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Abstract

From subatomic particles to macromolecules, quantum mechanics has a deep impact in under-

standing the interactions and nature of such constituents of matter. The paradoxical observa-

tions of entanglement in quantum systems is used in quantum computations. Ion traps are

among the leading platforms which provide clean and highly controllable quantum systems.

This thesis presents the study of quantum coherence aiming to devise and test coherent control

with trapped ions in a Penning trap.

Our apparatus contains one or more calcium ions that are confined in space using DC electric

and magnetic fields. Doppler cooling and resolved sideband cooling of trapped ions are carried

out to perform high fidelity quantum control. The ions are prepared in their motional ground

state via a multi-stage resolved sideband cooling technique. The cooling methods are first veri-

fied through simulations. The axial mean phonon numbers for a single ion are measured to be

0.03±0.01 and 0.012±0.009 at 187 kHz and 420 kHz axial frequencies, respectively. The heating

rate is measured to be 2.5± 0.5 phonons/s, which is consistent with the previous measurements

in our system. Similarly, the radial motional modes of a single ion are cooled to 〈n+〉 < 0.4 and

〈n−〉 < 0.6 from mean phonon numbers corresponding to each mode of around 100. Prelimi-

nary studies are carried out of the axial motional modes of a 1D chain and 2D planar crystals,

extending sideband cooling to small ICC’s in a Penning trap.

Coherent control is examined in our system and the optical coherence time and motional

coherence time are estimated to be approximately 1 ms and 0.5 s, respectively. Furthermore,

a single ion is prepared outside the Lamb-Dicke regime via a sideband heating technique and

coherent studies are performed in such a regime via a laser beam.
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Chapter 1

Introduction

Quantum mechanics has been successfully used to describe many fundamental physical and

chemical phenomena. The nature of matter ranging from subatomic particles to macro-molecules

can only be understood using quantum theories. Recently, however, quantum mechanical ad-

vancements have cultivated new research directions and their possible use in technological ad-

vancements, in particular “quantum computation" and “quantum simulation". A new line of

thought to compute otherwise intractable, fundamental processes was presented by Feynman

and Benioff [1] in the early 1980’s. Richard Feynman once stated the importance of a quantum

computation in one of his famous articles [2],

“Can quantum systems be probabilistically simulated by a classical computer?

.... the answer is certainly, No! This is called the hidden-variable problem: it is

impossible to represent the results of quantum mechanics with a classical universal

device."

Since then various theories and experimental models have been presented to describe such

computations using a well-controlled quantum system.

A qubit is a quantum counterpart of a classical information bit. It is formed by two quantum

states of an atom or a photon. Spooky nature of quantum mechanics differentiates a quantum

gate from its classical equivalent. The exponential rise in qubit operations with the number of

qubits in a quantum information processor exhibits its superiority over others. Notably, Shor’s

algorithm in a quantum computer has been shown to be the most efficient and the fastest way

to factorise a large prime number, which can be used to break currently existing encryption

protocols [3]. There has been a lot of research in the field of quantum information theory

in the past few decades [4]. In recent years, NMR systems, superconducting circuits, trapped

atoms, trapped ions and several other systems have shown tremendous progress towards the

experimental realisation of a quantum information processor and a quantum simulator [5–7].

Current quantum systems lack the full processing power due to both their vulnerability to de-

coherence effects and their limited scalability. Various “Quantum error correction" (QEC) models
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have been developed in past years to protect such systems against decoherence effects [8–10].

In order to devise a “fault-tolerant quantum computer", many experimental demonstrations of

QEC have been conducted in recent years [11–14]. In order to resolve the scalability issues,

there have been proposals for preparing an entangled system with a large number of qubits

in it, and interconnecting such multiple systems via photonic channels [15]. Furthermore, in

trapped ion systems, proposals have been made to devise multiple trapping zones on a common

device, and shuttling the ions between different zones in order to create entanglement using

optical sources [16–18].

Laser-cooled trapped atomic ions have been widely used in the past several decades to ex-

amine quantum mechanical models [19]. More recently, such systems have been used to ver-

ify quantum algorithms in order to realise the basic building blocks of a quantum computer

[20, 21]. A single trapped ion system manifests an ideal realisation of a quantum harmonic

oscillator. Deterministic experimentation with a single atom or electron was once unimaginable.

Nowadays, however, coherent control with one or a few atomic ions is a routine process. In

current systems, the internal and external states of an ion can be manipulated with very high

fidelity, which is essential for “fault-tolerant computing" with quantum systems [22].

In trapped ion systems, the trapping mechanism enables us to interrogate atomic ions for

a very long time and allows repetitive measurements on the same particle. Additionally, laser

cooling brings the ions to rest and reduces many unwanted transition broadening effects. Such

systems are very useful for developing a deeper comprehension of the underlying physics of a

singly ionised isolated atom. Laser cooling of multiple trapped ions held in a common trapping

system forms a special state of matter called an “Ion Coulomb Crystal" (ICC) [23]. In such a

state, the trapping force is balanced by the repulsive Coulomb force among the trapped ions

and an equilibrium state is achieved. Such systems are extensively used to perform quantum

simulations on spin systems [24, 25].

Historically, in early 20th century, Frans M. Penning added a magnetic field in a discharge

tube to enhance the lifetime of electrons. This idea was later utilised by Hans G. Dehmelt and

built the first ion trap using magnetic field along with a static electric quadrupole potential. An-

other type of trap was developed by Wolfgang Paul, who used a time-varying electric quadrupole

potential to confine the charged particles. For the developments of trapping and detection of

trapped ions, in 1989 Paul and Dehmelt shared half of the Nobel prize award, with the other half

going to Norman Ramsey [26]. Initial trap geometries were not particularly suitable for laser-

based studies. Various forms of ion trap geometries have been generated since then for better

optical access or for some specific applications [27, 28]. A linear geometry of trap electrodes is

particularly useful for realising a linear chain of ions and their individual addressing to realise

quantum gates [29]. In these traps, the anharmonicity in the confining potential is reduced by

an appropriate design of the trap electrodes [30]. On the other hand, cylindrical Penning traps

are used to contain non-neutral plasmas [31, 32] and many beamline based studies [33].

Laser cooling of atoms or atomic ions was first proposed, independently, by Hänsch et al. [34]

and Wineland et al. [35]. The first experimental demonstration was carried out by Neuhauser
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et al. [36] and Wineland et al. [37]. The initial demonstrations were based on Doppler cooling

of bound atomic ions and these studies led to the first realisation of ICCs [38], and laser cooling

and trapping of free atoms [39]. The Doppler cooling mechanism relies on the fact that if a red-

detuned laser beam illuminates a cloud of atoms, then due to the Doppler effect the probability

of photon absorption is maximised for the atoms moving in the opposite direction to the laser

beam. The emission of absorbed photons takes place in random directions, hence on average

the atoms lose their energy along the direction of the laser beam. However, at the same time

the atoms moving in the direction of the laser beam, do not absorb photons and hence remain

unaffected. In an ion trap, the periodic motion brings the ions into resonance during half of

their period and eventually the ions are cooled to their Doppler limits [40].

Doppler cooling methods limit the ultimate temperature to a few hundreds of µK (depending

on the Doppler limit of the specific transition), which is not sufficient for many high precision

and quantum gate experiments, hence other cooling methods are employed to achieve cooling

beyond the Doppler limit. In trapped ion systems, the second stage of laser cooling is performed

using optical or microwave pumping methods in the “tightly confined regime". The most popular

methods of ground state cooling are resolved-sideband cooling, “Electromagnetically-induced

transparency" (EIT) cooling and “Raman sideband cooling" [41–44]. The first demonstration of

ground state cooling through resolved sideband cooling was performed on an Hg+ ion trapped

in a Paul trap [41]. Ground state cooling of the axial motion of a calcium ion in a Penning trap

was carried out by Goodwin et al. [45]. More recently, ground state cooling of an 18-ion chain

has been achieved with the EIT method [46]. Often, the ground state cooling of ions is essential

for high fidelity gate operations [47]. In principle, a Mølmer-Sørensen type gate [48] does not

require ground state cooling, as long as the system is prepared in the “Lamb-Dicke Regime"

(LDR). However, the ground state cooling has shown improvements in the gate performance

[49].

Soon after the first proposal of a quantum gate using trapped ions by I. Cirac and P. Zoller

[47], the first experimental demonstration of the “Cirac Zoller" (CZ) gate using a single ground

state cooled ion was carried out by Monroe et al. in 1995 [50]. In this paper, they demonstrated

the “controlled-NOT" (c-NOT) gate via two-qubit states realised with both internal and external

states of a single trapped ion. However, the first demonstration of the CZ c-NOT gate using two

trapped ions with individual ion addressing was achieved by Schmidt-Kaler et al. in 2003 [51].

A quantum logic gate with hot ions was proposed by A. Sørensen and K. Mølmer in 1999 [48]

and such gates are known as “Mølmer-Sørensen" (MS) gates after them. These gates do not

require the ions to be in the motional ground state or individual addressing of ions, thus they

are readily easy to implement. For this type of gate, a bichromatic laser beam, detuned from red

and blue sidebands of the transition, is used to illuminate both ions, simultaneously [52].

There is another type of gate which is demonstrated using two laser beams producing a stand-

ing wave pattern which provides a state-dependent force on each ion. The state-dependent force

imparts different phase to each internal state of the ions, which provides basic gate operation in

such systems. Such gates are called geometrical phase gates and they do not require ions to be
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cooled to their motional ground state [53]. Leibfried et al. in 2003 demonstrated a geometrical

phase gate with two Be+ ions trapped in a linear Paul trap [54] by using two laser beams, far

detuned from the transition, forming a standing wave pattern along the trap axis. The detuning

of the laser beams from each other is chosen such that it is near to one of the two motional

modes.

Trapped ion systems are routinely used to prepare highly coherent states due to the low dis-

persion of their wavepackets and the precise control of the quantum states of a trapped ion. A

“coherent state" of motion of a harmonic oscillator is realised by applying a displacement force

on a ground state cooled trapped ion [55]. The displacement force is created by applying a

bichromatic radiation field [49] or by applying a classical driving force on a ground state cooled

ion [55]. The probability distribution among the phonon states is described in terms of a Poisso-

nian distribution function [56]. In quantum systems, the coherent state of motion is identified

by observing collapse and subsequently revival of the quantum coherence. Recently a large co-

herent state of motion, up to 10000 phonon states, has been realised by rapidly changing the

trap potential [57] and shows a great level of quantum control for such a high amplitude coher-

ent state. The “Schrödinger cat" state is of much interest in quantum information processing and

also is of fundamental interest. The first demonstration of a cat state using a trapped ion was

carried out by Monroe et al. [58]. In this paper, they show a superposition of spatially separated

classical like wavepackets using a trapped Be+ ion. A state-dependent displacement is used to

create a coherent superposition of two coherent states of a harmonic oscillator.

In recent years, a lot of progress has been made in the direction of quantum simulation using

trapped ions [19]. Preliminary simulations are carried out by mimicking the interactions of a

“problem" quantum system in a well-controlled quantum system (“simulator"). This is done by

engineering the required interaction Hamiltonian in terms of the system Hamiltonian, which is

then employed on the simulator system and the outcome of the system is considered as the simu-

lation result. Quantum dynamics and engineering of many body systems is of interest nowadays

and trapped ion systems have been used in such research [59]. Exotic frustration in spin sys-

tems has already been simulated in three spin systems [25] by engineering the interaction via

optical forces. Such systems are known as “analogue quantum simulators" [60]. The other type

of simulator is called “digital quantum simulator", where the qubit states are idealised as digi-

tal bits and the elementary quantum gate operations are translated from required interactions.

However, the required goal of the functionality of such devices has not been achieved yet, but

some preliminary experiments have been performed with trapped ions [61, 62].

Most of the studies mentioned so far require high-level coherent control using lasers or mi-

crowave radiation, with minimal decoherence in the system. In reality, there are always deco-

herence effects, which limit the coherent control [63]. In trapped ion systems, the “T2 type" or

so-called dephasing effects are responsible for causing decoherence in the system [52, 63]. Cur-

rently, due to the rapid growth of ultra-stable laser sources and availability of proper shielding

of laboratory noise sources, one can achieve very long qubit coherence times in such systems. In

some cases, the qubit coherence time has been extended up to 10 minutes by applying “dynam-

21



ical decoupling schemes" to eliminate the effects of de-phasing mechanisms [64]. On the other

hand, trapped ion systems also require a high level of motional coherence in the system, which

is provided by the trapping sources [65]. In ion traps, there are various mechanisms, such as

electric field noise in the trap supply and patch potentials on the trap electrodes, which cause

heating of a ground state cooled ion [66]. Recently, sub-hertz heating rates have been measured

in room temperature ion traps [45, 67].

This brief review shows the usefulness and scope of trapped ion systems in order to perform

fundamental studies and simulations with high fidelity. Importantly, trapped ion systems are

distinguished from other systems due to their well-isolated platform and highly controllable

coherent manipulation. The purpose of this thesis is to describe and devise coherent control with

one or more trapped ions in a Penning trap. Planar spin systems are ideal to simulate quantum

magnetism. The outstanding use of a Penning trap is to demonstrate large sized planar crystals

[32], which are naturally suitable for studies of spin-spin interactions. The Bollinger group from

NIST Boulder showed simulations of “Ising-type interactions" with hundreds of trapped Be+ ions

in a Penning trap [24], which naturally form a crystalline triangular lattice structure. This thesis

presents studies of sideband cooling of small size ICCs in a Penning trap, which opens the future

possibilities of quantum simulation and quantum computation using such ICCs. Quantum error

correction using five qubits in a Penning trap has already been proposed by Goodwin et al. in

reference [10]. Low heating rates measured in our trap can be useful for high precision and

long interrogation time studies.

In this thesis, I present scientific studies that have been carried out in the Penning trap that

is currently situated in the ion-trapping laboratory at Imperial College London. The thesis is

structured as follows. In chapter 2, the theory of ion trapping in a Penning trap will be discussed.

In the same chapter, I will elaborate the motion of one and two trapped ions, and their motional

modes along the axial and radial directions. A brief discussion of quantum dynamics of trapped

ions will be carried out in a subsequent section. Spectroscopy and laser cooling of the trapped

ions requires a deep understanding of the laser-ion interaction, which is carried out in section 4

of the chapter.

Chapter 3 describes laser cooling of trapped ions in a Penning trap. Doppler cooling is a

prerequisite for our studies, hence the theory of Doppler cooling in a Penning trap is discussed

in detail in this chapter. The second stage of cooling, resolved sideband cooling, is briefly dis-

cussed in a later section of the chapter. Chapter 4 contains the description of the experimental

apparatus and the introduction of the calcium ion energy level diagram. In chapter 5, numerical

simulation studies of sideband cooling outside the Lamb-Dicke regime are presented. Chapter

6 contains experimental results of sideband cooling of an ion along the axial and radial direc-

tions. Experimental results of sideband cooling of a two-ion chain and planar configurations

are discussed in the same chapter. The chapter also contains results of sideband cooling of a

three-ion, a five-ion and a ten-ion Coulomb crystal. In the end of chapter 6, I present the results

of sideband heating and adiabatic cooling of a single ion in our trap.
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The coherent control of trapped ions in the Penning trap is presented in chapter 7. Firstly, in

this chapter, I present the studies of the optical coherence of ground state cooled trapped calcium

ions. The discussion of different decoherence effects and their role is discussed in this chapter

too. Furthermore, I present the studies of motional superposition and motional coherence of a

ground state cooled ion. Finally, in chapter 8 I conclude the experimental findings and discuss

future aspects of the current research work.

The main challenges that we faced while working with our Penning trap are caused by a very

strong magnetic field and working outside the L-D regime. The strong magnetic field requires

multiple laser frequencies to laser cool the ions and being outside the L-D regime calls for a

multistage sideband cooling sequence. These two issues have been tackled in this thesis and

subsequently ground state cooling has been investigated. The scientific studies shown in this

thesis seek to improve coherent control with ion Coulomb crystals in Penning traps. The results

can be used for sympathetic cooling of particles which can not be directly laser-cooled [68] or

quantum simulations in Penning traps [69]. The experimental work presented here is performed

jointly by me, Pavel Hrmo and Vincent Jarlaud. Most of the experimental data were taken by

all three of us together. The experimental apparatus was inherited from previous students who

worked in our group. A number of modifications were carried out in order to perform new

studies in our system. Even though the experimental data are shared between three of us, the

data analysis was carried out independently. Each person had a different aspect to highlight

in his thesis and the studies are presented in three different themes. Some of the studies, in

particular, simulation studies of sideband cooling and development of noise eating system, were

carried out entirely by me. Additionally, I actively participated in data taking of all the key

results presented in this thesis. The experimental work of sideband cooling of two-ion chain

and planar crystals has been published in a peer-reviewed journal. The published work can be

found in reference [70]. Additionally, two more papers are being prepared based on the work

presented in this thesis.
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Chapter 2

Theory of ion trapping and laser-ion
interaction in a Penning trap

Trapped ion systems have been found extremely useful to study and manipulate quantum prop-

erties. Initial work by Hans Dehmelt and Wolfgang Paul paved the foundation of ion trapping,

which nowadays is being regularly used to perform precision measurements and coherent ma-

nipulation with atomic ions. Understanding of classical and quantum dynamics of ions in a trap

is very important for us in order to manipulate the quantum states of a trapped ion. In this

chapter, I will give a brief overview of dynamics of atomic ions in a Penning trap. I will first

describe the motion of a single ion in a Penning trap and its quantum treatment. Subsequently, I

will discuss the case of multiple ions and then I will formulate their motional frequencies. In the

latter part of the chapter, I will describe the laser-ion interaction and I will set up the equations

for coherent manipulation using a laser field.

2.1 Motion of charged particles inside a Penning trap

2.1.1 Classical dynamics of a single trapped ion

Understanding of laws of classical electrodynamics gives the basic notion of how charges can

be held in space or can be moved from one place to another by means of their interaction

with electric or magnetic fields. By satisfying Laplace’s equation in the vacuum (O2Φ = 0),

one can find the lowest order polynomial of the electric potential, quadrupolar potential, which

can provide confinement to charged particles in space. However, the confinement of charged

particles in all three-dimensions (3D) is not possible by means of only static electric fields. From

Earnshaw’s theorem, it is also clear that one cannot maintain a stable equilibrium entirely with

static electric fields [71].

In the mid 20th century, Wolfgang Paul and others came up with the idea of ion trapping
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by means of a time-varying electric potential. Initially, the trapping was only demonstrated in

two dimensions and such traps were used for the purpose of mass filtering [72]. Later, the trap

electrodes were modified in order to generate a 3D quadrupolar potential within the enclosed

volume. The traps which use a time-varying electric field to confine the ions are known as Paul

traps named after Wolfgang Paul. Concurrently, Hans Dehmelt came up with another type of

trap which used static magnetic fields in conjunction a with DC quadrupole potential to confine

the ions. These types of traps are known as Penning traps named after Francis Michel Penning,

who modified the existing electric discharge tubes of that time by introducing an axial magnetic

field to them, which enhanced the discharge current output. The present thesis describes an

experimental demonstration of coherent control using trapped ions in a Penning trap; hence I

will be describing the theory of ion trapping focussed on Penning traps.

(a)

z0

ρ0

(b)

Figure 2.1: Figure (a) shows a side view of an ideal Penning trap. A DC potential is applied to
the end-caps (in orange colour) while keeping the ring electrode (in blue colour) at the ground
potential. The magnetic field is applied along the trap axis (say along the z−axis). Figure (b)
shows the cross-sectional view of the ideal Penning trap.

A Penning trap uses a static quadrupole potential (DC) and an axial magnetic field to confine

the ions in all 3 directions. The DC potential (Udc) is applied to the end-caps while connecting

the ring electrode to the ground potential. The electrodes are shaped in order to provide a

quadrupole potential within the volume enclosed. Ideally, the electrodes are chosen such that

their shapes exactly match with the equipotential curves, essential to confine the ions. A side

view of an ideal trap is shown in figure 2.1 (a). Electrodes in orange are called “end-caps" and

the central electrode (in blue) is called “ring electrode". Vertical cross-section of the trap elec-

trodes is shown in figure 2.1 (b). In order to generate a quadrupolar potential, the Penning trap

electrodes are shaped through hyperboloid revolution along the z-axis, satisfying the geometry

condition [73]

ρ2

ρ2
0

− z2

z2
0

= 1,
z2

z2
0

− ρ2

ρ2
0

= 1, (2.1)
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where ρ =
√
x2 + y2 and ρ2

0 = 2z2
0 . The potential inside the enclosed volume is given by,

Φ = Udc
(2z2 − x2 − y2)

2d2
0

, (2.2)

where d0 =
√

2z2
0 is the characteristic trap dimension.

In a Penning trap, for a positively charged particle, the DC potential creates a confining

force in the axial direction (z-axis). However, an outward force in the radial plane (xy-plane)

is generated by the same field, thus leads to the de-confinement in the xy-plane. In order to

confine a charged particle in the radial plane, a homogeneous axial magnetic field is added

which rotates the ion in the plane, therefore 3D trapping is realised.

The equation of motion of a charged particle, with charge Q and mass m, in a Penning trap

is given as

m
d2r

dt2
= −Q∇Φ +Q(v ×B), (2.3)

where v is the velocity of the charged particle at a time t and B = (0, 0, B0) is a homogeneous

axial magnetic field. The equations of motion in the Cartesian coordinates are expressed as

ẍ = 1
2ω

2
zx+ ωcẏ, (2.4)

ÿ = 1
2ω

2
zy − ωcẋ, (2.5)

z̈ = −ω2
zz, (2.6)

where ωc = |Q|B0

m is the pure cyclotron frequency. The motion along the axial direction is simple

harmonic type and is expressed as

z(t) = Az cos(ωzt+ φz), (2.7)

where Az is the amplitude and φz is the phase of the motion. For a positively charged particle,

the axial motional frequency is given as ωz =
√

2|Q|Udc
md20

. A charged particle in the radial plane

moves in the presence of electric and magnetic fields (essentially an E×B field), thus the equa-

tions of motion are coupled in the x and y coordinates. Elegantly, the motion in the radial plane

can be analytically solved by making a coordinate transformation into a rotating frame. A frame

rotating at ωc/2 (at half the pure cyclotron frequency) decouples the motion and transforms the

equations of motion as

ẍ′ = −(1
4ω

2
c − 1

2ω
2
z)x
′, (2.8)

ÿ′ = −(1
4ω

2
c − 1

2ω
2
z)y
′, (2.9)

which makes a 2D isotropic harmonic oscillator. The frequencies of motion in the rotating frame

are given as ±
√

1
4ω

2
c − 1

2ω
2
z . These differential equations give rise to

x′(t) = x′0 cos(ω1t+ φ′x),

y′(t) = y′0 sin(ω1t+ φ′y), (2.10)
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where ω1 =
√

(1
4ω

2
c − 1

2ω
2
z) and x′0, y

′
0, φ
′
x, φ
′
y are the parameters indicating amplitude and phase

of motion in the rotating frame1.

The characteristic frequency, ω1, plays an important role in understanding the motion of

trapped ions in a Penning trap. In the rotating frame, it creates a confining force, Ftrap =

−mω2
1x
′, which is harmonic and keeps the ions confined in the radial plane. The motion of an

ion in the laboratory frame, after making coordinate transformation, is expressed as

x(t) = A− cos(ω−t+ φ−) +A+ cos(ω+t+ φ+), (2.11)

y(t) = −A− sin(ω−t+ φ−)−A+ sin(ω+t+ φ+), (2.12)

where A+, A−, φ+ and φ− are parameters indicating amplitude and phase of the motion in the

laboratory frame of reference, which will be set by the initial position and velocity of the trapped

ion. The characteristic frequencies of motion in this frame are indicated as

ω± =
1

2
ωc ± ω1, (2.13)

where ω+ is called “modified cyclotron frequency" and ω− is called “magnetron frequency". In a

Penning trap, the stable confinement in 3D is only realised if the frequencies satisfy the condition

[73]

ω2
c − 2ω2

z > 0, QUdc > 0. (2.14)

For a positively charged particle, the above condition limits the highest value of the potential

that can be applied to the trap electrodes and that is expressed Umax =
QB2d20

4m .

For the visualisation purpose, the trajectory of an ion in the radial plane is shown in figure

2.2 (a). The parameters for this plot are chosen to be A+ = 0.3 and A− = 1 in arbitrary units

and frequencies of motion are assumed to be ω+ = 0.907ωc and ω− = 0.093ωc. Note that the

motion in the radial plane is composed of two types of circular motion, namely magnetron and

modified cyclotron. The trajectory in the rotating frame is an ellipse with the semi-major axis

and semi-minor axis to be A+ + A− and A− − A+, where the initial phases are assumed to be

φ− = φ+ = 0. In this figure, different curves correspond to trajectories in the rotating frame at

different values of amplitude of motion. From curve I to IV the parameters (A−, A+) are taken

to be (0,1.3), (1,0.3), (0.45,0.85) and (0.65, 0.65) respectively.

2.1.2 Energy of motion in a Penning trap

The energy of motion in a Penning trap can be derived from the Hamiltonian formalism. The

Hamiltonian of a charged particle interacting with electric and magnetic fields is expressed as

H =
1

2m
(p−QA)2 +QΦ (2.15)

1The solution is chosen in cosine and sin forms, which is arbitrary but this choice simplifies the solutions of
equations of motion while transforming into the laboratory frame. The choice of the amplitudes and phases of
motion is also arbitrary at this point but can be set by initial conditions.
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Figure 2.2: Trajectories of motion for an ion in a Penning trap, (a) in the laboratory frame, (b)
in the rotating frame. Please refer the text for a detailed description. The dotted line in figure
(b) corresponds to the laboratory motion shown in figure (a).

where p = mv + QA is the total generalised momentum and A = B0
2 (−y, x, 0) is the vector

potential associated with the applied magnetic field. The potential Φ is the quadrupole potential

generated by the trap electrodes, which has been discussed in a previous section. The motion of

an ion in the radial plane and in the axial direction can be treated independently. After following

the separation of variable method, the Hamiltonian corresponding to the axial motion can be

expressed as

Hz =
1

2
mż2 +

1

2
mω2

zz
2. (2.16)

Similarly, the Hamiltonian for the radial motion can be written as

Hrad =
1

2m

(
px +

QB0y

2

)2

+
1

2m

(
py −

QB0x

2

)2

− QUdc
2d2

0

(
x2 + y2

)
, (2.17)

where px, py are the associated momentum along the x-axis and y-axis respectively and the rest

of the parameters have usual meaning. The above expression can be further simplified to

Hrad =
1

2m

(
p2
x + p2

y

)
+

1

2
mω2

1

(
x2 + y2

)
− 1

2
ωc(xpy − ypx) (2.18)

where ω1 = 1
2

√
ω2
c − 2ω2

z .

The total energy motion along the axial direction is expressed as

KEz + PEz =
1

2
mż2 +

1

2
mω2

zz
2 =

1

2
mω2

zA
2
z, (2.19)
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and the total energy of the radial motion is given as

KErad + PErad =
1

2
m
(
ẋ2 + ẏ2

)
− QUdc

2d2
0

(x2 + y2). (2.20)

After replacing the position coordinates and their derivatives from equation 2.11 and 2.12, the

expression for the radial energy simplifies to

KErad + PErad =
1

2
m
(
A2
−ω

2
− +A2

+ω
2
+

)
− 1

4
mω2

z

(
A2
− +A2

+

)
. (2.21)

where Ai is the amplitude of the motion along a specific direction, i = +,− and z corresponding

to the mod-cyclotron, magnetron and axial motion, respectively.

Consequently, the total energy of an ion in a Penning trap can be written as

E =
1

2
mω2

zA
2
z +mω1(A2

+ω+ −A2
−ω−), (2.22)

where the term with a negative sign indicates negative energy of the magnetron motion in

a Penning trap. Evidently, the motion will have maximum energy if the magnetron radius is

minimum, suggesting that the amplitude for the magnetron motion can be reduced if some

energy is added to the motion. This specific issue in Penning traps leads to the complexity while

performing Doppler cooling of trapped ions and it will be discussed in section 3.1.

2.2 Trapping of multiple ions in a Penning trap

2.2.1 Classical dynamics of two trapped ions

The classical treatment of motion of a single trapped ion is a trivial problem and can be solved

analytically without making any approximations. Insertion of another ion in the trap leads to the

Coulomb repulsion term, which adds another restriction while dealing the equations of motion.

The equations of motion of two ions, with same charge (Q) and mass (m), in a Penning trap are

expressed as

mr̈1 = −Q∇Φ(r1) +Qv1 ×B +
1

4πε0

Q2(r1 − r2)

|(r1 − r2)|3
, (2.23)

mr̈2 = −Q∇Φ(r2) +Qv2 ×B +
1

4πε0

Q2(r2 − r1)

|(r1 − r2)|3
, (2.24)

where r1(x1, y1, z1) and r2(x2, y2, z2) are the position coordinates of ion-1 and ion-2, respectively.

The equations can be further simplified by transforming into the centre of mass (COM) and

relative coordinates. Let us define the COM coordinates, (X,Y, Z) = (x1+x2
2 , y1+y2

2 , z1+z2
2 ) and

the relative coordinates (x, y, z) = (x1 − x2, y1 − y2, z1 − z2, ). The transformed equations of
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motion in relative and COM coordinates can be written as

ẍ =
1

2
ω2
zx+ ωcẏ +

1

4πε0m

2Q2x

|r12|3
,

ÿ =
1

2
ω2
zy − ωcẋ+

1

4πε0m

2Q2y

|r12|3
,

z̈ = −ω2
zz +

1

4πε0m

2Q2z

|r12|3
,

Ẍ =
1

2
ω2
zX + ωcẎ ,

Ÿ =
1

2
ω2
zY − ωcẊ,

Z̈ = −ω2
zZ, (2.25)

where r12 is the relative distance between the ions. The above transformation eliminates the

non-linear term (1/|r12|3 term) from the equations of motion for the COM mode, but the relative

motion still contains the non-linear term. The characteristic frequencies for the COM motion

come to be ωz, ω+ and ω−, which are identical to the single ion frequencies.

In order to solve the motion in the relative coordinates, we will make a few assumptions and

reduce the equations to simpler forms. From the conservation of energy and angular momen-

tum, we can assume that at equilibrium a perfect inversion symmetry around the trap centre

can be realised; provided that the atoms have identical mass. Additionally, if the amplitude of

motion of an individual ion around its equilibrium position is much smaller than the distance

between the two ions, then we can rewrite the equation of motion for relative position coordi-

nate, i = r, z, in terms of δi = i − 2i0, where 2i0 is the equilibrium separation of ions 2. In a

Penning trap, if two ions are trapped and laser-cooled then they align themselves either along

the magnetic field axis (an axial chain) or rotate in the plane perpendicular to the magnetic field

axis (as shown in figure 2.3). The COM motion in both cases will be identical to its equivalent

single counterpart. In order to formulate the motional frequencies for the relative motion, I will

describe both crystal orientations solely by assuming two specific cases.

Relative motion of a two-ion chain in a Penning trap

First I will discuss the case where the ions form a 1D chain along the magnetic field axis. If

the ions are laser-cooled the amplitude of motion can be assumed to be much smaller than the

separation between the ions and the motion can be re-written in terms of a differential position

coordinate (δz). In order to solve the relative motion of a 1D chain problem, let us first define

the total potential energy along the axial direction

UTot =
1

4πε0

Q2

z
+

1

4
mω2

zz
2. (2.26)

2The parameters 2z0 and 2r0 denote the equilibrium distances between ions for a chain and planar configurations
and should not be confused with trap parameters.
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Figure 2.3: Two possible orientations of a two-ion Coulomb crystal in a Penning trap, (a) a
two-ion chain and (b) a two-ion planar crystal rotating about the trap axis.

After taking a Taylor expansion around the equilibrium position of ions, the expression of the

potential energy simplifies to

UTot =
1

4πε0

Q2

(2z0)
− 1

4πε0

Q2(z − 2z0)

(2z0)2
+

1

4πε0

Q2(z − 2z0)2

(2z0)3
+ ... (2.27)

+
1

4
mω2

z(2z0)2 +
1

2
mω2

z(2z0)(z − 2z0) +
1

4
mω2

z(z − 2z0)2

where 2z0 is the equilibrium separation of ions. At equilibrium it can be assumed that ∂UTot
∂z |z=2z0 =

0, which gives
1

4πε0

Q2

(2z0)2
= mω2

z(z0), (2.28)

and from this expression the equilibrium distance between the ions (2z0) can be calculated. The

above equation states that at equilibrium the Coulomb repulsion is cancelled out by the trapping

force. After ignoring the position independent terms in the expression of the total energy (UTot),

the expression reduces to

UTot =
1

4πε0

Q2δ2
z

(2z0)3
+

1

4
mω2

zδ
2
z , (2.29)

which will give rise to a harmonic potential around their equilibrium position. Therefore, the

equation of motion along the axial direction simplifies as

δ̈z = −3ω2
zδz, (2.30)

with a new characteristic motional frequency,
√

3ωz, of the relative motion.

Similarly, the radial motion of an axial chain can be expressed by directly replacing the
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Coulomb force term from equation 2.28. Subsequently, the radial equations of motion are sim-

plified to

ẍ = 3
2ω

2
zx+ ωcẏ,

ÿ = 3
2ω

2
zy − ωcẋ. (2.31)

These equations can be solved in the same way as the radial equations of motion for a single ion.

The solution of radial equations of motion in a chain configuration gives rise to the characteristic

frequencies

ω+S = ωc/2 +
√
ω2

1 − ω2
z ,

ω−S = ωc/2−
√
ω2

1 − ω2
z , (2.32)

where ωc, ωz and ω1 are the characteristic frequencies of motion of a single ion.

The relative motional modes of a two-ion chain are termed as “breathing modes" and the

terminology will be used in this thesis on many occasions. Evidently, from equation 2.32, we

come to a conclusion that the ions will stay in as a chain as long as ω1 ≥ ωz. Importantly, this

condition is only valid if the separation of two ions is greater than the amplitude of motion in

the radial plane. However, if the ions rotate in the radial plane (in a perpendicular to B) the

stability condition will be determined by the rotation frequency of the crystal. This case will be

discussed in the following subsection.

Relative motion of a planar two-ion crystal

In a situation where two ions align themselves in the radial plane, the analytical solution of the

relative motion would be a little bit trickier due to the rotation of the crystal. Since the ions in

the radial plane rotate due to the presence of crossed electric and magnetic fields, it becomes

necessary to consider the effect of the rotation of the crystal. In this situation also, the main

task will be to eliminate the non-linear term from the equations of motion (equation 2.25). Let

us assume that the ions form a Coulomb crystal and the motion of each individual ion is locked

with respect to the other ion. Suppose the spacing of the ions is r12 = 2r0 and it is larger than the

amplitude of the relative motion. Let us also assume that in the laboratory frame, the rotation

frequency of the crystal is ωr.

In this case, the equilibrium condition will be established for the radial motion as the Coulomb

force greatly affects the motion along that direction. From the single ion case, we know that

radial trapping force in the rotating frame is given by mω2
1r, where r is

√
x2 + y2. For a two-ion

planar crystal, the additional pseudo force in the rotating frame arises from the coordinate trans-

formation and is known as Coriolis force. If we make transformation into the rotating frame,

the new centrifugal force is given as Fcent = m(ωr − ωc/2)2r. At equilibrium, the trapping force

should be cancelled out by the repulsion term and the centrifugal force; hence it is obvious to
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write
1

4πε0

Q2

(2r0)2
= m(ω2

1 − (ωr − ωc/2)2)r0, (2.33)

where the first term on the right hand side is due to the trapping force and second term is the

equivalent centrifugal force in the rotating frame.

The axial motion of a planar crystal will be solved by simply replacing the Coulomb term

from above equation in the equation of motion 2.25. The resultant equation of motion is given

as

z̈ = −ω2
zz + (ω2

1 − (ωr − ωc/2)2)z, (2.34)

which gives the motional frequency of the “tilt" motion to be

ωtilt =

√
ω2
z −

(
ωr(ωc − ωr)− 1

2ω
2
z

)
, (2.35)

where the second term gives rise to an effective trap frequency in the radial plane, ωeff =√(
ωr(ωc − ωr)− 1

2ω
2
z

)
.

The out-of-phase motion in the radial direction can be interpreted in terms of two types of

motion, first is due to small displacement about their equilibrium positions (it can be also treated

as vibration in the rotating frame) and second is due to pure rotation of the crystal. After making

the harmonic approximation of the Coulomb potential, the equations of motion in the rotating

frame can be written as

δ̈r = −ω2
1δr −

1

2πε0

Q2δr
m(2r0)3

, (2.36)

¨r12 = −(ωr − ωc/2)2r12, (2.37)

where δr = r12− 2r0 is the small change in radial position from their equilibrium spacing. From

equation 2.33 and 2.36 the motion in the radial plane is expressed as

δ̈r = −ω2
1δr − 2(ω2

1 − (ωr − ωc/2)2)δr, (2.38)

¨r12 = −(ωr − ωc/2)2r12, (2.39)

which gives the frequencies ωv =
√

3ω2
1 − (ωr − ωc/2)2 and (ωr − ωc/2). In the laboratory

frame the vibration will still remain same and the rotation frequency will be ωr or ωr + ωc. The

frequency component ωr +ωc will be disregarded from the stability condition of a planar crystal

which will be discussed in the following section.

Stability conditions for a two-ion Coulomb crystal

The stability of a two-ion crystal is also determined by the trapping parameters and is indicated

by equation 2.14. However, the two types of structures (chain and planar crystals) are observed
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at specific trapping conditions. These structures can be changed from one to the other by varying

the trap frequency and/or rotation frequency of the crystal. A planar crystal is observed if the

“tilt" mode frequency lies between 0 ≤ ωtilt ≤ ωz. More intuitively, a planar crystal is not stable

if ωeff > ωz (see equation 2.35 for more details) and eventually it makes a two-ion chain.

The stability condition of a two-ion crystal can also be illustrated in terms of the rotation

frequency of the crystal and is indicated in figure 2.4. The area outside the red curve in the

figure implies that the crystal is not stable if the rotation frequency is ever higher than the

single-ion modified cyclotron frequency or if it is lower than the single-ion magnetron frequency

at a non-zero axial frequency. However, within the enclosed area of red curve and ωz = 0 line,

the crystal will be always stable. A planar crystal will be realised for the parameters in the red

region of the plot and a chain is realised when the parameters are chosen from the brown region

of the plot. The plot has been generated for two calcium-40 ions trapped in a 1.9 T Penning

trap. A dashed vertical line is drawn at ωz ∼ 300 kHz, which implies that above this frequency,

one can only observe a planar structure. If the axial frequency is less than 300 kHz, the chain

will be observed if the rotation frequency lies between the black curve and ωz = 0 line. The

intersection point of the dashed vertical line and dashed horizontal line (ωr = ωc/2) indicates

the Brillouin flow point, where maximum density of the system will be obtained.
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Figure 2.4: Figure illustrating stability condition of a two-ion Coulomb crystal in a Penning trap
against trapping frequency and rotation frequency of the crystal. A chain structure of a two-ion
crystal is realised for the parameter values that lie within the black curve and ωz = 0. Similarly,
a planar structure is realised when parameters lie within red curve and black curve.

2.2.2 Hamiltonian of a two-ion Coulomb crystal

The Hamiltonian for two ions, of same masses (m) and charges (Q), trapped in a Penning trap

is given as

H =
(p1 −QA)2

2m
+

(p2 −QA)2

2m
+
QUdc
2d2

0

(2z2
1 − x2

1 − y2
1) +

QUdc
2d2

0

(2z2
2 − x2

2 − y2
2) +

Q2

4πε0|r1 − r2|
,

(2.40)
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where p1 and p2 are the generalised momentum of ion 1 and 2 respectively. The Hamiltonian

can be further reduced to a simpler form by assuming two laser cooled ions and writing the

motion in terms of the relative coordinates. The Hamiltonian along the axial direction in COM

and breathing/tilt modes is written as

Hz =
P 2

com

2M
+
p2
re

2µ
+ 1

2mω
2
comZ

2 + 1
2mω

2
rez

2, (2.41)

where M = 2m is the combined mass and µ = m/2 is the reduced mass of the two-ion Coulomb

crystal. Similarly, the momentum in terms of relative coordinates will be Pcom for the COM

motion and pre for the stretch/tilt mode of motion.

2.2.3 Ion Coulomb crystals in a Penning trap

When multiple ions are trapped together in an ion trap, at equilibrium the trapping force is

cancelled out by interionic Coulomb repulsion. At equilibrium, the ions form a minimum energy

configuration and a regular structure is observed. Such regular structures are commonly seen

in ion traps when laser cooling of atomic ions is carried out and they are known as Ion Coulomb

Crystals (ICCs) [23]. The structural property of ICCs is purely determined by the trapping

parameters (i.e parameters governing the trapping strength). Such systems are easy to control

and thus they are used for the purpose of quantum simulations and computations.

In Penning traps, the ICCs rotate about the magnetic field axis forming a crystal structure in

the rotating frame. The rotation frequency can be controlled by the trapping parameters and

the laser beam parameters such as beam position, intensity and detuning from the transition.

Tuning of the axial and radial confining forces can be used to change the crystal structure from a

2D planar crystal to 3D crystals and finally a 1D chain [32]. A simplest 1D chain is realised when

the axial confining force is weaker than the equivalent confining force in the radial direction.

Conversely, the planar ICCs are realised when radial trapping force is much weaker than the

axial trapping force.

In ion traps, the trapping force emulates the presence of oppositely charged species with

a uniform density. Coexistence of the trapped atomic ions along with the fictitious oppositely

charged species resembles a plasma. Hence, this is often referred to a “non-neutral plasma" or

a “single component plasma". The behaviour of such systems is determined by a parameter Γ,

which is called the Coupling parameter and is defined as a ratio of electrostatic potential energy

and associated thermal energy of the trapped ions. The coupling parameter is given as

Γ =
e2

4πε0a0kBT
(2.42)

where a0, the Wigner-Seitz radius, is the average distance between the nearest neighbour atomic

ions [23]. The parameter a0 relates to the trapped ion number density (n) through 4πa30n
3 = 1.

The parameter Γ determines the physical state of a system, whether it is a gaseous or crystalline

type. The crystallisation occurs only for a high value of Γ. Typically for an infinite system,
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Γ > 178 is essential, which is feasible with Doppler cooled trapped atomic ions.

The normal modes of a multi-ion Coulomb crystal

With increasing number of ions, the motion of trapped ions is no longer solvable without making

any approximations. In a multi-ion crystal (typically for more than two ions), the motional

frequencies cannot be formulated analytically. The normal modes of a one-dimensional chain

have been discussed in reference [74]. In general, Penning traps are not very suitable for a one-

dimensional chain. Typically, for more than two ions, a chain orientation is achieved at a low

trapping potential, i.e. at a low motional frequency along the axial direction [32]. In this case,

it is almost impossible to ground state cool the motion along the axial direction. On the other

hand, in a Penning trap, the ions tend to align in the radial plane at high axial trapping voltages,

forming planar crystals. Such crystals are interesting as they do not possess any micro-motion

like in an RF trap and they can be used to study/simulate multi-spin systems [24].

In an N -ion Coulomb crystal system, there are 3N possible motional modes, out of which at

least N modes can be interrogated through a laser beam propagating along the axial direction.

In order to simplify the equations of motion, we can evaluate the equations in the rotating frame

of the crystal. Following the treatment of a single ion, the Lagrangian of an N -ion crystal can be

written as

L =
N∑
i

 p2
i

2m
− 1

4
ω2
z(2z

2
i − x2

i − y2
i ) +mωc(xiẏi − yiẋi)−

N∑
j 6=i

1

8πε0

Q2

rij

 . (2.43)

At equilibrium, it can be assumed that the amplitude of motion is small in comparison to the

equilibrium spacing of ions, hence we can write ri = r0
i + δri(t), where δri(t) << r0

i . If the ions

are rotating at a frequency ωr, then in the rotating frame the Lagrangian can be written as

L =
N∑
i

[
(p′i)

2

2m
+mωc(xiẏi − yiẋi)−

1

2
mω2

z(z
′
i)

2

+

(
1

4
mω2

z +
1

2
mω2

r −QBzωr
)(

(x′i)
2 + (y′i)

2
)
−

N∑
j 6=i

1

8πε0

Q2

rij

]
(2.44)

where x′, y′ and z′ are position coordinates in the rotating frame of reference.

In order to calculate the eigenvalues and eigenvectors of the classical motion, the action

S =
∫
Ldt must be minimised. Expanding the Lagrangian around the equilibrium position (r0

i ),

we can find a stiffness matrix (K), which can be used to calculate the frequency of motion.

In the scope of the current work, I would like to restrict the studies to axial modes of planar

crystals. Elements of the stiffness matrix for the axial modes of a planar crystal are given by
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[75]

Kzz
ij =


mω2

z −
∑N

k 6=j
1

4πε0
Q2

(r0jk)3
, i = j

1
4πε0

Q2

(r0ij)
3 , i 6= j

(2.45)

where r0
ij is the equilibrium distance between ion i and j. At any point, the equilibrium distance

between the ions can be calculated by equating the trapping force with the Coulomb repulsion,

centripetal and Coriolis force. A load equation in terms of the stiffness matrix is given as

KzzZ = µZ, (2.46)

where Z = (z1, ...zN ) is the eigenvector and µ is the corresponding eigenvalue. The eigenvalues

and eigenvectors can be calculated by transferring the load equation into normal modes, which

is possible by appropriate diagonalisation of the stiffness matrix.

2.3 Quantum dynamics of an ion in a Penning trap

2.3.1 A 3-D quantum harmonic oscillator

A harmonic oscillator is a well-studied problem in quantum mechanics. Trapped ion systems are

considered as an ideal realisation of the quantum harmonic oscillator. Previously, I have defined

a Hamiltonian for an ion in a Penning trap to describe the classical motion (equations 2.16 and

2.18). The equivalent quantum Hamiltonian for the axial and radial motion is given as 3

Hz =
p2
z

2m
+

1

2
mω2

zz
2,

Hrad =
p2
x + p2

y

2m
+

1

2
mω2

1(x2 + y2)− 1

2
ωcLz, (2.47)

where Lz = xpy − ypx is an angular momentum operator and ωz, ω1 and ωc are the character-

istic motional frequencies of a single ion. Note that the Hamiltonian in the radial plane (Hrad)

is similar to an isotropic 2D harmonic oscillator Hamiltonian. For simplicity we will make trans-

formation into cylindrical coordinates (ρ, φ and z), where x = ρ cos(θ) and y = ρ sin(θ). After

adapting the separation of variable method, the wave-function will be defined as

ψ(ρ, φ, z) = Ξ(ρ, φ)Z(z), (2.48)

and we can define two individual wave equations corresponding to the axial and radial motion.

In order to simplify the Hamiltonian, let us define the raising (a†) and lowering (a) operators in
3In the quantum mechanical treatment of the Hamiltonian, the position and momentum coordinates of the ion

will be taken in operator forms [40].
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the following manner

x =

√
~

mω1
(a†x + ax)/

√
2, (2.49)

y =

√
~

mω1
(a†y + ay)/

√
2, (2.50)

z =

√
~

mωz
(a†z + az)/

√
2, (2.51)

px = i
√
~mω1(a†x − ax)/

√
2, (2.52)

py = i
√
~mω1(a†y − ay)/

√
2, (2.53)

pz = i
√
~mωz(a†z − az)/

√
2, (2.54)

a+ = (ax + iay)/
√

2, (2.55)

a− = (ax − iay)/
√

2, (2.56)

a†+ = (a†x − ia†y)/
√

2, (2.57)

a†− = (a†x + ia†y)/
√

2, (2.58)

where a†+/−/z, a+/−/z are the raising and lowering operator for magnetron/modified cyclotron/axial

motion.

The Hamiltonian and angular momentum components in operator form can be written as

Hz = (a†zaz + 1
2)~ωz,

Hrad = (a†+a+ + 1
2)~ω+ − (a†−a− + 1

2)~ω−,

Lz = (a†−a− − a
†
+a+)~ (2.59)

Note that the radial Hamiltonian contains a negative energy term, suggesting a negative energy

contribution due to the magnetron motion. The corresponding eigenvalues of motion in the

axial and radial direction are given as

Ez = (nz +
1

2
)~ωz, (2.60)

E+− = (n+ +
1

2
)~ω+ − (n− +

1

2
)~ω−, (2.61)

where respective oscillators states nz, n+ and n− are positive integers. After following the

normal algebra for the angular momentum operator Lz, the eigenvalue is deduced as (n−−n+)~.

In order to deduce the wavefunction corresponding to these harmonic oscillator states, I will

follow the operator method as discussed in reference [76, 77]. The full algebraic analysis can

be found in appendix A.1, which leads to the expression of the axial wave function as

Z(z) =
1√

nz!2nzz1
√
π
Hnz

(
z

z1

)
exp

(
− z2

2z2
1

)
, (2.62)

where z1 =
√

~
mωz

.
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Now let us find the wavefunction corresponding to the radial motional modes. I have already

defined the operator form of the radial Hamiltonian, the expression becomes a 2D harmonic

oscillator with new raising and lowering operators denoting two types of rotations. The trans-

formation from the raising and lowering operators of the motion in the Cartesian coordinate

system to a new one denoting the rotational motion gives a better realisation of quantum dy-

namics in a Penning trap. The new operators are equivalent to the operators of left and right

circularly-polarised quanta of light [76]. The detailed derivation of the radial wave function is

discussed in appendix A.2. The expression in operator form is given as

Ξn+,n−(ρ, φ) = 1

r1
√
πn+!n−!

(a†−)n−(a†+)n+e
− ρ2

2r21 , (2.63)

where a†+/a+ and a†−/a− are the raising/lowering operators for the modified cyclotron and

magnetron motion, respectively. After following the definition of a†+ and a†−, as mentioned in

appendix A.2, it is straight forward to construct the radial wavefunction. The final expression of

the wavefunction in terms of Hermite and Laguerre polynomials is given as

ψn+,n−,nz =
1

π3/4r1z
1/2
1

√
2nznz!

√
n<!

n>!

(
ρ

r1

)|s|
L|s|n<

(
ρ2

r2
1

)
e
− ρ2

2r21
− z2

2z21 eisθHnz

(
z

z1

)
(2.64)

where n< (n>) is the smaller (larger) quantum number among n+ and n− motional quantum

numbers, and s = n−−n+ is an integer denoting eigenvalues of the angular momentum operator

(Lz). The corresponding energy level diagram for the motional states of an ion in an ideal

Penning trap is shown in figure 2.5. The energy spacing is arbitrarily chosen and for simplicity

the ground state energy is ignored.

n− = 0

n− = 1

n− = 2

nz = 0

nz = 2

nz = 1

n+ = 0

n+ = 1

n+ = 2

~ω+

~ωz

~ω−

E

Figure 2.5: The energy level diagram showing quantum harmonic energy levels corresponding
to a single ion in a Penning trap (ω+ > ωz > ω−). Each motional state n+ comprises the infinite
number of states for axial and magnetron motional states.
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2.3.2 Fock space representation of harmonic oscillator states

Harmonic oscillator state vectors can be represented by a complete orthonormal set of vectors {

|n〉 }, where n is the quantum number associated with the harmonic oscillator energy level. This

representation of the harmonic oscillator state vector is called Fock-space representation and

the state vectors are called the “Fock" states. In this representation, the raising and lowering

operators can be used to construct the state vectors from the ground state wave-function |0〉,

|n〉 =
1

n!
(a†)n |0〉 . (2.65)

The state vectors and operators mentioned here follow the definition of the Hilbert space [76].

2.3.3 A coherent state of harmonic motion

Another very interesting state of motion is termed as a coherent state. The coherent state is a

minimal uncertainty wave-packet derived by Erwin Schrödinger while searching for solutions

which could bridge quantum and classical theories. Such a state was later introduced to quan-

tum optics by Glauber to represent the states of electromagnetic fields [56]. A coherent state of

a harmonic oscillator is denoted by |α〉 and is always an eigenstate of the lowering operator (a),

hence a |α〉 = α |α〉. A coherent state is constructed by applying a displacement operator (D(α))

on the ground state vector |0〉 of the harmonic oscillator and it is defined as

|α〉 = D(α) |0〉 , (2.66)

where D(α) in operator form is eαa
†−α∗a. After expanding the displacement operator D(α), the

coherent state is expressed as

|α〉 = e−
αα∗
2

∞∑
k=0

αk

k!
|0〉 . (2.67)

A coherent state of motion corresponds to the classical motion of the equivalent harmonic

oscillator with the amplitude of motion |α|. In the Fock-space representation, a coherent state

is a superposition of the number states |k〉 and hence the probability distribution in terms of

number states is expressed as

Pk = | 〈α|k〉 |2 =
|α|2k

k!
e−|α|

2
, (2.68)

which is equivalent to a Poisson distribution function with the mean value |α|2. In a later section,

I will discuss how can we realise a coherent state with the trapped ions after interrogating them

with laser radiation.
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2.3.4 A squeezed state of motion

Similarly, a squeezed state or vacuum squeezed state of motion is constructed by applying the

squeezing operator S(ξ) = e
ξ(a†)2

2
− ξ
∗a2
2 to the ground state |0〉 of a harmonic oscillator. Often the

squeezing operator is accompanied by a Displacement operator D(α) and the generated state is

called a displaced-squeezed state of motion. The population distribution of a vacuum squeezed

state of motion is given as [78]

P2k =
(2k)! tanh2k(r)(
2kk!

)2
cosh(r)

∀ k = 0 to∞ (2.69)

with ξ = e2r. In later chapters, I will show an experimental demonstration of the squeezed state

of motion.

2.4 Interaction of trapped atomic ions with a laser field

In order to perform high fidelity quantum control with atomic species, a system that is clean and

well isolated from any surrounding perturbations is required. Atomic ions held inside a vacuum

chamber provide an ideal and a clean quantum system. Trapped ion systems in conjunction with

lasers are routinely being used to perform high-fidelity quantum computation and simulations.

In order to perform coherent control with trapped atomic ions using lasers, we need to solve the

Schrödinger equation for the laser-ion interaction. A time-dependent solution of the Schrödinger

equation for the laser-ion interaction Hamiltonian is generally used to understand the time

evolution of population between atomic and motional states.

2.4.1 Laser-ion interaction Hamiltonian for a single trapped ion

In order to set up the Schrödinger equation for a trapped ion, interacting with laser radiation,

we will need to find the required Hamiltonian. The full Hamiltonian of a trapped ion interacting

with laser radiation is given as

H = He +Hm +Hint, (2.70)

where He is the atomic part and Hm is the motional part of the Hamiltonian. The term Hint is

due to the interaction of the atomic ion with the electromagnetic radiation.

Let us first discuss the atomic part of the Hamiltonian (He). At this stage, we will assume that

the internal states of the atomic ion are already quantised and the atomic states are denoted by

a total angular quantum number J . Additionally, if the atomic ion is held in a magnetic field,

the internal states of the ion get further split into Zeeman sub-levels (mj). 4 In the current

4Here we are setting up the framework for a calcium ion in a Penning trap, where the fine structure states are
denoted by (j), which further split into sub-levels mj due to a strong magnetic field. So we can assume that the
two-level system is composed of |g〉 = |J,mj〉 and |e〉 = |J ′,m′j〉.
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description, we are interested in the time evolution of a two-level system interacting with a

near-resonant electromagnetic field. Hence, we can ignore the other atomic levels and we will

assume that |g〉 = |j,mj〉 and |e〉 = |j′,m′j〉 make a two-level quantum system. The Hamiltonian

corresponding to a free two-level atom in state vector representation is given as

He = Ee |e〉 〈e|+ Eg |g〉 〈g| ,

=
~ω0

2
|e〉 〈e| − ~ω0

2
|g〉 〈g| , (2.71)

where |g〉 and |e〉 are state vectors of the ground state and excited state, respectively. The time-

independent solution of the Schrödinger equation (H0 |ψi〉 = Ei |ψi〉 ) of a two-level atom has

eigenvector |g〉 and |e〉 with eigenvalues −~ω0/2 and ~ω0/2
5. The Hamiltonian in Pauli-spin

matrix representation further simplifies to [79]

He =
~ω0

2
σz, (2.72)

where σz = |e〉 〈e| − |g〉 〈g|, is one of the Pauli spin matrices defined for a spin-1/2 system.

Initially, we will discuss the motion along one axis only (say along the axial direction) and

the description for the remaining two axes can be simply extended in a similar manner. From

the previous discussion of the harmonic oscillator problem, the Hamiltonian for a harmonic

oscillator is given as

Hmech =

(
a†a+

1

2

)
~ωm, (2.73)

where ωm is the frequency of the harmonic oscillator and a and a† are the corresponding raising

and lowering operators.

A two-level atom can be considered as a dipole oscillator with atomic dipole moment D,

interacting with a time-varying electric field E = E0x̂ cos(ωLt − kz) of the electromagnetic

radiation. Here, E0 is the amplitude and ωL is the frequency of the radiation. The interaction

Hamiltonian of the system is given as

Hint = −E ·D = −E0x̂ cos(ωLt− kz) ·D (2.74)

= −E0
2 (ei(ωLt−kz) + e−i(ωLt−kz))x̂ ·D, (2.75)

where the electric field vector is assumed to be oriented along the x-axis and the wave is assumed

to be travelling along the z-axis. The scalar product x̂ ·D for a two-level system can be further

expressed in state vector form [79],

x̂ ·D ≡ 〈e| x̂ ·D |g〉 (|e〉 〈g|+ |g〉 〈e|). (2.76)

Subsequently, introducing the derived Pauli spin matrices, σ+ = |e〉 〈g| and σ− = |g〉 〈e|,
which indicate the transitions up (|g〉 → |e〉) or down (|e〉 → |g〉) when operating on states |g〉

5In order to simplify the expressions I have assumed that the zero of the energy lies at the middle point of the
levels |g〉 and |e〉.
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and |e〉 [76]. Also from the description of a two-level atom, the matrix product −E0
~ 〈e| x̂ ·D |g〉

is denoted by the parameter Ω and it is called the Rabi frequency. The Rabi frequency in a two-

level system is a characteristic frequency at which the population density oscillates between the

ground and excited states. The interaction Hamiltonian further simplifies as

Hint =
~Ω

2
(σ+ + σ−)(ei(ωLt−kz) + e−i(ωLt−kz)). (2.77)

Note that the above interaction Hamiltonian corresponds to the atom’s atomic dipole interacting

with a plane electromagnetic wave. A similar treatment can be found in Appendix B for the elec-

tric quadrupole transitions when the Rabi frequency is redefined in terms of the tensor product

of the electric quadrupole moment of the atom and electric field vector of the electromagnetic

radiation.

Now we can solve the dynamics of the population between states |g〉 and |e〉 due to a time-

varying electromagnetic field. The simplest description of time evolution between the states can

be established via transforming into the interaction picture [76]. In the interaction picture, the

time dependence of the population between the atomic states is studied by transforming the

state vectors into time-dependent state vectors and operators, via a suitable unitary operation.

Let us define the unitary operator as U = e−iH0t/~, where H0 = He + Hm, which operates on

the interaction Hamiltonian given in equation 2.77 and the transformation is given as

H̃int = U †HintU. (2.78)

After performing normal algebraic operation, the interaction Hamiltonian in the interaction

picture converts to

H̃int =
~Ω

2

(
σ+e

iω0t + σ−e
−iω0t

)(
eiωLteiHmt/~e−ikze−iHmt/~ + e−iωLteiHmt/~eikze−iHmt/~

)
.

(2.79)

We can also rewrite the spatial part of the electric field (eikz) in terms of its interaction

picture equivalent. This transformation is equivalent to transferring the harmonic oscillator time

dependence to the electromagnetic field. This transformation resembles the situation where

the atom is assumed to be at rest and the electromagnetic field is frequency modulated at the

frequency of the harmonic oscillator. The expression of the interaction Hamiltonian can be

further simplified by taking the rotating-wave approximation. The rotating wave approximation

can be made when the atom is weakly coupled to the radiation (Ω� ω0) and the laser frequency

is tuned near to resonance (|ωL − ω0| � ω0). In this case, the rapidly oscillating terms of the

Hamiltonian can be neglected, thus the interaction picture Hamiltonian simplifies to

H̃int =
~Ω0

2

(
σ+e

−iδteiη(ã†+ã) + σ−e
iδte−iη(ã†+ã)

)
(2.80)

where δ (= ωL − ω0) is the laser detuning and ã (= aeiωzt) is the lowering operator in the

interaction picture. We have also introduced a term η(= k
√

~/2mωz), which appears when we

rewrite the spatial part of the electric field in terms of the raising and lowering operators. The
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parameter η is called the Lamb-Dicke parameter, which is essentially the product of the size of

the ground state wave-function (
√
~/(2mωz)) of the harmonic oscillator and the wave vector of

the light field k = (2π/λ). The parameter η also determines the coupling strength between the

internal and external states of the atom. The external states of the atom are the motional states

due to the harmonic motion inside the trap, denoted by a state vector |n〉, where n is harmonic

oscillator quantum number.

The generalised state vector of a two-level trapped atomic ion can be defined as an “outer

product" (⊗) of the basis states (|g〉 , |e〉) and the motional states |n〉 accounting for the trapping.

In the interaction picture, the time-dependent state vector is defined as

|ψint〉 =
∞∑
n=0

Cn(t) |g, n〉+Dn(t) |e, n〉 , (2.81)

where Cn(t) and Dn(t) are the time-dependent coefficients and |g/e, n〉 = |g/e〉⊗|n〉, is the time

independent state vector of a trapped ion. The time-dependent coefficients can be calculated

by solving the time-dependent Schrödinger equation in the interaction picture, H̃int |ψint〉 =

i~d|ψint 〉
dt . Here I will rewrite the Schrödinger equation in the coefficients form giving the final

expression as

Ċn(t) = −i1−|n′−n|
Ωn′,n

2
ei∆tDn′(t), (2.82)

Ḋn′(t) = −i1+|n′−n|Ωn,n′

2
e−i∆tCn(t), (2.83)

where ∆ = ωL−ω0− lωz is the detuning from the lth sideband (i.e. l = n′−n). Depending upon

the laser detuning from the transition (|e〉 ↔ |g〉), a laser field couples to a particular motional

state of the atomic level (|e〉), and so called red (if l < 0) or blue (if l > 0) sidebands are

generated in a spectrum. The parameter Ωn′,n = Ω0| 〈n′| eiη(a+a†) |n〉 | determines the coupling

strength between the states |n〉 and |n′〉, and is called the Rabi frequency of the lth sideband. The

Rabi frequency (Ωn′,n) is also written as a function of generalised Laguerre polynomial (L|l|n (η2))

[56, 79]

Ωn′,n = Ω0e
−η2/2η|l|

√
n<!

n>!
L|l|n<(η2). (2.84)

where n< = n, n> = n+ l for l ≥ 0 and vice-versa for l < 0. Finally the coupled equations 2.82

and 2.83 can be solved analytically and are expressed in a matrix form asDn′(t)

Cn(t)

 =Mn′,n

Dn′(0)

Cn(0)

 , (2.85)

where the transformation matrix is given as [79]

Mn′,n =

 e−
i∆t
2

{
cos( Ω̃t

2 ) + i∆
Ω̃

sin( Ω̃t
2 )
}
−iΩn′,n

Ω̃
e
i

(
|n′−n|π2−

∆t
2

)
sin( Ω̃t

2 )

−iΩn′,n
Ω̃

e
−i
(
|n′−n|π2−

∆t
2

)
sin( Ω̃t

2 ) e
i∆t
2

{
cos( Ω̃t

2 )− i∆
Ω̃

sin( Ω̃t
2 )
}
 . (2.86)
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In the above equation, we have defined a new Rabi frequency Ω̃ =
√

Ω2
n′,n + ∆2, which denotes

the Rabi frequency of the system incorporating the laser detuning from a particular sideband.

From equation 2.85 and 2.86, we can interpret the time-evolution of the population between

states |g, n〉 and |e, n′〉.

2.4.2 Interaction of a trapped ion with a resonant laser field

From the previous discussion, we know that the interaction between the laser and a two-level

atom trapped in a harmonic trapping potential creates various resonances. These resonances

are well resolved if ωz � Ω0 and ωz � Γe, where Γe is the natural decay rate of the atomic

state |e〉. A carrier (∆n = 0) of the transition is seen when the laser is tuned to the exact

frequency spacing of the two-level atom (i.e. ωL = ω0). In this case, the motional state of the

atom remains unchanged. In contrast, when the laser is red detuned by an integer multiple of

the motional frequency (ωz); the resonances are called red sidebands. Similarly, the resonances

are called blue sidebands if the laser is blue detuned from the transition by integer multiples of

the motional frequency. A schematic of motional states of a two-level atom is shown in figure

2.6, where the black arrow, red arrow and blue arrow indicate the carrier, red sideband and blue

sideband transitions, respectively.

|g, n〉

|e, n〉

|g, n− 1〉

|e, n− 1〉

|g, n+ 1〉

|e, n+ 1〉

ωz

. . .

...

Figure 2.6: Figure shows motional states coupled to the atomic energy levels of a two-level
atom. Respective transitions are denoted as carrier (l = 0) in black, red sideband (l < 0) in red
and blue sideband (l > 0) in blue.

If the atom is assumed to be in the ground atomic state (|g, n〉), then the population in

the excited state (|e, n′〉) as a function of the laser interaction time is given as sin2(Ωn′,nt/2).

In this case, the laser-induced population dynamics shows a pure sinusoidal oscillation at a

period determined by 2π/Ωn′,n. On the other hand, if the atom is assumed to be in a thermal

equilibrium with a reservoir then the population between the harmonic oscillator states follows

a thermally-distributed occupation probability function. In this case, the occupation probability

in a particular motional state (n) is determined by an expression given as [79]

p(n) =
〈n〉n

(〈n〉+ 1)n+1
(2.87)

45



where 〈n〉 is the mean motional state number. The time evolution of the population for a partic-

ular sideband (n′ − n) for a thermal trapped ion system is expressed as

Pe,n′−n(t) =
∞∑
n=0

p(n) sin2(Ωn′,nt/2), (2.88)

where the excitation probability will be a statistical mixture of various sinusoidal functions, each

with a different oscillation period; hence the outcome is not expected to be sinusoidal.

2.4.3 Lamb-Dicke regime

So far we have considered a general case of sideband excitation, but it is possible to simplify the

expressions for the interaction Hamiltonian (equation 2.80) and the coupling strength (equation

2.84), for the situation where the ratio of spatial spread of the wave-function of a trapped atom is

much smaller than the wavelength of the electromagnetic field. Essentially, if η
√
〈(a† + a)2〉 =

η
√

2n+ 1 � 1, the higher order terms in the interaction Hamiltonian can be neglected and

the Hamiltonian can be written in a simpler form. The regime where the above-mentioned

condition holds is called the “Lamb-Dicke regime" or simply LDR. The interaction Hamiltonian

in this regime is therefore expressed as

H̃int ≈
~Ω0

2

(
σ+e

−iδt{1 + iη(ã† + ã)}+H.c.
)
, (2.89)

where higher order terms of η are neglected. In this situation only up to first order terms of η

are significant, hence only up to first order resonances should be visible. The excitation strength

of the carrier, first red and first blue sidebands can be approximated as

Ωcar =

(
1− η2(n+

1

2
)

)
Ω0, (2.90)

Ωrsb =
√
nηΩ0, (2.91)

Ωbsb =
√
n+ 1ηΩ0, (2.92)

respectively. The Lamb-Dicke approximation is a very important handle to set-up the laser-ion

interaction terms for a quantum gate operation such as in the Mølmer-Sørensen [48] and Cirac-

Zoller gates [47].

2.4.4 Interactions with a non-resonant laser field

If the laser is not tuned to the carrier transition then the AC-Stark effect shifts the atomic en-

ergy level from its original position [80]. The effect is prominent while exciting the motional

sidebands, where the excitation strength is weaker than the carrier transition and requires high

laser power in order to observe the resonances. It is crucial to compensate for the AC-Stark shift

[81] and off-resonant excitations in order to perform coherent dynamics on a motional side-
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band6. After assuming the laser field is detuned from the carrier transition by δ = ωL − ω0, the

Hamiltonian for a free two-level atom with the Rabi frequency Ω0 in the rotating wave picture

(dressed state representation) can be written as

H̃Stark =
~δ
2
σz +

~Ω0

2
(σ+ + σ−). (2.93)

In principle, it is possible to choose a basis a where the state vector rotates at the frequency of

the electromagnetic radiation, which eliminates the time dependence of the Hamiltonian [80].

In this representation, the eigenvalues of the system come to be

EStark = ±
√

~2Ω2
0

4
+

~2δ2

4
,

= ±

(
~δ
2

+
~Ω2

0

4δ

)
when δ � Ω0. (2.94)

In the dressed state representation, the extra frequency shift, which arises due to the light

shift, is Ω2
0

2δ for the case when δ � Ω0. However, when the detuning is zero, the energy levels in

the dressed state picture split into two eigenstates ±Ω0/2. The splitting of energy levels in the

presence of a resonant field is called the Autler-Townes splitting [82]. Note that the calculated

shift in a far-detuned case is proportional to the square of the Rabi frequency of the transition,

hence the shift for the sidebands will be insignificant due to the weak coupling. If the laser

parameters are chosen such that the detuning is small or the Rabi frequency is large then the

shift will be significant and must be taken into account while performing any coherent control

using laser radiation. In our system, the typical Rabi frequency of the 729-nm transition is 40

kHz and the motional frequency is 100 − 400 kHz, for which the AC-Stark shift will be 8 − 2

kHz. In this situation, if the motional sidebands are interrogated with the laser radiation then

radiation will shift the carrier transition; hence the sidebands transitions will shift as well. In our

system, the effects are more prominent while performing sideband cooling, where the 854-nm

laser radiation also shifts the D5/2 energy level by typically 40 kHz.

Apart from the shift in the transition frequency due to a non-resonant laser field, a part of the

population is sometimes excited, undesirably, by the nearby sidebands while the laser is tuned

to a desired motional sideband. This happens due to the finite excitation strength of a particular

motional sideband near the relevant transition. For example, the off-resonant carrier excitation

probability (directly from equation 2.80) for a detuning ∆ is

Pe(t) =
Ω2

0

Ω2
0 + ∆2

sin2

(
t
√

Ω2
0 + ∆2

2

)
. (2.95)

Typically, at ωz = 2π × 400 kHz, Ω0 = 2π × 40 kHz and ∆ = ±ωz the off-resonant carrier

excitation gives 0.5% amplitude oscillation at a frequency ∼ ωz. The off-resonant excitation

leads to poor fidelity of the coherent control in trapped atomic ion systems. In order to get high

6The prominent effect will be seen when a laser is tuned to the first red or first blue sideband. In this case, the
AC-Stark effect moves the carrier from its actual frequency position, thus the sidebands also move.
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fidelity operations one needs to avoid or compensate for off-resonant excitations.

2.4.5 Laser-ion interaction for a two-ion Coulomb crystal

In order to analyse the spectrum for the two-ion case, it important to discuss the interaction

between the laser beam and trapped ions. In this case, the sideband interaction is not straight-

forward due to the entanglement between internal and external states of the ions. Suppose each

ion is a two-level atomic system, where the internal states of the jth ion are denoted by |ej〉 and

|gj〉. For identical ions, the motional Hamiltonian is expressed as

Hm =
p2

1

2m
+

1

2
mω2

zz
2
1 +

p2
2

2m
+

1

2
mω2

zz
2
2 +

1

4πε0

q2

r12
, (2.96)

where pj and zj are the momentum and position coordinates of the jth ion. Similarly, the

electronic part of the Hamiltonian in the two-ion case is expressed as

He =
~ω0

2
(σ(1)
z + σ(2)

z ). (2.97)

After following the previous discussion of the laser-ion interaction, the Hamiltonian is given as

HI =
2∑
j=1

~Ω0

2
(ei(ωlt−kzj) + e−i(ωlt−kzj))(σ

(j)
+ + σ

(j)
− ), (2.98)

where the parameters retain the same meaning as discussed in chapter 2. The quantum treat-

ment of the motion will be used to describe the motional part of the Hamiltonian, which will

be expressed in terms of COM and breathing modes. The motional part of the Hamiltonian in

terms of the axial normal modes is expressed as

Hm = ~ωz(a†a+ 1/2) + ~ωb(b†b+ 1/2), (2.99)

where a and b are the lowering operators for the COM and the breathing modes, respectively.

The total Hamiltonian of the system is given as H = He +Hm +HI . After transforming into

the interaction picture using a unitary operator (U0 = ei(Hm+He)t/~), the interaction part of the

Hamiltonian becomes

ĤI = U †0HIU0,

= e−iHmt/~e−iHet/~
2∑
j=1

~Ω0

2
(ei(ωlt−kzj) + e−i(ωlt−kzj))

× (σ
(j)
+ + σ

(j)
− )eiHmt/~eiHet/~,

(2.100)

where I assume that both ions simultaneously interact with the laser field of frequency ωl. The
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above expression further simplifies to

ĤI =
~Ω0

2

2∑
j=1

[
(σ

(j)
+ e−ω0t + σ

(j)
− eiω0t)e−iHmt/~

× (e−ikzjeiωlt + eikzje−iωlt)eiHmt/~
]
.

(2.101)

At this stage we can replace the position coordinates z1 and z2 with their normal mode

counterparts. Let us define the normal coordinates, Zc = (z1 + z2)/2 and Zb = z1 − z2. After

making the above replacement and adapting the rotating wave approximation, the interaction

Hamiltonian is expressed as

ĤI =
~Ω0

2

2∑
j=1

[
(σ

(j)
+ e−iδt)e−iHmt/~e−ik(2Zc+(−1)jZb)eiHmt/~

]
+ h.c.

=
~Ω0

2

2∑
j=1

σ
(j)
+ e−iδte−iHmt/~

[
e−iηc(a

†+a)e−i(−1)jηb(b
†+b)

]
eiHmt/~ + h.c.

(2.102)

where ηc and ηb are the L-D parameters corresponding to the COM and breathing modes, and

δ = ωl−ω0. The L-D parameters are defined as ηc = η0/
√

2 and ηb = η0/
√

2
√

3 [83] for the COM

and breathing modes, respectively. After replacing the raising and lowering operators, a† and a,

with their interaction-picture version ã† and ã, and making the rotating wave approximations,

the interaction Hamiltonian simplifies to

ĤI =
~Ω0

2

2∑
j=1

σ
(j)
+ e−iδt[e−iηc(ã

†+ã)e−i(−1)jηb(b̃
†+b̃)] + h.c.. (2.103)

Let us insert the motional states projection operator |n〉 〈n|. The Hamiltonian is then ex-

pressed as

ĤI =
~Ω

2

∑
n,n,k′,k

2∑
j=1

σ
(j)
+ e−iδt

[
|n′〉 〈n′| e−iηc(ã†+ã) |n〉 〈n| |k′〉 〈k′| e−i(−1)jηb(b̃

†+b̃) |k〉 〈k|
]

+ h.c.,

(2.104)

where n and k are used to indicate the motional states corresponding to the COM and the breath-

ing motional modes. The middle part of the above equation will be replaced by Ωn′,ne
−i∆nωz×

Ωk′,ke
−i∆kωb , where Ωn′,n and Ωk′,k are defined as the normalised Rabi strengths for the respec-

tive sidebands. The interaction Hamiltonian can then be further simplified to

ĤI =
~Ω

2

2∑
j=1

σ
(j)
+ e−iδt[|n′〉 〈n|Ωn′,ne

−i∆nωz |k′〉 〈k|Ωk′,ke
−i∆kωB (−1)j ] + h.c. (2.105)

where ∆n = n′ − n and ∆k = k′ − k.

From the above Hamiltonian, the time evolution of the population between the internal

49



and external states of two ions can be determined by solving with respect to appropriate basis

vectors. Let us assume that the basis vectors for the blue sideband for the COM motion are

|g1, g2, n, k〉, |e1, g2, n+ 1, k〉, |g1, e2, n+ 1, k〉 and |e1, e2, n+ 2, k〉, then the wave function for

the blue sideband is defined as

|ψ〉 = C1 |g1, g2, n, k〉+ C2 |e1, g2, n+ 1, k〉+ C3 |g1, e2, n+ 1, k〉+ C4 |e1, e2, n+ 2, k〉 , (2.106)

where Cl is the coefficient of the respective basis state. The interaction Hamiltonian in the

matrix form for the above state vectors is expressed as

HBSB =
iΩ0~

2
Ωk, k


0 e−i∆1tΩn+1,n e−i∆2tΩn+1,n 0

−ei∆1tΩn,n+1 0 0 e−i∆2tΩn+2,n+1

−e−i∆2tΩn,n+1 0 0 e−i∆1tΩn+2,n+1

0 −ei∆2tΩn+1,n+2 −ei∆1tΩn+1,n+2 0


(2.107)

which can be used to numerically solve the Schrödinger equation for the blue sideband of the

transition to give the time evolution after the laser interaction time t. The similar treatment can

be employed for the other sidebands as well. The state vectors for the carrier transition can be

written as |g1, g2, n, k〉, |e1, g2, n, k〉, |g1, e2, n, k〉 and |e1, e2, n, k〉, The interaction Hamiltonian in

matrix form is written as

HCar =
Ω0~

2
Ωk,kΩn,n


0 e−i∆1t e−i∆2t 0

ei∆1t 0 0 e−i∆2t

ei∆2t 0 0 e−i∆1t

0 ei∆2t ei∆1t 0

 (2.108)

where ∆1 = ωl−ω
(1)
0 and ∆2 = ωl−ω

(2)
0 . At this stage, the time-dependent Schrödinger equation

will be used to calculate the excitation probability between the excited and ground state of the

ion. For the carrier transition, the excited state probability of both ions P (e1, e2) comes to be

P (e1) × P (e2), hence each ion can be treated independent to each other. However, the same

does not apply to the sideband transitions, where the entanglement between the internal and

external states must be taken into account. In this case, the only possible method to solve the

time-dependent Schrödinger for the above described Hamiltonian is through numerical ways.

The sideband cooling results of a two-ion chain and a two-ion disc will be analysed using this

method. After making proper adjustments of the L-D parameter and the motional frequencies,

the above treatment will be applicable for the planar case too.
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Chapter 3

Laser cooling of ions in a Penning trap

Laser cooling utilises radiation pressure as a resistive force on an atom to bring it to rest. Laser

cooling of atoms or atomic ions was first proposed in 1975 independently by Hänsch et al. [34]

and Wineland et al. [35]. The first experimental realisation of laser cooling was carried out

with trapped atomic ions in 1978 by Neuhauser et al. [36] and Wineland et al. [37]. Since

then laser cooling is routinely used to prepare ultra-cold atomic systems. Doppler cooling is one

of the most used laser cooling techniques to slow down the motion of neutral atoms or atomic

ions, especially for pre-cooling purposes. In Doppler cooling, the red-detuned laser photons

preferentially get absorbed by the atoms which are moving in the opposite direction of the laser

beam propagation. In this case, the Doppler effect provides a frequency shift to the atomic

transition and brings the atomic transition in resonance with the laser photons. Eventually,

continuous absorption and re-emission cycles cool the atoms to their Doppler limit (~γ/2kB)

[84]. In this chapter, I will discuss Doppler laser cooling and sideband cooling of ions in a

Penning trap.

3.1 Doppler cooling in a Penning trap

In trapped ion systems, due to the additional trapping fields, Doppler cooling is not as simple

as for a free atom. In particular, in a Penning trap, Doppler cooling needs to consider the effect

of the electric de-trapping force in the radial direction. In this case, a simple red-detuned laser

beam, which is used to reduce the kinetic energy of the ion, increases the magnetron radius

and eventually the ion goes into a big magnetron orbit around the trap centre. However, with

proper beam positioning and detuning of the Doppler cooling laser beam, one can reduce the

magnetron radius and eventually the ion can be brought to rest at the trap centre. A detailed

description of laser cooling in a Penning trap is given by Itano et al. [40]. In this section, I will

follow their methodology to illustrate the laser cooling in a Penning trap and I will also derive

an expression for the Doppler cooling limit of trapped ions in a Penning trap.

In this review of Doppler cooling, I will assume a weak binding case, ωz � γs � ω0, where

51



ωz is the motional frequency, γs is the natural linewidth of the transition and ω0 is the transition

frequency of the atom. For simplicity, I will also treat the laser cooling with two individual laser

beams, one along the magnetic field axis and one along the axis perpendicular to the magnetic

field. This scenario is analogous to Doppler cooling of trapped ions in our laboratory, where we

cool radial and axial motion with two individual laser beams.

Let us assume that the electric field component of the electromagnetic wave travelling along

the unit vector k/k is E = E0ε̂ cos(ωLt−k·r). If an atomic ion absorbs a photon with momentum

~k followed by re-emission at ~k′, then each scattering event will change the momentum of the

ion by ~(k − k′). Thus, the change in the velocity is ∆v = ~(k − k′)/m. Suppose Aj is the

amplitude of motion before the scattering event (at time t) and A′j is the amplitude after the

scattering event (at time ti). The change in the amplitude of motion after the scattering event

is given as

∆A2
z =

(
∆vz
ωz

)2

− 2Az∆vz
ωz

sin(ωzti + φz), (3.1)

∆A2
− =

(∆vx)2 + (∆vy)
2

4ω2
1

+
A−
ω1

[
∆vx sin(ω−ti + φ−) + ∆vy cos(ω−ti + φ−)

]
, (3.2)

∆A2
+ =

(∆vx)2 + (∆vy)
2

4ω2
1

− A+

ω1

[
∆vx sin(ω+ti + φ+) + ∆vy cos(ω+ti + φ+)

]
. (3.3)

The above equations have been derived from equations 2.7, 2.11, 2.12 and their time deriva-

tives. From equation 3.1, it may be concluded that the motion along the axial direction can be

reduced if the change in the velocity is negative, or more precisely if ∆vz is opposite to the

direction of motion. Similarly, for the modified cyclotron motion, the square of the amplitude

decreases if the change in velocity is opposite to the direction of the circular motion. However,

the square of the amplitude for the magnetron motion decreases only if the change in velocity

is in the direction of motion (when v− and ∆v− are parallel to each other).

For the modified cyclotron and axial motion, cooling requirement can be met if the ion is

compelled to absorb the photons only when the ion moves opposite to the laser beam propaga-

tion. This can be achieved with a red-detuned laser beam with the wave-vector along the axis of

motion. The Doppler effect allows the absorption only if the motion is opposite to the direction

of laser propagation. Furthermore, we will see that the magnetron motion can be cooled with

the same beam that is used to cool the modified cyclotron motion provided the beam is placed

slightly off-centre on the radial plane.

In principle, the motion in all three directions can be cooled with a single non-uniform laser

beam, provided the laser beam forms an oblique angle to the magnetic field axis [40]. However,

throughout this thesis, I will consider two non-uniform laser beams. We will see that the beam

along the x-axis should be able to cool the magnetron and modified cyclotron motion simultane-

ously. Let us assume a Gaussian-shaped laser beam is used to cool the axial motion and the laser

propagation is along the axial direction. If the amplitude of the radial motion is much smaller

than the axial beam waist (wz), then the beam along the axial direction can be assumed to have

52



a uniform intensity Iz0. To accomplish laser cooling of the magnetron and modified cyclotron

modes, a non-uniform laser beam with offset y0, laser frequency ωL and a peak intensity Ix0 is

considered to be travelling along the wave-vector kx = kxx̂. Again if the amplitude of the radial

motion is much smaller than the beam waist (wx), the intensity profile can be approximated to

I(y) = Ix0(1+y/y0). A schematic of a laser beam with some offset from the trap centre is shown

in figure 3.1.

^

-y0

I1

k

0

y
^

x
^

Laser intensity (I(y))

Figure 3.1: Figure showing ion motion in the radial plane and red-detuned beam offset from
the trap centre and its profile. The beam offset method is adapted to cool both radial modes
simultaneously.

The interaction of electromagnetic radiation with a two-level atom has been well studied

before and it can also be found in the previous chapter. Suppose a two-level trapped ion interacts

with a laser photon with wave-vector k and detuning δL(= ωL − ω0) through a dipole-allowed

transition. The photon scattering rate of the ion, moving at a velocity v, is given as

R =
s0|ε̂L · D̂|2γ3

s/2

(1 + s0)γ2
s + 4(−k · v + δL)2

, (3.4)

where γs is the transition rate and s0(= I/Is) is the saturation parameter of the atom. For the

low saturation case, where the intensity (I) is assumed to be well below the saturation intensity

Is = πhcγs
3λ3

, the steady-state scattering rate is given as

R =
s0|ε̂L · D̂|2γ3

s/2

γ2
s + 4(−k · v + δL)2

, (3.5)

=
I

~ωl
σ0γ

2
s

(γ2
s + 4(δL − k · v)2

. (3.6)

In the above equation, σ0 = 3λ2

2π |ε̂L · D̂|
2 and εL is the polarisation direction of the laser beam.

Subsequently, the average rate of change of the square of the amplitude can be expressed in

terms of the product of amplitude squared and the respective scattering rates. After multiplying
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both terms together, the rate of change of the square of the amplitude is expressed as

d〈A2
z 〉

dt
=

Iz0
~ωLz

〈
σz0γ

2
s∆A2

z

γ2
s + 4(δL − kz · v)2

〉
+

Ix0

~ωLx

〈(
1 +

y

y0

)
σx0γ

2
s∆A2

z

γ2
s + 4(δL − kx · v)2

〉
, (3.7)

d〈A2
i 〉

dt
=

Ix0

~ωLx

〈(
1 +

y

y0

)
σx0γ

2
s∆A2

i

γ2
s + 4(δL − kx · v)2

〉
+

Ix0

~ωLx

〈
σx0γ

2
s∆A2

i

γ2
s + 4(δL − kz · v)2

〉
, (3.8)

where i indicates the magnetron and modified cyclotron motion. The second term in the

equations is inserted there to account for the recoil effects on the atom due to the scatter-

ing of photons from the other laser beam. After taking the Taylor expansion in the limit of

(k · v)2 � γ2
s + 4δ2

L, the above equations simplify to

d〈A2
z 〉

dt
= Rz

〈(
1 +

8δL(kz · v)

γ2
s + 4δ2

L

)
∆A2

z

〉
+Rx

〈(
1 +

y

y0

)(
1 +

8δL(kx · v)

γ2
s + 4δ2

L

)
∆A2

z

〉
, (3.9)

d〈A2
i 〉

dt
= Rx

〈(
1 +

y

y0

)(
1 +

8δL(kx · v)

γ2
s + 4δ2

L

)
∆A2

i

〉
+Rz

〈(
1 +

8δL(kz · v)

γ2
s + 4δ2

L

)
∆A2

i

〉
, (3.10)

where R(j=z,+,−) =
Ij0
~ωLj

σj0γ
2
s

γ2s+4δ2L
. After making substitutions from equations 3.1, 3.2 and 3.3, the

rate equations are rewritten as

d〈A2
z 〉

dt
= 8Rz

~k2
zδL

m(γ2
s + 4δ2

L)
〈A2

z〉+
Rz~2k2

z

m2ω2
z

{
1 + (1 +Rx/Rz)fsz

}
, (3.11)

d〈A2
+〉

dt
=

Rx~kx
2mω1y0

〈A2
+〉+

4RxδL~k2
xω+ 〈A2

+〉
mω1(γ2

s + 4δ2
L)

+Rx
~2k2

x

4m2ω2
1

{
1 + (1 +Rz/Rx)(fsx + fsy)

}
,

(3.12)

d〈A2
−〉

dt
= − Rx~kx

2mω1y0
〈A2
−〉 −

4RxδL~k2
xω+ 〈A2

−〉
mω1(γ2

s + 4δ2
L)

+Rx
~2k2

x

4m2ω2
1

{
1 + (1 +Rz/Rx)(fsx + fsy)

}
,

(3.13)

where fsx, fsy and fsz are parameters to account for the re-emitted photon distribution along

the x, y and z directions, respectively.

From the above equations, it is apparent that by proper choice of laser detuning and beam

offset, one can achieve simultaneous cooling of motion in all three directions with only two

laser beams. We can see that, in equation 3.11, if the detuning (δL) is negative the first term

shows the reduction of the mean square amplitude of the axial motion. In contrast, the positive

sign of the second term leads to heating of the motion, which is due to recoil effects. Similarly,

the second term in equation 3.12 is responsible for cooling of the modified cyclotron mode.

Other than that, the first and third terms show heating caused by the gradient cooling and recoil

effects. The magnetron motion will be cooled by the gradient term (first term in equation 3.13).

However, the detuning and recoil terms will cause heating of the magnetron motion. In order

to achieve the simultaneous cooling of the magnetron and modified cyclotron modes one needs

to satisfy

ω− < −
γ2
s + 4δ2

L

8kxy0δL
< ω+, (3.14)
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which holds only for the negative detuning (δL < 0) and the positive beam offset (y0 > 0). If

the laser is red-detuned by γs/2 from the transition (at half the transition linewidth) then the

equilibrium mean square amplitude of the motional modes come to be

〈A2
z〉 =

5~γs
6mω2

z

, (3.15)

〈A2
+〉 =

7~γs
12mω1ω+

[
1− γs

2kxy0ω+

]−1

,

〈A2
−〉 =

7~γs
12mω1ω−

[
γs

2kxy0ω−
− 1

]−1

,

where fsx = fsy = fsz = 1/3 are the emission cross sections in the radial and axial directions

respectively for an electric dipole allowed transition, between Zeeman sub-levels of excited and

ground states ∆mj = 0,±1. Therefore the mean phonon number for radial motion and axial

motion after Doppler cooling is given as

〈nz〉 =
5γs

12ωz
, (3.16)

〈n+〉 =
7γs

12ω+

[
1− γs

2kxy0ω+

]−1

, (3.17)

〈n−〉 =
7γs

12ω−

[
γs

2kxy0ω−
− 1

]−1

, (3.18)

where 〈nz〉, 〈n+〉 and 〈n−〉 are the mean phonon numbers corresponding to the axial, modified

cyclotron and magnetron modes, respectively. The theoretical limit of 〈n〉 of the radial motion in

our Penning trap is calculated using the above expressions and corresponding plots are shown

in figure 3.2. The cooling limits are calculated for y0 = 20 µm and 1.9 T magnetic field. At a

given value of y0, the 〈n+〉 increases but very slowly with increasing ωz. On the other hand, the

Doppler limit for the negative energy mode rises exponentially with the increasing value of ωz
and this is noted in figure 3.2. Note that at ωz = 200 kHz, 〈n−〉 is calculated to be roughly 2000,

which corresponds to tens of µm spread in the radial plane. Such a large spread is not used

for any experimental studies in our apparatus. In principle, 〈n−〉 can be reduced by choosing

a tightly focused laser beam (smaller y0). A plot showing 〈n〉 at y0 = 10 µm indicates that

the magnetron mean phonon number can be reduced by an order of magnitude. The current

thesis shows the results of cooling with the laser beam waist of w0 = 100 µm (y0 = 50 µm).

Experimentally, at this beam waist, cooling can be achieved only for ωz < 100 kHz. For higher

values of ωz, an alternative cooling method is employed alongside the gradient Doppler cooling

method. This alternative way of laser cooling will be discussed in the following section.

3.2 Axialisation

Alternatively, it is possible to laser cool the magnetron motion when a time-varying quadrupole

potential is applied in the radial plane, at the cyclotron frequency (ωc). In this technique,

the time-varying quadrupole potential couples both radial motional modes and eventually the
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Figure 3.2: A plot showing 〈n+〉 and 〈n−〉 as a function of applied axial frequency at y0 = 20 µm
(left) and y0 = 10 µm (right).

coupling reduces the amplitude of the magnetron mode when the modified cyclotron mode is

laser-cooled. The technique is called axialisation. This technique was initially employed in

Penning traps to avoid ion loss during buffer gas cooling of trapped ions [85, 86]. A detailed

description of axialisation based cooling is given in reference [87]. In this section, I will review

the axialisation technique for laser cooling and I will set up the equations of motion for an ion

in the presence of a Doppler cooling laser along with the axialisation fields.

In this technique, the ring electrode is split into four segments and a time-varying potential

is applied to each electrode while maintaining the opposite phase with adjacent electrodes. This

creates a quadrupole potential in the radial plane, which is expressed as

φ =
Vrf
2r2

0

(x2 − y2) cosωct, (3.19)

where Vrf is the amplitude and r0 is the characteristic trap dimension (radius of the ring elec-

trode). The principle of axialisation-based cooling can be understood more elegantly in a rotat-

ing frame (ωr). In the rotating frame, the axialisation potential is expressed as

φ =
Vrf
4r2

0

(r′)2{cos(2θ′ + (2ωr − ωc)t) + cos(2θ′ + (2ωr + ωc)t)}, (3.20)

where r′ and θ′ are the cylindrical position coordinates in the rotating frame of reference. In-

terestingly, if the angular frequency of the rotating frame is assumed to be ωc/2, the first term

in the expression becomes static and the second term varies at 2ωc frequency. The time-varying

part of the potential can be dropped by making rotating wave approximations.

Also from the previous chapter, we know that the radial motion in this rotating frame can
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be treated as a 2D isotropic simple harmonic oscillator with angular frequency ω1 =

√
ω2
c

4 −
ω2
z

2 .

The actual rotation due to the magnetron motion and modified cyclotron motion in the rotating

frame can be treated as two clockwise and anticlockwise rotations at ±ω1 frequencies. Intu-

itively, the sum of these frequencies in the rotating frame is zero. Therefore the situation can

be correlated to the static part of the potential in equation 3.20 and it can be said that the

axialisation potential couples both rotations in the rotating frame.

The sum of the modified cyclotron and magnetron frequencies is nothing but the true cy-

clotron frequency in the laboratory frame, hence the axialisation field (at ωc = ω+ + ω−) be-

comes in resonance with the coupled modified cyclotron motion and magnetron motion. This

coupling becomes more interesting if there is a damping term due to laser cooling, which even-

tually reduces the overall radial motion. A numerical solution of radial motion in a Penning trap

in the presence of the axialisation potential and damping due to Doppler cooling is shown in

figure 3.3. Note that the reduction of amplitude of both modes depicts simultaneous cooling of

both modes. This technique allows us to cool the radial motion in the regime where gradient

laser cooling does not work efficiently.

Figure 3.3: Simulated trajectories of the radial motion showing the reduction of the motion of
an ion in the presence of axialisation field and Doppler cooling laser radiation in a Penning trap.
Blue trajectory corresponds to the motion at an initial time and orange corresponds to at 500
µs time. The simulated plot is for illustration purpose and the parameters are chosen from our
general experimental conditions.

Studies of laser cooling in the presence of an additional axialisation field have been carried

out by various people [85–87]. They predict cooling in the presence of the axialisation field,

even in the regime where gradient cooling shows poor behaviour. So far no direct expression

for the cooling limit in the presence of the axialisation has been found. In principle, the cooling

limit can be calculated by following the approach adopted by Itano et al. [40], where they find

an analytical expression by solving the rate equations for the amplitude of the motion. But in the

presence of the axialisation field, the equations become inseparable, hence it is difficult to find
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an analytical expression for the cooling limit. In order to find out the cooling limit, a numerical

approach can be viable.

In order to infer the cooling limit, let us assume that the laser beam is travelling along the

x-axis. The equations of motion of the radial motion in the presence of the axialisation field and

the Doppler cooling laser can be written as

dx

dt
= vx(t) + ζx(t), (3.21)

dvx
dt

=
1

2
ω2
zx+ ωcvy(t) + γvx(t)−

qVrf
mr2

0

x cos(ωct/2), (3.22)

dy

dt
= vy(t) + ζ(t), (3.23)

dvy
dt

=
1

2
ω2
zy − ωcvx(t) +

qVrf
mr2

0

y cos(ωct/2), (3.24)

where Vrf is the amplitude of the axialisation potential. Here I have introduced new time-

dependent parameters ζx(t) and ζy(t), which represent stochastic scattering of photons and are

responsible for heating of ions. At the same time, Doppler cooling of the ions is incorporated in

terms of a velocity dependent force (mγvx), where γ is the parameter defined as

γ = Rx
~k
m

8δlk

Γ2
s + 4δ2

l

, (3.25)

where all the parameters have the same meaning as discussed previously.

For the known stochastic parameters, the above mentioned coupled equations can be solved

numerically and a cooling limit can be estimated. However, it is difficult to find these parame-

ters, thus I will adopt a Monte-Carlo method to estimate the cooling limit. In the Monte-Carlo

method, the stochastic time-dependent part will be assigned to a random number generator,

weighted to the photon scattering rate of a trapped calcium ion. A plot showing ion amplitude

of motion in the presence of an axialisation field is shown in figure 3.4 and cooling of both radial

modes is illustrated.

3.3 Sideband cooling

In the previous section, I have described laser cooling in a weak binding regime, where cooling

is performed on a broad linewidth atomic transition and hence the motional states are not

resolved. These cooling methods limit the ion temperature to the Doppler limit which is set by

the transition linewidth (TDop ∼ ~Γ
2kB

). The temperature, in this case, is found to be much higher

than the actual recoil limit (Trec ∼ ~2k2
2mkB

), which is the lowest temperature achievable with a

quanta of light. There are many ways to achieve sub-Doppler cooling of a free or bound atom

using lasers such as Sisyphus cooling [88, 89], EIT cooling [90], resolved sideband cooling [44]

etc.. In this thesis I will only discuss the resolved sideband cooling method. Resolved sideband

cooling only applies to the trapped atoms/ions, where the trapping of atoms causes them to
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Figure 3.4: Figure showing the reduction of radial motion amplitudes in the presence of axi-
alisation field and Doppler cooling laser beam. The magnetron mode (orange curve) and the
cyclotron mode (black curve), are found to average out to the same mean amplitude of motion.
Simulation is carried at 100 V of trapping potential and 2 V of axialisation amplitude.

move in a harmonic manner. This manifests itself as motional states superimposed with the

internal state of the atom. The motion of an ion in a Penning trap is a harmonic type and its

quantum dynamics are described in section 2.3.

The resolved sideband cooling technique is employed in the strong-binding regime, which is

observed when ωz � Ω0 � Γs. In this regime, the sidebands are well separated and individual

sidebands can be targeted with laser or microwave radiation. This condition can be achieved in

a tightly confined trapped ion system along with a laser tuned to a quadrupole atomic transition.

Resolved sideband cooling is generally performed after the ion has undergone Doppler cooling,

where the mean phonon number is limited by the Doppler limit as shown in equation 3.15.

In tightly confined systems, the mean phonon number, after Doppler cooling, can be less than

ten. If the condition of resolved sidebands is met, the spectroscopy reveals sidebands in the

spectrum. Interestingly, if the laser is tuned to one of these sidebands then the phonon state of

the system can be changed by the laser transition. If the laser is tuned to the first red sideband,

the absorption and re-emission process removes one phonon in each cycle and after repeating

this process the ion can be ultimately cooled to the ground state of the harmonic motion. Once

the ion reaches the motional ground state, the laser does not resonate with any motional states

and hence the transition ceases. A schematic of sideband cooling is shown in figure 3.5 for a

two-level system.

Experimental realisation of ground state cooling of trapped atomic ion was first demonstrated

by Diedrich et al. [41]. Since then a lot of progress has been made in this direction. Electromag-

netically induced transparency (EIT) is another efficient method to cool multiple ions, where
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Figure 3.5: A schematic of resolved sideband cooling: each absorption followed by an emission
removes a photon from the system and a repetitive process brings the ion to the motional ground
state.

Figure 3.6: Absorption and spontaneous emission of photons in the system with large L-D pa-
rameter. See text for more details.

multiple sidebands can be targeted at the same time. Recently, the ground state cooling of an

ion in a Penning trap along the axial direction has been demonstrated by Goodwin et al. [91].

In this paper, they employed resolved-sideband cooling along the axial direction on a trapped

calcium ion. In general, cooling is efficient if the ion is within the L-D regime after Doppler

cooling. The L-D regime is a specific regime of trapped ion system where the spread of the wave

function of a trapped ion is considered to be smaller than the wavelength of the electromagnetic

radiation that is used to probe it, that is mathematically
√

2n+ 1η � 1 where η is called the L-D

parameter. If the L-D parameter is small then the re-emission of a photon maintains the phonon

state and hence cooling is efficient. However, beyond the Lamb-Dicke regime, cooling is not

efficient due to the diffusion of population among the various other motional quantum numbers
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during spontaneous emission of the photon [92], which causes heating of the ion.

For a large L-D parameter, the ion may encounter off-resonant excitations during the absorp-

tion processes. These processes can increase the phonon number and unnecessarily heat the ion.

A schematic of absorption and emission processes during resolved sideband cooling of a trapped

ion with a large L-D parameter is illustrated in figure 3.6, where the red solid arrow indicates

resonant absorption of a photon when the laser is tuned to the first red sideband. The arrows

in black and blue depict the off-resonant excitation of a photon. The emission processes are

denoted by squiggly arrows, with corresponding colours indicating the change in trap frequency

after the emission of the photon.
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Chapter 4

Experimental apparatus and
techniques

In this chapter, I will describe the experimental apparatus used to acquire the data presented in

this thesis. The experimental apparatus includes a Penning trap, 1.9 T superconducting mag-

net, vacuum system, diode laser system for Doppler cooling and spectroscopy of trapped ions,

ultra-stable optical cavities for locking purposes, an Nd-YAG laser system for ion generation,

photo-multiplier tubes (PMT’s), “electron-multiplying CCD" (EMCCD), computer control for the

experimental apparatus and data acquisition, and various electronic and optical devices that

are used to run the experiment. The apparatus was designed by previous PhD students and

post-docs working in our group, even before my arrival at Imperial. After I joined some of the

modifications were carried out by me and other colleagues working during these years of my

PhD. For the sake of completeness, I will describe the whole experimental apparatus and I will

properly cite the contributions of the other people. Finally, I will describe the experimental

techniques that are used to perform the current studies.

4.1 Atomic structure of a calcium ion

A two-level atomic system is an ideal choice in order to perform quantum simulations and

computations. A two-level atom provides a simple system which fulfils the basic requirements to

perform any qubit operation. Out of many atomic species, there are only a few elements which

have an atomic structure suitable for laser manipulation. A singly ionised positive calcium

ion resembles alkali type elements, which have a single outer electron. The optically active

single electron of a Ca+ ion makes it the simplest system to manipulate and perform laser

spectroscopy. More specifically 40Ca is the most abundant isotope in the natural sample of

calcium. Additionally, due to its zero nuclear spin, the isotope is highly suitable for optical-

based quantum information experiments [7].

Our group works with 40Ca+ ions trapped in a Penning trap. A partial energy level diagram
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Figure 4.1: Relevant electronic level structure of a 40Ca+ ion (energy spacing is not scaled).
Transition rates, Zeeman shifted energy spacing of the levels and laser wavelength of the re-
quired transitions are taken from ref. [74]

of a 40Ca+ ion is shown in figure 4.1. It has zero nuclear spin, hence it has no hyperfine energy

levels, which reduces the complexity of the experiment. The specific transitions of interest are

denoted by red, blue and orange colour arrows and squiggly lines. Spectroscopy is performed

on a narrow linewidth S1/2 ↔D5/2 transition. Doppler cooling is performed on the S1/2 ↔P1/2

transition. The system requires repumping lasers at 854 nm and 866 nm as indicated in figure

4.1.

4.1.1 Zeeman effect

Due to the presence of a strong magnetic field, in a Penning trap, the atomic states of a trapped

ion are further split into sub-levels, which are termed “Zeeman sublevels". The theory of the

“anomalous Zeeman effect" can be used to determine the energy spacing between these sub-

levels. The interaction Hamiltonian of a bound electron in the presence of a magnetic field is

given as

HB = −µ · B, (4.1)

where µ is the magnetic moment of the trapped ion. The magnetic moment in terms of orbital

momentum (L) and spin momentum (S) is expressed as µ = −µB(gLL + gSS), where µB is the

Bohr magnetron and “g" is the g-factor of the electron. For a bound electron, the spin and orbital

g-factors are gS = 2.002319 ≈ 2 and gL = 1. Additionally, the bound electron experiences spin-

orbit coupling (L-S coupling), thus L and S are no longer good quantum numbers; hence, the
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description of the atomic model shall be denoted in terms of the total angular quantum number

(J). After assuming the magnetic field along the axial direction (along the z-axis), the Zeeman

Hamiltonian is expressed

HB =
gjµBJzB0

~
, (4.2)

where gJ is the Landè g-factor and Jz(= Lz +Sz) is the component of the total angular momen-

tum along the magnetic field direction. The first order energy shift due to the Zeeman effect can

be calculated by Perturbation theory and it is expressed as

∆E =
gJµBB0

~
〈ψJ,mj | Jz |ψJ,mj〉 , (4.3)

= gJµBmjB0. (4.4)

The Landè g-factor for the atomic states can be expressed in terms of angular quantum numbers

J, L and S and is given as

gJ = gL
J(J + 1)− S(S + 1) + L(L+ 1)

2J(J + 1)
+ gS

J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
. (4.5)

Similarly, the second-order Zeeman shift from perturbation theory is given as

∆E
(2)
k =

∑
k 6=n

(
µBB0

~

)2 | 〈ψk| gLLz + gSSz |ψn〉 |2

E
(0)
n − E0

k

, (4.6)

which can be easily calculated via the Clebsch-Gordan coefficients method [93, 94]. The first

and second-order Zeeman shifts for a calcium ion in a 1.9 T magnetic field have been calculated

and are given in table 4.1.

Atomic level 1st order Zeeman Shift 2nd order Zeeman Shift
∆ν(1) (GHz) ∆ν(2) (MHz)

S1/2,mj = ±1
2 ±26.623 0

P1/2,mj = ±1
2 ±8.854 -23.5

P3/2,mj = ±3
2 ±53.216 0

P3/2,mj = ±1
2 ±17.739 +23.5

D3/2,mj = ±3
2 ±31.892 -62

D3/2,mj = ±1
2 ±10.631 -93

D5/2,mj = ±5
2 ±79.808 0

D5/2,mj = ±3
2 ±47.885 +62

D5/2,mj = ±1
2 ±15.962 +93

Table 4.1: Table showing the first and second-order Zeeman shifts for the atomic states of a
40Ca+ ion at 1.9 T magnetic field.

In order to perform laser cooling and spectroscopy on a trapped calcium ion, it is important

to set the laser frequencies to a certain precision. After describing the energy level diagram of a

calcium ion, I will describe the transitions of interest in our system. In our system, the required
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laser transitions and their use can be summarised as follows:

• In a calcium ion system, Doppler cooling is performed on the S1/2 ↔ P1/2 transition, which

is a dipole-allowed transition. In our case, the transition falls within the “weak-binding

regime", which is the regime where the motional frequency of the trapped ion (typically

< 1 MHz) is much smaller than the linewidth of the transition (22 MHz). In our system,

the transition is induced by a 397-nm diode laser system. Moreover, the transition requires

two laser frequencies due to the Zeeman shifts in a Penning trap. In our case, the S state is

split into two sublevels mj = −1/2 and mj = 1/2, which are ∼ 53.24 GHz apart from each

other. The P1/2 state is also split intomj = 1/2 andmj = −1/2 with energy spacing of 17.7

GHz. The transition is bridged by two separate laser beams tuned to the S1/2,−1/2 ↔P1/2,1/2

and S1/2,1/2 ↔P1/2,−1/2 transitions, respectively. The frequency spacing of these transitions

is ≈ 71 GHz, which is not possible to bridge by any electro-optic modulators (EOMs).

• During Doppler cooling, the population from the P1/2 state often decays to the metastable

state D3/2 through a dipole allowed transition and also to the metastable state D5/2 through

a weak magnetically induced transition [95]. The population from these metastable states

is re-pumped by the frequency-modulated 866-nm and 854-nm laser beams. The fre-

quency modulation of these laser beams is essential for the re-pumping of the population

from the Zeeman sub-levels of the metastable states. In our experiment, frequency modu-

lation is carried out by a single EOM for both laser beams.

• Spectroscopy and sideband cooling of a calcium ion our trap is performed on the S1/2,−1/2 ↔
D5/2,−3/2 quadrupole transition, which occurs at 729 nm. The laser frequency is finely

tuned by an acousto optic modulator (AOM).

4.1.2 Magnetically induced transitions in a Penning trap

From the dipole allowed transition rules [96], in normal operating conditions, transition be-

tween the P1/2 and D5/2 states is forbidden. In this case, the transition can only take place

through a magnetic quadrupole or an electric octupole (M2/E3) rule. The transition rates in

such cases are a few orders of magnitude smaller than that of the dipole allowed case. But

in the presence of a strong magnetic field, various J levels get mixed together and thus the

transition becomes allowed. The transition rate, in this case, depends upon the strength of the

magnetic field [93].

Once the population decays to the metastable states, it gets trapped there for the lifetime of

the metastable states, which is 1 second for a calcium D state. The decay of the population to

these states eventually stops Doppler cooling. In order to speed-up the process, the metastable

level needs to be recycled by another laser beam tuned to the D5/2 ↔ P3/2 transition, which is

carried out by an 854-nm laser beam. The magnetically induced transition rates for a calcium-40

ion has been studied before by Crick et al. [93].
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At a moderate magnetic field, the decay rate (transitions/T2/s) of the P1/2 state to the

metastable state D5/2 state is given as [91]

Γj-mixing = Γs × 4.2× 10−7B2
0 (4.7)

where Γs is the scattering rate of the S1/2 ↔P1/2 transition. Γs depends upon the incident laser

intensity and the detuning from the transition. In our system, these transitions are unavoidable

and limit the detection efficiency of the qubit while performing the state readout. I will discuss

this issue in section 4.6.3.

4.1.3 Transition strengths

For a trapped calcium ion, Doppler cooling is performed on a dipole allowed transition, hence a

low power laser is sufficient to perform cooling. The repumping is performed on another dipole-

allowed transition. The expression for the Rabi frequency for these transitions has been derived

by James et al. [74] and it is given as

Ω
(E1)
0 =

√
3I0e2(2j′ + 1)Γ

2ε0~2c2αk3

1∑
q=−1

 j 1 j′

−mj q m′j

 c
(q)
i εi, (4.8)

where the coefficients c(q)
i are the normalised spherical vectors given in the appendix of reference

[74] and I0 is the intensity of the laser beam. The parameter α is the fine structure constant

and Γ is the decay rate of the excited state. The matrix term is called a 3-j symbol, which can

be calculated with “Mathematica" [97].

Similarly, the expression for the Rabi frequency of a quadrupole transition can be written as

Ω
(E2)
0 =

√
15I0e2(2j′ + 1)Γ

2ε0~2c2αk3

2∑
q=−2

 j 1 j′

−mj q m′j

 c
(q)
ij εinj . (4.9)

Now, from these equations, it is possible to derive the required laser powers to achieve a low

saturation dipole allowed transition rate. In our experiment, typically 4 µW of power in each

397-nm laser beam with 100 µm beam waist satisfies the low saturation conditions. Similarly,

the 854-nm beams and 866-nm laser beams have 0.6 mW and 6 mW of power with a 200 µm

beam waist at the trap centre. The low saturation requirement is very important for the 397-nm

beam to achieve Doppler cooling, however the 854-nm and 866-nm laser beams do not require

the power to be below the saturation limit. The quadrupole transition is induced by a 729-nm

laser beam with approximately 150 µm beam waist and 30 mW power at the trap centre.
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4.1.4 Polarisations of the laser induced transitions

In a Penning trap, due to the magnetic field, a transition may require a specific polarization

of the light field to stimulate the specific resonance. The magnetic field, in this case, acts as

a tool to set the quantisation axis of the system. The dependency of the transition strength

on the polarisation axis can be seen from the Rabi frequency formula as given in equation 4.8

and 4.9. For a 40Ca+ ion, we are mainly interested in a dipole or a quadrupole transition.

Moreover, we are interested in two specific directions of laser beam propagation, first parallel to

the magnetic field axis and second perpendicular to the magnetic field axis. Specifically, in the

first case when the laser beam is parallel to the magnetic field axis (along the axial direction) the

π (∆m = 0) transition cannot be induced. However, in the second case, when the laser beam is

perpendicular to the magnetic field axis (in the radial plane), then both σ± (∆m = ±1) and π

transitions can be induced. In both directions of laser propagation, plane polarised light can be

used to stimulate the required transition. Furthermore, the relevant transitions in a calcium ion

system are elaborated as follows.

• The S1/2 ↔ P1/2 transition: Doppler cooling is performed on this transition. Cooling re-

quires a closed cycle and hence at least two laser beams resonant with the ∆mj = +1 and

∆mj = −1 transitions are required. Along the axial direction, this can be excited with

linearly polarised light with any arbitrary polarisation angle. However, in the radial direc-

tion, the same transitions can only be excited by linearly polarised light with polarisation

angle perpendicular to the magnetic field direction.

• The D3/2 ↔ P1/2 transition: Decay of the population to the D3/2 state from the P1/2 state

during Doppler cooling is re-pumped by an 866-nm laser beam. The relevant transitions

are shown in figure 4.2 (b). Multiple Zeeman sublevels are repumped by a frequency

modulated laser beam. In our experiment, an axial laser beam with “linear polarisation"

(LP) is sufficient to induce the σ± transitions. Ideally a σ+ or σ− transition is induced by a

right circularly polarised (RCP) or left circularly polarised (LCP) laser field. Even though

an LP laser field is used in our experiment, often a problem occurs due to the presence of

a circular polarisation component in the field. It becomes more important when the laser

beam is passed through an optical fibre and the thermal fluctuations in the fibre change

the strength of the RCP or LCP component, which alters the scattered photon rate. In

order to avoid any circularity of the laser field, we clean the polarisation with a “polarising

beamsplitter" (PBS) cube placed in the beam path.

• The D5/2 ↔ P3/2 transition: The magnetically-induced population decay to the D5/2 state

is repumped via a laser beam at 854 nm. Frequency modulation is carried out to induce all

the transitions between Zeeman sublevels. The relevant transition channels are indicated

in figure 4.2 (c). These transitions are also induced by propagating a linearly polarised

laser beam along the axial direction. In order to avoid the same polarisation issues, the

beam is again passed through a PBS, enabling an LP laser field to induce the transition.

• The S1/2 ↔ D5/2 transition: The quadrupole transition is used for spectroscopy and side-
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band cooling purposes. The transition is induced by an LP laser beam travelling along

either the axial or the radial directions, depending upon studies of interest. The relevant

transition is indicated in figure 4.2 (d). For axial spectroscopy, linearly polarised light can

excite the transition with the polarisation axis anywhere in the xy-plane. However, when

the laser beam propagates in the radial plane, the transition requires a polarisation com-

ponent along the direction perpendicular to the magnetic field axis. In both cases LP light

is used with an angle perpendicular to the magnetic field direction.

S1/2 D3/2 D5/2 S1/2

P1/2 P1/2

P3/2 D5/2

(a) (b) (c) (d)

−1/2

+1/2

−1/2
+1/2

−3/2

−1/2

+1/2

+3/2

−5/2
−3/2
−1/2
+1/2
+3/2
+5/2

−1/2

+1/2

−5/2
−3/2
−1/2
+1/2
+3/2
+5/2

−1/2
+1/2

−3/2
−1/2
+1/2
+3/2

Figure 4.2: Relevant dipole and quadrupole transitions for a calcium ion in the presence of a
magnetic field. The σ+ transitions are shown in blue and the σ− are shown in red.

4.2 Loading of ions

In most cases, atomic ions are generated by the impact of an energetic electron beam or by a

laser beam with the atomic vapour of the required element [73]. Electron impact ionisation

is not element or isotope specific, hence it can generate a variety of ions in the trap vicinity,

which is not suitable in many experiments. Moreover, element specific ionisation is carried out

by a resonant photo-ionisation method, where multiple laser beams are simultaneously used to

create the ionisation. In this case, the first laser beam excites the atom to its excited state, from

where the second laser beam creates ionisation by exciting the electron to the continuum.

The other way to create atomic ions is a non-resonant multiphoton ionisation method, where

an intense laser beam is used to ionise the atomic vapour. This method is also not element or

isotope specific but does not require photons with a specific frequency. However, if the atomic

vapour is generated from an enriched sample of the required elements, the intense laser beam

can create photo-ionisation with two or sometimes three photons. In our laboratory, the calcium

ions are created with the help of a frequency doubled (SHG) Nd-YAG1 laser beam interacting

with the atomic beam of calcium atoms.

The neutral beam of calcium atoms is produced by the resistive heating of a calcium sample
1Continuum Surelite II
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(“oven") situated near the trap electrodes. Ionisation occurs through the absorption of three

simultaneous photons of 532 nm wavelength. The YAG system generates 5 ns laser pulses at a

10 Hz repetition rate. Typically, the average power output of the laser beam at 532-nm is 0.5

W, which is sufficient for our purpose. The laser beam is focused at the trap centre in order to

enhance the ionisation yield and to generate the ions at the trap centre. Typically, the method

loads a few tens of ions during 10-30 seconds loading time. To enhance the production of ions,

the oven is kept on for a minute before the laser beam is passed through the trap centre. Once

ionisation occurs, the trap, which is continuously on during the loading of ions, captures the

ions. The cooling lasers, which are set to the right detuning from the transition, then cool the

ions to the trap centre which are then detected by observing the fluorescence.

Often, we just need one or two ions in the trap. The extra ions produced in the trap are

ejected by turning off the trap potential for a short time. This is done by connecting the end-cap

electrodes to the ground potential for a few tens of µs. During this time, due to the Coulomb

repulsion, the ions push each other away from the trap centre and eventually some of the ions

hit the trap electrodes and are neutralised. If the trap potential is quickly switched back to the

normal operating potential, then the remaining ions come back to the trap centre. This method

is called the “pulsing technique" and a home built apparatus with an Arduino micro-controller

is currently being used for this purpose. More details about the pulsing apparatus can be found

in the thesis of Graham Stutter [98]. In order to trap the required number of ions, multiple

short ejection pulses are used. There is no specific recipe to control the number of ions in our

apparatus. But generally, with re-pumping lasers tuned to the required detuning, a short loading

of ∼ 15 s is sufficient to load less than 10 ions near the trap centre, which are later pulsed down

to one or two ions.

4.3 Trapping apparatus

4.3.1 SPECtrap

The basic principle of ion trapping has been described in chapter 2. The trap geometry used

for ion trapping in our laboratory is a modified version of a classical 3D quadrupole trap. The

trapping device uses in a cylindrical geometry and is shown in figure 4.3. The modified geometry

of the trap electrodes provides greater optical access to the ions. It is an open end-cap trap

geometry formed with various hollow cylinders stacked together while maintaining a common

axis. The trap is called “SPECtrap" and details about it can be found in reference [99]. The

characteristic trap dimension d0 is estimated to be 18.6 mm. Corresponding calibration is shown

in appendix D.

Furthermore, the ring electrode is split into four equal segments to provide a quadrupole ra-

dial potential for the axialisation technique. The SPECtrap also contains a pair of compensation

electrodes, which can be used to reduce the anharmonicity in the trapping potential. Apart from

that, there are two electrodes intended for use as capture electrodes in accelerator based heavy
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ion precision experiments at GSI Darmstadt. In the current experiment, the capture and com-

pensation electrodes are used to nullify any stray electric fields. The electrodes are connected to

just above the ground potential (approximately ±100 mV) to cancel any offset potential in the

trapping zone. A DC potential is applied between the end-caps and the ring electrode, which

are indicated in the schematic of the trap geometry. In order to provide trapping in the radial

plane, the trap axis (i.e. the axis of the cylindrical electrodes) is aligned with the magnetic field

direction.

The trap is held inside a vacuum chamber and then it is electrically connected through vac-

uum compatible wires to feed-throughs connecting to external coaxial cables. The vacuum

chamber is continuously pumped via a Varion ion-pump running at a 40 l/s pumping rate, which

maintains the vacuum below 1× 10−9 mbar pressure. The optical access is provided by various

quartz windows connected to the vacuum chamber. The chamber allows six-way orthogonal

access to the trap centre. The axial laser beam passes through the bottom quartz window and

comes out from the top window after passing through the trap centre. In the radial plane, opti-

cal access is provided by two pairs of 4 mm holes, which are drilled orthogonal to each other. A

diagonally opposite pair of holes is used to collect the scattered photons from the trapped ions

and the remaining two holes are used to pass the radial laser beam through the trap centre.

4.3.2 Magnetic field

A Penning trap requires a uniform magnetic field at the trap centre for the confinement of the

ions. In our trap apparatus, the magnetic field is provided by a 100-mm diameter open bore

superconducting magnet manufactured by “Magnex Scientific Ltd."2. According to the cryostat

instruction manual, at 41 A persistent current one can produce a field of 1 T. The cryostat has

a room temperature bore to insert the trap assembly. The magnet in our laboratory currently

creates a 1.9 T magnetic field. The open bore system reduces the external thermal loading

effects, hence the consumption of the cryogens is low. The system consumes approximately 100

litres of liquid helium in four months. The trap assembly is inserted from the bottom of the bore

and held along the axis of the cryostat. The trap assembly is raised enough so that the turning

point of the magnetic field overlaps with the trap centre, which provides a uniform magnetic

field along the trap axis. More details about the magnetic field variation and its optimisation

can be found in references [98, 99].

4.3.3 Axialisation drive

The theory of axialisation has been briefly discussed in section 3.2. For efficient radial cooling,

the ring electrode is split into four segments. A time-varying electric potential is then applied to

each segment of the ring electrode, at the cyclotron frequency of the ions. In order to couple the

magnetron and modified cyclotron modes, the phase difference between each adjacent electrode
2Operating manual for 2.5 Tesla magnet system, Magnex Scientific Ltd. (1995).
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Figure 4.3: A schematic cross-section view of the SPECtrap. The axial laser beam path is indi-
cated with a violet arrow and the radial laser beam passes along the axis perpendicular to the
plane of the page. Optical detection is carried out by two high numerical aperture lenses shown
on the left and right sides of the trap geometry. The detected photon paths are indicated with
violet cones [32].

is kept at π radians. In our experiment, for a single ion, we usually apply ∼ 300 mV amplitude

potential at each electrode. The voltage is generated using an HP 3325B function generator.

The appropriate phase is assigned by a home built electronic circuit developed by Joe Goodwin

[91]. Additionally, the home built circuit allows us to individually change the amplitude of

the AC potential, which enables us to match the AC null of the axialisation drive with the

trap centre. Otherwise, any AC offset adds micro-motion to the ion at the drive frequency.
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In order to compensate for any DC offset in the radial plane, due to electrode misalignment or

patch potentials, a small DC offset (typically < 100 mV) is applied to each segment of the ring

electrode.

π-shifter

R1

R4 R2

R3

Figure 4.4: A cross-sectional view of our SPECTrap showing four segments of the ring electrode.
Appropriate AC signal with correct phase is applied to each segment to couple the magnetron
and modified cyclotron motion.

A cross-sectional view of the segmented ring electrode is shown in figure 4.4. Appropriate

phase is essential to avoid any unwanted effects of micromotion. In practice, due to the passive

electrical components in the system, the phase difference between the segments is not exactly

0 or π. I have carried out an exact phase measurement of the AC signal that is applied to the

individual electrodes. The measured phase differences between R1 and the rest of the segments

are −3◦, 175◦ and 177◦ for R2, R3 and R4, respectively. This slight difference in the phase affects

the purity of the axialisation potential and can be minimised by adjusting the AC amplitude at

each segment. Experimentally, AC compensation is carried out by varying the AC potential at

each segment from the axialisation drive while looking at the ion spread on an EMCCD. A more

intelligent way is to compensate for the AC potential while looking at the axialisation sidebands

in the spectrum of the trapped ion. However, for most of our studies, we found out that the

camera based compensation trick is sufficient.

4.3.4 Anharmonicity and misalignment effects in the Penning trap

In order to satisfy the trapping condition, it is necessary to produce a quadrupole potential

within the enclosed volume of the trap electrodes. A pure quadrupole potential can only be

generated by a set of electrodes shaped from hyperboloids of revolution (as shown in figure

2.1), but this geometry provides very little optical access. The SPECtrap, discussed in the previ-

ous section, allows more optical access at the cost of anharmonicity due to the non-hyperbolic

shaped electrodes. The anharmonicity in a cylindrical Penning trap can be reduced by adjusting

the height and the radius of the trap electrodes. In the SPECtrap, the relationship between the

height and radius of the electrodes is maintained such that it maximises the quadrupole com-

ponent of the potential around the trap centre. Moreover, the anharmonicity can be further

reduced by applying a small potential on the compensation electrodes.
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The anharmonicity, in a cylindrical type Penning trap, is still problematic for large ion clouds.

In our experiments, we mostly work with a small number of ions, hence the anharmonicity is

not a big problem for us. More importantly, any stray field affects the ion motion, which is com-

pensated by the set of compensation electrodes that were initially designed for anharmonicity

removal. Additionally, in a Penning trap, it is also crucial to align the trap axis along the mag-

netic field direction in order to avoid any misalignment induced instabilities or artefacts [100].

These artefacts are important in order to minimise the uncertainties in precision measurements

[101]. In our experiments, these effects lead to coupling of the motional modes and the appear-

ance of some resonance peaks while performing spectroscopy. The presence of these resonance

peaks affects the coherent control of the trapped ions.

4.3.5 AC and DC compensations

The motional frequency of a trapped ion depends upon the potential applied to the trap elec-

trodes. In reality, a small stray field can change the motional frequency or sometimes couples

the motional modes which is undesirable in many experiments [102, 103]. In our experiments,

the compensation is essential to eliminate any coupling between motional modes, which oth-

erwise show resonances in optical spectroscopy. On the other hand, the AC compensation (for

axialisation frequencies) is essential to minimise micromotion of the trapped ion.

In practice, the DC offset can be precisely cancelled out by applying some small DC voltages

on the compensation electrodes (C1 or C2 electrodes along the axial direction) and on the R2

and R3 segments of the ring electrode. The effect due to the external DC voltage offset can be

seen in terms of the change in the ion’s position while changing the trap potential. Ideally, a

laser-cooled single ion should stay at the null of the trapping field, i.e. the trap centre, for all

values of trapping potential. But due to the external electric field, the trap centre is not truly the

DC null. Especially, at low trapping voltages, the effects are apparent.

In an uncompensated trap, if the trapping voltage is changed from a high value to a low value

the ion moves from one place to the other due to the offset fields. At a high trap potential, the

effect of the offset is nullified thus the ion position corresponds to the ideal situation. However,

at a low trapping potential, the effect of the offset starts dominating and eventually the ion

moves to the point of potential null. In practice, in order to eliminate the effects, the ion

position is marked at sufficiently high trapping voltages (typically at 250 V), where the trap

centre overlaps with the DC null. Subsequently, at a low trapping potential (say at 10 V), the

ion position is recorded again and the compensation voltages are adjusted to place the ion to its

original position. The process is repeated until the offset effects are nullified in all the directions.

In our system, the axial compensation is carried out with the C1 and C2 compensation elec-

trodes. Ideally, only one compensation electrode is enough to compensate the axial offset, there-

fore the voltage is applied to C1. In the radial plane, a small DC voltage is applied to R3 while

R4 is connected to the ground potential. This technique works very well if the ion movement is

in the plane of view of the EMCCD. The movement of the ion along the other axis in the radial
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plane is not visible on the EMCCD, hence, the adjustment cannot be made with this technique.

However, for coarse adjustments, the PMT signal can be used as a reference of the ion position

assuming that the optical arrangement is such that the PMT sees the photons coming from the

trap centre. In this case, if the ion changes its position then its movement is noted by observing

the change in the fluorescence level and the potential on the R1 or R2 segments is varied to

correct for any offset.

After correcting for the DC offset, the AC compensation is carried out to reduce driven motion

of a trapped ion due to the axialisation field. The axialisation field is much weaker than the

trapping field but often can cause serious micromotion induced artefacts. In practice, some

misalignments of the electrodes causes micromotion at the ion. The AC compensation is carried

out by adjusting the axialisation potential to each segment, independently. For the adjustment,

a live image of an ion is viewed through an EMCCD and the spread due to the micromotion is

reduced. In our system, the amplitude of the axialisation potential is controlled by an electronic

circuit that also provides DC compensation control. More details can be found in Joe Goodwins’s

thesis from our group.

4.4 Optical system

Laser-cooled trapped ions are extensively used to perform high-precision experiments and op-

tical quantum gates. In a Penning trap, the laser cooling requires multiple laser frequencies,

hence the system requires many laser sources and optoelectronic components to generate multi-

ple frequencies. The current apparatus has a total of five main lasers in the ECDL configuration,

an Nd-YAG laser and a reference He-Ne laser. At various stages, these lasers were optimised and

realigned according to the requirements. In this section, I will describe the laser system and its

arrangement, laser frequency generation and stabilisation of laser frequencies.

4.4.1 External-cavity diode lasers

In our laboratory, all five main lasers are external cavity diode lasers (ECDL) systems. A

schematic of an ECDL system is shown in figure 4.5. An ECDL comprises an optical diode, a

collimating lens and a grating which is controlled via a piezoelectric device attached to it. Typ-

ically, one end of the optical diode used in an ECDL is coated with an anti-reflecting material

(AR) to reduce losses. The other end of the diode is left with a highly reflective (HR) material.

The optical cavity in an ECDL is produced by placing a grating a few cm away from the front

of the optical diode, which acts as the first mirror. The HR surface of the diode acts as the

second mirror of the optical cavity. In a Littrow configuration, the grating is mounted such that

the first order Bragg diffracted beam goes back into the diode and lasing is realised by stimulated

emission in the diode medium. The 0th order beam of the ECDL is taken as the laser output used

in the experiments [104]. A schematic of ECDL in the Littrow configuration is shown in figure
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4.5. The Bragg equation for the laser output in a Littrow configuration is given by

2d sin(θ) = mλ, (4.10)

where d is the groove spacing of the grating and λ is the wavelength of the light. The angle θ is

defined as the angle between an incident laser beam and the normal axis drawn on the grating

surface. Generally, to enhance the laser output at a particular frequency, a “blazed" type grating

is used in an ECDL, which enhances the optical output of the required grating mode.

Diode

Grating 

Piezo

Figure 4.5: A schematic of an ECDL laser in the Littrow configuration is shown above. The first
order grating mode is fed back to the diode medium to create stimulated emission of a single
frequency mode. The 0th order reflection is finally used for the laser output.

Generally, the frequency tunability of an ECDL is limited but it provides a very narrow

linewidth laser output, which is vital for optical quantum control of atoms and molecules. The

frequency of a diode laser depends upon the band-gap of the semiconductor material that is

used to construct the diode. The frequency of a specific diode laser, within a certain limit, can

be varied by changing the temperature or the injection current.

Typical sensitivity of an ECDL with the injection current is ∼ 3GHz/mA and with the temper-

ature is ∼30 GHz/K [106]. The laser frequency of an ECDL can be tuned by altering the grating

angle as shown in equation 4.10. Furthermore, the frequency can be tuned by changing the

cavity spacing, i.e. by applying some voltage on piezoelectric transducer attached to the back of

the grating (as shown in figure 4.5). The cavity spacing changes the mode spacing in an optical

cavity which changes the wavelength of the laser. A schematic of ECDL modes and respective

frequency spacing is shown in figure 4.6.

397-nm laser sources

Two DL100 ECDL’s manufactured by Tui-Optics (now Toptica) are currently being used to excite

σ+ and σ− transitions between S and P atomic levels of a calcium ion. Each laser is customised in

the Littrow arrangement and currently provides 6 mW power at ∼ 396.847 nm. The frequency

difference between these two lasers is kept at ∼ 71 GHz, which bridges the frequency difference
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Figure 4.6: Gain curve of an ECDL diode laser. Figure adapted from reference [105].

between the Zeeman shifted sublevels. Each laser diode is actively temperature stabilised and

firmly held on a vibration-free optical table, which passively reduces the short term frequency

noise and reduces the linewidth to ∼ 10 MHz. Furthermore, these lasers are locked to a pair of

low finesse optical cavities via a PDH locking method to increase short-term frequency stability

upto 2-3 MHz. Long-term frequency stability is provided by a high finesse transfer cavity, which

is actively stabilised using a He-Ne reference laser. The locking system stabilises the cavity with

the He-Ne source, which subsequently stabilises the ECDL frequencies. The laser locking method

and its performance will be discussed in section 4.4.3.

Re-pumping laser sources

Two home built ECDLs, at 854 nm and 866 nm, are used for repumping. The laser head is

temperature stabilised by an active feedback loop and firmly placed on an optical table. As these

two lasers do not directly affect Doppler cooling performance, their linewidth requirement is

not that stringent. Typically, a few MHz linewidth laser sources can comply with the repumping

requirement. It is very important that the lasers do not drift in the long term. In order to stabilise

long-term drifts, the lasers are locked to another transfer cavity which is locked to the He-Ne

reference source (the same one used for the 397-nm transfer cavity). The frequency stabilised

output of both ECDL’s is then passed through a “fibre electro-optic modulator" (EOM) to produce

optical sidebands on each laser beam, which is then used to excite all the Zeeman sublevels.
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Spectroscopy laser

Spectroscopy of a trapped calcium ion is performed at 729 nm by inducing S-D clock transitions.

The natural linewidth of the transition is 2π × 0.15 Hz [107]. This clock transition requires a

narrow linewidth laser source, at least narrower than the frequency spacing of the motional

sidebands. The clock transition in our laboratory is excited by a home-built ECDL system. It is

used to excite a quadrupole transition, hence it requires a high power source, typically a few tens

of mW power at the trap centre. The ECDL produces 20 mW of optical power measured after

the laser system, but typically half of the power is attenuated during frequency stabilisation and

beam transport, and thus has insufficient power. In order to boost the laser output, the beam is

passed through a tapered amplifier (TA) system, which enhances the laser power by a factor of

∼ 30. The laser power is further attenuated during various intermediate steps, such as passing

through fibres and AOM’s. Ultimately, the power that reaches to the trap is ∼ 40 mW. The

optical system used for the spectroscopy of a calcium ion is discussed in figure 4.10.

4.4.2 Layout of the optical system

The layout of the optical system and laser beam transport is shown in figure 4.7. The layout of

the system is divided into three main blocks. The first block is for Doppler cooling laser sources

and it comprises two 397-nm laser sources procured from Tui-Optics. The layout also shows the

PDH locking system for both lasers. Two AOM’s in double pass configuration provide switching

of the laser beams according to experimental requirements. The beams are finally divided into

two branches to induce transitions from the axial and radial directions.

A pair of ECDL’s at 854 nm and 866 nm are shown in the layout of the second block. The

854-nm laser is passed through a double pass AOM system to provide switching control for the

laser beam. The 866-nm laser beam does not have an AOM in its beam path and is left on

continuously . The frequency stabilised output of both beams is simultaneously sent to a fibre

EOM, which induces frequency modulation (FM) on both beams. The EOM driver frequencies

are chosen such that all the Zeeman sublevels are repumped by the common FM output of both

beams. The combined laser beam is then passed to the trap centre propagating along the axial

direction.

The third block of the laser layout is used for the spectroscopy of trapped ions. In this layout,

I show the frequency controlling AOM and beam path for the laser output. The AOM is operated

in a single pass configuration. The single pass configuration was changed from double pass

when modifying the system to produce a bichromatic output. The bichromatic beam (two laser

frequencies in the same beam) is used for the demonstration of a coherent state of motion. We

noticed that the double pass configuration is not suitable for the bichromatic operation, hence

the arrangement was changed.

The switching control of various laser beams is carried out by AOMs. An AOM utilises an

RF field at typically a few hundreds of MHz to create a deflected first order output at ωl ± ωrf ,

77



From 729-nm laser system

Axial fibre to trap

Radial fibre to trap

866-nm ECDL

854-nm ECDL

Fiber EOM

To scanning
cavity 

To wavemeter 

Spectrum analyser

854-nm and 866-nm ECDL system

B1 397 nm

B2 397 nm

B1 PDH

B2 PDH

Axial fibre to trap

Radial fibre to trap

Doppler-cooling laser system

Spectroscopy laser scanning control

Lens

Mirror

Dichroic mirror

1/4 wave-plate

Iris

PBS

Optical isolator

Photo-detector

Flip mirror

AOM

50-50 beam splitter

Figure 4.7: A layout of the optical system and beam path for the calcium ion system.

where ωl is the input light frequency and ωrf is the RF. In our experiments, it is essential to

be able to switch on and off the beam output depending upon requirements for either Doppler

cooling or state preparation etc.. Various laser sequences and controls are described in section

4.7.
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4.4.3 Laser frequency stabilisation

All five ECDL’s mentioned previously are locked to their respective reference cavities or trans-

fer cavities in some cases. Here, I will discuss the methodologies and performances of these

stabilisation systems.

Pound-Drever-Hall system for 397-nm laser sources

Both 397-nm laser sources (Doppler cooling lasers) are locked to a pair of low finesse (F ∼ 30)

optical cavities via the Pound-Drever-Hall (PDH) locking mechanism. The locking system was

built by G. Stutter [98]. Each cavity provides short-term stability for the respective laser source.

Both cavities consist of a pair of mirrors separated by ∼ 10 cm with the help of two Zerodur glass

spacers. The whole system is kept inside a vacuum chamber, which provides thermal isolation

for both cavities. The error signal is generated by modulating the injection current of each laser

diode at ∼ 10 MHz. Reflected output of the optical cavities is measured with two fast photo

detectors. The first order intensity independent error signal is then sent to a loop filter to filter

out the 10 MHz modulation and then feeds back to the laser diode to control the frequency

drifts. The locking system narrows the linewidth of the laser below 0.5 MHz from 10 MHz. A

piezoelectric transducer allows us to adjust the length of the cavity to lock the laser to a suitable

cavity mode.

Transfer cavity locking system for Doppler and repumping lasers

Slow drift of the Doppler cooling lasers is removed by locking the laser sources to a transfer

cavity (scanning cavity). The transfer cavity contains a high finesse cavity (F > 600) in a con-

focal configuration. A brass cylinder is used as a spacer, which separates the mirrors by 15 cm.

The spacing between the mirrors is varied by applying some voltage to a stack of “piezoelectric

transducers" (PZT) attached to each mirror. The transfer cavity is locked to a He-Ne reference

laser, which stabilises the length of the cavity against any thermal or mechanical fluctuations.

This locking system makes a master and slave configuration, where a master laser beam (He-Ne

output) and two slave laser beams (two 397-nm laser beams) are sent through a single optical

cavity. The transmitted output of the cavity is then separated by a dichroic mirror and detected

on two separate photodetectors, which are used as error signals. A schematic of the transfer

cavity locking system is shown in figure 4.8.

The error signals are generated by scanning the length of the cavity, where consecutive longi-

tudinal transmission peaks of the reference laser and slave lasers are detected. The length of the

cavity is changed by varying the PZT voltage of one PZT stack by ∼ 0.6 times the He-Ne laser

wavelength. This produces two consecutive longitudinal transmission peaks of the reference

laser at λ/2 spacing. The spacing of these peaks is used as a reference for the cavity spacing.

After locking the cavity, the slave lasers are locked in a similar manner. The schematic of the
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Figure 4.8: Schematic for a transfer cavity (scanning cavity) locking system for 397-nm laser
sources.

transmission peaks for the master-slave configuration lock is shown in figure 4.9. The PZT volt-

age is varied linearly with time (indicated in green) and corresponding peaks appear at different

PZT voltages, labelled for the respective laser wavelengths. The peak position indicates that for

the specific laser frequency the cavity resonance condition is met at the relevant mirror spacing.

If at any time the slave laser frequency changes, the peak position shifts from its previous place,

and the feedback system immediately corrects for any frequency change.

The feedback control is carried out by an Arduino, which continuously monitors the trans-

mission peak positions and feeds a control signal to the cavity PZT stack and the slave laser

frequency controller. More detail about the scanning cavity locking system can be found in the

MRes and PhD theses of Joe Goodwin. In order to passively stabilise the scanning cavity system,

the cavity spacer and mirrors are further sealed and actively temperature locked (stability below

1 mK) to avoid any thermally induced refractive index variation. This arrangement removes any

frequency drift caused by thermally induced optical path length variation of the laser beams

inside the cavity.

A similar transfer cavity locking system is used for 854-nm and 866-nm laser sources. The

system contains another slightly lower finesse optical cavity (F633 ∼ 35), and both lasers are
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Figure 4.9: Reference laser and a pair of 397-nm laser transmission peaks after passing them
through the transfer cavity. The cavity is stabilised with the help of red peaks. The slave lasers
are then locked with respect the red peaks.

locked with respect to the master laser transmission peaks. The locking mechanism is similar to

that is used for 397-nm laser sources.

Reference He-Ne laser system

As previously mentioned, the transfer cavity locking system requires a He-Ne reference laser.

The laser has two orthogonal modes at different frequencies and different polarisations. The

mode amplitude, in this case, is temperature sensitive. The laser system is actively temperature

stabilised by generating an error signal from the relative intensities of these two orthogonal

He-Ne modes. The transfer cavities are locked to one of these modes. The He-Ne system was

developed by D. Crick [93] and is stabilised to ∼ 0.5 MHz laser linewidth. The slow drifts are

also reduced to 0.5 MHz/day. The reference laser system performance is sufficiently good to

stabilise the Doppler cooling and repumping lasers.

4.5 Stabilisation of spectroscopy laser system

In a 40Ca+ ion system, the S ↔ D clock transition is induced by a narrow linewidth 729-nm

laser source. In order to resolve the motional states, the laser linewidth must be smaller than

the motional mode spacing. In this section, I will describe the locking system and performance

of the 729-nm laser source.

4.5.1 Laser frequency stabilisation

A single mode ECDL system at 729 nm is frequency stabilised through a high finesse reference

optical cavity (F ≈ 60000). The reference cavity contains a pair of high reflectivity mirrors

separated by a 10 cm long ultra-low expansion glass spacer (ULE) and the mirrors are held in
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a confocal arrangement. The high finesse cavity acts as reference resonator. As the resonance

frequency of an optical cavity depends upon the spacing between the mirrors, it is important

to stabilise the spacing. The ULE glass itself has a very low thermal expansion coefficient (CTE

≈ 0± 30 ppb/C within ±15◦ C of the zero crossing point), hence, up to some level, the system is

tolerant against thermal fluctuations. In order to enhance the stability, it is advised to tempera-

ture stabilise the ULE spacer close to its zero crossing point to reduce the thermal effects.

In our case, the reference cavity is actively temperature stabilised at 14.6◦ C via a thermoelec-

tric cooler (TEC) and a servo lock which controls the TEC current. The locking system controls

the TEC current depending upon thermal fluctuations. The cavity is kept below room tempera-

ture (24± 2◦ C), hence only cooling of the cavity is essential. The reference cavity is kept inside

a vacuum chamber and is continuously evacuated with an ion-pump maintaining below 10−7

mbar pressure inside the chamber. This additional precaution reduces the optical path length

variation due to the ambient temperature or pressure fluctuations. Otherwise, any change in

temperature or pressure changes the refractive index of the air, hence, the optical path length of

the light passing through the cavity changes.

The locking approach is based on the PDH technique. If an unstable laser beam is passed

through the stable reference cavity, the transmitted or reflected light output varies with the

laser frequency. The locking method requires the light to be frequency modulated in order to

eliminate intensity-based fluctuation of the transmitted or reflected output. The error signal is

produced by the reflection output signal of the frequency-modulated laser beam. A detailed

description of the locking method can be found in various references [32, 108]. In our system,

the frequency sidebands are created with an EOM. The EOM is driven by a local oscillator at

13.47 MHz frequency. Subsequently, the reflected beam from the cavity mirrors is detected

on a fast photodetector. The detected signal is then mixed with the local oscillator signal (at

13.47 MHz) with appropriate phase. The mixer output is then passed through a low pass filter.

The generated control signal is then used to alter the injection current to correct for any laser

frequency noise. Additionally, the transmission signal is used to control the grating PZT position

inside the ECDL system to avoid any frequency offset. A schematic of the spectroscopy ECDL

and locking system along with the tapered amplifier system is shown in figure 4.10.

The performance of the laser frequency lock mainly relies on the finesse of the reference

cavity. As a rule-of-thumb, the laser linewidth decreases by increasing the finesse (F) of the

cavity. In our laboratory, the cavity is manufactured by REO3 and claimed to have F = 250000.

Moreover, the finesse of the cavity has been measured through a cavity ring-down technique,

very recently. The ring-down output of the cavity is measured via a fast photodetector and it is

shown in figure 4.11. The estimated decay time from the fit comes to be 6.4 µs, which gives

F ≈ 60000. This reduction in cavity performance is attributed to the degradation of the coating

of the mirrors with time. The linewidth of the cavity resonance at this finesse is estimated to be

25 kHz, which locks the laser to below 1 kHz linewidth.
3www.reoinc.com

82



729-nm ECDL 2

2

EOM

Reflection PD

Transmission 
PD

CCD

High finesse cavity

2

 To   -meter

To Scanning AOM

4

   Signal
generator

Mixer
Monitor

Optical 
Isolator 

Optical 
Isolator 

Tapered 
Amplifier

Injection current feedback 

Servo/ Loop
filter

P
ie

zo
 f

ee
db

ac
k 

Anamorphic 
prism pair

Low pass filter

Phase 
shifter

Figure 4.10: The figure shows the optical layout of the 729-ECDL system.
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Figure 4.11: The ring-down output of the ultra-stable cavity that is used to stabilise the 729-nm
laser.

4.5.2 Frequency drifts and linewidth measurement with a trapped ion

The linewidth of a laser source is defined as the width of the optical power spectrum. In practice,

it is not possible to measure the linewidth of a narrow-linewidth laser source with an optical

spectrum analyser. Instead, a direct linewidth measurement is carried out with two laser sources,

a reference laser and an unknown laser. If these two laser beams are detected on a photodetector

then the full width at half maximum (FWHM) of the beat output gives the sum of the linewidth
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of both lasers. In order to precisely measure the linewidth, the reference laser linewidth must

be narrower than the unknown laser source. The main problem with this method is to find a

narrow linewidth laser source. In our laboratory, the direct measurement of the 729-nm laser is

not possible due to the unavailability of any narrow-linewidth laser source.

In order to measure the linewidth of the 729-nm laser, we perform spectroscopy on a quadrupole

transition of a trapped calcium ion. Ideally, the quadrupole transition of a single trapped cal-

cium ion can be treated as a high Q factor resonance system. The natural linewidth of the S-D

transition is 0.16 Hz, hence it acts as an ideal reference system for the linewidth measurements.

In our system, a ground state cooled calcium ion is interrogated with the 729-nm laser and a

spectrum is recorded. Power broadening of the transition is avoided by performing the spec-

troscopy with a low-intensity laser beam. The laser power is reduced below 1% of its normal

operational value. The spectrum of the carrier transition of a ground state cooled calcium ion

is shown in figure 4.12. The fitting is conducted with a Lorentzian function and the FWHM is

estimated to be 530 ±30 Hz. The estimated value suggests that the laser linewidth is 530 Hz.

As the estimated value may have some contributions from magnetic field noise in the system,

therefore the actual laser linewidth will be less than 530 Hz.
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Figure 4.12: A spectrum shows the lineshape of a calcium ion transition, using the 729-nm
laser source. For the current experiment, sideband cooling is performed for 21 ms and the laser
interaction is carried out for 3 ms.

In future, a direct measurement of the laser linewidth could be carried out through a self-

heterodyne technique discussed in reference [109]. This technique relies on a beat output of two

parts of the same laser beam, one part is passed through an AOM and the other part is delayed

by passing it through a long optical fibre. The purpose is to provide enough delay between two

parts of the laser beam so that the beat note becomes uncorrelated. Thus the width of the beat

note spectrum refers to a true laser linewidth.

The linewidth of a laser takes account of any fast frequency or phase noise in the system.

However, the system might have some drifts, leading to a slow change in the laser frequency. The

slow drifts of the laser frequency limit the ability to perform the required coherent manipulation.

The drifts are mainly caused by mechanical or thermal effects to the reference cavity or laser

source. In the current system, the reference cavity is temperature stabilised up to 0.2 mK, which
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corresponds to ∆f ≈ 60 Hz. Additionally, frequency drift is caused by the relaxation of the cavity

spacer due to its ageing. In order to estimate the drifts, we perform a direct measurement of the

frequency variation using a single trapped calcium ion. Such a plot indicating carrier frequency

drift of the system with time is shown in figure 4.13. The plot contains the data for 7 months,

between October 2015 and May 2016. The carrier frequency shown in the plot corresponds

to the actual DDS frequency. The frequency must be doubled for the calculation due to the

double-pass configuration of the AOM. The fitting suggests that we have roughly 1.45 kHz drift

per day. It is attributed to the combined effects of the magnetic field variation and the change

in the cavity spacing due to the creeping of the ULE spacer with time. In our experiments,

we correct for these drifts by experimentally measuring the carrier frequency before running

any coherent control. Sometimes, during the day the carrier frequency needed to be recorded

multiple times and appropriate corrections are made. In our experiments, the carrier frequency

change is observed up to 5 kHz during the course of a couple hours. The exact reason of carrier

drift is not known to us for now.
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Figure 4.13: The figure shows the variation of carrier frequency with time. Blue data points
indicated experimentally recorded carrier frequency values and red is the fitted curve to these
data points.

4.5.3 Intensity stabilisation of the spectroscopy laser

In addition to the frequency stability, controlled coherent manipulation of atomic ions requires

a constant intensity of the spectroscopy laser beam at the ion. In our laser system, the major

source of intensity noise is introduced due to thermal and mechanical effects at the laser head.

Additionally, the laser beam is guided through an optical fibre and any thermal effects will

change the intensity or the polarisation of the laser beam. Specifically, an optical fibre introduces

polarisation noise in the laser field, which eventually turns into the intensity noise if it is passed

through a PBS.

Usually, the laser intensity is stabilised via a feedback control system along with an optical
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component that can control the output beam intensity. The simplest method is to send a laser

beam through an AOM and vary the RF power to the AOM for any intensity fluctuations. Here,

I will describe a home built intensity noise-eater system that is used for the spectroscopy laser

source. The feedback system uses a proportional-integral (PI) electronic circuit, which generates

a control signal for a frequency generator. The frequency generator eventually controls the RF

power, which controls the intensity of the laser beam by controlling the first order output of the

AOM. A schematic of the intensity noise eating system is shown in figure 4.14. The circuitry that

is used to generate the control signal is shown in appendix C.
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AOM driver
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Figure 4.14: A schematic of the noise-eater system that is used to stabilize the 729-nm laser
output. The mirror M1 is a leaky mirror and typically leaks 1% of the total power. The 0th order
output of the AOM is sent to a photo detector after passing through M1. The control signal is
generated by a PI controller which subsequently modulates the output of the AOM driver.

The performance of the intensity lock is analysed by noting the power fluctuation of the laser

output. The power fluctuation of the spectroscopy laser beam is measured with a power meter,

before and after implementing the intensity stabilisation system. The measured noise is roughly

10 % of the total power without implementing the feedback system. The time variation of the

laser power is shown in figure 4.15. After installing the feedback system the intensity noise is

reduced to< 0.2%, which corresponds to roughly 0.1% Rabi frequency noise of the transition. In

our experiments, fast intensity noise limits the optical coherence time of the qubit. Similarly, the

slow drift affects coherent control by introducing error in the laser pulses. In our experiment, we

are more interested in the slow intensity noise, because each data point in the spectrum takes

tens of seconds.

In the current feedback system, the main limiting factor is the stable reference signal which

is used to create the error signal in the PI controller circuit. The current system has a voltage

reference source stable up to 0.1%, which is good enough for the required intensity fluctuations.

Also, the AOM bandwidth is 1 MHz, hence any intensity noise faster than 1 µs cannot be elimi-

nated through this system. The mechanical or thermal effects are slow hence the locking system

provides good stabilisation against these effects. The output laser power is always smaller than

that of the input value because of the losses and the first order deflection. In order to account
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Figure 4.15: The figure presents the intensity fluctuation readout of the 729-nm laser source.
The intensity is locked to approximately half of its initial value to account for the larger drifts.
The curve in red corresponds to the readout without implementing the feedback control and the
curve in black corresponds to the readout with feedback control.

for larger intensity variation, the intensity is locked to approximately 50 to 70 % of the total

intensity.

4.6 Optical control and detection system

4.6.1 Trap optics

A description of the laser system and stabilisation has been given in the previous section. The

experimental control of the laser beams is carried out by various AOM’s on the optical table,

which are later sent to a breadboard near to the trapping assembly via polarisation maintaining

(PM) fibres. At the breadboard, various laser beams are mixed together and focused through

their respective lenses. The focused beams are then sent to the trap centre from the axial

and radial directions. A complete schematic of the optical arrangement at the trap is shown

in figure 4.16. Two separate 397-nm laser beams are used to perform Doppler cooling in the

axial and radial directions. A dichroic mirror is used to mix the 397-nm laser beams with the

repump/spectroscopy laser beams which then propagate along the axial direction. Additionally,

while performing radial spectroscopy, the spectroscopy laser beam is mixed with the 397-nm

radial beam and sent to the trap. The ionisation laser beam is focused to the trap centre via a

lens and propagates along the axial direction from above the trap.
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Figure 4.16: The figure shows layout of the trap assembly, laser beam propagation and various
optical components used in the system. The mirrors guiding the fluorescence signal are not
shown in the figure for simplicity.

The scattered photons from the ions are collected through two high numerical aperture lenses

placed next to two diagonally opposite holes in the ring electrode and then guided with the help

of mirrors and other optical components. Due to the strong magnetic field, it is not possible to

place the PMT’s or the EMCCD anywhere close to the trap assembly. Hence, the scattered light

is focused onto two multimode fibres and then sent to the PMTs located elsewhere. The EMCCD

requires preservation of spatial information of the ions. Hence, a fibre cannot be used to guide

the light to a distant location. Instead, a periscopic optical setup is used to guide the scattered

light. The system was designed by Jieyi Liu [110] and Graham Stutter[98].

4.6.2 Radial beam viewer and control

Efficient Doppler cooling of the radial motion in a Penning trap requires a good control of laser

beam pointing at the ions. The radial beam is steered by a piezo-controlled mirror. The beam

position is then viewed on a webcam located on the breadboard collecting the beam from its

exit path. The webcam-based viewer for the radial beam pointing replaces the previous quad-

photodiode system developed by Sandeep Mavadia. The viewer was assembled by me and uses

standard MATLAB coding to provide the user interface. The reassembled webcam along with
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the viewer is shown in figure 4.17. The piezo-controlled mirror steering system is procured from

“Newport" and is controlled by the experimental computer.

Figure 4.17: Webcam based radial beam viewer.

4.6.3 Detection efficiency and background measurement

Two PMTs operating in photon counting mode are used to detect the fluorescence of the trapped

ions. The quantum efficiency of each PMT is roughly 20%. Due to the limited numerical aperture

lenses and propagation losses in optical fibres, the collection efficiency of the optical detection

is not very good. Each PMT, on an average, detects only 0.7 photons out of ∼ 104 photons that

are scattered in one ms.

State readout of the ion is carried out by looking at the collected photon distribution. During

spectroscopy, depending upon the excitation probability, the ion is shelved in the metastable

state or it stays in the ground state. The readout of ion the state is then carried out by illuminat-

ing the ion with the 397-nm laser beams. Depending upon its occupancy in the ground state or

excited state, either fluorescence or just the background counts are recorded by the PMTs. Dur-

ing detection time, the current detection scheme allows us to generate a histogram of collected

photons.

The state readout involves setting a threshold to distinguish the bright or dark events. A his-

togram of collected photons for 10 ms of detection time is shown in figure 4.18. Evidently, the

photon distribution follows two distinct peaks, each with Poisson type statistics. These peaks

correspond to either the “bright" state of the ion (fluorescing) or the “dark" state of the ion

(not fluorescing). Ideally, the dark state would have zero photons, but due to the background

photons the distribution peaks around a non-zero value. The background counts are mainly de-

tected due to the direct scattering/reflection of the 397-nm laser beams when they pass through

apertures or windows in the trap assembly. Especially, the radial laser beam passes through two
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Figure 4.18: Distribution of PMT counts during 10 ms detection time.

4-mm apertures in the ring electrode, which generates the majority of background counts in our

system. The overlap between background counts and fluorescence counts introduces some error

during state detection, which is unavoidable.

Additionally, in a Penning trap, the state detection inherits some extra error due to the J -

mixing effect. Due to this effect, the transition P1/2 → D5/2 is not strictly forbidden, thus the ion

can decay to the D5/2 state during detection time and will then become dark. The error becomes

unavoidable if the probability of bright to dark transition is finite. A simulated histogram of

photons during state readout is shown in figure 4.19. In this simulated plot, the parameters are

considered to be relevant to our system. The expression for the J -mixing rate can be found in

Sandeep Mavadia’s thesis. For typical experimental conditions, J -mixing adds up to 4% error

in the state readout. Apart from that, approximately 1% error is introduced by the tail of the

bright distribution adding to the dark distribution.

The J -mixing error can be reduced by decreasing the background counts, because in that

case the threshold can be set to a lower value. In order to reduce the dark counts, we have

introduced an AOM to attenuate the radial beam power during the readout of the ion. The

majority of florescence counts are generated by the axial beam, thus reducing the radial power

does not affects the count rate. However, radial Doppler cooling is essential for the experiments,

hence it is kept on for Doppler cooling. By doing so, during readout, the radial 397-nm beam

power is reduced to 4 µW from 12 µW, hence the background counts are reduced by factor

of three. A similar trick was adapted during the radial spectroscopy, where the axial Doppler

cooling laser intensity was initially reduced in order to get better Doppler cooling of the radial

motion. Later, the axial power was increased for the readout sequence, which increased the

bright counts, hence increasing the readout fidelity.
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Figure 4.19: A simulated plot of photon counts during state detection of a trapped calcium ion.
The blue line corresponds to the detected photons due to J -mixing events, which impose error
during state detection of the ion.

4.7 Experimental control

A field-programmable gate array (FPGA) is used to control the various RF switches and the op-

tical detection of trapped ions. The laser beams are toggled via AOMs, which respond according

to the outputs of the RF switches. A layout of experimental control using an FPGA system is

shown in figure 4.20. The FPGA provides various TTL signals for the Doppler cooling lasers,

854-nm laser and the 729-nm laser outputs. The 866-nm laser beam is continuously sent to the

trap and does not impose any restriction while performing coherent control of the trapped ions.

The Doppler cooling and repumping laser beams are diffracted by three AOM’s in double pass

configurations, which are powered by three VCO’s each providing a fixed amplitude RF at 80

MHz drive frequency.

The current FPGA control system does not provide any frequency selectivity for the laser

outputs. The Doppler cooling and repumping laser beams as such do not require automated

frequency control, but for spectroscopy, it is essential to have frequency control of the laser

output. Frequency control of the spectroscopy laser is provided by a scanning AOM, whose first

order diffracted output is frequency shifted from the incoming laser beam. The frequency shift,

in this case, is equal to the frequency of the RF signal fed to the AOM. A direct digital synthesis

(DDS) generator provides a variable frequency RF signal to control the scanning AOM output.

An Arduino is used to control the frequency, phase and amplitude of the DDS at the call of

the experimental computer. The Arduino sends the required tuning words to the DDS, which

accordingly changes the parameters of the RF signal.

The computer control of the DDS through the Arduino takes roughly half a second. This long
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communication time is not a problem while performing spectroscopy because each frequency

point itself takes roughly 15 seconds to record the respective information. More importantly,

fast control of the laser frequency during the coherent manipulation of trapped ions is provided

by toggling the DDS output between various profiles. The parameters for these profiles are set

according to the user requirement at the beginning of the experimental run.
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Figure 4.20: Schematic of the experimental control system.

The computer interface to the FPGA is provided by a C# coded framework. The majority

of the C# framework is the same as described in previous theses, references [32, 91, 98], but

has been modified many times since the original code was written. The framework allows us

to compile and upload the required pulse sequences to the FPGA memory. The FPGA control

is designed to read the instructions from the experimental computer in order to set the pulse

timing, type of operation and references to the TTL pins. The required information is coded into

a 24-bit phrase, which is then sent to the FPGA via a USB cable and uploaded into the FPGA

memory. More detail about the experimental control can be found in reference [32, 91].

The laser sequence and instructions vary from one experimental run to the other. We often

generate these sequences through the spectroscopy control pane designed to run the experiment.

Typical laser sequences for spectroscopy after Doppler cooling and sideband cooling are shown

in figure 4.21. Some of the experimental sequences will be described in later chapters.
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Chapter 5

Simulation studies of sideband cooling
of trapped ions in a Penning trap

Resolved-sideband cooling is a technique to prepare trapped atoms or atomic ions in their vi-

brational ground state. The technique generates an ideal quantum system in which high fidelity

operations can be carried out. Often, a narrow linewidth laser beam or microwave radiation

is used to manipulate the motional and electronic states of trapped atomic ions [44, 111]. In

this chapter, I will present simulation studies of the resolved sideband cooling of trapped ions

in a Penning trap. Such simulation studies have not been performed before, especially for the

case where the system lies far outside the L-D regime. In the situation when the system lies

outside the L-D regime, various mechanisms affect the sideband cooling rate and it leads to a

poor occupation in the ground state of motion. It is important to consider two aspects while

performing resolved sideband cooling; the highest achievable ground state occupancy and cool-

ing time. More importantly, the highest possible occupancy in the ground state for the shortest

cooling time is of paramount importance for us; hence the optimisation of the cooling param-

eters is necessary. Preliminary simulations of sideband cooling in a Penning trap are discussed

by F. Beck [112] in her master’s thesis. The work discussed in my thesis shows extension of her

work.

5.1 Theory of resolved-sideband cooling of a trapped calcium ion

In our Penning trap, the highest trap frequency is limited by the fixed value of the applied

magnetic field (which is currently set to 1.9 T). At this magnetic field, a trapped calcium ion can

have ωz < 515 kHz, ω− < 365 kHz and ω+ < 729 kHz. For these frequencies, the system lies

outside the L-D regime after Doppler cooling. Specifically, these operating conditions motivated

us to perform simulation studies. The main focus of these studies will be to optimise the cooling

dynamics for trapped calcium ions. However, the studies can be extended to any other system

of similar trapping conditions.
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5.1.1 A three-level atom

For sideband cooling of a calcium ion, we are mainly interested in the S1/2, P3/2 and D5/2 atomic

levels. Such a three-level atomic system is illustrated in figure 5.1. The parameters such as

Rabi frequency, spontaneous decay rate and laser detuning are indicated by Ωi, Γi and ∆i,

respectively. The index i is used to indicate 729-nm, 854-nm and 393-nm transitions. Sideband

cooling of a calcium ion in an RF trap is exactly identical to this scheme. However, in a Penning

trap, due to the presence of the magnetic fields, it is no longer a three-level atomic system. For

simplicity, I will retain the three-level atomic model in our studies and I will make appropriate

adjustments to the model in order to incorporate the additional complexity.
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854
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Figure 5.1: Partial energy level diagram of a calcium ion with required transitions involved in
the resolved sideband cooling (left). An equivalent two-level schematic is shown in the right
side.

The time evolution of the population in an atomic system is described by a master equation

[113]
dρ(t)

dt
= −i

[
H(t), ρ(t)

]
+ Lρ(t), (5.1)

where ρ is the density matrix for the atomic system1. The spontaneous decay term is denoted

by L, the Liouvillian operator, and is expressed as

Lρ =
Γ

2
(2σ−ρ̃σ+ − σ+σ−ρ− ρσ+σ−), (5.2)

where Γ is the spontaneous decay rate of the excited state and σ+(= |e〉 〈g|), σ−(= |g〉 〈e|) are

Pauli spin matrices. In our system, the Liouvillian term will correspond to the 393-nm decay

and 854-nm absorption, as indicated in figure 5.1. The momentum transfer to the trapped ion,

during the emission of the photons, is taken care of by ρ̃ and is expressed as

ρ̃ =
1

2

∫ 1

−1
d(cos θ)W(cos θ)eik cos θrρe−ik cos θr, (5.3)

1For the sake of simplicity, ~ will be omitted by assuming it to be 1.
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where the term W(cos θ) is used to account for the angular distribution of the emitted photons

about the quantisation axis and k is the wave-vector amplitude of the emitted photons. For

uniformly distributed photons, the angular distribution functionW(cos θ) is unity. On the other

hand, for the dipole allowed transitions (∆mj = ±1) the term is expressed as W(cos θ) =
3
4(1 + cos2 θ).

For the sake of simplicity, the three-level system will be reduced to a two-level equivalent.

The laser absorption and decay between the atomic levels D and P will be included in the form

of an effective decay rate Γeff of the D5/2 level. In the limit of low saturation, Γeff is expressed

as [114]

Γeff =
Ω2

854

4∆2
854 + (Γ393 + Γ854)2

Γ393, (5.4)

where Ωi, ∆i and Γi are the transition parameters as indicated in figure 5.1. It is also important

to incorporate the light-shift caused by the 854-nm laser light, which shifts the D5/2 level from

its actual position; hence the detuning of the 729-nm laser changes. The new detuning of the

729-nm transition for the reduced two-level atom is given as

∆eff = ∆729 −∆854
Ω2

854

4∆2
854 + (Γ393 + Γ854)2

. (5.5)

It may be argued that the population decay from the P3/2 level is instantaneous; hence the

atomic coherence can be neglected while making the reduction of the three-level atom into a

two-level equivalent [115]. The new two-level system parameters are denoted as Ω0, Γeff and

∆eff and are indicated in figure 5.1. The master equation for the new system can be written as

dρ(t)

dt
= −iΩ0

2

[
|g〉 〈e|+ |e〉 〈g| , ρ

]
− i∆eff

[
|e〉 〈e| , ρ

]
(5.6)

+
Γeff

2
(2 |g〉 〈e| ρ̃ |e〉 〈g| − |e〉 〈e| ρ− ρ |e〉 〈e|).

In this equation, the element ρ̃ takes account of the momentum transfer due to the absorption

of the 854-nm laser photons.

Let us now add the motional states in the two-level atomic system. In a two-level trapped

atom, the laser-induced coupling between internal and external states is given by

Ωn,n′ = Ω0 〈n′| e−iη(a+a†) |n〉 , (5.7)

where a and a† are the raising and lowering operators for the harmonic states and η is the L-

D parameter as defined in chapter 2. The rate equation for the population evolution between
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internal and external states (from n′ → n′′ → n) is derived as [116] 2

d

dt
〈n| ρee |n′〉 = −(−iδn ωz + Γeff ) 〈n| ρee |n′〉 (5.8)

− i
Ω0

2

∑
n′′

(
Ω̃∗n,n′′ 〈n′′| ρge |n′〉 − Ω̃n′′,n′ 〈n| ρeg |n′′〉

)
,

d

dt
〈n| ρgg |n′〉 = iδn ωz 〈n| ρgg |n′〉 (5.9)

− i
Ω0

2

∑
n′′

(
Ω̃n,n′′ 〈n′′| ρeg |n′〉 − Ω̃∗n′′,n′ 〈n′′| ρge |n〉

)
+ Γeff

∑
n′′,n′′′

〈n′′| ρee |n′′′〉
1

2

∫ 1

−1
d(cos θ)Ω̃n,n′′(ηs cos θ)W(cos θ)Ω̃n′′′,n′(ηs cos θ),

d

dt
〈n| ρeg |n′〉 =

d

dt
〈n′| ρ12 |n〉∗ = −i(−δn ωz + ∆eff − i

Γeff

2
) 〈n| ρeg |n′〉 (5.10)

−iΩ0

2

∑
n′′

(
Ω̃n,n′′ 〈n′′| ρgg |n′〉 − Ω̃∗n′′,n′ 〈n| ρee |n′′〉

)
,

where Ω̃n,n′(= Ωn,n′/Ω0) is redefined for normalised Rabi strength for transitions between mo-

tional states n to n′(= n+ δn) of the trapped ion. The diffusion term is simplified as Ω̃(ηs cos θ),

where ηs is the L-D parameter of the emitted photons and is multiplied by cos θ to account for the

geometrical contribution of the momentum transfer. For sideband cooling simulation, the main

interest is to estimate the change in phonon number, hence the time evolution of the popula-

tion between atomic states will be neglected. Arguably, during sideband cooling, the population

from state |e〉 decays into |g〉 at a rate Γeff >> Ωn,n′; therefore an adiabatic elimination of the

excited state is possible [83]. The resultant rate equation for the population evolution between

the phonon states is expressed as

dPn

dt
= Γeff

−∑
n′

|Ωn,n′ |2

4(∆eff − δnωz)2 + Γ2
eff + 2|Ωn,n′ |2

Pn (5.11)

+
∑
n′,n′′

|Ωn′,n′′ |2

4(∆eff − δn′ωz)2 + Γ2
eff + 2|Ωn′,n′′ |2

1

2

∫ 1

−1
d(cos θ)|Ω̃n,n′′(ηs cos θ)|2W(cos θ)Pn′′

 .

This is equivalent to considering the whole system as a one-level atom. The validity of the

simplified rate equation is discussed by Morigi et. al. in their work [83], where they found it to

be consistent with quantum Monte Carlo simulations.

At this stage, we can also neglect the atomic coherence, which arguably does not affect
2I am omitting the steps that are taken while transforming the Master equation in an optical Bloch equation,

which is carried out by tracing out the required components after making inner product in terms of internal state
vectors (|e〉 and |g〉). The required terms are traced out from the matrix multiplication and are written in the form of
the optical Bloch equation. Once the optical Bloch equations for internal states of the atom are derived, the equations
are rewritten for external states by taking an outer product with the external states (|n〉 and |n′〉). Please refer to
reference [116] for more details.
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the cooling dynamics. After collecting the terms for population entering into the state |n〉 and

leaving from the state |n〉, the rate equation of the population at the phonon state |n〉 can be

written as

dPn

dt
= −

∑
n′′ 6=n

∑
n′

Γeff|Ωn,n′ |2

Γ2
eff + 4(∆eff − δnωz)2 + 2|Ωn,n′ |2

Dn′→n′′Pn

+
∑
n′′ 6=n

∑
n′

Γeff|Ωn′′,n′ |2

Γ2
eff + 4(∆eff − δn′ωz)2 + 2|Ωn′′,n′ |2

Dn′→nPn′′ , (5.12)

where

Dn′→n′′ =
1

2

∫ 1

−1
d(cos θ)|Ω̃n′,n′′(ηs cos θ)|2W(cos θ), (5.13)

is called the diffusion function which accounts for the population spread between the motional

states during the spontaneous emission of photons. In order to calculate the diffusion function,

the total probability of spread in all possible directions must be normalised to unity, thus

1

2

∫ 1

−1
d(cos θ)W cos θ = 1 (5.14)

must hold for all possible transitions 3. The diffusion function, as expressed in equation 5.13, is

impossible to solve analytically, however, it is possible to replace it with a simpler expression. In

these simulations, I will directly replace the expression as

Dn′→n′′ = |Ω̃n′,n′′(ηg)|2, (5.15)

where ηg is the normalised L-D parameter weighted over the angular spread. The equivalent

expression has also been used in reference [117]. After following the above discussion, the

weighted L-D parameter for uniformly distributed photons is given as ηg = ηs/
√

3 [116]. More

detailed discussion of the L-D parameter will be given in a later section.

5.1.2 Additional effects in a Penning trap

The additional atomic levels involved in sideband cooling of a calcium ion in a Penning trap are

indicated in figure 5.2. The transitions during sideband cooling of calcium are summarised as

follows:

• The 729-nm excitation: The resonant transition between mj = −1/2 of the ground state

and mj = −3/2 of the excited state is the main sideband cooling transition. Each resonant

excitation event alters the phonon number depending upon the sideband chosen. Addi-

tionally, off-resonant excitation to the nearby sideband also alters the phonon number. The
3Here the expression 5.14 is integrated over angle θ about the quantization axis. In reality, it must be integrated

over the solid-angle Ω, which takes the spread of the angle φ in the radial plane. The expression still holds as I have
normalised the function W(cos θ) to account for the angle φ. At a later stage, where I will integrate the expression
over solid angle, the function will have a prefactor of 1/2π to normalise it.
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Figure 5.2: Partial level structure of a calcium ion in trapped in a Penning trap. The transitions
that take place during sideband cooling are indicated as solid and squiggly arrows.

resonant and off-resonant excitation strengths depend upon the Rabi frequency and the

L-D parameter η729
4 of the transition. In the simulations, the cooling laser beam will be

assumed to be travelling along the direction of interest, so that while discussing the case of

axial cooling the beam will be assumed to propagate along the axial direction, and hence

no geometrical correction is required.

• The 854-nm excitation: In our system, the 854-nm laser off-resonantly quenches the D5/2

level and populates the mj = −1/2 sub-level of the P3/2 atomic level, through a dipole

allowed-transition. The off-resonant excitation rate for the 854-nm transition is taken into

account through the effective decay rate (as indicated in equation 5.4). However, the

spread of population due to the excitation events will be inserted separately in the form

of diffusion function. The diffusion function for this transition is given as |Ω̃n′,n(η854)|2,

where η854 is the L-D parameter for the aforementioned transition. In the simulations,

we will assume that the 854-laser beam is travelling in the axial direction only, which

resembles the experimental situation in our case. The L-D parameter along the axial and

radial directions for this transition will be η854 and zero, respectively.

• The spontaneous emission: In a Penning trap, the population from −1/2 sub-level of the

P3/2 level takes two routes to populate the −1/2 sub-level of the S1/2 level. In the first

route, the population directly decays to the −1/2 sub-level with a 2/3 probability. In

the second route, the remaining population initially decays to the +1/2 sub-level of the

ground state followed by a resonant excitation at 397 nm wavelength to −1/2 sub-level

of the P1/2 level and eventually populates the −1/2 sub-level of the ground state. This

4I am writing the L-D parameter as ηi, where “i" corresponds to the wavelength of the associated transition. In

order to calculate the L-D parameter, one must express η = k
√

~
2mωz

by substituting the corresponding values of the
wavelength of the radiation and the frequencies of the corresponding motional mode.
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additional step takes a few µs to reach to the ground state. We will neglect the time

evolution during this step but we will incorporate the diffusion of the population between

motional levels during this additional step. The diffusion function will be assumed to be

|Ω̃n,n′(ηg)|2, where ηg is the weighted L-D parameter for the intermediate steps before it

reaches the −1/2 sub-level of the ground state.

The L-D parameter to account for the spontaneous emission events

During spontaneous emission of the photons, the ion receives a momentum kick which changes

its phonon state and thus causes heating. The change in the phonon state along a specific direc-

tion, during this event, depends upon the emission pattern and the wavelength of the emitted

photons. For a dipole allowed transition, the emission pattern is not spherically symmetric about

the quantisation axis, thus the contribution will be different along the axial direction that the

radial plane. Previously, various studies have been carried out to calculate the component of

diffusion along a specific direction and the discussion can be found in references [40, 117, 118].

Following their approach, here, I calculate the average component of momentum distribution

for the S-P transition. This momentum transfer will then be normalised in the form of the L-D

parameter and finally, the contribution will be incorporated in the form of the diffusion function

(which has been given in equation 5.15).

The normalised L-D parameter for spontaneous decay relates to the geometric factor asso-

ciated with the momentum distribution along the direction of interest [116, 117]. From the

definition of the L-D parameter, η2 ∝ p2, where p is the momentum of the absorbed or emitted

photons. The mean distribution function for the momentum is actually 〈p(θ)2〉, hence the square

of the effective L-D parameter must be normalised with the mean component of the momentum

distribution along the direction of interest. The component of the momentum distribution along

a specific direction (x̂) is given as

D̃C =
1

2

∫ 1

−1
d(cos θ)x̂2W cos θ, (5.16)

where x̂ is expressed as sin θ cosφ, sin θ sinφ and cos θ for the component along the x, y and z

axes, respectively. Therefore, the ηg is expressed as

ηg = ηs

√
D̃C, (5.17)

where ηs is the L-D parameter for the emitted photons and it is expressed as k
√

~
2mωz

.

After getting the general characteristic of the transitions, we can derive the expressions for

the L-D parameters for a trapped calcium ion in a Penning trap. In a Penning trap, the additional

decay channels appear due to the multiple Zeeman sub-levels. The decay pattern for a dipole

allowed transition varies if it is a σ (∆mj = ±1) or π (∆mj = 0) transition. The normalised

decay patterns and the component of diffusion coefficients for a calcium ion in the magnetic field
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Atomic transition mj W(cos θ) Probability D̃C D̃C
Axial Radial

P1/2 ↔S1/2
1
2 →

1
2 or −1

2 → −
1
2

3
4π sin2 θ 1/6 1/5 2/5

1
2 → −

1
2 or −1

2 →
1
2

3
8π (1 + cos2 θ) 1/3 2/5 3/10

P3/2 ↔S1/2
3
2 →

1
2 or −3

2 → −
1
2

3
8π (1 + cos2 θ) 1/4 2/5 3/10

1
2 →

1
2 or −1

2 → −
1
2

3
4π sin2 θ 1/6 1/5 2/5

1
2 → −

1
2 or −1

2 →
1
2

3
8π (1 + cos2 θ) 1/12 2/5 3/10

Table 5.1: Table showing components of momentum distribution along and perpendicular to the
magnetic field axis during transitions between atomic levels P and S of a calcium ion.

are given in table 5.1. Moreover, the normalised L-D parameter will be elaborated as follows:

• The P3/2 →S1/2 spontaneous decay: The emission pattern for the transition from mj =

−1/2 sub-level of the P3/2 atomic state to mj = ±1/2 sub-levels of the ground state is

not isotropic about the quantisation axis. In this situation, the parameter D̃C is given

as 4/15 and 11/30 along the axial and radial directions, respectively. The associated L-D

parameters are calculated to be
√

4/15ηs and
√

11/30ηs for the motion along the axial and

radial directions. In this transition 2/3 of the population directly decays to mj = −1/2

sublevel of the ground electronic state but remaining population takes another route.

• The P1/2 ↔ S1/2 transition: The remaining 1/3 population from mj = −1/2 sub-level of

the ground electronic state is recycled by a pair of 397-nm laser beams, along with the

axial and radial directions. The L-D parameter for this transition can also be calculated

by assessing the steps involved and substituting the parameters from the above table. For

the simulation, we will assume that the ion is equally illuminated by the axial and radial

directions. The weighted L-D parameter, in this case, comes out to be 0.707η397 for the

absorption process. Similarly, the L-D parameter for the emission process comes out to be

0.57η397
5.

• The partial decay of the population from P1/2 to D5/2 and D3/2 is negligible, therefore the

diffusion during the emission and absorption effects from this process will not be taken

into account in the simulations.

5.1.3 Transformation of a six-level system into a two-level equivalent

Following Marzoli’s approach to designing a two-level atom [114], I will reduce a six-level

atomic system into a two-level equivalent. It may be argued that the other atomic levels are

barely occupied during sideband cooling; hence the adiabatic elimination of some of the atomic

levels is valid. The effective re-pumping rate formalism, as indicated in equation 5.4, is also
5While calculating the L-D parameter, I have assumed that all the processes are taking place in series. This is even

correct for the 397-nm recycling transition if the diffusion probabilities are calculated by carefully normalising for
the corresponding transitions.
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valid along the same line of reason. The main interest in performing the simulation is to de-

sign a cooling sequence which can allow us to achieve a minimum mean phonon number for

the shortest cooling time. The cooling dynamics can be computed from equation 5.12. After

inserting the relevant diffusion functions for intermediate branches, the new diffusion function

is expressed as

Dn′,n′′ =
∑
p

∑
m

∑
l

|Ω̃n′,l(η854a)|2|Ω̃l,m(η393d)|2|Ω̃m,p(η397a)|2|Ω̃p,n′′(η397d)|2, (5.18)

where ηi is the L-D parameter for aforementioned four diffusion branches. The summations over

p,m and l take into account all motional states to which the diffusion could take place during

sideband cooling.

5.2 Population dynamics in motional states of a trapped ion inter-

acting with the laser radiation

5.2.1 Comparison of resonant and off-resonant excitation rates

The rate equation description is found to be valid in low saturation limits for sideband cooling,

i.e. Ωn,n′ � Γeff [83]. In order to introduce the saturation effects, I have inserted 2Ω2
n,n′ term

in the denominator of the Lorentzian function and it is shown in equation 5.12. Simulated

absorption spectra for a calcium ion, at 420 kHz axial frequency with and without saturation

effects are shown in figure 5.3. In the presence of the saturation term, the absorption strength is

reduced, which is expected due to the coherent oscillation of probability between the excited and

ground states of the ion due to the driving field; hence we expect it to slow the cooling dynamics.

The typical laser parameters that are used for the simulation of the absorption spectrum are

shown in table 5.2.

Γ854 ≈ 2π · 1.58 MHz Γeff ≈ 2π · 40 kHz
Γ866 ≈ 2π · 1.3 MHz Ω729 ≈ 2π · 40 kHz
Γ393 ≈ 2π · 21.5 MHz Γ729 ≈ 2π · 0.15 Hz
Γ397 ≈ 2π · 21.2 MHz ωz ≈ 2π · 100− 500 kHz

Table 5.2: Typical transition parameters used for the simulation [98, 107].

Additionally, due to off-resonant excitation during sideband cooling, the ultimate mean

phonon number is expected to be higher after sideband cooling. The off-resonant excitation

strength of the carrier and the first blue sideband of the transition as a function of phonon num-

ber (n) is shown in figure 5.4 at 420 kHz motional frequency. It can be seen that at 420 kHz ion

oscillation frequency, the off-resonant excitation is not problematic. However, we expect some

issues due to the off-resonant excitation at a lower motional frequency, which ultimately limits

the lowest achievable mean phonon number. The frequency dependence of the off-resonant

excitation is shown in figure 5.5. In this figure, the simulation assumed that the population is
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Figure 5.3: A calculated absorption spectrum of a calcium ion at 420 kHz axial frequency for
the red, blue and the carrier transitions at the Doppler limit. The solid curves and dashed curves
indicate “with" and “without" the saturation term in the absorption spectrum expression.

initialised in the n = 1 motional state and the cooling laser is resonant with the first red side-

band of the transition. The simulated curve in blue corresponds to the off-resonant excitation

of the carrier transition. This transition does not change the phonon number during absorp-

tion. However, when the ion decays back to the ground state during recycling it may change the

phonon number and hence can lead to unwanted heating. Similarly, the off-resonant excitation

to the blue sideband (shown in green) is estimated to be negligible at this trap frequency. It

contributes significantly at very low motional frequencies (< 150 kHz).
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Figure 5.4: Off-resonant excitation rate for the carrier transition (in blue) and the first blue
sideband transition (in green) as a function of phonon number (n) at 420 kHz ion oscillation
frequency when the 729-nm laser is tuned to the first red sideband of the transition (in orange).

5.2.2 Description of the simulation methods

In this thesis, I have used two types of simulation approaches. The first approach is based on

numerical methods where the rate equation is solved for a given set of laser and trap parameters.

However, the approach becomes cumbersome if a large number of phonon states are taken into

account in the simulations. Also, the approach is intractable if the simulations are carried out

for more than one motional mode. The second approach is based on a Monte-Carlo method,
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Figure 5.5: The simulated resonant and off-resonant excitation rates as a function of ion os-
cillation frequency is shown above. Unwanted effects are more prominent at the lower value
motional frequencies.

where a random number is assigned for the transitions to different motional states with a known

transition probability. Both approaches are discussed in the following.

Rate equation approach

Unlike previous studies in references [114, 119], the rate equation approach described here (as

given in equation 5.12) is not restricted to the L-D regime. The analytical solution of the rate

equation is not possible due to the complicated diffusion function; hence a numerical simula-

tion will be carried out. In my thesis, the simulations are carried out in “Mathematica". The

numerical simulations are performed in three steps;

1) Initialise the population in each motional state by assuming a thermal distribution after

Doppler cooling. The expression for the Doppler limit has been indicated in equation 3.15.

2) Calculate the resonant or off-resonant excitation rates for a range of phonon numbers

which are assumed to make the transition to their nearby phonon states (say ∆n = ±5). The

expression for the excitation rate is given in equation 5.12.

3) Calculate the diffusion coefficients for the relevant spontaneous transitions. The expres-

sion in terms of normalised L-D parameter is given in equation 5.16. The relevant values for the

L-D parameters have been calculated and shown in section 5.1.2.

4) The final step is to perform numerical integration of the rate equations for each phonon

state and estimate the population at each time.

Monte-Carlo approach

A Monte-Carlo approach is often a suitable alternative when the rate equation method is ana-

lytically intractable. A pseudo random number generator can be used to simulate the cooling
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dynamics with given sets of instructions. As the transitions in atomic systems take place through

discrete jumps, solving such systems via a Monte-Carlo approach resembles the actual experi-

ments quite well.

1. The state is initialised into a phonon state sampled from the Doppler cooled Fock state

distribution.

2. Uniform random numbers are sampled to check for the sideband cooling excitation fol-

lowed by the repumping transition.

3. The time is updated for each transition.

4. Steps 2-3 are repeated the desired number of times corresponding to the cooling length

being simulated.

5. Steps 1-4 are repeated 10000 times.

5.2.3 Optimisation of sideband cooling laser parameters

Before carrying out the simulation for the actual cooling dynamics, I would like to optimise

the cooling and repumping laser parameters. For this, I would assume the axial ion oscillation

frequency to be 420 kHz (η729 = 0.15). At this frequency, the effects of being outside the Lamb-

Dicke regime are not significant. The initial mean phonon number following Doppler cooling

is calculated to be 21. These studies will be used later to optimise the cooling sequence. The

simulated populations outside the motional ground state (n = 0) after sideband cooling at

various values of the effective repumping rates are shown in figure 5.6. In practice the effective

repumping rate can be varied by changing Ω854 or δ854 in equation 5.4 but in the simulation,

I simply changed the values and made the corrections for the AC Stark shift as expressed in

equation 5.5. The simulation is carried out at 40 kHz Rabi frequency for the 729-nm transition.
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Figure 5.6: Simulated population outside the n = 0 state as a function of cooling time for
different repumping rates. The simulations are carried out at a motional frequency of 420 kHz
and Rabi frequency of 40 kHz.
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The simulations show that the highest ground state occupancy can be achieved with a combi-

nation of longer cooling times and an effective repumping rate low enough to limit off-resonant

excitation, but sufficient to overcome any heating processes. If short cooling times are required,

then the optimal repumping rate should be around or above 20 kHz. But one can only achieve

an occupation probability of 99.5% at this re-pumping rate. In order to achieve a lower mean

phonon number one has to reduce the repumping rate. Realistically, one can achieve the ground

state occupation probability to 99.7 % after 20 ms of cooling at a repumping rate of ∼ 10 kHz.

In another study, we find an optimum 729-nm absorption rate, which comes out to be roughly

40 kHz (see figure 5.7) at this trap frequency. In the simulation, the repumping rate is assumed

to be 10 kHz and the motional frequency is assumed to be 420 kHz.

0 20 40 60 80 100
0.001

0.005

0.010

0.050

0.100

0.500

1

Rabi frequency (kHz)

1
-P
(0
)

0.5 ms

2.5 ms

5ms 10 ms

20 ms

15 ms

Figure 5.7: The figure shows population outside n = 0 phonon state as a function of Rabi fre-
quency at different cooling times. The repumping rate is chosen to be 10 kHz and the motional
frequency is chosen to be 420 kHz for this set of studies.

5.3 Sideband cooling outside the L-D regime

The main focus of these simulations is to optimise the cooling dynamics for a system where the

L-D parameter value is large.

5.3.1 Problems with the large value of the L-D parameter

Sideband cooling of trapped ions outside the L-D regime is complicated by the fact that the red

sideband strength is not proportional to
√
n for all the phonon numbers. Especially for some of

the phonon numbers, the sidebands see almost zero excitation strength, hence the cooling rate is

found to be close to zero for the population in these states, which leads to “population trapping".

The effect of population trapping has been previously discussed in references [92, 117] and it

was identified as a reason for the poor ground state occupancy [45]. Here I attempt to show the

effect of such “dark states" (sideband minima) while performing sideband cooling in our system.

A simulated sideband strength at 300 kHz motional frequency for a calcium ion as a function
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of phonon state is shown in figure 5.8. The L-D parameter at this frequency is calculated to be

η729 =0.17 with a mean phonon number after Doppler cooling of 32. In this case, the first red

sideband strength approaches zero around n ∼ 117, where the population trapping would be

expected. In our system at this trap parameters, 0.5% of the population is expected to lie above

the first dark state after Doppler cooling. Furthermore, if the system lies outside the L-D regime,

the diffusion heating is worse.
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Figure 5.8: The figure shows coupling strength of the first red sideband (in red), the second
red sideband (in magenta) and the carrier (in black) as a function of phonon number. Blue line
corresponds to the normalised occupation in phonon state n.

In order to describe the cooling performance for the above-mentioned case, a rate equation

approach is adopted. The simulated mean phonon number as a function of sideband cooling

time is shown in figure 5.9 (a). The 729-nm Rabi frequency and the re-pumping rate are as-

sumed to be 40 kHz and 20 kHz, respectively. The cooling laser is tuned to resonant with the

first red sideband transition. For the sake of simplicity, the population is initialised in a specific

phonon state and the mean phonon number is estimated at various values of sideband cooling

times. The simulations are performed for various initial phonon states and the mean phonon

numbers are estimated for as a function of cooling time. The simulations show that for low ly-

ing phonon states (n < 110), the normal cooling behaviour is verified. However, for the phonon

states greater than 110 the population is only slowly pulled down to the ground state. This

is attributed to the population trapping. As mentioned before, for the system outside the L-D

regime, the diffusion effects are also expected to affect the cooling dynamics, significantly. In

order to distinguish the effects due to the diffusion mechanism, another simulation is carried

out at the same simulation conditions except the diffusion is neglected. The findings are shown

in figure 5.9 (b). The qualitative difference between plots (a) and (b) (figure (a) where the full

model is considered and (b) where the diffusion is neglected) indicate that the diffusion mech-

anisms slow down the cooling process as speculated before. Additionally, the lowest achievable

mean phonon number is higher than without diffusion of the population. Alternatively, due to

the diffusion effects, the population around the sideband minimum is not quite trapped, hence
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sideband cooling is observed on a longer timescale.

In order to predict the behaviour of higher order sidebands, we also simulated the cooling

dynamics for the second red sideband and it is shown in figure 5.9 (c). In this case, no population

trapping is observed for n ∼ 117, instead, the population trapping is observed at n ∼ 211. As we

have seen, population trapping is one of the consequences of systems outside the L-D regime.

This population trapping gets more severe with decreasing motional frequency, i.e. increasing

L-D parameter. The population trapping above the first zero of the first red sideband can be

up to 65% at 100 kHz motional frequency. Hence, in this regime, we need a cooling sequence

which can eliminate any sort of population trapping.
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Figure 5.9: Simulated average phonon number (a) after a single stage sideband cooling on the
first red sideband and (c) after a single stage cooling on the second red sideband. Curve (b)
shows population dynamics after cooling at the first red sideband but without considering the
diffusion during spontaneous decay of the photon from the excited state.

5.3.2 Optimisation of cooling sequence

From the discussion in the last section, it is clear that sideband cooling outside the L-D regime

requires special attention. In order to avoid population trapping at the sideband minimum point,

one must include sideband cooling on the higher order sidebands. At lower motional frequency,

the L-D parameter is larger and hence the heating effects are severe. In figure 5.10 the strength

of the first and second red sidebands are shown at 150 kHz motional frequency. It can be seen

that the sideband strengths for both of the sidebands have minima at different values of n, hence

switching from one to the other can be useful to avoid any population trapping.

I also introduce another scheme for sideband cooling rather that simply switching between

two lowest order sidebands. In this scheme, cooling can be started at a higher order sideband

(say higher than third order sidebands) and subsequently switched towards a lower order side-

band once the population occupies the low n states. This scheme is expected to work efficiently

as the higher order sidebands are stronger at high n and the sideband minima are observed at
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Figure 5.10: The above figure shows calculated sideband strengths as a function of phonon
number at 150 kHz ion oscillation frequency. The first red sideband is shown in green and
the second red sideband in orange. The blue curve indicates the carrier strength. Note that
the sideband minima for both sidebands do not coincide, hence the choice of cooling on the
alternate sidebands will avoid population trapping.

higher values of n. Additionally, the number of phonons removed on average in each excitation

is more than one in this case. In order to illustrate the cooling behaviour, I show the product

of sideband strength, change in phonon numbers (∆n) and population distribution (P (n)) after

Doppler cooling as a function of n in figure 5.11. This represents the rate of removal of phonons

after Doppler cooling for various sidebands. It can be seen that initially at high n the higher

order sidebands would show better cooling in comparison to lower order ones and vice-versa

for low n.

If we integrate the rate of removal of phonons for each curve, the quantity can be treated as

the overall cooling rate for an individual sideband. At 150 kHz, the integral is found to be highest

for the third red sideband. However, there will be 1.7% of the population population above the

first minimum of the third red sideband. If we want to achieve 99.99% of the population in the

ground state, we should start at the sideband for which the sideband minimum point lies further

in the higher side of n. At 150 kHz motional frequency, the eighth sideband (not shown in the

figure) has the first sideband minimum above the required cumulative population point. But it

is pointless to cool with the eighth red sideband as the overall cooling rate will be negligible.

At this stage, it is difficult to conclude which sidebands should be taken into consideration to

efficiently cool the ion to its motional ground state.

However, at this stage, we can qualitatively conclude that sideband cooling will be efficient

for the third red sideband but there will be some population trapping, which can be avoided by

repeating the cooling sequences. At 150 kHz frequency, it is best to cool through the third red

and second red sidebands until the population is dragged below the minimum of the first red

sideband. We can also conclude that for efficient sideband cooling, one should find the sideband

for which the overall cooling rate is maximum and cooling must be initiated at that sideband. In

order to avoid population trapping, the laser frequency must be switched between the sideband
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for which the overall cooling rate is highest and second highest until the population is dragged

below the first minimum of the first red sideband.
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Figure 5.11: The figure shows calculated normalised cooling strength (P (n) ×∆n × Ωn,n′) for
the individual phonon state (n) at 150 kHz ion oscillation frequency after Doppler cooling. It
can be seen that at high n cooling is more efficient for higher order sidebands.

5.3.3 Simulation of cooling dynamics for a single ion

Previously, I discussed optimisation of laser parameters and cooling sequences. In this section, I

will show the results of the cooling limit and present the results of cooling dynamics of a single

ion at two extreme motional frequencies. After Doppler cooling of a single ion in a Penning trap,

a large fraction of the population resides outside the L-D regime, especially at a low motional

frequency. The simulations are performed at 420 kHz and 150 kHz motional frequencies. For

the simulation, the Rabi frequency and the re-pumping rate are assumed to be 40 kHz and 20

kHz respectively.

Figure 5.12 (a) indicates mean phonon number (〈n〉) and figure (b) indicates the ground

state occupancy (P (0)), as a function of sideband cooling time at 420 kHz motional frequency.

The studies show that the 〈n〉 = 0.2 if only single stage cooling is performed. The simulation

also shows that lower value of the mean phonon number or higher occupancy in n = 0 state is

observed for two-stage sideband cooling.

The simulation is also carried out at 150 kHz motional frequency. In this situation, approx-

imately 37% of the population lies outside the first minimum of the first red sideband at the

Doppler limit of a calcium ion. From the qualitative discussion in the previous section, we know

that single stage cooling would not work. In this case, I choose a cooling sequence 3rd-2nd-3rd-

2nd-1st-3rd-1st, where cooling is performed for 2.5 ms at each sideband and 5 ms for the last

pulse. The cooling sequence is chosen on a trial and error basis. A simulated curve of the mean

phonon number as a function of cooling time is shown in figure 5.13. The curve in blue corre-
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Figure 5.12: Simulated sideband cooling dynamics of a Doppler cooled ion at 420 kHz motional
frequency. Figure (a) shows mean phonon number (〈n〉) and (b) shows ground state occupancy
(P (0)) as a function of cooling time. Sideband cooling is initiated at the second order sideband
for 2.5 ms time followed by first red sideband for the rest of the time. The curves in orange and
red indicate the time behaviour for single stage cooling, hence poor cooling is verified through
the simulations.

sponds to multi-stage cooling and the curve in red corresponds to single-stage cooling. Clearly,

the simulations show lower 〈n〉 for the multi-stage sideband cooling.
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Figure 5.13: Simulated cooling dynamics of single ion at 150 kHz motional frequency. The curve
in red corresponds to a single stage cooling (cooling with first red sideband) and curve in blue
corresponds to multi-stage cooling (the pulse sequence is shown at the top of the frame).
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Finally, the mean phonon number (〈n〉) as a function of motional frequency is shown in

figure 5.14. The laser parameters are chosen to be Ω0 = Γ̃ = 2π × 40 kHz. It can be seen that

the mean phonon number increases rapidly towards lower values of the motional frequency.

This can be attributed to the diffusion mechanism which increases when the motional frequency

decreases. The cooling limit also depends upon the repumping rate and the rate at which 729

nm absorption takes place. To avoid off-resonant excitation, which also limits the cooling limit,

one must reduce the 729-nm and 854-nm laser power for the last period of sideband cooling.

In the first instance, the cooling limit is found to be inversely proportional to the square of the

motional frequency at a fixed value of repumping and 729-nm absorption rates.
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Figure 5.14: Minimum achievable 〈n〉 as a function of ion oscillation frequency after performing
sideband cooling. The red continuous curve corresponds to the cooling limit that is estimated
from rate equation approach and the black curve is the Monte-Carlo simulations results.

5.3.4 Cooling dynamics of a two-ion Coulomb crystal

Sideband cooling of multiple ions is significantly harder than a single ion due to the presence

of multiple modes of oscillation which need to be cooled simultaneously. In this section, I

study cooling dynamics of a two-ion crystal through a 2D rate equation, where excitation on a

sideband of one motional mode will be associated with a carrier excitation on the other mode.

A two-ion chain

A two-ion-chain in a Penning trap can only be obtained at a low axial trapping frequency. In-

creasing the axial frequency above a certain value flips the crystal to a planar orientation. From

the single-ion studies, it is known that at a low axial frequency the system lies outside the L-D

regime, hence the chain is also expected to form a system that is outside the L-D regime. In

this case, we can also avoid the population trapping by cooling on the higher order sidebands.

The simulation will be performed for the axial motional modes. In this situation two motional

modes are expected, namely COM and breathing motional modes.

To understand the cooling dynamics of a two-ion chain I show contour plots of sideband

strengths as a function of phonon number (n), at ωz = 2π×162 kHz (which gives ωB =
√

3ωz =
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2π× 281 kHz). In this particular case where the L-D parameter is fairly large (ηCOM = 0.17 and

ηB = 0.13), we expect to have a large fraction of the population beyond the first minimum of

the red sideband for both of the motional modes [70]. In order to bring all the population to

the motional ground state, one has to target higher-order sidebands, repeatedly. A combined

sideband contour plot of the first, second and third red sidebands of the COM mode along with

the first and second red sidebands of the breathing mode is shown in figure 5.15 (a) - (c). Due to

a smaller value of the L-D parameter for the breathing mode (i.e. 1/31/4 times smaller than the

COM mode), we expect to have less complexity for the breathing mode than the COM mode.

Hence, we assume that the population can be taken to the ground state by targeting just the

second and first order breathing mode sidebands, whereas for the COM case we expect to need

the first, second and third order sidebands.

The combined strength for all these five sidebands is shown in figure 5.15 (d). Note that

the combined plot still has a darker region, which corresponds to the carrier excitation being

minimum for both of the motional modes and it also leads to population trapping. In order

to avoid population trapping in such regions one needs to target inter-modulation sidebands.

A plot showing one of these intermodulation sidebands (i.e. the second COM red sideband

of the first breathing mode red sideband) is shown in figure 5.15 (e). The overlap of all the

sidebands discussed above is shown in 5.15 (f). Qualitatively, it is clear that the cooling with the

aforementioned sidebands would bring the population to the ground state of a two-ion chain.

In this case, apart from the population trapping events, we also expect heating of one mo-

tional mode while performing sideband cooling of the other mode. This is expected due to the

diffusion of the population during the repumping processes. Figure 5.16 shows cooling dynam-

ics of a two-ion chain at 162 kHz axial frequency. The laser parameters are chosen to be same

as they were for the single-ion case. Intuitively, we start cooling on the breathing mode first, as

it has a smaller value of the L-D parameter than for the COM mode. Due to the smaller value

of the L-D parameter, the diffusion for the breathing mode will take place at a slower rate than

that of the COM motional mode.

The cooling sequence is also indicated in figure 5.16. In order to cool the breathing mode

first, we start with the second red sideband and then switch to the first red sideband of the

transition. This way the breathing mode is ground state cooled but at the same time the COM

mode is slightly heated up due to the diffusion of the population. In the second round of cooling,

the laser is tuned to the third red sideband of the COM mode, followed by second and first red

sidebands of the same mode. In order to eventually achieve the ground state of both modes

simultaneously, some of the sidebands are repeated. In order to clear out the population from

the phonon states for which cooling for both motional modes approaches zero (the common

dark portion of first five plots in figure 5.15), an inter-modulation sideband is used in the cooling

sequence. The simulations show the ground state cooling of a two ion chain. The experimental

results for sideband cooling of a two-ion chain will be verified in chapter 6.
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Figure 5.15: The contour plots show the strength of various sidebands as a function of phonon
numbers in both axial modes for a two-ion string at 162 kHz COM frequency. Starting from the
top, sideband strengths for the (a) first red sideband of COM, (b) the summation of the first
three COM red sidebands, (c) first breathing red sideband, (d) sum of first three COM red and
two breathing red sidebands, (e) first red breathing sideband of second red COM sideband and
(f) is sum of (e) and (d).
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Figure 5.16: Average phonon number of the COM mode (blue) and the breathing mode (orange)
as a function of time during multi-stage cooling of a two-ion chain with all sidebands included
(see text).

Sideband cooling of a two-ion planar crystal

The axial motional modes for a two-ion planar crystal have been discussed in chapter 2. Side-

band cooling of a planar crystal is particularly of interest due to its possible use in quantum

simulation studies [25, 69]. In a two-ion planar case, the motional frequency of the out-of-

phase mode (tilt mode) can be varied, as shown in equation 2.35, by changing the rotation

frequency of the crystal. The rotation frequency in the radial plane of a crystal can be changed

by locking the crystal to a rotating wall drive [120, 121] or by changing the perpendicular laser

beam parameters (such as laser intensity, beam offset and the laser detuning) [121, 122]. The

rotational frequency in a Penning trap can be varied between the magnetron frequency (ω−)

and the modified cyclotron frequency (ω+), where the minimum separation of the ions can be

obtained at ωc/2.

At first, I simulate the cooling dynamics at fixed laser cooling parameters for a two ion planar

crystal in the resolved sideband case. Laser parameters for this case are chosen to be the same as

for the two-ion chain. The axial motional frequency is chosen to be 346 kHz, where the tilt mode

frequency can have values from 216 kHz to 346 kHz, depending upon the rotation frequency of

the crystal. In the resolved sideband case, where I assume that the tilt mode is at 216 kHz and

the COM mode is at 346 kHz, cooling will be simulated for both sidebands. This condition can

be achieved at a crystal rotation frequency equal to the half of the cyclotron frequency (ωc/2).

In this case the L-D parameter is ηCOM = 0.116 and ηtilt = 0.146 for the COM and tilt motional

modes, respectively. The simulated cooling dynamics is shown in figure 5.17 (a). It can be seen

that both modes can be ground state cooled via implementing the third, second and first red

sidebands on the tilt mode followed by the second and first on the COM mode. The simulations

also show the sideband heating on the COM mode while attempting to cool the breathing mode
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and vice-versa. At the end of the cooling sequence, I repeat the lower order sidebands in order

to efficiently cool both motional modes to their ground state.
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Figure 5.17: The mean phonon number (〈n〉) as a function of sideband cooling time for the case
when COM and Tilt motional modes are (a) resolved and (b) unresolved after Doppler cooling.
Note that off-resonant cooling takes place for the tilt mode when the cooling laser is tuned to
the COM mode of a two-ion planar crystal.

In the second case, I choose the motional frequency of the tilt motional mode to be close

to the COM mode, which can be achieved by tuning the rotation frequency slightly above the

magnetron frequency. For the simulations, I chose the tilt mode frequency to be 339 kHz and

COM mode frequency to be 346 kHz. The L-D parameters in this case are calculated to be

ηCOM = 0.116 and ηtilt = 0.118. In this case, the sidebands are not expected to be well resolved

after Doppler cooling, hence cooling on one of the motional modes can simultaneously cool the

other mode via off-resonant excitation. The simulated cooling dynamics is shown in figure 5.17

(b). Note that by setting the cooling laser frequency to the COM mode cooling of the breathing

mode is verified through the simulations. This is closer to the experimental case of sideband

cooling of a planar crystal which will be discussed in chapter 6.

5.4 Sideband heating to outside the L-D regime

In this section, I present the simulation results of sideband heating. Sideband heating of an ion

prepares a quantum state with a high motional quantum number (n). In order to prepare the ion

outside the L-D regime, the 729-nm laser will be tuned to the blue sidebands of the transition
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instead of the red sideband. To simulate this, I will adapt a Monte-Carlo approach. The ion will

be initialised in the ground state of motion at 420 kHz. In figure 5.18, I show the population in

different phonon states as a function of sideband heating time. The laser parameters are chosen

to be same as they were for the single-ion and two-ion sideband cooling studies.
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Figure 5.18: A simulated histogram plot for the population after sideband heating on the blue
sideband, where time is varied from 0 ms to 12 ms. It can be seen that the population moves to-
wards the first minimum of the blue sideband. At 420 kHz motional frequency the blue sideband
minimum is observed at n = 163.

Simulation results are further illustrated in figure 5.19. Note that, initially, as 〈n〉 begins to

increases with time, the standard deviation (spread of the population in phonon states) also

increases due to the diffusion effects. Once the upper tail of the population distribution ap-

proaches near n = 163, the standard deviation starts to shrink and the growth of 〈n〉 slows

down. This is attributed to falling blue sideband strength as a function of the phonon num-

ber. Eventually, population settles to n ∼ 150. The further sideband heating only increases the

standard deviation while maintaining the 〈n〉.

This can be contrasted with the situation where an ion is cooled to its motional ground state.

In the ground state cooling case, all the population accumulates into the n = 0 phonon state.

On the other hand, the whole population cannot be sideband heated to a single state due to

the presence of diffusion outside the Lamb-Dicke regime. Nevertheless, the shrinking of the

population in sideband heating case is unachievable unless around the point of blue sideband

minima. These dark states are only achieved due to the effect of a large L-D parameter.
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Figure 5.19: Figure shows population dynamics after sideband heating as a function of laser
interaction time. Black curve represents mean phonon number (〈n〉) and red curve represents
the standard deviation around the mean value.

5.5 Summary

In this chapter, I presented the simulation studies of resolved sideband cooling in a Penning trap.

The studies were performed for a multi-level atomic system in order to incorporate different

Zeeman sublevels of a calcium ion in a Penning trap. The studies were conducted by employing

a Monte Carlo method and in some places a rate equation approach was adapted. The cooling

dynamics was described for the situations where the population lay outside the L-D regime after

Doppler cooling. A multi-stage cooling sequence was devised to envisage ground state cooling

of motion in such situations. The studies were further extended for two ions in a Penning trap

and appropriate cooling dynamics was investigated. Additionally, through a resolved sideband

heating method, a large phonon state is engineered for the application of coherent dynamics of

trapped ions outside the L-D regime. These studies will be further verified experimentally in the

following chapter.
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Chapter 6

Experimental realisation of ground
state cooling in a Penning trap

In this chapter, I will present the experimental results of ground state cooling of trapped calcium

ions in a Penning trap. Previously, ground state cooling of the axial motion of a single ion

has been performed in our trap [45]. After performing Doppler cooling of a single ion at a low

trapping potential, the population lies outside the L-D regime, which affects the sideband cooling

dynamics. Moreover, sideband cooling of radial motional modes has not been demonstrated

before due to complicated motion in the radial plane. In this chapter, I will show the first ever

demonstration of sideband cooling of the radial motion in a Penning trap. The experimental

results of sideband cooling of multiple ions will also be presented in this chapter. Studies have

only been performed along the axial direction for multiple ions. In the last section of this chapter,

I present the results of sideband heating of a single ion, where the ion is prepared far outside

the L-D regime by a resolved sideband heating technique.

6.1 Ground state cooling of the axial motion of a trapped calcium

ion

The methodology of sideband cooling was explained in section 3.3 and the relevant level struc-

ture of a calcium has been described in chapter 5. Resolved sideband cooling is performed on a

narrow linewidth transition. The S–D transition of a calcium ion is best suited for this purpose.

For sideband cooling of the axial motion, the 729-nm laser beam direction is chosen to match

the trap axis (say the z-axis). The laser beam induces the transition between the mj = −1/2

sub-level of the S1/2 state and the mj = −3/2 sub-level of the D5/2 state. To efficiently populate

the ground state, it is essential to pre-cool the ion to its Doppler limit. Doppler cooling of a

calcium ion is carried out on the S–P transition, which is a broad linewidth transition. In this

case, the motional states are not resolved by the Doppler cooling laser beam. As discussed in

chapter 3, in order to achieve the Doppler limit, the laser needs to be red detuned from the
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transition by Γ/2, where Γ is the natural linewidth of the transition. After Doppler cooling, the

trapped ion typically achieves a mean phonon number between 20 and 120. The value of the

mean phonon number after Doppler cooling depends upon the value of the axial frequency.

The results will be divided into two parts, first at a low trapping potential and second at a

relatively higher value of the trapping potential. At a low trapping potential, due to the large

value of the L-D parameter (typically η > 0.2), the system will be considered as outside the LD

regime.

6.1.1 Sideband cooling at a low trapping potential

The experimental demonstration is carried out at a 50 V trapping potential (187 kHz axial

frequency). In our system, the ion is precooled by a pair of red-detuned 397-nm laser beams.

The beam is focussed at the trap centre to approximately to 100 µm beam waist. The estimated

laser power at the trap centre is ∼ 4 µW for each laser beam. In order to achieve efficient

Doppler cooling, the laser intensity is required to be below the saturation intensity. In low axial

frequency traps, efficient Doppler cooling also requires additional measures due to the relaxation

heating. In a low-frequency ion trap, the ion is shifted away from its trap centre due to the

radiation pressure. In practice, if the laser beam is turned off for any reason, the ion oscillates

around the trap centre with this initial offset from the trap centre leading to additional energy

of motion [91]. A similar case is observed during Doppler cooling of an ion at 50 V trapping

potential in our trap. The increase in the ion’s average kinetic energy eventually leads to a

higher temperature than otherwise achieved. In order to obtain a lower value of temperature in

our system, the 397-nm laser intensity is attenuated to less than half from its initial value.
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Figure 6.1: Doppler spectrum of a trapped calcium ion at 187 kHz trap frequency. The value of
〈n〉 is estimated to be 55 ± 3 by fitting the experimental data. Several sidebands are observed
indicating the system is outside the L-D regime.
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In order to estimate the temperature after Doppler cooling, a spectrum is recorded with the

729-nm laser beam. The trap is operated at 187 kHz axial frequency. At this frequency, 〈n〉 after

Doppler cooling is expected to be 51. To avoid relaxation heating, the 397-nm laser power is

reduced to one half of its normal operating value. Typically, the 397-nm laser powers are set to

1.7 µW at the trap centre for each beam. The 854-nm and 866-nm laser beams are operated

at normal operating powers. The measurement involves a 12 ms Doppler cooling sequence

followed by a short probe laser pulse at 729 nm. The 729-nm laser photons shelve the ion to its

metastable state (D5/2 state), depending upon the detuning from the transition. The shelving

probability is estimated by detecting the state of the ion with the 397-nm laser beams. In this

case, the ion scatters the photon only if the shelving did not place during the probe time. The

experimental sequence is repeated 400 times before the probe laser frequency is changed to

a different value and the shelving probability is estimated by comparing the dark and bright

counts during the state detection.

In practice, the pre-cooling is performed for a relativity longer duration than the required

time. In normal operating conditions, Doppler cooling is achieved in a time scale of 1 ms. In our

system, cooling is performed for 12 ms and the collected photons are used as an indicator of the

ion’s state before the interaction with the 729-nm laser photons, to avoid any false readings. In

practice, this additional measure indicates if the cooling lasers have become unlocked or if the

ion has undergone a strong collision with the residual gas. If any of these events occur during

the measurements, the state of the ion is recorded as shelved to the metastable states. This will

lead a false excitation probability. In the current system, fluorescence counts during Doppler

cooling are used to distinguish between actual shelving and false shelving due to collisions.

The spectrum of a Doppler cooled calcium ion is shown in figure 6.1. The recorded spectrum

is fitted using a “sinc function", which includes the behaviour of all sidebands weighted by a

thermal distribution function. The excited state probability for a Doppler cooled case is given as

P (e) =
∞∑
n=0

〈n〉n

(〈n〉+ 1)n+1

Ω2
n,n′

Ω2
n,n′ + (ω −∆n ωz)

2 sin2

(
1

2
τ
√

Ω2
n,n′ + (ω −∆n ωz) 2

)
, (6.1)

where 〈n〉 is the mean phonon number and ∆n (= n′ − n) is the sideband number. The fitting

of the experimental data suggests that the mean phonon number (〈n〉) after Doppler cooling

is 55 ± 3, which is reasonably close to the theoretical Doppler limit i.e. 〈n〉 = 51 at this trap

frequency.

Single-stage sideband cooling

After performing Doppler cooling, the ion is prepared for sideband cooling. The relevant laser

sequence used for sideband cooling of a single ion is shown in figure 4.21. The sideband strength

at this motional frequency is plotted as a function of phonon number and this is shown in figure

6.2. Interestingly, in this case, the Doppler cooling limit indicates that ∼ 26% of the population

lies at n ≥ 72, which is the first red sideband minimum. A spectrum after performing the single-
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stage sideband cooling of a calcium ion at 187 kHz axial frequency is shown in figure 6.3. In this

case, sideband cooling is performed through the first red sideband of the transition. The fitting

estimates that ∼ 84% of the population is in the ground state and the remaining 16% population

is trapped around the first red sideband minimum. The population trapping is also verified by

the rate equation calculation; a similar approach is discussed in chapter 5. The spectrum also

shows that the excitation probability for the first red sideband is zero but at the same time, the

second and third red sidebands are visible, which confirms that the population is trapped at the

first red sideband minimum point.
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Figure 6.2: Sideband strength as a function of phonon state number of a single calcium ion at
187 kHz axial frequency. First red sideband minimum is observed at n = 72.
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Figure 6.3: Figure showing a spectrum after 10 ms of resolved sideband cooling on the first red
sideband. The first red sideband (a) is nearly zero, however, the second and third red sidebands
(a, b) show excitation indicating some population is trapped near the first red sideband of the
transition.

Multi-stage sideband cooling

In order to efficiently prepare the ion in the motional ground state1, a multi-stage cooling se-

quence is employed. The cooling sequence is indicated in figure 6.4 a. In the previous chapter,
1Ideally, a ground state of motion is achieved when an ion is found in n = 0 for all realisations, which corresponds

to 〈n〉 = 0. In real systems realising a perfect ground state of motion is impossible, but rather the state is represented
by a small non-zero value of the mean phonon number. In this thesis, the term “ground state cooling" will be used as
a shorthand for the experimental realisations when the ion is found predominantly in the ground state of motion.
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multistage sideband cooling is discussed with the simulation results. In this case, the laser is

tuned to the 2nd, 3rd, 2nd, 3rd and finally the 1st order red sidebands of the transition and

cooling is employed for 5 ms at each sideband. A spectrum after proper ground cooling of a sin-

gle ion at 187 kHz axial frequency is shown in figure 6.4. The fitting estimates 〈n〉 = 0.03±0.01,

which corresponds to 97 % population in the ground state of motion. The results are also

verified through simulation studies and the estimated cooling limit matches with the predicted

values.
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Figure 6.4: A multistage sideband cooling sequence (top). A spectrum after multi-stage sideband
cooling of the axial motion at 187 kHz trap frequency is shown at the bottom of the figure. The
mean phonon number is estimated to be 〈n〉 = 0.03± 0.01.

6.1.2 Sideband cooling at a high trapping potential

At a high trapping potential, cooling is relatively simpler due to the fact the L-D parameter is

small. In order to demonstrate the ground state cooling, the trap potential is chosen to be 250

V, at which the axial frequency is ∼ 420 kHz in our system. The L-D parameter is calculated

to be 0.15 for a trapped calcium ion at this frequency. After Doppler cooling, only 2% of the

population is expected to lie outside the first red sideband minimum. Simulation studies at

this trap frequency showed that even single stage cooling is sufficient to cool the ion to the
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ground state. In the current demonstration of ground state cooling, a two-stage sideband cooling

sequence (1st-2nd-1st red sidebands) is employed, which ensures ground state occupation to be

∼ 99%.

A spectrum after Doppler cooling is shown in figure 6.5a at 250 V trap potential. The fitting

gives 〈n〉 = 24± 2. The estimated mean phonon number is found to be within the theoretically

calculated Doppler limit ( 〈n〉 = 22). A spectrum after performing two-stage sideband cooling

is shown in figure 6.5a. The fitting estimates 〈n〉 = 0.012 ± 0.009, confirming the simulation

studies shown in the previous chapter.
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Figure 6.5: Figure showing spectra of an ion after performing (a) Doppler cooling for 10 ms (b)
sideband cooling for 20 ms at 250 V trap potential. See text for fitted results.

6.1.3 Cooling dynamics of the axial motion

The sideband cooling rate and the minimum achievable mean phonon number both depend

on the 729-nm Rabi frequency and the 854-nm repumping rate. The theoretical description

of the transition rates for the relevant transition has been carried out in chapter 5. The Rabi
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frequency is measured by performing a Rabi flop experiment with a ground state cooled ion.

A detailed analysis of the Rabi flop experiment will be carried out in chapter 7. Typically, at

40 mW of 729-nm power at the trap centre, the Rabi frequency is measured to be 40 kHz at

the carrier transition. The sideband cooling results that will be presented in this thesis are

acquired at roughly the same value of Rabi frequency. In some cases, the laser intensity was

decreased in order to reduce the off-resonant excitation rates, which helps to obtain better

cooling. Specifically, if the sidebands are located close to the carrier transition, the off-resonant

excitation causes heating of the ion, which is avoided by reducing the laser power and thus

reducing the off-resonant rates.
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Figure 6.6: The figure shows the dip-spectrum for a ground state cooled trapped calcium ion
in our Penning trap (black data points). The cooling frequency is scanned across the first red
sideband and the ion is probed at a fixed value of probe frequency, usually tuned to the first red
sideband of the transition. In the event of ground state cooling, a dip is noted and the point
of minimum excitation is found. The blue data points are recorded after probing the ion after
Doppler cooling.

In order to efficiently cool the ion, it is important to tune the 729-nm laser to the correct

detuning value. In principle, the cooling laser is tuned to the first red sideband of the transition,

but in reality, the AC Stark effect changes the cooling frequency. In this case, the Stark effect is

caused by the repumping laser (the 854-nm laser beam). If the 854-nm laser is red detuned from

the transition, then it shifts the D5/2 level further away from its initial position and the cooling

transition is further red detuned. In our experiments, the AC Stark shift is measured by the

“dip-spectrum experiment". The method is similar to the sideband cooling experiment except

the probe pulse is set to the first red sideband of the transition and the cooling pulse frequency is

scanned across the cooling transition. The experiment requires the precise positioning of the red

sideband (unshifted) at which the probe pulse is tuned to. The ion is then sideband cooled with

the cooling pulse and the frequency of the cooling pulse is scanned across the cooling transition.

In the event of ground state cooling, the excitation strength of the first red sideband sees a dip

and the frequency of the minimum excitation is estimated. Such a spectrum is shown in figure

6.6. The experiment is carried out by acquiring two spectra alongside each other. The first

spectrum is acquired after Doppler cooling of the ion and probed at the first red sideband of the

transition. In this case, a constant level of excitation is observed, which sets a base level for the
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other spectrum. This is denoted by the blue data points in figure 6.6. The second spectrum is

acquired after 10-20 ms of sideband cooling and probed at the actual sideband position. If the

sideband cooling laser frequency is scanned across the cooling transition, the excitation strength

varies depending upon whether the ion is ground state cooled or not. In the event of perfect

ground state cooling, the first red sideband excitation goes to almost zero. Such a spectrum

is denoted by the black data points in figure 6.6. The estimated cooling frequency in this case

comes to −25 kHz from the first red sideband, indicating the value of the AC Stark shift.

The other important parameter for sideband cooling is the repumping rate (Γeff ). It deter-

mines the rate at which the metastable state is recycled to the P3/2 level. In order to efficiently

cool the ion, the ion needs to be repumped at an appropriate rate. Usually, a higher repumping

rate leads to broadening of the transition, thus causing heating due to the off-resonant excita-

tion. On the other hand, if the re-pumping rate is small, then the sideband cooling process takes

longer, which is not ideal for many experiments. In the previous chapter, I showed that a re-

pumping rate of roughly 10 kHz is suitable for our system. In order to estimate the cooling rate,

the repumping rate has been measured experimentally. A plot showing repumping of metastable

state population using the 854-nm laser beam is shown in figure 6.7.

For the current experiment, the ion is first prepared in the motional ground state and a π

pulse is applied on the carrier transition to shelve the ion in the metastable state. The 854-

nm laser is then switched on for a variable time and the excited state population is measured.

Sideband cooling is not essential for this experiment but gives better control for shelving the ion

in the metastable state. The estimated repumping rate depends upon the 854-nm detuning and

the laser intensity at the trap centre. Typically, the laser beam is used at 0.6 mW of power at

the trap centre, focused to a beam waist of roughly 100 µm. In this case, a detuned laser beam

is advisable to avoid any heating due to broadening effects, hence a few tens of MHz detuning

gives rise to roughly 13 kHz of repumping rate. In our system, prior to running the sideband

cooling sequence, the repumping rate is optimised by the above mentioned method.
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Figure 6.7: The figure shows repumping of the metastable state using 854-nm laser after op-
timising the laser detuning and the beam pointing at the ion. Fitting estimates the rate to be
13.0± 0.4 kHz.

After optimising the sideband cooling parameters, the ground state cooling of an ion at 419

kHz axial frequency is performed and the mean phonon number 〈n〉 is measured for various

sideband cooling times. The measured 〈n〉 as a function of cooling time is shown in figure

6.8. The study suggests that typically 10 ms time sideband cooling is sufficient to achieve 98%
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population in the ground state of motion. The study also suggests that longer cooling does not

increase the ground state occupation. In our system, in most experimental studies, sideband

cooling is performed for longer than the required time. The extra time is found to be helpful to

account for the laser frequency and power drifts during sideband cooling.
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Figure 6.8: The figure shows measured 〈n〉 as a function of sideband cooling time.

6.2 Demonstration of ground state cooling of radial motional modes

of a calcium ion in a Penning trap

For radial ground state cooling, the 729-nm laser beam propagates along the direction perpen-

dicular to the magnetic field axis inducing both radial modes simultaneously. In this case, the

S–D transition is also induced through the 729-nm laser light with a polarisation perpendicu-

lar to the quantisation axis. Previously, our group has examined sideband cooling of the radial

motion and demonstrated preliminary results at a low axial trapping potential. At a low axial

trapping potential, when ω− < Ω0, the magnetron sidebands are unresolved in the Doppler

spectrum. In this case, ground state cooling is found to be inefficient [98]. This study implied

that the ground state cooling of the modified cyclotron mode can be achieved by the resolved

sideband method but the magnetron motion is not cooled to the ground state. The experimental

studies showed that the magnetron motion was cooled from 〈n〉 ∼ 1000 from 〈n〉 ∼ 100 . In the

current thesis, those studies will be extended and the ground state cooling of both modes will

be demonstrated. The studies are performed at a trapping potential of 100 V. At this trapping

potential, the magnetron frequency is calculated to be 51 kHz and modified cyclotron frequency

is calculated to be 677 kHz for a calcium ion in our trap.

6.2.1 Radial Doppler spectrum

Prior to sideband cooling of the radial motion, the ion is cooled through the Doppler cooling

method. As discussed in chapter 3, Doppler cooling of the magnetron motion requires a gradi-
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ent in laser intensity. It is found that the gradient cooling is efficient only at a low axial trapping

potential and at high trapping potential (high axial frequency) the mean phonon number for the

magnetron motion increases exponentially for a given beam waist and detuning. The exponen-

tial increase in the mean phonon number as a function of the axial frequency has been shown

in figure 3.2. This is overcome by employing the axialisation field in the radial plane. In this

case, the normal Doppler cooling on the modified cyclotron cools both modes simultaneously. In

theory, no gradient cooling is required when the axialisation field is applied [123]. In practice,

the gradient cooling helps to achieve better cooling along with the axialisation field. I have also

carried out a preliminary simulation for the stochastic cooling process in the presence of the

axialisation field and results are presented in figure 3.4. The simulation studies indicate that the

simultaneous use of axialisation field and gradient cooling outperforms the gradient cooling.

Cooling is expected to bring both modes to an approximately equal amplitude of motion.

After adapting the axialisation technique as described in section 3.2, the mean phonon num-

ber for the magnetron motion is reduced. Preliminary adjustments are made by estimating the

radial spread using an EMCCD image. We noted that the EMCCD image showed a wider spread

of the ion in the radial plane if the axialisation field is not applied. After applying an axialisa-

tion field at the ring electrode at 500 mV the spread is reduced. After preliminary adjustments,

the Doppler spectrum is recorded under these conditions. The spectrum of a Doppler cooled

calcium ion in our trap is shown in figure 6.9. In this experiment, the Doppler cooling laser

is red-detuned by roughly Γ397/2. In addition to this, the axial 397-nm laser power is reduced

to 1µW for each 397-nm laser beam. This additional precaution helped in minimising the ad-

ditional heating caused by the emission of photons in the radial direction. The radial 397-nm

laser beams still operated at 6.5 µW each at the trap centre. A detailed description of Doppler

cooling of the radial motion will be given in the thesis of Pavel Hrmo. I will only present the

important results of radial cooling.

Experimental data of the Doppler spectrum is shown in figure 6.9. Several sidebands are

observed in the spectrum, which suggests that the system is far outside the L-D regime. The

peaks are found to be grouped together in a regular manner. The set of peaks at zero detun-

ing correspond to the carrier transition and its magnetron sidebands. Similarly, the modified

cyclotron sidebands and their respective magnetron peaks are observed in the spectrum. The

spectrum is fitted with the Lorentzian peak functions corresponding to each sideband and they

have been plotted as red curves. In this spectrum, the fitting of the whole spectrum is found to be

computationally expensive, hence the mean phonon numbers for each mode will be estimated

separately.

The mean phonon numbers are estimated separately, for each mode, by fitting the individual

comb. At first, the magnetron 〈n〉 is estimated by performing a least squares fit of the carrier

magnetron comb. This spectrum, along with the fitted curve, is shown in figure 6.10. The

estimated value of 〈n〉 comes to be 75 ± 7. Similarly, 〈n〉 for the modified cyclotron modes has

been estimated by fitting the relevant peaks. In this case, the intermodulation peaks are dropped

from the spectrum and the fitting is carried out of the modified cyclotron sidebands only. The
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Figure 6.9: A spectrum after performing Doppler cooling of the radial motion of a trapped
calcium ion in a Penning trap. The curve in red is used to indicate the relevant sideband transi-
tions. Each comb corresponds to a modified cyclotron sideband (labelled with relevant sideband
number) and it contains 11 magnetron sideband peaks in one comb.

fitted spectrum is shown in figure 6.11 and 〈n〉+ is measured to be 51± 5. The values are found

to agree with the simulation results discussed in section 3.2.
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Figure 6.10: Magnetron sidebands of the carrier transition of a trapped calcium ion. The fitting
is carried out in order to estimate 〈n〉 and the corresponding fitted curve is shown with the blue
curve.

6.2.2 Ground state cooling of the radial motion

The above discussion of the Doppler cooled spectrum supports the possibility of ground state

cooling of both modes using resolved sideband cooling. The L-D parameter is calculated to be

0.167, for both modes, suggesting that the system will be far outside the L-D regime for the

case when n ≥ 18. Following the theoretical discussion of sideband cooling of a single ion, it is
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Figure 6.11: The modified cyclotron peaks are shown with black data points. The blue curve is
the fit to the experimental data.

clear that a multistage cooling sequence will be essential to achieve ground state cooling of both

modes. Arguably, sideband cooling of the radial modes is similar to the two-ion chain case, hence

a similar treatment is performed for ground state cooling of both modes. The cooling sequence

is chosen such that any population trapping is avoided. The cooling sequence is illustrated in

table 6.1.

Table 6.1: Laser sequence for the radial ground state cooling without intermodulation sidebands.

Motional mode Sideband number Time AOM power
Mod-C 2nd red 5 ms 100%
Mod-C 1st red 10 ms 100%
Mag 3rd blue 5 ms 100%
Mag 2nd blue 5 ms 100%
Mag 1st blue 5 ms 50%

Mod-C 2nd red 5 ms 100%
Mod-C 1st red 5 ms 100%
Mag 3rd blue 5 ms 100%
Mag 2nd blue 5 ms 100%
Mag 1st blue 5 ms 50%

Mod-C 1st red 10 ms 100%
Mag 1st blue 2 ms 50%

Mod-C 1st red 1 ms 100%

The total duration of sideband cooling is 68 ms. This is roughly seven times longer than

the time required for the axial sideband cooling of a single ion. For the axial case, roughly 10

ms sideband cooling was sufficient to provide a 98% ground state population. In contrast to

that, in the radial cooling case, approximately five times more phonons are removed, thus 50

ms sideband cooling time is anticipated. In addition to that, we expect some heating of one

mode during sideband cooling of another, hence longer cooling is required. A similar situation

is expected for a two-ion chain as discussed in the previous chapter. The cooling sequence was

partially anticipated from simulation studies of a two-ion chain and partially inferred on trial

and error basis.
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(a) (b) (c)

Figure 6.12: Contour plots of sideband strength for the radial motional modes, (a) 1-3 blue
sidebands of magnetron mode, (b) 1-2 sidebands of breathing mode and (c) 1st blue magnetron
of the 1st red modified cyclotron.

The strengths of the required sidebands are shown in figure 6.12. The contour plot in (a)

shows the combined strength of the first, second and third blue sidebands of the magnetron

mode. If cooling is performed with these sidebands, any population trapping at the sideband

minima of the magnetron modes will be avoided. It is of utmost importance to note that side-

band cooling of the magnetron mode requires the laser to be tuned to the blue sideband instead

of the red sideband of the transition. A contour plot for the modified cyclotron mode is shown

in figure (b), which shows the combined strength of the first and second red sidebands. In this

case, cooling is realised with the first and second order sidebands only.

Additionally, population trapping is expected at the carrier minima of both sidebands, which

is expected in the dark region obtained by combining the contour plots (a) and (b), i.e. n+ =

n− = 50. The population trapping around those points can be avoided by performing cooling

on the intermodulation sidebands as shown in contour plot (c). The plot shows the first blue

magnetron sideband of the first red modified cyclotron sideband. The contour plot has sideband

minima at different places than the first two, resulting in no population trapping during sideband

cooling.
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Figure 6.13: A spectrum after sideband cooling of the radial motional modes demonstrates the
ground state cooling of the radial motional modes.
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A sideband cooled spectrum after performing multi-stage cooling of the radial motion is

shown in figure 6.13. Sideband cooling is tested with and without the intermodulation cooling

pulses and it has been found to make no difference. We anticipate that in practice the population

trapped in the carrier minima points is cooled through off-resonant excitation. Independently,

a rate equation model is used to verify the cooling process and it is observed that cooling is

achieved even without the intermodulation sidebands. The spectrum shown in figure 6.13 is

clearly less complicated than the Doppler spectrum. For the modified cyclotron mode (the far

distant sidebands from the carrier) the blue sideband is found to be stronger than the red side-

band which signifies ground state cooling of this mode. However, for the magnetron mode,

near to the carrier transition, the red sideband is found to be stronger than the blue sideband.

This counter-intuitive asymmetry between magnetron sidebands demonstrates that ground state

cooling of the magnetron motion has been achieved in combination with the ground state cool-

ing of the modified cyclotron mode. The fitting suggests that the 〈n〉 is < 0.6 for the magnetron

mode and < 0.4 for the modified cyclotron mode. The estimation of the exact value was difficult

due to a poor least squares fitting of the spectrum.
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Figure 6.14: A windowed spectrum after scanning over the first order modified cyclotron modes.
The blue line shows a fit to the experimental data.

Figure 6.14 a windowed spectrum after performing multistage cooling after with the same

cooling sequence described above. The least squares fit is shown in blue. The mean phonon

number is estimated to be 1.2±0.4 for the magnetron mode and 0.14±0.05 for the modified

cyclotron mode. The estimated values indicate ground state cooling of modified cyclotron mode.

6.2.3 Effect of the axialisation field

The above demonstration of sideband cooling would not have worked without the axialisation

field, which enormously reduced the radial temperature. However, the axialisation field itself

causes issues during sideband cooling and probing of the ion. In order to avoid this, the axial-

isation field was kept on during Doppler cooling and it is turned off for rest of the duration. A

spectrum after sideband cooling of the radial motion is shown in figure 6.15. In this case, the
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axialisation field was kept on for all the time. Asymmetric red and blue peaks of the cyclotron

mode verify near ground state cooling of the mode, however, some artefacts are observed around

±730 kHz. These peaks correspond to the driven motion due to the axialisation field. In order

to avoid the driven motion, all the radial spectroscopy results were performed without using

the axialisation field during the probe and sideband cooling time. The switching of the field is

carried out by an RF switch which was controlled by the experimental FPGA control system.
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Figure 6.15: The figure shows the spectrum of a sideband cooled ion after keeping the axiali-
sation field on during the sideband cooling and probe durations. The axialisation peaks at 730
kHz detuning are observed on both sides of the carrier transition indicating driven motion due
to the axialisation field.

6.3 Sideband cooling of a two-ion Coulomb crystal

After performing ground state cooling of the axial motion of a single ion in a Penning trap, we

have extended these studies for multiple trapped ions. The ground state cooling of multiple

trapped ions is complicated than the single-ion case. The obvious complication arises due to the

presence of multiple motional modes.

In a Penning trap, the two ions may align themselves in two different orientations with

respect to the magnetic field axis. In the first situation, where the axial trapping force is weaker

than the force in the radial plane, the ions align themselves in a chain configuration. The

force in the axial direction in a Penning trap is provided by a DC potential, giving rise to the

harmonic motion at ωz. The relative strengths of the axial frequency and the effective radial

frequency (ωrad) are used to control the structure. In the second situation when ωz > ωrad the

ions align themselves in a planar arrangement. A planar crystal in the radial plane rotates about

the magnetic field axis at a rotation frequency (ωr), which is governed by the trap parameters

and Doppler cooling laser parameters. A detailed discussion of two-ion Coulomb crystal can be

found in chapters 2 and 5. For illustration purposes, the crystal images at two different trapping

conditions are shown in figure 6.16. The relevant axial modes are also indicated in the figure.
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Figure 6.16: Two-ion Coulomb crystal images captured from an EMCCD camera located in the
radial plane in our apparatus. On the left side a two ion chain at a low trap voltage (Udc = 50V )
showing two individual ions and on the right side a planar crystal at a high voltage (Udc = 170V )
showing a blurred disc of two ions rotating in the radial plane. The COM and the breathing/tilt
motional modes are indicated for both crystal orientations.

6.3.1 Sideband cooling of a two-ion chain in a Penning trap

Sideband cooling of a two-ion chain is performed at Udc = 50 V. In order to analyse the cooling

performance, a spectrum is recorded after Doppler cooling of the crystal. Doppler cooling is

performed for 23 ms. The longer cooling time was required to match the trigger and read-

out times of the FPGA sequence. After Doppler cooling, the ion was probed with the 729-nm

laser beam for 40 µs. The acquired spectrum is shown in figure 6.17. The laser sequence for

spectroscopy of a two-ion chain is same to the single-ion case. An EMCCD camera was used

to collect the scattered photons from the ions instead of the PMT, which allowed us to detect

the individual ions. In order to automate the state detection with an Andor EMCCD camera, a

C# based control was devised separately and the code is merged with the previous spectroscopy

controller software.

The fitting of a two-ion Doppler spectrum was computationally expensive. The rough value

of the crystal temperature was estimated from the overall width of the spectrum and it was

found to be 1.5 times higher than the Doppler limit of a calcium ion. The mean phonon num-

bers corresponding to the COM and breathing modes are further estimated by simulating the

spectrum and superimposing it with the experimental data. By minimizing the least squares

difference between simulated and experimental data, the values of the mean phonon numbers

are extracted to be 81 and 51 for the COM and breathing mode, respectively.

Resolved sideband cooling is performed on the crystal after optimising the pre-cooling tem-

perature. The cooling scheme required a multi-stage cooling sequence that is examined through

simulations and any population trapping is prevented. The sequence is shown in table 6.2 and

it slightly differs from the one discussed in chapter 5. The scheme discussed in the simulation

chapter is an optimised cooling sequence which ensures the highest occupancy with the shortest

cooling time. However, the experimental run was based on a brute-force method of achieving

highest occupancy in the ground state without bothering about the time taken to achieve it. The

final sequence that is used for the demonstration of sideband cooling of two-ion chain comprises
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Figure 6.17: Spectrum of a two-ion Coulomb crystal in a chain configuration after 23 ms of
Doppler cooling. The estimated mean phonon numbers 〈n〉com = 87 and 〈n〉b = 51 correspond-
ing to COM mode and breathing modes respectively.

the red sidebands of 1st COM, 1st B, 2nd COM, 2nd B, 3rd COM and an intermodulation sideband.
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Figure 6.18: A spectrum of a two-ion chain after performing the multi-stage resolved sideband
cooling for 36.4 ms. The curve in blue is the least squares fit of the experimental data.

After employing the aforementioned cooling sequence, a spectrum of two-ion Coulomb crys-

tal is shown in figure 6.18. The spectrum clearly indicates the blue sidebands for the COM mode

(at 187 kHz) and the breathing mode (at 281 kHz). However, on the red side of the transi-

tion, both sidebands disappear, verifying the ground state cooling of both modes. The fitting is

carried out using a numerical model derived by solving the Schrödinger equation through nu-

merical methods. The estimated mean phonon numbers from the fitting are 〈n〉com = 0.18±0.04

and 〈n〉b = 0.06 ± 0.03 for the COM and breathing modes, respectively. In this case, a simple

calculation of 〈n〉 from the ratio of the red and blue sidebands height will underestimate the
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Table 6.2: Sideband cooling sequence for a two-ion chain.

Sideband number Time (µs)

2nd COM 500
2nd Breathing 500
3rd COM 300
1st Breathing 200
2nd COM 1st Breathing 500


×15

1st Breathing 200
2nd COM 500
1st COM 500
2nd COM 1st Breathing 500

 ×2

2nd COM 1st Breathing 500
1st COM 2000
1st Breathing 500

 ×1

value due to the entanglement effect thus the numerical fitting model was necessary.

6.3.2 Sideband cooling of a two-ion planar crystal

Sideband cooling was also demonstrated in a planar configuration for two ions in a Penning

trap. The Doppler spectroscopy is performed in the same manner as previous cases. A spectrum

after performing Doppler cooling for 10 ms is shown in figure 6.19. After Doppler cooling of

the crystal in unresolved mode case, the ions were interrogated with the 729-nm laser beam

for 22 µs. The spectrum looks less cluttered than a two-ion chain situation. The trapping

is performed at 180 V trapping potential, which yields the axial frequency ωz = 355kHz. In

a planar configuration, two motional modes along the axial direction are expected, namely

the COM mode and tilt mode. The frequency of the tilt mode can be varied by changing the

rotation frequency of the crystal. In figure 6.19, the sidebands are spaced at the COM frequency,

suggesting the modes are unresolved. The theory of planar crystal suggests that the tilt mode

and the COM modes have the same frequency if the crystal rotation frequency is equal to the

magnetron or modified cyclotron frequency.

In principle, the tilt mode can be resolved by changing the rotation frequency of the crys-

tal, which is varied by the 397-nm laser parameters. The crystal rotation frequency is severely

affected by the laser detuning and intensity fluctuations. In our experimental apparatus, the

Doppler cooling laser is stabilised to 1 MHz linewidth. Also, various ambient conditions affect

the beam pointing at the ions, hence the rotation frequency is not found to be constant through-

out the duration of the spectroscopy and sideband cooling demonstrations. The system is found

to be more stable if it is operated at a higher axialisation potential (typically 2 to 4 V) and the

Doppler cooling laser beam is further red detuned from the transition, which in turn reduces the

spacing between tilt mode and COM mode sidebands.

In current experimental demonstration, two PMT’s were used to detect the fluorescence of
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Figure 6.19: A Doppler spectrum of a two-ion planar crystal at 180 V trapping potential. The
peaks correspond to both ions in the excited state. Each peak contains a COM and a breathing
sideband transition.

the ions. The crystal rotates along the magnetic field direction thus individual ion detection was

not possible using the EMCCD. The same can be anticipated from figure 6.16, where the two

ions in planar configuration show a blurred image due to the rotation of the crystal. In this

case, the PMT data are analysed for excitation of both ions. The count histogram of the PMT

indicates three distinct peaks. The PMT counts for this case are shown in figure 6.20, where

each bin corresponds to the counts during 12 ms of readout time. If both ions are shelved in

the metastable state, only background counts are detected. The threshold method was used

to distinguish the peaks and the excitation probability is estimated for both ions in the excited

state. The Doppler spectrum in unresolved motional modes case is difficult to fit. An upper limit

of 〈n〉 < 30 is estimated by superimposing a Gaussian envelope on the experimental data.
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Figure 6.20: A histogram of the PMT data used for the state detection of two ions. The counts
in the left side of threshold-1 correspond to both ions in the metastable states and the counts
between threshold-1 and threshold-2 correspond to one of the two ions metastable state.
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After performing Doppler cooling of the crystal, resolved sideband cooling is employed on the

system. The study is performed at Udc = 180 V, hence a smaller L-D parameter is expected than

that of a two-ion chain. In this case, cooling does not require us to consider the higher order

sidebands into the cooling sequence. Just to avoid any issues, cooling was performed with a 2nd

red sideband cooling pulse along with the 1st red sideband. Cooling was performed for 25 ms at

the COM sidebands only and the other mode was off-resonantly cooled. The cooling dynamics

was also verified through the simulation studies as discussed in section 5.3.4. A spectrum after

sideband cooling is shown in figure 6.21. The fitting estimated that 〈n〉 < 0.2 for both motional

modes. In this figure, the peaks on the left and right side of the carrier transition are artefacts

and observed due to the rotation of the crystal. It is anticipated that the peaks are observed

due to non-uniform beam pointing and non-zero beam angle from the trap axis. The peaks

as such do not limit the coherent control. On the other hand, these peaks provide additional

information to estimate the tilt mode frequency. The relation between of tilt mode and rotation

mode frequencies can be seen in equation 2.35.

For the current experiment, the rotation frequency of the crystal is measured to be 111 kHz

and at which the tilt mode frequency comes to be ωtilt ∼ 348 kHz. Additionally, the rotation

frequency is estimated through crystal size measured using an EMCCD image. The measurement

is described in appendix D. The rotation frequencies at various trapping voltages have been

measured and the values are shown in figure 6.22. For comparison, the magnetron frequency

is also calculated and the rotation frequency is found to be roughly 10 kHz higher than the

magnetron frequency.
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Figure 6.21: A spectrum of a two-ion planar crystal after performing resolved sideband cooling
for 25 ms. The tilt mode and COM mode sidebands are found to be overlapping. The peaks at
±110 kHz are artefacts due to the rotation of the crystal about the magnetic field axis.

Furthermore, results are also shown for a resolved sideband case. The experiment was per-

formed at the same trapping and laser cooling conditions as before. In order to resolve the

motional modes in the spectrum, the spectroscopy probe intensity is reduced to a few mW at

the trap. The laser interaction time is adjusted in order to obtain a near π pulse for the blue
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Figure 6.22: Measured rotation frequency of a two-ion planar crystal in a Penning trap at differ-
ent values of the trap voltages (in blue). For comparison, the magnetron frequency of a single
ion is calculated at 1.86 T magnetic field and the rotation frequency is found to be approximately
10 kHz higher than the magnetron frequency.

sidebands for both modes. The spectrum is shown in figure 6.23. The spectrum clearly reveals

two distinct peaks. The mean phonon number for both sidebands is estimated to be < 0.2 by

fitting the experimental data.
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Figure 6.23: Spectrum of sideband cooled two-ion planar crystal at 180 V trapping voltage. The
tilt mode and COM mode peaks are resolved in this case and a fitting of the experimental data
is carried out (curve in blue) measuring 〈n〉 < 0.2.

6.4 Sideband cooling of a multi-ion Coulomb crystal

After demonstrating sideband cooling of two ions, we extend the studies for multiple ions. In a

Penning trap, planar crystals are of main interest due to their use in quantum simulations. Planar

crystals are observed if the radial confining force is weaker than the axial confining force. In

general, the structure can be changed from a linear chain to a planar configuration by changing

the trapping potential. Such a structural change is demonstrated in figure 6.24 for hundreds of
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ions. In the current studies I show the experimental demonstration with only a small number

of ions in a planar configuration. The motional modes and their frequencies of a planar crystal

along the axial direction can be solved by numerical methods [75]. The detailed discussion

of motional frequencies and more results of sideband cooling of a crystal can be found in an

upcoming thesis of Vincent Jarlaud.

(
(a)

(b)
(c)

(d) (e)

Figure 6.24: Structural change in ion Coulomb crystals from (a) to (e) in increasing order of
trapping potential in a Penning trap.

6.4.1 Ground state cooling of a three-ion Coulomb crystal

A three-ion planar crystal in a Penning trap forms an equilateral triangle geometry where all

three ions reside at an equal distance from the trap centre. A top-down and side-on schematic

view of a three-ion Coulomb crystal is shown in figure 6.25. The current experimental arrange-

ment does not allow us to image the crystal through top-down imaging and images can be only

taken from side-ways, thus a blurred image is expected.

The motional modes of the three-ion Coulomb crystal are expressed in terms of three normal

modes of motion. The expected modes are illustrated in figure 6.26. In this case, one COM

and two degenerate tilt modes are expected. In this case also, the COM frequency is same as a

single-ion axial mode frequency and the tilt motional mode frequency depends upon the rotation

frequency of the crystal.

A spectrum after sideband cooling of a three-ion Coulomb crystal is shown in figure 6.27.

The spectrum is constructed for overall photon counts of 400 repeats. Each repeat contains

the photon counts taken over 12 ms duration. In this case, the experimental system does not

provide sufficient contrast between individual peaks in the histogram count data, as observed

for a single-ion and two-ion cases, thus the excitation probability of an individual ion cannot be
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Figure 6.25: Schematic of a three-ion planar Coulomb crystal in a Penning trap: (a) top view
where crystal is rotating in clockwise direction under the influence of rotating forces due to laser
beam and magnetic field, (b) side-on view where due to the rotation of the crystal the image
will be blurred.

(a)

(b) (c)

Figure 6.26: Axial motional modes of a three-ion planar Coulomb crystal, (a) COM mode and
(b), (c) two orthogonal tilt motional modes.

measured. The experiment was performed at 210 V trapping potential, which gives the COM

frequency to be 379 kHz. A large asymmetry between the blue and the red sideband of motion

verifies the ground state cooling of both modes. In the spectrum, various other sidebands are

visible, which are seen due to the radial artefacts. The peaks have been identified and they have

been labelled accordingly in the figure.

For this particular set of experiments, sideband cooling is performed on first, second and first

red sidebands of the COM mode for a total 30 ms (10 ms for each sideband). The other motional

mode is cooled off-resonantly and the ground state cooling is achieved for both modes. In order

to stabilise the crystal structure, an axialisation potential is applied between the segments of

the ring electrode at 4 V of amplitude. In order to estimate the mean phonon number, each

axial sideband peak is fitted using a Lorentzian peak model and the peak height is measured.

The mean phonon number is roughly estimated by comparing the heights of the red and blue

sidebands of the transition. For the current spectrum, the mean phonon number for the COM

mode and tilt mode are estimated to be 〈n〉 ≤ 0.1 and 〈n〉 ≤ 0.5, respectively.
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Figure 6.27: The figure shows a spectrum of a three-ion planar crystal in a Penning trap after
performing ground state cooling for 30 ms. The important peaks in inverted plot of photon
counts are labelled in the figure for illustration purpose.
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Figure 6.28: A crystal structure of a five-ion planar Coulomb crystal in a Penning trap. For our
system the structure is experimentally realised at 210 V axial potential and the corresponding
COM frequency is calculated to be 384 kHz.

6.4.2 Sideband cooling of a five-ion Coulomb crystal

Sideband cooling of axial motional modes of a five-ion crystal is demonstrated at 210 V axial

potential. A spectrum after performing resolved sideband cooling for 20 ms is shown in figure

6.29. The corresponding crystal structure is shown in figure 6.28. The asymmetry between the

red and the blue sideband in the spectrum confirms the near ground state cooling of all five

axial modes. In this case, we do not have a direct model to fit the sidebands hence it is difficult

to estimate the mean phonon numbers. All five modes are expected to be closely spaced to the

COM sidebands, as indicated with dotted lines. The spectrum includes the red, carrier and blue

sidebands of the transitions. The radial artefacts are not shown in the spectrum for clarity.
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Figure 6.29: A spectrum after two-stage sideband cooling (2nd and 1st red) of a five-ion
Coulomb crystal in a Penning trap. All the axial modes are found to be within the comb of
the first blue sideband. The motional modes are cooled off-resonantly while performing reso-
nant cooling on the COM mode. The COM sidebands are marked with the red and blue dotted
lines in spectrum (a) and (c) and the carrier peak is shown in spectrum (b).
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Figure 6.30: A ten-ion planar Coulomb crystal in our Penning trap (a) viewed along the trap
axis (b) in the radial plane. The image is blurred due to the rotation of the crystal about the
magnetic field axis.

6.4.3 Sideband cooling of a ten-ion Coulomb crystal

Sideband cooling of a ten-ion Coulomb crystal is demonstrated at 210 V axial trapping voltage

and a spectrum is shown in figure 6.31. The red, blue and carrier sidebands have been labelled.

Sideband cooling is performed for total of 31 ms after cooling on various first and second order

red sidebands, resonantly and off-resonantly. A large asymmetry indicates the ground state

cooling for all axial motional modes which have been found grouped close to the first red and

the first blue COM motional sidebands. The remaining peaks observed are due to the rotation

of the crystal. A crystal structure and the EMCCD image are shown in figure 6.30.
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Figure 6.31: A spectrum after ground state cooling of a ten-ion planar Coulomb crystal in a
Penning trap. The two-stage sideband cooling sequence is used for 31 ms and the asymmetry
between the red and blue sideband signifies the ground state cooling.

6.5 Sideband heating: preparing an ion outside the L-D regime

In this section, I will present the results of sideband heating of a single ion. These studies will

be used to demonstrate the coherent control of a system far outside the L-D regime. In chapter

5, we discussed the case of sideband heating of an ion after tuning the 729-nm laser to a blue

sideband of the transition. In order to verify those studies, an experimental demonstration is

carried out with a ground state cooled trapped calcium ion in our apparatus at 419 kHz axial

frequency. The sideband heating is performed on the first blue axial sideband. After following

the discussion from the previous chapter, the process is expected to prepare the ion near the

first sideband minimum point, which is indicated in figure 6.32a. At this frequency, the first

blue sideband minimum point is obtained at n = 163, which gives
√

(2n+ 1)η ∼ 25. For this

situation, the system will be prepared far outside the L-D regime.

The experiment is demonstrated by performing 20 ms of sideband cooling followed by 10

ms of sideband heating of the axial motion. The spectrum is shown in figure 6.33a. In this

spectrum, the first red and first blue sidebands are weak in comparison to the other sidebands.

The spectrum is fitted to a non-thermal type of distribution and the mean phonon number is

estimated to be 〈n〉 = 145±2 with a spread of ∆n = 17. The fitting model is given in appendix

E. The estimated mean phonon number is lower than the actual blue sideband minima point

(n = 163), which is anticipated due to shorter sideband heating duration. Longer heating is

expected to move the population to a higher value of the mean phonon number but at the cost

of a larger spread of the population, which is not useful for us. The same can be inferred from

the simulation studies shown in figure 5.19.

Similarly, we perform the sideband heating of an ion through a second order sideband and

prepare the ion at the phonon state where the second order sideband is minimum. The second

blue and the second red sideband strength as function of phonon number at 419 kHz axial
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Figure 6.32: Calculated plots of sideband strengths (a) 1st red and 1st blue sidebands (b) 2nd

red and 2nd blue sidebands at 419 kHz trapping frequency.

frequency can be seen in figure 6.32b. In this case, the sideband minimum is expected at

n = 294. Experimentally, the sideband heating is performed in two steps. In the first step, the

ion is prepared at the first blue sideband minimum point using the first blue sideband transition

for 10 ms of sideband heating. The second step prepares the ion in the second blue sideband

minimum point after 10 ms of sideband heating. The spectrum acquired after two-stage heating

is shown in figure 6.33b. The experimental data points are fitted with a model assuming a

Gaussian probability distribution function in phonon space. The spectrum is found to be fitting

well to the distribution functions and the fitting gives 〈n〉 = 288±2, with a spread around the

mean point ∆n = 14. The spectrum also shows that the second blue and second red sideband

are weaker than other sidebands.

The above studies are of particular interest for coherent control with a higher order sideband.

So far, coherent control has been demonstrated within the L-D regime, where the higher-order

sidebands are not observed or are weakly observed. The higher order sidebands are evident

if the system is prepared outside the L-D regime. Our studies indicate that coherent control

can be realised even with the 6th order sideband. In order to verify it, we perform a Rabi flop

experiment on the 4th red sideband of the transition after preparing the ion at 〈n〉 = 288. The

Rabi flops of the 4th red sideband are shown in figure 6.34, indicating a clear of sinusoidal

pattern. The experimental demonstration is equivalent to a laser ion interaction of a two-level

system, where the two levels are realised with |g, n〉 and |e, n− 4〉. Also from the previous

studies, it is clear that the sideband heating does not prepare the ion in a definite phonon state,

rather a Gaussian distribution around a mean phonon state is achieved. The occurrence of a

sinusoidal pattern is expected due to the fact that the strength of the fourth order sideband

is roughly constant around the second blue sideband minimum point. Further discussion of

coherent control will be carried out in chapter 7.
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Figure 6.33: Spectrum after sideband heating (a) 1st stage sideband heating (b) 2nd stage side-
band heating of a trapped calcium ion.
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Figure 6.34: Rabi oscillations of the 4th red sideband of transition after preparing the ion at 〈n〉
= 288. The transition strength of the carrier, first red and the fourth red sideband is shown on
the right side.

6.6 Adiabatic ground state cooling of a trapped ion in a Penning

trap

Previously, sideband cooling outside the L-D regime has been demonstrated using a multi-stage

cooling sequence. In an extension to that, I present the results of ground state cooling of an

ion by the means of adiabatic cooling. In this demonstration, the ion is first ground-state cooled

at a relatively high motional frequency and then the trap potential is reduced adiabatically,
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maintaining the ground state occupancy. At a higher trapping frequency, typically a single stage

cooling sequence is sufficient.

In order to carry out the experiment, a DC switch is installed in the system and controlled

using a TTL pulse generated by the experimental control system. The schematic of the switch

control is shown in figure 6.35. The switching of the trap supply must be slow enough to

maintain the ground state population. Previous studies of adiabatic cooling suggest that in

order to maintain the ground state population the trap frequency must be changed at ν̇z � 2πν2
z

[67, 124], where νz is the trap frequency and ν̇z is the rate of change of trap frequency. The

time constant of the circuit in our system is measured to be 7 µs (see figure 6.36). The value

of the time constant implies that the adiabatic nature is maintained if the motional frequency is

changed from 420 kHz to 180 kHz. In order to achieve cooling for even lower axial frequency,

an additional 10 nF capacitor is installed in the circuit and the time constant is increased to 45

µs, for which the adiabatic nature is maintained down to 60 kHz trap frequency.
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Figure 6.35: Schematic of the electrical circuit used to demonstrate the adiabatic cooling in our
trapping system. The MOSFET is enabled by a 5 V TTL pulse controlling the potential division
at a 100 kΩ POT.
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Figure 6.36: Measurement of time constant of the electrical circuit used to decrease the trapping
voltage adiabatically, (black data points) with additional 10 nF capacitor and (blue data points)
no additional capacitor in the circuit. The measured time constant is 45 µs and 7 µs with and
without a capacitor in the circuit.

In this process, we observed that if the trap potential is changed in an adiabatic manner, the

147



ground state population is maintained. Spectroscopy of the ion is performed to verify this. A

spectrum before and after the adiabatic cooling is shown in figure 6.37. Sideband cooling is

performed at 419 kHz axial frequency. The mean phonon numbers from fits to the spectra are

found to be 0.01± 0.01 and 0.03± 0.02 at 419 kHz and 195 kHz, respectively. In the spectrum,

the apparent change in the height of the blue sidebands is attributed to the difference in the L-D

parameter for both cases, which depends on the trap frequency. In the current demonstration,

the probe time is chosen to be same at both trap frequencies.
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Figure 6.37: The first red and first blue sidebands of a trapped calcium ion (a) before and (b)
after decreasing the trap potential from 250 V to 50.4 V. Sideband cooling is performed at 250
V and the asymmetry of the red and blue sidebands is maintained after changing the voltage to
50.4 V.

Furthermore, the experimental studies are verified at various values of the trap voltages. Like

the previous study, sideband cooling is performed at 419 kHz and eventually the trap is relaxed

to achieve cooling at lower trap frequencies. The demonstration is carried out between 66 kHz

and 377 kHz trap frequencies and the estimated mean phonon values are shown in figure 6.38.

The experimental results are compared with the simulated cooling limit as shown in figure 5.14.

The simulated cooling limit is calculated by a rate equation model, which considers a multi-stage

cooling sequence. The experimental results show the adiabatic cooling process achieves a mean

phonon number lower than that from the multistage cooling methods at the same trap frequency.

Furthermore, the experimental sequence for the adiabatic cooling is much simpler than what

would be required for a multi-stage cooling method. Sideband cooling through adiabatic means

is found to be more efficient and will have great use when a large L-D parameter is required.

The technique is used in chapter 7 to demonstrate coherent control at a low trap potential.

At lower values of the axial frequencies, the mean phonon number is found be slightly higher

than before changing the trap frequency. This is expected due to a small DC offset at the trap

centre caused by patch potentials in the trap electrodes. Any patch potential is expected to move

the ion position while lowering the trapping force. For illustration purpose, a curve at 1/ν2
z is
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Figure 6.38: Measured mean phonon number at different axial frequencies of a trapped calcium
ion in a Penning trap after employing the adiabatic cooling, The ion is cooled at 419 kHz and
the trap frequency is decreased down to 66 kHz and the ground state cooling is maintained.

plotted along with the experimental data in figure 6.38. We anticipate that the ion may also be

heated the frequency dependent residual noise.

6.7 Summary

In this chapter, I have presented the experimental results for resolved sideband cooling of ions in

a Penning trap. Sideband cooling has been demonstrated for the axial motion for up to ten ions

in a Penning trap. The ground state occupation has been achieved up to 98% for a single-ion

case. The studies have been extended to the radial motional modes and the ground state cooling

of the magnetron and the modified cyclotron motion has been accomplished. Additionally, a

single ion is prepared in a high phonon state, typically n = 290, through resolved sideband

heating of the axial motion. In order to avoid a complicated cooling sequence, ground state

cooling has been demonstrated using the adiabatic cooling method, where cooling is performed

at a high value of the trapping potential and the trap potential is reduced adiabatically in order

to maintain ground state cooling at a low axial frequency. These studies will be further used to

demonstrate coherent control with trapped ions in the following chapter.
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Chapter 7

Coherent control using trapped atomic
ions

In this chapter, I will present the experimental results of quantum coherent control using trapped

calcium ions in our Penning trap. In the first section, I will present experimental results of optical

coherence after preparing a single ion in the ground state of motion. Coherent control with

multiple ions will be presented in a later section of the chapter. Comparative studies of optical

coherence time with Rabi oscillations and Ramsey interference measurements will be shown

for a ground state cooled ion. In a subsequent section, I will show the improvement of optical

coherence time with a dynamical decoupling scheme. In the last section of the chapter, I will

present the experimental results of coherent manipulation between different motional states of

a trapped ion using the 729-nm transition.

7.1 Quantum coherence in a two-level trapped atomic ion

A theory of quantum coherence in two-level atoms has been briefly discussed in chapter 2. A

detailed discussion of quantum coherence in trapped ions can be seen in references [79, 125].

The optical coherence time, or more precisely the measured linewidth of the atomic transition,

is a prerequisite for the stability of current atomic clocks [126] and high fidelity quantum gates

[22, 63]. In principle, atomic coherence times can be up to several minutes but experimental

decoherence effects, such as magnetic field noise or linewidth of the laser system, limit the

coherence time of the qubit to a few µs to ms.

7.1.1 Demonstration of Rabi oscillations with a trapped calcium ion in a Penning
trap

A two-level atomic system shows periodic oscillations of the population between the ground and

excited states when interrogated with an oscillatory radiation field. Generally, these oscillations
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fade away due to the dephasing effects in the system. In trapped ions, the main cause of de-

phasing occurs due to the occupation of the ions in different motional states. For a single ion,

the dephasing is observed due to its interaction with a thermal bath, which occurs mainly due

to the interaction between an ion and a Doppler cooling laser beam.

The experimental realisation involves trapping and laser cooling of a calcium ion followed by

probing the ion with the 729-nm laser radiation. In the Doppler cooling case, the ion is prepared

in the S1/2,−1/2 electronic state and the 729-nm laser is tuned to the carrier of the S1/2 ↔ D5/2

transition. After interrogation with the laser radiation for a few µs, the state of the ion is

detected and the individual data point is constructed. The experimental sequence is indicated in

figure 7.1. Each experimental data point contains 400 repeats of such an experimental sequence.

In the sideband cooling case, the ion is prepared in the ground state of motion after Doppler

cooling.
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Figure 7.1: A schematic of the laser sequence used in the Rabi oscillation experiment with a
ground state cooled ion. In the Doppler cooling case the “sideband cooling" and “state prep-2"
is eliminated from the sequence.

Experimentally, after Doppler cooling, a trapped ion is found in different motional states at

each repeat of the experiment. The statistical mixture of different phonon states after Doppler

cooling leads to an incoherent sum of Rabi frequencies, hence the oscillations fade away as a

function of laser-ion interaction time. A Rabi spectrum for a trapped calcium ion after Doppler

cooling is shown in figure 7.2. In this case, the laser is tuned to the carrier of the S1/2 ↔D5/2

transition. The laser beam is aligned along the axial direction. An expression for the excited

state probability as a function of laser interaction time is shown in equation 2.88. The fitting of

the experimental data is carried out with the model derived from equation 2.88 and the mean

phonon number (〈n〉) is estimated to be 25± 1. The estimated Rabi frequency of the transition

is estimated to be 19± 0.1 kHz from the fit.

Trapped ion systems, provide a near pure quantum state if the ions are cooled to their ground

state of vibration. A Rabi plot after ground state cooling of a trapped calcium ion in a Penning

trap is shown in figure 7.3. Note that the oscillations are distinctively visible indicating a good
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Figure 7.2: Rabi oscillations after Doppler cooling of a single ion in a Penning trap at 419 kHz
axial motional frequency and 〈n〉 = 25.

level of quantum coherence in the system. In a ground state cooled trapped ion system, the

level of quantum coherence diminishes with time due to the experimental decoherence such as

magnetic field noise, laser frequency noise, and laser intensity noise.
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Figure 7.3: Rabi flops signifying the quantum coherence in a trapped ion system after performing
ground state cooling. The coherence time is observed to be 1.4 ±0.2 ms. The ion is trapped and
Doppler cooled at 419 kHz axial frequency and the resolved sideband cooling is performed for
10 ms to prepare in the ground state of motion.

7.1.2 Decay of the visibility

In a pure quantum system, the evolution of a two-level system with resonant electromagnetic

drive indicates sinusoidal population transfer between the two levels, illustrating the ability to

perform coherent control with the quantum system. In reality, the visibility of the sinusoidal

patterns diminishes with time. Often the decay is caused by ambient perturbations. The loss

of optical coherence is shown in figure 7.4 for a trapped calcium ion in a Penning trap. In this

experiment, an ion is interrogated with a resonant drive tuned to the carrier transition after

performing ground state cooling.

After comparing the sinusoidal patterns in figure 7.3 and 7.4, a higher decay rate is seen
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Figure 7.4: Figure showing diminished Rabi flops as a function of laser interaction time. The
diminished flops indicate decoherence in the system.

for the second plot. However, both experiments were performed with a single ion and at the

same axial frequency. The ion was prepared in the vibrational ground state with approximately

the same mean phonon number for both experiments. Quantitatively, in the second plot, we

observe a higher number of flops after interrogating for 800 µs than the first one. The qualitative

comparison of both plots indicates that the decoherence rate depends upon the value of the Rabi

frequency, which depends upon the absolute laser intensity. In order to support the observation,

the Rabi flops were acquired at much lower Rabi frequency and the results are presented in

figure 7.5. The estimated coherence time (the time after which the visibility goes to 1/e from

its value at t = 0) comes to be 3200 µs. On the other hand, when a higher value of the

Rabi frequency is chosen (in figure 7.4), the coherence time is measured to be 750 µs. The

enhancement can be understood if the Rabi frequency noise, due to the laser intensity noise, is

assumed to be in proportion to the actual value of the Rabi frequency.
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Figure 7.5: Rabi flops after ground state cooling of the axial motion of a single ion at 419 kHz
axial frequency. The Rabi frequency is significantly reduced and the optical coherence time is
enhanced to 3200 µs.

In the Doppler cooled case, as shown in figure 7.2, the decay of the flops visibility with time

is attributed to the thermal dephasing phenomena. A similar thermal dephasing or rather an

irregular pattern is observed due to improper ground state cooling. The relevant experimental

result is shown in figure 7.6. In this special case, the irregular patterns are observed due to pop-

ulation trapping during sideband cooling. In chapter 6, the experimental studies of population
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trapping have been shown, where single-stage cooling has indicated the inability to bring all the

population to the ground state of motion. Here, the experimental data was taken at 187 kHz

axial frequency and resolved sideband cooling/probing is carried out along the axial direction.

In this case, approximately 78% of the population occupies the ground state and the remain-

ing population is trapped at n = 73. The system is expected to follow two types of distributions.

The part of the population cooled to the ground state follows a thermal distribution function and

the trapped population follows a Gaussian distribution function. These two distributions have

different Rabi frequencies, which is expected from equation 2.84. The summed oscillations at

two different frequencies from a beat output, which is observed in figure 7.6. The fitting of the

experimental data is carried out after incorporating two types of distributions and respective

Rabi frequencies. The study indicates quantum coherence with two distinct types of distribu-

tions and the fitting of the data also verifies population trapping as discussed in chapters 5 and

6.
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Figure 7.6: Rabi flops after improper ground state cooling of a single ion at 187 kHz axial
frequency. An irregular sinusoidal pattern is observed due to population trapping at around
n = 73.

Additionally, one common problem noted in the above experimental results is that they show

some irregularities during the latter half of the laser interaction time. We believe that these

irregularities arise due to slow drifts of the carrier transition. These drifts are expected due

to slow drifts of the reference cavity mode or perhaps magnetic field drifts. These systematic

errors have been discussed in section 4.5.2. The current experimental arrangement does not

allow us to track and change the carrier frequency in between one set of Rabi flop experiments.

However, a fresh experimental run is always carried out after measuring the clock transition,

which eliminates the error for the next experimental run. In future such irregularities can be

eliminated by characterising the clock transition and correcting for it during each experimental

run.

7.2 Source of errors/dephasing in the optical qubit

In quantum systems, the visibility of quantum coherence decays with time due to various noise

sources present in the system. In this section, I will discuss plausible sources of error in our
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optical qubit.

7.2.1 Decoherence due to radiative decay of the metastable state

In a two-level system, often, the ground electronic state is treated as a stable state and the ex-

cited electronic state is treated as a long-lived state. In a calcium ion optical qubit, the ground

state (S1/2) is infinitely long lived, but the metastable state (D5/2) has a finite lifetime. The pop-

ulation of the excited state decays to the ground electronic state in approximately 1 s [107], thus

putting a fundamental limit to the coherence time of the system. Often, long lived atomic states

are chosen to enhance the fundamental limit of the coherence time. Specifically, the octupole

transition in Yb+ provides one of the best optical qubits having > 650 days of radiative lifetime

[127]. In our system, the coherence time is measured to be 3.2 ms through Rabi oscillations,

which is much shorter than the radiative lifetime of the optical qubit, hence we can assume that

the radiative lifetime does not limit the coherence time of the optical qubit in our system.

7.2.2 Decoherence due to magnetic field noise

In atomic systems, where the atomic states are strongly sensitive to the magnetic field, the

transition frequency changes with ambient fluctuations in the magnetic field. In most atomic

systems, the primary source of decoherence is caused by magnetic field noise [63]. In our

system, the S1/2,−1/2 ↔D5/2,−3/2 transition is one of the least magnetically sensitive transitions.

The first order drift for this transition is−15.9 kHz/µT, which can induce significant decoherence

in the qubit state. The second order shift is reasonably small ( ∼ 0.034 kHz/µT2), which can

be neglected for the noise calculation. The superconducting magnet system provides some sort

of magnetic shielding. The exact level of magnetic shielding for our system is not known. The

transition linewidth measurement as shown in figure 4.12 gives an upper bound of such noise

levels. Additionally, we observe some slow drifts of the carrier transition perhaps due to the

magnetic field change. The specification of the magnet suggests that the field drift is of the

order of 0.1 ppm/h, which results in a drift of 1.5 kHz per hour. The overall change of the

carrier transition is measured to be approximately 1.5 kHz/day (see figure 4.13), which is much

smaller than the hourly drifts specified by the magnet manufacturer. We believe that the carrier

frequency variation due to magnetic field drift is partially cancelled out by the cavity mode drift

(729-nm laser frequency drift).

7.2.3 Decoherence due to frequency or phase noise in the probe laser

In optical systems, another basic kind of decoherence is caused by laser frequency and phase

noise. The laser detuning from the carrier transition is an important parameter contributing to

the rotation of the Bloch vector, thus any noise limits the control of coherent manipulation. In

our system, the laser is believed to have a linewidth < 1 kHz [91], but a precise measurement of
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the laser linewidth could not carried out. Apart from the frequency stability, the phase stability

of the laser was never studied before in our system. The only measurement we ever carried out

was using a single trapped ion and measuring the linewidth of the transition. In this measure-

ment, the measured linewidth may have some contribution due to some other line broadening

mechanism, such as magnetic field noise. If we believe that the only source of noise in our qubit

is due to the probe laser frequency noise then the linewidth comes to be roughly 530 Hz. 1

Additionally, we expect some error in our qubit due to laser frequency drifts. The mea-

surements discussed in this thesis using a trapped calcium ion clock transition do not explicitly

determine whether the drifts are caused by the magnetic field or the laser frequency. In prin-

ciple, both drift rates can be individually estimated by measuring two different Zeeman clock

transitions i.e. S1/2,−1/2 ↔D5/2,−3/2 and S1/2,−1/2 ↔D5/2,−5/2. In this case, both transitions have

different magnetic field sensitivity but the same laser drifts if they are probed with a common

laser source. In our system, these measurements are impossible to carry out. In our case, the

frequency spacing between the aforementioned transitions is a few tens of GHz, which cannot

be spanned with any AOM. Such measurements of the clock transitions are often carried out in

Paul traps, where only a weak magnetic field is applied to specify the quantisation axis and the

frequency change between the Zeeman transitions is provided by an AOM.

7.2.4 Laser intensity noise

The Rabi frequency of the transition depends upon the amplitude of the electric field or intensity

of the laser radiation at the ion. Any intensity fluctuation in the laser beam thus affects the

Rabi frequency. Primarily, in Rabi flop experiments, the dephasing is expected due to the laser

intensity noise in our probe laser. These errors are broadly characterised into three categories.

The first one is referred to the direct laser intensity fluctuations, which are caused by variation

in ambient conditions such as temperature or mechanical effects. A passive stabilisation system

reduces the intensity noise on the laser source driven by such ambient effects. Additionally,

an active feedback loop for intensity fluctuations reduces the noise in the laser beam. The

second type of Rabi frequency noise is identified in terms of polarization induced intensity noise.

In our system, the laser beam travels through various fibres and optical components before

reaching to the trap centre, thus any change in the polarisation angle of the laser beam cannot

be disregarded. This change in the polarisation angle manifests itself as intensity noise after

passing through a polarising beam splitter (PBS). The third type of noise is due to the position

of the beam at the ion. In reality, if a tightly focused laser beam is shone to the ion then any

vibrations in the system lead to intensity noise at the ion. In our system, the first and second

types of intensity noise are actively suppressed by a home built intensity stabilisation system,

which suppresses intensity noise below 0.2% of the total intensity. The third type of noise does

not impose any limitation on our measurements while performing coherent control on a single

ion qubit, due to its wider waist size of the beam at the trap centre (typically larger than 100

µm).
1Please refer to figure 4.12 and the relevant section for the transition linewidth measurements.
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7.2.5 Thermal dephasing

Rabi flops have been shown for a Doppler cooled ion in figure 7.2 and the apparent dephasing

has been noted. In contrast to that, for a ground state cooled ion, a clear sinusoidal Rabi

pattern is observed. In reality, the ground state cooling is expressed in terms of a thermal

phonon distribution function, where a smaller attained value of the mean phonon number (〈n〉)
is preferred for better coherent control. The severity of the thermal dephasing increases with

increasing value of the L-D parameter. For the sake of illustration, a simulated visibility plot

for the carrier Rabi flops as a function of probe time at various values of 〈n〉 is shown in figure

7.7. In the simulation, the Rabi frequency is chosen to be 40 kHz and the motional frequency is

assumed to be 419 kHz. Moreover, due to the large dependency of the sideband Rabi frequency

on the motional state number, coherent control with sidebands is found to be more affected by

thermal dephasing. The following figure also indicates a revival of the visibility at 1.2 ms, which

is attributed due to the in-phase summation of different Rabi flops corresponding to different

phonon states.
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Figure 7.7: Simulated visibility of Rabi oscillations at various values of 〈n〉 at the carrier transi-
tion. The simulation is carried out at 40 kHz Rabi frequency and 419 kHz axial frequency for a
trapped calcium ion. The reduction in the visibility is seen as 〈n〉 increases.

7.2.6 Pulse-timing error

In our system, when the FPGA control was added to the experimental control, the tick length was

kept to 640 ns. This smallest tick length in time prevented us from applying laser pulses with

accurate pulse widths while performing coherent control in our system. In order to overcome

the issue, we often carried out the measurements with reduced Rabi frequencies, hence longer

probe times. Very recently, we modified the FPGA control and changed the time step to 40

ns from 640 ns. This lessened the aforementioned problem, however, due to some unknown

technical reasons, we were unable to reduce the time offset below 720 ns. This issue does not

currently limit us while performing any coherent control in our system.
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7.2.7 Loss of information in optical qubits

As with solid-state qubits [128], the qubit noise or decoherences in the trapped ion system are

characterised into two types: the first is due to the relaxation of the qubit state (T1 decay) and

the second due to the dephasing (T2 decay) [129]. In a trapped ion system, the T1 coherence

time (radiative decay time), is very long, hence it does not limit the coherence time of the

system. It is the T2 coherence time which is short and limits the coherence time of the system.

In our system, magnetic field noise, laser frequency and intensity noise contribute to T2 type

decoherences.

7.2.8 Estimation of qubit coherence time for our system

The aforementioned noise sources will be divided into two main categories. The first category

will be called qubit detuning noise (∆) and the second one will be incorporated into Rabi fre-

quency noise (δΩ). For the time being, decoherence due to changes in the trap frequency will

be ignored. After including these terms, the excited state probability as a function of laser

interaction time is given as

P (↑) =

nf∑
n=0

nnb
(nb + 1)n+1

[(δΩ + Ω0)Ω̃n]2

[(δΩ + Ω0)Ω̃n]2 + ∆2
sin

(√
[(δΩ + Ω0)Ω̃n]2 + ∆2

τ

2

)
, (7.1)

where Ω0 is the Rabi frequency of the transition and τ is the probe time. The Rabi and detuning

noise is included in terms of δΩ and ∆. Using this functional form, simulated Rabi flops at 17

kHz and 30 kHz Rabi frequencies are shown in figure 7.8. The noise corresponding to the Rabi

frequency is assumed to be 0.5% of the actual value and the standard deviation of the carrier

detuning is assumed to be σδ = 700 Hz. Computer generated random numbers are called for

400 times for the simulation and the flops are constructed. For the simulation, the noise forms

are assumed to follow a normal distribution function.

Simulations suggest that the estimated coherence time decreases with increasing Rabi fre-

quency2. After fitting the visibility of the simulated flops, the coherence time is found to be

≈ 1/(δΩ), where δΩ is the standard deviation of Rabi frequency noise in units of radian/s. Sepa-

rately, simulations are also performed for various values of detuning error. They suggest that the

estimated coherence time in Rabi flop measurements mainly depends upon the Rabi frequency

noise in the limit σδ � Ω0.
2In these simulations, the noise parameters are chosen to be slightly higher than estimated from the various

measurements. Please refer to chapter 4 for more about error estimation in our system.
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Figure 7.8: Simulated Rabi flops of the carrier transition at 17 kHz (in Black) and 35 kHz (in
Blue) Rabi frequencies after ground state cooling (nb = 0.03). In the simulation, the standard
deviation of Rabi frequency noise is assumed to be 0.5% of the actual value. Similarly, the laser
detuning noise is taken into account with σδ = 700 Hz.

7.3 Estimation of optical coherence time with Ramsey interference

experiment

The optical coherence time of a quantum system can also be estimated from a Ramsey interfer-

ence experiment [130–132]. A typical Ramsey interference experiment is performed with two

π/2 pulses (two short laser pulses in our case), successively, with a fixed wait period. Initially,

the system is prepared in one of the two quantum states. The first π/2 pulse is used to create a

superposition of states |g〉 and |e〉 and the second pulse is used to measure the phase evolution

during the wait time.

The coherent evolution of a two-level atom in a Ramsey experiment can be illustrated by

Bloch vector rotation in the Bloch sphere [133] and is shown in figure 7.9. After the Bloch vector

is initiated along the north pole, the first π/2 pulse transforms the vector into the equatorial

plane. During the waiting period, the vector acquires some phase φ = ∆ × T , where ∆ is the

laser detuning and T is the waiting period (typically T � τ , where τ is the pulse duration).

The second π/2 pulse rotates the Bloch vector depending upon the acquired phase and aligns

the vector along the north or south poles or in intermediate regions. The experiment ends with

measuring the population in the state |g〉 and a spectrum is constructed.

In the Ramsey scheme, the laser interaction time is very short. The laser intensity noise there-

fore does not limit the coherence time, whereas it was found to be limiting the Rabi coherence

time. In our system, the Ramsey experiment is performed on a ground state cooled calcium

ion. The laser beam is aligned along the axial direction to induce the S-D transition. Typically,

the π/2 pulse lengths are chosen for zero detuning and the laser frequency is varied at a given

waiting time. For a fixed value of the wait time (T ), the acquired phase ∆×T changes with laser
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Figure 7.9: The figure shows an illustration of a Ramsey experiment in Bloch representation.
From top-left, (a) the vector is initially prepared along the north pole of the Bloch sphere, (b)
the first π/2 pulse rotates it about the y−axis into the equatorial plane. During the wait time, T ,
the free evolution of the Bloch vector causing dispersion is indicated in (c) and the final state of
the vector due to the rotation with second π/2 is indicated in (d). The trajectory during the free
evolution of the vector is indicated in black filled circles and various other trajectories during
the laser interaction time are shown in red, green and pink colours.

detuning, which gives rise to constructive and destructive interference fringes. An interference

pattern for a ground state cooled calcium ion is shown in figure 7.10a. The current measure-

ment was carried out at 419 kHz axial frequency and waiting time (T ) of 100 µs. The spectrum

is constructed by changing the probe frequency, simultaneously for both π/2 pulses. The figure

indicates full visibility, confirming no reduction in visibility due to decoherence effects. The

fitting is carried out with an expression for excitation probability as a function of waiting time

(T ), laser detuning (∆), Rabi frequency (Ω) and the probe duration (τ). The expression for the

excitation probability is given as

P (↑) =
4Ω2

b2
sin2

(
b τ

2

)(
cos

(
b τ

2

)
cos

(
ω T
2

)
− ∆

b
sin

(
b τ

2

)
sin

(
∆ T

2

))2

, (7.2)

where b =
√

Ω2 + ∆2. From the above expression, the spacing between the interference fringes

can be deduced as 1/(T + τ) Hz.

Similarly, the Ramsey experiment is performed at longer waiting times, where the decoher-

ence effects are expected to affect the visibility of the interference fringes. Such a spectrum at

1 ms waiting time is shown in figure 7.10b. In this case, the visibility is reduced due to the

frequency noise in our qubit. The fitting of the spectrum is not possible due to no simple expres-
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Figure 7.10: Ramsey interference fringes acquired for a ground state cooled trapped calcium
ion in our Penning trap, (a) at 100µs and (b) at 1 ms waiting period.

sion for the excitation probability as a function of the decoherence processes being available.

However, to explain the findings, I have overlayed the experimental spectrum with a simulated

curve for the excitation probability. The parameters for the simulations are chosen from the

corresponding experimental observations. The expression is taken directly from equation 7.2

after making a slight modification to incorporate the frequency noise in the system. The noise

parameters in the simulated curve are adjusted to exactly match the experimental curve. The

noise parameters that are gathered from the simulated curve are also compared with the fre-

quency noise estimated from the lineshape measurement as shown in figure 4.12 and are found

to be comparable.

7.4 Enhancement of optical coherence time

The coherence time of a two-level atomic system can be extended by various dynamical de-

coupling methods previously discussed in references [134–136]. The techniques discussed in

the above references use multiple π pulses, generally inserted between two Ramsey pulses, at

various time intervals. In this thesis, I will only present the results of the extension of optical

coherence time in our system by employing a spin-echo technique and Uhrig Dynamical Decou-

pling (UDD) techniques.

7.4.1 Spin-echo

The spin-echo technique, sometimes called Hahn’s spin-echo technique [137], is widely used to

correct various errors in quantum systems. This technique has been previously demonstrated

on a range of quantum systems including in trapped ion systems to eliminate errors due to

qubit frequency noise [54, 131]. In a Ramsey experiment, as discussed previously, dispersion

of the spin vector takes place at long waiting times due to the detuning noise and thus reduces

the visibility of the Ramsey interference fringes. In Hahn’s spin-echo technique, such phase

evolution in the system is exactly reversed and corrected if a π pulse is inserted at half of the
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period of the Ramsey waiting time.

Figure 7.11: Plots show phase evolution of the Bloch vector in a spin-echo experiment. From
top left in a clockwise manner, first, second and third plots illustrate the evolution of the vector
after first π/2 pulse. The fourth plot indicates rotation of three dispersed-Bloch vectors after
applying a π pulse. The fifth plot illustrates the refocusing of the vectors which then are later
aligned back to the north pole by second π/2 pulse, which is indicated in the sixth plot.

In our system, the technique is implemented with a ground state cooled trapped calcium ion.

Cooling and coherent manipulation are performed along the axial direction. For efficient co-

herent control, the π/2 and π pulses are measured through the Rabi flop experiment performed

at the carrier transition. After preparing the ion into a pure quantum state |g〉, a π/2 pulse is

used to prepare the superposition of states |g〉 and |e〉. For a given waiting period (T ) in the

Ramsey sequence, a π pulse is inserted at T/2. The population evolution is measured with the

second π/2 pulse. The scheme can be illustrated with Bloch vector rotation as a result of the

application of the required laser pulses. Such an illustration is shown in figure 7.11. In this

figure, the first three Bloch spheres exactly resemble the Ramsey experiment, as discussed in the

previous section and seen in figure 7.9. The fourth sphere (bottom right) illustrates the rotation

of the Bloch vectors for various laser detunings under the operation of a π pulse. After applying

a π pulse, the vectors are refocussed in the equatorial plane after a period T/2. The second

π/2 pulse rotates the vectors about the y−axis aligning it exactly along the north pole, hence

showing no population excitation under a correct spin-echo sequence.

The aforementioned scheme is employed at various waiting times and the phase scan plots

are generated by changing the phase of the second π/2 pulse. The second π/2 pulse rotates

the vector along the z−axis and the projection of the vector along the z−axis is measured. De-

pending upon the phase of the second π/2 pulse, a sinusoidal pattern is observed and is shown

in figure 7.12. For comparison, the Ramsey phase scan plots are also shown alongside of the

spin-echo plots. It is noticeable that in the Ramsey phase scan plots the system shows complete
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Figure 7.12: Plots showing a sinusoidal variation of the population in state |e〉 as a function
of the applied phase (the phase of the second π/2 pulse with respect to first one) at different
waiting times after applying the spin-echo sequence (in blue). The Ramsey phase scan plots (in
red) are shown in order to compare the results.

dephasing at 2.5 ms waiting time. However, after inserting a π pulse, the sinusoidal behaviour

is still clearly observed after 6 ms, confirming the enhancement of the optical coherence time in

our system. Additionally, the fitted curves sometimes slightly differ from the experimental data

points. This is expected due to small error bars estimated for the experimental data points. In

our case, the error model does not include any systematic errors such as laser intensity drift and

slow drifts in the laser frequency or phase. In reality, these factors affect the coherent manipu-

lation. Simultaneous measurements of such parameters will help in getting better experimental

data in the future.
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7.4.2 Theory of dynamical decoupling in quantum systems

A quantum system in the presence of classical decoherence effects is expressed in terms of a

Hamiltonian [103]

H =
1

2
[ω + β(t)]σz, (7.3)

where ω is the frequency spacing between the internal states of the atom, |e〉 and |g〉, and β(t)

is time-dependent noise variable used to denote frequency noise in the system. After applying a

first π/2 pulse in the Ramsey experiment, the time evolution state vector in the laboratory frame

is expressed as

|ψ〉 =
1√
2

[e−iωt/2e(− i
2

∫ t
0 β(t′)dt′) |e〉+ ieiωt/2e( i

2

∫ t
0 β(t′)dt′) |g〉]. (7.4)

After making the rotating wave approximation in the above equation, time evolution of the

state |ψ(t)〉 can be interpreted in terms of the Bloch vector rotation in the equatorial plane. This

quantum state is prone to so-called “T2 decoherence" effects, and any random phase evolution

of the state limits the coherent control in the system. In this situation, the time-dependent noise

variable simply randomises the phase acquisition during Bloch vector rotation.

In a purely random phase acquisition scenario (i.e. 〈β(t)〉 = 0), the system will be observed

as completely dephased if
√
〈φ2
β〉 = π, where φβ =

∫ t
0 β(t′)dt′. In any quantum system, the

information is lost due to such dephasing events and this leads to an error in any qubit operation.

Hahn in his paper [137] introduced the idea of protecting the quantum system against such

dephasing mechanisms by inserting a π pulse in between two Ramsey pulses. A simple spin-

echo technique only protects the system against any time independent frequency noise. The

basic concept of the dynamic decoupling techniques (or multi π spin-echo techniques) is derived

from Hahn’s spin-echo method. In these multi-π spin-echo techniques [135, 136], the timing of

π pulses are derived from a “filter function" designed specifically to suppress any higher order

time dependent components of the detuning noise.

In this chapter, I will show the results of enhancement of an optical qubit coherence time

after employing the UDD scheme. Detailed theory and experimental demonstrations of the

UDD scheme in trapped ion systems can be found in references [134, 135, 138]. For the sake

of completeness, I will briefly discuss the theory of the UDD scheme. Here, I will follow the

same aprroach as in reference [138]. Say the time-dependent detuning noise is expressed as

polynomial of order (n− 1) of time t

β(t) =

n−1∑
k=0

akt
k, (7.5)

where ak is an arbitrary coefficient determining the random nature of the noise. Mathematically,

after integrating the frequency noise term in time, the phase error (φβ) is determined. Rotation

of the Bloch vector by a π angle is mathematically equivalent to assigning a +1 or a −1 prefac-
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tor to the detuning term. The cumulative phase cancels out if these rotations are carried out at

appropriate intervals [134]. In the above reference, the Bloch vector rotations are carried out

at πx angles where the first π/2 rotation is along the y−axis 3. Our experimental demonstration

is carried out without changing the rotation axis, hence the mathematical treatment will differ

from the aforementioned references. The current treatment will also agree with the experimen-

tal demonstration of the spin-echo technique that is discussed in the previous section. After

performing n − πy rotations between the first and second π/2y pulses, at time intervals ti=1,n,

the total phase noise can be expressed as

φβ =

n∑
j=0

(
π + (−1)j

∫ tj+1

tj

β(t)dt
)
, (7.6)

=

n∑
j=0

(
π + (−1)j

∫ tj+1

tj

n∑
k=1

ak−1t
k−1dt

)
,

=

n∑
j=0

(
π + (−1)j

[ n∑
k=1

ak−1
tk

k

]tj+1

tj

)
,

= nπ + φerr,

where t0 = 0 is the time of the first π/2 pulse and tn+1 = T is the second π/2 pulse. In the

above equation, the constant phase term nπ will be left as such and the main aim will be to

make the phase noise term φerr = 0. After rearranging the coefficients of the polynomial in the

expression, the total phase is expressed as

φβ = mod(n, 2)π +
n∑
k=1

ak−1

k

[
(−1)n − 2

n∑
j=1

(−1)jtkj

]
, (7.7)

where mod(n, 2) = 1 for an odd number of pulses and mod(n, 2) = 0 for an even number of

pulses. For any choice of ak, the phase error can be made zero if (−1)n− 2
∑n

j=1(−1)jtkj = 0 for

k = 1, .., n. This condition is met for the coefficient values given as [138]

tj = sin2

(
πj

2(n+ 1)

)
, (7.8)

which determines the pulse timing of the jth π pulse.

This scheme is expected to work if the π pulses are instantaneous and there is no phase

accumulation during their use. To demonstrate the scheme, I will first show the simulation

results. The phase dynamics under an arbitrary phase relaxation noise of polynomial order three

is shown in figure 7.13a. In this figure, the phase initially diverges but after the application

of four π pulses, the phases acquisition becomes zero. The scheme has also been illustrated

by employing five π pulses and the simulated phase evolution is shown in figure 7.13b. The

corresponding noise model is shown in figure 7.14, where the coefficients for the noise model
3From the experimental point of view, the angle of rotations do not make sense without choosing a proper basis

set and the phase difference between laser pulses. As a rule of thumb, the z−axis is assigned for the projection to
the internal states of the ion. The first π/2 laser pulse is used to determine the y−axis and the 90-degree phase
difference between the first and subsequent laser pulses determines the third axis.
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have been chosen arbitrarily. The simulation shows that the final phase acquisition is π in this

case, however, the time-dependent part is zero.

π
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Figure 7.13: Simulated curves (in blue) for the phase evolution of the state 1
2(|g〉+ i |e〉) under

the application of an arbitrary detuning noise after applying (a) 4 π pulses and (b) 5 π pulses
(indicated by red vertical bars) at intervals determined by the UDD scheme, and showing the
cancellation of random phase acquisition.
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Figure 7.14: Figure showing time variation of the qubit frequency, assuming an arbitrary 4th

order polynomial as a noise model that is also used in the simulation. Green and blue shaded
area indicate negative and positive phase acquisitions of a Bloch vector.

The above scheme is further illustrated for multiple iterations where the coefficients are

randomly chosen. The simulated phase evolution after employing a five-π UDD scheme is shown

in figure 7.15. In this particular plot, for clarity, I have dropped the constant term, π phase,

which comes due to an odd number of π rotations. The noise is completely cancelled out at time

T indicating the full noise correction. An important features the UDD technique is that it only

cancels out the noise of n− 1 order polynomials if nπ pulses are implemented.
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Figure 7.15: Figure indicating elimination of the random phase acquisition of the Bloch vector
after implementing a five-π-pulse UDD scheme. The method is tested for 20 random cases
where the 4th order noise polynomial is assumed to take random coefficients, illustrating the
experimental situation with a single ion following random time-dependent noise.

7.4.3 Experimental demonstration of the UDD scheme

Previously, the UDD technique has been demonstrated in a trapped ion system by Biercuk et al.,

for ∼ 1000 Be+ ions [103] and by Szwer et al. for a single trapped calcium ion [139]. In this

thesis, the aim of demonstrating the UDD technique is to characterise our Penning trap system

against any background perturbations. For the sake of simplicity, we only apply up to three π

pulses and observe a significant improvement in the optical coherence time. The sequence is

tested with a ground state cooled trapped calcium ion in our Penning trap. The pulse widths are

calculated first by performing a Rabi flop experiment. The pulse spacing is calculated from the

time-function given in equation 7.8. The experimental results are shown in figure 7.16, showing

roughly an order of magnitude improvement of the optical coherence time. After the addition

of each π pulse, the initial visibility (at t = 0) is reduced due to the decoherence during the

pulse operation time. In reality, the UDD scheme eliminates the error during the waiting time

(T ). The scheme does not eliminate any error during the pulse operations, hence the reduced

visibility is expected.

7.5 Demonstration of spin-coherence with multiple ions

7.5.1 Two-ion chain

In the previous chapter, I showed the results of sideband cooling of a two-ion chain. In order to

ground state cool the ion, a multi-stage cooling sequence is employed and both modes, COM and

breathing, were cooled to their ground state of motion. In this section, I will present experimen-

tal measurements of spin coherence in the two-ion chain configuration. In this configuration,

individual ion detection is possible with an EMCCD, hence the Rabi flops can be measured in-

dividually. In our system, the laser beam excites both ions simultaneously. Rabi oscillations on

the carrier transition for one of the two ions are shown in figure 7.17. The decoherence rate is
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Figure 7.16: Experimental demonstration of enhancement of optical coherence time after em-
ploying a UDD technique. The data points in red, blue, magenta and black correspond to 0, 1, 2
and 3 π pulses inserted consecutively in a Ramsey phase scan experiment.

inserted into the fitting function from the intensity noise measurements and the fitting is carried

out in order to estimate the Rabi frequency for one of the two ions. The Rabi frequency is esti-

mated to be 14.2 ± 0.1 kHz for the first ion. The fitting has been carried out for the second ion

as well and the estimated Rabi frequency comes to be 14.0± 0.1 kHz, which agrees with the ion

one measurement.
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Figure 7.17: Carrier Rabi flops of a two ion chain. In this case, the measurements are presented
for only one of the two ions.

Furthermore, Ramsey interference fringes for both ions were acquired on the carrier transi-

tion. The fitted experimental data is shown in figure 7.18. The black data points along with the

blue fitted curve correspond to the first ion and the red data points along with the orange fitted

curve correspond to the second ion. Between the spectra, a small mismatch is observed. The

mismatch comes about due to the magnetic field difference at the ion-1 and ion-2 positions. In

an ideal case, where the system has no magnetic field gradient, there should be no mismatch

between the Ramsey fringes. The corresponding shift in the carrier frequency is estimated to be

2.2 ± 0.3 kHz and the magnetic field difference between ion-1 and ion-2 is calculated to be 0.2

µT.
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Figure 7.18: Ramsey interference pattern with two ground state cooled ions in a Penning trap.
The wait time is 139.52 µs and the pulse length 9.6 µs. Red data points correspond to ion-2 and
black data points correspond to ion-1 shelving probabilities as a function of laser detuning.

A phase scan experiment was performed after preparing ion-1 and ion-2 in the superposition

of ground and excited electronic states with the help of a carrier π/2 laser pulse. The excited

state population of each individual ion is measured after a 219.5 µs wait time through a Ramsey

sequence. The phase of the second π/2 pulse is varied with respect to the first and the individual

ion state is read-out. Due to a difference in the transition detuning, each ion acquires an offbeat

phase. The wait time is chosen such that the phase difference between ion-1 and ion-2 is π. The

experimental plot is shown in figure 7.19, indicating two sinusoidal patterns out of phase from

each other. The plot shows an intriguing situation where both ions evolve out of phase for a

global 729-nm probe beam. The studies are important for the system characterisation. In this

case, the PMT data does not show any sign of periodicity due to the averaging effect.
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Figure 7.19: Ramsey phase scan with a two-ion chain, the blue curve corresponds to ion-1 and
the red curve corresponds to ion-2. The waiting time is chosen to be 219.5 µs between two π/2
pulses.

Moreover, Rabi flops for a two-ion chain on the COM blue sideband are shown in figure 7.20.

In this case, a global 729-nm laser beam is used to induce the transition for both ions. The ions
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were ground state cooled to 〈n〉 < 0.3 at 187 kHz COM frequency. The data points in black

correspond to ion-1 and data points in red correspond to ion-2. In this particular experiment,

the laser is tuned to the blue sideband transition of ion-1 and ion-2 is off-resonantly driven. Due

to the different laser detuning of ion-1 and ion-2, the Rabi flop excitation probabilities evolve

differently for both ions. The results were further verified by simulation studies with a two-ion

Rabi model. The simulation is carried out by numerical simulations of the Hamiltonian given

in equation 2.108, which includes the entanglement and different detuning of the individual

ions. The simulated Rabi flops are shown with the experimental data and they match with

the experimental observation. The simulation parameters are chosen from the experimental

measurements carried out independently.
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Figure 7.20: Rabi flops of a two-ion chain on the first blue sideband of the transition.

7.5.2 Two-ion planar crystal

Similarly, we perform the Rabi flop experiment with two ions in a planar orientation. In this

configuration, individual ion detection is not possible using the EMCCD, which can only dis-

tinguish ions axially, and not in the radial plane, hence it cannot resolve their positions. For

the current experiment, PMT data was used and the excited state population is estimated by

post-processing of the experimental data. The PMT data for two ions shows three distinct peaks

indicating three distributions as shown in figure 6.20. The first peak arises due to both ions

being dark. The second peak arises due to one ion being dark and the other being bright. The

third peak arises due to both ions being bright. If the first threshold is chosen between one

ion being bright and both ions being dark, the |ee〉 probability can be estimated. The second

threshold is chosen between both ions being bright and only one ion being bright, which gives

rise to |eg〉+ |ge〉 excitation probability. The post-processed two-ion planar Rabi flops are shown

in figure 7.21. In this figure, the data points in black indicate the |ee〉 excitation probability and

the data points in red correspond to the cumulative excitation probability of the states |eg〉 and

|ge〉. The experimental data points are then fitted with the expressions for relevant excitation
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probabilities, which are given as

P (|ee〉) = sin4
(Ωn,nt

2

)
, (7.9)

P (|eg〉+ |ge〉) =
1

2
sin2

(Ωn,nt

2

)
, (7.10)

where Ωn,n is the Rabi frequency of the carrier transition. The best-fitted curves for both exci-

tation probabilities are shown along with the experimental data. The estimated Rabi frequency

of the transition comes to be 29.6 ± 0.3 kHz. The spectrum is taken for 200 µs, which is much

shorter than the coherence time of the Rabi experiments (typically 2 ms), hence the decoher-

ence effects are neglected in the fit. Also, in this case, the detuning due to the magnetic field

gradient is not expected to play any role due to the ions rotating about the trap axis so that any

effect will be averaged with time.
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Figure 7.21: Rabi flops with two calcium ions in a planar orientation in the Penning trap. The
data points in black show the probability of both ions being dark and the data points in red
indicate the probability of one ion being dark and the other ion being bright.

7.5.3 Three-ion planar crystal

We also demonstrate a Rabi flop experiment with three ground state cooled ions in a planar

configuration in the Penning trap. Sideband cooling has been demonstrated in chapter 6. In this

section, the results of the Rabi flop experiment on the carrier transition of the three ion crystal

are presented. The experiment is performed at 210 V of trapping potential. The axial COM

mode frequency for this case is of approximately 385 kHz. The remaining two degenerate modes

have a motional frequency approximately 377 kHz. The corresponding Rabi flops at the carrier

transition are shown in figure 7.22. As in the two-ion planar case, the spatial resolution of three

ions in planar configuration was not possible with the EMCCD, hence the PMT counts will be

used for the state detection of the ions. Furthermore, in this case, we are not able to resolve the

fluorescence levels for the individual states, hence the total photon counts were used to illustrate

the results. The periodicity of the oscillations is clearly visible in the spectrum, indicating highest

florescence level when none of the ions were shelved and the lowest fluorescence level when all

of them are shelved to the metastable state with the 729-nm laser radiation. The Rabi frequency

of the transition comes to be 68 kHz. In this case, the Rabi flops are found to decay faster than
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the coherence time previously measured in our system. This is attributed to the large intensity

noise on the laser beam and poor ground state cooling of the ions.
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Figure 7.22: Rabi oscillations with three ground state cooled ions in our Penning trap.

7.5.4 Multi-ion planar crystals

Coherent control has been demonstrated with a larger number of ions in our trap. In this section,

I will show the results for five, six and ten ions. For the five-ion case, the axial COM frequency

is chosen to be 385 kHz. The corresponding Rabi flops are presented in figure 7.23a after

performing near ground state cooling of the ions. Similarly, six-ion and ten-ion Rabi oscillations

are acquired at 356 kHz COM frequency and the results are presented in figure 7.23b and figure

7.23c, respectively. The last two plots show the beat-output of different Rabi frequencies of

the trapped ions, which is expected due to the Gaussian shape of the probe beam. Assuming

that the laser beam is focussed at the trap centre the central ionsare illuminated with more

intensity than the outer ions, leading to different Rabi frequencies for central and outer ions.

In the six-ion case, the central ion is illuminated more than the remaining five ions. Fitting of

the experimental data suggests that the central ion Rabi frequency is approximately 60 kHz and

the outer ions have a Rabi frequency of approximately 42 kHz. Similarly, for the ten-ion case,

the inner and outer ions have different Rabi frequencies, which are estimated to be 48 kHz and

30 kHz, respectively. These results are presented here for demonstration purposes only, hence a

coherence time measurement was not carried out using these results.

7.6 Coherent evolution of population between motional states

A motional state superpositions can be used to measure the motional coherence in trapped ion

systems [140]. A ground state cooled ion is an ideal realisation of a pure Fock-state. Using

appropriate laser pulses, one can create a superposition of motional states. In this section, I will

present the results of the motional coherence with a ground state cooled ion. I will also extend

the studies to an ion which is prepared in a high-n state via a sideband heating technique. A

Ramsey equivalent experiment will be performed between two motional states. In this situation,

a motional superposition will be realised in one of the two electronic states of the trapped ion in
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Figure 7.23: Rabi flops for (a) five, (b) six and (c) ten ground state cooled ions in the Pen-
ning trap on the carried transition. The experimental demonstrations are carrier out for planar
crystals, where the ions are cooled to 〈n〉 < 0.5 through a resolved sideband cooling technique.

order to eliminate the optical decoherence effects. It is advantageous to prepare the ion in the

ground electronic state to avoid radiative decay of the metastable state of the ion. A motional

superposition in the ground electronic state is denoted by

|ψ〉 = |g〉 (a |n〉+ b |n′〉), (7.11)

where a and b are the coefficients of the state vectors |n〉 and |n′〉. The superposition will be

realised in the ground electronic state with the combination of appropriate laser pulses.

7.6.1 Demonstration of n = 0 and n = 1 superposition

A motional superposition can be created by applying carrier and sideband laser pulses to a

ground state cooled ion. A pulse sequence used to demonstrate the Ramsey experiment with

n = 0 and n = 1 motional states is illustrated in figure 7.24. The experimental sequence required

a π/2 pulse at the carrier transition followed by a π pulse tuned to the first red sideband of the
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transition. The phase acquisition of the superposition state is then measured after a waiting

period (T ). For measurement of the phase evolution, the sequence is applied in the reverse and

the excited state population (P (e)) is measured. In the experiment, the ion is first prepared in

the ground state of motion by resolved sideband cooling technique followed by a short laser

pulse in order to prepare the ion in the electronic ground state. The population of the ion is

found in the ground or excited electronic state depending upon the phase acquisition during

the wait time. The experiment was performed in two parts, in the first part the phase of the

last carrier pulse is varied with respect to the first carrier pulse and the excited state population

(P (e)) was measured. In the second part, the free-evolution time is varied and the P (e) as a

function of time was measured at zero phase difference between the laser pulses.

T

π/2 π π π/2

RSBCarr CarrRSB

Figure 7.24: The schematic of the laser pulses used to prepare and detect the motional super-
position in states n = 0 and n = 1.

Experimental results of 1-0 motional state superposition are shown in figure 7.25a for various

wait periods. The experiment was performed at 419 kHz axial frequency. In order to measure

the visibility of the superposition, the phase of the second π/2 laser pulse is varied at a fixed

waiting time. The resultant sinusoidal patterns are fitted with a sine function and the visibility

is estimated. The probability of the ion being in the excited electronic state as a function of the

phase difference between first and second carrier pulses is expressed as

P (|e〉) =
1

2

[
1 + cos(ωz(T + τr) + φc)

]
(7.12)

where φc is the phase difference between first and last carrier laser pulses. The time τr, the pulse

duration of the first red sideband pulse, is inserted in the expression to include the effects of the

finite laser pulse duration. In reality, due to decoherence effects, the visibility of the sinusoidal

pattern diminishes as a function of waiting time. The figure indicates that the sinusoidal patterns

diminish completely at T = 1 s, indicating the loss of motional coherence at that time. Figure

7.25b shows the visibility at various times estimated from the sinusoidal plots. The motional

coherence time of the system is measured to be 510± 20 ms. The measured motional coherence

time suggests a high level of quantum coherence in our system. To our knowledge, the measured

value of the motional coherence time is highest in any trapped ion system. The estimated value

is also found to be in agreement with the heating rates measured in our system [45].

In the second part of the experiment, instead of the phase (φc), the free-evolution time is

varied for φc = 0. In this experiment, the time is increased in small steps after a fixed duration

interval (T + t). During the free-evolution time, the population oscillates between ground and

excited electronic states at the axial frequency (ωz). The experimental demonstration of mo-
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Figure 7.25: Plots in (a) show the sinusoidal variation of P (e) as a function of φc at various
values of the waiting time (T ). Figure (b) shows the estimated value of the visibility at different
times (T ), indicating the loss of visibility due to the motional dephasing effects. Fitting is carried
out with a half Gaussian function to measure the coherence time of the system.

tional coherence at T = 0 is shown in figure 7.26. The fitting is carried out with a sine function

and the frequency of the system is estimated to be 420.0 ± 1.5 kHz, consistent with the trap

frequency at 250 V in our system.
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Figure 7.26: Experimental demonstration of the motional free-precession with a ground state
cooled trapped calcium ion at 419 kHz axial frequency. The laser pulses are kept phase syn-
chronous with each other and the waiting time is varied in 640 ns incrementations from T = 0.
The sinusoidal pattern is fitted with equation 7.12.

7.6.2 Demonstration of the n = 0 and n = 2 superposition

A motional superposition was created between the n = 0 and n = 2 phonon states and the

coherence time was measured using the phase scan technique. In this experiment, the super-

position state is created using two laser pulses. The first, a π/2 pulse tuned to the first blue

sideband of the transition, creates a superposition of |g, 0〉 and |e, 1〉 states. The second, a π

pulse tuned to the red sideband of the transition, creates the superposition between |g, 0〉 and

|g, 2〉 states. In this situation, the phase of the superposition state, |g〉 (a |0〉 + b |2〉), evolves at

2ωz frequency. After some waiting time, the laser sequence is reapplied in the reverse order.
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The phase of the second blue pulse (φb) is then varied with respect to the first laser pulse. The

population in the ground and excited electronic states depends upon the phase of the final laser

pulse and the phase acquired during the waiting time. The phase scan plots show the sinusoidal

variation of the excited state population as a function of the applied phase (φb) and the visibility

of the sinusoidal plots are measured at various waiting times (T ). Measured visibilities for the

0-2 motional superposition as a function of waiting time are shown in figure 7.27. The motional

coherence time for 0-2 motional superposition is estimated to be 530± 10 ms, which is same as

for the 0-1 case.
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Figure 7.27: Motional Ramsey sequence to demonstrate 0-2 motional superposition of a ground
state cooled ion (top) and plot showing visibility as a function of waiting time (bottom) at 419
kHz axial frequency.

Studies of 0-1 and 0-2 motional superpositions show an approximate 500 fold increase in

motional over optical coherence time. Due to short laser interaction times, in motional super-

position cases the studies are not limited by spin dephasing effects, thus they are irrelevant for

the measurements.

7.6.3 Demonstration of the phonon-echo with a trapped ion system

In the motional superposition studies, dephasing is introduced from the trap electrodes or some-

times due to heating of the ion due to some unknown reasons. As we saw in section 7.4.1, the

effect of decoherence in spin systems is greatly reduced by implementing the spin-echo tech-

nique. In the motional case, such a scheme can also be implemented with appropriate choice
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of laser pulses. The scheme is expected to eliminate the effect of motional frequency noise in

the system. A laser sequence that is used to demonstrate the spin-echo type technique in the

motional superposition is shown in figure 7.28. The first set of laser pulses creates a superpo-

sition of states |g, 0〉 and |g, 2〉. The second set of laser pulses flips the population between the

motional states n = 0 and n = 2. The final set of laser pulses (applied in reverse order to the

first set) is used to project the population onto the electronic states. Finally, state detection of

the ion is carried out using the usual state readout technique and the excited state population is

measured.

T/2

π/2 π π π

RSBBSB BSBRSB

(0)(0)(0)

π π/2π

(ϕ)(0)(0) (0)

RSB RSB BSB

T/2

Figure 7.28: Laser pulses used to demonstrate phonon-echo of a ground state cooled calcium ion
in our system. Three π pulses (RSB, BSB and RSB, respectively), are inserted at T/2 reverting
the motional decoherence effects during the second half of the motional Ramsey.
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Figure 7.29: Phase scan plots for various waiting times corresponding to the motional Ramsey
experiment (in red) and phonon-echo experiment (in blue).
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Phase scan plots for the phonon-echo experiment at various values of waiting time (T ) are

shown in figure 7.29 along with the phonon Ramsey phase scan plots. The phase scan plots in

red correspond to the 0-2 Ramsey experiment and the phase scan plots in blue correspond to

the 0-2 phonon-echo experiment. The red curves start at a random initial phase, however, this

is not observed for blue curves. As we discussed in the spin-echo case, the technique eliminates

the time-independent laser frequency noise. The same argument is valid in the motional case,

where the phonon-echo eliminates the trap frequency noise. The corresponding enhancement

of the motional coherence time is also noted after implementing the phonon-echo sequence.
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Figure 7.30: Phase scan visibility as a function of waiting time after performing a phonon-echo
scheme in the 0-2 motional superposition. The fit gives a motional coherence time of the order
of 1 second.

Experimental verification of the enhancement of the motional coherence time after imple-

menting the phonon-echo scheme is shown in figure 7.30. The fit suggests that the coherence

time of the system is 1000 ± 50 ms, which is a two-fold improvement on the phonon-Ramsey

coherence time for a 0-2 motional superposition. It is expected that the enhancement occurs

due to the elimination of the constant frequency noise in the trap supply. In this case, fitting is

carried out with an exponential decay model instead of the half Gaussian model used for the

Ramsey case. The phonon-echo is not prone to any dephasing due to heating of the ion, which

follows an exponential decay function [66]. The measurements are also consistent with heating

rates measurements carried out in section 7.8.2.

7.6.4 Demonstration of 0-1-2 motional superposition

In addition to a superposition of two motional states, a triple-state superposition experiment

is demonstrated with a ground state cooled trapped calcium ion in the Penning trap. The su-
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perposition state is realised using the laser sequence indicated in figure 7.31. The first laser

pulse, with proper selection of pulse length (2π/3.3), transfers 2/3 of the population to the state

|e, 0〉. The second laser pulse, a π/2 pulse tuned to the first red sideband, transfers 1/3 of the

population to the state |g, 1〉. Subsequently, a π pulse tuned to second red sideband transfers the

remaining 1/3 population to the state |g, 2〉. The final superposition state can be expressed as

ψ(t) =
1√
3
|g〉
(
|0〉+ eiωzt |1〉+ e2iωzt |2〉

)
(7.13)

where ωz is the axial frequency.

T

2π/3.3 π/2 π/2

1st RSBCarr RSB

π

2nd RSB 2nd RSB Carr

2π/3.3π

Figure 7.31: Laser sequence used to demonstrate the triple-slit interference pattern with mo-
tional states of the ion.

A derivation of the triple slit interference patterns is carried out by applying the equivalent

operators for the laser pulses that are used in the experiment. The ion is initially prepared in

the state |g, 0〉. The steps followed for the derivation are illustrated here.

|g, 0〉 Carrier
====⇒
2π/3.3

1√
3

(
|g, 0〉 − i

√
2 |e, 0〉

)
(7.14)

RSB1
===⇒
π/2

1√
3

(
|g, 0〉+ i |g, 1〉 − i |e, 0〉

)
(7.15)

RSB2
===⇒

π

1√
3

(
|g, 0〉+ i |g, 1〉+ |g, 2〉

)
(7.16)

Wait T
====⇒ 1√

3

(
|g, 0〉+ i |g, 1〉 eiωzT + |g, 2〉 e2iωzT

)
(7.17)

RSB 2
===⇒

π

1√
3

(
|g, 0〉+ i |g, 1〉 eiωzT + i |e, 0〉 e2iωzT

)
(7.18)

RSB 1
===⇒
π/2

1√
3

(
|g, 0〉+

i√
2
|g, 1〉 eiωzT +

i√
2
|e, 0〉 eiωzT (7.19)

+
i√
2
|e, 0〉 e2iωzT − i√

2
|g, 1〉 e2iωzT

)
. (7.20)

The last 2π/3.3 carrier pulse gives rise to a superposition between |g, 0/1〉 and |e, 0/1〉 states and

the state is expressed as

ψ(T ) =
1√
9

(
|g, 0〉

[
1 + eiωzt + e2iωt

]
+ |g, 1〉

[ i√
2
eiωzT − i√

2
e2iωzT

]
(7.21)

+ |e, 0〉
[
− i
√

2 +
i√
2
eiωzT +

i√
2
e2iωzt

]
+ |e, 1〉

[
eiωzT − e2iωzT

])
.
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After taking the projection of the state on the eigenstates |e, 0〉 and |e, 1〉, the amplitude of

the projection is calculated, which gives the probability

P (e) =
1

9

[
5− 3 cos(ωzT )− 2 cos(2ωzT )

]
, (7.22)

of the ion being in the excited state as a function of the wait time (T ). After inserting some

arbitrary phases during the preparation of the superposition, the expression is given as

P (e) =
1

9

[
5− 2 cos(ωzT + φ1)− cos(−ωzT + φ1 − φ2)− 2 cos(2ωzT + φ2)

]
, (7.23)

where φ1 and φ2 are the phases between the laser pulses and some additional phase acquired

during the preparation of the motional superposition.

A triple slit interference has been previously realised with atomic states [141] or with three

physically separated slits [142, 143]. In our system, a ground state cooled ion is prepared in a

superposition of three motional states, and the phonon triple-slit interference is realised. The

phase acquisition of the motional wave-packet during its stay in the motional states 0, 1 and 2

is noted as a function of excitation probability between the internal states of the ion. The time

evolution of the excited state population as a function of the waiting time is shown in figure

7.32. The plot indicates two frequency components of 127 kHz and 254 kHz. To reduce the

complexity of the fitting, the fitting model is chosen as

P (e) =
[
A−B cos(ωzT + φ1)− B

2
cos(−ωzT + φ1 − φ2)−B cos(2ωzT + φ2)

]
, (7.24)

where the coefficients are found using the least-square fitting method. The experiment is per-

formed at a low trapping frequency thus the ground state cooling is carried out by the adiabatic

cooling technique.
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Figure 7.32: Free precession of population in state |e〉 in the triple slit experiment, indicating
superposition of two frequencies ωz and 2ωz.

Furthermore, the studies were extended for various waiting times. In this case, the free-

precession data was acquired after some initial waiting times (after inserting a gap of a few tens

of milliseconds), and the coefficients were found by fitting the experimental data. The variation

of the coefficients is shown in figure 7.33. We expect that the ωz and 2ωz time-dependent parts
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dephase differently, hence the terms are fitted with two independent coefficients. Figure 7.33 (a)

shows the time variation of the ωz component (black data points) and 2ωz component (orange

data points). The fitting of the data is carried out with an exponential model and the coherence

time is estimated to be 41 ± 3 ms for the ωz component and 30 ± 2 ms for the 2ωz component.

Figure 7.33 (b) shows the time-independent coefficient in equation 7.24. The dotted lines are

plotted to show their actual values as given in equation 7.23. Note that the measured coefficients

differ slightly from the theoretically calculated values, which is caused by systematic errors in

laser pulses and detunings.
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Figure 7.33: Loss of the visibility of the triple-slit interference pattern with wait time. In figure
(a), black data points are the measured values of the coefficients of the ωz component and the
orange data points are the coefficient values of the 2ωz component. The solid curves are fitted
to the experimental data points. Figure (b) shows the data points of the time-independent term
in equation 7.23.

7.6.5 Motional superposition of high-n motional states

An interesting motional superposition is demonstrated after preparing the ion in a high-n state

through a sideband heating technique. In high-n states, the sideband strength of the higher

order sidebands increases, hence it is possible to coherently manipulate the quantum states

using higher order sidebands. In this case, the ion is initially prepared in the n ∼ 150 phonon

state at 420 kHz axial frequency. In order to prepare the ion in such a high-n state, resolved

sideband heating technique is implemented, where the 729-nm laser is tuned to the first blue

sideband of the transition. This technique prepares the ion in a state very close to the first blue

sideband minima point. A more detailed description of the sideband heating method can be

found in chapters 5 and 6. The laser sequence which is used to prepare and detect the motional

superposition with high phonon-number is shown in figure 7.34. The first laser pulse (π/2

carrier pulse) creates a superposition of |g, n〉 and |e, n〉, followed by the second laser pulse (π/2

third-red sideband pulse) creates the superposition |g, n〉, |e, n〉,|g, n+ 3〉 and |e, n− 3〉. The
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resultant state is expressed as

|ψ〉 = (a |g, n〉+ b |e, n〉+ c |g, n+ 3〉+ d |e, n− 3〉), (7.25)

where a, b, c and d are the coefficients of the respective state vectors. After creating the superpo-

sition of the internal state and external states of the ion, the state is detected after some waiting

time (T ) by projecting it onto the excited and the ground state of the ion. During the waiting

time, the system acquires some phase which is seen as the time variation of the excited state

population (P (e)) as a function of waiting time. The time evolution of the state vectors can be

measured by following the algebra of the state vector and laser sequence that is used to perform

the experiment. The excited state probability as a function of free-evolution time comes to be

P (e) =
1

8

[
5− 2 cos(3ωz(T + t)) + cos(6ωz(T + t))

]
, (7.26)

where the parameters have the usual meaning. Note that the expression indicates two frequency

components, one at 3ωz and the second at 6ωz. After including the phase of the respective laser

pulses, the more general expression is given as

P (e) =
1

8

[
4 + cos(φc) + cos(6ωzt+ 2φt − φc + 2φr)− 2 cos(3ωzt+ φt − φc + φr) cosφr

]
, (7.27)

where φc, φr are the phase differences between the carrier pulses and third red pulses, respec-

tively. The extra phase, φt, is included to account for the phase acquisition during time T .

The expression further simplifies if the optical decoherence in the system is assumed. After the

optical coherence time the excited state population comes to be

P (e) =
1

2
− 1

4
cos(3ωzt+ φr − φc − φt), (7.28)

which indicates that the 6ωz component drops out of the expression due to dephasing of the

ground and excited electronic states. The remaining expression averages out at around P (e) =

0.5 and contains an oscillatory component at 3ωz.

The experiment is performed at various waiting times T and the free-evolution time (t) is

varied in steps of 40 ns. Plots showing the time evolution of the population in the excited state

(P (e)) as a function of free-precession time are shown in figure 7.35. The data points in red

and orange are taken at phase φc = 0 and φc = π, respectively. The data points are then fitted

with the theoretical model discussed in equation 7.27. The experimental data indicates both

frequency components (3ωz and 6ωz) are present within the optical coherence time. However,

outside the optical coherence time, the data shows time variation with only the 3ωz frequency

component.

The visibility of the high-n superposition is extracted from the plots and shown in figure 7.36

as a function of T . The figure indicates intriguing results of motional and spin coherence effects.

In this experiment, the superposition state is composed of spin and motional eigenstates, hence

the interference of both quantum effects is expected. At initial waiting times, the visibility is
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Figure 7.34: Laser sequence used to create motional superposition at high phonon state (top),
and (bottom) an illustration of how the superposition state, 1√

4
(|g, n〉 + |e, n〉 + |g, n+ 3〉 +

|e, n− 3〉 , is generated from the above laser pulses.

highest and it drops down to approximately 0.5 at 1 ms. During the first 1 ms, the system de-

phases against the spin decoherence effects. However, at later times, only motional coherence

contributes to the sinusoidal variation at 3ωz. The system completely dephases after the mo-

tional coherence time. The estimated optical coherence time is found to be 500±50 µs, which is

not consistent with previously measured optical coherence time 4. The motional coherence time

is measured to be 100 ± 10 ms, which is also shorter than the 0-1 motional coherence time. In

this case, the superposition is created for ∆n = 3 so we expect this change [63].

A motional superposition was also created after preparing the ion near the minimum of the

second blue sideband. In this case, the ion is initially heated to the first blue sideband minima,

followed by the second stage of sideband heating where the ion is heated to the second blue

sideband minima. We expect the resultant phonon state to be n ∼288. To perform coherent

manipulation of the motional states, a π/2 pulse tuned to the first red sideband is used, which

creates the superposition of |g, n〉 and |e, n− 1〉. Subsequently, a second π/2 pulse, tuned to the

third red sideband, creates a superposition state which is denoted by

|ψ〉 =
1

2

(
|g, n〉+ |e, n− 3〉+ |e, n− 1〉+ |g, n+ 2〉

)
. (7.29)

The resultant state then acquires phase during the free-evolution time (T ). The laser sequence

used in the experiment is similar to that shown in figure 7.34, the only difference being that the
4This reduction in the optical coherence time is observed very recently. We believe that the optical coherence

time is decreased due to some additional laser frequency noise that was added to our frequency locking system. In
September 2016 our superconducting magnet was recharged, which changed the magnetic field by approximately
0.5 % from its previous value. This required a new 729-nm laser frequency to induce the carrier transition. The
change in the laser frequency was not possible to bridge with the scanning AOM, hence, the reference cavity mode
was changed and the laser was locked to some other cavity mode. Somehow, this alteration in the locking system
did not give us the same optical coherence time as before.
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Figure 7.35: Plots showing the time evolution of the excited state population for several values
of waiting time, after creating the motional superposition at n ∼ 150. Orange and red curves
indicate the time evolution of state vectors for φc = 0 and π, respectively. For T < 1 ms, the
optical and motional coherence both contribute to give full visibility of the plots. At later times,
only the motional coherence contributes to the sinusoidal oscillations.

carrier laser pulse is replaced by a first red sideband pulse. The excited state population as a

function of the waiting time (T + t) is expressed as

P (e) =
1

8

[
5− 2 cos(2ωz(T + t)) + cos(4ωz(T + t))

]
, (7.30)

where the laser pulses are assumed to be phase synchronised with respect to each other. The

global phase is omitted by assuming zero phase acquisition for the |g, n〉 and |e, n− 1〉 states.

After inserting the relevant laser phases into expression, it becomes similar to equation 7.27

after replacing 3ωz with 2ωz. Figure 7.37 shows the variation of the amplitude of the motional

superposition as a function of free evolution time. The fitting is carried out with two decay

rates, one for the optical dephasing and the second for the motional dephasing effects. The

fitting model is given in appendix E. We find τoptical = 620± 100 µs and τmotional = 270± 30 ms.

The spin dephasing time is found to be the same as the optical coherence time as measured in
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Figure 7.36: Coherence time measurement using motional superposition of high n motional
states. The plot shows two kind of quantum coherence effects. The spin coherence effects are
observed at short waiting times (T < 1 ms) and the motional coherence effects are observed at
long waiting times (T > 1 ms).

the previous section.
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Figure 7.37: Plot showing the loss of the visibility as a function of waiting time when the
superposition is created with the first red sideband and the third red sideband pulses for a
sideband heated ion. The superposition is demonstrated after preparing the ion in the n ∼ 288
state via a two-stage sideband heating technique.

The motional coherence time for n ∼ 288 is measured slightly higher than that for n ∼ 150.

In the previous experiment, ∆n = 3 however this experiment was performed for ∆n = 2.

The study indicates that the coherence time varies with ∆n not with the phonon state number.

Additionally, in chapter 6 we saw that the state prepared after sideband heating is not a pure

Fock state, but rather has some spread around the first and second blue sideband minima. The

spread of the population is not a problem if the sideband strength is roughly constant over the

Fock states of interest. In reality, this causes some systematic reduction in the visibility. This is

noted at T = 0 in plots 7.36 and 7.37, where the visibility is measured to be 0.8 instead of 1.
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For the current discussion, we are interested in the coherence times, thus the systematic errors

are ignored.

7.7 Experimental demonstration of coherent state of motion

The coherent state is a minimum uncertainty state of a quantum harmonic oscillator and is a

close analogue to the classical harmonic oscillator. After preparing the ion in its the motional

and electronic ground states, a bichromatic laser radiation is used to construct the state α. The

interaction of an ion with the bichromatic radiation field is explained below. The sum of two

classical light fields generated by two light sources is expressed as

E = E1x̂ cos(ωl1t− kz) + E2x̂ cos(ωl2t− kz) (7.31)

where Ei is the amplitude and ωli is the frequency of the applied electric field. In this case, the

direction of propagation of the laser beam creating the bichromatic fields is assumed to be along

the z axis and the polarisation is assumed to be directed along the x axis. Let us assume that

both fields have the same amplitude, E0. In order to simplify the expression, let us assume that

the two laser beams have ωl1 = ωl − ωd and ωl2 = ωl + ωd, then the combined field is expressed

as

E = 2E0x̂ cos(ωlt− kz) cos(ωdt). (7.32)

The equivalent Hamiltonian for the field interacting with an atom of dipole operator D is given

as

H = −E ·D. (7.33)

After following the usual definition of the dipole operator D, the Hamiltonian simplifies to

H = ~Ω(σ+ + σ−)
[
ei(ωlt−kz) + e−i(ωlt−kz)

]
cos(ωdt), (7.34)

where the parameters have been defined earlier. The Hamiltonian in the interaction picture,

and after making the rotating wave approximation, simplifies to

Hint = ~ω
(
σ+e−i∆teiη(ã+ã†) + σ−ei∆te−iη(ã+ã†)

)
cos(ωdt) (7.35)

where ∆ = ωl − ω0 and ã is the lowering operator in the interaction picture. After assuming

∆ = 0 and ωd = ωz + δ, which implies the laser has two sidebands around the carrier at

frequencies ±(ωz + δ), the Hamiltonian is expressed as

Hint = ~ω
(
σ+eiη(ã+ã†) + h.c.

)
cos(ωzt+ δt). (7.36)
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For the case when δ = 0, the above interaction Hamiltonian implies a classical force term giving

rise to the displacement operator D = eα
∗a−αa† for harmonic motion with frequency ωz [144].

If this Hamiltonian is applied to a ground state cooled ion, it creates a coherent state of motion.

The above Hamiltonian in resolved sideband terms is expressed as

Hint =
~ω
2

(
σ+e−iωzteiη(ã+ã†) + h.c.

)
+

~ω
2

(
σ+eiωzteiη(ã+ã†) + h.c.

)
, (7.37)

where the first term in the right hand side of the expression is equivalent to excitation of the

first blue sideband and the second term is equivalent to excitation of the first red sidebands.

This implies that if laser radiation is applied simultaneously to the red and blue sidebands of the

transition, a coherent state of motion can be created in trapped ion systems.

The schematic of the laser sequence used to create a coherent state of motion is shown in

figure 7.38. Experimentally, the coherent state is constructed by using a bichromatic laser beam.

For a fixed duration of the bichromatic interaction, the population resides in a superposition of

the states |g〉 and |e〉. For a near ideal realisation, a short 854-nm laser pulse is added in the

sequence, which prepares the ion in the state |g, α〉 (only to some approximation [144]).

State	read

						out
|g,0

|g,α BSB

τ T

Bichro

Prepare Prepare

Figure 7.38: Schematic of the laser pulses used to prepare the coherent state of motion. The
first state-preparation pulse is required for ground state cooling and preparing the ion in its
electronic ground state. The second state-preparation pulse indicates a short 854-nm laser pulse
that is used to prepare the ion in the electronic ground state.

In order to carry out frequency analysis of the coherent state, the probe laser is tuned to

the blue sideband of the 729-nm transition and a Rabi-flop experiment is performed 5. The time

evolution of the excited state population as a function of laser interaction time is shown in figure

7.39. The experimental data points are then fitted to a model expressed as

P (↑) =

nmax∑
n=0

exp[−〈n〉] 〈n〉n

n!
sin

(
τ

2
Ωn,n+1

)
, (7.38)

where 〈n〉 is the mean phonon number, τ is the laser interaction time and Ωn,n+1 is the blue

sideband Rabi frequency for the motional state n.

For the experimental demonstration, the bichromatic laser radiation was applied for 150 µs

after ground state cooling of the ion. The mean phonon number (〈n〉) for the coherent state

produced is measured to be 3.30 ± 0.06. In this experiment, a fascinating and unique effect of

quantum coherence is observed. The quantum coherence is observed to disappear after 100 µs

and the revival of quantum coherence is observed after 400 µs, verifying the quantum behaviour
5In principle, the Rabi flops can be observed on the carrier transition too but the BSB is preferred due to its

dependency on n.
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of a coherent state of motion (n).
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Figure 7.39: Time evolution of the excitation probability as a function of laser interaction time
with the blue sideband of the transition after generating a coherent state of motion.

Also, for the Rabi oscillation curve shown in figure 7.39, the frequency analysis is achieved

by fitting P (n) with individual coefficients for each motional state. The extracted occupation

probability from the blue sideband Rabi-flop fit is shown in figure 7.40. The distribution is

found to be in agreement with the Poissonian model of the occupation probability expected for

a coherent state of motion.
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Figure 7.40: Occupation probability in each phonon state after frequency analysis of the Rabi
flops as shown in figure 7.39.

7.7.1 Demonstration of a forced harmonic oscillator using a trapped ion system

Additionally, some intriguing effects are observed when the bichromatic radiation is slightly

detuned from the sideband frequencies. The Hamiltonian for this is given in equation 7.36. The

forced term due to the laser field is defined as

F = F0 cos(ωzt+ δt), (7.39)

where δ is the detuning of the bichromatic radiation from the sideband transitions (ωd = ±(ωz+

δ)). In this case, if the laser is detuned by a few hundreds of Hz from each sideband, the radiation

drives the oscillator to a high mean phonon number, and after some time the oscillator is driven

back to the ground state of motion. The effect is identical to a situation in which a classical
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harmonic oscillator is driven by a detuned force which periodically changes the amplitude of

the motion.

In the first set of experiments, the bichromatic interaction time is varied and simultaneously

the probability of the ion being in the excited electronic state is measured for a given probe time.

For a fixed probe time, the ion changes its electronic state depending upon the Rabi frequency

of the particular motional state (n). If the probe time is set to be a π pulse for a given transition

at n = 0, it does not remain a π pulse if the motional state is changed, hence the excitation

probability varies with bichromatic interaction time. The evolution of the excitation probability

with bichromatic interaction time for a fixed carrier pulse (τn=0 = 4π) is shown in figure 7.41

(black data points). In the same figure, the time evolution of the excitation probability for a

fixed duration of laser pulse tuned to the first blue sideband transition (τn=0 = π), is indicated

by red points.
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Figure 7.41: Collapse and revival of population in the ground motional state as a function of
bichromatic drive time. The excitation probability is measured at various drive times and fixed
probe lengths. The revival of the ground state population is observed at approximately 1900 µs.

The experimental data points are then fitted with a model which takes into account the time

variation of the mean phonon number and the corresponding change in the Rabi frequency for

a given transition. The model used for the fitting is expressed as

P (↑) =

∞∑
n=0

e−〈n〉t 〈n〉nt
n!

sin2

(
1

2
τprobeΩn,n′

)
(7.40)

where 〈n〉t = 〈n〉max sin2(πδt) is the time-varying mean phonon number of the quantum har-

monic oscillator and the parameter 〈n〉max is used to estimate the maximum change in the mean

phonon number due to the bichromatic drive.

The best-fitted plots of the time-varying excitation probabilities for the carrier and the first

blue sideband transitions are shown in figure 7.41, along with the experimental data. The

estimated value of the detuning (δ) comes to be 536 ±1 Hz and the maximum value of the
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mean phonon number is estimated to be 49.7 ± 0.2. The corresponding amplitude of motion

comes to be 760 nm at 419 kHz axial frequency. In this plot, the full reflection to the ground

state of motion is observed at 1865 µs. To precisely estimate the mean phonon number at the

highest amplitude point, another experiment is performed where spectroscopy is carried out for

a known bichromatic interaction time and at a given probe time. The spectrum after bichromatic

interaction time of 1 ms is shown in figure 7.42. The fitting is carried out by considering a

Poisson type distribution of the occupation probability and the value of the 〈n〉 is estimated.

The estimated 〈n〉 at the highest amplitude point is found to be 48.7 ± 0.6, which is broadly

consistent with the above findings. This is the largest coherent state of motion that we realised

in our system.
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Figure 7.42: Spectrum after preparing a coherent state of motion with a bichromatic drive. The
fitting suggests that the mean phonon number is 48.7±0.6, and the population around the mean
point follows a Poissonian distribution.

In the third set of experiments, Rabi flops are acquired for the carrier and the first blue

sideband transitions after 1 ms of bichromatic field interaction. The data is presented in figure

7.43. Note that the Rabi flops for the first blue sideband transition (shown with red data points)

indicate periodic behaviour, however, the carrier Rabi flops (shown with black data points) are

not observed to be oscillatory in nature. This is attributed to the difference in the carrier strength

for different n states. Moreover, the behaviour can be understood by looking at the plot of the

sideband strengths at 419 kHz axial frequency shown in the right panel of figure 7.43. Note

that the carrier strength varies drastically for the phonon distribution at 〈n〉 = 49, however,

the blue sideband strength is relatively constant around these phonon states. Consequently, the

different frequency components in the carrier Rabi experiment introduce dephasing and hence

the excitation strength averages out to 0.5 for this case.

In another experiment, we set the detuning to be approximately 1.4 kHz and measure 〈n〉 for

various durations of the bichromatic field. The experimental findings are shown in figure 7.44

for interaction times of 0, 352 and 704 µs, respectively. The classical drive, in this case, creates

the largest amplitude of motion at t = 352 µs, which is half the revival time (1/δ). For this case,

the measured value of 〈n〉 is 6.31 ±0.14. Subsequently, at time t = 704 µs the ground state

population is reconstructed, confirming the revival of the population with the classical drive.

Furthermore, revival and collapse are observed at integer and half-integer durations of 704 µs,

and the data is presented in figure 7.45.
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Figure 7.43: Rabi oscillation of the carrier transition (black data points) and at the first blue
sideband (red data points) after preparing the ion at 〈n〉 =49 through bichromatic driving. The
estimated Rabi frequency is 32 kHz. On the right, the sideband strength around 〈n〉 = 49 for
the carrier and blue sideband is shown, indicating a steep change in the Rabi frequency for the
carrier transition leading to dephasing.

For this case, fitting is not performed, however for illustration purposes, the experimental

data is superimposed with simulated results. A sinusoidal curve (in red) is drawn to indicate the

periodicity in the revival and collapses after every 704 µs. Additionally, the equation of motion

for an equivalent classical oscillator is solved by numerical methods. The system is assumed to

be subjected to a similar driving force as estimated from the experimental results and a damping

term included. The normalised strength of the drive and damping is varied to exactly overlay the

experimental points. The estimated value of the normalised driving term comes to be 61.5/µs2

and the equivalent damping is estimated to be 560 Hz in the normalised displacement units.

7.7.2 Experimental demonstration of a squeezed state of motion

A squeezed state of motion in a trapped ion system is realised by applying a parametric drive

potential at the trap electrodes or by illuminating the ions with a standing laser field beating at

twice the trap frequency [145]. In our system, the experimental demonstration of a squeezed

state of motion is carried out with the help of bichromatic laser radiation. The laser beam

interacts with the ion in a travelling wave configuration and it is tuned to the second red and the

second blue sidebands of the transition. In an ideal situation, the scheme must populate the even

phonon states [78] and the probability distribution must follow a squeezed state distribution as

shown in equation 2.69. The experiment is carried out at 419 kHz axial frequency. Before

applying the bichromatic interaction, the ion is prepared in the electronic ground state and

motional ground state. After a fixed bichromatic interaction time, Rabi oscillations on the blue

sidebands (BSB) are recorded. The theoretical model for the time evolution of the squeezed

state is expressed as

P (↑) =
nmax∑
n=0

(2n)! tanh2n(r)

(2nn!)2 cosh(r)
sin2

(
τ

2
Ω2n,2n+1

)
, (7.41)
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Figure 7.44: Spectra of a trapped calcium ion after driving it with a bichromatic radiation for
(a) 0 µs, (b) 352 µs and (c) 704 µs. Each windowed spectrum contains two red sidebands, two
blue sidebands and a carrier transition. In spectra (a) and (c) the dip at the carrier transitions
indicate that the probe time is longer than the π pulse time.

where τ is the laser interaction time for the first BSB. The Rabi frequency of the blue sideband

is denoted by Ω2n,2n+1. The model assumes occupation of the even phonon states during the

bichromatic interaction time.

The Rabi flops on the first blue sidebands, after preparing the squeezed state of motion in

our system, are shown in figure 7.46. The bichromatic radiation is applied for 900 µs at ±2ωz.

Unlike the coherent state of motion, the squeezed state is not identifiable from the Rabi flops.

However, the fitting of the spectrum with a proper model gives rise to the squeezing parameter,

ξ(= e2r). The fitting of the experimental data gives squeezing parameter to be 35 ± 2, which

corresponds to 〈n〉 = 8.1 ± 0.5. The fitting is carried out for even phonon states only and the

fitted curve is shown in blue. In principle, the odd states are not get occupied in this case,

however, the incoherent repumping by the 854-nm laser may slightly populate the odd states.

Occupation probability of the odd states is negligible however if the experiment is performed

within the L-D regime.
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Figure 7.45: Periodic collapse and revival of the population in the ground state as a function of
bichromatic interaction time. The period is observed to be 704 µs. The bottom plot shows 〈n〉
as a function of bichromatic interaction time and the various sub-plots at the top indicate the
phonon distributions corresponding to each data point in the bottom curve.
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Figure 7.46: Rabi oscillations of the blue sideband after bichromatic interaction of 900 µs.
Bicromatic radiation was tuned to the second red and second blue sideband transition. The
fitting is carried out with three different cases. See text for more detail.

The population in each individual motional state is extracted by independently fitting the

experimental Rabi data. The fitting is carried out by allowing the occupation probability in the

individual phonon states to be free parameters. In order to simplify the fitting procedure, the

ion is assumed to reside in the even phonon states only. The estimated value of P (n) is shown

in figure 7.47 with red circles. The curve in black corresponds to the estimated value of P (n) for

〈n〉 = 8.1 as estimated previously. The expression used to estimate the value of P (n) is given in

2.69. The individual phonon state fitting is not very reliable due to insufficient information from

the Rabi plot. However, for the sake of completeness, the experiment verifies demonstration of

the squeezed state of motion in our system. Additional analysis of the squeezed state of motion

is presented in appendix F.
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Figure 7.47: Occupancy distribution analysis of the squeezed state of motion. The black data
points with grey vertical bars represent the occupation probability estimated at 〈n〉 = 8.1. The
circles in red indicate the individual phonon state occupation after fitting with the individual
phonon state occupancy as a free parameter. In both cases, only even phonon states are taken
for the fit.

7.8 Dephasing of the motional superposition

In trapped ion systems, the motional coherence time is a very important factor limiting the fi-

delity of any quantum control. In the previous section, I have shown the measurements of the

motional coherence time in our system signifying a high level of motional coherence. In this

section, I will further verify the motional coherence time measurements through some supple-

mentary measurements that were carried out in our system.

7.8.1 Stability of the trap power supply

Dephasing of the motional superposition is directly related to the stability of the trap supply. A

direct measurement of the trap power supply was carried out using a 6.5 digit Agilent 34401A

digital voltmeter and the stability plot is shown in figure 7.48. The measurement was carried

out at 250 V, which is a normal operating potential in our system. The standard deviation of the

trapping voltage noise is measured to be ∼ 1 mV, which corresponds to σωz =0.8 Hz at ωz =

419 kHz. The corresponding value of the estimated coherence time comes to be approximately

0.5 s. The estimated coherence time of our system agrees with the value measured in the 0-1

motional superposition experiment.

7.8.2 Heating rate measurements

Heating of trapped ions affects the ability to manipulate quantum systems [63]. In RF traps,

generally, the micromotion and noise on the trap electrodes cause heating of a trapped ion. A

more specific reason for the heating mechanism of a trapped ion is still unclear [66]. In a Pen-
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Figure 7.48: The figure shows the stability of the trap power supply at 250.079 V. The measure-
ments were taken for 2 hours at 1 Hz acquisition rate.

ning trap, no RF field is present, hence, heating is expected due to patch potentials or trapping

potential instability. There is no specific explanation as to whether the heating mechanism af-

fects the entangled state or not. However, if the motional state is changed due to heating, the

coherent manipulation differs due to the change in Rabi frequency. In this section, I will present

heating rate measurements with a calcium ion in the Penning trap. The measurements are car-

ried out with one and two ground state cooled ions. After preparing the ions in the motional

ground state, spectroscopy is performed at various waiting times and the ground state occupa-

tion is measured. If the ion changes phonon number during this waiting time, the red sidebands

of the spectrum become visible, indicating a reduction in the ground state occupation. By noting

the rate of change of the mean phonon number with time, the heating rate can be estimated for

a particular motional mode.

7.8.3 Heating rates of a single ion

Previously, the heating rate of a trapped calcium ion at 420 kHz was measured to be 0.3 ± 0.2

phonons/s [45], estimating sub-hertz heating rates. As a rule of thumb, heating rates vary with

the ion oscillation frequency, assuming that the system has Johnson noise [66]. Recently, we

reassessed the heating rates in our trap and they were found to be consistent with our previous

measurements at 420 kHz axial frequency. We also measured the heating rates at 186 kHz ion

oscillation frequency along the axial direction and the results will be presented in this section.

A plot showing spectra after various waiting times at 187 kHz axial frequency is shown in figure

7.49. The single ion heating rates at this frequency are estimated to be 2.5 ± 0.5 phonons/s, a

slightly higher value than that measured at 420 kHz axial frequency.

The radial motion in a Penning trap is unique due to two types of circular motion. In chap-

ter 6, I have presented the experimental demonstration of ground state cooling of the radial

motional modes. In extension to those studies, the heating rate measurement is carried out for
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Figure 7.49: Heating rate measurements of the axial motion at 187 kHz axial frequency. In
figure (a), spectra are shown after 0, 25ms and 50 ms of ground state cooling of the axial
motion. In figure (b), the estimated mean phonon number as a function of the waiting time is
shown. A linear fit is carried out of the data points giving rise to the heating rates of 2.5 ± 0.5
phonons/s.

(a) (b)

Figure 7.50: Heating rate measurement of the radial motional modes at 100 V trapping poten-
tial. In figure (a), the data points show 〈n〉 for the magnetron motion at 51 kHz. Similarly,
figure (b) shows the heating rate of the modified cyclotron mode at 678 kHz.

the radial modes. The measurement is performed at 100 V trap potential which corresponds to

51 kHz and 678 kHz frequencies of the magnetron and modified cyclotron modes, respectively.

After preparing the ion in the motional ground state, the mean phonon number is estimated

after waiting times of 0, 1.5 and 3 ms. The estimated mean phonon numbers at these times are

shown in figure 7.50. The linear fit of the experimental data implies a heating rate of 380± 100

phonons/s for the magnetron motion and 340±40 phonons/s for the modified cyclotron motion.

The measured heating rates for the radial motional modes are found to be two orders of

magnitude higher than that of the axial mode. One possible reason for the higher heating rates

is due to the differential noise on the split ring electrodes. Axialisation requires a quadrupole

field in the radial plane, which is produced by a circuit which provides four individual outputs

at the required phases and amplitudes. We expect that the noise in the radial plane is higher

because of this additional circuit, however, the same noise is not seen to affect the axial motion.

In the current apparatus, a direct measurement of the differential noise at the trap electrodes is

not possible due to the inaccessibility of the trap assembly. In future, a direct measurement of

electrical noise at the ring segments can be performed to determine the reason for the higher

heating rates.
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7.8.4 Heating rates with a two-ion chain

The heating rate was also measured for the COM and breathing modes of two ions. In the

Penning trap, a chain configuration is attained at a low trap potential (typically at 50 V). A

measurement of the heating rate of a two-ion chain is performed at 162 kHz COM frequency and

the results are shown in figure 7.51. The rate of change in mean phonon number is measured

to be 15± 10 phonons/s. On the other hand, the breathing mode heating rate is measured to be

0.5±0.4 phonons/s, which is consistent with the axial heating rate measurement of a single ion.

In principle, the reason for different heating rates can be explained by the nature and response

of the electric field noise in the trap. The COM mode is expected to respond to the symmetric

electric field noise in the spatial extension of the ions, however the breathing mode responds to

the asymmetric field noise. On the other hand, the trap frequency for the COM is smaller than

the breathing mode. Assuming that the system has Johnson noise, we expect more heating of the

COM mode than the breathing mode. We have also performed heating rate measurements for

two ions in a planar configuration and found to be consistent with the single-ion axial heating

rate measurements.

Figure 7.51: Heating rate measurement of COM and breathing modes at 162 kHz COM mode
frequency.

7.9 Summary

In this chapter, I have shown studies related to coherent control of trapped ions in our trap.

Coherent manipulation was performed on a calcium ion system using a narrow linewidth laser

beam. The studies included Rabi oscillations and Ramsey interference measurements with a

single ion. The optical coherence time is found to vary with the type of noise dominant for a

particular type of experimental measurement. The measurements suggest the optical coherence

time of the system is of the order of 1 ms. Coherence time of the system was further enhanced

using the spin-echo and UDD techniques by an order of magnitude. The coherent control was

demonstrated for multiple ions after preparing them in their vibrational ground states.

Coherent studies were also carried out for motional states of a trapped ion, revealing a high

level of motional coherence. The results were supported by a low rate of heating in our system.

Additionally, motional coherence was demonstrated for a sideband heated ion. The studies
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showed distinct sources of decoherence, the first due to decoherence in electronic state and the

second due to decoherence of the motional states. The motional coherence time is measured to

be three orders of magnitude higher than that of the optical qubit.
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Chapter 8

Conclusion

In this thesis, I have discussed experimental and theoretical studies of laser cooling in a Penning

trap. The studies demonstrate coherent control of trapped ions within and outside the L-D

regime. Previous studies of coherent control using trapped ions in other systems were performed

within the L-D regime. Sideband cooling and coherent manipulation of the quantum states

using a laser beam were demonstrated with a single calcium ion trapped in a Penning trap. The

studies were also extended to a larger number of ions and the results have been presented in

this thesis. The experimental control system has been discussed in previous theses [91, 98, 146].

Nevertheless, the experimental apparatus has been modified since then to make it suitable for

sideband cooling of the radial modes and to perform coherent manipulation on trapped ions.

Furthermore, a home built intensity noise eating system was installed, which provided better

coherent control of the trapped ions. The appropriate modifications and new installations in the

experimental apparatus have been presented in this thesis.

8.1 Summary of thesis achievements

This thesis has presented the simulation studies of resolved sideband cooling in a Penning trap.

The cooling scheme has been devised by performing test simulations for a system outside the

L-D regime for one and two ions. The studies were further used to carry out the experimental

demonstration of resolved sideband cooling of the ions in our trap. In the presence of such

a large magnetic field, the previous theory of resolved sideband cooling was not appropriate

to fully understand the cooling dynamics. The requirement of a multistage cooling scheme has

been discussed and appropriate cooling sequences were examined in order to predict the cooling

performance in our system.

The experimental demonstration of ground state cooling of the axial mode of a single ion has

been shown. A multistage sideband cooling sequence is employed to realise ground state cooling

of a system where the population initially lay far outside the L-D regime. The studies have been

extended for a two-ion chain, where ground state cooling of the axial modes was impossible
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without performing sideband cooling on multiple sidebands. Cooling has been demonstrated

for up to ten ions in a planar configuration. These studies are crucial to enabling high fidelity

quantum simulations using multiple ions.

The first ever demonstration of ground state cooling of the radial motional modes has been

presented in this thesis. Due to the complicated radial motion and negative energy magnetron

modes in the system, cooling was difficult to attain. In this case, sideband cooling is performed

using the blue sideband of the magnetron transition. However, the modified cyclotron mode

was cooled through a conventional cooling way. In these studies, the system lay outside the L-D

regime, hence a multi-stage cooling scheme was employed.

Additionally, for special cases, an adiabatic cooling technique is employed for the axial mo-

tion. These experimental studies were used in performing coherent control for a system beyond

the L-D regime. Such studies have not been performed before to our knowledge. A special state

of high phonon number is prepared through a sideband heating technique. In this instance, the

system is prepared far beyond the L-D regime via sideband heating on a first blue and second

blue sidebands of the transition.

Finally, this thesis has demonstrated coherent control of trapped ions in a Penning trap. The

enhancements of the optical coherence time of a single ion qubit in a Penning trap was observed

by employing the spin-echo and UDD techniques. Furthermore, the motional superposition of a

ground state cooled ion in a Penning trap has been presented, indicating a high level of quan-

tum coherence in our system. Additionally, interesting quantum control was demonstrated by

superimposing electronic and motional quantum states together with a trapped calcium ion.

This particular study was performed in a high phonon state, which was realised through a side-

band heating technique. The superposition of three low lying Fock states was demonstrated,

analogous to the three slit interference of photons. The interference pattern was only feasible

due to a great level of coherent control in our system. Additionally, I have presented experimen-

tal studies of coherent and squeezed states of motion. The coherent studies between motional

states are consistent with the heating rate measurements in our system.

In summary, in this thesis, I have presented the experimental studies of sideband cooling and

coherent control with trapped ions in a Penning trap. The studies indicate a remarkable level of

coherent control in our system. These were the first ever studies in a Penning trap. The coherent

studies also have been performed beyond the L-D regime. The overall idea of these studies

was to demonstrate coherent studies in a Penning trap and show their usability in quantum

computation and quantum simulations. The experimental results were reasonably competitive

with the other groups in ion trapping community. All the experimental demonstrations were

performed in three years of my PhD. To start with, sideband cooling of a single ion along the

axial direction, both within and outside the L-D regime, was performed in the first year of

my PhD. Then after coherent control between internal states of a ground state cooled ion was

demonstrated and the coherence time of an optical qubit in a Penning trap was measured. Later

the studies were extended to a small ICC initially up to two ions and later extended to ten

ions. In the second year, we performed studies of a motional coherence time in our system and
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verified a high level of motional coherence in our trapping system. Sideband heating of an ion

and radial cooling is performed in the final year of my PhD.

8.2 Applications

The key studies of sideband cooling of small ICC’s in a Penning trap have potential applications

for of studying quantum effects in ICC’s. Quantum simulation has been performed with Doppler

cooled ions in Penning traps, however, sideband cooling of ions will improve the simulation

performance. Furthermore, the low heating rates of planar two-ion crystals indicate a high level

of isolation between motional modes. Interestingly, the ions in a two-ion planar crystal rotate

at a few tens of m/s about the magnetic field axis, which in addition to ground state cooling

and low heating rates indicate near perfect isolation between the normal modes of motion. The

sideband cooling of the planar crystal has potential application in QEC and QI based studies in

a Penning trap [10].

The theoretical and simulation studies of sideband cooling outside the L-D regime can be

used to obtain efficient ground state cooling of trapped ions and the studies are applicable to

any other similar type of apparatus. The Penning trap is best used in confining non-neutral

plasma and in precision studies with highly charged ions. In many cases, the direct cooling of

highly charged ions or elementary particles such as protons and antiprotons is not possible. In

those cases, cooling of some other ion is used to sympathetically cool the ion of interest. The

current studies of laser cooling have potential applications in utilising such tools to minimise

uncertainties in high precision measurements [147].

8.3 Outlook

The efficiency of sideband cooling of the radial motion will be further enhanced if cooling is

performed on the S1/2,−1/2 ↔D5/2,−5/2 transition. This forms a closed cycle for sideband cooling

and the population decay to a S1/2,1/2 will drastically reduce due to selection rules. A back-of-

the-envelope calculation suggests that approximately 99% of the population will directly come

to the desired ground electronic state (mj = −1/2). Previously, for the cooling transition used

in our system, approximately 33% percent of the population was repumped by one of the two

397-nm laser beams. The relevant energy diagram is shown in figure 8.1. On the other hand,

this transition cannot be coupled through a laser beam along the trap axis, hence cooling of the

axial motional modes will not work through this transition.

The key results of this thesis are motional coherence studies. Some of the studies discussed

in this thesis were possible because of a large L-D parameter. The demonstration of a three-

state superposition was possible with a second order red sideband, which is not observed if the

system is within the L-D regime. The experimental results showed superposition effects of the

ωz and 2ωz frequency components, confirming the coherence between three motional states.
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Figure 8.1: An alternative sideband cooling transition for the radial motional modes. This
transition will reduce heating due to the 397-nm repumping laser which is essential to prepare
the ion in the mj = −1/2 sublevel of the ground electronic state. This cooling transition will be
helpful in getting more efficient cooling of the radial motion.

However, these studies can be further extended to observe any multipath quantum coherence

through the moments method as discussed in reference [148] and new physical implications can

be tested [142]. The results discussed in this thesis are unique and a phenomenological model

of motional coherence time can be formulated by performing detailed studies in this direction.

Additionally, coherent studies at high n states can be used to test quantum computation outside

the L-D regime. A proposal of quantum computation outside the L-D regime in an RF trap using

optimal control theory has been presented collectively by Richard Thompson and Florian Mintert

from our group. The plan in their proposal is to perform quantum computation of trapped ions

in such a regime and devise a protocol to suppress any unwanted effects by utilising optimal

control of laser pulses [149, 150].
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Appendix A

Quantum dynamics of a harmonic
oscillator

A.1 Axial motion

The number states of a harmonic oscillator can be constructed from the ground state by applying

a raising operator. The algebraic form of this operation is expressed as

|nz〉 =
(a†z)nz√
nz!
|0〉 , (A.1)

where |nz〉 is the oscillator state with a quantum number nz. From operator method of a har-

monic oscillator, we know that

az |0〉 = 0. (A.2)

From here we can express the ground state wavefunction as ψ0(z) = 〈z|0〉. After expressing the

lowering operator in position and momentum vector form

1√
2

(
z

z1
+ z1

d

dz

)
ψ0(z) = 0, z1 =

√
~

mωz
, (A.3)

we can simply deduce the expression of the harmonic oscillator wavefunction, which is comes

out to be

ψ0(z) =
1√
z1
√
π

exp(−z
2

2z21
). (A.4)

The wavefunction corresponding to nth
z quantum state can be constructed from equation A.1,
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and it is expressed as

ψnz(z) =
1√

nz!2nz

(
z

z1
− z1

d

dz

)nz
ψ0(z),

=
1√

nz!2nzz1
√
π

(
z

z1
− z1

d

dz

)nz
exp

(
− z2

2z2
1

)
. (A.5)

After following the recursion relationship of Hermite polynomial [76], the wave function sim-

plifies to

ψnz(z) =
1√

nz!2nzz1
√
π
Hnz(

z
z1

) exp

(
− z2

2z2
1

)
. (A.6)

A.2 Radial motion

Similarly, the radial wave function can be constructed by adapting a similar approach. Let us

first write the raising and lowering operators in differential forms. In cylindrical coordinates,

the radial raising and lowering operators can be written as,

a− =
e−iφ

2

(
ρ

r1
+ r1

∂

∂ρ
− ir1

ρ

∂

∂φ

)
,

a†− =
eiφ

2

(
ρ

r1
− r1

∂

∂ρ
− ir1

ρ

∂

∂φ

)
,

a+ =
eiφ

2

(
ρ

r1
+ r1

∂

∂ρ
+
ir1

ρ

∂

∂φ

)
,

a†+ =
e−iφ

2

(
ρ

r1
− r1

∂

∂ρ
+
ir1

ρ

∂

∂φ

)
, (A.7)

where subscripts + and − correspond to the cyclotron and magnetron motion, respectively.

The parameter r1 is defined as
√

~/mω1. In this case, the ground state wave function can be

calculated in a rotating frame, where the motion will be interpreted in terms of two independent

oscillators with frequency ω1. After following similar approach as discussed in the previous

section, the ground state wavefunction is given as

Ξ0,0(x′, y′) =
1

r1
√
π

exp

(
−x
′2 + y′2

2r2
1

)
. (A.8)

This expression can be written in the laboratory frame after making the following transformation

Ξ0,0(ρ, φ) = e−i
ωc.Lz

2~ Ξ0,0(x′, y′), (A.9)

where Lz is the angular momentum operator and it has been defined in chapter 2. Subsequently,

the radial ground state wavefunction comes out to be

Ξ0,0(ρ, φ) =
1

r1
√
π
e
− ρ2

2r21 (A.10)
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and after applying raising and lowering operators in differential forms, the generalised wave-

function is given as

Ξn+,n−(ρ, φ) =
1√

n+!n−!
(a†−)n−a†+)n+Ξ0,0(ρ, φ). (A.11)

The detailed properties of the a+ and a− in the cylindrical coordinates is discussed in reference

[76], after following the same treatment I can write

Ξn+,n−(ρ, φ) =
1√

n+!n−!
(a†−)n−a†+)n+Ξ0,0(ρ, φ),

=
1

r1

√
πn+!n−!

(a†−)n−a†+)n+e
− ρ2

2r21 . (A.12)

The solution here is in the form of raising and lowering operator and can be analytically solved

in Mathematica. The radial wave-function can be simplified in the form of associated Laguerre

polynomial. A more general treatment of the radial motion is carried out by [151] and discussed

in [73].
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Appendix B

Electric quadrupole transitions

In section 2.4, I assumed that the atomic ion has a dipole moment D. However, in this the-

sis, I am mainly interested in S-D transition of a calcium ion, which is an electric quadrupole

transition. In a quadrupole transition, electromagnetic field gradient couples to the quadrupole

moment of the atomic state and induces transition [79]. The interaction Hamiltonian for this

case given as

HQ =
∑
i,j

Qij
∂Ej

∂ri
, (B.1)

where r = (x, y, z) is the position vector and E = E0 cos(ωLt− k.r)ε̂L is the electric field vector

of the electromagnetic radiation. The electric quadrupole moment is a tensor quantity and it is

expressed as

Qij = e−
1

2

(
rirj −

1

3
δijr

2

)
, (B.2)

where e− is electron’s electric charge. Let us assume that the plane electromagnetic wave is

travelling along the z-axis then the interaction Hamiltonian simplifies to

HQ =
1

2
e−E0(εL.r)kz sin(ωLt− kz). (B.3)

After introducing the projection operator |e〉 〈e| + |g〉 〈g| = 1, the Hamiltonian HQ in operator

form is given as

HQ =
1

2
e−E0 〈e| (εL.r)kz |g〉 cos(ωLt− kz + π/2)(|e〉 〈g|+ |g〉 〈e|),

= ~Ω0 cos(ωLt− kz)(σ+ + σ−)

=
~Ω0

2
(ei(ωLt−kz) + e−i(ωLt−kz))(σ+ + σ−), (B.4)

where Ω0 = 1
2~e−E0 〈e| (εL.r)kz |g〉 is the Rabi frequency of a quadrupole transition. Also we

made a choice to neglect the phase π/2 in the expression. The above interaction Hamiltonian

(HQ) is exactly same as shown in equation 2.77. The remaining expressions of the dipole

transition case are valid here too.
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Appendix C

Circuit diagram for intensity noise
eater
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Figure C.1: Electronic circuit for the 729-nm noise eater system.
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Appendix D

Calibration of trap frequency and ion
spacing in our apparatus

The axial frequency of an ion in a Penning trap depends upon the applied potential, the mass

of the ion and the characteristic trap dimension (d0). For an ideal Penning trap, d0 is expressed

in terms of the ring electrode radius. However, in an cylindrical Penning trap, it is empirically

estimated. In our system, in order to estimate the d0 parameter, the motional frequency is

measured through spectroscopy at various values of trap potentials. A plot is shown in figure

D.1 to indicate the dependence of trap frequency on the applied potential. The d0 is estimated

from the fit and is comes out to be 18.6 mm.
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Figure D.1: Measured trap frequency as a function of the trapping voltage in our Penning trap.
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Figure D.2: A two-ion chain at 40.04 V trapping potential in our trap.

The rotation frequency of a two-ion planar crystal at 180 V is also estimated from the
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EMCCD image. At first, the camera resolution is calibrated by taking a two-ion chain image

taken at 40.04 V. The trap frequency at this operating potential comes out to be 168.2 kHz.

The ion spacing is measured to be 14 pixels, which is shown in figure D.3. The pixel size is

then converted into actual dimensions by comparing the trapping force and Coulomb repulsion

between the ions. After performing some algebra, the camera resolution is estimated to be

1.31× 10−6µm/pixel.

At 180 V axial potential, the spread of the planar crystal is measured to be 23 pixels (= 30

µm) and corresponding rotation frequency is calculated to be 114 kHz. In this case, the Tilt

mode frequency comes out to be 343 kHz.

24 pixels

Figure D.3: A two-ion planar crystal at 180 V trapping potential in our trap.
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Appendix E

Distribution functions and excited state
probabilities

For the Doppler cooling and sideband cooling cases, the occupation probability as a function

of phonon number n is expressed in the form of a thermal distribution function [78]. The

excitation probability for these cases is given as

P (e) =
nmax∑
n=0

 −7∑
∆n=−7

〈n〉n

(〈n〉+ 1)n+1

Ω2
n,n′

Ω̃2
n,n′

sin2

(
1

2
τ Ω̃n,n′

) , (E.1)

where 〈n〉 is the mean phonon number and Ω̃n,n′ =
√

Ω2
n,n′ + (ωl − (n′ − n)ωz)2.

In sideband heating case, the population distribution is approximated by a Gaussian distri-

bution function. This is an approximate expression that was anticipated from the simulation

studies discussed in chapter 5. In this case, the S–D shelving probability is expressed as

P (e) =
nmax∑
n=0

 −7∑
∆n=−7

e−
(n−µ)2

2σ2

√
2πσ

Ω2
n,n′

Ω̃2
n,n′

sin2

(
1

2
τ Ω̃n,n′

) . (E.2)

Fitting function for motional and optical coherence times in high n superposition case is given

as

V = Ao exp

(
− t

2

τ2
o

)
+Am exp

(
− t2

τ2
m

)
(E.3)

where τo and τm are the optical and motional coherence times. Ao and Am are the visibilities at

t = 0.
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Appendix F

Squeezed state miscellany

The squeezed state results presented in chapter 7 has some issues due to the system not being

so within the L-D regime. During the repumping cycle, approximately half of the population is

brought to the electronic ground state in order to detect the squeezed state of motion. During

which the motional state is not preserved and eventually odd phonon states are populated.

For those experimental data, the estimated population in the all phonon state is calculated

and shown in figure F.1. Curve in black represents the population in only even phonon states

and curve in blue shows the calculated population in all phonon states for the experimental

conditions in our system. Calculation suggests that approximately 17% of the total population

is occupied in the odd states, which is not negligible.
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Figure F.1: The calculated population in different phonon states for the experimental data pre-
sented in figure 7.46. Black curve corresponds to the ideal situation where no odd phonon
states are populated and blue curve corresponds to the situation where odd states are populated
during repumping cycle.

Frequency analysis of the experimental data presented in figure 7.46 is also carried out inde-

pendently after taking all phonon states into account and the occupancy as a function of phonon

state is shown in figure F.2 is carried out and corresponds to the squeezed state data. The anal-

ysis is completely unreliable for the case when occupancies in all phonon states are chosen as

free parameters.
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Figure F.2: Frequency analysis of the experimental data in figure 7.46 and corresponding esti-
mated population in different phonon states. Red data points when only even states and blue
data points when both even and odd states are taken into consideration.
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