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Abstract

Across many plasma applications, the underlying phenomena and interactions among the
involved processes are known to exhibit three-dimensional characteristics. Furthermore, the
global properties and evolution of plasma systems are often determined by a process called
inverse energy cascade, where kinetic plasma processes at the microscopic scale interact and
lead to macroscopic coherent structures. These structures can have a major impact on the
stability of plasma discharges, with detrimental effects on the operation and performance of
plasma technologies. Kinetic particle-in-cell (PIC) methods offer a sufficient level of fidelity to
capture these processes and behaviors. However, three-dimensional PIC simulations that can
cost-effectively overcome the curse of dimensionality and enable full-scale simulations of
real-world time significance have remained elusive. Tackling the enormous computational cost
issue associated with conventional PIC schemes, the computationally efficient reduced-order
(RO) PIC approach provides a viable path to 3D simulations of real-size plasma systems. This
part II paper builds upon the improvements to the RO-PIC’s underpinning formulation discussed
in part I and extends the novel ‘first-order’ RO-PIC formulation to 3D. The resulting Quasi-3D
(Q3D) implementation is rigorously verified in this paper, both at the module level of the Q3D
reduced-dimension Poisson solver and at the global PIC code level. The plasma test cases
employed correspond to 3D versions of the 2D configurations studied in part I, specifically: (a)
a 3D problem involving electron plasma oscillations with Landau damping, and (b) a 3D
extension to the Diocotron instability problem. The detailed verifications of the Q3D RO-PIC
confirm that it maintains the expected levels of cost-efficiency and accuracy, demonstrating the
ability of the approach to indistinguishably reproduce full-3D simulation results at a fraction of
the computational cost.
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improved formulation, 3D extension, quasi-3D PIC verifications
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1. Introduction

In many plasma applications of industrial relevance—ranging
from magnetrons for material processing and Hall thrusters
for spacecraft propulsion to magnetic confinement devices
for fusion—the plasma dynamics is highly complex, primar-
ily characterized by being three-dimensional in nature and
exhibiting behaviors that extend across a vast range of tem-
poral and spatial scales. A comprehensive understanding of the
multi-dimensional and intricately coupled processes underly-
ing plasma systems enables the prediction and control of plas-
mas, paving the way for more efficient technological solutions
and novel applications, as well as harnessing fusion as the sus-
tainable energy source for the future.

Nonetheless, our efforts toward acquiring an all-round
knowledge of the three-dimensional plasma phenomena are
in most cases impeded by the unavailability of a computa-
tionally viable self-consistent, high-fidelity model. Influential
plasma phenomena in many technological plasmas have a
kinetic nature, meaning that they stem from processes that
alters the velocity distribution functions of the plasma spe-
cies. Accordingly, high-fidelity kinetic simulations, such as the
particle-in-cell (PIC) method [1, 2], are the desired tools to
study and predict the plasmas evolution. However, the sub-
stantial computational cost of traditional multi-dimensional
PIC codes renders simulating real-size devices over timescales
of real-world significance unfeasible, limiting our studies to
simplified and/or reduced-size geometries for relatively short
timeframes.

As a tangible example, a single 10 ps-long 3D simula-
tion, performed by Villafana et al [3] to study the dynam-
ics of high-frequency instabilities in a geometry representat-
ive of a medium-sized Hall thruster, incurred a computational
cost of 1.4 x 10° CPU hours. This enormous computational
demand for such a short-duration 3D simulation underscores
the unsuitability of traditional PIC implementations for prac-
tical purposes.

There is also an additional complexity. Previous research
[4-13] has highlighted that plasma processes, such as the
microscopic and macroscopic instabilities, as well as the
plasma particles’ dynamics and interactions with the imposed
electromagnetic fields, are significantly influenced by the
operating regime and physical parameters of the plasma sys-
tem. Hence, there is also the need for understanding these para-
metric variabilities. Nonetheless, such extensive parametric
studies using conventional PIC codes are most often imprac-
tical due to the same issue of cost inefficiency.

From a scientific standpoint, a computationally efficient 3D
PIC model allows for the exploration of long-standing ques-
tions in plasma physics, enhancing our understanding of multi-
dimensional plasma processes, their interactions, and paramet-
ric dependencies. From an engineering perspective, such pre-
dictive model not only can play a fundamental role in stream-
lining the design and development of more efficient and reli-
able plasma technologies but also can open doors to innovative

technological solutions [14—16]. In this regard, development
of new modeling approaches to reduce the computational bur-
den of conventional kinetic simulations while maintaining the
fidelity of their predictions can significantly boost plasma sci-
ence and engineering.

To this end, we developed in 2023 the reduced-order (RO)
PIC scheme [17-19] as a promising solution to address the
computational cost challenge of traditional PIC schemes.
Based upon the innovative concept of a reduced-dimension
(RD) computational grid, the RO-PIC drastically reduces the
computational complexity of simulation problems while pre-
serving essential physics, serving as an effective alternative
to conventional PIC methods. The results from testing RO-
PIC across a diverse set of 2D plasma configurations [20—
22] demonstrated its capability to faithfully reproduce the
behaviors observed in full-2D simulations, thereby affirming
its utility for both physics studies and engineering applica-
tions. The rigorous verifications and the detailed character-
izations of the convergence behavior of the RO-PIC scheme
in various controlled benchmark cases laid a solid found-
ation for the extension of the RO-PIC to 3D and further
exploration of its application in more complex 3D plasma
configurations.

In part I of this article [23], we introduced recent advance-
ments in the 2D RO-PIC model, focusing on the revision
of the method’s underpinning formulation from the original
zeroth-order one to first-order. We evaluated the performance
of the upgraded RO-PIC with first-order formulation against
the original zeroth-order implementation. Through comparis-
ons across multiple test cases at the module level and global
code level, we demonstrated that the first-order RO-PIC yields
substantial improvements in computational efficiency and
prediction accuracy, notably outperforming the zeroth-order
version [23].

Motivated by the successful adaptation of the 2D electro-
static RO-PIC based on the first-order formulation and its veri-
fications in part I [23], we now extend the method to 3D in this
part IT and examine the resulting code’s performance in sev-
eral 3D test cases. We will discuss the details of this extension
and present the verification outcomes for the electrostatic 3D
RO-PIC (or quasi-3D [Q3D] PIC), highlighting its computa-
tional advantages and accuracy metric. The newly developed
Q3D code serves as the Q3D branch of PICxelsior [23], which
has been developed independently by MR and FF.

2. Extension of RO-PIC to 3D configuration

The general methodology behind RO-PIC and its underlying
formulation, which were discussed in part I [23], are readily
extensible to 3D. For the three-dimensional implementation of
RO-PIC, the RD grid concept described in 2D in [17, 23] can
be adapted into a Q3D grid system, as illustrated in figure 1.
The RD grid system enables increasing the cell size along two
dimensions beyond the Debye length.
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Figure 1. Schematic of Q3D grid and the domain decomposition into multiple regions for the first-order RO-PIC. The illustrations on the
top row demonstrate the 3D views of domain decomposition along each coordinate plane. The illustrations on the bottom row show the
cross-sectional views of the domain in different planes: (a) the y — z plane, (b) the z — x plane, and (c) the y — x plane. The red dots represent
the front views of the array of 1D fine grids along each corresponding direction placed along the edges of the cuboid subdomains.

In the following, we focus on the first-order Q3D PIC
implementation. For completeness, the description of the
zeroth-order Q3D PIC is provided in appendix A. However,
only the first-order Q3D PIC will be subject to tests and veri-
fications in this paper.

The computational domain is decomposed into M x N x P
cubic regions, with fine computational grids placed on the
edges of these regions along each direction. This arrange-
ment results in a grid structure consisting of interconnected
arrays of 1D grids along the x, y and z axes. The number
of 1D grids along the x, y and z axes are (N+ 1) x (P+1),
(M+1)x (P+1)and (N+1) x (M+ 1), respectively. Each
of the 1D grids is characterized by fine-resolution cells along
its respective dimension, ensuring that cell sizes remain below
the Debye length and, hence, satisfying the stability require-
ment of the explicit PIC schemes [1, 2].

The total number of cells and the particles count scale with
o (NZN ) compared to O ( ) where N, is the total number of
regions, and N; is the number of fine grid cells per dimension.
Since the dimensionality-reduction technique underpinning
RO-PIC enables approximating the 3D solution with N, < N;,
it yields remarkable computational gain compared to a typ-
ical traditional explicit, momentum-conserving full-3D PIC
simulation.

Similar to the Q2D implementation of RO-PIC, the Q3D
extension requires adjustments to functions that interact with
the grid to ensure compatibility with the RD grid definition.
This involves modifying the ‘scatter’ function, which trans-
fers particle data to the grid, as well as the ‘gather’ function,

that retrieves grid-based data back to the particle positions.
Additionally, the Poisson’s equation and, hence, the Poisson
solver used in an electrostatic PIC code must be adapted to
align with the RD grid configuration. The modified functions
are discussed in the following subsections.

2.1. Scatter and gather functions

In the scattering phase, the data associated with a particle,
denoted by S, is deposited onto the Q3D computational grids.
Note that subscript s is used here to avoid indexing conflict
with the index of regions along z denoted by p. The depos-
ition onto the grids is performed separately on each of the fine
computational grids along the x, y and z directions

x;) = Zﬁsw;m (ri,r), Vri = (Xi, ¥j,2) € Qpnm

' (1)

By m () = Zﬁx g Tsr)s V= (30, 3, 2) € Dy
2

Brm () Zﬂs wan FisT) s Vri= (%, 3j,2) € Qpum

3)
where, the summation is carried out over all simulation
particles. r; is the vector of grid node positions and r is a
particle position vector. The 3D distribution of a property is
then achieved by combining the values from the three grids as
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Figure 2. A schematic illustrating the exchange of data between the particles and reduced-dimension (RD) grid in (a) y — z plane, (b) z — x

plane, and (c) y — x plane.

1 )
B (xi, yirak) = 5 (B0 (50) + By (3) + Bi o (20)) -

3 “

In the gathering process, the grid data are interpolated at
the particle’s location. For each particle, the gathered value
(65 (x,y,2)) is a combination of the contributions from the
three x -grid, y -grid, and z -grid, as per equation (5)

1 X N ,
ﬁs (X7y72) = g 26}1,}1 (X[) ‘/V]J,n,i (ri7r) + Z ﬂ;,m (yj) W;,m,j (rivr)

pmyi Psmsj

Figure 2 provides a schematic to aid understanding the
data scattering onto and its gathering from the Q3D grid.
In equations (1)—(5), Wi nio W;mlj and qum’k are the inter-
polation weight functions that determine how the data are
interpolated between particles’ positions and the neigh-
boring grid nodes and vice versa. These weights depend
on the relative position of the particle with respect to
the grid nodes. The weighting functions also account for
the core assumptions in the zeroth-order or first-order
RO-PIC methods. In the first-order scheme, the weight
functions prescribe a linear variation across the regions,

+Zﬂﬁ’m (zk) Wyt (rir) | 59%,9,2€ Qpm. (5)  allowing a smooth transition from one region to another
nym,k
J
—n i—Z —x;

W;ni: (1_’%><1_ lzp)(1_‘XA§|)’x’vaGQp,n,m ’ ©)

sy 07 x,y,z ¢ Qp,n,m
yoo (1_ Z—sz )(1— XXy ) (1—‘y31 )7x,y,zeﬂp,n7m ;
Wi = : 2 ’ o

0, x,y,z ¢ Qp,n,m

(1_‘m)<1_ m)(]_|Z*Zk|) Xyz€Q

W/fl,m,k = Iy Az y )y J,m (8)

0 %9, 2¢ Qpnm

As is discussed in appendix A, in the zeroth-order scheme,
each grid value is assumed to be constant perpendicular to the
grid’s direction across the regions.

2.2. Poisson solver

The RD Poisson’s/Gauss’s equation introduced in part I [23]
for the first-order implementation is extended to 3D here. This
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is achieved by writing the Gauss’s law for the fine cells along ¥ Ao Ao
the x -grid, y -grid and z -grid, separately. The computation / / ( 9z lor T )dxd + / <8y W a—y ys) dx
cells along each direction and the electric flux through their Vs xw

surfaces are illustrated in figure 3. W WN Xp

ansidering E = —Vd)., we arrive at the following _|_/ (3(;5 i % i > dy = _L / / pdxdy. (11)
equations, where the subscript F stands for Front, B for Back, Ox "t Ox v €o
N for North, S for South, E for East, and W for West of the s s

computation cells At this point, we need to incorporate the core assumption of
the RO-PIC method into equations (9)—(11). Since the electric

06 06 potential is solved on the RD grid, we introduce the RO-PIC

/ / < v A ) dydz + / ( Ao ZB) ansatz to specify how the potential at any given point (x,y,z)
Ax Ox 0z 0z in space is determined based on the partial potential values on

y
” Z: - the surrounding fine grids, i.e. ¢* (x), ¢* (y) and ¢*(z).

a¢ d¢ 1 In the first-order formulation of RO-PIC, we assume that

+ A =—— pdydz 9
Ay "V Oy ’ the potential varies linearly between adjacent 1D fine grids
s within a given region. Any arbitrary point in space is surroun-
¥ 9o 9o ded by four 1D grids along each spatial direction, resulting in
Ay / / ( oy v T By y3> dxdz + / <8Z v Py ZB) dx a total of twelve 1D grids in 3D. Therefore, the potential at a
Y o Y Y o given point, denoted by ¢ (x,y,z), is approximated through lin-

ear interpolation between these twelve surrounding 1D grids
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Substituting equation (12) into equations (9)—(11) yields the following coupled system of Poisson equations
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Equations (13)—(15) represent the first-order Q3D approx-
imation of the Poisson’s equation, which are numerically
solved using the Q3D reduced-dimension Poisson solver
(RDPS). RDPS employs Julia’s efficient built-in direct matrix-
solving algorithm based on the LU decomposition.

The zeroth-order formulation for the Q3D Poisson’s system
of equations is provided in appendix A.

3. Standalone verifications of the first-order 3D
RDPS

We present here the verification results of the 3D RDPS in two
standalone Poisson problems, as defined in table 1. In case 1,
the boundary condition plays a dominant role in determining
the solution, while in case 2, the charge distribution p (x,y,z)
has the main influence on the outcome.

Both test cases represent a Cartesian (x — y — z) domain of
unit length along each direction. 50 computational cells are
used along x, y and z dimensions, thus N; = N; = N = 50. The
permittivity of free space is assumed to be unity (€9 = 1).

The RDPS’ solutions with various number-of-regions for
case 1 and case 2 are illustrated in figures 4 and 5, respect-
ively. As the salient observation, similar to the solutions
obtained from the first-order 2D RDPS in part I [23], the 3D
RDPS’ solutions in both test cases are smooth, and beyond 10
regions, they become visually indistinguishable from the full-
3D results.

Figure 6 presents the error convergence plots of the RO
potential approximations ¢ q3p (i,, k) for the defined Poisson
problems across various number of regions, along with the cor-
responding ratio of the computational cells in Q3D to those in
the full-3D Poisson solver. The error is computed according
to equation (16) and with respect to the corresponding full-3D
solution

Error = 100 \/Z

M ;Vil(qﬁsD(i,j’k)—¢Q3D(i,j’k))2
\/Z tll j= 1(¢3D(7]7k))2

(16)

In both test cases, we observe from figure 6 that the error

of the Q3D potential approximation remains below 5% with

just 5 regions along each direction, resulting in the number of
computational cells being only 3% of the full 3D model.

Furthermore, with 10 regions, the errors in either test case

drop to below 0.4%, while the computational cells account for

10% of those in the full-3D setup. It is worth noting that the
ratio of Q3D to full-3D cells (Neen,g3p/Neelr 3p) is indicative
of the computational gain resulted from using the RD solver
compared to the standard one.

The test cases presented here involved full Dirichlet bound-
ary conditions. In appendix B, results of the 3D RDPS verifica-
tions are shown for test cases that feature a variety of boundary
conditions, including Neumann and periodic boundary condi-
tions.

4. Verifications of the Q3D PICxelsior

Following the verifications of the 3D RDPS in standalone
Poisson test problems and ensuring the correctness of the
underpinning 3D dimensionality-reduction formulation and its
numerical implementation, the next step involves integration
of the RDPS within the PICxelsior’s RO-PIC loop and verify-
ing the complete Q3D code in plasma test cases.

The adopted test cases, which are discussed respectively in
the following subsections, include: (1) an electrostatic setup
involving electron plasma oscillations with Landau damping
[24], and (2) 3D extension to the Diocotron instability which
features an applied magnetic field [25, 26]. These test cases
are used to assess and characterize the convergence behavior
of the 3D RO-PIC with varying number-of-regions.

4.1. Test case 1: electron plasma oscillations

4.1.1. Description of the problem setup. This test case is
adapted from the example problem provided in Brieda [24]
and is a 3D extension to the 2D plasma test case number 1
presented in Part I [23]. The 3D Cartesian (x —y —z) compu-
tational domain of the problem is shown in figure 7.

To initiate the simulations, the ions are uniformly distrib-
uted across the domain with a density of ng = 1 x 10''m~3
and a zero initial temperature 7;¢ = 0. Electrons, sampled
from a Maxwellian distribution with a temperature of 0.1 eV
and the density of ny = 1 x 10'! m~3, are loaded into an octant
of the domain with x € [0,L,/2 ),y € [0,L,/2),z € [0,L;/2).

Zero-volt Dirichlet boundary condition are applied on all
boundaries for the potential and reflective boundary condition
is imposed on particles crossing any of the domain boundaries.
The main simulation parameters are detailed in table 2.

The initial charge imbalance arises from the concentration
of the electrons in one octant, while ions occupy the entire
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domain, generating an electric field. The electric field acts on
the electrons to propagate outward to achieve charge neutral-
ity, which in turn initiates the plasma oscillations. As the sys-
tem evolves, these oscillations are damped by Landau damping
[27], leading to a gradual restoration of quasi-neutrality as
the electrons redistribute, ultimately establishing a more stable
plasma state.

4.12. Results.  Before delving into the discussion of the res-
ults from the Q3D simulations, it is important to highlight the
impact of including the third dimension in this test case. This
is provided in appendix C.1, where a comparison is shown
between the time evolutions of the electric potential energy
(Epot) and the particles’ kinetic energy (Exi,) within the sys-
tem from full-2D and full-3D simulations. The energies are
computed according to equations (2) and (3) in part I [23].
According to the figure in appendix C.1, the 2D simulations
show more pronounced oscillations, whereas the amplitude
of the oscillations in 3D is smaller and is also damped more
quickly.

Now, turning our focus to the Q3D results for test case 1,
the evolution of energies from the RO simulations with dif-
ferent number of regions and from the full-3D simulation are
compared in figure 8. In addition, figure 9 illustrates sample
plasma potential snapshots in different time instants during the
plasma oscillations. The corresponding electron number dens-
ity snapshots are presented in appendix C.1

Similar to the observations made in part I in two-
dimensions [23], the overall behavior of the system in terms of
the development of the plasma oscillations and the exchange
between the electric potential and kinetic energy is prop-
erly captured in all Q3D simulations, though with varying
accuracies depending on the number of regions used.

The variation in the accuracy of the Q3D simulations with
the number of regions can also be visually assessed through
the resolution and the level of detail captured in the snapshots
of the electric potential and the electron density (figure 9 and
appendix C.1, respectively).

The errors in the predicted plasma oscillations characterist-
ics from the Q3D simulations, including the oscillations’ fre-
quency and damping rate, in addition to the associated com-
putational cost reductions, are provided in figure 10.

It is noticed that the error values and the decreasing error
trend as the number of regions in the Q3D simulations increase
are consistent with those observed in first-order 2D simula-
tions, indicating that extending the approach to 3D does not
affect the convergence behavior or accuracy level of the RO
approximation in this test case. Notably, with 10 regions, the
oscillations characteristics are captured with an error margin
of less than 1%, while the computational time is reduced to
only 5% of that required for a full-3D simulation. This high-
lights the efficiency of the Q3D PICxelsior.

We would highlight that the presented analysis serves as a
single test case and drawing a more robust and general conclu-
sion about the similarity of RO-PIC’s convergence behavior in
2D and 3D requires testing the approach across a wider range
of cases. This is why we have introduced the second test case
in the following subsection.

4.2. Test case 2: Diocotron instability

4.2.1. Description of the problem setup. The Diocotron
instability test case described in part I [23] is extended to
3D configuration here. The simulation thus simulates a 3D
Cartesian domain, illustrated in figure 11, with the dimensions
L, =L, =L, =10\p, where \p represents the Debye length.
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Table 1. Definition of the 3D Poisson problems for standalone verifications of the first-order reduced-dimension Poisson solver.

Case No.  Source terms (p (x,y,z)) Boundary Conditions
1 p=0 ¢ (0,y,2) = ¢ (Lx,y,2) = sin(my) sin (7 z)
¢ (X,O,Z) = ¢ (-x7 Lyvz): 0
¢ (x,y,0) = ¢ (x, y, L;)=sin (37 x)sin(7y)
2 p = sin(mr)cos (3@ ) cos (260;) cos (26) exp (—5r%) ; ¢ (0,y,2) = ¢ (Lx,y,2) =0
_ _ 2 _ 2 _ 2 ¢(X,O,Z): ¢(x7 LyaZ)ZO
r= \/(x 0.5)"+(y—0.5)"+(z—0.5)", 6 (6y.0) = & (x y.L) =0

® = tan~! (\/<x—o.5>2+<y—0-5>2) ’

z—0.5

—1({y=05
0, = tan (y—),

x—0.5

_ —1(z=0.5
0, = tan (y—().S) .

1
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Figure 4. Comparison of the first-order RDPS’ solutions with various number of regions against the corresponding full-3D solution
(bottom-most row) for case 1 in the y — x plane (left column), the z — x plane (middle column), and z —y plane (right column). The
numbers of regions are equal along all three dimensions (M = N = P), which are denoted by NumR.
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Figure 5. Comparison of the RDPS’ solutions with various number of regions against the corresponding full-3D solution (bottom-most
row) for case 2 in the y — x plane (left column), the z — x plane (middle column) and the z — y plane (right column). The numbers of
regions are equal along all three dimensions (M = N = P), which are denoted by NumR.

To introduce 3D effects in the setup, upon the initialization
of the simulation, the electrons are loaded only on the mid-
plane of the domain (on the x — y plane at z = L,/2) following
aring-shaped Gaussian distribution with a radius Rjp,g = L, /4
centered at x=L,/2 and y=L,/2 and a standard deviation
of 0 = 0.03L,. A slight perturbation is introduced to the azi-
muthal positions of the electrons on the Gaussian ring to accel-
erate the onset of instability. The ions are modeled as a uni-
form, stationary background with a constant density of »;
1 x 10'2 m™3 over the load plane. The applied magnetic field
is along z -direction with a uniform intensity of B, = 2.5 mT.
The numerical parameters used in the simulations are listed
in table 3. All domain boundaries are grounded with zero

potential, and particles reaching the boundaries are specularly
reflected into the domain.

As abrief overview of the physics underlying this test prob-
lem, in the presence of a magnetic field, the establishment of
a radial electric field induces differential rotation within the
plasma, leading to velocity gradients among different plasma
elements. This differential rotation results in the amplification
of small perturbations in the plasma and, hence, the excitation
of the Diocotron instability [25, 26]. This instability is charac-
terized by the growth of azimuthal perturbations, resulting in
the formation of vortex structures.

In the present configuration, the vortex structures predom-
inantly emerge in the mid-plane of the domain, where the
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electrons are initially introduced, and the electric field is the
strongest. As the instability evolves, the vortices grow and
interact with each other, leading to complex dynamics within
the plasma. In the meantime, as the perturbations develop,
electrons disperse along the z -axis, which introduces a three-
dimensional effect in the plasma’s behavior. This axial disper-
sion creates variations in the electron density throughout the
plasma volume, contributing to the complexity of the vortex
structures.

4.2.2. Results.  Prior to presenting the results from the Q3D
simulations, the figure in appendix C.2 displays 3D snapshots
of the plasma evolution at different time instants from a full-
3D simulation. These snapshots illustrate the expected plasma
behavior in this configuration, including simultaneous devel-
opment of the Diocotron instability and the dispersion of the
electrons across the z-axis.

Additionally, we conducted a 2D simulation under the con-
ditions similar to those in the 3D simulation presented in

ional domain and setup for test case 1.

the preceding section, with adjustments made to exclude the
z-dimension. A comparative analysis of the time-averaged
profiles of the plasma properties obtained from the 2D and
3D simulations is presented in the second figure of appendix
C.2, highlighting the differences caused by including the third
dimension.

Moving on to the Q3D simulations results, figure 12 illus-
trates the snapshots of the electron number density and elec-
tric potential at # = 30wy,, from Q3D simulations with dif-
ferent numbers of regions and from the full-3D simulation.
In addition, figure 13 provides the time-averaged plasma pro-
files along the x -axis at y = L,/2 and z = L;/2 and along the
z-axisatx=3L,/4andy=L,/2.

The results from figures 12 and 13 demonstrate that
the Q3D simulations utilizing 10 and 25 regions can very
closely reproduce the outcomes from the full-3D simula-
tion. Specifically, the snapshots in figure 12 reveal that these
approximations successfully capture the detailed spatial struc-
ture of the instability. The time-averaged profiles from the 10-
and 25-region simulations are closely aligned with those from
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Table 2. Summary of the main computational and physical parameters used for first-order Q3D simulations of test case 1.

Parameter

Value [unit]

Physical Parameters

Initial plasma density (n0)

Initial electron temperature (7o)

Initial ion temperature (7;,0)
Potential at walls (¢ )

1 x 10" [m™3]
0.1 [eV]

0.0 [eV]

0 [V]

Ton mass 2.65686x 1072 [kg]
Computational Parameters

Time step (Af) 1% 1077 [s]

Time averaging for outputs 1x 1078 [s]

Total simulation time (£g,) 30 [ws]

Domain length (Ly = L, = L;) 2 [cm]

Cell size (Ax = Ay = Az) 5x 1072 [cm]

Number of computational nodes along each direction (N; = N; = Ny) 40

Initial number of macroparticles per cells (Nppc) 50

Solid lines: Q3D
Dotted lines: full-3D

4

NumR =

=10

NumR

NumR = 20
E/E
o
[6,]

100 150
t[ns]

200

250
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Figure 8. Time evolution of the normalized total electric potential energy (Epo), the total particles’ kinetic energy (Exin), and the total
energy of the system (Ewor = Epot + Ekin) from the Q3D and the full-3D simulations of test case 1. The results from the full-3D simulations
are superimposed as dotted lines on the Q3D plots. The normalization factor (Emax) is the maximum of the respective energies from the

full-3D simulation over the simulated duration.
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Figure 9. 2D snapshots from the Q3D and the full-3D simulations of test case 1 at three different time instants during the electron plasma
oscillations; left panel: normalized electric field along x (Ex/Ex, max) in the z — x plane, right panel: normalized electric field along z
(E:/E:, max) in the y — x plane. Ex, nax and E;, a are the peaks of the E, and the E; in the respective snapshot from the full-3D simulation.
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Figure 10. Variation of the error in the predictions of the frequency (f) and damping rate () of oscillations in the electric potential energy
(Epor) from the Q3D simulations with various number of regions compared against the full-3D results in test case 1. The computational time
ratio between the Q3D and the full-3D simulations is also plotted against the number of regions used in the Q3D simulations.

the full —3D results. In terms of the temporal behavior, the
highly consistent time evolutions of the total electrons’ kin-
etic energy and the electric potential energy resolved by these
Q3D simulations compared to 3D, as shown through the final
figure in appendix C.2, reinforces the accurate representation
of the underlying physical phenomena.

Even with a reduced number of regions—3 and 5—the
Q3D simulation retains the essential features and behavior
of the system. The approximation provided by the simulation
with 5 regions could be acceptable as it only exhibits minor

deviations in certain details compared to the full-3D results.
However, the simulation with 3 regions shows greater devi-
ations in both the resolved instability structure (figure 12) and
the time-averaged profiles (figure 13).

Looking at figure 14, we can quantitatively compare the
errors in the predictions of the Q3D simulations with vari-
ous number of regions. The errors are calculated using the L2
norm, measuring the normalized (with respect to the full-3D
results) difference between the time-averaged plasma profiles
from the Q3D simulations and those from the full-3D.
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Table 3. Summary of the main computational and physical parameters used for simulations of test case 2.

Parameter

Value [unit]

Physical Parameters

Initially loaded peak electron density (7,) 1x 102 [m™3)

Initial electron temperature (7, 0) 1[eV]

Background ion density 1x 10" [m’3]

Applied magnetic field (B;) 2.5 [mT]

Potential at walls (¢) 0 [V]
Computational Parameters

Time step (Af) 0. lwpe

Time averaging for outputs Wpe

Total simulation time (g,) 100wpe

Domain length (Ly = Ly = L;) 10Mp

Cell size (Ax = Ay = Az) 0.1Ap

Number of computational nodes along each direction (N; = N; = Ni) 100

Initial number of macroparticles per cells (Nppc) 100

Initial maximum plasma frequency (wpe) 5.64 % 107 [rad sfl}

Initial minimum Debye length (Ap) 7.43 x 107" [cm]

For the Q3D simulation with 25 regions, the errors in vari-
ous plasma profiles range from 0.01% to 2%, while the com-
putational time is only 6% of that for the full-3D simulation.
With 5 regions, the errors in all plasma profiles remain below
5%, except for the electron temperature profile along the x -
direction, which exhibits an error of approximately 20%. This
performance is achieved with only 0.25% computational cost
of the full-3D simulation.

It is important to recognize that, any reduced-order model
achieves its computational efficiency by introducing certain
simplifications, which inevitably lead to some degree of accur-
acy sacrifice. Therefore, when assessing the errors associated
with the RO-PIC, it is important to do so in the context of the
computational benefits it offers. The trade-off between compu-
tational speedup and accuracy is an inherent aspect of RO-PIC
as areduced-order model, and any evaluation should weigh the
accuracy metrics against the computational gain.

The compromise between the accuracy and computational
efficiency must be also viewed in light of the specific study’s
purpose, and the limitations of conventional models under
practical computational constraints. When aiming to simu-
late real plasma systems with standard approaches, one is
often forced to make drastic compromises as well. These may
include simplifying the problem to 2D [28, 29], downscaling
the system geometry [30], or greatly limiting the simulation
timeframe [3]. While these adjustments can help manage com-
putational demands, they are not always feasible or optimal for
capturing the full-picture dynamics of the system. In particu-
lar, opting for 2D and losing one dimension altogether often
results in the loss of key 3D physics that are essential to the
system’s behavior.

In contrast, despite creating approximations to the prob-
lem, the 3D RO-PIC offers remarkable computational spee-
dups. This allows simulations to maintain the 3D nature of
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Figure 12. 2D snapshots of plasma density and electric potential from the Q3D and full-3D simulations of test case 2 at time instant of
t = 30wpe; (left column) electron number density (7.) in the y —x mid-plane, (middle column) plasma potential (¢) in the y —x
mid-plane, and (right column) plasma potential (¢) the z — x mid-plane.

the problem without resorting to downscaling or reducing the
problem to 2D. Given the inherently 3D behavior of many
plasma systems—including the E x B plasma technologies—
RO-PIC’s ability to approximate 3D dynamics, even at lower
accuracy, can be far more effective than reducing the problem

to 2D. It is highly likely with a 3D RO-PIC simulation, which
can be several orders of magnitude faster than conventional
PIC methods, we would be able to achieve a closer represent-
ation of a 3D plasma system than a highly accurate but 2D
model. The rigorous assessment of this assertion is the focus
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of our upcoming works, where we aim to compare the predic-
tions of a Q3D plasma simulation with experimental data.

In essence, the true advantage of 3D RO-PIC lies in its abil-
ity to preserve all three dimensions, and the critical 3D aspects
of the system’s physics that may otherwise be compromised or
distorted when using traditional methods constrained by com-
putational limits.

5. Conclusions

In this part II, we extended the first-order RO-PIC scheme
introduced in part I [23] to three dimensions, formulating the
Q3D PIC approach. The Q3D PIC offers a computationally
efficient means to simulate three-dimensional plasma dynam-
ics, which are often inaccessible with traditional full-scale
3D PIC approaches due to prohibitive computational costs.
The Q3D implementation was verified in this paper through
standalone Poisson problems and plasma test cases. The
plasma cases comprised the problem of electron plasma oscil-
lations with Landau damping, and the problem of Diocotron
instability.

In standalone Poisson test cases, the RDPS showed excel-
lent agreement with full-3D solutions, using two orders of
magnitude fewer computational nodes that that needed in
the full-3D Poisson solver. Verification results from the two
plasma test cases demonstrated that the 3D RO PICxelsior
code captures essential plasma dynamics and key charac-
teristics, such as oscillation frequencies, damping rates, and
instability growth, with minimal error. In both test cases, the
RO-PIC led to substantial reduction in computations, offer-
ing speedup factors of up to two orders of magnitude while
preserving involved 3D physics. For example, the character-
istics of the electron plasma oscillations, including frequency
and damping rate, were captured with error margins below 1%
while achieving a computational cost reduction to just 5% of
that required for a conventional 3D simulation. Similarly, the
Diocotron instability case showed that plasma profiles from
Q3D simulations presented errors below 2% at only 6% of
the computational time compared to the corresponding full-
3D simulation.

A key strength of the Q3D RO-PIC is its ability to pre-
serve critical three-dimensional aspects of plasma dynamics
that are often missed when conventionally reducing simula-
tions to two dimensions or downscaling geometries. The inher-
ently three-dimensional nature of many plasma systems, espe-
cially in cross-field configurations, demands accounting for all
three dimensions.

The Q3D PICxelsior offers a broad range of trade-offs
between accuracy and computational efficiency, making it a
versatile tool for various types of plasma simulations. When
assessing the accuracy of RO-PIC simulations, it is essential
not only to evaluate how closely they match the fully resolved
model but also to consider the significant computational

savings achieved. In many cases, achieving 90% of the accur-
acy of a full-3D simulation with only a fraction of the com-
putational cost represents an exceptionally efficient use of
resources. The trade-off between accuracy and efficiency
should thus be assessed based on the specific objectives of the
simulation.

At lower levels of accuracy, using fewer regions, the Q3D
RO-PIC can yield gains in computational efficiency of up to
three to four orders of magnitude. This compromise is often
suitable for broad exploratory and preliminary studies, where
the goal is to gain qualitative or semi-quantitative insights
rather than precise, detailed predictions. For more accurate
approximations, using higher number of regions, the speedup
remains substantial enough to enable rigorous physics studies,
as well as precise quantitative predictions.

As the final remark, the 3D RO-PIC method represents
a significant advancement in computational tools for plasma
physics, bridging the gap between computational feasibility
and modeling fidelity. The Q3D PIC opens new possibilit-
ies for simulating three-dimensional, large-scale plasma sys-
tems that were previously beyond reach due to computa-
tional constraints. Future work will focus on further valid-
ating the Q3D PIC against experimental data and applying
the method to increasingly complex plasma configurations,
including those involving turbulence, transport phenomena,
and magnetic confinement.
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Figure 15. Schematic of the Q3D grid and the domain decomposition into multiple regions for the zeroth-order RO-PIC. The illustrations
on the top row demonstrate the 3D views of domain decomposition (including the regions’ boundaries and the computational grids) along
(a) the x-axis, (b) the y-axis, and (c) the z-axis. The illustrations on the bottom row show the cross-sections of the domain along (a) the y — z
plane, (b) the z — x plane (b), and (c) the x — y plane.

Appendix
A. Zeroth-order Q3D PIC implementation: review of the associated RD Poisson’s equations

This appendix presents the formulation that underpins a zeroth-order Q3D RO-PIC. Before that, we highlight the
differences existing between a zeroth-order implementation and the first-order formulation that was discussed in
section 2.

Key distinctions include the weighting functions for the scatter and gather functions, as well as how the 3D Poisson’s equation
is approximated. The formulations for these are presented below. As a visual aid for the upcoming formulations, the grid system
associated with the zeroth-order Q3D formulation, comprising M x N X P regions, is illustrated in figure 15.

The zeroth-order weighting coefficients used to exchange data between the particles and the Q3D grid are

(1- 555, vyze0
x .= Ax ? 2 p,n,m Al
! { 0, 92 E Qpam Al
Y=
Wi mj= 1= 5) v € : (A2)
7 07 X, ¥,2 ¢ Qp,n,m
_ (1_|%|)7xayazegp,n,m
Wk = { 0, vz Qe (A3)

The zeroth-order Q3D Poisson’s solution within each region €, ,, ,», where m € [1,M], n € [1,N] and p € [1, P], is approxim-
ated as the direct sum of three potential functions ¢, ,, ¢pm and Oom -

(b (X,y,z) ~ (b;,n (.XI) + ¢1yg,m (y) + QSIZ‘Lm (Z) 9 Vx, ¥,Z € QPv”J"' (A4)
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Substituting equation (A4) into equations (9)—(11) yields the following coupled system of equations
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B. Additional Poisson problems for first-order 3D RDPS verification

The 3D RDPS’ solutions for three additional test problems are provided in figure 16. These test cases differ from each other

based on the types of conditions implemented along the boundary surfaces. The source term for these test cases represents a
charge distribution given by

p = zsin (57y) + exp (fso ((y — 0.5+ (z— 0.5)2)) . (A8)

The boundary conditions include: (a) zero-Volt Dirichlet conditions along the x and y directions with a periodic condition
along the z direction, (b) zero-Volt Dirichlet conditions along the x and y directions with a Neumann condition along the

z direction, and (c) a zero-Volt Dirichlet condition along the x direction, a Neumann condition along the y direction, and a
periodic condition along the z direction.
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Figure 16. Comparison of the first-order 3D RDPS’ solutions with various number of regions against the corresponding full-3D solution
(right-most column) for additional test cases with (a) Dirichlet boundary conditions along x and y directions and periodic boundary
condition along z (b) Dirichlet boundary conditions along x and y directions and Neumann boundary condition along z and (c) Dirichlet
boundary conditions along x, Neumann boundary condition along y and periodic boundary condition along z. The numbers of regions are
equal along all three dimensions (M = N = P), which are denoted by NumR.
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Figure 17. Time evolution of the normalized total electric potential energy (Epot) and the total particles’ kinetic energy (Exin), from the
full-2D and the full-3D simulations of test case 1. The normalization factor (Emax) is the maximum of the respective energies in the
simulation over the simulated duration.

C. Additional results from the plasma test cases

This appendix provides supplementary figures and results from the plasma test cases discussed in the main text, offering further
support for the arguments presented.

C.1 Test case 1: Electron plasma oscillations

Figure 17 presents a comparison between full-2D and full-3D simulations of test case 1, focusing on the temporal evolution of
the system’s electric potential energy and the particles’ kinetic energy.

The figure depicts the impact of including the third dimension in the problem, in particular with regards to the oscillations
amplitude and their damping rate. The 2D simulation exhibits stronger oscillations, while in the 3D configuration, the oscilla-
tions’ amplitude is reduced, and it diminishes at a faster rate.

Figure 18 illustrates the snapshots of the electron plasma density from the Q3D simulations with various number of regions,
demonstrating how increasing the number of regions affects the simulation resolution. Notably, despite lower resolutions, the
core behavior of the system is properly captured even with a few regions.

20
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NumR = 4 NumR = 10 NumR = 20 3D

Figure 18. 3D snapshots of the normalized electron number density (72¢/7e, max, Where ne, max is the peak n. in the respective snapshot from
the full-3D simulation), from the Q3D and the full-3D simulations at five different instants of the plasma oscillations in test case 1.

C.2 Test case 2: Diocotron instability

Figure 19 provides 3D visualizations of the electron number density distribution at four distinct time instants during the instabil-
ity evolution from a full-3D simulation of test case 2. The figure showcases the 3D structure and evolution of the plasma in this
case. The snapshots illustrate the development and growth of the instability simultaneously to the dispersion of the electrons
along and across the z-axis.

A comparison between the time-averaged plasma properties from the full-2D and full-3D simulations, conducted under
similar initial conditions, is shown in figure 20. These plots highlight the impact of the third dimension in the overall plasma
distributions.

Finally, figure 21 presents the time evolution of the total kinetic energy of the electrons and the electric potential energy, as
obtained from the Q3D simulations with 10 and 25 regions and compared against those from the full-3D simulation. The figure
underscores the accurate capturing of the plasma dynamics with these Q3D approximations.

21
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Figure 19. 3D snapshots of the normalized electron number density (7 /e, max) from the full-3D simulation of test case 2 at four different
time instants during the Diocotron instability evolution.
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Figure 20. Time-averaged (over 0 — 60 wy,) profiles of various plasma properties from the full-3D and the full-2D simulations of the
Diocotron instability test case. The profiles are plotted along the x -direction (y = L, /2 and z = L./2); (a) electron number density (n.), (b)
plasma potential (¢ ), and (c) electron temperature (7).
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Figure 21. Time evolution of (a) total electrons’ kinetic energy (Ekin) and (b) electric potential energy (Epot), from the Q3D (with 10 and 25
regions) simulations and the full-3D simulation of test case 2. The x -axes in both plots are in logarithmic scale.
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