites, in order to better understand

their deformation and failure mechanisms, perform virtual experiments on full-scale

specimens, and also to identify optimal configurations.

The work presented in this chapter aims at modelling a full-size 3D composite

specimen with aligned discontinuous fibres with random location of fibre-ends, and

accounting for non-linear matrix response and debonding, stochastic formation of fibre

breaks, and catastrophic specimen failure.

The chapter is organised as follows: Sec. 2.2 describes the model development and

proposes a roadmap for its numerical implementation. Sec. 2.3 presents the model

results, including experimental validation and parametric studies. Sec. 2.4 discusses

the model and its results, its relation with literature, and its potential applications.

Finally, Sec. 2.5 summarises the main conclusions.
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2.2 Model development

2.2.1 Multiscale modelling framework

The response of aligned discontinuous composites is modelled at different scales [63],

as represented in Fig. 2.1. Their implementation in the model is described in the next

subsections, and summarised below:

1. Specimen: the model considers an aligned short-fibre polymer-matrix composite

specimen as a series of pRVE ∈ {1, ..., nRVE} RVEs (Fig. 2.1a and Sec. 2.2.5).

2. RVE: the cross-section of each RVE has n×n aligned fibres in parallel, arranged

in a square packing. The length of the RVEs is the fibre length lf (uniform for all

fibres in the specimen), and fibre-ends are randomly located along the longitudinal

direction of the RVE (Figs. 2.1a and 2.1b and Sec. 2.2.5).

3. Fibre: each fibre has a stochastic strength and builds stresses through the in-

teraction with its four nearest neighbouring fibres (Figs. 2.1b, 2.1c and 2.1d and

Sec. 2.2.4).

4. Interaction: in each interaction between two neighbouring fibres, stresses are

transferred through shear in the matrix (Figs. 2.1c, 2.1d and 2.1f and Sec. 2.2.3.4).

Each interaction is initially composed by two shear-lag segments delimited by

fibre-ends (Fig. 2.1d), but can be further divided into more segments due to the

formation of fibre-breaks (Fig. 2.1f).

5. Segment: each segment within an interaction is delimited by fibre-ends and/or

fibre-breaks, and can be categorised as shear-lag (subscript SL, Fig. 2.1e) or

broken (subscript Br, Fig. 2.1g) (Secs. 2.2.3.1 to 2.2.3.3).

2.2.2 RVE definition

Each fibre in an RVE is identified by the coordinates (i, j) (see Figs. 2.2a and 2.2b).

At the beginning of the simulation, each fibre contains one fibre-end along an RVE,

whose random location x ∈ [0, lf] is stored in a matrix xij . Considering a high fibre-

content (and thus small gaps between fibres), the RVEs are assumed to be periodic in

the longitudinal direction, and therefore the matrix x is initially equal for all RVEs. As

the simulation progresses, fibre-breaks can be introduced, in which case xij becomes a

sorted vector xij(1, ..., smax), where the smallest value xij(1) always corresponds to the

fibre-end of fibre (i, j). For example, the vector for fibre B in Fig. 2.1d is x
B

= x
B

(1)
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(d)
(b)

RVE

𝑙f

(a) Full 3D structure of the
specimen (initial configura-
tion, n = 5), with RVEs of
length lf .

+

(c)

(b) Fibre with its four
nearest neighbours.

+

fibre ℬ

fibre 𝒜

matrix

(c) Interaction between two neigh-
bouring fibres (cross-section
view).

fibre ℬ

fibre 𝒜

𝑙f
𝛿𝑙i 𝛿𝑙ii

fibre
end

𝕩ℬ 𝕩𝒜

Segment iiSegment i
𝑥

(e)

(d) Interaction between two neighbouring fibres (along the longit-
udinal direction). The interaction is initially composed by two
shear-lag segments, with lengths δli and δlii.

𝛿𝑙SL

fibre ℬ

fibre 𝒜

𝜏

2 𝜎SL
I·

Δ𝜎end

(e) Shear-lag segment.

fibre ℬ

fibre 𝒜

𝛿𝑙Br1 𝛿𝑙SL1 𝛿𝑙SL2 𝛿𝑙SL3 𝛿𝑙SL4
fibrefibre
endbreak

(g)

Segment 5
𝕩ℬ(1) 𝕩ℬ(2) 𝕩𝒜(1) 𝕩ℬ(3) 𝕩𝒜(2)

Segment 4Segment 3Segment 2Segment 1
𝑥

(f) Interaction shown in (d) after fibre-breakage. The formation of
fibre-breaks creates one broken segment (with length δlBr1) and
four shear-lag segments (with lengths δlSL1 to δlSL4).

𝛿𝑙Br

fibre ℬ

2 𝜎Br
I·fibre 𝒜

(g) Broken segment.

Figure 2.1: Overview of the different scales involved in the model for aligned discon-
tinuous composites.

at the beginning of the simulation, and becomes x
B

= {x
B

(1), x
B

(2), x
B

(3)} after the

fibre-breaks occur, in Fig. 2.1f.

The strength of the fibres is stochastic; different realisations of strengths are used

for each RVE, and the values of the fibre strength for each RVE are stored in a matrix

Xij (see Sec. 2.2.4 for further details).
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H(𝑖, 𝑗 − 1) H(𝑖, 𝑗)

V(𝑖, 𝑗)

V(𝑖 − 1, 𝑗)

(a) Indices defining the interactions involving fibre
(i, j) (in the middle). Subscripts H and V are
used respectively for horizontal and vertical inter-
actions. Indices i ∈ {1, ..., n−1} and j ∈ {1, ..., n}
for vertical interactions, and i ∈ {1, ..., n} and
j ∈ {1, ..., n− 1} for horizontal interactions.

(𝑖, 𝑗 − 1) (𝑖, 𝑗) (𝑖, 𝑗 + 1)

(𝑖 + 1, 𝑗)

(𝑖 − 1, 𝑗)
1

2

3

4

(b) Indices defining the fibres
and their neighbours, with
i ∈ {1, ..., n} and j ∈ {1, ..., n}.
Circled numbers 1 to 4 are the
relative indices of the neighbours
of fibre (i, j).

fibre

fibre   (𝑖, 𝑗)

Neighbouring

𝜎(𝑖,𝑗)

𝑥
𝜎I

2 𝜎I

𝜎 ,(𝑖+1,𝑗)

𝑥
𝜎I

𝜎I

2 𝜎I.

.

3

3

𝕩𝑖+1,𝑗(1) 𝕩𝑖+1,𝑗(2) 𝕩𝑖+1,𝑗(3) 𝕩𝑖+1,𝑗 1 + 𝑙f

𝕩𝑖𝑗(1) 𝕩𝑖𝑗(2)

(c) Stress fields in the two quarter-fibres
forming the interaction V(i, j) in
Fig. 2.2a, made of one broken segment
and four shear-lag segments.

fibre (𝑖, 𝑗)

fibre

fibre

fibre

fibre

𝜎1 𝑖𝑗
f

𝜎𝑖𝑗
f (𝑥)

𝑥

1

2

3

4

𝜎𝑖𝑗
f

𝜎4 𝑖𝑗
f

𝜎3 𝑖𝑗
f

 𝜎𝑖𝑗
f = 𝜎2 𝑖𝑗

f

Neighbouring

Neighbouring

Neighbouring

Neighbouring

(d) Stress field in fibre (i, j) due to the four
neighbouring fibre-ends (Fig. 2.2b) at the
initial configuration, and identification of
the maximum fibre stress σ̂f

ij .

Figure 2.2: Indexing system of the different matrices of the model and stress fields
considered in the fibres.

2.2.3 Response of an interaction between neighbouring fibres

2.2.3.1 Type and length of segments in an interaction

Consider the horizontal (subscript H) and vertical (subscript V) interactions

between a fibre and its four neighbouring fibres (see Figs. 2.2a and 2.2b); the symbol ∗ is

used to replace H and V when no orientation is specified for an interaction. Take, for ex-

ample, the interaction V(i, j) between fibres (i, j) and (i+1, j), which is also represented

in Fig. 2.2c; the location of the fibre-ends involved in that interaction can be collected in

a sorted vector SV(i, j) = {xi+1,j(1), xi+1,j(2), xij(1), xi+1,j(3), xij(2), xi+1,j(1)+lf}.
This can be generalised so that, at each stage of the simulation, one can collect a vec-

tor with the location of all fibre discontinuities present along each interaction and store
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them in two matrices:

SH(i, j) = sort
[
x(i, j) , x(i, j + 1) , x(i, j)(1) + lf

]
, for horizontal interactions

SV(i, j) = sort
[
x(i, j) , x(i+ 1, j) , x(i, j)(1) + lf

]
, for vertical interactions.

(2.1)

If the size of a given vector (S∗ij) is defined as smax +1 (for instance, smax = 5 in the in-

teraction in Figs. 2.1f and 2.2c), then the interaction ∗(i, j) will be composed of smax seg-

ments. The sth segment of an interaction has a length equal to δls = S∗ij(s+1)−S∗ij(s),
and will be of one of the two types:

� A segment delimited by discontinuities in the same fibre is a broken segment (see

Segment 1 in Figs. 2.1f and 2.2c, and Fig. 2.1g);

� A segment delimited by discontinuities in the two fibres is a shear-lag segment

(see Segments 2 to 5 in Figs. 2.1f and 2.2c, and Fig. 2.1e).

The mechanical response of segments and interactions will be calculated in Secs. 2.2.3.2

to 2.2.3.4, using stresses based on the cross-section of the fibres only (i.e. normalised

for a volume fraction of 100%).

2.2.3.2 Broken segment

In the case of a broken segment (let us consider Segment 1 from Fig. 2.1f and

Fig. 2.1g, where the broken segment is in fibre B), it is assumed that the load is

entirely carried by the neighbouring, unbroken fibre element (of fibre A). In that case,

the stress (σI
Br) vs. strain (εI

Br) response of the broken segment is simply defined by

σI
Br = εI

Br ·
Ef

2
, (2.2)

where Ef is the stiffness of the fibre. This assumes that no stress is transmitted to the

broken element through shear in the matrix, and results in a lower boundary for the

stiffness of the composite after fibre breakage.

2.2.3.3 Shear-lag segment

In the case of a shear-lag segment (see for example Segment i in Fig. 2.1d and

Fig. 2.1e), let us consider an overlap of length δlSL between two neighbouring fibres,

composed of two quarter-fibres A and B of diameter φf and stiffness Ef with a volume

fraction V f. The response of this shear-lag segment can be calculated using Pimenta

and Robinson’s extended shear-lag model [24], as summarised below. The geometric
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inputs (T, tm, L) for the shear-lag model are calculated from the geometry of the

shear-lag segment as

T =
φf

4
, L =

δlSL

2
and tm =

(√
π

4 · V f
− 1

)
· φf. (2.3)

Considering a piecewise-linear constitutive law in shear for the matrix (or fibre-matrix

interface), the behaviour of the shear-lag segment is defined by a set of differential

equations

d2∆σ(x)

dx2
= ±λ2 ·∆σ(x) , with the characteristic coefficient defined as

λ
def
=

√
2 · |Gm(x)|
T · tm · Ef

,

(2.4)

and where ∆σ(x) = σB(x)−σA(x) is the local stress difference between the two fibres A

and B, and Gm(x) = dτm(x)
/

dγm(x) is the local shear tangent stiffness of the matrix

(Gm takes a different value at each piece of the constitutive law, and Gm
0 corresponds

to the elastic shear modulus of the matrix). The solutions of these equations enable

one to find the shear strain γend and the stress difference ∆σend at the ends of the

segment [24]; finally, the remote stress (σI
SL) vs. strain (εI

SL) curve of the segment is

calculated through

σI
SL =

∆σend

2
and εI

SL =
∆σend

2 · Ef
+
tm · γend

δlSL
. (2.5)

2.2.3.4 Overall response of an interaction between two neighbouring fibres

Once the full stress-strain curves (σI
s vs. εI

s) of each of the s ∈ {1, ..., smax} seg-

ments forming an interaction between two neighbouring fibres have been calculated (as

explained in Secs. 2.2.3.1 to 2.2.3.3), they are combined in series to derive the stress-

strain response (σI vs. εRVE) of the overall interaction (Fig. 2.1f). Considering that the

length of each segment s is δls (s ∈ {1, ..., smax}) such that
∑smax

s=1 δls = lf, and that

the remote stress of the interaction (σI) must be uniform through all segments (hence

σI
s ≡ σI ∀ s ∈ {1, ..., smax}), the corresponding remote strain of the interaction is

εRVE(σI) =

∑smax
s=1 δls · εI

s(σ
I)

lf
. (2.6)

Eq. 2.6 allows one to populate the rising part of the stress-strain curve of each inter-

action, and the strength of the interaction is defined as the minimum of the strengths of

each segment (since they are arranged in series). As a result, if two neighbouring fibres

have a break or an end at the same axial location x, their interaction is considered de-
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activated (i.e. no load is carried through this interaction). The stress-strain responses

of all horizontal and vertical interactions (i, j) are stored respectively in σI
Hij(ε

RVE) and

σI
Vij(ε

RVE), where εRVE is the overall strain applied to all interactions and fibres in an

RVE.

2.2.4 Tensile response of a fibre with stochastic strength

2.2.4.1 Maximum stress in the fibres

The overall stress field within fibre (i, j) should be calculated by combining the

stresses due to the four interactions in each quarter-fibre (see Sec. 2.2.3.4) in parallel.

However, calculating these full stress fields would be computationally expensive, and

therefore an approximate method is derived as follows.

The average stress in each quarter of fibre (i, j) due to a single interaction is equal

to the average stress of the interaction σI
∗ij(ε

RVE) (Fig. 2.2c). Combining the four

quarter-fibres forming a fibre in parallel, the average stress in the fibre is defined as:

σf(i, j, εRVE) =
(
σI

V(i− 1, j, εRVE) + σI
H(i, j, εRVE) + σI

V(i, j, εRVE) + σI
H(i, j − 1, εRVE)

) /
NI
ij ,

where NI
ij is the number of active neighbours (or interactions) around fibre (i, j); this

is initially set up to 4 within the RVE, 3 along the edges and 2 in the corners, but it

may decrease as fibres break during the simulation, as will be explained in Sec. 2.2.4.4.

The maximum stress (due to the stress concentrations caused by the neighbouring

fibre-ends) in each quarter-fibre (i, j) is equal to 2 · σI
∗ij(ε

RVE) (Fig. 2.2c). Therefore,

for each fibre, four stress peaks are calculated, each representing a combination of (i)

the average stress in the fibre and (ii) the stress concentration due to a neighbouring

fibre-end (see Fig. 2.2d). As a result, the four values of stress-peaks in each fibre (i, j)

are calculated as follow:

σf
1(i, j, εRVE) = σf(i, j, εRVE) +

σI
V(i− 1, j, εRVE)

NI
ij

,

σf
2(i, j, εRVE) = σf(i, j, εRVE) +

σI
H(i, j, εRVE)

NI
ij

,

σf
3(i, j, εRVE) = σf(i, j, εRVE) +

σI
V(i, j, εRVE)

NI
ij

,

σf
4(i, j, εRVE) = σf(i, j, εRVE) +

σI
H(i, j − 1, εRVE)

NI
ij

.

(2.7)

Comparing these four values of peaks in the local stresses of fibre (i, j), one can

identify the maximum fibre stress σ̂f
ij(ε

RVE) (Fig. 2.2d) as well as the relative neighbour
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kcrit(i, j, ε
RVE) of fibre (i, j) causing this peak, such that:

σ̂f
ij(ε

RVE) = σf
kcrit(i,j,εRVE)(i, j, ε

RVE) = max
{
σf
k(i, j, ε

RVE)
}4

k=1
. (2.8)

2.2.4.2 Computation of fibre strength

The fibre strength Xij is required to determine whether fibre (i, j) will break under

the maximum fibre stress σ̂f
ij(ε

RVE) defined in Eq. 2.8. As there is considerable variab-

ility in the strength of technical brittle fibres (e.g. carbon and glass), their stochastic

strength is modelled using a Weibull distribution [48].

Strength distributions (characterised by a Weibull modulus m and a scale parameter

σ0 measured at the length lr) for technical fibres can be found in the literature, but

size and “shape” (of the stress field) effects must be accounted for, as the gauge length

lr at which the fibre strength has been measured is not necessarily the same as that of

the fibres in the composite (lf), and the stress-fields in the fibres within discontinuous

composites are not uniform. Therefore, fibres are assigned strengths following a scaled

Weibull distribution with a failure probability given by

F (σf) = 1− exp

(
−Clength · Cshape ·

(
σf

σ0

)m)
, (2.9)

where Clength and Cshape are correction factors accounting for the fibre length and the

shape of stress-fields of the fibres in the composite (see App. A). This process creates a

matrix containing four ordered strengths for each fibre Xij(q) (q ∈ {1, ..., 4}), to allow

for each fibre to fail once due to each interaction with its four neighbours; the initial

strength of the fibre (i, j) is Xij(qij) where qij = 1. The realisation of fibre strengths

is repeated for each RVE, so that different fibres in the same cross-sectional location

(i, j) have different values of stochastic strength along the full specimen.

2.2.4.3 Identification of fibre-breaks

At this point, the maximum stress in each fibre (i, j) has been defined for every
value of the applied strain as σ̂f

ij(ε
RVE) in Eq. 2.8, and also the strength of each fibre as

Xij(qij) in Eq. 2.9. Therefore, one can find out whether a fibre will break or not under
a given remote strain εRVE, and store that information in the matrix of logical values

Fij(εRVE) =
(
σ̂f
ij(ε

RVE) > Xij(qij)
)

=

{
1 : fibre is broken,

0 : fibre remains in the same configuration.

(2.10)
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From the values of Fij(εRVE) through the whole RVE, the remote RVE strain at

which the first fibre-break occurs in the RVE is defined by

εRVE
NB = min

{
εRVE :

[
∃(i, j) : Fij(εRVE) > 0

]}
. (2.11)

Moreover, the neighbouring fibre causing failure of fibre (i, j) is known (this

is defined by the index of the relative neighbour causing the stress concentration

kcrit(i, j, ε
RVE) in Eq. 2.8); consequently, a break is introduced in fibre (i, j) at the

same location xbreak as one of the fibre-discontinuities of its critical neighbouring fibre:

xbreak = xicritjcrit(scrit), with



(icrit, jcrit) = (i− 1, j) for kcrit = 1

(icrit, jcrit) = (i, j + 1) for kcrit = 2

(icrit, jcrit) = (i+ 1, j) for kcrit = 3

(icrit, jcrit) = (i, j − 1) for kcrit = 4

(see Fig. 2.2b),

(2.12)

where the sth
crit fibre-discontinuity in the critical neighbouring fibre (icrit, jcrit) is located

at the end of the longest segment of the interaction between fibres (i, j) and (icrit, jcrit),

which is supposed to be the most critical discontinuity for fibre (i, j). For example, in

Fig. 2.1f, Segment 4 is the longest shear-lag segment in the interaction between fibres

A and B and, as a result, fibre A would break at x = xB(3). After this strain εRVE
NB , the

interaction between fibres (i, j) and (icrit, jcrit) is unable to carry any further stresses.

2.2.4.4 Storing results and updating the configuration after the formation

of fibre-breaks

Everything calculated until Eq. 2.12 is valid for each RVE up to the formation of

fibre breaks; therefore, the stress-strain curves of the interactions in the pRVEth
RVE

can be stored in matrices σRVE
V and σRVE

H up to the strain εRVE
NB defined in Eq. 2.11:

σRVE
Vij (εRVE; pRVE) = σI

Vij(ε
RVE)

σRVE
Hij (εRVE; pRVE) = σI

Hij(ε
RVE)

}
for εRVE < εRVE

NB . (2.13)

Once a fibre breaks, its shear-lag interactions with its neighbours are modified and

must be recalculated for strains above εRVE
NB . To do this, the list Z of fibres which broke

under the strain εRVE
NB is defined as

Z(εRVE
NB ) =

{
(i, j) : Fij(εRVE

NB ) = 1
}
. (2.14)
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Applying Eq. 2.12 to each fibre (i, j) in Z, the location of the new break in fibre

(i, j) xbreak is calculated and added to the list of fibre-breaks in fibre (i, j), so that

xij = sort [xij , xbreak] . (2.15)

Moreover, for the fibres in Z, the interaction between the broken fibre (i, j) and its

critical neighbour (icrit, jcrit) is deactivated (because the interaction cannot build-up

stresses), and therefore the number of active neighbours (or active interactions) in the

two fibres is decreased by one:

Nij(εRVE > εRVE
NB ) = Nij(εRVE < εRVE

NB )− 1, and

Nicrit,jcrit(εRVE > εRVE
NB ) = Nicrit,jcrit(εRVE < εRVE

NB )− 1.
(2.16)

Finally, the strength Xij(qij) of the fibres in Z must be updated as well, and is

increased to Xij
(
qij(ε

RVE > εRVE
NB )

)
where qij(ε

RVE > εRVE
NB ) = qij(ε

RVE < εRVE
NB ) + 1.

This is done to account for the fact that, each time a fibre fails, it has one less weak

section, and therefore the strength of its segments should increase (see App. A).

Once the configuration of the RVE has been updated (see Eqs. 2.14 to 2.16), the

entire process of calculating the stress-strain curves of the interactions in the RVE is

repeated for higher values of strain (εRVE > εRVE
NB ), until new breaks are formed.

2.2.5 Macroscopic response and final failure

2.2.5.1 Calculation of the overall stress-strain curve of the specimen

Once the stress-strain curves of all 2 · n · (n − 1) interactions of the pth RVE are

calculated (as described in Secs. 2.2.3 and 2.2.4), they can be combined in parallel

(i.e. by averaging the stresses of all interactions for each applied strain) and normalised

by the fibre volume fraction V f to define the stress-strain curve of the RVE:

σRVE(εRVE; pRVE) = V f ·

∑
i,j

(
σRVE

Vij (εRVE; pRVE)
)

+
∑

i,j

(
σRVE

Hij (εRVE; pRVE)
)

2 · n · (n− 1)
.

(2.17)

All nRVE RVEs are then combined in series (i.e. by averaging the strains of all RVEs

for each applied stress) to obtain the global stress-strain curve of the whole specimen,

σ∞(ε∞):

ε∞ =

∑nRVE

pRVE=1 ε
RVE(σ∞; pRVE)

nRVE
. (2.18)
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Cross-section

𝑛a
RVE

𝑛

Cluster

(a) Scanning of the cross-section
of the pth RVE with a win-
dow of size nRVE

a × nRVE
a .

All 𝑛a
RVE clusters in the 𝑝th RVE

Critical cluster of size 𝑛a
RVEin the 𝑝th RVE

Average for the entire 𝑝th RVE

𝜀RVE

𝑋global
RVE (𝑝)

𝑒min
RVE 𝑛a

RVE, 𝑝

𝑋min
RVE(𝑛a

RVE, 𝑝)

𝜎 −

(b) Derivation of XRVE
global and XRVE

min (nRVE
a , p).

Figure 2.3: Failure criterion used to identify final failure of an RVE.

2.2.5.2 Failure criterion

Eq. 2.17 defines the average stress-strain response of each RVE, and therefore defines

the stiffness ERVE
global and the strength XRVE

global of each RVE. However, it has been ob-

served [64] that composites typically fail when a cluster of damage (e.g. broken fibres)

reaches a critical size and triggers unstable failure of the entire specimen. To account

for this possibility of catastrophic failure propagating from a critical flaw in the mater-

ial, Dugdale’s non-linear fracture mechanics criterion [65] was adapted, as described in

this section.

A window of nRVE
a ×nRVE

a fibres is used to scan each RVE (Fig. 2.3a) to find the weak-

est cluster of size nRVE
a , which is the cluster in the pth RVE which reaches its maximum

stress at the lowest strain (eRVE
min (nRVE

a , pRVE), see red curve in Fig. 2.3b). If this cluster

is critical, its failure at the strain eRVE
min (nRVE

a , pRVE) will trigger catastrophic failure of

the entire RVE, at the corresponding stress XRVE
min (nRVE

a )
def
= σRVE(εRVE = emin(nRVE

a )).

The problem is now to find the critical cluster size nRVE
a,crit leading to the RVE failure

stress XRVE
crit

def
= XRVE

min (nRVE
a = nRVE

a,crit). This problem is analogous to Dugdale’s yield-

strip model [65] in non-linear fracture mechanics. Considering a centre-crack (length

2aRVE) in a linear-elastic – perfectly-plastic plate (with yield strength XRVE
global) under a

remote stresses σRVE, the non-linear energy release rate (ERR) is defined by Dugdale

as [65]

JNL(σRVE, aRVE) = JLE(XRVE
global, a

RVE) ·D(σRVE),

with D(σRVE) =
8

π2
· ln

(
sec

(
π

2
· σ

RVE

XRVE
global

))
.

(2.19)

In this equation, D(σRVE) is the Dugdale factor and JLE is the ERR for the same

structure but considering a linear-elastic material. This relation can be extrapolated for
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other geometries [72], and here it is considered that the critical cluster of weak/broken

fibres (with an arbitrary shape) can be represented by a penny-shaped crack. For a

penny-shaped crack of radius a, JLE(σ∞, a) =
(
2
/
π · σ∞ ·

√
π · a

)2 · /ERVE
global; therefore,

the ERR of a penny-shaped crack in a non-linear material can be calculated as

JNL(σRVE, aRVE) =

(
2

π
·XRVE

global ·
√
π · aRVE

)2

· 1

ERVE
global

·

[
8

π2
· ln

(
sec

(
π

2
· σ

RVE

XRVE
global

))]
.

(2.20)

In this model, the penny-shaped crack is considered to have the same area as the

nRVE
a × nRVE

a cluster, thus aRVE = nRVE
a · φf

/(
2 ·
√
V f
)

. Failure will then occur in the

RVE when this weakest region of size aRVE gets sufficiently large and satisfies the two

conditions

σRVE = XRVE
crit ≡ XRVE

min (aRVE
crit ) ∧ JNL(XRVE

crit , a
RVE
crit ) ≥ Gcrit, (2.21)

where Gcrit is the fracture toughness of the material. Therefore, the criterion for final

failure is

32

π3
·
XRVE

global
2

ERVE
global

· aRVE
crit · ln

(
sec

(
π

2
· X

RVE
crit

XRVE
global

))
≥ Gcrit, with XRVE

crit = XRVE
min (aRVE

crit ).

(2.22)

This criterion is tested for an initial value of aRVE calculated for nRVE
a = 1; if the

corresponding ERR is lower than the toughness of the composite, the size of the cluster

nRVE
a is increased progressively, until the criterion in Eq. 2.22 is met. Once XRVE

crit has

been calculated for each RVE, the overall strength of the specimen is defined as

X∞crit = min{XRVE
crit (pRVE) , pRVE ∈ {1, ..., nRVE}}. (2.23)

X∞crit is then used as a cut-off in the global response found in Eq. 2.18. A method to

estimate the toughness of the material is developed in App. B, assuming that debonding

and pull-out occur at the smallest shear-lag segment between each pair of neighbouring

fibres.

This failure criterion bridges the two extreme cases of ductile (strength-dominated)

and brittle (toughness-dominated) fracture:

� A perfectly brittle material (with finite fracture toughness Gcrit andX∞crit � X∞global)

will fail when JLE(X∞crit, acrit) = Gcrit, since in this case the Dugdale factor is

D(σ∞ → X∞crit)→ (X∞crit

/
X∞global)

2;

� A perfectly ductile material (with Gcrit → ∞ and X∞crit ≈ X∞global) will fail when

X∞crit → X∞global, since in this case the Dugdale factor is D(σ∞ → X∞crit)→ +∞.
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Inputs:

Geometry:
𝜙f, 𝑙f, 𝑉f (fibre)

𝑛, 𝑛RVE, 𝕩𝑖𝑗 (RVE)

Mechanical properties:

𝐸f,𝑚, 𝜎0, 𝑙r (fibre)
𝜏m 𝛾 , 𝒢IIC

m (matrix)

Preliminary calculations:

Stress-strain libraries:

𝜎SL(𝜀SL; 𝛿𝑙SL ∈ 0,… , 𝑙f ) (Eq. 5)

ॿ𝑖𝑗𝑞(𝑚, 𝜎0) (Eq. 9 and App. A)

Post processing:

Stress-strain curve of RVEs:
𝜎RVE(𝜀RVE; 𝑝RVE) (Eq. 17)

Material toughness:
𝒢crit (App. B)

Main calculations:

Initiation:

𝜀PB
RVE = 0

ℤ = 𝑖, 𝑗 ∈ {1. . 𝑛}2

𝑞𝑖𝑗=1 for 𝑖, 𝑗 ∈ ℤ

Failure criterion:

Initiation: 𝑝RVE = 0

𝑝RVE = 𝑛RVE ?

Definition of next fibre-breaks:
ॲ𝑖𝑗(𝜀

RVE) (Eq. 10)

𝜀NB
RVE(ॲ ) (Eq. 11)

ℤ (𝜀NB
RVE,ॲ ) (Eq. 14)

𝜀NB
RVE = 𝜀max

RVE ?

true

true

false

For each modified fibre 𝑖, 𝑗 ∈ ℤ :

Maximum stress in the fibre  𝜎𝑖𝑗
f (𝜀RVE) (Eq. 8)

For each interaction with all neighbouring fibres 𝑘 ∈ {1,2,3,4}:

Stress-strain curve of the interaction 𝜎∗
I(𝜀I) (Eq. 6)

For each segment 𝑠 ∈ {1,… , 𝑠max} along the interaction:

Storage of stress-strain response:

𝜎∗ 𝑖𝑗
RVE 𝜀PB

RVE, … , 𝜀NB
RVE − Δ𝜀 (Eq. 13) 

Segment 
type?

𝜎SL
I (𝜀SL

I ; 𝛿𝑙𝑠) (Eq. 5)𝜎Br
I (𝜀Br

I ) (Eq. 2)

Shear-lagBroken

Update RVE:
𝕩𝑖𝑗 for 𝑖, 𝑗 ∈ ℤ (Eq. 15)

ℕ𝑖𝑗 (Eq. 16)

Update fibre strengths:
𝑞𝑖𝑗 = 𝑞𝑖𝑗 + 1 for 𝑖, 𝑗 ∈ ℤ

Simulation 
parameters:
𝜀max
RVE, Δ𝜀

𝜀PB
RVE = 𝜀NB

RVE

𝑝RVE = 𝑝RVE+1

false

For each RVE 𝑝RVE:

𝑋min
RVE(𝑛a

RVE) (scanning function on RVE)

𝐽NL(𝑋min
RVE(𝑛a

RVE), 𝑛a
RVE) (Eq. 20)

Determination of the RVE strength:

𝑋crit
RVE = 𝑋min

RVE(𝑛a
RVE) (Eq. 22)Initiation:

𝑛a
RVE = 1

𝐽NL 𝑋min
RVE, 𝑛a

RVE > 𝒢crit ?
false

𝑛a
RVE = 𝑛a

RVE + 1
true Stress-strain curve of specimen:

𝜎∞(𝜀∞) (Eqs. 18 and 23)

Figure 2.4: Implementation of the proposed model for aligned discontinuous compos-
ites.

2.2.6 Matlab implementation

The model described in the previous sections has been implemented in Matlab as

summarised in Fig. 2.4. As the mechanical response of segments is called thousands of

times during the simulation, a library of stress-strain responses of shear-lag segments

(σI
SL vs. εI

SL, see Eq. 2.5) is computed prior to the simulation using the Matlab code

previously developed [24]. The increase of the segment length (δSL) in the library

is logarithmic (128 values varying from 0 to lf), as this allows to best capture the

evolution of the stress-strain curve with the segment length. This library is then called

by the model and returns the stress-strain curve of a shear-lag segment of any length

σI
SL(εI

SL; δSL).
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The stress-strain responses σI
∗ij vs. εRVE of horizontal and vertical interactions (i, j)

are stored respectively in the 3D matrices σI
H(i, j, εRVE) and σI

V(i, j, εRVE), where the

RVE remote strain εRVE increases from 0 to εRVE
max by steps of ∆ε.

After fibre-breaks are detected at the strain εRVE
NB , the stress-strain curves of the

interactions for ε > εRVE
NB must be recalculated (see Sec. 2.2.4.4). To make the model

more efficient, at each increase in the RVE strain for εRVE > εRVE
NB the simulation is re-

run only for the interactions in which at least one fibre has just been updated (using the

updated fibres (i, j) listed in Z(εRVE
NB )). Also, the model computes stress-strain curves

within strain intervals where a given configuration is valid (i.e. for εRVE
PB ≤ εRVE < εRVE

NB ,

where εRVE
PB is the strain at which the configuration was previously updated), rather

than doing it for each strain step, which increases further the efficiency of the imple-

mentation.

2.3 Results

2.3.1 Experimental validation

The model is compared against two sets of experimental results measured by Yu et

al. [29, 73] in Figs. 2.5 and 2.6. Both sets of specimens (with specifications shown in

Tab. 2.1) were manufactured with the same carbon-fibre type [29,73], but each set was

Table 2.1: Properties of the fibres and matrices used as input for the model. The
fibre length lf = 3 mm applies to validation against experiments (Figs. 2.5
and 2.6); it varies in the parametric studies (Figs. 2.7, 2.8 and 2.9), and is
fixed to lf = 2 mm to study size effects (Fig. 2.10). The specimen length
lspec is equal to 50 mm for all experiments [29,73] (Figs. 2.5 and 2.6), and
set to lspec = 10 mm while studying the effect of lf (Fig. 2.7). The actual
friction stress during pull-out is τµ = τµ0 · (1− V f) [74].

Fibre properties lf (mm) φf (µm) Ef (GPa) m σ0 (MPa) lr (mm)

High Strength Carbon 3.0∗/2.0 7∗ 225∗ 5.71† 4344∗,† 25†

Matrix properties Gm
0 (GPa) Sm (MPa) τµ0 (MPa) Gm

IIc (kJ/m2) V f (%) n

Polypropylene (Fig. 2.5) 0.7† 8† 4† 0.2∗∗ 36∗ 65‡

Epoxy, 2 sets (Fig. 2.6) 1.3† 60∗† 10† 0.8‡ 41∗/55∗ 36‡/97‡

Effect of lf (Fig. 2.7) 1.0 50 10 0.8 36 32

Critical cluster (Fig. 2.8) 1.0 100 10 0.8 36 45

Variability (Fig. 2.9) 1.0 100 10 0.8 36 45

Size effect (Fig. 2.10) 1.0 100 10 0.8 36 45

∗ Specimen specifications given by Yu et al. [29, 73].

∗∗ Estimated considering a weak carbon-fibre/polypropylene bonding.

† Calculated from values found in literature [11,29,73,75–78].

‡ Calculated from the size and volume fraction of the specimens tested experimentally [29, 73]).
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embedded in a different matrix (polypropylene for Set 1 in Fig. 2.5 and epoxy matrix

MTM 49-3 for Set 2 in Fig. 2.6 [73], both modelled through bilinear constitutive laws).

As the properties of the polypropylene/carbon-fibre interface were not accurately

known, the effects of the shear strength Sm, the frictional stress τµ0 and the toughness

Gm
IIc of the fibre/matrix interface on the stress-strain response of the composite are

presented in Figs. 2.5a, 2.5b and 2.5c respectively (the nominal values of Sm and τµ0

shown in Tab. 2.1 were measured in the literature (using for example single or multiple-

overlap debonding tests), and the nominal value of Gm
IIc was estimated (and could be

measured using end notch flexure tests)). Fig. 2.5 shows a good agreement between the

model and experiments not only concerning the non-linear shape of the stress-strain

curves, but also quantitatively, considering the best estimates for the properties of the

fibre/polypropylene interface.

For composites with epoxy matrix (Fig. 2.6), the model predicts a small progress-

ive strain softening, while the experiments show a small progressive strain hardening

(especially for V f = 55%); the latter can be due to (i) the strain-hardening nature of

carbon fibres [79], and/or (ii) the re-orientation of misaligned fibres [73] (which are

not considered in the model). The final failure is accurately predicted for V f = 55%

(Fig. 2.6b), but the failure strain and strength of the dataset with V f = 41% are lower

in the experiments than in the model (Fig. 2.6a). However, the low average and high

variability of the strength of the specimens with V f = 41% was justified by Yu et al. [73]

by the small width of the specimens, which made their strength very sensitive to inac-

curacies in specimen cutting. Moreover, the specimens with V f = 41% should exhibit

a similar failure strain to the specimens with V f = 55%; overall, the mismatch between

model and experiments for the dataset with V f = 41% is likely due to experimental

problems.

2.3.2 Parametric study

The effect of matrix/interfacial properties on the stress-strain response of discon-

tinuous composites is investigated in Fig. 2.5. Fig. 2.5a shows that a stronger mat-

rix/interface leads to less non-linearity and to an increase in the tensile strength of

the composite, as it delays strain-softening and failure of the matrix/interface near

fibre-ends. For small values of Sm, this leads to an increase in failure strain; however,

for higher values of Sm, a further increase of the shear strength will actually make the

material more brittle, because (i) the effect of the matrix/interface softening will be

more confined to the fibre-ends, and (ii) the unstable failure criterion will be triggered

for a lower tensile strain (due to shorter fibre pull-outs and the consequent decrease of

the toughness of the composite).

24



A virtual testing framework for aligned discontinuous composite

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Strain (%)

0

100

200

300

400

500

S
tr

es
s
(M

P
a)

Experiments (Yu et al. 2015)

Sm = 4 MPa

Sm = 8 MPa

Sm = 12 MPa

(a) Interfacial shear strength Sm.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Strain (%)

0

100

200

300

400

500

S
tr

es
s
(M

P
a)

Experiments (Yu et al. 2015)

=70 = 2 MPa

=70 = 4 MPa

=70 = 8 MPa

(b) Interfacial friction stress τµ0.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Strain (%)

0

100

200

300

400

500

S
tr
es
s
(M
P
a)

Experiments (Yu et al. 2015)
Gm
IIc

= 0:1 kJ/m2

Gm
IIc

= 0:2 kJ/m2

Gm
IIc

= 0:4 kJ/m2

(c) Interfacial toughness Gm
IIc.

Figure 2.5: Comparison of the stress-strain curves predicted by the model against ex-
periments [29] (with 3 mm long carbon-fibres embedded in polypropylene,
see Tab. 2.1), and influence of matrix/interface input parameters.

The effect of the pull-out friction τµ0 on the stress-strain curve shown in Fig. 2.5b is

insignificant, as failure of this particular material is strength-dominated and not affected

by the fracture toughness of the composite. Finally, increasing the toughness of the

matrix/interface allows the fibres to build-up higher stresses before matrix/interfacial

failure (see Fig. 2.5c), therefore delaying failure of the composite.

Fig. 2.7 highlights the different trends for the effect of fibre length on the response

of composites with a bilinear (brittle) or a strain-hardening (ductile) matrix (Fig. 2.7a).

Up to a threshold (lf ≈ 1.1 mm), an increase of fibre length generates an increase of

the stiffness and strength of the composite (because the effect of the discontinuities is

reduced). Above this threshold, the strength plateaus (because the failure mode changes

to fibre-failure), and the stiffness also converges towards that of the continuous-fibre

composite (i.e. to Ef · V f = 225× 0.36 = 81 GPa).

For the failure strain (Fig. 2.7f), and above the threshold lf ≈ 1.1 mm, an increase

in fibre length leads to a more brittle material (governed by fibre failure). Below this

threshold, matrix/interface ductility starts governing the deformation of the composite,

as the two matrices considered generate opposite trends.
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Figure 2.6: Comparison of the stress-strain curves predicted by the model against
experiments [73], for 3 mm carbon-fibres embedded in epoxy matrix and
for different fibre volume fractions (see Tab. 2.1). Error bars represent
one standard deviation (7 specimens have been tested for V f = 41%, and
6 for V f = 55% [73]).

2.3.3 Study of the characteristics of the critical cluster

The characteristics of the critical clusters (which trigger final failure of the specimen)

have been studied for three different fibre lengths (0.7, 2.0 and 6.0 mm, see the “critical

cluster” specification in Tab. 2.1) using a method proposed by de Geus et al. [80] (see

Fig. 2.8). For each fibre length, 1000 RVEs have been analysed and staggered so that

their critical clusters are centred on top of each other, as illustrated in Fig. 2.8a. Then,

stochastic variables characterising the material locally (e.g. initial fibre-overlapping

lengths or fibre strengths) can be averaged at each point of the staggered RVEs; any

deviation of the local averages in the centre of the staggered RVEs from the expected

value in the entire composite (e.g. shorter overlaps or weaker fibres) will identify a

statistically significant source of weakness in the microstructure of the material.

Fig. 2.8 shows that failure of composites with short fibres is triggered by clusters

of fibres with minimum overlapping lengths lower than the average (see Fig. 2.8b),

with nearly no formation of fibre breaks. On the contrary, failure of composites with

long fibres (see Fig. 2.8d) is triggered by clusters of weaker fibres, which fragment

before catastrophic failure propagation. Fig. 2.8 also shows that the size of the critical

cluster decreases with an increase of the fibre length (from approximatively 9 fibres at

lf = 0.7 mm to 4 fibres at lf = 6.0 mm), because the composite becomes more brittle

with increasing fibre length.
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Figure 2.7: Effect of fibre length on the response of aligned discontinuous composites
(V f = 36%).

2.3.4 Effect of variability

In Sec. 2.3.3, the model showed that variability was responsible for critical clusters

to appear in the material. The model was then used to quantify the effect of variability

on the stress-strain curve. Fig. 2.8 suggests that discontinuous composites with shorter

fibres are more affected by the overlap length, while discontinuous composites with

longer fibres are more affected by fibre strength. Therefore, for both microstructures,

the model was used to compute the stress-strain response with and without the relevant

source of variability (overlap length for short fibres and fibre strength for long fibres),

while keeping the same average value.

For short-fibre discontinuous composites, Fig. 2.9a shows that softening initiates

earlier for a random staggering, and that the strength could be increased by 21%

by removing variability in the fibre staggering. Similarly, for long-fibre discontinuous
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Figure 2.8: Study of the characteristics of the critical cluster in discontinuous com-
posites. The following characteristics are shown in figures (b), (c) and (d):
number of fibre-breaks per RVE (left), initial overlap length (middle), and
fibre strength (right), for different fibre lengths. The staggered RVEs in
Figs. (b)-(d) show 45× 45 fibres.
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Figure 2.9: Effect of the variability on discontinuous composites.

composites, Fig. 2.9b suggests that the strength of the composite could be increased

by 17% by removing variability in the fibre strength.

2.3.5 Size effects

Fig. 2.10 shows that longer specimens become weaker and present less variability

than shorter specimens. Moreover, Fig. 2.10b shows a logarithmic relationship between

(i) the average strength or the coefficient of variation and (ii) the specimen length,

which agrees with Weibull’s weakest link theory [48,81,82].

2.4 Discussion

2.4.1 Response of aligned discontinuous composites

Fig. 2.8 suggests the presence of two competing failure modes in aligned discontinu-

ous composites:

� Fibre failure, governed by the strength of the fibres, and occurring for long

fibres (or for a stronger matrix, as the results show that fibre length and mat-

rix/interfacial strength have a similar impact on the response of the compos-

ite). This failure mode triggers brittle failure of the material from small critical

clusters.
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Figure 2.10: Effect of the specimen length lspec on the response of aligned discontinu-
ous composites (lf = 2 mm; 30 specimens are considered for each length
lspec).

� Debonding/pull-out, governed by matrix/interface properties, and occurring for

short fibres (or for a weaker matrix). This failure mode triggers a more ductile

failure from relatively larger critical clusters.

2.4.2 Optimal configuration for stiff, strong and less brittle discon-

tinuous composites

Figs. 2.5 to 2.8 show that it is possible to tailor the microstructure of aligned

discontinuous composites to optimise their mechanical response. The plateau found for

the strength (Fig. 2.7e) agrees with numerical models in literature [58,61] and provides

a critical fibre length (lf = 1.1 mm) to achieve maximum strength of the composite. In

the same way, the stiffness is nearly constant for fibres longer than 0.5 mm (Fig. 2.7d).

As Fig. 2.7f shows that the final extension will reach a peak for lf = 1.1 mm, this is the

optimal fibre length to achieve a combination of high strength, high stiffness and high

failure strain.

The critical fibre length identified in the present model is larger than those found by

other analytical models in the literature [24,83]. For instance, Kelly-Tyson’s [83] critical

overlap length δlfK = σ0 · φ
/

(4Sm) returns 0.15 mm for the configurations in Fig. 2.7 (see

Tab. 2.1); this would correspond to a critical fibre length of lfK = 4 · δlfK = 0.60 mm (to

account for random overlap lengths), which is smaller than the value of 1.1 mm found

for that configuration in this model. This is explained as:

� The model scales-up the fibre strength to account for size effects in the fibre.

Accounting for this strengthening, Kelly-Tyson’s critical fibre length becomes

lfK = 0.88 mm;
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� Kelly-Tyson’s theory [83] assumes a perfectly-plastic matrix, while the present

model considers matrix failure as well (which decreases the ability of the matrix

to transfer stresses);

� The model considers that final failure propagates from a weaker cluster (see

Sec. 2.2.5). Therefore, although the average overlap length between neighbouring

fibres in a specimen is lf/4, Fig. 2.8 shows that the overlap length in the cluster

triggering final failure can be much smaller than lf/4 (up to −18% in Sec. 2.3.3),

which leads to a higher critical fibre length.

2.4.3 Model in the scope of literature

The model presented in this chapter complements the literature with the following

features:

a. This model is one of the first in the literature (along with the model from Pimenta

and Robinson [24]) to provide the stress-strain response of aligned discontinuous

composites considering a generic non-linear response of the matrix analytically,

which makes it suitable to study the effect of different matrices on the response

of discontinuous composites (see for instance results in Fig. 2.7).

b. Contrarily to most models in the literature considering idealised microstructures

(like perfectly staggered fibres) [24,55–58,61], the present model generates random

locations of the fibre-ends throughout the whole specimen. It is shown in Fig. 2.8

that this random staggering is what triggers failure of composites with short

fibres; moreover, Trujillo et al. [59] carried out experiments showing that the

overlapping pattern in discontinuous composites had a significant impact on the

strength of such materials. Therefore, this feature must be included in realistic

models for discontinuous composites.

c. This model considers stochastic fibre strengths and accounts for the non-uniform

stress fields in the fibres due to neighbouring fibre-ends (see App. A). This is

neglected or highly simplified in some models [24,49–51], but Fig. 2.8 reveals that

the variability in fibre strength is what triggers failure of composites with long

fibres, and therefore must be considered to accurately model aligned discontinuous

composites.

d. The model contains a strain-based failure criterion bridging plasticity and frac-

ture mechanics [65] which captures the failure process observed experimentally

in composites [64]: a weak cluster of fibres reaches a critical size and triggers

catastrophic failure of the whole specimen. Combined with an analytical expres-

sion for estimating the toughness of discontinuous composites (see App. B), this
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criterion is able to predict catastrophic failure of the material. Other models in

the literature (FE models in particular [61, 62, 71]) consider that the strength of

the material is the same as the maximum stress found in the RVE, which can

overpredict the composite strength.

e. The model captures size effects in agreement with the weakest link theory [48,81,

82] and highlights the importance of considering size effects when modelling and

designing composite components using allowables measured in small coupons.

f. The semi-analytical character of the model makes it computationally efficient

(for instance, a specimen made of 10 000 fibres runs in less than 30 seconds

on a standard computer), and is therefore more suitable than FE simula-

tions [54, 61, 62, 68–71] to model full-scale specimens. Moreover, the good agree-

ment with experiments (see Figs. 2.5 and 2.6) makes the model appropriate to

support material development and perform virtual experiments.

2.5 Conclusions

A semi-analytical model has been developed to predict the stress-strain response of

aligned discontinuous composites. The model is the first in the literature to consider

analytically (i) matrix debonding/pull-out using a shear-lag model generalised to any

shear constitutive law of the matrix, (ii) fibre fragmentation under the influence of stress

concentrations near fibre-ends and stochastic fibre strengths, and (iii) final failure using

a strain-based failure criterion combining fracture mechanics and plasticity.

The model suggests that aligned discontinuous composites fail due to a weak cluster

of fibres whose criticality depends on (i) the overlap length between fibres for short-

fibre composites, and (ii) the fibre strength for long-fibre composites. Considering the

stochastic nature of the location of fibre-ends and of the fibre strengths is therefore

fundamental to create representative models and achieve accurate predictions. The

model also highlights the importance of size effects when designing full-size composite

structures.

The present model is computationally efficient, captures the effect of various para-

meters on the response of discontinuous composites (matrix properties, fibre length,

specimen size), and shows good agreement with experiments in the literature. The

model can therefore be used to support the design of structures made with discontinu-

ous composites and to guide the development of optimised discontinuous composites

tailored for specific applications. Moreover, this model can also be used to identify the

optimal fibre length for a given fibre/matrix combination, which maximises simultan-

eously the stiffness, the strength and the failure strain of a discontinuous composite.
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A virtual testing framework for

the stiffness of hybrid aligned

discontinuous composite

3.1 Introduction

Hybrid discontinuous composites combine hybrid fibre-types with a discontinuous

microstructure; therefore, this type of composite allows a reduction of material and

manufacturing costs, opens new possibilities of hybridisation (e.g. with intimate in-

termingling of fibre-types), and extends further the ability to tailor the properties of

composites in terms of stiffness, strength or toughness [17,29,73]. Hybrid discontinuous

composites have already been manufactured [29,73,84,85] and confirmed the advantages

listed previously.

However, despite the many advantages of hybrid discontinuous composites, there

still is a need to understand these composites better. Indeed, “hybrid effects” can

be observed in the experimental data of hybrid discontinuous composites, not only in

the measured strength and failure strain, but also on their stiffness [29,73, 84,86], and

are not fully explained yet. The effects of discontinuities and hybridisation on the

stiffness of composites have already been investigated separately. The shear-lag theory

developed by Cox [23] predicts the Young’s modulus of discontinuous composites EC
Cox,

assuming that the inclusions carry longitudinal stresses only, while the matrix transmits

stresses through shear:

EC
Cox =V f · Ef

(
1− tanh(λCox · α)

λCox · α

)
+ V m · Em,

with λ2
Cox =

2 · Em

Ef · (1 + νm) · ln(P f/V f)
,

(3.1)
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where V f and V m represent the volume fractions, and Ef and Em the Young’s moduli

of the inclusions and the matrix respectively; νm is the matrix Poisson’s ratio, α is the

aspect ratio of the inclusions, and P f is a fibre-packing geometric factor [23].

The simplest analytical model to describe the behaviour of hybrid composites is

based on the Rule-of-Mixtures (RoM). The Young’s modulus of a hybrid composite

– reinforced with two types of inclusions A (Young’s modulus EA) and B (Young’s

modulus EB) at an overall inclusion volume fraction V f, and with a matrix tensile

modulus Em and matrix volume fraction V m – is predicted by the RoM as

EC
RoM = V f · (EA · V A + EB · V B) + V m · Em, (3.2)

where V A and V B are the volume-ratio of the inclusions A and B respectively (with

V A +V B = 1). Note that the term V m ·Em, corresponding to the matrix contribution,

is often neglected. The RoM accurately predicts the Young’s modulus of continuous-

fibre hybrid composites [28], but not the Young’s modulus of discontinuous hybrid

composites [73], neither the strength and failure strain of continuous or discontinuous

hybrids [87–89].

The Young’s modulus of any discontinuous composite – hybrid or not – will be

affected by fibre misalignments, since it is (at the moment) impossible to manufacture

discontinuous composites with perfectly aligned fibres; the best alignment levels in dis-

continuous composites have been obtained with the High Performance Discontinuous

Fibre (HiPerDiF [73]) method, which is able to align 67% of the fibres within a ±3◦

angle. The effect of this fibre misalignment can be modelled by the classical laminate

theory [90, 91], by considering the composite as an equivalent laminate with discrete

fibre orientations at each lamina; this requires knowing the transverse properties of the

laminates, which can be calculated by a simple rule-of-mixtures, or by Halpin-Tsai [92]

or Hashin [93] models.

This chapter aims to predict accurately the Young’s modulus of hybrid discontinu-

ous composites, capturing the corresponding hybrid effect which can be observed in

recent literature [29, 73, 84]. Sec. 3.2 presents the model development for brick-and-

mortar composites, composed of successive layers of linear-elastic inclusions or “bricks”

(hereafter named platelets) of high and low Young’s moduli, embedded in a linear-elastic

soft matrix phase (or “mortar”) (Fig. 3.1). In Sec. 3.3, two models are developed to

calculate the Young’s modulus of aligned discontinuous-fibre hybrid composites with a

more realistic 3D microstructure (Fig. 3.2). Sec. 3.4 presents the main results; Sec. 3.5

discusses the models and their results, explains the presence of hybrid effects on the

Young’s modulus of hybrid discontinuous composites. Finally, Sec. 3.6 summarises the

main conclusions.
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3.2 Model development for brick-and-mortar architecture

3.2.1 Description of the geometry

The Hybrid Brick-and-Mortar (HyBaM) composite considered throughout this sec-

tion is made of two types of linear-elastic platelets, one with low Young’s modulus

(material A, with Young’s modulus EA) and the other with high Young’s modulus

(material B, with Young’s modulus EB ≥ EA), staggered in alternate layers; both

platelets have a uniform length lA = lB = l, and their thicknesses are tA and tB (with

tA R tB) (see Fig. 3.1a). These platelets are separated by layers of matrix with shear

modulus Gm and thickness tm. The composite is loaded by a tensile stress σ∞ or tensile

displacement u∞, applied remotely.

The unit-cell considered for the model is presented in Fig. 3.1b, and consists of an

overlap between two quarters of platelet separated by a matrix layer; the characteristic

dimensions of the overlap are the half-length L = lA/4 = lB/4 = l/4, and the thicknesses

TA = tA/2 and TB = tB/2 (which are independent from each other). Contrarily to the

model for discontinuous-fibre hybrids developed in Sec. 3.3, in this model for HyBaM

composites the volume ratio of each platelet type is controlled by the thickness of each

platelet. The origin of the x-axis is chosen to coincide with the position at which the

shear strain in the matrix γ is minimum. However, as the unit-cell is not symmetric, the

position of this origin, defined by the variables LL and LR (such that LL +LR = 2 ·L),

is not known a priori.

This model assumes a shear-lag behaviour of the composite in which each platelet is

loaded under tensile stresses σA(x) or σB(x), while the matrix transfers shear stresses

τ(x). Considering relatively thin platelets and matrix layers, the stress distributions

are assumed to be uniform through the thickness of the platelets and matrix. For the

Zoom-in 
(b)

𝑙𝒜 = 𝑙ℬ = 4 ⋅ 𝐿
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(a) Hybrid composite
with a ‘brick-and-
mortar’ architecture.
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Figure 3.1: Overview of the shear-lag model for HyBaM composites.
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derivation of the model, the following parameters will be used:

ΣT = TA + TB, ΣE = EA + EB,

ΣK = KA +KB, Σσ = σA + σB,

∆T = TB − TA, ∆E = EB − EA,

∆K = KB −KA, ∆σ = σB − σA,

T̄ = ΣT/2, Ē = ΣE/2, K̄ = ΣK/2,

T̃ = 2 · TA · TB
TA + TB

, Ẽ = 2 · EA · EB

EA + EB

, K̃ = 2 · KA ·KB

KA +KB

,

(3.3)

where KA = EA · TA and KB = EB · TB represent the stiffness of the platelets, and are

used to define the stiffness ratio η = KA

/
KB.

3.2.2 Differential equation

To establish the shear-lag differential equation governing the tensile response of the

composite, one needs to consider both the equilibrium of stresses and the compatibility

of displacement between the platelets and the matrix [24].

Considering Fig. 3.1c, the equilibrium of stresses between the matrix and the two

platelets is given by

dσA(x) · TA = −τ(x) · dx, (3.4a)

dσB(x) · TB = τ(x) · dx. (3.4b)

Using the “sum” and “difference” operators defined in Eq. 3.3 and subtracting Eq. 3.4a

to 3.4b leads to

(3.4b)− (3.4a) ⇒ d∆σ(x)

dx
=

4 · ΣT
ΣT 2 −∆T 2

· τ(x) =
2

T̃
· τ(x). (3.5a)

Adding Eqs. 3.4a and 3.4b yields

(3.4b) + (3.4a) ⇒ Σσ(x) = 2 · σ∞ − ∆T

ΣT
·∆σ(x), (3.5b)

where the remote stress σ∞ is defined by imposing equilibrium of the entire overlap:

σ∞ · (TA + TB) = σA(x) · TA + σB(x) · TB, constant for all x ∈ [−LL, LR]. (3.6)
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Imposing compatibility of the displacements in Fig. 3.1c and using the linear-elastic

constitutive equations (σ = E · du/dx) for each platelet leads to

γ(x) =
uB(x)− uA(x)

tm
⇒ dγ(x)

dx
=

σB(x)

EB

− σA(x)

EA

tm
, (3.7a)

where uA and uB are the longitudinal displacements in platelets A and B. Using the

operators defined in Eq. 3.3 and the boundary condition on Σσ(x) defined in Eq. 3.5b,

Eq. 3.7a becomes

dγ(x)

dx
=

1

tm · ΣT
· ΣK

EA · EB

·
[
∆σ(x)− ∆E · ΣT

ΣK
· σ∞

]
. (3.7b)

As the shear modulus of the matrix is Gm = dτ/dγ, Eqs. 3.5a and 3.7b can be combined

in a single equation:

d2∆σ(x)

dx2
=λ2 · (∆σ(x)− κ · σ∞),

where


κ =

∆E · ΣT
ΣK

=
2 ·∆E · ΣT

ΣE · ΣT + ∆E ·∆T
,

λ =

√
2 ·Gm

tm · K̃
=

√
8 ·Gm · (ΣE · ΣT + ∆E ·∆T )

tm · (ΣE2 −∆E2) · (ΣT 2 −∆T 2)
.

(3.8)

This equation shows similarities with one derived in the literature for non-hybrid

brick-and-mortar composites [24]; the differences between the two models are summar-

ised in Tab. 3.1.

3.2.3 Stress and strain fields

The governing differential equation in ∆σ(x) (Eq. 3.8) can be solved analytically.

Once ∆σ(x) is defined, Eqs. 3.5a and 3.7b give the expressions for the shear stress τ(x)

and shear strain γ(x) in the matrix, under the boundary conditions ∆σ(0) = ∆σ0,

γ(0) = γ0 and τ(0) = Gm · γ0:

∆σ(x) = ∆σ0 +
2

T̃
· G

m · γ0

λ
· sinh(λ · x) = ∆σ0 +

4 · ΣT
ΣT 2 −∆T 2

· G
m · γ0

λ
· sinh(λ · x),

(3.9a)

γ(x) = γ0 · cosh(λ · x), (3.9b)

τ(x) = Gm · γ0 · cosh(λ · x). (3.9c)

The constant ∆σ0, which is currently unknown, will be determined in Sec. 3.2.4.
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3.2.4 Boundary conditions

One boundary condition for Eq. 3.8 concerns the value of ∆σ(0) = ∆σ0 at the

characteristic point (x = 0 in Fig. 3.1b). This is the point at which the shear strain in

the matrix is minimal (Fig. 3.1b), and is defined by

dγ

dx

∣∣
x=0

= 0 ⇒ duA
dx

∣∣
x=0

=
duB
dx

∣∣
x=0

⇒ σA(0) = σB(0) · EA

EB

. (3.10)

Eq. 3.6 can be used to impose equilibrium of stresses at the characteristic point

(x = 0) and applied remotely:

TA · σA(0) + TB · σB(0) = σ∞ · ΣT ; (3.11)

using this equality, Eq. 3.10 can be expressed as a boundary condition for ∆σ(x):

∆σ(0) = κ · σ∞, with κ =
∆E · ΣT

ΣK
=

2 ·∆E · ΣT
ΣE · ΣT + ∆E ·∆T

. (3.12)

Furthermore, considering the value of γ(x) at the edge of the platelets (with

γL = γ(−LL) and γR = γ(LR)), the overall displacement u∞ can be derived either

(i) by considering the extension of platelet A and the shear deformation of the matrix

at x = LR, or (ii) by considering the shear deformation of the matrix at x = −LL and

the extension of platelet B (see Fig. 3.1b):

u∞ = u∞A
(i)
=

∫ LR

−LL

εA(x)dx+γR ·tm and u∞ = u∞B
(ii)
= γL ·tm+

∫ LR

−LL

εB(x)dx. (3.13)

Therefore, averaging these two definitions for u∞ leads to

u∞ =
u∞A + u∞B

2
=

1

2

[
tm · (γL + γR) +

∫ LR

−LL

σA(x)

EA

+
σB(x)

EB

dx

]
. (3.14)

Moreover, considering that the integrand in Eq. 3.14 is

σA(x)

EA

+
σB(x)

EB

=
Σσ(x)−∆σ(x)

ΣE −∆E
+

Σσ(x) + ∆σ(x)

ΣE + ∆E
=

2 · ΣE · Σσ(x)− 2 ·∆E ·∆σ(x)

ΣE2 −∆E2
,

(3.15)

and using Eq. 3.5b to replace Σσ(x) in Eq. 3.15, u∞ becomes

u∞ =
1

2

[
tm · (γL + γR) +

8 · L · ΣE · σ∞

EA · EB

− 1

ΣT
· ∆K

EA · EB

·
∫ LR

−LL

∆σ(x)dx

]
. (3.16)
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In order to remove the integral on ∆σ(x) from Eq. 3.16, let us start by integrating

the derivative of matrix shear strains in Eq. 3.7b between −LL and LR:

γR − γL =

∫ LR

−LL

1

tm · ΣT
· ΣK

EA · EB

· [∆σ(x)− κ · σ∞] dx. (3.17a)

Isolating the integral on ∆σ(x) in Eq. 3.17a and re-arranging gives

1

ΣT
· ∆K

EA · EB

·
∫ LR

−LL

∆σ(x)dx = (γR − γL) · tm · ∆K

ΣK
+

2

ΣT
· ∆K

EA · EB

· κ · L · σ∞.

(3.17b)

From Eqs. 3.16 and 3.17b, and defining the remote strain as ε∞ = u∞
/

(2 · L),

ε∞ =
tm

4 · L

[
(γR + γL)− (γR − γL) · ∆K

ΣK

]
+
σ∞ · ΣT

ΣK
,

⇒ ε∞ =
tm

2·L · [γL ·KB + γR ·KA] + σ∞ · ΣT
ΣK

,

(3.18)

where γL and γR are the only unknowns so far.

3.2.5 Location of the characteristic point

In addition to stress and strain fields, to find the overall Young’s modulus of the

HyBaM composite it is also necessary to know the position of the characteristic point

x = 0, defined by the lengths LL and LR. Imposing equilibrium of stresses at x = −LL

and x = LR gives σ∞ · ΣT = ∆σ(LR) · TB,

σ∞ · ΣT = −∆σ(−LL) · TA.
(3.19)

Using the definition of ∆σ(x) (Eq. 3.9), the remote stress σ∞ can be isolated in each

part of Eq. 3.19, which gives
σ∞ · (ΣT − κ · TB) =

4 · ΣT
ΣT −∆T

· G
m · γ0

λ
· sinh(λ · LR),

σ∞ · (ΣT + κ · TA) =
4 · ΣT

ΣT + ∆T
· G

m · γ0

λ
· sinh(λ · LL).

(3.20)

Equalising the two expressions for σ∞ in Eq. 3.20 and using the definitions of TA, TB

(Eq. 3.3) and κ (Eq. 3.8) yields

sinh(λ · LR)

sinh(λ · LL)
=
KA

KB

= η. (3.21)
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Using the relationship LL + LR = 2 · L, Eq. 3.21 can be solved to find the location

of the characteristic point:

LL =
1

2 · λ
· log

[
η + exp(2 · λ · L)

η + exp(−2 · λ · L)

]
. (3.22)

3.2.6 Calculation of the Young’s modulus

The remote stress σ∞ can now be derived from the second line of Eq. 3.20:

σ∞ = −
[
σ∞ · κ+

4 · ΣT
ΣT 2 −∆T 2

· γ0 ·Gm

λ
· sinh(−λ · LL)

]
· TA

ΣT

⇒ σ∞ =
γ0 ·Gm · ΣT

λ · TB
· sinh(λ · LL)

ΣT + κ · TA
.

(3.23)

Knowing σ∞ and ε∞ from Eqs. 3.23 and 3.18, and γL and γR from Eqs. 3.9b

and 3.22, the overall Young’s modulus of the composite is a function of the geometry

of the microstructure and the mechanical properties of the platelets and the matrix,

defined by

EC =
σ∞

ε∞
= Ē · β

1 + δ
λ·L·tanh(λ·LL)

,

where


β = 1 + ∆E·∆T

ΣE·ΣT ,

δ =
1

2

[
1

η
+ cosh(2 · λ · L)

− sinh(2 · λ · L) · tanh(λ · LL)

]
,

(3.24)

and where Ē is the RoM Young’s modulus as defined in Eq. 3.3. This expression of the

composite Young’s modulus is compared to the one derived for non-hybrid brick-and-

mortar composites in Tab. 3.1 (see App. C and [24]).

3.3 Model development for hybrid aligned discontinuous-

fibre architectures

3.3.1 Idealised microstructure of hybrid aligned-fibre discontinuous

composites

This section uses the model described in Sec. 3.2 to calculate the Young’s modulus

of aligned hybrid discontinuous composites with a more realistic architecture, featuring
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Table 3.1: Comparison of main results between the model for non-hybrid BaM com-
posites [24] and the current model for HyBaM composites.

Non-hybrid [24] Hybrid

Unit-cell:

matrix interlayer

L-L

T

T

𝑥

platelet ℬ (E )

platelet 𝒜 (E )

0

𝑡m matrix interlayer

LR0

𝑥

platelet ℬ (𝐸ℬ)

platelet 𝒜 (E𝒜)

-LL

𝑡m

𝑇𝒜

𝑇ℬ

Differential equation:

d2∆σ(x)

dx2
= λ2·[∆σ(x)− κ · σ∞] (a)


κ = 0

λ =

√
2 ·Gm

tm ·K


κ =

∆E · ΣT
ΣK

λ =

√
2 ·Gm

tm · K̃
Young’s modulus:

EC = Ē·
β

1 +
δ

λ · L · tanh(λ · LL)

(b)

{
β = 1

δ = 1



β =1 +
∆E ·∆T
ΣE · ΣT

δ =
1

2

[
1

η
+ cosh(2 · λ · L)

− sinh(2 · λ · L) · tanh(λ · LL)

]

circular fibres, random locations of fibre-ends, and random intermingling of fibre-types.

To do so, the model developed in Chapter 2 is adapted as follows:

� The largest scale consists of an RVE whose cross-section contains a grid of fibres

of types A and B, arranged in parallel in a square packing (see Fig. 3.2a). Here,

it is important to understand that the grid defining the RVE is only used to

identify neighbouring fibres and interactions; this grid does not aim to represent

the physical microstructure (like a FE simulation would do), and it is not used

to define geometrical parameters (such as fibre spacing or matrix thickness).

The length of the RVE is equal to the fibre length lf, and fibre-ends are ran-

domly located (Fig. 3.2a). The model assumes that there is no longitudinal gap

between two consecutive fibres in the fibre direction (i.e. a fibre ends where the

next fibre starts); this is a reasonable assumption for composites with moderate

to high fibre content, where the reduction of overlap lengths due to the longit-

udinal gap between fibres is negligible (when compared to the average overlap

length lf/4).

� Contrarily to the model developed for HyBaM composites in Sec. 3.2, in this

model for discontinuous-fibre hybrids the volume ratio of each fibre type is con-

trolled by the number of fibres of each type in the RVE. From the volume-ratio

of each fibre type (VA and VB, with VA +VB = 1) and the fibre diameters φA and

φB, it is possible to define NA and NB as the number-ratios of fibres of types A
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and B respectively:

NA =
1

1 +
VB
VA
·
(
φA
φB

)2 and NB =
1

1 +
VA
VB
·
(
φB
φA

)2 , with NA +NB = 1. (3.25)

The type of each fibre (A or B) is randomly allocated to each position of the grid,

in order to match the desired number-ratios NA and NB of each fibre type in the

cross-section of the RVE.

� Each quarter-fibre interacts with one of its four neighbouring fibres through an

interaction (Fig. 3.2b). Each interaction is made of two shear-lag overlaps of

length δl1 and δl2 (Fig. 3.2c); the length of Overlap 1 (δl1) is randomly sampled

from a uniform distribution between zero and lf, and the length of Overlap 2 is

𝑙f

(c)(b)

(a) Full 3D structure of the RVE.

+

(c)

(b) Central fibre and the four interactions
with its four neighbouring fibres.

fibre ℬ

fibre 𝒜

𝛿𝑙1 𝛿𝑙2

𝑙f

fibre
ends

Overlap 2Overlap 1
𝑥

𝑡m

𝑇𝒜

𝑇ℬ

(c) Interaction between two fibres made
of two overlaps 1 and 2.

𝜙𝒜

𝑡m

𝜙ℬ

___

2

2

Overall 
fibre 

volume 
fraction: 

𝑉f

Fibre type ℬ

Fibre type 𝒜

𝑡m

___

(d) Assumed geometry for the derivation
of tm.

Figure 3.2: Overview of the different scales present in the model for aligned hybrid
discontinuous composites.
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H(𝑖, 𝑗 − 1) H(𝑖, 𝑗)

V(𝑖, 𝑗)

V(𝑖 − 1, 𝑗)

(a) Indices defining the interactions involving fibre
(i, j) (in the middle). Subscripts H and V are
used respectively for horizontal and vertical inter-
actions. Indices i ∈ {1, ..., n−1} and j ∈ {1, ..., n}
for vertical interactions, and i ∈ {1, ..., n} and
j ∈ {1, ..., n− 1} for horizontal interactions.

(𝑖, 𝑗 − 1) (𝑖, 𝑗) (𝑖, 𝑗 + 1)

(𝑖 + 1, 𝑗)

(𝑖 − 1, 𝑗)

(b) Indices defining the fibres
and their neighbours, with
i ∈ {1, ..., n} and j ∈ {1, ..., n}.

Figure 3.3: Indexing system of the fibres and interactions in the RVE model.

δl2 = lf − δl1. The effective Young’s moduli of the two overlaps can be found

by applying the shear-lag model presented in Sec. 3.2, along with the following

changes:

TA =
φf
A

4
and TB =

φf
B

4
,

L1 =
δl1
2

(Overlap 1) and L2 =
δl2
2

(Overlap 2).

(3.26)

In Eq. 3.26, the value of the characteristic thickness T of a quarter-fibre in one

interaction is calculated as the ratio between the cross-section of the quarter-

fibre resisting to tensile stresses (π · (φf)2/16) and the quarter-fibre perimeter

transferring shear stress (π · φf/4).

For the shear-lag model, it is assumed that each fibre – either of type A or B – is

surrounded by a matrix layer of uniform thickness tm (see Fig. 3.2d); this enables

one to consider hybridisation of fibres with very different diameters. As a result,

imposing a total fibre volume fraction V f in the composite leads to

V f =
NA · φ2

A +NB · φ2
B

NA · (φA + tm)2 +NB · (φB + tm)2
, and therefore

tm =

√
1

V f
· (NA · φ2

A +NB · φ2
B)− (NA ·NB) · (φA − φB)2 −NA · φA −NB · φB.

(3.27)

This definition of tm is independent of the arrangement of the fibres in the RVE

grid, and allows the fibre volume fraction to reach very high values even if the

two fibres types have significantly different diameters (as could happen in reality).

Moreover, the matrix thickness tm defined in Eq. 3.27 is the same for all interac-
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tions in a given composite, and is assumed to be uniform along the perimeter of

the fibre, as done in most models in literature [94–96].

3.3.2 RVE model

A first option to calculate the Young’s modulus of hybrid discontinuous aligned-

fibre composites is to actually simulate the full microstructure of the composite. To

do so, the RVE’s cross-section is considered to be a square containing n × n fibres.

Consequently, each fibre and interaction can be defined by their location (i, j) within

the cross-section (see Figs. 3.3a and 3.3b). Each fibre is involved in two horizontal

(subscript H) and two vertical (subscript V) interactions.

In an interaction (i, j), the effective Young’s moduli of its two overlaps EO
1 (i, j) and

EO
2 (i, j) can be calculated from Eq. 3.24 (see Sec. 3.2 and Fig. 3.2c); the two overlaps

are subsequently combined in series to obtain the Young’s modulus of the interaction

EI:

EI(i, j) =
1

δl1

EO
1 (i, j)

+
δl2

EO
2 (i, j)

. (3.28)

Note that this formulation is applied to both hybrid (AB) and non-hybrid (AA/BB)

interactions.

Finally, the Young’s modulus of the discontinuous hybrid composite EC is calculated

by combining all horizontal and vertical interactions (i, j) in parallel, weighted by their

respective cross-section areas:

EC =

∑
i,j E

I(i, j) · AI(i, j)∑
i,j AI(i, j)

, (3.29)

where the area of an interaction AI between two fibres is either AI
AA = π · φ2

A

/ (
8 · V f

)
,

AI
BB = π · φ2

B

/ (
8 · V f

)
, or AI

AB = π ·
(
φ2
A + φ2

B

) / (
16 · V f

)
(see Fig. 3.2d).

3.3.3 Analytical model

Assuming the RVE to be sufficiently large compared to the fibre/interaction scales,

it is possible to consider analytical statistical distributions for the two stochastic vari-

ables characterising an interaction: (i) the type of the two fibres (A or B) and (ii) the

overlap length δl1. This enables one to calculate the expected value of the Young’s

modulus of hybrid-fibre aligned discontinuous composites analytically, as described in

this section.
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3.3.3.1 Probability of occurrence of the different interactions AA, AB, BB

As the RVE is assumed to be large compared to the fibre scale, finding the prob-

ability of occurrence of the three possible types of interactions (AA, AB and BB) is

equivalent to the probability of sampling the type of two random fibres in the composite.

This leads to the following probabilities:

PAA = N2
A, probability of occurrence of an interaction AA,

PAB = 2 ·NA ·NB, probability of occurrence of an interaction AB,

PBB = N2
B, probability of occurrence of an interaction BB.

(3.30)

From Eq. 3.25, one can verify that PAA + PAB + PBB = (NA +NB)2 = 1.

3.3.3.2 Young’s modulus for the interaction between two fibres with

randomly-located fibre-ends

For a fixed fibre length lf and for a given type of interaction (AA, AB or BB,

generally represented by ∗∗), the analytical expression for the effective Young’s modulus

derived in Eq. 3.24 can be expressed as a function of the ratio ρ = δl1/l
f, with ρ ∈ [0, 1],

uniformly distributed (see Fig. 3.2c). From Eqs. 3.22 and 3.24, the effective Young’s

modulus of an overlap can be expressed as

EO
∗∗(ρ) =Ē · β

1 +
2 · δ(ρ)

λ · ρ · lf · tanh(λ · LL(ρ))

,

with



β = 1 +
∆E ·∆T
ΣE · ΣT

,

δ(ρ) =
1

2

[
1

η
+ cosh(λ · ρ · lf)

− sinh(λ · ρ · lf) · tanh(λ · LL(ρ))

]
,

LL(ρ) =
1

2 · λ
· log

[
η + exp(λ · ρ · lf)
η + exp(λ · ρ · lf)

]
,

(3.31)

where Ē, η, λ, ∆E, ΣE, ∆T, ΣT are parameters fixed for a given interaction ∗∗ (see

Sec. 3.2). Note that, in Eq. 3.31, δ and LL both become functions of ρ, as the length of

Overlap 1 (δl1 = ρ · lf) of each interaction is now a statistical variable. Consequently,

the effective Young’s modulus of an interaction EI
∗∗ can be calculated by combining the

two overlaps (Overlap 1 with ratio ρ and Overlap 2 with ratio 1− ρ) in series:

EI
∗∗(ρ) =

1
ρ

EO
∗∗(ρ)

+
1− ρ

EO
∗∗(1− ρ)

. (3.32)
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3.3.3.3 Expression for the Young’s modulus of a hybrid discontinuous com-

posite

The average effective Young’s modulus of an interaction of type ∗∗ can be found by

integrating EI
∗∗(ρ) with respect to ρ:

ĒI
∗∗ =

∫ 1

ρ=0
EI
∗∗(ρ)dρ , which can be evaluated numerically. (3.33)

Finally, the expected Young’s modulus of an HADC (EC) can be calculated by

combining the three types of interactions (AA, AB and BB) in parallel, weighted by

their probability of occurrence in the composite and their respective cross-section areas:

EC = V f ·
PAA · φ2

A · ĒI
AA + PAB ·

(
φ2
A + φ2

B

) /
2 · ĒI

AB + PBB · φ2
B · ĒI

BB

PAA · φ2
A + PAB ·

(
φ2
A + φ2

B

) /
2 + PBB · φ2

B

. (3.34)

3.4 Results

This section presents the results from the models developed in the two previous

sections. Some of the results are compared with several rules-of-mixtures for hybrid

composites, which are defined in App. D.

3.4.1 Hybrid brick-and-mortar composites

The model derived in Sec. 3.2 was used to calculate the Young’s modulus EC of

HyBaM composites. The standard inputs for the model (which fully define all variables

required) are defined in Tab. 3.2, and results are shown in Figs. 3.4 and 3.5.

Due to the shear-lag assumptions of the model, the results shown in Figs. 3.4 and 3.5

are not physically meaningful for small aspect ratios, small values of Gm, and for
∆E
ΣE → ±1 or ∆T

ΣT → ±1 (meaning that either KA or KB converge towards 0). These

regions where model results are mathematically correct but not physically meaningful

are shown by shaded areas in Figs. 3.4 and 3.5.

Table 3.2: Inputs for the standard configuration (geometry and mechanical proper-
ties of the platelets and the matrix) of the HyBaM composites studied in
Sec. 3.4.1.

Parameter L (mm) T̄ (mm) tm (mm) Gm (MPa) Ē (GPa)

Value 1.0 0.1 0.01 1000 100
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(a) Effect of average platelet aspect-ratio
on EC. ∆E

ΣE = 0.5.
(b) Effect of the matrix shear modulus on

EC. ∆E
ΣE = 0.5.

Figure 3.4: Effects of global parameters on the overall Young’s modulus of a HyBaM
composite. (See Eq. 3.3 for the definition of ∆E

ΣE ).

Vℬ

0% 100%50% 75%25%

~100 % 𝒜
~100 % ℬ

(a) Comparison of the analytical model
against the rules-of-mixtures and FE
solutions, for ᾱ = 10 and ∆E

ΣE = 0.6.

Vℬ

0% 100%50% 75%25%

~100 % 𝒜
~100 % ℬ

(b) Convergence of EC toward the rules-of-
mixtures with increasing ᾱ, for ∆E

ΣE = 0.5.
Black points represent the maximum
stiffness, and grey diamonds show the
configurations at which the analytical
model coincides with the DRoM, corres-
ponding to ∆T

ΣT = −∆E
ΣE , or KA = KB.

Figure 3.5: Effect of hybridisation on the Young’s modulus of HyBaM composites.
The RoMs are defined in App. D, and details on the FE validation are
given in App. E. (See Eq. 3.3 for the definition of ∆E

ΣE and ∆T
ΣT ).
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3.4.1.1 Effect of discontinuities in a hybrid brick-and-mortar composite

Fig. 3.4a shows the evolution of the Young’s modulus of a hybrid brick-and-mortar

composite EC with the average aspect ratio ᾱ = L
/
T̄ , for different hybrid configurations

(each defined by a given value of ∆T
ΣT , and with ∆E

ΣE = 0.5). For each configuration,

when ᾱ increases, the Young’s modulus of the composite increases and converges to

that predicted by the Continuous Rule-of-Mixtures (CRoM, see App. D), following an

exponential trend; however, the rate of convergence decreases as the stiffer platelet

becomes thicker (see line for ∆T
ΣT = 0.5 in Fig. 3.4a).

Fig. 3.4b shows the evolution of the composite Young’s modulus EC with the matrix

shear modulus Gm, for different aspect ratios ᾱ. This graph shows that the composite

Young’s modulus is strongly dependent on the stiffness of the matrix, especially for

short platelets (small ᾱ).

3.4.1.2 Hybrid effect depending on the difference of thickness and of

Young’s modulus between the two types of platelets

The effect of the difference in platelet thickness ( ∆T
ΣT ) and platelet Young’s modulus

(∆E
ΣE ) on the Young’s modulus of HyBaM composites is studied in Figs. 3.5. All plots

display the Young’s modulus of the HyBaM composite against the platelet thickness

ratio ∆T
ΣT , so that the left-hand side of the plot corresponds to TB = 0 (i.e. ∆T

ΣT = −1,

no type-B platelet), while the right-hand side corresponds to TA = 0 (i.e. ∆T
ΣT = +1,

no type-A platelet); the sum (or average) of the thickness of the two platelets is kept

constant at ΣT = 0.2 mm (T̄ = 0.1 mm). For the inputs defined in Tab. 3.2, select-

ing a given ∆T
ΣT directly defines the volume ratio of each platelet type (for instance,

VB = 1/2 · (1+ ∆T
ΣT )); for this reason, the plots in Fig. 3.5 also show the volume fraction

of B-platelets in the x-axis. However, it must be clear that, for the HyBaM microstruc-

ture, this fraction is controlled by the relative thickness (and not by the number) of the

two platelets; in contrast, the volume fraction of B-fibres in the intermingled composite

(Secs. 3.3 and 3.4.2) will be controlled by the relative number of the two fibre-types

(each with a fixed diameter).

Figs. 3.5a and 3.5b display the Young’s modulus of hybrid brick-and-mortar com-

posites calculated by different rules-of-mixtures (see App. D), the present analytical

model (see Eq. 3.24), and FE simulations (see App. E). The following observations can

be made:

� The CRoM (Continuous Rule-of-Mixtures) approximation returns a linear inter-

polation between the Young’s moduli of the platelets EA and EB, and does not

account for discontinuities in the platelets (see Fig. 3.5a);
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� The RoM-BaM (Rule-of-Mixtures for Brick-and-Mortar) interpolates linearly

between the Young’s moduli of non-hybrid BaM composites with platelets of

type A or B, and uniform characteristic thickness TA = TB = T̄ . Accounting

for the discontinuities of the platelets reduces the composite’s Young’s modulus,

especially for stiffer platelets (compare the results for CRoM and RoM-BaM in

Fig. 3.5a);

� The DRoM (Discontinuous Rule-of-Mixtures) accounts for the actual platelet

thicknesses (TA and TB) at each value of ∆T
ΣT , and is therefore not linear (see

Figs. 3.5a and 3.5b). Consequently, the end-points of the DRoM curve (corres-

ponding to TA = ΣT or TB = ΣT ) are slightly different to those of the RoM-BaM

(corresponding to TA = T̄ or TB = T̄ );

� The analytical model returns Young’s moduli converging to zero for TA → 0 or

TB → 0 (see Figs. 3.5a and 3.5b). In these cases, one of the platelets becomes too

thin for stress to be built-up and transferred between the two different platelets

effectively, which leads to a complete loss of stiffness in the composite; these cases

are not realistic and would not be observed in real composite microstructures.

� The analytical model predicts a significant hybrid effect on the Young’s modulus

of HyBaM composites, which strongly deviates from the RoMs (especially for

small aspect ratios, see ᾱ = 10 in Fig. 3.5b), but agrees with FE simulations (see

Fig. 3.5a). In particular, unlike the RoMs, the actual Young’s modulus of the

composite does not increase monotonically with ∆T
ΣT , and the configuration which

maximises the Young’s modulus of the composite is ∆T
ΣT < 1;

� The analytical model predicts composite Young’s moduli always lower than those

predicted by the CRoM, and converges towards the CRoM only when the platelets

become infinitely long (see Fig.3.5b). In this case only (ᾱ → ∞), the Young’s

modulus of the HyBaM composite is maximised when ∆T
ΣT → 1 (i.e. when the

softer platelets become infinitely thin).

� The analytical model predicts a lower Young’s modulus of HyBaM composites

than the DRoM, for all values of ∆T
ΣT 6= −

∆E
ΣE (see Fig. 3.5b). At ∆T

ΣT = −∆E
ΣE ,

the difference in platelet thicknesses is balanced by a symmetric difference in the

Young’s moduli of the platelets, so that the two platelet types have the same

overall stiffness KA = KB = K̄ = T̄ · Ē.

3.4.2 Hybrid aligned-fibre discontinuous composites

3.4.2.1 Parametric study on aligned-fibre discontinuous composites

The RVE model proposed for hybrid aligned-fibre discontinuous composites (see

Sec. 3.3.2) is compared against the analytical model (see Sec. 3.3.3) in Figs. 3.6a

and 3.6b (see material properties in Tab. 3.3). Fig. 3.6a shows that, for a low number of
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(a) Scatter in the composite Young’s modulus
for 1000 predictions of the RVE model, for
different RVE sizes, compared with the
analytical model (lf = 1 mm).
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(b) Comparison of the predictions of the dif-
ferent models (DRoM, RVE and full ana-
lytical model), for different fibre lengths.

(c) Effect of the fibre architecture on the
Young’s modulus of HADCs (lf = 3 mm).

(d) Distribution of interactions vs. HMC
volume-ratio (top scale) and HMC fibre-
ratio (bottom scale) for a randomly inter-
mingled hybrid composite.

Figure 3.6: Evolution of the Young’s modulus of a hybrid HMC-Glass discontinuous
composite with the volume ratio of the stiffer fibre type (HMC). For
this parametric study, the standard properties of the fibres are listed in
Tab. 3.3 (with overall fibre volume fraction V f = 30%), and changes in
fibre length are specified in the plots.
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fibres in the RVE, the Young’s modulus of hybrid discontinuous composites predicted

by the RVE model presents a high variability; however, the results of the RVE model

converge towards the analytical model as the RVE simulated gets larger (a good agree-

ment is found for 900 or more fibres (n ≥ 30) in the RVE model). This good agreement

between the RVE and analytical model is verified for both long and short fibres (see

Fig. 3.6b)

Fig. 3.6c shows that, for a fixed combination of fibre types (with given length,

diameters and Young’s moduli), the fibre architecture within the RVE has an effect

on the Young’s modulus of the composite. The composite with fibres arranged in a

checkerboard pattern has the lowest Young’s modulus, while the composite with the

two fibre-types clustered in two separated blocks has the maximum stiffness (which

matches the one predicted by the DRoM).

3.4.2.2 Experimental validation

The predictions of the RVE model have been compared against experimental results

provided by HaNa Yu and Marco L. Longana from the University of Bristol [84,86], as

shown in Fig. 3.7. The specimens were manufactured through the HiPerDif method [29,

73], and the specifications of the hybrid discontinuous composites are given in Tab. 3.3;

the overall fibre volume fraction was estimated to be 30−35%, and therefore predictions

are plotted for these two values.

Moreover, although the HiPerDif method provides a very good level of fibre align-

ment when compared to previous manufacturing methods [73,97], there is still a small

degree of fibre misalignment in the specimens. Consequently, a method based on the

laminate plate analogue [90, 91] is used to calculate the Young’s modulus of hybrid

discontinuous composites, with a given fibre orientation distribution, as explained in

App. F. The model results shown in Figs. 3.7a and 3.7b are thus corrected for the fibre

Table 3.3: Properties of the fibres and matrix used as input for the 3D intermingled
model. The values of the fibre length lf and the fibre diameter φf ap-
ply to the validation against experiments (Fig. 3.7) only, and vary in the
parametric studies (Fig. 3.6).

Fibre properties lf (mm) φf (µm) Ef (GPa)

High Modulus Carbon (HMC) 3.0∗ 10∗ 860∗

High Strength Carbon (HSC) 3.0∗ 7∗ 225∗

Glass (G) 3.0∗ 7∗ 73∗

∗ Material properties found in literature [29].

∗∗ Specifications of the experimental data given by HaNa Yu

and Marco L. Longana from the University of Bristol [84].

Composite/matrix properties

Gm (GPa) 1.5∗∗

V f (%) 30− 35∗∗

n× n ≈ 7000∗∗
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orientation distribution (shown in Fig. 3.7c) obtained by Yu et al., using the HiPerDiF

process [73].

It can be concluded that, for the fibre orientation distribution previously measured

for the HiPerDiF process, the effect of fibre misalignment on the Young’s modulus of

the material produced is negligible. It should be noted that the method used here con-

siders full stiffness matrices [90,91] (as detailed in Appendix F), and should therefore be

more accurate than simpler methods which neglect the contribution of the transverse

and shear moduli of misaligned fibres (as the latter, consequently, overpredict the stiff-

ness loss due to small levels of misalignments [90, 91]). Nevertheless, Fig. 3.7d shows

the potential effect that more severe misalignment levels would have on the Young’s

modulus of HADCs.

The full model developed in Sec. 3.3 predicts a non-linear trend in the relationship

between the hybrid composite Young’s modulus and the ratio of fibre types (Figs. 3.7a

and 3.7b); although the experimental data contain only three measurements for each

fibre-ratio and present a large amount of scatter, a similarly non-linear trend appears

to be present as well. This non-linear hybrid effect cannot be captured by the DRoM;

to quantify the improvement of the experimental fitting obtained with the full model,

a normalised standard deviation was calculated between all Nexp experimental points

and (i) the DRoM (ΣDRoM), and (ii) the model developed in this chapter (Σmodel):

ΣRoM =

√√√√ 1

Nexp
·
Nexp∑
i=1

(Eexp(i)− EDRoM(i))2

Eexp(i)2
, and

Σmodel =

√√√√ 1

Nexp
·
Nexp∑
i=1

(Eexp(i)− Emodel(i))2

Eexp(i)2
.

(3.35)

Eq. 3.35 returns the values Σmodel = 0.109 and ΣDRoM = 0.148 for the HMC-HSC

composite, and Σmodel = 0.154 and ΣDRoM = 0.233 for the HMC-Glass composite. This

suggests that, in both cases, the model better captures the trend of the Young’s modulus

with the HMC-volume ratio; it also shows that the DRoM becomes even less suitable

for HMC-Glass than for the HMC-HSC composites, as the non-linear trend is more

pronounced for the former (see Fig. 3.7).

Fig. 3.6a shows that the variability of the Young’s modulus of the composite should

be negligible for the specimen size used in the experiments (≈ 7000 fibres in the cross-

section, see Tab. 3.3). This implies that the variability found in the experiments cannot

be explained by the finite size of the specimens alone, and is likely due to (i) variations

of the overall fibre volume fraction V f, (ii) variations of the HMC ratio, and (iii) vari-

ations on the misalignment of the fibres. To investigate this last hypothesis, three

normal distributions of fibre misalignments were generated, based on experimental res-
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ults found in the literature (see Fig. 3.7c); their effect on the Young’s modulus of hybrid

discontinuous composites is shown in Fig. 3.7d. The results suggest that the effect of

fibre misalignments on the Young’s modulus of hybrid discontinuous composites be-

comes more pronounced when the proportion of high modulus fibres (HMC in this

case) increases, which agrees with the experimental trend.
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Figure 3.7: Evolution of the Young’s modulus with the volume ratio of the stiffer fibre
type (HMC), and comparison between the results of the RVE model,
the rules-of-mixtures, and experiments (material specifications given in
Tab. 3.3). Model predictions in Figs. 3.7a and 3.7b include the effect
of fibre misalignments, using the distribution measured by Yu et al. [73]
shown in Fig. 3.7c.
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3.5 Discussion

3.5.1 Influence of fibre-ends on the Young’s modulus of aligned dis-

continuous composites

Results show that, even for a relatively large platelet or fibre aspect-ratio

(e.g. L/T̄ = 100 and lf/φf = 300), the effect of fibre-ends on the Young’s modulus

of discontinuous composites is significant, particularly for stiffer fibres (see Fig. 3.4 and

compare CRoM and DRoM in Fig. 3.5a for BaM, and compare CRoM and DRoM in

Fig. 3.7 for intermingled composites). For instance, for a non-hybrid discontinuous com-

posite made of 3 mm long HMC fibres, the proposed model predicts a Young’s modulus

of 230 GPa, which represents a significant reduction compared to the expected value

of 261 GPa for continuous-fibre composites (as predicted by the rule-of-mixtures).

The presence of discontinuous fibres in the composite creates interactions between

the fibres around the fibre-ends, where the load is transferred from a fibre to another

through shear in the matrix. However, at fibre-sections far from the fibre-ends, an

equilibrium is reached and stresses are not transferred through the matrix any more.

This results in of two different behaviours:

� For short fibres, the entire length of a fibre is affected by fibre-ends. As a result,

the overall Young’s modulus of the composite is governed by the ability of the

matrix to transmit load from a fibre to another, which explains the deviation of

the actual Young’s modulus of a non-hybrid discontinuous composite from that of

a continuous-fibre composites (see for instance Fig. 3.6b for a HMC-ratio of 100%

and lf = 1 mm). Moreover, increasing the fibre-to-matrix modulus ratio Ef/Gm

enlarges the region affected by fibre-ends (see Fig. 3.4b); therefore, increasing

Ef/Gm will have a similar effect to shortening the fibres, as both cases would

increase the effects of fibre-ends;

� For long fibres (or lower Ef/Gm ratio), the regions disturbed by fibre-ends are

negligible, and the Young’s modulus of the composite is mainly governed by the

Young’s modulus of the fibres. As a direct result, the Young’s modulus of a

discontinuous composite with long-fibres will converge to the one predicted by

the rule-of-mixtures for continuous-fibre composite (see for instance Fig. 3.6b for

a HMC-ratio of 100% and lf = 10 mm).
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3.5.2 Influence of hybridisation on the Young’s modulus of discon-

tinuous composites

The analytical model for HyBaM composites always predicts a Young’s modulus

lower than the CRoM and the DRoM (see Fig. 3.5b). This is due to the fact that

an overlap between two platelets can be divided in two parts, separated by the char-

acteristic point (where the shear-strain of the matrix is minimum). In a non-hybrid

composite, this characteristic point is located at the centre of the overlap, meaning

that both parts of the overlap have the same length and, consequently, the same con-

tribution towards the Young’s modulus of the composite. However, in a hybrid overlap,

the matrix shear strain is not minimum at the middle of each overlap, and therefore

the overlap is split in two unequal lengths (Fig. 3.1b); as the Young’s modulus grows

non-linearly with the overlap length (Fig. 3.4a), the Young’s modulus drop generated

by the shorter part of the overlap will not be overcome by the smaller increase due to

the longer part of the overlap. One can note that the proposed model will coincide with

the DRoM only when the minimum shear strain of the matrix actually occurs at the

middle of the overlap (i.e. when the stiffness of both platelets are equal (KA = KB),

see grey diamonds in Fig. 3.5b).

Consequently, Fig. 3.6c shows that hybrid interactions (i.e. interactions between

fibres of different types, see Fig. 3.6d) lower the stiffness of hybrid discontinuous com-

posites and govern the corresponding hybrid effects. This is concluded because:

� the 2-blocks architecture has nearly no hybrid interactions, and its Young’s mod-

ulus matches the prediction of the DRoM (i.e. no hybrid effect);

� the intermingled architecture has varying proportions of hybrid interactions (see

Fig. 3.6d) and varying degrees of hybrid effects (relatively to the DRoM, see

Fig. 3.6c), both showing the same trend (maximised at VHMC = 67%, and min-

imised at VHMC = 0 or 100%);

� the checkerboard pattern has 100% hybrid interactions, and has the lowest stiff-

ness as well as the largest hybrid effect (relatively to the DRoM) of all architec-

tures studied in Fig. 3.6c.

This hybrid effect on the Young’s modulus of hybrid discontinuous composites is

also increased by increasing the difference between the Young’s moduli of the two types

of inclusion (the hybrid effect is more pronounced in Fig. 3.7a than in Fig. 3.7b), and

by shortening the inclusions (compare ᾱ = 100 and ᾱ = 10 in Fig. 3.5b, and compare

lf = 1 mm and lf = 10 mm in Fig. 3.6b).

The combined effect of discontinuities and hybridisation on the Young’s modulus of

composites is highlighted in Fig. 3.6c. For a randomly intermingled composite with a

HMC volume-ratio of ≈ 67%, neglecting hybrid effects (compare results for randomly

intermingled and DRoM in Fig. 3.6c) and the presence of discontinuities (compare
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CRoM and DRoM in Fig. 3.6c) would lead to an overestimation of around 23% of the

composite Young’s modulus.

3.6 Conclusions

Shear-lag based analytical and numerical models were developed to calculate the

Young’s modulus of hybrid discontinuous composites, considering platelets/fibres with

different cross-sections and different Young’s moduli. Two different microstructures

were modelled: one represents a hybrid, perfectly-staggered brick-and-mortar compos-

ite, and the other represents hybrid aligned discontinuous-fibre composites with random

locations of fibre-ends. The following conclusions can be reached:

� Both brick-and-mortar and intermingled models agreed remarkably well with

FE and experimental results. Also, the randomly-intermingled architecture of

HADCs can be successfully modelled either through Monte Carlo analyses of RVE

simulations (replicating the actual microstructure of the composite) or through

an analytical statistical representation of the microstructure, as the two methods

return similar results for sufficiently large composites (with more than 900 fibres

in the cross-section).

� Fibre-ends may have a significant impact on the Young’s modulus of hybrid and

non-hybrid discontinuous composites. This effect is more pronounced for com-

posites with shorter fibres, and with stiffer fibres and/or a softer matrix.

� A negative hybrid effect further reduces the Young’s modulus of hybrid discon-

tinuous composites below the predictions of the rules-of-mixtures, and leads to a

non-linear relationship between the Young’s modulus of the hybrid discontinuous

composite and the volume-ratio of the two fibre types.

� The hybrid effect is amplified with (i) a higher Young’s moduli difference between

the two fibre types, (ii) shorter fibres, and (iii) an increase of the degree of inter-

mingling in the hybrid discontinuous composite.

The RVE model presented in this chapter can be used to study the response of

various hybrid architectures (not only with random intermingling, but also with blocks

or layers of the two fibre-types), and will be adapted in Chapter 4 to calculate the

entire stress-strain curve of HADCs.
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A virtual testing framework for

the full tensile response of hybrid

aligned discontinuous composite

4.1 Introduction

The potential advantages of hybridisation led to numerous studies on hybrid com-

posites [88,98–101]. While manufacturing technologies used to be limited to hybridisa-

tion at the layer [102] or at the yarn [103] level, Yu et al. [29, 84] recently developed

a new manufacturing process capable of producing, for the first time, intermingled

(i.e. hybridisation at the fibre-level) discontinuous hybrid composites. The microstruc-

ture of such an intimate intermingling is believed to provide advantages and for instance

promote further hybrid effects [28].

Hybrid composites are affected by non-linear hybrid effects (deviations from the

rule-of-mixtures), which are challenging to understand and predict, as recognised in a

recent review [28]. These effects are magnified with the use of intimate intermingled of

the fibre-types [28, 103], and also by the use of discontinuous fibres [29, 84]. Moreover,

the design space of intermingled hybrid discontinuous composites is very wide (including

different fibre diameters and lengths, fibre strengths, volume ratio between the fibre

types, fibre arrangements, matrix properties, ...), and therefore experiments cannot

provide an exhaustive analysis of the effects of all parameters. Therefore, virtual testing

models can provide a more effective way to (i) predict the mechanical response and

hybrid effects in hybrid discontinuous composites, and (ii) provide guidance for the

design of optimised hybrid microstructures.
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A first challenge in modelling hybrid discontinuous composites is correctly capturing

the effect of the discontinuities due to the fibre-ends. One widely-used approach is shear-

lag models [24,38,104–109]. Although most shear-lag models in the literature consider

a purely elastic [33, 38, 110] (see also Chapter 3) or perfectly plastic [109–112] matrix,

the shear-lag framework developed for brick-and-mortar [24] and aligned discontinuous

(Chapter 2) composites considers the full matrix constitutive law in shear, including

strain-hardening and progressive failure; this framework also considers the random

placement of fibre-ends (Chapter 2), contrarily to most analytical models which assume

perfectly staggered fibres [24, 55, 61] or regularly spaced fibre-ends [58]. However, the

framework developed in Chapter 2 is only valid for non-hybrid aligned discontinuous

composites, and it cannot be directly applied to predict the full response of hybrid

composites as the shear-lag stress transfer is affected by hybridisation of fibre-types (as

shown in Chapter 3, for a purely elastic domain).

A second challenge in modelling hybrid discontinuous composites is predicting the

hybrid effect [31, 88, 102, 113–117], which has been first observed in the early 70s by

Hayashi [114] and is described as an increase of the apparent failure strain of the

low-elongation fibres when mixed with another fibre-type in a composite. This hybrid

effect cannot be predicted by the rules-of-mixtures [28,31,88,102,113,115–117]; although

several models have explained and predicted the existence of hybrid effects in continuous

composite [28, 87], it has never been explored whether the presence of fibre-ends in

discontinuous composites affects hybrid effects.

The strength variability of the fibres is an important feature to account for in hybrid

composites, as it is responsible for some effects of hybridisation. Some authors. [87,116–

118] showed that no variability in the strength of the low-elongation fibres would lead

to no hybrid effect. Moreover, neglecting the strength variability in hybrids [100, 119]

results in the prediction of stress plateaus during fragmentation of the low-elongation

fibres, which is contradicted by experimental evidence [29,84].

Although much attention has been given to the study of failure of the low-elongation

phase and the associated hybrid effect, hybrid composites with a sufficiently high frac-

tion of high-elongation fibres can present a pseudo-ductile response, in which the high-

elongation fibres carry the load for higher strains and until failure; in this case, the

strength variability of the high-elongation fibres is likely to affect the final failure of the

material, although this is neglected in most models [100]. Chapter 2 proposed a frac-

ture mechanics failure for non-hybrid aligned discontinuous composites, which showed

good agreement with experiments; for hybrid composites, Swolfs et al. [28] observed

that there is still a need to propose methods which can predict final failure accurately.

This chapter aims to provide a modelling framework for intermingled hybrid aligned

discontinuous composites, and is divided in two parts. Firstly, the shear-lag-based
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analytical model developed in Sec. 3.2 is extended in Sec. 4.2 to calculate the stress-

strain response of a hybrid brick-and-mortar composite (with two types of platelet

with different thicknesses and moduli), considering a generic matrix constitutive law

(including fracture). This model and those developed in Chapter 2 and Sec. 3.3 are

then further developed and used in Sec. 4.3 to calculate the response of aligned hybrid

discontinuous composites, considering a more realistic 3D microstructure of a specimen,

as well as fibre failure under stochastic strength distributions, and using a fracture

mechanics criterion to predict final failure of the composite. Finally, Sec. 4.4 draws the

main conclusions of the work.

4.2 Hybrid brick-and-mortar composites

4.2.1 Model development

4.2.1.1 Microstructure and micromechanical properties

The HyBaM composite considered in this section is made of two types of linear-

elastic platelets A and B of half-thicknesses TA and TB, and Young’s moduli EA and

EB respectively (see Chapter 3). These platelets are perfectly staggered and separated

by a matrix layer of thickness tm (see Fig. 4.1a).

The unit-cell considered in the model is presented in Fig. 4.1b and consists of an

overlap of total length 2 · L = LL + LR between two quarters of platelet separated

by the matrix layer; the origin of the x-coordinate (which is defined by LL or LR) is

unknown a priori and evolves with progressive tensile loading, and will be calculated

in Sec. 4.2.1.4. The fact that the origin x = 0 of the overlap is not constant is a major

change compared to the models previously developed for the stress-strain response of

non-hybrid BaM composites (where LL = LR = L/2) [24] and for the Young’s modulus

of HyBaM (where LL 6= LR, but both LL and LR are constant and can be determined

by an analytical expression, as explained in Chapter 3).

The entire shear stress (τ) versus strain (γ) response of the matrix of fibre-matrix in-

teraction is considered, and approximated by a non-linear elastic piecewise linear curve

with N linear subdomains of tangent shear modulus Gm
j , j ∈ {1, ..., N}, with Gm

j R 0

(see for instance Fig. 4.2a, which is an example of a constitutive law where N = 3).

Each subdomain j ∈ {1, ..., N} is defined within a shear strain interval γ ∈ [γm
j−1, γ

m
j ];

subdomain N + 1, for γ > γm
N , corresponds to the fully debonded state of the matrix,

where the debonding strain γm
N can be calculated from the fracture toughness of the

matrix, by ensuring that the total area below the curve of the constitutive law is equal

to Gm
IIc/t

m [24].
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This model assumes a shear-lag behaviour of the composite in which each platelet

will be loaded by tensile stresses σA(x) and σB(x), while the matrix will be loaded

by shear stresses τ(x). Considering relatively thin platelets and matrix layers, the

stress distributions are assumed uniform through the thickness. Like in Chapter 3, the

following parameters will be used for the derivation of the model:

ΣT = TA + TB, ΣE = EA + EB,

ΣK = KA +KB, Σσ = σA + σB,

∆T = TB − TA, ∆E = EB − EA,

∆K = KB −KA, ∆σ = σB − σA,

T̄ = ΣT/2, Ē = ΣE/2, K̄ = ΣK/2,

T̃ = 2 · TA · TB
TA + TB

, Ẽ = 2 · EA · EB

EA + EB

, K̃ = 2 · KA ·KB

KA +KB

,

(4.1)

where KA = EA · TA and KB = EB · TB represent the stiffness of the platelets, and

define the stiffness ratio η = KA

/
KB. In this chapter, platelets A and B are chosen so

that KA ≥ KB (or η ≥ 1).

4.2.1.2 Differential equation

Considering that the matrix layer in Fig. 4.1c is in the jth subdomain (where

γ ∈ [γm
j−1, γ

m
j ] and where the tangent shear modulus is Gm

j ), the equilibrium of stresses

and the compatibility of the displacements between the matrix and the two platelets

lead to the following differential equation for ψ(x) (see Chapter 3):

d2ψ(x)

dx2
= sign(Gm

j ) · λ2
j · ψ(x),

where


ψ(x)

def
= ∆σ(x)− κ · σ∞ is the driving stress ,

κ
def
= ∆E · ΣT

/
ΣK is the stress factor,

λj
def
=
√

2 ·
∣∣Gm

j

∣∣/(tm · K̃) is the characteristic coefficient.

(4.2)
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Figure 4.1: Overview of the shear-lag model for HyBaM composites (see Chapter 3).
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Figure 4.2: Definition of the matrix subdomains in the unit-cell (overlap) of a HyBaM
composite.

Eq. 4.2 is solved for the different types of subdomains (with positive, zero, and negative

Gm
j ) to find the expression of the driving stress ψ(x) along the overlap. The matrix

shear stress τ(x) and shear strain γ(x) fields can then be calculated from the following

equations (see also Chapter 3):

dψ(x)

dx
=

4 · ΣT
ΣT 2 −∆T 2

· τ(x) =
2

T̃
· τ(x), (4.3a)

dγ(x)

dx
=

2

tm · ΣT
· ΣE · ΣT + ∆E ·∆T

ΣE2 −∆E2
· ψ(x) =

ΣK

tm · ΣT · EA · EB

· ψ(x). (4.3b)

The fields ψ(x), τ(x), γ(x) are shown in Tab. 4.1 for all different types of subdomains.

The differential equation in Tab. 4.1(a) is identical to that used to derive the Young’s

modulus of HyBaM composites (Chapter 3), although it is solved for more generic

boundary conditions in Tab. 4.1(b) to account for non-linear-elastic matrix subdomains

with positive tangent stiffness. Also, the differential equations and fields in Tab. 4.1

are formally similar to those derived for non-hybrid BaM composites [24], but with

the “driving stress” ψ(x) replacing the “stress difference” ∆σ(x), and with much more

complex coefficients due to the hybrid configuration (i.e. ∆T 6= 0, ∆E 6= 0, and/or

∆K 6= 0).

4.2.1.3 Boundary conditions

A first boundary condition for the stress and strain fields defined in Tab. 4.1 relates

to the origin of the x-axis (see Fig. 4.2b) in the overlap, which is defined such that the
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Table 4.1: Local stress and strain fields within a subdomain in a hybrid BaM com-
posite; the local coordinate is defined as x̂ = x− x0.

Differential equation
(Ĝm = Gm

j and

λ̂ = λj)

Local stress and strain fields under the following boundary conditions:
γ(x0) = γ̂0, τ(x0) = τ̂0 = τ(γ̂0) and ψ(x0) = ψ̂0

Positive stiffness,
Ĝm > 0:

d2ψ(x)

dx2
= λ̂2·ψ(x)

(a)



ψ̂(x̂) = ψ̂0 · cosh(λ̂ · x̂) +
2

λ̂ · T̃
· τ̂0 · sinh(λ̂ · x̂)

τ̂(x̂) = τ̂0 · cosh(λ̂ · x̂) + ψ̂0 ·
λ̂ · T̃

2
· sinh(λ̂ · x̂)

γ̂(x̂) = γ̂0 +
ΣK

λ̂ · tm · ΣT · EA · EB

·
[
ψ̂0 · sinh(λ̂ · x̂) +

2

λ̂ · T̃
· τ̂0 · (cosh(λ̂ · x̂)− 1)

](b)

Zero stiffness,
Ĝm = 0:

d2ψ(x)

dx2
= 0

(c)


ψ̂(x̂) = ψ̂0 +

2

T̃
· τ̂0 · x̂

τ̂(x̂) = τ̂0

γ̂(x̂) = γ̂0 +
ΣK

tm · ΣT · EA · EB

·
[
ψ̂0 · x̂+

1

T̃
· τ̂0 · x̂2

] (d)

Negative stiffness,
Ĝm < 0:

d2ψ(x)

dx2
= −λ̂2·ψ(x)

(e)



ψ̂(x̂) = ψ̂0 · cos(λ̂ · x̂) +
2

λ̂ · T̃
· τ̂0 · sin(λ̂ · x̂)

τ̂(x̂) = − ψ̂0 ·
λ̂ · T̃

2
· sin(λ̂ · x̂) + τ̂0 · cos(λ̂ · x̂)

γ̂(x̂) = γ̂0 +
ΣK

λ̂ · tm · ΣT · EA · EB

·
[
ψ̂0 · sin(λ̂ · x̂) +

2

λ̂T̃
· τ̂0 · (1− cos(λ̂ · x̂))

](f)

Fully debonded,
Ĝm = 0∧τ = 0:

d2ψ(x)

dx2
= 0

(g)


ψ̂(x̂) = ψ̂0

τ̂(x̂) = 0

γ̂(x̂) = γ̂0 +
ΣK

tm · ΣT · EA · EB

· ψ̂0 · x̂
(h)

Table 4.2: Driving stress built along the overlap within a subdomain j, for a variation
of the shear strains from γ̂0 to γ̂l and an initial driving stress ψ̂0.

Type of subdomain
(Ĝm = Gm

j and λ̂ = λj)
Local driving stress at the end of the interval γ̂ ∈ [γ̂0, γ̂l].

Positive stiffness Ĝm = Gm
j > 0 ψ(γ̂0, γ̂l, ψ̂0) =

√
ψ̂2
0 +

(
2

λ̂ · T̃

)2

·
[
τ̂2l − τ̂

2
0

]
(a)

Zero stiffness Ĝm = Gm
j = 0 ψ(γ̂0, γ̂l, ψ̂0) =

√
ψ̂2
0 +

4 · tm · ΣT
T̃

·
EA · EB

ΣK
· τ̂20 · (γ̂l − γ̂0) (b)

Negative stiffness Ĝm = Gm
j < 0 ψ(γ̂0, γ̂l, ψ̂0) =

√
ψ̂2
0 +

(
2

λ̂ · T̃

)2

·
[
τ̂20 − τ̂2l

]
(c)

Fully debonded
Ĝm = Gm

j = 0 ∧ τm = 0 ψ(γ̂0, γ̂l, ψ̂0) = ψ̂0 (d)
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Table 4.3: Lengths of process zones required to develop the shear strains from γ̂0 to
γ̂l in the jth subdomain, and for an initial driving stress ψ̂0.

Type of subdomain
(Ĝm = Gm

j and

λ̂ = λj)

Length required to develop the shear strain interval γ̂ ∈ [γ̂0, γ̂l].

Positive stiffness l(γ̂0, γ̂l, ψ̂0) =
2

λ̂
·atanh

 λ̂ · T̃
2 · (τ̂0 + τ̂l)

·

√ψ̂2
0 +

(
2

λ̂ · T̃

)2

· (τ̂2l − τ̂
2
0 )− ψ̂0

 (a)

Zero stiffness l(γ̂0, γ̂l, ψ̂0) =
T̃

2 · τ̂0
·
[√

ψ̂2
0 +

2 · tm · ΣT 2

ΣK
·
EA · EB

TA · TB
· τ̂20 · (γ̂l − γ̂0)− ψ̂0

]
(b)

Negative stiffness l(γ̂0, γ̂l, ψ̂0) =
2

λ̂
·atan

 λ̂ · T̃
2 · (τ̂0 + τ̂l)

·

√ψ̂2
0 +

(
2

λ̂ · T̃

)2

· (τ̂20 − τ̂2l )− ψ̂0

 (c)

Fully debonded l(γ̂0, γ̂l, ψ̂0) =
2 · tm · ΣT

ψ̂0

·
2 · TA · TB

ΣK
· (γ̂l − γ̂0) (d)

shear strain is minimum at x = 0:

γ(0)
def
= min{γ(x)} ⇒ dγ

dx

∣∣
x=0

= 0
def
= ψ(0) = 0. (4.4)

Considering that the overall load carried by the platelets remains constant along the

overlap, a second boundary condition for the driving stress at the ends of the overlap

can be expressed by∆σR
def
= ∆σ(LR) = ΣT

TB
· σ∞

∆σL
def
= ∆σ(−LL) = −ΣT

TA
· σ∞

⇒

ψR
def
= ψ(LR) =

(
ΣT
TB
− κ
)
· σ∞

ψL
def
= ψ(−LL) = −

(
ΣT
TA

+ κ
)
· σ∞.

(4.5a)

Eq. 4.5a yields the following relationship between ψL and ψR:

ψR

ψL
= −

ΣT
/
TB − κ

ΣT
/
TA + κ

⇔ ψR = −η · ψL, where η
def
=

ΣT
/
TB − κ

ΣT
/
TA + κ

=
TA · EA

TB · EB

=
KA

KB

.

(4.5b)

One can therefore define the Boundary Condition Error (BCE) function as

ξ(γ0, LL, LR)
def
= η · ψ(γ0,−LL) + ψ(γ0, LR), (4.6)

where ψ(γ0, x) is the driving stress at coordinate x, with γ(0) = γ0. From Eq. 4.5b,

equilibrium of stresses is reached in the overlap when the condition ξ(γ0, LL, LR) = 0

is satisfied.
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The remote stress σ∞ applied to the overlap can be derived from the driving stresses

through Eq. 4.5a (where σ∞, ψL and ψR are all functions of γ0):

σ∞ =
ψR

ΣT
TB
− κ

or σ∞ =
−ψL

ΣT
TA

+ κ
. (4.7)

The remote strain ε∞ can be calculated by integrating the local tensile strain of each

platelet along the overlap; taking γL
def
= γ(−LL) and γR

def
= γ(LR) as the matrix shear

strains at the ends of the overlap, this yields (see Chapter 3)

ε∞ =
tm

2 · L
· γL ·KB + γR ·KA

ΣK
+ σ∞ · ΣT

ΣK
. (4.8)

4.2.1.4 Model implementation

The main challenge of the model for HyBaM composites is now to use the fields

and boundary conditions derived in Secs. 4.2.1.2-4.2.1.3 to obtain the full equilibrium

stress-strain curve of the overlap, considering a piecewise matrix response. The method

implemented here is inspired on that previously proposed for non-hybrid BaM compos-

ites [24]; however, the fact that the origin of the hybrid overlap (x = 0) is not known a

priori and does not stay constant with progressive loading makes the implementation

significantly more challenging and necessarily different from that for the non-hybrid

composite.

The implementation is based on driving the minimum matrix shear strain in the

overlap (γ0) from zero to γm
N , and defining how the state of active subdomains of

the matrix in the overlap – represented as sk = {i+ nL, ..., i+ 1, i, i+ 1, ..., i+ nR} –

evolves with γ0. This representation of the active subdomains implies that subdomain i

is active at the origin of the overlap (hence γ0 ∈ [γm
i−1, γ

m
i ]), subdomain i+nL is active

at the left end of the overlap (hence γL ∈ [γm
i+nL−1, γ

m
i+nL

]), and subdomain i + nR

is active at the right end of the overlap (hence γR ∈ [γm
i+nR−1, γ

m
i+nR

]). The method

described hereafter is summarised in Fig. 4.4 for a fully generic matrix constitutive law,

but for clarity it will be explained using a particular case (illustrated in Fig. 4.3).

Let us consider the trilinear matrix constitutive law shown in Fig. 4.2. Assume that

the state of active subdomains at the given shear strain γ0 is sk = {2, 1, 2, 3} (with i = 1,

nL = 1, nR = 2), which is highlighted in black in Fig. 4.3a and shown as 1O in Fig. 4.3b.

The next possible states sk+1 (highlighted in yellow in Fig. 4.3a) correspond to:

� sk+1 = {2, 3}, due to the deactivation of matrix subdomain [i = 1] at the origin

of the overlap (at x = 0), which will happen if γ0 reaches γm
i=1 before γL reaches

γm
i+nL=2 and before γR reaches γm

i+nR=3. This deactivation cannot happen when

there is only one active subdomain on one side (i.e. if nL = 0 or nR = 0);
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� sk+1 = {3, 2, 1, 2, 3}, due to the activation of matrix subdomain [i + nL + 1 = 3]

at the left end (at x = −LL), which will happen if γL reaches γm
i+nL=2 before γ0

reaches γm
i=1 and before γR reaches γm

i+nR=3. The assumption that platelet A is

the stiffest (η > 1) implies that γR ≥ γL; as a result, nL ≤ nR, and an activation

at the left end cannot happen when nL = nR;

� sk+1 = {2, 1, 2, 3, 4}, due to the activation of matrix subdomain [i+ nR + 1 = 4]

at the right end (at x = LR), which will happen if γR reaches γm
i+nR=3 before γ0

reaches γm
i=1 and before γL reaches γm

i+nL=2.

The algorithm to select the correct next state sk+1 from the three possibilities listed

above works as follows:

1. Two matrices Ψ (containing all values of the driving stress ψ[j,j+n] at the end

of fully-developed matrix subdomains) and L (containing the lengths of process

zones l[j,j+n] needed to fully develop active matrix subdomains) are populated

using the expressions shown in Tabs. 4.2 and 4.3 respectively:

Ψ =


ψ[2,2] ψ[2,3] · · · ψ[2,N ]

ψ[3,3] ψ[3,4] . .
.

... . .
.

ψ[N,N ]

 (Tab. 4.2), and (4.9a)

L =


l[2,2] l[2,3] · · · l[2,N ]

l[3,3] l[3,4] . .
.

... . .
.

l[N,N ]

 (Tab. 4.3), where (4.9b)

ψ[j,j+n]
def
= ψ(γm

j+n−1, γ
m
j+n, ψ[j,j+n−1]), and (4.9c)

l[j,j+n]
def
= l[j,j+n−1] + l(γm

j+n−1, γ
m
j+n, ψ[j,j+n−1]) (4.9d)

are defined recursively, and where ψ[j,j−1] = 0. The two matrices Ψ and L do

not depend on the overlap length (2 · L) nor on the applied load to the overlap,

and therefore they are populated only once, at the beginning of the analysis.

2. For the current state sk = {2, 1, 2, 3}, the model identifies whether a new sub-

domain would activate first on the right-end or on the left-end. To do this, the

actual length of the overlap (2 ·L) was initially ignored, virtual values (identified

by the superscript ∗) were imposed to variables γ∗0 = γm
i=1 and L∗L = l[i+1,i+nL]=[2,2]

(which implies that γ∗L = γm
i+nL=2 and ψ∗L = −ψ[i+1,i+nL]=[2,2]), and the boundary

condition error (ξ∗(γ∗0 , L
∗
L, L

∗
R), see Eq. 4.6) was calculated for the following cases:

(i) when L∗R = l[i+1,i+nR−1]=[2,2] (which implies that γ∗R = γm
i+nR−1=2, and

ψ∗R = ψ[i+1,i+nR−1]=[2,2]), which is represented as

ξ∗(γ∗0 , L
∗
L, L

∗
R) = ξ∗(γm

i=1, l[i+1,i+nL]=[2,2], l[i+1,i+nR−1]=[2,2]);
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(ii) when L∗R = l[i+1,i+nR]=[2,3] (which implies that γ∗R = γm
i+nR=3, and

ψ∗R = ψ[i+1,i+nR]=[2,3]), which is represented as

ξ∗(γ∗0 , L
∗
L, L

∗
R) = ξ∗(γm

i=1, l[i+1,i+nL]=[2,2], l[i+1,i+nR]=[2,3]).

Therefore, because the function ξ(γ0, xL, xR) is continuous and monotonic in

xR, it is possible to determine whether equilibrium (ξ∗ = 0) can be found at a

point x∗R ∈ [l[i+1,i+nR−1]=[2], l[i+1,i+nR]=[2,3]] (interval I in point 2O of Fig. 4.3b)

by looking at the sign of (see point 3O in Fig. 4.3b)

ξ̄
def
= ξ∗(γm

i=1, l[i+1,i+nL]=[2,2], l[i+1,i+nR−1]=[2,2])

× ξ∗(γm
i=1, l[i+1,i+nL]=[2,2], l[i+1,i+nR]=[2,3]) :

(4.10)

(a) if ξ̄ < 0, there exists a unique point x∗R ∈ I satisfying the BCE con-

dition ξ̄∗(γm
i=1, L

∗
L, x
∗
R) = 0. Therefore, a new subdomain [i + nL + 1 = 3]

would activate at x = −L∗L (i.e. at the left virtual edge) before subdo-

main [i+ nR + 1 = 4] could activate at the corresponding equilibrium point

x = x∗R ∈ I. This will lead to an Assumed Left Activation (ALA) of subdo-

main [i+ nL + 1 = 3];

(b) if ξ̄ > 0, a point satisfying the BCE condition ξ∗(γm
i=1, L

∗
L, x
∗
R) = 0 can-

not be found in the interval x∗R ∈ I. Therefore, before subdomain

[i+ nL + 1 = 3] could activate at the left virtual edge x = −L∗L, a new sub-

domain [i+ nR + 1 = 4] would activate at x = L∗R (i.e. at the right virtual

edge). This will lead to an Assumed Right Activation (ARA) of subdomain

[i+ nR + 1 = 4].

3. Let us assume the case of ALA defined in case (a) above, so that one can determine

whether this assumed activation of subdomain [i + nL + 1 = 3] may actually

happen, or whether deactivation of the central subdomain [i = 1] will happen

first. The location of the equilibrium point x∗R can be determined by imposing

the BCE condition (ξ∗(γ∗0 , L
∗
L, x
∗
R) = 0, Eq. 4.6), using the process zones of the

fully-developed active subdomains defined in matrix L (see point 4O in Fig. 4.3b):

x∗R
def
= l[i+1,i+nR−1]=[2,2] + `∗R : {ξ∗(γm

i=1, L
∗
L, x
∗
R) = 0}. (4.11)

This defines the virtual overlap length `∗ = L∗L + x∗R required to simultaneously

activate the next matrix subdomain on the left (i.e. have γ∗L = γm
i+nL=2) and de-

activate the subdomain at the origin of the overlap (i.e. have γ∗0 = γm
i=1). Con-

sequently,

– If `∗ < 2 · L, the overlap is long enough to accommodate the entire process

zone of subdomains {i + nL, ..., i + 1} on the left of the origin of the over-

lap, and therefore the ALA must happen before the central subdomain is

66



A virtual testing framework for the full tensile response of hybrid aligned
discontinuous composite

s={1}

s={1,2}

s={1,2,3}

s={2,1,2,3}

s={2,1,2}

s={2} s={1,2,3,4}

s={3,2,1,2,3}

s={3,2,1,2,3,4}

s={4,3,2,1,2,3,4}

s={4,3,2,3,4}

s={4,3,4}

s={4}

s={2,3}

s={3,2,3}

s={3}

s={2,1,2,3,4}

s={2,3,4}

s={3,2,3,4}

s={3,4}

Left activation

Right activation

Deactivation

Fully fractured matrix

Key:

(a) Possible evolutions of the active
matrix subdomains in a hybrid
overlap.

No

[1]

γ1
m γ1

m γ2
m𝛾L

Current state: 𝑖 = 1, nL = 1, 𝑛R = 2

ℓ∗ < 2 ⋅ 𝐿

Right activation

[2] [2] [3]

𝛾R

𝛾L
∗→γ2

m 𝛾0
∗→γ1

m γ2
m

[2] [3]

γ3
m

[2]

𝛾0

−𝜓[2,2] 𝜓0=0 𝜓[2,2] 𝜓[2,3]

I

“Imposed virtual states”:

Yes

Equilibrium (  𝜉∗ = 0) found in 
interval I: Assumed Left Activation

[2] [3][2]

−𝜓[2] 𝜓0=0 𝜓R
∗

ℓR
∗

ℓ∗ = 𝑙 2,2 + 𝑙 2,2 + ℓR
∗

γR
∗

ℓR
∗ : {𝜉(𝛾1

𝑚, 𝑙 2,2 , ℓR
∗ + 𝑙 2,2 ) = 0}

No equilibrium (  𝜉∗ ≠ 0) in
interval I: Assumed Right Activation

[2] [3][2]

𝜓L
∗ 𝜓0=0 𝜓[2] 𝜓[2,3]

ℓL
∗

ℓ∗ = ℓL
∗ + 𝑙 2,3

γL
∗

ℓL
∗ : {𝜉(𝛾1

𝑚, ℓL
∗ , 𝑙 2,3 ) = 0}

ℓ∗ > 2 ⋅ 𝐿

Deactivation

ℓ∗ < 2 ⋅ 𝐿

Left activation

1

2

 𝜉∗ = 𝜉∗ 𝛾0
∗ = 𝛾1

m, 𝐿L
∗ = 𝑙 2,2 , 𝐿R

∗ = 𝑙 2,2
×

𝜉∗ 𝛾0
∗ = 𝛾1

m, 𝐿L
∗ = 𝑙 2,2 , 𝐿R

∗ = 𝑙 2,3 < 0 ?

3

4 5

6 7 8

𝜓[2]

γ1
m γ2

mγ2
m γ1

m γ2
m γ3

m

A
ss

u
m

ed
 a

ct
iv

at
io

n

𝑥

0𝐿L
∗ → −𝑙[2,2] 𝑙[2,2] 𝑙[2,3]

𝑥R
∗ 𝑥L

∗

(b) Illustration of the algorithm to identify the
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sk+1 shown in yellow in Fig. 4.3a).

Figure 4.3: Algorithm used to define the sequence of the states of active matrix sub-
domains in a HyBaM composite, considering the trilinear matrix con-
stitutive law given in Fig. 4.2a, for η > 1.

deactivated. The transition shear strain to the next state k + 1 is given by

γk+1
0 = γ0 : {ξ(γ0, LL, 2 · L− LL) = 0} (4.12)

where LL is the process length required to develop shear strains from

γ(0) = γ0 to γ(−LL) = γm
i+nL

, and Eq. 4.12 is solved numerically with re-

spect to γ0. The new state of active matrix subdomains will be given by

sk+1 = {i+ nL + 1, ..., i+ 1, i, i+ 1, ..., i+ nR} = {3, 2, 1, 2, 3} (see point 6O

in Fig. 4.3b).

– If `∗ > 2 ·L, the overlap is not long enough to allow for an ALA to happen,

and the next transition to a different state will be the deactivation of the

central subdomain [i = 1] which will occur at the transition shear strain

γk+1
0 = γm

i . (4.13)
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false

true
Assumed     left activation

false
Assumed     right activation

false
Deactivation

true
Left activation Right activation

true

truefalse

𝒔L
𝑘+1 = 𝑖 + 1,… , 𝑖 + 𝑛L
𝒔R
𝑘+1 = {𝑖 + 1,… , 𝑖 + 𝑛R}

𝒔L
𝑘+1 = {𝑖, … , 𝑖 + 𝑛L + 1}

𝒔R
𝑘+1 = 𝒔R

𝑘
𝒔L
𝑘+1 = 𝒔L

𝑘

𝒔R
𝑘+1 = {𝑖, … , 𝑖 + 𝑛R + 1}

Inputs:

Geometry:
𝑇𝒜 , 𝑇ℬ , 𝑡

m, 𝐿

Mechanical properties:
𝐸𝒜 , 𝐸ℬ , 𝒢IIC

m , 𝐺𝑖
m, 𝛾𝑖

m, 𝜏𝑖
m

Preliminary calculations:

𝜂
𝜅, 𝜆𝑖 (Eq. 2)
𝚿,𝐋 (Eq. 9)

Initiation:

𝑘 = 0
𝛾0
0 = 0

𝒔L
0 = 𝒔R

0 = [1]

Update of configuration:

Processing:

𝜉∗ 𝛾𝑖
m, 𝑙 𝑖+1,𝑖+𝑛L , 𝑙 𝑖+1,𝑖+𝑛R−1 × 𝜉∗ 𝛾𝑖

m, 𝑙 𝑖+1,𝑖+𝑛L , 𝑙 𝑖+1,𝑖+𝑛R < 0 ? (Eq. 10)

ℓ∗ = 𝑙 𝑖+1,𝑖+𝑛L + 𝑙 𝑖+1,𝑖+𝑛R−1 + ℓR < 2 ⋅ 𝐿

or 𝑛L = 0 ?

ℓ∗ = ℓL + 𝑙 𝑖+1,𝑖+𝑛L−1 + 𝑙 𝑖+1,𝑖+𝑛R < 2 ⋅ 𝐿

or 𝑛R = 0 ?

End of the simulation

Calculate fields (𝜓(𝑥), Δ𝜎(𝑥), 𝜏(𝑥), 𝛾(𝑥)) & remote loading (𝜎∞, 𝜀∞) for 𝛾0 ∈ [𝛾0
𝑘, 𝛾0

𝑘+1]:

(Eqs. 7, 8 and 14)

𝒔L
𝑘+1 = 𝒔R

𝑘+1 = 𝑁 + 1 ?𝑘 = 𝑘 + 1

Find 𝛾0
𝑘+1 : 𝜉=0

ℓ∗=2⋅𝐿
(Eq. 12) Find 𝛾0

𝑘+1 : 𝜉=0
ℓ∗=2⋅𝐿

(Eq. 12)𝛾0
𝑘+1 = 𝛾𝑖

m (Eq. 13)

𝑖 = 𝒔L
𝑘 1

𝑛R = length(𝒔R
𝑘) − 1

𝑛L = length(𝒔L
𝑘) − 1

Figure 4.4: General implementation of the model to predict the stress-strain response
of hybrid brick-and-mortar composites.

The new state of active subdomains will be given by

sk+1 = {i+ nL, ..., i+ 2, i+ 1, i+ 2, ..., i+ nR} = {2, 3} (see point 7O in

Fig. 4.3b).

4. Finally, the fields ψ(x) and γ(x) are calculated for γ0 ∈ [γk0 , γ
k+1
0 ], and used to

find the remote stress σ∞ and strain ε∞ using Eqs. 4.7 and 4.8 respectively. The

value of the shear strains γL and γR required in Eqs. 4.7 and 4.8 are given by

{γL
def
= γ(−LL), γR

def
= γ(2 · L− LL)} : {ξ(γ0, LL, 2 · L− LL) = 0} . (4.14)

This process allows one to calculate the full stress-strain response of a HyBaM com-

posite with a generic matrix constitutive law, without a need for an iterative process.

4.2.2 Results

4.2.2.1 Overview of results

Figs. 4.5a and 4.5b display the stress-strain curves of HyBaM composites with

different average platelet aspect ratios (ᾱ = 5 and ᾱ = 25), considering a trilinear

matrix constitutive law and the inputs given in Tab. 4.4: note that this trilinear con-

stitutive law (with N = 3, and shown in Fig. 4.2a) is just one example that illustrates

the capabilities of the model, but other constitutive laws (e.g. bilinear, trapezoidal,

strain-hardening, etc.) can equally be considered by the implementation described in

Sec. 4.2.1.4. Figs. 4.5c and 4.5d show the shear stress fields along a short (ᾱ = 5)
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and long (ᾱ = 25) overlap respectively, for all transitions between the different matrix

states; these transition points are reported on the corresponding stress-strain curve in

Figs. 4.5a and 4.5b. It must be noted that the results in Fig. 4.5 assume that the

platelets are linear-elastic (i.e. do not fail in tension under the stresses applied).

The model has been validated against FE simulations (using the method previ-

ously applied to validate predictions for the full stress-strain curve of non-hybrid BaM

composites [24] and the stiffness of HyBaM composites (see Chapter 3), using a plasti-

city model to represent the non-linear response of the matrix); the results reported in

Fig. 4.5 show a very good agreement both for the shear stress-field in the matrix along

the overlap, and for the overall stress-strain curve of the HyBaM composite.

4.2.2.2 Effect of hybrid reinforcement on matrix failure in hybrid discon-

tinuous composites

Both Figs. 4.5c and 4.5d show a non-symmetrical distribution of shear stresses in

the matrix along hybrid overlaps. This asymmetry of matrix stress and strain fields is

due to the difference in overall stiffness (K = E · T ) between the two platelet types,

which causes the matrix shear strain to be larger at the end of the stiffer platelet (A in

Fig. 4.5) than at the end of the softer platelet (B in Fig. 4.5). Consequently, the origin

of the overlap (where the shear strain is minimum, represented by the grey diamonds

in the Figs. 4.5c-4.5d) is shifted towards the end of the softest platelet at the beginning

of the loading, and shifted further as the loading progresses.

Fig. 4.5 also shows the different effects of hybridisation for different platelet geomet-

ries. While the overlap with short platelets (ᾱ = 5) presents relatively homogeneous

shear stress fields, slender platelets (ᾱ = 25) allow for more matrix subdomains to be

simultaneously active in the overlap. Moreover, for slender configurations, having very

Table 4.4: Inputs (geometry and mechanical properties of the platelets and the mat-
rix) of the hybrid BaM composites studied in Sec. 4.2.2.

Parameter L T̄ tm Ē ∆E
ΣE

∆T
ΣT Gm Gm

IIc

Unit (mm) (mm) (mm) (GPa) (MPa) (kJ/m2)

Value 0.5 or 2.5 0.1 0.01 100 −0.2 −0.3 1500 2

Matrix type N Points of the constitutive law (γm [−], τm [MPa])

Trilinear (Fig. 4.5) 3 (0, 0), (0.0267, 40), (0.50, 80), (4.777, 0)
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(b) Stress-strain curve for long platelets
(ᾱ = 25).
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Figure 4.5: Results for HyBaM composites, for different aspect ratios (ᾱ = 5 on
the left, and ᾱ = 25 on the right), for a given hybrid configuration and
a trilinear matrix shear constitutive law (see Tab. 4.4). FE results are
represented by black dots (for the stress-strain curves in Figs. (a) and (b),
and for the stress-fields in Figs. (c) and (d)). The origin of the overlap
(where the matrix shear strain is minimum) is shown by grey diamonds,
for each stress field in Figs. (c) and (d).

different platelet stiffnesses could trigger delamination from the end of the stiffest plate-

let only (between steps 4O and 5O in Figs 4.5b and 4.5d), while delamination would be

expected to occur at either end of an overlap in a non-hybrid BaM composite.

This asymmetry in the matrix shear stress field means that the load carrying ca-

pacity of the matrix is reduced due to hybridisation. As a direct result, the matrix-
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dominated (i.e. assuming no platelet failure) strength of a HyBaM composite is lower

than the non-hybrid equivalent.

4.3 Hybrid aligned discontinuous composites

4.3.1 Model development

4.3.1.1 Microstructure of hybrid aligned discontinuous composites

This section proposes a VTF for aligned discontinuous composites with intermingled

hybrid fibre-types. The microstructure considered here is the same as that used in

Chapter 3 to determine the Young’s modulus of HADCs. The specimen is modelled as

a chain of nRVE RVEs (Fig. 4.6a), where each RVE is made of n × n fibres, and the

RVE length is the same as the fibre length lf (uniform throughout the specimen).

In an RVE, each fibre is identified by the coordinates (i, j) in a square arrangement

(see Fig. 4.6b). The grid defining the RVE in Fig. 4.6a has no physical meaning and is

used to define neighbouring fibres and interactions only; in particular, it does not define

fibre spacing or the matrix thickness (this will be done in Eq. 4.15) (see Chapter 3).

The locations of fibre-ends are stored in the matrix xij (see Chapter 2). Each fibre is

affected a fibre-type (A, Young’s modulus EA and diameter φA, or B, Young’s modulus

EB and diameter φB) in the matrix of fibre-types Tij , so as to achieve the desired

volume or number ratio of type-A and type-B fibres (respectively VA or NA and VB or

NB, with VA + VB = 100% and NA +NB = 100%); the matrix of fibre-types is defined

so that Tij = 1 when fibre (i, j) is of type A, and Tij = 0 when fibre (i, j) is of type B.

This allows one to define two additional matrices:

� Φij = φA · Tij + φB · (1− Tij), where Φij returns the diameter of fibre (i, j);

� Eij = EA ·Tij+EB ·(1−Tij), where Eij returns the Young’s modulus of fibre (i, j).

The novelty of this section compared to Chapter 3 consists on extending the analysis

of hybrid discontinuous composites to the non-linear-elastic domain, by considering

the non-linear response of the matrix (using the shear-lag formulation presented in

Sec. 4.2), stochastic fibre strength distributions, and unstable specimen fracture. These

new developments are detailed in Secs. 4.3.1.2-4.3.1.4, and are inspired by the VTF for

non-hybrid discontinuous composites presented in Chapter 2.

It is worth noting that the fibres are considered to be perfectly aligned in this

model. Previous studies showed that it is now possible to manufacture hybrid discon-

tinuous composites with an outstanding level of alignment [73], on which the effect of
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fibre misalignment (estimated through classical laminate theory (App. F)) should be

negligible.

4.3.1.2 Response of an interaction between two neighbouring fibres

Consider that a fibre interacts with its four nearest neighbours through horizontal

(subscript H) and vertical (subscript V) interactions (see Figs. 4.6b); the symbol ∗
is used to replace H and V when no orientation is specified for an interaction. An

interaction is initially decomposed in two shear-lag segments (see Fig. 4.6c), although

the occurrence of fibre-breaks may decompose it further:

� A segment delimited by discontinuities (i.e. fibre-ends or fibre-breaks) in the two

interacting fibres is a shear-lag segment (subscript ‘SL’, see for instance Segment

SL1 in Fig. 4.6c). For a shear-lag segment of length δlSL, the shear-lag model

developed in Sec. 4.2 is used to calculate the stress (σI
SL) vs. strain (εI

SL) response

(c)
(b)

RVE

𝑙f

(a) Full 3D structure
of a specimen
made of a com-
bination in series
of nRVE RVEs of
length lf.

H(𝑖, 𝑗 − 1) H(𝑖, 𝑗)

V(𝑖, 𝑗)

(c)

V(𝑖 − 1, 𝑗)

1

2

3

4

(𝑖, 𝑗 − 1)

(𝑖, 𝑗)

(𝑖, 𝑗 + 1)

(𝑖 + 1, 𝑗)

(𝑖 − 1, 𝑗)

(b) Indices defining the fibres
(in red) and the interac-
tions involving fibre (i, j)
(in black). Subscripts H
and V are used respectively
for horizontal and vertical
interactions. Circled num-
bers 1O to 4O are the relat-
ive indices of the neighbours
of fibre (i, j).

fibre (𝑖 − 1, 𝑗)

fibre (𝑖, 𝑗)

𝛿𝑙1 𝛿𝑙2

𝑙f

fibre
ends

𝑥

𝑡m 𝑇𝒜

𝑇ℬ

fibre
break

1

SL1 Br1 SL2

SL𝑖𝑖SL𝑖

(c) Interaction V (i − 1, j) between
quarter-fibres (i − 1, j) and
(i, j) (see Fig. 4.6b) initially
made of two shear-lag seg-
ments SLi and SLii, and then
of two shear-lag segments
SL1 and SL2 and one broken
segment Br1.

Figure 4.6: Overview of the different scales present in the VTF for aligned hybrid
discontinuous composites and indexing system of the different matrices
of the model.
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of the segment, considering the following geometrical inputs (see Chapter 3):

TA
def
=
φf
A

4
, TB

def
=
φf
B

4
, L =

δlSL

2
, and

tm
def
=

√
1

V f
· (NA · φ2

A +NB · φ2
B)− (NA ·NB) · (φA − φB)2 −NA · φA −NB · φB,

(4.15)

where tm is the equivalent matrix thickness (considered to be uniform for all

interactions in the specimen), calculated from the overall fibre volume fraction

V f (see Chapter 3).

� A segment delimited by two discontinuities in the same fibre is a broken segment

(subscript ‘Br’, see for instance the broken segment Br1 in the centre of the

interaction in Fig. 4.6c after the introduction of the fibre break). In that case,

the surviving fibre (fibre (i−1, j) in Fig. 4.6c) carries the total load corresponding

to that interaction, and the stress (σI
Br) vs. strain (εI

Br) response of the broken

segment is given by

σI
Br = εI

Br · Es ·
φ2

s + φ2
b

φ2
s

, (4.16)

where the subscripts ‘s’ and ‘b’ correspond to the ‘surviving fibre’ (fibre (i− 1, j)

in Fig. 4.6c) and the ‘broken fibre’ (fibre (i, j) in Fig. 4.6c) respectively.

The smax ≥ 2 segments of an interaction are then combined in series to find the remote

stress (σI) vs. strain (εRVE) response of the interaction (see Chapter 2):

εRVE(σI) =

∑smax
s=1 δls · εI

s(σ
I)

lf
. (4.17)

4.3.1.3 Tensile response of a fibre

Due to the discontinuous nature of the composite, the tensile stresses in each fibre

will be built from the interaction with its four nearest neighbours. The stress field

along a fibre therefore consists of two components: an average stress, and stress peaks

due to discontinuities in neighbouring fibres. These are calculated by extending the

previous model for non-hybrid (Chapter 2) to hybrid fibre-types:

� The average stress (superscript ‘a’) σa
k(i, j, ε

RVE) seen by the quarter-fibre (i, j)

in the interaction with its kth neighbour is calculated by imposing compatibility

of displacements and equilibrium of stresses in the two fibres. These conditions
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yield

σa
1(i, j, εRVE) = σI

V(i− 1, j) ·
Ei,j · (Φ2

i,j + Φ2
i−1,j)

Ei,j · Φ2
i,j + Ei−1,j · Φ2

i−1,j

, (4.18a)

σa
2(i, j, εRVE) = σI

H(i, j) ·
Ei,j · (Φ2

i,j + Φ2
i,j+1)

Ei,j · Φ2
i,j + Ei,j+1 · Φ2

i,j+1

, (4.18b)

σa
3(i, j, εRVE) = σI

V(i, j) ·
Ei,j · (Φ2

i,j + Φ2
i+1,j)

Ei,j · Φ2
i,j + Ei+1,j · Φ2

i+1,j

, (4.18c)

σa
4(i, j, εRVE) = σI

H(i, j − 1) ·
Ei,j · (Φ2

i,j + Φ2
i,j−1)

Ei,j · Φ2
i,j + Ei,j−1 · Φ2

i,j−1

. (4.18d)

� Additional stress peaks (superscript ‘p’) σp
k(i, j, εRVE) in fibre (i, j) due to discon-

tinuities in its kth neighbouring fibre can be calculated through equilibrium of

stresses at the location of those discontinuities:

σp
1(i, j, εRVE) = σI

V(i− 1, j) ·
Φ2
i,j + Φ2

i−1,j

Φ2
i,j

, (4.19a)

σp
2(i, j, εRVE) = σI

H(i, j) ·
Φ2
i,j + Φ2

i,j+1

Φ2
i,j

, (4.19b)

σp
3(i, j, εRVE) = σI

V(i, j) ·
Φ2
i,j + Φ2

i+1,j

Φ2
i,j

, (4.19c)

σp
4(i, j, εRVE) = σI

H(i, j − 1) ·
Φ2
i,j + Φ2

i,j−1

Φ2
i,j

. (4.19d)

The maximum stress σ̂f
ij(ε

RVE) in fibre (i, j), as well as the relative neighbour

kcrit(i, j, ε
RVE) responsible for the corresponding peak, can be identified such that:

σ̂f
ij(ε

RVE) = σ̂f
kcrit(i,j,εRVE)(i, j, ε

RVE)

=
1

N
I
ij

·max

σp
k(i, j, εRVE) +

4∑
k∗=1
k∗ 6=k

σa
k∗(i, j, ε

RVE)


4

k=1

,
(4.20)

where NI
ij is the number of active neighbours interacting with fibre (i, j) (Chapter 2).

Once the maximum stress is calculated using Eq. 4.20, this stress is compared

against the individual strength Xij of each fibre. The strength of each fibre is sampled

from a Weibull distribution (Chapter 2), using two failure probabilities for the two fibre
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types:

FA(σf) = 1− exp

(
−C length

A · Cshape
A ·

(
σf

σ0A

)mA
)
, (4.21a)

FB(σf) = 1− exp

(
−C length

B · Cshape
B ·

(
σf

σ0B

)mB
)
. (4.21b)

In these distributions, mA andmB are the Weibull moduli, and σ0A and σ0B are the scale

parameters measured with fibres of length l0 under uniform stresses (scale parameters

σ are calculated from the average strengths X0 and the Weibull moduli m). C length
∗

and Cshape
∗ are correction factors accounting for the actual fibre length lf R l0 in the

discontinuous composite, and for the non-uniform shape of the stress fields along the

fibres (Chapter 2).

Once a fibre-break is detected at an applied remote strain εRVE
PB (i.e. when

σ̂f
ij(ε

RVE
PB ) ≥ Xij), the model adds a fibre-break to the vector of fibre discontinuities

xij and updates the calculations of the stress-strain response of all interactions and

fibres affected by the new fibre-break, for εRVE > εRVE
PB .

4.3.1.4 Macroscopic response and final failure

Once the stress-strain responses of all 2 · n · (n − 1) interactions in the pth RVE

are calculated, they are combined in parallel (weighted by the respective fibre cross-

sections) to give the stress-strain curve of the pth RVE:

σRVE(εRVE; pRVE) = V f ·

(∑
i,j σ

RVE
Vij (εRVE; pRVE) · [Φ2(i, j) + Φ2(i+ 1, j)]∑

i,j Φ2(i, j) + Φ2(i+ 1, j)

+

∑
i,j σ

RVE
Hij (εRVE; pRVE) · [Φ2(i, j) + Φ2(i, j + 1)]∑

i,j Φ2(i, j) + Φ2(i, j + 1)

)
.

(4.22)

Then, the nRVE RVEs are combined in series to find the global stress (σ∞) vs. strain

(ε∞) curve of the specimen:

ε∞ =

∑nRVE

pRVE=1 ε
RVE(σ∞; pRVE)

nRVE
. (4.23)

The global stress-strain curve calculated through Eq. 4.23 is then capped by a cri-

terion based on fracture mechanics, which aims to simulate unstable crack propagation

from a broken cluster of a critical size. This criterion is similar to that previously de-

veloped for non-hybrid fibre types (see Chapter 2), and requires the fracture toughness

of the composite as an input; for the hybrid-fibre case, this fracture toughness is es-
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timated by calculating the debonding and pull-out works associated with the minimum

shear-lag length at each interaction in an RVE (full details are provided in App. B).

4.3.1.5 Matlab implementation

The VTF described in Secs. 4.3.1.1-4.3.1.4 has been implemented in Matlab in a

way similar to the previous non-hybrid model (see Chapter 2). However, for the hybrid-

fibre-composite, three libraries are created for stress-strain responses σI
SL(εI

SL) of the

three types of interactions (for the three different fibre combinations at an interface:

AA, AB and BB), and for discrete overlap lengths ranging from 0 to lf. These libraries

are called during the simulation in order to eliminate the need to re-calculate the stress-

strain response for each shear-lag segment throughout the analysis.

4.3.2 Results and discussion

4.3.2.1 Stress-strain response of hybrid intermingled composites

Figs. 4.7a-4.7c show the stress-strain curves predicted by the VTF for HADCs

with epoxy matrix, High Modulus Carbon (HMC, corresponding to Low Elongation

(LE) fibres), and High Strength Carbon (HSC, corresponding to High Elongation (HE)

fibres), for different volume ratios of HMC fibres. Model inputs are given in Tab. 4.5

and were selected to represent the material experimentally tested by Yu et al. [84] (note

that for these results, a bilinear law has been chosen as it better represents the brittle

epoxy matrix used in the experiments). Model predictions have a very good agreement

with experimental results [84,86]; both the model and the experiments show three main

regions on the stress-strain curves:

Table 4.5: Material properties of the fibres and matrix used in experiments, taken as
inputs for the VTF for hybrid intermingled aligned discontinuous compos-
ites (Fig. 4.7).

Fibre properties

lf ∗ φ ∗ E ∗ m† X∗0 l0
∗,†

(mm) (µm) (GPa) (MPa) (mm)

High Strength Carbon 3.0 7 225 5.71 4344 25

High Modulus Carbon 3.0 10 860 5.00 3430 1

Matrix properties (bilinear law)

Gm (GPa) 1.5 ∗

Sm (MPa) 60 †

Gm
IIc (kJ/m2) 0.8 ∗,†

V f (%) 30 ∗

∗ Specifications of the experimental data [29,84,120].
† Calculated from experimental results from literature [11,75–78,121].
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(d) Evolution of the failure strain of the
LE fibres with the volume-ratio of LE
fibres.

Figure 4.7: Effect of the ratio of LE HMC fibres (VHMC) on the response of HADCs in
tension. The three different regions in the stress-strain curves of Figs. (a)-
(c) are: (1) linear, (2) fragmentation, and (3) strain-hardening. The
experimental data have been provided by HaNa Yu and Marco L. Longana
from University of Bristol [84].

� a linear region, which appears in all cases, and whose stiffness increases (as ex-

pected) with the ratio of HMC fibres;

� a fragmentation region, which corresponds to the progressive failure of the LE

fibres (HMC). This regions becomes more evident (with more pronounced knees

and increased strain-range) as the ratio of LE fibres increases. This agrees with

experiments as well as model predictions from the literature [29,84,100];

� a strain-hardening region, in which the surviving HE fibres (HSC) carry most of

the load, after the LE fibres are fragmented to saturation. As the LE fibre ratio
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increases (from Fig. 4.7a to 4.7b), this region becomes smaller, and eventually

disappears when the ratio of LE fibres is so high that their failure triggers failure

of the HE fibres as well (Fig. 4.7c).

4.3.2.2 Hybrid effects on the apparent failure initiation

In Fig. 4.7d, both the experiments and the VTF suggest that a reduction of the

ratio of low-elongation fibres leads to an increase of their apparent failure strain. This

apparent failure strain corresponds to the failure point of the composite with a brittle

response (as shown in Fig. 4.7c); for a hybrid composite with a pseudo-ductile response

(as shown in Figs. 4.7a and 4.7b), the apparent failure strain corresponds to the first

knee in the stress-strain curve, and is determined from the intersection of the linear

and the fragmentation regions [84, 122]. This hybrid effect leads to an increase to up

to 50% in the apparent failure strain of the low-elongation fibre type, which is at the

high end of the typical values found for continuous-fibre hybrid composites (around

10 − 50% [28]); although this high value might be due to the particular method used

to define the onset of failure of the LE fibres, it could also suggest that the presence of

discontinuities in the fibres magnifies the hybrid effect further.

Three reasons can explain this hybrid effect in aligned discontinuous composites.

Firstly, as the HE fibres can undergo much higher strains than the LE fibres, HE

fibres surrounding LE fibres prevent the propagation of fibre-breaks, thus delaying the

gradual fragmentation of LE fibres; this agrees with literature for continuous hybrid

composites, where HE fibres have been reported to behave like “crack arrestors” [117].

Secondly, the ability of the matrix to transfer stresses is reduced for hybrid interactions

(see Sec. 4.2), and therefore the LE fibres surrounded by HE fibres are expected to have

a lower average stress than the LE fibres surrounded by other LE fibres. Thirdly, the

ends or breaks in the neighbouring HE fibres will cause stress-concentrations smaller

than those due to the LE fibres, as the diameter of the former is smaller; as a result,

the stress peaks in a LE fibre (see Eq. 4.19) will be reduced when it only interacts with

HE fibres, which delays failure of the LE fibres.

While the first reason given for the hybrid effect should be equally observed in

continuous and discontinuous hybrid composites, the last two reasons should have a

more significant effect in hybrid composites with discontinuous fibres, which may justify

the magnitude of the hybrid effects shown in Fig. 4.7. Hybrid effects are also likely to

be magnified by the intimate intermingling obtained with discontinuous composites.

In order to understand better the hybrid effect and the effect of neighbouring fibres,

the normalised peak stress of each fibre for an intermingled hybrid microstructure was

calculated (see Fig. 4.8). For this study, the length of all overlaps was fixed to lf/2, to
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(b) Stress peak in each fibre of the RVE shown in
Fig. 4.8a.

Figure 4.8: Effect of the neighbouring fibres on the fibre peak stress. Subscripts L
and H refer to LE and HL fibres respectively, and subscripts LL and HL

refer to LE and HE fibres with at least one neighbouring LE fibre.

(a) Fully intermingled RVE (left) and corres-
ponding fibre stress peak (right).

(b) Block RVE (left) and corresponding fibre
stress peak (right).

Figure 4.9: Fibre stress peak in intermingled and block configurations.

ensure that the value of the fibre stress peak was only due to the neighbouring fibre

types and not to the variability in the overlap length.

Fig. 4.8 shows that LE fibres surrounded only by HE fibres (see box 2) have a

much lower peak stress than LE fibres having at least one neighbouring LE fibre (see

box 1). In a similar way, HE fibres undergo higher peak stresses when they have at

least one neighbouring LE fibres (compare boxes 3 and 4). This result confirms that,

for a given remote stress σ∞, isolating LE fibres “protects” them from higher peak

stress and therefore increases their apparent failure strain.

From that observation, Fig. 4.9 shows that LE fibres will undergo lower stresses in

a perfectly intermingled microstructure (Fig. 4.9a) than in a “block” microstructure

(Fig. 4.9b). This “shielding effect” could not only delay the apparent failure strain of

the LE fibres, but also delay the final failure of the composites. This potential of fully

intermingled HADCs was investigated further in [123].
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4.3.2.3 Contribution to the state of the art

The results obtained with the models for HyBaM and HADCs can be discussed in

the scope of the literature in hybrid and discontinuous composite materials:

a. This work addresses two families of composites (discontinuous [24, 33, 36, 38, 42,

105, 108, 110, 124–126] and hybrid [29, 99, 100, 103, 114, 116, 117, 119, 127]) which

had been modelled independently until now, and allows one to understand and

predict the combined effect of discontinuous architectures and hybridisation in

composites.

b. The shear lag model developed in Sec. 4.2 is the first one in the literature to ex-

tend the widely-used shear-lag approach [24,38,104–109] to discontinuous hybrid

composites, considering a generic non-linear response of the matrix. In particular,

the model shows that the stresses in the matrix of a hybrid overlap are not sym-

metric, which decreases the load transmissible from a platelet/fibre to another,

and may therefore reduce the strength of a hybrid discontinuous composite when

compared to a non-hybrid equivalent.

c. The VTF developed in Sec. 4.3 for HADCs captures features observed in experi-

ments but not predicted by existing models in the literature [29,99,100,119]:

– The VTF predicts that fragmentation of the LE fibres is gradual and oc-

curs with an increase in the remote stress, and that the fragmentation re-

gion becomes steeper as the LE-fibres volume ratio decreases (see Figs. 4.7a

and 4.7b), as observed in experiments. On the contrary, most models from

the literature assume that fragmentation of the LE fibres occurs at a con-

stant stress [100,119].

– The VTF predicts the hybrid effect on the failure strain of the LE fibres

(Fig. 4.7d) as reported in the literature, due to the ratio of low-elongation

to high-elongation fibres and to the degree of intermingling of the two fibre

types.

d. The VTF can predict the tensile response of HADCs accurately (see Fig. 4.7)

and quickly (the model for a specimen with 10 000 fibres runs in less than 30

seconds), and therefore bridges simpler analytical models [99, 100,119] and more

realistic but computationally expensive FE models [128,129] in the literature.

4.4 Conclusion

Analytical and numerical models have been developed to calculate the stress-strain

response of aligned hybrid discontinuous composites in tension. The following conclu-

sions can be reached:
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� A shear-lag model for hybrid brick-and-mortar composites, considering a generic

non-linear matrix response (including fracture), shows that hybridisation pro-

motes earlier yielding and fracture of the matrix, and therefore reduces the load

carrying capability of HADCs.

� A virtual testing framework for intermingled HADCs was developed and validated

against experiments from the literature, and it was able to predict the non-linear

stress-strain curves observed in the experiments. In particular, the model captures

the pseudo-ductile response of HADC with a high ratio of high-elongation fibres

(with a linear region, a fragmentation region and a strain-hardening region),

as well as the brittle response of hybrid composites with a high ratio of low-

elongation fibres.

� The virtual testing framework is able to capture the hybrid effect on the apparent

failure strain of the low-elongation fibres. The model suggests that the presence of

high-elongation fibres shields the low-elongation fibres from stress-concentrations,

thus delaying the accumulation of breaks in the low-elongation fibres and the

corresponding loss of stiffness.

The virtual testing framework is computationally efficient and has been validated

experimentally; consequently, it can be used to perform virtual tests and to identify

the effect of the microstructure and micromechanical properties on the stiffness, stress-

strain non-linearity and ultimate failure of HADCs.
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Chapter 5

Increasing damage tolerance of

composites using hierarchical

brick-and-mortar microstructures

5.1 Introduction

The damage tolerance found in naturally-occurring composites was found to be

mainly due to the presence of discontinuities and hierarchies in their microstructures.

The fascinating properties of such composites motivated numerous attempts to model

and mimic their microstructure and mechanical response. Gorbatikh et al. [41] showed,

with their model, that carefully engineered hierarchical microstructures (with different

sizes of inclusions) could eliminate the stress concentrations at the larger inclusions,

hence changing the failure mechanism to a more stable one. Experimentally, nacre-

like synthetic composites achieved a 700-fold increase in the toughness of the brittle

constituent [130], and crack deflection capabilities [131]. Other synthetic hierarchical

discontinuous composites displayed damage diffusion, preventing catastrophic failure

and increasing damage tolerance [132].

Various methods have been developed to synthesise composites with bio-inspired

hierarchical discontinuous microstructures, and can be classified in two categories [43].

The “bottom-up” strategy creates the composite by assembling the different constitu-

ents together; this strategy includes, amongst others, multimaterial 3D printing [132]

which provides fast prototyping of samples, and polymer-coating process methods [47]

suitable for large-scale production. The second approach is the “top-down” strategy, in

which an existing block of material is modified to create the discontinuities and hierarch-

ies in the microstructure; this includes 3D laser engraving [130] and laser micro-cutting

of prepregs [131,133].
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Unlike conventional composites, hierarchical discontinuous microstructures are more

challenging to model, as they involve reinforcements of very different scales [134, 135].

Full FE models and Molecular Dynamics Simulations have been considered [136] but,

being computationally expensive, they are limited in the size of the RVE that they can

study. This is also a problem for the Embedded Region (ER) technique, in which two

independent FE meshes (representing host and embedded regions) are created and tied

together [134], allowing for instance to model carbon nanotubes within a polymeric

matrix. Another solution is multi-scale FE models of RVEs [43,44,137,138], where the

homogenised mechanical properties of RVEs are calculated in smaller-scale FE models,

and then applied as inputs to larger-scale FE models.

An alternative approach to model hierarchical discontinuous composites is to re-

place FE with simplified analytical methods, applied to an explicit representation of

the microstructure [40, 41]. For instance, Gorbatikh et al. [41] developed a model for

composites reinforced by inclusions with two very distinct sizes, which were modelled

by rigid lines.

Another common way to model hierarchical materials is to view them as self-

similar [34, 42, 139] or quasi-self-similar [36] microstructures. The self-similar assump-

tion considers that all hierarchical levels of the microstructure are morphologically and

mechanically similar, and differ only on the absolute value of a characteristic length;

as a result, homogenised mechanical properties (e.g. strength, flaw tolerance) can be

calculated by the same approach at all hierarchical levels [42, 74, 140]. However, it has

been shown [36] that, in some cases, the assumption of self-similarity fails to correctly

predict and mimic the mechanical response of hierarchical composites, even when their

microstructure is morphologically self-similar.

This chapter proposes, designs and demonstrates the potential of combining dis-

continuities and hierarchies in a microstructure, to promote stable energy dissipation

mechanisms and achieve damage tolerance. This is achieved through modelling, man-

ufacturing and testing of Hierarchical Brick-and-Mortar (HiBaM) composites, which

are realised through the “top-down” modification of (originally brittle) Carbon-Fibre

Reinforced Polymers.

The chapter is organised as follows: Sec. 5.2 proposes and compares two models

(analytical and numerical) to predict the tensile response of HiBaM composites, and

designs microstructures to be manufactured and tested. Sec. 5.3 explains the experi-

mental methods used for the manufacturing and the testing of the HiBaM specimens.

Sec. 5.4 presents the experimental results and discusses the potential of hierarchical dis-

continuous composites to achieve increased damage-tolerance. Finally, Sec. 5.5 draws

the main conclusions of this work.
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5.2 Design of hierarchical microstructures

5.2.1 Non-self-similar numerical model

5.2.1.1 Model definition

The model system studied in this work is a HiBaM composite with two levels of

hierarchy. Simple BaM microstructures are composed by bricks of one single size and,

therefore, display a single level of hierarchy (with perfectly staggered bricks as shown in

Fig. 5.1a); HiBaM composites use the simple BaM microstructure (hereafter identified

as level-0) as the building blocks of a larger BaM microstructure (hereafter identified as

level-1), as shown in Fig. 5.1b. The lengths and thicknesses of level-0 and level-1 bricks

are respectively l0, t0, l1, t1; the size of a level-1 brick can also be defined by the number

of level-0 bricks it is made of (nx × ny). The thickness of the mortar layer between

bricks is tm which, in this work, remains equal at both hierarchical levels. Tab. 5.1

describes the geometry of the HiBaM microstructures used throughout this chapter.

This HiBaM microstructure was modelled numerically, with FE simulations using

the Abaqus software [141]. The symmetries and the periodicity of the microstructure

allow the entire material to be modelled by the unit-cell shown in Fig. 5.1c. The level-0

bricks are modelled using orthotropic linear-elastic plane-stress elements and Hashin

failure criteria, with properties representative of a unidirectional (UD) carbon-epoxy

thin ply (see Tab. 5.2). The mortar – hereafter designated as “matrix” – of both level-

0 and level-1 is assumed to be created by an epoxy-rich interply region between the

bricks, which is modelled using cohesive elements (see Tab. 5.2). The cuts defining

the ends of the level-0 and level-1 bricks were represented by removing elements at the

appropriate locations (see Fig. 5.1c). The structure was loaded in longitudinal tension

by applying the boundary conditions shown in Fig. 5.1c.

It is important to notice that this numerical model does not assume self-similarity,

as the unit-cell represents each level-0 “brick” of the microstructure explicitly, rather

than homogenising the mechanical response of the level-0 BaM material within the

level-1 bricks.

5.2.1.2 Mechanical response of HiBaM composite

The tensile response observed in the numerical model of the HiBaM microstructures

is composed of three different stages, which are explained bellow and illustrated in

Fig. 5.2 for the nominal-a microstructure (see Tab. 5.1):
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(c) Unit-cell of the numerical model for HiBaM composites (zoom-in from (b)).

Figure 5.1: Microstructures of BaM and HiBaM composites.

Table 5.1: Different microstructures considered in the design (Sec. 5.2) and testing
(Sec. 5.4) of HiBaM microstructures. Parameters nx and ny are defined in
Fig. 5.1b.

Microstructure l0/l0nom t0/t0nom nx ny
(l0nom = 460 µm,
t0nom = t0nom−a = 22 µm)

BaM-a 1 1 1 1

Parametric study on
geometry of level-0 bricks
(l0nom = 460 µm,
t0nom = t0nom−a = 22 µm)

Nominal-a 1 1 5 5

Short-a 1/2 1 5 5

Long-a 2 1 5 5

Scaled-up-a 2 2 5 5

Parametric study on
geometry of level-1 bricks
(l0nom = 460 µm,
t0nom = t0nom−b = 28 µm)

Nominal-b 1 1 5 5

Thick-b 1 1 5 11

Long-b 1 1 11 5

Large-b 1 1 11 11

i. Linear–elastic stage (up to point I in Fig. 5.2). This stage ends with damage

initiation in the matrix, starting from the corners of neighbouring level-1 bricks

(as shown by the stiffness degradation of the matrix in Fig. 5.2d, point I). Up

to that point, the energy stored in the material is purely elastic, and there is no

energy dissipated through damage (see Fig. 5.2b);

ii. Damage accumulation stage (between points I and III in Fig. 5.2). The lon-

gitudinal stresses in the bricks increase further (as shown by the stress fields

in Fig. 5.2c, points II and III), but damage in the matrix propagates from the

corners of level-1 bricks towards the centre of level-1 bricks, following the over-

laps between level-0 bricks in a staircase pattern (as shown in Fig. 5.2d, points II
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Table 5.2: Material properties of the carbon/epoxy thin ply prepreg used in the mod-
els and the experiments [131, 142]. Superscripts ‘b’, ‘m’, and ‘p’ refer
to the ‘brick’, ‘matrix’, and ‘ply’ properties respectively. The two ply-
thickness values correspond to two prepregs used experimentally, with
two different fibre volume fractions.The longitudinal Young’s modulus and
strength of the bricks are calculated from values for the ply (tp0 = 23 µm,
Ep0 = 102 GPa, and Xp0 = 1892 MPa [131]), using Eb = Ep0 · tp0/t0nom,
and Xb = Xp0 · tp0/t0nom. The mode-I strength and toughness of the
cohesive elements representing the matrix were set to unrealistically high
values to mimic mode-II dominated failure.

Property Variable Unit Set a Set b

Prepreg ply thickness tp µm 23 29

Level-0 brick thickness t0nom µm 22 28

Thickness of the rich resin region between plies tm µm 1 1

Fibre volume fraction in the ply V f % 43 34

Longitudinal Young’s modulus of the level-0 bricks Eb GPa 106.6 83.8

Longitudinal tensile strength of the level-0 bricks Xb MPa 1978 1554

Matrix mode II fracture toughness Gm
IIc kJ/m2 0.90 0.90

Matrix shear strength Sm MPa 88.5 88.5

and III). Consequently, the material loses tangent stiffness in an almost discrete

way (see different slopes up to point I, between points I and II, and between

points II and III in Fig. 5.2a), corresponding to damage propagation in each in-

dividual step of this staircase pattern. Moreover, Fig. 5.2b indicates that energy

is being dissipated through damage of the matrix during this stage;

iii. Post–failure stage (after point III in Fig. 5.2). The maximum load–bearing ca-

pacity of the composite (at point III) is defined when a crack tip develops in the

matrix (i.e. when damage equals 1 at the interface with the corners of neighbour-

ing bricks); for the nominal-a geometry analysed in Fig. 5.2, this also corresponds

to the moment when matrix damage within a level-1 brick creates a full rhombus

shape. Subsequently, damage localises in one of the two level-1 bricks in the unit-

cell (as shown in Fig. 5.2d, point IV), and the level-0 bricks unload elastically (as

shown in Fig 5.2c, point IV).

The results from Fig. 5.2 show a high amount of energy dissipated stably through

diffused damage and significant non-linearity in the overall stress-strain response of the

HiBaM composite, but one has to keep in mind that these results were obtained from a

unit-cell model, which may not be representative of a full-scale specimen where damage

could localise. To explore the possibility of damage localisation, a full scale HiBaM

composite specimen with 48 unit-cells was modelled as shown in Fig. 5.3, with no

symmetry or periodicity imposed. Fig. 5.3a shows that the introduction of hierarchies

prevents damage localisation: indeed, the rhombus shape of matrix damage found in

the unit-cell model (Fig. 5.2d) is also observed throughout the full composite specimen,
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Figure 5.2: Mechanical response of a HiBaM composite (with a nominal-a microstruc-
ture, defined in Tab. 5.1), as predicted by a unit-cell numerical model.

not only at the failure site (where the rhombus pattern is fully closed, leading to final

failure of the composite), but also away from the failure site.

5.2.2 Self-similar analytical model

5.2.2.1 Model definition

An analytical model was also developed for the HiBaM composite microstructures

described in Sec. 5.2.1.1. However, unlike the numerical model detailed in Sec. 5.2.1.2,
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Same rhombus matrix damage pattern as observed in the unit-cell model (Fig. 2) Failure site𝑥
𝑦

1.0

0.5

0.0

(a) In a HiBaM virtual specimen, matrix damage is dispersed in all level-1 bricks, throughout
the entire microstructure.

Damage localisationNo significant matrix damage observed𝑥
𝑦
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0.5

0.0

(b) In a BaM virtual specimen, matrix damage localises (on the right) and is not diffused
throughout the microstructure.

Figure 5.3: Stiffness degradation of the matrix in BaM and HiBaM virtual specimens.

this analytical model uses the self-similar assumption which, for this particular micro-

structure, is defined as follows: bricks of each hierarchical level (level-0, level-1, ...) are

assumed to have homogeneous material properties, with a homogenised stress-strain

response, and with a uniform response through the thickness of the brick.

The analytical self-similar model predicts the response of the level-0 BaM micro-

structure using a shear-lag approach for simple BaM composites with linear-elastic

bricks and bilinear matrix response [24]. Subsequently, the non-linear stress-strain

curve of the level-0 BaM microstructure is approximated by a piecewise linear curve,

and is used as the input for the brick material response of the BaM structure of level-1;

this required extending the existing formulation for linear-elastic bricks [24] to non-

linear elastic bricks (see App. G). Therefore, assuming that the level-0 bricks have

a linear elastic response, the model is used recursively to calculate the homogenised

stress-strain responses of the different hierarchical levels of a HiBaM microstructure.

5.2.2.2 Comparison of numerical and analytical models

The results of the analytical model for HiBaM composites with two hierarchical

levels are compared to the numerical results in Fig. 5.4, for different brick geometries

(described in Tab. 5.1). Although the trend for how the initial stiffness of a HiBaM

composite changes with different level-0 brick geometries seems to be correctly captured

by the analytical model (Fig. 5.4), the loss of tangential stiffness due do damage dis-

sipation is not well predicted by the analytical model, whose results present very little

non-linearity compared to the numerical model. Since the same material properties

and constitutive laws were used in both models, this suggests that the analytical model
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Figure 5.4: Comparison of the stress-strain curves predicted by the analytical model
(using the self-similar assumption) against the numerical model, for Hi-
BaM composites with two levels and geometries defined in Tab. 5.1. The
stress fields for the nominal-a microstructure are shown in Fig. 5.5.
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Figure 5.5: Tensile stress fields within a level-1 brick calculated by the analytical and
numerical models, for the nominal-a microstructure. The colour scale is
normalised to the maximum stress reached in the numerical model.

is not able to account for the progressive damage propagation within each level-1 brick.

Therefore, the analytical model cannot correctly calculate the stress-strain response of

HiBaM composites, and becomes progressively more inaccurate as the level-0 bricks

become shorter (Fig. 5.4a), and as level-1 bricks become thicker and larger (Fig. 5.4b).

The results of Fig. 5.4 show the limitation of the self-similar assumption, as it

neglects that the real failure mechanism in HiBaM composites (as predicted by the

numerical model) requires the interaction between the different hierarchical levels: the

level-1 brick-ends trigger stress-concentrations in the neighbouring level-1 bricks, ini-

tiating damage in the matrix which propagates between the level-0 bricks. Moreover,

the assumption of self-similarity implies a homogenisation of the stress, and therefore a

uniform stress through the thickness of the bricks of all levels (compare the stress fields

calculated by the analytical model (Fig. 5.5a) and by the numerical model (Fig. 5.5b));

although this seems acceptable for level-0 bricks, Fig. 5.5b shows that the stress fields

in the level-1 bricks is complex and not uniform through the thickness. Therefore, the
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remaining of this work will use the numerical model (although computationally more

expensive) to investigate the behaviour of HiBaM composites.

5.2.3 Optimisation of the HiBaM microstructure

Intuitively, Sec. 5.2.1.2 suggests the existence of an optimal microstructure for Hi-

BaM composites, to maximize the non-linearity of the stress-strain curve and the stable

energy dissipation through damage diffusion. Let us first explore how the geometry of

the level-0 bricks affects the response of HiBaM composites (i) qualitatively, looking at

the failure mechanisms (Fig. 5.6), and (ii) quantitatively, looking at the stress-strain

curves and the energy dissipated (Fig. 5.7). This will be done by comparing the response

of HiBaM composites with different level-0 brick geometries against the nominal-a mi-

crostructure (as specified in Tab. 5.1), while keeping the number of level-0 bricks in

each level-1 brick unchanged (to preserve the rhombus shape of matrix damage):

� Increasing the length of level-0 bricks (Fig. 5.6b) leads to fracture of the level-0

bricks and, consequently, premature and brittle failure of the HiBaM composite,

leading to a quasi-linear response (see long-a in Fig. 5.7a) and very little damage

energy dissipated (see long-a in Fig. 5.7b);

� However, decreasing the length of level-0 bricks (Fig. 5.6c) leads to a decrease in

the stiffness and the strength of the HiBaM composite (see short-a in Fig. 5.7a),

as the shear-lag stress transfer becomes less effective. Consequently, although

the ratio of damage to elastic energy remains the same as in the nominal-a case,

the absolute value of both energies is reduced in the short-a microstructure (see

short-a in Fig. 5.7b);

� Scaling-up both the length and the thickness of level-0 bricks (Fig. 5.6d) in-

creases the energy release rate for delamination between the bricks, and triggers

premature unstable failure of the overlaps between bricks [24]. Therefore, the

stress-strain curve of the HiBaM composite will stop before the maximum non-

linear stage is reached (compare scaled-up-a and nominal-a in Fig. 5.7a), and less

energy will be dissipated through diffuse damage of the matrix (see scaled-up-a

in Fig. 5.7b). This agrees with existing literature, which stresses the importance

of using small-scale building blocks in hierarchical structures [25,32,143].

Let us now investigate how the geometry of the level-1 bricks affects the response

of the HiBaM composite (i) qualitatively, looking at the failure mechanisms (Fig. 5.8),

and (ii) quantitatively, looking at the stress-strain curves and the energy dissipated

(Fig. 5.9). This will be done by comparing the response of HiBaM with different level-1

brick geometries (achieved by changing the number of level-0 bricks inside a level-1

brick) against the nominal-b microstructure (as specified in Tab. 5.1), while keeping

the size of level-0 bricks unchanged:
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Figure 5.6: Effect of the geometry of level-0 bricks on the failure mechanism of a
level-1 brick in HiBaM composites.
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Figure 5.7: Mechanical response calculated by the numerical model for HiBaM com-
posites with different geometries of level-0 bricks.

� When the length of level-1 bricks is increased (i.e. when nx increases, see

Fig. 5.8b), both the failure mechanism (i.e. damage of the matrix along a rhombus

pattern) and the strength of the HiBaM composite remain unchanged; however,

only the matrix nearer the centre (horizontally) of each level-1 brick is affected by

damage degradation, as the rhombus pattern of damage does not reach the ends

of the level-1 bricks; this yields little strain at failure (see long-b in Fig. 5.9a)
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(d) Large-b level-1 brick geometry, with mostly unstable
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Figure 5.8: Effect of the geometry of level-1 bricks on the failure mechanism of HiBaM
composites.
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Figure 5.9: Mechanical response calculated by the numerical model for HiBaM com-
posites with different geometries of level-1 bricks.

and much less damage energy dissipated (see long-b in Fig. 5.9b) than for the

nominal-b level-1 brick length;

� When the thickness of level-1 bricks is increased (i.e. when ny increases, see

Fig. 5.8c), the middle (vertically) of each level-1 brick is not loaded, and therefore
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the stiffness and the strength of the HiBaM composite are reduced (see thick-b in

Fig. 5.9a). As the rhombus damage pattern cannot fully close within one level-

1 brick (as it reaches the vertical boundary with the neighbouring bricks), less

energy is dissipated stably through damage (see thick-b in Fig. 5.9b) than for the

nominal-b level-1 brick thickness;

� When both the length and the thickness of the level-1 bricks are scaled-up

(i.e. both nx and ny increase, see Fig. 5.8d), the length of the rhombus damage

pattern reaches a critical size above which the delamination propagates unstably,

yielding premature failure of the level-1 brick (compare large-b to nominal-b in

Fig. 5.9a). Moreover, the ratio of debonded-matrix-length to level-1 brick-area is

smaller than for the nominal-b geometry, and therefore the energy dissipated by

matrix damage is reduced (see large-b in Fig. 5.9b).

5.2.4 Comparison of BaM and HiBaM composites

Let us now compare the nominal-a HiBaM microstructure with the BaM-a archi-

tecture. As already mentioned in Sec. 5.2.1, Fig. 5.3a suggests that energy is dissipated

through matrix damage throughout the entire virtual specimen when hierarchies are

used. On the contrary, for a simple BaM virtual specimen of the same size, Fig. 5.3b

suggests that the regions with significant matrix damage are localised at a few brick

interfaces only, and damage propagates unstably in a specific region of the material,

causing catastrophic failure of the composite specimen with no significant accumula-

tion of damage away from the failure site. These different patterns of matrix damage

suggest that HiBaM composites do not suffer from damage localisation, unlike BaM

composites.

Quantitatively, the energy dissipated through damage by the HiBaM microstructure

is two times higher than that of the BaM equivalent. Moreover, the energy dissipated

through damage represents only 9% of the total energy for BaM composites, against

27% for the HiBaM composites.

5.3 Experimental method

5.3.1 Material properties

All microstructures identified in Tab. 5.1 (except scaled-up-a) have been manufac-

tured using SkyFlex USN020A carbon/epoxy prepregs, whose properties are given in

Tab. 5.2. Note that the thicknesses of the plies used for the parametric studies of
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the level-0 brick geometry (t0nom−a) and of the level-1 brick geometry (t0nom−b) are

different, because the plies were cut from two different rolls (see Tab. 5.2).

5.3.2 Manufacturing plates and specimens with HiBaM microstruc-

tures

The hierarchical microstructures identified in Sec. 5.2 were manufactured using the

following process [133]:

a. The discontinuities in the HiBaM microstructures were laser-cut in thin CFRP

prepreg plies using a Diode Pumped Solid State (DPSS) micromachining sys-

tem, which provided sufficient accuracy for the microstructures to be manufac-

tured [131]. The cuts were introduced perpendicularly to the fibre direction in

each prepreg ply, according to the patterns shown in Figs. 5.10b and 5.10c, to

create the brick-ends. Two patterns of cuts (A and C, as shown in Fig. 5.10c)

were required to manufacture a simple BaM microstructure (in which the cuts

generated the end of the level-0 bricks); to create the ends of the level-1 bricks in

the HiBaM microstructures, two additional patterns of cuts (B and D shown in

Fig. 5.10c) were required.

b. In order to achieve high precision in the through-the-thickness alignment of the

laser-cut patterns in the microstructure, alignment holes were also laser-cut from

the prepreg plies. The plies with the laser-cut patterns were then laid-up as

shown in Fig. 5.10 and as specified in Tab. 5.3, using the alignment holes along

with an alignment rig with pins (used to keep the same reference frame for all

plies [133]) to align the patterns of cuts as accurately as possible. This created

uncured plates with HiBaM microstructures (see Fig. 5.10a).

Table 5.3: Layup sequence for each microstructure manufactured.

Microstructure Number of Layup sequence Plate

plies through (see Sec. 5.3.2 and Fig. 5.10c) thickness

the thickness (mm)

BaM-a 41 (AC)20A 0.94

Nominal-a 41 (ABA)(CDCDCABABA)3(CDCDC)(ABA) 0.94

Short-a 41 (ABA)(CDCDCABABA)3(CDCDC)(ABA) 0.94

Long-a 41 (ABA)(CDCDCABABA)3(CDCDC)(ABA) 0.94

Nominal-b 41 (ABA)(CDCDCABABA)3(CDCDC)(ABA) 1.19

Thick-b 45 (BA)3((CD)5C)((AB)5A)((CD)5C)(AB)3 1.31

Long-b 41 (ABA)(CDCDCABABA)3(CDCDC)(ABA) 1.19

Large-b 45 (BA)3((CD)5C)((AB)5A)((CD)5C)(AB)3 1.31
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DC(ABABA)CD (the complete layup sequence is given in Tab. 5.3).
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Figure 5.10: Manufacturing process of HiBaM composites.
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c. The plates with the HiBaM microstructures were cured in an autoclave, according

to the temperature and pressure cycle specified by the manufacturer [142].

Once the plates were cured, specimens were cut to a 0.20− 0.35 mm width (defined

in the z-direction, see Fig. 5.10a), using a high-precision diamond saw. The length of

the laser-cut pattern (2.5 mm also defined in the z-direction, see Fig. 5.10d) ensured

that at least two specimens with a hierarchical microstructure throughout their entire

z-direction could be cut out of each pattern of laser-cuts. The specimens were then

end-tabbed using glass/epoxy plates (Fig. 5.10e). The dimensions of the specimens,

given in Tab. 5.3 and Fig. 5.10b, were chosen to ensure that failure occurred before the

testing rig reached its maximum load capacity (Sec. 5.3.3).

It will be shown in Sec. 5.4.3 that the alignment rig described above in Point b

allowed to obtain an accuracy in the relative placement of the laser-cut patterns better

than 50 µm. Nevertheless, the manual lay-up process still induced small shifts of the

plies relatively to the perfectly-aligned lay-up idealised in Sec. 5.2. The magnitude

of the ply-shifts and their effect on the mechanical response of the HiBaM specimens

manufactured will be discussed in Sec. 5.4.3.

5.3.3 Testing method

For each HiBaM microstructure, one set of specimens was tested in a Scanning

Electron Microscope (SEM), to observe the damage and failure mechanisms occurring

during tensile loading. Those specimens were polished using grinding papers and a

diamond suspension on polishing cloths, and gold-coated, to ensure good-quality SEM

pictures. Another set of specimens was sprayed with a speckle pattern and tested

using an optical strain gauge [144], to accurately measure their stress-strain response

(Fig. 5.11b).

Specimen

Deben stage

End-tab

Clamping system

𝑦
𝑧

𝑥

(a) HiBaM specimen in the Deben tensile
stage.

Speckle pattern

End-tabs

HiBaM
microstructure

𝑥

𝑦

(b) Speckle pattern on a clamped HiBaM spe-
cimen.

Figure 5.11: Tensile testing set-up used in the experiments.
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The two sets of specimens were both tested in tension using a Deben in-situ MT300

tensile stage [145] (see Fig. 5.11a). The specimens were tested under displacement

control, at a speed rate of 0.1 mm/min to ensure quasi-static conditions. The maximum

permissible load in the Deben stage is 300 N.

5.4 Results

5.4.1 Damage tolerance in HiBaM composites

5.4.1.1 Damage diffusion in the microstructure

Fig. 5.12a reveals diffused damage formed during tensile loading of a HiBaM spe-

cimen, observed as opening of the ends of level-1 bricks. This pattern of damage was

observed throughout the entire microstructures of the HiBaM specimens (i.e. not only

at the failure site, but also away from the failure site).

The diffuse damage pattern observed in the HiBaM microstructure (Fig. 5.12a) was

not seen in the non-hierarchical BaM composite specimens, demonstrating that the

diffusion of damage throughout the specimen is triggered by the use of hierarchical

microstructures. This supports the numerical results from Sec. 5.2.4, which predict

twice as much damage energy dissipation in the HiBaM specimens, compared to the

non-hierarchical ones. This also corroborates experimental results from the literature

[47,132], which observed diffused damage in hierarchical microstructures.

500 μm

Diffused damage 
in level-1 bricks

Opening of 
level-1 bricks

𝑥

𝑦

(a) Diffused damage at 89% of the
maximum load.

Experimental

FE prediction

250 μm𝑥

𝑦

(b) Comparison between the fracture surfaces observed
experimentally and predicted by the numerical
model.

Figure 5.12: Diffuse damage and fracture surfaces in representative HiBaM speci-
mens, observed in the experiments and predicted by the numerical
model.
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Figure 5.13: Diffused damage mechanisms observed in the SEM in HiBaM specimens
before final failure.

Different mechanisms were found to contribute to stable energy dissipation before

final failure of the specimens (see Fig. 5.13):

� Matrix/interface failure (Figs. 5.13a and 5.13b): this is the main mechanism for

which the microstructure was developed and designed. Matrix (Fig. 5.13a) and

interface (Fig. 5.13b) failure occurred between level-0 bricks, either following the

rhombus pattern predicted by numerical models (see Sec. 5.2.1.2 and Fig. 5.2d),

but also in other smaller brick overlaps created by random ply-shifts which oc-

curred during the lay-up process (to be discussed in Sec. 5.4.3).

� Fibre breakage: due to the stochastic nature of the strength of the fibres and to

the occurrence of random ply shifts (to be discussed in Sec. 5.4.3), some fibres

failed in the experimental specimens, although this was not predicted by the nu-

merical model (Fig. 5.13c). This fibre breakage not only dissipates some energy

directly, but it also triggers further energy dissipation through failure of the mat-

rix/interface (as mentioned in the previous point) and pull-out of fibre-ends (as

will be explained in the next point);

� Fibre pull-out : at relatively high strains (i.e. close to final failure of the speci-

men), broken fibres and pre-cut brick-ends started to pull out (Fig. 5.13d), hence

dissipating energy through friction with the surrounding material.

Fig. 5.12b shows an overall good agreement between the fracture surfaces predicted

by the numerical model and observed experimentally, as the rhombus staircase pat-

tern of damage at the interface between level-0 bricks, predicted in Sec. 5.2.1.2, is also

seen in the experiments. Nevertheless, small discrepancies between the fracture sur-

faces predicted by the numerical model and observed experimentally can be noticed in

Fig. 5.12b; this is due to small random shifts between the CFRP plies, which occurred

during the lay-up process, as will be discussed in Sec. 5.4.3.
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Figure 5.14: Stress-strain response of nominal-a HiBaM specimens.

5.4.1.2 Non-linear stress-strain response of HiBaM microstructures

The experimentally-measured stress-strain responses of three nominal-a specimens

are compared against the prediction of the numerical model in Fig. 5.14a. In both

cases, non-linearity is observed, but the experimental specimens failed prematurely in

comparison with the simulated specimen; moreover, the experimental specimen was

also stiffer than predicted by the model. Random ply-shifts were hypothesised to be

the main responsible for these deviations, as will be discussed in Sec. 5.4.3.

In order to ensure that the non-linearity observed in the global stress-strain curve

of specimens (as shown in Fig. 5.14a) was due to uniformly large strains in the entire

gauge length of a specimen (rather than due to large strains localised at a small portion

of the gauge length), strains were also measured in three distinct sub-regions of the

gauge length of a specimen. Fig. 5.14b shows that the amount of non-linearity in

the experimental stress-strain curves is similar in all sub-regions within a specimen,

including the sub-region of final specimen failure as well as the sub-regions away from

the failure site. This corroborates the results from Fig. 5.3a, predicting diffuse damage

(and, consequently, stress-strain non-linearity) across the entire HiBaM specimen.

5.4.2 Parametric study of HiBaM microstructures

Figs. 5.15a-5.15c show the effect of level-0 brick length on the fracture surface of

HiBaM experimental specimens. Figs. 5.15a-5.15b show that, below the nominal-a
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level-0 brick length, the fracture surface of HiBaM specimens still follows the rhombus

pattern of matrix damage predicted by the numerical model (as identified in Fig. 5.6a),

with limited fibre-breakage; however, the effect of random ply-shifts (which occurred

during manufacturing, see Sec. 5.4.3) on the fracture surface becomes more evident as

the level-0 brick length decreases, which leads to a less well-defined HiBaM pattern in

the fracture surface of the short-a microstructure (Fig. 5.15a), when compared to that

of the nominal-a specimen (Fig. 5.15b).

As the level-0 brick length increases to sufficiently large values to cause extensive

brick failure (as shown in Fig. 5.15c), the fracture surface of HiBaM specimens becomes

more chaotic, although some features of the rhombus pattern of matrix damage pre-

dicted by the numerical model for shorter level-0 bricks are still visible. The mismatch

between the fracture surfaces of the long-a microstructure observed experimentally

(in Fig. 5.15c) and predicted numerically (in Fig. 5.6b) is likely due to the stochastic

variability of the strength of the individual fibres, which makes some level-0 bricks

able to withstand higher loads than those predicted by the (deterministic) numerical

model; these statistically stronger level-0 bricks were then able to fail by debonding

and pull-out rather than tensile brick failure.

For non-hierarchical BaM microstructures, the fracture surface of each specimen

followed a different random pattern across each specimen (see example in Fig. 5.15d),

as expected. While the fracture surface of the BaM-a specimens is also dominated by

debonding between level-0 bricks along a staircase pattern, the damage accumulation

mechanism is significantly different from that observed in the HiBaM nominal-a speci-
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(a) Short-a specimen.
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(b) Nominal-a specimen.
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(d) BaM-a specimen.

Figure 5.15: Experimental fracture surfaces of specimens used in the parametric
study of the level-0 brick geometry.
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men, and the former does not evidence the same pattern of damage accumulation away

from the final fracture surface as observed at the failure site.

Fig. 5.16 summarises the influence of the dimensions of level-1 bricks on the fracture

surface and stress-strain curve of HiBaM specimens. The fracture surfaces of large-b

(Fig. 5.16a) and thick-b (Fig. 5.16b) specimens agree very well with the numerical pre-

dictions (shown in Figs. 5.8d and 5.8c respectively). The relative trends between the

stress-strain curves predicted by the numerical models for the different level-1 brick

geometries are also observed in the experimental results (see Fig. 5.16d). The quantit-

ative discrepancies between the experimental and numerical stress-strain curves, as well

as the differences between the observed (Fig. 5.16c) and predicted (Fig. 5.8b) fracture
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(a) Fracture surface of a large-b specimen.
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(b) Fracture surface of a thick-b specimen.
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(c) Fracture surface of a long-b specimen.
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(d) Stress-strain curves of the HiBaM
microstructures with different level-1
brick geometries.

Figure 5.16: Fracture surfaces and stress-strain curves of HiBaM with different level-
1 brick-geometries. Nominal-b specimens had a similar fracture surface
as the nominal-a specimens (shown in Fig. 5.15b).
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surfaces of long-b specimens, are believed to be due to random ply-shifts, which will be

discussed in Sec. 5.4.3.

5.4.3 Effect of ply-shifts

Throughout Secs. 5.4.1 and 5.4.2, it has been hypothesised that random ply-shifts

occurred during the lay-up process (due to the finite tolerance between the diameter

of the alignment pins and the diameter of the laser-cut ply holes, see Fig. 5.10a), and

that these ply-shifts are one of the main reasons for the differences observed between

the numerical and the experimental results, both in terms of fracture surfaces and

stress-strain curves.

To verify this hypothesis, SEM pictures of specimens in which the opening of brick-

ends was clear (such as Fig. 5.12a) were used to estimate the shift (in the x-direction)
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Figure 5.17: Ply-shifts of each of the level-0 bricks in a level-1 brick, for different
microstructures.
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Figure 5.18: Fracture surfaces of HiBaM specimens, as observed in the experiments
and predicted by the numerical model considering ply-shifts.
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between (i) the experimentally-observed position of the level-1 brick-ends (which, in

Fig. 5.12a, are not vertically aligned) and (ii) the expected position of the level-1

brick-ends (which, as shown in Fig. 5.10c, should be vertically aligned, both within

a level-1 brick and throughout the thickness of the specimen). The resulting shift

measured within a level-1 nominal-a brick within Fig. 5.12a is illustrated in Fig. 5.17b;

a similar process was carried out for other HiBaM specimens, as shown in Fig. 5.17a

and Fig. 5.17c.

This quantification of ply-shifts revealed that the thick-b (Fig. 5.17a) and large-b

specimens had the smallest amount of ply-shifts of all specimens analysed. Interestingly,

these specimens also showed the best agreement between experimental results and

model predictions, both in terms of (i) fracture surfaces (compare Figs. 5.8c vs. 5.16b,

and 5.8d vs. 5.16a), and (ii) the strains at failure (Fig. 5.16d).

Assuming that the shift of a ply remains uniform along the whole ply length (x-

axis) and depth (z-axis), the measured ply-shifts were then introduced in the numerical

models for the specimens which were most affected by ply-shifts. The fracture surfaces

predicted by the modified numerical models compare extremely well with the experi-

ments (see Figs. 5.18a, 5.18b, and 5.18c).

Fig. 5.19a shows that accounting for ply-shifts in the numerical model of the

nominal-b specimens would reduce the predicted failure strain down to the value ob-

served experimentally. These results suggest that ply-shifts are responsible for a signi-

ficant loss of stress-strain non-linearity and, therefore, energy dissipation. This also ex-

plains why natural composites tend to have perfectly staggered microstructures (rather

than microstructures with random shifts), as it maximises their ability to dissipate

energy before failure and, consequently, their damage tolerance [125].

Fig. 5.19b shows the effect that the ply-shifts measured in the nominal-a specimen

would have had in the different BaM microstructures. Let us first compare the effect

of ply-shifts on BaM and HiBaM microstructures: for the same ply-shifts, the strength

of BaM composites is reduced by 22% compared with the perfectly-staggered micro-

structure, while only by 7% for the nominal-a HiBaM, suggesting that the addition of

hierarchies reduces the dependence of the strength on the level of alignment. This is be-

cause ply-shifts in level-0 bricks reduce the overlap length between neighbouring bricks

and trigger an even earlier damage localisation in the BaM microstructure, hence con-

siderably diminishing the strength; however, for HiBaM composites, despite ply-shifts

in level-0 bricks, matrix failure still has to follow a rhombus pattern (which, for the

nominal-a microstructure, contains the interface along three consecutive bricks) before

final failure, which explains why most of the strength is maintained.

The strength reduction observed with ply-shifts in the simple BaM microstructure

agrees with previous works from the literature [26, 146]; these studies concluded that
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Figure 5.19: Effect of ply-shifts on the stress-strain curves of HiBaM composites.

randomness and statistical variations in the overlap length between fibres and platelets

would trigger the localisation of damage, therefore lowering the strength (up to 40%),

the ductility and energy absorption of discontinuous composites; however, the present

study suggests that HiBaM microstructures can delay this localisation of damage.

Let us now look at how varying the length of level-0 bricks modifies the effect of ply-

shifts (see Fig. 5.19b). Failure of microstructures nominal-a and short-a is governed by

brick debonding and pull-out, and both microstructures are weakened by the presence

of ply-shifts. However, the short-a microstructure exhibits a strength reduction of 21%

when ply-shifts are considered, compared to the perfectly-staggered case, while the

strength reduction for the nominal-a specimens is only 7%. This is because short-a

specimens have shorter level-0 bricks, and therefore the same absolute value of ply-

shifts as in the nominal-a microstructure will have a stronger relative effect in short-a

specimens.

On the contrary, the strength of the long-a microstructure improves by 14% with the

presence of ply-shifts. This improvement occurs because the long-a microstructure fails

when level-0 bricks fracture under tension, as a result of the stress concentrations due to

the ends of the neighbouring level-0 bricks; in the perfectly-staggered microstructure,

these level-0 brick-ends are aligned at the same location, which maximises the total

stress concentration at the middle of a brick. Consequently, ply-shifts eliminate the

perfect alignment of neighbouring brick-ends, hence reducing the stress concentrations
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at the middle of a level-0 brick, and allowing for a higher strength to be reached by

specimens dominated by tensile failure of level-0 bricks (Fig. 5.19b).

Optimal HiBaM microstructures can still be designed even if the alignment of the

microstructure is subjected to variability (as observed with the present manufacturing

process). To achieve this optimal design, level-0 bricks should be slightly longer than

the ones designed for perfectly aligned microstructures, in order to increase the shortest

overlap length between neighbouring bricks.

5.5 Conclusions

In this work, hierarchical brick-and-mortar composites with two levels of hier-

archy have been designed, manufactured and tested. The following conclusions can

be reached:

� Although the microstructure of a HiBaM composite is self-similar (with two mor-

phologically identical hierarchical levels), the assumption of self-similarity cannot

be used to accurately calculate the mechanical response of the composite, as the

failure mechanism involves an interaction between the two hierarchical scales:

failure initiation is triggered in the composite via features at the larger scale,

while propagation occurs via damage in the matrix following a rhombus pattern

in the smaller scale. Moreover, the stress fields also vary within a given level of

hierarchy.

� The hierarchical microstructure ensures that damage initiates and propagates

throughout the entire specimen before damage localisation, hence promoting (i)

non-linearity, providing a warning before failure, and (ii) stable energy dissipation

via diffused damage throughout the material before failure (which was quantified

by numerical simulations, and verified qualitatively in experiments).

� The HiBaM microstructure can be optimised by tailoring both the aspect-ratio

and the absolute dimensions of the bricks, at each hierarchical level. These para-

meters are governed by different mechanisms at each scale:

– At the smaller scale: (i) the brick aspect-ratio is selected to maximise the

force carried and transmitted between the level-0 bricks, while preventing

fracture of the bricks; (ii) the brick absolute thickness should be minimised,

in order to ensure stable and diffused delamination of the bricks, instead of

localising damage due to premature delamination.

– At the larger scale: (i) the brick aspect-ratio is selected to ensure that the

rhombus pattern of matrix damage can fully develop, while maximising the

efficiency of each level-1 brick to dissipate energy; (ii) the absolute brick di-
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mensions are selected in order to avoid both damage localisation (which will

occur if the level-1 bricks are too small), and unstable damage propagation

(which will occur if the level-1 bricks are too large).

� Ply-shifts created during the manufacturing process have different effects on dif-

ferent level-0 brick geometries. On the one hand, ply-shifts reduce the overlap

length between bricks, which triggers premature final failure of HiBaM micro-

structures with relatively short level-0 bricks. On the other hand, ply-shifts re-

duce the stress concentrations due to brick-ends, which will delay final failure

of HiBaM microstructure with relatively long level-0 bricks. Moreover, random

ply-shifts also stiffen HiBaM microstructures. Therefore, ply-shifts have to be

accounted for when optimising the microstructure of hierarchical discontinuous

materials.

Compared to non-hierarchical BaM microstructures, it was shown that HiBaM micro-

structures (i) dissipate more energy stably before failure, (ii) present a more non-linear

response, (iii) delay damage localisation further, and (iv) are less sensitive to micro-

structural imperfections such as ply-shifts. Consequently, this study shows that com-

bining discontinuous and hierarchical features in the microstructure of a composite can

make it more tolerant to defects and damage.
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Relaxing self-similarity

constraints for more damage

tolerance in composites

6.1 Introduction

Unlike most synthetic composites, naturally-occurring composites manage to

achieve damage tolerance while using brittle constituents as building blocks [38]. To do

so, most natural composites use discontinuous [14–16] and hierarchical [16,35,36] micro-

structures. However, most research on bio-inspired composites imposes self-similarity

when designing hierarchical microstructures [25]. In a hierarchical microstructure, self-

similarity imposes that, at each hierarchical level, the reinforcements are morphologic-

ally and mechanically similar (same shape and same layout), and only differ on the

absolute value of a characteristic length (see Chapter 5). This is often a “default”

choice to create hierarchical model systems, partially because it makes the microstruc-

ture easier to model, design and manufacture.

However, while self-similarity is often used in synthetic bio-inspired hierarchical

microstructures, the literature suggests that non-self-similarity is often preferred in

natural composites [35, 36, 45]. This can be due to the fact that non-self-similarity

leads to more energy storage, more energy dissipation during failure, more resilience,

and more damage tolerance in hierarchical materials [46].

For example, most sea shells exhibit reinforcements with different shapes and dif-

ferent layouts at each of their 3 to 4 hierarchical levels [36, 147, 148]. Bone is also not

self-similar throughout its 7 levels of hierarchy [36], and displays different reinforce-
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ment arrangements at the different hierarchical levels (aligned, woven, plywood-like,

radial [35, 149], needle-shaped, plate-shaped [14]).

While the literature provides clear evidence that bio-inspired microstructures can

make composites more damage tolerant, different authors have focused on different

demonstrations of damage tolerance, e.g. withstanding diffuse damage (Chapter 5),

presenting non-linear stress-strain curves [150, 151], dissipating energy before fail-

ure [150] and dissipating energy during failure [133]. Presenting permanent deformation

and withstanding loading-unloading cycles stably [150] provides an overload warning

once damage initiation occurs, and allows a structure to be unloaded safely after dam-

age initiates.

HiBaM composites constitute one of the simplest model systems combining both

discontinuities and hierarchies. Chapter 5, as well as previous work in the literat-

ure [25], proved their ability to increase damage tolerance compared to conventional

continuous and discontinuous composites. However, most literature on HiBaM com-

posites considers self-similar microstructures, so there is scope to explore the potential

of non-self-similarity for this type of composite.

This chapter focuses on the effects of non-self-similarity on the stress-strain response

and damage tolerance of hierarchical discontinuous CFRPs. This will be done by

designing, manufacturing and testing HiBaM composites with and without self-similar

microstructures, in order to assess the benefits of releasing the self-similarity constraints

often imposed in the literature [25] and in Chapter 5.

The chapter is organised as follows: Sec. 6.2 identifies limits in the self-similar Hi-

BaM design, and explains how novel non-self-similar hierarchical discontinuous micro-

structures can be developed and optimised using a numerical model. Sec. 6.3 describes

the manufacturing process, and Sec. 6.4 describes the different testing methods em-

ployed and the results obtained. Sec. 6.5 discusses the advantages of non-self-similar

microstructures over self-similar equivalents. Finally, Sec. 6.6 draws the main conclu-

sions of the chapter.

6.2 Design of non-self-similar microstructures

6.2.1 HiBaM microstructures and modelling strategy

A self-similar HiBaM composite with two levels of hierarchy (see Fig. 6.1a) is the

simplest model system for a discontinuous and hierarchical self-similar microstructure

(see Chapter 5). The HiBaM composite consists of rectangular CFRP bricks used to

form a simple (i.e. non hierarchical) BaM microstructure at a smaller scale (hereafter

identified as level-0), which is itself used to form rectangular bricks at a larger scale
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(hereafter identified as level-1) (see Fig. 6.1a). The ‘mortar’ in the microstructure is

composed of a thin resin-rich layer of epoxy between neighbouring CFRP bricks, at

both hierarchical levels, and will be hereafter referred to as ‘matrix’.

Unit-cells of all microstructures to be defined in this chapter (see Sec. 6.2.3) will

be modelled numerically with FE simulations, using Abaqus [141]. The microstructure

will be realised experimentally using carbon/epoxy thin ply prepreg as level-0 bricks

(see Sec. 6.3), which will therefore be modelled using orthotropic linear-elastic plane-

stress elements and Hashin’s failure criteria; the matrix (epoxy-rich interply region)

will be modelled by cohesive elements (Chapter 5). The material properties of the

carbon/epoxy thin ply prepreg used in this work are given in Tab. 6.1.

6.2.2 Mechanical response and limitations of the self-similar HiBaM

microstructure

In the self-similar (SS ) HiBaM microstructure (shown in Fig. 6.1a), the presence of

hierarchies is achieved through the additional level-1 brick-ends when compared to the

non-hierarchical BaM microstructure. These level-1 brick-ends are responsible for trig-

gering damage initiation in the matrix between neighbouring level-1 bricks (Point aO

in Figs. 6.1a and 6.1c) (see Chapter 5); once initiated, this damage then propagates

within the level-1 bricks, creating a staircase rhombus damage path along the matrix

between level-0 bricks (Point bO in Figs. 6.1a and 6.1c). This initiation and propaga-

tion of damage in the matrix leads to a non-linear stress-strain response, as shown in

Fig. 6.1b.

This SS hierarchical design ensures that damage is initiated and propagates in all

level-1 bricks of the microstructure, before final failure occurs. As a result of this wide-

spread diffuse damage during loading, a large amount of energy is dissipated stably via

matrix damage throughout the microstructure, before failure (Fig. 6.1b) (Chapter 5).

Table 6.1: Material properties of the carbon/epoxy thin ply prepreg used in the mod-
els and the experiments (see Chapter 5). Superscripts ‘b’, ‘m’, and ‘p’ refer
to the ‘brick’, ‘matrix’, and ‘ply’ properties respectively.

Property Variable Unit Value

Prepreg ply thickness tp µm 29

Level-0 brick thickness t0 µm 28

Thickness of the rich resin region between plies tm µm 1

Fibre volume fraction in the ply V f % 34

Longitudinal Young’s modulus of the level-0 bricks Eb GPa 83.8

Longitudinal tensile strength of the level-0 bricks Xb MPa 1554

Matrix mode II fracture toughness Gm
IIc kJ/m2 0.90

Matrix shear strength Sm MPa 88.5
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(a) The hierarchical SS microstructure with damage initiating at the end of neighbouring level-
1 bricks aO, and propagating between the level-0 bricks bO within the level-1 brick, until
final failure of the brick cO.
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Figure 6.1: The SS hierarchical microstructure (not to scale) is obtained by intro-
ducing discontinuities at two different hierarchical levels in the micro-
structure. Full details on the numerical model used to obtain the results
shown in subfigures (b) and (c) are given in Chapter 5, and summarised
in Sec. 6.2.1.

The size of the level-0 and level-1 bricks in the microstructure analysed in Fig. 6.1

have been optimised (see dimensions in Tab. 6.2), in order to ensure that level-0 bricks

debond rather than breaking under tension, and that level-1 bricks are able to ac-

commodate the rhombus shape of damage in the matrix without undergoing unstable

premature delamination (see Chapter 5). However, this HiBaM microstructure is self-

similar by design, meaning that both level-0 and level-1 bricks have the same rectan-

gular shape, and all bricks within the same level have the same size. The question that

this chapter aims to address is whether this microstructure can be improved further
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(c) Matrix stiffness degradation in 3 adjacent level-1 bricks, highlighting localisation of matrix
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Figure 6.2: Identification of different limits due to imposing self-similarity in HiBaM
composites by looking at the damage in the matrix (shown as the stiffness
degradation in the matrix predicted by numerical models) just before
failure (i.e. at point II in Fig. 6.1b).

by relaxing the self-similarity constraints. This will result in the development of three

non-self-similar (NSS ) microstructures, to be presented in Secs. 6.2.3.1-6.2.3.3.

6.2.3 Design of NSS microstructures

6.2.3.1 NSS1: removing unnecessary brick-ends

Fig. 6.2a shows the stiffness degradation of the matrix in a SS HiBaM level-1

brick and reveals that several level-0 brick-ends are not involved in the creation of

the rhombus staircase pattern of matrix damage; these brick-ends do not contribute

to a non-linear stress-strain response, nor to energy dissipation, and only obstruct

stress paths and weaken the material. Therefore, a first NSS microstructure can be

designed by removing these unnecessary level-0 brick-ends, and leaving only the ones

required for the matrix damage to propagate along the desired rhombus path (see NSS1

microstructure in Fig. 6.3a and Tab. 6.2).

6.2.3.2 NSS2: optimising level-1 brick shape

Fig. 6.1a shows that creating two levels of hierarchy in a HiBaM composite requires

adding extra discontinuities to the material to create the level-1 brick-ends. These

level-1 brick-ends are necessary to trigger stress concentrations on the neighbouring

level-1 bricks, which initiates damage in the matrix in all level-1 bricks (Point aO in
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(a) The NSS1 microstructure is obtained by removing unnecessary level-0 brick-ends.
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(b) The NSS2 microstructure is obtained by reducing the size of the level-1 brick-ends and the
length of the level-1 bricks, hence changing their shape from rectangular to rhombus.
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(c) The NSS3 microstructure is obtained by combining the improvements from the NSS1 and
NSS2 microstructure, and by strengthening (i.e. increasing the length and the thickness
of) the central layer.

Figure 6.3: New NSS hierarchical microstructures (not to scale) designed by relaxing
the self-similarity constraints imposed on the initial SS design (explained
in Fig. 6.2 and highlighted here in yellow). For the sake of clarity, for
each microstructure, the central level-1 brick is highlighted in a darker
colour, and damage in the matrix is represented in red in that central
level-1 brick only.
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Figure 6.4: Mechanical response predicted numerically for different level-1 brick
shapes (keeping the length l0 constant and equal to the nominal value
given in Tab. 6.2). The specimen X Y Z is defined by the shape of the
level-1 bricks: the height at the centre (X ·tp), the height at the brick-end
(Y · tp), and the length (Z · l0) (see Tab. 6.2 and Fig. 6.3b).

Fig. 6.1a), thus effectively leading to the non-linear response, energy dissipation and

damage diffusion achieved by the SS HiBaM microstructure.

However, Fig. 6.2b shows that the large level-1 brick-ends in the SS HiBaM mi-

crostructure generate regions near the level-1 brick-ends where no energy is dissipated,

and where the material carries virtually no stresses. This necessarily leads to a loss of

stiffness and strength in the SS HiBaM microstructure, compared to the BaM micro-

structure.

This drawback can be overcome by reducing the size of level-1 brick-ends, in order

to simultaneously (i) reduce the amount of material in the level-1 bricks which is not

involved in the stress-transfer and failure mechanisms, and (ii) preserve the stress-

concentrations needed to trigger matrix damage. Reducing the size of level-1 brick-ends

effectively changes the shape of the bricks from rectangular to rhombus, which provides

a better fit for the pattern of matrix damage observed in the SS HiBaM microstructure

(Fig. 6.1), and allows for a more efficient packing of the microstructure.

Fig. 6.4 shows numerical results for a parametric study on the size and shape of

rhombus level-1 bricks (see X, Y and Z in Fig. 6.3b). Fig. 6.4 shows that the design

5 3 4 (optimal NSS2 design) provides the best combination of high strength and failure

strain (Fig. 6.4a), and energy dissipated through damage (Fig. 6.4b).
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Table 6.2: Geometry of the hierarchical microstructures. The prepreg ply thickness
tp is given in Tab. 6.1.

Level-1 dimensions Level-0 dimensions

Microstructure Brick length Height Height Brick length

(at brick centre) (at brick-end)

SS 5× l0 5× tp 5× tp l0 = 460 µm

NSS1 5× l0 5× tp 5× tp l0 = 460 µm

NSS2 4× l0 5× tp 3× tp l0 = 460 µm

NSS3
4 · l0,a + 2 · l0,b 6× tp 4× tp l0,a = 135 µm

(Fig. 6.3c) l0,b = 550 µm

The optimised NSS2 microstructure features level-1 bricks with a new shape, fit-

ting the rhombus pattern of damage in the matrix, with smaller level-1 brick-ends and

shorter level-1 bricks (see NSS2 microstructure in Fig. 6.3b and Tab. 6.2). This mi-

crostructure keeps the same failure mechanism as the SS one, but allows for a better

level-1 brick packing and a more efficient use of the material.

6.2.3.3 NSS3: strengthening the central level-0 brick

Fig. 6.2c shows that the self-similar microstructure does not completely remove the

damage localisation but only delays it: damage initiates and propagates in each brick

but failure occurs when damage localise in only one brick, where the matrix damage

has reached the end of the last (central) brick. Moreover, the imperfections in the

manufacturing process (see Sec. 6.3) often tend to aggravate this premature failure of

the composite, accelerating the full propagation of matrix damage in some level-1 bricks

when damage only just started propagating in other level-1 bricks (see Chapter 5).

Therefore, a new design was developed, aiming at delaying final localisation of

damage and ensuring that a significant amount of damage would propagate in all bricks.

To do so, the length of the central level-0 brick is increased until the end of the level-1

bricks. This also required increasing the thickness to avoid premature brick fracture (see

NSS3 microstructure in Fig. 6.3c and Tab. 6.2). Additionally, the features implemented

in NSS1 and NSS2 are also applied in the NSS3 design.

In the NSS3 microstructure, the length of each level-0 brick will be tailored in order

to maximise the failure strain. By performing a parametric study on the level-0 brick

length shown in Fig. 6.3c, three main failure modes of the NSS3 microstructure have

been identified and are highlighted in Fig. 6.3c:
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Figure 6.5: Stress-strain curves of the NSS3 unit-cell calculated by the numerical
model for different configurations of the microstructure.
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Figure 6.6: Numerical colour maps for three NSS3 configurations. Left: stiffness
degradation in the matrix. Right: Normalised longitudinal stress. The
numbers drawn in each numerical map indicate the value and location
of the highest stiffness degradation or normalised stress. (The thickness
of the matrix layer has been increased on the left-hand side figures to
improve the readability of the results.)
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� Debonding of the overlaps between neighbouring level-1 bricks (see 1O in Fig. 6.3c)

occurs when the overlap length (l0,b− l0,a) becomes too short to transmit enough

stress through shear of the matrix;

� Brick fracture (see 2O in Fig. 6.3c) occurs in the central level-0 brick when l0,b is

increased above a critical length l∗0,b at which the level-0 brick cannot sustain the

amount of stress transmitted through shear;

� Debonding along the desired pattern (along the central level-0 brick, see 3O in

Fig. 6.3c) occurs when the length l0,b is below the critical length l∗0,b.

The desired failure mechanisms are 1O and 3O in Fig. 6.3c, and lengths l0,a, and

l0,b are tailored to ensure that failure mode 3O and 2O occur just before failure modes

1O. The results of the parametric study on the microstructure of a NSS3 unit-cell are

given in Fig. 6.5.

For a given level-1 brick length 2× (2 · l0,a + l0,b), Fig. 6.5a suggests that there is an

optimal ratio l0,a/l0,b below which brick fracture occurs (leading to lower strength and

lower failure strain), and above which brick debonding is triggered earlier (leading to

lower failure strain). For this optimal ratio l0,a/l0,b, Fig. 6.5b shows that there is also

an optimal scale above which brick fracture occurs and below which brick debonding

occurs at lower stresses and strains.

Fig. 6.6 shows the matrix stiffness degradation and the normalised longitudinal

stress in the level-0 bricks calculated numerically for 3 different NSS3 microstruc-

tures studied in Fig. 6.5a. Fig. 6.6b shows that the optimal microstructure (ratio

l0,a/l0,b = 0.37) allows for high stresses to be carried in the level-0 bricks (normalised

stress equal to 0.9), like for longer ratios (Fig. 6.6c), while still largely diffusing damage

in the matrix, like for shorter ratios (Fig. 6.6a).

One can notice that the optimisation described above is different from the optim-

isation of self-similar HiBaM composites (which was also used for NSS1 and NSS2 ),

for which only one length l0 was adjusted, in order to ensure full propagation of the

damage in the matrix.

6.3 Manufacturing

6.3.1 Manufacturing of hierarchical discontinuous composites

The four microstructures identified in Fig. 6.3 and Tab. 6.2 were manufactured using

SkyFlex USN020A carbon/epoxy thin ply prepreg (see properties in Tab. 6.1), and the

brick-ends were created by laser-cutting different patterns of micro-cuts in each ply in

the xz-plane (see Chapter 5). All plies were then aligned using an alignment plate [133]
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and laid-up in the y-direction to create the hierarchical discontinuous pattern visible

in the xy-plane (see Fig. 6.3). Small shifts during the alignment process led to slight

misalignments between neighbouring thin plies (hereafter referred to as “ply-shifts”).

After curing the lay-up according to the prepreg manufacturer’s specifications [142],

40 mm long (in the x-direction) and 0.30 mm wide (in the z-direction) specimens were

cut; each specimen had 3 level-1 bricks along its length. The thickness of the specimens

(in the y-direction) was given by the thickness of the cured plate, and small variations

in the final volume fraction led to small variation in the specimens’ thickness. Further

details on the manufacturing methods are provided in Chapter 5.

6.4 Testing and results

6.4.1 Monotonic tensile testing

For each microstructure, a set of two specimens was tested in tension at a speed

rate of 0.1 mm/min [145], using an optical strain gauge [144] covering the entire length

of the pattern of micro-cuts in each specimen to track the strains. The stress-strain

curves of the different microstructures are given in Fig. 6.7 (for fair comparisons, the

stress-strain curves have been normalised to the same volume fraction (see Sec. 6.3)).

Additionally, three local optical strain gauges have been used to measure the stress-

strain response of a NSS3 specimen at three different locations along the length of the

specimen (all three within the region with the pattern of micro-cuts); these regions

were selected to capture either the failure site or the material away from the failure

site. Results are shown in Fig. 6.8a.

6.4.2 Micro Digital Image Correlation

For one NSS3 specimen, a speckle pattern was created to produce Digital Image

Correlation (DIC) strain maps [152] which show, for each step of the tensile test, the

local longitudinal strain ε11 along the entire specimen. Results are given in Fig. 6.8b.

6.4.3 Scanning Electron Microscopy

For each microstructure, a set of specimens was tested inside a SEM to observe the

xy surface of the specimens during loading. Micrographs of representative surfaces of

the SS and NSS1 microstructures are shown in Fig. 6.9. Fig. 6.10 shows micrographs

of a NSS3 specimen.
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6.4.4 Repetitive loadings

One NSS3 specimen was tested under cyclic tension, using an optical strain gauge

to track global strains. The cyclic test consisted of repetitive quasi-static loadings and

unloadings of the specimen, reversing the loading at progressively higher stresses, until

failure occurred. Results are shown in Fig. 6.11a.

6.5 Discussion

6.5.1 Tailorable non-linear stress-strain response

Fig. 6.7 shows that the NSS1 specimens exhibited a higher stiffness and a higher

strength than the SS ones. This result can be explained by looking at how the NSS1

microstructure was created in Sec. 6.2.3.1: as expected, the removal of brick-ends

identified as unnecessary in the SS microstructure helped the NSS1 microstructure to

partially recover the loss in stiffness and strength due to all level-0 brick-ends.

Moreover, Fig. 6.7 also shows that the SS and NSS1 specimens failed at a sim-

ilar strain, suggesting that the removal of the unnecessary level-0 brick-ends did not

change the failure mechanism. This demonstrates that NSS microstructures preserve

the hierarchical failure patterns observed in the SS microstructure.

Furthermore, Fig. 6.9 shows that, in the fracture surface of NSS1 specimens, damage

in the matrix follows perfectly the expected rhombus staircase pattern (Fig. 6.9b);

this was not always the case for SS specimens (Fig. 6.9a), in which ply-shifts (see
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Figure 6.7: Stress-strain curves measured experimentally for SS and NSS HiBaM
composites.
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Figure 6.8: Evidence of spread deformation before failure, and permanent deforma-
tion after failure. Letters A to G in Fig. 6.8b (Step 6) represent the level-1
brick-end longitudinal locations (see Fig. 6.10).

Sec. 6.3) created weaker paths in the microstructure, which caused the real matrix

damage pattern to be different from the designed one in some specimens (see Chapter 5).

This suggests that the NSS1 microstructure ensures that the damage pattern predefined

by design is followed, as there are no other potentially weaker paths any more, making

the composite more tolerant to manufacturing defects.

Looking now at the SS and NSS2 microstructures (see Fig. 6.7), one can first

notice that the better level-1 brick packing in the NSS2 case results in (i) more level-1

bricks in the cross-section and smaller level-1 brick-ends, increasing the strength, and

(ii) more level-1 bricks along the longitudinal direction, leading to more deformation

and a higher failure strain. However, the failure mechanism remains the same in both

microstructures, which explains why the shape of the stress-strain curve remains similar.

6.5.2 Permanent deformation and diffuse damage

Fig. 6.8a shows that the plateau observed in Fig. 6.7 in the global response of

the NSS3 microstructure is not due to localised strains at the final failure site only

(captured by strain gauge aO at Point ×), but to widespread deformation throughout

the entire hierarchical microstructure, as the local stress-strain responses away from the

failure site (in gauges bO and cO) also exhibit this plateau. This widespread deformation

is due (i) to the opening of the level-1 bricks, and (ii) to the propagation of damage in

between the level-0 bricks (see zoom-in in Fig. 6.10).
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Figure 6.9: SEM images of the fracture surfaces of SS and NSS1 specimens.

This damage diffusion is confirmed by micro-DIC performed on a NSS3 specimen:

the strain increases throughout the hierarchical microstructure until the very end of the

stress plateau (see Steps 1 to 6 in Fig. 6.8b). In Step 6, which occurs just before final

failure, it is still not obvious, from the strain map (Fig. 6.8b), where the specimen will

fail. This demonstrates that the NSS3 microstructure can successfully delay damage

localisation in CFRPs, and provide damage warning before final failure, as diffuse

damage and large deformations can be observed before final failure.

The opening of the level-1 bricks of the NSS3 microstructure shown in Fig. 6.10

also explains why stripes of higher strain appear in the strain maps in Fig. 6.8b: the

seven stripes of higher strain (A to G in Fig. 6.8b) correspond to the seven regions

where level-1 brick-ends are located and open during tensile loading of the specimen

(A to G in Fig. 6.10).

Moreover, Fig. 6.8a also shows positive residual strains away from the failure site

after unloading the specimen (see Step 7 for gauges bO and cO), suggesting that the

NSS3 microstructure does not just exhibit a non-linear behaviour, but that permanent

deformation does occur throughout the microstructure. This is explained by the fact

that damage in the matrix (along the designed staircase pattern) is observed away from

the failure site (see Fig. 6.10b, and zoom-in in Fig. 6.10e).

The energy dissipation mechanisms found in the NSS3 specimen during loading in

tension are the same as for the SS microstructure, namely (i) matrix/interface failure,

(ii) fibre breakage, and (iii) fibre pull-out (see Chapter 5). However, the mains dif-

ference between the two microstructures is that NSS3 specimens undergo much more
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Figure 6.10: Diffuse damage during loading, and permanent deformation after failure,
in NSS3 specimens. Letters A to G in Figs. 6.10a and 6.10b represent
the level-1 brick-end longitudinal locations.
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debonding before final failure occurs (see fracture surface in Fig. 6.10c); as a result,

diffuse damage can be observed more clearly during the loading of NSS3 specimens

(Fig. 6.10d), suggesting that more energy is dissipated stably before failure.

6.5.3 Stable failure mechanism

Fig. 6.11a shows that the NSS3 microstructure can be successfully loaded and un-

loaded within the plateau region, suggesting that the damage mechanisms are stable.

This is the case because the central level-0 bricks within the NSS3 level-1 bricks have

longer overlaps with the neighbouring material, and are therefore much harder to de-

bond. As a result, most of the other level-0 bricks will debond throughout the micro-

structure – leading to a large increase of strain, and causing the observed plateau –

before any of these central level-0 bricks debonds.

One can also notice that the permanent deformation after unloading increases with

the number of loading cycles, up to the value observed in Fig. 6.8a (see Step 7), and

that the stiffness of the NSS3 specimen decreases with the number of cycles, suggesting

that damage occurs in the microstructure during cyclic loadings.

Results from Fig. 6.11a are compared with repetitive tensile loading test performed

on Nacre [32] (see Fig. 6.11b), as they share similarities in their microstructure, namely

discontinuities and hierarchies. Interestingly, Figs. 6.11a and 6.11b show that both

materials have a similar behaviour (both featuring a stress plateau, permanent deform-
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Figure 6.11: Demonstration of stable failure mechanism during loading in tension.

126



Relaxing self-similarity constraints for more damage tolerance in composites

ation, stiffness reduction and small hysteresis loops), suggesting that similar damage

mechanisms might be occurring in both microstructures during loading in tension.

6.6 Conclusions

This chapter studied the effect of relaxing self-similarity constraints on the micro-

structure of hierarchical brick-and-mortar composites with two levels of hierarchy. The

following conclusions could be reached:

� Self-similarity of the reinforcing units at the two hierarchical levels is not ne-

cessary for hierarchical failure mechanisms to occur in hierarchical discontinuous

composites. Moreover, removing the self-similarity constraint led to new micro-

structures with increased performance (strain, stress, damage diffusion) compared

to the standard self-similar microstructure.

� Tailoring the shape of the level-1 bricks to the desired failure pattern allows for a

more efficient brick-packing and promotes higher strength and failure strain, while

also increasing damage dispersion and energy dissipation. Tailoring the geometry

of level-0 bricks according to their location in relation to the damage path allows

for more damage to be diffused stably before the final failure of the composite,

and can be used to create a stable plateau in the stress-strain response.

� The damage tolerance of the new non-self-similar microstructures was demon-

strated experimentally in various ways:

– Diffuse damage accumulation was evidenced in micrographs showing wide-

spread damage throughout the microstructure (both at the final failure site

and away from the failure site) during loading. This diffuse damage was

observed to a greater extent in non-self-similar microstructures than in self-

similar microstructures, suggesting that the former dissipate more energy

stably during the loading than the latter.

– Permanent deformation was observed in micrographs taken after failure

of specimens, and was measured during repeated tensile loading tests.

Moreover, local measurements of the stress-strain response in the non-self-

similar composite indicate that this permanent deformation occurs through-

out the microstructure, which could not be observed in the self-similar mi-

crostructures.

– A stable plateau in the stress-strain curve was demonstrated during repeated

tensile loading tests; the non-self-similar specimens were successfully loaded

and unloaded within the plateauing region, even after damage initiated.
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Conclusions

7.1 On modelling hybrid aligned discontinuous compos-

ites

Following from evidence in the literature of the potential of discontinuous and hy-

brid composites for structural applications, a virtual testing framework was developed

in Chapters 2-4 to model the stress-strain response of aligned discontinuous and hy-

brid aligned discontinuous composites. The VTF is a set of semi-analytical models

calculating the response of the composite at different scales (fibre, cross-section, spe-

cimen), which bridges the gap between over-simplified analytical models [99, 100, 119]

and computationally expensive numerical models [128,129].

The model developed in Chapter 2 focuses on aligned discontinuous composites and

considers (i) a non-linear shear-lag approach to model the interaction (matrix/interface)

between neighbouring fibres, (ii) Weibull distributions to capture the stochastic nature

of fibre strength, adapted for loadings under non-uniform stress fields due to neighbour-

ing fibre-ends, (iii) random locations of fibre-ends in the specimen, and (iv) unstable

failure of the composite triggered by a critical cluster of damage.

A second model was developed in Chapter 3 to calculate the stiffness of HADCs.

This model builds up on the model from Chapter 2 by considering interactions between

fibres of different types, with different diameters and Young’s moduli, but only focuses

on the initial linear-elastic response of the composite.

The third part of the VTF, developed in Chapter 4, calculates the full stress-strain

response of HADCs. In addition to the features used in the former two parts of the VTF,

this model required calculating the stress-strain response of an interaction between

different fibres while considering non-linearity in the matrix/interface.
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All three parts of the VTF were successfully validated against results obtained

through numerical models (developed for this purpose) and from experiments carried

out in the literature. In particular, the VTF was able to capture the ductile/brittle

responses of ADCs, and the brittle/pseudo-ductile response of HADCs.

7.2 On the understanding of the mechanics of hybrid

aligned discontinuous composites

The results from Chapter 2 suggest that failure of ADCs depends on (i) the overlap

length between fibres for short-fibre composites, and (ii) the fibre strength for long-

fibre composites. The VTF was also used to identify critical sources of variability,

and quantify the effect of that variability on the response of ADCs. The VTF showed

that removing variability in the fibre-end location and fibre strength could increase the

strength of aligned discontinuous composites by 20% to 30%.

Results from the VTF in Chapter 3 captured and explained the existence of a neg-

ative hybrid effect on the stiffness of HADCs: due to the asymmetry in the interaction

between neighbouring fibres of different types, hybrid interactions are less efficient at

transmitting stress through shear between the fibres. Moreover, the model demon-

strated that this negative hybrid effect could not be captured by rules-of-mixtures,

particularly for composites with (i) short fibres, (ii) a large difference in the stiffness of

the two fibre types, and (iii) a high degree of intermingling, for which the hybrid effect

is more pronounced.

The VTF also captured what is known in the literature as “the hybrid effect”: the

LE fibres break at higher strain when they are intermingled with HE fibres. Chapter 4

explains that HE fibres act as “crack arrestors” and delay the gradual fragmentation

of LE fibres. In particular, Chapter 4 shows that the presence of discontinuities in

hybrid composites enhance the importance of the shielding effect of HE fibres against

the stress concentration of LE fibre-ends, which explains why larger hybrid effects could

be calculated in HADCs than in continuous hybrid composites.

7.3 On the potential of hybrid aligned discontinuous com-

posites

Results from virtual experiments performed with the VTF (Chapter 4) and physical

experiments from the literature [73,84] both confirm the potential of ADCs and HADCs

for structural applications. The introduction of discontinuities and hybridisation in

composites enlarges the design spaces and allows for more material tailorability for
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specific applications. In particular, HADCs, can provide ductility, damage tolerance,

and damage warning, which are crucially lacking in current conventional composites.

Due to its analytical nature, the VTF was suitable for parametric studies and

optimisation of the microstructures of ADCs and HADCs. In Chapter 2, the VTF

showed that ADCs with a carefully selected fibre length could combine the stiffness

and strength of long-fibre composites and the ductility of short-fibre composites. In

Chapter 4, the VTF suggested that increasing the intermingling would delay the final

failure of HADCs.

7.4 On the use of hierarchies in discontinuous composites

Although the concept of introducing hierarchies to improve damage tolerance of

composites had already been studied in the literature [25, 153], it had been difficult

to prove and study it experimentally. Chapter 5 provides a manufacturing process

which enables to successfully manufacture hierarchical discontinuous composites using

laser-micro-milled carbon/epoxy thin-plies.

Both the numerical model and the experimental results presented in Chapter 5 sug-

gest that the introduction of hierarchies in discontinuous composites increases damage

tolerance when loaded in tension: the presence of discontinuities and hierarchies pro-

motes stable energy dissipation before failure, ensures damage diffusion throughout the

specimen, and delays damage localisation in otherwise brittle composites.

Chapter 5 explains that such damage tolerance is enabled by a specific failure mech-

anism involving the different hierarchical levels: damage is initiated from features at a

larger scale, but then propagates throughout the microstructure along paths created by

features at the smaller scale. Therefore, each scale seems to have a different role, with

the larger scale ensuring that damage is initiated throughout the composites, while the

smaller scale actually dissipates damage.

7.5 On the role of self-similarity constraints on modelling

and designing hierarchical discontinuous composites

Chapter 5 compared two different models to calculate the response in tension of

hierarchical discontinuous composites, and showed that the assumption of self-similarity

cannot be used even though the material being modelled was morphologically self-

similar. This is because the failure mechanism of such composites involves interactions

between the different hierarchical scales, which cannot be captured by homogenising

material properties at different scales.
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In Chapter 6, the self-similar constraint applied when designing the hierarchical

microstructures of Chapter 5 was released, and new non-self-similar microstructures

were produced. Results from numerical models and experiments showed that carefully

tailored non-self-similar microstructures could exhibit higher stiffness, strength, strain

at failure, non-linearity and damage diffusion than their self-similar equivalents.

7.6 Novelty

The VTF proposed in Chapters 2 to 4 is the first semi-analytical model in literature

calculating the stress-strain response in tension of hybrid aligned discontinuous com-

posites, accounting for (i) the full constitutive law of the matrix in shear, (ii) stochastic

fibre strength and fibre breakage, (iii) stochastic fibre-end locations, (iv) stochastic

intermingling of the two fibre types, and (v) a toughness-and-strength-based failure

criterion.

Therefore, due to its computational efficiency, the model could also study the effect

of variability and randomness (e.g. via Monte-Carlo analysis) to an extent which cannot

be performed by numerical models today. Moreover, the VTF can capture and explain

various mechanisms observed experimentally (such as hybrid effects, size effect, ...),

which cannot be captured by simple analytical models.

In particular, for the first time in literature, the VTF considers that final failure

of composites is not just fully strength-dominated or toughness-dominated, but a com-

bination of both. In contrast, most models in literature [24, 61, 62] do not consider

the toughness component. Although controversial, this failure mechanism has been

observed experimentally: final failure occurs when a cluster of weaker/broken fibres

reaches a critical size which triggers the catastrophic failure of the composite [64].

Moreover, this failure criterion was validated against experiments from the literature,

and was able to successfully predict the final failure of ADCs and HADCs with different

microstructures.

For the first time in literature, the VTF is able to identify the cluster responsible

for final failure, and study its characteristics (Chapters 2 and 4). As a result, the VTF

is able (i) to identify the sources of randomness causing failure for different microstruc-

tures, and (ii) to quantify the effect of randomness and variability on the stress-strain

response of hybrid aligned discontinuous composites.

For the first time in the literature, the work in Chapters 5 and 6 demonstrates exper-

imentally the potential of using hierarchical discontinuous microstructures to increase

damage tolerance in CFRPs. While most existing composites localise damage, the de-

signed hierarchical discontinuous composites are able to diffuse damage throughout the
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microstructure, hence increasing damage energy dissipation before failure. Moreover,

some of the proposed designs exhibit a stable stress-plateau in the stress-strain curve

which cannot and had not been achieved yet in the literature for conventional aligned

discontinuous microstructures.

Self-similar assumptions are often used for their convenience to either model or

design hierarchical microstructures. In Chapter 5, the validity of such assumptions to

model hierarchical microstructures was studied, and results showed that these assump-

tions are not always valid, even when the microstructure is morphologically self-similar.

Moreover, Chapter 6 demonstrates that assuming self-similarity while designing hier-

archical composites unnecessarily constrains the microstructure, and that releasing

these constraints could lead to microstructures with higher failure strain, stiffness,

or damage tolerance.

7.7 Impact

The first part of this work (Chapters 2 to 4) showed that sources of variability,

such as stochastic fibre strength, random intermingling and fibre-end location, had a

significant effect on the performance of discontinuous composites. This finding raises a

need to better understand these effects. The models developed in this project are now

being used in ongoing work carried out to quantify further these effects for the first

time in literature [154].

Moreover, the model can now be used to support material design and provide

guidelines to other research groups willing to develop/manufacture (hybrid) aligned dis-

continuous composites. In particular, the model has already been used: (i) to perform

further virtual tests and explore the effects of different parameters on the stress-strain

response of hybrid aligned discontinuous composites [155], (ii) by a research group from

another department at Imperial College London working on improving fibre/matrix in-

terface: the model was used to calculate the fibre length required to maximise the

strength and ductility of discontinuous composites made of fibres with an improved

interface [156], and (iii) in the HiPerDuCT program: the model was used to identify

optimal hybrid microstructures to be manufactured [123].

More generally, the model developed is accurate, computationally efficient, robust,

and can be used in industrial context to design microstructures for specific applications.

The second part of the work (Chapters 5 and 6) explored the limits of self-similarity.

In particular, Chapter 5 explains why and when self-similarity should not be assumed

while modelling hierarchical microstructures, and the given recommendations can help

future works aiming at modelling hierarchical microstructures.
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Chapter 6 shows the potential of using non-self similar microstructures, and paves

the way for further works to create new non-self similar microstructures, aiming at

increasing material properties such as damage tolerance.
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Further work

8.1 Optimising hybrid aligned discontinuous composites

Most of the work done in Chapters 2-4 considers randomly intermingled microstruc-

tures. However, new manufacturing methods now enable one to tailor the intermingling

of different fibre types while creating hybrid specimens [123]. Therefore, the guidance

provided in Chapter 4 on the effect of intermingling could support research to find

optimal levels of intermingling in order to maximise material properties such as stiff-

ness, ductility, and so on (some work on that topic has already started and is still in

progress [123]).

More generally, such hybrid discontinuous composites exhibit an incredibly large

design space. In this work, parametric studies were carried out on some individual

parameters which could be optimised (such as the fibre length in Chapter 2). One work

that could be now carried out with the model would be to design a method for a more

general optimisation. The challenge here is to be able to optimise a microstructure with

many input parameters. This could be carried out by using for example multiparametric

optimisation [157,158], genetic algorithms [159], or machine-learning [160,161].

8.2 Extending the VTF for HADCs

The VTF presented in Chapters 2-4 focuses mainly on the response of HADC in

tension. One clear improvement would be to extend the VTF to other loading cases.

A first step could be to study the behaviour of aligned discontinuous composites under

compression, by considering both fibre kinking and failure in shear of the matrix in

an interaction between two fibres under compression. Bending loadings could then be
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studied as a combination of tensile and compression loadings distributed throughout

the cross-section of the virtual specimens.

The VTF presented in this work focuses on quasi-static loadings, and could also

be improved by considering dynamic loadings such as high strain-rate tensile loadings,

or impact loadings. One way to deal with high strain-rate would be to keep using the

model as it is, but considering different matrix shear properties for different strain-

rates, although this requires identifying how the matrix constitutive law changes with

the strain-rate [162]. The main challenge to model impact loadings would consist of

identifying analytically new boundary conditions (which for the moment are simply a

uniform longitudinal displacement of the cross-section).

Composites have been found to suffer from cyclic degradation (e.g. reduction of stiff-

ness and strength with the number of loading cycles) [163, 164], which restricts their

application, especially for industries where fatigue is one of the main failure mechan-

isms [165]. Therefore, the VTF could be extended to incorporate fatigue, by considering

the degradation of the matrix between neighbouring fibres under fatigue loading in a

way similar to existing models for UD continuous composites [166].

Although the different models presented in Chapters 2-4 were first developed for

discontinuous composites, the VTF could be extended to continuous composites, by

considering an aligned discontinuous composites with infinitely long fibres. However,

this would require modifications of the model to account for more fibre breaks (instead

of just one per interaction) and to calculate the response of longer broken overlaps (see

Sec. 2.2.3.2).

8.3 Hierarchical discontinuous composites

Chapter 6 showed the potential of releasing self-similar constraints. However, this

comes with a widening of the design space which could be further explored to identify

new microstructures. Tools such as genetic algorithms or machine-learning could help

discover such microstructures.

The work presented in Chapters 5-6 focuses on modifying the longitudinal cross-

section of UD CFRPs, but the microstructure remains similar through the thickness

and could be seen as an “extended 2D” microstructure only, with anisotropic properties.

Further work could be carried out to make it “fully 3D”, for instance exploring features

more similar to “nacre-like” platelets (e.g. hexagonal platelets). However, this requires

modifying the manufacturing process to generate more complex shapes throughout the

thickness of the specimen.
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Chapters 5-6 studied the response of hierarchical discontinuous composites under

tensile loading. Further work could be carried out to study the response (i) to high

strain-rate, which tends to promote damage localisation, and (ii) to impact, which is a

critical/relevant loading case for aeronautic industry for example. Such experimental

validation would require designing new specimens with a geometry suitable for high-

strain-rate or impact loadings.

The present work (Chapter 5-6) showed the potential of hierarchical discontinuous

composites, but this experimental work remained at a laboratory scale. Further work

could be carried out on investigating routes to scale-up the manufacturing processes to

produce hierarchical discontinuous composites at an industrial scale. The main chal-

lenge here would be to produce hierarchical features at a large scale, which could be

done by scaling up existing manufacturing processes for discontinuous composites [73],

combining discontinuous fibres of different lengths, diameters or strengths (see for ex-

ample [84]).
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Appendix A

Correction factors for the Weibull

strength distribution of fibres in

a discontinuous composite

The fibre strength distribution used in the model (Eq. 2.9) contains a correction

factor, Clength, which accounts for a difference between the length of the fibres used

to measure the strength (lr) and the length of the fibres in the composite (lf). In

addition, the fibres in the composites are allowed to break four times, for which four

values of strength are needed; consequently, the fibres are considered to be divided in

four elements of equal length lf
/

4, and therefore the length-scaling factor of the Weibull

distribution for fibre strength is

Clength =
lf

4 · lr
. (A.1)

The set of four strengths generated for each fibre is sorted, and each fibre (i, j) is

initially affected the lowest value of the set. During the simulation, each time that

fibre (i, j) breaks, its strength is updated to the next smallest value of the set (see

Sec. 2.2.4.4).

The other correction factor in the fibre strength distribution, Cshape, accounts for the

shape of the stress fields seen by the fibres, which is uniform during the measurement of

fibre strengths, but has stress concentrations in discontinuous composites. Therefore, a

representative case of the stress field σf
ij(x) along a fibre in the discontinuous composite

– where the four neighbouring fibre-ends are evenly spaced – is considered. The survival

probability Sshape of a fibre (i, j) under a complex stress field σf
ij(x) similar to the one

shown in Fig. 2.2 is given by [140]
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ln [Sshape] =
1

lf
·
∫ lf

x=0

(
σf
ij(x)

σ0

)m
dx, (A.2)

where the integral is calculated numerically, and m and σ0 are respectively the shape

and scale parameters of the original single-fibre strength Weibull distribution; note that,

because the scale parameter σ0 was measured at the length lr, the survival probability

Sshape refers to a fibre of length lr as well.

The result found numerically for Sshape can be compared to the analytical result

(Suni) given for a uniform stress field σf
ij(x) = σ̂f

ij , and a correction factor Cshape is

calculated to account for the shape of the complex stress field: assuming that the

survival probability of the fibre under a complex stress field can be expressed in the

form ln [Sshape] = Cshape · ln [Suni], the shape parameter is then defined by

Cshape = − ln [Sshape] ·

(
σ0

σ̂f
ij

)m
, where −

(
σ̂f
ij

σ0

)m
= ln

[
Suni(σ̂

f
ij)
]
. (A.3)

A2



Appendix B

Toughness estimation of aligned

discontinuous composites

To estimate the fracture toughness (or critical energy release rate) of an aligned dis-

continuous composite, let us start by assuming a perfectly-plastic matrix (with strength

Sm) so that the maximum stress carried by a fibre with minimum overlap δl is [83]

σ̂f ≈ 4 · Sm · δl
φf

. (B.1)

Consequently, one can then define the survival probability of an overlap of length

δl as:

SL(δl) = exp

(
−Clength · Cshape ·

(
4 · Sm · δl
φf · σ0

)m)
, (B.2)

where Clength and Cshape are derived in App. A.

Then, because a fibre always fails at the same location as the end of one of its four

neighbours (at a location xbreak defined in Eq. 2.12), a fibre break always creates one

overlap of length δl = 0 with one of the four neighbouring fibres. In addition, the

minimum overlap lengths between the broken fibre and the three other neighbouring

fibres can be recalculated: when a fibre breaks within the shortest shear-lag segment

of an interaction, the new length of the shortest overlap generated will be uniformly

distributed between zero and the length of the initial shear-lag segment. This principle

can be applied recursively every time a fibre breaks to generate the probability density

function) of overlap lengths PDF(δl) (Fig. B.1). For this model, the assumption of a

square packing implies that each fibre can break up to four times.
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Figure B.1: Probability density function of minimum overlap lengths for discontinu-
ous composites with different initial fibre lengths (the infinite peaks at
δl = 0 are not shown in the plots).

Moreover, the work of debonding Wdeb and pull-out Wpo for an overlap of length

δl are given by

Wdeb =
π · φf

4
· Gm · δl and Wpo =

π · φf

4
· τµ ·

δl2

2
. (B.3)

Therefore, normalising the dissipated work by the cross-section of an overlap

π · φf2
/

(8 · V f), the toughness components g are defined as

gdeb =
2 · V f

φf
· Gm · δl and gpo =

V f

φf
· τµ · δl2. (B.4)

Finally, combining the toughness components with the probability density functions

of the overlap lengths, the toughness of the composite is calculated by summing the

components of debonding and pull-out as follows:

Gcrit =

∫ lf/2

δl=0
(gdeb + gpo) · PDF(δl) · dδl. (B.5)

This method was validated against experiments where discontinuous Compact Ten-

sion (CT) specimens were tested in order to (i) measure experimentally the toughness

of aligned discontinuous composites, and (ii) observed fracture surfaces of the broken

CT specimens to identify the different failure mechanisms [167].
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Appendix C

Derivation of the Young modulus

from the non-hybrid BaM model

In the non-hybrid BaM model [24], the remote stress and strain applied to the

composite and the stress and strain fields in the platelets and matrix are given by

σ∞ =
∆σL

2
, (C.1a)

ε∞ =
∆σL

2 · E
+
tm · γL

2 · L
= ∆σL ·

[
1

2 · E
+

tm

2 · L
· γL

∆σL

]
, (C.1b)

∆σ(x) =∆σ0 · cosh(λ · (x− x0)) +
2

λ · T
· τ0 · sinh(λ · (x− x0)), (C.1c)

γ(x) =γ0 +
τ0

Gm
· [cosh(λ · (x− x0))− 1] +

∆σ0

λ · tm · E
· sinh(λ · (x− x0)). (C.1d)

Moreover, because the matrix is in the linear-elastic subdomain along the entire over-

lap, x0 = 0, ∆σ0 = 0 and τ0

/
Gm = γ0; therefore, Eq. C.1 can be simplified and leads to

∆σL = ∆σ(L) = ∆σ0 · cosh(λ · L) +
2

λ · T
· τ0 · sinh(λ · L), (C.2a)

γL = γ(L) = γ0 · cosh(λ · L) +
∆σ0

λ · tm · E
· sinh(λ · L), (C.2b)

γL

∆σL
=

λ · T
2 ·Gm · tanh(λ · L)

. (C.2c)

Therefore, using λ =
√

2 ·Gm/(T · tm · E), Eq. C.1b becomes

ε∞ =
σ∞

E
·
(

1 +
1

L · λ · tanh(λ · L)

)
. (C.3)

Finally, the Young’s modulus of the composite is given by

EBaM(T,E) =
σ∞

ε∞
=

E

1 + 1
λ·L·tanh(λ·L)

, where λ =

√
2 ·Gm

tm · E · T
. (C.4)
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Derivation of rules-of-mixtures

D.1 Continuous-fibre RoM

The standard rule-of-mixtures predicts the modulus of a hybrid composite with a

linear combination of the Young’s moduli of the two types of inclusion (EA and EB), as

shown in Fig. D.1a. This neglects the brick-and-mortar architecture of the composite.

D.2 RoM for brick-and-mortar

In order to account for the BaM architecture, one can assume that the overall

Young’s modulus of the hybrid composite is a linear combination of the two Young’s

moduli of the non-hybrid BaM composites, each consisting of only one platelet type

(A or B), with the same average platelet thickness T̄ (see Eq. C.4). Therefore, the

overall Young’s modulus calculated with this rule-of-mixtures (named EC
RoM-BaM in

the results) takes into account the discontinuous nature of the platelets, although it

does not account for differences in platelet thickness while calculating the two Young’s

moduli of the non-hybrid BaM (see Fig. D.1b).

D.3 Discontinuous-fibre RoM

A third rule-of-mixtures (named EC
DRoM in the results) considers the actual thick-

ness of each platelet type when calculating the Young’s moduli of the two non-hybrid

BaM composites; this means that, instead of using TA = TB = T̄ and doing a linear

interpolation (as done in Sec. D.2), the DRoM calculates the Young’s moduli of the

two non-hybrid BaM considering the actual thicknesses of the platelets (TA R TB) in

the hybrid BaM for each value of ∆T
/

ΣT (see Fig. D.1c).
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RoM-BaM:

DRoM:

2 ⋅T𝒜

2 ⋅T ℬ

2 ⋅ 𝑇ℬ

2 ⋅ 𝑇ℬ

2 ⋅ 𝑇𝒜
2 ⋅ 𝑇𝒜

2 ⋅  𝑇

2 ⋅  𝑇

2 ⋅  𝑇

2 ⋅  𝑇

E∞

+

𝐸BaM 𝐸ℬ ,  𝑇 ⋅ 𝑉ℬ

=

+

CRoM:
+

𝐸ℬ ⋅ 𝑉ℬ

𝐸BaM 𝐸ℬ , 𝑇ℬ ⋅ 𝑉ℬ 𝐸BaM 𝐸𝒜 , 𝑇𝒜 ⋅ 𝑉𝒜

𝐸BaM 𝐸𝒜 ,  𝑇 ⋅ 𝑉𝒜

𝐸𝒜 ⋅ 𝑉𝒜
EC

CRoM = EA · V A + EB · V B (D.1a)

EC
RoM-BaM = EBaM(T̄ , EA) · V A + EBaM(T̄ , EB) · V B

(D.1b)

EC
DRoM = EBaM(TA, EA) · V A + EBaM(TB, EB) · V B

(D.1c)

Figure D.1: Definition of the different rules-of-mixtures (CRoM, RoM-BaM and
DRoM), and the corresponding equations to calculate the Young’s mod-
ulus of the hybrid BaM composite.
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Appendix E

Validation of the analytical

model for HyBaM composites

against FE simulations

The analytical model for hybrid BaM composites has been validated using 2D plane

stress FE simulations (see Fig. E.1). For each simulation, the platelets are defined

as isotropic-linear-elastic materials with Young’s moduli EA and EB and Poisson’s

ratio νA = νB = 0. The matrix is also defined as an isotropic-linear-elastic material

with a Young’s modulus Em = 2 ·Gm · (1 + νm) and a Poisson’s ratio νm = 0.5. Three

elements have been used through the thickness of each platelet in order to validate the

shear-lag assumption of thin layers.

The simulations are run with Abaqus Standard solver [141], and the remote load

P∞ and displacement u∞ were collected to find the overall Young’s modulus of the

𝜏 𝜎

10
4
3
2
1
0

75
20
15
10
5
0

(MPa)

quarter 
platelet ℬ

quarter 
platelet 𝒜

matrix
interlayer

𝑥-symmetry 𝑥-symmetry𝑦-symmetry

𝑢∞

𝑃∞

𝑦-symmetry

Figure E.1: Example of the FE geometry, mesh and boundary conditions used to
validate the analytical model for hybrid BaM composites. The model
represents the unit-cell shown in Fig. 3.1b for one particular configuration
(defined in Tab. 3.2, and with L = 1 mm, ∆T

ΣT = 0.3 and ∆E
ΣE = 0.2).
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hybrid BaM composite:

EC
FE =

σ∞FE

ε∞FE

=
P∞

/
ΣT

u∞
/

(2 · L)
. (E.1)

The FE results are displayed in Fig. 3.5a, and show good agreement with the results

from the analytical model.
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Appendix F

Modelling of fibre misalignment

To analyse the effect of fibre misalignment, let us consider a hybrid discontinuous

composite with a fibre volume fraction V f (and V m = 1−V f), fibre-A volume ratio V A

and fibre-B volume ratio V B (with V A + V B = 1). The reduced stiffness matrix Qij of

a ply with all fibres perfectly aligned in the longitudinal direction is given by:

Qij =


Q11 Q12 0

Q12 Q22 0

0 0 Q66

 , where



Q11 = E2
11/(E11 − ν2

12 · E22),

Q12 = ν12 · E11 · E22/(E11 − ν2
12 · E22),

Q22 = E11 · E22/(E11 − ν2
12 · E22),

Q66 = G12,

(F.1)

where E11 is the longitudinal Young’s modulus, calculated by the model described in

Sec. 3.3; the other stiffness constants are defined (using the rule-of-mixtures and input

Table F.1: Inputs parameters used to calculate the reduced stiffness matrix (values
estimated from literature [168, 169]). The fibre volume fraction is set to
V f = 30%.

Parameter E11 (GPa) E22 (GPa) G12 (GPa) ν12 (-)

Matrix 4.0 4.0 1.5 0.35

Glass 73 73 30 0.2

HSC 225 20 27 0.2

HMC 860 7 32 0.2
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values in Tab. F.1) as
E22 = 1/(V f · V A/E22,A + V f · V B/E22,B + V m/Em

22),

G12 = 1/(V f · V A/G12,A + V f · V B/G12,B + V m/Gm
12),

ν12 = V f · V A · ν12,A + V f · V B · ν12,B + V m · νm
12.

(F.2)

The coefficients of the stiffness matrix Q′ij(θ) in the off-axis system rotated by an

angle θ can be calculated from the coefficients of the reduced stiffness matrix by using

classical laminate theory [90,91]:


Q′11(θ)

Q′22(θ)

Q′12(θ)

 =


m4 n4 2 ·m2 · n2 4 ·m2 · n2

n4 m4 2 ·m2 · n2 4 ·m2 · n2

m2 · n2 m2 · n2 m4 + n4 −4 ·m2 · n2

×


Q11

Q22

Q12

Q66


, (F.3)

where m = cos(θ) and n = sin(θ).

The overall laminate stiffness matrix Q̄ij of a composite with a fibre orientation

distribution defined by the probability density function g(θ) is then calculated by

Q̄ij =

∫ θmax

θmin

Q′ij(θ) · g(θ)dθ, (F.4)

and the overall Young’s modulus of the composite is given by

Ē11 =
Q̄11 · Q̄22 − Q̄2

12

Q̄22
. (F.5)

This method was validated against a composite layup section model available in

Abaqus [141], and was used to predict the results shown in Fig. 3.7 (Chapter 3), in

order to compare the results of the model against experiments accounting for fibre

misalignment.
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Appendix G

Extension of the

brick-and-mortar model for

non-linear-elastic bricks

The aim of this appendix is to summarise how the existing model for single-level

BaM composites with hybrid brick types (Chapters 2-4) was extended for non-linear-

elastic bricks, as mentioned in Chapter 5.

The current model considers a composite with perfectly staggered bricks (see

Fig. G.1a, and zoom on the unit-cell in Fig. G.1b). The matrix has a bilinear re-

sponse in shear (with material properties showed in Tab. 5.2), and the bricks have a

non-linear response in tension; both responses are approximated by piecewise-linear

stress-strain curves, as exemplified in Fig. G.1c for the matrix, and in Fig. G.1d for the

bricks.

According to a 1-dimensional shear-lag mechanism (in which there are no through-

the-thickness stress gradients within a brick or matrix layer), the matrix will transfer

shear-stresses between each pair of neighbouring bricks, along the overlap between

brick-ends. Along each brick, tensile stress will therefore increase from the brick-ends

(where the stress is set to zero) to the centre of the brick (where the stress is maximum),

as shown in Fig. G.1b. This non-homogeneous stress state in the bricks, combined with

their piecewise non-linear tensile response, means that different segments of one brick

along the overlap will have different tangent stiffnesses (as exemplified in Fig. G.1b).

The brick half-overlap shown in Fig. G.1b (of length L) can be regarded as a series

of 4 segments; let us for example focus on Segment 2. In Segment 2, brick A is in

Subdomain 1 (with tangent stiffness E1 and stress σA(εA) = E1 · εA + σ0
1), brick B

is in Subdomain 2 (with tangent stiffness E2 and stress σB(εB) = E2 · εB + σ0
2), and
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zoom in (b)

𝑥

𝑦

𝑡m 2 𝑇⋅

𝜎∞𝜎∞
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(a) BaM structure.
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𝑦
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(b) Overlap between two non-linear-elastic bricks. The
different colours represent the different piecewise lin-
ear subdomains which are active in the overlap, as
identified in Figs. G.1c and G.1d

𝛾

𝜏

γ2
m0

0

active subdomains in Fig. (b)

γ1
m

𝜏1
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1
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(c) Example of a matrix piecewise-linear con-
stitutive law (with 2 subdomains).
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(d) Example of a brick piecewise-linear con-
stitutive law (with 3 load-bearing subdo-
mains).

Figure G.1: Overview of the extension of the hybrid BaM model (Chapters 3-4) to
BaM composites with non-linear-elastic bricks.

the matrix is in Subdomain 1 (with tangent stiffness Gm
1 ). Using a method similar

to the one developed for hybrid bricks (Chapters 3-4) yields the following govern-

ing differential equation for the shear-lag stress transfer in Segment 2 in Fig. G.1b:
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d2Ψ(x)

dx2
= sign

[
Gm

1 (γ) · Ẽ12

]
· λ2

12 ·Ψ(x),

where



λ12 =

√
2

T ·tm ·
∣∣∣Gm

1 (γ)

Ẽ12

∣∣∣,
Ψ(x) = ∆σ(x) +

σ∞·∆E21−σ0
2 ·E1+σ0

1 ·E2

Ē12
,

ΣE12 = E1 + E2,

∆E21 = E1 − E2,

Ē12 = ΣE12/2,

Ẽ12 = 2·E1·E2
E1+E2

,

(G.1)

and where ∆σ(x) is the stress difference σB(x)− σA(x) along the overlap.

For each Segment k = {1, 2, 3, 4} in the overlap in Fig. G.1b, an equation similar to

Eq. G.1 can be defined and solved in a way similar to that proposed in Chapter 4 for

hybrid bricks, and the values of γk, τk and ∆σk (defined in Fig. G.1b) can be calculated

from γk−1, τk−1 and ∆σk−1. This allows for the stress-strain responses of each segment

to be calculated successively; finally, the stress-strain response of the whole overlap is

obtained by combining the response of the 4 segments in series.

This analysis was presented for the particular case of subdomains and segments

shown in Fig. G.1, but it can be extended to any generic case using the same method-

ology as proposed in Chapter 4 for hybrid brick-and-mortar composites.
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