RELIABILITY ANALYSIS OF THE FATIGUE RESISTANCE
OF OFFSHORE STRUCTURES

A Thesis presented for the degree of
DPoctor of Philosophy in the
Faculty of Engineering of

the University of London

William Manners
MA CEng MICE MIStructE

Department of Civil Engineering
Imperial College of Science and Technology
London

September 1983



ABSTRACT

This thesis discusses the application of structural reliability
theory to the design and analysis of the fatigue resistance of
offshore structures. Structural reliability theory provides
methods for analysing civil engineering Btructureg which enable
all the uncertainties that affect the safety of such structures to
be incorporated into the analysis.

The types of decisions that are made in the offshore industry
concerning the fatigue resistance of s8tructures such as oil
production platforms are discussed and classified according to the
nature of the analysis required., An important class of decision
concerned with the detection and repair of fatigue cracks is
identified for which a comparatively simple analysis is
practicable.

The theoretical Dbasis of structural reliability theory is
discussed and some recent criticisms of its use of probability
theory are examined and shown +to be incorrect. Sources of
uncertainty in civil engineering applications are described and
the problems inherent in the use of statistical data collected for
purposes other than reliability analysis are discussed. The
concept of a ‘'set of nominally identical cases' is shown to be

useful.

Models are developed for fatigue resistance and for the behaviour
of offshore structures. These models are mainly based on the
design methods used in the offshore industry, so that published
experimental results can Dbe used to develop the required
probabilistic description of the accuracy of these models. Some
models are also formulated based on fracture mechanics theories.
A wide range of available data is reviewed and analysed, and

probabilistic models are formulated.

The methods given in the thesis are illustrated with some
calculations which also show the safety levels indicated for some

typical circumstances by the data currently available.
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NOTATION

Throughout this thesis the functions F(.) and £(.) are used exclusively
to represent the cumulative probability function and the probability
density function respectively. It is general practice in probability
literature to use upper and lower case letters to distinguish between
the name and the value of a variable; thus the variable X takes values
x, and hence the value of the probability density function of X at x is
given by Py(x). This convention is adhered to in Chapter 2, but in
subsequent chapters the variables are often those used in offshore
engineering, fatigue design, etc., which are conventionally used in
either upper or lower case only. This convention is adhered to in this
thesis so that the significant wave height, for instance, is always

written Hg, and its probabilty density function is written fyg(Hg).

Principal items of notation which are used throughout the thesis are
given below; other notation is defined in the sections where it is

used.

a constant used when stress range is proportional to wave

height i.e. S = aH

a crack size

afg final crack size

aj initial crack size

aj agy(u)/aduj

& fatigue damage in xth gea-state

gy(u) failure function in standard normal variable space
gx(x) failure function in basic variable space

m parameter of S-N curve

m mean value (with subscripts as appropriate)

Mg, My, ...My moments of spectrum

n number of waves or cycles
Nann total number of cycles per year
Pf£ probability of failure

Pf£(pv) probability of failure due to physical variability only

r radius of column (including marine growth)



D W R R

~

&(.)

A Axs Ay

constant in Paris crack growth law
mass (or inertia) coefficient

drag coefficient

expectation

wave height

significant wave height

parameter of S-N curve

likelihood

Miner's rule sum

fatigue life (cycles)

probability

stress ratio (min.stress/max.stress)
stress range

stress concentration factor

mean peak to peak period

mean zero up-crossing period
fatigue life (years)

required fatigue life (years)

safety margin

constant in formula for stess intensity factor
parameter of long-term wave height distribution
parameter of long-term wave height distribution
distance from failure surface to origin in standard
normal variable space

safety factor

band width of spectrum

probability density function of standard normal
distribution

Wirsching's Damage Reduction Factor (see p.69)
factor on Miner's Sum to allow for corrosion effects
standard deviation (with subscripts as appropriate)
frequency (rad/sec)

10



CHAPTER 1

INTRODUCTION

1.1 Objective of Thesis

The aim of this thesis is to discuss the application of structural
reliability theory to the design and analysis of the fatigue

resistance of offshore structures.

Structural reliability theory aims to make decision-making in
civil engineering more rational by quantifying and analysing any
uncertainties which ought to influence the decision. They can then
be incorporated into calculations for optimum designs, quality

control procedures, inspection strategies, etc.

Structural reliability theory differs £from the forms of
reliability theory used in many other branches of engineering
because of the one—off nature of wmost c¢ivil engineering
structures, and because the failures which most structural design
aims to avoid are very unlikely events (albeit ones with major
consequences). It is therefore not practicable to collect data
for uncertainty in structural performance by directly testing
whole structures. Also in many cases the length of time for which
structures are expected to survive and the nature of their loads
(especially envirommental loads) makes such testing impossible.
It is therefore necessary to test smaller structural elements and
the validity of structural theories, and then to combine this
information to give an assessment of the safety of the structure
as a whole. It is this process that is generally referred to as

'‘structural reliability analysis®'.

The degree of confidence that can be placed in such procedures
depends not only on their theoretical basis, but also on the
availability of suitable test data. Both these aspects of
structural reliability analysis are discussed in this thesis in

the context of the fatigue resistance of offshore structures.
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1.2 Decisions concerning the Fatigue Resistance of Offshore

Structures

The decisions which concern the fatique resistance of an offshore
structure are decisions on such matters as the dimensions of
welded connections, the weld preparation and heat treatment, the
inspection methods to be used, the frequency of inspection in
service and whether or not to repair cracked welds. Ideally, all
the decisions which have to be made at a particular time should be
made together as a single optimisation of cost, including the
consequences of failure. However the analyses required to support
such an optimisation would be so expensive that, if these costs
were included, the single optimisation would not be the optimal
strategy. For practical reasons therefore most decisions are made
by taking into consideration only a limited number of factors.
The whole range of possible decision-making procedures can be
divided into three groups on the basis of the extent to which each
procedure is concerned with the relationship Dbetween different

fatigue cracks or different locations for possible fatigue cracks.

a) The first type of decision-making procedure is that concerned
with only one crack location. Conventional structural dJesign
decisions are of this type because each member or connection is
designed independently. The designs are based on assumptions
about how loads are distributed through the structure which are in
turn based on an assumption that the structure remains essentially
intact. This assumption is correct until one crack reaches some
critical length. It is clearly possible to frame design rules on
the basis that reaching this c¢ritical 1length constitutes
‘fajlure', ignoring any reserves of strength that may exist after
loads have begun to be redistributed. Hence if reliability
analysis were to be used, for example, to adjust design rules of
this sort so that different types of members and connections all
had the same probability of 'failing' in fatigue before the end of
the required life, each reliabilty analysis would be concerned

with the failure of a single connection.

12



b) The other types of decision-making procedure are those that
require the simultaneous consideration of more than one fatique
crack. The most general situation is that of the Bs8so-called
'system' failure where one is interested in the behaviour of the
whole structure and hence in the sequence of element failures and
load redistributions that are necessary to produce total failure
in an indeterminate structure. Although such a ;equence might
start with a fatigue failure, substantial redistributions of load
may produce other types of failure as well. Because of the need to
congider these other types of failure, and all the different
patterns of load distribution that will occur during different
possible sequences of failures, the reliability analysis needed
for this sort of situation is likely to be extremely complex.

c) For many types of failure, the decision-making situations and
appropriate reliability analyses can be classified into one or
other of the two groups above. However fatigue failure is a
process of slow steady crack growth which is often detectable long
before the stage of *failure’ which causes significant
redistribution of loads within a structure. There are therefore
other decisions concerned, for example, with the frequency with
which inspections should be carried out or actions that should be
taken following the early detection of a crack, where it is
necessary to consider the relationship between the different
fatigue cracks (e.g. the extent to which crack growth rates are
correlated) but where it can be assumed that cracks will be
detected and repaired before they reach the stage of failure that
causes significant load redistribution. Thus while the ‘failure’
of different elements in the structure, defined for example in
terms of requiring repair, may be correlated with each other
because they all depend on certain features of the design,
construction, or locad history, the probablity of any particular
failure occurring is not changed by the actual occurrence of other
failures. To assist with decisions of this type calculations
might be made for the probability of various members all failing
(i.e. requiring repair) during the required life of the structure,
or for the probability of such failures given that extensive

cracking has been discovered somewhere in the structure.
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1.3 Scope of Thesis

Because of the complexity of the calculations required in the
circumstances descridbed in (b) above, the methods discussed in
this thesis will Dbe dAirected towards the use of reliability
analysis in circumstances that come within (a) and (c). These
methods will however form part of the necessary basis for the use
of reliability methods in more general circumstances.

As remarked above, a review of an application of structural
reliability analysis requires discussion of both theoretical
aspects and the availability of data relevant to the area of
application. The theoretical basis for the use of structural
reliability analysis in the context of the fatigue resistance of
offshore structures is made up from the concepts and models used
in three different areas of engineering science: structural
reliability analysis itself, metal fatigue, and the analysis of

the behaviour of offshore structures.

Chapter 2 discusses the theoretical Dbasis of structural
reliability theory, giving particular attention to a description
of the various types of uncertainty that occur in civil
engineering. The so—called ‘'Level 2' method, often used for
approximate reliability calculations is derived and some new
extensions of this approach are given which are suitable for

situations such as those described in paragraph 1.2(c) above.

Chapters 3 and 4 are devoted to the development of the models for
fatigue resistance and for the analysis of offshore structures.
These models are based on the design methods used in industry. One
reason for this is that industrial use suggests that a method is
likely to Dbe the best available in terms of balancing the
competing claims of accuracy, simplicity, and applicability to the
full range of possible cases. A more important reason for using
standard design methods is that in formulating a model for use in
reliability analysis it is not particularly important that it
should be the most accurate model available, but rather that it
should be possible to assess its accuracy over the whole range of

its application. If experimental studies cannot be made specially
then it is necessary to rely on published resylts to assess the

14



accuracy of the models used, and this usually makes it necessary
to follow existing practice.

Chapter 3 describes the principal characteristics of metal fatigue
and the basic principles behind the conventional analysis methods
for offshore structures. The common calculation models are
developed, initially in fairly general terms, then showing how
they can be made increasingly detailed in those circumstances
where certain simplifying assumptions are wvalid. In Chapter 4
these models are reformulated as required for reliability
analysis, and the suitability of their parameters for use as the
'basic’' variables required by reliability analysis is discussed.

Chapter 5 reviews the data available for the variation of, and
uncertainty in, these 'basic' variables. Probabilistic models are
formulated for these variables on the basis of the discussion of
uncertainty in Chapter 2. Some of this data analysis is more
extensive and thorough than that normally undertaken by those

responsible for the original experiments.

In Chapter 6 some calculations are performed to illustrate the
methods outlined earlier and to indicate the effects in typical
calculations of using the data discussed in Chapter 5.

Chapter 7 draws some general conclusions £rom the previous

chapters and indicates possible future developments.

Work published by other authors on the subjects covered by this
thesis is reviewed in the relevant chapters. A complete review of
all the work published on structural reliability theory, metal
fatigue and offshore structurese is of course impossible; only
Wirsching (with a variety of co—authors)irZ:3:4¢ ywag known to have
published specifically on the application of reliability analysis
to offshore fatigue when the work in this thesis was being
undertaken, and aspects of his work are discussed in several
chapters. Recently Karadeniz et al® have published some results
for reliability analvees of the fatigue resistance of two
particular designs of offshore structures. Their paper pays
considerable attention to the structural analysis of those

designs, It does not discuss the derivation of probability

15



distributions from data in any detail, so it is difficult to
compare their work with that presented here, but their general
conclusions about the relative importance of <the various
influences on fatique 1life are not greatly different. Other
authors' works are discussed where they provide support for the
arguments advanced here or provide useful data. In addition some
approaches favoured by other authors which have not been followed

in this thesis are discussed.
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CHAPTER 2

RELIABILITY THEORY AND ITS APPLICATION

2.1 INTRODUCTION

The term ‘reliability theory' is generally taken to mean the use
of probability theory in the analysis of the safety and
serviceability, or more generally the reliability, of structures
or systems in engineering. The purpose of this chapter is to
discuss this probabilistic approach and some of the objections
that have been raised to it; and to develop algorithms that are
suitable for the type of probabilistic calculations required.

2.2 Basis of Probability Theory

Since the creation of probability theory, many different ways have
been devised of deriving or justifying the theory (e.g. Carnap®,
Keynes?, Tribus®). Weatherford® has recently published a detailed
discussion of the principal schools of thought. The approach
adopted here is to treat probability theory as an autonomous
branch of 1logic or mathematics with its own definitions and
axioms, which can be shown to be useful and practicable when
applied to certain problems.

A quantity “"probability" is associated with an "event". An
"event” is a set (described in terms of normal set theory) which
contains one or more of the possible descriptions of the situation

under consideration. The three basic axioms arei®.

(1) where A is any event, the "probility of A", P[A], > O

(ii) where S is the certain event, i.e. the set of all
possible descriptions, P[S] = 1.

(iii) where A and B are two mutually exclusive events,

P[AUB] = P[A] + P[B]

In addition there are two important definitions:

17



(1) the “conditional probability" of A given B,
P[A|B] is defined by

piaie; = 22081

(ii) two events A and B are said to be "statistically
independent” 1if

P[AIB] = P[A]

The development of probability £follows 1logically from these
axioms, although to Dbe strictly rigorous some additions or
modifications are necessary to cover the case where there can be
an infinite number of sets within S. As an alternative to this
approach it is possible to consider the definition of event A as a
proposition, so that probabilities are considered as numerical

values assigned to propositions rather than to sets.

The application and interpretation of probability theory is based
on intuitive decisions as to the reasonableness or usefulness of
the definitions of probability, conditional probability and
independence, and the results that £flow from the use of the

axioms.

One interpretation of probability which is universally accepted is
its use as a measure of the relative frequency with which the
various possible outcomes of repeated experiments occur. This has
the effect of making probability compatible with statistics so
that statistical investigations may serve as the basis for the
estimation of probabilities. This does not mean however that this
"frequentist” interpretation of probability is the only possible

one.

Another interpretation which is widely, although not universally,
accepted 1is the “"Bayesian" or “"subjective" interpretation.
Whereas with the frequentist interpretation probability is used as
a measure of the innate wvariability of the situation under

consideration, the Bayesian interpretation is based on the use of



probability as a measure of the uncertainty due to lack of
knowledge. The probability then depends not directly on the
objective reality of the situation under consideration, but on the
subjective asssessment of the situation by an observer. It can
therefore vary between different observers and change with time as
more information becomes available. It is against this use of
probability that most objections are raised, some of which will
now be discussed.

2.3 Blockley's Objections to the use of Probability Theory

2.3.1 Introduction

The principal sBource of reasoned objections to the use of
probability in structural reliability calculations has been
Blockley. In the form in which they are presented in his book*2
the aobjections apply specifically ¢to the application of
probability to "system uncertainty” which he defines as "the
uncertainty due to the lack of dependability of a theoretical
model when used to predict the behaviour of a proposed structure,
assuming a precisely defined set of parameters describing the
model”, This is contrasted with "parameter uncertainty” which he
defines as "that uncertainty which results from uncertain values
of the parameters to a perfect system”, for which probability is
deemed an appropriate measure. This terminology is different from

that employed in this thesis, which is given in section 2.6.2

Blockley gives two separate arguments to support his abjections.
The first is based on Popper's philosophy of 8cientific
discovery!?®, and the second on a paradox due to Rescheri4, He then
discusses the approximate reasoning methods of fuzzy sets and
fuzzy logic which he proposes as a substitute for probability.
But it is noteworthy that nowhere does he specifically Jjustify
these substitutes by demonstrating any superiority in meeting his
objections to probability theory.

19



Popper*'s view of 8science is that general scientific theories can
never be ‘'proved' absolutely Dbecause of the impossibility of
checking all instances to which a theory has applied, does apply,
and will in future apply. Experiments can only falsify, or fail to
falsify, theories. A good theory then is one that has Dbeen
repeatedly tested without being falsified. It is natural to want
to quantify the extent to which a theory has been successfully
tested, but Popper shows that probability is not a useful measure
for this and he therefore develops his concept of ‘degree of

corxroboration'.

Blockley takes up these ideas, stating that the probability that
Newton's Laws are actually true is very small or indeed zero
(evidence favouring Einstein where the two differ) Dbut that
nonetheless they are highly dependable because they are highly
corroborated. He concludes: "Structural analysis is built on

theory which is probably not true, but one which is dependable".

The phrase ‘probably not true' is open to considerable objections
and many views of the nature of probablity and of truth would not
consider such phrases meaningful, It 4is notable that Popper
himself does not use this phrase. However the principal problem
with Blockley's argument is that he never explains why he thinks
the probability of a theory being true is relevant to the
assessment of reliability. It is as if he envisages calculations
of the form:

P[Fatigue Life ¢ 20 years]

=p[Calculated Fatigue Life ¢ 20 years)|(Structural

model is correct)]
XP[Structural model is correct] (2.1)

In fact, no such calculations are made. As will be demonstrated
in more detail later (Section 2.6.2), calculations tend to take
the form:
P[Fatigue Life < 20 years]
;li i{P[(Fatigpe Life < 20 years)|(Structural model
in error by factor between £ and £343)]
x P{Structural model in error by factor
between £§ and £i4,]) (2.2)

20



Here instead of P[Structural model is correct] we have a series of
probabilities, P[Structural model in error by factor between fi
and fj4,], which will form a probability distribution on f£j.
According to Blockley, "if we are dealing with a finite number of
well-defined events in a sample space then we are dealing with the
classical application of the probability of events”. 1In the case
given the sample space is clearly defined by all the possible
values of £4, so by Blockley's own définition probability can be
used for “system uncertainty”, at least in the approach to it
adopted here.

In this formulation there are of course still assumptions present.
For example, it will generally be assumed that laboratory studies
provide adequate evidence as to the values to be given to the

uncertainties:
P[Structural model in error by factor between £, and f£54,]

However when there is doubt as to the validity of any such
assumption the process above can be carried out again using what
ever evidence is available as to the magnitude of the

uncertainties.

In conclusion therefore we are not interested in questions of the
form "is this theory true?” or "is this theory dependable?" but we
wish to know how dependable the theory is, measured by the
accuracy of its predictions, and to incorporate all this
information into the calculations; and according to Blockley's
own statements, probability theory is suitable for such

calculations.
2.3.2 Rescher's Paradox

Rescher's paradox approaches the corroboration of a theory or
proposition from a different viewpoint. If we have a statement ‘A’
which is to form the basis of structural calculations (e.gq.
Newton's laws are correct), then we wish this to have a high
probability of being true, i.e. P[A] should be nearly unity. Now
suppose we have a source °'X' and a statement °'B’' which is 'X
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asserts A' then if X is a reliable source P[A|B] will alsoc be
nearly unity.

_ P[AIB].P[B]
Since P[A] PIBIA] (2.3)
it follows that P{B|A] = P[B] (2.4)

Rescher interprets this as meaning that B is nearly independent of
A, i.e. X asserts A irrespective of the truth of A. Blockley
considers this to be unacceptable and as further evidence that
corroboration cannot be measured satisfactorily by probability.

The so—called paradox can however be resolved by considering the
complementary events A ('A is untrue') and B ('X does not assert
A'). If X is to be a reliable and useful source, as stated in the
definition of the problem, it must be taken that X always
expresses a definite opinion on A so that B also means in effect 'X

asserts A'.

Now if P[A] is high it automatically follows that P[i] is low. If
X is a good source we want a high probability that X predicts
correctly and a low probability that X predicts incorrectly, i.e.
P[AIB] and P[A|B] should both be high and P[A|B] and P[A|B] should
both be low.

Now if P[A|B] = P[A], i.e. exact equality, it can be proved that

all the following equalities are necessarily true:

P[A|B] = P[A)} P[BIA] = P[B]
P[AIB] = P[A] P[BIA] = P[B]
P[A|B] = P[A) P[BIA] = P[B)
P[A|B] = P[A] P[BIA] = P[B) (2.5)

so that the independence of A and B is inseperable from the
independence of A and B, as one would intuitively expect from the

meaning of the word "independent" in this context.

Rescher's concept of "near-independence” is not an accepted part
of probability theory so it is necessary to define what the term
should be taken as meaning. At least, enlarging on Blockley, it
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can be said that it would be unacceptable if the probability of X
asserting A, or not, was independent of the truth, or otherwise,

of A; i.e. the paradox would still stand if:

P[B|A] = P[B]
and P[Bl|A] = P[B]
and P[BIA] = P[B]
and P[BIA] = P[B] (2.6)

But unlike the case of exact equality we cannot say that all these
are true if any one is true. Using the assumptions above we can

examine each proposed relationship in turn:

P[BIA) _ P[AIB] _ high

P(B] ~ P[A] _ high = 2

P(BIA] _ P[AIB] _ low -

P[B] P[A]  high

P[BIA) _ P[A|B] _ low

P[B] ~ P[A] — low ~ 1r perhaps

P[BIA] _ P[AIB] _ high , |

P[B] P[A)] low (2.7)

which shows that X's assertions are not all ‘'nearly independent'
of the truth of A under the given assumptions. It should be noted
that it has been assumed that the probabilities above can all be

simultaneocusly assigned appropriate values. Because we can write:

P[A] = P[A|B].P[B] + P[AIB].P[B)
P[A] = P[A|B].P[B] + P[AIB].P[B]
P[A] + P[A] = P[B] + P[B] = 1 (2.8)

we do not have complete freedom to assign whatever values we like
to these quantities, but any restrictions will make it even more

difficult to satisfy all the intuitive requirements of
'near-independence’ .

If A has a high probability of being true, then clearly a
characteristic of a good source is that it correctly identifies
the few occasions on which A is not true. It is the complementary

events A and B, whose probabilities do not seem paradoxical, which
are most important.
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2.4 More General Objections to the use of Probability Theory

What seems to lie behind many of the objections commonly raised to
the use of probability theory in structural problems is the
feeling that unless it is possible to envisage realistically a set
of nominally identical cases or a repeated experiment, then terms
such as 'probability of failure' seem meaningless. 1In the case of
a large set of identical cases, the probability of failure
(defined as the relative frequency with which failure occurs in
that set) is a measurable property of that set, at least in
retrospect, and it is therefore possible to say (subject to the
limits of statistical significance) that a calculated probability
was either correct or incorrect. However if it is only really
possgsible to envisage a single structure, which either fails or
survives, it is difficult to see how one could ever judge the
correctness of the assessed probability; and if it is impossible
to say whether a probability is correct or not, then what meaning

can be attached to it? 1Is it not a purely arbitrary number?

This question can be answered by saying that such probabilities
are to be interpreted in a "Bayesian” or "subjective™ fashion and
are only intended as "notional" or "operational” values which will
play an intermediate role in a decision-making process, but need
not themselves have any other significance. Alternatively®/® a
calculated probability can be regarded as a logical deduction from
the assumptions about structural behaviour and the data used to
derive probability distributions for the basic variables. This
regstricts the role of subjective assessments because the whole
process must be logical and rational; any rational person starting
from the same basis should come to the same conclusions. In theory
this is not a problem, but it is clear that, in practice, much of
the available data will have considerable scope for interpretation
and that this interpretation cannot always be spelled out as a set
of strictly logical deductions. There are strictly systematic
methods of interpretation such as the maximum entropy formulism,
however for reasons that will be discussed later (Section 2.6.3)
this is not considered wholly satisfactory. In any case the
question that worries some people still remains, what does the
calculated probability actually mean?
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Another possible answer to the problem of <the meaning of
probability in cases which are inherently unrepeatable, which has
the advantage of encompassing the frequentist interpretation when
that is acceptable, is suggested here. It involves creating a
form of frequentist situation by imagining a large number of
probability assessments being made for different cases, such as
might be made by an insurance underwriter, for instance. A
statement of the type "the probability of this structure failing
within the next year is 10™4" would be interpreted as "this
structure belong to a set of rxrisks whose expected rate of
occurrence during the next year is 1 in 104", The point of such an
interpretation is that although one can never say that any one
calculation was or was not correct, the calculations cannot be
wholly arbitrary because they must always aim at satisfying
certain criteria. Clearly, for an insurer to stay in business he
must assess the risks so that (ignoring the allowance in his
premiums for profit) he 3just breaks even, on a large enough
quantity of business. Furthermore assuming the presence of
competitors it is necessary that he should aim to break even on any
subset of his business, otherwise those parts where he
over—estimates the risk and therefore quotes too high a premium
will be liable to be taken by his competitors, leaving him to make
a loss on those parts where he has under-estimated the risk. The
point of this argument is not to provide an accurate discussion of
the insurance business, but to demonstrate, first that an
interpretation of probability not wholly different from the
frequentist interpretation can be used in cases where the idea of
repeated tests or large numbers of identical examples is not
intellectually appealing, and secondly that even when subjective
judgements, or indeed shear guesswork enter into the calculations
there is still a clear objective aim which must be held in mind
when making the assessment, namely to produce a calculated
probability which will prove to be statistically correct when
checked over any (large enough) group of risks with the same

calculated probability.

2.5 Basis of Structural Reliability Theory

The basis of structural reliability theory is the use of
probability as a measure of the uncertainty affecting. the
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occurrence of those circumstances (e.g. collapse or lack of
serviceability) which a structure is designed to avoid. However
structural failures are extremely infrequent occurrences, and most
structures are built on a one-off basis. There are, therefore,
far fewer opportunities to collect meaningful statistics for the
actual failures than there are in other dbranches of engineering.

It is therefore necessary to calculate the probability of these
"'fa.ilure" states from other information; structural reliability
analysis is the calculation of probabilities of failure using
models of structural behaviour and data on the variability and
uncertainty of relevant quantities. Such calculations can be
concerned with the failure of the whole or of part of a structure.
In the case of fatigue where cracks may grow throughout the life of
a structure, calculations concerned with, £for example, the
inspection of structures and the early detection of cracks may be
based on the achievement of states short of what would normally be
described as failure; such calculations are not however
fundamentally different £from those relating to true failure. 1In
the general exposition of the methods, the condition whose
pProbability is being calculated will be referred to as "failure".

The occurrence of failure in a particular case will depend on the
values of various quantities such as dimensions, 1loads, and
material properties. Some of these can themselves be expressed as
functions of other, more fundamental quantit:‘les ’ for example,
material properties can be expressed, in theory at 1least, as
functions of chemical composition and aspects of the process of
manufacture. A set of variables, X, termed the "basic variables"
are chosen to be the basis of the reliability analysis. They are
chosen, on grounds of convenience and availability of data, to
cover all the sources of uncertainty that are relevant to the
situation being analysed. Conventionally failure is indicated by
@ quantity Z where Z € O means that failure occurs and Z > O means
that failure does not occur. The dependence of the reliability of

the structure on the basic variables is expressed by a function:
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The essence of the method is that this function is deterministic;

all the uncertainties associated with the problem are accounted

for by assigning probability distributions to the basic variables.

The function g(x) does not, of course, need to be a single explicit
equation; it can express the outcome of a lengthy series of
calculations. If the equations and models which are available for
use in g(x) are not exact models of reality it is necessary to
introduce (an) additional variable(s) into g(x) to allow for the
discrepancies between theory and practice and to enable g(x) to
remain wholly deterministic. These "model uncertainties” will be

discussed in detail in the next section.

It is normally possible to choose the basic variables so that they
are statistically independent of one another. This should be done
wherever possible, although calculation methods have Dbeen
devised's to allow mutually dependent variables to be used. The
methods outlined below assume all variables are independent.

Given a set of independent basic variables Xj,i = 1, n, with
probability density functions, f£yxi(xj), and a description of

failure as occurring if and only if
Z=g(x) €0 (2.10)

the joint probability density function of all the variables is
given by:

n

iEIin( xj)

and hence the probability of failure is given by evaluating

n

”‘“J'iglf"i(xi)d"i (2.11)
over the region of the n—dimensional hyperspace in which Z < O.
More complex failures can also be handled. For example the

probability of the Jjoint occurrence of two failures A and B (i.e.
the event (Failure A)n(Failure B)) where
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Za = ga(x) € 0 indicates failure ‘A’

Zp = gg(Xx) € 0 indicates failure ‘B’

is found by evaluating the same integral over the region where
both Zp € 0 and Zg € 0, provided that these functions apply
irrespective of whether or not the other failure has occurred.
This sort of calculation is appropriate for problems of the type
discussed in section 1.2(c) above. Some basic variables will occur
in both failure functions, some in only one. If at first sight a
particular basic variable appears to be included in both
functions, it is necessary to check whether both failures really
depend on the same value of the variable, or whether they actually
" depend on two different values. For example, considering plate
thickness as such a variable: are the two failures in the same
piece of plate, or are they in two different pieces of plate? 1In
the latter case there should be two basic variables, one in each

function, albeit both having the same distribution.

The integrals can in theory be evaluated by numerical integration
or by Monte—-Carlo methods, but in general simpler approximate
methods are sufficiently accurate, and may often be the best
approach for a given amount of computing. These will be discussed
below.

Structural reliability analysis then consists of three basic

steps:

(1) Choice of basic variables and formulation of failure
function, g(x).

(ii) Probabilistic modelling of wuncertainties in Dbasic
variables to give distributions f£xj(xj).

(iii) Calculation of probability of failure.

There is little that can be said in general terms about step (i).
The final sections of this chapter develop the theoretical bases

for steps (ii) and (4idi).

.,‘
¢
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2.6 Probabilistic Modelling of Basic Variables

2.6.1 Introduction

The task of selecting probability distributions to model the basic
variables can be divided into three stages: deciding the nature
of the uncertainty to be represented, choosing a distribution
type, and choosing parameters for the distribution. These three

stages will be discussed in turn.

2.6.2 Classification of Uncertainty

Three types of uncertainty are normally identified. They are:

(i) Physical Variability

Any physical quantity involved in an engineering design, such as a
dimension, or a material property, is subject to some unavoidable
variation between nominally identical items. Although at the
sub—atomic level nature 1is inherently uncertain, in the
engineering context the physical variability is the result of the
impossibility of exercising perfect control over manufacturing or
fabricating processes and the degree of variability that exists in
practice is the result of the quality of workmanship, and@ of the
tolerances allowed by the inspection and control procedures.

(ii) Statistical Uncertainty

Models for physical variability are produced by considering data
consisting of measurements of the quantity in question. If the
amount of data is small, or if it is believed to be imperfect in
some way (e.g. the examples measured were not truly selected at
random and are therefore not necessarily representative of the
whole population) another type of uncertainty, statistical
uncertainty, is introduced. It is frequently convenient to
express this as uncertainty in the values of the parameters (such
as mean and standard deviation) of the distribution describing the
physical variability. The statistical uncertainty is a measure of

one's confidence in the results derived £from measurements or

£
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tests. If probability is8 only interpreted in a strictly
"frequentist” way it cannot be used as a measure of statistical
uncertainty. Only with a wider "Bayesian" view of probability can

statistical uncertainty be covered.

(iii) Model Uncertainty

In formulating the failure function, g(xX), use i made of
calculation models for the type of failure being studied. However
few, if any, models will always give exactly correct predictions
and so a model uncertainty has to be introduced. This represents

variations in the quantity:

value found in experiment

Value given by the calculation model

where the ‘'value' referred to is the value of empirical constants
when the model uses empirical rules, and of additional model
uncertainty variables where the model has a theoretical basis.
Although its parameters and distribution type will generally be
found from experimental results in the same way as the physical
variability discussed above, it actually iexpresses much more

complex uncertainties.

If the model uncertainty is assessed separately for every possible
combination of every possible value of all the Dbasic variables
that are used in the model, then the model uncertainty arises from
the physical variability of those quantities which affect the
outcome but which are not included explicitly in the calculation
model. This procedure would however normally need extremely
extensive testing so that it is usuval to collect test results
together which are not from nominally identical tests. In this
case any systematic variations that may exist between the model
uncertainties which affect different cases will be incorporated
into the assessment. The usual aim of the Qdata analysis is to
expose these systematic wvariations as far as possible, but
sometimes the best that can be achieved is a distribution that
represents the average performance of the model over a set of

circumstances which are believed to reflect actual usage.

g
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A model uncertainty in practice then may compound together several
more fundamental sources of uncertainty, and it is necessaxry when
determining its dAistribution to be clear what is being included
and to interpret and use the resulting probability of failure in

an appropriate way?l®.

As with the physical variability, shortage of data will lead to
statistical uncertainty about the correctness of the distribution
functions proposed for a model uncertainty. This statistical
uncertainty tends to be greater in the case of model uncertainties
because it is often necessary (due to lack of appropriate data) to
assume that a distribution derived from one set of data is
applicable in circumstances not covered by the original test

programme.

As mentioned above the statistical uncertainty is often best
expressed as a distribution for the parameters of the distribution
that represents the physical variability, although in the case of
many model uncertainties it is difficult, if not impossible to
separate the two elements.

In the following sections on the choice of distributions it will
be assumed that the distribution sought is to represent the
physical variability of a basic variable, as exhibited by a set of
data which will be assumed to be a random sample from a single
population. This is, however, rarely true in practice and section
2.6.5 will discuss the role of statistical uncertainties and

practical methods for handling real data.
2.6.3 Choice of Distribution Type
There are three different approaches to this problem. They are:

(i) Choice by accuracy of fit to the available data. In this
approach a number of different distribution types are chosen and
the best values of the required parameters found for each type
using the data and one of the methods to be discussed in section
2.6.4. The resulting distributions are then compared with each
other and with the data, and the one that gives the best fit is
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chosen. The goodness of fit may be Jjudged (a) by graphical
methodsi?, (b) by the more formal tests of classical statisticsi®,
or (c) by comparing one or more values such as the higher order
moments of the distributions and the data. The latter method is
only appropriate where there is a very large quantity of data
available, which is not often true of structural reliability
problems.

(ii) Choice based on qualitative arguments about the nature of the
basic variable. Many distribution types were originally created
to represent the variations and uncertainties that occur in
certain well-defined instances. For instance, the normal and
log-normal distributions arise from the central limit theorem and
the extreme value distributions from consideration of the
assymptotic behaviour of the distribution of extreme wvalues.
Hence it should often be possible to select suitable distribution
types from consideration of the nature of the basic variable being

studied. This approach will be used extensively in this thesis.

(iii) Use of distribution types capable of generating a wide
variety of forms. A natural development of the £first approach
given above is to seek a general method in which a large number of
different distribution forms are brought together into a single
system, and the most appropriate distribution found simply by
congideration of the data. One classical version of this approach
is due to Pearson'® who uses the first four moments of the data to
select from a total of twelve different distributions (three main
types and nine transitional types). This approach cannot be used
with confidence when there is only a limited quantity of data,
because of the unreliability of the calculated values of the
higher moments. The Pearson distributions are all solutions of the

differential equation

2 (1o £x(x))) = atx

dax bo + by;x + b,x?

(2.12)

which was arrived at by Pearson by consideration of the general
forms that distributions take. It includes the normal distribution

as a special case. It is clearly however a somewhat arbitrary
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form, and other families of distributions could be created by

using other assumptions.

Jaynes?© has attempted to avoid this problem by using the concept
of maximising entropy to generate distributions. Following
Shannon's work on Information Theory, entropy is used as a measure
of the 1lack of knowledge or information about a situation.
Jaynes' principle is to find the distribution that maximises the
entropy subject only to the constraints imposed by the known facts
of the situation (including the data). This distribution is then
held to be the only one that carries no information other than that

contained in the data, and hence it incorporates no arbitrary
assumptions.

The most widely quoted solutions obtained by this method are for
distributions of discrete-valued variables where the constraints
on the maximisation that represent the available information are
in the form of expectations of various functions. Hence the task
is to find the probability, pj, for each value xj, by maximising
the entropy H, which is given by:

H= —1}:pi.!npi (2.13)
subject to gpi = 1 (2.14)
and Epi.gk(xi) =Gy for k=1 tom (2.15)

where gx(.) are the functions whose expectations, Gy, are the
constraints on the distributions.

The solution to this is:

Pi = exp(ho + FAk.9k(Xi)) (2.16)

where the parameters Ax are found by substituting for pj
in equation 2.15 and solving.

For continuous variables the problem is formulated thus:

C . - - f(x)
Maximise H If(x).!nm(x).dx (2.17)
subject to Jf(x).dx =] (2.18)

and Jf(x).gk(x).dx = Gy
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where f(x) is the distribution to be found, m(x) is termed the
invariant measure function and the integrals are made over tha
range of x values over which x is defined. The solution is given

by

£(x) = m(x).exp(Ao + FAx.Gk(X)) (2.19)

The invariant measure function can Dbe thought of as the
distribution of complete ignorance, since in the absence of any
other constraints

m(x
£(x) = I;?i3%a; (2.20)

It might be thought that the concept of ‘'complete ignorance' is
too vague to be useful, but in Jaynes' hands it proves to be
extremely powerful?l, Some of the arguments he employs are
extremely subtle and thus leave considerable doubt as to whethér
they are suitable for widespread use. In addition, other authors
writing on the same subject do not always come to the same
conclusions (e.g. Bernardo?2)., Thus while one may accept that the
method of maximising entropy removes the arbitrariness implicit in
other methods if the function m(x) is given and if the contraints
are of the form given above, it is much more difficult to accept
that no arbitrariness is present in the choice of m(x) and the

constraints.

The real constraint on the distribution ought to Dbe that the
available data are random samples from it. There seems to be no
way, however, of using this idea directly. It would seem from the
published work of Jaynes, and others, that the only way in which
data can be used is to give values for the expectations of some
functions, and the choice of functions must Dbe essentialy

arbitrary.

If m(x) is taken as constant and the expectations used are the mean
and variance, then a normal distribution results.: The arguments
of Jaynes?® would seem to suggest that m(x) = 1/x is appropriate
for a physical quantity which cannot be negative and which has
physical dimensions. If the mean and variance of log(x) are used

as constraints then a lognormal distribution results with m(x)

constant or equal to 1/x, Howaver if m(x) = 1/:& 18 used with the

-
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mean and variance of x as constraints then the resulting
calculations involve integrals with infinite integrands, and no
solution is possible. The range of solutions could be increased

further by considering further moments and different functions.
2.6.4 Determination of Parameters for Distributions

The commonest, and simplest, method used to determine parameters
for a probability distribution of a specified type is to fix them
so that the moments of the distributions equal the moments of the
data. The number of moments that can be matched this way is of
course equal to the number of parameters that the distribution
uses. The widespread use of this method is probably the result of
the general use of quantities such as mean and standard deviation,
skewness and kurtosis, which are derived from moments, to
characterise sets of statistics, and of the fact that the Normal
Distribution uses the mean and standard deviation as parameters in
its usual algebraic presentation. There is however no reason

other than convenience why this method should be used.

In statistics the generally preferred method is that of maximum
lixelihood?¢. If a variable X has a distribution fx|g(x,8) with
parameters © and if n random samples have been taken with values
2= (x,,X;,...%Xn), then the 1likelihood of ©, given the known
values of x is given by

n
L(glz) =0, fx)a(xi,8) (2.21)

i.e. it is proportional to the probability that the values xj will
occur, if the parameters are 6. Hence the values of 6 to be used
are those that maximise the likelihood, i.e. the solutions of the
equations

n
- . - :
263 [iglfx@(xl.g)] 0 for all j. (2.22)

Although the maximum likelihood method is widely accepted and has
much to commend it, it is not beyond criticism. Por instance,
Benjamin and Cornell?® show that for a normal distribution, the
maximum likelihood estimator for the standard deviation is not the
unbiased estimator that is commonly used,
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The underiying purpose of all the methods of choosing parameters
is to use the available data as a means of estimating the
properties cf the population of which they are assumed to be a
random sample. Clearly however any method for doing this is
subject to some uncertainty, and in the Bayesian approach this
uncertainty 1is explicitly recognised Dby giving a probability
distribution to the parameters & of the distribution. Initially,
a "prior" distribution £u'(8) is created to represent whatever
information about © is available Dbefore the data itself is
considered. Then a "posterior™ distribution for © given 2z is
calculated from the prior distribution and the data,

2 = (X;,X;...Xp), by the use of Bayes' Theorem:
£2..(8.,2) = Z P[zle]}.£.(©)
_‘_ No =2 = . 9

where N = .TT...P[g!g].fé(g).del.dez... (2.23)
CEA e

P[z18] is the probability of getting the sample z, given
6, and is the same as the likelihood function above,
P[z18] = L(8IZ)

n
'iglfx|e(xi,_e_) (2.24)

There are two questions to be answered in using this approach:
what prior distribution should be used, and what use should be
made of the posterior distribution?

In general the Bayesian approach of prior information and
subsequent data is rather artificial because the information does
not come sequentially like this. One approach is to try to find
prior distributions which can be said to represent “complete
ignorance”. This is the same idea as the invariant measure
function discussed in the previous section, and is therefore
subject to the same difficulties and disagreements. An
alternative approach is to assume that the prior and posterior
distributions have the same form, the use of Bayes Equation only
changing the parameters. This leads to the theory of conjugate

priors2e,
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There are a number of ways in which the posterior distribution can
be used to indicate suitable values of & to use as parameters for

the distribution of X. The most obvious are:

(1) Using the values of © which give the posterior density
function its maximum value.

(ii) Calculating the marginal distribution of each ©3, and
using its mode.

(iii) Using the expectation of each 64
E[ej] - IT fé'lz(ﬁv.!)'ej'deudez (2.25)
‘% 2z

It is clear that method (i) used with f'g(©) uniform on all 65
gives the maximum likelihood method, which is therefore seen

merely as one possible realisation of a wider set of methods.

However, if one of these methods is adopted, it is clear that
information about statistical uncertainty is being ignored in the
subsequent calculations. The next section discusses the role that

statistical uncertainty should play in reliability analysis.
2.6.5 The Role of Statistical Uncertainties

In the previous section it was shown how uncertainty in deductions
made from sample data could be represented by probability
distributions. These took the form of distributions for the
parameters, ©, of the distributions of the randem physical
variability of a basic variable, X; i.e. the physical uncertainty
in X is described by the conditional distribution, fx|g(x,©) and
the statistical uncertainty by fg(8). It is clearly possible to
combine these distributions to give an unconditional distribution

for X, thus:

fx(X) - Htoa fx'e(x'_e_)sfe(e)cdelodezoco (2.26)

37



This gives a probability for any value x which is, in effect, a
weighted average of the values given by the various possible
distributions of the physical variability: the weighting being
given by the probability assigned to each distribution by the
distribution of ©. This unconditional distribution is therefore
the best to use to predict the probability of sBsome value of x
occurring, hence its common name of the ‘'predictive'’ distribution.

Aitchison and Dunsmore?? give extensive examples of its use.

In a reliability analysis some statistical uncertainties may exist
for all or most of the basic variables,. Taken together these
uncertainties are the source of statistical uncertainty in <the
results of reliability calculations which used only the physical
variabilities (including physical variability elements of model
uncertainties). The aim of a reliability calculation may be to
find one or more probabilities of failure, or, it may go beyond
that to the calibration of safety factors, for example. It is
possible to carry out such calculations for physical variability
only, repeating the calculations with a series of different values
for the parameters ©. Then the distributions of 8 could be used to
assess the overall statistical uncertainty in these results,
leading to statements such as "we are 90% confident that the
probability of failure due to physical variability lies between
this value and that value”. 1In algebraic terms, the probability
of failure due to physical variability, Pg(py) is a function of o,
where & is now taken as the vector of all the parameters of all the
physical variability distributions. '

n

Pepvy(@) = I...J’iglfxile(xi,g).dxi (2.27)
2<0

One interesting quantity to calculate is the expectation of
Pg(pv). If the parameters 8 are all mutually independent:

+oo m
E(Pg(pv)l= I...IPf(w)(g).jglfej(ej).dej (2.28)
-

+m n m
- j. - .JJ. . .Jiglfxilg(xi,g).dxi.jglfej( 85 ).dej (2.29)
-® z2<0

[
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If the parameters, 6, are not independent, the appropriate joint
density functions must be incorporated into the above equations.

If the relationship between the X variables and © variables is
such that while more than one © may condition an X, each ©
conditions only one X, i.e. the same statistical uncertainty does

not apply to more than one basic variable, then,

E(Pg(pv)) = Jj £ (X3).£x_(X;). . X, %, . .(2.30)
Z>0

i.e. the expectation of Pg(pv) is the value of Pg that is
calculated by integration over 2«0 wusing the unconditional

predictive distributions of the X variables.
2.6.6 Uncertainties in Real Data

For many of the variables that occur in the analysis of the fatigue
resistance of tubular joints, data is likely to come in the form of
measurements on a very wide range of different geometries with
often only one or two results for each. A similar situation exists

in many areas of structural engineering.

If one is interested in one particular geometry, and if there are a
large number of results available for exactly that case, it will
in general be possible to find a suitable probability distribution
to fit the data, and it will be reasonable to believe that this
distribution represents accurately the random variability in the
quantity in question, due to those factors which are not fully
controlled by the processes of manufacture and fabrication within

the tolerances used.

If the number of test results available is small, but they are a
genuinely random sample of cases which are "nominally identical"
to the specified case which the basic variable is to represent,
then the situation is as in section 2.6.4 where the random
variability is subject to statistical uncertainty due to the
sampling effect.
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Prequently, however, there may be little or no data for the
particular case of interest. In such circumstances it is
necessary to use data for other broadly similar, but not nominally
identical cases. But clearly there is some uncertainty about the
correctness of this action. It is unlikely that the type of
distribution used in one case will be seriously incorrect in
another, but the distribution parameters are likely to differ from
case to case. Therefore this uncertainty is best expressed as a
distribution on the parameters of the random variability
distribution, and it can therefore be considered as an extra
element in the statistical uncertainty discussed above. In these
circumstances the methods used to determine distributions will
depend on exactly what data are available. If for example there is
a reasonably large quantity of data for one set of nominally
identical cases (but not the case of interest) then this may be
used to indicate the scatter of results expected within any set of
nominally identical cases, while the mean value for one particular
geometry would be determined by the limited data available for
that particular geometry. In such a case the statistical
uncertainty might not be considered to be very large. By
contrast, if no data at all were available for the specified case
for which a distribution is requuired, then it must be assumed
that the parameters 6 could take any of the values found in those
cases for which data is available. On the assumption that this
data covered a wide enough range of cases to reveal the complete
extent of the variation in @, the distribution of @ would be such
that the unconditional, predictive, distribution of the basic

variable would cover all the available results.

In the preceding paragraphs, the case discussed was where the
basic variable whose distribution was being sought represented
some aspect of the behaviour of one particular specified geometry.
In many problems however one will want to discuss the reliability
of a tubular joint without specifying the geometrg or details of
the joint. The distribution for such a case is obtained by
combining the distributions for natural wvariability within

nominaly identical batches in proportion to the usage of those
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batches in practice. This may be virtually the same as the
‘predictive’ distribution of the 'no data for the specified case'
situation discussed in the preceding paragraph, but with the
'‘usage' distribution in place of the statistical uncertainty.

It is clear from this discussion that the concept of a set of
‘nominally identical cases' plays an important role in the methods
used in this thesis. when considering, for example, the
reliability of an engineering design, this concept is used to
define a set of cases (e.g. structures or structural elements)
which, as far as the designer is concerned, are identical. They
have the same nominal dimensions and are subject to the same
specification for materials and workmanship. The differences that
exist between the members of such a set are those that are allowed
(in practice rather than in theory) by the tolerances and quality
control procedures. These differences, being essentially
uncontrolled, are characterised by a genuinely random variability.
The differences between sets are, at a fundamental physical level,
deterministic, but may be the cause of uncertainties in structural
reliability resulting £from a lack of knowledge about these
physical differences, and from the combining of different sets

into the mixed populations which occur in real structures or test

programmes,

In practice the amount of data available is often 1limited, having
been obtained for purposes other than reliability analysis. Its
interpretation is therefore difficult and the formal procedures
outlined above for choosing distributions and parameters do not
have the theoretical justification that they have when the data is
a genuine random sample from a single distribution. It is
therefore more rational to proceed on an ad-hoc basis taking full
account of what is kxnown about the origin of the data. However,
the basic system given above still applies. In this system there

are three distributions to be found:
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(1) the distribution that describes the random variability of the
basic variable that occurs within a set of nominally

identical cases.

(2) the distributions of the parameters of (1) which, depending
on the context represent the statistical uncertainty in the
parameters of distribution (1) or the usage of different

cases.

(3) the ‘'predictive' distribution of the basic variable which is
a combination of the distributions (1) and (2) (as given by
equation 2.26).

2.7 "Level 2" Algorithm

2.7.1 Definition of Problem

For the case of a set of n independent random variables, the

probability of failure, pg, is to be calculated from

Ps = ” . .Jiglfxi(xi )y (2.27)
Z2<0

as discussed in 2.5 above. If the probability density functions
are all normal and Z is a linear function of all the X4, then the
probability of failure may be evaluated exactly. The possibility
of using this fact as the basis for devising approximate methods
of calculation for other circumstances has been widely discussed
and accepted since the 1late 1960's. These methods have been
called "Level 2 methods of safety checking”. The reason for this
terminology and a detailed account of the early methods is given
in reference 28. The early methods suffered from the drawback that
the result of the calculation depended on the form chosen for the

failure function 2z = g(X) at points away from the failure boundary
z = o.
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Subsequent developments by Hasofer & Lind?® and Rackwitz &
Piessler3® removed this problem, and Horne3! produced a useful
algorithm. An alternative formulation was shown by Baker &
Flint32 to lead to the same result; and the following analysis
gives a much simplified derivation of the same algorithm.

A set of n standard normal variables U is related “to the set of
basic variables, X, by:

®(uj) = Pxi(xi) (2.28)

where ¢(.) is the standard normal cumulative probability function.

Hence ¢(uj)duj = fxi(xi yax;

n

and pg = ﬂ...luglqs(ui)dui (2.29)

Re3idh

The failure region is defined by Z<0 where

Z = g(X;/X3,0000 Xj.0.)

AF(e(u)),ene o BB )

= gy(u,,uz,...ui), say

= gy({u) (2.30)

If gy(u) is linear in u, then the failure boundary 2=0 is a
hyper-plane in the n—-dimensional U-space. And if the

perpendicular distance from this plane to the origin is B8 then
Pg = &(-P) (2.31)

For non-linear functions, the assumption is made that a good
approximation to the true probability of failure by using this
same equation with B as the shortest distance £rom the failure

boundary to the origin.

n 1
ie Pg = ¢(-B) where B= ( E_E;z)z (2.32)
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and where u* is the point (sometimes called the "design point") on
Z=0 closest to the origin of the U-gpace.

Using a Lagrange multiplier, A, u* is given by the Bolution of:

g ux )=0 (2.33)
2 2.2
and  go-l(pui)z + Agu(w)|=0 at weux for all 1 (2.3%)
1
*x* X2 3
This gives ui(guiz) 24+ 29_(_9) =ux = O
ouy - =
*
uj
whence ——— = constant for all i (2035)
agy(u)
—— =\%x
dujy L

The solution of 2.33 and 2.35 gives u*, and hence g and Pg.

2.7.2 Development of Iterative Routine

An iterative routine to find the point u* is created by starting at

some arbitrary point u, and calculating there:

Z = gy(u) (2.36)
agy(u)
and aj = —0——— for all i. (2.37)
ouy

aj is normally calculated numerically rather :than algebraically
using small increments of each Uj in turn. A new point u + Au is
found, which is defined as being the point that would be the design
point if gy(u) were a linear function with the calculated values
of aj. This is assumed to be a closer approximation to the true
design point than the initial u, and the process is then repeated
until convergence is achieved. While it has not been proved
mathematically that this procedure will always converge, it has

proved satisfactory in practice in a wide range of cases.

Expressing this argument in mathematical terms, the 1linearised

failure function will take values

z=a°+§aiu1 at u



and O = a, + E aj(uj+auj) at u + Au
Hence Z = -g ajAuy (2.38)

Now from 2.35 at u + Au:
UitUi o constant, say K
aj
i.e. uj +Auj = ajkK
Multiplying by &j and summing over all i:
fajuy + FajAu; = Faj’K

Substituting from 2.38:
gaiui -2 = gaizx

Fajuj - 2
K==
a,z
(fajui — 2)

_—Fiz (2.39)

Hence uj + Auj =

It should be noted that the calculation is carried out entirely in
terms of the transformed U variables, not the original X
variables, except that in practice it is convenient to write the
failure function in terms of the original X variables. Hence the
procedure is to carry out the iteration in the U-space, but when it
is required to find a value of Z, the appropriate values of uj; are
transformed by equation 2.28 into xj and then substituted into

2.10 to obtain Z.

2.7.3 The definition of B8

The definition of 8 and Pg given in equation 2.32 means that if B
is taken as the positive root, Pg will always be 1less than 0.5.
This is of course normally the case, but it is advisable to review
the definition of B8 so that other cases will be covered adequately
if they should arise. If the equation

Pg = &(-B) (2.40)

is to apply in all cases then we require

“~s
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* 1
B = [izl uiz}z when the origin of the U-space is in
the "non-failure" or "safe" region,
Nt
and g = _[igl uy ]z- when the origin of the U-space is in
’ the "failure" region (2.41)

Alternatively, at the end of each stage of the iterative
calculation the "current estimate" of B is given by:

B = [F(ug + Aui)2]1/z

= ¢ (Faivi -2)

2 72
(fai " (2.42)

Now at or near the correct solution, Z is small, so

B =t fajuj

( Eaiz ).1./2

and it is found that in the usual case of small probabilities of
failure, a;»>0 and uj<0 for resisting variables, and aj<0 and uj»0
for loading variables, so that for a positive value of g we should

use

rajuy
s Sar

(faiz);/z (2.43)

p =>—

However, if the origin lies in the "failure" region, aj and uj will
always have the same sign. Therefore if we define B by the
equation:

- ({aiui -Z)

8

.

(2.44)

then it will automatically have the correct sign.



2.8 calculation of Conditional Probabilities by truncation and

re-normalisation of the variable space

2.8.1 Conditional Probability of Failure

The method given in section 2.7 for calculating an approximate
probability of failure has been tested in a wide variety of
situationsi® and has proved to be simple and effective, and
generally sufficiently accurate. The accuracy is due to the rapid
decline in the value of the joint probability density function
away from the design point 1in the failure region, so that the
difference between the true failure boundary and the 1linearised
one is of limited significance. The accuracy will not be so good
if the design point is close to the origin (Pg -~ 0.5) as the joint
probability density function is much flatter in this region. This
may be important when considering some conditional failure events.

The method of section 2.7 cannot be used to calculate conditional
prababilities of failure (e.g. P[Failure A|Failure B]) of the sort
discussed in section 2.5 above where Failure A and Failure B are
partly correlated because some of the variables that determine
failure are the same for both. In this section and the next, two
new methods will be presented, to cover such calculations in the
particular circumstances (see section 1.2(c)) where the form of
the failure function for each failure is unaffected by the
occurrence of the other failure; for example where the occurrence
of one failure does not lead to a significant redistribution of

loads.

These methods are essentially developments of the standard "Level
2" method of section 2.7. The first is generally applicable, the
second can only be used in certain cases, but is expected to be
more accurate. Neither is 1likely to be quite as accurate on
average as the standard "Level 2" method of section 2.7 and the
extent to which they have been used and tested is limited to the

examples given in this thesis,

2.8.2 Truncation and Renormalisation

the first method is derived from the approach used for basic
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variables whose range of possible values if truncated by some
action such as testing or inspection. If a basic variable X, say a
material strength, has an initial cumulative distribution
function, Px(x), but before incorporation into the structure
undergoes an ideal test which ensures that material whose strength
is below xp is not incorporated into the structure, then the
distribution of the material actually incorporated will be given

by:

Px'(X) = 0 x <Xp

Fx(x) —-Fx(xr)
1 - Fx(xr)

Pe'(x) = X > Xp (2.45)

as shown in fig. 2.1. This can be transformed into a standard

normal variable, U', by the usual process:

$(u') = Fx'(x)

However it clearlymakes no difference if the transformation is

done first:

®(u) = Fx(x)

followed by the truncation:

®(u') = 0 ie u'=-w usUq
o(ur) = W U)o (2.46)
1 —o(ugp)

where $(up) = Py(Xp)

This process can therefore be regarded as the truncation and
renormalisation of a standard normal variable; the variable U is

truncated at up and then "renormalised" into the variable U'.

The standard normal variable U', representing the truncated
variable X, can then be incorporated into a full probability of

failure calculation with a set of other U-variables representing
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all the othex basic variables in the problem. Once again it
clearly makes no difference whether the variable is regarded as
being truncated and renormalised before the whole problem is set
up, or after, provided the correct transformations are included in
the calculations of values of Z. In the latter case, the failure
surface is envisaged in the multi-dimensional standard normal
space (or U-space) including the untruncated variéi:le as one of
the orthogonal axes of the U-space, and then the whole space is
truncated at a hyper-plane normal to this axis and the remaining
space is then renormalised by transforming the values of this one
co—ordinate in accordance with the formulae above. This distorts
the failure surface and the use of the method of 2.7 in the
renormalised space gives an estimate for the probablity of failure

with the truncated variable.

However it is clear that because of the rotational symmetry of the
U-space it is possible to do this transformation in any direction,
not just along a direction representing a given basic variable.
If, therefore, we wish to calculate the probability of Failure A
given Failure B and if Failure B can be represented by a
hyper-plane in the U-space of all the variables used in A or B,
then truncation of the U-space on the Failure B surface, and
renormalisation will give a modified Failure A surface, on which
the use of the standard Level 2 calculation will give an estimate
of the required conditional probability of failure.

It is clear that if both A and B have non-linear failure surfaces
then the use of two 1linearisations will in general make the
calculations less accurate than the simple Level 2 method. In
addition the choice of a point on surface B at which to linearise
it needs some care. This problem will be discussed after the
truncation and renormalisation procedure has been described

mathematically.

The plane at which the truncation takes place is described by
saying that it is normal to a line through the origin which has
direction cosines, i, and which runs from -o in the non-failure
region to 4w in the failure region. The plane of truncation cuts

this line at a distance Bp from the origin and it will be seen

<
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that because the 1line has been taken as directed £rom the
non—-failure region to the failure region the probability of
failure given by the truncation plane for the conditioning event

is given by:
Pg = ¢&(—pp) = 1-¥(Py) . (2.47)

Any point in the U-space can be given an effective co—ordinate in
the b direction by

Ueff = Ibjuj (2.48)

It is this wvalue that 1is transformed to u'eff Dby the

renormalisation. By inspection of fig 2.2, we have either

P(u'eff) = *(ueff)—¢(Ar) for cases conditional on failure
1 - ¢(Bp) ie veff > Bp
or &(u'eff) = Huefs) for cases conditional on non-failure

&(Bp) ie uegg < Br (2.49)

Now u'eff is related to a complete set of renormalised
variables by

U'eff = Ibjuj’

The change in uegf i8 given by (u'eff — Ueff) in the D

direction so the change in any uj is given by
ui’ -~ uj = bj (U'eff — Ueff) (2.50)

Now in practice the calculation of the conditional probability of
failure will be performed in the standard normal u'-space, and
when it is required to evaluate the safety margin, Z, at some point
u' it is necessary to transform u' to u and thence to x for
substitution in 2 = g(x). Hence the transformations required are

from u' to u, thus:

uj = uj'+ bi[¢7{1-¢(AT)).S(Ibiui’) + &(Br)} - Ibjuy']

when conditioned on failure
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Ui = uj'+ bi[¢1{S(Ebsui’).#(B)} — Ibiui’]
2

when conditioned on non—failure. (2.51)

Fig. 2.3 illustrates the method described in the section with a
gimple lexample, in which the failure indicated by

zA = 01 - uZ + 3{2
is conditioned by the failure indicated by

The figqure shows that the unconditional failure probabilities for
A and B are 0.00135 (f=-3) and 0.023 (pB=-2) respectively. The
conditional failure probability of A given B is 0.033 (fB=-1.84).

2.8.3 Choice of truncation plane

The remaining problem is the choice of a point on the conditioning
failure surface at which to linearise the surface. If the
conditioning failure surface is linear in U-space, then of course
there is no problem. If its curvature is small, then it is not
particularly important which point is chosen. If the failure
surface is significantly non-linear, i.e. if the choice of
linearisation point has a significant effect on the calculated
conditional probability, then it is possible that the
non-linearity is such that the calculated probability would be in
error to a significant degree whichever linearisation point was

chosen.

Consider a problem in the form of a requirement to calculate the
probability of failure ‘'A' occurring (described by Zp = ga(u)< 0)
conditional on failure 'B' (Zg = gg(u) € 0) also occurring. The
following points on gg(u) = O can be suggested as linearisation

points:

(1) the closest point on gg(u)=0 to the origin, ie the

"design point”, u*g.



(ii) the closest point on gg(u)=0 to the design point, up~*,
on ga(u)=0.

(iii) the closest point on the intersection ga(u) = gg(u)=0 to
the origin.

(iv) the closest point on the intersection ga(u) = gg(u)=0 to
up*.

If using each of these points in turn gives similar results then it
is not necessary to make a choice between them. If, however, the
results differ from each other by what is considered, in the
context of the calculation being undertaken, to be an excessive
amount then it is not clear, from the work done to date, which, if
any, should be preferred. Studies of particular examples may shed
some light on this in the future, and it may be possible to frame
theoretical argquments that indicate that one point will be, on
average, better than the others.

For any chosen 1linearisation point (say uj,) on gg(u)=0, the
required values of B and bj can be determined as follows:

< 298(4)

If api
suy u=uy,

and 2Zj, = gg(ur,) =0

then from equation 2.44 pfp = - §a I‘iuLi/ (2.52)
2y1/2
rapi®)
and by = ULi tAULi __ ani (2.53)
Br (gam‘)‘/ z

Algorithms suitable for use in calculating .the suggested
linearisation points can be found by similar methods to that given
in section 2.7.2. For example, to find point (iv) the aim is to
minimise

”
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x
(F(ui-uai)?)/2
subject to Zp — Zg = O instead of minimising (L(uj?))*/2 subject
to Z = 0.

2.9 Calculation of Conditional Probabilities for certain special

cases

2.9.1 Basis of Method

The method outlined in section 2.8 is a general method for
calculating conditional probabilities, but it is likely to be of
limited accuracy if the functions are non-linear. In practice many
of the situations that occur will be rather simpler;  in
particular a common situation will be where failures A and B have
the same (or very similar) failure functions, but where some of
the variables will take the same value in both cases (perfect
correlation Dbetween corresponding variables in A and B) while
others take two independent values, although the probability
distribution may be the same for both. This suggests that it may be
possible to find more accurate methods of calculation for such

cases by exploiting their particular features.

The method is discussed below is suitable for cases where it is
possible to put all the independent variables together in a
function which is part of the failure function and which does not
include any of the fully correlated variables.

The method is approached by considering a case with only one

variable (say Xy) taking separate values for case A and B (xya and

X3B), which otherwise have identical failure functions, i.e.

Zp = g(X;, X3, ¢.0 Xj ... XI2)

2 = 9(X3, X3, «c. Xj +..XTB) (2.54)

The variables Xya and Xyg are effectively independent random
variables which may or may not be identically distributed. The
probability of both failures occurring is given by
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P[Failure AnFailure B)

(2.55)
both Za<0

and 2Zg<0

Now 2 1is generally a monotonically increasing oxr decreasing
function of each of the basic variables. If this is true for Zp as

a functicn of xra, and if xya is in fact a resisting variable, ie

2a(X) |

éx1A
then for any set of basic variables (Xi, X, ... Xj ...excluding
Xya) there will be one value of xip, say ¢, for which Zp = 0, and
if xyp < &, then Zp < O,
Similar statements can be made about Zg and xXyjg because the two

failure functions are identical. ¢ is of course a function of all

the other basic variables. Equation 2.55 can be rewritten:
P(Failure A n Failure B]

- ﬁ X .J{‘ﬁfxm( x1a)- fx p( XIB )dxmdxm} LEx (%, )Ex (Xz). . .dx dx .
-

Now I ffxm( X1a)- foB( XIB )deAdeB
~—0—00

"ifxl alXral)dx -lfxm( x1B)dX1p

= Fx;p(€).Fx (£) (2.56)
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Hence if we define FXI( £ )=FxIA( £) .FXIB( £) (2.57)

- jfo( £ )dxi
=
then P{Failure A n Failure B]

- ” jfxl(xl)fxl(xz)... £x,(%,).0%, A, .. g (2.58)
2<0
where Z = g(X;,X,..,Xy) (2.59)

Thus a single 'level 2' type calculation using the variable Xy
whose distribution is generated from those of Xya and Xigp by
equation 2.57 will find the required probability.

It should be noted that this result is conditional on the
assumption that Xy is a resisting wvariable. For a loading

variable similar calculations lead to the same result but with the

distribution of x3 given by

(1-Fx (€))=(1-Fx ,(£)).(1-Fx (€)) (2.60)

In practice using the algorithm of section 2.7, working in the
standard normal u-space, it is necessary, when wishing to
calculate the value of Z at some u to first calculate xy from the

equivalent standard normal variable uy by solving

S(ur) = Fyp,(x1).Fx o(%1) (2.61)

or (1-%(ur))=(1-Fx_ (X1)).(1-Fx__(X1)) (2.62)
Ia IB

as appropriate and then substitute into equation 2.59 to find Z.
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2.9.2. Extension of Basic Principle tomore than two functions.

An examination of the argquments above shows that this principle
can be extended so that

P[Failure A n Failure B n Failure C n..n Failure N]

where the safety margins for each failure are defined Dby the

functions:
Zp= g(Xy, X3 «.. X5 ... X1A)
2p= g9(X;, X; ... Xj ... XIB)
;N= (X3, X; oo Xi oo XIN) (2.63)

can be found by using the Level 2 method on
2=9g (X, X ... X§ ... X1) (2.64)
with either

Fx (£) = Fx pC(£)-Fxpp(£). .o Py (£) (2.65)

or  (1-Fx (£))=(IFx ,(£)).(1-Fx  (£))...(1-Fxp(£))  (2.66)

depending on whether Xy is a resisting variable or loading

variable respectively.

There is a clear similarity between these calculations and the use

of minimur and maximum distributions for basic variables:

if  Fx,(€)=Fx gl€)=.. .=Px  (€)=Fx (&), say

so that Fxxm"l’xxgm . (2.67)

then equations 2.64 and 2.65 (where Xy is a resisting variable)
can be interpreted as describing a failure in which the variable
X3 represents the maximum of n independent samples from the

“parent distribution”, I-XIP( ¢ ).
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Another calculation that can be made in a similar way is that for
the probability that at least one of a series of cases fails. This
is the complementary event to all the cases not failing, so for two

cases A and B (with same definitions as above):

P[at least one of A or B fails]

= 1- P[A does not fail n B does not fail] (2.68)
=1 JI...I £x (X1)-v.  Ex p(X1a).fx p(Xrs).dx .ax ...4x .8x
bothZp >0
and 2y>0

=] - II"'{IIfXIA(dIA)'foB(xIB)'deA‘deB}'fx;(x*)‘"dxx(z‘sg)

for Xy as a resisting variable

=] — II...{Ifo(xI)de}.fxl(xl)...dxl... (2.70)

if 1—FxI( £)=( l_FxIA( £)).( l—FxIB( £))

=1 —zll...fxi(xl)... £y (X).6X ...a%_

= Il...fxl(xl)... fx,(21).0x ...ax (2.71)
z>

Hence this probability may also be calculated by the Level 2
method as before (c.f. equation 2.58) but with the two alternative
forms for FxI(.) interchanged as between resisting and loading

variables.

Further developments are made possible by combining failures

already discussed. For example, to calculate

P[at least one out of cases B:, B,...B, fails | case A fails

P{at least one out of cases B,, B,...B, fails n case A fails]

P[case A fails]} (2.72)

the numerator can be found using

n
Fxp(§)=Fxpa(£). [ 130, (1P ()] (2.73)
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if X3 is a resisting variable and assuming, as in all the above
calculations, <that the failure functions for the daifferent
failures differ in one variable only.

Some apparently similar probabilities cannot be evaluated by this
method. Por instance, attempting to calculate P[A fails n B does
not fail] where failures A and B are as in equation 2.54 will lead
to the following in place of equation 2.56:

Im I £x,a(X18) £ o (X1B) A%, A%

= Py, (£).(1Fx  (€)) (2.74)

which is zero for both £(£=-w and ¢=+o» and hence cannot be expressed
as a cumulative distribution on ¢£. The integral cannot then be
re—expressed in the form required for the Level 2 type of

calculation.
This difficulty can be overcome by writing:
P[A fails n B does not fail]
= P[A fails] — P[A fails n B fails] (2.75)

in which case both parts can be evaluated using the method above.
Similarly many other probabilities, such as that for exactly m out
of n cases failing can be evaluated by a series of calculations
which all fit the pattern required for use of the Level 2 method.
However the number of separate calculations may be large and the
results may be small differences between very similar numbers and
hence Seriously in error as a result of the approximations in the
Level 2 method. This development has not therefore been used for

any of the calculations in this thesis.
2.9.3 Development of method

In the foregoing sections the failures have differed from one
another only to the extent of depending on different wvalues of one

particular variable.

7
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The same basic principle can be applied to the calculation of

P[failure A n failure B]
where

Za=g(X; ,Xz,...Xp) ANA X7p=GA(XA;, XAzs e+ +Xpjess)
Zp=g(X, ,X;,...Xrg) and Xyp=gp(ZRi/XBzs++ +XBi++« ) (2.76)

i.e. xyp and xyjg are no longer basic variables with given
distributions, but are functions of other basic variables. The
variables in gp(.) are independent of those in gg(.); in fact
ga(.) and gg(.) could be totally different functions.

If the approach of 2.9.1 were used, the problem would arise of what
distributions to use for Xya and Xyg in equation 2.61 or 2.62.
These have to Dbe derived somehow £from the £pa(.) and £g(.)

functions and the distributions of the Xaj and Xgj variables.

Now FXIA(XI) = P[Xyp < X1]

- ﬂ. .’.foh(xhl).thz(xh). «+@Xp,8Xp5...
IA<KRY

- Jl...fom(xhl)th(xk)...dxA,_dxAz.‘. (2.77)
' 50
A
where Z}; = ga(Xps/Xpzs...) — X (2.78)

Hence the Level 2 approach could be used to evaluate FxIA( Xr)

given a value for Xjy. At any point up = (up,.ups,...) it is
possible to evaluate Z' and apj given by

az!
api = _A

dupy
and hence estimate the required probability by

Fx;a(%1) = ¢(~Fn) (2.79)

where Bp = - }:ap_iumz-fi
(fapi )z (2.80)

= - faajupi — ga(Xa) +x1
— .
(z:A;)z © (2.81)




The summations &are over all the Xpaj wvariables; Xy is not
included.

With a similar calculation for Xyg leading to Sy equations 2.61
and 2.62 become

d(ur)= &(—Lp).¥(—Lp) for Xy as a resisting variable (2.82)

and &(—ug)= ¢(Ba).9(Lg) for Xy as a loading variable (2.83)

These equations give the relationship between Uy and Xy. Thus if

xy is changed to x3 + Axy, uy changes to uy + Auj as given by ( for

resisting variable case):

Axy Axy
¢(ur+Aug )w[-BAW)é] .0[—183 + -(‘JTAJ,_)%] (2.84)
and for small changes:
8Xy1
&(ug)Bur = °(-3A)'¢(-BB)'?t_a—g_i_z)é
8x1
+¢(—ﬁA)-¢(-Ba)-(—m:i3)%
(—Lp).d(-Bg) &(—Bp).¥(~Lg) 8x1 (2.85)
=[ (£p13)z T (tApr?)z ]

The algorithm may be summarised as follows.

(1) Given the functions

Z = g(X;,Xp...Xj4.,X1) (2.86)

Z'A = GA(XA1/XB2re+ - XAj--.) — XT

Z2'B = gR(XBy/XB2/s+++XBji+e+) — XT

and probability distributions Fyj(xj) for all xj, xaj and xgj, but

not for x3; and given also starting values for all uj, Upj, UBi

and for xg;
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oz a9Z'p 9Z2'p
;;i' ai = dupi api =

Calculate: aj = PupL

and 2, Z2'a, 2'Rg.

(2) Calculate B from equation 2.80 and pPp from equivalent

equation.

(3) Calculate uy from equation 2.82 or 2.83 as appropriate to

nature of x3 in equation 2.86.

(4) Using a convenient small step size 6uy, calculate &xy from

equation 2.85 (or equivalent form for loading variables), and

evaluate
Z48Z = g(X Xz, 00 eXis000,(Xp+8XT)) (2.87)
and hence ag = b2 (2.88)

sur
(5) Calculate new values for uj to start next iteration

Lajuj + ajuj -2

uj+aiuj = aj (2.89)

taiz + aIz

fajuj + arur -2

and uy + Auy = ajg (2.90)

EaIz + 312

(6) Calculate change in Xy corresponding to Auy from

8xy

Axy = Auy . (2.91)

Suy

or more precisely by solving equation 2.84 (or equivalent for load

ing variable

(7) Calculate new values for upj by incorporating change in xg

into usual Level 2 algorithm, thus:

(Capjupi = 2'a + axy)

uaj + Aupi= apj F (2.92)

Zapy

and calculate new values for ugj similarly.
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(8) Repeat from (1) using new values of uj, upaj, ugj and Xy.

When the algorithm has converged the joint probability of Failure
A and Failure B is given by

P[Failure A n Failure B] = &(-f)

where 8 = (Luj? + ulz)i

and hence the required conditional probability can be calculated.

Since the basic principle here is the same as in section 2.9.1, it
follows that the extensions of 2.9.2 are all possible, using the
appropriate modifications such as equations 2.65 and 2.66, to
equations 2.82, 2.83 and 2.84.



CHAPTER 3

DETERMINISTIC FATIGUE DESIGN PROCEDURES FOR OFFSHORE STRUCTURES

3.1 Introduction

The purpose of this chapter is to outline the deterministic
calculation methods that are used in the offshore industry for the

analysis of fatigue resistance.

These methods are all 'deterministic’' in the sense that they aim
to calculate a single value for the estimated 1life of the
structure which can then be compared with the specified or
required life, or to achieve the same aim indirectly. This is in
contast to the ‘'probabilistic' approach of this thesis where the
life is uncertain and the aim is to assess this uncertainty. It
should be noted, however, that some of the procedures that are
here called deterministic are sometimes described by others as
probabilistic. This is because probability functions are used in
these procedures to describe the relative numbers of waves of
different heights and periods that are expected to occur during
the structure's life. In such cases the probability funcions are
not being used to model uncertainty because it is assumed that
waves occur in exactly the proportions given by the functions, and

that the fatigue damage accumulates over all the waves.

The principal cause of fatigue damage in offshore structures is
wave action. In certain parts of some structures other effects
such as wind action and vibrations caused by machinery or wave
slamming may be important, but these causes are not considered

further in this thesis.

A number of accounts have been published (e.g. refs 33, 34, 35) of
the methods used in the offshore industry to design and check
offshore structures against fatique due +to wave action.
Certifying authorities®® and other responsible bodies3? also

publish requirements and guidance on fatigue calculations.
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These methods of analysis are discussed at greater 1length by

Brebbia and Walker®2. The basis of the calculation methods for

fatigue resistance of welded joints is given by Gurney3®, and a
detailed account of all fatigue phenomena is given by Frost et
al4®, These references discuss the justification for the use of
various models in terms of <their practicality, theoretical
correctness, and degree of experimental verification. Where no
specific reference 1is given, definitions, assumptions and

equations are taken from these sources.

3.2 Basis of Fatique Life Calculations

3.2.1 General

This s8section summarises the basic assumptions in the fatigque
rsistance calculation models. The normal basis of such
calculations is the use of Miner's Rule and experimental fatigue
life data from constant amplitude tests; although recently more
data related to offshore loading conditions has been produced.

One important pre-requisite for the Miner's Rule approach is the
definition of a single reference stress whose variation is assumed
to determine the fatique 1life. For connections between tubular
members the stress used is the so—called 'hot-spot’' stress. This
was originally defined, rather 1loosely, as the maximum stress at
the intersection of the tubular members, but a precise definition
is now used (in the U.K. at least), which is discussed in section
5.4.3, The reason for using the hot-spot stress is that it is
hoped that this quantity will adequately characterise the stress
concentration produced by the geometry of the Jjoint 8o that
different joints with similar hot—spot stress histories will have
gimilar fatigue lives, so that in design the same relationship
between hot-spot stress statistics and fatigue life may be used
for all Jjoints. Normal design procedures are based on this
assumption, although Gurney*2 has suggested that an additional
allowance be made for the thickness of the metal.

The other important pre-requisite is a definition of a 'fatique
cycle’. This presents no problem for constant amplitude 1load

cycles, but in other, wmore general, cases it: is not clear how
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cycles should be defined. This is discussed again below.

Constant amplitude load cycles are specified by the stress range
and mean stress. Test data therefore give the fatigue life for a
particular type of joint as a function of these two parameters.
For welded connections the effect of the mean applied stress is
considerably reduced by the presence of residual weiaing Btresses,
and it is normal to assume that fatigue life is independent of mean
stress. With these assumptions the fatique life, N, is a function
of stress range, S, only and the commonest model used for this
relationship is NSM™ = K. Por design purposes the constants m and
K are chosen to give a lower bound on all or most of the constant

cycle test results.

For offshore work it is convenient to define the number of cycles

on an annual basis and take Miner's Rule as:

¥Ynj
E_NI- 1 (3.1)
where Y = fatigue life in years

nj = number of cycles of range S; per year
Nj = fatigue life for cycles of range Sj,
and where the summation is taken over a finite number of discrete

or discretised stress ranges Sj.

This can also be expressed by invoking the concept of £fatigue
‘damage* and saying that each cycle contributes an amount of
‘damage’' equal to 1/Nj to a total of ‘cumulative damage' which is

unity at failure.

Other formulations which are useful £for developing particular

calculation models are:

(Life in years) x (annual damage rate) = 1

nj
where annual damage rate = E Ef— (3.2)
i

and.(Life in years) x (number of cycles/year)
x (average damage/cycle) = 1 (3.3)
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nj
where average damage/cycle = ;L _;E Ne if there are nann Cycles
ann i per year
O S
1 Ni ¢ nann

- E (d@amage due to one cycle of range Sji)

x (probability that one cycle, chosen

completely at random, has range Sj) (3.4)
For cycles of stress range Sj, assuming N;jSi™ = K:
, S
damage/cycle = Ny =X (3.5)

Now m is usually in the range from 2 to 4 and is always greater
than one, sc that larger cycles are proportionately more damaging
than smalil ones. It is important, therefore, when determining
stress ranges to use a procedure that correctly, or
conservatively, identifies the larger stress ranges. Suitable
procedures are the Rainflow and Reservoir*® methods. These are
used on stress histories, but are too complex to be used to give a
distribution of stress ranges in algebraic form when the stress
history is specified in some general algebraic way. The most
important example of this is where the s8stress history is a
Gaussian Process, and this case will be examined in the next

section.
3.2.2 Fatigue Damage due to Gaussian Processes

If the variation of stress with time at a stress concentration,
o(t), (where the mean value of o(t) is vzero) can be described
mathematically as a stationary Gaussian process with £requency
spectrum Sgg(w), the question arises of whether it is possible to
determine mathematically, from this spectrum, a distribution of

stress range for use with S-N curves and Miner's Rule.

A number of results can be obtained44 directly from the spectrum,

or rather from its moments:

My = I"’n Sgo(w),dw (3.6)

cay
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(1) The mean period between positive up-crossings of o=0 by the
function o(t) is given by:

mo 1/2
] (3.7)

T, = 21—
2z m,

(2) The mean period between peak values of o(t»> is ”given by:

mz~.1./z
] (3.8)

(3) A measure of the "band width" of Sgg(w) is given by a

parameter € where

{ mzz] 1/2
€ = I.l Tom, (3.9)
where 0 € € €1 and Tp = Tz(1l-€2)/2 (3.10)

(4) The distribution of peak values, Op- of o(t) is given by:

1l op?
P
fo,(%)= 3 e)L 5 .exp[— 5 ez]

+ (1-e2)*/? 32.¢r°9(1'°z)1/z].exp[ffgi] (3.11)

m L mgt/Z e 2mo

op 7 op( 1-e2 )x/ 2 O-Pz
Fcp(op)w[%,_ Ze)™ (1—-62)1/2,0[_mo'1757 .exp{ Zmo] (3.12)

where ¢(.) is the standard normal cumulative probability function.

Similarly the distribution of the trough values, o, of o(t) is

given by the mirror image of this function about o=0:

€ 1 o¢?
e.g. fct("t) = (211':1;0)";z .exp[— 2 moez}

ot op(1-€2)2/2 o¢?
| |-

—(1-€2)/2,— ¢ mo-‘/z p Zmo] (3.13)

None of the available results gives any information about the
sequence of peaks and troughs; no method is known, for instance,
for £finding the Jjoint distribution of a peak value and the

following trough. It is, of course, possible to simulate stress
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histories with spectrum Sgg(w) and use a procedure such as the
rainflow method to find stress ranges. In this method the numberof
cycles is equal to the number of peaks and troughs, and each peak
and each trough is used once, to define the upper or lower stress
for one cycle. A simple, conservative, approach is to take the
peaks and troughs given by equations 3.11 and 3.13 and pair them in

such a way as to give the maximum calculated damage.

Because of the symmetry between the distributions of peaks and
troughs, maximum damage will be obtained by pairing peaks with
equal and opposite troughs, except where this is impossible
because a cycle cannot be formed with its trough higher than its
peak. The peaks and troughs that correspond to the overlap of the
distributions (see fig. 3.1) are therefore combined to produce

cycles of zero stress range.

If a particular spectrum applies for (long) time T, then the
number of peak stresses between o and o+8c will be

T
= £ c).80
Tp cp( )

and the number of troughs will be

T
T, fo-t(a).&:r (3.14)
Hence the number of cycles with stress range between S=2¢

and S+8S=2(0+60) will be

T
Tp(fap(c) - fo-t(o))Sa g»>»o0
-2 Y(1-e2)-2 exp[-g—z-] &c

Tp mo 2mg
- SN S [ﬁ ]@

T 2)2mg €*Plemol2 (3.15)

and the number of cycles of zero stress range will be
T T
= — —_—2

z;p Fo,(0) Tp [1—»’(1 e )] (3.16)

The number of non-zero cycles is given by

TH(1-e2) = 1
e 7, . @an
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and their éistribution by
fs(S) = ;ﬁ; exp[—g—:ﬂ
Fs(S) = 1 - exp[-lz [:O—LZ-];] (3.18)

Hence the number of damaging cycles can be taken £rom the
upcrossing rate and assumed to be Rayleigh distributed.

In narrow-band spectra the energy is concentrated in a small range
of frequencies and hence € is close to zero. o(t) takes the form
of a Bine wave whose amplitude and period vary slowly. Thus a peak
stress is always followed by a trough of similar value and the
numbers of peaks and troughs is almost equal to the nummber of zero
crossings. In these circumstances it is clearly reasonable to
take the number of cycles in time T as T/Ty and the distribution of
S/2 as being the same as that of op. These considerations lead
directly to egquation 3.18, showing that the pairing for maximum
damage procedure is equivalent to an assumption that the spectrum
is narrow-banded, with the same values of mg and m, as the original

spectrum.

The narrow-banded assumption 18 often used in design, often
apparently without any awareness of its conservative nature. More

conservative methods have in fact been suggested3+.

Wirsching and Light*® have investigated the degree of conservatism
in a narrow band assumption for a wide variety of spectra. They
calculate values for a damage reduction factor A, assuhing that
the rainflow method gives a correct assessment of fatigue damage.
A generally has a value in the range from 0.7 to 1.0; this will be

discussed further in section 5.7.

One particular advantage of the narrow-band assumption is that it
only uses two . spectral moments mg and m,, thus avoiding the
difficulties which can be encountered in the use of certain
wide-band spectra. For example, if the stress sgpectrum takes a
form similar to the Pierson-Moskowitz wave spectrum (see section
3.3 below), the fourth moment, mg,, of the spectrum is infinite,

and hence € equals 1.0 and TP is zero.
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3.3 Deep watexr Waves

Ocean waves exert forces on submerged structures, and as will be
outlined below (section 3.5.3) these forces are currently
calculated using the velocities and accelerations which the wave

would have if undisturbed by the structure.

It can be shown®® that in deep water small waves can take a
sinusoidal form with the amplitude of particle motions decreasing
exponentially with increasing depth. Por small wave heights the
differential equations and boundary conditions that are used to
model deep water waves can be taken as linear and so different
sinusoidal waves can be added together to give further admissable
solutions. For large waves the boundary condition at the surface
is non-linear and more complex solutions are necessary; however
for the wave heights of importance in fatigue calculations a

linear solution is generally used.

This suggests that a random sea might be modelled as a stationary
Gaussian process. This has been shown‘* to be a good model, and
although conditions are not strictly stationary, they change
sufficiently slowly for it to be possible to model them as a
succession of stationary processes, each persisting for some

hours.

Conventional wave recorders take readings at regular intervals
(e.g. 3 hours) so it is assumed that each set of measurements

defines a "sea-state” which persists for the same length of time.
Sea—-states are normally described by two parameters:

(1) The significant wave height, Hg. This was originaly defined
as the average height of the highest third of the waves. Some
authors now define Hg as 4oy where oy is the standard
deviation of the water surface elevation. This is discussed
in more detail in section 5.1.3.

(2) The zero up—-crossing wave period, Tz, i.e. the mean time

between up—crossings of the mean water level.
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Data on the occurrence of sea-states is normally displayed in the
form of a "scatter diagram", i.e. a bivariate histogram giving the
number of occurrences of pairs of values of Hg and Tz. If the
number of occurrences of each pair is divided by the total number
of records available then the diagram gies the proportion of time,
tx, for which the ktP gea-state persisted.

A fuller description of the sea-state is given by the spectrum of
sea—-surface elevation, snn(m). The two forms most commonly used
are the Pierson-Moskowitz4® and JONSWAP4?7 Spectra. In both cases
the original form 4id not use the parameters Hg and T;. For
example the Pierson_Moskowitz Spectrum was originally given as

Sym(w) = :;:2 e -ﬁ[;g}‘

where a and B8 are constants (a« = 0.0081, B8 = 0.74) and U is the

mean wind velobity 64 feet above the sea surface.
In this form it was designed to give the spectrum for a fully

developed sea caused by the wind-speed U. It can however be
generalised as

Syn(w) = Aw™S e BW ¢

which will represent a sea—state described by the parameters Hg

and T, if33
Hssz Tz] -5 1 Tz] —4
A="%n7 lzn « B=3 lzm

Conventional wave recording devices simply record the variation of
sea surface elevation at a fixed point. They cannot therefore
give any information on the direction in which waves are
travelling. In the absence of such information it is necessary to
make the conservative assumption, in wave loading calculations for
instance, that the waves are concentrated in the most unfavourable
direction. If, however, data are available, directional spectra

can be used to give more accurate calculations,
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3.4 wave Loading and Structural Response

There are three prinicipal steps in the calculations that relate
waves to fatigue crack growth: the calculation of the wave
forces, the structural analysis, and the calculation of the

hot-spot stresses.

Morison's Equation is normally used to model the wave forces on
the members of jacket structures. This expresses the force on an
element as the sum of two forces: the inertia force and the drag
force. Althougn these forces each have some theoretical basis,
the equation is essentially empirical and it has been developed so
that it can be used in a much wider range of situations than
originallly envisaged+4s. An example of its use is given in

section 3.5.3.

The xesponse of the structure to wave 1loading is calculated
elastically, and if the sea-states contain significant amounts of
energy at any of the natural frequencies of the structure, a
dyanmic analysis is required. The type of analysis undertaken has
a significant effect on the whole of the fatigue life calculation;
this will be discussed in sections 3.5 and 3.6.

The structural analysis gives values for forces and moments at
connections. The hot-spot stresses are calculated by multiplying
stresses based on nominal section properties Dby Stress
concentration factors. These factors are g:%.ven in the form of
parametric equations, such as those of Kuang et al*®, which are
derived from finite element analyses or model tests. This is

discussed in more detail in section 5.4.

There are various effects which make the analysis of offshore

structures difficult. The principal effects are:

(1) the non-linearity of the drag force in Morison's Equation.
(2) the variation in water level which introduces a further
non-linearity into the calculation of the total force on a

structure.
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(3) the fact that the variations in the wave forces on different
parts of a structure are not in phase so that the total force
on a structure is dependent on wavelength.

(4) the dependence of the response of the structure on the
relationship Dbetween its natural <€£requencies and the
frequencies present in the wave; if there is a substantial
dynamic response, this will depend on the damping which
includes the effect of the non-linear drag force again.

Only a full time-domain simulation of structural behaviour based
on representative wave histories could take full account of all
these effects. Simpler methods are however possible in most

cases.

Because the sea-state can be represented by an energy spectrum,
and because a spectrum of hot-spot stress variation can be used in
a fatigque 1life calculation, it is natural to look to spectral
methods of analysis. These have been extensively studied and
used, and are discussed in section 3.6. The main drawbacks are the
need to linearise the relationship between wave height and stress,
and the complexity of the calculations. Simpler (non—-spectral)
methods are possible if the structure is not dynamically sensitive
to wave action; that is if the stresses present at any time depend

only on the forces acting on the structure at that time.

3.5 Non-Spectral Methods

3.5.1 Introduction

If a dynamically insensitive structure is subjected to a
sinusoidal wave, height H and period T, the variation of a stress
within that structure will have a wave form of the same period as
the incident wave, although possibly deformed in shape by
non—-linearities and shifted in phase. In general the stress range
S will be a function of both H and T. Section 3.5.2 describes a
gituation in which a simple linear form S=aH would apply.

In a narrow-band sea-state (band width parameter, €, << 1) the

wave enerxqgy is concentrated into a narrow range of frequencies and

?
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the wave tekes the form of a sine wave whose amplitude changes
glowly with time. 1In these circumstances it is clearly possible
to use the response to sinusoidal waves to give a relationship
between S, H and T which is equally applicable to each separate
cycle in the wave history of the narrow-band sea-state. It 1is
therefore only necessary to know the number of waves of each
height and period that occur, on average, in a year, to be able to
calculate the average damage rate; it is not necessary to discuss
the wave history in terms of sea-states. If waves of height Hj and
period T cause stress cycles of range Si, and hence 'damage’ of
1/N; per wave, and if there are ny such waves per year, then
equations 3.2 may be expressed as:

annual damage rate = [ L .nj
1 Nj

=L % -ni if NsS™= K (3.14)

If it is possible, without undue conservatism, to regard the
stress range produced by a given wave height as independent of the
wave period, then the number of cycles, nj, need only be expressed
as a function of Bj. This is done most conveniently by using the
long term probability density function of H, fy(H), and the number

of waves per year hann.

m
Hence, annual damage rate = ngnp I i—'fﬁ(ﬂ)dn ' (3.15)

This form of calculation is sufficiently simple that closed form
solution of the integral exists if fy(H) and S as a function of H
take certain forms*°. These solutions are developed in the next
section.

If the wave energy spectrum is wide-band, the arguments above do
not all hold. However it is clear from section that conservative
calculations may be made Dby assuming that the spectra is
narrow-band, using a damage reduction factor such as that proposed
by Wirsching and Light* if desired.
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3.5.2 Closed Form Solutions

If the relationship between stress—-range and wave height is given

S = aH (3.16)
and the S-N curve is often the form:

Ns" = K

and if the 1long-term distribution of wave heights has a
two—-parameter Weibull distribution:

Fy(H) = 1-e~(H/BYK H>0 (3.17)

fy(H) = %[’%}k‘l S(a/B)*

m
then expected damage/cycle = I Légl— £y(H)AH

m pepk—1 _ X

- 2 Ll
X r(l + k) (3.18)

where I'(p) = I tPle—tat (p>0)

If the long-term distribution of wave height has an exponential
distribution, then k=1 so

m
expected damage/cycle = é—ﬁg I'(1+m)

- amézh

\
K "if m is an integer. (3.19)

Data on wave heights analyzed in section 5.1 is best fitted
by a modified form of exponential distribution:

where Ho=Gfnax and
a is a constant slightly
greater than 1. (3.20)

Fp(H) = 1 - ae H/B } for Ho € H €< ®
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This gives expected damage/cycle

,IOL_Laim%e-H/ndH (3.21)

If m is an integer equation 3.21 has an analytical solution.

For instance for m=3;

3R
expected damage|cycle = EL{%J%L {1+!na + %'!nza +§1n3a}
a*B?3la
& — 3.2
K ( 2)

More generally, writing w= H/B, wo = Ho/B = fna one obtains

EEETE T whe~Wdyw
o

expected damage/cycle

amﬁm & {r(1+m) —Iomme""dw}

m+l m+2 mt3
m Wo Wo Wo

K

+ -
w1 T w2z 2(me3) T }

m

whence the error caused by ignoring the terms in w, may Dbe
calculated and found to be generally very small. For instance,
with m = 3.5 and c = 1.35 (these are typical values from chapter
5), the bracketed term is:

+ - = + ...

0.34:5% 0.35-5% 0.35%:5
4.5 5.5 .5

r(s4.5) -

)]

= 11.63 = 9.86 X 10°* + 2,42 x 107% - 6.14 x 1075 + ...

3.5.3 Stresses due to Wave Forces on a Vertical Column

The use of the simple relationship S=aH arises from circumstances

such as the following:
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For modest sized waves of height H and period T in deep water,
linear wave theory*® gives the horizontal components of water

velocity and acceleration at depth h as
velocity = % wHe XN gin wt (3.24)

acceleration =-§ w2He XN cos wt ) (3.25)

where X = w%/g and w = 27/T
Hence the horizontal inertia and drag forces per unit length on a

cylinder of radius r are given by Morison's Equation as

1
z Cmpnrzmzﬁe‘kh cos wt (3.26)
1

and@ 7 Cpprw2H2e~2XN|gin wt|sin wt respectively (3.27)

If the cylinder extends vertically from the sea-bed to the surface
the amplitude of the total horizontal inertia force is given by

> CponrZw?He~XNdh where @ is the depth

O
N

- % Cn7pgr2H for very deep water (3.28)

Similarly the amplitude of the total drag force is given by

I % cpprw2BZe—2Xhan

= % CppgrH? (3.29)

Hence taking typical values for Cp and Cn of 0.6 and 2.0

respectively:
Drag force amplitude - _i EE E
Inertia force amplitude av Cn rx
l1 0.6 H
“ar 2.0 ¥
H

= 0.024‘; (3.30)
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With H around 5 to 10 metres for waves of greatest interest and r
of the order of 1 metre it is clear that in terms of total loading
on a vertical cylinder the drag force is much less important than
the inertia force, and that bearing in mind the difference in
phase the amplitude of the total horizontal loading will be given
reasonably accurately by the inertia loading alone. Thus the
stress at any joint where loading is determined principally by the
total horizontal load on one column will have the characteristics
of the inertia force in equation 3.28 - namely that it is
proportional to the wave height, to Cp, and to the square of the
member radius, but independent of wave frequency.

FPor example, at a hot-spot in a bracing member near the bottom of a
jacket structure and neglecting secondary moments due to Jjoint

rigidity, one could use the form S=aH where a is given by

a=(SCF)x 2 X% xF, x F; x (3Cqmpgr?) (3.31)
where (SCF) = stress concentration factor

hot—-spot stress
axial stress in bracing member

and A = Steel cross section area of bracing member
r = Effective radius of a column (including marine
growth for load calculation

Axial load in bracing member
Total Base Shear on Platform

F, =

F Total Base Shear on Platform
2 Base Shear Porce for single column of radius r

The factor of 2 allows for the reversal of stress between equal
tengile and compressive stresses as the wave passes, and the
factor F; 1is the zrxresult of the structural analysis of the
structure. The factor F, should be a function of the wave period T
because the forces on the columns of a platform are not all in
phase with one another, so the total force at one instant of time
depends on the wavelength and hence on T. It is assumed here that

a single representative, or conservative, value is used.

Bringing equations 3.3, 3.23 and 3.31 together gives:
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Nann & [(1+m)[2B(SCF)F,F,
X A

my—x
2
Patigue Life = [ i CmpPgr ] ] (3.32)

3.6 Spectral Methods

If the structure is dynamically sensitive then it is necessary to
calculate the response sea-state Dby sea-state because it is
impogsible to separate the responses to the individual waves from
one another. To avoid extensive time—domain simulations, this
requires the use of spectral methods. The result of such an
analysis is an energy spectrum for each sea-state of the stress at
the hot-spot under investigation. These spectra will almost
inevitably have a high bandwidth parameter, so argquments similar
to those in section 3.2.2 will be applicable here +to the
derivation of stress-cycle statistics £from the spectra. These
statistics are summed over all the sea-states to calculate the

fatigue life.

If the annual damage rate in the xth gea-state is dx., then the
actual annual damage rate is given by

k‘ txdyx

where ty is the proportion of a typical year for which sea-state k
persists and hence the life is

1/E txdx

Statistics for ty are supplied in the form of a scatter diagram (a
bivariate histogram of tx in terms of Hg and T,). Because of the
complexity of the calculations of dyx, and because there is no
accepted algebraic description of scatter diagrams, the

calculation of

E txdx

is performed over a finite set of discrete sea-states. There is no
equivalent closed-form solution, such as that described in section
3.5.2 above.

e
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The annual damage rate in the Xxth gea-state, dx, (if that

sea-state persisted all year) can be expressed as:

Ay -ali i(Number of cycles/year if xth sea-state persisted all
year)

x (damage due to one cycle of range Si)
X (probability in xth gea-state that one cycle, chosen
at random, has range Si) (3.33)

If, for example, it is assumed that the S-N curve has the form
NS™=K and if the upper-bound approach given in section 3.2.2 is
used, with a damage reduction factor Ay,

ym, sM rs -1/2.5%

1
dx I[ass.zs X 24 X 60 X 60 x 7 = ] |z ][ e “‘%:}ds
_ 365.25 x 24 x 60 x 60 .BWZAkl‘(m/z-!»l )mz;/z 1/2(m-1)

21nK

where m._ , mg, are the zeroth and second moments of the energy

spectrum of hot-spot stress under the wave loading of the xth

sea-state (s°°'k( w)), i.e.

Now,

Sock(‘*’) = la(w)lz.sm}k(m) | (3.35)

where sﬂﬂk(“") is the energy spectrum of sea surface elevation in

the kth gea-state , and o(w) is the transfer function which
relates wave height and hot-spot stress. The essence of this
method is that this transfer function is a function of wave
frequency (w) but not of wave height, so that wave height and
hot-spot stress are assumed to be directly proportional to one
another at a given w. The need to linearise what is essentially a
non—-linear relationship (because of the drag force .and sea surface
effects, for instance) and the difficulty of carrying out a full
model analysis are the major drawbacks of this approach. The
approximations and simplifications wused to overcome these
difficulties inevitably 1lead to some inaccuracies in the
calculations. Various methods have been suggested35.5% which

attempt to minimise these inaccuracies. i



CHRPTER 4

FORMULATION OF FAILURE FUNCTION

4.1 Introduction

The purpose of this chapter is to discuss, for the case of failure
by fatigue, the formulation of the failure function, 2 = g(X),
that is required for the calculation of probabilities of failure
as discussed in Chapter 2. The first formulations to be discussed
are derived from the deterministic methods of design and analysis
outlined in Chapter 3. Then some further developments are given

(in section 4.5) incorporating the concepts of fracture mechanics.

The basic requirement that the failure function, g(x), must meet
is that it should Dbe formulated in such a way that g(x) €O

indicates failure and g(x) » O indicates non-failure.

The simplest way to satisfy this requirement in the case of
fatigue failure is to take the safety margin Z, as a measure of the

reserve of life, i.e.

Z = (Actual Life) — (Required Life) (4.1)

so that 2 € 0 if the actual life is too short. An alternative
formulation which leads to a more quickly converging solution in

many of the problems to be discussed later is

Z = log(Actual Life) - log(Required Life) (4.2)

The required life may be a specified number of years, or it could
be expressed as "for as long as the structure is required”, in
which case, for an oil production platform, it could be developed
as a function of basic variables such as the size of the oil-field,
operating costs, world oil prices, and taxation levels, all of
which are subject to considerable uncertainty. This approach will
not be explored further in this thesis and the required life will
be taken simply as Y, years.

.
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4.2 Re-f{ormulation of Deterministic Procedures

The deterministic procedures given in Chapter 3 are based on
Miner's Rule: the idea that failure occurs when the cumulative
damage reaches unity. Experiments have revealed a wide range of
variation in the performance of this rule. 7This may conveniently
be allowed for in the formulation of the problem by the
introduction of an additional basic variable, M, describing the
uncertainty in the operation of the Miner's Rule under variable

amplitude loading. Thus egquation 3.2 for instance becomes

(Life in years) x (annual damage rate) = M (4.3)

and hence the failure function can be written

M

z Yr (4.4)

= (annual damage rate) -

The various equations given in Chapter 3 can now be easily
reformulated. For instance, using the most general formulation,

given in equation 3.2,

M

2= famom (42

More specifically, if the stress spectrum is narrow-banded, the
structure dynamically insensitive, with a 1linear relationship

between S and H, and assuming NS™= K, then equation 3.18 gies

MK
z= Nann ame™ r(1+m/k) ¥r (4.6)
and equation 3.23 given
MK
Z = Yy (4.7)

Nann amAMar(1+m)



Equations 4.6 and 4.7 differ only in the form used for the

long-term wave height distribution.

For the particular case where the stress range is calculated from
the wave force on a single vertical column, equation 3.32 gives

(with the addition of the reduction factor A)

MKa™ - Yy (4.8)
Ananpnad(1+m ) [ B( SCF )F,F,Cppgr2 M

Similarly for the spectral methods outlined in section 3.6, the
general form is
M

2z = .«ETRG_J; - Yy (4.9)
and, more specifically, equation 3.34 gives
2mMK - Yy (4.10)
2= ' im A I L(m1)
(365.25x24%60x60 ).8<% .I‘(l-*-—z-m)ﬁ(tk.mzk-z.mok’- <Ax)

for the case where Ns™ = K and mo, and m, are moments of the

hot-spot stress spectrum for the ktP sea-state.

4.3 Selection of Basic vVariables

4.3.1 Introduction

For the purposes of reliability analysis the failure function has
to be formulated in terms of the chosen basic variables; that is
those quantities for which probability distributions are to be
provided. The choice of which quantities to use as basic
variables is to some extent a compromise between those for which
data is most readily available, and those that lead to a failure

function which will be easy to use.

The functions given above (equations 4.5 to 4.10), being derived
from the deterministic design methods, essentially represent the
final stage of a much longer calculation procedure. Some of the
quantities they contain, such as the Miner's Rule model

uncertainty, M, and the S-N curve parameters, m and K, are
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suitable for use as basic variables in that experimental data is
widely available for these quantities. In other cases further

consideration is necessary.
4.,3.2 Loading Variables

Ioading variables, such as Cy in equation 4.8 may appear to be
suitable for use as basic variables, but the situation is not
straightforward. OQuantities such as M, m and K, representing the
calculation of strengths, need apply only to the particular detail
which is being checked. If the failure function is formulated (as
in equation 4.8) using a single quantity Gy, then this represents
the cumulative effect of loading all over the structure, which
includes horizontal members, vertical members and inclined
members, in various different parts of the wave, and different
distributions for the uncertainty in Cp may be indicated for
different members by the experimental data. In addition if Cp is
found to depend on parameters of the wave such as Reynold's Number
or the Keulegan—-Carpenter Number then it will vary with time as
various sea-states succeed one another. It is extremely unlikely
however that sufficient data would be available to enable all
these effects to be modelled accurately, and the resulting
calculations would certainly be extremely complex. A realistic
reliability analysis will therefore treat a quantity like Cp as a
single basic variable, but the problems raised above have to be
considered in creating the distribution to be used for such a

variable. This will be discussed further in section 5.2.

Similar arguments apply to other loading variables such as the
drag coefficient Cp and the effective radius (including marine
growth), r.

4.3.3 Variables which affect the Structural Analysis
The structural analysis of an offshore structure is generally a

long and complex process because of the complexity of the
structure itself. The results of an analysis depend on the
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dimensions of the structure and its members and the properties of
the materials. They also depend on quantities such as the
effective stiffness of the tubular joints, and although in theory
these quantities are determined by the dimensions and material
properties of the structure, in practice they are regarded as
additional variables because of the lack of accurate models with

which to calculate them from the dimensions of the joints.

The stiffness of foundations will affect the outcome of some
structural analyses and for dynamically sensitive structures the
effective mass of the structure (including the added mass
indicated by the coefficient Gy, and the marine growth) and the
drag force effects which determine the damping will also be

important.

These quantities do not appear explicitly in any of the
formulations given by equations 4.5 to 4.10. The results of the
structural analysis are included in the evaluation of quantities
such as a in 4.6 and 4.7, F, in 4.8, and mgx and m,x in 4.10. Of
these, only F; is concerned only with the structural analysis, the
others also cover aspects such as the calculation of wave force
and the use of stress concentration factors to obtain the hot-sgspot

stress.

The many quantities that determine the outcome of a structural
analysis will all be subject to some uncertainty, and could be
taken as basic variables. This would make the reliability
calculation extremely lengthy, Dbecause whether it is done by
numerical integration, the Monte—Carlo method, or the Level 2
method, the calculation involves many evaluations of the failure
function using different values of the basic variables, and each

of these evaluations requires a new structural analysis.

An important question, therefore, is whether there are any
significant uncertainties in the structural analyéis. If there
are not, then it is possible to arrange the calculations so that
the structural analysis is only carried out once and the results,
in the form, for example, of influence line coefficients, are used

throughout the reliability analysis.
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If there are significant uncertainties affecting the structural
analysis then it may still be possible to avoid carrying out full
structural analyses throughout the reliability calculation. This
is done by undertaking a preliminary study of the effects on the
results of the structural analyses of the significant
uncertainties, which are then allowed for in the reliability
analysis in a simpler way. Oone method is to introduce a model
uncertainty variable expressing all the uncertainties in the
structural analysis. Alternatively, if there are only a few
variables which are subject to a significant degree of
uncertainty, it may be possible to find simple empirical functions
relating the results of the structural analysis to these variables

so that they can be used as basic variables.

4.3.4 Special Peatures of Spectral Methods

In the case of the spectral methods that lead to equation 4.10 the
results of the wave loading and the structural analysis are
contained within the two moments mgy and m,,. These are defined

by

Ty, = mnsggk(m)dw (4.11)

where Saok(”) = Iak(m)lennk(m) (4.12)
where snnk(w) is the wave energy spectrum for the xth gea-state

and ox(w) is the transfer function for the kth gea-state

This formulation ignores the problem of the directionality of the
waves. Vughts and Kinra®¢ give a more elaborate formulation which

includes this.

86



The transier functions op(w) covers the effects of three
'transfers’:

(1) from the wave to the wave loads

(ii) £rom the loads to the member stresses

(iii) from the member stresses to the hot-spot stress.

Part (i) of this corresponds to F,(1/z2Cppgr?) in the simpler
formulation, but in general also includes some effect of the drag
force. It is a function of the frequency ®w and the best
linearisation is different for each sea-state. Part (ii) is the
result of the structural analysis, including the effects of
dynamic response. This depends on the natural frequencies and
damping coefficients of the structure, and hence not only on the
stiffness but also on the effective mass of the structure (which
includes effects of Cp and marine growth) and on drag effects.
a(w) is not now proportional to Cn. To avoid a complete structural
analysis at every stage of the iterative process it would be
necessary to find approximate equations representing the
dependence of the results of the structural analysis on the
required basic variables. Such calculations are clearly specific
to each structure and there is no generally agreed form that these
equations should take. Part (iii) of the transfer function is the
stress concentration effect. In equation 4.8 only one stress
concentration factor was used. In general the hot-spot stress is

given by

Hot-spot stress = § (SCF);.04 (4.13)

where the summation is over stresses due to axial loading, bending
about two axes, etc. This summation is complicated by the fact
that the hot-spot may not be in the same position for each stress.
As with the wave coefficients in section 4.3.2 a composite
effective stress concentration factor can be devised and o(w)
would be proportional to such a quantity. It follows therefore
that the moments mox and m,x will both be proportional to the
square of this effective stress concentration factor, and hence

the summation

Itk mp F mok-ir(m" k)



in equation 4.10 will be proportional to (SCF)W; the same
relationship as held in equation 4.8. This is the only element in
a(w) whose effect can be described with such generality.

Since sea-states are specified by their significant wave height
and zero-up—crossing wave period, the wave energy spectrum smk(“’)
for each sea-state is a function of the appropriate wvalues of
these two parameters. The function, which might for instance take
the Pierson-Moskowitz4® or JONSWAP*7 form, will be subject to some
uncertainty. This can be treated by taking the various

‘constants' in these spectrum formulae as basic variables.

4.3.5 Use of Ratios as Basic Variables

It is convenient to express basic variables as non-dimensional
quantities which are factors on the values used in deterministic
design calculations. This can give the resulting calculations a

considerable degree of generality.

For example, taking the formulation of equation 4.7, but in the
log form of equation 4.2, and using superscript V to indicate a
basic random variable and superscript D to indicate a

deterministic constant:
MKV ,
= - D
2 = 109 [FUraVaVyayr(mayy) - 109 (%)

MYV

If in a deterministic design calculation the calculated life is

Y4, then from the corresponding deterministic form, equation 3.23:

MDxD
D .
¥a" = 3D(aDpP y™oDr( 14m) (4.15)
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Introducing a superscript R is to indicate a basic variable which
is a non-dimensional factor on the deterministic design wvalue,

i.e. for a quantity X:

v
R . X
R =5 (4.16)

then substituting equation 4.15 into the bracket of equation 4.14

therefore gives:

R r(14mP) (aPpPymP  y,D
Z = log |TR_K (1Y) (_a'VEVTﬁV Y_rD (4.17)

If it is now assumed that m may be taken as a constant (mVEmD=m),

then

MRkR YaP
} (4.18)

Z = log {AER(aRﬁE)‘“ ) -Y;D

giving all the basic variables in ratio form. This can be extended

to the form of equation 4.8:

[ MRKR( aR )m YdD
2 = 109 | R.R[pR(SCF)RF, RF e (eR) 2@ YD

(4.19)

assuming that the quantities, ngnn, P, g are taken as constants.

Finally ¥gP Design Life

;;D = Required Life = Safety Factor on Life, (4.20)

8o that equation 4.19 is the failure function for a very wide set

of actual structures and circumstances.

4.3.6 Variables modelling the Prequency of Occurrence of Wave
Heights and Sea—States

In the simplest of the non-spectral formulations (equation 4.5)
the quantities nj give the number of waves of height H; per year.
In the subsequent developments (equations 4.6 to 4.8), the numbers
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of waves of varicus heights have been described by an algebraic
formula so that it is parameters of the formula that appear in the
equation: @ and kX in equation 4.6, « and B8 in equations 4.7 and
4.8. These algebraic formulae take the form of probability
distributions and could be thought of as such in that they can be
used to give the probability that a wave, chosen at random, will
have a particular height. Here, however, they are used to give the
relative frequency with which the various wave heights will occur
during the fatigue life. The incorporation of such a distribution
into a failure function implies an assumption that the general
form of the distribution is correct. The parameters of the
distribution, however, may be uncertain quantites and can be
treated as Dbasic variables. However, where a frequency
distributiuon has ¢two or more parameters, those that are
conventionally used would not necesarily be mutually independent
when considered as basic variables. If this were the case, it
would be necessary to find a joint probability density function
for them, or to seek an alternative set of parameters that would be
independent.

In the case of equations 4.9 and 4.10 the quantities tyx give the
time spent in each sea-state. Values for tx can be obtained from
scatter diagrams which give tx in terms of the significant wave
height (Hg) and mean zero-upcrossing period (Tz). However, there
is no accepted formula for representing the relationship between
tx., Bg and T, algebraically, so that the approach used above for nj
cannot be readily adopted for tyg. -

An alternative approach to the representation of wave description
uncertainty, which is applicable to both nj and ty is to take these
as basic variables. The problem is that they cannot all be
independent of one another. For instance, ¢tx represents the

fraction of time spent in sea-state k, so by definition,

g tx=1.0 (4.21)
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A similar constraint applies to nj because the total number of
waves per year is determined by the average wave period and is
certainly subject to much less uncertainty than are the individual
nj values.

If the values of the variables tyx are assumed to be stochastically
independent, subject only to the constraint of equation 4.22, then
it is possible to modify the Level 2 method to give results which
will satisfy this constraint by introducing a second failure
function that has to be zero at the 'design point':

Zg = L tx - 1.0 (4.22)

An alternative approach is to take a deterministic value for each

tx and introduce a single basic variable outside the summation,

i.e. replacing
£ txdx

in equation 4.9 by

t'k tkdk

where only t*' is a basic variable. Similarly
E (1/Nj)nj

could become

n'E (1/Nj)nj

in equation 4.5 with deterministic nj and n' as a basic variable.

These methods will be discussed further in section 5.1

4.4 Use of Fracture Mechanics

4.4.1 Introduction

The science of fracture mechanics was developed initially to
quantify the phenomenon of brittle fracture where failure occurs
by the rapid propagation of a crack starting from an existing
defect in the material. Early work was by Griffiths®Z and modern

fracture mechanics dates from the introduction of the concept of
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the stress intensity factor by Irwin33.3¢, Subsequent
developments have also included concepts such as the crack opening
displacement®5 and J contour integral®®, and aim to explain all

the modes of crack extension under load, including the effects of

ductility.

Since frcture mechanics is concerned with the extension of cracks
it is not surprising that many investigators have sought to use
this approach as the basis for a more penetrating insight into
fatigue than is obtained from the consideration of S-N curves and
the test data that support them. The major advance has been the
measurement by a variety of techniques®” of the rate of crack
propagation per cycle (da/dn) during constant cycle tests, and the
establishment of relationships between this rate and various other
parameters. The most widely accepted and used relationship is due

to Paris®*® and takes the form:

da

an - CAKM (4.23)

where AK is the range of stress intensity factor and C and m are

empirical constants. AK is given by:

AX = aSy(mna) (4.24)

where o is a constant (generally close to unity) which takes
account of the geometry of the teét piece, S is the stress range
(based on a reference stress defined to suit the specimen being
tested) and a is a measurement of crack size, normally the crack
depth for an edge crack or surface crack and half the crack width

for an intermal crack.

Various authors (see xef, 59 for summary) have suggested
theoretical bases for such a relationship, which 1lead to
particular values (usually integers) for the index m.
Nevertheless, Equation 4.23 remains an essentially empirical rule
with m usually taking values in the range 2 to 4, with no clear

indications of an underlying integer value.
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In the case of constant stress cycle tests this relationship is

consistent with a common form of S-N curve.

da
Given — = C alsWyW/2aW/2 (4.25)

an
i.e. aW23a = cosmV2an

If the crack extends from length aj to ag during N cycles,

afl-m/z_ail-mlz

= CofsT/ 2N
m
1-7
i.e. NS® = = K (a/26)

B 1) commm2

which shows that the S-N curve parameter K is related to more
fundamental properties of the material, and of the geometry of the

particular case under examination.

It is often found in constant stress cycle tests that stresses
below a certain threshold 1level will not cause cracks to
propagate. In the fracture mechanics view it is considered more
likely that a threshold value of range of stress intensity factor
(AK¢n) would exist as a fundamental property of the material and
the Paris crack growth law equation 4.23) can be modified®©.81 to

include this:

da

either g C(AK - AK¢p )™ (4.27)
da

or an = C(AK® — AKyp") for AK 2 AKip (4.28)

Another modification is based on the suggestion that the end of a
fatigue test occurs when the actual value of stress intensity
factor first reaches the critical value, K, at which £fracture
occurg in tests conducted under conditions of steadily increasing

load, and that the crack growth accelerates as this event comes

(2
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closer, due to local fractures on parts of the crack front. If the

fatigue cycles are from Kpinp to Kpax then,

&K = Kmax — Kmin

and the stress ratio R is defined by

hence ax = —"
X 1-R

The Forman®2 edquation gives
da _CAKT

an © (1-R)Kc-AK

which fulfills these requirements.

A combined form can be created incorporating both

(4.29)

(4.30)

(4.31)

(4.32)

the threshold

effect at the beginning of the life and fracture effect at the

end,

da C(AK™ —AKy™)
an = (1-R)Kc - &K

e.q.

(4.33)

These more complex forms have some experimental support, but none

has yet become established as the best available and the simpler

Paris form is still widely used. The more complex formulae do not

integrate as neatly as the Paris equation but S-N curves for

constant cycle tests can be derived from them if required.
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4.4.2 aApplication to Offshore Structures

There are a number of problems involved in using the equations
above in the study of offshore fatigue problems. For instance the
effect of the geometry of tubular joints is usually to give crack
propagation behaviour that is markedly different from that
observed in simple fatigue test specimens. As the"crack extends
away from the hot-spot it moves rapidly into areas of lower stress
and it is therefore found that crack propagation occurs at a much
more uniform rate during the life than is given by a formula such

as equation 4.25.

There is also a problem in defining a suitable measure of crack
size. In the early part of a test, it is the propagation of the
crack through the plate thickness that is of greatest interest,
but subsequently it is the propagation of the crack along the weld
that is significant.

These problems have been extensively studied by Dover®3® who is
developing methods of overcoming them. However, at the present
time fracture mechanics methods are not normally used in design
calculations. Nevertheless they may have something more to offer
in reliability studies because of the insight they give into the
nature of the uncertainties in fatigue behaviour. For instance
equation 4.26 shows how the S-N curve parameter K can be explained
in terms of more fundamental properties and hence where the

variations found in fatigue test results may originate.
4.4.3 Varying Stress Cycles: Threshold Effects

The discussion so far has been in terms of constant stress cycle
tests and equations that seek to model the results of such tests.
A further problem in the use of the fracture mechanics approach is
how to handle varying stress cycles. This will be considered
fully in the next section. Before that, however, an example will
be given of how the fracture mechanics point of view affects the
way in which varying stress cycles are handled, even when the
calculation method used is that of S-N curves and Miner's Rule.

The S-N curves used in conventional design calculations are

!
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normally odbtained f£rom the results of constant stress cycle tests
and often show a threshold level of stress range below which no
crack growth occurs. Now if this threshold value of stress range
is a basic property of the material then only stress ranges above
this level need to Dbe considered in the cumulative damage
calculations. However, if it is the threshold value of stress
intensity factor range that is a fundamental property, then
whenever a cycle occurs that causes the crack to extend, the
apparent threshold@ level in stress terms decreases, 8o that a
greater proportion of the cycles become damaging. Thus the
threshold is gradually eroded. It is for this reason that
threshold stress ranges are not used in offshore fatique
calculations. They use either a straight 1line S-N curve (in
log—-log space) or one with a shallower (but still non—zero) slope

for low values of stress range.
4.4.4 Varying Stres Cycles: Cumulative Damage

Measurements of crack growth rate during tests where specimens are
subjected to sequences of cycles of varying stress range (and
sometimes varying mean stress as well) have shown that £fatigue
lives can be seriously affected by the order in which cycles occur
and it is clear that the cumulative damage hypothesis of Miner's
Rule can be very incorrect. These sequence effects are 1likely,
however, to be less marked where the loading is due to natural
environmental loads whose behaviour is stationary, at least in the
short term, than where the loading Sequences are more precisely
controlled as, for example, in the case of the effects of take—off

and landing in aircraft.

Ideally fatigue tests should be carried out with sequences of
loads following the pattern to be experienced by the structure
under consideration. This is particularly relevant in the case of
broad-band spectrum loads, where the definition of cycles is not
simple and where methods such as the rainflow method give cycles
superimposed on other cycles making an accurate calculation method
based on cycle-by-cycle crack extension seem impossible. However,
while tests have been made with wave spectrum 1loadings, the
variety of forms that broad-band spectra can take is so large that
results of general applicability are not available,
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In the absence of such tests it is of course possible to proceed by *

ignoring the sequence effects that undoubtedly occur, hoping that
they will, on average, cancel out over the large number of cycles
involved. The calculations below are made on this basis but it is
important to realise that much of the advantage of the fracture
mechanics approach may have been lost in these approximations, and

the results will be of limited applicability.

The first necessary assumption 1is that crck growth can be
represented by an equation such as equations 4.23, 4.27, 4.28,

4.32 or 4.33, or more generally

% - g(s,a) (2.34)

dn
implying that a cycle of stress range S will extend a crack of
length a by amount g(S,a) irrespective of <the magnitudes of

previous cycles.

Given a sequence of stress cycles, this formula can be used to f£ind
the total crack extension by applying it to each cycle in turn.
However, s8since the crack extension caused by the nth cycle is
calculated from the crack length at the beginning of that cycle it
is thus affected by all the previous cycles so that the total crack
extension over the sequence of cycles is unlikely to be
independent of the order in which they occur. This is indeed
intuitively sensible, since if the formula used includes a
threshold effect in terms of AK¢p then one would expect it to make
a difference whether the smallest cycles occur at the beginning or

the end of the sequence.

The use of equation 4.34 does not therefore guarantee that the
actual sequence of loads will not affect total crack extension.
This does not matter if a known sequence of cycles is to be used or
if it is possible to simulate sequences of cycles from given
distributions. However in Ievel 2 type calculations it is
necessary to be able to write down a deterministic failure
function with all the probabilistic information contained in the
probability distributions given for the variables in the failure
function. This is clearly impracticable using the sum of millions
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of crack extensions due to the individual cycles, each of which

depends on all those that have gone before.

Hence for the application of Level 2 methods it is necessary to be
able to write an explicit practicable formula for the whole
fatique life. This can be done easily only if either

(i) the order of cycles is immaterial, so that the life depends
only on the long-term distribution of cycle sizes,

or

(ii) the loading process is sufficiently stationary that the crack
growth history is always close to that given by the average
or expected growth rate, in which case the effect of the
randomness of the cycles, within the limits imposed by the
stationarity condition, will have little effect on the life.

Condition (i), that the order of the cycles is immaterial, is
essentially the cumulative damage hypothesis of Miner’'s Rule. If
this condition is to hold, then it must be possible at any stage in
the life to define a measure of "damage", Q(a), which is a function
of the crack length at that stage, but which is independent of the
previous history of the crack. But if the n'P cycle extends the
crack from ap-3 to ap, then the increment of "damage™ must depend
only the stress range of the ntP cycle, s,, and not in any way on
the crack 1length, because otherwise ¢this cycle would have a

different effect if it occurred at another stage in the process.

i.e. Q(Ap) - Q(ap-;) = function of Sy (4.35)

aQ(a)

Now Q(ap) - Q(ap-;) = ‘at a = ap

dp(a) da
=~ ~aa an (4.36)
da
Hence —— = (function of Sp) x [dQ(a) -t .
dn
da
or generally fﬁ = (function of S) x (function of a) (4.37)
dn

Now if S and a are linked by AK = aSyma it is clear that only the
Paris crack growth law (equation 4.23) fits this criterion.

[3
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Hence this is the only one of the crack growth formulae given above
which is strictly consistent with the cumulative damage
hypothesis, given the assumption that these equations can be used
with varying stress cycles.

It is therefore possible to combine equations 4.7 and 4.26 to give

a failure function

M (ai:.-m/z - afx—m/z)

Z = - Yy (4.38)

Anann am Aoy, £(1 4m)(3-1) cor™?
where ag = a from equation 3.16
o,y = « from equation 3.20
s = a from equation 4.24
and other symbols as previously defined.

It is of course also possible to devise S~-N curves from the other
suggested crack growth formulae and to use these in cumulative
damage calculations, but this does imply making contradictory
assumptions in different parts of the calculation.

However if condition (ii) applies, then such calculations may be
reasonable. Ocean waves can be regarded as stationary processes
both in the short term and in terms of annual statistics, so that
over a reasonably long 1life this condition may be reasonably
applicable, although this could only be fully tested by extensive

numerical simulations.

Condition (ii) implies that it is possible, in effect, to replace
the actual sequence of crack extensions with an equal number of
vexpected" extensions given by

£[22] -Jacs.a). £a(sas (4.39)
nl 4
whare fg(S) is the long-term distribution of stress range. Hence

for the "replacement" cycles:

a
é% -Ig(s.a)fs(s)ds (4.40)
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n = da
IE(s,a)fB(S)ds

da
Writing G(a) = Ifm)ds (4.41)

gives n = G(a) -G(aji) (4.42)
and the life is given by

d

N = G(ag) — G(aj) (4.43)
Hence if there are nypp cycles per year the failure function
is given by

G(ag) —G(aj)

Z = - Yy - (4.44)
Dann

With the appropriate functions for g(S,a) and £g(S) this will a;so
lead to equation 4.38. However other forms of g(S,a) are equally
applicable here, for instance equations 4.27 or 4.28 incorporating
the threshold‘ effect. This approach 1is however of limited
validity when failure is defined in terms of brittle fracture at
critical stress intensity factor, K, (equations 4.32 and 4.33)
rather than in terms of attaining some final crack length. What is
of most interest in this case is the possibility that a large
stress cycle will cause premature failure. This problem can only
be formulated in the way required for Level 2 analysis if a number
of special assumptions are made, as demonstrated in the next

gection.

4.4.5 Formulation for FPatique ending in Fracture

The basic assumption is that the process of stress cycling is
sufficiently regular for equation 4.42 to be used to give the
crack growth as a steady deterministic process, not significantly
affected by random variations. The peak stress, o, for each cycle
is taken as a random variable with long-term distribution £4(0)
and the peak stresses for each cycle are assumed to be
independent. Failure occurs when the stress intensity factor

acyma calculated from the current value of a exceeds K¢,

Ke

ayma

i.e. 0> (4.45)
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Now from equation 4.42 a = G 1(G(aj)+n)
= H(n), say. (4.46)

Hence after n cycles, given particular values of K, « and all the
variables that govern the function H(n), the prabability of
surviving the next load cycle is the probability that

Ke
7 ¢ ay(mA(n))
)
i.e. Fg ;7{;5(;7) (4.47)

The probability of surviving all cycles from n=1 to n=Npy is the
product of the individual probabilities for each n. Bence if the
probability of failure is defined as the probability of failing to
reach Ny cycles, it is given by
Ny Ke
1 -nr—l.x Fc[m] = Pfe~, Bay (4.48)

For ease of computation this may be written

rio = - e 20 el
Ny Ko
or Pgc =1 - exp {I !n[Fc[;7?;E?;;3]] dx} (4.50)

which can be evaluated numerically using a small number of values

of x.

This probability of failure is of course conditional on the values
chosen for Ko, «, and all the variables that affect H(n). Before
it can Dbe de-conditioned it is necessary to rearrange the
calculation into a form similar to a simple Level 2 calculation,
i.e. using a standard normal variable, u' say, and a failure

function.

If Pgc =1 - ¥(uge) = I ¢(u’)du’ (4.51)
fc

ie ugo = ¢‘1{1 - Pfc} (4.52)
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then the probability of failure is given by

f¢(u')dw (4.53)
Z<0

where Z<0 when u's> o‘*{l-Pfc}, 8o that Z could be given by:

Ny K

o ool o frmarle) v e

Hence 1if the vector X represents all the other basic variables

and U their standard normal equivalents (see section 2.7) then

P[Pailure] = II . .IP[Pailurelg].fxl(x,.).fo(xz). ..ax,.4x,..(4.52)

- H . .sz'g(u- )du'}.fx,_(xl).fo(x,_). ..8x,.4%,...
<

- JJ . .Io(u' Y.d(u; Yd(uz)... du’.du,.du,... (4.56)
Z2<0

so that Level 2 calculations may be made in the u'+u space using

equation 4.54 as the failure function.

The failure function of equation 4.54 can be developed further
given more detailed information on the structure and its
behaviour. For instance making similar asumptions to those used

before, i.e.

S = asH
Fu(H) = 1- a,exp(HIB)
g(S,a) = C(acSyY(ma))™

1

and if in addition ¢ = 3 agH (4.57)
then Z = ¢-l{exp{‘[ fn [.1-%exp[m”dx}}—u' (4.58)
S

1
where H(x) = {aii'm/2+ cafMaghm™/ ZawB(J.-%!)l"(l+m)x}""ivz (4.59)



CHAPTER 5

PROBABILISTIC MODELLING OF BASIC VARIABLES

5.1 Wave Climate Descriptions

5.1.1 Introduction

As discussed in the previous chapter, the failure functions
include a summation over a set of different wave heights or
sea—-states; uncertainties in the description of the wave climate
are therefore uncertainties in the number of times each wave
height occurs during the life of the structure, or in the length of

time for which each sea-state persists.

Probabilistic models are needed to express two different types of
uncertainty: the _natural variability of the wave climate and the
statistical uncertainty due to inadequate data. These can be
combined into a ‘predictive’' distribution as described in section
2.6.6.

The principal variation of wave climate is of course Bseasonal but
this is not relevant here because the assumption is made that
calculations will generally be concerned with whole years, and
that any fractions of a year that may appear in the calculations
can be adjusted to allow for appropriate seasonal effects. It is a
matter of common observation that the weather varies from one year
to the next. However most platform calculations involve periods
of twenty vyears or more, and it seems reasonable that the
variations observed from year to year will have little effect when
aggregate twenty year £igures are calculated. Longer term
variations in the weather certainly occur but these are small
effects which occur very slowly and are the cause of much debate
among climatologists. Wave records in deep water do not exist for
long enough for any conclusions to be drawn about long-term
variations. Where long sequences of weather records do exist (e.q.
for temperature and wind-speed at inland or coastal sites where
some records go back for centuries), changes of instrumentation

and local topography make their interpretation difficult®¢. while
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it may be true that the wave climate will change measurably during
the lifetime of platforms being installed today there seems to be
no reason to expect such change to be anything other than
negligibly small in its effects on the fatigue 1life of the
platform when compared with many of the other uncertainties
discussed in this thesis. An estimate will be made below of the
variation from year to year and of the extent to which this will

affect longer term aggregate statistics.

In the early days of the exploitation of North Sea oil reserves,
data about waves were extremely scarce. The situation is rapidly
improving with the installation of wave recording devices on
platforms, but in the early days of any new offshore oil field it
is likely that wave data will be limited, and calculations for a
proposed platform may have to be made on the basis of a year or
two’'s records at a site possibly some distance from that of the
proposed platform. This leads to some uncertainty about the
appropriateness of the available statistics and, in addition,
records obtained from wave recording devices are often seriously
incomplete, leaving further doubt as to the accuracy with which
the available statistics represent the true situation. An attempt
has been made to estimate these uncertainties from some typical
data.

The failure functions outlined in chapter 4 are based on either
the number of waves (nj) per year of various heights (Hj) or the
proportion of time (tx) spent in each sea-state (specified by Hg
and T3). Three alternative types of basic variable have been
suggested (see section 4.3.6):

(1) using all the nj or tx quantities as basic variables

(2) using a single variable n’ or t' as a factor on the summation
(3) expressing nj or tx as functions of some other basic

variables.

These three methods are all suitable for describing both the
random variability of the wave climate and the statistical
uncertainty due to inadequate or incomplete data. The following

features govern their usefulness in practice:
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Method (1): This has a large number of basic variables which are
all theoretically correlated with one another. Deriving a
suitable model is 1likely to be dAifficult, and it would be
cumbersome to use in reliability calculations.

Method (2): This is much simpler to use, but the probabilistic
model for n’' or t' will depend to some extent on the
particular problem being analysed. It may be necessary to
reformilate the model for each reliability calculation.

Method (3): This is probably the best method if a good model exists
relating nj to Hj or tx to Hgx and Tzx. This requirement is
generally held to be satisfied for nj but not for tg.

These points will now be elaborated in more detail. The
difficulties involved in method (1) are related to the partial
correlation of the variables and will be discussed in terms of the
tx variables, although similar arguments apply to nj. First the
sum of all the ty's must be unity. This difficulty can be overcome
in the Level 2 approach, as discussed in section 4.3.6. The £full
problem can be seen by considering a series of annual scatter
diagrams for a particular location. A second series of diagrams
can be produced in which the number of separate sea-states is
halved, each 8sea-state in the second series of diagrams being
produced by combining two adjacent sea-states on the first set of
diagrams. The number of occurrences of each sea-state on each
diagram in the second series is therefore given by adding the
number of occurrences of its two component sea-states on the
corresponding diagrams in the first series. The variation from
year to year shown by the second series of diagrams will be less
than that shown by the first. Purther reductions in the number of
separate sea-states on the diagrams will reduce the scatter until,
of course, for the whole diagram there is no scatter at all. Since
the reliability is more sensitive to some sea-states than others,
what is required is a model that results in the correct degree of
uncertainty in the summation; an idea which 1leads to the
formulation of method (2). It is possible to formulate a model for
the Jjoint wvariation of all the +tx's, perhaps by £finding
distributions for each one individually and then taking their
standard normal transformations as the marginal distributions of a
multivariate normal distribution. This model would however be
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awkward to use, and has not been pursued since model (2) is
considered preferable.

To use method (2) the failure function is reformulated; for
example an expression such as L(1/Nj).nj in equation 4.5, in which
all the njy are taken as basic variables in method (1), is replaced
by n'L(1/ni).nj where the nj are now taken as deterministic and n°'
is the only basic variable. Data, however, still comes in the form
of observations of the variability of nj, the frequency of
occurrence of wave height Hj, so it is necessary to derive data for
the effective variation in n' which results from the actual
variation in nj. If there are records for years j=1 to J, and if
there are njj waves of height H; in year j, and if the
deterministic values used for nj is n*j, then the value of n' for

year j, n'y, is given by

1 1
‘. = *: = = s
Now if NjSj™= K and S; = a Hj

T Hi™njj

thennj:m

(5.2)

Hence a value n'j is calculated from each year's data, and a model
for the variation of n' can then be derived. Although such a model
applies strictly only to the particular circumstances assumed it
is not unreasonable to assume that the variation and uncertainty

found in this way will be similar to that of other cases as well.

A similar approach is possible for finding a model for t°' from data
for ty, the proportion of time spent in sea-state k, but in this

case

t'y f trxdx = F tyjdk (5.3)

Now dy is the annual damage rate for the xtD gea-state and is in
general a function of many basic variables so a different
calculation of t'j could be made for each possible set of values of
dg. A general model for t*' can only be found if a number of
assumptions are made. But if for instance it is assumed that the

stress—cycles that occur during the xth gea-state are proportional

106



to Hgy and comparatively insensitive to Tz then 4y will Dbe
proportional to Hgx™, so that a model for t' can be derived from

£ Bex™tkj

- 5.4
E Bax™t*k (5.4

t'3
where t*p are the deterministic values used in the reliability

analysis. This approach is not correct if dynamic response is
important.

Method (3) is only currently practicable for the method based on
wave heights rather than sea-states. The discrete nj quantities
are replaced by a continuous distribution giving the relative

frequencies of occurrence of wave height, H, given, for example,

by

Fg(H) = 1-0e~B/B B inx € H€o (5.5)

£f4(h) = % e~H/B

The parameters a, 8 are then the basic variables, but they are not
necessarily independent. This does not matter if the formulation
of equation 4.7 is used because af® can be treated as a single

variable in this case.

The probabilistic models to be found below are therefore for the
parameters « and B of the long-term distribution of wave height
and n'. These can then be compared in their effects on reliability
calculations. For the reasons given above no general model for
the scatter diagram/sea-state approach can be formulated but

section 5.1.4 gives some potentially useful results,
5.1.2 Distribution Type

The parameters « and B8 of the long-term wave height distribution
are subject to the restrictions a » 0 and B8 » 0, and in practice
it appears that a is always greater than 1. The choice of
parameters a and B was purely arbitrary and alternatives such as
a/B, 1/8 etc could have been used instead. These two points
suggest that the most suitable distribution type would be

b4
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log-normal for (a—-1l) and B; these distributions are defined over
the admissible range of values and some of the other possible
parameters will also then have log-normal distributions. The
available data is not sufficient to indicate the correct form of
the distributions 8o in +the absence of other indications
log—normal distributions will be assumed.

The variables n' and t* are in effect weighted averages which
suggests they should be normally distributed, however they must be
greater than zero so a log-normal distribution would be better,
introducing a degree of skewness if the coefficient of variation
is high.

5.1.3 Available Data

In order to estimate the year to year variability and the
inaccuracy that could result from using a very limited quantity of
data, it was necesary to obtain data for one location for as many
years as possible. It was also considered that the data should
come from a location in the central or northern North Sea so that
any conclusions drawn would be as applicable as possible to the
British offshore work. The only Source of data which satisfied
these aims was the shipborne wave recorder on the m.v. Famita,
data from which was supplied by the Institute of Oceanographical

Sciences (IOS).

The m.v. Famita is a Norwegian vessel which serves as both a
meteorological station and as a rescue vessel when the need
arises. when on station its location is 57°30'B 3°00'E (i.e.
within 100 miles or so of fields such as Ekofisk and PForties),
where the depth of water is approximately 66 metres®®. The vessel
normally operates only during the winter, generally covering the

period October to March at least.

The vessel is fitted with a shipborne wave recorder®® Mmaintained
by the Institute of Oceanographical Sciences. Twelve-minute

samples of the variation of surface elevation are taken every
three hours and recorded on paper chart rolls. Wave records are

considered usable only when the vessel was on station during the
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recording period and not when it was under way for rescue
purposes. For this reason a large number of wave records has been
missed, and unfortunately it is probable that these lost records
would have contained many high waves associated with the storm
conditions which necessitated the rescue operations. IOS have not
attempted to quantify or correct this effect.

Data has been supplied by IOS derived from the records of seven
winters from 1969/70 to 1976/77; no data has been supplied for
1970/71 because very few records were successfully made during
that winter. The data have been trimmed to cover only the six
months from October to March inclusive in those cases where the
recorder functioned for a longer period. This means that, ignoring
leap years, 1456 records were potentially available. The actual
periods of operation and numbers of records is given in table 5.1.
As can be seen about 70% of the possible records are normally
available, but. in the second winter, 1971/72, recording started
over a month late and less than 40% of the 1456 potential records

for a full six months were obtained.

From each twelve minute record the significant wave height Hs' and

the zero-up—crossing period, Tz, were calculated, as described by
Tuckers’. These results were then displayed in the form of
scatter diagrams (bivariate histograms) for each of the seven
winters in which the calculated values of Hg and T, were grouped
into intervals of 0.5m and 0.5 seconds respectively. The data were

supplied in this form by I0OS and are given in fig 5.1.

In order to obtain some information about the variation of wave
climate with distance, a scatter diagram was obtained from 10S for
the six months October 1973 to March 1974 for the Stevenson
weather ship in the northern North Sea (61°20'N O0°00'E), with the
aim of comparing this with the same period at Famita.
Unfortunately the Stevenson recorder only recorded 566 valid
records during this period and subsequent data was still subject
to commercial confidentiality. It was felt that these data were
insufficient to make any analysis worthwhile. This research will
be possible in the future when more data is available.
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The wave recorders used on m.v. Pamita and Stevenson give no
information on the direction of travel of the waves, and where
necessary it is assumed in the calculations that the wves all

travel in a single direction.

The principal problem in the use of scatter diagrams is the
definition, estimation and use of the term "significant wave
height", Hg. The original definition®® was that Hg was the mean
height of the highest third of the waves, and the notation H, /, was
also used. However it was not usually made clear how the wave
heights were defined, and except for narrow band cases this is not
cbvious. Tucker®? defines the wave heights as the difference in
level Dbetween each crest and the preceding trough. He admits
however that some of his colleagues prefer to define wave height
as the difference in level between the highest crest and the
lowest trough that occur between s8successive zero up—-crossings.
These two definitions will give different numbers and sizes of
waves, the disparity being most marked in the number of small

waves indicated for wide band spectra.

If the wave spectrum is narrow-banded then it can be shown f£rom the
properties of the Rayleigh distribution that Hg = 4vm,, where m,
is the zero'P moment of the energy spectrum and that therefore
Hg = 40 where o is the r.m.s. value of the sea surface elevation
above still water level.

Although it is possible to obtain Hg statistically by measuring
all the wave heights on a wave record (given a definition of wave
height), this calculation is rather time consuming. Tucker's
method®?, which is much quicker, uses only the two highest crests
and the two lowest troughs, and gives two estimates of the r.m.s.
value o. The equation Hg = 40 is then used to give Hg. This
relationship is of course only true for narrow-band processes
where there is, in addition, no ambiguity in the definition of
wave height, but such calculations are held generally to be

reasonably accurate for most actual spectra.

Nowadays®$ Hg is actually defined as 40 and it is then described as
approximating to the mean height of the one third highest waves,

(3
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the approximation improving with narrowing of the spectrum. It is
still calculated £from chart records in the same way, although
other recording devices that enable ¢ to be measured directly are

spometimes used.

Therefore, although scatter diagrams are plotted in terms of Hg,
it is more accurate to think of them as plots of ¢ or m,.

Data for actual wave heights are not readily available and so have
to be inferred from the scatter diagrams by making suitable
assumptions about the distribution of wave heights within

sea-states.

For narrow-band spectra the distribution of wave height, H, is
given by the Rayleigh distribution:

Pa(E) = 1 - exp[-3 @ﬁiﬁ] (5.6)
-1 - e [2[3]]
hence fy(H) = g%z exp[—z [i]z] (5.7)

If a scatter diagram is defined by a discrete set of significant
wave heights, Hgj, and a discrete set of zero up-crossing periods,
Tzj. and if tj4 is the ratio of the number of times sea-state ij is
recorded to the total number of records on the diagram, then
during a (long) period of time T:

time spent in sea-state ij = t;5.T

ti5.T

number of waves in sea-state ij = T
z)

assuming that the number of waves is defined by the number of zero
up—crossings not by the number of peaks and troughs.

number of waves in all sea-states with significant wave
height Hgj

tij.Tv
-g Tz3

(5.8)
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Now if the significant wave height is Hgj, the proportion of waves
whose height exceeds H is given by:

1-Fg|Bg,(B) = exp(- 2H%/Hgi?)

Hence AQuring time T the total number of waves whose height exceeds
H is given Dby:

-2 2 ‘ __j
t{exp 2H</Hg 5 .T.C }
I ( / 81 ) 5o j

Hence the long—-term distribution of H is given by:

plexp(-262/8512). E(+13/T23))
I3 (¥13/Tz3)

Py(H) =1 - (5.9)

Strictly, this calculation applies only to narxrrow-band
distributions, but it is shown in section 3.2.2 that, for the
purpose of fatigue calculations, broader band spectra can be
conservatively taken as narrow-banded, and the circumstances in
which data for wave height distributions are required are those in

which the spectrum either is, or is assumed to be, narrow-banded.

With regard to the data from m.v. Pamita, it is likely that the
large number of missing records will be a major cause of the
differences that are observed between the data for the various
available years. To give some ideé of the extent of this effect,
an alternative set of data was prepared in \;lhich the number of
records in each diagram was exactly 1456; the new diagrams being
prepared from the old by '£illing in' the missing records in such a
way as to minimise the differences between the years in each

position on the diagram.

If n4jx is the number of occurrences on the jth gcatter diagram of
sea—-states with significant wave height Hgy and zero—up—crossing
period Tzx, then for each diagram (i.e. for each value of j) the

number of missing records is given by

1456 ~ E njx (5.10)



The extra records theoretically available in a leap year are
ignored. The procedure adopted was as follows:

(1) Ccalculate the ‘deficit' for each record below the average for
that place on the diagram:

4k = %gnjk - Nyx (5.11)

(2) Por each scatter diagram (i.e. for each j) in turn:
(a) Find the place (k=kpmax) where d4x has its maximum value
(dmax), and £ind also the second largest value of dyx(d'max).
(b) Increase nyk by the smallest integer which is greater

than dpax —9°'max. and reduce the number of missing records to
be distributed by the same amount.
(c) Using the new value of njkmax adjust the ‘'deficits’
all the values of j, thus:
1

djk =3 § nix - nik (5.12)

Stage (2) is repeated until all the available ‘'missing’' records
have been distributed. There are then seven diagrams in each of
which the total number of occurrences is 1456. The results of this

process are given in fig. 5.2,

One clear characteristic of these results is that, at most
positions on diagrams, all but one of the diagrams have very
gimilar values, the other one having a larger value. In all but the
most exceptional circumtances the original diagrams and the
*filled-in' diagrams will give upper and lower bounds on ¢the

differences between the years.
5.1.4 Analysis of Data: Distribution of Wave Height.

Pig. 5.3 shows the complementary cumulative distribution of the
wave height H obtained from the seven sets of data by use of
equation 5.9. They are plotted in the log-linear form, that is
fig. 5.3 is a graph of H against In(1-Fyx(H)) so that if the assumed

form is correct a straight line should result, thus:

If Fu(H) = 1- o e"B/B
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then B = B[ fna - #n(1-Fr(H))] (5.13)

Tables 5.2 and 5.3 give values of a and B which are the results of
linear regression analyses on these curves and values for the mean
and standard deviation of a and B, and af™ where m is taken as 3.5
(see Bection 5.5). These statistics are given for all seven sets
of data taken together and also with the second set omitted. This
year had very poor data recovery (see table 5.1) and can be seen in
fig. 5.3 to have a markedly different distribution for H.

The regression analysis has to be carried out over a limited range
of values of wave height; fig. 5.3 shows that for small values of
H the curves are clearly non-linear and a lower limit was taken at
1.0m. The upper limit is more difficult to choose. For high values
of H the value of Fy(H) is governed by the upper tail of the
Rayleigh Distribution used for wave heights within sea-states and
by whether or not the occasional extreme sea states were recorded,
and it 1is therefore 1less directly based on the statistical
evidence. Two alternative upper limits were used, 4.0m in table
5.2 and 6.0m in table 5.3 to test the sensitivity of the results to
the choice of limit; these heights are exceeded by approximately
5% and 1% of the waves respectively. The results in table 5.5 show
that the 4m upper limit gives a smaller range of results, which
means that using this more limited range values as the basis of the

regression analysis gives a more reliable procedure for estimating

agm,

It would be possible to weight the values of H to express their
relative importance to the reliability analysis, bDbut the
calculations would then lose their generality. Such weighting is
included in the method 2 (n') approach. Linear regression
analysis was used because the maximum likelihood method does not

work with this form of distribution.

Values for the coefficient of variation of n*' and dﬁm are given in
table 5.5 n' is calculated from equation 5.2. 1In practice the
value of the coefficient of variation that represents the random
variability from year to year will be between that derived from
the original data and that derived from the filled data. Assuming

e’
M
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no correlation between consecutive years the coefficient of
variation for the random variability between 20 year periods will
be a factor of 20 less than that for individual years, i.e.
between 0.043 (original data) and 0.014 ('filled' data).

If wave height data for both of two years follows equation 5.5 then
the data for the sum of the two years does not have exactly this
same form. It is not therefore possible to say exactly how the
variability of a and B between twenty year periods will relate to
the variability between years. However since the coefficients of
variation for afM are similar to those for n' it does not seem
likely that the choice between the different approaches will be of
great importance in assessing the contribution of various forms of
uncertainty to the overall reliability. It is thus concluded that
the random variability of <the wave climate contributes .an
uncertainty with a coefficient of variation of some two or three

per cent for a typical required life of 20 years.

If one year's data of the quality of that obtained from m.v. Famita
were used as the basis of a design, then the error in the value of
n' or afM used would have a coefficient of variation of about 20%.
With better quality data this is reduced. In particular it is
worth noting that if year 2 ie excluded on the grounds that data
with such a low recovery rate would not be used on its own as a
basis for design, then the coefficient of variation is reduced to
16%. It can be seen from table 5.5 that with the 'filled' data the
error could have a coefficient of variation of up to 6%, but this
would of course be reduced by using more than one year's data. It
is proposed that this statistical uncertainty in n' or af™ should
be taken to have a coefficient of variation of either 5% or 20% to

test the effect of different qualities of data.

5.1.5 Analysis of Data: Persistence of Sea-states

For the reasons given earlier (see section 5.1.1), no general
model exists to describe the uncertainty in the wave behaviour
when the failure function is formulated on a sea-state basis.

However a number of observations have been made during the
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analysis of the available data and are noted Dbelow as
contributions that may prove useful in creating models for

particular circumstances.

If the sensitivity of the failure function to the sea-state is of
a very simple form, then equation 5.3 shows how values of t' can be
cbtained from the data. The values found for each of the seven
winters and for the original data and the ‘'filled’ data are given
in table 5.4. The coefficients of wvariation are 0.213 for the
original data and 0.075 for the 'filled' data. These figures are
s8lightly greater than the comparable figures for n' which are
calculated in a similar though not identical, way. It appears that
the Ravleigh distribution assumption incorporated in the n'
calculation, and the further assumptions in the af® calculation
have the effects of smoothing out some of the irregularities in
the scatter diagram. Interestingly this effect is more marked in
the 'filled’ data than in the original.

On any scatter diagram the apparent proportion of time spent in
the kxtP gea-state (tx) is found by dividing the number of records
in the kxtP gea-state by the total number of records on the diagram.
Given a series of diagrams it is then possible to £ind the mean (-t')
and standard deviation (S¢) for each sea-state. These values are
tabulated in figs 5.4 and 5.5. It can be seen that generally S¢ is
larger where t is large. However if the coefficients of variation
S¢/t are calculated (fig 5.6) these are largest where t is small.
Fig 5.7 tabulates values of S¢2/t and it can be seen that the
variation of this quantity does not exhibit the same degree of
regularity seen in €figs 5.4 to 5.6. This s8uggests that a
distribution to represent the variation of ty from year to year
should be one in which ¢2/m is a parameter. This is true for the
binomial distribution and the gamma distribution. Neither of
these however can represent a continuous variable limited to the
range O to 1. The Beta distribution satisfies this requirement
and if the mean is small ¢2/m is dependent on ¢\:mly one of the

parameters. The distribution is given by

r'(R)

—_— Y- — \R—
o). T(Rx)’ xTr~1 (1-x)R-Tr-2 (5.14)

fx(x) =
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x
m =R
r(R-x)
X = R(m)
o®x R-r
Therefore - R(R+1) (5.15)
But if my << 1, then r <¢ R
o3x 1
80 ; m (5.16)

which suggests that the distributions of tx might be represented
by beta distributions which had the same R for all k, but different
r for each k. Some theoretical justification can be given for this
but it depends on a different interpretation of sea-states from
that implied by scatter diagrams. Since values of Hg and Tz are
determined from twelve minute records they can be regarded as
properties of the sea at an instant of time, which will vary with
time. A particular sea-state comes into existence when the
instantaneous values of Hg and T cross the boundary in Hg - T,
space that defines that sea-state, and persists for as long as
they remain within that space. In reality therefore both the
number of occurrences of each sea-state per year, and the duration
of each occurrence will be variables. The scatter diagram
simplifies this by assuming that the duration of each recorded
sea-gtate is the same (3 hours usually). The variation is
therefore in the number of recorded occurrences only and any model
based on this will deal in discz;ete numbers and will not lead
readily to a model for a continuously variable tx. If however the
Contrary simplification is made, that is the number of occurrences
of each sea-state is assumed constant from year to year, but their
durations are variable, and if the arrival of each new sea-state
is assumed to be modelled by a Poisson process with mean
inter-arrival time 1/A, then if there are n occurrences of

sea-state k out of a total of N:

duration of n sea-states=T which is gamma-distributed: G(n,A)
duration of N-n sea-states=To-T which is gamma-distributed:
G(N-n,A)

now t=T/To=fraction of time spent in specified sea-state
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therefore £1(t).6t = P[ t <« T/Tg < t + 6¢] (5.17)

= fPlt < T/To < t +56t | T1.P[T]

Now if t < T/To < t + bt

T
1 ° 1
then o > 3> T st
8t
1 1
For small &t rrryaiadiy [1—- t]'
T T T
hence;-'r)'.rodr >;-'r-;z st (5.18)
T T
therefore f¢(t)dt = IfTo-’I‘["—:—T] 'Ez'dt' fp(T).aT (5.19)
AN-TL xN-n-1 g—Ax
Now f'ro—T(x) = I(N-n) (5.20)

and fq(x) = T(n) (5.21)
Substituting equations 5.20 and 5.21 into 5.19 gives

N-n _ N-n-1 n .
ity - o o [T T e
t®) - 32 T = r(n)

N-n —4+1N-n-1 ,n N

A [i_t] R ”N)'T‘J
tZ r(N-n) | t ) r(n) A
L(N)

- (1-t)N-n—ign—s (5.22)
L(N-n).l(n) .
i.e. t is beta distributed with ReN, r=n, my= |
n(N-n)

2 e —
and 0%t = \Z(N41)

Because of the different interpretation of sea-states the
quantities n and N cannot be derived directly from the data but
should be chosen to give the best fit. If this is done with one
value of N but a different n (=ny) for each variable, tyx, then the

means and variances satisfy the following equations:

nx
E™x “kw "7

Gztk h §
® —— which is the same for all k
My N+1




While this model is satisfactory as far as it goes, it does not of
course include any assessment of the correlation of the ¢
variables for adjacent sea-states. What is required is a joint
probability distribution for all the ¢tx which has the beta
distributions as the marginal distributions for each tx; no
suitable form is known, and its use in practice would involve many
difficulties which would only be justified if these dva.riables were

a major source of uncertainty.

5.2 Wave loading Variables

5.2.1 Introduction

In earliier chapters two methods were outlined for specifying the
waves that strike an offshore structure. This can be done
directly by specifying the heights of individual waves, in which
case the waves are assumed to approximate to regular sinusoidal
waves, or indirectly by specifying the significant wave height and
zero—crossing period of the prevailing sea-state, in which case
the properties of the individual waves themselves are found by

assuming that they can be modelled as a Gaussian process.

In the former case the principal variables that affect the
calculation of the wave load, given the wave height, are the mass
coefficient, Cy, the drag coefficient, Cp, and the relevant
structural dimensions. The dimensions do not normally need to be
modelled as probabilistic variables because the uncertainty about
their values is small. But marine growth can produce a
significant (but uncertain) increase in the effective diameter of

tubular members and therefore needs to be modelled.

There will also be some uncertainty in the wave theory by which
velocities and accelerations are derived from wave height, and in
the use of Morison's Equation to calculate the total wave force.
These uncertainties may however be included in the uncertainties
found in experimental determinations of Cn and Cp; this will
depend on the exact nature of the tests undertaken and the
measurements taken. In addition, the waves that are most

signficant in causing fatigue damage are comparatively modest in

$
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size Bo that 1linear wave theory will not show the clear
inaccuracies that are observed in calculations for lifetime
maximum waves; and the inertia force is generally the major
component of the total force so that errors in the Morison
Equation model and errors caused by the non-linearity of the drag
force are of 1limited importance. One or more of these
considerations will apply in most of the simple cases for which
calculations are to be made, so models have not been developed for

these uncertainties.

when the sea-state is specified rather than the waves, another
possible source of error and uncertainty is in the modelling of
the wave spectrum for given significant wave height and
zero—-crossing period. This may be important in Dbroad-banded
spectra, however if the spectrum is narrow-banded the significant
wave height and zero—-crossing period are sufficient to define
those aspects of the wave which are most important, namely the
number and distribution of the heights of the wave crests and
troughs. The effect of broad-banded spectra can be covered by the
damage reduction factor proposed by Wirsching which will be

discussed later (see section 5.7).

For present purposes therefore, models are required for the
uncertainties in Cy, Cp and marine growth.

For the hydrodynamic parameters Cyn and Cp the major source of
uncertainty is in the choice of values to use in design from the
range of values found in tests. The true value of Cp (or Cp) for a
part of a structure in a particular wave or sea-state is a function
of a large number of variables. Many of these such as the size and
orientation of the members and various aspects of the wave
(velocities, accelerations etc) are determined by the structural
design and the specification of the waves or sea-states. Others,
such as the roughness of the members are not de@:emined by the
design and are therefore true random variables. It is also likely
that many of the differences observed between test results are
caused by difficulties of measurement and systematic differences
between different test methods. It is therefore the inadequacy of
the data that causes most of the uncertainty in C, and Cp, but

$
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there is some random variability. It is also clear that the
complexity of the situation, particularly with regard to the
loading of members situated in water whose flow is disturbed by
other members means that the lack of knowledge in this case is
almost unavoidable.

Marine growth, however, is probably determined by factors which
are largely independent of the actual design, except perhaps its
location which governs sea temperatures and currents which may be
important. An investigation of the origin of marine growth is
beyond the scope of this thesis, but it seems reasonable to say
that Dboth physical variability and lack of knowledge will

contribute to the overall uncertainty.

5.2.2 Distribution Type

From hydrodynamic considerations it is clear that Cn > 1.0 and
Cp > 0.0. If the marine growth is expressed by a factor

- Effective diameter including marine growth
Original diameter of steel member

(5.23)

then clearly p > 1.0. This suggests that a distribution type such
as log-normal (with false origin for Cp and p) should be used. It
can also be argued that the effective values of these quantities
as far as the overall structural behaviour is concerned are
weighted averages of the values thét apply to particular parts so
that the central 1limit theorem would imply that normal
distributions should be used. On balance log-normal distributions
seem most appropriate but the arguments are far from conclusive.
The available data itself is too limited in quantity to form an
adequate basis for choosing the distribution type.

5.2.3. Available Data

Since the aspects of offshore structures under consideration in
this section are not unique to the analysis of fatique resistance,
the results of earlier work can be used. Baker and Ramachandran?t
have reviewed the available data and concluded that reasonable

values for the mean and standard deviation respectively are 1.8

!
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and 0.27 for Cn and 0.75 and 0.225 for Cp. These figures can be
used to represent the predictive distribution including all the
sources of uncertainty. As remarked above the random physical
variability within the limits of a specified design 1is thought to
be quite a small part of this, but no data has been found to
indicate its magnitude. It is suggested that a standard deviation
of 0.05 be used to test the 8sensitivity of the computed
reliability to a much reduced uncertainty.

Baker and Ramachandran give mean of 0.16m and standard deviation
of 0.06m for the thickness of marine growth at mean water level
(where the largest wave forces occur), averaged throughout the
structure’s life, allowing for periodic cleaning. For the
purposes of example calculations the structure legs may be taken
as 3m diameter giving the ratio of effective diameter to nominal a

mean of 1.11 and standard deviation of 0.04.

5.3 Variables affecting the Structural Analysis

As discussed in section 4.3.3, there are two stiffness variables
that may need to be modelled in an offshore fatigue reliability
analysis. These are the stiffnesses of the tubular joints and the

foundations.

The importance of the tubular joint stiffness has been generally
realised only recently in the offshore industry?® and little work
has been done to quantify this effect, although some has now been
reported by Fessler and Spooner74, Some parametric formulae are
available in the DnV rules’® and the uncertainty arises from
doubts about the accuracy of these formulae, or any other proposed
formulae, to all the cases in which they are used. The large number
of possible geometries for tubular intersections means that it is
unlikely that test results, or accurate calculations, will Dbe
available for every case required, so practical formulae have to
be based on generalisations £rom particular\ cases. The
circumstances where the resulting uncertainty is most important is
where a calculated hot-spot stress is particularly sensitive to
the stiffness of one joint, and it will be less important where the
stresses at a connection are largely due to the axial loads rather

than the moments in a member.

2
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In view of the comparative recentness of the appreciation of the
significance of tubular joint stiffness, and the lack of work
carried out on this subject, it is not possible at present to
formulate a model for these stiffnesses with any degree of
confidence. However, real tubular joints are less stiff than the
Joints usually assumed in computer analyses and this will
generally mean that hot-spot stresses are less than calculated and
hence that fatigue resistance is greater <than calculated.
Analyses which ignore the stiffness uncertainty will therefore
tend to be conservative, in that real structures may have an
additional (uncertain) margin of resistance beyond that modelled.
For these reasons it has been thought better not to include the

connection stiffness uncertainty in the present analyses.

At the design stage the uncertainty about the stiffness of the
foundations of the completed structure will be considerable. Many
of the most important sites for fatique damage are concerned,
however, with forces in bracing members and other members where
the sensitivity of the fatigue resistance to foundation stiffness
will often Dbe small, particularly in dynamically insensitive
structures. It is proposed therefore that soil stiffness should
not be included in the examples discussed in this thesis, although
it would clearly have to be included in some parts of a f£full
reliability analysis of an offshore structure. In such cases the
Boil stiffness model would be derived £from <the available
geotechnical data and such studies are beyond the scope of this
thesis.

5.4 Stress Concentration Factors

5.4.1 General Introduction

The s8tress concentration factors (SCFs) used@ in design
calculations are calculated using parametric equations such as
those of Kuang4® et al, Gibstein’®, and Wordsworth and
Smedley?7/7®, These are derived by generalising from the results
of model tests or finite element; calculations, and are
periodically revised, and extended. Although any one such formula
should be a good fit to the tests or calculations on which it is
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based, the complexity of the situations under consideration makes
it inevitable that the agreement with measurements on other
models, or on real structures, will be less good. There is thus
some uncertainty in the representation of the true stress
concentration by the calculated SCF and it 1is this model
uncertainty that requires a probabilistic model to represent it.

To be more precise about the origin of the uncertainty, it can be
said that the true stress concentration should not vary much
between measurements on a set of nominally identical cases. This
is because the stress concentration is an elastic phenomenon and
it should only vary in such circumstances as a result of the small
differences in shapes, wall thickness and weld sizes which occur
between nominally identical dJjoints. The principal cause of
uncertainty is the variation within the total population of
possible geometries which the calculation models do not accurately
represent. Differences in experimental technique may also
contribute. This means that, in terms of the discussion in 2.6.6,
distribution (i) has negligible scatter so that the distributions
(ii) and (iii) are identical; it is this distribution that needs
to be determined.

5.4.2 Distribution Type

Since the uncertainty under consideration is not the result of a
well-defined random process, there is no distridbution type which
is clearly more appropriate than any other. All that can be said
is that SCPs are always positive numbers so that the ratio of
Experimental SCF to Calculated SCF will also always be positive.
In these circumstances a lognormal distribution can sensibly be
used.

5.4.3 Available Data

Most researchers working in this field have published figures and
given opinions on the accuracy of the various parametric formulae.
There are however considerable difficulties in wusing these
comparisons as a basis for a probabilistic model uncertainty. The
principal problems are:
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(1) In comparisons made some years ago the stress concentration
that was to be calculated was not well defined, and in an area of
large stress gradients the position of strain gauges and the form
of finite elements could make considerable differences to the
results obtained. More recently, this difficulty has been reduced
(at least within the UKOSRP work) by the use of the 1linear
extrapolation technique’9.821, )

(2) Although the factors are intended to be stress concentration
factors it is of course strains that are actually measured on
models and some authors also give strain concentration factors
(abbreviated SNCF). Generally however a clear distinction is not
made between the two. Their relationship does of course depend on
the other stresses present but it appears®? that this is not
always taken into consideration and systematic differences between
different authors' comparisons may be due to different treatments
of this problem.

(3) Some of the parametric formulae in use have been revised and
extended from time to time, and so different comparisons are not

therefore necessarily based on exactly the same formulae.

(4) The cases considered are generally determined by the test
specimens available and there is no reason to believe that the
relative proportions of different geometries in the comparisons
are in any way typical of actual practice. In fact, virtually all
the comparisons are on much simpler Jjoints -than are generally

necessary in real structures.

In the light of these problems, all that can be done is to examine
the data avilable to try to obtain some ideas (however vague)
about the nature and order of magnitude of this model uncertainty;
but the assessment of the data will inevitably have a large

subjective element.

The results discussed below have not therefore been examined in
great detail to see to what extent they are comparable with each
other. In examining them most effort has been spent in looking at

the scatter of the results. The variations in mean wvalues are

k4
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likely to be the result of differences of approach and are not
necessarily so significant. In any case errors in the mean values
given by a formula are easily corrected, the scatter is intrinsic

in the form of equation used.

Comparisons by Gibstein?® show values for the ratio Experimental
SCF/Calculated SCF falling within % 25% of unity and he states:
*The middle average root square error in the axial load and OPB
(out—-of-plane Dbending) is Darely 10% indicating very good
agreement indeed ..... The 1less satisfactory agreement in IPB
(in—plane bending) must be contributed (sic) to the sparse data

base and its sensitivity to scatter.'

In contrast, later work by Gurney®® on some of the results of the
UKOSRP tests show a range of experimental SCF's from half to twice
the wvalue calculated by the Kuang formulae. Numerical wvalues
estimated from Gurney's figure 2 are given in table 5.6, with some
calculated means and standard deviations. Some of this large
range of results is due to the use of the Kuang formulae outside
their proper range of applicability. Such results should not
however bDbe totally ignored since in the absence of other
information designers may be forced to use the formulae in this
way. The calculated standard deviations show how the scatter can

be reduced by taking smaller, more homogeneous, sets of results.

This is also illustrated by the figures shown in tables 5.7, 5.8
and 5.9, where there are clear systematic differences between the
ratios for the chord and brace, and it is possible to suspect the

existence of other systematic trends.

Irvine?® states that ‘'for the use of appropriate methods (i.e.
parametric equations with parametric validity range or a
particular stress analysis exercise (sic)) one would expect
accuracy generally to within % 10%, with a certainty that
inaccuracies will not exceed 20%.°' In view of the results quoted
above this appears to be rather optimistic, even bearing in mind
the ‘appropriate methods' qualification. It would Dbe more
reasonable to say that if the errors arising from a proposed rule

are generally less than 10% and always less than 20%, then the rule
is considered acceptable. If they fall outside this then a
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revision of the rule would be considered neéessa.ry. This seems a
sensible view to adopt considering the Bcatters that still occur

even in the more homogeneous sets of results.
5.4.4 Proposed Model

It is appropriate, therefore, in reliability calculations to use
two alternative models: one representing the ‘'acceptable'’ range
which covers many cases already, and is the ultimate aim of the
development of these formulae, and one representing the full range
of results that may occur in practice, including the use of rules
in strictly inadmissible cases. It will then Dbe possible to
compare the effects of these two models on the overall reliability
calculations. It is suggested that standard deviations of 0.1 and

0.3 are appropriate to represent these two cases.

The logic behind the first case suggests that it should have a
distribution limited to the range 1.0 % 0.2. If a lognormal
distribution is used the results of the calculation should be
checked to ensure that the part of the distribution lying outside
this range has not played a significant part in the answer. This
can be done by checking the final x* value for the SCF model
uncertainty variable.

5.5 S-N Curve Variables

5.5.1 Introduction

In earlier chapters, where an algebraic form for the S-N curve has
been used, it has been of the form NS™=K, where N is the number of
cycles to failure caused by loading cycles with stress range S.
m and K are empirical constants. This model is used (with Miner's
Rule) as a basis for the assessment of fatigue life under variable
amplitude loading. For the reasons discussed in section 5.6, this
division does cause difficulty in the derivation of‘ Probabilistic
models, but at present it is made necessary by the nature of the
available data. The present section is concerned with the
accuracy with which constant stress cycle fatigue behaviour can be
modelled.
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The main inaccuracy known to exist in the NS™=K equation is that
fatigue cracks do not grow at all, and hence no failure occurs, if
the Bstress range is 1less than some threshold value. Most
investigators have found however that the transition between
stress ranges where cracks grow in accordance with this model
(i.e. NS™=K) and those where no growth occurs at all is extremely
abrupt, and hence the model is usually held to apply for all S
above the threshold value. In any particular case, of course, the
actual value of this threshold will be subject to considerable
uncertainty. An attempt wil be made in the data analysis to show
that for tests which do give failure, the NS™=K equation is an
acceptable representation of the available test results for the

fatigue lives of tubular joints.

When the constant amplitude S-N curve is to be used as part of a
variable amplitude calculation, the actual threshold value of
stress range is not of much interest as it is eroded by the
crack-growth process as explained in section 4.4.1. It has been
suggested®3 that an equation NS™2=Kx' should be used for S less
than the constant amplitude threshold to cover this effect. In
order to keep the calculations in this thesis comparatively simple
and comprehensive this approach has not been used here and the
form NS™=K is assumed to apply for all S. Hence the value of the
threshold stress range is not relevant and the parameters m and K
are the only variables for which probabilistic models are
required. '

Since, by their origin, m and K are simply empirical constants,
the possibility exists that they may both be dependent on the same
fundamental properties of the connection being tested and hence
the distributions which model the uncertainties in their values
should be correlated. Establishing such correlations with
confidence is difficult with test results obtained for purposes
other than reliabilty analysis. However it is commonly found that
m does not differ much over quite a wide variety of situations, so
that one possible course of action is to use a 8ingle constant

value of m in all cases and take K as the only uncertain quantity.
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5.5.2 Distribution Type

The variables m and K are both positive quantities and there is
some reason to believe that m » 2; most, if not all, test results
satisfy this, any exceptions being of doubtful wvalidity or
relating to unusual circumstances. In addition there are
theoretical £racture mechanics arguments that support m=2 and
which may therefore model part of the crack growth mechanisms®,
This suggests that both m and X should be represented by a
distribution such as the log-normal or Weibull with a false origin

for m.

The suggestion of a log-normal distribution for K is given support
by the argument that the S-N curve is normally displayed and
analysed in terms of log S and log N, so that K will often feature
in calculations as log K, which will therefore be normally
distributeqd. In addition, fracture mechanics calculations (see
equation 4.25) suggest that K can be expressed as the product of a
number of more fundamental variables, a process which would tend
to make K lognormally distributed by the operation of the Central
Limit Theorem.

If m is taken as a deterministic constant and K is lognormally
distributed, then, for given stress range S the fatigque life is
lognormally distributed. it has been stated (for example in ref
84), however, that lognormal distributions should not be used to
model variations in fatigque life. The argument is based on the use
of the hazard function hy(x) defined by:

£x(X)

hx(x) = Tex)

(5.24)

For a lognormal distribution this function rises to a peak and
then decreases as x increases as shown in fig. 5.8. The hazard
function is interpreted when calculated from the distribution of

fatigue life as

P[{specimen will fail in nth cycle]

P[specimen does not fail before nt! cycle]

= P{specimen will fail in ntP cycle given that it does not
fail before) : (5.26)
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It is argued that the increasing damage dQue to fatigue means that
this probability should always increase with increasing n and that
the lognormal distribution, where this does not happen, ‘violates
our physical understanding of progressive deterioration resulting
from the fatique process'®+, The Weibull distribution is
preferred as its hazard function always increases with increasing
n. It is also sometimes preferred because it arises £rom
considerations of ‘weakest 1link' failures, but this is not
applicable where the location of the fatigue crack 1is as
restricted as it is in the tubular connections used in offshore

structures.

The hazard function is often used in the discussion of
‘wearing-out' processes, and if the initial state is always the
same and the uncertainty arises from random variations in the way
in which the ‘wearing-out’' occurs, then it may be a useful tool
since it is reasonable to say that the longer failure is delayed,
the more one would expect it to occur within a given time or number
of cycles. The evidence of fracture mechanics crack growth
testing however is that fatigue crack growth under constant cycle
testing is a fairly steady, predictable process and that the
uncertainties are in the variables such as the parameters that
govern this process and the initial crack size. If failure does
not occur within a certain number of cycles from the start of the
test some inferences can be made about the values of these
variables, but this does not necessarily imply that the
probability of failure in the next cycle increases with every
cycle that does not cause failure. For example, given the possible
existence of a threshold value of stress intensity factor range
(see section 4.4.1), as a specimen survives for an increasing
number of cycles, the suspicion will grow that this connection has
been made extremely well with a good weld profile and no flaws, and
that the fatigque life may be virtually unlimited. In such a case
the 1log—normal distribution's hazard@ function actually seems
better than that of the Weibull distxibution.

The ccre of the arqument is whether fatigue failure is seen as a
random occurrence or as the culmination of an essentially
deterministic process, albeit one whose governing parameters are

s
!
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subject to great uncertainty. It should Dbe noted that the
arguments above in favour of dismissing the hazard function
objections to the log-normal distribution are strongly influenced
by the circumstances encountered in offshore structures. In other
situations such as the initiation of fatigue cracks in smooth
specimens or the propagation of cracks in specimens containing
many flaws, such as ceramics, the hazard function éigument may be
more applicable and the Weibull distribution may be preferred to
the log—-normal.

5.5.3 Available Data

Recent testing programmes, in the United Kingdom and elsewhere,
have produced a considerable amount of data on the fatigue
resistance of offshore structures. Three aspects of the offshore
situation make it different from those for which large quantities
of test data aleady existed. These are the size and geometry of
the tubular connections, the marine environment and the stress
history produced by wave loading and dynamic response. Because of
the difficulty involved in realistic testing of tubular Jjoint
specimens, these have generally only been tested with constant
amplitude loading, in air, and only a limited range of the simpler
joint geometries has been used. The effects of variable
amplitudes and corrosion have been investigated using smaller
simplexr test-pieces. This section will be limited to a discussion
of the determination of S-N curves for tubular geometries under
constant amplitude loading in air. The effects of variable
amplitude 1loading and corrosion will Dbe discussed in later

sections.

The aim behind the use of stress concentration factors in the
design and analysis of tubular connections is <that all the
different geometries and loading arrangements should be served by
a single S-N curve. It is clear from an examination of the data
that while many of the differences may have been taken care of in
this way there are still significant differences between different
sets of results, where the members of each set are all nominally
identical, except for stress range, but the sets differ in some

significant way from each other. This is illustrated in fig 5.9

4
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where there is a clear difference between the axial loading cases
and in-plane bending cases for otherwise identical T-joint tests.
It is therefore necessary to collect sets of results with
identical geometry and loading arrangements if the true nature of

the uncertainties present is to be understood.

The available data is given in table 5.11 with each set of
nominally identical tests placed together. Ideally this would be
taken to the extent of dividing the results into sets according to
stress range as well as all the other aspects, and analysing each
set independently so that the accuracy of the conventional S-N
curve would be easily seen. However, few sets have more than two
or three test results, and it is therefore necessary to assume the
conventional form of S~-N curve in the calculations. The sources of
the data are given in table 5.10 and with the exception of tests
where the specimen or loading was in some way unique, all the
results of tubular connection tests published in refs 72 and 80
have been included. These references contain the most up—-to—date
results of the United Kingdom Offshore Steels Research Project
(UKOSRP) and similar programmes in Italy, Holland and Norway, that
are available at the time of writing.

These programmes have been coordinated and the results as
presented are on a common basis. Instead of the stress range, the
hot-spot strain range Ae is recorded, calculated by extrapolation
from two strain gauge readings neai the hot-spot as specified by

refs 79 and 8l1l. Pour stages of 'failure' are recorded, although

not all have been given for each test. Missing data are recorded

as zero in the tables. The four stages of failure are given by®*

1) 15% reduction in strain-gauge measurements

2) First crack observation

3) Crack through full thickness of tube wall

4) End of test (often governed by limitations of the testing

machine).

The recorded lives N;, N,, N,, N, are the number of cycles to each
stage from the start of the test. All tests were continued to at

least 107 cycles and specimens that remained unbroken are recorded

v
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as such. Generally this implies that no cracking at all had
occurred. Some of these unbroken specimens were retested under
higher loads ag indicated in the table, and it is suspected®® that
in at least one case (E2A) the results then obtained are
unreliable because some cracking had occurred in the previous
test.

5.5.4 Analysis of Data

If the data is to be represented by an equation of the form N A=K
where m 1is a constant and K is a log-normally distributed
variable, and if

Y = log(N) x = log(Ae) A = log(K) (5.26)
where all logarithms are to base 10, then
y+mk =2 (5.27)

and A is a normally distributed variable. The conventional
method®” for determining estimates for m and the mean and
stdandard deviation of A is to minimise the sum of the squared
differences between values of y given by y = A-mx for given x, and
the experimentlly determined value of y for the same x. If the
data 1is represented by pairs of results (x3y = log A¢ji,
yi = log Nj, for i =1 to n), the fotal square deviation is given
by

E = H(yi~(Fmx;))? (5.28)

The values of m and X are given by
9E 8E

-é;-o and E-O (5.29)

Y
Ixiyi = Ixi.-Ivj
;2 - = ;)2
P n (P1)

which gives m = - (5.30)

£ . -

For deterministic m, A is taken as normally distributed with mean

X and standard deviation given by

1

[—n%]; (5.32)
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where (n-2) is used to give an unbiased estimate®®. This means
that the standard deviation is undefined unless there are at least

three data pairs.

Table 5.12 gives the results of this analysis. FPor each set of
results and for each stage of failure (where results are avilable)
the table gives the calculated value of m and log (K) (i.e. A) that
describe the mean regression line, and the estimated standard
deviation. The latter measures the scatter of results about the
mean regression line and because m is taken as deterministic is
also the standard deviation for A. The values for log (K) are

compatible with Ae¢ measured as microstrain not actual strain.

Some sets of data give values of m of the expected order of
magnitude (between 2 and 4), but as should be expected with such
limited data, some of the results are strongly influenced by the
variability of fatigue life.

As a check on the validity of the NA<™=K model it is noted that if
the true relationship is different it would appear as a curve in
log (N) - log (Ae) space. One would therefore expect the
experimentally determined values of m in table 5.12 to show some
dependence on the values of Ae used in the tests from which each
value of m was determined. Fig. 5.10 shows (for fatigue life N,) a
plot of corresponding values of m and the average value of log(Ae«)
for the tests in each set. As can be seen there is no noticeable
correlation suggesting that any inaccuracy in- the form NA€™=K is
too small to be detected in data of the nature of that analysed

here.

It is clear from table 5.12 that most of the available data cannot
be usefully used in the way in which it is analysed in this table.
The conventional way of obtaining more reliable results is to use
more data in each regression analysis, by grouping sets of data
for different cases together., 1In the analyses by Gurney®>® of the
UKOSRP data, all the test results for each chord wall thickness
are analysed together. There are therefore a large number of
different cases taken together. The results of such an analysis

can be misleading because they can be affected by the stress
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ranges that hzappened to have been used for testing. An example of
this is given in figs. 5.11 and 5.12, which show some results of an
earlier analysis®? of sBome UKOSRP data, consisting of tests on
eight pairs of nominally identical specimens. Fig. 5.11 shows
these results taken as a single set. Pig. 5.12 shows each pair of
nominally identical specimens joined by a line; these lines are
remarkably parallel but their slope is clearly different from that
obtained by taking the results as a single set.

Data such as this clearly indicates that a preferable procedure is
to assume that the same value of m will apply to every set of
nominally identical cases so that only A is determined for each
set individually. If this approach is invalid it should show by
giving larger values for the standard deviation. The results of
this approach are given in table 5.13; separate calculations were
done for each stage of failure, on the following basis.

If there are data for J sets of results, indicated by j = 1 to J,

then J different regression lines are required of the form

Y+ mx = By (5.33)

and if for each j there are Kj data pairs (xjk, yjk) then the

deviation in y for the test (j,k) is given by

Yix — (A5 - m.Xjx)

and the total squared deviation is given by

E = gE(ij - Kj + m'xjk)z (5.34)

The required values of m and Kj is given by

oE oE
- 0 and 335 = 0 for all j (5.35)

£(5xy; — Sx;Sy./K.)
which lead to m = - 3 %3 %377y (5.36)
-— -3
E(Sxx ij/Kj)

and 2y = %j(m.sxj + Sy5) (5.37)
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where ij= ﬁ X9k st= E Y5k
Sxxj = fxzjk Sxyj= £ X3k-¥ik (5.38)

and the standard deviation for A5 is then given by

1 Py
[(Kj—l) E(¥ix - Ry + "‘xjk)z]l  (5.39)

As can be seen from table 5.13 this procedure gives very similar
values of m for each definition of failure. The standard
deviations are generally of the same order as before, this
similarity leing assisted by the use of (Kj-l) in place of (xj-2)
used before, which tends to offset the increase in error caused by
the use of a less than optimum value of m. The justification for
using (Kj-l) is that m is determined by a very large set of results
so that in the choice of Aj and the standard deviation there is
effectively only one degree of £freedom where there were two
before. Only two cases show standard deviations larger than the
largest for the same definition of failure in table 5.12. This
confirms that the assumption of a single value of m throughout is
not inconsistent with the available data. The four values of m
range from 3.30 to 3.73 and N,, which is the least ambiguous
definition of failure, comes in the middle of the range at 3.51.
It is therefore proposed that 3.5 be taken when a single

deterministic value of m is required for use in calculations.

If it is further assumed that the standard deviations of the
populations from which the data are sampled are all identical, the
best estimate of these is given by

1
'1- - -_—
[——ng 3 %ﬁ(yjk— Ay + mxjk)z]z (5.40)

The results of such calculations are given in table 5.14. N; was
only recorded in a few cases so this value of standard deviation
should not be considered particularly reliable. fhe value for N,
being larger than those for N, and N, is probably influenced by the
definition of N, (first crack observation) which clearly is not
very precise. It is suggested therefore that the standard

deviation of log K representing the random physical wvariability
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within a specified geometry and loading should be taken as 0.22,
on the basis of the values for Ny and Ng.

The calculated values of A vary considerably and table 5.15 gives
statistics for these variations. Each value is equally weighted
initially, but results are also given with certain outlying values
omitted. With this modification all the calculated standard
deviations are of the order of 0.45 which suggests that this is a
reasonable value to use for the uncertainty about which mean line

to use when no data is available for the required case.

If A 1is normally distributed about its mean with standard
deviation 0.22 and if the mean is normally distridbuted with
standard deviation 0.45, then the overall predictive distribution

of A is also normal with standard deviation given by

v(0.45% + 0.22%2) = 0.5

Standard deviations of 0.22, and 0.5 for log;oK correspond to

coefficients of variation of 0.54 and 1.66 for K.

It is important to note that this two stage procedure for
obtaining the standard deviation for a mixed population of cases
will give a larger standard deviation than is aobtained by treating
the results as a single set, as in fig. 5.11 for example. This is
particularly important if the standard deviation is to be used in
the derivation of a design curve, because taking a mixed
population as a single set will give a design curve which is

actually less conservative than was intended.

An example of this is the proposed 'T' curve®® which is intended to
be mean minus two standard deviations of log N for fatigue life N,.
It uses an index m=3 and gives a life of 1.8x10% cycles at
200 N/mmZ and 7.5x10® cycles at 60 N/mm?. Comparing these lives
with the model proposed in this section and table 5.15 for the
predictive distribution of N,, shows that the 'T' curve lies at
mean minus 1.5 and 2.0 standard deviations at 200 N/mm2 and
60 N/mm? respectively. The implications of this will be
considered further in chapter 6.
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5.6 Minexr‘s Rule Uncertainty

Miner's Rule is the method by which test results for constant
amplitude fatigue tests are used to predict the life of structures
subjected to variable amplitude loading. The main Jjustification
for this rule is that it is intuitively reasonable and generally
seems to work well in practice. The main exception to this is
where precisely prescribed sequences of loads are used including a
very small number of heavy overloads, and considerable errors in
life calculations have been found. The essentially random nature
of wave loading does not have such an effect but there is a serious
problem in determining what the actual magnitude of errors is.
This arises from the variability found above in the S-N curve for a
particular connection. It has been shown (see 5.5.4) that in
constant amplitude tests log, K has a standard deviation of around
0.22 due to the random variability of those physical features of a
tubular connection that are not controlled exactly in the normal

fabrication process.

The ideal experimental procedure would be to test a series of
connections under various load sequences and calculate the
quantity

Patique Life in test
Calculated fatigue life using Miner's Rule

for each test to obtain data on uncertainty in Miner's Rule.
However the calculation also requires an S-N curve and of course
it is impossible to have constant amplitude test data for an
exactly identical connection. The best that can be done is to use
the mean regression 1line obtained from tests on nominally
identical connections, but this means that the variability in the
true constant amplitude behaviour will be included in the
assessment of Miner's Rule. This means of course that the
variations observed in variable amplitude tests should be greater
than those observed in constant amplitude tests. Wirsching® has
extensively investigated the uncertainty in Miner's Rule on this
basis, and with offshore applications in mind, and has found cases
in which the variable amplitude tests show less variation than

constant amplitude tests on similar specimens, implying that the
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S-N curve uncertainty should be reduced when being used with
Miner's Rule, and that there is no additional uncertainty
associated with Miner's Rule. However he does not consider the
evidence for this to be conclusive, and on the basis of the
available evidence he BsBuggests that the Miner's Rule model
uncertainty should be log-normally distributed with median 1.15
and coefficient of variation 0.3; these figures are however to be
considered preliminary. In the examples in chapter 6 the effect
of this assumptioon and also of taking Miner's Rule as correct
will be investigated.

Within the UKOSRP program and similar European programmes, tests
using variable and constant amplitude loadings have been compared,
and assessments of the accuracy of Miner's Rule have been made.
The conclusions are summarised in table 5.16. As can be seen the
implication is that the mean Miner's Rule total at failure should
be less than unity, in contrast to Wirsching's figure, but the
range of results suggests that his coefficient of variation of 0.3
may be satisfactory. It is difficult to draw more precise
conclusions because the tests themselves and the analysis of their
results were not carried out with reliability analysis in mind.
In particular, the results are generally presented as an attempt
to correlate fatigue life with the r.m.s. stress range, and to
establish that the use of Miner's Rule with an appropriate design
S-N curve (not necessarily established from constant amplitude
tests on similar specimens) gives a safe estimate of fatigue life.
The appraisals of Miner's Rule in table 5.16 are not described in
detail in the cited reference, no attempt is made to compare the
variability observed in constant amplitude and variable amplitude
tests. These results do not therefore seem to add any reliable

useful information to that given by Wirsching.

5.7 Damage Reduction Pactor

The damage reduction factor (M) proposed by Wirsching and Light#*

is defined as follows

Patique damage due to specified loading process
Fatigue damage due to equivalent narrow-band process

(5.41)
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The equivalent narrow-band process has the same r.m.s8. value and
zero—crossing rate as the actual loading process. In terms of the
moments of their spectra, this means that my and m, (as defined by
equation 4.11) are the same for both processes. Cartwright and
Longuet-Higgins4* have shown that the distribution of peaks and
troughs depends on mg, m, and m, only so there is only one
effective degree of freedom in the broad-band process (as far as
peak and trough heights are concerned) once mg and m, have been
defined. There is no general method for calculating the stress
ranges required for fatigue analysis (e.g. as specified by the
rain flow algorithms) but there is no reason to believe that the
same three moments alone are sufficient to describe the
distribution of stress-ranges. Nevertheless it is reasonable to
expect that for given mg and m,, m, will be the most useful other
quantity to know when ¢trying to predict A. It will be more
convenient to discuss this as the dependence of A on the

band-width parameter €, or the irregularity factor «, given by

1 [momg - my2)1/2
—'——_‘] (5.42)

z
€ = (1-a%)"= Ty
Given the distribution of stress-ranges the damage depends also on
the S-N curve. If threshold effects and mean stress effects are of
limited significance the most important feature of the S-N curve
will be the index m. Hence the best strategy is to investigate the
dependence of A on m and € for a wide variety of cases in the hope
that knowing these two will enable A to .be predicted to a
reasonable degree of accuracy. Wirsching and Light* report the
results of such a study which assumed the rainflow algorithm to
give a correct measure of damage for a sequence of cycles
generated from a specified spectrum. The results show that A
falls rapidly from its maximum of 1.0 as € increases, but that for
€ greater than 0.4 or so, A is largely independent of €. For
€ > 0.5 and m around 3.5 values of A fall mainly within the range
0.75 to 0.85. The mean value is about 0.8 and the standard
deviations about 0.025 (see ref 4 fig 4). Since A is a continuous
variable in the range O € A € 1 a Beta distribution might be most
suitable; it would only be possible to speak of a distribution
being 'correct' if there was a precisely defined population of

broad-band spectra to consider.
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Although some of this observed variation may be the result of
differences between actual realisations of the same random
process, most of it is the result of 'losing' the full description
of the spectrum and using a few moments only in the calculations.
The distribution of the variable A therefore represents lack of
knowledge; a lack which in this case (unlike most others) could be

avoided if more elaborate calculation procedures were adopted.

Although it would be possible for designers to use a deterministic
value of A 1less than unity, the general impression given by
published accounts is that the narrow-band assumption is commonly
made 80 the use of A in reliability analysis will show an
additional margin of safety beyond that envisaged by the designer.

5.8 Corrosion Effects

The various testing programmes on the effect on fatigue behaviour
of the corrosive marine environment have shown that the effects of
this environment can be very complicated and that they depend on a
large number of factors. It has not proved simple to create an
environment in the laboratory which represents the real conditions
of offshore structures as far as all the possibly relevant aspects
of the physics, chemistry and biology of sea-water are concerned.

Some of the conclusions reached by investigators are as follows:

(1) Por constant amplitude tests at stress ratios R=0 and R=-1,
testing in sea-water with total or intermittent immersion,
and with or without cathodic protection does not give results
significantly different from tests in air, except that there
is 1less evidence of a threshold stress range for crack

growth®:,

(2) At higher values of R (0.7 and 0.85) crack growth rates can be
up to 6 times higher than at lower R values in freely
corroding conditions. 1In air the R value has little effect.
Cathodic protection modifies this behaviour to a limited

extent®z,
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(3) Crack growth rates are very sensitive to temperature; a
small increase in temperature can give a large incCrease in
crack growth rate. This may mean that cracks near the water

line or near hot risers are more vulnerable to fatigue than

otherwise expected®Z,

(4) Under narrow-band loading, fatigue life is reduced by up to
40% by freely corroding conditions. In some, but not all,
cases cathodic protection improves the fatigue life®S3,

(5) Pauses in testing allow cracks to be blunted by corrosion,
thus prolonging the fatigue life. Calm spells may therefore

be beneficial to real structures®4.

It is difficult to draw general conclusions from such studies at

this stage. It seems likely that corrosive conditions will affect:

the fatigue resistance of real structures, but really applicable
research results do not seem to be available yet. The effect will
Probably depend on the corrosion protection measures employed, on
the location of the connection within the structure, and perhaps
on the geographical location of the platform. But it seems
possible that much of the variation in fatigue behaviour observed
in the laboratory is the result of the particular conditions
employed in each test and that there is much less variation
between real structures or parts of structures. To test ¢the
sensitivity of reliability calculations to effects of the order of
magnitude found for narrow-band loading (see (4) above) a factor
could be applied to the calculated fatigue life with, say, a mean
of 0.8 and a standard deviation of 0.15.
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CHAPTER 6

EXAMPLES AND CALCULATIONS

6.1 Failure of Single Connections

6.1.1 Introduction

Chapter 1 discussed the situations in which the making of
decisions on matters concerning fatigue resistance would be
assisted by the use of reliability analysis. In this chapter some
calculations are discussed which illustrate these uses and show
the results that arise in typical circumstances from the data

presented in chapter 5.

The first type of calculation is for the probability of failure of
a single connection. To give these calculations the greatest
generality they are presented in the ratio format discussed in
section 4.3.5. The failure function used is based on that given in
equation 4.8, modified to include all the uncertainties discussed
in chapter 5. This function is used to calculate the probability
that the actual life will be less than some required life, and the
ratio format can be used to allow the calculations to represent
any well-defined stage of the crack growth process as ‘failure’.
In this approach it is necessary to use the same deterministic
value of m, the S-N curve index, for both the design S-N curve and
the probabilistic model of fatigue resistance uhder constant cycle

loading. The failure function takes the form:

AcR MR kR ¥

Z = log (6.1)

MR 'R ((scF)R e (FF)Z)m
where the superscript R indicates that the variable is the ratio
of real value to the value used in design calculations,

and where:

m,K are the S-N curve parameters (m taken as deterministic)

¥ is the safety factor, i.e. the ratio of fatique life (in
years) as calculated in deterministic design

calculations to the minimum required life.
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Aw Is Wirsching's damage reduction factor, allowing for the

effect of broad-band spectra.

M is the Miner's Rule Sum at failure and is used here only
to cover uncertainty in the relationship between

variable amplitude and constant amplitude tests in air.

Ac 1is a factor to allow for the reductioon Miner's Rule Sum

at failure due to corrosion effects.

n' is the effect of uncertainty in the wave history

(SCF )is the stress concentration factor

Sm is the inertia (or mass) coefficiént

r is the effective radius, allowing for effects of marine
growth.

6.1.2 States of Uncertainty

It 1is clear from the discussion in <chapter 5 that the
uncertainties present in fatigue calculations originate from many
different sources, and that, depending on the problem under
consideration, different values should be given to the parameters
of the distributions. The number of possible combinations of
uncertainties that might be made is therefore impracticably large.
To allow some useful results to be presented, three 'states of
uncertainty' have been defined representing three different
situations in which a reliability analysis might be carried out.
In addition, in considering the description of S-N curve data two
cases, termed ‘'worst’' and ‘'average' have been defined. The
effects of Miner's Rule uncertainty and corrosion are excluded
from the uncertainty classification and are tested separately,
because of the doubts discussed in chapter § about the nature and

role of these uncertainties.

Uncertainty State 1: This 1is the narrowest definition and

includes only the random variability that is completely beyond the

A
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designer's control. It is assumed that testing on models (or even
on the real structure) has enabled the forces generated by given
waves and the stress concentration factors to be determined
exactly, and that simulation and rainflow calculations have
enabled accurate cycle counts to be made for representative stress
histories. This leaves only the variation of S—-N curve parameter
K between nominally identical connections, the uncéftainty caused
by marine growth, and the uncertainty in n' which expresses the
difficulty in predicting future weather exactly, however much data
on past weather is available.

Uncertainty State 2: This is a wider definition of uncertainty
and includes, in addition to the items in state 1, those aspects of
lack of knowledge which seem unavoidable in a realistic design
office situation. Thus there is some uncertainty about Cp and the
stress concentration factor and more uncertainty than before in
n'. Nevertheless it is assumed that some data for G, SCF and K
are available that relates closely to the situation under

consideration.

Uncertainty State 3: This is the broadest of all and includes all
the uncertainties suggested in chapter 5. It therefore covers the
case of a connection designed on purely nominal values where there

is no appropriate data available.
6.1.3 Nominal Design Values

In order to use the ratio format outlined above, deterministic
design values are required for each variable. In uncertainty
states 1 and 2, values for certain of the variables are assumed to
be known exactly so that there is no uncertainty and the true value
is used for design. Where there is uncertainty, represented by
the probabilistic models found in chapter 5, a deterministic
design value has to be specified. Those used for K will be
discussed in section 6.1.4. \

For the wave history factor n', the effective radius (including
marine growth) and the stress concentration factor, the mean

values were taken as design values. This . is based on the

.
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Addendum to page 146

The data analysis in section 5.5.4 leads to a value for the standard
deviation of log,.K of 0.22 for the variation within a set of nominally
identical cases, so this value is used for uncertainty states 1 and 2,

and 0.50 for the overall uncertainty used in uncertainty state 3.

For uncertainty state 3 and for the ‘average’' case in states 1 and 2,
the difference between the mean and design values of log; K is two of
the larger (0.50) standard deviations. For the 'worst®' case in states 1
and 2 this difference is two of the smaller (0.22) standard deviations.
Hence in state 3 and in the °'worst' case of states 1 and 2, the design
value of 1log,o,K is at mean minus two standard deviations of the
distribution used for log,; K in the analysis. In the 'average’ case of
states 1 and 2, the design value is at mean minus 2 x 0.5/0.22 = 4,545

standard deviations.



assumption that deliberately conservative estimates are not used
for these quantities. By contrast C, was taken as 2.0 which is a
high value when compared with the available data. It is the
theoretical value found in potential flow calculations; it is
widely used as a result, and is specified in the DnV rules3®, It
was also assumed that Miner's Rule was used without any
modification in the calculations, so that design values for M and
Ac are 1.0. The DnV rules specify a number of different values to
be used for Miner's Sum at failure in particular circumstances,
but this is assumed to be covered here by the safety factor v.
Finally it was assumed that design calculations would be made
using the narrow-band assumption, so that the deterministic design
value for A, is 1.0.

6.1.4 ‘Worst’' and 'Average' Cases

The principal restriction imposed by the ratio format is that the
design S-N curve and the probabilistic model describing the
results of constant cycle tests must have the same deterministic
value of m. This means that in the traditional log S - log N plot
the design curve is parallel to the 1line indicating the mean value
of log N for each S and since the standard deviation of log N (i.e.
of log K) has been assumed constant, then the design curve falls at
the same fractile of log N for all values of S. A common aim of
those responsible for producing design curves is that they should

fall at mean minus two standard deviations.

In uncertainty states 1 and 2 the standard deviation used
represents only the variation found within a set of nominally
identical cases, whereas in state 3, it represents the overall
uncertainty in the fatigue resistance of a tubular joint for which

no specific data is available.

In state 3 the design curve is taken at mean minus two standard
deviations (of log N). For states 1 and 2 two cases are defined:
an ‘average' case where the mean is the same as in state 3, and a
‘worst®' case where the mean is just two of the (smaller) standard

deviations from the design curve.
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One advantage of this approach is that it is not necessasry to
define which stage of ‘failure' is to be used as the basis of
design, provided the same stage is used in all parts of the

calculations.
In mathematical terms, the design value of K, Kgeg, i8 given by

n Kgeg = Mpnk — 20gnK (6.2)

where mgnk, Ognk are the mean and standard deviation respectively
of £nK.

The mean value of KR = K/Kgeg iS given by

1
myg exp(zoZpnk + Mpnk)

- = 6.3
nkR k_d-es Kdes ( )

1
exP[iﬂznnx + mpnk — (Mgnk -Zﬁmx)]

= exp[‘i‘ﬁmxz + 20 2nx]

3.13 if Clog, K = 0.22

19.40 if Uloglox = 0.50
1
= 2 - 132
Vg = (exp(og ) - 1) (6.4)

= 0.54 if o0j0g x = 0.22

1.66 if °1°910K = 0,50

The coefficient of variation Vx is unaffected by the use of ratio

forms for K, so the standard deviations are:

for Uncertainty State 3, 0 = 1.66 x 19.40 = 32.21

for Uncertainty States 1 and 2, 'worst' case, o = 0,54 x 3.13=1.69
” - . ® " = 'ayerage'case, ¢ = 0,54x19.40=10.48

6.1.5 Results of Calculations

Using the data of table 6.1, the method of section 2.7 and the

failure function of equation 6.1, gives values for the probability
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of failure of a single connection as shown in table 6.2. The
corresponding values of B (8ee equation 2.44) are in table 6.3.
Values of a, the sBensitivity factor (normalised values of aj) are
given in table 6.4.

It is clear from table 6.2 that the Miner's Rule uncertainty has
little impact on the reliability, confirming Wirsching's
conclusionsZ, The corrosion effect is more important, increasing
the probability of failure by a factor of the order of 3 or 4 in
most cases. This is not however a major effect by comparison with

some of the other effects noted here.

The most important variable is K, which has the largest
coefficient of variation, but in some cases some of the loading
variables are also important. This is Dbecause, although their
coefficients of variation are small compared to that of K, their
effect is increased considerably when the variable is raised to
the mth power.

Many of the probabilities of failure are quite high by normal
structural standards. This is because the design values of some
of the wvariables were not taken at 1low fractiles of the
distribution and because the large scatter of K and the nature of
the failure function mean that a safety factor of 2 on life is not
large in its effects. It is equivalent to a factor of only 2%/3-:5
(=1.2) on stress. In practice many of the joints on a real
structure will have very long design lives because the design is
determined by other limit states. It is also clear that using the
lower uncertainty levels, only cases close to the ‘'worst' case

will have these high probabilities of failure.

The effect of changes in uncertainty state and safety factor are
illustrated in fig. 6.1 The lack of a simple consistent pattern of
change between the three uncertainty states is because the changes
from state 1 to 2 and from 2 to 3 include not only khe addition of
further uncertainty into the calculations, but also the
introduction of variables with conservative design values. For
instance, in state 1 C; is taken as being known exactly, whereas in

state 2 the design is 4 standard deviations above the mean value.
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Such biased quantities offset the increasing standard deviations
and cause the probabilities of failure to be much more consistent

(for the ‘worst'’ cases at least) than might have been expected.

There is clearly an arbitrary element in the choice of the design
values, although it is believed that they represent the sort of
approxiations and assumptions used in design. A wider range of

results would have been obtained using other deign values.

The general conclusion to be drawn from these results is that
reliability levels in these types of connection can be quite low
because of the large uncertainties in many aspects of the designs,
although there are good reasons why many connections will in
practice have much higher reliabilities. It must be remembered
that ‘'failure’' here is defined as exceeding the stage of crack
growth used to define the design S-N curve, and may be only a
fraction of the life to total failure.

As remarked above the principal 1limitation imposed on the
calculations by using the ratio formulation is that the same
deterministic value of m has to be used for the design S-N curve
and the probabilistic model. There are two important situations in
which a different formulation would be necessary. The first is
where the design curve has a different value of m £from the
probabilistic model, and the second is where both the design curve
and the probabilistic model use a higher value of m for lower
stress ranges to allow for the threshold effect. It is possible to
obtain some insight into these cases by considering the results

obtained in the ratio formulation calculations.

If different values of m are used in the S-N curve and
probabilistic model then this means that the design curve does not
fail at a consistent fractile in the distribution of N. The result
obtained in any particular calculation will depend on how close
the design curve comes to the mean life over the range of values of
S which play a significant role in the calculations. In section
5.5.4 it was shown that the proposed 'T' curve lies within two
standard deviations of the mean value using the probabilistic
model for uncertainty state 3. It follows that this curve will

give lowar reliabilities than those given here, ,
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The argument that & higher value of m should be used below the
stress range threshold for crack growth in constant cycle tests
applies to the derivation of both the probabilistic model and the
design curve. If the relationship between these two is the same
for stress ranges above and below the threshold, the change in m
will only have a limited effect on the results of the
calculations; specifically it will increase the sensitivity to
variables such as stress concentration factor which are raisead to
the mth power in the calculations, at the expense of the other
variables.

6.2 Pailure of more than one connection

6.2.1 Intrcduction

So far the calculations in this chapter have been concerned with
the failure of a single welded connection, but the overall safety
of a structure depends on the integrity of a large number of
connections whose fatique resistances are unlikely to be wholly
independent. As discussed in chapter 1, because total fatigue
failure is preceded by extensive and often visible crack growth it
is possible to discuss the correlation of the early stages of
'failure' in different connections without having to consider
changes in overall structural behaviour which follow total failure
of a connection. 1In these circumstnces the failure function for a
particular cormec;:ion does not depend on wheth_er or not other
failures have occured and it is only the degree of correlation
between the basic variables that is relevant to these early stages

of failure.

Some of the calculations which might be considered useful would be
extremely complicated to carry out, but to establish the orders of
magnitude of the effects of correlation between the variables that
govern the lives of various connections, some simple calculations
can be made. It is clear from the discussion in chapter 2 that the
two probabilities which are easiest to find, given a set of n
similar connection, are the probability of all n failing, and the

probability of at least one failing.

-
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6.2.2 Degree of Independence

The connections are all assumed to be described by the same
failure function, representing some early stage of failure, so the
difference between the connections is only in the values of the
basic variables. The extreme, purely theoretical, case is where
the behaviour and resistances of the connection; are totally
correlated, so that the values of the basic wvariables are
identical for all the connections. 1In these cases the connections
would all fail simultaneously, and hence the probailities that all
fail and thet at least one fails will equal the probability that

one single connection fails.

In practice there must be a degree of independence between
different connections, even if they are nominally identical. Foxr
the sake of example three degrees of independence have been

defined as follows.

'Slight' Independence: In this case the n cases under
consideration are assumed to be nominally identical connections on
the same structure and situated so that the 1loads on the
connections all have the same origins (e.g. exactly the same value
of C; applies to all the connections). They are therefore
independent only to the extent of the variation in K Dbetween
nominally identical cases. The uncertainties are all taken at the
values given in table 6.1 for Uncertainty ILevel 3 with a safety
factor, y, of 2.0, except that K is expressed as K,.K, where K,
represents the variation within a set of nominally identical cases

and K, represents the variation between diifferent cases.

If K=K,.K, (6.5)
then &nK = fnK, + #nK, (6.6)
MpnK = MenK + MenK, (6.7)

2 = g2 2 .
and %9k " %ink, T %ink, \ (6.8)

If XK, is the variation within a set of nominally identical cases,

superimposed on the variation between cases, then
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m!nxl = 0
and mppK = MgnK,
Prom the data in chapter 5,
alOQ.\.OK.L = 0.22, 0'109.:.0}(2 = 0.45

hence Vkl = 0.54 and sz- l1.38

= i52 =
myg exP[EU!nK1+ m‘“x;] 1.137

1

ox,= 1.137 x 0.54 = 0.614

K, is to be expressed in the ratio form, so that mean value of K,

as a ratio is given by:

1
mg, ©xP(z0%pnK,* Menk, )
= (6.9)

Kdes Kges

but fnKges = Mpnk —20gnk as before (equation 6.2)
™. 1.2 2 2 _;'
hence Kaes exp[ic gnk, + 2(0%gnk, + 0%k, ) (6.10)
= 17.066

cxz

-— = 17.066 x 1.38 = 23,60 -

Kdes

Since only K; takes independent values in each case the same Level
2 method can be used as in section 6.1 but with the distributions
for K, modified in accordance with section 2.9.2.

‘Considerable’' Independence: At this level it is assumed that the
variables K and the stress concentration factor, which are the two
variables related specifically to the design of the individual
connections, take independent values in each case, but that the
other variables, which are more concerned with the whole structure
and its history, are taken with the same values for each of the n
cases. Because two variables are now assumed to take independent
values, one of the new algorithms given in chapter 2 is required.
Because it is possible to separate the failure function into two
parts, thus (omitting the R superscripts in equation 6.1):

Ac MxT ¥ ]
(6.11)

Z = 1°g [AH n' (cm rZ)m
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K
Zp=2Zp= ... E(—SCF_.)“‘_XI (6.12)
which reduce to the correct failure functions when

Zp = zg = ...= 0, the algorithm of section 2.9.3 may be used. The
following form was found to be computationally easier:

[ Ac M eIy ]

Z = log EY (Cp 2208 (6.13)
X
Zp=7R= ... = 1@[@]— X1 (6.14)
Total Independence: This is the extreme case (included for

interest rather than because of its applicability) in which there
is no correlation at all between connections. If p, is the
probability of failure of a single connection then the probabilify
of failure of n such joints is pln and the probability of at least
one failure in a set of n is 1-(1-p,)R.

6.2.3 Results

The results of these calculations are given in tables 6.5 and 6.6,
for various values of n, and they are plotted in figs 6.2 and 6.3.
In these graphs the points have been Jjoined by continuous lines,
but of course these lines are really a set of discrete points at

integer values of n.

The general form of the results is as one would expect. One
notable feature is that while the ‘considerable' and 'total’
independence cases are very similar when calculating the
probability of at least one failure, there is a considerable
divergence Dbetween them for 1large n when calculating the
probability of all failing. The limited degree of correlation

present clearly becomes significant in this situation.

It is also clear that there is a wide range of possible results
between the ‘'sBlight' and ‘considerable' cases, so that the exact

degree of correlation will be of great importance in practice.
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6.3 Conditional Probabilities of Failure

6.3.1. Introduction

One particular effect of the correlation between cases that is
lixely to be of interest is the effect of the discovery of a
failure. The calculations below apply to the situation where one
Jjoint is inspected after a certain percentage of the required life
has elapsed (20%, 50%, 100% are the figures used); it is found to
have 'failed' by the definition used in the initial design, but
without affecting the load carrying capacity of the structure or
the distribution of loads within the structure. If there are n
similar joints in the structure, what is the probability that at
least one of these (or, alternatively, all of these) have already
failed or will fail during the remainder of the required life? The

failure function and data are the same as used in section 6.2.

Clearly if the connections are all totally independent of one
another these probabilities are unchanged £from those found in
section 6.2 because the failure of one joint gives no information
about the others. For the ‘slight’' and ‘considerable’
independence cases the conditional probabilities are calculated
using various forms of the algorithms of section 2.9 to find the
required joint probabilities, and using the following
relationships:

P[at least one of n cases fails|one particular case fails]

_ Plat least one of n cases fails n one particular case fails)
P{One particular case fails])

and P[all n cases failione particular case fails)

- Pl[all n cases fail n one particular case fails]
P[one particular case fails)

- Plfall n + 1 cases faill]
P[one case fails]

6.3.2 Results

The results of these calculations are given in tables 6.7 and 6.8
and in figs 6.4 and 6.5. Here again the range between the results

for 'slight' and ‘considerable' independence is very wide,

154



covering a substantial part of the range between zero and total
independence. The definitions of the 'slight' and ‘considerable’
cases is such that this range should be approximately the same as
the range of correlations found in a real structure. It therefore
seems that in practice the failure of one connection should cause
action to be taken to check the connections that bear the closest
similarity to the failed one, but that there is much less reason to
be concerned about fundamentally different types of connection,
although the probability of finding one or more other failures

becomes large when there are a large number of such connections.

If the correlation between different connections in a real
structure could be adequately quantified and modelled,
calculations such as these could be developed and used to optimise
the frequency of inspections, including determining the most

rational response to the discovery of cracks.
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CHAPTER 7
CONCLUSIONS

The preceding chapters have reviewed the basis of structural
reliadbility analysis and its application to the quantification of
the uncertainties that affect the fatigue resistance of offshore
structures. Some recent criticisms of the use of probability
theory in such calculations were discussed and found to be
invalid, and it was shown that a number of different
interpretations can be placed on the concept of probability which
enable it to be applied in areas such as structural engineering.
The classification of types of uncertainty was discussed and
methods were given for the probabilistic modelling of random
variables. The difficulties that result from having to use the
sort of ciata commonly available were analysed, and it was shown
that the concept of a set of nominally identical cases was
particularly useful in identifying the nature of the uncertainties

present.

A simple derivation was given for the so-called 'Level 2' method
of reliability analysis and this was extended to provide two

methods for the calculation of conditional failure probabilities.

Various methods used in the fatigue analysis of offshore
structures were outlined and formulated as required for
reliability analysis, and in the course of this work a proof was
given of the upper bound nature of the narrow-band spectrum
assumption. The formulations included the application of fracture
mechanics methods, although these have not yet won wide acceptance

in the offshore industry.

Calculations were made using the simpler formulation which were
shown to be applicable to certain realistic situations. In other
situations more complex calculations would be unavoidable. One of
these is where it is necessary to consider more complicated
interactions between connections than those considered in chapter
6, including, in the extreme case, the full sequence of element
failures leading to total failure of a highly redundant structure.

The other situation is where the structural analysis process is
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subiject to uncertainty because effects such as uncertainty in soil
stiffness have to be considered. This will apply particularly to
structures which show significant dynamic sensitivity so that the
various parameters that influence the damping are important.
Further investigation of these two areas should form a major part
of future work. The problem of analysing 'systemg' failures is
receiving attention from many workers in reliability theory: the
investigation of the effects of complex structural behaviour on
reliability is best done by studying real structures (or designs)

in detail; this is discussed again below.

The general conclusion of the calculations is that the most
important single variable is the S-N curve parameter K, but that
any other variable which has a major effect on the calculations of
loads or stresses will also be important because the NsST=K
relationship (or whatever similar form is used) effectively
magnifies uncertainties in S, the stress range, so that such
variables will have a much larger effect on the overall
uncertainty than one would expect by comparing their coefficients
of variation with that of K. By comparison, uncertainties in the
Miner's Rule sum and wave 1loading effects were shown to be

comparatively unimportant.

This conclusion of course implies that the accurate assessment of
coefficients of variation and other probability distribution
parameters is important for K and several of the other wvariables.
It was also shown that in assessing the effects of correlation of
crack growth, the degree of independence between the different
connections is very important and a wide variety of results is
possible within a realistic range of situations. The results also
show that it can be very important to define clearly the nature of

the uncertainty which is relevant to the situation being analysed.

This dependence on the accuracy and relevance of the data means
that the usefulness of reliability analysis in éecision—making
situations will depend on the availability of data. Although it
is always possible to Jjustify the use of reliability analysis

because it makes the most rational use of whatever data is
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available, in practice if conclusions are reached and decisions
made which go beyond what would have been done anyway on the basis
of common sense, it is necessary for them to have a sound basis in
relevant empirical data. The problem is that data collectioin for
the Dbehaviour of offshore structures (including fatigue
resistance) rarely takes any account of the needs of reliability
analysis, since the aim is usually to cover the widest possible
range of cases with perhaps only one test per case. Statistical
analysis of test results is often extremely perfunctory and can be
very misleading.

One important part of future developments of this work therefore
is the procurement and analysis of data on all aspects of the
uncertainties that affect fatigue in offshore structures,
concentrating, of course, on those found to be most important. In
particular it will be important to obtain data on the actual usage
of the different structural elements so that this can be compared
with the usage in laboratory tests and the results of those tests
weighted appropriately. These tasks will be easier if future work
can be tied to specific structures so that questions of what is and
what is not relevant can be answered more easily. The use of
specific examples, although it will mean that the conclusions lack
some generality, will enable aspects of fatigue resistance which
depend on details of structural configuration and loading to be
investigated in greater depth. It should be possible to clarify
differences in fatique resistance between different parts of the
structure, for instance differences between méﬁbers, such as main
columns and vertical plane bracing which carry the whole
structural loading, and members such as horizontal bracing frames
which are subject to more local effects, or differences between
members which are always totally submerged and those near the

surface subject to intermittent immersion and wave slam.
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Table 5.1 Data Recovery from m.v. Famita

Reference Winter Exact Period Number of Perxrcentage
Number of recovery records data recovery

1 i9s89/70 . 3/10/69-29/3/70 1055 72.5%

2 1971/72 4/11/71-31/3/72 567 38.9%

3 1972/73 1/10/72-31/3/73 1020 70.1%

4 1973/74 2/10/73-30/3/74 941 64.6%

5 1974/75 1/10/74-29/3/75 1052 72.3%

6 1975/76 :12/10/75-31/3/76 1092 75.0%

7 1976/77 1/10/76-31/3/77 951 65.3%
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Table 5.2 Regression Analysis Results for long—-term

wave height distribution.
values of H from 1.0m to 4.0m inclusive).

(Regression on

Original Data

"Filled” Data

Data Set

o ﬁ wS.s P B w!.s

1 1.40 l1.28 3.36 l1.34 1.26 2,98

2 1.96 l.08 2,56 1.33 l1.24 2,85

3 1.33 1.29 3.24 1.33 1.26 3.02

4 1.31 1.30 3.30 1.31 1.27 3.00

5 1.37 1.24 2,91 1.30 l1.28 3.09

6 1.36 1.20 2.58 1.32 1.25 2.90

7 1.32 l1.14 2.09 1.31 1.25 2.84

Mean* l.44 1.22 2.86 1.32 1.26 2.95
(1.35) {(1.24) (2.91) (1.32) (1.26) (2.97)
Standard*| 0.233 0.084 | 0.47 0.015 0.014 0.093
Deviation{ 0.036) (0.015) | (0.013)| (0.090)

(0.0531(of50)

*Bracketed figures are calculated by excluding data set 2.
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Table 5.3 Regression Analysis Results for long-term wave height

distribution. (Regression on values of H from 1.0m

to 6.0m inclusive).

Original Data

"Filled” Data

Data Set

Pes B O(BS.S e Jc] 033.5

1 1.47 1.25 3.21 1.35 1.25 2.96

2 2.38 0.99 2.26 1.31 1.25 2.89

3 l1.28 1l.38 3.98 1.32 1.27 3.03

4 1.30 1.31 3.32 1.27 1.29 3.10

5 1.39 l.23 2.86 1.23 1.32 3.25

6 1.31 1.22 2,66 1.27 l.28 3.01

7 1.30 1.15 2.12 l.28 1.27 2.92
Mean* 1.49 1.22 2.91 1.29 l.28 3.02
(1.34) |(1.26) |[(3.02) (1.29) | (1.28) | (3.04)
Standard*| 0.40 0.13 0.65 0.039 0.023 0.12
DeviationL0.073) (0.080)|(0.64) (0.042) (0.024) | (0.12)

* Bracketed figures are calculated by excluding data set 2.

“u

170



Table 5.4 Statistics for n' and t' (normalised to mean value

of 1.0)
n' t
Data Set

Original “Filled" Original "Filled"

Data Data Data Data

1 1.13 0.95 1.16 0.94

2 0.79 0.96 0.72 0.96

3 1.16 0.95 l1.14 0.92

q 1.24 1.05 1.28 1.06

5 1.01 l1.11 l1.01 1.13

6 0.95 1.01 0.97 1.03

7 0.73 0.97 0.73 0.97

Mean 1.00 1.00 1.00 1.00
S.D. 0.194 0.060 0.213 0.075
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Table 5.5 Coefficients of Variation for wWave Description Variables

Variable

Original Data

"Filled™ Data

a based on H=1.0 to 4.0m
afm nased on H=1.0 to 6.0m
nl

tl

0.17
0.22
0.19
0.21

0.03
0.04
0.06
0.08

.
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Table 5.6 Accuracy of Stress Concentration Factor Formulae - 1

The figures below for Experimental Hot Spot Stress + Hot Spot

Stress calculated from Kuang's Formulae are estimated from

Gurney®3 Fig. 2.

Cases within limits

of Kuang Formulae

Cases outside limits

of XKuang Formulae

l6mm 32mm 16mm 32mm
Axial IPB Axial IPB Axialg IPB Axial | IPB
0.9 1.2 (0.75) 0.5 0.75 1.05 0.6
0.95 1.2 1.25 0.5 | 0.75 | 1.05
1.0 1.2 1.25 0.5 0.8
1.0 1.2 1.25l 0.8
1.0 1.2 1.25' 0.8
1.0 (1.7) 1.25;
1.05 (1.75) f
1.05 (1.9)
1.1 (2.0)
1.2
1.25
Excluding bracketed outliers:
Mean = 1.11
s.D = ,[12
All cases within limits of
Kuang formula:
Mean = 1.22
S.D = 0.32
All cases:
Mean = 1.08; S.D. = 0.35

PR
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Table 5.7 Accuracy of Stress Concentration Factor Formulae — 2

The figures below are taken from Dover, Choudhury and
Dharmavasan®®, Tables II and III.

Load Position SCF SCF from Measured SCF
Case [ measured )* | Kuang Formula Calculated SCF
T joints:
Axial Chord Saddle| 8.76 9.26 .946
" Brace Saddle 6.8 10.22 .665
OPB Chord Saddle! 8.6 i 7.02 1.225
" Brace Saddle 5.63 ; 7.54 . 747
IPB Chord Crown 2.74 : 2.51 1.092
" Brace Crown 1.83 2.66 .688
Y joints:
Axial Chord saddle 6.9 § 5.81 1.188
" Brace SaﬂdleE 6.13 ; 5.95 1.030
OPB Chord saddle: 5.34 ; 3.36 1.589
" Brace Saddle 4.13 ’ 3.93 1.051
IPB Chord Crown . 1.92 2.45 .784
" Brace Crown . 1.70 | 2.42 .702
| | Mean .98
| | Standard
i Deviation .28

*Average of acrylic and steel model results for T-joints.

Only acrylic models were used for Y-joints.
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Table 5.8 Summary of results in table 5.7
Mean Range
T-joint Chord Saddle 1.09 .28
i Brace Saddle 0.70 .08
Y-joint Chord Saddle 1.19 .81
" Brace Saddle 0.93 .35
Table 5.9 Accuracy of Stress Concentration FPactor Formulae - 3
Joint SNCF measured SCF calculated Measured SNCF
(Kuang formulae) Calculated SCF
chord brace chord brace chord brace
A 11.0 7.5 8.7 10.0 1.264 .750
B 4.7 4.4 4.9 7.1 .959 .620
C 1.6 1.7 2.2 3.9 .727 .436
D 10.0 7.0 9.8 10.3 1.020 .680
E 3.8 3.2 4.3 6.1 .884 .52%
Al 3.04 l1.84 2.9 2.5 1.048 .736
B’ 1.45 1.45 1.6 2.2 .906 .659
(o 0.62 1.33 0.9 2.2 .689 .605
D’ 2.72 - 2.9 2.5 .938 -
E’ 1.56 1.71 1.6 2.2 .975 777
Mean .941 .643
Standard Deviation .162 .111
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Table 5.10 Sources of S-N Curve Data

I* | Country of Origin| EEC Conf®° ICE Conf’2
Papers No. 'Papers No

1-78% UK PS2, ST 10.2 10
79-98 Netherlands Ps2, ST 8.4
99-108 Italy PS2, ST 10.1
109-116 Norway Ps2
117-122 UK ST 8.2 10
123-147 UK 9, 10

* Cross-reference number to tables 5.11, 5.12 and 5.13.

+ This data has been revised. Paper ST 10.2 contains the later
figures and PS2 the earlier ones. ICE Conf Paper 10 contains the
later figures in its final published edition, Dbut the
pre—conference pre-print contained the same figqures as Paper PS2.
The later values are used in the analysis. The tests referenced
I = 57 to 78 are described in some references as series E1, E2, F1
and F2 (as given in tables 5.11-5.13) but in some references they

are given as series 41/, 42/, 43/, and 44/.
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Summary of Data for S-N Curves
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Table 5.14 Estimated Standard Deviation representing the

variation of log, K within sets of nominally

identical cases.

Stage of Fatigue Failure

N1 N2 N3- N4
Number of test results 30 106 94 133
Estimated Standard Deviation 0.371} 0.353 0.213 (0.215

Table 5.15

Statistice representing the variations between the

values of log; K found for different sets of

nominally identical cases.

Note:

equal weighting in calculating these statistics.

each value of log,,K in table 5.13 has been given

Stage of Fatigue Failure

N1 N2 N3 N4
Number of values of log, K 10 40 35 48
Mean 16.72% |15.45 [6.47 D6.86
Modified Mean - 15.52**16.51* 16.89*
Standard Deviation 0.456 0.541 | 0.492 | 0.484
Modified Standard Deviation - 0.451**0,440% 0.444%*
* These results have been modified by excluding one outlier:

the value of log, K for tests E2A and E2D.

*x  These results have been modified by excluding two outliers:

the values of log, K for tests E2A and E2D, and F1A and F1B.

is derived from a limited number of test results which gave

This value is higher than the means for N2 and N3 because it

above average values of log, . K for all stages of failure.

3
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Table 5.16 Accuracy of Miner's Rule

Country of Origin | Paper number | Range of Miner's Rule Sum
in ref. 80 at failure
PS 5 0.75 to 1.0
Netherlandsx*
ST 7.3 1.0 to0 1.3
United Kingdom ST 7.2 0.5 to 1.1
Germany PS 5 0.4 to 0.8

* In the author's interpretation these two papers give
contradictory conclusions from the same tests. There is
insufficient discussion of the origin of these figures to

enable the problem to be resolved.
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Table 6.1 Data for Reliability Analysis

Uncertainty State
Variable| Distribution Type b 2 3
m o m c m o
n' lognormal 0.025 0.05 0.2
Cm lognormal . (0] . 0.025 0.9 0.135
|
(origin=1.0/2.0= ;
0.5)
r lognormal 1.0 0.04 , 1.0 0.04|{1.0 0.04
(origin=1.0/1.11= i
0.9) '
SCF lognormal 1.0 o i 1.0 0.1 |1.0 0.3
m . constant 3.5 - 3.5 - . -
worst lognormal 3.13 1.69 5 3.13 1.69
case . ‘ 19.40 32.21
average .
case lognormal 19.40 10.48 19.40 10.48
Aw beta 1.0 0 1.0 (o] 0.8 0.025
i
i m o
M | lognormal 1.15 0.3
Ac lognormal 0.8 0.15

Note: data is for variables (excluding m) expressed as ratios to

design value,

191

M and Ao are not classified under uncertainty levels.



Table 6.2 Probability of Failure of Single Connections

Uncertainty State 1 2 3
Fatigue Detail Case| 'worst' 'average' | 'worst' 'average
Excluding Miner's
rule and corrosion
uncertainties:
y=1.0 3.5%1072 1.0x1075]1.8x107%2 6.7x10"%{2.7x10™2
2.0 2.1x107* 3.8x1077|1.2x10™3 2.5x10"7{9.8x10™3
4.0 ‘8.3x10“5 1.5%1072 !5.4%x1075 9,.8x107°.3.0x10™3
i
I
For y=2.0: !
Data as above ;2.lx10‘3 3.8x10771!1.2x10™% 2.5x1077[9.8x10™3
” " L1} plus
Miner's Rule 2.4%1073 4.6%1077,1.3x10"32 3.1x1077|8.8x10"3
uncertainty
Data as above plus
Corrosion 7.8x10™3% 1.7x107%|4.2x10™3 1.1x107% 1.5x102

uncertainty
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Table 6.3 Failure of Single Connections - 3 values

Uncertainty State h § 2 3
Fatiqgue Detail Case [worst' 'average' | 'worst' ‘'average’
Excluding Miner's
Rule and corrosion
uncertainties
y=1.0 1.81 4,26 2.10 4,35 1.92
2.0 2.86 4,95 3.03 5.03 2.34
4.0 3.77 5.54 3.87 5.62 2.75
For y=2.0:
As above 2.86 4,95 3.03 5.03 2.34
" " plus Miner's 2.83 4,91 3.01 4.99 2.37
Rule uncertainty
As above plus 2.42 4.65 2.63 4.73 2.18
Corrosion uncertainty

Table 6.4 Sensitivity Factors for Failure of Single Connections

Uncertainty State

1 2 3
Variable ‘worst’ ‘average’'|‘'worst' ‘average’
n' -.035 -.023 -.064 -.045 -.118
Cm - - -.127 -.089 -.338
r -.695 -.885 -.593 -.824 -.172
scf - - -.450 -.317 -.611
K .719 . 464 .652 .459 .684
A - - - - -.018
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Table 6.5 Probability of at least one failure in n cases

Degree of independence between cases

n Slight Considerable Total
.0l14 .019 .019
5 .020 . 045 .048
10 .026 .085 .093
30 .036 .209 . 255
100 .049 .457 .625

Table 6.6 Probability of all n cases failing

Degree of independence between cases

n Slight Considerable Total
5.6x103 2.9x10™4 9.5x10~%
3.0x1073 5.6x10"7 8.8x107 14
10 2.0x1073 5.6x10™° 7.8x1072%
30 1.2x10"3 2.2x10732 4.7x10782
100 7.0x10™4 3.1x10723 8.0x10202
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Table 6.7 Probability of at least one of cases B, to B, failing
during recuired lifetime given that case A fails

Prematurely.

Degree of independence between cases B; to B,

'Slight’ '‘Considerable’

Proportion of required lifetime during which case A fails

n 20% 50% 100% 20% 50% 100%
i
1 .99 % .84 .57 .045 .035 .029
2 1.0 ! .95 .72 .086 .067 .056
4 1.0 .99 .85 .16 .13 .11
9 1.0 1.0 .96 .30 ! .25 .21
29 1.0 1.0 1.0 .64 ; .55 .49
99 1.0 1.0 1.0 .94 .89 .85




Table 6.8 Probability that all of cases B, to B, fail during

required lifetime given that case A fails prematurely.

Degree of independence between cases B; to Bj

*Slight’

*Considerable’

Proportion of required lifetime during which Case A fa117

n 20% 50% 100% 20% E 50% E 100%
% :

1 .99 .84 .57 | 4.5x10"2 | 3.5x1072 2.9x1072
2 .98 .74 4.6x102 | 2.9x10™3 | 2.1x10~3
4 .97 .63 31 | 2.1x07¢ | 9.9x10-5 | 5.8x10~5
s | .93 .50 .21 | 3.9x10™® | 1.3x107% | 5.8x10™7
29 .85 .34 .12 | 2.8x10™® | 6.3x%10™° | 2.3x10™°
99 .72 .22 .072 | 5.1x1073° | 9.8x10"1%| 3,2x10™11
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Cumulative
Probability

|

1.0

Fig. 2.1 Truncated Probability Distribution

Probab‘ility

conditional on !
non-failure ™

failure

u, u'

Fig. 2.2 u-u' Transformation



Fail

ZB= u1+ 2

Safe
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ZA= u1- u2+ 4.25

Failure Surface A

Fig. 2.3

Example of transformation of Failure Surface

by Truncation and Re-normalisation of variable space
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Probability

Density

|

Distribution of troughs

Distribution of peaks

stress

Fig. 3.1 Distribution of Peaks and Troughs for Gaussian Process
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Fig. 5.7

Scatter Diagram showing variance/mean for frequency of

occurrence (x 10000) of each sea-state.
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Fig. 5.8 Coﬂparison of Hazard Functions for typical

Lognormal and Weibull Distributions
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Fig. 5.9 Typical S-N Curve data and mean regression lines
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Fig. 5.10 Plot of values of m from data for fatigue life N3

against mean value of log Ae
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Fig. 5.11 Sixteen Fatigue Test Results taken as a single group.
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Fig. 5.12 Sixteen Fatigue Test Results taken as eight pairs
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Fig. 6.1 Probability of Failure of single connections
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Fig. 6.2 Probability of at least one failure.
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Fig. 6.3 Probability of all connections failing.
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Fig. 6.4 Conditional Probability of at least one failure.
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Fig. 6.5

Conditional Probability of all connections failing.



