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Monopoles in Non-Abelian Gauge Theories  

D.M. Scott  

ABS TRACT  

The existence of 'spherically' or 'J + T' symmetric monopoles is 

considered. A complete set of basis functions for 'J + T' symmetric 

field configurations is constructed for an arbitrary compact, 

non-abelian, Lie group. The basis has convient algebraic properties. 

The relationship between this basis and the formalism of Wilkinson and 

Goldhaber is examined, then a hybrid of the two approaches is used to 

show that monopole solutions exist in a class of gauge theories which 

includes all of those theories for which solutions are known in the 

Prasad-Sommerfield limit, provided that a suitable potential can be 

constructed. The proof does not require that this limit be taken, 

hence it guarantees solutions of the full theories including their 

respective interactions between the Higgs fields. Careful attention 

is paid to showing that the solutions are well behaved at the origin 

of the coordinates about which the 'J + T' symmetry is defined. 

The asymptotic behaviour of monopole solutions is discussed 

briefly. It is shown that in certain theories the asymptotic 

behaviour of the gauge fields is calculable. 

A new model which illustrates the preceding general treatment is 

described. This model has the smallest possible non-abelian symmetry 

group after symmetry breakdown has taken place. The gauge group is 

SU(3) which is broken spontaneously to S0(3) by a Higgs multiplet 

which transforms according to the (2,0) representation of SU(3). The 

theory is unusual in that Tr2(SU(3)/S0(3)) = Trl(S0(3)) = Z2  rather than 

Z. The asymptotic behaviour of the one spherically symmetric monopole 

the theory possesses is found. 

A new potential which leads to the symmetry breaking scheme of 

the SU(5) model of Georgi and Glashow is presented. It is much simpler 

than previously suggested potentials. The vector boson masses and the 

masses of the monopoles of this model are shown to satisfy 

2  
Zew

+ ccS-1-  0‘,11-) 

(),„= Weinberg angle, 	= hypercharge, 2 = magnetic charge, and 

V= the length of the Higgs field (the 24-plet) in the vacuum. 
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There was a young theorist called Scott, 

Who found ten monopoles on the trot, 

But the first nine they say, 

Can be transformed away, 

And the tenth is a sign he forgot. 

Various students in the theory group 1977-78. 

To my parents 
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NOTATION 

'11Z = the set . of real • numbers. 

= the set of complex numbers. 

1r (e) = real(complex) Euclidean n-space. 

A function is said to be Cr  if and only if all of its rth  (partial) 

derivatives exist and are continuous. 

sup = supremum = least upper bound = l.u.b. 

inf = infimum = greatest lower bound = g.l.b. 

s= means 'is defined by'. 

= for all. 

e`(a,G,c = 1,2,3) is the totally antisymmetric tensor defined by 

eq23 = +
1. 

= the n dimensional unit sphere in '(K"+I. 

Z = the group of integers with addition as the group operation. 

Z2  = the group based on the set V0,1' with addition modulo two as the 

group operation. 

G denotes a compact Lie group on which some gauge theory is based. 

1(G) denotes the Lie algebra of G. 

VIA denotes the "sphere at infinity". 



denotes a multiplet of Higgs fields transforming according to some 

linear, finite-dimensional, unitary representation of a Lie group. 

V(E) denotes a continuous, non-negative function of 1. It is 

called a Higgs potential. Further restrictions are placed on NJ «' as 

they are required. 

W = the vector space in which 	takes its values. 

1110 = 1.weW I1/(w) =03 

1.Act is defined by E_ 4.ii'sdr) , where E is the energy of a 
0 

'J + T' invariant field configuration. 

Units in which E0  = iuo  = 	= C = 1 are used throughout. 

W =Wry° where 121 is a basis of,t(G) corresponding to the components 

Wq 
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CHAPTER 1 

INTRODUCTION 
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1.1 Introduction to the Introduction  

In 1931 Dirac [12] showed that a necessary condition for the 

existence of monopoles in a consistent quantum mechanical treatment of 

electromagnetism which places no arbitrary restrictions on unobservable 

phases is the quantisation of electric charge. The quantisation 

condition is 

 neZ 
2. 

This provides a good reason for studying monopoles as the experimentally 

observed quantisation of charge has intrigued physicists for many 

years. Also, electromagnetism with both electric and magnetic charges 

is dual symmetric (as it is with no charges), whereas with electric 

charges alone it is not. This dual symmetry is a kind of rotational 

symmetry beteen electric and magnetic quantities. 

(E
l)   (cc e   -s 

 t 

v. e 
B 

, et fcose 

  

-sL.h 8 e.  
•---   

5 	etc. 
B' 	sCAne c-c S e 	1k 	5k:100  CCS9 i.^ 

 

ez= electric charge density, GA = magnetic charge density. 

This is encouraging as symmetry principles play an important role in 

current thinking. 

In recent years it has come to light that there is almost 

certainly a hitherto unstudied, indeed unsuspected, component of the 

particle spectrum of some quantum field theories. What is more, these 

recently discovered features arise in non-abelian gauge theories, and 

such theories are generally accepted as being of the type most likely 

to be useful in describing nature. The objects to which I refer are 

also called magnetic monopoles because of their close connection with 

such objects in electromagnetic theory. This connection will be 

explained later. 



Above I said that there are almost certainly some quantum field 

theories in which monopoles exist. The reason for the qualification 

of the statement is that, as yet, there is no complete quantum field 

theoretic treatment of magnetic monopoles in non-abelian gauge 

theories; most of the results which have been obtained so far deal 

with classical field theories. If monopoles can be shown to persist 

after quantisation, and if there masses can be calculated, then they 

will provide new possible tests of these theories as soon as 

sufficiently high energies are available for experimental purposes. 

The disturbing thing is that no magnetic monopoles have yet been 

experimentally observed. This may not prove too serious an objection, 

however, as all of the indications are that they should be very 

massive and also should interact with each other very strongly (the 

quantisation condition implies a reciprocity beteen the magnitudes of 

the smallest units of electric and magnetic charge). 

Owing to the difficulties of constructing a quantum field theory 

of monopoles a lot of effort has gone into finding specific examples 

of, and general properties of, monopoles in classical field theories. 

This is not a pointless exercise as one may hope that this information 

will prove useful in developing a functional integral approach to the 

problem of quantisation [3]. Also, these solutions may be used in 

calculations to determine the quantum mass corrections to the 

"classical masses" of the monopoles [11]. 

The contents of the rest of this chapter are as follows: 

In section 1.2 it is explained why the 'Dirac string' [13] 

associated with a monopole in ordinary electrodynamics cannot be 

gauged away. To do this use is made of an argument involving homotopy 
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theory. This line of argument is suitable when considering groups 

other than the U(1) group of ordinary electrodynamics and leads 

immediately to a generalisation of the Dirac monopole. More 

importantly, other objects appear which resemble Dirac monopoles 

but which, in contrast to the direct generalisations of the Dirac 

monopole, can be written without a string if a suitable gauge is 

chosen. 

In section 1.3 Higgs fields are introduced into the discussion. 

Rather than considering a general model the Georgi-Glashow model 

[17] is described and the usual arguments and assertions relating 

to 'topological quantum numbers' and finite energy non-singular 

monopole solutions in that model are gone through. The section 

concludes with a brief description of the asymptotic behaviour of 

the gauge fields and generalisations to other groups. 

Section 1.4 contains a systematic criticism of the arguments 

given in section 1.3. Often the arguments are shown to be too 

loose, and examples are given which contradict some of the 

plausible statements of section 1.3. 

Section 1.5 outlines the contents of the succeeding chapters. 

1.2 Strings and the Possibility of Their Removal'
s  

The first significant work on monopoles, for my purposes at 

least, was done by Dirac [13]. He considered monopoles in ordinary 

electromagnetism. When monopoles are included, electrodynamics plus 

quantum mechanics implies charge quantisation, and hence that the 

I am using Dirac's original definition of a string [13], see 

appendix C. 
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theory can be thought of as a U(1) gauge theory (charge quantisation 

is necessary to ensure compactness). 

If magnetic charges exist C7.a*O and we can no longer write 

B=V 	with A a twice continuously differentiable function. 

Consequently, if we are to use a vector potential (as we do in a 

Lagrangian formulation of electrodynamics) the introduction of 

monopoles necessitates singularities of A: these are the familiar 

Dirac strings. I shall write 

p,3 =C, , c;,= magnetic charge density, 

and , c = electric charge density, 

for the microscopic Maxwell equations. Tne magnetic field of a point 

magnetic monopole of strength s is then 

tor t-2 
	= unit radial vector. r= (2 x?)1 	(1.1) 

One vector potential which leads to this magnetic field is 

n 
a) 
	

(1 -ce~e) c> 	 (1.2) 
4-r 	e 

which has a string along the negative z axis. The string can be moved 

by a gauge transformation but it cannot be eliminated. I shall now 

describe one way of seeing this: it is not the simplest way but it is 

the best for generalising the argument to non-abelian groups. 

Under a gauge transformation U.=  eacp [—LeA(.r, e,cb)] 

Suppose the string can be removed by this gauge transformation. For 

the string to be removed one must have 
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_ 	 - -Ctr, ©, 4) 

in the region of e=I' with 4Uf->o e,ck) differentiable. The gauge 

transformation U-tt-,e,o)=ehcp(i.eA) must be differentiable everywhere 

except on the negative z axis if A is to have no singularities after 

the gauge transformation. The map ( .1'>$1 defined by U.11.(4) = u, O,r, c ) 

is homotopic to the identity map of $' onto itself .t ( 	has been 

parametrized by the angle 4, (3404 <2=r . The structure of U(1) as a 

differentiable manifold is %I .) The map 	 definedd by 

Uc(4)=U(1,o,4) is a constant map as U is well defined on the positive 

z axis. A homotopy beteen these maps can be constructed pictorially 

by envisaging a closed loop moving over the unit sphere. The loop 

starts off very small, enclosing the South Pole of the sphere, and 

moves upwards over the sphere until it shrinks to enclose the North 

Pole (see figure 1 below). 

North Pole 

ā~C 

South Pole 

Figure 1  

u(0,0 restricted to the moving loop provides the homotopy. So, if 

such a gauge transformation exists, the identity map of $' onto $' is 

homotopic to a constant map. But there is no such homotopy, therefore 

such a gauge transformation does not exist, and the string cannot be 

C4) describes a closed curve as 4 ranges from 0 to 27T because of 
the Dirac quantisation condition %. integer. The integer is taken 
to be 1. 	 zTr 
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gauged away. 

The next major contribution came from 't Hooft [21
.
. The gauge 

potentials in a theory based on the group G can be thought of as 

taking their values in the Lie algebra of G, (G). The immediate 

generalisation of equation (1.2) is 

W = A)  (1.3) 

where Q is a matrix in (G). The obvious question to ask is: 'Can 

the string be gauged away?'. For the group U(1) the answer, as has 

just been shown, is 'No', and there are direct generalisations of the 

Dirac monopole in other groups too. However, for some groups and 

specific choices of Q the answer is 'Yes'. The group space is larger 

and the loop in the space corresponding to encircling the South Pole 

may be capable of being shrunk to a point. 't Hooft illustrated this 

point by finding the large r behaviour of a string-free monopole in 

the Georgi-Glashow model. 

The energy associated with the field in equation (1.3) is 

infinite. It is a property of certain gauge theories*that they have 

solutions the gauge field part of which is for large r like the 

string-free point monopoles described above, but which are regular at 

the origin and have finite energy. It is these theories which are the 

objects of study in this thesis. 

1.3 Topological Quantum Numbers and Non-Singular Monopoles 

The Georgi-Glashow model [17j is a gauge theory based on the 

group 0(3). In addition to the gauge potentials it contains a vector 

multiplet of Higgs scalars. The Lagrangian is 

* These theories contain Higgs fields in addition to the gauge fields. 
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[ 	c 1̀" - Z lDr.W)a 1ptAci° - x e-u-2y- ] , 

A repeated index implies summation. 

a= 1,2.,3 is a group index. 

are Lorentz indices. 

The metric is 111„ =dc c-t,.+1,++,+t) . 

The energy is given by 

E = A x CZ 	Cot i Ga. GA..i z Gjc4)a(DeS) '4 ±( ,)A() +)*(4f4 v2)1J 

Tts3  

— \,z,3. 

The usual arguments concerning the existence and form of monopole 

solutions will now be given. 

Consider a sphere centred on the origin expanding outwards in 

space towards infinity. The values of 4  (e_.1,2 3 ) on this sphere 

must tend to values which make (.41'-u-2-)2' zero if the field 

configuration has finite energy for if they were to approach some 

limit which did not make Cci44°- 
4-21J7 

 zero then the energy, which 

involves integrating this expression, would be infinite. Consequently, 

c restricted to the 'sphere at infinity' is a map from z  into Te 

with the image of V` contained in the 2-sphere of radius r . It 

therefore induces a map of $' into 1z. Continuous maps of ¶ into $4  

can be split into equivalence classes of maps: two maps are equivalent 

if they can be "continuously deformed" into each other (with the image 

of 9' under the map always confined to 14). The equivalence classes 
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can be labelled by the integers. A field configuration with a 

boundary value corresponding to one equivalence class cannot evolve 

continuously into a field configuration with a boundary value 

corresponding to a different equivalence class because at some stage 

during the transition v(/ would become non-zero in an infinite 

region of space and the energy would become infinite. That is there 

is an infinite potential barrier between field configurations 

corresponding to different equivalence classes. Thus the continuous 

evolution of the solution in time does not change the integer 

associated with the boundary value, and it is called a 'topological 

quantum number'. 

Corresponding to each topological quantum number there is a 

solution of the equations of motion with that number. An example of a 

non-trivial asymptotic behaviour is given by 

a 	~ 

If solutions of the form 

with 	UN% ~(.-) = ~3 

1)4(s, k)  

wr (x.~ ~~ ° €~„o is ~~W(r)) =') 2, 3 ; We ~) ~) = Q 

are sought, then 1,4°C% (-) 	E 0.~ x 	and ca( ,t) = ~x 
er- 

solve the equations of motion and are well defined everywhere except 

at the origin; although the energy is infinite because of the behaviour 

of the solution near the origin. Corresponding to this point solution 

there is a regular finite energy solution with the same large r 

behaviour. 

The singular gauge transformation which takes ~r 	to 3produces 
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the transformation 

0.-r 	 e 

This should be compared with equation (1.3). The asymptotic forms of 

finite energy solutions are related by gauge transformations to those 

generalisations of the Dirac monopole which can be written without 

strings. 

In a more general context, finiteness of energy implies that 

as infinity is approached. Here ~, transforms according to 

any finite dimensional, unitary representation of the group G on 

which the theory is based, and St, represents the appropriate covariant 

derivative. If a small region enclosing the origin is excluded a 

gauge can be chosen in which 	Then, as for large r becomes 

independent of r,  

law. 1 = O > law^ ē a~ + _a_ a 	UN, i~~(woē +wl~ i)1' (1.4) 
t--z.>00 	r)Q r ae 	r.a ea4 r7c0 

and so W; falls off like ► , and when 
G: 

• is calculated it falls off - 

\lVM 	S1~Q ee,c 	= 0 m oo x eika 
where 9,o is the energy density of the solution). 

1.4 A Criticism of the Preceding Arguments and Assertions  

The arguments and assertions in the preceding section are typical 

of those found in the literature. However, I do not wish to imply 

like ! (see Coleman [8,p.26j). 

The existence of a topological Quantum number is important 

because it guarantees that the solution is non-dissipative (Coleman 

[8,p.2] defines a solution to be dissipative if 
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that they are accepted by everyone - particularly as I am about to 

attack them. 

The first error in the preceding section is the statement that 

01,3a V «) L 00 	 (1.5) 
1R3  

(VM is the Higgs potential) implies that must approach a zero of 

V(1) as c->ao in any given direction. It is true that if Lt., itr-,9A) 
r- o 

exists then it must be a zero of v(C, but the limit need not exist if 

one considers only those restrictions imposed by (1.5). This is 

easily proved. First note that there exists a function defined on 

[0,00 with the following properties: 

(i) f is infinitely differentiable everywhere. 

(ii) Vre[o.00). 

(iii)-Po.-)-4-0 as r- > ao, 

f b co(iv) 	; 	I, 2 3  4-- . 

Details of this function are given in appendix A, but the function can 

be described qualitatively in the following manner. The function is 

zero except in small regions surrounding each integer. In each of 

these regions there is a spike. The height of the spike increases 

with the size of the integer, but its width decreases, and in such a 

manner that the stated integrals are finite. In the Georgi-Glashow 

model both °c=)=LTX, and (a(s)_(kr+-fir))xa  are Cc°  functions on "1R3  io j 

which give finite values when substituted into ÇsJ().   The second 

function does not have a well defined topological quantum number as it 

does not have a well defined limit asc->po. If 'J + T' symmetry is 

assumed (it is defined in chapter 2) it can be shown that a well 

defined limit exists, but the proof involves the kinetic term which 
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provides information about the derivatives of ?E. The proof of this 

statement is given in chapter 3, along with an explanation of the 

difficulties encountered when trying to extend the method to include 

arbitrary field configurations. I know of no proof that finiteness of 

energy guarantees a well defined topological quantum number for an 

arbitrary field configuration. The preceding discussion also raises 

the question as to whether or not a topological quantum number is 

conserved in time. 

The next point I wish to make is that it has never been rigorously 

demonstrated that there is always a connection between point solutions 

and the asymptotic behaviour of regular solutions, although it is 

commonly assumed that one does exist. I am not saying that it is not 

true, in fact the known regular solutions support this conjecture 

[2, 26, 35], I simply wish to draw attention to the fact that as yet 

such a connection is unproven in general. 

It is wrong to say that finiteness of energy implies ~;~ p 

The limit may not exist as was demonstrated above in the case of V((). 

The argument that 	for large r therefore breaks down. It would 

have done so in any case as equation (1.4) does not imply that V1;,N i,; 

it gives no information about those components ofW:which annihilated, 

as 

Finally, to my knowledge, no general proof exists in the " 

literature showing that a solution with a non-zero topological quantum 

number is non-dissipative. Coleman [8] deals separately with each 

model he discusses. If one considers a sphere contracting in from 

infinity towards the origin then in an obvious way this provides (via 

the Higgs field at any given instant) a homotopy between the boundary 

condition and the constant map of r into the vector space in which U 

takes its values given by 
2 

dL), If the topological quantum 
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number is non-zero there must be regions of space where V(c )4 O-

The difficulty is that as the argument stands it does not say how 

different 	v(ff) 	must be from zero in those regions, and so 

it does not preclude the possibility that the amount by which it 

differs from zero may become arbitrarily small as time progresses. 

Some information about V(c) is needed before one can show that a 

solution is non-dissipative. A proof based on the two assumptions 

that the topological charge is conserved in time, and that the 

constant fields that make Vg) zero form a quotient space is given 
in appendix B. 

1.5 Things to Come  

In view of the above discussion it can be seen that there is a 

need to establish rigorous results concerning the existence and 

properties of monopole solutions. This thesis contains a partial 

solution of the problem, and some illustrative examples. 

In chapter 2 I introduce the formalism, and a number of equations 

which are used in subsequent chapters. 

Chapter 3 contains a proof of the existence of 'J + T' symmetric 

monopoles in a class of theories which includes almost all of those 

theories which are known to have solutions in the Prasad-Sommerfield 

limit and others too 	The proof does not involve taking that limit. 

The asymptotic behaviour of finite energy solutions is considered 

briefly. 

Chapter 4 illustrates the general discussion of chapter 3 with a 

simple example with some unusual properties. The group which 

classifies the possible "monopoles" is Z2  rather than Z, and the Higgs 

* There is a slight restriction, see page 41. 
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fields do not transform according to the adjoint representation of the 

group on which the theory is based. 

Chapter 5 describes a possible unified model of strong, weak, and 

electromagnetic interactions. At the classical level the monopoles of 

the theory are shown to be very massive if some of the vector bosons 

are. This result follows from an interesting modification of the 

Bogomol'nyi bound which involves the Weinberg angle. 
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CHAPTER 2 

FORMALISM FOR 'J + T' SYMMETRIC 

FIELD CONFIGURATIONS 
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2.1 Introduction  

In this chapter all indices, whether greek*or latin, run through 

the values 1, 2, and 3. A repeated index implies summation in all but 

section 2.5. A prime denotes differentiation with respect to r. 

In this chapter the formal apparatus required in subsequent 

chapters for dealing with 'J + T' symmetric fields is developed. 

Imposing this symmetry greatly simplifies many calculations, and the 

expressions for various quantities. At first an algebraic approach is 

used, then a tensor interpretation is given which leads to some further 

useful results. 

In section 2.2 'J + T' symmetry is defined. In section 2.3 

simplfied expressions for DA and Gr.,, are found for field 

configurations which possess this symmetry and also have iAc(x)= 0. 

The equations of motion are found for such fields: they have a 

particularly simple form when the radial component of \i, is zero (i.e. 

ā 7.,.*0) . This gauge can be chosen everywhere in space except for an 

arbitrarily small neighbourhood of the origin. This approach is 

linked to the formalism of Wilkinson and Goldhaber [34] in section 2.4. 

In section 2.5 the theory of 'J + T' symmetric field 

configurations is developed in terms of tensors. The most general 

possible expressions for both the Higgs fields and the gauge 

potentials are given. It is shown that the radial part of \r./0„ cannot 

be gauged away at the origin. 

Unless otherwise stated only static fields with Wcc)= O are 

considered. 

* Unless otherwise stated. 
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2.2 Definition of 'J + T' Symmetry 

The matrix gauge group, G, is supposed non-abelian and compact, 

and to act on the Higgs fields, ZE, via a linear, finite-dimensional, 

unitary representation. The Lie algebra of G, L(G), contains an SU(2) 

subalgebra. Indeed gt(G) may contain more than one inequivalent SU(2) 

subalgebra. A particular SU(2) algebra is specified and its 

generators in the fundamental representation of £(G) are denoted by 

Ti (1 = 1,2,3). The Ti's are assumed to be hermitean and to satisfy 

the commutation relations 

[T) T:31= LEL~kTk . (2.1) 

Firstly 'rotation' in the 'internal' space is defined via the 

Ti's. That is, the angles ec (i = 1,2,3) define the 

twp(agi). 'J + T' symmetry is then defined as symmetry under 

simultaneous rotations in external and internal space by the same 

amount; the parameters being position independent. In other words 

invariance is demanded under transformations of the form 

,(-+.6i[T,,+Tl) , where the J i ' s generate ordinary rotations (and 

include the appropriate spin matrices). Note that inequivalent SU(2) 

subalgebras lead to different notions of. 'J + T' symmetry. Also 

'J + T' symmetry is not a gauge invariant property. In fact those 

gauge transformations which preserve the symmetry will play an 

important part later on when it is shown that energy integral can 

sometimes be simplified. 

Gauge invariant quantities calculated from 'J + T' symmetric 

quantities are rotationally invariant. 
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2.3 The Covariant Derivative, Field Tensor, and Equations of Motion  

for 'J + T' Invariant Fields 

An element F of a vector space carrying a linear, unitary 

representation of G is 'J + T' invariant if 

-7)( S"+T) = 0 	 (2.2) 

Where D(? +T) denotes the appropriate representation of 3 +T . The 

Higgs field ∎(x) is an SO(3) (rotation group) scalar and so equation 

(2.2), for F=4(x), becomes 

L = -i.x xV . 

Taking the cross product of this equation with -c gives 
r 

which can be rewritten as 

E - i.I (i.LT,a-a 	= x4 a 
 r- 

(2.3) 

Here T= āc,CTj . This, and other equations, can be shortened by 

introducing the object i3 which is defined to be the "covariant 

derivative"with
/
,.T] . Using this notation equation (2.3) 

becomes 

(2.4) 

If F is an SO(3) vector, VII., equation (2.2) reads 

1(1-.1 * -r,j)Vit — .~~i\if 

and so 	5D "NJ = x, 
āi-R 

-+- c~ ~ VL — kV. ,
r 

(2.5) 
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When F is a 2-tensor, Gid, equation (2.2) becomes 

which implies 

&7-r~ Cz~e = āc; ā k  * sj •G~pR — r G,. + S 	- .F p C~kQ N~ ~~.1 
Hence Crit 367. Cxti 	 CX:p. 1-4•1 

 

This simplifies to .,1  (2.6) 

if' G. is:āntisymmetric. If we now identify the 
Gid 

in equation (2.6) 

as the field tensor, then 

N 

Let Wt,,=4+i.LT,ap 1 ] , then 

3,,,(e-Wv) `ay(v_ J) CXr,xvl - 1 Lr,-aj..T1, LT,?„T11 

- .Lx,,„ ,L Ta~T1~' CLGT~a~Tl~x v3 

- `aj,„ (-' 	v .1e,) _ c 1)(7.4 ) X 	[,C• [ ?t (1  LT”, -07 1 

-i, 	L LT, av i 	- 	Z.C.i,'z/„Ī1, e) J 

[Zr., 

~c~,,~ āF (evJ„) - ~c.,, e.1~f~,, - vas 

— tX 	 ~ 
 

using equations (2.1) and (2.5). 
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So (a. G1..,, = c ,~,,,, (r ew v) — x.,.~t-e,1,.S ) -- c, [K ,X v2 °".! 2Et,,,, • x..•T (2.7) r 	r- 	/L̀  	 r 	J J 

Let X~ V , then reW,)= „ as •a (rt.-v:4,,73)= O and equation 
r 	Br 	ac- 	61- 

(2.7) becomes 

- 	c--5T- 	r Br- 1-2.  

Substituting equation (2.8) into equation (2.6) we obtain 

(2.8) 

e-&ki ~- = ā~ r 
aa

L VIP'? z 
\ .;\I. v-63 

a,C" J  

A commutator has appeared because 
Gjl 

has been written as a matrix 

belonging to /,(G). For any given S>.() one may choose the gauge 

c
JJ 

.Q for r- S without disturbing the 'J + T' symmetry [361. Then 

~ •~~e- 3L1 r ~ Q 

therefore ~~  e-G—.• ~~ = 	a~~ — ~~ 	- L] 

r- 	r 3 	r air r~ J 	rz J 

r 3 	_3 	J 	 t-.2. J arc 

using x,VJ=O , and i.[\ ) EJ~,z ck 1 = \J . 

(2.9) 

I shall now calculate 	as  as it is required in the equations 

of motion. 

2v1= ZPC~~P~- ~cvP~~) 

Zrp (x-P 	— TCV(')~,) 

using equation (2.4) 

— h )l\)O(\'P) 
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— ~~(V01) t 2 e(x 	— s7l~p)F 

+ 	-  a1-2 	r or  

So eZE f 

tx 
using equation (2.5) 

(2.10) 

We are now ready to write down the equations of motion. The 

Lagrangian density is 

- CD 	- ,6)+~ ~  

which leads to the equations of motion 

(2.11) 

and ~~"G f = - 	i_ v_4 „C+jXL``)1. • 	(2.12) 

The indices a. and 6 are associated with the group representations and 

do not necessarily run through the values 1, 2, and 3. For 'J + T' 

symmetric fields which are static and have W.01) =EC) these equations 

reduce to 

ā (r2 4 ) _ )Cvp)~Cv~~ -~- t-2 av 
a 	 Il" 

(from equations (2.11) and (2.10)), and 

r 

C el ~c, Letp (1-) 3.1k- ? +7D CLQ) 7 124 
a~ ac- 

(from equations (2.12) and (2.9)). 
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2.4 Connection with the Formalism of Goldhaber and Wilkinson  

Wilkinson and Goldhaber [361 ".trite &v in the form 
14 

eW„ _ e
r. 

	
"~

-
~ 	

(2.13 ) 

where [TJ 7110 = Le" .0111111  so that 

vt.= 	1:',1 
	,~ 

, 	 (2.14) 

Note that 111j is not completely defined by equation (2.14) as Th 

and TIL+ .LX lead to the same 	for for any S0(3) and 'J + I' scalar 

X . I am therefore free to fix the radial component as I wish. 

I shall do that by first imposing 

(2.15) 

and by then defi ni ng I;, by 

= 	 Devil) . 

From equations (2.8) and (2.14) 

= 127. 

So e`Bc. 
ti- 	I + 

2 
€-1 6c.~~

~J~[7nJ ,7?1~~-- 	 (2.16) 

using 11-10.x0 Q, or in terms of I L 

where Z=I 	and e lr,il,,= 	E„~~~=~_'T
.Īx1/41 
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(& ā 	 ~~ fi 	 ~~- L~-cxv~ ,.. C ~ , e_L:i 

using equation (2.5) 

=E- (x :CH 	_ .~„_ ') 	[lc]=-73 -.k4 [=0,„I, ) 3L". ī-J 	P.%) 	J 	r3  

= E,A►.,` L'~~w~ - L2L-4. [_►•~~=r►~ —i3[It I"T.~ rJ 	r 	r 

If re. G. = 0 	and the derivatives of t, with respect to 

r vanish - as is true for point solutions and presumably also for 

regular solutions, to a good approximation, for large r - this last 

equation implies 

EII )l-T]=C7. 

As TI is a vector with respect to 'J + T' symmetry this yields 

Cz:1)Ik]=  

The El's form an SU(2) algebra. This is a direct proof, using the 

equations of motion, of a result first derived by Wilkinson and 

Goldhaber [36] for point solutions using angular momentum 

conservation relations. 

Nothing really new has been derived in this and the preceding 

section. However this treatment of the topics covered has not 

appeared in print. 
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2.5 The constuction of the Higgs Fields and Gauge Potentials  

Using Tensors  

Under the action of the group generated by the SU(2) subalgebra 

the space of Higgs fields decomposes into a direct:sum"of invariant 

subspaces. Each subspace is spanned by the components of a. 

position independent SU(2) spinor when position dependent 

coefficients are allowed. In each subspace of odd dimension the 

spinor components can be replaced by those of a totally symmetric, 

traceless, SO(3) tensor (a scalar in a one dimensional space). For 

an odd dimensional space let the conponents be 

(~ 
 

~T cLL...q,) 2 	 .t 	12.•• 	) 	O 

The latin indices run through the values 1, 2, and 3. The label x. 

distinguishes between different subspaces of the same dimension. 

The round brackets denote symmetrization. 

No 'J + T' invariants can be constructed in even dimensional 

subspaces because the spatial dependence of a field may be written 

in terms of SO(3) tensors (which are related to spherical harmonics). 

In each odd dimensional subspace one simply forms 

V(.11) 
• 

 (KZ' 
	A• 

  x' 	w it ) 	L. 
Li) 

.. 	
It 

 

t= the number of indices, 2R + I = the dimension of the space. The 

most general 'J + T' invariant expression for the Higgs field is then 

_ 	Ci(r)clp°<(2) , c.1(o)=O',C When f 0 . (2.17) 
dQ 

I shall use a matrix notation for the gauge potentials so that 

they become functions from space-time into £(G) (viewed as a matrix 

algebra rather than an abstract algebra), i.e. Wt.= Wr, L°` 
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The construction of 'J + T' invariant basis functions for the 

gauge potentials is similar to that for the Higgs fields, but now a 

space index must be added. This index runs over the same values as 

the internal SO(3) indices and can either be symmetrized with them 

and then split into a part with trace and a traceless part, or it 

can be anti-symmetrized with them. Thus three linearly independent 

invariants are formed in each space of odd dimension greater than one. 

One invariant is formed in each one dimensional subspace. 

Let the odd dimensional subspaces in t(G) be spanned by L'`ii.i..y)}. 

The most general 'J + T' invariant expression for the gauge potentials 

is 

e.W (tx..) _ Z 1. [a{(r) (-2i) -k- 6~(6T E,N,.s j] La(.t) i.+E. 0.)Sc/,,,L~(Q) 
J 	 ~~ fi t(2.18) 

= 	0-V4/A.1-KW --R,L[T aLe((Q)] + ~~ x L°~ . 3 
d,$ / 

Er° af,,L°!(1)-Z.114.[Tar,L~(1)] -F ~ 	 All'(.03 -4. C. CT) a i 	(2.19) 

by definition. 

and = 

p runs through the values 1, 2, and 3. WJ has been split up into 

three parts; one radial and two orthogonal transverse parts. 

Vith.0 must be well defined at 1-2=0 , and so li. 14 ) must 

be independent of the direction from which the origin is approached. 

Let 	along the z axis, then 

Le' e.cU-) -e33...3) 

However, if x.->o along the x axis 

r >O 	]D ~iQ  
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For W to be well defined we must have 

t.imA 
 o 
~ eCr) t_.(33..3)    + 	[.1,-Z(r)  L Cou -• ►~ -- (4 (r-) L utt- • +)1 = O _ ~j l r 

This equation must be satisfied individually for each cz and t. 

1=0 yields li wt e.(0 (r) _ © , Voc • 
r~o ti 

yields 
U m. a, 	Lr) 0 , . \J 

1, 2. yields um,. 	e cr) 	a1 C--) = low. t-` t  -.) = O , 4,:e 

as L(.33..1) , Lieut.-0 , and 1.!4(.31i..,) are all orthogonal if they 

have two or more indices. To see this note that the constraints 

L_ ct.t.k...c) ----- 0 

relate only components which differ from each other by precisely two 

indices. gt and el need not vanish as r-0. This is because if r 	r- 

Lc, wt e° tr) = 	04.(J) r>o 	 r 

then r~ LCsi„,;--r,,x;.)L°g(1) t e 	 14,4 
 

~ ~ ~ 
40

-) L'` (1) + t o [0,10-)—  e_ 1(r)1 `c-",12-`(1-)    

0,1tt-) I—°̀ (1) 
0 

Now L"(1) 	has no angular dependence so the limit is well defined. 

The radial part of eWr, is Z e(r) cii,L°‘(10 and it is in general 
a.L r- 

not well defined because of the 1=1 part. It cannot, therefore, be 

gauged away without the gauge potentials becoming ill defined. The 

expression 

e-1(t-)x/ L:(.CO 

~~ 1 
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vanishes at the origin and is well defined, hence it may be gauged 

away. 

The basis given above is a generalisation of that used by 

Corrigan, Olive, Fairlie and Nuyts [701, and Brihaye and Nuyts L5]. 

A closely related basis has been written down by Leznov and Saveliev [22j. 

If W00c) is included it has no space index and the most general 

form for it is identical to that for a Higgs multiplet transforming 

according to the adjoint representation. In all that follows it 

could be treated as an extra massless Higgs multiplet for 

a,. = a~ bJo--'- ~ [t,~ ` VJ ~ _ 2,,w. as `aoW ~ — 0 

and ~~=—zeĪ1X» 	as ao-E = ©. 

Nothing would be gained, however, in the existence proof of chapter 3 

as Wax)=_p satisfies the th]c equation of motion identically. The 

significance of this remark will be explained in chapter 3. 

A tensor expression for Mi. can be given. From equations (2.14), 

(2.15), and (2.19) 

[BR CS— x~ ~) -~ At ELk.3xz1 V..4 	. 	(2.20) 
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CHAPTER 3 

THE EXISTENCE OF MONOPOLE SOLUTIONS 
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3.1 Introduction  

This chapter deals with the existence of classical monopole 

solutions in non-abelian gauge theories, and with their properties. 

't Hooft [21] and Polyakov [25J independently found point 

monopole solutions of the equations of motion of the Georgi-Glashow 

model [17], and asserted that a corresponding finite energy solution 

existed. 't Hooft supported this assertion with a numerical 

calculation. However that does not constitute a proof of the 

existence of a regular solution of the desired form. When other 

theories were 'shown' to.have, poi nt . sol uti ons ' it was assumed, 

understandably, by many people that in those non-abelian gauge 

theories there would exist regular solutions corresponding to many of 

the point solutions. In general this was and still is an assumption, 

albeit a very plausible one, but it is shown below that in certain 

circumstances a regular solution can be proved to exist. 

Neither the existence of a topological charge, nor the existence 

of a point solution of the equations of motion guarantees that the 

equations of motion have a static solution valid for all values of 

the radial coordinate; at least not in any obvious way. The 

topological quantum numbers which occur depend only on Vg). On the 

other hand, many things other than Vg) affect the equations of 

motion, and there are many time independent field configurations 

which have well defined topological quantum numbers which are not 

static solutions of the equations of motion. Also it is by no means 

obvious that the known point solutions can be modified to give a true 

solution regular in all of space. If one thinks of the Laplace 

equation it has the singular solution I which cannot be smoothed out 
r 

to give a regular solution with 	behaviour asymptotically. 
r 
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One way of proving the existence of a monopole solution is, of 

course, to exhibit that solution. This also gives the most infomation. 

However, the equations of motion are non-linear and difficult to solve. 

Explicit solutions are known only for certain theories [2, 26, 35] in 

which the Higgs fields -transform according to the adjoint 

representation of a special unitary group. Moreover, even these 

theories have been solved only in the Prasad-Sommerfield limit [26] 

of vanishing Higgs potential, and even then only for certain asymptotic 

limits. In the Prasad-SOmmerfiēld.limi.t the equations of motion of 

these theories can be reduced to the Bogomo1'nyi equations [4] which 

are first order; this is not the case for other representations. 

Another, more abstract, approach is to attempt to show that a 

stationary "point" of the action (energy integral for static 

solutions) exists. Tyupkin, Fateev, and Schvarts [33] started a 

proof along these lines which was completed by Rawnsley [27, 28] . 

They examined certain SU(2) and SU(3) gauge theories. Rawnsley 

wrote down an ansatz for a general group, but it only included one 

function to describe the gauge potential which is insufficient to 

ensure that variation of the energy integral after the ansatz has 

been inserted leads to the same equations of motion as varying the 

energy integral and then inserting the ansatz. 

Nearly all attempts at finding or proving the existence of 

static solutions have dealt with 'J + T' symmetric field 

cofigurations, and the work reported below is no exception. It is 

reasonable to demand this symmetry as it is, roughly speaking, the 

largest symmetry which can be required without excluding solutions 

with a non-zero topological charge. Also one would expect any 

solution describing an elementary particle to possess a high degree 

of symmetry. Imposing this symmetry has the technical advantage of 
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reducing the equations of motion to a set of coupled, non-linear, 

ordinary differential equations in the radial coordinate, r. I 

shall call these equations the radial equations. 

In section 3.2 the form the energy integral takes for 'J + T' 

symmetric field configurations is considered. It turns out that to 

evaluate this integral it is necessary to know the values of those 

quantities appearing in the energy integral on only, let us say, the 

z axis. As the most general possible form for a 'J + T' symmetric 

field configuration is used, varying this integral leads to the 

correct equations of motion (see ref. 8 appendix 4). An extra 

assumption:. is made which simplify the energy further whilst 

retaining this property. In section 3.5 examples which satisfy this 

assumption are given. 

In sections 3.3 and 3.4 I prove the existence of static monopole 

solutions in a class of theories. The points (a)-9,(g) listed below 

establish some sufficient conditions for a theory to belong to that 

class. The proof does not involve taking the Prasad-Sommerfield 

limit. I consider static 'J + T' symm. solutions with 	cx)= p ; thus 

excludes 'dyon' solutions. In section 3.3 it is shown that if the 

energy integral can be taken to have the simplified form given in 

section 3.2 then a solution of the radial equations exists on (0,co). 

In section 3.4 this solution is shown to correspond to a solution of 

the full equations of motion in all of space. To be precise consider 

a non-abelian gauge theory with the symmetry broken spontaneously by 

the Higgs potential Vg). Let the most general 'J + T' invariant 

ansatz corresponding to a particular embedding of the SU(2) algebra 

(i.e. identification of the Ti's) be 

~(x~ = z. cteC+.) r(k) • 
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If the following conditions are satisfied: 

(i  ) et) ._ V(Z et  OM) O \I c , 

(ii) V(Cf) is a quartic with no linear term, 

(iii) V(c1.)=0 for some constant values E113 of the ci's, 

(iv) there exists a set of functions (any set including the al :s 

and al's of equation (2.18) will do) with the property that setting 

all of the functions in the set equal to zero satisfies the equations 

of motion of those functions identically (this ensures that the 

simplified form of the energy integral may be used); 

then there is a 'J + T' symmetric solution of the Euler-Lagrange 

equations with WJa1 )rz,O , and li.m c2110 c0X)  _-0M 
r-poo 

Note: 

(a) There is no linear term in VZI) if 	transforms according to a 

representation with no trivial (i.e. one dimensional) irreducible 

part. 

(b) It will be shown that (iv) is satisfied if the following two 

conditions are satisfied: 

(i) The 1+0 part of the group which transforms 'J + T' symmetric 

fields into 'J + T' symmetric fields is an abelian subgroup of the 

group containing all/ values (L is a sort of angular momentum 

defined with respect to Fri?). 

(ii) The t=I part of the radial component of an arbitrary 'J + T' 

symmetric WLC) annihilates an arbitrary 'J + T' symmetric E). 

(c) If the group mentioned in (b) (including the .!^O part) is 

abelian and the Higgs fields transform according to the adjoint 

representation,- then both conditions in (b) are satisfied. This is 

explained in section 3.5. 

(d) The group is abelian if T3  has no repeated eigenvalues. 
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(e) Both conditions in (b) are satisfied by the 'maximal' and 

'minimal' embeddings of the SU(2) algebra in the Lie algebra of SU(n). 

More details and further examples can be found in section 3.5. 

(f) It has not been assumed that a topological quantum number exists. 

(g) The representation according to which q5.. transforms has not been 

assumed to be irreducible, so the treatment includes cases where 

there is more than one multiplet of Higgs fields. This is relevant 

to the example of chapter 5. 

These observations show that there is quite a large class of 

theories which contain monopole solutions. All of the known exact 

solutions [2, 26, 351 (exact in the Prasad-Sommerfield limit that is) 

are solutions of SU(n) theories. The fields of these solutions 

transform according to the adjoint representation, and the SU(2) 

embedding is the maximal embedding defined in section 3.5. The 

theorem ensures that a solution of the full theory (i.e. with a 

non-zero potential) exists in each of these cases , provided only 

that a suitable potential can be constructed (the quoted authors do 

not give a potential except for the case of the Georgi-Glashow model* 

In section 3.6 the asymptotic behaviour of monopole solutions 

is briefly considered. 

Section 3.3 contains a proof of the fact that any finite energy 

'J + T' symmetric field configuration has a well defined topological 

charge. 

** A suitable potential can be constructed if ,,asymptotically, has 
precisely two eigenvalues when written as a Hermitean matrix. This 
is the case for the solutions of refs. 2 and 26, and the explicit 
examples given in reference 35. 
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3.2 The Form of the nergy Integral for 'J + T' Symmetric Field 

Configurations  

The form of the energy integral for a static, 'J + T' symmetric 

field configuration with 1,1o(x.)=O is derived below, then an assumption 

is made which further simplfies the expression. 

The field configurations considered are 'J + T' invariant so if"R 

is a rotation which satisfies -R1 = 
Z = unit vector along z axis 

unit radial vector 
then 	cx) ;/(l-1-(.)-tg(t-z) 	 (3.1a) 

Wt )== tjC,CR)\40-Z)U.CRYRj.te (,.&,e = 1,2,3) 	(3.1b)  

= i(uAR)) Cie/)C.r`zY:re 	 (3.1c) 

CR) au- (►- )t~~R)~„;v6 	(3.1d) 

Now the energy integral is gauge and rotationally invariant, it 

therefore follows from (3.1a) >(3.1d) that the energy density can be 

expressed solely in terms of quantities defined on the z axis. So the 

energy of a static 'J + T' symmetric field configuration is given by 

t 
E = 4-cr111- ►-z P i 0- _̂ k%0Z) +C~~drZ)(kCtrz) + VRCr )]. 

Given some indexed object Xi (1 = 1, 2, 3) X+ are defined by 

X+ = X1 ± i X2. MCI-) is defined to be if (r?), qan to be Ica) , and 

N(r) to be "n(rz). From equation (2.16) 

e1+ (r ?) = (11± + L Di + , N~ 
r 	r1 

and e..,13 (r z) = r Z 1 2 [M + M -~ _ ~1 

(3.2) 

(3.3) 
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From equations (2.4) and (2.13) 

Cry /) C.t'Z) = 	/ 1-t-) ~o 

and CB311) Crz.) _ } — ~CN~ ~ . 

Therefore 

E = li r [Z { (P+ 	[h1+ N])( M~ L[1N1) e K   

1- (+-UM)]. (3.4) 

The generators are normalized so that Tr(l°'lo-)=KZTtr. This 

expression is still too complex for my purposes. Using equations 

(2.17), (2.18), (2.19), and (2.20) E can be expressed in terms of cif, 
lr, ems, and cF. If setting a subset of these functions equal to zero 

satisfies the equations of motion assōciated., with the elements of that 

subset identically then those functions may be set equal to zero in 

the energy integral before variation and the correct equations of 

motion will still result from varying the new expression. The 

resulting equations will be the original equations with that set of 

functions set equal to zero in them. I shall assume that such a 

subset exists and that it includes all of the o s and e: Qs. This 

assumption is required because it ensures that the derivatives of the 

remaining US's and G4's separate off from the terms which do not 

involve derivatives. The form which the integrand of the energy 

integral takes is important for the existence proof. With this 

assumption the most general form that the energy integral can assume 

is 
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rEI~.īCk 	~z ~t►~+~) ~~/~} t~c~+~)U .f 	F ~,uiU ~ 

+ tor rar z  rzSrzctz+ 
P c Pt Lc :t. + ~ Gj St- 	 )  { Wie '1t"1z 

4,t / Y  
o 	(7 
ob 

 tor cckt- 	Cck). 	 (3.5) 
0 

The indices on the c's do not necessarily run through the same values 

as those on the k's. t. is the common norm of the basis functions NA.), 

i.e. pZ = 1r (L'`lt)2");Va,1 . Similarly r? < (f) Vco;  

Sufficient conditions for such a subset to exist are given in section 

3.5. 

The .L(t+l) factors in equation (3.5) arise from the relations 

[T,a„L°`ct)T) — av1 Cr, 	_ '.0+t) E
i
, y  	L'` c0 

rl  

IT, avmO] — x-v [T,af,.Lke)7)23 _ — 4(1+1) Tr (Li WI)  
r~- 

and
/
,,‘ di;tt t- 	4,`<(/)..= Akt-tes) 41(t}t KGi.) , 

3.3 Existence of Solutions of the Radial Equations on (0,c)  

In this section two things are proved. 

(i) Any 'J + T' symmetric field configuration of finite energy, 

whether time independent or not, which is Cl in1R has a well defined 

topological quantum number. 

(ii) The equations of motion obtained by varying the integral of 

equation (3.5) have a solution defined on (0,o) for each possible 

boundary condition. 

At the end of the proof of the first assertion I explain how one 

might try to extend the proof to arbitrary field configurations, and 

then point out the difficulties which arise when one tries to do so. 

The proofs are generalisations and slight modifications of the methods 
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of Tyupkin, Fateev and Schvarts [33j , and Rawnsley [27, 28] . 

Proof of (i)  

Outside any small open ball, B, enclosing the origin the radial 

part of 141,,, (p = 1, 2, 3) may be gauged away. The most general form 

for a 'J + T' invariant N..1 is given by equation (2.18). The most 

general 'J + T' invariant expression for W0() is 

It follows that the energy integral for a 'J + T' symmetric field 

configuration with 1451,.Sc,„--0 outside B has the form (in the region 

outside B) 

S
e. r L 	C ca.~  + 

~ /2. t r21- r z~ + Z  

+ a positive term independent of a" (s" -r and cl:. 0 

(3.6) 

Constants have been omitted in the sums. The terms involving 

derivatives with respect to r of the radial functions separate off 

because they are the only radial components in Bq and ZA  

For a finite energy field configuration with energy E equation 

(3.6) implies 

a. ", radius of B 

 • tT 
So 	i 	CO — c. K (a.) = ~ S c_„  'car' , k7 >i a 

T1-(cr
Lc SG 	r 

)3E 
a 

l c-tair)— LK(a) 2- E E (-1-  R IT 	0. 

citr 
i z̀ L ~r 2 

< E 

and it follows immediately that the limit 	c.(c) exists, 
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and hence the limit L T c-lU.) 1(.. =2 cKsao)41t 	exists as the sum 

is a finite sum. Finiteness of energy, combined with the fact that 

the limit is now known to exist, ensures that a well defined 

topological quantum number exists. The proof is simple. 

S
ri-VLc:IL )Ar 	E 	 (3.7) 

Now suppose v(cx(4))=V0 4 O , then ,as V is a continuous function of 

the c's, for any givenE>O there is an ro) 0 such that for rro 

IV(cro-))—Vo E • Take EGV then 

r 
	, lr 	rc, . 

re, 	 r, 	2 

But Ç%)- diverges as r co so equation (3.8) contradicts 
e 

equation (3.7) and it follows that \)(c Com))=O• 

One might think of expanding a general field configuration in 

terms of spherical harmonics: 

to w.=--C 

One can then show, just as for the e's above, that lL,~ti ~ (r) exists. 
r.~ao 

However the sum is an infinite sum and it no longer follows 
0o 4 

immediately that Li,v, 	rfi.,,, U-)'iQ Cp, 4,) exists, and even if it 
r•- o(=o 

does it may be discontinuous. Consequently I have not yet been able 

to prove that a general, continuously differentiable, Higgs field 

configuration of finite energy has a well defined topological quantum 

number associated with it. 

An Outline of the Proof of (i'i)  

A sufficient condition for a field configuration that is Cl (i.e. 

has continuous first derivatives) to be a solution of the Euler-

Lagrange equations derived from expression (3.5) is that it be a 

(3.8) 
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stationary "point" of the integral under C" variations of compact 

support. I shall concentrate, therefore, on showing that the integral 

has a stationary point. 

The energy is bounded below and the greatest dower bound 	( or 

infimum) of E taken over a given space of functions, X, is well defined 

and finite if there is a function in X which makes E. finite. By the 

definition of infimum there is a sequence, 	of functions ('.,E X) 

such that the energies E=.() approach the infimum as n 	co. If 

the sequence has a limit function 	then 

E(3) > LA-C. E ) (=E,, say) by definition. 
5eX 

So if it can be shown that 5.c <E0 then Eci) = E., and 
3 

is a 

stationary point of E. 

The space of functions I shall consider will nbt consist of just 

Cl functions, and because of this the Euler-Lagrange equations will not 

follow immediately from the fact that there is a stationary point. In 

fact the functions I shall consider will have weak first derivatives, 

and the Euler-Lagrange equations will be satisfied weakly. However, 

the equations are elliptic and from this it follows that they are 

strongly satisfied, i.e. the solution will be a solution in the sense 

of the classical theory of differential equations. 

The radial coordinate takes values in [0,o). The restriction in 

the title of this section to (0,co) arises from the fact that the 

integrand in equation (3.5) viewed as a function of {h-,c„} and r is 

not continuous in r at r = 0. The origin will be dealt with in the 

next section. 

~,~ is a shorthand notation for a set of functions { trk , c ~3n 
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Proof of (ii)  

(a) The existence of a limit function for each boundary condition. 

First of all note that for each set of numbers 	n1 which make \i(cf,) 

zero there exist C1 functions defined on (0,-) with the following 

properties: 

( 0 ) tiw. 1- (c-1;,(r.)-111r,).1. = ti vr. t-(c-,,,(e) 	 )2 = ©j 

c Z 
(3.9) 

ky-V-Cr)= o I Vol, . 
r~x r, 

43) E((s,c. is finite. 

Let l3-0-) 	Lr) 	S' (qt.) -''j) _ CCo( ) Crf 
471- 

and 	- I have dropped the indices - then 
ou 

S 
t31zokr 	C312+ 	 2~ot 	 d ct-.L•cr.4 = 

	
l 2 1c' )4 , 8 an 

o 	 ^' 

and   C are thus elements of the Sobolev space w1 '2(-~,~) [la. The 

space of sets of functions over which variation is allowed is taken to 

be the completion of the space of sets of C1 functions satisfying 

(3.9) in the norm topology given by the norm 

Z. r 	+ I [ 	"'Jr = 
	

(1
° 

~r +i  

	

 1.4
4 

7) 	-t- 
0).1. 

 
 o 	?tAN d 	 d~= 	 v 7h -~ 	 0 -b 

Now consider the sequence 	t,~  	cp : 	i fir, c7;,3,.. with 

E( ,6-Q, cP ~ ~~ , . Since tE, 1 is a bounded sequence the 

Çt +i)sequences 	 d~ and 	 are bounded. 

Every bounded sequence in a Hilbert space has a weakly convergent 

subsequence, and a Sobolev space is a Hilbert space. Also every 

bounded sequence of numbers has a limit point. Therefore, without 

loss of generality,it can be assumed that there are numbers Nl (t ,t-ir 

* 131 := 0E1 	C _ 
ac 
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and functions 37 and C' such that C~~,~ + r:j 	7 NQ in 
—.0 	 as ra "' 

(GP;K 	CP:K )a 7 rl P inĪ!'. as 

, C 	
7 C,P 

in W1 '2(-00,00)  as 	. 

The Sobolev Embedding Theorem [1] asserts that the embedding 
W1,2 	-* CB(-œ,œ) exists, therefore V, and C.; are continuous, 

and we have the result that 6-10, —7 61 and ~p,K~ c.p pointwise on 

(O,0o), with VI and ~ being in the original set of functions over 

which the infimim was taken. 

(b) The set of limit functions is a stationary point. 

One can write= S F,„0,lr + G,,okr- where F„ contains only 

derivatives of the radial functions and G, contains no derivatives. 

It is a property of a Hilbert space, H, with norm 11-44 that if 

11
urk. h in H then U..,. ll.hll> II kllu . Consequently 

(cw- J Cri o%t- >~ (3.10) 

F and G are the functions obtained from F and a, respectively by 

replacing the set 	,cP,ri by b-~cP . Now ~~~ pointwise 

on (0,•0) . Thus 

( rs 	 t
ts- 

QG ` ~-0") o~~ = CG (r)' Cz,(1-))  -k- ~ (t) c~ 	tr i a y 0 

- 0 < 	
CvCr) r < 	(C-.Cr) _ C-- ,,,(r)}ekr * ÇAr 

o, 	 c 	 o 

as G.tr) , Gh(v-) © , ©< r < o0 

=j Q < cto-)Ar < ( 	S C—,,,(rfi ck.r- 	. 6 < x 

	

a 	7 00 0 

<C~) ~r C li ~,. J Cz„~Cs')! 	(3.11) 
7 oC 

	

0 	 a  

N 
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0 
Note that 	exists as 	-) i o and Sou-)Ir is bounded for all 

0 	 0 

values of tr. Equations (3.10) and (3.11) show that 

E(V„cP) < liw. 
r 

	En 
h -  aC O 

and so the limit functions are a stationary point of E. 
(c) Solutions of the radial equations. 

The radial equations (which are Euler-Lagrange equations) have a 

weak solution because the integral has a stationary point. The 

adjective 'weak' is required because the Sobolev space used contains 

functions which have only weak derivatives. However the radial 

equations are ordinary differential equations and hence elliptic. 

This property can be used to show that the weak solution is in fact a 

strong solution [141. 

3.4 Differentiability at the Origin  

In this section it is shown that each of the solutions of the 

radial equations shown to exist in the preceding section generates a 

solution of the full equations. To do this it must be shown that when 

the radial functions are inserted in the expressions (2.17) and (2.18) 

they lead to fields which are C1 at the origin. This is not trivially 

true as the radial functions have not yet been shown to be 

differentiable at the origin, and the basis functions are not even 

well defined at the origin. 

Let -.C(t-)= rc `rfi . Omitting indices and constants in the 
ev 

sums the equations of motion which derive from the energy integral 

(3.5) are 

k3-4-d n = ! (ti- - -r 1 Z ~~Z-t 173) t- 	~. C~ + trcn , 	(3.12) 
4. rZ. 	rz 	 rz 
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and -Ç " _`~ (°~ ~t)C~ -k- !rz Z(tTf -k- 62~)+! ~~rl~ tr~t~) (3.13) r z 	i 	 rz 

The fact that V is a quartic with no linear term implies that its 

first derivatives are cubics with no constant term - which explains 

the form of the last sum in equation (3.13). If 00 then the right 

hand side of equation (3.13) contains no functions P„tt-) with A=0. 

For small and large r the (,'s and l+'s are o(/r), and finiteness 

of energy guarantees that they are bounded by N✓r for some constant N 

for all r. Changing notation . {bV: } -~' {d;, } (the 'angular momentum' 

associated with dq. is denoted 6i. ) it follows from equations (3.12) and 

(3.13) that 

r 3/a 

and 	1-k3111-2-01
( 0t 11 = 

~1r 
 

L 	dr  

To derive this last equation the result 

2t•+% ( 1 E,+1 it 

~~~ Lr 	̀ tet l ~ 	r ~ 	~~ — ~`'ti) dt- 	dr t-t~+ 	 r'- 
is required. Proceeding in a similar manner to Rawnsley {27, 28] one 

can show from equation (3.14) that 

(1-.) \ Wv■5~0.wk x I- 	= 0 

A i(r) 	c.0rA.S6).-w xj-7- 	= Ī (3.15) 

c).L(r) = 	 >I 

for small r. 

Let d [r2~;+2~ ( d;. 	_ rt̀ .° C1L(r) , r4 O. 	(3.16) 

Q --) is the non-linear part of whichever of the equations (3.12) or 

r ~ 	r small. (3.14) 
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(3.13) is relevant; Cz(~) 	constantxr-. From equation (3.16) 
 

+z 	 p 	( ~ 
-~ r c 	 A ut,t~i

z•C~~ ~ r~ikZ` .t HI 	r cQ 
0 

which implies 

(Et+ ok,1(r) = u~~ cu.') cLk  r o . 
r-2 	O 

If 	_ I equation (3.17) implies 

(3.18) 

1 

IL, [4, 	c~,~ r~2 C..ur'  L 
, 

ACV — -cm) _ ~~0Lr~au. u2 Com- CLlr) . 

Now the limit as x + 0 of the right hand side exists, therefore 

(.Lw. c& (x) exists. It can now be shown that Wtax) is C1 at x = 0. 

If ego-) = e~C~) =0 , .e..Wr,&x)_~ LU~t;-)E i c.~l_`(. c , and 

e.ayW 0x) _ =. i1r (~-i (ttlAr y vTe :•x ~~ E ,.v~~—.(4V~ " 1 eta-0(45 .;xZi1.'t L 
f ~1 J J 	{-~- r 

Now L. 161., (Q.+i)~) _ o , and 1~,,,. Q(t-i)~°~ = p follow,for all oc 
t- 

and 

 

	

 from equations (3.15) and (3.18). Also law. ~(S~.p if Q4- 	, 
-- o 1=z 

but it is equal to 4. say, a constant, if.L=1 . So 

L maw cx> _ 	 , E - t_ (1.) 
t' -1 0 	•  

	

As only the Q = 	part contributes there is no angular dependence. 

Also 

kl (x .0) = 	L -~ SQ cr-) 	 -  
	 t:_<(1),  

r-- ]O 	t 	
/" v C vv-.y 	 1 /A  

This proves that 4i,(.1) is C1 in all of space. 

and so (3.19) 
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As fork: 

/*A i Cx ==c2)  = low. 2 (c( c-) (0)) (d. - •~,.,,) 

if C.. I( a) exists. 	(3.20)  

For x t 0 'a~C~) = dT D/A (CI I— -~ ~) (.0~- Q  t CV(tio  . 	( 3.21) 

Now Lv,‘ Cc~~ c~~ = Lw. 1 	(.(to l= o for al l d and .Q by 

equation (3.18). Also G; 	4g= 0 unless A.--1 as 4(r) is o(r) for 
'•- o r- 

. > 1 , for .1? = I the limit is C.1Co) if this derivative exists. If 6.1.=0 

equation (3.17) implies that 

1 	
t
X1,4, ( 	Cm.) = — 	 ~r 	u. ~. ( u r) ,  

This shows that l; wt dc(x) exists and it is equal to c(o) for some ~. 
.c.7)o āc 

So 
• 

C) .- toto) = a`r ~~ u (t i (~ r) = y t ici"  

and C Co) _ 1,i.w. -i-- c t3) - C!-(0)) = © . 

If A=I , c.1 ((o) exi sts because of equation (3.19) . If Q> I , Cē 1(0)=0 

as G1(3) is o(y). Using all of these results in equations (3.20) and 

(3.21) one finds 

Ras) = 2~,, /(x = o) = 	c2C0) cl)c(W ,, 

and it is well defined as only 1=1 terms contribute, therefore 	is 

Cl. 
The energy density is C1 as a function of w, ~, ōyW„ and a,47, 

therefore the fact that both W and "E are C1 , combined with the fact 

that they are a stationary point of the energy integral , guarantees 

r 0 	r' 	t-aj o t" 	r ī 
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that they satisfy the Euler-Lagrange equations even though they are 

second order equations [7]. 

3.5 The Group Which Transforms 'J + It Symmetric Field Configurations 

into 'J + T' Symmetric Field Configurations 

In this section the question of the existence of theories for 

which the energy integral can be reduced to the form (3.5) before 

variation is considered. For such theories it has been shown that 

corresponding to each set of numbers€' ,iwith V(1R)^Othere is a solution. 
However the method of proof is such that it cannot give any indication 

of whether or not there is more than one solution for a given boundary 

value of the Higgs field - despite the fact that there may be more 

than one point solution. Another property of the proof is that if a 

certain subset of the set of radial functions can be set equal to zero 

before variation without adversely affecting the equations of motion 

then nothing is gained by retaining them. The reason is that the 

method of proof cannot demonstrate the existence of a solution for 

which they are non-zero. This is why there is no point in trying to 

show that dyons exist; 11.10(x)=0 satisfies the Wax)  equation 

identically. 

I shall now show that there are theories in which some of the 

radial functions can be set equal to zero. 

The generators of the group which transforms 'J + T' invariant 

field configurations into 'J + T' invariant field configurations are 

{Ulf) I all d - and .t } or, on the z axis, { 	If the 14.0 

generators (i.e. those with indices) of this group commute then all of 

them may be simultaneously diagonalised to real matrices. Also, when 

T3  is diagonal, T+  can be chosen real with non-zero entries in only 
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the diagonal above the leading diagonal. So for an abelian A k O 

subalgebra [Ti.,G..C33...3)1  can be chosen real with non-zero entries in 

only the diagonal above the leading diagonal. Given this form for 

1433.._IA 	it follows from equations (3.2), (3.3) and the following 

equation (obtained from equations (2.19) and (2.20)) 

tit  = Z Q(1 t i.K)L`(.R)4. = — 1 (11- ,f )LT+) LC33.-.3)1  
at)-( 

that ak= e  ;p satisfies the equations of the cg's and e' s obtained 

by varying only the 
TT-C&r  „Gf) term  identically. The covariant 

derivative term is more troublesome. 

(g),44-%3/,i)C+-z) = C(- i(NAA- -:D( 	 o- 

The second term gives no trouble as D(M k),)(ri )3 contains no cross 

terms between the A's and the B's. The first term is 

/+ o + r  1+])(NY-  Eo  [ 	0(N) Iaa 

The part in the square brackets is the problem. It has been shown in 

chapter 2 that all but the J1.1  part of N maybe gauged away. In 

this gauge the term in square brackets is zero if )(L°4(1))1'= O for all o 
(k.=1 ) for an arbitrary 'J + T' symmetric E. This is the case if 

there is only one basis function C2(2), for this basis function must 

then be -r and 3(T)E..-_0 is a consequence of 'J + T' symmetry. If 

transforms according to the adjoint representation and the ..t.-=1 

generators of this algebra commute with each of the other generators 

of the algebra which transforms `J + T` invariant fields into 'J + T' 

fields then )0.1((i))5=0. O, 

In SU(n) theories (n> 2) there are two embeddings of the SU(2) 

algebra which have x T as the only t= 1 basis function for the radial 
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part of eWr„ these are: 

(i) The "maximal" embedding for which the fundamental representation 

of SU(n) gives an irreducible representation of SU(2). The n 

dimensional vector space decomposes in the manner n -• n, so that the 

adjoint representation which is (n2- 1) dimensional decomposes in the 

manner 

(n2- 1) w (2n-1) ® (2n-3) a ... ® 3. E.g. 15 -~ 7 e5 ® 3 for SU(4). 

(ii) The "minimal" embedding for which the fundamental representation 

of SU(n) decomposes in the fashion 

n 	2 9 1 e 1 9 .... ® 1 with (n-2) ones. 

The adjoint representation decomposes as follows: 

(n2- 1) w 3 e 1 e 1 €... 91 with (n2-4) ones. 

E.g. SU(4) 4--2 	1 ®1 

and 15-4-3® 191G19lG1Q1e1 ®1•1®1 (91..1. 

For these embeddings the generators { C3 , ,3) I -t >_ I } commute with all 

of the generators of the algebra. For (i) this follows from the fact 

that T3 has no repeated eigenvalues, and for (ii) from the fact that T3 

is the only element of the set' {I."(31—I)     ( t 	1 . In these cases 

the integral (3.5) can be used no matter what representation is chosen 

for i5. 

For n odd and n5   there are still more embeddings of (SU(2)) in 

;C(SU(n)) for which the elements of' { LC33,.3) I 0.1 } commute with 

all of the generators. These embeddings correspond to partitioning the 

fundamental representation into two irreducible representations of 

SU(2); one of even dimension and one of odd dimension. 
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E.g. SU(5) (a) 5 -; 3 ® 2 

24.4- 5 ED 4 CD 4 ED 3®39292el 

(b) 5+4G1 

24 79 5G 4®493®1 

The generators {1.:((31 _.3)    I  all 	including ,Q -o } commute because 13  

has no repeated eigenvalues. These embeddings do not necessarily 

satisfy )(L`=o for all cc with transforming to an arbitrary 

representation, but they do if T  transforms according to the adjoint 

representation. 

3.6 Asymptotic Behaviour  

In this section some minor results concerning the asymptotic 

behaviour of monopole solutions will be derived. Further results can 

be found in ref. [301. 

The (mass)2  matrix in a spontaneously broken gauge theory is 

proportional to vt {p(G°G).,p(G13 )}v, where v is the asymptotic limt of 

in some direction and G'a,GSct(G). When considering 'J + T' symmetric 

monopoles a term oG)f)(r1+),)(h . 33 E0(oo) 	appears. This is like a 

mass term. It corresponds to a (mass)2  matrix of the form 

ficoO)[)(1.td(L) .))(th,,A))-i-)(ei)-))( L$( )+)1 ,fccbO) 

However the eigenvalues of this matrix will only correspond to the true 

particle masses of the theory if the full (mass)2  matrix can be written 

in block diagonal form with this matrix appearing as one of the blocks. 

(in writing these expressions I am ignoring an overall factor). I 

shall now show that it does indeed form such a block. 

Consider the algebra i(G). If complex coefficients are allowed 
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when forming linear combinations of vectors in this space the 

complexification of the algebra is generated. In the complexification 

of L(G) a basis may be chosen each of the elements of which is an 

eigenvector of T3. Let the basis elements associated with the 

eigenvalue A be denoted by vu. Toeao) is an eigenvector of D(T3) 

with eigenvalue().  AVICOL@D is another with eigenvalue A. Hence 

D(\fkc,i) \fko,i)ID(col+Ic 6b2)) Io (.0) = o 

unless ,= .,. . Thus the (mass)2 matrix splits into blocks 

corresponding to different eigenvalues of T3. The \=+-I space is 

spanned by €at3 and the 	space by ILU)_, . In the direct sum 

of these two subspaces (which gives rise to a block on the diagonal) 

the (mass)2 matrix is proportional to 

E) ( VW+ + L«) -' -16(00)] j( L_l( ) 4- + LP6^,)-)Ia40) 

Ion'+ [1CL-̀e(1))DCL2(m)4) + 'D(L°`(4).x)1( 2611)"')]  ~  (00) 

which proves the assertion. 

A similar statement is not true for the Higgs fields; the 

eigenvalues of ā'V(cē) are not, in general, the masses of the Higgs 

particles of the theory (see chapter 4 for an example of this). 

I shall now show that if the Higgs multiplet transforms according 

to the adjoint representation, or if there are a number of multiplets 

which do so, and 

and furthermore the group which transforms 'J + T' symmetric fields 

into 'J+ T' symmetric fields is abelian, then for the solutions which 
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have been shown to exist the gauge fields approach the form 

e '̂b~ =— 	I 
r2 

exponentially quickly for r » 	where m is the mass of the lightest 

vector boson present in the Q =± I block of the (mass)2 matrix. For 

simplicity I shall consider only the case the case when one multiplet 

is present. The extension to any finite number of multiplets is 

trivial. 

When 773, c4tvip,;x1 j .. ~ i+h+4.) Mt can be chosen to have the form 

O V. , 0 © 

o 0 

© o 0 O s . • 
c3 0 o o . . . 0 

11+.  is an (n+l)x(n+l) matrix. The ti,'s are real functions of r; some may 

be zero. One can take lEo to be 

and Dr . , M _3 = oiia~ ~i 	 2 , I^3 -1,.i,  

Hence E2- Tr. Ct3t) _ 	14/.1 + J-- ~I,,? — ~, 1 -2A \t, , 
1.-1 	ti_tz 

1 	

• t 

	2 and Tr ([ri *) ~,- L C) M J = ;- J/ ~=I 
The k equations are therefore 

2r 

* Similar equations are satisfied if further multiplets of the same 

sort are added. 
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If k p then by hypothesis U? e~k:(vh -dt``1w Vh., say, with 	>0 . Now 
~<<~) o(Sr") for large r, so for large r 

1 

il 
LI 	L t ("^l+°(1—p)) 

and so 1ni = c  c.ov,st-o-v,bc.294-17110for large r. 

A little more information, concerning the behaviour of the Higgs 

fields may be found in ref. [301. 

** 

** Similar equations are satisfied if further multiplets of the same 
sort are added. 
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CHAPTER 4 

AN SU(3) EXAMPLE 
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4.1 introduction  

Below I describe a model which illustrates many of the features 

of the general arguments given in the preceding chapters. This 

model is of interest not because it is useful for describing the 

physical world, put because it has the smallest possible non-abelian 

residual symmetry group after spontaneous symmetry breakdown has 

occured (i.e. the symmetry group of the particle states is SO(3)), 

and because the Higgs fields transform according to a representation 

other than the adjoint representation - a circumstance which has not 

been extensively investigated. Owing to the model's simplicity it 

is possible to determine the large r behaviour of the one 'J + T' 

symmetric monopole that the model possesses and this is done. This 

solution has a topological charge but it is not possible to define a 

magnetic charge in the usual way because the Higgs fields do not 

transform according to the adjoint representation. It also has the 

peculiar feature that the group which classifies the possible 

asymptotic limits of the Higgs fields up to homotopic equivalence is 

Z2.  A physical theory would require the group of integers, Z. 

4.2 The Model  

The model is that of an SU(3) gauge theory with the Higgs 

fields transforming according to the (2,0) representation of SU(3). 

The potential is chosen so that the symmetry is broken spontaneously 

to S0(3). Tire Higgs fields can be arranged so as to form a 3x3, 

complex, symmetric matrix. The action of SU(3) on the Higgs fields 

is given by 

u it uT I  u E S u c3) 
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The potential is 

V(U _ A ra -ady )CE- :1 ')1 + 2-Fr £(r r-02-] 

_ 	 ~ 	« 	tum ~ ~~ 	zE.~E 	~"'4'~(~y-ZE SE' ~rEVtw) 

\[Tr( )-- 3giotElf-3dkt' + T{ )} iTC dEt )] 

	

+ L3—).Tr-C )+Ir[ 	J 

adji is the adjugate matrix. 

I shall now show that the potential has the property that I 

have claimed for it. 

V(L)=0 implies ~~~+~ 	 (4.1) 

and 	1{=atzQ E, 	 (4.2) 

(4.1) implies that 	is unitary, and as it is symmetric it can be 

written in the form 

E = K uU-r 

with KED. , 1K1=1 , and L&ESU(3), t,..=uT, as any SU(3) matrix can 

be written in the form UZ(U. E SU(3)) with U. symmetric if the 

original matrix is symmetric. Equation (4.2) now implies that 

K'`= Kz , i.e.  K1=1 . Hence KT E. where 	is an element of the 

centre of SU(3) . Now R_ Z1 :=W r̀ for some other element a/ of 

the centre, so 

That is any which minimises Vt) may be written in the form UtUT 

with U c SU(3). Now T=1* minimises 'CA) and the element U of SU(3) 

takes l = S' to I=uv2. Combining this with the previous result we 

have that 	minimises V if and only if I. lies on the orbit of the 

identity matrix under the given SU(3) action. The little group of 
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the identity matrix is obviously S0(3). The space of Higgs fields 

which minimise V is thus homeomorphic to the quotient space 

SU(3)/SO(3). SU(3) is simply connected, therefore 

71-2(SU(3)/S0(3)) = 1r1(S0(3)) = Z2  

SU(3) has eight generators whilst S0(3) has three generators 

so there are five generators corresponding to broken symmetries, the 

Higgs potential will therefore give rise to five massless particles 

(ignoring the coupling to gauge potentials). The SO(3) subgroup 

referred to is the actual matrix group S0(3), so the fundamental 

representation of SU(3) decomposes in the manner 3-0,3 under its 

action. It follows that the adjoint, (1,1), representation 

decomposes in the manner 8-54,)3, and the (2,0) in the fashion 

6-'591, or 12-5e5e10.1 in terms of real fields. It is easy to 

give an elementary explanation of the last decomposition. As the 

S0(3) matrices are real the real and imaginary parts of fE transform 

separately under their action. Each of these six dimensional 

invariant subspaces decomposes further for both the real and 

imaginary parts can be written as a multiple of the identity matrix 

plus a traceless symmetric matrix. Now 

'%-COXOT) =7;-(01-0Y) -(01-0Y) - 7:00 for O ES0(3) 

and O116T= _, 

so the decomposition is invariant under the action of the S0(3) 

subgroup, and the decomposition predicted above has been explicitly 

given. 

I shall now find the masses of the Higgs particles. Under the 

variation 

7 	+ 	, with 	= Z initially, 
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VU StrCE+1)) = Tr (SE+t 55C +TrCS1tC,I) 

C► CiCT7-('c1)]1 =EĪr 	+āiti+V-Sr +ār~~~]zi 

= 6Tr(S i-S ) 4- bTrCC 'āE C-rrC5r+SIV 
to second order, 

Cq-(r1Vt1) =-t L' s )(.z+st))(=+ +)cr+sc] — 3 

= 2TrNct s1) } T r(sISE+ srsItt 1-1-sr a) 
to second order, 

3 
Ll) 	1.=!V XL , where A, , >.1, and ~3 are the ei genval ues of '1,, 

53(Aejci) ( 	= 	+ -1- Z. le, • i ~S~ ~a 	to second order 

Ī r(~~) + [TrCc 5 2Tr(SY) 

So 	V 	i[Tr ( ++si)2 V-r(svr2 rC5~~ 2-+lr(5r)lr(` )] 

~- \, Tv- [Css+* S ).1 

Let g=_1+L% , 	, and S_ 	, where 1„ , o 

and S are real, l, and o are proportional to the identity matrix, 

and 1, and 	are traceless and symmetric. Then 

`aV( =L~ _ ~~Tr• (2~)2 	<<~-~ )~2_ Ī r("1t ' C)3+ r(1-') ĪS-(11ti: ).! 
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SN -~=X ,~i{-Tr~o.t~1 —2(Tr 	2tTr Sst( t(10))+lr(~o)JZ~ 

1"::1 

= Xt [l .Tr(11b -t'i' - ca )1  

as tri --)1Z7-_-: 3-5-(TO and (Tr- SOL= 3T/4%o) 

.'. 5V (c==) = 9), ,Tr (V,-) t ( t4-\,)Tr(i ) t  
to second order. 

The (mass)2 matrix of the vector bosons is given by 

with I= . 

— j not summed. 

We see that the Higgs-Kibble mechanism gives rise to three massless 

vector bosons, five massive vector bosons of massi ., one scalar 

boson of mass i87,, , one boson of mass J9-!..11. 41,  and five bosons of 

mass IV, . The definition 

rr-(cx cz v)- )" C i Ī rL(~~„ ~' )] -- WI) 
has been used with GG,,v=G/,°,,~, the A's being the usual Gell-Mann 

`z 
matrices. 

4.3 'JT' Symmetric Monopoles 

There are two inequivalent embeddings of the algebra of SU(2)into 

the algebra of SU(3). They correspond to choosing either the 

natural SO(3) subgroup or the subgroup of matrices of the form 
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(suc2~ of
. J 

In the first case, as noted above, the (1,1) representation 

decomposes in the following way: 

8- 5®3 

and the (2,0) representation decomposes in the manner 

6-, 50)1 

under the action of the subgroup. For the second choice of 

subgroup 

8-+3®2®2®1 

and 6-*34b2e l . 

Uamanding 'J + T' symmetry rules out the possibility of a 

topological charge for the first embedding (if reasonable assumptions 

are made about the asymptotic behaviour of monopole solutions), but 

not for the second [20] . I shall therefore consider only the second 

embedding from now onwards. 

For the second, SU(2), embedding one has to construct a 44r) 

such that 

~g~ot sto — O. 

This implies that 	has the form 

o c,, O 
4,, p 
0 0 'ī2 

To find the values of off the z axis one can either calculate 

u~~) uit-K) 
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or solve the following equations to obtain basis functions: 

~;~k~ +k~aT-k2LE~~KKk ; L,-1,k= 	 (4.3) 

and ~ 5 + S>,L = O . 	 (4.4) 

Solutions of equations (4.3) and (4.4) are 

= `KI ) K1, /`3) -- ` o o 	I O O 
0-co  ' O 1 0 
p co O O o 

(0, 3 , - T- - 14gA z i 	+) 
000 

and S =  Cz - ~3' X8) - O O t3 
0 0 I 

O - 0 
' -i. 0 O 

C7 0 O 

3 
Let"r1 x, k , and " =S , then i(%) =a41").+31-(4r)114,.  i s the most 

general expression for a 'J + T' symmetric I. 0-and  1r are complex 

functions of r. 

The most general 'J + T' symmetric expression for the gauge 

potentials is [l of 

and 44 7.= 2~2 

appear in the energy integral can now be The quantities which 

calculated. 

0 St~~ 

t= 0 0 0 , 

0 0 O 

o -Lik o 

0 0 

0 0 U 

Si--373-41 CI 	0 
N = 	o 	 4-N7 0 

O 0 

• 



k r2[\t tla*-oSrl t (6*-€111+a2(2..(i-U1)7-+ (t-16191)] 

0 	(Q! 	0 

	

(0. Qr) 0 	0 

	

0 	6! -+ 
ar- 

(gA,)(r1) - o - r (N hot CNT) _ 

- (...'(S+,:y)q 0 	0 

0 0 0 

o d 0 

((+M(ri) 	0n+1-0+I° n+) _ 

s +Y''--1 © 	0 
O 1-st YZ 0 
O 0 O 

C83 (q) = ra -1tr )h-, T3) = rr 

o s 
Ca* -c ) 	0 

	

CO- 	0 	0 

• 

1— Ic,IZ 0 	0 
O (— L2 O 
o 0 1-1L 
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O s +C1 S art 1.,7) 0 
r 

e~+(rSD= M} +L- Crf+) N] _ 1 0 	0 	o 

0 	 0 	U4C._ az 
- 

~ r 	 O 	0 	0 

So 

140-) _ 	((SI}I'I-+ (Y- 
	

.}. , (St+fz 1yz] L 	) 	 r 
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The generators of the group which transforms 'J + T ' symmetric 

field configurations into 'J + T ' symmetric field configurations are 

(the appropriate representations of) "h and '1 , or on the z axis 

~J►g, and ta. The first has no effect on the Higgs fields by the _ 

definition of 'J + T' symmetry, but the second does have an effect. 

Under an infinitessimal transformation involving 1̂1, e-
ase 

k ( ' 

infinitessimal) 

/+ LS  (^+̂_E +I 14,T) _ ~-~ i_~e 1112.,E1 . 
Now 	=a "ill +tr^h~ 

and Z.tl.) "4443= 	‘. 
. 

So under a finite transformation corresponding to & Z 

-= 0, 	61(1.4.–.'"P 	i= 	($)'id3 	 1 	3 / 

V4)=0 implies a —culs =O 	 (4.5) 

10z l , 	 (4.6) 

and {4.I2= . 	 (4.7) 

Let a-14Le`t and U=lb1ē , then equation (4.5) implies 't =  

This is precisely the relationship between the changes in the 

arguments of o. and U under a 4̂2. gauge transformation. It follows 

that a gauge can be chosen in which a= ia( and 6-471 asymptotically, 

and so. 17=1 and 0.=S2 at infinity using equations (4.6) and (4.7) 

Let o..= 	az, and lr = 6,i-i, - ; ai , q2,, U , and Uz being real 

functions of r. Then 
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cor)' ,C (SC -~ + (se-5_1...).3" + I CS1-+ō1--{~1~  Zr1- 

/ 
+ (q+ '~'ail -1- '—j a'2 

€(a%- a►trx +a.-t )Lk (0.1.+01%~1- 

+ (6-2.4°10,1)-1 + ;2. . 2 lq► "'jai-7tfi Cls,+t. —~~ 	. 

Setting az= b2. = 7 =- = S=0 satisfies the equations of 

motion of these functions identically, so they may be set equal to 

zero in the energy density. Doing that yields 

ist.--01 1- t.-zqz 	t-2 (r2. t 
e~ 

	ct2 
2r2- 

1'1X[a,{-lr +(lr — ca111-3 	2a (a; - 	+ ? 6j 

This is the form covered by the theorem proved earlier and so a 

monopole exists. 

The equations of motion are: 

%'f = S
2.

~~-~._~~ + e,~o.` 	 (4.3) 

C rZd` t, = 	t + 2.0•X 1 0.4 [(t- ts,)Z-4- (ia?-- C 	-4- 2 -')►,,,a, (4;1- a) 
(4.J) 

and 	s (t-' ) = 	i tT ►[itr,-Oa7-+ UT, - Za?)- + k-t-Za.zb; (bi- 1) 
dr 	 (4.10) 

For large r equation(4.8) becomes 

Sie 	 S=o(7') 	a 	, 

G01'ts~b.v~ X exV (_ % .L e. r) . 

Let alit-) ; r5 ' + V), and (1-,Cr-) = 1+-1,0-)  ,then 

i 	 r Ct" 	
— r2 ~7.~ ~+ 	i't 	%r> + 2 or-Aer 
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and 	r rzx~ Ī = rz C `~~ %►~ + - 2. x 0.4. + 8>, -2) t- 2'` l Groter- te.rw.s . 

follow from equations (4.9) and (4.10). The (mass)2 matrix is 

(2\1 1-3\x 

Choosing )►, =Az= 4 and e.=S' the eigenvalues of this matrix are 7 

and 4. On the other hand the masses of the Higgs particles are 3, 15, 

and 2, so the masses of the Higgs particles do not govern the 

exponential decay of the Higgs fields in any simple manner. The 

(mass)2 of the gauge particle is 4 , consequently the inequalities of 

reference 30 are satisfied and the assumption of exponential decay is 

consistent with the equations of motion. A solution of the equations 

of motion for large r is 

x 	 xr 	
_ 2." 

	,~►.t 
Li- 

~C 	(coq, g~ x (` 	V i T3 t vccit& ~. x e. +- J i 
r 

	

W t ) x L — 	 ?/1411 
l 

= I (1 - 	x e. z*) e 	• „~ , ~c 	•1 ~  

For large r B 	_ • t  
45.1 rz 

On the y axis P.0).--= so its little group is the natural SO(3) 

subgroup of SU(3), and tp.._,oe.rLB(rp=-2 . The gauge field satsifies 

the conditions necessary for the application of the results of 

Goddard and Olive [20] which means that the topological charge of the 

solution is given by the homotopy class of the closed path 

Lks) = ec? (-2-rr 	, 0 s 1 
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in SO(3). As this path is homotopically non-trivial in SO(3) the 

solution has a topological charge. 
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CHAPTER 5 

MONOPOLES IN A GRAND UNIFIED THEORY 

BASED ON SU(5) 
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5.1 Introduction*  

In recent years interest in unifying weak, electromagnetic, and 

strong interactions has been growing. One of the proposed unifying 

schemes, due to Georgi and Glashow [18], is based on the group SU(5). 

This theory has been studied by a number of people [6, 15, 16, 19]. 

Buras et al. [6] and Frampton et al. [16] have written down Higgs 

potentials for this model. Each of these potentials involves a 

multiplet of fields transforming according to the adjoint 

representation of SU(5), but the former has in addition a Higgs 

multiplet transforming according to the 5 representation, whilst the 

latter has one transforming according to the 45. Both of these 

potentials have very complex relationships between the parameters 

they involve,which makes them hard to analyse. 

Below, in section 5.2, a new potential involving fields 

transforming according to the 24 and 5 dimensional representations is 

written down. This potential is easy to analyse and it can be shown, 

quite simply, that the absolute minima of the potential give the 

required vacuum structure. The potential leads to simple algebraic 

expressions for the masses of the particles at the classical level. 

The parameters of the potential are subject to only very simple 

constraints - typically that they be real and greater than zero. The 

breaking of the SU(2W(1) symmetry is produced solely by the I = 2 

part of the 5 dimensional multiplet, so the Weinberg-Salam model 

[29, 34] with A;..t19W  = 8 is embedded in this theory in a direct way. 

This in contrast to refs. 6 and 16 . In those papers the 24 

dimensional representation is also involved in this breaking, and a 

cancelation between terms in the mass expressions arising from 

* The content of this chapter is essentially that of ref. 31. 
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the two different multiplets is needed_if a gauge hierarchy is to exist 

at the classical level. The expressions for the masses in the new 

version of the model are given in section 5.3. 

Section 5.4 contains some observations on the stationary points 

of the potential. I do not know whether the model can sustain a 

gauge hierarchy as a quantum theory. 

In section 5.5 expressions for the gauge coupling constants of 

the Weinberg-Salam model in terms of the parameters of the SU(5) 

theory are derived. The useful expression 

UQu 	i~y~~ 	11I311 

is also derived. 

The model is of a type which has been proved to contain 'J + T' 

symmetric monopoles of the 't Hooft-Polyakov variety [21, 25] for at 

least some choices of T [3 0]. This is in contrast to the Weinberg-

Salam model which does not contain such objects. Monopoles are likely 

to be a feature of any unified theory using a Higgs field transforming 

according to the adjoint representation. It would be a major event 

if magnetic monopoles were discovered, however the monopoles of this 

theory are very heavy, and there is as yet no real chance of seeing 

them. 

Section 5.6 contains a derivation of the inequality 

  + 	e,.,
~~1 

for the masses of the vector bosons and the monopoles of the theory. 

It is shown that the quantisation condition 
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must be satisfied. 
	
is the charge on the electron. From these 

results, in a suitable approximation, it follows that 

the mass of a monopole 	_ 3 	1 

the mass of a superheavy vector boson 20 

ac is the fine structure constant. 

In section 7 it is explicitly demonstrated that the quantisation 

condition (1.1) is satisfied by 'J + T' symmetric monopoles if the 

gauge fields obey an inverse square law for large r. The results 

obtained by algebraic means are related to the topological aspects of 

the model. 

Units in which -k = c =r,= 1 are used throughout. 

5.2 The Symmetry Breaking Potential  

The SU(5) gauge symmetry is broken spontaneously to U(3) by two 

Higgs multiplets. One of them transforms according to the 24 (real) 

dimensional adjoint representation of SU(5). It is written as a 5x5 

hermitean, traceless matrix, 1. The other transforms according to 

the 5 (complex) dimensional fundamental representation, and is 

denoted by 	a column vector. A possible form for the pair of 

fields €Lv, E4,Z which gives the required symmetry breaking is 

O 
O 

= d~ L aq Cap a , a., - 3c.   -3a 1 ; ~  _ ' p k real . 
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The little group of Div is (SU(3)0SU(2)®U(1))/Z6, whilst that of 

the pair 1(1v,1}4 is U(3). In each case the "special unitary part" 

of the little group contains matrices of the form 

(Sk,ke> 	o 

o T2  

I shall call the group of matrices of this form SU(3)c. The "U(1) 

parts" are generated by 

y - dtQo (-.a.   , -2 , — , 1 1 ) 

and 	Q _ ckc..3 3 ~ ~ L —  p , i ) 

respectively. '/ is the weak hypercharge matrix for the fundamental 

representation, and Q is the charge matrix in units of the proton 

charge. The global group structure has been given in each case as 

the global as well as the local structure of the groups is 

relevant for monopoles. 

A Higgs potential which gives rise to ECI, M is 

VC11 N) = ,Tr[(E-ajL1+ 023 + 	~510-1 
1 

+ 	 [W - 	 ý N, a,~~~~3 ,~14.~o. 

This potential is greater than or equal to zero for any { E,H, and is 

equal to zero if and only if 	
,Ws i s related to lEv,Q by an SU(5) 

transformation. To see this note that 	can be diagonalized to a 

real matrix by an SU(5) transformation. The condition that the 

first term be zero then states that each eigenvalue satisfies a 
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quadratic equation which has two roots °. and -3 . The tracelessness 

condition fixes the number of times each root occurs as an eigenvalue, 

and they can be brought into the given order by an SU(5) 

transformation. Tr(r z) =T-(rI )= I50.? 	so the second term is zero. 

The third term is zero if and only if 

S 

	

k'= 1n 	 (5.1) 

With ~_~ the fourth term is zero if and only if 

	

I k<I= O . 	 (5.2) 
i,=l 

(5.1) and (5.2) together imply 

~ = L z - L = O ,  

An SU(5) matrix of the form 

i=3 O 

p Sut2? 

produces no change when it acts on Ev. However 

O 

I ' O 0 	i 0 

	

--- -i- - - i 0 = 0 	(1.cl +I(1 	►) 
a _(3 k 

04 « I 
0 

0 
which is the most general form for Vi =k 

	
w ith 0= 42 . So any 

"5 

pairg,Hs which minimises \)((Q,N) is related to ii v,}{,1S by an SU(5) 



i 
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transformation. That is SU(5) acts transitively on the vacuum 

manifold. 

5.3 Particle Masses  

The vector boson matrix is (the vector index has been 

suppressed) 

I 	I 

	

v+(...e _ 	r3 ' x- 
I 	

-r 
	_ 

	

 yr 	 L + TA I 
 , 

V is a 3x3 matrix representating the gluons. Wt , Z° ,and A are the 

bosons familiar from the Weinberg-Salam model, and X and `,/- are new 

colour triplets of vector bosons which have charge -± and — 
3 	3 

respectively. )C=..)... 0(‘--7.)( %)    with X % and Xz real . Note that the 

IN component is a multiple of the charge matrix q. )tom and y ~ have 

hypercharge -1E. 
3 

rnX = e[ Y~  Ll ] 

moo r∎A 	= e1. 1 Z 

`4 	' 

Note 
n1 t 

= S _ 
c 

0,1 7-2.6 
as promised. 

It is convenient to write the Higgs boson matrix as 
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1 f_ 

'E+F I 

	

_ L'° _ \T'-' L 	- _ 

	

 3 	\7 

4-) 't 1 4 v 

5 

and 

k 

allEM 

M , N-, and K are colour triplets with charges - , - , and --3
respectively. M and iC mix to produce mass eienstates J and 5'-

and E and F mix to produce mass eigenstates B and C . 

	

~y 	
Y ~1 

r

= 1 `/ \1 
	

`2 
Kl+_ 	

O 

^ 	ivl 51t 	1.\-5": 	
~t 	Nt 

Mt = C5-a3-L X 	 LID ■ 
Z 

ffint 
 5 	5 S 
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5.4 Other Stationary Points of V( ,1)  

\J(Ii-i) has at least three orbits of stationary points besides 

the orbit of absolute minima. As the pair Z I1,H11 given by 

	

_ dLm(tr) L;.) t7, 	-3 l , 	 , _ 
z z 

is the most general form of an (SU(3)gSU(2)(3U(1))/Z6 invariant, 

position independent, Higgs field a stationary point of V L , 14) with 

respect to variations of tr is a stationary point with respect to 

	

arbitrary variations of 	and N M. 14(1E= E, ) ∎4=6) = O 
is a cubic in b- and has three roots. 1=Ivis one. =0, H =0 is 

the most general SU(5) invariant field configuration and hence is 

another stationary point. As these two solutions are real, and the 

coefficients of the cubic are real, the third solution is also real. 

If one considers perturbations around the pair 	=AE,I ,=0 

(which is a stationary point of the potential) and one throws away 

all of the particles whose classical masses depend on the parameter 

a then one obtains the Weinberg-Salam model (with ~1= J
S ck 

) at its 

unstable stationary point, so perhaps this potential can sustain a 

gauge hierarchy. 

5.5 Connection with the Weinberg-Salam Model  

Let Wr~1J1 L4 with L4 an element of the Lie algebra of SU(5), 

and let T (L' L0-11L,1lt 0 T.* tt$~,,, and Rfi,,: are defined by 

= Ī (W„ Q) 5 	 ,, _  Tr (~1. ') , 	Pr =3 = Īt- (\U, 1-3) , 	(5.1) 
II L.11 	Ili.►I • IIY~I 	11~II . II=pit 

This definition is manifestly independent ofI1LII, and leads to the 

standard normalization of the kinetic terms of the gauge fields. 

* The norm of a matrix X is defined by 1IXII= Tr(Xt)(). 



(5.2) 

and 

- 83 - 

wem = 11 A A~„Q+S~ = 11L11-R,,y-+- ~~~ 1~~1~ , T t Z~„ 

J 	U 	 II YN 	NZ~II 

for some sr and Z satisfying Tr(QSI,,,) =Tr (y zzA) =Tr(IZ)=O. 

The covariant derivative of the 44 multiplet is 

I ∎  X
Q

11 {\j,, Q -k- 

Comparing 

 
I 	11 

 this with the minimal electromagnetic coupling 

one finds 

e_\td  _ 	~~,. 	t e- z 
1\ NI 	 l\=311 

The coupling constants in the Weinberg-Salam model are therefore 

= 11411 
1.R'fl\ 

and  
IIZ31l 

which implies  

\13- 
Let Q= 1 Q with q,

te
_ the charge on the electron 

1 t  

= ī %~'=3 
(5.3) 
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From equations (5.1) and (5.3) 

=. 	 LW/A (.1-01-fDj = _L PO1,1- I1T111 'Acr, 
1lLtl. 1IR11 	11L11.11(ll 	11Z11 	Ilcslt 

r~-~~~,~j .~ ,~,,,ti„~W Pc 	by definition. 

Therefore c..349\4 
= L 

Il`l11 
I► C4u 

and 	.dam... dW = 

I1aq 

(5.4) 

  

which combined with equation (5.3) yields 

	 = c.tāw  Y  + ...4. ..e„ _ 	(5.5) 

t1Q11 	ui āii 	 1t`{14 	 itr3►1 
an equation which could be used as a convenient definition of Bw. 

5.6 A Modification of the Bogomol'nyi Bound  

Suppose 1.-. tji,(r,9, ))}{(Tj6jc0 	exists for each 6 and 4 , and 

that it is a zero of V( ,N), then one can associate a charge matrix, 

Q (e,1), with each 9 and 4 . Q (9, 4) and (6, e,4), f4(3,0, 6,i are 

unitarily related to Q and Al respectively. Owing to this their 

angular dependence is irrelevant in gauge invariant expressions, and 



-85- 

it will be ignored henceforth. 

In this SU(5) model the multiplet of fields transforming 

according to the adjoint representation is associated not with charge, 

but with hypercharge. Consequently, for the vector bosons and 

monopoles of the theory, one would expect a mass inequality something 

like 

(fit 4. 1) 

V is the length of the Higgs field 15 at infinity, 	is the hypercharge 

of the particle, and 
	
is the "magnetic hypercharge" of the particle. 

However this is not quite right. In fact an extra factor appears in 

the e term as 0/1( +11011. If 'X is defined by ?C°' L f "AfeLoo) , then 

the (mass )2 matrix of the vector bosons is given by '= e2X', ignoring 

the contribution from the multiplet N. Let Y1. be the hypercharge 
matrix in the adjoint representation, then (as ` oC t~(oO) ) 

1"12= e.2la11`/1 	v2 ~  AW 72 
uy11  

using equation (5.2). Thus the mass inequality is really 

V2 	. 
i1~112 	/ 

 

(6.1) 

Let 	1.1. = 2 E~~ (aw~ - ao•lkj + Lt. [w0, VJ ) ?* 

then the definition of 
of 

is 

dsz Tr- 

$1(00)  11 wt. 1tU 
A relationship exists between oy and the magnetic charge oa. 

 

cAS` I r ( 1Q)

(~o) 

 

it Lt1. lI Cyt 11 

  

    

* The sign of e has been changed to make comparison with ref. 20 easier. 
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If mild assumptions are made about the asymptotic behaviour of 

monopole solutions one may write [201: 

/(X) =(.1(1)EgUjr() for some lU(z) 6 SU(5) for large r, and 

-13<<x) _ &.(u(x)-gvU(1)for some Iv satisfying LB j 4-1 - O. 
rz 

If this is so, then 

c~y =It-►TĪ (- C 	)_ 	C? 1)  
II L.t1.11/4l1 	ttt,tl, \t.1 

Similarly 	q = 4.7 Tr 	(3?)  
11 0.11Q tt 

Now [3,,,L-1.0 implies 1,r= 	, where j' €.iL Q is the charge 

matrix corresponding to 	and ISE j(SU(3)c). Therefore 

and 
11Lt1. uytt 3

-R- 
  

t'Q\ 
I1 L1

t 
1 

So 	. — Tr (c Y) 	. Combining this with equations (5.4) and (5.5) 
k‘GM.1\ytt 

one Ands 

c~Y y`e w 	= -1 11ffi 1( 11 0 

Equation (6.1) becomes 

(6.2) 

r t 	0- 
11 
I(Y 11

1 Il 
~~ ~2 

+ 	Ily Iti c~^w 

= V1  (=IA_ 1.S1- 	+5ti„I') . 	(6.3) 
c.trjzew 

To calculate the ratio of the mass of a monopole to that of a 

vector boson the quantisation rule involving 	and q is needed. To 

Find this rule it is helpful to consider a model obtained from the 

original model by disposing of the 14 multiplet. Given an acceptable 

boundary condition for the full model, denoted 5.(4),W(,0)-:; , an 
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acceptable boundary condition for the model obtained by setting 

)+3= ),14..= O and throwing away the H multiplet is I(a) . In this 

reduced model 	is the only multiplet, and there is a standard 

definition for the charge matrix in such a case [20]. It is usual to 

write Qy= ~ (0). The subscript Y indicates that this matrix is 
v 

proportional to the hypercharge matrix in the full model. The magnetic 

charge of this new model is 	 . The quantisation condition 

y= 
3

x;.V∎  e_c 

is satisfied [9]. Now 

= "Ili ~ = v(II  Qy = It-1u 
Qy 

(11-41( 	eA1-11 	h Q<< 
using 	and equation (5.2) . Therefore 

v 

i mice ec- 3 
II 110 3 	cu 

but3), =12- 
	

(equation (6.2)) so 
 flat' 

1%123_ 	, ~►~~ee_~'. 	 (6.4) 

It follows from equations (6.3) and (6.4) that 

the mass of a monopole = z -~- 
Y e C~ 

the mass of a superheavy vector boson 

= c-28u . 	. -  . I 	= corJ®w - 	13 )c c.va-e~~e 
 62 

provided that the Prasad-Sommerfield limit 261 is taken, and the 

contribution from 4a is ignored. The superheavy vector bosons have 

INI~ S . so taking the integer to be 1: 
cl 

the mass of a monopole 	= ca-N2e 	b 	1 
the mass of a superheavy vector boson 	04. 	2- S 	2 0 ~( 
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5.7 The Magnetic Charges of 'J + T' Symmetric Monopoles 

Assuming an inverse square law behaviour for the gauge fields at 

large distances from the origin, the magnetic charge of a 'J + T' 

symmetric monopole defined with respect to the generators 	of an 

SU(2) subalgebra of the gauge group algebra is D20, 24] 

4-+C Tr iĪ3Q) 	(7.1) 

Here Q is the charge matrix corresponding to the asymptotic values 

of 	and 14 on the z axis. The generator T=77,..1.  is an exact 

symmetry generator for the monopole and so —T3 E (u:3)) 

L T3., /uri)] =0 and T H 	=© a (7.2) 

All possible magnetic charges corresponding. to 'J + T' symmetric 

monopoles may be calculated [20, 36] by taking 

Usisn sii(r —) = c~~ (.) A) A)—So% 	Ltw1 	(r?) 
2 	P) op 

then finding all diagonal T3's which satisfy equation (7.2), and 

finally using these T3's and Q in equation (7.1). The fourth 

eigenvalue of each T3 is necessarily zero, and each T3 is traceless, 

so one can write 

Then 

T3 = S-1a3 (a, c) 0, k) with —(a+6+c) ^ a . 

+.k]1c,t1 = 	 . 

0' 

0 
0 
k 
O 
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The possible non-zero values are 

	 = ±z~i,3fi2. 

r ie is an integer multiple of 2, and any charge is an integer 

multiple of 3, therefore 

and e›T (C yQ. c centre of SU(3)c. Thus the generalised Dirac 
quantisation condition [ 91 is satisfied. 

One can see in a more abstract way why there is a relationship 

between the "magnetic hypercharge" and the magnetic charge of this 

theory. Suppose one sets X=-.).4.t.= O in the potential V(i)14) , 

then one obtains a potential V i(§) which depends on 	only. The 

absolute minima of this potential form precisely the orbit of Iv, 

hence the vacuum manifold of V I(I) is 

1 = 	15)4 S 14(1) St.t(2.)( (A-UV/Z 

for (SU(3)3SU(2)1U(1))/Z6 is the little group of 	. The relevant 

second homotopy groups can be calculated using the homotopy 

sequence of a bundle [321. 

(ĪĪĪo) =1T (SU(3)~SU(2)U(1)/Z6) asTr(SU(5)) = 0 

= Z 

The vacuum manifold of the potential V(E, H) is Mc= SU(5)/U(3) 

because the little group of the pair I v,14J1 is U(3). 

1r20)l0 =71(U(3)) = Z 
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just as for 7fl 	This is because any closed path in 

(SU(3)®SU(2)3U(1))/Z6 can be continuously deformed into a closed path 

in the U(3) little group of 25.v, H,Z . Alternatively, one can look 

directly at 7Y1 0 and 	:. 

■)(Ev) 	= O =1> ‘N,= ~z =~= o and 1Q1".}.( si.= [.%2 

Adding the N multiplet (to convert \I I(/) to v1)4) ) enlarges the 

vacuum manifold. "Mt is obtained from 71 by "glueing" a three 

sphere  $ onto each point of i'Ī)p . As iT2 ($') = 0 this process does 

not affect the second homotopy group of the space; the exact details 

of the glueing process are irrelevant. 
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Appendix A 

An example of a function, f, satisfying the following conditions: 

(i) ; is infinitely differentiable on [o,00), 

(ii) -f'(x)$O as :z) Do ; 

(iii) `=.z-C Cxoa c <00 Jo 
(i v) -c  Cx) >, o 	[O, 

wL = I, z, 3, 1+ 

Let .;:cDc.; ,x, E ) = exe [— I 4-0c...co-L._ Eem) d-G<X <E5(- e 

O , otherwise. 

Let -f.>ti (x) _ o (x • ~̀ ) nz 	(r+2)5 

and _(x) = E 	2"+2 	((»t.2ý ') . 
n=1 

Now 

(i) is satisfied; 

K+2 (ii) at 	n , -ICA) = 2 	,i .e. LK) 7c70 as h? 00 ; 

(iii) -Pj 42"+2 in 1- — 1,12.(2►.t2)5 7 	t nZ 	(z"+2)4 

.0 otherwise, therefore (as 2"}2 > I , and ttZ(z„fx < z for n> I ) 

jx!--C4.kx)ot2c.  
I 
2. (k+1,-1-0.h +z) 

hz (2r.r215 

00 

<8 ~ 
K=1 

(iv) is trivially satisfied. 

~.i 	 — 2 
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APPENDIX B  

The results of this appendix were obtained in conjunction with 

S.J. Avis. 

As has been shown in section 1.4 the existence of a non-zero 

topological quantum number at a given time ensures that there is a 

region of space where \1(44(). To show that a solution is 

non-dissipative when there is a conserved non-zero topological charge 

one must show that the amount that \J(/) differs from zero in this 

region (the region itself may vary with time) cannot become arbitrarily 

small as time progresses. 

Definition: A solution is non-dissipative if and only if there exists 

some i>0 such that Sv.QE(x,0>, 	for all t. 

Here (1) £x,1) = the energy density at the point x  at time t, 

(ii) āER• 
This is a stronger definition than that given by Coleman [8]. 

The following theorem is needed [23]: 

Theorem (Local retraction theorem): Let M be a manifold without 

boundary, and f:M-1r be a Cr  imbedding, then there is a neighbourhood 

U of f(M) and a Cr  retraction r:U--->f(M). (Recall that this means that 

r(y) = y for y in f(M).) 

Note that a manifold which is a homogeneous space (such as a 

quotient space) has no boundary. 

Theorem: If a solution of the equations of motion of a classical gauge 

theory (with gauge group G) in a flat space time (with any number of 

spatial dimensions) has a conserved topological quantum number which 

arises from a continuous G-invariant Higgs potential VCI),  and if 

V()>gO with the set of constant T's which make V zero non-empty and 

forming a quotient space, then the solution is non-dissipative. 



- 93 - 

Outline of the proof  

Let the vector space in which 	takes its values be W (W is C 
or1R" for some n), and Yt  = {wGW i w =f(x,t) for some x3 . Define 

the scatter of Yt  to be St  = supply - 	. This is , roughly speaking, 

Y6 Yt 
mein()  

the maximum distance between any point of Yt  and a  Now V() is a 

continuous function of E, therefore if S->0 as 	the potential 

term in the energy density will approach zero as 	It will be 

shown that Std, 0. To do this it is shown that there is an open set 

U x'}110such that for each t YtC U. This shows that for each t there is 

a point of Yt  greater than some fixed distance from Y10  determined by U. 

It will be shown that for those points y E Yt  held at a sufficient 

distance from 11, that \I(5) is greater than or equal to some fixed 

number S. 

Proof: The set 'fro = €w e. W 11f (w) = 0 is bounded. By the local 
retraction theorem there is a bounded open set U,11 UC W, with U 

retractible to'(fl0. W-U is closed. Let B be a closed ball, 7110CUCB, 

then (W-U)C\ B = B-U is closed and bounded and hence compact. It is 

also non-empty. Let infV(w) = s, then there is a We B-U such that 
we B-U 

V(w') _ 	as B-U is compact. However, (B-Ug 1T10  = 4 so 	O. Now Yt  

is path connected (this follows from its definition and the fact that 

the space-time is path connected) so Yt  n (B-U) 4 	because if the 

intersection were empty it would imply YtC U. YtC U for if it were 

(x,t) would have a trivial boundary condition in U (i.e. the boundary 

condition would be homotopic to a constant map when continuous 

deformations in U are allowed), and (ro CE)(x,t) would have a trivial 

boundary condition in 'Yul 	This cannot be so because at spatial 
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infinityj(x,t) lies in 1110 and r0I= 	at spatial infinity, which 

implies that the boundary condition is trivial in 1110. This 

contradicts the assumption of a non-zero topological quantum number. 

So Ytl} (B-U) $ 0 which implies 

sup \% (y) > 	sup 	\/(y)>~ 	i of 	\J(y) >, inf \/(y) = S. 
yE Yt 	y GYt(\ (B-U) 	y EYt(j (B-U) 	y e (B-U) 
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APPENDIX C  

Dirac's definition of a string [13] is given in the two following 

quotations. 

"The idea which makes this generalization possible consists in 

supposing each pole to be at the end of an unobservable string, which 

is the line along which the electromagnetic poyentials are singular,.. 

"If we consider one instant of time, Eq. (12) or (4) requires 

that the total magnetic flux crossing any closed surface at this time 

shall be zero. This is not true if there is a magnetic monopole 

inside the closed surface. Equation (12) must then fail somewhere on 

the surface, and we may suppose that it fails at only one point. 

Equation (12) will fail at one point on every closed surface 

surrounding the pole, so that it will fail on a line of points, which 

we shall call a string, extending outward from the pole." 

The equations refered to are: 

 

(0)1,,,, = 0 

and 
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