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Monopoles in Non-Abelian Gauge Theories

D.M. Scott

ABSTRACT

The existence of 'spherically’ or 'J + T' symmetric monopoles is
considered. A complete set of basis functions for 'J + T' symmetric
field configurations is constructed for an arbitrary compact,
non-abelian, Lie group. The basis has convient algebraic properties.
The relationship between this basis and the formalism of Wilkinson and
Goldhaber is examined, thena hybrid of the two approaches is used to
show that monopole solutions exist in a class of gauge theories which
includes all of those theories for which solutions are known in the
Prasad-Sommerfield 1imit, provided that a suitable potential can be
constructed. The proof does not require that this limit be taken,
hence it guarantees solutions of the full theories including their
respective interactions between the Higgs fields. Careful attention
is paid to showing that the solutions are well behaved at the origin
of the coordinates about which the 'd + T' symmetry is defined.

The asymptotic behaviour of monopole solutions is discussed
briefly. It is shown that in certain theories the asymptotic
behaviour of the gauge fields is calculable.

A new model which illustrates the preceding general treatment is
described. This model has the smallest possible non-abelian symmetry
group after symmetry breakdown has taken place. The gauge group is
SU(3) which is broken spontaneously to SO(3) by a Higgs multiplet
which transforms according to the (2,0) representation of SU(3). The
theory is unusual in that wz(SU(3)/SO(3)) = w](SO(3)) = Z, rather than
Z. The asymptotic behaviour of the one spherically symmetric monopole
the theory possesses is found.

A new potential which leads to the symmetry breaking scheme of
the SU(5) model of Georgi and Glashow is presented. It is much simpler
than previously suggested potentials. The vector boson masses and the
masses of the monopoles of this model are shown to satisfy

Ve, ¢ woug)
8, = Weinberg ang1e, Yy = hypercharge, g = magnetic charge, and
V = the length of the Higgs field (the 24-plet) in the vacuum.
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There was a young theorist called Scott,
Who found ten monopoles on the trot,

But the first nine they say,

Can be transformed away,

And the tenth is a sign he forgot.

Various students in the theory group 1977-78.

To my parents
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NOTATION

R = the set.of real numbers.
C = the set of complex numbers.
(e = real(complex) Euclidean n-space.

A function is said to be C" if and only if all of its rth (partial)

derivatives exist and are continuous.

sup = supremum = least upper bound = 1.u.b.

inf

infimum = greatest Tower bound = g.1.b.
t= means 'is defined by'.

\f = for all,

r
= °(a,b,a = 1,2,3) is the totally antisymmetric tensor defined by

6\13 = +]
n . . . .
2" = the n dimensional unit sphere in R™*.
Z = the group of integers with addition as the group operation.

22 = the group based on the set {0,1} with addition modulo two as the

group operation.

G denotes a compact Lie group on which some gauge theory is based.

Z(G) denotes the Lie algebra of G.

(=) denotes the “"sphere at infinity".



® denotes a multiplet of Higgs fields transforming according to some

linear, finite-dimensional, unitary representation of a Lie group.

V@) denotes a continuous, non-negative function of ®. It is
called a Higgs potential. Further restrictions are placed on \l@) as

they are required.

W = the vector space in which @ takes its values.

M, = {wew l\/(w) = Og

(=]
Her) is defined by E‘-‘-H:\'\‘X&\*}\Lr) , where E is the energy of a
[+

'd + T' invariant field configuration.

Units in which €°=/u° =R =¢ =1 are used throughout.

\IJ/“ =\a}flf‘ where §123 is a basis of J(G) corresponding to the components

a
\:\l/“



CHAPTER 1

INTRODUCTION



- 10 -

1.1 Introduction to the Introduction

In 1931 Dirac DZ] showed that a necessary condition for the
existence of monopoles in a consistent quantum mechanical treatment of
electromagnetism which places noarbitrary restrictions on unobservable
phases is the quantisation of electric charge. The quantisation

condition is

3@__:1:\2, nezZ

This provides a good reason for studying monopoles as the experimentally
observed quantisation of charge has intrigued physicists for many

years. Also, electromagnetism with both electric and magnetic charges
is dual symmetric (as it is with no charges), whereas with electric
charges a]one_it is not. This dual symmetry is a kind of rotational

symmetry beteen electric¢ and magnetic quantities.

- .'—- / 5 ¢
z(c,csg —SLV\Q)(E) 3 LC"\‘. - cos© —5»59 Cﬁ 3 etc.

scn® ces®f\B) \em] 5@ cos8/iEm

EI
.BI

€ = electric charge density, Cm = mégnetic charge density.
This is encouraging as symmetry principles play an important role in
current thinking.

In recent years it has come to 1ight that there is almost
certainly a hitherto unstudied, indeed unsuspected, component of the
particle spectrum of some quantum field theories. What is more, these
recently discovered features arise in non-abelian gauge theories, and
such theories are generally accepted as being of the type most 1ikely
to be useful in describing nature. The objects to which I refer are
also called magnetic monopoles because of their close connection with
such objects in electromagnetic theory. This connection will be

explained Tater.
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Above I said that there are almost certainly some quantum field
theories in which monopoles exist. The reason for the qualification
of the statement is that, as yet, there is no complete quantum field
theoretic treatment of magnetic monopoles in non-abelian gauge
theories; most of the results which have been obtained so far deal
with classical field theories. If monopoles can be shown to persist
after quantisation, and if there masses can be calculated, then they
will provide new possible tests of these theories as soon as
sufficiently high energies are available for experimental purposes.
The disturbing thing is that no magnetic monopoles have yet been
experimentally observed. This may not prove too serious an objection,
however, as all of the indications are that they should be very
massive and also should interact with each other very strongly (the
quantisation condition implies a reciprocity beteen the magnitudes of
the smallest units of electric and magnetic charge).

Owing to the difficulties of constructing a quantum field theory
of monopoles a lot of effort has gone into finding specific examples
of, and general properties of, monopoles in classical field theories.
This is not a pointless exercise as one may hope that this information
will prove useful in developing a functional integral approach to the
problem of quantisation [3]. Also, these solutions may be used in
calculations to determine the quantum mass corrections to the
"classical masses" of the monopoles ﬁ ].

The contents of the rest of this chapter are as follows:

In section 1.2 it is explained why the 'Dirac string' [ﬁ3]
associated with a monopole in ordinary electrodynamics cannot be

gauged away. To do this use is made of an argument involving homotopy
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theory. This 1ine of argument is suitable when considering groups
other than the U(1) group of ordinary electrodynamics and leads .
immediately to a generalisétion of the Dirac monopole. More
importantly, other objects appear which resemble Dirac monopoles
but which, in contrast to the direct generalisations of the Dirac
monopole, can be written without a string if a suitable gauge is
chosen.

In section 1.3 Higgs fields are introduced into the discussion.
Rather than considering a general model the Georgi-~Glashow model
D7] is described and the usual arguments and assertions relating
to 'topological quantum numbers' and finite energy non-singular
monopole solutions in that model are gone through. The section
concludes with a brief description of the asymptotic behaviour of
the gauge fields and generalisations to other groups.

Sect%on 1.4 contains a systematic criticism of the arguments
given in section 1.3. Often the arguments are shown to be too
Toose, and examples are given which contradict some of the

plausible statements of section 1.3.

Section 1.5 outlines the contents of the succeeding chapters.

1.2 Strings and the Possibility of Their Removal®

The first significant work on monopoles, for my purposes at
least, was done by Dirac [}3]. He considered monopoles in ordinary
electromagnetism. When monopoles are included, electrodynamics plus

quantum mechanics implies charge quantisation, and hence that the

+ I am using Dirac’'s original definition of a string [13], see

appendix C.
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theory can be thought of as a U(1) gauge theory (charge quantisation
is necessary to ensure compactness).

If magnetic charges exist VB¥O and we can no longer write
B=VxA with A a twice continuously differentiable function.
Consequently, if we are to use a vector potential (as we do in a
Lagrangian formulation of electrodynamics) the introduction of
monopoles necessitates singularities of A: these are the familiar

Dirac strings. I snall write
V.B=Cm > Cm= Magnetic charge density,
and VE=CQ ', G = electric charge density,

for the microscopic Maxwell equations. Tne magnetic field of a point
magnetic monopole of strengthg is then

A

- . 2 _ : s — -T\*
B= 9= ;3 x = unit radial vector. r= (éf‘;) ] (1.7)
e
One vector potential which leads to this magnetic field is
A N
Ry=—9 . (-cnB) ¢ (1.2)

HTre Aoan. &
which has a string along the negative z axis. The string can be moved
by a gauge transformation but it cannot be eliminated. I shall now
describe one way of seeing this: it is not the simplest way but it is
the best for generalising the argument to non-abelian groups.
Under a gauge transformation W= e»cp[-ie_/\(f, 8,&))

|
Pc/w—> A/M: P\/A

Suppose the string can be removed by this gauge transformation. For

— 'a/M/\Lr, e, d) .

the string to be removed one must have



- 14 -

A(r,e,d) = % % “:\'Lr,e/tb)

in the region of @=T with ¥(r>0,8,¢) differentiable. The gauge
transformation kit e,dp):e»qo(—Ce/\) must be differentiable everywhere
except on the negative z axis ifA 1is to have no singularities after
the gauge transformation. The map U :9'—¥' defined by Ur(4)= (™ d)
is homotopic to the identity map of $¢' onto itself. (9' has been
parametrized by the angle ¢, ocd<2w. The structure of U(1) as a
differentiable manifold is ¢'.) The map U,>$'>$' defined by

U $)=WU(1,0,4) is a constant map as W is well defined on the positive
z axis. A homotopy beteen these maps can be constructed pictorially
by envisaging a closed loop moving over the unit sphere. The loop
starts off very small, enclosing the South Pole of the sphere, and

moves upwards over the sphere until it shrinks to enclose the North

Pole (see figure 1 below). z

Northi’de

South |Pole

Figure 1
u(t,e,p) restricted to the moving loop provides the homotopy. So, if
such a gauge transformation exists, the identity map of $' onto $' is
homotopic to a constant map. But there is no such homotopy, therefore

such a gauge transformation does not exist, and the string cannot be

+ Ug(d) describes a closed curve as ¢ ranges from O to 2r because of

the Dirac quantisation condition eq = integer. The integer is taken
to be 1. 277
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gauged away.

The next major contribution came from 't Hooft 27 . The gauge
potentials in a theory based on the group G can be thought of as
taking their values in the Lie algebra of G, £(G). The immediate

generalisation of equation (1.2) is

W= A, Q (1.3)
where @ is a matrix in (G). The obvious question to ask is: 'Can
the string be gauged away?'. For the group U(1) the answer, as has
Jjust been shown, is 'No', and there are direct generalisations of the
Dirac monopole in other groups too. However, Tor some groups and
specific choices of @ the answer is 'Yes'. The group space is larger
and the Toop in the space corresponding to encircling the South Pole
may be capable of being shrunk to a point. 't Hooft illustrated this
point by finding the large r behaviour of a string-free monopole in
the Georgi-Glashow model.

The energy associated with the field in equation (1.3) is
infinite. It is a property of certain gauge theories*that théy have
solutions the gauge field part of which is for large r like the
string-free point monopoles described above, but which are regular at
the origin and have finite energy. It is these theories which are the

objects of study in this thesis.

1.3 Topological Quantum Numbers and Non-Singular Monopoles

The Georgi-Glashow model {171 is a gauge theory based on the
group 0(3). In addition to the gauge potentials it contains a vector

multiplet of Higgs scalars. The Lagrangian is

* These theories contain Higgs fields in addition to the gauge fields.
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[0 [~ S &7 -4 (.67 (D167 - MEE-vY ]

2

A repeated index implies summation.
a=1,2,3 1is a group index.
MV=0,1,2,3  are Lorentz indices.

The metric is .y =o\ceéc-h+\,+‘,*\)-

x-N a Q oo ﬂr C
Q/_\» = 'B/N\/\}v - a"\)\j\j/.a. + e € W/v« NV »

a Q alre C
(B4 = Buf+ e €W

The energy is given by

E= Xo\”z [$60:65 +1 GLGY + L .0 @0% L) @ M7
2 « T TR : -
i.,:\ =1,2,3.

The usual arguments concerning the existence and form of monopole
solutions will now be given.

Consider a sphere centred on the origin expanding outwards in :
space towards infinity. Tne values of ¢" («=1,2,2 ) on this sphere
must tend to values which make (¢°¢*-s2)* zerd if the field
configuration has finite energy for if they were to approach some .-
Timit which did not make (4%4°-c*)* zero then the energy, which
involves integrating this expression, would be infinite. Consequently,
b restricted to the 'sphere at infinity' is a map from $*into ®’
with the image of $* contained in the 2-sphere of radius v-. It
therefore induces a map of $* into $* Continuous maps of $* into ¢3
can be split into equivalence classes of maps: two maps are equivalent
if they can be "continuously deformed" into each other (with the image

of % under the map always confined to ¢*). The equivalence classes
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can be labelled by the integers. A field configuration with a
boundary value corresponding to one equivalence class cannot evolve
continuously into a field configuration with a boundary value
corresponding to a different equivalence class because at some stage
during the transition\lﬁﬁ) would become non-zero in an infinite
region of space and the energy would become infinite. That is there
is an infinite potential barrier between field configurations
corresponding to different equivalence classes. Thus the continuous
evolution of the solution in time does not change the integer
associated with the boundary value, and it is called a 'topological
quantum number'.

Corresponding to each topological quantum number there is a
solution of the equations of motidn with that number. An examp]e of a

non-trivial asymptotic behaviour is given by
& A
43 = CP(”) La  with Lim C&U‘)':- U
My, 0D
If solutions of the form
<b°G5)t) :=<$(r)gza,

W;(’E:{'\)"" e/m\raik,\'\)(") )/\o\=\12)3] \'\]o(a){7>50

LRy and e =R,

are sought, then W'(x,&) = -
/lﬁ
e

e/"
solve the equations of motion and are well defined everywhere except

at the origin; although the energy is infinite because of the behaviour
of the solution near the origin. Corresponding to this point solution
there is a regular finite energy solution with the same large r
behaviour.

The singular gauge transformation which takesnrﬁ;kto g, produces
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the transformation

__7&314’_& 5\‘"\7‘ - =1 _&) gc\3 .
er —
This should be compared with equation (1.3). The asymptotic forms of
finite energy solutions are related by gauge transformations to those

generalisations of the Dirac monopole which can be written without

strings.

In a more gyeneral context, finiteness of energy implies that
&)/jﬁ-»o as infinity is approached. Here @ transforms according to
any finite dimensional, unitary representation of the group G on
which the theory is based, and ®. represents the appropriate covariant
derivative. I a swall region enclosing the origin is excluded a
gauge can be chosen in which £;W; =0. Then, as for large r ¢ becomes
independent of r,

W O F =0 = um 838 + & 1 38 = (i (DWWl W, NHE (1.4)
T30 T ram@2 roe
and so W; falls off Tlike lr’ and when G is calculated it falls off
Tike %2 (see Coleman [8,p'.261).

The existence of a topological Quantum number is important
because it guarantees that the solution is non-dissipative (Coleman
[8,p.2] defines a solution to be dissipative if

tw;ﬂ i\:—%\ Cec()t) = O

where ©,c is the energy density of the solution).

1.4 A Criticism of the Preceding Arguments and Assertions

The arguments and assertions in the preceding section are typical

of those found in the literature. However, I do not wish to imply
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that they are accepted by everyone - particularly as I am about to
attack them.

The first error in the preceding section is the statement that

Xoﬁﬁ\/@) £ 0 (1.5)
R3

(V(E®) is the Higgs potential) implies that@ must approach a zero of
V(§) as +->« in any given direction. It is true that if E_L_.;nitr,e,cb)
exists then it must be a zero of V(®), but the 1imit need not exist if
one considers only those restrictions imposed by (1.5). This is . .
easily proved. First note that there exists a function defined on
[0,0) with the following properties:
(i) € dis infinitely differentiable everywhere.
(i) $20 Vre(o,2).
(i11) 0 as ~-> 0.

e ‘
(iv) | & mdr <o 5 n=1,2,3 4.

o

Details of this function are given in appendix A, but the function can
be described qualitatively in the following manner. The function is
zero except in small regions surrounding each integer. In each of
these regions there is a spike. The height of the spike increases
with the size of the integer, but its width decreases, and in such a
manner that the stated integrals are finite. In the Georgi-Glashow
model both ¢%=)=ux, and $@=(+fm)Z. are C* functions on R*{o}
which give finite values when substituted into iﬁzV(QD . The second
function does not have a well defined topo]ogica? quantum number as it
does not have a well defined limit asr>e. If 'J+ T' symmetry is

assumed (it is defined in chapter 2) it can be shown that a well

defined 1imit exists, but the proof involves the kinetic term which
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provides information about the derivatives of @. The proof of this
statement is given in chapter 3, along with an explanation of the
difficulties encountered when trying to extend the method to include
arbitrary field configurations. I know of no proof that finiteness of
energy guarantees a well defined topological quantum number for an
arbitrary field configuration. The preceding discussion also raises
the question as to whether or not a topological quantum number is
conserved in time.

The next point I wish to make is that it has never been rigorously
demonstrated that there is always a connection between point solutions
and the asymptotic behaviour of regular solutions, although it is
commonly assumed that one does exist. I am not saying that it is not
true, in fact the known regular solutions support this‘ conjecture
[2, 26, 35], I simply wish to draw attention to the fact that as yet
such a connection is ﬁnproven in general.

It is wrong to say that finiteness of energy implies ,tﬁ_‘;‘a S.3=0
The 1imit may not exist as was demonstrated above in the case of V@).
The argument that \cJ;~.‘F for large r therefore breaks down. It would
héve done so in any case as equation (1.4) does not imply that W;~-;.—;
it gives no information about those components of W;which annihilate
as o0,

Finally, to my knowledge, no general proof exists in the ’
literature showing that a solution with a non-zero topological quantum
number is non-dissipative. Coleman [8] deals separately with each
model he discusses. If one considers a sphere contracting in from
infinity towards the origin then in an obviocus way this provides (via
the Higgs field at any given instant) a hcmotopy between the boundary
condition and the constant map of $* into the vector space in which &

takes its values given by 4*—>3@©). If the topological quantum
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number is non-zero there must be recions of space where V(§)=+FO.
The difficulty is that as the argument stands it does not séy how
different \Kdi) must be from zero in those regions, and so
it does not preclude the possibility that the amount by which it
differs from zero may become arbitrarily small as time progresses.
Some information about V(&) is needed before one can show that a
solution is non-dissipative. A proof based on the two assumptions
that the topological charge is conserved in time, and that the
constant fields that make V(@) zero form a quotient space is given

in appendix B.

1.5 Things to Come

In view of the above discussion it can be seen that there is a
need to establish rigorous results concerning the existence and
properties of monopole solutions. This thesis contains a partial
solution of the problem, and some illustrative examples.

In chapter 2 I introduce the formalism, and a number of equations
which are used in subsequent chapters. _

Chapter 3 contains a proof of the existence of 'J + T' symmetric
monopoles in a class of theories which includes almost all of those
theories which are known to have solutions in.the Prasad-Sommerfield
1imit and others too* The proof does not involve taking that limit.
The asymptotic behaviour of finite energy solutions is considered
briefly.

Chapter 4 illustrates the general discussion of chapter 3 with a
simple example with some unusual properties. The group which

classifies the possible "monopoles" is 22 rather than Z, and the Higgs

* There is a slight restriction, see page 41.



- 22 -

fields do not transform according to the adjoint representation of the
group on which the theory is based.

Chapter 5 describes a possible unified model of strong, weak, and
electromagnetic interactions. At the classical level the monopoles of
the theory are shown to be very massive if some of the vector bosons
are. This result follows from an interesting modification of the

Bogomol'nyi bound which involves the Weinberg angle.
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CHAPTER 2

FORMALISM FOR 'J + T' SYMMETRIC

FIELD CONFIGURATIONS
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2.1 Introduction

In this chapter all indices, whether greek*or Tatin, run through
the values 1, 2, and 3. A repeated index implies summation in all but
section 2.5. A prime denotes differentiation with respect to r.

In this chapter the formal apparatus required in subsequent
chapters for dealing with 'd + T' symmetric fields is developed.
Imposing this symmetry greatly simplifies many calculations, and the
expressions for various quantities. At first an algebraic approach is
used, then a tensor interpretation is given which Teads to some further
useful results.

In section 2.2 'J + T' symmetry is defined. In section 2.3
simp1fied expressions for £.@ and Gu.» are found for field
configurations which possess this symmetry and also have WJ(x)=0.

The equations of motion are found for such fields: they have a
particularly simple form when the radial component ofxﬁ*is zero (i.e.
&%J%EC». This gauge can be chosen everywhere in space except for an
arbitrarily small neighbourhood of the origin. This approach is

Tinked to the formalism of Wilkinson and Goldhaber [38] in section 2.4.

In section 2.5 the theory of 'J + T' symmetric field
configurations is developed in terms of tensors. The most general
possible expressions for both the Higgs fields and the gauge
potentials are given. It is shown that the radial part ofv4‘cannot
be gauged away at the origin.

Unless otherwise stated only static fields with W@=0 are

considered.

* Unless otherwise stated.
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2.2 Definition of 'J + T' Symmetry

The matrix gauge group, G, is supposed non-abelian and compact,
and to act on the Higgs fields, ¢, via a linear, finite-dimensional,
unitary representation. The Lie algebra of G, £(G), contains an SU(2)
subalgebra. Indeed Z(G) may contain more than one inequivalent SU(2)
subalgebra. A particular SU(2) algebra is specified and its
generators in the fundamental representafion of f(G) are denoted by
Ti (i =1,2,3). The Ti's are éssumed to be hermitean and to satisfy

the commutation relations
[Tg, ,T:)] = LeLJkT“ . (2.7)

Firstly 'rotation' in the 'internal' space is defined via the
Ti's. That is, the angles ©; (i = 1,2,3) define the 'rotation’
exp(-i8T). ‘d + T' symmetry is then defined as symmetry under
simultaneous rotations in external and internal space by the same
amount; the parameters being position independent. In other words
invariance is demanded under transformations of the form
&(‘P(-ieé[j‘;"i'—ri]) , where the Ji's generate ordinary rotati‘ons (and
include the appropriate spin matrices). Note that inequivalent SU(2)
subalgebras lead to different notions of ‘d + T' symmetry. Also
'd + T' symmetry is not a gauge invariant property. In fact those
gauge transformations which preserve the symmetry will play an
important part later on when it is shown that energy integral can
sometimes be simplified.

Gauge invariant quantities calculated from 'J + T' symmetric

quantities are rotationally invariant.



..26-

2.3 The Covariant Derivative, Field Tensor, and Equations of Motion

for 'd + T' Invariant Fields

An element F of a vector space carrying a linear, unitary

representation of G is 'Jd + T' invariant if
D(I+T)F=0 (2.2)

Where D(Z+T) denotes the appropriate representation of 7+T . The

Higgs field @¢x) is an SO(3) (rotation group) scalar and so equation

(2.2), for F=Q(x), becomes

D(+I)E=0, L=-txxV.
Taking the cross product of this equation with _@_ gives
r
D-iF 4 3+ Le, 8 T,HE=0
( Yor T Y T TS ReTR pL

which can be rewritten as
3T - iD(im3THE = £28 (2.3)

Here T=%;T; . This, and other equations, can be shortened by
introducing the object S)rj which is defined to be the "covariant

derivative"with ew/,_=c[1‘,%1'] . Usfng this notation equation (2.3)

becomes
B.F=%.3C . (2.4)
J J v
If F is an SO0(3) vector, V, , equation (2.2) reads
DlLj+ TV = L€V

and 50 D V= K:dWe +S EV, - E V. (2.5)
TR TIES T ORTULT TR
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When F is a 2-tensor, Gij’ equation (2.2) becomes

DTGy = £ €0 Gy + L€y

which implies
ST.')C‘M 3—“ * Jh%e&pl'“n%z“'gi—f’(lu? —.LCsz
H O .G, = : . X s . . - .
ence "-JG:JQ aa_r-(xﬁ&d’“) + 2%\) C’“’Jl +%\\&"’J 5y G:d,) .
This simplifies to QT.J- Gc“: '%F(nc.j&‘u>+ %J.&:lz (2.6)

if'Gij is:antisymmetric. If we now identify the G'ij in equation (2.6)

as the field tensor, then

. -Le 3 vl
Ev = W, ~v\W [ W, ]
Let W, =X, +i[T, % 7] . then
eGpv = '3/“(2,\/4\;) -3y (zwﬁ) - xf,xv] -], dlmeatld
~L Ds (LT3t - litm el X, ]
= ?/u (&W v) - ?v(&\\i,ﬁ) -< LX/M)X\!‘X +{-[L [TJ?/“T] 5 v [-‘—;B’QT]-X
t [e‘«!/m, RN 5,711 ¢ LelT3.T], e W,

= [a'r 3 Q-w V] - [&_r.v ,E,\'J/L]— L—X/A‘X‘l‘l* L[ﬁ-@/»\‘r],r\—,’?v—\'}]

/u. (Q.Wv) ‘ac.v e_\rd —)._V ___Le, ) ‘r Q,W-\;
ar ~

_z,\‘_ XY = Q/WJJ

using equations (2.1) and (2.5).
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So eG. .= _:':\c__/,‘ ("&-\N'vj “%L"Q.N/A)" ¢ [X/‘,X »;l“—:_-,_eﬂvj %T (2.7)

<

Let X, =M. , then 3(reW,)=2Yy as D (r[T3,T)=0 and equation
el 5{'& 2 >0 —BT'{ v )

(2.7) becomes

Shny %@ — 2, W~k [_\/,.,\,,,'] d’:)‘r_ (2.8)

Substituting equation (2.8) into equation (2.6) we obtain

: [91-5,8. JQJ: %V{J—&L ng( J) " E") l)VJ.‘B

™ ov
4S5\ -% LAY ¢ & VLV,
Ll EEYEND & BV

A commutator has appeared because Gj1 has been written as a matrix
belonging to £(G). For any given $>0 one may choose the gauge
62:-]'\1‘3;-0 forr3 ¢ without disturbing the 'Jd + T' symmetry [36]. Then

[ﬁr?e‘cﬁ)i} -‘—'-—“_—?;D‘.VQ:Q
therefore [5:);\, ] = —‘: Q__\h - L [\J C_J 1]

= -’tf\‘sJ%EM R TRERI
= 2\ { A *L : ' .9
F —\-\_{__Lg*'.‘“:gw )¢ JJV].]] *-lek[vda%\‘—/J] (2.9)

using :c.“)\)0 =0, and L[\Jjj éjzhé\c_h’\‘].—.- Nyg-
I shall now calculate &)PQF@‘ as it is required in the equations

of motion.
= BG(QP%Q;_%DLV(D@) using equation (2.4)
=9 (2, 2E - L PE) L DR
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=% % (2% -DWPT) m%t‘,(&f%g-g(vpg DT
" using equation (2.5)
=33 - LNV
= % %g !";D( m( P)

so Bpy® =L, [ 2 (28 -DlyIUVpE] - (2.10)

We are now ready to write down the equations of motion. The

Lagrangian density is
=L GO - (B.9) P8 - V@),
which leads to the equations of motion
(9)#83*‘@(, = %ng , (2.11)
nd (@G, = -ie TV + (@I MDE . (2.12)

The indices o and & are associated with the group representations and
do not necessarily run through the values 1, 2, and 3. For 'J + T!
symmetric fields which are static and have W,(x)=0 these equations

reduce to
3 (38 = DV +~ MRV
_a_t._(t' Tbg) D( P)D<\;P> - B@f
(from equations (2.11) and (2.10)), and

E O AWV R AR
—& [EDEHDN)T + FTDOIDUHT |2
=
—ter2, [T - 2E DT ] 1.
EREE T

(from equations (2.12) and (2.9)).
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2.4 Connection with the Formalism of Goldhaber and Wilkinson

Wilkinson and Goldhaber [3¢] write eW,_in the form

/l.
/‘,__ /“J(/m T)’*J | (2.13)
where [T, M= Le;)\x’;&)mi so that
V/A= e/“fl)’whaj’ (2.14)

Note that m; is not completely defined by equation (2.14) as 'YY\;I
and M;+2;X  Tlead to the same Voo for any SO(3) and 'J + T' scalar
X . I am therefore free to fix the radial component as I wish.

I shall do that by first imposing
M:z2.=0, (2.15)
and by then defining I; by
I = 'YY\ LA cchidk m 'm[j .

From equations (2.8) and (2.14)

= 1 & (s\c c .—-Yv\’/\ _:c_ve m’/\}
BT G it R - A B
s ewveﬂsﬂemﬁmwmﬂ S G 3T
AL
o eBo = LM, + e —é.&lel‘kcmd,mh]-'rg (2.16)
r o 2 o)

€B, = L (-2, T')+ R (T-T)
= r—l
where T=T.%: and e\, =€ . (T;-T )SEJ :
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L@J, Q’G‘-"jﬁ.} = L@P edime’gw\]
= [gaTjJ Ebjihme:TS,A] —.%t [ﬁ5891;119311’,E%yiusaﬂgﬂﬂl
= Jﬁ'_w\ ({id %"_‘(93*\) +%m§?ﬁgg—%m€3\sj —-z—‘_ [Ilé‘?'m"' IMS/C\-L, &?)-.M]
using equation (2.5)
- !
€., (2T"-2T _2wI)-L T, T-T1+ &[T, T.
NCES & Tn-Z L)) :-3[ ¢ = ey
~ - .
= €T, + B [T Tm ]~ T, T-T] -
If [85’ G:.SJ =  and the derivatives of I, with respect to
r vanish - as is true for point solutions and presumably also for

regular solutions, to a good approximation, for large r - this last -

equation implies
[T,,T-T]=0.
As IL is a vector with respect to 'd + T' symmetry this yields
T T = L€ Ty -

The Ty's form an SU(2) algebra. This is a direct proof, using the
equations of motion, of a result first derived by Wilkinson and
Goldhaber [36] for point solutions using angular momentum
conservation relations.

Nothing really new has been derived in this and the preceding
section. However this treatment o7 the topics covered has not

appeared in print.
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2.5 The constuction of the Higgs Fields and Gauge Potentials

Using Tensors

Under the action of the group generated by the SU(2) subalgebra
the space of Higgs fields decomposes into a direct: sum of invariant
subspaces. Each subspace is spanned by the components of a
position independent SU(2) spinor when position dependent
coefficients are allowed. In each subspace of odd dimension the
spinor components can be replaced by those of a totally symmetric,
traceless, SO(3) tensor (a scalar in a one dimensional space). For

an odd dimensjonal space let the conponents be

ol
¢)t€‘jk'--ﬁv) 3 Z ¢(.u.k '-'Cy) =C.

The Tlatin indices run through the values 1, 2, and 3. The label
distinguishes between different subspaces of the same dimension.
The round brackets denote symmetrization.

No 'd + T' invariants can be constructed in even dimensional
subspaces because the spatial dependence of a field may be written
in terms of SO(3) tensors (which are related to spherical harmonics).

In each odd dimensional subspace one simply forms

< . S
¢(Q)“JZ’— d)u_ .-< D'~‘L)«-.3::,,.1l¢

4 = the number of indices, 24+ | = the dimension of the space. The

most general 'J + T' invariant expression for the Higgs field is then

D)= AW, @)=0 Y when 220 . (2.17)
o, £

I shall use a matrix notation for the gauge potentials so that
they become functions from space-time into £(G) (viewed as a matrix

algebra rather than an abstract algebra), i.e. W =—V5f\:l
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The construction of 'Jd + T' invariant basis functions for the
gauge potentials is similar to that for the Higgs fields, but now a
space index must be added. This index runs over the same values as .
the internal SO(3) indices and can either be symmetrized with them
and thén split into a part with trace and a traceless part, or it
can be anti-symmetrized with them. Thus three 1linearly independent
invariants are formed in each space of odd dimension greater than one.
One invariant is formed in each one dimensional subspace.

Let the odd dimensional subspaces in {{G) be spanned by Z_\fuj..v}.
The most general 'J + T' invariant expression for the gauge potentials
is

eW,.(x) =£L!§_— [l (Sui-gu2) + \s:itﬂ% S &J] lf‘(l)u-o% ;\:}U}Q#Ld(ﬁ)

£(2.18)
= 5 { oW -V [T 2.110] + gk 2, L3

=2 AR - BT L] R LW+ LITT] 29
by definition.

L4(), ﬂ,zn;...,f,‘«%ik"-w%&k‘"&"v’ L=z LD, R, and T= 2Ty,
pruns through the values 1, 2, and 3. \;J/,\ has been split up into
three parts; one radial and two orthogonal transverse parts.

W,A(a_c) must be well defined at =0 , and so g:;owﬂtac,) must
be independent of the direction from which the origin is approached.
Let x>0 along the z axis, then

gzo &W3(K) = 'Ei_;no% Tefi&) L¢C33‘“3) g
However, if x—-0 along the x axis

. . o« < .
;:;Q &\\1365) = &;\OQZ)Q %—; EGQU‘) L‘((Bii---l) — 5 (M) L(—,m.,.n)g ,



- 34 -

For \/J/‘ to be well defined we must have

lm 2 {e_wq L@s o+ L [ 2 Ky — o) i_"e\l_.,)]E: O.

=0 :(,
This equation must be satisfied individually for each « and L.
2=0 yields tim € =0 , Vaj
-0 ':

=1 yields Lw (e, ) ~ar)) = Lim Kim) =0, \v‘oz-
T=>0 =50 T

132 yields \im g_f(g(!“) = Wm 0_:29‘) = Uw (7'? W =0, \éu{,
F>0 o0 T0 ™~

as Laq..m » Baues ) » and g,y are all orthogonal if they
have two or more indices. Te¢ see this note that the constraints

‘_Z =0

Cllles cv)

relate only components which differ from each other by precisely two

indices. &% and ai need not vanish as r—=>0. This is because if
- -

Lim E_._L(h) (.\wx [SSRO)
=20 - 0 ¢

then L::;o [_0» (Suc - &L)Lﬂj—)c 'l'.%x;\-u(i)x ]

= \L;\O 0."( ) Lf(i)/M -+ E;:mo [-_Oxi(f‘) C.‘;_(r)} :fn\c/«u(i)

= &g«o %lm L (i},« :

Now L"’Cj_?/.~ has no angular dependence so the 1limit is well defined.
The radial part of “.’h is 5%(:—)3’9‘11"(1) and it is in general
not well defined because of the \=1 part. It cannot, therefore, be
gauged away without the gauge potentials becoming i11 defined. The
expression
z g‘;‘;mst LW

«, /
LE1 "
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vanishes at the origin and is well defined, hence it may be gauged
away.
The basis given above is a generalisation of that used by
Corrigan, 0live, Fairlie and Nuyts [:'I_O], and Brihaye and Nuyts [5]
A closely related basis has been written down by Leznov and Saveliev [22_-[.
If W=y is included it has no space index and the most general
form for it is identical to that for a Higgs multiplet transforming -
according to the adjoint representation. In all that follows it

could be treated as an extra massless Higgs multiplet for
G = A Womte[Wy, W, | = DW, as W =0,
and ,0=-eDMWIFP as L= 0.

Nothing would be gained, however, in the existence proof of chapter 3
as Wg(x)=O satisfies the Nc equation of motion identically. The
significance of this remark will be explained in chapter 3.

A tensor expression for ml can be given. From equations (2.14),

(2.15), and (2.19)

m = 5 1[’3?(&'(5‘%5&3)—» A’ieih‘-‘&h}\_‘.‘wj . (2.20)
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CHAPTER 3

THE EXISTENCE OF MONOPOLE SOLUTIONS
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3.1 Introduction

This chapter deais with the existence of classical monopole
solutions in non-abelian gauge theories, and with their properties.

't Hooft [21] and Polyakov [25] independently found point
monopole solutions of the equations of motion of the Georgi-Glashow
mode] |j7], and asserted that a corresponding finite energy solution
existed. 't Hooft supported this assertion with a numerical
calculation. However that does not constitute a proof of the
existence of a regular solution of the desired form. When other
theories were shown to have point solutions it was assumed,
understandably, by many people that in those non-abelian gauge
theories there would exist regular solutions corresponding to many of
the point solutions. In general this was and still is an assumption,
albeit a very plausible one, but it is shown below that in certain
circumstances a regular solution can be proved to exist.

Neither the existence of a topological charge, nor the existence
of a point solution of the equations of motion guarantees that the
equations of motion have a static solution valid for all values of
the radial coordinate; at least not in any obvious way. The
topological quantum numbers which occur depend only on V(§). On the
other hand, many things other than V(8) affect the equations of
motion, and there are many time independent field configurations
which have well defined topological quantum numbers which are not
static solutions of the equations of motion. Also it is by no means
obvious that the known point solutions can be modified to give a true
solution reguiar in all of space. If one thinks of the Laplace
equation it has the singular solution 1 which cannot be smoothed out

r-

to give a regular solution with L behaviour asymptotically.
'-



One way of proving the existence of a monopole solution is, of
course, to exhibit that solution. This also gives the most infomation.
However, the equations of motion are non-linear and difficult to solve.
Explicit solutions are known only for certain theories [2, 26, 3@ in
which the Higgs fields -transform according to the adjoint
representation of a special unitary group. Moreover, even these
theories have been solved only in the Prasad-Sommerfield 1imit [26]
of vanishing Higgs potential, and even then only for certain asymptotic
limits. In the Prasad-Sémmerfield limit the equations of motion of
these theories can be reduced to the Bogomol'nyi equations [4] which
are first order; this is not the case for other representations.

Another, more abstract, approach is to attempt to show that a
stationary "point" of the action (energy integral for static
solutions) exists. Tyupkin, Fateev, and Schvarts [}3] started a
proof along these 1lines which was completed by Rawnsley [27, 28].

They examined certain SU(2) and SU(3) gauge theories. Rawnsley
wrote down an ansatz for a general group, but it only included one
function to describe the gauge potential which is insufficient to
ensure that variation of the energy integral after the ansatz has
been inserted leads to thevsame equations of motion as varying the
energy integral and then inserting the ansatz.

Nearly all attempts at finding or proving the existence of
static solutions have dealt with 'J + T' symmetric field
cofigurations, and the work reported below is no exception. It is
reasonable to demand this symmetry as it is, roughly speaking, the
Targest symmetry which can be required without excluding solutions
with a non-zero topological charge. Also one would expect any
solution describing an elementary particle to possess a high degree

of symmetry. Imposing this symmetry has the technical advantage of
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reducing the equations of motion to a set of coupled, non-linear,
ordinary differential equations in the radial coordinate, r. I

shall call these eguations the radial equations.

In section 3.2 the form the energy integral takes for 'J + T'
symmetric field configurations is considered. It turns out that to
evaluate this integral it is necessary to know the values of those
quantities appearing in the energy integral on only, let us say, the
z axis. As the most general possible form for a 'Jd + T' symmetric
field configuration is used, varying this integral leads to the
correct equations of motion (see ref. 8 appendix 4). An extra
assumption.. is: made which simplify the energy further whilst
retaining this property. In section 3.5 examples which satisfy this
assumption are given.

In sections 3.3 and 3.4 I prove the existence of static monopole
solutions in a class of theories. The points (a)=>»(g) Tisted below
establish some sufficient conditions for a theory to belong to that
class. The proof does not involve taking the Prasad-Sommerfield
limit. I consider static 'd + T' symm. solutions with \WJ)=0o ; thus
excludes 'dyon' solutions. In section 3.3 it is shown that if the
energy integral can be taken to have the simplified form given in
section 3.2 then a solution of the radial equations exists on (0,=).
In section 3.4 this solution is shown to correspond to a solution of
the full equations of motion in all of space. To be precise consider
a non-abelian gauge theory with the symmetry broken spontaneously by
the Higgs potential V(B). Let the most general 'd + T' invariant
ansatz corresponding to a particular embedding of the SU(2) algebra

(i.e. identification of the Ti's) be

B> = -Ze SHOLAOP
«,
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If the following conditions are satisfied:
(1) V(e = \/(gq SFD) 0 N,
(i) V(c%) is a quartic with no linear term,

(i11) V(c)=0C for some constant values f|i{ of the ci's,

(iv) there exists a set of functions (any set including the Oi's
and €}'s of equation (2.18) will do) with the property that setting
all of the functions in the set equal to zero satisfies the equations
of motion of those functions identically (this ensures that the
simplified form of the energy integral may be used);
then there is a 'd + T' symmetric solution of the Euler-Lagrange
equations with W()=O , and lim CY(D 4:‘((1)=‘]1¢°((Q)

r—=o0
Note:
(a) There is no linear term in \/@) if® transforms according to a
representation with no trivial (i.e. one dimensional) irreducible
part.

(b) It will be shown that (iv) is satisfied if the following two
conditions are satisfied:

(1'.) The £#0 part of the group which transforms 'J + T' symmetric
fields into 'd + T' symmetric fields is an abelian subgroup of the
group containing all £ values (£ is a sort of angular momentum
defined with respect to {Ti}).

(ii) The ¢=I part of the radial component of an arbitrary 'J + T'
symmetric Wicx) annihilates an arbitrary 'Jd + T' symmetric @rx).

(c) If the group mentioned in (b) (including the d=O part) is
abelian and the Higgs fields transform according to the adjoint
representation, then both conditions in (b) are satisfied. This is
explained in section 3.5.

(d) The group is abelian if T, has no repeated eigenvalues.

3
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(e) Both conditions in (b) are satisfied by the 'maximal' and
‘minimal’ embeddings of the SU(2) algebra in the Lie algebra of SU(n).
More details and further examples can be found in section 3.5.

(f) It has not been assumed that a topological quantum number exists.
(g) The representation according to which @ transforms has not been
assumed to be irreducible, so the treatment includes cases where
there is more than one multiplet of Higgs fields. This is relevant

to the example of chapter 5.

These observations show that there is quite a large class of
theories which contain monopole solutions. A1l of the known exact
solutions [2, 26, 35] (exact in the Prasad-Sommerfield 1limit that is)
are solutions of SU(n) theories. The fields of these solutions
transform according to the adjoint representation, and the SU(2)
embedding is the maximal embedding defined in section 3.5. The
theorem ensures that a solution of the full theory (i.e. with a
non-zero potential) exists in each of these cases , provided only
that a suitable potential can be constructed (the quoted authors do
not give a potential except for the case of the Georgi-Glashow mode17f

In section 3.6 the asymptotic behaviour of monopole solutions
is briefly cdnsidered.

Section 3.3 contains a proof of the fact that any finite energy
'd + T' symmetric field configuration has a well defined topological

charge.

** A syitable potential can be constructed if @,,asymptotical]y, has
precisely two eigenvalues vhen written as a Hermitean matrix. This
is the case for the solutions of refs. 2 and 26, and the explicit
examples given in reference 35.
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3.2 The Form of the Energy Integral for 'J + T' Symmetric Field

Configurations

The form of the energy integral for a static, 'd + T' symmetric
field configuration with W, x>=0 1is derived below, then an assumption
is made which further simplfies the expression.

The field configurations considered are ' + T' invariant so ifR
is a rotation which satisfies RZ =%

= unit vector along z axis

IH> IN)

= unit radial vector

then Bz = D(WRYIB(-2) (3.1a)

W (2 = u:'(mwecvi)um\@‘t (prp = .1,2,3) (3.1b)

(9/»\@)(-3—9) = ])(Lf'('\{)) (_9&@)(’"2)?/«@ (3.1¢)
Q/*v (x) = U"(R)&C‘T(Pg) UCK)’K/‘*C’RVG' (3.1d)

Now the energy integral is gauge and rotationally invariant, it
therefore follows from (3.1a)—>(3.1d) that the energy density can be
expressed solely in terms of quantities defined on the z axis. So the

energy of a static 'd + T' symmetric field configuration is given by
» + ~ '/\ b
E= L Xotr 5 B DR D + @)D @E)r2) + V(ECED)].

Given some indexed object X, (i =1, 2, 3) X, are defined by
X, = Xy £ X, M{) is defined to be M(r2), ) to be (), and
N(ry to be M\(rZ). From equation (2.16)
~ i .
eB,(r2) = Ms o+ L [Hy,N) (3.2)
- r T

and B, (r2) = ‘?L(l,:\imjﬂ-]*ﬂ) . (3.3)
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From equations (2.4) and (2.13)
(2.8)r2) = £ DML,
/
na (B,2)D = B~ LDONE, -

Therefore

o

E= wﬂ:\v o L T (e I WD) I ND) + i (0, 1T
+ (B L 2008.) E-Lp )@Y+ L B IDONT, #V(E)- (3.9)

The generators are normalized so that T?(t?\?):zkfif% This
expression is s$till too complex for my purposes. Using equations
(2.17), (2.18), (2.19), and (2.20) E can be expressed in terms of Qff,
bfa e{, and c;. If setting a subset of these functions equal to zero
satisfies the'equations of motion associated with the elements of that
subset identically then those functions may be set equal to zero in
the energy integral before var{ation and the correct equations of
motion will still result from varying the new expression. The
resulting equations will be thé original equations with that set of
functions set equal to zero in them. I shall assume that such a
subset exists and that it includes all of the o&'s and &'s. This
assumption js required because it ensures that the derivatives of the
remaining 's and C;'s separate off from the terms which do not
involve derivatives. The form which the integrand of the energy
integral takes is important for the existence proof. With this

assumption the most general form that the energy integral can assume

is



- 44 -

- E=kw goolr %\ o iwb\-ﬂ)b’ v, Lnteent? *_5; . fata?h t’:(’i ] %

+ L‘;rr.r:ir Z T grl Teptprd ey +

o
‘\-H»‘Wgo\""z\l(,cl)- (3.5)

-]

P2 deﬂch.{l-l-P(F\-\)[z. Hl“fbc"]z

The indices on the ¢'s do not necessarily run through the same values
as those on the &'s. N is the common norm of the basis functions L*(4),
ie. N="Tr (L“U.Y‘)J-Vd,l . Similarly V= dﬁp)d’ {; ‘o“c,e

Sufficient conditions for such a subset to exist are given in section

3.5.

The L(4+1) factors in equation (3.5) arise from the relations
e (L ITROD = 3, LT 30400)) = L(go € v LW,

7 ~ o A o 2 —_— - ' 1
2T (3 [7,150) - £, [T301) = — L) Tr (L0 D

unt o _ it Ax
and z/; %W W) = 4‘;_5{\_\ W W) .

3.3 Existence of Solutions of the Radial Equations on (0,=)

In this section two things are proved.
(i) Any 'd + T' symmetric field configuration of finite energy,
whether time independent or not, which is ¢! inR> has a well defined
topological quantum number.
(ii) The equations of motion obtained by varying the integral of
equation (3.5) have a solution defined on (0,=) for each possible
boundary condition.

At the end of the proof of the first assertion I explain how one
might try to extend the proof to arbitrary field configurations, and
then point out the difficulties which arise when one tries to do so.

The proofs are generalisations and slight modifications of the methods



- 45 -

of Tyupkin, Fateev and Schvarts [33] , and Rawnsley [27, 28] .
Proof of (i) '

Outside any small open ball, B, enclosing the origin the radial
part ofw,b (/u: 1, 2, 3) may be gauged away. The most general form

for a 'J + T' invariant W, is given by equation (2.18). The most

,h
general 'd + T' invariant expression for Wy(z) is

«
W, (2> = le Lo LW .

It follows that the energy integral for a 'J + T' symmetric field

configuration with Ll,.i =0 outside B has the form (in the region

/ﬂ-
outside B)

far Iz, Cay™ s 7o) 4 Z ] (3.6)

3,0 » ‘l ‘I d( Y/
+ a positive term independent of of, b, £, and ¢l

Constants have been omitted in the sums. The terms involving
derivatives with respect to r of the radial functions separate off
because they are the only radial components in ‘B: and .8

For a finite energy field configuration with energy E equation
(3.6) implies

o g2 '
g&rr’*c_“ < E o. > radius of B

Q

5o lelm - <lol = | Lt bye

< ( gjr-"cl' "Ar)‘i( g:-'l_-l 4 r)k :

> |dm-d@\* € E(L-L)< E,

s

and it follows immediately that the Timit Liw. Chir):= ¥ (o) exists,
Lader-dadd
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and hence the limit lim Z Ffwdw= ZC“L¢)¢1(&) exists as the sum
=00 IIn

is a finite sum. Finiteness of energy, combined with the fact that

the Timit is now known to exist, ensures that a well defined .

tOpo]ogicé] quantum number exists. The proof i$ simple.
{reir < B (3.7)

AT
Now suppose N(ch@))=N,%+O , then,asV is a continuous function of
the ¢'s, for any given&>O there i§ an r0> 0 such that for r3 ’s

\V(c’{\cr))—-vo\ L€ . Take €4\_/§ then

2
Ceolezendr » [ dr , bor. (3.8)
= r

IS

o

3
But gr’»yg_ax diverges as r -+ «» so equation (3.8) contradicts

? =

equation (3.7) and it follows that N(c¥(w))=0O
One might think of expanding a general field configuration in
terms of spherical harmonics:
Fxy = Z 7_ ﬁ r Y. (8,4)
220 m=-1
One can then show, just as for the C's above, that lows $5 (7)) exists.
However the sum is an 1nf1n1te sum and it no longer ?o-ﬂows
immediately that &_\;\QZO%_ l@,,_wu-)\[emcé 4) exists, and even if it
does it may be discontinuous. Consequently I have not yet been able
to prove that a general, continuously differentiable, Higgs field
configuration of finite energy has a well defined topological quantum

number associated with it.

An Outline of the Proof of (i)

A sufficient condition for a field configuration that is ¢! (i.e.
has continuous first derivatives) to be a solution of the Euler-

Lagrange equations derived from expression (3.5) is that it be a
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stationary "point" of the integral under C* variations of compact
support. I shall concentrate, therefore, on showing that the integral
has a stationary point.

The energy is bounded below and the greatest dowar bound (or
infimum) of € taken over a given space of functions, X, is well defined
and finite if there is a function in X which makes & finite. By the
definition of infimum there is a'sequence, {3“}+, of functions (3w€-X)
such that the energies E,= E(%,\) approach the infimum as n + . If
the sequence has a 1imit function & X, then

E(:)) )ni.v\-?- E%\) (=E, say) by definition.
an
So if it can be shown that E-C‘:QSEO then Eep=E, andé is a
stationary point of E.

The space of functions I shall consider will not consist of just
C] functions, and because of this the EuTer-Lagrange equations will not
follow immediately from the fact that there is a stationary point. 1In
fact the functions I shall consider will have weak first derivatives,
and the Euler-lLagrange equations will be satisfied weakly. However,
the equations are elliptic and from this it follows that they are
strongly satisfied, i.e. the solution will be a solution in the sense
of the classical theory of differential équations.

The radial coordinate takes values in [0,=). The restriction in
the title of this section to (0,=) arises from the fact that the
integrand in equation (3.5) viewed as a function of {by,C\} and r is
not continuous in r & r = 0. The origin will be dealt with in the

next section.

T 9w is a shorthand notation for a set of functions % GZ,CF%Z
n
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Proof of (ii)

(a) The existence of a Timit function for each boundary condition.
First of all note that for each set of numbers Eqi& which make V()
zero there exist C] functions defined on (0,~) with the following
properties:
- 2] T\* R ES) V=0, ¥
((!) W ‘-(Cv\(rB"Y\v\) = Ww (C'V\U')—.'lw) - > Ve
Lat>tey T-20

e bR = W VD =0, ¥, 4.

FoEr r>c T

{8) E(s,) is finite.

Let \T ) — & — = o s
e _\{L__:_‘_ = Beledir) 5 T (em =) = Colom)
and »az\ea\- - 1 have dropped the indices - then

gt“‘o\r = SQB&—\- t’-ﬁl)Aa 5> and g:"-m‘i‘“ =S:( C—Iz“"l@(’})"qa"‘

o -
"B and C are thus elements of the Sobolev space W ’2(-eo,w) [1]. The
space of sets of functions over which variation is allowed is taken to

1

be the completion of the space of sets of C' functions satisfying

(3.9) in the norm topology given by the norm |
oo had <]
Z L':’la{f"\—z Y‘_-)_C"‘Gllolr — ZS‘ q{lz“—_‘— <2 J +Z_§ C,‘Kll-q-‘l'c?z C! .
41 o im 0 “ %0 _EBL q_’B{ ) a I -& n T8 K) a
Now consider the sequence §ly <% 3:=§ibh,cFiu} with

E= E(Zk’é,c}’,iQ—)Eo. Since {E.3} is a bounded sequence the

sequencés I(B”{J‘:-\—{;’Bi:)olé and S(C;{‘L*—{; C—;,:')cﬂa are bounded.
Every bounded sequence in a Hilbert space has a weakly convergent
subsequence, and a Sobolev space is a Hilbert space. Also every
bounded sequence of numbers has a 1imit point. Therefore, without -

loss of generality,it can be assumed that there are numbers ng , ;
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and functions By and C¥ such that j‘(’Bg),\ +L )"\3 = NZ inR
P as n->w

g ( ;jt+_CTI>A 1'n R as nsw

c—h’_
-Bolcmw-‘i*g'Bl X ™ wes %C\, in w'l,Z(_w,w) 25 > o0 .

The Sobolev Embedding Theorem [1] asserts that the embedding

] 2(-w =) =+ CB(-w =) exists, therefore 'B* and C; are continuous,
and we have the result that \r“u-—j by and CP,“—B c‘; pointwise on

(0,00), With b7 and c'; being in the original set of functions over

which the infimum was taken.

(b) The set of limit functions is a stationary point.

C ] - .
One can write E“=gF“Ar +§OG=“AP where F, contains only
derivatives of the radial functions and &, contains no derivatives.

It is a property of a Hilbert space, H, with norm Il-il,, that if

k“—»b\ in H then lim H\m\ll > linll, . Consequently
=D
-+
Lo g Rde > g Fdr (3.10)
w =0 o o

F and G are the functions obtained from ¥, and G, respectively by
replacing the set {b‘-zm,c‘.;ﬂi by Eb—‘i,f;; . Now G -G pointwise

on (0,@). Thus
& N v
0« g G Ar = g (G- Gul®) A + &\QKU—) dv, k>0

[+ 8

&
= O % gggr)Ar < g CCT_U)—~G:KL:~))0LP+ gwctn\ﬂok‘"
as G),Gur) 20 , ODar <

= 0L T@\:U‘)Ar < U SC«/\(“BAJ") Nk

~ = 0

= 0O« g&m&r < Um g&wmu\r. (3.11)

> ol &
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[ ]

ls
Note that g(?;u-)ch" exists as Gx)z 0 and \@uwddr is bounded for all

o o

values of &. Equations (3.10) and (3.11) show that
.0 ]
E(W,c3) € Lm f Rar < (Guded = g,
wSwNo o
and so the 1imit functions are a stationary point of E.
(c) Solutions of the radial equations.

The radial equations (which are Euler-Lagrange equations) have a
weak solution because the integral has a stationary point. The
adjective 'weak' is requiréd because the Sobolev space used contains
functions which have only weak derivatives. However the radial
equations are ordinary differential equations and hence elliptic.
This property can be used to show that the weak solution is in fact a

strong solution [14].

3.4 Differentiability at the Origin

In this section it is shown that each of the solutions of the
radial equations shown to exist in the preceding section generates a
so]utioﬁ of the full equations. To do this it must be shown that when
the radial functions are inserted in the expressions (2.17) and (2.18)
they lead to fields which are 01 at the origin. This is not trivially
true as the radial functions have not yet been shown to be
differentiable at the origin, and the basis functions are not even
well defined at the origin.

Let 4§(r)=:l‘cE;QH) . Omitting indices and constants in the
sums the equations of motion which derive from the energy integral
(3.5) are

W= L ) W - L2 ()«

'.

> (€% $Y), (3.12)

A
‘-"L
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and 4‘5": "FIOV(QVHH:; ~ ‘\F‘-Z w4 52 F) r L Z(r"$ﬂ~$ ) (3.13)

The fact that V is a quartic with no linear term implies that its
first derivatives are cubics with no constant term - which explains
the form of the last sum in equation (3.13). If 4*0O then the right
hand side of equation (3.13) contains no functions P:U') with n=0O,
For small and large r the b's and £'s are o(/r), and finiteness
of energy guarantees that they are bounded by Nr for some constant N
for all r. Changing notation’ {l{,&‘-:} + {d;} (the 'angular momentum'
associated with &; is denotedt; ) it follows from equations (3.12) and
(3.13) that
12"} & const.
F ¥

and ‘: d‘lol '& Z.—.!Ko v L'li),r-smaﬂ (3.14)
Ar ,.a.-.,ﬂ
To derive this last equation the resu]t

[ PREH2 ) (\x ﬂ)} =Eor! [A'il" t&eﬁl)%_%—k

is required. Proceeding in a similar manner to Rawnsley [27, 28] one

can show from equation (3.14) that

\
3y € constanknr ;=0

&;(r) < wV\Sk&V\kXP" B %{_-:\ % (3.15)
i) = (=) , B>l J

for small r.

et A [F250%20 é;_ﬂ = t5tG )y L O (3.16)
dr A M+

Gzi@) is the non-linear part of whichever of the equations (3.12) or
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(3.13) is relevant; &-(.“)$ constantxr. From equation (3.16)

\
w25 *2y a—:ﬂ t-m&;@ dw = ‘_b¢+z§ubc'*lg_(-ur) &“v v0; (3.17)
‘_ L9
(=]

which implies

\
bu-) (& .\-Do\ ) _‘(u':a“ecw) o\u) 0. (3.18)
[o]
If Z'F\ equation (3.17) implies
4] - e
and so “‘63 (1) j- olr&:lu. WG (ur) . (3.19)

Now the hm1t as x = 0 of the right hand side exists, therefore
L di(x> exists. It can now be shown that Wutzy is ¢! at x = 0.

=20 x’l

If =M =0 , ¢ /M@o 2 ;Lkw Cr)é =0y » and
l'l-l".)j J

ee> =27 ﬂ[(ﬁ-uwh)xv Rjke, S
sr.4.__o_ .

e \:d/u
Now LLm ((r;__(!-t-l) =0 , and Q(l—\)g = follow,for all«
>0 F
and a,fmm equat1ons (3.15) and (3.18). Also lim &bj=o0 if 0#] ,
S0 pl

say, a constant, if L= . So

but it is equal to Xfl

) «
L',::o E.f;\u\‘\’/u (x> = Z \ /.M_\c LC (-1‘) -

As only the {=1| part contributes there is no angular dependence.

Also

DT ZX{i i (1)'

E'_D.\.\I\J (_:c._o) = Wwm Z ‘Qlfi(r) /.wv l—(nﬂ/

—>0 441 2

This proves that Nﬂ(;) is C] in all of space.
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As for ¢:
Bl =2) = L 2 (- i) by,

= Zi c.‘f'(o)cbf opnee ) if c‘i'(o) exists. (3.20)

/

For x £0, 3,B@)= Z [ (c"‘_ic.()cb"u +ch.{ S ] (3.21)

Now ({wa [c, ch,;l Lwn [{3 (iﬂ)Q‘j]__o for all« and{ by

r =20 =0 v

equation (3.18). Also m ct=0 unless &=1 as cq () is o(r) for
o I~

£51, for A=\ the limit is cloy if this derivative exists. If k=0
equation (3.17) implies that

__g)_c»A) Ao = Poh- g&uw G, (ur).

This shows that kw; o\L(x) exists and it is equa1 to c_;(o) for some§
X0 x_
So

d, (' (N
Cog(s&) - Ci(o) = jolrﬂolu. LL&LL\A_P):— é gJ‘r golu U.Ctk(uua)

o

g i
and C (O = L\.W\ - (Cg(a — CS (o =®.

If 1=l , cj‘(o) exists because of equation (3.19). If £>1, CEI(O)=O
as C."i(taj is o(y). Using all of these results in equations (3.20) and
(3.21) one finds

—_— ; «
W =2 x=0) = 2 (o
Y B0 . Blz=0) = 2 () D
and it is well defined as only A=1 terms contribute, therefore & is

cl.

The energy density is C] as a function of w 2, 3M fn and 3@,

1

therefore the fact that both W. and g are C', combined with the fact

that they are a statjonary point of the eneray integral, guarantees
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that they satisfy the Euler-Lagrange equations even though they are

second order equations [7].

3.5 The Group Which Transforms 'Jd + T' Symmetric Field Configurations

into 'd + T' Symmetric Field Configurations

In this section the question of the existence of theories for
which the energy integral can be reduced to the form (3.5) before
variation is considered. For such theories it has been shown that
corresponding to each set of numbers {‘Qﬁ}with V(T[!D=Othere is a solution.
However the method of proof is such that it cannot give any indication
of whether or not there is more than one solution for a given boundary
value of the Higgs field - despite the fact that there may be more
than one point solution. Another property of the proof is that if a
certain subset of the set of radial functions can be set equal to zero
before variation without adversely affecting the equations of motion
then nothing is gained by retaining them. The reason is that the . °
method of proof cannot demonstrate the existence of a solution for
which they are non-zero. This is why there is no point in trying to
show that d_yons exist; W x)=0 sati_sfies the W.(x) equation
identically.

I shall now show that there are theories in which some of the
radial functions can be set equal to zero.

The generators of the group which transforms 'J + T' invariant
field configurations into 'J + T' invariant field configurations are
{0 | all«-and L } or, on fhe z axis, {%g4..p}. If the L£0
generators (i.e. those with indices) of this group commute then all of
them may be simultaneously diagonalised to real matrices. Also, when

Ty is diagonal, T, can be chosen real with non-zero entries in only
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the diagonal above the leading diagonal. So for an abelian A% O
subalgebra [T, L(c33---3)] can be chosen real with non-zero entries in
only the diagonal above the leading diagonal. Given this form for

[T, Bgg...3y] it follows from equations (3.2), (3.3) and the following

equation (obtained from equations (2.19) and (2.20))
H*— = E ‘Q(-B‘(('{' ‘:A{() l—u‘(i)_r =_E C-B‘,,((“'LA‘&)ET-F) L:(c33“'3)]
) 7

that o =¢% =0 satisfies the equations of the @'s and e's obtained

by varying only the Tv(G._.G~v) term identically. The covariant
7 Cd

derivative term is more troublesome.
(BB G®OCD = (Q—%Mm@?@é—@w &) +L B NAIMARE -

The second term gives no trouble as {])(ﬁ,,),)m_)j contains no cross

terms between the A's and the B's. The first term is

878+ LB G+ L[ B0, - EwaE.] -

The part in the square brackets is the problem. It has been shown in
chapter 2 that all but the g={ part of N maybe gauged away. In
this gauge the term in square brackets is zero if D(IXD)E=O for all«

(L=1) for an arbitrary 'd + T' symmetric'®. This is the case if
there is only one basis function iL%1), for this basis function must
then beT and D(1T)H=0 is a consequence of 'J + T' symmetry. If &
transforms according to the adjoint representation and the 2=\
generators of this algebra commute with each of the other generators
of the algebra which transforms 'J + T' invariant fields into 'd + T'
fields then D(L*())E=0.

In SU(n) theories (n>2) there are two embeddings of the SU(2)

algebra which have &\/“T as the only L= basis function for the radial
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part of Q.\\I,., these are:

(i) The "maximal" embedding for which the fundamental representation
of SU(n) gives an irreducible representation of SU(2). The n
dimensional vector space decomposes in the manner n - n, so that the
adjoint representation which is (nzj 1) dimensional decomposes in the

manner

(n- 1) = (2n-1) ® (2n-3) @ ... ® 3. E.g. 15 > 7 @5 @ 3 for SU(4).
(i1) The "minimal" embedding for which the fundamental representation

of SU(n) decomposes in the fashion
n+2@1el1e... o1 with (n-2) ones.

The adjoint representation decompqses as follows:
- 1) +3@71@1@®... ®1 with (n®-4) ones.

E.g. SU(4) 4~>2@1 01
and15+30leololololeleoelelololdl @l.

For these embeddings the generators {4 ...y | A2| 3} commute with all
of the generators of the algebra.. For (i) this follows from the fact
that T3 has no repeated eigenvalues, and for (ii) from the fact that T3
is the only element of vthe set’ {L"u,,,,,a) | £>1 1. In these cases
the integral (3.5) can be used no matter what representation is chosen
for &.

For n odd and n» 5 there are still more embeddings of {(SU(2)) in
Z(sU(n)) for which the elements of {1%;..,, | ¢>1 } commute with
all of the generators. These embeddings correspond to paftitioning the

fundamental representation into two irreducible representations of

SU(2); one of even dimension and one of odd dimension.
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E.g. SU(5) (a) 5 + 3 @2
28 +5040403030202 01

(b) 5 -4 @1
2d+-70504040301

The generators { L‘csz”” | al1.4 including £=0 } commute because Ty
has no repeated eigenvalues. These embeddings do not necessarily
satisfy D((D)g=0 for all« withE transforming to an arbitrary
representation, but they do if$ transforms according to the adjoint

representation.

3.6 Asymptotic Behaviour

In this section some minor results concerning the asymptotic °
behaviour of monopole solutions will be derived. Further results can
be found in ref. [30k

The (mass) 2

matrix in a spontaneously broken gauge theory is
proportional to v\ (% ,D(G®)}v, where v is the asymptotic Timt of
- in some direction and Ga,GBs‘i(G). When considering 'd + T' symmetric
monopoles a term @:c,,c)i)(m);bm_ﬁﬁo(w) appears. This is like a
)2

mass term. It corresponds to a (mass)™ matrix of the form

B [0 ) D( B0 + DLW ) DL ) ] & ()

However the eigenvalues of this matrix will only correspond to the true
particle masses of the theory if the full (ma\ss)2 matrix can be written
in block diagonal form with this matrix appearing as one of the blocks.
(in writing these expressions I am ignoring an overall facfor). I
shall now show that it does indeed form such a block.

Consider the algebra Z(G). If complex coefficients are allowed
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when forming linear combinations of vectors in this space the
complexification of the algebra is generated. In the complexification
of £(G) a basis may be chosen each of the elements of which is an
eigenvector of T3. Let the basis elements as§oc1'ated with the |

eigenvalue X be denoted by V()). @ (s0) is an eigenvector of D(T5)

with eigenvalue 0. DIVXN)T (=) is another with eigenvalue A. Hence

DR B ] DVEOY) F (0 = O

unless \‘=\g . Thus the (mass)2 matrix splits into blocks
corresponding to different eigenvalues of T3. The A=+l space is
spanned by $L(0;3 and the \=-| space by {L’.‘(l)_i . In the direct sum
of these two subspaces (which gives rise to a block on the diagonal)

the (mass)2 matrix is proportional to
D0, + L)) E&(m)'f)(\f(m),, + LEwy )bt
= 3,60 [ DUDIDLEm)s) + DUDODIL m)-)] Es ()

which proves the assertion.
A similar statement is not true for the Higgs fields; the
eigenvalues of 2V(¢%) are not, in general, the masses of the Higgs
AHIT,
particles of the theory (see chapter 4 for an example of this).
I shall now show that if the Higgs multiplet transforms according

to the adjoint representation, or if there are a number of multiplets

which do so, and
Do) § DM, DMITE ) =0 D My =0

and furthermore the group which transforms 'J + T' symmetric fields

into 'J + T' symmetric fields is abelian, then for the solutions which
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have been shown to exist the gauge fields approach the form

e B =

wv

exponentially quickly for »»_L ‘ where m is the mass of the lightest

vector boson present in the ﬂ=‘.‘:| block of the (mass)2 matrix. For

simplicity I shall consider only the case the case when one multiplet

is present. The extension to any finite number of multiplets is .

trivial.

When T.szolca.»a(\‘)\“, -sha1) My can be chosen to have the form

o k, O
W

<

[N
0

Q

o
O....o ~-

O

o

O
=
5

O
G 0 o O..--0

My is an (n+1)x(n+1) matrix. The W's are real functions of r; some may

be zero. One can take §_ to be

B, = dicay (2, qes -0 o) -

LM, 8] = e\i.oxaK_\'\(‘Oz":)\))\'\1(63‘61)5---)L\n(%w\-\'a‘ol’
nd [, M-] = diag (W, W3- KW vy =R,
Hence o> Tr (R:3:) = é,[\ﬂ’f +__\_ Lk?—kz’,l—zxc)zl,
and  Tv (M, 8108, M.])) = Z GO ¥
The W equations are therefore

. S
\\' - ;‘4[1"\'_\,\ —L\L_"l)i'*'l)‘fﬂ] -+ Q.ZK‘-\M' (8{_*1'31).

* Similar equations are satisfied if further multiplets of the same
sort are added.
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: . Y, . aaNB_ R + .
If k;*o then by hypothesis E_\_g\ma‘k(odﬁ., 3‘)"“’;’ , say, with m>0. Now
ki = o(JF) for Targe r, so for large r

Wi = ke (e ()

and so W = c.ov\st'm\\:xer,cf(-\fn;r)for large r.
A Tlittle more information, concerning the behaviour of the Higgs

fields may be found in ref. [30].

** Similar equations are satisfied if further multiplets of the same
sort are added.
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CHAPTER 4

AN SU{3) EXAMPLE
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4.7 1Introduction

Below I describe a model which illustrates many of the features
of the general arguments given in the preceding chapters. This
model is of interest not because it is useful for describing the
physical world, but because it has the smallest possible non-abelian
residual symmetry group after spontaneous symmetry breakdown has
occured (i.e. the symmetry group of the particle states is S0(3)),
and because the Higgs fields transform according to a representation
other than the adjoint representation - a circumstance which has not
been extensively investigated. Owing to the model's simplicity it
is possible to determine the large r behaviour of the one 'd + T'
symmetric monopole that the model possesses and this is done. This
solution has a topological charge but it is not possible to define a
magnetic charge in the usual way because the Higgs fields do not
transform according to the adjoint representation. It also has the
peculiar feature that the group which classifies the possible
asymptotic limits of the Higgs fields up to homotopic equivalence is

22’ A physical theory would require the group of integers, Z.

4.2 The Model

The model is that of an SU(3) gauge theory with the Higgs
fields transforming according to the (2,0) representation of SU(3).
The potential is chosen so that the symmetry is broken spontaneously
to S0(3). The Higgs fields can be arranged so as to form a 3x3,
complex, symmetric matrix. The action of SU(3) on the Higgs fields

is given by

d—= UdU™ |, uesui3).
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The potential is

V@ = X E-4DUE-a4T)] + N\, T (= T Y]

=\ . (_@';-Ji e{LnE}ﬁiifEm")(ﬁq __‘ieirs étu@ty 6:.,._)
T 2 (8)- F"f @ri)(sj‘- 51; &)

= N[Tr(@E )~ 3dekE - 30T+ L CTHEEN L TH(E"6578)]
+ )2 [_3" AT-ED) + (& F@)] >

adj@ is the adjugate matrix.
I shall now show that the potential has the property that I

have claimed for it.

V@)= implies T =F*E, (4.1)

and @'f:aAai. (4.2)
(4.1) implies that & is unitary, and as it is symmetric it can be
written in the form
d = wuu
with Ke€ , IKl=1 , and WesSU(3), U=UW", as any SU(3) matrix can
be written in the form U*(We& SU(3)) with W symmetric if the
original matrix is symmetric. Equation (4.2) now implies that
K*'=K*, i.e. K®=1 . Hence KI=2 where Z is an element of the
centre of SU(3). Now Z==Z'%Z'Z™ for some other element 2’/ of
the centre, so
T = v = (U (E'W,

That is any § which minimises VI&) may be written in the form WU’
with WeSU(3). Now =T minimises N&) and the element W of SU(3)
takes =T to §=uW . Combining this with the previous result we
have that @ minimisesV if and only if@ lies on the orbit of the

identity matrix under the given SU(3) action. The little group of
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the identity matrix is obviously SO(3). The space of Higgs fields
which minimise V 1is thus homeomorphic to the quotient space
SU(3)/S0(3). SU(3) is simply connected, therefore

m,(SU(3)/50(3)) = w1(SO(3)) =7,

SU(3) has eight generators whilst SO(3) has three generators
so there are five generators corresponding to broken symmetries, the
Higgs potential will therefore give rise to five massless particles
(ignoring the coupling to gauge potentials). The SO(3) subgroup
referred to is the actual matrix group S0(3), so the fundamental
representation of SU(3) decomposes in the manner 3<»3 under its
action. It follows that the adjoint, (1,1), representation
decomposes in the‘manner 8~>5®3, and the (2,0) 1"n the fashion
6>5®1, or 12=>5@5®1@1 in terms of real fields. It is easy to
give an elementary exb]anation of the last decomposition. As the
S0(3) matrices are real the real and imaginary parts of & transform
separately under their action. Each of these six dimensional
invariant subspaces decomposes further for both the real and
imaginary parts can be written as a multiple of the identity matrix

plus a traceless symmetric matrix. Now
Tr(o%xeT) =Tr(0Tox) = TH(X) for OEs0(3)

and OLO'Y = 1T,
so the decomposition is invariant under the action of the S0(3)
subgroup, and the decomposition predicted above has been explicitly
given.

I shall now find the masses of the Higgs particles. Under the

variation

=+ ., with =T initially,
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GFETR)) = T+ (58 SB) + THET'SE),
D) Si ET;CEE)]:% = Err(@'@ +S8 g+ B+ S@*{@)]zgi— q

=6Tr(s8+ %) + bTH(EE"$E) + [ (5T SBY*

to second order,

it S (HE'EEDY) =T [(Trs@ ) T+SENT+ STNT+ )| ~ 3

= ATr(SE+SR) + Tr(SBSE+ STSh + hsTHeR)

to second order,
v ot 3
W) dek §=E‘Xt , where A, A,, and A, are the eigenvalues of ¢,

%Q&:Q)IE_ = ZSX + -‘- P \etda\g) S,Ak to second order

:., R
B s (FaY L TOD
= T+ £ UGB LT (8D -
So V(=) =) ;[—\—ré (sET+5E)} ‘5(—\-“@ '@’)}7‘-%?(S@)zz*-'\—r(s@f)'l—r(%i):'

+ \1—\—\-[CS§++ Sﬁ)’"]
Let $&=74+i§ , M="s"y , and §=Eo+g, , where ., > €

and 5 are real, ’]o and §° are proportional to the identity matrix,

and M and g, are traceless and symmetric. Then
V@D =M T Tt~ {77 (R THA TR pe3)]
+ 2, IF Y_(l'vpz] _
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SV@ED) =\ Tty - 2 (e e 2 )+ Tr () + ~(s)']
+ N 'LT!'["\Q'{— yl ;‘]

= WD Tebga) - 3Tl + AT (S ]+ 1 Tl e
as CW-*\(DL:-’ FTe(ne) and (rgo) = 3TH(32) .

SOSVED) = W TR(ED) « et D Tr(a) + M Tr(D)
to second order.

The (mass)2 matrix of the vector bosons is given by

ij = %'LTP[&:‘.)\J )ETE +§+>\J§Xk“\' XJ@‘(E +'f§\‘) E@X‘:}

with =1,

2

N;\\L (\ <;, s) €75) g\)k — J not summed.
We see that the H1ggs-K1bble mechamsm gives rise to three massless
vector bosons, five massive vector bosons of mass{Ze, one scalar
boson of mass f‘—%—)\" , one boson of mass JZ%*8;, and five bosons of
mass &, . The definition

— ~ — &l
L=-LTv (G &™) - £ Tr[®.B) (&3] - V(&)
has been used with & v:CrtX, the A's being the usual Geli-Mann
YA
matrices.

4.3 'J + T' Symmetric Monopoles

There are two inequivalent embeddings of the algebra of SU(2)into
the algebra of SU(3). They correspond to choosing either the

natural SO(3) subgroup or the subgroup of matrices of the form
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SUW®@) o
o |

In the first case, as noted above, the (1,1) representation
decomposes in the following way:

8->5@ 3
and the (2,0) representation decomposes in the manner

6->5@ 1]
under the action of the subgroup. For the second choice of
subgroup

8=»3@2020]

and 6—»3®2e1.

Demanding 'J + T' symmetry rules out the possibility of a
topological charge for the first embedding (if reasonable assumptions
are made about the asymptotic behaviour of monopole solutions), but
not for the second [20] . I shall therefore consider only the second
embedding from now onwards.

For the second, SU(2), embedding one has to construct a q;;r)

such that

M8+ B N, = 0.
This implies that has the form

O &, O

¢, 0 ©

© O &

To find the values of off the z axis one can either calculate

UWRY §, UIR)
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or solve the following equations to obtain basis functions:

™ . . . -
XLKS“'K‘KXL =%2L€LJKKK H L,J,k'— l:?*lS' (4.3)
and )\L%—\—SX{:O. (4.4)

Solutions of equations (4.3) and (4.4) are

= ,K)=|ft o0 loo) |[0=-c0
K (K\JK’L 3) [(O‘C O) ’(OlO))['LOO

o ©0 000 © 00

Let'f;:éiiki, and Y=< , then i(a)=a£r)‘f;+b(ﬂ"rq_ is the most
general expression for a 'd + T' symnetr‘icé-. o-and ly are complex
functions of r.
Tne most general 'J + T' symmetric expression for the gauge
potentials is [10] |
AINCORS y&r)?/u:‘ﬂ-r - S(r))[_"‘\’,‘,'?/‘.\"h]‘t‘ & 3:_-_/"’",‘1-'?1&-)%“"‘41.

3

F=L 48 ad W=i)g
The quantities which appear in the energy integral can now be
calculated. _ -
O 6+iy O S{—-ﬂ:‘? Q O
My=10 O O » N=L | O =3+ ©
© 0 o© o 0O &

=i
il
i

e Mo f,]ﬁ'

©
o L]
M

o4 O
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O - (a.’—-i ) O
. V2
(0,8 = &, L (NE BN =| L (d-ima) O & O
’ = e+
2 9
—(JZ(s+iy)a O O
©.8)r2) = =L (r,F+T,M]) = o o o
0 O o

}
*

Brd)= 5 (1N 1-T) = | O -8y O

-

)] S@Cf—dé(%-r o O

B, D) =M,/ +L[M,N] =L |O o o
v e o o
- ]
o L (a*-o.b-) @)
§.-di8, = L (a*-ab) * 05 o
O @ (’#‘_&L
- A J
I-leat* O O

- z
I-88,= |0 -p@* O
2L
o O -]

b

So
Fe) = tl[(s’*-x;)% (y'- Sé)l*' Tlr'l (s y>1)")

+;_l[1o.’-'_lgﬁ%_\‘+ | +;_5_%_ |*+ 2(s%yO)lal™]

+ ,.1[)“ (\&#— os\.r\q.-f ‘Lf—__{' |1)+)1(1(l"l31.‘2)1+ (l—lhll)z)] .
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The generators of the group which transforms 'd + T' symmetric
field configurations into 'd + T' symmetric field configurations are
(the appropriate representations of) "f’; and 'i’; , or on the z axis
{1\3, and L, The first has no effect on the Higgs fields by the
definition of 'Jd + T' symmetry, but the second does have an effect.
Under an infinitessimal transformation involving ¥}, e.‘.'seﬁ, (<&
infinitessimal)

Q> T+ icB(hE+EY ) =F+s0 57,88
Now € =a s +EY
?'A)(\?-JAP’.Z = ‘\3"—"3-1 ,{,\3 ( EATIE DIRE 'ilﬁg)\"’) ;

and z”*"u'ﬂ?ﬁ‘%.% . 5ot
So under a finite transformation corresponding to efe 2

T=aTysbt— g = o.w?(ﬁ\%.)”@ + (s-w‘:(‘l\‘%)”{i-

V@)=0 implies of—ols =0, (4.5)
W=, (4.6)
and lal*=2 . (4.7)

Let @ =lalef™ and w=lble® , then equation (4.5) implies = -L ¢.
This is precisely the relationship between the changes in the
arguments of o and \r under a 4’; gauge transformation. It follows
that a gauge can be chosen in which a=\aland =} asymptotically,
and so b=\ and o =32 at infinity using equations (4.6) .and (4.7)
Let a=axia,;, and k=b+ily; &, a,, 5, and b, being real

functions of r. Then
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340‘)'—‘—::—,.[ (&'« x;g.)* + (*5'— Eé_)i + EL;(S"‘J«\"‘--D"]

* 4 (e me) « (g« £l g e (e )+ By ders
2] ), {(a- ol raa b Yor (aara by ton ) & (Lo o3

S 2. 2
‘*‘(k’z’\‘a\aa) 3 T )m?_—‘,—. (aF+at=2) + (\ss+ s =1 73—_\ .
Setting °L=.="1=T="\=5=O satisfies the equations of .
motion of these functions identically, so they may be set equal to

" zero in the energy density. Doing that yields
N a { &
= | 2_ N 2. 2
He —r_-:‘-[s +—9—}r77-(-% { ] + et v et Qaj

20
+P"~>\’[O~‘:'U—lrb “'(.b"—%‘c\“:’)lj ¥ r"-)‘l[_"i (CL?‘—Z)"*. (h"?""‘)t] )
This is the form covered by the theorem proved earlier and so a
monopole exists.

The equations of motion are:

%Mz '%".,_(Si-‘) + E}-&T’S (-8
£ (F%0)= 28" + 202 o [0-1) + (3a7-6)] + 2572, z (“3")2)
r (4.7

and A (1) = 202) 5, [leDal (b -4al Y] + bertha b (60 D).
dr (4.10)

For large r equation(4.8) becomes
]
T et S = o(NF) arx~ 2,
= § 2 constawkrx eXp (-\E‘ e,r-) )

Let o (r) =Jd2+ %Lr-) , and G, =) = | + ) ,then

f_(l’“’- gl) —_ Pl%(ZXl-"B)"L) 4+ f‘ix("lﬂ X‘\) + ZNJ order &:‘Q"“MS.
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and i;(.'.t‘x'): th (— lﬁ >‘D + rzx—(Li-»\ |+8>7_>'§‘ ldaroter- tums.

follow from equations (4.9) and (4.10). The (mass)?

1>\|+8>\1 —1E>I

matrix is

—ZEXI t]’->|1-g>\1

Choosing >‘\">‘z=",: and e= §Z the eigenvalues of this matrix are 7
and 4. Un the other hand the masses of the Higgs particles are 3, 5,
and 2, so the masses of the Higgs particles do not govern the
exponential decay of the Higgs fields in any simple manner. The
-(mass)2 of the gauge particle is 4 , consequently the inequalities of
reference 30 are satisfied and the assumption of expcnential decay is
consistent with the equations of motion. A solution of the equations

of motion for large r is
@(2“-_3 = (wwsk.xgl:-ﬂ)"kz + (c,ovxsb,x g;:zr‘*‘ ') A)Aq_ s
r = ,

W (.?S) 2 (1= constux AT ["ﬁ‘)? "h]
Pl e ") (45 20

= 1 (1-comstxe ®)E IO
\Fi‘r( o )/A\\'\?-"\

For large r B (=) = - % ; '*l"‘ + e_x?ougwk{oi(a small berus,
J vt

On the y axis @(c)=T so its little group is the natural SO(3)
subgroup of SU(3), and 'L_Lg\we—r"'B(r’g)P%z . The gauge field satsifies
the conditions necessary for the application of the results of
Goddard and Olive 20] which means that the topological charge of the

solution is given by the homotopy class of the closed path

his) = exp (m2r N, 5) , ogss)
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in SO(3). As this path is homotopically non-trivial in S0(3) the

solution has a topological charge.
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CHAPTER 5

MONOPOLES IN A GRAND UNIFIED THEORY

BASED ON SU(5)
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5.1 Introduction™*

In recent years interest in unifying weak, electromagnetic, and
strong interactions has been growing. One oF the proposed unifying
schemes, due to Georgi and Glashow [18], is based on the group SU(5).
This theory has been studied by a number of people [6, 15, 16, 19].
Buras et al. [6] and Frampton et al. [16] have written down Higgs
potentials for this model. Each of these potentials involves a -
multiplet of fields transforming according to the adjoint
representation of SU(5), but the former has in addition a Higgs
multiplet transforming according to the 5 representation, whilst the
latter has one transforming according to the 45. Both of these
potentials have very complex relationships between the parameters
they involve,which makes them hard to aha]yse.

Below, in section 5.2, a new potential involving fields
transforming according to the 24 and 5 dimensional representations is
written down. This potential is easy to analyse and it can be shown,
quite simply, that the absolute minima of the potential give the
required vacuum structure. The potential leads to simple algebraic
expressions for the masses of the particles at the classical level.
The parameters of the potential are subject to only very simple
constraints - typically that they be real and greater than zero. The
breaking of the SU(2)®U(1) symmetry is produced solely by the I = %
part of the 5 dimensional multiplet, so the Weinberg-Salam model
[29, 34] with xn*8,=3 is embedded in this theory in a direct way.
This in contrast to refs. 6 and 16 . In those papers the 24
dimensional representation is also involved in this breaking, and a

cancelation between terms in the mass expressions arising from

* The content of this chapter is essentially that of ref. 31.
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the two different multiplets is needed.if a gauge hierarchy is to exist
at the classical level. The expressions for the masses in the new
version of the model are given in section 5.3.

Section 5.4 contains some observations on the stationary points
of the potential. I do not know whether the model can sustain a
gauge hierarchy as a quantum theory.

In section 5.5 expressions for the gauge coupling constants of
the Weinberg-Salam model in terms of the parameters of the SU(5)

theory are derived. The useful expression

Q = Byl + AnBy T
nau YN N T\

is also derived.

The model is of a type which has been proved to contain 'Jd + T'
symmetric monopoles of the 't Hooft-Polyakov variety [21, 25] for at
Teast some choices of T [30]. This is in contrast to the Weinberg-
Salam model which does not contain such objects. Monopoles are likely
to be a feature of any unified theory using a Higgs field transforming
according to the adjoint representation. It would be a major event
if magnetic monopoles ‘were discovered, however the monopoles of this
theory are very héavy, and there is as yet no real chance of seeing
them.

‘Sectijon 5.6 contains a derivation of the inequality

SIS (+ ¢ w8y, @
b oy Bu

for the masses of the vector bosons and the monopoles of the theory.

It is shown that the quantisation condition

%&\b%—; S Lv&e,ge)- (1.1)
3
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must be satisfied. Je is the charge on the electron. From these

results, in a suitable approximation, it follows that

.the mass of a monopole

]
the mass of a superheavy vector boson 20 o

« 1is the fine structure constant.

In section 7 it is explicitly demonstrated that the quantisation
condition (1.1) is satisfied by 'J + T' symmetric monopoles if the
gauge fields obey an inverse square law for large r. The results
obtained by algebraic means are related to the topological aspects of
the model.

Units in which® = ¢ =M, = 1 are used throughout.

5.2 The Symmetry Breaking Potential

The SU(5) gauge symmetry is broken spontaneously to U(3) by two
Higgs multiplets. One of them transforms according to the 24 (real)
dimensional adjoint representation of SU(5). It is written as a 5x5
hermitean, traceless matrix, §. The other transforms according to
the 5 (complex) dimensional ‘fundamental representation, and is
denoted by H, a column vector. A possible form for the pair of

fields {&v,uvi which gives the required symmetry breaking is

o

O

, h real,

-

@V = Aiag(a)a,a,—%\ )-’3&); Hy=

5 .O,
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The 1ittle group of T, is (SU(S)GSU(Z)QU(I))/ZG, whilst that of
the pair ‘@V,H\‘S is U(3). In each case the “spe;ia]"un'itary part"

of the little group contains matrices of the form

SICONIN
o T

I shall call the group of matrices of this form SU(3) The "U(1)

c
parts" are generated by

Y:allo.o('%;‘a :-‘%—:\Jl)

c 3
and ® =Aaa3(-.vi=—.\g,—t?o, D)

respectively. VY is the weak hypercharge matrix for the fundamental
representation, and § is the charge matrix in units of the proton
charge. The gioba] group structure has been given in each case as
the global as well as the Tocal structure of the groups is

relevant for monopoles.

A Higgs potential which gives rise to {@V,HVE is

V@H) = 3\ To[(8-a)(Fr 32)] + MEW@’)*'—E—‘“T
5 THR-1TTT + 3 HR e 2a T H. WD

This potential is greater than or equal to zero for any{@,l-}i, and is
equal to zero if and only if {§,HY is related to §&,,Hy3 by an SU(5)
transformation. To see this note that § can be diagonalized to a
real matrix by an SU(5) transformation. The condition that the

first term be zero then states that each eigenvalue satisfies a
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quadratic equation which has two roots o and -’é%. The tracelessness
condition fixes the number of times each root occurs as an eigenvalue,
and they can be brought into the given order by an SU(5)
transformation. Tv(3?%) ='ﬁ~(j§:‘)= I_E_ce so the second term is zero.

The third term is zero if and only if
3 2
2 (t= . (5.1)
L=\
With @ =9, the fourth term is zero if and only if
% w)*=0. (5.2)
L=l
(5.1) and (5.2) together imply
2 2
k.:L\L=L\3=O ) “\q,ll'*'u\gl =lV\,.

An SU(5) matrix of the form

I“s @)

O ()

produces no change when it acts on{,. However

| | (O}
I, ! o llo

B N =hiO (ld_\"‘-{—l(g\?‘: \)

O | % =By h o
| p |
x |1 O X

| : } :(5 f
° 2

which is the most general form for H=<§ with H'H=W . So any
*
t
-]

pair§@.H3 which minimises V(E,H) is related to {&,H3 by an SU(5)
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transformation. That is SU(5) acts transitively on the vacuum

manifold.

5.3 Particle Masses

The vector boson matrix is (the vector. index has been

suppressed)

{V"’(—Z;—.E.)Is: X7 yT

\/ is a 3x3 matrix representating the gluons. W, 2° ,and A are the
bosons familiar from the Weinberg-Salam model, and X~ and Y~ are new
colour triplets of vector bosons which have charge -.\g and —_%;
respectively, X =_L O(\—?.X,_) with X, and X, real. Note that the
A component is a mﬁtip]e of the charge matrix Q. X_ and Y~ have
hypercharge -_55'_.

M, = e"['(%e)z-r tf‘] ) Mog= (S@.ﬂ)l,

(S Y R W
m%e _%_e.k ,  Mmiy=e I
e
M=+ . .
Note T caﬁ‘@\,\] as promised.
}}\‘.2-0 3

It is convenient to write the Higgs boson matrix as



} i
b-[LEL.r M~ ! N7
__Ne v
| o
O U T (- T S I Y
l 'Re-F
t t+ =
‘-
and H = & K:., + Hy T\ur:tu* L'T\w_ .
ks

M_, N~, and ¥ are colour triplets with charges —,'5.,-5:, and ‘-‘3-
— - 3 -
respectively. ™M and K~ mix to produce mass eienstates 3~ and J'~,

and E and F mix to produce mass eigenstates ® and C.

=GN, . omt_= (G,
)

=G\ +WX, , w2 = 24\
)-\_- 2 ,KLR L ) Y
M%Jc_:@%"x\wo o+ 50, T Lo\ i) g»rs m]
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5.4 Other Stationary Points of \/f_@,H)

N(@,H) has at Teast three orbits of stationary points besides

the orbit of absolute minima. As the pair %Q‘,H& given by
§‘=A.:aé(b3b3t,,—3_‘_b,—3i_b) , H,=0
2 2

is the most general form of an (SU(3)®SU(2)®U(1))/26 invariant,
position independent, Higgs field a stationary point of N(g, H) with
respect to variations of |y is a stationary point with respect to
arbitrary variations of © and Y [8]. EV (Q ¢,, U= O) O
is a cubic in b and has three roots. @_‘ §v1s one. =0, H=0 is
the most general SU(5) invariant field configuration and hence is
another stationary point. As these two solutions are real, and the
coefficients of the cubic are real, the third solution is also real.
If one considers perturbations around the pair §&=8y, H=03
(which is a stationary point of the potential) and one throws away
all of the particles whose classical masses depend on the parameter
a then one obtains the Weinberg-Salam model (with g's ?5_% ) at its
unstable stationary point, so perhaps this potential can sustain a

gauge hierarchy.

5.5 Connection with the Weinberg-Salam Model

Let N/A wf, I* with \ an element of the Lie algebra of SU(5),

and Tet Tw(\% \_‘f)_m_\\’" 0

s R defined b
7 3/'* and A/,Iaare efined by

TwWQ) '5 =Tr(W.Y), Ahe = Tr(WoTs), (5.1)
= o el LY T

This definition is manifestly independent of \LIl, and leads to the

standard normalization of the kinetic terms of the gauge fields.

* The norm of a matrix X is defined by |X|>= Tr(x¥X).
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WA ALR+S, = LLWR,Y + ILUA
el H \/“/ uL\\/u

for some S/A and 3‘ satisfying T‘_(QS )=Tr (y ) ‘ﬂ-(’_‘[ /):O,

Ll

- 2

The covariant derivative of the B multiplet is

%H»«L&N/A’r\:aﬂ\r\*&&( LA, Q-+ /M)H

\\Cl“
Comparing this with the minimal electromagnetic coupling
AH+LAQH
one finds
L@l (5.2)
N
and

W, = 1R, Y + QWA Ty +eZ
ST 7

The coupling constants in the Weinberg-Salam model are therefore

L= 1al
bl u\/l\

and
Q= utgll

which implies % F

Let ’GVQ __Q with q’ the charge on the electron
tepel

~ (5.3)
Q=17+, |

L
2



From equations (5.1) and (5.3)

boe Te(W, @) = TelW 7+ L)) = L IVIR, + T3l Ay,
i Wl L Wl efl N\

= CO"BGW.B/A - M‘ew P}u\‘ by definition.

Therefore canByy = —;_- I

Y
& (5.4)
and Mew = “;3&
&
which combined with equation (5.3) yields
Q = NQ = by Y+ 2By, L. (5.5)

han g WY NI

an equation which could be used as a convenient definition of ew.

5.6 A Modification of the Bogomol'nyi Bound

Suppose Lm § 3L, 9,473,H(F,9J4>}§ exists for each © and ¢ , and
!‘-=)o<)
that it is a zero of N(&;H), then one can associate a charge matrix,

Q(B,4), with each ©and & . R(8, ¢) and %@(po,sﬂb‘),ﬂ(co,e,itbi are
unitarily related to @ and EQ,H\@ respectively. Owing to this their

angular dependence is irrelevant in gauge invariant expressions, and
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it will be ignored henceforth.

In this SU(5) model the muitiplet of fields transforming
according to the adjoint representation is as'sociAated not with charge,
but with hypercharge. Consequently, for the vector bosons and
monopoles of the theory, one would expect a mass inequality something

like
2 Vg o)

V is the Tength of the Higgs field Q at infinity, y is the hypercharge
of the particle, and 37 is the "magnetic hypercharge" of the particle.
However this is not quite right. In fact an extra factor appears in
the lS‘ term as YN #UQ). I1f X s defined by A '-FM'& c@a) , then
the (mass)2 matrix of the vector bosons is given by M‘:e’.‘-)(", ignoring
the contribution from the multiplet H. Let \/wbe the hypercharge
matrix in the adjoint representation, then (as Y «§(0))

t= ”~_'§>’__\3‘/Lk = Vel v,

I Nk

using equation (5.2). Thus the mass inequality is really

M 2oV [ el a2, (6.1)
~ ( N a‘“) |
let By = Ly (?5\'\’\1-9&\\5 ciefW, Wil

then the definition of 37 is

By = [P TEE)
A relationship exists between 9y and the magnetic charge %

X dS;
£ m.\\ \\Q\\

* The sign of & has been changed to make comparison with ref. 20 easier.
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If mild assumptions are made about the asymptotic behaviour of

monopole solutions one may write [20]:
&L‘-‘_{) =u(§)§vu+(;) for some U(x) & SU(5) for large r, and

'Bi(u_)r-_'a\_c_,;uc_g)"&vug)for some B, satisfying [By, @7\1-_\ =0.
T
If this is so, then

T RyEyY = 47 e (BeY)

(RIS WA Y
Similarly 3; M T
el el

Now [_’Ewiﬂzo implies ’%q:PQHz » Where Ige.'\?,, Q 1is the charge

matrix corresponding to {5\‘,\*\&, and ke i(SU(B)C). Therefore

Xy = H:WFTVQQZQ and 3 = L"Trl% nan

e WY well
S0 &y = T (QY) . Combining this with equations (5.4) and (5.5)
awn. Wil
one tinds
= : = A {l ]
4y coyO W 3 L .‘.;a/!:\ 2 (6.2)

Equation (6.1) becomes
HEwN R 1)
a
2V (uvu17° TR O
= \lm(qz;%}__ 4+ m‘ng> . (6.3)

R coyrBw
To calculate the ratio of the mass of a monopele to that of a

vector boson the quantisatiorn rule invo]ving\g and a is needed. To
Tind this rule it is helpful to consider a model obtained from the
original model by disposing of the H multiplet. Given an acceptable

boundary condition for the full model, denoted %&(@),W@)S , an
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acceptable boundary condition for the model obtained by setting

‘)3= XQ,:O and throwing away the W multiplet is ®(w) . In this
reduced model1d is the only multiplet, and there .is a standard
definition for the charge matrix in such a case [20]. It is usual to
write Q7=e_g§_(=03. The subscript Y indicates that this matrix is
proportional to the hypercharge matrix in the full model. The magnetic

charge of this new model is Ay The quantisation condition
Yy Dy = Ex integer
3
is satisfied [9] Now

Y = 14l 3, = Wl @y = Wi,

HE gk e WL\ i il
using @,=e®  and equation (5.2). Therefore
v
SRV AT am
but a., = L WYl (equation (6.2)) so
v 2uaﬂ\é

1294~ %V ‘u«%uae_r. (6.4)

It follows from equations (6.3) and (6.4) that

the mass of a monopole = LeamrB, \_%._\

the mass of a superheavy vector boson ﬁ,ea

el ey

provided that the Prasad-Sommerfield limit [26] is taken, and the

24 inkeaer
2

oam—

= mlev._L.J—i'
29

contribution from W is ignored. The superheavy vector bosons have

‘ﬁ:i . so taking the integer to be 1:
>

the mass of a monopole - covByxb =13
the mass of a superheavy vector boson oL S 20
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5.7 The Magnetic Charges of 'J + T' Symmetric Monopoles

Assuming an inverse square law behaviour for the gauge fields at
large distances from the origin, the magnetic charge of a 'J+ T
symmetric monopole defined with respect to the generators {T% of an

SU(2) subalgebra of the gauge group algebra is [20, 24]

A= kT I (@) (7.1)

Ha\?
Here @Q {is the charge matrix corresponding to the asymptotic values

of & and H on the z axis. The generator T=T:%; is an exact .

symmetry generator for the monopole and so T, ¢ %(UL?D)
[T, F(r2)] =0 and T Hr2)=0. (7.2)

A11 possible magnetic charges corresponding to 'd + T' symmetric

monopoles may be calculated [20, 36] by taking

Q = A‘.""g("'g/ "‘3 1-'% ) 9, \> >
O]
@)
(;\.V—V; t><)E(‘-_Z_) = &u%(&J a)“;""é{_‘ )-l;‘) ’ t:'::\ooH(v;): L.i
I¢

then finding all diagonal T3‘s which satisfy equation (7.2), and
Tinally using these T3‘s and Q in equation (7.1). The fourth
eigenvalue of each T3 is necessarily zero, and each T3 is traceless,

SO one can write

T’S= dia (“) &, ¢, O, J\) with —(a+‘o'+r_> =d.

3
Then o = K [-ila+t+)+d]lqd = kud .
e /3 el
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The possible non-zero values are

A% = ili>i‘ot}i—912'
b
gj;e is an integer multiple of %, and any charge is an integer

Lot
multiple of é%’ therefore
q/f_) = _2_%\' = u«\?&ae,t‘
and exg (C%Q) & centre of SU(3),.. Thus the generalised Dirac
quantisation condition [9] is satisfied.

One can see in a more abstract way why there is a relationship
between the "magnetic hypercharge" and the magnetic charge of this -
th'eory. Suppose one sets )\3= M_: O in the potential V@) H) s
then one obtains a potential \/'(@) which depends on & only. The
absolute minima of this potential form precisely the orbit of iv,

hence the vacuum manifold of NY&) is

M, = %M@/[sum@ SU@)e W /z, ]

for (S.U(3)@S.U(2)®U(1))/Z6 is the 1ittle group of@v. The relevant
second homotopy groups can be calculated using the homotopy

sequence of a bundle [32].

(M) =T

2 1(SU(3)85U(2)8U(1)/Z) as TR(SU(5)) = 0

The vacuum manifold of the potential V(‘;o'_)kﬂ is T, = SU(5)/U(3)
because the Tittle group of the pair §§,Hy] is U(3).

T, (M) =Th(U(3) = Z
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just as for'm;. This is because any closed path in
(SU(3)®SU(2)@U(1))/Z6 can be continuously deformed into a closed path
in the U(3) little group of ?Q‘,H%. Alternatively, one can look
directly at ™ _ and 'mol.

VELH) =0 = Wzhazl,=0 and [y lugl®= W

Adding the H multiplet (to convert N'(@) to N(&,H) ) enlarges the
vacuum manifold. M, is obtained from 'm; by "glueing" a three
sphere $3 onto each point of 'm; . As TT2($5) = 0 this process does
not affect the second homotopy group of the space; the exact details

of the glueing process are irrelevant.
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Appendix A

An example of a function, f, satisfying the following conditions:
(i) £ is infinitely differentiable on [0,),
(ii) 050 as = ~ o0,
(i11) j:xzz{: Odx £0 , m= 1,23 s

(iv) 'FC:x) o VYxelo,).

Let %(DC)' «, €> = QXP["‘ /(‘Cx_d)i_ez)lj , A—€LxX X +E

O , Otherwise.

Let ‘Pu(l) g(x )W) )
and _F(x) — Z (0 2&4-1%‘3 (Y\'z(lh-l-z)‘w) i
Now

(1) is satisfied;

29\+2

(11) at x=n, £y = yie ) =0 as >0 ;

n+2 . )
('I'I'l) "F(;r_) 42 n [V\‘W s V\-i"rtz—(-il'm)—g]

= O otherwise, therefore (as 2*%¢3|, and T(i'WiTS< fornzi)

< '
.[xzim(x)obc < Z 2. (a5 (), w2,
[

h=| h* sz-:.)g

<8§‘—W=23

(iv) is trivially satisfied.
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APPENDIX B

The results of this appendix were obtained in conjunction with
S.J. Avis.

As has been shown in section 1.4 the existence of a non-zero
topological quantum number at a given time ensures that there is a
region of space vhere N(E)*O. To show that a solution is
non-dissipative when there is a conserved non-zero topological charge
one must show that the amount that \I@) differs from zero in this
region (the region itself may vary with time) cannot become arbitrarily
small as time progresses.

Definition: A solution is non-dissipative if and only if there exists
some $70 such that Sup€(x,k)% & for all k.
Here (i) & ,t) = the energy density at the point = at timet,
(i1) S€TR.
This is a stronger definition than that given by Coleman [8]

The following theorem is needed [23]:

Theorem (Local retraction theorem): Let M be a manifold without
boundary, and f:M->R be a c" imbedding, then there is a neighbourhood
U of f(M) and a C" retraction r:U=>f(M). (Recall that this means that
r(y) =y fory in f(M).)

Note that a manifold which is a homogeneous space (such as a
quotient space) has no boundary.

Theorem: If a solution of the equations of motion of a classical gauge
theory (with gauge group G) in a flat space time (with any number of
spatial dimensions) has a conserved topological quantum number which
arises from a continuous G-invariant Higgs potential V(@), and if
V()20 with the set of constant B's which make Y zero non-empty and

forming a quotient space, then the solution is non-dissipative.
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Qutline of the proof

Let the vector space in which @ takes its values be W (W is '
or R for some n), and Y, = fweW|w =8 (x,t) for some x3 . Define

the scatter of Y, to be Sy = suply - ml| . This is , roughly speaking,
yev,

meM,

the maximum distance between any point of Y, and M, How V&) is a
continuous function of §, therefore if St->0 as t-»e0 the potential
term in the energy density will approach zero as t==c0. It will be
shown that St760. To do this it is shown that there is an open set
UM, such that for each t Y,G¢U. This shows that for each t there is
a point of Yt greater than some fixed distance from modetermi ned by U.
It will be shown that for those points S/'&Yt held at a sufficient
distance from M, that \I(y) is greater than or equal to some fixed
number 9.

Proof: The set Tf\°= {wew\\l(w) = 03 is bounded. By the local
retraction theorem there is a bounded open set U,MgUCW, with U
retractible to M,. W-U is closed. Let B be a closed ball, M,CUCB,
then (W-U)N B = B-U is closed and bounded and hence compact. It is

also non-empty. Let inf\(w) = &, then there is a w'e B-U such that
we B-U

V(w') = § as B-U is compact. However, (B—U)ﬂ'mouf» so §50. Now Y,
is path connected (this follows from its definition and the fact that
the space-time is path connected) so th\ (B-U) #4? because if the
intersection were empty it would imply YtC U. Yt¢U for if it were
@(5,1:) vwould have a trivial boundary condition in U (i.e. the boundary
condition would be homotopic to a constant map when continuous
deformations in U are allowed), and (ro®)(xst) would have a trivial

boundary condition in ’Y‘ﬂo. This cannot be so because at spatial
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infinity §(x,t) lies in M, and r«®=F at spatial infinity, which
implies that the boundary condition is trivial in ’mo. This
contradicts the assumption of a non-zero topo]bgical quantum number.
So Y. N (B-U) % § which implies

sup V(y) 3 s N(y) » inf  N(y)y inf My) = 6.
yevY, y&Y.N(B-U) yeY.N (B-U) ye(B



- 95 -

APPENDIX C
Dirac's definition of a string [13] is given in the two following

quotations.

"The idea which makes this generalization possible consists in
supposing each pole to be at the end of an unobservable string, which

is the line along which the electromagnetic poyentials are singular,..

"If we consider one instant of time, Eq. (12) or (4) requires
that the total magnetic flux crossing any closed surface at this time
shall be zero. This is not true if there is a magnetic monopole
inside the closed surface. Equation (12) must then fail somewhere on
the surface, and we may suppose that it fails at only one point.
Equation (12) will fail at one point on every closed surface
surrounding the pole, so that it will fail on é 1ine of points, which

we shall call a string, extending outward from the pole."
The equations refered to are:
+

and P = 2By — 28, (12)
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